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Spin noise spectroscopy in metastable helium

Abstract

This Ph.D. thesis mainly addresses the spin noise spectroscopy (SNS) of metastable he-
lium. We report for the first time the measurement of spontaneous spin noise of metastable
helium atom ensemble using non-invasive spin noise spectroscopy. We utilize an off-
resonant laser to investigate the random fluctuations of the Zeeman states of the ground
level of metastable helium with a mild magnetic field of approximately 1 Gauss. More-
over, we examine the changes in the spectral pattern when the probe approaches the res-
onance. We investigate the two main types of polarization noise of the probe, namely
Faraday rotation noise and ellipticity noise. To replicate the experimental spin noise signal
qualitatively and quantitatively, we construct a simulation model that performs well even
near resonance.

After the investigation of the simpler level structure of the metastable helium transi-
tion line, we extend spin noise spectroscopy to the transition lines with more complicated
structures. Our simulation results are consistent with the experimental findings, which are
distinct from those obtained using the simpler level structure. To explain the SNS pat-
tern’s characteristics near different transition lines, we have developed a comprehensive
theoretical spin-1 model based on the superposition states theory.

We then investigate the correlation between Faraday rotation noise and ellipticity noise.
Using the eight noise modes of spin-1, we are able to explain the correlation under different
conditions. Additionally, we study the effect of magnetic field noise on the SNS pattern.
The magnetic field noise is found to alter the noise spectra pattern, and the eight noise
modes theory is able to well explain this phenomenon well.

This Ph.D. work mainly serves as proof of principle. The simple level structure of
metastable helium provides an ideal model to study the phenomenon of spin noise spec-
troscopy in spin-1 systems. These findings offer a fresh perspective on SNS and the char-
acterization of spin-1 systems. This new understanding can assist in further research in this
area.

Keywords: spin noise spectroscopy, spin fluctuations, Faraday rotation, metastable
helium.
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Résumé

Cette thèse porte principalement sur la spectroscopie de bruit de spin (SNS) de l’hélium
métastable. Nous rapportons pour la première fois dans cette thèse la mesure du bruit de
spin spontané d’un ensemble d’atomes d’hélium métastable en utilisant la spectroscopie
de bruit de spin non invasive. Nous utilisons un laser hors résonance pour étudier les
fluctuations aléatoires des sous-niveaux Zeeman du niveau métastable de l’hélium sous un
champ magnétique relativement faible d’environ 1 Gauss. De plus, nous examinons les
changements dans le spectre lorsque la sonde s’approche de la résonance. Nous étudions
les deux principaux types de bruit de polarisation de la sonde, à savoir le bruit de rotation
de Faraday et le bruit d’ellipticité. Pour reproduire qualitativement et quantitativement
le signal de bruit de spin expérimental, nous construisons un modèle de simulation qui
fonctionne bien même près de la résonance.

Après l’étude de la transition la plus simple de l’hélium métastable, nous étudions la
spectroscopie de bruit de spin aux transitions de l’hélium métastable avec des structures
plus compliquées. Nos résultats de simulation sont cohérents avec les résultats expérimen-
taux, qui sont distincts de ceux obtenus en utilisant la structure de niveau la plus simple.
Pour expliquer les caractéristiques du SNS près des différentes transitions, nous avons
développé un modèle théorique complet basé sur le modèle d’états de superposition.

Nous avons ensuite étudié la corrélation entre le bruit de rotation de Faraday et le
bruit d’ellipticité. En utilisant les huit modes de bruit du spin-1, nous sommes capables
d’expliquer les corrélations dans différentes conditions. De plus, nous avons étudié l’effet
du bruit du champ magnétique sur le modèle SNS. On a constaté que le bruit du champ
magnétique altérait le spectre de bruit, et la théorie des huit modes de bruit est capable
d’expliquer correctement ce phénomène.

Ce travail de thèse sert principalement de preuve de principe. La structure de niveaux
simple de l’hélium métastable a fourni un modèle idéal pour étudier le phénomène de spec-
troscopie de bruit de spin dans les systèmes de spin-1. Ces résultats offrent une nouvelle
perspective pour comprendre le SNS et la caractérisation des systèmes de spin-1, ce qui
peut aider à poursuivre les recherches dans ce domaine.

Mots-clés: spectroscopie de bruit de spin, fluctuations de spin, Rotation de Faraday„
hélium métastable.
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摘要

该论文主要研究了亚稳态氦气的自旋噪声谱。我们首次采用非扰动的自旋噪声
谱技术测量了亚稳态氦气的自发自旋噪声 (SNS)。我们采用非共振激光和一个大
约1高斯的外置弱磁场来检测亚稳态氦的随机波动。在文中，我们检测了当激光靠
近氦气的共振吸收区域时自旋噪声功率谱的变化。文中研究了探测光的两种偏振噪
声类型，分别是法拉第旋转噪声和椭圆率噪声。我们构建了一个数值模拟模型，该
模型可以定性和定量地复现我们的实验结果。

我们首先将光的频率放在了具有较简单的能级结构的共振跃迁频率处，之后我
们在其他共振跃迁频率处进行了更加一般化的研究。对于不同的能级结构，我们的
数值模拟结果均和实验结果一致。但不同的能级结构带来的自旋噪声功率谱的结果
是不同的。基于量子叠加态模，我们提出了一个自旋-1模型。该模型可以直观地解
释自旋-1系统中存在的高次谐波共振峰及其偏振依赖行为。相应的，我们对比了不
同的能级结构中的量子叠加态结构，发现了自旋噪声谱在不同能级结构的自旋噪声
谱不同的原因。

此外，我们研究了法拉第旋转噪声和椭圆率噪声之间的关联性。我们发现在两
者之间的关联性和探测光的频率以及探测光的偏振方向有关。通过研究自旋-1模
型中的八种噪声振荡模式，我们可以成功解释这种关联性背后的原因。最后，我
们研究了外置磁场噪声对自旋噪声谱的影响，这种影响同样可以通过自旋-1模型的
八种噪声振荡模式的到解释。

本论文的工作主要为原理性证明。亚稳态氦气简单的能级结构提供了一个理想
的模型来研究自旋-1系统在自旋噪声谱下的新现象。这些发现为理解自旋噪声谱和
自旋-1系统提供了一个新的视角并为自旋噪声谱将来的研究提供理论和实验依据。

Keywords: 自旋噪声谱，自旋随机波动，法拉第效应，亚稳态氦气.
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Preface

Spin noise spectroscopy (SNS) was first performed in alkali metal atom vapors due to
their relatively simple structure with only one valence electron, which makes them easier
to manipulate and control in experiments [1, 2]. Over time, SNS has found successful
applications in the study of semiconductor and quantum dots [3–6] and reveal new insights
into spin dynamics in condensed matter physics [7, 8].

In recent decades, the rapid development of SNS has been driven by advances in nar-
row linewidth lasers and low noise electronics. Despite these advancements, the analysis
methods for experimental results in SNS still require further improvement. While the sim-
plified spin 1/2 model has been widely used as a physical model for SNS and has provided
intuitive preliminary results [9], it can only account for conventional orientation noise for
linearly polarized probe lasers with large detuning.

This Ph.D. work focuses on investigating spin noise spectroscopy of metastable helium-
4 ensembles at room temperature. Although this system may not possess some of the
unique characteristics found in other systems, such as the novel many-body quantum states
arising from interactions of ultracold atoms [7], the presence of free and localized carriers
in doped semiconductors [5], and spin exchange between different species [10], it has
revealed several new phenomena. These include second harmonic resonance, polarization
patterns[11, 12], optical light shift[13], correlation of different kinds of probe noise, and
the effect of magnetic field noise. The simple level structure of metastable helium provides
clear explanations for these phenomena.

The goal of this PhD research is to investigate the properties of a spin-one system. We
propose a complementary model to the spin 1/2 model to address questions that cannot be
answered by the latter. Our aim is to develop a practical and simple spin-one model that
can explain phenomena in a manner similar to the spin 1/2 model. Currently, the spin-1
model offers a solution to the preliminary results of SNS in metastable helium, as well
as the ability to address more complex questions such as the correlation of rotation and
ellipticity noise and the effects of magnetic fields. We anticipate that in the future, the
spin-one model can be used as a simplified model, similar to the spin 1/2 model, to explore
novel phenomena in SNS.

This thesis is structured as follows.

1. Chapter 1 introduces the SNS experiment and presents the current state-of-the-art
research in this field.



V

2. Chapter 2 reviews the metastable helium system and the primary measurement meth-
ods used throughout the thesis. We focus on the SNS of metastable helium near the transi-
tion line D0, where the level structure is the simplest.

3. In Chapter 3, we develop a simulation model to reproduce the experimental results.
This simulation model serves as a guide for further research, and we use it to explore other
transition lines, D1 and D2 and some simulation results in Chapter 5 and Chapter 6.

4. In Chapter 4, with sufficient experimental support and simulation results, we pro-
pose a spin-one model. This model successfully explains the experimental observations
presented in Chapters 2, 4, 5, and 6.

5. In Chapters 5 and 6, we investigate the correlation between ellipticity and rotation
noise, and the effect of magnetic field noise, respectively. Based on the simulation model
developed in Chapter 3, we identify several interesting phenomena that require further
experimental investigation. Additionally, we use the spin-one model introduced in Chapter
4 to interpret these simulation results, highlighting the potential applications of this model.

6. Finally, In chapter 7, I present the concluding remarks of this thesis.
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2 PROBING A SYSTEM WITH NOISE

In this chapter, we provide several examples to illustrate the concept of probing sys-
tems with noise, which forms the fundamental idea behind spin noise spectroscopy (SNS).
Subsequently, we describe a comprehensive experimental framework for SNS and explain
the mechanism of Faraday rotation noise associated with SNS as well as the technique of
using noise power spectrum to explore SNS. Finally, we introduce the latest breakthroughs
in SNS development. This chapter will make us familiar with SNS and the state-of-the art
of current international research.

1.1 Probing a system with noise

Properties of materials in physics are studied most frequently by measuring their response
to external excitation. However, this may dramatically change the features of the system,
making the experimental results sometimes difficult to interpret. But there is another way
to probe a system. In the absence of any external disturbance, the spontaneous noise of the
system seems to be extremely useful. There are various fluctuations in different physical
variables, such as electric current, pressure, magnetization, etc. Different variable noises
can be related to different physical quantities of the system. For example, although the
value of resistance R is typically obtained by applying a constant voltage V to the resis-
tor and measuring the average electric current I , it can also be determined from voltage
variance at thermodynamic equilibrium (the Johnson-Nyquist noise) without application
of any external voltage, as demonstrated as early as 1928 [14, 15]. Indeed, according to the
fluctuation-dissipation theorem, the voltage variance is given by [16, 17]

< V 2 >= 4kBTR∆f, (1.1)

where kB is the Boltzmann constant, T is temperature, the average is taken over many
repeated measurements, and ∆f is the bandwidth of the noise in Hz. Another striking
historical example is the determination of star angular dimensions using correlations in
light intensity fluctuations performed in 1956 [18].

Similarly, spin fluctuations of a paramagnetic system can also give information and be
interesting to probe. Indeed, the noise originates from the coupling of the system with
its environments and can be used as a probe of the interactions. This concept has a wide
range of possible applications, including high-resolution imaging [19–23], non-invasive
probing of quantum phase transitions in cold atoms [10, 24–26]. Spin noise spectroscopy
(SNS) with its narrow spin noise peaks in the range of hundreds of kHz is suggested for
precise magnetometry [27–29]. Improved sensitivity can be achieved through techniques
like squeezed-light [30] or homodyne detection amplification [31, 32].

In this chapter, we first describe the general experimental scheme of SNS and the prop-
erties of the noise power spectrum. Then we introduce the development of SNS and its
applicability.
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Figure 1.1: The principle of SNS. A linearly polarized probe beam experiences
rotation noise passing through a medium with magnetization noise. The rota-
tion noise becomes a light intensity difference between the two paths of the
balanced detection. An electronic spectrum analyzer (ESA) is used to get the
power spectrum density (PSD) of the noise signal.

1.2 Spin noise spectroscopy

Among spectroscopic techniques, the one that uses spin fluctuations as a signal is called
spin noise spectroscopy. We first describe the typical experimental scheme of SNS, and
then further explain the Faraday rotation (FR) effect, the associated circular birefringence
(CB) effect, and the associated noise power spectrum.

1.2.1 SNS principle

A typical SNS experiment scheme is shown in Figure 1.1. The magnetization of a para-
magnet can be detected with an optical method based on the Faraday rotation (FR) effect.
A linearly polarized light beam will change polarization direction after passing through a
medium with magnetization along the light propagation direction z. Although the average
magnetization of the medium in thermal equilibrium is zero, it has spontaneous magneti-
zation noise that results in some rotation noise for the probe. After a polarization beam
splitter, this rotation noise becomes a light intensity difference between the two paths of
a balanced detection. The corresponding power spectrum density (PSD) can be obtained
through an electronic spectrum analyzer (ESA).

The power spectrum of spin noise , i.e. the Fourier transform of the correlation of
the spin fluctuations, is centered at zero frequency where measurements are frequently
impeded by technical noise. A transverse 1 magnetic field B is introduced making the spins
precess at the Larmor frequency ωL. Then the center frequency of the spectra is shifted
from zero to the Larmor frequency as shown in Fig. 1.1. This configuration is called Voigt
geometry. On the other hand, some SNS experiments also choose the Faraday geometry:

1Perpendicular to the direction of the detected magnetization z.
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Figure 1.2: Real χ′
± and imaginary χ′′

± parts of the dielectric susceptibility as
function of frequency near resonance. The sign ± means the left and right cir-
cular components. The inset is a schematic to show the simple physical picture
to interpret the Faraday rotation effect. The two circular components have dif-
ferent interaction strengths with the system due to the unequal populations of
the ground sublevels.

the magnetic field is oriented along the light propagation direction. The details of the
Faraday geometry and some corresponding experimental results are given in Appendix A.

1.2.2 Faraday rotation effect

Here we give a simple physical picture of the FR effect in a paramagnetic system. As
described in Figure 1.2. the real and imaginary parts of the medium susceptibility χ, which
correspond to the dispersion and absorption of the medium respectively, are linked by the
Kramers-Kronig relation. In the framework of the Lorentz model, they read:

χ′ =
Nq2(ω0 − ω)

2ω0ϵ0m [(ω0 − ω)2 + γ2]
, (1.2)

χ′′ =
Nq2γ

2ω0ϵ0m [(ω0 − ω)2 + γ2]
, (1.3)

where N is the total number of atoms, q = 1.6 × 10−19C , γ is the damping coefficient of
the electron motion, and m is the mass of the electron.

Let us consider a transverse wave that propagates along z and is linearly polarized in
the xy plane:

E(θ) = E cos(θ)x+ E sin(θ)y = (Eeiθσ+ + Ee−iθσ−)/
√
2, (1.4)

where θ indicates the polarization direction. This probe can be written in linear x/y or
circular σ± basis.

Let us suppose that the populations of the ground Zeeman sublevels |g−⟩ , |g+⟩ are
different. This results in different dispersion coefficients χ′

± of the two circular components
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σ± of the probe. Then the angle θ will change when there is a relative phase difference
between the two circular components. Assume that the phase of the σ− component leads
σ+ by ϕ, then the outgoing probe becomes

Eout = (Eeiθσ+ + Ee−iθeiϕσ−)/
√
2. (1.5)

Neglecting the overall phase factor ei
ϕ
2 , one obtains

Eout = (Eei(θ−
ϕ
2
)σ+ + Ee−i(θ−ϕ

2
).σ−)/

√
2 = E(θ − ϕ/2). (1.6)

The rotation angle is −ϕ/2 and is independent of θ. This phenomenon is also named as
magnetic circular birefringence (CB) effect. For the medium with only CB, the induced
rotation is constant for all values of θ for a given spin fluctuation.

This CB effect depends on the relative detuning between the light and the optical res-
onance of the medium. As shown in Fig. 1.2, near the edge of the absorption band, where
the FR experiments are usually performed, the refractive indices of the two circular com-
ponents are maximum for a given population difference. Naturally, we can predict that
when light and matter resonate, the absorption of the medium is stronger. In this case, the
population difference mainly causes some absorption difference of σ± components and
circular dichroism (CD) is dominant.

1.2.3 Noise power spectrum and second order correlator

We have explained the principle of an SNS experiment. The magnetization noise is trans-
formed into probe polarization noise via the Faraday rotation effect. In this section, leaving
those technical details aside, and going back to our spin system, we explain what properties
of the spin system we can probe when we look at the noise power spectrum.

For the spin system, we define the real number Sz(t) as the projection along z of the
spin of the ensemble. The spin fluctuation is

δSz(t) = Sz(t)− ⟨Sz(t)⟩ . (1.7)

Considering the equilibrium state of the spin ensemble at room temperature, the popu-
lations of Zeeman sublevels are equally distributed. Therefore, the average spin is zero
⟨Sz⟩ = 0. The Fourier transform of the recorded spin trajectory Sz(t) during the measure-
ment interval Tm is defined as follows:

a(ω) =
1√
Tm

∫ Tm

0

dteiωtSz(t). (1.8)

We assume that Tm ≫ τs, where τs is the relaxation time of spins. As Sz(t) is real, one
has a(−ω) = a∗(ω). For such a stochastic noise signal, the statistic average ⟨a(ω)⟩ = 0.
The most useful property in the frequency domain is the noise power spectrum, which is
defined as

C2(ω) =
〈
|a(ω)|2

〉
. (1.9)
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The noise power spectrum also has some physical meaning, i.e. the power density of
the noise at frequency ω. In the experiment,power spectrum density (PSD) can be easily
obtained using an ESA.

According to the Wiener −Khinchine theorem, the noise power spectrum carries the
same information as the second order correlator. The spin-spin 2nd order correlator is
defined as [33]:

⟨Sz (t2)Sz (t1)⟩ . (1.10)

Considering a stationary stochastic process, the auto-correlation depends only on the time
difference t2−t1. The noise power spectrum is the Fourier transform of the auto correlation
function.

C2(ω) = 2

∫ ∞

0

dt cos(ωt) ⟨Sz(t)Sz(0)⟩ (1.11)

As a result, the spin dynamics information, such as the spin lifetime τs, noise inten-
sity, and Larmor frequency, can be easily derived from the spectrum on account of the
information equivalence of noise power spectrum and 2nd order correlation.

1.3 The development of SNS

I will first give a brief introduction about the first SNS experiments and then provide a
quick overview of many key study directions around the world over the last decade.

1.3.1 First SNS experiment

The first experimental effort was initially reported in the early 1980s by Aleksandrov and
Zapasskii [34] (Figure 1.3). The magnetic resonance of sodium atoms is observed in the
fluctuation spectrum instead of measuring the conventional magnetic polarization of the
medium. As there was no spectra analyser, they observed the signal resonance at a pre-
selected frequency (1.3 MHz) by scanning the amplitude of the applied magnetic field.
When the Larmor frequency corresponds to the selected one, the noise signal is amplified
and can be seen. This research uses some optical frequency to probe the system instead of
the radio frequency used in electronic paramagnetic resonance. And one should notice that
here the applied B-field is weak and present only to shift the center frequency to several
MHz. The medium can be considered as in a thermal equilibrium state. This is very
different from the external B-field used to polarize the medium in electronic paramagnetic
resonance.

1.3.2 New interests in SNS

At the time of Alexandrov and Zapaskii’s first paper, it was debatable whether or not ex-
ceedingly faint noise signals were beneficial. SNS has seen a renewed interest in the past 20
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Figure 1.3: First SNS experiment [34]. The magnitude of the applied magnetic
field is scanned and the noise signal is detected if the applied magnetic field
provides a Larmor frequency close to 1.3 MHz.

years, due to advances in narrow linewidth lasers and developments in low noise electron-
ics required for spectrum analysis: second order (and higher order) correlators of atomic
spin fluctuations were shown to give access to classical (and purely quantum) signatures
of the interaction of the system with its environment. The work in [2] is the reason for the
interest in spin noise research today. Crooker et al. first demonstrated the access to infor-
mation such as g-factor, isotope abundance ratio, hyperfine structures, and spin relaxiation
time of Rb and K vapor. Those data were quantitatively obtained purely from thermal
fluctuations rather than traditional methods, which require the polarization of the medium.
Although the work of Crooker in 2004 [35] only demonstrates the same capability of SNS
as traditional detection methods, its weak perturbation property attracted attention [36–
38]. Beyond the atomic vapor system, SNS was then used to probe different properties
of various media such as semiconductors [4] or quantum wells [39] [6] and crystals [40].
In these cases, SNS can be employed to study the anisotropy of the dephasing time in the
samples. Furthermore, the observation of spin noise in cold atoms, where quantum effects
are more readily observable, can be highly intriguing. This approach is expected to have
practical implications in understanding quantum phases [24] and precision magnetome-
try [27, 29]. However,the observation is challenging due to the exceedingly weak noise.
Spin noise measurement of cold atoms has been reported through coherent Raman drive
recently[41]. These notable advancements serve to underscore the potential application
scenarios of SNS.

In terms of noise type of the probe, apart from the polarization rotation noise, people
also consider the ellipticity noise of the linearly polarized probe [42, 43] or the intensity
of the circularly polarized probe [44]. The way of performing the measurements mainly
depends on how the spin noise affects the probe light. In the following chapters, through
SNS of metastable helium, we will demonstrate the necessity and completeness of detect-
ing both rotation and ellipticity noises for a high-spin system.
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In the following, I will introduce some other works including the correlation of different
spins, spatial correlation of spins, nonequilibrium SNS, and higher order correlators. These
works illustrate the potential of SNS.

1.3.2.1 Correlation of different spins

We have seen that the essence of the noise spectrum analysis lies in the correlations of
the fluctuating variables in the thermal environment. From the perspective of whether two
physical quantities are correlated, we can obtain a lot of information.

According to a work published in 2013 [45], the optical spectroscopy of spin noise in
certain circumstances can have higher resolution than traditional linear optics. The spins
belonging to the same or different transitions have a strong correlation or no correlation
leading the spin noises to have different optical spectroscopy patterns. Here the authors
pay attention to whether the transition channels are independent and design a SNS experi-
ment to verify it. They also point out that the correlations between the spins can also reveal
the type of broadening of absorption lines. Immediately after, Yang et al [46] demonstrated
SNS experiment in InGaAS quantum dots with two independent lasers with different and
controllable frequencies. The cross spectra of the two probes show the correlations between
the corresponding detected spins of the two probes. These cross spectra successfully show
the homogeneous broadening width in a medium with strong inhomogeneous broadening.
Here the authors exploit the independence of the probe noise from different spins with dif-
ferent velocity groups. Furthermore, in the work of Roy et al [10], two beam SNS is used to
investigate the spin interaction between different species, namely Rb and Cs vapors. They
successfully observed the spin exchanges between Rb and Cs atoms in the cross spectra of
the two corresponding probes. It is important to note that the information mentioned above
is typically acquired by nonlinear optics experiments like four-wave mixing, photon echo,
and spectral hole burning [47–49].

1.3.2.2 Spatial correlation of spins

Naturally, apart from the correlation information in the time domain, the spatial correlation
contains a lot of information. Generally, in SNS, all spatial information is supposed to be
irreparably lost since the polarization noise of the probe is a weighted average of the spin
ensemble over the probe beam.

However, it has been proved that SNS can show prospects in three-dimensional tomog-
raphy [50]. When using Z-scan, which is typically employed to detect optical nonlinearity
[51, 52], the noise power displays a peak that is centered at the location of the focus point
of the probe. This is caused by the fact that spin noise power is inversely proportional to
the beam area of the probe [5, 53, 54]. Two-beam SNS is practical in the spatial correlation
study of spins. When the two beams overlap in space, the two independent beams can show
cross correlations as the noise of the two beams may come from the same spin fluctuations.
Furthermore, when the spins contributing to the detected noise are not localized, beams can
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show correlations even if they are spatially separated. This kind of method, as proposed in
[55], can be used to study spin transport. In [56], the authors propose a method to probe
the spatiotemporal spin noise through the homodyne mixing of a local oscillator and the
scattered light noise. By modulating the path of LO, part of the probe noise is selectively
amplified, which encodes the information on the spatial spin noise.

1.3.2.3 Nonequilibrium SNS

The flucutation-disspication theorem tells us that the information we can obtain from the
noise of the system in thermal environments is constrained by the linear response function
of the system. However, SNS has been found to offer real advantages over traditional
detection techniques when breaking the equilibrium with the environment.

For example, theoretically, Li et al. [57] demonstrate that by adding a mild ac electric
field to the sample, SNS may be used to quantify the spin-orbit coupling anisotropy and
separate spin noise from the conducting and localized electrons of the sample. In the work
of Glasenapp et al. [58], a weak RF magnetic field is introduced to modulate the spin
fluctuations of the Zeeman sub-levels. The RF magnetic field resonance with the energy
levels reveals how the sub-levels couple to each other via the stochastic spin fluctuations
without polarizing the system. Furthermore, when the amplitude of the off-resonant RF
magnetic field increases, they observe the ac Zeeman effect. Using optical pumping to
alter the population distribution of the hyperfine levels, researchers discover that SNS can
identify spectral lines with greater resolution than conventional absorption spectroscopy in
the presence of a variety of spectral widening mechanisms [59]. The nonequilibrium SNS
in quantum dots [60, 61] shows that it can be used to quantitatively describe the excitation
and recombination dynamics of the carriers. Excitingly, we have also recently observed
the ac Stark effect in nonequilibrium SNS with a relatively strong probe [13].

1.3.2.4 Higher order correlators

The 2nd order correlator carries information regarding spin dynamics but does not always
fully characterize them. A simple example to illustrate this situation is that the noise spec-
trum only contains the values of different frequency components and it cannot determine
whether one frequency has any relation with the other ones. Indeed, people already con-
struct higher order correlations to extract information beyond the limit of the fluctuation-
dissipation theorem [62]. Spin dynamics information different from the average linear re-
sponse properties of spin systems can be studied by analyzing higher-order statistics [63–
65], such as bispectrum used to investigate the correlation between different frequency
components [66]. Furthermore, high order correlators allow one to distinguish between
homogeneous and inhomogeneous broadening of the spin resonances (spin dephasing and
decoherence time) [67, 68] and study the property of the reservoir, which leads to spin
relaxation [58, 69]. It has also been realized that high order correlators are a powerful tool
to study the so-called phase transition at fluctuating levels [63, 70, 71].
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Firstly, we give the formalism of high order correlators. The nth order correlator is
defined as [69]

⟨Sz(t1)Sz(t2) · · ·Sz(tn)⟩ . (1.12)

According to Refs [72, 73], it is easier to investigate the cumulants for a collection
of independent spins ensembles than the correlation function of Eq. (1.12). And for a
signal obeying time-reversal symmetry with ⟨Sz(t)⟩ = 0, all odd-order correlators are zero
[62]. The specific formalism of the higher order cumulants can be found in [69]. Here
we limit ourselves to the simplest illustration of a spectrum of the high order cumulants
named bispectrum, which is a section of the Fourier transform of fourth order cumulants.
The bispectrum depicts the ’correlation’ between spin noise components at two frequencies
and reads

C4 (ω1, ω2) ≡
〈
|a (ω1)|2

∣∣a (ω2)
2
∣∣〉− 〈

|a (ω1)|2
〉 〈∣∣a (ω2)

2
∣∣〉 , ω1 ̸= ω2. (1.13)

A positive or negative value of C4(ω1, ω2) indicates a correlation or anti-correlation be-
tween two frequencies, which indicates that observing a strong signal at one frequency
means another frequency may be boosted or suppressed respectively. A picture of the
experimental measurement of the bispectrum has been demonstrated in [66].

Then we have to emphasize that any high order correlator for a Gaussian noise Sz is
zero. The second order correlator can fully describe a Gaussian fluctuation. Indeed, one of
the prerequisites of the definition of various higher order cumulants is that such cumulants
should be zero for Gaussian fluctuations [33]. However, the study of higher-order spin
correlations has been hampered by the fact that the noise of a system composed of a large
number of spins is Gaussian, as constrained by the central limit theorem. Nevertheless, this
can be resolved by decreasing the number of spins at the price of an even weaker signal.
From this point of view, a nano thin cell with much fewer spins is a promising direction
to study high order correlators. Recently, the extreme limit case of a single spin noise of
a heavy hole localized in (InGa)As quantum dot has been successfully observed by SNS
[74], which has again sparked interest in high order correlations. The other difficulties of
the measurement of higher order correlation include the relatively long measurement time
compared with the relaxation time of spin and the fluctuating probe intensity [62]. Several
methods to study high order correlations by SNS have been provided including the study of
ferromagnetic ensemble which has strongly interacting spins, low-temperature SNS [62],
and ’stimulated’ spin noise in an activated crystal [75].
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SNS around the D0 transition line of 4He
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Figure 2.1: Level structure of 4He. The three transitions D0, D1, and D2 from
the metastable 23S1 level are well separated, by a difference larger than the
Doppler broadening at room temperature.
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Figure 2.2: The level structure of theD0 (a) ,D1 (b) andD2 (c) lines. The three
lines have the same ground levels but different upper levels with an increasing
number of sublevels.

2.1 Introduction

This chapter introduces metastable helium, i.e. the experimental object of my entire thesis,
and the basic experimental set-up of SNS. We provide the SNS pattern in metastable helium
for different detuning of the probe and different polarization directions of the probe. These
are the most fundamental experimental results of this thesis. We identify the two main
types of noise that are studied throughout this thesis.

2.2 System and set up

2.2.1 Metastable helium

Metastable 4He has the advantage of being a very simple system. Contrary to alkali atoms,
without any nuclear spin, it does not have any hyperfine structure. The |23S1⟩ ↔ |23P ⟩
transition of metastable helium has only three absorption lines separated by a frequency
difference larger than the 0.8 GHz room temperature Doppler broadening [76], as shown
in Fig. 2.1 .

The triplet 23S1 is 19.8 eV above the ground state of helium. The helium gas-cell is
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Figure 2.3: Optical thickness near three transition lines. The input power is
0.1 mW with a 1.5 cm beam diameter to limit saturation. Black dots: experi-
mental data. Red line: Gaussian fits.

surrounded by 2 electrodes providing a radio frequency discharge at 27 MHz. The dis-
charge creates a plasma, which is used to excite the helium atoms from the ground state to
the triplet 23S1. The transition between 23S1 with spin one (S = 1) to 11S0 with spin zero
(S = 0) is optical forbidden on account of moment conservation. As a result, the atoms
at state 23S1, named metatable helium, have a long lifetime of around 8000 s [77]. The
|23S1⟩ metastable state has three Zeeman sublevels, with a ±2.8MHz/Gauss Zeeman shift
for the m = ±1 sublevels, respectively. We could create a density of ∼ 1011cm−3 com-
pared to the density ∼ 1017cm−3 of the ground state helium atoms which act as a buffer
gas. There are collisions between the buffer gas and the metastable helium leading in fre-
quent velocity changes of the metastable helium atoms. Considering that the interaction
timescale between atoms and the probe is much larger than the characteristic time between
the collisions, the inhomogeneous broadening due to the Doppler effect of the ensemble
will be ’homogeneized’ as each atom can experience many different velocity classes within
Doppler profile in a short time due to frequent collisions. This approximation is well veri-
fied by the electromagnetically induced transparency observation in helium [76].

The 23P state is split into 3 fine structure levels with J = 0, 1, 2, which respectively
constitute the D0, D1, D2 transition lines. The three lines have the same ground Zeeman
sublevels but an increasing number of upper sublevels due to the increasing total angular
momentum as shown in Fig. 2.2.

The optical thickness of the different lines is shown in Fig. 2.3. In the SNS experiment
of this chapter, we choose to blue detune the frequency of the probe beam from the D0

line to probe this transition in a purely dispersive and non-perturbative manner without
being significantly disturbed by the influence of the two other lines. The goal of the present
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chapter is thus to explore the properties of the SNS in this relatively pure and simple closed
J = 1 → J = 0 atomic transition, in order to put into evidence the peculiarities of spin
noise in the case of a spin 1 system like the |23S1⟩ state. The more complex cases such as
near D1, D2 are investigated in the following chapters.

2.3 Polarization orientation noise

2.3.1 Set-up
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Figure 2.4: Left: experimental set-up: rotation noise detection (RND): a half-
wave plate (HWP) allows to have an equal average intensity on both photodi-
odes (PD). Ellipticity noise detection (END) : a quarter-wave plate (QWP) is
added just after the cell to record the ellipticity noise. The zero frequency noise
resonance is shifted by a transverse DC magnetic field so that the noise peak is
detected around the Larmor frequency ωL. Right: experimental data recorded
with an electrical spectrum analyzer (ESA) for different magnetic fields in the
case of the RND, for an angle θ = 0◦ between the input linear polarization
and the magnetic field: one resonance is visible at the Larmor frequency ωL.
Arbitrary offsets are added for better visibility.

Figure 2.4 shows a schematic of the experimental setup. A linearly polarized laser
beam at 1.083 µm, corresponding to the |23S1⟩ ↔ |23P ⟩ optical transitions, is sent into a
cell filled with 1 Torr of 4He at room temperature. With a diameter of about 0.6 mm and
1 mW power, the corresponding Rabi frequency is about 40 MHz.

While propagating inside the helium cell, the laser polarization experiences some ran-
dom Faraday rotation induced by random fluctuations of the populations of the three Zee-
man ground state sublevels. A transverse DC magnetic field is added to the atoms to shift
the spin noise resonance to the Larmor frequency ωL [9, 78]. This B-field is created by
two rectangular coils, whose dimensions are much larger than the cell so that it can be
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considered as homogeneous inside the sample. The relative angle between this magnetic
field and the incident polarization direction of the probe beam is denoted as θ.

After the cell, a half-wave plate (HWP) followed by a polarizing beamsplitter (PBS)
allows to get an equal average intensity on the two photodiodes of a balanced detection, so
that their signal difference is zero on average and non-zero when the polarization direction
deviates from its initial direction. This corresponds to fluctuations of the orientation of a
linearly polarized field, which we can call Faraday rotation (FR) noise. And we call the
corresponding set-up as rotation noise detection (RND). On the other hand, ellipticity noise
detection (END) with one extra quarter-wave plate will be described later.

The associated noise power spectral density can then be recorded using an electrical
spectrum analyzer (ESA). To describe the balanced detection scheme, the output field com-
plex amplitude can be written as the sum of a mean value E and a fluctuating part e (t):

Eout (t) = E+ e (t) , (2.1)

where E is assumed to be real, and the vectorial fluctuations e (t) can consist in amplitude,
phase or polarization variations, which carry the spin noise information. After the HWP,
the field sent to the balanced detection has an average polarization at 45◦ of the polarizing
beamsplitter axes x and y :

Eout (t) =
1√
2

[(
E + e∥ (t) + e⊥ (t)

)
x

+
(
E + e∥ (t)− e⊥ (t)

)
y
]
. (2.2)

where e∥ (t) and e⊥ (t) are the components of e (t), which are parallel and perpendicular to
E, respectively, and E is the amplitude of E, supposed to be real. The signal at the output
of the balanced detection is thus proportional to:

D = |Eout (t) · x|2 − |Eout (t) · y|2

=2E Re (e⊥ (t)) +O
(
e (t)2

)
. (2.3)

The ESA thus records the power spectral density (PSD) of the field fluctuations polarized
orthogonally to the mean output field, and in phase with it. This first order calculation
remains valid in the case of a mean field with a small ellipticity. Figure 2.4 shows exam-
ples of experimental noise spectra obtained for increasing transverse magnetic field values,
in the case of a 1.5 mW probe laser blue detuned by 1.5 GHz: the spin noise resonance
frequency, which is centered on the corresponding Larmor frequency, increases with the
magnetic field value.

2.3.2 Experimental results for the RND set-up

Generally, SNS is performed far away from resonance where the absorption is negligible,
to avoid disturbing the system. But remaining far from resonance can be difficult in sys-
tems exhibiting large inhomogeneous broadening, and some groups already investigated
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Figure 2.5: Experimental spectra obtained for θ = 0◦, 45◦ and 90◦ in the case
of (a) the RND set-up and an optical detuning 1.5 GHz; (b) the RND set-up
and 0.3 GHz. The laser input power is about 1 mW.

the effect of small optical detunings [79, 80]. In such conditions, absorption cannot be ig-
nored. Here the rotation noise of the probe is investigated both far from and near resonance.
Figure 2.5 shows examples of experimental noise in the case of a 1 mW probe laser blue de-
tuned by 1.5 GHz and 0.3 GHz with θ = 0◦, 45◦, 90◦. While strongly detuned (Fig. 2.5(a)),
a standard SNS result is obtained: one noise resonance at the Larmor frequency with small
variations for different polarization directions of the probe θ1. Surprisingly, when the probe
is closer to resonance (Fig. 2.5(b)), SNS shows some strong polarization θ dependence.
Furthermore, we see that there are now two spin noise resonances, at the Larmor frequency
ωL and at 2ωL.

The traditional SNS result at 1.5 GHz detuning can be well explained in view of circu-
lar birefringence (CB) effect. Differently, when the probe frequency is closer to resonance,
birefringence effects become negligible compared to dichroism, so the behavior of the
SNS resonance may change. Considering the polarization θ dependence and the type of
the recorded noise (rotation noise), RND spectra at 0.3 GHz detuning are supposed to be
linear dichroism (LD) noise effect with different eigenfrequency ωL or 2ωL and different
neutral axis2. However, fully explaining this phenomenon requires more theoretical analy-
sis, which will be in later chapters.
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Figure 2.6: (a) Transitions of the 3S1 → 3P0 line, and their excitations by
an electric field, which makes an angle θ with respect to the quantization axis
x and has a corresponding total Rabi frequency Ω. (b) Experimental mea-
surements of the absorption of a 1 mW probe for a detuning of 1.5 GHz (red
triangles) and 300 MHz (blue circles).

2.3.3 Background noise dependence

It is also worth noticing that the signal becomes much smaller when the detuning is re-
duced, because of the absorption that decreases the power reaching the detector. This
explains why the detector background noise, which increases with the frequency, becomes
much more visible in Fig. 2.5(b) compared with (a).

It can also be noticed by comparing for example the different spectra in Fig. 2.5(b)
that the noise floor at θ = 0◦ is larger than at θ = 45◦ and 90◦. This is becasue the
detected power depends on θ, because the transverse magnetic field B makes the vapor
transmission dependent on the incident polarization direction. Indeed, Figure 2.6(b) re-
produces measurements of the evolution of the cell absorption versus θ, clearly evidencing
this effect. The dependence of the cell absorption on θ can be easily understood if one
uses a quantization axis along B: Figure 2.6(a) shows the transitions induced by a light
beam linearly polarized at an angle θ with respect to the quantization axis x, from the sub-
levels |−1⟩ , |0⟩ , |+1⟩ of the level 3S1 to level 3P0. At θ = 0◦, the only probed transition
is |mx = 0⟩ ↔ |mx = 0⟩, which leads to a strong optical pumping of the atoms to the
|mx = ±1⟩ sublevels and an increased transmission. For θ = 55◦ the three transitions see
equal Rabi frequencies, so that the absorption is maximum.

1The small power difference can come from optical pumping effects when the power of the probe is not
weak enough.

2When the polarization direction θ along the neutral axis, LD effect does not lead a difference in the
amplitude of the two linearly polarized components of the linearly polarized light.
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Figure 2.7: (a) Schematic of ellipticity noise detection (END). A quarter wave
plate (QWP) is added after the cell to convert the rotation noise to ellipticity
noise. (b) Experimental data recorded with an electrical spectrum analyzer
(ESA) for different magnetic fields in the case of END, for an angle θ = 55◦

between the input linear polarization and the magnetic field: two resonances
are then visible, at ωL and 2ωL. Arbitrary offsets are added for a better visibil-
ity.

2.4 Ellipticity noise

The real and imaginary parts of the dielectric susceptibility χ, which describe the medium
dispersion and absorption, obey the Kramers-Kronig relation. As a result, birefringence
and dichroism effects come in pairs.

Based on the rotation noise from the previous section, our system exhibits circular bire-
fringence and linear dichroism. And we can expect that it should have circular dichroism
(CD) and linear birefringence (LB). Different from CB and LD leading to the rotation, CD
and LB make the probe change from linear to elliptical polarization. In SNS, CD and LB
noises manifest themselves as ellipticity noise of the probe.

2.4.1 Set-up

Ellipticity fluctuations are monitored by inserting a quarter-wave plate (QWP) just after the
cell, as shown in Fig. 2.7(a). While Fomin & al [42] used a circularly polarized input beam,
we choose to orient the QWP to transform an input elliptic polarization into a linear one
by optimizing the fast axis of the QWP. The ellipticity noise is then changed into rotation
noise, which can be detected with the same set-up as before.

Similarly, the recorded ellipticity noise can be written in terms of the small fluctuation
part e(t). The QWP induces a π/2 phase shift on the fluctuations along the y axis so that,
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when the average ellipticity is small and can be neglected, Eq. (2.2) must be replaced by:

Eout (t) =
1√
2

[(
E + e∥ (t) + ie⊥ (t)

)
x

+
(
E + e∥ (t)− ie⊥ (t)

)
y
]
. (2.4)

Consequently, the signal analyzed by the ESA becomes:

D = 2E Im (e⊥ (t)) +O
(
e (t)2

)
. (2.5)

In the following, we call this setup the ellipticity noise detection (END) setup, while
the preceding one is called the rotation noise detection (RND) setup. These two setups
correspond to the two limiting cases explored in [32], where the relative phase between the
local oscillator and the signal can be continuously tuned: the balanced detection plays the
role of a homodyne detector in which the local oscillator is provided by the mean field E
and the role of the signal is played by the fluctuations e⊥. One can choose between the two
signal quadratures by adding or not the QWP as shown in Fig. 2.7 (a). It should be noted
that we always check that the wave plate is oriented so that the average output polarization
is linear and the detection properly balanced.

Fig. 2.7 (b) shows examples of experimental noise spectra obtained with this END set-
up for increasing transverse magnetic field values with θ = 55◦, in the case of a 1.5 mW
probe laser blue detuned by 1.5 GHz : there are now two spin noise resonances, at the
Larmor frequency ωL and at 2ωL. It shows that for some θ, the spin noise centered at 2ωL

resonance is visible in END at large detuning.

2.4.2 Results for ellipticity noise

Figure 2.8 shows examples of ellipticity noise in the case of a 1 mW probe laser blue
detuned by 1.5 GHz and 0.3 GHz with values of θ = 0◦, 45◦, 90◦. Contrary to the rotation
noise, we find that there are now two spin noise resonances for a strongly detuned probe
(Fig. 2.8(a)), at the Larmor frequency ωL and at 2ωL. They exhibit a strong polarization θ
dependence. Near resonance (Fig. 2.8(b)), only the ωL resonance is observed without any
obvious polarization dependence.

We then perform a full scan of the dependence of the intensities of the rotation and
ellipticity noise peaks as a function of θ with four different optical detunings ∆ of the
probe beam with respect to the center of the Doppler broadening, which is shown in Figure
2.9. The results of Fig. 2.9 (with removed background noise) clearly show that the polar-
ization dependence of the RND and END spectra have reversed their behaviors close to
resonance with respect to the far detuned case. Indeed, the RND noise peaks near reso-
nance (∆/2π = 300MHz) now exhibit a strong θ dependence, while the END noise peak
amplitude becomes almost independent of the polarization.

This exchange between the END and RND behaviors at large and small optical de-
tunings is well explained by the fact that dispersive effects dominate at large detunings
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Figure 2.8: Experimental spectra obtained for θ = 0◦, 45◦ and 90◦ in the case
of (a) the END set-up and an optical detuning 1.5GHz; (b) the END set-up and
0.3GHz. The laser input power is about 1 mW.

while absorption effects dominate close to resonance. Far from resonance, circular and lin-
ear birefringence effects are dominant, leading to polarization independent results for the
RND set-up and polarization dependent spectra for the END one respectively. On the con-
trary, close to resonance, circular dichroism leads to polarization independent END spectra
while linear dichroism is associated with θ dependent RND spectra.

2.5 Conclusion

In this chapter, the preliminary SNS results of metastable Helium have been obtained. For
the experimental set up, we realized that both rotation and ellipticity noise recorded in
RND and END should be performed to have complete results. In terms of the experimental
results, new SNS results are found: there are two spin resonances at ωL and 2ωL and these
resonance have θ dependence. These noises can be interpreted by the circular or linear
birefringence and dichroism effects. In the next chapter, we build a numerical simulation
model to reproduce the experimental results.
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In this chapter, we aim at reproducing the experimental findings from the previous
chapter by examining the spin noise of the system. To do so, we introduce a random noise
term that mimics the fluctuations of the spin system during its evolution. Specifically, we
focus on the optical noise close to D0 line. We will address the case of other lines in
subsequent chapters.

3.1 Density matrix evolution

We consider the density matrix ρ of the system composed of the three Zeeman sublevels
of the |23S1⟩ state and the excited |23P0⟩ level. Its evolution can be modeled by the usual
equation of evolution:

dρ

dt
=

1

iℏ
[H, ρ] +

1

iℏ
D(ρ) . (3.1)

HereH is the Hamiltonian andD(ρ) holds for the system relaxations. The Hamiltonian
H takes into account the effect of the transverse DC magnetic field through the correspond-
ing Larmor frequency ωL, and the interaction with the probe light, which couples the σ±
transitions with Rabi frequencies Ω± and is optically detuned from the optical transition by
a frequency ∆. We begin from the simplest case of SNS near the D0 transition line. The
corresponding Hamiltonian is :

H = ℏ


0 ωL√

2
0 Ω+∗

√
3

ωL√
2

0 ωL√
2

0

0 ωL√
2

0 −Ω−∗
√
3

Ω+
√
3

0 −Ω−
√
3

∆

 . (3.2)

We have Ω/2 = Ω+σ+ +Ω−σ−, where the amplitude of Ω is Rabi frequency. The matrix
representation ofH in Eq. (6.1) is written in the basis {|−1⟩z , |0⟩z , |1⟩z , |e⟩}, where |−1⟩z,
|0⟩z, |1⟩z are the Zeeman sublevels of the lower state of the transition with the quantization
axis chosen along z, the light propagation axis, and where |e⟩ is the excited level. For a
detailed derivation, see Appendix C.

The relaxation term D(ρ) contains the upper level population decay rate Γ0/2π =
1.6MHz, the transit rate γt of the atoms through the beam and the Raman coherence decay
rate γR of the lower levels. In our experimental conditions, γt/2π ≃ γR/2π ≃ 30 kHz. The
optical coherence decay rate is Γ. As already shown in many circumstances, the velocity
changing collisions in this system are very efficient to redistribute the atoms among the
different velocity classes [76, 81], leading to the fact that Γ can be replaced by the Doppler
width in the simulations, i. e. Γ/2π = 0.8GHz.
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Term Notation Value
Spontaneous decay rate of level 23P Γ0 Γ0/2π = 1.6MHz

Doppler broadening ΓD ΓD/2π = 0.8GHz
Optical coherence decay rate Γ Γ/2π = 0.8GHz

Transit rate γt γt/2π = 30 kHz
Raman decoherence rate γR γR/2π = 30kHz

Rabi frequency Ω Ω/2π = 40MHz

If we ignore all the disturbances, any state of the system will eventually be in thermal
equilibrium after a long enough time under decay D(ρ). The population are then equally
distributed in the three Zeeman levels and there is no coherence between them. However,
because of the interaction between the system and the environment, the system has fluctu-
ations around this equilibrium. Here we introduce a random noise operator f̂ which can
be adapted to the physical origin of the experienced fluctuation of the system. Then the
evolution of the system in the presence of fluctuations obeys the following formalism,

dρ

dt
=

1

iℏ
[H, ρ] +

1

iℏ
D(ρ) + f̂(t) . (3.3)

The last term f̂(t) in Eq. (3.3) is introduced to model the source of fluctuations. In princi-
ple, all relaxation mechanisms are random by nature and should be taken into account in
this term. However, here, for the sake of simplicity, we suppose that the fluctuations arising
from the motion of the atoms in and out of the laser beam dominate, and we introduce them
in f̂(t) in a heuristic manner. Since the lifetime 1/Γ0 of the upper level is much shorter
than the typical transit time 1/γt, we neglect the random fluctuations associated with the
upper level and write

f(t) =


f−1 k∗−10 k∗−11 0
k−10 f0 k∗01 0
k−11 k01 f1 0
0 0 0 0

 . (3.4)

Finally, the density matrix elements obey the following equations of evolution:

dρ−1−1

dt
=− γtρ−1−1 +

γt
3
+

Γ0

3
ρee + f−1, (3.5)

dρ00
dt

=− γtρ00 +
γt
3
+

Γ0

3
ρee + f0, (3.6)

dρ11
dt

=− γtρ11 +
γt
3
+

Γ0

3
ρee + f1, (3.7)

dρ−10

dt
=− γtρ−10 + k−10, (3.8)

dρ−11

dt
=− γtρ−11 + k−11, (3.9)

dρ01
dt

=− γtρ01 + k01, (3.10)

(3.11)

where ρij refers to the element ⟨i| ρ |j⟩ in representation {|−1⟩z , |0⟩z , |1⟩z , |e⟩}.
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3.2 Noise operator

In this section, we derive the concrete form of the noise operator used in the simulation
code.

The noise matrix modeling the fluctuations due to the atoms randomly entering and
leaving the beam reads, when restricted to the three sublevels of the ground state :

f z(t) =

 f−1 k∗−1,0 k∗−1,1

k−1,0 f0 k∗0,1
k−1,1 k0,1 f1

 , (3.12)

where the superscript z means that this matrix is written in the basis linked to the z quan-
tization axis for the spin. From the definition of the density matrix, the real diagonal
elements fj , with j = −1, 0, 1, can be interpreted as the fluctuations in the sublevel pop-
ulations. They are related to the variance of the populations of these three sublevels. The
non-diagonal elements represent the coherences between these sublevels and are more dif-
ficult to derive.

To determine the statistical properties of the non-diagonal terms ki,j , we argue that
their statistical properties should not depend on the orientation of the quantization axis.
We thus make a change of basis to derive the noise matrix fx in the basis related to the
x quantization axis. By this method, the non-diagonal elements can go to the diagonal
position where the obeyed physical law is already known.

Firstly, the relations between the spin states in different quantization directions are

|−1⟩x = 1
2
(|−1⟩z −

√
2 |0⟩z + |+1⟩z),

|0⟩x = 1√
2
(|−1⟩z − |+1⟩z),

|+1⟩x = 1
2
(|−1⟩z +

√
2 |0⟩z + |+1⟩z ,

(3.13)

|−1⟩y = 1
2
(|−1⟩z + i

√
2 |0⟩z − |+1⟩z),

|0⟩y = 1√
2
(|−1⟩z + |+1⟩z),

|+1⟩y = 1
2
(|−1⟩z − i

√
2 |0⟩z − |+1⟩z).

(3.14)

The unitary matrices describing the transformations between spin states with different
quantization directions are

Szx =
1

2

 1 −
√
2 1√

2 0 −
√
2

1
√
2 1

 , (3.15)

Szy =
1

2

 1 i
√
2 −1√

2 0
√
2

1 −i
√
2 −1

 . (3.16)

Here Szx, Szy are the transformation matrices for the spin states from quantization axis z
to x and z to y, respectively. We can thus make a change of basis to derive the noise matrix
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fx in the basis related to the x quantization axis:

fx = Szx · f z(t) · S−1
zx . (3.17)

From Eqs. (3.17) and (3.15), one obtains the expressions of the diagonal elements of fx as
a function of those of f z:

fx
−1 = f0 −

Re (k−1,0)√
2

+
Re (k−1,1)

2
− Re (k0,1)√

2
, (3.18)

fx
0 = −f0

2
− Re (k−1,1) , (3.19)

fx
1 = f0 +

Re (k−1,0)√
2

+
Re (k−1,1)

2
+

Re (k0,1)√
2

. (3.20)

Similarly, one can make a change of basis from z to y quantization axis:

f y = Szy · f z(t) · S−1
zy , (3.21)

leading to the following relations between the diagonal elements of f y and the elements of
f z:

f y
−1 = f0 −

Im (k−1,0)√
2

− Re (k−1,1)

2
− Im (k0,1)√

2
, (3.22)

f y
0 = −f0

2
+ Re (k−1,1) , (3.23)

f y
1 = f0 +

Im (k−1,0)√
2

− Re (k−1,1)

2
+

Im (k0,1)√
2

. (3.24)

From Eqs. (3.18 ∼ 3.20) and Eqs. (3.22 ∼ 3.24), we succeed in converting the off-
diagonal elements in the noise operator to the diagonal ones in another quantization direc-
tion. We can thus derive the distribution law of the non-diagonal terms from the properties
of the diagonal elements in different quantization directions. The distribution of the di-
agonal elements should all be the same whatever the quantization axis. Suppose that the
diagonal elements of the noise operator for all quantization directions z, x, y obey

fidt ∼ N(0, σ2), i = −1, 0, 1. (3.25)

Since for two different random variables, one has

Var(aX + bY ) = a2Var(X) + b2Var(Y ) + 2abCov(X, Y ), (3.26)

where Var and Cov are the variance and covariance, respectively. we can deduce from
Eqs. (3.18 ∼ 3.20) that the real and imaginary parts of the non-diagonal elements kij exhibit
variances, which are 3/4 times those of the diagonal elements. For any couple i ̸= j,
Re (kijdt) and Im (kijdt) are thus independent centered Gaussian variables of variance
3

4
σ2.

Re(ki,jdt), Im(ki,jdt) ∼ N(0,
3

4
σ2), i, j = −1, 0, 1. (3.27)
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Figure 3.1: The PSD of the populations of the ground levels (a) |−1⟩z (b) |0⟩z
(c) |+1⟩z. With the introduced random noise f̂(t), the population of each level
has a random noise centered around the Larmor frequency and/or the double
Larmor frequency. The time duration of the sample is T = 50/γt. The time
step durationt = 1/50Γ.

To implement the simulation, the variance σ2 is required. The real diagonal terms fj with
j = −1, 0, 1 correspond to the fluctuations of the populations of the three ground state
sublevels. Since the average number of atoms N in the interaction region is large, the
Poissonian laws governing the fluctuations fjdt of the fraction of atoms in state j leaving
and entering the interaction volume over a simulation time step dt are approximated by
Gaussian random variables with a sum of their variances equal to

σ2 = 2γtdt/3N. (3.28)

where γt (with γt/2π = 30kHz) is the transit rate of the atoms evaluated from the experi-
ment [76]. The density of the metastable helium atoms is around nat = 2× 1017m−3 [82].
Then the average number of atoms N in the interaction region is around

N = natV = 1.08× 109, (3.29)

where V is the beam volume with a diameter 0.6 mm and a length 6 cm. With Eqs. (3.25)
and (3.27), the noise matrix f̂ can be obtained.

Figure 3.1 shows the PSD of the population of each ground level obtained from sim-
ulation. With the introduced random noise matrix f̂(t), the population is not a constant
value anymore. In the presence of a magnetic field, the populations exhibit components at
both the Larmor frequency and its second harmonic. One should note that until now, there
is no light included. These frequencies are a property of the system itself and not of the
detection method. This weak fluctuation ∆ρ(t) can then be probed as shown in the next
section.

3.3 From atomic spin noise to probe noise

The propagation of a transverse wave in the medium obeys:

∆E− 1

c2
∂2E

∂t2
= µ0

∂2P

∂t2
. (3.30)
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Here we can simplify the equation a little bit by introducing the slowly varying en-
velopes of the electric field and polarization:

P = (P(z, t)ei(kz−ωt) + c.c)/2 and E = (E(z, t)ei(kz−ωt) + c.c)/2, (3.31)

where P ,E are the complex amplitudes of the polarization of the medium and the field,
respectively. We set in these equations k = ω/c as for free space propagation (the phase
shifts due to the index of refraction will be encapsulated in the slowly varying envelope).
Neglecting the second derivatives of the field in z and t, the field propagation equation
under slowly varying envelope approximation is :

∂zE +
1

c
∂tE = i

ω

2ϵ0c
P . (3.32)

To save some computation time, we suppose that the medium is optically thin, i.e. |∂zE <<
1
c
|∂tE|, leading to:

E(L, t+ L

c
) = Ein + ∂zE · L+ ∂tE · L

c
= Ein + i

ω

2ϵ0c
P(t) · L (3.33)

When the medium has negligible absorption, the complex amplitude E varies little over
the propagation along z. This thin cell approximation is reasonable. The polarization of
the medium P can be obtained from the density matrix (See Appendix C):

P± = natTr(ρd̂
±) = ±nat

d0√
3 z

⟨±1| ρ |e⟩ , (3.34)

where we have P = P+σ+ + P−σ−, the atom number density nat = 2 × 1017/m3,
the dipole moment operator d̂ and the irreducible matrix element of the transition d0 =
1.5× 10−29 C·m .

After the cell, the probe will pass through wave plates. In END set-up, the outgoing
field has the following relation with the input field(

E ′
x

E ′
y

)
= HWP ·QWP ·

(
Ex

Ey

)
, (3.35)

where HWP and QWP are the Jones matrices of the corresponding wave plates. The Jones
matrix of the HPW is

HWP =

(
cos(2θh) sin(2θh)
sin(2θh) − cos(2θh)

)
, (3.36)

where θh is the orientation (fast axis direction) of the HWP. The Jones matrix of the QWP
is

QWP =

(
cos(θq)

2 + i sin(θq)
2 (1− i) cos(θq) sin(θq)

(1− i) cos(θq) sin(θq) i cos(θq)
2 + sin(θq)

2

)
, (3.37)

where θq is the orientation of the QWP. As we already know, the balance detection system
finally records the fluctuation e⊥ perpendicular to the main polarization direction. In the
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simulation, we can suppose that the main direction along x after the wave plate. Then
Im e⊥ = E ′

y . The orientation of the wave plates is optimized automatically to make the
mean value of e⊥ equal to zero. With this condition, we have the parameters θh and θq.
From Eq. (3.35∼ 3.37), the imaginary part of the perpendicular fluctuation is

Im(e⊥)(t) =
1

2
√
2
[(1 + i)e−2iθhE− + (1− i)e−2i(θh−θq)E−

−(1 + i)e2iθhE+ − (1− i)e−2i(θq−θh)E+]
. (3.38)

Here E± are the σ± circular components of the probe after the cell. This small fluctu-
ation can be amplified by the mean field amplitude E: the detector receives 2E Im(e⊥)(t)
as shown in Eq. 2.5. The power spectra can then easily be analyzed by fast Fourier trans-
formation using MATLAB.

3.4 Comparison with experimental results

The results of these simulations are shown in Figure 3.2 after having removed the back-
ground noise. They reproduce very well the experimental results of Figure 3.3: as the probe
approaches resonance, the patterns of RND and END are exchanged as the dominant effect
goes from birefringence to dichroism. It is even visible that similarly to the experimental
data, the noise component at ωL is stronger close to θ = 0◦ than to θ = 90◦. Nevertheless,
one can notice a small discrepancy by about 5 to 10◦ between the angular positions of the
peaks, and it is visible that the experimental resonances are broader than the theoretical
ones. The first discrepancy can be explained by the fact that finding the angle θ = 0◦ is
not easy and by some possible misorientation of the DC magnetic field. The fact that the
experimental noise peaks are broader than the simulated ones can arise from the fact that
the Rabi frequency can be underestimated. Indeed, the simulations are based on its average
value across the Gaussian beam section (top-hat beam approximation), while in the exper-
iment it is larger at the center of the beam, which can broaden the SNS peaks. Possible
magnetic field inhomogeneities can also contribute to this discrepancy.

In summary, here both qualitative and even quantitative agreement are obtained with the
experimental results. It should be noted that although the parameters are extracted from
other experimental data, the computed noise values agree with the recorded spin noise
spectra. Nevertheless, here we admit that when we are close to the resonance region, first
of all, there is more disturbance to the system which cannot be strictly seen as in thermal
equilibrium. Especially, the existence of the optical pumping effect makes the absorption
of the medium exhibit some polarization dependence for the probe light. This can affect
the noise peak value at different θ. Secondly, the thin cell approximation introduces some
error as it does not take the absorption of the light (and light noise ) during the propagation.
As a result, the absorption in the simulations is weaker than in the experiment and gives
larger spin noise than experiment.
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3.5 Conclusion

In this chapter, we use the density matrix formalism to describe the evolution of the sys-
tem. To include the random noise that an open system experiences in the environment, a
noise matrix f̂ is introduced. By simply considering the main source of noise—— atom
moves in and out of the laser beam, we can quantify the variance of the ground level pop-
ulation which is related to the diagonal elements of the noise matrix. Furthermore, the
non-diagonal elements are also accessible by the noise matrix with other quantization di-
rections. With the obtained noisy system, the probe noise can be well calculated . Accurate
reproduction of the measurements proves that this is a very good model. In the following
chapter, we will extend the situation to two other more complex situations: SNS near D1

and D2, and try to provide a clear physical picture to interpret these results.





Chapter 4
SNS around the D1 and D2 transition lines
of 4He

SNS around the D0 transition has been studied experimentally in Chapter 2 and described
theoretically and numerically in Chapter 3. Metastable 4He has three well separated optical
transitions: D0 (J = 1 → J = 0), D1 (J = 1 → J = 1), and D2 (J = 1 → J = 2). The
SNS of metastable helium near the two other transition lines, D1 and D2, is investigated in
this chapter. Firstly, the model established in Chapter 3 is applied to the D1 and D2 lines
and compared with the corresponding experimental results to verify the applicability of the
model. Secondly, we use 4He as an ideal toy model for the study of spin systems larger than
1/2 because one can easily tune the number of sublevels of the upper levels from one to
five. We develop a clear map for SNS of spin-1 systems by comparing experimental results
for the three different lines. To reach this goal, we first theoretically describe the different
spin degrees of freedom that can exist in spin-1 systems, and show that eight modes can
be isolated similarly to the eight multipole moments’ precessions already studied in earlier
works [83]. We indeed explain how the different noise modes map to the two types of
available optical detection: Faraday rotation noise or ellipticity noise.

4.1 SNS results close to the D1 and D2 lines

D0, D1, D2 have the same ground level but different upper level structures as shown in Fig-
ure 4.2. D2 has the strongest absorption, followed by D1, and D0 is the weakest absorption
line as shown in Figure.4.1 2. In this chapter, like in standard SNS experiments [2], we
suppose here that i) the sample is probed using linearly polarized light and ii) the probe
light is far detuned from resonance. The wavelengths of the probe are indicated in Fig.4.1,
so that absorption and dichroism can be neglected [11] and only birefringence effects (i.e,
refractive effects) are considered.

2Here the optical depth is obtained with 1.5 mW power which is the value used in real SNS experiment.
At resonance, this power has a strong saturation effect.

35
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Figure 4.1: Experimental measurement of the optical depth near the three tran-
sition lines D0, D1, D2 with probe power 1.5 mW and beam diameter 0.6 mm.
λ0, λ1, λ2 indicate the wavelength of actual SNS experiments near the three
lines.

Figure 4.2: The level structure of the D0, D1, D2 lines. With the quantization
axis along light propagation direction z, only σ coupling channels are excited.
The coupling types and the corresponding Clebsh-Gorden coefficients between
levels are shown in the figure.
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Figure 4.5: The simplified spin-1
2

model.

The experimental and simulated results are shown in Figure 4.3 and Figure 4.4, respec-
tively.

The experimental results lead to the following observations:

1. D1 has very weak FR noise at ωL frequency and very similar ellipticity noise as D0.
The ellipticity noise has two resonances at ωL and 2ωL frequency with strong but
different θ dependence: ωL is strongest at θ = 0◦ and θ = 90◦ while 2ωL is strongest
around θ = 50◦, which is typical of linear birefringence.

2. D2 has strong FR noise at ωL whereas no ellipticity noise can be observed in the
experiment. And there is no obvious θ dependence.

The simulation results of Fig. 4.4 lead to the following conclusions:

1. The simulations of D1 SNS reproduce the experimental results, except the amplitude
of the FR noise.

2. The simulations of D2 reproduce the experimental results. Nevertheless, some weak
ellipticity noise can be observed only in the simulations as shown in Fig. 4.4 (d).

We thus conclude that our model, whose validity in the case of the D0 line was proved in
the preceding chapters, also reproduces the SNS behavior close to the D1 and D2 lines.
However, the interpretation of these results and the discussion of the remaining discrepan-
cies requires a closer examination, which will be performed in the next section.

4.2 Interpretation in terms of spin noise modes

Before one can understand the random spin fluctuations, the spin states of such an atomic
system must first be properly described. In the literature, FR effect is always described
by a simplified spin-1/2 system [9, 44, 54]. This type of model, shown in Figure 4.5, is
frequently used to explain how light interacts with matter in atomic and semiconductor
systems [84, 85].
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However, this model can lead only to conventional orientation noise for the linearly
polarized probe laser1.

Systems with a spin higher than 1 can exhibit much richer SNS signals such as elliptic-
ity noise, which can give rise to polarization dependent resonances at both the Larmor and
twice the Larmor frequencies [11, 42, 86]. High spin systems are ubiquitous and used in
many applications in modern quantum technologies [87, 88]: understanding their dynamics
and the corresponding spontaneous noise can thus have both fundamental and technolog-
ical interests. Such investigations are nevertheless complicated by the hyperfine structure
of the alkali atoms that are often used in SNS studies performed in atom vapors. In this
context, metastable 4He appears as an ideal toy model as a spin one system for the study of
spin systems larger than 1/2.

4.2.1 Spin-1 noise decomposition

This section discusses the various noise processes in a spin-1 system and their dynamic
evolution under the influence of a transverse magnetic field. The way these different noises
can be optically detected and the corresponding spectra are discussed in the following
sections.

In the context of spin noise studies where one observes the fluctuations of the system
around its thermal equilibrium state, the density matrix of a spin one system can be written
as the sum of two parts: the thermal equilibrium state and the fluctuations around this
thermal equilibrium state [89]:

ρ =
1

3
Î+

1

2

8∑
i=1

λiM̂i . (4.1)

In this equation the fluctuations are expanded over the spin operators M̂i, i = 1..8, of a
single particle, with coefficients λi ≡ Tr[ρM̂i]. The M̂i’s are traceless Hermitian oper-
ators, and obey the orthogonality relation Tr(M̂iM̂j) = 2δij . With the quantization axis
along z, i.e. in a basis consisting in the three kets {|−1⟩z , |0⟩z , |1⟩z}, the first three op-
erators M̂1, M̂2, M̂3 describe the polarization of the spin along the directions z, x, and y,
respectively:

M̂1 =

 1 0 0
0 0 0
0 0 −1

 , (4.2)

M̂2 =
1√
2

 0 1 0
1 0 1
0 1 0

 , (4.3)

M̂3 =
1√
2

 0 −i 0
i 0 −i
0 i 0

 . (4.4)

1More details about spin-1/2 system are given in Appendix B
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Figure 4.6: Time evolution of the density matrix in the transverse magnetic
field with 8 different initial conditions including M̂1 · · · M̂8. The bars corre-
spond to the moduli of the density matrix elements. To clearly show the oscil-
lation, M̂7 is shifted in time by π/4ωL.
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The five remaining operators are represented by the following matrices:

M̂4 =

 0 0 1
0 0 0
1 0 0

 , M̂5 =

 0 0 −i
0 0 0
i 0 0

 , (4.5)

M̂6 =
1√
2

 0 1 0
1 0 −1
0 −1 0

 , M̂7 =
1√
2

 0 −i 0
i 0 i
0 −i 0

 , (4.6)

M̂8 =
1√
3

 1 0 0
0 −2 0
0 0 1

 . (4.7)

The operators M̂4, M̂5 describe coherences between the spin states |−1⟩z and |+1⟩z, while
M̂6 and M̂7 describe coherences between |0⟩z and the states |±1⟩z. Finally, M̂8 describes
the spin alignment corresponding to population imbalance between |0⟩z and the other two
states.

4.2.2 Time evolution

The fluctuations of the spin system at thermal equilibrium correspond to the appearance
of non zero random values for the coefficients λi at random instants. In a typical SNS
experiment, a weak magnetic field is always introduced to shift the spin noise resonance
frequency from DC where technical noises are dominant. Therefore, each time one of
the processes M̂i is excited, it further evolves under the influence of this magnetic field.
We consider here a magnetic field Bx oriented along the x direction, orthogonal to the
propagation direction of the probe light. The evolution is then governed by the Hamiltonian
HB = ℏωLM̂2, where ωL is the Larmor frequency associated to the 3S1 state. The density
operator ρ(t) thus evolves from t = 0 to t according to

ρ(t) = Û(t)ρ(0)Û †(t) =
1

3
Î+

1

2
ΣiλiÛ(t)M̂iÛ

†(t) , (4.8)

where the evolution operator Û(t) is given by

Û(t) = exp

[
−iHBt

ℏ

]
, HB =

ℏωL√
2

 0 1 0
1 0 1
0 1 0

 . (4.9)

To understand the observations of SNS signals in different experimental conditions,
it is instructive to observe the evolution of every component Û(t)M̂iÛ

†(t) for i = 1..8.
We thus successively take λi ̸= 0 for i = 1..8 at t = 0 and compute the subsequent
evolution of ρ. The results are reproduced in Figure 4.6. For example, the first frame
in Fig. 4.6 corresponds to i = 1. To make the evolution easier to visualize, we take the
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exaggerated value λ1 = 2/3, which is much larger than the noise amplitudes observed in
the experiment. The initial state at t = 0 is then

ρ(0) =
1

3
Î+

1

3
M̂1 =

 2
3

0 0
0 1

3
0

0 0 0

 . (4.10)

The first frame in Fig. 4.6 then represents the evolution of this density operator with time
at different instants between t = 0 and t = 2π/ωL. Since the non-diagonal elements of the
density matrix are complex, we choose here to plot only the moduli of the density matrix
elements.

Fig. 4.6 shows that the different initial states, labeled i = 1..8, lead to very different
types of evolution. For some of them, populations (i = 1, 3) oscillate at the Larmor fre-
quency ωL while some others (i = 4, 5, 6, 7, 8) oscillate at 2ωL. The case i = 2 corresponds
to the spin aligned along x, which is an eigenstate of Ĥ and thus does not evolve with time.
Moreover, if one focuses for example on the population difference between |−1⟩z and |1⟩z,
which is at the origin of the spin noise signal in a standard SNS configuration (see the
following sections), one notices that only mechanisms corresponding to i = 1, 3 lead to an
oscillation of this population difference. This means that, in a standard SNS configuration,
only one noise peak at ωL will be observed.

Such a discussion, which is particularly simple in the case of the standard far detuned
SNS configuration in which one observes the Faraday rotation noise with a transverse mag-
netic field, will be extended to more exotic configurations in the next sections, then involv-
ing all the different processes of Fig. 4.6.

4.3 Probe noise

4.3.1 Probe noise modes near D0 transition line

We start in the present section by considering the simplest case of the J = 0 upper level
(D0 line). The first type of fluctuating birefringence that can be created by spin noise is
circular birefringence (CB), leading to Faraday rotation for the probe light. It can be well
explained using the simplified spin-1/2 model shown in Fig. 4.5. It corresponds to a relative
phase difference between the two circularly polarized components of the probe light, which
interact with two different transitions. Thus each circularly polarized component probes
the population of one of the two ground state sublevels |g−⟩ and |g+⟩ [9]. This simplified
picture remains valid in the case of our J = 1 → J = 0 transition [10, 11, 90], as
can be seen in Figure 4.7(a) as a linearly polarized light propagating along z can only
probe the populations of sublevels |−1⟩z and |+1⟩z. A fluctuating population imbalance
between these two sublevels, such as M̂1, M̂3 polarized states shown in Fig. 4.6, leads to a
fluctuating Faraday rotation (FR), whose observation is independent of the relative angle
between the incident linear polarization direction and the magnetic field. However, we
know that there are other kinds of fluctuations other than population unbalance between
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|−1⟩z and |+1⟩z. The remaining mechanisms M̂i, i = 4, 5, 6, 7, 8 effects on the ground
levels |−1⟩z, |0⟩z, |+1⟩z are vague. As the system changes, the populations of the |−1⟩z
and |+1⟩z states fluctuate together. This implies that the interaction strengths between the
system and the left or right circular components are equal. In terms of probe noise, apart
from Faraday rotation fluctuations, there is ellipticity noise from linear birefringence (LB).
Here we introduce two kinds of LB effect with different neutral axis LB with neutral axes
oriented along x and y, and LB with neutral axes oriented along the directions u and v of
Figure 4.8(b), which are rotated by π/4 with respect to x and y. The relations between the
unit vectors along those different directions shown in Fig. 4.8 are given by

σ+ =(x+ iy)/
√
2 , (4.11)

σ− =(x− iy)/
√
2 , (4.12)

and

u =(x− y)/
√
2 , (4.13)

v =(x+ y)/
√
2 . (4.14)

By virtue of the relations between the different bases vectors, the superpositions states of
the ground state sublevels that are coupled to the upper level by linearly polarized light
can be constructed. The sublevels, which are coupled to the excited state by x− and y−
polarized light are, respectively:

|Ψx⟩ =
1√
2
(|−1⟩z + |+1⟩z), (4.15)

|Ψy⟩ = − i√
2
(|−1⟩z − |+1⟩z) . (4.16)

In the case of the u/v LB, the sublevels that are coupled by light polarized along the u and
v directions (see Fig. 4.7(b)) are respectively given by

|Ψu⟩ =
1√
2
(eiπ/4 |−1⟩z + e−iπ/4 |+1⟩z)) , (4.17)

|Ψv⟩ =
1√
2
(e−iπ/4 |−1⟩z + eiπ/4 |+1⟩z) . (4.18)

The coupling relations in the different bases of D0 are shown in Fig.4.7. The three consid-
ered bases are:

1. Circular basis: |−1⟩z, |0⟩z, |+1⟩z

2. Linear x/y basis: |Ψx⟩,|0⟩z,|Ψy⟩

3. Linear u/v basis: |Ψu⟩,|0⟩z,|Ψv⟩
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Different bases are linked by unitary transformation matrices:|Ψx⟩
|0⟩z
|Ψy⟩

 =M
(x/y)
g,0

|−1⟩z
|0⟩z
|+1⟩z

 ,

|Ψu⟩
|0⟩z
|Ψv⟩

 =M
(u/v)
g,0

|−1⟩z
|0⟩z
|+1⟩z

 , (4.19)

where

M
(x/y)
g,0 =

1√
2

 1 0 1

0
√
2 0

−i 0 i

 , (4.20)

M
(u/v)
g,0 =

1

2

 1 + i 0 1− i
0 2 0

1− i 0 1 + i

 . (4.21)

We can then gain insight into knowing whether there can be linear birefringence noises
along the x/y and u/v neutral axes, by observing the oscillation mechanisms of Fig. 4.6
in these alternative bases 1. This is performed in Figure 4.9. For each of these five mech-
anisms, the oscillation is shown in the only basis that leads to a significant population
difference.

The mechanisms M̂4, M̂5, M̂6, M̂7, M̂8 that do not contribute to the population dif-
ference between |−1⟩z and |+1⟩z contribute to the population difference between either
{|Ψx⟩ , |Ψy⟩} (M̂4, M̂7, M̂8) or {|Ψu⟩ , |Ψv⟩} (M̂5, M̂6).

4.3.2 Oscillation frequencies of the modes

One can see the oscillation frequencies of the system in the different bases as shown in
Fig.4.6 and Fig.4.9. In the present section, we derive analytical expressions for the evolu-
tions of the population differences. This part gives the analytical equation of the population
difference. Considering the Schrödinger equation corresponding to a spin-1 subjected to a
transverse B field:

i

ℏ
d |ψ⟩
dt

= HB |ψ⟩ , where HB =
ℏωL√
2

 0 1 0
1 0 1
0 1 0

 , (4.22)

in the basis {|−1⟩z , |0⟩z , |1⟩z}, where ωL is the Larmor frequency. HB/ℏ has three eigen-
values, −ωL, 0, and ωL, associated to the following eigenvectors:

|v1⟩ = 1
2

[
|−1⟩z +

√
2 |0⟩z + |1⟩z

]
,

|v2⟩ = 1√
2
[|−1⟩z − |1⟩z] ,

|v3⟩ = 1
2

[
|−1⟩z −

√
2 |0⟩z + |1⟩z

]
.

(4.23)

1The transformation of operators in different bases can be found in Appendix. D
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Any solution of the Schrödinger equation can be written as a linear combination of the
three eigenvectors vi, with coefficients Ci that depend on the initial state:

|ψ⟩ = C1e
−iωLt |v1⟩+ C2 |v2⟩+ C3e

iωLt |v3⟩ (4.24)

=


1
2
C1e

−iωLt + 1√
2
C2 +

1
2
C3e

iωLt

1√
2
C1e

−iωLt − 1√
2
C3e

iωLt

1
2
C1e

−iωLt − 1√
2
C2 +

1
2
C3e

iωLt

 (4.25)

so that the population difference between the levels |−1⟩z and |+1⟩z is

n−1 − n1 = |z ⟨−1|ψ⟩ |2 − |z ⟨+1|ψ⟩ |2 (4.26)

=
√
2|C1C2| cos [ωLt+ φ21] +

√
2|C2C3| cos [ωLt+ φ32] , (4.27)

where φ21 [resp φ32] is the phase difference between C1 and C2 [resp. C2 and C3]: the
oscillation between the states |−1⟩z and |+1⟩z contains only the frequency ωL.

Now we write the ket |ψ⟩ in the basis |Ψx⟩ , |0⟩z , |Ψy⟩ instead of the original one. The
ground level is transformed through1 M

(x/y)†
g,0 . The state in the new basis is

|ψ′⟩ =M
(x/y)†
g,0 |ψ⟩ =

 (C1e
−iωLt + C3e

iωLt)/
√
2

(C1e
−iωLt − C3e

iωLt)/
√
2

iC2

 . (4.28)

The population difference between |Ψx⟩ and |Ψy⟩ reads:

nx − ny = | ⟨Ψx|ψ⟩ |2 − | ⟨Ψy|ψ⟩ |2

=
1

2
C2

1 +
1

2
C2

3 − C2
2 +

1

2
C1C3e

−i2ωLt +
1

2
C3C1e

i2ωLt

=
1

2
C2

1 +
1

2
C2

3 − C2
2 + |C1C3| cos(2ωLt+ φ31),

(4.29)

where φ31 is the phase difference between C1 and C3. The population difference has fre-
quency components at 2ωL and zero frequencies.

Finally, the wave function in the u/v representation can be deduced from M
(u/v)†
g,0

|ψ′′⟩ =M
(u/v)∗
g,0 |ψ⟩ =

 1
2
C1e

−iωLt − i√
2
C2 +

1
2
C3e

iωLt

(C1e
−iωLt − C3e

iωLt)/
√
2

1
2
C1e

−iωLt + i√
2
C2 +

1
2
C3e

iωLt.

 . (4.30)

The corresponding population difference is

nu − nv = | ⟨Ψu|ψ⟩ |2 − | ⟨Ψv|ψ⟩ |2

=
i√
2
(C1C2e

−iωLt − C2C1e
iωLt + C3C2e

iωLt − C2C3e
−iωLt)

=
√
2|C1C2| sin(ωLt+ φ21) +

√
2|C2C3| sin(ωLt+ φ32).

(4.31)
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Figure 4.10: Time evolution of the population difference between states (a)
|−1⟩z and |1⟩z, (b) |Ψx⟩ and |Ψy⟩, and (c) |Ψu⟩ and |Ψv⟩ for different mecha-
nisms.

The population difference has only components oscillating at ωL. These population
differences in different bases are shown in Figure 4.10. Initially, the system is prepared
in eight different polarization states. Fig. 4.10 shows that each mechanism (except M̂2)
contributes to one and only one population difference in the three different bases with the
oscillation frequency ωL or 2ωL.

Table 4.1: Different noise mechanisms corresponding to different detection
strategies and different types of fluctuating birefringences for theD0 transition.

Noise Faraday Ellipticity
type rotation

Birefringence Circular x/y Linear u/v Linear
type birefringence birefringence birefringence

Mechanisms M̂1, M̂3 M̂4, M̂7, M̂8 M̂5, M̂6

Frequency ωL 2ωL ωL

These oscillation modes of population differences correspond to different types of bire-
fringence types for a large detuned probe (and of dichroism types for a near resonance
probe). The relation between the spin mechanisms and the corresponding features for the
probe are summarized in Table 4.1. So far, the spin noise of spin systems with the simplest
structures such as D0 has been well studied. The properties of the SNS in this relatively
pure and simple closed J = 1 → J = 0 atomic transition demonstrate the peculiarities of
spin noise of a spin 1 system like the |23S1⟩ state.

We then generalize this approach to more complicated situations, namely the D1 J =
1 → J = 1 and D2 J = 1 → J = 2 transitions, in which the upper level has respectively
three and five Zeeman sublevels. This allows us to predict the conditions in which the
different noise modes can be detected, in particular the dependence of the different SNS
signals on the probe polarization orientation in the different detection schemes. These
predictions are compared with extensive measurements, allowing one to understand the
influence of the structure of the upper level of the transition and going well beyond the
oversimplified spin-1/2 model.

1M
(x/y)†
g,0 is the conjugate matrix of M (x/y)

g,0
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Figure 4.11: Sublevel structure of the levels of the D1 transition. (a) In circular
representation. (b) In linear x/y representation. (c) In linear u/v represen-
tation. Notice that the three sublevels of the upper level of the transition are
different in the three representations.

4.4 Cases of the D1 and D2 transitions

4.4.1 FR noise of the D1 and D2 transitions

In this section, the discussion of the observation of the different spin noise modes is ex-
tended to the two other lines of metastable helium, namely the J = 1 → J = 1 and
J = 1 → J = 2 transitions (so-called D1 and D2 lines). Figures 4.11(a) and 4.12(a) show
the corresponding sublevel structures with the quantization axis oriented along z, together
with the Clebsch-Gordan coefficients of the associated transitions. By comparison with the
J = 1 → J = 0 transition investigated in the preceding section (see Fig. 4.7(a)), one can
see that theD1 andD2 lines are much more complicated. Understanding how the spin noise
modes of Fig. 4.6 can be observed either as FR noise or as ellipticity noise thus requires a
bit more formalism than in the case of theD0 line. We start in this section by comparing the
Faraday rotation noise for the D1 and D2 lines with the one for the D0 line discussed in the
previous section . To this aim, the optical couplings between the sublevels of the lower and
upper levels of the different transitions, schematized in Figs. 4.7(a), 4.11(a), and 4.12(a)
are represented as matrices. For example, for the D0 line, the Clebsch-Gordan coefficients
representing the coupling by σ+-polarized light between the two levels read

Γ
(+)
0 =

 1√
3

0
0

 , (4.32)

where the three rows correspond to the three sublevels |−1⟩z, |0⟩z, and |+1⟩z of the ground
state and the single column to the nondegenerate upper level. Similarly, the coupling matrix
for σ−-polarized light reads

Γ
(−)
0 =

 0
0
1√
3

 . (4.33)
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Figure 4.12: Same as Fig. 4.11 for the D2 line. The transitions between the
gray sublevels are not shown because they are coupled with equal Clebsch-
Gordan coefficients for the two polarizations (x and y in (b) or u and v in (c))
and thus do not contribute to any linear birefringence.
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Further, the coupling matrices for the D1 line read

Γ
(+)
1 = − 1√

2

 0 1 0
0 0 1
0 0 0

 , Γ(−)
1 =

1√
2

 0 0 0
1 0 0
0 1 0

 , (4.34)

where the columns refer to the excited state of the D1 line with the quantization axis ori-
ented along z. Finally, in the case of the D2 line, we have:

Γ
(+)
2 =

 0 0 1√
6

0 0

0 0 0 1√
2

0

0 0 0 0 1

 , (4.35)

Γ
(−)
2 =

 1 0 0 0 0
0 1√

2
0 0 0

0 0 1√
6

0 0

 , (4.36)

where the columns correspond to the Zeeman sublevels of the excited state of D2.

By comparing Figs. 4.11(a) and 4.12(a) with Fig. 4.7(a), one can predict the behavior
of FR spin noise when the laser is tuned close to the D1 and D2 transitions. The difference
between the D1 and D2 lines, on the one hand, and the D0 line, on the other hand, is
that the state |0⟩z is now coupled to the upper level by σ+ and σ−-polarized light, with
the same Clebsch-Gordan coefficients. This means that a fluctuation of the population
of this state will induce the same variations of the refractive indices seen by the σ+ and
σ− polarizations, and will thus not induce any FR. Consequently, some FR noise can be
induced only by an imbalance between the populations of the states |−1⟩z and |1⟩z. Figure
4.11(a) shows that for the D1 line, the situation is the same as for the D0 line: state |−1⟩z
affects only σ+-polarized light while state |1⟩z affects only σ−-polarized light. FR rotation
noise should thus be the same for D1 and D0 lines. The situation is slightly different for
the D2 line: Figure 4.12(a) shows that both states |−1⟩z and |1⟩z are coupled to the upper
level by both σ+ and σ−-polarized light. But the 1:6 ratio between the transitions strengths
shows that again state |−1⟩z is coupled to the upper level mainly by σ+-polarized light
while state |1⟩z is sensitive mainly to σ−-polarized light. We thus expect again FR noise
for the D2 line to be very similar to the one for the D0 and D1 lines. These predictions are
perfectly confirmed by both the numerical simulations Fig.4.4 and the experimental results
Fig.4.3 as shown in the beginning of this chapter.

One can notice that the experimental CB spin noise spectra are weaker for the D1 line
than for the two other lines. The first reason for this is that the D1 line is weaker than the
D2 line (see Fig. 4.1). But another reason behind this can be deduced from the simulations
of Fig. 4.13. This figure shows the evolution of the Faraday rotation versus time, in the
presence of the transverse magnetic field, when mechanisms M̂1 (Fig. 4.13(a)) and M̂3

(Fig. 4.13(b)) are excited at t = 0. These two mechanisms, which are responsible for the
FR noise at frequency ωL, are simulated for the three lines and show that the amplitude
of Faraday rotation is approximately the same for the D1 and D2 lines for the same initial
conditions. However, the signal induced by the D2 line is out of phase with respect to the
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Figure 4.13: Time evolution of the probe polarization rotation close to the D0,
D1, and D2 lines for initial conditions corresponding to (a) mechanism M̂1 and
(b) mechanism M̂3.

ones induced by D0 and D1 lines. This phase shift also contributes to reducing the FR
noise observed close to the D1 line, because it contains some signal with the opposite sign
coming from the nearby intense D2 line. This destructive interference effect among the
spin noise signals coming from the two transitions further contributes to reducing the FR
noise.

4.4.2 Ellipticity noise of the D1 and D2 transitions

The prediction of the behavior of the ellipticity noise for the D1 and D2 lines can be per-
formed in a manner similar to Section 4.3, i.e., by changing the basis of the lower level from
{|−1⟩z , |0⟩z , |1⟩z} to some more relevant basis {|Ψx⟩ , |0⟩z , |Ψy⟩} or {|Ψu⟩ , |0⟩z , |Ψv⟩}.
However, since the upper levels of these two transitions also exhibit several sublevels, this
change of basis for the lower level depends on the considered transition. Moreover, one
must also perform a change of basis for the upper level in order to isolate the different
transitions corresponding to the different states of light polarization of Fig. 4.7(b).

Consequently, the coupling matrices corresponding to the ellipticity noise in the x/y
and u/v basis read

Γ
(x/y)
i =M

(x/y)
g,i Γi M

(x/y)
e,i , (4.37)

where i = 0, 1, 2 denotes the three different transitions with their corresponding upper
levels, and whereM (x/y)

g,i andM (x/y)
e,i are the matrices for the change of basis for the ground

and excited levels of the transition, respectively. A relation similar to Eq. (4.37) holds for
the u/v basis.
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The expressions of the matrices for the change of basis are given by

M
(x/y)
g,0 =

1√
2

 1 0 1

0
√
2 0

−i 0 i

 , (4.38)

M
(u/v)
g,0 =

1

2

 1 + i 0 1− i
0 2 0

1− i 0 1 + i

 , (4.39)

M
(x/y)
e,0 =M

(u/v)
e,0 = [1] , (4.40)

for the D0 line,

M
(x/y)
g,1 =

1√
2

 −1 0 1

0
√
2 0

i 0 i

 , (4.41)

M
(u/v)
g,1 =

1

2

 −1− i 0 1− i
0 2 0

−1 + i 0 1 + i

 , (4.42)

M
(x/y)
e,1 =

1√
2

 1 0 i

0
√
2 0

−1 0 i

 , (4.43)

M
(u/v)
e,1 =

1

2

 1− i 0 1 + i
0 2 0

−1− i 0 −1 + i

 , (4.44)

for the D1 line, and

M
(x/y)
g,2 =M

(x/y)
g,0 , (4.45)

M
(u/v)
g,2 =M

(u/v)
g,0 , (4.46)

M
(x/y)
e,2 =

1√
2


1 0 0 0 i
0 1 0 i 0

0 0
√
2 0 0

0 1 0 −i 0
1 0 0 0 −i

 , (4.47)

M
(u/v)
e,2 =

1

2


√
2 0 0 0 i

√
2

0 1− i 0 1 + i 0
0 0 2 0 0
0 1 + i 0 1− i 0√
2 0 0 0 −i

√
2

 , (4.48)

for the D2 line.

Using these transformation matrices in Eq. (4.37), the coupling matrices in these linear
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basis become

Γ
(x)
0 = Γ

(u)
0 =

 1√
3

0
0

 , (4.49)

Γ
(y)
0 = Γ

(v)
0 =

 0
0
1√
3

 , (4.50)

for the D0 line. They confirm the branching ratios represented in Figs. 4.7(b) and 4.7(c)
and the results discussed in Section 4.3.

For the D1 line, the coupling matrices become

Γ
(x)
1 = Γ

(u)
1 =

1√
2

 0 1 0
1 0 0
0 0 0

 , (4.51)

Γ
(y)
1 = Γ

(v)
1 =

1√
2

 0 0 0
0 0 1
0 1 0

 , (4.52)

which are summarized in Figs. 4.11(b) and 4.11(c). Finally, for the D2 line, these matrices
read

Γ
(x)
2 =


1√
2

0 1√
6

0 0

0 1√
2

0 0 0

0 0 0 0 1√
2

 , (4.53)

Γ
(y)
2 =

 0 0 0 0 1√
2

0 0 0 1√
2

0

− 1√
2

0 1√
6

0 0

 , (4.54)

and

Γ
(u)
2 =

 0 0 1√
6

0 − 1√
2

0 1√
2

0 0 0
1√
2

0 0 0 0

 , (4.55)

Γ
(v)
2 =


1√
2

0 0 0 0

0 0 0 1√
2

0

0 0 1√
6

0 1√
2

 . (4.56)

These branching ratios are shown in Figs. 4.12(b) and 4.12(c), except for the gray levels
of Figs. 4.12(b) and 4.12(c), which are coupled with equal Clebsch-Gordan coefficients for
the two polarizations and thus do not contribute to any linear birefringence.

By comparing Figs. 4.7(b), 4.11(b), and 4.12(b), we can predict that the ellipticity noise
detected in the vicinity of the D2 line should be strongly different from the one detected
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close to the D0 and D1 lines. Indeed, Figs. 4.7(b) and 4.11(b) show that for the D0 and D1

lines, the states |Ψx⟩ and |Ψy⟩ are respectively coupled to the upper level by x− and y−
polarized light only. On the contrary, in the case of the D2 line, the states |Ψx⟩ and |Ψy⟩
are always coupled to the upper level by both x− and y− polarized light. For example,
according to the coupling coefficients of Fig. 4.12(b) and Eqs. (4.53) and (4.54), the state
|Ψx⟩ is coupled to the upper level by x− and y− polarized light with probabilities respec-
tively proportional to 2/3 and 1/2, which are quite close. This means that the fluctuating
LB created by mechanisms M̂4, M̂7, and M̂8 of Fig. 4.6 and originating from an imbalance
nx − ny between the populations of states |Ψx⟩ and |Ψy⟩ will lead to a much weaker LB in
the case of the D2 line than in the case of the D0 and D1 line. Moreover, we predict that
the associated ellipticity noise at frequency 2ωL will be smaller and also less polarization
sensitive in the vicinity of the D2 line.

This conclusion also holds for the component of LB noise with its neutral axes oriented
along the u and v directions of Fig. 4.7(b). Comparison of Figs. 4.7(c), 4.11(c), and 4.12(c)
again shows that in this case the ellipticity noise at frequency ωL, corresponding to mech-
anisms M̂5 and M̂6 of Fig. 4.6, should behave similarly in the vicinity of the D0 and D1

lines but be much weaker and less polarization resolved for the D2 line.

These expectations are confirmed by the measurements reproduced in Fig. 4.3 and the
simulations of Fig. 4.4. The LB fluctuations of the D1 line (Figs. 4.3(b) and 4.4(b)) are
similar to the ones of the D0 line. On the contrary, in the vicinity of the D2 line, the
predicted signal (see Fig. 4.4(d)) is so weak that it becomes undetectable in the experiment
(see Fig. 4.3(d)).

Finally, Figure 4.14 shows the oscillation of the rotation or ellipticity of an extremely
weak probe (0.1 mW) when the atomic system evolves under a magnetic field for each
unbalanced initial state.

Figure 4.14 compares the effects of different atomic spin mechanisms summarized in
Table 4.1 on the different polarization states of the probe light. The investigations of the
seven polarization states are performed with different θ and either rotation or ellipticity
according to the corresponding birefringence types. For example, spin polarizations with
M̂4, M̂7, M̂8 cause x/y LB , therefore they are studied in terms of ellipticity with θ = 45◦

and spin polarizations with M̂5, M̂6 cause u/v LB , therefore they are studied in terms of
ellipticity with θ = 0◦.

Figure 4.14 also compares the effects of the same spin mechanism on the polarization
states of light with different resonance frequencies near D0, D1, D2. The three lines show
similar oscillation modes but different phases and different amplitudes. For the amplitude,
D2 has the strongest rotation and the weakest ellitpticity. In terms of phase, rotation close
to D2 is out of phase with the rotation of the other two lines as shown in Fig.4.14 (a).
Ellipticity for D1 is out of phase with the ellipticity of the other two lines as shown in
Figs. 4.14 (b) and (c).
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Figure 4.14: Comparison between rotation or ellipticity of probe near D0, D1,
and D2 under different initial conditions. (a) The polarization rotation (due to
CB) with M̂1 or M̂3 initially polarized states. (b) The polarization ellipticity
(due to x/y LB ) with M̂4 , M̂7 or M̂8 initially polarized states. (c) The polar-
ization ellipticity (due to u/v LB ) with M̂5 or M̂6 initially polarized states.
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Figure 4.15: The structure of SNS study of a spin-one system.

4.5 Conclusion

In this chapter, the noise modes of a spin-1 system in the presence of a magnetic field are
investigated. The corresponding noises imprinted on the polarization of an initially linearly
polarized probe light beam are studied in details when the light is detuned from three dif-
ferent transitions corresponding to three different upper level structures. In all cases, both
Faraday rotation and ellipticity noises, induced respectively by fluctuating circular and lin-
ear birefringences, are theoretically and experimentally analyzed. Figure 4.15 summarizes
the processes of SNS of a spin-one system.

Compared with conventional SNS that focuses on Faraday rotation noise only, the ad-
ditionally detected ellipticity noise opens new windows for the system. Indeed, it permits
one to fully unveil the richer spin-noise dynamics of high-spin systems. All put together,
the detection of different spin-noise signals for different orientations of the probe polariza-
tion permits one to fully attribute the different components of the light polarization noise to
different modes of oscillation of the spin state. As a consequence, although the polarization
of the probe does not affect the spin noise itself, it has a strong influence on the spin-noise
signal when the probe laser effect on the atoms can be neglected.

Moreover, this paper illustrates the fact that contrary to a commonly accepted idea,
spin-noise signals obtained with large detuned light do not depend only on the structure of
the lower level of the transition: the structure of the upper level matters and can make the
linear birefringence so weak that its effect is not visible anymore. Indeed, using metastable
4He that exhibits three well-separated lines starting from the same J = 1 lower level, both
theory and experiments confirm that ellipticity and Faraday rotation noises behave differ-
ently and that the ellipticity noise resonances can be washed out in the vicinity of some
transitions. This is explained by the way of the different spin-noise modes map to the
polarization components of the probe light through the associated Clebsch-Gordan coeffi-
cients.

The present work has benefited of the relatively simple level structure of 4He, in which
the different transitions are well separated despite Doppler broadening at room tempera-
ture. However, it opens interesting perspectives for even more complicated systems, such
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as alkali atoms, in which the spins of the levels are even larger, and in which the separation
between hyperfine levels is very often smaller than the Doppler broadening. Indeed, gen-
eralizing the present approach to these more complicated atoms could allow one to predict
the conditions in which one can observe spin noise modes that are usually inaccessible.

Besides, the decomposition of spin noise of the spin-1 system into eight different noise
modes could be used to fully characterize the state of a spin-1 system by a tomographic
technique based on this set of measurement modes[91, 92].
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We have seen in the preceding chapters that the spin noise with a spin higher than 1/2
manifests itself as rotation and ellipticity noise of the probe beam. These two kinds of
spin noise signatures have been studied in detail in the previous chapters. It is interesting
to investigate the correlation of these two types of noise, after we have studied the effect
of spin noise on the polarization direction and ellipticity of the probe light, respectively.
Because this would give us additional information not included in previous studies.

I begin with some definitions useful for correlation studies and then provide some sim-
ulation results, which are encouraging and can shed some insight for future experimental
work.

5.1 Definitions

In this section, we introduce several mathematical tools useful to characterize the degree
of correlation between two signals.

5.1.1 Covariance

We can detect the rotation angle θ1(t) and the ellipticity θ2(t) at the same time and get the
covariance

Cov(θ1(t), θ2(t)) = ⟨θ1(t)θ2(t)⟩ , (5.1)

which appears in the following equation:〈
[θ1(t) + θ2(t)]

2〉 = 〈
θ21(t)

〉
+
〈
θ22(t)

〉
+ 2 ⟨θ1(t)θ2(t)⟩ . (5.2)

If ellipticity and rotation are correlated, ie ⟨θ1(t)θ2(t)⟩ ̸= 0, the variance of the sum of the
two signals

θ3(t) = θ1(t) + θ2(t) (5.3)

is larger or smaller than the sum of the noise powers of θ1(t) and θ2(t). Further, as before,
we can use the PSD to study the correlation in the frequency domain, which is the Fourier
transform of the correlation:

ri,j(τ) = ⟨θi(t)θj(t+ τ)⟩ F−→ Si,j(f), i, j = 1, 2, 3 (5.4)

when i = j, Si,i is the so called power spectrum, and when i ̸= j, Si,j is the cross correla-
tion spectrum.

In addition, the normalized covariance, also known as Pearson’s product-moment co-
efficient or correlation coefficient, can be used to characterize the correlation between two
signals. The correlation coefficient is defined as

ρ̄1,2 =
Cov(θ1, θ2)

σ1σ2
, (5.5)

where σ1 and σ2 are the standard deviations of θ1 and θ2, respectively.
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5.1.2 Correlator C2

We can define the correlator between the two power spectra [46] to evidence the correlation
as

C2 ≡
P3,3 − P1,1 − P2,2

P1,1 + P2,2

, (5.6)

where Pi,i is the total integrated PSD over the considered frequency range:

Pi,i =

∫
|Si,i(f) df . (5.7)

The correlator C2 should therefore be expected to be C2 = 0 if the θ1, θ2 are uncorre-
lated, but depart from 0 to −1 or 1 when they are completely anti-correlated or correlated.

5.1.3 Magnitude square coherence

Generally, the cross spectrum is used to study the correlation between two signals. Unlike
PSD, which is positive and real, the cross spectrum is a complex function and can be written
as

S1,2(f) = Re{S1,2(f)}+ i Im{S1,2(f)}. (5.8)

A complex exponential of frequency f with any phase lag ϕ can be written as a sum of
in-phase and quadrature parts:

ei(ft+ϕ) = eift cosϕ+ ieift sinϕ. (5.9)

So the complex value S1,2(f) can describe any linear lagged relationship between θ1(t) and
θ2(t) at a given frequency f . The modulus |S1,2(f)| gives the degree of correlation and the
argument argS1,2(f) gives the phase shift between the correlated parts of the two signals at
frequency f .

In the signal processing literature [93–95], the magnitude square coherence (MSC) is
mostly used to describe the frequency distribution of the correlation of the two signals and
is defined as

C1,2(f) =
|S1,2(f)|2

S1,1(f)S2,2(f)
, (5.10)

which is the normalized cross spectrum.

It is also convenient to integrate the MSC over frequency to get the total degree of
correlation of the two signals M1,2:

M1,2 =
(
∫
|S1,2(f)| df)2∫

S1,1(f) df
∫
S2,2(f) df

. (5.11)

The integrated MSC is usually used when the frequency distribution of the correlation is
less interesting.
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The covariance, correlator C2, MSC Ci,j and integrated MSCMi,j used to represent the
correlation are all obtained from two original time signals θ1(t) and θ2(t).

The correlator C2 is the real part of the cross spectrum after normalization as demon-
strated by the following. The auto-correlation of θ3(t) is

r3,3(τ) = ⟨[θ1(t) + θ2(t)] · [θ1(t+ τ) + θ2(t+ τ)]⟩
=r1,1(τ) + r2,2(τ) + r1,2(τ) + r2,1(τ), (5.12)

with
r1,2(τ) = r∗2,1(−τ). (5.13)

The PSD of θ3(t) is

S3,3(f) = S1,1(f) + S2,2(f) + 2Re{S1,2(f)}. (5.14)

From Eqs.(5.4, 5.6, 5.12 - 5.14), we can see that the correlator C2 is the real part of the
cross spectrum after normalization.

The advantage of the correlator C2 is that it can be obtained from integrated PSD.
As shown in [46], in the experiment, we can obtain the PSD by ESA easily and get C2.
However, the cross spectra rely on the time sequence data, which needs a longer acquisition
time to obtain clear spectra.

5.2 Correlation results

We have seen that rotation noise and ellipticity noise come from different types of popu-
lation imbalance between the sublevels of the system probed with a laser detuned far from
resonance. In this situation, there should be no correlation between rotation noise and ellip-
ticity noise since the kinds of spin noise modes contributing to rotation or ellipticity noise
are independent of each other.

Nevertheless, for smaller probe detuning both birefringence and dichroism can be cre-
ated by a certain type of spin noise modes . This is expected to lead to some correlation
between ellipticity and rotation noise. To prove this point, the correlation as a function of
the detuning is investigated below.

5.2.1 Case where θ = 0◦

Firstly, we start with θ = 0◦, i.e. the polarization of the incident probe is aligned with
the magnetic field. As there is only one resonance at Larmor frequency at θ = 0◦, it is
supposed to be simpler than other angles θ.

The simulation of Figure 5.1 shows the PSD of θi(t), i = 1, 2, 3. The mathematical
sum S1,1 + S2,2 is compared with S3,3. The non-zero difference S3,3 − (S1,1 + S2,2) ev-
idences the correlation. The obvious differences between Fig.5.1 (a) and (c) prove that
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Figure 5.1: The PSD with different detuning (a) ∆/2π = −0.75GHz (b)
∆/2π = 0 (c) ∆/2π = 0.75GHz. θ = 0◦, probe power 0.1 mW. Time
duration 50/γr and discretization time of the evolution is 1/50∆.
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Figure 5.2: The correlator C2 obtained through Eq. 5.6 as a function of detun-
ing.

FR and ellipticity noise are partially correlated at detuning 0.75 GHz. Figure 5.2 shows
that correlation C2 tends to be zero for large detunings and at resonance whereas it has
non-zero values for intermediate detunings. This simulation result validates our initial ex-
pectation. Only when both birefringence and dichroism exist, rotation and ellipticity have
correlations. Furthermore, the detuning behavior of correlator C2 is anti-symmetric with
respect to the resonance center, just like the dispersion curve. These features prove the
point that the correlated parts of the rotation noise and the ellipticity noise come from the
birefringence and dichroism associated with the same mechanism, and are not associated
with correlations between different noise mechanisms.

Figure 5.3 shows the MSC of rotation noise and ellipticity noise for different detunings.
The results are consistent with Fig. 5.1 and Fig. 5.2. MSC is bigger for moderate detunings
(0.75GHz, 1.5GHz) than for large detunings (3.5GHz) and at resonance. In addition,
MSC has a local maximum at Larmor frequency 3MHz, which means that rotation and
ellipticity noises are more correlated at this eigenfrequency.
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Figure 5.3: MSC (a) and integrated MSC (b) of rotation noise and ellipticity
noise (θ = 0◦) under different detunings. The dotted line of (b) is only for eye
guiding.

5.2.2 Case where θ = 45◦

As the SNS has a strong θ dependence, it is interesting to study the correlation as the
function of θ. The situation will become more complicated as there are two resonances at
ωL and 2ωL when θ = 45◦.

Figure 5.4 shows the PSD of θi(t), i = 1, 2, 3. Here we find that for intermediate
detunings (Fig.5.4(a) and (c)), the difference S3,3− (S1,1+S2,2) is much bigger than in the
case θ = 0◦. And this difference vanishes at resonance as shown in Fig. 5.4 (b), which is
the same as the case θ = 0◦.

Another interesting result is that the correlators at frequencies ωL and 2ωL always have
opposite signs. This is shown more clearly in Fig. 5.5. These opposite correlations at ωL

and 2ωL will be explained later. The detuning behavior of the correlator C2 has an anti-
symmetric shape like a dispersion curve.

Figure 5.6 shows the MSC M1,2 and integrated MSC M1,2. Similarly, for large detun-
ings and at resonance, as Fig. 5.6(b) shows, the correlation disappears. From Fig. 5.6(a) we
can see that at zero, Larmor ωL, and double Larmor frequency 2ωL, MSC is almost one.
These are exactly the characteristic frequencies of the spin noise spectrum.

These simulations show that FR and ellipticity noise are partially correlated in both
cases θ = 0◦ and θ = 45◦. The correlation is always stronger when the detuning is
moderate no matter θ. The difference between the two cases is that the correlation is much
stronger when θ = 45◦ compared with θ = 0◦. To understand the reason behind it, we
resort to the eight types of spin noise mechanisms seen in Chapter 4.
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Figure 5.4: Spin noise PSD with different detunings (a) ∆/2π = −0.75GHz
(b) ∆/2π = 0 (c) ∆/2π = 0.75GHz. θ = 45◦, probe power 0.1 mW. The
inserts are zooms. Time duration 50/γr and discretization time of the evolution
is 1/50∆.
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Figure 5.5: Correlator C2 for resonances centered at ωL and 2ωL as a function
of the detuning.

Figure 5.6: (a) MSC and (b) integrated MSC of rotation noise and ellipticity
noise (θ = 45◦) under different detunings. Welch’s method is utilized to reduce
the high variance of MSC.
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Figure 5.7: Rotation θ1 and ellipticity θ2 oscillation of the probe beam detuned
by 0.75 GHz at θ = 0◦. Initial state of the system corresponds to mode M̂1

only with λ1 = 2/3.

5.3 Interpretation of correlations in terms of spin noise
modes

5.3.1 Weak correlation at θ = 0◦

We should notice that even with a well chosen detuning, the two kinds of noise are only
weakly correlated when θ = 0◦ as shown in Fig. 5.2 and Fig. 5.3. In fact, such a weak
correlation is unexpected. Indeed, any spin noise mode is expected to generate both ellip-
ticity noise and rotation noise for intermediate detunings. For example, with θ = 0◦ and
∆/2π = 0.75GHz, the rotation noise comes from CB due to spin noise modes M̂1 and M̂3

and LD with u/v neutral axes due to spin noise modes M̂5 and M̂6. Ellipticity noise comes
from CD due to spin noise modes M̂1 and M̂3 and LB with u/v neutral axes due to spin
noise modes M̂5 and M̂6. Therefore, FR and ellipticity should be strongly correlated.

Let us consider the simulation with θ = 0◦ and 0.75 GHz detuning as an example to
explain this weak linear correlation.

Rotation and ellipticity noises caused by the same spin noise mode are totally correlated
with MSC equal to one. As an example of this case, Fig. 5.7 shows the rotation θ1 and
ellipticity θ2 oscillation of a probe with 0.75 GHz detuning polarized at θ = 0◦ passing
through the spin system with only mode M̂1 initially excited with λ1 = 2

3
. When the

ensemble oscillates coherently, the rotation and ellipticity caused by the spin system are
perfectly correlated with MSC=1 and correlation coefficient ρ̄1,2 = 1.

However, mode M̂1 is usually not alone and all noise modes must be considered. For
example, Fig. 5.8 shows the evolution of the rotation θ1(t) and ellipticity θ2(t) with only
one of the modes M̂1,M̂3,M̂5 or M̂6 initially excited. Obviously, θ1(t) and θ2(t) are either
correlated with ρ̄1,2 = 1 (M̂1, M̂3) or anti-correlated with ρ̄1,2 = −1 (M̂5, M̂6).

In reality, spin fluctuation includes all kinds of spin noise modes. The phase shifts
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Figure 5.8: The rotation θ1 and ellipticity θ2 oscillation of a 0.1 mW probe
with 0.75 GHz detuning polarized at θ = 0◦ passing through the spin system
with only mode M̂1(a), M̂3(b), M̂5(c) and M̂6(d) initially excited with λ1 = 2

3
.

between θ1(t) and θ2(t) are different for the different noise mechanisms, the simultaneous
excitation of all these mechanisms contributes to reducing the correlation between θ1 and
θ2.

For example, suppose that rotation and ellipticity noises arise from the fluctuations that
involve different mechanisms, such as M̂1 and M̂5.

f̂(t) = λ1(t)M̂1 + λ5(t)M̂5. (5.15)

The variance of λ1(t) and λ5(t) is the same and is equal to σ2. The generated random
signals θ1(t) and θ2(t) are

θ1(t) = aλ1(t) + bλ5(t)
θ2(t) = cλ1(t) + dλ5(t).

(5.16)

Parameters a, b, c, and d indicate the linear relation between the generated signals and the
spin fluctuations. Then the covariance of θ1 and θ2 is

Cov(θ1, θ2) = ⟨θ1 · θ2⟩
= (ac+ bd+ ad+ bc)σ2.

(5.17)

If the parameters a, b, c, and d have opposite signs, the resulting covariance tends to be
zero. As a result, the correlation between rotation and ellipticity tends to be zero when
θ = 0◦.

5.3.2 Strong correlation at θ = 45◦

When θ = 45◦, the caused rotation and ellipticity come from mechanisms
M̂1, M̂3, M̂4, M̂7, M̂8.
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Figure 5.9: The rotation θ1 and ellipticity θ2 oscillation of a 0.1 mW probe
with 0.75 GHz detuning polarized at θ = 45◦ passing through the spin system
with only mode M̂4(a), M̂7(b) and M̂8(c) initially excited with λ4 = 2

3
, λ7 = 2

3

and λ8 = −
√
3
3

, respectively.
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More precisely, one observes that:

1) At ωL, the rotation noise and the ellipticity noise arise from CB or CD respectively
due to fluctuation modes M̂1 and M̂3. A mixture of M̂1 and M̂3 does not cancel
the correlation since they both produce rotation and ellipticity noise with a positive
correlation as shown in Figs. 5.8 (a) and (b).

2) At 2ωL, the rotation noise and the ellipticity noise arise from LD or LB respectively
due to fluctuation modes M̂4, M̂7and M̂8. A mixture of fluctuations M̂4, M̂7, and M̂8

does not cancel the correlations since they both produce rotation and ellipticity noise
with anti-correlation as shown in Fig. 5.9.

From Fig. 5.9 and Fig. 5.8(a)(b), we can solve the question to know why noises of ωL

and 2ωL have opposite correlators C2. The origin of this phenomenon lies in the positive
correlations for mechanisms M̂1 and M̂3 observed at ωL and the negative correlations for
mechanisms M̂4, M̂7and M̂8 observed at 2ωL.

In summary, the correlation of rotation and ellipticity noises at θ = 45◦ is much stronger
than at θ = 0. The θ dependence of the correlation is depicted in Figure 5.10. At θ = 45◦,
the correlation is maximum and tends to be zero as θ approaches 0◦ and 90◦.

5.4 Proposed experiment

In order to test these predictions, we propose the following experiment to record the rota-
tion and ellipticity noises simultaneously. An extra balanced detection system is required
as shown in Fig. 5.11. After the cell, the probe beam is split by a 50:50 beam splitter. Both
beams carry the polarization noise information with half power. One path is similar to the
END set-up to record the ellipticity noise and the other one is similar to the RND set-up
to record the rotation noise. The two signals, acquired simultaneously by a multichannel
oscilloscope, can then be further processed to extract the correlations.

5.5 Conclusion

In this chapter, we have numerically predicted the correlations between FR noise and el-
lipticity noises with varying detunings and angles θ. The correlation is predicted to exist
for intermediate detunings when there are both birefringence and dichroism. Surprisingly,
the correlation has a strong θ dependence. When the noise source contains several differ-
ent mechanisms, the correlation between rotation and ellipticity noise is predicted to be
strongly attenuated.
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Figure 5.11: Schematic of the experimental set-up for correlation measure-
ment. The FR and ellipticity noises are recorded by an oscilloscope at the
same time.
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Figure 6.1: Experimental results of θ dependence of (a) Faraday rotation and
(b) ellipticity of SNS when the set-up is not stable.

SNS is expected to be sensitive to magnetic field noise, as this noise can for sure enlarge
the resonances and eventually wash them out. However, we observe that magnetic noise
can have some other effects on the resonances. Indeed, it can also be a source of spin noise
signals different from the noise coming from the transit. If the B-field fluctuates, it can
contain the frequency components that can couple the Zeeman sublevels. In the present
chapter, we present such initially surprising experimental results and show that they can be
modeled by taking into account the presence of magnetic field noise.

Figure 6.1 shows the experimental results originally recorded by Pascal Neveu during
his Ph.D. We can see that the polarization dependence is very different from the one we
have shown in the previous chapters. When these data were recorded, the experiment was
in a lab subjected to many electromagnetic perturbations. In this chapter, we show that
the shape of the SNS resonances of Fig. 6.1 can indeed be reproduced if one introduces
magnetic noise.

Before simulating the magnetic noise, it is important to clarify that the observed polar-
ization pattern can have various sources, and magnetic field noise is just one of them. The
experimental process itself, including platform vibrations and laser noise, can also impact
the results. In the simulations that follow, we successfully demonstrate that magnetic field
noise tends to strengthen the observed pattern.

6.1 Modeling the magnetic noise

Here we consider a noisy magnetic field with fluctuating amplitude. The direction is sup-
posed to be fixed.
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6.1.1 Fluctuating Larmor frequency

The generated magnetic field B(t) is proportional to the current I(t) in the Helmholtz coil.
We suppose that this current has a mean value Ī and a white Gaussian noise. So does the
generated field B(t). In the following, we call b(t) the fluctuating part of the field B(t).

We start from the model of Chapter 3 in which a random noise matrix f̂(t) is introduced
after each iteration used to complete the evolution of the density matrix. Similarly, to
simulate the magnetic noise, a random real value b(t) is added to the average magnetic
field B̄ at each iteration.

At every step, the Hamiltonian is thus equal to

H(t) = ℏ


0 ωL(t)√

2
0 Ω+∗

√
3

ωL(t)√
2

0 ωL(t)√
2

0

0 ωL(t)√
2

0 −Ω−∗
√
3

Ω+
√
3

0 −Ω−
√
3

∆

 , (6.1)

where ωL(t) = −γB(t) with γ = −eg/2m. This Hamiltonian determines the evolution of
the system using the equation

dρ

dt
=

1

iℏ
[H(t), ρ] +

1

iℏ
D(ρ) (6.2)

over a time step of duration dtb. One should notice that this discretization time is related
to the bandwidth of the simulated white noise of B and therefore the step duration here is
a parameter that needs to be carefully considered.

6.1.2 SNS simulation in the presence of magnetic noise

Figure 6.2 shows a simulation result of SNS signal with a noisy magnetic field. One can
see that the θ dependence changes a lot and becomes similar to the experiment results of
Fig. 6.1. The strongest SNS signal at Larmor frequency occurs at around θ = 25◦ and
θ = 70◦. The shapes of the noise spectra are completely different from those induced by
transit noise. This θ dependence cannot be explained by the three kinds of birefringences
we introduced before.

However, it is important to note that we were unable to fully replicate the experimental
results in our simulations. One of the most noticeable discrepancies is that the simulated
rotational noise intensity is considerably lower than observed in the experiment. Addition-
ally, the contrasts between the strongest noises at θ = 25◦ and θ = 70◦ and the weakest
signals at θ = 45◦, θ = 0◦ and θ = 90◦ are less pronounced compared to the experimental
data. As we said before, considering only magnetic field noise is not a strictly comprehen-
sive description. Other sources of noise need to be considered in the future.

In the experiment, the transit noise of the atoms always exists. A more realistic situation
would correspond to both transit and magnetic field noise existing simultaneously. As they
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Figure 6.2: A simulation results of SNS with magnetic field noise. Transit
noise is not included. The Larmor frequency is 3× 106 Hz, the variance of the
magnetic noise is 0.2×3×109 Hz2 and the bandwidth is 5 MHz. Time duration
50/γr and discretization time of the evolution is 1/50∆.
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Figure 6.3: Simulated SNS with transit noise of the atoms and magnetic noise.
The Larmor frequency is 3×106 Hz, the variance of the magnetic noise is 0.2×
3 × 109 Hz2 and bandwidth is 5MHz. Time duration 50/γr and discretization
time of the evolution is 1/50∆
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have different origins, and the power spectra of the two kinds of noise add incoherently.
The final noise pattern depends on the relative strengths of the transit noise and B(t)-field
noise.

We show in Fig. 6.3 what happens when we simulate the SNS with both transit noise
and magnetic noise with bandwidth 5MHz. The simulations can reproduce the ellipticity
noise well, but they do not fully match the experimental results for rotational noise. Rota-
tion has no big difference compared to the case without magnetic field noise. This is likely
because magnetic field noise makes only a minor contribution to the overall rotation noise.

6.2 Simulation results with varying noise bandwidth

In the experiments and simulations, there is of course no true white noise. The bandwidth
of a true white noise is infinite and so is the power it carries. We actually simulate a white
noise after it has passed through a low-pass filter. The energy of the noise is not of large
interest as it is clear that a larger noise gives larger fluctuations in the system. Here we
focus on the role of the noise bandwidth. In the iterative comprehension of the density
matrix evolution, the discretization time dtb determines the bandwidth of the noise fbw:

fbw =
1

dtb
. (6.3)

This can be proved by the Wiener-Khinchin theorem.

The bandwidth of magnetic noise plays a crucial role in determining the SNS signal.
Figure 6.4 depicts the SNS signal originating solely from magnetic noise with varying
bandwidth but keeping the same power. Notably, the SNS signal is weak when the band-
width falls below 3 MHz or exceeds 50 MHz, but becomes stronger when the bandwidth is
around 5 MHz and 10 MHz. This relationship can be attributed to magnetic resonance, as
the Larmor frequency (Zeeman splitting) is typically several MHz. Thus, when the mag-
netic noise exhibits more power around the Larmor frequency, the SNS signal becomes
stronger.

6.3 Interpretation in terms of oscillation modes

In fact, it is surprising that some magnetic field amplitude noise can cause spin fluctua-
tions. For a magnetic field perpendicular to the light propagation direction z, it affects the
coupling strength between Zeeman sublevels quantized along z. But it does not affect the
population distribution of spin states.

In this section, we try to explain this polarization dependence based on the eight noise
modes theory we developed in chapter 4. The idea to understand magnetic field noise
is to convert it into the noise types that we understand well: the eight moments M̂i, i =
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1, · · · , 8. Then our aim is to analyse the cause of the fluctuations of the spin system when
the magnitude of the magnetic field changes.

The successive steps of this analysis are the following:

1) Simulate the density matrix of the system with true experimental parameters. After
a period of time t1, the system becomes stable 1. Now the elements of the density
matrix have constant values2.

2) At t1, the magnetic field exhibits some variation and becomes B + b. The density
matrix ρ+dρ′ at t1+dt is obtained by the Von Neumann equation. At the same time,
one gets the density matrix ρ+ dρ at t1 + dt without magnetic fluctuation. Then the
difference ∆ρ = dρ′ − dρ is the change of the state of the system due to magnetic
noise.

3) Write ∆ρ in terms of the eight spin mechanisms M̂i, i = 1, 2, ..., 8. Then we know
which mechanisms cause the spin noise.
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Figure 6.5: The amplitude of the spin noise modes induced by magnetic noise
as a function of θ. The probe is detuned by 1.5GHz. The input power is 1mW.
λi’s represent the amplitude of the different noise modes.

Using this method, Figure 6.5 shows the induced eight different spin components M̂i, i =
1, · · · , 8 due to magnetic field fluctuations as a function of θ with a 1mW probe. It shows
that the induced spin noise mainly consists of M̂1, M̂5, M̂7, and M̂8. At θ = 0◦, all spin
noise components are zero, which means that there is no fluctuation even though the mag-
netic field is noisy. However, at other angles θ, some of the noise modes get excited if the
magnetic field is noisy. In Chapter 4, the eight noise modes M̂i were divided into three
main categories leading to different birefringence: CB, LB with x/y neutral axes, LB with

1The initial state is a thermal state. A probe with 1 mW power can induce optical pumping.
2There will be very small floats due to precision issues with MATLAB. This float can be ignored as it is

several magnitude orders smaller than the considered fluctuation
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u/v neutral axes. Now the θ dependence of SNS originating from magnetic noise can be
explained:

1) M̂1 mechanism, that gives CB, plotted as blue diamonds in Fig. 6.5, is no longer
independent of θ. Its maximum value occurs at around 25◦ and a second maximum
occurs around 72◦. Therefore, the induced CB noise is stronger near these angles,
which is exactly the pattern depicted by the simulation of Fig. 6.4.

2) M̂7 and M̂8 modes give LB with x/y neutral axes. As θ increases from 0◦ to 90◦, M̂7

and M̂8 get stronger. The induced x/y LB gets stronger when θ approaches 90◦.

3) Among the main noise modes excited by magnetic noise, only M̂5 gives LB with
neutral axes along u/v. M̂5 has a maximum value around θ = 50◦ and becomes zero
at θ = 0◦ and θ = 90◦. As a result, there is no ellipticity noise near θ = 0◦ and
θ = 90◦.

6.4 Experimental Noise Calibration

Firstly, it is worth noting that magnetic field noise can originate not only from current
instabilities but also from the interference of the electromagnetic field in the environment.
However, for the purposes of this study, we focus on magnetic field noise resulting from
current instabilities. This approach serves as a reference and support for our experimental
verification of the impact of magnetic field noise in the future.

Secondly, in the simulations of this chapter, I introduced a noisy Larmor frequency.
However, it is very necessary to know the noise level of a certain physical quantity of
the equipment in the experiment. The Helmholtz coil that generated magnetic field is
powered by a power supply (Aim TTi EX354RD ). The power supply with current 1A
gives 3×106 Hz Larmor frequency. The relation between the Larmor frequency and the
current of the power supply Is is

f = gb × Is. (6.4)

where gb = 3× 106 Hz/A.

In the simulation code, suppose that a random value b is drawn following a Gaussian
distribution N(0, σ2

b ) for every interval dtb with σ2
b = 0.1× 3× 106 Hz2. Correspondingly,

the variance of the current of the power supply is

σ2
i = σ2

b/g
2
b = 0.3× 10−7A2. (6.5)

The PSD of this noise current can be measured. The averaged PSD P̄i of such a noise
current in duration time T can be deduced from the following equation:

P̄i =
Ei

Tfiw
, Ei = σ2

i ·
T

dtb
/Re. (6.6)
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where Re depends on the measuring equipment. Therefore one has

P̄i = σ2
i /Re. (6.7)

6.5 Conclusion

In this chapter, we have studied the effect of magnetic field amplitude noise on SNS. We
have seen that the SNS pattern may change if the magnetic field is noisy. This pattern
can be understood by decomposing it into the eight spin noise modes. We then find that
the induced fluctuation of the system has different spin polarization components for dif-
ferent values θ. This work provides a new perspective for future analysis of the impact of
other disturbances on SNS. However, there are still some discrepancies between the simu-
lations and experiments. The simulated rotation noise is weaker than the experimental one.
Other kinds of noise should be taken into account. Controllable magnetic noise awaits to
be introduced in the experiment for a truly quantitative comparison with the simulations.
Nevertheless, the work here offers insights into understanding the spin noise spectrum in
noisy magnetic field and presents a potential avenue for detecting the stability of external
magnetic fields.





Chapter 7
Conclusion

The objective of this Ph.D research is to investigate new phenomena in SNS by utilizing
metastable helium vapor at room temperature. The research begins by exploring the second
harmonic resonance and polarization patterns of SNS.

By checking the probe detuning and the polarization direction of the probe, we point
out the four main effects of a spin-1 system including circular birefringence, linear bire-
fringence, circular dichroism, and linear dichroism. Furthermore, using the three well
separated J = 1 → J = 0, J = 1 → J = 1, and J = 1 → J = 2 transitions available
in metastable 4He, we can thus emphasize the role of the structure of the upper level of
the probed transition and provide a complete understanding of the SNS of a spin-1 system.
We observed different results near different transitions, and to address this phenomenon,
we developed a spin-1 model. The spin-1 system can be decomposed into eight noise
modes, each of which corresponds to a specific oscillation mode of a linearly polarized
probe. This spin-1 model provides a clear explanation for the second harmonic resonance
and polarization pattern observed in the system.

In addition, a numerical simulation model was developed, incorporating a noise op-
erator to replicate the random fluctuations present in a spin-1 system. This simulation is
capable of fitting our experimental results both qualitatively and quantitatively. Moreover,
as a valuable reference, the simulation results can guide our future experiments.

By employing both the simulation model and the spin-1 model, we investigated a more
complex phenomenon in SNS, namely the correlation between rotation noise and ellipticity
noise. Our findings reveal that the correlation is dependent on the polarization direction and
wavelength of the probe, and the spin-1 model offers an explanation for this polarization
dependence. This study gives us the correlation information which is not captured by the
power spectrum of rotation and ellipticity noise. The correlation between the rotation and
ellipticity indicates that the two signals come from the same spin noise modes and it also
provides the phase information for rotation and ellipticity. However, we must note that the
correlation study in Chapter 5 is still incomplete, and the corresponding experiment is yet
to be performed.
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We also explored the effects of noisy magnetic fields on SNS results, which is a com-
mon occurrence in experimental settings. For the sake of simplicity, we only examined
the SNS results when the amplitude of the applied magnetic field fluctuates. The spin-1
model can explain the resulting changes in polarization, which underscores its practicality.
It is worth further investigating the correlation between the eight noise modes in the pres-
ence of magnetic field noise. I anticipate that the independent noise modes will display
correlations with each other when subjected to magnetic field noise. However, we must
emphasize that the corresponding experiment is still pending. The sensitivity of SNS to
magnetic noise makes it a promising tool for magnetometry and stabilization of externally
generated magnetic fields.

In this thesis, we have examined a simple spin-1 system and proposed a spin-1 model.
By leveraging experiments, simulations, and analytical theory, we have demonstrated the
consistency of our study. We hope that the methods and theories developed in this thesis
can be extended to other systems beyond metastable helium. Just as the spin-1/2 model
is not solely applicable to spin-1/2 systems, the spin-1 model can also be applied to other
systems. The spontaneous spin resonance at double Larmor frequency at cesium atomic
vapor has been reported recently [42, 86]. The observed results in a spin system with F=4
can be well explained by our spin-one model. Furthermore, as demonstrated in Chapters 5
and 6, the spin-1 model presents distinct advantages in tackling complex problems. Natu-
rally, the viability of more extensions will be subject to further investigation and time will
tell.

In spin-1, the eight noise modes can be mapped to the different kinds of birefringence
effect of light. When the spin value exceeds one, additional noise modes emerge, introduc-
ing further complexity in their relation to the probing process. The possibility of observing
oscillations at higher frequencies remains a puzzle, representing an intriguing area for fu-
ture research.

The thesis has its limitations. We have not covered cutting-edge topics such as higher
order spin correlations and correlations of different spin components, which could be the
focus of future research. Reducing the number of atoms to achieve a non-Gaussian dis-
tribution can be relevant for studying higher order correlators. It is also highly interesting
to observe collective effects that arise with increased density and pressure. Furthermore,
the study of two-beam SNS is intriguing. We can observe the SNS changes of the system
subjected to a strong pump. The presence of the pumping effect will lead to correlations
between different spin states, which will also influence the spin noise results. This non-
equilibrium SNS can be used to learn the pump effect in a system. The dependence on the
polarization of the pump can be used to reveal the level structure.

Lastly, I hope that the research presented in this thesis will contribute to the advance-
ment of spin noise spectroscopy.



Appendix A
Main results obtained in Faraday geometry

A.1 Introduction

Magneto-optical experiment can be performed with two main geometries, with the light
beam travelling along (Faraday geometry) or perpendicularly to (Voigt geometry) the
magnetic field. When the system is inherently anisotropic, such as low dimensional
materials[96], the choice of the geometry is important since the relaxation time of the
spin varies in different direction [97]. For isotropic media, such as an atomic vapor, most
SNS experiments use Voigt geometry to avoid technical noise. In Faraday geometry, the
spectrum of spin orientation noise is centered at zero frequency as I will show in this ap-
pendix. The measurement is then made difficult by the technical noise at low frequencies.
Furthermore, SNS in Faraday geometry lacks information on magnetic splitting, which is
critical for spin system characterization.

Nevertheless, there is still valuable information available with the Faraday geometry
[42, 43, 90], such as the relaxation time of the system as function of the applied longitu-
dinal magnetic field and temperature [98]. This appendix shows the main SNS results of
metastable helium in the Faraday geometry.

A.2 Spin oscillation frequency in Faraday geometry

Here I still use the quantization direction along z, i.e. along the light propagation direction.
The quantum operators are expressed in the atomic basis {|−1⟩z , |0⟩z , |1⟩z}.

The Schrodinger equation for a spin-1 system with a magnetic field along z is

i

ℏ
d |ψ⟩
dt

= HB |ψ⟩ , where HB = ℏωL

 −1 0 0
0 0 0
0 0 1

 . (A.1)
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HB has three eigen-values, −ℏωL, 0 and ℏωL, associated with the eigenstates |−1⟩z, |0⟩z,
|+1⟩z, respectively. The solution of the Schrodinger equation can be written as a linear
combination of the three eigenstates with coefficients Ci that depends on the initial state:

|ψ⟩ = C1e
iωLt |−1⟩z + C2 |0⟩z + C3e

−iωLt |+1⟩z . (A.2)

The population difference between the two levels |−1⟩z and |+1⟩z is

∆ρ−1,1 = |C1|2 − |C3|2 . (A.3)

The population unbalance between level |−1⟩z and |+1⟩z will not evolve under the influ-
ence of the longitudinal magnetic field for any initial condition. It is quite obvious that the
eigenstates of the Hamiltonian do not evolve over time. This also means that the spectrum
of spin orientation fluctuations is centered at zero frequency. As a result, CB and CD noises
will never contribute to any non-zero frequency resonances.

In the linear basis {|Ψ⟩x , |0⟩z , |Ψ⟩y}, the solution of Eq. (A.2) becomes

|ψ′⟩ = Mg |ψ⟩ =

 C1/
√
2eiωLt + C3/

√
2e−iωLt

C2

−iC1/
√
2eiωLt + iC3/

√
2e−iωLt

 , (A.4)

with

Mg =

 1√
2

0 1√
2

0 1 0
− i√

2
0 i√

2

 , |ψ⟩ =

 C1e
−iωLt

C2

C3e
iωLt

 . (A.5)

The population difference between the two levels |Ψ⟩x and |Ψ⟩y is

∆ρx,y = C1C
∗
3e

i2ωLt + c.c = 2|C1C3| cos(2ωLt+ φ31) . (A.6)

where φ31 is the phase difference between C1 and C3. The population difference ρxx −
ρyy has a component oscillating at 2ωL. This means that we can observe the spin noise
spectrum centered at 2ωL due to the LB or LD noises with neutral axes along x and y.

Finally, the solution of Eq. (A.2) in the linear basis {|Ψu⟩ , |0⟩z , |Ψv⟩} is

|ψ′′⟩ = Mg |ψ⟩ =


1 + i

2
C1e

iωLt +
1− i

2
C3e

−iωLt

C2

1− i

2
C1e

iωLt +
1 + i

2
C3e

−iωLt

 , (A.7)

with

Mg =
1

2

 1 + i 0 1− i
0 2 0

1− i 0 1 + i

 , |ψ⟩ =

 C1e
−iωLt

C2

C3e
iωLt

 . (A.8)
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Figure A.1: Evolution of the population difference of the two relevant lev-
els (a) |−1⟩z and |1⟩z (b) |Ψx⟩ and |Ψy⟩ (c) |Ψu⟩ and |Ψv⟩. All eight spin
mechanisms M̂i, i = 1, 2, ..., 8 are excited but only three of them contribute to
population imbalance: the population differences are zero for the noise modes
M̂2, M̂3, M̂6, M̂7 and M̂8. The eight initial states are obtained by Eq. 4.1.

The population difference between the two levels |Ψ⟩u and |Ψ⟩v is

∆ρu,v = iC1C
∗
3e

−i2ωLt + c.c = 2|C1C3| cos
(
2ωLt+ φ31 −

π

2

)
. (A.9)

The population difference ρu,v oscillates at the double Larmor frequency. The spin noise
spectrum thus has a resonance at 2ωL coming from LB or LD noises with neutral axes
along u and v.

Conclusion :

1) CB noise under Faraday geometry is centered at zero frequency. This makes CB
noise difficult to observe in such an experiment.

2) For a spin-one system, SNS has a 2ωL resonance due to the LB noise, which is very
different from the spin-1/2 model, for which there is only one resonance centered at
zero. The isotropy of the geometry makes this resonance independent of the polar-
ization input direction.

3) LB with x/y neutral axes and LB with u/v neutral axes have the same resonance at
2ωL as shown in Eqs. (A.6) and (A.9). The unbalanced population contribute equally
to both LB noise mechanism, with a π/2 phase shift.

A.3 The evolution of the eight spin noise modes

Figure A.1 shows the evolution of the population difference of the two relevant levels for
the eight different initial states M̂i. These initial states are obtained by Eq. 4.1. The initial
states are ρ(0) = 1

3
Î+ 1

3
M̂i with λi = 2/3(i = 1, 2, ..., 8).

In Figure A.1(a), the M̂1 mode gives a non-zero population difference ∆P−11 that re-
mains constant while all the other modes give zero population differences. M̂4, M̂5 states
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Figure A.2: Ellipticity noise obtained with a 1.5 mW probe laser. (a) 1.5 GHz
blue detuned from the D0 line. (b) 2 GHz blue detuned from the D1 line.
Spin noise resonances are centered at 2ωL/2π =3 MHz. (The remaining signal
below 1 MHz is coming from technical noises).
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Figure A.3: (a) Transmission of the probe beam in the EIT experiment as
a function of the detuning. The transparency windows occur for detunings
δ = ±2∆z. The black curve is obtained without any B field, and the green
one with a longitudinal magnetic field providing a 2∆z equals of about 80kHz.
(b) The level structure and Zeeman splittings of the EIT experiment. (c) The
frequency 2∆z as function of the current in the solenoid providing the longitu-
dinal magnetic field.

both lead to population differences ∆Pxy and ∆Puv oscillations at 2ωL and all other noise
modes give zero population differences.

A.4 Experimental results and simulations

No rotation noise is observable in the experiment, which is consistent with the fact that the
CB noise is centered at zero frequency. The ellipticity noise can be observed near the D0

and D1 lines, as shown in Figure A.2, but not near the D2 line. Indeed, when the probe
is tuned near D2, it exhibits a much weaker LB noise due to the multi-level structure of
the upper levels as explained in the case of the Voigt geometry (Chapter 4). The probe
power is 1.5 mW and the experiment is performed with detunings 1.5 GHz from the D0

line and 2 GHz from the D1 line. The longitudinal magnetic field B = Bzz is generated
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Figure A.4: Numerical simulations of the PSD of the ellipticity noise obtained
with Ω/2π = 40MHz and light frequencies (a)a 1.5 GHz blue detuned from
the D0 line. (b) a 2 GHz blue detuned from the D1 line. Spin noise resonances
are centered at 2ωL/2π =6 MHz. The background noise is simulated according
to the transmitted probe power (1.1 mW and 0.95 mW near D0 and D1).

by a solenoid with a current I ≃ 50mA corresponding to a Larmor frequency of about
1.5 MHz. The B field value was calibrated using Electromagnetic induced transparency
(EIT) resonances as shown in Fig. A.3. The black curve is obtained without any magnetic
field, while the green one was recorded in the presence of a longitudinal one. Indeed, the
|±1⟩z are shifted by the Zeeman splitting ∆z, leading to a shift of 2∆z for the 2 photon
EIT resonances. The remaining transmission window at δ = 0 kHz is due to coherent
population oscillation [99]. We could thus plot the 2∆z shift of the EIT resonances as a
function of the current in the solenoid Fig. A.3 (c). We could not go as high as 50 mA,
because the available frequency ramp for the EIT experiment could not exceed 1 MHz. But
the linear fit allows us to find that a current of 50 mA corresponds to 2∆z =3 MHz.

Figure A.4 shows the corresponding simulation results. The experimental results are
consistent with the theory. Indeed, we cannot see any orientation noise. The only discrep-
ancy is that the resonances are much thinner than the experimental ones, which can easily
be explained by the inhomogeneities of the B field along z.





Appendix B
The spin noise of spin 1/2 system

B.1 Spin-1/2 system in a magnetic field

In this section, we present a simpler case: the spin-1
2

system. It is a widely accepted
approach to describe the interaction between light and matter in atomic and semiconductor
systems [84, 85].

The quantization direction is here along z, ie, the light propagation direction. The spin
operators along z, x and y axis are

Sz =
ℏ
2

[
1 0
0 −1

]
, Sx =

ℏ
2

[
0 1
1 0

]
, and Sy =

ℏ
2

[
0 −i
i 0

]
, (B.1)

respectively. The Hamiltonien of the spin-1/2 system in a magnetic field reads

H = H0 + γB · Ŝ, (B.2)

where
γ = −g q

2mec
(B.3)

and H0 is the unperturbed atomic Hamiltonian, g is the Lande factor, B is the applied
magnetic field and Ŝ is the spin operator of the electron. With B = Bxx, the magnetic
interaction Hamiltonien HB is

HB =
1

2
ℏωL

[
0 1
1 0

]
,with ωL = γB. (B.4)

The evolution of the spin system in the magnetic field can be described by the Schrodinger
equation

iℏ
d |ψ⟩
dt

= HB |ψ⟩ . (B.5)
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HB has two eigen values, −1

2
ℏωL, and

1

2
ℏωL, associated to the following eigen vectors

respectively:

|v1⟩ =
1√
2
(|−1/2⟩z − |1/2⟩z),

|v2⟩ =
1√
2
(|−1/2⟩z + |1/2⟩z).

(B.6)

Any solution of the Schrodinger equation can be written as a linear combination of the two
eigen vectors |v1⟩ and |v2⟩, with coefficients C1 and C2 which depend on the initial state:

|ψ(0)⟩ = C1e
i 1
2
ωLt |v1⟩+ C2e

−i 1
2
ωLt |v2⟩ . (B.7)

B.1.1 Spin-1/2 decomposition

The population differences of the levels interacting with the two orthogonal polarized states
lead the birefringence or dichroism .

The population difference between the states |−1/2⟩z and |1/2⟩z can be obtained from
Eq. (B.7) and reads

∆P = ρ− 1
2
,− 1

2
− ρ 1

2
, 1
2
= 2|C1C2|cos(ωLt− φ12). (B.8)

where φ12 is the phase difference between C1 and C2. The population difference between
the states |−1/2⟩z and |1/2⟩z undergoes oscillations at ωL under the influence of a trans-
verse magnetic field B = Bxx except when C1 or C2 is zero. This occurs when the initial
state |ψ⟩ is one of the eigenstates ofHB. The population is then evenly distributed between
the two states and ∆P = 0 and does not oscillate.

The above description clearly shows the importance of the initial state. We thus now
consider different initial states to get the corresponding oscillation modes. The most gen-
eral density matrix ρ can be constructed from the spin operators Ŝ:

ρ =
1

2
(I+ a · Ŝ), (B.9)

where a = (ax, ay, az) is a real vector, which indicates the spin polarization (or spin ori-
entation) of the system. We can consider different initial states with different values of
a:

ρz0 =

[
1 0
0 0

]
, ρx0 =

[
1
2

1
2

1
2

1
2

]
, and ρy0 =

[
1
2

−i
2

i
2

1
2

]
, (B.10)

corresponding to a = (0, 0, 1), a = (1, 0, 0) and a = (0, 1, 0), respectively. Other initial
states can always be seen as linear combinations of the above three ones.

The evolution of the system can be modelled by:

ρ(t) = Û(t)ρ(0)Û †(t), (B.11)
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where the evolution operator Û(t) is given by

Û(t) = exp

[
−iĤBt

ℏ

]
. (B.12)

It can then be used to calculate the density matrix at different time.

Figure B.1 indeed shows the evolution of spin-1/2 system with the three different initial
states. Fig. B.1 (b), corresponding to a system polarized along x, does not exhibit any
oscillation. This can be easily understood as the B field is parallel to x and thus can not be
lead to precession of this state. Fig. B.1(a) and (c) show that the other states precess at ωL

with a π/2 phase shift.

B.1.2 Atom-photon coupling

Let us now consider the probe laser in the two cases as shown in Fig. B.2: (a) the two
lower levels are coupled to two excited ones. (b) the two lower levels are coupled to four
excited ones. The optical couplings between the sublevels of the lower and upper levels
of the spin-1/2 system, schematized in Fig. B.2, are also represented as matrices as we did
in Chapter 4. The rows are the lower states, and the columns are the excited ones. The
coupling relation matrices for Fig. B.2 (a) are then

Γ(+)
a =

[
0 −

√
2
3

0 0

]
and Γ(−)

a =

[
0 0√
2
3

0

]
, (B.13)

where Γ+
a and Γ−

a represent the coupling by σ+ and σ− polarized light, respectively.
The entries show the Clebsch-Gordan coefficients which indicate the coupling strength.
Similarly, the coupling relation matrices for Fig. B.2 (b) are

Γ
(+)
b =

[
0 0

√
1
3

0

0 0 0 1

]
and Γ

(−)
b =

[
1 0 0 0

0
√

1
3

0 0

]
, (B.14)

where Γ+
b and Γ−

b represent the coupling by σ+ and σ− polarized light, respectively.

B.1.3 Representation transformation

In order to determine if spin-1/2 can cause LB noise, we must investigate the optical cou-
pling in alternative representations where the levels of the system are coupled by linearly
polarized light. The optical coupling in x/y linear representations can be calculated using
the following formula

Γ
(x/y)
a,b = M(x/y)

g ΓM(x/y)
e . (B.15)

where Γ
(x/y)
a,b is the optical coupling matrix in the x/y linear basis. M(x/y)

g is a 2 by 2
unitary matrix which can be seen as the linear combination principle for ground levels.
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Figure B.2: Schematic of the atom-light coupling relation for two different spin
1/2 systems. The optical coupling types are shown in red (σ−) blue (σ+) with
their corresponding Clebsch-Gorden coefficients.

The size of unitary matrix M(x/y)
e depends on the number of the related excited states,

which shows the linear combination principle of excited states.

The following matrices then give the information of the optical coupling relation in the
x/y linear basis of Fig. B.2(a):

Γ(x)
a =

1√
3

[
1 0
0 1

]
and Γ(y)

a =
1√
3

[
0 1
−1 0

]
. (B.16)

with

M(x/y)
g =

1√
2

[
1 1
i −i

]
, M(x/y)

e =
1√
2

[
1 i
−1 i

]
. (B.17)

As each ground level couple with upper ones through both x and y polarized light in the
same way, x/y LB noise cannot occur.

Similarly, we can get the optical coupling relations of the system Fig. B.2(b) in x/y
linear basis

Γ
(x)
b =

1√
2

[
1 1/

√
3 0 0

0 0 1/
√
3 −1

]
(B.18)

and

Γ
(y)
b =

1√
2

[
0 0 1/

√
3 1

1 −1/
√
3 0 0

]
(B.19)

with

M(x/y)
g =

1√
2

[
1 1
i −i

]
, M(x/y)

e =
1√
2


1 0 0 i
0 1 i 0
0 1 −i 0
1 0 0 −i

 (B.20)

Again, each ground level couple with upper ones through both x and y polarized light in a
symmetrical manner. So that the system cannot exhibit x/y LB noise.

The same method can be used to show the absence of LB noise along u and v in such
systems.





Appendix C
Hamiltonien and dipole operator

The strength of the coupling between the electromagnetic field and the atoms depends on
the atomic transition. This appendix details the specific cases of the three lines of He4 used
in this thesis.

C.1 Dipole operator near D0, D1, D2

The dipole operator d̂ in spherical basis is

d̂ = −d̂+σ+ + d̂0ez + d̂−σ−. (C.1)

It is a tensor operator of rank one, and we can use the Wigner-Eckart theorem [100]
to get its non-vanishing elements. Near the D0 line, we consider the angular momentum
eigenstates representation |lm⟩: |1,−1⟩ , |1, 0⟩ , |1, 1⟩ and |0, 0⟩. One has

⟨0, 0| d̂+ |1,−1⟩ = ⟨1,−1, 1, 1|0, 0⟩ d0 =
d0√
3
, (C.2)

⟨0, 0| d̂0 |1, 0⟩ = ⟨1, 0, 1, 0|0, 0⟩ d0 = − d0√
3
, (C.3)

⟨0, 0| d̂− |1, 1⟩ = ⟨1, 1, 1,−1|0, 0⟩ d0 =
d0√
3
, (C.4)

d0 is here the value of the reduced matrix element C1
0,1, which appears in the Wigner-

Eckart theorem as quantity independent of the considered Zeeman sublevels and of the
polarization of the light. This is what we call the dipole moment of the transition. For
simplicity, we will consider d0 is real and positive. The matrix of the dipole operator d̂ is
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then

d̂ =


0 0 0 − d0√

3
0 0 0 0
0 0 0 0

0 0
d0√
3

0

σ++


0 0 0 0

0 0 0 − d0√
3

0 0 0 0

0 − d0√
3

0 0

 ez+


0 0 0 0
0 0 0 0

0 0 0
d0√
3

− d0√
3

0 0 0

σ−.

(C.5)
Similarly, close to the D1 transition line, if d1 is the transition dipole moment, the matrix
of the dipole operator is

d̂1 =



0 0 0 0
d1√
2

0

0 0 0 0 0
d1√
2

0 0 0 0 0 0

0
d1√
2

0 0 0 0

0 0
d1√
2

0 0 0

0 0 0 0 0 0


σ++



0 0 0 − d1√
2

0 0

0 0 0 0 0 0

0 0 0 0 0
d1√
2

− d1√
2

0 0 0 0 0

0 0 0 0 0 0

0 0
d1√
2

0 0 0


ez+



0 0 0 0 0 0

0 0 0
d1√
2

0 0

0 0 0 0
d1√
2

0

0 0 0 0 0 0
d1√
2

0 0 0 0 0

0
d1√
2

0 0 0 0


σ−

. (C.6)

In the vicinity of the D2 transition line, if d2 is the transition dipole moment, the matrix of
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the dipole operator is

d̂2 =



0 0 0 0 0 − d2√
6

0 0

0 0 0 0 0 0 − d2√
2

0

0 0 0 0 0 0 0 −d2
d2 0 0 0 0 0 0 0

0
d2√
2
+ 0 0 0 0 0 0

0 0
d2√
6

0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



σ++



0 0 0 0
d2√
2

0 0 0

0 0 0 0 0
d2√
6

0 0

0 0 0 0 0 0
d2√
2

0

0 0 0 0 0 0 0 0
d2√
2

0 0 0 0 0 0 0

0
d2√
6

0 0 0 0 0 0

0 0
d2√
2

0 0 0 0 0

0 0 0 0 0 0 0 0



ez+



0 0 0 d2 0 0 0 0

0 0 0 0
d2√
2

0 0 0

0 0 0 0 0
d2√
6

0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

− d2√
6

0 0 0 0 0 0 0

0 − d2√
2

0 0 0 0 0 0

0 0 −d2 0 0 0 0 0



σ−.

(C.7)
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C.2 Hamiltonien of spin system.

In our experimental configuration, the hamiltonian consists of three terms:

H = H0 + gµBB · S− d̂ · E. (C.8)

H0 is the free Hamiltonien of the atomic system. The second term is the coupling of
the Zeeman sublevels due to the applied magnetic field B. The last term is the dipole
interaction with the electromanetic field . The classical light field can be written:

E = (Ee−iωt + E∗eiωt)/2. (C.9)

We use the rotating wave approximation (RWA) and the dipole approximation which
neglects the spatial variation of the electromagnetic field. The system is quantized along the
propagation axis z: in this case, the light has no ez component. If the magnetic field is ap-
plied along x, the Hamiltonien near the D0 line and in the basis 23S1 |1,−1⟩ , |1, 0⟩ , |1, 1⟩
and 23P0 |0, 0⟩ is

HD0 = ℏ



0
ωL√
2

0
Ω−
√
3

ωL√
2

0
ωL√
2

0

0
ωL√
2

0 −Ω+

√
3

Ω+

√
3

0 −Ω−
√
3

∆0,


(C.10)

with d0E/2ℏ = Ω+σ+ + Ω−σ−. The Hamiltonien near the D1 line and in the basis
23S1 |1,−1⟩ , |1, 0⟩ , |1, 1⟩ and 23P1 |1,−1⟩ , |1, 0⟩ , |1, 1⟩ is

HD1 = ℏ



0
ωL√
2

0 0 −Ω−
√
2

0

ωL√
2

0
ωL√
2

−Ω+

√
2

0 −Ω−
√
2

0
ωL√
2

0 0
Ω+

√
2

0

0
−Ω−
√
2

0 ∆1
ωL√
2

0

−Ω+

√
2

0 −Ω−
√
2

ωL√
2

∆1
ωL√
2

0 −Ω+

√
2

0 0
ωL√
2

∆1



. (C.11)

The Hamiltonien near the D2 line and in the basis 23S1 |1,−1⟩ , |1, 0⟩ , |1, 1⟩ and
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23P2 |2,−2⟩ , |2,−1⟩ , |2, 0⟩ , |2, 1⟩ , |2, 2⟩ is

HD2 = ℏ



0
ωL√
2

0 −Ω+ 0 +
Ω−
√
6

0 0

ωL√
2

0
ωL√
2

0 −Ω+

√
2

0 +
Ω−
√
2

0

0
ωL√
2

0 0 0 −Ω+

√
6

0 +Ω−

−Ω− 0 0 ∆2 ωL 0 0 0

0 −Ω−
√
2

0 ωL ∆2

√
3

2
ωL 0 0

+
Ω+

√
6

0 −Ω−
√
6

0

√
3

2
ωL ∆2

√
3

2
ωL 0

0 +
Ω+

√
2

0 0 0

√
3

2
ωL ∆2 ωL

0 0 +Ω+ 0 0 0 ωL ∆2



. (C.12)

C.3 Polarization of the system

The light propagation function under the slow varying envelope approximation is

∂E
∂z

+
1

c

∂E
∂t

= i
ω

2ϵ0c
P , (C.13)

where P is the slow varying part of the polarization of the atomic ensemble with nat atoms.
One has

P⃗ = (Pe−iωt +P∗eiωt)/2, (C.14)

P⃗ = nat

〈
d̂
〉
= natTr[ρd̂], (C.15)

where Tr(ρd̂) is an average dipole moment over all the atoms. By the expression of the
dipole operator Eq. (C.5) to Eq. (C.7), the expectation value of d̂ for the three transitions
D0, D1 and D2 are respectively:〈

d̂
〉
0
=

d0√
3
(−ρ14σ− + ρ34σ

+ − ρ24ez) + c.c, (C.16)

〈
d̂
〉
1
=

d1√
2
[(ρ15 + ρ26)σ

− + (ρ24 + ρ35)σ
+ + (−ρ14 + ρ36)ez] + c.c, (C.17)〈

d̂
〉
2
= d2[(ρ14 +

ρ25√
2
+
ρ36√
6
)σ+ + (−ρ16√

6
− ρ27√

2
− ρ38)σ

− + (ρ15 +
ρ26√
6
+
ρ37√
2
)ez] + c.c,

(C.18)
where ρij is the element of the density matrix, which is in the row i and the column j.
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As the Hamiltonien is given in the rotating basis, the density matrix is calculated in the
same basis, writing: {

ρ̃ij = ρije
−iωt

ρ̃ji = ρjie
iωt for j > i. (C.19)

Combining Eqs. (C.14, C.16 ∼ C.18), we can then get the slow varying envelope of the
polarization P around the D0, D1 and D2 lines:

P = nat
d0√
3
(ρ43σ

− − ρ41σ
+), (C.20)

P1 = nat
d1√
2
[(ρ42 + ρ53)σ

− + (ρ51 + ρ62)σ
+, (C.21)

P2 = natd2[(ρ41 +
ρ52√
2
+
ρ63√
6
)σ− + (−ρ61√

6
− ρ72√

2
− ρ83])σ

+. (C.22)



Appendix D
Operators in different basis

We consider here the three lower states of the metastable level of helium 23S1 :
{|−1⟩z , |0⟩z , |+1⟩z}. z is the propagation direction of the laser beam. As the B field
defines a specific x direction , a better analysis of our experimental results lead us to check
with two other basis: {|Ψx⟩ , |0⟩z , |Ψy⟩} and {|Ψu⟩ , |0⟩z , |Ψv⟩} where

|Ψx⟩ =
1√
2
(|−1⟩z + |1⟩z), (D.1)

|Ψy⟩ = − i√
2
(|−1⟩z − |1⟩z) . (D.2)

|Ψu⟩ =
1√
2
(eiπ/4 |−1⟩z + e−iπ/4 |+1⟩z) , (D.3)

|Ψv⟩ =
1√
2
(e−iπ/4 |−1⟩z + eiπ/4 |+1⟩z) . (D.4)

{|Ψx⟩ and |Ψy⟩} are coupled to the excited states by linear polarizations along x and y re-
spectively, while {|Ψu⟩ and |Ψv⟩} are coupled to the upper levels by the linear polarizations
rotated by 45◦ , labelled u and v.

Any operator M̂ in the {|−1⟩z , |0⟩z , |+1⟩z} basis can be obtained in the
{|Ψx⟩ , |0⟩z , |Ψy⟩} basis by:

M̂ ′ = SM̂S†, (D.5)

with

S =
1√
2

1 0 1

0
√
2 0

i 0 −i

 . (D.6)

The matrix S can be obtained from the Eqs. D.1 and D.2.
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For a change to the {|Ψu⟩ , |0⟩z , |Ψv⟩} basis, using the Eqs. D.3 and D.4, we can simi-
larly find a change by basis matrix U :

M̂ ′′ = UM̂U †. (D.7)

with

U =
1

2

1− i 0 1 + i
0 2 0

1 + i 0 1− i

 . (D.8)

Let us look at the spin mechanisms defined in the chapter 4. Three of the eight spin
mechanisms M̂4, M̂7 and M̂8 are rewritten in x/y linear basis and two of them are rewritten
in u/v linear basis. These spin mechanisms changes and corresponding matrices are given
below:

M̂4, M̂7, M̂8 in x/y linear basis

M̂4 =

 0 0 1
0 0 0
1 0 0

 SM̂4S†
→

 1 0 0
0 0 0
0 0 −1

 , (D.9)

M̂7 =
1√
2

 0 −i 0
i 0 i
0 −i 0

 SM̂7S†
→ 1√

2

 0 −i 0
i 0 0
0 0 0

 , (D.10)

M̂8 =
1√
3

 1 0 1
0 −2 0
1 0 1

 SM̂8S†
→ 1√

2

 1 0 0
0 −2 0
0 0 1

 . (D.11)

M̂5, M̂6 in uv linear basis

M̂5 =

 0 0 −i
0 0 0
i 0 0

 UM̂5U†
→

 −1 0 0
0 0 0
0 0 1

 , (D.12)

M̂6 =
1√
2

 0 1 0
1 0 −1
0 −1 0

 UM̂6U†
→ 1√

2

 0 −i 0
i 0 −i
0 i 0

 . (D.13)
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