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=&+-A(&0)(8/ +) ,8'6+,+/)- *+- C+'D> =L!" !"M> 8' N 0'-+ *+ 90 ,090*(+
=L!" !"!O>!"

 !"# !"M $ %&'() *+ ,8'6+,+/) *0/- '/+ (,01+ 234 *' +&6+0' *P 0' ,8'6+,+/)
*+- C+'D 98&- *+ 9.0F'(-()(8/" 07 (,01+ 8&(1(/09+: ;7 (,01+ ;(/0&(-<+ =seuil = 20>"

  !"# $%&%$(!)# *%# +!,%"$# $-.(!*!/"%# 01-)-*%, %, 2-.!3-)(4 056 2-#,%"$4  (%4
7$-)%4 8"( )!"# !), 9!"$)( *:(&-/% !$(/()-*%;

!<&-/%# =$!3%)-), .% *- >-#% ." ?1!*% @$-() A,*-# ." 5-3-$. B%.(-* C1!!*4 6CA;



   !"#$%&" '()*+%,#'-.&" /0,'/& ,. /',1(*"#' %3/',4

 !"# !"!# $ %&'()* %+, -./012)* 3) 4'10)51* '11)051* 3) 6' &'6'30) 3) 7.)/189)631:
;'=-"

>"  !" #$%&'#%"  )&" *  # +#$)#%),- .!  # .!-")%& ./ ,$0" 1/2#)- ? 6'
@'.0'-06012 3) 6' 3)5*012 3'5* 6) =.4* A/&'05 4)/1 4.=3/0.) 3)* 30*1=.*0=5*
(2=&21.0B/)* )1 051)510=55)66)* B/0 4.=@=B/)51 3)* '.129'1* 3'5* 6)* 0&:
'()* %+, C7DE ℄" G) &H&) 4A25=&I5) 4)/1 *) 4.=3/0.) 3'5* 6)* 0&'()*
/61.'*=5=.)* J '/*) 3/ A'5()&)51 3) 6' @26=012 3) 6K=53) *=5=.) 6=.* 3/
4'.=/.* 3)* 10**/* 'L'51 3)* 3)5*012* 30*1051)*"

M"  ! 3)44" $)-5)-5 ? ) 4A25=&I5) @0)51 3K/5 4.=-6I&) 3) 5/&2.0*'10=5
3/ *0(5'6" %6 )51.'N5) 3)* '.129'1* *=/* 6' 9=.&) 3) 60(5)* 4'.'66I6)* J /5
=51=/. 5)1 3'5* 6K0&'() C+)L# ℄"

 !"!" #$%&'$()'*+*,' -*. )+(/*. +%-)(1*.

G) 4.2:1.'01)&)51 3K/5) 0&'() &230'6) =5*0*1) J *26)10=55). 3'5* 6K)*4')
3) .)4.2*)51'10=5 6K059=.&'10=5 52)**'0.) '/ 30'(5=*10" 7)11) *26)10=5 4'**)
*=/@)51 4'. 6K260&05'10=5 3/ -./01 3O '/P =53010=5* 4AL*0B/)* 3K'B/0*010=5Q 4'.
6' 5=.&'60*'10=5 3)* 3=552)* '05*0 B/) 6)/. A=&=(2520*'10=5 R*/44.)**0=5 3)*
059=.&'10=5* .)3=53'51)*Q */4).S/)* )1 05/106)*T" U5 )V)1Q 3)* 4.=-6I&)* 602* J
6' .2*=6/10=5 *4'10'6) =/ 1)&4=.)66) )1 '/P 30*1=.*0=5* (2=&21.0B/)* 4).1/.-)51
=/ @=06)51 6' .2'6012" 7)0 .)53 30W06) 6K)P1.'10=5 3) 6K059=.&'10=5 4).105)51) J
4'.10. 3)* 0&'()*" X05*0Q 6' .)*1'/.'10=5 3)* 0&'()* &230'6)* *K'@I.) 0530*4)5*:
'-6) )1 @01'6) 4=/. 6K'03) '/ 30'(5=*10" %6 *K'(01 3) 9'0.) */-0. 3)* 1.'01)&)51* J
6K0&'() -./012) 'Y5 3K'&260=.). 6) 46/* 4=**0-6) *' B/'6012" Z6/*0)/.* 1)A50B/)*
3) .)*1'/.'10=5 3K0&'()* &230'6)* *=51 6'.()&)51 1.'012)* 3'5* 6' 60112.'1/.)"
[=/* 30*105(/=5* 1.=0* *=.1)* 3) 1.'01)&)51* R'44)62* '/**0 =42.'1)/.*T 4=/. 6'
.)*1'/.'10=5 3)* 0&'()* &230'6)* ?



 "#$%$&$'( )& *+,-&+.$&)/)(&% 0)% $/.1)% /,0$.2)%  !

"# $%& '()*+,%-*& .$'/+-0 '1 $2),%34-% 4% $+ ,*+3&5'*6+,7'3 %&, ,'-,% $276+.% 8

 # $%& '()*+,%-*& ('3,-%$& :-7 6'47;%3, ('3,-%$$%6%3, $%& 73,%3&7,)& 4%& (70<
%$& =47,& +-&&7 ('73,& 76+.% '- ,'-, &76($%6%3, ('73,&> 8

!# $%& '()*+,%-*& $'+-0 =&-* -3 ?'7&73+.%> '1 $+ 3'-?%$$% 73,%3&7,) 42-3 (70%$
%&, '/,%3-% @ (+*,7* 4%& 73,%3&7,)& 4% &%& ?'7&73&#

 !"!"! #$% &'()*+$,)% -.&/*,0

A%& '()*+,%-*& (%-?%3, B,*% 5*):-%3,7%$& '- &(+,7+-0# C*):-%3,7%$$%6%3,D $%&
(E)3'6F3%& 4% 4).*+4+,7'3 &'3, +*+,)*7&)& (+* $+  !"$%!" &'($)*+,+"$ &+ -!%"$
123 D +((%$)% +-&&7 .(-!"/+ %,-0*/%!""+**+D :-7 +*+,)*7&% E+:-% '-,7$ 42+:-7<
&7,7'3# G3 %H%,D ('-* -3 6'4F$% $73)+7*%D $276+.% 4).*+4)% I ′ %&, 6'4)$7&)% (+* -3%
'3?'$-,7'3 %3,*% $276+.% '*7.73+$% I %, $+ *)('3&% 76(-$&7'33%$$% H 4- &I&,F6%
%, 42-3 /*-7, +447,75 +$)+,'7*% η ="#">#

I ′(x1, · · · , xn) = I(x1, · · · , xn) ∗H(x1, · · · , xn) + η(x1, · · · , xn) ="#">

J+,E)6+,7:-%6%3,D $+ *%&,+-*+,7'3 42-3% 76+.% %&, -3 (*'/$F6% 73?%*&% ('-*
$%:-%$ I (%-, B,*% 4),%*673)% @ (+*,7* 4% $+ '33+7&&+3% 4% I ′ %, H # K73&7D $+
'33+7&&+3% + (*7'*7 4% H %&, %&&%3,7%$$% ('-* *%'3&,*-7*% -3% %&,76)% 4% I#
L'-,%5'7&D -3% '33+7&&+3% '6($F,% 4% H 32%&, (+& ,'-M'-*& ('&&7/$%# N% ($-&D
:-+34 $+ 6+,*7% H +46%, 4%& ?+$%-*& (*'(*%& ,*F& (%,7,%& OPJQQRS℄D -3% &76<
($% 73?%*&7'3 %3,*+U3% -3% +6($7;+,7'3 73+%(,+/$% 4- /*-7,# G3 %H%,D :-+34
$273?%*&% 4% H %&, -,7$7&) ('-* 4),%*673%* ID &%& ?+$%-*& (*'(*%& +-&%3, $2+6($7;<
+,7'3 4- /*-7, 4% E+-,% 5*):-%3% 4+3& I %, (+* '3&):-%3, -3% %&,76+,7'3 ,*F&
/*-7,)% 4% $276+.% %&, '/,%3-%# N% $@D ($-&7%-*& 6),E'4%& 4% 4)'3?'$-,7'3 +?%-<
.$% =V$734 N%'3?'$-,7'3> '3, ?- $% M'-* 4+3& $% /-, 4% *%&,+-*%* &76-$,+3)6%3,
$276+.% %, $+ WXC OVKY"℄#

W+*67 $%& '()*+,%-*& &(+,7+-0 $%& ($-& -,7$7&)& 4+3& $% (*)<,*+7,%6%3, 4%& 76<
+.%& 6)47+$%&D 3'-& 7,'3& $+ ,*+3&5'*6+,7'3 4% Q+*E-3%3<Z'F?% =LQZ>! OZ'FR[℄D
:-7 (%*6%, 4% *%E+-&&%* $%& /'*4& 4+3& $276+.% %3 4)'**)$+3, $%& 4'33)%& %3 %3<
,*)%# W'-* % 5+7*%D -3% /+&% '*,E'.'3+$% %&, 4),%*673)% (+* -3% 47+.'3+$7&+,7'3

  !"#  !$%& '(#)*+ ,"%&$!%. )% *%/0*$12
!3"11$ *(()04)  !"#$$%&' ()*&+,!)-*"%!& !" .&*$/+# #& 0!-1!+*&"#+ 2)%&%1*$#+ 536 72



 !  !"#$%&" '()*+%,#'-.&" /0,'/& ,. /',1(*"#' %3/',4

"# $% &%'()# "# +,%()%-# "# $.)&%/#0 1-23)'#4 $% &%'()# )&%/# #2' 5(+6#'7# 23(
#''# 8%2#0 1- (#,%-9#4 ,3 $.+("(# "7(+)22%-' "#2 ,%$#3(2 5(+5(#24 $% 5(#&):(#
+&5+2%-'# 5()-)5%$# ;<=<> +-')#-"(% $% ,%()%-# &%?)&%$#0 @% 5$32 /(%-"#
5%(')# "# $% '#?'3(# #' "# $.)-A+(&%')+- "# 2'(3'3(# 2#(% "(#227# "%-2 $% 5(#&):(#
+&5+2%-'# 5()-)5%$#4 B3) 5#3' C'(# "+- 3')$)27# +&&# 3-# %55(+?)&%')+- "#
$.)&%/# +()/)-%$#0 @.)-+-,7-)#-' &%6#3( "# #''# '(%-2A+(&%')+- #2' B3.#$$# #2'
A+('#&#-' "75#-"%-'# "# $% '%)$$# %( #$$# (#9%322# $#2 /(%-"2 +86#'2 5$32 B3# $#2
5#')'2 +86#'2 53)2B3# #2 "#(-)#(2 )-'#(,)#--#-' A%)8$#&#-' $+(2 "# $.#2')&%')+-
"# $% &%'()# "# +,%()%-#0 =#) 5#3' C'(# (72+$3 #- +-2)"7(%-' '+3'#2 $#2 +&D
5+2%-'#2 5()-)5%$#2 $+(2 "# $.%-%$E2# #' "# $.)-'#(5(7'%')+- "# $.)&%/#0 1- #F#'4 $#2
%3'(#2 +&5+2%-'#2 5()-)5%$#2 5#3,#-' &+-'(#( "#2 +86#'2 %972 "%-2 $.)&%/#
+()/)-%$#0

 !"!"!# $%& '()*+,%-*& ('.,-%0&

=#2 +57(%'#3(2 9#(9#-' G %&7$)+(#( $.)&%/# #- $3) %55$)B3%-' 3-# '(%-2D
A+(&%')+- 5+-'3#$$# ".)-'#-2)'70 =#''# '(%-2A+(&%')+- #2' 2+3,#-' (+)22%-'# "#
A%H+- G +-2#(,#( $#2 +-'(%2'#2 #-'(# $#2 (7/)+-2 "# $.)&%/#0 <%( #?#&5$#4 3-#
(7/)+- $%)(# 23( 3- A+-" 2+&8(# %55%(%I'(% #-+(# 5$32 $%)(# B3# $# A+-" "%-2
$.)&%/# '(%-2A+(&7#0 J3 A%)' "# $#3( %(%':(# 5+-'3#$4 #2 +57(%'#3(2 -.%F#'#-'
5%2 $% A+(&# "#2 (7/)+-20 K$2 &+")L#-' 2#3$#&#-' $.%55%(#-# ,)23#$$#0 <%(&) $#2
'#9-)B3#2 3')$)27#24 -+32 )'+-2 M

N0 0+ 1),2'3% 34%5(+.&6'. 3% 37.+168-% O=<PQ℄ M #''# &7'9+"# +-D
2)2'# G 5(+L'#( %3 &)#3? "# $.79#$$# ")25+-)8$# "#2 )-'#-2)'72 23( $# 2E2':&#
".%B3)2)')+- %L- ".%&7$)+(#( $.%25#' ,)23#$ "# $.)&%/# ;S ! N0NN>0 =#) (#D
,)#-' G (75%(')( $#2 A(7B3#-#2 ".%55%()')+- "#2 5)?#$2 23( $% $%(/#3( "# $.9)2D
'+/(%&&# %L- "# (75%(')( %3 &)#3? $#2 )-'#-2)'72 23( $.79#$$# "#2 ,%$#3(2
")25+-)8$#20 <+3( # A%)(#4 G '+3' 5)?#$ ".)-'#-2)'7 I(i1, · · · , in) ;∈ [a, b] M
$.)-'#(,%$$# "#2 )-'#-2)'72 "# $.)&%/#> +- %22+)# 3-# )-'#-2)'7 ℑ(i1, · · · , in)
;∈ [A, B] M $.)-'#(,%$$# ")25+-)8$#> "7L-)# 5%( $.7B3%')+- 23),%-'# ;N0 > M

ℑ(i1, · · · , in) = α.I(i1, · · · , in) + β ;N0 >

%,#4 α = B−A
b−a

#' β = A.b−B.a
b−a

0
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 "#$%$&$'( )& *+,-&+.$&)/)(&% 0)% $/.1)% /,0$.2)%  !

 !"# "#"" $ %&'()*+,) -. /( -0)(1+23. -43). 567 9:9;:(/.# (< +1(=. ,:+=+)(/.>
;< +1(=. ?:()*@,:19.#

 #  ! "#$%&'( ')#*! +,!$+&- '(  )%+,$&*.!""( A .??. ?:()*@,:1(?+,) ,)<
*+*?. B :.)-:. /4C+*?,=:(11. -.* +)?.)*+?9* /. '/3* '/(? ',**+;/.# %//. +1<
'/+23. /4(3=1.)?(?+,) -. /( =(11. -0)(1+23. -.* '+&./* '(: (//,)=.1.)?
-. /.3: -+*?:+;3?+,) -. ':,;(;+/+?9 -. )+D.(3 -. =:+*# E.+ '.:1.? -4(3=<
1.)?.: /.* )3().* -()* /4+1(=. .) :.)@,:F()? /. ,)?:(*?. *3: /.* -9?(+/*
-. /4+1(=. GH!" "#" I . 23+ :.)- /( ?JC. -. -9?.?+,) -.* ,)?,3:* '/3*
*+1'/. KL6MENO℄#

 !"# "#" $ %=(/+*(?+,) -4C+*?,=:(11. -43).  ! 1(11,=:('C+23.# (< +1(=.
,:+=+)(/.> ;< +1(=. ?:()*@,:19.#

Q '(:? /( 19?C,-. -49=(/+*(?+,) -. /4C+*?,=:(11.> +/* .&+*?.)? -4(3?:.* ?.C<
)+23.*> '/3* :99)?.* .? '/3* '.:@,:1()?.*> -4(3=1.)?(?+,) -3 ,)?:(*?. 23+
*,)? ;(*9.* *3: /4()(/0*. -.* C+*?,=:(11.*# R(:1+ /.*23.//.*> ),3* (D,)*
(-,'?9 KHSTUV℄ /( ?.C)+23. -4(19/+,:(?+,) -3 ,)?:(*?. (D. C0'.:;,/+W(<



 !  !"#$%&" '()*+%,#'-.&" /0,'/& ,. /',1(*"#' %3/',4

"#$% &' ()*#+"$,-.//' 0$1 23456℄8 9$1- .1,/'%"'- (' $%"-.+"' &'+ /#-$;
.(#<."#$%+ &.%+ ('+ #/.,'+ /.//$,-.9*#=1'+ >? ! @A@6BA C% 'D'"8 '+
#/.,'+ +$%" .-."E-#+E'+ 9.- 1% F.#G(' $%"-.+"' '" (. &E"'"#$% &'+ /#-$;
.(#<."#$%+ '+" "-H+ &#I#(' J .1+' &' ('1-+ ".#(('+ '" &' ('1-+ 'K#+"'%'+
+1- 1% F$%& +"-1"1-EA

" !# @A@6 L M/E(#$-."#$% &1 $%"-.+"' 9.- *N9'-G$(#O."#$% &' ()*#+"$,-.//' 0$1
&.%+ 1%' #/.,' /.//$,-.9*#=1' &' /#-$.(#<."#$%+A .; #/.,' $-#,#%.('8 G;
#/.,' "-.%+F$-/E'A

6A  !" #$%&'(!" (! %)*+",')#*%-'+ (!  .!"/*! (! '1 !1) P '+ /E"*;
$&'+ Q#+'%" J ./E(#$-'- (. =1.(#"E &)1%' #/.,' $1('1- /$N'%%.%" 1%' "-.%+;
F$-/."#$% &' ()'+9.' &' -'9-E+'%"."#$% &' (. $1('1-A R. =1'+"#$% +$1Q'%"
9$+E' '+" &' +.Q$#- +# ('+ #/.,'+ $G"'%1'+ &' /.%#H-' .-"#<#'((' +$%" +1D;
#+.//'%" -E.(#+"'+A S.%+ ' $%"'K"'8 (. "-.%+F$-/."#$% $%'-%' ()1"#(#+.;
"#$% $9"#/.(' &' (. $1('1- '% ".%" =1)#%F$-/."#$% Q'"$-#'(('8 /.#+ .1++#
9+N*$Q#+1'(('8 9.- (. 9-#+' '% $/9"' &'+ +9E#<#"E+ &1 TN+"H/' U#+1'(
31/.#% >234B 9$1- ().99-E#."#$% &' (. =1.(#"E &'+ "-.#"'/'%"+A V'""'
=1.%"#<."#$% 9'-/'" &' %$-/.(#+'- '" &' -E&1#-' (' %$/G-' &' $1('1-+ 9.-
-',-$19'/'%" '" &$% &).E(E-'- (' "'/9+ &' "-.#"'/'%"A R)1"#(#+."#$% &1
-',-$19'/'%" &' $1('1-+ 9'-/'" .($-+ 1%' ./E(#$-."#$% ,-W' J (. -E&1;
"#$% &' (. &#/'%+#$% &' ()'+9.' &' -'9-E+'%"."#$% '" ,-W' J ()#%"-$&1"#$%
&' /'+1-'+ &' &#+".%'+ 9(1+ -E.(#+"'+ &.%+ 1% $%"'K"' &' (.++#<."#$%A R'+
/E"*$&'+ 1"#(#+E'+ &.%+ (. (#""E-."1-' +$%" .&.9"E'+ J (. %."1-' &'+ #/.,'+
'" .1K 9.('""'+ &' $1('1- +$1*.#".G('+A X.-/# ('+ "-.%+F$-/."#$%+ ('+ 9(1+
(.++#=1'+ =1# -'9-E+'%"'%" ('+ #/.,'+ &.%+ &#DE-'%"+ '+9.'+ &' (. $1('1-
2Y.$Z[℄8 %$1+ #"$%+ P

  !"#$%&# '()$!*+(+"# ,-#. /0112 3-&#!4$%( 32)+$5!6-1%#-!"7



 "#$%$&$'( )& *+,-&+.$&)/)(&% 0)% $/.1)% /,0$.2)%  !

" #$% &'()%*+',(&-+)% T -%%.$% /$ #( )+',(#-%(&-+) 0/-&$%  ! "#$% &'()
$*('% 1 /$% +,3+%()&$% /$ #4$%3($ 567 05+.8$9 6$'& $& 7#$.1 /()%
.) $%3($ '+, 0:;<1; =4$%3($ 567 $%& %+.>$)& +)%-/?'? +,,$ #4$%3($
/$ +.#$.' 3(' /?*(.& 3.-%@.4-# '$3'?%$)&$ #$% +.#$.'% @.$ )+.% >+A+)%
@.()/ )+.% '$8('/+)% .) ,+)-&$.' /$ +.#$.'%;

∀C ∈ {R, V, B} , c = T (C) =
C

R + V +B
∈ {r, v, b} 0:;<1

" #$% &'()%*+',(&-+)% /$% ,+/B#$% 3%AC+3CA%-@.$% /$ #( +.#$.' 0 ! "#$% 
&%'%&".%/ 19 &$#% @.$ #$ ,+/B#$  !" 0D$-)&$9 =.,-)()$ $& E(&.'(&-+)1
$& # " 0F)&$)%-&?9 D$-)&$ $& E(&.'(&-+)1 /+))()& /$% )+&-+)% 3#.% -)&.G
-&->$% $& -)%$)%-H#$% (.I +,H'$%9 J #4+'-$)&(&-+) /$% %.'*($%9 J #( /-'$&-+)
$& J #4-)&$)%-&? #.,-)$.%$ K77L ℄;

N4(.&'$% &'()%*+',(&-+)% 3#.% %+3C-%&-@.?$% %+)& 3#.% %3?-O@.$% J #( )(&.'$
/$ #4-,(8$ &'(-&?$ $& J #4+HP$&-* /. &'(-&$,$)&; Q(' $I$,3#$9 /()% KRNE/SL℄9
#$% (.&$.'% +)& 3'+3+%?9 /()% #$ H.& /$ 3'?%$'>$' #$% /A)(,-@.$% /$% +.#$.'%
/()% /$% -,(8$% 567 /$% #?%-+)% /$ #( 3$(.9 /4.&-#-%$' .)$ &'()%*+',(&-+)
#-)?(-'$ %.' #( %.'*($ /$ #( 3$(. %(-)$ $& %.' #( %.'*($ /$ #( #?%-+); F#%
+)& .&-#-%? .) '$(#(8$ 3C+&+,?&'-@.$ 3(' '(33+'& J .)$ T3$(. ?&(#+)U /$
,()-B'$ J $ @.$ #( 3$(. %(-)$ $)&+.'()& &+.&$ #( #?%-+)9 %4(33'+C$ (.
,-$.I9 (. %$)% /4.) '-&B'$ 3C+&+,?&'-@.$9 /$ #( 3$(. ?&(#+) 0V ! :;:W1;
X-)%-9 J 3('&-' /$% &'+-% 3#()% #(%%-@.$% /$ +.#$.'9 0R9 V $& B19 +) $)
/?/.-& #$% &'+-% 3#()% R′9 V ′ $& B′ /?O)-% 3(' Y

∀C ∈ {R, V, B} , C ′ =
(C − CS).σCref

σCS

+ CSref 0:;W1

+Z9 CS $%& #( ,+A$))$ /$ C %.' #( '?8-+) %(-)$ J '$(#$'9 CSref $%& #(
,+A$))$ /$ C %.' #( 3$(. %(-)$ ?&(#+)9 σCS $%& #4?('& &A3$ /$ C %.' #(
3$(. %(-)$ J '$(#$' $& σCref $%& #4?('& &A3$ %.' #( 3$(. %(-)$ ?&(#+);
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 !"# "#"$ % &'(()+,'- ./'+'01+(,23) 4)5 ,067)5 '38)3( 43 0186-'0) 94)
:&;<4=!℄ 6?) .)(0,55,'-@# 6A B)5 ,067)5 '(,7,-68)5C DA B6 .)63 1+68'-C A B)5
,067)5 ()681)5#

 !"!"!" #$% &'()*+$,)% -&*,/

&)5 '.1(6+)3(5C 23, 5'-+ 8)5 .835 3+,8,515 46-5 86 ()5+63(6+,'- 4)5 ,067)5 014,A
68)5C 41E-,55)-+ 3-) -'3?)88) ?68)3( 4) /623) .,F)8 )- )F60,-6-+ 5'- ?',5,-67)#
B)5 E8+()5 .6(6,55)-+ '00) 8)5 '.1(6+)3(5 8'63F 8)5 .835 (1.6-435# &)5 E8A
+()5 .)3?)-+ G+() 8,-16,()5 '3 -'-A8,-16,()5# H- 4)5 0),88)3(5 )F)0.8)5 4)5 E8+()5
8,-16,()5 )5+ 8) E8+() 4)  !"#"$ :IJ=K℄ 23, /)(/) L '-5+(3,() 3-) )5+,01) 4)
8M,067) '(,7,-68) L .6(+,( 4M3- 1/6-+,88'- 4) 0)53()5 D(3,+1)5 4) 06-,N() L 0,-A
,0,5)( 8M)(()3( 2364(6+,23) 0'O)--) 4M)5+,06+,'-#

B) E8+() 014,6- )5+ 8M3- 4)5 E8+()5 -'-A8,-16,()5 8)5 .835 5,0.8)5 )+ 8)5 .835
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'B31)2*0 5()<-/*0 0-.) ;410 ,.)*23),A*0 *) ;410 /U.35,F1*0# Q325, *0 5()<-/*0
4*0 ;410 ;*2I-253.)*0 *) 4*0 ;410 2(*.)*0C .-10 ,)-.0 4*0 5()<-/*0 /,)*0 O !"#
$!%#P *) O !"#  &'#P J8\L9T℄ F1, ;*25*))*.) G 4B1),4,03)*12 /B,.)*2A*.,2 /,2*)*>
5*.) ;*./3.) 4B-;(23),-. /* 0*65*.)3),-. *. -22,6*3.) 1.* ;-2),-. /1 -.)-12#
]*0 /*2.,V2*0 5()<-/*0 -.) 5-.)2( 4*12 ,.)(2Z) /3.0 43 0*65*.)3),-. /*0 ,536*0
/3.0 /,A*20 /-53,.*0 5(/,31DC )*44*0 F1* 4*0 ,536*0 /* 23/,-623;<,* /1 23<,0
JR]Y% ℄#

 !"! !# $%& ()*(+,& -./(,0123%&

?3 /()*),-. /*0 ;-,.)0 /* -.)-12 ;32 4*0 -;(23)*120 /,@(2*.),*40 .* ;*25*)
., /B3^-1)*2 /*0 -.)23,.)*0 64-_34*0 31 2,)V2* /* /()*),-. ., /* ;2*./2* *. -.>
0,/(23),-. 4*0 ,.I-253),-.0 3 ;2,-2,# E. -1)2*C 4*0 -.)-120 /*0 -_^*)0 ;*1A*.)
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"#$% &'()*+,), -.$ (%, '0$1%, '0 (%, ,0$2.%, -',,)(.3# (%, -$'-$+)#), (% $)405
*.$+#) %# +3#)4$.3# (%, '33.+,,.3%, . -$+'$+ 67'89:℄< =3 (+,#+340% *%, &'(>*%,
-.$.&)#$+?0%, ('3# *%, '3#'0$, ,'3# '1#%30, %3 .@0,#.3# *%, -.$.&>#$%, (0 &'(5
>*% %# *%, &'(>*%, ?0+ .$.#)$+,%3# *%, -'+3#, (% '3#'0$ -.$ *A+3#%$&)(+.+$% (%
*%0$, (%4$), (% *+1%$#)< 7%##% (%$3+>$% .--$'8%B &'+3, $%,#$+#+C%B %,# ,'0C%3#
.--*+?0)% %3 +&.4%$+% &)(+.*% D *A.+(% (0 &'(>*% (% '3#'0$, ()2'$&.1*%, E'0
.#+2,F< G% &'(>*% (% '3#'0$, .#+2, E,3.H%, %3 .34*.+,F 6IJKLL℄ '3@040% ()#%5
#+'3 %# $)40*.$+#) (%, -'+3#, (% '3#'0$ -.$ *% 1+.+, (A03% 2'3#+'3< G% &+3+&0&
(% %##% 2'3#+'3 ()-%3( (%, ('33)%, . -$+'$+ %# -%$&%# (% .$.#)$+,%$ *% '3#'0$
(A03 ,%0* '1@%#< 7%##% 2'3#+'3 %,# )4.*%&%3# +3#%$-$)#)% %3 #%$&% (A)3%$4+%B .$
*. 2'$&0*.#+'3 8'+,+% %,# ,+&+*.+$% D *. &'()*+,.#+'3 (A03 &.#)$+.0 )*.,#+?0% ,%
()2'$&.3# ,'0, *A.#+'3 (% 2'$%, %M#$.+#%, (% *A+&.4% %# .$.#)$+,.3# *%, .##$+10#,
$%8%$8),<

G% &'(>*% (% '3#'0$, .#+2, . )#) $%-$+, %# &'(+N) -.$ -*0,+%0$, .0#%0$, -'0$
*. ,%4&%3#.#+'3 (%, +&.4%, &)(+.*%, 6O.&PQ℄ 6RS9L℄ 6JTP ℄ %# 3'#.&&%3# -'0$
*% ,0+C+ (% ,#$0#0$%, ()2'$&.1*%, (.3, (%, +&.4%, ,-.#+'5#%&-'$%**%, 67'89:℄
6S'399℄< 7%, &)#8'(%, ,'3# #$>, %U.%, *'$,?0% *% '3#'0$ +3+#+.* %,# 8'+,+
(A03% &.3+>$% '-#+&.*% .0#'0$ (% *. $)4+'3 (A+3#)$"# D ()*+&+#%$< 7% '3#'0$
+3+#+.* -%0# "#$% ,'+# +3+#+.*+,) &.30%**%&%3# -.$ 03 %M-%$# (0 ('&.+3% 6SK9V℄
6SK9W℄ ,'+# .0#'&.#+?0%&%3#B D -.$#+$ (A03 .#*., ,#.3(.$( -.$ %M%&-*% 6XT9Y℄<
G% &'(>*% ()2'$&.1*% )C'*0% .*'$,B (%-0+, %##% ,'*0#+'3 +3+#+.*% 4$',,+>$%B -'0$
()*+&+#%$ .0#'&.#+?0%&%3# .C% -$)+,+'3 *. 2$'3#+>$% (% *. $)4+'3 $%8%$8)% %3
&+3+&+,.3# 03% 2'3#+'3 (A)3%$4+% EZ ! Q<:QF< G%, .--$'8%, -.$ '3#'0$, .#+2,
,'3# )4.*%&%3# #$>, -'-0*.+$%, (.3, *A.3.*[,% (%, ,)?0%3%, #%&-'$%**%, (A+&.4%,<
\3 %]%#B *. ,'*0#+'3 D 03 +3,#.3# ('33) -%0# ,%$C+$ (A+3+#+.*+,.#+'3 -'0$ *A+&.4%
.?0+,% D *A+3,#.3# (A.-$>, 6^_X+PQ℄<

" !# Q<:Q ` a)#%#+'3 (0 '3#'0$ (A03% *),+'3 (% *. -%.0 -.$ *%, '3#'0$, .#+2, b
.5 +&.4% '$+4+3.*%B 15 '3#'0$ +3+#+.*B 5 )C'*0#+'3 (0 '3#'0$B (5 '3#'0$ N3.* (%
*. *),+'3<



 !  !"#$%&" '()*+%,#'-.&" /0,'/& ,. /',1(*"#' %3/',4

 !"!# $%& '%)*+,-%& .% ./'%'+0* .%& 1/2+0*&

"#$%&'(&*+, -$. '/0*+,. $.& 1#(22'+3$ -4(1$ -$ 1( .$05$,&(&*+, $, +,&+4'.6
"( ,+&*+, -$ .$05$,&(&*+, $, '/0*+,. 7889:℄ +,.*.&$ < '/$' 4,$ 2('&*&*+, -$
1#*5(0$ $, .+4.=$,.$5>1$. +,,$%$. -$ 2*%$1.? (22$1/. '/0*+,.6 @3(A4$ '/0*+,
-+*& .(&*.B(*'$ 4, '*&C'$ -#3+5+0/,/*&/ 2+4' 4,$ +4 214.*$4'. ('(&/'*.&*A4$. -$
1#*5(0$6 D$ 214.? 4,$ '/0*+, -+*& E&'$ -*F/'$,&$ -$ 3(4,$ -$. '/0*+,. G+*.*,$.
-#(4 5+*,. 4,$ ('(&/'*.&*A4$6 H+'5$11$5$,&? 4,$ .$05$,&(&*+, $, '/0*+,. -#4,$
*5(0$ I $.& 4,$ 2('&*&*+, PI {R1, R2, · · · , Rn} -$ I A4* '$521*& 1$. *,A +,-*=
&*+,. .4*G(,&$. J

 ! I =
⋃n

i=1 Ri6
→K,$ .$05$,&(&*+, -+*& E&'$ !"#$%&'? #$.&=<=-*'$ A4$ 3(A4$ 2*%$1 -$ 1#*5(0$
-+*& (22('&$,*' < 4,$ '/0*+, -$ 1#*5(0$ L

"! ∀i ∈ {1, 2, · · · , n} , Ri est connexe6
→ @3(A4$ '/0*+, $.& B+'5/$ -#4, $,.$5>1$ +,,$%$ -$ 2*%$1. J

#! ∀i ∈ {1, · · · , n} , ∀j ∈ {1, · · · , n} , .* i 6= j? (1+'. Ri ∩Rj = ∅6
→ M+4&$. 1$. '/0*+,. .+,& -$4% < -$4% ()*+!),&'* L

$! ∀i ∈ {1, · · · , n} , H(Ri) = V rai6
→ H $.& 1$ 2'/-*(& -/N,*..(,& 1#-!"!./,/)&/ -$. '/0*+,. L

%! ∀ (i, j) ∈ {1, · · · , n}2? .* i 6= j $&? Ri $& Rj (-O($,&$.? (1+'. H(Ri ∪ Rj) =
Faux6
→ @3(A4$ '/0*+, -$ 1( .$05$,&(&*+, N,(1$ $.& P"01)"0$'Q (4 .$,. -4 '*&C'$
-#3+5+0/,/*&/ H 3+*.*? #$.&=<=-*'$ &+4&$ B4.*+, -$ '/0*+,. G+*.*,$. *,N'5$'(*&
1$ '*&C'$ -#3+5+0/,/*&/ $, 2'+-4*.(,& 4,$ '/0*+, ,+, 3+5+0C,$6

K, -$. (G(,&(0$. 5(O$4'. -$. '/0*+,. $.& .$. ('(&/'*.&*A4$. 0/+5/&'*A4$. $&
'(-*+5/&'*A4$. A4* .+,& ,+5>'$4.$. $& 2$'&*,$,&$.6 D$ 214.? +, 2$4& 5(,*241$'
-$. 0'(23$. -#*,14.*+, +4 -$ G+*.*,(0$6 @$2$,-(,&? $. 5/&3+-$. -/2$,-$,&
B+'&$5$,& -$. G('*(&*+,. -#/1(*'(0$ $& .4'&+4& -$ 1( 2+.*&*+, -$ 2'*.$ -$ G4$
$& $11$. .+,& (..$R .+4G$,& -*'*0/$. 2(' 1$. -+,,/$.6 S+4. 2'/.$,&+,. -(,. $ A4*
.4*& 1$. 2'*,*2(1$. &$3,*A4$. -$ -/&$&*+, -$ '/0*+,. A4* +,& /&/ (221*A4/$. $,
.$05$,&(&*+, -$. *5(0$. 5/-*(1$.6

 !$!"! &'( )'+,-./'( 0' ('/-1123'

"$. &$3,*A4$. -$ -/&$&*+, -$. '/0*+,. .+,& >(./$. .4' 1$ B(*& A4#*-/(1$5$,&
1$. /1/5$,&. (22('&$,(,& (4 5E5$ &*..4 .+,& ('(&/'*./. 2(' 4,$ 21(0$ -#*,&$,=
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"#$% &#'( )#*#$%'+ ,#("#- .(' '"$#*/$#0( 1' '" 3)/4'" 15#($'("#$% /6/$%6#"$#7.'"
1'" 36#(#3/.8 $#""." '"$ "0.9'($ (%'""/#6'+ :0.6 ')/- 1#;%6'($'" $'<(#7.'" 1'
"'.#))/4' 3'.9'($ =$6' .$#)#"%'" 30.6 1%$'6*#('6 '" 3)/4'" '$ 3/6 )/ ".#$' )'" 6%>
4#0(" 0*30"/($ )5#*/4' ?@0<AB℄ ?DEFGA℄+ H' "'.#))/4'- 7.# '"$ )503%6/$#0( 1'
"'4*'($/$#0( '( 6%4#0(" )/ 3)." "#*3)'- 0("#"$' I '8$6/#6' 1'" 6%4#0(" 10($ )5#(>
$'("#$% ).*#('."' '"$ ".3%6#'.6' I .( "'.#) J8%+ H/ ".6K/' 15.(' $'))' 6%4#0(
'"$ /#("# 1%J(#' 3/6 .(' K0($#0( #*3)##$'- '$ "5/33'))' .(  !"#!$%&') L0. ".6>
K/' 15#"0>#($'("#$%M ?NHNGO℄ ?PQRSGT℄ ?SSQUO ℄+ V))' 3'.$ =$6' /33608#*%' 3/6
.( '("'*&)' 1' K/'$$'" 30)W40(/)'" /9' )5/)406#$<*' 1' *'%+ ,- $.)! ?HEA!℄
?RX@NYGZ℄+

X'" $'<(#7.'" 1' "'4*'($/$#0( 3/6 "'.#))/4' (' "0($ 3'6$#('($'" 7.' "# )'
(0*&6' 1'" 6%4#0(" I 1%$'$'6 1/(" )5#*/4' '"$ 6%1.#$+ ,#("#- '))'" "0($ "0.9'($
/33)#7.%'" '( 1'6*/$0)04#' 0[ )' (0*&6' 1'" 6%4#0(" '"$ /. */8#*.* 7 ?SNV+OB℄+
P0." 30.90(" 10(('6 )5'8'*3)' 1' )5/)406#$<*' 1' "'4*'($/$#0( '( 6%4#0(" 3/6
"'.#))/4' 36%"'($% 3/6 ?EYGA℄ 1/(" )50&\'$#K 1' 3/6$#$#0(('6 .(' #*/4' 1'6*/$0>
"03#7.' '( 3 6%4#0("+ X'$ /)406#$<*' .$#)#"' .(' /3360<' 360&/&#)#"$#7.' 30.6
1%$'6*#('6 2 "'.#)" T1 '$ T2 "%3/6/($ )'" 6%4#0("+ ]) ".330"' 7.' )/ 1#"$6#&.$#0(
1' 360&/&#)#$% 0(1#$#0(('))' 1' </7.' 3#8') p 1/(" .(' 6%4#0( Ri '"$ 4/.""#'(('
/9' .(' *0W'((' µRi '$ .(' 9/6#/(' 0("$/($' σ '$ 7.' )'" 360&/&#)#$%" / 36#06#
1'" 3 6%4#0(" "0($ %4/)'" L /)/ P (R1) = P (R2) = P (R3)M+ ,#("#- )' 360&)^*' 1' )/
"%)'$#0( 1'" "'.#)" 3'.$ =$6' 0("#1%6% 0**' .( 360&)^*' 1' )/""#J/$#0( 7.#
.$#)#"' )/ 1%#"#0( &/W%"#'((' 30.6 *#(#*#"'6 )/ 360&/&#)#$% 15.(' K/.""' )/""#J/>
$#0( 15.( 3#8')+ R' )I- )'" "'.#)" 03$#*/.8 0($ %$% 1%$'6*#(%" 15.(' K/_0( 6%.6"#9'
L)' 360'""." "5/66=$' "# ∀i, T

(t+1)
i = T

(t)
i - 0[ t '"$ )' (.*%60 1' )5#$%6/$#0(M 3/6 )/

K06*.)' ".#9/($' LB+TM `

Ti =
µRi + µRi+1

2
+

σ2

µRi − µRi+1

log
P (Ri+1)

P (Ri)
LB+TM

 !"!#!# $%& '%)*+,-%& .% /0+&&1*% .% /23+0*&

X'" $'<(#7.'" 0("#"$'($ I 6'460.3'6 #$%6/$#9'*'($ 1'" '("'*&)'" 1' 3#8>
')" 0(('8'" '( 6%4#0(" 3)." #*306$/($'" '( .$#)#"/($ .( 6#$^6' 15<0*04%(%#$%+
H5#*/4' '"$ #(#$#/)'*'($ 1%0*30"%' '( 6%4#0(" "/</($ 7.5.(' 6%4#0( 3'.$ =$6'
0*30"%' 15.( "'.) 3#8')+ V(".#$'- '" 6%4#0(" "0($ 6'460.3%'" #$%6/$#9'*'($ "')0(
.( 6#$^6' 1' "#*#)/6#$% \."7.5I ' 7.5#) (5W /#$ 3)." 1' K."#0( 30""#&)'+ H'" 6')/>
$#0(" "3/$#/)'" "0($ /#("# .$#)#"%'" $0.$ /. )0(4 1. 360'""." 1' "'4*'($/$#0(+ X'"
*%$<01'" 3'.9'($ =$6' ".&1#9#"%'" '( 1'.8 )/""'" "')0( )' *01' 1' 6'460.3'*'($
1'" 6%4#0(" `
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"#  !"#$%#"&'() *+, -(')&, $ &' ()*+,-./0&' (''+-&1. 2 /(34& 5-6&) 41
7&.&4, 8& 5,+5,-9.9'# :&46 5-6&)' '+1. ,&*,+459' '- )&4,' 7&.&4,' 8& 5,+;
5,-9.9' '+1. '4<'(00&1. '-0-)(-,&'# =+4, & >(-,&? 41 5-6&) *&,0& &'. @48-;
-&4'&0&1. /+-'- 2 )A-1.9,-&4, 8& /(34& ,9*-+1 8& )A-0(*&# B/(34& ,9*-+1?
89C1-& -1-.-()&0&1. 5(, 41 *&,0&? ,+D. 5-6&) 5(, 5-6&)# :-7&,' 7&.&4,' 8&
5,+5,-9.9' &. 0(-1.&' 0&'4,&' 8& '-0-)(,-.9 +1. 9.9 5,+5+'9' 5+4, 8&' (5;
5)-(.-+1' &1 -0(*&,-& 098-()&' EFGH+IJ℄#

 !"# "#LL M :9.&.-+1 8&' 0-,+()-C(.-+1' 8(1' 8&' 0(00+*,(00&' 8&' '&-1'
5(, ,+-''(1& 8& ,9*-+1'# (; -0(*& +,-*-1()&? N; 89.&.-+1 8&' *&,0&'? ; )+()-'(;
.-+1 8&' 0-,+()-C(.-+1'#

:(1' E=OP"℄? )&' (4.&4,' +1. 5,+5+'9 41 ()*+,-./0& 8& '&*0&1.(.-+1 8&' -0;
(*&' 098-()&' 5(, ,+-''(1& 8&' ,9*-+1'# B&. ()*+,-./0& 89C1-. '+1 ,-.Q,&
8A/+0+*919-.9 (4.+0(.-34&0&1. 2 5(,.-, 8&' (,(.9,-'.-34&' 8& )( ,9*-+1
2 '&*0&1.&,# R&' 5(,(0Q.,&' 84 ,-.Q,& 8A/+0+*919-.9 '+1. &'.-09' 2 5(,.-,
8&' &05)(&0&1.' 8&' 5-6&)' 9/(1.-))+1'# B&' &05)(&0&1.' '+1. '9)&.-+1;
19' '934&1.-&))&0&1. 8A41& >(S+1 ()9(.+-,& &1 5(,.(1. 8A41 5-6&) *&,0& &. )&
,-.Q,& 8A/+0+*919-.9 97+)4& &1'4-.& 8A41& >(S+1 +1.-14& @4'34A2 )( 89.&;
.-+1 8& )( ,9*-+1# B&..& (55,+/& 5,9'&1.& 8&' ,9'4).(.' 0+-1' 895&18(1.'
8& )A&18,+-. 84 5-6&) *&,0& 34& )&' (55,+/&' )(''-34&' 8& ,+-''(1& 8&'
,9*-+1'# =)4' ,9&00&1.? EGTB+P ℄ +1. 5,+5+'9 41& (55,+/& 8& '&*0&1;
.(.-+1 5(, (*,9*(.-+1 8&' 5+-1.' 5+4, )( 89.&.-+1 8&' .40&4,' 8(1' 8&' -0;
(*&' 0(00+*,(5/-34&' 8&' '&-1'# B&..& (55,+/& 89C1-. )( .40&4, 5(, 41&
,9*-+1 8A-1.9,U. 34- '&,( 89.&,0-19& 5(, ,+-''(1& V+4& 2 5(,.-, 8A41 5-6&)
*&,0&# =+4, & >(-,&? )&' (4.&4,' +1. 89C1- 41 ,-.Q,& (8(5.(.-> 8& '-0-)(,-.9
5+4, )( ,+-''(1& 8& )( ,9*-+1 8A-1.9,U. (W(1. )( 0+W&11& &. )( 897-(.-+1
'.(18(,8 +00& 8&' +18-.-+1' 8A97+)4.-+1 8& )( ,9*-+1# :(1' EXYZP[℄? 1+4'
(7+1' (55)-349 41 ()*+,-./0& 8& ,+-''(1& 8&' ,9*-+1' 5+4, )( 89.&.-+1 8&'
0-,+()-C(.-+1' 8(1' 8&' -0(*&' 0(00+*,(5/-34&'# \+4' (7+1' 89C1-
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"#$ %&'(%& ")&+' ,#$ (-.#-$(./$ )%%# /.&-. "#$ 0#1%#$ ,#$ %(1)&"(2&3
.()-$4 5-$+(.#6 -)+$ &7)-$ 0/-/1/ 1#"&.(7#%#-. 8 9&:+# %(1)&"(2&.()-
+-# (%&0# ;)+# $+1 "&:+#""# -)+$ &7)-$ &<<"(:+/ "=&"0)1(.9%# ,# 1)($$&-#
,# 1/0()-$ <#1%#..&-. ,# ")&"($#16 #- <&1.&-. ,+ <('#" 0#1%# )11#$<)-,&-.6
"& %(1)&"(2&.()- >? ! @4AAB4

A4  ! "!#"$%&!'!() *!+ !(+!', !+ *! &$-()+ C "=(,/# ,# #$ %/.9),#$ #$.
,# ,/2-(1 +-# $+#$$()- ,# <&1.(.()-$ ,# "=(%&0# <&1 1#01)+<#%#-. (./1&.(D
,#$ 1/0()-$ )--#'#$4 E#..# $.1&./0(# <#1%#. ,# ,/2-(1 ,#$ 9#+1($.(:+#$ ,#
1#01)+<#%#-. ,/<#-,&-. ,# "& $(%("&1(./ ,#$ <1)<1(/./$ ,#$ 1/0()-$ >? !

@4A B FGH?!I℄4 5- )+.1#6 +- 01&<9# 1#<1/$#-.&-. "#$ &,K&#-#$ #-.1# "#$
1/0()-$ #$. $)+7#-. )-$.1+(. ,# %&-(L1# 8 # :+# 9&:+# 1/0()-30#1%# $)(.
1#<1/$#-./# <&1 +- $)%%#.6 #. +-# &1M.# #$. 1//# #-.1# "#$ $)%%#.$ $( #.
$#+"#%#-. $( "#$ 1/0()-$ )11#$<)-,&-.#$ $)-. &,K&#-.#$4 5- &$$)(&-. 8
9&:+# &1M.# ,# # 01&<9# "# )N. ,# D+$()- #-.1# "#$ ,#+' $)%%#.$ &,K&3
#-.$6 # 01&<9# <)-,/1/ <#+. M.1# +.("($/ <)+1 9)($(1 "#$ %#(""#+1#$ D+$()-$
,# D&O)- 8 %(-(%($#1 "& <#1.# ,=(-D)1%&.()-4

P- #'#%<"# ,=&"0)1(.9%# ,# $#0%#-.&.()- <&1 1#01)+<#%#-. ,=#-$#%Q"#$
,# <)(-.$ #$. #"+( <1)<)$/ <&1 FRH!@℄ <)+1 "& ,/.#.()- ,#$ D1)-.(L1#$ ,#$
1/0()-$ ,&-$ ,#$ (%&0#$ $&--#1$4 S#$ &+.#+1$ )-. +.("($/ +-# .#9-(:+#
Q&$/# $+1 "& .9/)1(# ,#$ 01&<9#$4 E9&:+# <&(1# ,# <('#"$ 7)($(-$ #$. 1#"(/#
<&1 +- &1 /7&"+/ #- D)-.()- ,# "& ,(T/1#-# ,=(-.#-$(./ #-.1# "#$ ,#+'
<('#"$4 S& $#0%#-.&.()- $# 1&%L-# &")1$ 8 +- <1)Q"L%# ,# %(-(%($&.()- ,+
;). %&'(%&" #-.1# $)+$301&<9#4 E#..# &<<1)9#6 ,)-. "# .#%<$ ,# &"+" #$.
#'#$$(D6 -# <1#-, <&$ #- )-$(,/1&.()- "=&$<#.  H ,#$ ,)--/#$4

" !# @4A U V#0%#-.&.()- ,=+-# (%&0# WGR ,+ #17#&+ <&1 1)($$&-# ,# 1/0()-$4
&3 (%&0# )1(0(-&"#6 Q3 1/$+".&. ,# "& $#0%#-.&.()- <&1 &01/0&.()- ,#$ <)(-.$6 3
1/$+".&. ,# "& $#0%#-.&.()- &<1L$ 1#01)+<#%#-. ,# 1/0()-$4
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 !"!#!$ %&' ())*+-&' )(* .+*)-+/+01& .(2-3.(2145&

"#  !"#$!%!&'(  )*$+ )*',-( $%& '($ &)*+,-$ .'- /$,0$& 12#(#13%$ $& 1$ &,#-&$4
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%6(B#$2'% W



 !  !"#$% &'(')*+,% -!,) $%. /012 .

"# $%&'())%*%+, -% .' $/012+ -31+,/$4, 5678 9

!# -/,%$*1+',12+ -3(+ :1;%. 0%$*% < .31+,/$1%($ -% 67 9

=# '0$/0',12+ < :'$,1$ -( :1;%. 0%$*% -%) :1;%.) >2$*'+, 67#

 !"!#!# $%&'())%*%+, -% .' /0123+ -42+,0/5,

?2() :2(@2+) $%+2+,$%$ -% .31+%$,1,(-% %, -% .31*:$/1)12+ < ,2() .%) +1@%'(;
-3(+ :$2%))() -% )%0*%+,',12+ -3(+% 1*'0%# B+ 1*'0%$1% */-1'.%C % 0%+$% -31+D
>2$*',12+ E1+2*:.F,%G :%(, 4,$% :$/)%+,% )21, '( +1@%'( -% .31*'0% H1-1*%+)12+D
+%..% >2$*/% < :'$,1$ -% .' :$2I%,12+ -3(+% :'$,1% -( 2$:) $/%. ,$1-1*%+)12++%.C
)21, '( +1@%'( -% .' :$/1)12+ %, -% .' *'+1:(.',12+ -%) 1+),$(*%+,) J(1 )2+, ,2(D
I2($) 2HI%,) -3%$$%($)# K@21$ (+ *2-F.% *',&/*',1J(% J(1 )'($' '::$/&%+-%$ %
0%+$% -31+>2$*',12+ 1+%$,'1+% %, 1*:$/1)% < (+ +1@%'( J(%.2+J(% -( :$2%))()
-% .' )%0*%+,',12+ %, J(1 :2($$' 2+,$�.%$ )' :$2:'0',12+ %, %+ ,1$%$ :$2M, '(;
+1@%'(; )(1@'+,) )%*H.% 4,$% '.2$) 1+,/$%))'+,# N'  !"#$%& '!%& %), (+% .201J(%
*(.,1@'.%+,% J(1 2+)1-F$% %, *'+1:(.% % 0%+$% -31+>2$*',12+ 1+2*:.F,%C %, J(1
%), >2+-/% )($ .31-/% -3'::'$,%+'+% -3(+ /./*%+, < :.()1%($) .'))%) %+ *4*%
,%*:) OP$'QR℄# B+ '-2:,'+, % *2-% -% $'1)2++%*%+,C :.()1%($) &%$&%($) 2+,
%))'T/ -% $/%$ .%) *2T%+) +/%))'1$%) < .3'::.1',12+ -% .' .201J(% U2(% %+ '+'.D
T)% -31*'0%) %, :'$,1(.1F$%*%+, < .' )%0*%+,',12+# B+ % J(1 +2() 2+%$+%C
.' .201J(% U2(% :%(, 1+,%$@%+1$ :2($ .' 0/+/$',12+ -3(+% 1*'0% 5-1,% #()"& *&+
,)%--.&8 :%$*%,,'+, -% *1%(; $%&'())%$ .' $/012+ -31+,/$4,#

B+ %V%,C :2($ (+% 1*'0% */-1'.%C .31*:$/1)12+ :%(, )3%;:$1*%$ )21, %+ ,%$*%)
-3'*H10(W,/ -3'::'$,%+'+% -3(+ :1;%. < 67C )21, '( +1@%'( -% .' +2+D-/M+1,12+ -%
.' >2$*% %, -% .' 0/2*/,$1% -% 67C )21, '( +1@%'( -% .3'))21',12+ -% %) -%(; >'D
,%($)# K1+)1C .% $%&'())%*%+, -% 67 :%(, 4,$% '2*:.1 %+ -/M+1))'+, (+% >2+,12+
'::$2:$1/% J(1 /@'.(% .' $%))%*H.'+% %+,$% .%) :$2:$1/,/) -3(+ :1;%. 2+)1-/$/ %,
%..%) -% 67# 7. )3%+)(1, J(3(+% 1*'0% $%&'())/% :%(, 4,$% -/M+1% %+ '))10+'+, <
&'J(% :1;%. -% .31*'0% 2$101+'.% (+% @'.%($ J(1 $%:$/)%+,% )2+ +1@%'( -3'-&/)12+
< .' $/012+ -31+,/$4, -/M+1% 2**% /,'+, (+ )2()D%+)%*H.% U2( -% .31*'0% %+,1F$%#
X2($ %.'C +2() -/M+1))2+) (+% >2+,12+ '::$2:$1/% -3'-&/)12+C µRI C J(1 /@'.(%
.' $%))%*H.'+% %+,$% .%) :$2:$1/,/) -3(+ :1;%. 2+)1-/$/ pC -/M+1% :'$ (+ @%,%($
vpC %, %..%) -% 67 -/M+1% :'$ (+ @%,%($ vRI # Y%,,% >2+,12+ -3'-&/)12+C µRI C -21,
@/$1M%$ .%) ,$21) :$2:$1/,/) )(1@'+,%) Z

"# µRI %), )T*/,$1J(% 9

!# µRI %), -/$21))'+,% -% 1 < 0 9

=# µRI '))10+% (+ -%0$/ -3'-&/)12+ /0'. < 1 '(; :1;%.) 'T'+, .%) *4*%) :$2D
:$1/,/) J(% vRI #



 ! "#$%&'()*+, - .&*/*)*'%  !

"#$% &'#(% )*$+,) -.$%,/$0% 1#(*,#(%3 ')0,4&(* ./% -0#-0,)*)% ,5+/%%$%3 /*
(#$% &'#(% +)+$,* 6$7&$$(/ +/ /% 1#(*,#(% (7/%* &-&8./ +/ -0#+$,0/ +/ 8#(%
0)%$.*&*%3 #(/0(&(* ./ 0/9&$%%/:/(* +/ ;<3 ,(+)-/(+&::/(* +/ .& (&*$0/ +/
.7,:&=/ *0&,*)/ /* +/ .7&--.,&*,#( ',%)/> ?/ .@3 (#$% &'#(% -/(%) @ #:8,(/0 ./%
+/$A 1#(*,#(% %*&(+&0+% +7&+9)%,#(3 µ1RI /* µ2RI BC>DE3 6$, (#$% #(* -&0$ ./%
-.$% -/01#0:&(*/% FGHI!&℄>

µ1RI = 1− β |vp − vRI | et, µ2RI =
1

1 + β |vp − vRI |
BC>DE

K/, (#$% & &:/() @ +)4(,0 .& 1#(*,#( +7&+9)%,#( µRI +#(()/ -&0 .7)6$&5
*,#( BC>LE /* 6$, -/0:/* +7#8*/(,0 +/% 0)%$.*&*% :/,../$0% 6$/ /$A -0#+$,*% &'/
./% 1#(*,#(% µ1RI /* µ2RI BM ! C>DE> N/ #(*0&%*/ +/ ;< +&(% .7,:&=/ 0)%$.*&(*/
+)-/(+ 1#0*/:/(* +/ .& '&./$0 +$ -&0&:O*0/ β 6$, +)4(,* .7#$'/0*$0/ +/ .& 1#(5
*,#( +7&+9)%,#( µRI > P#$0 $(/ =0&(+/ '&./$0 +/ β3 .7#$'/0*$0/ /%* )*0#,*/ /* ./
#:-#0*/:/(* +/ .& 1#(*,#( /%* %*0,*/3 &.#0% 6$/ -#$0 $(/ -/*,*/ '&./$0 +/
β3 .7#$'/0*$0/ /%* .&0=/ /* .& 1#(*,#( -0)%/(*/ $( #:-#0*/:/(* -.$% -/0:,%%,1
FGHID℄ BM ! C>LE>

µRI(p) =
µ1RI(p) + µ2RI(p)

2
=
1

2

[

2− β2 |vp − vRI |
2

1 + β |vp − vRI |

]

BC>LE

" !# C>D Q K#:-&0&,%#( +/% 1#(*,#(% +7&+9)%,#(> &5 ,:&=/ #0,=,(&./ +7$(/ .)%,#(
B;<E +/ .& -/&$3 85 +)*/*,#( +/ ;< &'/ .& 1#(*,#( µ1RI 3 5 +)*/*,#( +/ ;< &'/
.& 1#(*,#( µ2RI 3 +5 +)*/*,#( +/ ;< &'/ .& 1#(*,#( µRI >



 !  !"#$% &'(')*+,% -!,) $%. /012 .

 !"# "#$ % &'()'*+,(,-+ ., /0 1'-+3'- µRI *,/0+34,(,-+ 5 β# 06 β = 0.0067 86
β = 0.011#

9/ *,:+, (03-+,-0-+ 5 .;<-3* /, 4,+,=* vRI .,:*3)+31 ., /0 *;>3'- .?3-+;*@+
AB9C# &,++, *;>3'- 0))0*0D+ +E)3F=,(,-+ '((, =-, *;>3'- *,/0+34,(,-+ .,-:,
.'-+ /,: )*')*3;+;: )'=**03,-+ @+*, 0*0+;*3:;,: ,- =+3/3:0-+ /0 .,-:3+; /'0/,7 /,
>*0.3,-+ ,+ .?0=+*,: (,:=*,:# G?,-:,(8/, ., +,//,: )*')*3;+;: /'0/,: )'=**03+ @+*,
=+3/3:; )'=* .;<-3* /, 4,+,=* vRI # H': ,I);*3(,-+0+3'-: '-+ ('-+*; F=, /?=+3/36
:0+3'- .?0=+*,: 0++*38=+:7 0=+*, F=, /?3-+,-:3+;7 '()/3F=, /, )*',::=: :0-: )'=*
0=+0-+ 0(;/3'*,* /,: *;:=/+0+: JKLM"℄ JKLM!℄# O3-:37 -'=: 04'-: '-:3.;*; /?3-+,-6
:3+; '((, :,=/ '()':0-+, ., vRI ,+ .'- =- -34,0= >*3: glRI *,)*;:,-+0+31 .,
B9 .'3+ @+*, )*;3:;(,-+ .;+,*(3-;#

P'=* , 103*,7 -'=: 04'-: ;(3: /?QE)'+QR:, F=, /, -'(8*, ., /0::,: 40/3.,:
'**,:)'-. ,- >;-;*0/ 0= -'(8*, ., :'((,+: .'(3-0-+: .0-: /?Q3:+'>*0((, .,:
3-+,-:3+;:# S'-7 -'=: .,4'-: 04'3*7 .0-: /, 0: 'T /0 U'-, .?3-+;*@+ ,:+ *,:+*,3-+, 5
=-, B97 =- Q3:+'>*0((, 83('.0/,7 )=3:F=, /, -'(8*, ., /0::,: ,:+ .,=I V !"##$% &
'( ,+ !"##$) & !$# *+##,# $-*.,/"-*# # P'=* ,/07 )0*+0-+ ., /?Q3:+'>*0((, h .,
/?3(0>, )*'.=3+, )0* /?W9 X8:,*40+3'-6X8:,*40+3'-7 -'=: 0))/3F='-: =-, :=,:6
:3'- .?');*0+3'-: ., /3::0>, A"# C .0-: /, 8=+ .?,-/,4,* /,: Y),+3+:Z (0I3(0 /'0=I
,+ 0<- .?'8+,-3* =-, )0*103+, '=*8, 83('.0/, /3::;, A[!" "# C#

h(i)←
1

3
[h(i− 1) + h(i) + h(i+ 1)] A"# C

  !"# $% !# '( $%# )*##+# %")'+,!")# #'") ,-.!,)*# #+, /%# .$!0%# /1*")%"#*)- !##%2 /*3-,%")%#4
*$ #+5) /% #-$%)*'""%, +"% #'+#6*7!0% !+)'+, /% $! ,-0*'" /1*")-,8) .'+, 8),% #%07%")-%9



 ! "#$%&'()*+, - .&*/*)*'%  !

 !"# "# $ %&''()* +* ,-.&'/0)1(22* +* ,-&2()* +* ,( 3)41* 56!" "#7#(8# (9 .&'9
/0)1(22* 01&)&:(,; <9 .&'/0)1(22* ,&''=#

>*//* 041<* *'/ (1(/=1&'=* @(1 +*4A @&' '&):&3(/&B' h1 */ h2 011*'@0:9
+(:/ C gl1 */ gl2 */ 1*@1='*:/(:/ '4*''&D*2*:/ ,*' &:/*:'&/=' +*' +*4A ,(''*'#
E:'4&/*; '(.(:/ ,( +&F=1*:* +* ,42&:(:*' *:/1* GH */ ,*' /&''4' I4& ,-*:/041*:/;
&, *'/ B(&,* +* +=/*12&:*1; @(12& gl1 */ gl2 5gl1 < gl28; ,-&:/*:'&/= 1*@1='*:/(/&D*
glRI +* GH# E: +-(4/1*' /*12*'; '& GH *'/ @,4' ,(&1* 5 !"#$ '02<1*8 I4* ,*' /&'9
'4' I4& ,-*:/041*:/; (,01' glRI *'/ =)(,* C gl2 5 !"#$ gl18# J0/0:' *:3: I4* +(:'
,-&2()* 1*.(4''=* 5,( 2(/1&* +*' +*)1=' +-(+.='&0:8 ,*' D(,*41' =,*D=*' 011*'@0:9
+*:/ (4A @&A*,' +0:/ ,*' @10@1&=/=' '0:/ K'*2<,(<,*'L C vRI ; */ ,*' @*/&/*' D(,*41'
011*'@0:+*:/ (4A (4/1*' @&A*,' 56!" "#M8#

 !"# "#M $ N=:=1(/&0: +*' &2()*' 1*.(4''=*' +*' +*4A &2()*' +* ,( 3)41* 6!" "#7
5(D* β = 0.0078#



   !"#$% &'(')*+,% -!,) $%. /012 .

 !"!#! $%&'()*+,&*-+ ./ 0*1'2 3'()'

!" #$%"& '"()" *+$, -.+$( &"/ )0)"/ -(-,2($/,$34"/ 34" "&&"/ *4 .","4( *"5
/($#,$6 vRI ,+4, "7 2,-7, &" #&4/ #(+8" #+//$9&" *4 "7,(" *" '(-.$,2 *" &- (2'$+7
*:$7,2(0,; <$7/$= +77-$//-7, &:"7/")9&" ξ *"/ #$%"&/ ->-7, glRI +))" 7$."-4
*" '($/= 7+4/ 8+$/$//+7/ +))" #$%"& '"()" g "&&" ->-7, 47 .+$/$7-'" &" #&4/
8+)+'?7" #+//$9&"; @7$,$-&")"7,= 7+4/ -.+7/ *2A7$ +))" #$%"& '"()" 47 #$%"&
-##-(,"7-7, B ξ ,+4, "7 )$7$)$/-7, &- *$C2("7" "7,(" /+7 $7,"7/$,2 ", &- )+>"77"
*"/ .-&"4(/ *"/ $7,"7/$,2/ /4( 47 .+$/$7-'" 34-/$58+)+'?7" V (g) "7,(2 -4,+4( *"
" #$%"& g DE;FG HIJKL9℄;

g solution du problme d′optimisation : argmin
p∈ξ

|gl(p)−m(p)| DE;FG

+N= m(p) "/, &- )+>"77" *"/ 7$."-4% *" '($/ /4( 47 .+$/$7-'" DV (p)G "7,(2 "7 p;

O7 4,$&$/-7, ",," 234-,$+7 DE;FG= 7+4/ -.+7/ ("7+7,(2 *"/ -/ (-("/ +N &" #$%"&
'"()" "/, /$,42 #(?/ *4 9+(* *" P@ HQJIKR℄; S"$ "/, *T "//"7,$"&&")"7, B &- #",$,"
,-$&&" *" P@ ", -4 6-$, 34" "(,-$7/ #$%"&/ /4( &"/ 9+(*/ #"4."7, -.+$( #&4/$"4(/
.+$/$7/ 34$ /+7, "4%5)0)"/ /4( &"/ 9+(*/; <$7/$= &:-##&$-,$+7 *" &:234-,$+7 DE;FG
#"4, #(+*4$(" 47 #$%"& *4 9+(* D&+$7 *4 "7,(" *" P@G +))" #$%"& '"()"; S"$
*2,2($+(" &"/ (2/4&,-,/ *" *2,",$+7 *" P@; U+4( #-&$"( B "$= 7+4/ -.+7/ $7,(+*4$,
47 7+4."-4 ($,?(" #+4( &- /2&",$+7 -4,+)-,$34" *4 #$%"& '"()" B &:$7,2($"4(
*" &- (2'$+7 *:$7,2(0, DE;VG; O7 "C",= &" #$%"& '"()" "/, "&4$ -##-(,"7-7, B ξ ",
34$ )$7$)$/" &" )-%$)4) *" &- *$C2("7" "7,(" /+7 $7,"7/$,2 ", "4% *"/ #$%"&/
.+$/$7/; S" ($,?(" #(+*4$, ,+4W+4(/ 47 )"$&&"4( (2/4&,-, "7 /2&",$+77-7, ,(?/ /+45
."7, 47 #$%"& B &:$7,2($"4( *" P@ +))" '"()" DQ ! E;VG;

g solution du problme d′optimisation : argmin
p∈ξ

[

max
q∈V (p)

|gl(p)− gl(q)|

]

DE;VG

 !"!#!4 53(%3,&*-+ .'6 0*1'26

!" #(+"//4/ *:-'(2'-,$+7 *"/ #$%"&/ 6+()-7, P@ "/, -##&$342 /4( &:$)-'" ("5
8-4//2" #(+*4$," B &:2,-#" #(22*"7,"; !:-&'+($,8)" *2)-((" -." &" #$%"& '"()"
("#(2/"7,-7, 47" #(")$?(" -##(+%$)-,$+7 *" P@; U4$/= #+4( 8-34" #$%"& p -#5
#-(,"7-7, B P@= 8-47 *" "/ 85.+$/$7/ "/, -7*$*-, B &:-'(2'-,$+7; O7 "C",= /$ &"
#$%"& .+$/$7 "/, X/4Y/-))"7, /$)$&-$("Z B p= -&+(/ $& /"(- 64/$+772 B P@ [ /$7+7 $&
/"(- +7/$*2(2 +))" #$%"& 6(+7,$?(" *" P@; U+4( W4'"( /$ *"4% #$%"&/ /+7, X/4C5
$/-))"7, /$)$&-$("/Z= 7+4/ 4,$&$/+7/ 47 /"4$& θ D≃ 0G #+4( +)#-("( &"4(/ .-&"4(/



 ! "#$%&'()*+, - .&*/*)*'%  !

#$$%&'#()*(+%& )*(& ,-./*0% $%1*2&&3%4 5% '$#%&&2& #(+.(2% 62&72-8 % 72-.,
(-9 *.+ ',2& )% '.:%, #((%:% 8 ;< =3$.>*(+ ,% $.+?$% )-1#/#03(3.+34 @.(&.A 2(%
./*0% B.(*.$% 72. &3'*$% ;< CDE )2 $%&+% )% ,-./*0% CFE %&+ )3>(.% 8 ,* >( )% %+
*,0#$.+1/% )-*0$30*+.#( CG ! H4IE4 J#+#(& %(>( 72% ,* &2B&+.+2+.#( )% ,-./*0%
#$.0.(*,% '*$ ,-./*0% $%1*2&&3% ,#$& )% ,-*0$30*+.#( )%& '.:%,& '%$/%+ )% /.(K
./.&%$ ,-%L%+ )2 &%2., )-*$$$M+ θ &2$ ,% $3&2,+*+ )% ,* )3+%+.#(4

" !# H4N O P3+%$/.(*+.#( )2 0%$/% )*(& 2( /*//#0$*//%4 *K ,-./*0% $%1*2&&3%
$%,*+.=% *2 /*//#0$*//%A BK ,#*,.&*+.#( )2 0%$/% *=% ,-372*+.#( CH4!EA K
,#*,.&*+.#( )2 0%$/% *=% ,-372*+.#( CH4NE4

" !# H4I O Q3(3$*+.#( )% ,-./*0% B.(*.$% 72. &3'*$% ,* /*&&% )2 &%.( CG ! H4N4*E
)2 $%&+% )% ,-./*0% Cθ = 0.1E4

@2 +%$/% )% ,* $3*,.&*+.#( )% %++% $#.&&*(% )% $30.#(&A #( ).&'#&% )-2(%
$%'$3&%(+*+.#( )% ;< '*$ 2( %(&%/B,% 1#/#0?(% )% '#.(+& *)6*%(+&4 R#2$ $%()$%
,%& ./*0%& &%0/%(+3%& ',2& %:',#.+*B,%&A ., %&+ '*$S#.& .(+3$%&&*(+ )-*'',.72%$ )%&



 !  !"#$% &'(')*+,% -!,) $%. /012 .

"#$%&%'()%*+*,%$ (- '.$-/%(% 0* /( $*1+*,%(%)#,2 3*$ "#$%&%'()%*+*,%$ #,$)$%*,%
"'),)"(/*+*,% *, /5(""/)(%)#, 0*$ #".'(%*-'$ +#'"6#/#1)7-*$ 8.'#$)#,9 0)/(%(&
%)#,9 #-:*'%-'*9 ;*'+*%-'*9 *%2<2 =(' *>*+"/*9 -, "#$%&%'()%*+*,% 0*  !"#$#$!%&'
()%*!%& *$% 0*$ ;#)$ (""/)7-. $-' /5)+(1* ?),()'* '.$-/%(% 0* ,#%'* (/1#')%6+* 0*
'#)$$(,* 0* '.1)#,$ (@, 05*,/*:*' /*$ ")>*/$ )$#/.$ 8A<9 ),0)7-(,% /( "'.$*,* 0*
?'-)%9 B /5),%.')*-' 0* /( '.1)#, 05),%.'C% 8D<2

 !"! #$% &' ()*%+'*,% ,-.+/0% &1+02-,32

E(,$ /* ($ #F /( G#,* 05),%.'C% 8HI< *$% #+"#$.* 05-, *,$*+?/* 0* r 8r >
1< '.1)#,$ (J(,% 1.,.'(/*+*,% /*$ +C+*$ (""('*,*$ *% ('(%.')$%)7-*$ "6#&
%#+.%')7-*$ %#-% *, .%(,% $"(%)(/*+*,% 0)$%(,%*$9 /5(""/)(%)#, 0* /5(""'#6*
"'..0*,%* "(' '#)$$(,* 0* '.1)#,$ ,* "*'+*% "($ 0* '.-".'*' 0* ?#,$ '.&
$-/%(%$2 K, *L*%9 *'%(),*$ 0* *$ '.1)#,$ $#,% ($$*G "*%)%*$ *% /( $./*%)#, 0-
1*'+* B /5),%.')*-' 0* /5-,* 0* *$ '.1)#,$ 0*:)*,% -,* %M6* %'N$ ')%)7-*2 O),$)9
)/ *$% %'N$ 0)P)/* 0* 0.%*'+),*' (-%#+(%)7-*+*,% %#-$ /*$ 1*'+*$ '*/(%);$ (->
r '.1)#,$ $-'%#-% $) /( :(/*-' 0* r *$% ./*:.*2 K, "/-$9 +C+* 0(,$ /* ($ 05-,*
$./*%)#, +(,-*//* 0*$ 1*'+*$ "(' -, *>"*'%9 *%%* %M6* "*-% C%'* (#+"(1,.*
05-, 0*1'. ./*:. 05*''*-'$ $-'%#-% "#-' /*$ '.1)#,$ 0* "*%)%* %()//*2 K, *L*%9 )/ $*
"*-% 7-* /5*>"*'% $./*%)#,,* /* 1*'+* B /5*>%.')*-' 0* /( '.1)#, #,*',.*9 * 7-)
;(-$$* *,$-)%* %#-% /* "'#*$$-$ 0* /( 0.%*%)#, 0* /( '.1)#,2

O "('%)' 0* /B9 ,#-$ (:#,$ 6#)$) 05),%'#0-)'* -,* ,#-:*//* (""'#6*9 "/-$ @,*9
"#-' /( 0.%*%)#, 0* /5*,$*+?/* 0* r '.1)#,$ ;#'+(,% /( G#,* 05),%.'C%2 =#-' *
;()'*9 ,#-$ #++*,Q#,$ "(' -,* "'.&$*1+*,%(%)#, 0* /5)+(1* *, /( $-?0):)$(,%
*, -, *,$*+?/* 0* /($$*$ '*R.%(,% /*$ 0)L.'*,%$ %)$$-$ *% +(%)N'*$ ;#'+(,% /5)+&
(1* B %'()%*'2 O-%'*+*,%9 ,#-$ 6*'6#,$ B $."('*' /( /($$* #,%*,(,% /( G#,*
05),%.'C% 0*$ (-%'*$ /($$*$2 =#-' * ;()'*9 ,#-$ (:#,$ '.(/)$. -,* /($$)@(%)#,
R#-* (@, 0* "('%)%)#,,*' /5)+(1* *, -, *,$*+?/* 0* c /($$*$ 0#,% /5-,* 8CZI< *$%
*//* #,%*,(,% HI 8+C+* %)$$-<2 S( /($$)@(%)#, R#-* *$% ;()%* "(' /5(/1#')%6+*
T3U #F -,* .%-0* 0* $*$ "('(+N%'*$ *% 0* $( #+"/*>)%. *$% ;()%* (- "'.(/(?/*2
3*) ,#-$ ( (+*,. B "'#"#$*' -,* :*'$)#, (+./)#'.* 0* *% (/1#')%6+*2 V#-%*;#)$9
*%%* :*'$)#, (+./)#'.* 0* /5(/1#')%6+* T3U ,* "*'+*% "($9 B /-) %#-% $*-/9 0*
0.%*%*' /*$ r '.1)#,$ ;#'+(,% HI "-)$7-* /( /($$* CZI "*-% #,%*,)' 0*$ #?W*%$
(-%'*$ 7-* /*$ r '.1)#,$ 7-) ,#-$ ),%.'*$$*,%2 E#,9 /( /($$* CZI 0#)% C%'* $*1&
+*,%.* *, '.1)#,$ (@, 05*>%'()'* /*$ r '.1)#,$ ;#'+(,% HI2 =#-' */(9 ,#-$ (:#,$
),%'#0-)% -, (/1#')%6+* 6).'('6)7-* 0* $*1+*,%(%)#, *, '.1)#,$ "(' $*-)//(1*
(0("%(%); XYHZAA℄2 3*% (/1#')%6+* "'#0-)% 0*$ '.$-/%(%$ +*)//*-'$ "#-' /*$ G#,*$
-,);#'+*$9 * 7-) *$% /* ($ "#-' /* "/-"('% 0*$ G#,*$ 05),%.'C% 0(,$ /*$ )+(1*$



 ! "#$%&'()*+, - .&*/*)*'%  !

"#$%'()*+ ,-) )-. /01)2-* 3 4'51%5 $)* 1)62%,-)* ('**%,-)* $) *)7")21'1%/2
)2 5#7%/2* 89:;<℄ 1)(()* ,-) )(()* 4'5 5/%**'2) $) 5#7%/2* 8>?@<℄+ 4'5 $%A%*%/2B
C-*%/2 8D-A!E℄ )1 4'5 "-(1%B*)-%(('7) 8:>F!@℄G

 !"! !# $%&''()&+(,- .,/0

H5'$%1%/22)(()")21+ (' ('**%I'1%/2 J/-) )*1 '**-5#) 4'5 (K'(7/5%16") LMNG
O'2* 2/15) '*+ 2/-* 'A/2* 5#'(%*# -2) #1-$) $)* 4'5'"P15)* $) (K'(7/5%16") LMNG
M)11) #1-$) 2/-* ' 4)5"%* $) $#I2%5 -2) 2/-A)(() A)5*%/2 $) (K'(7/5%16") LMN
,-% 4)5")1 $K/41%"%*)5 ()* 5#*-(1'1* $) (' ('**%I'1%/2 1/-1 )2 5#$-%*'21 () 1)"4*
$) '(-( ,-% )*1 (K%2/2A#2%)21 "'Q)-5 $) (' A)5*%/2 ('**%,-) $) (K'(7/5%16")
LMN 8R?!S℄G O'2* ) ,-% *-%1+ 2/-* '((/2* 45#*)21)5 (' A)5*%/2 ('**%,-) $) (K'(B
7/5%16") LMN '%2*% ,-K-2) #1-$) $) *)* 4'5'"P15)*G T2*-%1)+ #1'21 $/22# )11)
#1-$)+ 2/-* 45/4/*)5/2* -2) A)5*%/2 '"#(%/5#) $) (K'(7/5%16") LMNG

&1 23&%4,5(+670 8$9 %&''(:/0

U) V !""# $%&'()*W XLMNY )*1 -2 '(7/5%16") %1#5'1%C $) ('**%I'1%/2 J/-)
2/2 *-4)5A%*#) ,-% )*1 -2) 7#2#5'(%*'1%/2 $) (' ('**%I'1%/2 2/2 *-4)5A%*#) ('*B
*%,-) $'2* () $/"'%2) $)* )2*)"0()* J/-*G U)* "#16/$)* $) ('**%I'1%/2 2/2
*-4)5A%*#) /2*%*1)21 3 4'51%1%/22)5 -2 )2*)"0() $K#(#")21* )2 -2 2/"05) $/22#
$) ('**)* )2 /41%"%*'21 -2) C/21%/2 /0Q)1%A)G M6',-) ('**) $) (' 4'51%1%/2 4/*B
*P$) -2 )215) $) 75'A%1# X$%1 +,-.-.#+' $) (' ('**)YG UK'A'21'7) $) (K-1%(%*'1%/2
$) (' 2/1%/2 $- J/- )*1 (' "/$#(%*'1%/2 $) (K%2)51%1-$) )1 $) (K'"0%7-Z1#+ ) ,-%
4)5")1 $) 5)1'5$)5 (' ('**%I'1%/2 1'21 ,-K)(() )*1 %2)51'%2)G T2 )[)1+ $'2* (K'4B
45/6) J/-)+ /2 '(-() %1#5'1%A)")21 ()* A'()-5* $K'$6#*%/2 $) 6',-) #(#")21
3 6'-2) $)* ('**)*G M) 45/)**-* )*1 5#4#1# Q-*,-K3 (K/41%"%*'1%/2 $K-2 5%1P5)
$K'55\1G O) )11) "'2%P5)+ 6',-) #(#")21 4)-1 '44'51)2%5 3 4(-*%)-5* ('**)* 'A)
-2 $)75# 4(-* /- "/%2* C/51+ 4)5")11'21 $) /2*)5A)5 () 4(-* (/271)"4* 4/**%0() -2
A/(-") $K%2C/5"'1%/2* %"4/51'21 *'2* 'A/%5 3 45)2$5) (' $#%*%/2 45#"'1-5#")21G

UK'(7/5%16") LMN 5#) -2) 4'51%1%/2 J/-) ,-% '[)1) 3 6',-) A)1)-5 4%.)(
-2 $)75# $K'$6#*%/2 J/- 3 6'-2) $)* ('**)*G U/5* $) (' 45%*) $) $#%*%/2+ 6',-)
4%.)( *)5' '[)1# $#I2%1%A)")21 3 (' ('**) /] */2 $)75# $K'44'51)2'2) )*1 "'.B
%"'(G T2 5)A'26)+ '^'21 -2) /22'%**'2) ' 45%/5% $- 2/"05) c $)* ('**)*+ LMN
('**%I) ()* $/22#)* $) C'_/2 3 "%2%"%*)5 (K)55)-5 ,-'$5'1%,-) )215) ()* A)1)-5*
)215)* $)* ('**)* X+,-.-.#+'*Y )1 ()* A)1)-5* 4%.)(*G T2 $K'-15)* 1)5")*+ LMN
"%2%"%*) (' C/21%/2 $K#2)57%) Jm(U, V ;X) X`G!Y )2 C/21%/2 $) X 'I2 $) 5#B
*/-$5) () 45/0(P") $K/41%"%*'1%/2 (π) *-%A'21 a



 !  !"#$% &'(')*+,% -!,) $%. /012 .

(π) :











































min
U∈ζ

n1
∑

i=1

n2
∑

j=1

c
∑

k=1

(ui,j(k))
m. ‖Xi,j − vk‖

2
B

ζ = {U ∈ ([0, 1])n1×n2×c/

c
∑

k=1

ui,j(k) = 1, ∀i, ∀j,

"# 0 <

n1
∑

i=1

n2
∑

j=1

ui,j(k) < N, ∀k}

$%&'(

)*+ N ",# -" .)/01" 2", 345"-, 6 -8,,49"1 28., -:4/8;" Im(n1 ; n2 ) (N = n1 × n2 (+

p ",# -" .)/01" 2", 8##140<#, =)4,4, 3)<1 818#>14,"1 <. 345"-+

Xi,j ∈ R
p )* 1 ≤ i ≤ n1, 1 ≤ j ≤ n2 ? -" @"#"<1 1"31>,".#8.# -" 345"-

Im(i , j )+

vk ∈ R
p )* 1 ≤ k ≤ c ? -" @"#"<1 ".#1" $ !"#"#$ %( 2" -8 -8,," k+

ui,j(k) ∈ [0, 1] ? -" 2";1> 2:83381#".8." 2< @"#"<1 Xi,j 6 -8 -8,," A)<" k+

m ∈ ]1,+∞[ ? -" )"B4".# $24# &% '(#%*! +% ,"*( ).#1�-"<1 2< 2";1> 2"
D<EE498#4). 28., -", -8,,",+

U = (ui,j(k)) )* 1 ≤ i ≤ n1, 1 ≤ j ≤ n2, 1 ≤ k ≤ c ? -8 /8#14" #1424/".F
,4).."--" A)<" 2" -8 381#4#4).+

‖Xi,j − vk‖B = (Xi,j − vk)B(Xi,j − vk)
t ? -8 24,#8." ".#1" Xi,j "# vk ,"-).

-8 .)1/" B #"- G<" B ",# 2>9.4" 3),4#4@"&

H)<1 1>,)<21" -" 31)0-I/" 2:)3#4/4,8#4). (π)+ -:8-;)14#=/" JKL+ #"- G<:4- >#84#
31>,".#> 381 MN"EOP℄+ ," 31>,".#" )//" ,<4# ?



 ! "#$%&'()*+, - .&*/*)*'%  !

⋄  "#$#%&#'%$#("' )

* ,(#'#- &.' /%-%01$-.' ) c2 m2 B .$ &. /%-%01$-. 34%--5$ ǫ 6
* #"#$#%&#'.- %&7%$(#-.0."$ 8". 0%$-#. (n1 × n2 × c) 34%//%-$."%".

U
(t=0)9

⋄ !$%/. ! ) %&8&.- &% 0%$-#. V
(t) 3.' ."$-.' 3.' &%''.' ." :("$#("

3. &% ;%&.8- 3. U
(t)2 $.&' <8. ) V

(t) = F (U(t)) = (fk(U
(t)))1≤k≤c

⋄ !$%/. = ) %&8&.- &% 0%$-#. U
(t+1) ." :("$#(" 3. &% ;%&.8- 3. V

(t)2
$.&' <8. ) U

(t+1) = G(V(t)) = (gk
i ,j (V

(t)))1≤i≤n1,1≤j≤n2,1≤k≤c

⋄ !$%/. > )  !
∥

∥U
(t+1) −U

(t)
∥

∥

B
< ǫ "#$% &%%'()%2

 !*$* t = t+ 1 .$ %&&.- ? !"#$% &9

@%"' "($-. %'2 &.' :("$#("' fk .$ gk
i ,j '("$ 37A"#.' -.'/.$#;.0."$ /%- &.' 7<8%B

$#("' )

∀k, v
(t)
k = fk(U

(t)) =

n1
∑

i=1

n2
∑

j=1

(u
(t)
i,j (k))

m
Xi,j

n1
∑

i=1

n2
∑

j=1

(u
(t)
i,j (k))

m

C=9!DE

∀(i, j, k), u
(t+1)
i,j (k) = gk

i ,j (V
(t)) =



































( c
∑

q=1

[

∥

∥

∥
Xi,j − v

(t)
k

∥

∥

∥

B
∥

∥

∥
Xi,j − v

(t)
q

∥

∥

∥

B

](2/m−1))−1

, si I
(t)
i,j = φ

1

Card(I
(t)
i,j )

.χ
I
(t)
i,j

(k) , sinon

C=9!!E

(F2 I
(t)
i,j =

{

k / 1 ≤ k ≤ c et
∥

∥

∥
Xi,j − v

(t)
k

∥

∥

∥

B
= 0
}

2 χI .'$ &% :("$#(" %-%B

$7-#'$#<8. 3. &4."'.0G&. I .$ Card(I) .'$ &. %-3#"%& 3. I9



 !  !"#$% &'(')*+,% -!,) $%. /012 .

 ! "# $%&'()* #+,-()&,% .% -/#-0)&(12+%

"#$ %&'&()*'#$ p #* c +,%#-+#-* #$$#-*.#//#(#-* +# /& -&*0'# +# /1.(&2# 3
*'&.*#' #* +#$ 456#*.8$ +# /1&%%/.&*.4- +0 +.&2-4$*.9 :4-$.+,'4-$ 3 *.*'# +1#;#(<
%/# /# %&'&()*'# c= /& >&/#0' +# # %&'&()*'# +,%#-+ +#$ &'&*,'.$*.?0#$ +#$ *.$$0$
4(%4$&-* /14'2&-# $06#* +0 +.&2-4$*.9 :4((# -40$ /# (4-*'#'4-$ &0 @&%.*'#
A= +&-$ /# &$ +#$ .(&2#$ BCD +0 #'>#&0= /# %&'&()*'# c >&'.# +&-$ /1.-*#'>&//#
[3, 6] %0.$?0# /# #'>#&0 @0(&.- #$* 4(%4$, +# 3 (&*.)'#$ E 2'.$#= 5/&-@# #*
:FG9 H4-= -40$ '#$*'#.-+'4-$ -4*'# ,*0+# .. &0 %&'&()*'# m ?0. '#%',$#-*# /#
4#I.#-* 4-*'�/#0' +0 +#2', +# 80KK.L&*.4- +&-$ /#$ /&$$#$9

M- #N#*= #- # ?0. 4-#'-# # %&'&()*'#= -4$ #;%,'.(#-*&*.4-$ -40$ 4-* (4-<
*', ?010-# O2'&-+#P >&/#0' +# m '#-+ /#$ 8'4-*.)'#$ +#$ K4-#$ %/0$ &(5.20Q$ RG !

!9STU9 M- +1&0*'#$ *#'(#$= 0-# >&/#0' ,/#>,# +# m '#*&'+# /& *V@# +# /&$$.L&*.4-
#* %#'(#* #- 4-*'#%&'*.# +# (.-.(.$#' /# *#(%$ +# &/0/ T RG ! !9SSU9 WL- +#
(#**'# #- ,>.+#-# #$ '#(&'?0#$= -40$ &>4-$ &%%/.?0, /1&/24'.*@(# G:D %40'
+.N,'#-*#$ >&/#0'$ +# m= #* %40' @&?0# >&/#0' +# m -40$ &>4-$ +,*#'(.-, /#
*&0; +# /&$$.L&*.4- CR R!9S!U (#**&-* #- 6#0 /# -4(5'# +#$ %.;#/$ +# /1.(&2#
?0. $4-* O%'&*.?0#(#-*P 5.#- &$$4.,$ 3 0-# /&$$#9 X40$ %40>4-$ 4-/0'# ?0#
%/0$ /& >&/#0' +# m #$* 2'&-+#= %/0$ /& >&/#0' +# CR #$* %#*.*#= #* %&' 4-$,?0#-*
/& +,.$.4- +# /& /&$$.L&*.4- #$* #-4'# .-#'*&.-# RG ! !9S!U9

CR = Card(δ) avec δ =

{

Im(i, j)/ max
1≤k≤c

ui,j(k) ≥ 1− ε0

}

R!9S!U

4Y= ε0 #$* 0-# >&/#0' ',#//# %'#$?0# -0//#9

" !# !9ST Z :/&$$.L&*.4- G:D $#/4- m Rc = 4= p = 1U9 &< .(&2# 4'.2.-&/#= 5<
m = 3.5= < m = 6.5= +< m = 8.59



 ! "#$%&'()*+, - .&*/*)*'%  !

 !"# "#$$ % &'()'*)+, -. m (./'*)0.1.,* '2 *.134 -. '/2/ T #

 !"# "#$" % &'()'*)+, -. m (./'*)0.1.,* '2 *'26 -. /'44)7'*)+, CR#

8'( +,49:2.,*; ,+24 +11.,<+,4 /' /'44)7'*)+, '0. 2,. =(',-. 0'/.2( -.
m .* ,+24 /' (9-2)4+,4 3(+=(.44)0.1.,* ., >+,*)+, -2 -.=(9 -. /'44)7'*)+,
?"#$!@# 8+2( . >')(.; ,+24 '0+,4 A+)4) 2,. 0'/.2( ),)*)'/. m0 /' 3/24 =(',-.
3+44)B/. *+2* ., '442(',* 2, *'26 ),)*)'/ -. /'44)7'*)+, CR '.3*'B/.# C',4 /.
'4 -.4 '33/)'*)+,4 .,0)4'=9.4 -',4 /. '-(. -. .**. *AD4.; /' 0'/.2( m0 = 6.5
3.(1.* 2, *'26 ),)*)'/ -. /'44)7'*)+, CR -E.,0)(+, 40% -. /E)1'=. ?F!" "#$"@#



 !  !"#$% &'(')*+,% -!,) $%. /012 .

 !"#$%&' ()#* +""#*&* #! ,)! %+#- .& 0+""$1+%$)! CR %)#% &! *2.#$"+!% 0& %&3("
.& +0#0 T ' !)#" +4)!" 5+$% .2*)6%*& m +4& #! (+" .& 0.5 7+8#& 5)$" 8#& CR
&"% $!*23&!%2 .9+# 3)$!" 10% .# !)3,*& %)%+0 .&" ($-&0" .& 09$3+:& ;N<= >&%%&
+.+(%+%$)! (&*3&% .& *2.#$*& 0& %&3(" .& +0#0 &! 3)?&!!& .& 10.5% ;@ ! A=B<
%)#% &! +320$)*+!% 0+ 8#+0$%2 .& 0+ 0+""$1+%$)! ; !"! CRfinal ≃ N<=

si CR ≥ θ
(iter)
2 alors m ← m − θ3 et iter ← iter + 1 . ;A=BC<

)D' θ
(iter)
2 = (2+iter).N

10
; !"! θ

(1)
2 = 40% .& N< &% θ3 = 0.5=

" !# A=B E >)3(+*+$")! .# %&3(" .& +0#0 &!%*& 0& F>G 0+""$8#& &% !)%*&
4&*"$)! +320$)*2& ;0&" %&"%" )!% 2%2 *2+0$"2" "#* 0+ 1:#*& F$% A=BH=+<=

4+0&#* $!$%$+0& .& m I J BH

%&3(" .& +0#0 .# F>G 0+""$8#& ;"< 7.46 5.87 5.27
%&3(" .& +0#0 .& !)%*& 4&*"$)! ;"< 5.62 4.35 4.24

 ! (0#"' )33& 09$!$%$+0$"+%$)! +02+%)$*& .& 0+ 3+%*$& .& (+*%$%$)! U (t=0) $!K
L#&!& 5)*%&3&!% 0& *2"#0%+% .& 09+0:)*$%73& MNOHC℄ MQRHS℄' !)#" +4)!" 7)$"$
.9$!$%$+0$"&* 0+ 3+%*$& .&" (*)%)%?(&" .&" 0+""&" V

(t=0) ;A=BT< +1! 8#& &" (*)%)K
%?(&" )#4*&!% %)#%& 09$!%&*4+00& .&" .)!!2&" &! &!%*2&= >&$ (&*3&%%*+ .& :+*+!%$*
#!& 3&$00&#*& .$"%*$,#%$)! .&" &!%*&" .&" 0+""&" &% .9+202*&* 0+ )!4&*:&!& .&
09+0:)*$%73&= U!& 5)$" 0+ 3+%*$& V

(t=0) &"% $!$%$+0$"2&' 09+0:)*$%73& F>G .23+**&
V 09#$%&" ' ()#* :2!2*&* 0+ 3+%*$& $!$%$+0& .9+((+*%&!+!& U (t=0)=

∀h ∈ {1, · · · , p} , ∀k ∈ {1, · · · , c} ,

v
(0)
k (h) = k.

⌊

1
c
(max

i,j
Xi,j(h)−min

i,j
Xi,j(h))

⌋

;A=BT<

)D' ⌊ ⌋ .2"$:!& 0+ (+*%$& &!%$W*&=

Q?+!% &!1! 0+ 3+%*$& U
(final)' 0+ 0+""$1+%$)! 1!+0& "&*+ &-+%& &! +X&%+!%

7+8#& ($-&0 Im(i, j) V 0+ 0+""& Ck∗ ;k∗ ∈ {1, · · · , c}< ()#* 0+8#&00& ")! .&:*2
.9+((+*%&!+!& &"% 3+-$3+0 ;A=BS<=

u
(final)
i,j (k∗) = max

1≤k≤c
u
(f)
i,j (k) ;A=BS<



 ! "#$%&'()*+, - .&*/*)*'%  !

 !"! ! #$%&$'()(*+' ,*-.).,*01$ $' .-%*+'2 3). 2$1*44)%$ )5)3()(*6

"#$%&' %' () *'+,'-.).$/- 0$&1)10$34' '- 1&+$/-* '*. %#/51$1 6(4*$'41* -$7')48
%' *'+,'-.).$/-* )48 &.)6'* 4(.&1$'41'* %#4- *9*.:,' %' .1)$.','-. %#$,)+'*; <(('
/-*$*.' = 4.$($*'1 6(4*$'41* 1'61&*'-.).$/-* %' () ,>,' *:-' )7' %'* -$7')48
%' %&.)$(* %' 6(4* '- 6(4* ?-*; @'* 1'61&*'-.).$/-* */-. /1+)-$*&'* */4* () A/1,'
%#4-' 691),$%'B )(()-. %' () *'+,'-.).$/- () ,/$-* ?-' C4*34#= () *'+,'-.).$/-
() 6(4* ?-' D!"#$%&'!&()%E; F- 6'4. %$*.$-+4'1 61$-$6)(','-. %'48 ).&+/1$'*
%' *'+,'-.).$/- 0$&1)10$34'; ") 61',$:1' /-'1-' *%$ +,'-!.%$ .%$%).")'%$
/G ('* 1&+$/-* */-. %$7$*&'* 61/+1'**$7','-. HIJKL℄; ") %'48$:,' ).&+/1$' /-N
'1-' *%$ +,'-!.%$ "$%).")'%$ /G ('* 1&+$/-* */-. A4*$/--&'* 61/+1'**$7','-.;
@'* ,&.0/%'* ,)-$64('-. )4**$ O$'- (#$-A/1,).$/- %' (4,$-)-' 34' ('* 1'().$/-*
*6).$)('* '-.1' ('* 6/$-.* %' (#$,)+'; F- 61/:%'B 6)1 '8',6('B */$. 6)1 )+1&+).$/-
%' 6/$-.* )7' 4- -/9)4B */$. 6)1 A4*$/- %'* 1&+$/-* $**4'* %#4-' 6)1.$.$/- $-$.$)('
HPQ@JRK℄; S/4* )7/-* 0/$*$ %#4.$($*'1 () ,&.0/%' %'*'-%)-.' '- A/-.$/- %'*
61/61$&.&* *4$7)-.'* T

L; ('* )(4(* $-$.$)(','-. +(/O)48 %'7$'--'-. 61/+1'**$7','-. (/)48 U

V; ('* %$5&1'-'* '-.1' ('* *.14.41'* %' %'48 )1O1'* %' *'+,'-.).$/- %' %'48
$,)+'* %$5&1'-.'*B %#4- ,>,' 6).$'-. /4 %' %'48 6).$'-.* %$5&1'-.*B $-N
%$34'-. ('* %$5&1'-'* '-.1' ('* $,)+'* /11'*6/-%)-.'* U

W; (' 1'/471','-. %'* %'48 )1O1'*B 1'().$A* = %'48 $,)+'*B A)$($.'1) &-/1,&N
,'-. () ,$*' '- /11'*6/-%)-' %'* 61$,$.$7'* HXYZW℄ U

[; '..' ,&.0/%' ) (#)7)-.)+' %' *#)661/0'1 %4 A/-.$/--','-. %4 *9*.:,'
%' 7$*$/- 04,)$- 34)-% '(4$N$ 6)1/41. 4-' $,)+' '- 0'10)-. %'* %&.)$(*
%' 6(4* '- 6(4* ?-*;

") ,&.0/%' 34' -/4* $-.1/%4$*/-* '*. $,6(&,'-.&' *'(/- 4- *0&,) 1&41N
*$A 34$ *'+,'-.' 0)34' 1&+$/- %$7$*$O(' ,/9'--)-. 4-' .'0-$34' %' *'4$(()+'
)66($34&' *41 (#$,)+' +1)%$'-.; F- /-*.14$. )$-*$ 4- )1O1' %' *'+,'-.).$/-* ',N
O/\.&'* %/-. () 1)$-' '*. 4-' 1&+$/- /,6/*&' %' (#$,)+' ./4.' '-.$:1'; @0)34'
-/'4% '*. '-*4$.' 4-' 1&+$/- %' (#$,)+' '. *'* %'*'-%)-.* */-. ('* */4*N1&+$/-*
34$ () 6)1.$.$/--'-.; ]$-*$B () 0$&1)10$' %#4-' $,)+' I *'1) 1'61&*'-.&' 6)1 4-
)1O1' -/.& H B %/-. () 1)$-' '*. (#$,)+' ./4.' '-.$:1' '. () 6)1.$.$/- %#4-' 1&+$/-
R '- */4* 1&+$/-* {R1, R2, . . . , Rn} '*. -/.&' P ; ") A/-.$/- /0,#"#-0% '*. T



 !  !"#$% &'(')*+,% -!,) $%. /012 .

 !"#$#&!'"I# −→ H
$%&'(
()*( +',-. /0-1(/ '* *2/'$ R *2* (3)-(%
P 4  !"#!$%!&"R# 4 {R1, R2, . . . , Rn}5
 ! '!)%!&"P # "#$% *+,! - ./0& "H, P #5
&' !

6* ()*( +'/
6* !"#$#&!'5

7 .,-11'/ $/ / 93/:-/3 *-;/)' $/ 3)<*)=/ $/ *2(3/ ).=23-(>:/? 1/ 921/*( ./1
+'/1(-2*1 1'-;)*(/1 @ A'/../ :%(>2$/ B)'(C-. /:9.2D/3 92'3 1/=:/*(/3 '*/ 3%=-2*
$2**%/ E F2::/*( >2-1-3 ./ *-;/)' $/ .) 9)3(-(-2* 1'-;)*(/ E /(? F2::/*( G'=/C
(C2* +','*/ 9)3(-(-2* /1( )/9()&./ E H/1 3%92*1/1 )'0 $/'0 93/:-I3/1 +'/1(-2*1
3/;-/**/*( J .) $%6*-(-2* $/ .) B2*(-2* (')*'+,'# "KL5M5L5N /( KL5M5L5M #? ).231 +'/
.) 3%92*1/ J .) (32-1-I:/ +'/1(-2* 3/;-/*( J .) $%6*-(-2* $/ .) B2*(-2* -'.,'#
"KL5M5L5O#5

()*)()+ ,%!'!./ 0/ #"  /12/'3"3!$' 045'/ %61!$'

P2'1 );2*1 2*1-$%3% .) $%6*-(-2* 1'-;)*(/ $,'*/ 3%=-2* @ Q/+' #")!0+ '1,
2"3!*!,"' .$# 2'1 0+,0/#1 4'#*"1R? /( 92'3 2&(/*-3 ./1 2*(2'31 B/3:%1? *2'1
/:9.2D2*1 $/1 (/>*-+'/1 93293/1 J .) $%(/(-2* $/1 92-*(1 $/ 2*(3)1(/5 S2'3
:/1'3/3 ./ 2*(3)1(/ $)*1 .,-:)=/? *2'1 '(-.-12*1 .) *2(-2* $/ )#$2!'+, +'- /1( ./
3%1'.()( $,'* ).'. $-T%3/*(-/. $/ 93/:-/3 23$3/ /* >)+'/ 92-*( $/ .,-:)=/5 U*
/T/(? ./1 92-*(1 $/ 2*(3)1(/ 233/192*$/*( )'0 B23(/1 (3)*1-(-2*1 $,-*(/*1-(% /(
$2* )'0 :)0-:) $' :2$'./ $/ =3)$-/*( MG5 U* 93)(-+'/? ./ ).'. $/ =3)$-/*(
92'3 ./1 -:)=/1 $-13I(/1 /1( 12';/*( )99320-:% 9)3 .) 2*;2.'(-2* $/ .,-:)=/
);/ $/1 :)1+'/15 V. /0-1(/ $/ *2:&3/'0 :)1+'/1 9/3:/(()*( $,/T/('/3 / ).'.
"(05'36 7#'8!,,6 (&'+9:$1,$+6 :$++;? 5 5 5# WXFY!℄5 [).=3% ./'31 2\(1 3/.)(-;/:/*(
%./;%1? *2'1 );2*1 29(% 92'3 ./1 29%3)(/'31 $/ F)**D +'- $2**/*( $/1 3%1'.()(1
9.'1 93%-1 );/ $/1 /T/(1 $,%>)*(-..2**)=/ /( '*/ 1/*1-&-.-(% )' &3'-( :2-*1
-:923()*(/ +'/ ./1 )'(3/1 29%3)(/'31 WF)*Y!℄5

7-*1-? 92'3 2*1(-('/3 '*/ 3%=-2*? -. B)..)-( $-1(-*='/3 $/'0 .)11/1 $/ 92-*(15
H) 93/:-I3/ .)11/ "C1# 2*/3*/ ./1 92-*(1 -*(/3*/1 J .) 3%=-2* ] ).231 +'/ .) $/'0C
-I:/ .)11/ "C2# /1( /../ $/1 92-*(1 B32*(-I3/1 $/ .) 3%=-2*5 S2'3 G'=/3 +','* 92-*(
) '* =3)$-/*( 1'<1)::/*( B23( 2' 9)1? *2'1 '(-.-12*1 '* 1/'-. S $/ 5!+$#!1$,!0+5
^/ / B)-(? -. /1( (3I1 -:923()*( $/ 93%-1/3 .) ;)./'3 +'/ *2'1 )T/(2*1 )' 1/'-. $/
&-*)3-1)(-2*5 U*1'-(/? .) 9)3(-(-2* $,'*/ 3%=-2* 1/3) .,/*1/:&./ $/1 2:921)*(/1
2**/0/1 $/ .,/*1/:&./ $/1 92-*(1 $/ .) 93/:-I3/ .)11/ C1 "3$5"3!1$,!0+#5 F/-
9/3:/( $,)T/(/3 J >)+'/ *2';/../ 3%=-2* '*/ %(-+'/((/ ".)&/.#5



 ! "#$%&'()*+, - .&*/*)*'%   

!"#$ "&'()(#*$ +, -).$,$-)* H / &"#' ,00+)1#"&' / 0"#$ -,1#* $.2)"& R ,03
0,$#* ,4* +* '*#)+ SR/ #&* 5)&,$)',()"& ,4* #& '*#)+ Ssol ∈ [0, SR]6 7#($*8*&(
9)(/ 0"#$ -,1#* &)4*,# 9* +, -).$,$-)* "$$*'0"&9,&( : #& '*#)+ SR/ &"#' 9.(*$3
8)&"&' +* &)4*,# '#)4,&( 4), #& '*#)+ Ssol )&;.$)*#$ : SR6 <"("&' *&=& 1#* 4# +,
9.$")'',&* 9*' '*#)+' 9* '*28*&(,()"& *& ;"&()"& 9# $,>&*8*&( 9* +, -).$,$3
-)*/ +*' $.2)"&' 0+,.*' ,# 0+#' -,#( 9* +, -).$,$-)* '*$"&( *++*' 9"&( +*' ;$"&3
()?$*' '"&( +*' 0+#' "&($,'(.*' *( : +@"00"'./ +*' $.2)"&' ,#A ;$"&()?$*' 8,+ 9.=&)*'
'* $*($"#4*&( ,# 0+#' 5,' 9* +@,$5"$*'*&*6

 !"! !" #$%&' () *+)&, (+ -./0&0&%1 (2)1+ /34&%1

!"#$ 9.(*$8)&*$ +* '*#)+ 9* 5)&,$)',()"& 9@#&* $.2)"&/ )+ *'( )&9)'0*&',5+* 9*
(*&)$ "80(* 9*' $*8,$1#*' '#)4,&(*' B

C6 9*' D8"$*,#AE 9* ;$"&()?$*' 0*#4*&( ,00,$,F($* : +@)&(.$)*#$ 9@#&* $.2)"&
',&' 0"#$ ,#(,&( 9.+)8)(*$ #&* '"#'3$.2)"& B )+ G , ,+"$' '"#'3'*28*&(,()"& H

I6 #&* 5)&,$)',()"& 0,$ #& '*#)+ ($"0 ;,)5+* ;"#$&)( #&* 0,$()()"& ($?' $)-*6
J,&' * ,'/ '")( +* '*#)+ -")') *'( ($"0 0*()( *( "& "5()*&( #&* 8*)++*#$*
0,$()()"& *& +* $*-,#'',&(/ '")( +, $.2)"& : 9)4)'*$ *'( -"8"2?&* *( 9"&/
1#*+ 1#* '")( +* '*#)+/ "& ,#$, ("#K"#$' #&* '#$3'*28*&(,()"&6 L& 9@,#($*'
(*$8*'/ ') {R1, R2, . . . , Rp} *'( +, 0,$()()"& 9@#&* $.2)"& R ,4* #& '*#)+ S
*(
{

R′1, R
′
2, . . . , R′q

}

*'( +, 0,$()()"& 9* R ,4* #& '*#)+ S ′ )&;.$)*#$ : S/ "&
, ,+"$' B

⋃q
i=1 R′i ⊂

⋃p
j=1 Ri ⊂ R6 M* 1#) '@*A0+)1#* 0,$ +* ;,)( 1#*/ ') "&

9)8)&#* +* '*#)+ 9* 5)&,$)',()"&/ "& "5()*&( &.*'',)$*8*&( 0+#' 9* 0")&('
;$"&()?$*' H

N6 "& &* 0*#( 0,' '("O*$ #&* 0,$()()"& 9?' 1#@#&* &"#4*++* $.2)"& ,00,$,F(6
L& *P*(/ +* 0$"5+?8* 9*' "0.$,(*#$' 9)P.$*&()*+' +"$'1#@)+' '"&( ,00+)1#.'
: #&* )8,2* '* 8,&);*'(* 9,&' +*#$ '*&')5)+)(. ,# 5$#)(/ : +, (*A(#$*/ *(6
Q& $)'1#* ,+"$' 9* '("O*$ #&* &"#4*++* 0,$()()"& : -,1#* ;"$8,()"& 9@#&*
$.2)"& ;,()*6 M@*'( 0"#$ *((* $,)'"& 1#* +@,+2"$)(-8* 9")( ,''#$*$ 9*' 9);3
;.$*&*' '#>',88*&( )80"$(,&(*' *&($* +*' &)4*,#A 9* '*28*&(,()"& 0"#$
1#* -,1#* &"#4*++* 0,$()()"& )&(?2$* 9*' &"#4*++*' $.2)"&' ')2&)=,()4*'6

7)&')/ 0"#$ -,1#* $.2)"& R ,00,$#* ,4* +* '*#)+ SR/ &"#' ,++"&' -*$-*$
+, 8*)++*#$* 0,$()()"& !R{Ri}i=1,... ,n "$$*'0"&9,&(* ,# '*#)+ Ssol S0 ≤ Ssol ≤
SRT6 Q$ '*28*&(*$ #&* $.2)"& $*4)*&( : 9)4)'*$ *++*3) *& '"#'3$.2)"&' 1#* +@"&
*'0?$* 0+#' -"8"2?&*'6 U*' 9*#A ,$,(.$)'()1#*' '(,()'()1#*' ,$,(.$)',&( ,#
8)*#A +@-"8"2.&.)(. 9@#&* $.2)"& '"&( ', 8"G*&&* *( ', 4,$),&*6 J* +:/ &"#'

  !"# $% #%'() *) $% +',#%#+') -$.'/%0) )(1'2#)34 SR )51 $% 6%$)"# *" /!*"$) *) 0#%*')(1 $)
7$"5 ,$)6, %8!"1, *) 94 7!"# 5.%55"#)# :") 1!"5 $)5 7';)$5 5!')(1 $%55,5 *%(5 "() 5)"$) #,0'!(<
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"#$%& '()%* +%, -$%/*$% 0,12,//"%/ ', 2,&+1,1 3, ',41( ', 0"1/*/*$%%,2,%/
'5+%, 1(4*$% ,% &, 6"&"%/ &+1 ,& ',+7 "1"/(1*&/*8+,&9 :$+1 , -"*1,; %$+& %$+&
&$22,& *%&0*1( ', 3" -$%/*$% Ci +/*3*&(, '"%& 3" 2(/<$', ',& %+(,& '=%"2*8+,&
>?@A+!B℄9 ?,//, -$%/*$% 1,01(&,%/, 3, 1"00$1/ ,%/1, 35+%*-$12*/( 2$=,%%, ',&
%*#,"+7 ', 41*& ',& 1(4*$%& ,/ 3" #"1*"%, ', 3" 2$=,%%, ',& 1(4*$%& 01$'+*/,& 0"1
3" 0"1/*/*$% P DE9FGH9

Ci(P ) =
Moyenne(V ariance(Ri))

V ariance(Moyenne(Ri))
DE9FGH

I$+/,-$*&; Ci %5,&/ 0"& "&&,J '*&1*2*%"%/, '"%& 3" 2,&+1, $K ', 0,/*/,& 1(4*$%&
L*%'(&*1"63,&M $%/ ',& *20"/& "+&&* *20$1/"%/& 8+, 3,& 1(4*$%& L&*4%*)"/*#,&M9
@$%; %$+& "#$%& 1((8+*3*61( 3,& ,N,/& ', <"+%, ',& 1(4*$%& ', 3" 0"1/*/*$% ,%
3,& 0$%'(1"%/ 0"1 3,+1 /"*33,9 O*%&*; %$+& "#$%& '()%* 3" -$%/*$% '5(#"3+"/*$% FR

', 3" 0"1/*/*$% P '5+%, 1(4*$% R "#, 3, &,+*3 P 0"1 DE9F H Q

FR(S) =
V ariance(R)

Taille(R)
.
∑

i∈|P|

Taille(Ri).V ariance(Ri) DE9F H

:$+1 2"%*0+3,1 ,/ $201,%'1, 3, $20$1/,2,%/ ', ,//, -$%/*$%; %$+& "#$%&
/1"( &$% 41"0<,; 1,3"/*#,2,%/ R +%, 1(4*$% R; ,% -$%/*$% '5+% ,%&,263, ',
&,+*3& '"%& 35*%/,1#"33, [0, SR]9 ?,* %$+& " 0,12*& ', '('+*1, 8+, 3" -$%/*$% FR

,&/ 2$%$/$%, >STAUU℄ ,/ 8+, 3,& #"1*"/*$%& ', FR $11,&0$%',%/ R ',& 0"3*,1&
03+& $+ 2$*%& 01$%$%(& DV ! E9FWH9 ?,& 0"3*,1& &$%/ '+& &$*/ R 35"00"1*/*$% '5+%,
2+3/*/+', ', 0,/*/,& 1(4*$%& 8+* 01$#$8+,%/ +% ,N,/ ', &+1X&,42,%/"/*$%; &$*/
R 3" -$12"/*$% ', 1(4*$%& &*4%*)"/*#,& 03+& <$2$4Y%,& 8+, 3" 1(4*$% '$%/ ,33,&
&$%/ *&&+,&9 Z% ,N,/; 3,& 0"3*,1& 3,& 2*,+7 2"18+(& $11,&0$%',%/ R 35"00"1*/*$%
'5+%, $+ ', 03+&*,+1& 1(4*$%& "+ &,*% ', 3" 1(4*$% R R &,42,%/,19 [,& &,+*3&
*%-(1*,+1& "+ &,+*3 '5"00"1*/*$% SR; 0$+1 3,&8+,3& FR ,&/ 01"/*8+,2,%/ $%&/"%/,;
&*4%*),%/ 8+5"++%, %$+#,33, 1(4*$% %5,&/ "00"1+, 6*,% 8+, ', %$+#,"+7 0$*%/&
&, &$*,%/ 6*%"1*&(& "+ -+1 ,/ R 2,&+1, 8+, 3, &,+*3 '*2*%+,9 O*%&*; 0$+1 <"8+,
1(4*$% '*#*&*63,; 3, &,+*3 Ssol 1,<,1<( ,&/ 3, &,+*3 3, 03+& (3,#( $201*& ,%/1, 0 ,/
SR $K 3" -$%/*$% " +% 0"3*,1 &*4%*)"/*-; 5,&/XRX'*1, &+0(1*,+1 R +%, "203*/+',
̺ 8+* $11,&0$%' "+ 2*%*2+2 '5+% &"+/ ', FR -"*&"%/ "00"1"\/1, "+ 2$*%& +%,
%$+#,33, 1(4*$% &*4%*)"/*#, DE9F!H9

Ssol = Sup {S ∈ [0, SR] /FR(S) ≥ ̺} DE9F!H

Z% ,N,/; ,% <,1<"%/ 3, &,+*3 Ssol 3, 03+& (3,#( 0$&&*63,; %$+& -,1$%& "00"1"\/1,
3, 03+& /�/ 0$&&*63, ',& 1(4*$%& '"%& 3" <*(1"1<*, ,/ %$+& $6/*,%'1$%& "*%&* ',&
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"#$%&'(#)* +,-* ./0,)*1 2$#3),,)3)%&4 ,/ #)6)#6) 7) Ssol #)8')%& 9 #:*$-7#) ,)
+#$0,(3) 7;$+&'3'*/&'$% (τ) *-'8/%& <

(τ) :















max
[0,SR]

S

δFR

δS
≥ ̺

=$-# *) 7$%%)# -% $#7#) 7) >#/%7)-# 7) ̺4 %$-* /8$%* #:*$,- ?τ@ +$-# -%
A)- 7;'3/>)* 3:7'/,)* )% &)*&/%& 7'B:#)%&)* 8/,)-#* 7) ̺1 C$-&)"$'*4 ', %;)*& +/*
%:)**/'#) 7) /,-,)# &$-&)* ,)* 8/,)-#* 7) FR +$-# #:*$-7#) (τ)1 D% )B)&4 %$-*
/8$%* &)%- $3+&) 7) ,/ +#$+#':&: '%7'E-/%& E-) FR )*& 3$%$&$%) )& %$-* /8$%*
/++,'E-: -% /,>$#'&63) +#$6) 7) ,/ #)6)#6) 7'6$&$3'E-) *$-* -%) "$#3) #:-#F
*'8) +$-# #:*$-7#) ?τ@ GHIJKK℄1
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 !"# M1NO P Q$-#0) #)+#:*)%&/&'8) 7) ,/ "$%&'$% FR1

C$-&)"$'*4 -%) *)>3)%&/&'$% 7/%* ,) /7#) 7)* '3/>)* 3:7'/,)* 7$'& #:+$%F
7#) 9 7)-R &S+)* 7) $%&#/'%&)*1 T;-% $&:4 &$-& '%7') 8'*-), )R&#/'& 7$'& U&#)
"$#&)3)%& $##:,: /8) ,/ +#$A)&'$% *-# ,) +,/% '3/>) 7;-%) #:>'$% 7) ,;$#>/%)
*-A)& 7- 7'/>%$*&'1 T) ,;/-&#) $&:4 ,/ *)>3)%&/&'$% 7$'& "$-#%'# -% 3/R'3-3 7)
+#'3'&'8)* %:)**/'#)* /- +#$)**-* -,&:#')-#*4 &$-& )% 3'%'3'*/%& ,)* %$% *'>%'F
./&'8)*1 Q)+)%7/%&4 7/%* )#&/'%)* :&/+)* 7) ,/ *)>3)%&/&'$%4 $% &#$-8) E-;$% /
7:A9 8'$,: ,/ +#)3'(#) 7) )* $%&#/'%&)*4 0')% E-;$% /'& /++,'E-: %$&#) /,>$#'&63)
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"#$% '#()(% *+ )+$(* ,+ )+-.+/010(#/2 3/ +4+05 /#$) 16#/) )#$6+/0 %+/#/0%75
)$%0#$0 1$8 /(6+1$8 *+) "*$) 91) ,+ *1 '(7%1%'(+5 ,+) )(0$10(#/) #: *1 "1%0(0(#/
,;$/+ %7-(#/ "%#,$(0 $/+ )#$)<%7-(#/ =>#%0+.+/0 #%%7*7+? 16+ )1 %7-(#/ .@%+ +0
0#$0+) *+) 1$0%+) ,+)+/,1/0+) )#/0 =(/#."1%19*+)? A *1 %7-(#/ .@%+2 B+( #%%+<
)"#/, A $/+ 701"+ ,+ )$%<)+-.+/010(#/ "$()C$+ *+) "+0(0+) %7-(#/) 6(#*+/0 0#$0+)
*+ "%+.(+% %(0@%+ 7/#/7 ( ,+))$)2

DE/ ,+ ,70+0+% *+) +4+0) ,+ )$%<)+-.+/010(#/ *#%) ,$ %1F/+.+/0 ,+ *;'(7%1%<
'(+5 /#$) 16#/) 9+)#(/ ,+ .+)$%+%5 '1C$+ >#()5 *+ ,+-%7 ,+ #%%7*10(#/ +/0%+ *1
%7-(#/ .@%+ +0 0#$0+) )+) ,+)+/,1/0+)2 D(/)(5 "#$% 761*$+% *1 %+))+.9*1/+ +/<
0%+ ,+$8 %7-(#/)5 /#$) /#$) )#..+) 91)7 )$% $/ +/)+.9*+ Ω ,+ (/C 100%(9$0)
G-7#.70%(C$+)5 %1,(#.70%(C$+) +0 0#"#*#-(C$+)H C$( %+)0+/0 %+*10(6+.+/0 )019*+)
"1% %1""#%0 A $/ >1(9*+ '1/-+.+/0 ,+ *;1/-*+ ,+ "%()+ ,+ 6$+ 5 "1% "%#I+0(#/ "+%<
)"+0(6+ +0 "1% ,7"*1+.+/0 %+*10(>2 B+) 100%(9$0) )#/0 J *1 .#K+//+ ,+) /(6+1$8 ,+
-%()5 *+ 01$8 ,;#$"10(#/ ,+ *1 %7-(#/ "1% %1""#%0 A )#/ %+01/-*+ (%#/)%(05 *1
#."1(075 *;+8+/0%((07 +0 *1 "#)(0(#/ ,+ *1 %7-(#/ ,1/) *;(.1-+ LMN!O℄2 Q1%.( +)
100%(9$0)5 +%01(/) )#/0 "*$) )019*+) C$+ ,;1$0%+) +0 (* +)0 0%@) ,(F(*+ ,+ ,7-1-+%
0'7#%(C$+.+/0 $/+ "#/,7%10(#/ C$1/0(E1/0 *+$%) (."#%01/+) +0 *+$%) )019(*(07)
C$1/0 1$8 ,7>1$0) ,+ *1 )+-.+/010(#/2 R#/5 /#$) 16#/) '#()( ,+ /#%.1*()+%
*+) ,+-%7) ,+ )(.(*(0$,+ *(7) A '1C$+ 100%(9$0 "*$0�0 C$+ ,+ 0%#$6+% +."(%(C$+<
.+/0 $/ "#(,) 1))#(7 A '1C$+ 100%(9$02 D(/)(5 /#$) 16#/) ,7E/( *1 >#/0(#/ Cor
,;761*$10(#/ ,$ ,+-%7 ,+ #%%7*10(#/ +/0%+ ,+$8 %7-(#/) R1 +0 R2 #..+ )$(0 J

Cor(R1, R2) =
1

Card(Ω)

∑

A∈Ω

fA(R1, R2) GT2UVH

16+5 ∀A ∈ Ω5 Card(A) +)0 *+ 1%,(/1* ,+ A +0 *1 >#/0(#/ fA +)0 ,7E/(+ "1% J

fA(R1, R2) =
Min(A(R1), A(R2))

Max(A(R1), A(R2))
GT2T!H

D(/)(5 /#$) 16#/) 1,1"07 *;1*-#%(0'.+ ,+ )+-.+/010(#/ +/ 1I#$01/0 1"%@)
'1C$+ "1%0(0(#/ ,;$/+ %7-(#/ ,+) 0+)0) )$% *1 >#/0(#/ ,+ #%%7*10(#/ ,+ +00+
%7-(#/ 16+ )+) ,+)+/,1/0+)2 W( #/ 0%#$6+ $/+ %7-(#/ E**+ Rf C$( +)0 =>#%0+.+/0
#%%7*7+? 16+ *1 %7-(#/ .@%+ Rm G !"! Cor(Rm, Rf) ≥ δ5 16+ δ ≃ 1H +0 76(,+.<
.+/05 "$()C$;(* /+ "+$0 "1) +8()0+% "*$) ,;$/+ )#$)<%7-(#/ =>#%0+.+/0 #%%7*7+?
16+ *1 %7-(#/ .@%+5 0#$0+) *+) 1$0%+) %7-(#/) ,#(6+/0 16#(% ,+) 61*+$%) ,+ *1
>#/0(#/ ,+ #%%7*10(#/ 16+ *1 %7-(#/ .@%+ "%+)C$+ /$**+) J #/ ,#(0 %+)+-.+/0+%
*1 %7-(#/ .@%+ +/ '+%'1/0 $/ 1$0%+ )+$(* ,1/) *;(/0+%61**+ [0, Ssol] C$( %+)"+0+

  !# !$% %&'$ (%#)! *+(& )!$ ,**)#,%#+-$ .! &!,),/! !% .! &!+-$%&(%#+- 01



 ! "#$%&'()*+, - .&*/*)*'%  !

"#$"%& '%& #)*+"+#)& *% ',-'.#/+"01% *% &%.1%)"-"+#) %" 2$+ *#))% *%& /3&$'"-"&
4'$& &+.)+5-"+6&7

8' %&" -$&&+ 4#&&+9'% *,$"+'+&%/ '- 6#)"+#) *% #//3'-"+#) Cor 4#$/ ',+)"3./-"+#)
4-/"+%''% *%& *%$: 4/#%&&$& *% &%.1%)"-"+#) %" *,-44-/+%1%)" *-)& '% -*/% *,$)
%)&%19'% *,+1-.%& *$ 1;1% 4-"+%)" <=>?@℄7 B,+*3% #)&+&"% C /3-'+&%/ '- &%.1%)D
"-"+#) *,$)% +1-.% %) &% 9-&-)" &$/ ',0+3/-/0+% *3EC *35)+% *,$)% -$"/% +1-.%7
FG-)" $)% &%.1%)"-"+#) *,$)% +1-.%H )#$& 0%/0#)& C &%.1%)"%/ $)% -$"/% +1D
-.% "#$" %) %I%"$-)" '%& -44-/+%1%)"& '%& 4'$& 5-9'%& J#$4'%& *% 9-&%K7 L) %I%"H
)#$& $"+'+&#)& '- 0+3/-/0+% ~ *% '- 4/%1+M/% +1-.% 4#$/ 6-+'+"%/ '- "N0% 4#$/
'- &%#)*% +1-.%7 O#$/ 0-2$% /3.+#) R2 C &%.1%)"%/H )#$& 0%/0#)& *-)& ~ '-
/3.+#) #//%&4#)*-)"% R1 J !"! Cor(R1, R2) 1-:+1-'%K7 P)% 6#+& 2$% )#$& -Q#)&
*3"%/1+)3 '- /3.+#) R1 #//%&4#)*-)"% C R2 *#)" #) #))-R" '% &%$+' *% &%.1%)"-D
"+#) S1H '- /%0%/0% *+0#"#1+2$% *$ &%$+' *% &%.1%)"-"+#) S2 *% R2 #11%)%
&$/ ',+)"%/Q-''% [min(0, S1 − |SR2 − S1|), min(S1 + |SR2 − S1|, SR2)] C '- 4'-%
*% ',+)"%/Q-''% [0, SR2]7 S%""% 13"0#*% )#$& 4%/1%" *% .-.)%/ %) "%14& *% -'$'
4$+&2$% )#$& %&&-G#)& *% /3*$+/% ',+)"%/Q-''% *% /%0%/0% *$ &%$+' 7 T+ *% 4'$&H %&
*%$: /3.+#)& R1 %" R2 &#)" U6#/"%1%)" #//3'3%&VH -'#/& '% #$4'% (R1, R2) %&" $)
#$4'% *% 9-&% 4#$/ ',-44-/+%1%)" *%& *%$: +1-.%& #//%&4#)*-)"%&7 W#$"%6#+&H
#) /+&2$% *% &% #)6/#)"%/ -$ -& #X $)% /3.+#) %&" 4#"%)"+%''%1%)" 0#1#'#.$% C
*%& /3.+#)& *+&"+)"%& *% ',-$"/% +1-.%7 S%+ %&" /3&#'$ %) Q-'+*-)" '% #$4'% *%
9-&% 1-:+1+&-)" Cor7

L) 4'$&H Q$ ',+14#/"-)% *% %""% 3"-4% 2$+ )#$& 4%/1%" *,-Q#+/ *%& 4#+)"&
*% *34-/" 4#$/ '- &$+"% *$ 4/#%&&$& *,-44-/+%1%)"H )#$& -Q#)& +14#&3 *%& #)D
"/-+)"%& &$44'31%)"-+/%& -&&%Y &3'%"+Q%& 4#$/ .-/-)"+/ $) "-$: *% #)5-)% 3'%Q37
S%""% 3"-4% *% Q-'+*-"+#) #)&+&"% C *35)+/ 4#$/ 0-2$% #$4'% *% 9-&% *3"%/1+)3
(R1, R2) $) Q%"%$/ d *#)" '- 1%&$/% -'.39/+2$% 3Q-'$% '- *+&4-/+"3 %)"/% '%& %)D
"/%& *% ./-Q+"3 &$%&&+6& *%& /3.+#)& R1 %" R27 L)&$+"%H 0-2$% #$4'% *% 9-&%
*#)" ',3'+1+)-"+#) 1+)+1+&% '- Q-/+-)% *$ )$-.% *%& 4#+)"& di &%/- +)Q-'+*37 Z%
4'$&H )#$& -Q#)& 0#+&+ *% )% &3'%"+#))%/ #11% #$4'%& *% 9-&% 2$% '%& #$4'%&
-G-)" $) "-$: *% #)5-)% "/M& 3'%Q3 Jδ = 0.95K7 F+)&+H '% 4/#%&&$& *% .3)3/-"+#)
*%& #$4'%& *% 9-&% &% /3-'+&% -$ #$/& *% '- &%.1%)"-"+#) *% '- *%$:+M1% +1-.%7
S%+ -44#/"% C 6#/"+#/+ $)% +)6#/1-"+#) &31-)"+2$% -$ 4/#%&&$& *% &%.1%)"-"+#)
4#$/ Q-'+*%/ '- &%.1%)"-"+#) *% '- 4/%1+M/% +1-.%7 L)5)H $) 4/#%&&$& *% 4/#4D
-.-"+#) *% ',-44-/+%1%)" C 4-/"+/ *%& *+I3/%)"& 3'31%)"& *,-)/-.% J#$4'%& *%
9-&%K 4%/1%" *% *35)+/ ',%)&%19'% #14'%" *%& #$4'%& -44-/+3& C 4-/"+/ *%& *%$:
-/"%& *% /3.+#)& /%'-"+Q%& -$ *%$: +1-.%& <=>?@℄7

  ! "!#$% &! %!'#!(")"*+( ,- +#$/*% 01)$$)/*!#!(" &!% /2'*+(% &! 3)%!4 &! 0) %!+(&!
*#)'! !%" &! 01+/&/! &! 81.7% &! !05* &! 0) $/!#*6/! *#)'!7



 !  !"#$% &'(')*+,% -!,) $%. /012 .

 !"! !# $%&'(%)* +,-%%.' +) /- 12*'%3'&12 4&5%-%4&63)

"#$%&'%#%&( %)*+ #,,)%+ -'&&.' '% )'*/.' *%' +0.$' 1' .23,'+ 4)*. 10&'.5
-$%'. 6 7*', -)-'%& *%' 8.#%:' 1' ,;#.8).'+'%' 1)$& '++'. 1' +' .#-$<'.=
>%' .03$)% 1'/$'%& $%1$/$+$8,' +$ )% ? #44,$7*' *% +'*$,,#3' 4.)/)7*#%& *%' +*.5
+'3-'%&#&$)%= @'$ +;'A4,$7*' 4#. *%' .04#.&$&$)% 7*#+$5*%$B).-' 1'+ /#,'*.+ 1*
-)1*,' 1' 3.#1$'%& +*. ,;'%+'-8,' 1' ,# .03$)%= @;'+& 4)*.7*)$ %)*+ #/)%+ -#%$45
*,0 ,;:$+&)3.#--' HR C!=!DE 1;*%' .03$)% R 4)*. '+&$-'. ,# 1$+&.$8*&$)% 1* -)15
*,' 1' 3.#1$'%& CF ! !=DGE= H*. '& :$+&)3.#--' %)*+ 1$+&$%3*)%+ 1'*A B).-'+=
I# 4.'-$2.' '+& *%$-)1#,' .'4.0+'%&#%& *%' $-4).&#%&' 7*#%&$&0 1' 4)$%&+ 1)%&
,' -)1*,' 1' 3.#1$'%& J*&*' #*&)*. 1' B#$8,'+ /#,'*.+= @'+ 4)$%&+ )%+&$&*'%&
,' %)?#* 1'+ B*&*.'+ .03$)%+ 6 10&'&'. 1#%+ ,# -'+*.' )K $,+ 'A$+&'%& 1'+ 4)$%&+
LB.)%&$2.'+M 4)*. ,'+ +04#.'.= I# 1'*A$2-' '+& #4,#&$' '& )..'+4)%1 6 *% '%+'-8,'
4,*+ .'+&.'$%& 1' 4)$%&+ 1)%& ,' 3.#1$'%& '+& +*40.$'*. #*A /#,'*.+ -)?'%%'+ 1'
,;$-#3'= >%' 4#.&$' 1' '+ 4)$%&+ +'./$.# 6 )%+&.*$.' 1'+ B.)%&$2.'+ 4)*. +04#.'.
,'+ %)*/',,'+ .03$)%+= F).-',,'-'%&( 7*#%1 Ssol '+& '%).' L0,)$3%0M 1'+ /#,'*.+
-)?'%%'+ Smoy C!=!!E '& 1'+ /#,'*.+ 1* 4$ Smax C!=!NE( ,'+ 4)$%&+ #*51'++*+ 1'
Ssol B).-'%& 1'+ B.)%&$2.'+ +*O+#--'%& +$3%$<#&$/'+=

HR(S) =
nR(S)

∑SR−1
s=0 nR(s)

C!=!DE

)K( nR(s) = Card({(i, j) ∈ I / Label(i, j) = R et MG(i, j) = s})=

" !# !=DG P Q$+&)3.#--' HR 4)*. SR 0,'/0=



 ! "#$%&'()*+, - .&*/*)*'%  !

Smoy =

SR−1
∑

s=0

s.HR(s) "#$##%

HR(Smax) = max
s∈[0,SR[

HR(s) "#$#!%

&'(')*+),- /00' )/,1' +23/14,50' 6'30'),' +7' *'6 7+2'816 *' 6'8426 Ssol

*' (286 ') (286 (',4,'6- 2' 0/*' *' HR 69:2+134, ', 2+ 1'2+,4/) (1::*'),' ;+4,
*:;+8,$ <+)6 2+ 0'681' /= 294),'17+22' [0, SR] *'74'), (286 1'6,1'4),- 42 ;+8, 1'3+1*'1
*' (286 (1>6 2+ 1:(+1,4,4/) *'6 ;1:?8')'6 *+)6 29546,/31+00'$ @+ )/,4/) 2+664?8'
(/81 0'681'1 8)' *46,14A8,4/) '6, 29'),1/(4'- )/,:' ER "#$#B%- ?84 ;/81)4, 8)'
4*:' 681 2+ (+1,4,4/) *'6 7+2'816 681 29546,/31+00' 2' 2/)3 *' 29+C' 1'(1:6'),+), 2'
0/*82' *8 31+*4'), DEFGHB℄$ J/86 29+7/)6 '0(2/K'1 ') /)64*:1+), 295K(/,5>6'
6847+),' L 2/16?8' Ssol '6, (1/5' *'6 7+2'816 ;+4A2'6 *' 31+*4'),- /) 69+,,')* M
/A6'17'1 *'6 7+2'816 *8 31+*4'), *46,14A8:'6 8)4;/10:0'), 2' 2/)3 *' 294),'17+22'
[0, Ssol[ ', ('8 *' (/4),6 681 [Ssol, SR]- 64)/) 42 6' (1/*841+4, 8)' 681N6'30'),+,4/)$

ER = Entropie(HR) = −
SR−1
∑

s=0

HR(s). log(HR(s)) "#$#B%

O) :,8*4+), *'6 1:34/)6 64,8:'6 M *4P:1'),6 )47'+8C *' 2+ 54:1+154'- )/86
+7/)6 5'15: 8) 24') '),1' 2'6 +,,14A8,6 *' HR- *:Q)46 4N*'6686 ', 2' 1:682,+, *'
6'30'),+,4/) *' '6 1:34/)6$ O) 'P',- (/81 8)' 1:34/) *47464A2'- )/86 +7/)6 /AN
6'17: 8)' ;/10' 8)40/*+2' *' HR$ R4 /) /)6,184, 8) 546,/31+00' H∗

R /= ,/8,'6
2'6 ;1:?8')'6 6'1+4'), :?84(+1,4'6 681 294),'17+22' [0, Ssol[ ', )822'6 +422'816- +2/16
/) 7:14Q'- ,/8S/816 (/81 2' 0T0' +6 *' 1:34/)- ?8' 2'6 7+2'816 *' HR 6/), (286
/)'),1:'6 681 8) (',4, 4),'17+22' ?8' '22'6 *' H∗

R$ <+)6 8)' ,'22' 64,8+,4/)- 2'
0/*' *' HR + (1+,4?8'0'), *46(+18 ', *'74'), 0/4)6 (1/)/): ?8' '284 *' H∗

R$
U/81 /0(+1'1 2+ *46,14A8,4/) *'6 ;1:?8')'6 *' HR ', H∗

R- )/86 +7/)6 +282:
2'816 '),1/(4'6$ <'6 64,8+,4/)6 *' 681N6'30'),+,4/) *'74'))'), +2/16 *:,',+A2'6
2/16?8' 29'),1/(4' *' HR *'74'), 68(:14'81' M '22' *' H∗

R$ <' 2M- )/86 +7/)6 (146
/00' /)*4,4/) *9+11T, *8 1+V)'0'), *98)' A1+)5' *' 2+ 54:1+154' 2+ 1>32'
6847+),' L

 !  !"#$%&'(HR) ≥  !"#$%&'(H∗
R) "&('( ER ≥ log(Ssol)%

"#$% R ')" )*#+)',-'!".' "&('( R ')" &!/&0&)&12' 3 4'*&22' /' 256&.#7#6&'%$
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 !"! !# $%&'(&)*+ ,* '-(.* &//.-1* ,* +*)2*'(&(3-'

"#$%& '((%#*& +& ,&-.&/$'$0#/ &,$ '%'$1%0,1& ('% 2&, '3'/$'-&, ,403'/$, 5

67 '((%#*& .42$08(%0.0$03&, 5 &0 /#4, (&%.&$ +& #4(2&% 2&, '3'/$'-&, +&, %18
-0#/, &$ +&, #/$#4%,7 9/ &:&$; /#4, '3#/, 4$020,1 4/& .1$*#+& +<&=$%'$0#/
+& (#0/$, +& #/$%',$& (#4% +120.0$&% 2&, (%0.0$03&, %1-0#/,; &$ .'/0(42&%
2&4% +&/,0$1 +<0/>#%.'$0#/ (#4% #/$%�2&% 2' ,&-.&/$'$0#/ @

A7 '((%#*& 0/3'%0'/$& ('% %#$'$0#/ +& 2<0.'-& 5 2' .1$*#+& &,$ 0/+1(&/+'/$&
+4 ,&/, +4 ('%#4%, +& 2<0.'-& @

B7 #.(&/,'$0#/ +&, &:&$, +& ,4%8,&-.&/$'$0#/ &$ +& ,#4,8,&-.&/$'$0#/ 5 2<'(8
(%#*& (&%.&$ +& >#4%/0% '4 (%#&,,4, +& *'4$ /03&'4; /#$'..&/$ &240
+<'(('%0&.&/$ +&, 0.'-&, +4 .C.& ('$0&/$; +&, ,&-.&/$'$0#/, %1'20,1&, D
+&, /03&'4= +0:1%&/$,7 E& (24,; ,'*'/$ F4& 2&, .1$*#+&, 2',,0F4&, +& ,&-8
.&/$'$0#/ &/ %1-0#/, 4$020,&/$ (24,0&4%, ,&402, +1(&/+'/$ +& 2<'((20'$0#/; 02
,&.G2& (24, 2#-0F4& +& .'/0(42&% +0:1%&/$&, ,&-.&/$'$0#/, (#,,0G2&, (24$�$
F4& +<13'24&% 2' F4'20$1 +&, %1,42$'$, ,4% 4/& ,&42& ,&-.&/$'$0#/ @

!7 '((%#*& *01%'%*0F4& +&,&/+'/$& 5 &22& (&%.&$ +& %&-%#4(&% (24,0&4%, ,&-8
.&/$'$0#/, (#,,0G2&, +& 2<0.'-& &/ +030,'/$ (%#-%&,,03&.&/$ 2&, %1-0#/,7
H0/,0; 2' ,&-.&/$'$0#/ I/'2& +& *'F4& 0.'-& &,$ #G$&/4& ('% 2<',,#0'$0#/
+&, '%G%&, +& ,&-.&/$'$0#/,7

9/ %&3'/*&; #4$%& 2<13'24'$0#/ F4'20$'$03& +& 2' (&%$0/&/& +&, %1,42$'$, +&
/#$%& '2-#%0$*.& +& ,&-.&/$'$0#/; &$ F40 &,$ G',1& &,,&/$0&22&.&/$ ,4% 2<'((%18
0'$0#/ 30,4&22& +&, %1,42$'$, ('% +&, &=(&%$, JKLMNN℄; +&, $%'3'4= +& %&*&%*&
'4 ,&0/ +& /#$%& 1F40(& JHLNP℄ #/$ #/I%.1; ('% +&, .&,4%&, F4'/$0$'$03&,; F4&
/#$%& '2-#%0$*.& (%#+40$ +&, %1,42$'$, .&022&4%, (#4% 2&, Q#/&, 4/0>#%.&, F4& &4=
#G$&/4, D ('%$0% +& (24,0&4%, $&*/0F4&, 2',,0F4&, +& ,&-.&/$'$0#/7 9/ &:&$; 2&,
'4$&4%, #/$ (%#(#,1 4/& /#43&22& .1$%0F4& +<13'24'$0#/ +&, .1$*#+&, +& ,&-.&/8
$'$0#/ G',1& ,4% +&, '%$&, %1-0#/, +& %1>1%&/&, R31%0$1 $&%%'0/S7 T&$$& 1$4+& '
+1.#/$%1 2' ,4(1%0#%0$1 +& /#$%& '2-#%0$*.& *01%'%*0F4& +& ,&-.&/$'$0#/ &/ %18
-0#/, ('% ,&4022'-& '+'($'$0> ('% %'((#%$ '4= ,0= .1$*#+&, 1$4+01&, +'/, 2& ',
+& 2' ,&-.&/$'$0#/ +&, Q#/&, 4/0>#%.&, R%#0,,'/& +& %1-0#/,; +030,0#/8>4,0#/;
.42$0,&4022'-& ('% ('%$0$0#//&.&/$ +& 2<*0,$#-%'..& ,&2#/ 2& %0$U%& +&  !"#$%;
.42$0,&4022'-& ('% '/'2V,& +& 2' .'$%0& +& ##4%%&/&, ,&2#/ &#'()' JWWN!℄;
2',,0I'$0#/ ('% XTY &$ 2',,0I'$0#/ ('% Z""S7

[#4$&>#0,; &$$& 2',,0I'$0#/ ('% ,&4022'-& /#4, (2'& &/ +&*#%, +4 '+%& +&
2' +1I/0$0#/ ,$'/+'%+ +<4/& ,&-.&/$'$0#/ &/ %1-0#/, JKK A℄7 9/ &:&$; &%$'0/,
(0=&2,; D 4/& 1$'(& +#//1& +& 2' #/,$%4$0#/ +& 2' *01%'%*0&; /<'(('%$0&/+%#/$



 ! "#$%$&$'( ) *+$-$./  !

" #$$&' (') *+,-.&)/ 0') 1-2'3) 4-&#*-)+) )#&) 3#4'3 1'*5'66'&6 '& 1#*6-$3-'*
(' )+1#*'* 3') *+,-.&)/ 7'$* .&'&6*#6-.& '& 4.*($*' (8$&' *+,-.& (+1'&( (' 3#
)6#4-3-6+ (') 9*.&6-:*')/ ;3$) -3) )' $5$3'&6 3' 3.&, (8$&' 9*.&6-:*' (' *+,-.&< 13$)
-3) 6+5.-,&'&6 (' 38-&)6#4-3-6+ (' 3# 9*.&6-:*'< ' =$- ')6 ).$>'&6 3' #) 1.$* 3')
*+,-.&) 1'$ .&6*#)6+')/ ?& 13$) (' 3# 1*'5-:*' 1*.1*-+6+ @I =

⋃n
i=1 RiA (' 3#

(+B&-6-.& )6#&(#*( (8$&' )',5'&6#6-.& '& *+,-.&) =$- &8')6 13$) >+*-B+' 1#* 3#
(+B&-6-.& (' 3# *+,-.& =$' &.$) #>.&) #(.16+' @!"! C/D/EA< 3# &.6-.& (8#(F#'&'
'&6*' ('$2 *+,-.&) # +6+ #(#16+' " 38#11*.G' G-+*#*G-=$'/ H-&)-< ('$2 *+,-.&)
).&6 (-6') #(F#'&6') )- '33') &' ).&6 )+1#*+') =$' 1#* (') 1-2'3) &.& 3#4'33-)+)/

 !" #$ %&'(')'*+ , -.'0'12

0' ('*&-'* ?I #)).-' 3') 1*-5-6->') #$2 (-J+*'&6') (+-)-.&)/ 08')6 38?I 3' 13$)
K>-)-43'L (' &.6*' 5.(:3' '6 =$- #$5$3' 3') 'J'6) (' 6.$6') 3') ).$*') (8-51'*M
9'6-.&) (' 38'&)'543' (') ?I)/ N#&) &.6*' #)< -3 .&)-)6' " #66*-4$'* " G#=$'
*+,-.& (' 3# O.&' (8-&6+*P6 @QIA (+B&-' 1#* 38?I R4)'*>#6-.&M;*-5-6->' 38+6-=$'66'
(8$&' 9#5-33' (-#,&.)6-=$'/ H-&)-< .& G'*G' 1#*5- 3') 9#5-33') '33' =$- 5#2-5-)'
$&' 9.&6-.& (' .**')1.&(#&' '&6*' )# 1*.1*' (')*-16-.& '6 '33' (' G#=$' *+M
,-.& (' QI/ S+&+*#3'5'&6< '3# *'>-'&6 (#&) 3# 13$1#*6 (') #113-#6-.&) 5+(-#3')
" (+-('* )- 3# *+,-.& (8-&6+*P6 ')6 5#3#(' .$ &.&/ 0'66' (+-)-.& ')6 1*-)' ,*T'
" (') .&&#-))#&') # 1*-.*- )$* 38.*,#&' +6$(-+ '6 )$* 3') )-,&') 3-&-=$') (' 3#
5#3#(-' .4F'6 (' 38+6$('/

0'6 ?I &' 1'$6 1#) P6*' )6#&(#*(-)+ >$ )# (+1'&(#&' 1#* *#11.*6 " 38#113-M
#6-.& 5+(-#3' +6$(-+'/ N#&) (') #) *#*')< -3 ')6 1.))-43' (' 1*'&(*' 3# (+-)-.&
(-*'6'5'&6 " 1#*6-* (' 3# (+B&-6-.& (' QI/ ;#* .&6*'< (#&) 3# 13$1#*6 (') #1M
13-#6-.&)< 3# 1*-)' (' (+-)-.& " 1#*6-* (' 38.4)'*>#6-.& (' QI ')6 -51.))-43'/ ?&
'J'6< 38-&6'*1*+6#6-.& >-)$'33' (') *+)$36#6) 1.$* 3# 1*-)' (' (+-)-.& &8')6 1#) $&'
6TG' #))'O )-513' 5P5' 1.$* 3') 3-&--'&) 3') 13$) '21+*-5'&6+)/ H-&)-< 3') *#M
(-.3.,$') ).&6 (' 13$) '& 13$) -&6+*'))+) 1#* (') )U)6:5') #$6.5#6-=$') #))-)6+)
1#* .*(-&#6'$* 1.$* 38-&6'*1*+6#6-.& (' ') .&&#-))#&') =$- 6*#($-)'&6 (') )-,&')
3-&-=$') (' 3# 5#3#(-' +6$(-+'/ 0'- -51.)' ).$>'&6 3# #*#6+*-)#6-.& (' G#=$'
*+,-.& (' QI 1#* $& '&)'543' (' (')*-16'$*) *'V+6#&6 3') *-6:*') 3-&-=$') )+M
1#*#&6 3') (-J+*'&6') 3#))') (-#,&.)6-=$')/ ?&)$-6'< ') (')*-16'$*) 1'*5'66'&6
$&' 1*-)' (' (+-)-.&/ ;.$* '3#< &.$) -&6*.($-).&) $& ?I -&6'*5+(-#-*' (.&6 3'
*�3' ')6 (' (+B&-* G#=$' *+,-.& 1#* $& '&)'543' (' (')*-16'$*) @#$ %&'(')'*+ ,
-+.&'/)'01A 1$-) $&' #$ -+.&'/)'01 , -2'.'01 1'*5'6 3# 1*-)' (' (+-)-.&/
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 !"!# $% &'()(*(+, - .,/'(1*(23

"#$ %& '()*$+,# -#. )0)$10+.$+'(#. 2# -) 34*# 25+*$106$ 7)0 (* #*.#89-# 2#
7)0)8:$0#. ;4( )$$0+9($.< 0#=1$)*$ -#. .+>*#. 2# -) 7)$?4-4>+# 49@#$ 2( 2+)>*4.A
$+B "#. 7)0)8:$0#. 400#.74*2#*$ C 2#. 8#.(0#. 2# *)$(0# >1481$0+'(#D 7?4A
$481$0+'(# #$ .$)$+.$+'(# #$ +-. .#0E#*$ -) -)..+,)$+4*B F-(. #. 7)0)8:$0#. .4*$
.+>*+,)$+G. #$ 2+.0+8+*)*$.D 7-(. +- #.$ G)+-# 2# .17)0#0 -#. G408#. #* G)8+--#.
?484>:*#.B H) 7-(7)0$ 2#. 8#.(0#. 7?4$481$0+'(#. #$ .$)$+.$+'(#. 7#(E#*$ 6$0#
01)-+.1#. C 7)0$+0 2# -) 34*# 25+*$106$ 21,*+# 7)0 -5%&  !"#$%&'()*+,$(-('(%#B F)0
4*$0#D -51E)-()$+4* 2#. )0)$10+.$+'(#. >1481$0+'(#. #$ $474-4>+'(#. 2# I& ;$#--#.
'(# -) 487)+$1D -5)--4*>#8#*$D -5+001>(-)0+$1 2( 4*$4(0D #$B< *1#..+$# 2# 21,*+0
-) G04*$+:0# 2# ?)'(# 01>+4* 2# I& 7)0 (* 74-J>4*#B "5#.$ 74(0'(4+D *4(. +*$04A
2(+.4*. (*# *4(E#--# )7704?# 25)7704K+8)$+4* 74-J>4*)-# 9).1# .(0 -#. )->4A
0+$?8#. >1*1$+'(#.B

 !"!#!# $%&''()*+,&-+). ')/01).&/2

H5)7704K+8)$+4* 74-J>4*)-# 4*.+.$# C $0)*.G408#0 (*# ?)L*# 2# 74+*$. 4*A
*#K#. #* (*# .(+$# 2# .#>8#*$. 2# 204+$#B &- .5)>+$ 2# 0#701.#*$#0 (*# G408# 7)0
(* 74-J>4*#D # '(+ #.$ $0:. ($+-# 74(0 -) 2#.0+7$+4* 2# -) G408# 7)0 2#. 8#.(0#.
>1481$0+'(#.B %* #M#$D -5)7704K+8)$+4* 74-J>4*)-# #.$ (*# 1$)7# +*4*$4(0*)9-#
.+ -#. )0)$10+.$+'(#. >1481$0+'(#. 2#. 49@#$. 24+E#*$ 6$0# 70+.#. #* 487$#D #
'(+ #.$ .4(E#*$ -# ). 74(0 *4$0# .J.$:8# NOPQ&R 4S 4* #.$ )8#*1 C 210+0#
?)'(# 01>+4* 2# I& 7)0 2#. 8#.(0#. >1481$0+'(#. 8421-+.)*$ #0$)+*. +*2+#. 2#
8)-+>*+$1B "#$$# )7704K+8)$+4* ?#0?# C 4*.#0E#0 $4($#. -#. )0)$10+.$+'(#. #$
$4($# -5)77)0#*# E+.(#--# 2# -) G04*$+:0# ;4(09#< )E# -# 84+*. 2# 74+*$. 74..+9-#.
),* 254(7#0 -# 8+*+8(8 2# 7-)# 8184+0#B &- .5)>+$ )+*.+ 25(*# 4870#..+4*
T47$+8)-#U 2# -) G04*$+:0# 7)0 (* 74-J>4*# .(0 -#'(#- 4* 7#($ 01)-+.#0 2#. 8#.(0#.
>1481$0+'(#.B

Q5(* 74+*$ 2# E(# 70)$+'(#D +- J ) 2#(K G)V4*. 2# 8421-+.#0 -5)7704K+8)$+4*
74-J>4*)-# ;34<B "487$# $#*( 25(*# G4*$+4* 2+.$)*# d 8#.(0)*$ -5#00#(0 #*$0#
2#(K 74-J>4*#.D #. 2#(K 842:-#. .4*$ W

X '(2,+2( ,)56/2 W 1$)*$ 24**1 (* .#(+- φD 4* ?#0?# -# 74-J>4*# P 48A
740$)*$ -# 7-(. 7#$+$ *4890# 2# 74+*$. #$ 24*$ -) 2+.$)*# 7)0 0)7740$ C -)
4(09# +*+$+)-# ζ *# 217)..# 7). φ ;YBYZ< [\\]Y9℄B

(π1) :

{

PA(ζ) = P / Card(P ) = min
Q⊂Λ

Card(Q)

Λ = {Q ⊂ ζ / d(ζ, Q) ≤ φ}
 !"!#$



 ! "#$%$&$'( ) *+$-$./  !

"  !"#$%&! &' %(! # $%&'% ()''$ *+ '),-.+ m (+ /)0'%1 23+ ()0% &4)0. *+
/)*56)'+ &//.)70,&'% P 8 )' :+.:+ 3' /)*56)'+ ; m /)0'%1 ,0'0,01&'%
*& (01%&'+ /&. .&//).% ; *& )3.-+ 0'0%0&*+ ζ (+ &.(0'&* n <m < n= <>?>@=
ABCDD℄?

(π2) :

{

PA(ζ) = P / d(ζ, P ) = min
Q⊂Γ

d(ζ, Q)

Γ = {Q ⊂ ζ / Card(Q) = m}
<>?>@=

F&'1 *+ &(.+ (+ ')%.+ %.&4&0*8 ')31 ')31 1),,+1 0'%$.+11$1 &3 (+370G,+ ,)(H
G*+ <π2=? IJ).060'&*0%$ (+ +%%+ &//.):+ .$10(+ +11+'%0+**+,+'% (&'1 *& /)110-0*0%$
(+ )'%.�*+. *+ (+6.$ (J+1%0,&%0)' 230 +1% ($L'0 /&. *+ .&//).% (+1 (+37 /&.&,G%.+1
n +% m? M+/+'(&'%8 /)3. .$1)3(.+ *+ /.)-*G,+ ),-0'&%)0.+ <π2=8 )' ()0% :+.:+.
*& ,+0**+3.+ 1)*3%0)' /&.,0 Cm

n /)110-0*0%$1? NL' (+ .$(30.+ *& ),/*+70%$ ),H
-0'&%)0.+8 ')31 &4)'1 3%0*01$ *+1 &*6).0%:,+1 6$'$%023+18 + 230 ')31 & /+.,01 (+
%.)34+.8 (&'1 *& /*3/&.% (+1 &18 3'+ 1)*3%0)' )/%0,&*+ )3 23&10H)/%0,&*+? O)31
&**)'1 /.$1+'%+. (&'1 + 230 130% *& %+:'023+ (+1 &*6).0%:,+1 6$'$%023+1 &0'10 23+
*J&//.):+ /.)/)1$+ /)3. *& .$&*01&%0)' (+ *J&//.)70,&%0)' /)*56)'&*+?

)*+*,*) -!. /(0'1$23&!. 04542$6"!.

I+1 &*6).0%:,+1 6$'$%023+1 .+/.$1+'%+'% 3'+ P&,0**+ &11+Q .0:+ (J&*6).0%:,+1
(J)/%0,01&%0)' 1%):&1%023+? M),,+ *+3. '), *J0'(023+8 0*1 .+/)1+'% 13. *+1 /.0'0H
/+1 P)'(&,+'%&37 (+ *& 6$'$%023+ :3,&0'+? R' %.&4&0**+ &0'10 13. 3'+ /)/3*&%0)'
(J0'(040(31 <!"#$#%#$&%= &.&%$.01$1 /&. *+3. 1$23+'S&6+ 6$'$%023+ <*J+'1+,-*+
(+ *+3.1 '()&% 230 /)11G(+'% /*310+3.1 4&*+3.1=? T'+ /)/3*&%0)' +' +'6+'(.+ 3'+
&3%.+ 13. *+ /.0'0/+ (+ *& 1$*+%0)' '&%3.+**+ 230 13//)1+ 23+ 1+3*1 *+1 0'(040(31
*+1 ,0+37 &(&/%$1 ; *+3. +'40.)''+,+'% 4)'% 13.404.+ +% +'6+'(.+. (+ ')34+&37
0'(040(31 /&. .)01+,+'% +% ,3%&%0)'? U&. .&//).% &37 &*6).0%:,+1 (0%1 *+%%,-.&%8
+1 &*6).0%:,+1 6$'$%023+1 1+ &.&%$.01+'% /&. #

V? *& ,&'0/3*&%0)' (J3' )(&6+ (+1 /&.&,G%.+1 (3 /.)-*G,+8 +% ')' /&1 *+1
/&.&,G%.+1 +37H,W,+1 X

>? *J3%0*01&%0)' (J3'+ /)/3*&%0)' (J0'(040(318 &3 *0+3 (Y3' 1+3* 0'(040(3 X

Z? *J3%0*01&%0)' (+ *& ')%0)' (+ :&1&.( +% (+ /.)-&-0*0%$?
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!" #$#%& '" ()*+,-%./# *0"0%-1'# #2% '"# 3,+05',# -%0,(%-6# 1'- +"2-2%# 7
.#,.#, )#2 #8%,#/( 59'"# :+"%-+" 50;"-# 2', '" #23(# 5# 5+""0#2& # 1'- ,#<
6-#"% 7 %,+'6#, )( +' )#2 2+)'%-+"2 59'" 3,+=)>/# 5+""0? @+', #)(& '"# 3+3')(%-+"
59-"5-6-5'2 5# %(-))# +"2%("%# 5+-% A%,# 50;"-# 5# 2+,%# 1'# .(1'# -"5-6-5' +,<
,#23+"5 7 '" 3+-"% 5# )9#23(# 590%(%? B"# :+-2& )# +5(*# C=-"(-,# +' ,0#)D 5#2
-"5-6-5'2 ,0()-20 )9()*+,-%./# *0"0%-1'# +,,#23+"5 7 )( 3,+05',# 2'-6("%# E

 !"$%&!' ()
% F G HH*0"0,(%-+" -"-%-()#
-"-%-()-2(%-+" 5# )( 3+3')(%-+"?
06()'(%-+" C%D?
 !"!#$%

% ← % I J K
20)#%-+"L5#2L3(,#"%2 C%D K
,+-2#/#"% C%D K
/'%(%-+" C%D K
06()'(%-+" C%D K

&'()'*+ ,-%.#/%$(01*2%%3# ← 4%2.5

M9(=+,5& '"# 3+3')(%-+" -"-%-()# #2% *0"0,0# 59'"# :(N+" ()0(%+-,#? !"2'-%#&
7 .(1'# 0%(3# 06+)'%-+""(-,#& )#2 -"5-6-5'2 5# )( 3+3')(%-+" +',("%# C6!7!%28
#.97D 2#,+"% 06()'02 #% '"# "+'6#))# 3+3')(%-+" 2#,( 20)#%-+""0# ,#)(%-6#/#"% 7
5#2 ,-%>,#2 3,050;"-2 5# 1'()-%0 C:97#.97 1$ <#7$((D? M# "+'6#('8 3+-"%2 5("2
)9#23(# 5# ,#.#,.# 2+"% ('22- *0"0,02 3(, )#2 5#'8 +30,(%-+"2 5# ,+-2#/#"%
#% 5# /'%(%-+"? O+'2 ())+"2 50%(-))#, 5("2 # 1'- 2'-% #2 5-$0,#"%#2 0%(3#2& #"
#83)-1'("% )#',2 /0("-2/#2 7 %,(6#,2 5#2 #8#/3)#2 ,#)(%-:2 7 "+%,# (33)-(%-+"?

*+ ,"%*-' %'. %"//$'.

P# +5(*# 5#2 5+""0#2 #2% '"# 0%(3# :+"5(/#"%()# 2', )(1'#))# ,#3+2# %+'%
)# %,(-%#/#"% ')%0,-#',? M("2 "+%,# (2& (Q("% '" 3+)Q*+"# ζ 50;"- 3(, n 3+-"%2&
"+'2 .#,.+"2 7 "# +"2#,6#, 1'9'" #,%(-" "+/=,# CmD 5# 3+-"%2 #" 0)-/-"("%
#'8 1'- 2+"% R"+" 2-*"-;(%-:2S? @+', # :(-,#& "+'2 (22+-+"2 7 .(1'# 3+)Q*+"#
'" .,+/+2+/# 5+"% )( %(-))# #2% 50%#,/-"0# 3(, )# "+/=,# 5# 3+-"%2? T.(1'#
3+-"% 5' 3+)Q*+"# 2#,( ,#3,02#"%0 3(, '" *>"# 5+"% )( 6()#', =-"(-,# 1 +' 0 C5-%#
('22- 2==/=$D -"5-1'# 1'# )# 3+-"% #2% 20)#%-+""0 +' "+" 5("2 '"# (33,+8-/(%-+"
5' 3+)Q*+"#? P( ;*',# 2'-6("%# CU ! V?JWD -))'2%,# )# +5(*# 5#2 5+""0#2 5("2
)# (2 59'" 3+)Q*+"# -"-%-()# ζ +"2%-%'0 5# 5 3+-"%2 ("*')#'8 1'9+" .#,.# 7



 ! "#$%$&$'( ) *+$-$./  !

"##$%&'()$ #"$ *+ #%,-.%+) +) %+0)+"+0 1*) 3 #%'+023 4'+2'5 ,)2 6$%(%2%()2
7X1 , · · · , Xz 8 1*) +%*2 *0','2%+2 9%+0 %(#%$0)$ 5 .:+)2 )0 ,) 6$%(%2%() XP

"22%'; < ,="##$%&'("0'%+ $)0)+*) P %(#%$0)$" 3 .:+)2 "9) ," 9",)*$ 15 '+>'?
1*"+0 ,)2 #%'+02 "+.*,)*& $)0)+*25 )0 2 .:+)2 "9) ," 9",)*$ 0 '+>'1*"+0 ,)2 #%'+02
%+2'>;$;2 %(() ,)2 (%'+2 2'.+'@"0'A2 )0 1*' +=%+0 #"2 ;0; 2;,)0'%++;23

 !"# B3CD E F,,*20$"0'%+ >* %>".) >)2 >%++;)23

 ! "#$%&'() *+,)- .(.,/%&'()

G),"0'9)()+0 < *+ #%,-.%+) '+'0'", ζ %+20'0*; >) n #%'+025 +%*2 $;%+2 *+)
#%#*,"0'%+ Ωζ >) z 6$%(%2%()2 7z ≤ Cm

n 8 1*' 9%+0 "9%'$ "*0"+0 >) .:+)2 1*) ,)
#%,-.%+) '+'0'",3 H"$(' )2 .:+)25 2)*, m #%*$$"'0 9",%'$ 1 )0 ,)2 "*0$)2 7n −m8
9"*>$%+0 03 I) +%(J$) n %+20'0*) *+) >%++;) >* #$%J,:() $),"0'9) "* #%,-?
.%+) >) >;#"$05 ",%$2 1*) z )0 m %+20'0*)+0 >)2 #"$"(:0$)2 < >;0)$('+)$3 K+
)L)05 #,*2 z )20 .$"+> #,*2 +%*2 "*$%+2 >) 6"+) < 0$%*9)$ >"+2 ," #%#*,"0'%+
*+ "+>'>"0 '+0;$)22"+0 #%*$ %+20'0*)$ *+) 2%,*0'%+ "* #$%J,:()5 ("'2 "9) *+
0)(#2 >) ",*, J)"*%*# #,*2 '(#%$0"+03 M%*0)A%'25 #,*2 m )20 #$%6) >) n5 #,*2
,) #%,-.%+) $;2*,0"0 )20 #$%6) >) ),*' >* >;#"$03 N"'25 =)20 >="*0"+0 (%'+2
'+0;$)22"+0 #%*$ ," $;>*0'%+ >)2 >%++;)23

! 12(/,&'() *+,)- .(.,/%&'()

4#$:2 "9%'$ .;+;$; *+) #$)(':$) #%#*,"0'%+ >) 6$%(%2%()25 +%*2 ",,%+2 -
"##,'1*)$ >'L;$)+02 %#;$"0)*$2 >"+2 ,) J*0 >) $;)$ >) +%*9)"*& 6$%(%2%()2 )0
>="J%*0'$5 "#$:2 *+ )$0"'+ +%(J$) >) 2;,)0'%+25 < ,='+>'9'>* ,) (')*& ">"#0; 1*'
2)$" %+2'>;$; %(() 2%,*0'%+ >* #$%J,:() ;0*>';3 O)2 %#;$"0)*$2 2%+0 P
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"#  ! "# $&'() $ &''& ()*+,'-(. &/' 0(.1*& /2+ 3& )+-.-)& 1& 34,1,)','-(. 1&
5,62& -.1-7-12 142.& )()23,'-(. 8 /(. &.7-+(..&9&.' : !"! ,2 )+(;3<9&
1(..*= /2-7,.' 3, '5*(+-& 1& 3, /*3&'-(. .,'2+&33&# >-./-? /&23/ 3&/ -.1-7-12/
3&/ )32/ ,)'&/ 8 +*)(.1+& 8 &+',-./ +-'<+&/ /&+(.' 8 9@9& 1& /2+7-7+& &'
1& /& 923'-)3-&+# A,./ 3& ,/ 1&/ ,3B(+-'59&/ B*.*'-62&/? .(2/ ,//(-(./ ,2
)+(;3<9& 2.& 0(.'-(. 14*7,32,'-(. :1-'& #$%' $% (" )'%"**= )(2+ 34,1*62,C
'-(. 1&/ -.1-7-12/ ,7& 3, 62&/'-(. )(/*&# D(2/ *7,32(./ &''& 0(.'-(. )(2+
5,62& 5+(9(/(9& 1& 3, )()23,'-(. ,E. 1& .& +&'&.-+ )(2+ 3, B*.*+,'-(.
/2-7,.'& 62& &2F 1(.' 3, 62,3-'* /&+, /2G/,.'&# A4,2'+&/ -.1-7-12/ )+&.C
1+(.' 3, )3,& 1&/ )32/ 9,27,-/# >-./-? 3, 0(.'-(. 1& E'.&// F &/' ,))3-62*&
/2+ 2. 5+(9(/(9& XP &' )+(12-' 2.& 7,3&2+ )(/-'-7& 9&/2+,.' 3, /-9-3,+-'*
&.'+& 3& )(3HB(.& P &' 3, (2+;& 1& 1*),+' ζ I !"! F(XP ) = (d(P, ζ))−1℄#

D(2/ ,7(./ 2'-3-/* IKL!M;℄ 2.& 1-/',.& d :M#MN= 1*E.-& ),+ 3, /(99& 1&/
1-/',.&/ &.'+& 3&/ /&B9&.'/ 1& P &' 3&/ ,+/ (++&/)(.1,.'/ 1,./ ζ :O !

M#"P=#

d(ζ, XP ) =

m
∑

i=1

Li,i+1 , avec Li,i+1 =
∑

pj∈Ai,i+1

δ2 (pj, [Si, Si+1]) :M#MN=

'&3/ 62&? )(2+ 5,62& )(-.' pj 1& 34,+ Ai,i+1? δ (pj, [Si, Si+1]) &/' 3, 1-/',.&
&23-1-&..& &.'+& 3& )(-.' pj &' /, )+(Q&'-(. (+'5(B(.,3& /2+ [Si, Si+1]#

" !# M#"P R S332/'+,'-(. 1& 34,))+(F-9,'-(. )(3HB(.,3& :n/m = 2? n = 30 )(-.'/=#



 ! "#$%$&$'( ) *+$-$./  !

"#$%& '(% )*+,-$.)'/#/$('% 01234#℄ '(6% ('/ .('/-, 76) 896/$8$%#/$(' :)
)//) :$%/#') ,8$.$') 76)876)% +($'/% #'<68)6* %6-/(6/ +(6- 8)% +)/$/)%
=#8)6-% :) m > !"! :#'% 8) #% (? 2@ )%/ (.+(%,) :) +86%$)6-% +)/$/)% -,A
<$('%BC D(6- )8#& '(6% #=('% :,$:, :) .$)6* #-#/,-$%)- 8# E(-.) :96')
-,<$(' )' 6/$8$%#'/ 89#//-$F6/ %6-E#) (..) +#-#.G/-) %6++8,.)'/#$-) #H'
:) +-,%)-=)- 89#++#-)') =$%6)88) :) 8# (6-F) $'$/$#8) >I ! 4C!JBC K) 8L& '(6%
#=('% :,H'$ 8# :$%/#') Li,i+1 +#- M

Li,i+1 =
∑

pi∈Ai,i+1

δ2 (pi, [Si, Si+1])+∆i,i+1 >4C4NB

(?& ∆i,i+1 )%/ 8# %6-E#) :) 8# O(') 8$.$/,) +#- 8) %)<.)'/ [Si, Si+1] )/ 89#-
(--)%+(':#'/ Ai,i+1C

" !# 4C!J P Q(.+#-#$%(' :)% E('/$('% :) H/')%%C #A 8# (6-F) $'$/$#8) ζ >n = 63B&
FA 8) +(8R<(') -,%68/#/ >m = 44B :) 89#++-(*$.#/$(' #=) 8# E('/$(' :) H/')%%
>4C4JB& A 8) +(8R<(') -,%68/#/ >m = 44B :) 89#++-(*$.#/$(' #=) 8# E('/$(' :)
H/')%% >4C4NBC

S'%6$/)& +#-.$ /(6% 8)% $':$=$:6% Pi >1 ≤ i ≤ zB :) 8# <,',-#/$(' (6-#'/)
>#B& '(6% %,8)/$(''('% 8)% +86% #:#+/,%C D(6- ) E#$-)& 6' +(8R<(') Pi > !"!
8# T-(.(%(.) XPiB )%/ %,8)/$('', %)68).)'/ %$ 8# +-(F#F$8$/, Pri >4C4 B
)%/ %6+,-$)6-) L 6' '(.F-) <,',-, #8,#/($-).)'/ >∈ [0, 1]BC U$'%$& #+-G%
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#$%&' ()$*' +' ,(-')./01 0/&, /2)'0/0, &0' 3(0(4$)./0 +' %&'-%&', #4/5
6/,/6', 7-', 6'.--'&4,81 %&9/0 /6*-:)' $-($)/.4'6'0) *$4 +', 0/&;'$&<
#4/6/,/6',=

Pri =
F(XPi

)
∑z

j=1 F(XPj
)

7!=! 8

!=  ! #$%&!'!() > 9',) &0' /*(4$)./0 %&. ,' +(4/&-' $& ,'.0 +9&0' */*&-$5
)./0= ?', #4/6/,/6', ,9$,,/.'0) +'&< @ +'&< 7+', /&*-',8 ') ,9(#$03'0)
(;'0)&'--'6'0) &0' *$4).' +' -'&4, 3:0', */&4 A/46'4 +'&< 0/&;'$&< .05
+.;.+&, %&. -', 4'6*-$'4/0)= B') (#$03' 0' ,' A$.) %&' ,. -', +'&< #4/5
6/,/6', '03'0+4(, ,/0) *-&, $+$*)(, %&' -'&4, *$4'0),= C.0,.1 $*4:, -'
4/.,'6'0) /0 ',) ,D4 %&' )/&, -', .0+.;.+&, +' -$ */*&-$)./0 ,/0) 6'.--'&4,
%&' -'&4, *4(+(',,'&4,=

E$0, 0/)4' $,1 0/&, #/.,.,,/0, $& #$,$4+ z/2 /&*-', +' #4/6/,/6',1
' %&. ;'&) +.4' %&' )/&, -', .0+.;.+&, ,/0) /2F'), +' 4/.,'6'0)= G05
,&.)'1 0/&, #'4#/0,1 $-($)/.4'6'0)1 */&4 #$%&' /&*-' +' #4/6/,/6',
(XP = x1x2 · · ·xn, XP ′ = x′1x

′
2 · · ·x

′
n)1 +', */,.)./0, i1 ') i2 7i1 < i28 ;(4.5

H$0) -9(%&$)./0 7!=IJ8= B'-$ ,.30.H' %&9.- K $ -' 6L6' 0/624' +' ,'36'0),
+$0, -', */-K3/0', P ') P ′ */&4 $**4/<.6'4 -9$4 Ai1,i2= C.0,.1 0/&, */&5
;/0, (;'0)&'--'6'0) (#$03'4 -', 3:0', +' XP ') XP ′ '0)4' -', */,.)./0, i1
') i2 */&4 /2)'0.4 -', #4/6/,/6', (XQ = x1 · · ·xi1−1x

′
i1 · · ·x

′
i2xi2+1 · · ·xn

') XQ′ = x′1 · · ·x
′
i1−1xi1 · · ·xi2x

′
i2+1 · · ·x

′
n)= G0H01 ,. XQ 7 !"#$ XQ′8 ',)

M6'.--'&4'N %&' XP 7 !"#$ XP ′81 0/&, 4'6*-$'4/0, +$0, -$ */*&-$)./0 XP

7 !"#$ XP ′8 *$4 XQ 7 !"#$ XQ′8 =

i2
∑

j=i1

xj =

i2
∑

j=i1

x′j 7!=IJ8

I=  * '+)*)%$( > .- ',) */,,.2-'1 34O' @ -9/*(4$)./0 +' 6&)$)./01 %&9&0 #4/5
6/,/6' (;/-&' ,*/0)$0(6'0) */&4 +/00'4 &0 0/&;'$& #4/6/,/6' *-&,
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,"( -&L".( 5+&(&'( 0:; 6; @%'( "$$" %--.&%$&+'A 2' 5+&(&'%*" 5× 5 0NfUV6 % /$/
2$&.&(/ "$ "$$" 5%."2# "($ +'("#5/" )>)" (& ."( ./(&+'( 5%#&"'$ "' ,&)"'(&+' 09 !

:;:6;

∀I ∈ {R, V, B} , ∀1 ≤ i ≤ x, 1 ≤ j ≤ y, Imed(i, j) =

= median
{

I(i− k, j − l),
1−Nf

2
≤ k, l ≤

Nf−1

2

}

0:; 6

" !# :;: W 9&.$#%*" P/,&%'; %4 &)%*" +#&*&'%."A 74 #/(2.$%$ ,2 ?.$#%*" )/,&%' X
/.&)&'%$&+' ,"( -"$&$"( ($#2$2#"( "$ ,"( -+&.( )&'"(;



  !  !" #$%&' "'%(' )*+,-& #$,&.*)/. 0 122(,!.,-& '& #,!+&-"., #% 4*(!&-4'

 !"!# $%&&'())*+, -() &+*.)

"# $%&#(()( *+#(, *-#((./%# 0)# $&)% 1#( /2.3#( &)4#%,#( $.% 5#( $&/1( -$./(
.6.*, )*# ,#/*,# 5# &)1#)% (#271.71# 8 #11# 5# 1. 1-(/&*9 :&( #;$-%/2#*,.,/&*(
&*, 2&*,%- 0)# 1# <1,%.3# 2-5/.* #(, /*()=(.*, $&)% 1. ()$$%#((/&* 5#( $&/1( -$./(
5# #( /2.3#(> .1&%( 0)# 1#( $&/1( 2/*#( (&*, #*1#4-( .4# # <1,%.3#9 ?* #@#,>
$&)% 1#( /2.3#( &)4#%,#( $.% 5#( $&/1(> 1# *&27%# 5# $/;#1( $&/1( 8 1+/*,-%/#)% 5)
4&/(/*.3# $&)%%./, A,%# ()$-%/#)% 8 1. 2&/,/- 5) *&27%# 5#( $/;#1( 5) 4&/(/*.3#9
?* 5+.),%#( ,#%2#(> 1. 4.1#)% 2-5/.*# $#), A,%# %#$%-(#*,.,/4# 5+)* $&/1 -$./(9
B/*(/> 1# <1,%.3# 2-5/.* *+.2-1/&%# $.( #( /2.3#( #, /1 $#), 2A2# 1#( 5-3%.5#%
#* /*,#*(/<.*, 1#)% $%-(#*# CD ! E9FG9

" !# E9F H I*()=(.*# 5) <1,%.3# 2-5/.* $&)% 1. ()$$%#((/&* 5#( $&/1( -$./(9 .J
/2.3# &%/3/*.1#> 7J <1,%.3# 2-5/.*9

?4/5#22#*,> 1# K./, 5# %.(#% 1#( $&/1( .4.*, 1+.0)/(/,/&* 5#( /2.3#( #(, )*# (&J
1),/&* $&((/71# LBMNOPQ℄9 "#$#*5.*,> #,,# (&1),/&* *+#(, $.( (#)1#2#*, &S,#)(#
#* ,#2$(> 2./( #11# #(, .)((/ $#) $%.,/0)# ()%,&), 5.*( 1# .( 5# $1)(/#)%( 1-(/&*(
%-$.%,/#( ()% ,&), 1# &%$(9 N# 18> *&)( .4&*( T&/(/ 5+/2$1-2#*,#% 1+.$$%&T#
 !""#$%&# LUV"WPX℄ $&)% ()$$%/2#% 1#( $&/1( -$./(9 "#/ &*(/(,# 8 %-.1/(#% 1#(
,%&/( -,.$#( ()/4.*,#( Y

 9  !"#$ %'$ (# !") *( +) Y #,,# -,.$# &*(/(,# 8 /5#*,/<#% 1+#2$1.#2#*,
5#( $&/1( $.% )*# K#%2#,)%# 2&%$T&1&3/0)# .$$1/0)-# (-$.%-2#*, ()% T.J
)*# 5#( ,%&/( &2$&(.*,#( &)1#)% .<* 5# 1&.1/(#% 1#( $&/1( (&27%#(9 M&)%
T.0)# &2$&(.*,# &)1#)% Ck Ck ∈ {R, V, B}G> #,,# &$-%.,/&* #;,%./, 1#(
$#,/,#( 4.1#)%( 5+/*,#*(/,- C'()( $/;#1( .$$.%,#*.*, .); $&/1( -$./(G 1# 1&*3 5#
4 -1-2#*,( 5# (,%),)%# Ce0> e45> e135 #, e90G 5.*( 1#( 5/%#,/&*( T&%/Z&*,.1#>
5/.3&*.1#( #, 4#%,/.1# CD ! E9QG9



 ! "#$%&'()*+, - "#$%&'()*+,   !

 !"# !"# $ %&'()*+, -) ,+./+/.) 12/. &321'.4+52* 6'*'.4&5,') -) 7).()+/.) (2.8
192&265:/)" 48 e0; <8 e45; 8 e90; -8 e135"

=2/. 94:/) 2(12,4*+) 2/&)/.; &35(46) .',/&+4+ Gk ),+ 2<+)*/) )* 1.)*4*+
&4 .'12*,) (4>5(4&) -), 21'.4+52*, -) &4 7).()+/.) 5*-5?5-/)&&) 12/. 94:/)
-5.)+52* @!"AB" %*,/5+); 12/. 94:/) 2(12,4*+) 2/&)/.; /* ,)/5&&46) -)
&35(46) Gk 1).()+ -) -'-/5.) &4 (4,:/) <5*45.) -), 125&, Hk" C) (4,:/)
-5?5,) &35(46) )* -), D2*), -5,E25*+), .)1.',)*+4*+ &), .'652*, 125&, )+ &),
.'652*, *2*8125&," %*F*; &) (4,:/) <5*45.) 6&2<4& -), 125&, @HB ),+ &3/*52*
⊕ -), +.25, (4,:/), <5*45.), 2..),12*-4*+ 4/> +.25, 2(12,4*+), 2/&)/.,
H = HR ⊕HV ⊕HB @G!" !"HB"

∀k ∈ {R, V, B} , ∀p, Gk(p) = |Ck(p)−max(cp)| ,

avec cp = {[Ck • e0](p), [Ck • e45](p), [Ck • e90](p), [Ck • e135](p)}@!"AB

2I; • .)1.',)*+) &321'.4+52* -) 7).()+/.) (2.192&265:/)"

 !"# !"H $ J'+)+52* -), 125&," 48 5(46) 2.565*4&); <8 (4,:/) <5*45.) H "
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"#  !"#$&'#() *+, -(#., $ &''& (')*& +,-.-'& / )0)'(0.-&0 1&- *+.1- *)0
1&20- 3+04&- *+20 1&- 5.-'.,62&0 52 702.' )2-( *)0 1& *0+&--2- 58)92.-.'.+,#
:, &;&'< )=),' 92& 18(')*& 5& 0&4*1)&4&,' ,& -+.' &>(2'(&< ?)92& *.>&1
5),- 1& 4)-92& H 5+.' @'0& 1+)1.-( 5),- 2,& -'02'20& 4.,& &' 1+,62&
A !"! -'02'20& 5& *+.1-B C )2'0&4&,'< 1& *.>&1 &-' +,-.5(0( +44& 2, 702.'#
D.,-.< *+20 ?)92& *.>&1 )**)0'&,),' / 182,& 5&- 0(6.+,- *+.1- 5),- H <
5&- -&64&,'- -+,' '0)(- 5),- 8 5.0&'.+,- A?)2'< 7)-< 50+.'&< 6)2?& &' 1&-
4 5.)6+,)1&-B &, *)0'),' 52 *.>&1 +,&0,( &' E2-928/ & 92& ?)2,& 5&-
1.6,&- )''&.6,& 2,& 0(6.+, ,+,F*+.1-# G&- 8 -&64&,'- 3+04&,' 4 1.6,&- 50+.'&-<
&,'0(&- -20 1& *.>&1 +,&0,(# H),- ,+'0& )-< *+20 +,I04&0 92& 1& *.>&1
)**)0'.&,' / 2, *+.1< 1) 1.6,& 1) *12- 1+,62& 5+.' +,'&,.0 *12- 92& 75 *.>&1-
&' 1&- )2'0&- 1.6,&- ,& 5+.=&,' *)- 5(*)--&0< *+20 ?)2,&< 1) 1+,62&20 5&
35 *.>&1-# :,I,< ,+2- +7'&,+,- 2, 4)-92& 1.--( H ′ 0&*0(-&,'),' 1&- *.>&1-
*+.1- -&21&4&,' AJ ! K#LB#

" !# K#L M N(0.I)'.+, 5&- *+.1- $ 1& 4)-92& I1'0( H ′#

K# "+/-.&+/+)' *+, -#0+., -(#., $ 1+0- 5& &''& 5&0,.O0& (')*&< ?)92& *.>&1
Im(i, j) )**)0'&,),' / 18.,'(0.&20 582,& -'02'20& 5& *+.1- AH ′(i, j) = 1B
&-' 0&4*1)( *)0 1& 0(-21')' 5& 18.,'&0*+1)'.+, 7.1.,().0& In(i, j) 5&- 5&2>
*.>&1- ,+,F*+.1- 1&- *12- *0+?&- Im(i1, j1) &' Im(i2, j2) A)=& H ′(i1, j1) =
H ′(i2, j2) = 0B 1& 1+,6 5& 1) 1.6,& 1) *12- +20'& AK#KB AJ ! K#PB#

In(i, j) = Im(i1, j1) ∗
d2((i, j), (i2, j2))

d2((i, j), (i1, j1))
+ Im(i2, j2) ∗

d2((i, j), (i1, j1))

d2((i, j), (i2, j2))
AK#KB

+Q< d2 &-' 1) 5.-'),& &21.5.&,,& 5(I,.& *)0 $

d2 ((i1, j1), (i2, j2)) =

√

|i2 − i1|
2 + |j2 − j1|

2 AK#!B



 ! "#$%&'()*+, - "#$%&'()*+,   !

 !"# "#$ % &'()* +* ,( -)./* 01!" "#2#(3 (4/56 6.44/*66789 +*6 487,6#

 !"! #$%&'(($)$*+ ,$ -& ./*$ ,01*+234+

:* ;.< +* *<<* ><(4* +* 4/></(7<*'*9< *6< +* ?(7,7<*/ ,* 4/8*66.6 +* 6*)@
'*9<(<789 *9 /*A(.66(9< ,*6 ;8/+6 +* ,( ,>6789 +(96 ,B7'()* 4(/ (44,7(<789 +* ,(
</(96?8/'(<789 +* C(/A.9*9@:85D*# E9 *F*<G 176A*/ *< (,#G H1IJK2℄ 89< '89</>
M.* ,( </(96?8/'(<789 +* C(/A.9*9@:85D* *6< ,( 4,.6 (+(4<>* 48./ ,( 6*)'*9<(@
<789 +*6 7'()*6 +*/'(<8,8)7M.*6# N*<<* </(96?8/'(<789 4*/'*< +* +>8//>,*/ ,*6
+899>*6 *9 *9</>* *9 .<7,76(9< .9* ;(6* 8/<A8)89(,* +><*/'79>* D7( .9* +7()89(,@
76(<789 +* ,( '(</7* +* 8D(/7(9* +* ,B7'()*# O(96 98</* (6G *,,* 89676<* *9
,( 4/8P*<789 +*6 </876 8'486(9<*6 8.,*./ 6./ ,*6 D*<*./6 4/84/*6 +* ,*./ '(@
</7* +* 8D(/7(9*# :( '(</7* +* 8D(/7(9* Cov *6< +><*/'79>* 4(/ ,B>M.(<789
6.7D(9<* Q

Cov =
V.V t −mV .mt

V

x.y
= BΛB t 0"#!3

8RG x.y *6< ,( <(7,,* +* ,B7'()*G V *6< .9* '(</7* 3 × xy *9),8;(9< ,*6 </876
D*<*./6 8.,*./ +* ,B7'()* +*/'(<86847M.* 0"#23G mV *6< .9* '(</7* 3 × 1
/*4/>6*9<(9< ,( '8S*99* +*6 </876 8'486(9<*6 8.,*./ 0"#T3G B = [b1 b2 b3] *6<
.9* '(</7* +89< ,*6 3 8,899*6 89<7*99*9< ,*6 </876 D*<*./6 4/84/*6 +* Cov *<
Λ *6< .9* '(</7* +7()89(,* M.7 89<7*9< ,*6 D(,*./6 4/84/*6 +* Cov +(96 .9 8/+/*
+>/8766(9< Q λ1 ≥ λ2 ≥ λ3#

V =





r(1, 1) r(1, 2) · · · r(1, y) r(2, 1) · · · r(x, y)
g(1, 1) g(1, 2) · · · g(1, y) g(2, 1) · · · g(x, y)
b(1, 1) b(1, 2) · · · b(1, y) b(2, 1) · · · b(x, y)



 0"#23
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mV =
1

x.y
.

x
∑

i=1

y
∑

j=1





r(i, j)
g(i, j)
b(i, j)



 "#$%&

'( )*(+,-.*/()0.+ 12 3(*45+2+6'.782 2,) 19:+02 ;(* "#$<& =

∀k ∈ {1, 2, · · · , xy} , zk = B t (vk −mV )

et, T = (z1 z2 . . . zxy) =





t1
t2
t3



 "#$<&

.>? vk 2,) @2 keme 82)25* .@.++2 1(+, V 2) @( keme "k ∈ {1, 2, 3}& @0B+2 12 T ?
+.)92 tk? *2;*9,2+)2 @( keme !"#!$%&'( #)*&*#%+($

C5 @D.*1*2 19*.0,,(+) 12, 8(@25*, ;*.;*2, "λ1, λ2, λ3&? @( ;*2/07*2 ./;.,(+)2
;*0+0;(@2 t1 "EFE& .+)02+1*( @( 8(*0(+2 /(G0/(@2$ H55+2 (5)*2 )*(+,-.*/(6
)0.+ @0+9(0*2 5)0@0,(+) 5+2 I(,2 5+0)(0*2 +2 ;.5**(0) ;*.150*2 12, ./;.,(+)2, (82
5+2 8(*0(+2 ,5;9*025*2 J λ1 KLML'N!℄$ H0+,0? @( ;@5, B*(+12 ;(*)02 12 @( )2G)5*2
2) 12 @D0+-.*/()0.+ 12 ,)*5)5*2 2,) .+)2+52 1(+, @( ;*2/07*2 ./;.,(+)2 ;*0+6
0;(@2 P50 ;25) Q)*2 5)0@0,92 1.+ .//2 5+2 (;;*.G0/()0.+ J 125G 10/2+,0.+,
12 @D0/(B2 ,-. .*0B0+(@2$ R+ 2S2)? ;.5* @2, 0/(B2, 12*/().@.B0P52,? @( ;*2/07*2
./;.,(+)2 ;*0+0;(@2 *2;*9,2+)2 ;@5, 12 92% 12 @( 8(*0(+2 ).)(@2 KLMN<℄ "T !

#$N&$ R) .//2 @( P5(,06).)(@0)9 12 @( 8(*0()0.+ 2,) ;*.150)2 ,5* @2, I.*1, 2+)*2 @2,
*9B0.+,? +.5, (8.+, 4.0,0 12 ,2B/2+)2* 5+0P52/2+) @D0/(B2 *2@()082 J @( ;*2/07*2
./;.,(+)2 ;*0+0;(@2$ E(*)(+) 1D5+2 0/(B2 .5@25*? 5+2 +.582@@2 0/(B2 2D 2,)
19)2*/0+92 2+ -.+)0.+ 12 @( 10*2)0.+ 12 @( 8(*0(+2 /(G0/(@2$ F2))2 +.582@@2
0/(B2 *24(5,,2 @2, ;0G2@, 12, -*.+)07*2, 2) -(0@0)2 1.+ @( ,9;(*()0.+ 2+)*2 @( @9,0.+
2) @( ;2(5 2+80*.++(+)2$



 ! "#$%&'()*+, - "#$%&'()*+,   !

 !"# "#$ % &'()*+,+( -. *, +/,0(12/3,+420 -. 5,/6)0.07829:. ; ,7 43,<. =*+/'.> ?7
*, @/.349/. 23@2(,0+. @/404@,*. 20+.0,0+ 92.29% -. *, :,/4,0. +2+,*.> 7 *,
-.)B493. 23@2(,0+. @/404@,*. C7.63%D> -7 *, +/24(493. 23@2(,0+. @/404@,*.
C0.08%D#

 !"!# $%&(&&%)* +,& -.&(/010&

E2)/ *FGH I?(./:,+4207I?(./:,+420> 02)( ,:20( ,@@*4J)' +/24( 2@'/,+.)/( -.
@/'7+/,4+.3.0+( ,=0 -F,3'*42/./ *, J),*4+' -.( 43,<.(#

8. @/.34./ 2@'/,+.)/ 20(4(+. K ,@@*4J)./ )0 =*+/,<. 3'-4,0 J)4 @./3.+
-F'*4340./ *.( @.+4+.( (+/)+)/.( .+ *.( @24*( 340.( -.( 43,<.( 2/4<40,*.( +2)+
.0 20(./:,0+ *.( ?2/-( -. *, *'(420 CL!" M#"D#

8. -.)B493. 2@'/,+.)/ 0. 20./0. J). *.( 43,<.( 20+.0,0+ -.( @24*( '@,4(
J). *. =*+/. 3'-4,0 (. +/2):. 40,@,?*. -. *.( ()@@/43./# N.+ 2@'/,+.)/ /.:4.0+
K *F,@@*4,+420 -. *F,@@/26.  !""#$%&# -,0( *. ?)+ -. -'3'0,<./ .( @24*( '@,4(#
N.++. ,@@/26. /2?)(+. @./3.+ -. ()@@/43./ *. 3,B43)3 -. @24*( '@,4( +2)+ .0
20(./:,0+ *F,@@,/.0. :4().**. -. *, *'(420 -. *, @.,) CL!" "#OD#

8. -./04./ 2@'/,+.)/ -. @/'+/,4+.3.0+ -. .+ GH .(+ *F,@@*4,+420 -. *, +/,0(7
12/3,+420 -. 5,/6)0.07829:. ,=0 -. @./3.++/. *. /.6,)((.3.0+ -.( ?2/-( -,0(
*F43,<.# E,/+,0+ -F)0. 43,<. 2)*.)/> .++. +/,0(12/3,+420 @./3.+ -. <'0'/./ )0.
02):.**. 43,<. CENED .0 04:.,)B -. </4( .0 120+420 -. *, -4/.+420 -. *, :,/4,0.
3,B43,*.# N.++. 02):.**. 43,<. @./3.+ ,40(4 -. /'-)4/. '02/3'3.0+ *, J),0+4+'
-.( -200'.( C-. 33%D .+ @,/ *, ()4+. -F,'*'/./ *.( @/2.(()( )*+'/4.)/(# G0 @*)(>
*, 3,04@)*,+420 -. *, ENE @./3.+ -. 1,4*4+./ 20(4-'/,?*.3.0+ *, ('@,/,+420
.0+/. *, *'(420 .+ *, @.,) .0:4/200,0+. CL!" "#$D @)4(J). *, J),(47+2+,*4+' -. *,
:,/4,+420 .(+ @/2-)4+. ()/ *.( ?2/-( .0+/. *.( /'<420(#
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 !" #$ %&'()*+,-./ 0 1)-2-,-*(

"#$% &'()*+,-./012*.3.-.+) *4,5.() 5, ()63)0-,-./0 78. )(- 80) 4-,9) *.-.78)
;,0( 0/-*) (<(-=3) ;#,.;) ,8 ;.,60/(-. 9/8* 5)( ;)*3,-/5/68)(> ?,0( 5, 5.--4*,1
-8*) (.)0-.@78)A 958(.)8*( -*,+,8B /0- 4-4 /0(,*4( ,8 9*/'5=3) ;) 5, ()63)0-,1
-./0 ;)( .3,6)( ;)*3,-/(/9.78)(A 0/-,33)0- 5)( -)C0.78)( ;) ()8.55,6) ;#C.(1
-/6*,33)( DEEF+GH℄> ", 9589,*- ;) )( -)C0.78)( (/0- .0,9,'5)( ;) ;4@0.* 80
*.-=*) 9)*3)--,0- ;) (49,*)* ,+) 9*4.(./0 5, 54(./0 9.63)0-4) ;) 5, 9),8 (,.0)
,+/.(.0,0-)> $0 )J)-A 5, 9589,*- ;) )( 54(./0( 9*4()0-)0- 80) K/0) L/8) (8* 5)8*(
'/*;8*)( ,*,-4*.(4) 9,* 80) -*,0(.-./0 5)0-) )0-*) 80) *46./0 ;)0() M0/<,8N )-
5)( -.((8( )0+.*/00,0-(>

$0 ) 78. 0/8( /0)*0)A /0 )(- '.)0 ;,0( 5) ,( /O 5, K/0) ;#.0-4*P- )(- /31
9/(4) ;#80) ()85) *46./0 78. )(- 5, 54(./0> Q.0(.A 9/8* )B-*,.*) 5, 54(./0 ;) 5#.3,6)
9*4-*,.-4)A 0/8( ,55/0( 8-.5.()* 0/-*) ,56/*.-C3) ;) ()63)0-,-./0 9,* */.((,0)
;)( *46./0(> $0 )J)-A 9,*-,0- ;#80 9.B)5 6)*3) 5#,56/*.-C3) *)6*/89) .-4*,-.+)1
3)0- 5)( 9.B)5( ,;R,)0-( ;) 5#.3,6) *)C,8((4) ()5/0 80 *.-=*) ;#C/3/6404.-4>

 !"!# $%&'())%*%+, -% .' /0123+ -42+,0/5,

"#/'R)-.S ;) )--) 4-,9) )(- ;) 6404*)* 80) .3,6) M;.-) .3,6) *)C,8((4)N
78. 9)*3)- 5) *)C,8(()3)0- ;) 5, 54(./0> T). 9)*3)- ;#,)0-8)* 5, ;.J4*)0)
;) /0-*,(-) )0-*) 5, 54(./0 )- 5)( -.((8( 78. 5#)0-/8*)0-A ) 78. 9)*3)- ,8((. ;)
;.3.08)* 5) ,*,-=*) L/8 ,8 0.+),8 ;)( S*/0-.=*)( ;) 5, 54(./0> ") *)C,8(()3)0-
;) 5, *46./0 ;#.0-4*P- U% M5, 54(./0N )(- ,/395. )0 8-.5.(,0- 5, S/0-./0 ;#,;C4(./0
µRI M;4@0.) ;,0( 5, ()-./0 H>V> > N> T)--) S/0-./0 4+,58) 5, *)(()3'5,0) )0-*) 5)(
9*/9*.4-4( ;#80 9.B)5 /0(.;4*4 )- )8B ;) U%> T/33) /0 (#)(- 5.3.-4 W 5#.0-)0(.-4
MglN 9/8* 5, ;)(*.9-./0 ;#80 9.B)5 p Mgl(p)N )- ;) 5, 54(./0 L MglLNA 5, S/0-./0
;#,;C4(./0 )(- ;4@0.) 9,* 5#478,-./0 MX>YN>

µRI(p) =
1

2

[

2− β2 |gl(p)− glL|
2

1 + β |gl(p)− glL|

]

MX>YN

Q.0(.A 80) .3,6) *)C,8((4) )(- ;4@0.) )0 ,((.60,0- W C,78) 9.B)5 p ;) 5#.3,6)
/*.6.0,5) 80) +,5)8* µRI(p) 78. *)9*4()0-) (/0 0.+),8 ;#,;C4(./0 ;,0( 5#)0()3'5)
L/8 ;4@0.((,0- 5, 54(./0> T). )(- ,/395. )0 4+,58,0- 5, *)(()3'5,0) )0-*) 5#.01
-)0(.-4 ;#80 9.B)5 ;/004 )- )55) ;) 5, 54(./0 ;/004) 9,* glL> $0 *)+,0C)A 5, 9*)1
3.=*) /39/(,0-) 9*.0.9,5) ;#80) .3,6) ;)*3,-/(/9.78) @5-*4) 9,* 80 @5-*,6)
34;.,0 )(- S/*34) ;#80 S/0; -*=( 5,.* M9),8 (,.0) ,+/.(.0,0-)N )- 80) 54(./0 (/31
'*) ,+) 9,*S/.( ;)( *46./0( 958( (/3'*)( W 5#.0-4*.)8* ;) 5, 54(./0 )55)13P3)> Q.0(.A
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?%*&68C*68+& #, >*?%, *;*6(;8568?%,0

 !"!#!# $%&')*+, -'. /))0*12).

D+%5 *E+&5 +'',&( 9*; 5(),68+&&,; %& ,&5,':), #, 15 *66;8:%65 *55+8(5
*%< ;86F;,5 #, )* ;FB), @GHI0 H,66, 5(),68+& * (6( B%8#(, ,55,&68,)),',&6 9*;
)* )866(;*6%;, ,6 9*; #,5 #85%558+&5 *E, #,5 #,;'*6+)+B%,5 ,<9(;8',&6(50 H,5
*66;8:%65 +&6 (6( ;(9*;685 ,& #,%< *6(B+;8,5 J *66;8:%65 B(+'(6;8?%,5 ,6 *66;8:%65
9>+6+'(6;8?%,50 K,5 *66;8:%65 B(+'(6;8?%,5 5+&6 8&E*;8*&65 9*; 58'8)86%#, ,6 5+&6
*)%)(5 L 9*;68; #% '*5?%, :8&*8;, #, )* )(58+& ,6 #, 5+& +&6+%; #(C&8 9*;
%& 9+)=B+&, 9;+#%86 9*; )$*99;+<8'*68+& 9+)=B+&*), -!"! !0M0 0/30 K,5 *66;8:%65
9>+6+'(6;8?%,5 #(;8E,&6 )* 6,<6%;, ,6 )* 6,8&6, ,6 8)5 5+&6 *)%)(5 L 9*;68; #,
)* 9;,'8F;, +'9+5*&6, 9;8&89*), #, )$8'*B, C)6;(, +% #8;,6,',&6 L 9*;68; #,
)$8'*B, +;8B8&*),0 4)5 5+&6 6;F5 9,;68&,&65 9+%; ), #8*B&+568 '(#8*) ,6 8)5 5+&6 #8NO
8),',&6 #(;865 9*; ),5 #,;'*6+)+B%,50 4)5 #(;8E,&6 ?%*&686*68E,',&6 )* 9;(5,&,
,6 )* #856;8:%68+& #,5 +%),%;5 *8&58 ?%, )$8;;(B%)*;86( #, )* 98B',&6*68+& 5%; ),
+&6+%;0

H,6 ,&5,':), #, 15 *66;8:%65 9,;',6 )* ?%*&68C*68+& #,5 *;*6(;8568?%,5 #,
>*?%, )(58+&0 4)5 5+&6 ;,B;+%9(5 ,& %& E,6,%; #,5;89682 #, )* )(58+& -PIK3 ?%8
,56 9;(5,&6( L %& ;(5,*% #, &,%;+&,5 #, 6=9, 9,;,96;+& '+&++%>, *C& #,
)*558C,; )* )(58+& ,& '*)8B&, +% :(&8B&, -!"! !0M0!30 Q& 6*%< '+=,& #, :+& #8O
*B&+568 #, 82.6% * (6( *66,8&6 '+=,&&*&6 %& +;9%5 #$*99;,&6855*B, *)(*6+8;,
#, 200 8'*B,50 H,9,&#*&6A &+%5 *E+&5 ;,'*;?%( ?%, )$8&+&E(&8,&6 '*R,%; #, ,
5=56F', ;(58#, ,55,&68,)),',&6 #*&5 ), 6,'95 #$,<(%68+& ?%8 ,56 *55,S (),E(0 T&
,U,6A ), 6,'95 #$*99;,&6855*B, #% ;(5,*% #, &,%;+&,5 E*;8, ,&6;, 40 ,6 50 '8&%6,5A
,& 9)%5A ), 6,'95 #, #(9856*B, #$%&, )(58+& ,56 #, )$+;#;, #, 5 '8&%6,5 -6,'95 #,
*)%) #,5 15 *66;8:%65 V 6,'95 #, )*558C*68+&30 H,8 ,56 #W 9;8&89*),',&6 *%
&+':;, (),E( #,5 *66;8:%65 L *)%),; 9+%; #(9856,; %&, )(58+&0 H$,56 9+%;?%+8A
&+%5 *E+&5 >,;>( L %68)85,; %& &+':;, ;(#%86 #$*66;8:%65 9,;68&,&65 ?%8 9,;',O
66,&6 #$+:6,&8; %& 6*%< *55,S (),E( #, :+& #8*B&+568 6+%6 ,& ;(#%85*&6 ), 6,'95
HXQ0
T& ;,E*&>,A )* ;(#%68+& #, )$,&5,':), #,5 *66;8:%65 ;,E8,&6 L )* 5(),68+& #$%&
5+%5O,&5,':), ,& 5%99;8'*&6 )$8&2+;'*68+& ;,#+&#*&6, 6+%6 ,& +&5,;E*&6 ), 9+%O
E+8; #85;8'8&*6+8;,0 P% ?%$8) &$,<856, 9*5 %&, 6>(+;8, B(&(;*), 9,;',66*&6 )*
#(6,;'8&*68+& ,<*6, #, ,6 ,&5,':), ;(#%86 #$*66;8:%65 YZ[X+\1℄A 9)%58,%;5 *)O
B+;86>',5 +&6 (6( %68)85(5 9+%; )* 5(),68+& *%6+'*68?%, #$%& 5+%5O,&5,':), 9,;O
68&,&60 ^*85A 6+%5 ,5 *)B+;86>',5 5+&6 ?%*58O+968'*%< Y[ZXG\1℄0 _+%6,2+85A ),



 ! "#$%$&$'( ) *+$-$./  !"

 !"# #$ % & '()*+(,-*(./ 01 2-132-1) 4**+(,-*) +134*(5161/* 4-7 38)(./) 643(9/1)
:;< 1* 4-7 38)(./) ,8/(9/1) :$$<$



 !"  !" #$%&' "'%(' )*+,-& #$,&.*)/. 0 122(,!.,-& '& #,!+&-"., #% 4*(!&-4'

#$%&$'( )'*(','-./$'(0 )0* *$%*10-*0,230* *430/'$--4* #0%/ 5/(0 ,0*%(4 #.( 30
/.%6 )0 2$- )'.7-$*/' 83.**'9./'$- (4%**'0:; <0* ,%3/'#30* )'*%**'$-* .&0 )0*
)0(,./$3$7%0* .##%=40* #.( )0* 06#4(',0-/./'$-* -$%* $-/ .,0-4 > $-*0(&0(?
> #.(/'( )0 3@0-*0,230 )0* 15 .//('2%/* .(./4('*/'A%0* )@%-0 34*'$-? %-'A%0,0-/
%- *$%*10-*0,230 )0 /.'330 (4)%'/0;

B$%( 03.? -$%* .&$-* %/'3'*4 %- #0(0#/($- .9- )0 3.**'90( %- 0-*0,230 )0
100 34*'$-* 0- *0 2.*.-/? C.A%0 D$'*? *%( %- )0* 15 .//('2%/*; B$%( )0* (.'*$-* )0
*',#3''/4? -$%* .&$-* C$'*' %-0 2.*0 )@.##(0-/'**.70? $,#$*40 )0 50,43.-$,0*
/=#'A%0* 0/ 50 34*'$-* 24-'7-0* /=#'A%0* ; B%'*? -$%* .&$-* ,0*%(4 #$%( C.A%0
.//('2%/ Sk 81 ≤ k ≤ 15: 30 /.%6 )0 3.**'9./'$- (4%**'0 TCRk (03./'&0,0-/ > 3.
2.*0 )@.##(0-/'**.70 C$'*'0; E0 /.%6 (0FG/0 3@.#/'/%)0 )0 3@.//('2%/ $((0*#$-).-/
> *4#.(0( 30* )0%6 3.**0* )0 34*'$-*; H-9-? -$%* -@.&$-* $-*0(&4 A%0 30* .//('2%/*
.=.-/ %- /.%6 )0 3.**'9./'$- (4%**'0 .% )0**%* )0 3. ,$=0--0 mTCR )0* /.%6 )0*
15 .//('2%/*; H- )@.%/(0* /0(,0*? -$%* -@.&$-* #.* 7.()4 30* .//('2%/* A%' #0%&0-/
)47(.)0( 3. A%.3'/4 )% )'.7-$*/'; H- $%/(0? -$%* .&$-* )4')4 )0 -0 #.* %/'3'*0(
3@.//('2%/ )'.,G/(0 #%'*A%@'3 0*/ '-)'(0/0,0-/ '-/47(4 ).-* 30* .%/(0* .//('2%/*
*430/'$--4*; I'-*'? %-'A%0,0-/ -0%D .//('2%/* $-/ 4/4 (0/0-%* 8J ! K; L: $,,0
$,#$*.-/0* )% &0/0%( MN<; E0' #0(,0//(. )0 (4)%'(0 30 /0,#* )0 .3%3 0/
)@$2/0-'( %- 2$- /.%6 )0 3.**'9./'$- (4%**'0 879.1%:; <. )','-%/'$- )0 3. /.'330
)0 3@0-*0,230 )0* .//('2%/* )0 15 > 9 -$%* . #0(,'* )0 (4)%'(0 30 /0,#* EBO )0
46% #$%( 30 .3%3 )0* .//('2%/*? )0 34% #$%( 3@.##(0-/'**.70 0/ )0 43% #$%( 3.
(0$--.'**.-0;

" !# K; L P H/%)0 */./'*/'A%0 )0* /.%6 )0 3.**'9./'$-* $((0/0* #$%( 30* 15
.//('2%/*;

  !# !$%&#'(! &!) *+($ ,&!-,) !./!0#)*/,) %1(/ !/*+#.) +**/#2(*)3



 ! "#$%$&$'( ) *+$-$./  !"

#$%& ()*%+ )&),-&./,.*%+ 01+,,&+2 3+ 1) &451+ 6789: ;$%/ 3$;;$;/ 3);/ +
*%. /%., 1+/ ),,&.<%,/ /-1+,.$;;-/=

 !"!#!$ %&'()*+')*-( ./ 01'2345)6*/ 789

>?)/@A-,&.+ +/, %; /.5;+ .AB$&,);, %,.1./- B)& 1+/ 3+&A),$1$5%+/ B$%& 1+ 3.C
)5;$/,. 3% A-1);$A+= #$%& -D)1%+& 1?)/@A-,&.+: ;$%/ )D$;/ %,.1./- 1+/ A$A+;,/
3?.;+&,.+ 3?$&3&+ 2 *%. B+&A+,,+;, 3+ 3-&.&+ 1+/ B&$B&.-,-/ 5-$A-,&.*%+/ 3?%; $<C
E+, $% 3?%;+ &-5.$; 3);/ %;+ .A)5+= F; +G+,: B$%& %;+ .A)5+ ;%A-&.*%+: Im(i, j):
1+ A$A+;, 3?$&3&+ p+ q +/, 3$;;- B)& 0H= I2 JK%L!℄ N

mpq =

x
∑

i=1

y
∑

j=1

ipjqIm(i, j). 0H= I2

9);/ ;$,&+ )/: Im(i, j) +/, <.;).&+ +, &+B&-/+;,+ 1) 1-/.$; L 0Im(i, j) = 1 /.
(i, j) ∈ L2= >+/ A$A+;,/ .;D)&.);,/ B)& ,&);/1),.$; /$;, $<,+;%/ +; $;/.3-&);,
1+/  ! "#$% "#$'(% mc

pq 0H=  2=

mc
pq =

x
∑

i=1

y
∑

j=1

(i− ic)
p(j − jc)

qIm(i, j). 0H=  2

$O: ic +, jc /$;, 1+/ $$&3$;;-+/ 3% +;,&+ GL 3-P;. B)& N ic =
m10

m00
+, jc =

m01

m00
=

Q$%/ )D$;/ %,.1./- 1+/ A$A+;,/ 3?$&3&+ 2 B$%& )1%1+& 3+%R ),,&.<%,/ *%);,.PC
);, 1?)/@A-,&.+ 3?%;+ 1-/.$;= 8+/ ),,&.<%,/ /$;, 1?.;3.+ 3?)/@A-,&.+ AI +, 1?.;3.+
3?)11$;5+A+;, S=

'9 :(.*/ .1'2345)6*/

#$%& )&),-&./+& 1?)/@A-,&.+: ;$%/ 3-,+&A.;$;/ 1+/ )R+/ B&.;.B)%R 3+ 1) 1-C
/.$;= #$%& + T).&+: 1+ +;,&+ GL 3+ 1) 1-/.$; +/, B&./ $AA+ $&.5.;+ 3% &+B4&+
)&,-/.+; 1$)1 3+ 1) 1-/.$;= #%./: &+1),.D+A+;, U ()*%+ 3&$.,+ ∆ B)//);, B)& GL

+, T)./);, %; );51+ ϕ )D+ 1?)R+ ($&.V$;,)1: ;$%/ )1%1$;/ 1+ A$A+;, +;,&- µ∆
3?$&3&+ 2 3+ 1) 1-/.$; &+1),.D+ U 1) 3&$.,+ ∆ B)& 0H= !2 N
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µ∆(ϕ) =
∑

(i,j)∈L

D2
ϕ(i, j) =

∑

(i,j)∈L

[

−i sinϕ+ j cosϕ

]2

#!$ %&

'() Dϕ(i, j) *+, -. /0+,.1* *1,3* 41 506*- (i, j) /* -. -7+0'1 *, +. 53'8*,0'1 '39
,:';'1.-* +43 ∆ #< ! !$%"&$

=>.6* 530105.- ?.8*43 *+, *1+40,* .++'07 .4 5-4+ 5*,0, ?'?*1, />01*3,0* /*
L *, 53'/40, 41* /03*,0'1 -'1;0,4/01.-* ϕ0 /* L$ @*, .6* *+, /7A10 *1 .-4-.1,
-. B.-*43 /* ϕ0 C40 .114-* -. /730B7* /* ->7C4.,0'1 #!$ !& D

∂µ∆(ϕ)

∂ϕ
= 0⇒ ϕ0 =

1

2
tan−1

[

2mc
11

mc
20 −mc

02

]

. #!$ !&

E1+40,*) ->.6* 530105.- ?01*43 /* L *+, .++'07 F -. /03*,0'1 ϕ0 + π/2 C40
'33*+5'1/ .4 5-4+ ;3.1/ ?'?*1, />01*3,0* /* L$ @*+ /*46 .6*+) -'1;0,4/01.-
*, ,3.1+B*3+.-) /* L +'1, *1+40,* 4,0-0+7+ 5'43 .-4-*3 ->01/0* />.+G?7,30* /*
-. -7+0'1$ @*0 *+, H.0, *1 5-0.1, -. -7+0'1 .4,'43 /* :.41 /* *+ 2 .6*+ *, *1
?*+43.1, -*+ +43H.*+ 1'193*'4B*3,*+ ∆A1 *, ∆A2 5.3 3.55'3, F -. +43H.* ,',.-*
/* -. -7+0'1 AL #= mc

00& #!$ I&$ @*,,* ?*+43* B.4, " 5'43 41* H'3?* '?5-J,*?*1,
+G?7,30C4* *, 1 5'43 41* H'3?* '?5-J,*?*1, .+G?7,30C4* #< ! !$% &$

AI =
1

2

2
∑

k=1

∆Ak

AL
. #!$ I&

" !# !$%" K =>.1;-* />'30*1,.,0'1 ϕ />41* H'3?*$



 ! "#$%$&$'( ) *+$-$./  ! 

 !"# !"# $ %&'( )*+,+)./& '0 +,1+' 12.(3450*+'" .6 AI = 0.35287 86 AI =
0.17967 6 AI = 0.4106"

 ! "##$%&'('%)

9,' :;*4' '(0 1+0' .<<;,=5' (+ '<<' ,2'(0 ).( +(;0*;)'7 2'(06>61+*' ?/2'<<' '(0
)</( 50.<5' (/+@.,0 /,' 1+*'0+;, ?/' (/+@.,0 /,' ./0*'" A2.<<;,='4',0 12/,' <5(+;,
B C!" DE '(0 15F,+' ', :;,0+;, 1'( @.<'/*( )*;)*'( λ′ '0 λ′′ 1' <. 4.0*+' 0',('/*
12+,'*0+'" G<<' @./0 <' *.0+; 1/ 4;4',0 12+,'*0+' λ′ <' <;,= 1' <2.&' 4.H'/* C !"! <.
)</( )'0+0' <;,=/'/*E ).* <' 4;4',0 12+,'*0+' λ′′ <' <;,= 1' <2.&' 4+,'/* C !"! <.
)</( =*.,1' <;,=/'/*E IJKL#℄"



































































# =
λ′

λ′′
avec,

λ′ =









2

(

mc
20 +mc

02 −
√

(mc
20 −mc

02)
2 + 4(mc

11)
2

)

mc
00









1/2

λ′′ =









2

(

mc
20 +mc

02 +
√

(mc
20 −mc

02)
2 + 4(mc

11)
2

)

mc
00
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C!" DE

*+,+-+* ./0%)120)1$% 4' #51667&/#061)7 4/  $64 89!

J.*' ?/' <2+**5=/<.*+05 1/ 8;*1 12/,' <5(+;, . /,' ;**5<.0+;, :;*0' .@' <.
(0.8+<+05 =5,50+?/' 1'( 45<.,;30'(7 <. )</).*0 1'( (3(0N4'( 1' 1+.=,;(0+ 1/
45<.,;4' ;,0 0',1.,' > 4'(/*'* <. :;*4' 1/ 8;*1" G, 'O'07 <2+**5=/<.*+05 1/
8;*1 12/,' <5(+;, . 505 15F,+' ;44' <' :.0'/* 1+.=,;(0+?/' <' )</( (+=,+F.0+:



 !"  !" #$%&' "'%(' )*+,-& #$,&.*)/. 0 122(,!.,-& '& #,!+&-"., #% 4*(!&-4'

#$%&'(℄* +, .,/.01 C 23/ 14506721 3876 ,2 91432,/2 :00,2 ;73/.137., ,7 2,<
.=2* >292,;:,/? 2 17/@12 23/ ;7A762B2,/ ;417/ 9:1 623 67,772,3 BCB2 623
9603 2D9417B2,/43 #>E$F'"℄* G:1 2D2B962? 37 0, .,/.01 30H7/ 0,2 1./:/7.,? 76
321: I054 :J2 0, ;2514 ;87114506:17/4 ;7K412,/ ;2 2607 L07 914@;2 6: 1./:/7.,* %2
9603? 76 ,8M : :00, :65.17/=B2 3/:,;:1; 9.01 4J:6021 0,2 /2662 B23012? H72, L02
960372013 B4/=.;23 .,/ 4/4 2D9417B2,/423* %:,3 ,.3 /1:J:0D? ,.03 :J.,3 0/76734
L0:/12 ://17H0/3 9.01 4J:6021 687114506:17/4 ;0 H.1; ;80,2 6437., ;2 6: 92:0* >23
://17H0/3 3.,/ N 687,;72 ;2 .B9:7/4 CI? 6: ;7B2,37., O1:/:62 fd? 6: 14506:17/4
;0 H.1; Cr 2/ 6: /1:,37/7., ;2 6: 975B2,/:/7., (me, ve)*

 ! "#$%' $' ()* %+,

P87,;72 ;2 .B9:7/4 (CI) Q!* RS 23/ 6: B23012 ;2 O.1B2 6: 9603 9.906:712
L07 4J:602 6: 1.,;201 ;80, .HI2/ "%? 2, B2301:,/ 3., 4:1/ 9:1 1:99.1/ T 0,2
O.1B2 7106:712 #U.0VW℄* X, 12J:,=2? .BB2 623 21623 3.,/ 623 .HI2/3 2D 623
9603 .B9:/3? 763 .,/ 62 9603 92/7/ 7,;72 Q= 1S 2/ /.03 623 :0/123 .HI2/3 2D .,/
0, 7,;72 9603 51:,; L02 1*

CI =
P 2

L

4πAL
Q!* RS

.Y? PL 23/ 62 9417B@/12 ;2 6: 6437., L*

>2//2 B23012 23/ 37B962 T :60621? B:73 2662 23/ /1@3 32,37H62 :0 H107/ 62 6.,5 ;2
6: O1.,/7@12 #P22( ℄* X, .0/12? CI ,2 920/ 9:3 ;4/2/21? 3206? 687114506:17/4 9073L02
;23 .HI2/3 :J2 ;23 O.1B23 ;7K412,/23 920J2,/ :J.71 62 BCB2 7,;72*

-! . $%)'#/%(# 01 + 2'

P2 /21B2 ZO1:/:62[ Q;0 6:/7, O1:/03? ZH1734[S : 4/4 7,J2,/4 9:1 \:,;26H1./ 9.01
;4375,21 0, /M92 ;8.HI2/3 ;.,/ 687114506:17/4 623 ;73/7,502 ;23 .HI2/3 54.B4/17L023
2067;72,3 /263 L02 623 ;1.7/23? 623 21623 .0 623 39=@123* P: ;7B2,37., O1:/:62 

23/ 0,2 :1:/4173/7L02 ;2 6: 9:1/7/7., ;23 9.7,/3 L07 921B2/ ;2 ;41712 6: O:].,
:J2 6:L02662 0, .HI2/ .092 68239:2* >823/ 0,2 4645:,/2 B4/=.;2 L07 : B.,/14
0,2 O.1/2 .1146:/7., :J2 6: ,./7., 7,/07/7J2 ;2 68C/12 =0B:7, 301 6: 105.37/4 ;23
.01H23 #G2,V^℄* _2,.`/ \:,;26H1./ ;:,3 3., 67J12 #\:,V"℄ 91.9.32 960372013
;4a,7/7.,3 ;2 2//2 ,./7., ;2 ;7B2,37., O1:/:62* X6623 3.,/ /.0/23 H:3423 301
684/0;2 ;2 684J.60/7.,? 2, O.,/7., ;2 684=2662? ;80,2 91.9174/4 B2301:H62 ;80,
,0:52 ;2 9.7,/3* X, 2K2/? 6: 6.,50201 ;80,2 675,2 O1:/:62 ;492,; ;2 6: 1@562
:J2 6:L02662 ., O:7/ 6: B23012 N 9603 2662 23/ 92/7/2? 9603 6: 6.,50201 /1.0J42

  !"#$%& '(&$ '()&*%$ '$ ,*")'!-. !" '$ ,*")'!-./0$)(!#(&12



 ! "#$%$&$'( ) *+$-$./  !!

"#$ %&'()"* +'(# ," '# )"# ./&0"# )" ,' %1.21$&3" ,'##34/"5 6,/# .( '%&'()3$5
6,/# ,' ./&0" ' ,7'3& )" #7'6,'$3& ,.',"2"($ "$ 23"/8 .( 6"/$ ,' #/39&" "( ,/3
'66,34/'($ /(" 6"$3$" &:%,"* ;'& .($&"5 )'(# ," '# )7/(" ./&0" <&'$',"5 ,'
./&0" '%&'()3" "#$ $./=./&# '/##3 1>'(&1" "$ ,' &:%," #7'66,34/" $./=./&# 2',5
4/", 4/" #.3$ ,7'%&'()3##"2"($5 "$ 4/",," 4/" #.3$ ,' $'3,," )" ,' &:%,"* ?( )7'/$&"#
$"&2"#5 )'(# ," '# )"# ./&0"# ,'##34/"#5 ," &1#/,$'$ #" #$'03,3#" $&:# 93$"5 "$
.( .0$3"($ '3(#3 ,' ,.(%/"/& )" ,' ./&0"* ;'& .($&"5 )'(# ," '# )"# ./&0"#
<&'$',"#5 "$$" ,.(%/"/& '/%2"($" 9"&# ,73(@(3* ?( )7'/$&"# $"&2"#5 ," .("6$ )/
<&'$', "#$ 0'#1 #/& ," <'3$ 4/" )"# &1#/,$'$# .($&')3$.3&"# #.($ .0$"(/# 4/'() )"#
.0="$# %1.21$&34/"# A,'##34/"#B "$ )"# .0="$# <&'$',"# A('$/&",#B #.($ 2"#/&1#
"( /$3,3#'($ )"# &:%,"# )" ,.(%/"/&# )3C1&"($"#* ;./& /( .0="$ %1.21$&34/"5 ,'
,.(%/"/& 2"#/&1" ℓ .(9"&%" D #' 9&'3" 9',"/& $'($ 4/" ,' )32"(#3.( )" ,' &:%,"
r )1&.E$ A!* FB* G"6"()'($5 6./& ,"# .0="$# ('$/&",#5 ,' ,.(%/"/& 2"#/&1" ℓ &.E$
$'($ 4/" ,' )32"(#3.( )" ,7/(3$1 )" ,' 2"#/&" r )1&.E$* G" &'66.&$ 3(9"&#" "($&" ℓ
"$ r "#$ )H '/ <'3$ 4/" 0"'/./6 )" 0'3"# "$ 3()"($'$3.(#5 4/3 #.($ 6,/# 6"$3$# 4/"
,' )32"(#3.( )" ,' &:%," r5 #.($ 3('6"&I/# "$ .23# ,.&# )" ,' 2"#/&" )" ,' ,.(%/"/&
)" ℓ J 3,# )"93"(("($ (.$'0,"# #3 ,' )32"(#3.( )" ,7/(3$1 )" 2"#/&" r )1&.E$*

ℓ = N(r)r = λr1−fd A!* FB

.K5 N(r) "#$ ," (.20&" )" &:%,"# )" )32"(#3.( r (1"##'3&"# 6./& ./9&3& ℓ5 λ
"#$ /(" .(#$'($" )71>",," A "#$B "$ fd "#$ ,' '&'$1&3#$34/" )" ,' ./&0/&" )"
ℓ .((/" #./# ," (.2 )" ,' )32"(#3.( <&'$',"* L' 9',"/& )" fd "#$ /( (.20&"
<&'$3.(('3&" 4/3 "#$ 6,/# %&'() ./ 1%', D ,' )32"(#3.( "/,3)3"((" )" ,7.0="$* ?,,"
2"#/&" ,' <'I.( '9" ,'4/",," ,' <&'$'," ./6" ,7"#6'"*

+'(# ," '# )"# 32'%"# )"# 21,'(.2"#5 ," .($./& )7/(" ,1#3.( 6"/$ M$&" 2.)N
",1 .22" /(" ./&0" <&'$'," OPGQ!℄ ).($ .( 6"/$ '&'$1&3#"& #' &1%/,'&3$1 6'&
,' )32"(#3.( <&'$'," OPLQS℄ OGTUVQW℄* G"$$" )32"(#3.( ' 2.($&1 /(" .&&1,'N
$3.( )" QX Y '9" ,' (.$3.( 3($/3$39" )"# ,3(33"(# #/& ,' &/%.#3$1 )"# ./&0"#
O;"(XZ℄ $./$ "( '&'$1&3#'($ '9" 6&13#3.( ,73&&1%/,'&3$1 )7/(" <.&2"* V3(#35 ,'
6&.0'03,3$1 )" 2',3%(3$1 )7/(" ,1#3.( "#$ &",'$39"2"($ 6&.6.&$3.((",," D ,' &.3#N
#'(" )" ,' )32"(#3.( <&'$'," )" #.( .($./& G* ?( ./$&"5 OG[TQX℄ .($ )1)/3$
4/" ,' )32"(#3.( <&'$'," "#$ /(" 2"#/&" )" ,73&&1%/,'&3$1 )/ .($./& )7/(" ,1#3.(
4/3 "#$ 03"( "( '.&) '9" ,7"#$32'$3.( )7/( %&./6" )7"86"&$# )"&2'$.,.%/"#*
\./$"<.3#5 OL""] ℄ ' 2.($&1 4/" fd "#$ 3(#"(#30," '/8 6'&'2:$&"# )" ,' #$&/$/&"
"$ 6'& .(#14/"($5 3, "#$ 3('6'0,"5 #"/,5 )" 2"#/&"& ,73&&1%/,'&3$1 )7/( .($./&

  !"#$%& '(&$ )!%*"$"+ ,!)-*!%.)$ ,"(/0"$ 0".%' !% 1&+.$3 "%$ 4+.&.)$ 5 )67+.% !" 5
)6(8,+(8.%&$9 $ 0"6!% &+.$ $% +7.)(&7 $/& ,)"&�& "%$ .,,+!;(8.&(!% ,!)-*!%.)$ '!%& )$ �&7
!++$/,!%' 5 ). '(/&.%$ $%&+$ '$"; ,(;$)/<
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#$%&' ()*+,&- .'+ 0 )1) #)2,&13) '& 0(%(0&1 fd 4,%3 5 60&1�2'* 8ph1 '1 ph29
'1 5 ,&1,%3* #'* ()*+,&* 8l1 '1 l29 8: ! !-559- ;' 60&1�2' ph1 0 4(%* #$+&#'&10<
1+,& =%' ph2> 20+* +(* ,&1 (' 2?2' fd- @03 0+(('%3*> (' ,&1,%3 #' l1 0 %&' fd
*%4)3+'%3' A '((' #% ,&1,%3 #' l2> B+'& =%' l2 '*1 0301)3+*) 403 %&' +&#'&101+,&
13C* 04403'&1'- .'+ *$'D4(+=%' 403 (' 60+1 =%' (0 1'D1%3' #' l1 '*1 4(%* +33)E%(+C3'
=%' '((' #' l2 F;''G ℄-

ph1                                     ph2                                        l1                                   l2 

" !# !-55 I J&*'&*+B+(+1) #' (0 #+2'&*+,& 63010(' K fd(ph1 ) = fd(ph2 ) = 1.02>
fd(l1) = 1.16 '1 fd(l2) = 1.12 8 ! "#!!$%℄ '(! '*+,-./'+.,09-

;0 12+3, !  !/ 4,5+!/ '*1 ($%&' #'* 1'L&+=%'* ('* 4(%* 4'36,320&1'* '1 ('*
4(%* %1+(+*)'* 4,%3 '*1+2'3 (0 #+2'&*+,& 63010(' #$%&' ,%3B' ℓ #,&&)' - M(('
,&*+*1' A 3',%N3+3 '11' ,%3B' 403 #'* E3+(('* #' 20+(('* #' 4(%* '& 4(%* 4'1+1'*-
O& ,241' L0=%' 6,+* (' &,2B3' #' 033)* 0P0&1 %&' +&1'3*'1+,& 0N' (0 ,%3B'-
Q%13'2'&1 #+1> (0 fd #' (0 ,%3B' ℓ '*1 %&' 6,&1+,& #% &,2B3' 2+&+20( #' B,R1'*
'& +&1'3*'1+,& 0N' ℓ- M& 'S'1> (' &,2B3' #' B,R1'* N(r) #' #+2'&*+,& r =%+ *,&1
'D+E)* 4,%3 ,%N3+3 ℓ *%+1 (0 3'(01+,& *%+N0&1' 8!- T9 K

N(r) ∝
1

rfd
8!- T9

Q+&*+> &,%* 0N,&* %1+(+*) %&' E3+((' 033)' #+N+*0&1 ($+20E' #' (0 ()*+,& '& %&
'&*'2B(' #' B,R1'* #' #+2'&*+,& r×r 8: ! !-5!9- M&*%+1'> N(r) '*1 )N0(%) ,22'
)10&1 (' &,2B3' #' E3+(('* =%+ ,&1+'&&'&1 %& 2,3'0% #% ,&1,%3 #' (0 ()*+,& #0&*
($+20E'- U+S)3'&1'* N0('%3* #' r ,&1 )1) %1+(+*)'* 4,%3 ,B1'&+3 ('* &,2B3'* N(r)
,33'*4,&#0&1*- M&V&> '& 044(+=%0&1 ($)=%01+,& 43))#'&1' 8!- T9> (0 #+2'&*+,&
63010(' fd 0 )1) #)V&+' 403 (0 4'&1' #' (0 (+E&' #' 3)E3'**+,& #' log(N(r)) (/6
log(r) 8!- W9 8: ! !-5"9-



 ! "#$%$&$'( ) *+$-$./  !"

fd = lim
r→0

log(N(r))

log(1/r)
#!$ %&

 !"# !$'! ( )*+-+ ./ +* .01/23042 56*7*+/ .- 4274-6 .8-2/ +93042 :*6 +* 197;4./
./3 <4=7/3$

−4 −3.5 −3 −2.5 −2 −1.5 −1
2.5

3

3.5

4

4.5

5

5.5

6

log(r)

l
o
g
(
N
(
r
)
)

 !"# !$'> ( ?3701*7042 ./ +* .01/23042 56*7*+/ :*6 +* :/27/ ./ +* +0@2/ ./ 69@6/3A
3042 ./ log(N(r))  !" log(r)$
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! "#$%&'()*# +% ,-*,%(

#$% &'()*$ +,% .$ /*01 )00'2.&)%0 3*((41% .$% &+02% ,+0)+$% 1% &+ 1)(5+$%
0+1)+&% 6 !"! &+ 1)(5+$% %$50% &% %$50% GL %5 &% *$5*.0 C78 9% &:; 3&.()%.0( +.5%.0(
*$5 %(5)<' &=)00'2.&+0)5' Cr 1. /*01 1=.$% &'()*$ %$ +$+&>(+$5 &+ ,+0)+$% 1% &+
1)(50)/.5)*$ 1% &+ 1)(5+$% 0+1)+&% 1%( 3)?%&( 1% /*01 6!8@A7 BCDEFDGH℄8 E$ %J%5;
Cr %(5 1=+.5+$5 3&.( 3%5)5 K.% &% *$5*.0 %(5 3&.( 0'2.&)%08

Cr =
1

PL

∑

p∈C

(

d2(p, GL)− d
)2

d
2 6!8@A7

*L; d %(5 &+ <*>%$$% 1%( 1)(5+$%( %.&)1)%$$%( %$50% &%( 3)?%&( M0*$5)40%( 1% &+
&'()*$ %5 &% %$50% GL8

+! .('-/)*),- +0 &' 1)$20-*'*),-

N%5 +550)/.5 1'0)5 &+ 30*20%(()*$ 1% &+ 3)2<%$5+5)*$ %$50% &+ &'()*$ %5 &+
3%+. %$,)0*$$+$5%8 #$ /*01 /0.(K.% )$1)K.% .$% <+&)2$)5'; 5+$1)( K.=.$ /*01
30*20%(()M 0%30'(%$5% .$% &'()*$ /'$)2$% BOPGQ℄8 R*.0 +0+5'0)(%0 &+ 50+$()5)*$
1% &+ 3)2<%$5+5)*$; $*.( +,*$( *$()1'0' &+ *<3*(+$5% 1% &.<)$+$% lum(i, j)
6!8@ 7 *<<% '5+$5 5*.5 ()<3&%<%$5 &+ (*<<% $*0<+&)('% 1%( 50*)( *<3*(+$5%(
*.&%.0( S; T %5 U8 E$(.)5%; $*.( %(5)<*$(; <*>%$$+$5 .$ <+(K.% 1% F*/%&; &%
<*1.&% 1. 20+1)%$5 1% &+ *<3*(+$5% lum &% &*$2 1. *$5*.0 1% &+ &'()*$8 V*.(
*/5%$*$( .$ %$(%</&% 1% ,+&%.0( e(k) 61 ≤ k ≤ PL7 1'0),+$5 &+ 50+$()5)*$ &*+&%
%$50% &+ &'()*$ %5 &+ 3%+. K.) &=%$5*.0% +. $),%+. 1% W+K.% 3)?%& 1. *$5*.0 C8
E$X$; 3*.0 1'0)0% 3&.( 2&*/+&%<%$5 &+ 50+$()5)*$; $*.( +,*$( .5)&)(' &+ <*>%$$%
me %5 &+ ,+0)+$% ve 6!8@ 7 1%( ,+&%.0( e(k)8 N% 1%0$)%0 3+0+<450% ve %(5 1=+.5+$5
3&.( 3%5)5 K.% &% *$5*.0 %(5 3&.( 0'2.&)%08







































lum(m, n) =
1

3
[r(m, n) + g(m, n) + b(m, n)]

me =
1

PL

PL
∑

k=1

e(k)

ve =
1

PL

PL
∑

k=1

(e(k)−me)
2

6!8@ 7
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 !"!#!$ %&'()*+')*-( ./ 0' 1'2*')*-( ./ 0' -&0/&2 345

 !" #$$%&'($" )(#*$&+#*$ ,# -#%&#$&.* /! ,# .(,!(% ".*$ $%1" 2!%$&*!*$" 2.(% ,!
/&#3*."$& /( 45,#*.4! !$ &," ".*$ /&6&,!4!*$ /5%&$" 2#% ,!" /!%4#$.,.3(!"7 8,"
/5%&-!*$ )(#*$&$#$&-!4!*$ ,# 2%5"!*! !$ ,# /&"$%&'($&.* /!" .(,!(%"7 9* !:!$; ,#
2&34!*$#$&.* /<(*! ,5"&.* *<!"$ 2#" (*&=.%4! !$ ,# 2%5"!*! /! 2,("&!(%" .(,!(%"
!"$ ,<(*! /!" #%#$5%&"$&)(!" 2%5/&$&-!" /<(* 45,#*.4! 4#,&*7  # -#%&#$&.* /!
,# .(,!(% /#*" (*! ,5"&.* !"$ /5%&$! && 2#% ,<>.4.35*5&$5 /! ,# .(,!(% Ch !$ ,#
.%%5,#$&.* !*$%! ,# 35.45$%&! !$ ,# 2>.$.45$%&! Cgp7

'5 6-7-89(9*)9 ./ 0' -&0/&2

?.(% )(#*$&+!% ,<>.4.35*5&$5 /! ,# .(,!(%; ,<>&"$.3%#44! /! ,(4&*#*! @lumA
/! ,# ,5"&.* !"$ /&-&"5 !* $%.&" &*$!%-#,,!" /! ,.*3(!(%" 53#,!"7  ! 2%!4&!% @%!"27
$%.&"&14!A &*$!%-#,,! .%%!"2.*/ #(B 2,(" 2!$&$!" @%!"27 3%#*/!"A -#,!(%" /! ,(C
4&*#*! !$ /5+*&$ ,# D.*! ".4'%! @%!"27 ,#&%!A /! ,# ,5"&.* @E ! F7GHA7  <&*$!%C
-#,,! &*$!%45/&#&%! *! 2#%$&&2! 2#" I ,# )(#*$&+#$&.* /! ,<>.4.35*5&$5 /! ,#
.(,!(%7 9*"(&$!; ,<>.4.35*5&$5 /! ,# .(,!(% Ch !"$ 5-#,(5! !* .42$#*$ ,! *.4C
'%! /! $%#*"&$&.*"  !"#$ &'()$ * !"#$ +",-)$. !$  !"#$ +",-)$ * !"#$ &'()$. !*
2#%.(%#*$ ,# ,5"&.* >.%&D.*$#,!4!*$ !$ -!%$&#,!4!*$ JKL9MNG℄7 P! *.4'%! !"$
=#&',! 2.(% ,!" ,5"&.*" '5*&3*!" @.(,!(%" %!,#$&-!4!*$ >.4.31*!" A !$ 5,!-5 2.(%
,!" ,5"&.*" 4#,&3*!" @.(,!(%" >5$5%.31*!"A7

" !# F7GH Q 9-#,(#$&.* /! ,<>.4.35*5&$5 /! ,# .(,!(%7 #C &4#3! &*&$&#,!; 'C ,!" 3
D.*!" /! .(,!(%" ($&,&"5!" @,# D.*! -!%$! %!2%5"!*$! ,<&*$!%-#,,! &*$!%45/&#&%!A7

:5 4-2290')*-( /()2/ 0' 89-79)2*/ /) 0' ;<-)-79)2*/

 # -#,!(% /! !$$! .%%5,#$&.* !"$ !B2%&45! 2#% ,# 4!"(%! Cgp @F7GGA )(& 5-#,(!
,# /&"$%&'($&.* /! ,# .(,!(% /! ,# ,5"&.*7 9,,! .*"&"$! I 5-#,(!% ,<5-.,($&.* /(
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#$%&'( )& +(,&(- . /'-0$- )( &#0-& )& ,' ,12$+# %&-2 2&2 3-+#0$4-&25 6&00& 7&2(-&
&20 1,&%1& /+(- ,&2 ,12$+#2 81#$9#&2: /($2;(<&,,&2 +#0 (# '2/&0 =&# $8,&>: <&20?.?
)$-&: /,(2 +# 2<1,+$9#& )( &#0-& )& ,' ,12$+#: /,(2 ,' +(,&(- 2<1,'$-$05 6&/&#)'#0:
,&2 3'$8,&2 %',&(-2 )& Cgp 2+#0 2$9#&2 )& 7',$9#$015

Cgp =
1

AL.vlum.vd
.
∑

p∈L

(

d2(p, GL)− d
)

.
(

lum(p)− lum
)

@!5AAB

+C: d &0 vd @ !"#$ lum &0 vlumB 2+#0 2(&22$%&7&#0 ,' 7+D&##& &0 ,' %'-$'#& )&2
)$20'#&2 @ !"#$ ,(7$#'#&2B )&2 /+$#02 )( +#0+(- /'- -'//+-0 '( &#0-& GL5

 !"!# $% &'(*+,-+./ 0 &1+(+./

E/-42 ,' )1F#$0$+# )&2 '00-$8(02 /&-7&00'#0 )& )$20$#9(&- ,& 71,'#+7& )&2
'(0-&2 0D/&2 )& ,12$+#2 )& ,' /&'(: (# /-+&22(2 )& ,'22$F'0$+# (0$,$2& &2 '0?
0-$8(02 'F# )& ,'22$F&- (#& ,12$+# &# 7',$9#& +( 81#$9#& )& 0&,,& 2+-0& ;(& ,'
,'22& 81#$9#& &#9,+8& ,&2 ,12$+#2 '0D/$;(&25 G'#2 (# /-&7$&- 0&7/2: #+(2 '%+#2
(0$,$21 ,' 0H1+-$& )& %!&#"'! ()*+,!  @$,$ E##&I& E5B /+(- -1',$2&- ,' ,'22$F'?
0$+# )<(#& ,12$+# &# 3+#0$+# )& ,<&#2&78,& )<'00-$8(02 '-'01-$2'#0 2' 7',$9#$015
J# &K&0: ,' 0H1+-$& )& G&7/20&-?LH'3&- &20 (#& 0&H#$;(& /&-3+-7'#0& )& 3(2$+# )&
,<$#3+-7'0$+# 7(,0$?2+(-&2 'F# )<'1)&- . (#& $#3+-7'0$+# /,(2 F'8,& MNOLPQ!℄5
E$#2$: H';(& '00-$8(0 k 2&-' +#2$)1-1 +77& (#& 2+(-& =$#&-0'$#& > Sk 2(- ,'
7',$9#$01 )& ,' ,12$+#5 S# T&( )& 7'22&2 mSk 7+)1,$2& ,& )&9-1 )<'//'-0&#'#&
)& ,' ,12$+# L . ,' ,'22& 7',$9#& @ B &0 . &,,& 81#$9#& @QB 2&,+# ,<'00-$8(0 k5 L$
Ck

out @∈ {0, 1}B &20 ,' ,'22& )10&-7$#1& /'- ,<'00-$8(0 k 2($0& . ,' /-12&#0'0$+# )&
L . (# -12&'( )& #&(-+#&2 )& 0D/& /&-&/0-+# 7+#++(H& @$,$ A5U5AB &0 χk &20
,' 3+#0$+# '-'01-$20$;(& )( 2$#9,&0+# Ck

out: ',+-2 #+(2 '%+#2 )1F#$ mSk /'- V

∀x ∈ {0, 1} , mSk(x) = (2.TCRk − 1).χk(x) + (1− TCRk) @!5A!B

'%&: TCRk @∈ [0, 1]B &20 ,& 0'(I )& ,'22$F'0$+# -1(22$& /'- ,<'00-$8(0 k 2&(,:
2(- (#& 8'2& )<'//-&#0$22'9& )& 100 ,12$+#25 6& 0'(I -&W40& ,<'/0$0()& )& ,<'0?
0-$8(0 k . 21/'-&- ,&2 )&(I ,'22&2 )& ,12$+#25 J#2($0&: ,&2 T&(I )& 7'22&2 )&
0+(2 ,&2 '00-$8(02 +#0 101 +78$#12 /'- ,' ,+$ )& +78$#'$2+# )& G&7/20&- @$,$
E##&I& E5B &0 ,' ,'22& )& H';(& ,12$+# &20 &,,& ;($ 7'I$7$2& ,' -+D'#& 9,+8',&5

6& /-+&22(2 )& ,'22$F'0$+# 8'21& 2(- ,' 0H1+-$& )& ,<1%$)&#& #<' /'2 /&-7$2
)<+80&#$- )& 8+#2 0'(I )& ,'22$F'0$+# -1(22$& MNOLPQ!℄5 X+(0&3+$2: ,' /+22$8$,$01

  !""# $#%& %'()*#& $& +,(-#$&.& )! %'()*#& $&" *)01.&"2



 ! "#$%$&$'( ) *+$-$./  !"

#$%&&'()*+,,%-( ./'*(0()* %1*/)/0( &%' #(, (2(0&3(, .%+* #(, '4,(%12 #( )(15
'/)(, %'*+6+(3, 89:;< 1)( ,/31*+/) %#%&*4( &/1' 3% 3%,,+6%*+/) #$1)( 34,+/)=
>) '(?%)@(A 3(, '4,(%12 #( )(1'/)(, ./1')+,,()* .'4B1(00()* 1)( (''(1' '4#1+*(
&/1' 3% 3%,,+6%*+/) #(, 34,+/), #( 3% &(%1 /0&%'%*+?(0()* %12 %&&'/@(, %35
-/'+*@0+B1(, 3%,,+B1(, CDEFG℄ CEII+"G℄= :/1, %33/), #4*%+33(' #%), ( B1+ ,1+*
3$%'@+*(*1'( #1 '4,(%1 #( )(1'/)(, &('0(**%)* 3% 3%,,+6%*+/) #$1)( 34,+/) ()
1*+3+,%)* 3(, %**'+J1*, #4'+*, +5#(,,1,= >),1+*(A )/1, +331,*'('/), 3% '/J1,*(,,( #(
)/*'( %&&'/@( #( 3%,,+6%*+/) &%' 1) ('*%+) )/0J'( #$(2&4'+0()*%*+/), (* #(
'4,13*%*,=

 !"!#!$ %&'()&*+,-,./+ 01 2)3*-1 0* +*12/+*3

:/1, %?/), @/+,+ 3( &('(&*'/) 0/)//1@( &/1' 3% '4%3+,%*+/) #( 3% 3%,,+6%5
*+/) ,1&('?+,4( #%), 3( %#'( #( )/*'( KLI;MNK= M%), )/*'( %,A 3( &('(&*'/)
(,* #46)+ &%' 9 )(1'/)(, #$()*'4( '(&'4,()*%)* 3(, 9 %**'+J1*, ,43(*+/))4, &/1'
#4'+'( 3(, ,O0&*�0(, #( 0%3+-)+*4 #$1)( 34,+/) #( 3% &(%1 8AiA QA CIA fdA CrA
meA veA Ch (* Cgp<A m )(1'/)(, %@4, (* 1) )(1'/)( 3+)4%+'( #( ,/'*+( 8./)*+/)
#( ,(1+33%-(< &'/#1+,%)* 1) '4,13*%* J+)%+'( 81 &/1' 1)( 34,+/) 0%3+-)( (* 0 &/1'
1)( 34,+/) J4)+-)(<= :/1, %?/), .%+* ?%'+(' 3( )/0J'( #( )(1'/)(, %@4, R1,B1$S
3$/J*()*+/) #(, &('./'0%)(, /&*+0%3(,= T$%&&'()*+,,%-( (,* '4%3+,4 0/O())%)*
3$%3-/'+*@0( ,*%)#%'# #( '4*'/5&'/&%-%*+/) #1 -'%#+()* C9UVWX℄= Y(* %3-/'+*@0(
0+)+0+,( 3$(''(1' B1%#'%*+B1( εr ()*'( 3(, ,/'*+(, /1'%)*(, #1 '4,(%1 (* 3(, ,/'*+(,
#/))4(, &%' 3(, (2(0&3(, #( 3% J%,( #$%&&'()*+,,%-( 8,/'*+(, #4,+'4(,<= T$%&&'()5
*+,,%-( ,$%''Z*( B1%)# 3$(''(1' εr #(?+()* +).4'+(1'( S 0.1 /1 B1%)# /) %**(+)*
10000 +*4'%*+/),=

:/*/), ()6) B1( 3/', #( 3$%&&'()*+,,%-(A )/1, )$%?/), &%, &'+, /00( ()*'4(
#1 &('(&*'/) 3(, ?%3(1', #(, %**'+J1*, 0%+, 3(1',  !"$%&" C[9"F℄ %6) #$/J*()+'
#(, ?%3(1', )/'0%3+,4(, 8'(' !=\= = <= >) (](*A (, %**'+J1*, /)* #(, 1)+*4, &@O,+B1(,
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 !"  !" #$ %&'"($')" )*+(,-" #.(-/*)0/ 1 2%%&(!/(,- !' !-$) #' $)4$!'

 !"# !# $ %&()*+*,&+ -./01.+ 2, 343*56+ 7&/7/38#



 ! "#$%&'()*+, - "#$%&'()*+,  !"

$%&'( () *+& ,%'&(-) (- .&/(-0&1- () (- 0%)+'%)&1-2 3% 45+'( 0+&,%-)( 67 ! !289
:';0(-)( .(+< &/%5(0 =>? .(0 (',(%+< %))(&-)0 :%' .(0 :%)@1$15&(0 )+/1'%$(02

" !# !28 A B(+< &/%5(0 =>? .( (',(%+< @+/%&-0 :%)@1$15&*+(02

 !" #$ %&'()*+,-./ 0 %&'()*+,-./

3(0 &/%5(0 :'1.+&)(0 :%' $CD= EFG()HEF0(',%)&1- 01-) 01+,(-) %))(&-)(0 :%'
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L9-16* *. O;.+*)W -M1 ?* ?=M1/+ 9- 9-))* CZI ?* 9- :01* 4-9-?*C %1);/.*F 9-
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CZI ?* 9- :01* 4-9-?*C
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JC 9- 4-.+/* B <;/ ?=M1/. 9- 10+4* ;./9/)=* 90+) ?*) -9;9) ?*) ?/).-1*) `
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7' 91::2;)*2$% 7)%4 +'4 +)44'4/ %$14 +<)=$%4 73>? 3*1723 7)%4 +' @),2*(' 2 A!"!
BCDCBC EC F),,'+$%4 01' %$14 )=$%4 @$242 7' $--'%'( +) +)442;)*2$% G$1'
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+'4 4 +)44'4 AN ! DCSEC
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Zmal = {Rt / Rt ⊂ (FS(Im) ∩ CZI)} 3"5@7

2A8 FS $') .* B2()12( /$ '$0,$()*)12( /$ .=1,*0$ Im $) >+1 C&#1D$ FS(Im) =

{R1, R2, · · · , Rr} *C$
r
⋃

i=1

Ri ⊂ Im8

FC $') .* B2()12( /$ .*''1D*)12( >+1 C&#1D$ FC(Im) = {C1, C2, · · · , Cc}

*C$
c
⋃

i=1

Ci = Im5
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.!#&*-*$% *C4).#3.: ;*%%* !+!#%6 4)# '$3A&* 4>!<!$%!=* (* +')<'#& &*+&6.*$%*&
*C+4##%*-*$% 4>#$*&%#%)(* <#.BDB<#. (>)$ 6<6$*-*$%: E$ *F*%" 4* +&'?4A-* =6$6&!4
'$.#.%* D #(*$%#G*& )$ '?H*% ') )$* .#%)!%#'$" (6.#=$6 +!& 4! <!&#!?4* =6$6&#7)*
x" +!&-# )$ *$.*-?4* (>5@+'%5A.*. Hi ('$% 4>)$* (>*44*. *.% .).*+%#?4* (>I%&*
4! .'4)%#'$: J4 +*)% .>!=#&" +!& *C*-+4*" (>#(*$%#G*& 4! -!4!(#* (>)$ +!%#*$%" (*
'$$!K%&* 4! $!%)&* (>)$* %)-*)& ') (* (6%*&-#$*& 4! 4!..* (#!=$'.%#7)* (>)$*
&6=#'$:  ! %56'&#* (* 4>6<#(*$* +*&-*% !4'&. (>6<!4)*& 4! <6&!#%6 (* +&'+'.#%#'$."
!)..# ?#*$ .#-+4*.! 7)* '-+'.#%*.": L')& * 3!#&*" 4! %56'&#* (* 4>6<#(*$* .* 3'$(*
.)& (*. (*=&6. (* &'@!$* +*&-*%%!$% (* &*+&6.*$%*& 4>#$*&%#%)(* +&6.*$%* .)&
4*. (#F6&*$%*. +&'+'.#%#'$. M.#-+4*. *% '-+'.#%*.N: ;*%%* 6<!4)!%#'$ &6!4#.6* *.%
(* $!%)&* .)?H*%#<*" (!$. 4* .*$. 7)>*44* .>6%!?4#% .*4'$ 4>6%!% (*. '$$!#..!$*.
#..)*. (>)$* ') (* +4).#*)&. .')&*. (>#$3'&-!%#'$.: ;*. (*&$#*&. +*)<*$% &*O6%*&
)$ =&')+* (>*C+*&%. ('$$!$% 4*)& !<#. .)& 4* +&'?4A-* %&!#%6" ') *$'&*" )$ *$B
.*-?4* (* +!&!-A%&*. #$(#7)!$% (*. !<#. '-+46-*$%!#&*. .)& 4* +&'?4A-* 6%)(#6:

P'). !44'$. (6G$#& (!$. 4! .*%#'$ .)#<!$%* 4*. '$*+%. (* ?!.* (* 4! %56'&#*

  !"#$%$&' )&&*$ +"&, #" #-''./"'*/$ ,)*, #$ &)& +$  !"#$%& '&( $#*+,&(0  !"#$%& '&(
-.+/(%0%.% "( $' ,*/')*'  !"#$%& '& 1&2-( &$34!+5&$ 12345

! 6$%7#$ 8 79:;6 $,' Hi<5
" 6$%7#$ 8 79:;6 $,' Hi )* Hj<5

Q0Q



 !"  !"#"%&' (& )*'& (& +* ,-./!"& (& +0.1"(&#&

#$ %&'()#$*$ ,-) ./-0*)1 #$2 /-1)%2 2/-3%$2 3$04$115*1 %5 0$30'2$*151)/* #&-*$
)*./0451)/* )*$015)*$ /- 3501)$%%$ (/)0$ 464$ -*$ 2)1-51)/* #&)7*/05*$ 1/15%$8
9*2-)1$: */-2 30'2$*1$0/*2 %5 0;7%$ #$ /4<)*5)2/* /=$01$ 350 $11$ 1>'/0)$: ,-)
$21 -* /-1)% 3501)-%);0$4$*1 $?5$ $1 5#531' @ %5 .-2)/* #$2 )*./0451)/*2 )4A
350.5)1$28

 !" #$%'()* +' ,-*'

B5 1>'/0)$ #$ %&'()#$*$ 2-33/2$ %5 #'C*)1)/* #&-* $*2$4<%$ θ #$ N >DA
3/1>;2$2: 533$%' !"#$ "$ "%&$#'$($') /- !"#$ "*%')+#,) 8 E$2 >D3/1>;2$2: ,-)
2/*1 $F>5-21)($2 $1 $F%-2)($2: /00$23/*#$*1 5-F #)='0$*12 '1512 #&-* 2D21;4$
#/**'8 9* #&5-10$2 1$04$2: %&-*$ #$ $2 >D3/1>;2$2 $21 2-2$31)<%$ #&610$ %5 2/%-A
1)/* #- 30/<%;4$ 3/2' G$-.!/&)%0$&H 25>5*1 ,-$ $11$ 2/%-1)/* $21 -*),-$ G$-1/2
&%0$&H8 B$ 30)*)3$ ./*#51$-0 #$ %5 1>'/0)$ #$ %&'()#$*$ $21 %5 3/22)<)%)1' #&5=$1$0
-*$ 30/<5<)%)1' <52),-$: */* 2$-%$4$*1 5-F #)='0$*1$2 >D3/1>;2$2 30)2$2 2'350'A
4$*1: 45)2 5-22) 5-F >D3/1>;2$2 /43/2'$28 B5 4522$ 5=$1'$ @ -*$ #)2I/*1)/*
#&>D3/1>;2$2 $21 /*2)#'0'$ /44$ 1/-1$ %5 4522$ 2-2$31)<%$ #&610$ 105*2.'0'$
-%1'0)$-0$4$*1: 2/-2 0'2$0($ #&533/01 #&)*./0451)/*2 2-33%'4$*15)0$2: @ -* 2/-2A
$*2$4<%$ 3%-2 0'#-)1 #$ $11$ #)2I/*1)/*8 9* #&5-10$2 1$04$2: $%%$ 0$30'2$*1$ %5
3501)$ #$ 0/D5*$ 3%5' $F51$4$*1 2-0 %5 #)2I/*1)/* #&>D3/1>;2$2 $1 ,-) *&5
352 3-: /431$ 1$*- #$ %&'151 51-$% #$ %5 /**5)225*$: 610$ 5=$1'$ @ -* 2/-2A
$*2$4<%$ 3%-2 23')C,-$8 J)*2): /* #'C*)1 2-0 %&$*2$4<%$ 2θ #$2 2/-2A$*2$4<%$2
#$ θ: %$ I$- #$ 4522$2 mSj G∈ [0, 1]H 5051'0)25*1 %5 ('05)1' #&-*$ 30/3/2)1)/*
Hi G∈ 2θH 0$%51)($4$*1 @ %5 2/-0$ #&)*./0451)/*2 Sj8 E$ I$- #$ 4522$2 ('0)C$ %$2
30/30)'1'2 2-)(5*1$2 K

mSj(∅) = 0 et
∑

Hi∈2θ

mSj (Hi) = 1. GJ8 H

B&533/01 #- 4/#;%$ #$ %5 1>'/0)$ #$ %&'()#$*$ 350 0533/01 @ %&5330/>$ 30/<A
5<)%)21$ 0'2)#$ #5*2 %$ .5)1 ,-$ %&/* $21 352 /<%)7' @ 0'3501)0 %5 4522$ 1/15%$ #$
30/<5<)%)1'2 2-0 #$2 2)*7%$1/*2: $ ,-) 3$04$1 #&5(/)0 -*$ 511)1-#$ 4/)*2 50<)105)0$
LM5*N!℄8 J)*2): %/02,-$ %&/* 5=$1$ -*$ 4522$ @ -*$ 30/3/2)1)/* A #)='0$*1$ #&-*$
>D3/1>;2$ 2)*7%$1/*: /* $F30)4$ %$ .5)1 ,-$ %&$*2$4<%$ #$2 >D3/1>;2$2 #$ A */-2
3505P1 ,-$%,-$ 3$- 0'#)<%$ 45)2 25*2 3/-0 5-15*1 30$*#0$ 3501) 3501)-%);0$4$*1
3/-0 %&-*$ #&$*10$ $%%$28 E$11$ 2/-3%$22$ #$ %5 4'1>/#$ 3$04$1 #$ 0$30'2$*1$0
.5)%$4$*1 %&)7*/05*$ 1/15%$: 350 -* I$- #$ 4522$2 2)43%$ GJ8"H: /*105)0$4$*1 @
%5 1>'/0)$ #$2 30/<5<)%)1'2 ,-) *$ 3$04$1 352 #$ 105)1$0 2) .5)%$4$*1 %$ /*$31 #$

  ! "!#$"%&' ("&% (*$%*+ ,&&%#!*-*!. /((,01



 !"$%&' ($ )*'$  !"

#$%&'()*', -.%/0.$,##, ', -,.1 -*/ 2%/1%'&.,) ,'1), #* '(' )(3*', ,1 #$%&'()*',
456,78℄:

mSj (θ) = 1 et mSj (A) = 0, ∀A 6= θ. ;<:=>

?' (.1),@ -(.) ,A-)%6,) 2, 6*'%B), -#./ ,A-#%%1, '(1), (''*%//*', 2. -)(CD
#B6, 1)*%1E@ 2,.A F('1%('/ 2E)%GE,/ 2, m ('1 E1E E1*C#%,/: H, /('1 #,/ F('1%('/
2, !"#$%$&$'" Cr ;<:"> ,1 2, (&)*+$%$&$'" P l ;<:I> 2(''*'1 /.,//%G,6,'1 #,/ 1,'D
2*',/ 6%'%6*#, ,1 6*A%6*#, J #* -)(-(/%1%(' Hi: ?' ,K,1@ CrSj(Hi) ;L ! <: >
;),/-: P lSj(Hi) ;L ! <:=>> 6,/.), J 0.,# -(%'1 #,/ %'F()6*1%('/ 2(''E,/ -*) .',
/(.), Sj /(.1%,'','1 ;),/-: ', ('1),2%/,'1 -*/> #* -)(-(/%1%(' Hi:

CrSj(Hi) =
∑

A⊆Hi

mSj (A). ;<:">

P lSj(Hi) =
∑

A∩Hi 6=∅

mSj (A). ;<:I>

M(.) #* -)%/, 2, 2E%/%('@ #,/ ('2%1%('/ 2$.1%#%/*1%(' 2$.', )B&#, 2E%/%('',##,
%2E*#, /('1 2%N%#,6,'1 ),6-#%,/@ , 0.% -)(G(0., .', *6C%&.O1E #()/ 2, #* 2ED
%/%(': P* 1QE()%, 2, #$EG%2,', 2ER'%1 -)%'%-*#,6,'1 1)(%/ #(%/ -,)6,11*'1 #*
-)%/, 2, 2E%/%(' /*'/ *6C%&.O1E@ 6*%/ *. -)%A 2$.', -,)1, 2$%'F()6*1%('/: H,/
#(%/ ('/%/1,'1 J ),1,'%) #$Q3-(1QB/, 6*A%6%/*'1 #* )E2%C%#%1E@ #* -#*./%C%#%1E (. #*
-)(C*C%#%1E -%&'%/1%0., Pp ;<:S>:

PpSj(Hi) =
∑

Hi⊆A⊂2θ

mSj (A)

|A|
. ;<:S>

" !# <: T U,-)E/,'1*1%(' ,'/,6C#%/1, 2, #* '(1%(' 2, )E2%C%#%1E:



 !"  !"#"%&' (& )*'& (& +* ,-./!"& (& +0.1"(&#&

 !"# #$% & '()*+,(-./.01- (-,(2340,.( 5( 4/ -1.01- 5( )4/6,03040.+$

 !" #$%&'()'*$( +,* *$-.,*

7- )*+,(-( 590-:1*2/.01-, 02)/*:/0.(,; 4/ :6,01- 264.0<,16*(, (,. 6-( ,146<
.01- 0-.+*(,,/-.( )(*2(../-. 59/+5(* = 6-( 0-:1*2/.01- )46, >/34($ ?90-.+*@.
2/A(6* 5( 4/ .B+1*0( 5( 49+C05(-( *()1,( ,6* 4/ )1,,03040.+ 5( 1-,.*60*( 6-( :1-<
.01- 5( 2/,,( 6-0D6( )/* 1230-/0,1- 5( )46,0(6*, :1-.01-, 5( 2/,,(, 0,,6(, 5(
)46,0(6*, ,16*(, 590-:1*2/.01- 50,.0-.(, (. 0-5+)(-5/-.(,$ E6))1,1-, D6( 491- /
5(6F ,16*(, GS1; S2H 590-:1*2/.01-, ,6* 4( 2@2( /5*( 5( 50,(*-(2(-.; 4/ *IJ4(
5( ,122/.01- 1*.B1J1-/4( 5( K(2),.(* G#$!H G-1.+( ⊕H )(*2(. 5( 1230-(* 4(,
A(6F 5( 2/,,(, 1**(,)1-5/-., (. :16*-0. 6- A(6 5( 2/,,(, *+,64./. ,L-.B+.0,/-.
4/ 1--/0,,/-( J413/4( 5(, 5(6F ,16*(,$ M1.1-, (->- D6( (..( 1)+*/.01- 5(
1230-/0,1- (,. 1226./.0C( (. /,,10/.0C($

mS1 ⊕mS2 =
1

1−K

∑

A∩B=H

mS1(A).mS2(B). G#$!H

#C(; K G#$NH (,. 4/ 2/,,( .1./4( 1**(,)1-5/-.( /6F /,(, 51-. 4/ 1-A1-.01-
5(, +4+2(-., :1/6F 5( B/D6( ,16*( (,. +J/4( = 49(-,(234( C05($ O( 1(P0(-.
.*/560. 490-1B+*(-( 5( 4/ 1230-/0,1-$ Q4 (,. 51- ,0J-0>/.0: 5( 49/,)(. 1-<
R0.6(4 (F0,./-. (-.*( 4(, 5(6F ,16*(, 590-:1*2/.01-,$

K =
∑

A∩B=∅

mS1(A).mS2(B). G#$NH

  ! "#$% &!" '&'(!$%" )! 2θ )#$% &!" (*""!" mSi
(θ) "#$% $#$ $+&&!",



 !"##$%&'

 !  !"#$%&'&$( )& !*+,&+- &( )& !*$(*+-.
"#!$  /01'2(-3&4 5*-)04 !*+,&+-0 &( 63#'7(-&.
"#!$%  /01'2(-3&4 5*-)04 !*+,&+-04 63'&$03*$ &( 89*,+(3*$.
"!&  /$#,10& &$ !*':*0#$(&0 ;-3$3:#,&0.
"'  /,%*-3("'&0 =2$2(3>+&0.
"&  /::-*?3'#(3*$ ;*,1%*$#,&.
##"  5#03 5&,3&@ /003%$&'&$(.
#(&  53(A#;.
!!$  !"#-%& !*+:,& 6&93&.
!)*  !&$(-& B*0:3(#,3&- C$39&-03(#3-&.
!++  !*$9*,+(3*$ D&+-#, D&(E*-F.
!&*  !&$(-#, ;-*&003$% C$3(.
!,-  !&-&G-#, H:3$#, I,+3).
!.  !*':+(&) J*'*%-#:"1.
$"  63K+03*$ /$30*(-*:&.
$,  J"2*-3& )& 6&':0(&-LH"#@&-.
%$&  8>+#(3*$0 #+? 6&-39&&0 ;#-(3&,,&0.
%/  8,2'&$( )MN$@*-'#(3*$.
%(  /,%*-3("'& )M8?:&(#(3*$ A#?3'30#(3*$.
-!(  I+OO1 !LA&#$0.
-(  I3,(-#%& A2)3#$.
'/-  =-#:"30 N$(&-"#$%& I*-'#(.
/)(  N$(&-@#& B*''& A#"3$&.
/0(  N'#%&-3& :#- P20*$#$& A#%$2(3>+&.
/.,  N$(&$03(24 J&3$(& &( H#(+-#(3*$.
1++  QLD&#-&0( D&3%"G*-0.
2&%  R3%$& )& ;#-(#%& )&0 8#+?.
234  R&#-$3$% S&(*- T+#$(3O#(3*$.
(-!(  A*)3U&) I+OO1 !LA&#$0.
(',"$/(  A*)7,& =2$2-3>+& :*+- ,&0 H10(7'&0 )M/3)& #+ 63#%$*0(3

G#020 0+- ,&0 N'#%&0 A2)3#,&0.
(25  A&)3*LR#(&-#,LVG,3.

WXY



 !!  !"##$%&'

 !" " #$%&' ()*+, -+,+/&,012
 #$ " #),304 5)1607 8'+%692
%#! " :&0;5<'10;(),*1=0%0='+2
"&" " -,+7'>,+ ?07/09)1&+ -,'1'/)%+2
"'& " -,0@%>7+9 6+ A)&'9B)&'01 6+9 ?01&,)'1&+92
"'$ " -0'1& A/,+)6 8$1&'012
#( " 5C='01 6DE1C&,F&2
# ) " 5C901)1+ #)=1C&'G$+ H$%C)',+2
#)* " 5C9+)$ 6+ H+$,01+9 I,&'J'+%92
#+, " 50$=+K L+,& +& M%+$2
'$,' " A+G$+1&')% 8%0)&'1= M)3N),6 #+&<0692
'$$' " A+G$+1&')% 8%0)&'1= 80,N),6 #+&<0692
'$' " A+G$+1&')% 8%0)&'1= A+),< #+&<0692
'*- " A*9&>7+ 6DI'6+ )$ O')=109&'2
'*-( " A*9&>7+ 6DI'6+ )$ O')=109&' @)9C 9$, %+9 E7)=+9 #C6')%+92
'& " A$,B)+ ?$7$%C+2
'.*-( " A*9&>7+ PC1C,'G$+ 6DI'6+ )$ O')=109&' @)9C 9$, %+9 E7)=+9 #C6')%+92
' $ " A+%+&'4+ #+6')1 8'%&+,2
'% " A+%B;:,=)1'Q'1= #)/92
'+/ " A*9&>7+ L'9$+% R$7)'12
0&# " S)$T 6+ ?%)99'J)&'01 5C$99'+2
01" " S070=,)/<'+ U V7'99'01 6+ -09'&0192
02! " S,)19B0,7)&'01 6+ W),<$1+1;(0>4+2
0!' " S+'1&+K ($7'1)1+ +& A)&$,)&'012
+-! " L+&+$, O+9,'/&'B 6D$1+ (C9'012
30/ " X<'&+ S0/;R)& &,)19B0,72
4( " Y01+ 6DE1&C,F&2



 !"#!$%&'()!*

 !"!#$%&℄ ()  !!"#$%"* +) &'(  )*'+* #) ,%)'.#/ ,- ") 0)'!#/" .
$/0,2-3/0 /4 56-6 768, 9606:,9,0- 8;8-,9 30 <87 896=- 6=5
>68? 9,9/=; . !22@36-3/0 4/= -?, 60,= 26-?/@/:; /4 9,53A
6@ 304/=96-3/0 8;8-,98)  ! "#!$%&'!'  !)'&!*)+#!*,' -+'!'.
/,')&#!+01'.2 3'4!+01'. 5' ,6 !$#&7*)+#! ') 5'. 3%,%#771!+8
*)+#!.2 -/3 3 9 ///:* B/<88,* C<0383,* D%%&)

 !""%D℄ E)  11$23#* F) &$%#($%(' ,- #) &%('/ . $@6883G6-3/0 26=
53H383/0I4<83/0 2/<= @6 5J-,-3/0 5,8 =J-30/26-?3,8 H68<@63=,8 ,0
60:3/:=62?3, =J-303,00, ,0 ></=,8,0,) ;< =;* K.KLKM* D%%D)

 !$$!NO℄ B)  /45#.+* P) 0$22"(1* C) 0"6#/+$ ,- Q)  (+'.'#1'( .
C?, ,R,-8 /4 96:0,-3 =,8/060, 396:, 30?/9/:,0,3-3,8 /0 6<A
-/96-,5 -388<, @6883G6-3/0) SC NOA%DK* T03H,=83-J 5, Q/=-?
$6=/@306* $?62,@ U3@@* KNNO)

 !V!%K℄ #)  3'//#.+* #) 7.#// ,- !)  3'//#.+ . S,/08-=<-3/0
M5 5,8 9,97=,8 304J=3,<=8 2/<= <0, 622@36-3/0 ,0 /=-?/2J53,)
 ! 11eme >#&17 5'. ?'1!'. 4'&4'1&. '! @A=* 26:,8 K%MLK%O*
$/923W:0,* X=60,* D%%K)

 !+NY℄ +)B)  !8"(1 ,- ")C)9#8"'5") . X<@@; 6<-/96-3 8,:9,0-6A
-3/0 /4 -?, 7=630 30 9=3)  /// 3&*!.*)+#!. #! ='5+*,  7*B+!B*
KZ[K\.NYLK%Z* KNNY)

 !#%&℄ ])+)  /':"%8 ,- Q)P) ,"66" . S/7<8- ,0-=/358 <830: 4<^^;
@<8-,=30: _3-? 4,6-<=,8 26=-3-3/08) C*))'&! <'#B!+)+#! D'))'&.*
D`[K\.K%MNLK%O`* D%%&)

 !#]"N&℄ a)  (+.'#11"* S) ,'.$!!"* V) ;'//'<# ,- +) &"#2"$/" .
$/92<-,=3^,5 396:, 606@;838 /4 23:9,0-,5 @,83/08) "4&#!+*
E'&7*)#,#B+** &[K\.KKLDO* KNN&)

 !#aSBaC$%D℄ ?--2 .II___)6=-)688/)4=I 11$"#!"$( ,$%. =# >')'.)'
?%. ='1 @%*'%.1 0A.A3.#/'1 . -)*)+.)+01'.* D%%D)

 !BN&℄ b)c)  /2%"(+"2%' ,- B)!) ?*%//'( . B,:9,0-30: 9=3 39A
6:,8 <830: 8,@4A/=:603^30: 9628)  !  !)'&!*)+#!*, "#!$'&'!'

K`Z



 !"  !"#!$%&'()!*

 ! " #$%&'( )$$*+-&+ !. +! /!0+!''(+!0 -!1 2'1++!'# $%&'(
 )* +# ,-./%-%$01/(# 234#  55)6

7485 ℄ :6;6  !"#$% '< =6&#'(#%) > 4$$1/%</0- 0@ -'AB%1 -'<C0BD( <0
<E' /-<'B$B'<%</0- 0@ 1%F0B%<0BG .%<% /- %-'B ./%&-0(/(6 "*+!+-*
3'#+.&(4# H"IJK>HL*H"#  55 6

74G%5"℄ M6  *+-. > ;N%-%1G(' %A<0O%</PA' .'( /O%&'( OQ./%1'( > Q<%<
.' 1N%B< '< $'B($'</R'(6 S%$$0B< .' S'E'BE' HH!L# ,MS,4#
 55"6

74T:+UJ℄ :6 -/.(# 36:60+/+%*# M61$-+/.(# 46 2+3+) '< V61$4
3#+3"* > 4 O0./W'. @AXXG YO'%-( %1&0B/<EO @0B F/%/( W'1. '(Y
</O%</0- %-. ('&O'-<%</0- 0@ OB/ .%<%6 5/// 6(-!.-&+ !.  !
2'1+-* 5#-0+!0# J IHK> 5H* 55# JUUJ6

74ZU)℄ 36  /3# '< [6 5+)3$67+ > [R%1A%</0- '< @A(/0- .' OQ<E0.'(
$0AB 1% ('&O'-<</0- .N/O%&'( '- BQ&/0-(6 5! 4eme 7 (8.3 $
6(-+&'#'!&. '& )!-*4.' 195!: (#-&+ !. ; 2<&3 1'. '& )$$*+-=
&+ !. >6)52)?@@AB# $%&'(  ++* "J# \%OO%O'<# VA-/(/'# JUU)6

74Z]+5"℄ :6  !-"+3## ^6;6 5#"$# _6,6 8$'(# ^646 9#.7.3/+% '< _6]6
:.3/+% > `0O$A<'B/X'. R01AO' O'%(AB'O'-< 0@ FB%/- (<BAY
<AB'6 5!C'.& D-1+ * 04# J)>+5"*"U)#  55"6

7_4U ℄ a ;.%<+3"# '< \6  /#3# > ,O%&' B'(<0B%</0- FG /<'B%</R' F1/-.
.'0-R01A</0-6 5! E %(!<'. F+'!&+GH%'.# VA-/(/'# JUU 6

7_4_[UL℄ 46 ;.%  7(+''+-# :6\6 ;.($6# '< \6 =!!+77+- > `0B0-0Y
&B%$E/ B'(A1<( %-. OG0%B./ (/-</&B%$EG .%<% B'1%</0-(E/$ >
V0C%B.( 0B0-%BG %B<'BG ./('%('6 5! 5/// 5!&'(!-&+ !-* " !=
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