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Résumé

L’objectif de cette thése est d’étudier un modéle de foréts couvrantes sur un graphe muni
d’un fibré vectoriel et d’une connexion unitaire. Pour les fibrés de rang 1, les configurations,
combinatoires, sont des foréts couvrantes d’unicycles aléatoires tirées selon une loi détermi-
nantale. Pour les fibrés de rang quelconque, la collection aléatoire d’arétes est remplacée par
une collection aléatoire de sous-espaces des fibres. Pour une connexion périodique unitaire,
nous établissons une formule intégrale pour le noyau du processus, mettant en évidence deux
phases, caractérisées par le comportement asymptotique des corrélations a grande distance.

Nous étudions par ailleurs des mesures de probabilités sur les foréts couvrantes d’uni-
cycles sur des suites de graphes finis croissants, dépendant d’une fonction de poids sur les
cycles. Nous montrons que sous certaines hypothéses sur la fonction de poids, la limite ne
dépend pas des conditions au bord et peut étre échantillonnée par un algorithme de marches
aléatoires a boucles effacées. Sous d’autres hypothéses, nous prouvons des résultats sur la
vitesse asymptotique de décroissance des corrélations avec la distance, et la taille des com-
posantes connexes, qui s’appliquent en particulier au cas déterminantal.

Nous formulons enfin une correspondance entre les fibrés de rang 2 complexes et les fi-
brés de rang 1 sur le corps des quaternions, et observons, pour une connexion quaternionique
unitaire et périodique, deux phases selon I’aspect commutatif ou non des quaternions, 'une
correspondant au modéle usuel de foréts couvrantes uniformes et l'autre correspondant a
un modele pour lequel certains unicycles finis sont observés une infinité de fois.



Abstract

The aim of this thesis is to study a model of spanning forests on a graph endowed
with a vector-bundle and a unitary connection. For rank-1 vector-bundles, the combi-
natorial configurations are spanning forests of random unicycles sampled according
to a determinantal law. For vector-bundles of arbitrary rank, the random collection
of edges is replaced by a random collection of subspaces of the fibers. For a unitary
periodic connection, we establish an integral formula for the kernel of this process,
revealing two phases, characterized by the asymptotic behavior of the long-distance
correlations.

We also study probability measures on spanning forests of unicycles on increasing
finite graph sequences, depending on a weight function on the cycles. We show that
under certain assumptions on the weight function, the limit does not depend on the
boundary conditions and can be sampled by a loop-erased random walk algorithm.
Under other assumptions, we prove results on the asymptotic rate of decay of correla-
tions with the distance, and the size of related components, which apply in particular
to the determinantal case.

Finally, we formulate a correspondence between complex rank-2 vector-bundles
and rank-1 vector-bundles on the quaternion field, and observe the existence of two
phases, for a periodic unitary quaternionic connection, depending on the commutativ-
ity or non-commutativity of the quaternions weights, one corresponding to the usual
model of uniform spanning forests and the other corresponding to a model for which
some finite unicycles are observed infinitely many times.
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CHAPTER 1

Introduction

Modeéles de physique statistique et foréts couvrantes
aléatoires

Modeles de physique statistique et transitions de phases

La physique statistique est un domaine des mathématiques et de la physique théorique qui
étudie le comportement a grande échelle de phénoménes aléatoires suivant des mesures
de probabilités construites de fagcon locale. Ce domaine permet de modéliser notamment
des réactions physiques au cours desquelles les interactions entre particules a échelle
microscopique engendrent des phénomeénes observables a échelle macroscopique. Il existe
par exemple le modéle de diméres, ou pavage par des dominos, qui étudie la formation
aléatoire de couplages parfaits qui modélise la formation de composés formés par des
molécules diatomiques, les dimeéres.

Un autre modele de physique statistique tres étudié est le modéle de percolation de
Fortuin-Kasteleyn (FK). Ce modele étudie des sous-graphes aléatoires ou chaque configu-
ration possede une certaine probabilité dépendant des arétes présentes ou absentes. Les
mesures construites pour ce modele dépendent de deux parametres p et q. Le premier
parametre compris entre 0 et 1 favorise quand il est proche de 1 les arétes ouvertes et
le second compris strictement entre 0 et 'infini favorise quand il est supérieur a 1 les
configurations avec un grand nombre de composantes connexes.

Quand le parameétre g vaut 2, le modéle est en fait équivalent au modéle d’Ising, un modele
de physique statistique étudiant les configurations de spins et favorisant les configurations
de faible énergie, dans lesquelles les spins tendent a s’aligner. Le modéle d’Ising dépend d’un
parametre de température qui peut étre relié au parametre p intervenant dans le modele de
percolation FK. Quand la température est faible, le modéle est « gelé » et favorise fortement
les configurations ou tous les spins sont alignés tandis que lorsque la température est
élevée, le modéle est plus désordonné et les configurations sont plus équiprobables. Un tel
changement brutal de comportement a I’échelle macroscopique en fonction d’un parameétre
régissant les interactions a échelle microscopique est appelé transition de phase.

Les transitions de phase apparaissent fréquemment dans I’étude de modeles de physique
statistique et peuvent se caractériser de différentes maniéres. Dans le cas de modeles de
percolation, il s’agit souvent d’'une brusque variation de la taille des composantes connexes
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en fonction du parametre, notamment avec I’émergence d’une ou plusieurs composantes
connexes infinies. Dans des modeles tels que le modeéle d’Ising ou le modéle de dimeéres, les
transitions de phase correspondent souvent a une variation brutale de la distance typique
des corrélations, c’est a dire une variation de la vitesse de décroissance des corrélations a
grande échelle, qui peut étre notamment polynomiale ou exponentielle.

Les différentes phases observées peuvent également se caractériser par la prépondérance
ou non des conditions de bord dans la construction de mesures en volume infini. En effet,
les mesures en volume infini sur les modeles de physique statistique sont généralement
construites en étudiant la convergence de mesures en volume fini en formant une exhaustion
du graphe sur lequel le modéle est étudié. Différentes suites de mesures peuvent étre
construites en étudiant différentes conditions de bord sur ces exhaustions, mais lorsque
les corrélations a grande distance sont suffisamment faibles, les différentes suites peuvent
converger vers une unique mesure limite. Par exemple, lorsque la température dans le
modeéle d’Ising sur un graphe planaire est élevée, les corrélations a grande échelle sont
faibles et les conditions de bord sont donc non prépondérantes. Il en résulte existence
d’une unique mesure de Gibbs. Au contraire, lorsque la température est faible, les conditions
au bord sont prépondérantes et entrainent ’émergence de différentes mesures en volume
infini.

Une quantité caractéristique d’'un modéle de physique statistique en volume infini
est I’énergie libre. 1l s’agit du taux de croissance exponentielle par unité de volume de la
fonction de partition du modele en volume fini, définie comme la somme des poids des
configurations. Cette quantité donne de nombreuses propriétés sur un modele et I’étude de
son comportement selon les parameétres du modeéle permet de comprendre également les
transitions de phase du modéle.

Lorsque le parametre ¢ du modeéle de percolation FK converge vers 0, la mesure sur les
configurations favorise ’existence d’une unique composante connexe. Le modele obtenu a
la limite ¢ — 0, avec la contrainte 1f¥p = q® avec 0 < a < 1, est appelé modele de I’arbre
couvrant.

L’arbre couvrant

Définition et origines. On appelle arbre couvrant sur un graphe un sous-graphe connexe
contenant tous les sommets et ne possédant aucun cycle. Les arbres couvrants sont des
objets bien connus de la théorie des graphes et sont trés étudiés en informatique théorique
pour leurs applications aux réseaux informatiques.

Le dénombrement des arbres couvrants sur un graphe remonte a Kirchhoff (1847),
qui a montré des relations surprenantes entre la combinatoire des arbres couvrants et les
réseaux électriques sur les graphes. Le théoreme de Kirchhoff exprime le nombre d’arbres
couvrants sur un graphe quelconque comme le mineur M; ; du laplacien A (définition 2.1)
du graphe en position (i, j), avec i, j quelconques. On appelle déterminant réduit det o
d’un opérateur le produit de ses valeurs propres non nulles. En sommant sur tous les
mineurs principaux M; ; de A pour i € [1,n], ce théoréme implique que le nombre d’arbres
couvrants est

1 1
—det gA = — i
n o n:l:[

ou {\; }; est 'ensemble des valeurs propres non nulles de A.



La formule de Cayley (1889), énumérant le nombre d’arbres couvrants sur un graphe
complet comme n" =2 ol n est le nombre de sommets, en est un cas particulier.

L’étude de I’arbre couvrant aléatoire, en tant que modele probabiliste, remonte au moins
au travail de Temperley [Tem74], qui a montré que que les arbres couvrants étaient en
bijection avec les pavages par des dominos. Plusieurs algorithmes ont ensuite été proposés,
par Aldous et Broder ([Ald90], [Bro89]), puis par Propp et Wilson ([PW98]), pour tirer
uniformément un arbre couvrant a partir de marches aléatoires simples sur le graphe.
L’algorithme de Wilson [Wil96], qui permet de construire un arbre couvrant aléatoire sur
un graphe fini a partir de marches aléatoires a boucles effacées généralise le théoréme de
Pemantle ([Pem91]), qui montre que 'unique chemin entre deux points dans un arbre
couvrant uniforme a la méme loi que la marche aléatoire a boucles effacées entre ces deux
points.

Processus déterminantaux. Une conséquence du théoréme de Kirchhoff est une in-
terprétation de la probabilité de présence d’une aréte lorsque le graphe est vu comme
un réseau électrique. En supposant que chaque aréte du graphe soit un conducteur de
conductance unitaire et que deux extrémités d’une certaine aréte soit connectée a une pile,
la probabilité qu’une aréte soit présente dans un arbre couvrant aléatoire uniforme est
égale a la proportion de courant qui traverse cette aréte. En considérant un graphe fini
dont les arétes sont pondérées par des poids (c(e))ecr appelées conductances, une mesure
de probabilité naturelle sur les arbres couvrants du graphe attribue a chaque arbre une
probabilité proportionnelle au produit des conductances des arétes:

HeEE 6(6)

Nc(F) = 7

ou Z =Y p[l.cr c(e) est la fonction de partition du modéle.

Le formalisme des réseaux électriques sur les graphes et I'interprétation des marches
aléatoires en termes de courants électriques, principalement développés par Burton et
Pemantle, leur ont permis de montrer en 1993 ([BP93]) que les arétes d’un arbre couvrant
aléatoire, distribué selon une telle mesure, forment un processus déterminantal, c’est a dire
un processus aléatoire dont la mesure est déterminantale, au sens suivant.

Une mesure de probabilités p sur un ensemble fini = {0, 1}" est déterminantale
s’il existe une matrice K de taille n x n appelée noyau qui vérifie la propriété suivante.
Si S CIl,...,n]alors si x € Q est un point aléatoire selon y alors

P(Vi € S,z; = 1) = det(Kgxs)

c’est-a-dire le déterminant de la matrice K ou l'on a conservé uniquement les lignes et les
colonnes dont les indices sont dans S.

Pour un arbre couvrant distribué selon la mesure g, le noyau du processus est la
matrice de transfert de courant (Y'(e;, €5))1<; i< ot Y (e, €') = i°(e’) est le courant qui
passe par €’ lorsqu’on impose un courant unitaire entre les extrémités de I’aréte e.

Cette propriété est I'une des propriétés fondamentales du modele d’arbre couvrant

aléatoire puisqu’elle permet des calculs explicites pour ce modéle, notamment de la fonction
de partition, et constitue une des motivations principales pour son étude.
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Volume infini et généralisations a d’autres modéles de foréts couvrantes

Volume infini. L’étude du modéle d’arbre couvrant, son extension en volume infini
et sa généralisation a d’autres modeles s’est amplement poursuivie a la fin du 20e siecle
et au début du 21e siécle. Dans [Ale95], [BLPS01], [LP16], les auteurs s’intéressent a la
construction de mesures pour des modéles de foréts couvrantes sur des graphes infinis en
considérant des exhaustions du graphe par des graphes finis et en étudiant la limite faible de
la suite de mesures construites. Ce procédé qui est également utilisé pour la construction de
mesures de Gibbs pour le modéle d’Ising fait intervenir un choix de conditions au bord dans
la construction des mesures sur les graphes finis. Les auteurs présentent plusieurs choix
de conditions au bord (libres, fermées et périodiques) et leurs influences sur les mesures
obtenues comme mesures limites.

Foréts avec connexion. D’autres auteurs se sont ensuite intéréssés a la généralisation
de ce modele a d’autres modeles de foréts aléatoires plus généraux, notamment avec un plus
grand nombre de composantes connexes, mais conservant les propriétés déterminantales et
algorithmiques de I’abre couvrant, propriétés qui font 'intérét majeur du modeéle d’arbres
couvrants parmi les autres modéles de physique statistique. Dans [For93], 'auteur établit
des liens entre les déterminants de laplaciens déformés par une connexion et des sommes
de poids sur des configurations d’objets combinatoires : les foréts couvrantes d’unicycles.
Ces résultats sont de plus généralisés a d’autres types de déformation dans [KL20a]. En
2011, Kenyon a introduit dans [Ken11] un nouveau type de laplacien sur un fibré vectoriel
et décrit son lien dans le cas d’un fibré de rang 1 avec les mesures déterminantales sur les
foréts couvrantes d’unicycles. Pour un fibré de rang 2, il donne une formule combinatoire
pour le déterminant de ce laplacien.

Graphes planaires, volume infini et diagramme de phases. Sur certains graphes
planaires, il existe une correspondance entre les arbres couvrants et le modele de dimeres
sur un graphe bipartite construit & partir du graphe d’origine. Cette correspondance,
appelée bijection de Temperley, a motivé 'introduction d’une famille de mesures sur les
foréts couvrantes enracinées sur des graphes infinis périodiques, caractérisées par leur
pente. Cette pente correspond au changement de hauteur moyen qui caractérise les mesures
de Gibbs pour le modéle de diméres, via la bijection de Temperley. L’utilisation de cette
correspondance et les propriétés qui en découlent ont été étudiés dans [Sun16]. Ces mesures
de Gibbs déterminées par leur pente moyenne sont également étudiées dans [Ken19] ou R.
Kenyon prouve qu’il s’agit de plus de mesures déterminantales et donne une expression
intégrale pour leur noyau.

Des mesures sur les foréts couvrantes d’arbres enracinés peuvent également étre con-
struites en ajoutant des masses sur les sommets permettant de favoriser certains sommets
comme racines des arbres de la forét. On considére pour cela un laplacien massique qui
peut étre vu comme un laplacien sur un graphe modifié auquel un sommet a été ajouté et
est relié a tous les autres sommets. Le modéle massique est étudié dans [Ken11] et dans
[BATR17]. Les auteurs de [BATR17] s’intéressent notamment a un choix de masses et de
conductances particulier qui rend le modéle Z-invariant. Cette propriété assure I’aspect
local dans I’étude du modéle, en particulier des formules locales pour la fonction de Green
ainsi qu'une décroissance exponentielle des corrélations. Ils obtiennent notamment une
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transition de phase vers le modéle d’arbres couvrants lorsqu’un paramétre elliptique du
modele tend vers 0, caractérisée par le développement asymptotique de I’énergie libre.

La décroissance des corrélations ainsi que le comportement de ’énergie libre peuvent
également étre étudiés dans le cas des mesures a pente. Dans [KSO03] et [KOO06], les auteurs
s’appuient sur I’étude de la courbe spectrale du polyndéme caractéristique du modéle de
diméres pour établir des résultats sur la décroissance des corrélations et le comportement de
I'énergie libre pour le modele de dimeres selon le changement de hauteur moyen des mesures.
Il s’appuie sur des outils de géométrie algébrique tels que les amibes dont les propriétés
sont détaillées dans [Vir02, Mik00, Yge12]. Cette technique peut étre utilisée également
dans le modeéle de foréts couvrantes pour I’étude de la décroissance des corrélations comme
on peut le voir dans [Ken19]. Les résultats peuvent également étre transposés au modele
de foréts couvrantes via la bijection de Temperley comme le présente [Sun16].

Gaz arboréal. Plus récemment, les auteurs de [BCHS21], [BCH21] et de [HH23] ont
étudié un modéle de foréts couvrantes non enracinées qui provient de la limite ¢ — 0 du
modéle de percolation FK avec la contrainte p = (¢, ol le paramétre 3 > 0 est fixé. s
étudient les limites en volume infini de ce modéle, appelé modele du gaz arboréal, sur des
réseaux et prouvent qu’il existe une valeur seuil de 3 a partir de laquelle, sous les mesures
de Gibbs invariante par translations, il existe presque surement exactement un arbre infini.

Sujet de la theése

Un modele de foréts couvrantes quantiques

Le sujet de thése, proposé par Adrien Kassel, est I’étude du modéle de foréts couvrantes
quantiques. Cet objet d’étude est représenté dans I'illustration suivante.

® 8 ® &
Loglagtm

Figure 1.1 — Simulation d’une forét couvrante quantique dans le cas de rang N = 3 ([KL20c])



1. INTRODUCTION

Il s’agit d’'un modéle de physique statistique intégrable avec symétrie de jauge, associé
au déterminant du laplacien sur un fibré vectoriel discret au dessus d’un graphe, introduit
par Adrien Kassel et Thierry Lévy dans [KL20c, KL23]. 1l constitue ainsi une extension du
modele introduit dans [Ken11], en considérant des fibrés de rang quelconque.

Ce modele est défini sur un graphe muni d’un fibré vectoriel et d’une connexion, par
des opérateurs généralisant le laplacien et la fonction de Green usuelle, correspondant au
cas d’un fibré de rang 1 muni d’une connexion triviale. Ce modele généralise ainsi le modele
d’arbre couvrant usuel trés étudié en particulier dans [BLPS01] et [LP16]. Le formalisme du
laplacien avec une connexion, introduit en physique dans I’étude des théories de jauge sur
réseaux, est détaillé dans [Ken11], qui donne une expression combinatoire du déterminant
du laplacien pour des fibrés de rang 1 et 2. Les configurations combinatoires sont des foréts
couvrantes d’unicycles, qui sont aléatoires selon une loi déterminantale.

Dans [KL20c], le formalisme des processus déterminantaux linéaires est introduit et
fournit, pour le cas d’un graphe muni d’un fibré de rang arbitraire avec connexion unitaire
dans U(V), une généralisation des foréts de rang 1, appelée forét couvrante quantique. La
définition de ce modéle et ses propriétés sont détaillées dans I’article en préparation [KL23].
La collection aléatoire d’arétes de I’arbre couvrant est remplacée, dans ce modele, par une
collection aléatoire de sous-espaces des fibres, sur les arétes du graphe. Ainsi, sur un fibré
de rang NV, une forét couvrante quantique est la donnée d’un sous-espace aléatoire Q).
de RY sur chaque aréte e, dont la loi jointe est déterminantale. Les mesures de probabilités
sur les foréts couvrantes quantiques sont déterminées par des poids matriciels sur les arétes
du graphe.

Une attention particuliére est portée dans la these au cas des graphes périodiques
avec périodicité des parametres. Dans ce cas, on peut exhiber les phases du modéle selon
I'emplacement des parameétres dans un espace qui est de dimension finie.

Les foréts couvrantes d’unicycles

Une forét quantique peut s’interpréter de maniére combinatoire en utilisant la notion de
forét couvrante d’unicycles, qui correspond au cas de rang 1. Il existe en effet N foréts
couvrantes d’unicycles aléatoires dont le nombre d’occupation sur chaque aréte e est la
dimension Q. € {1,...,N}.

Le cas de rang 1 du modéle de foréts couvrantes quantiques correspond au modéle
déterminantal de foréts couvrantes d’unicycles, associé au laplacien tordu par une connex-
ion, introduit dans [Ken11]. Les définitions plus précises de ce modéle sont introduites dans
le chapitre 2. La mesure déterminantale obtenue dans ce cas donne a chaque configuration
de foréts couvrantes d’unicycles une probabilité proportionnelle au produit des poids de
ses cycles ou les poids dépendent de la connexion considérée.

Les foréts couvrantes aléatoires d’unicycles constituent plus généralement un modéle
trés riche a étudier, notamment car il est en correspondance avec des modéles de diméres,
dans le cas de graphes plongés dans certaines surfaces (anneau, tore). Comme pour le
modeéle d’arbre couvrant qui peut étre échantillonné par I’algorithme de Propp-Wilson a
partir de marches aléatoires a boucles effacées, une question naturelle pour ce modéle est
d’obtenir aléatoirement une forét couvrante d’unicycles par un algorithme. Cette question
a notamment été étudiée par Bouttier, Bowick, Guitter et Jeng ([BBGJ07]), qui proposent
un algorithme généralisant ’algorithme de Propp-Wilson dans le cas de surface de genre



non trivial pour obtenir aléatoirement un réseau couvrant et qui utilisent cet algorithme
pour I’étude du modele de dimeéres sur le réseau carré a partir de la bijection de Temperley.

Dans [KK17], les auteurs s’intéressent au cas de mesures sur les foréts couvrantes
d’unicycles sur un graphe quelconque, non nécessairement planaire, dépendant de poids
qui ne proviennent pas nécessairement d’une connexion. Ils montrent que dans le cas ou les
poids sont compris entre 0 et 1, la mesure sur les foréts couvrantes d’unicyles d’un graphe
fini peut étre échantillonnée par un algorithme de marches aléatoires a boucles effacées ou
les boucles sont effacées avec probabilité égale a leurs poids. Cet algorithme dépend d’un
ordre fixé sur les sommets mais la mesure ne dépend pas de I'ordre choisi. Un objectif de
cette thése est d’étudier la généralisation de cet algorithme au cas de graphes infinis et de
montrer que sous certaines hypothéses de minorations des poids, la suite de mesures sur
des graphes croissants converge faiblement vers une mesure en volume infini qui peut étre
échantillonnée par un algorithme et qui ne dépend pas de I'ordre sur les sommets choisi
dans I’algorithme.

Les résultats principaux de la thése

Les principaux résultats de cette thése se trouvent dans les chapitres 4 a 7. Ils sont ordonnés
du cadre le plus général au cadre le plus particulier (rang 1). Une fois les conditions au bord
et la topologie de convergence d’une suite de mesures en volume fini vers une mesure en
volume infini définies dans le chapitre 3, la premiére étape consiste a calculer le noyau du
modele de foréts couvrantes quantiques en rang N en volume infini avec périodicité des
parametres (chapitre 4). Ce calcul permet de mettre en évidence deux phases dans I’espace
des parametres, selon la décroissance des corrélations.

Nous nous intéressons ensuite aux foréts couvrantes d’unicycles en rang 1 et aux
mesures de probabilités sur ces foréts, pondérées par les poids des cycles. Le cas particulier
des poids inférieurs a 1, étudié dans le chapitre 5 constitue a la fois un outil dans I’étude
des foréts couvrantes d’unicycles déterminantales et un modéle probabiliste ayant son

.y . 2 . A .
propre intéret puisqu’il permet d’échantillonner des foréts couvrantes d’unicycles sur un
graphe infini & partir d’un algorithme de marches aléatoires a boucles effacées. Nous
étudions ensuite dans les chapitres 6 et 7 le comportement asymptotique des configurations
distribuées selon les mesures déterminantales sur les foréts couvrantes d’unicycles associées
a une connexion unitaire en rang 1, complexe ou quaternionique, selon les parameétres.

Chacun des paragraphes suivants correspond a un des chapitres 4 a 7, et est structuré de
la facon suivante : nous donnons un apercu de la problématique et des résultats existants,
puis nous présentons les résultats obtenus.

Etude du noyau du modéele pour une connexion périodique

L’étude de modéles de physique statistique en volume infini sur un graphe périodique,
construit comme la limite sur une exhaustion naturelle par des graphes toriques est tres
courante en physique statistique et permet d’exprimer le noyau du modele en volume
infini sous forme intégrale. En 1993, Burton et Pemantle ([BP93]) établissent une formule
pour le noyau du modéle de foréts couvrantes uniformes comme une intégrale double d’un
opérateur sur un graphe torique fini.
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Pour I’étude des phases du modéle de diméres planaire, antérieure a I’étude des phases
des modeéles de foréts couvrantes, Kenyon, Okounkov, Sheffield ([KSO03]) considérent un
graphe doublement périodique et donnent une formule explicite pour la limite qui s’exprime
comme une double intégrale faisant intervenir le polynome caractéristique. La position des
parameétres par rapport a I’‘amibe du polynéme, déterminée par ses zéros, décrit alors les
phases du modele : liquide, gazeuse, solide. Ils donnent ensuite des formules similaires pour
la famille & deux parametres de mesures de Gibbs d’'un modele de dimeres sur un graphe
infini doublement périodique.

Des formules similaires sont établies pour la famille a deux parametres de mesures de
Gibbs du modéle de foréts couvrantes d’unicycles par [Ken19] et par [Sun16], appelées
foréts a pentes. De telles formules sont également établies par [BATR17] pour des foréts
couvrantes d’arbres enracinées sur des graphes isoradiaux munis de masses.

Nous étudions dans le chapitre 4 des foréts couvrantes quantiques avec connexion
unitaire, déterministe et périodique, sur les arétes d’un graphe infini Z%-périodique. Cette
connexion est alors determinée par des poids matriciels sur les arétes du graphe et plus
précisément par un choix de matrices unitaires (M7, ..., My) € Uy(C)? sur les demi-
arétes du graphe. Nous établissons une expression intégrale pour le noyau de la mesure
déterminantale obtenue comme limite de mesures sur une exhaustion du graphe par des
graphes toriques.

Théoréeme 1. Le noyau de corrélation K de la mesure limite est un opérateur dont la ma-
trice (K¢ e )eer $'exprime sous forme intégrale
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ou l'opérateur K (z) est un endomorphisme d’un espace de dimension finie dN,
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ou A(z) = d*(1/z)d(z), P(z) = det(A(z)) ou les opérateurs d(z),d*(1/z) s’expriment
sous forme matricielle
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La preuve repose sur des décompositions périodiques des espaces de 1-formes et des
techniques similaires a la transformée de Fourier discrete.

ous étudions ensuite le comportement asymptotique des corrélations déterminées
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par ce noyau et mettons en évidence I'existence de deux phases, caractérisées par les
écroissances exponentielles ou polynomiales des corrélations, selon ’existence ou non de

d tiell 1 les d lat lon |

zéros du polyndme caractéristique.

Nous montrons que cette dichotomie est équivalente a 'existence de vecteurs propres
communs aux matrices (M, ..., M) € Un(C)? qui permettent de voir le modéle comme
une superposition de sous-modeles indépendants. Dans le cas d’un fibré de rang 2, nous
remarquons que ces deux phases sont caractérisées par I’aspect commutatif ou non des
matrices.



Théoréme 2. On a équivalence entre les assertions suivantes :

e Hlexiste z = (21, ..., zp) € T% tel que P(z) = 0.

» Il existe X € C? vecteur propre commun a toutes les matrices M;.

Dans le cas ot z = (21, ...,2,) € T% est tel que P(z) = 0, les valeurs propres associées
respectivement aux matrices M; et au vecteur propre commun X sont z;. Il y a alors au
plus p racines z = (21, ..., 2p) € T de P et dans le cas p = 2, on a alors exactement deux

racines z = (21, ..., 2n), 2 = (Z1, ..., Zn) € T et les M; sont codiagonalisables et s’écrivent

<Zj 9) dans la base (X+, X).
0 Zj

Mesures sur les foréts couvrantes échantillonnées par un algorithme de
Wilson

La problématique naturelle d’échantillonner (de maniere exacte ou parfois approchée)
une mesure de probabilité par un algorithme efficace est une question essentielle dans les
modéles probabilistes. Des algorithmes rapides pour obtenir un échantillon aléatoire exact
d’un arbre couvrant uniforme ont été proposés par Aldous et Broder ([Ald90], [Bro89])
puis par Propp et Wilson ([PW98]). Une adaptation de I’algorithme de Propp-Wilson
pour obtenir aléatoirement une forét couvrante d’unicycles a ensuite été proposée par
[BBGJ07] dans le cas d’'un graphe planaire sur un anneau, puis par [KK17] pour un graphe
plus général et des cycles pondérés. Une adaptation de I’algorithme de Propp-Wilson
est également présentée dans [BdTR17] pour obtenir aléatoirement une forét couvrante
d’arbres enracinées sur un graphe muni de masses.

Dans le cas d’un graphe connexe fini dont les cycles sont munis de poids, une mesure de
probabilité naturelle sur les foréts couvrantes d’unicycles sur ce graphe consiste a donner
a une configuration une probabilité proportionnelle au produit des poids de ses cycles.
Dans le cas ou les poids sur les cycles orientés sont compris entre 0 et 1, les configurations
aléatoires peuvent étre échantillonnées par ’algorithme de marches aléatoires a boucles
effacées introduit par [KK17] qui généralise I’algorithme de Wilson. Les auteurs montrent
notamment que la mesure ne dépend pas de I'ordre choisi sur les sommets dans I’algorithme.

Dans le chapitre 5, nous généralisons, sous certaines hypotheses, la construction de
cet algorithme aux graphes hypercubiques Z?, dont les arétes correspondent aux couples
de points a distance 1, dont les cycles sont munis de poids (p()), compris entre 0 et 1.
Nous montrons également que la mesure 11, échantillonnée par cet algorithme de marches
aléatoires a boucles effacées, est une mesure sur les foréts couvrantes d’unicycles du graphe
infini. Nous montrons enfin le résultat suivant.

Théoréme 3. Soit G = Z% et p une fonction de poids sur les cycles d valeurs dans [, 1]
avec o > 0. La suite de mesures (fip n)n>1 sur les foréts couvrantes d’unicycles, construites
sur une exhaustion du graphe 7 converge faiblement vers la mesure fi,,, quelles que soient les
conditions au bord considérées. La mesure |1, ne dépend pas de I’énumération des sommets
choisie dans I’algorithme, et sous cette mesure, les composantes connexes du modéle sont
presque surement finies.
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Dans le chapitre 5, on prouve ce résultat pour des graphes plus généraux, supposés
connexes et moyennables, dont les cycles sont munis de poids (p(y)), compris entre 0 et 1,
et tels qu'une famille de cycles vérifie une hypothése de minoration uniforme (5.18).

Mesures déterminantales sur les foréts couvrantes d’unicycles.

Les mesures de probabilité sur les foréts d’'unicycles associées au laplacien tordu par une
connexion sur un fibré de rang 1 possédent des propriétés intéressantes par leur caractere
déterminantal. Les expressions combinatoires pour le déterminant du laplacien montrent
que ces mesures associent également a une configuration une probabilité proportionnelle
au produit de poids de cycles ou les poids des cycles orientés dépendent de la connexion
le long des arétes du cycle. Néanmoins, ces poids ne sont plus a valeurs dans [0, 1] et
ces mesures ne peuvent donc pas étre échantillonnées par ’algorithme précédent. C’est
pourquoi, dans le chapitre 6, nous étudions les mesures sur les foréts couvrantes d’unicycles
sur un graphe fini, associées a des poids quelconques sur les cycles.

Une question naturelle est de déterminer les changements induits dans le modele
par une variation des poids des cycles. La dépendance de la mesure d’incidence et de la
fonction de partition vis-a-vis des poids est une question naturelle qui a été étudiée pour
d’autres modéles de physique statistique. Des inégalités de dominations stochastiques ont
notamment été établies pour les modeles de percolation.

En supposant par exemple que les fonctions de poids sur les cycles sont constantes
égales a o, 8, une question naturelle est d’établir une inégalité de domination stochastique
de j1, par rapport a y15. Néanmoins, d’apres le théoréme de Strassen, si deux mesures sont en
situation de domination stochastique ['une par rapport a 'autre, alors il existe un couplage
des deux tel que la premiere variable aléatoire soit incluse dans la seconde. Sur un graphe
fini, deux foréts couvrantes d’unicycles qui sont incluses I'une dans I'autre sont égales
puisqu’elles ont le méme nombre d’arétes (égal au nombre de sommets). Ceci impliquerait
que les deux mesures /i, et j15 sont égales, ce qui est une contradiction. Nous montrons
cependant des inégalités de comparaisons sur des événements particuliers lorsque le poids
des cycles est modifié uniformément. Nous prouvons notamment qu’augmenter uniformé-
ment le poids des cycles favorise un plus grand nombre de cycles donc de composantes
connexes.

Nous montrons par ailleurs que sur un graphe connexe fini, en conditionnant la mesure
sur les foréts couvrantes d’unicycles par les cycles aléatoires de poids supérieurs a 1, nous
obtenons une mesure échantillonnée par un algorithme de type Wilson avec des conditions
au bord.

Nous appliquons ensuite ces résultats au cas des mesures déterminantales associées
a des poids provenant d’une connexion complexe unitaire sur le graphe. Nous étudions
notamment la limite du modéle en volume infini, qui existe par [KL23], et montrons que
sous certaines hypothéses, les composantes connexes contenant un cycle sont presque
surement finies. Nous montrons enfin le résultat suivant.

Théoréeme 4. Si G est un graphe infini Z3-périodique muni d’une connexion périodique h et
qu’il existe une famille finie I d’unicycles disjoints, telle que Vy € I, [] ¢, h(e) # 1 alors
presque siirement, sous la mesure y, associée a la connexion h, la famille I' apparait une
infinité de fois dans la configuration aléatoire.

10



Pour un cycle v fixé, on appelle holonomie de v la quantité ], h(e).

Ce résultat implique en particulier que sous ’hypothese d’existence d’une telle famille, il
existe une infinité de composantes connexes finies. Par ailleurs, sous ’hypothése d’existence
d’une telle famille, les corrélations décroissent exponentiellement vite avec la distance.

Mesures déterminantales associées a une connexion quaternionique

Le laplacien tordu par une connexion peut également étre défini pour une connexion a
valeurs dans le corps des quaternions et le Q-determinant de cet opérateur, comme défini par
[Mo022] et [Meh04], admet également une expression combinatoire ou les configurations
sont des foréts couvrantes d’unicycles ([Ken11], [Kas15], [KL20a]). Cela définit naturelle-
ment une mesure de probabilités Q-determinantales sur les foréts couvrantes d’unicycles.
Dans [KL20c], le changement du corps de base pour les processus déterminantaux linéaires
est étudié et montre une correspondance entre les foréts couvrantes quantiques associées
a un fibré de rang 2 a connexion dans Uz(C) telle que I’holonomie de tout cycle fermé
est dans SU;(C), et les superpositions de foréts couvrantes d’unicycles associées a une
connexion a valeurs dans le corps des quaternions. Dans le chapitre 7, nous étendons cette
correspondance a des graphes infinis.

Nous étudions par ailleurs le cas d’'une connexion unitaire périodique a valeurs dans
le corps des quaternions sur un graphe infini Z%-périodique. Cette connexion est alors
determinée par un choix de quaternions unitaires (h1, ..., hq) € Ui(H)? sur les demi-
arétes du graphe. Nous obtenons alors un modele avec deux phases selon si les quater-
nions (A1, ..., hq) € U (H)? commutent deux & deux.

Théoréme 5. Si les quaternions (hy, ..., hq) € Uy (H)? commutent deux a deux, on retrouve
le modéle usuel de foréts couvrantes uniformes étudié par [Pem91, BP93, BLPS01, LP16]. Si les
quaternions unitaires (h1, ..., hg) € Uy (H)? ne commutent pas deux @ deux, on obtient un
modeéle limite en volume infini qui ne dépend pas des conditions de bord considérées. Pour ce
modéle, tous les unicycles finis d’holonomie non triviale sont observés une infinité de fois.

La preuve de ce théoréme repose sur des résultats des chapitres 4 et 6. La preuve du
dernier résultat est une adaptation du théoréme 4 dans le cas d’'une mesure Q-déterminantale.
On remarque pour ce faire que les mesures Q-déterminantales conservent la propriété
d’association négative des mesures déterminantales et qu’un Q-déterminant est nul si et
seulement si la matrice est singuliére au sens ou elle admet une combinaison (a coefficients
quaternions a priori) de ses colonnes qui vaut zéro.

Ces deux phases se distinguent également par la décroissance exponentielle ou quadra-
tique des corrélations avec la distance.
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CHAPTER 2

Spanning Forests on finite graphs.

In this chapter, we introduce the model which is studied in this thesis, that is to say the
quantum spanning forest, defined by [KL23]. Since a quantum spanning forest can be
interpreted as a superposition of quantum spanning forests of rank 1, which are easier to
understand, we will define firstly the model in rank 1 before the general model of quantum
spanning forests. In rank 1, quantum spanning forests, also called cycle-rooted spanning
forests because of their configurations, are in some sense a generalization of spanning
trees. Let us give some background about spanning trees and their generalizations before
studying cycle-rooted spanning forests and quantum spanning forests.

2.1 Spanning trees and rooted spanning forests

In this section, we recall the definitions and the formalism of graphs and operators on
graphs in order to define probability measures on subgraphs of a finite graph, in particular
spanning forests of a finite graph. We give several examples of Boltzmann probability
measures on spanning forests of a finite graph, that are probability measures which give
to a configuration a probability proportional to its weight, from the easiest one (uniform
spanning tree) to the ones which depend on several parameters on the graph (conductances,
masses). We recall some properties of those probability measures, in particular their
determinantal aspect.

2.1.1 Graphs, Cycles, Roots

We say that G = (V, F) is a simple graph if V' is a countable set and F is a subset of V' x V'
such that for every e = (z,y) € E, we have —e := (y,z) € E. Let E be a subset of £
such that forevery e = (x,y) € F withx # y, eithere € E or —e € E,butnot both. We
say that F| is the set of positively oriented edges and we denote by F_ = {—e:e € E}
the set of negatively oriented edges. Then, the set of edges is £ = E U E_ and this union
is a disjoint one.

If a graph G = (V, E) is endowed with weights (c(e))ccp € (R%)F such that for
every edge e € E, c(—e) = c(e) and m(z),ev € RY, those weights are referred to as
conductances and masses, respectively.

We say that F' = (V(F), E(F)) is a subgraph of G if F is a simple graph and if we have
both inclusions V(F) C V and E(F') C E. In particular, the set of edges of F' denoted

13



2. SPANNING FORESTS ON FINITE GRAPHS.

by E(F) is a subset of E N (V(F') x V(F')). We say that F is a spanning subgraph of G
if V(F) = V and we say that F is the induced subgraph of G with vertex set V(F) if
E(F)=En(V(F)xV(F)).

We say that v = (ey,...,e,) € E(F)" is an oriented cycle of length n in F' if

Vie[l,n—1],ef = €ii1s el

nzel.

We denote by C_, (F') the set of oriented cycles in F'.

Ify = (e1,...,en) € C(F) is an oriented cycle of F', we denote by v~ the cycle
obtained by reversing the orientation that is to say 7! = (—e,, ..., —e;). We say that
two oriented cycles v, are equivalent (y ~ 7) if ¥ = 4~ and we define the set of
non-oriented cycles by C(F) = C_,(F)/ ~. If [y] € C(F), we denote by v and v~ ! both
oriented cycles in the equivalence class [7], and therefore the set of oriented cycles of F’

can be written as C_,(F) = C(F) UC(F)~L.

If F' has some distinguished vertices, they are called roots of F. Let R(F’) be the set
of roots of F. If F = (V(F'), E(F)) is a tree, that is to say a connected subgraph without
any cycle, with a unique root, we say that I’ is a rooted tree. If r € V' is a vertex of a finite
connected graph G, there is a bijection between spanning trees of G and spanning trees
of G rooted at r.

Let us recall in the following some properties about random spanning trees of a finite
connected graph G.

2.1.2 Uniform spanning tree on a finite graph

If G = (V, E) is a finite connected graph endowed with conductances (c(e))ccp € (R%),
a spanning tree of G is a spanning subgraph 1" = (V, E(T")) which is a tree that is to say
a connected graph without any cycle. There exists a natural probability measure on the
set 7 (G) of spanning trees of G which gives to every spanning tree a weight proportional
to the product of conductances of edges. It is defined as follows. For every T' € T (G),

HeEE(T)ﬁE+ c(e)
Ze

He(T) = (2.1)

where Z. = Y pere) ecpmne, c(e) is referred to as the partition function of the
spanning tree model.

We say that f is a 0-form on G if f isamap f : V — C and we say that 0 is a 1-form
on G if 0 is an anti-symmetric map 6 : E — C that is to say 8(—e) = —6(e) for every
edge e € E. Let us denote by Q°(G) and Q!(G) the spaces of 0-forms and 1-forms on G.
Those spaces are endowed with inner products defined by

{<f7 f,>QO(G) = ZxEV f(l')f/<37)
(0,0001G) = Xecr, 0(e)0'(e)

Let us denote by d : Q°(G) — QY(G) and d* : Q1(G) — Q°(G) the operators defined

for every vertex v and edge e = (¢, e™) by

{df(e) = f(e*) = f(e7)
d*0(v) = X (v w)er 0((V' )

14



2.1. Spanning trees and rooted spanning forests

Those operators are adjoint for the inner products defined just above.

Definition 2.1. The Laplacian operator A, : Q°(G) — Q°(G) associates to a 0-form f
the following 0-form:

Acf(v) =D c(w)(f(v) = f(V)).
Let C be the operator C : Q1(G) — Q(G) defined by C(0)(e) = c(e)f(e). Then, the
Laplacian operator can be written as :

A, =d*Cd.

Kirchhoff’s matrix-tree theorem [Kir] says that the number of spanning trees of a graph
is given by any minor M; ; of the Laplacian operator A = d*d, with all conductances equal
to 1, in position (i, j) for any 4, j and it is also equal to

1 1
— A_— — )
ndeto - IZI)\

where det gA is the reduced determinant of the Laplacian operator, that is the product of
its non-zero eigenvalues {\; }; and n is the number of vertices of G. When all conductances
are equal to 1, the Laplacian operator is an Hermitian matrix since it is the product of
adjoint operators.

More generally, when conductances are non trivial, the partition function Z, is the
reduced-determinant of the Laplacian operator A, = d*Cd, which is also the product of
adjoint operators for another inner product, as defined in [LP16].

Indeed, the space Q2!(G) is also endowed with an inner product depending on c. If we
define r by r(e) = ﬁ for every edge e, this inner product is defined for every 6,6 by

0,6, = Z r(e)d(e)d (e).

ecE

This inner product is natural in terms of electric networks because if we define the
energy of a 1-form as the quantity £() = ||0||?, then for a current i given as the divergence
of a electric potential v, we have £(0) = (i, dv),, which is exactly the energy in the electric
sense.

For this inner product, the operators C'd and d* are adjoint, which means that for
every f € Q°(G) and 0 € Q'(G), we have

(0,Cdf )ar(c),» = (d70, faoc)-
It implies the following orthogonal decomposition:
QN G) = im(Cd) & ker(d¥).
Fore € FE, let x¢ := 1. — 1_. denote the unit flow along e represented as a 1-
form. The space im(Cd), also known as the star space % is spanned by the so-called

stars ). _, c(e)x®, whereas the space ker(d*), also known as the cycle space ¢ is spanned
by the cycles .., x© where + is an oriented cycle.

It follows from Kirchhoff’s matrix-tree theorem the following result of [Pem91].

ecy
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2. SPANNING FORESTS ON FINITE GRAPHS.

Theorem 2.2. [Pem91] Let us denote by k = Cd((Ac)ker(d)J_)_ld* the orthogonal projection

onim(Cd) for the inner product {, ),.. Let us consider the orthonormal basis (0. )cc s, of Q' (G)
where 0, is defined for every e € E by 6, = \/c(e)x®. Let us denote by K the matrix of k
in this basis. Then, under the measure Li., edges of a random tree T' form a determinantal
process whose kernel is the matrix K. For every set of edges ey, ..., ey,

Mc(ela ...y €6n € T) = det(<K‘967 96’>r)e,e/€{el,...,en}

The space Q! (G) can also be endowed with another inner product depending on ¢
defined for every 6, ¢’ by

0,0, = Z c(e)f(e)d (e).

eckb

Then, the operators d and d*C' are adjoint for this inner product and we have the
following orthogonal decomposition:

QYG) = im(d) @* ker(d*C).

If we consider the operator k' = A((Ac)ker(ay - )~1d*C of orthogonal projection on im(d)
for the inner product (, )., then since k and £’ are conjugate by the diagonal matrix C,
they define the same determinantal process and Theorem 2.2 also holds for &’ and the

orthonormal basis defined as <96 = A Xe> .
ecE

Vvele)

This convention is often adopted in the literature, for instance in [Ken11].

Moreover, this measure is sampled by the Propp-Wilson algorithm ([Wil96, PW98]).
This algorithm relies on the choice of a root 7 but the measure is independent of the
choice of vertex r and gives to every spanning tree a weight proportional to the product
of conductances of its edges. We will give more precise definitions of this algorithm in
section 2.2.4.

A first possible generalization of the model of random spanning tree on a finite graph
is the model of rooted spanning forest on a finite graph G = (V, E)) endowed with
masses m(T)gcy € RK. The model of rooted spanning forest associated to a massive
Laplacian is studied in [BdTR17] on graphs, so-called isoradial graphs, and a phase transi-
tion is obtained for specific weights. We give definitions of the massive Laplacian and the
model of rooted spanning forests.

2.1.3 Massive Laplacian and rooted spanning forests

Let G = (V, E) be a finite graph endowed with masses m(z),cy € RY and conduc-
tances (c(e))ecr € (R)F.

The massive Laplacian operator on G is the operator A,, : Q°(G) — Q°(G) defined
for every f € QY(Q), for every v € V, by

Apfv) =3 cor(fv) = f(©') +m(v)f(v).

v eV ~u
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2.2. Cycle-rooted spanning forests

A non-oriented rooted spanning forest of G is a non-oriented subgraph of G' which
contains all vertices of the graph, all of whose connected components are rooted trees, that
are graphs which contain a unique distinguished vertex.

We denote by Fr(G) the set of non-oriented rooted spanning forests on the graph G.
A natural Boltzmann probability measure on Fr(G) is defined by:

1
VE € Fr(G), pm,e(F) = m xel;{F) m(x) €€E(1;!0E+ c(e). (2.2)

where Zr(G, ¢, m) is the partition function of the model and satisfies:

Zr(G,c,m) = Z H m(x) H c(e) = det(A,,).

FEFR(G) z€R(F) e€E(F)NE4

Just as the measure on spanning trees, this measure ji, . is determinantal. Those results
rely on a correspondence between this model and a model of spanning tree without masses,
adding a root r and new conductances depending on m, c. Let  be a new vertex called the
root of G' and add for every vertex = an edge e, from x to r with conductances depending
on ¢, m. The kernel is the orthogonal projection on the image by d of 0-forms on this graph
which are zero on 7.

2.2 Cycle-rooted spanning forests

Another possible generalization of random spanning tree on a finite graph is the model
of cycle-rooted spanning forests on a finite graph G = (V, E') endowed with a weight
function w on cycles. When this weight function w is provided by a unitary connection,
the measure is determinantal and its partition function is given by the determinant of an
operator called the vector-bundle Laplacian ([Ken11]).

2.2.1 Vector-Bundle Laplacian and CRSF

We say that a non-oriented subgraph F' of G is a cycle-rooted spanning forest (CRSF) if it
contains all the vertices and if every connected component of F' contains a unique cycle.
Each connected component of F' is called a unicycle or a cycle-rooted tree. We will denote
by U(G) the set of CRSFs of G.

We say that an oriented subgraph F' of G is a oriented cycle-rooted spanning forest
(OCRSF) if it contains all the vertices and if every connected component of F' contains a
unique cycle, which is given an orientation. Every edge of an OCRSF is oriented towards
the cycle of its connected component. We will denote by U_, (G) the set of OCRSFs of G.

We recall the definition of the vector-bundle Laplacian associated to a unitary connec-

tion, whose determinant can be expressed as a combinatorial sum over CRSF.

Definition 2.3. ([Ken11]) Let U be the set of complex numbers of modulus 1. Let h : F —
U be a unitary connection of rank 1 on the graph G, in the sense that for every oriented
edge e, the equality h(—e) = h(e)* holds. For every oriented cycle v = (e1, ..., €p), the
holonomy of ~ is

holy,(7) = (H h(@)) :

17



2. SPANNING FORESTS ON FINITE GRAPHS.

Let Ay, : Q°(G) — Q°(G) be called the vector-bundle Laplacian associated to h and
defined for every 0-form f and vertex v by

Apflo)= > cle)(f(e") —hle)f(e7))

e:et=vekE

According to [Ken11], if for every e € E, h(e) = hee+ he—, for some hgo+, he— € U,
the vector-bundle Laplacian can be factorized as Ay, = dj C'dj, where C'is the matrix of
conductances, and the operators dj, : Q°(G) — Q(G) and 4}, : QY(G) — Q°(G) are
defined by

dhf(e) = he+ef(e+) - he*ef(e_) (2.3)
d;@(v) = Z h(v’,v)ve(vlv) (2.4)
v WvEE

and are adjoint operators. The following orthogonal decompositions hold:

QYG) = im(Cdy) &1 ker(d}) = im(dy) @ ker(d;C).

From [For93], the following formula holds:

det(Ah) = Z H C(C) H (wh(’y) + wh(’yil))a

Fel(G) eeE(F)NE4+ [v]eC(F)

where the function wy, : C_,(G) — Ry is defined for every oriented cycle -y by
wp(y) =1 — Re(hol,(7)).

This formula can also be written as

det(Ap) = Z H c(e) H wp (7).

Feu,(G) ecE(F)  7EC-(F)

It defines a natural Boltzmann probability measure on U (G):

_ e (wn(y) + wp (7)) [eerr)ne, <)

VE € U(G)a :u’h(F) ) (25)
Zp
where Z}, is called the partition function of the model
Zn= ) II e II (unly)+wn(y™h) = det(Ap),
FeU(G) eeE(F)NE+ [v]eC(F)
and a natural Boltzmann probability measure on U, (G):
I1 wy(7) I1, c(e)
VE el (@), Ta(F) = =@ <) (26)

Zp, ’
where 7}, is called the partition function of the model

Zy = det(Ap).
Those measures are equal after removal of the orientations of edges.

Like the measures on spanning trees and spanning rooted spanning forests, those
measure are determinantal.
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2.2. Cycle-rooted spanning forests

Theorem 2.4. [Ken11] yy, is a determinantal measure associated to the orthogonal projection
on im(Cdy). For every edges e1, ..., en € E(G), if F is sampled under the measure jiy,,

pr({e1, ..., em} CF) =det((K(ei,ej))1<ij<m)

where K is the matrix of the orthogonal projection on im(Cdp,) for (., .)y.

The following generalization of the model includes rooted spanning forests and cycle-
rooted spanning forests, but also the usual model of random spanning tree.

2.2.2 Wired vertex-and-cycle-rooted spanning forests

Definition 2.5. Let W be a subset of vertices of G. We say that a subgraph F' of G is :

+ a wired or essential vertex-and-cycle-rooted spanning forest (EVCRSF) with respect
to W if it contains all the vertices and every connected component of I is either a
rooted tree disjoint from W, a cycle-rooted tree disjoint from W or an unrooted tree
which contains a unique vertex of W, called a boundary-rooted tree.

+ a wired or essential cycle-rooted spanning forest (ECRSF) with respect to W' if it
contains all the vertices and every connected component of F' is either a cycle-rooted
tree disjoint from W or an unrooted tree which contains a unique vertex of W, called
a boundary-rooted tree.

« a wired or essential oriented vertex-and-cycle-rooted spanning forest (EOVCRSF) if it is
a wired vertex-and-cycle-rooted spanning forest with respect to W and every cycle
of F'is given an orientation, that is to say if every connected component of F' either
is an oriented rooted tree or contains a unique oriented cycle or a unique vertex
of W. Every edge of an EOVCRSF is oriented towards the root or the cycle or the
unique point in W of its connected component.

« a wired or essential oriented cycle-rooted spanning forest (EOCRSF) with respect to W
if every connected component of F' either is a cycle-rooted tree disjoint from W
which is given an orientation or is an unrooted tree which contains a unique vertex
of W, called a boundary-rooted tree. Every edge of an EOCRSF is oriented towards
the cycle or the unique point in W of its connected component.

We denote by Vi (G) and Uyy (G) the sets of EVCRSF of G and ECRSF with respect to I,
and by V_,i (G) and U_,1 (G) the sets of EOVCRSF and EOCRSF with respect to W

We will say that F is a vertex-and-cycle-rooted spanning forest (VCRSF) if it contains
all the vertices and if every connected component of F' is either a rooted tree or contains
a unique cycle, that is an EVCRSF with respect to W = (). We denote by U(G) and V(G)
instead of Uy(G) and Vy(G) the sets of CRSF and VCRSF.

We also denote by U_,(G) and V_,(G) instead of U_,4(G) and V_,3(G) the sets of
OVCRSF and OCRSF, which correspond to the case W = ().
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2. SPANNING FORESTS ON FINITE GRAPHS.

Definition 2.6 (Wired measure). We define a measure on Vyy (G) called the wired measure
on EVCRSF of G with boundary W, which gives to a configuration a probability proportional
to the product of weights of cycles, roots and edges.

W () = [leerr) c(e) [aerr) m(fig [ecm) (wa(y) +wn(y™1) @7)

(e,m,w)

Whenm = 0, ME/Z h) has support in the set of essential cycle-rooted spanning forests Uy (G).

Figure 2.1 - Simulation of an EVCRSF for ¢ = 1,p = 0.75,m = 0.01 and W the boundary
of the square grid.

Let us emphasize that the measures defined in previous subsections correspond to the
case of W = (), and either h = id, which is equivalent to w;, = 0, that is the measure
on rooted spanning forests (2.2) or m = 0, that is the measure on cycle-rooted spanning
forests (2.6).

When the weight functions wy,, m are both equal to 0 and W # (), this measure has
support in Essential Rooted Spanning Forests (ERSF), all of whose connected component
are boundary-rooted trees. In particular, when W = {r} is a single vertex and the weight
functions wy,, m are both equal to 0, this measure has support on spanning trees rooted
at r. If we fix whatever vertex r, it corresponds to the measure on spanning trees as defined
in Equation (2.1).

Notice that the model with non-trivial masses (m(z)) is equivalent to a model without
masses but with a small oriented self-loop I, = (z, z) over every vertex z € V with a
unitary connection defined by h(l,) and a conductance c(l,) such that

m(x)
2

Therefore, without lost of generality, we may assume that m = 0.

c(lz)(1 — Re(holy(l3))) =

Definition 2.7. We define the Laplacian Ay, yyy with Dirichlet boundary condition at W as
follows. For f : V\W — Cand v € V\W,

Ah,VVf(v) = Z va’(f(v) - hv’vf(v,))'

v VAW ~v
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2.2. Cycle-rooted spanning forests

This is the Laplacian A}, restricted to the subspace of 0-forms which are zero on the
boundary W and projected back to this subspace ([Ken11, Section 8]).

Theorem 2.8. [Kenl1l, Theorem 7] The measure /‘E/Zw) is determinantal and

det Ay = > [ (wn()+wn(y™) II ele) =2,
)

Feuw (G) yeC(F ecE(F)

The kernel of this measure is the orthogonal projection on the following subspace of
1-forms
K = Cdp(L(Q°(G\W)))
where ¢« : QV(G\W) — Q°(G) is defined by ¢(.)(W) = 0 and +(.)(V\W) = id.
We may define other Boltzmann probability measures on cycle-rooted spanning forests

associated to other weight functions w on cycles of G. When those weight functions are
not provided by a unitary connection h, those measures are not determinantal measures.

2.2.3 Probability measures on oriented vertex-and-cycle-rooted
spanning forests of a finite graph

In this subsection, we define probability measures on vertex-and-cycle-rooted spanning
forests for a weight function on cycles which does not necessarily come from a connection h.

Let G = (V, E) be a finite connected graph endowed with weights (c(e))ccr € (R )P
and m(z)zev € RY. Letw : C_,(G) — R4 be a non-negative function defined on oriented
cycles of G which is symmetric under orientation reversal.

There is a natural probability measure on V_,y(G) associated to (¢, m, w), called the
wired measure on essential spanning forest of G with boundary W, whose configurations
have weight proportional to the product of weights of cycles, roots and edges. This measure
is denoted f(¢, . 1y) and is defined for every EOVCRSF F' € V_v(G) by

 Nleerwr) cle) Taeriry m@) Tec, ry w(v)

, (2.8)
Z(c,m,w)

where Z(, , . is called the partition function of the model

Z(c,m,w): Z H C(e) H m(:z:) H w(ly)

FeV_,w(G) ecE(F) zER(F) vEC(F)

Let us emphasize that for general weight functions w defined on oriented cycles, the
measure is not necessarily determinantal. Nevertheless, if there exists a unitary connec-
tion h such that for all oriented cycle v,

w(v) =1 = Re(holx(7)),

then it corresponds to the determinantal measure u&/m n) @S defined in (2.7), after removal
of the orientations of edges.

In the remainder of this section, we will be interested in another kind of weight functions
which are weight functions which take values in [0, 1] and for which the corresponding
measure on V_,jy(G) is sampled by an algorithm.
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2. SPANNING FORESTS ON FINITE GRAPHS.

2.2.4 Probability measures on CRSF sampled by a random walk
algorithm

Sampling a uniform spanning tree by an algorithm is a problem which has been studied
since the end of the 20""-century. Several algorithms have been given by Aldous and
Broder ([Ald90], [Bro89]), and then by Propp and Wilson ([Wil96, PW98]). Wilson’s algo-
rithm relies on loop-erased random walks as follows. Let xg, x1, ..., be an ordering
of the vertex set V of G, and let Ty = {xo}. At each step i, let (Xlgzi))kzo be a ran-
dom walk on the graph G with conductances (c(e)) starting from z;. Every time the
random walk makes a loop, it is erased. The random walk (X ,gwi))kzo is stopped when it
reaches the set of already explored vertices denoted by V' (T;_1). At the end of the i step,
letT;, =T,_1 U L(X,gxi)) where L(X,gzi)) is obtained from (X]gxi))kzg after removal of the
loops. At the end, we obtain a tree T,, such that V(T},) = V(G). The random tree T, is
distributed according the measure p. which is defined in equation (2.1) and this measure
does not depend on the ordering of the vertex set.

Just as sampling a uniform spanning tree of a finite graph, sampling a vertex-and-cycle-
rooted spanning forest of a finite graph is a well studied problem and its answer relies on
algorithms using loop-erased random walks inspired from the Propp-Wilson algorithm for
the generation of a random spanning tree.

In [BBGJ07], authors introduce some methods to generate a random spanning web
using a “cycle-popping” inspired from the Propp-Wilson algorithm.

If the weight function on cycles is p : C_,(G) — [0, 1], then according to [KK17], the
measure /i ,, corresponding to W = () and m = 0, can be sampled by an algorithm of
loop-erased random walk where we keep an oriented cycle -, with probability p(7).

More precisely, let 21, . .., 2, be an ordering of the vertex set V of G and let Fy = ().
At each step i, let (X ,gxi))kzo be a random walk on the graph G with conductances (c(e))
starting from x;. Every time the random walk makes a loop, the oriented cycle 7 is kept
with probability p(7) or erased with probability 1 — p(~y). The random walk (X ngi) k>0 18
stopped when it reaches the set of already explored vertices denoted by V' (F;_1) or when
a cycle is kept. At the end of the it step, let F; = F;_; U L(X\"") where L(X\"") is
obtained from (X ngi) )n>0 after removing all the loops except the last one if a loop is kept
at the end of the i step. At the end, V(F,,) = V(G). Notice that the algorithm always
finishes if and only if there exists at least a loop «y in G such that p(y) > 0.

The measure ugf; with a wired boundary condition W can also be sampled by an
algorithm. We follow the same algorithm but every time the random walk meets W, the
walk stops and a new random walk starts from the next vertex in the ordering. At the
beginning of the algorithm, we set Fy = W instead of Fy = (). The algorithm always
finishes if and only if there exists at least a loop v in G\W such that p(v) > 0 or if W # 0.

When p is constant equal to 0, the measure ”E/Zm,o) is well defined and can also be
sampled by a Wilson type algorithm if and only if W # () or m # 0. Indeed, the model with
non-trivial masses (m(x)) is equivalent to a model without masses but with a new boundary
condition, adding a root r and new conductances on edges e, from x to r, depending on m, c.
Therefore, the measure “Yr[:/,m,o) can be sampled by the algorithm described just above by

setting at the beginning Fy = W U {r} which is non-empty.
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2.2. Cycle-rooted spanning forests

w
(e,m,0

with respect to W, all of whose connected components are rooted trees in G\W or contain
a unique vertex of W. When m = 0, the measure /‘FZ0,0) has support in the set of Essential
Spanning Forests (ESF) with respect to W, all of whose connected components contain a
unique vertex of W.

The measure p ) has support in the set of Essential Rooted Spanning Forests (ERSF)

I T I

]

I’ﬂ .

L. .,

Figure 2.2 — Simulation of an ERSF for p = 0, m = 0.01 and of an ESF for p = 0, m = 0.
The marked points inside are the roots of the configuration.

In [BATR17], authors use this algorithm to sample rooted spanning forests, all of whose
connected components are rooted trees.

Let us emphasize that when W = {r} is a single vertex and the weight functions m, p
are both equal to 0, then ,ui{;%’o)

by the usual Wilson algorithm.

is the measure on spanning trees of GG rooted at r, sampled

More generally, when the graph G is endowed with masses m(x)zcy € ]RK, and a
weight function on cycles p : C_,(G) — [0, 1], the measure ”Fc/,m, p) can be sampled by the
algorithm described just above, by adding a new vertex r and conductances on edges e
from z to r, depending on m, ¢ and setting Fop = W U {r}.

Another way to sample the probability measure ,u}/gm p) by the Wilson type algorithm,
is to add over each vertex z € V, a small oriented self-loop [, with weight p(l,) and
conductances (¢(l;)) such that

c(la)p(ly) = ™5
p(ly) < 1.

Notice that for a unitary complex connection h, the weight function wj, takes values
in [0, 2]. Nevertheless, if the connection h is near the identity in the sense that for every
cycle v, Re(hol(y)) > 0, then the weight function wj, takes values in [0, 1] and the
measure /(. ., is determinantal and sampled by the algorithm described juste above.
When this is the case, if the graph is furthermore endowed with masses m(z)zer € RY,
then choosing h(l,), ¢(l;) such that

h(le)e(ly) = ™)
1 — Re(holy(l;)) <1,
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2. SPANNING FORESTS ON FINITE GRAPHS.

implies that (4w, is still sampled by the algorithm described just above and is determi-
nantal.

In the remainder of this thesis, we will not always specify ¢, m which will be taken
constant equal to 1,0 but it is possible to consider other conductances and masses with
slight modifications.

We will denote by pi, := fi(1,0,.) the measure which has support in the set of cycle-
rooted spanning forests, all of whose connected components contain a unique cycle. There
are two families of weight functions which give interesting properties for the measure fi,,:

+ Weight functions wy, which are provided by a connection / which give determinantal
measures and are defined by

vy € C(G),  waly) =1 — Re(holx(v)).

« Weight functions p which take values in [0, 1] and which give measures sampled by
an algorithm described just above.

We will study properties of those measures in chapters 5 and 6 under some assumptions.

2.3 Quantum Spanning forests

The model of quantum spanning forests which is introduced in [KL20c] and studied
in [KL23] is an example of determinantal linear processes which are studied in [KL20c].
We firstly recall the construction of those processes and their properties.

2.3.1 Determinantal linear processes

Determinantal linear processes are defined by a measure on the Grassmannian of a real,
complex or quaternionic inner product vector space which is characterized by a self-adjoint
contraction operator of the vector space. We recall the construction of those processes
which is explained in [KL20c] and the particular case of quantum spanning forests on finite
graph with a well.

Let E be such an inner product vector space of dimension d and B = (eq, ..., ¢eq) be
an orthonormal basis of E and K the matrice in this basis of a self-adjoint contraction
operator k. We define the random subspace () of E as

Q = Vect(e;,i € X),

where X is a finite determinantal point process (DPP) associated to the set S = {1,...,d}
and K € My(C).

The random subspace () is adapted to the basis (e, ...,eq). One can extend this
definition to the case where E admits an orthogonal decomposition o :

E=E,&...0F, s<d.

If k is a self-adjoint operator with spectra included in [0, 1], we get a random subspace Q
adapted to the decomposition ¢ after concatenating uniformly sampled bases of E1, ..., E;
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2.3. Quantum Spanning forests

and considering the random subspace () which corresponds to this basis and to the opera-
tor k. In the case where k is an orthogonal projection on a subspace H of E, we get some
further properties to describe the random subspace Q).

Theorem 2.9. [KL20c] Almost surely, the orthogonal decomposition
E=QPH"

holds and the expected value of the projection PH%{ 1 on the random subspace ) parallel to the
orthogonal of H is given by the operator k:

E(PC

L) = k-

Moreover, the incidence measure of the process has a density given by det k% with respect to
the Haar measure V57 on the set of subspaces of E adapted to the decomposition .

2.3.2 Quantum spanning forests on finite graphs

In this section, we recall the construction of quantum spanning forests on finite graphs,
endowed with a fiber bundle and a unitary connection, from [KL20c].

Let G = (V, E) be a finite graph, with d = |E|, endowed with /N-dimensional Euclidean
spaces (F})cy over vertices and (F.).cp over edges, and a unitary connection h, that

is to say linear isometries he, : Fy — Fe, hye : Fo — F, when x ~ e such that for
all (z,e) € V x E, the relation h, . = h;; holds.

Definition 2.10 (0-forms and 1-forms). We denote by Q°(G) and 2!(G) the spaces of
bundle-valued 0-forms and 1-forms over G.

G ={f:V > (Fo)eev | fx) € Fy Vz eV}
QG)={0:E = (F.)ecr | 0(e) = —0(—€) € F. Yeec E,}.

Those spaces are endowed with inner products defined as

(0.0)a1) = D (0(e),0'(e))r

ecE

(f. ooy = D_{f@), (@), -

zeV

Definition 2.11 (Covariant derivative and its adjoint). We get a natural map
dp : Q°(G) = Q1(G),

defined by
dpf(e) = heref(e7) = he-ef(e7).
Denoting by dj its adjoint, we have for § € Q1(G),

dr0(v) = Z ()0 (V).

v WvEE

We define the vector-bundle Laplacian Ay, : Q°(G) — Q°(G) by Ay, = dj o dp,.
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2. SPANNING FORESTS ON FINITE GRAPHS.

Recall from [KL20c] that we have the following orthogonal decompositions o1, 02
respectively defined as

QY(G) = im(dp) P ker(dy), QHG)= P L,

ecE
where L. = {w € QY(GQ),w(e/) =0V e ¢ {e,—e}}.
Definition 2.12. [KL20c] The quantum spanning forest () on G is the determinantal linear

process associated to the orthogonal projection & on im(dy) and to the decomposition oa.

More precisely, let k be the orthogonal projection on im(dp,), parallel to ker(dj).
Let B = (b;)ic1,n|E|) be arandom orthonormal basis of Q! (G) obtained after concatenating
uniformly sampled bases of (L¢)cc . Let QQ = Vect{b;,i € X} be the quantum spanning
forest on G associated to the connection h, where X is a determinantal point process
associated to the matrix K of the operator k in basis B.

A quantum spanning forest (QSF) is a random subspace () = @.cgQ). Where for
every e € I, the random subspace (). is a subspace of L. but can be seen as a subspace
of F, since both spaces F, and L. are isomorphic. Indeed, every 1-form w € L is entirely
determined by the vector w(e) € F.

As for every DLP, the law p of a Quantum spanning forest is characterized by its inci-
dence measure Z,,. This incidence measure is a measure on the Grassmanniann Gr(Q'(G))
of Q1(@), that is the set of linear subspaces of Q! (G) which is linked to y as follows:

VR € Gr(QYG)), Z.(R) = u(R C Q),

where () is a quantum spanning forest distributed according to p.

From [KL20c] and [KL23], the incidence measure Z,, has a density p with respect to
the Haar measure 17 on the set of subspaces of Q!(G) adapted to the decomposition:

0'(G) = P Le.

ecE
Furthermore, the following result gives an exact expression of the density.

Theorem 2.13. [KL23] On a finite graph G = (V, E), if Q is a quantum spanning forest
associated to a connection h then its law p is determinantal of kernel k where k is the orthogonal
projection on im(dy,), in the following sense:

o Almost surely Q' = Q @ ker(d}),

. Q
E(f)ﬂker(dfl)

) =k,
* p(R) = det(kp).
2.3.3 Trace of a QSF

Let us recall the following definitions and propositions from [KL20c].
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2.3. Quantum Spanning forests

Definition 2.14. [Holonomy of an oriented cycle] ([KL20c]) Given 7, = (ey,...,€p) an
oriented cycle based at © € V, we call holonomy of «y;” the isometry holy,(v;") : F, — Fy
defined by holy,(v;") = he, © ... © he,, Where he = heet © he—.

Definition 2.15. [Trace of a quantum spanning forest] ([KL20c]) We call trace of a quantum
spanning forest the random variable

nQ = (dim Qe)eeE-

The trace is an essential tool because it can be seen as a number of occupation when
the Quantum Spanning forest is seen as a superposition of N cycle-rooted spanning forests
of rank 1.

From the gauge theory introduced by Weyl and also studied by Pauli (see also [KL20c]
for notations), the gauge group of the vector bundle F' over G = (V, E) is the Cartesian
product of unitary groups

JF)={je [[UF) x [[UF): je=j_. Ve€E}
eV eclE
The elements of the gauge group, so-called gauge transformations act on the set of con-

nections as follows. Let h be a connection on F. Let j be a gauge transformation. The
connection j.h is defined by

(j'h)e,a: = je o he,a: o ]x_l

Two connections are called gauge equivalent if they are obtained from each other by
applying a gauge transformation. Note that the QSF associated with a connection j.h
is obtained from the QSF associated with the connection h by applying a deterministic
transformation. From [KL20c, KL23], the trace of a quantum spanning forest is invariant in
distribution under the action of the full gauge group J(F).

The following Lemma, due to [KL20c] is essential because it shows that the law of the
trace can be computed when random basis is fixed. We recall the proof of this lemma, since
it is a good illustration of computations which link DPP and determinants of their kernel.

Lemma 2.16. Let us consider two orthonormal bases of Q' (G) adapted to the decomposition
in fibers OY(G) = ® L., where L, = {w € Q}(G),w(e/) =0V €' ¢ {e,—e}}:

B =(b{",...,b%,..., b5, ..., b%%)
{D: (dft, ..., dY, ..., d5%, .. dy).
Then if K and K' = PKP~! are the matrices of k in those bases, and if we consider both
spaces ) = Vect(bj,j € X), Q' = Vect(d;,j € Y) with X,Y DPP associated to K, K',
then
(dim(Qe)) £ (dim(Q%))

where the equality is an equality in law.

Proof. Since (b{",...,b%) and (d7', ..., d%) are bases of L, for every 7, the matrix P is
block-diagonal :
P,

P:
P,

27



2. SPANNING FORESTS ON FINITE GRAPHS.

where P, is the matrix between bases (d7’, ..., d%) and (b{",...,b%).

Let S = [1,dN] be the set of indices of vectors of those bases and let us denote
by S; = {j | b; € {b]*,..., b }} the set of indices of vectors of the bases of L.,.

Then, we have

d dim(Qe,) d | XN{j | b;e{bt,....bE}} d | XNS;|
] -e[f ol [

i=1 i=1 =1 reX

E

where z, = z; for every x € §;. Since P commutes with

2’1—1

21—1

zqg—1

zqg—1

we have

d
E [H zf‘m(QEi)] = det Iy + ZK) = det (I + ZPKP ™) = det (Is + ZK')

=1
d d ...,
—E ziYﬁS”] ) l Z;hm(Qei)] ’
e R

=1

which concludes the proof. O

Let us recall the following definition, from [KL20c] which deals with direct sums of
vector bundles with connections.

Definition 2.17 (Reducible connections). ([KL20c]) We say that a connection A is re-
ducible if there exists an integer s € {2,..., N}, sub-bundles F(), ... F(*) of F and
connections hV, ..., h(®) on these sub-bundles, such that F = F(V) ¢ ... & F©) and the
connection can be written as h = h() @ ... @ h(5). If the connection is not reducible, it is
said to be irreducible.

The previous Lemma implies that for a reducible connection h, if we fix a basis adapted
to the fibers and to the decomposition h = M. . o h(s), we obtain a matrix which is
block-diagonal, and therefore, the law of the trace is the sum of traces of independent QSF

adapted to (F(®), h(9) (),

eI

i

hs

—E [Hz?imQZ}} ..E [Hzglichi] ,

7 %

where o) : Q1(Z4) ) = aFY,

The following Proposition, due to [KL23] shows a stronger result on the law of a QSF
for a reducible connection.

28



2.3. Quantum Spanning forests

Proposition 2.18. If T is a refined splitting adapted to a reducible connection h, the QSF
adapted to T is a direct sum of independent QSF adapted to (F() b)) (). The law of ng is
independent of the choice of T.

Recall that if X is DPP associated to a matrix K, [ X | has the same law that 35 ¢,(x) Y,
where Y), are independent Bernoulli of parameter A for A in the spectrum Sp(K). Indeed,

E[X] =det(la+ (- 1)K) = [[ Q+(-1)N)=E[X2"].
AeSP(K)

Another consequence of Lemma 2.16 is that for a QSF () adapted to the orthogonal projec-
tion k on im(dy,), each marginal of the trace dim(()¢) has the same law than -\ c g, ) Y2
and therefore

E(dm(Qe) = Y. A=Tr(Kee),

AESP(Ke,e)

and
Var(dim(Q.)) = > (A— M) =Tr(K..) — Tr(Kie).
XeSp(Ke,e)

Those equalities give the link between the mean-value of the trace of a quantum
spanning forest and the trace of the kernel of this process.

2.3.4 Partition function of a QSF

The partition function is given by the determinant of the vector-bundle Laplacian operator,
restricted to the orthogonal of its kernel, referred to as the reduced determinant of the
Laplacian, as well as for the case of rank 1 cycle-rooted spanning forests model.

Let G be a finite graph endowed with a unitary connection / and let v be the Haar mea-
sure on the set of subspaces of ' (G) adapted to the decomposition Q! (G) = DBecr@), Le-
In the following statement, we denote by d instead of d}, the covariant derivative associated
to the connection h in order to simplify the notations.

Theorem 2.19. [KL23] We have the following expression for the reduced-determinant of the
Laplacian A = d*d:

deto(8) = det((d") " dyyigr) = |

oy Fer(@) 1@ o
iy @ T )87 Q).

Let i1 be the law of the QSF associated to the orthogonal projection on im(d). The quan-
1
tity det((d*)g{er(d) dl?er(d)l) satisfies

« | ker(d)+
det((d)y™ " d2 ) du

deto(A) T v

(Q)-

Thus the partition function of the model is exactly det o(A).

We give a proof of this result since it is a good illustration of computations which link
the partition function and the density of a DLP as defined in [KL20c].
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Proof. Applying the Cauchy-Binet formula of [KL20c, Proposition 2.7] which is

det(ba) — /G oy detlbaa?)av7(@)

to the operators b = (d*)/**(D~ and q = d) ker(d) - Bives

|ker(d)-\ | ker(d)+ ;Q o
det(aljd) = | iy Q@G Q)

The density of the determinantal measure of the DLP associated to the orthogonal projection
on im(d) is

%(Q) = det(kII? + (1 — K)IT9T)

where k = d|yer(q)1 G (d*)1%er(@" | with G which is the inverse of the Laplacian on the

invariant subspace ker(d)*.

Let us consider the matrix of the operator k : Q' — Q! in a basis adapted to the
decomposition Q! = Q P Q.
A B
- (B* D) |

Then, using the Schur-complement formula, we obtain

B* I-D

. 0 0
= (—1)4m(@) det (( ) — k)
0 Igim(Qr)

= (=1)"™@ det ((0 ’ ) - dker(d)LG(d*)lker(d)L>

det(KII? + (1 — k)TI9") = det (‘4 -b )

0 Idim(QL)

dim(@Q) 1 X ! ) ker(d) -
= (—1) 7det(G71) det O Idim(Qi)
(d*)| ker(d)+ G-1

Since k is an orthogonal projection of rank p := rg(d), we know that dim@Q = p

almost surely. Then dﬁmr(d)L s ker(d)* — @ and (d*)gm(d)L : Q — ker(d)* are square

matrices. Then, the last determinant is equal to

Q
dg{ir( " 0 0
dim
(—1) (Q) det d| ker(d)i Idim(QJ-) 0

«\ | ker(d)+ «\ | ker(d)+
A @) (@)™

and therefore,

€ 1 w | ker(d)+
det(KTI? + (1 — K)II97) = N det(dfY,, o) det(Limige)) det((d) ™)
_ 1 wy [ Ker(d)- Q
= qea @ ),
which concludes the proof. O
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2.3. Quantum Spanning forests

This expression of the partition function of the model as the reduced determinant of
the Laplacian operator shows that the model of QSF is a good generalization of the usual
model of cycle-rooted spanning forests. This theorem will allow us to obtain an integral
expression for the free energy of the model of QSF (Theorem 4.17) when the size of the
graph goes to infinity.

The next chapter deals with topological considerations on the model of QSF, existence
of thermodynamic limits of the model when the size of the graph goes to infinity and
dependence of the limit on boundary conditions.
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CHAPTER 3

Thermodynamic limits.

In statistical physics, we try to construct measures on configurations in infinite volume,
often called Gibbs measures, from limits of sequences of measures in finite volume, often
called Boltzmann measures, which give to a finite configuration a probability proportional
to its weight for a well-defined weight function. When configurations are defined on a
underlying graph, for instance in the case of models of percolation or in the case of the Ising
model, we consider a sequence of measures on configurations of growing finite subgraphs
which gives at the limit an infinite volume Gibbs measure on the configurations of an
infinite countable graph. To study the convergence of the sequence of measures on growing
subgraphs, we need to define a topology for this convergence and to define which boundary
conditions are applied on the boundaries of growing finite subgraphs.

In this chapter, we will study those questions for the model of quantum spanning
forests and for the case of rank 1, so-called cycle-rooted spanning forests. We will begin
this chapter with the case of cycle-rooted spanning forests since the topology is easier to
understand in this case.

3.1 Rank 1: Measures on CRSF in infinite volume and
thermodynamic limits

In this section, let G = (V, E) be a countably infinite connected graph. Let (G,,) be an
exhaustion of G by growing finite subgraphs, that is to say an increasing sequence of
subgraphs of G for the inclusion such that G = U,enG,.

We define, in this section, sequences of measures on CRSF of a growing exhaustion of G
with boundary conditions. We will see that under some assumptions, those sequences of
measures converge to thermodynamic limits which are probability measures on subgraphs
of the infinite graph G (called the infinite volume case).

3.1.1 Thermodynamic limits and boundary conditions

We define sequences of measures (ji,,)n>1 on CRSF of growing subgraphs G,, of G with
boundary conditions. There are two examples of boundary conditions which are often
considered : free and wired boundary conditions.
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3. THERMODYNAMIC LIMITS.

Definition 3.1 (Free boundary conditions). We define a measure on oriented CRSF of the
graph G,, under which the configurations have a probability proportional to the product
of weights of oriented cycles. After removal of orientations, it gives a measure on non
oriented CRSF which is denoted by z" and called the free measure on CRSF of G,

Definition 3.2 (Wired boundary conditions). We define a measure on oriented ECRSF
of the graph G, under which the configurations, which are either connected to 0G,, or
oriented cycle-rooted trees, have a probability proportional to the product of weights of
oriented cycles. After removal of orientations, it gives a measure on non oriented ECRSF
of G,, which is denoted by ,uKV and called the wired measure on ECRSF of (5,,. Notice that
it corresponds to the measure defined in Definition 2.6 with boundary 0G,,.

3.1.2 Topological facts and boundary conditions

Every configuration of CRSF on G can be seen as an element of {0, 1}¥. Let us recall some
topological facts about {0, 1} (see for instance [FV17] for more details).

Since {0, 1} is compact, = {0, 1}* is compact for the product topology and this
topology is compatible with the following metric

d(w7w/) = Z 2_“6*“210%#&};3.
eck

Therefore € is a compact metric space.

A function f : Q@ — R is continuous for the product topology if and only if for
every € > 0, there exists a finite subset A C F, such that

sup [ f(w) — f(W)] <e.

/. — !
Wy W AWy

A function f : © — R is called local if there exists a finite set A C E such that for
every w € (2, the image f(w) is entirely determined by wjs. The set of local functions is
dense in the set of continuous functions (C(€2), ||.||sc) Which is a Banach-space.

We consider C the smallest o-field for which the cylinders Cp . = {w € Q,wp = ¢}
are measurable.

We say that a sequence of measures (y,,) converges to the measure y on (£2,C) if and
only if
Jim E,,, (f) = E.(f),

for every local function f. Since the set of local functions is dense in the set of continuous
functions, this topology on the set of measures on (€2, C) is the same as the one induced by
the notion of weak convergence.

If such a sequence of measures converges weakly towards an infinite volume measure,
we have the following result on the limit measure.

Proposition 3.3. Assume that a sequence (ji,)n>1 of measures on CRSF on growing sub-
graphs G, of G converges weakly towards a measure j1, and let F be distributed according to .
Then pi-almost surely, every finite connected component of F contains exactly one non-oriented
cycle y which has a non-trivial weight, in the sense that w(vy) + w(y~1) # 0.
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Proof. Let x € V and let T be a finite connected subgraph of G which contains = and
which satisfies one of the following properties:

» T has strictly more than one cycle.

« T contains a non-oriented cycle [y] such that w(7y) + w(y~!) = 0, where v and v~ *

are both orientations of [v].

« T has no cycle.

Let cc(x) be the connected component of x in F. Notice that the event {cc(x) = T'} is an
event with finite support since its support is included in the set of edges which have at
least one extremity in 7.

Let m be large enough such that T' C G,,,—;. Then, the event
{cc(z) =T} ={cc(z) NG, =T}

has support in G,. For every n > m, p,, is supported on CRSF on G,,, all of whose cycles
satisfy w(y) + w(y~1) > 0. Therefore, if F,, is distributed according to the measure yi,,

pn(cc(x) NGy =T) = pn(ce(x)g, =T) = 0.

We have the convergence p,, — 1 on configurations with finite support. Then,
pn(cc(x) NGy =T) — p(ce(z) NG =T).

Finally, we obtain p(cc(x) = T') = 0. Since G is countable, almost surely, every finite
connected component of F has exactly one cycle and its cycle has non-trivial weight. [

3.2 Measures on QSF in infinite volume and
thermodynamic limits

In this section, we study sequences of probability measures on quantum spanning forests
of growing finite graphs. To study the convergence of those measures, we give some
properties on the weak convergence topology on the space of configurations of quantum
spanning forests. We show that, as well as for the case of rank 1, the weak convergence
is equivalent to a notion of convergence for local functions. Then, considering kernels
associated with determinantal measures on quantum spanning forests, we show some
stochastic inequalities between different boundary conditions. All results of this section
can be applied in particular for determinantal measures on cycle-rooted spanning forests
in the case of a rank 1 connection.

3.2.1 Topological facts for QSF in rank N

Every configuration of QSF on G can be seen as an element of Q = Gr(CV)¥. Here Gr(CY)
denotes the Grassmannian of linear subspaces of CV, that is the space which contains
every linear subspace of CV. It is a compact metric space equipped with a distance d.
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3. THERMODYNAMIC LIMITS.

Therefore Q = Gr(CV)¥ is compact for the product topology and this topology is
compatible with the following metric

dQ,Q) =Y 27 l-lq(q., Q).

ecE

Therefore (2 is a compact metric space.

Notice that for every 6 > 0, there exists a finite set A large enough such that,

sup d(Q,Q) <. (3.1)
QQQA=Q,

Since (2 is a compact set, a function f : 2 — R is continuous for the product topology
if and only if it is uniformly continuous. Then, a function f : 2 — R is continuous if and
only if for every € > 0, there exists a constant ¢ > 0 such that for every Q, Q' € 2,

(d(Q,Q) < 0) = (If(Q) — f(Q) <e)

A function f : Q — R is called local if there exists a finite set A C F such that f(Q)
is entirely determined by @|5. The set of local functions is dense in the set of continuous
functions (C(€2), ||.||oc) which is a Banach-space. Indeed, let f : @ — R be a continuous
function and A,, a sequence of growing finite subsets of F such that £ = UA,,. Then
define f,, : Q@ — f(Qa,,) where (Q4, )e = Qelecy,,- If e > 0, there exists § > 0 of uniform
continuity for f and from equation (3.1), for n large enough, we have for every @) € (2,
the inequality d(Q,, , Q) < 6 which implies | f,,(Q) — f(Q)| < € and then f,, converges
uniformly towards f.

We consider C the smallest o-field which makes the cylinders Cy . = {Q € Q,Qp = ¢}
measurable. We say that a sequence of measures (j1,,) converges to the measure . on (2, C)
if and only if

lim B, (f) = E.(f)

n—oo

for every local function f. Since the set of local functions is dense in the set of continuous
functions, this topology on the set of measures on (€2, C) is the same as the one induced by
the notion of weak convergence.

The weak-convergence of a sequence of measures i, on QSF of an exhaustion of G
by finite graphs (G),) is equivalent to the weak-convergence of the sequence of associ-
ated incidence measures. Let us recall from Subsection 2.3.2 that the incidence measure

associated with p,, has a density p,, with respect to the Haar measure v,, on the Grassman-
nian Gr(CN)E(Gn),

Assume that for every n, the measure p,, is determinantal of kernel k,,. Thenif A C F
is a finite set of edges and R = @.cp R, then if for every e € A, we fix a basis (b5)icdim R, »
then the density of the incidence measure evaluated in R is given by

pn(R) = det (<kn>g) = det ((kn)EZD :

Therefore, the weak-convergence of the sequence (ji,,) towards a determinantal mea-
sure  of kernel k£ whose associated incidence measure has a density p with respect to
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the Haar measure v on Gr(C)¥ is equivalent to the convergence p,(R) — p(R) for
every finite set A C E and every subspace R = @®.cp R, which is equivalent to the fol-
lowing statement: for every finite family of edges (e, ..., ex), for every family of linearly

independent vectors of the corresponding fibers ((b;’);) jeE[1,H]>

O ®;7)
det ((k”)(bfj)> — det <k(bfj)) :
Therefore, the weak-convergence of the sequence (y,,) towards a determinantal mea-
sure ju of kernel £ is equivalent to the convergence of the matrix of (£, )¢l 7k towards

the matrix of k¢1¢ in any family of orthonormal basis of (¢, ); for any finite family of
edges (e1,...,ex).
Notice that if we change the basis of a fiber to another orthonormal basis, the matrix

which is obtained is the conjugate of the previous matrix by an orthogonal matrix and
therefore, the previous convergence does not depend on the choice of bases of fibers.

Therefore, the weak-convergence of a sequence of measures (i, ) towards a determinan-

tal measure /. of kernel k is equivalent to the convergence of (k,,07, 0L,) towards (k6F, 6.,

for every e # ¢’ € E, where 02 € Q!(G) satisfies 62(e’) = 0 and 62 (e) is the p-th vector
of the canonical orthonormal basis of C'.

3.2.2 Kernels of the determinantal measures in infinite volume

Since in the case of quantum spanning forests, the convergence of sequences of deter-
minantal measures on quantum spanning forests of growing finite graphs relies on the
convergence of their kernels, we define measures in finite volume with boundary conditions
from their kernels and study their convergence.

Recall from [KL23] that on an infinite graph the splitting Q! (G) = im(dy) & ker(d})
need not hold, and therefore, we cannot define a natural quantum spanning forest in infinite
volume from the projection on im(dj,) parallel to ker(d;,).

Let us borrow some more notations from [KL23].

Definition 3.4. Let Q)(F) = {f € Q%F) : | fllqo < oo} be the Hilbert space of
integrable 0-forms and Q) (F) = {w € Q}(F) : ||w||g1 < oo} be the Hilbert spaces of
integrable 1-forms. Let %2 be the closure in ), (F) of the image by dj, of the space of
elements of Q°(F) with finite support and {2 be the closure in ), (F) of the space of
elements of ker d;, with finite support.

From [KL23], we have the orthogonal decomposition
Qp(F) = dp @ dp(H) @ Op (3.2)
where = {f € Q°: A, f =0and dyf € Q5 (F)} is the space of harmonic 0-forms.

Free and wired conditions on growing subgraphs G, are defined as follows. Let us
consider for every n, the operators ¢, and €,, which are defined by:

tn (GR) = Q%UGri1) en: QYGR) = QHCrgr)
i . i .
o f(z)ifz e G 0 O(e)ife € G
0 else 0 else
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For every n, let us define
¥, = dn(tn1(2°(Gn1)))
the space of exact 1-forms for wired conditions and

On :=en—1ker(d)_;)

n—1
the space of cycles with free conditions.

Definition 3.5 (Free and wired QSF). For every n, we denote by (1£), (1)) determinantal
measures on QSF of G, whose kernels are orthogonal projections on ¢~ and %" . Those
measures are called free and wired measures on QSF of G,,.

For a vector-bundle of rank 1, those measures coincide with free and wired measures
as defined in subsection 3.1.1. Indeed, the free and the wired measure on cycle-rooted
spanning forests as defined in subsection 3.1.1 are respectively the measure on cycle-rooted
spanning forests of GG,, and the measure on essential cycle-rooted spanning forests with
respect to W = 0G,,, as defined in Definition 2.6. Those measures are determinantal and
their kernels are respectively the orthogonal projections on {;- and %

One can think of the wired boundary condition as gluing together every vertices of the
boundary. The free boundary conditions corresponds to the case where edges outgoing of
the graph (), are removed and none of the vertices are glued together.

From [KL23], the sequence of measures (ul) (respectively (u))) on QSF on the
graphs (G),) are determinantal measures whose kernels are orthogonal projections on
decreasing (respectively increasing) subspaces of Q%Q (F). This sequence converges in law
towards a measure on spanning subgraphs of G denoted by u!" (respectively V). The
measures 1/ and " are determinantal and their kernels are the orthogonal projections on

the spaces %2 = U, %/ ¢ and Qp2 = mﬁ. From Equation (3.2), the free and the wired
measures ;" and p!” are equal if and only if dj, (#) = {0}. We will see later (Lemma 6.18)
that under Assumption 6.17 on the connection h, this equality is satisfied but it doesn’t
seem to be a necessary condition.

Let us emphasize that those statements hold in particular for determinantal measures
on CRSF associated with a connection on a vector bundle of rank 1.

3.3 Periodic boundary conditions for periodic graphs

In this section, we consider a graph G embedded in R which is Z?-periodic, in the sense
that there exists a lattice in R? such that the graph G is invariant under the action of the
lattice. We can consider for instance the graph G = Z? where the set of edges is the set of
couples of points at distance 1. We call fundamental domain the basis of the lattice under
which the graph is invariant.

We will consider an exhaustion (G,,) of growing finite subgraphs of G which will be
seen as graphs on growing tori where the left-right boundaries and top-bottom boundaries
are glued together. We will prove in this section that those boundary conditions are stuck
between free and wired boundary conditions, which is consistent with the intuition.
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3.3. Periodic boundary conditions for periodic graphs

In order to make clear definitions, we will give some examples for G = Z? for some
fixed d > 2 but definitions hold in the case where the graph has a larger fundamental
domain.

3.3.1 Graphs on tori and periodic boundary measures

We define graphs on tori and measures on QSF of finite graphs seen as graphs on tori.

Definition 3.6. Let (G,,),>1 be an increasing sequence of connected induced subgraphs
of G with respective vertex set V;, and let 0G,, be the set of vertices which are connected
by an edge to the complement of GG, in G. Assume that the exhaustion is constructed such
that it is invariant by the action of the lattice, that is to say that the top-bottom boundaries
and left-right boundaries can be glued. Let G, = G,/ ~ be the graph constructed from G,
where ~ is the equivalence relation defined by gluing boundaries.

To illustrate this definition, assume that G = Z% and m > 1 is fixed. Let (G},)n>1
be the increasing sequence of connected induced subgraphs of Z% with respective vertex
set V,, = [-nm,nm]? and let

0Gy, ={v € Gy, : ||V||oc = nm}
In this case, we have Gn = (,,/ ~ where ~ is the equivalence relation :

v~ & 3jell,d, v =uvE2nmb;
e~eé & 3jell,d, € =e=x2nmb;

where (b;) is the canonical basis of R?.

In the following, we will consider a sequence (;12) of measures on QSF on graphs G,
seen as graphs on the torus.

Definition 3.7 (Graph on the torus). We denote by ¢ the equivalence class of an edge e.
Let Q1 (G) be the space of 1-forms on the graph G, and 0°(G,) be the space of 0-forms
on the graph G,,. Those spaces are equipped with the inner products

(01,09) 01y = D O1(e)a(e)
GEén
(fi. ooy = Do fila) falx)
meén
and the operators d,, : Q°(G,,) — QY(G,,) and d¥ : Q1(G,) — Q°(G,,) as defined in

Subsection 2.3.2 are adjoints for those inner products.

Definition 3.8 (QSF on G,.). Let K 1= dn(Q2°(G,,)) be the subspace of Q!(G,,) which

contains the periodic exact forms. For the inner product on Q!(G,,), the orthogonal
decomposition holds :

QL G) = dn(Q%(G,)) @ ker(d?).

Let K,, be the orthogonal projection on %7, := d,(Q°(G,)). We denote by il the
1

! pe G
measure on QSF on GG, which is determinantal with kernel K,
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3. THERMODYNAMIC LIMITS.

Definition 3.9. Let 7, : {Sub-bundles of G,,} — {Sub-bundles of G,,} defined by

Tn(Q) = Deea, Qé

Let us define the measure x/ on sub-bundles of G, which is called the periodic boundary
measure as the pushforward measure p = r,, il

In the case of a determinantal measure on CRSF associated with a vector-bundle of
rank 1, the corresponding map 7,, which is considered is the following map :

7, : {Subgraphs of G,,} — {Subgraphs of G,,}
F— {ecGylecF}

Then, the measure ;2 on subgraphs of G, which is called the periodic boundary measure
is defined as the pushforward measure p2 = r,, ji?.

By definition of the pushforward measure, if 1, . .., ex € E(G,,),
P Py ~ —1 _ -
pin (€1, e € F) = [in, (€1,..., € € 7, (F)) = det(((Kn)e, ¢, )1<i,j<k)

Notice that under the measure %, configurations which are obtained are not neces-
sarily cycle-rooted forests when they are seen as configurations on the graph G,,. Once
configurations are seen as configurations on the graph G, on the torus, they are CRSF and
have probabilities proportional to the product of weights of cycles.

In the following, we consider for every n the measure ! on sub-bundles of G, for
a vector bundle of rank N and we will try to compare this measure with free and wired
measures which have been introduced in Subsection 3.2.2.

Recall that measures (1)) and (112') are determinantal and their kernels are orthogonal
projections on %!V and ¢;-, where %!V and ;- are subspaces of Q!(G). Therefore, we
will establish a correspondence between the space Q'(G,,) and a subspace of Q'(G), such
that K, is the conjugate by an isometry of an orthogonal projection on a subspace of Q' (G).

3.3.2 Correspondence with subspaces of Q!(G).
Let !, (G},) be the subspace of 2! (G') whose functions have support in E(G,,) and satisfy

per -
for every ey, ea € F(0Gy,), such that the equality é; = é; holds in G, f(e1) = 0(e2).

For every n, let us define a map ¢,, between Q'(G,,) and Qéer(Gn) as follows. For
every # € Q'(G,,), we define for every edge e,

0(e) if e € Gp\IGy,

Pal0)(e) = { %9 if e e OG,

where n(e) is defined by n(e) = |{¢’ € IG,|e’ = é}|.

Lemma 3.10. o, is an isometry. Therefore, for every n, ¢, o K, o . is the orthogonal
projection on pp(%k},,) for the inner product on QLa).
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3.3. Periodic boundary conditions for periodic graphs

Proof. Let 61,05 € QY(G,,).

(on(01),0n(B))or(cy = D, (en(fr)(e), n(B2)(e)) .

= Yo (@) + D> e
e€E(Gp\0Gn) e€E(0Gy)

= Y (6@, 0@+ D (01(6),02(6))r

e€E(Gn\OGr) ECE(0Gy)

= (01,02)n G,

Since K, is the orthogonal projection on % for the inner product on QY(G,), the

conjugate ¢, 0 K, o ¢, 1 is the orthogonal projection on gpn(*ger) for the inner product

on QY(G).

Indeed, if f € QY(G), pn 0 Kn 0w (f) € n(HKper) and if 0 € @ (Fpe,), 0 = ©n(0)
with 0 € % . then,

per>
(f = ¢noKnow, (f).0) = (0n ' (f) = Knowy ' (f),0) =0

since @, 1(f) — Kn 0 0, 1 (f) € (*ger)J— for the inner product on Q'(G},), and then,

= ¢n o Knowr ' (f) € (pn(Fper))

which concludes the proof. O

In the same way, we can define a map ), for every n between Q°(G,,) and Qger(Gn)

where Q0. (G,,) is the subspace of Q2°(G) whose functions have support in V(G,,) and

per

such that for every v1, vy € V(9G,,), such that o) = 5y € Gy, f(v1) = f(v2).

For every f € Q0(G,,), we define for every vertex v,

F(0) if v e Gu\IGh

Un(f)(v) = {f(ﬁ) if veadG
n(v) "

where n(v) is defined by n(v) = |{v/ € 9G,|v/ = ©}|. This map is an isometry

from Q0(G,,) to Qger(Gn).

3.3.3 Comparison with free and wired measures

In this part, we will establish some stochastic inequalities between the measure with
periodic boundary conditions and measures with free and wired conditions.

Lemma 3.11. As subspaces of 2(G,,), we have

k) = dn(in-1(Q°(Gn-1)) € @n(KE).
Proof. Since ), is a bijective isometry, we have

tn—19°(Gn-1) C Qe (Gr) = 0 (2°(G)).

per
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3. THERMODYNAMIC LIMITS.

Since 1, ! is the identity on L?—lgo(Gn—l) and ¢, is the identity on Q\laano(én) and
since 1, 192°%(Gr_1) C Yn(Q°(Gh)), we get the following equality on ¢,,_1Q°(Gp_1),

QOnoanw;l = dn‘
As subspaces of Q1(G),), we have

*nW = dn(bn—l(QO(Gn—l))) Ceno Czn 0 1/;1;1(%_1(5)0((;“_1))) - ‘Pn(dn(QO(G'n)))’

which is precisely the inclusion we wanted to prove. O

Denote by Ob" the orthogonal of K per for the inner product on QY(G). Since ¢, is

an isometry, the orthogonal of ¢;, (%) for the inner product on Q'(G,,) which is the

restriction of the inner product on Q!(G) is ¢, (OF™).

Since d,, and d* are adjoints for the inner product on Q*(G,,), we have
QP = ker d* = ker K,,.
Lemma 3.12. As subspaces of Q'(G,,), we have

On = en-1(ker(d;,_1)) C pn(OF).

Proof. Let 6 € O, . First of all, notice that § € Qéer(Gn) since 6 € im(e,—1). Since 6 € Oy,

we have 0 = ¢,,_100 with 0y € ker(d}_,). Then, if z € G,,_1, we have
dp(0)() = dy,—1 () (z) = O,

by definition of 0y. If z ¢ G,,_1,
dy, (0)(x) =0
since e,0(e) =0 Ve € G,\Gp—1.
Moreover, 1 () € Q'(G,,) and for every e, such that e* € 9G,,,

on'(0)(&) = 0.
Then, we have 3
dy, (0, 1(0)) = d3(8) = 0.
Therefore, 6 € cpn(Oﬂer). O

Those inclusion of sets imply the following stochastic inequalities on the measures in
finite volume with boundary conditions.

Proposition 3.13. For every finite subset A € E(G), we have for n large enough, the
following inequalities which hold for every R = ®.cp R,

P (R) < py(R) < ppy (R).

where p)V

the measures (i

, pb and pX are the respective densities of the incidence measures associated with

W uF and pf', as defined in Subsection 2.3.2.
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3.3. Periodic boundary conditions for periodic graphs

Proof. Let A € E(G) be a finite set of edges. Let n be large enough such that A C G,,_;.

Let 0 be a 1-form with compact support in A. Let us denote by 0,,, the 1-form in Q1 (G,,)
such that ¢, 1(0) = 6,,. For every e € G,_1,

Pn © Ky o @;1(9)(6) = Knén(é)

In particular, if e1,...,ex € A, and if [ € [1, N], denoting by 9161, =(1+—-1-)b,

where (b;);eq1,n] is the canonical basis of C, we have : 1
det ((f(né;@j)) ) — det ((% o R o 07 (0)(e)

'iJE[l,k‘],lE[l,N] i,jG[l,k‘],lE[l,N]) )

Since ¢, 0 K, 0 ;! is the orthogonal projection on ¢, (%5'") parallel to @, (O5) for the
inner product on Q!(G), Lemma 3.11 and Lemma 3.12 show that

Wol (. .
det <<K” 961’(e]))i,je[l,k]JE[LNJ < det (<Kn0€i(e")>i,j6[1,k]716[1,N]>

Fpl (.
< det ((K" 961(63))@',je[1,k],le[1,1v]> )

From subsection 3.2.1, we deduce that for every R = @.cp Re,

p (R) < ph (R) < pl(R),

— 'n — 'n

which is the desired statement. O

For the case of a connection on a rank 1 vector-bundle, this statement can be written in
an easier way: for every ey, ..., e € E(G), then for n large enough,

py (€1, ex € F) <pp(er,... e € F) < pf(en, ... ex € F).

We immediately deduce the following result.

Corollary 3.14. If (V) and (uf') converge weakly to the same limit p, then (uf) also
converges weakly to this limit p.

Recall that the sequences of measures (1)), (1) on QSF on the sequence of growing
subgraphs (G),) with wired or free boundary conditions converge towards thermodynamic
limits ;" and ;"Y' which are determinantal measures whose kernels are the orthogonal
projections on spaces Oj‘z and 2.

We will see later (Lemma 6.18) that under an assumption on the connection (6.17), the
spaces QKLQ and %2 are equal and the measures 1"V and p!" are equal. A consequence
of Corollary 3.14 is that under this assumption, the sequences of measures (1), (1)
and (uf') converge weakly to the same limit .
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CHAPTER 4

Periodic thermodynamic limits.

In this chapter, we study a particular case of the model of the so-called quantum spanning
forests in infinite volume, as defined in [KL20c] and section 2.3. We construct limit measures
on quantum spanning forests on a Z?-periodic graph by taking the limit of measures on
an exhaustion by finite graphs on growing tori of the form Z?/(nZ)¢, with n tending to
infinity.

In [BP93], authors study the limit of measures on uniform spanning trees on an ex-
haustion of Z¢ by finite graphs on growing tori of the form Z%/(nZ)?, with n tending to
infinity and prove the following transfer current formula for the kernel:

dz dw

2imz 2iTw’

Koo = [ Kigp(zw)em s (@)
|2|=1,|w|=1 7

where K (z,w) is a matrix indexed by the edges of the fundamental domain G1, called the

transfer current operator and e = [e] + (¢, y) Where [e] denotes the image of e in the

fundamental domain G;.

We prove in this chapter some similar formulas for the kernel of a quantum spanning
forest associated to a unitary periodic connection on a vector-bundle of rank N.

When the fundamental domain of the graph is of size 1 and the connection is periodic,
the model depends on a deterministic choice of unitary matrices (M, ..., My) € Un(C)?
on the half-edges of Z¢, which defines a so-called unitary connection of rank N on the com-
plex trivial bundle of dimension N over the graph Z¢. We identify two phases in this model,
according to the decay of correlations with the distance. These two phases are characterized
by the existence or not of a common eigenvector to the matrices (M, ..., My) € Un(C)%
The existence of such a vector makes the connection reducible and the model becomes a
superposition of independent models of inferior rank.

4.1 Quantum spanning forests on growing tori

In this section, we consider a graph G’ embedded in R which is Z?-periodic endowed with
a connection h which is Zd—periodic, in the sense that there exists a lattice in R? such that
the graph G and the connection & are invariant under the action of the lattice.

Let us consider an exhaustion of G by a sequence of finite subgraphs (Gy,) such that
for every n, the graph G, contains n¢ copies of the fundamental domain G;. We denote
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4. PERIODIC THERMODYNAMIC LIMITS.

by (G, the subgraphs which are obtained by gluing opposite boundaries on a torus, and

by (Kpn) the kernels of the measures (%) associated to the connection h and periodic
boundary conditions.

We will prove the following theorem for quantum spanning forest, which was proved
by [Ken11] for CRSF for a non necessarily unitary complex-valued connection of rank 1 on
planar graphs.

Theorem 4.1. When n — oo, we have for everye,e’ € E,

- ~ _ —y, dz1 dzq
K, r— K / YL —
(Khn)e,e ot D (2155 2d)7] % e Biman
where Kh[e],[e/] (21, ..., 2q) is the orthogonal projection ondp, . .. (Q°(G1)) for a new con-
nection h(z1, ..., zq) which is obtained from the connection h by multiplying the connection

on edges between two copies of the fundamental domain in direction j by z;.

From section 3.3 and subsection 3.2.1, this theorem will imply that the sequence of
measures (1) on QSF of G,,, associated to the sequence of kernels (K}, ,) converges
weakly, when n — oo, towards a determinantal measure on QSF of GG, whose kernel is
given by the integral expression of Theorem 4.1. Finally, from Corollary 3.14, in the case
where the free measure and the wired measure coincide in infinite volume, the kernel of
the limit measure will be given by this integral expression.

4.1.1 Fourier decomposition of 1-forms
We introduce a periodic decomposition of the spaces Q°(G),), Q'(G,,) in subsets which
are invariant under the action of the Laplacian and the orthogonal projection on im(dp, ,, ).

We denote by [z] or [e] the unique vertex or edge translated from x or e which is in G;.
For every j, we also denote by ¢; the vector such that for every x, x + t; is the translated
of x in direction j.

Definition 4.2. For (z1,...,z) € UY, let B, 2y C Qo(én) and F,, ., C Ql(én)
be the spaces of 0-forms and 1-forms on G, respectively, which satisfy the following
periodicity condition, for every x € G,, and every e € E(G,,),

flea+t)=zif(x) VfekE, .
Ole+t;) =z2i60(e) VOEF, .,

Lemma 4.3. We have the following decomposition

Qo(én) - @ Ezl,.‘.,Zd
(Z1,...,Zd)EUfL!
Ql(én) - @ le,‘..,Zd

(21,-y24)€US

Moreover for Jhm and J’;L ., Which are defined as in section 2.2, we have the following inclusions:

{CZh,n(Ezl,...,zd) C le,...,zd-
hon (F21,20) C Bz pzg-

)
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4.1. Quantum spanning forests on growing tori

d ~ d
Proof. Let (Azl,...,zd)zl,...,zdeUn € (Cn and (fz17.,,7zd)z17,”7zd€Un S QO(Gn)TL be Such that
for every z1,...,24 € Up, f2,,.. 2, € £z, .. -, and we have

§ )\zl,..‘,zdle,...,zd =0.
21,.-,24€Un

Let x € G1. Then V (a,...aq) € [0,n]9,

Z /\21,-‘.,zdfz1,...,zd(x)zf‘l e Zgld =0.

214,24 €UR

Let (a1,...aq-1) € [0,7]* T and oy € [0, 7],

Z ( Z AZ17~~-»dez1,-~~7Zd (x)z?l tt Z3111> ng =

24€Un \21,..,2q—1€Un

Define y = ¢*™/™ Then U, = {x!, | € [0,n — 1]}. For all oy € [0, 7],

Z ( Z Movxd for o a(@)20 .zjﬁ;l) (Xo‘d)l =0.

le[0,n—1] \21,.-,24—1€Un

We get a polynomial of degree n — 1 which takes n roots thus which is equal to the
nul-polynomial. Thus, for all (o, ...aq_1) € [0,n]%71, and z4 € Uy,

Z Novrozaforzg ()25 25 = 0.

215--,2d—1€Un

By recurrence, we get for all 21, ..., 24 € U,,
Aoyrzgfar,zg(T) = 0.
Since it is true for every x € Gy, if (21,...,24) € Ug is such that f,, ., # 0, evaluating
inz € Gy such that f,, . (z) # 0, we have
Aopozg = 0.

The equality of spaces comes from the equality of dimension since the spaces of 0-forms
and of 1-forms on G, are of dimension Nn¢|G;| and Nn?|E(Gy)|.

Indeed, 1-forms of F, . ., are uniquely determined by images of edges of G and
0-forms of E, . ., are uniquely determined by images of vertices of G, thus I, ., is
of dimension N|E(G1)| and E, .. ., is of dimension N|G]|.

Let fe E,, . .,
Jh,nf(e =+ tj) = hee—f(e_ + tj) - hee+f(e+ + tj) = (hee—f(e_) - hee+f(€+))zj

= Jh,nf(e)zj'
The proof is the same for the other inclusion. O
For z = (z1,...,24), we denote by dj, ,(2) : EZ;1 -1 = szl _—1 the compres-
~ ~ IR L} Ry ~
sion of dp, , and by dj, |, (1/%) : le_17“_7zd_1 — Ezl—lwﬂz;l the compression of dj, ,,. The

operators dj, ,(z) and me(l/z) are adjoint as compressions of dj, ,,, d~”,;n

In the next subsection, we explain why those notations are well-chosen in the case of a
fundamental domain of size 1 (Lemma 4.4).

47



4. PERIODIC THERMODYNAMIC LIMITS.

Case of a fundamental domain of size 1. We consider in this section quantum span-
ning forests on G’ = Z? and the exhaustion by finite graphs G,, = [~m, m]?
ing tori, gluing opposite boundaries. We fix m € N and we define n = 2m. Then,
the graph G, seen on a torus by gluing opposite boundaries is isomorphic to the finite
graph G, := G/(nZ)<.

In the following, we denote by (b;)1<;<q the canonical basis of C4, which is defined by
the following formula b; = (0,...,0,1,0,...,0) € C? and (b},)1<k<x the canonical basis
of CV, that is to say b}, = (0,...,0,1,0,...,0) € CV.

Assume that the graph G,, = G/(nZ)? is endowed with a fiber bundle of rank N and

a connection h which is periodic in the sense that there exists (M, ..., M) € Uy(C)%a
set of deterministic matrices such that if we consider

on grow-

Ei ={zy|3j € [1,d],y —z =b;}

a set of oriented edges of E, then, ife € E, j € [1,d] suchthate = (z,y) withy —z = b;,
we have in the canonical basis of CV,

hae = Mj,  hey = In.
heo =M, hye = Iy.

We denote by e; 1 the edges of E whose end is 04, that is to say the edges (—b;, 0). Since
the fundamental domain is of size 1, then the 0-forms are entirely determined by the image
of 0 and the 1-forms are entirely determined by the images of (e; 1 ). Notice that the family
of 1-forms (1, , — 1_¢, , )b}, for j € [1,d], k € [1, N] is a orthonormal basis of Q' (G1).

Lemma 4.4. We still denote by

{Jhm(z) : Ezfl -1 — szl -1

1 sees?y yeesZyg

Jgﬁnu/z):FZ;l, 1= FE 1

—nZy 2y seeZy

compressions of dy, ,, and me Then, we can write in bases (10b}, ) and (e, , —1-¢; . )b}.)j ks

3 In — 1My
dnn(z) =
InN — zqMy
and )
d27n<1/2’) = (IN — 21_1Mf1 o Iy — Zd_lMgl) .

Recall that dj, ,,(z) and df , (1/z) are adjoint as compressions of adjoint operators.
Their expressions in bases show that their matrices are transposed conjugate of each other.

Proof. Ife € E{,and j € [1,d] is such that e = xy withy — x = b;,

dnnf(e) = f(e¥) = M;f(e).

In particular, if f € E(zl,..,,zd)’
dnnf(€) = (I = 2" M) F (7).
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4.1. Quantum spanning forests on growing tori

Forall j € [1,d], there are two edges e, et ej _ whose final extremity is 0, one in E/,, the

other in £_. Since —e; _ = e; 1 + bj, we have
dhn8(@) = D (e, ab(ejr) +he,_abej-)) = D (B(ejs) — Mj'0(—ej-))
j€ll.d] j€ll.d]

In particular, if 0 € F,, ., deL,ne(O) =2 je[Ld] (In — Zij_l)e(ej,-i-)-
Finally, lff € Ezl,“.,zd’ f = (f(o))’

i (dnnf)(e14) £(0) — 21" My £(0)
dynf =| = . = .
(dnnf)(edr) F(0) = 25" My f(0)

0(e1,+)
On the same way, if0 € F,, ., 0 = ,

‘9(€d,+)

Jz,ne(o) = Z (IN - Zij_l)H(ej,-F)a
Jjell.d

which is exactly what we wanted to prove. O

This Lemma justifies the notations dj, ,(z) and d;,n(l /z). Let us emphasize that those

operators have the same matrices as the operators dj ; and JZ, L on Q'(G) where the
connection h has been replaced by a connection /' defined by (21 My, . .., zgMy).

In the following subsection, we generalize this result to the case of a larger fundamental
domain.

On a larger fundamental domain. In the remainder of this section, assume that the
fundamental domain can be of size larger than 1. The following result hold for any periodic
connection h which is determined by its values between fibers over the fundamental domain.
Notice that h is not given anymore by unitary matrices (M, ..., My).

We notice that as well as in the case of a fundamental domain of size 1, 0-forms

of E2f11~~-’zd_1 are determined by their values on G and (z; ', . .. ,z;l)_periodic 1-forms

of F .1 -1 are determined by their values on edges of G4 and their values on G,, are
1 g

given by multiplying the value on a vertex or an edge in the fundamental domain by zj_l
for each translation of the graph in direction j.

Recall that we denote by [z] or [¢] the unique vertex or edge translated from z or e
which is in G'1. For every j, we also denote by ¢; the vector such that for every x, x 4 t; is
the translated of = in direction j.

A slight modification of the proof of Lemma 4.4 implies the following lemma.
Lemma 4.5. Identifying E_-1 -1 with Q%(G1) and F.-1 1 with QY (G1), the opera-
~ ~ 1 nFg 1 o®g
tors dp, (%) and dj, , (1/z) have the same action as the operators

d:h(z1,...,zd) : QO(G:(l) — Ql(c}l)
LOL(G) — QO(Ch)

d;kz(zl,...,zd)
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4. PERIODIC THERMODYNAMIC LIMITS.

for a new connection h(z1, . . ., zq) on G which is obtained from the connection h multiplying
the connection by z; on half-edges ([x], [e]) € G for oriented edges e = (x,y) € Gy such
that,

Y]

&

In other words, we multiply the connection by z; on half-edges ([z],[e]) € G1 for oriented
edges in G1 which “enter in the graph G ” in direction j.

Y,
T

+t).

Yy+i;

T+t

Y

T¢G1

Figure 4.1 — (G contains all solid edges and all full vertices. Once the boundaries are glued
on the torus, red vertices are glued to corresponding black vertices and the connection is
multiplied by z; on red edges.

This lemma means that if for every f € E_ -1 _1, we denote by [ f] the corresponding
a Thenzg
0-form in Q°(G4) and for every € F,—1 1, we denote by [6] the corresponding 1-form
Thenz]

-1
wZy >

. 1 ~
in 2 (G1), then we have for every f € Ezl_17.“7zd_1,9 € le—1’

[C?h,nf] = Cgh(zl,...,zd) [f]v
[d}, 0] = djy [0].

Zl,...,Zd)
Proof. Let e be such anedgeand f € £, -1 1. Then,
1 g

Jh,nf(e) = hy,ef(y)_hx,ef(x) = hy,ef([y])_hr,ef([x]_tj) = hyﬁf([y])_zjhw,ef([x])-

50



4.1. Quantum spanning forests on growing tori

Let € G such that x is on the boundary of G;. Assume that there exists an oriented
edge e = (z,y) ¢ G1, withy = [y] + t;. Then, e = [e] + ¢;. Then, if § € szl

-1
yeZg

I 0(z) = > hea0(€) | + hoe 0(—e)

e'#—ee't=x

= X head(@) ] + 25 h0(—e])

e'#—ee't=x

= X hew(€) ] + (zihae) T O(—e]).

e/#—ee't=zx

If another edge ¢/ # —e is such that ¢ = z and ¢’ € Gy \ Gy, replacing ¢’ by [€/]
also multiplies the connection by z; depending on the direction of edge €’. It finishes the
proof. O

4.1.2 Diagonalisation of the Laplacian operator

The Laplacian operator plays a fundamental role in the model because its reduced determi-
nant gives the partition function of the model. We recall the definition of the Laplacian,
twisted by a connection h:

Ah,n : Qo(én) — Qo(én)
[ J;(L,ndh,nﬁ

The following lemma shows that the Laplacian on G, for a periodic connection can be
block diagonalized and therefore, its reduced determinant can be computed as a product of
determinants of Laplacians compressed on smaller spaces of periodic forms. As for the op-
erators dh n and dh ,,» the action of the Laplacian on those spaces is in correspondence with

the action of Laplacian operators on the fundamental domain on the torus G associated to
a modified connection.

Lemma 4.6. Each space -1 -1 is invariant under the action of the Laplacian Ahm and
1 g
iff e Ezl—l,m’zd—l, we have

Apnf = Apn(2)f,

where Ap, ,(2) = df . (1/2)dpn(2) is the compression of the Laplacian on the invariant
subspace E_—1 1. Moreover, we have the following decompositions:
1 Ry

ker( n) = @ker(dhn)ﬂEzh s
ker(d n) —@ker(dhm) NE. . 2y

Then, the Laplacian compressed on the orthogonal of its kernel can be block-diagonalized and
its reduced determinant is given by

deto(Apn) = [  deto(Apn(&,... &)
er=1,..n=1
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4. PERIODIC THERMODYNAMIC LIMITS.

Proof. The first statement is an immediate consequence of Lemma 4.3.

Let f =3, ., [a,za With foy 2, € By -, be a O0-form of Q°%(G,,) and assume
that f € ker(cih’n). Then we have the equality 0 = Jh,nf = D Jh,n(le,...,zd)
with dh,n(le,...,zd) € F., .. ., Since the sum

-----
= @ FZL---,Zd

is a direct one, we have for all (z1, ..., za), dnn(fe... 2y) = 0. Thus for all (21, ..., zq),
we deduce that f., ., € ker(dy,) N E., .
decomposition

...zq- Therefore, we deduce the following

ker(dp,) = P ker(dpn) N E, ...z
Since the graph G,, is finite, we have ker(th,n)L = zm((i;km) Therefore,
ker(c‘iyh,n)L = zm( n) = dhn = 7‘1 @th 2
Forall (z1,..., 24), we know that dh nW(Fa o 2y) C Zm(dfl’n) NE., .., Since the sum

0 Gn) = @Ezl,...,zd

is a direct one, the sum of the spaces im(d’g o) NE; . ., isalso a direct sum and we have

ker(th n = d @ le zd
C @ m dh,n) N Ezh...,zd
= @ ker(czh,n)J‘ N Ezl,...,zd

and the other inclusion holds since V(z1, . . ., z4), ker(dp )" N By, ., C ker(dpn)*.
Both decompositions prove that the Laplacian restricted to the orthogonal of its kernel can
be block-diagonalized. O

From Lemma 4.5, identifying F_ S with Q°(G1), the compression Ay, (21, . . ., 24)

of the operator Ahm on E271 -1 has the same action as the Laplacian operator

ye9Zg

Ah( ) Qo(él) — QO(G1>,

Z1y-52d

in the sense that if for every f € EZ;1 -1, we denote by [f] the corresponding 0-form
- RARRS) d

in QY(G4), then we have for every f € F —1,

27z
1 ”q
[Ahm,f] = Ah(zl,...,zd)[f]'

Let Qh,n be the inverse of the Laplacian on the orthogonal complement to ker(czhm),
also called the Green function of the model. From Lemma 4.6, each space Ez;1 -1 1s
g

invariant under the action of Ghm and the compression ,C’;hm (21, ..., zq) of the operator Gh,n

on E 1 1, has the same action than the Green function :
1Ry

gh(zl,...,zd) : Qo(él) - Qo(él)
In the following, we compute the kernel of the quantum spanning forest on G,.
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4.1. Quantum spanning forests on growing tori

4.1.3 Kernel of the process and characteristic polynomial

The kernel of the quantum spanning forest on G, associated to the connection A is the
operator of orthogonal projection on im(dp, ,,). This operator may be written in the form:

Kh,n : Ql(én) - Ql(én)
0— Jh,ngh,ndfme

-----

Off(hm and if 0 € le—l =1 then
IRREP )

f(hmH = IN(h,n(z)H

where for z = (21, ..., 24), Knn(2) = Jhyn(z)ghvn(z)dfl’n(l/z) is the compression of the
operator Kh’n on Fg—l el
1 8y

From Lemma 4.5, identifying Fi—1 -1 with Q(G1), the compression K}, ,(2) has
1 by

Kiey,.eq) : 2(G1) = QHG).

Definition 4.7. We call characteristic polynomial of the model, associated to a connection i

and denote by Py (21, ..., zq4) the determinant of the Laplacian operator
- 0 A 04
Ah(zl,...,zd) 1 Q (Gl) — Q (Gl)
associated to the connection h(z1, ..., zq).
Notice that P}, (21, ..., 24) is indeed a Laurent polynomial in z1, . .., z4 because of the
multi-linearity of the determinant and the fact that the new connection h(z1, ..., z) is

obtained multiplying the connection on some edges by the variables (z;, zj_l) -

In the case of a fundamental domain of size 1 and a connection given by matri-
ces (My, ..., My) as defined in section 4.1.1, the expression of the characteristic polynomial
of this model is given by

d
Ph(Zl, e, Zd) = det <2dIN — Z(ZZMZ + (ZiMi)_1)> . (4.2)
i=1

Recall from Lemma 4.6 that the reduced determinant of the Laplacian associated to h
on the graph G, is given by

deto(Apn) = J]  detodpey,. .- (4.3)

Z0=1,...,27=1

When (z1, ..., 24) is such that P, (21, ..., 24) # 0, then by definition of the reduced
determinant,

det 0Ah(£’17---,24) = Ph<2,’1, ey Zd).
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4. PERIODIC THERMODYNAMIC LIMITS.

Expression of the kernel of the process in a basis In this part, we define an or-
thonormal basis of 2}(G,,) which can be easily decomposed according to the orthogonal

decomposition
o'= P F..

2€Ug

We will then explicit the action of K, on this basis.

Definition 4.8. Let x = ¢*™/™. Let e be an edge of G,. We can write e = [e]+(z1, ..., zq)
where [¢] € G. We define the functions (6%)1<;<y as follows. If ¢’ = [¢/] + (y1, - - -, Ya)s

define
1

O =5 > TIG™) ™ (™)™ 0y ([

0<ly,...lg<n—1 k

where H[ie} is defined in Q'(G1) by

b; if e’ = [e]
er]([e’]) = -b if[e] =—[¢]
0 else

where (b;); = ((0,...0,1,0,...,0)"); is the canonical basis of CV.

Definition 4.9. For every (&1, ...,&) € T?, we denote by

((Kh)l['i[e/] (&1, - ,fd))

i,J€[1,N1%,[e],[e']€ E(G1)

the matrix of the operator K, h(€:

-----

Recall that when (&1, ...,&4) € UY, the operator f(h(gl ¢,) has the same action as

-----

the compression of (K},,) on the space of (&', ...,&;!)-periodic 1-forms, of dimen-

sion N|E(G1)], which has been identified to Q!(G1).

For edges [e], [¢/] of the fundamental domain in F,
(Kh)fg]"[e/] (617 s a§d> = <(I~{h(f1,,§d))9fe’}7‘9fe]>

The following theorem gives the expression of the kernel in a basis of Q' (G,) which
uses the notations defined above.

Theorem 4.10. The family of functions (6° )1<Z<N ecGnnE, isan orthonormal basis of Ql( n)
and the matrix of the operator Kj,,, : Q(Gy,) — QY(G),) can be written in this basis

(Knn)o? = ((Knn)0i, 09)

d
= — Z 1:[5143 TR yk Kh [e [e/(fla"wgd)'

&"=1,...,6"=1
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4.1. Quantum spanning forests on growing tori

Proof. « Fore € Gy, 1 <i < N, the 1-form 8! € Q'(G,,) satisfies

b; ife! =e,
0L(e') = —b; ifel = —e,
0 else.

Indeed, if for some k, z # yi, 0.(e’) can be factorized by > le0,n—1] (x})vE—=r = 0.

Thus (62, 0£,> = 1;—j(le=e’ — le=—_¢) , which proves that the family is an orthonor-
mal basis.

« For0<ly,...,l4<n—1,1<i <N and [e] € G; the l-formian(én)

d
edyy 1€+ (s ya) H b yk@z e'])
isin F\y, 1, and is identified to Gf | in Q'(G1). Then,

I
e

(Knn)Wen, .0 ([€]+ (v, 9a) ) (Knn) (Ve y....00) (1€'])

B
Il
—

I
=

() (Rt ety R (€]).

i
I

Moreover, we have

d
Oc(e) = nd > H R, (€),
0<li,dy<n—1 k=1

and this decomposition is the unique decomposition of 6 in Q' (G,,) = @ sevd P

e Ife=[e] + (21,...,24) € Gn, € =[] + (1, .. .,Yq) € Gn, we have

=

(Knn)0i(e) = —d > (x'k) (Kh,n)(¢é,zl,...7ld)(€/)

o
A
=
&
IN
3
—
i
—_

|
&"_'
M
=~

() (Rt yotay) (0 ([€])

o
A
&
&
IA
5
AR
i
L

Il
3&‘
M g
=

(&) ormom (-f(h(gl,...,gd))@fe] ([¢']).

T
I

&1"=1,...,64"=1

Considering for 1 < j < N the coordinate maps €] associated to the canonical basis
of C" finishes the proof. O
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4. PERIODIC THERMODYNAMIC LIMITS.

4.2 Study of the roots of the characteristic polynomial in
the unit torus

In this section, we will study the roots of the characteristic polynomial in the unit torus, in
order to establish the convergence of the sequence of kernels of the measures on quantum
spanning forests on growing tori of size n when n goes to infinity. This result will imply
the convergence of the sequence of measures towards a determinantal measure whose
kernel is the limit of the sequence of kernels.

The following Lemma due to [KL23] will be useful to obtain an equivalent condition to
the existence of roots of the characteristic polynomial in the unit torus.

Lemma 4.11. [KL23] If a section f is a horizontal section for a connection h, which means
that f € kerd,\{0}, then for any vertex x and any loop based in x, denoted by v € Ly,
we have f(z) € ker(idg, — hol,(7y)). Furthermore, this condition is a sufficient one, which
means that for every vertex x,

evy(ker dp) = Nyer, (@) ker(idg, — holy(7)).

4.2.1 Roots of the characteristic polynomial on the unit torus

Fundamental domain of size 1. Assume that the fundamental domain is of size 1 and

the connection is given by matrices (M, ..., My) as defined in section 4.1.1. We will prove
that in this case, the existence of roots of the characteristic polynomial is equivalent to the
existence of common eigenvectors to the matrices (M, ..., My).

Recall that the expression of the characteristic polynomial of this model is given by

d
Py (21, ..., 24) = det <2dIN - (ziM; + (ZiMi)_1)> )

i=1
and that the Laplacian operator on Q°(G) associated to the connection h(z1, ..., z4) is
B d
Ar(z1,2a) = a0 Y o 2y DAz, 2a) = Z(Ip — 27 MY (T, — 2 M).
i=1

Theorem 4.12. For a square lattice with a fundamental domain of size 1, the following
properties are equivalent:

e There exists z = (21, .. .,2q) € T¢ such that P(z) = 0.

* There exists X € CN a common eigenvector to the matrices M. -

In the case where z = (21, ..., zq) € T is such that P(z) = 0, the eigenvalues associated to
the matrices M; and to the common eigenvector X are z;.

There are at most N distinct roots z = (z1, . .., zq) € T¢ of P.

In the case N = 2, if we assume that the matrices are in SU3(C) and that the connection is
singular, then we get two roots 2 = (21, ...,2a), 2 = (21,..., 24) € T? and the matrices M,

are co-diagonalizable and can be written as %J z(_) in the basis (X+, X).
J
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4.2. Study of the roots of the characteristic polynomial in the unit torus

Proof. We give two proofs of the equivalence, the first one is based on the geometry of the
fundamental domain and the other one is based on explicit calculations of the characteristic
polynomial.

1. Let z = (21,...,2,) € T such that P(z) = 0. Then A(z) is non injective. In
particular, there exists f € ker(d(z ))\{0} because d(z) et d*(z) are adjoints. From
Lemma 4.11, a section in the kernel of d( ), so-called horizontal section, satisfies for
all x the following relation depending on the holonomy of whatever loop based in x:

ev, (ker CZ(Z)) = NyeL.(Gh) ker(idp, — hol, ¢, (7)).

In particular, considering the loops y based in (0, . .., 0) on the fundamental domain,
seen as a graph G; on the torus, of holonomy z;M; for j € [1,d], we get

f(0) € ker(id, — z;M;) Vj € [1,d].

All the matrices M; have a common eigenvector X = f(0) associated respectively
to the eigenvalues z; of modulus 1.

M;X =z;X Vjell,...,d.
. For the other proof, let us write explicitly the characteristic polynomial :

P(z1,...,2q) = det(2dIy — Z(Zij + Z_ij_l))

=det(H) = Hmz(z)

where H := (32, 2In — (2;M; + ,z_ij_l)) and (m;(z)) are the eigenvalues of H
which are in R since H is Hermitian and semidefinite. Indeed,

(HX,X) ZQdIN (z;M; + M) X, X)

= Z 2d(X, X) — 2z (M;X, X) — (M ' X, X)
J
= 2d({(X, X) — Re(z;(M; X, X))),
J
where |Re(z;(M; X, X))| < |(2;M; X, X)| < (X, X) since Mj is in Uy (C). This
inequality is an equality if and only if X = 0 or X is a common eigenvector to the
matrices M associated to the eigenvalues z;. Thus, (HX, X) = 0 if and only if
we have X = 0 or the matrices M; have a common eigenvector associated to the
eigenvalues Z;. It proves that P vanishes on T if and only if H is not definite if and
only if the matrices M; have a common eigenvector.

To end the proof, let us recall that the matrices M are unitary. In particular,
M;X =2 X
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4. PERIODIC THERMODYNAMIC LIMITS.

IfY € X\{0}, then, (M;Y, X) = (Y, M}X) = (Y, 2 X) = 0.

If N = 2, then dim X+ = 1, thus M;Y € X+ = Vect(Y). Then Y is a common
eigenvector to the matrices M;. Finally, if the matrices M; have determinant 1, Y is

an eigenvector associated to the z; and the matrices M, ..., My can be written in the
. zi 0O

bams(Y,X)of(CQas(] ) O
0 Z]'

Larger fundamental domain and other lattices. Let G be a Z%-periodic graph with
a fundamental domain G, endowed with a periodic connection / defined by its values
on (1.

Let x € GG1. Let Cx(GH) be the set of closed cycles of G4 rooted at z.

Theorem 4.13. The following properties are equivalent:

e There exists X € CN a common eigenvector to all holonomies holy, () for 5 € C,(G1)
associated with eigenvalue 1 for contractible cycles.

e There exists z = (z1,...,2,) € T such that P(z) = 0.

In the case where z = (z1,...,2,) € T% is such that P(z) = 0, there exists a common
eigenvector X to the holonomies holy,(7;(x)) associated with the eigenvalues z1, . . ., Zy. In
particular, there are at most N distinct roots z = (21, ...,2,) € T? of P.

Proof. Assume that the characteristic polynomial P vanishes on T and let z € T% be a root
of the characteristic polynomial. Then, there exists a horizontal section f € ker(d(z))\{0}
because d(z) et d*(z) are adjoints. From Lemma 4.11, it implies the existence of X € C
such that

X € ﬂveLI(G) ker(idpw — hOIh(zL...,zd),GN’l (’y))

This vector X is a common eigenvector to all holonomies holy, () for 4 € C,(G1) associated
with eigenvalue 1 for contractible cycles and eigenvalue Eil . Zzld for a cycle of homotopy
class (i1, ...,14q). If there exists such an eigenvector X, the 0-form defined by f(z) = X
and for every v, if 7 is a path from z to y, f(y) = holy(v)X, isin ker(dy) N E., . .,, that
is ker(dp(z1, - - ., zq4)), thus, the characteristic polynomial P vanishes at (z1,...,24). O

For some lattices such as the triangular lattice, this result gives explicit equivalent
conditions to the existence of roots of the characteristic polynomial in the unit torus in
terms of common eigenvectors of the matrices which define the connection.

Corollary 4.14. For a triangular lattice with a fundamental domain of size 1, endowed with
a periodic connection defined by unitary matrices My, My, M3, the following properties are
equivalent:

e There exists 2 = (z,w) € T? such that P(z,w) = 0.

e There exists X € C a common eigenvector to the matrices My, My, M3, associated
respectively to eigenvalues z, w, Zw, such that

M M3 X = MyX.
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4.2. Study of the roots of the characteristic polynomial in the unit torus

M, M,

Figure 4.2 — Triangular planar lattice endowed with a periodic connection h.

Proof. There exists (z,w) € T? such that P(2, w) = 0if and only if there exists a horizontal
section f € ker(d(z))\{0} because d(z) et d*(z) are adjoints. From Lemma 4.11, it is
equivalent to the existence of X € C" such that

X € m’yGLU(G) ker(idpv — hOIh(z,w),G‘l (’y))

From Lemma 4.5, for any z = (z,w) € T2, the connection A (2, w) on the graph G on the
torus is as follows:

Figure 4.3 - The fundamental domain on the torus G'; endowed with the connection A (z, w).

Therefore, for any z = (z,w) € T?, we have P(z,w) = 0 if and only if there exists X
in Nyer, (G) ker(Iy —holy, ) & (7)) that is X such that

M1 X = zwMe X = wM3X = X,

which concludes the proof. O

Those results imply in particular that the characteristic polynomial has at most N
distinct roots in the unit torus. The finite number of roots is a key tool to show the
convergence of the kernels sequence.

4.2.2 Thermodynamic limit of the model

In this subsection, we study the convergence of the kernel K h,n When n — oo.

Lemma 4.15. Whenn — oo, we have for everye,e¢’ € E and every1 < i,j < N,

i _ ., dz dz
Kh)f’j][/](zl,...,zd)zfl Y1 25 yd,i... ; d .
ehle 2imzy 2imzg

(Kpp)i, — /

lz1]=1,...,|z4]=1
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Proof. Let us write explicitly the n-roots of unity as & = exp(ml”) for 1 <1 < n. Then

1
(K)ol = v > TTC&R)™¥x( Kh) LSSIRRRRS))
gln_17 ,§d =1k
1 2ilg T 24l 2ilgm
:W Z He n mk yk Kh)[e][e’]( no,...,€ n

1<l,. la<n k

The map (21,...,2q4) — (Kp)(21,...,2q) remains bounded on the unit torus since it is
the matrix of an orthogonal projection and has at most a finite number of discontinuity
points given by the roots in the unit torus of the characteristic polynomial. Therefore, the
Riemannian sum converges towards the following limit

(f(hn)i:]e/ — /| H Zl’k un ( [e} ” ](2’1, ceey Zd)

21‘ 1, ,\zd| 1 k

dz1  dzg

2wz 2imzg

which is the desired limit. O

Let us define the operator K on Q'(Z?) by

(00,0 = |

|z1]=1,...,]zq|=1

% T1—Y1 STd—Yd dz dzg

Kn) e (315 -5 2a) % Sine " Dineg

Lemma 4.15 and topological considerations of the subsection 3.2.1 imply the following
statement about the sequence of measures (j%) as defined in section 3.3. Notice that this
result is proved in [Ken11] for non-unitary complex periodic connections of rank 1.

Theorem 4.16. The sequence of measures (ji%) converges weakly towards a determinantal
measure ji* on the Grassmannian of the vector bundle of rank N over G which is associated
to the operator K. This measure defines a quantum spanning forest on G whose kernel has
the following integral expression :

/I = I_y % /
Ke,e /zGTdZ (Kh)[e],[e}(z>

Recall that this theorem relies on the following property : If A C F is a finite subset
and R = ®.cp R, with R, a subspace of F, for every e € A, then for m large enough,

dz
2imz’

(4.4)

P (R) = det((Km) (be))ee,62)icaim r,) = 260 1) )ee (b )s<am m, )-

where for every e € A, the family (b¢);<qim g, is a basis of R, and p., is the density of the
incidence measure R — u2 (R C Q), as defined in Subsection 2.3.2.

In particular, in the case where the free and the wired measures coincide in infinite
volume, we deduce from Corollary 3.14 that the free and the wired measure coincide
with 1’ which means that those measures are determinantal of kernel K defined by the
integral expression (4.4).

Recall from Equation (3.2) that the free and the wired measures coincide in infinite
volume if and only if d;,(H) = {0} where H = {f € Q% : A, f =0and ds f € Q(F)} is
the space of harmonic 0-forms. We will see later (Lemma 6.18) that under Assumption 6.17
on the connection h, this equality is satisfied but it does not seem to be a necessary condition
to get the equality between the free and the wired measure. Indeed, this assumption is not
satisfied by the trivial connection, for which the free and the wired measures on uniform
spanning forests are equal (see [LP16]).
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4.2.3 Free-energy of the model

By analogy with other statistical physics models, we define the free energy of the infinite
volume measure obtained as the limit of a sequence of measures (i, on an exhaustion of
the infinite graph by growing finite subgraphs as the following quantity:

.1
F=— lim 5 log(|Fy),
where F), is the partition function of the measure .

Theorem 4.17. The free energy of the limit measure u” is given by the following integral
expression :

P=—[ log(Pi).
z€Td
that is the Mahler measure of the polynomial Py, as studied in [BZ20, GM21, BGMP22].

For a fundamental domain of size 1, the free energy is given by

d
F = —/ log <|det <2dIN — Z(ZZM’L + (zzMz)_1)> |> .
(21,-+-,2q) €T

=1

Proof. From [KL23], as recalled in (section 2.3, Theorem 2.19), the partition function of the
model is the reduced determinant det O(Ah,n) of the Laplacian operator associated to i on
the graph G,. From the diagonal decomposition of the Laplacian operator restricted to the
orthogonal of the kernel of the covariant derivative (Equation (4.3)), this determinant is
given by det o(Ay, ) = [lep=i,. en= det oAh(

Z1yes2 )'

By definition of the free energy, we have

.1 X
F = —nan;O m log(| det o(Apn)])
= — nh~>nolo nd 10g (Zn—ll:[ - ‘ detOAh(zl,...,Zd)|)
P=1,..,20=
= — lim — Z log(| det 0z, ....2)])

n=1

1
= _nh—{goﬁ Z log (’detoA ( 22117r, .’62i17§17r>‘) .

1<l 0lg<n

The function z — det OAh(zL-.-,zd) does not vanish on T¢ = {|z1| = 1,...,|z| = 1}

and has at most a finite number of discontinuity points, corresponding to the roots of the

characteristic polynomial on the unit torus. On a neighborhood of each discontinuity point,

the map (z1,...,2q) € T? — det OAh(zl,u~,Zd) coincides with Pj,(z1, ..., z4) since it does

not vanish, and thus is a polynomial function. Therefore, the function obtained by applying
e n ,..e n

the logarithm, that is to say (21, ..., zq4) — log (\det oA ( 2ily 7 2ild7r> | | is integrable.
L[ 2 2ilgn

In particular, we obtain the convergence of the Riemannian sum towards

le dzd

- log(| det oA Bt .
/|21—1, s|zal=1 og(ldeto h(zl7“"zd)’)2i71’21 2imzg
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4. PERIODIC THERMODYNAMIC LIMITS.

For almost every (z1, ..., z4) € T¢, the characteristic polynomial does not vanish, then
the quantity det oA h(z1,...,2q) Coincides with Py(z1,...,2q). Therefore, we can replace the
first quantity by the second one in the integral, which concludes the proof of the first
statement. From Equation (4.2), for a fundamental domain of size 1, the characteristic
polynomial is given by

d
Pp(z1,...,2q) = det (2dIN - Z(zle + (ZzMz)_1)> )

=1

which concludes the proof of the second statement. d

In the following, we will consider the determinantal measure in infinite volume whose
kernel is given by the integral expression and study the asymptotic behavior under this
measure, that is the edge-to-edge correlations decay.

4.3 Edge-to-edge correlations decay

In this section, we still denote by G an infinite Z?-periodic graph endowed with a connec-
tion h which is Z?-periodic. We assume that the free and the wired measure on QSF of G
coincide and we denote by p this measure which is determinantal of kernel K defined by
the integral expression :

dz
;] = m_y !
K. /ZETd 2"Y(Kp)e)e(2) ims
where we recall that
A —1 7% 1 *
(Kn)(2) = d(2)Bn(2) 7 i (2) = 55 dn(2)tcom(ay o) () (45)

where the polynomial P, is the characteristic polynomial associated to the connection h.

We will show in this section that there are different phases in the model depending
on the edge-to-edge correlations’ decay and that those phases depend on the existence of
zeros of the characteristic polynomial in the unit torus.

Edge-to-edge correlations do not depend on the bases

Definition 4.18. We call edge-to-edge correlations the quantities C'ov(ne, ner )¢ r Where
we recall that for every e € FE, the random variable n. is the dimension of the random
subspace @), of the fiber Fv.

If we fix a basis (bf)1<;<n of F, for every e € E, the law of the couple (n¢, n.) is the
law of (37; 1b,eq.» >2i 1nieq,, )-

By bi-linearity of the covariance, we have

Cov(ne,ner) = CO’U(Z 1b,eQe Z 1bj€Qe’)) = Z Cov(1p,cq., 11,].6(96,).
7 J

,J
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4.3. Edge-to-edge correlations decay

By definition of the kernel of the process, we have the following formula for the covariances

COU(lbiEQev 11)]'6@6/) = ]P)(bz S Qev b] € Qe’) - ]P(bl S Qe)]P)(bj € Qe’)

d bei}f Kbel be K K
ox det I — Kpe pe Ko e
K K, b e b

bg,b;’ ¢ ,b;’
X _Kbe,’,bﬁKbabe,’
J i 75
o —K%' K7
Recall that when we change the bases of fibers, we replace K by PK P~! where P is a

block-diagonal unitary matrix. Therefore, the decay of edge-to-edge correlations does not
depend on the choice of the bases of fibers.

We will see in the following that the edge-to-edge correlations’ decay depends on the
existence of roots of the characteristic polynomial in the unit torus, which depends on the
values of the unitary connection.

4.3.1 Regular and singular connections

In the following, we will consider the following definition of a regular connection.
Definition 4.19 (Regular connection). If Vz € T?, P(z) # 0, we say that the connection
is regular. Otherwise, we say that the connection is singular.

Recall that in [KL23], the following definition of a regular connection is given.
Definition 4.20. [KL23] A connection is said to be singular if ker(dj) # {0}. Otherwise,
we say that the connection is regular.

We will prove in the following that both definitions are equivalent.

Proposition 4.21. For a square lattice with a fundamental domain of size 1, both definitions
of a regular connection are equivalent.

Proof. Assume that ker(dj,) # {0}. Consider f € ker(d),)\{0} and denote
F = vect(f(v),v € Z9).
We have F # {0} and if v € Z%, Vj € [1,d], f(v +t;) = M;f(v). Then, Vi, j € [1,d],
fo+tj+t;) = M;M;f(v) = M;M,f(v).

Therefore, for every x € F,Vi,j € [1,d], M;M;x = M;M;x. Then, F' is invariant un-
der M, since M, f(v) = f(v+t;). F is an invariant nonzero subspace on which My, ..., My
commute, then they are co-diagonalizable on this subspace and have a common eigenvector.

Assume that there exists z € T? such that P(z) = 0, thus there exists X a com-
mon eigenvector for the eigenvalues z1,...,z4. Define f by f(0) = X and for ev-
ery (n1,...,nq) € Z% define f(n1,...,nq) = 27" ...z X. Notice that
-1

dpf(e) = 27" .. 200X — Mzt .. 2

ng _ Jni nd ni ng —
J 20X =2 ...de—zl ...de—O.

Thus f € ker(dp,). O
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4. PERIODIC THERMODYNAMIC LIMITS.

Slight modifications of the proof of Proposition 4.21 imply the following theorem in
the case of larger fundamental domain and other lattices.

Let G be a Z%-periodic graph with a fundamental domain G'{, endowed with a periodic
connection h defined by its values on G1. Let x € (G1. Let V,, be the set of vertices translated
from x. Note that when the fundamental domain is of size 1, V. is G. Let x + ¢1,...,z + 14
be the set of vertices of G’ obtained by translating « by the action of Z¢.

Let C.(G1) be the set of closed cycles of G} rooted at z. Let (y1(x), ..., v4(z)) be a
family of shortest paths in G, where for every i, 7;(z) joins z to = + ¢; and if 4;(z) is the
image of ~y;(z) in C;(G1), the homotopy class of 4;(x) is exactly 1 in direction 1.

Note that the family (91 (), ...,44(x)) forms a basis of the first homology group of
the torus of dimension d. More generally, if ¥ € C,(G1) is a cycle of non trivial homotopy
class, and if 7y is a path in G lifting 7, let x + ¢, € V,, be the translated vertex from = which
is the end of the path .

Theorem 4.22. The following properties are equivalent:

e The connection h is singular in the sense that ker dj, # {0}.

e There exists z = (21, ..., 2,) € T such that P(z) = 0.

Proof. Assume that the connection is singular in the sense that ker d;, # {0} and let f be
a non-zero horizontal section on G. Let z € G1. Let F'(z) = Vect({f(v),v € V;}). For
every i € C;(Gh), for every v € Vi, holp () f(v) = f(v +t,) € F(z). Therefore, the

space F'(x) is invariant under every 5 € C,(G1). Furthermore, if 51,42 € C,(G1), then
ifveV(x),

hOZh(:Yl)hOZhG/Q)f(U) = f(v + t'Yl + tm) = f(v + t’y2 + t%) = hOZh(:}’?)hOZh(ﬁ/l)f(v)'

Then, there exists X € F(z) a common eigenvector to every holy,(7) for ¥ € C,(G1). In
particular, the vector X € CV is a common eigenvector to holy(71(z)), . . ., holp (Fa(z))
associated with unitary complex eigenvalues z1, . . ., z4. If 5 € C.(G1) is a contractible
cycle on the torus, then for every v € V,, holy(5)f(v) = f(v) since f € kerdj,. Then,
holy (%) is the identity on F'(z) and hol, (7)X = X.

Then, for such an eigenvector X, the 0-form defined by f(x) = X and for every y, if v
isapathfromz toy, f(y) = holy(v)X,isinker(d,) NE;, .. ., thatisker(d(Zz1, ..., 2q))
and thus, the characteristic polynomial P vanishes at (z1, ..., Z4).

Assume now that the characteristic polynomial P vanishes on T? and let z € T? be
a root of the characteristic polynomial and f € ker dj,(z) be a horizontal section for the
connection h(z) on G.

Defining f on G as in the proof of Proposition 4.21 by (z1, . .., z4)-periodicity, that is
for every y € Gy and (ny,...,ng) € Z%,

fly+ (.. oma)) = 202" f (),
to obtain a horizontal section of GG for the connection / concludes the proof. O]
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4.3. Edge-to-edge correlations decay

4.3.2 Exponential decay of correlations for a regular connection

In this section, we assume that the connection is regular, that this to say that z — P(z)
does not vanish on T%. Let us recall from Equation (4.5) that for two edges e, ¢/ € G, we

have
1 dz

Koo = [ 27 5 @i (D) (46)

2inz’
Theorem 4.23. If we choose to isolate a variable w and write Z = (z1,...,W,...,2q) €
Ty_1, then we have c > 0,3 < 1 such that for ally € 7 and & € 797,

1

5 dz
= Yz &
Cy: /zer wYZ Pl2) 2imz = < cexp(—plyl)-

Proof. Since z + P(z) is continuous on the compact set T; and with strictly positive
values, we know that P(z) > m with m > 0. By Fubini Lebesgue we can integrate the
integrand in whatever order. Then we have

- 1 dz
Cy= [ _us z
Y ge’Edw “ P(z) 2irz

. 1 d dz 5 dz
=/ zo (/ wY —— _w ) ,Z~ ::/~ ZO‘I(Z)%Z”
seTd-1 weT  P(Z,w) 2imw ) 2inZ z€Td~1 2imZ

1 dw ) 1 do
I1(Z) = L T
2 </we?r v P(zZ,w) 2i7rw) (/96[0’%] € P(z, i) 277)

Let 2 € T9"!. P(Z,.) is a polynomial with one variable which does not vanish on T
and which takes a finite number of roots. Then, there exists 7(2) < 1 such that P(Z,.)
does not have any root in

where

1
r(2)

Since 7 € T971 = (A(2),...,A\n(2)) where (A1(2),..., (%)) is the set of roots
of P(Z,.) is continuous, the application Z — r(Z) is continuous on a compact set, thus
there exists 0 < 7 < 1 such that 7(2) < r for all Zand P(Z,.) does not have any root in A,
for all Z.

}.

Ay = {w e Cr(z) < Ju] <

For all Z, the application w — wy%ﬁ
fraction whose denominator does not vanish on A,.

is holomorphic on A, as a rational

Up to replacing r by r < r/ < 1, we also know that w +— w? ol 21 = is holomorphic

;W) 2z7rw
on a neighborhood of the compact domain A, and by Cauchy’s theorem,

I(Z)—/ WY 1 dw _/ W 1 dw _/ WY 1 dw
=t P(Ew) 2imw Jjw=r P(Zw) 2imw  Jjw=t - P(Z,w) 2imw’

Then

|1(2)| < min <

/ y 1 dw / y 1 dw
w———— w—————
wi=r  P(Z,w) 2imw|’ |Jlwi=L ~ P(Z,w) 2imw
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4. PERIODIC THERMODYNAMIC LIMITS.

Therefore
1 1 1
|1(Z)] < min | r¥— = i = )
D | = ‘P(Za U})| rY MmN\ =1/r ‘P(Za U})|
and
1(2)] < e(2)r,
where ¢(2) = where the minimum is strictly positive because P(Z, .)

min|w\:r,|w\:l/r |P(§7w)|
is continuous with strictly positive values on the compact set {|w| = r,|w| = 1/r}.
Moreover, Z — ¢(Z) is continuous on a compact set, thus it reaches its bounds, thus there
exists ¢ > 0 such that

11(2)] < erlvl,

Finally, we obtain

dz

< |y\: _
S < el = cexp(=n(1/r)yl),

Gl < [, )
zeTd-1
which concludes the proof. O

This theorem implies the following result on the rate of decay of edge-to-edge correla-
tions for a regular connection.

Corollary 4.24. If the function z — P(z) does not vanish on T¢, then, for every couple of
edges (e, ') € E(Z%)?, the edge-to-edge correlation Cov(n.,n.) decreases at exponential
rate with the distance |e — €/| — oc.

Proof. From Equation (4.6), there exists a polynomial @) such that

. (Q(2))e),le

Kig (21, 2d) = 2O
Then, Theorem 4.23 implies that the quantity | K. /| decreases at an exponential rate when
the distance |e — €| — co. From the beginning of Section 4.3, it implies the exponential
decay of Cov(ne, ner). O

Let us emphasize that Corollary 4.24 holds for periodic connections on fundamental
domains of any size or for other lattices such as the triangular lattice.

Note that in each direction, the exponential rate of decay is larger than the logarithm
of the inverse of the largest radius such that the characteristic polynomial does not vanish
in the annulus centered around the unit circle. In particular, the further the roots of P are
from the unit torus, the faster the edge-to-edge correlations decrease.

In the following, we will prove that when the connection is singular, then the model
is in some way equivalent to a superposition of spanning trees and a model for which
the connection is regular. When this is the case, the rate of decay of the edge-to-edge
correlations in some directions is not faster than polynomial with the distance.
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4.3. Edge-to-edge correlations decay

4.3.3 Singular and reducible connections

Recall the definition 2.17 of a reducible connection as defined in [KL20c] and [KL23].

Definition 4.25 (Reducible connections). [KL23] We say that the connection is reducible
if there exists sub-bundles F(1), F(?) of F = (F¢)eocze and connections (W, A2 on these
sub-bundles such that F' = F() @ F?) b = h(1) @ h(2)_ Then the splitting Q' (Z?) = @ F,
can be refined in

oz =FY ¢ F?,

Periodic unitary connection of rank 1 on Z?. Notice that if / is a unitary periodic
complex connection of rank 1 on a vector-bundle L(?) of rank 1 over the square lattice Z,
then h is given by some unitary complex numbers (u1, . ..,uq) € CY, in the sense that for
every j € [1,d],

h(z,x +t;) = u;

where (t;) is the set of translation-vectors, that is here the canonical basis of R?.

Let us recall that the case of rank 1 with a trivial connection kg = id gives a measure fi;4
which is the uniform spanning forests measure as studied in [Pem91, BP93, BLPS01, LP16].

In [Ken19] and [Sun16], the model of determinantal cycle-rooted spanning forests
associated with a connection is studied for non unitary complex periodic connections on
planar periodic graphs. It is established in particular that for a periodic unitary complex
connection h, the measure i, coincides with ;4 and the model has the same law as the
uniform spanning forest. Temperley’s bijection (see [KPW00]) between spanning forests
and dimers and the quadratic decay for the dimer model (see [KSO03]) imply that edge-to-
edge correlations have quadratic decay.

The equality between pj;, and p;q for a periodic unitary complex connection h as
above relies on the fact that the connection £ is gauge equivalent to the trivial connection.
This equality can be established with a change of variable in the integral expression of
the kernel of the model and therefore we obtain the following extension of the result
of [Ken19] and [Sun16] for non planar graphs. Furthermore, we justify that the edge-to-
edge correlations decrease polynomially in that case.

Theorem 4.26. (see [Ken19, Suni6] for planar graphs) If h is a unitary periodic connection
of rank 1 as above, the measure (i}, coincides with pi;q and the model has the same law as the
uniform spanning forest. Edge-to-edge correlations have polynomial decay of order @.

In particular, from [Pem91], under this measure, almost surely, there are only infinite
connected components.

Proof. From Equation (4.4) and Equation (4.1), note that the kernel K" of the model in this
case is not the same as the kernel K’ of the uniform spanning forest but is the conjugate
of the kernel of the uniform spanning tree model by a diagonal unitary matrix as follows.
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4. PERIODIC THERMODYNAMIC LIMITS.

For every e, ¢’ edges of Z¢,

7 - _y, dz1 dzq
Kél’e/ = / K[}éL[e/}(Zl, ceey Zd)Zfl yl...Zcmld yd7. e T
|Z1|:177‘Zd|:1 2277‘21 QZﬂzd
_ r-id T1—Y1 Tq—yd le dZd
—/ K[Ze] [e/](21U17~--72dud)21 2y —
[z1]=1,...,]24|=1 ’ 2imz1  2imzyg

= (ui'.uf) T K ut ol = (UKU™),

where U = diag(u(e))ecp(z) is a diagonal unitary matrix, whose entries are

u(le] + (z1,...,2q)) = Hu;x‘

Then the generating polynomial of the measure py, is given by

Gup (215 ooy 2n) = det(I + (diag(21, ..., 2n) — I)th.--,en)

= det(I + (diag(z1, ..., zn) — DUKU), . e.)
= det(U(I + (diag(z1, ..., za) — DK DU e, e
= det(I + (diag(z1, ..., 2n) — I)K"d)ehm’e

= Guiy (215 - Zn).

n

Then the generating polynomial of the measure py, is the same as the generating polynomial
of the uniform spanning forest and p, coincides with ;4.

It is well known that in the case of the uniform spanning forest, the kernel is the transfer
current matrix and that the transfer current T'(e, €’) is related to the Green’s function as
follows:

T(e,e')=Gle e )—G(eT, ) = Gle , )+ G(et, ™).

From [LL10, Uch98, MS22], for a symmetric random walk on 7% there exists a constant a
depending on d such that as ||z — y|| goes to infinity in Z<,

a 1
G@,y) =775 +0 () (4.7)
22— yll9- [ =yl
Writing e = (z,z + ¢;),€ = (y,y + ¢;), when the quantity |e — €’| goes to infinity,
T(e,e') = G(z,y) = Glz,y +¢;) — Gz + €5, y) + Gz + €5,y +¢)
B a a a N a
lz—yll9= e —y—e|"? llzte—yl™?  llz+e—y—ef*?

1
+0 ()
o =y

Then, if z —y = (21,..., 24),

lz —yl* =3 2}

|z + e =yl = Spi 22+ (i + D2 = |l — y|® + 1+ 22

lo =y = ej? = Spps 22 + (5 = 1)° = [l =yl +1 - 22

o+ e =y = e5l1% = Tiepag 2 + (20 + 12 + (2 — 12 = o = ylI? + 22 — 225 + 2.
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4.3. Edge-to-edge correlations decay

Therefore, we have

_ ] (d—2)/2
o+ e =yl = (lle =yl (1 4+ £25))

Iz — 3y — e;]|7% = <||:1: —yl? ( + ||i 2;(2))@—2)/2

d— 2-22:422; (d—2)/2
o+ ei —y — €542 = (o — yll? (1+ F22E52)) 7,

which implies when x — y = (21, ..., z4) that

T(e,é

)

_da=2 _d=2 _d—2
2z;+1 : 1-2z, 2 2-2z;42z; 2
C‘(l‘(l*Zzi) (1e5%) 7+ (g )
< : >
[ =yl

e

(ad (1422 +1— 22j—2+22j—22’i)> 1

_ 0(
=

|z — y||
1
o)
|z -yl

Thus, coefficients of the transfer current matrix 7'(e, ¢’) have polynomial decay of

lz =yl 2

+0

|z — yl|?

order O (I \d> The polynomial decay cannot be uniformly faster than = ‘d Indeed, if

we consider 8 > 1, and x, z, o, y such that |zq — yo| ~ n and |z — zg| ~ |y — yo| ~ n”,
we have when (zg, ..., x) and (yo, . . ., y) are shortest paths from z( to = and from y to vy,

Gy — Gaoyo = Z Z T(wiwi1, y]yj+1)

If coefficients of the transfer current matrix 7'(e, ') have polynomial decay of order «
then
Gy = Gl < n~(20),

But we also know from Equation (4.7), that |G, — Guo 40| ~ 77472, Then we must

have o —23 < d—2. Therefore, « < d—2+2f < d. To conclude the proof, the polynomial
decay of correlations of order W relies on the expression of correlations in terms of
coeflicients of the transfer current matrix recalled at the beginning of Section 4.3. O

Let us mention that [KW14, Theorem 1] establishes that for d > 3, on a simply
connected finite domain D C Z<, approximated in a “good” way by embedded connected
weighted graphs, the transfer current matrix converges, up to a local weight factor, to the
differential of Green’s function on D. It implies that correlations of the spanning tree model
have polynomial decay of order Téd

Singular connections are reducible. Assume in the following that the graph is the
square lattice G = Z¢ for some fixed d > 2 with a fundamental domain of size 1 is
endowed with a connection which is given by some unitary matrices M, ..., My € Uy (C)
with N > 1.
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Theorem 4.27. If a connection is given by M, ..., My € Un(C) with N > 1 is singular,
then it is reducible. The pair (F, h) is isomorphic to

(@B1<icpLP @ By_p ,  ©1<icph® @ hy_yp),

where p is at least the number of distinct roots of the characteristic polynomial in the unit
torus, hy_, is a regular connection and for every 1 < i < p, L is a vector-bundle of rank 1
spanned by the i'" common eigenvector and h\") is a periodic connection of rank 1 given
by (uf,...,ul) € C4, the-it" eigenvalues of the matrices M, . . ., My.

Proof. From Theorem 4.12, for every root z = (z1,..., 24) of the characteristic polyno-
mial P, there exists a unit vector X which is a common eigenvector to the matrices Mj.

We construct an orthogonal family X1, ..., X, of common eigenvectors of matrices (//;)
by recursion over N, such that the matrices (1) restricted to Vect(X1, ..., X,)" do not
have any common eigenvector.

If X is a common eigenvector of matrices (1/;) obtained for the root z, we can consider
an orthonormal basis (ez, . . ., ey) of Xi- and this subspace is invariant under the action of
matrices (M;). Then, considering the model with basis (X1, ea, ..., exn) does not change
the characteristic polynomial P since it only conjugates the Laplacian operator. Then, P is
the product of the determinant Py_; of the Laplacian on the sub-bundle of rank N — 1
and basis (eg, ..., en) and the determinant P; of the Laplacian on the sub-bundle of rank 1
and basis (X). Both determinants Py_; and P; are Laurent polynomials with d variables
and by construction the only root of P; in the unit torus is z. In particular, if |r(P)| is the
number of distinct roots of P in the unit torus and |r(Py_1)| is the number of distinct
roots of Py_1 in the unit torus, we get

Ir(Py-1)| > |r(P)| — 1.

By assumption of recursion on Py_1, there exists an orthogonal family X, ..., X,
of Xi- which is a family of eigenvectors of the (Mj)le_, withp—1 > |r(Pn—1)|, such that

the matrices (Mj)le_ restricted to Vect(Xa, ..., Xp)" do not have any common eigenvec-

tor. Therefore, we obtain an orthogonal family (X1, ..., X)) of common eigenvectors of
matrices (M), with p > |r(Pn_1)| + 1 > |r(P)|, such that the matrices (};) restricted
to Vect(X1,...,X,)" do not have any common eigenvector.

Then, if we complete the family X1, ..., X, into a basis of CN over fibers, the pair (F, h)
is isomorphic to (®1<i<, LW & By_p , @1<i<ph) ® hy_,) where h is the connec-
tion given by matrices (M;) restricted to Vect(Xi,. .., X,)* whose characteristic poly-
nomial does not vanish on T%. Therefore, h N—p is a regular connection. O

Polynomial decay of correlations for singular connections. The following corollary
is a consequence of Theorem 4.27 and of Theorem 4.26 which is used as a tool to compute
the decay of edge-to-edge correlations for a reducible connection.

Corollary 4.28. If a connection is given by My, ..., My € Uy(C) with N > 1 is singular,
then for some sequences edges (er) i, (€}, )r such that ey, — e}.| — ko0 00, We have

Cov(ne,,ne ) =0

at polynomial rate of order W for (ex)k, (e),)r well-chosen.
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4.3. Edge-to-edge correlations decay

Proof. Assume that the connection is singular. Thus, from Theorem 4.27, the connection
is reducible and there exists an orthogonal family (X1, ..., X)) of C"V of eigenvectors
of the matrices M;. Then, if we complete this family in an orthonormal basis of ch,
for this_choice of basis for each fiber of the bundle, the kernel of the process is the ma-
trix (Ké:]e’)e,e’eE,i,je[l,N] where the sub-matrix obtained for every i, j € [1, p| is a block-
diagonal matrix, all of whose blocks (K éii/)e,e’e g are the kernels associated to the rank 1

vector bundle L) and the connection h(?) of rank 1 given by (u}, ... ,ub) € C4

From Theorem 4.26, the quantity |Kéle,| decreases at a polynomial rate of order m
when |e — €/| goes to infinity for some edges €, €’. Indeed, when i € [1, p),

_’Kéii’|2 = Cov(lbieQe7 1bi€Q5/) = Cov(leer;, lerer;)

where T; has the same law as a uniform spanning forest, as in [BP93, BLPS01].

Therefore, |Cov(ne, ne)| is a sum of terms with a positive sign, some of which decrease
at a polynomial rate of order m and other terms decrease at an exponential rate.
Therefore,

|Cov(ne,ne)| = S |KEL 12 > KDL = [Cov(leer,, loer)|
i?j

decreases at a polynomial rate of order W for e, ¢/ well chosen. O

Null-correlations for diagonally-translated edges. In this subsection, we are inter-
ested in the correlations between edges which are translated on the diagonal for a specific
class of connections on the square lattice Z<.

Theorem 4.29. Let M € Uy(C). For all (M®', ..., M%) with (c1,...,eq) € {£1}?
which define the kernel K as above, for all couple of edges e,e’ = e + (e1x,...,e47)
with x € Z\{0}, we have

Keer = Ony(0)-

Proof. Assume firstly that My = ... = My =: M € Un(C). Let e, e’ € E edges such
thate’ = e+ (z,...,x) with z € Z\{0}. Then [e], [¢/] are equal in G and can be written
as e, with k € [1, d]. Then,

T d21 dZd

K, /:/ Kigen(z1,...,24)27 .. 25— e —
e,e =1 gl =1 [e],[e]( ) > )1 dQZﬂ'Zl 2imzg

! L dz
N W /ZETd K[e]v[e/] <§)§7Z
Andif o € S; and @ = (20(1)7 e Zg(d)), then since z = (z, ..., x), we have
£_da Vz € T%
z  o(2)

Since M =...=My;=M,
Keyer (2) = Kea(k)aea(k)(o-(g)) Vz € T
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Then, with the change of variable z — o(z2),

1 1 Ldz
Keer = (2im)? /Zeqrd (dl > Keeon (U(Z») 2

ogESy

11 i
- JW /ZGTd (Z Ked(k)vea(k) (Z)) éfz

geSy

Since Zaesd Keg(k) o (k) (1)

= Y (d2)AR) T (1/2) o) ok

€Sy

= > UN =25 M)(Q_2IN — 2 M — (2 M) ™) " Iy — 2550 M)

ogESy

= Z Z (IN—ZZ'M)(IN—Z;lM_l)(ZQIN_ZmM_(ZmM)_l)_l
1<i<d {o€Sy,0(k)=i} m

=(d-1)! Y (In—aM)Iy -2z ' MO 2y — 2 M — (2, M) )7
1<i<d m

= (d=1DIA(2)A(2) ™" = (d— 1)Uy.

we have

e |

. ! i) /Zer (In) 25—= = Oy (0)-

We consider now the model with (M, ..., M,

(2 ’:

oy M) I (21,. .., 2q) € Ty,

(M., M ", My) - My,...,Mi,...,M,
L] (215 vy Ziye vy 2d) = [(6}7[16,] d)(zl, s Ziy e 2d)
Then, with the change of variable z; — Z;,
Ke,e’
(M17~'-aMZ’717"'7Md) = =T x dz]

— €T
= it 1K[eHe,] (215 ey Ziy ey 2d)20 o 2 T2y
zZ1|=L,..,|24|=

K(Mlv---7Mi7---7Md) T T le dZd

xT
le],[e/] (21,5 205 za) 2 i Toinz " 2imzy

|z1]|=1,....]zq|=1

= Oy (0)
which concludes the proof. O

This theorem extends the result [LP16, Theorem 4.8] which holds for the uniform
spanning forest obtained as the limit of uniform spanning trees.

It follows from this theorem that the edge-to-edge correlations do not decrease at a
polynomial rate in all directions.
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4.3. Edge-to-edge correlations decay

Larger fundamental domains and other lattices For larger fundamental domains, the
following result gives a link between the number of roots of the characteristic polynomial
on the unit torus and the dimension of the kernel of the covariant derivative.

Theorem 4.30. Each distinct root of the characteristic polynomial gives an eigenvector which
defines a periodic horizontal 0-form in ker dy,. Then, the dimension of ker(d},) is larger than
the number of distinct roots of the characteristic polynomial P in the unit torus and smaller
than the number of roots of the characteristic polynomial P in the unit torus counted with
multiplicity.

Proof. On the one hand, if (f1, ..., fx) is an orthogonal basis of ker dj,, then the eigenvec-
tors X1, ..., X} to the holonomies holy (31 (z)), . .., holp(J4(z)), obtained from the con-
struction in the proof of Theorem 4.22 are such that for every i, X; € Vect({f;(v),v € V;.}),
and thus X1, ..., X} are orthogonal vectors and the characteristic polynomial has at least k
roots counted with multiplicity.

On the other hand, if P has |r(P)| distinct roots, as in the proof of Theorem 4.27, we
construct by recursion an orthogonal family of common eigenvectors (X7, ..., X)) to the
holonomies of cycles which form a basis of the fundamental group, with p > |r(P)|. Those
eigenvectors are associated with eigenvalues which are given by roots of P.

It gives a family of p orthogonal periodic sections (fi, ..., fp) (in the sense of Defi-
nition 4.2), whose periodicity is given by the associated eigenvalues, which are in ker dj,.
Therefore, ker dj, is of dimension larger than p and then larger than |r(P)|. O

Theorem 4.30 implies the following result, which relies on a statement of [KL23]. We
give the proof for completeness.

Corollary 4.31. If a periodic connection is singular, then it is reducible. The pair (F, h) is
isomorphic to

(B1<i<pL? ® Bn_p,  ®1<icph © hv ),
where p is the dimension of ker dj,, hn_p is a regular connection and for every1 < i < p, L
is a line bundle endowed with a trivial connection h(?).

Proof. Let (fi,..., fp) be an orthogonal basis of ker dj,. For each i € {1,...,p}, define,
for each vertex v and for each edge e,

LY = Cfi(v), LY =Chee-file?)
Finally, let BN =P be the orthogonal in the vector bundle F of the sum ®L("). Therefore,
the pair (F, h) is isomorphic to
(@12ixpLY @ By—p,  @1<icph® © hv—y),

and by construction, the restriction iy, is a regular connection of rank N —p on By _j, and
forevery 1 < i < p, L is a vector-bundle of rank 1 and h(® is the trivial connection. [

Note that from [Uch98], the asymptotic development of the Green function holds more
generally on other Z%periodic lattices (see also [KW14] for a comparison of the transfer
current kernel with the second derivative of the Green function on R%). In particular, when
a connection is singular and thus reducible, the edge-to-edge correlations also decrease at
polynomial rate.
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CHAPTER 5

Wilson algorithm measures on
spanning forests.

In this chapter, we study probability measures on cycle-rooted spanning forests associated
with a weight function on cycles which takes values in [0, 1], as defined in Section 2.2.

Let G = (V, E) be a finite connected graph endowed with a weight function on
cycles p : C_,(G) — [0, 1], which is symmetric under orientation reversal.

If W C V, recall that we say that F' is a wired (or essential) oriented cycle-rooted
spanning forest with respect to W if every connected component of F' is either an oriented
cycle-rooted tree disjoint from W or an unrooted tree which contains a unique vertex
of W, seen as a tree rooted at that vertex. We denote by U_,jy (F') the set of essential
oriented cycle-rooted spanning forests with respect to 1¥. There exists a natural Boltzmann
probability measure on U_, (F'), denoted by ,qu; which is defined for every F' € U_,yy (F))
by
[leer c(e) Hyecﬁ (F) p(7)

z

fien (F) =

where 2}V = Yreu ) ecr c(€) [1yec, (7) P(7) is the partition function.

The weight function p does not necessarily come from a connection h and therefore,
the measure ugf; is not necessarily determinantal. As recalled in subsection 2.2.4, the
measure ,ug; can be sampled by an algorithm of loop-erased random walk where we keep
an oriented cycle y with probability p(7).

« Let 21, ..., 2, be an ordering of the vertex set V of G and let Fg = W.

« At each step i, let (Xflx"))nzo be a random walk on the graph G with conduc-
tances (c(e)) starting from x;. Every time the random walk makes a loop, the
oriented cycle ~ is kept with probability p(y) or erased with probability 1 — p(~y).

« The random walk (XT(in))nZO is stopped when it meets W or reaches the set of
already explored vertices denoted by V' (F;_1) or when a cycle is kept. At the end of
the i step, let F; = F;_1 U L(XT(fi)) where L(Xflxi)) is obtained from (X,(f"))nzo
after removing all the loops except the last one if a loop is kept at the end of the i
step.
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5. WILSON ALGORITHM MEASURES ON SPANNING FORESTS.

« Atthe end, V(F,) = V(G,). Notice that the algorithm always finishes if and only if
there exists at least a loop v in G such that p(y) > 0 or if W # .

"I“Lu\”L‘L’JFI’ .

O 1 g

S S Sl i s e SR E HRERG

Figure 5.1 — Simulation of an ECRSF for p : v — 0.75 and ¢ = 1.

When the size of the graph is large, we observe for positive constant values of p, with
high probability, that the size of the cycles remains small and that the points which are far
away from the boundary are not connected to the boundary.

In the next section, we will introduce a tool, so called p-loop erased random walks,
which will be useful to extend the algorithm described just above for finite graphs to infinite
graphs in order to define an infinite volume measure on cycle-rooted spanning forests of
an infinite graph.

In the remainder of this chapter, we will assume that the conductances are equal to 1 in
order to simplify the notations but it is possible to consider other conductances by replacing
every simple random walk on G by random walks with jump probabilities proportional to
conductances.
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5.1. p-Loop erased random walks and rooting times

5.1 p-Loop erased random walks and rooting times

In the following, we will consider a countably infinite connected graph G = (V, E),
with bounded vertex degree, exhausted by an increasing sequence (G, ),>1 of connected
induced subgraphs of GG, with respective vertex set V,,. We denote by 0G), the subset of V,
of vertices which are connected by an edge to the complement of G, in G. For everyv € V,
we denote by P, the law of a simple random walk on G starting from v.

We assume that G is endowed with a weight function p : C_,(G) — [0,1] on cy-
cles, which is symmetric under orientation reversal, and we assume that the following
assumption is satisfied for the exhaustion (G,,) of the graph G and the weight function p.

Assumption 5.1. There exist « > 0 and 8 > 0, such that for every n € N*, for every
vertex v € OG,, for every random walk (X},) >0 on G, starting from v, there exists a loop ,,
in Gpy1\(Gn U OGpy1) which satisfies p(,) > a and Py (X1, ..., X}y, |) = W) > B.

P GnJrl

Figure 5.2 — Assumption 5.1

5.1.1 Hitting times

In the following we denote by vg a vertex of G7.

Definition 5.2. If C is a subset of the vertex set V', we define for a random walk (X}) the
hitting time of C, that is to say

Te := min{k > 0| X}, € C}.

Notice that in this definition, T- can be equal to 0 if the random walk starts from a vertex
of C.

Definition 5.3. Let (X}) be a simple random walk starting from vy. Let (7},) be the
sequence of random hitting times of G, for the random walk (X},), that is to say

T, = T(')Gn = min{k > O‘Xk < 8Gn}
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5. WILSON ALGORITHM MEASURES ON SPANNING FORESTS.

Lemma 5.4. The hitting-time T}, is finite almost-surely for every n € N*. Furthermore,

lim Py, (T, > k) = Py, (T, = 00) = 0.
k—o0

Proof. Let n € N*. Almost surely, 75, is finite because almost surely if £ > 1, there exists a
time such that the random walk makes k consecutive steps in the same direction. Therefore,
the random walk exits every finite ball in finite time almost surely. Since the events (7, > k)
are decreasing in k (for a fixed n) with respect to inclusion, the monotone convergence
theorem implies

Hm Py (T > k) =Py, | (V{T0 = k} | = Puo(Th = 0),
k—00 k1
which concludes the proof. O

5.1.2 Rooting time

Let (X,,) be a simple random walk on G starting from vy and let (Y},) be a sequence of
independent random variables of uniform law on [0, 1], which are independent of the
random variables X,.

We want to define a p-loop-erased random walk such that, if at time n, the random
walk (X,) closes a loop v, the loop is kept if Y;, < p(7,,) and erased else.

Given (X,,,Y},), we construct a sequence of random walks ((Z¥),,);, as follows. We
define recursively (Z%),>1 for k € N*. Let (Z!) = (X,,) and given (ZF),,, let us consider
the first time ny, such that Z* closes a loop that is to say

ny, = min{j > ny,_y € N*|ZF e {Z§,...,ZF | }}.
Then, let nj, be the time of the beginning of the loop, that is to say
! . . k _ 7k
n, =min{j € N, 77 = Z; }.

Therefore, the loop which is closed at time ny, is the loop v,,, := (Z ’rf/ ey fok) Finally,
k
if Y,,, > p(7¥n, ), then define for every n € N,

k .
Zh+l Zy if nj, <n < nyg,
"o ZF  else.

The random walk (Z%+1),,5¢ is obtained from (Z¥),,>¢ by erasing the loop 7, .

Otherwise, if Y,, < p(7yn,,), for every m > k+ 1and n € N, let

m ZF ifn < ny,
Zy =9
Zy, else.

The random walk (Z7),>0 is obtained from (Z¥),,>q by stopping the random walk at

n
time ng.
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5.1. p-Loop erased random walks and rooting times

Definition 5.5. If (X,,) is a simple random walk on G starting from vg and (Y;,) is a se-
quence of independent random variables of uniform law on [0, 1], which are independent of
the X,,, we say that (ny),>1 is the sequence of random times where the random walk (X,)
closes a loop 7y, . Let T} be called the random rooting time for (X,,,Y},) that is to say the
first time where a loop is kept:

T, = min{ng|Y,, < p(ym,)}-

where min () = +oo. If k is such that 7, = ny, then let (Z,,),<7. = (Z¥),<7. be called
the p-loop-erased random walk obtained from (X,,, Y},).

Let us emphasize that if 7, is finite, then there exists a k such that T}, = nj and then
the p-loop erased random walk (Z,,),<7, is well defined and is obtained from (X}, )n<1;.,
erasing every loop excepted the last one. Here, the loop-erased random walk is indexed
on the same time set than the random walk (X,,). Nevertheless, Z,, does not depend only
on (X k) k<n-

For instance, if there exists exactly two disjoint loops (X, ..., Xn,), (Xpr, .- ., Xpy)
withny > n1 and if Yo, > p(Xps oo Xy ), Yoy < p(Xpygs- .o, X, ), then T, = no and

g _ X, ifn} <n<ny,
" X, ifny <n<ns.

In particular, for n} < n < ny, Z, depends on (Xy)xr<n,-

5.1.3 The rooting time is almost surely finite.

We will show in this subsection that the rooting time 7, is a stopping time and that almost
surely, it is finite.

Definition 5.6. Let (F,,), be the filtration adapted to the process ((X,, Ys))n, that is
defined by
Fn=0(Xo,..., Xn, Y0,...,Yy),

which is the smallest sigma-field which makes the (X;)o<i<n, (Yi)1<i<, measurable.

Lemma 5.7. For every m € N*, the hitting time of 0G,,, denoted by T,,, is a stopping time
with respect to the filtration (F,,)n. The rooting time T, is also a stopping time with respect
to the filtration (F,,). Moreover, for every m € N, if we consider the o-field adapted to the
stopping time I, defined by

Fr, ={A€F:Vk>0,{T, <k}NAe F},

then, the event {T,,, < T} isin Fr,,.

Proof. Let m € N. The events ({T},, > k} = {X1, ..., X; € G1,\OGn, } )i are measurable
with respect to (Fy )y and therefore T, is a stopping time.

The proof for T, relies on the fact that the event {7}, < k} only depends on the random
walk (X, Y, )n<k and therefore, for every k, the event {7, > k} isin Fy, .
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Let k£ € N. Let us define a family of functions (F});<;<k such that

F;(Xo,.... X, Yy,....Y) =1
IIE?SXIC 7,( 0 s ks L0, 5 k)

if and only if the event {7 < k} is satisfied. Let (Z) <k = (Xn)n<k and ig = 0. Then,
we define recursively a sequence ((Z?),<k)1<i<k and a sequence (7;);<y as follows.
Define 7; : (Xo,...,Xg) — min{n,_; < j < k|Z]Z c {Zi,.. '725271}} with the
convention min () = +oo.
Ifﬁi(Xo, ce ,Xk) = 400, define Fi(Xo, e ,Xk, Yb, ce ,Yk) =0and ZiJrl — ZZ
Else, let 72} be the first time j < 7; such that Z}% = }%2 and if Y, < p(7i,), let
E(X07 ey Xy Y0, Yk) = ]‘Yﬁigp("/ﬁi)
Zitl _ i

and otherwise, let for n < k,

7t else.

n

Zitl _ {Zrzu, if i <n <
i+l

Observe that the sequence (n;); is increasing and while i is such that n; < k, we
have 7; = n; and Z* = Z'. For i such that n; > k, ii; = 400 and F;(Xo,...,Y;) = 0.
In particular, maxj<;<j Fj(Xo, ..., X, Y0,...,Y;) = 1 if and only if there exists ¢ such
that n; < k and such that Y,,, < p(y,), which is exactly the event {7}, < k}.

The event {7,,, < T} isin Fr,, becauseifk >0,

which concludes the proof. O

Let us emphasize that T, is a stopping time for the filtration (F,,) even if (Z,) is not
adapted to the filtration (F,,). Indeed, Z,, depends on (X}) for & > n. Lemma 5.7 is a
useful tool to show that the rooting time is almost surely finite for a simple random walk
starting from vy.

Lemma 5.8. Under Assumption 5.1, the rooting time T, for a simple random walk (X,,)
starting fromvg and (Y;,) as defined in Definition 5.5 is finite almost surely and Py, (T, > T,,)
decays exponentially fast to 0 with m. More precisely, there exists § €]0, 1] such that

Py (T < T)) < 6™

Proof. Letm € N* be fixed. The process (( Xy, Y%))r>0 satisfies the strong Markov property.
Therefore, conditional on the event {7;,, < oo} which is almost sure by Lemma 5.4,
for every k > 0, the pair of random variables (X7, 11, Y7, +%) is independent of Fr,,
given (X, Y7,,).

From Assumption 5.1, there exists a loop vx,, which lies inside G 41\ (G UG 11)
with weight larger than « and such that the probability that a random walk (X7, %)k
makes this loop vx;, ~is greater than f3.
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Let us denote by A, ~the event that the random walk (X7, 1)) makes thisloop vx,, ,
and let us denote by By, the event {YTerwXT | < p(vxy,, )} Conditional on X7,,,

the events Ay, and By, are independent and have probabilities Px,. (vx,, ) > 3
and p(7xy, ) > @

The event Ax,. | m{YTm+|"/XT | < p(vxy,, )} for the random walk (X7, &, Y7, +£)k>0
starting from (X7,,, Y7, ) € OGy, has a probability greater than af.

Conditional on (X7,,,, Y7,,), it is independent of Fr, , therefore from Lemma 5.7, it is
independent of the event {T,,, < T, }.

Conditional on T};, < T, if the event Ax,. N {YTmJFWXT | < p(vxy,, )} is satisfied,
then the event {71}, +1 > T} is satisfied. Indeed, we show that on this event, the random
walk keeps a loop before reaching 0G,,,+1 and therefore T}, 11 > 1.

Let i be the largest integer such that n; < Tj,,. Then, by construction of (Z:'1),,
assuming T, > Ty, > n;, (Zi+1) coincides with (X,,) after time n; and therefore after
time T},. For n < T),, Zi*!' € {Xy, ..., X1, } by construction and therefore Z:*! € G,,.

If the event Ax,, N {YTerlWXT | < p(vxy,, )} is satisfied, then, for n between T}, + 1
, we have Z:! € G101\ (G U OGyi1), and therefore, for such a n,

and T, + \’yXTm
Ziv ¢ (Z5H Lz
; L 2.

Since we haven; 1 > T}, by assumption on 4, we have necessarily n; 11 = T +|vx,, |-
Since the event {YTm+|7XT | < p(yxy,, )} is satisfied by assumption and 7, > n;, we

have T, = n;y1 = Tin+|vx,,, |, and since Ax,, issatisfied, for T, +1 < n < T+ |vx4, |
we have X, € Gy 1\(Gyy U Gy 11) and therefore Ty 1 > Ti + Vx4, | = T

Therefore, denoting by 6 :=1—af < 1,

on (Tm+1 <T ‘ Tm < Tr) <1- ]P)(XT"L,YT"L)(AXTm n {YTmH'ymel < a} ‘ T < TT)

=1- P(Xvami)(AXTm N {YTm+\7me| < a})
=1 =Pxy, (Ax, P14 yxy, | S @)

<l-—aBf=0.
This inequality holds for every m € N* and ¢ does not depend on m. Then, writing
Poo(Trn+1 < Tp) = Poy(Ton1 < Ty | Ty < T )Poy (Tr, < T-),
we obtain by induction on m the exponential decay of the following probability:
Py (Trn < Ty) < 0™
Let € > 0. For fixed m large enough, 6™ < ¢.
For k large enough, we have P, (T}, > k) < . Then for k large enough, we have

Puo(Tr 2 k) = Poy({Ty = k} N {Tm = k}) + Py ({T7 2 K} 0 {Ti <k —1})
<Py (Ton > k) + Poy (T, > T) < 2e.
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Therefore we have shown that for every ¢ > 0, for k large enough, P, (T, > k) < 2,
which means that

lim P,, (T, > k) =0.

k—o0

Therefore, from the monotone convergence theorem,

Py, (T, = 00) = Py, ( ﬂ {T, > k}) = lim P, (T, > k) = 0.
k>1 k—o00

This concludes the proof. O

The proof of Lemma 5.8 can be adapted to show that the rooting time is almost surely
finite for a random walk starting from another vertex of G, even if this vertex is not in GG,
as follows.

Lemma 5.9. Let (Xff)) be a random walk starting from x € G and let (Y;,) be the process

defined in Definition 5.5. Under Assumption (5.1), the rooting time T, for (Xr(f)) is finite
almost surely and P, (T, > T),) decays exponentially fast to 0 with n.

Proof. Notice that x is not anymore in GG; and therefore the bound P, (T}, < T}.) < " does
not hold.

Nevertheless, if m,, is such that x € G,,,,, then for n > m,, the proof of Lemma 5.8
shows that for the loop-erased random walk starting from z,

]P)a:(Tn—&—l < TT‘Tn < Tr) < 67

and therefore, for n > my,
P (T, <T,) <" ™M=,

Therefore P, (T,, < T,) tends to 0 exponentially fast with n and an argument similar to
the one given in the proof of Lemma 5.8 gives that 7, is finite almost surely. O

Lemma 5.9 shows that if we start a simple random walk on G from a vertex v, almost
surely T, is finite. It implies that almost surely the sequence ((Z%),,>0)x>0 is constant
eventually and its limit (Z,,),>0 is well defined with (Z,,),>7, constant.

5.1.4 p-loop-erased random walk with a boundary condition

Let us briefly recall our current notations. We still assume that (X, ) is a simple random
walk on G starting from any vertex v, (Y,) is a sequence of independent random variables
of uniform law in [0, 1], which are independent of the X,, and W C V is a deterministic
set of vertices.

We define in this subsection a p-loop-erased random walk obtained from (X,,, Y, ),>0

with a boundary condition W.

Definition 5.10. Let Ty be the hitting time of W, and let 7. be the rooting time of the
process (Xp, Yn)n>0. Let Ty = min(7}, Ty) be called the ending time of (X, Yy)n>0
with boundary condition W.

82



5.1. p-Loop erased random walks and rooting times

Given (X, Yy )n<Ty, » We construct a p-loop erased random walk (Z"),, with bound-
ary conditions W as follows. We define recursively n} and (Z¥W),>¢ for k € N*.
Let (Z2"W)n<ry = (Xn)n<ry and nf/ = 0.

Then, we define recursively a sequence ((Z5"),,<1, )i>1 and a sequence (n;);<j as
follows.

Let n¥V : (Xo,...,Xp) = min{nlY, < j < Tw|Z}" € {Z5",..., Z:"[}} be
the i-th loop-closing time before reaching W, where min () = cc.

Ifn!V(Xo,...,Xg) = 0o, let us define Zi*1W = Z4W,

Else, let n" be the first time j < n)" such that ZhW = ZZ(VV[; and if Ynf‘/ < p(%y),

L

let for every m > i + 1,

Zm,W b
n - ZZ,W 1
w o else,

k3

{ZfL’W ifn <nlV,

and otherwise, for n < Ty, let
Zi+HLW _ {Z;vvy if " <n <nl’,
n pr— 1

iW
Zy else.

Notice that Z:+1W is obtained from Z5"W by erasing the first loop which ends be-
fore Tyy. While ¢ is small enough such that n; < Ty, , we have nI/V =n; and Z'TLW =
Zi+1'

Proposition 5.11. Almost surely, T is finite and ((Z%W)nSTf)izl is constant eventually.

We define the p-loop erased random walk with boundary conditions W as

(Z) Yn<r; = igfilo(zﬁw)nSTf-

o If Ty = Tw, (ZW)nSTf = (Z:lf)nSTw where iy = min{i|n; > Ty }.

n

« IfTy =1T,, (ZW)nSTf = (Zn)n<t, Where (Zy,) denotes the p-loop-erased random

n
walk without any boundary condition.

Proof. Recall from Lemma 5.9 that 7, is finite almost surely. Since Ty < T;., the ending
time T is almost surely finite. Assume that 7, < co. Recall that the sequence (n;) is
strictly increasing.

If Tyww < T, then Ty is finite and there exists ¢ such that n; > Ty and then we
have n)V = oo and Z™W = Z*W for m > i. Let iy = min{i|n; > Tw} be the first
ZirW ;
n

index such that it happens. Then n;,—1 < Ty and ( Yn<Tw = (Zi Jn<yy - Then,
w

form > iy, ny, > Ty and then n); = oo. Then, for every m > iy,
W .
(Z) M n<ry = (2 Yn<ay; = (Zod Yn<r;-

Else, there exists ¢ such that 7,, = n; < Ty. Then, nZW =n;and Y,w < p(v,w)

and for m > 4, (Z"W),cr, = (Z8W)p<r, = (Z))n<r, . Since n; = T, then we
have (Z!)n<t. = (Zn)n<t, and therefore, (Z,Zv)nng = (quv)nng where (Z,,) denotes
the p-loop erased random walk without any boundary condition. O
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Notice that a p-loop-erased random walk with boundary condition W is obtained
from (Xy, Y5)n<min(7,,7y) €rasing every loop except the last one if 7, < Ty . Let us
emphasize that when 7, > Ty, the p-loop erased random walk with boundary condi-
tions (Z) <1, is not equal to the p-loop erased random walk (Z,),<,, stopped at Tiy.

In the next section, we will construct a probability measure on CRSF of an infinite
graph from an algorithm based on the sampling of p loop-erased random walks.

5.2 Measures on CRSF in infinite volume and
thermodynamic limits

In this section, we still consider a countably infinite connected graph G, an exhaus-
tion (Gy,)n>1 and a weight function p € [0, 1] on cycles which satisfies Assumption
5.1.

We will construct in this section a measure defined by a Wilson type algorithm on
infinite graphs associated with an ordering of the vertex set. Then, we will show that for
whatever ordering of the vertex set, the measure in infinite volume is the weak limit of
sequences of measures on cycle-rooted spanning forests of growing finite graphs associated
with the weight function p and free or wired boundary conditions. We will finally conclude
that the measure in infinite volume does not depend on the ordering of the vertex set.

5.2.1 Sampling algorithm for a fixed ordering on an infinite graph

We construct a probability measure on cycle-rooted spanning forests of G which is sampled
by an algorithm of Wilson type with respect to an ordering of the infinite vertex set V.
This measure will depend on the weight function p.

We may also construct such a probability measure on vertex-and-cycle-rooted spanning
forests depending on masses and conductances with slight modifications but we assume
here that m = 0 and ¢ = 1 in order to simplify notations.

Definition 5.12. If B = {ej,...,e,} is a finite subset of size n of E, and if we are
given ey, ..., e, € {0,1}", let us define the corresponding cylinder as

Cey e o= {(wi)ie ) € {0, B wy = €1, ... wp =en}

LetC := 0((Cey,...c, )en,....cn ) be the smallest o-field which makes the cylinders measurable.

Let ¢ be an ordering of the vertex set V' of G, in the sense of a bijection ¢ : N — V.
Let (v;)i>1 be the sequence of vertices of G with ordering ¢, that is (v;); = (¢(7));.

We will construct a measure on CRSF of G by means of a family of p-loop-erased
random walks with boundary conditions which are defined recursively. This family will be
obtained deterministically from a family of independent simple random walks and a family
of independent Bernoulli laws, following results of Section 5.1.

Definition 5.13. Let ((Xr(f))nzl)xeg, ((Yéw))nzl)xeg be independent random variables

such that forall z € G, (Xy(bx))n is a simple random walk on G starting from z and (Yrgﬁ))n
is a sequence of independent random variables with uniform law on [0, 1].
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For a fixed z € V, consider the sequence ((X,(Lx), Yn(m))) o and denote by 7}* the

rooting time of the p-LERW that is to say the first time n such that (Xflx) )n closes a loop v,
such that the inequality p(~,) > v, holds.

Under Assumption 5.1 on p, Lemma 5.9 shows that 7' is almost surely finite and
therefore the first step of the algorithm finishes, whatever the first vertex in the ordering is.

Definition 5.14. For a fixed random data ((Xr(f))nzl)xev, ((erx))nzl)mev as above, we

construct the subgraphs (F;) recursively. Let Fy = (). Let i € N* and assume that F;_; is
constructed. Denote by T%' the ending time of ((XT(LW))”ZL (Yé””)nzl) with boundary
condition V' (F;_1), that is

T = min(T7, Ty e, ),
where v; = (v1,...,v;) refers to all previous vertices with respect to the ordering.

Let F;, = F,_1 U L(v;) be the component obtained at the end of step i, where L(v;)
is the p-LERW with boundary condition V'(F;_;) obtained from (( (o), Yn(vi))) L, un
nz

R
til Tf .

Each step ¢ of the algorithm finishes either if the random walk reaches a connected
component created during a previous step or if the random walk is rooted to a loop. Notice
that T)%' is the time where the i*"-step of the algorithm with ordering ¢ finishes. Recall

that under Assumption 5.1 on p, Proposition 5.11 implies that T]%' is finite almost surely.

Lemma 5.15. For every bijection ¢ : N — V, there exists a measure ji, on (U(G),C)
which is sampled by the previous algorithm with ordering . The measure on finite cylinders
corresponds to finite random configurations which are sampled in a finite time.

(z)

Proof. Sample a sequence ((X,(f))nzl)zev, ((Ya"")n>1)zev like in Definition 5.13.

From Definition 5.14, we obtain a configuration of CRSF on G by F = U;>1F;. The
configuration F is well defined since it is a deterministic function of

((Xﬁbx))TLZI)IEV7 ((ngx))nzﬂxev-

Let j1,, be the law of F associated to a random choice of((Xr(Lx) In>1)zeVs ((erx)

that is to say the push-forward by the algorithm of the measure which gives

(XS nz1)zev, (V)nz1)zev

)n21)$evs

Then, p, is a measure on (U(G),C). Let B be a finite subset of size n of £, with
edgeseq,...,e,andleteq, ... e, € {0,1}™. Let K be the finite set of vertices containing
all the extremities of edges of B and vertices which are preceding those vertices for the
order . Let us consider the previous algorithm for vertices v1, ..., vk for the order-
ing . Almost surely, the algorithm to construct F|x/| ends in finite time. The constructed
graph F| | is a random subgraph of G which is spanning for K and therefore it is spanning
for B. Then ji,(Cx, .. ¢,) is the probability that the random configuration F|p obtained
from the previous construction satisfies

F|B € 0517...7611.

85
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The measure 1, restricted to (27, C) is the law of the random configuration F\, which is
sampled in a finite time. O]

In the following, we will show that the measure in infinite volume constructed from an
enumeration of the vertex set V' does not depend on the choice of the enumeration of the
vertices. The proof of this statement will rely on a comparison between the measure 1, for
an ordering ¢ and a measure on CRSF on a large finite subgraph of G. We will see that,
under some assumptions, the thermodynamic limit of sequences of measures on CRSF of
growing subgraphs coincides with the measure sampled by the previous algorithm and
does not depend on the ordering of the infinite vertex set.

5.2.2 Thermodynamic limits of the Wilson measures

Assume that Assumption 5.1 on the existence of a lower bound a > 0 on the weight of
a family of loops holds. We will show in this section that the measure defined by the
Wilson type algorithm on infinite graphs is the weak limit of sequences of measures on
cycle-rooted spanning forests of growing finite graphs associated to the weight function p
and free or wired boundary conditions.

Let n € N and ¢,, be an ordering of the vertex set V,, of the graph G,,. We consider the
measures - and 1)V as defined in Subsection 3.1.1. Those measures are sampled by the
algorithm introduced in Section 2.2.4 and recalled at the beginning of the chapter, with
respective boundary conditions ) and G,,. According to [KK17], the measures % and )"
do not depend on the ordering of the vertices of G,,\OG,,. Therefore, the measures p/
and )V are also sampled by the algorithm described just above (Definition 5.14) on the
finite graph G,, with the setting Fy = G, at the beginning.

Theorem 5.16. Let ¢ be an ordering of V(G) in the sense of a bijection ¢ : N — V(G).
Let (Gy,) be an increasing exhaustion of G, and let (1%, (1)) be the corresponding sequences
of probability measures on CRSF of G, with free and wired boundary conditions, respectively.
The sequences of probability measures (uL) and (1)) converge weakly to the measure 1.

Proof. We consider an event B € 2F which depends on only finitely many edges, and we
consider K the set of vertices incident to the edges on which B depends. Let K be the
union of K and the set of vertices that precede some vertex in K in the ordering ¢ of the
vertices. Let n be large enough such that K C G,,.

Let us construct a coupling (F, F~nF, F~nW) of random configurations obtained from the
same random data ((Xﬁbx))nzl)xeg, (Yéx))nzme@, such that the law of F is p, the law
of FNTLF is 11X and the law of Fan is 1/ and such that the three configurations coincide
with high probability on B.

We denote by ¢, the ordering ¢ i completed in an ordering on G,.

We follow the algorithm for every vertex of K following the ordering |- If at one

step of the algorithm, the random walk (XTSI)) starting from a vertex « € G, reaches 0G,
the configuration F is obtained following the random walk in the infinite graph Z? until

the step of the algorithm finishes and Ian, . is obtained following the random walk
with boundary conditions. More precisely, F~nW is obtained from the p-loop erased random
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walks with boundary conditions 0G,, and F~nF is obtained following the random walk on
the graph G,, until the end of the step, that is the ending time of the process (Xflx), Yn(r))n.

Once every vertex of K has been explored, we complete the configuration F follow-

ing the ordering ¢ and we complete the configurations F~nF, F~nW on G, following the
ordering (,,, with boundary conditions.

Let us denote by E(K) the set of edges whose extremal vertices are in K. The config-
urations F, FNHF and F~nW obtained from the algorithm are respectively subgraphs of Z¢
and G,. The three configurations are spanning subgraphs of GG, and in particular spanning
subgraphs of (K, E(K)).

F (k) is the restriction to (K, E(K)) of a random configuration following the law zi,,.
Since G, is finite, FNMV;({() is the restriction to (K, E(K)) of a random configuration
following the law 1V and this law does not depend on @,, (see [KK17]).

Since B depends only on edges whose endpoints are in K, we know that
1o (B) = ™" (B)] < P(Fp() # Fun).

Following the previous algorithm, while each step starting from a vertex of K fin-
ishes before the random walk reaches G, both configurations F g k), Fr (k) which are
obtained are equal. Therefore, from the union bound,

P( 7& FnE(K < IP) U {T'Uz < sz} Z IP; Tm < sz)
i€]|K]] i€[|K]]
< Y P(TY L TY) < |K| max P(Ty < T%).
i€ lK]] el

From Lemma 5.9, we obtain when n — oo,

ko (B) — ¥ (B )|<!K|Zr€n§§<”P(Tn <TP) — 0,

which implies the weak convergence of (u/V*F') towards 1. O

5.2.3 Independence on the ordering

Recall that for every n, the measure )" is sampled by an algorithm and does not depend
on the ordering of vertices of G,, chosen in the algorithm. Combined with Theorem 5.16,
this independence implies the following result.

Theorem 5.17. Let ¢ be an ordering of the vertices, as defined as a bijection ¢ : N — V.
Let p be a weight function satisfying Assumption 5.1. Let i, be the measure on the cycle-
rooted spanning forests of G' associated with the algorithm of loop-erased random walk with
weights p(). The measure ji,, does not depend on .

Proof. Let ¢, T be two orderings, with (v;) = (¢(7)), (w;) = (7(¢)) let K1 and K5 be
respectively the sets of vertices that precede some vertex in Ky in the ordering ¢ (resp. 7)
and let n large enough such that K1 U Ky C Gy,. Then, from Theorem 5.16,
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|po(B) — p1r(B)| < |Ki| max P, (T, <T,)+ |K2| max Py, (T, <T,) — 0.
i€[| K1) i€[| K2|]

This shows that both distributions in infinite volume coincide on cylinders and therefore
the measure in infinite volume does not depend on the ordering of the vertices. O

For a weight function p satisfying Assumption 5.1, we will denote by i, the corre-
sponding probability measure on CRSFs of G, which does not depend on the ordering of
the vertices. The measure f, is also the limit of free and wired sequences of measures
on cycle-rooted spanning forests of growing subgraphs and therefore, the limit does not
depend on the boundary conditions.

5.3 Study of the configurations sampled under the Wilson
measure

In this section, we will study the asymptotic behavior of configurations and the rate of decay
of correlations with the distance for the measure p,, which is sampled by an algorithm
of p-loop erased random walks in infinite volume and which will be called the Wilson
measure. We will study this measure under the following assumption.

Assumption 5.18. There existsa > 0,3 > 0, M, M’ > 0,C > 0,d € N, a family of
oriented cycles C C C_,(G) and for every x € G, an increasing sequence (By) of subgraphs
of G, exhausting G and containing x such that :

e Foreveryy € C,a <p(y) < 1.

* For everyv € OB}, there exists a loop v, € C'N (B}, 1\(B, U0B; 1)) such that the
probability for a random walk starting from v of making this loop y, is greater than 3.

e For every x, for everyn € N, M'n < d(x,0BE) < Mn, and |0B%| < Cn.

Assumption 5.18 implies Assumption 5.1 and is satisfied in particular if the graph and
the weight function w on cycles are invariant under translations and if Assumption 5.1
is satisfied for an exhaustion (G,),, such that d(0, 9G,,) ~ Mn when n tends to infinity,
where M > 0.

In this section, we will only study properties of the configurations sampled under the
Wilson measure in infinite volume.

5.3.1 Every connected component is finite for the Wilson measure

Definition 5.19. For every vertex = and every subset A C G, we denote by {x <> A} the
event { ANC, # ()} where C, is the connected component of z in the random configuration
sampled under p. In particular, {x <+ y} means that x and y are in the same connected
component.

We will denote by 777, , the hitting-time of 0 By, for the random walk (Xff)). Recall
that 7% is the hitting-time of G, for the random walk (Xflx)).
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Lemma 5.20. Under Assumption 5.18, there exists 6 > O such that the following inequality
holds for every m, for every x € G

B, ({7 > T2, }) < 6™

Proof. Let x € GG. Under Assumption 5.18, Assumption 5.1 is satisfied for the vertex x, and
therefore, if we denote by 777,  the hitting time of 0 B, for a p-loop erased random walk
starting from z, and 7}" its rooting time, Lemma 5.8 gives the existence of a 0 < § < 1 such
that the following inequality holds for every m,

B ({TF > T2, }) < 0™,

where § = 1 — a5 for parameters «, 5 of 5.18. In particular, § does not depend on x, which
concludes the proof. O

Lemma 5.21. Let 6 > 0 as in Lemma 5.20 and M as in Assumption 5.18. Let x,y be two
vertices of G and denote by d(x,y) the distance between = and y that is to say the length of

the shortest path from x toy. Then, ifn < d(zﬁ’/}y),

pp(z <> y) < 20",

Proof. According to Theorem5.17, the measure 41, does not depend on the ordering of the
vertices. We may choose an ordering ¢ in which = and y are the first two vertices.

Since n < d%’/}/), d(xz,0BE) < Mn < @ and d(y,0BY) < Mn < @. Ifzandy
are in the same connected component in a configuration obtained from this algorithm, we
know that either for the p-loop erased random walk starting from x or for the one starting
from y, we have {T;7 > T, > T} .} or {T}V > T]?Sp > TY,}. Indeed, if TF, < T},

and T}’w < Ty, then the p-loop erased random walk starting from x and from y cannot

n?y,
intersect, and form two disjoint connected component in the configuration. Therefore,

from the union bound,
pp(z < y) <P ({T7 =2 Ty, 1) + Py({TY = T}/, }) < 26",
which concludes the proof. O

Theorem 5.22. (i,-almost surely, for every x € V of G, the connected component of x is

finite.

Proof. Let z € V. For every n € N, for every y € 0BZ, d(x,y) > M'n. Letn’ = {g/[—]\//}lj
Then n’ < d(;—]\’é,y), and therefore, from Lemma 5.21,

pp( 4 y) < 20"

Then, from the union bound, the following upper bound on the probability that the
connected component of x contains vertices of the boundary of B} holds for every n € N,

M’
with §' = d2a,

Pz ¢ 0B < 3 Pl ~y) < 200B2sl2w ) < 2cnds™.
yeOBE
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Then, from the monotone convergence theorem, we have
P(x <> o0) = P(Ny{x <> IB,.}) = limP(x <» 0B;,) = 0.

Since (G is countable, we know that p-almost surely, for every x € G, the connected
component of x is finite. O

5.3.2 Exponential decay of correlations for the Wilson measure
We still assume that weights are in [0, 1] and satisfy Assumption 5.18. Let m € N and
let e; = (z1,y1) and ea = (x2,y2) be such that d({z1,y1}, {z2,y2}) > m.

If F is a CRSF following the law 1, it can be sampled from the algorithm described in
section 5.2.1 and from Theorem 5.17, it does not depend on the chosen ordering of vertices,
therefore we may assume that the first four vertices of the ordering ¢ are x1, y1, 22, y2.

Let us consider in the following, four independent couples of sequences of random
variables (X1, Y1), (XY YY), (XF2,Y,F2), (X¥2,Y,¥2), as defined in section 5.3.1.

For i € {1,2}, let us denote by A; the event that both p-loop-erased random walks
obtained from (X, Y,¥%),,, (XY, YY), starting from z;, y; are rooted before leaving the

subgraphs Bfﬁi/w Bfrj/? that is to say that

A, ={T" < T;’/’;m/g} N{TY < Té’;m/z}.
Lemma 5.23. Conditional on A1 N Ay, the events {e1 € F} and {e2 € F} are independent.

Proof. Let F4 be the subgraph obtained after the first four runs of the algorithm.

Notice that, once F4 has been sampled, during every subsequent run of the algo-
rithm, the p-loop-erased random walk stops if it reaches 1, y1, 2, y2 because F4 con-
tains x1, y1, £2, y2. Therefore, for F the configuration obtained following the algorithm in
infinite volume, we have the following equality of events for i € [1, 2],

{ei S F} = {ei S F4}.

Let (Z3!),,<7=1 be the p-loop-erased random walk obtained from (X7*,Y,’") and let

n

n

be the set of vertices explored by this p-loop-erased random walk. Let (Z}'),, < i (71 T )
— T 1

be the p-loop erased random walk starting from y; with boundary condition Wj. Let §; be
the subgraph given by (Z21),<z1 . (Z41)cpmin(zs 7 )
—+r — T 1

Let (Z32),, <= be the p-loop-erased random walk obtained from (X7?,Y;?) and let

Wa = V(2 n<rz2)

be the set of vertices explored by this p-loop erased random walk. Let (Z}f)n<min(Ty2 Y2 )
— T I’ 2

be the p-loop-erased random walk starting from y; with boundary condition W5. Let §2
be the subgraph given by (Z;2),,<7+2, (Z42),,<pmin(1v2 Y2 )-
— r — T I 2
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Let us emphasize that the p-loop erased random walk corresponding to the third and
the fourth runs of the algorithm has boundary conditions V' (§1), corresponding to the
configuration created during the first two runs of the algorithm. Therefore, in general, §;
and § are not disjoint and their union is not the component created after four runs of the
algorithm.

If A is satisfied, §; is contained in B*',, U Bf/nl

m/2 and if As is satisfied,

/2
,_Z;I2 < T;;,m/Q < TV(SH)’
T’r‘y2 < T;;,m/? < Tv(gl),

and therefore, the third and the fourth runs finish before the p-loop erased random walks
reach V(§1), that is to say that the p-loop erased random walks with boundary condi-
tion V' (§1) coincides with the p-loop erased random walks without this boundary condition
(see Proposition 5.11). Therefore, if A; and As are satisfied, §1 and §» are disjoint con-
nected components and their union is exactly the component created after four runs of the
algorithm.

In particular, if Ay N Ay is satisfied, for i € [1,2], {e; € F} is satisfied if and only
if {e; € §;} is satisfied.

We show that conditional on A; N Aj, the random configurations §; and §o are
independent. Recall that (Z1), (Z¥') and (Z}2), (Z¥?) are independent and 1, A; only
depends on (Z7'), (Z¥") and 2, A2 only depends on (Z7%2), (Z¥2). Therefore, if Fy, F>
are some fixed configurations,

P(§1 = F1, A1, 82 = F2, A2) = P(§1 = I, A41)P(S2 = 2, A2).

Therefore, using independence of {§; = F;} N A; and A; for i # j, we obtain

P(31 = F1, A1)P(F2 = F», A)
P(Al N AQ)
P(31 = F1|A1)P(F2 = 5] A2)
= P(%l = Fl‘Al N AQ)]P(SQ = F2|A1 N Ag)

P(F1 = F1,82 = F2|A1, Ag) =

Therefore, conditional on A; N A, the random variables §; and > are still independent.

Therefore, conditional on A1 N Ag, {e1 € F} = {e; € §F1} and {es € F} = {e2 € Fa}
are independent. O

As a consequence, we obtain the following decay of correlations

Theorem 5.24. There exists a parameter . < 1 such that for every m large enough,

pple2 € F)pp(er € F) =™ < pp({ez € FY N {er € F}) < pp(ea € Flpp(er € F) + 0™

Proof. The event {es € F} N {e; € F} can be decomposed as the following disjoint union:
({e2 € FYN{er € F} N A1 N Ap) U ({e1 EF}N{es € F}n(A'{uAg)).
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Since {e1 € F} N {ez € F} N (AP U AS) is included in A% U AS, it has probability less
than Mp(A[ll U AD).

From Lemma 5.8, there exists some ¢ < 1 such that from the union bound, we get

1p(AS U AG) < 45™/2,

For the other term, we use the independence of {e¢; € F} and {es € F} conditional
on A; N Ay proved in Lemma 5.23, which implies

,up({eg € F} N {61 S F} NA;N AQ) = ,up({el (S F} N {62 € F}|A1 N Ag)up(Al N Ag)
B ,up({el € F} NAIN Az),up({(ig € F} NAIN Az)
B pp(A1 N Az)

< mp{er € FHpp(fes € FY)
- pip(A1 N Ag)

Using again the lower bound on p,(A; N As) which comes from Lemma 5.8, we have

fp(A; M Ag) > 1 — 46m/2,

Let 7 < 1 be such that for m large enough,
46m/% < .

Therefore, we have the following upper bound on m,

1

1 nm
< =Y =14 Y <1+ Y < ——.
pp(ArNAg) = 1—nm ,g) ,; k; I

Therefore we get

pp({ea € FY N {er € F} 1 A1 N Ag) < py(er € F)pp(es € F)(1+ 1"_*,7»

For the other inequality, notice that £ ”({61EF}QAIE?Z)I’%”IE‘SQGF}QAIQAQ) is larger than
P

(1p({e1 € Flup({ez € F}) — 2u,(AT U AS)
> (1p({e1 € Fyup({ez € F}) — 27™.

Therefore,
pp({ez € FyN{er € F} N A1 N A2) > (pp({e1 € Fiup({e2 € F}) —20™,

and since the event {ea € F} N {e; € F} contains the event{es € F} N{e; € F} N AN A,
we get

pp({e2 € FyN{er € F}) > pp({e2 e F} N{er e F} N A1 N Ay)
> (up({e1 € F}up({ea € F}) —20™.

Finally, considering ¢ < 1 such that for m large enough, both inequalities 2™ < ™
and nml%n +46™/2 < ;™ hold, concludes the proof. O
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CHAPTER 6

Measures on CRSF associated to
weights larger than 1 and
determinantal measures.

In this chapter, we study probability measures on cycle-rooted spanning forests of an
infinite graph G = (V, E) depending on a weight function w on cycles of the graph.
We saw in chapters 2 and 5 that there are two families of probability measures on cycle-
rooted spanning forests of a finite graph, one which is determinantal and one which is
sampled by a random walks algorithm. Considering an exhaustion of G by a sequence of
growing finite subgraphs gives rise to infinite volume measures, obtained as weak limit
of probability measures sequences. In the case of determinantal measures associated to
a unitary connection, the weak convergence of the sequence of measures is given by the
convergence of the sequence of kernels (see chapters 3 and 4), whereas in the case of
measures sampled by an extension of the Propp-Wilson algorithm, the weak convergence
of the sequence of measures is given by bounds on the rooting time (see chapter 5). Both
families generalize Uniform Spanning Forests and are limits of probability measures on
increasing sequences of finite subgraphs.

In this chapter, we will be interested in the comparison between Boltzmann probabil-
ity measures on cycle-rooted spanning forests of a finite graph depending on a weight
function w. Then, we will use properties on the measures studied in chapter 5 as a tool to
understand properties of determinantal measures on cycle-rooted spanning forests of an
infinite graph associated to a unitary complex connection.

6.1 Comparison between families of measures.

6.1.1 Comparison between measures when w is uniformly increased

Let G = (V, E) be a finite graph endowed with a non-negative function w : C_,(G) — Ry
defined on oriented cycles of G which is symmetric under orientation reversal.

For a subgraph F' of GG, we will denote by C, (F) and call positive cycles the set of
non-oriented cycles of F' of weight strictly larger than 1 and denote by C_(F') and call
negative cycles the set of non-oriented cycles of G of weight less than or equal to 1.
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MEASURES.

Assume that there exists C' > 1 such that w = Cp with p : C,(F) — [0, 1] a non-
negative function defined on oriented cycles of G which is symmetric under orientation
reversal. We denote by 11,, and 1, the measures onU/(G) defined as follows :

I1yecirm 2w(y) [l ec(r) 2p(7)
po(F) = 02 () = S
w p

where Z,,, Z,, are the partition functions of the model as defined in section 2.2.

Theorem 6.1. Let W be the set of wired vertices and let us denote by F a random cycle-rooted
spanning forest on G sampled under the measure 1\’ or MZV . For every event A, the following
equality links both measures:

Eg/(C\C(F)I |A)

w _ W

If A is an event such that the inequality IE]‘;V(C'W(F)| |A) > }EZV(CW(F)') holds, then this event
is more likely to happen for the measure )" :

puy (A) = ) (A).

This theorem says that if an event “raises” the number of cycles, in the sense that,
conditional on this event, the mean-value of CI°(F)l is larger, then it is more likely for the

measure 1)) than for the measure ,u;fv . In the same way, an event which “reduces” the
number of cycles is more likely for the measure M]I;V than for the measure pV.

Proof. Let F' € Uy (G).

w L o)) Zy ). w
fhy (F) = —C II 2p(y) = E-ClCUON Y (F).

w w
Zu yeC(F) Zu
In particular, if A is an event,
W zv
Ey (14) = 2t La(F)CIE W (F) = —5 By (1401600,
w FEZ/{W(G) w
e - AL 1 .
Then, for A = (), it gives v = EW (> which concludes the proof. O
w P

A consequence of Theorem 6.1 is the following theorem where we apply the result to a
family of events which “raises” the number of cycles.

Theorem 6.2. Let W be the set of wired vertices and let us denote by F a random vertex-
and-cycle-rooted spanning forest on G' sampled under the measure p" or MZV . The following
inequality holds for every k > 1,

oy (IC(F)| = k) = ) (IC(F)| > k).
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Proof. Let us consider the events (Ay);>1 defined by
Ay, ={IC(F)[ = k}.
Let £ > 1. By definition of Ay, the following inequality holds,
EVY (CICP|4;) > EW (CF|4y) = CF > BN (C1CP| AD).
Since we can write the following decomposition:
By (CIUP) = B (P AN (Ay) + B (CPAD (1~ B (A1),
the previous inequality gives
E, (CICPN4y) = B (CUON AR (Ar) + B (CEON AR (1 = B (A)))
W (AIC(F
>E) (ClC®ly,
Therefore, from Theorem 6.1, 1)/ (Ay) > ,u;fv (Ag) , which concludes the proof. O

Remark 6.3. Let wy, be a weight function which comes from a unitary connection h. Since wy,
takes values in [0, 2], if py, is defined by py(7y) = ('Y) , then py, takes values in [0, 1]. Then
Theorem 6.2 applied to C' = 2 implies that a spannmg forest distributed according the
determinantal measure py, is more likely to have a lot of cycles than a spanning forest sampled
by the algorithm of loop-erased random walks associated to py,.

Assume that p is defined by p = min(1, w). This weight function is studied in [FB22]
and since it takes values in [0, 1], it corresponds to a measure which can be sampled by
a cycle-popping algorithm and which is linked to the measure associated to w by the
following formula.

Lemma 6.4. Let W be the set of wired vertices and let us denote by F a random cycle-rooted
spanning forest on G sampled under the measure ;1\V or ,u;fV. For every event A, the following
equality links both measures.

EY (ITyec, F) 2w(7)]A)

w _ W
) (A) - :U’p (A) Egv(nygg( )2’(1)( )) .

w
Proof. Let F' € Uy (G). Then plV (F) = % [Lec, (7 2w('y),uZV(F) . In particular, if A

is an event,
w ZZ‘;V w Zp W
B (L) =2 Y 1) I 2wl (1) = 2R IT 20y
Z YA
w w(G) YEC+(F) v€C+(F)

w

.. Z
Then, for A = (), it gives = 1

EZV(Ha,ec+(F) 2w(v))’®
Remark 6.5. Since the following inequality holds,

s I1 21040 40) 22258 1 2oy 046 -0) -1

veC4+(F) v€C4(F)

the previous theorem implies

W (C4(F) #0) > ulV (CL(F) £ 0).

which concludes the proof. [
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6.1.2 Algorithm conditional on cycles with weights larger than 1.

Let G = (V, E) be a finite graph endowed with a non-negative function w : C_,(G) — Ry
defined on oriented cycles of G which is symmetric under orientation reversal.

Definition 6.6. Let W C G be a set of vertices of G (which can be empty). Let w_ be a
weight function defined from the weight function w as follows:

{U’C(G\W) = Wie_(G\w)>
w-ep@w) = 0

Theorem 6.7. Let C' be a subset of C1.(G\W) and let A be the set of vertices which are
extremities of edges in C. Let F be an ECRSF with respect to W sampled according p'V'.
Conditional on C(F) = C, the random forest F\C' has the same law than a ECRSF with
respect to AU W with weight function w_.

Proof. Let Fyy € Uy (G).

F=FNCi(F)=0C)
p(Cy(F) =C)
Notice that this quantity is null if C (Fy) # C. Then, if C{ (Fy) = C and Fy € Uy (G),

every connected component of | either contains a unique cycle in C_(G) or a unique
cycle in C or is connected to a unique point in W. Therefore, every connected component
of Fy\C either contains a unique cycle in C_(G) or is connected to a unique point in WU A

which means that Fy\C' € Uyyua(G).
Then, the measure 1"V (.|C (F)) = C) has support in

WV (F = R, () = 0) = M

Ui (G) = {F € Uy (G)|C+(F) = C} = {F € Uy (G)|F = CUF_, F_ € Uwua(G)},

and if Fy € US(G),

B [lec w(7) nyec_(Fo) w(7)

Y raun @)cs(F)=c Lec () [ec(r) w()
B [yec_ (my w()

- Yreus o) Hhee_ iy w()’

p!V (F = FylCo(F) = O)

Writing every I € U (G) on a unique way as C U F_ with F_ € Upya(G),

_ [yec_ (m_yw(y)
X retwoa@) e ) w(7)
WUA (FO,) WUA (F[)\C)

= 'uwc,(G\W) = ch,(G\W)

WV (F = R|C(F) = C)

Finally,
p" (F\C = |C1(F) = C) = pu ) ()

= ’uwC_(G\W)

which concludes the proof. O
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WUA
We_ (G\W)

can be sampled by the wired Wilson algorithm (Subsection 2.2.4) with boundary condi-
tions AU W.

Since we_ () takes values in [0, 1] by definition of C_ (G'\ W), the measure

Therefore, under the measure 1"V, conditional on C (F), a ECRSF with respect to W
can be sampled from an algorithm which samples a ECRSF with respect to W and extremities
of edges in C; (F).

6.2 Infinite volume measures

In this section, we consider a countably infinite connected graph G = (V, E) with bounded
vertex degree, and an exhaustion (G,,) of G.

Recall from section 3.1.1 that for a weight function w on cycles, we can define sequences
denoted by (1}V), (") of free and wired measures on the CRSF on G,,. When the weight
function w is provided by a complex unitary connection, those sequences converge and
under some assumptions, they converge towards the same limit.

We study in this section properties of the configurations sampled under the free or wired
measures which correspond to a unitary connection h, in the case where the connection is
such that Assumption 5.18 holds for the function wy, _ obtained from the weight function wy,
as defined in Definition 6.6.

6.2.1 Comparison between the determinantal measure and a Wilson
measure

Let h be a unitary complex connection such that Assumption 5.18 holds for the function wy, _
obtained from the weight function wy,. Let ,thn be the wired measure on ECRSF of G,,
with wired boundary conditions on 0G,,, corresponding to the connection h.

Let us denote by py, the weight function which is defined by pp(v) = th(v) Let
us denote by i, , the measure on ECRSF with boundary conditions JG,, and weight
function py,. Since the weight function py, satisfies Assumption 5.18 of the previous chapter,
the measure in infinite volume f, associated to py, is well defined and p,, is the weak-limit
of the sequence (fip 5, )n. From Theorem 5.22, (1, almost surely, every connected component

is finite and therefore almost surely there are infinitely many connected components.

We deduce from Theorem 6.2 and from this result the following result.

Proposition 6.8. For every integern > 1, let F,, be a configuration sampled according to the
measure MKn’ and let C(F,,) be the set of cycles of F,,. Then, for every k > 1, when n — oo,

pinn(IC(Fn)[ > k) — 1.
Proof. Let k > 1 be fixed. From Theorem 5.22,
up([C(F)| = k) = 1.

Let e > 0. Since {|C(F)| > k} = Un{|C(F N Gy,)| > k}, the monotone convergence
theorem implies the existence of m large enough such that 11, (|C(F N Gy,)| > k) > 1 —¢..
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Since {|C(F' N G,)| > k} depends on finitely many edges, the weak convergence
of (ugfn) gives the existence of n > m large enough such that

W (IC(Fa N G)| > k) > 1 — 2,
and then, for n large enough,
i (IC(E)] > k) > !, (1C(Fy 01 G| > ) > 1= 2.

Therefore, when n — oo, M%LOC(FnN >k)— 1.

According to Theorem 6.2, for every n,
i (IC(ER)| > k) > ), (IC(Fy)| > k).

Therefore, when n — oo, thn(\C(Fn)\ >k)— 1. O

Nevertheless, we cannot deduce directly that for every £ > 1, almost surely for the
determinantal wired measure ,u,};V in infinite volume, which is the weak limit of the se-
quence (uKn),

i (IC(F)| = k) =1,

and that th—almost surely, there are infinitely many connected components.

Indeed, the convergence of (thn) towards ,u};V is only a weak convergence. If we
consider, thanks to the Skorokhod’s representation theorem, a sequence F,, such that F,
converges almost surely towards F with F following the law u}iV and F,, following the
law ,uKn for every n, then if ¢ > 0, we have m large enough such that

1 (IC(F)| > k) > 1 —e.

Then, almost surely, for n large enough, F,, coincides with F on the graph G,,,. Never-
theless, F,, N G, does not have the same law as F,,, and therefore we cannot deduce
that

MKn(‘C(Fn N Gm)| > k) >1-e,

which would have proved that when m — oo,
pn (IC(FNGw)| > k) = 1,
and would have implied from the monotone convergence theorem that

pi (IC(F)| = k) = 1.

We will prove in Theorem 6.25 that under a stronger assumption on the weight func-
tion wy, coming from a unitary connection h, Assumption 6.17, the free and wired measures
are equal, and using the determinantal aspect of this measure p, we will show that p,-
almost surely there are infinitely many finite unicycles and therefore infinitely many finite
connected components.

Recall that we know from Proposition 3.3 that every finite connected component
contains a unique cycle which has non-trivial holonomy. In the next subsection, we prove
that under Assumption 5.18 on the cycle weights, every connected component with a cycle
is finite.
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6.2.2 All the connected components with cycles are finite

In this subsection, let w_ be the weight function obtained from w as in Definition 6.6 and
assume that there exists a family of cycles C' C C_(G) such that Assumption 5.18 holds
for w_.

We denote by (u,,) the sequence of free measures on CRSF in finite volume associated
to the weight function w and we assume that this sequence converges weakly towards a
measure in infinite volume, denoted by p. Let us emphasize that this assumption is satisfied
whenever the weight function is provided by a unitary connection h or when the weight
function takes values in [0, 1] and w_ = w satisfies Assumption 5.18.

We will show in this subsection that under those assumptions, every connected compo-
nent with a cycle is finite.

We will use the following Lemma on the exponential decay of the tail distribution of
ending times, which is a corollary of Lemma 5.8 (Section 5.1).

Lemma 6.9. Letm € N,n > m. Let C' C G, be a subgraph of G,,. Let P, be the law of
a w_-loop erased random walk (X,,) starting from x and T, be the rooting time of (X,,).
Let Tc and T, ; be the hitting times of C' and 0B},,. Under Assumption 5.18, the following
inequality holds

P, (min(T¢, T;) > Tm,m) <o,

which concludes the proof.

Proof. Applying Lemma 5.8 to the random walk (X,,) with weight function w_ which
satisfies Assumption 5.1, we get

Po(T > Trne) < 0.
But since min(7¢, T,) < T,
Px(min(TCHTr) > Tm,x) < Px(Tr > Tm,x) <6,

which concludes the proof. O

Let x € G be fixed. We introduce some events with compact support which depend
on x and prove an upper bound on the probability of those events.

Definition 6.10. For m € N, we denote by A,,, = {z <> 0B3,,} the event that z and B3, ,
are connected in F', that is to say that there exists a path between x and 0B3,,, in B3,,.
If n € N, we denote by I';, = {z <» C_(Fg, )} the event that = is connected to a closed
cycle in Gy, of weight less than 1.

Lemma 6.11. Let m € N. Forn > m large enough, if F,, is distributed according to the free
measure (i, on Gy,
(A (1T5) < (|10BE,] + 1)6™.

Proof. Let n large enough such that for every y € 0B3,,, BY, C G,. Let C C C4(Gp).
From Theorem 6.7, conditional on C; (F},) = C, F, is given by an algorithm of w_-loop
erased random walks with boundary conditions on C'. The proof relies on the same ideas
as the proof of Lemma 5.21 and Theorem 5.22.
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The event A,,, N T'; is satisfied if there exists y € {x} U 0B3,, such that the w_-loop
erased random walk starting from y has left BY, before being rooted to a cycle in C_(G,,)
and before touching C'

From Lemma 6.9, for every y € {z} U 0B3,,,
Py(min(Te, Ty) > T y) < 0™
Then, the union bound concludes the proof. O
Lemma 6.12. Foreveryz € V,

p({z & C(F)} n{[ec(z)] = oo}) = 0.

Figure 6.1 — Idea of proof of Lemma 6.12: if a vertex x is connected to a cycle of weight
smaller than 1, the cycle is not too large and not too far from =z, thus x is not connected to
the boundary of a large enough neighborhood.

Proof. Let e > 0. Let m € N fixed, large enough such that (|0B3,,| + 1)d™ < . We
consider the notations from Definition 6.10.

Since (I';)) is increasing, if we let '™ := {z <> C_(F')} = UI';, , then
p(Am NT7) = p(Am NULL) = pu(Un(Am N T)) = lim (A N T).
Let us consider ng large enough such that the inequality from Lemma 6.11 holds. Since
for n > ng, we have pn (A, NT,,) < pn(An NTY) < €, we obtain

wAn NI ) = liTILn pn(Am NI ) <e.

It holds for every ng large enough and therefore, 11(A,,, NT'~) < e. Since this inequality
holds for m large enough, we have when m — oo, (A, NT~) — 0.

Therefore, since (A,,) is decreasing and N, A, = {|ce(x)| = oo}, the monotone
convergence theorem concludes the proof. O
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Definition 6.13. Forl € N, let '} = {x <y C4(Fpy)} be the event that x is connected
inside B} to a cycle with weight larger than 1 which is inside B}, that is to say the event
that in F'ps, the connected component of x contains a cycle with weight larger than 1.
For m € N, let A,,, := {z <> 0B}, } be the event that x is connected to the boundary
of BY.

Lemma 6.14. Let mo € N. For m large enough, there exists ng such that ifn > ng and if F},
is distributed according to i, then,

fin(Am NT}) < 0By, |6™.

Proof. Let mg, m € N. Assume that m is large enough such that for every y € 0BY , the
equality BY, N B = () holds. Let n be large enough such that for every y € 0By, the
inclusion B}, C Gy, holds.

Let C € C4(G,,). Conditional on C (F},) = C, F,, is given by an algorithm of w_-loop
erased random walks with wired conditions on C.

The event I'” N A,,, is satisfied if the w_-loop erased random walk starting from x hits
acycle in C4 (F Bf) before leaving B and before being rooted to another cycle and if one
of the w_-loop erased random walks starting from points of 0B}, reaches B} before being
rooted to a cycle or hitting C'. Therefore, from Lemma 6.9 and from the union bound,

pin(Am NT) < |0B, 6™,
which concludes the proof. O

Lemma 6.15. Foreveryx € V,

u({z & C4(F)} N {jec()| = s0}) = 0.

]

Bh, | v
L]

Figure 6.2 — Idea of proof of Lemma 6.15: if a vertex x is connected to a fixed finite cycle of
weight larger than 1, vertices which are far enough from this cycle are not connected to x.
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Proof. Let z € GG and let
A = {|ce(z)| = 00} = N A,

be the event that the connected component of 0 is infinite.

Let | € N. Let € > 0. Let mg large enough such that [0B;;, |[6"° < . Let m be large
enough such that for every y € 9B;,,, BY,, N Bf’ = (). Let n be large enough such that for
every y € By, B, C Gp.

Let F), distributed according pi,,. Then, from Lemma 6.2.2,

pn(Am NTF) < |0BE, |6 < e.

Since this inequality holds for every n large enough and A,,, N T} depends on finitely
many edges,
p(Am N FlJr) = hTrln pin (A N FZJF) <e.

Since this inequality holds for every ¢ for m large enough, we obtain when m — oo,

(A, NTH) — 0.

Since A,, is decreasing,

WANT) = (N A NT) = lim p(Ay NT) = 0.

Since (I'}") is increasing and I't = {z +> C.(F)} = yI;),

pANTT) = p(AN(UT))) = p(U(ANT))) = limp(ANT) =0.
which is precisely what we wanted to prove. O

Let us emphasize that Lemma 6.15 and Lemma 6.12 show that for every x € G, almost
surely, if = is connected to a cycle in the random configuration F, the connected component
of x is finite. Therefore, since (5 is countable, we immediately deduce the following theorem.

Theorem 6.16. Under an infinite volume measure i, such thatw_ satisfies Assumption 5.18,
every connected component with a cycle is finite.

Let us emphasize that Theorem 6.16 holds for measures which are not necessarily deter-
minantal. From Proposition 3.3 and Theorem 6.16, we know that a connected component
does not have a cycle if and only if it is an infinite connected component. We believe
that when the weight function w is provided by a unitary connection A, the determinantal
aspect of the limit measure pj avoids the existence of a connected component without a
cycle but it is still a conjecture.

In the next section (6.3), we present some results based on the determinantal aspect
of the measure py, for a weight function wy, which is provided by a unitary connection h.
We will study the probability of missing some edges sets to show that, under a stronger
assumption, almost surely, some finite unicycles are observed infinitely many times. Under
this stronger assumption, the decay of edge-to-edge correlations is exponential. We believe
that in that case, there are no infinite connected component.
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6.3 Determinantal measures associated to a unitary
complex connection.

In this section, we assume that the graph G is invariant under translations and that G is
endowed with a unitary complex connection h which is also invariant under translations.
Let wy, be the weight function associated to this connection.

Recall from [KL23] (see subsection 3.2.2) that the following decomposition holds:
Qp(F) = Y2 @ dy(H) & O,
where = {f € Q°: Apf =0and df € Qp(F)}.

6.3.1 Acceptable unicycles are observed infinitely many times for the
determinantal measure.

We assume that Assumption 5.18 holds for wy, _ and we also make the following assumption.

Assumption 6.17. There exists some constants m, N,l > 0 such that for every x € G, there
exists a cycle v, of length ||v;|| < | and holonomy q, # 1 such that |1 — q;| > m and
ife € E, the inequality |{z|e € v }| < N holds.

From Subsection 3.2.2, the sequences of measures (,thn) (,uf ,,) on CRSF on the se-
quence of growing subgraphs (G,,) with wired or free boundary conditions converge
towards thermodynamic limits ,uf and u,‘f’, which are determinantal measures whose
kernels are orthogonal projections on spaces 02‘2 and 2.

The following lemma, from [KL23] shows that under Assumption 6.17, the following
orthogonal decomposition holds:

Qp(F) = %e @ Op.

Lemma 6.18. [KL23] Under Assumption 6.17,dp,(H) = {0} and therefore spaces OZLQ and % g2
are equal.

Proof. Let C' = % Let f € Q%G), such that dj, f € Q},(G). Assume that f is harmonic
that is to say that A, (f) = 0. Let x in G and ~,, a cycle as in Assumption 6.17. Then, we
have

[F@)T =gzl < Y ldnf(e)] < el max |dn.f(e)l,
eCVg .

and therefore,

l 2
f(@)]? < (1 g, ax |dhf(€)) <C? max |dnf(e)].
Therefore,
Yo If@)? < C2Zgg§|dhf(e)l2 <CPY N dnf(e)P <C?Y N Jdnf(e)*.
x x T e€vg € zle€vs

{z|e € v;}| < N. Therefore,
d_If@)P < CPNZ Y ldnf(e)? < .

€

From Assumption 6.17,

Therefore f € ¢2,and ||d}, f||? = (dnf, dnf) = (f, Anf) = 0. Thus, we have d, f = 0. [
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Therefore, under Assumption 6.17, the measures yj” and p1f" are equal. In the remainder
of this subsection, we will denote by u, the determinantal measure in infinite volume
associated to the connection h, whose kernel is the orthogonal projection on % 2.

Lemma 6.19. Let U C E be a finite subgraph of G. Let A be the set of vertices of U and
let Cy = (E\U)N(AX VUV x A) be the finite set of edges which have at least an extremity
in A and which are not in U. Then, if F is a random configuration distributed according (i,
the following conditions are equivalent :

e Almost surely, F intersect Cy, that is to say,

,uh(F N CU == @) =0.
e There exists f # 0 such that di,(f) € Vect(we)eccy, -

Proof. From the determinantal aspect of /i, we have
pn(F N Cy =) = det(I — TT*)&" = det(TT%)&Y = det((T1%(we), TI° (wer)))e.recy, -

The previous determinant vanishes if and only if the family (IT°(w))w.cc,, is not inde-
pendent. Let us consider (a.)cecy, - By linearity of TI¢, we have

Z 1% (we) ove = HQ(Z Weke).

Therefore, the family (TI® (w,))w,ec,, is not independent if and only if there exists (e )eccy,
such that

Z weate € im(dp)\{0},

which concludes the proof. O

The equivalence of Lemma 6.19 implies the following corollary, which gives another
proof of Proposition 3.3 in the case of the determinantal measure pi,.

Corollary 6.20. IfF is distributed according to py, and if T is a finite connected component
without any cycle of non trivial holonomy, then,

ur(CrNF = @) = 0.

Therefore, under iy, almost surely, every finite connected component of F contains a cycle of
non trivial holonomy.

Proof. Let z € V and let F, be the connected component of x in F. Let 7" be a finite
subgraph which contains  and which does not contain a cycle of non-trivial holonomy.

Let r be a vertex of T'. Let us define f by f(r) = 1 and for every edge e € T, if f(e™)
is defined, let f(e™) = h.f(e™). Since every cycle of T has trivial holonomy, f is well-
defined. Therefore, for every e € T\, dj f(e) = 0. Then, define f by fi\y(7) = 0. Then,
if e has both extremities in V\V(T'), d, f(e) = f(et) — hef(e™) = 0. Therefore, there
exists f # 0 such that d;,(f) € Vect(we)eec, and Lemma 6.19 implies that

un(CrNF=10)=0.
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Since the set 7T, of finite subgraphs which contain x and which do not contain a cycle of
non trivial holonomy is countable, we deduce that

,uh(F:c € 7;0) =0.

Since the graph G is countable, almost surely, every finite connected component of F
contains a cycle of non trivial holonomy. O

Notice that this new proof of Proposition 3.3 for i, does not use the weak convergence
of the sequence of measures in finite volume but the determinantal property of the limit
measure [,

Definition 6.21. Let Uy, ..., U, be a finite family of finite disjoints unicycles, all of whose
cycles ~y; have holonomies ¢; # 1. Let A = {v € V|v € Uy U...UU,} be the set of
vertices of U := U;U;. We say that Uy, ..., U, is an admissible unicycles family if in every
connected component of the induced subgraph by AC, Gy = (AE, {e:e et € AE}),
there exists a cycle of non trivial holonomy.

Lemma 6.22. Let Uy, ..., U, be an admissible unicycles family. Let Cy; be the finite set of
edges which have at least an extremity in A and which are not in U := U;U;. Then, if F isa
random configuration distributed according to jip, we have

pr(FNCy =0) > 0.

Proof. Let f be such that ) weae = dp(f), with (ce)ecc, € CCv. Let us prove that f = 0.
Let i € [1,p] and let e € U;. By definition of Cy, e ¢ Cy. Therefore, dj, f(e) = 0. In
particular, for every e € v;, d f(e) = 0. If z is a vertex of ~;,

(1—q)f(z) =Y dnf(e) =0.

ecy;

Therefore, since ¢; # 1, f(x) = 0. If v € A, there exists a path in U between v and a
vertex x; € V(;) and therefore f(v) = 0.

Now, if v ¢ A, the connected component of v in Ab contains a cycle of non trivial
holonomy in E(AC) and since E(A%) N Cyy = (), we also have f(v) = 0 for every v € AC .

Therefore, f = 0 and if e € Cpy, we have
ae =dpf(e) = f(e") — hef(e”) =0,
and the family (TI°(w,))w.ec, is independent. Therefore
pr(FNCy =0) >0,

which is the desired inequality. O

Let us underline that the admissible condition on the family of unicycles is a necessary
one. First of all, from Corollary 6.20, every U; must contain a cycle of non-trivial holonomy.
Moreover, the following Lemma shows that the condition on Alisa necessary one.
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Lemma 6.23. Let Uy, . .., U, a finite family of disjoint unicycles such that there exists x € AL

whose connected component in the induced subgraph by AL does not contain any cycle of non
trivial holonomy. Then,

un(FNCy = 0) = 0.

Proof. Let T' be the connected component in the induced subgraph by AL of 2. If the
event {F N Cy = 0} is satisfied, then the connected component cc(z) of z in F is included
in T'. Indeed, if an edge e connects a point of Altoa point of A4, it is in C; and therefore
not in F. Since T" does not contain any cycle of non trivial holonomy, neither does cc(z),
which cannot happen from Proposition 3.3. O

Theorem 6.24. Letp € N* and let Uy, ...,U, be an admissible unicycles family. Let us
denote by K a finite box containing Uy, . .., Uy, (Ky)j a family of disjoint boxes translated
from K1, and Uf, e UZ? the translated cycle-rooted trees from Uy, ..., U,. Let By, be the
event
By, ={Fn (UiCyr) = 0}.
Then,
pn(limsup By) = 1.

k—o0
Proof. From invariance under translation,
pun(Br) = pn(F' 0 (UiCyr) = 0) >0,

and therefore

> un(By) = 0.
k

The events (B;E)kzl are not independent but they are negatively associated since the
measure is determinantal and the events are growing and have disjoint supports. Therefore,
for every | < m,

pn(Mi<kzmBib) < 11 1 (BY).
I<k<m

Therefore we can adapt the proof of the lemma of Borel-Cantelli to see that

pp(limsup By) = 1.
Indeed, for every I < m,

pn(Ui<k<mBr) =1 — Mh(ﬂlgkgmB;E)

>1- ] pn(BE)
I<k<m

=1 — exp( Z In(1 — pp(By))).-

I<k<m

Since Y-, p1n(By) = 00, when m — 00, 37 << (1 — pup(Bg)) — —00,
tn(Vi<k<m Br) — 1.
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6.3. Determinantal measures associated to a unitary complex connection.

Therefore, for every [ € N,
pn(Ui<kBr) = 1.

By countable intersection,

pp(limsup By) = 1.

which is precisely the claim of the theorem. O

Notice that if the event By, is satisfied, for every i € [1,p], for every x € V(UF),
the connected component of x in F is included in UF. From Proposition 3.3, every finite
connected component of F' contains exactly one cycle, then, for every = € V(UF), the
connected component of = contains the cycle 4 and therefore the connected component
of z in F is precisely the unicycle UF.

By countable intersection over p € N* and Uy, ..., U, families of p disjoints cycle-
rooted trees which are in an accepted configuration, we deduce the following result.

Theorem 6.25. i, almost surely, we observe whatever finite admissible family of unicycles
infinitely many times.

6.3.2 Examples of periodic complex connections

Assume that h is a periodic connection h of rank 1 with fundamental domain of size 1
which is given by some unitary complex numbers (u1, . .., uq) € C, in the sense that for
every j € [1,d],

h(z,  + ) = uj,

where (t;) is the set of translation-vectors, that is here the canonical basis of R%.

Notice that every cycle has a trivial holonony since complex numbers commute. There-
fore, Assumptions 5.18 and 6.17 do not hold here. Moreover, the function z — P(z)
vanishes at (uy ... ,u;l) and therefore, Corollary 4.24 does not hold here.

From Theorem 4.26, the measure up coincides with ;4 and the model has the same
law as the uniform spanning forest. In particular, the edge-to-edge correlations decay at
polynomial rate, no connected component has a cycle and all connected components are
infinite trees.

We may also consider a connection which is 2-periodic in the following sense. Let u be
a unitary complex and let us consider in this subsection the graph G' = Z? endowed with
the following connection

uwify =0]2]

1 else

h((z,y), (x+1,y)) = { . h((z,y), (z,y+1)) =1

The graph is (2Z)2-periodic with fundamental domain [—1, 1]?, and the weight func-
tion wy, is invariant under translations.

Lemma 6.26. Ifu ¢ {1, —1}, Assumptions 5.18 and 6.17 hold for the graph G and the weight
function wy,_ obtained from the connection h.
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Proof. We first assume that #(u) € [0, 1]. From invariance under translation, and since
the exhaustion (G,,) satisfies d(0, 9G,,) ~ 4n, it is enough to show the existence of & > 0
and 3 > 0 and a family of loops C' C C_(Z?) such that for every loopy € C,a < w(y) < 1
and for every z € 0G),, there exists a loop v, € C' N (Gp11\(Gpn UG, +1)) such that the
inequality P, (v,) > (5 holds.

Let us construct a family of loops ('y;.r, 7; )jel1,2) such that for every x € 0G,,, there
exists a loop starting from = which stays in G,,+1\(G, U dG,+1) and which is a loop
translated from a loop of this family.

We still denote by (;) the canonical basis of Z2. Let j € [1, 2] and define v, by

{7;' = (O, tj, 275]', Qtj + tj[2]+17 ZL/j + tj[2}+17 tj)
7]_ = (()7 —tj7 —2tj, —Qtj + tj[?]—i—la —tj + tj[2]+17 _tj)

Let x € 0G), be a fixed vertex and let j be such that z; = +n. If z; = n, the loop
defined by 7, := x + 'y;f satisfies the assumption and if z; = —n, the loop 7, := 2z +7;
satisfies the assumption.

If (X,,) is a simple random walk starting from z, it makes the loop -, of length 5 with

probability
1 5
]P)x z) =\ 55 .
(72) (2 d)

Notice that from invariance under translation, the weight of the loop 7, is
wi(v2) = 1= R(u™).

Denoting by @ = min(1 — R(u),1 — R(u~1)), Assumption 5.18 is satisfied.

If u is such that R(u) €] — 1,0], then R(u?), R(u"2) € [0, 1[. Then, the family of loops
defined by (z + ’Y;r’_)meG,je[l,d] with

{'Vf = (0,15, 2t5, 3¢}, 3t; + b1, 25 + 141, 8 + )4, 1)
v; = (0, =t5, =25, =3t;, =3t; + tjj)41, =285 + tijg141, — 15 + g1, —t5)

7
satisfy Assumption 5.18 with 3 = (2%1) and a = min(1 — R(u?), 1 — R(u2)).

We also check that Assumption 6.17 holds. For every v € Z?2, there exists a cycle 7,
rooted at v, of length 4 and of holonomy u # 1. More precisely, if v = (z,y), v, = v + [,
where [, = ((0,0), (1,0),(1,1),(0,1),(0,0)). Notice that if y = 0 [2], y,, has holonomy u,
whereas if y = 1 [2], 7, has holonomy u ™. For every edge e € E(Z%), |{v]e € 1 }| = 2.
Therefore, Assumption 6.17 is satisfied for m = min(|1 —u|, |1 —u~!|)and N =2. O

We deduce from Theorem 6.25 that p, almost-surely every finite admissible family
of unicycles is observed infinitely many times and in particular, there are almost surely
infinitely many finite connected components. Moreover, every connected component with
a cycle is finite.
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CHAPTER 7

Q-determinantal measures
associated to a unitary
quaternionic connection.

In this chapter, we denote by H the algebra of quaternions which is an associative normed
division algebra over the real numbers. Quaternions are generally represented in the
form a + bi + c¢j + dk, where a, b, ¢, d are real numbers and 1, 4, j, k are the basis vectors.
Recall that the multiplication of quaternions is non commutative but ¢, j, k are defined such
that the following formula for quaternion multiplication hold:

ij=—ji=k, jk=—kj=1i, ki=—ik=j, i®=j>=k=1ijk=—1.

Conjugation of quaternions is analogous to conjugation of complex numbers. To
define it, let ¢ = a + bi + ¢j + dk be a quaternion. Then, the conjugate of ¢ is the
quaternion ¢* = a — bi — ¢j — dk. The norm over quaternions is defined for every
quaternion ¢ = a + bi + c¢j + dk by

gl = Vag* = Va® + b2 + ¢ + d2.

We denote by U (H) the subgroup of unit quaternions.

Just as complex numbers can be represented as matrices, so can quaternions. There is
an injective homomorphism from H to the matrix ring M (2, C) defined as follows. The
quaternion ¢ = a + bi + ¢j + dk can be represented as

a+bi cH+di
—c+di a—bi
The norm of a quaternion is the square root of the determinant of the corresponding

matrix. By restriction, this representation yields an isomorphism between the subgroup of
unit quaternions U (H) and their image SU;(C).

In 1922, Moore ([M0022]) introduced determinants of quaternion Hermitian matrices,
called Q-determinants. The Q-determinant of a self-dual matrix M is defined as

Qdet(M) = Y sgn(o) ] %Tr(w)

c€Sn cycles
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where each permutation o is written as a product of disjoint cycles and ¢r(w) is the trace
of the product of matrix entries in that cycle.

In [Meh04], this notion of Q-determinant is extended to self-dual matrices with entries
in GLy(C) and the following formula from [Meh04] allows us to compute Q-determinants
explicitly. If M is an n x n self-dual matrix with entries in GLy(C) and M is the associ-
ated 2n X 2n matrix obtained by replacing each entry with the 2 x 2 block of its entries,
then

Qdet(M) = Pf(ZM),

the Pfaffian of the antisymmetric matrix Z M where Z is the matrix with 2 x 2 diagonal

blocks (_01 (1)> and zeros elsewhere.

Finally, we know (see for instance [KL20c, Proposition 6.4]) that if M is a quaternion
Hermitian matrix, and M is the associated matrix obtained by replacing each quaternionic
entry with the 2 x 2 block of its complex entries, then we have the following relation:

Qdet(M)? = det(M).

The Laplacian A associated to a unitary quaternionic connection is a self-dual operator.
According to [Ken11], its ()-determinant has the following expansion:

QdetA= Y J[ @—Tr(hol()))

F CRSF v cycle

where T'r(hol(7y)) is the trace of the holonomy of the cycle ~y (see also [Kas15, KL20a] for
alternative proofs).

On a finite graph denoted by G = (V, E'), the model of random CRSF can also be
defined for a quaternionic unitary connection. In this case, the model is a ()-determinantal
process. Indeed, the expansion of the ()-determinant of the Laplacian defines a natural Q-
determinantal measure 11 on CRSF whose partition function is given by the ()-determinant
of the Laplacian. This measure is studied in [Kas15] and [KL20c] and satisfies some similar
properties to the determinantal measures.

The generating polynomial g, of the measure p is the square-root of a generating

polynomial associated to a kernel K obtained by replacing unitary quaternions of the
connection by SU; matrices:

gHQ(zl, ceeyZp) = \/det(l + (diag(z1, 21, - - - Zn, 2n) — I)IA()el’m,en.

This kernel K is the kernel of the determinantal linear process, so-called quantum
spanning forest, associated to a rank 2 complex connection, as defined in Section 2.3. More
generally, the model of quantum spanning forests associated to a quaternionic unitary
connection on a vector-bundle of larger rank can be defined as in [KL20c] and Section 2.3,
and we have a correspondence between quaternionic and complex connections.
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7.1 Correspondence between quaternionic and complex
connections

According to [KL20c], the superposition of two independent samples of this quantum
spanning forests has the same distribution as a quantum spanning forests associated to
a complex unitary connection on a larger rank vector-bundle. This correspondence is
established for finite graphs in [KL20c, Proposition 6.13], and we extend this result to the
case of infinite graphs in the following subsection.

7.1.1 Superposition of two samples associated to a quaternionic unitary
connection.

Assume that G is a countably infinite graph and that (G),) is an exhaustion of G by finite
graphs. Recall the following result from [KL20c] which gives a way to prove Theorem 7.2
for infinite graphs.

Theorem 7.1. [KL20c, Proposition 6.13] For everyn € N, if Q1Y) and Q® are independent
quantum spanning forests associated to a kernel ky, on a finite graph G,, with values in the
quaternionic field and () is the quantum spanning forest associated to k,, on G,, with values
in the complex field, we have the following equality in law:

. .. .
(dime Qe)eca, = (dimy QF + dimp Q) ceq,, -

Theorem 7.2. If QW) and Q) are independent quantum spanning forests of kernel k on G
associated to a unitary connection h of rank N with values in the quaternionic field and Q
is the quantum spanning forest of kernel k associated to the corresponding connection h of
rank 2N with values in the complex field, we have for every (e1, ...,en) € G,

(dimC QE)eE(el,...,em) é (dlmH Qi + dlmH Qz)ee(el,...,em)'

Proof. We give two proofs of this theorem, one which is based on the convergence of &,
to k and on Theorem [KL20c, Proposition 6.13] for finite graphs and the other one which is
based on a direct computation of Laplace transform, with the same ideas as in the proof
of Theorem [KL20c, Proposition 6.13].

1. Let n large enough such that (ey, ..., €,,) € Gy,. Let f1y, be the determinantal measure
whose kernel, denoted by k,,, is associated to the unitary quaternionic connection h
of rank N and [i,, be the determinantal measure whose kernel, denoted by ki, is
associated to the corresponding unitary complex connection h of rank 2N.

Then, if ((Qn)e)ecc, and ((QL)e)eca,, (Q2)e)eea, are determinantal linear pro-
cesses of respective kernels &, and (k,, @ k,,), according to [KL20c, Proposition 6.13],
we have the following equality in law:

(dime (Qn)e)eca, = (dimu(QL)e + dimp(Q2)e)ecc,.,

and in particular,

(dimc(Qn)e)ee(er,..em) = £ (dimg(Q}). + dimE(Q2)e)ec(er,...om)-
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Since we have the weak convergence of the determinantal measures associated to &,
and k,, to the determinantal measure associated to k and k, we deduce that

. L . .
(dlm(C Qe)ee(el,...,em) = (dlmH Qé + dlmH Qg)ee(el,...,em)‘

. For every e € E, let (bS);<n be an orthonormal basis a the fiber F, for instance the

canonical basis of C%V, and let K be the matrix in those bases of the kernel associated
to a connection with values in the quaternionic field and K be the matrix in those
bases of the same kernel seen as an operator with values in the complex field, which
corresponds to a complex-valued connection of rank 2NV.

Let A C FE be a finite subset of edges. Let B = ((bS)i<N)eca be the finite collections
of the bases of the fibers (F}).ca over the edges of the finite set A.

We can compute the Laplace transform for the quantum spanning forest with quater-
nionic connexion. If X is a random quantum spanning forest of kernel K adapted
to the fibers (F¢)ccg. From properties of determinantal or Q-determinantal point
processes, we have for every (w(b))pep,

E{ 11 (1—|—w(b))] =det(1+wK|p) = > (Hw(b)) det K.

beXNB JCB \beJ

Writing dety instead of QQdet, we have the following relation between the determi-
nant of an operator with values in the quaternionic field and the same operator seen
as an operator with values in the complex field:

det(1 + wk) = det(1+ wk)?.

Then if B = B x B, since K is the operator K seen as an operator with values in
the complex field, we have,

2 2
dgt(l + wKB) = dﬁt(l + wKB)
= > (H w(bl)) (H w(bQ)) det Ky det K 2.
J1,JoCB \bi1€Jy boeJo

Since K is also the kernel of a determinantal linear process on a complex vector
bundle of rank 2NV, we also have the relation

det(1+wkp) = - ( 1T w(bl)w(b2)) det K715,
JixJocB \(b1,b2)€J1xJ2
Notice that if J; C B, Jy C B, we have
( H w(bl)) ( H w(bQ)) = H w(bl)w(bg).
bi1eJy bacJo (b1,b2)EJ1 X J2
Therefore, for every J; C B, Jo C B,

- JixJa J1 Ja
dCetKJIXJQ = dﬁtKJ1 dﬁtKJz’
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which means that for every Ry, Ry in @.cp F. adapted to the bases ((bf)i<N)ecE,
we have

P(Ri & Ry C Q) =P(R; c QW)P(R, c QY).
Since it holds for every choice of bases over the fibers of the vector bundle, we have
for every Ry, Ry € ®ocp Fe,

P(R1 @ Ry C Q) = P(Ry C QW)P(Ry € QW)).

In particular,
. L . .
(dimc Qe)een = (dimy Qé + dimy Qg)e€A7

which concludes the proof. O

An immediate consequence of this theorem is that in the case of N = 1, on a infinite
graph, the superposition of two independent samples of the associated ()-determinantal
probability measure on CRSF gives a random {0, 1, 2}-valued fields of occupation number
which has the same distribution as the occupation number of a rank 2 quantum spanning
forest with a SUs-connection.

In the following subsection, we justify that () determinantal measures are negatively
associated just like the determinantal measures. This lemma will be useful to apply results
such as Theorem 6.25 for ()-determinantal measures on CRSF.

7.1.2 Q-determinantal measures are negatively associated.

Let K be the kernel of a ()-determinantal measure /i) and denote by K the operator which
is obtained from K by replacing quaternions by matrices in Ms(C).

Lemma 7.3. The measure [uq is negatively associated.

Proof. Recall that if E = {e1, ..., ey}, the generating polynomial of the Q-determinantal
measure /i(), associated to a kernel K is given by

Gug (215, 2n) = E

H zl} = Qdet(I + (diag(z1,...,2n) — I)K).

i|ei6F

From [BBL09], a measure which is strongly Rayleigh, which means that its generating
polynomial is real stable, is negatively associated. Therefore, we just need to check that
the polynomial g,,, is real stable, that is to say that for every complex numbers 21, ..., 2,
such that the inequality 3(2;) > 0 holds for every j < n, we have g, (21, .., 2n) # 0.

According to (J-determinant properties, if z1, . .., 2, are complex numbers such that
the inequality 3(z;) > 0 holds for every j < n, then

Iug (21, -+, 22)? = Qdet(I + (diag(z1,...,2,) — I)K)?

= det(I + (diag(z1,21,- -+, 2n,2n) — 1) K),
where K is obtained from K replacing quaternions by matrices in Ms(C).
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The operator K is the kernel of a determinantal linear process which is Strongly
Rayleigh and therefore the function

(21,21, -+ 2n, 2n) = det(I + (diag(z1, 21, -+, Zn, 2n) — NK)

is a real stable polynomial. Then, for z1, ..., 2, such that the inequality J(z;) > 0 holds
for every j < n, we have

det(I + (diag(z1, 21, . ., Zn, 2n) — 1)K) # 0,

and finally g,,, is strongly Rayleigh. O

In the following subsection, we compute the kernel of a quantum spanning forest
associated to a quaternionic connection on a vector bundle of rank /V in the case where
the graph and the connection are periodic.

7.1.3 Kernel for a periodic quaternionic unitary connection

Let d > 2. Let us consider in this subsection the graph G' = Z? endowed with the following
connection. Let M;,..., M; € Un(H) be unitary matrices with quaternionic values
and (;) be the canonical basis of Z%. For every j € [1,d], define for every z € Z4,

h(z,z +t;) = M;.

For every n, we consider the quaternionic operator of orthogonal projection K,
on im(dp, ,) with periodic boundary conditions;

K, : QYG,) — QYG,).

From the correspondence between Uy (H) and U (C), for every i € {1,...,d}, de-
fine M; € Uy ~(C) as the associated matrix to M;, and denote by K,, the operator of
orthogonal projection with complex values, which corresponds to the connection defined
by M, ..., M, € Usn(C). Notice that for every edges e, ¢/, the matrix (IA(n)e o € Man(C)
is the corresponding matrix to (K»), ., € Mn(H). 7

A

From Lemma 4.15, the sequence of kernels (K,),, associated to a complex periodic
connection (M Lyeees Md) on a vector bundle of rank 2N, with periodic boundary con-
ditions, converges weakly in the sense that for every edges e, ¢/, we have the following
convergence in Moy (C).

| g 5 - - dz;
(Kn)e.er = Kee :/ K21, o 2)20 ez P [ 5o

|z1|=1,...,]z4|=1 2072

where K (21, ..., zq) : @'(G1) — Q(G)) is the kernel associated to the connection defined
by (21Mi, ..., zaMa).

For every edges e, ¢/, we know that for every n, (Ky), ., € My (H) and therefore, from
the identification between H et M5(C), the following convergence holds in My (H):

(Kn)&e/ — Ke,e’ € MN(H)

with the identification K, o +— IA(e,e/ between My (H) et Moy (C).
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Therefore, the sequence of kernels K, with quaternionic values converges towards
a kernel K which is the kernel of the infinite volume measure and the complex-valued
operator K which corresponds to K has the following integral expression for every couple

of edges e, ¢’
K _ R— T1—Y1 Td—Yd dzi
eel = [6},[6/}(21, vy Zd)Zl --Zq H P
|z1]=1,...,|z4|=1

2i7‘(’2i '

Recall that the norm of a quaternion is given by |q|?> = a? + b? + ¢ + d? where the
corresponding matrix to g is
a+ib —c—di
M, = . I
(c —di a—1b )

Therefore, edge-to-edge correlations decay for a quaternionic unitary connection are given
by decay of coefficients of the corresponding complex-valued operator. If each entry of the
matrix K, . € Myn(C) has exponential decay with the distance |e — ¢/| — oo, then the
norms of the entries of K. ., € My (H) have exponential decay.

In the next section, we will study the case where N = 1 and the measure associated to
a unitary quaternionic connection has support in CRSF and we will still assume that the
graph and the connection are periodic.

7.2 Periodic unitary quaternionic connection of rank 1 on
the graph Z“

Let d > 2. Let us consider in this subsection the graph G = Z? endowed with the following
connection. Let q1, ..., ¢q € U(H) be unitary quaternions and (¢;) be the canonical basis
of Z4. For every j € [1,d), define for every = € Z¢,

h(iL’,iE —|—tj) =dqj-

From subsection 7.1.3, if for every i € {1,...,d}, we denote by A; € SU(C) the
corresponding matrix to the unitary quaternion ¢; and by K e M5(C) the operator of
orthogonal projection with complex values, which corresponds to the connection defined
by Aj, ..., Ag € SU3(C), then for every couple of edges e, €/, we have

— 2 T1-Y1  ZTd—Yd
Ke,e’ = / =1 ra]=1 K[e]’[e/](zl, ceey zd)zl -eZq H
Z1|=L,..,|2q|=

where K (z1,...,25) : QY(G1) — QY(G)) is the kernel associated to a Us-valued con-
nection, obtained from the connection multiplied by z1, ..., 24, that is to say the con-
nection defined by (2141, ...,243A4). Therefore, for every couple of edges €, €/, the ma-

dz,-

2wz

trix K[ (¢1)(21, - - -, 24) is a Uz matrix whose entries are rational fractions in (21, . .., zq).

In particular, edge-to-edge decay of correlations are determined by the existence of com-
mon eigenvectors of the matrices Ay, ..., A4. Since the matrices A1, ..., A4 arein SUz(C),
we know that there exists a common eigenvector of Aj,..., Agifand onlyif A;,..., Ay
commute which is equivalent to the condition that ¢y, ..., g commute in the quater-
nionic field. We will distinguish in the following the case where all quaternions ¢q1, ..., ¢4
commute and the case where at least two of them do not commute.
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7.2.1 When the quaternions do not commute

Let us assume that there exists k,! such that ¢; and ¢; do not commute, that is to say
that qkqlqlgqu 1 -£ 1. Then, the matrices A1, ..., A4 do not have a common eigenvector.
It implies the following result.

Proposition 7.4. If there exist k, [ such that q and q; do not commute, edge-to-edge correla-
tions decrease at exponential rate.

Proof. The kernel of the model associated to the SUs-valued connection Ay, ..., A; can
be written as

2% > — _ le dZd
T1—Y1 Tq—Yd
Ko = / K [e(215 - - -5 2d) %) VLo — =
z1|=1,...,|z4|=1 1 d
‘ 1| 3 ’| dl 2@7(2 2Z7[Z

where K (21, ..., zq) : @(G1) — Q(G)) is the kernel associated to the connection defined
by (2141, ..., 24A44). From equation (4.6), there exists a Us matrix ) whose entries are
Laurent polynomials in ({1, ..., &y) such that

- (Q(2)) el e
K[e],[d]('zlv cee ,Zd) = W
where P(z1, ..., 24) is the characteristic polynomial associated to (A, ..., Ag).
Since the matrices Ay, ..., A4 do not have a common eigenvector, from Theorem 4.12,
the characteristic polynomial z — P(z) does not vanish on Ty, and from Corollary 4.24,
ife, e’ € E(Z9),||K, || decays at exponential rate when |e — /| — oo. O

Since a ()-determinantal measure is negatively associated, under Assumption 6.17,
Theorem 6.25 holds for ()-determinantal measures on CRSF. Let us justify that both As-
sumptions 6.17 and 5.18 hold in the case where quaternions do not commute.

Lemma 7.5. If there exist two indices k, [ such that q;, and q; do not commute, and such that
the inequality %(qkqlqk_lql_l) > 0 holds, then Assumptions 6.17 and 5.18 hold for the weight
function w_ obtained from w.

Proof. Let us construct a family of loops (’y;f, v )je[1,4) Such that for every vertex x € 9Gp,
there exists a loop starting from z which stays in G,,+1\ (G, U9G,,+1) and which is a loop
translated from a loop of this family.

Let j € [1,d]. Define 7;“7 by

{fy]"." = (0,t5,t; + tp, tj +tp + 1, t; + 11, t5)
7]‘_ = (O, —tj, —t; — g, —t; —ti — 1, —t; — 1y, _tj)

Let x € 0G), be a fixed vertex and let j be such that z; = +n. If z; = n, the loop
defined by 7, := x + 7;7 satisfies the assumption and if z; = —n, the loop 7, := 2 +7;
satisfies the assumption.

If (X,,) is a simple random walk starting from z, it makes the loop 7, of length 5 with

probability
1 5
]P)x ) = |\ 53 .
(72) (2 d)
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Notice that from the invariance under translation, the weight of the loop 7, is
1 —1,E1
wn(v2) = 1= R((araugy, a7 ) )-

Therefore, if there exist k, [ such that ¢; and ¢; do not commute, and such that the
inequality %(qkqlqk_lql_ 1) > 0 holds, then Assumptions 6.17 and 5.18 hold. O

Under those assumptions, every connected component with a cycle is finite and there
exist infinitely many finite connected components, since almost surely every finite admis-
sible family of unicycles is observed infinitely many times and in particular every finite
unicycle of non trivial holonomy is observed infinitely many times.

In the following subsection, we study the case where all quaternions commute.

7.2.2 Commuting quaternions and uniform spanning forest

Assume with the same notations as in the previous subsection that for every £, [,

qrqr = qQ4k-

Theorem 7.6. Under this assumption, the model has the same law as the uniform spanning
forest of [BLPS01]. In particular, some specific edge-to-edge correlations decrease at polynomial
rate and all connected components are infinite trees.

Proof. Recall that the generating polynomial of the model of rank 1 with a unitary quater-
nionic connection is the square-root of the generating polynomial of the model associated
to the complex connection of rank 2 obtained by replacing unitary quaternions of the
connection by SU; matrices.

Using the correspondence between U(H) and SUs, under the assumption that the
quaternions ¢; commute, the matrices in SUz which are associated to the quaternions ¢;
can be all diagonalized in a fixed orthonormal basis.

u; 0

Then, if we denote by K the kernel obtained by replacing unitary quaternions by SUs
matrices, then, for every z € T, for every couple of edges e, ¢/, the matrix denoted
by K (el,[e'](#1, - - -, 24) 1s, in the fixed orthonormal basis, a diagonal matrix whose entries
are equal to the quantities obtained for the complex-valued connections defined by unitary
complex numbers (z1uq, ..., z2quq) and (2141, - . ., 24Uq).

Therefore, the kernel obtained by replacing unitary quaternions by SU; matrices can

be written as
Y1—o1 Yd—Td y7id
S gt UK 0
e,e’ ~Y1—T1 ~Yd—Td 1-id .
0 uy gt UK

Therefore, the kernel of the model is

Ao (U0 K4 0\ (U 0
“\o U 0 K9J\o U*)’
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where U is a diagonal matrix in U and K is the kernel associated to a trivial connection,
that is the kernel of the model of uniform spanning forests, as defined in [BP93, BLPS01],
whose integral expression, obtained by [BP93], is recalled in Equation (4.1).

Then, the generating polynomial of the model of rank 1 with a unitary quaternionic
connection ¢, . . ., qq is given by

Iug (21, .y 2n) = \/det(f + (diag(z1, 21, -+ 2n, Zn) — I)IA()el,”.ﬁn
= det(I + (diag(z1,...,2n) — I)Kéil,...,en)

= Gua(21, ..., 2n)

which concludes the proof. O
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Conclusion

In this thesis, we presented two families of Boltzmann probability measures on cycle-
rooted spanning forests of finite graphs associated to weight functions on cycles which are
symmetric under orientation reversal.

The first one, which is the family of probability measures associated to a complex
or quaternionic unitary connection of rank 1 of the graph, is a family of determinantal
measures whereas the second one, which is the family of probability measures associated
to a weight function smaller than 1 is a family of measures which are sampled by a Wilson
type algorithm. We justified that for both families, under some assumptions, sequences of
probability measures on cycle-rooted spanning forests of finite growing subgraphs converge
towards a probability measure on subgraphs of an infinite graph and described properties
of random configurations under this limit measure.

We proved that under the Wilson algorithm measure in infinite volume, under an
assumption of minoration satisfied by the weight function, all connected components are
finite. For determinantal measures in infinite volume, we proved under similar assumptions
that every connected component is finite if and only if it has a cycle and that there are
almost surely infinitely many unicycles. In particular, the following question naturally
arises:

Question 1. Under a determinantal measure associated to a rank 1 connection such that there
exists a family of cycles, invariant under translations, all of whose cycles have non-trivial
holonomies, can we observe with positive probability an infinite tree?

In other words, could we observe in infinite volume a component without any cycle
which arises from growing cycles? When the connection % is such that the residual
space dp () is null, we know that edge-to-edge correlations decrease at exponential rate
and therefore we believe that every connected component is finite.

Nevertheless, Kenyon introduced in [Ken19, Sun16] some Gibbs determinantal measures
on spanning forests of an infinite planar graph which are determinantal associated to kernels
which are not self-adjoint operators. Under those measures, all connected components are
infinite almost surely, even if correlations can decrease at exponential rate.

More precisely, those measures are defined as limits of determinantal measures, as-
sociated to a non unitary connection, on growing finite planar graphs which are seen as
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graphs on growing tori, such that the only cycles whose holonomies are non trivial are
cycles whose homotopy classes are non trivial, that are cycles winding around the torus.
Under those measures, we observe almost surely large cycles winding around the torus
which give rise to bi-infinite connected components which are characterized by their slopes.
Intuitively, we believe that if a sequence of measures on cycle-rooted spanning forests on
growing finite graphs converges towards a measure on subgraphs of an infinite graph, the
only infinite connected components that we could observe are bi-infinite trees which arise
from the limit of growing cycles in both directions. Following this idea, we naturally ask
the following question:

Question 2. Ifan infinite tree is observed, is it a bi-infinite tree?

However, this intuition is not always correct. Indeed, as we mentioned in Chapter 6,
the limit of the sequence of determinantal measures on cycle-rooted spanning forests
associated to a periodic unitary complex connection on an exhaustion of the lattice Z% is
the uniform spanning forest measure on 7% studied by [BP93, LP16, BLPS01], under which
every connected component is almost surely a tree with only one end.

Furthermore, a theorem from Lyons ([Lyo03, Theorem 7.2]) which holds for every
determinantal point process implies that for a random cycle-rooted spanning forest F
distributed according to the determinantal measure p, we have pip,-almost surely,

02

Qb(F) =TI F) (ky, 2(G)) = skp e (F).

Let us assume for a while that F contains a bi-infinite tree 7" and an edge ¢ = (x,y)
such that if we remove e then F is the disjoint union of two infinite trees 7, and T},. The
theorem of Lyons mentioned above states that almost surely, every 1-form & Q%g (F)onF
can be approximated in ¢2-norm by derivatives (d} f,) of functions (f,) with compact
support. We believe that choosing 6 to be the indicator function of the edge e, the sequence
of functions ( f,,) is forced to converge towards a function which is constant non zero either
on T, or T},. Nevertheless, even if the sequence ( f,,) is a sequence of 0-forms with compact
support, (f,,) does not necessarily converge towards a 0-form in £? and unfortunately we
cannot find a contradiction.

The proof that every connected component is finite under the Wilson measure relies on
algorithms of loop-erased random walks. In the same way, to prove that every connected
component with a cycle is finite, we used an algorithm of loop-erased random walks
conditional on cycles of weights larger than 1, on a finite graph. Unfortunately, this
algorithm does not hold on infinite graphs since we cannot consider the measure conditional
on the infinite set of cycles of weights larger than 1. A natural question that we can ask is
the following:

Question 3. Could we construct an algorithm to sample determinantal measures from loop-
erased random walks?

This question is also studied by [FB22] who give an algorithm of loop-erased random
walks to sample cycle-rooted spanning forests associated to the weight function min(1, w)
and approximate determinantal measures associated to a magnetic Laplacian from measures
associated to this weight function. Nevertheless, this method does not seem enough sharp

120



7.2. Periodic unitary quaternionic connection of rank 1 on the graph Z¢

to show the finiteness of connected components under the determinantal measures in our
case.

We emphasize that the Wilson measures on cycle-rooted spanning forests are not only
a tool to study configurations under determinantal measures but measures of relevant
interest to sample randomly a cycle-rooted spanning forests according to a loop-erased
random walks algorithm. From that point of view, open questions about those measures
seem to be worth paying attention to. In particular, we ask the following question:

Question 4. Can we compute edge-to-edge correlations exactly and are the Wilson algorithm
measures negatively correlated under some assumptions?

We proved that under some assumptions, correlations between edges which are far
enough appart are exponentially small. We have not succeeded yet in computing exactly
edge-to-edge correlations, but it would be worth working on it further.

We also emphasize that one of the goal of the thesis is to study more general spanning
forests in rank [V, called quantum spanning forests, which correspond to a superposition
of random cycle-rooted spanning forests, whose joint law is determinantal. We proved in
Chapter 4 that under the determinantal measure associated to a Z?-periodic connection on
the lattice Z¢, defined by d unitary commutating matrices of size N, the joint law is the
superposition of N independent uniform spanning forests. We also proved in Chapter 7
that the superposition of two independent samples of the ()-determinantal measure on
cycle-rooted spanning forests has the same law as the occupation number of a rank 2
quantum spanning forest with a SUs-connection.

More generally, the superposition of N independent samples of a probability mea-
sure on CRSF, non necessarily determinantal, gives a random {1, ..., N }-valued fields
of occupation number. Another natural question about the Wilson algorithm measure
on cycle-rooted spanning forests is to understand the law of the superposition of several
samples of this measure.

Question 5. What is the law of the number of occupation of a superposition of independent
random configurations distributed according to the Wilson measure? Can we observe a
percolation phase transition according to the value of the cycle weights?

The law of a superposition of cycle-rooted spanning forests is better understood in
the case of determinantal measures associated to a unitary connection on a vector bundle
of rank N over a graph, but even in the determinantal case, several questions of relevant
interest remain open. As mentioned above, in the case of rank 1, Kenyon [Ken19, Sun16]
introduced Gibbs determinantal measures associated to non-unitary connections of rank
1 over a planar periodic graph, which gave rise to random spanning forests, all of whose
connected components are bi-infinite trees with slopes.

Those determinantal measures are in correspondence with dimer measures on planar
graphs and their kernel have integral expression involving a characteristic polynomial.
Different phases can be observed, depending on the rate of decay of edge-to-edge correla-
tions and the corresponding phase diagram involves the spectral curve, that is the zero set
of the characteristic polynomial. In the case of a unitary connections on a vector bundle
of rank N over a periodic graph, we observed two phases of edge-to-edge correlations
decay depending on the existence of zeros of the polynomial in the unit torus, that are
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zeros whose coordinates have unit modulus. The following question naturally arises to go
further in the study of the phase diagram of the model of quantum spanning forests.

Question 6. Could we define measures associated to a non-unitary connection for arbitrary
rank N > 2? Would we observe a phase diagram involving the zeros of the characteristic
polynomial whose coordinates have modulus different than 1?

The construction of the determinantal measures associated to a non-unitary connec-
tion of rank 1 in [Ken19, Sun16] relies on combinatorial formulas for the vector-bundle
Laplacian that hold in rank 1 and in a particular case of rank 2, which is the case where the
matrices are of unit determinant ([For93, Ken11, KL20a]). Unfortunately, even in rank 2,
the combinatorial expression of the Laplacian determinant is not sufficient to extend the
construction. Indeed, this construction relies on Fourier decompositions, as in Chapter 4,
which involve multiplications of matrices by scalars, and combinatorial formulas do not
hold anymore for those new matrices.

As mentioned above, in the case of a unitary periodic connection of rank V, the edge-to-
edge correlations decay depends on the existence of zeros of the characteristic polynomial
in the unit torus. We proved in Chapter 4 that this condition is equivalent to the existence of
common eigenvectors of the unitary matrices. In particular, in the case of a special unitary
periodic connection of rank 2, or equivalently in the case of a quaternionic connection of
rank 1, as studied in Chapter 7, the edge-to-edge correlations rate of decay depends on
the commutation of the parameters. We observe therefore a phase transition when the
commutator of quaternions tends to 0. A natural quantity which characterizes a phase
transition is the free energy of the model and its degree of non-analyticity is called the
order of the phase transition.

Question 7. What is the degree of non analyticity of the free-energy when the commutator
of quaternionic parameters, defining a periodic unitary quaternionic connection, tends to 0?

We tried to compute the free-energy of the model for some particular unitary quater-
nions, expressed as matrices in SUy but we have not obtained yet an exact asymptotic
expansion of the free energy and its degree of non-analyticity when the commutator tends
to 0.

On specific graphs called isoradial graphs, authors of [BdTR17] study a Z-invariant
model (see [BD78]) of rooted spanning forests defined by a determinantal probability
measure associated to a massive Laplacian. They compute the order of a phase transition,
that is the degree of non-analyticity of the free-energy, when an elliptic parameter which
defines the probability measure tends to 0. Those computations rely on local formulas for
the Green function and the kernel of the model, which hold thanks to the Z-invariance. It
raises the following question:

Question 8. Do there exist unitary connections such that the Z-invariance property holds for
the associated determinantal measures? For such connections, can we compute local formulas
for the kernels and deduce the order of the phase transition?

Notice that it makes sense to look for such connections since the model of rooted
spanning forests associated to a massive Laplacian can be interpreted as a particular case

of the model of cycle-rooted spanning forests associated to a unitary connection, by adding
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on every vertex a small self-loop whose holonomy is equal to the mass of the vertex. We
have not succeeded yet in computing connections which satisfy the Z-invariance property
but we believe that this question is worth working on further.

Other questions of relevant interest can be raised, in particular in the case of large N.
As mentioned in Chapter 2, a relevant quantity to understand quantum spanning forests is
the trace, that is the set of dimensions of random subspaces of the fibers, whose marginal
expectations and variances are given by the eigenvalues of the kernel. When the measure
on quantum spanning forests is associated to a periodic unitary connection of rank [V, this
kernel has an integral expression involving unitary matrices of size N. Since the asymptotic
behavior of eigenvalues of random matrices of large size is well understood, the following
question naturally arises:

Question 9. What is the asymptotic behavior when N — oo of the trace of a quantum
spanning forest distributed according to the determinantal probability measure associated to
a random periodic unitary connection on a vector-bundle of size N over an infinite periodic
graph, depending on the probability law on the set of unitary matrices Uy (C)?

We also believe that the model of quantum spanning forests could be related to other
statistical physics models such as loop soups [LW03], Gaussian free field [LW16, WP20], co-
variant fields [KL20b], matrix valued fields [Lup22], Fortuin-Kasteleyn percolation [FK72]
for ¢ < 1, also called the random cluster model which is believed to be negatively corre-
lated (see [GWO04]), in particular in the limit case ¢ — 0, and a recently studied model of
random forests, so-called arboreal gas [BCHS21, BCH21, HH23]), and exploring precise
links between those models seems to be worth paying attention to.
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