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Titre : Contrôle d’Équilibre Des Robots en Contacts Compliants
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Résumé : Le contrôle d’équilibre des robots
reste un problème complexe qui nécessite des re-
cherches supplémentaires, en particulier dans le cas
des robots humanoïdes. Ceci est particulièrement
vrai lorsque l’interaction robot-environnement est
souple, par exemple lorsque les surfaces de contact
sont faites de matériaux mous. L’hypothèse clas-
sique d’interaction rigide échoue dans ce cas, car le
contrôleur construit sur cette hypothèse ne réussit
pas à suivre les forces requises pour l’équilibre du
robot. Certains travaux dans la littérature tentent
de compenser l’effet de compliance, mais cela ne
fonctionne que pour des effets de compliance re-
lativement faibles. D’autres se sont appuyés sur la
modélisation de l’environnement compliant, mais
leurs approches ne fonctionnent que sur des robots
spécifiques contrôlés en couple.

Cette thèse traite le contrôle de l’équilibre des
robots pendant l’interaction compliante avec l’en-
vironnement, et propose une stratégie de contrôle
qui est applicable à différents types de robots. Un
modèle réduit utilisant le modèle visco-élastique
des forces est proposé pour étudier la dynamique
imposée par l’interaction compliante sur le ro-
bot. Le modèle prend un nombre quelconque de
contacts avec l’environnement, ce qui le rend uti-
lisable sur des robots quadrupèdes ainsi que sur
des robots humanoïdes avec des configurations de
contact multiples. Un processus de linéarisation est
utilisé pour linéariser le système non linéaire, et une

représentation de l’espace d’état est utilisée pour
représenter la dynamique linéaire. Pour suivre les
forces et les moments au niveau des contacts avec
une bonne précision, les données des capteurs de
force sont utilisées dans un compromis avec la ci-
nématique des contacts. Un programme quadra-
tique linéaire est utilisé pour générer des signaux
d’accélération des membres du robot en contact
avec l’environnement, nécessaires pour minimiser
l’erreur d’état. Les signaux d’accélération sont en-
suite incorporés dans un programme quadratique,
qui est utilisé pour générer le mouvement du robot
en question.

Une première validation a été effectuée en si-
mulation sur un bipède à 26 degrés de liberté
contrôlé en couple, dans des situations à deux
contacts et à contacts multiples. Les simulations
ont été effectuées dans MATLAB SIMULINK et
ont montré comment le contrôleur proposé se com-
pare à un contrôleur classique supposant une in-
teraction rigide, et la robustesse du contrôleur a
été évaluée. Une deuxième validation a été effec-
tuée sur des robots contrôlés en position, de type
HRP4 en simulation à l’aide de l’environnement de
simulation Choreonoid, et sur un vrai robot de type
HRP2-KAI. Le contrôleur a été formulé en C++ à
l’aide du contrôle framework mc_rtc. Le contrô-
leur peut maintenir l’équilibre du robot lorsque le
robot a une compliance intégrée et lorsqu’il se tient
debout sur un matelas mou en même temps.



Title : Balance of Robots in Compliant Contacts
Keywords : Humanoids, Multi-contacts, Compliance, Modeling, Force Control, LQR, QP

Abstract : The balance control of robots is still a
complex problem that requires additional research,
especially in the case of humanoid robots. This is
particularly true when the robot-environment in-
teraction is compliant, such as when the contact
surfaces are made of soft material. The classical
rigid interaction assumption fails in such case, as
the controller built on this assumption struggles
to produce the required forces for the robot’s ba-
lance. Some works in the literature try to compen-
sate for the compliance effect, but this works only
with relatively small compliance effects. Others
have relied on modeling the compliant environ-
ment, but their approaches only work on specific
torque-controlled robots.

This thesis deals with the balance control of
robots during compliant interaction with the en-
vironment, and proposes a control strategy that
is applicable to different types of robots. A redu-
ced model using the viscous-elastic model of the
forces is proposed to study the dynamics imposed
by the compliant interaction on the robot. The mo-
del takes any number of contacts with the environ-
ment, which make it usable on quadruped robots
as well as humanoid robots with multiple contact
configurations. A linearization process is used to
linearize the non-linear system, and a state-space

representation is used to represent the linear dyna-
mics. To follow the desired contact forces and mo-
ments, the force sensor data is used in a trade-off
with the contacts’ kinematics. To minimize the er-
ror of the state, a linear quadratic program is used
to generate the required command signal for this
minimization, consisting of acceleration signals of
the robot’s limbs in contact with the environment.
The acceleration signals are then incorporated into
a whole body quadratic program, which is used to
generate the motion of the robot in question.

A first validation was performed in simulation
on a 26 degrees of freedom torque-controlled bi-
ped, in two contacts and in multiple contacts si-
tuations. Simulations were run in MATLAB SI-
MULINK and showed how the proposed controller
compares to a classical controller assuming rigid
interaction, and the robustness of the controller
was gauged. A Second validation was performed on
position-controlled robots, of type HRP4 in simula-
tion using the Choreonoid simulation environment,
and on a real HRP2-KAI robot. The controller was
formulated in C++ using the mc_rtc control fra-
mework. The controller can maintain the robot’s
balance when the robot has a built-in compliance
and while standing on a soft mattress at the same
time.



Résumé

Le contrôle d’équilibre des robots reste toujours un problème complexe qui nécessite des
recherches supplémentaires, en particulier dans le cas des robots humanoïdes. Ceci est par-
ticulièrement vrai lorsque l’interaction robot-environnement est souple ou non-rigide, par
exemple lorsque les surfaces de contact sont faites de matériaux mous. L’hypothèse clas-
sique d’interaction rigide échoue dans ce cas, parce que les contrôleurs développés sur cette
hypothèse ne réussissent pas à suivre les forces requises pour l’équilibre du robot. Certains
travaux dans la littérature tentent de compenser l’effet de compliance, limités sur des ef-
fets de compliance relativement faibles. D’autres se sont appuyés sur la modélisation de
l’environnement compliant, mais leurs approches ne fonctionnent que sur des robots spéci-
fiques contrôlés en couple.

Cette thèse traite le contrôle de l’équilibre des robots durant l’interaction compliante avec
l’environnement, et propose une stratégie de contrôle qui sera applicable à différents types de
robots. Un modèle réduit du robot utilisant le modèle visco-élastique des forces est proposé
pour étudier la dynamique imposée par l’interaction compliante sur le robot. Le modèle prend
un nombre quelconque de contacts avec l’environnement, ce qui le rend utilisable sur des
robots quadrupèdes ainsi que sur des robots humanoïdes avec des configurations de contact
multiples. Un processus de linéarisation est utilisé pour linéariser le système non linéaire,
et une représentation de l’espace d’état est utilisée pour représenter la dynamique linéaire,
simple pour la synthèse de la loi de contrôle. En plus, pour suivre les forces et les moments au
niveau des contacts avec une bonne précision, les données des capteurs de forces sont utilisées
dans un compromis avec la cinématique des contacts. Un programme quadratique linéaire
est utilisé pour générer des signaux d’accélération des membres du robot en contact avec
l’environnement, nécessaires pour minimiser l’erreur d’état. Les signaux d’accélération sont
ensuite incorporés dans un programme quadratique, qui est utilisé pour générer le mouvement
du robot en question, en considérant les différentes contraintes physiques des actionneurs du
robot, et de collision.
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Une première validation a été effectuée en simulation sur un bipède à 26 degrés de liberté
contrôlé en couple, dans des situations à deux contacts et à contacts multiples. Les simula-
tions ont été effectuées dans MATLAB SIMULINK et ont montré comment le contrôleur pro-
posé se compare à un contrôleur classique supposant une interaction rigide, et la robustesse du
contrôleur a été évaluée. Une deuxième validation a été effectuée sur des robots humanoïdes
contrôlés en position, de type HRP4 en simulation, en utilisant l’environnement de simulation
Choreonoid, où la dynamique de l’interaction souple entre le robot et l’environnement peut
être simulée. Le contrôleur a été formulé en C++ à l’aide du contrôle framework mc_rtc.
Les simulations montrent l’efficacité du contrôleur même dans des situations de contacts
multiples.

Finalement, des expérimentations ont été effectuées sur un vrai robot humanoïde de type
HRP2-KAI avec le contrôleur proposé. Ce robot est construit avec des flexibilités internes
(ressorts entre la semelle et la cheville de chaque pied) pour absorber l’impact de l’interaction
avec l’environnement, créant une interaction non-rigide qui vise à protéger les capteurs des
forces. Le contrôleur a réussi de maintenir l’équilibre du robot lorsque qu’il est soumis à des
perturbations successives, malgré cette compliance intégrée. Des validations supplémentaires
ont été obtenus, lorsque le robot se tient debout sur un matelas mou qui rend l’interaction
beaucoup plus souple. L’importance de retour des capteurs des forces dans le cas des erreurs
de modèles assez élevés était bien montré, lorsque le contrôleur ne peut réussir de maintenir
l’équilibre du robot qu’avec ce retour, sans lequel le robot tombe vers l’arrière même sans
perturbations.
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Introduction

Our human ancestors have existed on this planet for a couple of millions of years, and like
other species that have existed on this planet, their purpose in life was centered around their
survival. As our species continued to evolve, our ancestors wanted to improve their chances
of survival, so they started to use tools made of stones, to hunt their prey, or to start a fire.
Then, about twelve thousand years ago, our ancestors started the agricultural revolution,
and started to develop the earliest societies. From that point onward, humans have taken
a serious approach to developing various tools and technologies, not only to increase their
chances of survival, but to make life easier and safer, and to reduce the difficulty of labor.

Unfortunately, our history was not always about the collective well-being and ease of
living of the human race; rather many individuals were self-centered, as they cared about
their quality of life and not about others. Eventually, they found a way to reduce one’s labor
while leading a safe life: slavery. In other words, let another human do your work with little
to no compensation.

While slavery continued in different parts of the world until the 20th century, it did not
stop the intellectual thinking of developing new tools and technologies. On the contrary,
it might have actually helped those who oppose slavery to develop alternatives to abolish
it, and the idea of "let someone else do your work" might have been an inspiration for
the emergence of "automatons", or in other words, self-operating machines. Archytas, a
mathematician from the fourth century B.C., postulated a mechanical bird he called "The
Pigeon", which was propelled by steam. The Greek philosopher Aristotle speculated in his
writings that automata could probably someday bring about human equality by making
possible the abolition of slavery:

"There is only one condition in which we can imagine managers not needing subordinates,
and masters not needing slaves. This condition would be that each instrument could do its
own work, at the word of command or by intelligent anticipation..."

As scientists and philosophers were figuring out how to make machines that could do
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someone’s work in their stead, some of them succeeded in designing many mechanical systems
that were capable of doing simple tasks, most notably Al Jazari, who is sometimes called in
our present day "the father of robotics and modern day engineering", mainly because of his
book "Book in knowledge of engineering tricks" that he wrote in 1206, where he described
50 mechanical devices, along with instructions on how to construct them. And it wasn’t
long before the term "robot" first appeared in a play published by the Czech Karel Čapek
in 1921. The term "Robot" is actually drawn from an old Church Slavonic word, "robota",
for “servitude,” or “forced labor”. This marked the point when researchers started to refer to
the re-programmable industrial machines that are meant to do humans’ work as robots.

The first modern-day robots were industrial robots, that came to life in the early 1960s,
and were used in car manufacturing. Industrial robots flourished throughout the 20th and
21st centuries in different forms of production, and nowadays, where it is estimated that
more than 3 million industrial robots are in use, they are capable of performing a wide array
of complex tasks, such as painting, welding, complex product assembly, and even surgery.

However, the problem with industrial robots is that they do not actually move, instead
they can only be confined in industrial factories or laboratories, and moving them to other
places can be complicated.

Wheeled robots, or robots mounted on wheeled platforms, have been an option to easily
move the robot, or let it move on its own to a specific place. While wheels might even provide
more speed for whole-body motion compared to artificial feet, their use is limited to roads
and even terrains, and they are ineffective for climbing stairs or ladders, and struggle a lot
in uneven terrains and narrow places.

This is why other types of robots were developed in parallel, mainly animaloids (robots
with the shape of animals) and humanoids (robots with human shape), which fall under the
category of floating base systems.

These robots are intended to move freely through the environment, regardless of the
shape of the terrain, and accomplish various tasks at the same time. This will enable them
to extend their array of tasks to include carrying objects for distances, or even accomplishing
tasks that can be dangerous for humans, most notably rescue missions. However, this is
where the first challenge emerges: how can these mechatronic systems move in a challenging
terrain without losing balance and colliding with themselves?

We as human beings have adapted to our environment, and thanks to our biological
features, such as nerves, muscle tissue, and most importantly, self-awareness, we are able
to move our limbs and apply the appropriate interaction force in the environment in order
to shape our movements safely. Based on these facts, researchers have been working on
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replicating our human characteristics and implementing them on these robots. To replicate
our nervous system, they ought to use integrated circuits that can provide information such as
forces applied into the environment, otherwise known as sensors. To replicate our joints, they
designed an actuating system consisting of motors that allow the control of the orientation
of body parts via the applied torque. To figure out what kind of force to apply in order to
make a stable movement possible, they ought to use control theory.

The objective within this use of control theory is to develop a model or algorithm to
drive the robot to a desired state, while ensuring a level of control stability, meaning that
the algorithm does not provide an output out of control. During the last few decades,
diverse controllers have been developed for quadruped robots’ locomotion, ensuring balanced
locomotion over various types of terrain, and research is still underway to find the best control
strategy to achieve the optimal behavior.

With that being said, controlling robots can still be a complex problem to tackle, especially
when dealing with humanoid robots, due to the complexity of their design and limitations
in terms of actuation (whether it’s the number of actuators that a robot has, or the actual
torque that each actuator is capable of generating). Humanoid robots can easily lose their
balance and fall to the ground if the necessary criteria for equilibrium is not met, even if the
control itself is stable. Many works have tackled the problem of balance and provided different
solutions, including relying on the robot’s additional limbs, such as hands, to make multiple
contacts with the environment, to ensure balance and to generate a safe motion. However
these solutions are still limited to very few scenarios and require a number of conditions and
assumptions.

One of these assumptions is that usually the interaction between a robot’s limb and a
surface is assumed to be rigid with little or without any compliance. This assumption cannot
always be met, especially when moving outside the testing laboratory to deploy our robots.
For example, the terrain can be muddy or snowy after a storm. In this case, the rigid
interaction assumption is no longer valid, and the robot risks of being submerged into the
ground, making the controllers that were working in rigid enough conditions struggle, and
eventually the robot loses balance.

While other works in the literature have considered compliance in the interaction between
a robot with the environment, the solutions provided are limited to specific types of robots or
do not usually consider multiple contact situations. For example, some controllers produce
an additional wrench to compensate for the compliance effect, when this compliance is strong
enough to invalidate the rigid contact assumption, which is only possible in torque-controlled
robots that use joint torque feedback. Others propose simplified dynamics caused by the
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presence of compliance which are not accurate enough and can provide good results only
with relatively small compliance effect.

The work that I’m going to present in this thesis takes a unique approach to how to manage
the balance of robots under compliant robot-environment interaction. Rather than studying
the displacement of the CoM due to the overall compliance, I will study the compliance at
the contact level of the interaction. I will address the problem by modeling this interaction
and studying the contact forces resulting from such interaction, and see how they relate to
the CoM in order to track its reference for the robot’s balance. Additionally, I will use a
trade-off between the model of the contact forces and the actual measurement of these forces
provided by force sensors, to increase the accuracy of force tracking rather than relying on
the proposed model on its own. This way, force tracking and balance control are combined
in a single feedback loop for the controller in task space.

As for the controller design, an optimal control on the studied dynamics is used, minimiz-
ing the state of the robot. The output of this control is going to be used to formulate a task
within a motion solver, which takes multiple tasks and physical constraints into consideration
for the robot’s motion generation. The controller is designed such that it can be used with
different types of robots using any number of limbs for the interaction, thanks to the study
of the compliant interaction at the contact level.

The controller will be tested on two different bipedal robots to demonstrate the robustness
of its stable control under compliant interaction.

The first chapter is going to present the state of the art related to this work. The chapter
goes over the different approaches used to treat the balance and locomotion of floating-based
robots that assume rigid interactions. It will also present the works that do not use this
assumption and treat the problem of environmental compliance, and situate the contribution
of this thesis.

The second chapter goes over the dynamics of the robot, and treats the compliant inter-
action problem. A reduced model of the robot and of the robot-environment interaction will
be proposed, and a detailed study of the dynamics of the system is going to be presented.
Then, a linearization method to transform the non-linear dynamics into a linear system will
be detailed, which can be represented by a state-space formulation.

The third chapter is where the proposed control structure is introduced. An optimal
control generates the command signals, which ensure the robot’s balance and the tracking
of the reference contact forces. Then the controller will be integrated within a whole-body
motion solver for the generation of the command for the robot’s joints. The chapter details
the difference in the control architecture according to how the robot is controlled.
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The fourth chapter presents simulation results when testing the proposed controller on
a torque-controlled robot, when having compliant interactions with its surrounding. The
controller is tested in different conditions, such as when the robot is in multiple contact
configurations, and the performance is compared to a classical balance control relying on the
rigid interaction assumption.

The fifth chapter presents additional results, this time when applying the controller on a
position-controlled robot. A robot is simulated in compliant interactions, and in the simple
case when there is an interaction with almost negligible compliance, to showcase the con-
troller’s wide usage options. It also presents the results when the controller is successfully
applied to a real humanoid robot of type HRP2-KAI.

Finally, this document ends with a conclusion of the presented work, and discusses the
future works, which can be developed to expand and improve on the final presented product
of this thesis.
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Chapter 1

Background and State of the Art

1.1 Introduction

Controlling robots has numerous obstacles, and there are some highly important and neces-
sary concepts that require a careful study in order to overcome these obstacles.

The problem I am treating in this thesis is related to the balance of robots, which can be
studied in a standing configuration for humanoids, or in multiple contact configurations for
humanoids and quadruped robots. These configurations result in different balance control
strategies.

More importantly, a robot uses its limbs to make contacts and interact with the envi-
ronment, thus this interaction should be studied, by studying the contact forces and how
they affect the robot’s dynamics. If the interaction has a degree of compliance, such as an
interaction with a soft surface, then the compliance’s effect on the robot’s dynamics should
be taken into consideration.

Taking a robot with complex dynamics, proposing a reduced model and developing control
strategies to tackle the reduced dynamics might be simpler to implement and could provide
results similar to when the full dynamics are considered.

Conditions to maintain a robot’s equilibrium should be respected throughout the robot’s
motion. Therefore these conditions should be well studied and taken into consideration when
assigning tasks to the robot.

This is why in this chapter, I will cover in detail the aspects of notion of balance and
control of floating base robots. I will start by answering these questions:

• What does the term compliance mean in the context of this thesis?
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• How to tackle the complex dynamics of robots?

• What are the conditions to be respected for a robot to maintain its equilibrium?

I will also talk in general about multiple contacts situations for humanoid robots, and how
balance control strategies might differ in such situations. Then, I will mention works in the
state of the art that deal with these questions, and cover their balance control approaches,
before presenting and situating the contribution of this work.

1.2 Compliance

The term compliance used in this thesis refer to two concepts. The first one is mechanical
compliance which is usually found inside the rigid robot’s mechanical structure. Examples are
the flexible rubber bushes, placed at the ankles of the robots of the Honda robots [Hirai et al.,
1998], [Takenaka et al., 2009] and the HRP series [Kanehira et al., 2002], [Kaneko et al., 2019],
[Kaneko et al., 2019], to absorb foot impacts [Kajita et al., 2001b], protecting the force-torque
sensors at the feet and helping in a more fluid locomotion. Same goes for the WL-12 biped,
which is equipped with a special foot mechanism for shock absorption [Yamaguchi et al.,
1995], or any specifically designed feet for this purpose [Guadarrama-Olvera et al., 2022];
other examples include intrinsically structural compliance within robots, such as the robot
COMAN [Li et al., 2013], cCub [Tsagarakis et al., 2011], Chobino1D [Vanderborght et al.,
2011], or Sarcos Primus [Stephens and Atkeson, 2010], which inherently provide protection
against impacts or accidental collisions. The other concept is the compliant surfaces, which
comes from the nature of the environment that the robot is interacting with by applying
forces, such as soft surfaces, like mattresses or muddy terrains, or any surface that undergoes
some deformation when a force is applied.

For either categories, this compliance displace the application point of the contact forces,
altering the robot’s motion, and can cause balance problems if not taken into considera-
tion. The reason is that the contact forces and moments become unfeasible in the classical
approaches that assume rigid interactions as they cannot be instantaneously modified [Flay-
ols et al., 2020]. Additionally, ignoring the compliance generates destabilizing oscillations
[Wieber et al., 2016], [Jung-Hoon Kim and Jun-Ho Oh, 2004]. These reasons make compli-
ance interaction a very interesting and important topic to study when it comes to balance
control and stability.

It’s important to note that the compliance that I am covering in this thesis is for rigid
robots. On the other hand, soft robotics has been emerging as a domain of high interest for
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Figure 1.1: Preemptive foot compliance in the HRP-2 Kai robot. [Guadarrama-Olvera et al.,
2022]

researchers [Albu-Schaffer et al., 2008], [Trimmer, 2015], [Laschi et al., 2016]. Soft robots
have bodies made out of intrinsically soft and/or extensible materials (for example, silicone
rubbers) that can deform and absorb much of the energy arising from a collision. These
robots have a continuously deformable structure with muscle-like actuation that emulates
biological systems and results in a relatively large number of degrees of freedom compared
with their rigid bodies counterparts, potentially enabling agile movement in rough terrains
[Rus and Tolley, 2015]. However, these robots require different approaches and algorithms
to be controlled, and the conventional approaches to robot control assuming rigidity in the
linkage structure of the robot itself are a poor fit for controlling these soft bodies [Rus and
Tolley, 2015], [Iida and Laschi, 2011], which is why they are not going to be addressed in this
thesis when I’m talking about compliance or softness.
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Figure 1.2: Example of a soft surface made of foam for motion tests on soft surfaces.
[Bosworth et al., 2016]

1.3 Tackling the Robot’s dynamics

An important part of research seeks at using a precise knowledge of the robot in question
via the dynamic parameters, such as the mass, inertia, and center of mass, of each link that
forms the robot, in order to achieve balance or make complex movements, such as walking
or manipulations using the end-effectors. Therefore, it relies heavily on the accuracy of the
model data. [Yamaguchi et al., 1999], [Qiang Huang et al., 2000], [Yang et al., 2021].

By contrast, other popular approaches don’t rely on this precise knowledge, rather they
use simplified models and build the appropriate controllers based on this limited informa-
tion. These simplified models are low-dimensional approximations that capture the nature
of the system’s dynamics, and usually remove the non linearities, allowing fast computa-
tions due to their linear nature. This way, the control structure is simpler and relatively
easy to implement, and can produce very good results in terms of balance, locomotion, and
manipulation.

Finally, other works try to find consensus between reduced models and Whole-Body
Models or combine them [Ponton et al., 2016], [Herzog et al., 2016], [Budhiraja et al., 2019].

In the following, I will talk about a few simple models that are commonly used in the
literature to simplify the study of the robot or the contact forces that the robot exert when
interacting with its surrounding.

10



1.3.1 Centroidal Model

The centroidal dynamics are a reduced-order representation of the full dynamics of the robot
that considers the momentum wrench acting at a single point that is called the center of
mass (CoM) of the robot.

The CoM of a robot is the adequate location of the robot’s total mass, thus it is the point
where its overall linear momentum is naturally defined. It is also the point through which
the resultant gravity force acts. These are one of the many reasons why it is considered a
vital point in the study of the robot’s dynamics.

The motion of the CoM follows a point-mass trajectory, which can be easily described
and studied, contrary to the dynamics of individual member links of the robot, which can be
quite complex in most situations. Additionally, the rotational motion of the aggregate chain
of links obeys the conservation of angular momentum around the CoM, or in other words, the
conservation of the centroidal angular momentum. For many applications, such simplified
description is essential in the study of the control design of the system [Orin et al., 2013].

One of the main benefits to this approach is the ability to utilize any controllable limb of
the robot’s body to interact with its surroundings, or to undergo locomotion, while always
obeying the general full rigid body dynamics.

It should then come as no surprise that almost all reduced models for complex robots like
humanoids, and control algorithms rely on the CoM of the robot as an integral component
for the study of balance, locomotion and manipulation [Dai et al., 2014], [Shah et al., 2021],
[Murooka et al., 2022].

1.3.2 Linear Inverted Pendulum Mode

The linear inverted pendulum is considered to be one of the simplest yet very reliable models
available in the literature [Kajita, 1993]. In this model, the totality of the robot’s mass is
concentrated at its CoM, the legs are links with zero mass that make contacts with the ground
at single rotating joints. Lateral motion is decoupled, and the robot’s motion is constrained
by the sagittal plane defined by the vertical axis and the axis of walking direction.

This model has been extended as a 3D linear inverted pendulum to cover 3D motion
in [Kajita et al., 2001a] and variable heights in [Caron, 2020], and has been widely used
to achieve locomotion for humanoid robots [Caron et al., 2021], [Englsberger et al., 2011],
[Kajita et al., 2003], [Kajita et al., 2010], [Kajita et al., 2017], [Kajita et al., 2018], [Parietti
and Geyer, 2011], [Wiedebach et al., 2016].
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Figure 1.3: Illustration of the linear inverted pendulum mode. [Kajita et al., 2005]

1.3.3 Viscous-Elastic Model of the Contact Forces

A model such as the linear inverted pendulum depends, at their core, on the rigid contact
assumption, and balance approaches based on this model will encounter difficulties when
dealing with compliance.

In general, any control that always assumes rigid interaction with the environment strug-
gles when this assumption is no longer valid [Kudruss et al., 2015], [Li et al., 2013]. Some
controllers like [Polverini et al., 2017] are based on robust control theory and can provide
good results, but only with limited compliance and with simple robot models. This is why
there has been always the need to model this compliant interaction, and use it to complement
the full or reduced dynamics of the robot. Some works use a non-linear modeling approach
of the normal contact force [Azad and Featherstone, 2014], [Lankarani and Nikravesh, 1990],
however the most popular approach of compliance modeling has been the viscous-elastic
model, and it has a variety of slightly different implementations [Liu and Padois, 2015], [Li
et al., 2019], [Vasilopoulos et al., 2018], [Romualdi et al., 2021], [Flayols et al., 2020], [Mifsud
et al., 2016]. To put it simply, the robot-environment interaction is represented by a spring
and a damper, and the contact force is caused by the displacement of the relative motion
between the desired and actual contact positions, or by the deformation of the environment.
Similarly, the moment produced by the contact’s orientation caused by this compliance can
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also be modeled using a rotational spring [Benallegue and Lamiraux, 2015], [Winter et al.,
1998], although it is considered less accurate than its linear counterpart.

Figure 1.4: Illustration of the viscous-elastic model, via a spring with a stiffness Kp and a
damper with a damping constant Kd

1.4 Balance Criteria

A system, whether it’s a robot or a living creature, is generally supposed to be in a state of
static balance if and only if its CoM projects vertically inside the convex hull of the points
at each contact with a specific surface, also known as the support polygon [Wieber et al.,
2002]. In other words, balance mainly depends on gravity and contact forces.

However, dynamic balance is not governed by the CoM’s projection, instead the point
known as the zero moment point (ZMP) should exist inside the support polygon, which is
a 2D point representing the center of pressure of the contact forces. The ZMP was first
introduced by Vukobratovic and reviewed in his works [Vukobratovic, 1973] [Vukobratović
and Borovac, 2004] and [Kajita et al., 2005] goes in detail of its computations and its use in
the study of the robot’s dynamics. In general, the ZMP is calculated using

zx =

∑
i (pi,xfi,z − pi,zfi,x − ti,y)∑

i fi,z
, (1.1)

zy =

∑
i (pi,yfi,z − pi,zfi,y + ti,x)∑

i fi,z
, (1.2)

where

• x, y, and z represent the coordinates in the respective Cartesian axis,

• z ∈ R2 is the ZMP of the entire body,

• pi ∈ R3 is the position of contact i,
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• fi ∈ R3 is the force at contact i,

• ti ∈ R3 is the moment at contact i.

The existence of the ZMP inside the support polygon is a necessary condition, however
it is not enough, as it does not take into consideration moments around the yaw axis (as
seen from equations (1.1) and (1.2), which can be present during the locomotion of certain
robots such as humanoids. When this undesired yaw moment reaches a certain threshold and
exceeds the frictional moment, it results in undesired rotations that may cause slippage and
deviate the robot from its stable reference trajectory [Cisneros et al., 2014], [Ugurlu et al.,
2012]. Furthermore, the classical ZMP study does not work with non-coplanar contacts.
Which is why an additional study of the contact forces or wrenches is required and used for
the robot’s balance, especially in the case when the robot has non-coplanar contacts with the
environment.

With that being said, it is obvious to conclude that the more contacts a robot make with
the environment, the better the overall static balance, as the support polygon will be bigger
and wider. This is a main reason why quadruped’s balance is considered to be easy to achieve
compared to biped’s in general [Biswal and Mohanty, 2021] [Li et al., 2011].

This is also an important reason among many why researchers try to exploit additional
contacts with their bipedal robot [Samadi et al., 2021], [Samadi et al., 2020], [Samadi, 2021].

In general, exploiting contacts requires respecting conditions allowing contacts with the
environment to be maintained amidst possible slippage due to surface friction.

In any case, there is always a need to build a specific control to deal with the position of
the CoM or of the ZMP of a bipedal robot, to ensure they stay in their support region. This
control should also ensure that the contact forces and moments follow their desired trajec-
tories during a robot’s motion and when the robot is perturbed, which can be challenging
especially in the presence of compliance.

Force control is not limited in use within balance control only, rather it is also a very
important tool for manipulation accuracy, and is used in the control of industrial manipu-
lators and on the end-effector of the floating-base robots performing manipulation tasks to
accurately execute such tasks.

In the following, I will talk about the conditions for the maintenance of the contacts and
mention various force control algorithms that are used on robots in the literature.
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Figure 1.5: Support polygons for the CoM and ZMP regions in a static state (left) and in a
dynamic state (right). [Kajita et al., 2005]

1.4.1 Contact Stability

I will start this section by putting an emphasis on the definition of a contact. A contact is the
physical touching made by one of the robot’s limbs or end effectors with the environment. A
contact can be of point type such as the contacts made by pointy legs of quadruped robots,
edge type such as the line contacts made by the robot Cassie [Gong et al., 2018], or surface
type such as the surface feet of humanoid robots.

Humanoid robots’ locomotion is usually relying on the transition between one contact
and two contact phases. Multiple contacts configurations for humanoids involves their use
of hands or any end-effectors they are equipped with. For the robot to maintain its balance
while establishing a contact, this contact should be stable, and research has been done to
rely on the stability of the contacts to guarantee the robot’s balance, especially when the
contacts are non-coplanar [Caron et al., 2015b], [Caron et al., 2015a], [Escande et al., 2013],
[Hirai, 1991], [Hirukawa et al., 2006].

Having a stable contact is usually done using constraints. A reliable model used in the
study of contacts’ stability is the Coulomb friction model, which indicates that the contact
will be still without motion if the contact force f lays inside the friction cone. This is
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represented by

fn ≧ 0 (1.3)

||ft|| ≦ µfn, (1.4)

Where µ is the friction coefficient, fn and ft represent respectively the normal and tangential
component of the contact force f at the surface with respect to the frame attached to the
contact surface.

Equation (1.4) uses the Euclidean norm ||.||, resulting in friction cones with circular
sections. Implementing the friction condition in the study of contact stability and balance is
usually done with linearized cones [Del Prete et al., 2016], [Hauser, 2014], represented by

fx ≦ µfz (1.5)

fy ≦ µfz. (1.6)

Equation (1.3) represents the unilateral aspect of the contacts, and it implies that the
the robot can push through ground, and not pull.

1.4.2 Force Control

The most successful way of controlling the external forces has been to explicitly control the
joint torque while relying on the data provided by the force-torque sensors equipped at the
robot’s limbs, and on the joint torque feedback, since this allows to virtually monitor the
forces applied on the environment at any point.

Force-torque sensors are usually expensive and fragile, and joint torque feedback can
be absent in robots due to its complex implementation, which is why other researchers try
different approaches to detect collisions or estimate the contact forces without relying on
these sensors, such as [De Luca et al., 2006], [Geravand et al., 2013], [Benallegue et al., 2018]
[Mifsud et al., 2015].

Other common approaches to force control are admittance and impedance controls, both
aiming at shaping the dynamical relation between end effector velocity and applied contact
forces [Calanca et al., 2016]. The difference between the two approaches is that the former
controls motion after measuring the contact force, while the latter controls the contact force
after measuring the motion of the end effector [Keemink et al., 2018].

Admittance control uses closed-loop force control with an open-loop position control, and
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is usually implemented in position controlled robots. Force feedback is used to generate the
appropriate motion of the end effector as a function of the error of the contact force. It is
important to note that in the overall balance control architecture of complex robots such
as humanoids, the classical admittance control algorithm is usually used in parallel with
a separate CoM control loop, while assuming that the force control loop is fast enough to
converge within the time required to maintain balance via the CoM control loop. While
this has nevertheless produced stable controllers for balanced dynamic behaviors in different
situations, is not practically robust to different dynamic situations, and it requires a careful
tuning of the control gains. Instead of relying on this assumption, some works use a first
order delay on the dynamics of the ZMP [Murooka et al., 2021].

Overall, Admittance control has been used in many different applications with different
types of robots [Lecours et al., 2012], [Seraji, 1994], [Dimeas and Aspragathos, 2016], [Yokoi
et al., 2004], [Caron et al., 2021], [Okunev et al., 2012], [Kim et al., 2009], [T., 2002].

The diagram in figure 1.6 shows a simple implementation of an admittance control task
within a solver that generates the robots’ joints positions and velocities q and q̇. The block
Y (S) represents the admittance control, generating a velocity in the Cartesian space v of an
end effector using

v =Y f∆

=Y (fref − fm) , (1.7)

where Y represents the admittance gain, fref is a reference force to track, and fm is a
measured force provided by force sensors. The position controller uses the solver’s output
with feedback values to produces the joint torques.

Figure 1.6: Simple diagram showing a simple use of admittance control.

Impedance control uses closed-loop motion control with an open-loop force control, and
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is usually implemented in torque controlled robots. When the interaction with the environ-
ment is rigid to an extent, the impedance approach ensures steady contact forces which can
be regulated through the impedance gains. The basic goal of impedance control in general
is to achieve a desired dynamical relationship between external forces and the robot’s mo-
tion. This type of control also has a wide use in the literature [Hogan, 1987], [Albu-Schaffer
and Hirzinger, 2002], [Ott et al., 2004], [Albu-Schaffer et al., 2004], [Dietrich et al., 2011],
[Schindlbeck and Haddadin, 2015], [Boaventura et al., 2013], [Herzog et al., 2014].

Figure 1.7 shows a simple diagram with an impedance control approach. The block Z(S)

represents the impedance control, generating a force in the Cartesian space f of an end
effector using

f =Zv∆

=Z (vref − vm) , (1.8)

where Z represents the impedance gain, vref is a reference velocity in Cartesian space to
track, and vm is the measured Cartesian space velocity of the end effector (obtained from the
robot by using encoders to obtain the joint positions and velocities and jacobians to transform
them into Cartesian space). Jacobians are used to transform the force into a reference torque
τr

τr = J⊤f, (1.9)

which is used with the torque feedback τm in the torque controller to produce the torques for
the robot’s joints.

Figure 1.7: Simple impedance control diagram.

The Admittance and impedance control strategies are complementary, they implement
opposed solutions in order to ensure force control and thus behave well in different situations.
The admittance control is better suited for interactions with compliant environments or

18



operations in free space and the impedance control is better suited for dynamic interactions
with stiff environments [Ramuzat, 2022]. [Sharkawy and Koustoumpardis, 2022] details the
differences in performance between the two strategies.

Both strategies can be unified into a hybrid admittance/impedance control, to get the
best of both approaches and to avoid the limitations of each approach as much as possible,
as done in [Ott et al., 2010].

Other approaches have been proposed to control the normal compliant force, by control-
ling the movements of the contact points using contact models [Azad et al., 2016].

1.5 Multiple Contacts Situations

The term multiple contacts, or in short multi-contacts, is usually used for humanoid robots
making contacts with their hands or end effectors in addition to the contacts made by their
feet for standing or locomotion. While a quadruped robot is arguably a robot in a multi-
contact situation compared to a default humanoid locomotion, usually all of its limbs are
practically identical to each other in terms of design and control, as a result they are not
considered in this section.

When it comes to humanoid robots, which are supposedly designed and developed to work
along humans, it is only natural that these robots are in need of using their end effectors
or hands to replicate some of the tasks that humans do, such as pushing an object, or
manipulating it. This requires careful planning for the contacts positions and trajectories,
and the state of the art covering the topic of motion planning is quite abundant [Escande
et al., 2006], [Murooka et al., 2015], [Murooka et al., 2017], [Murooka et al., 2018], [Harada
et al., 2004], [Nozawa et al., 2012], [Takubo et al., 2005], [Kumagai et al., 2020], [Kumagai
et al., 2021], [Bouyarmane and Kheddar, 2012], [Bouyarmane et al., 2012], [Bouyarmane
et al., 2019].

Furthermore, it’s expected for robots to exploit additional contacts with the environment
using their limbs and end effectors to improve their balance and movement throughout ter-
rains, especially when the environment presents many obstacles that might hinder the robot’s
balance when relying on minimal contacts required for locomotion or any particular motion.
Additionally, many manipulation tasks require the use of additional contact for improved
dexterity, an example would be a humanoid robot with human-like hands using an electric
screw driver to insert a screw in a wooden board, in this case the robot should use the screw
driver in one of his hand and use his other hand to maintain the surface of the board in the
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Figure 1.8: Various manipulation strategies by the humanoid robot HRP-2 while maintaining
balance [Murooka et al., 2017].

required position to accomplish his task.

Additional contacts offers a bigger support region for the CoM and ZMP, and while this
provides a bigger balance zone for robots having the projection of their CoM or the ZMP
in the middle of this support region by design, such as quadruped robots, humanoid robots
might encounter additional difficulties as a consequence of this increased balance region. For
starters, a humanoid robot is usually adding contacts that are non-coplanar with those made
by its feet. During dynamic behaviors, it is then complicated to keep the ZMP in its support
region, as the ZMP comes with the assumption of contact surfaces being in the same plane.
Some researchers consider the contact forces used for manipulation as external forces, and
study their effect on the CoM and ZMP in their balance control [Murooka et al., 2021], while
some others define a generalized ZMP and seek to keep this upgraded ZMP in the convex
support region [Harada et al., 2006], [Caron et al., 2017].

1.6 Works Related to Balance

Now I will put emphasis on multiple works that studied the questions and topics that I
mentioned so far in order to command robots to do specific tasks while ensuring that their
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balance is well maintained.
As I mentioned earlier, quadruped robot’s balance is usually easy to maintain on flat

and rigid ground, as their general structure offers a safe large support area for the CoM and
ZMP. Preliminary running experiments were done as early as [Raibert et al., 1986], where
they applied simple one-legged algorithms, to make their quadruped run with a trotting gait.
Challenges occur when the motion is fast, hence why force control is used to follow the desired
contact forces without saturating the joint torques, as done in [Kotaka et al., 2013], where
force feedback is used to respect the constraints of the CoM and ZMP, or in [Valenzuela
and Sangbae Kim, 2012], [Seok et al., 2015], where force planning and impedance control
algorithms were implemented. Reduced models such as Spring Loaded Inverted Pendulum
are used in [Poulakakis et al., 2003], [Poulakakis et al., 2006], [Poulakakis et al., 2005] to
simplify the dynamics, and reliance on self-stabilization was enough to propose a running
gait on the quadruped robot Scout II.

Figure 1.9: RoboCat-1, capable of running while relying on force sensors for force control
[Kotaka et al., 2013]. (a) shows the actual robot, (b) shows its CAD model, (c) shows a
simulation environment

Additional challenges to quadruped include balance on unevenness/ ruggedness in the
terrain or in case of non-coplanar contacts. [Barasuol et al., 2013] used a capture point based
model for push recovery on their HyQ robot to balance on a rough terrain, [Raibert et al.,
2008] managed locomotion on rubble and snow with little details on the control algorithms
used for balance, and [Neunert et al., 2018] used model predictive control for a careful bal-
anced locomotion on rough terrain. Additionally, [Chen et al., 2012] used careful motion
planning for a stable stairs climbing. Not to forget ANYmal, the robot presented in [Hutter
et al., 2016] and [Hutter et al., 2017], which is capable of dynamic locomotion, walking over
obstacles, and climbing stairs thanks to the high mobility of its feet, allowing the movement
of a single foot per step, all while relying on impedance control and proportional derivative
integrator (PID) control to follow the desired trajectories.

Finally and most importantly, works have been done on quadruped to ensure a safe
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Figure 1.10: MIT Cheetah, running at 6 m/s [Seok et al., 2015]

Figure 1.11: HyQ balancing on rough terrain [Barasuol et al., 2013] and Big Dog descending
on rubble [Raibert et al., 2008]

and stable locomotion over compliant soft surfaces, such as [Bosworth et al., 2016], where
locomotion over hard and soft terrain was possible with a careful tuning of the impedance
gains. The work done in [Fahmi et al., 2019] uses the viscous elastic contact model to model
contact forces, and estimate the stiffness of the ground online using supervised learning,
which is used to produce a desired penetration through the soft ground, while relying on
impedance control to follow the desired forces.

With that being said, all of these robots have point contacts, and the tasks that they can
perform are limited due to their small size and design, which is not convenient to perform
complex tasks like humans do. Reasons why researchers develop humanoid robots.

As for humanoid robots, the locomotion achieved by Honda on their robots caught the
interest of the robotics community as early as [Hirai et al., 1998], where balance is achieved
by carefully adjusting the position of the ZMP during the motion, and it was improved on
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Figure 1.12: ANYmal walking on uneven terrain, trotting and climbing stairs [Hutter et al.,
2016]

Figure 1.13: HyQ traversing multiple soft terrains of different compliances [Fahmi et al.,
2019]

Asimo [Shigemi, 2019], where locomotion on uneven surfaces became possible by using hard
pressing on the sole of the foot, manipulating the contact forces and the ZMP position, while
relying on force-torque sensors to detect the central point of the actual ground reaction force.

As mentioned earlier, the linear inverted pendulum model has been intensively used for
bipedal walking, and used with preview control to generate ZMP trajectories for locomotion
[Kajita et al., 2003], the divergent component of motion (DCM) dynamics to calculate desired
ZMP [Kajita et al., 2010] and admittance control to guarantee a balanced motion, or to apply
wrenches [Caron et al., 2021] to climb stairs. Similar strategies have been used to achieve
balance on uneven terrain [Jong Hyeon Park and Eung Seo Kim, 2009], [Morisawa et al.,
2011], [Morisawa et al., 2012]. Pattern generation approaches for ZMP compensation for
balancing on slightly rough terrain [Nishiwaki and Kagami, 2007] were also used.

Full dynamics with task-space differential inverse kinematics that exploits the entire six-
dimensional force measurement information in [Yang et al., 2021] is shown to guarantee the
balance of a position controlled robot when in contact with moving and rotating surfaces.
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Figure 1.14: HRP-4 Walking on Pavement (left) [Kajita et al., 2010] and Climbing Stairs
(right) [Caron et al., 2021]

Linearization of the full dynamics and the use of the linear quadratic regulator (LQR) allowed
the hydraulically actuated torque controlled Sarcos to squat in [Mason et al., 2014].

As for humanoids multiple contact balancing, computation of the CoM support region
approaches has proven to be a good solution for quasi-static motion [Samadi, 2021], [Roux
et al., 2021].

For locomotion and multiple contact scenarios, [Cisneros-Limon et al., 2020] relied on the
DCM error dynamics to generate a desired ZMP trajectory, from which desired forces are
calculated to be used for admittance control. [Murooka et al., 2021] also relied on the classical
DCM dynamics and admittance control, and added CoM and ZMP strategies to compensate
for the effect of the manipulation contact forces (which are considered as external forces)
on the CoM and ZMP positions. In [Murooka et al., 2022], centroidal dynamics with pre-
view control generates centroidal trajectories, which are stabilized by centroidal feedback and
admittance control. This architecture allows the simulation of many multiple contact loco-
motion applications, such as walking with hands on the wall and climbing handtrail stairs.
Ladder climbing has been done in [Vaillant et al., 2016] and [Kanazawa et al., 2015] with
careful motion planning, position estimations and dynamics slow enough that the displace-
ment caused by the built-in compliance of the robots is minimal. Force distribution and
CoM trajectory generation based on centroidal dynamics [Morisawa et al., 2018] and DCM
dynamics with admittance control [Morisawa et al., 2019] offered balanced locomotion with
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Figure 1.15: Multiple contact motion: by rolling a bobbin (left) [Murooka et al., 2021] and
climbing ladders (right) [Kanazawa et al., 2015]

multiple contacts on rough terrain. The combined LQR and QP control has been successfully
used with multi-contact motion planning [Posa et al., 2016], [Kuindersma et al., 2016].

To tackle the compliant interaction between the robot and its surroundings in the balance
control architecture, [Mifsud et al., 2016] proposed a single viscous-elastic reaction mass
pendulum model for the overall compliance effect, while using a kalman filter to estimate the
compliance and an LQR to control it. [Flayols et al., 2020] combined the centroidal dynamics
with the viscous-elastic model of the forces, and worked on minimizing the snap of the CoM
considering under-damped contacts, and tested the control on a 2D model of a bipedal robot
with compliant contacts.

As for walking on compliant surfaces, [Mesesan et al., 2019] relied on the DCM dynamics
with impedance control, and the calculation of a stabilization wrench in the case when the
stance feet moves through the ground, for their torque-controlled robot TORO. [Kuindersma
et al., 2014] used an LQR on the linearized ZMP dynamics within a QP formulation and
terrain estimation for the feet position planner to simulate walking on a muddy terrain.
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Figure 1.16: Locomotion through mud [Kuindersma et al., 2014]

1.7 A Unified Balance-Force Control for Compliant In-

teractions

Based on the works presented on balance, it is easy to note that there has not been a lot
of studies dealing with interaction with soft surfaces. The most notable of these works are
[Fahmi et al., 2019] and [Bosworth et al., 2016], however their works were applied on torque-
controlled quadruped which can produce the desired torques accurately thanks to the joint
torque feedback, as a result these approaches don’t work perfectly on position controlled
robots. Furthermore, the contacts with the environment are point contact, which are easier
to manage compared to contact surfaces.

[Mesesan et al., 2019]’s approach was successful but it can be only applicable on torque-
controlled robots. Additionally, it does not have a multiple contact formulation.

There are works that considered treating the compliance within the HRP-2 robots, such
as [Murooka et al., 2021], by modeling the effect of the compliance as first order delay on
the ZMP and used admittance control in their balance control, which is not accurate enough
since the simplest physics based model has at least a second order dynamics.

This is why I propose a balance control that take into account the compliance at the
contact level, with a multiple contact formulation, that can be implemented on both position
and torque controlled robots. I will use a reduced model based on the viscous-elastic inter-
action, linearize the non-linear dynamics and use an LQR solver to generated accelerations
for the robot’s limbs, which will be used within a QP solver for the joint positions. Relying
on the forces from the viscous-elastic model makes the control prone to inaccuracies due
to modeling errors, which is why I will use the force-moment feedback from force sensors
and establish a trade-off between the positions/rotations of the contacts and the contact
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Figure 1.17: Careful locomotion over a mattress [Mesesan et al., 2019]

force/moment within the linear dynamics before computing the LQR solution. The control
will be validated on a torque-controlled biped and on a position-controlled humanoid in two
contacts and multiple contact situations with compliant surfaces.

1.8 Conclusion

This chapter laid out the background related to robots’ balance, the study of their body
dynamics and the dynamics of the compliant interaction with the environment. It focused
on the theoretical approaches of balance for robots, and presented many works that deal with
this topic in the literature, before positioning a novel contribution.

Studying the dynamics of the robots is an essential step for balance control. The study of
the reduced dynamics of a reduced model in place or in parallel with the full dynamics provide
effective solutions at lower computation costs. Robots have sometimes a built-in compliance,
having the role of reducing the power of impacts and making the robot’s motion more fluid.
However, this compliance can alter the desired position and orientation of the robot’s limb.
Additionally, compliance in the environment itself, such as soft surfaces, displaces the point

27



of application of the contact forces applied by the robot. In general, compliance might cause
the robot to struggle with balance or lose it entirely, which is why there’s a need to take the
study of this compliance in the control synthesis.

The works presented in the literature usually use rigid contacts assumptions in their
controller architecture, and while this can be proven effective for interactions with very low
compliance, these controllers struggle when the compliance is high enough.

The chapter covered the works that deal with the compliance in their balance control,
and explicitly mentioned their limitations, and situated the contribution of the work of this
thesis, which aims to formulate a controller that deals with the compliance at the contact
level in the robot-environment interaction, and can be used with a wide variety of robots:
whether the robot is a humanoid or a quadruped, whether the robot is position or torque
controlled, whether the humanoid is multiple-contact configuration or not.

The next chapter goes in detail over the theoretical structure of the contribution, by
describing a reduced model of the robot-environment compliant interaction, and studying
the reduced dynamics.
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Chapter 2

Dynamics of Compliant
Robot-Environment Interaction

2.1 Introduction

The previous chapter gave a general outline to the balance control in robotics, and the contact
force control schemes were highlighted for their importance. Most importantly, the state of
art tackling the compliant interaction between the robot and its surrounding was presented.
When the environment itself is compliant, there are only a handful of works that propose a
balance control for their robots. However, these algorithms can only be applied to specific
robots or in limited applications.

This chapter takes a novel approach on the study of the compliant robot-environment
interaction, and presents a system for a balance control that can be applied to a wide selection
of robots.

The chapter proposes a reduced model for the compliant robot-environment interaction,
studies its non-linear dynamics, and deals with the linearization of these dynamics. The study
is treating dynamic behaviors around static references, meaning that the robot is considered
in contact with the environment and around its desired reference, and the study of the linear
dynamics is done around this reference.

I will start by describing the full dynamics of a rigid robot and propose a reduced model
using a viscous-elastic interaction to represent the robot-environment compliant interaction.
I will then describe how the contact forces of this interaction affect the center of mass of the
robot using Newton-Euler equations. Then by choosing a state-space representation, I will
linearize the dynamics of the system around the desired point of reference. Finally, I use the
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measurement of the contact forces obtained from sensors data to make a trade-off between
the kinematics and force feedback.

The chapter is divided as follows: section 2.2 lays out the full body dynamics, section
2.3 models the compliant interaction and studies the reduced dynamics, section 2.4 covers
the linearization of the non-linear dynamics, section 2.5 covers the force-kinematic trade-off,
finally section 2.6 concludes the chapter.

2.2 Full Rigid Body Dynamics

I will start by considering a multi-body robot with n+ 6 degrees of freedom (dof), having a
configuration described as

Ψ = (pB, R, q) , (2.1)

where pB ∈ R3 and R ∈ SO(3) represent the position and orientation matrix of the non-
actuated floating base, and q ∈ Rn, the joint angles vector.

For many applications, it is usually sufficient to model the robot as a rigid multi-body
system, in other words, as interconnections of perfectly rigid bodies by ideal joints with-
out mechanical play [Duindam and Stramigioli, 2007]. I define α ∈ Rn+6 as the robot’s
configuration velocity vector given by

α =
(

ṗ⊤B ω⊤ q̇⊤
)⊤

, (2.2)

where ṗB and ω ∈ R3 are the linear and angular velocities of the base. The angular velocities
are such that the derivative with respect to time of the rotation matrix is given by Ṙ = S(ω)R,
with S(ω) being the skew-symmetric matrix operator allowing to perform cross-product

S (ω) =

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

 , (2.3)

with ωx, ωy, and ωz representing the Cartesian coordinates of ω.

Given the inertial properties of the robot’s rigid bodies, the dynamics of the robot can
be described using the Lagrangian equation [Murray et al., 2017] of the form

H (Ψ) α̇ + C (Ψ, α)α +G (Ψ)− F = τ, (2.4)
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where:

• H (Ψ) ∈ R(n+6)×(n+6) is the robot’s inertia matrix,

• C (Ψ, α) ∈ R(n+6)×(n+6) is a matrix accounting for the Coriolis and centrifugal effects,

• G (Ψ) ∈ Rn+6 is the vector of gravitational effects,

• α̇ is the robot’s configuration acceleration vector (time derivative of α),

• τ ∈ Rn+6 is the input torque vector corresponding to both the under-actuated and
actuated dof,

• F ∈ Rn+6 is the vector of external forces acting through the contacts with the environ-
ment, which is calculated using

F =
(

J⊤
c,1 . . . J⊤

c,nc

)


fc,l,1

tc,l,1
...

fc,l,nc

tc,l,nc


, (2.5)

where Jc,i ∈ R6×(n+6) is the Jacobian matrix of the contact i, and fc,l,i, tc,l,i are respectively
the force and torque applied at contact i (i = 1, 2, ..., nc; nc is the number of contacts),
expressed in the local frame of the contact body.

The classical use of equation (2.5) is to consider that the robot-environment interaction
is rigid. In this case, these forces depend mostly on the torque τ in a way that any force
that is feasible (within unilaterality, friction, and torque limit constraints) can be generated
instantly. However, it is not accurate to assume perfect rigidity especially when the inter-
action surface is compliant, and can modify the position or orientation of the limb of the
robot used to apply a certain contact force, which is why I cannot rely on this assumption as
the forces are not feasible instantly. The contact forces at a given instant depend on many
factors other than joint torque, such as deformation in the contact surface.

In particular, if the forces depend only on the local deformation caused by the interaction
with the contact body, I can write the forces as a function of the robot state F (Ψ, α). In this
case, I can control the forces indirectly by modifying this deformation through the state of
the robot. This requires to explicitly consider the coupled dynamics between the kinematics
and the contact forces to ensure the convergence to a given reference.
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Here, the reader might hint at a contradiction in what I am presenting, which is that I
criticize the rigid contact assumption and say that the forces depend on many factors on one
hand, but on the other hand I assume a particular case where the forces depend only on the
deformation caused by this interaction. One thing that should be noted is that no assumption
is perfectly accurate, and each assumption will struggle under different conditions. Assuming
rigidity in the robot-environment interaction has resulted in many successful balance control
for robots in static and dynamic cases, and lots of them were mentioned in the state of art.
However as the topic of interest of the work in this thesis is centered around a compliant
interaction, especially compliant surfaces, where this assumption struggles, I opt to use a
different assumption that is suitable for the topic in hand, and more accurate in representing
the real contact forces in general.

2.3 Dynamics of the Compliant Interaction

In order to study the coupled dynamics of the contact forces and the kinematics, I will
propose a simple model for the robot-environment interaction and study the balance of the
robot based on the reduced dynamics of this model.

To simply parameterize the contact wrenches and formulate how they affect the position
of the CoM of the robot, the dynamics are reduced to consider the robot as a single rigid body,
having a single mass and a single inertia tensor. The robot is capable of making contacts
with its surroundings using mass-less limbs, with a negligible momentum around the CoM.

To model a compliant contact, I will rely on the viscous-elastic approximation, allowing
to emulate a linear passive interaction. Contacts are defined as the intersection of the robot’s
limbs applying forces on the environment, with each contact having their own local frame
(that I am going to simply call contact frame) with a yaw axis that is perpendicular to the
environment and centered in the middle of the contact surface in case of surface contacts.

In the following, I will consider a simple robot with a compliant contact, and use a simple
model of the contact force, in order to validate the choice of the command vector in task
space, and show how the actual command of the robot (joint actuation) affects the dynamics
of the robot’s CoM.

2.3.1 Dynamics of a Simple Monopod

Consider a robot of mass m with a single prismatic joint making a compliant contact with
the environment, as illustrated in figure 2.1. The joint has no mass, hence it’s acceleration
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Figure 2.1: Illustration of a 1 d.o.f robot making a compliant contact

controlled:
u = d̈. (2.6)

The compliant contact is simply modeled as a spring with a damper, resulting in a contact
force

f = −Kp (l − l0)−Kdl̇, (2.7)

where l0 is the length of the spring when uncompressed with a force equals zero, Kp and Kd

represent the stiffness and damping of the spring respectively.

The position of the CoM is com. The world frame being on the contact surface, the
position of the CoM in this frame is

com = d+ l. (2.8)

To represent the dynamics using a state-space representation, I choose the state x such
that

x =


com

˙com

l − l0

l̇

 . (2.9)
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Newton’s Law gives

¨com =
f

m

=− Kp

m
(l − l0)−

Kd

m
l̇. (2.10)

Deriving equation (2.8) twice gives

¨com = d̈+ l̈. (2.11)

Using (2.10) in (2.11), I can write

l̈ = −d̈− Kp

m
(l − l0)−

Kd

m
l̇. (2.12)

Finally, using (2.10) and (2.12), the dynamics of the state can be written as
˙com

¨com

l̇

l̈

 =


0 1 0 0

0 0 −Kp

m
0

0 0 0 1

0 0 −Kp

m
−Kd

m




com

˙com

(l − l0)

l̇

+


0

0

0

−1

 d̈. (2.13)

Looking at the dynamics in 2.13, the joint command d̈ only affects the acceleration at the
compliance level through l̈, and is absent from ¨com, which means that the contact force is not
directly controlled by the joint command. Furthermore, ¨com depends on the deformation
of the compliance through the stiffness of the compliance and on its velocity through the
damping component, which is usually hard to estimate. Having the joint command appear
in the expression of the CoM is possible by deriving (2.10) and using (2.12), which gives

...
com =− Kp

m
l̇ − Kd

m
l̈

=
Kd

m

(
u+

Kp

m
(l − l0) +

Kd

m
l̇

)
− Kp

m
l̇. (2.14)

Equation (2.14) shows that the joint command influences the jerk of the CoM, making
the latter a candidate for a command variable in the task space. However, in the case of a
multiple contact configuration, it is better to benefit from the redundancy of the contacts
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and control each contact separately, by controlling the derivative of the contact forces

ḟ = −Kpl̇ −Kdl̈, (2.15)

which is done by controlling the acceleration at the contact level, which is in this case, l̈.

2.3.2 Dynamics Study in the General Case

Back to the general case introduced in the beginning of this section. For a concise explanation,
I will list the assumptions and suppositions taken in the full model.

Assumptions for the Full Model Proposition

• The model is represented in 3D space.

• The entire robot is made of a single floating mass, and has a single inertia tensor.

• The robot uses mass-less limbs to interact with the environment. There are no con-
straints on the number of contacts.

• Deformations due to compliance are represented by linear and angular stiffness and
dampers along each axis of 3D space.

• Contacts with the environment can be of type surface, edge or point contacts.

• The model represents the robot in contact with the environment, around its static
desired reference. The dynamics study deals with dynamic behaviors around this static
reference.

• Contact friction is not explicitly studied, instead the tracking of the desired forces
guarantee the non-slippage of each contact.

An illustration of the model is depicted in figure 2.2. The blue frames represent the
contact frames, and the red frame represents the world frame. Finally, the green frame
represents the floating mass’ CoM frame, which is the frame centered at the CoM of the
floating mass and having the same orientation as the world base.
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Formulation of the Dynamics

The model of the contact forces and moments is represented by

fc,l,i = Kf,p,i (pc,i − pc,i,r) +Kf,d,iṗc,i (2.16)

tc,l,i = Kt,p,iΘ
(
Rc,i,rR

⊤
c,i

)
+Kt,d,iωc,i (2.17)

where:

• pc,i ∈ R3 is the position of contact i,

• ṗc,i ∈ R3 is the linear velocity of contact i,

• Rc,i ∈ SO(3) is the orientation matrix of the contact i,

• ωc,i ∈ R3 is the angular velocities of contact i,

• pc,i,r ∈ R3 is the rest position of the contact i (i.e, when forces are zero),

• Rc,i,r ∈ SO(3) is the rest orientation matrix of the contact i (i.e, when moments are
zero),

• Kf,p,i is the linear stiffness at contact i,

• Kf,d,i is the linear damping at contact i,

• Kt,p,i is the angular stiffness at contact i,

• Kt,d,i is the angular damping at contact i.

The difference in orientation represented by Rc,iR
⊤
c,i,r is considered so small that the

approximation sinθ ≈ θ is used, thus I define the function Θ(.) as the axis-sine of angle
representation, approximated by

Ω (R) ⋍
1

2
V ec

(
R−R⊤) , (2.18)

where V ec(.) is the inverse operator of the skew symmetric:

V ec (S (ω)) = ω (2.19)
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The values of stiffness and damping can be set independently from a contact to another,
allowing for implementations on surfaces of different proprieties at the same time. Note that
in the case of a point contact i, Kt,p,i and Kt,d,i are set to zero, and in the case of edge contact,
these matrices are set to have semi definite values.

I want to note that this formulation of the contact forces and moments can still be used
to represent a relatively rigid interaction, simply by giving high values for the stiffness and
damping components. So while the contribution is to design a controller that ensures the
robot’s balance during a compliant interaction, the controller will also be capable of dealing
with relatively rigid robot-environment interactions.
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Figure 2.2: Reduced model of the robot making 3 compliant contacts with a viscous-elastic
interaction with the environment

As mentioned above, the robot in this reduced model is a single mass rigid body with
mass-less legs, which gives a constant inertia tensor I ∈ R3×3 in the base frame, expressed as
RIR⊤ in the world frame (R here is the orientation matrix of the robot’s base). Thus, the
angular momentum of the robot is RIR⊤ω.

Based on the analysis done in section 2.3.1, the command in task space consists of the
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accelerations at the contact level, hence why I define the control vector as

u ≜
(

p̈⊤c,1,com ω̇⊤
c,1,com · · · p̈⊤c,nc,com ω̇⊤

c,nc,com

)⊤
(2.20)

where p̈c,i,com ∈ R3 and ω̇c,i,com ∈ R3 are respectively the linear and angular accelerations of
contact i, written in the CoM frame.

Next, I’m going to describe the dynamics of the model using Newton and Euler’s equa-
tions, while expressing the contacts positions, orientations, linear and angular velocities in
the CoM frame.

This notation has an advantage over the classical world frame expression, which is that
the reference trajectories are easier to plan. The feasibility of a desired motion can be
studied by studying the kinematics of the robot’s limbs arriving at the robot’s base, which
is more evident compared to the planning of the trajectories with a reference to an anchor
frame in the environment, with little information on the feasibility of the robot’s motion. A
practical example which showcases this advantage is a free fall case. The robot cannot follow
a reference trajectory of its limbs with respect to an anchor frame, as it is constantly moving
away from the desired reference, however the robot can follow trajectories for its limbs when
planned with respect to its own body. Furthermore, this representation replicates the human
behavior more accurately, since human move their limbs with respect to their own body, not
with respect to an anchor point in the environment.

Using Euler’s second law, the relation between angular momentum and the total external
moment, is expressed by

nc∑
i=1

(S (Rpc,i,com) fc,i + tc,i) = S (ω)RIR⊤ω +RIR⊤ω̇ (2.21)

where:

• pc,i,com ∈ R3 is the position of the contact i in the CoM frame,

• fc,i and tc,i are respectively the force and moment at contact i written in the world
frame, which can be obtained from equations (2.16) and (2.17) using

fc,i = Rc,ifc,l,i (2.22)

tc,i = Rc,itc,l,i (2.23)

Using Newton’s second law, and equation (2.21), the linear and angular accelerations of
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the CoM and the floating base of the robot can be expressed as

¨com =
1

m

nc∑
i=1

fc,i + g (2.24)

ω̇ =RI−1R⊤
nc∑
i=1

(S (Rpc,i,com) fc,i + tc,i)

−RI−1R⊤S (ω)RIR⊤ω (2.25)

where m is the mass of the robot, ¨com is the CoM’s acceleration, g =
[
0 0 −g0

]⊤
and

g0 is the gravity constant.
With these second order dynamics, I use the state-space representation in order to trans-

form them into a first order representation. I define here a state vector focusing on the con-
tacts with the environment. The state variables are the positions, orientations, and velocities
of these contacts, in addition to those of the CoM. The contact positions and orientations
are going to be defined with respect to the CoM frame.

The state vector is thus defined as

x ≜
(

xcom x1 · · · xn

)⊤
(2.26)

with xcom = ( com⊤ Ω⊤ ˙com⊤ ω⊤)
⊤

and xi = ( p⊤c,i,com Ω⊤
c,i,b ṗ⊤c,i,com ω⊤

c,i,b)
⊤
, where:

• pcom ∈ R3 is the position of the CoM in the world frame,

• Ω is the orientation of the floating base in the world frame,

• ṗcom ∈ R3 is the velocity of the CoM in the world frame,

• ω ∈ R3 is the angular velocity of the floating base in the world frame,

• pc,i,com ∈ R3 is the position of the contact i in the CoM frame,

• pc,i,com ∈ R3 is the position of the contact i in the CoM frame,

• Ωc,i,com ∈ R3 is the linear velocity of the contact i in the CoM frame,

• ωc,i,com ∈ R3 is the position of the contact i in the CoM frame,

It should be noted that the orientations (Ω and Ωc,i,com) can be written by using any rep-
resentation of the orientation, such as the quaternion, the axis-angle, Euler angles, etc. Each
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Ω has an associated rotation matrix R ∈ SO(3). Another thing to note is that the dynamics
development done above is made using the rotation matrices and not a specific orientation
vector. Which means that with whichever orientation notation chosen, the equations are
going to be the same.

Using equations (2.20), (2.22), (2.23), (2.24), and (2.25), the non-linear model of the
robot can be finally written as:

ẋ = f (x, u) . (2.27)

It should be noted that the non-linearity of the dynamics is only present in the state
variables representing the single mass rigid body, while the variables representing the contacts
have linear dynamics as function of the state and command vectors, since the commanded
accelerations are immediate time-derivatives of the velocities in the state vector.

2.4 Linearization of the Non-linear System

The dynamics given by equation (2.27) can be used to derive different types of control. I
propose to balance the robot around a fixed, stationary desired equilibrium state x∗, where
(.)∗ is an index referring to the reference of (.). But even in that case, the dynamics are non-
linear. Non-linear systems are complex and hard to solve due to the the high dependency
of the system variables on each others. Therefore, to simplify the control synthesis, the
local dynamics are approximated by linearization around this desired state. To simplify the
notation, I represent the state error x∆ between the actual state and the desired one by using
an operator noted ∆. For the positions and velocities in the state vector, ∆ represents the
Euclidean difference:

(v)∆ = (v)− (v)∗. (2.28)

As for the orientations, it is the axis-sine of angle representation of the relative orientation
between the orientation matrices:

Ω∆ = Θ(RR∗⊤). (2.29)

The linearization of the dynamics is detailed in appendix A.
It is important to note that this linearization is very different from the one commonly

performed with a model like the inverted pendulum. In my case, no assumptions are made
either on the kinematics of the CoM, on the position nor on the orientation of the contacts.
So, this linearization is not less precise in the case of multiple non-coplanar contacts with

40



different stiffness and damping, including point and edge contacts.
Having linearized the reduced model given in equation (2.27), I define the matrices A and

B (also given in appendix A) such that

ẋ∆ = Ax∆ +Bu∆. (2.30)

With what I have presented so far, these dynamics are well suited for a state feedback
control law. However, it would be purely based on kinematics and cannot track reference
forces except through the viscous-elastic model. In the case where the stiffness and damping
of the environment can be accurately estimated, a state feedback control law can be enough
for minimizing the error of the state and for maintaining the robot’s balance. On the other
hand, the error tracking will worsen when this estimation has errors.

To counter the effect of these estimation and modeling errors, I will use the information
from the measured contact forces and moments using force sensors and include this infor-
mation along with the kinematics of the model in a new state vector, which is going to be
covered in the following section.

2.5 Trade-off Between Force Feedback and Kinematics

The classical admittance control, which are used in series with the CoM balance control
as done in [Caron et al., 2021], assumes that the dynamics of the force control are fast
enough to converge within the time required to maintain balance. However, not only both
dynamics remain always coupled, the admittance control becomes significantly slower with
more compliant and uncertain environments. For this reason, there is a need for a controller
able to take both dynamics into account in a single loop. On the other hand, since the contact
forces and moments are dependent of the state variables as seen in 2.22 and 2.23, adding
these forces to the state vector will cause a redundancy in the matrices of the linear system,
making them singular. A solution would then be to include them in a different vector and
then append them to the state vector, the result would be a new state vector that has the
kinematics and force information.

However, appending the entire information of the contact forces from force feedback will
cause a redundancy in the information about the forces, since the kinematics also have these
forces based from the viscous-elastic model. Thus there is a need to establish a trade-off
between the conflicting kinematics and force control, which is common to have.

For these reasons, I will define the following vectors and matrix:
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• The vector z, having the force values from force sensors.

• The weight matrix W , responsible for the trade-off between the kinematics and force.

• The new state vector y, where the contact forces and moments are combined with the
positions and orientations of the corresponding contact bodies using the trade-off.

2.5.1 Definitions

I define the vector z as
z ≜

(
01×12 z1 · · · znc

)⊤
, (2.31)

where zi =
(

f⊤
s,i t⊤s,i 01×3 01×3

)⊤
. The vectors fs,i and ts,i ∈ R3 are respectively the force

and moment at contact i, scaled to the positions and orientations by dividing by the stiffness
of the contact, and written in the base frame to make their appendage to the positions and
orientations possible. The actual forces and moments are measured with force sensors at the
contacts.

As for the weight matrix W used for the trade-off, one way of defining it is as

W ≜ diag (01×12, w1, · · · , wnc) (2.32)

where diag(.) is an operator that gives a square matrix, having on its diagonal the values
given in between the parenthesis and zeros elsewhere, and

wi ≜
(

wfi wti 01×3 01×3

)
(2.33)

where wfi ∈ R3 and wti ∈ R3 are vectors having values between 0 and 1 that respectively
multiply fs,i and ts,i in the vector z.

Finally, I define the error of the new state vector y∆:

y∆ ≜ (I−W )x∆ +Wz∆. (2.34)

where I is an identity matrix. Note that by setting the values in W to zero, I will go back to
the case of the old state vector x, which does not include the force feedback information.
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2.5.2 Dynamics of the New State

Considering that the forces and moments in z can be written as functions of the variables in
x using equations (2.16) and (2.17), I can write, after linearization, the vector z∆ as a matrix
M (given in the appendix A) multiplying the vector x∆:

z∆ = Mx∆. (2.35)

Using equation (2.35) in (2.34), I can write y∆ as

y∆ = Nx∆ (2.36)

with N = I−W +WM and W is chosen so that matrix N is non-singular.
I can now write the dynamics of y∆ as

ẏ∆ ≃ Ayy
∆ +Byu

∆ (2.37)

with Ay = NAN−1 and By = NB.
Note that in the case of absence of force sensors for force feedback, this formulation can

still be valid by setting W to zero. This will take the linear dynamics back to equation 2.30,
where the contact forces are only tracked via the viscous-elastic model.

2.6 Conclusion

In this chapter, I proposed a model for the compliant robot-environment interaction. The
model considers the robot as a single rigid mass with mass-less limbs used to make contacts
with the environment via a viscous-elastic interaction. Then, I studied the non-linear dy-
namics of the proposed model and went through a linearization process to obtain a linear
system. Then, I proposed a force-kinematics trade-off for an accurate tracking of the contact
forces.

In summary, this chapter serves as a description of the proposed reduced model and a
careful study of the dynamics imposed by it, alongside the chosen linearization approach,
and a method of incorporating the contact forces from force feedback into the kinematics of
the system.

Having a linear system, the next step would be to formulate a control law that generates
the command which minimizes the error of the state vector. Having chosen the command as
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accelerations, the controller in this case must generate the accelerations of the contact limbs,
minimizing the errors of the CoM and other state variables as part of its balancing control.

Furthermore, it is important to note that controlling robots is done by sending commands
to the joint articulations, and it is usually done by using a motion solver. The proposed
controller should be used to send objectives for the solver, which will generate the necessary
commands for the joint articulations to maintain the robot’s balance.

The next chapter will focus on the control aspect of this thesis, by proposing a controller
for the linear dynamics at first, then by integrating the proposed controller within a motion
solver.
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Chapter 3

Architecture of the Balance-Force
Control

3.1 Introduction

In the previous chapter, I proposed a reduced model for the robot-environment interaction,
and studied the dynamics of the system while taking the kinematics of the robot and force
feedback into the same loop via a trade-off, while choosing the accelerations of the robot’s
limbs in contact with the environment as command for the control.

This chapter will start by introducing an optimal control law for the linearized system,
which will generate the command required to ensure the balance of the robot and the tracking
of the contact forces. A test of this controller is shown in a simple simulation of the non
linear system, to emphasize on the importance of the trade-off between the force feedback
and the kinematics of the system in force tracking. Then I will introduce a motion solver to
be used to generate the command to the robot’s articulations, while detailing the difference
in the control architecture depending on how the robot is controlled.

This chapter is divided as the following: section 3.2 introduces the control law and tests
it, section 3.3 describes the motion solver used and the formulation of the objectives and
constraints for the validation presented later on, finally section 3.5 concludes the chapter.

3.2 Optimal Control Law for the Linear Dynamics

I will divide this section into 2 parts. The first part will describe the control law, while the
second part will test the controller in a simple simulation.
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3.2.1 Linear Quadratic Regulator

With the linear dynamics presented in equation 2.37, I seek to choose an optimal control that
operates the system at minimum cost, which is why I opt to choose a linear quadratic regu-
lator (LQR). The LQR method is a powerful technique for designing controllers for complex
systems that have strict and precise performance requirements, and it has been commonly
used in control laws for the balance of robots [Kuindersma et al., 2014], [Kuindersma et al.,
2016], [Mason et al., 2016], [Mason et al., 2014]. It seeks to find the optimal controller that
minimizes a given cost function Ly such that

Ly =

∫ ∞

t0

(
y∆⊤Qyy

∆ + u∆⊤Pu∆
)
dt, (3.1)

where Qy and P are respectively the symmetric positive semi-definite weight matrices for
the state and control vectors that parameterize the cost function. A larger P penalizes the
control, so that the accelerations in the command vector will be smaller in norm relative to
a case where P has smaller values. On the other hand, a larger Qy contributes in a quicker
convergence of the error of the state to zero. Note that tuning Qy corresponds to minimizing
the error of y∆⊤, meaning that it minimizes the hybrid position-force of the contact instead
of the contact position. However, I wanted to visualize the tuning differently, by tuning
the contact forces and moments in the matrix W and by tuning the contacts’ positions and
orientations in the LQR. Which is why I resulted to the following strategy.

Earlier on, I presented the linear dynamics without including the force feedback in equa-
tion 2.30 and mentioned that force tracking could struggle since it relies on the accuracy of
the model of the forces. Here, I can use the LQR formulation to minimize a cost Lx such
that

Lx =

∫ ∞

t0

(
x∆⊤Qx∆ + u∆⊤Pu∆

)
dt. (3.2)

Here the matrix Q tunes the positions and orientations of the contacts without the cor-
responding contact forces and moments, and the matrix P tunes the same command vector
u∆. Using equation 2.36 in 3.1, and by supposing that the costs in 3.2 and 3.1 are equal, I
can write Qy as function of Q:

Qy = N−⊤QN−1 (3.3)

This way, I can tune Q and use equation 3.3 to use Qy in the gain calculation.

The problem then boils down to solving a Riccati Equation, which provides us with the
optimal gain matrix K such that u∆ = −Ky∆ induces the minimum cost Ly.
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Contact First Second Third

pc,i,com
[
0 −0.1 −0.9

]⊤ [
0 0.1 −0.7

]⊤ [
0.2 0 −0.4

]⊤
Ωc,i,com

[
0 0 0

]⊤ [
30◦ 0 0

]⊤ [
0 0 0

]⊤
Kf,p (N/m) 4× 104I3×3 3.5× 104I3×3 3× 104I3×3

Kf,d (N.s/m) 1500I3×3 1200I3×3 1000I3×3

Kt,p (N/rad) 800I3×3 750I3×3 700I3×3

Kt,d (N.s/rad) 50I3×3 45I3×3 40I3×3

Table 3.1: Contacts positions, orientations, stiffness and damping as used in the test

3.2.2 Testing the Control

I will test the LQR controller in a simple simulation of the non-linear model, to showcase the
difference between the inclusion and absence of force feedback in the control.

The simulation is done using Matlab SIMULINLK, where the LQR gain can be calculated
simply using functions built in Matlab, using the continuous form of the linear matrices. I
relied on the non-linear model in equation 2.27 to simulate the proposed model, i.e. a floating
mass with mass-less limbs, making contacts with the environment whose contact forces and
moments are modeled according to the viscous-elastic model (basically I am simulating the
illustration given in figure 2.2). The simulations were run using a variable step solver.

In this test, the robot is making 3 contacts. I chose the rigid floating base to have a mass
m = 101Kg, with an inertia tensor

I =

 270 0 0

0 212 0

0 0 70


I chose the contacts positions so that I have 3 contact surfaces that are non-coplanar.

Each contact is compliant with different stiffness and damping values.

In general, estimating the real stiffness in a real testing environment is not perfect, and
leads to modeling errors in these values. Which is why the controller should be expected to
behave correctly and achieve balance despite these errors. Which is why in this test, I set
their values in the controller 10% lower than their values in the non-linear system.

The reference positions of the contacts and their orientations in the CoM frame, in addi-
tion to the stiffness and damping values given in the non-linear model and in the controller
are given in table 3.1. The orientation of contacts is using the axis-angle notation.
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The CoM is pushed from its reference position by 10 cm along the x axis at the start of
the simulation, the controller works on converging this error to zero.

The interest of this test is to showcase the difference in force tracking when considering
the force feedback in the control, which is why I am going to show the error of the contact
force and moment at a contact position, in addition to the error of the CoM of the simulated
model (to verify balance), and the error of a contact position. I showcase a component per
variable, in order to make the images clearer, especially when the results and analysis are
the same.

Two simulations were run, one with W = 0 (meaning no force feedback used) and the
other while choosing

• wfi =
[
0.75 0.75 0.75

]
,

• wti =
[
0.75 0.75 0.75

]
.

.
As for the LQR weight matrices, I set them identical in both simulations. The priority is

set for the CoM position and contacts positions in the Q matrix, and their respective linear
velocities is also tuned to damp possible oscillations. In other words, I set them as

• Q = diag( Qcom Qc Qc Qc ),

• Qcom = ( 104I3 I3 300I3 I3 ),

• Qc = ( 104I3 I3 300I3 I3 ),

• P = I18.

.
Figures 3.1 and 3.2 show the errors of the CoM position and of the position of the second

contact written in the CoM frame, respectively. The controller succeeds in the convergence
of these errors to zero without oscillations, whether the force feedback is used or not. It is
important to note that the few millimeters that appear as a steady state error for the CoM
error curves are caused by the modeling errors in the controller setup.

Figures 3.4 and 3.3 respectively show of the contact force and moment errors at the second
contact. Here a clear difference can be noticed between the 2 cases. When the force feedback
is used, the forces nearly converge towards zero, while steady state errors of 10.53N for the
contact force and of 0.73N.m for the contact moment appear otherwise, showing that in this
case the reference tracking of the forces and moments is not as reliable.
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In this simple case, the controller could only follow the desired forces when the force
feedback was used, however the controller could always follow the desired CoM position, due
to the simplicity of the simulated system. When simulating a more complex robot, the bad
tracking of the desired forces could lead to unexpected behaviors and to the loss of balance.
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Figure 3.1: CoM position error (x component)

3.3 Quadratic Program Motion Solver

Commanding robots to move is done by sending commands to the articulations of the robot,
which is done using motion solvers. Motion solvers receive the command in task space and
generate the reference trajectory for the robot’s joints.

The proposed controller is using 6×nc variables of control in its command vector u. Many
robots, especially humanoid ones, are equipped with more degrees of freedom to be able to
perform many concurrent tasks.

The tasks, or objectives, to be performed by robots, have a wide variety, and can be
divided into point to point tasks (such as moving a limb into a specific position in space) and
areas of satisfaction tasks (such as keeping the end effector inside a specific region in space).
Furthermore, any task performed by the robot is bound by the performance and limitations
of the actuators the robot is equipped with, in other words, any task is usually constrained
by certain conditions.

A wide spread expression for representing the objectives to be performed by the robot is
the task-function approach, which is also used to deduce from this expression the control to
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Figure 3.2: Second Contact position error (x component)

be applied at the joint level [Escande et al., 2014]. The objectives are written in the task
space, and transformed to the joint spaces using the appropriate jacobian matrices.

To deal with the redundancy and with multiple objectives at the same time, it’s common
to use a QP solver. This optimization problem minimizes the tracking error of different
weighted objectives, while abiding by several defined constraints.

The proposed control law introduced earlier in this chapter generates accelerations for
the robot’s limbs in contacts with the environment. These accelerations are going to be used
to formulate objectives for the limbs in contact with the environment in the QP, which is
going to serve as a motion solver for the robot to execute the necessary motion to maintain
its balance while following the desired forces. Figure 3.5 shows a simple illustration of the
implementation of the controller with the QP motion solver without presenting the full control
architecture. The reduced model is deduced from the robot (and its compliant interaction),
the controller is designed based on the reduced model, and the QP motion solver takes the
controller’s command to generate the robot’s motion.

3.3.1 Optimization Problem

The output of the QP, or the decision variable, can be chosen depending on the type of robots
to be controlled, however it is convenient to have the acceleration α̇ as the decision variable,
to take into account dynamical constraints, such as the joint torque’s range. Additionally,
this will make the formulation of the accelerations tasks for the contact limbs simpler, and
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Figure 3.3: Contact Force error (z component)

the proposed controller will naturally fit into this motion solver, since it directly provides the
desired Cartesian accelerations of the contact limbs, and needs only simple Jacobians.

The QP calculates the optimal reference acceleration α̇r, by solving

α̇r = argmin
ξ

∥Wtask (Aobξ − bob)∥2 , (3.4)

s.t. Aeqξ = beq, Aξ ≤ b, lb ≤ ξ ≤ ub,

where:

• Wtask is a positive diagonal matrix made up of diagonal weighting matrices for each
objective,

• the matrix Aob and the vector bob contain the corresponding objectives,

• the matrix Aeq and the vector beq contain the equality constraints,

• the matrix A and the vector b contain the inequality constraints,

• the vectors lb, and ub are respectively the lower and upper bounds for the bounded
constraints.
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Figure 3.4: Contact Moment error (x component)

3.3.2 Objectives and Constraints

I will now introduce a set of objectives and constraints used in the optimization problem in
equation (3.4) for the balance-force controller.

The objectives to be used during the validation of the controller are as the following:

1. Posture objective: an acceleration objective, tracked with a proportional derivative
(PD) of scalar gains kp and kv, is used to track the posture of the robot. The objective
is calculated using

Aob =
[
0n×6 In

]
(3.5)

bob =kp (qd − q) + kv (q̇d − q̇) + q̈d. (3.6)

This objective will have a relatively low weight, since it does not serve in the balance
control.

2. Contacts objectives: Acceleration objectives are defined for the contact limbs, la-
beled as hands and feet objectives, calculated using

Aob =Jc,i,com(q) (3.7)

bob =
(

p̈⊤c,i,com ω̇⊤
c,i,b

)⊤
− J̇c,i,com(q, α)α, (3.8)

52



Figure 3.5: Illustration of the implementation of the controller. The robot’s model is reduced,
and the controller is formulated based on the reduced model. Accelerations are formulated
as objectives in the motion solver, which generates the robot’s motion.

where
(

p̈⊤c,i,com ω̇⊤
c,i,b

)⊤
are the accelerations of the contacts given by the proposed

controller, and Jc,i,com is the Jacobian linking the velocities of the contact i written in
the CoM frame with the joint velocities, and J̇c,i,com being its time derivative. These
objectives will take care of the balance and force control, which is why they are given
the highest weight in the solver.

As for the constraints, two physical constraints are considered, however I divided the
second constraint into 2 based on how they are formulated:

1. Joint limits constraints: the range and speed limit of the joints can be specified
using bounded constraints while specifying the lower and upper bounds for each joint.
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This is done similarly as in [Vaillant et al., 2016], by choosing

lb =
[
−1e6I1×6 l⊤bj

]⊤
(3.9)

ub =
[
1e6I1×6 u⊤

bj

]⊤
(3.10)

lbjdt = max

(
q̇min, ζ

(q − qmin)− qs
qi − qs

)
− q̇ (3.11)

ubjdt = min

(
q̇max, ζ

(qmax − q)− qs
qi − qs

)
− q̇ (3.12)

qi = 0.1 (qmax − qmin) (3.13)

qs = 0.01 (qmax − qmin) (3.14)

where ζ is a velocity damper vector, and qs represents a security range.

2. Under-actuation: this constraint ensures the generation of a feasible motion for the
floating base of the robot. it is formulated as an equality constraint, where the index B

is used to refer to the first 6 rows of the matrices corresponding to the under-actuation.
This constraint is written with

Aeq =MB (3.15)

beq =− CBα−GB + FB (3.16)

3. Torque constraint: this constraint ensures that the joint torques are within the
limitations of the actuators. 2 inequality constraints are used (one for the minimum
and another one for the maximum), and the index j is used to refer to the rows of the
matrices corresponding to the actuation part (which immediately follows those of the
under-actuation). This constraint can be specified by choosing

A =Mj (3.17)

b =τmax − Cjα−Gj + Fj (3.18)

for the maximum torque condition and

A =−Mj (3.19)

b =− τmin + Cjα +Gj + Fj (3.20)
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for the minimum torque condition.

3.4 Closed Loop Control Architecture

So far I have identified the optimization control law for the linear dynamics based on the
reduced model of the compliant robot-environment interaction, and I have introduced the
solver used to generate the command for the robot’s joints based on the different objectives
and constraints.

Now I will discuss how the LQR control, the QP solver, and the robot are connected in
a closed loop control, depending on how the robot is controlled.

Indeed, the LQR control minimizes the error of the chosen state vector, which is taken
as feedback. The way this feedback is taken differs when the robot is torque controlled or
position controlled.

Torque Controlled Robot

In this case, the feedback can be entirely taken from the robot itself, by applying kinematics
on the joint’s position and velocities provided by the robot’s encoders. Figure 3.6 gives an
overall view of the control structure when applied to a torque controlled robot. The LQR
control generates the accelerations for the limbs of the robot in contact with the environment,
whose objectives, alongside the posture objective and the above mentioned constraints, are
minimized using the QP. The latter generates the reference accelerations used in the joint
torque calculation using 2.4. A passivity based term δτ is added to the joint torques, calcu-
lated using

δτ = (C + λH) (αr − α) , (3.21)

where αr is the reference velocity vector, obtained by integrating α̇r, and λ is a constant.

Position Controlled Robot

In this case, taking the feedback entirely from the robot might put the stability of the closed
loop in risk. As the QP solver generates the joint accelerations for the required motion,
torque drivers are required to generate the joint torques, using joint positions and velocities
errors, which use the integration of the QP’s output of joint accelerations. Torque drivers
are usually unknown to the user, and the torque calculation method differ depending on the
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Figure 3.6: Diagram showing the control loop with a torque controlled robot. The yellow
block represents the LQR control used on the linearized dynamics of the reduced model.

robot’s motors. One way of writing the formula of the joint torque is

τ = K1 (q − qr) +K2

(
q̇ − q̇r

)
, (3.22)

where qr is the joint reference, calculated by integrating the joint accelerations at the output
of the QP, and K1 and K2 are gain matrices. These gains are proprieties of the robot’s motors
and can be tuned in order to achieve the desired performance.

Unfortunately, the torque in equation (3.22) is not perfectly achievable, instead the actual
torque produced by the motors have an additional term τfr:

τactual = τ + τfr. (3.23)

This term comes from non-modeled parameters such as the friction of the motors, making
it impossible to produce a perfect torque as desired. This will add uncertainty about the
stability of the control loop and will render it unstable in many situations, and no tuning of
the motor gains can completely eliminate this effect.

For these reasons, I will divide the feedback taken from the robot into two groups:

1. The first one is the positions, orientations, linear and angular velocities of the robots
limbs in contact with the environment. This data is going to be taken directly by
transforming the joint space from the QP output to the cartesian space, this way
equations (3.22) and (3.23) are avoided.
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2. The second group is the CoM position and velocity, the orientation of the robot’s base
and its angular velocity, which will be taken from the robot using estimations, as these
variables don’t need require a position-torque transformation. Additionally, the contact
forces and moments are taken from the force sensors equipped at the robot’s hands and
feet.

It is important to mention that in this case, only the joints limits constraint is used from
the constraints described above, due to the impossibility of accurately producing the desired
torque, making the under-actuation and torque limits constraints difficult to abide by.

Figure 3.7 shows the control loop with a position controlled robot. Notice how the feed-
back for the LQR controller is divided between kinematics from the QP and from the Robot.
The torque calculation could be done using (3.22) and (3.23).

Robot
q 
..r q, q

.r r

∫∫ τ

Kinematics

q, q
.

KinematicsCoM, Base Feedback

Torque
Calculation

QP

Constraints

Posture
Objective

Contacts
Objectives

LQR

Reference

 P  c 

..
c 

.
ω, d d 

Trade-off Force Feedback

Figure 3.7: Diagram showing how the controller is implemented with a position controlled
robot.

3.5 Conclusion

In this chapter, an LQR controller was proposed as an optimal control for the linearized
dynamics, in order to generate the contact limbs accelerations which minimize the error of
the forces and of the kinematics for balance. It was then tested in a simple simulation of
the non-linear model. In the simulation, the difference between the inclusion and absence of
force feedback in the control loop is highlighted. While the controller can ensure balance in
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both cases, the inclusion of force feedback helps in the reference force tracking, leading to
the convergence of the force error to zero amidst modeling errors in the controller.

Then, a motion solver based on a QP formulation was introduced, along with the objec-
tives and constraints to be used in the control architecture.

Finally, the control structure was presented depending on how the robot is controlled. In
the case of a torque controlled robot, the kinematics feedback can be taken from the robot
without a risk on the stability of the closed loop. In the case of a position controlled robot
on the other hand, the feedback for the positions, orientations and velocities of the contacts
should be taken by applying kinematics on the joint positions and velocities from the QP
output, in order to avoid the risk of instability of the closed loop.

The next chapter will showcase the first part of the validation of the controller, by applying
it in simulation to a torque controlled robot.
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Chapter 4

Validation on a Torque Controlled Biped

4.1 Introduction

In the previous chapter, the control architecture for the balance-force control was presented
for torque and position controlled robots, and the integration of the LQR optimal control
within a QP motion solver was detailed. In order to validate the theoretical study, the
controller is in need to be applied to a robot, and it is expected that the controller is able to
maintain the robot’s balance and minimize the error of the state and contact forces amidst
external perturbations and modeling errors.

In this chapter, I will validate the proposed controller in simulation by implementing it
on a 26 d.o.f torque controlled biped. The robot is going to be put in multiple configurations
while receiving perturbations, and the controller is expected to maintain the balance of the
robot while minimizing the error of the contact forces and of the state vector.

This chapter is divided as follows. Section 4.2 describes the simulation environment in
SIMULINK, section 4.3 describes the experiments done along with the results. Finally section
4.4 concludes the chapter.

4.2 SIMULINK Simulation Environment

The control is tested in simulation on the biped robot described in [Cisneros et al., 2018b]
using Matlab SIMULINK and the Simscape Multibody library. The robot is torque con-
trolled, has 2 arms with 7 d.o.f each, 2 legs with 6 d.o.f each, and an under-actuated main
body, accumulating to 26 d.o.f in total. With a height of 1.8m, it has a total mass of 77
kg, distributed on every link. The body, hands and feet are illustrated as boxes while the
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other links have a cylindrical shape with a radius of 0.001m. The inertia tensors are then
calculated for each part according to its shape. Additionally, the joints were implemented
as driven by geared servo-motors considering an additional rotor inertia. The input to these
servos is the joint torque, scaled by the corresponding gear ratio.

The Simscape Multibody Contact Forces Library is used to generate the non-rigid contact
models. Each corner of the base of a foot or a hand has a virtual sphere attached to it, with
its own linear stiffness and damping parameters, generating a force

fj =Kf,p,j

(
pj − p∗j

)
+Kf,d,j ṗj (4.1)

pj =pc,i +Rc,ipj,l, (4.2)

where pj is the position of the contact sphere in the world frame (pj,l refers to the position of
the contact sphere in the contact frame), and Kf,p,j and Kf,d,j are the stiffness and damping
constants for the forces for a sphere j.

The total force at each contact is then

fc,i =
4∑

j=1

fj (4.3)

The moment created by each sphere around the contact frame is calculated using

tj =fj × (pc,i − pj)

=− fj ×Rc,ipj,l

=S (Rc,ipj,l) fj. (4.4)

Thus, the total moment created by the four spheres of each contact is

tc,i =
4∑

j=1

tj (4.5)

According to the model introduced in the previous chapter, the contact force and moment
are produced via deformation using linear and angular stiffness and damping, with each one of
these parameters being represented by a matrix representing the total stiffness and damping
at each contact. Since these parameters are used in the linear matrices describing the linear
dynamics and in the calculation of the control gain, I need to provide the controller with
the equivalent of these parameters in the model used in the contact forces library. In other
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words, I need to find Kf,p,i, Kf,d,i, Kt,p,i and Kt,d,i from equations 2.22 and 2.23 in equations
4.3 and 4.5. This is done by making an equivalence between how the forces are formulated in
the proposed model and the ones generated by the contact forces library in SIMULINK, and
by deriving the equations with respect to the position and velocities of the contact limbs.
The calculation is detailed in appendix B.

The maximum static friction of the contact can also be set in the contacts sphere config-
urations, and it is set to 0.4.

The simulations were run while allowing the simulator to automatically choose the max
and min time step size using a variable step solver. This setting provides a simulation with
high precision that is able to break down highly dynamical effects and is computationally
very costly [Li et al., 2021].

4.3 Validation Scenarios and Results

The tests are done on scenarios with different starting postures, as illustrated in Figure 4.1.
The simulation is started with the robot in contact with the environment, slightly above the
equilibrium state, to avoid introducing too much initial energy. Then, the robot is perturbed
to assess control performance. The robot is expected to maintain its balance and to keep the
contacts with the environment, which is why I will focus on the analysis of the CoM position
of the robot, and on the CoP of each contact (in the contact frame). I will also highlight the
friction at each contact to ensure that no slippage is occurring.

Furthermore, to challenge the controller, white noise is added to the measured forces,
and modeling error is introduced by providing reduced stiffness and damping values to the
controller compared to the actual values that I chose for the environment. The stiffness is
reduced by 20% and the damping by 10%.

To obtain the best performance, the controller needs to be tuned. Tuning consists of
adjusting the gains of the matrices Q, P , and W , and configuring the stiffness and damping
of each contact. For a general guide on how to tune the controller, check appendix C.

4.3.1 Case of 2 Contacts

The robot, in this case, is in a half-sitting configuration while making contacts with its feet
on the ground, as shown in Figure 4.1 (a). The stiffness and damping constant parameters
at the contacts are given in Table 4.1 for the Right Foot (RF) and Left Foot (LF). The table
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Figure 4.1: Starting postures of scenario (a) (left), (b) (middle) and (c) (right)

Contact RF LF
Kf,p (N/m) 3× 104 3× 104

Kf,d (N.s/m) 1000 1000
Kt,p (N/rad) 400 400
Kt,d (N.s/rad) 15 15

Table 4.1: Stiffness and damping for each foot in a 2-contact case

shows the real values at the robot’s feet, the controller is provided with reduced values as
mentioned above).

I set the force-kinematics trade-off matrix W such that

• wfi =
[
0 0 0.5

]
• wti =

[
0.5 0.5 0

]
,

to emphasize on the tracking of the normal force and of the horizontal moments.
I choose the LQR control matrices such that:

• Q = diag( Qcom Qc Qc ),

• Qcom = ( 1× 104I3 I3 3× 104I3 I3 ),

• Qc = ( 3× 104I3 I3 3× 104I3 I3 ),

• P = diag(I6),

giving importance to the positions of the CoM and the contact positions, and adding a
damping effect to the position tracking via the tuning of the linear velocities.
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The robot is hit at its base with a perturbation of 250N at t = 0.5s for 0.1s along the
x-axis, and the controller is expected to bring it back to its equilibrium position.

To fully demonstrate the advantages of my controller over the classical balance control
with a rigid interaction assumption, I compare my controller in this case to the stabilizer
of [Murooka et al., 2021], where the effect of the compliance built in the robot’s feet is
modeled as a first order lag system on the ZMP. This stabilizer relies on the DCM dynamics
to calculate a desired wrench, which is used to create a CoM balance task and admittance
control for the feet. It replaces my controller in Figure 3.6. Feet objectives are formulated
with PD gains while using the stabilizer’s velocities as references.

Additionally, the QP in this case solves for the contact forces alongside the reference
accelerations, and has friction cone constraints, just like in [Cisneros et al., 2018a]. I will
refer to this stabilizer as the feet damping controller in the comparison below.

My proposed controller manages to keep the robot’s balance, while the feet damping
controller struggles until the robot falls down. This is clear when looking at the CoM position
in 4.2 and the CoP of the right foot in Figure 4.3. The feet damping controller struggles to
follow the proper forces in the non-rigid environment, which explains the large fluctuations
in the foot CoP and the inability of the controller to maintain the robot’s balance after the
perturbation. On the other hand, my proposed controller manages to minimize the error of
the CoM and to keep the CoP of each foot within its support zone (each foot has a surface
of x : 0.23m × y : 0.13m). The friction ratio at the right foot is shown in figure 4.4. The
maximum value does not exceed 0.176, and no slippage occurs. Note that the friction curves
oscillate slightly before convergence to zero, due to the presence of slight oscillations in the
horizontal contact forces before they also converge to zero in this scenario. For a better
tracking of the horizontal contact forces, they should be tuned in wfi.

To gauge the robustness to modeling errors of my controller, the same scenario is repeated
with the same tuning while reducing the linear and angular stiffness of the contacts by 50%
and then again by 70% in the controller. Despite the presence of stronger oscillations of
the CoM and a bigger steady-state error as seen in Figure 4.5, the controller is still able
to maintain the robot’s balance. Reducing the stiffness in the controller by more than 70%
might cause the robot to fall due to a CoM error that places the CoM outside of the support
region. A finer tuning is perhaps needed to make the controller handle such modeling errors.
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Figure 4.2: CoM position error (x component) in scenario (a)

4.3.2 Cases of 4 Contacts

Here, I test two different scenarios while the robot is making four contacts with the envi-
ronment, as illustrated in Figure 4.1: the robot is putting its hands on a table-like surface
(scenario (b)), and the robot is making non-coplanar contacts with its hands (scenario (c)).
The stiffness and damping constants at the contacts for the Right Foot (RF), Left Foot (LF),
Right Hand (RH) and Left Hand (LH) are given in Table 4.2 under scenarios (b) and (c).
While I did test the feet damping controller in these multi-contact scenarios, I will not be
sharing the plots of the signals from those tests. This is because the robot was already strug-
gling to follow the contact forces calculated by the QP even before any perturbation due to
the non-rigidity of the contacts, and because the fluctuation in the CoP of each contact was
very strong. Therefore, the contacts broke quickly and the robot fell. While this stabilizer
can take into consideration external forces at additional contact levels, it doesn’t aim to
calculate a stabilizing wrench using these additional contacts for the sake of minimizing the
CoM error to maintain balance, rather the forces at the hands level are taken as external
perturbations whose effects on the CoM are compensated. This is another reason to why it
is already expected to not behave correctly, as it is not suited for such experiment.

With the proposed control, the robot is hit with a perturbation of 200N at t = 0.5s

and then again with 250N at t = 2.5s for 0.1s. In the case of scenario (b), a bias of 5◦

to the orientation of the base is added to the robot at the start of the simulation to test
the robustness of the control against additional orientation errors. In this case, I set the
force-kinematics trade-off matrix W such that
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Figure 4.3: Right foot CoP (x component) in scenario (a)

Contact RF LF RH LH
Kf,p (N/m) 3× 104 25× 103 2× 104 104

Kf,d (N.s/m) 4000 3000 4000 4000
Kt,p (N/rad) 400 350 180 90
Kt,d (N.s/rad) 60 60 30 30

Table 4.2: Stiffness and damping for each contact in Scenarios (b) and (c)

• wfi =
[
0 0 0.5

]
• wti =

[
0.5 0.5 0

]
,

and the control matrices of the LQR such that

• Q = diag( Qcom Qc Qc Qc Qc ),

• Qcom = ( 104I3 100I3 3× 104I3 100I3 ),

• Qc = ( 3× 104I3 100I3 3× 104I3 100I3 ),

• P = diag(I6).

By setting the angular positions and velocities gains at 100, the controller was able to
minimize the CoM error while regaining the default orientation of the base. I noticed that
giving too much weight to the orientations results in a slightly worse behavior, as the robot
does not seem to minimize the contacts position as efficiently.

65



0 1 2 3 4 5 6 7 8
Time

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

Fr
ic

tio
n

RF Frictionx
RF Frictiony

Figure 4.4: RF friction ratio along the x and y axis in scenario (a)

As for scenario (c), I chose:

• wfi =
[
0 0 0.5

]
(for i = 1, 2, 4),

• wf3 =
[
0.5 0 0

]
,

• wti =
[
0.5 0.5 0

]
(for i = 1, 2, 4),

• wt3 =
[
0 0.5 0.5

]
,

• Qcom = ( 105I3 I3 104I3 I3 )

• Qc = ( 104I3 I3 1000I3 I3 ),

• P = diag(I6).

Figures 4.6, 4.7 and 4.8 show that the proposed controller is able to maintain the balance
of the robot, minimizing the CoM error and maintaining the CoP in its support zone (each
hand has a dimension of x : 0.105m× y : 0.135m). No slippage of contacts occurred, and the
maximum value of the friction ratio at each contact in each scenario is given in Table 4.3.

4.4 Conclusion

In this chapter, the controller was tested on a biped in a two contacts and multi-contacts with
the environment in different scenarios. The contacts being compliant, the classical admittance
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Figure 4.5: CoM position error (x component) for different modeling errors

Contact RF LF RH LH
Scenario b 0.31 0.354 0.372 0.355
Scenario c 0.278 0.193 0.361 0.359

Table 4.3: Max absolute value of the friction ratio at each contact

control relying on the DCM dynamics and a calculation of the contact wrenches for CoM and
admittance control fails to maintain the balance of the robot in face of perturbations, as the
robot struggles to calculate the required wrench for its balance in the non-rigid environment.
On the other hand, the proposed controller succeeds in balancing the robot and minimizing
the error of the forces at each contact thanks to the force feedback and kinematics trade-off.

That being said, this validation has many assumptions that aren’t met when applying
the control on a real robot. First, the robot’s model is simple and doesn’t correspond to
a model of a real robot. Second, no state estimation of the robot’s under-actuated base is
being considered, instead the values obtained from the feedback are assumed to be perfectly
measured and without any delay. Third, an integration from Matlab to a real robot is
complicated, hence the need of the validation of the controller using a software that can be
easily applied to a real robot.

For these reasons, the next chapter is going to present a validation of the control on a
model of a real position control robot, before moving on to the validations on a real robot.
The next chapter is going to cover the framework used, the simulation environment and tests,
in addition to the experimental results on a real robot before concluding.
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Figure 4.6: CoM position error (x component) in scenarios (b) and (c)
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Figure 4.7: Right foot and left hand CoP (x component) in scenario (b)
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Figure 4.8: Right foot and right hand CoP (x component) in scenario (c)
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Chapter 5

Validation on Position Controlled
Humanoid Robots

5.1 Introduction

In the previous chapter, I presented the implementation of the controller on a torque con-
trolled 26 d.o.f biped in Matlab and Simulink. I presented in the conclusion of the previous
chapter several points of improvement to be made for a better validation on simulations and
implementation on the real humanoid robot. This chapter is going to take those points into
consideration, while testing the controller on a position controlled robot.

The controller is going to be implemented in C++, using the mc_rtc framework, first
on a model of a position controlled robot of type HRP4. The simulation is incorporated in
choreonoid, where dynamics behavior can be simulated. State estimation is used to estimate
the robot’s floating base’s position and orientation, and encoders provide the positions and
velocities of the articulation joints.

Tests will be done in a default configuration with 2 legs contacts, first with an almost
rigid interaction and second with compliant surfaces, then a validation on a multi-compliant
contacts will be demonstrated.

Finally, the controller is going to be tested on a real humanoid robot of type HRP2-KAI.
The robot will be in the default half-sitting position with 2 contacts, first on a rigid ground,
where the spring bush in the robot’s feet are going to apply the compliant contacts, and then
on a mattress for an increased compliant effect.

This chapter is divided as follows. Section 5.2 describes the framework used and the
simulation environment, while section 5.3 adds some details about calculations and imple-
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mentation of the controller in mc_rtc. Section 5.4 presents the results, finally section 5.5
concludes the chapter.

5.2 mc_rtc and Choreonoid

The controller is now written in the C++ programming language using the control frame-
work mc_rtc. mc_rtc is a QP based control architecture for real-time robotic applications
that allows the build of complex behaviors using hierarchical state machines. It provides a
friendly way to implement these behaviours, such as the use of finite state machines (FSM)
to implement robotic scenarios using simple transitions, along with graphical tools providing
user input in addition to the monitoring and logging of data. This framework has been used
to successfully integrate robots in a wide variety of applications, such as aircraft automation
as shown in [Kheddar et al., 2019], or in physically interacting with humans [Bolotnikova
et al., 2020a]. It is build at the top of libraries such as SpaceVecAlg, which provides a concise
vector notation to write positions, velocities and accelerations of a rigid body with respect
to a non-inertial frame, RBDyn (Rigid Body Dynamics) which provides a set of classes and
functions to model the dynamics of rigid body systems, and Tasks, a library for real time
control of robots and kinematic trees using constrained optimization. SpaceVecAlg and RB-
Dyn are based on Roy Featherstone Rigid Body Dynamics Algorithms book [Featherstone,
2008].

Once the controller is written, it’s necessary to have a simulation environment to test
the behavior of the robot when such controller is implemented. mc_rtc is compatible with a
number of interfaces and simulators, such as the Robot Operating System (ROS), MuJoCo
[Singh et al., 2022], NAOqi [Bolotnikova et al., 2020b] and Choreonoid [Nakaoka, 2012].

Choreonoid is an open source integrated robotics environment with a graphical user inter-
face (GUI), that was developed to handle humanoid robots’ choreography [Nakaoka, 2012],
teleoperation [Nakaoka et al., 2014], and various other robotics operations. I opt to use
choreonoid for its dynamic physics engine, to test the controller in a setting close to a real
testing environment, which is very useful to have before testing on actual real robots.

Figure 5.1 shows how a controller is run using mc_rtc and Choreonoid. The Choreonoid
environment shows the behavior of a controller on the robot. The RViz panel is used as an
input/output GUI interface, where the user can add or remove tasks from the solver, switch
between different controllers, with many other options. Additionally, a virtual robot built
from the output of the QP can be observed. Finally, the logs information and debug messages
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are displayed in the terminal window. This is the setting that I use to implement and test
my controller.

Figure 5.1: mc-rtc with Choreonoid: The left window is for Choreonoid, the top right is for
the terminal, the bottom right is for the control panel RViz

5.3 Details Concerning the Implementation of the Con-

troller

In this section, I will go over some details regarding the implementation of the controller
using mc_rtc. This includes estimation, frame transformations, and the calculation of the
LQR gain.

5.3.1 Estimation

Since the robot to be controlled is position controlled, the control architecture and feedback
are as described in 3.4.

It is important to note that the feedback is taken after estimation of the robot’s state.
An estimation of the robot’s base position and orientation is used. This estimation is called
the anchor point’s solution, and is based on measurements obtained from another estimation
of the orientation by an IMU sensor. Encoders provide the joint’s positions and velocities,
and forward kinematics are used to determine the position of the robot’s limbs in a certain
reference frame.
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5.3.2 Frame Transformations and Additional Tasks

As the mc_rtc framework can only formulate tasks written in the world frame, additional
frame transformations are required for transforming the accelerations of the contact limbs
generated by the proposed controller from the CoM/base frames to the world frame. Similarly,
the position, orientations and velocities of the contact limbs need to be transformed from the
world frame to the CoM/Base frame of the robot before being used by the controller.

• Transforming the position and orientation of a contact from the world frame to the
CoM/Base frames is done using

pcomc =R⊤
b (pc − com) , (5.1)

Rb
c =R⊤

b Rc. (5.2)

• Transforming the linear and angular velocities of a contact from the world frame to the
CoM/Base frames is done using

ṗcomc =R⊤
b (ṗc − ˙com− S (ωb) (pc − com)) , (5.3)

ωb
c =R⊤

b (ωc − ωb) . (5.4)

• Transforming the linear and angular accelerations of a contact from the CoM/Base
frames to the world frame is done using

p̈c =Rbp̈
com
c − S2 (ωb) (pc − com) + S (ω̇b) (pc − com)

+2S (ωb) (ṗc − ˙com) + ¨com, (5.5)

ω̇c =Rbω̇
b
c + S (ωb) (ωc − ωb) + ω̇b. (5.6)

Looking at equations (5.5) and (5.6), transforming the accelerations to the world frame
relies on the acceleration of the CoM and the angular acceleration of the floating base. Addi-
tionally in this case, the objectives handled by the QP are the posture task and acceleration
tasks for the contact limbs in the world frame, which can cause the robot’s base linear and
angular accelerations at the output of the QP to diverge. Which is why there’s a need to
send additional CoM task and an angular acceleration task for the robot’s base to the QP,
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and use these accelerations in the frame transformations in (5.5) and (5.6). This is done
using

¨com =− kp (com− com∗)− kd ( ˙com− ˙com∗) + ¨com∗, (5.7)

ω̇b =− kpΘ
(
RbR

∗⊤
b

)
− kd (ωb − ω∗

b ) + ω̇∗
b , (5.8)

where kp and kd represent proportional and derivative terms to be tuned to obtain the best
behavior. Note that these 2 tasks are given a low weight compared to the accelerations of
the contact limbs, as they do not serve in the balancing control.

It is important to note that if the accelerations for the contacts were written in the robot’s
base frame, then the motion of the base would be constrained by the motion of the contact
limbs, and the diagram shown in figure 3.7 would be valid to use. I chose the above described
approach due to its simple integration within mc_rtc.

The diagram of the control architecture in this case requires a few additions, and it is as
illustrated and detailed in figure 5.2.
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 P  b 
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.
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Kinematics

q, q
.r r

Estimation

CoM and Base Feedback
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CoM and Base Feedback

Tradeoff

Force Feedback

∫∫

Figure 5.2: Control architecture when the controller is implemented in mc_rtc with a position
controlled robot.
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5.3.3 LQR Gain Calculation

I implemented an LQR gain calculation for a discrete-time linear system. Which is why I
use the discrete form of the linearized matrices:

Ay,d = I+ Aydt, (5.9)

By,d = Bydt. (5.10)

The notation (.)d is used to refer to the discrete form, and dt is the discretization step.
U is the unique positive definite solution to the following discrete time algebraic Riccati

equation (5.11):

U = A⊤
y,dUAy,d − A⊤

y,dUBy,d

(
P +B⊤

y,dUBy,d

)−1
B⊤

y,dUAy,d +Qy. (5.11)

For the first iteration, I set U = Qy, and then U is calculated at every iteration using its
old value from the previous iteration, until the difference between the 2 results in a matrix
whose maximum number is inferior to a constant ϵ I define, in other words when

max|U − Uold|≤ ϵ. (5.12)

Finally, the gain Ky is calculated using

Ky =
(
P +B⊤

y,dUBy,d

)−1
B⊤

y,dUAy,d. (5.13)

5.4 Results

5.4.1 Simulations on HRP4

I used the 34 degrees of freedom HRP4 robot in the choreonoid environment to test my
controller. To simulate compliant contacts, I used an already programmed deformable surface
on each contact. These surfaces have their own stiffness and damping parameters, and move
or rotate similar to a soft surface according to the proposed viscous-elastic model, meaning
that I can simply set their Kf,p, Kf,d, Kt,p and Kt,d values.

I present 3 different scenarios for testing: the first two scenarios have the robot in 2
contacts mode, the difference is that the first scenario does not use the deformable surfaces
to simulate compliant contacts like the second scenario, instead it tests the controller on
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rigid ground. The reason why I chose to showcase the performance with a relatively rigid
interaction is because I want to show that the controller can still be used in such situations,
where the user is not interested in deploying robots in terrains where compliance is visibly
present. Finally, the third scenario is a multi-contact scenario on deformable surfaces.

In each case, I will use the push feature of the robot in the choreonoid environment, the
controller is expected to shift the robot back to its equilibrium while maintaining all the
contacts and minimizing the error of the state and forces.

In all three scenarios, I set the kp and kd terms in equations 5.7 and 5.8 such that

• kp = 100I3,

• kd = 30I3,

which was enough to prevent divergence of the robot’s base position at the output of the
QP.

The tuning of the controller is done similarly to the previous chapter, which is described
in the appendix C.

Two Contacts Configuration

Figure 5.3: Scenarios 1 (left) with rigid contacts and 2 (right) with deformable contacts

Figure 5.3 shows scenarios 1 and 2. The simulation starts from the position illustrated in
this figure, the state and force references are taken from the robot once all oscillations due
to the initial energy stops.
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Contact RF LF
Kf,p (N/m) 105 105

Kf,d (N.s/m) 400 400
Kt,p (N/rad) 5000 5000
Kt,d (N.s/rad) 30 30

Table 5.1: Stiffness and damping for each foot in a rigid 2-contact case

Starting with scenario 1, this is a simple case to showcase the reliability of the controller
even when tested with relatively rigid parameters. Indeed, using the viscous-elastic formu-
lation for the forces when the contacts are relatively rigid might bring difficulties in balance
amidst modeling errors and noise, as seen in [Flayols et al., 2020]. For the controller to be
compatible with a relatively rigid environment, the linear and angular stiffness of the viscous-
elastic model given in the controller’s configuration should be set to high values so that the
contacts barely move through the environment, hence why I set them as shown in table 5.1.
Note that increasing the stiffness beyond the values in table 5.1 can slow down or complicate
numerical computation of the LQR gain.

After carefully tuning the LQR control matrices and the force-Kinematics trade-off matrix
W , I got the best performance by choosing

• wfi =
[
0.95 0.95 0.95

]
,

• wti =
[
0.95 0.95 0.95

]
,

• Q = diag( Qcom Qc Qc ),

• Qcom = ( 3× 1010I3 109I3 3× 108I3 3× 106I3 ),

• Qc = ( 3× 1011I3 3× 107I3 109I3 3× 108I3 ),

• P = I12.

Note that it’s necessary to rely on the entire 6-dimension force feedback vector for each
contact for better force tracking. Giving full weight to the force feedback, i.e. setting wfi

and wti as identity worsens the contact’s position and orientations tracking, and the robot
always loses its balance.

With these gains and as I applied an external push to the robot as perturbation, the
controller is able to maintain the balance of the robot while minimizing the error of the
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Real Controller
Kf,p (N/m) 2× 104 2.5× 104

Kf,d (N.s/m) 500 300
Kt,p (N/rad) 1500 500
Kt,d (N.s/rad) 7 1

Table 5.2: Real and controller’s stiffness/damping for each foot in Scenario 2

forces. This is can be seen by looking at the CoM error curve and the right foot CoP curve
in figures 5.4 and 5.4. As seen from the CoP curve, the perturbation pushed the CoP to the
edge of its support zone along the x axis, yet the CoM error didn’t go over a few millimeters
and the convergence to zero was very quick.

Figure 5.4: CoM error in Scenario 1

Now to scenario 2, where each foot makes contact with a deformable surface. Similarly as
I did in the Matlab simulations, I set the stiffness and damping for the deformable surfaces
as the real environment compliance values, and I choose different values for these same
parameters in my controller as modeling errors to test the robustness of the controller, as
shown in table 5.2.

After another tuning of the LQR control matrices, I got the best performance by choosing:
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Figure 5.5: CoP of the RF in Scenario 1

• wfi =
[
0.8 0.8 0.8

]
,

• wti =
[
0.8 0.8 0.8

]
,

• Q = diag( Qcom Qc Qc ),

• Qcom = ( 106I3 3× 104I3 300I3 3000I3 ),

• Qc = ( 3× 106I3 105I3 105I3 104I3 ),

• P = I12.

In this case I found the tuning to be a bit easier to obtain a very good performance
concerning balance and minimizing the state space and force errors in spite of external pushes.
Figure 5.7 shows the CoP curve of the right foot following a push of the robot that moved
this CoP to the edge of its support zone, and figure 5.6 shows the CoM error convergence
during the experiment.

Figures 5.8 and 5.9 shows the CoM error and the CoP of the right foot for both x and y

components in another test for the same scenario with the same gains. Here the robot was
pushed three times in succession, twice along the x axis in different directions, followed by
a lateral push. Even when the CoP was pushed repeatedly and to the limit of its support
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Figure 5.6: CoM error in Scenario 2

region as seen from Figure 5.9, the maximum CoM error does not exceed 1.2 centimeters and
the error converges to zero without much oscillations. Figure 5.10, also shows the friction
components of the right foot during this experiment, where the maximum absolute value
barely exceeds 0.2, showing the importance of taking the entire 6-dimension force feedback
vector in the force tuning, as the contact forces follow their references accurately.
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Figure 5.7: CoP of the RF in Scenario 2

Figure 5.8: CoM error in Scenario 2 under successive pushes
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Figure 5.9: CoP of the RF in Scenario 2 under successive pushes

Multi-contacts Configuration

Figure 5.11 shows the three-contacts scenario 3. The robot starts from a half-sitting position,
and with the use of the FSM states feature in mc_rtc, I use a position task to move the
right hand of the robot to the deformable table-like surface, while moving the robot’s by
5cm to the front along the x axis. Once the robot reaches the desired reference state and
maintains its position in equilibrium as seen in figure 5.11, the controller is manually started,
i.e. it calculates the appropriate gain around the desired reference, along with the appropriate
accelerations to the right and left feet and to the right hand in order to maintain the robot’s
balance. The acceleration tasks are manually introduced into the QP solver.

To test the controller, I push the robot backwards. What I am expecting from the con-
troller is to maintain the three contacts, and minimize the state and forces error. As always,
the deformable surfaces have stiffness and damping values that differ from the controller’s to
test the robustness against modeling errors, which is what I show in table 5.3.

After another tuning of the gain matrices, I got the best performance by choosing:

• wfi =
[
0.95 0.95 0.95

]
,

• wti =
[
0.95 0.95 0.95

]
,
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Figure 5.10: Friction (in x and y directions) of the RF in Scenario 2 under successive pushes

Real Controller
Kf,p (N/m) 2× 104 1.5× 104

Kf,d (N.s/m) 500 400
Kt,p (N/rad) 1500 1000
Kt,d (N.s/rad) 7 5

Table 5.3: Real and controller’s stiffness/damping for each of the 3 contacts in Scenario 3

• Q = diag( Qcom QF QF QH ),

• Qcom = ( 1011I3 3× 1010I3 3× 1010I3 1010I3 ),

• QF = ( 1011I3 1012I3 2× 1011I3 1012I3 ),

• QH = ( 3× 1012I3 3× 1012I3 1013I3 3× 1012I3 ),

• P = diag(I18).

Figure 5.13 shows the CoP curve at the right foot. Looking at this curve, the CoP was
pushed to the limit of the foot’s support region, yet the controller is able to quickly minimize
the amplitude of the error, however, small oscillations persist for a few seconds. This is
caused by a small rebound of the robot when it was exerting an additional force via its right
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Figure 5.11: Scenario 3 with 3 deformable contacts

hand in order to maintain the hand’s position as seen in figure 5.14. Following the push
of the robot, and as the weight given in the matrix Q to the right hand’s position is more
important than other contacts’, the controller forced the robot to apply additional force to
the right hand in order to keep the contact in place, while minimizing the error of this force
at the same time. The CoM error curve is also shown in figure 5.12. The error converges
to zero despite the presence of modeling errors, after negligible oscillations due to rebound,
with a maximum error of less than 2cm.

5.4.2 Experiments on HRP2-KAI

HRP2-KAI is a position controlled robot having a spring bush between the sole and the ankle
of each foot. Due to this design, the interaction with the floor of the lab is compliant, and
the robot actually struggles to stand still when slightly pushed. For the experiments, I will
test the control when the robot is on rigid floor first, to deal with the compliance at the feet
level, then I will put the robot on a soft mattress and test the control to see if it can deal with
an increased compliant effect, due to the compliance by design and by surfaces of interaction
at the same time. The experimental setup is shown in figure 5.15.

To test the controller, the robot is pushed repeatedly, and the controller is expected to
maintain the robot balance by minimizing the error of the CoM and follow the desired contact
forces, just like in simulation.
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Figure 5.12: CoM error in Scenario 3

Figure 5.15: HRP2-KAI on rigid floor (left) and on a soft mattress (right)
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Figure 5.13: CoP of the RF in Scenario 3

HRP2-KAI on Rigid Floor

In this case, the compliant interaction with the environment is due solely to the spring
bushes of the feet. Just like in simulations, the controller needs tuning to obtain the best
performance. In this case, I tuned the compliance parameters along with the other matrices
in order to have an accurate estimation of the stiffness imposed by the spring bushes. As
for the damping, due to the difficulty of estimating the damping of the contacts, I set their
matrices as identity, in other words, I am considering a model with negligible damping effects.
For these reasons, a good performance is obtained by choosing

• Kf,p,i = diag (4× 104, 4× 104, 104),

• Kf,d,i = diag (1, 1, 1),

• Kt,p,i = diag (2000, 2000, 2000),

• Kt,d,i = diag (1, 1, 1),

• Q = diag( Qcom Qc Qc ),

• Qcom =
(

diag (104, 1000, 1) diag (1000, 1000, 1) diag (100, 100, 1) diag (300, 300, 1)
)
,
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Figure 5.14: Normal force error at the RH in Scenario 3

• Qc = ( 3× 104I3 104I3 3000I3 300I3 ),

• P = I12,

• W = 036×36,

Note that due to the tuning of the stiffness of the contacts, a good performance is achieved
without relying on the force feedback information (since I set W to have zero values).

Figures 5.16 and 5.17 respectively shows the error of the CoM and of the CoP of the right
foot. The controller manages to minimize the error of the CoM and follow the desired forces
in spite of consecutive pushes, without any use of force feedback information, meaning that
the controller can also be used when force sensors are absent from the robot, on the condition
that the compliance parameters are well tuned or estimated.

HRP2-KAI on Soft Mattress

Starting from the controller’s configuration of the previous test, the robot started falling on
its back due to the rotational effect caused by the soft mattress. Additionally, the robot’s
feet started moving up and down due to the linear compliance along the z-axis. Due to these
reasons, I lowered the linear stiffness along the z-axis and the rotational stiffness. I also
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Figure 5.16: CoM error of HRP2-KAI on rigid floor while resisting pushes

added more tracking to the CoM error along the x-axis in Q, in other words, the following
changes were made to the previous configuration:

• Kf,p,i = diag (4× 104, 4× 104, 3000),

• Kt,p,i = diag (600, 600, 600),

• Qcom =
(

diag (106, 1000, 1) diag (1000, 1000, 1) diag (100, 100, 1) diag (300, 300, 1)
)
.

The trajectories of the error of the CoM and of the CoP of the right foot are shown in
figures 5.18 and 5.19. The robot can endure the consecutive perturbations even without force
feedback (since W is set to zeros again) and maintain its balance. A steady state error of
1cm is visible for the CoM error, due to a non-ideal tuning of the compliance. Additionally,
oscillations could have been tuned down by raising the tuning for minimizing the CoM velocity
in Q. Nonetheless, the controller did well to maintain the robot’s balance with the increased
compliance effect. It is important to note that the robot falls on its back even without pushes
when the controller is not enabled due to the strong compliance.

The same scenario is repeated with modeling errors, by increasing Kt,p,i by 100%: Kt,p,i =

diag (1200, 1200, 1200).
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Figure 5.17: CoP of the RF of HRP2-KAI on rigid floor while resisting pushes

With these errors, the controller struggles without force feedback, hence the tuning is
slightly changed by including force feedback, done by setting wti =

[
0 0.3 0

]
.

Figures 5.20 and 5.21 show the CoM error and the CoP of the right foot when. The con-
troller manages to maintain the robot’s balance amidst the strong compliance and modeling
errors. The steady state of the CoM error is less than 3mm, thanks to the inclusion of the
force feedback.

5.5 Conclusion

In this chapter, the controller’s performance was tested on a model of the position controlled
robot HRP4 using the control framework mc_rtc and the choreonoid simulation environment.
It also presented the results on a real HRP2-KAI robot.

The chapter explained the details in the integration of the controller in mc_rtc, including
the frame transformations and the LQR gain computation.

The controller’s performance is validated as it maintains the balance of the robot while on
rigid floor, deformable floor and in a multi-contact situation, while maintaining the contacts
and minimizing the error signals of the contact forces in simulation.

The validation was also done on HRP2-KAI, a robot with a built-in compliance between
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Figure 5.18: CoM error of HRP2-KAI on a mattress while resisting pushes

the sole and the spring of each foot. The controller was able to deal with the built-in
compliance of the robot when on rigid ground and on a soft mattress, and maintained the
robot’s balance when pushed multiple times, without relying on force feedback, thanks to
an approximate estimation of the compliance parameters via tuning. Force feedback was
necessary when modeling errors were considered to balance the robot and follow the desired
contact forces.

More experiments could be done with different contact configurations, especially on the
real robot, or when the controller is tested while the robot is in quasi-static motions. However,
this requires slow motions that do not put the stability of the linearized system in risk.
Instead, evolving the controller so that it can take references around a time variant trajectory
rather than a stationary reference is the better option.

This topic is going to be discussed in the future works after concluding the work in the
conclusion.
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Figure 5.19: CoP of the RF of HRP2-KAI on a mattress while resisting pushes

Figure 5.20: CoM error of HRP2-KAI on a mattress with modeling errors while resisting
pushes
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Figure 5.21: CoP of the RF of HRP2-KAI on a mattress with modeling errors while resisting
pushes
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Conclusion and Future Work

Conclusion

For a robot to accomplish a certain task, whether it’s a humanoid robot using tools, or a
legged robot traversing a terrain via locomotion, balance should be guaranteed for the robot
to succeed in his task. However, due to inaccuracies of the modeling of the robot’s dynamics
and the limitations of actuation, robots usually struggle to follow the desired trajectories
for the contact forces to be applied by their end effectors or legs, risking of displacing their
CoM and ZMP outside of their support regions, and lose balance as a consequence. This is
particularly true when unexpected perturbations hit the robot, or most importantly, when
the robot-environment interaction is compliant. If ignored, compliance alters the reference
position of the robot’s limbs, and present a challenge for the robot to produce the desired
contact forces and moments.

The works in the literature usually rely on the assumption that the robot-environment
interaction is rigid, and build the appropriate controllers under this assumption to ensure
the balance of the robot. While this strategy works when the interaction is not compliant
enough, these controllers struggle otherwise. A few works consider the compliance effect and
design controllers that compensate for this effect, or model the compliance and study the
dynamics imposed by it for the controller’s design, however the solutions are either applied
to quadrupeds, or to torque controlled humanoids using only their feet as contacts with the
environment.

I started the work on this thesis by proposing a way to take the compliant robot-
environment interaction into the balance controller design. Modeling the wrench of the
interaction using the viscous-elastic model, I incorporated the contact forces and moments
in a reduced model, where the robot is assumed to be a single rigid mass having mass-less
limbs to interact with its surroundings, and without any assumptions on the lateral motion
or the height of the CoM. Then I studied the non-linear dynamics of the system while writing

95



the positions and orientations of the contacts in the robot’s CoM frame. This model in itself
can be used to build different controllers depending on the approach taken to deal with the
non-linear dynamics of the system.

My solution was to transform the non-linear system into a linear one using a linearization
process. In order to track the desired contact forces and moments accurately, I used a
trade-off between the force and moments obtained from force sensors and the positions and
orientations of the contacts. Finally, I relied on the LQR gain to generate the commanded
accelerations of the contacts which are used to maintain the robot’s balance.

I incorporated the controller within a whole body QP solver and validated the controller
on 2 robots in simulation. The first validation was performed on a 26 d.o.f torque controlled
biped in MATLAB SIMULINK. The proposed controller showed superior results compared
to the classical control with rigid contacts assumption, as the latter struggled to track the
desired forces in spite of the compliance in the contact surface, while the former ensured the
biped’s balance under external perturbations. The proposed controller succeeded in multiple
scenarios, including multiple-contacts configurations.

The second validation was performed on position-controlled robots, first on HRP4 in sim-
ulation and then on a real HRP2-KAI robot. The controller was written using the mc_rtc
framework and simulated using the choreonoid simulator. The controller managed to main-
tain the balance of the real robot with a strong compliance effect, due to the built-in compli-
ance in HRP2-KAI and the soft mattress at the same time, without the need of use of force
sensors when the compliance parameters were tuned along the gain matrices of the LQR.
Force feedback information was needed for the controller to maintain the robot’s balance
when modeling errors were considered.

Future Work

The controller in its current state can be applied to a variety of robots in different situations
and applications. Performing additional tests and on different robots should be considered.

What follows are improvements on a theoretical structure of the controller itself. First,
a lacking feature in the current architecture is contact constraints. Indeed, there are no
constraints on the friction cones at the contacts that bind the forces to respect the friction
on the contact surfaces to not cause slippage. In certain situations, especially in dynamic
locomotion, this might cause the controller to fail in its balance control when the robot is in
a complicated configuration, even when following the desired forces correctly.
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Second, the controller should be applied to dynamic behaviors and movements. The
linearization should consider a trajectory reference rather than a stationary one, and a pattern
generator should be used to generate the trajectory references for the required tasks.

An additional step could include the use of an online estimator for the stiffness and
damping of the compliant environment according to the proposed model. While the con-
troller is robust to modeling errors, the performance is better when the controller has more
accurate knowledge of these parameters, and can be done without relying on force feedback
information.

Controlling robots in a compliant environment is an ongoing research topic. The work
described in this thesis proposes a solution for a number of situations, and lays out the plan
for improvements to be done in order to make the controller more universal in use.
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Appendix A

Details of the Linearization Process

The operator ∆ represents the Euclidean difference for positions and velocities in the state
vector, for instance v∆ = v−v∗. As for the orientations, it is the axis-sine of angle representa-
tion of the relative orientation between the orientation matrices, for instance Ω∆ = Θ(RR∗⊤).

The formula used in the linearization process is

(XY + Z + S(w))∆ ≃ X∆Y ∗ +X∗Y ∆ + Z∆ + S(w∆) (A.1)

where X, Y and Z all ∈ R3×3, and w ∈ R3. (.)∆ is the error of (.), (.)∗ is its reference value.
S(w) is the skew-symmetric operator of vector w. As we can notice, the operator ∆ functions
similarly to the derivative operator. As for the term Θ

(
Rc,i,rR

⊤
c,i

)
= Ω

(
Rc,i,rR

⊤
c,i,bR

⊤), the
linearization was done in the limits where the estimation sinθ ≈ θ can be used, as the
following:

Ω (RM)∆ ≃1

2
V ec

(
RM −R⊤

M

)∆
=Cb

(
Ω∆ +R∗Ω∆

c,i,b

)
, (A.2)
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with:

Cb =
1

2

3∑
i=1

S (ei)R
∗
MS (ei) (A.3)

RM =Rc,i,rR
⊤
c,i,bR

⊤ (A.4)

e1 =
[
1 0 0

]
(A.5)

e2 =
[
0 1 0

]
(A.6)

e3 =
[
0 0 1

]
. (A.7)

While assuming that the reference of the angular acceleration of the floating base is zero:
ω̇∗ = 0, applying the operator ∆ on equations 2.24 and 2.25 gives

¨com∆ =
1

m

nc∑
i=1

f∆
c,i (A.8)

and

ω̇∆ =RI

(∑
i

S
(
f ∗
c,i

)
S
(
R∗p∗c,i,com

)
+ S (ω∗)S

(
R−1

I ω∗)+ S (ω∗)R−1
I S (ω∗)

)
Ω∆

−RI

(∑
i

S
(
f ∗
c,i

)
R∗p∆c,i,com +

∑
i

S
(
R∗p∗c,i,com

)
f∆
c,i +

∑
i

t∆c,i

)
ω∆

−RI

((
S
(
R−1

I ω∗)− S (ω∗)R−1
I

))
ω∆ (A.9)

with

RI =R∗I−1R∗⊤

f∆
c,i =−Kf,p,icom

∆ −Kf,d,i ˙com∆ +Kf,d,iS
(
R∗p∗c,i,com

)
ω∆

+
[
Kf,p,iS

(
R∗p∗c,i,com

)
+Kf,d,i

(
S
(
R∗ṗ∗c,i,com

)
+ S (ω∗)S

(
R∗p∗c,i,com

))]
Ω∆

− [Kf,d,iS (ω∗)R∗ +Kf,p,iR
∗] p∆c,i,com −Kf,d,iR

∗ṗ∆c,i,com (A.10)

t∆c,i =
[
Kt,p,iCb,i +Kt,d,iS

(
R∗ω∗

c,i,b

)]
Ω∆

−Kt,d,iω
∆ +Kt,p,iCb,iR

∗Ω∆
c,i,b −Kt,d,iR

∗ω∆
c,i,b (A.11)

Using this linearization, I can write the linear dynamics as in equation (2.30), with ma-
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trices A and B given by

A =



F0 F1 F2 . . . Fn

0 D1 0 . . . 0

0 0 D2 0 0
...

...
... . . . ...

0 0 0 0 Dn


, (A.12)

B =



0 0 · · · 0

G1 0 0 0

0 G2 0 0
...

... . . . ...
0 0 0 Gn


, (A.13)

F0 =


0 0 I 0

0 0 0 I
A31 A32 A33 A34

A41 A42 A43 A44

 , (A.14)

Fi =


0 0 0 0

0 0 0 0

Fi31 0 − 1
m
Kf,d,iR

∗ 0

Fi41 Fi42 Fi43 Fi44

 , (A.15)

Di =


0 0 I 0

0 0 0 I
0 0 0 0

0 0 0 0

 , (A.16)

Gi =


0 0

0 0

I 0

0 I

 . (A.17)
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with

A31 =− 1

m

n∑
i=1

Kf,p,i

A32 =
1

m

n∑
i=1

(A321 + A322)

A33 =− 1

m

n∑
i=1

Kf,d,i

A34 =
1

m

n∑
i=1

(
Kf,d,iS

(
R∗p∗

c,i,com

))
A321 =Kf,p,iS

(
R∗p∗

c,i,com

)
A322 =Kf,d,i

(
S
(
R∗ṗ∗

c,i,com

)
+ S (ω∗)S

(
R∗p∗

c,i,com

))
A41 =−RI

n∑
i=1

S
(
R∗p∗

c,i,com

)
Kf,p,i

A42 =RIS (ω∗)R−1
I S (ω∗)

+RI

n∑
i=1

(A421 + A422 + A423)

A43 =−RI

n∑
i=1

S
(
R∗p∗

c,i,com

)
Kf,d,i

A44 =RI

(
S
(
R−1

I ω∗)− S (ω∗)R−1
I −

n∑
i=1

A441

)
A421 =S

(
f∗c,i
)
S
(
R∗p∗

c,i,com

)
A422 =S

(
R∗p∗

c,i,com

)
Kf,p,iS

(
R∗p∗

c,i,com

)
+S

(
R∗p∗

c,i,com

)
Kf,d,i

(
S
(
R∗ṗ∗

c,i,com

)
+ S (ω∗)S

(
R∗p∗

c,i,com

))
A423 =Kt,p,iCb,i +Kt,d,iS

(
R∗ω∗

c,i,b

)
A441 =Kt,d,i + S

(
R∗p∗

c,i,com

)
Kf,d,iS

(
R∗p∗

c,i,com

)
Fi31 =− 1

m
(Kf,p,i +Kf,d,iS (ω∗))R∗

Fi41 =RI

(
−S

(
f∗c,i
)
− S

(
R∗p∗

c,i,com

)
Kdp

)
R∗

Kdp =Kf,d,iS (ω∗) +Kf,p,i

Fi42 =RIKt,p,iCb,iR

Fi43 =−RIS
(
R∗p∗

c,i,com

)
Kf,d,iR

∗

Fi44 =−RIKt,d,iR
∗
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The matrix M in equation 2.35 can be deduced from equations (A.10) and (A.11), and
is written as

M =



0 0 . . . . . . 0

T1 V1 0 . . . 0

T2 0 V2
. . . ...

...
... . . . . . . 0

Tn 0 . . . 0 Vn


, (A.18)

Ti =


R∗⊤ Ti12 Ti13 −Ti12S

(
R∗p∗

c,i

)
0 Ti22 0 R∗⊤K−1

t,p,iKt,d,i

0 0 0 0

0 0 0 0

 , (A.19)

Vi =


Vi11 0 Vi13 0

0 −R∗⊤Cb,iR 0 Vi24

0 0 0 0

0 0 0 0

 (A.20)

with

Ti12 =−R∗⊤S
(
R∗p∗

c,i

)
− Ti13

(
S(R∗ṗ∗

c,i) + S (ω∗)S
(
R∗p∗

c,i

))
Ti13 =R∗⊤K−1

f,p,iKf,d,i

Ti22 =−R∗⊤ (Cb,i +K−1
t,p,iKt,d,iS

(
R∗ω∗

c,i

))
Vi11 =R∗⊤ (I+K−1

f,p,iKf,d,iS (ω∗)
)
R∗

Vi13 =R∗⊤K−1
f,p,iKf,d,iR

∗

Vi24 =R∗⊤K−1
t,p,iKt,d,iR

∗
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Appendix B

Correspondence of the Stiffness and
Damping of the contacts between
Simulink and the proposed model

Here I go in detail on how the linear and angular stiffness and damping of the proposed model
are deduced from the forces and moments generated by the contact spheres model used in
Simulink.

Figure B.1 shows an illustration of the procedure. On the left is the Matlab model of
the compliant forces. Each sphere placed at the vertex of the contact surface has a stiffness
Kf,p,j and a damping Kf,d,j, generating a force fj. The moment tj is deduced by multiplying
the fj by the distance to the contact frame, situated at the center of the contact surface.
On the right is the proposed model. The compliance at the contact level is concentrated on
a single location on the contact surface, with a linear stiffness Kf,p,i and a linear damping
Kf,d,i, generating a force fc,i. Additionally, the compliance has an angular stiffness Kt,p,i and
an angular damping Kt,d,i, generating a moment tc,i.

B.1 Linear Stiffness and Damping

First of all, I want to note that in this appendix, any variable .∗ (such as R∗
c,i, etc...) marks

the point around which the derivation takes place in the development below. The formulation
is general and can be used around a reference point (which is what I am considering in this
thesis) or other, depending on the usage.
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Figure B.1: Illustration showing the compliant force model in Matlab Simulink (Left) and
the compliance of the proposed model on the contact level (right). A correspondence between
the parameters is required for the implementation of the controller.

Using equation (4.2) in (4.1) gives

fj = Kf,p,j

(
pc,i +Rc,ipj,l − p∗j

)
+Kf,d,j

d

dt
(pc,i +Rc,ipj,l)

= Kf,p,j

(
pc,i +Rc,ipj,l − p∗j

)
+Kf,d,j (ṗc,i + S (ωc,i)Rc,ipj,l) . (B.1)

Then, using B.1 in equation (4.3) allows me to write

fc,i =
4∑

j=1

(
Kf,p,j

(
pc,i +Rcpj,l − p∗j

)
+Kf,d,j ( ˙pc,i + S (ωc,i)Rc,ipj,l)

)
. (B.2)

fc,i in equation (B.2) is considered equivalent to the contact force of the proposed model,
i.e. fc,i in equation 2.16.

By Deriving equation (2.16) with respect to pc,i:

∂fc,i
∂pc,i

= Kf,p,i, (B.3)

and deriving equation (B.2) with respect to pc,i:

∂fc,i
∂pc,i

=
4∑

j=1

Kf,p,j, (B.4)
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I can conclude from equations (B.3) and (B.4) that

Kf,p,i =
4∑

j=1

Kf,p,j. (B.5)

Similarly, by deriving (2.16) and (B.2) by ṗc,i this time, I get

Kf,d,i =
∂fc,i
∂ṗc,i

=
4∑

j=1

Kf,d,j. (B.6)

B.2 Angular Stiffness and Damping

Using equation (B.2) in equation (4.5), I get:

tc,i =
4∑

j=1

(
S (Rc,ipj,l)

(
Kf,p,j

(
pc,i +Rc,ipj,l − p∗

j

)
+Kf,d,j ( ˙pc,i + S (ωc,i)Rc,ipj,l)

))
. (B.7)

Similarly to the force, tc,i in equation B.7 is considered equivalent to the contact moment
of the model, i.e.tc,i in equation (2.17). To find the stiffness and damping constants, I will
write the error dynamics of the moment tc,i in equation (4.5) (using the cross product form):

t∆c,i =
4∑

j=1

t∆j , (B.8)

with

t∆j =−
(
f∆
j ×R∗

c,ip
∗
j,l + f ∗

j × (Rc,ipj,l)
∆
)

=R∗
c,ip

∗
j,l × f∆

j − f ∗
j × (Rc,ipj,l)

∆

=S
(
R∗

c,ip
∗
j,l

)
f∆
j − S

(
f ∗
j

)
(Rc,ipj,l)

∆ . (B.9)

For the calculation of (Rc,ipj,l)
∆, f∆

j , and then t∆j , see B.3 below.
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Finally, the corresponding angular stiffness can be determined:

Kt,p,i =
∂tc,i
∂Ωc,i

∣∣∣∣
x=x∗

=
4∑

j=1

(
S
(
f ∗
j

)
S
(
R∗

c,ip
∗
j,l

)
− S

(
R∗

c,ip
∗
j,l

) (
Kf,p,jS

(
R∗

c,ip
∗
j,l

)
+Kf,d,jS

(
ω∗
c,i

)
S
(
R∗

c,ip
∗
j,l

)))
=

4∑
j=1

(
S
(
f ∗
j

)
S
(
R∗

c,ip
∗
j,l

)
− S

(
R∗

c,ip
∗
j,l

) (
Kf,p,j +Kf,d,jS

(
ω∗
c,i

))
S
(
R∗

c,ip
∗
j,l

))
=

4∑
j=1

S
(
f ∗
j

)
S
(
R∗

c,ip
∗
j,l

)
−

4∑
j=1

S
(
R∗

c,ip
∗
j,l

) (
Kf,p,j +Kf,d,jS

(
ω∗
c,i

))
S
(
R∗

c,ip
∗
j,l

)
. (B.10)

and damping:

Kt,d,i =
∂tc,i
∂ωc,i

∣∣∣∣
x=x∗

=
4∑

j=1

S
(
−R∗

c,ip
∗
j,l

)
Kf,d,jS

(
R∗

c,ip
∗
j,l

)
(B.11)

Notice that Kt,p,i in equation B.10 depends on the reference forces of each sphere, however
in my case where the contact frame lies at the center of the contact sphere, and each sphere
at a given contact surface has the same parameters, the following term becomes zero:

4∑
j=1

S
(
f ∗
j

)
S
(
R∗

c,ip
∗
j,l

)
= 0.

Thus, Kt,p,i becomes independent of f ∗
j .

B.3 Additional Calculations

Here are some additional calculations to be used in equation B.8. I put them in a separate
section for clarity.

The ∆ approximation ofRc,ipj,l:

(Rc,ipj,l)
∆ ≃R∗

c,ip
∆
j,l + S

(
Ω∆

c,i

)
R∗

c,ip
∗
j,l

=R∗
c,ip

∆
j,l − S

(
R∗

c,ip
∗
j,l

)
Ω∆

c,i. (B.12)
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The ∆ approximation of fj:

f∆
j =

(
Kf,p,j

(
pc,i +Rc,ipj,l − p∗

j

)
+Kf,d,j ( ˙pc,i + S (ωc,i)Rc,ipj,l)

)∆
=Kf,p,j

(
p∆c,i + (Rc,ipj,l)

∆
)
+Kf,d,j

(
˙pc,i

∆ + S
(
ω∆
c,i

)
R∗

c,ip
∗
j,l + S

(
ω∗
c,i

)
(Rc,ipj,l)

∆
)

=Kf,p,j

(
p∆c,i +R∗

c,ip
∆
j,l − S

(
R∗

c,ip
∗
j,l

)
Ω∆

c,i

)
+Kf,d,j

(
˙pc,i

∆ − S
(
R∗

c,ip
∗
j,l

)
ω∆
c,i + S

(
ω∗
c,i

) (
R∗

c,ip
∆
j,l − S

(
R∗

c,ip
∗
j,l

)
Ω∆

c,i

))
=Kf,p,jp

∆
c,i +

(
Kf,p,jR

∗
c,i +Kf,d,jS

(
ω∗
c,i

)
R∗

c,i

)
p∆j,l +Kf,d,j ˙pc,i

∆

−Kf,d,jS
(
R∗

c,ip
∗
j,l

)
ω∆
c,i −

(
Kf,p,jS

(
R∗

c,ip
∗
j,l

)
+Kf,d,jS

(
ω∗
c,i

)
S
(
R∗

c,ip
∗
j,l

))
Ω∆

c,i. (B.13)

Therefore:

t∆j =S
(
R∗

c,ip
∗
j,l

)
f∆
j − S

(
f ∗
j

)
(Rc,ipj,l)

∆

=S
(
R∗

c,ip
∗
j,l

) [
Kf,p,jp

∆
c,i +

(
Kf,p,jR

∗
c,i +Kf,d,jS

(
ω∗
c,i

)
R∗

c,i

)
p∆j,l +Kf,d,j ˙pc,i

∆
]

−S
(
R∗

c,ip
∗
j,l

) [
Kf,d,jS

(
R∗

c,ip
∗
j,l

)
ω∆
c,i −

(
Kf,p,jS

(
R∗

c,ip
∗
j,l

)
+Kf,d,jS

(
ω∗
c,i

)
S
(
R∗

c,ip
∗
j,l

))
Ω∆

c,i

]
−S

(
f ∗
j

) [
R∗

c,ip
∆
j,l − S

(
R∗

c,ip
∗
j,l

)
Ω∆

c,i

]
. (B.14)

The term Kt,p,i =
∂tc,i
∂Ωc,i

∣∣∣
x=x∗

is the term multiplying Ω∆
c,i and the term Kt,d,i =

∂tc,i
∂ωc

∣∣∣
x=x∗

is the term multiplying ω∆
c,i in equation (B.10) (preceded by a

∑4
j=1)

109



110



Appendix C

General Guide to the Tuning of the
Controller

The tuning of the controller is done by setting the compliance parameters (i.e., the stiffness
and damping of each contact: Kf,p,i, Kf,d,i, Kt,p,i and Kt,d,i) and by adjusting the gains of
the matrices Q, P , and W .

It is very important to start testing the controller in simulation first before moving to
tests on real robots, where the compliance parameters can be manually set in the simulation
environment and in the controller.

It is recommended to run the first simulations without any modeling errors on the com-
pliance parameters, so that a good performance can be achieved without the need of tuning
the matrix W , in other words, without including the force feedback in the feedback for the
controller. This is done by choosing W to be a null matrix.

I will write the matrix Q as

Q = diag
(

Qcom Qc,1 · · · Qc,n

)
,

Qcom =
(

qcom qR q ˙com qω

)
,

Qci =
(

qc,i qRc,i
qċ,i qωc,i

)
. (C.1)

qcom ∈ SO(3), qR ∈ SO(3), q ˙com ∈ SO(3), and qω ∈ SO(3) represent the weights for
minimizing the error of the CoM, orientation of the floating base, CoM velocity and the
base’s angular velocity respectively. Similarly, qc,i ∈ SO(3), qRc,i

∈ SO(3), qċ,i ∈ SO(3),
and qωc,i

∈ SO(3) represent the weights for minimizing the error of the contact i’s position,

111



orientation, linear velocity, and angular velocity respectively.
The position and orientation associated terms serve for the better tracking of the CoM

and contact positions and orientations, while the velocity associated terms are important to
reduce oscillations that could be present in the curves of the CoM or a contact’s position and
orientation.

For the first test, it is advisable to start from high weights for qc,i and qRc,i
, and to have

at least qċ,i = 2
√
qc,i and qωc,i

= 2
√
qRc,i

. As for qcom, qR, q ˙com, and qω, it is better to have
them at very low values (identity matrix or even null matrix). This way, the controller is
asking the robot to maintain its contacts without balance control (i.e. without minimizing
the error of the CoM), which is equivalent to sending simple position and orientation tasks
for the contacts. At this stage, if the robot is slightly pushed, it should oscillate for a
few seconds. Then, slowly increase q ˙com to reduce the oscillations of the CoM. Eventually,
oscillations should disappear if the robot is perturbed, with a very slow convergence of the
CoM toward its desired reference. Similarly, an increase of qω might be required to eliminate
the oscillations of the floating base. Once oscillations no longer appear, start increasing qcom

slowly to improve the minimization of the error of the CoM, and if needed, start increasing qR

to minimize the error of the orientation of the base, until the best performance is achieved.
Note that by increasing qcom for example, oscillations might re-appear, thus q ˙com should
be increased again to eliminate them. It is up to the user to choose the final desirable
performance.

If the accelerations generated by the LQR have high values, they can be reduced by tuning
the matrix P .

Once balance control is up to the desired performance, modeling errors can be introduced
on the compliance parameters in the controller’s configuration. The performance will worsen,
and can be improved by tuning the matrix W responsible for tuning the force feedback in
the kinematic-force trade-off. If the robot is struggling to maintain the contacts position
(e.g. the feet are seemingly going up and down) or follow the desired contact forces, slowly
increase wfi to include the contact force. If the robot is struggling with the orientation of
the contacts and is falling on its back due to these orientations, slowly increase wti to include
the contact moment. Note that the values in W should be between 0 and 1, and it is not
advisable to have ones for the three components of a contact force or moment, because the
controller will lose the contact position or rotation information, and the robot will fall.

Once the behavior of the controller is understood in simulation, and a good performance
is achieved while considering modeling errors, experiments on a real robot can be done, while
restarting the tuning with the same strategy, as the gains will differ from those set in simula-

112



tion. One problem emerges which is that the compliance parameters are not known in such
case. In this case, these parameters should be tuned alongside the matrix Q until a good per-
formance is achieved without force feedback, meaning that the compliance parameters chosen
could be considered as the "real" values. It is important to note that it might be enough
to set the damping terms (Kf,d,i and Kt,d,i) to identity matrices, i.e. considering a compli-
ance with negligible damping effect and avoid tuning or estimating them, as demonstrated
in chapter 5, and tune only Kf,p,i and Kt,p,i.

Furthermore, one can choose not to tune any compliance parameter, rather have their
values fixed, and then tune W alongside Q to compensate for modeling errors. After all,
tuning these parameters is done similarly to the tuning of W : if the robot is swinging and
falling on its back for example, this means that the angular stiffness has errors and should
be adjusted; if the robot’s feet are moving up and down or right and left, this means that the
linear stiffness has errors and should be adjusted. It is important to mention that increased
compliance means lower values for Kf,p,i and Kt,p,i.

It is also advisable to tune all variables along a single axis at a time when testing on real
robot, since the performance can be quite different from simulations, for increased safety.
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