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Résumé

Les trous noirs primordiaux sont au cœur d’un grand nombre de recherches depuis l’époque de
la découverte du principe de leur existence. À la fin des années 1960 et au début des années 1970, la
théorie dite du « Big Bang chaud » a reçu des confirmations éclatantes d’une part par l’observation
du fond diffus cosmologique, et d’autre part par le succès des prédictions des abondances des élé-
ments légers à l’issue de la nucléosynthèse primordiale. L’homogénéité de l’univers à grande échelle
a poussé les cosmologistes à postuler l’existence d’une période d’inflation très rapide, qui a duré
pendant les premières fractions de seconde de la vie de l’univers. Les petites fluctuations aléatoires
de densité ne se sont retrouvées en lien causal qu’à la fin de cette période d’inflation. Si elles ont
atteint une amplitude suffisante, ces perturbations ont pu s’effondrer gravitationnellement, ce qui
a pu donner naissance à des trous noirs dans l’univers primordial, autrement dit des « trous noirs
primordiaux ».

Ces trous noirs ne proviennent pas de la mort d’étoiles, donc leur masse n’est pas assujétie aux
limites stellaires habituelles. De fait, en fonction de leur mécanisme de formation, les trous noirs
primordiaux pourraient avoir n’importe quelle masse. Une limite inférieure semble inévitable, la
masse de Planck, à l’échelle de laquelle des corrections quantiques à la relativité générale devraient
s’appliquer. Une limite supérieure provient du fait que pour qu’un trou noir primordial dont la
masse est de l’ordre du contenu de la sphère de Hubble se soit formé, il faudrait que tout le contenu
de l’univers causalement lié dans cette sphère—notre univers visible—s’y soit effondré dès l’après-
Big Bang. Comme de nombreuses structures lointaines peuvent être observées dans le ciel, un tel
trou noir maximal n’existe pas. Entre ces deux limites, des trous noirs primordiaux pourraient s’être
formés en très grand nombre.

Les trous noirs primordiaux dont la masse est plus petite que celle d’une galaxie se sont for-
més avant la nucléosynthèse primordiale. Ainsi, ils comptent comme une matière non-baryonique.
De plus, leur vitesse est censée être non-relativiste. Ces deux points montrent que les trous noirs
primordiaux apparaissent comme un candidat parfait pour la « matière noire », cette matière non-
lumineuse qui est supposée être cinq fois plus abondante que la matière ordinaire dans les grandes
structures de l’univers. Une première contrainte sur la quantité de trous noirs primordiaux en dé-
coule immédiatement : la densité de trous noirs primordiaux ne devrait pas excéder celle de la
matière noire. D’autres contraintes sur la densité de trous noirs proviennent de leur impact sur les
grandes structures, notamment par friction gravitationnelle avec le gaz environnant ou par rayon-
nement X dû à l’accrétion de matière à leur surface. D’autre part, des systèmes binaires de trous
noirs primordiaux pourraient s’être formés, et leur taux de coalescence devrait être cohérent avec
celui observé par les instruments d’interférométrie gravitationnelle pour les trous noirs de masse stel-
laire. Enfin, de plus petits trous noirs, de la masse d’une lune ou d’une planète, provoqueraient des
déviations de la lumière issue des étoiles lointaines lorsqu’ils s’interposent entre l’étoile et la Terre.
Ce phénomène de « lentille gravitationnelle », dont la fréquence est étroitement contrainte, réduit
l’espace des paramètres libre pour les trous noirs primordiaux. Toutes ces contraintes mises ensem-
ble, les trous noirs primordiaux plus lourds qu’un astéroïde ne peuvent pas contribuer de manière
sensible à la densité de matière noire. Qu’en est-il des trous noirs plus petits qu’un astéroïde ?

Le fait que les trous noirs primordiaux peuvent être très légers, et donc très petits—un trou noir
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de la masse d’un astéroïde pourrait aisément tenir dans le rayon d’un atome—a poussé Hawking
à s’interroger sur leurs propriétés quantiques. Hawking a démontré, dans le régime semi-classique
où la métrique de l’espace-temps n’est que la toile de fond de l’évolution des champs quantiques
de matière, qu’un trou noir n’est de fait pas tout à fait « noir », mais qu’il émet un rayonnement
continu comme s’il était un corps noir d’une température inversement proportionnelle à sa masse.
Ce « rayonnement de Hawking » a deux conséquences majeures. La première, c’est qu’un trou
noir perd de la masse au court du temps à cause de son « évaporation » par rayonnement de
Hawking. Il pourrait finir par disparaître complètement, ou se stabiliser autour de la masse de
Planck, selon la théorie valide à ces échelles extrêmes. La seconde, beaucoup plus intéressante,
est qu’un trou noir peut être vu. En effet, le rayonnement de Hawking concerne tous les champs
quantiques existant dans la nature. Un trou noir, si sa température le permet, peut alors émettre un
flux de photons, d’électrons, de neutrinos... Cette émission continue est associée à des conséquences
sur le milieu environnant les trous noirs primordiaux. Comme ces trous noirs se seraient formés
dès les premières fractions de seconde de l’existence de l’univers, leur rayonnement de Hawking
aurait pu avoir des effets mesurables sur toutes les périodes ultérieures de son développement. Les
trous noirs primordiaux modifieraient l’abondance des éléments légers à l’issue de la nucléosynthèse
primordiale, ils distordraient le spectre du fond diffus cosmologique, et ils émettraient eux-mêmes
un fond de particules de toutes sortes. Enfin, à la fin de leur existence, leur température tendant
vers l’énergie de Planck comme leur masse tend vers la masse de Planck, ils apparaîtraient comme
des points extrêmement brillants dans les relevés astronomiques.

Ainsi, une gamme entière de nouvelles contraintes se posent sur l’abondance de trous noirs
primordiaux pour les masses les plus faibles, en-deçà de la masse d’un astéroïde. Le spectre du
rayonnement de Hawking a été calculé dans les années 1970 par Page, et l’évolution des particules
fondamentales une fois émises par le trou noir a été déduite par MacGibbon & Webber dans les
années 1990. Ces calculs successifs ont permis de placer des contraintes sur les trous noirs par la
nucléosynthèse primordiale, le fond diffus cosmologique, l’intensité actuelle des rayons cosmiques et
enfin le taux d’explosion de trous noirs dans l’univers local. En conséquence, l’abondance initiale
des trous noirs primordiaux est extrêmement limitée pour les masses les plus faibles. En-dessous
d’un millier de tonnes, ces trous noirs se seraient de toute façon évaporés avant la nucléosynthèse
primordiale, et auraient pu aussi bien n’avoir aucune conséquence sur l’évolution de l’univers. Il
reste une étroite fenêtre, autour de la masse d’un astéroïde, pour laquelle les trous noirs primor-
diaux seraient à la fois suffisamment massifs pour être stables à l’échelle de l’âge de l’univers, et
suffisamment petits pour n’avoir aucun effet gravitationel visible autre que leur densité globale. Ces
trous noirs primordiaux sont justement les candidats à la matière noire mentionnés plus haut.

Le rayonnement de Hawking de ces trous noirs pourrait être la seule manière de les détecter. Il
est donc primordial de le calculer le plus précisément possible, afin d’obtenir des prédictions soit sur
les signaux à chercher dans les données astronomiques, soit sur les meilleurs instruments à construire
pour les observer. Lorsque j’ai commencé ma thèse, il n’existait pas d’outil numérique accessible
pour calculer le rayonnement de Hawking des trous noirs primordiaux. Très vite, mon directeur de
thèse et moi avons donc décidé que j’écrirais mon propre code, avec l’objectif de le rendre public. Ce
travail, dont j’avais sous-estimé la complexité, a occupé une grand partie de ma thèse. C’est ainsi
qu’est né BlackHawk (dont le nom mélange astucieusement plusieurs allusions). BlackHawk est un
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code libre et gratuit, que je mets régulièrement à jour pour y intégrer de nouvelles fonctionnalités.
Actuellement, BlackHawk en est à sa version v2.1. BlackHawk calcule le rayonnement de Hawking
d’une distribution de trous noirs, qui peuvent avoir des masses, des charges électriques ou des
vitesses de rotation différentes. Ces trois paramètres définissent entièrement un trou noir dans le
cadre du théorème d’unicité habituel. Ensuite, BlackHawk utilise différents codes de physique des
particules pour prendre en compte les interactions entre particules émises, ainsi que leur potentielle
désintégration. Les interactions, et donc les codes, ne sont pas les mêmes à basse, moyenne et haute
énergies. Garder BlackHawk à jour des évolutions de la physique des particules est un travail de tous
les jours (ou plutôt tous les ans). J’ai également écrit plusieurs programmes extérieurs à BlackHawk

qui permettent d’en tirer tout le potentiel, notamment un code intitulé Isatis (l’allusion est ici
plus difficile à deviner) qui calcule automatiquement les contraintes sur les trous noirs primordiaux
à partir de la sensibilité d’une large gamme d’instruments astronomiques.

Ce manuscrit de thèse rassemble tous les travaux que j’ai menés au cours de ces dernières années,
principalement avec BlackHawk. Ils sont de deux sortes.

Premièrement, il y a les travaux classiques qui consistent à calculer le rayonnement de Hawk-
ing d’une distribution de trous noirs primordiaux et à comparer ce rayonnement à des données as-
tronomiques, dans le but d’en tirer une contrainte sur leur abondance. La publication de BlackHawk
a grandement stimulé cette recherche, car le code permet de calculer rapidement, précisément et
automatiquement le flux de particules. Notamment, la capacité de BlackHawk à calculer les taux
d’émission de trous noirs en rotation a permis à un grand nombre d’équipes de raffiner leurs propres
contraintes pour prendre en compte la vitesse de rotation des trous noirs. J’ai mené deux études
de ce type. La possibilité d’intégrer des distributions étendues où tous les trous noirs n’ont pas les
mêmes paramètres ouvre sur un calcul plus réaliste et modifie totalement les contraintes. Le fait
d’avoir un calcul automatique permet aussi de pouvoir modifier à l’envi les hypothèses sous-jacentes
à l’obtention des contraintes. J’ai pu ainsi démontrer que malgré des progrès récents en matière de
théorie et d’observations, les contraintes existantes souffrent d’une marge d’erreur considérable.

Deuxièmement, il y a les travaux théoriques sur les propriétés et l’évolution des trous noirs dues à
leur évaporation. J’ai étudié notamment la durée de vie et l’évolution du moment angulaire de trous
noirs en rotation, utilisé comme critère pour les différencier des trous noirs stellaires. J’ai également
obtenu les formules qui permettent de calculer le rayonnement de Hawking d’une classe plus large
de trous noirs que les simples trous noirs chargés en rotation. Cette étude était motivée par le fait
que la relativité générale telle qu’énoncée par Einstein paraît incomplète au vu des observations les
plus récentes, et qu’elle ne peut pas se marier en l’état avec la théorie quantique sans difficultés
mathématiques insurmontables. De nombreuses théories alternatives existent, et au sein de ces
théories les trous noirs ont souvent une géométrie différente. Le rayonnement de Hawking en est
modifié, ainsi que les contraintes. Ces résultats ont été publiés dans deux articles théoriques, et
appliqués à un cas particulier issu de la gravitation quantique à boucles. Une autre modification
possible de la dynamique des trous noirs primordiaux est leur capacité à produire des champs au-
delà du Modèle Standard de la physique des particules. Les trous noirs peuvent ainsi générer de la
matière noire si celle-ci est plutôt une nouvelle particule inconnue. La production de matière noire
par l’évaporation de trous noirs légers a fait l’objet d’une étude à part entière.

Enfin, j’ai également participé à plusieurs recherches plus spéculatives en lien étroit avec les
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trous noirs primordiaux. L’une d’elle traite de la nucléosynthèse primordiale dans un univers dont
l’inhomogénéité pourrait être liée à la formation de ces trous noirs, et repose sur l’autre code public
AlterBBN développé par mon directeur de thèse et mis à jour au début de ma thèse ; tandis que
deux autres explorent la possiblité que des trous noirs de masse planétaires soient capturés par des
systèmes stellaires. Curieusement, il y a justement de forts soupçons qu’une neuvième planète existe
au-delà de Neptune, sans pour l’instant parvenir à mettre la main dessus. Et s’il s’agissait d’un
trou noir primordial ?

En conclusion, au cours de ma thèse, j’ai travaillé sur les sujets les plus divers, de la cosmolo-
gie primordiale à la théorie mathématique des trous noirs, en passant par la physique des hautes
énergies, les rayons cosmiques et l’astronomie planétaire. Le mélange de ces domaines a été extrê-
ment enrichissant et un article de revue est en court d’écriture sur le sujet des contraintes sur les
trous noirs primordiaux, liées au rayonnement de Hawking. J’ai également produit le code pub-
lic et gratuit BlackHawk qui est maintenant utilisé par un grand nombre de personnes. D’autres
codes publics complémentaires ont commencé à être développés, annonçant une ère de précision
numérique dans l’étude des trous noirs primordiaux, appuyée par le lancement de nouveaux instru-
ments d’observation. Pour ma part, il est temps d’aller cultiver des tomates.
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Primordial black holes (PBHs) have attracted considerable attention from the time of their
theoretical proposal in the late 1960’s and early 1970’s to the recent period of BH observations by
gravitational wave (GW) events. PBHs form in the early universe, at the end of the inflation era,
and not from the usual collapse of stars. Thus, they can span a very wide range of masses, from
the Planck scale to the mass enclosed in the Hubble horizon of the present universe, depending on
their formation mechanism.

Constraints on the PBH abundance then provide invaluable access to the conditions of the early
universe, such as its homogeneity and equation of state. The non-definitive observation of PBHs so
far places strong limits on the cosmological history of the universe.

PBHs are most interesting because their mass density can contribute to the missing “dark matter”
(DM) density of the universe. Indeed, PBHs are non-baryonic if they formed before Big Bang
Nucleosynthesis (BBN), and they behave as cold DM (CDM). The very simple nature of PBHs
makes them a perfect CDM candidate.

The possible very small mass of PBHs has led Hawking to explore their quantum properties. The
proposal of “Hawking radiation” (HR), namely the phenomenon by which “black holes” emit a quasi-
thermal flux of particles, has revolutionized the thermodynamics approach to BHs in the 1970’s.
HR is based on semi-classical general relativity, where fields are treated quantum mechanically on
a classical metric background. It has also a trivial consequence: all BHs lose mass continuously
and may finally disappear in an evanescence mechanism whose complete description requires a full
quantum gravity theory.

Since it has been shown that BHs emit quasi-thermally all particles in the “spectrum of Nature”,
people have tried to extract a PBH signal from the observational data, without success so far. This
absence of signal has been interpreted as a constraint on the PBH abundance over a wide span
of masses, in the lower mass range. Indeed, the power emitted by a BH evaporation is inversely
proportional to its mass squared. Thus, PBHs with planetary (upward) mass have so faint a
radiation spectrum that the background HR can be neglected altogether. However, PBHs with an
initial mass of that of an asteroid would be ending their evaporation in the present epoch, filling
the universe with energetic radiation. Even lighter PBHs would have already disappeared.

Thus, PBHs can be divided into three categories. Those with small masses that already evapo-
rated, those with asteroid mass that produce high energy radiation at the present epoch, and those
with high masses that have negligible HR. Only the two first categories can be constrained by HR,
which is the focus of this thesis work, while only the two last can contribute to the DM density, if
one puts aside putative Planck mass stable remnants at the end of evaporation.

The PBH HR impact on cosmology is diverse and depends on the period of evanescence, on
the type and energy of fields emitted and on the interactions between these fields and the ambient
material. Thus, precise calculation of the PBH constraints with HR requires that all ingredients are
assessed correctly. The HR rate was computed numerically in the 1970’s, and the behaviour of the
emitted material was convolved with Standard Model (SM) particle physics in the 1990’s. When
this thesis work started, modern numerical tools to obtain the HR rates were nowhere to be found.
That is why, from the beginning, this thesis relied on the development of a public code named
BlackHawk, that would compute the HR of PBHs to improve upon previous studies. This code has
met its community and is now used by a wide range of teams around the globe, for both theoretical
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and experimental prospects of PBHs. With my thesis director A. Arbey, and many collaborators,
we have used it thoroughly to derive new interesting results and constraints on PBHs. The code is
continuously updated and enhanced with new features, which represents a major part of my work.

BlackHawk allows to compute precisely the HR rates for non-standard PBHs, beyond SM (BSM)
particles, and extended mass and angular momentum distributions. The pre-existing constraints
on PBHs generally did not take these subtleties into account, so this thesis work represents a great
step forward to a precision era in PBH studies.

Outline. In this manuscript, I present the results I obtained with BlackHawk in various con-
texts. All the results presented below have already been published, see the list in the Preamble.
In Chapter 1, I review the history of the PBH paradigm, placed in a standard cosmological model.
The PBH formation is briefly described, with particular focus on the extended mass and angular
momentum distributions. In Chapter 2, I review the history of HR, in the context of the SM of
particle physics. I give all the fundamental equations and present example plots of particle spectra
from BHs with different (non-standard) geometries. I also discuss in detail the BH evolution and
the case of extended distributions. In Chapter 3, I present the code BlackHawk and list some of
its major features and options. The output is described, as well as the numerical methods used
to compute the HR rates. Chapter 4 is the main part, as I give there all the new constraints on
PBHs I obtained using BlackHawk. I first review the state-of-the-art constraints. Second, I present
the BlackHawk tool Isatis designed to compute automatically precise PBH constraints from HR,
applied to the standard Schwarzschild BH case. Third, I give new constraints in the rotating Kerr
case for both PBHs evaporating now and in the early universe, contributing to the γ-ray background
and the dark radiation (DR). Fourth, I explore the consequences of direct DM emission by PBHs
before BBN. Last, I give an application of BlackHawk to the case of non-standard HR constraints
based on loop quantum gravity. I finally conclude with some general prospects on PBHs, HR and
my personal thoughts about modern science. Supplemental material is given in the Appendices:
Appendix A provides the basic commands to compile and launch the code and a complete list of
the publications using BlackHawk; in Appendix B I give PBH-related works performed during this
thesis, namely a study on inhomogeneous BBN, and more speculative results on the hypothesis that
Planet 9 is a PBH and that PBHs may be captured by stellar systems.

Note to the reader. The bibliography of this thesis work is very extensive due to two reasons.
First, I have performed very diverse studies, with the common thread of PBH constraints and
HR. I have worked on (P)BHs from both the theoretical and experimental point of view; I have
studied PBH evaporation in the early and present universe; I have focused on extended mass and
angular momentum distributions; and I have broadened the existing constraints to non-standard
particle physics and BH geometries. With the addition of BBN and planetary physics discussed
in the Appendices, a great part of cosmology and astrophysics is encountered in this manuscript.
Second, I have written a review article precisely on the subject of PBH HR constraints. This led
me to perform a complete historical overview of the related papers, and I included some of these
discussions in the present manuscript.

Throughout this manuscript, I use a natural system of units defined by G = � = c = kB =
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4πε0 = 1, and the metric signature (− + ++), unless stated otherwise. This manuscript has been
typesetted using a modified Rev-Tex 4.2 bibliography style with modified macros from ADS/NASA
(norm ISO 4). Throughout this manuscript, I use several acronyms which are listed in the Table
below, by alphabetical order.

acronym meaning acronym meaning

BBN big bang nucleosynthesis PHL Page–Hawking limit
BH black hole PMR Planck-mass remnant
BHD black hole domination PSD phase-space distribution
BSM beyond the Standard Model QCD quantum chromodynamics
CDM cold dark matter QED quantum electrodynamics
CMB cosmic microwave background QNM quasi-normal mode
CL confidence level RD radiation domination
CR cosmic ray RN(BH) Reissner–Nordström (black hole)
CSSO compact sub-stellar object S(BH) Schwarzschild (black hole)
DM dark matter SM Standard Model (of particle physics)
d.o.f. degree(s) of freedom SMBH supermassive black hole
DR dark radiation SNR signal-to-noise ratio
EGXB extragalactic γ/X-ray background TNO trans-Neptunian object
EM electromagnetic TOV Tolman–Oppenheimer–Volkov
EMDE early matter domination era TPC trans-Planckian conjecture
EW electroweak UCMH ultra-compact mini halo
FLRW Friedmann–Lemaître–Robertson WDM warm dark matter

–Walker WIMP weakly interacting massive particle
f.o.v. field of view
GC Galactic center
GF greybody factor
GO geometrical optics
GRB γ-ray burst
GUT grand unified theory
GW gravitational wave
HD(BH) higher-dimension (black hole)
HR Hawking radiation
ISM interstellar medium
K(BH) Kerr (black hole)
LOS line of sight
LQG(BH) loop quantum gravity (black hole)
MD matter domination
MG&W MacGibbon & Webber
NFW Navarro–Frenck–White
PDM particle dark matter
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Chapter 1

Primordial black holes

Contents
1.1 Standard cosmological model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2 Historical overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3 Primordial black hole formation . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.1 Formation of PBHs during an EMDE . . . . . . . . . . . . . . . . . . . . 18
1.3.2 Mass distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.3.3 Spin distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

In this Chapter, I briefly go through the standard cosmological model in Section 1.1 and I draw
a historical review of primordial black hole ideas in Section 1.2. Then, I present the basic features
of primordial black hole formation in Section 1.3. The primordial black hole constraints will be
treated in the last Chapter 4.1.

7
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1.1 Standard cosmological model

The standard cosmological model is a theory of the history of the universe developed since the late
1920’s.1 For a historical account of what is shortly addressed below, see Ref. [1] (and references
therein). For the more involved technical aspects, see Ref. [2] (and references therein). It was first
discovered that the nebula in which we are is not the only one in the universe, but there are also
remote objects that are not part of it. Hence, the universe can be described as a collection of
galaxies with a great variety of shapes, separated by huge voids. The luminosity of these nebulae
were measured and it was discovered that they move away from the Earth with a Doppler shift that
increases with their distance. This law, denoted as the Hubble law, can be written

v = H0D , (1.1)

where v is the remote galaxy speed, D is its absolute distance and H0 is the Hubble parameter
today. Hence, all galaxies seem to move away from all others. This was interpreted as a direct clue
that the universe is in expansion [3] (see also [4]). It seemed a more reasonable deduction than to
assume that our galaxy occupies a preferred spot in the universe and that we should lie in the exact
center of a past explosion dispersing the galaxies. The expansion of the universe is described by a
quantity called the redshift z, which is a measure of the Doppler dilution of the radiation wavelength
with the expansion. Let D(t) be some measure of distance at cosmological time t, then at time t′

D(t′)
D(t)

=
1 + z(t)

1 + z(t′)
. (1.2)

The tensorial Einstein equations of general relativity, which must be used to describe the link be-
tween the universe density content and its gravitational dynamics (expressed in terms of curvature),
are

Gμν + Λgμν = 8πTμν , (1.3)

where the Einstein tensor Gμν ≡ Rμν − 1

2
Rgμν is a combination of the Ricci tensor Rμν and of the

Ricci scalar R (thus a curvature-related quantity), Tμν is the stress-energy tensor (thus a density-
related quantity) and gμν is the space-time metric. The content of the universe in terms of energy
density hence causes the curvature of the space-time metric; inversely the features of the space-time
metric cause a displacement of the energy density. The quantity Λ is a “cosmological constant” that
must be added in full generality. These field equations admit a lot of interesting solutions. Any
such solution can be expressed with the infinitesimal space-time element ds2 as

ds2 ≡ gμνdx
μ = gttdt

2 + grrdr
2 + gθθdθ

2 + gϕϕdϕ
2 , (1.4)

in 3D Boyer-Lindquist coordinates (this set of spherical coordinates will prove convenient).
Considering that the universe is an isotropic and homogeneous collection of galaxies, that can be

approximated on sufficiently large scales by a homogeneous density distribution, the metric coeffi-
cients gii should only be functions of r and t (isotropy condition) satisfying further the homogeneity

1This introductory Section is based in part on the recent book by Peebles “Cosmology’s Century: An Inside History
of our Modern Understanding of the Universe” [1] and that of P. Peter & J. P. Uzan “Cosmologie primordiale” [2].



10 CHAPTER 1. PRIMORDIAL BLACK HOLES

fluid equation of state

matter w = 0
radiation w = 1/3
cosmological constant w = −1
curvature w = −1/3

Table 1.1: Equation of state P = wρ for different cosmological fluids.

condition. Friedmann, Lemaître, Robertson & Walker (FLRW) independently found the general
solution to the Einstein equations. The FLRW metric solution is

ds2 = −dt2 + a(t)

(
1

1− kr2dr
2 + r2dΩ2

)
, (1.5)

where dΩ2 ≡ dθ2+sin2 θdϕ2 is the solid angle element. There are 2 free parameters in this equation:

• k is a general curvature term (independent of the local density content of the universe), which
can be reduced without loss of generality to 3 values k ∈ {−1, 0, 1}, corresponding respectively
to an open hyperbolic universe, an open flat universe, and a closed universe.

• a(t) is the scale factor of the universe, describing its general size evolution; it is related to the
redshift by

a(t)

a(t′)
=

1 + z(t′)
1 + z(t)

, (1.6)

and to the Hubble parameter by

H(t) ≡ ȧ

a
. (1.7)

Injecting this solution back into the Einstein equations, and using the energy conservation law, one
obtains 2 independent equations referred to as the Friedmann equations⎧⎪⎨

⎪⎩
(
ȧ

a

)2

= H2 =
8π

3
(ρ+ ρk + Λ),

ä

a
= −4π

3
(ρ− 2Λ + 3P ),

(1.8)

In these equations, ρ and P are the energy density and pressure of the universe (for matter and
radiation), and ρk ≡ −3k/8πa2 is an equivalent curvature density. The equations of state P = wρ
for some particular fluids are given in Table 1.1.

Under the assumption that the universe is globally flat, k = 0, the Friedmann equations depend
only on the density of the universe, that is the matter and radiation content (plus an eventual
cosmological constant). Hence, with the observation that the universe is in expansion, rewinding
the film backwards makes it collapse to a singular size. The Friedmann equations then predict that
the early universe would be denser and hotter than the contemporary one: radiation behaves as
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ρR ∝ a−4 and baryonic matter as ρB ∝ a−3; so that ρ −→
a,t→ 0

+∞. This behaviour gave rise to

a model called the “hot Big Bang” model, with a density-temperature singularity at t → 0. Let’s
define at this point the cosmological fraction of some fluid f of density ρf (t)

Ωf (t) ≡ ρf (t)

ρc(t)
, (1.9)

where ρc(t) ≡ 3H(t)2/8π is the critical density. This fraction evolves with time, thus hereafter when
no time dependency is mentioned it is assumed that t = t0, the age of the universe.

I now assume that the universe began some long time ago in a very hot and dense state and
then expanded until reaching its current state. One cannot expect to describe what happened at
times before the Planck time t � tPl as that would necessitate quantum corrections to general
relativity that are beyond the scope of this thesis. As the universe expands, it cools down and it
should be expected that its temperature passes progressively from the Planck temperature down to
the observed very cool universe temperature today. This cooling down would be accompanied by
transitions in the composition of the universe. When T ∼ ΛEW ∼ 45GeV, an electroweak (EW)
phase transition should occur where the Higgs symmetry should be broken and the particles acquire
their mass. At lower temperatures T ∼ ΛQCD ∼ 100 − 300MeV, the quantum chromodynamics
(QCD) of quarks and gluons should coalesce into hadrons (baryons and mesons), that is hadroniza-
tion. Then, EW interactions should freeze out and neutrinos should decouple from the rest of the
plasma. The nucleons remain the only long-lived hadrons. The relation p←→ n freezes out just
before nuclear fusion reactions become effective: nucleons fuse into light nuclei with a complex set
of nuclear reactions, continuously making and breaking new elements, until these reactions freeze
out too. Only stable nuclei escape the nuclear era called “Big Bang nucleosynthesis” (in opposition
with stellar nucleosynthesis which builds up heavier elements inside stars). The universe is still very
hot, but cools down enough that the matter density, diluting only as ρ ∝ a−3, end up dominating
the initially far more denser radiation bath. After this matter-radiation equality that separates
radiation domination (RD) from matter domination (MD), matter only drives the expansion of
the universe in the Friedmann equations. The universe is composed of nuclei and free electrons,
totally ionized because of the hot radiation temperature. Later, the photons decouple from the
nuclei and electrons which bind to form neutral atoms. This first light from photon emission by
free electron capture by protons (emitted at 13.6 eV) is called the “cosmic microwave background”
(CMB) and is a distinct signature of this model. “Microwave” because as the universe cools down,
this background light is redshifted from 13.6 eV down to radio wavelengths, following the Friedmann
equations. This is when structures should start to form (galaxies, clusters of galaxies). Inside these
first lightless structures (this is the “Dark Ages”), clouds of gas should gravitationally collapse and
the first Population III (Pop III) stars should light up. Their light should then strongly reionize
their environment. These stars are very massive and do not last for a long time, but explode in
supernovae, giving rise to a second generation of Pop II stars, and then Pop I stars (the Sun is one
of them) characterized by a high fraction of “metals”, i.e. elements heavier than hydrogen built in
previous generations of stars. In the clouds of dust and gas around these stars, instabilities should
make the disk of material collapse into numerous planets and moons.
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Here we are today, on the thin crust of a small rocky planet orbiting a Sun among billions of stars
in a spiral galaxy among billions of others, in an ever expanding and cooling universe, wondering
about the growth of trees and the randomness of the weather and pointing our ever more advanced
instruments towards the depths of the sky. This story is roughly the “standard cosmological model”.2

In the 1960’s, some striking evidence were found that distinguished this rather complicated
model from competing ones (constant generation of matter, static universe, etc.). Let me cite 3 of
them:

• the microwave background was observed by Penzias & Wilson at a temperature of ∼ 3K (the
modern value is ∼ 2.7K);

• the power-law spectrum of the initial perturbations of the FLRW universe was predicted by
Zel’dovich and Harrison;

• spectacular advance in nuclear reaction theories permitted to predict the yield of light elements
from BBN, which corresponded remarkably well with observations.

This picture however suffers from some uncertainties. Nothing above explains why there should
be only matter, in the form of baryons (and extremely few antibaryons) around us. This B/B
asymmetry means that most of the initially equally produced baryons and antibaryons annihilated,
producing a tremendous amount of radiation, but that some asymmetry caused the baryons to “win”
with a baryon-to-photon number ratio of ∼ 10−9. This value accords very well with both the BBN
and CMB observations. However, local variations could be possible if the universe was somehow
inhomogeneous on small scales due to random fluctuations, resulting in small patches of different
elemental composition. What caused this asymmetry is generally referred to as the “baryogenesis”,
namely the mechanism that produced the slight overdensity of baryons compared to antibaryons.

Then, it was observed that the CMB was surprisingly isotropic, even on scales that were not
in causal contact in the far past. This pointed towards the possibility that the universe went
through a period of rapid (exponential) inflation just after the Big Bang, maybe driven by a scalar
inflaton field, ending with a reheating of the universe (the generation of all the initial radiation
density) maybe caused by the decay of this very inflaton. Inflation would have broken the causal
link between inhomogeneities, preventing them to distort the frame of the universe.

Most interestingly, the measure of the universe average density showed that the universe is
globally flat, that is, its curvature is very close to k = 0 and thus its density is precisely the critical
density ρc. However, galaxy counts, and the relation between galaxy luminosity and their stellar
content, showed that there is approximately one order of magnitude difference between the average
luminous density and the critical density. Furthermore, clusters of galaxy exhibit a gravitational
dynamics that is once more in strong disagreement with the amount of luminous galaxies inside
them [5, 6]. Finally, the measure of the rotation curves of galaxies showed that stars at the luminous
fringes of spiral galaxies rotate with a velocity that would be expected if the galaxy contained much
more mass than what is accounted for by inner gas clouds and stars. The same “missing/hidden

2For an even more approximate version, I refer the reader to the video “History of the world” by Bill Wurtz
(available on YouTube).
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mass”—understand non-luminous—ratio at these very different locations and scales of the universe
was interpreted as an unknown general component of the universe called “dark matter” (DM).3

1.2 Historical overview
4Using only Newtonian mechanics, Laplace predicted a long time ago that if there were an object
sufficiently dense that the escape velocity at its surface was faster than the speed of light, it would
be totally black and absorb anything that would come gravitationally bound to it. That is precisely
what a “black hole” would do. Schwarzschild was the first one to derive the solution of the spherically
symmetric and static Einstein equations around a pointlike mass M in 1916 [9] (hereafter SBH, for
Schwarzschild BH), right after Einstein published the general relativity framework

ds2 = −G(r)dt2 + 1

F (r)
dr2 +H(r)dΩ , (1.10)

with {
F (r) = G(r) = 1− rS

r
,

H(r) = r2 ,
(1.11)

and rS ≡ 2M is the Schwarzschild radius, illustrated in Fig. 1.1. At space infinity, that is r 	 rS,
the metric becomes asymptotically flat, and reduces to the Minkowsky metric

ds2 = −dt2 + dr2 + r2dΩ2 , (1.12)

which is the empty and flat solution to the Einstein equations. There is a singularity of the metric at
r = 0, corresponding to a real curvature singularity as the Ricci scalar R goes to infinity, and a fake
singularity (R is finite) at r = rS, which can be resolved by a change of coordinates. The singularity
is an intricate problem, but the general relativity calculations show that the worldlines of free-falling
objects toward the singularity exchange time and space characteristics precisely at r = rS, denoted
as the BH horizon of events. Hence, any signal emitted from a probe that would have crossed the
horizon would never reach an observer at infinity but remain enclosed in the BH. The interior of the
BH horizon is causally separated from the exterior by the event horizon, which effectively hides away
the metric singularity and satisfies the “cosmic censorship conjecture” [10] (CCC).5 Interestingly,
“invisible collapsed objects”, (i.e. BHs), were proposed very early as a potential candidate for DM [11,
12], while other candidates are reviewed in Section 2.1.

The Maxwell equations were included in that framework to obtain the metric around a pointlike
mass M with electric charge Q by Reissner and Nordström [13, 14] (hereafter RNBH, for Reissner–
Nordström BH) with the metric coefficients⎧⎨

⎩ F (r) = G(r) = 1− rS
r

+
r2Q
r2
,

H(r) = r2 ,
(1.13)

3For a complete history of DM, I refer the reader to the book by Peebles [1] or to the more succinct review [7].
4This Section is partially inspired from the review article “Primordial black hole constraints with Hawking radiation

– a review” [8] under writing.
5Resolution of the singularity problem in the context of BHs will be discussed further in Section 4.6.
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where rQ ≡ Q2. This metric exhibits one real singularity at r = 0 and two fake coordinate
singularities at

r± ≡ rS
1±
√

1−Q∗2

2
, (1.14)

where r− is a Cauchy horizon and r+ is the BH event horizon. Q∗ ≡ Q/M is the reduced (dimen-
sionless) BH charge.

The case of a rotating BH with angular momentum a ≡ J/M , which is only axisymmetric, is
more mathematically involved and was solved by Kerr in 1963 [15] (hereafter KBH, for “Kerr BH”).
The metric is here

ds2 =
(
dt− a sin2 θdφ)2 Δ

Σ
−
(
dr2

Δ
+ dθ2

)
Σ− ((r2 + a2)dφ− adt)2 sin2 θ

Σ
, (1.15)

where Σ(r) ≡ r2+ a2 cos2 θ and Δ(r) ≡ r2− 2Mr+ a2. The Cauchy and event horizons are located
at

r± ≡ rS
1±√1− a∗2

2
, (1.16)

where a∗ ≡ a/M is the reduced (dimensionless) angular momentum or “BH spin”.
The combination of these two solutions gives the Kerr–Newman metric around a charged, ro-

tating mass [16, 17]. The horizons are located at r± = rS(1 ±
√

1−Q∗2 − a∗2)/2. A comparison
of the radii of a SBH with those of a KBH or RNBH for different values of a∗ and Q∗ is given in
Fig. 1.2.

One immediately remarks that when a∗, Q∗ → 0, the SBH is recovered, while in the opposite
limit a∗, Q∗ → 1, the Cauchy and event horizons radii collapse to the value rS/2. In this case,
denoted as “extremal”, the BH is ill-defined as the coordinate singularity at the BH center r = 0
is not hidden behind a horizon—the CCC is violated; this limit is shown as a black vertical line in
Fig. 1.2.

BHs result in general from the collapse of some energy density inside its own Schwarzschild
radius. At the end of its Main Sequence evolution, a large star’s central nuclear engine shuts down
after producing iron and the gravitation forces win against the failing nuclear reactions’ radiation
pressure. For a certain parameter space of stellar conditions, the star can collapse into a “stellar” BH
(sometimes denoted as “astrophysical” BH). Tolman, and Oppenheimer & Volkoff [18, 19] (TOV)
derived a limiting inferior mass for these BHs that is MTOV ∼ M� (modern studies give MTOV ∼
2M� [20]). Upper limits on their mass are more dubious but it is generally not expected that
genuine stellar mass BHs of more than ∼ 100M� can form. Nowhere else in the present universe is
there standard matter denser than the interior of stars.

However, as explained in Section 1.1, the universe was order of magnitudes denser in the past.
Then, it is not unimaginable that in the early universe, patches of the universe which were overdense
relatively to the average density due to some statistical fluctuation collapsed into early non-stellar
BHs. These are generally denoted as “primordial black holes”. The very first mention of PBHs dates
back to 1966: Zel’dovich & Novikov, in a paper entitled “The hypothesis of cores retarded during
expansion and the hot cosmological model” [21], spoke about “retarded cores” [22] whose evolution,
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Figure 1.1: Radius of a SBH as a function of its mass for the SBH. The vertical solid line at
M = MPl represents the TPC, the vertical dashed line at M ∼ 0.1 g represents the inflation limit,
the vertical dashed line at M ∼ 1038 g represents the BBN limit and the vertical dotted line at
M ∼ 1050 g represents the “incredulity limit”.

because of gravitational collapse, would escape the overall expansion of the universe, and describe
these cores to have radius R < 2M which is precisely the radius of a SBH.

This original idea seems to have gone quite unnoticed6 until Hawking published the paper
“Gravitationally collapsed objects of very low mass” [23]. The idea was fundamentally the same as
Zel’dovich & Novikov, i.e. large perturbations collapsing after inflation inside their Schwarzschild
radius to give BHs (explicitly named here). The collapse was described as a classical process, hence
a lower limit was imposed on the mass of the BH formed M > MPl ∼ 2 × 10−5 g for general
relativity to be valid. Hawking further proposed a bound on the number of these collapsed objects
by considering the “deceleration” of the expansion of the universe measured at that time, that gave
an estimation of the average mass density of the universe to be ρ ∼ 10−28 g, whereas the observed
abundance of “visible” matter was ρvis ∼ 10−31 g. Hawking concluded this argument by stating that:

6The Zel’dovich & Novikov paper, while translated in English, was originally published in a Russian journal. A lot
of cosmology/BH related ideas from the Cold War period encountered while redacting the review [8] were published
independently both by Russian and American cosmologists, and it appears by simple citation check that the Russian
papers were mostly cited by Russian researchers and vice versa.
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Figure 1.2: Event (solid) and Cauchy (dashed) horizons radii r± normalized to the Schwarzschild
radius (dotted) rS for a KBH (x = a∗) and RNBH (x = Q∗). The vertical line at x = 0 represents
the Schwarzschild limit and the vertical solid line at x = 1 represents the extremal limit.

[. . . ] it is tempting to suppose that the major part of the mass of the Universe is in the
form of collapsed objects. This extra density could stabilize clusters of galaxies which,
otherwise, appear mostly not to be gravitationally bound. [23]

The smallest of these BHs, with Schwarzschild radius smaller than a nucleus, could be constantly
traversing compact objects like the Earth without leaving any trace.

Some years later, Carr & Hawking returned to the examination of the accretion argument from
Zel’dovich & Novikov to see if the early BH production was a viable scenario [24]. It was shown in
this paper that catastrophic accretion should not occur but take place at a rate far slower than the
expansion of the universe, however:

The obvious place to look for such giant black holes [that would have accreted rapidly]
would be in clusters of galaxies where they might provide the missing mass necessary to
bind clusters gravitationally. [24]

These claims, together with that of [11, 12], constituted the prelude of the “DM = PBHs” scenario.
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1.3 Primordial black hole formation
7Carr & Hawking [24] first quantitatively described the process of PBH formation, which was
numerically computed in [26] (for a recent review, see [27]). A region of locally enhanced density
can collapse if its radius is smaller than the associated Jeans length. The collapse must supplant the
pressure forces (which depend on the equation of state of the cosmological fluid) and the universe
expansion.

At time t, the collapsing region must be of order of the particle horizon size ∝ H(t)−1 for causal
reasons. This is the standard scenario, which relies on the assumption that there was a spectrum of
primordial inhomogeneities. Modern calculations show that in this scenario a PBH formed during
radiation domination (RD) has an initial mass Mi linked to its formation time tf by [25]

Mi(tf) =
γ

2H(tf)
∼ 1015 g

(
tf

10−23 s

)
, (1.17)

where γ is a parameter linked to the collapse mechanism. For spherical collapse during RD, γ ∼
0.2 [28]. In the usual model of PBH formation, PBHs form after the inflation period, hence there
is an inferior limit on the size of the particle horizon derived from CMB observations H(tf)

−1 [29]
translating into an inferior limit on the mass of PBHs

Mmin ∼ 0.1 g . (1.18)

However, this constraint applies only to conventional inflationary scenarios, i.e. the standard slow-
roll models of inflation with Einstein gravity (see e.g. the review [30] and references therein). In more
sophisticated scenarios, like e.g. the recent model [31], the scale of inflation can not be determined
by CMB observations. An absolute lower limit on the PBH mass is the Planck mass MPl at which
quantum gravity effects should be sizeable and our understanding of general relativity collapses.
PBHs forming with size smaller than the Planck length 	Pl ∼ 10−35 m would have formed at times
before the Planck time tPl ∼ 10−43 s which is forbidden by the recently proposed trans-planckian
conjecture [32] (TPC).

An upper limit on the mass of PBHs at formation can be derived from the fact that they should
form before the onset of BBN for them not to spoil the baryon-to-photon ratio

MBBN ∼M(tf ≈ 1 s) ∼ 105M� . (1.19)

There are also trivial coherence reasons to believe that there is no giant PBH of M �Mincr ∼ 1050 g
occupying most of the Hubble sphere today, first because there are other complex structures in the
sky, second because if there were a giant PBH, we would be falling onto it due to its gravitational
attraction and would see a strong Doppler dipole feature in the CMB [33, 34]. The limits MPl,
Mmin, MBBN and Mincr are represented by vertical lines on Fig. 1.1.

The list of PBH formation scenarios is extensive, and I refer the reader to the recent reviews [28,
35] for a complete description. They include:

7This Section is partially inspired by the paper “Bounds on warm dark matter from Schwarzschild primordial black
holes” [25] I wrote with I. Masina and G. Orlando.
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• collapse of primordial overdensities (the standard scenario) (see e.g. [27] for a modern assess-
ment);8

• collapse of inflaton fields;

• collapse of topological defects;

• collapse from bubble collision due to an early first order phase transition.

In particular, some formation mechanisms (e.g. grand unified theory—GUT—phase transition)
explain both PBH formation and later cosmological events (e.g. PBH baryogenesis mediated by
GUT bosons [36]); and “failed” PBH collapse can be at the origin of inhomogeneous BBN (see
Appendix B.1). In general, an alternative cosmological model results in very different PBH con-
straints [37]. Of interest for me here is the fact that some of these formation mechanisms imply
an EMDE (Section 1.3.1), or result in extended PBH mass (Section 1.3.2) or spin distributions
(Section 1.3.3).

1.3.1 Formation of PBHs during an EMDE

Formation of PBHs during an EMDE (denoted as “dust phase”) driven by metastable particles was
reviewed in detail in [38]. It was shown that PBH formation is easier in this case due to reduced
pressure forces, and that the relationship between a PBH mass and its formation time, as well as
the link between the fraction of PBHs at formation and at evaporation are deeply connected to the
“dust phase” parameters:

The PBH spectrum is a link between all the astrophysical data that have the nature of
restrictions on the PBH spectrum and the unified gauge theory parameters that determine
the spectrum of the initial perturbations and the parameters of the dust stages. [38]

These constraints depend on the EMDE parameters and are in general weaker than the correspond-
ing RD constraints [39]. More recent studies of PBHs formed during an EMDE have been performed
by [40–46], with a focus on long-lived PBHs existing in the current universe, and their interplay
with DM physics.

1.3.2 Mass distributions

One prominent feature of the seminal review of PBH constraints by Carr [47] is the use of the
Press–Schechter formalism [48] designed for scale-invariant perturbations in the early universe and
the formation of structures. Carr predicted that the mass spectrum of PBHs should be in general
a power-law with exponent dn ∝ M−f(w)dM where f(w) is some function of the equation of state
parameter P = wρ and where the collapse into a PBH happens once the density perturbation exceeds

8This scenario seems deprecated due to the tremendous increase of the fluctuation spectrum needed at small scales
compared to the CMB (see the very explicit Fig. 1 of [35]). This has motivated more exotic formation scenarios, and
refutes the usual claim that PBH DM is compelling because it does not require new physics.
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some threshold Δρ/ρ > δ. In the RD era of the hot Big Bang model, one obtains f(w) = 5/2. This
exponent should be modified for PBH formation during an EMDE.

Hence, the mass spectrum of PBHs was originally believed to be extended and to span a rather
large range of masses (from MPl upward). This link between primordial scale-invariant fluctuations
of density and the PBH abundance shows that:

PBHs are unique since they alone could be expected to survive the dissipative effects
which erase all other imprints of conditions in the first second of the universe. [47]

The monochromatic distribution of PBHs often used to derive abundance constraints is then only
a convenient approximation to a more realistic extended mass distribution. This poses the mathe-
matical question of how to convert the constraints obtained for monochromatic mass distributions
to extended ones?

Yokoyama [49] was the first, to my knowledge, to try and use an analytical procedure of conver-
sion. This followed the discovery of the critical behaviour of the PBH collapse process by Niemeyer
& Jedamzik [50, 51]. The critical collapse mechanism can lead to the formation of PBHs with mass
M < Mhor; hence at each cosmological epoch, a distribution of PBHs masses would arise. The
total distribution would then be the sum of these instantaneous formations. Yokoyama observed
that there is not much change in the constraints, except in the M � 1015 g mass range, because of
the steep fall-off of the critical collapse spectrum. This computation showed however that using an
extended mass function can broaden the excluded PBH parameter space.

At about the same time [52], calculations showed that a monochromatic peak in the primordial
fluctuation power spectrum results in fact in a log-normal PBH mass distribution, centered around
the characteristic horizon scale at formation. This distribution was further refined using peak
theory [53, 54]. In fact, a Gaussian log-normal function can mimic any peak in the PBH distribution
resulting from a particular mechanism of formation [55]. The most common PBH mass distributions
are described e.g. in [56].

Concerning conversion methods, pioneering analytical and numerical work was done in [56–60],
which confirmed that the constraints on an extended distribution should be more stringent than
the expected constraint resulting from the addition of monochromatic ones. This contradicted the
claims of [61, 62] arguing that extended mass functions could simply be “fitted inside the holes” of
the constraint plot given below in Fig. 4.1.9 For HR constraints, I advocate the use of BlackHawk

which can directly compute the full HR spectrum for any PBH distribution before applying the
constraints. Constraints for an extended mass distribution are discussed below in Section 4.3, while
the BlackHawk literature is listed in Appendix A.2.

1.3.3 Spin distributions

PBHs formed during RD are believed to have negligible spin [63], which has also been proven for
the critical collapse mechanism [64]. On the other hand, PBHs formed during an EMDE could
have sizeable to near-extremal spin [41, 65–67]. In any case, some of the PBHs should form with a

9The “fitting” method was still defended during the 2018 CERN TH Institute “Primordial vs. Astrophysical origin
of black holes”.
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significant spin [68], and PBHs can also be spun up either through early accretion processes [69] or
through hierarchical mergers [70].

The problem is then the same as for extended mass distributions. The constraints on SBHs could
be converted to KBHs using some analytical procedure; or realistic extended spin distributions could
be reduced to their peak/average value [71]. I instead advocate the use of the BlackHawk capacity to
simulate extended distributions of both mass and spin to compute accurate constraints. Constraints
for spinning PBHs are discussed below in Sections 4.3 and 4.4, while the BlackHawk literature is
listed in Appendix A.2.
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In this Chapter, I briefly go through the Standard Model of particle physics in Section 2.1 and
I draw a historical review of the Hawking radiation paradigm in Section 2.2. Then, I present the
basic equations of Hawking radiation in Section 2.3 and obtain the primary and secondary emission
spectra in Sections 2.4 and 2.5. I mention the results for extended mass distributions in Section 2.6.
I deduce the primordial black hole evolution due to the Hawking process in Section 2.7.
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2.1 Standard Model of particle physics
1The Standard Model of particle physics (SM) is the theory that describes the fundamental particles
and their interactions. The idea that the material world can be divided into fundamental indivisible
species dates back to Antiquity. However, it is only at the end of the XIXth century that this
theory acquired a predictive power with the discovery of the charged electron. The photon as
a carrier of light energy was known for a long time, but its behaviour as a quanta was exposed
only with the photoelectric effect. Afterwards, chemistry and nuclear physics experiments have
put in evidence the structure of the atom, with a nucleus composed of protons (charged, stable)
and neutrons (unstable). The structure of matter revealed itself as the experiments increased in
energy, with a collision at energy E probing a fundamental scale of size L ∼ E−1. Neutrinos were
predicted in the 1930’s to explain the characteristics of the β decays, at the same epoch when the
muons (a second family of charged lepton with the electron) were observed in cosmic rays (CRs)
and the graviton was predicted to mediate the gravitational interaction. The theory of Maxwell
describing the electromagnetic (EM) interactions was quantized in the 1950’s in a model called
quantum electrodynamics (QED). In the 1960’s, the theory of the weak interaction describing the
same β-decay of nuclei gave rise to the Glashow–Weinberg–Salam model of the EW interactions, in
the first unification of two fundamental interactions (QED and weak interaction). The development
of particle accelerators in the late 1950’s–1970’s resulted in the production of numerous particles
in detectors with a mass spectrum very dense above an energy scale of some hundreds of MeV. To
explain this matter of fact, two models were in competition at that time:

• the “Hagedorn model” that predicted an exponential explosion of the number of degrees of
freedom (d.o.f.) above that energy scale [73–75];

• the “Gell-Mann model” that systematically described the observed particle states as a combi-
nation of a finite number of 3 flavors of quarks and 8 mediating gluons [76], in a theory called
quantum chromodynamics (QCD).2

In the 1960’s, the Higgs field was finally proposed to explain the rest masses of particles due to a
symmetry spontaneously broken at low energy [78–80]. This was the state of the art in the early
1970’s, when HR was discovered.

The modern view of the SM of particle physics embeds fundamental particles and gauge bosons
to mediate interactions between them:

• the charged massive leptons are divided into 3 families: electron, muon, tau and their antipar-
ticles;

• the neutrinos of extremely low mass are divided into 3 corresponding families: electron neu-
trino, muon neutrino and tau neutrino which are Majorana particles;

1This Section is partially inspired from the book by Samueli “Le modèle standard de la physique des particules :
de l’électron au boson de Higgs” [72].

2See also the reports by Zweig [77].
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particle symbol mass (GeV) spin internal d.o.f.

Higgs boson h0 1.2503× 102 0 1
photon γ 0 1 2
gluons g 0 1 16
W bosons W± 8.0403× 101 1 6
Z boson Z0 9.11876× 101 1 3
neutrinos νe,μ,τ , νe,μ,τ 0 1/2 6
electron e± 5.109989461× 10−4 1/2 4
muon μ± 1.056583745× 10−1 1/2 4
tau τ± 1.77686 1/2 4
up quark u, u 2.2× 10−3 1/2 12

down quark d, d 4.7× 10−3 1/2 12
charm quark c, c 1.27 1/2 12
strange quark s, s 9.6× 10−2 1/2 12
top quark t, t 1.7321× 102 1/2 12

bottom quark b, b 4.18 1/2 12
graviton G 0 2 2

Table 2.1: Properties of the elementary particles of the Standard Model, in addition to the graviton
[81]. The number of quantum d.o.f. is the product of the family, antiparticle, colour and helicity
multiplicities. Neutrinos are here considered massless.

• the massive quarks of the QCD model are divided into 3 families or “flavors” with 2 members
each: up and down, charm and strange, top and bottom, with their antiparticles;

• the 3 interactions are mediated by gauge bosons: the massless photon mediates the EM
interaction, the 8 massless gluons mediate the strong interaction, and the massive bosons W±

and Z0 mediate the weak interaction;

• the massive Higgs boson, which is related to the rest masses of particles by their interaction
with the Higgs field;

• it is often presumed that there exists a bosonic massless graviton to mediate a quantized
version of the gravitational interaction, even if such a theory has not yet been made fully
coherent.

A summary of the particle properties is given in Table 2.1.
The SM is assuredly not the final theory of particle physics, and that for several reasons (this

is not a complete list): there is no DM component in this model; the dark energy causing the
acceleration of the expansion of the universe is also absent; the neutrinos are proven to be massive
by observation of their flavor oscillations; some measurements of particle physics experiments have
shown discrepancies with the SM predictions (a famous recent one is the g − 2 muon magnetic
moment) and a renormalizable theory of quantum gravity is still to be found.
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Hence, plentiful of models have been proposed to explain the new observational data while
safeguarding all the extremely precise SM predictions already confronted to experiments. The most
famous is the “supersymmetric” model where each particle has a “superpartner”. These models could
embed a quantum theory of gravity (like the “loop quantum gravity” or LQG model), and some of
them require additional dimensions like string theory. For a discussion of these in the context of
HR see Sections 4.5 and 4.6. Other DM candidates include axions and right-handed neutrinos. For
complete review and history of those ideas see [7, 82].

2.2 Historical overview

2.2.1 Thermodynamics aspects
3In the 1970’s, some work was done in order to conciliate BH mechanics with known theories of
thermodynamics. Indeed, BHs seemed to violate the 2nd law of thermodynamics as they can swallow
a great amount of information with only modification of mass M , charge Q and angular momentum
J . As BHs are described only by these three quantities, as stated by the “no-hair” theorem set
out by Israel [84–86], there is a loss of entropy known as the “information paradox” [87]. Thus,
Bekenstein [88] proposed a generalized second law for BHs:

The black hole entropy plus the common entropy in the black hole exterior never de-
creases. [88]

In BH physics, one quantity that never decreases whatever be the material swallowed is the surface
area A. Thus, Bekenstein intuited that the entropy of a BH is proportional to A, and based on
information theory the relationship

S =
ln(2)

8π
A , (2.1)

was proposed.
This claim was further supported by some analog version of the first law of thermodynamics

dM = ΘdA+ �Ω · �dJ +ΦdQ , (2.2)

where �dJ (resp. dQ) is the change in angular momentum (resp. charge) of the BH while �Ω (resp. Φ)
plays a role analog to angular frequency (resp. electric potential). Thus, the term Θ in front of the
entropy change would be identified as an effective temperature whose expression depends on the
surface gravity κ of the BH.

The same year, Bardeen, Carter & Hawking [89] went one step further by giving explicitly the 4
laws of BH mechanics. In this paper, the entropy was found to be S = A/4 in the first law, which
seemed a better choice than Bekenstein’s, so that the effective temperature was identified as

T =
κ

2π
. (2.3)

3This Section is partially inspired by the review article “Primordial black hole constraints with Hawking radiation
– a review” [8] under writing. For an inside history, I refer the reader to the account by Page [83].
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The second law was refined by adding a discussion about BH mergers (the area of the final BH must
be superior to the area of the two original BHs). A third law was postulated:

It is impossible [. . . ] to reduce [T ] to 0 by a finite sequence of operations. [89]

because this would leave a naked singularity forbidden by the CCC. Finally, a zeroth law about the
constant value of T across the BH area was enunciated. Then followed an erroneous statement in
sync with the view at that time that a BH can only accrete matter and radiation:

In fact the temperature of a black hole is absolute zero [because it] cannot be in equilib-
rium with blackbody radiation at any non-zero temperature. [89]

precisely because a BH can only accrete matter and radiation. For a complete modern review of
the thermodynamics of BHs, I refer the reader to [90, 91]. The 4 laws of BH thermodynamics are:

0th law: the temperature of a BH T = κ/2π is constant over its event horizon;

1st law: the infinitesimal evolution of the BH mass is given by dM = TdA/4+ �Ω · �dJ +ΦdQ;

2nd law: the total entropy composed of that of a black hole S = A/4 plus that of the rest of
the universe can only increase;

3rd law: the temperature of a BH cannot be decreased to absolute 0 by a finite number of
operations.

2.2.2 Quantum mechanics aspects

2.2.2.1 BH stability

At about the same epoch, theoretical work was pursued in order to check whether BHs were sta-
ble objects regarding quantum mechanics, that is, can BHs develop diverging perturbations that
would challenge their survival. This was particularly interesting for KBHs as these can experience
stimulated emission of bosonic fields through “superradiance” effects [92], which would efficiently
extract mass and angular momentum from the black hole and could lead to “black hole bombs” [93].4

Teukolsky & Press published a series of 3 papers [95–97] in which they study the stability of the
Kerr metric against a spin s equal to 1, 1/2 and 2 wave scattering. The separated equations for the
scalar case were derived earlier by Carter [98].5 They obtained the fundamental separated radial
and angular equations for the propagation of a wave of spin s and energy E outside a BH of mass
M , in semi-classical general relativity (i.e. classical metric and quantum fields)

Δ−s d

dr

(
Δs+1dR

dr

)
+ (AEslm(r)− λEslm)R = 0 , (2.4)

4For a complete review of the “superradiance” effect I refer the interested reader to [94].
5This problem was also explored by Starobinskii & Churilov for bosonic fields in [99, 100] and Unruh for the

fermionic field in [101].
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1

sin θ

d

dθ

(
sin θ

dS

dθ

)
+ (BEslm(r) + λEslm)S = 0 , (2.5)

valid for each angular mode (l,m) of the wave, with some eigenvalue λEslm and functions AEslm(r)
and BEslm(r). The radial equation was later called the “Teukolsky equation” (for a general derivation
of this equation, see Section 2.3 below). Resolution of this equation with the correct boundary
conditions yields the transmission (absorption) and reflection coefficients of a wave over a BH
horizon and thus the “superradiant” amplification of incident bosonic waves, while fermions are not
superradiant.

2.2.2.2 Hawking papers

Confronted with the possible existence of PBHs with size and mass way beyond the classical stellar
processes—in fact in the quantum mechanics regime—Hawking wondered how quantum mechanics
effects would come into play. This led to the famous discovery that BHs are not “black” but radiate
a steady flux of particles like thermal bodies. This was first proposed in a paper published in Nature
in 1974 entitled “Black hole explosions?” [102]. In this paper, Hawking claimed that:

It seems that any black hole will create and emit particles such as neutrinos or photons
at just the rate as one would expect if the black hole was a body with a temperature of
[T = κ/2π]. [102]

which is precisely the temperature encountered when reconciling BH mechanics with thermodynam-
ics. Hawking immediately suspected a deep fundamental link between this temperature (blackbody
emission) and the effective temperature in BH thermodynamics (entropy).6 Follows:

As a black hole emits this thermal radiation one would expect it to lose mass. This in
turn would increase the surface gravity [κ ∝ 1/M for SBHs] and so increase the rate of
emission. [102]

Hence, any BH would have a finite lifetime that can be estimated if its luminosity follows the
blackbody law L ∼ AT 4. Rapid integration shows that a PBH with the critical mass M∗ ∼ 1015 g
would have evaporated by today if formed just after inflation.7 Due to the inverse power-law
dependency of the emissivity with the mass, a very powerful “explosion” is to be expected at the
end of the BH evolution.

6Bekenstein reexamined their 2nd law of BH thermodynamics [103] taking HR into account. From the micro-
canonical ensemble point of view, their study showed that the entropy “lost” in the BH at initial collapse is totally
recovered in the form of thermal radiation. There is an infinite number of configurations that can collapse into a BH,
and the one that contains most entropy is the pure thermal bath. As the emission process is random and proceeds
with a tremendous number of single emitted quanta, microcanonical statistics predicts that the most probable total
state of emission is distributed following the thermal distribution [104] (see also [90, 91]). On the same grounds, it
is more probable that two BHs coalesce to form a bigger BH with greater area (and thus entropy) than for a big BH
to spontaneously bifurcate into two smaller ones with less total area (and thus entropy).

7Given the roughness of this estimation and the uncertainty concerning the age of the universe at that time, it is
remarkable that the estimation by Hawking falls within 50% of the modern value M∗ = 5× 1014 g.
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The details of HR were given in a subsequent longer paper from 1975 entitled “Particle creation
by black holes” [105].8 The calculations were based on quantum mechanics in curved spacetime. I
will not give them here but refer the reader to Ref. [106] which follows step by step the original
Hawking derivation in a comprehensive way. Basically, the flux of particle originates in the fact
that an observer close to the BH is freely falling with an acceleration given by the surface gravity
κ, while an observer far away from the BH horizon is at rest in the BH frame. Thus, they define
different local bases and vacuum quantum states and the conversion between these bases results in
a net thermal flux of particles at infinity with rate

d2N

dtdE
=

1

2π

ΓEslm

eE/T − (−1)2s , (2.6)

where ΓEslm is precisely the absorption coefficient encountered by Teukolsky & Press, here inter-
preted as a spontaneous emission coefficient. It will later on be called “greybody” (or “graybody”)
factor (GF) as it encodes the departure of the BH from a pure blackbody: not all radiation is
absorbed but some part is reflected (or, equivalently, spontaneously emitted).

The rate of emission was given in [105] for massless scalar fields from a SBH but extension
to higher spin s fields for a Kerr-Newmann BH was straightforwardly obtained by adding the
corresponding angular velocity and electric potential into the Boltzmann factor

d2N

dtdE
=

1

2π

ΓEslm(Ω,Φ)

e(E−mΩ−qΦ)/T (M,a∗,Q) − (−1)2s , (2.7)

where Ω = 4πa/A and Φ = 4πQr+/A [107]. The tendency of BHs to emit aligned momentum and
same-charge particles is apparent from the form of the effective chemical potential in Eq. (2.7).

For the emission of a particle of non-zero rest mass μ to be kinematically allowed, the energy of
emission must be E > μ. However, the rate of emission is exponentially suppressed at high energies,
hence:

As the temperature rose, it would exceed the rest mass of particles such as the electron
and the muon and the black hole would begin to emit them also. [105]

Therefore, if the number of kinematically allowed d.o.f. of emission increases monotonically with
energy, such as in the “Hagedorn model”, then the last emission would indeed be explosive.

The evolution of the BH was considered as quasi-static so that backreaction can be ignored. The
successive particles are emitted independently. Furthermore, to avoid problems with Planck scale
naked singularities, Hawking assumed that when reaching this scale the system shall “disappear
altogether” in a final flash of energy. Many interpretations were subsequently given as for this
spontaneous emission. Hawking proposed that it could be grasped considering the spontaneous
creation of pairs of particles and antiparticles just outside the horizon with a Boltzmann distribution
given by the temperature of the BH, with one half escaping to infinity with positive energy and
the second half falling inside the BH with negative energy, therefore decreasing its mass. Another
analogy proposed is the spontaneous decay of the BH because of particles tunneling out of the
horizon [108]. For later HR derivation and interpretations, I refer the interested reader to [90].

8As clearly appears when considering the dates of publication, the physics community was already discussing and
using the Hawking results before this second paper was published.
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2.2.3 Later calculations

2.2.3.1 Greybody factors

The Hawking process was then firmly established on statistical mechanics, quantum mechanics
and general relativity grounds. That new process and the finite lifetime of BHs has immediate
consequences on PBH constraints. PBHs with initial mass M < M∗ cannot participate in the DM
density today, and their evaporation may leave observational signatures, as discussed in the first
ever PBH review by Carr [47].9 In fact, the evaporation of small PBHs may be the only reasonable
way to detect them.

Very early arguments by Gibbons [110] and Carter et al. [111] showed that even if formed with
non-zero charge and angular momentum, a BH would lose them more rapidly than its mass and
end up as a simple SBH for most of its lifetime. The relevant timescales for the mass M , angular
momentum J and electric charge Q are

τM ∝M3, τJ ∝M3, τQ � τM , τJ . (2.8)

For rotating PBHs, even if the temperature T → 0 as the angular momentum approaches the
extremal limit a∗ → 1, Carter argued that the superradiant scattering will compensate so that the
lifetime τ(a∗ � 1) ∼ τ(a∗ = 0). Hence, if formed initially rotating, a PBH should keep its angular
momentum for most of its lifetime; this in fact contradicts the above statement. The situation
is very different for charged BHs since a rapid discharge process called the Schwinger effect [112]
neutralizes the BH independently of its HR rate in a timescale much shorter than the mass loss,
due to spontaneous pair-production of charged particles in the intense electric field of the BH (see
also [113]). In fact, it is estimated that only supermassive BHs (SMBHs) formed with appreciable
charge would still be charged today—they are protected from the Schwinger effect by the non-zero
mass of the electron. Hence, for quite a long time, HR by PBHs was considered only for SBHs.

The GFs represented the complicated part of the Hawking process analysis. Apart from some
high- and low-energy limits, the calculation of GFs requires numerical tools. Page was the first to
compute them numerically in 1976-1977. In the first paper of a series of three [107], Page considered
the massless particles that where known at the time (i.e. photons, neutrinos, gravitons) and thus
ignored the scalar case. The emission of such particles would lead to a progressive decrease in the
mass (and angular momentum) of BHs grasped by the Page coefficients for KBHs(−f(M,a∗)/M2

−g(M,a∗)a∗/M

)
≡ d

dt

(
M
J

)
=
∑
i

gi
∑
lm

∫ +∞

0

1

2π

ΓEslm(a∗)
e(E−mΩ)/T (a∗) − (−1)2si

(
E
m

)
dE , (2.9)

where i spans the spectrum of particles and gi is their number of internal d.o.f. (polarization, color).
With these coefficients, the equations of evolution of BH mass and spin are simply

dM

dt
= −f(M,a∗)

M2
,

da∗

dt
=
a∗(2f(M,a∗)− g(M,a∗))

M3
=
−a∗f(M,a∗)h(M,a∗)

M3
,

(2.10)

9A review was also published on the Soviet side [109] but it went almost unnoticed.
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where h(M,a∗) ≡ g(M,a∗)/f(M,a∗)−2. The GFs ΓEslm were obtained from the computer programs
of Teukolsky & Press for the cross-section σ of a field on a BH metric [95–97]. Page checked that
the correct analytical behaviours were obtained at low energies for all spin fields

σs(E) ≡ π

E2

∑
lm

ΓEslm ∼
ME→0

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

A
2πM2

4

9
AM2(3− a∗2)
16

225
AM4

(
5 +

5a∗2

4
+ a∗4

)
E2

∼
a∗→0

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

16πM2 scalar
2πM2 fermion
64

3
πM4E2 vector

256

45
πM6E4 tensor

(2.11)
to first order terms in a∗. The dominant mode of emission is always the lower angular momentum
one l = s for SBHs, and the cross-section is cut-off at low energy with harder cut-off for higher spins.
The spin 0 case was treated separately by Sanchez to obtain the scalar cross-section [114, 115] (see
also the later work [116–118]). In the high energy limit the cross section is the same for all spins

σs(E) −→
EM→+∞

27πM2 , (2.12)

which corresponds to geometrical optics (GO) limit.
With these numerical results, Page was able to determine the fraction of BH mass ending up in

neutrinos, photons and gravitons and found 81% ν’s, 17% γ’s and 2% G’s. In a second paper [119],
Page wanted to check:

[. . . ] the validity of the assumption that most black holes which emit significantly today
are not rotating. [119]

The Page factors f and g were thus computed to great accuracy and fitted with cubic spline functions
up to the extremal value a∗ = 1 for field spins 1, 1/2 and 2, and it was observed that the contribution
of a massless spin s field to h(M,a∗) could be fitted linearly as hs(M,a∗ = 0) = as − b (a, b are
positive constants). This is remarkable since the relationship between a∗ and M is obtained from
Eqs. (2.10) to be

d ln(a∗)
d ln(M)

= h(M,a∗) . (2.13)

Hence, as the linear relation for each spin component implies that hs=0(M,a∗ = 0) is negative, and
hs=0(M,a∗ → 1) is certainly positive, then the function hs=0(M,a∗) must admit a zero at some
non-zero value of a∗. This implies in turn that

[. . . ] if there were a large enough number of massless scalar fields (unknown at present)
to dominate the emission, a∗ might indeed hung up at some non-zero value. [119]

which would invalidate the hypothesis that all PBHs are SBHs today.
Remarkably, accurate computation shows that for near extremal a∗ → 1 BHs, the importance

of emission of particles follows the opposite spin order as for the Schwarzschild case, with the higher
spins associated with the higher rate of emission. Overall, ν’s rate is multiplied by ∼ 13, γ’s rate by
∼ 107 and G’s rate by more than 26 000. The lifetime of a BH is further reduced by a O(1) factor.
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The case of charged RNBHs was treated in the third paper [120]. Random emission of charged
particles must produce fluctuations of the BH charge. Thus, the preferred emission of particles
of the same charge as the BH causes the rates of emission of charged particles to fluctuate. Page
examined emission of massive charged leptons (i.e. the known e± and μ± at that time) by initially
neutral BHs. For a fermion with charge ±e, the rate of emission is modified by (2−5)% only as the
rms value of the BH charge Q∗ is ∼ (2−6)e (depending on the lepton rest mass μ). More dramatic is
the change in the emitted power due to the kinematic cut-off E > μ: numerical calculation showed
that ∼ 50% of the power is lost at E � μ for a BH of temperature T ∼ μ.

2.2.3.2 Effective potentials

There is a fundamental difficulty in computing the GFs numerically: the Teukolsky equation (2.4) is
a differential equation of second order with rather peculiar oscillatory behaviour and a 1/r decrease
at infinity. Hence, extraction of the GFs requires very high accuracy. MacGibbon & Webber noted
in 1990:

[. . . ] rough estimates of the contributions from other species can be obtained by plotting
the logarithms of the contributions per helicity or polarization as a function of s and
then interpolating. This gives reasonable accuracy without recourse to the extraordinary
computational time required for the full determination of [the GFs]. [121]

Hence, the (tabulated) Page results have been readily used until public tools like BlackHawk provided
automatic computation of the GFs.

In studying the Schwarzschild [122, 123] and Kerr metric stability [124], a technique was devel-
oped to transform the radial Teukolsky equation into a Schrödinger wave equation with an effective
potential, denoted as the “Regge-Wheeler” potential for the SBH. This technique was extended to
the KBH in a series of papers by Chandrasekhar & Detweiler [125–128].10 A full description of the
technique is given below in Section 2.3.11

2.2.3.3 High energy and interactions

Contemporary to Page’s calculation of the GFs, Carter et al. [130] performed a long discussion of
the BH evaporation at high energy (that is, above the QCD scale ΛQCD), in an attempt to examine
the behaviour of the emitted particles with respect to interactions. With the knowledge of particle
physics available at that time:

Even if Hawking [evaporation] remains valid [above] the hadronic threshold, it cannot be
used to give an automatically reliable estimate of what happens in the high energy limit
because of our ignorance of the number of kinds of particle state [. . . ] that should be
taken into account. [130]

10These developments were done in the context of GW and quasi-normal mode (QNM) calculations and seem to
have gone rather unnoticed by the HR community.

11Kodama and Ishibashi (e.g. [129]) developed a formalism that goes straight from the metric to the short range
potentials, by means of the stress-energy tensor and without computing the intermediate Teukolsky equations.
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This could only be assessed with high-energy observation of a PBH evaporation with good energy
resolution. They distinguished two extreme models:

• “Hawking picture”: the emission is independent, no interactions occur and the flux is described
by the Fermi-Dirac (for fermions) or Bose-Einstein (for bosons) distribution;

• “Landau picture”: strong interactions between emitted particles cause the flux to achieve local
thermal equilibrium so that it is described by a perfect fluid equation.

These two models result in very different observational signatures. About the first model, valid in
the standard quark model:

[. . . ] one would be seeing the direct result of creation at the ultra high [PBH] tempera-
ture. If such a phenomenon could be actually observed it would provide uniquely valuable
information about what actually takes place at such high energies. [130]

On the other hand, in the second model, presumably valid if the “Hagedorn model” equation of
state is the correct description:

The simplest and most obvious hypothesis to make is that the energy is released in the
form of an homogeneous cloud of matter very much analogous to the expanding fireball
of the Big Bang universe. [130]

The calculations showed additionally that:

[. . . ] the final output will be observed exclusively in the form of only medium energy
gamma rays [of me < E < mπ] in an explosive burst [. . . ] soon after the hole enters the
hadronic [regime]. [130]

The timescale of this “fireball” was estimated to be τ ∼ 10−8 s, very short compared to the usual
τ ∝M3 ∼ 1013− 1015s lifetime of a T ∼ ΛQCD BH in the “Hawking picture”. The debate about the
correct model has persisted until the SM equation of state was firmly based on accelerator data.

In a second review about PBHs using Page’s numerically computed GFs, Carr [131] discussed
how the theoretical uncertainties of HR can affect the cosmological constraints. They identified: i)
the spectrum of particles emitted at high energy; ii) the interactions between the emitted particles.
Different predictions arise from the “elementary” and “composite” particle models:

• “elementary particle model”, in which BHs emit a finite set of elementary ingredients (3 families
of quarks) and the number of d.o.f. saturates at high energy, corresponding to the “Gell-Mann
model”;

• “composite particle model”, in which BHs emit an exponentially increasing number of hadronic
d.o.f. with increasing energy, corresponding to the “Hagedorn model”.

Furthermore, the “composite particle” model predicts that when the temperature is high enough, as
in the first seconds of the universe, then the Hagedorn d.o.f. interact so much that the outgoing flux
behaves as an optically thick medium. Thus, a BH appears as some kind of “fireball” decaying into
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Λ ∼ 250MeV radiation. The existence of a “fireball” around exploding PBHs has been the subject
of many subsequent debates.

In 1984, Oliensis & Hill [132] analysed what should be the form of the HR at high energies, say
E 	 GeV. They argued that, contrarily to the “Hagedorn model”, the new physics d.o.f. should
appear only “logarithmically” at high energies, in coherence with the renormalization group results:
up to the Planck scale, they did not expect more than a factor ×10 in this number. Based on the
“elementary” particle model, they showed that:

[. . . ] Hawking radiation is very simple—the emission rate is just the right magnitude
for particles to be emitted and decay approximately independently. [132]

They continued by stating that:

The situation resembles the e± annihilation. For this process, we know that the long
distance interactions have no effect on the short time propagation of the particles, but
simply dress them into independent jets over a long time. [132]

However, the situation is inverted at energies low compared to the thresholds of d.o.f. increase:

At very low energy T � ΛQCD the long range force is not relevant. The black hole is
not hot enough to radiate isolated constituents. [. . . ] Instead low mass bound states and
other light particles will be radiated. [132]

meaning that pions are radiated for energies E � 200MeV. They numerically estimated that 99.9%
of the emitted particles do not experience interactions with one another (they only consider 2→ 2
number conserving interactions). They finally suggested that QCD fragmentation functions be used
to compute the final outcome of the jets.

The next major development came in 1990-1; in a series of two papers entitled “Quark- and
gluon-jet emission from primordial black holes”, MacGibbon & Webber [121, 133] revolutionized
the computation of the HR of PBHs by “convolving the Hawking emission formulas with a Monte
Carlo QCD jet code” to compute the evolution, hadronization and decay of the primary particles
into stable secondary particles. This of course relied on the “elementary particle” model, which had
in the mean time been tested against prolific accelerator data. This was the first time that QCD jet
interactions were taken into account in PBH studies and constituted a first answer to the questions
asked by Carter et al.. Hereafter, most people used this “MacGibbon & Webber” (hereafter MG&W)
model to compute the HR yields. In particular, the code BlackHawk that I developed with A. Arbey
is a direct modern adaptation of these ideas, see Chapter 3.

In the first paper [121] dedicated to the instantaneous emission, MG&W showed that:

[. . . ] the total emission differs dramatically from previous calculations and is dominated
by the [quark] jet fragmentation products. The spectra have a significant component at
energies well below the black hole temperature, arising from the decays. [121]

which was explained by the fact that above ΛQCD, there are numerous quark and gluon d.o.f. avail-
able to PBH primary evaporation. These particles, once emitted, behave the same way as in
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accelerator experiments and, because of the QCD confinement properties, form jets. These jets are
characterized by a plentiful multiplicity and require computational Monte Carlo treatment. As a
corollary, they used:

[. . . ] the more conventional particle-physics view that a black hole emits only those
particles which appear elementary on the scale of the radiated energy. [121]

This had dramatic consequences on e.g. the rate of emission of nucleons, which were believed to be
emitted directly once T � mp,n. In particular, there is always massive particle creation, but it is
exponentially suppressed if T � μ where μ is the particle rest mass. Here, nucleons are only one
of the (subdominant) constituents of the QCD jets, because it is the quarks and gluons that are
fundamental at E ∼ 1GeV. This rule admits an exception:

Since the pion rest masses are smaller than the effective quark masses, however, pions
should be directly emitted at the energies below [ΛQCD]. [121]

The precise behaviour of the HR at T ∼ ΛQCD remains a source of uncertainty, as well as the
effective masses used for gluons (600MeV) and quarks (340MeV for u and d).

MG&W used the cross-sections numerically computed by Page [107] for the primary spectrum
as well as their low- and high-energy limits. The emission theory for coloured gauge bosons was
based on old arguments by Perry [134]; however the EW massive gauge bosons were not included
in the analysis. Perry showed that:

[. . . ] the black hole will act as a source of [the gauge fields] and conserve [their quantum
numbers]. [. . . ] The black hole will remain neutral with respect to colour, and so a
colourless final state for the emission products is guaranteed. [134]

The massive quarks are associated with the same cross-section as the fermions, and the (effectively)
massive gluons to that of the photons.

On a practical point of view, MG&W used a modified version of the public code BIGWIG [135, 136]
and its successor HERWIG [137] to force e± collisions to generate pairs of particles and antiparticles
of primary type i (to ensure color/charge conservation into the codes) and examined the spectrum
of secondary particles of types j produced by the jets. This allowed to obtain branching ratios
dNi→jdE that can afterwards be plugged into the Hawking formula to obtain the secondary spectra

d2Nj

dtdE
=
∑
i

∫
dNi→j

dE

d2Ni

dtdE
dE . (2.14)

MG&W were limited by the capabilities of the codes to primary energies E = 0.02−100GeV—below,
there were too scarce data to compare the fragmentation functions against; above, the behaviour of
particle physics was unknown.

In their study, they restricted themselves to “experimentally verified” species relevant for their
energy range, in particular the third family of leptons and quarks. They rejected the Higgs boson
and most notably the graviton, at odds with all previous studies. They argued that any new
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species would have negligible effect on the instantaneous and integrated spectra, except if they were
characterized by a high number of d.o.f. (as in supersymmetric theories).

In the second paper [133], MacGibbon alone studied the lifetime emission of a BH. The calcu-
lation of the Page coefficient f(M) was updated with a new determination of the relevant d.o.f. as
a function of the temperature. Each massless d.o.f. contributes to f(M) amounting to

fs ≡
∫ +∞

0

d2Ns

dtdE
dE 

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0.267 scalar
0.147(2) (charged) fermion
0.060 vector
0.020 Rarita-Schwinger
0.007 tensor

(2.15)

One can note that the value of f3/2 is provided even if at that time, no numerical computation
of the spin 3/2 GFs existed yet. The explanation is to be found in a footnote, given above: this
value was obtained by interpolation from the other spins. Then, they showed that a good fit to
the contribution fi(M) of a massive field i to the total f(M) can be obtained by considering an
exponential rise of its contribution from 0 to fs with a turning point at T  μi, where the precise
value depends on the spin of the particle.12 The MG&W model was challenged by several authors
in the 1990’s:

• Cline & Hong [139] argued that the correct model of HR must lie between the two extreme
“Hagedorn” and “Gell-Mann” models (or equivalently between the “elementary” and “compos-
ite” particle models);

• Heckler [140, 141] claimed that taking into account number non-conserving interactions of the
2→ 3 kind, the density of an expanding plasma around an exploding PBH can grow very fast
(somewhat different results are obtained by Kapusta in [142, 143]);

• Belyanin et al. [144] finally predicted that a full magneto-hydrodynamic plasma should develop
around evaporating PBHs, based or earlier ideas from Rees & Blandford [145, 146].

All of these competing models relied on the formation of some kind of “photosphere” or “fireball”
around PBHs, due to non-negligible interactions between emitted particles [147]. They predicted
very different HR signatures in the astronomical observations, in particular concerning the PBH
final bursts. The party was definitely settled by MacGibbon et al. [148] in 2008 in a very detailed
study of all the relevant interactions. The MG&W model is now commonly used by all HR papers,
including this manuscript.

12for an up-to-date derivation of the Page factor with this method, see [138].
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2.3 Fundamental equations
13In this Section, I present all the modern equations necessary to compute the HR of spherically
symmetric and static BHs as well as KBHs. I remain agnostic about the origin of the BHs under
consideration. As pointed by Hawking [102, 105], the HR process from the horizon is completely
symmetric to an absorption process from spatial infinity. The master equation giving the rate of
emission of some d.o.f., labelled i, is

d2Ni

dtdE
=

1

2π

ΓEsilm(xj)

eE
′/T (xj) − (−1)2si , (2.16)

It exhibits three main quantities: i) the temperature T (xj) ≡ κ/2π, which is related to the geometry
of the BH encoded by the set of parameters {xj}; ii) the total energy E′ which is the energy of the
emitted field possibly corrected by an effective chemical potential; and iii) the GF ΓEslm(xj) which
is related to both the BH geometry and the field internal d.o.f. Quantities i) and ii) are trivial but
the GF iii) requires involved algebraic and numerical tools. To obtain the emission probability, one
needs to solve the equations of motion for spin 0, 1, 2, 1/2 and 3/2 massless fields with the correct
boundary conditions, which I do explicitly below.

2.3.1 Spherically symmetric black holes

I consider first spherically-symmetric static metrics, which constitute a subset of Petrov type D
metrics [154].14 In four-dimensional Boyer–Lindquist coordinates, the general form of such metrics
is

ds2 = −G(r)dt2 + 1

F (r)
dr2 +H(r)dΩ2 , (2.17)

where dΩ2 = dθ2+sin θ dϕ2 is the solid angle in spherical coordinates. Within this family of metrics,
I further focus on solutions to the Einstein equations (1.3) which are asymptotically flat. This means
that at spatial infinity the functions F , G, and H must satisfy the asymptotic conditions

F (r) −→
r→+∞ 1 , G(r) −→

r→+∞ 1 , H(r) ∼
r→+∞ r2 . (2.18)

Many usual metrics fall into this category, like that of the SBH and RNBH. One particular case
that will be especially relevant is

G(r) = F (r) ≡ h(r) , and H(r) = r2 , (2.19)

to which I refer as “tr-symmetric” (for time-radius symmetric). The SBH is an example of a tr-
symmetric metric.

13This Section is inspired by the two papers I wrote with A. Arbey, M. Geiller, E. R. Livine & F. Sartini entitled
“Hawking radiation by spherically-symmetric static black holes for all spins” [149, 150] as well as by the manual of
the code BlackHawk I developed with A. Arbey [151, 152]. The interested reader will find additional mathematical
details in the book by Chandrasekhar “The Mathematical Theory of Black Holes” [153].

14The same procedure was followed for the Kerr–Newman BH (e.g. [155, 156]) and the Kerr–Newmann-(anti)de
Sitter BH [157].
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2.3.1.1 Equations of motion

I may now describe the dynamics of matter fields in these types of spacetime, that is, I will derive
the general Teukolsky equation for all spin massless fields. This can be done either by studying the
equations of motion written in terms of the metric, or by using the Newman–Penrose formalism. In
the following, I will use the most direct method to obtain the results.

Massless spin 0. I first consider a massless scalar field φ. In this case, it is easier to write
the Proca equation in curved spacetime

�φ =
1√−g∂a

(
gab
√−g ∂bφ

)
= 0 , where

√−g =

√
G

F
H sin θ . (2.20)

For the other types of fields, the multiplicity of the vector, spinor or tensor components makes
it difficult to obtain a single equation of motion when working directly with the metric. A simple
and efficient way to bypass this difficulty is to exploit the Newman–Penrose formalism [153, 158],
which relies on a reformulation of the equations of motion using a null tetrad field. A choice of null
tetrad such that gab = −lanb − nalb +mam̄b + m̄amb is given by

la =

(
1

G
,

√
F

G
, 0, 0

)
, ma =

(
0, 0,

1√
2H

,
i√

2H sin θ

)
,

na =

(
1

2
,−
√
FG

2
, 0, 0

)
, m̄a =

(
0, 0,

1√
2H

,
−i√

2H sin θ

)
,

(2.21)

where m and m̄ are complex conjugate. This tetrad satisfies l · n = −1 and m · m̄ = 1, while all
other scalar products vanish. Introducing eai = (ea1, e

a
2, e

a
3, e

a
4) ≡ (la, na,ma, m̄a), the λ-coefficients

are defined as
λijk ≡

(
eai e

b
k − eakebi

)
∂aejb . (2.22)

These coefficients enter the definition of the so-called Ricci spin (or rotation) coefficients

γijk ≡ 1

2
(λijk + λkij − λjki), (2.23)

and some specific linear combinations of these Ricci coefficients are then denoted by

κ ≡ γ311 , ρ ≡ γ314 , ε ≡ (γ211 + γ341)/2 ,
σ ≡ γ313 , μ ≡ γ243 , γ ≡ (γ212 + γ342)/2 ,
λ ≡ γ244 , τ ≡ γ312 , α ≡ (γ214 + γ344)/2 ,
ν ≡ γ242 , π ≡ γ241 , β ≡ (γ213 + γ343)/2 .

(2.24)

For the family of metrics (2.17), the only non-vanishing components are real and given by

ρ = −H ′

2H

√
F

G
, μ = −H ′

4H

√
FG , γ =

G′

4

√
F

G
, β = −α =

cot θ

2
√
2H

, (2.25)
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where X ′ ≡ ∂rX denotes the derivative in the radial direction. In the tr-symmetric case, these spin
coefficients are the same as in [159]. One defines the covariant derivatives along the four directions
of the tetrad (2.21) as

D ≡ la∇a , Δ ≡ na∇a , δ ≡ ma∇a , δ̄ ≡ m̄a∇a . (2.26)

These derivatives satisfy the general commutation relation(
D − (p+ 1)ε+ qρ+ ε̄− ρ̄)(δ − pβ + qτ) =

(
δ − (p+ 1)β + qτ + π̄ − ᾱ)(D − pε+ qρ) , (2.27)

where p and q are arbitrary constants. This identity, which is valid for type D metrics (see Eq. (2.11)
of [95]), is pivotal in what follows. In particular, for the family of spherically-symmetric static
metrics (2.17) that I focus on, it reduces to

(D + qρ− ρ)(δ + pα) = (δ + pα)(D + qρ) . (2.28)

I am now equipped with the necessary material to write down the Newman–Penrose equations of
motion for fields of various spins.

Massless spin 1. For a massless gauge boson, satisfying the Einstein-Maxwell field equations
dF = 0 and d ∗ F = 0, the general form of the Newman–Penrose equations is [95, 153, 159]

Dφ1 − δ̄φ0 + (2α− π)φ0 + κφ2 − 2ρφ1 = 0 , (2.29a)
Dφ2 − δ̄φ1 + (2ε− ρ)φ2 + λφ0 − 2πφ1 = 0 , (2.29b)
Δφ0 − δφ1 − (2γ − μ)φ0 − σφ2 + 2τφ1 = 0 , (2.29c)
Δφ1 − δφ2 − (2β − τ)φ2 − νφ0 + 2μφ1 = 0 , (2.29d)

where the three Maxwell scalars are

φ0 ≡ Fabl
amb , φ1 ≡ 1

2
Fab(l

anb + m̄amb) , φ2 ≡ Fabm̄
anb . (2.30)

The cancellation of many of the Ricci coefficients for the family of metrics (2.17) allows to write the
first and third equations as a coupled system involving φ0 and φ1 only, i.e.

(2α− δ̄)φ0 + (D − 2ρ)φ1 = 0 , (2.31a)
(Δ− 2γ + μ)φ0 − δφ1 = 0 . (2.31b)

These coupled first order equations can then be turned into a pair of decoupled second order differ-
ential equations. One applies δ to the first equation, and applies D− 3ρ to the second one. Adding
the two resulting equations, and using the identity (2.28) with p = 0 and q = −2, gives a differential
equation involving φ0 only (

(D − 3ρ)(Δ− 2γ + μ)− δ(δ̄ − 2α)
)
φ0 = 0 . (2.32)

This is the equation of motion for a massless spin 1 field.
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Massless spin 2. For purely gravitational perturbations, which are equivalent to a massless
spin 2 graviton field, the general form of the Newman–Penrose equations is [95, 153]

(D − 4ρ− 2ε)ψ1 − (δ̄ − 4α+ π)ψ0 + 3κ̃ψ◦
2 = 0 , (2.33a)

(Δ− 4γ + μ)ψ0 − (δ − 4τ − 2β)ψ1 − 3σ̃ψ◦
2 = 0 , (2.33b)

(D − 4ρ− ρ̄− 3ε+ ε̄)σ̃ψ◦
2 − (δ − 4τ + π̄ − ᾱ− 3β)κ̃ψ◦

2 − ψ0ψ
◦
2 = 0 , (2.33c)

where the ψi are the perturbed components of the Weyl tensor (e.g. ψ0 ≡ −Cabcdl
amblcmd), ψ◦

2

is the only non-vanishing background component, and the tilde on a spin coefficient indicates a
perturbed quantity. I specialize to the family of metrics (2.17), remove the vanishing unperturbed
spin coefficients, apply the operator δ − 2β to the first equation, and the operator D − 5ρ to the
second one, add the two and make use of identity (2.28) with p = 2 and q = −4. I obtain an
equation involving solely ψ0, with the σ̃ψ◦

2 and κ̃ψ◦
2 contributions replaced by ψ0ψ

◦
2 thanks to the

third equation. The resulting equation reads(
(D − 5ρ)(Δ− 4γ + μ)− (δ + 2α)(δ̄ − 4α)− 3ψ◦

2

)
ψ0 = 0 , (2.34)

where the background ψ◦
2 is given by the Ricci identity as [153]

ψ◦
2 = Dμ− δπ − ρ̄μ− σλ− ππ̄ + (ε+ ε̄)μ+ (ᾱ− β)π + νκ −→ ψ◦

2 = Dμ− ρμ . (2.35)

Equation (2.34) is the equation of motion for a massless spin 2 field.

Massless spin 1/2. The Newman–Penrose equations for the massless Dirac spin 1/2 field
are [95, 159]

(δ̄ − α+ π)χ0 − (D − ρ+ ε)χ1 = 0 , (2.36a)
(Δ− γ + μ)χ0 − (δ + β − τ)χ1 = 0 , (2.36b)

where χi are the two components of the spinor. I now specialize to the metrics (2.17). I remove the
vanishing spin coefficients, apply the operator δ−α to the first equation, apply the operator D−2ρ
to the second one, subtract the two and make use of identity (2.28) with p = −1 and q = −1. This
produces a decoupled differential equation for χ0 only(

(D − 2ρ)(Δ− γ + μ)− (δ − α)(δ̄ − α)
)
χ0 = 0 . (2.37)

This is the equation of motion for a massless spin 1/2 field.

Massless spin 3/2. Finally, the general form of the Newman–Penrose equations for a Rarita–
Schwinger massless spin 3/2 field is [160]

(D − ε− 3ρ)H001 − (δ̄ − 3α+ π)H000 − ψ◦
2ψ000 = 0 , (2.38a)

(δ − β − 3τ)H001 − (Δ− 3γ + μ)H000 − ψ◦
2ψ001 = 0 , (2.38b)
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where H000 = (δ−2β− ᾱ+ π̄)ψ000− (D−2ε+ ε̄− ρ̄)ψ001 is a combination of the spinor components,
and ψ◦

2 is the same background component as in Eq. (2.35). Specializing to the metric ansatz (2.17),
I remove the vanishing spin coefficients, apply the operator δ + α to the first equation, apply the
operator D−4ρ to the second one, subtract the two and use identity (2.28) with p = 1 and q = −3.
This leads to an equation on H0 ≡ H000 only, which reads(

(D − 4ρ)(Δ− 3γ + μ)− (δ + α)(δ̄ − 3α)− ψ◦
2

)
H0 = 0 , (2.39)

where I have also used (D − 3ρ)ψ◦
2 = 0 and (δ − 3τ)ψ◦

2 = 0, which follow from the Bianchi
identities [95]. Eq. (2.39) is the equation of motion for a massless spin 3/2 field.

Master equation. Following [161, 162], one notes that Eqs. (2.32), (2.34), (2.37) and (2.39)
for s > 0 fields can be recast under the remarkably compact form

{
[D − (2s− 1)ε+ ε− 2sρ− ρ] (Δ− 2sγ + μ)

− [δ + π − α− (2s− 1)β − 2sτ ]
(
δ + π − 2sα

)
(2.40)

− (2s− 1)(s− 1)Ψ2

}
Φ̃s = 0 ,

with Φ̃s = (φ0, ψ0, χ0, H0) depending on the field spin.
I will now show how the various Eqs. (2.20), (2.32), (2.34), (2.37), (2.39) for all spins, or

equivalently Eqs. (2.20) and (2.40), can be transformed into radial Teukolsky equations.

2.3.1.2 Teukolsky equations

In this section I derive an equivalent of the radial Teukolsky equation for all spins in the general
spherically-symmetric and static metric (2.17). The first step of this calculation consists in devel-
oping explicitly all the terms in Eqs. (2.20), (2.32), (2.34), (2.37) and (2.39). Then, based on the
spherical and time symmetries of the metric (2.17), I choose

(
φ, φ0, ψ0, χ0, H0

)
= Φs(r)S

s
lm(θ, ϕ)e−iEt , (2.41)

as an ansatz for the wavefunctions. Here Ss
lm are the spin-s weighted spherical harmonics for angular

modes (l,m), satisfying the equation(
1

sin θ
∂θ(sin θ ∂θ) +

1

sin2 θ
∂2ϕ +

2is cot θ

sin θ
∂ϕ + s− s2 cot2 θ + λsl

)
Ss
lm = 0 , (2.42)

where the separation constant is λsl ≡ l(l+1)− s(s+1). In the spin 0 case, S0
lm = Ylm are just the

spherical harmonics. As I consider metrics with spherical and not axial symmetry, the dependency
on the angular momentum projection m factorizes as Ss

lm(θ, ϕ) = Ss
l (θ)e

imϕ. Expanding with (2.41)
the equations of motion obtained above for all spins decouple the angular and radial equations, just
like in the Schwarzschild and Kerr cases [95, 97]. Furthermore, the time symmetry replaces time
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derivatives by the energy E of the field. The final result takes a remarkably simple form, and I
obtain the one-dimensional radial Teukolsky equation written in the general form15

As

(
BsΦ

′
s

)′
+

(
ω2 + iωs

√
F

G

(
GH ′

H
−G′

)
+ Cs

)
Φs = 0 , (2.43)

The consistency of this equation can be checked by choosing a tr-symmetric metric with (2.19).
Inserting this in (2.43) reproduces the Teukolsky master equation for all spins derived in [159],
which is

1

Δs

(
Δs+1Φ′

s

)′
+

(
ω2r2

h
+ 2iωsr − isωr2h′

h
+ s(Δ′′ − 2)− λsl

)
Φs = 0 , (2.44)

where in [159] the notation is Δ(r) ≡ r2h(r).

2.3.1.3 Short-ranged potentials

The next step towards an applicable formulation of the equations of motion for the computation of
the GFs is to write the Teukolsky equations (2.43) in the form of a Schrödinger wave equation with
short-ranged potentials. Even if the equations can in principle be solved in the form (2.43), precise
and stable numerical computations require to work with potentials which fall off at least as 1/r2

at infinity. Furthermore, working with real-valued potentials also constitutes an appreciable bonus.
One therefore needs to get rid of the first order radial derivatives and of the complex isE terms in
Eq. (2.43), which have a 1/r behaviour at infinity.

For all of this section, it is convenient to define a generalized Eddington–Finkelstein “tortoise”
coordinate r∗ as [163, 164]

dr∗

dr
=

1√
FG

. (2.45)

In what follows I will give the expressions of the potentials with both the r∗ and r coordinates,
because the first one is more concise and the second one is better suited for numerical calculations.
Furthermore, I will also consider the general redefinition of the wave function as

Ψs ≡ Φs

√
Bs√
FG

, (2.46)

where all quantities are functions of r and I keep track of the spin s. Finally, for each spin my goal
will be to find a wave function Zs satisfying the general Schrödinger-like equation

∂2∗Zs +
(
ω2 − Vs

(
r(r∗)

))
Zs = 0 , (2.47)

with spin-dependent potentials Vs, and where ∂∗ denotes the derivative with respect to the “tortoise”
coordinate r∗. Spins 0 and 2 are already treated in the literature, while spins 1/2 and 1 require more
work, and in particular the use of the Chandrasekhar transformation. I now study in some detail
these aspects.

15The details of the calculations and the explicit form of the radial functions As(r), Bs(r), and Cs(r) are given in
Appendix A of [149].
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Massless spin 0. For the massless spin 0 field, there is no complex term in Eq. (2.43), and all
the terms are already decreasing faster than 1/r2 at infinity because of the fall-offs (2.18). Applying
the transformations (2.45) and (2.46), one obtains simply a Schrödinger wave equation for Z0 ≡ Ψ0,
with a potential given by [163]

V0
(
r(r∗)

)
=
Gλ0l
H

+
1

2

√
FG

H

(√
FG

H
H ′
)′

=
Gλ0�
H

+
∂2∗
√
H√
H

. (2.48)

This is the short-ranged potential for the massive spin 0 field in the metric (2.17).

Massless spin 2. For the massless spin 2 field, Ref. [164] follows Ref. [153]. They consider
clever combinations of the metric components and the vanishing of the Ricci tensor components at
first order in the perturbation to obtain directly a decoupled radial equation of the Schrödinger-like
form, with the potential

V2
(
r(r∗)

)
=
G(λ2l + 4)

H
+
FGH ′2

2H2
− 1

2

√
FG

H

(√
FG

H
H ′
)′

=
G(λ2l + 4)

H
+

(∂∗H)2

2H2
− ∂2∗

√
H√
H

. (2.49)

This is the short-ranged potential for the massless spin 2 field in the metric (2.17).

Massless spins 1 and 1/2. The above results, which are already present in the literature,
are now completed by deriving the short-ranged potentials for spins 1 and 1/2. I follow here the
method which was used by Chandrasekhar & Detweiler to find the short-ranged potentials for the
Kerr metric [125–128]. Applying the transformations (2.45) and (2.46) to (2.43) for s = 1 and 1/2

gives an equation of the form(
E2 + iEs

√
F

G

(
GH ′

H
−G′

)
+Ds

)
Ψs + ∂2∗Ψs = 0 . (2.50)

The only way to suppress the complex term without re-introducing first order derivatives is to
change the unknown function Ψs by a linear combination of itself and its first order derivative.
In this context, this is called the “Chandrasekhar transformation”. I first define the intermediate
function Ys by

Ψs = αsYs . (2.51)

This function is such that Eq. (2.50) can be written in the form

Λ2Ys + PsΛ−Ys −QsYs = ∂2∗Ys + ω2Ys + Ps(∂∗Ys + iωYs)−QsYs = 0 , (2.52)
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with two functions Ps and Qs, and the operators

Λ± ≡ ∂∗ ± iσ , and Λ2 ≡ Λ±Λ∓ = ∂2∗ + σ2 , (2.53)

with σ ≡ −E. When written using Eq. (2.51), Eq. (2.50) becomes

∂2∗Ys + ω2Ys + iωs

√
F

G

(
GH ′

H
−G′

)
Ys +DsYs +

1

αs

(
2∂∗αs∂∗Ys + Ys∂

2
∗αs

)
= 0 . (2.54)

Comparing this result with Eq. (2.52) then reveals that the two new functions are defined by the
requirements

Qs = −Ds − ∂2∗αs

αs
, and Ps =

2∂∗αs

αs
= s

√
F

G

(
GH ′

H
−G′

)
= s ∂∗ ln

(
H

G

)
. (2.55)

One can then show that this gives

Q1 =
G(λ1� + 2)

H
, Q1/2 =

G(λ
1/2
� + 1)

H
, and αs =

(
H

G

)s/2

. (2.56)

Note that Qs takes a remarkably simple form, as displayed here, in the case of spins 1/2 and 1.
Unfortunately, this is not true for spins 2 and 3/2, in which case the explicit expression is actually
much more complicated. The solution for αs, however, is valid for all spins.

In order to continue with a lighter notation, from now on I get rid of the explicit spin label
s from all the various functions involved. I further decompose Y as a linear combination of the
function Z, satisfying the Schrödinger wave equation (2.47), and its derivative by writing

Y ≡ fΛ+Λ+Z +WΛ+Z , (2.57)

where on the right-hand side f and W are two unknown functions. The Schrödinger equation (2.47)
takes the form Λ2Z = V Z, where V is the searched for short-ranged potential. Acting on Eq. (2.57)
with Λ− and using Λ+ = Λ− + 2iσ then leads to

Λ−Y =
(
∂∗(fV ) +WV

)
Z +

(
fV + ∂∗(W + 2iσf)

)
Λ+Z ≡ − β

α2
Z +RΛ+Z , (2.58)

where on the right-hand side I have introduced two unknown functions β and R. Acting once again
with Λ− on both sides gives

Λ−Λ−Y =

(
2iσ

β

α2
− ∂∗

(
β

α2

)
+RV

)
Z +

(
∂∗R− β

α2

)
Λ+Z . (2.59)

Next, I use Λ+ = Λ− + 2iσ once again to rewrite equation (2.52) in the form

Λ−Λ−Y = −(P +2iσ)Λ−Y +QY =

(
β

α2
(P + 2iσ) +QfV

)
Z+
(
Q(W +2iσf)−(P +2iσ)R

)
Λ+Z ,

(2.60)
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where P is given in equation (2.55). Matching the Z and Λ+Z terms of these two different expansions
for Λ−Λ−Y now implies

RV −QfV =
∂∗β
α2

, and ∂∗(α2R) = β + α2
(
Q(W + 2iσf)− 2iσR

)
, (2.61)

in addition to which one should remember that, because of Eq. (2.58), there are also the definitions

− β

α2
= ∂∗(fV ) +WV , and R = fV + ∂∗(W + 2iσf). (2.62)

Now, one can check by a direct substitution that the four previous equations lead to the conservation
equation

∂∗
(
α2RfV + β(W + 2iσf)

)
= 0 , (2.63)

which is a generalization of Chandrasekhar’s result. Let’s call this constant K, which will later on
simplify the calculations neatly. Let’s also define the quantity T ≡W+2iσ. Using the identity (2.63)
to remove an unwanted derivative of the potential V (which would have caused further difficulties),
Eqs. (2.61) and (2.62) finally reduce to the system of four equations

RV −QfV =
∂∗β
α2

, (2.64a)

∂∗(α2R) = β + α2(QT − 2iσR) , (2.64b)

R(R− ∂∗T ) + βT

α2
=
K

α2
, (2.64c)

R = fV + ∂∗T , (2.64d)

where Eq. (2.64c) has been obtained by combining Eqs. (2.62) and (2.63). This is the system to
solve in order to prove that a solution Z satisfying the Schrödinger wave equation with a potential
V does indeed exist. This system follows from the form of the “Chandrasekhar transformation”, and
is valid for all spins. Chandrasekhar & Detweiler solved it for the Kerr metric and for massless spins
0, 1, 2 and 1/2. Below, the solution for the general case of the metric (2.17) for spin 1 following [125],
and for spin 1/2 following [128] are obtained.

Spin 1. In the case of spin 1 one can look for a simple solution, i.e. suppose that the unknown
quantities are linear in σ and of the form A = A1 + 2iσA2, and that the desired potential V is
of course independent of σ (together with Q which is the initial potential without the iE part).
Looking at the system (2.64) shows that the only σ2 term comes from R2, requiring R2 = 0. Then,
one can further assume that ∂∗T2 = 0. The only remaining terms in iσ come from f2 and ∂∗β2, which
are removed by imposing f2 = 0 and β2 to be constant. Both R and f are thus also independent of
σ with these hypotheses. I decompose

T ≡ T1 + 2iσT2 , K ≡ K1 + 2iσK2 , and β ≡ β1 + 2iσβ2 . (2.65)
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With all these assumptions, the system (2.64) simply becomes

RV −QfV =
∂∗β1
α2

, (2.66a)

∂∗(α2R) = β1 + 2iσβ2 + α2
(
Q(T1 + 2iσT2)− 2iσR

)
, (2.66b)

R(R− ∂∗T1) + 1

α2

(
β1T1 + 2iσ(β1T2 + β2T1)− 4σ2β2T2

)
=

1

α2
(K1 + 2iσK2) , (2.66c)

R = fV + ∂∗T1 . (2.66d)

Identifying the no-σ and σ terms in Eq. (2.66b) gives the two equations

∂∗(α2R) = β1 + α2QT1 , and R =
β2
α2

+QT2 , (2.67)

while doing the same in (2.66c) leads to

R(R− ∂∗T1) + 1

α2

(
β1T1 − 4σ2β2T2

)
=
K1

α2
, and β2T1 + β1T2 = K2 . (2.68)

From the last equation, the numerical value of the constant T2 can be absorbed in the other unknown
quantities, thus I set T2 = 1 and define κ ≡ K1+4σ2β2. In order to rewrite the system in an elegant
way, let’s define the function

F ≡ α2Q = l(l + 1) . (2.69)

With this, the second equation in (2.67) gives

α2R = β2 + F , (2.70)

which can then be injected in the first equation of (2.67) to find

∂∗F = β1 + T1F . (2.71)

I use Eq. (2.68) to eliminate β1 from all other equations, and Eq. (2.70) to eliminate R. The previous
equation can be written as

T1 =
1

F − β2 (∂∗F −K2) , (2.72)

and (2.66c) can be rewritten in the form

1

α2
(F + β2)

2 − (F + β2)∂∗T1 + T1(K2 − β2T1) = κ . (2.73)

Substituting the expression (2.72) for T1, I finally obtain an identity on F which reads [125]

F(∂∗F)2 + (β22 −F2)∂2∗F +
F4

α2
−
(
2β22
α2

+ κ

)
F2 + (2κβ2 −K2

2 )F +

(
β42
α2
− κβ22

)
= 0 . (2.74)

The goal is now to find a set of constants β2, κ, and K2 compatible with this identity. Since F is a
constant given simply by F = l(l+1), this is actually straightforward. I deduce that β2 = ±l(l+1)
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and K2 = 0, while κ is unconstrained. I choose K1 = 0 and obtain κ = 4σ2β2. Finally, since
Eq. (2.72) does not constrain T1, I choose T1 = 0, which implies β1 = 0 thanks to Eq. (2.68). I
have therefore found a consistent set of constants satisfying the assumptions, and all the remaining
functions can be analytically computed. At the end, Eqs. (2.66a) and (2.66d) lead to the very simple
result

V1
(
r(r∗)

)
= Q1 = l(l + 1)

G

H
. (2.75)

This is the short-ranged potential for a massless spin 1 field in the metric (2.17), which is moreover
coherent with the potential obtained in [165] based on conformal invariance.

Spin 1/2. In order to study the case of spin 1/2, I first note that the definition of F gives the
simple result

F = α2Q =
(
λ
1/2
� + 1

)√F

G
. (2.76)

In spite of this simple form, using the same hypotheses as for spin 1, I find that identity (2.74) has
no solution. I therefore need to make fewer assumptions than above. I will in fact follow [128], and
go back to the system of equations (2.64). In this system, integrations can be avoided by assuming

∂∗T = 0 , and ∂∗(α2R) = 0 , (2.77)

which in turn implies that R̃ ≡ α2R is a constant. Thus one has the system

V =
∂∗β
R̃

+
(λ

1/2
� + 1)

α4
, (2.78a)

0 = β +
(λ

1/2
� + 1)T

α2
− 2iσR̃ , (2.78b)

R̃2

α4
+
βT

α2
=
K

α2
, (2.78c)

R̃

α2
= fV , (2.78d)

where, in order to obtain Eq. (2.78a), I have used Eq. (2.78d). One sees that Eq. (2.78a) already
gives the potential as a function of β and R̃. The goal is therefore to determine these functions.
For this, let’s set T = 2iσ by analogy with the final result of [128] and the result of the spin 1
calculation. Eq. (2.78b) becomes

β = 2iσ

(
R̃− (λ

1/2
� + 1)

α2

)
, (2.79)

and Eq. (2.78c) gives
R̃2 + 4σ2(λ

1/2
� + 1) = α2(4σ2R̃+K) . (2.80)
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In this equation, everything is a constant except α, so I identify separately

K = −4σ2R̃ , and R̃ = ±2iσ
√

(λ
1/2
l + 1) . (2.81)

I finally use Eq. (2.78a) to write the potential as

V1/2
(
r(r∗)

)
=
(
l(l + 1) + 1/4

)G
H
±
√
l(l + 1) + 1/4 ∂∗

(√
G

H

)

=
(
l(l + 1) + 1/4

)G
H
±
√
l(l + 1) + 1/4

√
FG

(√
G

H

)′
. (2.82)

This is the short-ranged potential for the massless spin 1/2 field in the metric (2.17).

Summary. I have obtained the short-ranged massless potentials for all spins in elegant forms
summarized as

V0 = ν0
G

H
+
∂2∗
√
H√
H

, (2.83a)

V1 = ν1
G

H
, (2.83b)

V2 = ν2
G

H
+

(∂∗H)2

2H2
− ∂2∗

√
H√
H

, (2.83c)

V1/2 = ν1/2
G

H
±√ν1/2 ∂∗

(√
G

H

)
, (2.83d)

where I have defined for conciseness νs ≡ λsl + 2s. These results are surprisingly compact, and
extend the existing literature to the case of spin 1 and 1/2 massless fields in the metric (2.17).

2.3.1.4 The tr-symmetric case

There are numerous physically-motivated spherically-symmetric and static metrics of the form
(2.17). These examples come from both classical general relativity and modified theories of gravity
with e.g. quantum gravity corrections. I restrict the discussion to solutions that have an interesting
PBH application, that is the SBH, the RNBH and the higher-dimensional BH (HDBH). All three
solutions are reviewed below. Using a tr-symmetric ansatz, which depends only on a single function
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h(r), the massless potentials (2.83) become

V0 = h

(
l(l + 1)

r2
+

1

r
h′
)
, (2.84a)

V1 = h
l(l + 1)

r2
, (2.84b)

V2 = h

(
l(l + 1)

r2
− 1

r
h′ +

2(h− 1)

r2

)
, (2.84c)

V1/2 = h
l(l + 1) + 1/4

r2
± h1/2

√
l(l + 1) + 1/4

r
h′ ∓ h3/2

√
l(l + 1) + 1/4

r2
. (2.84d)

The first three potentials, which are bosonic, can be written as a single master potential16

Vs = h

(
	(	+ 1)

r2
+

1− s
r

h′ +
s(s− 1)(h− 1)

r2

)
. (2.85)

SBH potentials. For the Schwarzschild metric, recall that

F = G ≡ h = 1− rS
r
, and H = r2 , (2.86)

where rH = rS = 2M is the Schwarzschild radius of the event horizon. The short-ranged potentials,
which coincide in this simple case with the well-known Regge–Wheeler potentials [122], are repre-
sented by dashed lines on Figs. 2.1, 2.2 and 2.3. The SBH potential for the Raritta–Schwinger field
of spin 3/2 can be found e.g. in [167].

RNBH potentials. After the SBH solution, the simplest PBH relevant tr-symmetric solution
is the charged RNBH with

F = G = h = 1− rS
r

+
r2Q
r2
, and H = r2 . (2.87)

where rQ = Q and rH = r+ = rS(1 +
√

1−Q∗2)/2. For neutral particles (i.e. with no additional
coupling between the charge of the BH and that of the particle), the potentials take the form

V0 =
ν0
r2

+
(1− ν0)rS

r3
+
r2Q(ν0 − 2)− r2S

r4
+
r2QrS

r5
− 2r4Q

r6
, (2.88a)

V1 =
ν1
r2
− ν1rS

r3
+
ν1r

2
Q

r4
, (2.88b)

V2 =
ν2 + 2

r2
− (ν2 + 3)rS

r3
+

(ν2 + 4)r2Q + r2S
r4

− r2QrS

r5
+

2r4Q
r6

, (2.88c)

V1/2 =
ν1/2

r2
− ν1/2rS

r3
+
ν1/2r

2
Q

r4
∓
√
ν1/2

2
r

√
1− rS

r
+
r2Q
r2

(
2

r3
− 3rS

r4
+

4r2Q
r5

)
. (2.88d)

16Note that the last term in this master potential is absent from Eq. (6) of [166], but is coherent with the above
results and with that of [164]. I therefore conclude that the master equation of [166] is not valid for spin 2.
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Figure 2.1: Comparison of the potentials for a charged BH with rQ = rS/3 (solid lines) and for
the Schwarzschild metric (dashed lines). The vertical black line represents the BH event horizon.
[taken from [149]]

These potentials are shown on Fig. 2.1 for the minimum possible angular momenta l = s and for
rQ = rS/3 (i.e. Q = 2M/3).17

HDBH potentials. Another simple case of tr-symmetric metrics describes a BH in (4 + n)
dimensions [169–171]. The HDBH solution has a peculiar history. Extensions to general relativity
were proposed concomitantly by Randall & Sundrum [172, 173] (RS model) and also by Arkani-
Hamed, Dimopoulos & Dvali [174–176] (ADD model) invoking the existence of additional spatial
dimensions to explain the hierarchy problem between the magnitude of the gravitational interaction
and that of the other forces. There is one in the RS model and several in the ADD model. These di-
mensions can have large sizes R and are in fact only constrained by experiments to R � 10−6 m [177].
The extra spatial dimensions are compact, and the usual SM particles have a dynamics confined
to the (3 + 1) brane, which is why these models are denoted as “braneworld” cosmologies. Only
the graviton can propagate inside the supplementary “bulk” dimensions because of its numerous

17The potential for the spin 3/2 field was derived in [168].
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Kaluza-Klein modes.18 The most interesting aspect of those theories is that they predict a reduc-
tion of the Planck mass to an effective value Meff linked to the number of extra dimensions n and
their size R

M2
Pl ∼Mn+2

eff Rn . (2.89)

Thus, with sufficiently large extra dimensions, the Planck scale can be reduced to Meff � 10TeV,
which is consistent with current accelerator data provided that SM particles are confined to the
brane. The Large Hadron Collider, under construction at that time, planned collisions at TeV
energies and beyond, raising the fear that mini-HDBHs could form [180, 181] and then swallow the
entire Earth. This was evidently an absurd prediction as if it were the case, then mini-HDBHs
should form constantly in the upper atmosphere due to CR spalliation [182] with no catastrophic
consequences until now. Furthermore, this neglects the fact that mini-BHs of that size should
evaporate by HR well before they accrete much surrounding matter—in fact, they should decay
quasi-instantaneously [183, 184]. A more reasonable but depressing conclusion was that the collider
experiments had reached a intrinsic limit as increasing further the energy would only result in BH
formation, which was interpreted as “The end of short distance physics” [185]. Nevertheless, this
little story triggered prolific searches on HDBHs and their HR as a probe to higher-dimensional
physics in accelerators and CR studies.19 As reviewed e.g. in [179], the geometry of a HDBH with
radius 	Pl � rH � R is specified by

F = G = h ≡ 1−
(rH
r

)n+1
, and H = r2 , (2.90)

where the horizon radius is

rH =
1√
πMeff

(
M

Meff

)1/(n+1)
(
8Γ
(
(n+ 3)/2

)
n+ 2

)1/(n+1)

, (2.91)

and Γ is here the Euler gamma function. In this geometry, the massless potentials become

V0 =
ν0
r2

+
rn+1
H (n+ 1− ν0)

rn+3
− (n+ 1)r2n+2

H

r2n+4
, (2.92a)

V1 =
ν1
r2
− ν1r

n+1
H

rn+3
, (2.92b)

V2 =
ν2 + 2

r2
−
(
ν2 + 2 + (n+ 1)

)
rn+1
H

rn+3
+

(n+ 1)r2n+2
H

r2n+4
, (2.92c)

V1/2 =
ν1/2

r2
− ν1/2r

n+1
H

rn+3
∓
√
ν1/2

2

√
1−
(rH
r

)n+1
(

2

r2
− (n+ 3)rn+1

H

rn+3

)
. (2.92d)

18A very complete review of HR by HDBHs can be found by the interested reader in [178] which updates very good
material from [179].

19In the context of the LHC and CRs, at least four event generators were made public that computed the spectrum
of particles from HDBHs decay, namely Charybdis [186, 187], Catfish [188], BlackMax [189–191] and QBH [192]. These
are very specific but complementary to our own code BlackHawk.
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Figure 2.2: Comparison of the potentials for a HDBH with n = 2, M = 1010MPl and Meff =
10TeV (solid lines) and for the Schwarzschild metric (dashed lines). The vertical black line denotes
the BH horizon. [taken from [149]]

Note that these potentials describe the radiation truncated to the four-dimensional (t, r, θ, ϕ) sub-
space adapted for SM particles, and in particular does not describe the radiation within the extra
dimensions. The graviton emission rate is amplified by a numerical factor depending on the num-
ber of extra spatial dimensions (Kaluza-Klein modes), as pointed out by [171]. In Fig. 2.2 I plot
the HDBH potentials and compare them to the Schwarzschild ones for n = 2, M = 1010MPl and
Meff = 10TeV.

2.3.1.5 A regular example: polymerized black hole

There are spherically symmetric and static metrics that are not of the tr-symmetric family. It
is notably the case of most of the “regular” metrics, that is to say metrics which do not exhibit
a curvature singularity at their center. These metrics were introduced to regularize the infinities
arising naturally in cosmology and in BH physics: in cosmology, the Big Bang is replaced by a
“bounce” that avoids infinite compression at t = 0 [193]; in BH physics the central singularity is
replaced by a region of finite size. There are many examples of such solutions to the Eintein (and
Friedmann) equations (see the discussion in Section 4.6). Here, for the sake of the example, I
focus on the BH metrics which arise in loop quantum gravity [194] (LQG), where effective semi-
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classical corrections due to effects of quantum gravity give rise to so-called “polymerized” BHs. There
are many proposals for deriving such metrics, which are solution of the Einstein (or Friedmann)
equations. Results for the potentials and HR can be compared to [163, 164]. The metric coefficients
are

F =
(r − r+)(r − r−)r4
(r + r∗)2(r4 + a20)

, G =
(r − r+)(r − r−)(r + r∗)2

r4 + a20
, and H = r2 +

a20
r2
. (2.93)

Here a0 is the “area gap” of LQG, and the radii are given by

r+ = 2m ≡ rH , r− = 2mP 2 , and r∗ =
√
r+r− , (2.94)

where P ≡ (
√
1 + ε2− 1)/(

√
1 + ε2 +1) is the so-called polymeric function, and the parameter m is

related to the Arnowitt–Deser–Misner mass M [195] (ADM) by M = m(1+P )2. These polymerized
BH solutions therefore have two free parameters, which are a0 and ε. With these ingredients, the
massless potentials become

V0 =
(r − r+)(r − r−)

(r4 + a20)
4

(
ν0r

12 + (2ν0r∗ + r+ + r−)r11 + (ν0 − 2)r2∗r
10 + 2a20(ν0 + 5)r8

+ 2a20
(
2ν0r∗ − 5(r+ + r−)

)
r7 + 2a20r

2
∗(ν0 + 5)r6

+ a40(ν0 − 2)r4 + a40(2ν0r∗ + r+ + r−)r3 + a40ν0r
2
∗r

2
)
, (2.95a)

V1 = ν1
r2(r − r+)(r − r−)(r + r∗)2

(r4 + a20)
2

, (2.95b)

V2 =
(r − r+)(r − r−)

(r4 + a20)
4

(
(ν2 + 1)r12 + (2ν2r∗ + r+ + r−)r11 + (ν2 + 2)r2∗r

10 + a20(2ν2 − 11)r8

+ 2a20
(
ν2r∗ + 5(r+ + r−)

)
r7 + a20r

2
∗(ν2 − 10)r6

+ a40(ν2 + 1)r4 + a40(2ν2r∗ − r+ − r−)r3 + ν2a
4
0r

2
∗r

2 + a60

)
, (2.95c)

V1/2 = ν1/2
r2(r − r+)(r − r−)(r + r∗)2

(r4 + a20)
2

±
√
ν1/2

2

r
√
(r − r+)(r − r−)
(r4 + a20)

3

(
(r4 + a20)

[
r2(r + r∗)(2r − r+ − r−)

+ 2r2(r − r+)(r − r−) + 2r(r − r+)(r − r−)(r + r∗)
]
− 8r5(r − r+)(r − r−)(r + r∗)

)
.

(2.95d)

In Fig. 2.3 I show these potentials compared to the Schwarzschild ones for ε = 0.8 and a0 = 10−10r2S.
For this particular example, the spin 0 potentials almost coincide because of the cancellation of most
of the corrections due to the choice of the fundamental angular mode l = 0.
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Figure 2.3: Comparison of the potentials for a polymerized BH with ε = 0.8 and a0 = 10−10r2S
(solid lines) and for the Schwarzschild metric (dashed lines). The vertical black line denotes the BH
horizon. [taken from [149]]

2.3.2 Kerr black holes

The last example I will display is the KBH, as this solution is presumably of foremost importance in
the PBH context. The Kerr algebra is much more complicated than the spherically-symmetric one
due to the less restrictive axisymmetry. The concrete consequence is that some Ricci coefficients
(2.24) do not cancel so that the Newman–Penrose formalism becomes quite inextricable. However,
most of the steps followed in Section 2.3.1 are still valid, but the calculations are lengthier. This
was all sorted out in the Chandresekhar & Detweiler papers for spins 0, 1, 2 and 1/2 [125–128] and
later by Torres del Castillo for spin 3/2 [160]. Recall that the metric is

ds2 =
(
dt− a sin2 θdφ)2 Δ

Σ
−
(
dr2

Δ
+ dθ2

)
Σ− ((r2 + a2)dφ− adt)2 sin2 θ

Σ
, (2.96)

where Σ(r) ≡ r2 + a2 cos2 θ and Δ(r) ≡ r2 − 2Mr + a2, and the horizons are located at

r± ≡ rS
1±√1− a∗2

2
. (2.97)
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The “tortoise” coordinate is now defined as
dr∗

dr
=
ρ2

Δ
, (2.98)

where ρ(r)2 ≡ r2 + α2 and α2 ≡ a2 + am/E. The Teukolsky equation (2.43) is modified and the
potentials are [151, 196, 197]20

V0(r) =
Δ

ρ4

(
ν0 +

Δ+ 2r(r −M)

ρ2
− 3r2Δ

ρ4

)
, (2.99)

V1/2,±(r) = ν1/2
Δ

ρ4
∓
√
ν1/2Δ

ρ4

(
(r −M)− 2rΔ

ρ2

)
, (2.100)

V1,±(r) =
Δ

ρ4

(
ν1 − α2Δ

ρ4
∓ iαρ2 d

dr

(
Δ

ρ4

))
, (2.101)

V2(r) =
Δ

ρ8

(
q − ρ2

(q − βΔ)2

(
(q − βΔ)

(
ρ2Δq′′ − 2ρ2q − 2r(q′Δ− qΔ′)

)
+ ρ2(κρ2 − q′ + βΔ′)(q′Δ− qΔ′)

))
. (2.102)

The λslm functions now depend on the combination a×E and on the angular momentum projection
m due to axisymmetry, and are eigenvalues of the spin-s weighted spheroidal harmonics S̃s

lm(θ, ϕ).
In the potential for spin 2 particles, the following quantities appear:

q(r) = ν2ρ
4 + 3ρ2(r2 − a2)− 3r2Δ , (2.103)

β± = ±3α2 , (2.104)

κ± = ±
√

36M2 − 2ν2(α2(5ν2 + 6)− 12a2) + 2βν2(ν2 + 2) , (2.105)

and still νs ≡ λslm+2s.21 The potential for the spin 3/2 has been derived later for the Kerr(–Newman)
geometry [196, 197]

V3/2(r) =
Δ

ρ6

(
q − 1

(q − β2Δ1/2)

(
(qΔ1/2 − β2Δ)

{
ρ2Δ1/2q′′ − ρ2q(Δ1/2)′′ − 2r[q′Δ1/2 − (Δ1/2)′q]

}
+ ρ2[κ2ρ

2 −Δ1/2q′ + q(Δ1/2)′](q′Δ1/2 − (Δ1/2)′q)
))

, (2.106)

where the intermediate quantities are

q = ν3/2ρ
2 + ν3/2α

2 + 2Mr − 2a2 , (2.107)

β2,± = ±2
√
a2 − ν3/2α2 , (2.108)

κ2,± = ±
√
ν33/2 + ν23/2 . (2.109)

and νs ≡ λslm + 2s.
20I find that the spin 0 potential had a missing “r” in [127].
21A complete derivation of these equations can be found in the book by Chandrasekhar [153] and the potentials

are drawn in the Chandrasekhar & Detweiler papers.
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2.3.3 Calculation of the greybody factors

2.3.3.1 General procedure

I have now reduced the equations of motion of massless fields to Schrödinger-like wave equations of
the form

d2Zs

dr∗2
+
(
E2 − Vs(r∗)

)
Z = 0 , (2.110)

with short-ranged potentials Vs(r∗) expressed as functions of the adequate “tortoise” coordinate r∗.
The next step is to compute the GFs, that is to say the absorption coefficients of these effective
potentials. This task may be performed analytically by using a path-integral formalism (e.g. [198]).
I solved it numerically inside BlackHawk as explained in Section 3.1. The boundary conditions for
Z(r∗) are naturally [123] ⎧⎨

⎩
Z(r∗) ∼

r∗→−∞ Ain
hore

−iEr∗ ,

Z(r∗) ∼
r∗→+∞ Ain∞e−iEr∗ +Aout∞ e+iEr∗ ,

(2.111)

which describe a purely ingoing wave at the horizon. Indeed, the HR emission coefficient is strictly
equivalent to the absorption coefficient. It is obtained as

ΓEslm(xj) =

∣∣∣∣Ain
hor

Ain∞

∣∣∣∣
2

, and σEslm(xj) ≡ π

E2
ΓEslm(xj) . (2.112)

Finally, the total cross-section σEs for an internal d.o.f. (color, helicity) of a massless field of spin
s is obtained by summing over the independent partial waves (l,m). In the case of a spherically-
symmetric BH, this sum is simplified by the fact that each angular momentum projection m provides
the same contribution to σEs, resulting in a (2l + 1) factor. Hence,

π

E2
Γi(E) = σEs =

∑
l,m

σEslm −→
sph. sym.

∑
l

(2l + 1)σEslm . (2.113)

The contribution of each partial wave (l,m) to σEs is not trivial. In the Schwarzschild case, it was
shown by [107] that only the lowest mode contributes, that is l = s, at low energy. This is not
true at high energy where higher modes are important [115]. Furthermore, for rotating BHs, the
increase in the scattering cross-section due to the coupling between the angular mode and the BH
spin (which is different from the “superradiant” instability) makes higher modes more and more
important when a∗ increases [153, 199]. Finally, as the energy corrected for rotation E′ = E −mΩ
depends on m, it is not possible to express the total cross-section in a simple formula. I note at
this level that the derivation of the equations of motion and the short-ranged potentials above are
completely valid for QNM calculations, with only different boundary conditions (see e.g. [164, 200]).

2.3.3.2 Low- and high-energy limits

Analytical formulas can be derived for the low- and high-energy limits of the GFs, as I will develop
below in the case of the spherically symmetric and static metric (2.17). These formulas are necessary
to check whether the numerical calculations are accurate.
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High-energy limit. 22The high energy limit is usually called the “geometrical optics” (GO)
approximation, because fields of all spins scatter on the BH as an optical obstacle whose extension
is given by the effective area Aeff(xj) enclosed by the last unstable circular orbit. This area depends
on the set of parameters {xj} of the BH metric. Let bc be the critical impact parameter for which
the incoming massless fields would reach an unstable circular orbit of radius rc. For a general BH
metric of the form (2.17), this is called the “photon sphere”, defined as the innermost unstable
circular orbit for a massless test particle in rotation around the BH. Photons follow null geodesics,
meaning that for an affine parameter λ one has

0 = gμν
dxμ

dλ

dxν

dλ
. (2.114)

Along every geodesic there are two conserved quantities, the energy E and the angular momentum
L of the field, associated respectively to the Killing vector fields ∂t and ∂ϕ. Using the metric ansatz
(2.17) they are given by

E ≡ G
dt

dλ
, and L ≡ H

dϕ

dλ
. (2.115)

Inserting these expressions into Eq. (2.114) and choosing a planar orbit at θ = π/2, one gets

(
dr

dλ

)2

=
1

F

(
E2

G
− L2

H

)
≡ −Veff . (2.116)

The radial acceleration is then given by d2r/dλ2 = −V ′
eff . Remark that one could obtain the same

result by directly calculating the radial geodesic equation. In order to have an unstable circular
orbit there must be a critical radius rc such that V ′

eff(rc) = 0 and V ′′
eff(rc) < 0. Since on this orbit

the radial velocity must be vanishing, one can also use Eq. (2.116) to constrain the energy and the
angular momentum to satisfy

Veff(rc) = 0 =⇒ L2

H(rc)
=

E2

G(rc)
. (2.117)

It is then straightforward to verify that the condition for the unstable orbit reduces to

V ′
eff(rc) = 0 =⇒ G′(rc)

H ′(rc)
− G(rc)

H(rc)
= 0 , (2.118a)

V ′′
eff(rc) < 0 =⇒ H(rc)G

′′(rc)−H ′′(rc)G(rc) < 0 . (2.118b)

The critical impact parameter for a massless particle is then defined with respect to the energy and
the angular momentum of the field as

b2c ≡
L2

E2
=
H(rc)

G(rc)
. (2.119)

22I am grateful to F. Sartini for the derivation of this high-energy limit.
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Finally, the effective area (classical scattering) of the BH is given in 4 + n dimensions as

σ∞ = Aeff(xj) =
π(n+2)/2bn+2

c

Γ
(
(n+ 4)/2

) , (2.120)

where Γ is the Euler gamma function.
In the tr-symmetric case, for which one has F (r) = G(r) ≡ h(r) and H(r) = r2 in Eq. (2.17),

the conditions (2.118) reduce to [201, 202]

h′(rc)− 2

rc
h(rc) = 0 , and h′′(rc)− 2

r2c
h(rc) < 0 . (2.121)

Then, the impact parameter is given by

bc =
rc√
h(rc)

. (2.122)

In the Schwarzschild case, one obtains for all particle spins (see e.g. [121] and references therein)

σ∞ = 27πM2 ≡ σGO , (2.123)

which is the usual GO approximation cross-section.23 To compare these results to the limit at high
energies, let’s define the quantity

β∞ ≡ σ∞
σGO

=
Aeff(xj)

(27/4)πr2S
. (2.124)

Low-energy limit. At low energy, massless fields of each spin behave differently, as shown
by the results obtained by Page in Eqs. (2.11). Several methods have been used to obtain the low
energy limits for the cross-section. Classical scattering arguments apply to the low energy limit of
the spin 0 field, as can be found e.g. in [203] which uses the partial wave decomposition and the
small angle approximation for the LQGBH.

More generally, authors use a “matching” method which consists in reducing the radial spin-
dependent Teukolsky equation (2.43) to a simplified version in the “far field” region (r → +∞) and
in the “horizon” region (r → rH). Depending on the number of poles (number of horizons) of the
metric components F and G, the differential equation obtained is some form of a Heun equation
(e.g. [204]). This dependency on the number and quality of poles makes it difficult to provide
a general procedure to obtain the desired equation, especially in the general non-tr-symmetric
case F �= G. Then, solving in each region independently, while applying the correct boundary
conditions, and matching the two solutions in the intermediate region gives an analytical expression
for the GF.24 This expression can be expanded in the limit ErH → 0 to obtain the analytical low
energy limit for the cross-section. One further simplification is that at low energy, only the lowest

23Note that some authors use for simplicity the “pure blackbody” approximation that is often incorrectly written
as σ = A = πr2S, which differs from the GO approximation (2.123) by a numerical factor.

24Arguments that justify the matching procedure are given e.g. in [205].
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momentum partial wave l = s participates significantly to the result [107]. This is the method used
e.g. in [107, 159, 205–208]. In the Schwarzschild case, the low energy limits are given in Eqs. (2.11).
In the low energy limit, the spin dependency makes me define the quantities

βs ≡ σs,low
σs,S

, (2.125)

where the low energy limits in the Schwarzschild case are given in Eqs. (2.11).

Numerical check. I fit the numerical cross-sections computed for various energies E at low
and high energies to obtain the coefficients β∞ and βs. I also check that the exponent of the energy
dependency corresponds to the expected one up to 0.01% precision (0 for spins 0 and 1/2, 2 for spin
1 and 4 for spin 2). The fitting of the high energy constant limit is complicated by the oscillatory
behaviour of the cross-section at high energies (see the spectra below in Section 2.4). The asymptotic
value is reached from below for spin 2, thus the fitting procedure always slightly underestimates the
value of β∞, but the coherence with other spins results is clear. In all 3 examples presented here, I
checked that when the extra-Schwarzschild parameters go to 0 (charge, number of extra dimensions,
polymerization parameter), the Schwarzschild results are recovered, that is β∞ = 1 and βs = 1.

RNBH cross-sections. The numerical cross-sections I computed inside BlackHawk are con-
sistent with [119]. At high energy and for a RNBH with charge Q∗, it was shown in e.g. [209] that
the GO limit for the cross-section for all spins is

βQ∞ =
(3 +

√
9− 8Q∗2)4

216(3− 2Q∗2 +
√
9− 8Q∗2)

, (2.126)

which can also be obtained from Eq. (2.120). At low energies, the general study of [205] applies and
the low frequency limits are for all spins{

βQ0 = r2+/r
2
S , βQ1 = r2+(r+ − r−)2/r4S ,

βQ2 = r3+(r+ − r−)3/r6S , βQ1/2 = (r+ − r−)2/r2S .
(2.127)

The comparison to the numerical results is shown in Fig. 2.4, with very good agreement.

HDBH cross-sections. The numerical cross-sections I computed inside BlackHawk are con-
sistent with [159, 170, 171]. In [159] (and references therein) it was shown that for a number of
extra dimensions n, the limiting value of the effective area of the horizon is Aeff(n) = 4πr2c where

rc ≡
(
n+ 3

2

)1/(n+1)
√
n+ 3

n+ 1
rH , (2.128)

and rH is given by Eq. (2.91) which implies that the high energy cross-section satisfies

βn∞ =

(
rH
rS

)2(n+ 3

2

)2/(n+1)(n+ 3

n+ 1

)
, (2.129)
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Figure 2.4: Comparison of the numerical RNBH cross-sections with the low-energy limits of
Eqs. (2.127) (left) and with the high-energy limit of Eq. (2.126) (right). Data points are shown as
markers and theoretical formulas as solid lines. [taken from [150]]

which could also have been obtained thanks to Eq. (2.120). On the other hand, at low energy I
obtain cross-sections compatible with [159, 206, 207]⎧⎪⎪⎪⎨
⎪⎪⎪⎩
βn0 = r2H/r

2
S , βn1 =

4r4H
r4S

[
Γ(1/(n+ 1))Γ(2/(n+ 1))

(n+ 1)Γ(3/(n+ 1))

]2
,

βn2 =
16r6H
r6S

[
Γ(1/(n+ 1))Γ(4/(n+ 1))

(n+ 1)Γ(5/(n+ 1))

]2
, βn1/2 = 24−4/(n+1)r2H/r

2
S .

(2.130)

Note that the low-energy asymptotic limit for spin 2 is not given explicitly in [207]. However,
their Eqs. (37) and (38) are valid for spin 2, as shows a careful follow-up of all the steps from the
Teukolsky master equation. Note also that in [210] only the analytical results for spin 2 emission in
the bulk are given, while I focus here on brane emission.25 The results are shown in Fig. 2.5 (right
panel). The comparison to the numerical results is given in Fig. 2.5, with still very good agreement.

LQGBH cross-sections. In the literature, the spin 0 case was historically treated first, the-
oretically in [163, 211, 212] and numerically in [203]. Then, spins 0 and 1/2 were studied in [213],
where in the spin 1/2 case the Teukolsky equation was solved numerically without the intermediate

25The two differ only by a numerical factor counting the Kaluza-Klein modes of the graviton, see e.g. the discussion
in [171].
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step of deriving the short-ranged potential. Concerning the massless spin 2 perturbations (and
other spins as well), they were only studied in the case of QNMs [164, 214]. These studies invoke
the same kind of potentials as in Eqs. (2.83), but solve the Schrödinger-like wave equation with
different boundary conditions to find the quasi-normal frequencies. It was not possible to compare
my numerical cross-sections for low values of ε for spins 0 and 1/2 to those of [213] due to unspecified
normalization factors in their Figs. 2, 3 and 4.

The high energy limit of the cross-section for polymerized BHs had not yet appeared in the
literature. Using conditions (2.118), I obtain the value for the radius of the photon sphere in the
limit a0 → 0. This is

rLQG
c =

r+
6

(
3P 2 − 4P + 3 +

9 + P
(
6 + P (10 + 6P + 9P 2)

)
z

+ z

)
, (2.131)

where z is

z ≡
[
27 + 27P − 63P 2 − 190P 3 − 63P 4 + 27P 5 + 27P 6

+ 3P (1 + P )
√
−675 + 3P (−238 + P (49 + P (636 + P (49− P (238 + 225P )))))

]1/3
. (2.132)
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The high energy limit of the cross-section is therefore given by

βLQG
∞ =

(
rLQG
c

rS

)2
1

G
(
rLQG
c

) . (2.133)

In the case where a0 �= 0, and in particular when taking the fiducial value a0 =
√
3γ/2  0.11

where γ ≡ ln(2)/
√
3π is the Barbero–Immirzi parameter [213], one cannot use the approximate

formula (2.133). However, a numerical estimation of the photon sphere radius rc can be performed
and the resulting high-energy cross-section can be compared to the numerical one. The effect of
taking a0 �= 0 is small anyways. It was proven by [203] that at low energy the scalar wave has a
cross-section

βLQG
0 =

4m2(1 + P 2)

r2S

(
1 +

a20
16m4

)
=
r+(r+ + r−)

r2S

(
1 +

a20
r4+

)
. (2.134)

The comparison to the numerical results is shown in Fig. 2.6, with very good agreement when an-
alytical derivation is available, showing that the short-ranged potentials for this non-tr-symmetric
example are efficient. For the spin 0 field, the low ε regime is correctly reproduced, but a discrep-
ancy between the analytical limit and the numerical calculation is found at high values of ε. This
difference is small, and concerns only the very low energy asymptotic behaviour. It is not clear
whether the derivation of the formula (2.134) is valid at high values of ε. There is, to my knowl-
edge, no literature giving the asymptotic limits at low energy for the other spins, and a “matching
procedure” between “far field” and “horizon” analytical solutions as described above is very tedious

2.4 Primary spectra

In the above Section, I have derived the numerical value of the cross-sections for massless fields of
spin 0, 1, 2 and 1/2 for relevant BH solutions. I have also compared the high- and low-energy limits
to analytical formula, showing very good agreement that reinforce my confidence in the short-ranged
potentials (2.83). Below, I obtain the primary HR spectra for all fields.

2.4.1 Hawking temperature

The master formula for the emission rate of HR is

d2Nslm

dtdE
=

1

2π

ΓEslm(xj)

eE
′/T (xj) − (−1)2s , (2.135)

where I have made explicit the dependency of the emission rate on, in general:

• field parameters: the energy E, the spin s and the angular momentum parameters (l,m);

• BH parameters: the set of quantities {xj} that contains at least the mass M , but also the
parameters of the KBH (angular momentum a∗), RNBH (charge Q∗), HDBH (number of extra
dimensions n and effective Planck mass Meff) or LQGBH (deformation parameter ε and area
gap a0).
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The total rate of emission of a field with spin s is obtained by summing over the angular d.o.f.

Qs(E) ≡ d2Ns

dtdE
=
∑
l,m

d2Nslm

dtdE
, (2.136)

The (Bekenstein-)Hawking temperature T (xj) depends only on the BH parameters. Its calculation
is quite simple as

T =
κ

2π
. (2.137)

In the spherically-symmetric case, it can be shown that [150]

κ2 ≡ −1

2
∇μkν∇νkμ

∣∣∣∣
hor

=
1

4

FG′2

G

∣∣∣∣
hor

, =⇒ T =
1

2π

√
1

4

FG′2

G

∣∣∣∣∣
hor

. (2.138)

Once applied to the RNBH case, I obtain

TRN =
r+ − r−
4πr2+

, (2.139)

while for the HDBH I get

THD =
n+ 1

4πrH
. (2.140)
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and finally for the LQGBH

TLQG =
r2+(r+ − r−)
4π(r4+ + a20)

. (2.141)

In the KBH case, one can prove that [199]

TK =
1

2π

(
r+ −M
r2+ + a2

)
. (2.142)

These formulas reduce to the well-known SBH result in the limit where all the additional parameters
go to 0

TS =
1

8πM
. (2.143)

The Schwarzschild temperature is plotted in Fig. 2.7 together with relevant energy scales, and the
non-standard temperatures are shown in Fig. 2.8. The behaviour of the Schwarzschild temperature
is quite simple as it is inversely proportional to M . The behaviour is more complicated for the other
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and KBH (lower right) relative to the SBH, as a function of the relevant metric parameters Q∗, n,
ε and a∗. The vertical lines represent the Schwarzschild limit (grey dashed) or the extremal limit
(black).

temperatures. In the RNBH case, as Q∗ increases at fixed M , the temperature decreases to reach
the extremal limit T → 0 when Q∗ → 1—just like for the KBH. In the LQG case, there is also
an “extreme” limit T → 0 when ε → +∞, but it is not attained in a monotonic fashion. Finally,
the HDBH is more involved as at fixed n, the radius of the BH depends on the ratio M/Meff . In
Fig. 2.8, I have fixed this ratio to 1. Thus, one could naïvely expect that for the RNBH, LQGBH
and KBH, the emission rate will decrease when approaching the “extremal” limit. The behaviour is
not clear at first sight for the HDBH.



2.4. PRIMARY SPECTRA 65

0 1 2 3

x ≡ ErS

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

σ
s
/
σ
G
O

spin 0

spin 1

spin 2

spin 1/2

spin 3/2

10−2 10−1 100

x ≡ ErS

10−24

10−20

10−16

10−12

10−8

10−4

100

Q
s

spin 0

spin 1

spin 2

spin 1/2

spin 3/2
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2.4.2 Spectra

The Hawking primary spectrum, that is the instantaneous energy spectrum of emission of all fun-
damental d.o.f. (2.146), depends on the product of the Fermi–Dirac or Bose–Einstein temperature
factor and of the GF. Let’s consider first particles of spin 0, 1, 2, and 1/2 with a single internal d.o.f.

SBH spectra. The total cross-sections σs for each spin s of a SBH are shown in Fig. 2.9 (left
panel). The corresponding total primary spectra Qs are displayed in Fig. 2.9 (right panel). Both
figures are drawn as functions of the dimensionless parameter x ≡ ErS as it was shown that the
primary spectra are scale-invariant in that parameter for SBHs [107]. The results for the spin 3/2

are entirely new and were implemented in BlackHawk v2.0 for DM studies (for an application, see
Section 4.5).

The first thing one remarks on the cross-section figure 2.9 is the oscillatory behaviour around
the GO limit which is attained quite rapidly at x � 5. These oscillations originate from the higher
angular momentum modes in the sum (2.113) [115]. The second remark is that at low energy, all
s > 1/2 cross-sections go to 0 as some power-law of E, as one can deduce from Eqs. (2.11). Hence,
there is a hierarchy between fields in the peak value of the cross-section at x ∼ 1 where the emission
is expected to be concentrated.

In Fig. 2.9, the primary spectra for a spin s field with a single internal d.o.f. for a SBH shows
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exactly the spin hierarchy intuited above, that is

Q0 > Q1/2 > Q1 > Q3/2 > Q2 . (2.144)

The peak of the emission spectra are not exactly located at E ∼ T but at slightly higher values,
whose numerical realization depends on the particle spin, as was thoroughly studied by MG&W [121,
133]. The spin 3/2 behaviour is very close to that of the spin 2.

RNBH spectra. The cross-sections and primary spectra of a RNBH are shown on Fig. 2.10.
An increase in the charge Q∗ leads to a monotonic decrease in the temperature and thus of the
emitted power: the higher the BH charge, the smaller the HR rate; with the emission peaking at a
smaller energy. It seems thus that when T → 0 in the extremal limit, the evaporation should stop
altogether, which led various people to consider PBHs stabilized by (dark) EM charge [215, 216].

HDBH spectra. The cross-sections and primary spectra of a RNBH are shown on Fig. 2.11.
The HDBH exhibits a far more powerful HR that the Schwarzschild BH of the same radius. This
is due to the fact that at equivalent mass, the HDBH has a larger radius. This causes the emission
rates, and thus the lifetimes, to vary by orders of magnitude with the number of dimensions,
effectively resulting in a mass shift of the PBH constraints [170, 171, 217, 218] (these are further
modified by enhanced accretion processes [219]). The amount of HR that goes preferentially in the
brane (SM fields) or in the bulk (gravitons) has been the subject of intense debate in the early
2000’s [220–223] until Kanti & collaborators settled the problem [178, 179]. One unusual feature is
that the oscillatory behaviour of the cross-section at high energies is completely damped.

LQGBH spectra. The cross-sections and primary spectra of a RNBH are shown on Figs. 2.12
(low values of ε) and 2.13 (high values of ε). To my knowledge, our paper [150] was the first to
present primary spectra for LQGBHs for all field spins. The cross-sections for spins 0 and 1/2 were
given in [213] but the comparison is not possible due to unspecified normalization. Moreover, it
seems that I find results differing from theirs for massless fields of spin 1/2: they predict a distortion
of the spectra at high energies that one does not observe in the right panel of Fig. 2.12 corresponding
to the fermionic field. The height of the first peak in the fermionic cross-section seems to follow
a different tendency in the present results compared to theirs when ε increases. However we both
observe that increasing the parameter ε leads to a decreasing HR rate. A linear scale has been used
in the left panels of Fig. 2.12 to make this statement more obvious, while a logarithmic scale was used
for high values of ε in Fig. 2.13 as the HR is much more decreased. I also note that the parameter a0
plays no particular role in the rates of emission, at least when varying between 0 and the often-used
value a0 =

√
3γ/2  0.11 where γ ≡ ln(2)/

√
3π is the Barbero–Immirzi parameter [164], causing

only a very slight decrease in the high energy tail due to the different temperatures. The differences
are at the percentage level and not shown here. The effect of small values of ε on the HR rates is
small altogether.

The results are much more intriguing for high values of ε, and are reported on Fig. 2.13. With
values of ε = {1, 4, 10} a reduction in the temperature of a factor ∼ {1, 1.6, 3.2} (respectively) is



2.4. PRIMARY SPECTRA 67

obtained. The associated decrease in the emission rate is strongly spin-dependent, a feature that
could be explained with an analysis of the precise dependency of the potentials in ε: the emission
is more and more damped for high values of ε as the particle spin increases. This is a major result
which has important consequences on the HR constraints discussed in Section 4.6. Note that the
high-ε damping of the HR rate is very clear for spins s > 0, while the spin 0 emission rate is mildly
affected.

KBH spectra. The primary spectra of a KBH are shown on Fig. 2.14 (the cross-sections
cannot be easily isolated due to the angular momentum projection dependency).26 For KBHs,
even if the temperature decreases T → 0 as the angular momentum approaches the extremal limit
a∗ → 1, the BH-field spin coupling will compensate so much that the emission rate in fact increases
with increasing a∗. Carter [111] wrongly identified that with the “superradiant” process. The
enhancement due to a high KBH spin is non trivial and depends critically on the field spin (see
e.g. [224]). Page already observed that the hierarchy between emission rates is totally reversed for
near-extremal KBHs, with

Q2 > Q1 > Q1/2 , (2.145)

as a∗ → 1. Numerically, the rate is multiplied by ∼ 10 for spin 1/2, by ∼ 102 for spin 1 and by
∼ 104 for spin 2 [119] (see also [199]). This behaviour is thus much less trivial than the RNBH one,
and has interesting consequences on the Kerr PBH constraints from HR (see Sections 4.3 and 4.4).

26The emission rates for the SBH and the KBH have been double-checked by Cheek et al. [138], showing percent
level agreement.
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Figure 2.10: Primary spectra (left) and cross-sections (right) for spins 0, 1, 2 and 1/2 for a RNBH
with Q∗ = {0.01, 0.758, 0.999} (resp. solid blue, dashed green, dot-dashed red) compared to the SBH
(dotted black). The vertical lines represent TRN. [taken from [150]]
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Figure 2.11: Primary spectra (left) and cross-sections (right) for spins 0, 1, 2 and 1/2 for a HDBH
with n = {2, 4, 6} (resp. solid blue, dashed green, dot-dashed red) compared to the SBH (dotted
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Figure 2.12: Primary spectra (left) and cross-sections (right) for spins 0, 1, 2 and 1/2 for a
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red) compared to the SBH (dotted black). The vertical lines represent TLQG. Please note the linear
vertical scale. [taken from [150]]



2.4. PRIMARY SPECTRA 71

10−10

10−8

10−6

10−4

10−2

d
2
N

0
/
d
td
E

0.00

0.25

0.50

0.75

1.00

1.25

σ
0
/
σ
G
O

10−12

10−10

10−8

10−6

10−4

10−2

d
2
N

1
/d
td
E

0.00

0.25

0.50

0.75

1.00

1.25

σ
1
/σ

G
O

10−18

10−15

10−12

10−9

10−6

10−3

d
2
N

2
/d
td
E

0.00

0.25

0.50

0.75

1.00

1.25

σ
2
/σ

G
O

10−2 10−1 100

x ≡ ErH

10−15

10−12

10−9

10−6

10−3

d
2
N

1
/
2
/d
td
E

0 1 2 3 4 5

x ≡ ErH

0.00

0.25

0.50

0.75

1.00

1.25

σ
1
/
2
/σ

G
O

Figure 2.13: Same figure for a LQGBH with low values of ε = {1, 4, 10} (resp. solid blue, dashed
green, dot-dashed red) compared to the SBH (dotted black). [taken from [150]]
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2.5 Secondary spectra

Of course, the primary spectra of fundamental SM particles are not the final output of a BH. As
developed in Section 2.2, there was a great deal of numerical work done in the 1990’s to obtain the
secondary spectra of BHs at all temperatures, taking into account:

• the emission cutoffs at E < μ where μ is the rest mass of a particle, meaning that more and
more SM d.o.f. are emitted as the BH temperature increases;

• the precise composition of the primary emission, particularly at E ∼ ΛQCD, where pions are
emitted directly instead of free quarks and gluons;

• the subsequent evolution of the primary spectrum due to hadronization of the QCD particles
into jets and the decay of massive particles into stable ones.

These calculations are the second main purpose of the public code BlackHawk presented in the next
Chapter 3; the first being the calculation on the GFs.

The primary emission of a SM particle i of spin si and mass μi reads

Qi(E) = giΘ(E − μi)Qs(E) , (2.146)

where the emission rate of a single d.o.f. of spin s is given by Eq. (2.136), Θ is the step function and
gi counts the number of internal d.o.f., that is color, helicity and antiparticle multiplicities given in
Table 2.1 for all the SM fields. To obtain the secondary spectra, I follow the procedure introduced
by MG&W [121, 133] using arguments of Oliensis & Hill [132]: the secondary spectra of fields j are
obtained by hadronizing and decaying the primary spectra thanks to a convolution of the primary
spectra with particle physics codes

Qj ≡ d2Nj

dtdE
=

∫ +∞

0

∑
i

dNi→j

de
Qi(e) de , (2.147)

where dNi→j/de are the branching ratios from primary to secondary particles; the numerical pro-
cedures are developed in Chapter 3.

When performing the convolution, one needs to know which particles are “stable” in the sec-
ondary emission, i.e. which particles have the time to interact with the environment (or the detector)
before decaying. It was argued e.g. by Kohri & Yokoyama [225] that in the context of BBN stud-
ies, all particles with a lifetime τ � 10−8 s interact with the plasma. These particles are listed in
Table 2.2. On the other hand, the only SM particles that can travel on cosmological scales to reach
terrestrial detectors are “stable” in the usual manner. These are listed in Table 2.3.

In Fig. 2.15, I present the secondary spectra for a Schwarzschild PBH evaporating at BBN
epoch, while in 2.16 I present the spectra of stable particles. All figures have been obtained with
BlackHawk with the aid of hadronization tables computed with PYTHIA. These spectra would be
of course non-trivially modified in the case of a non-Schwarzschild PBH. The general shape of the
spectra can be compared to that obtained by MG&W (which considers only usual “stable” particles).
The scale-invariance of the primary spectra as functions of x ≡ ErS is lost for secondary spectra,
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particle symbol lifetime (s)

photon γ ∞
electron e± ∞
muon μ± (2.1969811± 0.0000022)× 10−6

neutrinos νe,μ,τ , νe,μ,τ ∞
charged pions π± (2.6033± 0.0005)× 10−8

neutral “long” kaon K0
L (5.099± 0.021)× 10−8

charged kaons K± (1.2379± 0.0021)× 10−8

proton p,p ∞
neutron n,n 880.2± 1

Table 2.2: Particles with a lifetime longer than 10−8 s, relevant for early universe/BBN studies [81].

particle symbol lifetime (s)

photon γ ∞
electron e± ∞
neutrinos νe,μ,τ , νe,μ,τ ∞
proton p,p ∞

Table 2.3: Stable particles, relevant for evaporating BH on cosmological time scales [81].

as the SM interactions of course depend on the energy of the particles. As shown by MG&W, the
secondary particles produced by jet decays totally dominate in the lower energy part of the spectra.
The (anti)protons are uniquely secondary particles.

2.6 Extended distribution

PBHs are formed in general with an extended distribution of mass, and possibly secondary parameter
x (e.g. spin, charge) d2n/dMdx (see the discussion in Section 1.3). In this case, Eq. (2.146) to
obtain the primary spectra for the complete distribution becomes

Qi =

∫ Mmax

Mmin

∫ xmax

xmin

giΘ(E − μi)Qsi(E)
d2n

dMdx
dx dM . (2.148)

This equation is simplified in the case where the two distributions for mass and secondary parameter
are marginal d2n/dMdx = dn/dM × dñ/dx and it is further reduced if one of the distributions is
monochromatic

Qi =

⎧⎪⎪⎨
⎪⎪⎩

∫ xmax

xmin

giΘ(E − μi)Qsi(E)
dñ

dx
dx , mass,∫ Mmax

Mmin

giΘ(E − μi)Qsi(E)
dn

dM
dM , secondary parameter.

(2.149)
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Figure 2.15: Primary (dashed) and secondary (solid) spectra of photons (γ), all flavors of neutrinos
(ν, ν), electrons and positrons (e±) and (anti)protons (p,p) from a 1010 g PBH (corresponding to
∼ 1TeV), with “stable” particles from BBH epoch (Table 2.2).

2.7 Black hole evolution

The major consequence of the HR process is that it makes BHs evolve in the counter-intuitive
way of progressively losing mass. This is grasped by the Page coefficients already discussed above.
Restricting the discussion to a KBH, recall that the Page coefficients are

(−f(M,a∗)/M2

−g(M,a∗)a∗/M

)
≡ d

dt

(
M
J

)
=
∑
i

gi
∑
silm

∫ +∞

0

1

2π

ΓEslm(a∗)
e(E−mΩ)/T (a∗) − (−1)2si

(
E
m

)
dE , (2.150)

They are obtained by integrating the instantaneous emission rate, multiplied by the field energy E
(resp. angular momentum m) for the mass loss rate f(M,a∗) (resp. angular momentum g(M,a∗)).
These Page coefficients simplify neatly the equations of evolution of M and a∗

dM

dt
= −f(M,a∗)

M2
,

da∗

dt
=
a∗(2f(M,a∗)− g(M,a∗))

M3
=
−a∗f(M,a∗)h(M,a∗)

M3
.

(2.151)
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Figure 2.16: Primary (dashed) and secondary (solid) spectra of photons (γ), all flavors of neutrinos
(ν, ν), electrons and positrons (e±) and (anti)protons (p,p) from a 1010 g PBH (corresponding to
∼ 1TeV), with the usual “stable” particles (Table 2.3).

The set of coupled equations (2.151) can be solved numerically to obtain the mass and spin evolution
of a BH by emission of a bunch of fundamental particles.27 Some comments are of order. The SBH
lifetime τ is given in general by [25]

τ(M,a∗) =
∫ M

0

M2

f(M,a∗)
dM . (2.152)

If one considers that the Page coefficient f(M,a∗ = 0) is a constant, the lifetime of a SBH is

τS =
1

3f(Mi)
M3

i , (2.153)

where Mi is the initial mass, while at each time t

M(t) =M

(
1− t

τS

)1/3

. (2.154)

27Numerical fits of these functions have been obtained recently in [138].
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First, it is obvious from the definition of f(M,a∗) > 0 that the mass decreases because of the
evaporation process. Hence, a BH subject to HR is not strictly speaking static but backreaction of
the emission on the BH metric should be taken into account. In fact, on mass scales safely above the
Planck mass, the process can be considered as quasi-static and the backreaction problem alleviated.
This breaks down at M ∼ MPl where the semi-classical treatment of quasi-static HR is out of its
regime of validity and quantum corrections must be taken into account. The result can be that a
stable Planck-mass remnant (PMR) lingers, or that the BH disappears in a final flash. The PMR
has very interesting properties as it is in fact a very compelling candidate for DM (see the discussion
in Section 4.1.3).

Second, it is not obvious what is the sign of g(M,a∗) because m = −l, ...,+l, plus the quantity
h(M,a∗) may be positive or negative depending on the relative importance of f(M,a∗) and g(M,a∗).
This led Page [119] to postulate that for a BH only subject to scalar emission, for which they
suspected h(M,a∗ ∼ 0) < 0 and h(M,a∗ ∼ 1) > 0 based on rough interpolations, the spin could in
fact stabilize at a non-zero value given by the 0 of h(M,a∗). This can be understood as follows: as
the BH evaporates, its mass always decreases, but its spin is mass-dependent because a∗ ≡ J/M2.
Hence, the spin can increase if the decrease in J due to spin-aligned mode emission is slower than
the decrease in M2 due to energy emission. This intuition was numerically confirmed by Chambers,
Hiscock & Taylor [226, 227] and studied recently by [228] where they added numerous axion (scalar)
fields to the modern SM content.28

Third, these evolution equations rely on the fact that PBHs are only subject to HR. This is
not the case in general, as PBHs evolve in a complex environment from the time of their formation
(radiation, then matter-dominated). They may accrete great amounts of material, in fact at a rate
larger than their evaporation rate, at least for an initial period. The general formulation of the
mass evolution should be

dM

dt
= Γacc(M)− Γevap(M) , (2.155)

where the decay rate Γevap is given by the HR Page coefficient, and the accretion rate Γacc is quite
uncertain and depends on the density of the surrounding environment, on the relative velocity of the
PBH and on the efficiency of BH accretion (which itself depends on the geometry and composition
of the in-falling material and on the BH metric). This uncertainty gave rise to claims ranging from
the extremal situation where PBHs accrete all the causally available matter and grow as fast as
the Hubble horizon,29 to the other extreme where PBH accretion is totally negligible. The correct
behaviour is probably between those and numerous studies have tried to estimate what would be the
mass gain of PBHs due to accretion in the early universe. Sufficient mass gain could allow big PBHs
to be the seeds of the SMBHs at the center of galaxies [33, 229–232]. Accretion is however generally
believed to remain at O(1) scales for PBH masses relevant for the HR phenomenon. Nevertheless,
when the density of the universe decreases, accretion should stop and evaporation alone should
occur.

Fourth, PBHs can form binary systems in the same manner as all other celestial objects. If these
binary systems are long-lived—that is, not disrupted by fly-bys—then the PBHs can merge before

28BlackHawk was recently modified to be able to deal with this kind of unusual behaviour.
29This was the original proposition of Zel’dovich & Novikov [21], debunked by Carr & Hawking [24].



78 CHAPTER 2. HAWKING RADIATION

0.0 0.2 0.4 0.6 0.8 1.0
t/tS

0.0

0.2

0.4

0.6

0.8

1.0

M
/M

i
a∗i = 0.0000

a∗i = 0.9000

a∗i = 0.9999

0.0

0.2

0.4

0.6

0.8

1.0

a
∗

Figure 2.17: Evolution of a KBH mass M (plain curves, normalized to the initial mass Mi = 1016 g
which is the same for all curves) and spin a∗ (dashed curves) as functions of time t (normalized to
the SBH lifetime tS), for different values of the initial spin a∗i = {0, 0.9, 0.9999}. [taken from [236]]

they evaporate. This kindled interesting research in the GW experiments, as reviewed e.g. in [233,
234]. The relevant time scales were derived in [235].

30Letting all the above caveats aside, the evolution of a PBH mass and spin can be studied
with Eqs. (2.151). An example is displayed in Fig. 2.17, where one observes that the lifetime of a
KBH can be reduced by almost ∼ 60% when going from the Schwarzschild case a∗i = 0 to the near
extremal case a∗i = 0.9999 [199]. The higher the initial spin is, the stronger the initial mass loss
will be due to the enhanced GFs, so the shorter the BH lifetime. After most of the spin is radiated
away, all curves share the same shape as the Schwarzschild one.

The evolution of the lifetime of a KBH as a function of its initial spin is displayed in Fig. 2.18.
There is a slight dependency on the initial mass that comes from the fact that the Page coefficient
f(M,a∗) is not a constant. Hence, depending on the available SM d.o.f. that a KBH is able to
kinematically emit, the spin can be evaporated away more or less rapidly, before the universal
Schwarzschild behaviour is attained.

These evolution curves allow one to determine what should be the initial PBH spin (taking only
evaporation into account) such that its spin today is above some threshold value. This is particularly
interesting in the eventuality of a BH detection with a spin above the “Thorne limit”: for BHs with
astrophysical origin, Thorne has shown that in the case of thin disk accretion, there is a limit to
the reduced spin a∗lim ≈ 0.998. This limit comes from accretion of the surrounding gas on a BH,

30This discussion is inspired from the paper “Evolution of primordial black hole spin due to Hawking radiation” [236]
I wrote with A. Arbey and J. Silk.
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Figure 2.18: Kerr BH lifetimes tBH (normalized to the Schwarzschild case tS) for different initial
masses Mi = {109, 1013, 1018} g (resp. blue, green and red lines) as functions of the initial spin a∗i .
The x-axis is reversed to show 1− a∗i in a logarithmic scale. [taken from [236]]

and its balance with superradiance effects [237–239]. Surprisingly, the same a∗lim ≈ 0.998 was found
in [240] for BH mergers. This limit was recently generalized to other accretion regimes and disk
geometries in [241], based on earlier work [242]; reaching somewhat higher values depending on the
disk parameters. The overall state-of-art is that, except for really specific accretion environments,
the spin of a BH of astrophysical origin should not exceed a generalized version of the Thorne
limit [243]. Hence, detection of a near-extremal BH e.g. in GW experiments would be a smoking
gun for PBH origin [236]. This goes the opposite way as the conventional view that merging BHs
have too low spin to be of stellar origin.31

In Fig. 2.19, I give the spin of a PBH today as a function of its initial mass, for various initial
spins. One can see that for a massive enough PBH, the spin is “protected” by the fact that the
angular momentum and mass of a KBH decrease at approximately the same speed. Hence, a
PBH with initial mass Mi � 1016 g formed with an initial spin a∗i > a∗lim would still have a spin
a∗today > a∗lim. However, as shown in [197, 236], to have a spin today that is arbitrarily close to
the extremal limit (and, once again, neglecting all the exterior influences) for currently evaporating
PBHs of M ∼M∗ necessitates an initial spin even closer to the extremal limit, which could require
dubious formation mechanisms. Furthermore, the existence of massive bosonic particles with a
sufficiently long lifetime is a challenge for the existence of highly spinning PBHs. Coincidentally,

31A minimum spin should develop around these BHs due to material accretion, while the distribution of the
posterior effective spin is centered around 0. This was a subject of debate at the CERN TH Institute “Primordial
vs. Astrophysical origin of black holes”. Future high statistics of mergers should disentangle that knot.
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Figure 2.19: The value of the spin today a∗today is plotted as a function of the initial mass Mi for
different initial spins a∗i = {0.9922, 0.9994, 0.9999} (blue, green and red lines, respectively). The
“Thorne limit” a∗lim ≈ 0.998 is shown as an horizontal dashed line. The y-axis is reversed to show
1− a∗today on a logarithmic scale. [taken from [236]]

the superradiant instability of a PBH of mass M ∼ M∗ is precisely triggered by pions, the latter
initiating efficient “BH-bombs” [93, 244].
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This Chapter is devoted to the code BlackHawk, which I present in Section 3.1. The main
programs, options and output of the code are detailed in Sections 3.2, 3.3 and 3.4 respectively.
Possible future developments are outlined in Section 3.5.
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3.1 General presentation

1I describe BlackHawk [151, 152], a public C program for calculating the Hawking evaporation spectra
of any BH distribution. This program allows the users to compute the primary and secondary
spectra of stable or long-lived particles generated by HR of a distribution of BHs, and to study
their evolution in time. The physics of HR has been extensively discussed in Sections 2.3 to 2.7.
BlackHawk is available on the webpage http://blackhawk.hepforge.org.

3.1.1 Genesis

The subject of my Master’s internship with A. Arbey was to study the interplay between PBH
evaporation and BBN (see the discussion in Section 4.1.2.3). The idea was to compute the HR
from PBHs and to inject the rate of emission of particles in a modified version of the public BBN
code AlterBBN [245, 246], of which A. Arbey is the foremost developer. The little bibliography I
did at that time showed to me that HR rates were already computed in the literature, and that
the MG&W model could be used to predict the secondary spectra. Every ingredient seemed then
in place to reproduce and ameliorate the results of e.g. [225, 247]. It has been 41/2 years since that
time and I confess that I still haven’t implemented PBH HR into AlterBBN.

It appeared to me very soon that most studies using PBHs as sources of particles during cos-
mological eras relied on very simplified versions of the MG&W model from the 1990’s, sometimes
even returning to primary Page spectra of the 1970’s or using the “pure blackbody” approximation,
instantaneous decay approximation, or an ad-hoc conversion between PBHs and decaying DM based
on the PBH lifetime interpretation as a “decay rate”. Thus, I searched for public numerical codes
that would go beyond these approximations and found only Charybdis [186] and BlackMax [189–
191] which were designed to compute the evaporation of BHs produced in collisions of energetic
particles in accelerators within the context of HD theories. These computer programs indeed con-
tained tabulated values of the GFs of HR and were interfaced with PYTHIA [248] to compute the
hadronized secondary spectra, but starting only at n = 1 supplementary dimensions. Nowhere in
the literature did I find a computer program to compute the simple GFs of a SBH. Thus, I decided
that I had to do it all over again from scratch, and A. Arbey convinced me to publish the resulting
program as a public code, just like AlterBBN. From that moment, BlackHawk was born. I had to
recompute the GFs, compute up-to-date hadronization tables on the model of those of PPPC4DMID
for DM indirect detection [249, 250]2 and embed everything into a user-friendly modular interface
that users could modify at their will. BlackHawk is now at version v2.1 with many more features
than what I imagined in the beginning.

1This Chapter is mostly inspired from the latest arXiv version of the BlackHawk manual “BlackHawk: a public
code for calculating the Hawking evaporation spectra of any black hole distribution” [151] and the release note of v2
“Physics beyond the standard model with BlackHawk v2.0” [152].

2The material is available at http://www.marcocirelli.net/PPPC4DMID.html.
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3.1.2 Scope

BlackHawk was originally designed to compute the HR rates of a SBH as a function of time, following
the SBH evaporation. It was very early extended to extended mass functions of PBHs. J. Silk, with
whom I collaborated during an internship at the Institut d’Astrophysique de Paris (IAP), suggested
to compute the emission rates for spinning KBHs. It was then straightforward to incorporate
extended spin distributions.We had the long-standing idea with A. Arbey to find a mean of going
straight from the metric of a BH solution to its HR rates, in order to predict different signals for
different BHs. This gave rise to the work produced in collaboration with M. Geiller, E. R. Livine
and F. Sartini described in Section 2.3 where we found the general equations describing the emission
rates of a spherically symmetric and static BH for spins 0, 1, 2 and 1/2. The 3 examples listed in
the previous Chapter, namely RNBH, HDBH and LQGBH were thus implemented in version 2.0.
A collaboration with I. Masina and G. Orlando, and another one with P. Sandick, B. Shams Es
Haghi and K. Sinha, finally supported the need for BSM particle emission rates, such as the spin 3/2

particle and the possibility to add supplementary d.o.f. to the SM. All the scripts used in building
BlackHawk have been made publicly available together with the code. The features of BlackHawk

v2.1 are described below, and a complete list of the publications relying on the code is given in
Appendix A.2.

3.2 Programs

The BlackHawk code is split into two programs, which are presented in this Section:

• BlackHawk_tot: full time-dependent Hawking spectra,

• BlackHawk_inst: instantaneous Hawking spectra.

A quick reminder of the compilation and launch procedure is given in Appendix A.1.

BlackHawk_inst. BlackHawk_inst computes the instantaneous primary and secondary HR
rates of a distribution of BHs. It is convenient to visualize the rates of emission before launching a
more computationally involved run of BlackHawk_tot. Furthermore, as PBHs with mass M �M∗
barely evolve in a timescale equal to the age of the universe, using BlackHawk_inst is sufficient
when one wants to compute the present emission of PBHs of M �M∗. I emphasize however at this
point that strictly speaking, PBHs today have lost a sizeable fraction of their initial mass and spin
even if M � M∗. For the spin part, it is described in detail in Section 2.7. For the mass part, and
in the particularly sensitive case of an extended mass distribution, where the low mass tail of the
distribution is particularly distorted by evaporation; I refer the interested reader to the analytical
treatment in [57, 247] and the very recent numerical ones in [251, 252].

BlackHawk_tot. BlackHawk_tot computes the time-dependent primary and secondary HR
rates, that is the instantaneous spectrum at each time step of the evolution of the BH distribution,
from the initial conditions (Mi, {xi}) of mass and secondary parameters (e.g. spin {xi} = a∗i for a
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KBH) down to the Planck mass (or the PMR mass if evaporation is incomplete). This program takes
a longer time to execute because for a single set of initial conditions, a thousand of instantaneous
time steps are required to achieve good accuracy. Thus, for a distribution of PBHs with an extended
set of initial conditions, the computation is accordingly longer. Inside BlackHawk, efforts have been
made to optimize the execution time. As estimation of the memory usage of a run is given before it
actually starts to avoid memory overflows. A tiny script has been provided together with the code
to automatically stack the redshifted emitted spectrum of a PBH with different expansion histories.
An example displayed in Fig. 3.1. The script computes the integrated spectrum Q̃i of particle i
from PBH formation tform to the final time tend = teva for total evaporation or tend = ttoday for the
present time

Q̃i(E) =

∫ tend

tform

(1 + z(t))Qi (t, (1 + z(t))E) dt . (3.1)

The redshift between running time t and the evaporation time tend is taken into account to dilute
the energies as well as the PBH distribution. This results in the two factors 1 + z(t) where the
redshift is given as a function of time by

1 + zRD(t) =

(
tend
t

)1/2

, or 1 + zMD(t) =

(
tend
t

)2/3

, (3.2)

for full RD and MD respectively. In the standard cosmology (SC) scenario, the redshift is given by

1 + zSC(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
t
4/3
end

t× t1/3eq

)1/2

, t < teq ,(
tend
t

)2/3

, t > teq ,

(3.3)

where teq is the time of matter-radiation equality. A more sophisticated or non-standard case of
a mixed or alternate domination of radiation and matter could be straightforwardly implemented
inside that script.

3.3 Options

BlackHawk is a totally transparent code, meaning that all the parameters can be modified by the
user to obtain a non-standard behaviour. The parameters of a run are listed in a parameter.txt

file that is saved in the output folder to allow for later examination. Below, I list the main options
of the code.3

3More details about the routines, parameters and internal structure of the code can be found in the latest BlackHawk
manual [151], to which I refer the interested reader.
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Figure 3.1: Stacked graviton spectrum emitted by a MBH = 10−1 g Schwarzschild BH (left, with
a∗ = 0) or near extremal Kerr BH (right, with a∗ = 0.9999), in the case of RD (solid black) or MD
(dashed black). [taken from [152]]

3.3.1 Black hole metric

Four types of BH metrics are implemented inside BlackHawk: the KBH, the RNBH, the HDBH
and the LQGBH. The SBH is the trivial limit of any of those metrics with vanishing secondary
parameters. The scripts used to compute the GFs are given in the code. They are written in
Mathematica, which is a non-open source formal calculation language. I still keep the hope to rely
only on public and free codes in all the parts of BlackHawk, but did not have the opportunity to write
a differential solver for the Teukolsky equations. The scripts used to compute the Page coefficients
are also furnished, and are written in C. The GFs are computed for 200 values of x ≡ ErS ∈ [10−2, 5],
corresponding to regimes where the low- and high-energy limits are reached to good accuracy.
Outside this range, numerical fits have been performed to prolong the GFs, these being confronted
to the analytical formulas derived in Section 2.3.3.2.

KBH metric: 50 values of a∗ ∈ [0, 0.9999] have been used to tabulate the GFs and the Page
coefficients;

RNBH metric: 50 values of Q∗ ∈ [0, 0.999] have been used;

HDBH metric: 7 values of n ∈ �0, 6� have been tabulated;

LQGBH metric: 20 values of ε ∈ [0, 100] for 2 values of a0 = {0, 0.11} have been used.

The modified GFs result in modified Page coefficients, thus the evolution equations (2.151) are
adapted to the metric; with ε being a constant for LQGBHs. The evolution of RNBHs and
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HDBHs are not yet available in the code. For an example of constraint on LQGBHs obtained
with BlackHawk, see Section 4.6.

The computation of the GFs is one of the non-trivial parts of BlackHawk. In particular, the
KBH case is extremely tricky as the potentials given in Eqs. (2.95) present diverging behaviour
at some value of rdiv > r+. This behaviour appears only for the “superradiant” modes, which are
the dominant ones. Their numerical treatment requires solving the Schrödinger wave equation in
two distinct regions r < rdiv and r > rdiv, with an analytical matching procedure developed by
Chandrasekhar & Detweiler [125–128]. The case of the spin 2 potential is even worse as for some
of the 4 versions of the potential V2, there is another divergence that is not possible to predict
analytically. The 4 potentials are tried until the non-divergent one is found.4

3.3.2 PBH distribution

The user can choose to simulate a purely monochromatic distribution of PBHs, that is a single set of
initial conditions (Mi, {xi}), or to use built-in distributions for the mass and secondary parameters.
It is of course possible to combine both extended distributions, with automatic re-scaling in that
case to keep the normalization.

Dirac: a monochromatic mass and secondary parameter distribution;

Uniform: a uniform distribution of the form

dn =
A

Mmax −Mmin
dM , or dñ =

dx

xmax − xmin
, (3.4)

where Mmin,max, xmin,max are the distribution bounds;

Log-normal: the mass distribution can be log-normal either for the PBH mass density

dn =
A√

2πσM2
exp

(
− ln(M/Mc)

2

2σ2

)
dM , (3.5)

or number density

dn =
A√

2πσM
exp

(
− ln(M/Mc)

2

2σ2

)
dM , (3.6)

with both appearing in the literature, where σ is the variance and Mc is a characteristic mass;

Power-law: this “scale-invariant” mass distribution is given by

dn = AMγ−2dM , (3.7)

where γ is related to the equation of state of the universe;

4This complicated mathematical behaviour, which is the price of having obtained short-range potentials, has for
now prevented me to obtain the KBH GFs for the spin 3/2 field.
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Peak theory: this distribution is a refined form of the “scale-invariant” model [53, 54].
Assume that the perturbation power spectrum at scale k is

P (k) = Rc

(
k

k0

)n−1

, (3.8)

where the spectral index from the CMB is n ≈ 1.3 and Rc = (24.0± 1.2)× 10−10 at the scale
k0 = 0.002Mpc−1; the resulting PBH distribution is

dn ≈ 1

4π2M

(
X(n− 1)

6M

)3/2 (n− 1)

2
ν4e−ν2/2dM , (3.9)

where

ν(M) ≡
(
2(k20M/X)(n−1)/2

RcΓ((n− 1)/2)

)1/2

ζth , and X ≡ 4π

3

(
8πG

3

)−1
{
H2

0Ωm

1 + zeq

(
g∗,eq
g∗

)1/3
}1/2

,

(3.10)
in which Ωm ≈ 0.31 is the matter energy density, zeq = 3200 is the redshift of matter-radiation
equality with relativistic number of d.o.f. g∗,eq = 3.36 while g∗ = 106.75 is the same number
at PBH formation and ζth = 0.7 is the threshold for PBH formation [53, 253];

Critical collapse: this mass distribution is

dn = AM1.85 exp

(
−
(
M

Mf

)2.85
)
dM , (3.11)

where Mf is a characteristic mass;

Gaussian: this is a distribution for the secondary parameter

dñ =
1√
2πσ2

exp

(
−(x− xc)2

2σ2

)
dx , (3.12)

where σ is the variance and xc is a characteristic parameter value.

The mass distribution depends on a normalization factor A while the secondary parameter distri-
bution is normalized to 1. It is also possible to provide a user distribution to BlackHawk by mean
of an external file. For the physical justification of these distributions, see the discussion on PBH
formation mechanisms in Section 1.3. The user can choose the discretization step of those distri-
butions; then each bin of mass/secondary parameter is evolved independently with the evolution
equations (2.151) using the relevant Page coefficients (2.150). For constraints on non-trivial PBH
distributions, see Sections 4.3 and 4.4.
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3.3.3 Initial time

The initial time at which PBHs form can either be automatically fixed by Eq. (1.17) or be pro-
vided by the user manually. There is no absolute time dependency inside BlackHawk (the stacking
script described above is external), but it simplifies interpretation to have the relevant universe
cosmological time in the output files.

3.3.4 Remnant

The user can fix a mass MPMR > MPl at which the evaporation stops and leaves a PMR. This is of
interest if one desires to examine what is the integrated final burst spectrum of an exploding PBH
in modified HR theories.

3.3.5 Additional particles

The user can add particles to the canonical SM ones listed in Table 2.1 to the emission spectrum.
These additional particles can be DM particles, or the graviton. The main effect is to modify
the Page coefficients by increasing the evaporation rate of the PBH. Built-in Page coefficients are
computed for a single additional DM d.o.f. of spin 0, 1, 2, 1/2 or 3/2 but they can be recomputed
for an arbitrary number of d.o.f. with arbitrary mass spectrum thanks to the provided scripts. See
Section 4.5 for a study with DM emission by PBHs.

3.3.6 Hadronization

As discussed in Section 2.5, the primary Hawking spectra of (B)SM particles are not the end of
the game, but particles must be hadronized and decayed before they can interact with the PBH
environment or the detectors. This is performed by convolving the primary spectra with various
particle physics codes, as listed below. Each code must be used in its range of validity to avoid
spurious extrapolation.

PYTHIA: The particle physics code PYTHIA v8.2 [248] was used to build hadronization
tables that can be regarded as updates of the ones given by PPPC4DMID [249, 250]. PYTHIA
has been confronted to accelerator data from ∼ 5− 104 GeV, and allows hadronization to be
performed up to 100TeV with no experimental check. Inside PYTHIA, one can force or cancel
the decay of particles, thus it has been used to obtain the secondary spectra of “BBN stable”
particles as well as “cosmologically stable” particles listed in Tables 2.2 and 2.3;

HERWIG: The particle physics code HERWIG v7.0 [254] was used with the aid of P. Richard-
son during my 3-month stay at CERN to generate hadronization tables complementary to
those of PYTHIA for the energy range ∼ 25− 105 GeV, showing good agreement with PYTHIA;

Hazma: It was pointed out in Ref. [255] that the extrapolation of the PYTHIA tables below the
GeV scale that was automatically done in BlackHawk v1.2 produced inaccurate results and
that low-energy (MeV) hadronization and decay functions should be used instead. This was
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particle PYTHIA HERWIG

gluons e+e− → h0 → gg e+e− → h0 → gg
Higgs boson e+e− → h0 e+e− → h0

W bosons e+e− → Z0/γ∗ → W+W− e+e− → Z0/γ∗ → W+W−

Z boson e+e− → h0 → Z0Z0 e+e− → Z0/γ∗ → Z0Z0

leptons e+e− → h0 → l+l− e+e− → Z0/γ∗ → l+l−

quarks e+e− → Z0/γ∗ → qq e+e− → Z0/γ∗ → qq

Table 3.1: List of the channels used to compute the hadronization tables for the Monte-Carlo
codes PYTHIA and HERWIG.

done by tabulating results from the public code Hazma [256] in the energy range∼ 10−6−5GeV,
as explained in the v2.0 release note [152].5

HDMSpectra: In order to study the final burst of PBHs in a precise manner, one needs a
complete understanding of the ultra-high energy BSM behaviour [257]. While this is of course
out of reach for now, known effects of the ∼ TeV energy SM must be implemented, such as
massive weak boson couplings. This is done by the package HDMSpectra [258], which extends
the regime of validity of PYTHIA up to the Planck scale.

The artificial collision channels used inside BlackHawk to produce the PYTHIA and HERWIG tables
are presented in Table 3.1; example plots have already been given in Figs. 2.9, 2.15 and 2.16.6 The
channels used in Hazma are listed in [152, 255], with example plots given in Figs. 3.2 and 3.3. The
HDMSpectra implementation is straightforward from the manual [258].7 In all these packages, the
branching ratio of a primary stable particle i to itself i = j is a Dirac function dN/de = δ(e − E)
in Eq. (2.147).

3.4 Output

All the output files generated by a run of BlackHawk are stored in a folder:
> > > results/destination_folder/

In this Section I describe the files created by each program. The parameter file parameters.txt used
for a run is always copied in the output folder in order to allow for subsequent data interpretation.
Simple Python visualization scripts are provided with BlackHawk in order to plot the data produced
by both programs. The user can of course modify these scripts or use any other plotting program.

5I am in discussion with the Hazma package authors to implement secondary neutrinos in their code which only
includes secondary electrons and photons for now.

6While this manuscript was written, I became aware of the latest PYTHIA v8.3 [259] and HERWIG v7.2 [260]
releases; the hadronization tables should be re-computed accordingly.

7The new HDMSpectra feature for high energy hadronization in BlackHawk has not yet been published in a release
note. These are very time-consuming to write and I wait for more updates before moving on to v3.0.
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Figure 3.2: Comparison between the old PYTHIA extrapolated (solid red) and new Hazma computed
(solid black) BlackHawk instantaneous total photon spectrum for a M = 5.3×1014 g PBH. From left
to right: primary photon spectrum (grey solid); neutral pion decay (orange dot-dashed); electron
FSR (blue dashed); muon decay+FSR (purple dotted); charged pion decay+FSR (green dotted).
To be compared with Fig. 2 upper left panel of [255]. FSR stands for “final state radiation”. [taken
from [152]]

BlackHawk_inst program. Running BlackHawk_inst produces a set of output files:

• BH_spectrum.txt: this file contains the initial density spectrum of BHs and is 2-dimensional:
the first column is a list of the BH initial masses, the first line a list of the initial secondary
parameters and the bulk is the associated comoving number densities.

• instantaneous_primary_spectra.txt: this file contains the emission rates of the primary
particles for each simulated initial energy. The first line is the list of primary particles, the first
column is the list of energies, and each other column is the emission rate Qi of Eq. (2.148).

• instantaneous_secondary_spectra.txt: this file contains the emission rates of the sec-
ondary particles for each simulated final energy. The first line is the list of secondary par-
ticles, the first column is that of energies, and each other column is the emission rate Qj of
Eq. (2.147).
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Figure 3.3: Comparison between the old PYTHIA extrapolated (solid red) and new Hazma computed
(solid black) BlackHawk instantaneous total electron spectrum for a M = 5.3 × 1014 g PBH. From
left to right: primary electron spectrum (grey solid); muon decay (purple dotted); charged pion
decay (green dotted). [taken from [152]]

BlackHawk_tot program Running BlackHawk_tot produces a different set of output files:

• BH_spectrum.txt: this file is the same as for BlackHawk_inst.

• life_evolutions.txt: this file contains all the integrated time steps for each PBH initial
condition (Mi, {xi}), under the form of tables in which the first column gives the time, and
each other pair of columns is the evolution of the mass and secondary parameter of PBHs as
a function of time for a fixed initial mass.

• dts.txt: this file contains the integrated time steps t (first column) and the corresponding
time intervals dt (second column). It is useful for precise time integration of the spectra.

• *_primary_spectrum.txt: these files contain the emission rates of each primary particle at
each time step and for each simulated initial energy. The first line gives the list of energies,
the first column gives the list of times, and each further column is the emission rate Qi of
Eq. (2.148).
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• *_secondary_spectrum.txt: these files contain the emission rates of each secondary particles
at each time step and for each simulated final energies. The first line gives the list of energies,
the first column gives the list of times, and each other column is the emission rate Qj of
Eq. (2.147).

3.5 Perspectives

BlackHawk is surely the greatest achievement of this thesis work—it is at least the one that occupied
most of my working time. Coding is a never-ending task, as there are always new features to
implement, new bugs to solve and a better way of arranging (and naming) the functions and
variables. BlackHawk is the first public code generating both primary and secondary Hawking
evaporation spectra for any distribution of BHs, and their evolution in time.8 The primary spectra
are obtained using GFs, and the secondary ones result from the decay and hadronization of the
primary particles thanks to particle physics codes. The BHs and spectra evolution are obtained
by considering the energy (and angular momentum for KBHs) losses via HR and the quasi-static
modification of the temperature of the BH.

BlackHawk is designed in a user-friendly way and modifications can be easily implemented; many
people already took over the code for their own needs. The primary application is to study the effects
of particles generated by Hawking evaporation on observable quantities and thus to disqualify or
set constraints on cosmological models implying the formation of PBHs, as well as to test the HR
assumptions and study BH general properties.

BlackHawk v2.1 embeds new features compared to the previous versions, most of which deal
with BSM physics: emission of DM, spin 3/2 particles or BH solutions beyond standard general
relativity and usual formation mechanisms (RNBH, HDBH and LQGBH). The code has thus been
extended to allow for BSM studies, as described in the release note [152]. Moreover, I have designed
the public tool Isatis to automatically compute the PBH HR constraints, with a built-in automatic
BlackHawk launcher [262]. An application of this tool is presented in Section 4.2.

Future versions of BlackHawk could be extended in multiple directions, from other non-standard
BH metrics to modified HR processes, as well as complete PBH evolution (accretion and/or merg-
ers) in given cosmological scenarios. BSM particle interactions could also be implemented in the
hadronization tables, and low-energy processes such as inner Bremsstrahlung should be added. In-
deed, at MeV energies, Ref. [263] (see also [148]) demonstrated that the final state radiation of
charged particles, as implemented inside Hazma, is not relevant for HR as BHs emit independent
particles and not pairs of charged particles. Hence, the single vortex effect of inner Bremsstrahlung
should dominate, which would be of particular interest for future MeV constraints on PBHs (see
e.g. the discussion in Section 4.2.7). To my knowledge, no recent PBH study includes this effect.9

8While the latest version of the manual was being written, Refs. [138, 261] appeared, describing the code ULYSSES

aimed at leptogenesis, in which HR of PBHs is computed in a similar way as in BlackHawk. Ref. [171] also appeared,
describing the code CosmoLED aimed at all kinds of HDBH constraints. Both authors have checked for consistency
with the results from BlackHawk; and both codes will be made publicly available.

9This fact has been pointed out to me by J. MacGibbon [private communication].
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This Chapter contains the main results obtained with BlackHawk. In the first Section 4.1, I
overview all the existing constraints on PBHs focusing on those related to evaporation. I present
the Isatis tool and discuss constraint caveats in Section 4.2. I show the constraints obtained for
Kerr primordial black holes in Section 4.3 for γ-rays and Section 4.4 for dark radiation; for other
non-standard primordial black holes in Section 4.6 and finally for beyond standard model particles
in Section 4.5.
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4.1 Existing constraints
1PBHs cannot have arbitrary density as their presence at different stages of the evolution of the
universe leaves distinct imprints that one should be able to measure today. Hence, constraints can
be deduced on the abundance of PBHs from various astronomical and cosmological observations.
Assuming that all PBHs have the same initial mass M (monochromatic distribution, I drop the “i”
subscript hereafter in this Chapter) and that they form at the same time tf during RD, one can
express the constraints on the initial fraction of the mass density of the universe that collapsed into
them as

β(M) ≡ ρPBHs(tf)/ρR(tf) =M(tf)nPBH(tf)/ρR(tf), (4.1)

where the last equality holds for monochromatic distribution only, which is assumed in this Section.
If these PBHs are still around, one relates their abundance ΩPBH today to the fraction β at formation
by [28]

β(M) ≈ 7.1× 10−10ΩPBH

( γ

0.2

)−1/2
(

h

0.67

)2( g∗(tf)
106.75

)1/4( M

M�

)1/2

. (4.2)

In this formula, g∗(tf) is the number of relativistic d.o.f. at PBH formation and h is the reduced
Hubble parameter today such that H0 = 100h km·s−1·Mpc−1. The values of the cosmological
parameters were taken from Planck [29]. Note that the mathematically convenient parameter

β′ ≡ γ1/2
(

h

0.67

)−2( g∗(tf)
106.75

)−1/4

β , (4.3)

is sometimes used in the constraint plots (see e.g. the review [28]), while it does not bear the same
simple meaning as β. If one further assumes that the PBHs are a constituent of the CDM, which
automatically assumes that they have not evaporated yet, one can express the constraints on the
fraction of DM they represent

fPBH ≡ ΩPBH

ΩDM
, (4.4)

where ΩDMh
2 = 0.1188±0.0010 [29]. In this thesis work, I alternatively use β for PBHs evaporated

in the early universe and fPBH for those that survived until today.
Since the first proposal of PBH existence, the constraints have continuously changed. In most

cases, as for the constraints linked to HR or the CMB distortions, they have strengthened: the
observations have become more and more precise, allowing less parameter space for PBHs. In some
peculiar cases, they have been relaxed, as for microlensing or stellar disruption constraints: new
theoretical developments have downgraded the expected PBH influence. Thus, it is quite interesting
to have a look at the evolution of the general plot of constraints on β(M) at different epochs, as
shown on Fig. 4.1. The lower panel plot is taken from the most recent Carr et al. review [28] and
shows that a window for all DM into PBHs is still open in the ∼ 1017 − 1023 g mass range. This
corresponds to the black Ω constraint in the lower panel of Fig. 4.1. In this particular spot, the only

1This Section is inspired from the review article “Primordial black hole constraints with Hawking radiation – a
review” [8] under writing.
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constraint comes from the fact that PBHs must not overclose the universe, that is ΩPBH < ΩDM

(or equivalently fPBH < 1). I hereafter denote this window as the “HR window”.
In the following subsections, I describe briefly in that order:

• constraints on PBHs that do not involve HR (Section 4.1.1), including lensing constraints,
dynamical (structure) constraints and GW constraints;

• constraints on PBHs that rely on HR (Section 4.1.2, including baryogenesis scenarios, BBN
constraints, CMB constraints, cosmological background constraints and present background
constraints;

where the denominations are described at the relevant places. For more detailed reviews and
numerical estimation of the constraints, I refer the reader to [28, 35, 266].2 Prospective constraints
are discussed e.g. in the Snowmass 2021 white paper on PBHs [268].

4.1.1 Without Hawking radiation

In this Section, I review the PBH constraints that do not rely on the Hawking process.

4.1.1.1 Lensing constraints

PBHs of any mass behave as gravitational lenses that deviate light rays due to their strong gravi-
tational field (for a review of this effect and its implications in cosmology, see [269]). PBHs should
have a sensible proper motion with respect to the sources they lense the light of. Their radius is
so small that they only behave as very transient lenses, that is called millilensing, microlensing,
femtolensing or picolensing depending on the duration of the effect.

The visible effect on Earth is that the light from remote sources is suddenly brightened by the
passing of a PBH due to the focusing effect [269]. This applies to the light of quasars, supernovae,
stars, and γ-ray bursts (GRBs). The most famous studies are that of MACHO [270], EROS [271],3

OGLE [272]4 and Subaru-HSC [274], which exclude fPBH = 1 in the range ∼ 1023 − 1035 g. The
original Subaru-HSC constraint was initially much more stringent and excluded PBHs as DM down
to ∼ 1021 g [275] but it was shown recently that this was due to a simplistic treatment of the source
spatial extension [274].5

There is a disputed constraint on GRB femtolensing [276, 277] in the 1017 − 1019 g mass range
which would close a good deal of the HR window, and an ongoing search for fast radio burst
lensing [278]. Microlensing constraints are the ones with the most expected improvement in the
Snowmass PBH white paper [268].

2A user-friendly tool to draw customized constraints can be found on the GitHub page of B. Kavanagh [267].
3The names of these two collaborations are obviously irrespective.
4OGLE might have observed microlensing events compatible with planetary mass PBH origin [273].
5This was the subject of vehement debate at the CERN TH Institute “Primordial vs. Astrophysical origin of black

holes”.
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Figure 4.1: Constraints on PBHs taken from the reviews by Carr (1975) [47] (upper left), Novikov
et al. (1979) [264] (upper right), Carr et al. (1994) [265] (center left), Carr et al. (2010) [247]
(center right) and Carr et al. (2020) [28] (bottom center). The constraints are described
in the text. All panels show constraints expressed in terms of β(M), β′(M) for monochromatic
Schwarzschild PBH distributions, except the oldest one which shows constraints as limits on ΩPBH.
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4.1.1.2 Dynamical constraints

PBHs are massive objects, and thus they exert gravitational attraction on the nearby material.
This results: i) in gravitational friction that make them settle down in compact objects that they
can subsequently absorb or destruct, ii) in gravitational disturbance of bound systems like stellar
binaries, and iii) in gravitational heating of the interstellar medium (ISM) gas. The most severe
constraints in the 1036 − 1047 g come from gas heating and galaxies, globular clusters and stellar
binaries stability [279, 280] (see [33] for a review). “Stupendously” large PBHs would also accrete
surrounding material with too much efficiency if formed in the early universe; depleting structure
formation [33]. There could be constraints on the disruption of neutron stars and white dwarfs
(the most compact non-BH objects) in the range 1018 − 1023 g [281, 282] (effectively closing all
the HR window), but these were recently debunked [283–285] and await more rigorous theoretical
treatment.

4.1.1.3 Accretion constraints

PBHs could also accrete gas and dust material into disks like any other celestial object. These disks
could radiate in the X-ray band and heat the surrounding ISM or the CMB [286, 287], or the PBHs
could be so massive that their gravitational potential distorts the CMB [288] (μ-distortions). These
constraints exclude all DM into PBHs in the super-Solar mass range M �M�. Accretion indirectly
takes a part in all other constraints as it modifies the PBH mass spectrum.

4.1.1.4 Gravitational wave constraints

As GWs propagate in space with no measurable alteration, they are the most precise probes of
gravitational events back to the early universe. The stochastic GW background encompasses the
GWs generated by PBH formation, by the statistical distribution of PBHs (scalar-induced GWs), by
their sudden evaporation and modification of the equation of state, and by their continuous mergers
since the early era. This may be the set of constraints totaling the greatest number of publications
since 2015 and the first observation of the merger of BHs by the LIGO instrument [289, 290]. It
was immediately suggested that the BH components of the binary merger were PBHs [291, 292],
and the background of GWs from PBH mergers was predicted in [293]. The associated constraints
are model-dependent but exclude PBHs in the 1030 − 1034 g mass range [294, 295] (observations
by the LIGO/VIRGO instruments and the NANOGrav experiment). For a review about the GW
perspectives of PBH studies, please refer to [234].6 GWs from mergers are also one of the only
positive evidence for PBHs, as even if they represent just a percent of the DM density, their mergers
are still in the range of detectability at LIGO/VIRGO and future detectors [297].

Peculiar GW events such as very heavy M � 100M� or light M � MTOV BH binary mergers
(e.g. [298, 299]) would be smoking guns towards PBH origin (see however [300]). A stochastic GW
background should also be generated by PBH formation [301–303], and most interestingly it depends
on the spin of the PBHs, giving access to a double-check of the PBH origin of BH mergers [304].
It could be the only way of constraining the PBH abundance in the remote M � 109 g mass range

6For a more general review about GWs and the early universe, see [296].
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for which PBHs evaporate before BBN (see also Sections 4.4 and 4.5). The forthcoming LISA
instrument is expected to shed some light on these yet unmeasured features [305].

4.1.2 With Hawking radiation

In this Section, I review the PBH constraints that somehow rely on the Hawking process. The
remarkable thing with PBHs is that as they were born in the early universe, just after the inflation
period, they may have had a measurable impact on every cosmological step of the universe evolution
until today. That includes baryogenesis, the reheating of the universe, BBN, the CMB emission,
generation of diffuse cosmological or local backgrounds and CRs, point-like sources (due to e.g. final
explosions) and more spurious features like DM or DR emission and Planck-mass relics.

While studying the HR constraints, I have noticed that there is a gap in the publications on
the subject from the early 1980’s to the early 1990’s. This gap corresponds more or less to the
development of the WIMP paradigm in the 1980’s that supplanted the PBH models for DM, and by
the fact that the experimental description of HR seemed hindered by unknown behaviour at high
energy. A combination of new particle accelerator data and astronomical observations permitted
to MG&W to make a milestone advance in the PBH studies. The theoretical framework was clear
then: PBHs emit particles in the form of well-defined QCD jets at high energy.

All the constraints put on PBHs in the 1970’s were re-evaluated in the light of the MG&W
model. These constraints also benefited from the great advances made in DM direct and indirect
searches; in fact most of the subsequent studies on PBH evaporation took advantage on the fact that
the HR process resembles DM decay. This went as far as directly converting DM constraints into
PBH constraints by assuming that PBHs have a “decay rate” equal to the inverse of their lifetime
Γ ∼ 1/τ .

A thorough account of the HR constraints on PBHs is given in the review [8].

4.1.2.1 Baryogenesis

The universe is not symmetric in (anti)baryon content.7 For baryogenesis to take place, the three
conditions of Sakharov [307] must be fulfilled:

Cond. 1: C and CP symmetry violation;

Cond. 2: baryonic number violation;

Cond. 3: thermodynamic equilibrium violation.

PBH interference in baryogenesis may proceed by four main scenarios:

• the “Hawking model” [105] where baryogenesis is the direct result of an asymmetry in the GFs
(e.g. an effective chemical potential);

7See e.g. Ref. [306]:

That the Milky Way is essentially made of matter is evident [. . . ] from the landings of space probes on
the Moon and other planets without any disastrous consequences. [306]
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• the “Weinberg model” [308–310] where heavy (GUT) bosons emitted by HR of PBHs decay
asymmetrically into (anti)baryons [311, 312];

• the “Dolgov model” [310, 313, 314] where a mass asymmetry between (anti)baryons cause
asymmetric re-absorption probability by PBHs;

• the “Nagatani model” [315] where an EW symmetry-restored region exists around high-
temperature PBHs and baryon asymmetry develops by sphaleron processes [316].

These four models check all the Sakharov conditions: condition 1 is satisfied because as PBH
explosion manifestly violates the T symmetry, it should violate C/CP as well in order to conserve
the CPT symmetry resulting from the global Lorentz invariance [131]. CP symmetry violation is also
present in the SM as seen e.g. in neutral kaon decay [81, 317]; condition 2 is satisfied because PBHs
don’t conserve the baryon number—they can form from arbitrary material (say, only baryons) and
evaporate in equal number of (anti)particles; condition 3 is satisfied because the evaporation of PBHs
is a out-of-equilibrium process—PBHs can inject very high-energy particles in a low-temperature
universe.

The PBH-generated asymmetry is protected from wash-out by subsequent interactions because
they can evaporate after these interactions have frozen out. A small amount of asymmetry could
also originate in the randomness of the HR process, with a fluctuation of the baryon number of the
emitted flux of the same form as that of the emitted charge [120, 131, 318]. The GUT “Weinberg”
model was greatly improved by Barrow & collaborators [319–323] (for dated but thorough reviews
of the phenomenon, see [321, 324, 325]).

If PBHs generate the baryon asymmetry of the universe, this constitutes a major positive ev-
idence for their existence. However, it would require an exponentially precise fine-tuning in the
PBH (and/or GUT) parameters to obtain the observed baryon-to-photon ratio η ≡ nB/nγ ∼
10−9 [326, 327]. The parameter space is tightly constrained, but PBHs could be a viable subdomi-
nant source of asymmetry. These scenarios mainly rely on the fact that PBHs of mass M � 10−9

are almost not constrained and that PBHs with M � 104 g evaporate after the EW phase transition.
Thus, they can dominate the energy density of the universe after formation and provide the baryon
asymmetry as well as reheat the universe. The distinctive signature of such models is that they
predict a stochastic GW background of multiple origins: PBH evaporation into gravitons, or PBH
formation/Poisson distribution (scalar-induced GWs).

For a modern realization of the “Hawking model”, see [328, 329]; for the “Weinberg model”,
see [330]. The “Nagatani model” seems deprecated since PBHs may not form symmetry-restoring
fireballs [148]. A supplement of the “Weinberg model” where heavy right-handed νs take the place
of GUT bosons is developed in [331–333]. As all these processes rely on the existence of BSM
physics/particles, they provide no definitive constraint on the PBH fraction β in the early universe.

4.1.2.2 Reheating

At the end of the inflation period, the universe must be “reheated”, meaning that some process
should generate the radiation content of the universe. This “reheating” could result from the inflaton
decay—the scalar field responsible for the inflation. Zel’dovich et al. [334] were the first to compute
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explicitly the amount of entropy injected in the early universe by PBH evaporation, should them
dominate the energy density at some point after formation. This results in a constraint on β
for PBHs evaporated before BBN with M � 109 g, the first of its kind, though it is quite mild.
García-Bellido et al. [335] went one step further by arguing that:

[PBH reheating] opens up an interesting possibility of connecting the origin of matter in
the universe with black hole physics. [335]

by which they mean, without invoking an ad hoc inflaton field. Reheating by PBHs is still a perfectly
viable scenario. Some aspects of PBH reheating are discussed in Section 4.4.

4.1.2.3 BBN

The BBN constraints were among the first to be set from PBH evaporation [336–340]. The effects
of PBHs on BBN are numerous:

• early hadron/neutrino injection modify the ratio nn/np at the onset of BBN [336, 337, 340]
(p ←→ n inter-conversion);

• energetic hadron/photon/neutrino injection during BBN participates in the nuclear reaction
chains [338, 339, 341, 342] (hadro-dissociation) or in EM cascades [343, 344];

• late energetic photons can break light nuclei at the end of/after BBN (photo-dissociation);

• PBHs participate in the energy density of the universe and inject entropy (modification of the
Friedmann equations);

All these processes result in different light element abundances [345], which are tightly constrained
by modern observations (see e.g. the review [346]). Already in their review of PBH constraints in
various cosmologies of 1998, Liddle & Green [37] noted that:

[. . . ] nucleosynthesis is well enough understood to tolerate only modest interference from
black hole evaporation by-products. [37]

but also:

[. . . ] nucleosynthesis [is] the earliest time that we have any secure knowledge concerning
the evolution of the universe. [37]

All processes injecting more neutrons result in overproduction of 4He while an effective spalli-
ation of heavy nuclei overproduces D. There is also a problem with the 7Li primordial abundance,
deduced from the so-called “Spite plateau” of metal-poor stellar composition [347]. BBN codes that
predict other abundances with remarkable precision fail to produce the correct 7Li abundance by
a factor of ∼ 3. Stellar mechanisms were proposed to reduce this discrepancy, with no success so
far [348]. Modifications of BBN are another route toward a solution: fine-tuned decaying particles
during BBN could destroy some 7Li but this overproduces D as a general outcome [349, 350]. It is
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tempting to apply this procedure to PBHs evaporating during BBN [351]. However, this is where
the PBH HR/decaying DM analogy breaks down: it is not possible to fine-tune the PBH evapora-
tion. Once the PBH mass and abundance is fixed, all decay products, time and energy scales flow
from HR formulas immediately. I checked with J. Pradler during my presence in Vienna that no
monochromatic PBH decay could solve the 7Li discrepancy; while Carr et al. [28] claimed that a
fine-tuned extended mass function could be a solution.

In fact, BBN constraints prevent sizeable PBH density in all the mass range 109 − 1013 g.
The precise assessment of PBH impact on BBN is quite difficult to handle analytically due to
the complex Boltzmann equations involved. Very early in the BBN studies, numerical codes have
been developed to compute the light element abundances (like the seminal Wagoner code [352–354]
updated by Kawano [355, 356]). These codes have then been adapted to out-of-equilibrium BBN
perturbed by all kinds of PBH models, but:

An exact calculation of the observational consequences [on BBN] of the evaporation of
PBHs with a mass M < 1015 g would require a detailed knowledge of the production of
leptons, baryons and other particles [. . . ] [340]

This denotes a strong difficulty in high-energy PBH constraints—they rely on complex particle
physics. The MG&W model deciphered the situation by giving the framework of high-energy PBH
evaporation.

Sedel’nikov returned to the problem of standard BBN alterations by evaporating PBHs into ener-
getic hadrons in 1996 [357]. All the ingredients were finally put together by Kohri & Yokoyama [225],
with subsequent refinements in the reviews by Carr et al. [28, 247]. The constraints were revisited
with the latest observational and theoretical developments in [358–360].8 Notably, BBN is one of
the few constraints computed for HDBHs [171, 217]. AlterBBN would probably benefit from an
interface with BlackHawk in that context.

4.1.2.4 CMB

Nartikar & Rana checked early in the PBH story that they cannot generate the CMB light by
direct HR [361]. However, the more and more precise measurements of the CMB, first by Penzias &
Wilson [362] and then by the COBE [363–366], WMAP [367, 368] and Planck [369–371] satellites,
yielded stringent constraints on the thermal history of the universe after BBN. The amount of exotic
EM energy injected at that time is particularly constrained as it results in distortion of the CMB
spectrum [334, 372]; while damping the CMB anisotropies [373–375] (for a review of the physical
processes in the context of PBH evaporation, see e.g. [376]).

After the CMB, come the Dark Ages where the universe is neutral but the first stars are about
to start shining. At that time, a reionization of the universe is expected because of X-ray emission
of gas clouds and of the light of the first stars. PBHs can alter the reionization history by injecting
energetic EM particles at late times. This was studied analytically by [377, 378], but the Boltzmann

8Ref. [359] relies on the public code AlterBBN [245] to compute the light elements abundances in the modified
PBH cosmology. This code was developed by A. Arbey and collaborators and its updating was part of my early thesis
challenges [246].
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equations require precise solving through numerical methods. Most recent studies use the public
codes CLASS [379–382]9 and HYREC [384] to compute the CMB observables in modified recombination
histories with some PBH population [385].

The CMB is one of the few constraints that has been extended to non-monochromatic PBH
distributions [386] and HDBHs [171, 217]. Recent work include [358, 387] and prospective limits
can be found in [388]. CMB constraints exclude significant PBH density in the 1013 − 1016 g mass
range.

A very important measurement has been performed recently by the EDGES collaboration, that
is the 21 cm radio line of hydrogen hyperfine transition. This line is particularly sensitive to the
ISM characteristics after the CMB and during the Dark Ages, which makes it a unique probe. A
“trough” has been measured in the redshifted spectrum of the 21 cm line that could indicate a period
of cooling, various astrophysics explanations [389, 390].10 This places the strongest constraints on
PBHs of mass M ∼ 1015− 1018 g to date, as PBHs can only heat the ISM through energy injection.
This constraint was intuited by Mack & Wesley in 2008 [392] but the EDGES data opened a
new window on precision constraints [393–396]. Constraints were calculated for spinning PBHs as
well [391, 397, 397, 398], and used to construct a fine-tuned PBH mass function in [399].

4.1.2.5 Cosmological backgrounds

Photons. This set of constraints will be discussed in detail in Section 4.2.

Neutrinos. Neutrinos have long escaped direct detection, due to their very small interaction
rates with nuclei and electrons [400]. However, it is predicted by nuclear reaction models inside the
Sun that a tremendous amount of neutrinos should traverse the Earth continuously. Furthermore,
CR spalliation in the upper atmosphere should result in densely populated EM showers with a
high-energy neutrino component [401]. Carr [131] was the first to estimate the neutrino background
limits on PBHs, recomputed later in the MG&W model [402]. The fact that neutrinos interact
so little with the other SM particles makes them excellent probes for the early universe physics,
because they decouple from the plasma at t ∼ 1 s and propagate almost freely until today [403].

The hadronization and decay processes in the secondary spectrum calculations cause different
neutrino flavors to exhibit different fluxes, as noted by [404]. Neutrino flavor oscillations predicted
by Pontecorvo [405, 406] and experimentally confirmed much later by flux measurement of neutrinos
from nuclear reactors further mix up the different fluxes. These oscillations are interpreted as the
consequence of the different bases for neutrino flavor eigenstates and mass eigenstates, the latter
being the relevant d.o.f. for HR [407]. There is also an uncertainty on the neutrino nature: Dirac
or Majorana, with different mechanisms to gain a (very small but) non-zero mass [408]. Recent
neutrino background studies include [409–411]. Prospective limits have been set in [412–414] and
are reviewed in [415].

9CLASS is the successor of CAMB [383], see also http://class-code.net.
10The SARAS 3 experiment has mitigated the magnitude of this measurement and new data are needed [391].
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Gravitons. Gravitons are spin-2 massless particles that are the quanta of the gravitational
interaction. They arise naturally in particle interpretation of GWs. At the beginning of HR studies,
graviton emission was considered self-evident, but this particle has in fact never been formally
identified and a coherent quantum theory of gravitation is yet to be found. Thus, most of the later
studies have deprecated the graviton emission by PBH HR.

Yet, gravitons are the ultimate probe to early universe physics. They are the particles with
the smallest cross-section with other SM particles, so that they can propagate freely and transport
information from the earliest periods of the universe. Hence, graviton emission is one of the only
distinctive signature of e.g. PBH baryogenesis scenarios (see the discussion above and e.g. [416]).
Alas, those gravitons would have had very high frequency f ∝ T (M ∼ 104 g) at emission and the
subsequent redshift leaves them with still very high frequency f ∼ 1014 − 1016 Hz today [340, 417,
418]. Detection of these high-frequency GWs is a technical challenge, and some proposals were made
in that direction [335]. Most of them rely on the Gertsenshtein effect that converts high-frequency
gravitons into photons [419, 420] (GRAPH mixing).

As discussed in Section 2.4, KBHs exhibit highly enhanced primary spectra for high-spin par-
ticles, with the strongest enhancement for the spin-2 graviton [199], which could facilitate their
detection. Gravitons could also participate in the DR content at BBN and CMB epochs, a con-
straint that is reviewed in Section 4.4. I show in Fig. 4.2 the redshifted graviton background as
computed by BlackHawk.11 The most promising PBHs are those with M ∼ 109 g, just at the edge of
the BBN constraint, because their radiation is less redshifted than the smaller ones, that evaporate
earlier. The spectrum of GWs shows features that depend on the expansion history of the universe,
particularly the inflation period.

4.1.2.6 Electrons & positrons

The fact that CR measurements show that the ratio ne+/ne− � 1 while PBHs should produce
both in equal quantity advocates for use of e+ flux as a limiting constraint [422]. However, Page &
Hawking noted very early that:

The [HR] charged particles would be deflected by magnetic fields and so would not prop-
agate freely to Earth. [423]

This difficulty, related to e± and p/p emission by PBHs, has long prevented precise assessment of
the corresponding constraints. The origin of the “deflection” is twofold: i) Galactic magnetic fields
deviate charged particles, which are trapped for some time in the Galaxy and may escape after
a “leaking time” τleak (this is the “leaky box” model), this model was further complicated by the
structure of the Galaxy with a disk and a halo region [422]; ii) the Solar wind screens low-energy
particles from reaching the Earth, resulting in a strong “modulation” of their spectrum (this is the
“force field” model). Furthermore, the determination of the PBH CR flux depends on their local,
rather than cosmological, density, and thus on the distribution of PBHs inside the Galaxy—that is,
the halo profile [422]. This density is either the same as the global PBH density, or PBHs could be

11These are part of the preliminary results presented at the 40th International Conference on High Energy
Physics [421].
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Figure 4.2: Redshifted graviton background from PBH evaporation of different masses and β = 1,
compared to different instrument sensitivities. The characteristics of the inflation period are listed
in the plot header. The background for realistic values of β < 1 is obtained straightforwardly. [taken
from [421]]

clustered in galaxies like DM so that their “local clustering” factor of ζ ≡ ρgal/ρtot would increase
in proportion their contribution to the CR flux [131]. Carr [131] compared the flux of PBH e± to
the background flux at ∼ 100MeV [424, 425] to show that this bound was not competitive with
the γ-ray one. This bound was subsequently revised within the MG&W model [402]. Propagation
models were refined over the years since the Ginzburg proposal [426], while still suffering from great
theoretical uncertainties [427].12

An indirect positron constraint arises from the 511 keV feature detected some 50 years ago in
the direction of the Galactic center (GC) [428–430]. This line could be the result of HR positron
annihilation on background electrons in the Galactic bulge, which should be enriched in PBHs if
those cluster like DM. This was first suggested by [431] and numerically estimated in [432, 433].
In fact, the 511 keV line constraints proved competitive with γ-ray constraints for M ∼ 1014 −

12Numerical tools and programs can be found in the PPPC4DMID package http://www.marcocirelli.net/

PPPC4DMID.html.
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1017 g PBHs [434]. It was reinforced with new e± data [435] in the PBH CR review of Carr &
MacGibbon [436]. Recent studies include [411, 437–439], with a HDBH extension in [171].

In the context of antiproton detection, Wells et al. [440] claimed that should a probe escape the
heliopause, it would be ridden of the Solar modulation and have a direct access to the local ISM
flux of charged particles. Voyager 1 was the first human-made probe to reach the fell regions of
the Solar System and to finally measure the ISM e± since 2012 [441]. Boudaud & Cirelli [442] thus
obtained a local PBH constraint that is less subject to uncertainties due to Solar modulation, while
it still depends on the physics of the Galactic propagation.

Electrons, and EM energy in general, emitted in contemporary (PBH) DM-dominated objects
heat up the ISM. This results in strong constraints on the PBH abundance in dwarf spheroidal
galaxies (dSphs) such as Leo T [443, 444] or in cool-core galaxy clusters [445].

4.1.2.7 Antiprotons

PBH generation of an antiproton flux was first discussed by Kiraly et al. [446]. Considering the
models of CR propagation in the Milky Way at the time, it was estimated that p were 3 times
more abundant than what was expected [447, 448]. They remarked that γ-ray, 511 keV and p
constraints were of the same order of magnitude, which suggested a common PBH origin. The
constraint was refined in [449] which found it to be more stringent than the γ-ray limit due to local
clustering with factor ζ. The p flux was recomputed in the MG&W model by [402]. The BESS
experiments [450] allowed for precise low-energy antiproton measurements thanks to Solar minimum
activity in the 1990’s; these data were used by Maki, Mitsui & Orito [451, 452] to strengthen the
antiproton constraints with their own PBH jet hadronization code based on JETSET [453] (embedded
in PYTHIA).

4.1.2.8 Final bursts

The final burst of PBHs is assuredly the type of constraint that has received the most attention in
the early times. The competition between the different evaporation models listed in Section 2.2.3.3
(EP and CP models for the primary spectra, photosphere or no photosphere for the secondary
ones) gave rise to various observational signatures, ranging from final bursts with μs duration and
low-energy MeV γ-ray signature (CP model, photosphere) to “bursts” of 1 − 1000 s duration with
increasing γ energy up to the Planck scale (EP model, no photosphere) [454]. This resulted in order
of magnitude spacing in the corresponding limits [455, 456].

PBH explosions could be detected if the source is close enough to Earth D � 10 pc, and if the
PBH lifetime is exactly the age of the universe. The combination of both considerations limits
the observable bursts to a narrow mass range around M∗, which is already strongly constrained
by the diffuse γ-ray background. The conversion of the diffuse constraint to the local density of
exploding PBHs gives a rate estimate of 10−2 − 1 pc−3·yr−1 depending on the local clustering of
PBHs ζ and of their mass distribution, while the best instruments to date, namely HAWC [457]
and HESS [458, 459], put upper limits of ∼ 103 − 104 pc−3·yr−1, with Fermi-LAT being a bit less
constraining [460]. There is no great hope to observe a PBH explosion one day, even with prospective
instruments such as SWGO [461].
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The MG&W model settled down the basic features of PBH explosion, making it easier to com-
pare the limits on the rate of PBH explosions from different studies [462–465], and the different
observational techniques are now well described [466]. Interestingly, the MG&W model predicts
that PBH explosions could generate CRs up to the Planck energy scale [467], which could explain
the EeV CRs that challenged the expected Greisen–Zatsepin–Kuz’min (GZK) cutoff [468–470].

Maybe the most important stake of PBH final burst detection is that it would give a privi-
leged access to ultra-high energy physics, possibly exposing new BSM d.o.f. like supersymmetric
particles [139, 471]. Kapusta [142] noted that:

The fact that temperatures of [T > 100GeV] will never be achieved in a terrestrial
experiment motivates me here to study the fate of primordial black holes during the final
minutes of their lives [142]

and predicted that:

Experimental discovery of exploding black holes will be one of the great challenges of the
new millennium. [142]

A way of testing BH quantum properties against theoretical models would be to detect a neutrino
counterpart [139, 143, 404, 472] (or antiprotons [451]) and to examine the relative fraction of the
different particles (γ, ν’s, gravitons) reaching a detector [257]. Multimessenger PBH searches are
one of the aims of the AMON program [473, 474]. Limits were also placed on the HDBHs explosion
rate [475, 476].

4.1.3 Speculative constraints

Planck-mass remnants. The idea of BH remnants dates back to the review by Carr [131].
Based on the argument that BHs could have a non-zero baryon number (if protected by a U(1)
global symmetry) due to either collapse from a baryonic environment or to the random fluctuation
of their B/B yield, they proposed that a BH “would stop evaporating altogether” when its baryonic
charge is of the order of its mass and that all PBHs with initial mass M < M∗ would then have
“evolve[d] into a remnant”. The density of these remnants must not overclose the universe, which
results in a constraint on the abundance of PBHs with M < M∗.

It was however MacGibbon [477] who gave for the first time a coherent picture of PBH evapora-
tion where a scale-invariant PBH spectrum compatible with γ-ray observations and which provides
the observed p and e+ CR fluxes leaves a population of PMRs with density precisely of that of
the “cosmological dark matter” ΩPMR ∼ ΩDM. This could explain in a very natural way the fact
that the “hidden mass” required to bound galaxies and galaxy clusters as well as the “cosmological
DM” are in fact the same thing (as proposed just before by Davis et al. [478] based on numerical
simulations of the expanding universe and structure formation). This numerical coincidence could
be referred to as a “PBH miracle”, in analogy with the “WIMP miracle”.

Barrow et al. [479] thoroughly studied the cosmological consequences of the existence of PMRs
and conclude that if all PBHs have evaporated before BBN, then this DM scenario is perfectly
viable. In 2000, Dolgov et al. [416] proposed a unified scenario of DM and baryogenesis by PBHs.
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PBHs that dominate in the early universe give rise to the B/B asymmetry through the “Dolgov
model” (see the discussion above). The PMRs of those PBHs subsequently dominate the universe
after the PBH reheating, forming the CDM. The observational signature would be a background
of gravitons with energy of 100 eV ←→ 1016 Hz radiated in the early universe and redshifted to
today. Due to the progressive “hiding” of the antibaryons into PBHs, the PMRs would have today
a gigantic antibaryonic charge.

This raises the question of the detection of the PMRs, as they would be a perfectly elusive
DM candidate, interacting purely gravitationally with the SM and never decaying. Doroshkevich
& Nasel’skii [480] argue that PMRs could merge and subsequently decay in the contemporary
universe, giving rise to CRs beyond the GZK cutoff. On the other hand, PMRs stabilized against
evaporation by (dark) EM charge [318] could be detected as they would interact electrically in
terrestrial detectors.

Mixed DM-PBH models. If there exists a particle DM (PDM) candidate on top of a PBH
component, then new constraints appear. The first, trivial, is that both components must share the
total DM density ρDM = ρPDM+ρPBH. There is also a totally non-trivial constraint arising from the
fact that PBHs are early cores of accumulation of PDM [481–483]. The continuous accretion of DM
can even form “ultra-compact mini halos” (UCMHs) around PBHs in the mass range M � 1020 g.
Then, these UCMHs would be the location of very effective DM annihilation and decay, which would
turn them into bright point sources for photons, neutrinos or electrons, just like smaller evaporating
PBHs [484–487]. A PBH+UCMH system would also participate in microlensing events, being a
more efficient lens than a PBH of the same mass if it were alone.

Hence, the PDM parameter space reduces that of PBHs, and vice versa. In fact, the combined
constraints are so tight that PBHs and weakly interacting massive particle (WIMP) DM are mutually
exclusive [488, 489], which has caused the mixed model to be denoted as “All or nothing” [490, 491].
If some subdominant WIMP density exists, then PBHs are excluded as a DM component down to
fPBH ∼ 10−10 depending on the DM mass, which would be—by far—the strongest bound in the
whole M � 1018 g mass range [491]. Of course, if DM is not self-interacting then these limits do
not apply. The complementary interplay with PBH direct emission of DM described in Section 4.5
is negligible for M > M∗.

DM/DR production. The literature about DM and DR production by PBHs is prolific and
is reviewed in the dedicated Sections 4.4 and 4.5.

4.2 Schwarzschild primordial black holes
13In this Section, I discuss in detail the general (hidden) assumptions necessary to obtain the easiest
kind of PBH constraint, that is the γ-ray background constraint.

13This Section is based on my paper “Limits on primordial black holes detectability with Isatis: A BlackHawk
tool” [262].
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4.2.1 A little bit of history

Evaporation of PBHs with emission of photons has been historically the first HR constraint im-
posed on the PBH abundance around M∗. This is the range where HR is the strongest today.
Chapline [492] described the redshifted cosmological photon background from PBHs:

[. . . ] as a continuation of the 3K blackbody spectrum and [rising] slowly to peak at an
energy determined by the smallest black hole mass now existing. [492]

This limit was refined by Page & Hawking in 1976 [423] using their numerical GFs and the 100MeV
measurement of the diffuse background by Fichtel et al. [493]. This energy scale corresponds pre-
cisely to that of the hottest PBHs today, those with M ∼M∗. It yielded a constraint ΩPBH � 10−8;
this “Page-Hawking limit” (PHL) remained the strongest one until recently. Page & Hawking fo-
cused on photons because they are easy to detect. Neutrinos have a greater emission rate (more
d.o.f. and Q1/2 > Q1), and gravitons are not screened by the ISM content, but:

It would be very difficult to detect the gravitons or neutrinos because they have such small
interaction cross-section. [423]

The PHL has not received any new contribution until the MG&W model permitted to compute
precisely the total secondary spectrum of photons [402, 462], with the conclusion that the PHL—
of magnitude closer to ΩPBH ∼ 10−9—excluded PBHs as 100% DM for M � 1016 g. However,
these used the same 1970’s data [493, 494]. In 1992, Overduin & Vesson published an important
paper [495]. It is the first time, to my knowledge, that a general study is made to:

[. . . ] draw together constraints that can be set on an important class of dark matter
candidates; namely, those which are unstable to decay over cosmological timescales, and
whose photon decay products therefore provide a well-defined way to identify their nature.
[495]

DM existence was intuited for a long time, but the only confirmed interactions with normal matter
were of gravitational nature [7]. Therefore, DM could be of a totally elusive nature, preventing its
detection and identification in any kind of experiment. The only hope was that, somehow, DM
had a link with the SM particles. The simplest possibility is that DM decays, and that this decay
involve the simplest form of energy in the SM, photon radiation. This paradigm applies directly to
unstable PDM, and to PBHs that produce (among others) γ-rays via HR, which can be understood
as some kind of progressive decay. Overduin & Vesson based their constraining program on the
newly published “Grand unified photon spectrum” [496], that was a complete recollection of the
diffuse photon background in all wavelengths from long radio to short γ-rays. A state-of-the art of
the DM indirect detection program with this method was given in [497].

The diffuse photon background was definitively improved in the MeV-GeV range by the COMP-
TEL [498] and EGRET [499] instruments. Kim et al. [500] fitted these 0.8MeV−30GeV data
with a power-law and deduced constraints on the integrated photon flux from PBHs of mass
2 × 1013 − 5 × 1014 g. This was refined by [49, 501] for critical collapse mass distributions, and
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[436] who remarked that PBHs cannot be the sole source of background due to different spectrum
power-laws. Modern derivations of this limit include [57, 247, 255, 502–510].

The PHL was adapted to HDBHs in [170, 171, 217, 218, 223, 511]. Adaptation to KBHs is the
object of Section 4.3 while non-standard PBHs are discussed in Section 4.6. The PHL was in fact
derived so much times that it has become difficult to compare the different PBH bounds due to the
great number of different underlying assumptions. This is the subject of the present Section.

4.2.2 General paradigm

PBHs are convenient candidates to explain the elusive DM. However, years of constraints from
various astronomical observations have constrained their abundance over a wide range of masses,
leaving only a narrow window open at 1017 g � M � 1022 g for all DM in the form of PBHs.
This disputed window must be examined with a critical eye, interrogating the general hypotheses
underlying the γ-ray constraints. I review 4 levels of assumptions: i) instrument characteristics, ii)
prediction of the (extra)galactic photon flux, iii) statistical method of signal-to-data comparison
and iv) computation of the HR rate.

As an improvement over previous studies I developed Isatis, a new tool designed for BlackHawk.
I discuss the existing and prospective constraints on the PBH abundance in Section 4.2.4 and
investigate the impact of assumptions i)-iv) in Section 4.2.5. I show that the constraints can vary
by several orders of magnitude, advocating the necessity of a reduction of the theoretical sources of
uncertainties. I then consider an “ideal” instrument in Section 4.2.6 and I demonstrate that the PBH
DM scenario can only be constrained by the direct photon HR phenomenon below Mmax ∼ 1020 g.
The upper part of the mass window should therefore be closed by other means.

Because all BHs evaporate due to HR, losing their mass in a time related to their initial mass by
τ ∼M3, their contribution to DM today implies that their initial mass was more than M∗ � 1014 g.
Ref. [512] returned recently to the PBH accretion problem, arguing that accretion may overcome HR
during the RD era, causing PBHs to grow during this period, so that the mass of PBHs evaporating
just now is reduced from M � 1015 g to M ∼ 1014 g. This justifies that I safely show the constraints
down toM ≥Mmin = 1014 g. PBHs with mass M ∼ 1020 g emit in the keV band; as the mean energy
of HR is inversely proportional to the PBH mass 〈E〉 ∝ 1/M , heavier PBHs M ≥ Mmax = 1020 g
are very hard to see through their photon HR, as will be shown in the following.

During the last years, numerous constraints have been established on the PBH abundance in
the disputed mass range [Mmin,Mmax], with at stake the answer to the question of whether light
PBHs are indeed the elusive DM. What I will henceforth call direct photon constraints are set
by comparing the PBH emission spectrum to some target photon flux [255, 505, 513] (e.g. the
GC), to the stacked isotropic X-ray or γ-ray backgrounds (denoted together as EXGB; this is the
PHL) [247, 503, 509, 514, 515] or to a combination of the two [504, 506, 507]. Indirect photon
constraints as well as other particle backgrounds and other kind of HR constraints are reviewed
above in Section 4.1.

Most of the recent studies now take into account the effect of having a non-zero PBH spin,
which enhances the photon emission and thus results in more stringent constraints for KBHs, or
an extended PBH mass distribution, that should be more realistic regarding the channels of PBH
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formation (see the next Section 4.3). More exotic studies derived constraints on non-standard PBHs
(see Section 4.6).

Photon constraints are handy thanks to several simplifications: photons are massless particles,
thus any PBH mass is compatible with the emission of photons with the corresponding mean energy
〈E〉 ∼ T ; photons travel in straight lines, so their detection does not rely on complex propagation
models; and the detection of photons by all kinds of instruments is a mastered technique that does
not suffer from large measure uncertainties and was already performed accurately in a very wide
range of energies. This is why I focus on photons in this Section. I further restrict the scope of this
analysis to most minimalist SBHs with a monochromatic mass distribution and unclustered spatial
distribution.

As stated above, the fraction fPBH is already strongly constrained in the Mmin − 1016 g range,
leaving small doubt on the possibility that PBHs can constitute all of DM in the low mass part
of the HR window, with constraints robustly set to fPBH < 10−5. However, the high mass range
1016−1022 g has been the subject of multiple studies that claimed exclusion of 100% PBH-DM up to
1017 and even 1018 g (e.g. EXGB constraints in the case of an extended mass distribution of spinning
PBHs [514], see below). The aim of this study is to make quantitatively explicit the underlying
assumptions and approximations, to contextualize the claimed limit validity and to underline the
way they can (or cannot) be compared to each other. This is of utmost importance because not the
whole mass window that is currently scrutinized for 100% PBH-DM is accessible to HR constraints,
as will be demonstrated; extended mass functions that are fitted to the available remaining window
constrain back the fine-tuned PBH formation models (and thus the early universe conditions) used
to derive them; and the robustness of the estimation of the limits can help design optical instruments
that would be sensitive to the most extreme parameter space accessible to HR measures. I regroup
the assumptions into 4 categories, all of which discussed in detail in the following:14

i) instrument characteristics,

ii) computation of the (extra)galactic photon fluxes,

iii) statistical treatment,

iv) computation of the HR.

4.2.3 Basic formulas

The emission rate Qi of a massless particle i with spin si by a SBH is given by Eq. (2.146). The
BH temperature is given by Eq. (2.143), so that when the mass decreases because of evaporation,
the temperature increases. The emission rate is further cutoff at the particle rest mass E > μi,
which is trivial for massless photons. Once the instantaneous emission rates Qi of all particles i
are known, they can be integrated over to obtain the BH mass loss rate in the form of the Page
coefficient (2.150), which then defines the BH evolution equation (2.151). All these quantities are
computed using BlackHawk v2.1.

14The PBH nature (beyond Schwarzschild) and mass distribution, as well as the computation of the GFs and
hadronization branching ratios, belong to the type iv) assumptions.
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I would like to emphasize that the above calculations assume that the Hawking result holds
throughout (most) of the PBH history. They may break down only at the very end of evaporation
t ∼ τ , where τ is the usual BH lifetime, when M ∼ MPl and quantum gravity effects become
relevant. This has no effect on the constraints under discussion. However, it was claimed that the
so-called “memory burden” of BHs [516]—their capacity to store information—can slow down the
evaporation process to extremely low rates or even stop it, within timescales t � τ . If that were
true, the evaporation constraints set by e.g. photon background measurement would be dramatically
alleviated even for SBHs and PBHs of mass M � 1014 g could represent a fraction or all of DM [517].
The same kind of effect arises in some calculations of HR taking backreaction into account [518]. The
survival of M∗ PBHs until today can reversely by used to test these modified HR calculations [519].
Hereafter, I assume that the usual paradigm holds until M ∼MPl.

The quasi-thermal Hawking emission, that I called “primary”, is not the final output of HR.
Most particles in the SM are not stable (weak gauge bosons, charged leptons) or cannot exist
outside confined hadrons (gluons and quarks). The primary emission must be convolved with
analytical or numerical branching ratios to obtain the “secondary” spectra of stable particles that
can be detected in instruments (photons, electrons, neutrinos, protons and their antiparticles). The
secondary spectrum Qj for particle j is then given by Eq. (2.147). In particular, Qγ is the final rate
of emission of direct photons from PBHs, meaning that no interaction with the ISM or with other
astronomical objects has been considered (scattering, absorption...).

Inside BlackHawk v2.1, I use the Python package Hazma [256] for this study, which is relevant
for low energy hadronization and decays (E � some GeV). This package considers that pions are
emitted as fundamental particles instead of single quarks and gluons, and subsequently decayed into
photons and leptons, in accordance with the MG&W model. Hazma, which relies on analytical decay
and FSR formulas, undoubtedly suffers from inherent approximations. I should also implement
Bremsstrahlung effects for emitted charged particles [263] that may dominate at very low energy,
around the keV scale. Using Hazma, Ref. [255] showed that the emission of all the massive particles
(the lightest being the electron) is exponentially suppressed for PBHs with mass M � 1017 g, and
only primary photons, neutrinos and maybe gravitons are radiated. Secondary photons however
dominate the spectrum for PBHs with lower masses, with a mean energy 〈Ẽ〉 well below the PBH
temperature.

In the following, I give the basic formulas for (extra)galactic PBH photon flux computation,
together with a discussion of related type ii) assumptions. Both (extra)galactic contributions are
important because coincidentally, they are of the same order of magnitude at MeV energies for
PBHs right in the relevant HR window M ∼ 1015−1018 g (a fact that was first noted by Ref. [520]).
Low energy photons principally come from the redshifted extragalactic spectrum while high energy
photons originate from the Galaxy [504, 506, 507].

4.2.3.1 Galactic flux

If PBHs represent some fraction of DM, then they are present in the Milky Way halo with some
spatial distribution ρgal(r) (in galactocentric coordinates) which I take as spherical for simplicity.
The photons they emit through HR propagate in straight lines from their origin PBH to Earth.
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Thus, the flux of GC PBH photons received by an instrument on Earth per unit energy, time,
surface and solid angle is [255, 255, 504–506, 513]

dΦgal
γ

dE
=

1

Agal

Jgal
4π

Qγ(E) , (4.5)

where

Jgal ≡ 1

ΔΩ

∫
ΔΩ

dΩ

∫
LOS

ρgal(r(l,Ω)) dl , (4.6)

with ΔΩ the field of view (f.o.v.) considered and Agal ≡ M is the normalisation constant for a
monochromatic mass M distribution of SBHs. Note that this formula could be adapted to any
compact source other than the GC with the relevant surface factor J integrated over the volume of
that source. I remark that the flux depends on the mass distribution of DM in the Milky Way halo
and on the precise location R0 of the Solar System in this halo, contained in the definition of the
line of sight (LOS) [506].

4.2.3.2 Extragalactic flux

PBHs form in the early universe, with a formation time tf related to their initial mass by Eq. (1.17).
Hence, they emit particles via HR during all cosmological eras until today, and this continuous flux
piles up with a dilution factor a(t) = 1 + z(t). The flux on an instrument today per unit energy,
time, surface and solid angle is given by [503, 504, 506, 507, 509, 514, 515]

dΦegal
γ

dE
=

1

4πAegal

∫ tmax

tmin

dt

∫ +∞

0
a(t)Qγ(t, E = a(t)E′) dE′ , (4.7)

with tmin = tCMB for photons, because the universe is opaque to light before that, and tmax =
min(τ, ttoday). The normalization constant for a monochromatic mass M distribution of SBHs is
Aegal ≡ M/ρDM where ρDM ≡ ΩDMρc is the global density of DM today. I remark that the flux
depends on the value of the cosmological DM density fraction, but also on the redshift history of
the universe; I have further neglected the optical depth of the ISM (line absorption of light) apart
from the cutoff at the CMB time in integral (4.7).15

4.2.4 A nomenclature of constraints

Now, I detail how the fluxes (4.5) and (4.7) are compared to different sets of data to derive PBH
abundance constraints. This discussion is quite trivial and cumbersome but I think that it is of
central importance to recall the basics. Altogether, this Section deals with type iii) assumptions.

15A more sophisticated description of tmin could be implemented by an additional factor e−τOD(E,z) where τOD is
the “optical depth” taking ISM interactions into account. This in fact results in a strong cutoff at t = tCMB in the
case of photons [247].
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4.2.4.1 Existing data

The first and very classical method to obtain a constraint on the PBH abundance from HR consists of
directly comparing the predicted flux for some PBH mass and abundance—I recall that I focus here
only on a monochromatic distribution of SBHs—and some set of data measured by an instrument.
Photon data are either presented in a differential (energy or number of events per unit time) or
integrated (total energy or number of events) form, as a function of photon energy. Both should be
equivalent as one does not expect the PBH signal to vary during the time of observation. Then, to
constrain a signal, one can compare the spectrum to each energy bin of the data set, asking that the
PBH photon flux does not overrun the measured flux. One can also consider the whole instrument
energy band and compare the integrated quantities. This is a model independent method, but there
are already two ways to compare the signal to the data, and there remains a choice to make as for the
confidence level (CL) one choses to exclude PBHs at (data, data +σ, data +2σ, ...). One can also
fit the data with some function (from a simple segmented function to a complex analytical formula),
motivated by a physical interpretation or not. This is already a model dependent approximation, as
it infers data in unmeasured energy bins from data in measured ones. One can finally go one step
further, by assuming that some fraction of the measured signal comes from astronomical sources,
as first pointed out by [502] in the context of the PBH constraints from the EGXB. Thus, there
is even less available parameter space for the PBH abundance. This is highly model dependent,
and contains a hidden feedback loop: most astronomical backgrounds are estimated (calibrated)
thanks to the very same data. Furthermore, the data are often “cleaned” using catalogs of identified
point-sources to obtain the diffuse components. This introduces a bias that I have overlooked in the
present analysis: if PBHs are highly “clumped” inside the Galaxy [46, 521–523], they would resemble
point-like sources and be cleaned away in the diffuse component search procedure. Constraints for
clustered PBHs require a dedicated treatment (see e.g. [515, 524, 525]).16

4.2.4.2 Prospective instruments

When data is not yet available in some energy range, one can put a conservative constraint on the
PBH signal by saying that if the prospective instrument designed to explore this particular energy
range is built and measures nothing, then this means that the signal is below the sensitivity of the
instrument, with some CL. When data is already available, it is very complicated to decide what
to do. In fact, the more precise instrument to come can totally revolutionize the measures due to
an error of appreciation of the functioning of the previous ones.17 An independent conservative
constraint would be to predict what sensitivity to a PBH signal some instrument can in principle
reach, assuming that all the signal comes from PBHs or that some (model-dependent) background
is to subtract beforehand. This is quite radical and nobody expects that all the measures taken
by long-time working instruments are to be thrown away. A more reasonable method is to build a
model of background, and to use it to estimate what would be the prominence of the PBH signal
“above” the background (signal-to-noise ratio—SNR— method or χ2 method). This also contains a

16The clustering of PBHs also modifies drastically their merger rate, which was at the center of debates at the
CERN TH Institute “Primordial vs. Astrophysical origin of black holes”.

17See e.g. the different slopes of the EGRET and Fermi-Lat data below.
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Figure 4.3: The different constraint methods. I have restricted the tree to methods we have
encountered in the literature: for existing instruments, “direct data” means that the instrument
data points are used, and “fitted data” that a fit running through the data points is chosen; for
prospective instruments, “direct bckg” means that the data points used as agnostic background,
“fitted bckg” that some fit is used and “full sens” that pre-existing data are ignored and the new
detector maximal sensitivity is used. The designation we use in the text are: “type 1” methods M1

with sub-methods M1
1 and M2

1 for existing instruments; “type 2” methods M2 with sub-methods M1
2,

M2
2 and M3

2 for prospective instruments.

feedback loop: background models are often calibrated thanks to the older instrument data, thus a
deviation from the expected background compensated by a PBH signal would appear as no signal
at all. Once again, the PBH signal and the background can be compared over the whole energy
range or inside each energy bin separately.

4.2.4.3 Summary

One therefore understands that even the simplest data-signal comparison method contains non-
trivial features that complicate the comparison between constraints set with different choices. This
is even worse for the prospective instrument methods as the dependency to the background modelling
is complex. I do not intend here to build a hierarchy of the methods chosen by different authors but
just to quantitatively highlight their differences. Ref. [255] is the first, to my knowledge, to compare
the PBH constraints from different prospective instruments with rigorously the same statistical
method. One must also check that instrument characteristics and theoretical choices for the PBH
flux calculation are coherent from one study to another. I have built a tree in Fig. 4.3 to summarize
the methods described above, restricted to the ones used in the recent literature (examples are listed
in the Appendix of Ref. [262]). Please refer to this tree for all the subsequent abbreviated method
nomenclature.
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4.2.5 A numerical tool: the Isatis program

For the sake of this study, I have designed Isatis, a numerical public tool that relies on the
BlackHawk PBH spectra to compute the constraints with a controlled set of assumptions. The
code is presented in detail in the Appendix of Ref. [262]. The idea is to use BlackHawk to obtain
the direct PBH photon spectrum, and then to derive the constraint on the PBH abundance for
a list of optical instruments, existing or prospective. All constraint assumption types i)-iv) listed
above, with different statistical methods from the nomenclature given in Fig. 4.3 available, can
be modified. Hence, the quantitative individual impact of the assumptions on the PBH direct
photon constraints can be investigated. This allows to compare consistently the constraints from
the literature. Identifying the dominant parameters further gives an insight on where to look for
improvements in the constraints. In this Section, I revisit the literature constraints from GC and
EXGB PBH photon fluxes and examine type iii) assumption impact.

4.2.5.1 Existing instruments

In Fig. 4.4 (left panels), I show the photon flux measured by 4 instruments in the GC direction
(latitude b and longitude l close to 0 in galactocentric coordinates), spanning the 10 keV− 100GeV
energy range: INTEGRAL [526], COMPTEL [526, 527], EGRET [528, 529] and Fermi-LAT [530].18

In the same figure (right panels), I display the EXGB measured by 4 instruments, spanning the
1 keV − 1TeV energy range: HEAO+balloon [533], COMPTEL [534], EGRET [535] and Fermi-
LAT [536] (model A). I also draw various fitting models (see legend), quite accurate in some energy
ranges but unsuccessful in reproducing the whole set of data.19

To obtain the PBH constraints, I must here use method M1. I give the results for the submethod
M1

1 in Fig. 4.5: direct comparison of the signal to the data requiring that

fPBH

∫ EX
up

EX
low

dΦPBH
gal/egal

dE
dE ≤ (EX

up − EX
low) ×

[
dΦX

gal/egal

dE
+CL×ΔΦX

]
, (4.8)

in each energy bin, where the fluxes dΦgal/egal/dE are given by Eqs. (4.5) and (4.7), EX
low/up are

the bounds of the energy bins of instrument X and dΦX
gal/egal/dE (resp. ΔΦX) is the photon flux

(resp. error bar) measured by X and shown in Fig. 4.4. CL is the confidence level, translated in the
number of error bars considered above or below the central value of the data points. I have chosen a
Navarro–Frenck–White (NFW) DM profile [546] with the “convenient” set of parameters from [547]
for the galactic flux, and the standard MD from CMB (t ≈ 1.2×1013 s) to today (t ≈ 4.4×1017 s) for
the extragalactic flux, with ΩDM given by Planck [253]. In Fig. 4.5, I have performed an empirical
power-law fit to the most stringent constraints, with parameters

fPBH ∼ (M (g)/2× 1017)2.8 , (4.9)
18Be careful that the f.o.v. around the GC on which the data has been averaged is not the same for each instrument,

causing probable normalization incompatibilities on that plot.
19Other instruments or models could be easily implemented, such as the background models of [539–541] discussed

in [510] or the Swift-BAT [542], SMM [543] and XMM-Newton [544] instruments. The X-ray sky has been explored
by several more recent instruments, as reviewed e.g. in [545].
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Figure 4.4: Left: GC photon flux measured by INTEGRAL [526] (l ∈ [−30,+30], b ∈ [−15,+15]),
COMPTEL [526, 527] (l ∈ [−30,+30], b ∈ [−15,+15]), EGRET [528, 529] (l ∈ [−30,+30],
b ∈ [−5,+5]) and Fermi-LAT [530] (l ∈ [−30,+30], b ∈ [−10,+10]). For completeness, I
draw the following background models: [531] (dashed), [532] (dot-dashed) and [507] (dotted).
Right: Isotropic extragalactic photon flux measured by HEAO+balloon [533], COMPTEL [534],
EGRET [535] and Fermi-LAT [536] (model A). For completeness, I draw the following background
models: [533] (dashed, black), [537] (dashed, grey), [538] (dot-dashed), [503] (dotted), [507] (solid).
Upper and lower panels show dΦ/dE and E2dΦ/dE. [taken from [262]]
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Figure 4.5: Left: PBH constraints from GC observations of the 4 instruments of Fig. 4.4. For
comparison, I show the limits set by Ref. [513] for INTEGRAL (dashed) and Ref. [255] for COMP-
TEL (dot-dashed), stressing the fact that the statistical method is not the same as here. Right:
PBH constraints from EXGB observations of the 4 instruments of Fig. 4.4. For comparison, I show
the limits set by Ref. [247] (dashed) and Ref. [514] (dot-dashed). Method: Limits from this work
(shaded areas) are computed with method M1

1 using the central values of the Fig. 4.4 fluxes (CL = 0
in Eq. (4.8)). [taken from [262]]

for the GC, which overestimates the results at ∼ 5× 1015 g and{
fPBH ∼ (M (g)/1011)−2 , M � 8× 1014 g
fPBH ∼ (M (g)/8× 1016)3.5 , M � 8× 1014 g

(4.10)

for the EXGB, which can be compared to [266].
As an example, let me now examine the impact of the CL parameter, which takes into account

the error bars of the photon fluxes. This is a type iii) assumption. To do so, i repeat the analysis of
Fig. 4.5 with CL = {−1, 1, 2} (lower error bar, upper error bar and twice the upper error bar), and
present in Table 4.1 the maximum relative discrepancy in fPBH, as compared to the case CL = 0
(central values). Obviously, instruments with large error bars are the most affected: looking at
Eq. (4.8), one easily deduces that an increase of the instrument flux by a factor α results in a
constraint relieved by the same factor α. This is directly shown by the linearity between CL and
the relative increase in fPBH in Table 4.1 (slightly broken for asymmetric error bars). I observe that
the CL parameter can have an impact of up to a factor of a few on fPBH for instruments with very
large error bars.
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instrument −1 0 +1 +2

galactic

⎧⎪⎪⎨
⎪⎪⎩

HEAO+ balloon
COMPTEL
EGRET
Fermi− LAT

−0.68
−0.21
−0.40
−0.10

0
0
0
0

+0.68
+0.21
+0.40
+0.10

+1.36
+0.44
+0.81
+0.20

extragalactic

⎧⎪⎪⎨
⎪⎪⎩

INTEGRAL
COMPTEL
EGRET
Fermi− LAT

−0.08
−0.80
−0.70
−0.24

0
0
0
0

+0.05
+0.80
+1.30
+0.20

+0.11
+1.61
+2.59
+0.40

Table 4.1: Relative maximum increase in fPBH for CL = {−1, 0,+1,+2} relative to the case
CL = 0 for the instruments of Fig. 4.5.

The impact would be exactly of the same kind if the flux data are replaced by some fitting
function: the relative discrepancy in the constraint would be directly proportional to the relative
discrepancy between the data and the fit. On the other hand, an increase of the PBH signal by a
factor α results in a constraint more stringent by the same factor α.

4.2.5.2 Prospective instruments

A large set of prospective instruments, among which AdEPT [550], AMEGO [551, 552], AS-
TROGRAM [553, 554] (results for the AS-ASTROGRAM design [555] are new to Ref. [262]),
GECCO [556], GRAMS [557–559], MAST [549], PANGU [560, 561] and XGIS-THESEUS [562, 563],
are designed to explore the MeV energy range more accurately than previously done with COMPTEL
and EGRET, which will improve both the description of the EXGB and the diffuse GC emission.20

This energy scale is crucial to set constraints on the fraction of DM fPBH in the disputed mass range
1015−1018 g. Data is already available in this energy band, so new instruments will only reduce the
error bars. The total number of photons—background plus PBH signal—observed by a prospective
instrument X is given by [255, 505, 506]

NX
tot = TobsΔΩ

∫ Emax

Emin

AX
eff(E) dE

∫
W (E,E′)

dΦX
tot

dE′ dE′ , (4.11)

where Tobs is the duration of observation, ΔΩ is the solid angle f.o.v., Aeff is the effective area
(which defines the energy band probed, see Fig. 4.6, left panel) and W (E,E′) is a window function
accounting for the finite energy resolution of the instruments. Following the literature, I take this
to be a Gaussian function [565].21 All the useful references concerning these instruments are listed
in Table III in the Appendix of Ref. [262]. I now consider the total photon flux from PBHs, that

20This field is under intense scrutiny right now, and PBH MeV γ-rays are mentioned as one of the chief goals of
the future MeV instruments listed in the γ-ray Snowmass 2021 white paper [564] and PBH white paper [268].

21Inside Isatis, I have ensured that the relative energy resolution of the photon spectra matches at least that of
the instruments, i.e. less than a percent.



122 CHAPTER 4. CONSTRAINTS

10−5 10−3 10−1

E (GeV)

101

102

103

104

105

106

A
e
ff
(c
m

2
)

1014 1016 1018

M (g)

10−13

10−11

10−9

10−7

10−5

10−3

10−1

f P
B
H

AdEPT

AMEGO

eASTROGRAM

AS−ASTROGRAM

GECCO

GRAMS

MAST

PANGU

XGIS− THESEUS

Figure 4.6: Left: Effective area for prospective optical instruments (see text), adapted from
Refs. [255, 506, 548, 549]. I have truncated the effective area of MAST as I am not concerned in
>GeV photons for the PBH mass range probed here. Right: PBH constraints from GC+EXGB
observations using the method M2

2 with the background of [532]. [taken from [262]]

is Φtot = Φgal +Φegal, and the total background flux. Following method M2, the PBH constraint is
obtained by requiring that the SNR stays below some detection threshold

fPBHNPBH√
Nbckg

≤ SNR , (4.12)

where I have separated the PBH and the background contributions to the total photon count. An
alternative method would consist in demanding that this SNR is not attained in any energy bin of
the background. I have checked with Isatis that this results in a relative change of the constraint
fPBH up to a factor of a few.

Most of the difficulty resides in the choice of background. As discussed above, backgrounds are
calibrated to the data and thus automatically contain feedback loops. In Fig. 4.6 (right panel), I
show the PBH constraints obtained by using the same fitted background as Ref. [255] (see [532] for
details), i.e. method M2

2; with SNR = 5, Tobs = 10 yr and ΔΩ = 5o × 5o. The other parameters
follow Section 4.2.5.1. While not reproduced here, I checked that I obtain results very close to
that of Ref. [255] for AdEPT, GECCO and GRAMS (see also [566]), Ref. [507] for AMEGO and
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instrument Ref. [506] data points

AdEPT −0.28 −0.08
AMEGO +0.17 +0.16
eASTROGRAM +0.11 +0.17
AS-ASTROGRAM +0.10 +0.16
GECCO +0.82 +0.72
GRAMS +0.38 +0.43
MAST −0.47 −0.02
PANGU −0.54 −0.02
XGIS-THESEUS +3.19 +3.54

Table 4.2: Relative extremal variation in fPBH when using the same background as [506] or the
central values of the data points compared to the background of [532] for the instruments of Fig. 4.5.

Ref. [506] for XGIS-THESEUS. There are discrepancies with Ref. [505] for GECCO and Ref. [150]
for AMEGO, probably linked to the different statistical treatment. Stranger though are the dis-
crepancies I find with respect to Ref. [255] for AMEGO, eASTROGRAM, MAST and PANGU:
the constraints obtained by [255] reach up to PBH masses that cannot be probed with those 4
instruments; M � 1018 g (corresponding to E � 100 keV) for AMEGO and eASTROGRAM, and
M � 1017 g (corresponding to E � 1MeV) for PANGU and MAST. The present constraints look
more reasonable to this point of view: only the XGIS-THESEUS instrument can probe M up to
several 1018 g, as shown by the effective area plot in Fig. 4.6 (left panel).

As a second example, I explore the effect of the background choice, that is also a type iii)
assumption. In Table 4.2, I display the extremal relative change in fPBH when choosing the same
background as Ref. [506] and the agnostic background consisting of the central values of the data
points (i.e. method M1

2), as compared to the background of [255]. I observe that the choice of
background, for the 3 examples shown, can have an impact up to a factor of a few on fPBH in the
case of the instrument XGIS-THESEUS.

4.2.6 Reverse engineering the Hawking radiation constraints

In the previous Section, I have revisited existing constraints and exposed their robustness relative to
some type iii) assumptions, namely the background choice and the statistical method of comparison
between the PBH signal and data. In this Section, I examine thoroughly all the other assumptions.
Indeed, changing the instrument characteristics at will inside Isatis gives an unprecedented access
to a reverse procedure: what would be the capabilities of an “ideal” instrument if one could fix
arbitrarily all the parameters? Answering this first question carefully could certainly give hints
towards design choices for future instruments. But one can go deeper: whatever be the capabilities
of the instruments, is there a limit to the PBH mass range one can constrain with direct photon
PBH constraints? In other words, can the HR window for all DM into PBHs be closed? If the
answer to this second question is yes, this will certainly weigh in the favor of dedicated instrument
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designs. If it is no, theoretical efforts will need to be pursued to use other kinds of constraints in
the (to be determined) remaining window.

As already stated, for a given PBH mass M , the constraint fPBH(M) for an “ideal” prospective
instrument is impacted by several assumptions regrouped in 4 categories: i) instrument charac-
teristics, ii) uncertainties on the (extra)galactic fluxes, iii) different statistical treatments and iv)
uncertainties on HR. Each of those can then be decomposed into several contributions, that I review
in detail below. I define a test instrument with a given set of technical characteristics, along with
fiducial parameters for the (extra)galactic fluxes and standard assumptions for the HR, and I fix
the statistical method:

i) observation time T obs = 10 yr, f.o.v. ΔΩ = 5o × 5o around the GC, relative energy resolution
ε(E) = 1%, constant effective area Aeff(E) = 103 cm2 for E = 1keV − 1GeV,

ii) standard MD from the CMB to today for the extragalactic flux and ΩDM from Planck [253],
NFW profile for the Milky Way halo with the “convenient” parameters of [547] resulting in
Jgal (cf. Section 4.2.5.1),

iii) statistical method M2
2 (central values of the data points as background) which considered with

point ii) gives dΦbckg/dE, and SNR = 5,

iv) Schwarzschild PBHs with a monochromatic distribution, Hawking primary spectra Qi com-
puted by BlackHawk with the low-energy Hazma branching ratios Bri→j for the secondary
spectra.22

These characteristics result in a fiducial constraint that I denote by fPBH(M). Any modification of
some assumption results in a different constraint fPBH(M) that I parametrize through

fPBH(M) = fPBH(M)

⎛
⎝ ∏

i), ii), iii), iv)

α(param.)

⎞
⎠ (4.13)

where the α’s are the contributions from types i)-iv) assumptions. I detail the mathematical form
of these in the following, and give quantitative results for the modified fPBH thanks to Isatis.

4.2.6.1 Instruments parameters

A direct look at Eqs. (4.11) and (4.12) shows that

α(Tobs) = (Tobs/T obs)
−1/2, and α(Aeff) = (Aeff/Aeff)

−1/2, (4.14)

as the number of photons captured for both the background and the signal is directly proportional
to these quantities. In the limit in which the f.o.v. covers only the desired target, one also has

α(ΔΩ) ∼ (ΔΩ/ΔΩ)−1/2. (4.15)
22In particular, I do assume that the semi-classical HR holds on throughout most of the PBH lifetime, see the

discussion in Sec. 4.2.3.
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Figure 4.7: Modification of the constraint fPBH for Tobs = {1, 100} yr (dashed grey and black),
Aeff = {101, 105} cm2 (dot-dashed grey and black), ε = 10% (solid grey, indistinguishable from the
fiducial) and ΔΩ = {2o × 2o, 10o × 10o} (dotted grey and black) compared to the fiducial set (solid
black). “Test” instruments were implemented inside Isatis to obtain these constraints. [taken
from [262]]

Energy resolutions are overall small and might get smaller in the future as detection techniques
improve, so that the window function in Eq. (4.11) tends towards a Dirac distribution, reducing
the pollution from neighbouring energy bins. Thus, changing the energy resolution should have a
negligible impact α(ε) ∼ 1.

All these estimations are confronted to quantitative results from Isatis in Fig. 4.7. First, I
observe that the fiducial constraint extends up to ∼ 1019 g, because the energy coverage of that
“ideal” instrument goes down to the keV scale. Second, I note that the constraint is close to a
power-law of the PBH mass fPBH(M) ∼ (M (g)/8 × 1018)2, a feature that comes from four facts:
the primary emission peaks at an energy that is proportional to the PBH mass; the number density
of PBH is inversely proportional to their mass; the background fit of [532] is approximately a power-
law; and the fiducial effective area is a constant. The effect of the secondary spectra is somewhat
visible in the slope breaking below 1015 g. The global variations of fPBH compared to fPBH from
the modification of the various parameters has precisely the behaviour expected from Eqs. (4.14)
and (4.15). One verifies that the energy resolution has no visible impact.
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4.2.6.2 Flux parameters

As the column density of the target impacts only NPBH, one can estimate

α(Jtarget) ∼ (Jtarget/Jgal)
−1, (4.16)

The precise impact is obviously more complex depending on the predominance of the target flux
over the diffuse extragalactic flux, which also depends on the energy considered. As seen before,
one expects the target flux to dominate at high energies, constraining low PBH masses, and the
redshifted isotropic flux to dominate at low energies, constraining high PBH masses. In Fig. 4.8 I
show the extremal change in fPBH for different galactic DM profiles:

• the generalized Navarro–Frenk–White (NFW) profile defined by [546, 567]

ρDM(r) = ρc

(rc
r

)γ (
1 +

r

rc

)γ−3

, (4.17)

where the classical NFW is obtained for γ = 1

• the Einasto profile defined by [567–569]

ρDM(r) = ρc exp

{
−2

γ

((
r

rc

)γ

− 1

)}
. (4.18)

Both of these profiles depend on 3 independent parameters: a characteristic density ρc, a charac-
teristic radius rc and a power γ. Even with modern measures, these parameters suffer from large
uncertainties. I use the 68% CL parameters of [567] (Tables II and III corresponding to two baryonic
models B1 and B2) to be as general as possible in Fig. 4.8.23 Spanning the whole 68% CL range
of the parameters results in constraints fPBH varying by 2 (resp. 1) orders of magnitude inside the
same profile and baryonic model for NFW (resp. Einasto) profile; by ∼ 50% (resp. ∼ 1%) from one
baryonic model to the other (B1 or B2) for NFW (resp. Einasto) profile; and by 20% (resp. 30%)
from one profile to the other (NFW or Einasto) for model B1 (resp. B2). The largest variations are
obtained with the generalized NFW profile. I am far from having explored the complete diversity of
the DM halo profiles existing in the literature, but I can already predict that α(gal) ∼ 10−1 − 101.
I do not consider targets other than the GC. Even if the density factor is determined more precisely
in e.g. M31 or DM concentrated dSphs like Draco because they are observed as a whole, it is much
smaller than that of the GC and results in less stringent constraints: 10−2 factor reduction for M31
and Draco [255].

A modified redshift history of the universe or DM density may have a small impact on the time
stacked isotropic spectrum. I have checked that this is negligible regarding the small uncertainties
on the cosmological parameters for the recent universe (after the CMB), resulting in α(egal) ∼ 1.

23Refs. [255, 567] use the incredibly precise radius of the Sun orbit R� = 8.122±0.031 kpc recently obtained by the
measurement of the orbit of S2 [570], which differs from the older “convenient” value of [547]. Ref. [255] further uses
the central values of the NFW profile of Table III and maximizes the density parameter Jgal for the Einasto profile
with the 68% CL values of Table III.
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Figure 4.8: Modification of the constraint fPBH for different galactic profiles, compared to the
fiducial case (solid black line). Left: fPBH for a generalized NFW profile. Right: fPBH for a
Einasto profile. Dashed (dot-dashed) black lines correspond to the central values of the parameters
of [567] and baryonic model B1 (B2); shaded blue (red) areas correspond to a complete span of the
68% CL range for all the parameters for model B1 (B2). [taken from [262]]

4.2.6.3 Statistical treatment

As the photon background only affects Nbckg, I have already concluded in Section 4.2.5.2 that

α(bckg) =

(
dΦbckg

dE
/
dΦbckg

dE

)1/2

, (4.19)

within method M2. The different choices of backgrounds for prospective instruments in Table 4.2
result in α(bckg) ∼ 0.5 − 3 at most. This impact is completely equivalent to that of changing the
CL parameter inside method M1

1, as shown by Table 4.1. On the other hand, the SNR is directly
proportional to fPBH, thus

α(SNR) = (SNR/SNR)1. (4.20)

As paper [262] was finalized, I became aware of Ref. [510], where the constraints from the EXGB are
revisited with data from instruments different from those presented in Fig. 4.4. The contribution
from the GC is included, as well as Hawking radiated electron-positron annihilation. Ref. [510] takes
into account astrophysical contribution to the diffuse photon flux in order to obtain more stringent
constraints on the PBH abundance, thus using what I denoted in the tree 4.3 as method M2

1. They
obtain constraints more stringent by 2 orders of magnitude in the mass range 1015−1017 g. Ref. [508]
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also came out, which takes into account the precise spatial distribution of the GC signal in fitting
the PBH signal, an effect that I overlooked here by averaging over the Galactic bulge.

4.2.6.4 Hawking radiation

Last but not least, there are uncertainties related to the very computation of the PBH HR spectra.
These only affect NPBH in Eq. (4.12), thus I predict

α(Qγ) = (Qγ/Qγ)
−1, and α(Bri→γ) =

(
Bri→γ/Bri→γ

)−1
. (4.21)

The uncertainties on the primary emission rates for Schwarzschild PBHs are directly related to the
tables contained inside BlackHawk, which have been confronted to the literature with an accuracy
of less than a percent, such that α(Qγ) ∼ 1.

There could be large uncertainties in the branching ratios computed by the particle physics
codes. At very high energy E � TeV BlackHawk relies on HDMSpectra [258], in the documentation
of which is explained that the precise treatment of the EW cascades can alter the branching ratios
into photons by several orders of magnitude compared to PYTHIA. This has not yet been confronted
to accelerator data. At LHC energies E ∼ GeV − TeV, BlackHawk relies on PYTHIA [248] or
HERWIG [254] with good correspondence to the data, even with the QCD uncertainties [571].24 At
low energies E � GeV, BlackHawk relies on Hazma [256], which is also based on accelerator data,
but does not take into account e.g. the Bremsstrahlung radiation of charged particles specific to
PBH radiation [263] which should dominate at the keV scale. The choice of the QCD scale ΛQCD

at which pions are emitted as primary particles and of the dynamical rest masses of the quarks and
gluon introduces further uncertainties (see [228] for a recent discussion). Ref. [258] showed that
the branching ratios for “low final energies” E/e � 10−4 in Eq. (2.147) as computed with PYTHIA

(and thus HDMSpectra) suffer from order-of-magnitude uncertainties linked to the difficult tracing
of EW cascades on such stretched scales. Hence, I conclude that even with very precise primary
spectra, the secondary spectra (integrated over primary energies from all scales) are associated with
an order-of-magnitude possible variation from all these codes α(Bri→γ) ∼ 10−1 − 101.

4.2.6.5 Summary

Summarizing the results from this Section, I recollect that compared to the fiducial case fPBH, the
value of the PBH constraint for all masses can vary within each set of assumptions:

i) α i) = α(Tobs) × α(Aeff) × α(ΔΩ), with extremal values αmin
i) ≈ 8 × 10−4 for Tobs = 100 yr,

Aeff = 105 cm2 and ΔΩ = 4π and αmax
i) ≈ 80 for Tobs = 1 yr, Aeff = 10 cm2 and ΔΩ = 2o× 2o,

ii) α ii) ≈ α(gal) with extremal values αmin
ii) ≈ 0.1 and αmax

ii) ≈ 10 for the NFW profile,

iii) α iii) = α(bckg) × α(SNR), with extremal values αmin
iii) ≈ 0.1 for SNR = 1 and αmax

iii) ≈ 6 for
SNR = 10,

24Updated estimates of the QCD uncertainties will be released soon [572]; for an application of those to DM searches
see e.g. [573].
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Figure 4.9: Schematic PBH constraints for all extremal assumptions αtot (light grey area) and
with only the extremal fiducial instrument characteristics α i) (dark grey area), compared to the
fiducial case (dark solid line). [taken from [262]]

iv) α iv) ≈ α(Bri→γ) with extremal values α iv) ≈ 0.1 and α iv) ≈ 10.

Overall, I obtain

8× 10−7 � αtot � 4.8× 104 , (4.22)

with all the sources of uncertainties and

10−3 � α ii) × α iii) × α iv) � 6× 102 , (4.23)

if I restrict to the fiducial instrumental parameters, which is still, as we say in French, une sacrée
fourchette—a very large span—as it runs over 11 orders of magnitude for αtot and 5 orders of
magnitude for α ii)− iv). The extremal constraints are schematically shown on Fig. 4.9. The 100%
PBH-DM scenario is excluded up to M ∼ 1020 g in the most favorable case but the open window goes
down to M ∼ 1017 g in the less favorable one. Of course, the extremal values of the (independent)
uncertainties ii)-iv) are presumably not attained at the same time, but nevertheless one sees that
PBH constraints from direct HR of photons are still highly model dependent due to several sources of
uncertainties. I conclude that modifying the prospective instrument characteristics allows to close
the M � 1020 g window, but I also note that the slope of fPBH is nearly vertical in this region; I
discuss this last feature below.
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4.2.7 Very low energies

I observe on Fig. 4.9 that the constraint fPBH saturates at high PBH masses. This is due to the
exponential cutoff of Qγ and thus of dΦPBH/dE at energy E � Emax ∼ TPBH ≈ 1 keV(M/1019 g)−1

for Schwarzschild PBHs. Hence, as my description of the background and of the secondary photon
spectrum is limited to this keV lower energy bound in this study, I cannot obtain fPBH atM � 1020 g.
Increasing the capabilities of the prospective “ideal” instrument would only make the constraint
steeper at M ∼ 1020 g. Thus, pushing the PBH constraint on direct photon emission up to lower
energies and thus higher PBH masses, with the aim of constraining the whole (yet) open window
M ∼ 1018 − 1022 g for all DM into PBHs, would require both precise background description at
E ∼ 10−1000 eV and precise particle physics codes to compute EM showers down to the eV energy
range. One can suppose that the primary spectrum dominates below the keV scale as the emission of
all particles except for photons, neutrinos and gravitons is exponentially suppressed at M � 1017 g.
However, this energy range falls down right in the (very) far UV band (λ ∼ 10 − 1000Å). To my
knowledge, this band is not yet covered within a precise all-sky (resp. GC) survey that would give
an access to the isotropic (resp. GC) component of the background. The GALEX [574] (and future
UVEX [575]) instruments are sensitive only starting above λ ∼ 1000Å.

Suppose that one extrapolates the “ideal” instrument capabilities, the PBH HR rates and the
GC+EXRB background down to the eV energy scale: dΦbckg/dE ∝ E−2 and Aeff(E) = Aeff(E)
at E = 10 − 1000 eV. For the fiducial values of the parameters i)−iv) I obtain fPBH ∼ 106 at
M = 1022 g. Closing the window for all DM into PBHs with direct photons would then require
to increase the capabilities of our “ideal” instrument by a factor 106 (or reduce fPBH by a factor
10−6), which is unrealistic as αmin

i) = 8× 10−4 is already technically challenging. Plus, I expect the
spectrum of light at these wavelengths to be overcrowded by astronomical sources (see e.g. Fig. 2
of [575]), further increasing the amelioration factor needed to obtain fPBH ∼ 1 at M = 1022 g. Thus,
I conclude that the window for all DM into PBHs cannot be closed by direct photon detection from
PBH evaporation.25 Complementary constraints, relying on complex modelling, are thus needed:
dynamical capture by or microlensing of stars (see the review by [285]), rare collisions with solid
objects [576] or GRB lensing [577].

4.2.8 Conclusion

In this Section, I have computed the photon emission spectrum by HR of monochromatic SBHs. I
restricted the study to the direct photons resulting from the primary emission of photons and the
secondary emission resulting from EM interactions or decay of other primary particles. I obtained
the flux on Earth of photons coming from the GC plus the isotropic redshifted emission from past
ages. I identified all the assumptions underlying the computation of this flux and ended up with a
clear nomenclature of the constraining methods Mj

i , classifying existing and prospective constraints.
Then, I used Isatis, a new public tool available inside BlackHawk to examine quantitatively how

the constraints presented in the literature depend on those assumptions, regrouped in 4 categories:

25Note that Ref. [509] concludes similarly to impossible detection of direct 21 cm radio photons at μeV scale and
PBH masses 1017 − 1028 g, see also Appendix B.2.1.
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i) instrument characteristics, ii) (extra)galactic flux description, iii) statistical method used and iv)
HR uncertainties. I have shown that, for a given instrument design i), the constraint on the DM
fraction into PBHs fPBH(M) can span up to 5 orders of magnitude due to uncertainties ii)-iv).

This has a direct impact on the size of the current and prospective available window for the 100%
PBH-DM scenario and questions the robustness of the current constraints. I underline the necessity
of more precise galactic photon background and HR determination, especially at low energies where
high mass PBH constraints could close the remaining window. I emphasize that the very validity
of the semi-classical computation of HR assumed throughout the study, that could be included as
one of the iv) uncertainties, is a fundamental basis of the whole work.

Finally, I have examined to what extent a prospective “ideal” instrument could constrain fPBH <
1 from (currently) M ∼ 1018 g up to Mmax ∼ 1020 g by “reverse engineering” Isatis. I conclude that
even if instrument characteristics i) allow for another 5 orders of magnitude variation of fPBH(M),
above Mmax, direct photon constraints are not effective anymore so that complementary constraints
should be developed instead. I refer the reader to Section 4.1 for other means of constraining the
PBH abundance in this mass range.

There are numerous ways to build up on this study and improve Isatis. First, I have only
considered Schwarzschild PBHs, but some EMDE models predict PBHs born with high spin, which
would increase their photon yield and result in more stringent constraints; this is the subject of next
Section 4.3. Non-standard BH solutions, e.g. derived from effective loop quantum polymerization,
also predict very different photon spectra; this is the subject of Section 4.6. Deviations from the
semi-classical HR computation at mass scales greater than the Planck scale could also be explored.
Second, I have considered a monochromatic mass distribution, which is obviously unrealistic and
could be refined within a specific PBH formation model. The main effect is to “spread” the con-
straints towards higher and lower PBH masses due to the high and low mass tails of the distribution
under consideration, as shown also in Section 4.3. Third, I have computed the direct photon spec-
trum from instantaneous HR, but I could go further and obtain the indirect photon spectrum after
model dependent interactions of direct photons or electrons/positrons with the ISM [510]. One
last possibility is to constrain PBHs through their (in)direct electron/positron, neutrino, graviton
or (putative) DM particle yield. Some unpublished work has been pursued in order to reproduce
the constraints of e.g. [411–413, 442] with an extended version of Isatis. Including the neutrino
secondary spectra inside Hazma would allow for great improvement [415]. Finally, I have assumed
that PBHs are not clustered when examining the Galactic constraints, but are rather smoothly
distributed following the halo density function. Clustered PBHs would appear as point-like sources
and would require a suited search.

4.3 Kerr primordial black holes – γ-ray constraints
26In this Section I present the constraints obtained for KBHs. Before BlackHawk was released, the
KBHs constraints were almost unexplored. As discussed in Section 2.2, KBHs were at first of interest

26This Section is based on the paper “Constraining primordial black hole masses with the isotropic gamma ray
background” [514] I wrote with A. Arbey & J. Silk.
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mainly because they could be unstable due to superradiance and the “BH bomb” effect [93, 244, 578],
that is the capacity of bosonic resonant scattering around BHs that would extract energy and angular
momentum from KBHs until they totally disappear (stimulated emission). The GFs of KBHs were
computed numerically by Page at the same time as the SBH and the RNBH [120], but they were
not used to constrain PBHs at that time. Following the corresponding discussions in the previous
chapters, I believe that is due to two main reasons:

• in the RD era, PBHs are supposed to be born with low spin;

• even if born with high spin, PBHs were (are) thought to lose their angular momentum faster
than their mass.

It is striking to see that in the analytical study by Carter et al. [111], often cited to support the
second argument, it is not proven that PBHs should lose their spin faster than their mass, but in
fact at more or less the same rate. This is later supported by the Page numerical calculation of
the KBH GFs and the associated Page coefficients [120]: PBHs initially near extremal still exhibit
a strong angular momentum at ∼ 50% of their lifetime; that is to say, PBHs with initial mass
M �M∗ that have strong HR rates but that have lifetime τ 	 t0 the age of the universe may still
have a strong spin today (recall that τ ∝M3). This was further numerically studied by Chambers,
Hiscock and Taylor [226, 227] that showed additionally that if numerous BSM scalar d.o.f. exist,
then a PBH could stabilize its angular momentum at a non-zero value a∗eq ∼ 0.5. I studied the
former point with BlackHawk in [236], whereas the latter point has been confirmed very recently by
Calza et al. [228] using modern computation means (see the discussion in Section 2.7).

Besides, PBHs could either be formed highly rotating, e.g. during an EMDE [65, 66] (see Sec-
tion 1.3.3), or they could acquire spin by subsequent accretion [69] or mergers [70, 579]. Thus,
observational limits linked to the spin of PBHs give a unique probe of non-standard inflationary
models and binary evolution. The accretion mechanism is further motivated by the observation of
stellar [580] and supermassive [581] BHs by X-ray emission, showing that they indeed have very
high spins. Even if the formation mechanism disfavors spinning PBHs, statistically some of them
could be highly rotating [68]. The spin measurement will become more and more precise with future
detectors [582].

Finally, the near-extremal spin of PBHs may stabilize them against evaporation, making M <
M∗ PBHs candidates for DM. This speculative thought is motivated by the fact that even if HR rates
increase with increasing spin parameter a∗, they should drop to 0 somehow at a∗ = 1. Continuity
arguments thus suggest that PBHs with a∗ very close but smaller than 1 should have negligible
evaporation.27

All these arguments show that dedicated studies for spinning PBHs are needed. To my knowl-
edge, the GFs of KBHs were used to constrain their abundance relatively to the HR effect only in
two papers before BlackHawk was released: Ref. [199] computed the high-frequency GW background
from small PBHs evaporated in the early universe, and Ref. [71] evaluated the contribution of BSM
d.o.f. evaporated by small rotating PBHs to ΔNeff . In this Section, I discuss an extension of the

27This is a work in progress with A. Arbey and J. Silk. Numerical and analytical exploration shows to this date
no decrease of the evaporation rate, even if some kind of saturation is observed at a∗ = 0.9999.
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PHL to KBHs, and in Section 4.4 I show how precision calculation with BlackHawk refines the ΔNeff

constraints. Since BlackHawk was released, many recent studies took advantage from its numerical
GFs to (re-)evaluate PBH constraints for spinning PBHs, as shown in Appendix A.2.

I present an extension of the constraints on PBHs of masses M ∼ 1013 − 1018 g arising from
the EGXB. PBHs evaporate by emitting HR that should not exceed the observed background.
Generalizing from monochromatic distributions of SBHs to extended mass functions of KBHs, I
show that the lower part of this mass window can be closed for near-extremal BHs. If the PBHs
were sufficiently numerous, that is to say if they contribute to a large fraction of DM, HR from
PBHs may be the source of observable background radiation. In this study, I update the constraints
on the number density of PBHs by observations of the diffuse EGXB (see the discussion above
in Section 4.2), taking into account the latest Fermi-LAT data [536] and, as new parameters, the
spin of PBHs and extension of the PBH mass function (in the case of a log-normal distribution).
The assumption is that part of the EGXB comes from the time-stacked, redshifted HR produced
by evaporating PBHs distributed isotropically in the extragalactic universe. Those PBHs must
have survived at least until the epoch of CMB transparency for the HR to be able to propagate
in the intergalactic medium. This sets the lower boundary on the PBH mass Mmin ∼ 5 × 1013 g.
Furthermore, the HR peaks at an energy which decreases when the PBH mass increases. This sets
the upper boundary for the PBH mass Mmax ≈ 1018 g as the EGXB emission does not constrain
the photon flux below 100 keV.

4.3.1 Basic formulas

BHs emit radiation and particles similar to blackbody radiation with a temperature linked to
their mass M and spin parameter a ≡ J/M ∈ [0,M ] (J is the BH angular momentum) through
Eq. (2.142). The number of particles Ni emitted per unit energy and time is given by Eq. (2.146).
For KBHs, the total energy of emitted fields in that equation is E′ ≡ E −mΩ, taking into account
the BH horizon rotation velocity Ω ≡ a∗/(2r+), where a∗ ≡ a/M ∈ [0, 1] is the reduced spin pa-
rameter and m ∈ {−l, ...,+l} is the projection of the particle angular momentum l = {s, s+ 1, ...}.
The GF values of BlackHawk v1.2 were used in this study.

This emission can be integrated over all energies to obtain equations (2.151) for the evolution
of both PBH mass and spin. There are two main effects coming from the PBH spin that play
a role in the EGXB constraints. Firstly, a Kerr PBH with a near-extremal spin a∗ � 1 radiates
more photons than a Schwarzschild one (a∗ = 0). This is due to the coupling between the PBH
rotation and the particle angular momentum for high-spin particles, linked to the phenomenon of
superradiance [119, 128, 224]. One thus expects the γ-ray constraints to be more stringent due
to the more important photon flux. Secondly, a near-extremal KBH will evaporate faster than a
SBH with the same initial mass due to this enhanced HR (see Fig. 2.18). Moreover, the photon
peak emission of KBHs is located at higher energies than the SBH one (see Fig. 2.14). These two
effects mimic the radiation of a PBH with zero spin and smaller mass. Hence, one expects that
the constraints for KBHs will be shifted toward higher PBH masses when the initial reduced spin
parameter a∗i increases. Their amplitude in not trivial to forecast.
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Figure 4.10: The EGXB as measured by HEAO-1+balloon, COMPTEL, EGRET and Fermi-LAT
missions [28, 247, 536, 583]. The Fermi-LAT0 marks correspond to the 1st year results and the
Fermi-LATA,B,C marks to 6-year measurements. [taken from [514]]

4.3.2 Isotropic γ-ray background

Many objects in the universe produce gamma rays, such as Active Galactic Nuclei and GRBs [536].
The EGXB is the diffuse radiation that fills the intergalactic medium once all point-sources have
been identified and removed from the measured photon flux. This background might come from
unresolved sources, or more speculatively from DM decays or annihilations. Fig. 4.10 shows the
EGXB measured by four experiments (HEAO-1+balloon, COMPTEL, EGRET and Fermi-LAT)
over a wide range of energies between 100 keV and 820 GeV.

If one considers the simplifying hypothesis that DM is distributed isotropically at sufficiently
large scales, then its annihilations/decays should produce, at each epoch of the universe since
transparency, an isotropic flux of photons. Thus, the flux measured along some LOS should be the
redshifted sum over all epoch emissions. In the case of PBH HR and following Carr et al. [28, 247,
583] I estimate the photon flux at energy E to be

I ≡ E
dF

dE
≈ 1

4π
nPBH(t0)E

∫ tmax

tmin

(1 + z(t))Qγ dt , (4.24)

where nPBH(t0) is the number density of PBHs of a given mass M today, z(t) is the redshift and the
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time integral runs from tmin = 380 000 yr at last scattering of the CMB to tmax = max(τ(M), t0)
where τ(M) ∼M3 is the PBH lifetime and t0 is the age of the universe. As the universe is expanding,
the number density of PBHs evolves as (1 + z(t))−3, and the energy of the emitted photons evolves
as (1 + z(t))−1. A last factor (1 + z(t)) comes from the change of integrand variable from the LOS
to the present time. At t > tmin, the universe expansion is dominated by the matter component so
that

z(t) = (H0t)
−2/3 − 1 , (4.25)

with H0 the Hubble parameter today, given e.g. by Planck [253].
The HR emission spectrum Qγ depends on the PBH mass and spin, and thus also on time

as these quantities evolve through Eqs. (2.151). I also note the possibility that PBHs might be
clustered at formation, leading to point-like γ-ray sources and anisotropic spatial distribution. An
unknown part of the resolved point-like sources of Fermi-LAT could be composed of small PBHs
emitting HR [525], but these are removed from the EGXB, thus evading the constraints set here.
The anisotropic Galactic γ-rays from PBHs have not been included in this study, and data are
compared to the background with method M1

1 from Fig. 4.3. For other sources of uncertainties, see
the detailed discussion in Section 4.2 above.

4.3.3 Monochromatic distribution

Ref. [514] used BlackHawk v1.2 to compute the HR and the PBH evolution. I consider first
monochromatic PBH distributions of masses comprised between Mmin = 1013 g and Mmax = 1018 g
and initial spin parameters between a∗min = 0 and a∗max = 0.9999, and compute the integral of
Eq. (4.24) over the redshift (matter-dominated era). The result of the integral is compared to the
measured EGXB and the maximum allowed value of the present PBH number density nPBH(t0)
at a given PBH mass M is found, with a conservative approach taking into account the most
stringent constraints (e.g. Fermi-LATC at E = 1GeV). The corresponding limit on the DM frac-
tion fPBH constituted of PBHs of mass M is obtained through nPBH(t0) = fPBHρDM/M , where
ρDM ≈ 0.264× ρtot ≈ 2.65× 10−30 g·cm−3 is the current average DM density in the universe [253].
If the maximum allowed fraction fPBH is greater than 1, I set it to 1 in order not to exceed the
observed DM density, meaning that the EGXB does not constrain fPBH for the given PBH mass.

Fig. 4.11 shows the resulting constraints for the DM fraction fPBH in PBHs of mass M for
initial spins a∗ ∈ {0, 0.9, 0.9999}. First, one checks that the a∗ = 0 constraints are comparable
with those of [247]. The present results do not exhibit the feature just after the peak linked
to primary/secondary photons domination explained in [247] because the secondary spectrum is
numerically computed for all PBH masses. As a consequence, the peak is smoothed out. The
“shifting effect” of the constraint toward higher masses as the initial PBH spin parameter a∗ increases
is manifest. This is due to the fact that KBHs with high initial spin evaporate faster. Thus, in
order to have the same kind of HR time-distribution as a SBH, the PBH must have a higher initial
mass. However, this is not accompanied with a more stringent constraint linked to the enhanced
emission for KBHs. I understand this as follows: PBHs with a higher mass emit photons at lower
energies (cf. the temperature-mass relation (2.142)); and the slope of the EGXB is steeper than that
of integrated HR [436]. The two effects approximately cancel. The main result is that if PBHs have
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Figure 4.11: The new EGXB constraints on the DM fraction fPBH in form of PBHs, for monochro-
matic distributions of PBHs of mass M and initial spins a∗i ∈ {0, 0.9, 0.9999}. Color shaded regions
are excluded. For comparison, the result of Carr et al. [247] (a∗i = 0) has been superimposed as a
gray line. [taken from [514]]

a high initial spin parameter a∗ � 1, the “small-mass” window 1017−1019 g can be reduced by up to
almost one order of magnitude on its lower boundary, giving a narrower window of 6× 1017− 1019 g
for all DM into PBHs.

4.3.4 Extended distribution

I also obtained constraints for extended mass functions to study the effects related to the width of
a peak in the PBH mass distribution. The history of extended PBH distributions is more complex
than that of spinning PBHs. Historically, as discussed in Section 1.3.2, PBHs were believed to form
naturally with an extended spectrum, while monochromatic distributions were used only because
analytically simplifying. Conversion from monochromatic constraints back to some extended distri-
bution was then necessary to apply the constraint to some specific PBH model. However, a simple
conversion from monochromatic to extended mass functions is not analytically trivial. I thus derive
the constraints by computing the full Hawking spectra associated to the PBH distribution. In other
recent studies, the Carr et al. [56] method is sometimes used, or people benefit from the capability
of BlackHawk to generate directly the full HR spectrum of extended distribution.
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Figure 4.12: Examples of log-normal distributions (4.26) for values of σ ∈ {0.1, 0.5, 1}. The
amplitude is A = 1 and the central mass is Mc = 3× 1015 g for all distributions for clarity. [taken
from [514]]

I considered extended mass functions of log-normal form

dn

dM
=

A√
2πσM

exp

(
−(ln(M/Mc))

2

2σ2

)
, (4.26)

i.e. a Gaussian distribution in logarithmic scale for the mass density. A is some amplitude, linked to
the fraction of DM into PBHs. This distribution is normalized to 1 if A = 1. To compute the spectra,
the BlackHawk_tot program was used with 10 different PBH masses scanning the whole peak width.
I remain agnostic about the origin of this extended mass distribution: the log-normal distribution
can accommodate a wide range of PBH formation mechanisms [55]. To test these distributions, I
have scanned Mc the mean of the Gaussian distribution ranging from 1013 g to 1018 g, and its width
σ ∈ {0.1, 0.5, 1}. Fig. 4.12 shows examples of these distributions for Mc = 3× 1015 g.

Eq. (4.24) must be modified to obtain the fraction for an extended mass function, and use formula
Eq. (2.148) for the primary flux. The fraction of DM in form of PBHs is obtained by maximizing
the flux (increasing the normalization constant A) while respecting all the EGXB constraints

fPBH ≡ ρPBH

ρDM
=

A

ρDM

√
2πσ

∫ Mmax

Mmin

exp

(
− log(M/Mc)

2

2σ2

)
dM . (4.27)

Even if the EGXB constraints valid at M ∼ Mc prevent A from exceeding its maximum value
when σ → 0 (monochromatic distribution), one expects that when the distribution width σ in-
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Figure 4.13: a. The same monochromatic plot as Fig. 4.11 for comparison (here M∗ → M is
the monochromatic mass). b., c., d. The EGXB constraints on the DM fraction fPBH in form
of PBHs, for distributions of PBHs of initial spins a∗ ∈ {0, 0.9, 0.9999} following Eq. (4.26), with
central mass M∗ → Mc and widths σ ∈ {0.1, 0.5, 1}. Color shaded regions are excluded. [taken
from [514]]
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creases, monochromatic EGXB constraints from M � Mc and M � Mc will become more and
more important, thus limiting A. On the other hand, if σ increases, the full distribution integral
that contributes to the DM fraction fPBH increases as well because of the M � Mc and M � Mc

contributions. The competition between the two effects is difficult to forecast.
Fig. 4.13 (panels b, c and d) shows the constraints for distribution widths σ ∈ {0.1, 0.5, 1}

(respectively) and a∗ ∈ {0, 0.9, 0.9999}. There are 3 kinds of observations to be considered:

1) For a fixed PBH initial spin a∗, when the width of the distribution σ increases, the excluded
region widens. This effect is sensible when σ � 0.5. This can be interpreted as follows. When
the PBH distribution is sharp, that is to say when their number density is concentrated in
the central part M ∼Mc of the distribution, then only the HR emitted by these central mass
PBHs comes into play when applying the γ-ray constraints, the rest being negligible. Thus
the constraints on fPBH look very much like the monochromatic limit. When the distribution
gets wider, the number density of PBHs is spread over M � Mc and M � Mc and these
high- and low-mass PBHs (compared to the central value Mc) contribute more and more to
the γ-ray emission as σ, the width of the distribution, increases. As the constraints are most
severe for M∗ ∼ 1015 g, wide distributions centered on Mc �M∗ and Mc 	M∗ for which the
M ∼M∗ contribution is still important are severely constrained. At high σ, this extends the
excluded region to Mc � M∗ and Mc 	 M∗ and closes the 1017 − 1018 g window for all DM
made of PBHs;28

2) For a fixed PBH initial spin a∗, when the width of the distribution σ increases, the constraint
on fPBH at the peak M∗ becomes less stringent. This is easily explained as follows. For a
distribution peaked at M∗, the HR emitted by the PBHs of mass M ∼ M∗ are the one that
constrain the most the authorized total amplitude of the mass distribution. Thus, adding
PBHs with M �M∗ and M �M∗ to the distribution does not result in new constraints, but
the total density of PBHs integrated over the full distribution, and so the total fraction fPBH

of DM into PBHs increases;

3) For a fixed width of the distribution σ, when the initial spin a∗ of the PBHs increases, the
constraints are shifted toward higher central masses while being slightly more stringent. This is
coherent with the results of Fig. 4.13 (panel a) for the monochromatic distributions presented
in the previous section.

The oscillatory feature present on the constraint curves at M ∼M∗ is a numerical artifact due
to the discrete evaluation of the PBH mass distribution. Taking the convex hull of each shaded
region should give a more robust conservative constraint.

One can sum up these observations in the following way. For an extended PBH mass function,
the overall constraint comes from the PBHs evaporating today in this distribution with initial mass
M ∼ M∗. Distributions centered away from M∗ are more and more constrained as the tail of the
distribution is important at M∗: fPBH decreases as σ increases because the maximum value of A
decreases. Distributions centered close to M∗ are not much more constrained when the distribution

28This is precisely the effect predicted by [49].
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expands, the maximum value of A remains the same: fPBH increases as σ increases because the
distribution integral increases. The very same effects can be observed e.g. in the right panel of
Fig. 2 of [442] and on subsequent literature on extended mass distributions; see Appendix A.2.

With an extended mass function and no spin, the small mass window for all DM into PBHs
reduces to 2× 1017− 1023 g, and the addition of a nearly extremal spin parameter shrinks it further
to 1018 − 1023 g, that is to say a loss of one order of magnitude compared to the previous zero spin
monochromatic distributions.

4.3.5 Conclusion

In this study, I have updated the EGXB constraint on PBH evaporation for monochromatic SBH
distributions, using the latest Fermi-LAT data and the public code BlackHawk. This has resulted in
enhancing the constraint on the masses of presently evaporating PBHs, and reducing the constraint
on M∗ ∼ 1015 g. The main result is the extension of the EGXB constraint from Schwarzschild to
Kerr PBHs, and from monochromatic to extended mass functions. I have shown that increasing the
initial spin parameter a∗ of PBHs to near extremal values can close the mass window 1017 − 1018 g
(where PBHs could still represent all of the DM). I have also demonstrated that extended mass
functions can allow a greater fraction of DM in the form of PBHs when they are centered close
to the strongest monochromatic constraint M∗, while they are more severely constrained when
centered away from this peak. In this case, the allowed mass window can be reduced even with
Schwarzschild PBHs. This study would greatly benefit from the new BlackHawk tool Isatis, which
can rapidly compare the constraints from different PBH distributions. Indeed, the above study
depicted in Section 4.2 has focused on monochromatic SBHs. The PBH spin and mass distributions
could be implemented as type iv) assumptions in that study, stretching further the error bars on
Fig. 4.9. Numerous studies now use the extended spin and mass distributions of BlackHawk to
compute refined PBH HR constraints, as listed in Appendix A.2.

4.4 Kerr primordial black holes – dark radiation constraints
29I present now precision calculations of DR in the form of gravitons coming from Hawking evapora-
tion of spinning PBHs in the early universe. This is a precision study of HR of PBHs prior to BBN,
incorporating a careful treatment of extended spin distributions of a population of PBHs, the PBH
reheating temperature, and the number of relativistic d.o.f. I compare these precision results with
those existing in the literature, and show constraints on PBHs from current bounds on DR from
BBN and the CMB, as well as the projected sensitivity of CMB Stage 4 experiments (CMB-S4). As
an application, I consider the case of PBHs formed during an EMDE. I calculate graviton production
from various PBH spin distributions pertinent to EMDEs, and find that PBHs in the entire mass
range up to 109 g will be constrained by measurements from CMB-S4 experiments, assuming PBHs
come to dominate the universe prior to evanescence. I also find that for PBHs with monochromatic
spins a∗ > 0.81, all PBH masses in the range 10−1 g < MBH < 109 g will be probed by CMB-S4.

29This Section is based on the paper “Precision calculation of dark radiation from spinning primordial black holes
and early matter-dominated eras” [584] I wrote with A. Arbey, P. Sandick, B. Shams Es Haghi & K. Sinha.
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4.4.1 General paradigm

The spin of the PBH population depends on the equation of state of the universe at their formation,
as does the mass distribution (see Section 1.3). During the last two decades, constraints were placed
on a wide range of PBH masses, assuming Schwarzschild (non-rotating) PBHs with monochromatic
mass spectra [28]. Using a combination of numerical and analytical results for HR, recent studies
have started to complete the constraints on PBHs with non-zero spin (see Section 4.3 above).
Here I study the production of DR in the form of gravitons coming from Hawking evaporation
of populations of spinning PBHs prior to BBN. I compute the primary and secondary spectra of
SM particles and gravitons for realistic spin distributions of PBHs from an EMDE [41] as well
as a hierarchical merger history [70]. The calculations are performed with BlackHawk v2.0; to
my knowledge, Ref. [584] is the first precision calculation of HR with with non-trivial PBH spin
distributions using this code.

The evolution of a given distribution of PBHs and the associated time-dependent spectrum of
emitted gravitons are computed, allowing a straightforward determination of the total energy emit-
ted in the form of DR. This affects the number of relativistic species, with the result characterized
as the deviation from the SM expectation of the effective number of neutrino species, ΔNeff . I
compute ΔNeff , and compare it to existing results in the literature and interpret it in the context
of current limits on ΔNeff from BBN and CMB measurements. In particular, the BBN constraints
on the DR density have been carefully calculated using AlterBBN [245, 246].

The main application of these results is the calculation of ΔNeff from PBHs that were formed
during an EMDE and subsequently came to dominate the universe prior to evanescence. EMDEs are
highly motivated due to the ubiquity of moduli in string theory and have been extensively studied
in recent years in the context of DM [585–590] and baryogenesis [591]. PBHs that evaporated before
BBN are harder to constrain because they leave no direct imprint on well-known cosmological eras
(for PBH constraints from DM emission see Section 4.5 below; for other types of constraints see
Section 4.1 above). Following the spin distributions used in [65] as benchmark examples, I find that
PBHs formed during an EMDE with a spin distribution due to the “first-order effect” (see below)
are constrained by current CMB bounds on ΔNeff in the mass range 108−109 g; they are completely
constrained in the mass range 10−1− 109 g by projections of CMB-S4. PBHs that formed with spin
distribution due to the “second-order effect” (see below), on the other hand, are not constrained by
current BBN or CMB bounds on ΔNeff ; they too would, however, be completely constrained in the
mass range 10−1 − 109 g by CMB-S4.

The fact that PBHs formed during an EMDE that evaporate before BBN will be completely
probed by ΔNeff measurements from CMB-S4 experiments is the main result of this work. Physi-
cally, this happens because they are endowed with significant spin, which enhances their production
of gravitons during evaporation. It should be noted that the ΔNeff constraints are only relevant if
the PBHs come to dominate the universe. Generally, this is quite restrictive on the sector that causes
the EMDE. A complete scenario, in terms of a modulus sector, is described in the Appendix A.1 of
Ref. [584]; with the result that for a variety of PBH spin distributions and fractions β of the total
energy density of the universe that is constituted by PBHs at formation time during an EMDE,
moduli with masses larger than ∼ 108 GeV will be constrained by CMB-S4 experiments (see Fig. 8
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of [584]).
I also consider the case of a spin distribution due to inspirals of PBHs under a hierarchical

merger history [70], obtaining, for the first time, precision predictions for ΔNeff in this scenario,
which will be probed by CMB-S4. Finally, I apply these results to the case of PBHs with extremal
spins regardless of origin, and find that PBHs with initial spin a∗ � 0.99 and mass M � 108 g
are excluded by CMB stringent constraints (TT,TE,EE+low E) while those with even higher spin
a∗ � 0.999 are constrained by the CMB conservative constraints (TT+low E), but only for masses
M � 2 × 108 g. I further determine that the limiting value of the PBH initial spin that will be
constrained by CMB-S4 for all PBH masses up to M = 109 g is a∗min, all  0.81 .

4.4.2 ΔNeff calculation

The rate of emission of one d.o.f. of a particle i per unit time and energy is given by Eq. (2.148). Due
to the continuous emission of all d.o.f. (SM and beyond), KBHs lose mass and angular momentum
as described by Eqs. (2.150) and (2.151). Any d.o.f. additional to the SM would be Hawking emitted
as this process is purely gravitational. This would increase the Page coefficients and hasten the BH
disappearance. In the case studied here, i.e. additional emission of spin 2 massless gravitons, the
number of added degrees of freedom (2) compared to the SM is very small (see Table 2.1), and
thus the effect on the Page coefficients is negligible, so the lifetime of PBHs remains essentially
unchanged. Nonetheless this effect is taken into account in BlackHawk.

Recent studies have tried to constrain the fraction of ultra-light PBHs with masses 10−5 g �
M � 109 g by considering that they emit dark sector particles before BBN. This mass range is
unconstrained by current cosmological observations, though it may be probed by future GW exper-
iments (e.g. [592]). This scenario would therefore be an elegant way of providing the DM content
of the universe while evading PBH constraints (see Section 4.5 below). If sufficiently light, this
energetic dark sector can provide DR that can measurably affect cosmology, which is reviewed now.

HR of PBHs in the early universe creates SM particles along with other particles that are
either decoupled or feebly interacting with the SM. Here I outline the steps for calculating ΔNeff =
Neff−3.046, where Neff is the total number of relativistic d.o.f. and 3.046 is the SM expectation [253],
from PBH evaporation.30 The precision calculations involve two steps: taking into account the
distribution of PBH spins and carefully defining the reheating temperature. I also use a precise
expression for the number of accessible d.o.f.

Using conservation of entropy during the expansion of the universe, one can track the evolution
of the energy density of DR from reheating to matter-radiation equality. For a population of
PBHs with lifetime τ , the age of the universe at formation is small relative to τ such that the
evaporation time is teva  τ . Assuming instantaneous thermalization of SM particles at the end of
PBH evaporation, the reheating temperature, TRH, can be obtained as

ρPBH(τ)− ρDR(τ) = ρSM(τ) ≡ π2

30
g∗(TRH)T

4
RH , (4.28)

where ρPBH(τ) is the energy density of PBHs at the time of evaporation, ρDR (ρSM) is the amount
30I kindly thank B. Shams Es Haghi for going through these calculations.
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of energy PBHs emit in the form of DR (SM particles), and g∗(T ) denotes the total number of
relativistic d.o.f. at temperature T , given by

g∗(T ) =
∑
rmB

gB

(
TB
T

)4

+
7

8

∑
F

gF

(
TF
T

)4

. (4.29)

Here the sum includes all bosonic (B) and fermionic (F) d.o.f. with temperatures of TB and TF,
respectively. The density of PBHs at evaporation is related to the density of PBHs at formation,
usually expressed in terms of the fraction of the energy density of the universe that collapsed into
PBHs at PBH formation time, which is denoted by β. In this work, it is assumed that β is sufficiently
large such that the energy density of PBHs exceeds that of radiation at some time before evanescence
(see the explicit scenario in Appendix A.1 of Ref. [584]). With this hypothesis, the density of PBHs
at evaporation is fixed by the fact that radiation produced by HR constitutes the main component
of SM radiation at reheating [593]. Thus, tracing the redshifted temperature of the CMB today
back to reheating (from today back to the matter-radiation equality time with a(t) ∼ t2/3 and then
to the reheating time, tRH  τ , with a(t) ∼ t1/2), one obtains the value of TRH. The values obtained
for ΔNeff in this study should be considered as upper limits in the case of full PBH domination
prior to evaporation. The constraints are generally weakened but must be recalculated if PBHs do
not dominate the energy density of the universe before evanescence.

The energy density of SM radiation (all relativistic particles) is therefore diluted as

ρR(tEQ)

ρR(tRH)
=

(
aRH

aEQ

)4(g∗(TEQ)
g∗(TRH)

)(
g∗,S(TRH)

g∗,S(TEQ)

)4/3

, (4.30)

where aRH(EQ) is the scale factor at reheating (matter-radiation equality), and g∗,S(T ) counts the
number of relativistic d.o.f. contributing to the entropy, given by

g∗,S(T ) =
∑
B

gB

(
TB
T

)3

+
7

8

∑
F

gF

(
TF
T

)3

. (4.31)

Similarly, the energy density of DR, ρDR, also dilutes as

ρDR(tEQ)

ρDR(tRH)
=

(
aRH

aEQ

)4

. (4.32)

Therefore, the ratio of the energy density of DR to the SM radiation energy density at matter-
radiation equality becomes

ρDR(tEQ)

ρR(tEQ)
=
ρDR(tRH)

ρR(tRH)

(
g∗(TRH)

g∗(TEQ)

)(
g∗,S(TEQ)
g∗,S(TRH)

)4/3

, (4.33)

which determines the effective number of neutrino species as [594]

ΔNeff =
ρDR(tEQ)

ρR(tEQ)

[
Nν +

8

7

(
11

4

)4/3
]
. (4.34)
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4.4.3 Extended spin distributions

For the purpose of this study, I focus on single-mass, rotating PBHs with an initial spin number
distribution ñ normalized to unity, ∫ 1

0

dñ

da∗
da∗ = 1 . (4.35)

Note that the assumption of a monochromatic mass distribution for PBHs is justified if the PBH
production occurs at a precise time, leading to a very narrowly peaked mass distribution. The total
energy that has been emitted in the form of DR by the reheating time tRH can be expressed as a
ratio over the SM emission, i.e. the ratio of the energy densities after evaporation is complete

fDR ≡ ρDR(tRH)

ρSM(tRH)
=

ρDR(tRH)

ρPBH(tRH)− ρDR(tRH)
, (4.36)

where ρDR/SM(tRH) is the total emission integrated over the history of the universe prior to reheating

ρDR/SM(tRH) =

∫ 1

0
da∗

dñ

da∗

∫ tRH

0
dt

∫ +∞

0
dE E

d2NDR/SM

dtdE
(M,a∗) , (4.37)

and
d2NSM

dtdE
≡
∑

i∈ SM

Qi . (4.38)

The emission rates for individual species Qi come from Eq. (2.146). I stress that the ratio (4.36)
takes into account the fact that for high DR emission, which for gravitons can occur for highly
spinning BHs, the approximation ρPBH  ρR used in [71, 595] no longer holds. This could be one of
the reasons the present results differ from those of [595] for high PBH spin. Recall that ρSM = ρR
at time tRH (which occurs before matter-radiation equality), which allows to use the ratio (4.36) in
Eq. (4.29) to determine ΔNeff . Furthermore, note that the normalization of the density of PBHs
ρBH is irrelevant to the computation of ΔNeff , since it cancels out of the ratio fDR in Eq. (4.36).
It is straightforward to integrate over the spectrum calculated by BlackHawk to obtain the total
energy emitted in the form of SM particles and additional DR and hence the ratio fDR in Eq. (4.36).

The main effect of a spin distribution, relative to monochromatic spin, is to modify the rate of
emission of DR, and thus its ratio to SM radiation, as in Eq. (4.36). Indeed, it is well known that
spinning BHs emit more high spin particles (s = 1 or s = 2) than non-spinning (see Fig. 2.14).
As I consider the emission of spin 2 massless gravitons, this effect can be quite sizeable, with the
emission being enhanced by a factor of up to ∼ 104 [119]. The effect of this enhancement on the
ratio (4.36) is somewhat less dramatic, since the emission of spin 0, 1, and 1/2 SM particles also
increases. Still, taking into account extended spin distributions of PBHs with significant high-
spin component enhances fDR and hence ΔNeff , leading to more stringent constraints than one
would find for simple single-spin distributions. The particular attention given in BlackHawk to full
distributions of PBHs is a great improvement over previous studies of the abundance of PBHs. To
my knowledge, this is the first precision calculation of HR from a population of PBHs with any
non-trivial spin distribution.
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4.4.4 Reheating temperature and degrees of freedom

When an extended spin distribution of PBHs is employed rather than a monochromatic spin distri-
bution, there is some subtlety in defining the reheating temperature. As spinning BHs emit more
radiation than non-spinning ones, with a continuous increase in the emission as a∗ increases, they
evaporate faster. Although initial nonzero spin has a small effect on BH lifetime (somewhat less
than 60% diminution for extremal spin, see Fig. 2.18), it does influence the way one defines the
reheating time. For PBHs with equal lifetime τ , assuming an instantaneous reheating in Eq. (4.28)
is justified by the fact that PBHs emit most of their HR during a period of time that is negligi-
bly small relative to their lifetime. However, since KBHs with higher spin evaporate faster than
KBHs with lower spin, a distribution in initial spins causes a spread of the evanescence times and
a non-instantaneous reheating scenario.

For simplicity, I consider two extreme possibilities for the definition of the reheating time:

1. the reheating time corresponds to the time at which the last PBHs (with the lowest spins)
evaporate;

2. the reheating time corresponds to the average PBH lifetime, weighted by the spin distribution

〈τ〉 ≡
∫ 1

0
τ(M,a∗)

dn

da∗
da∗ . (4.39)

In Ref. [584] it is argued that the second option is more physically realistic, as the averaged life-
time corresponds roughly to the peak of the emission of the HR. Both options are discussed in
Section 4.4.5, where I present the results.

Finally, in order to obtain the ratio (4.29), it is necessary to specify the quantities g∗(T ) and
g∗,S(T ). Precise determination of these numbers of d.o.f. are model-dependent, especially for the
region of temperatures close to the QCD phase transition. Here, that corresponds to M ∼ 7× 108 g
(TRH ∼ 100MeV). Refs. [595, 596] use step functions which give results qualitatively similar to the
present ones, while the model used in [71] is not made explicit and shows a significantly different
behaviour. In this work, I use the tabulated values of g∗(T ) and g∗,S(T ) available within the public
code SuperIso Relic [597–599].

4.4.5 Precision results for ΔNeff

Now I present precision results for ΔNeff with improvements to the calculation as described above.
In Section 4.4.5.1, I explore the effect of each of the three precision elements included here; spin
distributions, reheating temperature, and d.o.f. In Section 4.4.5.2 I present explicit predictions for
ΔNeff from PBH spin distributions expected from an EMDE.

In all cases, the results for ΔNeff are compared to current experimental limits and projected
sensitivities of future experiments. There are three relevant CMB constraints/sensitivities: two
are taken from the Planck Collaboration [253] and are denoted in the plots as CMB1 (TT+low E,
conservative) and CMB2 (TT,TE,EE+low E, more stringent). The third one is the sensitivity of the
future CMB-S4, and represents an order of magnitude improvement over current limits (see details
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in [600–602]). Where relevant, the constraint on ΔNeff from AlterBBN is also included, while it is
less stringent that the CMB ones (for details about this constraint, see Section V of Ref. [584]).

The results, as in Refs. [71, 595, 596], are presented as constraint on ΔNeff with respect to
the monochromatic mass distribution of PBHs. Since I study scenarios in which PBHs come to
dominate the universe prior to evaporation, the history of the universe before PBH domination has
no impact on the constraints. Therefore β cannot be determined uniquely based on constraints on
ΔNeff ; sufficiently large initial energy densities of PBHs which initiate a PBH-dominated era before
evaporation lead to the same constraints.

4.4.5.1 Benchmark spin scenarios

I first compute ΔNeff for some benchmark PBH spin scenarios. The results calculated with an
extended spin distribution are compared to those obtained from monochromatic spin distributions
(e.g. the central/peak value of the extended distribution), as well as ΔNeff obtained with the two
reheating temperature calculations. They are also compared to previous calculations in the literature
for a∗ = 0 and a∗ = 0.99 to demonstrate the full effects of the precision calculation.

Let’s first make a few comments about PBH masses in the low mass regime. In the present
calculations, I find that changing the PBH mass in the range 10−1 g < M < 109 g has a very small
effect on the ratio ρDR/ρR (less than 1% over the whole mass range). This is because, for a given
spin distribution, the main variation in ΔNeff as the PBH mass is varied comes from the different
reheating times (and thus reheating temperatures). Below M � 105 g, the reheating temperature
is far above the mass of all the SM particles (TRH 	 102 GeV), so g∗(T ) and g∗,S(T ) have already
reached their asymptotic values. Thus, ΔNeff values for M � 105 g can be safely extrapolated
from their value corresponding to the case of M = 105 g. Note that those results also apply to the
M = 10−5 − 10−1 g mass range for PBHs. This range is sometimes excluded from analyses due to
model-dependent limits on the inflationary Hubble parameter [29]. Below, I present results only for
105 g ≤ M ≤ 109 g.

To show how the prediction for ΔNeff from an extended distribution of PBH spins compares
to the monochromatic approximation, two benchmark extended spin distributions are used, along
with the corresponding prediction assuming a monochromatic distribution. First, I consider the
asymptotic spin distribution expected for multiple generation PBH inspirals [70]. The average spin
in this case is 〈a∗〉  0.7, so I compare the results for the full spin distribution to those for the
monochromatic spin distribution with a∗ = 0.7. As discussed above, more gravitons are expected
to be emitted because there are higher spin PBHs in the extended distribution, relative to the
monochromatic case. This is borne out in the results shown in the left panel of Fig. 4.14. One
sees that ΔNeff indeed does acquire greater values (by ∼ 25%) for the full distribution than for
the monochromatic one. This discrepancy becomes critical for PBH masses above 7 × 107 g; in
the case of the extended distribution, these PBHs will be probed by CMB-S4, while the average
spin approximation leads to the conclusion that only PBHs with masses above 2 × 108 g would be
accessible to CMB-S4.

In the right panel of Fig. 4.14, I show the results for a benchmark extended distribution from
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Figure 4.14: Left: Comparison of the results for a∗ = 0.7 (dot-dashed line) and the full “inspiral”
distribution with 〈a∗〉  0.7 (solid lines). The relative difference in ΔNeff between the solid and
dashed curves is ∼ 25%. Right: Comparison of the results for a∗ = 0.64 (dot-dashed line) and a
benchmark extended distribution from an EMDE with 〈a∗〉  0.64 (solid lines). The relative differ-
ence in ΔNeff between the solid and dashed curves is ∼ 60%. The black (grey) curves correspond
to instantaneous reheating at the weighted average value of the black hole lifetimes (last black hole
evaporation). The prospective CMB-S4 constraint (horizontal dashed line) is extracted from [71].
[taken from [584]]

an EMDE with 〈a∗〉  0.64, along with a monochromatic distribution with a∗ = 0.64.31 The spin
distribution in the right panel of Fig. 4.14 due to early matter domination is significantly different
from that in the left panel due to inspirals. In particular, this EMDE spin distribution is less
symmetric and much broader than the inspiral distribution. The relative discrepancy between the
extended distribution and the monochromatic distribution is therefore even greater (∼ 60%) in the
right panel than in the left panel of Fig. 4.14. For this EMDE extended spin distribution, one finds
that PBHs with masses above ∼ 7 × 107 g will, in fact, be probed by CMB-S4. This conclusion
stands in stark contrast to that inferred under the assumption of a monochromatic spin distribution
at the peak or average spin.32

The results for the extended spin distributions in both panels of Fig. 4.14 are also shown for the
two prescriptions for calculating the reheating temperature, as discussed above: (1) instantaneous
reheating at the evaporation time of the last PBH (with the lowest spin) is shown in grey, and (2)

31The value a∗ = 0.63 mentioned in [65] is the peak value of the distribution, not its average.
32A compact description of the physics of the two benchmark spin distributions as well as plots of dñ/da∗ in both

cases can be found in Appendix A.2 and A.3 of Ref. [584].
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the weighted average PBH evaporation time using Eq. (4.39) is shown in black. In both panels, one
can see that prescription (2) results in a shift in the ΔNeff curve to higher PBH mass relative to the
results assuming prescription (1). This can be understood on the basis of the reheating temperature
from prescription (1) being smaller than the reheating temperature from prescription (2). Indeed,
higher spin PBHs evaporate faster, and are better accounted for in prescription (2). Thus, one could
achieve the same reheating temperature (and therefore the same ΔNeff) with prescription (1) by
assuming a higher PBH mass.

In Fig. 4.15, I compare the values of ΔNeff obtained with precision calculations using BlackHawk

to recent calculations in the literature. In the left panel of Fig. 4.15, I consider a∗ = 0 (SBH), and
compare the ΔNeff from BlackHawk (solid) with those calculated in Refs. [71] (denoted as [H20],
dashed) and Ref. [596] (denoted as [M20], dot-dashed) updated in Ref. [595] with the help of
BlackHawk (denoted as [M21], dotted). The relative discrepancies in these cases are ∼ 10%. In
the right panel of Fig. 4.15, I consider a∗ = 0.99, and compare with the results of Ref. [71], where
one finds a ∼ 20% discrepancy. As discussed in Section 4.4.4, an important difference between the
present results (solid) and other calculations in the literature is that the values for g∗(T ) and g∗,S(T )
are taken from the public code SuperIso Relic [597–599]. Near M ∼ 8× 107 g (corresponding to
TRH ∼ 100MeV), the number of d.o.f. is very sensitive to the QCD equation of state, and the precise
behavior of ΔNeff is evident. That said, using a simple step function for g∗(T ) and g∗,S(T ) gives
results qualitatively similar to the ones described here [595, 596]. This precision calculation reveals
that highly spinning PBHs with a∗ = 0.99 and masses M � 2× 108 g that dominated the universe
before BBN are, in fact, already excluded by CMB2 constraints on ΔNeff .

4.4.5.2 Early matter dominated era and extremal spins

Now I present the results of precision calculation of ΔNeff for PBH spin distributions from a period
of early matter domination. This is the first time a prediction for ΔNeff from PBHs produced
during an EMDE has been calculated. It is assumed that PBHs produced during the EMDE come
to dominate the universe by the time of evanescence. The validity of this assumption depends on the
physics behind the EMDE—as an example, see the scenario of an EMDE caused by a gravitationally
coupled modulus field described in Appendix A.1 of Ref. [584].

I use the spin distributions from Ref. [65] as benchmarks. Angular momentum within a comoving
region of space has two components; the first-order contribution (“the first-order effect”) originating
from deviation of the boundary of the volume from a sphere, and the second-order contribution
(“the second-order effect”) sourced by density fluctuations in the comoving region. The “first-order
effect” usually dominates (when the initial deviation of the boundary of collapsing region from a
sphere is large), but an almost spherical initial collapsing region can diminish the “first-order effect”
and make the “second-order effect” the dominant one.

In Fig. 4.16, I present ΔNeff results for PBHs formed during an EMDE, with spin distributions
due to first- and second-order effects in the upper and lower panels, respectively. In each panel,
results are shown for three different values of σH, the mean variance of the density perturbations at
horizon entry

σH = 〈δs(tH)2〉1/2 , (4.40)
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Figure 4.15: Left: Comparison between the precision calculation for a∗ = 0 (solid) and the
results of Ref. [M20] [596] (dot-dashed) updated in Ref. [M21] [595] (dotted) and Ref. [H20] [71]
(dashed). Right: Comparison between the precision calculation for a∗ = 0.99 (solid) and the results
of Ref. [H20] [71] (dashed). The 95% CL CMB limits on ΔNeff (shaded areas) are taken from [253]
(CMB1: TT+low E, CMB2: TT,TE,EE+low E); the CMB-S4 limits are the same as in Fig. 4.14.
[taken from [584]]

where 〈δ2s〉 is the variance of the density perturbations integrated over the volume of a sphere and
tH is the time of horizon entry. σH controls the shape of the spin distribution, as well as the peak
location. For both the first- and second-order effects, larger σH leads to broader spin distributions.
Increasing σH also shifts the peak of the second-order distribution away from a∗ = 1 to smaller values
of a∗. As mentioned in Section 4.4.5.1, for σH = 0.1, the peak average of the spin distribution from
the second-order effect is located at a∗ = 0.64. Note that either the first- or second-order effects
could dominate in realistic PBH formation mechanisms.

The upper panels of Fig. 4.16 show ΔNeff due to spin distributions dominated by the “first-order
effect”. One sees that for σH small enough, the largest PBH masses are already excluded by CMB2,
and in some cases even CMB1. In the upper right panel, one sees in detail that for σH � 0.01,
M > 108 g are excluded by CMB2 constraints. For EMDE spin distributions dominated by the
“first order effect”, the entire PBH mass range 10−1 g < M < 109 g will be probed by CMB-S4.

It is clear from the lower panels of Fig. 4.16 that PBH spin distributions from an EMDE are
not constrained by current CMB or BBN limits on ΔNeff if the spin distribution is dominated by
the “second-order effect”. However, these would be probed by CMB-S4 measurements. One can see
in the lower left panel of Fig. 4.16 that for σH small enough (� 0.1), all PBH masses in the range
10−1 − 109 g will be probed by CMB-S4. For the value σH = 0.1, only PBHs in the high mass end



150 CHAPTER 4. CONSTRAINTS

105 106 107 108 109

MBH (g)

10−2

10−1

Δ
N

e
ff

CMB− S4

CMB2
CMB1

σH = 0.1

σH = 0.05

σH = 0.01

1083× 107 4× 107 6× 107

MBH (g)

10−1

2× 10−2

3× 10−2

4× 10−2

6× 10−2

Δ
N

e
ff

CMB− S4

σH = 0.1

σH = 0.05

σH = 0.01

105 106 107 108 109

MBH (g)

10−1

100

Δ
N

e
ff

CMB− S4 ↓

CMB2

CMB1

BBN

σH = 0.1

σH = 0.05

σH = 0.01

108 109

MBH (g)

10−1

2× 10−1

3× 10−1

4× 10−1

Δ
N

e
ff

CMB2

CMB1

CMB− S4 ↓

σH = 0.1

σH = 0.05

σH = 0.01

Figure 4.16: Upper left: ΔNeff results for PBH distributions formed during an EMDE due to
the “first order effect” with σH = {0.01, 0.05, 1} (dotted, dot-dashed and solid respectively). Upper
right: A zoom into the region where ΔNeff is constrained by current CMB limits. Lower left:
ΔNeff results for PBH distributions formed during an early matter domination era due to second
order effect [65] with σH = {0.01, 0.05, 1} (dotted, dot-dashed and solid respectively). Lower right:
A zoom into the region where ΔNeff shows brutal change due to the step shape of g∗(TRH). The
black (grey) curves correspond to instantaneous reheating at the weighted average value of the PBH
lifetimes (last PBH evaporation). The CMB limits are the same as in Fig. 4.15; the 95% CL limit
from BBN is computed in Section V of Ref. [584]. [taken from [584]]
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Figure 4.17: Left: Results for high spin PBHs with a∗ = {0.9, 0.99, 0.999, 0.9999} (solid, dashed,
dot-dashed and dotted respectively). The last two curves are difficult to distinguish. Right: A
zoom-in of the CMB exclusion region for highly spinning massive PBHs. The 95% CL limits are
the same as in Fig. 4.16. [taken from [584]]

of this range 3× 107 − 109 g will be accessible to CMB-S4.
Another noticeable feature in all panels of Fig. 4.16 is the shift of ΔNeff towards higher PBH

masses if one takes reheating time as the average weighted lifetime 〈τ〉 (black curves) compared to
the time of evaporation of the last PBH (grey curves). This is consistent with what was observed
in Fig. 4.14. This shift is most sizeable for extremal spin distribution for which the average spin is
〈a∗〉 ∼ 1, i.e. small σH. This is especially clear in the lower right panel of Fig. 4.16, which zooms
in to the region of strong variation of ΔNeff in the lower left panel. The difference in these results
due to the different prescriptions for reheating time particularly affects ΔNeff in the mass range
M ∼ 5−9×107 g. This is also the region where ΔNeff is most affected by the precise shape of g∗(T )
and g∗,S(T ). I next turn to an investigation of ΔNeff for near-extremal PBH spins. In Fig. 4.17, I
present ΔNeff for monochromatic spin distributions with a∗ � 0.9, under the assumption that the
PBHs dominate the energy density of the universe before BBN. As in Fig. 4.15, one sees that these
highly spinning PBHs are already excluded by current CMB2 constraints for large enough PBH
masses. One also remarks that the excluded mass range grows as the spin increases, due to the
shorter lifetime of spinning PBHs. Furthermore, for the largest PBH spins considered, the increase
in ΔNeff , which is due to the enhanced emission of high spin particles (spin 2 most of all), saturates.
Indeed, the Hawking emissivity of near extremal PBHs seems not to grow to infinity as a∗ → 1 but
instead saturates somehow.

To be specific, one observes in Fig. 4.15 that the future CMB-S4 measurements will be sensitive
to extremal values of PBH spins a∗ � 0.9. From the right panel of Fig. 4.17 it is evident that PBHs
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with spin a∗ � 0.99 and mass M � 108 g are excluded by the CMB2 stringent constraints. PBHs
with even higher spin a∗ � 0.999 are constrained by the CMB1 conservative constraints, but only
for masses M � 2×108 g. This is, to my knowledge, the first constraints put on light spinning PBHs
from ΔNeff from current CMB limits, under the assumption that PBHs can radiate gravitons.

Finally, I explore the capability of the CMB-S4 experiment to probe PBHs with monochromatic
spins, assuming that PBHs dominated the energy density of the universe prior to BBN. In Fig. 4.18,
I present the smallest monochromatic spin for which CMB-S4 will be sensitive to the entire mass
range considered here, a∗min, all, as well as the largest monochromatic spin for which CMB-S4 will not
be sensitive to any part of the mass range, a∗max, no. I find that the smallest monochromatic spin for
which CMB-S4 will be sensitive to the whole range of masses is a∗min, all  0.81 . For a monochromatic
spin distribution with a∗ > a∗min, all, CMB-S4 will probe all PBH masses 10−1 g < M < 109 g. On
the other hand, the smallest monochromatic spin value for which CMB-S4 cannot constrain any of
the PBH masses is a∗max, no  0.69. For a∗ � a∗max, no, the entire mass range would be inaccessible
to CMB-S4, while for a∗ � a∗max, no only the heaviest PBHs (M ∼ 109 g) will be probed.

While the results in Fig. 4.18 apply to monochromatic spin distributions, the same question
can in principle be answered for various types of extended spin distributions. As discussed in
Section 4.4.5.1 and demonstrated in Fig. 4.14, one can expect a ∼ 25 − 60% relative discrepancy
between the ΔNeff prediction for monochromatic spin distributions relative to the extended distri-
butions considered here. Indeed, for a scenario such as early matter domination, which induces a
particular spin distribution for PBHs, one could even explore the range of cosmological parameters
that yield ΔNeff to which next generation experiments will be sensitive.

4.4.6 Conclusion

The purpose of this study has been to conduct precision studies of DR emanating from spinning
PBHs, focused on the case of gravitons. The precision calculations incorporated spin distributions
of PBHs and a careful treatment of the reheating temperature and relativistic d.o.f. I studied the
impacts of each of these three precision elements on the calculation of ΔNeff due to graviton emission
from PBHs, and applied the calculation to a scenario with extended PBH spin distributions due to
an EMDE.

There are two main effects related to incorporating extended PBH spin distributions relative to
monochromatic spin distributions. First, since a BH lifetime is related to its spin, a spin distribution
will result in a distribution of evaporation times. The second, dominant, effect is that PBHs with
high spins emit more particles with higher spins, i.e. gravitons. Thus a spin distribution that extends
to higher spins will result in more graviton emission relative to a corresponding monochromatic spin
approximation, and thus a larger prediction for ΔNeff .

In undertaking this precision study, I find that it is also important to consider a precise formu-
lation for the number of relativistic d.o.f. as a function of temperature. It is shown that different
characterizations for the d.o.f. lead to different conclusions regarding experimental sensitivity to
various models. In fact, for PBHs with masses M � few × 107 g that dominated the universe be-
fore BBN, one finds very different predictions for ΔNeff . Different prescriptions for the reheating
temperature due to PBH evaporation also lead to variations of ΔNeff . These are relatively small
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Figure 4.18: Low and high cut-off values for CMB-S4 exclusion (same limit as in Fig. 4.17),
corresponding to a∗max, no = 0.69 and a∗min, all = 0.81 (solid and dot-dashed respectively). [taken
from [584]]

in comparison to the other effects considered, but careful attention to the reheating temperature is
relevant to make a precise statement regarding experimental sensitivity for some PBH masses.

The main application was to study gravitons coming from HR of PBHs created during an EMDE.
If such PBHs come to dominate the universe prior to final evaporation, the resulting DR can be
probed by current BBN and CMB constraints, as well as future CMB-S4 experiments. It is found
that PBHs with a spin distribution due to the “first-order effect” are constrained by current CMB
bounds on ΔNeff in the mass range 108 − 109 g, and would be completely constrained in the mass
range 10−1 − 109 g by CMB-S4. PBHs formed during an EMDE with a spin distribution due to
the “second-order effect”, while not constrained by current BBN or CMB bounds on ΔNeff , would
be completely constrained in the mass range 10−1 − 109 g by CMB-S4 experiments for all scenarios
except for the largest σH considered here.

I also explored ΔNeff for near-extremal PBH spins. One finds that if PBHs with monochromatic
spin distributions with a∗ � 0.99 dominate the energy density of the universe before BBN, current
CMB constraints exclude PBHs with masses M � 108 g. As the spin increases toward 1, ΔNeff

increases until it saturates, since the Hawking emissivity of near extremal PBHs seems not to grow
indefinitely as spin approaches 1 but instead saturates. I therefore find that for increasing a∗ the
minimal PBH mass excluded by current CMB measurements is shifted to lower PBH masses until
saturation. I also find that for PBHs with monochromatic spins a∗ > 0.81, all PBH masses in the
range 10−1 g < M < 109 g will be probed by CMB-S4 experiments.
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4.5 Non-standard particles
33In this Section, I present results obtained with BlackHawk in the context of BSM theories. Since
update v2.0 [152], BlackHawk can compute the spectrum of BSM particles emitted via HR of PBHs.
This is of utmost importance as many high-energy SM extensions predict new d.o.f. The emission
of unknown d.o.f. by BHs is a phenomenon applied to PBH studies since the first constraints.
To my knowledge, the first ideas were that PBHs were sources of ultra-heavy GUT bosons at the
1014−1016 GeV scale in the early universe, themselves causing the baryon asymmetry of the universe
(i.e. the “Weinberg model” in Section 4.1.2.1). Later on, as particle theories of DM were constructed,
it became evident that the emission of a great number of new d.o.f. would alter the evaporation
rate of PBHs drastically, as discussed in [133]. The most radical examples are:

• supersymmetric theories, in which every SM particle has a BSM superpartner, causing the
total number of d.o.f. to double (or more) [359, 603];

• “mirror matter” models, where the mirror partners retablish the parity symmetry [604];

• string axiverse theories, in which a great number of axion scalar d.o.f. naturally appear [228,
605–607].

In the simplest particle DM model, there exists a single stable particle, hereafter denoted as PDM
(for “particle DM”). This can be the “lightest supersymmetric particle” (LSP, for supersymmetric
theories), the “least interacting particle” (LIP, for mirror matter models) or any other WIMP or
heavy neutrino candidate [608–610]. A famous candidate for DM is the gravitino, heavy spin 3/2

superpartner of the graviton. The GFs for the gravitino have been added to BlackHawk v2.0 [152],
which should allow to refine early studies like [611]. The link between PBHs and PDM HR remained
a quite marginal subject until the 2010’s, while the subject is exploding now [612] (it denoted as
the “melanopogenesis” scenario in [613]).34 The consequences of DM emission by HR from PBHs
are detailed below, with a particular focus on the warm DM (WDM) constraints.

4.5.1 General paradigm

In Ref. [25], light DM candidates are considered, originated from the pre-BBN evaporation of SBHs
with masses in the range 10−5−109 g. PDM candidates must be BSM particles, neutral and stable.
Having so far escaped detection, they must have tiny interactions with SM particles. It would
be even possible that they interact only gravitationally.35 These DM candidates belong to the
category of WDM, because their important kinetic energy at the time of matter-radiation equality

33This Section is based on the paper “Bounds on warm dark matter from Schwarzschild primordial black holes” [25]
I wrote with I. Masina and G. Orlando.

34The constraints on PBH+PDM scenarios that do not rely on HR are reviewed in Section 4.1.3.
35Ref. [614] postulated laconically that:

[. . . ] even if experiments rule out the existence of the LIPs, the fact that Nature has chosen not to
realize particles that interact only gravitationally must be indicating some very deep fact. [614]
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could spoil structure formation. I demonstrate below that the impact is softer for increasing values
of the candidate spin s. Requiring such candidates to fully account for the observed DM, it is found
that a scenario of BH domination (BHD) before evaporation is ruled out for all spin values up to
s = 2. For a scenario of RD, upper limits are derived on the parameter β (the PBH energy density
at formation over the radiation one), which are less stringent the higher the candidate spin is.

A possible production mechanism for DM particles, taking place in the early universe, is via
evaporation of PBHs. It has been proposed that the particles produced via HR might be responsible
for the observed DM abundance [595, 596, 613, 615–619] and, if sufficiently light, also for DR [71, 228,
408, 584, 594, 595, 616]. It was even argued by [615, 620] that a common origin of DM and baryon
asymmetry from PBH evaporation could be a natural explanation of their similar cosmological
densities. Apart from the case of gravitino production [611] (see the review [621]), the PBH density
at formation for the range 10−5 − 109 g is at present unconstrained (see however Section 4.4).

Depending on the fraction of PBHs at formation with respect to radiation β, there is a possibility
that the universe was BH dominated before the evanescence of the BHs [323, 615, 622]: this situation
is referred to as BHD. The case in which the PBHs evaporate before they dominate the energy
content of the universe has already been denoted as RD. I now review the results of some of the
recent studies on the subject.

Fujita et al. [615] calculated the contribution to DM by PBH evaporation into new particles
beyond the SM: they found that a significant contribution to DM could come from stable particles
that are either superheavy or light—that is with masses in the MeV range. In the light case, DM
candidates would be warm, while in the superheavy case they would be cold. Exploiting the WDM
velocity constraints available at that time [623], Ref. [615] first discussed also the lower limits on
the mass of the light DM candidates, using an order-of-magnitude argument essentially based on
the GO high-energy approximation for HR (see Section 2.3.3.2). This approximation accounts quite
well for the case in which the WDM candidate has s = 0, but misses to reproduce the case of
different spins. For an up-to-date presentation of this argument see [596, 618].

A more sophisticated analysis was done by Lennon et al. [616]. They also adopted the GO
approximation, but included the redshift effect in the calculation of the momentum distribution of
the emitted particles. Their result is an estimate of the number of particles that are still relativistic,
with a spin dependence reintroduced a posteriori and based on GFs derived from the older litera-
ture [107, 121]. As a rough-and-ready criterion for successful structure formation, they impose that
when the temperature of the universe drops below 1 keV (at which stage the horizon mass is about
109M�), less than 10% of the DM is relativistic. The result of this ingenious, but quite arbitrary,
argument is that, for BHD, WDM candidates with s ≤ 1 are excluded, those with s = 3/2 are
marginally allowed, while those with s = 2 naively survive. Summarizing, for the lower spin values
(say s = 0, 1/2, 1), the order of magnitude results of Ref. [615] were confirmed by Ref. [616], but the
latter analysis was however not fully conclusive for the higher spins (s = 3/2, 2).

The more recent analysis of Baldes et al. [618] goes some step further. As suggested in [616], they
include the redshift effect in the momentum distribution of the emitted particles at evaporation, and
derive the related phase-space distribution (PSD) as an input for the Boltzmann code CLASS [379–
382]. The latter allows to extract the matter power spectrum for WDM from PBHs, and to compare
it to the standard CDM case thanks to the transfer function. This enables to constrain WDM from



156 CHAPTER 4. CONSTRAINTS

PBHs using the structure formation bounds from Lyman-α data already derived for the case of DM
thermal relics. The analysis of Ref. [618] however relies on the GO approximation and, in particular,
provides quantitative results only for the s = 1/2 case, which agree with previous order-of-magnitude
estimates [596, 615], also based on the GO approximation. The case for the higher spins could thus
not be quantitatively clarified (apart from a qualitative mention of the GF effects in Appendix A
of Ref. [618]) with respect to the results of Ref. [616].

Given the present lack of robust results about the fate of WDM candidates with high spin
values, the dedicated study Ref. [25] was published. The aim of this work was precisely to provide
a complete and updated study on the viability of WDM candidates from the evaporation of PBHs.
Below, I compare the numerical results from BlackHawk with the analytical ones derived in the
GO approximation. Taking into account the redshift effects as suggested in Ref. [616], the impact
on structure formation is studied by calculating the transfer function with CLASS, as suggested in
Ref. [618].36 I display the transfer function for all spins values, finding that, assuming BHD, the
scenario of WDM from PBHs is excluded for all spins and for all BH masses in the range 10−5−109 g.
The results for the s = 0 case agree with previous order-of-magnitude estimates [596, 615]. For the
RD scenario, the upper limits on β (or, equivalently, on the WDM mass) are derived for the various
WDM spins. For the case s = 1/2 (the only for which the comparison is possible), conceptual
differences with respect to the results of Ref. [618] are found, but substantial numerical agreement.
Discussion of other DM production mechanisms is postponed to the concluding Section 4.5.8.

4.5.2 Cosmological context

Friedmann equation. During RD, ρ ∝ a−4, a(t) ∝ t1/2, and the Hubble parameter of the
Friedmann equations (1.8) is H(t) = 1/2t. If PBHs come to dominate the energy density, ρ ∝
a−3, a(t) ∝ t2/3, and H(t) = 2/3t. The radiation energy density (at high temperatures) can be
approximated by including only those particles which are in thermal equilibrium and have masses
below the temperature of the radiation bath, as given in Eq. (4.28) with TRH replaced by the general
radiation temperature TR (temperatures given without subscript are hereafter PBH quantities).

PBHs. The mass of PBHs should be larger than the Planck mass, namely M � 10−5 g. There
is also an upper bound on the abundance of PBHs of mass M � 109 g, because of their effects on
BBN yields (see Section 4.1.2.3). The range of PBH masses between these bounds is at present
generically unconstrained [28]. The radiation temperature at PBH formation TR(tf) during RD is
obtained from Eqs. (1.8), (4.28) and (1.17)

TR(tf) =

(
45γ2

16π3g∗(tf)

)1/4

M−1/2 . (4.41)

TR(tf(M)) and tf(M) are plotted e.g. in Fig. 1 of Ref. [596].
A SBH of mass M emits particles of type i and spin si at a rate, per dof, given by Eq. (2.146),

in which the total energy is given by E2 = p2 +m2 where p is the momentum and m is the particle
36I gracefully thank G. Orlando for deriving all the results with CLASS.
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rest mass. As E → +∞, each species i approaches the GO limit which cross-section is given by
Eq. (2.123), but falls off more quickly as E → 0, with the higher spins producing the stronger cutoffs
(see Fig. 2.9). When a massless particle scatters off a non-rotating, uncharged hole, the low-energy
analytic form of Γsi is given in Eqs. (2.11). The non-0 rest mass mDM of the DM particles acts as
a cutoff in their emission at low energy, but the precise shape of the GFs around this cutoff is not
relevant here since I consider light candidates with T (t)	 mDM at all times.

The rate of mass loss for an evaporating BH is proportional to the total power emitted and is
given by the Page coefficients (2.150). The BH lifetime τ is given by Eq. (2.152); defining tev as
the time of the BH evanescence, one practically has tev ≡ tf + τ ≈ τ . Considering the SM only, the
function f(M) is constant over the range of PBH masses of interest here, because all SM d.o.f. are
already radiated by a 109 g PBH. Its value (not including gravitons) is calculated inside BlackHawk

to be f(M) = 3.53 × 10−22 g3·s−1. This is the value that is going to be used in the following.
Assuming f(M) constant over the PBH lifetime, the latter is easily found in Eq. (2.153), giving the
simple time dependence of the BH mass of Eq. (2.154).

DM emission. In this study I consider the possibility that, on top of the SM, a DM candidate
of mass mDM is produced in the evaporation process. There are two possible cases, denoted as “light”
and “heavy” DM, according to the fact that the particles are produced during all the PBH lifetime
(mDM < T ) or just in its final stages (mDM > T ). Eq. (2.146) gives the instantaneous spectrum
of the particles of type i emitted by a single PBH. The maximum of the energy distribution is at
E ∼ T . For sufficiently light DM, the ultra relativistic limit, E ≈ p 	 mDM, is thus justified. As
the BH evaporates, its temperature increases, and the relativistic limit is always satisfied. All the
further equations will be given as functions of the momentum p instead of the usual total energy
E, with simple conversion E → p from the formulas of the rest of that manuscript.37 It should also
be noted that in general in Eq. (2.146), E → p = p(t). Below, I drop the t dependency for the
quantities taken at PBH formation but keep it otherwise. To obtain the number densities (per dof)
of the emitted particles of spin s, one has to multiply Eq. (2.146) by the number density of PBHs
nPBH(t)

d2ni
dtdp

= nPBH(t)Qs(p(t)) . (4.42)

In the left panel of Fig. 4.19, I show the instantaneous momentum distributions Qs, as a function
of x(tf) ≡ p/T , for bosons (B) and fermions (F) respectively, in the GO approximation. The full
numerical results obtained from BlackHawk are shown in the right panel (see also Fig. 2.9).

One can see that the s = 0 case is quite similar with respect to the GO limit for the boson, while
the s = 1/2 case is a bit suppressed with respect to the GO limit for the fermion. The higher the
spin is, the more the distribution is suppressed at low energies, so that the mean momentum gets
higher. A more precise comparison with the geometrical optics approximation can be established
by studying the cross-sections normalized to the GO limit, as shown in Fig. 2.9 (left panel). The
ratio for s = 0 and s = 1/2 at low energy is a constant, respectively equal to 16/27 and 2/27; while
the higher spins ratios go to 0.

37I kindly thank I. Masina for all the analytical calculations performed below.
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Figure 4.19: Left: Instantaneous distribution as a function of x(tf) in the GO approximation.
Right: The same using the numerical results from BlackHawk. [taken from [25]]

4.5.3 From formation to evaporation

The ratio ρPBH(t)/ρR(t) scales as a(t). As time increases, it is then possible that PBHs come to
dominate the energy content of the universe before they completely evaporate [323, 615, 622].

Radiation domination. One defines β the maximum value of β corresponding to RD, namely
the value leading to ρPBH(tev)/ρR(tev) = 1; this value can be obtained from the following relation

β  β

ρPBH(tev)/ρR(tev)
=

a(tf)

a(tev)
=

(
tf
tev

)1/2

=

(
3f(M)

γ

)1/2 1

M
, (4.43)

I will focus on that particular scenario below. The value of β as a function of the PBH mass is
drawn in Fig. 4.20, taking for definiteness f(M) as in the SM and γ = 0.2. For all the values of
β � β (red solid line), PBHs never dominate the energy content of the universe.

PBH domination. First, there is RD from the formation time, tf , to the time when PBHs
start to dominate, tBH, such that ρPBH(tBH)/ρR(tBH) = 1; and second, there is BHD from tBH to
tev.38 The first period is characterized by the following increase in the scale factor

β  β

ρPBH(tBH)/ρR(tBH)
=

a(tf)

a(tBH)
=

(
tf
tBH

)1/2

. (4.44)

The second period is characterized by

a(tBH)

a(tev)
=

(
tBH

tev

)2/3

=

(
1

β2
tf
tev

)2/3

=
1

β4/3

(
3f(M)

γ

)2/3

M−4/3 =

(
β

β

)4/3

. (4.45)

38Note that the calculation in this case is quite similar to the one that was used to obtain ΔNeff in the DR study
of Section 4.4.
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Figure 4.20: Left: The solid (red) line is β, and the dashed (blue) line separates mild and strong
BHD. Right: A step function approximation of g∗(tev) for RD. [taken from [25]]

Putting together

a(tf)

a(tev)
=

a(tf)

a(tBH)

a(tBH)

a(tev)
=

1

β1/3

(
3f(M)

γ

)2/3

M−4/3 =
β
4/3

β1/3
. (4.46)

One can define as mild and strong BHD the regions where the increase in the scale factor in the
first period is respectively larger and smaller than the second one, with equality given by the line
β = β

4/7, as shown in the left panel of Fig. 4.20. Notice that in the very strong BHD region (close
to β ∼ 1) one can neglect the first period and obtains a(tf)/a(tev) ∼ β

4/3, which I will denote as
“full BHD”; I will focus on that simple case hereafter.

4.5.3.1 Radiation temperature at evaporation

The radiation bath temperature at PBH evaporation in the RD case is obtained as

TR(tev) = (3f(M))1/2
(

45

16π3g∗(tev)

)1/4

M−3/2. (4.47)

The values of g∗(tev) as a function of the BH mass are shown in the right panel of Fig. 4.20.39

For full BHD, one can grossly assume that all the energy stored in the PBH density goes, after
their evaporation, into the radiation energy density of the (B)SM particles emitted by the PBHs.
These particles rapidly thermalize as soon as they are emitted, so that ρR(t+ev) ≈ ρBH(t

−
ev).40 Using

Eqs. (1.8) and ρPBH ∝ a−3, one has

8π

3
ρR(t

+
ev) =

8π

3
ρPBH(t

−
ev) =

4

9τ2
=⇒ TR

R (tev)

TBH
R (t+ev)

=

(
9

16

)1/4

. (4.48)

39Clearly, this is an approximation by a step function, while the real function g∗(tev) is smooth and can be extracted
e.g. from SuperIso Relic for precision studies (see Section 4.4).

40This is the instantaneous reheating of Section 4.4.
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Hence, for BHD, the radiation temperature after evaporation gets slightly reheated with respect to
RD, the difference is about 15%.

4.5.4 Distribution at evaporation

The distribution of DM momentum at evaporation F (p(tev), tev) is a superposition of all the instan-
taneous distributions, each redshifted appropriately from its time of emission tem

F (p, tev) =

∫ tev

tf

QDM

(
p(t)a(tev)/a(t)

)a(tev)
a(t)

dt . (4.49)

For RD from formation to evaporation, the redshift is given by a(tev)/a(t) = (tev/t)
1/2, while

for full BHD a(tev)/a(t) = (tev/t)
2/3. Using x(tev) ≡ p(tev)/T , Eq. (4.49) can be put under the

dimensionless form
F̃ (x(tev)) ≡ T 3F (p, tev). (4.50)

GO approximation. In the GO limit, Eq. (4.49) becomes

F (p, tev) = p(tev)
2 9

2π

M5

f(M)
I(x(tev)) , (4.51)

where

IR,BH(x(tev)) ≡
∫ 1

tf/tev

(1− y)2/3yaR,BH

ex(tev)(1−y)1/3y
bR,BH − (−1)2s

dy , (4.52)

with aR(BH) = −3/2(−2) and bR,BH = −1/2(−2/3). The dimensionless momentum distribution at
evaporation, Eq. (4.50), becomes

F̃R,BH(x(tev)) =
1

(8π)5
9

2π

1

f(M)
x(tev)

2IR,BH(x(tev)) . (4.53)

This quantity is shown in the left panel of Fig. 4.21 for RD with β = β, and for full BHD; with
quite small difference. To reproduce the case of RD with a different value of β, one suppresses F̃
by the factor β/β. These results agree with the ones of [616].

BlackHawk results. The quantity F̃ derived from BlackHawk is shown in the right panel
of Fig. 4.21. The suppression due to the different values of the DM spin s is manifest. The case
s = 0 is quite similar to the bosonic case of the GO limit. For higher spins, the GO approximation
becomes worse. Again, one can see that the difference between RD and BHD is quite small.

4.5.5 The dark matter phase space distribution

I now turn to the calculation of the DM PSD, as it is the essential ingredient to derive both the
DM abundance and, using the publicly available code CLASS, the transfer function for structure
formation. This derivation is quite cumbersome, as CLASS accepts input files with a very precise
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Figure 4.21: Left: Solid (dotted) lines are the momentum distribution at evaporation including
redshift and assuming RD (BHD), in the GO approximation. Right: Same but calculated with
BlackHawk for various spins. [taken from [25]]

format. Moreover, the careful choice of the dimensionless quantities can impact the results, as
comparison with [618] has shown. The DM PSD per dof, fDM, at time t, is defined as

fDM(p, t) ≡ 1

gDM

dnDM

d3p
=

1

gDM

1

p2dΩ

dnDM

dp
, (4.54)

where gDM is the number of DM d.o.f., nDM the DM number density (scaling as a−3 from evaporation
time), p is the DM momentum (scaling as a−1) and dΩ = 4π is the solid angle. For DM produced
by evaporating PBHs, by using Eqs. (4.42) and (4.49), one obtains at tev

fDM(p, tev)dΩ =
1

(p(tev))2
nPBH(tev)F (p, tev) = nPBH(tev)T

−5 F̃ (x(tev))

x(tev)2
. (4.55)

Using the definition of β, one can prove that

fDM(p, tev) = AR,BH
F̃ (x(tev))

x(tev)2
, (4.56)

with

AR ≡ β3(8π)2(4π)γ1/2(3f(M))3/2M−1 , and ABH ≡ 3(8π)2(4π)(3f(M))2M−2 . (4.57)

4.5.5.1 Thermal dark matter

In order to proceed further toward the calculation of the DM abundance and transfer function, it
is useful to establish a comparison with a thermal DM candidate. An hypothetical thermal PDM
decoupling a t = td would have the following PSD (per dof)

f thDM(p, td) =
1

(2π)3
1

ep(td)/TDM(td) − (−1)2s , (4.58)
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where TDM(td) is the temperature of the DM, identified with the temperature of the radiation bath
from which it decouples, namely TDM(td) = TR(td).

At later times t > td, both p(t) and TDM(t) scale as a−1. It is then useful to define the
dimensionless time independent parameter

q ≡ p(t)

TDM(t)
, (4.59)

and to re-express the PSD in terms of q

f thDM(q) =
1

(2π)3
1

eq − (−1)2s . (4.60)

It is also useful to express the DM temperature now, TDM(t0), in units of the photon temperature
now, Tγ(t0)  2.7K. If decoupling happened just before recombination, td = t−r , clearly TDM(t−r ) =
Tν(t

−
r ) = Tγ(t

−
r ). Because of the successive reheating of the photons, at the present time t0

TDM(t0) = Tν(t0) =

(
4

11

)1/3

Tγ(t0) . (4.61)

CLASS precisely takes as an argument TDM(t0)/Tγ(t0).

4.5.5.2 Dark matter from primordial black holes

DM particles from PBHs were never in thermal equilibrium, which is the fundamental difference
with thermal DM that gives the PBH → DM scenario such a prolific zoology. Nevertheless one can
imagine to deal with their distribution as if they were “decoupling” at tev, so that they would have
the decoupling temperature TDM(tev) = TR(t

+
ev), which has already been derived in Eqs. (4.47) and

(4.48).
The time independent quantity q, defined in Eq. (4.59), is thus

q =
p(tev)

TDM(tev)
=

p(tev)

TR(t
+
ev)

=
T

TR(t
+
ev)

p(tev)

T
≡ αR,BHx(tev) , (4.62)

where

αR =
1

8π

1

(3f(M))1/2

(
16π3g∗(tev)

45

)1/4

M1/2 , and αBH = (9/16)1/4αR . (4.63)

In Ref. [25], it is argued that Ref. [618] incorrectly takes q ≡ x(tev) = p(tev)/T as a definition. In
terms of q, the PSD of Eq. (4.56) then becomes simply

fR,BH
DM (q) = AR,BH(αR,BH/q)

2F̃ (q/αR,BH) . (4.64)

In the right panel of Fig. 4.22, I display the PSD obtained from BlackHawk, taking M = 1 g
for definiteness, for RD with β and full BHD. For RD with other values of β, the PSD has to
be suppressed by a factor β/β. Comparison to the GO limit used in the left panel shows that
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Figure 4.22: Left: PSD for RD with β = β (solid) and full BHD (dashed) with M = 1 g, in the
GO approximation. Also shown is the thermal PSD with gi = 1. Right: Same but calculated with
BlackHawk.

the suppression in the PSD associated to higher spins is manifest. In the left panel the thermal
distribution (4.60) is also shown, with one d.o.f. gi = 1. It is clear that the spectrum of particles
emitted by a 1 g PBH is much harder than the thermal one, which thus does not reproduce PBH
results.

The PSD for other values of the PBH mass can be easily reconstructed in remarking that the
peak should be at log10(q) ∼ 3 + log10(M/(1 g))/2. In addition, the PSD gets suppressed by the
factor (1 g/M)1/2.

4.5.6 Dark matter abundance

The present abundance of the PDM produced by PBH evaporation is trivially obtained through

ΩDM =
mDM

ρc
nDM(tev)

(
a(tev)

a(t0)

)3

. (4.65)

The DM number density at evaporation is calculated by integrating the DM spectrum over all
momenta. Using the definition of the PSD given in Eq. (4.54), one has

nDM(tev) = gDM

∫
fDM(p, tev) d

3p = TDM(t0)
3

(
a(t0)

a(tev)

)3 ∫
4πq2gDMfDM(q) dq , (4.66)

where the integration variable was changed using Eq. (4.62) and in the scaling T ∝ a−1 was used.
Inserting the last result in Eq. (4.65), the DM abundance is simply given by

ΩDM =
mDM

ρc
TDM(t0)

3

∫
4πq2gDMfDM(q) dq . (4.67)
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B F s = 0 s = 1/2 s = 1 s = 3/2 s = 2

mBH 0.114 0.076 0.112 0.155 0.344 2.28 2.59
mR 0.086 0.057 0.084 0.116 0.259 1.71 1.94

Table 4.3: Values of mBH and mR in MeV, calculated in the GO approximation for a boson and a
fermion; and from BlackHawk, with increasing values of the spin. Numerical errors are of order of
a few percent.

4.5.6.1 Dark matter from primordial black holes

Assuming that the DM is fully given by a stable PDM candidate from the PBH evaporation, I now
calculate the required value for its mass. This analysis is, to my knowledge, the first that accounts
for the differences due to the spin of the DM candidate. The analytical results for the PSD obtained
in the GO limit and the numerical ones obtained using BlackHawk are compared. As for the d.o.f.,
the SM is considered with the addition of the DM candidate, under the minimal choice, considering
just the d.o.f. associated to polarization gDM = 2sDM + 1.

For M � 107 g, I obtain the following results:

mR,BH
DM =

(
ΩDM

0.25

)(
0.1

g∗,S(tr)/g∗,S(tev)

)(
M

1 g

)1/2
⎧⎨
⎩
mBH , full BHD
β

β
mR , RD

(4.68)

where the values of the parameter mBH,R are collected in Table 4.3. The scaling with the BH mass
of Eq. (4.68) slightly breaks at M � 107 g, where one obtains smaller values for mBH,R, as an effect
of the decrease of g∗(tev), see Fig. 4.20. For instance, for M = 108 (109) g, the suppression in mBH,R

is by a factor of 0.74 (0.56).
As expected, the result for s = 0 from BlackHawk is consistent with the GO limit for a boson.

It then perfectly matches with previous literature results (see e.g. Fig. 7 of [596]). The masses mBH

and mR are really close in the GO limit for the bosonic case and for the spin 0 numerical result, the
last being slightly lower than the previous. This difference depends on the precise shape of the peak
in the PSD. For other spins, the suppression of the PSD compared to GO causes a clear increase of
the masses mBH/R compared to this limit.

Notice that for RD with β = β, the values of mBH/R are systematically smaller by a factor of
about 0.75 with respect to BHD. Such difference could not be appreciated in previous literature, as
no difference between the two scenarios was made. This discrepancy is indeed due to the difference
of the ratio of the scale factors in the integrands, not to the slight difference in TR(tev) which was
already included.

The strong increase in the masses for increasing values of the spin allows to hope to escape
bounds from structure formation. In the following Section I will study in detail the impact on
structure formation of these WDM candidates. Before doing this, and in view of the comparison to
be done in the next Section, it is useful to recall the relevant formulas for the DM abundance for a
thermal DM candidate.
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4.5.6.2 Thermal dark matter

Let’s consider a fermion X, with gX = 2, as a thermal DM candidate. If decoupling happens just
before reheating, so that TX(t0) = Tν(t0), the value of the DM mass for which ΩX = 0.25, would
be mX ≈ 11 eV [623]; for an early decoupling, when g∗,S(td) = 106.75, the temperature of the
DM candidate now is suppressed, (TX(t0)/Tν(t0))

3 = g∗,S(tr)/g∗,S(td) = 0.1, so that its mass gets
enhanced to mX = 110 eV.

One can summarize as follows

ΩX = 0.25

(
TX(t0)

Tν(t0)

)3 ( mX

11 eV

)
= 0.25

(
g∗,S(tr)/g∗,S(td)

0.1

)( mX

110 eV

)
, (4.69)

or, for a direct comparison with the case of DM from evaporating PBHs

mX = 110 eV

(
ΩX

0.25

)(
0.1

g∗,S(tr)/g∗,S(td)

)
. (4.70)

4.5.7 Constraints from structure formation

Candidates PDM are classified according to their velocity dispersion, which defines a free-streaming
length. On scales smaller than the free-streaming length, fluctuations in the DM density are erased
and gravitational clustering is suppressed.

The velocity dispersion of CDM particles is by definition so small that the corresponding free-
streaming length is irrelevant for cosmological structure formation. That of hot DM is only one
or two orders of magnitude smaller than the speed of light, and smooths out fluctuations in the
total matter density even on galaxy cluster scales, which leads to strong bounds on their mass and
density. Between these two limits, there exists an intermediate range of DM candidates generically
called WDM.

The matter power spectrum P (k) is very sensitive to the presence of WDM particles with large
free-streaming lengths. Due to their free-streaming velocity, WDM particles slow down the growth
of structure and suppress P (k) on scales smaller than their free-streaming scale. The effect of the
free-streaming on the matter distribution can be described by a relative “transfer function” which
is the square root of the ratio of the matter power spectrum in the presence of WDM to that in the
presence of purely CDM, for fixed cosmological parameters

T (k) ≡
(
P (k)ΛWDM

P (k)ΛCDM

)1/2

. (4.71)

For the majority of the cosmological models in which the universe contains only WDM (in
addition to the usual baryon, radiation and cosmological constant components), the transfer function
can be approximated by the analytical fitting function (see e.g. [624])

T (k) = (1 + (αBk)
ν)γ , (4.72)

where αB (labelling the scale of the break), ν and γ are free parameters sensitive to the details of
the WDM candidate. For pure WDM models, the combined data on the CMB and the Lyman-α
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forest [623] provide a lower bound on the scale where the transfer function starts to fall. This lower
limit was estimated in [623] to be αB � 0.11Mpc/h at the 2σ CL.

A well known case is the one of thermal relics41 as WDM. In such a case Eq. (4.72) simplifies
into (see e.g. [625])

TX(k) =
(
1 + (αBk)

2ν
)−5/ν

, (4.73)

where αB is a function of the thermal relic mass and temperature, and the index ν = 1.12 is fixed.
The bound on αB derived in the pioneering analysis of [623], translated into a lower bound on the
thermal relic mass, gives mX � 0.5 keV. A more recent analysis [626] showed that the lower limit
is now mX � 3 keV. Standard thermal relics (those with mass mX ≈ 11 eV) are completely ruled
out, as well as early decoupled ones (those with g∗(td) = 106.75), with mass mX ≈ 110 eV. Only
very early decoupled thermal relics could manage to be as heavy as 3 keV: this would require a
huge amount of d.o.f. at decoupling. I display the transfer function for such early and very early
decoupled thermal relics in Fig. 4.23.

Using the PSDs obtained with BlackHawk (taking the d.o.f. of the SM plus those of the PDM
candidate), for various values of M and of the DM spin, the associated transfer function were
calculated with CLASS, requiring that ΩDM = 0.25. By fixing the PBH mass and the DM spin, the
mass of the WDM candidate is univoquely determined, as shown by Eq. (4.68).

The transfer functions are shown in Fig. 4.23. The top panels apply to the case of full BHD
(dashed lines) and the case of RD with β = β (solid lines): these scenarios give quite similar results.
Notice that the transfer functions of Fig. 4.23 actually apply to all values42 of the PBH masses in
the range 10−5 − 107 g, according to the DM spin. It turns out that, even for the higher spins,
there is a conflict with the constraints from structure formation (at contrary with the expectations
of Ref. [616]). For BHs with masses in the range 107 − 109 g, the situation is even worse, because
the parameter mR,BH is smaller and the ratio TDM(t0)/Tγ(t0) is larger than in the previous case,
being proportional to g∗,S(tev)−1/3.

The only possibility left is then RD with a sufficiently small value of β. In the bottom panel
of Fig. 4.23, RD is considered with increasingly smaller values of β. In particular, focusing on the
s = 0 case,the transfer function with β = β (solid) are compared with the ones obtained taking
β/β = 1/10, 1/30, 1/100 (dot dashed). One can see that the upper limit on β/β is about 1/100: this
confirms previous estimates [596, 615] based on a simplified method.

For the different values of the spin, s = 0, 1/2, 1, 3/2, 2, by fitting the right and bottom panels of
Fig. 4.23 with Eq. (4.72), one can derive a general formula for αB,

αB 
(
β/β
)0.8

(0.95, 0.85, 0.51, 0.14, 0.13)Mpc/h . (4.74)

Since for the transfer function associated to the 3 keV thermal relic one has αB  0.03Mpc/h,
one can derive an upper limit on β/β. From Eq. (4.74), for the different values of the spin s =
0, 1/2, 1, 3/2, 2, the maximum value of β that allows to satisfy the bounds from structure formation

41There exist however many other WDM candidates whose origin is rooted in particle physics, e.g. the gravitino.
42The Fig. 2 of [618] and their Eq. (5.8) then look at least misleading, as the PBH mass M , ΩDM and the DM

mass mDM are not independent.
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Figure 4.23: Squared transfer function for various WDM models providing full DM contribution,
computed with CLASS. In all cases, the same (default) cosmological parameters have been used. The
(very) early decoupled thermal fermion with mass mX = 110 eV (3 keV) is shown as a black (pink)
solid line. Top-Left: Massive boson s = 0 and fermion s = 1/2 from the evaporation of PBHs, for
RD with β = β (solid lines), and for full BHD (dashed lines), using the PSD calculated within the
GO approximation. Top-Right: Same for massive spin s = 0, 1/2, 1, 3/2, 2 particles using the PSD
calculated with BlackHawk. Bottom: s = 0 WDM candidate from PBH evaporation with Rd, for
various values of β/β. [taken from [25]]

turns out to be
β/β � (0.013, 0.015, 0.029, 0.15, 0.16) . (4.75)

The result for the spin 1/2 case agrees with Eq. (6.1) of Ref. [618], where they obtained β < 0.016β.
This is the first time precise results are obtained for the higher spins s > 1/2, constituting the first
WDM PBH constraints for M � 109 g.

One might also be interested in mixed scenarios with the simultaneous presence of both CDM and
WDM, with the WDM candidate coming from the evaporation of PBHs accounting only partially
for the full DM. For the case of thermal relics, it has been shown [623] that in mixed models
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small-scale structures are not completely erased below αB and the free-streaming effect leads to a
step-like transfer function, with the standard ΛCDM matter power spectrum recovered in the limit
ΩWDM → 0. However, in such models the scale of the break αB becomes larger than pure WDM
models, increasing with the inverse of the mass of the DM candidate. It was verified that the same
scenario arises with candidates coming from the evaporation of PBHs, see Fig. 4.24. In such a case
the mass of the WDM candidate drops as its abundance is reduced, according to Eq. (4.67).

spin 0 spin 2
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Figure 4.24: Squared transfer function for mixed WDM-CDM models computed with the same
cosmological parameters and candidates as Fig. 4.23, top-right panel, for two different spin particles
and RD with β = β. Solid lines: ΩWDM = ΩDM, total, dashed lines: ΩWDM = 1/10ΩDM, total, dot-
dashed lines: ΩWDM = 1/100ΩDM, total. [taken from [25]]

4.5.8 Conclusion

Ref. [25] improved previous analyses of the constraints on WDM from PBHs evaporation [596,
615, 616, 618], by taking into account the effect of the DM spin by means of the code BlackHawk.
Assuming that this kind of WDM provides the full contribution to the observed DM, the associated
transfer function was calculated thanks to the code CLASS.

Contrary to expectations based on [616], it turns out that, for BHD, such candidates are excluded
for all spin values from 0 to 2, in the whole PBH mass range 10−5−109 g under consideration. Only
RD is allowed, if the values β are smaller than indicated in Eq. (4.75), according to the WDM spin.

A couple of possibilities to evade the previous conclusions should be mentioned, which rely on
the introduction of additional particles or fields. As suggested in [615], some mechanism providing
entropy non conservation and taking place after the evaporation of PBHs (like e.g. moduli decay)
might succeed in saving the WDM candidates with BHD. Another possibility to evade the bound
would be to have a huge increase in the d.o.f. at evaporation. This is not possible to be studied within
the present version of the BlackHawk code, but since analytically it is known that ΩX ∝ 1/f(M)1/2

(see e.g. [596]), the required increase in the Page coefficient would have to be really huge: a factor
of about 104 for s = 0, 1/2. The effect of early PBH accretion does not help [596]. It was shown
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subsequently by Masina [595], using BlackHawk, that a non-zero PBH spin is also a deterrent for
this scenario.

In this work, which is already tough, only non-interacting DM from PBH evaporation was con-
sidered. Interestingly enough, allowing for self-interacting DM (freeze-in and/or freeze-out models)
offers the possibility to escape the structure formation bound in the light case for BHD [627].
Thermalization in the DM sector indeed decreases the mean DM kinetic energy, which together
with number-changing processes, can have a strong impact, in particular to enhance the DM relic
abundance by several orders of magnitude. The consequences of allowing for other production
mechanisms were recently explored in Refs. [332, 627–629]. For a mixed model of DM production,
Ref. [630] proved that a PBH dominated period of DM creation by evaporation cannot explain
the abundance observed today. In particular, the authors of Refs. [138, 261] developed a public
code complementary to BlackHawk to compute the abundance of DM evaporated by PBHs, taking
self-interactions into account.

Note that apart from being directly evaporated by PBHs, PDM could also be constantly boosted
by scattering with the HR products, both mechanisms increasing its detectability [631–634]. The
frozen PDM density could have been diluted by PBH evaporation in the early universe [635] or
PBHs could be responsible for a direct reheating of the sole dark sector [593].

4.6 Non-standard primordial black holes
43Most of the constraints on PBHs are derived in the Schwarzschild limit. Many BH studies have
been pursued in alternative theories, but most of them are purely theoretical and aim at finding new
exotic solutions to the Einstein equations of general relativity. As I have pointed out in Section 4.1,
the only notable exception is the case of HDBHs, which was historically motivated.

Much less work have focused on polymerized BHs [163, 194, 203, 211, 212, 636] (see in partic-
ular [213]). Polymerized BHs have emerged as an effective template for BHs in LQG.44 They are
studied by applying the techniques of LQG and loop quantum cosmology [639] to mini-superspace
BH spacetimes. Although many models have been proposed in the literature (see e.g. the non-
exhaustive list [640–655]), depending on the details of the regularization of the Hamiltonian, here I
focus for definiteness on the particular class of effective metrics derived in [194, 656]. These metrics
are regular, i.e. do not admit a singularity at r = 0, and remain asymptotically flat. The resolution
of the singularity arises from effects of quantum geometry which become relevant at the Planck scale.
I consider these metrics as phenomenological ansatz for BHs taking into account LQG corrections
at the semi-classical level.

Identifying possible signatures of quantum gravity has recently regained interest due to the
increasing precision in the detection of GWs. Indeed, the last phase of BH merging, known as the
ringdown phase, is extremely sensitive to the details of the metric structure of BHs. The deformed

43This Section is based on the paper “Hawking radiation by spherically-symmetric static black holes for all spins. II.
Numerical emission rates, analytical limits and new constraints” [150] I wrote with A. Arbey, M. Geiller, E. R. Livine
& F. Sartini.

44The term “polymerized” refers to the polymer-like quantization scheme inherited from LQG [637], for a recent
review see [638].
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BH resulting from the coalescence of two BHs settles down to a stable (axially) symmetric shape
by emitting GWs of defined frequencies known as QNMs. The determination of these modes for
a given metric and the comparison with the ringdown signal could discriminate between different
models of (P)BHs [164].

4.6.1 Presentation of the model

I turn now to the description of the model. The polymerized BH spherically symmetric and static
metric studied in [194, 656] has defining functions F , G and H given by Eqs. (2.93). These equa-
tions depend on 2 parameters, a0 and ε, which encode the quantum gravity deformation from the
Schwarzschild metric. The parameter a0 is the minimal area in LQG, also referred to as the area
gap. It is typically of the Planck scale. The deformation parameter ε ≥ 0 is an a priori independent
parameter indicating the typical scale of the geometry fluctuations in the Hamiltonian constraints
of the theory as they get renormalized from the Planck scale to astrophysical scales. Although
one can be tempted to keep it very small ε � 1, nothing a priori forbids it from growing large
and it can be interesting to consider possible high values of this deformation parameter in order to
understand the effects of LQG corrections. I remain totally agnostic concerning the formation rate
of such LQGBHs in the early universe, as should be self-consistently described by loop quantum
cosmology.

The two roots of the metric components are r+ = 2m and r− = 2mP (ε)2, as shown in Sec-
tion 2.3.1.5. This identifies the first important effect of the polymerization: the BH, even without
electric charge, acquires a Cauchy horizon at r = r− on top of the event horizon at r = r+. If the
deformation parameter ε is sent to 0, the radius r− is also sent to 0 (even if the area gap remains
non-vanishing) and one recovers a Schwarzschild-like metric. On the other hand, as ε grows large,
r− grows to r+ (although always remaining smaller) and the polymerized BH geometrically behaves
as if it carried a non-vanishing charged energy-momentum tensor although it of course does not
create an EM field. Another fundamental difference between RNBHs (KBHs) and LQGBHs is that
the charge (angular momentum) is radiated away during the BH evaporation. Thus, the behaviour
of the BH is expected to follow a Schwarzschild trajectory once these parameters are back to small
values. The polymerization factor ε, on the other hand, is a constant inherited from the quantum
nature of gravity. Thus, the specific behaviour associated with a high value of ε (namely a decrease
of the BH temperature compared to the Schwarzschild case, and smaller emission rates) should last
during the whole PBH lifetime.

The temperature of a LQGBH is given in Eq. (2.141), and the associated GFs and primary
spectra are displayed in Figs. 2.12 and 2.13. One can see that when ε � 1, the change in the
temperature is quite negligible compared to the Schwarzschild case, and thus the rates of emission
for polymerized BHs are very close to the classical SBH case. However, one sees that in the limit
ε → +∞, the radii collapse r− → r+ and the temperature goes to TLQG → 0, cancelling HR,
similarly to the RNBH with Q→M .

The LQGBH HR was studied in [163, 194, 203, 211–213, 636] for spins 0 and 2. The results for
spin 1 are new to this study. In Ref. [213] one can find some results for the massless field of spin
1/2. Our results for this case however differ quantitatively from [213], as shown in Section 2.4. It is
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noteworthy that no constraint has yet been derived for these polymerized BHs using HR. For the
first time, Ref. [150] obtained such a constraint on the PBH abundance as a DM component, as
shown in the next Section.

4.6.2 AMEGO constraints

I use the computed emission rates for LQGBHs to reassess the MeV-GeV photon constraint on PBHs
from AMEGO, and show that a sufficiently high value of the polymerization parameter ε reopens
the mass window M � 1018 g for all DM in the form of PBHs. This is the first constraint ever set
on LQGBHs with HR.

There are two parameters at stake, a0 and ε. First, a0 is expected to be negligible for BHs with
a radius r2+ 	 a0 (see Section 2.4), and to play a role only at the end of the PBH evaporation, when
its radius reaches values close to the Planck length, out of the HR constraint range. The parameter
ε, on the other hand, has an effect which is proportional to its value, with small values of ε leading
to very little changes in the HR emission, while larger values may have a dramatic impact. There
are two major outcomes expected when considering the evaporation constraints on LQGBHs:

• a decrease of the Hawking temperature and emission rates at high ε, which results in a longer
lifetime, shifting the (time-dependent) constraints towards smaller PBH masses;

• this decrease also leads to weaker (instantaneous) constraints.

Thus, the most striking result from this study is that one expects the window for light PBHs to
represent all of DM to be reopened in the case of high values of ε, down to smaller PBH masses
than in the Schwarzschild case.

In order to illustrate this proposal, I compute the prospective evaporation constraints from MeV
to GeV photons as will be measured by AMEGO in the GC, whose expected sensitivity can be found
in [551], motivated by the fact that this limit lies among the most stringent ones in the disputed
mass range where PBHs may represent all DM (see Section 4.2). The effects which are described
below apply to all the other evaporation constraints. I follow exactly the setup chosen by [255]: a
NFW distribution of DM in the Milky Way, and observation in some small window of angular width
5◦, which gives ΔΩ = 2.39 × 10−2 sr (therefore method M2

2). The expected emission is thus given
by Eq. (4.5), where the integral over the LOS has value [255, 567]

J = 1.597× 1026 MeV · cm−2 · sr−1 . (4.76)

The results are shown in Fig. 4.25 where I plot the constraints for ε = {1, 5, 10} as well as the fiducial
constraint for the classical case and the constraint from [255] for comparison. The constraints are
obtained by maximizing fPBH while keeping E2dΦgal/dE below the AMEGO sensitivity.

One observes that the constraints derived for the classical SBH case have differences with the
results of [255] that were already discussed in Section 4.2.5.2. As expected, the constraints for
the classical SBH and the LQGBH with ε = 1 (small polymerization factor) are similar, as their
HR rates are very close.45 Then, as ε increases to 5 and then 10, one sees that the constraints get

45The fact that the constraints are slightly more restrictive for ε = 1 than for ε = 0 is easily explained by the
“bump” in the LQGBH temperature at medium values of ε, see Fig. 2.8.
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Figure 4.25: Constraints on the PBH fraction in DM from the measurement of MeV-GeV photons
in the GC by AMEGO. This work (SBH, solid black) is to be compared to the same limit from [255]
(solid grey, denoted as [C21]). The constraints computed for increasing values of ε = {1, 5, 10} are
displayed (dashed blue, dot dashed green and dotted red, from right to left). The horizontal dashed
line denotes the overclosure limit fPBH = 1. [taken from [150]]

weaker in the high mass range M � 1015 g, allowing the DM fraction fPBH to be 1 for MPBH � 1017 g
(or 1016 g for ε = 10). This is due to the fact that the main contribution to the photon spectra
for these PBHs comes from the directly emitted primary photons, whose emission rate is strongly
suppressed when ε increases (see Fig. 2.13). However, in the lower mass range MPBH � 1015 g, the
constraints remain of the same order of magnitude. In this energy range, the constraints come from
the secondary photons generated by neutral pion decay. As pions are spin 0 particles, their emission
rate decreases slowly as ε increases (see Fig. 2.13); the effect of the polymerization factor becomes
sizeable only for extreme values. In this constraint plot, I have extended the mass range to masses
M = 1013 g, which is 2 orders of magnitude below the usual evaporation limit M � 1015 g set by
the lifetime of the PBHs, because it is expected that the decreased emission rates will result in an
increased PBH lifetime, thus allowing smaller PBHs to contribute to DM today. This effect should
be quantitatively studied.

4.6.3 Conclusion

Focusing on the case of polymerized BHs, whose peculiar metric form is the heart of our analytical
study, I conclude that the HR signals are not much different from the Schwarzschild case in the limit
ε� 1 of small polymerization parameter. I have shown however that if the polymerization parame-
ter takes high values ε � 1, then all the evaporation constraints would need to be re-evaluated with
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two major effects: shifting the constraints towards smaller PBH masses, and relaxing the constraints
on the fraction of DM which light PBHs can represent. The modification of the constraints depends
in a non-trivial way on the spin of the primary particles involved in the secondary observed spec-
trum; the effect of the quantum deformation ε is very spin-dependent. The main consequence of this
result is that the mass range usually excluded by (future) evaporation limits 1016 g < M < 1018 g
for all DM in the form of PBHs is reopened. This is a striking result in PBH DM studies, and the
first constraint ever set on the fraction of polymerized PBHs as DM using HR signals. As a final
remark, a new window has been opened on the study of HR from other regular BH metrics, which
is an exciting prospect.

In this study, I have remained purely phenomenological about polymerized BHs. I precise that
the LQG paradigm is under a lot of pressure from both theoretical and experimental advances. I
must then point out several drawbacks:

• the LQG application to cosmology may not be as robustly settled as commonly thought [193];

• BH solutions in LQG may not be simply described by “effective metrics” [657];

• the phenomenological high ε limit that causes the most interesting PBH constraints may not
be physically realistic.46

A recent discussion dedicated to HR of BHs in the LQG paradigm can be found in [658].
Nevertheless, I stress that the derivation of the potentials for HR of Sections 2.3.1.3 applies in

general to the class of regular BHs, which are BH solutions showing no singularity at the coordinate
origin. Polymerized BHs, inspired by LQG, are only an example of regular BHs [640–655], and the
metric derivation of [194, 656] is just one among different polymerization schemes. Recent work on
other regular BH solutions include e.g. [165, 166, 659–661], some of which also discuss HR. It would
be most interesting to extend the HR constraints to these other metrics; an inverse idea would be to
determine what are the necessary ingredients such that HR rates are dramatically modified, e.g. by
studying the analytical properties of the potentials (2.83).

One last aspect, which I have not quantitatively explored, is the rate of final bursts of PBHs
and their observation by (prospective) γ-ray instruments (see Section 4.1.2.8). Since in the high ε
limit PBHs evaporating today would have a lower initial mass than in the Schwarzschild case, their
number abundance should be larger if they represent some fixed fraction of DM. Thus, the rate of
nearby final bursts would be higher, leading to more stringent constraints. However, the non-trivial
modification of the final light curves (energies, duration) makes it difficult to predict the sensitivity
of the γ-ray instruments to these polymerized PBH bursts.

46This was pointed out to me by C. Rovelli during my contribution to the International Loop Quantum Gravity
Seminar. The in-person meetings of the LQG community were the occasion of vehement debate in which I was
admittedly lost.
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In this concluding Chapter, I first review the results obtained above and then closes this thesis
manuscript with some general ideas about PBHs, HR and physics in general.

In Chapter 1, I have reviewed the paradigm of PBHs inside the standard model of cosmology. An
historical overview has shown that the PBH idea dates back to the 1960’s. The formation channels
have been briefly discussed, with a focus on the more realistic mass and spin distributions. I have
pointed out that efficient PBH formation may require “beyond stardard” cosmology, which disfavors
them as a “classical physics” DM candidate. In Chapter 2, I have described the phenomenon of
HR, in the SM of particle physics. The historical overview showed that all the relevant physical
ingredients are well-known since the 1990’s, but that precise numerical methods were lacking in
the community to obtain the rate of emission of particles of all kinds. I have emphasized the link
between HR and more fundamental BH properties, such as thermodynamics and the information
paradox. I have derived all the fundamental equations one needs to compute HR, with the primary
spectra of (B)SM particles and the secondary spectra after hadronization and decay. I have given
the general method to obtain the HR rates for the general class of spherically symmetric BHs, with
examples given of RNBH, HDBH and LQGBH. I have finally discussed the characteristics of the
radiation and evolution of KBHs. In Chapter 3, I have presented the public code BlackHawk, whose
development has been the major part of this thesis work. I have listed the main features, programs
and options of the code, and I have stressed out some of its capabilities. I concluded by giving
perspectives of future updates beyond the current v2.1. Finally, Chapter 4 represented the bulk of
this thesis manuscript. In this Chapter, I have presented the up-to-date status of the constraints on
PBHs, linked to their possible signatures on astronomical observations and with a particular focus
on HR signals and the ability of PBHs to be a candidate to the missing DM. Then, I exposed in
details the constraints on PBHs from their HR I obtained with BlackHawk. These were of 5 kinds:

1. precise constraints on SBHs with the BlackHawk tool Isatis: I showed that despite good
resolution of the observations and a complete theory of HR, the constraints on PBHs in the
asteroid mass range suffer from dramatic uncertainties;

2. γ-ray constraints on PBHs with an extended mass distribution and a non-zero spin: I showed
how the PHL is modified in this case to close part of the remaining mass window for all DM
into PBHs;

3. DR emitted by light PBHs evaporating before BBN: I showed that the future CMB-S4 exper-
iment will be very sensitive to spinning PBHs with monochromatic or extended spin distribu-
tions;

4. DM produced by PBHs evaporating before BBN: I showed that recovering the correct abun-
dance of DM in this case requires some fine-tuning and is constrained by the fact that PDM
would be warm and alter structure formation, the scenario of BHD being totally excluded;

5. constraints on non-standard PBHs: I computed the GC constraints for polymerized PBHs from
LQG and showed that these are reduced in the case of heuristically high quantum deformation
parameter, opening a new window on HR studies.
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Finally, I give in the Appendix B the results of one study on inhomogeneous BBN signatures possibly
linked to PBH formation that relies on the public code AlterBBN, and of two studies on putative
planetary-mass PBHs and their gravitational capture by stellar systems with the example of the
Planet 9 search.

The release of BlackHawk has re-kindled interest for PBH constraints from their HR, as shown
by the list of publications given in Appendix A.2. People are now using precise computation of the
HR rates and other numerical codes are released (CosmoLED, ULYSSES). The launching of new
instruments to observe the CMB, the MeV sky and the low and high GW frequency bands will
provide even more data to explore the DM PBH scenario.

General ideas. The study described in the present manuscript is based on a tremendous
number of assumptions. The most evident ones are the SM of particle physics and the standard
cosmology history. Both are well tested against observations but still lack complete explanation of
all the phenomena. This points towards a necessitated exceedance of these fundamental theories.
The failure to unify the fundamental interactions with gravity in a quantum theory of general
relativity calls for more theoretical work.

A far more trivial assumption is the very existence of primordial BHs, and of the HR process.
There are indeed observational data that strongly suggest the existence of BHs of various masses
(supermassive and stellar), and the “missing mass” problem seems not to reduce with accumulating
evidence. However, not a single observation requires the existence of PBHs in any mass range; and
there is no direct detection of HR from a BH. Hence, for now, the study of HR by PBHs is at the
same level as PDM theories, that is, it is not based on empirical data. Probing the confirmed BHs
for their faint HR phenomenon is a huge (but necessary) technical challenge.

While performing the bibliography for the review article [8] on PBH HR constraints, I have seen
to what extent the search for PBHs or new particles as DM have fluctuated and followed trends as
much as empirical observations. Nowadays, the PDM community is far more numerous than the
PBH one, which is immediately proven by the fact that most of the recent PBH constraints on HR
are just more or less refined adaptations of existing PDM studies. That fact leads me to follow
the path drawn by Peebles, which tries to examine the history of ideas in cosmology with a totally
empirical point of view. Let me cite a 1972 paper by Peebles about BHs [662]:

Are there in astrophysics phenomena that call for more than “classical” physics – New-
tonian gravitation plus atomic and particle physics and special relativity? Are there in
astrophysics collapsed objects [. . . ] where gravitational potential is large, [. . . ] so that on
the usual understanding space curvature ought to play a central rôle? [. . . ] Astronomers
must try to deduce properties of complex systems from schematic and confused obser-
vations. The inability to experiment in astronomy may be offset to some extent by the
chance to observe diverse systems, yet clearly in any particular case we are wide open to
romantic, if not false, interpretation. [. . . ] I hope this orderly presentation of ideas and
references does not give the impression that there is some sort of consensus on where or
how to find collapsed objects. There is none, and indeed it would be madness to have a
consensus before we have an object. [662]
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The PBH theories are completely heuristic, and following Peebles’ concluding sentence “there can
be no conclusions until we find a black hole”, that I can extend to the present discussion by stating
that there can be no conclusions until we observe directly the Hawking evaporation of a single PBH.
Other conclusions would depart from empiricism and reduce to ideology.

Let me finish with some general ideas about physics. The fact that I have participated in the
development of a public code has sensitized me to the problematic of open science. Most papers’
results are not reproducible if the authors do not give the numerical recipes used to compute them.
It is distressing to observe that some numerical tools are still “private” in the sense that authors
will not provide their source. I hope that the present generation of researchers will not follow that
competitive pathway.

On a broader point of view, new astronomy and particle physics data are obtained thanks
to instruments that are always bigger (and more expensive). Even theorists rely on computing
programs that run on distant servers. First, these instruments and supercomputers require the
extraction and the consumption of a great amount of resources. Most of these are absolutely
not sustainable, and will probably run dry by the end of the century. Furthermore, the research
community travels a lot, taking the plane very often to go to conferences and visit foreign laboratories
(I did so myself twice during my thesis). While this may enhance the scientific production, which
I doubt regarding the publication rate during the ongoing Covid crisis, there should be restrictions
on the mobility of researchers based on the most polluting transport means. Second, and this is a
direct cause of the first point, there is no democratic control of the way of production of scientific
knowledge, by which I mean that people, and not public institutions or private companies, never
have to discuss if the construction of this or that billion-euro instrument should be done. This
is deeply linked to the fact that in order to protect academic liberty, which is under attack even
in France due to reactionary ideology and private interests, the research community is an inter
se. It seems to me that if people were to decide from scratch what research should be done,
worth of extracting non-sustainable mineral resources and burning ever more fossil fuel, they would
chose 1) medical research, 2) ecology/climate studies and 3) well-being/human sciences. Even if
fundamental research discoveries could be associated with the progress of human knowledge, access
to it is reserved to an elite. On the other hand, the glorification of research with industrial outcome
confines to propaganda; while astronomy and particle physics with heavy instrumental facilities are
sciences of a privileged industrial society in an infinite resource world, which we are definitely not.



180 CHAPTER 4. CONSTRAINTS



Appendix A

BlackHawk supplementary material

181



182 APPENDIX A. BLACKHAWK SUPPLEMENTARY MATERIAL



A.1. USING BLACKHAWK 183

A.1 Using BlackHawk

BlackHawk can be downloaded freely on the website:

https://blackhawk.hepforge.org

The compilation of BlackHawk has been tested on Linux, Mac and Windows (using Cygwin64)
distributions. The code is written in C99 standard. To compile the code, simply cd into the main
directory and type:1

> > > make BlackHawk_*

where * denotes tot or inst. This will create a library file libblackhawk.a and an executable file
BlackHawk_*.x. The compiler and compilation flags can be modified in Makefile if needed. To
run the code, cd to the main directory and type:2

> > > ./BlackHawk_*.x parameter_file

where parameter_file is the name of a parameter file (e.g. parameters.txt for the pre-built one).
To compile only the library, just cd into the main directory and type:
> > > make

The BlackHawk authors can be reached by e-mail and will gladly answer any code-related question.

1In case of problems of memory size at compilation, editing src/include.h and commenting #define HARDTABLES

can solve the problem at the price of a longer execution time.
2In case of memory problem at execution, increasing the stack size with the command ulimit -s unlimited can

help solving the problem.
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A.2 Publications that use BlackHawk

Pub. date topic version extended spin nstd-part nstd-BH tables

[236]∗ 10/06/19 KBH 1.0

[514]∗ 11/06/19 EGXB 1.0

[437] 24/06/19 GC/e± 1.0

[503] 24/06/19 EGXB 1.0

[411] 02/12/19 511 keV/ν 1.0

[513] 01/04/20 GC 1.1

[170] 15/05/20 EGXB/HDBH 1.2

[663]∗ 04/06/20 P9 1.2

[664] 11/07/20 GC/e± 1.2

[443] 15/07/20 LeoT/e± 1.2

[444] 24/09/20 LeoT/e± 1.2

[255] 09/10/20 GC/Hazma 1.2

[413] 29/10/20 ν 1.2

[360] 22/11/20 BBN 1.2

[665] 16/12/20 Earth/Sun 1.2

[25]∗ 17/12/20 WDM 1.2/2.0
[505] 25/01/21 EGXB/GC 1.2

[507] 12/02/21 EGXB/GC 1.2

[445] 23/03/21 ISM/e± 1.2

[595] 24/03/21 WDM 1.2/2.0

[504] 07/04/21 EGXB/e± 1.2

[584]∗ 08/04/21 ΔNeff 1.2/2.0

[471] 21/05/21 FB/DM 1.2

[515] 24/05/21 PS 1.2

[414] 04/06/21 ν 1.2

[412] 09/06/21 ν 1.2

[138] 30/06/21 DM 1.2

[390] 05/07/21 21 cm 1.2

[150]∗ 07/07/21 nstd-BH/GC 1.2/2.0

[398] 26/07/21 21 cm 1.2

[634] 27/07/21 DM 1.2

[566] 31/07/21 GC 2.0

[631] 12/08/21 ν/DM 2.0

[397] 30/08/21 21 cm 2.0

[666] 08/09/21 RetII/e± 2.0

[216] 20/09/21 FB/RNBH 2.0

Table A.1: List of the publications using BlackHawk. See Table A.2.
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Pub. date topic version extended spin nstd-part nstd-BH tables

[506] 07/10/21 EGXB 2.0

[257] 11/10/21 FB/ν 2.0

[509] 22/10/21 EGXB 2.0

[251] 20/12/21 LT 2.1

[391] 20/12/21 21 cm 2.1

[667] 29/12/21 EGXB 2.1

[510] 31/12/21 EGXB/GC/e± 2.1

[262]∗ 04/01/22 Isatis 2.1

[171] 27/01/22 HDBH 2.1

[668] 09/02/22 GC 2.1

[508] 15/02/22 GC/e± 2.1

[252] 11/03/22 LT 2.1

[632] 28/03/22 DM 2.1

[415] 28/03/22 ν 2.1

[633] 31/03/22 DM 2.1

[8] 06/06/22 review 2.1

Table A.2: List of the publications using BlackHawk. Publications with an asterisk [X]∗ are those
in which I was involved; it is difficult to associate them with a precise version of BlackHawk as I
am constantly modifying the source. Header: Pub. = Publication, date = DD/MM/YY, version
= BlackHawk, extended = PBH distributions, spin = KBHs, nstd-part = non-standard particles,
nstd-BH = non-standard BHs, tables = use of the numerical tables of BlackHawk. Bulk: PS =
point source, FB = final burst, LT = lifetime.
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B.1 Inhomogeneous Big Bang Nucleosynthesis
1The BBN success described in Section 4.1.2.3 is based on the fundamental assumption that the
production of light elements is homogeneous in the early universe, such that their abundance can
be deduced from observation of some remote (ancient) or chemically stable locations. However, the
same models that predict fluctuations on small scales that give rise to PBHs also predict that BBN
could be inhomogeneous. Here, I evaluate abundance anomalies generated in patches of the universe
where the baryon-to-photon ratio was locally enhanced by possibly many orders of magnitude in the
range η = 10−10 − 10−1. This study is motivated by the possible survival of rare dense regions in
the early universe, the most extreme of which, above a critical threshold, collapsed to form PBHs.
If this occurred, one may expect there to also be a significant population of early-forming stars that
formed in similar but sub-threshold patches. A range of element abundance signatures is derived
by performing BBN simulations at high values of η that may be detectable in any surviving first
generation stars of around a solar mass. These predictions apply to metal-poor galactic halo stars,
to old globular star clusters and to dwarf galaxies, and are compared with observations in each of
these cases.

B.1.1 General paradigm

BBN is a fundamental probe of the first few minutes of the universe. Strong constraints are set on
the physics of the early universe [81]. Both the baryon density and possible deviations in the number
of relativistic species from the standard value are severely constrained, especially in the light of the
Planck data on the (CMB) fluctuations [346]. There are however persistent anomalies, including the
primordial 7Li abundance [670] and possible indications of 4He and other light element discrepancies
that are presumably due to as yet unresolved issues in stellar evolution modelling [671].

One needs to carefully test the homogeneity of BBN, which is one of the fundamental assumptions
of standard BBN. Here I evaluate abundance anomalies generated in patches of the universe where
η was locally enhanced by possibly many orders of magnitude. Such regions are commonly thought
to derive from primordial isocurvature perturbations, where the initial baryon-to-photon ratio is
considerably enhanced relative to the standard model. These overdense regions might have later
formed stars that retained a memory of inhomogeneous BBN.

Here I explore further the inhomogeneous BBN signatures for extreme values of η = 10−10−10−1

motivated by PBH formation, on the grounds that fluctuations below the density threshold on the
horizon scale to form a PBH [672] could still form rare stars, or even anti-stars, at very early
epochs; but I retain only baryon density fluctuations with positive η over a very broad range.
Previous studies, following the pioneering work by Wagoner et al. [352–354], were limited to probing
only a restricted range in η � 10−3 [673–675]. It will be demonstrated that exotic abundance
signatures, most notably produced by rapid neutron capture in rare core-collapse supernovae (SNe)
or binary neutron star mergers [676–679], may also contain a possible tracer of inhomogeneous BBN
as predicted in [680]. These r-process abundances are observed to be enhanced in metal-poor halo

1This Section is based on the paper “Stellar signatures of inhomogeneous big bang nucleosynthesis” [669] I wrote
with A. Arbey and J. Silk. It benefited from the AlterBBN update in which I was involved [246].
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stellar populations [681] and in metal-poor dwarf galaxies [682], where Ref. [669] argues that exotic
BBN signatures may also be hidden.

Rare patches of the universe may have initially had extremely high baryon-to-photon ratios.
This is motivated by the possibility that rare large amplitude primordial isocurvature perturbations
with an extremely blue spectrum and with residual power on stellar mass-scales were present in
the very early universe. These fluctuations may have been responsible for PBH formation over a
variety of horizon masses, the natural scale for PBH formation. Extreme isocurvature fluctuations,
admittedly on somewhat smaller scales, provide, for example, the primordial intermediate mass
BHs needed to seed the observed SMBHs [683]. Indeed some (or even all) SMBHs themselves could
plausibly be primordial and would have naturally formed at the BBN epoch, when the horizon
enclosed ∼ 109M�. The DM window for PBHs remains open at much lower PBH masses. The
inhomogeneous regions that are invoked here could equally be the tail of the mass distribution that
generated much smaller PBHs at a correspondingly earlier epoch.

The PBH hypothesis has an important consequence. For any plausible initial conditions, one
is likely to have many un-collapsed isocurvature fluctuations (“failed” PBHs). These will have late
epoch signatures. One is GW production, possibly observable as a stochastic background [684].
A second consequence is that there are implications for the epoch of BBN, when the universe
may be inhomogeneous on scales comparable to those of the hypothesized PBH masses, albeit
admittedly in rare patches. Such patches are rare for two reasons: firstly standard BBN is a great
success and limits on inhomogeneity on horizon patches are � 17%, expressed in terms of Δη [685];
secondly, the universe at BBN epoch is highly radiation-dominated, and the associated PBHs must
be subdominant by a factor of at least (1 + zBBN)/(1 + zeq) ∼ 104 [33].

Now BBN of neutron-capture elements in high η patches occurred at an epoch t ∼ 103 s when
the baryon content of the horizon is around 104M�. This gives the natural (minimum) scale of the
patches of high η that is hypothesised as inhomogeneous sites of BBN. It is not a large step to
imagine that such inhomogeneities may occur on the scales of the smallest dwarf galaxies or star
clusters at the epoch of first star formation, once HII cooling develops at z ∼ 10 − 20. These are
the scales on which one may search for signatures of inhomogeneous BBN.

Let’s define the degree of inhomogeneity that is considered. At BBN, the required baryon
overdensity of an isocurvature fluctuation is at least (1 + zBBN)/(1 + zeq) ∼ 105 η0 where the
standard value of the baryon-to-photon ratio is η0 = (6.104 ± 0.058) × 10−10 [346]. In this study,
the range η = 1− 109 η0 is explored. It will be shown that the most interesting region for possible
abundance signatures is at relatively high η, a range that has not previously been explored in any
detail.

Should evidence for stellar mass PBHs be confirmed, it will be argued that there is a strong case
for searching for stellar relics that are in effect failed PBHs. These can be distinguished from Pop
III stellar survivors by the unique abundance signatures that are found below. Note that recent
simulations of the mass function of Pop III, long considered to be massive stars of ∼ 100−1000M�,
demonstrate that ongoing fragmentation to below a solar mass can indeed occur [686].

Any such imprints will also result in inhomogeneous BBN, surviving on similar mass scales that
have not collapsed—being sub-threshold—but would be greatly diluted by the present epoch because
of mass mixing on galactic scales, stellar evolution, stellar mass loss and baryonic circulation in the
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ISM. However initial signals could still survive as anomalous primordial abundances and be visible
in a small fraction of the oldest stars, in the galactic halo and in the oldest, most metal-poor dwarf
galaxies.

The baryon-to-photon ratio η ≡ nb/nγ , while tightly constrained by the CMB data in homoge-
neous BBN to be η = (6.104± 0.058)× 10−10 [346], can take on a wide range of values. Signatures
of a high-η value include elevated 4He abundances and trace amounts of exotic elements normally
produced in stars but possibly overproduced in nonstandard BBN. Rare patches of inhomogeneity
in η at the epoch of BBN can have late-time stellar signatures once mixing occurs on galactic scales.
Recall that the baryon content within the particle horizon at the onset of BBN is only ∼ 100M�.
If sufficiently anomalous in terms of rare elements produced by extremely high η BBN is localized
to rare patches, late formation of stars may reflect contamination by unusual abundance patterns.

A prime motivation for such extremely inhomogeneous BBN comes from the fact that the exis-
tence of PBHs is most plausibly explained by extreme but rare isocurvature fluctuations generated
in an Affleck–Dine-like early phase transition associated with baryogenesis [687]. Such an early
phase transition even allows the sign of the baryon-to-photon ratio to be inverted. Indeed PBHs
have formed in patches with positive or negative baryon number. An extreme signature of such an
effect would be provided by inhomogeneous BBN in patches where η changes sign. If they survived
to the present epoch, such patches of antimatter could later form anti-stars, distinguishable by
their abundance patterns as contaminated by the unusual local BBN history. The present BBN
predictions are independent of the sign of η, and apply equally to any relic anti-stars. Anti-stars
have long been advocated by Dolgov and collaborators [52, 688, 689] in the context of baryon num-
ber fluctuations generated by an early universe first order phase transition. Arguments based on
measurement of cosmic ray antihelium nuclei by AMS-02 have recently been put forward [690] to
motivate such a scenario.

B.1.2 Numerical methods

When the baryon-to-photon ratio reaches high values, one expects heavy elements to form in appre-
ciable quantities compared to standard BBN where only the light elements have a detectable final
abundance. As one does not know a priori at which atomic number A the nuclear grid should be
stopped, the full REACLIB grid [691] is considered for the nuclear chains. BBN calculations rely
one the public code AlterBBN [245, 246] which allows the user to compute the abundances of the ele-
ments in standard and alternative cosmological scenarios and which was recently updated [246]—e.g.
to include the REACLIB database for nuclear reactions and to reach η ∼ O(1) with an acceptable
precision. As explained in Section 4.1.2.3, numerous public (and private) codes have been used in
the last decades to increase the predictive power of BBN on alternative, e.g. PBH, cosmologies.2

A first AlterBBN computation was performed for η = 10−15 − 101 using the full nuclear grid.
The nuclei that do not play a significant role in the BBN evolution at large η were identified, and
removed from the grid; i.e. nuclei whose abundance relative to hydrogen did not exceed a lower
cutoff of 10−12 at any time during BBN computation and for all η values in the considered range.

2I refer the reader to the conference of C. Pitrou for a recent review in the framework of the TOOLS 2020
conference.
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In this way the number of nuclei was reduced from several thousands to ∼ 800. It was also checked
that the abundances of these ∼ 800 nuclei where unchanged when performing a BBN computation
with this subset of nuclei only. Then, in the remaining nuclei, those for which the abundance
is at least [X]/[H] � 10−10 for some value of η were identified. This led to a final set of 132
nuclei (corresponding to 54 chemical elements) for which the abundances are presented here.3 The
numerical methods needed to compute the abundances of such a great number of nuclei—from H
to 250Cf—converge slowly (see [246] for details about these methods). In addition the results for
η � 0.1 are difficult to interpret because of the unclear numerical errors, and in the following the
discussion is restricted to η < 0.1.

B.1.3 Results and comparisons with observations

B.1.3.1 Comparison with solar abundances

First, I compare the data obtained with AlterBBN at high-η with the solar abundances of Asplund
et al. [692]. When η is larger than the standard BBN value η0 ∼ 6 × 10−10, I find that groups of
elements in addition to He are overproduced compared to the solar abundances. Throughout this
paper, abundances are given in the standard stellar physics form: if I consider element X then

[X] ≡ log10

(
n(X)

n(H)

)
+ 12 , (B.1)

where n(X) (respectively n(H)) is the number density of X nuclei (respectively hydrogen 1H).
Fig. B.1 shows that when η = 10−4, the overproduced elements have Z ∼ 60, while when η = 10−1

the overproduction concerns Z ∼ 25, with a continuous evolution between these extreme values.
When η is smaller than 10−5 no heavy elements (Z � 10) are produced. These results are comparable
to those of Refs. [673–675], even if in the latter references the computations were limited to η � 10−3

and used a less complete set of nuclei. The shift between high-Z r-process elements for η � 10−3

and lower Z p-process elements for η � 10−3 is described in [673] and results from an efficient active
proton capture that prevents synthesis of heavier elements due to Coulomb barrier effects. The
competition between the expansion rate that is modified in high-η regions due to local MD and the
nuclear rate can also contribute to this shift.

The purpose is now to compare the predicted high η signatures of inhomogeneous BBN with the
abundance signatures in the oldest stellar systems, where the first generations of stars may have
retained anomalies even if greatly diluted by mixing at dwarf galaxy scales. As discussed below,
mixing was incomplete in r-process enhanced ultra metal-poor dSphs such as Reticulum II and
Tucana III, and signatures of inhomogeneous BBN might conceivably have survived.

B.1.3.2 High helium abundance and globular clusters

I focus here on the 4He abundance in globular star clusters. There is a long history of helium
abundance determinations in these systems. The original motivation was that the oldest stars in

3The full sets of data—both reduced and not reduced—in the form of numerical tables and a file containing plots
of the reduced data were provided as supplemental material to this article.
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Figure B.1: Abundances of the elements for fixed values of η = {10−1, 10−4} corresponding to
Yp = {0.34, 0.37} computed by AlterBBN (red dots) and compared to solar abundances of [692]
(blue dots, when available). The names of overproduced elements compared to solar abundances
are written in red. See text for the definition of the [X] notation. [taken from [669]]

the galaxies could provide clues for the primordial abundance. It was soon realized that the initial
helium abundance affects several aspects of the evolution of globular cluster stars, including the red
giant and horizontal branch populations [693]. White dwarf properties are also affected [694].

Helium over-abundances by as much as ΔYp = 0.1 have been reported in massive globular
clusters such as ωCentauri [695] (see also [696] and references therein) and have more recently
been shown to be correlated with abundance indicators of multiple stellar populations in globular
clusters [697]. Second generation recycling provides a means of enhancing the primordial helium
abundance [698].

To summarise, there are observational indications of enhanced helium in certain old stars. This
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Figure B.2: Abundance of nuclei computed by AlterBBN (plain curves) and compared to solar
abundances of [692] (dashed curves, the error bars fit within their width). The Yp abundance is
shown as a dashed-dotted black line. In this figure I have retained only the elements (sorted by
their atomic number Z) whose abundance exceeds the solar abundance somewhere in the η range
where Yp � 0.3. [taken from [669]]

is most likely due to mixing and evolutionary issues, and is expected to mask any possible primordial
component. However should there be any surviving primordial abundance anomalies, they should
be correlated in the same way that multiple population chromosome mapping has been performed
in globular clusters [699].
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The hope is that the primordial inhomogeneous η values indicative of a possible helium en-
hancement may reveal other abundance anomalies that are now discussed. With this program for
evaluating high η signatures I have indeed confirmed that there is a range of η for which the 4He
abundance is enhanced, namely 0.3 � Yp � 0.5 , corresponding to 10−7 � η � 10−1 , as can be seen
on Fig. B.2. While a little overproduction of 4He occurs at η � 10−7, it is not accompanied by the
production of heavy elements.

This η range of enhanced 4He corresponds to an overproduction (compared to solar values) of a
variety of heavier elements, continuously dispersed in the range A = 40− 141 (Z = 20− 59). I plot
in Fig. B.2 the predictions of the abundances of the elements (when summed upon their various
isotopes) in the range of η where the 4He abundance is Yp � 0.3. I restricted the plots to elements
for which the abundance is larger than the solar abundance for some values of η.

Very high values of η � 10−3 are associated with an overproduction of elements in the iron
group Z ∼ 25 (see also the upper panel of Fig. B.1) while somewhat lower values of the baryon-
to-photon ratio η ∼ 10−4 are associated with an overproduction of neutron-capture elements in the
Z ∼ 60 region (see also the lower panel of Fig. B.1), some of which usually associated with r-process
enhancement like barium and strontium (e.g. [700]).

B.1.4 Comparison with metal-poor stars in the Galactic halo

The Galactic halo has proven to provide a remarkable environment for studying the oldest stars
in the universe and for deciphering their evolution by chemical tagging [704]. It is possible that
such stars may contain signatures, hitherto overlooked, of high η patches in the early universe that
survived on the scales of the smallest dwarf galaxies, the oldest galaxies in the universe. Many of
these systems later hierarchically merged into the halos of galaxies such as the Milky Way where
they account for the enhanced r-process features observed for 2−4% of metal-poor halo stars [705].

The distinguishing characteristic of these metal-poor halo stars is that α/Fe and other chemical
signatures monitor the role of short time-scale core-collapse SNe enrichment [706]. Hence they are
a natural laboratory for our proposed signature of inhomogeneous BBN.

In this Section, I compare the abundances obtained with AlterBBN at high η to some observed
abundances in distant metal-poor stars [701] (see Fig. B.3, blue dashed areas). One finds that
elements like Ni, Cr, Ca and Si, which are rare products in metal-poor (population II) stars, are
produced in great quantities in the high-η BBN scenario. This could give hints of observable
signatures in distant metal-poor stars. Normal stellar thermonuclear fusion and non-standard high-
η BBN do not give the same chemical products. In principle, these differences could also be used
as a distinguishing characteristic of inhomogeneous BBN.

B.1.5 Comparison with metal-poor stars in dwarf spheroidal and ultrafaint
galaxies

DSphs galaxies are most likely the oldest stellar systems in the universe, and the ultrafaint dSphs
have metal-poor components that formed at least 10Gyr ago and are enriched in r-process elements
by some currently uncertain combination of core-collapse supernovae and neutron star mergers, with
the latter contribution ranging from essentially all [676] to some [677] or only a minor fraction [679].
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Figure B.3: Comparison of AlterBBN data (black lines) as functions of η with 1σ data from metal-
poor halo stars [701] (blue dashed areas), dSph faint galaxies [702] (green dashed areas), and two
r-process enhanced dwarf galaxies: Reticulum II [700] (purple areas) and Tucana III [703] (orange
areas) while the red lines are the solar abundances [692]. The grey vertical line is the standard
BBN 1σ value for η = (6.140 ± 0.058) × 10−10 [346]. Error bars are smaller than the lines. [taken
from [669]]
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The core-collapse supernovae contribute on a time-scale of ∼ 108 yr while neutron star mergers
on a much longer time-scale comparable to that of SNIa Fe enrichment of ∼ 4 × 109 yr [707].
Such a delayed bimodal enrichment history allows the possibility that some stars, the prompt-
forming, extremely metal-poor component, avoided late enrichment, and any exotic primordial
BBN signatures would be, at least relatively, chemically undiluted.

In this Section, I compare the predicted inhomogeneous BBN data with the abundances recently
measured in 12 dSphs or faint galaxies [702] (see Fig. B.3, green dashed areas). The Reticulum II
galaxy was extracted from their data because it is treated separately, see below. One remarks that
several elements could be detectable at η � 10−5, including Co, Ni, Sr, Y, Zr, Ce, Pr, Nd, Sm, Gd.
The present model predicts relative abundance excesses for these at fixed values of η, which may
well of course be diluted by mixing of r-process chemical enrichment.

In particular, the nearby ultra-faint dwarf galaxies Reticulum II and Tucana III are fascinating
laboratories for studying the evolution of and enrichment by the first stars in the universe. Unlike
typical dwarfs, their r -process history demonstrates a lack of complete mixing of supernovae ejecta
with the ambient gas in their early gas-rich phase as compared to most other dwarfs [708]. In Fig. B.3
I highlight the comparison of abundances obtained with AlterBBN at high η to metal-poor stars
observed in the dwarf galaxy Reticulum II [700] (purple areas) and in Tucana III [703] (orange areas).
In these galaxies, which are highly DM-dominated, there are hints of an enrichment in r -process
elements which in the absence of the most established astrophysical explanation, namely neutron
star binaries [709], could possibly correspond to a primordial component. A test of this would be to
look for neutron-capture signatures that anti-correlate with the most common r-process product,
europium, and that is relatively un-enhanced in the inhomogeneous BBN models,4 as highlighted
in Fig. B.4. Europium suffers from an observable bias due to its very low abundance in metal-poor
stars, unless it is enhanced as in Reticulum II or Tucana III, thus the comparison between different
metal-poor stars populations may be flawed.

B.1.6 Conclusion

While the horizon size is of order 105M� at the onset of BBN, when the neutron abundance is frozen
in at an epoch of T ∼ 1MeV, Ref. [33] notes that extreme curvature fluctuations on horizon scales
could form rare PBHs in this mass range provided the initial conditions are highly non-Gaussian,
so that extreme perturbations that affect BBN only occur in rare inhomogeneous patches of the
universe. Such scales are important as they provide PBHs of masses that are capable of seeding
SMBHs observed at z � 10, when such seeding may be needed [683], and even could simultaneously
accelerate galaxy formation. It is argued that a corollary is the possible but rare neutron-capture
signatures in the oldest stars.

If sufficiently anomalous in terms of rare elements, the much later formation of stars in these
regions may reflect primordial contamination by unusual abundance patterns. Of course this de-
pends on the possible effects of radiation damping, not significant for isocurvature fluctuations, and
of gas mixing throughout galactic evolution. Hence Ref. [669] suggests looking at either extremely

4I had to specifically extract the europium data from the complete set of AlterBBN data since its abundance does
not exceed the lower cut-offs that had been set.
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Figure B.4: Comparison of AlterBBN Europium abundance (black line, summed over the isotopes)
as a function of η with metal-poor halo stars data [701] (blue dashed areas), dwarf spheroidal faint
galaxies data [702] (green dashed areas), and two r-process enhanced dwarf galaxies data: Reticulum
II [700] (purple areas) and Tucana III [703] (orange areas). I also represent the 1σ spread of the
data. The solar abundance [692] is indicated as a red line. The standard BBN 1σ value for
η = (6.140 ± 0.058) × 10−10 [346] is represented as a grey vertical line. The error bars are smaller
than the width of the lines. [taken from [669]]

metal-poor components of dwarf galaxies, which have mostly not undergone mergers, or the halo
stars that most likely formed in now-merged dwarf building blocks.

Any r-process enhancement is a signature of inefficient mixing at the epoch of the events, whether
core-collapse SNe or neutron star mergers, that sourced the r-process elements. Hence we suggest
targeting the metal-poor dwarf spheroidals Reticulum II and Tucana III as ideal candidates for
our proposed signatures. These DM-dominated galaxies are also compelling targets for PBH direct
detection [443, 444, 666], which could further advocate this model.

Another test of the present hypothesis would be to look for neutron-capture signatures that
anti-correlate with the most common r-process product, europium, which is relatively un-enhanced
in this inhomogeneous BBN model, compared to other neutron-capture elements.

I finally mention that Ref. [710], which appeared after the present study, discusses quantitatively
the mixing of elements produced in inhomogeneous BBN and concludes that if inhomogeneity re-
mained limited on sub-horizon scales, element diffusion should have diluted any local inhomogeneity.
It proves however that be the inhomogeneity super-horizon scaled, then the inhomogeneity could
have survived on stellar formation scales.
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B.2 Planet-mass primordial black holes

B.2.1 What if Planet 9 is a PBH?
5Concordant evidence points towards the existence of a ninth planet in the Solar System at more
than 400AU from the Sun. In particular, trans-Neptunian object (TNO) orbits are perturbed by
the presence of a putative gravitational source. Since this planet has not yet been observationally
found with conventional telescope research, it has been argued that it could be a dark compact
object, namely a BH of probably primordial origin.

Within this assumption, I discuss here the possibility of detecting Planet 9 via a sub-relativistic
spacecraft fly-by and the measure of its HR in the radio band and conclude that it is too faint
compared to the CMB. I thus present other perspectives with rather a satellite mission and conclude
that smaller BHs would give much more interesting signals. I emphasize the importance of the study
of such HR laboratories in the Solar System.

Perturbations of orbits of known objects in the Solar System have led astronomers to search
for gravitational sources from which they originate, under the form of unknown planets. After the
discovery of Neptune in 1846, no more planets were found beyond dwarf planets such as Pluto or
Eris. However concordant evidence have recently appeared in direction of what has been a proofless
obsession for many astronomers: the existence of Planet 9, which may become an object under
even more intense scrutiny. The apparent clustering of TNO orbits in the Kuiper belt suggests the
presence of a massive body of a mass M ∼ 5 − 10M⊕ orbiting between 300 and 1000AU [711–
714]. Even though the statistics of clustered TNOs is not sufficient to robustly exclude coincidental
observations [715], the probability of accidental correlations is � 1% [716]. The parameters of
this hypothetical Planet 9 are further constrained by ephemeride measurements such as those of
Cassini [717, 718].

In spite of telescope searches, no new object has been found in the sky to be Planet 9 [719–721].
Ref. [722] thus suggests that Planet 9 may be a compact dark object, invisible to telescopes—namely,
a BH. A BH with such a light mass certainly points towards a non-stellar origin because of the TOV
limit (see however [300]); this BH could be one of the putative PBHs. The fraction of DM under the
form of PBHs is expected to be fPBH ∼ 0.1−0.01 in the Planet 9 mass region [28]. No confirmed PBH
has been observed yet, but OGLE has recently found PBH candidates in microlensing events [273]
whose masses would correspond to the mass of Planet 9, and their mergers may be detectable in
future GW experiments [723, 724]. Thus, it is plausible to consider that if a population of terrestrial
mass PBHs exists, one of them could have been captured by the Sun gravity and could be orbiting
beyond Neptune, providing an explanation for the “invisible” body responsible for the gravitational
anomalies of TNOs.

Successively, two experiments have been proposed to detect Planet 9 if it were a BH (hereafter
called P9). Both are based on ideas similar to the Breakthrough Starshot proposal,6 in which it is
proposed to send a fleet of very small spacecrafts (m ∼ g−kg) at sub-relativistic speeds (v ∼ 0.001 c)
in different directions of the sky to reach nearby stars in order to study their planetary systems

5This Section is based on the paper “Detecting Planet 9 via Hawking radiation” [663] I wrote with A. Arbey.
6https://breakthroughinitiatives.org/Initiative/3
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and achieve the most distant explorations ever [725]. The advantage is that such light and fast
spacecrafts would reach the orbit of an eventual P9 in a few years. By sending many of those across
the sky towards the hypothetical location of P9 orbit, one gets a chance that one of them experiences
a fly-by of P9. The first proposal is to measure the time delay in the line of sight trajectory of a given
spacecraft (hereafter called SC0 for spacecraft 0, the discoverer), induced by the presence of a nearby
massive body [726]. This would necessitate an on-board precision clock to measure a ∼ 10−5 s time
delay over a one year trajectory. The second proposal is to measure the transverse inclination of the
trajectory of SC0 induced by the presence of P9 [727]. This alleviates the on-board clock problem
but necessitates a ∼ 10−9 rad angular displacement measurement, which could be achievable with
VLBI for example. However, in Ref. [728] the authors examined the environment in which SC0
would travel to reach the orbit of P9 and concluded that the interstellar medium turbulence—drag
and magnetic fields—would make the precise gravitation-perturbed trajectory measurements cited
above impossible to achieve due to noise signals from unknown medium local properties.

There also exists a completely different approach to P9 detection proposed in [729], based on
the fact that icy objects of the Oort cloud would get disrupted by the P9 gravitational field and the
accretion of such material could cause flares detectable by the LSST survey [730]. A few of such
events could occur per year, making them detectable. In addition, it would prove the BH nature
of P9, and solve the trajectory difficulties of the sub-relativistic spacecrafts described in [728]. The
continuous search for TNOs also continues, and the DES collaboration claims that they would be
able to detect many more of them, among which more clustered TNOs pleading in favor of P9, if
not P9 itself [731, 732].

Here I suggest a new proposal, based on the fact that P9, if it is indeed a BH, will emit HR.
Thus even if P9 is not visible from the Earth (not being a reflective planet but a BH), it would still
emit a small amount of radiation. This was already considered in the original paper about the BH
nature of P9 [722] but the authors concluded that the amount of HR was too small to be detectable
from Earth, which is true. What is considered here is the detection of this very HR by the flying-by
SC0, in the vicinity of P9, as described below. This would be of particular importance since, even
if rather well theoretically motivated, HR has not yet been observed. HR by smaller BHs results in
constraints on their abundance but not yet in detection signals, despite the intense search for their
final burst (see Section 4.1.2.8). As a further motivation, the precise spectrum of HR may contain
information on the quantum structure of BH horizons (see e.g. Section 4.6). Therefore directly
observing a BH HR would be of great importance, and a PBH in our Solar System would represent
the best laboratory to study it.

B.2.1.1 Setup

The setup of the experiment would be the following. SC0 passes by P9 at speed v and with impact
parameter b. Let’s define t = 0 to be the time of minimal approach. When SC0 approaches P9,
the radiation flux will increase, reach maximum at t = 0 and then decrease. Since sub-relativistic
velocities are considered, the Doppler effect is negligible. The spatial displacements considered
in [726–728] have however to be taken into account as an uncertainty on the precise trajectory of
the ship. I neglect them for the moment and consider an ideal straight line trajectory for SC0.
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Figure B.5: Total power emission of photons by P9 as a function of frequency for different values of
the P9 parameters M = {5, 10}M⊕ and a∗ = {0, 0.99} (bottom solid lines). The CMB spectrum is
also shown for comparison, as measured by different instruments [733] (dots and thick blue line) and
with a blackbody model fit with temperature T = 2.725K (dashed black line). [taken from [663]]

P9 has a super-terrestrial mass MP9 ∼ 5 − 10M⊕, thus its peak EM emission frequency lies
around the GHz radio band. One does not have any indication of P9 dimensionless spin a∗; as a PBH
it is expected to have a negligible spin but it has been shown that transient matter-domination era
at the end of inflation can produce high-spin PBHs that can conserve their spin until today despite
Hawking evaporation (see Section 2.7). In Fig. B.5 the power emission per horizon area unit

d2P
dνdS

=
1

4πr2S
E
d2N

dtdν
, (B.2)

is shown as a function of frequency for different P9 masses and spins, where d2N/dtdν is the number
of photons emitted by HR per units of time and frequency. One clearly sees that the low-mass high-
spin setup is favored by detection because it implies more energetic and abundant emission. In this
figure I also show the CMB spectrum which is very well approximated by a blackbody radiation

d2PCMB

dνdS
=

8πν3

eE/TCMB − 1
, (B.3)

with temperature TCMB = 2.725K [253]. The comparison with the CMB intensity in the HR energy
range shows that even in the most favorable case, P9 radiation represents ∼ 0.1− 1% of the CMB
intensity, a difficulty that will be discussed below. Indeed, a PBH with mass M ∼ 5M⊕ has a
temperature of T ∼ 2 × 10−3 TCMB, therefore its HR is subdominant compared to the CMB, and
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it is generally believed that the PBH would then accrete ambient radiation rather than emit it, as
dictated by the 2nd law of thermodynamics.

Let’s consider that the Solar sail of the Breakthrough Starshot-like spacecrafts is used as a radio
antenna in the GHz band, with a surface area of S ∼m2 [725]. As Breakthrough Starshot already
considers very large sails, it is natural to imagine a way to use these sails as on-board detectors
to perform EM measurements. This would require to adapt the sail technology to implement GHz
photon collecting, a possible challenge as the sails have to be extremely thin and light for solar
propulsion into such small spacecrafts. The power received by the ship, if its sail is considered
perpendicular to its trajectory, is then of the form

P(t) = η
S(t)

4πr(t)2

∫ +∞

0
EQγ dE , (B.4)

where the energy integral covers the radio GHz band, r(t) is the distance between SC0 and P9 and
S(t) is the area of the sail projected in the direction of P9. Here Qγ is the number of photons emitted
per units of time and energy given in Eq. (2.147). The emission rates of particles by evaporating
BHs are computed with BlackHawk. The efficiency coefficient η corresponding to the absorption of
the sail is considered in Eq. (B.4) for completeness, but since I do not make any assumption on the
material or technology, I do not have an estimation of it; in any case it has to be maximized. Finally
I assume the sail to be perpendicular to the direction of motion for simplicity, but I note that there
probably exists more optimized geometries to maximize the power received during a fly-by while
keeping a sufficient acceleration via laser propulsion technology [725].

Ideal straight line trajectory. I geometrically compute S(t) and r(t) by defining α as the
angle between SC0 velocity v and position r relative to the origin at P9, and consider that the (one
dimensional) sides of an area A have lengths of the order

√
A. I obtain

cosα =

√
S(t)√S ⇐⇒ S(t) = cos2 αS , (B.5)

and

tanα =
b−√S
|r∗(t)| , (B.6)

where the −√S term comes from the definition of b which is the distance between P9 and the center
of the solar sail. This factor can be safely neglected. Thus the projected area is

S(t) = cos

[
arctan

(
b−√S
|r∗(t)|

)]2
S , (B.7)

where r∗(t) = vt is the distance to minimal approach in the straight trajectory approximation and
r(t) =

√
r∗(t)2 + b2. One sees that even if the distance is minimal at (t = 0, r∗(t) = 0, r(t) = b),

the projection of the flux on the sail is zero at this point. Thus one expects a peak feature in the
time-dependent radio signal with a discontinuity at t = 0.
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Perturbed trajectory. If the kinetic energy carried by SC0 becomes comparable to the grav-
itational potential energy of P9, then a gravitational perturbation of the trajectory is expected,
i.e. for

Ekin ∼ Epot ⇐⇒ 1

2
mv2 ∼ GMm

r
⇐⇒ r ∼ 2GM

v2
. (B.8)

Considering the speed and mass at stake here, it occurs when b <
∼

100 km. The trajectory will be

deviated as given in [727, 728] because of the time build-up of small shifts, but this will occur at
timescales much larger than this fly-by detection time. However, if the impact parameter becomes
very small, the full trajectory needs to be taken into account to predict the form of the signal. This
can be done by taking again the geometrical definitions given in the previous section and redefining
an effective instantaneous (at time t) impact parameter b(t) and effective instantaneous distance to
the minimal approach point r∗(t), which could be seen as the geometric quantities obtained in case
SC0 were to continue in a straight line from time t. Thus, the α(t) angle is the angle between the
instantaneous velocity and position vectors

cosα =
v · r
vr

, (B.9)

and the perturbed quantities to be considered in the area projection formula in Eq. (B.7) are

b = r sinα , and r∗ = r cosα . (B.10)

Results. The expressions (B.4) and (B.7) (with ideal or perturbed geometrical quantities)
allow to compute the light curve received by SC0 as it passes by P9. A test result is shown in
Fig. B.6. The main aspect of this test signal is that it is symmetrical, making the detection easier
with respect to the background. Doppler effect would make it asymmetrical but due to the sub-
relativistic speed it has negligible effects in the present analysis. One can extract the parameters
from the signal by using the following approximation, which is valid far from the minimal approach
position vt	 b

P(t) = S(t)

4πr(t)2

∫ +∞

0
E

d2N

dtdE
≡ S(t)

4πr(t)2
P0 ≈ P0S

4π

1

(vt)2

(
1− 2

(
b

vt

)2
)
, (B.11)

as can be seen in Fig. B.6. This approximation is valid in the straight line trajectory approximation,
which is a good approximation as shown below. In Fig. B.7 I show the light curves for different
setups as summarized in Table B.1. According to Eq. (B.11) one has to draw the detection signal
with a rescaled time

t0 =

(
3× 104m

b

)
s , (B.12)

in order to display all signals of Fig. B.7 in the same plot. Only in the favourable setup 1, one
gets an order of magnitude for the radio signal that is comparable with the currently most precise
(Earth-based) detection tools. For example, the project Breakthrough Listen7 aims at detecting

7https://breakthroughinitiatives.org/initiative/1
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Figure B.6: Example of a light curve for a speed v = 0.001 c, impact parameter b = 103 m, sail
area S = 1m2, and P9 parameters M = 5M⊕ and a∗ = 0 (solid line). The approximation of
Eq. (B.11) leads to the dashed line. [taken from [663]]

setup M a∗ b S
setup 1 5M⊕ 0.99 105 m 100m2

setup 2 5M⊕ 0 106 m 10m2

setup 3 10M⊕ 0 1AU 1m2

Table B.1: Parameters of the P9 and SC0 setups used in Fig. B.7.

GHz signals from nearby stars to search for artificial signals as hints of advanced civilizations.
Ref. [734] claims a minimal flux detection of 7.14×10−26 W·m−2 using the Green Bank Telescope—
a 100m diameter collecting antenna [735]. I do not expect the signal extraction from ambient noise
to be any more difficult in P9 neighbourhood than on Earth. In Fig. B.7 I show also the results
with the exact trajectory calculations taking into account the gravitational well of P9. One sees
that for the considered setups the effect is very small.

P9 mass M affects the energy of emission and thus its power. The resulting signal is proportional
to the inverse of the mass squared (temperature squared). The degeneracy in mass is small for P9,
hence one expects aO(10) factor at best when going from higher masses to lower masses as permitted
by current constraints. P9 spin a∗ affects the emission rate and the power received, and Fig. 2.14
shows that the signal can be enhanced by a factor of O(100) for photons when the spin is near
extremal. The signal reception is proportional to the sail area S, so multiplying the area by O(10)
gives an amplification factor of O(100). The impact parameter b fixes the minimum distance r(t)
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Figure B.7: Radio signals received by SC0 for different setups with parameters given in Table B.1.
Both the ideal straight trajectories (plain lines) and the fully perturbed trajectories (dashed lines)
are displayed. [taken from [663]]

that can be achieved, so the peak result is inversely proportional to b2. The impact parameter on
the other hand is a highly random parameter, which depends on the density of spacecrafts launched
in the direction of the orbit of P9.

This fly-by scenario would be a totally independent and EM based mean of detection of P9 if it
were a BH. However, as has been shown in this Section, the CMB intensity is much larger than the
HR intensity in the considered energy range. In setup 1, the most favorable scenario considered here,
this represents a signal-to-CMB ratio of ∼ 10−10, which is even smaller than the CMB fluctuations.
Thus it seems unrealistic to detect P9 during a fly-by with this method. However, I show in the
next Section that the same method can be used to search for lighter PBHs.

B.2.1.2 Other perspectives

Observation by a satellite. Optimizations of proposals presented in [726, 727], while taking
into account the trajectory shifts estimated in [728], or proposal [729], may lead to a drastic reduction
in the possible sky localization of P9 along its already constrained orbit. Therefore, it will be of
utmost importance to send a mission orbiting P9, or at least to try to achieve the closest possible
fly-by for a radio mission as described in this work. HR would be the only direct measurement of
the presence of P9, gravitational perturbations being only indirect evidence. The in situ measure
of radio emission will give access to the form and properties of the BH horizon, thus giving exciting
prospects for BH and fundamental physics. In case of satellization of a spacecraft around P9,
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Fig. B.8 shows the radio flux F as a function of the orbit radius r

F =
1

4πr2

∫ +∞

0
EQγ dE . (B.13)

A satellized mission would offer the possibility to extensively study the EM emission of P9 if it
were a BH. For example, one could imagine a directional parabolic antenna focused on the BH
localization to reduce the impact of the CMB background, which will in addition be reduced by
the screening due to the BH “shadow”. This requires to reach high-precision focus of the order
of the wavelength (∼ cm) at more than a hundred kilometers. It would then be achievable to
distinguish the shadow of the BH on the CMB background, making it an indirect observation of P9.
The long-exposure measure of this shadow as the spacecraft orbits P9 should be compared with the
numerically predictable shadow on a constant CMB background, and then a radio signal coming out
of the center of the shadow could be searched for. One can also imagine a mission constituted of two
spacecrafts, one of which acting as a CMB shield screening the background and aligned with P9 and
the antenna on the opposite location on the orbit. Then a signal received from P9 would constitute
a direct measurement of its genuine emission. Very recently, Ref. [736] thoroughly examined for the
first time what would be the “picture” of a BH taken by a detector sensitive to its HR. They calculate
the two-point correlation function 〈X1, X2〉 of the signal received by two independent receptors and
reconstruct the BH “image” by interferometry—Fourier transform of 〈X1, X2〉. It is shown in this
paper that highly spinning KBHs would exhibit rather different pictures compared to SBHs.

Another direct probe of the presence of such a heavy BH via HR is the emission of GWs: if
the graviton is indeed a fundamental particle, it can be expected to be emitted by HR. It has
already been conjectured that graviton emission by PBH evaporation in the primordial universe
could constitute a stochastic background carrying information on the first seconds after the Big
Bang. The detection of this high-frequency background remains a technical challenge. The amount
of GWs emitted by present day BHs is again usually considered too low to be detectable from Earth.
If one were to put spacecrafts in orbit around P9, search for such gravitational waves would be of
utmost importance to probe the existence and properties of the graviton, constituting a portal to
quantum gravity. In Fig. B.9 I show the density of GHz GWs that such a satellite would receive as
a function of its orbit radius

ΩGW =
1

cρc

(
H0

100 km · s−1 ·Mpc−1

)2 1

4πr2

∫ +∞

0
EQG dE , (B.14)

where c is the speed of light, ρc ≈ 8.523×10−30 g·cm−3 is the critical density and H0 ≡ h×(100 km ·
s−1 ·Mpc−1) with h ≈ 0.67 the reduced Hubble parameter [253]. Since it would constitute a constant
signal, extraction from the noise may be easy. One sees from Fig. B.9 that a high P9 spin increases
the amplitude of GWs by 4 orders of magnitude (see Fig. 2.14). The SNR is however complicated
to forecast since no GW detector has for now explored the GHz domain.

Lighter PBHs. One can extrapolate the present discussion to lighter BHs that could have
been captured by the gravitational field of the Sun (see Section B.2.2 below).8 A ∼ 0.01M⊕ body of

8Ref. [737] recently conducted a study of the possibility of PBH-Earth collision in this framework.
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Figure B.8: Radio flux as a function of orbit radius for different P9 masses M = {5, 10}M⊕ and
spins a∗ = {0, 0.99}. [taken from [663]]

the mass of Mercury would emit in the same band of energy and with an intensity close to the CMB,
because its temperature is T ∼ TCMB, making its putative detectability much easier. In Fig. B.10
I show the same emissivity as in Fig. B.5 but for lighter PBHs. The energy range of the emission
lies in the CMB peak at ∼ 2.7K, but the emissivity is higher than the CMB one for PBHs with
mass M � 10−2M⊕. There is no evidence of such light hidden bodies in the outer Solar System,
contrarily to the P9 gravitational perturbations, but the expected perturbations would be too small
to be detected by TNOs orbits clustering. During the last years, several light bodies have been
discovered in the outer Kuiper belt: Eris, Haumea, MakeMake... showing that a large population of
such objects can exist beyond Neptune’s orbit. However, the fraction of DM that these objects can
represent is more tightly constrained by microlensing than terrestrial mass objects, with a fraction
f � 1% [28]. A satellized mission around one of those objects as described above may lead to the
first direct measurement of HR, thus allowing comparisons with models alternative to the seminal
Hawking prediction.

B.2.1.3 Conclusion

In this exploratory work I have proposed a new way to probe the presence of a hypothetical Planet
9 in the outer Solar System if it were actually a black hole, by using a Breakthrough Starshot-like
fleet of nano-spacecrafts. Considering the difficulties of measuring tiny longitudinal or transverse
displacements that P9 would induce on a spacecraft during a fly-by, mostly related to the fact that
trajectory perturbations arising from the interstellar medium would be of the same order, Ref. [663]
proposes to measure in situ the HR emitted by P9 in the form of GHz radio photons. This method
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Figure B.9: GWs density as a function of orbit radius for different P9 masses M = {5, 10}M⊕
and spins a∗ = {0, 0.99}. [taken from [663]]

has two main advantages, first it is not affected by the trajectory noise because it only relies on
classical on-board EM detection, second it would be a unique occasion to measure and thus prove
the existence of HR, a long-standing prediction of BH thermodynamics. The principal difficulty
is to measure a very faint signal in the radio GHz band, with an amplitude inversely proportional
to the square of the impact parameter b, therefore requiring either great luck or a multitude of
spacecrafts in order to reach a fly-by of P9 at ∼ 100 km distance, or the use of an extremely precise
radio detection technology. Furthermore, it seems unrealistic to extract this faint signal from the
dominant CMB contribution during a fly-by mission. Nevertheless, if P9 were indirectly localized
using e.g. spacecraft trajectory measurements or LSST flares, an orbital mission would be of great
importance to study the properties of BHs and HR, and would allow for more advanced measurement
techniques, e.g. by screening the CMB and focusing an antenna on P9. Finally, I extrapolated the
present discussion to lighter PBHs that could have been captured by the gravitational field of the
Sun and concluded on the advantages of these configurations for the detection of HR, since their
emissivity would be dominant as compared to the CMB.

I must add that I am very worried about the general direction taken by the small satellites
technology. Their small size and simplicity has turned them into a common industrial product
that can be launched in space by loads of more than a hundred. Some well-known societies, not
to name them, have started programs to crowd the lower Earth orbits with small satellites, under
the disguise of providing Internet to everyone. The link to a recent movie where this was used as a
mean to control the entire population is spurious, but the impact on astronomical observations and
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Figure B.10: Total power emission of photons by light PBHs as a function of frequency for different
masses M = {10−3, 10−2}M⊕ and a∗ = {0, 0.99} (bottom solid lines). The CMB spectrum is the
same as in Fig. B.5. [taken from [663]]

the risks of collision with more useful scientific satellite missions are dramatic [738–745].9 These
companies go deeper in megalomania as they receive investments from multinationals to deploy
fleets of satellites that would display luminous advertisements on sky-scale. Some time ago, I was
night-walking with companions, we had a look at the clear sky, and the first thing we saw was the
Starlink trails. People around me were so dismayed, claiming that the night sky was stolen from
them. Democratic control on these technologies is urgent. In that sense, I found with great interest
the proposal of a “space environmentalism” [748] which states that as long as the human kind “uses”
outer space for of its development, the latter should be protected by environmental laws.

B.2.2 Constraining the non planetary substellar objects abundance

10This small Section deals with direct observation of PBHs in planetary exosystems, through the
possible existence of non planetary compact sub-stellar objects (CSSOs), such as BHs, but also
non-standard objects such as boson stars (X-stars) in these systems. The challenge is to detect and

9The Nature paper [746] states that a “a mutually acceptable pathway for the development of this potentially
rewarding family of technologies” is possible; while the other Nature publication [747] claims that “there are clearly real
societal [. . . ] benefits from enhanced communication systems and space-based data services”; to which I completely
disagree.

10This Section is based on the research note “Constraining the non planetary substellar objects abundance” [749]
I have published with A. Arbey and J. Schneider.
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distinguish them from ordinary planets.11 Here I present the new approach to this problem taken
by Ref. [749], which consists in detecting directly these CSSOs using exoplanet searches by transits,
RV measurements and astrometry and comparing the results to standard planet models.

On the one hand, Xstars [750–752] can have masses of the order of the Jupiter mass MJup with
radii as low as a few meters [753]. On the other hand, sub-stellar mass BHs can only be primordial
since the stellar collapse can only lead to M � M� BHs (see however [300]). Even if they can
evaporate via HR, the lifetime of a 1MJup mass PBH is much larger than the age of the universe.
PBHs would have at least two impacts: as a possible source of DM and as constraints on Big Bang
models (see the reviews [28, 266]). Below, possible techniques for their direct detection are explored.

B.2.2.1 Methods to detect CSSOs

One can foresee four methods for the detection of CSSOs: transits, microlensing, radial velocity
(RV) and astrometry. Direct optical detection is not realistic since these objects are not expected
to emit visible light. For sub-stellar BHs a possibility would be to search for their HR. The latter
would be so weak that it could be detected only for PBHs present in the Solar System (see above).
I therefore explore the other claimed methods.

Microlensing. Microlensing gives only the mass of CSSOs and there is no way to make the
distinction with an ordinary planet, unless it is transiting.

Transits. Transits give the radius of objects. When in addition the mass is given by RV
and/or astrometry, one can compare the observed mass-radius with standard planet models. An
odd mass-radius (M −R) relation would lead to a CSSO candidate.

In addition, a CSSO with a mass M would cause during transits around a star with radius R
a gravitational amplification A = (M/M�)(R�/R)2 = 100 for a M = 10MJup CSSO transiting a
white dwarf of radius 7000 km [754].

One could argue that a CSSO can be surrounded by a large atmosphere leading to a standard
M −R relation. But it would then be surprising that for all objects their atmosphere is sufficiently
large to mimic a standard planet. In the Solar System several objects have no atmosphere. Such
atmosphere-less objects would have an odd M−R relation compared to standard planet models and
would make these objects CSSO candidates. Moreover, if the CSSO is indeed a PBH, it should not
have formed at the same moment as the stellar system but rather have been dynamically captured
by it. Thus, there is small chance that it can accrete an atmosphere sufficient to mimic a planet
radius.

Direct imaging. Astrometry and RV can easily detect 0.003 − 100MJup objects. But then,
here again, the problem is to disentangle them from ordinary substellar objects. Ref. [749] therefore
explores another strategy to constrain the number of CSSOs. It is proposed to constrain their
abundance by the direct optical and near-IR search of substellar objects confirmed by RV and/or

11The same challenge exists in distinguishing low-mass BH binaries from neutron star mergers, in the absence of
an EM counterpart [299].
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astrometry. Presently, about 2000 of them are known and many more will be detected by Gaia [755].
Exoplanets known from RV and/or astrometry will be searched for in direct images with future
ground based and space based projects. 0.003−100MJup objects known from RV and/or astrometry
will have, depending essentially on their distance, a flux predicted by planetary surface models. If
the flux is not detected it will be a reasonable candidate for a CSSO. Again one could argue that
a CSSO can be surrounded by a large atmosphere leading to a standard mass-spectrum relation;
but it would then be surprising that for all objects the mass-spectrum relation exactly fits standard
planet models.

B.2.2.2 Primordial black hole companion population

The estimation of the PBH companion population rests on two steps: the number of PBHs, and
the fraction of them captured by stars.

Amount of PBHs and X-stars. The number of PBHs and/or X-stars of planetary mass in
the present universe is constrained by microlensing surveys. In the Jupiter mass range, the tightest
constraints are obtained by the microlensing events of OGLE [272, 273]. Some events could be
interpreted as microlensing by free-floating planets, or conceivably PBHs, within the observational
limit that these objects represent at most ∼ 1% of the total DM density.

Fraction of PBHs and X-stars captured by stars. The rate of PBHs and/or X-stars
capture by stars is estimated by [722] to be Γ = 〈σnv〉 where the density is the local DM density
ρDM ≈ 0.4GeV·cm−3 (which depend on the Galactic halo model, see Section 4.2), such that n =
fPBHρDM/M for a monochromatic distribution. The velocity is the DM local radial velocity v ≈
220 km·s−1 and the cross section σ can be estimated by comparing the gravitational potential of
the Sun with the kinetic energy of the compact object such as GM/σ1/2 ∼ v2/2, which gives [722]

ΓPBH = 〈σnPBHv〉 ∼
4G2M2�fPBHρDM

v3M
∼ 10−17 s−1 ×

(
fPBH

0.01

)
×
(
220 km · s−1

v

)3

×
(
M⊕
M

)
.

(B.15)
Thus, following this very rough estimate, through the galactic history of ∼ 10Gyr, nearby stars
would have captured ∼ 2.5 PBHs of Earth mass M⊕, and a fraction f ∼ 1% of stars would have
captured a MJup mass PBH. However, for example, most of the simulations for Planet 9 capture are
unsuccessful if it were a PBH are unsuccessful, or predict that it should be ejected away by dynamical
effects from inside the system due to other planets or from outside the system due to fly-bys. Thus,
depending on the structure and history of the exoplanet systems, stable CSSO capture could be very
much improbable [756–758]. Finally, if the clustering of PBHs at formation were important (see
e.g. [523]), PBHs could look like planetary mass objects when observed in microlensing events, while
being in reality smaller objects individually. The capture rate inferred in the previous discussion is
to be refined on many aspects with dynamical simulations.
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B.2.2.3 Expectations from future direct imaging programmes

There are several future direct imaging programmes, with the goal to detect Earth-like planets and
to expand the prolific catalog of exoplanets.12 From the ground, there are three Extremely Large
Telescope projects: GMT, TMT and E-ELT, but being not dedicated to exoplanet imaging, their
yield will be modest. More promising are the HabEx and LUVOIR space projects. HabEx will
detect at least 150 planets within 10 pc (see Fig. 3.3.5 of [759]) and LUVOIR about 700 planets
(LUVOIR Team (2019) Fig. 1.6) within 30 pc (see Fig. 1.6 of [760]). If a known companion is not
detected as expected, it will be a hint for either a PBH or an X-star.

A last speculation came to me following my earlier work with G. Laibe [761], that is the possible
observation of distortions of the disk of dust and gas around nearby stars in which planetary systems
are forming. Visible distortion by an off-plane CSSO orbit at a stage where no planet is formed yet
would point towards exotic origin.

12http://exoplanet.eu
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