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Fluctuat nec mergitur,
Quelqu’un dans la Rome antique
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1.1 Contexte et motivations

Cette thèse est consacrée à l’étude mathématique de certains systèmes de particules en interaction
appelés gaz de Riesz. Ceux-ci permettent de modéliser des particules aléatoires chargées (sans én-
ergie cinétique) interagissant par paires au travers du noyau gspxq “ |x|´s où s est un paramètre
strictement positif. Par extension, la famille des gaz de Riesz comprend également les systèmes
à interaction logarithmique en dimension une et deux, i.e le log-gaz uni-dimensionnel et le gaz de
Coulomb bi-dimensionnel, deux modèles particulièrement importants en physique et en mathéma-
tiques. En tant que systèmes de particules à longue portée, les gaz de Riesz forment une famille de
modèles particulièrement riche, dont nous nous proposons d’étudier quelques aspects.

Ce manuscrit s’insère dans une vaste littérature à l’intersection des probabilités et de la physique
mathématique. Le comportement microscopique des gaz de Riesz à longue portée a fait l’objet d’une
importante série de travaux qui ont permis de décrire, au moyen d’un principe de grande déviations,
le comportement microscopique de ces systèmes de particules. Si cette description microscopique
est bien valide en toute dimension, l’analyse des propriétés probabilistes de ces systèmes - comme les
fluctuations, les corrélations, la rapidité de convergence à l’équilibre - est complètement différente
en dimension une et en dimension supérieure. C’est en effet seulement en dimension une qu’il est
possible d’exploiter la convexité de l’interaction, ce qui donne accès à toute une gamme d’inégalités
de concentration et d’inégalités fonctionnelles pour étudier les fluctuations et le temps de relaxation
de la dynamique.

Au fil de cette introduction, nous précisons d’abord le contexte mathématique de notre travail
puis donnons un aperçu de quelques méthodes fondamentales du domaine avant de présenter les
contributions principales de ce manuscrit.

1.1.1 Dynamique de Langevin

On présente la dynamique de Langevin suramortie qui permet de modéliser une dynamique molécu-
laire de particules sans énergie cinétique. On considère N particules x1, . . . , xN dans Rd interagis-
sant selon une énergie générale (disons régulière) HN : pRdqN Ñ R. On suppose que les particules
évolue en cherchant à minimiser l’énergie, tout en étant agitées par un petit bruit Brownien. Pour un
paramètre β ą 0, qui joue le rôle de température inverse, on examine alors l’équation différentielle
stochastique

dXt “ ´α∇HN pXtqdt`

c

2α

β
dBt, (1.1)

où pBtqtě0 est un mouvement Brownien standard sur pRdqN et α ą 0 un paramètre correspondant à
un changement déterministe de temps. L’équation (1.1) définit un processus de Markov sur pRdqN

dont le générateur infinitésimal du semi-groupe est donné par l’opérateur différentiel linéaire du
second-ordre

L :“ αpβ∇HN ¨ ∇ ´ ∆q. (1.2)

On peut de plus vérifier que la mesure invariante de ce processus de Markov est donnée par la mesure
de probabilité ci-dessous, appelée distribution de Boltzmann-Gibbs :

dPN,β “
1

ZN,β
e´βHN pXN qdXN , (1.3)

où ZN,β est la fonction de partition

ZN,β “

ż

pRdqN
e´βHN pXN qdXN .
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Il se trouve que (1.3) est la solution d’un « principe variationnel de Gibbs ». On vérifie aisément
que la mesure (1.3) minimise la fonctionnelle

µ P PppRdqN q ÞÑ βEµrHN s ` Entpµq,

où Ent désigne l’entropie sur pRdqN :

Entpµq “

ż

log
dµ

dx
dµ, (1.4)

si µ est absoluement continue par rapport à la mesure de Lebesgue sur pRdqN et Entpµq “ `8

sinon. On peut montrer que sous des hypothèses générales, par exemple si la Hessienne de HN est
minorée par une constante négative [220], alors la dynamique (1.1) est ergodique et qu’en particulier
la loi de Xt converge en temps long vers la distribution de Boltzmann-Gibbs (1.3). Une question
intéressante du point de vue de la physique statistique est de déterminer si cette propriété d’unicité
de le mesure reste vraie lorsque la taille du système tend vers l’infini, autrement s’il y a un unique
état de Gibbs.

1.1.2 La famille des gaz de Riesz

Spécifions à présent la classe d’énergie qui nous intéresse. Étant données N particules x1, . . . , xN
dans Rd, on considère

ÿ

i‰j

gspN
s
d pxi ´ xjqq, (1.5)

où gs est le noyau de Riesz sur Rd, associé à un certain paramètre s ě 0, donné par la formule

gspxq “

" 1
|x|s

si s ą 0

´ log |x| si s “ 0 et d P t1, 2u.
(1.6)

Le noyau de Riesz définit une interaction classique qui est correspond à la solution de l’équation de
Laplace fractionnaire

p´∆q
d´s
2 gs “ cs,dδ0.

Ainsi l’interaction de Riesz recoupe l’interaction logarithmique en dimension 1 et 2 ainsi que l’interaction
coulombienne pour d ě 2. On utilise la terminologie suivante :

• Pour s “ 0 et d “ 1, on parle de log-gaz 1D ou de β-ensemble.

• Pour s “ 0 et d “ 2, on parle de log-gaz 2D, qui correspond aussi au gaz de Coulomb 2D.

• De façon plus générale, pour s “ d´ 2 et d ě 2, on parle de gaz de Coulomb.

Le paramètre s détermine la singularité de l’interaction ainsi que sa portée. En effet pour s ą d,
l’interaction d’une configuration périodique bien espacée sur un domaine compact devient sommable
et l’énergie est dite à courte portée. A l’opposé, pour s ď d, les termes principaux dans l’énergie
correspondent aux interactions à longue portée. Afin que les particules ne s’échappent pas à l’infini,
il convient de compactifier le domaine, ce qui peut se faire de deux façons : la première consiste à
ajouter à (1.5) un potentiel extérieur confinant, c’est-à-dire un terme de la forme

řN
i“1 V pxiq avec

V : Rd Ñ R suffisamment régulière et croissant assez vite à l’infini, ce qui amène à considérer le
Hamiltonien

HV
N : XN P pRdqN ÞÑ

ÿ

i‰j

gspN
s
d pxi ´ xjqq `N

s
d

N
ÿ

i“1

V pxiq. (1.7)
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Dans ce cas on notera PVN,β la mesure de Gibbs

dPVN,β :“
1

ZVN,β
e´βHV

N pXN qdXN , (1.8)

où ZVN,β est la fonction de partition

ZVN,β :“

ż

e´βHV
N pXN qdXN .

Une autre façon de confiner les particules est de remplacer Rd par un domaine compact, par exemple
par r0, 1sd ou par le tore de dimension d, noté Td. Notons que dans le régime longue portée (à la
différence du régime courte portée), si on confine un gaz de Riesz dans un domaine compact, alors
la mesure d’équilibre se concentre sur la frontière du domaine et ce choix n’est donc pas pertinent.
Enfin si les particules vivent sur le tore Td, soulignons que le noyau (1.6) doit être remplacé par le
noyau de Riesz periodisé, voir sous-section (1.3.2).

1.1.3 Motivations

Donnons à présent quelques motivations physiques et mathématiques pour l’étude des gaz de Riesz.
On se réfère aux comptes-rendus de littérature très complets [238, 77, 191].

• Les gaz de Riesz définissent pour s ă d une famille de modèles à longue portée, qui sont
intéressants en tant que tels. En effet, ceux-ci échappent à la théorie classique de la physique
statistique élaborée dans les années 70, 80 et 90 (Ruelle, Giorgii, Dobrushin...) [122, 127, 138,
207], qui donne des résultats généraux pour des interactions à courte portée, notamment en
dimension 2. Les gaz de Riesz forment donc un cadre particulièrement riche pour développer
de nouvelles méthodes pour comprendre les fluctuations et corrélations des systèmes à longue
portée, y compris en dimension 1.

• Une motivation importante pour l’étude des log-gaz en dimension 1 vient des matrices aléa-
toires. En effet comme observé dans les papiers fondateurs [255, 106], le log-gaz 1D avec
β P t1, 2, 4u apparaît comme loi jointe des valeurs propres de matrices aléatoires Gaussiennes
symmétriques/hermitiennes/symplectiques à entrées indépendantes. Les β-ensembles ont ainsi
été abondamment étudiés en utilisant des techniques extrêmement variées. Les β-ensembles
s’étendent également en des modèles discrets [42] qui modélisent alors les losanges horizon-
taux dans les pavages aléatoires de domaines hexogonaux par exemple. En dimension 2 pour
β “ 2, le log-gaz correspond à la loi jointe des valeurs propres d’un modèle de matrices non-
hermitiennes, appelé ensemble de Ginibre [134]. De plus celui-ci a une structure déterminentale
qui en fait un système intégrable [161, 119, 104].

• Le gaz de Coulomb en dimension 2 et 3 est un modèle particulièrement important puisque les
interactions électrostatiques et gravitationnelles sont coulombiennes. En dimension 3, le gaz
de Coulomb permet par exemple de modéliser les plasmas en astrophysique [25]. Le gaz de
Coulomb bi-dimensionnel surgit quand à lui dans de nombreux domaines de la physique : il
permet de décrire les vortex dans les modèles de Ginzburg-Landau (supraconductivité) et Gross-
Pitaevskii (superfluidité) [227, 228], les vortex dans le modèle XY (magnétisme, mécanique
du solide) [34], la fonction d’onde de Laughlin dans l’effet de Hall quantique fractionnaire en
mécanique quantique. Le gaz de Riesz est une extension naturelle du gaz de Coulomb et a
qui a également de nombreuses motivations physiques, voir par exemple [197, 18, 66, 249].
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• L’étude de minimiseurs de (1.5) sur Td est également un problème majeur en mathématiques
et tout à fait d’actualité. Pour s “ `8, ce problème n’est rien d’autre que le problème
d’empilement compact, où il s’agit d’ordonner des sphères dures de telle sorte que la pro-
portion d’espace occupé soit la plus grande possible. Il est conjecturé que pour certaines
dimensions, les minimiseurs de (1.5) sont donnés par des réseaux périodiques : c’est la conjec-
ture de cristallisation, qui explique la formation spontanée de structures très ordonnées. Plus
précisément, il est conjecturé dans [87] que le réseau triangulaire en dimension 2, le réseau E8

en dimension 8 et le réseau de Leech en dimension 24 sont les minimiseurs universels d’énergie
de la forme (1.5) pour des interactions générales et « complètement monotones », dont les
interactions de Riesz. Cette conjecture a été démontrée en dimension 8 et 24 dans [88] suite
à l’avancée spectaculaire [252]. Le lecteur peut se référer à [36] pour un compte-rendu de
littérature sur la conjecture de cristallisation. L’étude des minimiseurs de (1.5) joue également
un rôle clé en théorie de l’approximation [174, 222, 57, 58, 82].

1.1.4 Comportement macroscopique

Considérons une énergie de la forme (1.7) sur pRdqN avec s ă d et V : Rd Ñ R lisse et croissant
suffisamment vite à l’infini. Le potentiel de Riesz étant à longue portée, le comportement macro-
scopique du système est dicté par une énergie de type champ-moyen. En effet, la force principale
s’exerçant sur une particule est donnée par la force générée par la distribution moyenne de charges,
qui est donc dominante devant la force exercée par les particules voisines. Ceci peut se formaliser
avec un énoncé de Gamma-convergence ou bien avec un énoncé de grandes déviations. Pour étudier
la densité macroscopique de particules, il est naturel de considérer la mesure empirique, définie par

µN “
1

N

N
ÿ

i“1

δxi . (1.9)

Le Hamiltonien (1.7) se réécrit comme une fonction de la mesure empirique, comme suit :

HV
N pXN q “ N2´ s

d

ĳ

∆c

gpN
s
d px´ yqqdµN pxqdµN pyq `N2´ s

d

ż

V pxqdµN pxq,

où ∆ désigne la diagonale de Rd ˆ Rd. Ainsi, lorsque µN avoisine une certaine mesure µ, on
s’attend à ce qu’en un certain sens, l’énergie HV

N pXN q soit comparable à N2´ s
d IV pµq où IV désigne

la fonctionnelle

IV : µ P PpR2q ÞÑ

ĳ

gpx´ yqdµpxqdµpyq `

ż

V pxqdµpxq. (1.10)

Comme montré dans [237], la suite de fonctions tN
s
d

´2HV
N u vues comme des fonctions sur PpRdq

Γ-converge vers IV : PpRdq Ñ p´8,`8q au sens de la convergence faible des mesures. D’autre
part, on peut montrer que pour toute mesure ν P PpRdq et pour ε assez petit, on a

ż

µNPBpν,εq

e´βHV
N pXN qdXN “ e´βN2´ s

d IV pνq`opN2q.

En particulier, la mesure de Gibbs se concentre autour de l’unique minimiseur µV de IV , appelé
mesure d’équilibre. Ainsi la suite des mesures images de PN,β par l’application µN satisfait à un
principe de grandes déviations (PGD) avec fonction de taux βpIV ´IV pµV qq, [11, 80, 237], voir sous-
section 1.2.1 pour une définition précise. En conséquence, µN converge vers une limite déterministe
donnée par la mesure d’équilibre µV .
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La mesure d’équilibre se caractérise au moyen d’équations d’Euler-Lagrange mais son support est
délicat à déterminer. On utilisera la terminologie bulk pour parler de l’intérieur du support. Donnons
deux cas particuliers importants. Dans le cas du log-gaz en dimension 1 avec potentiel quadratique
(β-ensemble Gaussien), la mesure d’équilibre est donnée après mise à échelle par la loi du semi-cercle
de densité

?
4 ´ x21|x|ă2, ce qui est cohérent pour β P t1, 2, 4u avec le théorème de Wigner [5].

Dans le cas du log-gaz en dimension 2 avec potentiel extérieur quadratique, la mesure d’équilibre
est uniforme sur un disque dont le rayon dépend de β. On renvoie à [77, Table 1.2] pour une liste
plus complète des mesures d’équilibre pour les log-gaz.

1.1.5 Mouvement Brownien de Dyson et limite hydrodynamique

Nous avons vu comment le système à l’équilibre peut être approché par sa limite de champ moyen.
Il est également possible de dériver une limite de champ moyen dans l’équation de Langevin (1.1).
Sur tpx1, . . . , xN q P RN : x1 ă . . . ă xNu, on considère

dXiptq “
1

N

ÿ

j:j‰i

dt

Xiptq ´Xjptq
´

1

2
V 1pXiptqqdt`

c

2

βN
dBiptq, i “ 1, . . . , N, (1.11)

avec β ą 0 et V : Rd Ñ R lisse et croissant à l’infini. Ce processus stochastique est appelé
mouvement Brownien de Dyson. Rappelons que comme observé par Dyson en 1962 [106], pour
β P t1, 2, 4u et V quadratique, (1.11) correspond à l’évolution des valeurs propres de matrices
NˆN symmétriques/hermitiennes/symplectiques à entrées Browniennes indépendantes. Par ailleurs
comme nous l’avons vu, la loi invariante de Xptq est donné par le β-ensemble (1.8).

Comme dans le paragraphe précédent, considérons la mesure empirique

µN ptq “
1

N

N
ÿ

i“1

δXiptq.

Comme montré par exemple dans [215], si la distribution initiale µN p0q converge faiblement vers
une mesure µ0 lorsque N tend vers l’infini, alors le processus pµN ptqtě0q converge faiblement vers
le processus déterministe pµtqtě0, donné par l’unique solution de

xµt, fy “ xµ0, fy ´

ż t

0

ż

V 1pxqf 1pxqµspdxqds`
β

2

ż t

0

ż

R2

f 1pxq ´ f 1pyq

x´ y
µspdxqµspdyqds (1.12)

pour tout t ě 0 et f P C3
b pR,Rq. Cette équation d’évolution non-linéaire est l’équation de MacKean-

Vlasov associée au mouvement Brownien de Dyson. En dimension supérieure le passage à la limite
dans l’équation

dXptq “ ´∇HV
N pXptqqdt`

c

2

β
dBt, Xptq P pRdqN

avec β P R (équation de Langevin) ou β “ 8 (descente de gradient) constitue un problème très
délicat. Celui-ci a été résolu pour la descente de gradient pour d “ 1 et s P p0, 1q dans [30], pour
d “ 2 et s “ 0 dans [136, 235] pour pour s P p0, d´2q dans [146, 71], puis pour d´2 ď s ă d dans
[240]. En incorporant la méthode d’énergie modulée de [240] à des techniques antérieures [155], une
limite de champ moyen pour l’équation de Langevin avec bruit et interaction singulière a également
été obtenu dans [61].

Ainsi le temps de relaxation à l’échelle macroscopique du mouvement Brownien de Dyson est
dicté par l’équation d’évolution (1.12) et satisfait t " 1. Comme conjecturé par Dyson, la relaxation
locale est beaucoup plus rapide et se produit à l’échelle mésoscopique ou microscopique 1{N ! η ! 1
en un temps t " η. Le mouvement Brownien de Dyson est ainsi un outil particulièrement efficace
pour démontrer l’universalité des statistiques des β-ensembles et matrices de Wigner [46, 47, 49,
116, 50, 175].
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1.1.6 Description du comportement miscroscopique

Le système (1.8) peut être vu à l’échelle macroscopique comme un milieu continu qui se décrit
à l’aide de la fonctionnelle d’énergie (1.10). Si l’on zoome d’un facteur N

1
d autour d’un point

x P supppµV q, on observe un nuage de points aléatoire avec en moyenne µV pxq particules par
unité de volume. Au vu du scaling imposé dans (1.5), l’interaction entre deux particules voisines est
de taille 1. Ainsi, à l’échelle microscopique, on observe un processus aléatoire non-trivial (distinct
du processus de Poisson), que l’on peut alors tenter de décrire avec le formalisme des grandes
déviations. La description de ce processus microscopique a été entreprise dans l’article important
[182], qui couvre le cas régime longue portée maxp0, d´ 2q ď s ă d.

Notons CN pxq la configuration centrée en x et mise à échelle d’un facteur N
1
d , i.e CN pxq “

řN
i“1 δ

?
Npxi´xq

. L’observable adéquate [182, 129] pour décrire le processus de points est obtenue
en moyennant CN pxq pour x dans le support de la mesure d’équilibre :

iN :“

ż

supppµV q

δpx,CN pxqqdx. (1.13)

Cet objet est appelé champ empirique. Le processus de points observé étant aléatoire, son com-
portement ne peut pas être décrit uniquement avec une fonction de type énergie. La fonctionnelle
de grandes déviations, qui indique la probabilité d’observer un certain processus de point doit ainsi
mesurer l’aléa présent dans ce processus de points. Cette fonction, qui mesure le volume de con-
figurations, est appelée entropie relative spécifique et est l’analogue de (1.4) pour les processus en
volume infini. Il est ainsi montré dans [182] que le processus moyenné iN satisfait à un PGD avec
une fonction de taux de la forme Fβ “ βEnergie ` Entropie.

La difficulté pour étudier la limite thermodynamique du gaz de Riesz dans le régime longue
portée est de montrer que l’énergie (1.7) peut se réécrire, après factorisation autour de l’équilibre
et mise échelle, comme une fonctionnelle typiquement additive. Dans la série de travaux [230,
232, 218, 203, 182, 184, 186, 206] un ensemble de techniques inspirées de l’analyse du modèle de
Ginzburg-Landau [228] ont été développées pour traiter les interactions de type Riesz. Le point
de départ est de réécrire l’énergie comme la norme L2 du champ coulombien généré par le jellium
[230, 232] et une technique d’écrantage inspirée de [2] puis développée dans [182, 9, 239] permet de
recoller des champs électriques entre eux et ainsi de montrer que l’énergie est typiquement additive.
Ceci a permis d’écrire dans [182] un PGD pour l’observable (1.13) puis dans [180] pour (1.13)
mais moyenné à de petites échelles. A l’aide d’approximations sous-additives et super-additives de
l’énergie inspirées de techniques d’homogénisation stochastique, [9] améliore la méthode de [180]
pour obtenir des lois locales valables à l’échelle microscopique ainsi que des estimées d’additivité
optimales sur l’énergie et les fonctions de partition. Pour les β-ensembles, on renvoie également à
[44, 43] qui donnent des développements à tout ordre des fonctions de partition.

1.1.7 Le plasma à deux composantes

On introduit à présent une variante du gaz de Coulomb bi-dimensionnel où deux types de particules
de charge positive et négative coexistent. Ce système est appelé gaz de Coulomb (ou plasma) à
deux composantes ou 2CP. Considérons N particules de charge positive x1, . . . , xN et N particules
de charge négative y1, . . . , yN dans Λ “ r0, 1s2 interagissant selon l’énergie

HN “
1

2

ÿ

i‰j

gpxi ´ xjq `
1

2

ÿ

i‰j

gpyi ´ yjq ´
ÿ

i,j

gpxi ´ yjq

où g est le noyau coulombien en dimension 2, c’est-à-dire

gpxq “ ´ log |x|, x P R2.
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Le 2CP est alors donné par la mesure

dPN,β “
1

ZN,β
expp´βHN pXN , YN qq1pXN ,YN qPΛ2Ndx1 . . . dxNdy1 . . . dyN (1.14)

où ZN,β désigne la fonction de partition

ZN,β “

ż

Λ2N

expp´βHN pXN , YN qqdx1 . . . dxNdy1 . . . dyN . (1.15)

L’énergie tend vers ´8 lorsque deux particules de charge opposées colisionnent avec un poids relatif
en distance´β dans la fonction de partition. Lorsque β P p0, 2q cette singularité est intégrable :
le bruit suffit à repousser les particules. Lorsque β ě 2, la singularité devient non-intégrable et la
fonction de partition (1.15) diverge. Ainsi, dans le régime de température β ě 2, il convient de
renormaliser l’interaction en la tronquant à une échelle η “ λ?

N
pour donner un sens à la distribution

(1.14).
L’une des motivations importantes à l’étude du gaz de Coulomb à deux composantes vient de la

physique de la matière condensée et plus précisément du modèle XY. Le modèle XY est un modèle de
ferromagnétisme dans le plan où des spins à valeurs dans le cercle unité interagissent selon le cosinus
de l’angle des plus proches voisins. Le champ formé par les angles peut se décomposer en une onde
de spin régulière et un ensemble de singularités composé de tourbillons d’indice 1 et ´1, appelés
vortex et antivortex. De plus, de façon remarquable, on peut monter que ces vortex correspondent
à des charges positives et négatives interagissant selon le potentiel de Coulomb. Dans les années
70, Kosterlitz, Thouless et indépendemment Berezinsky [165, 164, 29] montrent qu’une transition
de phase «d’ordre infini» a lieu dans le modèle XY. Cette transition se manifeste notamment par un
passage d’une décroissance exponentielle des corrélations des spins à une décroissance algébrique en
deçà de la température critique. La transition KT est liée à l’appariement en dipôles des vortex et
antivortex et plus précisément à la variation du nombre de charges non neutres à une certaine échelle
lorsque l’échelle augmente. Il existe des preuves mathématiques de l’existence de cette transition et
celles-ci reposent sur des outils sophistiqués utilisant notamment la représentation de Sine-Gordon
et des arguments de groupe de renormalisation [120, 121, 198]. Nous renvoyons à [35] pour une
synthèse sur le sujet.

Par ailleurs dans le régime β P p0, 2q, une description variationnelle de la limite thermodynamique
du plasma à deux composantes a été obtenue dans [186]. Le résultat de [186] se base notamment
sur la formulation électrique de l’énergie, une technique d’écrantage inspirée de [183] ainsi que des
techniques de grandes déviations empruntés quelques arguments combinatoires de [139].

1.1.8 Fluctuations des log-gaz

Une fois le comportement macroscopique du système établi, une question naturelle est de quantifier
les fluctuations de la mesure

řN
i“1 δxi ´NµV contre des fonctions-test. Étant donnée une certaine

fonction borélienne ξ : R Ñ R, on considère alors l’objet FluctN rξs :“
řN
i“1 ξpxiq ´ N

ş

ξdµV ,
appelé statistique linéaire. Une question importante venue des matrices aléatoires est d’obtenir un
théorème central limite (TCL) pour de telles quantités. Il apparaît que lorsque ξ est suffisamment
régulière, FluctN rξs est d’ordre 1 avec un comportement asymptotique Gaussien, voir notamment
[157, 241, 44, 46, 49, 27, 51, 145]. Lorsque la fonction-test ξ est singulière, un autre comportement
peut être observé. Par exemple pour ξ “ 1pa,bq avec pa, bq dans le support de µV , FluctN rξs fluctue
en

?
logN et un TCL de type log-corrélé est satisfait. Ainsi, l’ordre de grandeur des fluctuations

dépend de la régularité de la fonction-test. Notons que dans le cas des β-ensembles, le potentiel
logarithmique satisfait à un TCL log-corrélé [46] et l’étude des extrêmes de ce champ s’inscrit dans
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un sujet d’actualité relié aux marches aléatoires branchantes [159, 102, 172]. Il existe de nombreuses
motivations à l’étude des fluctuations des log-gaz et l’une d’elles est reliée à la conjecture KLS
[195] et plus précisément à une conjecture plus faible appelée conjecture de variance généralisée.
Comme montré dans [90], pour p ą 3, la boule unité des matrices auto-adjointes pour la norme de
p´Schatten satisfait à la conjecture de variance généralisée et ce résultat est obtenu en étudiant les
fluctuations d’une certaine statistique linéaire sous le log-gaz avec potentiel |x|p.

Les méthodes utilisées pour obtenir ces TCL exploitent le caractère longue portée de l’interaction,
avec les équations de boucles ou la méthode de transport de [241, 184] inspirée de [157]. Notons
que la preuve du TCL pour des fonctions-test lisses peut se passer du caractère 1D du modèle [27]
et cette preuve fonctionne également pour le gaz de Coulomb bi-dimensionnel [184, 24, 187] malgré
de nombreuses difficultés additionnelles. En revanche lorsque la fonction-test est singulière il semble
nécessaire d’utiliser la convexité et les propriétés de concentration qui en découlent [46, 51]. Pour le
gaz de Coulomb en dimension supérieure d ě 3 ou bien pour le gaz de Riesz avec s P p0, dq et d ě 2,
le problème se complique car les termes à longue portée dans l’énergie deviennent moins dominants :
il est alors nécessaire de contrôler avec une meilleure précision les fluctuations des variations locales
de l’énergie et des termes d’angles. On peut citer [239] pour un TCL valide pour le gaz de Coulomb
en dimension 3, sous une hypothèse d’absence de transition de phase. Un modèle simplifié du gaz de
Coulomb en dimension 3, appelé gaz de Coulomb hiérarchique, est également étudié dans [83, 124].

1.1.9 Le processus Sinus beta

Le comportement microscopique du log-gaz peut être décrit au moyen du PDG [182], qui exhibe une
fonctionelle d’énergie Fβ sur les processus ponctuels. La question de l’unicité des minimiseurs de Fβ
paraît difficilement accessible en dimension supérieure à 1. En dimension 1 et pour s “ 0, l’unicité
a été obtenue dans [112] avec un argument de convexité par déplacement. Le minimiseur est alors
identifié au processus Sineβ , qui correspond à la limite universelle du processus microscopique dans
le bulk des β-ensembles.

Etant donné x dans l’intérieur support de µV , considérons la configuration aléatoire non moyen-
née centrée en x,

CN “

N
ÿ

i“1

δ?
Npxi´xq

.

La variable CN est une variable aléatoire sur l’espace des configurations de points. Montrer l’universalité
pour les β-ensembles à énergie fixée revient à montrer que la loi de CN sous PN,β converge vers
un certain processus ponctuel universel. Cette universalité a été démontrée dans la série de travaux
[46, 49, 116]. Le processus limite, appelé Sineβ avait déjà introduit dans [162] comme limite du
β-ensemble circulaire (d’où son nom, puisque sur le cercle g0 “ ´ log | sinx2 | ! ) et dans [250]
comme limite des β-ensembles Gaussiens. En outre, le processus Sineβ se décrit au moyen d’un sys-
tème d’équations différentielles stochastiques [250] et également comme le spectre d’un opérateur
aléatoire en dimension infinie [251].

Le processus Sineβ peut également être étudié à travers le formalisme de Dubroshin-Landford-
Ruelle (DLR), développé dans les années 70-80 pour décrire les mesures de Gibbs en volume infini. Les
équations DLR décrivent la loi du processus en donnant à l’intérieur d’un compact conditionnellement
à l’extérieur, [93, 128]. Ceci suppose de pouvoir donner un sens à l’interaction d’un point avec une
infinité d’autres, ce qui est délicat dans le cas des interactions à longue portée. La description
DLR du processus Sineβ a été obtenue dans [94] en utilisant des estimées précises de rigidité. Une
propriété intéressante qui peut être étudié dans le formalisme DLR est celle de la cardinale-rigidité.
Suivant [131], on dit qu’un processus ponctuel est cardinal-rigide si pour tout compact, la donnée
du processus restreint à l’extérieur du compact suffit à reconstituer le nombre de points à l’intérieur.
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Cette propriété surprenante, qui traduit une forme forte de longue portée, a été démontrée pour le
processus Sineβ dans [94, 86].

1.1.10 Temps de mélange et phénomène de cutoff

Nous avons discuté dans le paragraphe 1.1.5 la limite de (1.11) à t fixé, lorsque N tend vers l’infini.
On se pose à présent une question différente (mais reliée) : « Quel temps faut-il attendre pour que
le système (1.11) soit proche de l’équilibre PVN,β ? » En particulier, comment ce temps critique
dépend-il de N ? Pour traduire cet énoncé, on se donne une certaine distance (ou divergence) dist
sur l’espace des mesures de probabilité sur RN , prenant ses valeurs dans r0,maxs et l’on se demande
au bout de quel temps tN ,

lim
NÑ8

distpLoipXN
tN

q,PVN,βq “ 0.

Cette question est motivée par un sujet d’actualité en probabilité, qui consiste à établir un phénomène
de cutoff pour les processus de Markov. Rappelons-en la définition. Considérons une famille de
processus de Markov indexée par N , XN “ pXN

t qtě0, à valeurs dans un certain espace SN et de loi
invariante µN . Supposons qu’à N fixé et que pour toute condition initiale xN0 P SN , l’on ait

lim
NÑ8

distpLoipXN
t q, µN q “ 0.

Alors on dit qu’un phénomène de cutoff a lieu si la convergence de XN vers l’équilibre s’effectue de
façon abrupte, c’est-à-dire s’il existe un temps critique cN tel que pour tout ε ą 0 assez petit,

lim
NÑ8

sup
xN0 PSN

distpLoipXN
tN

q, µN q “

#

max si tN “ cN p1 ´ εq

0 si tN “ cN p1 ` εq.
(1.16)

Le phénomène de cutoff est typiquement associé à un effet de grande dimension. Par exemple, XN

peut être une marche aléatoire sur le groupe symétrique, le mouvement Brownien sur la sphère de
dimension N , etc.

Le cutoff pour le temps de mélange des processus de Markov a été mis en lumière par David Aldous
et Persi Diaconis [3, 99, 101, 190] et est l’objet de nombreux travaux [224, 226, 199, 168, 68, 22].

Pour établir un résultat du type (1.16), il convient de conjecturer quelle est l’observable qui
converge le plus lentement vers l’équilibre. Pour le mouvement Brownien de Dyson, comme expliqué
en 1.1.5 ce sont les observables macroscopiques qui jouent ce rôle. Ainsi la limite hydrodynamique
(1.12) donne une borne inférieure crédible sur le temps de mélange, qu’il convient alors de faire
coïncider avec une borne supérieure.

1.2 Quelques méthodes pour les systèmes de particules

On donne à présent quelques point de repères sur les méthodes mathématiques, pour certaines
classiques, utilisées dans la littérature sur les systèmes de particules en interactions.

1.2.1 Principes de grandes déviations

On rappelle la notion de principe de grandes déviations. Soit pµnq une suite de mesures de probabilité
sur un espace topologique χ muni de sa tribu borélienne B, panq une suite de réels positifs tendant
vers l’infini et I : χ Ñ r0,8s une fonction s.c.i. On dit que pµnq suit un principe de grandes
déviations (PGD) de vitesse panq et de fonction de taux I si pour tout B P B,

´ inf
B̊
I ď lim inf

nÑ8

1

an
logµnpBq ď lim sup

nÑ8

1

an
logµnpBq ď ´ inf

B̄
I (1.17)
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Cette définition formalise le fait qu’en un certain sens, pour tout B P B,

µnpBq » e´an infB I . (1.18)

La définition (1.17) peut paraître peu naturelle mais il s’agit en fait de la bonne formalisation de
(1.18). La présence d’un infimum dans (1.17) reflète le fait qu’à l’échelle exponentielle la probabilité
d’un événement rare partitionné en sous-événements est environ égale à la probabilité du moins
rare de ces sous-événements. En effet si µnpBq décroît en e´JpBq avec J : χ Ñ r0,8s alors
nécessairement JpAYBq “ infpJpAq, JpBqq car

maxpµnpAq, µnpBqq ď µnpAYBq ď 2maxpµnpAq, µnpBqq.

On renvoie à [92, 212] pour une introduction générale sur le sujet. Les grandes déviations offrent un
cadre naturel pour étudier le comportement asymptotique de systèmes de particules du type (1.8).
Supposons que l’on ait trouvé une certaine observable iN à valeurs dans χ qui satisfait selon nous à
un PGD avec fonction de taux I et de vitesse panq. Par exemple iN peut être la mesure empirique
(1.9), le champ empirique (1.13). Dans ce cadre [80, 183] un PGD se prouve souvent en deux temps
:

• Montrer une borne supérieure en donnant une minoration précise de l’énergie. On se restreint
à un événement où notre suite d’observable iN est proche d’une certaine observable limite
x P χ et on minore a´1

n HN pXN q à la limite par Ipxq.

• Pour établir la borne inférieure du LDP on ne peut pas minorer l’énergie mais on peut toutefois
se restreindre à un certain sous-espace de bonnes configurations. Il faut alors construire à la
main des configurations telles que ιN est proche de x et a´1

n HN pXN q proche de Ipxq, en
faisant attention à ce que le volume de configurations soit suffisant.

Ces techniques de grandes déviations sont basées sur des méthodes énergétiques et permettent de
développer les fonctions de partition [182, 9] et dans certains cas d’obtenir des estimées sur les
fluctuations du système [181, 24, 239].

1.2.2 Méthodes énergétiques

Nous introduisons quelques outils au fondement de la série de travaux [230, 232, 218, 203, 182, 184,
186, 206] qui permettent de manier efficacement l’énergie (1.7). Pour simplifier on se restreint au
cas coulombien s “ d ´ 2 et d ě 2. Soit µV la mesure d’équilibre donnée par le minimiseur de la
fonctionnelle (1.10). En notant µN :“ 1

N

řN
i“1 δxi , on peut écrire (1.10) sous la forme

HV
N pXN q “ N´ s

d

ĳ

gpx´ yqdpNµN qpxqdpNµN qpyq `N

ż

V pxqdµN pxq. (1.19)

On pose fluctN “ NpµN ´ µV q. En développant l’expression ci-dessus autour de µV , on obtient

HV
N pXN q “ N´ s

d

ĳ

gpx´ yqdpNµV qpxqdpNµV qpyq ` 2N
N
ÿ

i“1

ζV pxiq ` FN pXN , µV q,

avec ζV le potentiel de confinement effectif

ζV :“ g ˚ µ`
V

2
´

ż

´

g ˚ µ`
V

2

¯

dµV
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et FN p¨, µV q l’énergie du second-ordre

FN pXN , µV q :“

ĳ

gpx´ yqdfluctN pxqdfluctN pyq. (1.20)

Par minimalité de µV , la fonction ζV s’annule sur le support de la mesure d’équilibre. Le système
NpµN ´ µV q peut être vu comme un ensemble de particules ponctuelles baignant dans un fond
constant de densité ´NµV , ce qui correspond à un jellium en physique mathématique, voir par
exemple [78, 79]. Il est ensuite possible de réécrire l’énergie (1.20) en fonction du champ électrique
généré par le jellium fluctN . Notons HN le potentiel généré par le jellium, i.e HN “ g ˚ fluctN .
Puisque g est le noyau coulombien, on peut observer que

FN pXN , µV q “ ´
1

cd,s

ż

HN∆HN .

En intégrant formellement par partie on trouverait

FN pXN , µV q »
1

cd,s

ż

|∇HN |2. (1.21)

Le champ électrique ∇HN divergeant en 1
|x´xi|

autour d’une charge ponctuelle xi, celui-ci n’est pas
dans L2. Pour donner un sens à (1.21), il convient de régulariser le système. Au lieu de régularise le
potentiel g lui-même, on peut désingulariser ∇HN en étalant les masses de Dirac δxi en des mesures
uniformes δpηiq

xi sur la sphère BBpxi, ηiq. Pour η “ pη1, . . . , ηN q, on note alors Hη
N le potentiel

généré par ce jellium régularisé :

HN,η “ g˚

´

N
ÿ

i“1

δpηq
xi ´NµV

¯

.

On peut alors montrer que

FN pXN , µV q “
1

cd,s
lim
ηÑ0

´

ż

Rd

|∇HN,η|2 ´ cd,s

N
ÿ

i“1

gpηiq
¯

. (1.22)

Une observation fondamentale est que le membre de droite dans (1.22) est décroissant en le
paramètre de troncature η à petite erreur près. De par le théorème de Newton, on peut mon-
trer que si les boules Bpxi, ηiq sont disjointes alors

FN pXN , µV q “
1

cd,0

´

ż

Rd

|∇HN,η|2 ´ cd,0

N
ÿ

i“1

gpηiq
¯

` petite erreur explicite.

Cette réécriture de l’énergie, ainsi que la propriété de monotonie par rapport au paramètre de
troncation η, permet de minorer l’énergie de façon très efficace. D’autre part, cette formulation donne
des outils pour montrer que l’énergie FN pXN , µV q est typiquement additive : c’est la technique de
screening.

1.2.3 Théorème de fluctuation-dissipation

Ce paragraphe décrit une méthode pour obtenir un TCL pour les statistiques linéaires en présence
d’un système de particules à interaction longue portée du type (1.5) avec s ă d. Considérons la
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mesure (1.8) et une fonction régulière F : Rd Ñ R. Une façon d’étudier les fluctuations de F sous
PVN,β est de considérer la transformée de Laplace

EPV
N,β

retF s, t P R. (1.23)

Cette transformée de Laplace peut se réécrire comme un ratio de fonction de partition

EPV
N,β

retF s “
ZN,βptq

ZVN,β
e´tN

ş

ξdµV ,

où
ZN,βptq :“ Z

V ´ t
β
F

N,β “

ż

etF´βHV
N pXN qdXN .

Notons PVN,βptq la mesure de probabilité 9etFPVN,β . Sous PVN,βptq, les particules sont soumises à
une force additionnelle en ´tF qui modifie la distribution des charges. Pour remettre les particules
à l’équilibre, il faut appliquer un transport qui envoie PVN,βptq sur PVN,β et par des résultats classiques
d’analyse [59], ce transport peut être cherché sous la forme du gradient d’une fonction convexe ∇Φt.
Ce gradient est solution de l’équation de Monge-Ampère

´ log detDΦt ` βpHV
N ˝ ∇Φt ´ HV

N q “ tF ´ logEPV
N,β

retF s. (1.24)

En linéarisant l’équation en t et en écrivant ∇Φt “ Id`t∇ϕ ` optq, on se ramène alors à étudier
l’équation linéaire

pLϕ “q ´ ∆ϕ` β∇HN ¨ ∇ϕ “ F ´ EPV
N,β

rF s. (1.25)

On reconnaît le générateur du semi-groupe de Markov (1.2). L’équation ci-dessus est appelée
équation de Poisson, en analogie avec le cas sans interaction où L est un Laplacien. En effectuant
le changement de variables Id`t∇ϕ dans la transformée de Laplace (1.23) on peut observer que les
termes linéaires s’annulent et que les termes quadratiques se regroupent en

VarPV
N,β

rF s “ EPV
N,β

r∇F ¨ ∇ϕs. (1.26)

Cette formule est appelée formule de représentation de Helffer-Sjöstrand et peut aussi se montrer par
une simple intégration par partie sous PVN,β . Le passage par la transformée de Laplace donne de plus
une interprétation mécanique de la solution de (1.25) : ∇ϕ correspond au transport infinitésimal à
appliquer aux particules pour les remettre à l’équilibre lorsque celles-ci ont été perturbées par ´tF .
Ce transport est aussi appelé réponse linéaire dans le langage des systèmes dynamiques.

Il est souvent intéressant d’étudier de (1.25) sous sa forme différenciée. On peut remarquer que
le commutateur de L et de l’opérateur gradient fait apparaître la Hessienne de l’énergie :

∇Lϕ “ L∇ϕ` β∇2HV
N∇ :“ A1∇ϕ

où A1 est l’opérateur
A1 “ L b IN ` β∇2HV

N . (1.27)

Notons que ceci est l’équivalent du théorème de Bochner, qui exprime le défaut de commutation
entre le Laplacien sur une variété riemanienne et le gradient en fonction du tenseur de Ricci [189].

Il existe au moins deux cas de figure où la représentation (1.26) est effective et permet de
contrôler la variance de F : lorsque l’interaction est à longue portée et F est une statistique linéaire
ou lorsque l’énergie est convexe. En effet si F “

řN
i“1 ξpxiq ´ N

ş

ξdµV avec ξ : Rd Ñ R et si
s P p0, dq (mais pas pour s ą d !), on peut chercher une solution approchée de (1.25) sous la forme
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d’un transport qui agit diagonalement ∇Φ : XN ÞÑ pψpx1q, . . . , ψpxN qq avec ψ : Rd Ñ Rd. Le
fonction ψ est de plus donnée par

g1
s ˚ ψ “

ξ ´
ş

ξdµV

2βcs,dN
1´ s

d

. (1.28)

Le transport ψ solution de (1.28) peut s’interpréter comme la solution d’un problème de transport
en dimension d. En effet rappelons que la distribution macroscopique des charge sous PVN,β est
donnée dans la limite où N Ñ 8 par µV qui minimise IV (1.10). Sous PN,βptq la distribution de
macroscopique est tiltée et est donnée par µVt qui minimise IVt “ IV ´ t

βFluctN rξs. En écrivant
les conditions d’optimalité de µVt et en linéarisant formellement en t, on trouve que la solution de
(1.28) transporte µVt sur µV . Ceci illustre une commutation entre le fait de linéariser (1.24) et de
passer à la limite de champ moyen.

1.2.4 Inégalités fonctionnelles

Dans ce paragraphe on rappelle quelques inégalités de concentration très classiques pour les mesures
log-concaves. On considère une mesure µ sur Rd log-concave par rapport à la Gaussienne de variance
σ2 ą 0, c’est-à-dire que µ s’écrit dµ “ e´fdν où ν “ N p0, σ2q et f : Rd Ñ R convexe. Alors pour
F P H1, ν P PpRdq et t P R, on a

VarµrF s ď
1

σ2
Eµr|∇F |2s, (Poincaré) (1.29)

Entrν | µs ď
1

2σ2
Fisherrν, µs, (log-Sobolev) (1.30)

logEµretF s ď tEµrF s `
t2

2σ2
sup |∇F |, (concentration Gaussienne), (1.31)

La première inégalité est un cas particulier de l’inégalité de Brascamp-Lieb et peut s’obtenir par
linéarisation de (1.30), qui suit du critère de Bakry-Emery (voir [37]). La preuve de la concen-
tration Gaussienne s’obtient par exemple en appliquant (1.30) et l’argument de Herbst [189] ou
par le théorème de contraction de Caffarelli [64]. Ces inégalités ont également des conséquences
dynamiques. Si on considère la dynamique de Langevin (1.1) et que l’on note µptq la loi de Xt à
l’instant t, on peut voir en dérivant l’entropie relative par rapport à µ le long du semi-groupe et un
utilisant (1.30) que

Entrµt | µs ď Entrµ0 | µse´ 2
σ2 t. (1.32)

Ceci fournit alors un moyen de quantifier le temps de convergence à l’équilibre dans le problème
mentionné dans le paragraphe 1.1.10. Des généralisations importantes de (1.30) sont utilisées dans
la littérature sur les β-ensembles. Dans le cas où µ est donnée par (1.8) avec d “ 1, s “ 0 et V
convexe, alors comme observé dans [46], on peut écrire une inégalité de log-Sobolev qui exploite la
convexité de l’interaction en se restreignant à des fonctions de divergence nulle.

1.2.5 Représentation des corrélations

On peut observer par polarisation que la formule (1.26) permet d’exprimer la covariance de deux
fonctions F : Rd Ñ R et G : Rd Ñ R suffisamment lisse :

CovPV
N,β

rF,Gs “ EPV
N,β

r∇ϕ ¨ ∇Gs,
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où ∇ϕ est solution de l’équation d’Helffer-Sjöstrand

A1∇ϕ “ ∇F, (1.33)

avec A1 défini en (1.27). Ainsi, pour déterminer la décroissance de la corrélation de F “ Npxi`1´xiq
et de G “ Npxj`1 ´ xjq, il convient d’étudier la décroissance des incréments de ∇ϕ. En présence
d’une interaction convexe (i.e dans le cas d “ 1), les inégalités de concentration (1.29) et (1.31)
peuvent se réécrire sous la forme d’estimées L2 et uniformes sur ∇ϕ, voir [149]. En revanche,
obtenir des estimées de décroissance suppose une analyse plus fine. Il existe de nombreux travaux
dans la littérature qui s’attaquent à la question de la décroissance des solutions de (1.27), en
particulier lorsque l’énergie est convexe. Une première méthode consiste à réécrire (1.33) au moyen
d’une représentation de Fenyman-Kac [12, 96, 132, 201, 149, 116] qui suppose de contrôler des
marches aléatoires dans un environnement aléatoire. Il existe également d’autres points de vue plus
analytiques qui s’inspirent des techniques d’homogénisation stochastique [201, 10, 91, 247].

1.3 Résultats obtenus et perspectives

Cette thèse est divisée en trois parties. Dans le chapitre 2 on étudie un problème de convergence vers
l’équilibre pour le mouvement Brownien de Dyson, dans le second on étudie les fluctuations et les
corrélations à l’équilibre pour le gaz de Riesz circulaire et dans le troisième on s’attachera à décrire
l’équilibre pour le gaz de Coulomb à deux composantes dans le régime β P r2,`8q. Ainsi les deux
premières parties exploiteront la structure uni-dimensionelle du modèle et la convexité sous-jacente
tandis que la troisième partie se base sur des inégalités énergétiques et des méthodes de grandes
déviations.

1.3.1 Cutoff pour le temps de mélange du mouvement brownien de Dyson

Dans la première partie, en collaboration avec D. Chafaï et C. Labbé, on étudie le problème du
temps de mélange du mouvement Brownien de Dyson présenté dans le paragraphe 1.1.10. On se
restreint à un cas particulier où le potentiel extérieur V dans (1.7) est quadratique, ce qui donne un
aspect intégrable au modèle [81, 177]. Lorsqu’il n’y a pas d’interaction, (1.11) est alors un processus
de Ornstein-Uhlenbeck en dimension N (“ n). De façon à pouvoir éteindre l’interaction, on écrit
l’énergie sous la forme

Hn “ β
ÿ

i‰j

log
1

|xi ´ xj |
` n

n
ÿ

i“1

V pxiq,

où β ě 0 est désormais un paramètre qui contrôle la force de l’interaction et V pxq “
|x|2

2 . On
considère ensuite la dynamique de Langevin mise à échelle en temps,

Xn
0 “ xn0 P Rn, dXn,i

t “

c

2

n
dBi

t ´ V 1pXn,i
t qdt`

β

n

ÿ

j‰i

dt

Xn,i
t ´Xn,j

t

, 1 ď i ď n. (1.34)

Dans la suite on parlera de (1.34) comme du processus de Dyson-Ornstein-Uhlenbeck (DOU) pour
β ą 0 et du processus de Ornstein-Uhlenbeck (OU) pour β “ 0. A cause de la singularité de
l’interaction, il peut être délicat de donner un sens à (1.34). C’est pourquoi on se restreint au cas
β “ 0 et β ě 1, où l’équation est bien posée (la basse température rend les collisions improbables,
comme pour le gaz de Coulomb à deux composantes). Pour β “ 2, le système (1.34) correspond
aux valeurs propres du processus de Ornstein Uhlenbeck matriciel. L’article [54] se propose d’étudier
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le phénomène de cutoff pour le temps de mélange de (1.34) et dans une grande variété de distances
et de divergences.

Nous commençons par analyser le cas simple du processus OU. La mesure invariante P 0
n est ici

donnée par une Gaussienne en dimension n centrée de matrice de covariance 1
nIn, P

0
n “ N p0, 1nInq.

On peut établir un cutoff à condition initiale fixée : pour tout zn0 , il y a cutoff avec un temps critique
dépendant |zn0 |, hormis dans le cas de la distance de Wasserstein où la norme de |zn0 | doit être assez
grande.

Théorème 1 (Cutoff pour OU). Soit Zn “ pZnt qtě0 un OU donné par (1.34) avec β “ 0 et P 0
n sa

loi invariante. Soit dist P tTV,Hellinger,Entropy, χ2,Fisheru, prenant ses valeurs dans r0,maxs.
Alors, pour tout ε P p0, 1q,

lim
nÑ8

distpLawpZntnq | P 0
nq “

#

max si tn “ p1 ´ εqcn,
0 si tn “ p1 ` εqcn

où

cn “

#

logp
?
n|zn0 |q _ 1

4 logpnq if dist P tTV,Hellinger,Entropy, χ2u,

logpn|zn0 |q _ 1
2 logpnq if dist “ Fisher.

Pour la distance de Wasserstein on a la dichotomie suivante :

• si limnÑ8 |zn0 | “ `8, alors pour tout ε P p0, 1q, avec cn “ log |zn0 |,

lim
nÑ8

WassersteinpLawpZtnq, P 0
nq “

#

`8 si tn “ p1 ´ εqcn,
0 si tn “ p1 ` εqcn,

• si limnÑ8 |zn0 | “ α P r0,8q alors il n’y a pas de phénomène de cutoff c’est-à-dire pour tout
t ą 0

lim
nÑ8

Wasserstein2pLawpZtq, P
0
nq “ pα2 ´ 1qe´2t ` 2p1 ´

a

1 ´ e´2tq.

Le théorème 1 met en lumière un phénomène intéressant : pour dist P tTV,Hellinger,Entropy,

χ2,Fisheru, lorsque la condition initiale est très proche de l’équilibre, i.e ici |zn0 | ď n´ 1
4 , alors le

temps de mélange est indépendant de zn0 . Ce temps critique correspond au temps minimal pour
étaler des conditions initiales ponctuelles.

Vient ensuite l’étude du processus DOU pour β ě 1. Cette fois-ci on établit un cutoff au pire
cas (1.16) comme dans la plupart des travaux sur le cutoff. Nous obtenons des bornes inférieures et
supérieures sur le temps de mélange qui donnent (entre autres) le résultat suivant :

Théorème 2 (Cutoff pour DOU). Soit pXn
t qtě0 le processus DOU (1.34) avec β “ 0 or β ě 1

de loi invariante P βn . Prenons dist P tTV,Hellinger,Wassersteinu. Soit panqn une suite de réels
satisfaisant infn an ą 0. Alors, pour tout ε P p0, 1q, on a

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
tnq | P βn q “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn

où

cn :“

#

logpnanq if dist P tTV,Hellingeru

logp
?
nanq if dist “ Wasserstein

.
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Ainsi le temps critique apparaît comme étant indépendant de l’intensité de l’interaction β. Pour
β “ 2, le résultat ci-dessus peut s’obtenir par contraction du temps de mélange du processus de
Ornstein-Uhlenbeck matriciel qui suit du Théorème 1. Notons que les conditions initiales zn0 qui
réalisent la borne inférieure sont celles pour lesquelles la trace est loin de l’équilibre à l’instant initial,
i.e lim infnÑ8

1
n |xn,10 ` . . . ` xn,n0 | ą 0. Pour de telles conditions initiales, c’est donc le temps de

mélange de la trace qui donne le temps critique. La preuve de la borne inférieure exploite un aspect
intégrable du DOU et la borne supérieure utilise la décroissance exponentielle de l’entropie relative
(1.32) ainsi que des arguments de monotonie et de couplage inspirés de [169]. Dans la sous-section
1.3.4, nous mentionnons quelques prolongements possibles à ce travail.

1.3.2 Fluctuations, corrélations et limite thermodynamique pour le gaz de Riesz
circulaire

Les chapitres 3 et 4 de ce manuscrit sont consacrés à l’étude du gaz de Riesz sur le cercle dans le
régime longue portée. Comme mentionné précédemment, le gaz de Riesz sur le cercle correspond
pour s “ 0 au log-gaz circulaire ou β-ensemble circulaire ou CβE. Les β-ensembles sont des modèles
fondamentaux de la physique statistique, abondamment étudiés dans la littérature probabiliste en
raison de leur liens avec les matrices aléatoires. Il existe un très grand nombre de résultats sur ces
modèles et l’une des richesses du sujet réside dans la multiplicité des approches et outils possibles
pour les aborder : probabilités intégrables, modèles tridiagonaux, méthodes de gaz de Coulomb,
approche dynamique avec le mouvement de Dyson, représentation avec des diffusions stochastiques,
des spectres d’opérateurs aléatoires, etc. Pour s P p0, 1q, il semble exister moins de structures
mathématiques sous-jacentes (pas de bon modèle matriciel a priori). On se propose alors d’étudier
ce modèle avec une approche purement « physique statistique ». Plus précisément on poursuit le
programme suivant :

1. Donner des estimées quasi-optimales sur les fluctuations des espacements entre particules avec
des probabilités sous-exponentielles de déviation.

2. Énoncer un TCL pour les statistiques linéaires valables à toute échelle et pour des fonctions-test
aussi singulières que possible.

3. Monter une estimée optimale de décroissance des corrélations pour les variables des gaps
Npxi`1 ´ xiq. Comparer le résultat à celui obtenu dans le régime courte portée s ą 1.

4. Montrer que le processus microscopique converge vers un certain processus limite Rieszs,β qui
généralise alors Sineβ à des valeurs s P p0, 1q.

Précisons un peu le modèle sur lequel on travaille avant d’énoncer les résultats principaux. Sur
le cercle T :“ R{Z et pour un paramètre s P p0, 1q, on considère le noyau de Riesz, solution de
l’équation de Laplace fractionnaire

p´∆q
1´s
2 gs “ cspδ0 ´ 1q.

Le noyau gs est donné par la périodisation du noyau de Riesz réel :

gs : x P T ÞÑ lim
nÑ8

´

n
ÿ

k“´n

1

|x` k|s
´

2

1 ´ s
n1´s

¯

“ ζps, xq ` ζps, 1 ´ xq,

où ζps, xq est la fonction zêta de Hurwitz. On considère alors l’énergie d’interaction par paires

HN : XN P TN ÞÑ N´s
ÿ

i‰j

gspxi ´ xjq.
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L’un des avantages majeurs de la dimension 1 est qu’il est possible d’ordonner les particules. Pour
x, y P T, on dit que x ă y si x “ x1 ` k, y “ y1 ` k1 avec k, k1 P Z, x1, y1 P r0, 1q et x1 ă y1.
Définissons alors DN l’ensemble des particules ordonnées (x1 étant libre)

DN “ tXN “ px1, . . . , xN q P TN : x2 ´ x1 ă . . . ă xN ´ x1u.

Le gaz de Riesz circulaire est alors donné par la mesure de probabilité

dPN,β “
1

ZN,β
expp´βHN pXN qq1DN

pXN qdXN .

Lorsque le nombre de particules tend vers l’infini, la distribution macroscopique de charge con-
verge vers la mesure uniforme sur le cercle. On s’attend ainsi à ce que l’espacement (ou gap)
Npxi`k ´ xiq se concentre autour de k, lorsque k est suffisamment large. Si les variables étaient
i.i.d, alors pour k suffisant grand cette quantité fluctuerait en Opk

1
2 q. Dans le cas du CβE, il est

connu que l’amplitude des fluctuations de Npxi`k ´ xiq est d’ordre Op
?
log kq. Le problème (1)

consiste alors à déterminer l’amplitude des fluctuations de ces gaps et nous obtenons dans [52] le
résultat suivant :

Théorème 3 (Rigidité des gaps). Soit ε ą 0 et δ “ ε
4ps`2q

. Il existe deux constantes Cpβq ą 0 et

cpβq ą 0 localement uniformes en β telles que pour tout i P t1, . . . , Nu et 1 ď k ď N
2 , on a

PN,βp|Npxi`k ´ xiq ´ k| ě k
s
2

`εq ď Cpβqe´cpβqkδ .

Ce résultat indique que le nombre de points dans un arc de cercle pa, bq fluctue au plus en
OpN

s
2

`εq. Notre second résultat affine cette asymptotique. On prouve un TCL pour la statistique
linéaire FluctN rξpℓ´1

N ¨qs “
řN
i“1 ξpℓ´1

N xiq ´NℓN
ş

ξ lorsque ξ satisfait aux hypothèses suivantes :

Hypothèses 1.

(i) (Régularité) ξ est C´s`ε pour un certain ε ą 0.

(ii) (Régularité par morceaux) Soit ψ “ p´∆q´ s
2 ξ. La fonction ψ est C2 par morceaux : il existe

a1 ă . . . ă ap (p P N) telle que sur pai, ai`1q, ψ est C2, pour tout i P t1, . . . , pu.

(iii) (Singularité) Pour tout i P t1, . . . , pu, il existe αi P p0, 1 ´ s
2q tel que

|ψ2|pxq ď
C

|x´ ai|1`αi
.

(iv) (Support) Soit tℓNu une suite dans r0, 1s. Supposons ξ supportée sur p´1
2 ,

1
2q ou ℓN “ 1.

Dans le premier cas, on note ξ0 : R Ñ R

ξ0pxq “

#

ξpxq if |x| ď 1
2

0 if |x| ą 1
2 .

(1.35)

Ces hypothèses signifient que la fonction-test ξ est lisse par morceaux avec un nombre fini de
singularités dominées par |x|´

s
2

`ε dans C1´ s
2 pT,Rq. Pour toutes mesures µ et ν sur R on note

dpµ, νq la distance

dpµ, νq “ sup
!

ż

fdpµ´ νq : |f |8 ď 1, |f 1|8 ď 1
)

.

On montre dans [52] le résultat suivant :



22 Chapter 1. Introduction

Théorème 4 (TCL pour les statistiques linéaires). Soit ξ et ℓN satisfait les hypothèses 1.

• La suite de variables aléatoires pNℓN q´ s
2FluctN rξpℓ´1

N ¨qs converge en loi vers une Gaussienne
centrée de variance σ2ξ donnée par

σ2ξ “
1

2βcs

$

&

%

|ξ|2

H
1´s
2

if ℓN “ 1

|ξ0|2

H
1´s
2

if ℓN Ñ 0, avec ξ0 comme dans (1.35).

• Soit Z „ N p0, σ2ξ q avec σ2ξ . Alors pour tout ε ą 0, on a

dpLoippNℓN q´ s
2FluctN rξpℓ´1

N ¨qsq,LoipZqq “ O
´

pNℓN q´ 1´s
2 ` pNℓN q´p1´ s

2
´maxαl´εq

¯

.

Le théorème ci-dessus s’applique notamment à la fonction indicatrice 1pa,bq où pa, bq est un arc

de cercle et à la fonction puissance inverse |x|´α pour α P p0, s2q. En effet, 1pa,bq est dans H
1´s
2

pour tout s P p0, 1q mais 1pa,bq R H
1
2 . Ainsi pour s P p0, 1q la statistique linéaire associée est du

même ordre de grandeur que pour des fonctions-test lisse contrairement au cas s “ 0. Enfin notons
que |x|´

s
2 est la puissance critique qui n’est pas dans H

1´s
2 et on s’attend alors à ce qu’un TCL de

type log-corrélé soit vérifié à l’instar de 1pa,bq pour s “ 0.
Une fois ces questions de fluctuations élucidées, on aborde le problème (3) sur la décroissance de

la corrélations des gaps. Le théorème 4 montre que les particules xi´x1 et xk´x1 sont très corrélées
avec une covariance de taille |i´k|s. Ainsi pour montrer une forme de décroissance des corrélations
il est très naturel de considérer les variables Npxi`1 ´ xiq plutôt que les variables xi. On note d la
distance symétrique sur t1, . . . , Nu, i.e pour tout 1 ď i, j ď N , dpi, jq “ minp|j ´ i|, N ´ |j ´ i|q.
Nous obtenons dans [53] le résultat ci-dessous :

Théorème 5 (Décroissance des corrélations). Soit s P p0, 1q. Pour tout ε ą 0, il existe une constant
C ą 0 telle que pour tout f, g : R Ñ R dans H1 et pour tout i, j P t1, . . . , Nu,

|CovPN,β
rfpNpxi`1 ´ xiqq, hpNpxj`1 ´ xjqqs|

ď CpEPN,β
rf 1pxiq

2s
1
2 ` |f 1|8e

´cpβqdpi,jqδqpEPN,β
rh1pxjq

2s
1
2 ` |h1|8e

´cpβqdpi,jqδq
1

dpi, jq2´s´ε
.

(1.36)

De plus, étant donné ε ą 0 assez petit et n P t1, . . . , Nu, il existe i, j tels que n
2 ď |i´ j| ď n et

|CovPN,β
rNpxi`1 ´ xiq, Npxj`1 ´ xjqs| ě ε

1

dpi, jq2´s
.

Soit s P p1,`8q. Alors pour tout ε ą 0, il existe une constant C ą 0 telle que pour tout
f, g : R Ñ R dans H1 et pour tout i, j P t1, . . . , Nu,

|CovPN,β
rfpNpxi`1 ´ xiqq, hpNpxj`1 ´ xjqqs|

ď CpEPN,β
rf 1pxiq

2s
1
2 `|f 1|8e

´cpβqdpi,jqδqpEPN,β
rh1pxjq

2s
1
2 `|h1|8e

´cpβqdpi,jqδq

´ 1

dpi, jqs´ε
`

1

N

¯

.

(1.37)

En particulier la covariance entre Npxi`1 ´ xiq et Npxj`1 ´ xjq décroît en dpi, jq´p2´sq, ce qui
coïncide dans la limite où s tend vers 0 avec le cas du log-gaz étudié dans [116]. Par ailleurs ce
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résultat est cohérent avec le théorème 4 : étant donnés deux points à distance d, la corrélation point-
point est de taille ds, la corrélation point-gap de taille ds´1 (une dérivée de prise) et la corrélation
gap-gap de taille ds´2 (deux dérivées de prises). Le théorème 5 met en lumière un phénomène
quelque peu surprenant : la corrélation entre les gaps est croissante en s dans le régime longue
portée bien que lorsque s augmente, la portée de l’énergie diminue. En physique statistique il est
fréquent que la présence de grandes fluctuations impliquent une décroissance rapide des corrélations,
ce qui est au coeur de l’argument de Mermin-Wagner sur l’absence de transition de phase du premier
ordre pour les systèmes à symétries continues en dimension 2. Dans notre modèle à longue portée
c’est bien le contraire qui se produit : plus les fluctuations sont grandes, plus la décroissance des
corrélations est lente.

L’approche proposée dans [53] est de donner une preuve du Théorème 5 reposant uniquement
sur l’analyse de l’équation de Helffer-Sjöstrand dans sa version statique (1.33). L’une des spécificités
de cette équation est que l’on ne peut utiliser que des inégalités adimensionnelles (puisque N tend
vers l’infini). En d’autres termes les seules opérations licites sont les intégrations par parties et
les principes du maximum. On donne ainsi dans [53] une preuve simple de la décroissance des
corrélations dans le cas s P p0, 1q qui n’utilise pas de représentation en environnement aléatoire
[116] ni de méthode d’homogénisation [10].

Avec des estimées de décorrélation du type du théorème 5, il est relativement aisé d’obtenir
l’unicité des processus limite, comme énoncé dans le résultat ci-dessous :

Théorème 6 (Unicité de la mesure limite). Soit s P p0, 1q Y p1,`8q. Il existe un processus
ponctuel Rieszs,β tel que pour tout x P T, la suite des processus ponctuels pQN,βpxqq converge
vers Rieszs,β dans la topologie de la convergence locale : pour toute fonction borélienne et locale
ϕ : ConfpRq Ñ R, on a

lim
NÑ8

EQN,βpxqrϕs “ ERieszs,β rϕs.

Ceci permet alors de définir un processus en volume infini Rieszs,β qui généralise le processus
Sineβ , voir 1.1.9. A la différence du processus Sineβ , il semble que le processus Rieszs,β ne puisse
être défini que comme l’unique limite des processus ponctuels.

1.3.3 L’énergie libre du gaz de Coulomb à deux composantes

La dernière partie de ce manuscrit réalisée en collaboration avec S. Serfaty a pour objet le gaz de
Coulomb bi-dimensionnel à deux composantes introduit dans le paragraphe 1.1.7. On s’intéresse
au régime de température β P p2,`8q. Comme on l’a vu, la fonction de partition ZN,β n’est pas
convergente et il convient de tronquer l’interaction à une certaine échelle η :“ λ?

N
où λ ą 0 est un

paramètre petit. Pour manipuler l’énergie, il est préférable, au lieu de tronquer, d’étaler les charges
ponctuelles δx en des mesures uniformes de masse 1 sur des disques de rayon η, notées δpηq

x .
On se donne N charges positives x1, . . . , xN et N charges négatives y1, . . . , yN dans Λ :“

r0,
?
N s2, que l’on notera z1, . . . , z2N avec di le signe de zi, i.e di “ 1 si 1 ď i ď N et di “ ´1 si

N ` 1 ď i ď 2N . On considère alors l’énergie

HN,λ “
1

2

ÿ

i‰j

ĳ

didjgpx´ yqδpηq
zi pxqδpηq

zj pyq (1.38)

ainsi que la mesure de probabilité

PλN,β “
1

ZλN,β
e´βHN,λpXN ,YN qdx1 . . . ,dxNdy1 . . . dyN , (1.39)
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où
ZλN,β “

ż

e´βHN,λpXN ,YN qdx1 . . . ,dxNdy1 . . . dyN .

On notera gλpzq l’interaction effective de points à distance z :

gλpzq “

ĳ

gpx´ yqδ
pλq

0 pxqδpλq
z pyq. (1.40)

Le gaz de Coulomb à deux composantes (2CP) est notamment étudié dans le régime β P

p0, 2q dans [186]. Un PGD pour le champ empirique y est donné, ainsi qu’un développement de
la fonction de partition. L’objectif de notre travail est de décrire microscopiquement le plasma à
deux composantes dans le régime β P p2,`8q et de montrer de façon quantitative la formation de
dipôles. Plus précisément on s’intéresse aux questions suivantes :

1. Montrer que sous PλN,β le système s’organise en une majorité de dipôles neutres de taille η.
Quantifier cette proportion de bons dipôles.

2. Monter que l’interaction de l’assemblée de dipôles est bornée par une quantité proportionelle
au nombre de points, avec un facteur qui tend vers 0 quand λ tend vers 0.

3. En déduire qu’à l’ordre principal lorsque N Ñ 8 et λ Ñ 0, le système se concentre autour
d’un processus Poissonien de dipôles, où les charges positives sont tirées indépendamment,
avec une charge négative accrochée à chacune d’elles à distance typique η.

On introduit pz1, . . . , z2N q “ px1, . . . , xN , y1, . . . , y2N q et pour tout i “ t1, . . . , 2Nu, on note
di le signe de zi, i.e di “ 1 si i P t1, . . . , Nu et di “ ´1 si i P tN ` 1, . . . , 2Nu. Pour tout
i P t1, . . . , 2Nu, on notera également ϕ1piq l’indice du plus proche voisin de zi. Pour λ ą 0 on
définit

γλ :“

$

’

’

’

’

&

’

’

’

’

%

1
| log λ|

if β “ 2

λβ´2 if β P p2, 4q

λ2| log λ|2 if β “ 4

λ2| log λ| if β ą 4.

Théorème 7. Soit β P r2,`8q.

1. Il existe une constante explicite Cβ ą 0 telle que

logZλN,β “ 2N logN`Npp2´βq log λ1βą2`log | log λ|1β“2q´N`N logCβ1βą2`OpNγλq.

2. Soit
I :“ t1 ď i ď N : ϕ1 ˝ ϕ1piq “ i, didϕ1piq “ ´1u.

Pour tout |t| ď
β
2 , on a

logEPλ
N,β

”

exp
´

tFλ ´ t
ÿ

iPI

gλpzi ´ zϕ1piqq

¯ı

ď CNγλ.

3. La mesure de Gibbs se concentre sur des dipôles de taille λ. En effet en notant

D :“
!

pXN , YN q, |I| ě Np1 ´ cγλq ´
ÿ

iPI

gλpλ´1|zi ´ zϕ1piq|q ď MN
)

,

on a
PλN,βpDcq ď expp´CNq,

pour c ą 0, C ą 0 et M ą 0 indépendantes de N et λ.
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La preuve de ce résultat repose sur des techniques de grandes déviations inspirées de [139] et
de [186] et sur une méthode de minoration de l’énergie (1.38). Dans le cas du gaz de Coulomb à
une composante, comme expliqué dans le paragraphe 1.2.2, l’énergie est monotone par rapport au
paramètre de troncature : elle décroît quand le rayon des disques des charges étalées augmente.
Cette propriété de monotonie n’est plus vraie pour le plasma à deux composantes mais en utilisant
le théorème de Newton, on peut toutefois calculer de façon explicite l’erreur faite en changeant le
rayon des disques dans (1.38). En augmentant ces rayons jusqu’à la semi-distance aux seconds plus
proche voisins (resp. 2p plus proches voisins), on peut ainsi isoler les interactions à plus proches
voisins qui sont dominantes dans l’énergie. En suivant [139] on peut ensuite décomposer l’espace
des phases en fonction de la classe d’isomorphisme du graphe des plus proches voisins et montrer
que le système se concentre sur des configurations ayant une majorité de dipôles neutres.

Nous établissons ensuite une inégalité énergétique donnant un contrôle uniforme sur les fluctua-
tions des statsitiques linéaires pour des fonction-tests lipschitziennes.

Théorème 8. Etant donnée une fonction lipschitzienne ξ : Λ Ñ R, on note

FluctN pξq :“

ż

Λ
ξ
´

N
ÿ

i“1

pδxi ´ δyiq
¯

.

Soit

αλ “

$

’

’

&

’

’

%

λ
2pβ´2q

β si β P p2, 4q

λ| log λ|1{2 si β “ 4.

λ si β P p4,8q

(1.41)

Alors, il existe une constante C ą 0 telle que

logEPλ
N,β

rexpppFluctN pξqq2qs ď CNαλ}∇ξ}2L8 .

L’estimée ci-dessus est obtenue en contrôlant les moments exponentiels de l’énergie (1.38) pour
des charges étalées sur des disques de rayons aléatoires de taille typique α1{2

λ . A nouveau, nous calcu-
lons la variation d’énergie résultant de cet étalement des charges et concluons avec les développement
des fonctions de partition obtenus dans le Théorème 7.

1.3.4 Perspectives de recherche

.
Une question naturelle est d’étendre le cutoff du Théorème 2 aux β-ensembles non-Gaussiens,

en commençant par exemple par le cas où le potentiel extérieur V est uniformément convexe mais
non quadratique. La borne supérieure donnée par l’inégalité de Log-Sobolev (1.32) ne coïncide a
priori plus avec le trou spectral du générateur et il convient d’utiliser d’autres arguments. Au vu du
théorème 1, il semble intéressant d’étudier le temps de mélange du mouvement Brownien de Dyson
lorsque la condition initiale est très proche de l’équilibre, par exemple lorsque chaque zi0 est placé
en un quantile de la mesure d’équilibre. Il paraît crédible que le temps de mélange soit minoré par
c logpnq pour une constant c ą 0 indépendante de zn0 et peut-être même universelle dans la classe
des β-ensembles. Ce temps critique correspondrait au temps nécessaire pour étaler des conditions
initiales ponctuelles.

En ce qui concerne l’analyse des gaz de Riesz, il serait naturel et intéressant d’étudier les dimen-
sions supérieures. Une première étape est d’obtenir des lois locales dans le cas longue portée non
coulombien. En raison du caractère non local du Laplacien fractionnaire, les méthodes de [180, 9] ne



26 Chapter 1. Introduction

s’adaptent pas de façon immédiate. Une question particulièrement intrigante est celle de la décrois-
sance des corrélations en dimension strictement plus grande que 1. Au vu de la preuve de [53] il
est envisageable que certains arguments se passent de convexité et que le caractère longue portée
de l’interaction, ainsi que la positivité de la transformée de Fourier du noyau de Riesz, permettent
d’établir un résultat faible de décroissance des corrélations. Le cas du gaz de Riesz hypersingulier
pourrait également être traité en adaptant les méthodes de [213] développées pour le gaz de sphères
dures.

Le chapitre 5 de ce manuscrit peut se prolonger de nombreuses manières. Une première piste
est d’affiner les asymptotiques du théorème 7 de façon à pouvoir observer les transitions liées à
l’apparition des multipôles [170]. Une deuxième direction serait de mieux comprendre mathéma-
tiquement la transition KT, qui a lieu à β “ 4. Cette transition devrait se voir dans la variation
du nombre de dipôles non-neutres à une certaine échelle lorsque l’échelle augmente. Une étape
importante dans cette direction est ainsi de comprendre la fluctuation de la charge dans le plasma
à deux composantes. Pour commencer il serait intéressant d’étudier les fluctuations des statistiques
linéaires lisses dans le cas β P p0, 2q et de montrer que celles-ci ont une amplitude en op

?
Nq.

Cette question est assez originale puisqu’à la différence du plasma à une composante [24, 181], la
réponse linéaire associée à une statistique linéaire

řN
i“1 ξpxiq ´

řN
i“1 ξpyiq ne peut pas se chercher

sous la forme d’un transport qui agit diagonalement, voir le paragraphe (1.2.3), et il convient alors
d’imaginer une autre stratégie de preuve.
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2.1 Introduction and main results

Let us consider a Markov process X “ pXtqtě0 with state space S and invariant law µ for which

lim
tÑ8

distpLawpXtq | µq “ 0

where distp¨ | ¨q is a distance or divergence on the probability measures on S. Suppose now that
X “ Xn depends on a dimension, size, or complexity parameter n, and let us set S “ Sn, µ “ µn,
and X0 “ xn0 P Sn. For example Xn can be a random walk on the symmetric group of permutations
of t1, . . . , nu, Brownian motion on the group of n ˆ n unitary matrices, Brownian motion on the
n-dimensional sphere, etc. In many of such examples, it has been proved that when n is large
enough, the supremum over some set of initial conditions xn0 of the quantity distpLawpXn

t q | µnq

collapses abruptly to 0 when t passes a critical value c “ cn which may depend on n. This is often
referred to as a cutoff phenomenon. More precisely, if dist ranges from 0 to max, then, for some
subset Sn0 Ă Sn of initial conditions, some critical value c “ cn and for all ε P p0, 1q,

lim
nÑ8

sup
xn0 PSn

0

distpLawpXn
tnq | µnq “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn
.

It is standard to introduce, for an arbitrary small threshold η ą 0, the quantity inftt ě 0 :
supx0PSn

0
distpLawpXn

t q | µnq ď ηu known as the mixing time in the literature. Of course such
a definition fully makes sense as soon as t ÞÑ supx0PSn

0
distpLawpXn

t q | µnq is non-increasing.
When Sn is finite, it is customary to take Sn0 “ Sn. When Sn is infinite, it may happen that

the supremum over the whole set Sn of the distance to equilibrium remains equal to max at all
times, in which case one has to consider strict subspaces of initial conditions. For some processes,
it is possible to restrict Sn0 to a single state in which case one obtains a very precise description of
the convergence to equilibrium starting from this initial condition. Note that the constraint over the
initial condition can be made compatible with a limiting dynamics, for instance a mean-field limit
when the process describes an exchangeable interacting particle system.

The cutoff phenomenon was put forward by Aldous and Diaconis at the origin for random walks
on finite sets, see for instance [3, 99, 84, 190] and references therein. The analysis of the cutoff
phenomenon is the subject of an important activity, still seeking for a complete theory: let us mention
that, for the total variation distance, Peres proposed the so-called product condition (the mixing time
must be much larger than the inverse of the spectral gap) as a necessary and sufficient condition for
a cutoff phenomenon to hold, but counter-examples were exhibited [190, Sec. 18.3] and the product
condition is only necessary.

The study of the cutoff phenomenon for Markov diffusion processes goes back at least to the
works of Saloff-Coste [224, 226] in relation notably with Nash–Sobolev type functional inequalities,
heat kernel analysis, and Diaconis–Wilson probabilistic techniques. We also refer to the more recent
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work [199] for the case of diffusion processes on compact groups and symmetric spaces, in relation
with group invariance and representation theory, a point of view inspired by the early works of
Diaconis on Markov chains and of Saloff-Coste on diffusion processes. Even if most of the available
results in the literature on the cutoff phenomenon are related to compact state spaces, there are
some notable works devoted to non-compact spaces such as [168, 68, 22, 20, 21, 23].

Our contribution is an exploration of the cutoff phenomenon for the Dyson–Ornstein–Uhlenbeck
diffusion process, for which the state space is Rn. This process is an interacting particle system.
When the interaction is turned off, we recover the Ornstein–Uhlenbeck process, a special case that
has been considered previously in the literature but for which we also provide new results.

2.1.1 Distances

As for dist we use several standard distances or divergences between probability measures: total
variation (denoted TV), Hellinger, relative entropy (denoted Kullback), relative variance (denoted
χ2), Wasserstein of order 2, and Fisher information, surveyed in Appendix 2.8.1. We take the
following convention for probability measures µ and ν on the same space:

distpµ | νq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

}µ´ ν}TV when dist “ TV

Hellingerpµ, νq when dist “ Hellinger

Kullbackpµ | νq when dist “ Kullback

χ2pµ | νq when dist “ χ2

Wassersteinpµ, νq when dist “ Wasserstein

Fisherpµ | νq when dist “ Fisher

, (2.1)

see Appendix 2.8.1 for precise definitions. The maximal value max taken by dist is given by

max “

#

1 if dist P tTV,Hellingeru,

`8 if dist P tKullback, χ2,Wasserstein,Fisheru.
(2.2)

2.1.2 The Dyson–Ornstein–Uhlenbeck (DOU) process and preview of main re-
sults

The DOU process is the solution Xn “ pXn
t qtě0 on Rn of the stochastic differential equation

Xn
0 “ xn0 P Rn, dXn,i

t “

c

2

n
dBi

t ´ V 1pXn,i
t qdt`

β

n

ÿ

j‰i

dt

Xn,i
t ´Xn,j

t

, 1 ď i ď n, (2.3)

where pBtqtě0 is a standard n-dimensional Brownian motion (BM), and where

• V pxq “ x2

2 is a “confinement potential” acting through the drift ´V 1pxq “ ´x

• β ě 0 is a parameter tuning the interaction strength.

The notation Xn,i
t stands for the i-th coordinate of the vector Xn

t . The process Xn can be thought
of as an interacting particle system of n one-dimensional Brownian particles Xn,1, . . . , Xn,n, subject
to confinement and singular pairwise repulsion when β ą 0 (respectively first and second term in
the drift). We take an inverse temperature of order n in (2.3) in order to obtain a mean-field limit
without time-changing the process, see Section 2.2.5. The spectral gap is 1 for all n ě 1, see Section
2.2.6. We refer to Section 2.2.9 for other parametrizations or choices of inverse temperature.
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In the special cases β P t0, 1, 2u, the cutoff phenomenon for the DOU process can be established
by using Gaussian analysis and stochastic calculus, see Sections 2.1.4 and 2.1.5. For β “ 0, the
process reduces to the Ornstein–Uhlenbeck process (OU) and its behavior serves as a benchmark for
the interaction case β ‰ 0, while when β P t1, 2u, the approach involves a lift to unitary invariant
ensembles of random matrix theory. For a general β ě 1, our main results regarding the cutoff
phenomenon for the DOU process are given in Sections 2.1.6 and 2.1.7. We are able, in particular,
to prove the following: for all dist P tTV,Hellinger,Wassersteinu, a ą 0, ε P p0, 1q, we have

lim
nÑ8

sup
xn0 Pr´a,asn

distpLawpXn
tnq | P βn q “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn
,

where P βn is the invariant law of the process, and where

cn :“

#

logp
?
naq if dist “ Wasserstein

logpnaq if dist P tTV,Hellingeru
.

This result is stated in a slightly more general form in Corollary 2.1.7. Our proof relies crucially
on an exceptional exact solvability of the dynamics, notably the fact that we know explicitly the
optimal long time behavior in entropy and coupling distance, as well as the eigenfunction associated
to the spectral gap which turns out to be linear and optimal. This comes from the special choice
of V as well as the special properties of the Coulomb interaction. We stress that such an exact
solvability is no longer available for a general strongly convex V , even for instance in the simple
example V pxq “ x2

2 ` x4 or for general linear forces. Nevertheless, and as usual, two other special
classical choices of V could be explored, related to Laguerre and Jacobi weights, see Section 2.2.8.

2.1.3 Analysis of the Dyson–Ornstein–Uhlenbeck process

The process Xn was essentially discovered by Dyson in [106], in the case β P t1, 2, 4u, because it
describes the dynamics of the eigenvalues of nˆn symmetric/Hermitian/symplectic random matrices
with independent Ornstein–Uhlenbeck entries, see Lemma 2.5.1 and Lemma 2.5.2 below for the cases
β “ 1 and β “ 2 respectively.

• Case β “ 0 (interaction turned off). The particles become n independent one-dimensional
Ornstein–Uhlenbeck processes, and the DOU process Xn becomes exactly the n-dimensional
Ornstein–Uhlenbeck process Zn solving (2.8). The process lives in Rn. The particles collide
but since they do not interact, this does not raise any issue.

• Case 0 ă β ă 1. Then with positive probability the particles collide producing a blow up of
the drift, see for instance [74, 81] for a discussion. Nevertheless, it is possible to define the
process for all times, for instance by adding a local time term to the stochastic differential
equation, see [81] and references therein. It is natural to expect that the cutoff universality
works as for β R p0, 1q, but for simplicity we do not consider this case here.

• Case β ě 1. If we order the coordinates by defining the convex domain

Dn “ tx P Rn : x1 ă ¨ ¨ ¨ ă xnu,

and if xn0 P Dn then the equation (2.3) admits a unique strong solution that never exits Dn,
in other words the particles never collide and the order of the initial particles is preserved at
all times, see [216]. Moreover if

Dn “ tx P Rn : x1 ď ¨ ¨ ¨ ď xnu
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then it is possible to start the process from the boundary DnzDn, in particular from xn0 such
that xn,10 “ ¨ ¨ ¨ “ xn,n0 , and despite the singularity of the drift, it can be shown that with
probability one, Xn

t P Dn for all t ą 0. We refer to [6, Th. 4.3.2] for a proof in the Dyson
Brownian Motion case that can be adapted mutatis mutandis.

In the sequel, we will only consider the cases β “ 0 with xn0 P Rn and β ě 1 with xn0 P Dn.
The drift in (2.3) is the gradient of a function, and (2.3) rewrites

Xn
0 “ xn0 P Dn, dXn

t “

c

2

n
dBt ´

1

n
∇EpXn

t qdt, (2.4)

where

Epx1, . . . , xnq “ n
n
ÿ

i“1

V pxiq ` β
ÿ

iąj

log
1

|xi ´ xj |
(2.5)

can be interpreted as the energy of the configuration of particles x1, . . . , xn.

• If β “ 0, then the Markov process Xn is an Ornstein–Uhlenbeck process, irreducible with
unique invariant law P 0

n “ N p0, 1nInq which is reversible.

• If β ě 1, then the Markov process Xn is not irreducible, but Dn is a recurrent class carrying
a unique invariant law P βn , which is reversible and given by

P βn “
e´Epx1,...,xnq

Cβn
1

px1,...,xnqPDn
dx1 ¨ ¨ ¨ dxn, (2.6)

where Cβn is the normalizing factor given by

Cβn “

ż

Dn

e´Epx1,...,xnqdx1 ¨ ¨ ¨ dxn. (2.7)

In terms of geometry, it is crucial to observe that since ´ log is convex on p0,`8q, the map

px1, . . . , xnq P Dn ÞÑ Interactionpx1, . . . , xnq “ β
ÿ

iąj

log
1

xi ´ xj
,

is convex. Thus, since V is convex on R, it follows that E is convex on Dn. For all β ě 0, the law
P βn is log-concave with respect to the Lebesgue measure as well as with respect to N p0, 1nInq.

2.1.4 Non-interacting case and Ornstein–Uhlenbeck benchmark

When we turn off the interaction by taking β “ 0 in (2.3), the DOU process becomes an Ornstein–
Uhlenbeck process (OU) Zn “ pZnt qtě0 on Rn solving the stochastic differential equation

Zn0 “ zn0 P Rn, dZnt “

c

2

n
dBn

t ´ Znt dt, (2.8)

where Bn is a standard n-dimensional BM. The invariant law of Zn is the product Gaussian law
P 0
n “ N p0, 1nInq “ N p0, 1nqbn. The explicit Gaussian nature of Znt „ N pzn0 e

´t, 1´e´2t

n Inq, valid
for all t ě 0, allows for a fine analysis of convergence to equilibrium, as in the following theorem.
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Theorem 2.1.1 (Cutoff for OU: mean-field regime). Let Zn “ pZnt qtě0 be the OU process (2.8)
and let P 0

n be its invariant law. Suppose that

lim
nÑ8

|zn0 |2

n
ą 0 and lim

nÑ8

|zn0 |2

n
ă 8

where |z| “
a

z21 ` ¨ ¨ ¨ ` z2n is the Euclidean norm. Then for all ε P p0, 1q,

lim
nÑ8

distpLawpZntnq | P 0
nq “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn

where

cn “

$

’

&

’

%

1
2 logpnq if dist “ Wasserstein,

logpnq if dist P tTV,Hellinger,Kullback, χ2u,
3
2 logpnq if dist “ Fisher.

Theorem 2.1.1 is proved in Section 2.3. See Figure 2.1 and Figure 2.2 for a numerical experiment.
Theorem 2.1.1 constitutes a very natural benchmark for the cutoff phenomenon for the DOU

process. Theorem 2.1.1 is not a surprise, and actually the TV and Hellinger cases are already
considered in [168], see also [19]. Let us mention that in [21], a cutoff phenomenon for TV, entropy
and Wasserstein is proven for the OU process of fixed dimension d and vanishing noise. This is to
be compared with our setting where the dimension is sent to infinity: the results (and their proofs)
are essentially the same in these two situations, however we will see below that if one considers more
general initial conditions, there are some substantial differences according to whether the dimension
is fixed or sent to infinity.

The restriction over the initial condition in Theorem 2.1.1 is spelled out in terms of the second
moment of the empirical distribution, a natural choice suggested by the mean-field limit discussed in
Section 2.2.5. It yields a mixing time of order logpnq, just like for Brownian motion on compact Lie
groups, see [226, 199]. For the OU process and more generally for overdamped Langevin processes,
the non-compactness of the space is replaced by the confinement or tightness due to the drift.

Actually, Theorem 2.1.1 is a particular instance of the following, much more general result that
reveals that, except for the Wasserstein distance, a cutoff phenomenon always occurs.

Theorem 2.1.2 (General cutoff for OU). Let Zn “ pZnt qtě0 be the OU process (2.8) and let P 0
n

be its invariant law. Let dist P tTV,Hellinger,Kullback, χ2,Fisheru. Then, for all ε P p0, 1q,

lim
nÑ8

distpLawpZntnq | P 0
nq “

#

max if tn “ p1 ´ εqcn,
0 if tn “ p1 ` εqcn

where

cn “

#

logp
?
n|zn0 |q _ 1

4 logpnq if dist P tTV,Hellinger,Kullback, χ2u,

logpn|zn0 |q _ 1
2 logpnq if dist “ Fisher.

Regarding the Wasserstein distance, the following dichotomy occurs:

• if limnÑ8 |zn0 | “ `8, then for all ε P p0, 1q, with cn “ log |zn0 |,

lim
nÑ8

WassersteinpLawpZtnq, P 0
nq “

#

`8 if tn “ p1 ´ εqcn,
0 if tn “ p1 ` εqcn,
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• if limnÑ8 |zn0 | “ α P r0,8q then there is no cutoff phenomenon namely for any t ą 0

lim
nÑ8

Wasserstein2pLawpZtq, P
0
nq “ α2e´2t ` 2

´

1 ´
a

1 ´ e´2t ´ 1
2e

´2t
¯

.

Theorem 2.1.2 is proved in Section 2.3.
The observation that for every distance or divergence, except for the Wasserstein distance, a

cutoff phenomenon occurs generically seems to be new.
Let us make a few comments. First, in terms of convergence to equilibrium the relevant ob-

servable in Theorem 2.1.2 appears to be the Euclidean norm |zn0 | of the initial condition. This
quantity differs from the eigenfunction associated to the spectral gap of the generator, which is
given by z1 ` ¨ ¨ ¨ ` zn as we will recall later on. This is also related to the equality of (2.20)
and (2.41). Second, cutoff occurs at a time that is independent of the initial condition provided
that its Euclidean norm is small enough: this cutoff time appears as the time required to regularize
the initial condition (a Dirac mass) into a sufficiently spread out absolutely continuous probability
measure; in particular this cutoff phenomenon would not hold generically if we allowed for spread
out (non-Dirac) initial conditions. Note that, for the OU process of fixed dimension and vanishing
noise, we would not observe a cutoff phenomenon when starting from initial conditions with small
enough Euclidean norm: this is a high dimensional phenomenon. In this respect, the Wasserstein
distance is peculiar since it is much less stringent on the local behavior of the measures at stake: for
instance limnÑ8 Wassersteinpδ0, δ1{nq “ 0 while for all other distances or divergences considered
here, the corresponding quantity would remain equal to max. This explains the absence of generic
cutoff phenomenon for Wasserstein. Third, the explicit expressions provided in our proof allow to
extract the cutoff profile in each case, but we prefer not to provide them in our statement and refer
the interested reader to the end of Section 2.3.

2.1.5 Exactly solvable intermezzo

When β ‰ 0, the law of the DOU process is no longer Gaussian nor explicit. However several exactly
solvable aspects are available. Let us recall that a Cox–Ingersoll–Ross process (CIR) of parameters
a, b, σ is the solution R “ pRtqtě0 on R` of

R0 “ r0 P R`, dRt “ σ
a

RtdWt ` pa´ bRtqdt, (2.9)

where W is a standard BM. Its invariant law is Gammap2a{σ2, 2b{σ2q with density proportional to
r ě 0 ÞÑ r2a{σ2´1e´2br{σ2

, with mean a{b, and variance aσ2{p2b2q. It was proved by William Feller
in [118] that the density of Rt at an arbitrary t can be expressed in terms of special functions.

If pZtqtě0 is a d-dimensional OU process of parameters θ ě 0 and ρ P R, weak solution of

dZt “ θdWt ´ ρZtdt (2.10)

where W is a d-dimensional BM, then R “ pRtqtě0, Rt :“ |Zt|
2, is a CIR process with parameters

a “ θ2d, b “ 2ρ, σ “ 2θ. When ρ “ 0 then Z is a BM while R “ |Z|2 is a squared Bessel process.
The following theorem gathers some exactly solvable aspects of the DOU process for general

β ě 1, which are largely already in the statistical physics folklore, see [209]. It is based on our
knowledge of eigenfunctions associated to the first spectral values of the dynamics, see (2.23), and
their remarkable properties. As in (2.23), we set πpxq :“ x1 ` ¨ ¨ ¨ ` xn when x P Rn.

Theorem 2.1.3 (From DOU to OU and CIR). Let pXn
t qtě0 be the DOU process (2.3), with β “ 0

or β ě 1, and let P βn be its invariant law. Then:
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• pπpXn
t qqtě0 is a one-dimensional OU process weak solution of (2.8) with θ “

?
2, ρ “ 1.

Its invariant law is N p0, 1q. It does not depend on β, and πpXn
t q „ N pπpxn0 qe´t, 1 ´ e´2tq,

t ě 0. Furthermore πpXn
t q2 is a CIR process of parameters a “ 2, b “ 2, σ “ 2

?
2.

• p|Xn
t |2qtě0 is a CIR process, weak solution of (2.9) with a “ 2`βpn´1q, b “ 2, σ “

a

8{n.
Its invariant law is Gammap12pn` β npn´1q

2 q, n2 q of mean 1 `
β
2 pn´ 1q and variance β `

2´β
n .

Furthermore, if d “ n`β npn´1q

2 is a positive integer, then p|Xn
t |2qtě0 has the law of p|Zt|

2qtě0

where pZtqtě0 is a d-dimensional OU process, weak solution of (2.8) with θ “
a

2{n, ρ “ 1,
and Z0 “ zn0 for an arbitrary zn0 P Rd such that |zn0 | “ |xn0 |.

At this step it is worth noting that Theorem 2.1.3 gives in particular, denoting βn :“ 1`
β
2 pn´1q,

ErπpXn
t qs “ πpxn0 qe´t ÝÑ

tÑ8
0 and Er|Xn

t |2s “ βn ` p|xn0 |2 ´ βnqe´2t ÝÑ
tÑ8

βn. (2.11)

Following [81, Sec. 2.2], the limits can also be deduced from the Dumitriu–Edelman tridiagonal
random matrix model [105] isospectral to β-Hermite. These formulas for the “transient” first two
moments ErπpXn

t qs and Er|Xn
t |2s reveal an abrupt convergence to their equilibrium values :

• If limnÑ8
πpxn0 q

n “ α ‰ 0 then for all ε P p0, 1q,

lim
nÑ8

|ErπpXn
tnqs| “

#

`8 if tn “ p1 ´ εq logpnq

0 if tn “ p1 ` εq logpnq
. (2.12)

• If limnÑ8
|xn0 |2

n “ α ‰
β
2 then for all ε P p0, 1q, denoting βn :“ 1 `

β
2 pn´ 1q,

lim
nÑ8

ˇ

ˇEr|Xn
tn |2s ´ βn

ˇ

ˇ “

#

`8 if tn “ p1 ´ εq12 logpnq

0 if tn “ p1 ` εq12 logpnq
. (2.13)

These critical times are universal with respect to β. The first two transient moments are related to the
eigenfunctions (2.23) associated to the first two non-zero eigenvalues of the dynamics. Higher order
transient moments are related to eigenfunctions associated to higher order eigenvalues. Note that
ErπpXn

t qs and Er|Xn
t |2s are the first two moments of the non-normalized mean empirical measure

Er
řn
i“1 δXn,i

t
s, and this lack of normalization is responsible of the critical times of order logpnq. In

contrast, the first two moments of the normalized mean empirical measure Er 1n

řn
i“1 δXn,i

t
s, given

by 1
nErπpXn

t qs and 1
nEr|Xn

t |2s respectively, do not exhibit a critical phenomenon. This is related
to the exponential decay of the first two moments in the mean-field limit (2.29), as well as the lack
of cutoff for Wasserstein already revealed for OU by Theorem 2.1.2. This also reminds the high
dimension behavior of norms in the field of the asymptotic geometric analysis of convex bodies.
In another direction, this elementary observation on the moments also illustrates that the cutoff
phenomenon for a given quantity is not stable under rather simple transformations of this quantity.

From the first part of Theorem 2.1.3 and contraction properties available for some distances or
divergences, see Lemma 2.8.2, we obtain the following lower bound on the mixing time for the DOU,
which is independent of β:

Corollary 2.1.4 (Lower bound on the mixing time). Let pXn
t qtě0 be the DOU process (2.3) with

β “ 0 or β ě 1, and invariant law P βn . Let dist P tTV,Hellinger,Kullback, χ2,Wassersteinu. Set

cn :“

#

logp|πpxn0 q|q if dist P tTV,Hellinger,Kullback, χ2u

log
´

|πpxn0 q|
?
n

¯

if dist “ Wasserstein
,
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and assume that limnÑ8 cn “ 8. Then, for all ε P p0, 1q, we have

lim
nÑ8

distpLawpXn
p1´εqcn

q | P βn q “ max .

Theorem 2.1.3 and Corollary 2.1.4 are proved in Section 2.4.

The derivation of an upper bound on the mixing time is much more delicate: once again recall
that the case β “ 0 covered by Theorem 2.1.2 is specific as it relies on exact Gaussian computations
which are no longer available for β ě 1. In the next subsection, we will obtain results for general
values of β ě 1 via more elaborate arguments.

In the specific cases β P t1, 2u, there are some exactly solvable aspects that one can exploit to
derive, in particular, precise upper bounds on the mixing times. Indeed, for these values of β, the
DOU process is the process of eigenvalues of the matrix-valued OU process:

M0 “ m0, dMt “

c

2

n
dBt ´Mtdt,

where B is a BM on the symmetric n ˆ n matrices if β “ 1 and on Hermitian n ˆ n matrices if
β “ 2, see (2.62) and (2.74) for more details. Based on this observation, we can deduce an upper
bound on the mixing times by contraction (for most distances or divergences).

Theorem 2.1.5 (Upper bound on mixing time in matrix case). Let pXn
t qtě0 be the DOU process

(2.3) with β P t0, 1, 2u, and invariant law P βn , and dist P tTV,Hellinger,Kullback, χ2,Wassersteinu.
Set

cn :“

#

logp
?
n|xn0 |q _ logp

?
nq if dist P tTV,Hellinger,Kullback, χ2u

logp|xn0 |q if dist “ Wasserstein
,

and assume that limnÑ8 cn “ 8 if dist “ Wasserstein. Then, for all ε P p0, 1q, we have

lim
nÑ8

distpLawpXn
p1`εqcn

q | P βn q “ 0.

Combining this upper bound with the lower bound already obtained above, we derive a cutoff
phenomenon in this particular matrix case.

Corollary 2.1.6 (Cutoff for DOU in the matrix case). Let pXn
t qtě0 be the DOU process (2.3), with

β P t0, 1, 2u, and invariant law P βn . Let dist P tTV,Hellinger,Kullback, χ2,Wassersteinu. Let
panqn be a real sequence satisfying infn

?
nan ą 0, and assume further that limnÑ8

?
nan “ 8 if

dist “ Wasserstein. Then, for all ε P p0, 1q, we have

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
tnq | P βn q “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn

where

cn :“

#

logpnanq if dist P tTV,Hellinger,Kullback, χ2u

logp
?
nanq if dist “ Wasserstein

.

Theorem 2.1.5 and Corollary 2.1.6 are proved in Section 2.5.

It is worth noting that d “ n ` β npn´1q

2 in Theorem 2.1.3 is indeed an integer in the “random
matrix” cases β P t1, 2u, and corresponds then exactly to the degree of freedom of the Gaussian
random matrix models GOE and GUE respectively. More precisely, if we let Xn

8 „ P βn then:
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• If β “ 1 then P βn is the law of the eigenvalues of S „ GOEn, and |Xn
8|2 “

řn
j,k“1 S

2
jk which

is the sum of n squared Gaussians of variance v “ 1{n (diagonal) plus twice the sum of n2´n
2

squared Gaussians of variance v
2 (off-diagonal) all being independent. The duplication has the

effect of renormalizing the variance from v
2 to v. All in all we have the sum of d “ n2`n

2
independent squared Gaussians of same variance v. See Section 2.5.

• If β “ 2 then P βn is the law of the eigenvalues of H „ GUEn, and |Xn
8|2 “

řn
j,k“1 |Hjk|2 is

the sum of n squared Gaussians of variance v “ 1{n (diagonal) plus twice the sum of n2 ´ n
squared Gaussians of variance v

2 (off-diagonal) all being independent. All in all we have the
sum of d “ n2 independent squared Gaussians of same variance v. See Section 2.5.

Another manifestation of exact solvability lies at the level of functional inequalities. Indeed, and
following [81], the optimal Poincaré constant of P βn is given by 1{n and does not depend on β, and
the extremal functions are tranlations/dilations of x ÞÑ πpxq “ x1 ` ¨ ¨ ¨ ` xn. This corresponds to
a spectral gap of the dynamics equal to 1 and its associated eigenfunction. Moreover, the optimal
logarithmic Sobolev inequality of P βn (Lemma 2.8.6) is given by 2{n and does not depend on β, and
the extremal functions are of the form x ÞÑ ecpx1`¨¨¨`xnq, c P R. This knowledge of the optimal
constants and extremal functions and their independence with respect to β is truly remarkable. It
plays a crucial role in the results presented in this article. More precisely, the optimal Poincaré
inequality is used for the lower bound via the first eigenfunctions while the optimal logarithmic
Sobolev inequality is used for the upper bound via exponential decay of the entropy.

2.1.6 Cutoff in the general interacting case

Our main contribution consists in deriving an upper bound on the mixing times in the general case
β ě 1: the proof relies on the logarithmic Sobolev inequality, some coupling arguments and a
regularization procedure.

Theorem 2.1.7 (Upper bound on the mixing time: the general case). Let pXn
t qtě0 be the DOU

process (2.3), with β “ 0 or β ě 1 and invariant law P βn . Take dist P tTV,Hellinger,Wassersteinu.
Set

cn :“

#

logp
?
n|xn0 |q _ logpnq if dist P tTV,Hellingeru

logp|xn0 |q _ logp
?
nq if dist “ Wasserstein

.

Then, for all ε P p0, 1q, we have

lim
nÑ8

distpLawpXn
p1`εqcn

q | P βn q “ 0.

Combining this upper bound with the general lower bound that we obtained in Corollary 2.1.4,
we deduce the following cutoff phenomenon. Observe that it holds both for β “ 0 and β ě 1, and
that the expression of the mixing time does not depend on β.

Corollary 2.1.8 (Cutoff for DOU in the general case). Let pXn
t qtě0 be the DOU process (2.3) with

β “ 0 or β ě 1 and invariant law P βn . Take dist P tTV,Hellinger,Wassersteinu. Let panqn be a
real sequence satisfying infn an ą 0. Then, for all ε P p0, 1q, we have

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
tnq | P βn q “

#

max if tn “ p1 ´ εqcn

0 if tn “ p1 ` εqcn

where

cn :“

#

logpnanq if dist P tTV,Hellingeru

logp
?
nanq if dist “ Wasserstein

.
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The proofs of Theorem 2.1.7 and Corollary 2.1.8 for the TV and Hellinger distances are presented
in Section 2.6. The Wasserstein distance is treated in Section 2.7. Let us make a comment on
the assumptions made on an in Corollaries 2.1.6 and 2.1.8. They are dictated by the upper bounds
established in Theorems 2.1.5 and 2.1.7, which take the form of maxima of two terms: one that
depends on the initial condition, and another one which is a power of a logarithm of n. The
logarithmic term is an upper bound on the time required to regularize a pointwise initial condition,
its precise expression varies according to the method of proof we rely on: in the matrix case, it is
the time required to regularize a larger object, the matrix-valued OU process; in the general case,
it is related to the time it takes to make the entropy of a pointwise initial condition small. These
bounds are not optimal for β “ 0 (compare with Theorem 2.1.2), and probably neither for β ě 1.

A natural, but probably quite difficult, goal would be to establish a cutoff phenomenon in the
situation where the set of initial conditions is reduced to any given singleton, as in Theorem 2.1.2
for the case β “ 0. Recall that in that case, the asymptotic of the mixing time is dictated by the
Euclidean norm of the initial condition. In the case β ě 1, this cannot be the right observable
since the Euclidean norm does not measure the distance to equilibrium. Instead one should probably
consider the Euclidean norm |xn0 ´ ρn|, where ρn is the vector of the quantiles of order 1{n of the
semi-circle law that arises in the mean-field limit equilibrium (see Subsection 2.2.5). More precisely

ρn,i “ inf

#

t P R :

ż t

´8

a

2β ´ x2

βπ
1xPr´

?
2β,

?
2βsdx ě

i

n

+

, i P t1, . . . , nu. (2.14)

Note that ρn “ 0 when β “ 0.
A first step in this direction is given by the following result:

Theorem 2.1.9 (DOU in the general case and pointwise initial condition). Let pXn
t qtě0 be the

DOU process (2.3) with β “ 0 or β ě 1, and invariant law P βn . There hold

• If limnÑ8 |xn0 ´ ρn| “ `8, then, denoting tn “ logp|xn0 ´ ρn|q, for all ε P p0, 1q,

lim
nÑ8

WassersteinpLawpXp1`εqtnq, P βn q “ 0.

• If limnÑ8 |xn0 ´ ρn| “ α P r0,8q, then, for all t ą 0,

lim
nÑ8

WassersteinpLawpXtq, P
β
n q2 ď α2e´2t.

Theorem 2.1.9 is proved in Section 2.7.

2.1.7 Non-pointwise initial conditions

It is natural to ask about the cutoff phenomenon when the initial conditions Xn
0 is not pointwise.

Even if we turn off the interaction by taking β “ 0, the law of the process at time t is then no longer
Gaussian in general, which breaks the method of proof used for Theorem 2.1.1 and Theorem 2.1.2.
Nevertheless, Theorem 2.1.10 below provides a universal answer, that is both for β “ 0 and β ě 1,
at the price however of introducing several objects and notations. More precisely, for any probability
measure µ on Rn, we introduce

Spµq “

$

&

%

ż

dµ

dx
log

dµ

dx
dx “ “Kullbackpµ | dxq” if

dµ

dx
log

dµ

dx
P L1pdxq

`8 otherwise
. (2.15)
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Note that S takes its values in the whole p´8,`8s, and when Spµq ă `8 then ´Spµq is the
Boltzmann–Shannon entropy of the law µ. For all x P Rn with xi ‰ xj for all i ‰ j, we have

Epx1, . . . , xnq “ n2
ĳ

Φpx, yq1tx‰yuLnpdxqLnpdyq (2.16)

where Ln :“
1

n

n
ÿ

i“1

δxi and where Φpx, yq :“
n

n´ 1

V pxq ` V pyq

2
`
β

2
log

1

|x´ y|
.

Let us define the map Ψ : Rn ÞÑ Dn by

Ψpx1, . . . , xnq :“ pxσp1q, . . . , xσpnqq. (2.17)

where σ is any permutation of t1, . . . , nu that reorders the particles non-decreasingly.

Theorem 2.1.10 (Cutoff for DOU with product smooth initial conditions). Let pXn
t qtě0 be the

DOU process (2.3) with β “ 0 or β ě 1, and invariant law P βn . Let S, Φ, and Ψ be as in (2.15),
(2.16), and (2.17). Let us assume that LawpXn

0 q is the image law or push forward of a product law
µ1 b ¨ ¨ ¨ b µn by Ψ where µ1, . . . , µn are laws on R. Then:

1. If lim
nÑ8

ˇ

ˇ

ˇ

1

n

n
ÿ

i“1

ż

xµipdxq

ˇ

ˇ

ˇ
‰ 0 then, for all ε P p0, 1q,

lim
nÑ8

KullbackpLawpXp1´εq logpnqq | P βn q “ `8.

2. If lim
nÑ8

1

n2

n
ÿ

i“1

Spµiq ă 8 and lim
nÑ8

1

n2

ÿ

i‰j

ĳ

Φdµi b dµj ă 8, then, for all ε P p0, 1q,

lim
nÑ8

KullbackpLawpXp1`εq logpnqq | P βn q “ 0.

Theorem 2.1.10 is proved in Section 2.6.3.
It is likely that Theorem 2.1.10 can be extended to the case dist P tWasserstein,Hellinger,Fisheru.

2.1.8 Structure of the paper

• Section 2.2 provides additional comments and open problems.

• Section 2.3 focuses on the OU process (β “ 0) and gives the proofs of Theorems 2.1.1 and
2.1.2.

• Section 2.4 concerns the exact solvability of the DOU process for all β, and provides the proofs
of Theorem 2.1.3 and Corollary 2.1.4.

• Section 2.5 is about random matrices and gives the proofs of Theorem 2.1.5 and Corollary
2.1.6.

• Section 2.6 deals with the DOU process for all β with the TV and Hellinger distances, and
provides the proofs of Theorem 2.1.7 and Corollary 2.1.8.

• Section 2.7 gives the Wasserstein counterpart of Section 2.6 and the proof of Theorem 2.1.9.

• Appendix 2.8.1 provides a survey on distances and divergences, with new results.

• Appendix 2.8.2 gathers useful dynamical consequences of convexity.
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2.2 Additional comments and open problems

2.2.1 About the results and proofs

The proofs of our results rely among other ingredients on convexity and optimal functional inequal-
ities, exact solvability, exact Gaussian formulas, coupling arguments, stochastic calculus, variational
formulas, contraction properties and regularization.

The proofs of Theorems 2.1.1 and 2.1.2 are based on the explicit Gaussian nature of the OU
process, which allows to use Gaussian formulas for all the distances and divergences that we consider
(the Gaussian formula for Fisher seems to be new). Our analysis of the convergence to equilibrium of
the OU process seems to go beyond what is already known, see for instance [168] and [22, 20, 21, 23].

Theorem 2.1.3 is a one-dimensional analogue of [39, Th. 1.2]. The proof exploits the explicit
knowledge of eigenfunctions of the dynamics (2.23), associated with the first two non-zero spectral
values, and their remarkable properties. The first one is associated to the spectral gap and the
optimal Poincaré inequality. It implies Corollary 2.1.4, which is the provider of all our lower bounds
on the mixing time for the cutoff.

The proof of Theorem 2.1.5 is based on a contraction property and the upper bound for matrix
OU processes. It is not available beyond the matrix cases. All the other upper bounds that we
establish are related to an optimal exponential decay which comes from convexity and involves
sometimes coupling, the simplest instance being Theorem 2.1.7 about the Wasserstein distance.
The usage of the Wasserstein metrics for Dyson dynamics is quite natural, see for instance [32].

The proof of Theorem 2.1.7 for the TV and Hellinger relies on the knowledge of the optimal
exponential decay of the entropy (with respect to equilibrium) related to the optimal logarithmic
Sobolev inequality. Since pointwise initial conditions have infinite entropy, the proof proceeds in three
steps: first we regularize the initial condition to make its entropy finite, second we use the optimal
exponential decay of the entropy of the process starting from this regularized initial condition, third
we control the distance between the processes starting from the initial condition and its regularized
version. This last part is inspired by a work of Lacoin [169] for the simple exclusion process on
the segment, subsequently adapted to continuous state-spaces [67, 68], where one controls an area
between two versions of the process.

The (optimal) exponential decay of the entropy (Lemma 2.8.7) is equivalent to the (optimal)
logarithmic Sobolev inequality (Lemma 2.8.6). For the DOU process, the optimal logarithmic Sobolev
inequality provided by Lemma 2.8.6 achieves also the universal bound with respect to the spectral
gap, just like for Gaussians. This sharpness between the best logarithmic Sobolev constant and the
spectral gap also holds for instance for the random walk on the hypercube, a discrete process for
which a cutoff phenomenon can be established with the optimal logarithmic Sobolev inequality, and
which can be related to the OU process, see for instance [101, 100] and references therein. If we
generalize the DOU process by adding an arbitrary convex function to V , then we will still have a
logarithmic Sobolev inequality – see [81] for several proofs including the proof via the Bakry–Émery
criterion – however the optimal logarithmic Sobolev constant will no longer be explicit nor sharp
with respect to the spectral gap, and the spectral gap will no longer be explicit.

The proof of Theorem 2.1.10 relies crucially on the tensorization property of Kullback and on
the asymptotics on the normalizing constant Cβn at equilibrium.
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2.2.2 Analysis and geometry of the equilibrium

The full space Rn is, up to a bunch of hyperplanes, covered with n! disjoint isometric copies of the
convex domain Dn obtained by permuting the coordinates (simplices or Weyl chambers). Following
[81], for all β ě 0 let us define the law P β˚n on Rn with density proportional to e´E , just like for P βn
in (2.6) but without the 1

px1,...,xnqPDn
.

If β “ 0 then P 0
˚n “ P 0

n “ N p0, 1nInq according to our definition of P 0
n .

If β ą 0 then P β˚n has density pCβ˚nq´1e´E with Cβ˚n “ n!Cβn where Cβn is the normalization
of P βn . Moreover P β˚n is a mixture of n! isometric copies of P βn , while P βn is the image law or
push forward of P β˚n by the map Ψn : Rn Ñ Dn defined in (2.17). Furthermore for all bounded
measurable f : Rn Ñ R, denoting Σn the symmetric group of permutations of t1, . . . , nu,

ż

fdP β˚n “

ż

fsymdP
β
n with fsympx1, . . . , xnq :“

1

n!

ÿ

σPΣn

fpxσp1q, . . . , xσpnqq.

Regarding log-concavity, it is important to realize that if β “ 0 then E is convex on Rn, while
if β ą 0 then E is convex on Dn but is not convex on Rn and has n! isometric local minima.

• The law P β˚n is centered but is not log-concave when β ą 0 since E is not convex on Rn.
As β Ñ 0` the law P β˚n tends to P 0

˚n “ P 0
n “ N p0, 1nInq which is log-concave.

• The law P βn is not centered but is log-concave for all β ě 0.
Its density vanishes at the boundary of Dn if β ą 0.
As β Ñ 0` the law P βn tends to the law of the order statistics of n i.i.d. N p0, 1nq.

2.2.3 Spectral analysis of the generator: the non-interacting case

This subsection and the next deal with analytical aspects of our dynamics. We start with the OU
process (β “ 0) for which everything is explicit; the next subsection deals with the DOU process
(β ě 1).

The infinitesimal generator of the OU process is given by

Gf “
1

n

´

∆ ´ ∇E ¨ ∇
¯

“
1

n

n
ÿ

i“1

B2
i ´

n
ÿ

i“1

V 1pxiqBi. (2.18)

It is a self-adjoint operator on L2pRn, P 0
nq that leaves globally invariant the set of polynomials. Its

spectrum is the set of all non-positive integers, that is, λ0 “ 0 ą λ1 “ ´1 ą λ2 “ ´2 ą ¨ ¨ ¨ . The
corresponding eigenspaces F0, F1, F2, ¨ ¨ ¨ are finite dimensional: Fm is spanned by the multivariate
Hermite polynomials of degree m, in other words tensor products of univariate Hermite polynomials.
In particular, F0 is the vector space of constant functions while F1 is the n-dimensional vector space
of all linear functions.

Let us point out that G can be restricted to the set of P 0
n square integrable symmetric functions:

it leaves globally invariant the set of symmetric polynomials, its spectrum is unchanged but the
associated eigenspaces Em are the restrictions of the vector spaces Fm to the set of symmetric
functions, in other words, Em is spanned by the multivariate symmetrized Hermite polynomials of
degree m. Note that E1 is the one-dimensional space generated by πpxq “ x1 ` ¨ ¨ ¨ ` xn.

The Markov semigroup petGqtě0 generated by G admits P 0
n as a reversible invariant law since

G is self-adjoint in L2pP 0
nq. Following [224], let us introduce the heat kernel ptpx, yq which is the

density of LawpXn
t | Xn

0 “ xq with respect to the invariant law P 0
n . The long-time behavior reads
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limtÑ8 ptpx, ¨q “ 1 for all x P Rn. Let }¨}p be the norm of Lp “ LppP 0
nq. For all 1 ď p ď q, t ě 0,

x P Rn, we have

2}LawpXn
t | Xn

0 “ xq ´ P 0
n}TV “ }ptpx, ¨q ´ 1}1 ď }ptpx, ¨q ´ 1}p ď }ptpx, ¨q ´ 1}q. (2.19)

In the particular case p “ 2 we can write

}ptpx, ¨q ´ 1}22 “

8
ÿ

m“1

e´2mt
ÿ

ψPBm

|ψpxq|2. (2.20)

where Bm is an orthonormal basis of Fm Ă L2pP 0
nq, hence

}ptpx, ¨q ´ 1}22 ě e´2t
ÿ

ψPB1

|ψpxq|2, (2.21)

which leads to a lower bound on the χ2 (in other words L2) cutoff, provided one can estimate
ř

ψPB1
|ψpxq|2 which is the square of the norm of the projection of δx on B1.

Following [224, Th. 6.2], an upper bound would follow from a Bakry–Émery curvature–dimension
criterion CDpρ, dq with a finite dimension d, in relation with Nash–Sobolev inequalities and dimen-
sional pointwise estimates on the heat kernel ptpx, ¨q or ultracontractivity of the Markov semigroup,
see for instance [225, Sec. 4.1]. The OU process satisfies to CDpρ,8q but never to CDpρ, dq with
d finite and is not ultracontractive. Actually the OU process is a critical case, see [7, Ex. 2.7.3].

2.2.4 Spectral analysis of the generator: the interacting case

We now assume that β ě 1. The infinitesimal generator of the DOU process is the operator

Gf “
1

n

´

∆ ´ ∇E ¨ ∇
¯

“
1

n

n
ÿ

i“1

B2
i ´

n
ÿ

i“1

V 1pxiqBi `
β

2n

ÿ

j‰i

Bi ´ Bj

xi ´ xj
. (2.22)

Despite the interaction term, the operator leaves globally invariant the set of symmetric polynomials.
Following Lassalle in [176, 13], see also [81], the operator G is a self-adjoint operator on the space
of P β˚n square integrable symmetric functions of n variables, its spectrum does not depend on β
and matches the spectrum of the OU process case β “ 0. In particular the spectral gap is 1.
The eigenspaces Em are spanned by the generalized symmetrized Hermite polynomials of degree m.
For instance, E1 is the one-dimensional space generated by πpxq “ x1 ` ¨ ¨ ¨ ` xn while E2 is the
two-dimensional space spanned by

px1 ` ¨ ¨ ¨ ` xnq2 ´ 1 and x21 ` ¨ ¨ ¨ ` x2n ´ 1 ´
β

2
pn´ 1q. (2.23)

From the isometry between L2pDn, P
β
n q and L2

sympRn, P β˚nq, the above explicit spectral decom-
position applies to the semigroup of the DOU on Dn. Formally, the discussion presented at the end
of the previous subsection still applies. However, in the present interacting case the integrability
properties of the heat kernel are not known: in particular, we do not know whether ptpx, ¨q lies in
LppP βn q for t ą 0, x P Dn and p ą 1. This leads to the question, of independent interest, of
pointwise upper and lower Gaussian bounds for heat kernels similar to the OU process, with explicit
dependence of the constants over the dimension. We refer for example to [245, 109, 137] for some
results in this direction.
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2.2.5 Mean-field limit

The measure P βn is log-concave since E is convex, and its density writes

x P Rn ÞÑ
e´n

2
|x|2

Cβn

ź

iąj

pxi ´ xjq
β1x1ď¨¨¨ďxn . (2.24)

See [81, Sec. 2.2] for a high-dimensional analysis. The Boltzmann–Gibbs measure P βn is known
as the β-Hermite ensemble or HβE. When β “ 2, it is better known as the Gaussian Unitary
Ensemble (GUE). If Xn „ P βn then the Wigner theorem states that the empirical measure with
atoms distributed according to P βn converges in distribution to a semi-circle law, namely

1

n

n
ÿ

i“1

δXn,i
weak
ÝÑ
nÑ8

a

2β ´ x2

βπ
1xPr´

?
2β,

?
2βsdx, (2.25)

and this can be deduced in this Coulomb gas context from a large deviation principle as in [28].
Let pXnqtě0 be the process solving (2.3) with β ě 0 or β ě 1, and let

µnt “
1

n

n
ÿ

k“1

δ
Xn,i

t
(2.26)

be the empirical measure of the particles at time t. Following notably [216, 33, 70, 69, 192, 103],
if the sequence of initial conditions pµn0 qně1 converges weakly as n Ñ 8 to a probability measure
µ0, then the sequence of measure valued processes ppµnt qtě0q

ně1
converges weakly to the unique

probability measure valued deterministic process pµtqtě0 satisfying the evolution equation

xµt, fy “ xµ0, fy ´

ż t

0

ż

V 1pxqf 1pxqµspdxqds`
β

2

ż t

0

ż

R2

f 1pxq ´ f 1pyq

x´ y
µspdxqµspdyqds (2.27)

for all t ě 0 and f P C3
b pR,Rq. The equation (2.27) is a weak formulation of a McKean–Vlasov

equation or free Fokker–Planck equation associated to a free OU process. Moreover, if µ0 has all
its moments finite, then for all t ě 0, we have the free Mehler formula

µt “ dile´2tµ0 ‘ dil?1´e´2tµ8, (2.28)

where dilσµ is the law of σX when X „ µ, where “‘” stands for the free convolution of probability
measures of Voiculescu free probability theory, and where µ8 is the semi-circle law of variance β

2 .
In particular, if µ0 is a semi-circle law then µt is a semi-circle law for all t ě 0.

Let us introduce the k-th moment mkptq :“

ż

xkµtpdxq of µt. The first and second moments

satisfy the differential equations m1
1 “ ´m1 and m1

2 “ ´2m2 ` β respectively, which give

m1ptq “ e´tm1p0q ÝÑ
tÑ8

0 and m2ptq “ m2p0qe´2t `
β

2
p1 ´ e´2tq ÝÑ

tÑ8

β

2
. (2.29)

More generally, beyond the first two moments, the Cauchy–Stieltjes transform

z P C` “ tz P C : ℑz ą 0u ÞÑ stpzq “

ż

R

µtpdxq

x´ z
(2.30)

of µt is the solution of the following complex Burgers equation

Btstpzq “ stpzq ` zBzstpzq ` βstpzqBzstpzq, t ě 0, z P C`. (2.31)
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The semi-circle law on r´c, cs has density 2
?
c2´x2

πc2
1xPr´c,cs, mean 0, second moment or variance c2

4 ,

and Cauchy–Stieltjes transform stpzq “
?
4z2´4c2´2z

c2
, t ě 0, z P C`.

The cutoff phenomenon is in a sense a diagonal pt, nq estimate, melting long time behavior and
high dimension. When |zn0 | is of order n, cutoff occurs at a time of order « logpnq: this informally
corresponds to taking t Ñ 8 in pµtqtě0.

When µ0 is centered with same second moment β
2 as µ8, then there is a Boltzmann H-theorem

interpretation of the limiting dynamics as n Ñ 8: the steady-state is the Wigner semi-circle law
µ8, the second moment is conserved by the dynamics, the Voiculescu entropy is monotonic along
the dynamics, grows exponentially, and is maximized by the steady-state.

2.2.6 Lp cutoff

Following [84], we can deduce an Lp cutoff started from x from an L1 cutoff by showing that the
heat kernel ptpx, ¨q is in LppP βn q for some t ą 0. Thanks to the Mehler formula, it can be checked
that this holds for the OU case, despite the lack of ultracontractivity. The heat kernel of the DOU
process is less accessible.

In another exactly solvable direction, the Lp cutoff phenomenon has been studied for instance
in [224, 226] for Brownian motion on compact simple Lie groups, and in [226, 199] for Brownian
motion on symmetric spaces, in relation with representation theory, an idea which goes back at the
origin to the works of Diaconis on random walks on groups.

2.2.7 Cutoff window and profile

Once a cutoff phenomenon is established, one can ask for a finer description of the pattern of
convergence to equilibrium. The cutoff window is the order of magnitude of the transition time
from the value max to the value 0: more precisely, if cutoff occurs at time cn then we say that the
cutoff window is wn if

lim
bÑ`8

lim
nÑ8

distpLawpXcn`bwnq | P βn q “ 0,

lim
bÑ´8

lim
nÑ8

distpLawpXcn`bwnq | P βn q “ max,

and for any b P R

0 ă lim
nÑ8

distpLawpXcn`bwnq | P βn q ď lim
nÑ8

distpLawpXcn`bwnq | P βn q ă max .

Note that necessarily wn “ opcnq by definition of the cutoff phenomenon. Note also that wn is
unique in the following sense: w1

n is a cutoff window if and only if wn{w1
n remains bounded from

above and below as n Ñ 8.
We say that the cutoff profile is given by φ : R Ñ r0, 1s if

lim
nÑ8

distpLawpXcn`bwnq | P βn q “ φpbq.

The analysis of the OU process carried out in Theorems 2.1.1 and 2.1.2 can be pushed further to
establish the so-called cutoff profiles, we refer to the end of Section 2.3 for details.

Regarding the DOU process, such a detailed description of the convergence to equilibrium does
not seem easily accessible. However it is straightforward to deduce from our proofs that the cutoff
window is of order 1, in other words the inverse of the spectral gap, in the setting of Corollary 2.1.6.
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This is also the case in the setting of Corollary 2.1.8 for the Wasserstein distance.
We believe that this remains true in the setting of Corollary 2.1.8 for the TV and Hellinger distances:
actually, a lower bound of the required order can be derived from the calculations in the proof of
Corollary 2.1.4; on the other hand, our proof of the upper bound on the mixing time does not allow
to give a precise enough upper bound on the window.

2.2.8 Other potentials

It is natural to ask about the cutoff phenomenon for the process solving (2.3) when V is a more
general C2 function. The invariant law P βn of this Markov diffusion writes

e´n
řn

i“1 V pxiq

Cβn

ź

iąj

pxi ´ xjq
β1

px1,...,xnqPDn
dx1 ¨ ¨ ¨ dxn. (2.32)

The case where V ´
ρ
2 |¨|

2 is convex for some constant ρ ě 0 generalizes the DOU case and has
exponential convergence to equilibrium, see [81]. Three exactly solvable cases are known:

• e´V pxq “ e´x2

2 : the DOU process associated to the Gaussian law weight and the β-Hermite
ensemble including HOE/HUE/HSE when β P t1, 2, 4u,

• e´V pxq “ xa´1e´x1xPr0,8q: the Dyson–Laguerre process associated to the Gamma law weight
and the β-Laguerre ensembles including LOE/LUE/LSE when β P t1, 2, 4u,

• e´V pxq “ xa´1p1´xqb´11xPr0,1s: the Dyson–Jacobi process associated to the Beta law weight
and the β-Jacobi ensembles including JOE/JUE/JSE when β P t1, 2, 4u,

up to a scaling. Following Lassalle [176, 178, 177, 13] and Bakry [14], in these three cases, the
multivariate orthogonal polynomials of the invariant law P βn are the eigenfunctions of the dynamics
of the process. We refer to [108, 105, 194] for more information on (H/L/J)βE random matrix
models.

The contraction property or spectral projection used to pass from a matrix process to the Dyson
process can be used to pass from BM on the unitary group to the Dyson circular process for which
the invariant law is the Circular Unitary Ensemble (CUE). This provides an upper bound for the
cutoff phenomenon. The cutoff for BM on the unitary group is known and holds at critical time or
order logpnq, see for instance [226, 224, 199].

More generally, we could ask about the cutoff phenomenon for a McKean–Vlasov type interacting
particle system pXn

t qtě0 in pRdqn solution of the stochastic differential equation of the form

dXn,i
t “ σn,tpX

nqdBn
t ´

n
ÿ

i“1

∇Vn,tpXn,i
t qdt´

ÿ

j‰i

∇Wn,tpX
n,i
t ´Xn,j

t qdt, 1 ď i ď n, (2.33)

for various types of confinement V and interaction W (convex, repulsive, attractive, repulsive-
attractive, etc), and discuss the relation with the propagation of chaos. The case where V and W
are both convex and constant in time is already very well studied from the point of view of long-time
behavior and mean-field limit in relation with convexity, see for instance [70, 69, 192].

Regarding universality, it is worth noting that if V “ |¨|
2 and if W is convex then the proof

by factorization of the optimal Poincaré and logarithmic Sobolev inequalities and their extremal
functions given in [81] remains valid, paving the way to the generalization of many of our results in
this spirit. On the other hand, the convexity of the limiting energy functional in the mean-field limit
is of Bochner type and suggests to take for W a power, in other words a Riesz type interaction.
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2.2.9 Alternative parametrization

If pXn
t qtě0 is the process solution of the stochastic differential equation (2.3), then for all real

parameters α ą 0 and σ ą 0, the space scaled and time changed stochastic process pY n
t qtě0 “

pσXn
αtqtě0 solves the stochastic differential equation

Y n
0 “ σxn0 , dY n,i

t “

c

2ασ2

n
dBi

t ´ αY n,i
t dt`

αβσ2

n

ÿ

j‰i

dt

Y n,i
t ´ Y n,j

t

, 1 ď i ď n, (2.34)

where pBtqtě0 is a standard n-dimensional BM. The invariant law of pY n
t qtě0 is

e´ n
2σ2 |y|2

Cβn

ź

iąj

pyi ´ yjq
β1

py1,...,ynqPDn
dy1 ¨ ¨ ¨ dyn (2.35)

where Cβn is the normalizing constant. This law and its normalization Cβn depend on the “shape
parameter” β, the “scale parameter” σ, and does not depend on the “speed parameter” α. When
β ą 0, taking σ2 “ β´1, the stochastic differential equation (2.34) boils down to

Y n
0 “

xn0?
β
, dY n,i

t “

c

2α

nβ
dBi

t ´ αY n,i
t dt`

α

n

ÿ

j‰i

dt

Y n,i
t ´ Y n,j

t

, 1 ď i ď n (2.36)

while the invariant law becomes

e´
nβ
2

|y|2

Cβn

ź

iąj

pyi ´ yjq
β1

py1,¨¨¨ ,ynqPDn
dy1 ¨ ¨ ¨ dyn. (2.37)

The equation (2.36) is the one considered in [113, Eq. (12.4)] and in [154, Eq. (1.1)]. The advantage
of (2.36) is that β can be now truly interpreted as an inverse temperature and the right-hand side
in the analogue of (2.25) does not depend on β, while the drawback is that we cannot turn off the
interaction by setting β “ 0 and recover the OU process as in (2.3). It is worthwhile mentioning
that for instance Theorem 2.1.7 remains the same for the process solving (2.36) in particular the
cutoff threshold is at critical time cn

α and does not depend on β.

2.2.10 Discrete models

There are several discrete space Markov processes admitting the OU process as a scaling limit, such
as for instance the random walk on the discrete hypercube, related to the Ehrenfest model, for which
the cutoff has been studied in [101, 100], and the M/M/8 queuing process, for which a discrete
Mehler formula is available [76]. Certain discrete space Markov processes incorporate a singular
repulsion mechanism, such as for instance the exclusion process on the segment, for which the study
of the cutoff in [169] shares similarities with our proof of Theorem 2.1.7. It is worthwhile noting
that there are discrete Coulomb gases, related to orthogonal polynomials for discrete measures,
suggesting to study discrete Dyson processes. More generally, it could be natural to study the cutoff
phenomenon for Markov processes on infinite discrete state spaces, under curvature condition, even
if the subject is notoriously disappointing in terms of high-dimensional analysis. We refer to the
recent work [223] for the finite state space case.
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2.3 Cutoff phenomenon for the OU

In this section, we prove Theorems 2.1.1 and 2.1.2: actually we only prove the latter since it implies
the former. We start by recalling a well-known fact.

Lemma 2.3.1 (Mehler formula). If pYtqtě0 is an OU process in Rd solution of the stochastic
differential equation Y0 “ y0 P Rd and dYt “ σdBt ´ µYtdt for parameters σ ą 0 and µ ą 0 where
B is a standard d-dimensional Brownian motion then

pYtqtě0 “

´

y0e
´µt ` σ

ż t

0
eµps´tqdBs

¯

tě0

hence Yt „ N
´

y0e
´µt,

σ2

2

1 ´ e´2µt

µ
Id

¯

for all t ě 0.

Moreover its coordinates are independent one-dimensional OU processes with initial condition yi0 and
invariant law N p0, σ

2

2µq, 1 ď i ď d.

Proof of Theorem 2.1.1 and Theorem 2.1.2. By using Lemma 2.3.1, for all n ě 1 and t ě 0,

Znt „ N
´

zn0 e
´t,

1 ´ e´2t

n
In

¯

“ bn
i“1N

´

zn,i0 e´t,
1 ´ e´2t

n

¯

, P 0
n “ N

´

0,
In
n

¯

“ N
´

0,
1

n

¯bn
.

(2.38)
Hellinger, Kullback, χ2, Fisher, and Wasserstein cutoffs. A direct computation from (2.38) or

Lemma 2.8.5 either from multivariate Gaussian formulas or univariate via tensorization gives

Hellinger2pLawpZnt q, P 0
nq “ 1 ´ exp

´

´
n

4

|zn0 |2e´2t

2 ´ e´2t
`
n

4
log

´

4
1 ´ e´2t

p2 ´ e´2tq2

¯¯

, (2.39)

2KullbackpLawpZnt q | P 0
nq “ n|zn0 |2e´2t ´ ne´2t ´ n logp1 ´ e´2tq, (2.40)

χ2pLawpZnt q | P 0
nq “ ´1 `

1

p1 ´ e´4tqn{2
exp

´

n|zn0 |2
e´2t

1 ` e´2t

¯

, (2.41)

FisherpLawpZnt q | P 0
nq “ n2|zn0 |2e´2t ` n2

e´4t

1 ´ e´2t
, (2.42)

Wasserstein2pLawpZnt q, P 0
nq “ |zn0 |2e´2t ` 2p1 ´

a

1 ´ e´2t ´
1

2
e´2tq, (2.43)

which gives the desired lower and upper bounds as before by using the hypothesis on zn0 .
Total variation cutoff. By using the comparison between total variation and Hellinger distances

(Lemma 2.8.1) we deduce from (2.39) the cutoff in total variation distance at the same critical
time. The upper bound for the total variation distance can alternatively be obtained by using the
Kullback estimate (2.40) and the Pinsker–Csiszár–Kullback inequality (Lemma 2.8.1). Since both
distributions are tensor products, we could use alternatively the tensorization property of the total
variation distance (Lemma 2.8.4) together with the one-dimensional version of the Gaussian formula
for Kullback (Lemma 2.8.1) to obtain the result for the total variation.

Remark 1 (Competition between bias and variance mixing). From the computations of the proof
of Theorem 2.1.2, we can show that for dist P tTV,Hellinger, χ2u

At :“ distpLawpZnt q | LawpZnt ´ zn0 e
´tqq

has a cutoff at time cAn “ logp
?
n|zn0 |q, while

Bt :“ distpLawpZnt ´ zn0 e
´tq | P 0

nq
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admits a cutoff at time cBn “ 1
4 logpnq. The triangle inequality for dist yields

|At ´Bt| ď distpLawpZnt q | P 0
nq ď At `Bt.

Therefore the critical time of Theorem 2.1.2 is dictated by either At or Bt, according to whether
cAn " cBn or cAn ! cBn . This can be seen as a competition between bias and variance mixing.

Remark 2 (Total variation discriminating event for small initial conditions). Let us introduce the
random variable Zn8 „ P 0

n “ N p0, 1nInq “ N p0, 1nqbn, in accordance with (2.38). There holds

Snt :“
n
ÿ

i“1

pZn,it ´ zn,i0 e´tq2 „ Gamma
´n

2
,

n

2p1 ´ e´2tq

¯

and |Zn8|2 „ Gamma
´n

2
,
n

2

¯

.

We can check, using an explicit computation of Hellinger and Kullback between Gamma distributions
and the comparison between total variation and Hellinger distances (Lemma 2.8.1), that

Ct :“ distpLawpSnt q | Lawp|Zn8|2qq

admits a cutoff at time cCn “ cBn “ 1
4 logpnq. Moreover, one can exhibit a discriminating event for

the TV distance. Namely, we can observe that
›

›

›
Gamma

´n

2
,

n

2p1 ´ e´2tq

¯

´ Gamma
´n

2
,
n

2

¯›

›

›

TV
“ Pp|Zn8|2 ě αtq ´ PpSnt ě αtq

with αt the unique point where the two densities meet, which happens to be

αt “ ´e2t logp1 ´ e´2tqp1 ´ e´2tq.

From the explicit expressions (2.39), (2.40), (2.41), (2.42), (2.43), it is immediate to extract
the cutoff profile associated to the convergence of LawpZnt q to P 0

n in Hellinger, Kullback, χ2, Fisher
and Wasserstein. For Wasserstein we already know by Theorem 2.1.2 that a cutoff occurs if and
only if |zn0 | Ñ

nÑ8
8. In this case, regarding the profile, we have

lim
nÑ8

WassersteinpLawpZnt q, P 0
nq “ ϕpbq, (2.44)

where for all b P R,
tn,b “ log |zn0 | ` b and ϕpbq “ e´b. (2.45)

For the other distances and divergences, let us assume that the following limit exists

a :“ lim
nÑ8

?
n|zn0 |2 P r0,`8s. (2.46)

This quantity can be related with

cAn :“ logp|zn0 |
?
nq and cBn :“

log n

4
(2.47)

which were already introduced in Remark 1. Indeed

a “ 0 ðñ cAn ! cBn , a “ `8 ðñ cAn " cBn ,

while a P p0,8q is equivalent to cAn — cBn .
Then, for dist P tHellinger,Kullback, χ2,Fisheru, we have, for all b P R,

lim
nÑ8

distpLawpZtn,b
q | P 0

nq “ ϕpbq, (2.48)

where tn,b and ϕpbq are as in Table 2.1. The cutoff window is always of size 1.
Since the total variation distance is not expressed in a simple explicit manner, further computa-

tions are needed to extract the precise cutoff profile, which is given in the following lemma:



48 Chapter 2. Universal cutoff for Dyson Ornstein Uhlenbeck process

a “ `8 a “ 0 a P p0,`8q

tn,b

Hellinger logp|zn0 |
?
nq ` b logn

4 ` b logn
4 ` b

Kullback logp|zn0 |
?
nq ` b logn

4 ` b logn
4 ` b

χ2 logp|zn0 |
?
nq ` b logn

4 ` b logn
4 ` b

Fisher logp|zn0 |nq ` b logn
2 ` b logn

2 ` b

ϕpbq

Hellinger
b

1 ´ e´ 1
8
e´2b

b

1 ´ e´ 1
16

e´4b

b

1 ´ e´ 1
8
ae´2b´ 1

16
e´4b

Kullback 1
2e

´2b 1
4e

´4b 1
2ae

´2b ` 1
4e

´4b

χ2 ee
´2b

´ 1 e
1
2
e´4b

´ 1 eae
´2b` 1

2
e´4b

´ 1

Fisher e´2b e´4b ae´2b ` e´4b

Table 2.1: Values of tn,b and ϕpbq for the cutoff profile of the OU process in (2.48).

Lemma 2.3.2 (Cutoff profile in TV for OU). Let Zn “ pZnt qtě0 be the OU process (2.8), started
from zn0 P Rn, and let P 0

n be its invariant law. Assume as in (2.46) that a :“ limnÑ8 |zn0 |2
?
n P

r0,`8s, and let tn,b be as in Table (2.1) for Hellinger. Then, for all b P R, we have

lim
nÑ8

}LawpZntn,b
q ´ P 0

n}TV “ ϕpbq,

where

ϕpbq :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

erf
´ e´b

2
?
2

¯

if a “ `8

erf
´e´2b

4

¯

if a “ 0

erf
´

?
2ae´2b ` e´4b

4

¯

if a P p0,`8q

,

where erfpuq :“
1

?
π

ż

|t|ďu
e´t2dt “ Pp|X| ď

?
2uq with X „ N p0, 1q is the error function.

Proof of Lemma 2.3.2. The idea is to exploit the fact that we consider Gaussian product measures
(the covariance matrices are multiple of the identity), which allows a finer analysis than for instance
in [98, Le. 3.1]. We begin with a rather general step. Let µ and ν be two probability measures on
Rn with densities f and g with respect to the Lebesgue measure dx. We have then

}µ´ ν}TV “
1

2

ż

|f ´ g|dx “
1

2

´

ż

pf ´ gq1gďfdx´

ż

pf ´ gq1fďgdx
¯

, (2.49)

and since

´

ż

pf ´ gq1fďgdx “ ´

ż

pf ´ gqp1 ´ 1găf qdx “

ż

pf ´ gq1găfdx “

ż

pf ´ gq1gďfdx,
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we obtain
}µ´ ν}TV “

ż

pf ´ gq1gďfdx “ µpg ď fq ´ νpg ď fq. (2.50)

In particular, when µ “ N pm1, σ
2
1Inq and ν “ N pm2, σ

2
2Inq then gpxq ď fpxq is equivalent to

ψpxq :“
|x´m1|2

σ21
´

|x´m2|2

σ22
ď n log

σ22
σ21
, (2.51)

for all x P Rn, and therefore, with Z1 „ µ and Z2 „ ν, we get

}µ´ ν}TV “ P
´

ψpZ1q ď n log
σ22
σ21

¯

´ P
´

ψpZ2q ď n log
σ22
σ21

¯

. (2.52)

Let us assume from now on that m2 “ 0 and σ1 ‰ σ2. We can then gather the quadratic terms as

ψpxq “

´

1 ´
σ21
σ22

¯

|x´ m̃1|2

σ21
`

´ 1

σ21
´

1

p1 ´
σ2
1

σ2
2

qσ21

¯

|m1|2 where m̃1 :“
1

1 ´
σ2
1

σ2
2

m1. (2.53)

We observe at this step that the random variable |Z1´m̃1|2

σ2
1

follows a noncentral chi-squared distri-
bution, which depends only on n and on the noncentrality parameter

λ1 :“
|m1 ´ m̃1|2

σ21
“

σ21
pσ22 ´ σ21q2

|m1|2. (2.54)

Similarly, the random variable |Z2´m̃1|2

σ2
2

follows a noncentral chi-squared distribution, which depends
only on n and on the noncentrality parameter

λ2 :“
|m̃1|2

σ21
“

σ42
σ21pσ22 ´ σ21q2

|m1|2. (2.55)

It follows that the law of ψpZ1q and the law of ψpZ2q depend over m1 only via |m1|. Hence

ψpZ1q
d
“ X1 ` ¨ ¨ ¨ `Xn and ψpZ2q

d
“ Y1 ` ¨ ¨ ¨ ` Yn (2.56)

where X1, . . . , Xn and Y1, . . . , Yn are two sequences of i.i.d. random variables for which the mean
and variance depends only (and explicitly) on |m1|, σ1, σ2. Note in particular that these means
and variances are given by 1

n the ones of ψpZ1q and ψpZ2q. Now we specialize to the case where
µ “ LawpZnt q “ N pzn0 e

´t, 1´e´2t

n Inq and ν “ LawpZn8q “ N p0, 1nInq “ P 0
n , and we find

ErψpZ1qs “ n
´

1 ´
σ2t
σ28

¯

´
|zn0 |2e´2t

σ28
, ErψpZ2qs “ n

´σ28
σ2t

´ 1
¯

`
|zn0 |2e´2t

σ2t

while

VarrψpZ1qs “ 2n
´ 1

σ2t
´

1

σ28

¯2
σ4t `4

σ2t
σ48

|zn0 |2e´2t, VarrψpZ2qs “ 2n
´ 1

σ2t
´

1

σ28

¯2
σ48`4

σ28
σ4t

|zn0 |2e´2t.

Let t “ tn,b be as in Table 2.1 for Hellinger. Using (2.52) and the central limit theorem for the i.i.d.
random variables X1, . . . , Xn and Y1, . . . , Yn, we get, with Z „ N p0, 1q,

›

›LawpZnt q ´ P 0
n

›

›

TV
“ PpZ ď γn,tq ´ PpZ ď γ̃n,tq ` onp1q,
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where

γn,t :“
´n logp1 ´ e´2tq ´ ErψpZnt qs

a

VarrψpZnt qs
, γ̃n,t :“

´n logp1 ´ e´2tq ´ ErψpZn8qs
a

VarrψpZn8qs
.

Expanding γn,tn,b
gives the cutoff profile. Let us detail the computations in the most involved case

limnÑ8 |zn0 |2
?
n “ a P p0,`8q. For all b P R, recall tn,b “

logn
4 ` b. One may check that

´n logp1 ´ e´2tn,bq ´ ErψpZntn,b
qs “

1

2
e´4b ` ae´2b ` onp1q,

´n logp1 ´ e´2tn,bq ´ ErψpZn8qs “ ´
1

2
e´4b ´ ae´2b ` onp1q,

VarrψpZntn,b
qs “ 2e´4b ` 4ae´2b ` onp1q, VarrψpZn8qs “ 2e´4b ` 4ae´2b ` onp1q.

It follows that

lim
nÑ8

›

›LawpZntn,b
q ´ P 0

n

›

›

TV
“ P

´

|Z| ď
1

2
?
2

a

e´4b ` 2ae´2b
¯

“ erf
´1

4

a

e´4b ` 2ae´2b
¯

.

The other cases are similar.

2.4 General exactly solvable aspects

In this section, we prove Theorem 2.1.3 and Corollary 2.1.4.
The proof of Theorem 2.1.3 is based on the fact that the polynomial functions πpxq “ x1`¨ ¨ ¨`

xn and |x|2 “ x21 ` ¨ ¨ ¨ ` x2n are, up to an additive constant for the second, eigenfunctions of the
dynamics associated to the spectral values ´1 and ´2 respectively, and that their “carré du champ”
is affine. In the matrix cases β P t1, 2u, these functions correspond to the dynamics of the trace,
the dynamics of the squared Hilbert–Schmidt trace norm, and the dynamics of the squared trace. It
is remarkable that this phenomenon survives beyond these matrix cases, yet another manifestation
of the Gaussian “ghosts” concept due to Edelman, see for instance [107].

Proof of Theorem 2.1.3. The process Yt :“ πpXn
t q solves

dYt “

n
ÿ

i“1

dXn,i
t “

c

2

n

n
ÿ

i“1

dBi
t ´

n
ÿ

i“1

Xn,i
t dt`

β

n

ÿ

j‰i

dt

Xn,i
t ´Xn,j

t

.

By symmetry, the double sum vanishes. Note that the process Wt :“
1?
n

řn
i“1B

i
t is a standard one

dimensional BM, so that dYt “
?
2dWt ´ Ytdt. This proves the first part of the statement.

We turn to the second part. Recall that Xt P Dn for all t ą 0. By Itô’s formula

dpXn,i
t q2 “

c

8

n
Xn,i
t dBi

t ´ 2pXn,i
t q2dt` 2

β

n
Xn,i
t

ÿ

j:j‰i

dt

Xn,i
t ´Xn,j

t

`
2

n
dt.

Set Wt :“
řn
i“1

şt
0
Xn,i

s
|Xn

s |
dBi

s. The process pWtqtě0 is a BM by the Lévy characterization since

xW yt “

ż t

0

řn
i“1pXn,i

s q2

|Xn
s |2

ds “ t.
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Furthermore, a simple computation shows that

n
ÿ

i“1

Xn,i
t

ÿ

j:j‰i

1

Xn,i
t ´Xn,j

t

“
npn´ 1q

2
.

Consequently the process Rt :“ |Xn
t |2 solves

dRt “

c

8

n
RtdWt `

´

2 ` βpn´ 1q ´ 2Rt

¯

dt,

and is therefore a CIR process of parameters a “ 2 ` βpn´ 1q, b “ 2, and σ “
a

8{n.
When d “

β
2n

2 ` p1 ´
β
2 qn is a positive integer, the last property of the statement follows from the

connection between OU and CIR recalled right before the statement of the theorem.

The last proof actually relies on the following general observation. Let X be an n-dimensional
continuous semi-martingale solution of

dXt “ σpXtqdBt ` bpXtqdt

where B is a n-dimensional standard BM, and where

x P Rn ÞÑ σpxq P Mn,npRq and x P Rn ÞÑ bpxq P Rn

are Lipschitz. The infinitesimal generator of the Markov semigroup is given by

Gpfqpxq “
1

2

n
ÿ

i,j“1

ai,jpxqBi,jfpxq `

n
ÿ

i“1

bipxqBifpxq, where apxq “ σpxqpσpxqqJ,

for all f P C2pRn,Rq and x P Rn. Then, by Itô’s formula, the process Mf “ pMf
t qtě0 given by

Mf
t “ fpXtq ´ fpX0q ´

ż t

0
pGfqpXsqds “

n
ÿ

i,k“1

ż t

0
BifpXsqσi,kpXsqdB

k
s

is a local martingale, and moreover, for all t ě 0,

xMf yt “

ż t

0
ΓpfqpXsqds where Γpfqpxq “ |σpxqJ∇fpxq|2 “ apxq∇f ¨ ∇f.

The functional quadratic form Γ is known as the “carré du champ” operator.
If f is an eigenfunction of G associated to the spectral value λ in the sense that Gf “ λf (note by
the way that λ ď 0 since G generates a Markov process), then we get

fpXtq “ fpX0q ` λ

ż t

0
fpXsqds`Mf

t , in other words dfpXtq “ dMf
t ` λfpXtqdt.

Now if Γpfq “ c (as in the first part of the theorem), then by the Lévy characterization of Brownian
motion, the continuous local martingale W :“ 1?

c
Mf starting from the origin is a standard BM and

we recover the result of the first part of the theorem. On the other hand, if Γpfq “ cf (as in the
second part of the theorem), then by the Lévy characterization of BM the local martingale

W :“

ż t

0

1
a

cfpXsq
dMf

s
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is a standard BM and we recover the result of the second part.

At this point, we observe that the infinitesimal generator of the CIR process R is the Laguerre
partial differential operator

Lpfqpxq “
4

n
xf2pxq ` p2 ` βpn´ 1q ´ 2xqf 1pxq. (2.57)

This operator leaves invariant the set of polynomials of degree less than or equal to k, for all integer
k ě 0, a property inherited from (2.22). We will use this property in the following proof.

2.4.1 Proof of Corollary 2.1.4

By Theorem 2.1.3, Z “ πpXnq is an OU process in R solution of the stochastic differential equation

Z0 “ πpXn
0 q, dZt “

?
2dBt ´ Ztdt,

where B is a standard one-dimensional BM. By Lemma 2.3.1, Zt „ N pZ0e
´t, 1´ e´2tq for all t ě 0

and the equilibrium distribution is P βn ˝ π´1 “ N p0, 1q. Using the contraction property stated in
Lemma 2.8.2, the comparison between Hellinger and TV of Lemma 2.8.1 and the explicit expressions
for Gaussian distributions of Lemma 2.8.5, we find

}LawpXn
t q ´ P βn }TV ě }LawpZtq ´ P βn ˝ π´1}TV

ě Hellinger2pLawpZtq, P
β
n ˝ π´1q

“ 1 ´
p1 ´ e´2tq1{4

p1 ´ 1
2e

´2tq1{2
exp

´

´
πpXn

0 q2e´2t

4p2 ´ e´2tq

¯

.

Setting cn :“ logp|πpXn
0 q|q and assuming that limnÑ8 cn “ 8, we deduce that for all ε P p0, 1q

lim
nÑ8

}LawpXn
cnp1´εqq ´ P βn }TV “ 1.

The comparison between Hellinger and TV of Lemma 2.8.1 allows to deduce that this remains true
for the Hellinger distance.

We turn to Kullback. The contraction property stated in Lemma 2.8.2 and the explicit expressions
for Gaussian distributions of Lemma 2.8.5 yield

2KullbackpLawpXn
t q | P βn q ě 2KullbackpLawpZtq | P βn ˝ π´1q

“ πpXn
0 q2e´2t ´ e´2t ´ logp1 ´ e´2tq.

This is enough to deduce that

lim
nÑ8

KullbackpLawpXn
p1´εqcn

q | P βn q “ `8.

The situation is similar for χ2: the contraction property stated in Lemma 2.8.2 and the explicit
expressions for Gaussian distributions of Lemma 2.8.5 yield

χ2pLawpXn
t q | P βn q ě χ2pLawpZtq | P βn ˝ π´1q

“ ´1 `
1

?
1 ´ e´4t

exp

ˆ

1

1 ` e´2t
p1 ´ πpXn

0 qe´tq2
˙

,

so that
lim
nÑ8

χ2pLawpXn
p1´εqcn

q | P βn q “ `8.
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Regarding the Wasserstein distance, we have }π}Lip :“ supx‰y
|πpxq´πpyq|

|x´y|
ď

?
n from the

Cauchy–Schwarz inequality, and by Lemma 2.8.2, for all probability measures µ and ν on Rn,

Wassersteinpµ ˝ π´1, ν ˝ π´1q ď
?
nWassersteinpµ, νq. (2.58)

Using the explicit expressions for Gaussian distributions of Lemma 2.8.5, we thus find

Wasserstein2pLawpXn
t q, P βn q ě

1

n
Wasserstein2pLawpZtq, P

β
n ˝ π´1q

“
1

n

´

πpXn
0 q2e´2t ` 2 ´ e´2t ´ 2

a

1 ´ e´2t
¯

.

Setting cn :“ log
´

|πpxn0 q|
?
n

¯

and assuming cn Ñ 8 as n Ñ 8, we thus deduce that for all ε P p0, 1q

lim
nÑ8

WassersteinpLawpXn
p1´εqcn

q, P βn q “ `8.

2.5 The random matrix cases

In this section, we prove Theorem 2.1.5 and Corollary 2.1.6 that cover the matrix cases β P t1, 2u.
For these values of β, the DOU process is the image by the spectral map of a matrix OU process,
connected to the random matrix models GOE and GUE. We could consider the case β “ 4 related
to GSE. Beyond these three algebraic cases, it could be possible for an arbitrary β ě 1 to use
random tridiagonal matrices dynamics associated to β Dyson processes, see for instance [151].

The next two subsections are devoted to the proof of Theorem 2.1.5 in the β “ 2 and β “ 1
cases respectively. The third section provides the proof of Corollary 2.1.6.

2.5.1 Hermitian case (β “ 2)

Let Hermn be the set of n ˆ n complex Hermitian matrices, namely the set of h P Mn,npCq with
hi,j “ hj,i for all 1 ď i, j ď n. An element h P Hermn is parametrized by the n2 real variables
phi,iq1ďiďn, pℜhi,jq1ďiăjďn, pℑhi,jq1ďiăjďn. We define, for h P Hermn and 1 ď i, j ď n,

πi,jphq “

$

’

&

’

%

hi,i if i “ j
?
2ℜhi,j if i ă j

?
2ℑhj,i if i ą j

. (2.59)

Note that

Trph2q “

n
ÿ

i,j“1

|hi,j |
2 “

n
ÿ

i“1

h2i,i ` 2
ÿ

iăj

pℜhi,jq2 ` 2
ÿ

iăj

pℑhi,jq2 “
ÿ

i,j

πi,jphq2.

We thus identify Hermn with Rn ˆR2n2´n
2 “ Rn2

, this identification is isometrical provided Hermn

is endowed with the norm
a

Trph2q and Rn2
with the Euclidean norm.

The Gaussian Unitary Ensemble GUEn is the Gaussian law on Hermn with density

h P Hermn ÞÑ
e´n

2
Trph2q

Cn
where Cn :“

ż

Rn2
e´n

2
Trph2q

n
ź

i“1

dhi,i
ź

iăj

dℜhi,j
ź

iăj

dℑhi,j . (2.60)
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If H is a random nˆn Hermitian matrix then H „ GUEn if and only if the n2 real random variables
πi,jpHq, 1 ď i, j ď n, are independent Gaussian random variables with

πi,jpHq „ N
´

0,
1

n

¯

, 1 ď i, j ď n. (2.61)

The law GUEn is the unique invariant law of the Hermitian matrix OU process pHtqtě0 on Hermn

solution of the stochastic differential equation

H0 “ h0 P Hermn, dHt “

c

2

n
dBt ´Htdt, (2.62)

where B “ pBtqtě0 is a Brownian motion on Hermn, in the sense that the stochastic processes
pπi,jpBtqqtě0, 1 ď i ‰ j ď n, are independent standard one-dimensional BM. The coordinates
stochastic processes pπi,jpHtqqtě0, 1 ď i, j ď n, are independent real OU processes.

For any h in Hermn, we denote by Λphq the vector of the eigenvalues of h ordered in non-
decreasing order. Lemma 2.5.1 below is an observation which dates back to the seminal work of
Dyson [106], hence the name DOU for Xn. We refer to [113, Ch. 12] and [6, Sec. 4.3] for a
mathematical approach using modern stochastic calculus.

Lemma 2.5.1 (From matrix OU to DOU). The image of GUEn by the map Λ is the Coulomb gas
P βn given by (2.6) with β “ 2. Moreover the stochastic process Xn “ pXn

t qtě0 “ pΛpHtqqtě0 is
well-defined and solves the stochastic differential equation (2.3) with β “ 2 and xn0 “ Λph0q.

Let β “ 2. Let us assume from now on that the initial value h0 P Hermn of pHtqtě0 has
eigenvalues xn0 where xn0 is as in Theorem 2.1.5. We start by proving the upper bound on the
χ2 distance stated in Theorem 2.1.5: it will be an adaptation of the proof of the upper bound of
Theorem 2.1.1 applied to the Hermitian matrix OU process pHtqtě0 combined with the contraction
property of the χ2 distance. Indeed, by Lemma 2.5.1 and the contraction property of Lemma 2.8.2

χ2pLawpXn
t q | P βn q ď χ2pLawpHtq | GUEnq. (2.63)

We claim now that the right-hand side tends to 0 as n Ñ 8 when t “ tn is well chosen. Indeed,
using the identification between Hermn and Rn2

mentioned earlier, we have GUEn “ N pm2,Σ2q

where m2 “ 0 and where Σ2 is an n2 ˆ n2 diagonal matrix with

pΣ2qpi,jq,pi,jq “
1

n
. (2.64)

On the other hand, the Mehler formula (Lemma 2.3.1) gives LawpHtq “ N pm1,Σ1q where m1 “

e´th0 and where Σ1 is an n2 ˆ n2 diagonal matrix with

pΣ1qpi,jq,pi,jq “
1 ´ e´2t

n
. (2.65)

Therefore, using Lemma 2.8.5, the analogue of (2.40) reads

χ2pLawpHtq | GUEnq “ ´1 `
1

p1 ´ e´4tqn
2{2

exp

ˆ

n|h0|2
e´2t

1 ` e´2t

˙

. (2.66)

where
|h0|2 “

ÿ

1ďi,jďn

πi,jph0q2 “
ÿ

1ďi,jďn

|ph0qi,j |
2 “ Trph20q “ |xn0 |2. (2.67)
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Taking now cn :“ logp
?
n|xn0 |q _ logp

?
nq, for any ε P p0, 1q, we get

χ2pLawpXn
p1`εqcn

q | P βn q ď χ2pLawpHp1`εqcnq | GUEnq ÝÑ
nÑ8

0. (2.68)

In the right-hand side of (2.66), the factor n2 is the dimension of the Rn2
to which Hermn is

identified, while the factor n in the first term is due to the 1{n scaling in the stochastic differential
equation of the process. This explains the difference with the analogue (2.40) in dimension n.

From the comparison between TV, Hellinger, Kullback and χ2 stated in Lemma 2.8.1, we easily
deduce that the previous convergence remains true upon replacing χ2 by TV, Hellinger or Kullback.

It remains to cover the upper bound for the Wasserstein distance. This distance is more sensitive
to contraction arguments: according to Lemma 2.8.2, one needs to control the Lipschitz norm of the
“contraction map” at stake. It happens that the spectral map, restricted to the set Hermn of nˆ n
Hermitian matrices, is 1-Lipschitz: more precisely, the Hoffman–Wielandt inequality, see [150] and
[152, Th. 6.3.5], asserts that for any two such matrices A and B, denoting ΛpAq “ pλipAqq1ďiďn

and ΛpBq “ pλipBqq1ďiďn the ordered sequences of their eigenvalues, we have

n
ÿ

i“1

|λipAq ´ λipBq|2 ď
ÿ

i,j

|Ai,j ´Bi,j |
2.

Applying Lemma 2.8.2, we thus deduce that

WassersteinpLawpXn
t q, P βn q ď WassersteinpLawpHtq,GUEnq. (2.69)

Following the Gaussian computations in the proof of Theorem 2.1.2, we obtain

Wasserstein2pLawpHtq,GUEnq “ |xn0 |2e´2t ` 2 ´ e´2t ´ 2
a

1 ´ e´2t. (2.70)

Set cn :“ logp|xn0 |q. If cn Ñ 8 as n Ñ 8 then for all ε P p0, 1q we find

WassersteinpLawpXn
p1`εqcn

q, P βn q ÝÑ
nÑ8

0.

This completes the proof of Theorem 2.1.5.

2.5.2 Symmetric case (β “ 1)

The method is similar to the case β “ 2. Let us focus only on the differences. Let Symn be the set
of nˆn real symmetric matrices, namely the set of s P Mn,npRq with si,j “ sj,i for all 1 ď i, j ď n.
An element s P Symn is parametrized by the n ` n2´n

2 “
npn`1q

2 real variables psi,jq1ďiďjďn. We
define, for s P Symn and 1 ď i ď j ď n,

πi,jpsq “

#

si,i if i “ j
?
2 si,j if i ă j

. (2.71)

Note that

Trps2q “

n
ÿ

i,j“1

s2i,j “

n
ÿ

i“1

s2i,i ` 2
ÿ

iăj

s2i,j “
ÿ

1ďiďjďn

πi,jpsq
2.

We thus identify isometrically Symn, endowed with the norm
a

Trph2q, with RnˆR
n2´n

2 “ R
npn`1q

2

endowed with the Euclidean norm.
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The Gaussian Orthogonal Ensemble GOEn is the Gaussian law on Symn with density

s P Symn ÞÑ
e´n

2
Trps2q

Cn
where Cn :“

ż

R
npn`1q

2

e´n
2
Trps2q

ź

1ďiďjďn

dsi,j . (2.72)

If S is a random n ˆ n real symmetric matrix then S „ GOEn if and only if the npn`1q

2 real
random variables πi,jpSq, 1 ď i ď j ď n, are independent Gaussian random variables with

πi,jpSq „ N
´

0,
1

n

¯

, 1 ď i ď j ď n. (2.73)

The law GOEn is the unique invariant law of the real symmetric matrix OU process pStqtě0 on
Symn solution of the stochastic differential equation

S0 “ s0 P Symn, dSt “

c

2

n
dBt ´ Stdt (2.74)

where B “ pBtqtě0 is a Brownian motion on Symn, in the sense that the stochastic processes
pπi,jpBtqqtě0, 1 ď i ď j ď n, are independent standard one-dimensional BM. The coordinates
stochastic processes pπi,jpStqqtě0, 1 ď i ď j ď n, are independent real OU processes.

For any s in Symn, we denote by Λpsq the vector of the eigenvalues of s ordered in non-decreasing
order. Lemma 2.5.2 below is the real symmetric analogue of Lemma 2.5.1.

Lemma 2.5.2 (From matrix OU to DOU). The image of GOEn by the map Λ is the Coulomb gas
P βn given by (2.6) with β “ 1. Moreover the stochastic process Xn “ pXn

t qtě0 “ pΛpStqqtě0 is
well-defined and solves the stochastic differential equation (2.3) with β “ 1 and xn0 “ Λps0q.

As for the case β “ 2, the idea now is that the DOU process is sandwiched between a real OU
process and a matrix OU process.

By similar computations to the case β “ 2, the analogue of (2.66) becomes

χ2pLawpHtq | GOEnq “ ´1 `
1

p1 ´ e´4tq
pnpn`1qq2

8

exp

ˆ

n|h0|2
e´2t

1 ` e´2t

˙

. (2.75)

This allows to deduce the upper bound for TV, Hellinger, Kullback and χ2. Regarding the Wasserstein
distance, the analogue of (2.70) reads

Wasserstein2pLawpStq,GOEnq “ |xn0 |2e´2t ` 2 ´ e´2t ´ 2
a

1 ´ e´2t. (2.76)

If limnÑ8 logp|xn0 |q “ 8 then we deduce the asserted result, concluding the proof of Theorem 2.1.5.

2.5.3 Proof of Corollary 2.1.6

Let β P t1, 2u. Recall the definitions of an and cn from the statement. Take xn,i0 “ an for all i,
and note that πpxn0 q “ nan. Given our assumptions on an, Corollary 2.1.4 yields for this particular
choice of initial condition and for any ε P p0, 1q

lim
nÑ8

distpLawpXn
p1´εqcn

q | P βn q “ max .

On the other hand, in the proof of Theorem 2.1.5 we saw that

χ2pLawpXn
t q | P βn q ď ´1 `

1

p1 ´ e´4tqbn{2
exp

ˆ

n|xn0 |2
e´2t

1 ` e´2t

˙

,
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where bn “ n2 for β “ 2 and bn “ pnpn ` 1q{2q2 for β “ 1. Since |xn0 | ď
?
nan for all

xn0 P r´an, ansn, and given the comparison between TV, Hellinger, Kullback and χ2 stated in
Lemma 2.8.1 we obtain for dist P tTV,Hellinger,Kullback, χ2u and for all ε P p0, 1q

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
p1`εqcn

q | P βn q “ 0,

thus concluding the proof of Corollary 2.1.6 regarding theses distances.
Concerning Wasserstein, the proof of Theorem 2.1.5 shows that for any xn0 P r´an, ansn we have

Wasserstein2pLawpXn
t q, P βn q ď |xn0 |2e´2t ` 2 ´ e´2t ´ 2

a

1 ´ e´2t

ď na2ne
´2t ` 2 ´ e´2t ´ 2

a

1 ´ e´2t.

If
?
nan Ñ 8, then for cn “ logp

?
nanq we deduce that for all ε P p0, 1q

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
p1`εqcn

q | P βn q “ 0.

2.6 Cutoff phenomenon for the DOU in TV and Hellinger

In this section, we prove Theorem 2.1.7 and Corollary 2.1.8 for the TV and Hellinger distances. We
only consider the case β ě 1, although the arguments could be adapted mutatis mutandis to cover
the case β “ 0: note that the result of Theorem 2.1.7 and Corollary 2.1.8 for β “ 0 can be deduced
from Theorem 2.1.2. At the end of this section, we also provide the proof of Theorem 2.1.10.

2.6.1 Proof of Theorem 2.1.7 in TV and Hellinger

By the comparison between TV and Hellinger stated in Lemma 2.8.1, it suffices to prove the result
for the TV distance, so we concentrate on this distance until the end of this section. Our proof
is based on the exponential decay of the relative entropy at an explicit rate given by the optimal
logarithmic Sobolev constant. However, this requires the relative entropy of the initial condition to
be finite. Consequently, we proceed in three steps. First, given an arbitrary initial condition xn0 P Dn,
we build an absolutely continuous probability measure µxn0 on Dn that approximates δxn0 and whose
relative entropy is not too large. Second, we derive a decay estimate starting from this regularized
initial condition. Third, we control the total variation distance between the two processes starting
respectively from δxn0 and µxn0 .

2.6.1.1 Regularization

In order to have a finite relative entropy at time 0, we first regularize the initial condition by smearing
out each particle in a ball of radius bounded below by n´pκ`1q, for some κ ą 0. Let us first introduce
the regularization at scale η of a Dirac distribution δz, z P R by

δpηq
z pduq “ Uniformprz, z ` ηsqpduq “ η´11rz,z`ηsdu.

Given x P Dn and κ ą 0, we define a regularized version of δx at scale n´κ, that we denote µx, by
setting

µx “ bn
i“1δ

pηq

xi`3iη, (2.77)

where η :“ n´pκ`1q. The parameters have been tuned in such a way that, independently of the choice
of x P Dn, the following properties hold. The supports of the Dirac masses δpηq

xi`3iη, i P t1, . . . , nu,
lie at distance at least η from each other. The volume of the support of µx is equal to ηn, and
therefore the relative entropy of µx with respect to the Lebesgue measure is not too large. Finally,
provided Xn

0 “ x and Y n
0 is distributed according to µx, almost surely |Xn

0 ´ Y n
0 |8 ď p3n` 1qη.
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2.6.1.2 Convergence of the regularized process to equilibrium

Lemma 2.6.1 (Convergence of regularized process). Let pY n
t qtě0 be a DOU process solution of

(2.3), β ě 1, and let P βn be its invariant law. Assume that LawpY n
0 q is the regularized measure µxn0

in (2.77) associated to some initial condition xn0 P Dn. Then there exists a constant C ą 0, only
depending on κ, such that for all t ě 0, all n ě 2 and all xn0 P Dn

KullbackpLawpY n
t q | P βn q ď Cpn|xn0 |2 ` n2 logpnqqe´2t.

Proof of Lemma 2.6.1. By Lemma 2.8.7 and since LawpY n
0 q “ µxn0 , for all t ě 0, there holds

KullbackpLawpY n
t q | P βn q ď Kullbackpµxn0 | P βn qe´2t. (2.78)

Now we have

Kullbackpµxn0 | P βn q “ Eµxn0

„

log
dµxn0

dP βn

ȷ

.

Recall the definition of S in (2.15). As P βn has density e´E

Cβ
n

, we may re-write this as

Kullbackpµxn0 | P βn q “ Spµxn0 q ` Eµxn0 rEs ` logCβn . (2.79)

Recall the partition function Cβ˚n “ n!Cβn from Subsection 2.2.2. It is proved in [28], using explicit
expressions involving Gamma functions via a Selberg integral, that for some constant C ą 0

logCβn ď logCβ˚n ď Cn2. (2.80)

Next, we claim that Spµxn0 q ď n logpn1`κq. Indeed since µxn0 is a product measure, the ten-
sorization property of entropy recalled in Lemma 2.8.4 gives

Kullbackpµxn0 | dxq “

n
ÿ

i“1

Kullbackpδ
pηq

0 | dxq.

Moreover an immediate computation yields Kullbackpδ
pηq

0 | dxq “ logpη´1q so that, given the
definition of η, we get

Kullbackpµxn0 | dxq “ n logpnκ`1q. (2.81)

We turn to the estimation of the term Eµxn0 rEs. The confinement term can be easily bounded:

Eµxn0

«

n

2

n
ÿ

i“1

x2i

ff

ď pn|xn0 |2 ` n2η2q.

Let us now estimate the logarithmic energy of µxn0 . Using the fact that the logarithmic function is

increasing, together with the fact the supports of δpηq

xi`3iη lie at distance at least η from each other,
we notice that for any i ą j there holds

Eµxn0 rlog |xi ´ xj |s “

ĳ

log |x´ y|δ
pηq

xi`3iηpdxqδ
pηq

xj`3jηpdyq

ě

ĳ

log |x´ y|δ
pηq

3η pdxqδ
pηq

0 pdyq

ě log η.
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It follows that the initial logarithmic energy cannot be much larger than n2 log n:

Eµxn0

«

ÿ

iąj

log
1

|xi ´ xj |

ff

ď
npn´ 1q

2
log nκ`1.

This implies that there exists a constant C ą 0, only depending on κ, such that for all n ě 2

Eµxn0 rEs “ Eµxn0

«

n

2

n
ÿ

i“1

|xi|
2 ` β

ÿ

iąj

log
1

|xi ´ xj |

ff

ď C
`

n|xn0 |2 ` n2 log n
˘

. (2.82)

Inserting (2.80), (2.81) and (2.82) into (2.79) we obtain (for a different constant C ą 0)

Kullbackpµxn0 | P βn q ď C
`

n|xn0 |2 ` n2 log n
˘

.

This bound, combined with (2.78), concludes the proof of Lemma 2.6.1.

2.6.1.3 Convergence to the regularized process in total variation distance

Let pXn
t qtě0 and pY n

t qtě0 be two DOU processes with Xn
0 “ xn0 and LawpY n

0 q “ µxn0 , where the
measure µxn0 is defined in (2.77). Below we prove that, as soon as the parameter κ is large enough,
the total variation distance between LawpXn

t q and LawpY n
t q tends to 0, for any fixed t ą 0.

Note that at time 0, almost surely, there holds Xn,i
0 ď Y n,i

0 , for every i P t1, . . . , nu. We now
introduce a coupling of the processes pXn

t qtě0 and pY n
t qtě0 that preserves this ordering at all times.

Consider two independent standard BM Bn and Wn in Rn. Let Xn be the solution of (2.3) driven
by Bn, and let Y n be the solution of

dY n,i
t “

c

2

n

´

1
tY n,i

t ‰Xn,i
t u

dW i
t ` 1

tY n,i
t “Xn,i

t u
dBi

t

¯

´ Y n,i
t dt`

β

n

ÿ

j‰i

dt

Y n,i
t ´ Y n,j

t

, 1 ď i ď n.

We denote by P the probability measure under which these two processes are coupled. Let us
comment on the driving noise in the equation satisfied by Y n. When the i-th coordinates of Xn

and Y n equal, we take the same driving Brownian motion and the difference Y n,i ´ Xn,i remains
non-negative due to the convexity of ´ log, see the monotoncity result stated in Lemma 2.8.9. On
the other hand, when these two coordinates differ, we take independent driving Brownian motions in
order for their difference to have non-zero quadratic variation (this allows to increase their merging
probability). Under this coupling, the ordering of Xn and Y n is thus preserved at all times, and if
Xn
s “ Y n

s for some s ě 0, then it remains true at all times t ě s. Note however that if Xn,i
s “ Y n,i

s ,
then this equality does not remain true at all times except if all the coordinates match.

As in (2.91), the total variation distance between the laws of Xn
t and Y n

t may be bounded by

}LawpY n
t q ´ LawpXn

t q}TV ď PpXn
t ‰ Y n

t q,

for all t ě 0. We wish to establish that for any given t ą 0,

lim
nÑ8

PpXn
t ‰ Y n

t q “ 0.

To do so, we work with the area between the two processes Xn and Y n, defined by

Ant :“
n
ÿ

i“1

`

Y n,i
t ´Xn,i

t

˘

“ πpY n
t q ´ πpXn

t q, t ě 0.
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As the two processes are ordered at any time, this is nothing but the geometric area between the
two discrete interfaces i ÞÑ Xn,i

t and i ÞÑ Y n,i
t associated to the configurations Xn

t and Y n
t . We

deduce that the merging time of the two processes coincide with the hitting time of 0 by this area,
that we denote by τ “ inftt ě 0 : Ant “ 0u.

The process An has a very simple structure: it is a semimartingale that behaves like an OU
process with a randomly varying quadratic variation. Let Nt be the number of coordinates that do
not coincide at time t, that is

Nt :“ #
␣

i P t1, . . . , nu : Xn,i
t ‰ Y n,i

t

(

.

Then An satisfies
dAnt “ ´Ant dt` dMt,

where M is a centered martingale with quadratic variation

dxMyt “
2

n
Ntdt. (2.83)

Note that whenever t ă τ we have
dxMyt ě

2

n
.

This a priori lower bound on the quadratic variation of M , combined with the Dubins–Schwarz
theorem, allows to check that τ ă 8 almost surely. Note that in view of the coupling between Xn

t

and Y n
t , we have Xn

t “ Y n
t for all t ě τ .

Recall the following informal fact: with large probability, a Brownian motion starting from a hits
b by a time of order pa ´ bq2. For a continuous martingale, this becomes: with large probability, a
continuous martingale starting from a accumulates a quadratic variation of order pa´ bq2 up to its
first hitting time of b. Our next lemma states such a bound on the supermartingale An.

Lemma 2.6.2. Let a ą b ě 0. Let τb “ inftt ą 0 : At “ bu ă 8 almost surely. Then, for all
u ě 1,

PpxAyτb ě pa´ bq2u | A0 “ aq ď 4u´1{2.

Proof. Without loss of generality one can assume that A0 “ a almost surely.
By Itô’s formula, for all λ ě 0, the process

St “ exp
´

´ λAt ´
λ2

2
xAyt

¯

,

defines a submartingale (taking its values in r0, 1s). Doob’s stopping theorem yields

Ere´λ2

2
xAyτb s “ eλbErSτbs ě eλbErS0s “ e´λpa´bq.

On the other hand, for λ “ 2pa´ bq´1u´1{2, there holds

Ere´λ2

2
xAyτb s ď P

`

xAyτb ă pa´ bq2u
˘

` e´λ2

2
pa´bq2u P

`

xAyτb ě pa´ bq2u
˘

ď 1 ´ p1 ´ e´λ2

2
pa´bq2uqP

`

xAyτb ě pa´ bq2u
˘

ď 1 ´
1

2
P
`

xAyτb ě pa´ bq2u
˘

.

Consequently one deduces that

PpxAyτb ě pa´ bq2uq ď 2p1 ´ e´λpa´bqq ď 4u´1{2.
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We are now ready to prove the following lemma:

Lemma 2.6.3. If κ ą 3
2 , then for every sequence of times ptnqn with limnÑ8 tn ą 0, we have

lim
nÑ8

sup
xn0 PDn

}LawpY n
tnq ´ LawpXn

tnq}TV “ 0.

Proof of Lemma 2.6.3. Let ptnqn be a sequence of times such that limnÑ8 tn ą 0. In view of the
definition of µxn0 and η, the initial area satisfies almost surely

An0 ď 4n1´κ.

According to Lemma 2.6.2, with a probability that goes to 1, one has

xAnyτ ´ xAny0 ă 16n2´2κ log n.

On the other hand, by (2.83), we have the following control on the quadratic variation:

xAyτ ´ xAy0 ě
2

n
τ.

One deduces that, with a probability that goes to 1,

τ ď
16

2
n3´2κ log n,

and this quantity goes to 0 as n Ñ 8, whenever κ ą 3
2 . Therefore for κ ą 3

2 , there holds

lim
nÑ8

sup
xn0 PDn

PpXn
tn ‰ Y n

tnq “ 0,

thus concluding the proof of Lemma 2.6.3.

Proof of Theorem 2.1.7 in TV and Hellinger. Let κ ą 3
2 and fix some initial condition xn0 P Dn. By

the triangle inequality for TV, there holds

}LawpXn
t q ´ P βn }TV ď }LawpY n

t q ´ P βn }TV ` }LawpXn
t q ´ LawpY n

t q}TV. (2.84)

Taking t “ tnp1 ` εq with tn “ logp
?
n|xn0 |q _ logpnq, one deduces from Lemma 2.6.1 and the

Pinsker inequality stated in Lemma 2.8.1 that the first term in the right-hand side of (2.84) vanishes
as n tends to infinity. Meanwhile Lemma 2.6.3 guaranties that the second term tends to 0 as n
tends to infinity. We also conclude using the comparison between TV and Hellinger (see Lemma
2.8.1) that

lim
nÑ8

HellingerpLawpXn
tnq, P βn q “ 0.

2.6.2 Proof of Corollary 2.1.8 in TV and Hellinger

Proof of Corollary 2.1.8 in TV and Hellinger. By Lemma 2.8.1 and the triangle inequality for TV,
we have

sup
xn0 Pr´an,ansn

}LawpXn
t q ´ P βn }TV ď sup

xn0 Pr´an,ansn
}LawpY n

t q ´ LawpXn
t q}TV

` sup
xn0 Pr´an,ansn

b

2KullbackpLawpY n
t q | P βn q.
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Take t “ p1 ` εqcn with cn “ logpnanq. Lemmas 2.6.1 and 2.6.3, combined with the assumption
made on panq, show that the two terms on the right-hand side vanish as n Ñ 8. Using Lemma
2.8.1, the same result holds for Hellinger.
On the other hand, take xn,i0 “ an for all i and note that πpxn0 q “ nan goes to `8 as n Ñ 8. By
Corollary 2.1.4 we find

lim
nÑ8

sup
xn0 Pr´an,ansn

distpLawpXn
p1´εqcn

q | P βn q “ 1

whenever dist P tTV,Hellingeru.

2.6.3 Proof of Theorem 2.1.10

Proof of Theorem 2.1.10. Lower bound. The contraction property provided by Lemma 2.8.2 gives

KullbackpLawpXn
t q | P βn q ě KullbackpLawpπpXn

t qq | P βn ˝ π´1q.

By Theorem 2.1.3 Pn ˝ π´1 “ N p0, 1q and Y “ πpXnq is an OU process weak solution of Y0 “

πpXn
0 q and dYt “

?
2dBt ´ Ytdt. In particular for all t ě 0, LawpYtq is a mixture of Gaussian laws

in the sense that for any measurable test function g with polynomial growth,

ELawpYtqrgs “ ErgpYtqs “ ErGtpY0qs where Gtpyq “ EN pye´t,1´e´2tqrgs.

Now we use (again) the variational formula used in the proof of Lemma 2.8.2 to get

KullbackpLawpπpXn
t qq | P βn ˝ π´1q “ sup

g
tELawpπpXn

t qqrgs ´ logEN p0,1qre
gsu,

and taking for g the linear function defined by gpxq “ λx for all x P R and for some λ ‰ 0 yields

KullbackpLawpπpXn
t qq | P βn ˝ π´1q ě λe´t

n
ÿ

i“1

ż

xµipdxq ´
λ2

2
.

Finally, by using the assumption on first moment and taking λ small enough we get, for all ε P p0, 1q,

lim
nÑ8

KullbackpLawpπpXn
p1´εq logpnqq | P βn ˝ π´1q “ `8,

Upper bound. From Lemma 2.8.7 we have, for all t ě 0,

KullbackpLawpXn
t q | P βn q ď KullbackpLawpXn

0 q | P βn qe´2t.

Arguing like in the proof of Lemma 2.6.1 and using the contraction property of Kullback provided
by Lemma 2.8.2 for the map Ψ defined in (2.17), we can write the following decomposition

KullbackpLawpXn
0 q | P βn q ď Kullbackpbn

i“1µi | P β˚nq

“ Spbn
i“1µiq ` Ebn

i“1µi
rEs ` logCβ˚n

ď

n
ÿ

i“1

Spµiq `
ÿ

i‰j

ĳ

Φdµi b dµj ` Cn2.

Combining (2.80) with the assumptions on the µi’s yields for some constant C ą 0

KullbackpLawpXn
0 q | P βn q ď Cn2

and it follows finally that for all ε P p0, 1q,

lim
nÑ8

KullbackpLawpXp1`εq logpnqq | P βn q “ 0.
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2.7 Cutoff phenomenon for the DOU in Wasserstein

2.7.1 Proofs of Theorem 2.1.7 and Corollary 2.1.8 in Wasserstein

Let pXtqtě0 be the DOU process. By Lemma 2.8.7, for all t ě 0 and all initial conditions X0 P Dn,

Wasserstein2pLawpXtq, P
β
n q ď e´2tWasserstein2pLawpX0q, P βn q.

Suppose now that LawpXn
0 q “ δxn0 . Then the triangle inequality for the Wasserstein distance gives

Wasserstein2pδxn0 , P
β
n q “

ż

|xn0 ´ x|
2 P βn pdxq ď 2|xn0 |2 ` 2

ż

|x|
2 P βn pdxq.

By Theorem 2.1.3, the mean at equilibrium of |Xn
t |2 equals 1 `

β
2 pn´ 1q and therefore

ż

|x|
2 P βn pdxq “ 1 `

β

2
pn´ 1q.

We thus get

Wasserstein2pLawpXn
t q, P βn q ď 2p|xn0 |2 ` 1 `

β

2
pn´ 1qqe´2t.

Set cn :“ logp|xn0 |q _ logp
?
nq. For any ε P p0, 1q, we have

lim
nÑ8

WassersteinpLawpXn
p1`εqcn

q, P βn q “ 0

and this concludes the proof of Theorem 2.1.7 in the Wasserstein distance.
Regarding the proof of Corollary 2.1.8, if xn0 P r´an, ansn then |xn0 | ď

?
nan. Therefore if infn an ą

0, setting cn “ logp
?
nanq we find, as required,

lim
nÑ8

sup
xn0 Pr´an,ansn

WassersteinpLawpXn
p1`εqcn

q, P βn q “ 0.

2.7.2 Proof of Theorem 2.1.9

This is an adaptation of the previous proof. We compute

Wasserstein2pδxn0 , P
β
n q “

ż

|xn0 ´ x|
2 P βn pdxq

ď 2 |xn0 ´ ρn|
2

` 2

ż

|ρn ´ x|
2 P βn pdxq,

where ρn P Dn is the vector of the quantiles of order 1{n of the semi-circle law as in (2.14). The
rigidity estimates established in [48, Th. 2.4] justify that

lim
nÑ8

ż

|ρn ´ x|
2 P βn pdxq “ 0.

If |xn0 ´ ρn| diverges with n, we deduce that for all ε P p0, 1q, with tn “ logp|xn0 ´ ρn|q,

lim
nÑ8

WassersteinpLawpXn
p1`εqtn

q, P βn q “ 0.

On the other hand, if |xn0 ´ ρn| converges to some limit α then we easily get, for any t ě 0,

lim
nÑ8

Wasserstein2pLawpXn
t q, P βn q ď α2e´2t.
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Remark 3 (High-dimensional phenomena). With Xn „ P βn , in the bias-variance decomposition
ż

|ρn ´ x|
2 P βn pdxq “ |EXn ´ ρn|2 ` Ep|Xn ´ EXn|2q,

the second term of the right hand side is a variance term that measures the concentration of the
log-concave random vector Xn around its mean EXn, while the first term in the right hand side
is a bias term that measures the distance of the mean EXn to the mean-field limit ρn. Note also
that Ep|Xn ´EXn|2q “ Ep|Xn|2q ´ |EXn|2 “ 1`

β
2 pn´ 1q ´ |EXn|2, reducing the problem to the

mean. We refer to [140] for a fine asymptotic analysis in the determinantal case β “ 2.

2.8 Appendix

2.8.1 Distances and divergences

We use the following standard distances and divergences to quantify the trend to equilibrium of
Markov processes and to formulate the cutoff phenomena.

The Wasserstein–Kantorovich–Monge transportation distance of order 2 and with respect to the
underlying Euclidean distance is defined for all probability measures µ and ν on Rn by

Wassersteinpµ, νq “

´

inf
pX,Y q

Er|X ´ Y |
2
s

¯1{2
P r0,`8s (2.85)

where |x| “
a

x21 ` ¨ ¨ ¨ ` x2n and where the inf runs over all couples pX,Y q with X „ µ and Y „ ν.

The total variation distance between probability measures µ and ν on the same space is

}µ´ ν}TV “ sup
A

|µpAq ´ νpAq| P r0, 1s (2.86)

where the supremum runs over Borel subsets. If µ and ν are absolutely continuous with respect to a
reference measure λ with densities fµ and fν then }µ´ ν}TV “ 1

2

ş

|fµ ´ fν |dλ “ 1
2}fµ ´ fν}L1pλq.

The Hellinger distance between probability measures µ and ν with densities fµ and fν with
respect to the same reference measure λ is

Hellingerpµ, νq “

´

ż

1

2
p
a

fµ ´
a

fνq2dλ
¯1{2

“

´

1 ´

ż

a

fµfνdλ
¯1{2

P r0, 1s. (2.87)

This quantity does not depend on the choice of λ. We have Hellingerpµ, νq “ 1?
2
}
a

fµ´
?
fν}L2pλq.

Note that an alternative normalization is sometimes considered in the literature, making the maximal
value of the Hellinger distance equal

?
2.

The Kullback–Leibler divergence or relative entropy is defined by

Kullbackpν | µq “

ż

log dν
dµdν “

ż

dν
dµ log

dν
dµdµ P r0,`8s (2.88)

if ν is absolutely continuous with respect to µ, and Kullbackpν | µq “ `8 otherwise.

The χ2 divergence or relative variance is given by

χ2pν | µq “

›

›

›

dν
dµ ´ 1

›

›

›

2

L2pµq
“

ż

ˇ

ˇ

ˇ

ˇ

dν

dµ
´ 1

ˇ

ˇ

ˇ

ˇ

2

dµ “ }
dν

dµ
}2L2pµq ´ 1 P r0,`8s. (2.89)
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We set it to `8 if ν is not absolutely continuous with respect to µ. If µ and ν have densities fµ
and fν with respect to a reference measure λ then χ2pν | µq “

ş

pf2ν {fµqdλ´ 1.

The (logarithmic) Fisher information or divergence is defined by

Fisherpν | µq “

ż

ˇ

ˇ

ˇ
∇ log dν

dµ

ˇ

ˇ

ˇ

2
dν “

ż

|∇dν
dµ |2

dν
dµ

dµ “ 4

ż

ˇ

ˇ

ˇ
∇
b

dν
dµ

ˇ

ˇ

ˇ

2

dµ P r0,`8s (2.90)

if ν is absolutely continuous with respect to µ, and Fisherpν | µq “ `8 otherwise.
Each of these distances or divergences has its advantages and drawbacks. In some sense, the

most sensitive is Fisher due to its Sobolev nature, then χ2, then Kullback which can be seen as a
sort of L1` “ L logL norm, then TV and Hellinger which are comparable, then Wasserstein, but
this rough hierarchy misses some subtleties related to some scales and nature of the arguments.

Some of these distances or divergences can generically be compared as the following result shows.

Lemma 2.8.1 (Inequalities). For any probability measures µ and ν on the same space,

}µ´ ν}
2
TV ď 2Kullbackpν | µq

2Hellinger2pµ, νq ď Kullbackpν | µq

Kullbackpν | µq ď 2χpν | µq ` χ2pν | µq

Hellinger2pµ, νq ď }µ´ ν}TV ď Hellingerpµ, νq
a

2 ´ Hellingerpµ, νq2.

We refer to [208, p. 61-62] for a proof. The inequality between the total variation distance and
the relative entropy is known as the Pinsker or Csiszár–Kullback inequality, while the inequalities
between the total variation distance and the Hellinger distance are due to Kraft. There are many
other metrics between probability measures, see for instance [211, 133] for a discussion.

The total variation distance can also be seen as a special Wasserstein distance of order 1 with
respect to the atomic distance, namely

}µ´ ν}TV “ inf
pX,Y q

PpX ‰ Y q “ inf
pX,Y q

Er1X‰Y s P r0, 1s (2.91)

where the infimum runs over all couplings X „ µ and Y „ ν. This explains in particular why TV is
more sensitive than Wasserstein at short scales but less sensitive at large scales, a consequence of
the sensitivity difference between the underlying atomic and Euclidean distances. The probabilistic
representations of TV and Wasserstein make them compatible with techniques of coupling, which
play an important role in the literature on convergence to equilibrium of Markov processes.

We gather now useful results on distances and divergences.

Lemma 2.8.2 (Contraction properties). Let µ and ν be two probability measures on a same mea-
surable space S. Let f : S ÞÑ T be a measurable function, where T is another measurable space.

• If dist P tTV,Kullback, χ2u then

distpν ˝ f´1 | µ ˝ f´1q ď distpν | µq.

• If S “ Rn, T “ Rk then, denoting }f}Lip “ supx‰y
|fpxq´fpyq|

|x´y|
,

Wassersteinpµ ˝ f´1, ν ˝ f´1q ď }f}LipWassersteinpµ, νq.
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The notation f´1 stands for the reciprocal map f´1pAq “ ty P S : fpxq P Au and µ ˝ f´1 is
the image measure or push-forward of µ by the map f , defined by pµ ˝ f´1qpAq “ µpf´1pAqq. In
terms of random variables we have Y „ µ ˝ f´1 if and only Y “ fpXq where X „ µ.

The proof of the contraction properties of Lemma 2.8.2 are all based on variational formulas.
Note that following [253, Ex. 22.20 p. 588], there is a variational formula for Fisher that comes
from its dual representation as an inverse Sobolev norm. We do not develop this idea in this work.

Proof. The proof of the contraction property for Wasserstein comes from the fact that every coupling
of µ and ν produces a coupling for µ ˝ f´1 and ν ˝ f´1. Regarding TV, the contraction property
is a consequence of the definition of this distance and of measurability. In the case of Kullback, the
property can be proved using the following well known variational formula:

Kullbackpν | µq “ sup
g

tEνrgs ´ logEµregsu

where the supremum runs over all g P L1pνq, or by approximation when the supremum runs over
all bounded measurable g. This variational formula can be derived for instance by applying Jensen’s
inequality to ´ logEνreg dµdν s. Equality is achieved for g “ logpdν{dµq. Now, taking g “ h ˝ f gives

Kullbackpν | µq ě Eν˝f´1rhs ´ logEµ˝f´1rehs,

and it remains to take the supremum over h to get

Kullbackpν | µq ě Kullbackpν ˝ f´1 | µ ˝ f´1q.

The variational formula for Kullbackp¨ | µq is a manifestation of its convexity, it expresses this
functional as the envelope of its tangents, its Fenchel–Legendre transform or convex dual is the
log-Laplace transform. Such a variational formula is equivalent to tensorization, and is available for
all Φ-entropies such that pu, vq ÞÑ Φ2puqv2 is convex, see [76, Th. 4.4]. In particular, the analogous
variational formula as well as the consequence in terms of contraction are also available for χ2 which
corresponds to the Φ-entropy with Φpuq “ u2 ´ 1 (variance as a Φ-entropy).

Lemma 2.8.3 (Scale invariance versus homogeneity). The total variation distance is scale invariant
while the Wasserstein distance is homogeneous just like a norm, namely for all probability measures
µ and ν on Rn and all scaling factor σ P p0,8q, denoting µσ “ LawpσXq where X „ µ, we have

}µσ ´ νσ}TV “ }µ´ ν}TV while Wassersteinpµσ, νσq “ σWassersteinpµ, νq.

Proof. For the Wasserstein distance, the result follows from

Wassersteinpµσ, νσq “

´

inf
pX,Y q

Er|σX ´ σY |
2
s

¯1{2
“ σWassersteinpµ, νq ,

while for the TV distance, it comes from the fact that A ÞÑ Aσ :“ tσx : x P Au is a bijection.

We turn to the behavior of the distances/divergences under tensorization.
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Lemma 2.8.4 (Tensorization). For all probability measures µ1, . . . , µn and ν1, . . . , νn on R, we
have

Hellinger2pbn
i“1µi,b

n
i“1νiq “ 1 ´

n
ź

i“1

´

1 ´ Hellinger2pµi, νiq
¯

,

Kullbackpbn
i“1νi | bn

i“1µiq “

n
ÿ

i“1

Kullbackpνi | µiq,

χ2pbn
i“1µi | bn

i“1νiq “ ´1 `

n
ź

i“1

pχ2pµi, νiq ` 1q,

Fisherpbn
i“1νi | bn

i“1µiq “

n
ÿ

i“1

Fisherpνi | µiq,

Wasserstein2pbn
i“1µi,b

n
i“1νiq “

n
ÿ

i“1

Wasserstein2pµi, νiq,

max
1ďiďn

}µi ´ νi}TV ď } bn
i“1 µi ´ bn

i“1νi}TV ď

n
ÿ

i“1

}µi ´ νi}TV.

The equality for the Wasserstein distance comes by taking the product of optimal couplings. The
first inequality for the total variation distance comes from its contraction property (Lemma 2.8.2),
while the second comes from |pa1 ¨ ¨ ¨ anq ´ pb1 ¨ ¨ ¨ bnq| ď

řn
i“1 |ai ´ bi|pa1 ¨ ¨ ¨ ai´1qpbi`1 ¨ ¨ ¨ bnq,

a1, . . . , an, b1, . . . , bn P r0,`8q, which comes itself from the triangle inequality on the telescoping
sum

řn
i“1pci´ci´1q where ci “ pa1 ¨ ¨ ¨ aiqpbi`1 ¨ ¨ ¨ bnq via ci´ci´1 “ pai´biqpa1 ¨ ¨ ¨ ai´1qpbi`1 ¨ ¨ ¨ bnq.

Lemma 2.8.5 (Explicit formulas for Gaussian distributions). For all n ě 1, m1,m2 P Rn, and all
nˆ n covariance matrices Σ1,Σ2, denoting Γ1 “ N pµ1,Σ1q and Γ2 “ N pµ2,Σ2q, we have

Hellinger2pΓ1,Γ2q “ 1 ´
detpΣ1Σ2q1{4

detpΣ1`Σ2
2 q1{2

e´ 1
4

pΣ1`Σ2q´1pm2´m1q¨pm2´m1q,

2KullbackpΓ1 | Γ2q “ Σ´1
2 pm1 ´m2q ¨ pm1 ´m2q ` TrpΣ´1

2 Σ1 ´ Inq ` log detpΣ2Σ
´1
1 q,

χ2pΓ1 | Γ2q “ ´1 `
detpΣ2q

a

detpΣ1qdetp2Σ2 ´ Σ1q
e

1
2

pΣ´1
2 `p2Σ2Σ

´1
1 Σ2´Σ2q´1qpm2´m1q¨pm2´m1q,

FisherpΓ1 | Γ2q “ |Σ´1
2 pm1 ´m2q|2 ` TrpΣ´2

2 Σ1 ´ 2Σ´1
2 ` Σ´1

1 q

Wasserstein2pΓ1,Γ2q “ |m1 ´m2|2 ` Tr
´

Σ1 ` Σ2 ´ 2

b

a

Σ1Σ2

a

Σ1

¯

,

where the formula for χ2pΓ1 | Γ2q holds if 2Σ2 ą Σ1, and χ2pΓ1 | Γ2q “ `8 otherwise. Moreover
the formulas for Fisher and Wasserstein rewrite, if Σ1 and Σ2 commute, Σ1Σ2 “ Σ2Σ1, to

FisherpΓ1 | Γ2q “ |Σ´1
2 pm1 ´m2q|2 ` TrpΣ´2

2 pΣ2 ´ Σ1q2Σ´1
1 q

Wasserstein2pΓ1,Γ2q “ |m1 ´m2|2 ` Trpp
a

Σ1 ´
a

Σ2q2q.

Regarding the total variation distance, there is no general simple formula for Gaussian laws, but
we can use for instance the comparisons with Kullback and Hellinger (Lemma 2.8.1), see [98] for
a discussion.

Proof of Lemma 2.8.5. We refer to [204, p. 47 and p. 51] for Kullback and Hellinger, and to [135]
for Wasserstein, a far more subtle case. The formula for χ2pΓ1 | Γ2q follows easily from a direct
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computation. We have not found in the literature a formula for Fisher. Let us give it here for the
sake of completeness. Using ErXiXjs “ Σij ` mimj when X „ N pm,Σq we get, for all n ˆ n
symmetric matrices A and B

ErAX ¨BXs “

n
ÿ

i,j,k“1

AijBikErXjXks “

n
ÿ

i,j,k“1

AijBikpΣjk `mjmkq “ TracepAΣBq `Am ¨Bm

and thus for all n-dimensional vectors a and b,

ErApX ´ aq ¨BpX ´ bqs “ ErAX ¨BXs `Apm´ aq ¨Bpm´ bq ´Am ¨Bm

“ TracepAΣBq `Apm´ aq ¨Bpm´ bq.

Now, using the notation qipxq “ Σ´1
i px´miq ¨ px´miq and |Σi| “ detpΣiq,

FisherpΓ1 | Γ2q “ 4

a

|Σ2|
a

|Σ1|

ż

ˇ

ˇ

ˇ
∇e´

q1pxq

4
`

q2pxq

4

ˇ

ˇ

ˇ

2 e´
q2pxq

2

a

2π|Σ2|
dx

“

ż

|Σ´1
2 px´m2q ´ Σ´1

1 px´m1q|2
e´

q1pxq

2

a

2π|Σ1|
dx

“

ż

p|Σ´1
2 px´m2q|2 ´ 2Σ´1

2 px´m2q ¨ Σ´1
1 px´m1q ` |Σ´1

1 px´m1q|2q
e´

q1pxq

2

a

2π|Σ1|
dx

“ TracepΣ´1
2 Σ1Σ

´1
2 q ` |Σ´1

2 pm1 ´m2q|2 ´ 2TracepΣ´1
2 q ` TracepΣ´1

1 q

“ TracepΣ´2
2 Σ1 ´ 2Σ´1

2 ` Σ´1
1 q ` |Σ´1

2 pm1 ´m2q|2.

The formula when Σ1Σ2 “ Σ2Σ1 follows immediately.

2.8.2 Convexity and its dynamical consequences

We gather useful dynamical consequences of convexity. We start with functional inequalities.

Lemma 2.8.6 (Logarithmic Sobolev inequality). Let P βn be the invariant law of the DOU process
solving (2.3). Then, for all law ν on Rn, we have

Kullbackpν | P βn q ď
1

2n
Fisherpν | P βn q.

Moreover the constant 1
2n is optimal.

Furthermore, finite equality is achieved if and only if dν{dP βn is of the form eλpx1`¨¨¨`xnq, λ P R.

Linearizing the log-Sobolev inequality above with dν{dP βn “ 1`εf gives the Poincaré inequality

Var
Pβ
n

pfq ď ´

ż

fGfdP βn . (2.92)

It can be extended by truncation and regularization from the case where f is smooth and compactly
supported to the case where f is in the Sobolev space H1pP βn q. Finite equality is achieved when
f is an eigenfunction associated to the eigenvalue ´1 of G, namely fpxq “ apx1 ` ¨ ¨ ¨ ` xnq ` b,
a, b P R, hence the other name spectral gap inequality. It rewrites in terms of χ2 divergence as

χ2pν | P βn q ď
1

n

ż

ˇ

ˇ

ˇ
∇ dν

dP βn

ˇ

ˇ

ˇ

2
dP βn . (2.93)
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The right-hand side plays for the χ2 divergence the role played by Fisher for Kullback.
We refer to [113, 81] for a proof of Lemma 2.8.6. This logarithmic Sobolev inequality is a

consequence of the log-concavity of P βn with respect to N p0, 1n Inq. A slightly delicate aspect lies in
the presence of the restriction to Dn, which can be circumvented by using a regularization procedure.

There are many other functional inequalities which are a consequence of this log-concavity, for
instance the Talagrand transportation inequality that states that when ν has finite second moment,

Wasserstein2pν, P βn q ď
1

n
Kullbackpν | P βn q

and the HWI inequality1 that states that when ν has finite second moment,

Kullbackpν | P βn q ď Wassersteinpν, P βn q

b

Fisherpν | P βn q ´
n

2
Wasserstein2pν | P βn q,

and we refer to [253] for this couple of functional inequalities, that we do not use here.

Lemma 2.8.7 (Sub-exponential convergence to equilibrium). Let pXn
t qtě0 be the DOU process

solution of (2.3) with β “ 0 or β ě 1, and let P βn be its invariant law. Then for all t ě 0, we have
the sub-exponential convergences

χ2pLawpXn
t q | P βn q ď e´2tχ2pLawpXn

0 q | P βn q,

KullbackpLawpXn
t q | P βn q ď e´2tKullbackpLawpXn

0 q | P βn q,

FisherpLawpXn
t q | P βn q ď e´2tFisherpLawpXn

0 q | P βn q,

Wasserstein2pLawpXn
t q, P βn q ď e´2tWasserstein2pLawpXn

0 q, P βn q.

Recall that when β ą 0 the initial condition Xn
0 is always taken in Dn.

For each inequality, if the right-hand side is infinite then the inequality is trivially satisfied. This
is in particular the case for Kullback and Fisher when LawpXn

0 q is not absolutely continuous with
respect to the Lebesgue measure, and for Wasserstein when LawpXn

0 q has infinite second moment.

Elements of proof of Lemma 2.8.7. The idea is that an exponential decay for Kullback, χ2, Fisher,
and Wasserstein can be established by taking the derivative, using a functional inequality, and using
the Grönwall lemma. More precisely, for Kullback it is a log-Sobolev inequality, for χ2 a Poincaré
inequality, for Wasserstein a transportation type inequality, and for Fisher a Bakry – Émery Γ2

inequality, see for instance [7, 16, 253]. It is a rather standard piece of probabilistic functional
analysis, related to the log-concavity of P βn . We recall the crucial steps for the reader convenience.
Let us set µt “ LawpXn

t q and µ “ P βn . For t ą 0 the density pt “ dµt{dµ exists and solves the
evolution equation Btpt “ Gpt where G is as in (2.22). We have the integration by parts

ż

fGgdµ “

ż

gGfdµ “ ´
1

n

ż

∇f ¨ ∇gdµ.

For Kullback, we find using these tools, for all t ą 0, denoting Φpuq :“ u logpuq,

BtKullbackpµt | µq “

ż

Φ1pftqGftdµ “ ´
1

n

ż

Φ2pftq|∇ft|2dµ

“ ´
1

n
Fisherpµt | µq ď ´2Kullbackpµt | µq, (2.94)

1Here “H” is the capital η used by Boltzmann for entropy, “W” is for Wasserstein, “I” is for Fisher information.
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where the inequality comes from the logarithmic Sobolev inequality of Lemma 2.8.6. It remains to
use the Grönwall lemma to get the exponential decay of Kullback.

The derivation of the exponential decay of the Fisher divergence follows the same lines by
differentiating again with respect to time. Indeed, after a sequence of differential computations and
integration by parts, we find, see for instance [7, Ch. 5], [16], or [253],

BtFisherpµt | µq “ ´2n

ż

ftΓ2plogpftqqdµ, (2.95)

where Γ2pfq :“ 1
n2 f

22 ` 1
nV

2f 12 is the Bakry – Émery “Gamma-two” operator of the dynamics. Now
using the convexity of V , we get, by the Grönwall lemma, for all t ą 0,

BtFisherpµt | µq ď ´2Fisherpµt | µq. (2.96)

This can be used to prove the log-Sobolev inequality, see [7, Ch. 5], [16], and [253]. This differential
approach goes back at least to Boltzmann (statistical physics) and Stam (information theory) and
was notably extensively developed later on by Bakry, Ledoux, Villani and their followers.

For the Wasserstein distance, we proceed by coupling. Indeed, since the diffusion coefficient is
constant in space, we can simply use a parallel coupling. Namely, let pX 1

tqtě0 be the process started
from another possibly random initial condition X 1

0, and satisfying to the same stochastic differential
equation, with the same BM. We get

dpXt ´X 1
tq “ ´

1

n
p∇EpXtq ´ ∇EpX 1

tqqdt,

hence
dpXt ´X 1

tq ¨ pXt ´X 1
tq “ ´

1

n
pp∇EpXtq ´ ∇EpX 1

tqq ¨ pXt ´X 1
tqqdt. (2.97)

Now since E is uniformly convex with ∇2E ě nIn, we get, for all x, y P Rn,

p∇Epxq ´ ∇Epyqq ¨ px´ yq ě n|x´ y|2,

which gives
d|Xt ´X 1

t|
2 ď ´2|Xt ´X 1

t|
2dt

and by the Grönwall lemma,
|Xt ´X 1

t|
2 ď e´2t|X0 ´X 1

0|2.

It follows that
Wasserstein2pLawpXtq,LawpX 1

tqq ď e´2tEr|X0 ´X 1
0|2s.

By taking the infimum over all couplings of X0 and X 1
0 we get

Wasserstein2pLawpXtq,LawpX 1
tqq ď e´2tWasserstein2pLawpX0q,LawpX 1

0qq.

Taking X 1
0 „ P βn we get, by invariance, for all t ě 0,

Wasserstein2pLawpXtq, P
β
n q ď e´2tWasserstein2pLawpX0q, P βn q.

Lemma 2.8.8 (Monotonicity). Let pXn
t qtě0 be the DOU process (2.3), with β “ 0 or β ě 1

and invariant law P βn . Then for all dist P tTV,Hellinger,Kullback, χ2,Fisher,Wassersteinu, the
function t ě 0 ÞÑ distpLawpXn

t q | P βn q is non-increasing.
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Elements of proof of Lemma 2.8.8. The monotonicity for TV,Hellinger,Kullback, χ2 comes from
the Markov nature of the process and the convexity of

u ÞÑ Φpuq “

$

’

’

’

’

&

’

’

’

’

%

1
2 |u´ 1| if dist “ TV

1 ´
?
u if dist “ Hellinger2

u logpuq if dist “ Kullback

u2 ´ 1 if dist “ χ2

.

This is known as the Φ-entropy dissipation of Markov processes, see [75, 253, 16]. This can also be
seen from (2.94). The monotonicity for TV follows also from the contraction property of the total
variation with respect to general Markov kernels, see [190, Ex. 4.2].

The monotonicity for Fisher comes from the identity (2.95) and the convexity of V . By (2.94)
this monotonicity is also equivalent to the convexity of Kullback along the dynamics. The mono-
tonicity for Wasserstein can be obtained by computing the derivative along the dynamics starting
from (2.97), but this is more subtle due to the variational nature of this distance and involves the
convexity of V , see for instance [40, Bottom of p. 2442 and Lem. 3.2].

The monotonicities can also be extracted from the exponential decays of Lemma 2.8.7 thanks
to the Markov property and the profile e´t “ 1´ t`optq of the prefactor in the right hand side.

The convexity of the interaction ´ log as well as the constant nature of the diffusion coefficient
in the evolution equation (2.3) allows to use simple “maximum principle” type arguments to prove
that the dynamic exhibits a monotonous behavior and an exponential decay.

Lemma 2.8.9 (Monotonicity and exponential decay). Let pXn
t qtě0 and pY n

t qtě0 be a pair of DOU
processes solving (2.3), β ě 1, driven by the same Brownian motion pBtqtě0 on Rn and with
respective initial conditions Xn

0 P Dn and Y n
0 P Dn. If for all i P t1, . . . , nu

Xn,i
0 ď Y n,i

0

then the following properties hold true:

• (Monotonicity property) for all t ě 0 and i P t1, . . . , nu,

Xn,i
t ď Y n,i

t ,

• (Decay estimate) for all t ě 0,

max
iPt1,...,nu

pY n,i
t ´Xn,i

t q ď max
iPt1,...,nu

pY n,i
0 ´Xn,i

0 qe´t.

Proof of Lemma 2.8.9. The difference of Y n
t ´Xn

t satisfies

BtpY
n,i
t ´Xn,i

t q “
β

n

ÿ

j:j‰i

pY n,j
t ´Xn,j

t q ´ pY n,i
t ´Xn,i

t q

pY n,j
t ´ Y n,i

t qpXn,j
t ´Xn,i

t q
´ pY n,i

t ´Xn,i
t q. (2.98)

Since there are almost surely no collisions between the coordinates of Xn, resp. of Y n, the right-hand
side is almost surely finite for all t ą 0 and every process Y n,i

t ´Xn,i
t is C1 on p0,8q. Note that at

time 0 some derivatives may blow up as two coordinates of Xn or Y n may coincide.
Let us define

Mptq “ max
iPt1,...,Nu

pY n,i
t ´Xn,i

t q and mptq “ min
iPt1,...,Nu

pY n,i
t ´Xn,i

t q.
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Elementary considerations imply that M and m are themselves C1 on p0,8q and that at all times
t ą 0, there exist i, j such that

BtMptq “ BtpY
n,i
t ´Xn,i

t q and Btmptq “ BtpY
n,j
t ´Xn,j

t q.

This would not be true if there were infinitely many processes of course. Now observe that if at time
t ą 0 we have Y n,i

t ´Xn,i
t “ Mptq, then

BtpY
n,i
t ´Xn,i

t q ď ´pY n,i
t ´Xn,i

t q.

This implies that BtMptq ď ´Mptq. Similarly, we can deduce that Btmptq ě ´mptq. Integrating
these differential equations, we get for all t ě t0 ą 0

Mptq ď e´pt´t0qMpt0q, mptq ě e´pt´t0qmpt0q.

Since all processes are continuous on r0,8q, we can pass to the limit t0 Ó 0 and get for all t ě 0,

min
iPt1,...,Nu

pY n,i
t ´Xn,i

t q ě 0, max
iPt1,...,Nu

pY n,i
t ´Xn,i

t q ď e´t max
iPt1,...,Nu

pY n,i
0 ´Xn,i

0 q.

Remark 4 (Beyond DOU dynamics). The monotonicity property of Lemma 2.8.9 relies on the
convexity of the interaction ´ log, and has nothing to do with the long-time behavior and the
strength of V . In particular, this monotonicity property remains valid for the process solving (2.3)
with an arbitrary V provided that it is C1 and there is no explosion, even in the situation where V
is not strong enough to ensure that the process has an invariant law. If V is C2 then the decay
estimate of Lemma 2.8.9 survives in the following decay or growth form:

max
iPt1,...,nu

pY n,i
t ´Xn,i

t q ď max
iPt1,...,nu

pY n,i
0 ´Xn,i

0 qetp´ infR V
2q, t ě 0.



2.8. Appendix 73

Figure 2.1: A trajectory of a single DOU with n “ 3 and xn0 “ p´10, 0, 10q, β “ 0 on top and
β “ 2 on bottom. The driving Brownian motions are the same.

2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

dist

Figure 2.2: Plot of the function t ÞÑ HellingerpLawpXn
t q | P βn q (see (2.39) for the explicit formula)

with n “ 50, β “ 0, and |xn0 |2

n “ 1. Note that logp50q « 3.9.



Chapter 3

Optimal local laws and CLT for the
long-range Riesz gas

This chapter is based on the article Optimal local laws and CLT for the circular Riesz gas, arXiv
preprint arXiv:2112.05881.
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3.1 Introduction

3.1.1 Setting of the problem

In this paper, we study the one-dimensional Riesz gas on the circle. We denote T :“ R{Z. For a
parameter s P p0, 1q, let us consider the Riesz s-kernel on T, defined by

gspxq “ lim
nÑ8

´

n
ÿ

k“´n

1

|k ` x|s
´

2

1 ´ s
n1´s

¯

“ ζps, xq ` ζps, 1 ´ xq, (3.1)

where ζps, xq stands for the Hurwitz zeta function [31]. Note that g is the fundamental solution of
the fractional Laplace equation on the circle

p´∆q
1´s
2 g “ cspδ0 ´ 1q, (3.2)

with cs given by

cs “
Γp1´s

2 q

Γp s2q

?
π

21´s
. (3.3)

We endow T with the natural order x ă y if x “ x1 ` k, y “ y1 ` k1 with k, k1 P Z, x1, y1 P r0, 1q

and x1 ă y1 and work on the set of ordered configurations

DN “ tXN “ px1, . . . , xN q P TN : x2 ´ x1 ă . . . ă xN ´ x1u.

On DN let us consider the energy

HN : XN P DN ÞÑ N´s
ÿ

i‰j

gspxi ´ xjq, (3.4)

where g is given by (3.2). The circular Riesz gas, at the inverse temperature β ą 0, is defined by
the Gibbs measure

dPN,β “
1

ZN,β
expp´βHN pXN qq1DN

pXN qdXN ,

where ZN,β is the normalizing constant, called the partition function, given by

ZN,β “

ż

DN

e´βHN pXN qdXN .

Throughout the paper, s is a fixed parameter in p0, 1q.
The choice of the normalization in the definition of the energy (3.4) appears to be a natural

choice, making β the effective inverse temperature governing the microscopic scale behavior.
The model described above belongs to a family of interacting particle systems named Riesz gases.

On Rd, those are associated to a kernel of the form |x|´s with s ą 0. The Riesz family also contains
in dimensions 1 and 2 the so-called log-gases with kernel ´ log |x|. For d ě 2 and s “ d ´ 2,
|x|´s is the fundamental solution of the Laplace equation on Rd and therefore corresponds to the
Coulombian interaction. The parameter s determines the singularity as well as the range of the
interaction. When s ą d, the interaction is short-range and the system, referred to as hypersingular
Riesz gas, resembles a nearest-neighbour model. For s P p0,dq or s “ 0 and d “ 1, 2, Riesz gases
are long-range particle systems, which have, as such, attracted much attention in both mathematical
and physical contexts.

The 1D log-gas, also called β-ensemble has been extensively studied in the last decades, partly
for its connection to random matrix theory. Indeed, it corresponds, in the cases β P t1, 2, 4u, to the
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distribution of the eigenvalues of N ˆ N symmetric/Hermitian/symplectic random matrices with
independent Gaussian entries (see the original paper of Dyson [106]). The 1D log-gas also appears
in many other contexts such as zeros of random polynomials, zeros of the Riemann function and is
conjectured to be related for instance to the eigenvalues of random Schrödinger operators [191]. The
2D Coulomb gas is another fundamental model, which has raised considerable attention in the last
decades. Among many other examples, it is connected to non-unitary random matrices, Ginzburg-
Landau vertices, Fekete points, complex geometry, the XY model and the KT transition [238]. For
other values of s, let us mention that the case s “ 2 in dimension 1 is an integrable system, called
classical Calogero-Sutherland model. The study of minimizers of Riesz interactions is also a dynamic
topic [143, 82] and is the object of long-standing conjectures related to sphere packing problems
[36]. From a statistical physics perspective, even in dimension 1, the Riesz gas is not fully elucidated
since the classical theory of the 60-70s [221] fails to be applied due the long-range nature of the
interaction. The reader may refer to the nice review [191], where an account of the literature and
many open problems on Riesz gases are given.

As the number of particles N tends to infinity, the empirical measure

µN :“
1

N

N
ÿ

i“1

δxi

converges almost surely under PN,β (in a suitable topology) to the uniform measure on the circle.
This result can be obtained through standard large deviations techniques (see for instance [236,
Ch. 2] for the case of Riesz gases on the real line, which adapts readily to the periodic setting).
In the large N limit, particles tend to spread uniformly on the circle, which suggests that particles
spacing (or gaps) Npxi`k ´ xiq concentrate around the value k. The first goal of this paper is
to quantify the fluctuations of the gaps around their mean. We establish the optimal size of the
fluctuations of Npxi`k ´ xiq, which turns out to be in Opβ´ 1

2k
s
2 q, as conjectured in the recent

physics paper [234]. This type of result is referred to in the literature as a rigidity estimate. It was
intensively investigated for β-ensembles (see for instance [46, 49, 47, 51]), but the correct observable
in that case is xi ´ γi, where xi is the i-th particle and γi the classical location of the i-th particle,
that is the corresponding quantile of the equilibrium measure arising in the mean-field limit.

A complementary way to study the rigidity of the system is to investigate the fluctuations of
linear statistics of the form

FluctN rξpℓ´1
N ¨qs :“

N
ÿ

i“1

ξpℓ´1
N xiq ´NℓN

ż

T
ξ, (3.5)

where ξ : T Ñ R is a given measurable test-function and tℓNu a sequence of numbers in p0, 1s.
For smooth test-functions, many central limit theorem (CLT) results are available in the literature
on 1D-log gases, including [157, 241, 44, 46, 49, 27, 51, 145]. For 1D Riesz gases with s P p0, 1q,
to our knowledge, no prior results on CLT for linear statistics are known. In this paper we obtain a
quantitative CLT for (3.5), which is valid at all scales tℓNu down to microscopic scales ℓN " 1

N . A
major direction in random matrix theory is to establish CLTs for (3.5) allowing test-functions which
are as singular as possible. Indeed it is a natural question to capture the fluctuations of the number
of points and of the logarithmic potential, which are key observables for the log-gas. The question
of the optimal regularity on the test-function has also drawn a lot of interest because it encapsulates
non-universality features in the context of Wigner matrices. In this paper, the stake for us is to
provide a robust method allowing to treat singular test-functions in a systematic way. The main
question we investigate is therefore a regularity issue. Using new concentration inequalities we are
able to treat singular test-functions, including characteristic functions of intervals and inverse power
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function up to the critical power s
2 . In particular we obtain a CLT for the number of points, thus

extending to a Riesz (periodic and fully convex) setting some of the recent results of [51].
Let us now introduce the main tools and objects used in the proofs. For any reasonable Gibbs

measure on DN (or RN ), the fluctuations of any (smooth) statistics F : DN Ñ R are related to
the properties of a partial differential equation called the Helffer-Sjöstrand (H.-S.) equation, which is
sometimes referred to as a Witten Laplacian (on 1-forms). This equation appears in [242, 243, 149].
It is more substantially studied in [148, 147, 201], where it is used to establish correlation decay,
uniqueness of the limiting measure and log-Sobolev inequalities for models with convex interactions.
The purpose of the present paper is to show how the analysis of Helffer-Sjöstrand equations provides
powerful tools to study the fluctuations of linear statistics with singular test-functions.

The proof of the near-optimal rigidity is essentially similar to [46]. It exploits the convexity of the
interaction and is thus very specific to 1D systems. The method is mainly based on a concentration
inequality for divergence-free functions and on a key convexity result due to Brascamp [55].

The method of proof of the CLT for linear statistics starts by performing the mean-field transport
argument usually attributed to Johansson [157]. When studying the Laplace transform of linear
statistics FluctN rξs, this consists in applying a well-chosen change of variables on each point,
depending only on its position, to transport the uniform measure on the circle to the perturbed
equilibrium measure (perturbed by the effect of adding tFluctN rξs to the energy). In this paper,
one computes variances instead of Laplace transforms and the implementation of the transport of
[157] takes the form of an integration by parts. This argument is a variation of the so-called loop
equations (see [46] for various comments on this topic). It is the starting point of many CLTs on
β-ensembles and Coulomb gases but it received a more systematic analysis in the series of works
[184, 27, 181, 187, 239]. One can also interpret this transport as a mean-field approximation of the
H.-S. equation associated to (the gradient of) linear statistics.

Since the transport is an approximate solution (a mean-field approximation) of the H.-S. equation,
it creates an error term, sometimes called loop equation term, which is essentially a local weighted
energy and the heart of the problem is to estimate its fluctuations. In contrast, in [184, 27, 181, 239]
the typical size in a large deviation sense of this error term is evaluated, rather than the size of its
fluctuations. Let us point out however that the later seems untractable in dimension d ě 2 because
of the lack of convexity. The core of this paper is about the control on the fluctuations of this loop
equation term through the analysis of the related H.-S. equation. Our proof is based on the following
three technical inputs:

• The near-optimal rigidity estimates on gaps and nearest-neighbour distances,

• A Poincaré inequality in gap coordinates,

• A comparison principle for the Helffer-Sjöstrand equation.

The use of the comparison principle mentioned above (also known in [72, 149]) is one of the main
novelties of the paper. This is the key technical tool to be able to treat linear statistics with singular
test-functions. Indeed, after performing loop equations techniques, we will study singular local
quantities, for which standard concentration inequalities, such as the Brascamp-Lieb or log-Sobolev
inequalities, do not give the right order of fluctuations.

The central limit theorem is then obtained from a rather straightforward application of Stein’s
method. We show how the mean-field transport naturally leads to an approximate Gaussian inte-
gration by parts formula. As a result, quantifying normality boils down to controlling the variance
of the loop equation term. The CLT then follows from the variance bound discussed in the above
comments.
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3.1.2 Main results

The following results are valid for all parameter s P p0, 1q, thus covering the entire long-range regime.
Our first result concerns the fluctuations of gaps and discrepancies. We establish the following

near-optimal decay estimate:

Theorem 3.1.1 (Near-optimal rigidity). Let ε P p0, 1q and δ “ ε
4ps`2q

. There exists two constants

Cpβq ą 0 and cpβq ą 0 locally uniform in β such that for each i P t1, . . . , Nu and 1 ď k ď N
2 , we

have
PN,βp|Npxi`k ´ xiq ´ k| ď k

s
2

`εq ě 1 ´ Cpβqe´cpβqkδ . (3.6)

Similarly for all ε P p0, 1q, setting δ “ ε
2ps`2q

, there exist two constants Cpβq ą 0 and cpβq ą 0

locally uniform in β such that for all a P T and ℓN P p0, 14q, we have

PN,β
´ˇ

ˇ

ˇ

N
ÿ

i“1

1pa´ℓN ,a`ℓN qpxiq ´ 2NℓN

ˇ

ˇ

ˇ
ď pNℓN q

s
2

`ε
¯

ě 1 ´ Cpβqe´cpβqpNℓN qδ . (3.7)

Theorem 3.1.1 is the natural extension of the rigidity result of [46, Th. 3.1] in the Riesz setting.
As in [46], the controls on the deviations of the considered quantities have exponentially small
probability. This exponential estimate then allows one to control the maximum of the deviations of
the gaps and therefore reduces the phase space to an event where all gaps are close to their standard
value. Theorem 3.1.1 is proved in Section 3.4.

The purpose of the next result is to show that k
s
2 is the exact fluctuation scale of the gap

Npxi`k ´ xiq. This is equivalent to proving that
řN
i“1 1p0,ℓN qpxiq fluctuates at scale pNℓN q

s
2 , for

all ℓN P p0, 1q. In fact we consider a larger class of linear statistics with singular test-functions.
These are defined by

FluctN rξs “

N
ÿ

i“1

ξpxiq ´N

ż

T
ξ,

where ξ : T Ñ R is a singular but piecewise smooth test-function. We are also able to treat
linear statistics FluctN rξpℓ´1

N ¨qs with test-functions supported at any scales tℓNu, including the
microscopic scale. We make the following assumptions on ξ and on the sequence tℓNu:

Assumptions 3.1.1.

(i) (Global regularity) The map ξ is in C´s`εpT,Rq for some ε ą 0.

(ii) (Piecewise regularity) Let ψ “ p´∆q´ s
2 ξ. The map ψ is piecewise C2: there exist a1 ă . . . ă

ap (p P N) such that on pai, ai`1q, ψ is C2, for each i P t1, . . . , pu (with the convention that
ap`1 “ a1).

(iii) (Singularity) For each i P t1, . . . , pu, there exists αi P p0, 1 ´ s
2q such that

|ψ2|pxq ď
C

|x´ ai|1`αi
. (3.8)

(iv) (Support) Let tℓNu be a sequence in r0, 1q. Assume either that ξ is supported on p´1
2 ,

1
2q or

that ℓN “ 1. In the first case, we let ξ0 : R Ñ R given by

ξ0pxq “

#

ξpxq if |x| ď 1
2

0 if |x| ą 1
2 .

(3.9)
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Let us first comment upon the above assumptions.

Remark 5 (Comments on the Assumptions 3.1.1).

• Assumptions (ii) and (iii) compare the singularities of ξ with the singularity at 0 of |x|´
s
2

`ε:
the derivative of order 1´ s

2 of ξ near a singularity a P T is bounded by the derivative of order
1´ s

2 x ÞÑ |x´ a|´
s
2

`ε. Note that the function x ÞÑ |x|´
s
2 is the critical inverse power which

does not lie in H
1´s
2 pT,Rq.

• When the scale ℓN tends to 0, Assumption (iv) ensures that FluctN rξpℓ´1
N ¨qs is at most of

order OpNℓN q.

• The characteristic function ξ “ 1p´a,aq satisfies Assumptions 3.1.1. Indeed the map ψ “

p´∆q´ s
2 ξ is piecewise C2 with two singularities at ´a and a and ψ2 satisfies (3.8) with

α1 “ α2 “ 1 ´ s: ψ2pxq „
xÑ´a

c0
1

|x`a|2´s and ψ2pxq „
xÑa

c0
1

|x´a|2´s for some constant
c0 ‰ 0.

Before stating the theorem, recall the definition of the fractional Sobolev seminorm on the circle
| ¨ |Hα , for α ą 0. Let h : T Ñ R in L2pT,Rq of Fourier coefficient f̂pkq, k P Z. Whenever it is
finite we call |h|2Hα the quantity

|h|2Hα “
ÿ

kPZ
|k|2α|ĥ|2pkq.

Similarly, the fractional Sobolev seminorm of a function h : R Ñ R in L2pR,Rq, that we also denote
|h|Hα , is defined by

|h|2Hα “

ż

|ξ|2α|ĥ|2pξqdξ, (3.10)

where ĥ stands for the Fourier transform of h.
The variance of FluctN rξp¨ℓ´1

N qs under PN,β may be expanded as follows:

Theorem 3.1.2 (Variance of singular linear statistics). Let ξ and tℓNu satisfying Assumptions 3.1.1.
Let ψ “ p´∆q´ s

2 ξ. Let a1 ă . . . ă ap be the singularities of ψ2 and denote 1 ` α1, . . . , 1 ` αp
their order as in (3.8). Let α “ maxpi“1 αi. Let us define

σ2ξ “
1

2βcs

$

&

%

|ξ|2

H
1´s
2

if ℓN “ 1

|ξ0|
H

1´s
2

if ℓN Ñ 0, with ξ0 as in (3.9).
(3.11)

For all ε ą 0, there holds

VarPN,β
rFluctN rξpℓ´1

N ¨qss “ N sσ2
ξp¨ℓ´1

N q
`OppNℓN q2s´2`maxp1,2αq`εq

“ pNℓN qspσ2ξ ` 1ℓNÑ0Opℓ2N |ξ|2L2qq `OppNℓN q2s´2`maxp1,2αq`εq.

(3.12)

Note that since maxαl ă 1 ´ s
2 , ξ P H

1´s
2 pT,Rq and moreover the remaining term in the

expansion (3.12) is always oppNℓN qsq.

Remark 6 (On the adaptation to β-ensembles). We expect that our method can also give a (log-
correlated) CLT for the test-functions 1p´a,aq and x ÞÑ log |x´ a| for 1D log-gases on the circle or
on the real line when the external potential is convex.
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By Remark 5, the number-variance (i.e variance of the number of points) of the Riesz gas grows
in OpN sq, like the variance of smooth linear statistics. In comparison, for the 1D log-gas, smooth
linear statistics fluctuate in Op1q with an asymptotic variance proportional to the squared Sobolev
norm | ¨ |2

H
1
2

(see [27] for instance) whereas the number of points in an interval p´a, aq fluctuate

in OplogNq. This distinct behavior is due to the fact that the characterize function 1p´ 1
2
, 1
2

q is

not in H
1
2 pT,Rq but is in H

1´s
2 pT,Rq for all s P p0, 1q. Theorem 3.1.2 shows that concerning

the fluctuations, the Riesz gas with s P p0, 1q interpolates between the 1D log-gas case s “ 0
and the Poisson-type case s “ 1. Moreover Theorem 3.1.2 makes the 1D long-range Riesz gas
a hyperuniform particle system in the sense of [249] (meaning that the number-variance is much
smaller than for i.i.d variables).

As mentioned in the beginning of the introduction, the next-order term in the expansion (3.12)
corresponds to the variance of a local energy arising from the mean-field transport of [157], sometimes
referred in the literature to as a loop equation term. One could extract the leading-order of this
variance and relate it to the second derivative of the free energy of the infinite Riesz gas.

The next question we address concerns the asymptotic behavior of rescaled linear statistics. We
show that under the Assumptions 3.1.1 and provided ℓN " 1

N , the linear statistics converges after
rescaling to a Gaussian random variable. For any probability measures µ and ν on R let us denote
dpµ, νq the distance

dpµ, νq “ sup
!

ż

fdpµ´ νq : |f |8 ď 1, |f 1|8 ď 1
)

.

We establish the following result:

Theorem 3.1.3 (CLT for singular linear statistics). Let ξ and ℓN satisfying Assumptions 3.1.1.

• The sequence of random variables pNℓN q´ s
2FluctN rξpℓ´1

N ¨qs converges in distribution to a
centered Gaussian random variable with variance σ2ξ given by

σ2ξ “
1

2βcs

$

&

%

|ξ|2

H
1´s
2

if ℓN “ 1

|ξ0|2

H
1´s
2

if ℓN Ñ 0, with ξ0 as in (3.9).
(3.13)

• Let Z be a centered Gaussian random variable with variance σ2ξ . Then for all ε ą 0, we have

dpLawppNℓN q´ s
2FluctN rξpℓ´1

N ¨qsq,LawpZqq “ O
´

pNℓN q´ 1´s
2 ` pNℓN q´p1´ s

2
´maxαl´εq

¯

.

Theorem 3.1.3 can be interpreted as the convergence of the field
řN
i“1 gspxi´¨q´N

ş

gspx´¨qdx
to a fractional Gaussian field for the weak topology. Observe that if ξi and ξj have disjoint support
then if s P p0, 1q, Γi,j is not, in general, equal to 0, which shows that the corresponding fractional
field does not exhibit spatial independence. This reflects the non-local nature of the fractional
Laplacian p´∆q

1´s
2 for s P p0, 1q. Following Remark 5, Theorem 3.1.3 gives a CLT for gaps and

discrepancies:

Corollary 3.1.4 (CLT for the number of points). For all a P T and tℓNu such that ℓN " 1
N , the

sequence of random variables

N´ s
2 ζp´s, 2ℓN q´ 1

2

´

N
ÿ

i“1

1p´ℓN ,ℓN qpxiq ´ 2NℓN

¯
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converges in distribution to a centered Gaussian random variables with variance

σ2paq :“
cotanpπ2 sq

β π2 s
.

For each i P t1, . . . , Nu and any sequence of integers tkNu with values in t1, . . . , N2 u such that
kN Ñ 8 as N Ñ 8, the sequence of random variables

k
´ s

2
N ζp´s,

kN
N

q´ 1
2 pNpxi`kN ´ xiq ´ kN q

converges in distribution to a centered Gaussian random variables with variance σ2p12q.

Note that ζp´s, 2ℓN q “ OpℓsN q with ζps, 2ℓN q „ ℓsN when ℓN Ñ 0. Corollary 3.1.4 is an
extension of the results on the fluctuations of single particles in the bulk for β-ensembles, see [141]
for the GUE and [51]. Theorem 3.1.3 can also be applied to power-type functions of the form
x P T ÞÑ |x|´α with α P p0, s2q.

Corollary 3.1.5 (CLT for power-type functions). Let a P T and α P p0, s2q. Let ℓN " 1
N . Then

N´ s
2

´

N
ÿ

i“1

1

|xi ´ a|α
´ 2αN

¯

converges in distribution to a centered Gaussian random variables with a variance given by (3.11).

The test-function x P T ÞÑ |x|´
s
2 is the critical inverse power which does not lie in H

1´s
2 . This

should be compared in the case s “ 0 to the test-functions 1p´a,aq and ´ log |x|, for which the
associated linear statistics satisfy a log-correlated central limit theorem as shown for instance in [51].

3.1.3 Context, related results, open questions

Rigidity of β-ensembles As mentioned in the introduction, Theorems 3.1.1 and 3.1.3 are the
natural extensions to the circular Riesz gas of some known results on the fluctuations of β-ensembles.
We refer again to [46, 49, 47, 51] for rigidity estimates, to [157, 241, 44, 27, 173, 144, 205] for
CLTs for linear statistics with smooth test-functions and to [144, 172] for the case of the circular
β-ensemble. In the case of the GUE, that is for β “ 2 with a quadratic potential, a CLT for
test-functions in H

1
2 is obtained in [244] using a Littlewood-Paley type decomposition argument.

However as observed in [172, Rem. 1.3], the minimal regularity of the test-function depends on β.
Indeed for β “ 4, leveraging on variances expansions of [156], [172] exhibits a test-function in H

1
2

such that the associated linear statistics does not have a finite limit. Since the characteristic function
of a given interval is not is H

1
2 , the asymptotic scaling of discrepancies in intervals is not of order

1. It is proved in [141] that for the GUE, eigenvalues xi in the bulk fluctuate in Op
?
log iq and

that discrepancies are of order
?
logN . A general CLT for the characteristic functions of intervals

and for the logarithm function is given in the recent paper [51]. Concerning the method of proof,
let us point out a very similar variation on Stein’s method developed in [173], see also [144] for a
high-temperature regime.
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Local laws and fluctuations for the Langevin dynamics A related and much studied question
concerns the rigidity of the Dyson Brownian motion, an evolving gas of particles whose invariant
distribution is given by β-ensemble. The time to equilibrium at the microscopic scale of Dyson
Brownian motion was studied in many papers including [114, 115], see also [45] for optimal relaxation
estimates. A central limit theorem at mesoscopic scale for linear statistics of the Dyson Brownian
Motion is established in [153], thus exhibiting a time dependent covariance structure.

Decay of the correlations and Helffer-Sjöstrand representation The decay of the gaps cor-
relations of β-ensembles have been extensively studied in [116], where a power-law decay in the
inverse squared distance is established. The starting point of [116] is based on a a representation
of the correlation function by a random walk in a dynamic random environment or in other words
on a dynamic interpretation of the Helffer-Sjöstrand operator. The paper [116] then develops a
sophisticated homogenization theory for a system of discrete parabolic equations. In a different con-
text, a more direct analysis of the Helffer-Sjöstrand operator has been developed in the groundwork
[201] to characterize the scaling limit of the gradient interface model in arbitrary dimension d ě 1.
Combining ideas from [201] and from quantitative stochastic homogenization, the paper [10] then
shows that the free energy associated to this model is at least C2,α for some α ą 0. We also refer
to the recent paper [247] which studies in a similar framework the scaling limit of the non-Gaussian
membrane model. In non-convex settings, much fewer results are available in the literature. One
can mention the work [91] which establishes the optimal decay for the two-point correlation function
of the Villain rotator model in Zd, for d ě 3 at low temperature. It could be interesting to develop
a direct method to analyze the large scale decay of the Helffer-Sjöstrand equation in the context of
one-dimensional Riesz gases. We plan to address this question in future work.

Uniqueness of the limiting point process The question of the decay of the correlations men-
tioned above is related to property of uniqueness of the limiting measure. One expects that after
rescaling, chosen so that the typical distance between consecutive points is of order 1, the point
process converges, in a suitable topology, to a certain point process Rieszβ . For s “ 0, the lim-
iting point process called Sineβ , is unique and universal as proved in [46, 49]. The existence of a
limit was first established in [250] for β-ensembles with quadratic exterior potential, together with
a sophisticated description and in [163] for the circular β-ensemble. The Sineβ process has also
been characterized as the unique minimizer of the free energy functional governing the microscopic
behavior in [111] using a displacement convexity argument. In Chapter 4, we prove the existence of
a limiting point process Rieszβ for the circular Riesz ensemble.

1D hypersingular Riesz gases Although the 1D hypersingular Riesz gas (i.e s ą 1) is not
hyperuniform, its fluctuations are also of interest. In such a system, the macroscopic and microscopic
behaviors are coupled, a fact which translates into the linear response associated to linear statistics
(in contrast with long-range particle systems, the linear response is a combination of a mean-field
change of variables, moving each point according to its position only, and of local perturbations).
Simple heuristic computations shows that the limiting variance is then proportional to a L2 norm
(after subtraction of the mean) with a factor depending on the second order derivative of the free
energy.

Fluctuations of Riesz gases in higher dimension For d ě 1 and s smaller than d, the proof of
existence of a thermodynamic limit for the Riesz gas is delicate as the energy is long-range. It was
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obtained in [182] for s P pminpd´ 2, 0q, dq, leveraging among many other ingredients on an electric
formulation of the Riesz energy, see [206], and on a screening procedure introduced in [228] and then
improved in [218, 206]. The first task to study the fluctuations of higher dimensional long-range
Riesz gases is to establish local laws, that is to control the number of points and the energy in cubes
of small scales. This was done for the Coulomb gas in arbitrary dimension down to the microscopic
scale in the paper [9] using subadditive and supperadditive approximate energies. Due to the lack of
convexity, establishing a CLT or even a sub-poissonian rigidity estimate for linear statistics of Riesz
gases in arbitrary dimension is a very delicate task. In dimension 2, since long-range interactions
are overwhelmingly dominant, a CLT for linear statistics with smooth test-functions can be proved,
see [184, 24, 180], without proving any “probabilistic cancellation” on local quantities, but only a
“quenched cancellation” on some angle term. Let us finally mention the work [188] where the 2D
Coulomb gas is shown to be hyperuniform, meaning that the variance of the number of points in
a ball scales much smaller than the volume. The paper [188] establishes an important quantitative
translation invariance property based on refinements of Mermin-Wagner type arguments, see also
[248]. In higher dimension much fewer results are available. One can mention the result of [239]
which treats the 3D Coulomb gas at high temperature “under a no phase transition assumption”. A
simpler variation of the 3D Colomb gas, named hierarchical Coulomb gas, has also been investigated
in the work [83], followed by [124].

3.1.4 Outline of the main proofs

We now explain the general strategy to obtain the variance expansion formula of Theorem 3.1.2 and
the CLT of Theorem 3.1.3. Since the proof of Theorem 3.1.1 is similar to the proof of [46, Th. 3.1]
we do not detail it here.

To simplify assume that ℓN “ 1. We are interested in the fluctuations of the linear statistics
FluctN rξs, where ξ : T Ñ R is a piecewise smooth function satisfying Assumptions 3.1.1.

The Helffer-Sjöstrand equation Let F : DN Ñ R smooth enough. The fluctuations of F are
related to a partial differential equation through the representation

VarPN,β
rF s “ EPN,β

r∇F ¨ ∇ϕs, (3.14)

where ϕ : DN Ñ R solves the Poisson equation
"

Lϕ “ F ´ EPN,β
rF s on DN

∇ϕ ¨ n⃗ “ 0 on BDN ,
(3.15)

where L stands for the generator
L “ β∇HN ¨ ∇ ´ ∆.

Note that (3.14) directly follows by integration by parts once it is known that (3.15) has a solution.
Differentiating (3.15), one obtains the so-called Helffer-Sjöstrand equation which reads

"

A1∇ϕ “ ∇F on DN

∇ϕ ¨ n⃗ “ 0 on BDN ,
(3.16)

with A1 formally given by
A1 “ β∇2HN ` L b IN .

We will use various tools to analyze the solution of (3.16) based on mean-field approximations,
convexity and monotonicity.
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Since BijHN ď 0 for each i ‰ j, it is standard that PN,β satisfies the FKG inequality, meaning
that the covariance between two increasing functions is non-negative. This can be formulated by
saying that L´1 preserves the cone of increasing functions: if ∇F ě 0 (coordinate wise), then
∇ϕ ě 0. A nice consequence is the following: if F,G : DN Ñ R are such that |∇F | ď ∇G, then

VarPN,β
rF s ď VarPN,β

rGs. (3.17)

This comparison principle can be extended to non-gradient vector-fields, which will be used as a key
argument to handle the fluctuations of some complicated singular functions.

Mean-field transport It turns out that when F is a linear statistics, i.e F “ FluctN rξs for some
smooth enough test-function ξ : T Ñ R, then the solution ∇ϕ of (3.16) can be approximated
by a transport ΨN in the form XN P DN ÞÑ 1

N1´s pψpx1q, . . . , ψpxN qq for some well-chosen map
ψ : T Ñ R. Letting ∆ :“ tpx, yq P T2 : x “ yu, one may write

∇HN ¨ ΨN “ N

ĳ

∆c

g1
spx´ yqpψpxq ´ ψpyqqdµN pxqdµN pyq,

where µN :“ 1
N

řN
i“1 δxi . Let us expand µN around the Lebesgue measure dx on T and denote

fluctN “ NpµN ´ dxq. Noting that the constant term vanishes, one can check that

∇HN ¨ ΨN “ 2

ż

p´g1
s ˚ ψqfluctN `

1

N1´s
Arψs (3.18)

with
Arψs “

ĳ

∆c

pψpxq ´ ψpyqqN´sg1
spx´ yqdfluctN pxqdfluctN pyq. (3.19)

The leading-order of (3.18) being a linear statistics, one can choose ψ such that ´β∇HN ¨ ΨN `

div ΨN » F by letting ψ such that

ψ1 “ ´
1

2βcs
p´∆q

1´s
2 ξ

with
ş

ψ “ 0. The central task of the paper is to show that for a large class of singular maps ψ and
all ε ą 0,

VarPN,β
rArψss ď CN1`ε|ψ1

reg|2L2 . (3.20)

Splitting the variance of the next-order term Denote

ζ : px, yq P T2 ÞÑ
ψpxq ´ ψpyq

x´ y

so that
Arψs “

ĳ

∆c

ζpx, yqN´sg̃px´ yqdfluctN pxqdfluctN pyq, (3.21)

where g̃ : x P Tzt0u ÞÑ xg1
spxq. Note that for each i “ 1, . . . , N

BiArψs “ 2

ż

y‰xi

B1ζpxi, yqN´sg̃px´ yqdfluctN pyq

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

»Vi

` 2

ż

y‰xi

ζpxi, yqN´sg̃1px´ yqdfluctN pyq

looooooooooooooooooooooooomooooooooooooooooooooooooon

»Wi

.
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We have thus split ∇Arψs into a macroscopic force V and a microscopic force W (the splitting is
in fact slightly different). By subadditivity, it follows that

VarPN,β
rArψss ď 2EPN,β

rV ¨A´1
1 Vs

looooooooomooooooooon

pIq

`2EPN,β
rW ¨A´1

1 Ws
loooooooooomoooooooooon

pIIq

.

Control on pIIq with Poincaré inequality in gap coordinates In gap coordinates the micro-
scopic force W behaves well: there exists W̃ such that for all UN P RN ,

W ¨ UN “ ´

N
ÿ

i“1

W̃iNpui`1 ´ uiq

satisfying typically (i.e with overwhelming probability) the estimate

|W̃|2 ď CN1`ε|ψ1|2L2 (3.22)

for all ε ą 0. By penalizing configurations with large nearest-neighbor distances, one can modify the
Gibbs measure into a new one being uniformly log-concave with respect to the variables Npxi`1 ´

xiq, i “ 1, . . . , N . Applying the Poincaré inequality in gap coordinates therefore gives using (3.22),

pIq ď CN1`ε|ψ1|2L2 . (3.23)

Control on pIq with the comparison principle In substance, one should think of V as satisfying
for each i “ 1, . . . , N

|Vi| ď C|ψ2pxiq| ` “Lower order terms”. (3.24)

Note that for instance if ξ “ 1pa,bq, ψ2
reg blows like |x|´p2´sq near a and b. Therefore for such

singular ψ, the Poincaré inequality does not provide satisfactory estimates for pIq.
If Vi was exactly given by ψ2pxiq for each i “ 1, . . . , N , one could upper bound EPN,β

rV ¨A´1
1 Vs

by N |ψ1
reg|2L2 since for all f P L2pTq,

VarPN,β
rFluctN rf ss ď N |f |2L2 . (3.25)

The idea is to use the comparison principle (3.17) to compare the Dirichlet energy of V with respect
to the variance of a linear statistics, which are easier to handle using for instance (3.25). Let
ζN : T Ñ R such that ζ 1

N “ C|ψ2|. Equation (3.24) can be put in the form

|V| ď ∇FluctN rζN s.

It then follows from (3.17) that

EPN,β
rV ¨A´1

1 Vs ď VarPN,β
rFluctN rζN ss ` “Lower order terms”

and the variance of FluctN rζN s is then roughly bounded by

VarPN,β
rFluctN rζN ss ď N |ζN |2L2 ď CNmaxp1,2maxαiq,

which yields
pIIq ď CNmaxp1,2maxαiq ď CN |ψ1|2L2 . (3.26)

Let us emphasize that ζN is in fact slightly more complicated: its fluctuations are therefore studied
as an auxiliary linear statistics by rerunning the previous steps.

Combining (3.23) and (3.26) gives (3.20), which easily concludes the proof of Theorem 3.1.2.
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Central limit theorem The starting point for the proof of the CLT of Theorem 3.1.3 is very
similar to [173] and proceeds by Stein’s method. Let GN “ N´ s

2FluctN rξs. We shall prove that
for all η P C1pR,Rq such that |η1|8 ď 1, up to a small error term,

EPN,β
rηpGN qGN s “ σ2ξEPN,β

rη1pGN qs ` ErrorN , (3.27)

with σ2ξ as in (3.13). The fundamental observation of Stein is that this approximate integration by
parts formula quantifies a distance to normality. Indeed letting Z be a centered random variable
with variance σ2ξ and h : R Ñ R smooth, one can solve the ODE

xηpxq ´ η1pxq “ hpxq ´ ErhpZqs (3.28)

and (3.27) can be written in the form

EPN,β
rhpGN qs ´ ErhpZqs “ ErrorN ,

showing that GN is approximately Gaussian. Let us explain how to obtain (3.27). Let ∇ϕ “

A´1
1 ∇GN . By integration by parts we have

EPN,β
rηpGN qGN s “ EPN,β

rη1pGN q∇GN ¨ ∇ϕs. (3.29)

The goal is then to prove that ∇GN ¨ ∇ϕ concentrates around σ2ξ . As explained in the sec-
ond paragraph, ∇ϕ may be approximated by the transport N´1` s

2Ψ with Ψ : XN P DN ÞÑ

pψpx1q, . . . , ψpxN qq for some well-chosen map ψ : T Ñ R. Performing this approximate transport
allows one to replace (3.29) by

EPN,β
rηpGN qGN s ´ σ2ξEPN,β

rη1pGN qs “ EPN,β

”

η1pGN q

´ 1

N

N
ÿ

i“1

ξ1pxiqψpxiq ´ σ2ξ

¯ı

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

pIq

`
1

N1´ s
2

CovPN,β
rηpGN q, βArψs ´ FluctN rψ1ss

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

pIIq

. (3.30)

The error term pIq is handled with the local laws, the error term pIIq by inserting (3.20) which
concludes the proof of the CLT.

3.1.5 Structure of the paper

• Section 3.2 records some useful preliminaries on the fractional Laplacian on the circle.

• Section 3.3 shows the well-posedness of the Helffer-Sjöstrand equation and gives various con-
sequences of convexity and monotonicity.

• Section 3.4 completes the proof of the near-optimal rigidity result of Theorem 3.1.1.

• Section 3.5 provides a proof of the variance expansion of Theorem 3.1.2.

• Section 3.6 contains the proof of the CLT of Theorem 3.1.3.
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3.1.6 Notation

We denote d : t1, . . . , Nu2 Ñ N the symmetric distance dpi, jq “ minp|j ´ i|, N ´ |j ´ i|q for each
1 ď i, j ď N , ∆ the diagonal ∆ “ tpx, yq P T2 : x “ yu.

For all α P p0, 1q we let CαpT,Rq be the space of α-Hölder continuous functions from T to R
C´αpT,Rq the dual of CαpT,Rq. We write ∇2f for the Hessian of a real-valued function f .

For future works, we keep track of the dependency of the constants in β. For all A,B ě 0, we
write A ď CpβqB whenever there exists a constant C P R (which may depend on s) locally uniform
in β such that A ď CB. Similarly, we write A “ Oβp1q whenever there exists a constant C locally
uniform in β such that |A| ď C.
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3.2 Preliminaries

3.2.1 The fundamental solution of the fractional Laplacian on circle

We begin by justifying that the fundamental solution of the fractional Laplace equation on the circle
is given by (3.1). The formula (3.1) can be expected since it corresponds to the periodic summation
of the inverse power function x P R ÞÑ |x|´s, which is the fundamental solution of the fractional
Laplace equation on the real line. For all complex variables s and a such that Repsq ą 1 and
a ‰ 0,´1,´2, . . ., set

ζps, aq “

8
ÿ

n“0

1

pn` aqs
.

Given a ‰ 0,´1,´2, . . ., one can extend in a unique manner ζp¨, aq into a meromorphic function
on the whole complex plane with a unique pole at s “ 1, which is simple with a residue equal to 1.
This function is called the Hurwitz zeta function [31].

Lemma 3.2.1 (Fundamental solution). Let g be the solution of the fractional Laplace equation on
the circle

p´∆q
1´s
2 g “ cspδ0 ´ 1q, (3.31)

with cs as in (3.3). Then for all x P Tzt0,´1u,

gspxq “ ζps, xq ` ζps, 1 ´ xq “ lim
nÑ8

´

n
ÿ

k“´n

1

|k ` x|s
´

2

1 ´ s
n1´s

¯

. (3.32)

Moreover for all p ě 1 and all x P T

gppqpxq “ p´1qps . . . ps` p´ 1qpζps` k, xq ` p´1qpζps` k, 1 ´ xqq

“ p´1qps . . . ps` p´ 1q
ÿ

kPZ

1

|x` k|s`p
.

(3.33)

Proof. Let g be the fundamental solution of (3.31). Following [217], one first derives the semi-group
representation for p´∆q´ 1´s

2 . Let α P p0, 1q. Recall

λ´α “
1

Γpαq

ż 8

0
e´λt dt

t1´α
, for all λ ą 0. (3.34)
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For an integrable function on the torus on the torus and k P Z, we let f̂pkq be k-th component of
the Fourier series of f , namely

f̂pkq “
1

2π

ż

T
fpyqe´ikydy.

The fractional Laplacian p´∆q´α on the torus is defined by the Fourier multiplier

{p´∆q´αfpkq “ |k|´2α
pfpkq, k P Z for all f P SpT,Rq such that ∫ f “ 0,

where SpT,Rq is the space of real-valued Schwartz functions on T. Applying (3.34) to λ “ |k|2

then gives
{p´∆q´αfpkq “

1

Γpαq

ż 8

0
e´|k|2t

pfpkq
dt

t1´α
. (3.35)

Let pWtqtě0 be the heat kernel on T, defined by its Fourier coefficients

xWtpkq “ e´|k|t2 , for all k P Z, t ě 0.

The heat kernel on the circle is then given by its Fourier series or alternatively by the periodization
of the heat kernel on R [217]:

Wtpxq “
1

2π

ÿ

kPZ
e´t|k|2eikx “

1
?
4πt

ÿ

kPZ
e´

|x´k|2

4t . (3.36)

One may rewrite (3.35) as

{p´∆q´αfpkq “
1

Γpαq

ż 8

0

{f ˚Wtpkq
dt

t1´α
.

For f P SpTq such that
ş

f “ 0, p´∆q´αf equals its Fourier series and one obtains

p´∆q´αfpxq “
1

Γpαq

ż 8

0
f ˚Wtpxq

dt

t1´α
. (3.37)

Moreover by (3.36),
ż

T
Wtpyqdy “ 1 “

1
?
4πt

ÿ

kPZ

ż

T
e´

|y´k|2

4t dy.

Applying (3.37) to α “ 1´s
2 P p0, 1q and f “ cspδ0 ´ 1q therefore gives

gspxq “
cs

Γp1´s
2 q

ż 8

0
pWtpxq ´ 1q

dt

t
1`s
2

“
cs

Γp1´s
2 q

1
?
4π

ż 8

0

ÿ

kPZ

´

e´
|x´k|2

4t ´

ż

T
e´

|x´k|2

4t dx
¯ dt

t1` s
2

.

(3.38)
Define the sequence of functions

uk : t P R`˚ ÞÑ
1

t1` s
2

´

e´
|x´k|2

4t ´

ż

T
e´

|y´k|2

4t dy
¯

, k P Z˚.

First observe that when t ě 1,
ÿ

kPZ˚

e´|k|2t ď e´ t
2

ÿ

kPZ˚

e´ 1
2

|k|2t ď Ce´ t
2 .
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It follows that
ÿ

kPZ˚

ż 1

0
|uk|ptqdt ď C

ÿ

kPZ˚

ż 8

1

1

t1´ s
2

e´|k|2tdt ď C

ż 8

1

1

t1´ s
2

e´ t
2 ă 8. (3.39)

To treat the other part of the integral, we can write

ukptq “
1

t1` s
2

ż

T

´

e´
|x´k|2

4t ´ e´
|y´k|2

4t

¯

dy “
1

t1` s
2

e´
|k´x|2

4t

ż

|k´y|ą|k´x|

´

1 ´ e
|k´x|2´|k´y|2

4t

¯

dy

`
1

t1` s
2

ż

|k´y|ă|k´x|

e´
|k´y|2

4t

´

1 ´ e
|k´y|2´|k´x|2

4t

¯

dy.

As a consequence, there exists a constant C ą 0 such that for each k P Z and all t P R,

|ukptq| ď
Ck

t2` s
2

e´
pk´1q2

4t .

When u ě 1, by comparison to a Gaussian integral, one may check that
ÿ

kPZ˚

ke´
|k|2

4u2 ď Cu2,

which leads to
ż 8

1

ÿ

kPZ
|ukptq|dt ď C

ż 8

1

1

t1` s
2

dt ă 8. (3.40)

Combining (3.39) and (3.40), we deduce by Fubini’s theorem that the order of integration and
summation in (3.38) can be inverted and we find

gspxq “
cs

Γp1´s
2 q

?
4π

ÿ

kPZ

ż 8

0
ukptqdt

“
cs

Γp1´s
2 q

?
4π

ÿ

kPZ

´

ż 8

0
e´

|x´k|2

4
t dt

t1` s
2

´

ż 8

0

ż

T
e´

|y´k|2

4
t dt

t1` s
2

dy
¯

“
Γp s2qcs

Γp1´s
2 q

?
4π

ÿ

kPZ

´ 1

|x´k
2 |s

´

ż

T

dy

|
y´k
2 |s

¯

“ lim
nÑ8

´

n
ÿ

k“´n

1

|x´ k|s
´

2

1 ´ s
n1´s

¯

“ lim
nÑ8

n
ÿ

k“0

´ 1

pk ` 1 ´ xqs
´

1

1 ´ s
n1´s

¯

` lim
nÑ8

n
ÿ

k“0

´ 1

pk ` xqs
´

1

1 ´ s
n1´s

¯

,

where we have used the change of variables t P R`˚ ÞÑ 1
t and (3.34) in the third equality. According

to the Euler-Maclaurin formula, one may rewrite each sum as follows using the fact that for all
a P p0, 1q,

lim
nÑ8

´

n
ÿ

k“0

1

pk ` aqs
´

1

1 ´ s
n1´s

¯

“ ´
1

1 ´ s
a1´s `

1

as
´ s

ż 8

0

t´ ttu ´ 1
2

pt` aq1`s
dt. (3.41)

If s is complex-valued with σ :“ Repsq ą 1, then the left-hand side of the last display is given
ζps, aq. Using an analytic continuation argument, it is argued in [31, Eq. (5.2)] that for σ ą ´1
and a P p0, 1q, ζps, aq coincides with the right-hand side of (3.41). As a consequence we find that
for all x P T and s P p0, 1q

gspxq “ ζps, 1 ´ xq ` ζps, xq.

The identity (3.33) is then standard.
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3.2.2 Inverse Riesz transform

In Section 3.5, when implementing loop equations techniques, we will consider the solution ψ of a
convolution equation in the form g ˚ ψ1 “ ξ ´

ş

ξ with
ş

ψ “ 0, where ξ : T Ñ R is a smooth
test-function. The map ψ1 is given by the fractional Laplacian of order 1´s

2 of ξ. Proceeding as in
the proof of Lemma 3.2.1, one can easily derive a pointwise formula for ψ when ξ is smooth enough.
We add some other useful simple formulas.

Lemma 3.2.2 (Inversion of the Riesz transform). Let ξ P C´s`εpT,Rq for some ε ą 0. Let
ψ P CεpT,Rq given by

ψ1 “ ´
1

2cs
p´∆q

1´s
2 ξ and

ż

ψ “ 0.

Then

ψpxq “
1

π tanpπ2 sq

ż

ÿ

kPZ

ξpyq ´ ∫ ξ
|x´ y ´ k|1´s

sgnpx´ y ´ kqdy, for all x P T (3.42)

1

2cs
|ξ|2

H
1´s
2

“

ĳ

g2
spx´ yqpψpxq ´ ψpyqq2dxdy ´ 2

ż

ξ1pxqψpxqdx “ ´

ż

ξ1pxqψpxqdx. (3.43)

Assume that ξ is supported on p´1
2 ,

1
2q. Let ℓN P p0, 1s. Let ξ0 : R Ñ R such that

ξ0pxq “

#

ξpxq if |x| ď 1
2

0 if |x| ą 1
2 .

(3.44)

Then
|ξpℓ´1

N ¨q|
H

1´s
2

“ ℓsN |ξ0|2

H
1´s
2

`Opℓ2N |ξ0|2L2q. (3.45)

Proof. Let ξ P C´s`εpT,Rq for some ε ą 0 and let ψ such that ψ1 “ ´ 1
2cs

p´∆q
1´s
2 ξ with

ş

ψ “ 0.
If ξ P C1´s`εpT,Rq it is well-known, see for instance [246, Th. 2], that for all x P T,

ψ1pxq “ ´
c1
s

2cs

ż

ÿ

kPZ

ξpyq ´ ξpxq

|x´ y ´ k|2´s
dy, where c1

s “
21´sΓp1 ´ s

2q

|Γp´1´s
2 q|π

1
2

. (3.46)

For completeness, let us sketch the main arguments. Let α P p0, 1q. We have

λα “
1

Γp´αq

ż 8

0
pe´tλ ´ 1q

dt

t1`α
, for all λ ą 0.

Arguing as in the proof of Lemma 3.2.1, we find that for any f P L2pTq and k P Z,

{p´∆qαfpkq “ |ξ|2αf̂pkq “
1

Γp´αq

ż 8

0
pe´|k|2tf̂pkq ´ 1q

dt

t1`α
dt,

which gives by taking the inverse Fourier transform

p´∆qαfpxq “
1

Γp´αq

ż 8

0
pf ˚Wtpxq ´ fpxqq

dt

t1`α
dt, (3.47)
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where Wt is as in (3.36). If f P C1´s`εpT,Rq, then, as shown in [217], one can invert the order of
integration. We then compute

ż 8

0
Wtpxq

dt

t1`α
“

1
?
4π

ÿ

kPZ

ż 8

0

1

t
3
2

`α
e´

|x´k|2

4t dt “
1

?
4π

ÿ

kPZ

ż 8

0

1

t
1
2

´α
e´

|x´k|2

4
tdt

“
Γp12 ` αq

?
4π

ÿ

kPZ

1

p
|x´k|

2 q1`2α
.

Inserting this into (3.47) gives the representation

p´∆q
1´s
2 fpxq “

21´sΓp1 ´ s
2q

|Γp´1´s
2 qπ

1
2

ÿ

kPZ

ż

T

fpyq ´ fpxq

|x´ y ´ k|2´s
dy,

which is accordance with (3.46). We also compute

c1
s

cs
“

1

π

Γp1 ´ s
2qΓp s2q

|Γp´1´s
2 q|Γp1´s

2 q
“
c1
s

cs
“

1 ´ s
π
2 tanpπ2 sq

.

Integrating the above formula with the condition that
ş

ψ “ 0 yields

ψpxq “
1

π tanpπ2 sq

ż

ÿ

kPZ

ξpyq ´ ∫ ξ
|x´ y ´ k|1´s

sgnpx´ yqdy, (3.48)

Therefore (3.42) holds when ξ P C1´s`εpT,Rq, for some ε ą 0. By density, we conclude that (3.42)
holds as soon as ξ P C´s`ε for some ε ą 0. Equation (3.43) follows by integration by parts.

Assume that ξ is supported on p´1
2 ,

1
2q. Let ξ0 : R Ñ R such that

ξ0pxq “

#

ξpxq if |x| ď 1
2

0 if |x| ą 1
2 .

We have

|ξpℓ´1
N ¨q|2

H
1´s
2

“

ż

T
1|x|ă 1

2
ℓN
ξpℓ´1

N xq
ÿ

kPZ

ż

T

ξpℓ´1
N xq ´ ξpℓ´1

N yq

|x´ y ` k|2´s
1|y|ă 1

2
ℓN
dydx

“

ż

R
ξ0pℓ´1

N xq
ÿ

kPZ

ż

R

ξ0pℓ´1
N xq ´ ξ0pℓ´1

N yq

|x´ y ` k|2´s
dydx

“ ℓsN |ξ0|2

H
1´s
2

`
ÿ

kPZ˚

ż

R
ξ0pℓ´1

N xq
ξ0pℓ´1

N xq ´ ξ0pℓ´1
N yq

|x´ y ` k|2´s
dydx

“ ℓsN |ξ0|2

H
1´s
2

`O
´

ℓ2N

ż

|ξ0pxq||ξ0pxq ´ ξ0pyq|dxdy
¯

“ ℓsN |ξ0|2

H
1´s
2

`Opℓ2N |ξ|2L2q.

Next, we apply the pointwise formula (3.42) to indicator and inverse power functions.
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Lemma 3.2.3 (Explicit formulas). Let ζps, aq be the Hurwitz zeta function. Let ξ “ 1p´a,aq ´ 2a

for some 0 ă a ă 1
2 and ψ be given by (3.42). We have

ψpxq “ ´
cotanpπ2 sq

πs
pζp´s, x` aq ´ ζp´s, x´ aqq, @x P T.

Let α P p0, sq, ξ “ ζpα, ¨q ` ζpα, 1´ ¨q and ψ be given by (3.42). Then with cs, cα, cc´α as in (3.3),
we have

ψpxq “
cα

2cs´αcs
pζps´ α, xq ` ζps´ α, 1 ´ xqq, @x P T.

Lemma 3.2.4 (Decay at infinity). Let ξ P C´s`εpT,Rq such that
ş

ξ “ 0. Assume that ξ is
supported on p´a, aq for some 0 ă a ă 1

4 . Then ψ :“ p´∆q
1´s
2 ξ is C8 on Tzr´a, as and for each

k ě 1, there exists a constant Ck ą 0 such that for all x P Tzr´2a, 2as,

|ψpkq|pxq ď Ck|ξ|L1

1

|x|1´s`k
. (3.49)

Proof. Since ξ P L1pT,Rq, one may differentiate (3.42) under the integral sign. Using the fact that
∫pξ ´

ş

ξq “ 0, we obtain (3.49).

In Section 3.5 we will consider test-functions ξ with poor regularity, that one should regularize
at a small scale ℓ ą 0 to obtain a transport with bounded second derivative. For any ℓ ą 0, define
the smoothing kernel

Kℓ : x ÞÑ
1

ℓ

$

&

%

1
ℓ px` ℓq if x P p´ℓ, 0q

´1
ℓ px´ ℓq if x P p0, ℓq

0 if |x| ě ℓ.
(3.50)

Lemma 3.2.5 (Regularization). Let ξ P C´s`εpT,Rq, piecewise C2´spT,Rq. Fix y0 P supppξq.
Let ψ P CεpT,Rq be given by ψ1 “ p´∆q

1´s
2 ξ with

ş

ψ “ 0. Assume that ξ is supported on
py0 ´ a, y0 ` aq for some 0 ď a ď 1

2 . Assume that there exist αi ě 0, i “ 1, . . . , l and χ0 ą 0 such
that

|ψ2|pxq ď χ0

´

p
ÿ

l“1

1

|x´ al|1`αl
1|x´y0|ă2a `

1

pa` |x´ y0|q3´s

¯

, @x P T (3.51)

Let ℓ P p0, 1q and ψℓ “ ψ ˚Kℓ with Kℓ given by (3.50). There exists a constant C ą 0 such that

|ψ2
ℓ |pxq ď Cχ0

´

p
ÿ

l“1

1

p|x´ al| _ ℓq1`αl
1|x´y0|ă2a `

1

pa` |x´ y0|q3´s

¯

, @x P T. (3.52)

3.3 The Helffer-Sjöstrand equation

In this section we introduce some results on the solutions of Helffer-Sjöstrand equations. We first
state existence and uniqueness results valid for energies with convex pairwise interactions and derive
a known comparison principle that one adapts to the circular setting. We then study an important
change of coordinates which leads to the study of H.-S. equations on affine hyperplanes of RN .
Finally we give a maximum principle on the solution and recall some standard results for log-concave
probability measures.
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3.3.1 Well-posedness and first properties

In this subsection we introduce the H.-S. equation and state some standard existence and uniqueness
results. We follow partly the presentation of [10]. Let µ be a probability measure on DN in the form

dµ “ e´HpXN q1DN
pXN qdXN ,

with H : DN Ñ R measurable. We make the following assumptions on H:

Assumptions 3.3.1. Assume H : DN Ñ R is in the form

H : XN ÞÑ
ÿ

i‰j

χp|xi ´ xj |q,

with χ : R`˚ Ñ R satisfying
χ P C8pR`˚,Rq, χ2 ě c ą 0.

Let F : DN Ñ R be a smooth enough function. We seek to express the variance of F under µ
in terms of a partial differential equation. Let us recall the integration by parts formula for µ. Define
on C8

c pDN q the Langevin operator

Lµ “ β∇HN ¨ ∇ ´ ∆,

with ∇ and ∆ the gradient and Laplace operators of TN . Recall that the operator L is the generator
of a Langevin dynamics for which µ is the invariant measure. By integration by parts under µ, for
any functions ϕ, ψ P C8pDN q such that ∇ϕ ¨ n⃗ “ 0 a.e on BDN , we have

EµrψLµϕs “ Eµr∇ψ ¨ ∇ϕs. (3.53)

Moreover, let us emphasize that whenever limxÑ0 χpxq “ 8, the Neumann boundary condition
∇ϕ ¨ n⃗ “ 0 is not necessary. Let us now assume that the Poisson equation

"

Lµϕ “ F ´ EµrF s on DN

∇ϕ ¨ n⃗ “ 0 on BDN
(3.54)

admits a solution in a weak sense. Then, by (3.53), one may rewrite the variance of F as

VarµrF s “ Eµr∇F ¨ ∇ϕs.

The above formula is called the Helffer-Sjöstrand representation formula. Let us formally differentiate
the equation (3.54). Formally we have

∇Lµϕ “ Aµ1∇ϕ,

with A1 the so-called Helffer-Sjöstrand operator

Aµ1 “ ∇2H ` Lµ b IN .

Therefore the solution ϕ of Lµϕ “ F ´ EµrF s formally satisfies

"

Aµ1∇ϕ “ ∇F on DN

∇ϕ ¨ n⃗ “ 0 on BDN .
(3.55)
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This PDE is called the Helffer-Sjöstrand equation. To make the above statements rigorous one
should work on the appropriate functional spaces. Let us define the norm

}F }H1pµq “ EµrF 2s
1
2 ` Eµr|∇F |2s

1
2 .

Define H1pµq the completion of C8pDN q with respect to the norm } ¨ }H1pµq. Also define the norm

}F }H´1pµq “ supt|EµrFGs| : G P H1pµq, }G}H1pµq ď 1u.

We let H´1pµq be the dual of H1pµq, defined as the completion of C8pDN q with respect to the
norm } ¨ }H´1pµq. We are interested in the well-posedness of (3.55) when ∇F is replaced by any
vector-field (possibly non-gradient) v P L2pt1, . . . , Nu, H´1pµqq.

Since the density of µ with respect to the Lebesgue measure on DN is not bounded from
below, the existence of a solution to the Helffer-Sjöstrand equation (3.55) is not straightforward.
To circumvent this difficulty we prove that (3.55) is well-posed when F is a function of the gaps.
Define the map

Π : XN P DN ÞÑ px2 ´ x1, x3 ´ x1, . . . , xN ´ x1q P RN´1 (3.56)

and the push-forward of µ by the map Π

µ1 “ µ ˝ Π´1. (3.57)

Proposition 3.3.1 (Existence and representation). Let µ satisfying Assumptions 3.3.1. Assume
that F is in the form F “ G ˝ Π, G P H1pµ1q or that the kernel χ is bounded. Then there exists a
unique ∇ϕ P L2pt1, . . . , Nu, H1pµqq such that

"

Aµ1∇ϕ “ ∇F in DN

∇ϕ ¨ n⃗ “ 0 on BDN ,
(3.58)

with the first identity being, for each coordinate, an identity on elements of H´1pµq. Moreover the
solution of (3.58) is the unique minimizer of the functional

ψ ÞÑ Eµrψ ¨ ∇2Hψ ` |Dψ|2 ´ 2∇F ¨ ψs, (3.59)

on maps ψ P L2pt1, . . . , Nu, H1pµqq such that ∇ϕ ¨ n⃗ “ 0 on BDN . The variance of F may be
represented as

VarµrF s “ Eµr∇ϕ ¨ ∇F s (3.60)

and the covariance between F any function G P H1pµq as

CovµrF,Gs “ Eµr∇ϕ ¨ ∇Gs.

The identity (3.60) is called the Helffer-Sjöstrand formula. The proof of Proposition 3.3.1 is
postponed to the Appendix (see Section 3.7.1).

Remark 7 (Remark on the boundary condition). Let ϕ P H1pµq. The map ∇ϕ satisfies the boundary
condition ∇ϕ ¨ n⃗ “ 0 on BDN if and only if Biϕ “ Bjϕ whenever i “ j, for each i, j P t1, . . . , Nu.

Remark 8 (Link to the Monge-Ampère equation). We formally discuss the link between (3.58) and
the Monge-Ampère equation. Let F : DN Ñ R be a smooth enough test-function. For all t ě 0,
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consider the measure dµt “ 1
EµretF s

etFdµ. The measure µt can be written µt “ µ ˝ Φ´1
t with

Φt : DN Ñ DN such that
ş

Φt “ 1 solution of the Monge-Ampère equation

´ log detDΦt `H ˝ Φt ´H “ tF ´ logEµretF s.

Formally, since µt “ µ ` tν ` optq, one expects that Φt “ Id`tϕ ` optq. Linearizing the above
equation in t formally gives

Lµϕ “ F ´ EµrF s,

which is the Poisson equation (3.54).

When ∇F is replaced by a non-gradient vector-field v, the solutions ψ of the equation A1ψ “ v
with a Neumann boundary condition are in general non-unique. In order to have a well-posed
equation one assumes additionally that

řN
i“1 vi “ 0 and that each coordinate vi is a function of the

gaps.

Proposition 3.3.2 (Well-posedness for non-gradient vector-fields). Let µ satisfying Assumptions
3.3.1. Let v P L2pt1, . . . , Nu, H´1pµqq such that v ¨pe1` . . .`eN q “ 0 and for each i P t1, . . . , Nu,
vi “ wi ˝ Π for some wi P H´1pµ1q. There exists a unique ψ P L2pt1, . . . , Nu, H1pµqq such that

$

&

%

Aµ1ψ “ v on DN

ψ ¨ pe1 ` . . .` eN q “ 0 on DN

ψ ¨ n⃗ “ 0 on BDN .
(3.61)

Moreover the solution of (3.61) is also the unique minimizer of

ψ ÞÑ Eµrψ ¨ ∇2Hψ ` |Dψ|2 ´ 2v ¨ ψs,

on maps ψ P L2pt1, . . . , Nu, H1pµqq such that ψ ¨ n⃗ “ 0 on BDN .

We postpone the proof of Lemma 3.3.2 to the Appendix (see Section 3.7.1). When v satisfies
the assumptions of Lemma 3.3.2 we can denote non-ambiguously ψ “ pAµ1 q´1v the solution of
(3.61).

Lemma 3.3.3. Let µ satisfying Assumptions 3.3.1. Let v, w P L2pt1, . . . , Nu, H´1pµqq satisfying
the assumptions of Proposition 3.3.2. We have

Eµrpv ` wq ¨ pAµ1 q´1pw ` wqs ď 2
´

Eµrv ¨ pAµ1 q´1vs ` Eµrw ¨ pAµ1 q´1ws

¯

. (3.62)

Let F “ G ˝ Π with ∇G P L2pt1, . . . , Nu, H´1pµ1qq. Then the solution of (3.61) is the solution
∇ϕ of (3.58).

Proof. Since v´w satisfies pe1 ` . . .` eN q ¨ pv´wq “ 0, one can define pAµ1 q´1pv´wq. Moreover
note that by integration by parts

Eµrpv ´ wq ¨ pAµ1 q´1pv ´ wqs ě 0.

By linearity this implies (3.62).
Let us prove the second part of the statement. Let F “ G˝Π with ∇G P L2pt1, . . . , Nu, H´1pµ1qq.

Let ∇ϕ be the solution of (3.58) with F function of the gaps. Observe that
řN
i“1 BiF “ 0. Taking

the scalar product of (3.58) with pe1 ` . . .` eN q yields

pe1 ` . . .` eN q ¨ ∇2Hψ ` Lµpψ ¨ pe1 ` . . .` eN qq “ 0.
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By symmetry, pe1 ` . . .` eN q ¨ ∇2Hψ “ 0 and therefore

Lµpψ ¨ pe1 ` . . .` eN qq “ 0.

Since ∇pψ ¨ pe1 ` . . .` eN qq ¨ n⃗ “ 0 on BDN , this implies that

∇ψ ¨ pe1 ` . . .` eN q “ 0.

3.3.2 Monotonicity and its consequences

In this subsection, we give some monotonicity results related to the FKG inequality.
Let µ be a probability measure on RN in the form

dµ “ e´HpXN qdXN

with H : DN Ñ R smooth verifying BijH ď 0 for each i ‰ j. The FKG inequality [15] then
states that the covariance between two increasing functions (i.e increasing in all their coordinates)
is non-negative. This can be reformulated by saying that for all increasing function F : DN Ñ R
smooth enough, the solution ϕ of (3.54) is also increasing. In our case, we have BijHN ď 0 on DN

for each i ‰ j and since the Langevin dynamics is conservative in DN (i.e the process does not hit
the boundary a.s), the FKG inequality holds true.

In the next proposition we show that a maximum principle for solutions of non-gradient Helffer-
Sjöstrand equations (3.61) holds, at the condition of fixing an origin. Let

Dx
N´1 “ tpx1, . . . , xN´1 P TN´1 : x1 ´ x ď x2 ´ x . . . xN´1 ´ xu.

Denote µx the law of px2, . . . , xN q conditionally on x1 “ x when px1, . . . , xN q is distributed ac-
cording to µ. Let Hx : y P Dx

N´1 ÞÑ Hpx, yq. Let Lx “ Lµx acting on H1pµxq and Ax1 “ Aµx1
acting on L2pt1, . . . , N ´ 1u, H1pµxqq.

Proposition 3.3.4 (Existence with a fixed point). Let µ satisfying Assumptions 3.3.1. Let x P T.
Let v P L2pt1, . . . , N ´ 1u, H´1pµxqq. There exists a unique ψ P L2pt1, . . . , N ´ 1u, H1pµxqq

solution of
$

&

%

Ax1ψ “ v on Dx
N

ψ1 “ 0 on Dx
N

ψ ¨ n⃗ “ 0 on BDx
N .

(3.63)

If F P H1pµxq, then the solution of (3.63) is in the form ψ “ ∇ϕ P L2pt1, . . . , N ´ 1u, H1pµxqq.
Moreover the variance of F under µx may be represented as

VarµxrF s “ Eµxr∇ϕ ¨ ∇F s.

In the sequel given v P L2pt1, . . . , N ´ 1u, H´1pµxqq, we denote Ax1v the solution of (3.63).
The proof of Proposition 3.3.4 is entirely similar to the proof of Proposition 3.3.2. We can now
state the maximum principle for (3.63), derived for instance in [72, 149].

Lemma 3.3.5 (Monotonicity). Let µ satisfying Assumptions 3.3.1. Assume additionally that
limxÑ0 χpxq “ `8. Let v P L2pt1, . . . , N ´ 1u, H´1pµxqq. Let ψ P L2pt1, . . . , N ´ 1u, H1pµxqq

be the solution of (3.63). Assume that

vi ě 0 a.e on Dx
N , for each i P t1, . . . , N ´ 1u.

Then
ψi ě 0 a.e on Dx

N , for each i P t1, . . . , N ´ 1u.
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Proof. Let ψ P L2pt1, . . . , N ´ 1u, H1pµxqq be the solution of (3.63). Let us prove that for each
i P t1, . . . , N ´ 1u, ψi ě 0 a.e on Dx

N . Let ψ` and ψ´ be the positive and negative parts of ψ.
Taking the scalar product of the equation Ax1ψ “ v with ψ´ gives

ψ´ ¨ ∇2Hxψ ` ψ´ ¨ Lxψ “ ψ´ ¨ v ě 0.

By integration by parts under µx, one can observe that

Eµx
”

ψ´ ¨ ∇2Hxψ `

N
ÿ

i“1

∇ψ´
i ¨ ∇ψi

ı

ě 0.

Indeed since limxÑ0 χpxq “ `8, the boundary term in the above integration by parts vanishes.
Note that ∇ψ´

i ¨ ∇ψi “ ´|∇ψ´
i |2 and

ψ´ ¨ ∇2Hxψ` “
ÿ

i‰j

χ2pxj ´ xiqpψ´
i ψ

`
i ´ ψ´

i ψ
`
j q “ ´

ÿ

i‰j

χ2pxj ´ xiqψ
´
i ψ

`
j ď 0. (3.64)

One deduces that
Eµxrψ´ ¨ ∇2Hxψ´ ` |Dψ´|2s “ 0.

This implies that ψ´ “ 0 and concludes the proof. Let us emphasize that we have crucially used
the assumption that the interaction blows up when two particles collide, which somehow puts the
boundary of the domain at infinity.

As a crucial consequence of Lemma 3.3.5, one can compare the variances of two functions under
µx by comparison of their gradients. We derive the following new observation:

Lemma 3.3.6 (Energy comparison). Let µ satisfying Assumptions 3.3.1 and assume limxÑ0 χpxq “

`8. Let x P T and v, w P L2pt1, . . . , N ´ 1u, H´1pµxqq. Assume that for each i P t1, . . . , N ´ 1u,

|vi| ď wi, a.e on Dx
N . (3.65)

Then
Eµxrv ¨ pAx1q´1vs ď Eµxrw ¨ pAx1q´1ws.

In particular if F,G P H1pµq satisfy for each i P t1, . . . , N ´ 1u,

|BiF | ď BiG, a.e on Dx
N ,

then
VarµxrF s ď VarµxrGs.

Proof. For x “ px1, . . . , xN q P RN , we use the notation x ě 0 whenever for each i P t1, . . . , N´1u,
xi ě 0. Let v, w P L2pt1, . . . , Nu, H´1pµxqq as in the statement of Lemma 3.3.6. Let v` and v´ be
the positive and negative parts of v. Using the fact thatAx1 is self adjoint on L2pt1, . . . , Nu, H1pµxqq,
one finds that

Eµxrw ¨ pAx1q´1ws ´ Eµxrv ¨ pAx1q´1vs “ Eµxrpv ` wq ¨ pAx1q´1pw ´ vqs.

Note that since w ´ v ě 0, by Lemma 3.3.5, pAx1q´1pw ´ vq ě 0 and that w ` v ě 0, one gets

Eµxrpv ` wq ¨ pAx1q´1pw ´ vqs ě 0,

which gives the desired result. The second part of statement is straightforward.
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Lemma 3.3.5 and Lemma 3.3.6 allow a comparisons between general vector-field ψ P L2pt1, . . . , Nu, H1pµqq.
However if one restricts the comparison to gradients, much less is required on the measure µ, as
shown in the following:

Lemma 3.3.7. Let µ be a probability measure onDN in the form dµ “ e´HdXN withH : DN Ñ R
in C2 such that the dynamics is conservative and

BijH ď 0 for each i ‰ j.

Let F,G P H1pµq such that for each i P t1, . . . , Nu,

|BiF | ď BiG. (3.66)

Then
VarµrF s ď VarµrGs. (3.67)

Proof. It is standard that µ satisfies the FKG inequality meaning that for all measurable non-
decreasing functions f and g, the covariance between f and g under µ is non-negative. We refer to
[17, Th. 1.3] in the RN case.

Let F,G P H1pµq be as in (3.66). One may write

VarµrGs “ VarµrF s ` CovµrG` F,G´ F s

Since G´ F and F `G are non-decreasing, their covariance is non-negative, concluding the proof
of (3.67).

3.3.3 Variances upper bounds

We recall some well-known consequences of convexity regarding variances.

Lemma 3.3.8 (Brascamp-Lieb inequality). Let µ satisfying Assumptions 3.3.1. Let A Ă DN be a
convex domain with a piecewise smooth boundary. Let F : DN Ñ R in the form F “ G ˝ Π with
∇G P L2pt1, . . . , N ´ 1u, H´1pµ1qq. There holds

VarµrF | As ď ´Eµ
”

min
UNPRN

´

UN ¨ ∇2HUN ´ 2∇F ¨ UN

¯

| A
ı

“ Eµr∇F ¨ p∇2Hq´1∇F | As.

(3.68)

Elements of proof. Let us illustrate the proof in the case A “ DN . By Proposition 3.3.1, the
variance of F may be expressed as

VarµrF s “ ´ min
ϕPH1pµq

Eµr∇ϕ ¨ ∇2H∇ϕ` |∇2ϕ|2 ´ 2∇F ¨ ∇ϕs.

Since Eµr|∇2ϕ|2s ě 0, one gets

VarµrF s ď ´ min
ϕPH1pµq

Eµr∇ϕ ¨ ∇2H∇ϕ´ 2∇F ¨ ∇ϕs

“ ´Eµ
”

min
UNPRN

UN ¨ ∇2HUN ´ 2∇H ¨ UN

ı

“ Eµr∇F ¨ p∇2Hq´1∇F s.
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The Brascamp-Lieb inequality requires some regularity on the function F . We now give a simple
concentration property for linear statistics, which depends only on the L2 norm of the test-function.
We obtain the following sub-poissonian estimate:

Lemma 3.3.9. Let µ satisfying Assumptions 3.3.1. Let ξ P L2. We have

Varµ

”

N
ÿ

i“1

ξpℓ´1
N xiq

ı

ď NℓN

´

ż

T
ξ2´

´

ż

T
ξ
¯2¯

. (3.69)

Proof. Let ξ P L2pT,Rq. Let pξkq be a sequence of elements of C2pT,Rq such that pξkq converge
to ξ in L2pT,Rq. Let us prove that (3.69) holds for ξk. Since we have not proved that the H.-S.
equation (3.58) is well posed only for gradients of functions of the gaps, we proceed by regularizing
µ. For η ą 0, let χη be such that χη is bounded by η´1, χ2

η ě 0 and χη ď χ. Define

dµη “
1

Zη
e´HηdXN , where Hη “

ÿ

i‰j

χηpxi ´ xjq.

Denote Lµη the operator acting on H´1pDN ,Rq,

Lµη “ ∇Hη ¨ ∇ ´ ∆.

Since the density of µη is bounded from below and from above with respect to the Lebesgue measure
on DN , one may apply Proposition 3.3.1, which allows to express the variance of ξk under µη as

Varµη rFluctN rξkss “ ´minEµη r∇ϕ ¨ ∇2H∇ϕ` |∇2ϕ|2 ´ 2∇ϕ ¨ ∇FluctN rξkss,

where the minimum is taken over maps ϕ : DN Ñ R such that ∇ϕ P L2pt1, . . . , Nu, H1pDN ,Rqq

and ∇ϕ ¨ n⃗ “ 0 on BDN . Since ∇2Hη is non-negative, one may bound this by

Varµη rFluctN rξkss ď ´minEµη r|∇2ϕ|2 ´ 2∇ϕ ¨ ∇FluctN rξkss, (3.70)

where the minimum is taken over maps ϕ P H1. The variational problem (3.70) has a minimum,
attained at a certain ϕk P H1, which satisfies

"

LµηpBiϕkqpXN q “ ξ1
kpxiq for each i P t1, . . . , Nu and XN P DN

∇ϕ ¨ n⃗ “ 0 on BDN .
(3.71)

Let θk : T Ñ R be such that θ1
k “ ξk ´

ş

ξk. Set

ϕk : XN P DN ÞÑ θkpx1q ` . . .` θkpxN q.

Recalling Remark 7, one can observe that ϕk is a solution to (3.71) and by convexity ϕk is a minimizer
of (3.70), which yields

Varµη rFluctN rξkss ď Eµη
”

N
ÿ

i“1

θ2
kpxiq

2 ´ 2
N
ÿ

i“1

ξ1
kpxiqθ

1
kpxiq

ı

“ Eµη
”

N
ÿ

i“1

ξ2kpxiq
ı

“ N
´

ż

T
ξ2k´

´

ż

T
ξk

¯2¯

.

Letting k go to `8 yields

Varµη rFluctN rξss ď N
´

ż

T
ξ2´

´

ż

T
ξ
¯2¯

.

Then, letting η tend to 0, we deduce by dominated convergence that (3.69) holds.
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3.3.4 Log-Sobolev inequalities and Gaussian concentration

In this subsection we gather results of Log-Sobolev inequalities and Gaussian concentration. We first
recall a crucial convexity result proved in [55].

Lemma 3.3.10. Let µ satisfying Assumptions 3.3.1. Let I Ă t1, . . . , Nu, |I| “ K. Denote πI and
πIc the projections on the coordinates pxiqiPI and pxiqiPIc . Split H into H “ H1 ˝ πI `H2 with

H1 “ XK P DK ÞÑ
ÿ

i‰jPI

χp|xi ´ xj |q, H2 : XN P DN ÞÑ
ÿ

iPIc

ÿ

j‰i

χp|xi ´ xj |q.

Let ν be the push-forward of µ by the map πI . Then rν may be written

drνpxq9e´pH1` rHq1DK
pxqdx,

with
∇2

rH ě 0.

Proof. Let I Ă t1, . . . , Nu andK “ |I|. OnDN , introduce the coordinates pz, yq “ ppxiqiPI , pxiqiPIcq.
Fix z P DK , v P RK and denote h : t ÞÑ rHpz ` tvq. One can check that

h2ptq “ EP px`tvqrv ¨ B11H2vs ´ VarP px`tvqrv ¨ B1H2s, (3.72)

where P pzq is the probability measure

dP pzq “
1

Zpzq
e´H2pz,yq1pz,yqPDN

dy.

Since y ÞÑ H2px, yq is convex, one may apply the Brascamp-Lieb inequality stated in Lemma 3.3.8,
which gives

VarP px`tvqrv ¨ B1H2s ď EP px`tvqrv ¨ pB12H2qpB22H2q´1pB12H2qvs.

Furthermore since ∇2H2 is non-negative, its Schur complement is non-negative, which gives

B11H2 ´ B12H2pB22H2q´1B12H2 ě 0.

Inserting this into p3.72q, this justifies that ∇2
rH ě 0.

We pause to state the Log-Sobolev inequality for uniformly log-concave measures on convex
domains of RN , which is a special case of the Bakry-Emery criterion [15]. Recall the relative entropy
of a probability measure µ with respect to ν, defined by

Entpµ | νq “

ż

log
dµ

dν
dµ P r0,`8s,

if ν is absolutely continuous with respect to µ and Entpν | µq “ `8 otherwise. Let also recall the
Fisher information of µ with respect to ν, given by

Fisherpµ | νq “

ˇ

ˇ

ˇ
∇ log

dν

dµ

ˇ

ˇ

ˇ

2
dν,

if ν is absolutely continuous with respect to µ and Fisherpν | µq “ `8 otherwise.
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Lemma 3.3.11. Let K be a convex domain of RN . Let w ą 0 and γw be a centered Gaussian
distribution on RN with covariance matrix 1

w In. Let γwK defined by conditioning γw into K. Assume
that µ is a measure on K in the form dµ “ fdγwK with f : K Ñ R Borel and log-concave. Then ν
satisfies a log-Sobolev inequality with constant 2w, meaning for all probability measure µ P PpAq,

Entpµ | νq ď 2wFisherpµ | νq.

Lemma 3.3.12. Let K be a convex domain of RN . Let w ą 0 and γw be a centered Gaussian
distribution on RN with covariance matrix 1

w In. Let γwK defined by conditioning γw into K. Assume
that µ is a measure on K in the form dµ “ fdγwK with f : K Ñ R Borel and log-concave. Then µ
satisfies Gaussian concentration: for all F P H1, we have

logEµretF s ď tEµrF s `
w

2
t2 sup

K
|∇F |2, for all t P R. (3.73)

We now state a concentration result which can be applied to divergence-free test-functions for
measures on the form given by Assumptions 3.3.1. Recall

UN ¨ ∇2HUN ě c
ÿ

i‰j

pui ´ ujq
2, for all UN P RN .

The crucial observation is that when
řN
i“1 ui “ 0, the Hessian of the energy controls N ´ 1 times

the Euclidean norm of u:

UN ¨ ∇2HUN ě pN ´ 1qc
N
ÿ

i“1

u2i . (3.74)

Furthermore one can observe that the solution ϕ of the equation Lϕ “ F ´EµrF s is divergence-free
whenever F is divergence-free. Combining this with (3.74) gives the following Gaussian estimate:

Lemma 3.3.13. Let I Ă t1, . . . , Nu and πI the projection on the coordinates pxiqiPI . Let µ
satisfying Assumptions 3.3.1. Let F “ G ˝ πI P H1pµq. Assume that F is independent of

ř

iPI xi,
i.e

ř

iPI BiF “ 0. For all t P R we have

logEµretF s ď tEµrF s `
t2

2cp|I| ´ 1q
sup |∇F |2.

The proof of Lemma 3.3.13 can be found in [46, Le. 3.9]. It can be adapted readily to our
circular setting. For completeness we sketch the main arguments below and follow line by line the
proof of [46].

Proof. Let I P t1, . . . , Nu of cardinal m. To simplify the notation assume that I “ t1, . . . ,mu.
On DN introduce the coordinates px, x1q with x “ pxiqiPI P Dm and x1 “ pxiqiPI 1 P DN´m. The
energy H can be split into Hpx, x1q “ H1pxq ` H2px, x1q with H1 uniformly convex, H2 convex
and H1 independent of

ř

iPI xi, i.e
ř

iPI BiH1 “ 0. On Dm, introduce the coordinates x “ pz, wq

with z “ px1, . . . , xm´1q P Dm´1 and w “ m´ 1
2
řm
i“1 xi. Observe that this change of variables

can be written in the form pz, wq “ M˚px1, . . . , xmq, with M an orthogonal matrix. Since H1 is
independent of w, one can write it in the form H1 “ rH1pzq. Similarly F can be written in the form
F “ gpzq. Let ν be the law of the push-forward of µ by x P RN ÞÑ z. Namely, dν “ 1

Z e
´ rHpzqdz,

with
rHpzq “ ´ logZ ` rH1pzq ´ log

ż

e´Hpx,yqdwdy. (3.75)
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The point is that rH is convex. We claim that

Bzz rH ě
1

Z

ż

RˆRN´m

e´Hpx,yqpBzzH ´ BzqHpBqqHq´1BzqHqdwdy. (3.76)

The proof of (3.76) is similar to the proof of Lemma 3.3.10. Since H1 is independent of q, one has

BzqHpBqqHq´1BzqH “ BzqH2pBqqH2q´1BzqH2.

Hence, by positivity of BzzH2, its Schur complement is positive and

BzzH ´ BzqHpBqqHq´1BzqH “ BzzH1 ` BzzH2 ´ BzqH2pBqqH2q´1BzqH2 ě BzzH1.

Inserting this into (3.76) we deduce that for all u P Rm´1,

u ¨ Bzz rHu ě u ¨ BzzH1u “ ĂMu ¨ BxxH1
ĂMu ě c

ÿ

i‰j

ppĂMuqi ´ pĂMuqjq
2,

where ĂM denotes the first m´ 1 columns of M . Moreover we can observe that

ÿ

i‰j

ppĂMuqi ´ pĂMuqjq
2 “ pm´ 1q

m´1
ÿ

i“1

u2i .

Since ν is uniformly log-concave with a lower bound on the Hessian equal to pm´1qc, we can apply
the Gaussian concentration of Lemma 3.3.12, which gives for all t P R,

EµretF s “ Eνretgs ď e
tEν rgs` t2

2cpm´1q
sup |∇zg|2

.

We can now observe that, since M is orthogonal, |∇zg|2 “ |∇F |2. This concludes the proof.

3.4 Near-optimal rigidity

This section is devoted to the proof of the rigidity result of Theorem 3.1.1. The method uses various
techniques invented in the seminal paper [46, Th. 3.1]. Being working on the circle instead of the
real line, some simplifications can be made: among other things, the expectation of gaps under
the Gibbs measure is known and one does not need to estimate the accuracy of standard positions,
which was one of the main issues of [46]. The first task for us is to obtain a local law on gaps saying
that for each i P t1, . . . , Nu and 1 ď k ď N

2 , Npxi`k ´ xiq is typically of order k. To this end
we perform the mutliscale analysis of [46] allowing one bootstrap this local law down to microscale.
The argument is based on a convexifying procedure that we first detail.

3.4.1 Comparison to a constrained Gibbs measures

Because the Hessian of the energy degenerates when particles are far away from each other, one
cannot directly derive Gaussian concentration estimates for PN,β . Following [46], one may add to
the Hamiltonian a convexifying term, which penalizes configurations with large gaps. Let θ be a
smooth cutoff function θ : R` Ñ R` such that θpxq “ x2 for x ą 1, θ “ 0 on r0, 12 s and θ2 ě 0
on R`. Let I “ tj : i ď j ď i` ku and K ą 0. Define

F “ k2θ
´N

K
pxi`k ´ xiq

¯

(3.77)
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and the locally constrained Gibbs measure

dQN,β “
1

KN,β
e´βpHN`FqpXN q1DN

pXN qdXN . (3.78)

In the sequel we will often take K “ tk1`εu for some ε ą 0. The measure QN,β is more concentrated
than PN,β in the directions ei for i P I. Recall the total variation distance between two measures µ
and ν on DN :

TVpµ, νq “ sup
APBpDN q

|µpAq ´ νpAq|.

The Pinsker inequality, see [7, Ch. 5] for a proof, asserts that

TVpµ, νq2 ď 2Entpµ | νq, (3.79)

where Entp¨ | νq is the relative entropy with respect to ν. Using (3.79) and the log-concavity of the
constrained measure (3.78), one may derive the following control:

Lemma 3.4.1. Let i P t1, . . . , Nu, 1 ď k ď N
2 , I “ tj : i ď j ď i ` ku and K ą 0. Let QN,β

be the measure (3.78). Denote πI the projection πI : XN P DN ÞÑ pxiqiPI P Dk`1. There exists a
constant Cpβq depending only on β and s and locally uniform in β such that

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q2 ď Cpβqk5KsEPN,β

”´N

K
pxi`k ´ xiq

¯2
1xi`k´xiě

K
2N

ı

.

Proof. Applying Pinsker’s inequality (3.79) to µ “ PN,β ˝ π´1
I and ν “ QN,β ˝ π´1

I reads

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q2 ď 2EntpPN,β ˝ π´1
I | QN,β ˝ π´1

I q. (3.80)

Note

EntpPN,β ˝ π´1
I | QN,β ˝ π´1

I q “ EntpPN,β ˝ pGapk`1 ˝ πIq´1 | QN,β ˝ pGapk`1 ˝ πIq´1q.

Indeed under PN,β and QN,β , the law of xi is uniformly distributed on the circle and independent of
the law of Gapk`1 ˝ πIpXN q. By Lemma 3.3.10, the Hamiltonian H of Gapk`1 ˝ πIpXN q satisfies

Uk`1 ¨ ∇2HUk`1 ě C
ÿ

iăjPI

pNpuj ´ uiqq2

Ks`2
ě C

ÿ

iPIzmax I

pNpui`1 ´ uiqq2

Ks`2
, for all Uk`1 P Rk`1.

Consequently the measure ν :“ QN,β ˝ pGapk`1 ˝ πIq´1 is c-uniformly log-concave for c “
Cβ
Ks`2

and by Lemma 3.3.11 it satisfies a log-Sobolev inequality with constant 2c´1. Writing F “ G ˝

Gapk`1 ˝ πI , this gives

EntpPN,β ˝ pGapk`1 ˝ πIq
´1 | νq ď CpβqKs`2EPN,β

r|∇pG ˝ Gapk`1 ˝ πIq|2s. (3.81)

One can next upper bound the Fisher information by

EPN,β
r|∇G|2 ˝ Gapk`1 ˝ πIs ď Cpβqk5K´2EPN,β

”´

θ1
´N

K
pxi`k ´ xiq

¯¯2ı

ď Cpβqk5K´2EPN,β

”´N

K
pxi`k ´ xiq

¯¯2
1xi`k´xiě

K
2N

ı

.

Inserting this into (3.81) and using (3.80) concludes the proof of Lemma 3.4.1.
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3.4.2 First local law

We establish a local law, saying that each gap Npxi`k ´ xiq is typically of order k with an expo-
nentially small probability of deviations.

Lemma 3.4.2. Let δ ą 0. There exist two constants cpβq ą 0 and Cpβq ą 0 locally uniform in β
such that for each i P t1, . . . , Nu and 1 ď k ď N

2 ,

PN,βpNpxi`1 ´ xiq ě k1`δq ď Cpβq exp
´

´cpβqk
2minpδ, 1´s

2p2`sq
q
¯

. (3.82)

The proof of Lemma 3.4.2, inspired from the multiscale analysis of [46], proceeds by a bootstrap
on scales: if the local law (3.82) is assumed to hold for 1 ď k ď N

2 , then in view of Lemma
3.4.1, one may convexify the measure in a window of size k without changing much the measure.
Moreover, the convexified measure satisfies better concentration estimates, allowing one to prove
through Lemma 3.3.13 that (3.82) holds at a slightly smaller scale.

Proof.

Step 1: setting the bootstrap Let δ0 :“ 1´s
2p2`sq

. We wish to prove that there exist two constants

c0pβq and C0pβq ą 0 locally uniform in β such that for each i P t1, . . . , Nu, 1 ď k ď N
2 and all

δ P p0, δ0s,

PN,βpNpxi`k ´ xiq ě k1`δq ď C0pβqe´c0pβqk2δ . (3.83)

Let K ě 1. Assume that (3.83) holds for each k ě K. Note that this easily implies that for all
δ ą 0 and k ě K,

PN,βpNpxi`k ´ xiq ě k1`δq ď C0pβqe´c0pβqk
2 1`δ
1`δ0 . (3.84)

Let us prove that there exists some α0 P p0, 1q such that (3.83) holds for each k ě K1´α0 . Fix
α0 P p0, 1q, i P t1, . . . , Nu, k ě K1´α0 , γ ą 0 and

I “ tj : i ď j ď i`Ku.

Let θ be a smooth cutoff function θ : R` Ñ R` such that θpxq “ x2 for x ą 1, θ “ 0 on r0, 12 s

and θ2 ě 0 on R`. Let γ P p0, δ0s be a constant to be carefully chosen. As in (3.78) set

F “ K2θ
´ N

K1`γ
pxi`K ´ xiq

¯

. (3.85)

Let QN,β be the constrained Gibbs measure

dQN,β “
1

KN,β
e´βpHN`FqpXN q1DN

pXN qdXN .

Let δ P p0, 1´s
2p2`sq

s. Since xi`k ´ xi is a function of pxiqiPI , one can write

PN,βpNpxi`k´xiq ě k1`δq ď QN,βpNpxi`k´xiq ě k1`δq`TVpPN,β ˝π´1
I ,QN,β ˝π´1

I q. (3.86)
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Step 2: upper bound on the total variation distance. Let us control the total variation
distance between the push-forwards of PN,β and QN,β onto the coordinates pxiqiPI . By Lemma
3.4.1, we have

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q ď CpβqK5`sp1`γqEPN,β

”

θ
´ 1

K1`γ
Npxi`K ´ xiq

¯ı

.

One can upper bound the right-hand side of the last display by

EPN,β

”

θ
´ 1

K1`γ
Npxi`K ´ xiq

¯ı

ď CpβqK5`sp1`γq
ÿ

jěK1`γ

j2

K2p1`γq
PN,βpNpxi`K ´ xiq ě jq.

Using the the induction hypothesis (3.83), one finds that for all κ ă 2minpγ, δ0q “ 2γ,

EPN,β

”

θ
´ 1

K1`γ
Npxi`K ´ xiq

¯ı

ď Cpβqe´c0pβqKκ
.

Recalling that k ě K1´α0 , we deduce that for all κ1 ă
2γ

1´α0
,

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q ď Cpβqe´c0pβqkκ
1

.

Therefore, provided
γ ą δp1 ´ α0q, (3.87)

there exists k0pβq locally constant in β such that for all k ě k0pβq,

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q ď
1

2
C0pβqe´c0pβqk2δ . (3.88)

Step 3: accuracy under QN,β. One shall first study the expectation of Npxi`k ´ xiq under
QN,β . Since it is not bounded, one cannot directly apply (3.88) and one needs to prove a tightness
result. Let ε1 ą 0. Observe that

logEQN,β
repNpxi`k´xiqqε

1

s “ logEPN,β
repNpxi`k´xiqqε

1
´βFs ´ logEPN,β

re´βFs

ď logEPN,β
repNpxi`k´xiqqε

1
´βFs ď logEPN,β

repNpxi`k´xiqqε
1

s.

By Jensen’s inequality, in view of (3.83), we have

logEPN,β
re´βFs ě ´βEPN,β

rFs ě ´CpβqK. (3.89)

There remains to upper bound the exponential moment of pNpxi`k ´ xiqqε
1

under PN,β . For all
α ą 0, one may write

EPN,β
repNpxi`k´xiqqε

1

s ď EPN,β
repNpxi`K´xiqqε

1

s ď eK
ε1 ÿ

jěK

epj`1qε
1

PN,βpNpxi`K ´ xiq ě jq.

Using (3.84), one finds that for ε1 ą 0 small enough depending on s,

logEQN,β
repNpxi`k´xiqqε

1

s ď CpβqK.
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It follows that

EQN,β
rNpxi`k ´ xiq1Npxi`k´xiqąK2{ε1 s ď EQN,β

re
1
2

pNpxi`k´xiqqε
1

1Npxi`k´xiqąK2{ε1 s `Oβp1q

ď EQN,β
repNpxi`k´xiqqε

1

s
1
2QN,βpNpxi`k ´ xiq ą K2{ε1

q
1
2 `Oβp1q

ď EQN,β
repNpxi`k´xiqqε

1

s
1
2 e´K2

EQN,β
repNpxi`k´xiqqε

1

s

ď CpβqecpβqK´K2
`Oβp1q “ Oβp1q.

(3.90)

Similar computations show that

EPN,β
rNpxi`k ´ xiq1Npxi`k´xiqąK2{ε1 s “ Oβp1q. (3.91)

Having this tightness property, we can now compare the expectations of Npxi`k ´ xiq under PN,β
and QN,β . One may write

|EPN,β
rNpxi`k ´ xiq1Npxi`k´xiqďK2{ε1 s ´ EQN,β

rNpxi`k ´ xiq1Npxi`k´xiqďK2{ε1 s|

ď K2{ε1

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q ď
1

2
K2{ε1

C0pβqe´c0pβqk2δ ,

where we have used (3.88) in the last inequality. Besides, combining (3.90) and (3.91), one gets

EPN,β
rNpxi`k ´ xiq1Npxi`k´xiqąK2{ε1 s ´ EQN,β

rNpxi`k ´ xiq1Npxi`k´xiqąK2{ε1 s “ Oβp1q.

One deduces that

EQN,β
rNpxi`k ´ xiqs “ EPN,β

rNpxi`k ´ xiqs `Oβp1q “ k `Oβp1q. (3.92)

Step 4: fluctuations under QN,β. One shall study the fluctuations of Npxi`k ´ xiq under
QN,β by applying the concentration estimate for divergence-free functions stated in Lemma 3.3.13.
Denote

G : XN P DN ÞÑ Npxi`k ´ xiq.

Observe that
řN
j“1 BiG “ 0, BiG “ 0 for each i P Ic and sup |∇G|2 “ 2N2. Moreover QN,β

satisfies the assumptions of Lemma 3.3.13: QN,β may be written QN,β “ e´pH1`H2qdXN with
∇2H2 ě 0 and H1pxq “ rHpπpxqq such that

U2k`1 ¨ rHU2k`1 ě c|U2k`1|2, for all U2k`1 P R2k`1 where c “ βN2K´p1`γqps`2q.

Lemma 3.3.13 therefore gives

| logEQN,β
retGs ´ tEQN,β

rGs| ď Cpβqt2Kp1`γqps`2q´1, for all t P R.

It follows that

logQN,βp|Npxi`k ´ xiq ´ EQN,β
rNpxi`k ´ xiqs| ě k1`δq ď Cpβq ´ cpβq

k2p1`δq

Kp1`γqps`2q´1
.

Recalling that k ě K1´α0 , one can rewrite this as

logQN,βp|Npxi`k´xiq´EQN,β
rNpxi`k´xiqs| ě k1`δq ď Cpβq´cpβqk

2p1`δq´ 1
1´α0

pp1`γqps`2q´1q
,

which gives by (3.92) the estimate

logQN,βp|Npxi`k ´ xiq ´ k| ě k1`δq ď Cpβq ´ cpβqk
2p1`δq´ 1

1´α0
pp1`γqps`2q´1q

. (3.93)
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Step 5: conclusion. The exponent in the last display is larger than 2δ if and only if

2p1 ` δq ´
1

1 ´ α0
pp1 ` γqps` 2q ´ 1q ą 2δ ðñ γ ă

2p1 ´ α0q ´ p1 ` sq

2 ` s
. (3.94)

Observe that the conditions (3.87) and (3.94) can be satisfied if and only if

p1 ´ α0qδ ă
2p1 ´ α0q ´ p1 ` sq

2 ` s
ðñ 1 ´ α0 ą

p2 ` sqδ ` p1 ` sq

2
. (3.95)

Having chosen δ ă 2δ0 “ 1´s
2`s , we deduce that there exists α0 P p0, 1q such that (3.95) is satisfied,

which yields the existence of γ ą 0 satisfying both (3.87) and (3.94). For such constants α0 ą 0
and γ ą 0, we deduce from (3.88) and (3.93) that there exists k0pβq locally constant in β such that
for each k ě k0pβq

QN,βpNpxi`k ´ xiq ě k1`δq ď
1

2
C0pβqe´c0pβqk2δ . (3.96)

In combination with (3.88) this implies the existence of a number k0pβq locally constant in β such
that for each k ě k0pβq

PN,βpNpxi`k ´ xiq ě k1`δq ď C0pβqe´c0pβqk2δ ,

thus concluding the bootstrap (3.83). Observe that (3.83) trivially holds for K “ N . One concludes
that (3.83) holds for each k ě k0pβq. At the cost of changing C0pβq, (3.83) also holds for each
k ě 1.

3.4.3 Reduction to a block average

In this subsection we implement a method of [46], consisting in replacing the position of a point xi
by a block average at a certain scale. For each i P t1, . . . , Nu and 1 ď k ď N

2 , let Ikpiq stand for
the interval of indices

Ikpiq “ tj P t1, . . . , Nu : dpi, jq ď ku.

Define the block average

x
rks

i “
1

2k ` 1

ÿ

jPIkpiq

xj . (3.97)

Lemma 3.4.3 (Comparison to a block average). Let ε P p0, 1q. There exist two constants Cpβq ą 0
and cpβq ą 0 locally uniform in β such that for each i P t1, . . . , Nu and 1 ď k ď N

2 ,

PN,βp|Npxi ´ x
rks

i q| ě k
s
2

`εq ď Cpβqe´cpβqk
ε

4ps`2q

.

Proof. Let i P t1, . . . , Nu and 1 ď k ď N
2 . Fix ε ą 0. Let α “ 1

p with p P N. Since xr0s

i “ xi, one

can break Npxi ´ x
rks

i q into

Npxi ´ x
rks

i q “

p´1
ÿ

m“0

Npx
rtkmαus

i ´ x
rtkpm`1qαus

i q.

For each m P t0, . . . , p´ 1u, denote

Gm “ Npx
rtkmαus

i ´ x
rtkpm`1qαus

i q and Im “ Itkpm`1qαupiq.
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The functionGm only depends on the variables pxjqjPIm and
ř

jPIm
BjGm “ 0. Let ε1 ą 0. Let QN,β

be the constrained Gibbs measure (3.78) with I “ Im and K “ kpm`1qα`ε1

. The measure QN,β

satisfies Assumption 3.3.1 with c “ βN2k´ppm`1qα`ε1qps`2q. Note that sup |∇Gm|2 “ OpN2k´αmq.
Thus, by Lemma 3.3.13, for all t P R, we have

logEQN,β
retGms “ tEQN,β

rGms `Oβpt2kαms`αp1`sq`ε1ps`2qq.

Fix ε1 and α such that αp1 ` sq ` ε1ps ` 2q “ ε
2 , say α “ ε

2p1`sq
and ε1 “ ε

4ps`2q
. Since αm ď 1,

one sees that
QN,βp|Gm ´ EQN,β

rGms| ě k
s
2

`εq ď Cpβqe´cpβqkε . (3.98)

Arguing as in the proof of Lemma 3.4.2, see Step 3, one finds that the expectation of Gm under
QN,β satisfies

EQN,β
rGms “ Oβp1q. (3.99)

Consequently by (3.98) and (3.99), one has

QN,βp|Gm| ě k
s
2

`εq ď Cpβqe´cpβqkε .

Meanwhile by Lemma 3.4.1 and Lemma 3.4.2, we have

TVpPN,β ˝ π´1
Im
,QN,β ˝ π´1

Im
q ď Cpβqe´cpβqkε

1

.

It follows that
PN,βp|Gm| ě k

s
2

`εq ď Cpβqe´cpβqk
ε

4ps`2q

.

As a consequence there exist constants depending on ε such that

PN,β
´

p´1
ÿ

m“0

|Gm| ě α´1kε
¯

ď Cpβqe´cpβqk
ε

4ps`2q

.

This concludes the proof of Lemma 3.4.3.

3.4.4 Proof of Theorem 3.1.1

The proof of Theorem 3.1.1 immediately follows from Lemma 3.4.3. Indeed when studying the
fluctuations of Npxj ´ xiq, up to a small error, one can replace xi and xj by their block average
at scale dpj, iq. Furthermore, the difference of these block averages may be bounded using Lemma
3.3.13 since its gradient has a small enough Euclidian norm.

Proof of Theorem 3.1.1. Let i P t1, . . . , Nu, 1 ď k ď N
2 and ε ą 0. Let us split the gap Npxi`k ´

xiq into
Npxi`k ´ xiq “ Npxi`k ´ x

rks

i`kq ´Npxi ´ x
rks

i q `Npx
rks

i`k ´ x
rks

i q. (3.100)

By Lemma 3.4.3, letting δ “ ε
4ps`2q

, we have

PN,βp|Npx
rks

i ´ xiq| ě k
s
2

`εq ď Cpβqe´cpβqkδ , (3.101)

PN,βp|Npx
rks

i`k ´ xi`kq| ě k
s
2

`εq ď Cpβqe´cpβqkδ , (3.102)

Let
G : XN P DN ÞÑ Npx

rks

i`k ´ x
rks

i q.
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Let QN,β be the constrained Gibbs measure (3.77) with I “ tj : dpi, jq ď ku and K “ kp1`γq for
some γ ą 0 to fix later. Note that sup |∇G|2 “ OβpN

2

k q. Moreover observe that QN,β satisfies
Assumptions 3.3.1 with c “ βN2k´p1`γqps`2q. Consequently Lemma 3.3.13 gives

logEQN,β
retGs “ tEQN,β

rGs `Oβpt2kp1`γqps`2q´2q, for all t P R. (3.103)

Arguing like in the proof of Lemma 3.4.2, one gets

EQN,β
rGs “ Oβp1q. (3.104)

Fix γ “ ε
s`2 . By (3.103) and (3.104) one finds

QN,βp|G| ě k
s
2

`εq ď Cpβqe´cpβqkε . (3.105)

Again, by Lemma 3.4.1 and Lemma 3.4.2, one has

TVpPN,β ˝ π´1
I ,QN,β ˝ π´1

I q ď Cpβqe´cpβqk
ε

s`2
. (3.106)

Combining (3.105) and (3.106) one deduces that

QN,βp|G| ě k
s
2

`εq ď Cpβqe´cpβqk
ε

s`2
.

Together with (3.101) and (3.102), this proves (3.6). Since for each i P t1, . . . , Nu, xi is uniformly
distributed on T, one easily concludes the proof of (3.7).

3.4.5 Control on the probability of near collisions

Let us control the probability of having two particles very close to each other. One may fix a single
gap and show that there exists an inverse power of this gap with a finite exponential moment, which
gives via Markov’s inequality the following bound:

Lemma 3.4.4. Let α P p0, s2q. There exist two constants Cpβq ą 0 and cpβq ą 0 locally uniform
in β such that for each i P t1, . . . , Nu and ε ą 0 small enough, there holds

PN,βpNpxi`1 ´ xiq ď εq ď Cpβqe´cpβqε´α
.

Proof. Let α P p0, s2q. Let η : R` Ñ R` be a smooth function such that

ηpxq “

#

1 if x P r0, 1s

0 if x P r2,`8s.

One shall study the fluctuations of XN P DN ÞÑ ξpNpx2 ´ x1qq where

ξ : x P R` ÞÑ ηpxq|x|´α.

Let µ be the push-forward of PN,β by the map XN P DN ÞÑ Npx2 ´x1q, i.e the law of a single gap
under PN,β . By Lemma 3.3.10, the measure µ is of the form

dµ “ e´βpg`Hqpyq1p0,Nqpyqdy,

with H : p0, Nq Ñ R convex. Consider ψ P L2pµq solution of
"

βpg `Hq1ψ ´ ψ1 “ ξ ´
ş

ξ on p0, Nq

ψp0q “ ψpNq “ 0.
(3.107)
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We claim that

sup
yPp0,Nq

|ψpyq|

|y|1`s´α
ď Cpβq. (3.108)

First, there exists a constant c “ cpβq ą 0 such that for ψ ď 0 on r0, cq. Second, note that

´pg `Hq1 ď g1
s ď 0.

It follows that for all x P p0, cq,

0 ď ´ψpxq ď eβgspxq

ż x

0
eβgspyqpξpyq ´ ∫ ξqdy. (3.109)

In view of (3.109), one may compute that

sup
yPp0,cq

|ψpyq|

|y|1`s´α
ď Cpβq.

Third, since ψ is bounded on p0,`8q, we deduce that (3.108) holds.
From (3.108) one can derive a Gaussian concentration estimate by considering the Laplace

transform of ξ under µ. For a small t P R, let us perform the change of variables Id`tψ with ψ
given by (3.107). For t small enough, this defines a valid change of variables and therefore

Eµrexpptξqs “ Eµ
”

exp
´

tξ ˝ pId`tψq ´ βppg `Hq ˝ pId`tψq ´ pg `Hqq ` logpId`tψ1q

¯ı

.

By convexity, we have

pg `Hq ˝ pId`tψq ´ pg `Hq ě tpg `Hq1ψ,

logpId`tψ1q ď tψ1.

Taylor-expanding ξk ˝ pId`tψq and using that ψ solves (3.107), one gets that for t small enough

logEµrexpptξqs ´ tEµrξs ď logEµ
”

exp
´

t2 sup
yPp0,Nq

|ψpyq|

|y|1`s´α

¯ı

ď Cpβqt2, (3.110)

where we have used that α P p0, s2q in the last inequality. To control the expectation, one may write
by symmetry

Eµrξs “
1

N
EPN,β

”

N
ÿ

i“1

ξpNpxi`1 ´ xiqq

ı

“ Oβp1q. (3.111)

The proof of Lemma 3.4.4 then follows from (3.110), (3.111) and Markov’s inequality.

3.5 Optimal rigidity for singular linear statistics

In this section, we give the optimal scaling of gaps and discrepancies and improve the fluctuation
results of Theorem 3.1.1. We will consider statistics with test-functions having poor regularity. In
contrast with Section 3.4, we give controls on variances rather than exponential moments. We
however believe that our method can be upgraded to get Gaussian concentration.
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3.5.1 Mean-field transport

We now present the transportation argument of [157, 241]. As mentioned in the introduction, this
transport is the starting point of many CLTs on β-ensembles and Coulomb gases including the series
of papers [184, 27, 181, 239]. The method consists in moving each particle according to its position
only, so that at the first order, the main term of the linear variation of the energy compensates
the linear statistics. This transport, which can be interpreted as a mean-field approximation of the
solution of the Helffer-Sjöstrand equation, creates a local error term, sometimes called “loop equation
term”. For a measurable map ψ : ℓ´1

N T Ñ R, we denote AℓN rψs the quantity

AℓN rψs “

ĳ

∆c

NℓN pψpℓ´1
N xq ´ ψpℓ´1

N yqqN´p1`sqg1
spx´ yqdfluctN pxqdfluctN pyq. (3.112)

Remark 9. The loop equation term (3.112) appears in many proofs of CLTs for log-gases. For the
2D Coulomb gas, it is replaced by an angle term, as seen in [184] and [24]. For β-ensembles, the
corresponding quantity is smooth and may therefore be controlled using the local laws by bounding
the measure fluctN . In the Riesz case s P p0, 1q, (3.112) is as singular as the energy, which makes
this term more delicate to treat.

Proposition 3.5.1. Let ξ P C´s`εpT,Rq for some ε ą 0 and ℓN P p0, 1s. Assume either that ξ is
supported on p´1

2 ,
1
2q or that ℓN “ 1. Let ψ P Cεpℓ´1

N T,Rq given by

ψ1 “ ´
1

2βcs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qqpℓN ¨q and
ż

ψ “ 0 (3.113)

and Ψ P CεpDN ,RN q given by

Ψ : XN P DN ÞÑ ℓN pψpℓ´1
N x1q, . . . , ψpℓ´1

N xN qq.

We have

VarPN,β
rFluctN rξpℓ´1

N ¨qss “ ´
1

pNℓN q2p1´sq
EPN,β

rβΨ ¨ ∇2HNΨ ` |DΨ|2s

`
2

pNℓN q1´s
EPN,β

”

N
ÿ

i“1

ξ1pℓ´1
N xiqψpℓ´1

N xiq
ı

`
1

pNℓN q2p1´sq
VarPN,β

”

βAℓN rψs ´

N
ÿ

i“1

ψ1pℓ´1
N xiq

ı

.

(3.114)

Remark 10 (Scaling relation). On the circle, the Riesz kernel does not satisfy any nice scaling
relation, as opposed to the Riesz kernel on the real line. As a consequence the fractional Laplacian
of ξpℓ´1

N ¨q cannot be expressed as a dilatation of the fractional Laplacian of ξ, hence (3.113). If ξ is
replaced by a function ξ : R Ñ R and if p´∆q

1´s
2 denotes the fractional Laplacian on the real line,

we have
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨q “ pp´∆q
1´s
2 ξqpℓ´1

N ¨q

and (3.113) would be given by ψ1 “ ´ 1
2βcs

p´∆q
1´s
2 ξ. When the scale ℓN Ñ 0, then arguing

as in Lemma 3.2.2, we can see that the solution of (3.113) approaches ´ 1
2βcs

p´∆q
1´s
2 ξ0 where

ξ0 : R Ñ R is as in (3.44). Therefore in the limit where ℓN Ñ 0, (3.113) should be understand as
a function supported on R and independent of ℓN .
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Proof. Let ψ P CεpT,Rq for some ε ą 0 be such that
ş

ψ “ 0. Define the transport

Ψ : XN P DN ÞÑ pψpx1q, . . . , ψpxN qq.

Let us expand ∇HN ¨ Ψ. Let µN “ 1
N

řN
i“1 δxi be the empirical measure. Almost surely under

PN,β , there holds

∇HN ¨ Ψ “

ĳ

∆c

N´p1`sqg1
spx´ yqNpψpxq ´ ψpyqqdpNµN qpxqdpNµN qpyq,

where ∆ stands for the diagonal tpx, yq P T2 : x “ yu. By decomposing µN into µN “ dx `
1
N fluctN , one can break ∇HN ¨ ΨℓN into

∇HN ¨ ΨℓN “ N2

ĳ

Npψpxq ´ ψpyqqN´p1`sqg1
spx´ yqdxdy

` 2N

ż

´

ż

Npψpxq ´ ψpyqqN´p1`sqg1
spx´ yqdy

¯

dfluctN pxq ` Arψs, (3.115)

with Arψs as defined in (3.112) with ℓN “ 1. For the crossed term we can write

N

ż

Npψpxq ´ ψpyqqN´p1`sqg1
spx´ yqdy “ ´N1´sg1

s ˚ ψ. (3.116)

Let ψ P CεpT,Rq be the solution of the convolution equation ´2βg1
s ˚ ψ “ ξ ´

ş

ξ with
ş

ψ “ 0.
Since g is the fundamental solution of the fractional Laplace equation p´∆q

1´s
2 g “ cspδ0 ´ 1q, ψ is

the unique solution of

ψ1 “ ´
1

2βcs
p´∆q

1´s
2 ξ with

ż

ψ “ 0. (3.117)

For this map, one can observe that the constant term in the splitting (3.115) vanishes:

N

ĳ

Npψpxq ´ ψpyqqN´p1`sqg1
spx´ yqdxdy “ ´N1´s

ż

g1
s ˚ ψ “ 0.

By (3.115) and (3.116), there holds

β∇HN ¨
1

N1´s
Ψ “ FluctN rξs `

1

N1´s
Arψs. (3.118)

Since
ş

ψ “ 0, there exists ϕ P C1,εpT,Rq such that ϕ1 “ ϕ. Let Φ P C1,εpDN ,Rq be such that
∇Φ “ Ψ, i.e Φ : XN P DN ÞÑ ϕpx1q ` . . .` ϕpxN q. One can write

VarPN,β
rFluctN rξss “ VarPN,β

”

FluctN rξs ´
1

N1´s
LΦ

ı

´
1

N2p1´sq
VarPN,β

rLΦs `
2

N1´s
CovPN,β

rFluctN rξpℓ´1
N ¨qs,LΦs.

By (3.118), we have

VarPN,β

”

FluctN rξs ´
1

N1´s
LΦ

ı

“
1

N2p1´sq
VarPN,β

rβArψs ´ FluctN rψ1ss.

For the two other terms, observing that Ψ satisfies the boundary condition Ψ ¨ n⃗ “ 0 on BDN , we
get by integration by parts

VarPN,β
rLΦs “ EPN,β

rβΨ ¨ ∇2HNΨ ` |DΨ|2s
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and

CovPN,β
rFluctN rξs,LΦs “ EPN,β

”

N
ÿ

i“1

ξ1pxiqψpxiq
ı

.

We thus obtain

VarPN,β
rFluctN rξss “ ´

1

N2p1´sq
EPN,β

rβΨ ¨ ∇2HNΨ ` |DΨ|2s

`
2

N1´s
EPN,β

”

N
ÿ

i“1

ξ1pxiqψpxiq
ı

`
1

N2p1´sq
VarPN,β

”

βArψs ´

N
ÿ

i“1

ψ1pxiq
ı

. (3.119)

Let ξ supported on p´1
2 ,

1
2q and ℓN P p0, 1s. Let ψ P Cεpℓ´1

N T,Rq such that

ψ1 “ ´
1

2βcs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qqpℓN ¨q with
ż

ψ “ 0 (3.120)

and Ψ P CεpDN ,RN q given by

Ψ : XN P DN ÞÑ ℓN pψpℓ´1
N x1q, . . . , ψpℓ´1

N xN qq.

Applying (3.119) to ξpℓ´1
N ¨q allows one to write

VarPN,β
rFluctN rξpℓ´1

N ¨qss “ ´
1

pNℓN q2p1´sq
EPN,β

rβΨ ¨ ∇2HNΨ ` |DΨ|2s

`
2

pNℓN q1´s
EPN,β

”

N
ÿ

i“1

ξ1pℓ´1
N xiqψpℓ´1

N xiq
ı

`
1

pNℓN q2p1´sq
VarPN,β

”

βAℓN rψs ´

N
ÿ

i“1

ψ1pℓ´1
N xiq

ı

,

Indeed, letting ϕN :“ ℓNψpℓ´1
N ¨q with ψ as in (3.120), we have

ϕ1
N “ ψ1pℓ´1

N ¨q “ ´
1

2βcs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qq.

Therefore ℓ1{p1´sq

N ϕN is the solution of (3.117) and by inserting this into (3.119) applied to ξpℓ´1
N ¨q,

we deduce that (3.129) holds.

Remark 11. Proposition 3.5.1 can be interpreted as a mean-field approximate solution of

#

A1∇ϕ “ ∇FluctN rξs on DN

∇ϕ ¨ n⃗ “ 0 on BDN .

The existence of an approximate solution in the class of “diagonal transports”, Ψ : XN P DN ÞÑ

pψpx1q, . . . , ψpxN qq is a consequence of the long-range nature of the system and more precisely of
the mean-field approximation of the energy. For the hypersingular Riesz gas, i.e the Riesz gas with
gspxq „ |x|´s for s ą 1, one cannot approximate the solution of the above equation within this
class.
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3.5.2 Splitting of the loop equation term

In view of Proposition 3.5.1, expanding the variance of a linear statistic reduces to controlling the
loop equation term (3.112). Let us first discard a strategy based on local laws only. Recall that for
all ψ P Cεpℓ´1

N T,Rq,

AℓN rψs “

ĳ

∆c

NℓN pψpℓ´1
N xq ´ ψpℓ´1

N yqqN´p1`sqg1
spx´ yqdfluctN pxqdfluctN pyq.

By using local laws on gaps, one may control the above integral away from the boundary. Nevertheless
AℓN rψs contains among other terms the quantity

N
ÿ

i“1

Npψpℓ´1
N xi`1q ´ ψpℓ´1

N xiqqN´p1`sqg1
spxi`1 ´ xiq,

which is in OpNℓN |ψ1|8q with overwhelming probability. Therefore applying a local law estimate
will give in the best case, the bound

VarPN,β
rAℓN rψss “ OppNℓN q2|ψ1|28q.

Inserting this into Proposition 3.5.1 gives an error term of order OppNℓN q2sq, which is larger than
the expected order of fluctuations of linear statistics. Instead one shall exploit the convexity of
the interaction and bound the fluctuations of AℓN rψs using various concentration inequalities. As
emphasized in Section 3.3, the variance of a smooth function under a log-concave probability measure
is related to the norm of its gradient and one should therefore first differentiate (3.112).

Before entering into the main computations, we first define a localized version of AℓN rψs. We
will assume that 0 is in the support of ξ and then we then let i0 be the index (defined almost surely)
such that xi is the closest point to 0:

i0 “ argmin
1ďiďN

|xi|.

Fix γ ą 1 and let
IN “ ti P t1, . . . , Nu : dpi, i0q ď pNℓN qγu. (3.121)

For ψ P Cεpℓ´1
N T,Rq, we define a localized version of AℓN rψs by letting

rAℓN rψs “
ÿ

i‰jPIN

NℓN pψpℓ´1
N xiq ´ ψpℓ´1

N xjqqN´p1`sqg1
spxi ´ xjq

´ 2N
ÿ

iPIN

ż

|y|ď
pNℓN qγ

N

NℓN pψpℓ´1
N xq ´ ψpℓ´1

N yqqN´p1`sqg1
spxi ´ yqdy. (3.122)

For ε ą 0, define the good event

A “ tXN P DN : @i, k : i, i` k P IN , N |xi`k ´ xi ´Nk| ď pNℓN qεk
s
2 u

X tXN P DN : @i P IN , pNℓN q´ε ď N |xi`1 ´ xi| ď pNℓN qεu. (3.123)

Lemma 3.5.2. Let ξ satisfying Assumptions 3.1.1. Let ψ0 P CδpT,Rq such that g1
s ˚ ψ0 “ ξ ´ ∫ ξ

with
ş

ψ0 “ 0. Assume that ψ2
0 has p singularities in a1, . . . , ap of order 1 ` α1, . . . , 1 ` αp, with
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αi P p0, 1q, as defined in (3.8). Assume that ξ is supported on p´1
2 ,

1
2q or that ℓN “ 1. Let

ψ P Cδpℓ´1
N T,Rq given by

ψ1 “ ´
1

2cs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qqpℓN ¨q and
ż

ψ “ 0. (3.124)

Let ψreg “ ψ ˚ Kℓ with Kℓ defined in (3.50) and ℓ “ 1{pNℓN q1´ε1

with ε1 ą 0. Denote I “

p´
pNℓN qγ

N , pNℓN qγ

N qXT. One can break ∇rAℓN rψregs into V`W with V,W P L2pt1, . . . , Nu, H1pPN,βqq

satisfying

• For each i P IcN , Vi “ Wi “ 0.

• Uniformly on i P IN ,

sup
A

|Vi| ď CpNℓN qκε
´

ℓ´1
N `

p
ÿ

l“1

ℓαl
N

1

p|xi ´ ℓNal| _ 1
N q1`αl

¯

1|xi|ă2ℓN

`CpNℓN qκε
ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|xi ´ ℓNal| _
pNℓN qε

1

N q1` s
2

`CpNℓN qκεN´ s
2

1

pℓN ` |xi|q
1` s

2

`
C

pNℓN qγs

ℓ´1
N

pℓ´1
N |xi| ` 1q2´s

` CpNℓN qκε´p2´sqp1´γqN´ s
2

1

pdpxi, BIq ^ 1
N q1` s

2

. (3.125)

• There exists W̃ P L2pt1, . . . , Nu, H1pPN,βqq such that for all UN P RN ,

W ¨ UN “ ´

N
ÿ

i“1

W̃Npui`1 ´ uiq

with
sup
A

|W̃|2 ď CpNℓN qκεpNℓN ` pNℓN q2maxαlq. (3.126)

The proof of Lemma 3.5.2 is deferred to the Appendix.

Remark 12 (Remarks on the decomposition). Conditionally on x1 “ x, F becomes a function of
the gaps, i.e F “ F̃ ˝GapN for some F̃ : RN Ñ R. However, due to the (nonintegrable) singularity
of ψ1, the norm |∇F̃ | is too large for the Log-Sobolev inequality to give sharp bounds on the variance
of rAℓN rψregs.

3.5.3 Variance quantitative expansion

We proceed to the proof of Theorem 3.1.2. The first step is to perform the mean-field transport of
Proposition 3.5.1, which reduces the problem to approximating the variance of the loop equation term
(3.112). We then multiply the gradient of (3.112) by a cutoff function supported on a good event
(of overwhelming probability) on which gaps are close to their standard values. Using the uniform
controls of the last subsection, we then deduce from a Poincaré inequality in gap coordinates and
from the comparison principle of Lemma 3.3.5 a sharp control on the variance of (3.112).

Proof of Theorem 3.1.2. Let ξ satisfying Assumptions 3.1.1. Let ψ P CδpT,Rq defined by

ψ1 “ ´
1

2βcs
p´∆q

1´s
2 ξ with

ż

ψ “ 0.

By assumption, ψ2 has singularities in a1 ă . . . ă ap of order 1 ` α1, . . . , 1 ` αp with α1, . . . , αp P

p0, 1 ´ s
2q. Let tℓNu be a sequence of positive numbers in p0, 1s. Assume either that ξ is supported

on p´1
2 ,

1
2q or that ℓN “ 1.
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Step 1: regularization. Let ε1 ą 0. Define

ξreg “ ξ ˚Kℓ with Kℓ defined in (3.50) and ℓ “ 1{pNℓN q1´ε1

. (3.127)

By Lemma 3.3.9, there holds

VarPN,β
rFluctN rξregpℓ´1

N ¨q ´ ξpℓ´1
N ¨qss ď NℓN |ξreg ´ ξ|2L2 .

Moreover one can check that

|ξreg ´ ξ|2L2 ď CpNℓN qκε
1´1

´

1 ` pNℓN q2pmaxαl´p1´sqq
¯

.

Since maxαl ă 1´ s
2 , for ε1 small enough, the above quantity is oppNℓN q´p1´sqq. We deduce that,

up to a lower order term, one can replace the test-function ξ be its regularized version ξreg:

VarPN,β
rFluctN rξss “ VarPN,β

rFluctN rξregss`O
´

VarPN,β
rFluctN rξregss

1
2 p1`pNℓN qmaxαl´p1´sqq

` pNℓN qκε
1`2maxαl´2p1´sq

¯

. (3.128)

Step 2: mean-field transport. Let ψreg P C2pℓ´1
N T,Tq be such that

ψ1
reg “ ´

1

2βcs
p´∆q

1´s
2 pξregpℓ´1

N ¨qqpℓN ¨q with
ż

ψreg “ 0.

Let us now define the map

ΨℓN : XN P DN ÞÑ ℓN pψregpℓ´1
N x1q, . . . , ψregpℓ´1

N xN qq.

By Proposition 3.5.1 we have

VarPN,β
rFluctN rξregpℓ´1

N ¨qss “ ´
1

pNℓN q2p1´sq
EPN,β

rβΨℓN ¨ ∇2HNΨℓN ` |DΨℓN |2s

`
2

pNℓN q1´s
EPN,β

”

N
ÿ

i“1

pξ1
regψregqpℓ´1

N xiq
ı

`
1

pNℓN q2p1´sq
VarPN,β

”

βAℓN rψregs´

N
ÿ

i“1

ψ1
regpℓ´1

N xiq
ı

.

(3.129)

By Lemma 3.3.9, the variance of FluctN rψ1
regpℓ´1

N ¨qs is bounded by

VarPN,β
rFluctN rψ1

regpℓ´1
N ¨qss ď NℓN |ψ1

reg|2L2 .

Since |ψ1
reg|2L2 ď Cp1 ` pNℓN q2maxαl´1q, this implies that

VarPN,β

”

βAℓN rψregs ´

N
ÿ

i“1

ψ1
regpℓ´1

N xiq
ı

ď Cpβq

´

VarPN,β
rAℓN rψregss ` pNℓN qmaxp1,2maxαlq

¯

.
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Step 3: asymptotic of the mean-field terms. Define

BℓN rψregs “

ĳ

∆c

N´ps`2qg2
spx´ yqpNℓN q2pψregpℓ´1

N xq ´ ψregpℓ´1
N yqq2dfluctN pxqdfluctN pyq.

(3.130)
By splitting the empirical measure µN into µN “ dx ` 1

N fluctN like in the proof of Proposition
3.5.1 and using (3.43), we can easily show that

´
1

pNℓN q2p1´sq
EPN,β

rβΨℓN ¨ ∇2HNΨℓN ` |DΨℓN |2s

`
2

pNℓN q2p1´sq
EPN,β

”

N
ÿ

i“1

ξ1
regpℓ´1

N xiqℓ
s
Nψregpℓ´1

N xiq
ı

“
1

2βcs
N s|ξregpℓ´1

N ¨q|2

H
1´s
2

´pNℓN q2s´1

ż

pψ1
regq2

´
β

pNℓN q2p1´sq
EPN,β

rBℓN rψregss. (3.131)

When ℓN tends to 0, by (3.45), we have

|ξregpℓ´1
N ¨q|2

H
1´s
2

“ ℓsN |rξreg|2

H
1´s
2

`Opℓ2N |ξ|2L2q.

Moreover one can easily prove that

EPN,β
rBℓN rψregss ď CpβqpNℓN qκεppNℓN ` pNℓN q2maxαlq, (3.132)

see Lemma 3.7.4 in Appendix 3.7.2.

Step 4: reduction to a finite-range quantity We now reduce to a localized version of AℓN rψregs.
Let γ ą 3´s

2´s _ 1
s _ 1 ` 1

1´s and y0 P supppξq. As in Subsection 3.5.2, define

i0 “ argmin
1ďiďN

|xi| and IN “ tj : dpj, i0q ď pNℓN qγu.

Let us split AℓN rψregs into AℓN rψregs “ rAℓN rψregs ` Aext with rAℓN rψregs as defined in (3.122):

rAℓN rψregs “
ÿ

iPIN ,dpi,jqďpNℓN qγ

NℓN pψpℓ´1
N xiq ´ ψregpℓ´1

N xjqqN´p1`sqg1
spxi ´ xjq

´ 2N
ÿ

iPIN

ż

|y|ď
pNℓN qγ

N

NℓN pψregpℓ´1
N xq ´ ψregpℓ´1

N yqqN´p1`sqg1
spxi ´ yqdy.

In Appendix 3.7.2, we show that the remaining term Aext is oβppNℓN q
1
2 q, since γ has been chosen

large enough: there exist Cpβq ą 0 and δ ą 0 such that

PN,βp|Aext| ą pNℓN q
1
2 q ď Cpβqe´cpNℓN qδ . (3.133)

We thus deduce that
VarPN,β

rAexts “ oβpNℓN q. (3.134)

The estimate (3.133) is proved in Lemma 3.7.5.
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Step 5: fixing an origin In order to apply the comparison principle of Lemma 3.3.5, one needs
to fix an origin. Recall that x1 is uniformly distributed on the circle. Conditioning by x1 allows one
to split the variance of rAℓN rψregs in the following way:

VarPN,β
rrAℓN rψregss “ EPN,β

rVarPN,β
rrAℓN rψregs | x1 “ xss ` VarPN,β

rEPN,β
rrAℓN rψregs | x1 “ xss.

We claim that

VarPN,β
rEPN,β

rrAℓN rψregs | x1ss ď CpβqppNℓN q2p1´sq ` pNℓN q2maxαlq. (3.135)

The proof of (3.135) uses the fact that the law of x2, . . . , xN under PN,βp¨ | x1 “ xq is the law of
x2 ´ x1 ` x, . . . , xN ´ x1 ` x under PN,β as well as the rigidity estimate of Theorem 3.1.1. We
postpone the details to the Appendix, see Lemma 3.7.6.

Step 6: convexification and reduction to a good event Let us first define a convexication of
PN,β by penalizing large nearest-neighbor gaps in the window IN . We proceed as in Section 3.4.
Let θ : R` Ñ R` be a smooth cutoff function such that θpxq “ |x|2 for x ą 1, θ “ 0 on r0, 12 s and
θ2 ě 0 on R`. Fix ε ą 0 and x P T. Define

F “
ÿ

i,i`1PIN

θ
´Npxi`1 ´ xiq

pNℓN qε

¯

and the locally constrained Gibbs measure

dQN,β “
1

KN,β
e´βpHN`Fq1DN

pXN qdXN . (3.136)

In view of Lemma 3.4.1 and Theorem 3.1.1, the total variation distance between PN,βp¨ | x1 “ xq

and QN,βp¨ | x1 “ xq satisfies

TVpPN,βp¨ | x1 “ xq,QN,βp¨ | x1 “ xqq ď Cpβqe´cpNℓN qδ , (3.137)

for some constants C ą 0 and c ą 0 depending on β and some constant δ ą 0 depending on ε.
The above estimate together with (3.135) can be summarized into

VarPN,β
rrAℓN rψregss “ EPN,β

rVarQN,βp¨|x1“xqr
rAℓN rψregsηss `OβppNℓN q2p1´sq ` pNℓN q2maxαlq.

(3.138)
Recall the good event (3.123). Let θ̃ : R Ñ R such that θ̃pxq “ 1 for |x| ą 1, θ̃pxq “ 0 for |x| ă 1

2

and θ̃pxq “ 2|x| ´ 1 for 1
2 ď |x| ď 1. Define the cutoff function

η “
ź

iPIN

ź

´N
2

ďkďN
2
:i`kPIN

θ̃
´Npxi`k ´ xiq ´ k

|k|
s
2 pNℓN qε

¯

ź

iPIN

θ̃
´

pNℓN qε

Npxi`1 ´ xiq

¯

(3.139)

By subadditivity one can write

VarQN,βp¨|x1“xqr
rAℓN rψregss ď 2EQN,βp¨|x1“xqrpη∇rAℓN rψregsqpAx1q´1pη∇rAℓN qrψregss

` 2EQN,βp¨|x1“xqrp∇ηrAℓN rψregsqpAx1q´1p∇ηrAℓN rψregsqs. (3.140)

Let us split ∇rAℓN rψregs into
∇rAℓN rψregs “ V ` W

with V, W as in Lemma 3.5.2. Using subadditivity again we find

EQN,βp¨|x1“xqrpη∇rAℓN rψregsqpAx1q´1pη∇rAℓN qrψregss ď 2pEQN,βp¨|x1“xqrpηVq ¨ pAx1q´1pηVqs

` 2EQN,βp¨|x1“xqrpηWq ¨ pAx1q´1pηWqsq. (3.141)
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Step 7: using Poincaré in gap coordinates for ηW and rAℓN rψregs∇η To estimate the Dirich-
let energy of ηW one can take advantage of the fact that QN,β is uniformly log-concave in gap
coordinates. Indeed proceeding as in the proof of Lemma 3.3.8 one can write

EQN,βp¨|x1“xqrηW ¨ pAx1q´1pηWqs ď β´1EQN,βp¨|x1“xqrη
2W ¨ p∇2pHN ` Fqq´1Ws

“ ´β´1EQN,β

”

min
UNPRN

UN ¨ ∇2pHN ` FqUN ´ 2pηWq ¨ UN

ı

. (3.142)

By definition of QN,β , for all UN P RN ,

UN ¨ ∇2pHN ` FqUN ě pNℓN q´ps`2qε
N
ÿ

i“1

pNpui`1 ´ uiqq2

and besides

ηW ¨ UN “ ´

N
ÿ

i“1

ηW̃iNpui`1 ´ uiq

with |ηW̃| satisfying (3.126). Inserting these into (3.142) we deduce that there exist constants
C ą 0 and κ ą 0 such that

EQN,βp¨|x1“xqrηW¨pAx1q´1pηWqs ď Cβ´1pNℓN qκεEQN,βp¨|x1“xqrη
2|W̃|2s ď Cβ´1pNℓN qκε`maxp1,2maxαlqq.

Similarly for the vector-field rAℓN rψregs∇η, one gets

EQN,βp¨|x1“xqrp∇ηrAℓN rψregsqpAx1q´1p∇ηrAℓN rψregsqs ď Cβ´1pNℓN qκεEQN,βp¨|x1“xqr|
rAℓN rψregs∇η|2s.

Since ∇η “ 0 on Ac with rAℓN rψregs uniformly bounded on A by pNℓN qκ for some κ ą 0 we find
that

EQN,βp¨|x1“xqr|
rAℓN rψregs∇η|2s ď CpNℓN qκEQN,βp¨|x1“xqr|∇η|2s ď Cpβqe´cpβqpNℓN qδ , (3.143)

where we have used Theorem 3.1.1 and Lemma 3.4.4 in the last inequality.

Step 8: using the comparison principle for V By Lemma 3.5.2, there exist constants C ą 0
and κ ą 0 such that for each i P IN ,

sup |ηVi| ď CpNℓN qκε
ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|xi ´ ℓNal| _
pNℓN qε

1

N q1` s
2

1|xi|ď2ℓN

` CpNℓN qκε
p
ÿ

l“1

ℓαl
N

1

p|xi ´ ℓNal| _ 1
N q1`αl

1|xi|ď2ℓN ` CpNℓN qκεN´ s
2

1

pℓN ` |xi|q
1` s

2

`
C

pNℓN qγs

ℓ´1
N

pℓ´1
N |xi| ` 1q2´s

` CpNℓN qκε´p2´sqp1´γqN´ s
2

1

pdpxi, BIq ^ 1
N q1` s

2

. (3.144)

The main term in the right-hand side of (3.144) corresponds to the gradient of a linear statistics
that we now define. Let ζN : T Ñ R piecewise smooth such that

ζ 1
N : x P T ÞÑ ℓ´1

N ηN pℓ´1
N xq `N´ s

2
1

p|x| ` ℓN q1` s
2

` CpNℓN qκε
ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|x´ alℓN | _
pNℓN qε

1

N q1` s
2

. (3.145)
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Note that ζN is a discontinuous function, increasing on r0, 1q. There exist constants C ą 0 and
κ ą 0 such that

|V| ď CpNℓN qκε∇FluctN rζN s.

One can now apply the comparison principle of Lemma 3.3.5 and more precisely its consequence
stated in Lemma 3.3.6 to get

EQN,βp¨|x1“xqrpηVq ¨ pAx1q´1pηVqs ď 4C2pNℓN q2κεVarQN,βp¨|x1“xq

”

N
ÿ

i“1

ζN pxiq
ı

.

Using (3.137), we can write

VarQN,βp¨|x1“xqrFluctN rζN ss ď VarPN,βp¨|x1“xqrFluctN rζN ss `Oβpe´cpβqpNℓN qκq. (3.146)

Moreover,

EPN,β
rVarQN,βp¨|x1“xqrFluctN rζN ss ď VarPN,β

rFluctN rζN ss `Oβpe´cpβqpNℓN qκq.

The test-function ζN is the sum of the five test-functions appearing when integrating (3.145). For
the two first terms, one may use the sub-Poissonian estimate of Lemma 3.3.9. For the three other
terms, this estimate is not precise enough, and one shall study the variance of the corresponding
linear statistics separately. Let us define

fηpxq :“ fpxq1xRp0,ηq ` f 1pηqpx´ ηq ` fpηq, where fpxq :“ x´ s
2 , η :“ 1{N1´ε1

. (3.147)

By Lemma 3.3.9, we have

VarQN,βp¨|x1“xq

”

N
ÿ

i“1

ζN pxiq
ı

ď CpβqpNℓN qκεpNℓN qmaxp1,2maxαlq ` CpβqpNℓN qκεN´sVarPN,β

”

N
ÿ

i“1

fηpxiq
ı

.

Combining the above estimates one gets

EQN,βp¨|x1“xqrV¨pAx1q´1Vs ď CpβqpNℓN qκεpNℓN qmaxp1,2maxαlq`CpβqpNℓN qκεN´sVarPN,β

”

N
ÿ

i“1

fηpxiq
ı

.

(3.148)
There remains to bound from above the variance of the singular linear statistics fη defined in (3.147).
Let us observe that the test-function f is the critical case of Assumptions 3.1.1, since f is not in
H

1´s
2 . Let us highlight that the cutoff ℓ “ 1{pNℓN q1´ε1

has been added to circumvent this criticality.
Indeed it is enough to prove that for any fixed ε1 ą 0, there exists a constant Cpβq ą 0 such that

VarPN,β
rFluctN rfηss ď CpβqN s. (3.149)

Having established (3.149) will show that the right-hand side of (3.148) is negligible.
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Step 9: bound on the auxiliary linear statistics Let fη be as in (3.147). To establish (3.149),
we apply to fη the first steps of the current proof. Let ϕ P CεpT,Rq be such that

ϕ1 “ ´
1

2βcs
p´∆q

1´s
2 fη with

ż

ϕ “ 0.

Observe that by Lemma 3.2.5, the map ϕ satisfies

|ϕ1| ď Cpβq
1

|x|1´ s
2 _ 1

N1´ε1

.

Denote
ΨN : XN P DN ÞÑ pϕpx1q, . . . , ϕpxN qq.

By Proposition 3.5.1 we have

VarPN,β
rFluctN rfηss “ ´

1

N2p1´sq
EPN,β

rβΨN ¨ ∇2HNΨN ` |∇2ΨN |2s

`
2

N1´s
EPN,β

rFluctN rf 1
ηϕs `

1

N2p1´sq
VarPN,β

rβArϕs ´ FluctN rϕ1ss.

By Lemma 3.3.9, there holds

VarPN,β
rFluctN rϕ1ss ď N |ϕ1|2L2 “ OpN2´sq.

Expanding the mean-field terms like in Step 4, one deduces that for all ε ą 0,

VarPN,β
rFluctN rfηss ď Cpβq

´

N s `
1

N2p1´sq
VarPN,β

rArϕss `N1´2p1´sq`ε|ϕ1|2L2

¯

ď Cpβq

´

N s `
1

N2p1´sq
VarPN,β

rArϕss `N s`ε´ε1p1´sq
¯

ď Cpβq

´

N s `
1

N2p1´sq
VarPN,β

rArϕss

¯

,

(3.150)

where the last inequality is obtained by choosing ε small enough compared to ε1. For IN “ t1, . . . , Nu

and ℓN “ 1 and QN,β be the constrained Gibbs measure (3.136) for IN “ t1, . . . , Nu and ℓN “ 1.
Arguing like in Step 4, one justifies that

VarPN,β
rArϕss “ EPN,β

rVarQN,β
rArϕs | x1 “ xss `OβpN2´s´ε1p1´sq`κεq.

Let x P T and η0 the cutoff (3.139) for IN “ t1, . . . , Nu. Let us decompose ∇Arϕs into

∇Arϕs “ V0 ` W0

with V0,W0 as in Lemma 3.5.2. By subadditivity and proceeding as in Step 7, one can write

VarQN,βp¨|x1“xqrArϕss ď 3pEQN,βp¨|x1“xqrpη
0V0q¨pAx1q´1pη0V0qs`EQN,βp¨|x1“xqrpη

0W0q¨pAx1q´1pη0W0qsq

`Oβpe´cpNℓN qκq.

In view of Lemma 3.5.2, there exists W̃0 P L2pt1, . . . , Nu, H1pPN,βqq such that for all UN P RN ,

W0 ¨ UN “ ´

N
ÿ

i“1

W̃0
iNpui`1 ´ uiq
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with

sup |η0W̃0|2 ď CNκε`1

ż 1

1

N1´ε1

1

x2´s
dx ď CNκε`2´s´ε1p1´sq.

Therefore proceeding as in Step 7, one finds

EQN,βp¨|x1“xqrpη
0W0q ¨ pAx1q´1pη0W0qs ď CpβqNκε`2´s´ε1p1´sq. (3.151)

Now for η0V0, following the line of reasoning of Step 8, we obtain

EQN,βp¨|x1“xqrη
0V0 ¨ pAx1q´1pη0V0qs ď CpβqNκε´sVarPN,β

rFluctN rf ss ` CpβqNκε`2´s´ε1p1´sq,
(3.152)

with f defined in (3.147). At this point, the sub-poissonian estimate of Lemma 3.3.9 is sharp
enough: one can write

VarPN,β
rFluctN rf ss “ OβpNq.

Inserting this into (3.152) using (3.151) and (3.150) and choosing ε small enough, one obtains

VarPN,β
rFluctN rfηss “ OβpN s`κε´ε1p1´sqq.

By choosing ε small enough, we deduce that there exists a constant C depending on ε1 such that

VarPN,β
rFluctN rfηss ď CpβqN s. (3.153)

Step 10: conclusion. Inserting (3.153) into (3.148) yields

EQN,βp¨|x1“xqrpηVq ¨ pAx1q´1pηVqs ď CpβqpNℓN qκε`maxp1,2maxαlq. (3.154)

Therefore recalling (3.134), (3.138) and using (3.141) one gets

VarPN,β
rAℓN rψregss ď CpβqpNℓN qκε`maxp1,2maxαlq`CpβqpNℓN q2p1´sqp1`pNℓN qs`2maxαl´p2´sqq.

(3.155)
Inserting this into (3.129) and using (3.131), (3.132) we conclude

VarPN,β
rFluctN rξregpℓ´1

N ¨qss “ σ2ξregpNℓN qs `OβppNℓN qκε`maxp1,2maxαlq´2p1´sqq.

Finally one can check that

σ2ξreg “ σ2ξ `O
´ 1

NℓN
`

1

pNℓN q1´ s
2

´maxαl`κε1

¯

. (3.156)

By choosing ε1 small enough we can absorb the error terms (3.128) and (3.156) into the error arising
from (3.155). This concludes the proof of Theorem 3.1.2.

3.6 Central Limit Theorem

3.6.1 Proof of the CLT

In this subsection we give a proof of the CLT for singular linear statistics stated in Theorem 3.1.3.
One could proceed by considering the Laplace transform of the fluctuations but instead we deduce the
CLT from an application of Stein’s method. The starting point of the method shares many similarities
with [173]. In the sequel, we leverage on variance estimates obtained in the last subsection and obtain
a CLT in a weak topology. We believe that one could obtain with the same approach a local CLT
for smooth test-functions.
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Proof of Theorem 3.1.3. Let ξ be a test-function satisfying Assumptions 3.1.1 and tℓNu such that
ℓN " 1

N . Assume either that ξ is supported on p´1
2 ,

1
2q or that ℓN “ 1. Define

GN “ pNℓN q´ s
2FluctN rξpℓ´1

N ¨qs.

Let η : R Ñ R be a smooth function. The principle of Stein method is to prove that up to a small
error term ErrorN , the following integration by parts formula holds:

EPN,β
rηpGN qGN s “ σ2ξEPN,β

rη1pGN qs ` ErrorN , (3.157)

with
σ2ξ “

1

2βcs
|ξ|2

H
1´s
2
. (3.158)

Indeed (3.157) controls a certain distance to a normal distribution. Let Z „ N p0, σ2ξ q. If h : R Ñ R
is smooth enough, then one can solve the ODE

η1pxq ´ ηpxqx “ hpxq ´ ErhpZqs, x P R.

The fundamental observation is that

EPN,β
rhpGN qs ´ ErhpZqs “ EPN,β

rηpGN qGN ´ σ2ξη
1pGN qs.

This allows one to prove the following standard inequality (see for instance [85]):

sup
tPR

|PN,βpGN ď tq ´ PpZ ď tq| ď 2
´

sup
ηPD

|EPN,β
rη1pGN q ´GNηpGN qs|

¯
1
2
,

where D is the set of functions η : R Ñ R such that |η|8 ď 1, |η1|8 ď 1. Let us now prove that
(3.157) holds for η P D up to a small error term.

Step 1: regularization Let ε1 ą 0. Consider ξreg the regularization of ξ at scale 1{pNℓN qp1´ε1q

as in (3.127). Set
g̃N “ pNℓN q´ s

2FluctN rξregpℓ´1
N ¨qs

Observe that

EPN,β
rηpGN qGN ´ η1pGN qs “ EPN,β

rηpg̃N qg̃N ´ η1pg̃N qs `Oβp1 ` pNℓN qmaxαl´p1´ s
2

qq. (3.159)

In the sequel we establish that g̃N satisfies the approximate Gaussian formula (3.157).

Step 2: main computation Let us first discuss the relation between (3.159) and the H.-S.
equation A1∇ϕ “ ∇G̃N . The discussion is only formal since we have not proved the well-posedness
of the H.-S. equation under PN,β for test-functions which are not functions of the gaps. Let ∇ϕ be
the solution of

"

A1∇ϕ “ ∇G̃N on DN

∇ϕ ¨ n⃗ “ 0 on BDN .

By integration by parts under PN,β , one can write

EPN,β
rηpg̃N qg̃N s “ EPN,β

rηpG̃N qLG̃N s “ EPN,β
rη1pG̃N q∇G̃N ¨ ∇ϕs. (3.160)
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The point is to show that under PN,β , the quantity ∇G̃N ¨ ∇ϕ concentrates around a constant,
which turns out to be σ2ξ . Let ψreg P C2pℓ´1

N T,Rq satisfying

ψ1
reg “ ´

1

2βcs
ℓ1´s
N p´∆q

1´s
2 pξregpℓ´1

N ¨qqpℓN ¨q and ∫ ψreg “ 0.

By Remark 11, ∇ϕ may be decomposed into

∇ϕ “
1

pNℓN q1´ s
2

pℓNψregpℓ´1
N x1q, . . . , ℓNψregpℓ´1

N xN qq

`
1

pNℓN q1´ s
2

A´1
1 rβ∇AℓN rψregs ´ ∇FluctN rψ1

regpℓ´1
N ¨qs, (3.161)

with AℓN rψregs defined in (3.112). Inserting (3.161) into (3.160) leads to

EPN,β
rηpG̃N qG̃N s “ EPN,β

”

η1pG̃N q

N
ÿ

i“1

1

NℓN
ψregpℓ´1

N xiqξ
1
regpℓ´1

N xiq
ı

`
1

pNℓN q1´ s
2

EPN,β

”

η1pG̃N q∇G̃N ¨A´1
1 pβ∇AℓN rψregs ´ ∇FluctN rψ1

regpℓ´1
N ¨qsq

ı

One can reformulate this into

EPN,β
rηpG̃N qG̃N s “ EPN,β

”

η1pG̃N q

N
ÿ

i“1

1

NℓN
ψregpℓ´1

N xiqξ
1
regpℓ´1

N xiq
ı

`
1

pNℓN q1´ s
2

CovPN,β
rηpG̃N q, pβAℓN rψregs ´ FluctN rψ1

regpℓ´1
N ¨qss

and the above identity follows from a rigorous integration by parts, as in the proof of Proposition
3.5.1. It follows that g̃N satisfies the approximate Gaussian identity

EPN,β
rηpG̃N qG̃N s “ σ2ξEPN,β

rη1pG̃N qs ` Error1N ` Error2N , (3.162)

with

Error1N “ EPN,β

”

η1pG̃N q

´

N
ÿ

i“1

1

NℓN
ψregpℓ´1

N xiqξ
1
regpℓ´1

N xiq ´ σ2ξ

¯ı

,

Error2N “
1

pNℓN q1´ s
2

CovPN,β
rηpG̃N q, pβAℓN rψregs ´ FluctN rψ1

regpℓ´1
N ¨qss.

Step 3: the error term Error1N One can bound Error1N by

|Error1N | ď |η1|8
1

NℓN
EPN,β

”

|

N
ÿ

i“1

ξ1
regpℓ´1

N xiqψregpℓ´1
N xiq ´NℓNσ

2
ξ |

ı

.

Since ψ1
reg “ ´ 1

2βcs
p´∆q

1´s
2 ξreg, observe that

EPN,β

”

N
ÿ

i“1

ξ1
regpℓ´1

N xiqψregpℓ´1
N xiq

ı

“ NℓNσ
2
ξreg ,
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with σξreg as in (3.158). Moreover from the definition of ξreg,

σ2ξreg “ σ2ξ `O
´ 1

NℓN
`

1

pNℓN q1´ s
2

´maxαl`κε1

¯

.

We therefore obtain the following bias-variance decomposition:

|Error1N | ď C|η1|8
1

NℓN

´

1 ` VarPN,β

”

N
ÿ

i“1

ξ1
regpℓ´1

N xiqψregpℓ´1
N xiq

ı
1
2
¯

.

By the sub-poissonian estimate of Lemma 3.3.9,

VarPN,β

”

N
ÿ

i“1

ξ1
regpℓ´1

N xiqψregpℓ´1
N xiq

ı
1
2

ď pNℓN q
1
2 |ψreg ξ

1
reg|L2 .

By Assumptions 3.1.1, ψreg is of order Op|x ´ a|1´maxαlq around a singularity a of ξreg while ξ1
reg

grows in Op|x´ a|´maxl αl´sq. It follows that

|ψreg ξ
1
reg|2L2 ď C

´

1 `

ż 1

1
NℓN

1

|x|4maxαl´2`2s
dx

¯

ď Cp1 ` pNℓN q4maxαl`2s´3q.

Hence

EPN,β

”

|

N
ÿ

i“1

ξ1
regpℓ´1

N xiqψregpℓ´1
N xiq ´NℓNσ

2
ξ |

ı

ď CpNℓN q
1
2 ` CpNℓN q2maxαl`s´1.

and
Error1N “ OppNℓN q´ 1´s

2 ` pNℓN q´p2´2maxαl´sqq. (3.163)

Since maxαl ă 1 ´ s
2 , note that Error1N “ oNℓN p1q.

Step 4: the error term Error2N To upper bound Error2N , one can write for instance

|Error2N | ď
2β

pNℓN q1´ s
2

|η|8 VarPN,β
rAℓN rψregss

1
2 `

2

pNℓN q1´ s
2

|η|8 VarPN,β
rFluctN rψ1

regpℓ´1
N ¨qss

1
2 .

(3.164)
A quantitative bound on the variance of Aℓrψregs has been obtained in the proof of Theorem 3.1.2.
The estimate (3.155) asserts that

VarPN,β
rAℓN rψregss ď CpβqpNℓN qκε`maxp1,2maxαlq.

Moreover from the sub-poissonian of Lemma 3.3.9,

VarPN,β
rFluctN rψ1

regpℓ´1
N ¨qs ď NℓN

ż

pψ1
regq2 ď CpβqpNℓN qmaxp1,2maxαlq.

It follows that
|Error2N | ď

Cpβq

pNℓN q
1´s
2

|η|8pNℓN q
κε
2

`maxp 1
2
,maxαlq. (3.165)

Step 5: conclusion Inserting (3.163), (3.165) into (3.162) and using (3.159) one obtains

|EPN,β
rηpGN qGN ´ σ2ξη

1pGN qs| ď C
´

pNℓN q´p1´ s
2

´maxαl´κεq ` pNℓN q´ 1´s
2

¯

.

Since maxαl ă 1´ s
2 , this error term is oNℓN p1q and this concludes the proof of Theorem 3.1.3.
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3.6.2 Proof of Corollary 3.1.4

Proof of Corollary 3.1.4. By Lemma 3.2.3, the function ξ :“ 1p´a,aq satisfies Assumptions 3.1.1 and
one may apply Theorem 3.1.3. Let us define

ψ “ ´
1

2cs
p´∆q

1´s
2 ξ.

By integration by parts, the asymptotic variance σ2ξ may be expressed as

σ2ξ “
1

2βcs
|ξ|2

H
1´s
2

“ ´
1

β

ż

p´a,aq

ψ1 “ ´
1

β
pψpaq ´ ψp´aqq.

Furthermore, from the explicit computation of Lemma 3.2.3, we have

ψpxq “ ´
cotanpπ2 sq

πs
pζp´s, x` aq ´ ζp´s, x´ aqq.

It follows that

σ2ξ “
cotanpπ2 sq

β π2 s
ζp´s, 2aq. (3.166)

Now for ℓN Ñ 0, we have

lim
NÑ8

1

pNℓN qs
lim
NÑ8

VarPN,β
rFluctN rξpℓ´1

N ¨qss “ rσ2ξ :“ |ξ0|2

H
1´s
2
,

where ξ0 : R Ñ R, ξ0 “ 1p´a,aq. In this case, by expanding (3.166) as a tends to 0, we find

rσ2ξ “
cotanpπ2 sq

β π2 s
p2aqs.

Let tkNu be a sequence in t1, . . . , N2 u such that kN Ñ 8. Let

i0 “ argmin
1ďiďN

|xi|.

Let us prove that k
´ s

2
N pNpxi0`kN ´ xi0q ´ kN q converges in distribution. Let ε ą 0. Let π : Z ÞÑ

s ´ N
2 ,

N
2 s X Z such that πpnq “ n mod N and πpnq Ps ´ N

2 ,
N
2 s X Z. Define the event

A “ tXN P DN : |Nxi0 | ď kεN ,@i, j P tk : dpk, i0q ď 2kNu, |Npxj´xiq´Nπpj´iq| ď dpj, iq
s
2

`εu.

Since i0 is the index of the smallest point, by Theorem 3.1.1, the event A has overwhelming
probability: there exists δ ą 0 depending on ε such that

PN,βpAcq ď Cpβqe´cpβqkδN .

Moreover note that on A, we have

NpxkN`i0 ´ xi0q ´ kN “ ´

´

N
ÿ

i“1

1p0,ℓN qpxiq ´NℓN

¯

`OpkεN ` k
s
2

p s
2

`εq

N q,

where ℓN “
kN
N . Since A has overwhelming probability, choosing ε ą 0 small enough, one deduces

from Theorem 3.1.3 and the above computations that

N´ s
2 ζp´s,

kN
N

q´ 1
2 pNpxkN`i0 ´ xi0q ´ kN q ùñ

Law
N p0, σ2q, where σ2 “

cotanpπ2 sq

β π2 s
. (3.167)

By symmetry, (3.167) holds for each i P t1, . . . , Nu.
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3.7 Appendix

3.7.1 Well-posedness of the H.-S. equation

3.7.1.1 Well-posedness for gradients

Let µ satisfying Assumptions 3.3.1. The formal adjoint with respect to µ of the derivation Bi,
i P t1, . . . , Nu is given by

B˚
i w “ Biw ´ pBiHqw,

meaning that for all v, w P C8pDN q such that v ¨ n⃗ “ 0 on BDN , the following identity holds

EµrpBivqws “ EµrvB˚
i ws. (3.168)

The above identity can be shown by integration by parts under the Lebesgue measure on DN . Recall
the map

Π : XN P DN ÞÑ px2 ´ x1, . . . , xN ´ x1q P TN´1

and µ1 “ µ ˝ Π´1.

Lemma 3.7.1. Assume that µ satisfies Assumptions 3.3.1. Let F P H´1pµq. Assume either that
F is in the form F “ G ˝ Π with G P H´1pµ1q or that χ is bounded. Then there exists a unique
ϕ P H1pµq such that that

$

&

%

Lµϕ “ F ´ EµrF s on DN

∇ϕ ¨ n⃗ “ 0 on BDN

Eµrϕs “ 0.
(3.169)

Moreover the solution ϕ of (3.169) is the unique minimizer of

ϕ ÞÑ Eµr|∇ϕ|2 ´ 2ϕF s,

over functions ϕ P H1pµq such that Eµrϕs “ 0.

Lemma 3.7.1 is a variation on Lax-Milgram’s lemma. When the interaction kernel χ is bounded,
a uniform Poincaré inequality holds. If one does not assume that χ is bounded, then one can observe
that the Poincaré inequality holds for all functions of the gaps.

Proof. Assume that F “ G ˝ Π with G P H´1pµ1q. Let

E “ tϕ P H1pµq : ϕ “ ψ ˝ Π, ψ P H1pµ1q,Eµrϕs “ 0u

and
J : ϕ P E ÞÑ Eµr|∇ϕ|2s ´ 2EµrFϕs. (3.170)

One can write
|EµrFϕs| ď }F }H´1pµq}ϕ}H1pµq.

By assumptions ∇2H ě c on the subspace tx P RN : x1 “ 0u for some constant c ą 0 and therefore

Eµrϕ2s “ Varµrϕs “ Varµ1rψs ď Eµ1r∇ψ ¨ p∇2Hq´1∇ψs ď c´1Eµ1r|∇ψ|2s “
1

4c
Eµr|∇ϕ|2s.

(3.171)
Consequently there exists some constant C ą 0 such that for all ϕ P E,

|EµrFϕs| ď C}F }H´1pµqEµr|∇ϕ|2s
1
2 . (3.172)
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It follows that J is coercive with respect to the H1pµq norm and that J is bounded from below. Let
pϕkq be a sequence of elements of E such that pJpϕkqq converges to inf J . Since pϕkq is bounded
in H1pµq, there exists a sub-sequence converging weakly to a certain ϕ P E. It follows from (3.172)
that J is l.s.c on H1pµq. Since J is convex, J is l.s.c for the weak topology on H1pµq. Therefore
ϕ is a minimizer of J on E. The first-order minimality condition for ϕ reads

Eµr∇ϕ ¨ ∇hs “ EµrFhs,

for all h P E. By integration by parts one may rewrite the above quantity as

Eµr∇ϕ ¨ ∇hs “ EµrLµϕhs `

ż

BDN

p∇ϕ ¨ n⃗qhe´H .

It follows that ∇ϕ ¨ n⃗ “ 0 on BDN and that for all h P E,

EµrpLµϕ´ F ` EµrF sqhs “ 0.

If h P H1pµq, letting h̃ “
ş

hpx1, . . . , xN qdx1, one may note that

EµrLµϕ´ F ` EµrF sqhs “ EµrpLµϕ´ F ` EµrF sqh̃s “ 0.

We deduce that ϕ satisfies
Lµϕ “ F ´ EµrF s,

as elements of H´1pµq and ∇ϕ ¨ n⃗ “ 0 on BDN . The uniqueness is straightforward.
When the density of µ is bounded from below by a positive constant, it is standard that µ satisfies

a Poincaré inequality. We deduce from the same arguments the proof of existence and uniqueness
of a solution to (3.169).

We can now complete the proof of Proposition 3.3.1.

Proof of Proposition 3.3.1. Let F “ G ˝ Π with G P H1pµ1q. Recall that if F P H1pµq, ∇F P

L2pt1, . . . , Nu, H´1pµqq. Indeed

N
ÿ

i“1

}BiF }2H´1pµq ď

N
ÿ

i“1

}BiF }2L2 ď }ϕ}2H1pµq.

By Lemma 3.7.1, there exists ϕ P H1pµq such that Lϕ “ F ´ EµrF s as elements of H´1pµq and
∇ϕ ¨ n⃗ “ 0 on BDN . Let w P C8pDN q such that w ¨∇n “ 0 on BDN . For each i P t1, . . . , Nu, we
have

EµrwBiF s “ EµrB˚
i wpF ´ EµrF sqs “ EµrB˚

i wLµϕs “ Eµr∇B˚
i w ¨ ∇ϕs

“

N
ÿ

j“1

EµrpB˚
i BjwqBjϕs `

N
ÿ

j“1

EµrprBj , B
˚
i swqBjϕs.

For the first term in the sum above, we have

N
ÿ

j“1

EµrpB˚
i BjwqBjϕs “

N
ÿ

j“1

EµrpBjwqBiBjϕs “ Eµr∇w ¨ ∇pBiϕqs “ EµrwLµpBiϕqs.
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For the second term, using the identity rBj , B
˚
i s “ p∇2Hqi,j , one can write

N
ÿ

j“1

EµrprBj , B
˚
i swqBjϕs “ Eµrwei ¨ ∇2H∇ϕs.

We conclude by density that, in the sense of H´1pµq, for each i P t1, . . . , Nu,

LµpBiϕq ` p∇2H∇ϕqi “ BiF.

This concludes the proof of existence of a solution to (3.58). The Helffer-Sjöstrand formula (3.60)
then easily follows from an integration by parts: letting ∇ϕ be the solution of (3.58), we can write

VarµrF s “ EµrpF ´ EµrF sqLµϕs “ Eµr∇F ¨ ∇ϕs.

When the density of µ is bounded from below we conclude likewise.
Let us no prove that the variational characterisation of the solution of (3.58). Let

E “ tψ P L2pt1, . . . , Nu, H1pµqq : ψ “ v ˝ GapN , v P L2pt1, . . . , Nu, H1pµ1qqu

and
J : ψ P E ÞÑ Eµr|Dψ|2 ` ψ ¨ ∇2Hψ ´ 2∇F ¨ ψs.

By standard arguments, one can easily prove that J admits a unique minimizer ψ, which satisfies
the Euler-Lagrange equation

"

Aµ1ψ “ ∇F on DN

ψ ¨ n⃗ “ 0 on BDN .
(3.173)

Since J is convex on E, if ∇ϕ verifies (3.173), then ψ “ ∇ϕ.

3.7.2 Auxiliary estimates

3.7.2.1 Discrete convolution products

Lemma 3.7.2. Let α, β be such that α ` β ą 1. Let k0 P N.

(i) If α P p0, 1q and β P p0, 1q,

ÿ

kPN,k‰k0

1

kα
1

|k0 ´ k|β
ď

C

kα`β´1
0

.

(ii) If α “ 1 and β P p0, 1q,
ÿ

kPN,k‰k0

1

kα
1

|k0 ´ k|β
ď
C log k0

kβ0
,

(iii) If α ą 1 and β ą 0,
ÿ

kPN,k‰k0

1

kα
1

|k0 ´ k|β
ď

C

k
minpα,βq

0

.

The above estimates follow from straightforward computations, see for instance [200, 91]. Let
us now adapt Lemma 3.7.2 to truncated convolution products.

Lemma 3.7.3. Let α, β be such that α ` β ą 1. Let k0 P N.
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(i) If α ą 1 and β P p0, 1q,

ÿ

kěK,k‰k0

1

kα
1

|k ´ k0|β
À

#

1
Kα`β´1 if k0 ď K

2
1

kβ0

1
Kα´1 if k0 ě K

2 .
(3.174)

(ii) If α ą 1 and β “ 1,

ÿ

kěK,k‰k0

1

kα
1

|k0 ´ k|β
À

#

1
Kα`β´1 if k0 ď K

2
1

kα`β´1
0

` 1

kβ0
log k0 if k0 ě K

2 .

(iii) If α ą 1 and β ą 1,

ÿ

kěK,k‰k0

1

kα
1

|k ´ k0|β
À

$

’

&

’

%

1
Kα`β´1 if k0 ď K

2
1
kα0

1
pK´k0qβ´1 if K

2 ď k0 ă K
1
kα0

` 1

kβ0

1
Kα´1 if k0 ě K.

Proof of Lemma 3.7.3. Let us prove the three statements together. Let α ą 1. We split the sum
over k along the condition k ě 2k0. If k ě 2k0, |k ´ k0| ě k

2 and therefore

ÿ

kě2k0,kěK

1

kα
1

|k ´ k0|β
À

ÿ

kě2k0,kěK

1

kα`β
À

1

maxpK, k0qα`β´1
.

If k0 ď K
2 , the remaining part is empty and therefore

ÿ

kěK,k‰k0

1

kα
1

|k ´ k0|β
À

1

Kα`β´1
.

Assume now that k0 ě K
2 . We split the remaining term into two parts according to whether

|k ´ k0| ě k0
2 or not. For the first contribution one has

ÿ

Kďkď2k0,|k´k0|ě
k0
2

1

kα
1

|k ´ k0|β
À

1

kβ0

ÿ

kěK

1

kα
À

1

kβ0

1

Kα´1
.

For the second contribution we may write

ÿ

Kďkď2k0,|k´k0|ď
k0
2

k‰k0

1

kα
1

|k ´ k0|β
À

1

kα0

ÿ

|k´k0|ď
k0
2
,kěK

k‰k0

1

|k ´ k0|β
.

One can bound the sum in the right-hand side by

ÿ

kěK,|k´k0|ď
k0
2

k‰k0

1

|k ´ k0|β
ď

$

’

’

’

&

’

’

’

%

k1´β
0 if β P p0, 1q

log k0 if β “ 1
1 if β ą 1 and k0 ě K

1
pK´k0qβ´1 if β ą 1 and K

2 ď k0 ă K.

Combining the above estimates concludes the proof of Lemma 3.7.3.
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3.7.2.2 Proof of Lemma 3.5.2

Proof of Lemma 3.5.2. We suppose that ξ is supported on p´1
2 ,

1
2q and that ℓN P p0, 1q, the proof

in the macroscopic case being similar. Let i0 “ argmin
1ďiďN

|xi|, γ ą 1 and

IN “ ti P t1, . . . , Nu : dpi, i0q ď pNℓN qγu.

To lighten the notation let us write IN “ t1, . . . ,Ku with K “ 1` tpNℓN qγu. Let ψ P Cδpℓ´1
N T,Rq

given by (3.124) and ψreg “ ψ ˚Kℓ with ℓ “ 1{pNℓN qε
1

for some ε1 ą 0.
Denote uN the regular grid of spacing 1

N on T:

uNi “
i

N
P T, i “ 1, . . . , N. (3.175)

Step 1: splitting Let g̃ : x P Tzt0u ÞÑ g1
spxqx. One may express AℓN rψregs as

AℓN rψregs “

ĳ

∆c

ℓN pψregpℓ´1
N yq ´ ψregpℓ´1

N xqq

y ´ x
N´sg̃py ´ xqdfluctN pxqdfluctN pyq.

Denote

ζ : px, yq P pℓ´1
N Tq2 ÞÑ

ℓN pψregpℓ´1
N yq ´ ψregpℓ´1

N xqq

y ´ x
.

One can split the gradient of rAℓN rψregs into V ` W with Vi,Wi given for each i P IN by

Vi “ 2
ÿ

k:i`kPIN

B1ζpxi, xi`kqN´sg̃pxi`k ´ xiq ´ 2N

ż

|y|ď
pNℓN qγ

N

B1ζpxi, yqN´sg̃py ´ xiqdy

` 2
ÿ

k:i`kPIN

ζpxi, xi`kqN´sg̃1puNk q ´ 2N

ż

|y|ď
pNℓN qγ

N

ζpxi, yqN´sg̃1py ´ xiqdy

and

Wi “ 2
ÿ

k:i`kPIN

ζpxi, xi`kqN´spg̃1pxi`k ´ xiq ´ g̃1puNk qq

with Vi “ Wi “ 0 for each i P IcN . Let us isolate from Vi the discretization errors: for each i P IN
write Vi “ V1

i ` V2
i with

V1
i “ 2

ÿ

k:i`kPIN

B1ζpxi, xi`kqN´sg̃pxi`k ´ xiq ´ 2
ÿ

k:i`kPIN

B1ζpxi, xi ` uNk qN´sg̃puNk q

` 2
ÿ

k:i`kPIN

pζpxi, xi`kq ´ ζpxi, xi ` uNk qqN´sg̃1puNk q

and

V2
i “ 2

ÿ

k:i`kPIN

pB1ζpxi,u
N
k qg̃puNk q`ζpxi, u

N
k qg̃1puNk qq´2N

ż

|y|ď
pNℓN qγ

N

pB1ζpxi, yqg̃pyq`ζpxi, yqg̃1pyqqdy.
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Step 2: control on V1 For each i P IN , one may write

V1
i “ 2

ÿ

k:i`kPIN

B1ζpxi, xi`kqN´spg̃pxi`k ´ xiq ´ g̃puNk qq

`2
ÿ

k:i`kPIN

pB1ζpxi, xi`kq´B1ζpxi, xi`uNk qqN´sg̃puNk q`2
ÿ

k:i`kPIN

pζpxi, xi`kq´ζpxi, xi`uNk qqN´sg̃1puNk q.

(3.176)

Denote V1,1
i , V1,2

i and V1,3
i the three terms in (3.176). By assumption, ψreg satisfies |ψ2

reg| ď CηN
where

ηN : x P ℓ´1
N T ÞÑ

´

1 `

p
ÿ

l“1

1

p|x´ al| _ 1
pNℓN q1´ε1 q1`αl

¯

1|x|ă2 `
1

p1 ` |x|q3´s
. (3.177)

Observe that there exists a constant C ą 0 such that for all x, y P T,

|B1ζpx, yq| ď Cℓ´1
N pηN pℓ´1

N xq ` ηN pℓ´1
N yqq. (3.178)

Therefore, on the good event A defined in (3.123), one can bound V1,1 uniformly in i P IN by

|V1,1
i | ď Cℓ´1

N pNℓN qκε
ÿ

jPIN :j‰i

pηN pℓ´1
N xjq ` ηN pℓ´1

N pxi ` uNj´iqqq
1

|j ´ i|1` s
2

. (3.179)

Let us keep track of the indices near the singularities of ξ: for each i “ 1, . . . , p let

kl :“ argmin
1ďiďN

|xi ´ ℓNal|. (3.180)

Note that there exists C0 ą 0 such that for all XN P A,

|j ´
K

2
| ě C0NℓN ùñ |xj | ą 2ℓN , for each j P IN .

Moreover we can write

1

|ℓ´1
N px´ ℓNalq| _ pNℓN q´p1´ε1q

“
ℓN

|x´ ℓNal| _ ℓN pNℓN q´p1´ε1q
“

NℓN
|Nx´NℓNal| _ pNℓN qε

1 .

It follows that

ηN pℓ´1
N xjq ` ηN pℓ´1

N pxi ` uNj´iqq ď CpNℓN qκε1
|j´K

2
|ďC0NℓN

ˆ

´

1 `

p
ÿ

l“1

pNℓN q1`αl
1

p1 ` |j ´ kl|q1`αl
^

1

pNℓN qε
1p1`αlq

¯

` CpNℓN qκε
pNℓN q3´s

p|j ´ K
2 | `NℓN q3´s

.

Inserting this into (3.179) gives

|V1,1
i | ď Cℓ´1

N pNℓN qκε
ÿ

|j´K
2

|ďC0NℓN

´

1`

p
ÿ

l“1

pNℓN q1`αl
1

1 ` |j ´ kl|1`αl
^

1

pNℓN qε
1p1`αlq

1

1 ` |j ´ i|1` s
2

¯

` Cℓ´1
N pNℓN qκεpNℓN q3´s

N
ÿ

j“1

1

pNℓN ` |j ´ K
2 |q3´s

1

1 ` |j ´ i|1` s
2

. (3.181)
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One can first check that

ÿ

|j´K
2

|ďC0NℓN

1

|j ´ i|1` s
2

ď

$

&

%

1 if |i´ K
2 | ď 2C0NℓN

NℓN
|i´K

2
|
1` s

2
if |i´ K

2 | ě 2C0NℓN .
(3.182)

The behavior of the discrete convolution product depends on whether αl ă s
2 or not. By Lemma

3.7.3, we have

ÿ

|j´K
2

|ďC0NℓN

1

1 ` |j ´ kl|1`αl
^

1

pNℓN qε
1p1`αlq

1

1 ` |j ´ i|1` s
2

ď C

$

’

’

’

&

’

’

’

%

1
|i´kl|1`αl

` 1

p|i´kl|_pNℓN qε
1
q
1` s

2
if |i´ K

2 | ď 2C0NℓN and αl ą s
2

1
|i´kl|1`αl

if |i´ K
2 | ď 2C0NℓN and αl ď s

2

1

|i´K
2

|
1` s

2 `αl
if |i´ K

2 | ě 2C0NℓN .

(3.183)

On the event A, there exist constants C ą 0 and κ ą 0 such that

|i´ kl| ě CpNℓN q´κε|Nxi ´NℓNal|, for each i P IN , 1 ď l ď p.

Besides we can check that

N
ÿ

j“1

1

pNℓN ` |j ´ N
2 |q3´s

1

|j ´ i|1` s
2

ď C

$

&

%

1

pNℓN q
3´ s

2
if |i´ K

2 | ď 2NℓN

1

|i´K
2

|
3´ s

2
if |i´ K

2 | ě 2NℓN .

Observe that the term (3.182) is dominant at infinity. One can therefore gather these expressions
into

|V1,1
i | ď CpNℓN qκε

ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|xi ´ ℓNal| _
pNℓN qε

1

N q1` s
2

1|xi|ă2ℓN

` CpNℓN qκε
p
ÿ

l“1

ℓαl
N

1

p|xi ´NℓNal| _ 1
N q1`αl

1|xi|ă2ℓN ` CpNℓN qκεN´ s
2

1

p|xi| ` ℓN q1` s
2

.

(3.184)

We turn to the second term of (3.176). Observe that there exists a constant C ą 0 such that
for all a, x, y P T,

|B1ζpx, y ` aq ´ B1ζpx, yq| ď Cℓ´1
N pηN pℓ´1

N yq ` ηN pℓ´1
N py ` aqq ` ηN pℓ´1

N xqq
|a|

|x´ y|
.

Applying this to x “ xi, y “ xj , a “ xj ´ xi ´ uNj´i, we find that there exist constants C ą 0 and
κ ą 0 such that uniformly on A and for each i, j P IN ,

|B1ζpxi, xjq´B1ζpxi, xi`uNj´iq| ď Cℓ´1
N pNℓN qκεpηN pℓ´1

N xiq`ηN pℓ´1
N pxi`uNj´iqq`ηN pℓ´1

N xjqq
1

|j ´ i|1` s
2

.

As a consequence we get that V1,2
i is bounded uniformly on A by

|V1,2
i | ď Cℓ´1

N pNℓN qκε
ÿ

jPIN :j‰i

pηN pℓ´1
N xjq ` ηN pℓ´1

N pxi ` uNj´iqqq
1

|j ´ i|1` s
2

.
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In view of the previous computation, one deduces that V1,2
i verifies the estimate (3.184). With

similar arguments one can check that V1,3
i also satisfies (3.184) and therefore

|V1
i | ď CpNℓN qκε

ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|xi ´ ℓNal| _
pNℓN qε

1

N q1` s
2

1|xi|ă2ℓN

` CpNℓN qκε
p
ÿ

l“1

ℓαl
N

1

p|xi ´NℓNal| _ 1
N q1`αl

1|xi|ă2ℓN ` CpNℓN qκεN´ s
2

1

p|xi| ` ℓN q1` s
2

.

(3.185)

Step 3: control on V2 Fix x P T and define

f : y P NT ÞÑ ζpx, x`
y

N
qN´sg̃1p

y

N
q ` B1ζpx, x`

y

N
qN´sg̃p

y

N
q.

For each K1,K2 P t1, . . . , N2 u, one may write using the Euler-Maclaurin formula

ÿ

´K1ďkďK2,k‰0

fpkq “

ż

r´K1,K2szr´1,1s

fpyqdy`
fp´K1q ` fpK2q

2
`O

´

ż ´1

´N
2

|f 1pyq|dy`

ż N
2

1
|f 1pyq|dy

¯

.

Let us thus upper bound the L1 norm of f 1. First, note as in (3.178) that for all y P NT,
ˇ

ˇ

ˇ
B2ζpx, x`

y

N
q

ˇ

ˇ

ˇ
ď Cℓ´1

N

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
q

¯

.

It follows that
ż N

2

1

ˇ

ˇ

ˇ
B2ζpx`

y

N
qN´p1`sqg̃1p

y

N
q

ˇ

ˇ

ˇ
dy ď Cℓ´1

N

ż N
2

1

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
qq

¯ 1

y1`s
dy.

We recognize an expression similar to (3.179) and after performing some computations we find

ż N
2

1

ˇ

ˇ

ˇ
B2ζpx,N´p1`sqg̃1p

y

N
q

ˇ

ˇ

ˇ
dy ď CpNℓN qκε

p
ÿ

l“1

ℓαl
N

1

p|x´ ℓNal| _ 1
N q1`αl

1|x|ă2ℓN

` CpNℓN qκε
ÿ

l:αląs

pNℓN qαlN´s 1

p|x´ ℓNal| _
pNℓN qε

1

N q1`s
` CpNℓN qκεN´s 1

p|x| ` ℓN q1`s
.

(3.186)

Using that for all x P T, y P p´N
2 ,

N
2 q,

|ζpx, x`
y

N
q| ď Cℓ´1

N

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
qq

¯

|y|

N
,

one gets

ż N
2

1
|ζpx, x`

y

N
q|N´ps`1qg̃2p

y

N
qdy ď CℓN´1

ż N
2

1

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
qq

¯ 1

y1`s
dy.

Finally, noting that for all x P T, y P p´N
2 ,

N
2 q,

|B21ζpx, x`
y

N
q| ď Cℓ´1

N

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
qq

¯N

|y|
,
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one may check that
ż N

2

1

1

N
|B21ζpx, x`

y

N
q|N´sg̃p

y

N
qdy ď Cℓ´1

N

ż N
2

1

´

ηN pℓ´1
N xq ` ηN pℓ´1

N px`
y

N
qq

¯ 1

y1`s
dy.

Combining these estimates we find that
ş

N
2
1 |f 1pyq|dy is bounded by the right-hand side of (3.186)

and so is
ş´1

´N
2

|f 1pyq|dy. Inserting this into (3.188) we conclude that V2
i is bounded by

|V2
i | ď CpNℓN qκε

p
ÿ

l“1

ℓαl
N

1

p|x´ ℓNal| _ 1
N q1`αl

1|x|ă2ℓN

`CpNℓN qκε
ÿ

l:αląs

pNℓN qαlN´s 1

p|x´ ℓNal| _
pNℓN qε

1

N q1`s
`CpNℓN qκεN´s 1

p|x| ` ℓN q1`s
`Cfpdpi, BIN qq.

(3.187)

Split f into f1 ` f2 with f1 : y P NT ÞÑ ζpx, x`
y
N qN´sg̃1p

y
N q. First recall that

ˇ

ˇ

ˇ
ζpxi, xi `

dpi, BIN q

N
q

ˇ

ˇ

ˇ
ď C

ℓ2´s
N

pℓN ` |xi|q2´s
.

Let i P IN such that dpi, i0q ď 1
2dpi, BIN q. One can write

|f1pdpi, BIN qq| ď
CN

pNℓN qγp1`sq

1

pℓ´1
N |xi| ` 1q2´s

“
C

pNℓN qγs

ℓ´1
N

pℓ´1
N |xi| ` 1q2´s

.

Let i P IN such that dpi, i0q ě 1
2dpi, BIN q. Then

|f1pdpi, BIN qq| ď
CN

dpi, BIN q1`s
pNℓN q´p2´sqp1´γq.

Let I “ p´
pNℓN qγ

N , pNℓN qγ

N q X T. On the event A there holds

1

dpi, BIN q1` s
2

ď C
pNℓN qκε

pNdpxi, BIq ^ 1q1` s
2

.

It follows that on A,

|f1pdpi, BIN qq| ď CpNℓN qκε´p2´sqp1´γqN´ s
2

1

pdpxi, BIq ^ 1
N q1` s

2

.

Besides we also have that for each i P IN ,

|f2pdpi, BIN qq| ď CpNℓN qκεℓ´1
N ηN pℓ´1

N xq.

Since (3.187) can be absorbed into (3.185), we have obtained that uniformly on i P IN

|Vi| ď CpNℓN qκε
ÿ

l:αlą
s
2

pNℓN qαlN´ s
2

1

p|xi ´ ℓNal| _
pNℓN qε

1

N q1` s
2

1|xi|ă2ℓN

` CpNℓN qκε
p
ÿ

l“1

ℓαl
N

1

p|xi ´NℓNal| _ 1
N q1`αl

1|xi|ă2ℓN ` CpNℓN qκεN´ s
2

1

p|xi| ` ℓN q1` s
2

`
C

pNℓN qγs

ℓ´1
N

pℓ´1
N |xi| ` 1q2´s

` CpNℓN qκε´p2´sqp1´γqN´ s
2

1

pdpxi, BIq ^ 1
N q1` s

2

.
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Step 4: control on W in gap coordinates Let W̃ P L2pt1, . . . , Nu, H1pPN,βqq be the vector-
field given for each i P IN by

W̃i “

N
ÿ

k“1

ÿ

lPIN :
l`kPIN ,i´kălďi

ζpxl`k, xlqN
´p1`sqpg̃1pxl`k ´ xlq ´ g̃1puNk qqpδk‰N{2 `

1

2
δk“N{2q

and W̃i “ 0 for i R IN . For all UN P RN , we have

W ¨ UN “ ´

N
ÿ

i“1

W̃iNpui`1 ´ uiq.

There exist constants C, κ ą 0 such that uniformly on A, for each l, l ` k P IN

N´p1`sq|g̃1pxl`k ´ xkq ´ g̃1puNk q| ď
CpNℓN qκε

k2` s
2

. (3.188)

By assumption |ψ1
reg| ď CγN where

γN : x P ℓ´1
N T ÞÑ

´

1 `

p
ÿ

l“1

1

|x´ al|αl

¯

1|x|ă2 `
1

1 ` |x|2´s
.

One may thus bound W̃i uniformly on A by

|W̃i| ď CpNℓN qκε
K
ÿ

k“1

K
ÿ

j“i`1

p|γN pℓ´1
N xkq| ` |γN pℓ´1

N xjq|q
1

|j ´ k|2` s
2

.

Reindexing this sum gives

|W̃i| ď CpNℓN qκε
K
ÿ

j“1

|γN pℓ´1
N xjq|

1

|j ´ i|1` s
2

. (3.189)

Recalling (3.180), for each l “ 1, . . . , p and j P IN we have that uniformly on A,

N |xj ´ ℓNal| ě pNℓN q´ε|j ´ kl|.

Furthermore there exists a constant C0 ą 0 such that for each i, j P IN and uniformly on A

|j ´ i| ě C0NℓN ùñ |xj | ą 2ℓN .

Inserting this into (3.189) we find that

|W̃i| ď CpNℓN qκε
ÿ

|j´K
2

|ďC0NℓN

p
ÿ

l“1

pNℓN qαl
1

|j ´ kl|αl

1

|j ´ i|1` s
2

` CpNℓN q2´s
N
ÿ

j“1

1

pNℓN ` |j ´ K
2 |q2´s

1

|j ´ i|1` s
2

. (3.190)

Let 1 ď l ď p. Since αl P p0, 1q, one can observe that

ÿ

|j´K
2

|ďC0NℓN

1

|j ´ kl|αl

1

|j ´ i|1` s
2

ď C

$

&

%

1
|i´kl|αl

if |i´ K
2 | ď 2C0NℓN

NℓN
|i´K

2
|
1` s

2 `αl
if |i´ K

2 | ě 2C0NℓN .
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Summing the squares of these over 1 ď i ď K ´ 1 therefore gives

pNℓN q2αl
ÿ

1ďiďK

´

ÿ

|j´K
2

|ďC0NℓN

1

|j ´ kl|αl

1

|j ´ i|1` s
2

¯2
ď C

$

’

&

’

%

NℓN if αl P p0, 12q

pNℓN q logpNℓN q if αl “ 1
2

pNℓN q2αl if αl P p12 , 1q.

(3.191)
Besides we can check that

N
ÿ

j“1

1

pNℓN ` |j ´ N
2 |q2´s

1

|j ´ i|1` s
2

ď C

$

&

%

1
pNℓN q2´s if |i´ K

2 | ď 2NℓN
NℓN

|i´K
2

|3´s
if |i´ K

2 | ě 2NℓN .

Summing the squares of these over 1 ď i ď K ´ 1 gives

pNℓN q2p2´sq

K
ÿ

i“1

´

N
ÿ

j“1

1

NℓN ` |j ´ N
2 |2´s

1

|j ´ i|1` s
2

¯2
ď CNℓN . (3.192)

Inserting (3.191) and (3.192) into (3.190) we concludes that there exist constants C ą 0 and κ ą 0
such

sup
A

|W̃|2 ď CpNℓN qκεpNℓN qmaxp1,2maxαlq. (3.193)

3.7.2.3 Additional useful estimates

Lemma 3.7.4. Let ξ satisfying Assumptions 3.1.1. Let ψ0 P CδpT,Rq such that g1
s ˚ ψ0 “ ξ

with
ş

ψ0 “ 0. Assume that ψ2
0 has p singularities in a1, . . . , ap of order 1 ` α1, . . . , 1 ` αp, with

αi P p0, 1q, as defined in (3.8). Assume that ξ is supported on p´1
2 ,

1
2q or that ℓN “ 1. Let

ψ P Cδpℓ´1
N T,Rq given by

ψ1 “ ´
1

2cs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qqpℓN ¨q and
ż

ψ “ 0.

Let ψreg “ ψ ˚Kℓ with Kℓ defined in (3.50) and ℓ “ 1{pNℓN q1´ε1

with ε1 ą 0. We have

EPN,β
rBℓN rψregss ď CpβqpNℓN qκεpNℓN ` pNℓN q2maxαlq. (3.194)

Proof. Let us recall

BℓN rψregs “

ĳ

∆c

N´ps`2qg2
spx´ yqpNℓN q2pψregpℓ´1

N xq ´ ψregpℓ´1
N yqq2dfluctN pxqdfluctN pyq.

Denote

h : px, yq P pℓ´1
N Tq2z∆ ÞÑ N´ps`2qg2

spx´ yqpNℓN q2pψregpℓ´1
N xq ´ ψregpℓ´1

N yqq2.

Since the first marginal of PN,β is the Lebesgue measure dx on T, one can simplify the expectation
of BℓN rψregs into

EPN,β
rBℓN rψregss “

N
ÿ

i“1

EPN,β

”

ÿ

j:j‰i

hpxj , xiq ´N

ż

hpy, xiqdy
ı

.
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Let uN be the regular grid as in (3.175). One may split the above term into

ÿ

j:j‰i

hpxj , xiq ´N

ż

hpy, xiqdy “
ÿ

j:j‰i

phpxj , xiq ´ hpxi ` uNj´i, xiqq

`
ÿ

j:j‰i

hpxi ` uNj´i, xiq ´N

ż

hpxi ` y, xiqdy :“ E1
i ` E2

i . (3.195)

Let us factorize h into hpx, yq “ h̃px, yqN´ps`2qg2
spx´ yq by setting

h̃ : px, yq ÞÑ pNℓN q2pψregpℓ´1
N xq ´ ψregpℓ´1

N yqq2.

Let

γN : x P ℓ´1
N T ÞÑ

´

1 `

p
ÿ

l“1

1

|x´ al|αl

¯

1|x|ă1 `
1

1 ` |x|2´s
.

By assumption, one can bound the difference of h̃px, y ` aq and h̃px, yq by

|h̃px, y ` aq ´ h̃px, yq| ď CN2ℓN |ψpℓ´1
N xq ´ ψpℓ´1

N yq|pγN pℓ´1
N py ` aqq ` γN pℓ´1

N yqq|a|

ď CN2pγN pℓ´1
N xq ` γN pℓ´1

N yqqpγN pℓ´1
N py ` aqq ` γN pℓ´1

N yqq|a||x´ y|.

It follows that

EPN,β
r|E1

i |s

ď CpβqEPN,β

”

ÿ

j:j‰i

pγN pℓ´1
N xiq`γN pℓ´1

N xjqqpγN pℓ´1
N xjq`γN pℓ´1

N pxi`uNj´iqqq
|Npxj ´ xiq ´NuNj´i|

|Npxj ´ xiq|1`s

ı

By Theorem 3.1.1, one can thus write

|E1
i | ď CpβqpNℓN qκε

ÿ

j:j‰i
1ďjďC0NℓN

p
ÿ

l“1

pNℓN q2αl
1

|j ´NℓNal|2αl

1

|i´ j|1` s
2

` CpNℓN qκε
ÿ

j:j‰i

pNℓN q2p2´sq 1

pj `NℓN q2´s

1

|j ´ i|1` s
2

.

By assumption, α ă 1 ´ s
2 and therefore 2αl ă 2 ´ s ă 2 ´ s

2 . Consequently one may use directly
(3.183). After some computations one finds

EPN,β

”

N
ÿ

i“1

|E1
i |

ı

ď CpβqpNℓN qκε`maxp2maxαl,1q. (3.196)

For the discretization error, proceeding as in the proof of Lemma 3.5.2, one can write

ˇ

ˇ

ˇ

ÿ

j:j‰i

hpxi ` uNj´i, xiq ´N

ż

hpxi ` y, xiqdy| ď
1

N

ż N
2

1
|B1hpxi,

y

N
, xiq|dy

ď C

ż N
2

1

1

y1`s
pγN pℓ´1

N xiq
2 ` γN pℓ´1

N pxi `
y

N
qq2q ď CγN pℓ´1

N xiq
2.

Summing the above estimate yields

EPN,β

”

N
ÿ

i“1

|E2
i |

ı

ď CpβqpNℓN qκε`maxp2maxαl,1q. (3.197)

In combination with (3.195) and (3.196), this gives (3.194).
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Lemma 3.7.5. Let ξ satisfying Assumptions 3.1.1 and Aext :“ AℓN rψregs ´ rAℓN rψregs with
AℓN rψregs and rAℓN rψregs as in (3.112), (3.122). Let γ ą 3´s

2´s _ 1
s . There exist constants

Cpβq ą 0, cpβq ą 0 and δ ą 0 such that

PN,βp|Aext| ą pNℓN q
1
2 q ď Cpβqe´cpβqpNℓN qδ .

Proof. Let ε ą 0 be a small number, with ε ď s
4 ^ 1´s

2 . Define the good event

B “ tXN P DN : @1 ď i ď N, 1 ď k ď N{2, |Npxi`k ´ xiq ´ k| ď k
s
2

`ε _ pNℓN q
s
2

`εu

X tXN P DN : @1 ď i ď N, pNℓN q´ε ď Npxi`1 ´ xiq ď pNℓN qεu.

In view of Theorem 3.1.1, the event B has overwhelming probability: there exist δ ą 0 depending
on ε and Cpβq ą 0, cpβq ą 0 such that

PN,βpBcq ď Cpβqe´cpβqpNℓN qδ . (3.198)

Let us now upper bound Aext on B. By assumption the map ψ1
reg is bounded by CγN with

γN : x P ℓ´1
N T ÞÑ

´

1 `

p
ÿ

l“1

1

|x´ al|αl

¯

1|x|ă1 `
1

1 ` |x|2´s
.

On can therefore bound Aext on B by

|Aext| ď CpNℓN qκε
N
ÿ

i“1

ÿ

jPIcN

pγN pℓ´1
N xiq ` γN pℓ´1

N xjqq
1

1 ` dpj, iq1` s
2

´ε

ď CpNℓN qκε
N
ÿ

i“1

γN pℓ´1
N xiq

1

1 ` dpi, IcN q
s
2

´ε
` CpNℓN qκε

ÿ

jPIcN

γN pℓ´1
N xjq

ď CpNℓN qκε
ÿ

iPIN

γN pℓ´1
N xiq

1

dpi, BIcN q
s
2

´ε
` CpNℓN qκε

ÿ

jPIcN

γN pℓ´1
N xjq.

(3.199)

The second sum of the last display is bounded by

|
ÿ

jPIcN

γN pℓ´1
N xjq| ď CpNℓN qκε`p2´sq

ÿ

kěpNℓN qγ

1

k2´s´ε
ď C 1pNℓN qκ

1ε`p2´sq´γp1´sq. (3.200)

Recall |IN | “ 1 ` 2tpNℓN qγu. One may split the first sum into

ÿ

iPIN

γN pℓ´1
N xiq

1

dpi, BIcN q
s
2

´ε

“
ÿ

iPIN ,dpi,BIN qą 1
2

pNℓN qγ

γN pℓ´1
N xiq

1

dpi, BIcN qγp s
2

´εq
`

ÿ

iPIN ,dpi,BIN qď 1
2

pNℓN qγ

γN pℓ´1
N xiq

1

dpi, BIcN q
s
2

`ε

ď C
ÿ

iPIN

γN pℓ´1
N xiq

1

pNℓN qγp s
2

´εq
` C

ÿ

iPIN ,dpi,IcN qď 1
2

pNℓN qγ

γpℓ´1
N xiq.

Since the singularities of ψ1 are in L1pℓ´1
N T,Rq, one can check that on B,

ÿ

iPIN

γN pℓ´1
N xiq ď CpNℓN qκε`1. (3.201)
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Moreover arguing as in (3.200), one finds that on B,
ÿ

iPIN ,dpi,IcN qď 1
2

pNℓN qγ

γN pℓ´1
N xiq ď CpNℓN qκε`p2´sq´γp1´sq.

Combining this with (3.199), (3.200) and (3.201), one finally gets that on B,

|Aext| ď CpNℓN qκεppNℓN q2´s´γp1´s´εq ` pNℓN q1´γp s
2

´εq.

Choosing γ ą 3´s
2´s _ 1

s , one thus gets that for ε ą 0 small enough,Aext satisfies

sup
B

|Aext| ď CpNℓN q
1
2 .

Together with (3.198), this finishes the proof.

Lemma 3.7.6. Let ξ satisfying Assumptions 3.1.1. Let ψ0 P CδpT,Rq such that g1
s ˚ ψ0 “ ξ

with
ş

ψ0 “ 0. Assume that ψ2
0 has p singularities in a1, . . . , ap of order 1 ` α1, . . . , 1 ` αp, with

αi P p0, 1q, as defined in (3.8). Assume that ξ is supported on p´1
2 ,

1
2q or that ℓN “ 1. Let

ψ P Cδpℓ´1
N T,Rq given by

ψ1 “ ´
1

2cs
ℓ1´s
N p´∆q

1´s
2 pξpℓ´1

N ¨qqpℓN ¨q and
ż

ψ “ 0.

Let ψreg “ ψ ˚Kℓ with Kℓ defined in (3.50) and ℓ “ 1{pNℓN q1´ε1

with ε1 ą 0. Let rAℓN rψregs given
by (3.122). We have

VarPN,β
rEPN,β

rrAℓN rψregs | x1ss ď CpβqppNℓN q2p1´sq `NℓN q.

Proof. First recall that for any ψ : T Ñ R smooth enough such that
ş

ψ “ 0,

EPN,β
rAℓN rψss “ 0. (3.202)

Indeed, letting ξ “ ´2βg ˚ ψ and ∇Φ : XN ÞÑ 1
pNℓN q1´s ℓN pψpℓ´1

N x1q, . . . , ψpℓ´1
N xN qq, we have

shown in the proof of Proposition 3.5.1 that

0 “ EPN,β
rLΦs “ EPN,β

”

FluctN rξpℓ´1
N ¨qs ´

1

pNℓN q1´s
FluctN rψ1pℓ´1

N ¨qs ` βAℓN rψs

ı

.

The first marginal of PN,β being the Lebesgue measure on the circle, one obtains (3.202). Let
i0 “ argmin

1ďiďN
|xi|. The point is that

LawPN,β
px1, . . . , xN | x1 “ xq “ LawPN,β

px1 ` x, . . . , xN ` x | x1 “ 0q

“ LawPN,β
px1 ` x, . . . , xN ` x | xi0 “ 0q

“ LawPN,β
px1 ´ xi0 ` x, . . . , xN ´ xi0 ` xq.

Fix x0 P T and let us denote ψx0 “ ψregpx0 ` ¨q. In view of the preceding remark,

EPN,β
rAℓN rψregs | x1 “ xs

“ EPN,β

”

ĳ

∆c

N´p1`sqg1
spx´yqNℓN pψx0pℓ´1

N px´xi0qq´ψx0pℓ´1
N py´xi0qqdfluctN pxqdfluctN pyq

ı

.
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By Theorem 3.1.1, xi0 “ Op 1
N q with overwhelming probability. Since the singularities of ψ1 are in

L1pT,Rq, one obtains by Taylor expansion that

EPN,β
rAℓN rψregs | x1 “ x0s “ EPN,β

rAℓN rψx0ss `OβppNℓN q1´sq.

Applying (3.202) to ψx0 one thus gets

EPN,β
rAℓN rψx0ss “ 0,

which gives
VarPN,β

rEPN,β
rAℓN rψregs | x1 “ x0ss “ OβppNℓN q2p1´sqq. (3.203)

Besides, by Lemma 3.7.5, one can write

EPN,β
rVarPN,β

rAext | x1 “ x0ss ď VarPN,β
rAℓN s ď CpβqNℓN . (3.204)

Combining (3.203) and (3.204) therefore gives

VarPN,β
rrAℓN rψregs | x1 “ x0s ď CpβqppNℓN q2p1´sq `NℓN q.
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4.1 Introduction

4.1.1 Setting of the problem

The circular Riesz gas This paper aims to study an interacting particles system on the circle
T :“ R{Z, named circular Riesz gas. Let us note that given a parameter s ą 0, the Riesz s-kernel
on T is defined by

gs : x P T ÞÑ lim
nÑ8

´

n
ÿ

k“´n

1

|x` k|s
´

2

1 ´ s
n1´s

¯

. (4.1)

Also note that for s P p0, 1q, gs is the fundamental solution of the fractional Laplace equation

p´∆q
1´s
2 gs “ cspδ0 ´ 1q, (4.2)

where p´∆q
1´s
2 is the fractional Laplacian on T . Let us now endow T with the natural order x ă y

if x “ x1 ` k, y “ y1 ` k1 with k, k1 P Z, x1, y1 P r0, 1q and x1 ă y1, allowing one to define the set
of ordered configurations

DN “ tXN “ px1, . . . , xN q P TN : x2 ´ x1 ă . . . ă xN ´ x1u.

And let us also consider the pairwise energy

HN : XN P DN ÞÑ N´s
ÿ

i‰j

gspxi ´ xjq. (4.3)
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Finally, the circular Riesz gas at inverse temperature β ą 0 corresponds to the probability measure

dPN,β “
1

ZN,β
e´βHN pXN q1DN

pXN qdXN . (4.4)

One of the main motivations for studying such an ensemble stems from random matrix theory. For
s “ 0, the Riesz kernel on R, i.e the solution of p´∆q

1
2 g “ δ0, is given up to a multiplicative constant,

by the logarithm kernel ´ log |x| and by log | sinpx{2q| on the circle. Interacting particles systems
such as (4.4) on R with logarithmic interaction and external potential are called 1D log-gases or β-
ensembles and the circular log-gas or circular β-ensemble corresponds to (4.4) with the log kernel on
T. As observed by Dyson [106], for some special values of β, namely β P t1, 2, 4u, the β-ensemble
matches the joint law of the N eigenvalues of symmetric/hermitian/symplectic random matrices
with independent Gaussian entries and there are numerous results on β-ensembles including results
on fluctuations, correlations, infinite volume limit, edge behavior, dynamical properties, relaxation
time, etc.

The one-dimensional Riesz gas is a natural extension of β-ensembles and a fundamental model
on which to understand the properties of long-range particles systems. The interaction (4.1) is
indeed long-range when s P p0, 1q while short-range (or hyper-singular, following the terminology
of [41]) when s P p1,`8q. The long-range Riesz gas is to this extent a particularly rich model
in which interesting phenomena occur, falling outside the classical theory of statistical mechanics
(Ruelle, Dobruhsin, Georgii, etc). Riesz gases, as a family of power-law interacting particles systems
on Rd, have also received much attention in the physics literature. Apart from the log and Coulomb
cases, which are ubiquitous in both mathematical and physics contexts [238], Riesz gases have
been found out to be natural models in solid state physics, ferrofluids, elasticity, see for instance
[197, 18, 66, 249]. We refer to the nice review [191] which presents a comprehensive account of the
literature with many open problems.

The first-order asymptotic of long-range Riesz gases is governed by a mean-field energy func-
tional, which prescribes the macroscopic distribution of particles [80, 237], corresponding in our
circular setting (4.4) to the uniform measure of the circle. In Chapter 3, we have investigated the
fluctuations of the system and shown that gaps (large spacing between particles) fluctuate much less
than for i.i.d variables and much more than in the log-gas case. Additionally we have established a
central limit theorem for linear statistics with singular test-functions, which can be applied in par-
ticular to characteristic functions of intervals, thus proving rigorously the predictions of the physics
literature [191, 234]. The purpose of this very paper is to investigate another class of problems,
related to the question of decay of correlations. More precisely we work at proving the optimal
decay of gap correlations as in [116] which considers this question for β-ensembles and at proving
the uniqueness of the limiting measure. We will show that after rescaling, chosen so that the typical
spacing between particles is of order 1, the point process converges in the large N limit to a certain
point process Rieszs,β .

Infinite volume limit Let px1, . . . , xN q be distributed according to (4.4). Fix a centering point
on T, say x “ 0, and consider the rescaled point configuration

CN “

N
ÿ

i“1

δNxi1|xi|ă
1
4
.

With a slight abuse of notation, CN can be seen as a random variable on point configurations on R.
Our goal is to prove that the law of CN converges as N tends to infinity, in a suitable topology, to
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a certain point process Rieszs,β . This property is known in statistical physics as the uniqueness of
the Gibbs state and is related to phase transitions. Note that while the existence of limiting point
processes is standard [129, 94], uniqueness is not expected to hold for general interactions even
in dimension one. In the cases of the Gaussian and circular β-ensembles, a unique limit has been
exhibited in the seminal works [250, 166] and then shown to be universal in the bulk of β-ensembles
for a large class of smooth external potentials in [46, 49], see also [26]. The limiting measure, called
the Sineβ process, can be described using a system of coupled stochastic differential equations [250]
or alternatively as the spectrum of an infinite-dimensional random operator [251]. In contrast, the
one-dimensional Coulomb gas, i.e with kernel |x|´s for s “ ´1, is not translation invariant in infinite
volume as proved in [167] and Gibbs states are therefore non-unique. As a consequence, the proof
of uniqueness for the long-range gas should use both convexity arguments and the decay of the
(effective) interaction. In higher dimension, let us mention that the existence of a limit, up to an
extraction, for the microcopic process has been proved for the Coulomb gas in [9], but the uniqueness
of such a limit is still a completely open problem.

Decay of the correlations A proof of uniqueness for the limiting measure of the averaged micro-
scopic process is obtained for the log-gas in [111] using a displacement convexity argument showing
that the free energy of the infinite gas has a unique minimizer. The strategy of [111] could possibly
be applied to the circular Riesz setting, but this method does not provide convergence without aver-
aging nor a speed of convergence. Instead, we propose to examine the rate of decay of correlations,
which is much related to this uniqueness problem. Since points are very correlated (fluctuations
being small), the appropriate observables to examine are the nearest-neighbor variables. For 1D
log-gases, the correlation between Npxi`1 ´ xiq and Npxj`1 ´ xjq is proven in [116] to decay in
|i ´ j|´2. In this paper we give for the first time a proof of the optimal decay of gap correlations
for the circular Riesz gas, which matches the case s “ 0 found in [116] as well as the predictions
of the physics literature [1, 196, 191]. Moreover we establish that this gap correlation exhibits a
discontinuity at s “ 1 with a much faster decay for s “ 1` than s “ 1´.

The Helffer-Sjöstrand equation For generic Gibbs measure on DN (or RN ), the covariance
between two smooth enough test-functions is connected to the decay of the solution of a par-
tial differential equation, named the Helffer-Sjöstrand (H.-S.) equation. This equation appears in
[242, 243, 149] and is more substantially studied in [148, 147, 201], where it is used to establish corre-
lation decay, uniqueness of the limiting measure and Log-Sobolev inequalities for models with convex
interactions. Different approaches to obtaining decay estimates on the solutions of Helffer-Sjöstrand
equations have been developed in the statistical physics literature, mainly for Gibbs measure with
convex interactions. The random walk representation of [116], already pointed out in [149], [201]
and used priorly in [12, 96, 132] for instance, corresponds to a Feynman-Kac representation of the
solution of the H.-S. equation. The work [116] then develops a sophisticated homogenization theory
for a system of coupled partial differential equations. There are also more analytic methods relying
on ideas from stochastic homogenization, see for instance [201, 10, 91, 247].

As aforementioned, the method available in the literature [116] to prove the decay of correlations
for the 1D log-gas requires that one controls random walks in random environments, which can be
quite technical. The gamble of the present paper is to develop a method relying only on integration
by parts to treat the long-range Riesz gas with s P p0, 1q. We will first consider as a landmark
the hypersingular case s ą 1 and work with a known distortion argument, used for instance in
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[147] or in older techniques to study the decay of eigenfunctions of Schrödinger operators [89]. We
will then adapt the method to the long-range case using substantial new inputs including discrete
elliptic regularity estimates. Let us emphasize that as it stands, our method cannot be applied to
the logarithmic case since it requires to have nearest-neighbor gaps all bounded from above by a
large N -dependent constant much smaller than N , with overwhelming probability. Note that this
was also one of the crucial difficulty in [116] preventing a simple implementation of the techniques
of Caffarelli, Chan and Vasseur [65].

4.1.2 Main results

Let us denote d the symmetric distance of t1, . . . , Nu, i.e dpi, jq “ minp|j ´ i|, N ´ |j ´ i|q for
each 1 ď i, j ď N . Our first result, which concerns the correlations between gaps in the long-range
regime s P p0, 1q, is the following:

Theorem 4.1.1 (Decay of the correlations for the long-range Riesz gas). Let s P p0, 1q. For all ε ą 0,
there exists a constant C ą 0 such that for all ξ, χ : R Ñ R in H1 and for each i, j P t1, . . . , Nu,

|CovPN,β
rξpNpxi`1 ´ xiqq, χpNpxj`1 ´ xjqqs|

ď CpβqpEPN,β
rξ1pxiq

2s
1
2 ` |ξ1|8e

´cpβqdpi,jqδqpEPN,β
rχ1pxjq

2s
1
2 ` |χ1|8e

´cpβqdpi,jqδq
1

dpi, jq2´s´ε
.

(4.5)

Moreover, given ε ą 0 small enough and any n P t1, . . . , Nu, there exist i, j such that n2 ď |i´j| ď n
and

|CovPN,β
rNpxi`1 ´ xiq, Npxj`1 ´ xjqs| ě ε

1

dpi, jq2´s
. (4.6)

Theorem 4.1.1 is the natural extension of [116], which proves that that for β-ensembles the
correlation between Npxi`1 ´ xiq and Npxj`1 ´ xjq decays in |i´ j|´2. The lower bound (4.6) is
obtained by using a result from Chapter 3 which gives the leading-order asymptotic of the correlation
between Npxi ´ x1q and Npxj ´ xiq. Theorem 4.1.1 is in accordance with the expected decay of
the truncated correlation function in the mathematical physics and physics literature, see [191].

Let us comment on the norms appearing in (4.5). Our method is mainly based on L2 arguments
for a distortion of the Helffer-Sjöstrand equation system which is captured by the L2 norm of ξ1 and
χ1. Besides by assuming that ξ1 and χ1 are uniformly bounded, we can control the solution on a bad
event of exponentially small probability by carrying out a maximum principle argument.

Theorem 4.1.1 should be compared to the decay of correlations in the short-range case, that we
quantify in the next theorem:

Theorem 4.1.2 (Decay of correlations for the short-range Riesz gas). Let s P p1,`8q. There exists
a constant κ ą 0 such that for all ξ, χ : R Ñ R in H1 and each i, j P t1, . . . , Nu, we have

|CovPN,β
rξpNpxi`1 ´ xiqq, χpNpxj`1 ´ xjqqs|

ď CpβqpEPN,β
rξ1pxiq

2s
1
2 `|ξ1|8e

´cpβqdpi,jqδqpEPN,β
rχ1pxjq

2s
1
2 `|χ1|8e

´cpβqdpi,jqδq

´ 1

dpi, jqs´ε
`

1

N

¯

.

(4.7)

Remark 13 (Lagrange multiplier and finite volume correlations). The factor 1
N reflects correlations

due to fact that the total number of points in system is fixed, see [117, 210, 38]. In fact, in the
framework of Helffer-Sjöstrand equations, it can be interpreted as a Lagrange multiplier associated
to the constraint

řN
j“1Npxj`1 ´xjq “ N , with the convention that xN`1 “ x1. Interestingly, this

correction does not appear in the long-range case (see Theorem 4.1.1).
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It would be interesting to establish the rate of decay of correlations in the case s “ 1. We
believe that for s “ 1, the situation is similar to the long-range case stated in Theorem 4.1.1 and
that correlations decays in dpi, jq´1 log dpi, jq´κ for some κ ą 0. Our next result concerns the limit
as N tends to infinity of the law of the configuration

N
ÿ

i“1

δNxi1|xi|ă
1
4
, (4.8)

Since PN,β is translation invariant, this is equivalent to centering the configuration around any point
x P T. Let ConfpRq be the set of locally finite, simple point configurations in R. Given a Borel
set B Ă R, we let NB : ConfpRq Ñ N be the number of points lying in B. The set ConfpRq

is endowed with the σ-algebra generated by the maps tNB : B Borelu. A point process is then a
probability measure on ConfpRq. Let px1, . . . , xN q distributed according to PN,β . For all x P T,
denote

QN,β “ Law

˜

N
ÿ

i“1

δNxi1|xi|ă
1
4

¸

P PpConfpRqq. (4.9)

Theorem 4.1.3 (Uniqueness of the limiting measure ). Let s P p0, 1q Y p1,`8q. There exists
a translation invariant point process Rieszs,β such that the sequence of point processes pQN,βq

converges to Rieszs,β in the topology of local convergence: for any bounded, Borel and local test
function ϕ : ConfpRq Ñ R, we have

lim
NÑ8

EQN,β
rϕs “ ERieszs,β rϕs.

Theorem 4.1.3 extends the known convergence results for β-ensembles, see [46, 47, 250, 179, 94].
Additionally we are able to give a quantitative bound on the convergence of QN,βpxq to Rieszs,β for
smooth test-functions.

Theorem 4.1.4 (Quantitative convergence). Let s P p0, 1q Y p1,`8q. Let K P t1, . . . , N2 u and
G : RK Ñ R in H1. Let F : XN Ñ DN ÞÑ GpNpx2 ´ x1q, . . . , NpxK ´ xK´1qq. Fix x P R and let
us denote z1 “ argminzPC |zi ´ x|. Then for all ε ą 0, there holds

EPN,β
rF s “ ERieszs,β rGpz2 ´ z1, . . . , zK ´ zK´1qs `Oβ

´

N´ s
2

`ε sup |∇G|2
¯

.

Combining the CLT of Chapter 3 and the convergence result of Theorem 4.1.3, we can addi-
tionally prove a CLT for gaps and discrepancies under the Rieszs,β process. Let ζps, xq the Hurwitz
zeta function (see for instance [31]).

Theorem 4.1.5 (Hyperuniformity of the Rieszs,β process). Let s P p0, 1q. Under the process
Rieszs,β , the sequence of random variables

K´ s
2 pzK ´ z1 ´Kq

converges in distribution to Z „ N p0, σ2q as K tends to infinity with

σ2 “
1

β π2 s
cotan

´π

2
s
¯

.

Moreover, the variance of zK ´ z1 under Rieszs,β may be expanded as

VarRieszpβqrzk ´ z1s “ Ksσ2 ` opKsq. (4.10)
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In particular, Theorem 4.1.5 implies that the fluctuations of the number of points in a given
interval under Rieszs,β is much smaller than for the Poisson process. In the language of [249], this
says that Rieszs,β is hyperuniform when s P p0, 1q. Our techniques, combined with the method of
Chapter 3, can also give a central limit theorem for linear statistics under the Rieszs,β process, as
done in [181, 172] for Sineβ .

We conclude this set of results by studying the repulsion of the Rieszs,β process at 0. We show
that the probability of having two particles very close to each other decays exponentially.

Proposition 4.1.6. Fix α P p0, s2q. Let ε P p0, 1q. There exist constants cpβq ą 0 and Cpβq ą 0
depending on α and locally uniformly in β such that

PRieszs,β p|zi`1 ´ zi| ě εq ě 1 ´ Cpβqe´cpβqε´α
.

4.1.3 Related questions and perspective

DLR equations and number-rigidity Having proved the existence of an infinite volume limit for
the circular Riesz gas, a natural question is then to study the Rieszs,β process from a statistical
physics perspective. The first step in that direction is to establish the Dubroshin-Landford-Ruelle
(DLR) equations for the Rieszs,β process as was done for the Sineβ process in [94]. We refer to
[128] for a presentation of DLR equations in the context of lattice gases and to [93] in the context
of point processes. A question of interest is then to study the number-rigidity property within the
family of long-range Riesz gases. Number-rigidity is a qualitative property, recently put forward in
[131] which says the following: a point process is number-rigid whenever given any compact domain
of Rd, the knowledge of the exterior determines in a deterministic fashion the number of points inside
the domain. Number-rigidity is a quite surprising phenomenon, which has been proved to occur for
the 1D log-gas independently in [86] and in [94] using DLR equations. The recent work [95] also
provides a strategy to rule out number-rigidity. Together with the local laws of Chapter 3, the result
of [95] should say that the Rieszs,β process is not number-rigid for s P p0, 1q. This reflects a major
difference between the log-gas which is purely long-range and the Riesz gas for which the effective
energy is short-range.

Regularity of the free energy A natural question is to investigate the regularity with respect to
β of the infinite volume process Rieszs,β . A way to address this problem is to study the regularity
of the free energy of the infinite Riesz gas, which is defined by

f : β P p0,`8q ÞÑ lim
NÑ8

´
1

N

´

logZN,β ´
1

2
βN2´s

ĳ

gspx´ yqdxdy
¯

. (4.11)

The existence of such a limit was obtained in [182] for Riesz gases in arbitrary dimension d ě 1
with maxp0, d ´ 2q ă s ă d. In dimension one, one expects that no phase transition occurs for
the circular Riesz gas and that the free energy is smooth and even analytic. To prove that f is
twice differentiable, a standard approach is to prove that the rescaled variance of the energy under
(4.4) converges locally uniformly in β as N tends to infinity. This should be an easy consequence
of Theorems 4.1.1 and 4.1.3.
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Coulomb and Riesz gases in d ě 2 Because the Hamiltonian of the Riesz gas in dimension d ě 2
is not convex, it is not clear how one could obtain a result on the decay of correlations. In fact,
even showing local laws in the long-range setting is still open, except in the Coulomb case s “ d´ 2
tackled into the series of papers [182, 180] culminating into the optimal local law result of [9].
Nevertheless, a quantitative estimate on the translation invariance of the 2D Coulomb gas has been
recently obtained in the work [188], building on a Mermin-Wagner’s-type argument in the spirit of
[127], see also [248] for related considerations. Concerning other Riesz gases, the hypersingular Riesz
gas [142] is seemingly a more tractable model to look at since it resembles, as s becomes large, the
hard-core model, for which some results are known. For the latter, the translation invariance of the
infinite volume Gibbs measures has been proved in [213] by constructing approximate translations
avoiding particles collapses.

4.1.4 Outline of the proofs

As mentioned, the heart of the paper is about the analysis of a partial differential equation related
to the correlations, in the context of long-range Riesz gases. Given a reasonable Gibbs measure
dµ “ e´HpXN qdXN on DN (or RN ), the well-known fluctuation-dissipation relation asserts that
the covariance between any smooth functions F,G : DN Ñ R may be expressed as

CovµrF,Gs “ Eµr∇ϕ ¨ ∇Gs, (4.12)

where ∇ϕ solves
"

´∆ϕ` ∇H ¨ ∇ϕ “ F ´ EµrF s on DN

∇ϕ ¨ n⃗ “ 0 on BDN ,
(4.13)

One may recognize the operator Lµ “ ´∆ ` ∇H ¨ ∇ which is the infinitesimal generator of the
Markov semigroup associated to the Langevin dynamics with energy H. The Helffer-Sjöstrand
equation then corresponds to the equation obtained by differentiating (4.13), which reads

"

Aµ1∇ϕ “ ∇F on DN

∇ϕ ¨ n⃗ “ 0 on BDN .
where Aµ1 :“ ∇2H ` Lµ b IN . (4.14)

When the Hessian of the energy is uniformly positive-definite, then one can derive by integration
by parts a weighted L2 estimate on |∇ϕ|, which yields a Brascamp-Lieb inequality. Additionally a
maximum principle argument can also give a uniform bound on |∇ϕ| as seen in [149].

The Hamiltonian we are interested in is rather a convex function of the gaps than of the points.
Henceforth it is very convenient to rewrite Equation (4.14) in a new of system of coordinates. We
define the change of variables

GapN : XN P DN ÞÑ pN |x2 ´ x1|, . . . , N |xN ´ x1|q P RN

and work on the polyhedron

MN :“ tpy1, . . . , yN q P pR`˚qN : y1 ` . . .` yN “ Nu.

Assume that the measure of interest µ can be written dµ “ e´Hg˝GapN pXN q1DN
pXN qdXN and that

the test-functions in (4.12) are of the form F “ ξ ˝ GapN and G “ χ ˝ GapN . Set ν “ GapN#µ.
Then letting

Lν “ ∇Hg ¨ ∇ ´ ∆ and Aν1 “ ∇2Hg ` Lν b IN ,
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one may check that the variance of F under µ can also be represented as

CovµrF,Gs “ Eνr∇ψ ¨ ∇χs, (4.15)

where ∇ψ solves
$

&

%

Aν1∇ψ “ ∇ξ ` λpe1 ` . . .` eN q on MN

∇ψ ¨ pe1 ` . . .` eN q “ 0 on MN

∇ψ ¨ n⃗ “ 0 on BMN .
(4.16)

Let us mention that the coefficient λ in (4.16) can be seen as a Lagrange multiplier associated to
the linear constraint y1 ` . . .` yN “ N . Our main problem is to understand how Bjψ decays when
∇ξ “ e1. A first important insight comes from expanding the Hessian of the energy (4.3) in gap
coordinates, that we denote Hg

N . Using some rigidity estimates obtained in Chapter 3, one can show
that for all ε ą 0, there exists δ ą 0 such that

PN,β
´ˇ

ˇ

ˇ
BijHg

n ´
1

1 ` dpi, jqs

ˇ

ˇ

ˇ
ě

1

1 ` dpi, jq1` s
2

´ε

¯

ď Ce´dpi,jqδ ,

where d stands for the symmetric distance on t1, . . . , Nu, i.e dpi, jq “ minp|i´ j|, N ´ |i´ j|q. In
other words, the interaction matrix in the system (4.16) concentrates around a constant long-range
matrix. This already gives a first heuristic to understand the decay of gap correlations stated in
Theorem 4.1.1, which is consistent with the decay of h :“ p´∆q

1´s
2 δ0.

Due to the long-range nature of the interaction, the analysis of (4.16) is rather delicate. Let us
present an idea of the proof in the short-range case s ą 1 as it will be a model for the long-range
case also. To simplify assume that there exist s ą 1 and c ą 0 such that uniformly

∇2Hg
N ě c´1Id with |BijHg

N | ď
C

dpi, jqs
for each 1 ď i, j ď N. (4.17)

The matrix Hg
N then looks like a diagonally dominant matrix. The idea to obtain a decay estimate

on the solution of (4.16) is to multiply Biψ by dpi, 1qα for some well-chosen α ą 0. Let Lα “

diagpp1 ` dpj, 1qαqjq P MN pRq be the distortion matrix and ψdis :“ Lα∇ψ which solves

βp∇2Hg
N ` δLαqψdis ` Lνψdis “ e1 ` λLαpe1 ` . . .` eN q,

where δLα is the commutator

δLα :“ Lα∇2Hg
NL

´1
α ´ ∇2Hg

N . (4.18)

A first key is that the more ∇2Hg
N is diagonal, the more it will commute with diagonal matrices. In

fact one can check that for α ă s´ 1
2 , the commutator (4.18) is small compared to the identity, in

the sense of quadratic forms. By integration by parts and using the convexity of Hg
N , this entails an

L2 estimate on ψdis and therefore a hint on the global decay of ∇ψ. This idea of studying a distorted
vector-field is well known in statistical physics, see for instance [147, 89]. By projecting (4.16) in a
smaller window we can then improve through a bootstrap argument this first decay estimate.

In the long-range regime s P p0, 1q, the above argument no longer works. A natural way of
proceeding is to factorize Equation (4.16) around the ground state by multiplying the system by a
matrix A close to the inverse of the Riesz matrix Hs :“ p

1i‰j

dpi,jqs
q1ďi,jďN . A simple construction can

ensure that A∇2Hg
n remains uniformly positive-definite but the drawback of the operation is that

the differential term Dψ can no longer be controlled. The main novelty of the paper is a method
based on the comparison of the two distorted norms

Eν
”

n
ÿ

i“1

dpi, 1q2αpBiψq2
ı

and Eν
”

n
ÿ

i“1

dpi, 1q2γ |∇pBiψq|2
ı

, (4.19)
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for well-chosen constants α ą 0 and γ ą 0. The first step is to derive an elliptic regularity estimate
on the solution of (4.16). We prove that the solution has a discrete fractional primitive of order
3
2 ´ s in L2 (up to some nκε multiplicative factor) provided ψi decays fast enough. In a second step
we will control |Lγ∇2ψ| by |L γ

2
` 1

4
∇ψ| (up to a residual term that we do not comment here). The

proof uses the distortion argument presented in the short-range case, the elliptic regularity estimate
and a discrete Gagliardo-Nirenberg inequality. In a third step we control |Lα∇ψ| by |Lα´ 1´s

2
∇2ψ|

by implementing the factorization trick aforementioned. Combining these two inequalities we deduce
that for α “ 3

2 ´ s and γ “ 1 ´ s
2 , each of the terms in (4.19) are small. This gives the optimal

global decay on the solution of (4.16), which we then seek to localize.
The proof of localization, which allows one to go from (4.19) to an estimate on a single Biψ, is

also quite delicate. Fix an index j P t1, . . . , Nu and let

J “

!

i P t1, . . . , Nu : dpi, jq ď
1

2
dpj, 1q

)

.

Projecting Equation (4.16) on the window J makes an exterior field appear, which takes the form

Vl :“ ´β
ÿ

iPJc

BilHg
NBiψ, l P J. (4.20)

We then break V into the sum of an almost constant field Vp1q (looking like Vj
ř

lPJ elq and a
smaller field Vp2q. A key is that the equation (4.49) associated to a vector-field proportional to
pe1 ` . . .` eN q is much easier to analyze. It indeed admits a mean-field approximation, quite similar
to the mean-field approximation of (4.14) when F is a linear statistics, see Chapter 3. We then
bootstrap the decay of solutions of (4.16). Applying the induction hypothesis to bound (4.20) and
to bound the decay of (4.16) in the window J , one finally obtains after a finite number of iterations,
the optimal result of Theorem 4.1.1.

The uniqueness of the limiting point process stated in Theorem 4.1.3 is then a routine application
of our result on decay of correlations (in fact stated for slightly more general systems than (4.16)).
Because the existence of an accumulation point of (4.9) in the local topology is standard, the
problem can be rephrased into a uniqueness question. We will prove that the sequence (4.9) defines,
in some informal sense, a Cauchy sequence. We let I “ t1, . . . , nu be the active window and draw
the exterior configurations under PN,β and PN 1,β for distinct values of N and N 1 which satisfy
n ! N,N 1. We then let µn and νn the conditioned measures in gap coordinates, which we try to
compare. To allow such a comparison, the strategy is to define a continuous path νptq from µn to
νn by linear interpolation of the exterior energies. Given a test-function F : Rn Ñ R depending on
a finite number of coordinates, we can then write

EµnrF s ´ EνnrF s “

ż 1

0
Covνptqr∇F,∇Eptqsdt, (4.21)

where Eptq corresponds to the exterior energy term. By applying our result on the decay of correla-
tions to the measure νptq, we find that (4.21) is small, which easily concludes the proof of Theorem
4.1.3.

4.1.5 Organization of the paper

• Section 4.2 records various preliminary results, such as rigidity estimates on circular Riesz gases
and controls on the discrete fractional Laplacian.

• Section 4.3 focuses on the well-posedness of the Helffer-Sjöstrand equation and states some
of its basic properties.
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• In Section 4.4 we introduce our distortion techniques to prove the decay of correlations in the
long-range case.

• Section 4.5 is the heart of the paper. It develops a more involved method to be able to treat
the decay of correlations for the long-range Riesz gas.

• Section 4.6 concludes the proof of uniqueness of the limiting measure of Theorem 4.1.3.

4.1.6 Notation

We let d be a distance on t1, . . . , Nu defined for each i, j P t1, . . . , Nu by

dpi, jq “ minp|j ´ i|, N ´ |j ´ i|q.

For x P Rn, we let |x| be the Euclidian norm of x and for M P MnpRq, }M} be the Hilbert-
Schmidt norm of M , i.e

}M} “ sup
vPRnzt0u

|Mv|

|v|
.

We let pe1, . . . , eN q be the standard orthonormal basis of RN .
We either use the notation ∇2f for the Hessian of a real-valued function f : Rn Ñ R.
For A,B ě 0, we write A ď CpβqB or A “ OβpBq whenever there exists a constant C P R`

locally uniform in β (which might depend on s) such that A ď CB.
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4.2 Preliminaries

We begin by recording some useful preliminary results that will be used throughout the paper.

4.2.1 Discrepancy estimates

One shall first state a control on the probability of having two particles very close to each other.
According to [52, Lem. 4.5], the following holds:

Lemma 4.2.1. Let s P p0, 1q and α P p0, s2q. There exist constants Cpβq ą 0 and cpβq ą 0 locally
uniform in β such that for each i P t1, . . . , Nu and ε ą 0,

PN,βpNpxi`1 ´ xiq ď εq ď Cpβqe´cpβqε´α
.

In addition, in view of [52, Th. 1], the fluctuations of large gaps satisfy the following estimate:

Theorem 4.2.2 (Near-optimal rigidity). Let s P p0, 1q. There exists a constant Cpβq locally uniform
in β such that for all ε ą 0, setting δ “ ε

4ps`2q
, for each i P t1, . . . , Nu and 1 ď k ď N

2 , we have

PN,βp|Npxi`k ´ xiq ´ k| ě k
s
2

`εq ď Cpβqe´cpβqkδ .

Let us highlight that the variance of Npxi`k ´ xiq can in fact be shown to be of order ks,
together with a central limit theorem, see [52, Cor. 1.1].
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4.2.2 Fractional Laplacian on the circle

In this subsection we justify the expression of the fundamental solution of the fractional Laplace
equation on the circle (4.2). Recall the Hurwitz zeta function [8].

Lemma 4.2.3 (Fundamental solution). Let gs be the solution of (4.2). Let s P p0, 1q. For all x P T,
we have

gspxq “ ζps, xq ` ζps, 1 ´ xq “ lim
nÑ8

´

n
ÿ

k“´n

1

|k ` x|s
´

2

1 ´ s
n1´s

¯

. (4.22)

Moreover for all p ě 1 and all x P T, we have

gppq
s pxq “ p´1qps ¨ ¨ ¨ ps` p´ 1q

ÿ

kPZ

1

|x` k|s`p
.

Proof. We only sketch the main arguments and refer to [52, Sec. 2] for a more detailed proof. Using
the Fourier characterization of the fractional Laplacian and applying the formula

λ´ 1´s
2 “

1

Γp1´s
2 q

ż 8

0
e´λt dt

t1´ 1´s
2

,

valid for all λ ą 0, one can express gs as

gspxq “
cs

Γp1´s
2 q

ż 8

0
pWtpxq ´ 1q

dt

t
1`s
2

,

where Wt is the heat kernel on T, namely

Wtpxq “
1

2π

ÿ

kPZ
e´t|k|2eikx “

1
?
4πt

ÿ

kPZ
e´

|x´k|2

4t .

The proof of (4.22) then follows from Fubini’s theorem which allows one to invert the order of
integration and summation.

The kernel gs can be identified with a periodic function on R and a crucial consequence of
(4.22) is that the restriction of this function to p0, 1q is convex, thus allowing the use of various
consequences of convexity, such as concentration and functional inequalities.

4.2.3 Discrete and semi-discrete Fourier transforms

In the sequel we will need to consider the discrete Fourier transform of functions defined on the
discrete circle Z{NZ. The Fourier and inverse Fourier transforms on Z{NZ are defined by

Fdpfqpθq “

N´1
ÿ

n“0

fpnqeinθ, for f : t1, . . . , Nu Ñ R, θ “
2πk

N
, k P t0, . . . , N ´ 1u, (4.23)

F´1
d pϕqpnq “

1

N

N´1
ÿ

k“0

ϕ
´2πk

N

¯

e
´2iπk

N dθ, for ϕ : t2kπ{N : 0 ď k ď N ´ 1u Ñ R, n P t1, . . . , Nu.

(4.24)
Recall that for all f defined on t1, . . . , Nu, f “ F´1

d ˝ Fdpfq.
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Besides if f : Z Ñ R is in L2, then the semi-discrete Fourier of Z defined by

FZpfqpθq “

`8
ÿ

n“0

fpnqeinθ, θ P r0, 2πs,

belongs to L2pr0, 2πsq and one can recover f by the Fourier inverse transform

f “ F´1
Z pFZpfqq,

where

F´1
Z pϕqpnq “

1

2π

ż 2π

0
ϕpθqe´inθdθ, for ϕ P L2pr0, 2πsq, n P Z.

4.2.4 Inversion of the Riesz matrix

We study the inverse of two discrete convolution equations on Z{NZ. Let us denote g̃s the Riesz
kernel on R, i.e

g̃s : x P R ÞÑ
1

|x|s
P R`8 Y t`8u.

We will be studying the inverses of

Hs “

´

gspdpi, jq1i‰jqq

¯

1ďi,jďN
P MN pRq, (4.25)

rHs “

´

g̃spdpi, jqq1i‰j

¯

1ďi,jďN
P MN pRq. (4.26)

Lemma 4.2.4 (Decay of the inverse Riesz matrix). Let M P tHs, rHsu. There exists a constant
C ą 0 such that for each 1 ď i, j ď N ,

|pM´1qi,j | ď
C

1 ` dpj, iq2´s
. (4.27)

In addition we have
ˇ

ˇ

ˇ

N
ÿ

i“1

pM´1qi,1

ˇ

ˇ

ˇ
ď

C

N1´s
. (4.28)

Let us observe that (4.27) is consistent with the decay of the fundamental solution of the
fractional Laplacian. Indeed the coefficient pHsq

´1
i,1 is given by the i-th coordinate of the solution v

of the convolution equation v ˚ gs “ δp1q on Z{NZ. The continuous counterpart of this equation
is gs ˚ ψ “ δ0 on the real line and it is well-known that the solution ψ decays in |x|´p2´sq near the
origin.

Proof.

Step 1: the aliasing formula We first consider the case M “ Hs. Let ψ : t1, . . . , Nu Ñ R be
the solution of the convolution equation gs ˚ ψ “ δp1q on t1, . . . , Nu. One can express ψ as the
solution of

FdpψqFdpgsq “ 1,

where Fd stands for the discrete Fourier transform on Z{NZ, as defined in (4.23). For shortcut, for
all k P t0, . . . , N ´ 1u, we denote θk “ 2πk

N . We claim that Fdpgsq is non-vanishing, which we will
prove afterwards. Let h P L2pr0, 2πsq such that for all θ P tθ0, . . . , θN´1u,

1

Fdpgsq
“ h.
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The function h shall be specified later. Let ϕ : Z Ñ R such that

FZpϕq “ h. (4.29)

The point is that one can recover ψ from ϕ: for each 1 ď n ď N , there holds

ψpnq “

8
ÿ

k“0

ϕpn` kNq. (4.30)

Indeed by computing the discrete Fourier transform of the right-hand side, we find that for all
θ P tθ0, . . . , θN´1u,

N´1
ÿ

n“0

8
ÿ

k“0

ϕpn` kNqeinθ “

N´1
ÿ

n“0

8
ÿ

k“0

ϕpn` kNqeipn`kNqθ

“

8
ÿ

n“0

ϕpnqeinθ “ hpθq “ Fdpψqpθq.

By Fourier inversion, this concludes the proof of the aliasing formula (4.30).

Step 2: discrete and semi-discrete Fourier transform of gs Let us now compute the discrete
Fourier transform of gs on Z{NZ. First one can observe that for each 0 ď k ď N ´ 1,

Fdpgsqpθkq “

`8
ÿ

n“1

1

ns
einθk `

`8
ÿ

n“1

1

ns
e´inθk . (4.31)

Let us emphasize that the above identity is only true for θ P tθ0, . . . , θN´1u. The above sum is
related to a well-known function called periodic zeta function [8], defined by

F px, sq “

8
ÿ

n“1

e2iπnx

ns
,

where s P C and x P R satisfy Repsq ą 1 if x is an integer and Repsq ą 0 otherwise. One can
express (4.31) as

Fdpgsqpθkq “ F
´ θk
2π
, s
¯

` F
´

´
θk
2π
, s
¯

, for each 0 ď k ď N ´ 1.

Also, when Repsq ą 0 and 0 ă x ă 1, it is known, see [8], that

F px, sq “
Γp1 ´ sq

p2πq1´s

´

eiπ
1´s
2 Γp1 ´ s, xq ` e´iπ 1´s

2 Γp1 ´ s, 1 ´ xq

¯

.

Consequently we have the identity Fdpgsq “ S on tθ0, . . . , θN´1u, where

Spθq “
2sΓp1 ´ sq

π1´s
cos

´πp1 ´ sq

2

¯´

Γp1 ´ s,
θ

2π
q ` Γp1 ´ s, 1 ´

θ

2π
q

¯

. (4.32)

One can observe that there exists a constant c ą 0 such that for all θ P r0, 2πs,

Spθq ě
c

|θ|1´s
. (4.33)
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Step 3: conclusion for M “ Hs We have shown that the discrete Fourier transform of gs on
Z{NZ does not vanish, thus allowing to use (4.30). We now specify h “ S. Let us define

ϕ : n P Z ÞÑ

ż 1

0
Spθqe´inθdθ.

One can check using (4.31) that

|ϕpnq| ď
C

n2´s
.

Since ϕ P L2, by Fourier inversion, one can observe that Fdpϕq “ S. Consequently, applying (4.30),
we find that there exists a constant C ą 0 such that for each 1 ď n ď N ,

|ψpnq| ď C
8
ÿ

k“0

1

|n` kN |2´s
ď

C

n2´s
,

which proves (4.27) in the case M “ Hs.

Step 4: discrete Fourier transform of g̃s We wish to show that the discrete Fourier transform
fo g̃s is non-vanishing. Let us define the function

SN : θ P r0, 2πs ÞÑ

N´1
ÿ

n“0

g̃spnqeinθ. (4.34)

One can note that for each 1 ď k ď N , Fdpgsqpθkq “ SN pθkq. Moreover pSN q converges pointwise
to the function defined in (4.32). In addition, using Abel’s summation formula, we get that for all
θ P r0, 2πs,

RN pθq :“ SN pθq ´ Spθq “ O
´ 1

N s|θ|

¯

. (4.35)

Consequently there exists a constant c ą 0 such that for |θ| ą c
N , SN pθq is non zero. Let us check

that SN does not cancel on r0, cN s. The point is that for θ “ α
N with |α| ď c,

SN pθq “ N1´s 1

N

N´1
ÿ

k“0

1

p kN qs
e2iπα

k
N “ N1´spcα ` oN p1qq

with cα ą 0. We thus deduce that SN has no zero on r0, 2πs and one may apply the aliasing formula
(4.30). Let us define

ϕ : n P Z ÞÑ

ż

SN pθqeinθ.

Step 5: bound on ϕ In view of (4.33) and (4.35), there exists c1 ą 0 such that for |θ| ą c1
N ,

0 ă
RN pθq

Spθq
ă 1

2 and

1

SN pθq
“

1

Spθq

´

1 `

8
ÿ

k“1

p´1qk
´RN pθq

Spθq

¯k¯

.

For k “ 1 using (4.35), we have
ż

r´π,πszr´
c1
N
,
c1
N

s

RN pθq

Spθq2
e´inθdθ

“ ´

8
ÿ

l“N`1

´ 1

pl ` 1qs
´

1

ls

¯

ż

r´π,πszr´
c1
N
,
c1
N

s

1

Spθq2

cosp pl`1qθ
2 q sinp lθ2 q

sinp θ2q
e´inθdθ. (4.36)



4.2. Preliminaries 157

Let l ě N ` 1. Let us define h,Gn,l : r´π, πs Ñ R such that for all θ P r´π, πs

hpθq “
1

Spθq2 sinp θ2q
, G2

n,lpθq “ cos
´

pl ` 1qθ

2

¯

sin
´ lθ

2

¯

e´inθ.

Noting

|hpθq| ď C|θ|1´2s, |h2pθq| ď
C

|θ|1`2s
, |Gn,l|pθq ď

C

l
, | rGn,l|pθq ď

C

l2
,

one gets by integration by parts,
ż

r´π,πszr´
c1
N
,
c1
N

s

1

Spθq2

cosp pl`1qθ
2 q sinp lθ2 q

sinp θ2q
e´inθdθ “ ´

ż π

´π
h1pθqG1

n,lpθqdθ `O
´ 1

N2´2s

¯

.

Integrating by parts again gives

´

ż π

´π
h1
lpθqG1

n,lpθqdθ “

ż πl

´πl
h2pθqGn,lpθqdθ “

1

l

ż π

´π
h2pθ{lqGn,lpθ{lqdθ “ O

´ 1

l2p1´sq

¯

.

Inserting this into (4.36) and summing this over l yields
ż

r´π,πszr´
c1
N
,
c1
N

s

RN pθq

Spθq2
e´inθdθ “ O

´ 1

N2´s

¯

.

Let 2 ď k ď 2
s ´ 1. By performing iterative integration by parts as in the foregoing computations,

we find that
ˇ

ˇ

ˇ

ż

r´π,πszr´
c1
N
,
c1
N

s

RN pθqk

Spθqk`1
e´inθdθ

ˇ

ˇ

ˇ
“ O

´ 1

N2´s

¯

.

Finally if k ě 2
s , the integral at hand is convergent at infinity and by (4.33), (4.35) we have

ˇ

ˇ

ˇ

ż

r´π,πszr´
c1
N
,
c1
N

s

RN pθqk

Spθqk`1
e´inθdθ

ˇ

ˇ

ˇ
ď

C

Nks

ż

r´π,πszr´
c1
N
,
c1
N

s

1

|θ|spk`1q´1
`O

´ 1

N2´s

¯

“ O
´ 1

N2´s

¯

.

We conclude that
ż

r´π,πszr´
c1
N
,
c1
N

s

dθ

SN pθq
“

ż

r´π,πszr´
c1
N
,
c1
N

s

dθ

Spθq
`O

´ 1

N2´s

¯

. (4.37)

Furthermore one can easily check that
ż

r´
c1
N
,
c1
N

s

1

SN pθq
dθ ď CN s

ż

r´
c1
N
,
c1
N

s

|θ|dθ “ O
´ 1

N2´s

¯

and
ż

r´
c1
N

c1
N

s

1

Spθq
dθ “ O

´ 1

N2´s

¯

.

(4.38)
Combining (4.37) and (4.38) we get

ż π

´π

1

SN pθq
e´inθdθ “

ż π

´π

1

Spθq
e´inθdθ `O

´ 1

N2´s

¯

. (4.39)

We deduce that there exists a constant C ą 0 such that for each n P Z,

|ϕpnq| ď
C

n2´s
.

In particular, ϕ P L2 and Fdpϕq “ 1
SN
. Consequently using (4.30), one deduces that there exists a

constant C ą 0 such that for each n P Z,

|ψpnq| ď
C

n2´s
.

The estimate (4.28) is straightforward.
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Remark 14 (Discrete fractional primitive). In view of (4.32) the convolution of f : Z{NZ Ñ R
with gs formally corresponds to a fractional primitive of f of order 1 ´ s.

4.3 The Helffer-Sjöstrand equation

In this section we introduce some standard results on Helffer-Sjöstrand equations. We first recall
basic properties valid for a certain class of convex Gibbs measures. We then study an important
change of variables and rewrite the Helffer-Sjöstrand in gap coordinates. For the class of Gibbs
measures we are interested in, the energy is a convex function of the gaps. This allows one to derive
a maximum principle for solutions, which will be a central tool in the rest of the paper.

4.3.1 Well-posedness

We start by explaining the principle of Helffer-Sjöstrand representation and give some existence and
uniqueness results. The subsection is similar to Chapter 3 and follows partly the presentation of [10].
Let µ be a probability measure on DN in the form

dµ “ e´HpXN q1DN
pXN qdXN ,

where H : DN Ñ R is a smooth and convex function. Given a smooth test-function F : DN Ñ R,
we wish to rewrite its variance in a convenient and effective way. Let us recall the integration by
parts formula for µ. Let Lµ be the operator acting on C8pDN ,Rq given by

Lµ “ ∇H ¨ ∇ ´ ∆,

where ∇ and ∆ are the standard gradient and Laplace operators on TN . The operator Lµ is the
generator of the Langevin dynamics associated to the energy H of which µ is the unique invariant
measure. By integration by parts under µ, for any functions ϕ, ψ P C8pDN ,Rq such that ∇ϕ ¨ n⃗ “ 0
on BDN , we can write

EµrψLµϕs “ Eµr∇ψ ¨ ∇ϕs. (4.40)

This formula may be proved by integration by parts under the Lebesgue measure on DN .
Assume that the Poisson equation

"

Lµϕ “ F ´ EµrF s on DN

∇ϕ ¨ n⃗ “ 0 on BDN
(4.41)

admits a weak solution in a certain functional space. Then, by (4.40), the variance of F under µ
can be expressed as

VarµrF s “ Eµr∇F ¨ ∇ϕs.

The above identity is called the Helffer-Sjöstrand representation formula. Let us differentiate (4.41).
Formally, for all ϕ P C8pDN ,Rq, we have

∇Lµϕ “ A1∇ϕ,

where Aµ1 is the so-called Helffer-Sjöstrand operator given by

Aµ1 “ ∇2H ` Lµ b IN ,

with LµbIN acting diagonally on L2pt1, . . . , Nu, C8pDN ,Rqq. Therefore the solution ∇ϕ of (4.41)
formally satisfies

"

Aµ1∇ϕ “ ∇F on DN

∇ϕ ¨ n⃗ “ 0 on BDN .
(4.42)
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This partial differential equation is called the Helffer-Sjöstrand equation. Let us now introduce the
appropriate functional spaces to make these derivations rigorous. Let us define the norm

}F }H1pµq “ EµrF 2s
1
2 ` Eµr|∇F |2s

1
2 .

Let H1pµq be the completion of C8pDN q with respect to the norm } ¨ }H1pµq. Let also define the
norm

}F }H´1pµq “ supt|EµrFGs| : G P H1pµq, }G}H1pµq ď 1u.

We denote H´1pµq the dual of H1pµq, that is the completion of C8pDN q with respect to the norm
} ¨ }H´1pµq. We wish to prove that under mild assumptions on F , Equation (4.42) is well-posed, in
the sense of L2pt1, . . . , Nu, H´1pµqq. Let us now make the following assumptions on µ:

Assumptions 4.3.1. Assume that µ is a probability measure on DN written

dµ “ e´HpXN q1DN
pXN qdXN ,

with H : DN Ñ R in the form
H : XN ÞÑ

ÿ

i‰j

χp|xi ´ xj |q,

with χ : R`˚ Ñ R satisfying

χ P C2pR`˚,Rq and χ2 ě c ą 0.

In our applications, χ is often given by gs or a variant of it and the density of the measure µ is
not necessarily bounded from below with respect to the Lebesgue measure on DN . Additionally, the
measure µ does not satisfies a uniform Poincaré inequality. Due to these limitations, to prove the
well-posedness of (4.42), we further assume that F is a function of the gaps. We denote

Π : XN P DN ÞÑ px2 ´ x1, . . . , xN ´ x1q P TN´1. (4.43)

We also let µ1 be the push-forward of µ by the map Π:

µ1 “ µ ˝ Π´1.

We can now state the following well-posedness result:

Proposition 4.3.1 (Existence and representation). Let µ satisfying Assumptions 4.3.1. Let F P

H1pµq. Assume that F is in the form F “ G ˝Π, G P H1pµ1q or that µ ě c ą 0. Then there exists
a unique ∇ϕ P L2pt1, . . . , Nu, H1pµqq such that

"

Aµ1∇ϕ “ ∇F on DN

∇ϕ ¨ n⃗ “ 0 on BDN ,
(4.44)

with the first identity being, for each coordinate, an identity on elements of H´1pµq. Moreover the
solution of (4.44) is the unique minimizer of the functional

∇ϕ ÞÑ Eµr∇ϕ ¨ ∇2H∇ϕ` |∇2ϕ|2 ´ 2∇F ¨ ∇ϕs,

over maps ∇ϕ P L2pt1, . . . , Nu, H1pµqq. The variance of F may be represented as

VarµrF s “ Eµr∇ϕ ¨ ∇F s (4.45)

and the covariance between F any function G P H1pµq as

CovµrF,Gs “ Eµr∇ϕ ¨ ∇Gs.
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The identity (4.45) is called the Helffer-Sjöstrand formula. The proof of Proposition 4.3.1 is
postponed to the Appendix, see Section 4.7.2.

Remark 15 (On the boundary condition). The boundary condition ∇ϕ ¨ n⃗ “ 0 on BDN means that
if xi “ xj , then BiϕpXN q “ BjϕpXN q.

Remark 16 (Link to the Monge-Ampère equation). We formally discuss the link between (4.44)
and the Monge-Ampère equation. Let F : DN Ñ R be a smooth test-function. For all t ě 0,
consider the measure dµt “ etF

EµretF s
dµ. According to well-known optimal transportation results [60],

the measure µt can be written µt “ µ ˝ ∇Φ´1
t with Φt : DN Ñ R solution of the Monge-Ampère

equation
´ log detD∇Φt `H ˝ ∇Φt ´H “ tF ´ logEµretF s.

Formally, since νptq “ µ ` tν ` optq, one expects that Φt “ Id`tϕ ` optq. Linearizing the above
equation in t formally gives

Lµϕ “ F ´ EµrF s,

which is the Poisson equation (4.41). The boundary condition in (4.44) reflects the fact that for all
t ě 0, ∇Φt maps DN on itself.

Proposition 4.3.2. Let µ satisfying Assumptions 4.3.1. Let v P L2pt1, . . . , Nu, H´1pµ1qq such that

v ¨ pe1 ` . . .` eN q “ 0.

There exists a unique ψ P L2pt1, . . . , Nu, H1pµqq such that
"

Aµ1ψ “ v on DN

ψ ¨ n⃗ “ 0 on BDN .
(4.46)

In addition if v “ ∇F P L2pt1, . . . , Nu, H´1pµ1qq, then the solution of (4.46) is given by the solution
of (4.44).

The proof of Proposition 4.3.2 is also given in the Appendix.

4.3.2 Change of coordinates

In the sequel we will study the decay of correlations in gap coordinates. Define the map

GapN : XN P DN ÞÑ pNpx2 ´ x1q, . . . , Npx1 ´ xN qq P MN ,

where
MN “ GapN pDN q “ tYN P pR`˚qN : y1 ` . . .` yNu. (4.47)

Since MN is not an open subset of DN , Proposition 4.3.1 should be slightly adapted. Let µ
satisfying Assumptions 4.3.1 and Hg : MN Ñ R be such that

H “ Hg ˝ GapN .

Define the generator acting on C8pMN ,Rq,

Lν “ ∇Hg ¨ ∇ ´ ∆,

with ∇ and ∆ the standard gradient and Laplace operator on MN . Also let Aν1 be the Helffer-
Sjöstrand operator acting on L2pt1, . . . , Nu, C8pMN ,Rqq:

Aν1 “ ∇2Hg ` Lν b IN .
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Let F : DN Ñ R in the form F “ G˝GapN with G : RN Ñ R smooth. Let us rewrite Equation
(4.44) in gap coordinates. One can expect that the solution ∇ϕ of (4.44) can be factorized into
ϕ “ ψ ˝ GapN with ∇ψ P L2pt1, . . . , Nu, H1pνqq. Let us derive some formal computation to
conjecture the equation satisfied by ∇ψ. For all t ě 0, let dνt “ etG

Eν retGs
dν. In view of Remark 16,

we wish to find a map ∇ψ P L1pt1, . . . , Nu, H1pνqq such that in a certain sense,

ν ˝ pId`t∇ψq “ νt ` optq. (4.48)

Since ν and νt are both measures on MN , one can observe that
řN
i“1 Biψ “ 0. It is standard the

the Gibbs measure νt is the minimizer of the functional

ν P PpMN q ÞÑ EνrHg ` tGs ` EntpP q,

where Ent stands for the entropy on MN . Equation (4.48) is compatible with the variational
characterization if ∇ψ minimizes

∇ψ ÞÑ Eνr∇ψ ¨ ∇2Hg∇ψ ` |∇2ψ|2 ´ 2∇G ¨ ∇ψs,

over maps ∇ψ P L2pt1, . . . , Nu, H1pνqq such that
řN
i“1 Biψ “ 0 and ∇ψ ¨ n⃗ “ 0 on BMN . The

Lagrange equation associated for the minimality of ∇ψ reads

Aν1∇ψ “ ∇G` λpe1 ` . . .` eN q,

where λ : MN Ñ R is a smooth function. We now state this result in the following proposition:

Proposition 4.3.3. Let µ satisfying Assumptions 4.3.1. Let F P H1pµq in the form F “ G˝GapN
with G P H1pνq. There exists a unique ∇ψ P L2pt1, . . . , Nu, H1pνqq solution of

$

&

%

Aν1∇ψ “ ∇G` λpe1 ` . . .` eN q on MN

∇ψ ¨ pe1 ` . . .` eN q “ 0 on MN

∇ψ ¨ n⃗ “ 0 on BMN ,
(4.49)

with λ satisfying

λ “
1

N
pe1 ` . . .` eN q ¨ p∇2Hg∇ψ ´ ∇Gq. (4.50)

The variance of F can be represented as

VarµrF s “ Eνr∇G ¨ ∇ψs.

Furthermore, ∇ψ is the unique minimizer of

∇ψ ÞÑ Eνr∇ψ ¨ ∇2Hg∇ψ ` |∇2ψ|2 ´ 2∇G ¨ ∇ψs,

over maps ∇ψ P L2pt1, . . . , Nu, H1pνqq such that ∇ψ ¨ pe1 ` . . .` eN q “ 0.

The proof of Proposition 4.3.3 is postponed to the Appendix, see Section 4.7.2.

Remark 17. There are several manners to factorize the energy (4.3) since we are working on the
circle. We choose the more natural one and set

Hg
N : YN P MN ÞÑ N´s

N
ÿ

i“1

N{2
ÿ

k“1

gspyi ` . . . yi`kqp21k‰N{2 ` 1k“N{2q.
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One may check that for each i P t1, . . . , Nu and YN P MN ,

BiHg
N pYN q “

N{2
ÿ

k“1

ÿ

l:i´kălďi

N´p1`sqg1
s

´yi ` . . .` yi`l
N

¯

p21k‰N{2 ` 1k“N{2q (4.51)

and for each i, j P t1, . . . , Nu and YN P MN ,

BijHg
N pYN q “

ÿ

1ďk,k1ďN{2
|k´k1|ďN{2

N´p1`sqg2
s

´yi´k ` . . .` yj`k1

N

¯

p21|k´k1|‰N{2 ` 1|k´k1|“N{2q. (4.52)

Recall that under the Gibbs measure (4.4), for large k, the spacing Npxi`k´xiq concentrates around
k. The expression (4.52) then tells us that the Hessian of the energy in gap coordinates concentrates
around a constant matrix with off-diagonal entries decaying in dpi, jq´s, similar to (4.25) or (4.26).

4.3.3 The Brascamp-Lieb inequality

We now recall the Brascamp-Lieb inequality, a basic concentration inequality for strictly convex log-
concave measures [55]. In our context, the measure µ is not strictly log-concave, but its pushforward
ν is, therefore allowing one to upper bound the variance of any smooth function of the gaps in the
following way:

Lemma 4.3.4. Let A Ă DN be a convex domain with a piecewise smooth boundary. Let F “

G ˝ GapN with G P H1pνq. There holds

VarµrF | As ď Eµr∇F ¨ p∇2Hq´1∇F | As.

4.3.4 Localization

In this subsection we record a crucial convexity Lemma, which is due to Brascamp, see [55]. This
lemma is based on the Brascamp-Lieb inequality for log-concave measures on DN , originally derived
in [56] on RN , see also Lemma 4.3.4.

Lemma 4.3.5. Let µ be a measure on DN in the form dµ “ e´HdXN , with H smooth enough.
On DN let us introduce the coordinates x “ px1, . . . , xnq and y “ pxn`1, . . . , xN q. Assume that
H may be written in the form Hpx, yq “ H1pxq `H2px, yq with ∇2H2 non-negative. Let rµ be the
push forward of µ by the map XN ÞÑ px1, . . . , xnq. Then, the measure rµ may be written in the
form drµpxq “ e´ rHpxqdx, with

rHpxq “ ´ log

ż

e´Hpx,yqdy

and rH satisfies
∇2

rH ě ∇2H1.

Moreover, we have

Bi rHpxq “ BiHpxq ´ Eµp¨|xqrBiH2s, for each 1 ď i ď n, x P Dn, (4.53)

Bij rHpxq “ BijHpxq ´ Covµp¨|xqrBiH2, BjH2s, for each 1 ď i, j ď n, x P Dn. (4.54)
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4.3.5 Maximum principle

In this subsection we derive a useful maximum principle, which allows one to bound the supremum of
the L2 norm of the solution in presence of a uniformly convex Hamiltonian. This maximum principle
is fairly standard on RN , see for instance [149, Sec. 10]. We adapt the proof to make it work on
DN and MN . A more subtle analysis could perhaps permit to treat general convex domains.

Proposition 4.3.6. Let µ satisfying Assumptions 4.3.1 and ν “ GapN#µ. Assume additionally
that limxÑ0 χ

1pxq “ ´8. Let M : MN Ñ SN pRq be a measurable map. Assume that there exists
a constant c ą 0 such that for for all UN P RN ,

UN ¨ MUN ě c|UN |2. (4.55)

Let v P L2pt1, . . . , Nu, H1pνqq and ψ P L2pt1, . . . , Nu, H1pνqq be the solution of
$

&

%

Mψ ` pLν b IN qψ “ v ` λpe1 ` . . .` eN q on MN

ψ ¨ pe1 ` . . .` eN q “ 0 on MN

ψ ¨ n⃗ “ 0 on BMN .
(4.56)

Then ψ satisfies the following uniform estimate:

sup |ψ| ď c´1 sup |v|. (4.57)

We give a proof of Proposition 4.3.6 via stochastic flow following the approach of [73, Th. 2.1].

Proof. We wish to give a Feynman-Kac representation for solutions of (4.56). Let

Xx
t “ x´

ż t

0
∇HgpXx

s qds`
?
2dBt.

Note that since limxÑ0 ξ
1pxq “ ´8, the dynamics is conservative: for all x P DN , the process Xx

t

does not hit the boundary of MN a.s.
Let A : L2pt1, . . . , Nu, H1pνqq ÞÑ L2pt1, . . . , Nu, H´1pνqq be the operator (4.56). Given a

source vector-field v P L2pt1, . . . , Nu, H1pνqq, one may represent the solution of (4.56) as

ψ “

ż `8

0
etAvdt.

This follows from the fact that A has a spectral gap in L2pt1, . . . , Nu, H1pνqq. One can then
represent etAv as

etAv “ EνrvpXx
t qe´

şt
0 MpXx

s qdss.

Using Assumption (4.55), one gets

sup |etAv| ď sup |v|e´tc

Integrating this with respect to t gives (4.57).

The proof of Proposition 4.3.6 is an adaptation in a more involved case of a known maximum
principle for the Helffer-Sjöstrand equation, see for instance [149].

Let us emphasize that the above proof crucially relies on the fact that limxÑ0 χ
1pxq “ ´8. We

now give the standard Gaussian concentration lemma for uniformly log-concave measures on convex
bodies.
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Lemma 4.3.7. Let µ satisfying Assumptions 4.3.1 and ν “ GapN#µ. Let cN be the constant in
(4.55). Let A Ă DN be a convex domain with a piecewise smooth boundary. Let F “ G ˝ GapN
with G P H1pνq. For all t P R, we have

logEµretF | As ď tEµrF | As `
t2

2cN
sup
A

|∇G|2.

Lemma 4.3.7 can be derived using Log-Sobolev inequality and Herbst argument. When a measure
µ is uniformly log-concave on a convex domain on Rn, it follows from the Bakry-Emery criterion
[15] that µ satisfies a Log-Sobolev inequality.

Lemma 4.3.8. Let µ be a uniformly log-concave measure on a convex domain of RN , with a
convexity constant larger than c ą 0. Then µ satisfies the Log-Sobolev inequality with constant
2c´1.

4.3.6 Concentration inequality for divergence free functions

If µ is of the form of Assumptions 4.3.1, µ is not uniformly log-concave and on cannot apply directly
Lemma 4.3.7. However, one can observe that

UN ¨ ∇2HUN ě cN
ÿ

i‰j

pNpui ´ ujqq2 “ cN pN ´ 1q

N
ÿ

i“1

u2i ,

for all UN P RN such that u1 ` . . .` uN “ 0. (4.58)

Using this observation and the particular structure of µ, one can give a concentration estimate for
divergence free functions F , i.e for F verifying B1ϕ ` . . . ` BNϕ “ 0. We now state this crucial
concentration result found in [46].

Lemma 4.3.9. Let µ satisfying Assumptions 4.3.1. Assume that χ2 ě cN . Let I Ă t1, . . . , Nu,
cardpIq “ K. Let F P H1pµq such that

řN
i“1 BiF “ 0 and BiF “ 0 for each i P Ic. We have

VarµrF s ď
1

pK ´ 1qcN
Eµr|∇F |2s. (4.59)

Furthermore, for all t P R,

logEµretF s ď tEµrF s `
t2

2pK ´ 1qcN
sup |∇F |2.

We refer to [46] for a proof, see also [52, Lem. 3.13] for a transcription.

4.4 Decay of correlations for the HS Riesz gas

This section considers the hypersingular Riesz gas, i.e the Riesz gas with the kernel (4.22) for a
parameter s ą 1. We show that the covariance between Npxi`1 ´ xjq and Npxj`1 ´ xjq decays
at least in dpi, jq´ps`1q. To this end we will be studying the Helffer-Sjöstrand equation in gap
coordinates (4.49). Advantaged by that the Hessian of the energy in gap coordinates has typically
summable entries, one may implement a simple distortion argument inspired from [147] to obtain
decay estimates.
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4.4.1 Study of a commutator

Let us begin by introducing the distortion argument. Given s ą 1, let ν be the measure (4.4) in gap
coordinates or a slight variant of it. We will be studying the equation

$

&

%

Aν1∇ψ “ e1 ` λpe1 ` . . .` eN q on MN

∇ψ ¨ pe1 ` . . .` eN q “ 0 on MN

∇ψ ¨ n⃗ “ 0 on BMN .
(4.60)

By Remark 17, if ν “ Pg
N,β there exists an event of overwhelming probability on which the Hessian

of the energy in gap coordinates decays in dpi, jq´s away from the diagonal. The idea is to study
the equation satisfied by Lα∇ψ, where Lα stands for the following distortion matrix:

Lα “ diagpγ1, . . . , γN q, where γi “ 1 ` dpi, i0qα for each 1 ď i ď N. (4.61)

Let us denote
ψdis “ Lα∇ψ P L2pt1, . . . , Nu, H1pνqq.

One can check that ψdis solves

Aν1∇ψ ` βδLα∇ψ “ e1 ` λLαpe1 ` . . .` eN q, where δLα :“ Lα∇2Hg
NL

´1
α ´ Hg

N .

Note that when M P MN pRq is a matrix with off-diagonal entries decaying fast enough, then the
commutator LαML´1

α ´ M is in some sense small compared to the identity, as shown in the next
lemma.

Lemma 4.4.1 (Commutation lemma). Let s ą 1 and M P MN pRq. Assume that there exists a
constant ε ą 0 such that

|Mi,j | ď
N ε

1 ` dpi, jqs
, for each 1 ď i, j ď N. (4.62)

Let α P p12 , s´ 1
2q and Lα be as in (4.61). There exist constants C ą 0 and c ą 0 such that for all

ε0 ą 0 small enough, letting ε1 “ ε`ε0
minps´1,s´ 1

2´α
q
, we have that for all UN P RN ,

|UN ¨ pLαML´1
α ´ MqUN | ď

1

2
N´ε0 |UN |2 ` CCκN |UN |

´

ÿ

i:dpi,1qďcNε1

u2i

¯
1
2
. (4.63)

Proof. Let M P MN pRq satisfying (4.62), α ą 0, Lα be as in (4.61) and UN P RN . We denote

δLα “ LαML´1
α ´ M P MN pRq.

For each 1 ď i ď N , one may split pδLαUN qi into

pδLαUN qi “
ÿ

l:dpi,lqď 1
2
dpi,1q

pδLαqi,lul

loooooooooooomoooooooooooon

pIqi

`
ÿ

l:dpi,lqą 1
2
dpi,1q

pδLαqi,lul

loooooooooooomoooooooooooon

pIIqi

. (4.64)

If dpi, lq ď 1
2dpi, 1q, then

ˇ

ˇ

ˇ

γi ´ γl
γl

ˇ

ˇ

ˇ
ď C

dpi, lq

1 ` dpi, 1q
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and it follows from Cauchy-Schwarz inequality that

|pIqi| ď
Cnε

dpi, 1qs´ 1
2

|UN |. (4.65)

Let us choose α P p12 , s´ 1
2q. If dpi, lq ě 1

2dpi, 1q, then

ˇ

ˇ

ˇ

γi ´ γl
γl

ˇ

ˇ

ˇ
ď C

γi
γl
,

which gives, since α ą 1
2 ,

|pIIqi| ď Cnεdpi, 1qα´s
ÿ

l:dpi,lqą 1
2
dpi,1q

1

dpl, 1qα
|ul| ď

Cnε

dpi, 1qs´α
|UN |. (4.66)

Let K0 ě 1. Combining (4.65) and (4.66) one obtains

|UN ¨ δLαUN | ď CN ε|UN |2
´

ÿ

i:dpi,1qěK0

1

dpi, 1q2minps´ 1
2
,s´αq

¯
1
2

` CN ε|UN |

´

ÿ

i:dpi,1qďK0

u2i

¯
1
2

ď CN ε|UN |2
1

K
minps´1,s´ 1

2
´αq

0

` CN ε|UN |

´

ÿ

i:dpi,1qďK0

u2i

¯
1
2
.

Therefore by choosing K0 “ cN ε1

with ε1 “ ε`ε0
minps´1,s´ 1

2
´αq

, we find that

|UN ¨ δLαUN | ď
1

2
N´ε0 |UN |2 ` CN ε|UN |

´

ÿ

i:dpi,1qďK0

u2i

¯
1
2
. (4.67)

4.4.2 Localization in a smaller window

Due to the degeneracy of the interaction at infinity, the system lacks of uniform convexity and one
shall sometimes restrict the system to a smaller window. Fix n to be the size of a subsystem, say
n “ N or n ď N{2. One may add some convexity within the window I :“ t1, . . . , nu without
changing much the measure. Denote π : MN Ñ πpMN q Ă Rn the projection on the coordinates
pxiqiPI . For ε ą 0 and θ : r0,`8q Ñ p0,`8q smooth such that θ “ 0 on p1,`8q, θ2 ě 1 on
r0, 12q, θ2 ě 0 on r0,`8s, let us define

Fg : Xn P Rn ÞÑ

n
ÿ

i“1

θpn´εxiq (4.68)

and the constrained measures

dQg
N,β9e´βFg˝πdPg

N,β. (4.69)

Note that the forcing (4.68) is tuned so that the total variation distance between PN,β and QN,β

decays exponentially in n using the Log-Sobolev inequality. We now define

ν :“ Qg
N,β ˝ π´1. (4.70)
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Define

rEn,N : x P πpMN q ÞÑ ´
1

β
log

ż

e´βpHg
N´npyq`Hg

n,N px,yqqdy, (4.71)

where
Hg
n,N : px, yq P pRn ˆ RN´nq X MN ÞÑ Hg

N px, yq ´ Hg
npxq ´ Hg

N´npyq. (4.72)

By Lemma 4.3.5, ν may be written in the form

dνpxq9e´β rHg
npxq1πpMN qpxqdx (4.73)

where
rHg
n :“ Hg

n ` Fg ` rEn,N . (4.74)

In the sequel one will be studying the decay of the covariance between xi and xj under ν through
the analysis of the associated Helffer-Sjöstrand equation. Define the good event

A “
␣

Xn P πpMN q : @i P t1, . . . , nu, n´ε ď xi ď nε
(

X

!

@i P t1, . . . , nu, k P t1, . . . , n´ iu, |xi ` . . .` xi`k´1 ´ k| ď nεk
1
2

)

. (4.75)

Let A “ ∇2F pUnq P MnpRq for some Un P Rn where F is the quadratic form

F : Xn P Rn ÞÑ
ÿ

i,jPI

g2
sp|j ´ i|qpxi ` . . .` xjq

2.

Let us decompose ∇2
rHg
n into ∇2

rHg
n “ M `M with

M “ ∇2Fg ` ∇2Hg
n1A `A1Ac and M “ ∇2Hg

n1Ac ´A1Ac ` ∇2
rEn,N . (4.76)

In the case n ď N{2, we will replace ∇2
rHg
n in (4.60) by M and derive some decay estimates on the

solution, which will be transferred to the solution of (4.60) using a convexity argument. One can
check that uniformly on the event (4.75) and for each 1 ď i, j ď n, we have

|Mi,j | ď
Cnκε

1 ` dpi, BIqs´1{2dpj, BIqs´1{2
. (4.77)

For the purpose of Section 4.6 it is convenient to work with a general measure ν on πpMN q

satisfying the following:

Assumptions 4.4.1. Let ν be a probability measure on πpMN q in the form dν “ e´βHgpxqdx with
Hg : πpMN q Ñ R in C2 and such that

lim
dpx,πpMN qqÑ0

∇Hgpxq ¨ n⃗ “ ´8.

Let A be the good event (4.75). Assume that there exist C ą 0, δ ą 0 (depending on ε) such that

νpAcq ď e´nδ
.

Note that the above condition ensures first that no boundary term appears in the computations
and second that the Langevin dynamics is conservative, implying that the maximum principle of
Proposition 4.3.6 holds true.

Instead of the specific interaction matrix defined in (4.76) we will be working with a more general
measurable function M from πpMN q to Sn0pRq with n0 ď n satisfying the following:



168 Chapter 4. Decay of correlations and thermodynamic limit for the circular Riesz gas

Assumptions 4.4.2. Let n0 ď n. Let M be a measurable map from πpMN q to Sn0pRq.

1. There exists κ ą 0 such that uniformly on πpMN q,

M ě n´κεIn0 .

2. There exist κ ą 0 and C ą 0 such that uniformly on πpMN q and for each 1 ď i, j ď n0,

|Mi,j | ď
Cnκε

1 ` |i´ j|s
.

4.4.3 The initial decay estimate

In this subsection we introduce a simple perturbation argument, which gives a first estimate on the
decay of correlations for the constrained hypersingular Riesz gas. The method can be applied to
other convex models for which the Hessian of the energy satisfies some decay assumption. This
technique follows from an adaptation of a rather classical argument in statistical physics [149, 89].

Lemma 4.4.2. Let s P p1,`8q. Let ν and M satisfying Assumptions 4.4.1 and 4.4.2. Let χn P

H1pνq, i0 P t1, . . . , nu and ψ P L2pI,H1pνqq be the solution of
"

βMψ ` Lνψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.78)

Then, for all α P p12 , s´ 1
2q, there exist a constant Cpβq locally uniform in β and κ ą 0 such that

Eν
”

n
ÿ

i“1

dpi, i0q2αψ2
i

ı
1
2

ď CpβqnκεEνrχ2
ns

1
2 . (4.79)

Proof. Let ψ P L2pI,H1pνqq be in the solution of (4.78). Taking the scalar product of (4.78) with
ψ and integrating by parts, one may show that there exist constants κ ą 0 and C ą 0 such that

Eνr|∇ψ|2s ` βEνr|ψ|2s ď Cβ´1nκεEνrχ2
ns. (4.80)

Fix α P p12 , s´ 1
2q and consider as in (4.61) the distortion matrix

Lα “ diagpγ1, . . . , γnq, where γi “ 1 ` dpi, i0qα for each 1 ď i ď n.

Let us define udis the distorted vector-field

udis :“ Lαu P L2pI,H1pνqq. (4.81)

Observing that Lαei0 “ ei0 , we can check that udis solves

Aν1u
dis ` βδLαu

dis “ χnei0 , (4.82)

where
δLα :“ LαML´1

α ´ M.

Taking the scalar product of (4.82) with udis and integrating by parts under ν gives

Eνrβudis ¨ pM ` δLαqudiss ` Eνr|∇udis|2s “ Eνrui0χns, (4.83)
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where we have used the fact that udisi0 “ ui0 . This gives

Eνrβudis ¨ pM ` δLαqudiss ` Eνr|∇udis|2s ď Cpβqnκ0εEνrχ2
ns.

By assumption, there exist constants C ą 0, κ ą 0 such that uniformly on DN and for each i ‰ j,

|Mi,j | ď
Cnκε

1 ` dpi, jqs
.

One may therefore apply Lemma 4.4.1 to the matrix M “ ∇2Hg
npXnq, which gives the existence of

κ ą 0 and κ1 ą 0 independent of Xn such that, letting

K0 “ tnκεu,

there holds

|Eνrudis ¨ δLαu
diss| ď

n´εps`2q

2
Eνr|udis|2s ´ Cpβqnκ

1εEνr|udis|2s
1
2Eν

”

ÿ

i:dpi,1qďK0

pudisi q2
ı

1
2
. (4.84)

Furthermore, using the definition of udis (4.81) and the a priori bound (4.80), we find that

Eν
”

ÿ

i:dpi,1qďK0

pudisi q2
ı

1
2

ď Kα
0 Eνr|u|2s

1
2 ď Cpβqnκ

2εEνrχ2
ns

1
2 .

Combining these we deduce that there exists κ ą 0 such that

β

2
n´εps`2qEν

”

n
ÿ

i“1

dpi, i0q2αpψ
p1q

i q2
ı

1
2

` Eν
”

n
ÿ

i“1

dpi, i0q2α|∇ψplq
i |2

ı
1
2

ď CpβqnκεEνrχ2
ns

1
2 . (4.85)

4.4.4 Bootstrap on the decay exponent

This subsection introduce a an iterative argument to improve the decay estimate of Lemma 4.4.2.
The method consists in studying the projection of Equation (4.78) in a small window. By controlling
the field outside the window with the a priori decay estimate, one obtains through the distortion
argument of Lemma 4.4.2 a better decay estimate on the solution. After a finite number of iterations
one gets the following result:

Proposition 4.4.3. Let s P p1,`8q. Let ν and M satisfying Assumptions 4.4.1 and 4.4.2. Let
χn P H1pνq, i0 P t1, . . . , nu and ψ P L2pI,H1pνqq be the solution of

"

βMψ ` Lνψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.86)

There exist κ ą 0 and Cpβq ą 0 locally uniform in β such that for each 1 ď j ď n,

Eνrψ2
j s

1
2 ď Cpβqnκε

1

1 ` dpj, i0qs
Eνrχ2

ns
1
2 . (4.87)

Proof.
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Step 1: setting the bootstrap Assume that for any n0 ď n and all M taking values and in Sn0pRq

satisfying Assumptions 4.4.2, each i0 P t1, . . . , nu and χn P H1pνq, the solution ψ P L2pI,H1pνqq

of
#

Mψ ` Lνψ “ χnei0 on πpMN )
ψ ¨ n⃗ “ 0 on BπpMN q

(4.88)

satisfies for some α ě s´ 1
2 , κ ą 0 and δ ą 0 the estimate

Eνrψ2
j s

1
2 ď Cpβqnκε

´ 1

1 ` dpj, i0qα
`

1

n

¯

Eνrχ2
ns

1
2 . (4.89)

We wish to prove that (4.89) holds for α “ s. Without loss of generality one may assume that
n “ n0. Fix i0 P t1, . . . , nu, χn P H1pνq and ψ solution of (4.88).

Step 2: localization Fix an index j P t1, . . . , nu and define the window

J “ ti P t1, . . . , nu : dpj, iq ď dpj, i0q{2u. (4.90)

Our aim is to study the equation satisfied by ψJ :“ pψjqjPJ P L2pJ,H1pνqq. Projecting Equation
(4.116) on the l-th coordinate for l P J reads

β
ÿ

iPJ

Mi,lψi ` Lνψl “ ´β
ÿ

iPJc

Mi,lψi.

Let us denote MJ “ pMi,jqi,jPJ and V P L2pJ,H1pνqq given for each l P J by

Vl “ ´β
ÿ

iPJc

Mi,lψi, (4.91)

so that ψJ solves
#

βMJψJ ` LνψJ “ V on πpMN )
ψJ ¨ n⃗ “ 0 on BπpMN q.

(4.92)

Step 3: bound on the exterior field Fix l P J and split Vl into

Vl “
ÿ

iPJc,dpi,i0qď 1
2
dpj,i0q

Mi,lψi

loooooooooooooomoooooooooooooon

pIql

`
ÿ

iPJc,dpi,i0qą 1
2
dpj,i0q

Mi,lψi

loooooooooooooomoooooooooooooon

pIIql

. (4.93)

Using Cauchy-Schwarz inequality and Lemma 4.4.2, we find

EνrpIq2l s
1
2 ď Cpβqnκε

1

dpj, i0qs´ 1
2

1

dpl, BJqs´ 1
2

Eνrχ2
ns

1
2 .

On the other hand using Cauchy-Schwarz inequality and Lemma 4.4.2 again, one gets

EνrpIIq2l s
1
2 ď

Cpβqnκε

dpj, i0qs
Eνrχ2

ns
1
2 .
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Step 4: optimal decay for the auxiliary system Let us split ψ “
ř

lPJ ψ
plq, where for each

l P J ψplq P L2pJ,H1pνqq solves
#

βMJψplq ` Lνψplq “ Vlel on πpMN )
ψplq ¨ n⃗ “ 0 on BπpMN q

One may apply the bootstrap assumption (4.89) to MJ and ψplq, which gives the bound

Eνrpψ
plq
j q2s

1
2 ď Cpβqnκε

1

dpj, lqα

´ 1

dpj, i0qs´ 1
2

1

dpl, BJqs´ 1
2

`
1

dpj, i0qs

¯

Eνrχ2
ns

1
2 .

Summing this over l P J yields

Eνrψ2
j s

1
2 ď

Cpβqnκε

dpj, i0qα
1 Eνrχ2

ns
1
2 ,

where
α1 “ minps, s` α ´ 1, 3s´ αq.

Since α ě s ´ 1
2 and s ą 1, α1 ą α. After a finite number of iterations, we find that (4.89) holds

for α “ s.

4.4.5 Conclusion in the case n “ N

In view of Proposition 4.3.3, the H.-S. equation contains when n “ N a Lagrange multiplier asso-
ciated to the linear constraints that y1 ` . . .` yN “ N on MN . By controlling this multiplier one
obtains the following result:

Lemma 4.4.4. Let χn P H1pνq, i0 P t1, . . . , nu. Let ψ P L2pI,H1pνqq solution of
$

&

%

βMψ ` Lνψ “ χnei0 ` λpe1 ` . . .` enq on πpMN q

ψ ¨ pe1 ` . . .` enq “ 0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.94)

There exists constants Cpβq ą 0, δ ą 0 such that for each 1 ď j ď n,

Eνrψ2
j s

1
2 ď Cpβqnκε

´ 1

1 ` dpj, i0qs
`

1

n

¯

Eνrχ2
ns

1
2 . (4.95)

Proof. Let us first prove that the Lagrange multiplier λ in (4.94) satisfies

Eνrλ2s
1
2 ď

Cpβq

n1´κε
Eνrχ2

ns
1
2 , (4.96)

for some constants Cpβq ą 0, κ ą 0. By linearity one can split ψ into ψ “ ψp1q ` ψp2q where
ψp1q P L2pI,H1pνqq solves

"

βMψp1q ` Lνψp1q “ χnei0 on πpMN q

ψp1q ¨ n⃗ “ 0 on BπpMN q.

In view of Proposition 4.4.3, we have uniformly in j P I,

Eνrpψ
p1q

j q2s
1
2 ď Cpβqnκε

1

1 ` dpj, i0qs
Eνrχ2

ns
1
2 , (4.97)
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Eνrpψ
p2q

j q2s
1
2 ď CpβqnκεEνrλ2s

1
2 . (4.98)

Let K0 ě 1. Split M into Mp1q ` Mp2q with Mp1q given for each i, j P I by

M
p1q

i,j “ Mi,j1dpi,jqďK0
.

Let u “
ř

jPI ej . Recall from (4.50) that

nλ “ βu ¨ Mψ ´ χn “ βu ¨ Mp1qψ ` βu ¨ Mp2qψ ´ χn.

First note that there exists Cpβq ą 0, κ ą 0 such that

Eνrpu ¨ Mp1qψq2s
1
2 ď CpβqnκεKκ

0Eνr|ψ|2s
1
2 .

Moreover taking the scalar product of (4.94) with ψ and integrating by parts under ν yields the
energetic estimate

Eνr|ψ|2s
1
2 ď CpβqnκεEνrχ2

ns
1
2 .

Consequently there exists constants Cpβq ą 0, κ ą 0 such that

Eνrpu ¨ Mp1qψq2s
1
2 ď CpβqnκεKκ

0Eνrχ2
ns

1
2 . (4.99)

Besides, employing (4.97), we find

Eνrpu ¨ Mp2qψp1qq2s
1
2 ď CpβqnκεEνrχ2

ns
1
2 . (4.100)

Finally, note
|u ¨ Mp2qψp2q| ď

ÿ

i,k:dpi,kqěK0

|Mi,k||ψ
p2q

k | ď nκεK´s
0

ÿ

k

|ψ
p2q

k |.

Using the bound (4.98) one can see that

Eνrpu ¨ Mp2qψp2qq2s
1
2 ď CpβqnκεK´s

0 nEνrλ2s
1
2 . (4.101)

Taking K0 large with enough with respect to nε, one can make the left-hand side of (4.101) smaller
than n

2Eνrλ2s
1
2 . Combining this with (4.99) and (4.100) one obtains

nEνrλ2s
1
2 ď

n

2
Eνrλ2s

1
2 ` CpβqnκεEνrχ2

ns
1
2 ,

which proves (4.96). Combined with (4.97) and (4.98) this concludes the proof of (4.95).

4.4.6 Estimate on the main equation

There remains to compare the solution of (4.60) to the solution ψp1q of the simplified equation
(4.78). This supposes to estimate the quantity Mψp1q where M is the perturbation in (4.76).

Proposition 4.4.5. Let s P p1,`8q. Let rHg
n be as in (4.74). Let i0 P t1, . . . , nu such that

|i0 ´ n{2| ď n{4. Let χn P H1pνq and ψ P L2pI,H1pνqq be the solution of

"

β∇2
rHg
nψ ` Lνψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.102)
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Then, uniformly in 1 ď j ď n, we have

Eνrψ2
j s

1
2 ď Cpβqnκε

´ 1

1 ` dpi0, jqs
`

1

nminps´1{2,2s´2q

¯

pEνrχ2
ns

1
2 ` sup |χn|e´cpβqnδ

q. (4.103)

Similarly let w P L2pt1, . . . , Nu, H1pνqq be the solution of
$

&

%

β∇2pHg
N ` Fgqw ` Lνw “ χNei0 ` λpe1 ` . . .` eN q on MN

w ¨ pe1 ` . . .` eN q “ 0 on MN

w ¨ n⃗ “ 0 on BMN

(4.104)

Then, uniformly in 1 ď j ď N , we have

Eνrw2
j s

1
2 ď Cpβqnκε

´ 1

1 ` dpi0, jqs
`

1

N

¯

pEνrχ2
ns

1
2 ` sup |χn|e´cpβqnδ

q. (4.105)

Proof. Let M p1q “ ∇2Hg
n1Ac ´A1Ac and M p2q “ ∇2

rEn,N . Let ψ P L2pI,H1pνqq be the solution
of (4.102), ψp1q P L2pI,H1pνqq solving

"

βMψp1q ` Lνψp1q “ χnei0 on πpMN q

ψp1q ¨ n⃗ “ 0 on BπpMN q.

Define ψp2q “ ψ ´ ψp1q. One can check that ψp2q is solution of
"

β∇2
rHg
nψp2q ` Lνψp2q “ βM p1qψ on πpMN q

ψp2q ¨ n⃗ “ 0 on BπpMN q.

Taking the scalar product of the above equation with ψp2q and integrating by parts under ν we
obtain, recalling the definition of the good event (4.75),

βEνrψp2q ¨ Mψp2qs ď Cpβqpsup |ψp1q|Eνr|M p1q|2s
1
2 ` Eνr|M p2q|21Acs

1
2 ` Eνr1Aψ

p1q ¨M p2qψp1qsq

(4.106)
Applying the maximum principle of Proposition 4.3.6 we find that there exist Cpβq, κ ą 0 such that

sup |ψp1q| ď Cpβqnκε sup |χn|.

By Assumption 4.4.1 there exist constants Cpβq ą 0, cpβq ą 0, δ ą 0 such that

Eνr|M p1q|2s
1
2 ď Cpβqe´cpβqnδ

,

Eνr1Ac |M p2q|2s
1
2 ď Cpβqe´cpβqnδ

.

Let us now estimate the vector-field M p2qψp1q. We claim that for uniformly in 1 ď j ď n,

Eνr1ApM p2qψp1qq2j s
1
2 ď

Cpβqnκε

1 ` dpj, BIq
s
2

1

ns´1{2
Eνrχ2

ns
1
2 . (4.107)

Fix 1 ď j ď n. Recall that for any x in the interior of A and for each 1 ď k, l ď n,

M
p2q

k,l pxq “ Bkl rEn,N pxq “ EQg
N,βp¨|xqrBklH

g
n,N s ´ CovQg

N,βp¨|xqrBkH
g
n,N , BlH

g
n,N s.

In view of (4.77) we have that for each 1 ď k, l ď n,

EνrpM
p2q

k,l q2s
1
2 ď

Cpβqnκε

1 ` dpk, BIqs´1{2dpl, BIqs´1{2
. (4.108)
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One can then split the quantity pM p2qψp1qqj into

pM p2qψp1qqj “
ÿ

k:dpk,BIqďn{4

M
p2q

j,k ψ
p1q

k

loooooooooooomoooooooooooon

pIqj

`
ÿ

k:dpk,BIqąn{4

M
p2q

j,k ψ
p1q

k

loooooooooooomoooooooooooon

pIIqj

.

For the first quantity, using (4.108) and (4.87), we can write

Eνr1ApIq2j s
1
2 ď

Cpβqnκε

1 ` dpj, BIqs´1{2

ÿ

k:dpk,BIqďn{4

1

|k ´ n
2 |s

1

1 ` dpk, BIqs´1{2
Eνrχ2

ns
1
2

ď
Cpβqnκε

1 ` dpj, BIqs´1{2

1

nminps,2s´3{2q
Eνrχ2

ns
1
2 .

(4.109)

For the second quantity using the bound on the increments of M given in (4.77), we find

Eν
”

1A

´

ÿ

k:dpk,BIqąn{4

M
p2q

j,k ψ
p1q

k

¯2ı 1
2

ď
Cpβqnκε

1 ` dpj, BIqs´1{2

ÿ

k:dpk,BIqąn{4

1

|k ´ n
2 |s

1

ns´1{2
Eνrχ2

ns
1
2

ď
Cpβqnκε

1 ` dpj, BIqs´1{2

1

ns´1{2
Eνrχ2

ns
1
2 . (4.110)

Putting (4.109) and (4.110) together we obtain (4.107). Summing this over j yields

Eνr|M p2qψp1q|2s1{2 ď
Cpβqnκε

nminps´1{2,2s´2q
Eνrχ2

ns
1
2 . (4.111)

Using the uniform convexity of rHg
n, we then obtain from (4.106) the bound

Eνr|ψp2q|2s1{2 ď
Cpβqnκε

nminps´1{2,2s´2q
pEνrχ2

ns
1
2 ` sup |χn|e´cpβqnδ

q.

In particular, together with (4.87), this yields (4.103). The proof of (4.105) follows from similar
considerations by making use of Lemma 4.4.4.

4.4.7 Decay of gaps correlations

We are now ready to conclude the proof of the decay of correlations for the hypersingular Riesz gas.
When xi and xj are at macroscopic or large mesosopic distance, one can take n “ N and use the
estimate of Proposition 4.4.3. Otherwise we choose n to be a power of |i´j| and apply the estimate
of Proposition 4.4.5 for such a number n. This will complete proof of Theorem 4.1.2.

Proof of of Theorem 4.1.2. Let ν be the constrained measure on t1, . . . , Nu defined in (4.70) with
n “ N . Using the Pinsker inequality, the fact that ν satisfies a Log-Sobolev inequality (see Lemma
4.3.8) and the local law of Lemma 4.7.2, one can observe that

TVpPg
N,β, νq ď p2EntpPg

N,β | νqq
1
2 ď CpβqNκεEPg

N,β
r|∇Fg|2s

1
2 ď Cpβqe´cpβqNδ

.

In particular, it follows that

CovPN,β
rξpNpxj`1 ´ xjqq, χpNpxi`1 ´ xiqqs “ Covνrξpxjq, χpxiqs `Oβpe´Nδ

sup |ξ| sup |χ|q.
(4.112)
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Moreover, by Proposition 4.3.3, the covariance term in the last display may be expressed as

Covνrξpxjq, χpxiqs “ Eνrξ1pxjqBjϕs,

with ∇ϕ P L2pt1, . . . , Nu, H1pνqq solution of
$

&

%

Aν1∇ϕ “ χ1pxiqei ` λpe1 ` . . .` eN q on πpMN q

∇ϕ ¨ pe1 ` . . .` eN q “ 0 on πpMN q

∇ϕ ¨ n⃗ “ 0 on BπpMN q.

Using the estimate of Proposition 4.4.5, Hölder’s inequality and (4.112), one obtains (4.5) in the
case where dpj, iq ě N ε0 .

We now consider the case where dpi, jq is much smaller than a power of N . Let n P t1, . . . , Nu

be the smallest number such that

1

nminps´1{2,2s´2q
ď

1

dpi, jq1`s
.

Without loss of generality, one can assume that 1 ď n
3 ď i, j ď 2n

3 . Since Npxi`1 ´ xiq and
Npxj`1 ´ x1q are functions of x1, . . . , xn and since A has overwhelming probability, one may write

CovPN,β
rξpNpxj`1 ´ xjqq, χpNpxi`1 ´ xiqqs “ Covνrξpxjq, χpxiqs `Oβpe´cpβqnδ

sup |ξ| sup |χ|q.
(4.113)

By Proposition 4.3.3 again one can express this covariance term as

Covνrxj , xis “ Eνrξ1pxjqBjϕs, (4.114)

where ∇ϕ P L2pI,H1pνqq is solution of

"

Aν1∇ϕ “ χ1pxiqei on πpMN q

∇ϕ ¨ n⃗ “ 0 on BπpMN q.
(4.115)

Inserting the result of Proposition 4.4.5 we find that

EνrpBjϕq2s
1
2 ď Cpβqnκε

´ 1

dpj, iqs
`

1

nminps´1{2,2s´2q

¯

pEνrχ1pxiq
2s

1
2 ` sup |χ1|e´cpβqnδ

q.

Inserting this into (4.114) and using (4.113) completes the proof of (4.5) by choosing n large
enough.

4.5 Decay of correlations for the long-range Riesz gas

This section is the core of the paper and aims to develop a method to study the decay of correlations
in the long-range case s P p0, 1q. Because the Hessian of the energy in gap coordinates concentrates
around the Riesz matrix (4.25) which has slowly decaying entries, it is not clear how the strategy
of Section 4.4 can be adapted. Indeed the commutation result of Lemma 4.4.1 cannot be applied
to (4.25). The trick is to exploit the fact that the Hessian is not only positive-definite but actually
controls a fractional primitive of the solution. This should be compared with the method of [52,
Sec. 4] adapted from [46] which exploits the long-range nature of the interaction to have sharp
concentration estimates.



176 Chapter 4. Decay of correlations and thermodynamic limit for the circular Riesz gas

4.5.1 Periodization

We begin by performing the following series of reductions, which will lead to the study of a simplified
equation:

1. Convexification and reduction to px1, . . . , xnq,

2. Adding of a Schur complement to the energy of the n points and splitting of the H.-S. operator,

3. Embedding the system into a periodic system of 2n points,

4. Control on the perturbation operator.

As pointed out in Section 4.4, due to the lack of uniform convexity, the study of the correlations
at microscopic distance requires to localize the system at a smaller scale. Let n P t1, . . . , Nu be the
active scale, I the window I “ t1, . . . , nu and π : MN Ñ πpMN q Ă Rn be the projection on the
coordinates pxiqiPI . Let θ : R` Ñ R` smooth such that θ “ 0 on p1,`8q, θ2 ě 1 on r0, 12q and
θ2 ě 0 on r0,`8s. Let ε ą 0 and Fg be the forcing

Fg : Xn P Rn ÞÑ

n
ÿ

i“1

θpn´εxiq

and the constrained measure

dQg
N,β9e´βFg˝πdPg

N,β.

Let ν “ Pg
N,β ˝ π´1. We will be studying the solution ψ P L2pI,H1pνqq of

"

Aν1ψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q,
(4.116)

One would like to work with a periodic system of size n̄ ě 2n instead of (4.116). The idea is
to subtract from Aν1 the appropriate quantity to identify the equation with the projection on the
coordinates pxiqiPI of a larger system of size n̄. Let n̄ ě 2n and Ī “ t1, . . . , 2nu. Let K0 be a large
power of tnεu. Consider M P Mn̄pRq the truncated Riesz matrix at distance K0, i.e M “ ∇2F pxq

for some x P Rn̄ where

F : Xn̄ P Rn̄ ÞÑ
ÿ

i,jPĪ:dpi,jqěK0

g2
spdpi, jqqpxi ` . . .` xjq

2.

Consider the block decomposition of M on Rn ˆ Rn̄´n,

M “

ˆ

A B
C D

˙

, A P MnpRq. (4.117)

Also let
G : Xn̄ P Rn̄ ÞÑ

ÿ

iPI,jPIc:dpi,jqěK0

g2
spdpi, jqqpxi ` . . .` xjq

2.

Let Ap2q “ pBijGqi,jPI and Ap1q “ A´Ap2q. Let

Mp1q “

ˆ

Ap1q 0
0 0

˙

and Mp2q “

ˆ

Ap2q B
C D

˙

. (4.118)
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Since ∇2F ě 0, Mp2q ě 0 and therefore Ap1q ´ BD´1C ě 0. Furthermore we also have Ap1q ě 0.
Noting that D is positive-definite, we will subtract from Aν1 the operator

BpD ` β´1Lν b In̄´nq´1C.

The measure ν can be written

dνpxq “ expp´β rHg
npxqq1πpMN qpxqdx,

where for any x P πpMN q and 1 ď i, j ď n,

Bij rHg
npxq “ BijF

gpxq`BijHg
npxq`EQg

N,βp¨|xqrBijH
g
n,N px, ¨qs´CovQg

N,βp¨|xqrBiH
g
n,N px, ¨q, BjHg

n,N px, ¨qs,

(4.119)

with
Hg
n,N : px, yq P pRn ˆ RN´nq X MN ÞÑ Hg

N px, yq ´ Hg
npxq ´ Hg

N´npyq.

For ε ą 0, define the good event

A “ tXn P πpMN q : @i, i`k P t1, . . . , nu, n´ε ď xi ď nε, |xi` . . .`xi`k´k| ď nεk
s
2 u. (4.120)

Let us split Aν1 into
Aν1 “ Āν1 `M, (4.121)

where Āν1 ,M : L2pI,H1pνqq Ñ L2pI,H´1pνqq are given by

Āν1 :“ β∇2Fg`βp∇2Hg
n`EQg

N,βp¨|xqr∇2Hg
n,N px, ¨qsq1A`βA1Ac´βBpD`β´1LνbIn̄´nq´1C`LνbIn,

(4.122)

M :“ βp∇2Hg
n`EQg

N,βp¨|xqr∇2Hg
n,N px, ¨qsq1Ac´βA1Ac´β CovQg

N,βp¨|xqr∇Hg
n,N px, ¨q,∇Hg

n,N px, ¨qs

` βBpD ` β´1Lν b In̄´nq´1C. (4.123)

One can prove that the operator Āν1 has a spectral gap, resulting in the uniqueness of the solution
ψ P L2pI,H1pνqq of

#

Āν1ψ “ v on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q,

for any v P L2pI,H1pνqq. As in Section 4.4, we work with general measures ν on πpMN q.

Assumptions 4.5.1. Let ν be a probability measure on πpMN q in the form dν “ e´βHgpxqdx with
Hg : πpMN q Ñ R C2 and such that

lim
dpx,BπpMN qqÑ0

∇Hgpxq ¨ n⃗ “ ´8.

Let A be the good event (4.120). Assume that there exist C ą 0, δ ą 0 (depending on ε) such that

νpAcq ď e´nδ
.
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As in Section 4.4, one shall work with a slightly more general system, for the sake of the bootstrap
argument to come. Let rA : πpMN q Ñ SnpRq be a measurable map. Let M : πpMN q Ñ Mn̄pRq

be given by

M “

ˆ

rA B
C D

˙

, (4.124)

with B, C, D constants matrices as in (4.117). One shall impose the following assumptions on M:

Assumptions 4.5.2. Let M : πpMN q Ñ SnpRq be as (4.124). Assume that

1. There exists a positive constant κ ą 0 such that uniformly on πpMN q,

M ě n´κεIn̄.

2. There exists a family on non-negative functions pαi,kq such that for all Un̄ P Rn̄,

Un̄ ¨ MUn̄ “
ÿ

i,k

αi,kpui ` . . .` ukq2.

3. Let A P MnpRq be as in (4.117). There exists a positive constant κ ą 0 such that uniformly
on (4.120) and for each 1 ď i, j ď n,

rAi,j “ Ai,j `O
´ nκε

dpi, jq1` s
2

¯

. (4.125)

Finally let Ā1 : L
2pI,H1pνqq Ñ L2pI,H´1pνqq in the form

Ā1 “ β rA´BpβD ` Lν b In̄´nq´1C ` Lν b In. (4.126)

Lemma 4.5.1. Let M be in the form (4.124) for rA satisfying Assumptions 4.5.2. Let Ā1 be given
by (4.126). Let ψ P L2pĪ , H1pνqq be the solution of

"

βMψ ` pLν b In̄qψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.127)

Let ψp1q P L2pI,H1pνqq be the solution of
"

Ā1ψ
p1q “ χnei0 on πpMN q

ψp1q ¨ n⃗ “ 0 on BπpMN q.
(4.128)

We have the identity
ψj “ ψ

p1q

j for each j P I. (4.129)

Proof. Uniqueness and existence of solutions of (4.127) and (4.128) follow from the Lax-Migram’s
theorem. Let us indeed prove that the quadratic forms

v P L2pI,H1pνqq ÞÑ Eνrv ¨ Āν1vs,

w P L2pĪ , H1pνqq ÞÑ Eνrw ¨ pβM ` Lν b In̄´nqws

are coercive. Let us split Hg
n into Hp1q `Hp2q with

Hp1q : Xn P πpMN q ÞÑ N´s
ÿ

i‰j:|i´j|ďK0

gspxi ` . . .` xjq. (4.130)
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Denote

Mp1q “

ˆ

∇2Hp1q ` ∇2Fg 0
0 0

˙

and Mp2q “

ˆ

∇2Hp2qpxq ` EQN,βp¨|xqr∇2Hg
n,N px, ¨qs B

C D

˙

.

Let M be as in (4.117). Observe that there exists κ ą 0 such that for all Un̄ “ pUn, Vn̄´nq P Rn̄

ˇ

ˇ

ˇ
Un̄ ¨ pMp2q ´ MqUn̄

ˇ

ˇ

ˇ
ď nκεK

´ s
2

0 |Un|2

Un ¨ ∇2pFg `Hp1qqUn ě n´κε|Un|2.

Let us choose K0 “ tnεum for m large enough. In view of the last displays one can see that there
exists κ ą 0 such that for all Un̄ “ pUn, Vn̄´nq P Rn̄,

Un̄ ¨ MUn̄ ě Un̄ ¨ MUn̄ ` n´κε|Un|2 ě n´κ1ε|Un̄|2.

Since Lν is non-negative we obtain that for all v P L2pĪ , H1pνqq,

Eνrv ¨ pβM ` Lν b In̄qvs ě n´κεEνr|v|2s.

Because Mp2q ě 0, we also have that Ap2q ´BD´1C ě 0. Then note

Apxq´BD´1C ě ∇2Hp1q`Ap2q´BD´1C´OpnκεK
´ s

2
0 Inq ě ∇2Hp1q´OpnκεK

´ s
2

0 Inq ě n´κεIn.
(4.131)

Let w P L2pI,H1pνqq. One can observe that

w ¨BpD ` β´1Lν b In̄´nq´1pCwq “ pCwq ¨ pD ` β´1Lν b In̄´nq´1pCwq.

Integrating this over ν and using the fact that D is positive shows that for all w P L2pI,H1pνqq,

0 ď Eνrw ¨BpD ` β´1Lν b In̄´nq´1pCwqs ď Eνrw ¨BD´1Cws. (4.132)

Consequently, inserting (4.131), we find

Eνrw ¨ Āν1ws ě n´κεEνr|w|2s.

Let us next explain how to compare pAν1q´1 to pĀν1q´1. Let ψ P L2pI,H1pνqq be the solution
of (4.116) and ψp1q P L2pI,H1pνqq of

"

Āν1ψ
p1q “ χnei0 on πpMN q

ψp1q ¨ n⃗ “ 0 on BπpMN q.

Let w :“ ψp1q ´ ψ P L2pI,H1pνqq, which solves
"

Aν1w “ Mψp1q on πpMN q

w ¨ n⃗ “ 0 on BπpMN q.

Taking the scalar product of the first line of the last display with w and integrating by parts with
respect to ν yields

βn´κεEνr|w|2s ď βEνrw ¨ ∇2
rHg
nws ď Eνrw ¨Mψp1qs. (4.133)
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We will prove in Lemma 4.5.3 that

|EνrwipMψp1qqis| ď CpβqnκεEνrw2
i s

1
2

ÿ

jPI

1

1 ` dpi, BIq
s
2dpj, BIq

s
2

Eνrpψ
p1q

j q2s
1
2 .

Inserting the last display into (4.133) will then give

Eνr|w|2s
1
2 ď Cpβqnκεn

1´s
2

n
ÿ

j“1

Eνrpψ
p1q

j q2s
1
2

1 ` dpj, BIq
s
2

. (4.134)

Our main task is to establish that ψp1q

j typically decays in dpj, i0q´p2´sq, making the left-hand side of
(4.134) bounded by n´1{2. This will show that the increments of ψ are bounded by dpj, i0q´p2´sq `

Opn´1{2q, allowing to conclude the proof of Theorem 4.1.1 by choosing n large enough.
We finally complete Step 4 and control the operator (4.123). Recall that B⊺ “ C.

Lemma 4.5.2. Let ν satisfying Assumptions 4.5.1. Let s P p0, 1q. Let B,C,D be as in (4.117).
Recall I “ t1, . . . , nu. Let η, ϕ P L2pνq. Then for each 1 ď i, j ď n, we have

|EνrpηCejq
⊺pβD ` Lν b In̄´nq´1pϕCeiqs| ď

Cpβqnκε

dpi, BIq
s
2dpj, BIq

s
2

Eνrη2s
1
2Eνrϕ2s

1
2 . (4.135)

In addition for each 1 ď i, j, l ď n, we have

|EνrpηCq⊺pβD`LνbIn̄´nq´1pϕCeiqs| ď
Cpβqnκε|j ´ l|

minpdpj, BIq1` s
2 , dpl, BIq1` s

2 q

1

dpj, BIq
s
2

Eνrη2s
1
2Eνrϕ2s

1
2 .

(4.136)

The term in the left-hand side of (4.135) is comparable to the covariance between BiHg
n,N and

BjHg
n,N under a Gaussian measure. This analogy suggests us to proceed as if we were trying to

control the variances of BiHg
n,N and BjHg

n,N , which would require to control the fluctuations of large
gaps. We will thus import a method of [46] which starts by decomposing a given gap into a sum of
block averaged statistics.

Proof. First note that since βD1 ` Lν b In̄´n is a positive operator on L2pI,H1pνqq, we find that

|EνrpηCejq
⊺pβD ` Lν b In̄´nq´1pϕCeiqs|

ď EνrpηCejq ¨ pβD1 ` Lν b In̄´nq´1pηCejqs
1
2EνrpϕCeiq ¨ pβD ` Lν b In̄´nq´1pϕCeiqs

1
2 .

(4.137)

Using the positivity of Lν b In̄´n and D, one can write

EνrpηCejηq¨pβD`LνbIn̄´nq´1pηCejqs ď β´1EνrpηCejq¨D´1pηCejqs “ β´1Eνrη2spCejq¨D´1pCejq.

The right-hand side of the last display may be identified with the variance of pCZ 1qj where Z 1 is a
Gaussian vector Z 1 „ N p0, Dq. Let Z be the random vector defined for each k P t1, . . . , NuzI by
Zk “ Z 1

1 ` . . .` Z 1
k.

One may check that

pC 1Zqj “
ÿ

iPt1,...,NuzI

ÿ

kPt1,...,NuzI:dpk,jqědpk,iq

1

|i´ k|s`2
NpZk ´ Zjq. (4.138)
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We claim that there exists C ą 0 and κ ą 0 such that for each 1 ď i ď n and 1 ď i` k ď n,

VarrNpZi`k ´ Ziqs ď Cks`κε. (4.139)

Combining (4.138) and (4.139) entails, modulo (4.139),

|ej ¨BD´1Cejq| ď
C

1 ` dpj, BIqs{2
.

Let us now prove the claim (4.139). Fix 1 ď i ď i ` k ď n. One shall split NpZi`k ´ Ziq into
a sum of block average statistics. For each 1 ď k ď n{2 and i P t1, . . . , nu, let Ikpkq be an interval
of integers in tn` 1, . . . , nu of cardinal k ` 1 such that i P Ikpiq. Define the block average

Z
rks

i “
1

k ` 1

ÿ

jPIkpiq

Zk.

Let α ą 0 be a small number, α “ 1
p with p P N˚. One may write

NpZi ´ Z
rks

i q “

p´1
ÿ

m“0

NpZ
rtkmαus

i ´ Z
rtkpm`1qαus

i q. (4.140)

For each m P t0, . . . , p´ 1u, denote Gm “ NpZ
rtkmαus

i ´ Z
rtkpm`1qαus

i q and Im “ Itkpm`1qαupiq. Let
us define the matrix Dp1q “ pDp1qqi,jPIm by

D
p1q

i,j “

#

Di if i ‰ j

´
ř

kPIm,k‰iDj if i “ j.

Let u “ pBiGmqiPIm and DIm “ pDi,jqi,jPIm . Since Gm depends only on the variables in Im, we
have the identity

VarrGms “ u ¨DImu.

Moreover, since DIm ě Dp1q, there holds

VarrGms ď u ¨Dp1qu.

Let v “ pDp1qq´1u. Using the fact that
ř

iPIm
BiGm “ 0 and Dp1q

ř

iPIm
ei “ 0, one may check

that
ř

iPIm
vi “ 0. It follows that

v ¨Dp1qv ě
ÿ

i‰jPIm

1

|i´ j|s`2
pNpvi ´ vjqq2 ě

N2

|Im|s`1
|v|2.

Furthermore observe that

|∇Gm|2 ď
CN2

|Im|
.

The two last displays give by integration by parts the series of inequalities

β
N2

|Im|s`1
|v|2 ď v ¨Dp1qv ď C|v|

N2

|Im|
.

It follows that
VarrGms ď Cpβq|Im|sEµrη2s

1
2 . (4.141)
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Summing (4.141) over m and using (4.140), one finds that

VarrNpZi`k ´ Ziqs ď Cks`κε,

which yields (4.139), thus concluding the proof of (4.135).
The proof of (4.136) is similar.

Let us now control the operator M appearing in (4.123).

Lemma 4.5.3. Let A be the good event (4.120). Uniformly in x P A, 1 ď i ď j ď n and N , we
have

VarQg
N,βp¨|xqrBiH

g
n,N , BjH

g
n,N s ď

Cpβqnκε

dpi, BIq
s
2dpj, BIq

s
2

. (4.142)

Let ν satisfying Assumptions 4.4.1. Then for all ϕ, η P L2pνq and 1 ď i, j ď n,

Eνrϕei ¨Mpηejqs ď
Cpβqnκε

dpi, BIq
s
2dpj, BIq

s
2

Eνrη2s
1
2Eνrϕ2s

1
2 . (4.143)

In addition, for all ϕ, η P L2pνq and 1 ď i, l, j ď n,

Eνrpϕeiq¨Mpηpej´elqqs ď
Cpβqnκε

dpj, BIq
s
2

dpi, lq

pdpi, BIq ^ dpl, BIqq1` s
2

Eνrϕ2s
1
2Eνrη2s

1
2 `Cpβqe´cpβqnδ

sup |ϕ| sup |η|.

(4.144)

Proof. The control (4.142) is a direct consequence a rigidity estimate under QN,βp¨ | xq that we
defer to Lemma 4.6.2, which proof can be found in the Appendix. Regarding the definition of
(4.123), the bound on the Schur complement (4.143) follows from (4.142) and Lemma 4.5.2. Since
A has overwhelming probability one may bound the contribution involving the Hessian of Hp2q

n and
EQN,βp¨|xqrHn,N px, ¨qs (in gap coordinates) by sup |ϕ| sup |η|Cpβqe´cpβqnδ

.

Note that (4.142) one could refine (4.142) and show that this term concentrates around the
quantity CovrCZ 1qj , pCZ

1qis, where Z 1 „ N p0, Dq. One expects that there exists some α ą 0 such
that

VarQg
N,βp¨|xqrBiH

g
n,N , BjH

g
n,N s “ pPnCeiq ¨ pD ` β´1Lν b In̄´nq´1pPnCejq

` nκεOβ

´ 1

1 ` dpi, BIq
s`α
2

1

1 ` dpj, BIq
s`α
2

¯

,

where B, C and D are as in (4.117). Having such an expansion could refine our control on the
solution of (4.116) through (4.133).

4.5.2 Elliptic regularity estimate

The stake for us is to obtain a decay estimate on the solution of (4.128). We first derive an elliptic
regularity estimate and give an L2 bound on the discrete primitive of order 3

2 ´ s of ψ in terms of
|L1{2ψ|. We then state a straightforward control on the L1 norm on the discrete primitive of order
1 ´ s of ψ with respect to |L3{2´sψ|. By interpolation, this yields via a discrete (1D) Gagliardo-
Nirenberg inequality a control on the Lp norm with p “ 1

1´s{2 of the fractional primitive of order
1 ´ s

2 of ψ. Throughout the section, for all α ą 0, Lα stands for the distortion matrix

Lα “ diagpγ1, . . . , γn̄q with γi “ 1 ` dpi, i0qα for each 1 ď i ď n̄. (4.145)
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Lemma 4.5.4. Let s P p0, 1q. Let ν and M satisfying Assumptions 4.5.1 and 4.5.2. Let χn P H1pνq,
i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be the solution of

$

&

%

βMψ ` Lνψ “ χnei0 ` λpe1 ` . . .` en̄q on πpMN q

ψ ¨ pe1 ` . . .` en̄q “ 0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.146)

Recalling (4.145), there exists κ ą 0 such that letting p “ 1
1´s{2 ,

Eν
”´

n̄
ÿ

i“1

|pgs{2˚ψqi|
p
¯2{pı 1

2
ď Cpβqnκε

´

Eνrχ2
ns

1
2 `sup |χn|e´cpβqnδ

`Eνr|L1{2ψ|2s
1
2 `nEνrλ2s

1
2

¯s

ˆ Eνr|L3{2´sψ|2s
1´s
2 . (4.147)

Proof. Let us denote v “ χnei0 `λpe1 ` . . .`en̄q. Let ψ P L2pĪ , H1pνqq be the solution of (4.146).
In view of (4.125), the matrix M may be split into M “ Mp1q ` Mp2q where Mp1q P Mn̄pRq is the
constant Toeplitz matrix with the Riesz kernel gs and Mp2q satisfying

|M
p2q

i,j | ď
nκε

dpi, jq1` s
2

, for each i, j P Ī .

Taking the convolution of (4.146) with gs´1 and the scalar product with ψ easily gives

Eν
”

n̄
ÿ

i“1

pgs´1{2 ˚ ψq2i

ı
1
2

ď Cpβqnκε
´

Eνrχ2
ns

1
2 ` sup |χn|e´cpβqnδ

` Eνr|L1{2ψ|2s
1
2 ` nEνrλ2s

1
2

¯

.

(4.148)
Indeed, the differential terms satisfies

n̄
ÿ

i“1

EνrLνppgs´1 ˚ ψqiqψis “

n̄
ÿ

i“1

Eνr∇pgs´1 ˚ ψqiq ¨ ∇ψis “
ÿ

i,j,k

Eνrgs´1pdpi, kqqBjψk ¨ Bjψis.

Since gs´1 is a positive kernel, for each j P t1, . . . , n̄u, setting uk “ Bjψk, we have
ÿ

i,k

gs´1pdpi, kqquiuk ě 0,

which justifies the claim (4.148).
Recall that by Remark 14, the convolution of a discrete function f : Z{nZ with gα for α ą ´1

corresponds to a fractional primitive of order 1 ´ α of f . One can now interpolate between the
L1 norm of the primitive of ψ of order 1 ´ s and the L2 norm of the primitive of order 1 ´ s

2 .
Let ϕ : T Ñ R smooth enough. Applying Lemma 4.7.1 to u :“ gs´1{2 ˚ ψ with s1 “ 0, s2 “ 1

2 ,
s0 “ 1

2 ´ s
2 P ps1, s2q, θ “ s, p1 “ 2, p2 “ 1 and p “ 1

1´ s
2

gives

}gs{2 ˚ ψ}
L

1
1´s{2 pTq

ď C}gs ˚ ψ}θL1pTq}gs´1{2 ˚ ψ}
1´θ
L2pTq

. (4.149)

Let ϕ0 : T Ñ R smooth such that ϕp in̄q “ ψi for each i P t1, . . . , n̄u. Using (4.149) and making ϕ0
slightly vary, we deduce that

´

n̄
ÿ

i“1

|pgs{2 ˚ ψqi|
1

1´s{2

¯1´s{2
ď C

´

n̄
ÿ

i“1

|pgs ˚ ψqi|

¯1´s´ n̄
ÿ

i“1

pgs´1{2 ˚ ψq2i

¯
s
2
. (4.150)

Besides, by Cauchy-Schwarz inequality, it is straightforward to check that
n̄
ÿ

i“1

|pgs ˚ ψqi| ď Cpβqnκε|L3{2´sψ|. (4.151)

Inserting (4.151) and (4.148) into (4.150) one obtains (4.147).
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4.5.3 Control on derivatives

The aim is now to control the decay of ∇ψi with respect the (global) decay of ψi. The proof
relies on the distortion argument of Lemma 4.4.2, the central task being to bound a variant of the
commutator LαML´1

α ´ M from above.
Let us pause to explain the strategy of this proof. At first let us fix a small parameter ε0 ą 0. In

view of its specific positive-definiteness structure, M can be bounded from below by a matrix rM where
interactions are cut off for dpi, kq ą dpi, i0q1´ε0 . We then seek to control pLαML´1

α ψdis ´ rMψdisqi

for each 1 ď i ď n̄. By construction, prMψdisqi may be bounded by |L3{2´s´ε0ψ|. Similarly one can
bound the left and right tails of pLαML´1

α ψdisqi by |L3{2´s´ε0ψ|. We are thus left to estimate

ÿ

kPApiq

ψkg̃spdpi, kqq where Apiq :“ tk ‰ i : dpi, i0q1´ε0 ď dpi, kq ď dpi, i0q1`ε0u. (4.152)

The point is to express this sum with respect w :“ Hs{2ψ, the discrete primitive w of order 1 ´ s{2
of ψ, which gives

ÿ

kPApiq

ψkg̃spdpi, kqq “

n̄
ÿ

l“1

ÿ

kPApiq

g´1
s{2pdpk, lqqg̃spdpi, kqq1i‰kwl, (4.153)

where g´1
s{2 :“ H´1

s{2e1. Given an index l, one shall therefore estimate a truncated convolution

product between g̃s and g´1
s{2. If l lies away from the boundary of Apiq, this product almost equals

g̃s ˚ g´1
s{2plq » g1´s{2. Fixing a threshold of size dpi, i0q1´2ε0 , one can decompose (4.153) according

to whether dpl, BApiqq ě dpi, i0q1´2ε0 . Owing to the previous remark and by Hölder’s inequality,
one can bound the first contribution by the Lp norm of w with p “ 1

1´s{2 and insert (4.147). On
the other hand, the second contribution can be controlled by |L3{2´s´ε0ψ|.

We finally obtain a control on |L1´s{2Dψ| depending on |L1´s{2´ε0ψ| and on nε0 |L1{2ψ|. A re-
versed inequality will be proved in the next subsection allowing one to control |L3{2´sψ| by |L1´s{2ψ|.
Since ε0 ą 0 and 3{2 ´ s ą 1{2, this will provide a bound on |L3{2´sψ| and |L1´s{2Dψ|.

Lemma 4.5.5. Let s P p0, 1q. Let ν and M satisfying Assumptions 4.5.1 and 4.5.2. Let χn P H1pνq,
i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be the solution of

$

&

%

βMψ ` Lνψ “ χnei0 ` λpe1 ` . . .` en̄q on πpMN q

ψ ¨ pe1 ` . . .` en̄q “ 0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.154)

Let α0 P p1´2s
1´s , 1q as in Lemma 4.5.4. Let γ ě 1

2 . There exist Cpβq locally uniform in β, κ ą 0,
δ ą 0 and ε0 ą 0 such that

Eν
”

n̄
ÿ

i“1

dpi, i0q2p
γ
2

` 1
4

q|∇ψi|2
ı

ď CpβqnκεEνr|Lγψ|2s
1
2

´

nκε0Eνr|L1{2ψ|2s
1´α0

2 Eνr|L3{2´sψ|2s
α0
2

` n´ε0Eνr|L3{2´sψ|2s
1
2 ` nκε0`1pEνrλ2s

1
2

¯

` nκpε0`εqEνrχ2
ns. (4.155)

Proof. Let ψ P L2pĪ , H1pνqq be the solution of (4.154).
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Step 1: a priori estimates and distortion First note that ψ satisfies the energetic estimate

Eνr|ψ|2s
1
2 ` Eνr|Dψ|2s

1
2 ď CpβqnκεEνrχ2

ns
1
2 . (4.156)

For α ě 1
2 , let Lα P Mn̄pRq be as in (4.145). Let ψdis “ Lαψ. Multiplying (4.175) by Lα, one can

see that ψdis solves

βLαML´1
α ψdis ` Lνψdis “ χnei0 ` λLαpe1 ` . . .` en̄q.

In contrast with the short-range case, one cannot expect |Mψdis| to be of order nκε under ν if
α “ 3

2 ´ s and one should therefore not split LαMψdis into Mψdis ` pLαML´1
α ´ Mqψdis. We will

instead isolate short-range interactions. Fix a small parameter ε0 ą 0. By Assumptions 4.4.1, there
exists a family of non-negative functions pαi,jqi,jPĪ such that

UN ¨ MUN “
ÿ

k‰l

αk,lpuk ` . . .` ulq
2 ě

ÿ

k‰l:dpk,lqďdpk,i0q1´ε0

αk,lpuk ` . . .` ulq
2 :“ UN ¨ rMUN .

By construction, we therefore have M ě rM, where

rMi,j :“
ÿ

kěj,lďi:dpk,lqďdpi,i0q1´ε0

αk,l.

Denoting l0 :“ tdpi, i0q1´ε0u, let us define the matrix valued-function given for each i, j P Ī by

rM
p1q

i,j “

#

gspj ´ iq ´ gspl0q ´ hspl0qpdpj, iq ´ l0q if dpj, iq ď l0

0 if dpj, iq ą l0.
(4.157)

Finally let Mp2q “ M ´ Hs be the random part of M and set

δ
p1q

Lα
“ LαHsL

´1
α ´ rMp1q and δ

p2q

Lα
“ LαM

p2qL´1
α ´ Mp2q,

so that ψdis is solution of

β rMψdis ` βδ
p1q

Lα
ψdis ` βδ

p2q

Lα
ψdis ` Lνψdis “ χnei0 ` λLαpe1 ` . . .` en̄q. (4.158)

Step 2: integration by parts We proceed as in the proof of Lemma 4.4.2. Taking the scalar
product of (4.158) with ψdis reads

Eνrβψdis ¨ prM ` δ
p1q

Lα
` δ

p2q

Lα
qψdiss ` Eνr|∇ψdis|2s “ Eνrψi0χn ` L2αψ ¨ pe1 ` . . .` en̄qλs. (4.159)

By construction, there exists a constant κ0 ą 0 such that

rM ě n´κ0εIn̄. (4.160)

It therefore remains to control the commutators δp1q

Lα
and δp2q

Lα
.
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Step 3: control on the long-range commutator This step is the most important of the proof.
Recalling that LαHsL

´1
α ψdis “ LαHsψ, one may split δp1q

Lα
ψdis into

pδ
p1q

Lα
ψdisqi “ dpi, i0qα

ÿ

k:dpi,kqědpi,i0q1´ε0

gspi´ kqψk

looooooooooooooooooomooooooooooooooooooon

pIqi

`
ÿ

k:dpi,kqďdpi,i0q1´ε0

gspi´ kq

´ dpi, i0qα

dpk, i0qα
´ 1

¯

ψdis
k

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

pIIqi

`pIIIqi,

(4.161)

with

pIIIqi “ hspdpi, i0q1´ε0q
ÿ

k:dpi,kqďdpi,i0q1´ε0

pdpi, kq´dpi, i0q1´ε0qψdis
k ´gspdpi, i0q1´ε0q

ÿ

k:dpi,kqďdpi,i0q1´ε0

ψdis
k .

Let us split pIqi further into

pIqi “ dpi, i0qα
ÿ

k:dpi,i0q1´ε0ďdpi,kqďdpi,i0q1`ε0

gspi´ kqψk

loooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooon

pIq1
i

` dpi, i0qα
ÿ

k:dpi,kqądpi,i0q1`ε0

gspi´ kqψk

looooooooooooooooooooooomooooooooooooooooooooooon

pIq2
i

.

First note that by Cauchy-Schwarz inequality,

|pIq2
i | ď C

´

ÿ

k:dpi,kqądpi,i0q1`ε0

1

dpi, kq2s

1

dpi0, kq3´2s

¯
1
2
|L3{2´sψ| ď

C

dpi, i0q1`ε0
|L3{2´sψ|.

We turn to the term pIq1
i. The idea is to express it with respect to the primitive of order 1 ´ s{2

of ψ and to use the L
1

1´s{2 control of Lemma 4.5.4. Let w “ Hs{2ψ and g´1
s{2 “ H´1

s{2e1. One may
write

pIq1
i “

n̄
ÿ

l“1

´

ÿ

k:dpi,i0q1´ε0ďdpi,kqďdpi,i0q1`ε0

1

dpi, kqs
g´1
s{2pk ´ lq

¯

wl. (4.162)

The value of the truncated convolution product in front of wl depends on whether l lies close to
the boundary of Apiq :“ tk : dpi, i0q1´ε0 ď dpi, kq ď dpi, i0q1`ε0u. We claim that there exists a
constant C ą 0 such that for each l P t1, . . . , n̄u,

ˇ

ˇ

ˇ

ÿ

kPApiq

1

dpi, kqs
g´1
s{2pk ´ lq

ˇ

ˇ

ˇ
ď C

´ 1

dpi, lqs
1

dpl, BApiqq1´s{2
`

1

dpi, lq1` s
2

´κε0

¯

. (4.163)

Let us prove (4.163). First, in view of Lemma 4.2.4, the kernel g´1
s{2 satisfies

|g´1
s{2|pkq ď

C

dpk, 1q2´s{2
for each 1 ď k ď n̄, (4.164)

with
ˇ

ˇ

ˇ

n̄
ÿ

k“1

g´1
s{2pkq

ˇ

ˇ

ˇ
ď

C

n1´ s
2

. (4.165)

If dpl, Apiqq ě dpi, i0q, then by (4.164), the result if straightforward. Now if l P Apiq with
dpl, BApiqq ě dpi, i0q, one can write

ÿ

kPApiq

1

dpi, kqs
g´1
s{2pk ´ lq “ ´

ÿ

kPApiq

1

dpi, kqs
g´1
s{2pk ´ lq “ O

´ 1

dpi, i0q1` s
2

´κε0

¯

.
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Finally let l such that dpl, BApiqq ď dpi, i0q. One has

ÿ

kPApiq

1

dpi, kqs
g´1
s{2pk´lq “

ÿ

kPApiq:dpk,lqď 3
4
dpi,i0q

1

dpi, kqs
g´1
s{2pk´lq`

ÿ

kPApiq:dpk,lqą 3
4
dpi,i0q

1

dpi, kqs
g´1
s{2pk´lq.

In view of (4.164) there holds

ˇ

ˇ

ˇ

ÿ

kPApiq:dpk,lqą 3
4
dpi,i0q

1

dpi, kqs
g´1
s{2pk ´ lq

ˇ

ˇ

ˇ
ď

C

dpi, i0q1` s
2

´κε0
.

Let us split the first term by writing

1

dpi, kqs
“

1

dpi, lqs
`

1

dpi, kqs
´

1

dpi, lqs
.

Since dpl, Apiqq ď dpi, i0q and dpk, lq ď 3
4dpi, i0q one has

ˇ

ˇ

ˇ

1

dpi, kqs
´

1

dpi, lqs

ˇ

ˇ

ˇ
ď

Cdpk, lq

dpi, i0q1`s
. (4.166)

Using in turn (4.164) and (4.165), one can see that

ÿ

kPApiq:dpk,iqďdpi,i0q

g´1
s{2pk ´ lq “

ÿ

kPApiq

g´1
s{2pk ´ lq `O

´ 1

dpi, i0q1´s{2

¯

“ O
´ 1

dpl, BApiqq1´s{2
`

1

dpi, i0q1´s{2

¯

.

Finally inserting (4.166) we have

ˇ

ˇ

ˇ

ÿ

kPApiq:dpk,lqďdpi,i0q

´ 1

dpi, kqs
´

1

dpi, lqs

¯ 1

dpk, lq2´s{2

ˇ

ˇ

ˇ
ď C

dpi, i0qs{2

dpi, lq1`s
ď

C

dpi, lq1` s
2

´κε0
.

Combining the two last displays, one obtains the claimed estimate (4.163).
Let us split the sum over l in (4.162) according to whether dpl, BApiqq ě dpi, i0q1´2ε0 . For the

first contribution one can write

ˇ

ˇ

ˇ

ÿ

l:dpl,BApiqqědpi,i0q1´2ε0

1

dpi, lqs
1

dpl, BApiqq1´s{2
wl

ˇ

ˇ

ˇ
ď Cdpi, i0qκε0

ÿ

l:dpi,lqědpi,i0q1´2ε0

1

dpi, lq1` s
2

|wl|

ď Cdpi, i0qκε0
´

n̄
ÿ

l“1

|wl|
1

1´s{2

¯1´s{2´ ÿ

l:dpi,lqědpi,i0q1´2ε0

1

dpi, lq
2
s

p1` s
2

q

¯
s
2

ď
C

dpi, i0q1´κε0

´

n̄
ÿ

l“1

|wl|
1

1´s{2

¯1´s{2
.

Inserting the estimate (4.147) of Lemma 4.5.4 then yields

Eν
”ˇ

ˇ

ˇ

ÿ

l:dpl,BApiqqědpi,i0q1´2ε0

1

dpi, lqs
1

dpl, BApiqq1´s{2
wl

ˇ

ˇ

ˇ

2ı 1
2

ď Cpβqnκε
1

dpi, i0q1´κε0
pEνr|L1{2ψ|2s

1
2 ` Eνrχ2

ns
1
2 qsEνr|L3{2´sψ|2s

1´s
2 .
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For the second contribution, one can check via Cauchy-Schwarz inequality that

|wl| ď
C

dpl, i0q1´s{2
|L3{2´sψ|.

It follows that
ˇ

ˇ

ˇ

ÿ

l:dpl,BApiqqďdpi,i0q1´2ε0

1

dpi, lqs
1

dpl, BApiqq1´ s
2

wl

ˇ

ˇ

ˇ
ď C

1

dpi, i0q1` s
2

ÿ

l:dpl,BApiqqďdpi,i0q1´2ε0

1

dpl, BApiqq1´ s
2

|L3{2´sψ|

ď
C

dpi, i0q1`sε0
|L3{2´sψ|.

(4.167)

We have crucially used the fact that in (4.167), the series
ř

k
1

k1´s{2 is diverging, in order to have
an error in the last display much smaller than dpi, i0q´1, when ε0 ą 0. This justifies our choice of
considering a fractional primitive of order 1´s{2 (rather than 3{2´s for instance). One can gather
these estimates into

EνrpIq2i s
1
2 ď

Cpβqnκε

dpi, i0q1´α

´´

Eνrχ2
ns

1
2 ` sup |χn|e´cpβqnδ

` nκε0Eνr|L1{2ψ|2s
1
2

¯s

` Eνr|L3{2´sψ|2s
1´s
2 `

1

dpi, i0q1`sε0
Eνr|L3{2´sψ|2s

1
2

¯

. (4.168)

We now control the terms pIIqi and pIIIqi. Let us write pIIqi as

pIIqi “
ÿ

k:dpi,kqďdpi,i0q1´ε0

1

dpi, kqs
pdpi, i0qα ´ dpk, i0qαqψk

“ dpi, i0qα
ÿ

k:dpi,kqďdpi,i0q1´ε0

1

dpi, kqs

´

1 ´
dpi, kqα

dpi, i0qα

¯

ψk.

One can Taylor expand the weight in the above equation when dpi, kq ď dpi, i0q1´ε0 into

ˇ

ˇ

ˇ
1 ´

dpi, kqα

dpi, i0qα

ˇ

ˇ

ˇ
ď C

dpi, kq

dpi, i0q
.

This allows one to upper bound pIIqi by

|pIIqi| ď dpi, i0qα´1
ÿ

k:dpi,kqďdpi,i0q1´ε0

dpi, kq1´s|ψk| ď
C

dpi, i0q1´α`p1´sqε0
|L3{2´sψ|. (4.169)

Similarly, by expanding dpk, i0qα for k close to i, one obtains

|pIIIqi| ď
C

dpi, i0q1´α`ε0p1´sq
|L3{2´sψ|. (4.170)

Putting (4.168), (4.169) and (4.170) together, one obtains that for ε0 ą 0 large enough with respect
to ε, there exists κ ą 0 such that

|Eνrψdis ¨ δ
p1q

Lα
ψdiss| ď CpβqnκεEνr|L2α´1{2ψ|2s

1
2

´

nκε0Eνr|L1{2ψ|2s
1
2 ` n´ε0Eνr|L3{2´sψ|2s

1
2

nκε0Eνr|L1{2ψ|2s
s
2Eνr|L3{2´sψ|2s

1´s
2 ` nκε0Eνrλ2s

1
2

¯

` Cpβqnκε0Eνrχ2
ns. (4.171)
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Step 4: control on the short-range commutator It remains to upper bound δp2q

Lα
. Recall that

by (4.124), the off-diagonal entries of Mp2q typically decays in dpi, jq´p1` s
2

q. One may write

pδ
p2q

Lα
ψdisqi “

ÿ

k:dpi,kqď 1
2
dpi,i0q

M
p2q

i,k

´dpi, i0qα

dpk, 1qα
´ 1

¯

ψdis
k

loooooooooooooooooooooooomoooooooooooooooooooooooon

pIqi

`
ÿ

k:dpi,kqą 1
2
dpi,i0q

M
p2q

i,k

´dpi, i0qα

dpk, 1qα
´ 1

¯

ψdis
k

loooooooooooooooooooooooomoooooooooooooooooooooooon

pIIqi

.

The first term can be bounded for any value of α by

EνrpIq2i s
1
2 ď

Cpβqnκε

dpi, i0q
1
2

` s
2

Eνr|ψdis|2s
1
2 ,

with Cpβq depending on α. For the second term we have

EνrpIIq2i s
1
2 ď

Cpβqnκε

dpi, i0q1` s
2

´α
Eνr|L1{2ψ|2s

1
2 .

Consequently arguing as in the short-range case (see the proof of Lemma 4.4.2) we obtain

ˇ

ˇ

ˇ
Eν

”

n̄
ÿ

i“1

ψdis
i pIqi

ı
ˇ

ˇ

ˇ
ď
β

2
n´εps`2qEνr|ψdis|2s ` CpβqnκεEνr|ψdis|2sEνrχ2

ns
1
2 .

By construction, we have

Eν
”

ψdis ¨ rMψdis `

n̄
ÿ

i“1

ψdis
i pIqis

ı

ě 0. (4.172)

For the second term, the point is to give a control in term of L2α´1{2ψ:

ˇ

ˇ

ˇ
Eν

”

n̄
ÿ

i“1

ψdis
i pIIqi

ıˇ

ˇ

ˇ
ď CpβqnκεEνr|L2α´1{2ψ|2s

1
2Eνr|L1{2ψ|2s

1
2 . (4.173)

Step 5: conclusion Note that for α ě 1
2 , 2α´ 1

2 ě α. Therefore in view of (4.171), (4.172) and
(4.173) we obtain from (4.159) that for α ě 1

2 ,

Eν
”

n̄
ÿ

i“1

dpi, i0q2α|∇ψi|2
ı

ď CpβqnκεEνr|L2α´1{2ψ|2s
1
2

´

nκε0Eνr|L1{2ψ|2s
s
2Eνr|L3{2´sψ|2s

1´s
2

` n´ε0Eνr|L3{2´sψ|2s
1
2 ` nκε0 ` nEνrλ2s

1
2

¯

` nκε0Eνrχ2
ns

¯

. (4.174)

This completes the proof of Lemma 4.5.5.

4.5.4 Global decay estimate

Leveraging on the a priori estimate of Lemma 4.5.5, we establish a global decay estimate on the
solution. The method uses a factorization of the system around its ground state to reduce the
problem to the well-understood short-range situation of Section 4.4. Let us emphasize that due to
the degeneracy of the inverse of Riesz matrix (4.25), it is unavoidable to have an a priori control on
Dψ such as (4.155).
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Lemma 4.5.6. Let s P p0, 1q. Let ν and M satisfying Assumptions 4.5.1 and 4.5.2. Let χn P H1pνq,
i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be the solution of

$

&

%

βMψ ` Lνψ “ χnei0 ` λpe1 ` . . .` en̄q on πpMN q

ψ ¨ pe1 ` . . .` en̄q “ 0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.175)

There exists a constant Cpβq locally uniform in β and κ ą 0 such that

Eν
”

n̄
ÿ

i“1

dpi, i0q2´s|∇ψi|2
ı

1
2

` Eν
”

n̄
ÿ

i“1

dpi, i0q3´2sψ2
i

ı
1
2

ď CpβqnκεEνrχ2
ns

1
2 . (4.176)

In addition, there exist a constant Cpβq locally uniform in β and κ ą 0 such that

Eνrλ2s
1
2 ď

Cpβq

n1´κε
Eνrχ2

ns
1
2 . (4.177)

Proof. The proof builds on the estimate (4.155). The strategy is to multiply the system (4.175) by
a constant matrix close to the inverse of Hs, so that the system becomes short-range. There are
two difficulties: first one should keep a positive-definite matrix and second one should control the
differential terms involving Lν .

Step 1: factorization around the ground state To solve the first issue, the idea is to define a
kernel f which is vanishing outside a certain grid centered at 1 and of length K1 “ tnεuκ0 for some
κ0 P N˚. Assume first that m :“ n̄

K1
P N. Define

fplq “

#

g´1
s pkq if l “ 1 ` kK1, 0 ď k ď m´ 1

0 otherwise
, (4.178)

where g´1
s “ H´1

s e1. Also let A be the Toeplitz matrix associated to h:

A :“ pfpj ´ iqqi,j P Mn̄pRq. (4.179)

Let us first show that f is a positive-definite kernel on t1, . . . , n̄u. Let θ P t2kπ
n̄ : 0 ď k ď n̄´1u.

One may notice that
n̄´1
ÿ

k“0

fpkqeikθ “

m´1
ÿ

k“0

g´1
s pkqeikθK1 .

Since K1θ P t2kπ
m : 0 ď k ď m ´ 1u, the above sum is positive. It follows that (4.178) defines a

positive-definite kernel and (4.179) a positive-definite matrix.
Assume that n̄

K1
R N. Let m “ t n̄

K1
u and v P RmK1 with vk “ uk for each 1 ď k ď mK1. Let

also A1 “ pfpi´ jqq1ďi,jďmK1 . One can observe that for all Un̄ P Rn̄,

|Un̄ ¨ AUn̄ ´ VmK1 ¨ A1VmK1 | ď Cnκε
´

K1
ÿ

k“1

|uk|2
¯

1
2
|L3{2´sUN |.

We now argue that for K1 large enough, the matrix AM is positive-definite. This is quite delicate
since as is well known, the product of two positive-definite matrix is not in general positive-definite.
Assume first that n̄

K1
P N. The idea is to separate M into the sum of a Toeplitz matrix associated

to a positive kernel and a random “diagonally dominant” positive matrix. As in Subsection 4.5.1, we
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first isolate small-range interactions, which do not concentrate around a constant, but provide some
near-uniform convexity. Following Assumptions 4.4.1, there exists a family of non-negative functions
pαi,jqi,jPĪ such that

UN ¨ MUN “
ÿ

k‰l

αk,lpuk ` . . .` ulq
2.

For K1 as above, let us split M into M “ Mp1q ` Mp2q with for each 1 ď i, j ď n̄,

M
p1q

i,j “
ÿ

pk,lqPIi,j

αk,l1dpk,lqďK1
,

where Ii,j :“ tk P Ī : dpk, i`j2 q ą 1
2dpi, jqu. Since M

p1q

i,j “ 0 if dpi, jq ą K1 observe that
AMp1q “ Mp1q. Consequently there exists κ0 ą 0 (independent of K1) such that

AMp1q ě n´κ0εIn̄. (4.180)

Let us now control the product of A with the long-range matrix Mp2q. To this end, we split Mp2q

into the sum of a Toeplitz matrix and of a random part. Let us h be the Riesz kernel truncated at
K1 defined for each k P t1, . . . , n̄u by

hpkq :“
ÿ

pi,jqPI1,k

g2
spj ´ iq1dpj,iqěK1

. (4.181)

Observe that h is a non-negative kernel since for all UN P RN ,
ÿ

i,j

hpi´ jquiuj “
ÿ

i,j

g2
spi´ jq1dpi,jqěK1

pui ´ ujq
2.

Now let Mp2,1q be the Toeplitz matrix associated to h and Mp2,2q :“ Mp2q ´ Mp2,1q. Since Toeplitz
matrices do commute, the product of A and Mp2,1q is non-negative. For the random part Mp2,2q,
note

|M
p2,2q

i,j | ď
Cnκε

dpi, jq1` s
2

1dpi,jqěK1
,

uniformly for 1 ď i, j ď n̄. Therefore denoting } ¨ } the spectral norm on Mn̄pRq, we find that on
(4.120),

}AMp2,2q} ď CnκεK
´ s

2
1 . (4.182)

This can be made much smaller than the lower bound in (4.180) by choosing K1 large enough, thus
proving that AMp2q is positive-definite. In conclusion, if n̄

K1
P N, there exists κ ą 0 such that on

(4.120),
AM ě n´κεIn̄.

To summarize, on the first hand, the positivity of AMp1q follows from the construction (4.178), the
positivity of Mp1q and (4.182). On the one hand the positivity of AMp2,1q follows from the fact A
and Mp2,1q are positive and commute. Now, if n̄

K1
R N, then for all Un̄ P Rn̄,

Un̄ ¨ AMUn̄ ě n´κεIn̄ ´ Cnκε
´

K1
ÿ

i“1

|ui|
2
¯

1
2
|L3{2´sUn̄|. (4.183)

We will apply (4.183) to ψdis :“ Lαψ and control
řK1
i“1pψdis

i q2 by K2α
1 |ψ|2.
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Finally, the kernel (4.178) defines an approximation of g´1
s : choosing K1 to be a large power of

tnεu as above, one can check that there exists a constant κ ą 0 such that for each k P t1, . . . , n̄u,

|h ˚ f |pkq ď
Cnκε

1 ` dpk, 1q2´s
. (4.184)

Indeed, if i “ 1 ` pK1 ´ 1ql P t1, . . . , n̄u, then

n̄
ÿ

k“1

gspk ´ iqfpkq “ Ks
1

n̄
K1
ÿ

k“1

gspkqfpk ´ lq “ K´s
1 1l“1.

Now if i P t1, . . . , n̄u, one can decompose is it into i “ i0 ` pi ´ i0q with i0 P t1 ` pK1 ´ 1qZu X

t1, . . . , n̄u and |i´ i0| ď K1. Therefore, by Taylor expansion,
ˇ

ˇ

ˇ

n̄
ÿ

k“1

gspk´iqfpkq´

n̄
ÿ

k“1

gspk´i0qfpkq´OpK1q

n̄
ÿ

k“1

g1
spk´iqfpkq

ˇ

ˇ

ˇ
ď CK2

1

n̄
ÿ

k“1

1

dpi, kq2`s

1

dpk, 1q2´s
ď

CK2
1

dpi, 1q2´s
.

In addition, one can check that the first-order term verifies
ˇ

ˇ

ˇ

n̄
ÿ

k“1

g1
spk ´ iqfpkq

ˇ

ˇ

ˇ
ď

C

dpi, 1q2´s
,

thus implying that
ˇ

ˇ

ˇ

n̄
ÿ

k“1

gspk ´ iqfpkq

ˇ

ˇ

ˇ
ď

Cnκε

dpi, 1q2´s
.

By comparing gs to h, we conclude the proof of (4.184).

Step 2: distortion For α ě 1
2 , let Lα P Mn̄pRq be as in (4.145). The argument proceeds by

multiplying Equation (4.175) by LαA. Set ψdis “ Lαψ, which solves

βLαAML´1
α ψdis ` pLαAL

´1
α ´ AqLνψdis ` ALνψdis “ LαApχnei0 ` λpe1 ` . . .` en̄qq. (4.185)

Set
δLα “ LαAML´1

α ´ AM.

Taking the scalar product of (4.185) with ψdis and integrating over ν yields

βEν
”

ψdis ¨ pAM ` δLαqψdis `
ÿ

i,k

Ai,k∇ψdis
i ¨ ∇ψdis

k `
ÿ

i,k

pLαAL
´1
α ´ Aqi,k∇ψdis

i ¨ ∇ψdis
k

ı

“ Eνrχnψi0 ` λLαψ ¨ LαApe1 ` . . .` en̄qs. (4.186)

Step 3: control on the commutator with Lν We give a control on the quantity LαAL
´1
α ´ A.

Recall that the matrix A fails to be uniformly positive-definite (in n). Consequently one cannot
bound the differential term in (4.186) by the norm |Dψdis|. However as we have seen in Lemma
4.5.5 the gradient of ψ satisfies a global decay estimate whenever ψ does. Let us first split the
quantity of interest into

ÿ

k

pLαAL
´1
α ´ Aqi,k∇ψdis

i ¨ ∇ψdis
k “

ÿ

k

fpi´ kq

´ dpi, i0qα

dpk, i0qα
´ 1

¯

∇ψdis
i ¨ ∇ψdis

k

“
ÿ

k:dpk,iqď 1
2
dpi,i0q

fpi´ kq

´ dpi, i0qα

dpk, i0qα
´ 1

¯

∇ψdis
i ¨ ∇ψdis

k

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

pIqi

`
ÿ

k:dpk,iqą 1
2
dpi,i0q

fpi´ kq

´ dpi, i0qα

dpk, i0qα
´ 1

¯

∇ψdis
i ¨ ∇ψdis

k

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

pIIqi

.
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We seek to control the expectation of pIqi and pIIqi in term of Eνr|LγDψ|2s. For the second term,
using (4.184) and the fact that

řn̄
k“1 ψk “ 0, we find

Eνr|pIIqi|s ď Cpβqnκε
Eνr|∇ψdis

i |2s
1
2

dpi, i0q2´s´α
Eν

”

ÿ

k:dpk,iqą 1
2
dpi,i0q

dpk, i0q2γ |∇ψk|2
ı

1
2

ˆ

´

ÿ

k:dpi,kqě 1
2
dpi,i0q

1

dpk, 1q2γ

¯
1
2

ď Cpβqnκε
Eνr|∇ψdis

i |2s
1
2

dpi, i0q
3
2

´s´α`γ
Eνr|LγDψ|2s

1
2 . (4.187)

For the first term, using Cauchy-Schwarz inequality one can first write

|pIqi| ď
C

dpi, i0q

´

ÿ

k:dpi,kqď 1
2
dpi,i0q

1

dpi, kq
|∇ψdis

k |2
¯

1
2
´

ÿ

k:dpi,kqď 1
2
dpi,i0q

1

dpi, kq1´2s
|∇ψdis

k |2
¯

1
2
.

Summing this over i yields

n̄
ÿ

i“1

|pIqi| ď C
´

n̄
ÿ

i“1

ÿ

k:dpi,kqď 1
2
dpi,i0q

1

dpi, kq
dpk, i0q2γ |∇ψk|2

¯
1
2

ˆ

´

n̄
ÿ

i“1

1

dpi, i0q2´4pα´γq

ÿ

k:dpi,kqď 1
2
dpi,i0q

1

dpi, kq1´2s
dpk, i0q2γ |∇ψk|2

¯
1
2

ď Cnκε
´

n̄
ÿ

i“1

dpi, i0q2γ |∇ψi|2
¯

1
2
´

n̄
ÿ

k“1

dpk, i0q2γ |∇ψk|2
1

dpk, i0q2´2s´4pα´γq

¯
1
2
. (4.188)

Combining (4.188) and (4.187), one can see that if α ď γ ` 1´s
2 , then

ˇ

ˇ

ˇ
Eν

”

ÿ

i,k

pLαAL
´1
α ´ Aqi,k∇ψdis

i ¨ ∇ψdis
k

ıˇ

ˇ

ˇ
ď CpβqnκεEν

”

n
ÿ

i“1

dpi, i0q2γ |∇ψi|2
ı

. (4.189)

Step 4: control on the commutator δLα One should now control the commutator δLα appearing
in (4.186). Let us recall the decay estimate on f ˚ h stated in (4.184). By analyzing AMp2q, one
can see that the off-diagonals entries of AM typically decay in

EνrpAMq2i,js
1
2 ď

Cnκε

dpi, jq2´s
.

As a consequence one may apply Lemma 4.4.1 which tells us that for α P p0, 32 ´ ss,

Eνrψdis ¨ δ
p1q

Lα
ψdiss ď

n´κ0ε

2
Eνr|ψdis|2s ` CpβqnκεEνr|ψdis|2s

1
2Eνr|ψ|2s

1
2 .

From the positivity of AM stated in (4.183) this gives

EνrψdispAM ` δLαqψdiss ě
n´κ0ε

2
Eνr|ψdis|2s ´ nκεEνr|ψdis|2s

1
2Eνr|ψ|2s

1
2 . (4.190)
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Step 5: conclusion Combining (4.186), (4.189) and (4.190) one gets that for α P p0, 32 ´ ss,

Eνr|Lαψ|2s
1
2 ď Cpβqnκε

´

Eνrχ2
ns

1
2 `nα´ 1

2
`sEνrλ2s

1
2 `Eν

”

n̄
ÿ

i“1

dpi, i0q2pα´ 1´s
2

q|∇ψi|2
ı

1
2
¯

. (4.191)

In particular taking α “ 3
2 ´ s, one obtains

Eνr|L3{2´sψ|2s
1
2 ď Cpβqnκε

´

Eνrχ2
ns

1
2 ` nEνrλ2s

1
2 ` Eν

”

n̄
ÿ

i“1

dpi, i0q2p1´ s
2

q|∇ψi|2
ı

1
2
¯

. (4.192)

Furthermore applying the estimate (4.155) with γ “ 1 ´ s
2 , we recognize

Eν
”

n̄
ÿ

i“1

dpi, i0q2p1´ s
2

q|∇ψi|2
ı

ď Cnκε
´

n´ε0Eνr|L3{2´sψ|2s`nκε0Eνr|L3{2´sψ|2s
1´s
2 Eνr|L1{2ψ|2s

s
2

` nκε0Eνr|L3{2´s|
2s

1
2nEνrλ2s

1
2 ` Eνrχ2

ns

¯

. (4.193)

Since s P p0, 1q, combining (4.192) and (4.193) one gets

Eνr|L3{2´sψ|2s
1
2 `Eνr|L1´s{2Dψ|2s

1
2 ď Cpβqnκεpnκε0Eνrχ2

ns
1
2 `n´ε0Eνr|L3{2´sψ|2s

1
2 `nEνrλ2s

1
2 q.

Taking ε0 ą 0 large enough with respect to ε, one obtains the existence of a constant κ ą 0 such
that

Eνr|L3{2´sψ|2s
1
2 ` Eνr|L1´s{2Dψ|2s

1
2 ď CpβqnκεpEνrχ2

ns
1
2 ` nEνrλ2s

1
2 q. (4.194)

Using the expression (4.50), one can also see that

Eνrλ2s
1
2 ď Cpβqnκε´1Eνr|L1{2ψ|2s

1
2 . (4.195)

Since 3
2 ´ s ą 1

2 , one gets from (4.194) and (4.195) the estimates (4.176) and (4.177).

One shall extend the global decay estimate of Lemma 4.5.6 to the H.-S. equation without linear
constraint.

Lemma 4.5.7. Let s P p0, 1q. Let ν and M satisfying Assumptions 4.5.1 and 4.5.2. Let χn P H1pνq,
i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be the solution of

"

βMψ ` Lνψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.196)

There exist a constant Cpβq locally uniform in β and κ ą 0 such that

Eν
”

n̄
ÿ

i“1

dpi, i0q2´s|∇ψi|2
ı

1
2

` Eν
”

n̄
ÿ

i“1

dpi, i0q3´2sψ2
i

ı
1
2

ď CpβqnκεEνrχ2
ns

1
2 .

Proof. Let ψ P L2pĪ , H1pνqq be the solution of (4.196). One can decompose ψ into ψ “ v ` w
where v, w P L2pĪ , H1pνqq solve

$

&

%

βMv ` Lνv “ χnei0 ` λpe1 ` . . .` en̄q on πpMN q

v ¨ pe1 ` . . .` en̄q “ 0 on πpMN q

v ¨ n⃗ “ 0 on BπpMN q,
(4.197)
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"

βMw ` Lνw “ λpe1 ` . . .` en̄q on πpMN q

w ¨ n⃗ “ 0 on BπpMN q.
(4.198)

For the vector-field v, one may apply Lemma 4.5.6 which gives

Eν
”

n̄
ÿ

i“1

dpi, i0q2´s|∇vi|2
ı

1
2

` Eν
”

n̄
ÿ

i“1

dpi, i0q3´2sv2i

ı
1
2

ď CpβqnκεEνrχ2
ns

1
2 (4.199)

as well as

Eνrλ2s
1
2 ď

Cpβq

n1´κε
Eνrχ2

ns
1
2 . (4.200)

It remains to address Equation (4.198). One can write a mean-field approximation for (4.198) in
the form fpe1 ` . . .` en̄q where f P H1pνq is the solution of

βf `
1

n̄1´s
Lνf “ λ. (4.201)

By integration by parts this implies together with the control (4.200) that

Eνrf2s
1
2 ď

Cpβq

n2´s´κε
Eνrχ2

ns
1
2 (4.202)

and

Eνr|∇f |2s
1
2 ď

Cpβq

n
3
2

´s´κε
Eνrχ2

ns
1
2 . (4.203)

Define wp1q “ f ˆ pe1 ` . . .` en̄q and wp2q “ w ´ wp1q which is solution of

"

βMwp2q ` Lνwp2q “ ´βMp2qwp1q on πpMN q

w ¨ n⃗ “ 0 on BπpMN q.

By (4.202), there holds

Eνr|Mp2qwp1q|2s
1
2 ď

Cpβq

n
3
2

´s´κε
Eνrχ2

ns
1
2 .

In particular

Eνr|w|2s
1
2 ď

Cpβq

n
3
2

´s´κε
Eνrχ2

ns
1
2 (4.204)

and similarly

Eνr|∇w|s
1
2 ď

Cpβq

n1´ s
2

´κε
Eνrχ2

ns
1
2 . (4.205)

It follows from (4.204) and (4.205) that w satisfies the estimate (4.199) and so does ψ.

4.5.5 Localization and optimal decay

Let us now adapt the localization argument of Subsection 4.4.4 to derive the near-optimal decay of
the solution of (4.175). Having proved Lemma 4.5.6, it remains to control the decay of ψj for a
single j P Ī. To this end, we project the periodized equation (4.175) into a small window centered
around j. After isolating an exterior field, one can see that the projected equation has a similar
structure as the equation one is starting from. By splitting the external field in a suitable manner,
one can then decompose the solution into two parts, that we control separately.
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Proposition 4.5.8. Let s P p0, 1q. Let ν and M satisfying Assumptions 4.5.1 and 4.5.2. Let
χn P H1pνq, i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be the solution of

$

&

%

βMψ ` Lνψ “ χnei0 ` λpe1 ` . . .` en̄q on πpMN q

ψ ¨ pe1 ` . . .` en̄q “ 0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN q.
(4.206)

There exist Cpβq locally uniform in β and κ ą 0 such that for each 1 ď i ď n,

Eνrψ2
i s

1
2 ď

Cpβqnκε

1 ` dpi, i0q2´s
Eνrχ2

ns
1
2 , (4.207)

Eνr|∇ψi|2s
1
2 ď

Cpβqnκε

1 ` dpi, i0q
3
2

´ s
2

Eνrχ2
ns

1
2 . (4.208)

Proof. We proceed by bootstrapping the decay exponent on solutions of (4.206) and (4.196) for all
M satisfying Assumptions 4.5.2. Assume that there exist α ě 3

2 ´ s and γ ě 1´ s
2 with γ ď α such

that for M satisfying Assumptions 4.5.2 and all χn P H´1pνq, i0 P t1, . . . , nu, if ψ P L2pĪ , H1pνqq

solves (4.206) or (4.196), then there exists Cpβq and κ ą 0 such that for each 1 ď j ď n,

Eνrψ2
j s

1
2 ď

Cpβqnκε

dpj, i0qα
Eνrχ2

ns
1
2 , (4.209)

Eνr|∇ψj |2s
1
2 ď

Cpβqnκε

dpj, i0qγ
Eνrχ2

ns
1
2 . (4.210)

In addition to (4.209) and (4.210), we will also make a systematic use of the global estimates of
Lemma 4.5.6 and Lemma 4.5.7.

Step 1: projection and embedding Let χn P H1pνq, i0 P t1, . . . , nu and ψ P L2pĪ , H1pνqq be
the solution of (4.206). Fix an index j P t1, . . . , n̄u and define the window

J :“ ti P t1, . . . , n̄u : dpi, jq ď dpi0, jq{2u. (4.211)

Let n0 “ |J |. Let ψJ :“ pψiqiPJ P L2pJ,H1pνqq. Projecting (4.206) onto (4.211) reads
$

&

%

βMJψJ ` Lνψ0 “ ´β
´

ř

lPJc Mi,lψl

¯

iPJ
on πpMN q

ψ0 ¨ n⃗ “ 0 on BπpMN q.
(4.212)

Let us operate the series of reductions of Subsection 4.5.1 to reduce the study to a periodic system of
size n̄0 “ 2n0. One may assume that dpj, i0q ě nκε for some large κ ą 0, otherwise the statements
(4.207) and (4.208) are straightforward. Let us denote J̄ “ t1, . . . , n̄0u. We now let d stand for
the symmetric distance on J̄ . Consider the Riesz matrix on J̄ truncated at K0 “ tnκεu chosen as in
(4.117), namely M0 “ ∇2F pxq P Mn̄0 for some x P Rn̄0 where

F : Xn̄0 P Rn̄0 ÞÑ
ÿ

i,jPJ̄ :dpi,jqěK0

g2
spdpi, jqqpxi ` . . .` xjq

2.

Consider the block decomposition of M on Rn0 ˆ Rn̄0´n0 ,

M “

ˆ

A0 B0

C0 D0

˙

, A0 P Mn0pRq. (4.213)



4.5. Decay of correlations for the long-range Riesz gas 197

Let us add and subtract to the first line of (4.212) the quantity B0pD0 `β´1Lν b In0qC0. Defining

M0 “

ˆ

MJ B0

C0 D0

˙

,

with B0, C0 and D0 as in (4.213), this allows one to identify ψJj with ψ0
j for each j P t1, . . . , n0u,

where ψ0 P L2pJ̄ , H1pνqq solves
#

βM0ψ
0 ` Lνψ0 “ V on πpMN q

ψ0 ¨ n⃗ “ 0 on BπpMN q.

Moreover, the external field V P L2pJ̄ , H1pνqq satisfies Vl “ 0 if l P tn0 ` 1, . . . , n̄0u and for each
l P t1, . . . , n0u,

Vl “ ´β
ÿ

iPJc

Mi,lψi ´
ÿ

iPJ

el ¨B0pβD0 ` Lν b In̄0´n0q´1pC0eiψiq ` λ.

Note that M0 satisfies Assumptions 4.5.2.

Step 2: splitting of the exterior potential Fix ε1 ą 0 and partition J̄ into K :“ tdpj, i0qε
1

u

intervals I1, . . . , IK of equal size, up to a Opdpj, i0q1´ε1

q for the last one. For each k P t1, . . . ,Ku,
let ik be an index in the center of Ik. One can split the external potential into V “ Vp1q ` Vp2q,
where

V
p2q

l “ Vik if l P Ik.

Note that Vp2q is piecewise constant on the partition J̄ “ YK
k“1Ik. By linearity, ψ0 can be decom-

posed into ψ0 “ v ` w with v, w P L2pJ̄ , H1pνqq solving
#

βM0v ` Lνv “
ř

lPJ V
p1q

l el on πpMN q

v ¨ n⃗ “ 0 on BπpMN q,
(4.214)

#

βM0w ` Lνw “
ř

lPJ V
p2q

l el on πpMN q

w ¨ n⃗ “ 0 on BπpMN q.
(4.215)

Step 3: study of v By using Cauchy-Schwarz inequality, Equation (4.135), the fact that
řn̄
k“1 ψk “

0, the estimates (4.176) and (4.177) and Lemma 4.5.2, one may check that for each l P J ,

EνrpVp1qq2l s
1
2 ď Cpβqnκε

dpj, lq1´ε1

dpj, i0q
3
2

´s

1

dpl, BJq
1
2

`s
Eνrχ2

ns
1
2 .

Note that we have not made use of the bootstrap assumption for this last estimate but rather
of the global estimate (4.176). Let us decompose v into v “

ř

lPJ v
plq where for each l P J ,

vplq P L2pJ̄ , H1pνqq solves
#

βM0v
plq ` Lνvplq “ V

p1q

l el on πpMN q

vplq ¨ n⃗ “ 0 on BπpMN q,
(4.216)

By applying the bootstrap assumption (4.209) in the window J̄ , one can see that for each l P J and
j P J̄ ,

Eνrpv
plq
j q2s

1
2 ď Cpβqnκε

dpj, lq1´ε1´α

dpj, i0q
3
2

´s

1

dpl, BJq
1
2

`s
Eνrχ2

ns
1
2 .
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Summing this over l P J yields

Eνrv2j s
1
2 ď

Cpβqnκε

dpj, i0qα`ε1 Eνrχ2
ns

1
2 . (4.217)

In a similar manner, using the induction hypothesis (4.210), one also obtains

Eνr|∇vj |2s
1
2 ď

Cpβqnκε

dpj, i0qγ`ε1 Eνrχ2
ns

1
2 . (4.218)

Step 4: study of w It remains to study the solution w associated to the piecewise constant
vector-field Vp2q. The argument is inspired from the mean-field approximation of the linear response
associated to a linear statistics, see for instance Chapter 3. We will construct an approximation of
w by replacing M0 by the constant Riesz matrix on the window J̄ . For each k P t1, . . . ,Ku, we let
wpkq P L2pJ̄ , H1pνqq be the solution of

#

βM0w
pkq ` Lνwpkq “ V

p2q

ik

ř

lPIk
el on πpMN q

wpkq ¨ n⃗ “ 0 on BπpMN q.

Let ϕpkq P L2pJ̄ , H1pνqq be the solution of

βgs ˚ ϕpkq ` Lνϕpkq “ V
p2q

ik

ÿ

lPIk

el. (4.219)

We let M
p2q

0 be the difference between M0 and the Toeplitz matrix associated to gs. Let also
ηpkq P L2pJ̄ , H1pνqq defined by ηpkq

i “ ϕ
pkq

i`1 ´ ϕ
pkq

i for each i P J̄ . One shall observe that

βgs ˚ ηpkq ` Lνηpkq “ V
p2q

ik
peik`1

´ eikq.

Using the bootstrap assumption we find that for each i P J̄ ,

Eνrpη
pkq

i q2s
1
2 ď

Cpβqnκε

dpj, i0qα
EνrpV

p2q

ik
qs

1
2 ,

Eνr|∇ηpkq

i |2s
1
2 ď

Cpβqnκε

dpj, i0qγ
EνrpV

p2q

ik
qs

1
2 .

In view of Lemma 4.5.6, we also have

EνrpV
p2q

ik
qs

1
2 ď

Cpβqnκε

dpj, i0q
Eνrχ2

ns
1
2 .

It thus follows that
Eνrpη

pkq

i q2s
1
2 ď

Cpβqnκε

dpj, i0qα`1
Eνrχ2

ns
1
2 , (4.220)

Eνr|∇ηpkq

i |2s
1
2 ď

Cpβqnκε

dpj, i0qγ`1
Eνrχ2

ns
1
2 .

Besides, from the global estimate of Lemma 4.5.6, letting S “ gs ˚ ϕpkq, we have

EνrS2
i s

1
2 ď

Cpβqnκε

dpj, i0q
Eνrχ2

ns
1
2 . (4.221)
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Let ε0 P p0, 1q be a small number. One may then write ϕpkq

j as

ϕ
pkq

j “
ÿ

lPJ̄

g´1
s pdpj, lqqSl “

ÿ

lPJ̄ :dpj,lqądpj,i0q1´ε0

g´1
s pdpj, lqqSl

looooooooooooooooooomooooooooooooooooooon

pIqj

`
ÿ

lPJ̄ :dpj,lqďdpj,i0q1´ε0

g´1
s pdpj, lqqSl

looooooooooooooooooomooooooooooooooooooon

pIIqj

.

For the first term using (4.221) we find

EνrpIq2j s
1
2 ď

Cpβqnκpε`ε0q

dpj, i0q2´s
Eνrχ2

ns
1
2 .

One may then split the second term into

pIIqj “
ÿ

lPJ̄ :dpj,lqďdpj,i0q1´ε0

g´1
s pdpj, lqqpSj ´ Slq

loooooooooooooooooooooooomoooooooooooooooooooooooon

pIIq1
j

`
ÿ

lPJ̄ :dpj,lqądpj,i0q1´ε0

g´1
s pdpj, lqqSj

loooooooooooooooooooomoooooooooooooooooooon

pIIq2
j

. (4.222)

In view of (4.221), pIIq2
j is bounded by

EνrppIIq2
j q

2s
1
2 ď

Cpβqnκpε`ε0q

dpj, i0q2´s
Eνrχ2

ns
1
2 .

For pIIq1
j we can note that

Sl ´ Sj “
ÿ

iPJ̄

ϕ
pkq

i

´ 1

dpl, iqs
´

1

dpj, iqs

¯

“
ÿ

iPJ̄

pϕ
pkq

i ´ ϕ
pkq

j q

´ 1

dpl, iqs
´

1

dpj, iqs

¯

.

At this point one may use the bound on the increments of ϕpkq stated in (4.220), which gives

Eνr|Sl ´ Sj |
2s

1
2 ď Cpβqnκεdpl, jqdpj, i0q1´s 1

dpj, 1qα`1
Eνrχ2

ns
1
2 .

Plugging this into (4.222) leads to

Eνrpϕ
pkq

j q2s
1
2 ď Cpβqnκε

´ n´ε0

dpj, i0qα
`

nκε0

dpj, i0q2´s

¯

Eνrχ2
ns

1
2 . (4.223)

A similar computation shows that

Eνr|∇ϕpkq

j |2s
1
2 ď Cpβqnκε

´ n´ε0

dpj, i0qγ
`

nκε0

dpj, i0q
3
2

´ s
2

¯

Eνrχ2
ns

1
2 . (4.224)

Let us emphasize that ϕpkq differs from wpkq.

Step 5: conclusion for M
p2q

0 “ 0 Assume that M
p2q

0 “ 0. Then ϕpkq “ wpkq and one may infer
from (4.217) and (4.223) that there exists a small η ą 0 such that

Eνrψ2
j s

1
2 ď Cpβqnκε

´ 1

dpj, i0qα`η
`

1

dpj, i0q2´s

¯

Eνrχ2
ns

1
2 ,

Eνr|∇ψj |2s
1
2 ď Cpβqnκε

´ 1

dpj, i0qγ`η
`

1

dpj, i0q
3
2

´ s
2

¯

Eνrχ2
ns

1
2 .

One concludes after a finite number of steps that

Eνrψ2
j s

1
2 ď

Cpβqnκε

dpj, i0q2´s
Eνrχ2

ns
1
2 , (4.225)

Eνr|∇ψj |2s
1
2 ď

Cpβqnκε

dpj, i0q
3
2

´ s
2

Eνrχ2
ns

1
2 . (4.226)
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Step 6: control of w in the general case We go back to the general case. Let us define
epkq “ wpkq ´ ϕpkq where ϕpkq is as in (4.219). Note that epkq solves

βM0e
pkq ` Lνepkq “ ´βM

p2q

0 ϕpkq.

According to the estimates (4.225) and (4.226) of Step 6, the vector-field M
p2q

0 ϕpkq satisfies for each
1 ď i ď n,

EνrppM
p2q

0 ϕq
pkq

i q2s
1
2 ď

Cpβqnκε

dpj, i0q2´s
Eνrχ2

ns
1
2 ,

Eνr|∇pM
p2q

0 ϕq
pkq

i |2s
1
2 ď

Cpβqnκε

dpj, i0q
3
2

´ s
2

Eνrχ2
ns

1
2 .

It follows from the bootstrap assumptions (4.209) and (4.210) that for each 1 ď i ď n,

Eνrpe
pkq

i q2s
1
2 ď Cpβqnκε

´ 1

dpj, i0q2´s
`

1

dpj, i0qα`1´s

¯

Eνrχ2
ns

1
2 ,

Eνr|∇epkq

i |2s
1
2 ď Cpβqnκε

´ 1

dpj, i0q
s
2

´ s
2

`
1

dpj, i0qγ`1´s

¯

Eνrχ2
ns

1
2 .

Consequently the same estimate holds for wpkq. Summing this over k yields this existence of a
constant κ ą 0 such that

Eνrw2
j s

1
2 ď Cpβqnκpε`ε1q

´ 1

dpj, i0q2´s
`

1

dpj, i0qα`1´s

¯

Eνrχ2
ns

1
2 ,

Eνr|∇wj |2s
1
2 ď Cpβqnκpε`ε1q

´ 1

dpj, i0q
3
2

´ s
2

`
1

dpj, i0qγ`1´s

¯

Eνrχ2
ns

1
2 .

Combined with (4.217) and (4.218), this improves the induction hypotheses (4.209) and (4.210)
provided ε1 ą 0 is chosen small enough. After a finite number of iterations, one finally gets (4.207)
and (4.208).

Step 7: conclusion for equation (4.196) In view of the bootstrap assumption, it remains to
consider the solution ψ of (4.196). Let us split ψ as in the proof of Lemma 4.5.7 into ψ “ v ` w
where v, w P L2pĪ , H1pνqq are solutions of (4.197) and (4.198). By applying the result of Step 6 to
v, one can see that there exists a positive η ą 0 such that for each i P t1, . . . , n̄u,

Eνrv2i s
1
2 ď Cpβqnκε

´ 1

dpi, i0qα`η
`

1

dpi, i0q2´s

¯

Eνrχ2
ns

1
2 , (4.227)

Eνr|∇vi|2s
1
2 ď Cpβqnκε

´ 1

dpi, i0qγ`η
`

1

dpi, i0q
3
2

´ s
2

¯

Eνrχ2
ns

1
2 . (4.228)

As in the proof of Lemma 4.5.7 one shall split w into w “ wp1q ` wp2q with

wp1q “ f ˆ pe1 ` . . .` en̄q,

where f is given by (4.201). Let Mp2q be the difference between M and the Toeplitz matrix associated
to gs. Observe that wp2q solves

"

βMwp2q ` Lνwp2q “ ´βMp2qwp1q on πpMN q

w ¨ n⃗ “ 0 on BπpMN q.
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Using (4.202) we find that for each i P t1, . . . , n̄u,

EνrpMp2qwp1qq2i s
1
2 ď

Cpβqnκε

dpj, i0q2´s
Eνrχ2

ns
1
2 .

By applying the bootstrap assumption to upper bound wp2q, we find that for each i P t1, . . . , n̄u,

Eνrpw
p2q

i q2s
1
2 ď Cpβqnκε

´ 1

dpj, i0q2´s
`

1

dpj, i0qα`1´s

¯

Eνrχ2
ns

1
2 .

Similarly, applying (4.203), one gets

Eνr|∇wp1q

i |2s
1
2 ď Cpβqnκε

´ 1

dpj, i0q
3
2

´ s
2

`
1

dpj, i0qγ`1´s

¯

Eνrχ2
ns

1
2 .

Combining the two last displays with (4.227) and (4.228) improves the recursion hypothesis when
ψ is solution of (4.196).

Remark 18. Even though the Lagrange multiplier in (4.206) is of order 1{n, there is no correction
of order 1{n in (4.207), contrarily to the case s ą 1. This is related to the fact that u :“
H´1
s pe1 ` . . . ` enq satisfies ui „ c{n1´s for each 1 ď i ď n. Note that in the above proof,

the Lagrange multiplier is contained in Vp2q and the smallness of the associated solution shown in
(4.223).

4.5.6 Decay estimate for solutions of (4.116)

In the case n ď N{2, one shall now deduce from Proposition 4.5.8 a control on the solution of
(4.116).

Proposition 4.5.9. Let s P p0, 1q. Let i0 P t1, . . . , nu, χn P H1pνq and ψ P L2pI,H1pνqq solution
of

"

Aν1ψ “ χnei0 on πpMN q

ψ ¨ n⃗ “ 0 on BπpMN qq,
(4.229)

Assume that |i0 ´ n{2| ď n{4. There exist constants Cpβq ą 0, cpβq ą 0, δ ą 0 and κ ą 0 such
that for each j P t1, . . . , nu,

Eνrψ2
j s

1
2 ď Cpβqnκε

´ 1

dpj, i0q2´s
`

1
?
n

¯

pEνrχ2
ns

1
2 ` sup |χn|e´cpβqnδ

q. (4.230)

Proof. The proof is similar to that of Proposition 4.4.5. Let ψ P L2pI,H1pνqq be the solution of
(4.229) and ψp1q solution of

"

Āν1ψ
p1q “ χnei0 on πpMN q

ψp1q ¨ n⃗ “ 0 on BπpMN q,
(4.231)

Let ψp2q :“ ψ ´ ψp1q, which solves
"

Aν1ψ
p2q “ ´βMψp1q on πpMN q

ψp2q ¨ n⃗ “ 0 on BπpMN q.

Taking the scalar product of the above equation with ψp2q and integrating by parts under ν yields

Eνr|ψp2q|2s ď CpβqnκεEνrψp2q ¨Mψp1qs. (4.232)
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We claim that uniformly in 1 ď j ď n,

Eνrψp2q ¨Mψp1qs ď
Cpβq

n1´κε
Eνr|ψp2q|2s

1
2Eνrχ2

ns
1
2 . (4.233)

Let A be the good event (4.120). Fix 1 ď j ď n. One can split the quantity pMψp1qq ¨ ej into

pMψp1qq ¨ ej “
ÿ

k:dpk,BIqďn{4

ej ¨Mpekψ
p1q

k q

loooooooooooooooomoooooooooooooooon

pIqj

`
ÿ

k:dpk,BIqąn{4

ej ¨Mpekψ
p1q

k q

loooooooooooooooomoooooooooooooooon

pIIqj

.

By (4.143) and (4.144), one may upper bound the first quantity by

Eνr1Aψ
p2q

j pIqjs ď
Cpβqnκε

dpj, BIq
s
2

ÿ

k:dpk,BIqďn{4

1

dpk, i0q2´s

1

dpk, BIq
s
2

Eνrpψ
p2q

j q2s
1
2Eνrχ2

ns
1
2

ď
CpβqEνrpψ

p2q

j q2s
1
2

n1´ s
2

´κεdpj, BIq
s
2

Eνrχ2
ns

1
2 .

For the second quantity, we can write

pIqj “
ÿ

k:dpk,BIqąn{4

ej ¨Mppek ´ ei0qψ
p1q

k q `
ÿ

k:dpk,BIqďn{4

ej ¨Mpei0ψ
p1q

k q. (4.234)

For the first term of the last display, using the bound on the increments of M given in (4.253), we
find that

Eν
”

1Aψ
p2q

j ej ¨
´

ÿ

k:dpk,BIqąn{4

Mppek ´ ei0qψ
p1q

k q

¯ı

ď
Cpβqnκε

dpj, BIq
s
2

ÿ

k:dpk,BIqąn{4

1

dpi0, kq1´s

1

n1` s
2

Eνrpψ
p2q

j q2s
1
2Eνrχ2

ns
1
2 ď

CpβqEνrpψ
p2q

j q2s
1
2

n1´ s
2

`κεdpj, BIq
s
2

Eνrχ2
ns

1
2 .

(4.235)

Because ψp1q ¨ pe1 ` . . .` enq “ 0, the second term of (4.234) satisfies

Eν
”

1Aψ
p2q

j ej ¨
´

ÿ

k:dpk,BIqąn{4

Mpei0ψ
p1q

k q

¯ı

ď
CpβqEνrpψ

p2q

j q2s
1
2

n1´κε
Eνrχ2

ns
1
2 . (4.236)

Putting (4.234), (4.235) and (4.236) together we obtain (4.233). Summing this over j yields

Eνr1Aψ
p2q ¨Mψp1qs ď

CpβqEνr|ψp2q|2s
1
2

n1´κε
Eνrχ2

ns.

Finally, inserting the maximum principle of Proposition 4.3.6 we obtain

Eνr1Acψp2q¨Mψp1qs ď Cpβqnκε sup |χn|Eνr|ψp2q|2s
1
2Eνr1Ac |M |2s

1
2 ď Cpβqe´cpβqnδ

sup |χn|Eνr|ψp2q|2s
1
2 .

Inserting the last displays into (4.232) we find

Eνr|ψp2q|2s ď
Cpβq

n1´κε
pEνrχ2

ns ` e´cpβqnδ
sup |χn|2q. (4.237)

In particular, for each 1 ď j ď n, there holds

Eνrpψ
p2q

j q2s ď
Cpβq

n1´κε
pEνrχ2

ns ` e´cpβqnδ
sup |χn|2q

and the estimate (4.230) follows.
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4.5.7 Proof of Theorem 4.1.1

Proof of Theorem 4.1.1. Arguing as in the proof of Theorem 4.1.2, one may deduce Theorem 4.1.1
from the decay estimate of Propositions 4.5.8 and 4.5.9. Note that for gaps Npxi`1 ´ xiq and
Npxj`1 ´ xjq at macroscopic distance, one may directly apply Proposition 4.5.8, whereas for gaps
at small microscopic or microscopic distance, one can import the result of Proposition 4.5.9, which
yields (4.5) by coosing n large enough with respect to dpi, jq.

4.6 Uniqueness of the limiting measure

In this section we show that the sequence of the laws of microscopic processes converges, in a
suitable topology, to a certain point process Rieszs,β , as claimed in Theorem 4.1.3. The existence
of an accumulation point being a routine argument, Theorem 4.1.3 is in fact a uniqueness result.
To establish uniqueness of the accumulation point, one should prove that in a certain sense, the
sequence of the microscopic point processes forms a Cauchy sequence. In the following subsection,
we further explain the strategy of proof and reduce the problem to a statement on the decay of
correlations.

4.6.1 Reduction to a correlation estimate

To prove Theorem 4.1.4, we seek to compare the two following quantities:

EPg
N,β

rF px1, . . . , xnqs and EPg

N 1,β
rF px1, . . . , xnqs, with F : RN Ñ R smooth, (4.238)

where 1 ď n ď N 1 ď N . Let us denote I “ t1, . . . , nu and π : DN Ñ πpDN q the projection on
the coordinates px1, . . . , xnq. Let also I 1 “ t1, . . . , nu and π1 : MN Ñ πpMN q the projection on
the coordinates px1, . . . , xnq. We claim that if F depends on variables in the bulk of t1, . . . , nu,
then the expectation of F under Pg

N,β and Pg
N 1,β approximately coincide, whenever N and N 1 are

chosen large enough. We will draw an exterior configuration y “ pyn`1, . . . , yN q P πIcpDN q from
PN,β and an exterior configuration z “ pzn`1, . . . , zN 1q P πIcpDN 1q from PN 1,β and compare the
conditioned measures PN,βp¨ | yq and PN 1,βp¨ | zq. Let us slightly modify the measures PN,β and
PN 1,β by adding the following quantity to the Hamiltonian:

F “

n
ÿ

i“1

θ
´Npxi`1 ´ xiq

nε

¯

. (4.239)

Define Fg such that F “ Fg ˝ GapN and the constrained measures

dQN,β9e´βFdPN,β dQN 1,β9e´βFdPN 1,β (4.240)

dQg
N,β9e´βFg

dPg
N,β dQg

N 1,β9e´βFg
dPg

N 1,β. (4.241)

We say that a configuration y “ pyn`1, . . . , yN q P πIcpDN q is admissible if

|Npyi`k ´ yiq ´ k| ď Cnεk
s
2 for each n` 1 ď i, i` k ď N (4.242)

and that y P πIcpDN q and z P πIcpDN 1q are compatible if

N ´NpyN ´ yn`1q “ N 1 ´NpzN ´ zn`1q. (4.243)

Given y P πIcpDN q and z P πIcpDN 1q two admissible and compatible configurations, we define the
conditioned measures

µyn “ QN,βp¨ | yq and µzn “ QN,βp¨ | zq. (4.244)
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Letting
An “ tpx1, . . . , xnq P πpDnq : Npxn ´ x1q ď N ´NpyN ´ yn`1qu,

we can write

dµynpxq9e´βpHnpxq`Hn,N px,yq`Fpxqq1Anpxqdx (4.245)

dµznpxq9e´βpHnpxq`Hn,N 1 px,zq`Fpxqq1Anpxqdx, (4.246)

where Hn,N px, yq stands for the interaction between x and y. To compare µyn and µzn, a first
possibility is to transport one measure onto the other and to study the decay of the solution of the
Monge-Ampere equation. Instead, we interpolate between µyn and µzn and consider a continuous
path µptq in the space of probability measures on πpDN q. There are several ways of interpolating,
one of them consisting in running the Langevin dynamics as in [10]. A simple way of proceeding is
to consider a convex combination of Hn,N and Hn,N 1 . For t P r0, 1s, we define

Eptqpxq “ p1 ´ tqHn,N px, yq ` tHn,N 1px, zq and Hnptq “ Hn ` F ` Eptq (4.247)

and the probability measure
dµptqpxq9e´βHnptqpxq1Anpxqdx. (4.248)

Observe that µp0q “ µyn and µp1q “ µzn.
Let G : Rn Ñ R be a measurable bounded function. Define

h : t P r0, 1s ÞÑ EµptqrGs.

It is straightforward to check that h is smooth and that for all t P p0, 1q,

h1ptq “ β CovµptqrG,Hn,N p¨, yq ´ Hn,N p¨, zqs.

Integrating this between 0 and 1, we obtain the following integral representation of the difference of
the expectations of G under µn and νn:

Lemma 4.6.1. Let G : Rn Ñ R be a measurable bounded function in the form G “ rG ˝ ϕ where
ϕ : Xn P Rn`1 ÞÑ pNpx2 ´ x1q, . . . , Npxn ´ xn´1qq. Let also µptq be the measure defined in
(4.248), νptq “ ϕ#µptq, ỹ “ GapN´npyq, z̃ “ GapN´npzq and αn P p0, N 1q. We have

EµznrGs “ EµynrGs ` β

ż 1

0
Covνptqr

rG,Hg
n,N p¨, ỹq ´ Hg

n,N p¨, z̃qsdt. (4.249)

We will consider functions rG depending on a small number of coordinates in the bulk of
t1, . . . , nu. Let us emphasize that BipHg

n,N p¨, ỹq ´ Hg
n,N p¨, z̃qq typically decays in dpi, BIq´ s

2 un-
der νptq. One should therefore prove that the decay of correlations under νptq is fast enough in
order to compensate the long-range of the interaction and conclude that the covariance term in
(4.249) is small. One shall apply the general result of Proposition 4.4.5 to the measure µptq. This
first requires to prove that µptq satisfies Assumption 4.4.1. The main task is to obtain rigidity
estimates under µptq.

4.6.2 Rigidity estimates under the perturbed measure

We control the expectation and the fluctuations of gaps under the measure µptq.
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Lemma 4.6.2. Let s P p0, 1q. Let 1 ď n ď N ď N 1 with N " n
2
s . Let y P πIcpDN q and

z P πIcpDN 1q be two admissible and compatible configurations in the sense of (4.242) and (4.243).
Let µptq be the probability measure (4.248). There a exists constants κ ą 0, Cpβq ą 0 and cpβq ą 0
locally uniform in β such that

µptqpNpxi`1 ´ xiqq ě nκεq ď Cpβqe´cpβqnδ
, for each 1 ď i ď n, (4.250)

µptqp|Npxi`k ´ xiq ´ k| ě nκεk
s
2 q ď Cpβqe´cpβqnδ

, for each 1 ď i ď i` k ď n. (4.251)

4.6.3 Decomposition of the operator

To compare µpyq
n and µ

pzq
n , we study the decay of correlations under the measure µptq defined in

(4.248). Following the procedure of Subsection 4.5.1, one may split Aνptq
1 into Aνptq

1 “ Ā
νptq
1 `Mptq

with

Ā
νptq
1 :“ β∇2Fg ` βA1Ac ` β∇2pHg

npxq ` Eptqq1A ´ βBpD ` β´1Lνptq b Inq´1C ` Lνptq b In,

Mptq : β∇2pHg
n ` Eptqq1Ac ´ βA1Ac ` βBpD ` β´1Lνptq b Inq´1C,

where A,B,C,D are as in (4.117). In view of Lemmas 4.6.2 and 4.5.2, for s P p0, 1q, there exists
Cpβq ą 0, cpβq ą 0, δ ą 0 and κ ą 0 such that for each 1 ď i, j, l ď n, η, ϕ P L2pνptqq,

Eνptqrpϕejq¨Mptqpηeiqs
1
2 ď

Cpβqnκε

dpi, BIq
s
2dpj, BIq

s
2

Eνptqrϕ
2s

1
2Eνptqrη

2s
1
2 `Cpβqe´cpβqnδ

sup |ϕ| sup |η|,

(4.252)

Eνptq

”

pϕejqMptqpηpei ´ elqq

ı
1
2

ď
Cpβqnκε|i´ l|

minpdpi, BIq1` s
2 , dpj, BIq1` s

2 qdpj, BIq
s
2

Eνptqrϕ
2s

1
2Eνptqrη

2s
1
2

` Cpβqe´cpβqnδ
sup |ϕ| sup |η|. (4.253)

Similarly in the case s P p1,`8q, for each 1 ď i, j, l ď n, η, ϕ P L2pνptqq,

Eνptqrpϕejq¨Mptqpηeiqs
1
2 ď

Cpβqnκε

dpi, BIqs´ 1
2dpj, BIqs´ 1

2

Eνptqrϕ
2s

1
2Eνptqrη

2s
1
2 `Cpβqe´cpβqnδ

sup |ϕ| sup |η|,

(4.254)

Eνptq

”

pϕejqMptqpηpei ´ elqq

ı
1
2

ď
Cpβqnκε|i´ l|

minpdpi, BIq
3
2

`s, dpj, BIq
3
2

`sqdpj, BIq
1
2

`s
Eνptqrϕ

2s
1
2Eνptqrη

2s
1
2

` Cpβqe´cpβqnδ
sup |ϕ| sup |η|. (4.255)

4.6.4 Decay of the approximate solution

One may apply the estimate (4.207) of Section 4.5 to the measure νptq.

Lemma 4.6.3. Let s P p0, 1q Y p1,`8q. Let y P πIcpMN q be an admissible configuration in the
sense of (4.242) and νptq be the measure defined in (4.248). Let χn P H1, i0 P t1, . . . , nu and
ψ P L2pI,H1pµptqqq solution of

$

&

%

Ā
νptq
1 ψ “ χnei0 ` λpe1 ` . . .` enq on An

ψ ¨ pe1 ` . . .` enq “ 0 on An

ψ ¨ n⃗ “ 0 on BAn.

(4.256)
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There exist constants κ ą 0 and Cpβq ą 0 such that

Eνptqrψ
2
j s

1
2 ď CpβqnκεpEνptqrχ

2
ns

1
2 ` sup |χn|e´cpβqnδ

q

´1năN
?
n

`
1sPp0,1q

dpi0, jq2´s
`

1sPp1,`8q

dpi0, jq1`s

¯

.

(4.257)

We establish the well-posedness of (4.257) in the Appendix, see Section 4.7.2.

Proof. In view of Lemma 4.6.2, one may observe that νptq satisfies Assumptions 4.5.1 if s P p1,`8q

and Assumptions 4.4.1 if s P p0, 1q. The estimate of Proposition 4.4.3 can therefore be applied to
νptq, which gives (4.257).

4.6.5 Estimate on the main equation

It remains to study the decay of the solution of the Helffer-Sjöstrand equation associated to νptq
when the source vector-field is localized on a small number of coordinates in the bulk of t1, . . . , nu.
To this end we study the difference between the solution of the main equation ψ and the solution
ψp1q of the approximate equation (4.256). By convexity, we obtain a satisfactory bound on ψ and
conclude that the correlation under νptq between a gap in the bulk of t1, . . . , nu and the interaction
energy Eptq tends to 0 as n tends to infinity.

Lemma 4.6.4. Let s P p0, 1q Y p1,`8q. Let y P πIcpDnq be an admissible configuration in the
sense of (4.242) and νptq be the measure defined in (4.248). Let χn P H1, i0 P t1, . . . , nu such
that |i0 ´ n

2 | ď n
4 . Let ψ P L2pI 1, H1pνptqqq solving

$

&

%

β∇2pHg
nptq ` Fgqψ ` Lνptqψ “ χnei0 ` λpe1 ` . . .` enq on An

ψ ¨ pe1 ` . . .` enq “ 0 on An

ψ ¨ n⃗ “ 0 on BAn.

(4.258)

There exist a constant Cpβq ą 0 and a constant κ ą 0 such that
n
ÿ

j“1

Eνptqrψ
2
j s

1
2

dpj, BIq
s
2

ď CpβqnκεpEνptqrχ
2
ns

1
2 ` sup |χn|e´cpβqnδ

qpn´ s
21sPp0,1q ` n´ 1

21sPp1,`8qq.

Proof. Let s P p0, 1q. Let ψ P L2pI,H1pνptqqq be the solution of (4.258). Let ψp1q P L2pI,H1pνptqqq

be the solution of
$

&

%

βMψp1q ` Lνptqψp1q “ χnei0 ` λpe1 ` . . .` enq on An

ψp1q ¨ pe1 ` . . .` enq “ 0 on An

ψp1q ¨ n⃗ “ 0 on BAn.

Set ψp2q “ ψ ´ ψp1q P L2pI,H1pνptqqq. One can observe that ψp2q is solution of
$

&

%

β∇2pHg
nptq ` Fgqψp2q ` Lνptqψp2q “ ´βMptqψp1q ` λpe1 ` . . .` enq on An

ψp2q ¨ pe1 ` . . .` enq “ 0 on An

ψp2q ¨ n⃗ “ 0 on BAn.

Using the bounds (4.252) and (4.253) and arguing as in the proof of Proposition 4.5.9, we get

Eνptqr|ψ
p2q|2s ď

Cpβq

n1´κε
pEνptqrχ

2
ns ` sup |χn|2e´cpβqnδ

q.

By Cauchy-Schwarz inequality, this yields
n
ÿ

j“1

1

dpj, BIq
s
2

Eνptqrpψ
p2q

j q2s
1
2 ď Cpβqnκε´ s

2 pEνptqrχ
2
ns

1
2 ` sup |χn|e´cpβqnδ

q

and the same estimate holds for ψ. We conclude likewise in the case s P p1,`8q.
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4.6.6 Proof of Theorem 4.1.3 and Theorem 4.1.4

Inserting the decay estimate of Lemma 4.6.3 into the identity (4.249), one may easily compare the
measure µyn and µzn. Integrating y and z in the set of admissible configurations gives in particular
the following comparison between the measure PN,β and PN 1,β :

Proposition 4.6.5. Let s P p0, 1q Y p1,`8q. Let G : Rn Ñ R in H1 such that sup |∇G| ă 8.
Assume that G depends only on the variables xi for i P J :“ ttn2 u´K, . . . , tn2 u`Ku with K ď n{5.
Let A be the good event (4.120). We have
ˇ

ˇ

ˇ
EPg

N,β
rGpx1, . . . , xnqs ´ EPg

N,β
rGpx1, . . . , xnqs

ˇ

ˇ

ˇ

ď Cpβqnκεpn´ s
21sPp0,1q ` n´ 1

21sPp1,`8qq

´

sup
A

ÿ

iPJ

|BiG| ` e´cpβqnδ
sup

ÿ

iPJ

|BiG|

¯

. (4.259)

Proof. The proof follows from Lemma 4.6.3 and from the local laws. Let us define

An “ tpx1, . . . , xnq : πpMN q : x1 ` . . .` xn ď 2nu.

By restricting the domain of integration to An, which has overwhelming probability by Theorem
4.2.2, one can write

EPg
N,β

rG ˝ πs “ EPg
N,β

”

EPg
N,β

rG ˝ π | Ans

ı

` Cpβq sup |G|e´cpβqnδ
, (4.260)

EPg

N 1,β
rG ˝ πs “ EPg

N,β

”

EPg
N,β

rG ˝ π | An

ı

` Cpβq sup |G|e´cpβqnδ
. (4.261)

Let Fg be the forcing (4.239) and Qg
N,β , Q

g
N 1,β as in (4.241). The measure Qg

N,β ˝ π´1p¨ | Anq

being uniformly log-concave with constant c “ βn´εps`2q on the convex set An, it follows from the
Barky-Emery criterion (see Lemma 4.3.8) that Qg

N,β ˝π´1p¨ | Anq satisfies a Log-Sobolev inequality
with constant 2c´1. In particular,

EntrPg
N,β ˝ π´1p¨ | Anq | Qg

N,β ˝ π´1p¨ | Anqs ď 2c´1EPN,β
r|∇F|2s.

Using Theorem 4.2.1, one can upper bound the relative entropy by

EntrPg
N,β ˝ π´1p¨ | Anq | Qg

N,β ˝ π´1p¨ | Anqs ď Cpβqe´cpβqnδ
, for some δ ą 0.

It follows from the Pinsker inequality that

TVpPg
N,β ˝ π´1p¨ | Anq,Qg

N,β ˝ π´1p¨ | Anqq ď Cpβqe´cpβqnδ
.

Similarly we find

TVpPg
N 1,β ˝ π´1p¨ | Anq,Qg

N 1,β ˝ π´1p¨ | Anqq ď Cpβqe´cpβqnδ
.

One may therefore replace the expressions in (4.260) and (4.261) by

EPg
N,β

rG ˝ π | Ans “ EQg
N,β

rG ˝ π | Ans `Oβpsup |G|e´cpβqnδ
q, (4.262)

EPg

N 1,β
rG ˝ π | Ans “ EQg

N 1,β
rG ˝ π | Ans `Oβpsup |G|e´cpβqnδ

q. (4.263)

Fix two exterior admissible (in the sense of (4.242)) configurations y P πIcpDN q and z P πIcpDN 1q

and let ỹ “ GapN´npyq and z̃ “ GapN´npzq. Let µptq (“ µpt, y, zq) be interpolating between
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µyn and µzn as in (4.248) and let νptq be the push-forward of µptq be Xn P πpDnq ÞÑ pNpx2 ´

x1q, . . . , Npxn ´ xnqq. Assume that G depends only on xi for i P J :“ ttn2 u ´ K, . . . , tn2 u ` Ku.
For each i P J , let ψpt,iq P L2pI 1, H1pνptqqq be the solution of

$

’

&

’

%

βA
νptq
1 ψpt,iq “ pBiGqei on An

ψpt,iq ¨ pe1 ` . . .` enq “ 0 on An

ψpt,iq ¨ n⃗ “ 0 on BAn.

By applying the estimates of Lemmas 4.6.1, 4.6.2 and 4.6.4, we find

|EPg
N,β

rG ˝ π | ỹs ´ EPg

N 1,β
rG ˝ π | z̃| ď

ż 1

0
|CovνptqrG,H

g
n,N 1 ´ Hg

n,N s|dt

“
ÿ

iPJ

ż 1

0
|Eνptqr∇pHg

n,N 1 ´ Hg
n,N q ¨ ψpt,iqs|dt

ď Cpβqnκε´ s
2

ÿ

iPJ

pEνptqrpBiGq2s
1
2 ` sup |BiG|e´cpβqnδ

q

ď Cpβqnκε´ s
2 sup

A

ÿ

iPJ

p|BiG| ` sup |BiG|e´cpβqnδ
q,

(4.264)

where we have used the fact that the event (4.120) has overwhelming probability under νptq (see
Lemma 4.6.2). Moreover, under QN,β (resp QN 1,β), the exterior configuration y (resp z) is admissible
with overwhelming probability. Therefore, integrating (4.264) over y and z in the set of admissible
configurations, one obtains from (4.262) and (4.263) the claimed result.

We are now ready to conclude the proof of the uniqueness of the limiting measure. We will
consider random variables in the space of configurations on R and one should first define a σ-
algebra on it. We let ConfpRq be the set of locally finite and simple point configurations in R.
Given a Borel set B Ă R, we denote NB : ConfpRq Ñ N the number of points lying in B. We
then endow ConfpRq with the σ-algebra generated by the maps tNB : B Borelu. We call point
process a probability measure on ConfpRq. We then say that a sequence PN of point processes
converges to P for the local topology on ConfpRq whenever for any bounded, Borel and local
function f : ConfpRq Ñ R, the following convergence holds:

lim
nÑ8

EPN
rf s “ EP rf s.

Proof of Theorems 4.1.3 and 4.1.4.

Step 1: compactness. Let px1, . . . , xN q distributed according to PN,β . Denote

QN “ Law

˜

N
ÿ

i“1

δNxi1|xi|ă
1
4

¸

P PpConfpRqq.

Let us show that the sequence pQN q has an accumulation point in the local topology on PpConfpRqq.
We follow the strategy of [94, Prop. 2.9]. For all R ą 0 denote ΛR “ r´R,Rs and for all
Q P PpConfpRqq, QR the law of C|ΛR

when C is distributed according to Q. For two point processes
P and Q, define the relative specific entropy of P with respect to Q by

EntrP | Qs “ lim sup
RÑ8

EntrPR | QRs.
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Let Π be a Poisson point process on R. According to [129, Prop. 2.6], the level sets of Entr¨ | Πs

are sequentially compact for the local topology. As a consequence it is enough to check that

sup
NPN˚

sup
KPN˚

1

K
EntrQNK ,ΠΛK

s ă 8. (4.265)

Let BK,ΛK
be a Bernoulli process on ΛK . Following [94], one can split the relative entropy into

EntrQNK | ΠΛK
s “

ż

log
dQNK

dBK,λK
dQNK `

ż

log
dBK,ΛK

dΠΛK

dQNK

“ ´ logKN,βpΛKq ´ βEQN
K

”

ÿ

xi‰xjPC
gspxi ´ xjq

ı

´ log

ˆ

e´NN
N

N !

˙

,
(4.266)

where

KN,βpΛKq “

ż

exp
´

´ β
ÿ

xi‰xjPCXΛK

gspxi ´ xjq
¯

1N
4
DN pXN q

dXN .

From the rigidity estimates of Theorem 4.2.2, we have

logKN,βpΛKq “ ´βEQN
K

”

ÿ

xi‰xjPCXΛK

gspxi ´ xjq
ı

`OβpKq.

Inserting this into (4.266), we deduce that (4.265) holds. It follows that pQN q has an accumulation
point in the local topology.

Step 2: uniqueness. Let us now prove that this accumulation point is unique. Let P,Q P

PpConfpRqq be two accumulation points of pQN q in the local topology. Note that P and Q are
necessarily translation invariant. Let k0 ě 1. Set

F : C P ConfpRq ÞÑ Gpz2 ´ z1, . . . , zk0 ´ z1q,

with G : Rk0 Ñ R smooth. In view of Proposition 4.6.5, we can see that

EP rF s “ EQrF s.

This implies that for each k0 P N, the law of pz2 ´ z1, . . . , zk0 ´ z1q under P equals the law
of pz2 ´ z1, . . . , zk0 ´ z1q under Q. Since P and Q are translation invariant, we conclude that
P “ Q.

The proof of Theorem 4.1.4 is now straightforward.

Proof of Theorem 4.1.4. By Theorem 4.1.3,

lim
NÑ8

EPN,β
rF ˝ πs “ ERieszs,β rGpz2 ´ z1, . . . , zk0 ´ z1qs.

Since the error term in (4.259) is uniform in N , this concludes the proof of Theorem 4.1.3.
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4.6.7 Proof of the hyperuniformity result

Having already established in Chapter 3 that the N -Riesz gas is hyperuniform and that NpxK ´x1q

is of order OpKsq under PN,β with a Gaussian asymptotic behavior, it is now immediate using the
convergence result of Theorem 4.1.3 to prove that Rieszs,β is also hyperuniform.

Proof of Theorem 4.1.5. Let 1 ď K ď N
2 . Set ℓN “ N

K . Let

FN “ pNℓN q´ s
2

˜

N
ÿ

i“1

1p0,ℓN qpxiq ´ ℓN

¸

.

Let Z „ N p0, σ2q with

σ2 “
1

β π2 s
cotan

´π

2
s
¯

.

Let η : R Ñ R such that |η1|8 ď 1. In Chapter 3, we have proved that

EPN,β
rηpFN qs “ ErηpZqs ` oKp1q, (4.267)

with a oKp1q uniform in N . Set
rFN “ K´ s

2NpxK ´ x1q.

Using Theorem 4.2.2, we can prove that

EPN,β
rηp rFN qs “ EPN,β

rηpFN qs ` oKp1q, (4.268)

with a oKp1q uniform in N . Now by Theorem 4.1.4, we have

lim
NÑ8

EPN,β
rηp rFN qs “ ERieszs,β rηpK´ s

2 pzK ´ z1 ´Kqqs. (4.269)

Combining (4.267), (4.268) and (4.269), one deduces that

ERieszs,β rηpK´ s
2 pzK ´ z1 ´Kqqs “ ErηpZqs ` oKp1q.

We deduce that under the process Rieszs,β , the sequenceK´ s
2 pzK´z1´Kq converges in distribution

to Z „ N p0, σ2q. Moreover by Chapter 3,

VarPN,β
rFN s “ VarrZs ` oN pKsq,

with a oN pKsq uniform inN . Proceeding as above, one easily prove the variance estimate (4.10).

4.6.8 Proof of the repulsion estimate

Proof of Proposition 4.1.6. Let α P p0, s2q. We have proved in [52, Lemma 4.5] that there exist two
constants Cpβq ą 0 and cpβq ą 0 locally uniform in β such that for each i P t1, . . . , Nu and ε ą 0
small enough,

PN,βpNpxi`1 ´ xiq ď εq ď Cpβqe´cpβqε´α
.

Since pPg
N,βq converges to Rieszs,β in the local topology, we can pass the above inequality to the

limit as N Ñ 8 and we obtain

PRieszs,β pzi`1 ´ zi ď εq ď Cpβqe´cpβqε´α
.
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4.7 Appendix

4.7.1 Discrete Gagliardo-Nirenberg inequality

The Gagliardo-Nirenberg inequality, originally proved independently in [123, 202], is an interpolation
inequality between different weak derivatives in Lp spaces. The result was at first stated for deriva-
tives of integer order and then extended to derivatives of fractional order in the rather recent paper
[62]. The main result of [62] gives sufficient and necessary conditions on the orders and exponents
for an interpolation inequality to hold on Rn. For shortcut, we only present one of the cases where
the interpolation inequality is valid.

Lemma 4.7.1 (Brezis-Mironescu). Let 1 ď p, p1, p2 ď 8. Let s1, s2 ě 0 and θ P p0, 1q such that

s1 ď s2, s0 “ θs1 ` p1 ´ θqs2,
1

p
“

θ

p1
`

1 ´ θ

p2
.

Assume that s2 ă 1. Then, there exists a constant C ą 0 depending on p1, p2, s1, s2, θ such that
for all u P W s1,p1pRq XW s2,p2pRq,

}u}W s0,ppRq ď C}u}θW s1,p1 pRq}u}
1´θ
W s2,p2 pRq

.

By taking a periodic function of period 1 on p´n, nq, one can show by letting n tend to infinity
that Lemma 4.7.1 also holds for functions defined on the circle.

4.7.2 Well-posedness results

The proofs of Propositions 4.3.1 and 4.3.3 can be found in [52, Appendix A]. For completeness we
sketch the main arguments below.

Let µ satisfying Assumptions 4.3.1. The formal adjoint with respect to µ of the derivation Bi,
i P t1, . . . , Nu is given by

B˚
i w “ Biw ´ pBiHqw,

meaning that for all v, w P C8pDN ,Rq such that ∇w ¨ n⃗ “ 0, the following identity holds

EµrpBivqws “ EµrvB˚
i ws. (4.270)

The above identity can be shown by integration by parts under the Lebesgue measure on DN . Recall
the map

Π : XN P DN ÞÑ px2 ´ x1, . . . , xN ´ x1q P TN´1

and
µ1 “ µ ˝ Π´1.

Proof of Proposition 4.3.1. Let F “ G ˝ Π with G P H1pµq. Recall that if F P H1pµq, then
∇F P L2pt1, . . . , Nu, H´1pµqq. Let

E “ tϕ ˝ Π : ϕ P H1pµ1q,Eµrϕ ˝ Πs “ 0u.

Consider the functional
J : ϕ P E ÞÑ Eµr|∇ϕ|2 ´ 2ϕF s.

One may easily check that J admits a unique minimizer. Indeed for all ϕ “ ψ ˝ Π P E, one can
write

|EµrϕF s| ď }F }H´1pµq|}ϕ}H1pµq.
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Moreover since ϕ P E, one can observe that

Eµr|ϕ|2s “ Eµ1r|ψ|2s ď c´1Eµ1r|∇ψ|2s “
1

2c
Eµr|∇ϕ|2s.

It follows that J is bounded from below. Since J is convex and l.s.c, by standard arguments, it is
l.s.c for the weak topology of H1pµq and therefore J admits a minimizer ϕ.

One can then easily check by integration by parts that the Euler-Lagrange equations for ϕ state
that a.e on DN ,

Lµϕ “ F ´ EµrF s, (4.271)

with the boundary condition
∇ϕ ¨ n⃗ “ 0, (4.272)

a.e on BDN . Equations (4.271) and (4.272) easily imply that J admits a unique minimizer.
Let us now differentiate rigorously Equation (4.271). Let w P C8

c pDN q and i P t1, . . . , Nu. By
integration by parts, we have

EµrwBiF s “ EµrB˚
i wpF ´ EµrF sqs “ EµrB˚

i wLϕs “ Eµr∇B˚
i w ¨ ∇ϕs

“

N
ÿ

j“1

EµrpB˚
i BjwqBjϕs `

N
ÿ

j“1

EµrprBj , B
˚
i swqBjϕs.

The first term of the right-hand side of the last display may be expressed as

N
ÿ

j“1

EµrpB˚
i BjwqBjϕs “

N
ÿ

j“1

EµrpBjwqBiBjϕs “ Eµr∇w ¨ ∇pBiϕqs “ EµrwLµpBiϕqs.

For the second term, recalling the identity rBj , B
˚
i s “ p∇2Hqi,j , one may write

N
ÿ

j“1

EµrprBj , B
˚
i swqBjϕs “ Eµrpw ¨ ∇2H∇ϕqis.

One deduces that, in the sense H´1pµq, for each i P t1, . . . , Nu,

p∇2H∇ϕqi ` LµpBiϕq “ BiF.

Together with the boundary condition (4.272), this concludes the proof of existence and uniqueness
of a solution to (4.44). We turn to the proof the variational characterization of the solution of
(4.44). Let

J : L2pt1, . . . , Nu, H1pµqq ÞÑ Eµr|Dψ|2 ` ψ ¨ ∇2Hψ ´ 2ψ ¨ ∇F s. (4.273)

By standard arguments, one can prove that J admits a minimizer ψ, which satisfies the Euler-
Lagrange equation

Aµ1ψ “ ∇F.

Moreover, one may assume that ψ ¨ n⃗ “ 0 on BDN . By integration by parts, we conclude that
ψ “ ∇ϕ.

Let us now prove Proposition 4.3.3. Recall the notation

GapN : XN P DN ÞÑ pN |x2 ´ x1|, N |x3 ´ x2|, . . . , N |xN ´ x1|q P RN ,

MN “ GapN pDN q and ν “ GapN#µ.
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Proof of Proposition 4.3.3. Let G P H´1pνq. Denote E “ tϕ P H1pνq : Eνrϕsu “ 0 and J the
functional

J : ϕ P E ÞÑ Eνr|∇ϕ|2 ´ 2ϕGs.

By standard arguments (see the proof of Proposition 4.3.1), we can show that J admits a unique
minimizer ϕ. Since ϕ is a minimizer of J , for all h P E,

Eνr∇ϕ ¨ ∇hs “ EνrGhs.

By integration by parts, one can observe that for all h P E,

Eνr∇ϕ ¨ ∇hs “ EνrLνϕhs `

ż

BMN

p∇ϕ ¨ n⃗qhe´H .

By density, it then follows that
"

Lνϕ “ G´ EνrGs on MN

∇ϕ ¨ n⃗ “ 0 on BMN .

To prove that ∇ϕ satisfies the Helffer-Sjöstrand equation (4.49), we need to adapt the integration
by parts formula (4.270). One may easily show that for all v P C8pMN q such that ∇v ¨ n⃗ “ 0 on
BDN and ψ P L2pt1, . . . , Nu, C8pMN q such that ψ ¨ pe1 ` . . .` eN q “ 0, there holds

Eν rψ ¨ ∇vs “ Eν rvp´∇Hg ¨ ψ ` divψqs . (4.274)

Let w P L2pt1, . . . , Nu, C8
c pMN qq such that

řN
i“1wi “ 0. In view of (4.274),

Eνrw ¨ ∇Gs “ EνrpG´ EνrGsqp´∇Hg ¨ w ` divwqs “ EνrLνϕp´∇Hg ¨ w ` divwqs.

Integrating part the last equation gives

Eνrw ¨ ∇Gs “ Eνr∇ϕ ¨ ∇p´∇Hg ¨ w ` divwqs “ Eνrw ¨ pLν∇ϕ` ∇2Hg∇ϕqs.

By density, we deduce that there exists a Lagrange multiplier λ P H´1pνq such that

∇2Hg∇ϕ` Lν∇ϕ “ ∇G` λpe1 ` . . .` eN q.

Recalling that ∇ϕ ¨ n⃗ “ 0 on BMN , this yields the existence of a solution to (4.49). Since
řN
i“1 Biϕ “ 0, taking the scalar product of the above equation with e1 ` . . .` eN yields

λ “
1

N
pe1 ` . . .` eN q ¨ ∇2Hg∇ϕ.

The uniqueness of the solution to (4.49) is straightforward. The proof of the variational characteri-
zation comes from arguments similar to the proof of Proposition 4.3.1.

4.7.3 Local laws for the HS Riesz gas

Lemma 4.7.2. Let s ą 1. For all ε ą 0 small enough, there exists δ ą 0 such that

PN,βpNpxi`1 ´ xiq ě kεq ď Cpβqe´cpβqkδ , for each 1 ď i ď N. (4.275)

For all ε ą 0 small enough, there exists δ ą 0 such that

PN,βp|Npxi`k´xiq´k| ě k
1
2

`εq ď Cpβqe´cpβqkδ , for each 1 ď i ď N and 1 ď k ď
N

2
. (4.276)
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Proof. We consider the case 1 ă s ă 2. The case s ě 2 is simpler and will be sketched afterwards.
One shall proceed by a bootstrap on scales. Consider the statement Ppkq: for all ε ą 0, there exists
δ ą 0 such that

PN,βpNpxi`k ´ xiq ě k1`εq ď Cpβqe´cpβqkδ . (4.277)

Assume that PpKq holds. Let us prove that PpK1´α0q holds for α0 P p0, 1q small enough. Let
k “ tK1´α0u. Let i P t1, . . . , Nu and

I “ tj P t1, . . . , Nu, dpj, iq ď ku.

Let θ be a smooth cutoff function θ : R` Ñ R` such that θpxq “ x2 for x ą 1, θ “ 0 on r0, 12 s

and θ2 ě 0 on R`. For γ ą 0 to determine later define the forcing

F “
ÿ

i‰jPI

θ
´Npxj ´ xiq

K1`γ

¯

and the constrained probability measure

dQN,β “
1

KN,β
e´βFdPN,β.

One can write

PN,βpNpxi`k ´ xiq ě k1`δq ď QN,βpNpxi`k ´ xiq ě k1`δq ` TVpPN,β,QN,βq.

By choosing γ ą δp1 ´ α0q, one can show that

TVpPN,β,QN,βq ď Cpβqe´cpβqk2δ .

Using Lemma 4.3.9, one has

logEQN,β
retNpxi`k´xiqs ď tEQN,β

rNpxi`k ´ xiqs `
t2

2β
Ks`γ , for all t P R.

Moreover with computations similar to Chapter 3, we find

EQN,β
rNpxi`k ´ xiqs “ k `Oβp1q.

Combining the two last display we find

QN,βpNpxi`k ´ xiq ě k1`δq ď Cpβqe´cpβqk
s`γ
1´α0

´2p1`δq

.

The exponent in the right-hand side of the last display is strictly smaller than ´2δ if and only if

γ ă 2p1 ´ α0q ´ s.

Since s ă 2, there exists α0 ą 0 small enough such that

δp1 ´ α0q ă 2p1 ´ α0q ´ s.

One concludes that (4.277) holds for each k ě K1´α0 , for some constant α0 depending only on
s. After a finite number of steps, one concludes that Pp1q holds. The estimate 4.275 immediately
follows.

For s ě 2, the proof of Lemma 4.7.2 can be run without making use of convexity arguments. One
can establish (4.275) by showing that the log-Laplace transform of the energy ofK consecutive points
is of order K. This can be done recursively by controlling the interaction energy oft two intervals of
points. For this short-range model, one can control this interaction by shrinking configurations as in
[142, Proof of Prop. 4.4].

Let us now justify (4.275). One can constrain small gaps and define a new measure uniformly log-
concave in gap coordinates. By rewriting Npxi`k ´xiq into Npxi`k ´xiq “

ři`k´1
j“i Npxj`1 ´xjq,

one easily concludes the proof of (4.276).
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4.7.4 Local laws for the interpolating measure

We provide some useful rigidity estimates for the conditioned measure (4.244) and adapt the proofs
of Chapter 3 which are based on techniques of [46].

Proof of Lemma 4.6.2. Let y P πIcpDN q and z P πIcpDN q be as in the statement of Lemma 4.6.2
and µptq as in (4.248). The first bound (4.250) is immediate in view of the forcing (4.239). Let us
prove (4.251).

Step 1: control of the fluctuations Let i P t1, . . . , nu and k P t1, . . . , N{2u such that 1 ď

i ` k ď n. We wish to prove that for ε1 ą 0 large enough with respect to ε, there exists δ ą 0
depending on ε1 ą 0 such that

µptq
´

|Npxi`k ´ xiq ´ EµptqrNpxi`k ´ xiqs| ě k
s
2

`εnε
¯

ď Cpβqe´cpβqkδ . (4.278)

We will make use of a method of [46], which consists in splitting decomposing the gap Npxi`k´xiq
into a sum of block average statistics. For each i P Jc, we define Ikpiq be an interval of integers of
cardinal k ` 1 such that i P Ikpiq and define the block average

x
rks

i “
1

k ` 1

ÿ

jPIkpiq

xj .

Let α ą 0 be a small number, α “ 1
p with p P N˚. Since xr0s

i “ xi, one can break xi ´ x
rks

i into

Npxi ´ x
rks

i q “

p´1
ÿ

m“0

Npx
rtkmαus

i ´ x
rtkpm`1qαus

i q. (4.279)

For each m P t0, . . . , p ´ 1u, denote Gm “ Npx
rtkmαus

i ´ x
rtkpm`1qαus

i q and Im “ Itkpm`1qαupiq.
We study the fluctuations of Gm. Because Gm depends only on the variables in Im and since
ř

iPIm
BiGm, one can use the Gaussian concentration result for divergence free test-functions stated

in Lemma 4.3.9. Fix m P t0, . . . , p ´ 1u and introduce the coordinates x “ pxiqiPIm and y “

pxiqiPIzIm on πpDN q. The measure µptq satisfies the assumptions of Lemma 4.3.9 in the window
Im. It can indeed be written

dµptq “ e´βHpx,yq1πpDN qpx,yqdxdy with Hpx, yq “ H1pxq `H2px, yq

where H2 is convex and H1 satisfies
ř

iPIm
BiH1 “ 0 with

∇2H1 ě N2k´pm`1qαps`2´εq.

As a consequence, one may use Lemma 4.3.9, which entails

logEµptqre
tGms ď tEµptqrGms `

t2

2β
N´2kpm`1qαps`2`εq|Im|´1 sup |∇Gm|2

ď tEνptqrGms `
t2

2β
kαps`1q`msα`εps`2q.

We conclude that for ε1 large enough with respect to ε, there exists δ ą 0 depending on ε1 such that

µptqp|Gm ´ EµrGms| ě k
s
2

`ε1

q ď Cpβqe´cpβqkδ .
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Inserting this in (4.279), one deduces that for ε1 large enough with respect to ε, there exists δ ą 0
depending on ε1 such that

µptqp|Npxi ´ x
rks

i q ´ EµptqrNpxi ´ x
rks

i qs| ě k
s
2

`εq ď Cpβqe´cpβqkδ . (4.280)

One can finally check that the variable Npx
rks

i`k ´ xi`kq verifies the same estimate: proceeding as
for Gm with m “ p´ 1, we obtain that for ε1 ą 0 large enough with respect to ε, there exists δ ą 0
depending on ε1 such that

µptqp|Npx
rks

i ´ x
rks

i`kq ´ EµptqrNpx
rks

i ´ x
rks

i`kqs| ě k
s
2

`εq ď Cpβqe´cpβqkδ . (4.281)

Combining (4.280) applied to i and i` k and (4.281), one finally gets the claim (4.278).

Step 2: accuracy estimate It remains to control the expectation of Npxi`k ´ xiq under µptq.
By construction we can write

EµptqrNpxi`k´xiqs´Eµp0qrNpxi`k´xiqs “ β

ż t

0
CovµpsqrNpxi`k´xiq,Hn,N p¨, zq´Hn,N p¨, yqsds.

By Cauchy-Schwarz inequality and using (4.278) one can write

|EµptqrNpxi`k ´xiqs ´Eµp0qrNpxi`k ´xiqs| ď Cpβqnκεk
s
2

ż t

0
VarµpsqrHn,N p¨, zq ´Hn,N p¨, yqs

1
2ds.

(4.282)
First of all, let us use the fact that there exists a constant C ą 0 such that for all x P T,

|N´sgsp
x

N
q ´ g̃spxq| ď

C

N s
, (4.283)

where g̃s : x P T ÞÑ 1
|x|s

. Let us denote

rHn,N px, yq “
ÿ

iPI,jPt1,...,NuzI

1

|Npxi ´ yjq|s

and
rHn,N 1px, zq “

ÿ

iPI,jPt1,...,N 1uzI

1

|Npxi ´ zjq|s
.

Recall that N 1 ď N . To begin the comparison let us restrict the sum as follows:

rHn,N px, yq ´ rHn,N 1px, zq “
ÿ

iPI

ÿ

jPt1,...,N 1uzI

´ 1

|Npxi ´ yjq|s
´

1

|Npxi ´ zjq|s

¯

`
ÿ

iPI

ÿ

jPt1,...,Nuzt1,...,N 1u

1

|Npxi ´ zjq|s
(4.284)

Let us control the first sum, say the terms at the right-hand side of I. Fix k P I. By Taylor
expansion, one may write

N 1{2
ÿ

j“n`1

´ 1

|Npxk ´ yjq|s
´

1

|Npxk ´ zjq|s

¯

“

N 1{2
ÿ

j“n`1

g̃1
spNpxk ´ yjqqNpyj ´ zjq ` pIqk (4.285)
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where the error term pIqk satisfies

VarµpsqrpIqks
1
2 ď Cpβqnκε

N 1{2
ÿ

j“n`1

|j ´ n|s`ε1

|j ´ k|2`s
ď

Cpβqnκε

dpk, BIq1´ε1 , (4.286)

for some ε1 ą 0. By Taylor expansion again and using Lemma 4.6.2, one can write

Varµpsqrg̃
1
spNpxk ´ yjqqs ď Cpβqnκεg̃2

spj ´ kqpn´ kqs{2`κε.

The leading-order of the right-hand side of (4.285) therefore satisfies

N 1{2
ÿ

j“n`1

g̃1
spNpxk ´ yjqqNpzj ´ yjq “

N 1{2
ÿ

j“n`1

g̃1
sp|j ´ k|qNpzj ´ yjq ` pIIqk (4.287)

with

VarµpsqrpIIqks
1
2 ď Cpβqnκε

N 1{2
ÿ

j“n`1

|j ´ n|s{2|n´ k|s{2`κε

|j ´ k|s`2
ď

Cpβqnκε

dpk, BIq1´ε1 . (4.288)

The point is that leading order term in (4.287) is constant with respect to x and its variance is
therefore 0 under µpsq. It follows that uniformly in s,

Varµpsq

”

N 1{2
ÿ

j“n`1

´ 1

|Npxk ´ yjq|s
´

1

|Npxk ´ zjq|s

¯ı

ď Cpβqnκε. (4.289)

One may proceed similarly for the terms at the left-hand side of I and one concludes that (4.289)
also holds for the first quantity in (4.284). It remains to upper bound the second term in (4.284).
By assumptions on z, one has

Varµpsq

”

ÿ

iPI

ÿ

jPt1,...,Nuzt1,...,N 1u

1

|Npxi ´ zjq|s

ı
1
2

ď Cpβqnκε`1N´ s
2

`ε. (4.290)

Combining (4.283), (4.286), (4.289) and its similar estimate, we find that uniformly in s,

VarµpsqrHn,N p¨, yq ´ Hn,N p¨, zqs ď Cpβqnκε.

Inserting this into (4.282) one obtains

|EµptqrNpxi`k ´ xiqs ´ Eµp0qrNpxi`k ´ xiqs| ď Cpβqnκεk
s
2

`κε. (4.291)

Let us denote B Ă πIcpDN q the set of admissible configurations as defined in (4.242). By taking
t “ 1 and N “ N 1, we find that for all y, z P B,

|EQN,βp¨|yqrNpxi`k ´ xiqs ´ EQN,βp¨|zqrNpxi`k ´ xiqs| ď Cpβqnκεk
s
2

`κε. (4.292)

Since by Theorem 4.2.2

|EQN,β
rNpxi`k ´ xiq1Bs ´ k| ď Cpβqnκε,

we deduce from (4.292) that for all admissible configuration y P πpDN q,

|EQN,βp¨|yqrNpxi`k ´ xiqs ´ k| ď Cpβqnκεk
s
2

`κε.

Inserting this into (4.291) concludes the proof of Lemma 4.6.2.
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Dipole transition for the
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This chapter is a joint work with Sylvia Serfaty and will appear on the arXiv soon.
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5.1 Introduction

5.1.1 Setting of the problem

In the 1970’s, Kosterlitz and Thouless [164, 165] and independently Berezinsky [29] predicted a
completely new type of phase transitions without long range order in two-dimensional systems, now
called Berezinsky-Kosterlitz-Thouless (BKT) transition. This celebrated transition (see [34] for a
review) was predicted to happen in a whole range of models which exhibit quantized vortices in
a neutral ensemble, more specifically the XY or “rotator" spin model, models of dislocations and
superfluids, and it has important consequences for condensed matter physics.

The transition in the XY model is probably the one that has attracted the most attention in the
mathematical physics community. In this model unit spins are sampled on a lattice, constituting
a Up1q analogue of the Ising model. The BKT transition consists in that the correlation function
between distant spins decays exponentially above the transition temperature, and decays in power
law below [198, 121, 35, 63]. This transition is explained by the formation of topological vortices,
which are points around which the spin field has a nonzero degree or winding number. Below the
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transition temperature, vortices are bound into dipole pairs (i.e. pairs of vortices with opposite
winding numbers), while above the transition temperature, vortices are like “free particles".

In the original papers, as well as in subsequent research, it is expected that in the XY model (or its
simplified variant, the Villain model) the energy of the system can be split into a vortex-gas energy
and a spin-wave contribution, corresponding to the fluctuations around the vortex configurations
[164, 165, 160]. This statement turns out to be delicate to prove rigorously, and this has attracted
the attention of researchers, even recently [126, 125].

Once the spin-wave contribution can be separated, the model reduces to a (2D) gas of dipoles
with logarithmic interaction, which can also be called a two-component plasma, or (two-component)
Coulomb gas. The Coulomb gas is thus a fundamental model on which to understand the BKT
transition, as seen in the original paper of Kosterlitz [165].

The lattice (two-component) Coulomb gas was studied in the seminal work of Fröhlich-Spencer
[121] via the sine-Gordon representation and expansions into multipole ensembles, allowing to analyze
the decay rate of correlation functions, thus giving the first proof of the BKT transition, see also
[198, 35].

The Coulomb gas may as well be studied in the continuum rather than on a lattice, and is
expected to exhibit the same transition between a situation with free vortices and a situation with
vortices of opposite sign bound in dipole pairs. There is a subtlety however, due to the fact that
this “dipole transition" should happen at inverse temperature β “ 2 in the units we use, while the
KT transition between exponentially and algebraically decaying correlations is expected to happen
at β “ 4 in this setting. Also, it is a little delicate to directly compare the situation of the Coulomb
gas in the continuum where one takes a fixed number N of charges of each sign, corresponding
to a canonical ensemble, and the situation of the XY model, corresponding to a grand-canonical
ensemble where the number of vortices is not prescribed.

Here we will focus on the continuum Coulomb gas or “two component plasma" in the canonical
case and we will provide a proof of the “dipole transition" based simply on the analysis of dipoles
pairs via large deviations techniques that allow to weigh their energy and entropy costs, in some
sense very close to the arguments and computations found in the original papers [165, 164] and also
in the seminal paper [139].

5.1.2 Model

We first consider the continuum Coulomb gas, defined as an ensemble with configurations pXN , YN q

(with XN “ px1, . . . , xN q P ΛN and YN “ py1, . . . , yN q P pΛN of N positive and N negative
particles (or vortices with degrees `1 or ´1) in the blown-up cube Λ “ r0,

?
N s2 of R2, having

energy

FpXN , YN q “
1

2

˜

ÿ

i‰j

´ log |xi ´ xj | ´ log |yi ´ yj | ` 2
ÿ

i,j

log |xi ´ yj |

¸

, (5.1)

and consider the (canonical) ensemble

1

ZN,β
exp p´βFpXN , YN qqdXNdYN , (5.2)

with dXN and dYN the uniform Lebesgue measures on ΛN . This model was studied in particular
in [139, 97], and more recently in [186]. The integral defining ZN,β diverges as soon as β ě

2, due to the fact that the energy of very short dipoles diverges in a nonintegrable way, which
corresponds to the dipole transition. The ensemble (5.2) was thus studied only in the regime β ă 2
in the aforementioned works [139, 97, 186]. The latest results of [186], building on important
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insights from [139] and techniques developed for the study of the one-component Coulomb gas in
[233, 219, 183, 184], show an expansion of logZN,β as N Ñ 8, as well as a large deviations principle
on point processes, which characterize a situation with free interacting particles, with competition
between the attraction of opposite charges and the entropic repulsion. This corresponds to the
situation of temperature larger than the critical temperature.

In order to study such a system for β ě 2, a truncation of the interaction is needed, as already
recognized in [164, 165] and analyzed in [121], see also the discussion in [170]. Let us for shortcut
always denote

gpxq “ ´ log |x|, (5.3)

and we will abuse notation by considering g as either of function of R2 or of R depending on the
context.

Truncating the interaction involves introducing a small lengthscale λ and renormalizing the
divergent part of the free energy as λ Ñ 0. A natural proposed way is to truncate the energy at a
distance λ and consider

1

2

ÿ

i,j

gpxi ´ xjq ^ gpλq ` gpyi ´ yjq ^ gpλq ´ 2gpxi ´ yjq ^ gpλq, (5.4)

where ^ denotes the minimum of two numbers.
The precise method of truncation of the interaction is not really important, and here we propose

a variant of this which is convenient for our techniques: instead of truncating g we consider charges
smeared on discs of radius λ, with λ small, interacting otherwise in the normal Coulomb fashion:
letting δpλq

z denote the uniform measure of mass 1 supported on Bpz, λq, we let

κ :“

ĳ

gpx´ yqδ
p1q

0 pxqδ
p1q

0 pyq, (5.5)

and observe, by scaling, that
ĳ

gpx´ yqδ
pλq

0 pxqδ
pλq

0 pyq “ gpλq ` κ. (5.6)

We then consider the energy

FλpXN , YN q “
1

2

ĳ

gpx´yqd

˜

N
ÿ

i“1

δpλq
xi ´ δpλq

yi

¸

pxqd

˜

N
ÿ

i“1

δpλq
xi ´ δpλq

yi

¸

pyq ´Npgpλq `κq. (5.7)

Here, compared to (5.1) we have reinserted the self-interaction terms which are no longer infinite
but equal to gpλq ` κ, and then subtracted them off.

We will denote by

gλpzq “

ĳ

gpx´ yqδ
pλq

0 pxqδpλq
z pyq, (5.8)

the effective interaction between two points at distance |z|. Moreover, the convolution g ˚ δ
pλq

0 is
harmonic outside of Bp0, λq and it follows from the mean-value theorem (or Newton’s theorem) that

gλpzq “

ż

g ˚ δ
pλq

0 δpλq
z “ gpzq for |z| ě 2λ. (5.9)

Thus we see that Fλ is the same as (5.4) except with gpxi´xjq ^gpλq replaced by gλpxi´xjq, and
if the distances between points are larger than λ, the interactions coincide and Fλ coincides with
F. Also if λ “ 0 then the definition in (5.7) coincides with F of (5.1), as proved in [186] – this is
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essentially Newton’s theorem and Green’s formula. Let us point out that the choice of δpλq
z to be the

uniform measure in the unit ball is unimportant, we could replace it by any radial distribution of the
form 1

λ2
ρpx´z

λ q with ρ radial, as was done in [219]. Newton’s theorem would still apply and nothing
else would change, except for the precise value of the constant κ. Finally, we could in principle use
charges smeared on circles instead of discs as in previous works [206, 183, 184], it does make the
initial computations simpler but the potential generated a circle is too singular for our needs here.

We will thus work with (5.7) and study

dPλN,β “
1

ZλN,β
exp p´βFλpXN , YN qqdXNdYN (5.10)

in the limit where λ tends to zero, where

ZλN,β “

ż

r0,
?
Ns2Nˆr0,

?
Ns2N

exp p´βFλpXN , YN qqdXNdYN . (5.11)

When β ă 2 one can immediately set λ “ 0 and recover the model studied in [186], but when β ą 2
one expects logZλN,β to diverge as λ Ñ 0. The picture that emerges from the literature, mostly
based on the sine-Gordon representation, is well-described in [171]: for β ą 2, the divergence of the
system as λ Ñ 0 corresponds to the pairing of short dipoles (of lengthscale λ), and the transition
at β “ 2 is followed as β increases by a sequence of transitions corresponding to the formation of a
subdominant proportion of multipoles (quadrupoles, sextupoles etc) as the temperature is decreased
and the entropic repulsion becomes less strong [121]. This is due to the dipole-dipole interaction
which is weakly attractive. When β reaches 4, in the grand canonical setting (when the number
of particles is not fixed) the system is expected to collapse under the attraction of the dipoles, as
first shown in [120] via a Euclidean Field Theory approach, however we will see that it is not the
case in the canonical setting here. As written in [171] the complete mathematical picture is far
from complete from the mathematical angle, and most of the approaches rely on the sine-Gordon
transformation and on sophisticated Renormalization Group techniques which require to assume
translation invariance [158]. In [121], it is written “We believe that the techniques of Section 5
will eventually permit us to prove convergence of an expansion of the two-dimensional Coulomb
gas in terms of neutral multipole configurations, at low density and low temperature, designed to
imply the existence of the Kosterlitz-Thouless transition. But the required combinatorial and refined
electrostatic estimates are still missing.”

Our main goal here is to analyze (5.7)–(5.10) via a simple and direct approach based solely on
energy and entropy, precisely via electrostatic estimates for the energy. We obtain below a precise
free energy expansion as N Ñ 8 and λ Ñ 0, and use it to prove that configurations mostly form
free dipoles for all β P p2,`8q, as characterized by convergence to a Poisson process of dipoles
(this shows that the multipoles, though present, concern only a vanishing fraction of the particles).
Combined with the description of [186], it constitutes a first proof of the dipole transition, and we
hope this point of view will also inform the understanding of the BKT transition. We also address
the important question of the fluctuations of the (two-component) Coulomb gas.

Note that the two-component Coulomb gas or plasma is quite different from the one-component
Coulomb gas or plasma, which consists only of positively charged particles repelling each other and
confined by an external potential, or equivalently a uniform negative background charge (this is
then called a jellium). The one-component Coulomb gas never diverges or forms dipole pairs, but
rather the particle density converges macroscopically to an equilibrium measure limit (dictated by
the external potential) while at the microscopic scale the particles arrange themselves in more and
more ordered point patterns as temperature decreases, in fact the system is expected to crystallize at
zero temperature, at least in low dimensions. There has been much progress on the one-component
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plasma in recent years, including free energy expansion [193, 183, 9, 239], local laws for the distri-
bution of points down to the microscale [180, 9], variational characterization of the limiting point
processes [183], and CLTs for the fluctuations of linear statistics [4, 214, 24, 184, 239].

The main points in common with [233, 183, 180, 184, 9, 239] but also with [186] will be the
general philosophy of electrostatic energy and large deviations techniques, as well as the electric
formulation of the energy that we present just below.

5.1.3 Main results and method

The electric formulation mentioned above consists in reexpressing the energy in terms of the electric
potential hλ generated by the configuration pXN , YN q and defined as a function over all R2 by

hλrXN , YN s :“ g ˚

˜

N
ÿ

i“1

δpλq
xi ´ δpλq

yi

¸

, (5.12)

where ˚ denotes the convolution. In the sequel, we will most often drop the rXN , YN s dependence
in the notation.

Note that by definition of g, hλ satisfies the Poisson equation

´∆hλrXN , YN s “ 2π

˜

N
ÿ

i“1

δpλq
xi ´ δpλq

yi

¸

. (5.13)

A direct insertion into (5.7) and integration by parts using (5.13) yields the following rewriting of
the energy

FλpXN , YN q “
1

4π

ż

R2

|∇hλrXN , YN s|
2

´Npgpλq ` κq. (5.14)

Before stating our main result, let us introduce some more notation. Let us define the probability
measure

dµβprq :“
2π

Cβ
exp

´β

2
g1prq

¯

1R`prqrdr, (5.15)

where Cβ stands for the normalizing constant

Cβ :“ 2π

ż 8

0
exp

´β

2
g1prq

¯

rdr. (5.16)

We will denote tz1, . . . , z2Nu “ tx1, . . . , xN , y1, . . . , yNu the collection of all points (positive or
negative) and denote their charge di “ 1 if i P r1, N s di “ ´1 if i P rN ` 1, 2N s. We will also
denote by ϕ1piq the index for the/a first nearest neighbor to zi among all the points zj , j ‰ i.

Our first theorem provides a free energy expansion and a concentration on dipoles configurations.
The constant Cβ is related to our precise way of smearing the Dirac charges and corresponds to the
interaction of overlapping disc charges, it is defined in (5.16).

Theorem 5.1.1. For all λ ą 0, denote

γλ :“

$

’

’

’

’

&

’

’

’

’

%

1
| log λ|

if β “ 2

λβ´2 if β P p2, 4q

λ2| log λ|2 if β “ 4

λ2| log λ| if β ą 4.

(5.17)

For each β P p2,`8q the following holds
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1.

logZλN,β “ 2N logN`Npp2´βq log λ1βą2`log | log λ|1β“2q´N`N logCβ1βą2`OpNγλq,
(5.18)

2. Let
I :“ t1 ď i ď N : ϕ1 ˝ ϕ1piq “ i, didϕ1piq “ ´1u. (5.19)

For all |t| ď
β
2 ,

logEPλ
N,β

”

exp
´

tFλ ´ t
ÿ

iPI

gλpzi ´ zϕ1piqq

¯ı

ď CNγλ. (5.20)

3. the Gibbs measure is concentrated on mostly neutral λ-dipoles configurations in the sense that
letting

D :“
!

Z2N P Λ2N , |I| ě Np1 ´ bγλq,
ÿ

iPI

gλp|zi ´ zϕ1piq|q ď N log λ`MN
)

, (5.21)

we have
PλN,βpDcq ď expp´CNq, (5.22)

for some b ą 0, C ą 0 and M ą 0 independent of N and λ.

The formula (5.18) can be compared with the formula for β ă 2 obtained in [186], and this
already exhibits a transition at β “ 2, since the divergence in λ is present only for β ě 2. The
screening method of [186] would in fact allow us to prove an almost additivity of the free energy
logZλN,β — once the 1

2βN logN corresponding to the interaction scaling has been removed — for
any β, and the existence of a thermodynamic limit

fpβ, λq “ lim
NÑ8

logZλN,β ´
β
2N logN

N
(5.23)

with an explicit rate of convergence independent of λ. We believe the rate can be made to be
OpN´1{2 logNq by analogy with [9] but we defer this to future work, in any case to obtain a rate
independent of λ it suffices to apply almost verbatim the proof in [186]. For β ă 2, this is proven
in [186] (with λ “ 0) and a variational characterization of f is also provided there:

fpβ, 0q “ ´min
PPP

FβpP q (5.24)

where P corresponds to the space of stationary signed point processes of intensity 1 (each species has
intensity 1), and Fβ (the rate function in the Large Deviations Principle proved there) is the sum of
β times a suitable “renormalized energy" of point processes (an infinite volume Coulomb interaction
energy) and a specific relative entropy with respect to the Poisson point process of intensity 1. We
see that in that regime we have free particles of positive and negative charges, whose positions is
governed by the minimization of Fβ .

The result (5.18) then completes this picture by proving that for β P p2,`8q

fpβ, λq “ p2 ´ βq log λ´ 1 ` logCβ ` oλp1q (5.25)

and that for β “ 2,
fpβ, λq “ log | log λ| ´ 1 ` oλp1q. (5.26)
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Here the energy is dominated by pure dipole energy, demonstrating the transition from free particles
to bound pairs. The question of the sharp rate of convergence oλp1q is very important as it encodes
the multipole transitions. Here we obtain a power rate which exhibits a transition at β “ 4, which
we believe to be sharp and to correspond to the BKT transition. The proofs also show a form
of transition at β “ 3, which corresponds to the quadrupole transition (i.e. a transition in the
proportion of still negligible quadrupoles).

We next show as a corollary that the averaged microscopic process concentrates as N tends to
infinity and λ tends to 0 to a Poissonian dipole process. In addition we derive some large deviations
asymptotic as λ tends to 0, which can be read as the limit of the large deviations principle at fixed
λ. For each centering point in Λ, we will observe the particles xj lying around x and the attached
nearest-neighbor particles. To have a well-defined limit, one shall blow-up the nearest-neighbor
distances by a factor λ´1. Still using the notation (5.19) for positive charges belonging to a neutral
dipole, let us consider the rescaled configuration centered at x denoted

CN pxq :“
ÿ

iPI

δ
p
?
Npzi´xq,λ´1

?
Npzϕ1piq´ziqq

P PpR2 ˆ R2q. (5.27)

Let χ be set of simple locally finite point configurations on R2. We will work on the set

E “

!

ÿ

iPJ

δpxj ,yjq : J finite or countable , pxjqjPJ P χ, pyjqjPJ P pR2q|J |
)

(5.28)

endowed with the coarsest topology T generated by
!

ÿ

jPJ

δpxj ,yjq P E : xj P A, yj P B
)

, (5.29)

where A and B are measurable subsets of R2 with A bounded. This topology is designed so that
the yi variable is observable only if xi lies in a compact set. In Subsection 5.6 one will endow pE, T q

will a distance d. The variable p5.27q is a random variable on E. We next consider an averaging of
(5.27) over the centering point in Λ:

iN :“

ż

Λ
δpx,CN pxqqdx P PpΛ ˆ Eq. (5.30)

The space PpEq is then endowed with the topology of weak convergence generated by the functions
in CbpEq. Let us now define the Poissonian dipole process denoted Pdip. Given X “ pXiqiPN a
Poisson point process of intensity 1 on R2, puiqiPN a sequence of i.i.d variable of law µβ (5.15)
independent of X, we let Pdip P PpEq be

Pdip :“ Law
´

N
ÿ

i“1

δpXi,uiq

¯

. (5.31)

Let also P̄dip be the tensorization of Pdip with the Lebesgue measure on Λ:

P̄dip :“ dx|Λ b Pdip P PpΛ ˆ Eq. (5.32)

We will show that piN q concentrates around (5.32) as N tends to infinity and λ Ñ 0 with a Large
Deviations Principle. To define the rate function, we start by introducing a (specific) relative entropy
for probability measures on E similar to [212]. For all P,Q P PpEq, let

EntpQ | P q :“ lim
RÑ8

1

R
EntpQ|ΛR

| P |ΛR
q, (5.33)
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where ΛR :“ r0,
?
Rs2. For all P P PpΛ ˆ Eq and x P Λ we let P x P PpEq be the desintegration

of P with respect to x. Let Ent be an averaging of Ent defined for all P̄ , Q̄ P PpΛ ˆ Eq by

EntpQ̄ | P̄ q :“

ż

Λ
EntpQx | P xqdx.

Let us emphasize that the entropy thus defined depends on the topology put on E.

Theorem 5.1.2. For any measurable subset A of PpE ˆ Λq, we have

´ inf
QPÅ

EntpQ | P̄dipq ď lim inf
λÑ0

lim inf
NÑ8

1

N
logPλN,βpiN P Aq

ď lim sup
NÑ8

1

N
logPλN,βpiN P Aq ď ´ inf

QPĀ
EntpQ | P̄dipq (5.34)

In addition, for all ε ą 0, we have

lim
λÑ0

lim sup
NÑ8

PλN,βpiN R BpP̄dip, εqq “ 0. (5.35)

We finally address the important question of the fluctuations of linear statistics. We provide an
energetic control, similar in spirit to [185, Prop 2.5], showing that Lipschitz functions fluctuate less
than OpN1{2α

1{2
λ q, for some αλ tending to 0 as λ tends to 0. Note that one could obtain a better

rate of fluctuations in opN1{2q at fixed λ, but this would require different arguments.

Proposition 5.1.3. For a Lipschitz test-function ξ : Λ Ñ R, let us define

FluctN pξq :“

ż

Λ
ξ

˜

N
ÿ

i“1

pδxi ´ δyiq

¸

.

Set

αλ “

$

’

’

’

’

&

’

’

’

’

%

| log λ|´1 if β “ 2

λ
2pβ´2q

β if β P p2, 4q

λ| log λ|1{2 if β “ 4

λ if β P p4,8q.

(5.36)

Then, there exists a constant C ą 0 such that

logEPλ
N,β

rexpppFluctN pξqq2qs ď CNαλ}∇ξ}2L8 .

In order to prove Theorem 5.1.1 we need to obtain sharp upper and lower bounds on the energy
of a configuration in terms of its dipoles and multipoles, and good corresponding “volume estimates".
A generic configuration can be quite complicated, in particular it is not obvious how to extract its
dipoles. As we did in [186] we follow important ideas of [139] which consists in examining the
nearest neighbor graph of a configuration and its nearest neighbor distances, denoted for each point
of the configuration zi by r1pziq. Combining this description in terms of nearest neighbor distances
with the electric formulation turns out to be a powerful way to quickly obtain energy lower bounds.
This is done by a ball-growth method, which consists in expanding the circular charges δpλq

zi into
a charge δpr1pziqq

zi of same mass but supported in the disc Bpzi, r1pziqq. This way the discs remain
distinct and Newton’s theorem applies to show the interaction energy has essentially not changed
during that growth process. This however misses an order 1 in the interaction energy of each dipole.
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In order to avoid this loss, we push here this method further: we examine second nearest neighbor
distances r2pziq and second nearest neighbor graphs and expand the circular charges to size r2. In
the works on the one-component plasma [184, 9, 239] we were able to take advantage of the fact
that when all the charges are positive, the interaction of disc charges decreases when the radii are
increased. This is no longer the case in a situation with different signs, and so instead of using
monotonicity, we proceed to a direct estimation of the change in the interaction when the discs are
increased. We then obtain an estimate which bounds from below the energy in terms of nearest
neighbor interactions only and which is more precise than that of [139] or [186], as the only error
remaining in the estimate corresponds to dipole-dipole interaction.

An important feature of this dipole decomposition lower bound is that it is amenable to integra-
tion in phase-space with the method of Gunson-Panta (revisited in [186]) of separating the integral
over types of nearest neighbor graphs. This part contains the most delicate estimates as we need to
control the contributions of the dipole-dipole interaction errors, something not handled in [139, 186]
and which requires new ideas.

A matching lower bound is provided, which leverages again on the electric formulation to compute
the energy as a sum of noninteracting dipoles (they are made noninteracting by solving for local
electric potentials satisfying zero Neumann boundary condition). Once matching upper and lower
bounds are obtained, it must follow that the Gibbs measure did concentrate on dipole configurations,
as deduced in (5.22).

Plan of the paper: Section 5.2 is devoted to the proof of the energy lower bound and reduction
to a dipole energy by the ball-growth method. In Section 5.3, this lower bound is inserted into
the Gibbs measure to produce, via suitable decomposition of the phase-space and large deviation
estimates, the free energy upper bound. Section 5.4 provides a matching lower bound by explicit
construction of configurations and estimates of their free energy. Section 5.5 present a first bound
on linear statistics, and Section 5.6 proves Theorem 5.1.2 on the convergence to a Poisson dipole
process.

Acknowledgements: We would like to thank Christophe Garban and Thomas Spencer for very
helpful discussions on the nature of the BKT transition.

5.2 Nearest neighbors and dipole decomposition lower bound

5.2.1 Definitions

Signed point configurations

With the shortcut Z2N for pXN , YN q, we are able to rewrite (5.12) as

hλ “ g ˚

˜

2N
ÿ

i“1

diδ
pλq
zi

¸

and thus

´∆hλ “ 2π
2N
ÿ

i“1

diδ
pλq
zi . (5.37)

When increasing the discs we will also denote similarly for any vector α⃗ “ pα1, . . . , α2N q in R2N

hα⃗ “ g ˚

˜

2N
ÿ

i“1

diδ
pαiq
zi

¸

. (5.38)
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Successive nearest neighbor distances

First we set

r1pziq :“ max

ˆ

λ,
1

4
min
j‰i

|zi ´ zj |

˙

, (5.39)

then for each p ě 2,

rppziq :“ max

ˆ

λ,
1

4
min

jRti,ϕ1piq,...ϕp´1piqu
|zi ´ zj |

˙

(5.40)

where ϕ0piq “ i and for each k ě 1, zϕkpiq denotes some point (it is in general not unique) of the
configuration R tzi, . . . , zϕk´1piqu such that |zi ´ϕkpiq| achieves the min that arises in the definition
of rkpziq. We call zϕkpiq the k-th nearest neighbor to zi. We note that we always have

max

ˆ

λ,
1

4
|zi ´ zϕkpiq|

˙

“ rkpziq.

We also denote
Nkpiq :“ ti, ϕ1piq, . . . , ϕkpiqu (5.41)

the set of the k first nearest neighbors indices.

Nearest neighbor graphs

As discussed in the introduction, the dipole decomposition estimate will be used in conjunction with
the method of Gunson-Panta [139] which breaks the configuration into nearest neighbor graphs. It
is worth noting however that [139] builds the nearest neighbor graphs of all particles, irrespective of
their sign, whereas for us the sign will play an important role.

The nearest-neighbor graph γ2N pZ2N q of Z2N is a directed graph on t1, . . . , 2Nu, with an edge
from p to q if zq is the nearest-neighbor of zp. The graph γ2N pZ2N q has between 1 and N connected
components and each of its connected components contains a 2-cycle with trees attached to each
vertex of the 2-cycle. We denote D2N,K the set of nearest-neighbor graphs on t1, . . . , 2Nu with K
connected components. Note that each labeling of points gives rise to a different digraph. We also
let D2N,K,n, 1 ď n ď K be the set of nearest-neighbor graphs with n neutral 2-cycles.

Let γ P D2N,K,n. Let us denote I1, . . . , IK the connected components of γ and for each
k P t1, . . . ,Ku, let us label mk and m1

k the two vertices of the 2-cycle in Ik and call Ck “ tmk,m
1
ku

the corresponding 2-cycle. We also let

Idip :“ tYkCk, Ck “ ti, ϕ1piqu, didϕ1piq “ ´1u (5.42)

i.e. the indices corresponding to isolated neutral dipoles (i.e. whose 2-cycle form a connected
component of the graph γ).

Additional results on gλ

Returning to (5.8), we note that

g1pzq “ κ`

ĳ

gpx´ yqδ
p1q

0 pyq

´

δp1q
z ´ δ

p1q

0

¯

pxq “ κ` ´

ż

BBp0,1q

z ¨ ν `Op|z|2q

“ κ`Op|z|2q (5.43)

as |z| Ñ 0, where we used that g ˚ δ
p1q

0 “ g “ 0 on BBp0, 1q by Newton’s theorem.
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By scaling, we also have

gλpzq “ gpλq ` g1pz{λq, |gλpzq ´ gpmaxp|z|, λqq| ď C (5.44)

where C is some universal constant.

5.2.2 Dipole expansion of the energy

For i P Ck for some k “ 1, . . . ,K, we let

Di “ di ` dϕ1piq. (5.45)

If the 2-cycle is neutral, as in the most typical case, then Di “ 0.

Proposition 5.2.1 (Dipole decomposition of the energy). Let pXN , YN q be any configuration in
Λ2N and consider its nearest neighbor graph decomposition as above with n denoting the number
of neutral 2-cycles. We have

FλpXN , YN q

ě
1

2

K
ÿ

k“1

˜

ÿ

iPCk

didϕ1piqgλpzi ´ zϕ1piqq ´ diDi

`

g
`

minpr2pziq, r2pzϕ1piqq
˘

` κ
˘

´ C

ˆ

r1pziq

r2pziq

˙2

´
ÿ

iPIkzCk

pgpr2pziqq ` κq

¸

(5.46)

where C is universal.

Here the error term corresponds to dipole-dipole interaction and is small when a dipole is well-
separated from other points so that r1 ! r2, which we can expect for a large proportion of the
small dipoles, but not for long dipoles nor dipoles which belong to a quadrupole or more generally
a multipole. The error term in diDi corresponds to nonneutral dipoles, they are sharp, and not
problematic since nonneutral dipoles carry an excess energy which can be retrieved from the main
interaction term, but has to be limited by the distance to second nearest neighbors.

We now rephrase this inequality into one that is less sharp but will be more convenient for our
purposes.

Corollary 5.2.2. For any configuration pXN , YN q in Λ2N , using the above notation, we have

FλpXN , YN q ě ´
1

2

ÿ

iRtYkCk,didϕ1piq“1u

gλpzi ´ zϕ1piqq

´ C
ÿ

iPIdip,ϕ2piqPIdip

ˆ

r1pziq

r2pziq

˙2

´ CpN ´ nq, (5.47)

where C is universal, Idip is as in (5.42) and n is the number of neutral 2-cycles in the graph.

The right-hand side thus reduces the interaction to just nearest-neighbor interactions, except
those of non-neutral 2-cycles (which in fact contribute positively to the energy). The error term is
restricted to the connected components that consist of just an isolated neutral 2-cycle.
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Proof of the corollary. First we note that if i P Ck and if didϕ1piq “ ´1, we have Di “ 0 and the
corresponding term in the sum (5.47) reduces to ´gλpzi´zϕ1piqq. If on the other hand didϕ1piq “ 1,
then diDi “ 2 and we observe that since minpr2pziq, r2pzϕ1piqqq ě r1pziq “ r1pzϕ1piqq and by
definition (5.39) and (5.44), we have

gλpzi ´ zϕ1piqq ´ 2
`

g
`

minpr2pziq, r2pzϕ1piqq
˘

` κ
˘

´ C

ˆ

r1pziq

r2pziq

˙2

ě ´C 1

for some universal constant C 1. Next, for i P IkzCk we use that r2pziq ě r1pziq and by definition
(5.39) and (5.44), gpr2pziqq ě gλpzi ´ zϕ1piqq ´ C with again C a universal constant. We deduce
that

FλpXN , YN q ě ´
1

2

ÿ

iRtiPYkCku

gλpzi ´ zϕ1piqq

´
1

2

ÿ

iPYkCk,didϕ1piq“´1

˜

gλpzi ´ zϕ1piqq ´ C

ˆ

r1pziq

r2pziq

˙2
¸

´C|ti : didϕ1piq “ 1u| ´C
K
ÿ

k“1

p|Ik| ´2q.

We then note that by definition of n (the number of neutral 2-cycles), we have

|ti : didϕ1piq “ 1u| ď 2pN ´ nq

while the number of points not in a 2-cycle is bounded by the number of points not in a neutral
2-cycle, which is 2pN ´ nq. Since r1{r2 is always bounded by 1, we may absorb the error term into
N ´ n for all points belonging to a connected component of γ2N which is not reduced to a 2-cycle
or whose second nearest-neighbor index ϕ2piq is not in a 2-cycle. Hence the result follows.

We now turn to the proof of Proposition 5.2.1. As explained in the introduction, the proof relies
on an enlargement of the disc charges. To evaluate the change of energy, we use the following
lemma.

Lemma 5.2.3. For any 2N -tuples τ⃗ and α⃗, we have

1

2π

ˆ
ż

R2

|∇hτ⃗ |2 ´ |∇hα⃗|2
˙

“
ÿ

i,j

ż

R2

didj

´

g ˚ δpτiq
zi ´ g ˚ δpαiq

zi

¯´

δ
pτjq
zj ` δ

pαjq
zj

¯

. (5.48)

Proof. Observe that

hτ⃗ ´ hα⃗ “ 2π
2N
ÿ

i“1

di

´

g ˚ δpτiq
zi ´ g ˚ δpαiq

zi

¯

,

and them expand using integrations by parts and ´∆hα⃗ “ 2π
ř2N
i“1 diδ

pαiq
zi .

Proof Proposition 5.2.1. We are going to define for each point zi in the configuration, an appropriate
radius τi. Each index i belongs to one connected component Ik of the nearest-neighbor graph γ of
the configuration. We let

τi “

#

min
`

r2pziq, r2pzϕ1piqq
˘

if i P Ck
r2pziq otherwise.

(5.49)
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We then apply Lemma 5.2.3 and increase the balls from αi “ λ to τi. We obtain that

ż

R2

|∇hλ|2 ´

ż

R2

|∇hτ⃗ |2

“ 2π
ÿ

i,j

didj

ˆ
ĳ

gpx´ yqδpλq
zi pxqδpλq

zj pyq ´

ĳ

gpx´ yqδpτiq
zi pxqδ

pτjq
zj pyq

˙

. (5.50)

First, if τi “ τj “ λ, the terms in parenthesis cancel. We may thus restrict the sum to the situation
where maxpτi, τjq ą λ, which also means that r2pziq or r2pzjq is the true (quarter of the) second
neighbor distance. Next, if Bpzi, λq and Bpzj , λq intersect, so do Bpzi, τiq and Bpzj , τjq since by
definition and (5.40), τi ě λ, τj ě λ. If on the other hand Bpzi, λq and Bpzj , λq are disjoint, and
Bpzi, τiq and Bpzj , τjq as well, then by Newton’s theorem and mean value theorem the two terms in
the parenthesis are equal to gpzi ´ zjq hence cancel. We may thus restrict the sum to the situation
where maxpτi, τjq ą λ and Bpzi, τiq and Bpzj , τjq intersect, that is

|zi ´ zj | ď τi ` τj ď r2pziq ` r2pzjq ď 2maxpr2pziq, r2pzjqq (5.51)

in view of the definitions (5.49). Since r2pziq or r2pzjq is the true (quarter of the) second neighbor
distance, this implies that j P N1piq or i P N1pjq. Moreover, let us show that (5.51) implies that we
have both i P N1piq and j P N1pjq. If i “ j this is obvious. If not, then say j ‰ i and j R N1piq,
this means that j “ ϕkpiq with k ě 2. In particular zi, zϕ1piq and zj are distinct and we thus have,
by definition (5.40)

r2pziq ď
1

4
|zi ´ zj |.

On the other hand, we know that zi “ zϕ1pjq, and zϕ1piq is a point distinct from zj and zϕ1pjq thus
by triangle inequality and definition (5.40)

r2pzjq ď
1

4
|zj ´ zϕ1piq| ď

1

4
|zj ´ zi| `

1

4
|zi ´ zϕ1piq| ď

1

4
|zi ´ zj | `

1

4
|zi ´ zj |

from which it follows that
r2pziq ` r2pzjq ď

3

4
|zi ´ zj |

a contradiction with (5.51). Thus the sum reduces to terms for which i “ j or i and j are both
nearest neighbor to each other, which we denote by „, i.e. i and j belong to a 2-cycle of the nearest
neighbor graph.

With the definition (5.8) and (5.6), we thus get from (5.50) that

ż

R2

|∇hλ|2

ě 2π
2N
ÿ

i“1

pgλp0q ´ gpτiq ´ κq ` 2π
ÿ

i‰j:j„i

didj

´

gλpzi ´ zjq ´

ĳ

gpx´ yqδpτiq
zi pxqδ

pτjq
zj pyq

¯

.

(5.52)

We examine the contribution of the 2-cycles. If i P Ck, then τi “ τj by definition and thus by
(5.44) the contribution of the parenthesis in (5.52) is

2πdidj

´

gλpzi ´ zjq ´ gpτiq ´ g1p
zi ´ zj
τi

q

¯

.
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This term appears twice due to the two edges between the vertices of the cycle and to the equality
τi “ τj .

We also note that Bpzi, 4r1pziqq contains at least 2 points, hence by triangle inequality, we find
that if i „ j, we have

r2pzjq ď
1

4
|zi ´ zj | ` r2pziq. (5.53)

Reversing the roles of i and j this implies that if i „ j, we have

|r2pziq ´ r2pzjq| ď
1

4
|zi ´ zj | ď r1pziq. (5.54)

We deduce that zi´zj
τi

“ Op
r1pziq
r2pziq

q.

In view of (5.43) we may replace g1p
zi´zj
τi

q by κ`O
´

|zi´zj |2

τ2i

¯

, and then by κ`O
´´

r1pziq
r2pziq

¯2¯

.
Inserting these facts into (5.52), we obtain that

ż

R2

|∇hλ|2 ě 4πNgλp0q ´ 2π
2N
ÿ

i“1

pgpτiq ` κq

` 2π
ÿ

i‰j:j„i

didj

˜

gλpzi ´ zjq ´ gpτiq ´ κ`O
´´ r1pziq

r2pziq

¯2¯
¸

. (5.55)

We may now split this over the connected components of the nearest neighbor graph Ik, and obtain
by regrouping terms

ż

R2

|∇hλ|2 ě 4πNgλp0q

` 2π
K
ÿ

k“1

˜

ÿ

iPCk

didϕ1piqgλpzi ´ zϕ1piqq ´ di
`

di ` dϕ1piq

˘

pgpτiq ` κq `O
´´ r1pziq

r2pziq

¯2¯

´
ÿ

iPIkzCk

gpr2pτiqq ` κ

¸

In view of the definition of Fλ (5.14) we obtain the result.

5.3 Free energy upper bound

This section is devoted to the proof of the free energy upper bound. This will be based on the energy
lower bound of Corollary 5.2.2 which reduces the interaction to nearest neighbor terms, together
with a quadratic error depending on second nearest neighbor distances. The main difficulty is to
partition the phase-space efficiently to integrate the exponential of this reduced energy. This is
based on refinements of the Gunson-Panta change of variables and approach [139]. We will start by
proving upper bounds for simpler nearest neighbor models and build up to the upper bound for the
full model including the second nearest neighbors errors.

5.3.1 Preliminaries

We start by presenting some tools needed to implement the integrations.
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Dirichlet integrals

We first recall a result on computing “multiple Dirichlet integrals of type 1", see [254, p. 258].

Lemma 5.3.1 (Dirichlet integrals). Given an integer k ě 1 and α1, . . . , αk ą 0, let

Ikpα1, . . . , αkq :“

ż

pR`qk
10ăt1`...`tkă1t

α1´1
1 . . . tαk´1

k dt1 . . . dtk. (5.56)

Then
Ikpα1, . . . , αkq “

Γpα1q . . .Γpαkq

Γpα1 ` . . .` αkq

1

α1 ` . . .` αk
(5.57)

and if the k-tuple pαiq
k
i“1 is defined by αi “ α ą 0 for 1 ď i ď k0 and αi “ 1 for k0 ` 1 ď i ď k,

then
log Ik “ ´pαk0 ` pk ´ k0qq logpαk ` k ´ k0q `Opkq. (5.58)

Proof. The identity (5.57) can be checked by successive integration by parts or using a Fourier
transform argument. For the particular case stated in the lemma, we find from (5.57) that

Ik “
Γpαqk0

Γpαk0 ` k ´ k0q

1

αk0 ` k ´ k0
. (5.59)

The relation (5.58) is then derived using Stirling’s formula.

Gunson-Panta change of variables

The Gunson-Panta method relies on considering the nearest neighbor graph of a configuration and
partitioning the phase-space accordingly. We use the notation introduced already in Section 5.2, but
we can apply it more generally to p points, and not necessarily an even number of points. Given a
set of p points z1, . . . , zp, let I1, . . . , IK denote the connected components of its nearest neighbor
graph, and denote by mk and m1

k the two points of the 2-cycle Ck. We then define the Gunson-Panta
change of variables via the map

ΦGPp pz1, . . . , zpq “ pu1, . . . , upq (5.60)

where

ui “

"

zi ´ zϕ1piq if i P Ik, j ‰ m1
k

zi if i “ m1
k.

(5.61)

Number of graphs

It will be important to count the number of nearest-neighbor graph types. The number of nearest
neighbor graphs on t1, . . . , pu with K connected components is given by

|Dp,K | “
2pp´ 1q!pp´2K

2KpK ´ 1q!pp´ 2Kq!
. (5.62)

This identity can be found for instance in [139]. One can check that

log |Dp,K | “ p log p´K logK` pp´ 2Kqplog p´ logpp´ 2Kqq ´K´K log 2`Oplog pq. (5.63)

Remark 19 (Typical number of connected components). Assume that z1, . . . , zp are p i.i.d variables
drawn uniformly on the square Λ “ r0, 1s2. Then, the number of connected components of γp
satisfies

ErKs “
3π

8π ` 3
?
3
p` oppq.

We refer to [110, Theorem 2] for a proof of this statement.
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5.3.2 Upper bound for a reduced dipole model

Corollary 5.2.2 tells us that up to an error term involving ratios of nearest and second-nearest neighbor
distances, one can bound from below Fλ by

Fdipλ pZ2N q :“ ´
1

2

ÿ

iRtiPYkCk,didϕ1piq“1u

gλpzi ´ zϕ1piqq ´ CpN ´ nq, (5.64)

where n stands for the number of neutral 2-cycles in the system. The energy Fdipλ defines a reduced
dipole model that we now study.

Lemma 5.3.2 (Expansion for the reduced dipole model). Let β P r2,`8q and Cβ be the constant
defined in (5.16). For β ą 2, we have

log

ż

r0,
?
Ns2Nˆr0,

?
Ns2N

exp
´

´βFdipλ pXN , YN q

¯

dXNdYN

ď 2N logN `Np2 ´ βq log λ´N `N logCβ `OplogNq. (5.65)

For β “ 2, we have

log

ż

r0,1s2Nˆr0,1s2N
exp

´

´βFdipλ pXN , YN q

¯

dXNdYN ď 2N logN`N log | log λ|´N`O
´ N

| log λ|

¯

.

(5.66)

Because β ě 2, the free energy of a neutral dipole of size λ diverges in logpλ2´β1βą2 `

| log λ|1β“2q as λ tends to 0. As a consequence, pairs of particles of opposite charges are formed
and most of them are of size λ. We will see below that the the leading-order behavior of the system
under PλN,β is the same as under this reduced dipole model.

Proof. Step 1: change of variables. Let us denote

Kλ
N,β “

ż

r0,
?
Ns2Nˆr0,

?
Ns2N

exp
´

´βFdipλ pXN , YN q

¯

dXNdYN . (5.67)

Following [139], we expand the partition function by splitting the phase space according to the
nearest-neighbor graph of the points γ2N . Let γ be a graph in D2N,K . Performing the Gunson-
Panta change of variables (5.60) with p “ 2N , and using (5.64) we may write

ż

tγ2N“γu

expp´βFdipλ qdZ2N

ď eCβpN´nq

ż

ΦGP
2N ptγ2N“γuq

K
ź

k“1

ź

iPIkzCk

exp
´β

2
gλpuiq

¯

exp
´

β1tdmk
dm1

k
“´1ugλpumk

q

¯

dUN . (5.68)

Indeed, if tmk,m
1
ku is a 2-cycle, the interaction gλpumk

q is counted twice, which explains why this
term appears in the above integral with a factor β instead of β{2 in the above integral, which turns
out to be crucial: since β ą 2, when tmk,m

1
ku is a 2-cycle, the term exppβgλpumk

qq diverges. On
the other hand the weight of pairs of points which are not in a dipole while converge if β ă 4 and
diverge if β ě 4.
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Step 2: integration in the case β P p2, 4q. If i is not in a 2-cycle, the weight associated with
gλpuiq is not divergent when β ă 4, hence one can remove the cutoff λ. Using that gλ ď g ` C
from (5.44) we find

ż

tγ2N“γu

expp´βFdipλ q ď eCβpN´nq

ˆ

ż

Φptγ2N“γuq

K
ź

k“1

ź

iPIkzCk

C exp
´β

2
gpuiq

¯

exp
´

β1tdmk
dm1

k
“´1ugλpumk

q

¯

dUN . (5.69)

The domain of integration is a complicated subset of R2N but one can approximate it by a simple
subset by keeping only a volume constraint. The balls Bpzi, 2r1pziqq being disjoint, one may check
that

ΦGP2N ptγ2N “ γuq Ă D :“
!

U2N P R4N :
K
ÿ

k“1

ÿ

iPIk,i‰m
1
k

|ui|
2 ď

N

4π
,@k P t1, . . . ,Ku, um1

k
P Λ

)

.

Using this approximation one can integrate separately the neutral dipole variables umk
and the

variables u1
mk

on Λ and we get

ż

tγ2N“γu

expp´βFdipλ q ď eCβpN´nq
´

ż

R2

exppβgλpuqqdu
¯n

ˆ C2pN´KqNK

ż

D1

1

|u1|
β
2

¨ ¨ ¨
1

|u2N´K´2n|
β
2

dU2N´K´n, (5.70)

where

D1 “

!

U2N´K´n P pR2q2N´K´n : |U2N´K´n|2 ď
N

4π

)

, (5.71)

where u2N´K´2n`1, . . . , u2N´K´n correspond to the non-neutral dipoles, which are not counted in
the interaction.

Performing a polar change of coordinates for the first integral we recognize
ż

R2

exppβgλpuqqdu “ 2π

ż 8

0
exppβgλprqqrdr “ 2πλβ´2

ż 8

0
exppβg1prqqrdr “ λβ´2Cβ ą 0

(5.72)
by definition (5.16).

It remains to estimate the second integral in (5.70). By performing a polar change of coordinates
again and the change of variables r1

i “ r2i , we can rewrite this as an integral over a simplex of
R2N´K´n. By scaling one obtains

ż

D1

1

|u1|
β
2

¨ ¨ ¨
1

|u2N´K´2n|
β
2

dU2N´K´n

ď
p2πq2N´K´n

22N´K´n

´ N

4πp2N ´K ´ nq

¯2N´n´K´
β
4

p2N´K´2nq
ż

D2

r
´

β
4

1 . . . r
´

β
4

2N´K´2ndR2N´K´n,

(5.73)

where
D2 “

␣

R2N´K´n P pR`q2N´K´n : r1 ` . . .` r2N´K´n ď 2N ´K ´ n
(

.
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Since β P p2, 4q, we can set α “ 1 ´
β
4 ą 0 and k0 “ 2N ´ K ´ 2n and insert (5.58) into (5.73)

to obtain, using 2N ´ 2K ´ 2n ď 2pN ´ nq,

log

ż

D1

2N´K´n
ź

i“1

exp
´β

2
gλpviq

¯

vidvi

ď

´

2N ´ n´K ´
β

4
p2N ´K ´ 2nq

¯

log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq

ď p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq, (5.74)

for some constant c0 depending on β. Combining with (5.70) and (5.72), this gives

log

ż

tγ2N“γu

expp´βFdipλ q ď K logN ` np2 ´ βq log λ`N logCβ

` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq (5.75)

Step 3: integration in the case β “ 2. In the case β “ 2, one may separate the variables
um1

k
from the others but one should keep a volume constraint on the integral over dipole variables.

Instead of (5.70), we write
ż

tγ2N“γu

expp´βFdipλ q ď eCβpN´nqNK

ż

D
exppβgλpu1qq . . . exppβgλpunqqdUn

ˆ C2pN´Kq

ż

D1

1

|u1|
β
2

. . .
1

|u2N´2K´2n|
β
2

dU2N´K´n, (5.76)

where D1 is as in (5.71) and D given by

D “

!

Un P pR2qn : |u1|2 ` . . .` |un|2 ď
N

4π

)

. (5.77)

For the first integral, one may check that

log

ż

D
exppβgλpu1qq . . . exppβgλpunqqdUn ď n log

´

ż

b

N
n

0
exppβgλprqqdr

¯

“ n log
´

ż λ

0
exppβgλprqqdr `

ż

b

N
n

λ

1

r
dr
¯

“ n log
´

| log λ| `
1

2
logp

N

n
q `Op1q

¯

. (5.78)

Let us emphasize that contrarily to the case β ą 2, the integral of exppβgλq over p0, λq does not
diverge as λ tends to 0. The second integral may be bounded as in Step 2, which gives together
with (5.78),

log

ż

tγ2N“γu

expp´βFdipλ q ď K logN ` n log | log λ| ` n log
´

| log λ| `
1

2
logp

N

n
q `Op1q

¯

` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq.

Step 4: integration in the case β ě 4. For β ą 4 the variables with factor ´β{2 in (5.70) turn
to be also diverging and one instead writes
ż

tγ2N“γu

expp´βFdipλ q ď eCβpN´nqNK
´

ż

R2

exppβgλpuqqdu
¯n´

ż

R2

exp
´β

2
gλpuq

¯

du
¯2pN´Kq

.

(5.79)
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As a consequence, arguing as in (5.72)), one gets

log

ż

tγ2N“γu

expp´βFdipλ q ď K logN ` pβ ´ 2qn| log λ| ` n logCβ ` 2pN ´Kqp
β

2
´ 2q| log λ|

` CpN ´ nq, (5.80)

where the term pN ´Kq logCβ{2 is absorbed into N ´ n. For β “ 4 one gets

log

ż

tγ2N“γu

expp´βFdipλ q ď K logN ` pβ ´ 2qn| log λ| ` n logCβ

` 2pN ´Kq log | log λ|1β“4 ` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` CpN ´ nq, (5.81)

Step 5: sum over graphs and optimization.
The total number of pairs of particles is Np2N ´ 1q and the number of pairs of neutral charge is
N2. It follows that

|D2N,K,n| “ |D2N,K |

`

N2

n

˘`

NpN´1q

K´n

˘

`

Np2N´1q

K

˘
.

One can therefore check from (5.62) and (5.63) that

log |D2N,K,n| ď log |D2N,K | ´ n log 2 `OplogNq, (5.82)

which yields using Stirling’s formula

log |D2N,K,n| ď 2N logp2Nq´K logK`2pN´KqplogN´logpN´Kqq´n´2n log 2`OplogNq.
(5.83)

Combining (5.75) and (5.83), we find that in the case β P p2, 4q,

log

ż

tγ2N“γu

expp´βFdipλ q ` log |DN,K,n| ď np2 ´ βq log λ` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

`N logCβ`2N logp2Nq´K logK´2pN´Kq log
´

1´
K

N

¯

´np1`2 log 2q`c0pN´nq`OplogNq.

(5.84)

Using the fact the logarithm of a sum of N terms equals the logarithm of the maximum, up to an
error smaller than logN , we find

logKλ
N,β ď max

1ďnďKďN

´

log

ż

tγ2N“γn,Ku

expp´βFdipλ q ` log |D2N,K,n|

¯

ď 2N logp2Nq `NplogCβ ´ 1 ´ 2 log 2q ` max
1ďnďKďN

IpK,nq `OplogNq, (5.85)

where

IpK,nq :“ np2 ´ βq log λ` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

`K logN ´K logK ´ 2pN ´Kq log
´

1 ´
K

N

¯

` c0pN ´ nq. (5.86)
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It remains to optimize IpK,nq with respect to K and n under the condition that 1 ď n ď K ď N .
Let us denote x “ K

N and y “ n
N which are such that 0 ď y ď x ď 1. The important point is that

the terms in logN in the definition of (5.86) scale out: more precisely the term K logN coming
from the integration of the roots of the K 2-cycles in Λ cancels out, at the leading order, with the
term ´K logK coming from the combinatorial factor (5.83). On A :“ tpx, yq P r0, 1s2 : y ď xu

define the function

φβpx, yq “ yp2´βq log λ`p2´x´yq log
´ 2

2 ´ x´ y

¯

´x log x´2p1´xq logp1´xq`c0p1´xq,

(5.87)

so that IpK,nq “ Nφβp nN ,
K
N q. The term yp2 ´ βq log λ imposes the maximum. Indeed the other

terms are independent of λ and since log λ Ñ ´8 as λ Ñ 0 with β ą 2, there exists a constant
c ą 0 depending on β such that for λ small enough, the maximum of φβ is attained for y ě 1´ c

| log λ|
.

Fix x ě 1 ´ c
| log λ|

. The function y ÞÑ φβpx, yq is increasing on p1 ´ c
| log λ|

, 1q therefore

sup
px,yqPA

φβpx, yq “ sup
xą1´ c

| log λ|

φpx, xq “ φβp1, 1q. (5.88)

It follows that for λ small enough,

max
1ďnďKďN

IpK,nq “ IpN,Nq. (5.89)

Inserting this into (5.85) we find that for β P p2, 4q.

logKλ
N,β ď 2N logN ` p2 ´ βqN log λ`N logCβ ´N `OplogNq, (5.90)

which concludes the proof of the lemma in the case β P p2, 4q. In the case β “ 2, (5.85) is replaced
by

logKλ
N,β ď 2N logp2Nq ´Np1 ` 2 log 2q ` max

0ďnďKďN
IpK,nq `O

´ N

| log λ|

¯

,

where

IpK,nq :“ n log log |λ| `np
β

2
´ 1q logN ´ p1´

β

4
qp2N ´ 2Kq log

´

p1´
β

4
q2pN ´Kq `K ´n

¯

´K logK ´ 2pN ´Kq log
´

1 ´
K

N

¯

` c0pN ´ nq “ Nφβp
n

N
,
K

N
q, (5.91)

where φβ is defined by

φβ : px, yq P A ÞÑ y log | log λ|`yp
β

2
´1q logN´p2´

β

2
qp1´xq log

´

N
´

p2´
β

2
qp1´xq`x´y

¯¯

´ x logpNxq ´ 2p1 ´ xq logp1 ´ xq ´ yp1 ` 2 log 2q ` c0p1 ´ yq,

Arguing exactly like in the case β P p2, 4q, one may check that for λ small enough, ϕβ is maximal
for x “ y “ 1, which proves (5.66). Now assume that β ě 4. In view of (5.80), the expression
(5.85) is then replaced by

logKλ
N,β ď logKλ

N,β ď 2N logp2Nq `N logpCβ ´ 1 ´ 2 log 2q ` max
1ďnďKďN

IpK,nq `OplogNq,
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where

IpK,nq “ np2 ´ βq log λ` 2pN ´Kq

´

p
β

2
´ 2q| log λ|1βą4 ` log | log λ|1β“4

¯

´K logK

´ 2pN ´Kq logp1 ´
K

N
q ` c0pN ´ nq, (5.92)

leading to optimize the function

φβpx, yq “ yp2 ´ βq log λ` 2p1 ´ xq

´

p
β

2
´ 2qplog λq1βą4 ` log | log λ|

¯

´ 2p1 ´ xq logp1 ´ xq ` c0p1 ´ yq. (5.93)

One can check that for λ small enough, ϕβ attains its maximum at x “ y “ 1, thus showing that
(5.90) also holds for β ě 4.

Step 6: optimization under constraint.
For the rest of the paper, it will be useful to optimize IpK,nq under constraint. In order to upper
bound the probability of having less than n0 neutral dipoles, we will need to consider the maximum
of IpK,nq under the constraint n ď n0 and K ě n. Let us compute the maximum of φβ over the
event A “ tpx, yq P r0, 1s2 : y ď n0

N , x ě yu. Proceeding as in Step 5, one can see that λ small
enough,

sup
px,yqPA

φβpx, yq ď φβp
n0
N
,
n0
N

q. (5.94)

As a consequence for λ small enough,

max
nďn0,Kěn

IpK,nq ď Ipn0, n0, N,Nq ď n0pp2´ βq log λ1βą2 ` log | log λ|1β“2q `CpN ´n0q.

(5.95)

5.3.3 Upper bound on the energy of p points for a nearest-neighbor model

We now study a new nearest-neighbor model which will be useful for evaluating the contributions
of the dipole-dipole interaction or quadrupole errors that appear in (5.47). We consider an integral
of p variables z1, . . . , zp living on Λ, where the nearest neighbor interaction energy is counted only
for a small subgroup of k points z1, . . . , zk. In practice, this result will be applied to p ď cNλα for
some α ą 0. Let us emphasize that the computations differ significantly from those of Lemma 5.3.2
since the probability that both points of a 2-cycle in the nearest neighbor graph of z1, . . . , zp belong
to the subset tz1, . . . , zku is small.

Lemma 5.3.3. Let k ď p and let us consider the energy over r0, 1s2p defined by

Fkpz1, . . . , zpq :“
1

2

k
ÿ

i“1

log pr1pziqq (5.96)

with r1 defined by

r1pziq “ min
´ λ

?
p
,
1

4
min
j‰i

|zi ´ zj |
¯

. (5.97)
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Then

log
´

ż

Λp

exp p´βFkpz1, . . . , zpqqdZp

¯

ď
β

4
k log p` Ck `

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

0 if β ă 2
k
2 log

´

1 ` | log λ|kp

¯

if β “ 2

k
2 log

´

1 ` λ2´β k
p

¯

if β P p2, 4q

k
2 log

´

λ´2 k
p _ | log λ|2

¯

if β “ 4

k
2 log

´

λ2´β k
p _ λ4´β

¯

if β ą 4.

(5.98)

Additionally there also holds

log
´

ż

r0,1s2p

k
ź

i“1

| log r1pziq
λ |

r1pziq2
dZp

¯

ď k log p` Ck `
k

2
log

´ 1

λ2
k

p
_ | log λ|4

¯

. (5.99)

Proof. Let C0 ą 1. Let us consider the integral
ż

r0,1s2p
1

|z1|2`...`|zk|2ďC0
k
p
expp´βFkpz1, . . . , zpqqdZp. (5.100)

Let l P t0, . . . , ku be the number of points in t1, . . . , ku with nearest-neighbor in t1, . . . , ku. There
are

`

k
l

˘

ways of choosing such points. Assume that these points correspond to z1, . . . , zl. There
remains to choose the nearest-neighbors of the points zl`1, . . . , zk among zk`1, . . . , zp. The difficulty
is that some of the points zl`1, . . . , zk might share the same nearest-neighbor. Let us denote Al the
event

Al “ tpz1, . . . , zpq P r0, 1s2p : ϕ1pz1q, . . . , ϕ1pzlq P t1, . . . , lu, ϕ1pzl`1q “ zk`1, . . . , ϕ1pzkq “ z2k´lu.
(5.101)

Given a partition n1 ` . . .`nm “ k´ l with n1, . . . , nm ě 1 and m ě 1, one shall choose m subsets
of t1, . . . , pu of respective cardinal n1, . . . , nm and match all subset to a certain unique element of
tk ` 1, . . . , nu. The number of choices is then equal to

ˆ

k ´ l

n1

˙ˆ

k ´ l ´ n1
n2

˙

. . .

ˆ

nm´1 ` nm
nm´1

˙

pp´ kqpp´ 1q . . . pp´ k ´m` 1q. (5.102)

Let us remark that the number of groups m is bounded from below by k´l
6 since a single point can

be the nearest-neighbor of at most 6 distinct points. Assume that these common nearest-neighbors
are given by zk`1, . . . , zk`m (m ď k ´ l). For 1 ď m ď k´l

6 and n :“ pn1, . . . , nmq such that
n1 ` . . .` nm “ k ´ l, let us denote Al,m,n the event

Al,m,n “ Al X tpz1, . . . , zpq P r0, 1s2p : ϕ1pzl`1q “ . . . “ ϕ1pzl`n1q “ k ` 1, . . .

ϕ1pzk´nm`1q “ . . . “ ϕ1pzkq “ k `mu. (5.103)

One can see that
ż

r0,1s2p
1

|z1|2`...`|zk|2ďC0
k
p
expp´βFkpz1, . . . , zpqqdZp

ď

k
ÿ

l“0

ˆ

k

l

˙

ÿ

m,n1`...`nm“k´l

ˆ

k ´ l

n1

˙ˆ

k ´ l ´ n1
n2

˙

. . .

ˆ

nm´1 ` nm
nm´1

˙

pp´kqpp´1q . . . pp´k´m`1q

ˆ

ż

Al,m,nXt|z1|2`...`|zk|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp. (5.104)
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Assume that there are k0 2-cycles in t1, . . . , lu, k0 “ 1, . . . , tl{2u. There is a number l!
pl´2k0q!k0!

2´k0

of ways of choosing k0 pairs among t1, . . . , lu. In addition, for each point in t1, . . . , lu not in one
of these 2-cycles, there are less than pk ´ lql´2k0 number of choices for the nearest-neighbor. One
may assume without loss of generality that z1, . . . , z2k0 are the points belonging to the 2-cycles.
Let Ak0l,m,n Ă Al,m,n be the set of points with a nearest-neighbor labelling satisfying the above
constraints.

By integrating out the variables zk`m`1, . . . , zp on a subset of volume 1 ´ C0
k
p , we find that

ż

Al,m,nXt|z1|2`...`|zk`m|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp ď Ck
´

1 ´ C0
k

p

¯p´k´m

ˆ

tl{2u
ÿ

k0“0

l!pk ´ lql´2k0

pl ´ 2k0q!k0!2k0
ˆ

ż

A
k0
l,m,nXt|z1|2`...`|zk`m|2ďC0

k
p

u

expp´βFkpz1, . . . , zk`mqqdz1 . . . dzk`m.

(5.105)

Note that although our way of counting these functional digraphs is very rough, it is precise enough
for the optimization over k0 (note that for k “ p it is not that different from formula (5.62)). The
important point is that, when scaling out k0 as k0 “ lx, the terms in l logplq in the combinatorial
factors and in the integral cancel out.

Let us decompose Fkpz1, . . . , zk`mq into

Fkpz1, . . . , zk`mq “
1

2

2k0
ÿ

i“1

logpr1pziqq `
1

2

k
ÿ

i“2k0`1

logpr1pziqq. (5.106)

By construction, on the event Ak0l,m,n, the first term of (5.106) depends only on z1, . . . , z2k0 . One
may therefore integrate the second term of (5.106) with respect to z2k0`1, . . . , zm`k. By performing
a change of variables in zi ´ zϕ1piq for 2k0 ` 1 ď i ď k, one may reduce the integral to a multiple
Dirichlet integral as was done in the proof of Lemma 5.3.2. We find

ż

A
k0
l,m,nXt|z1|2`...`|zk|2ďC0

k
p

u

exp
´

´
1

2

k
ÿ

i“2k0`1

logpr1pziqq

¯

dz2k0`1 . . . dzk`m

ď Ck

¨

˝

´

d

C0k

ppk ´ 2k0q

¯p2´
β
2

qpk´2k0q

1βPr2,4q ` log
´

b

C0k
k´2k0

` 1

λ

¯k´2k0
1β“4

`

´ λ
?
p

¯p2´
β
2

qpk´2k0q

1βą4

˙

, (5.107)

and the bound is independent of m and n. In addition it is easy to check that

ż

A
k0
l,m,nXt|z1|2`...`|zk|2ďC0

k
p

u

exp
´

´
1

2

2k0
ÿ

i“1

logpr1pziqq

¯

dz1 . . . dzk`m

ď Ck

¨

˝

´ λ
?
p

¯p2´βqk0
1βą2 ` log

´

b

C0
k
k0

` 1

λ

¯k0
1β“2

˛

‚.
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Putting the two last displays together, one obtains
ż

A
k0
l,m,nXt|z1|2`...`|zk|2ďC0

k
p

u

expp´βFkpz1, . . . , zk`mqqdz1 . . . dzk`m

ď Ck
l!

pl ´ 2k0q!k0!
pk ´ lql´2k0

¨

˝

´ λ
?
p

¯p2´βqk0
1βą2 ` log

´

b

C0k
k0

` 1

λ

¯k0
1β“2

˛

‚

ˆ

¨

˝

´

d

C0k

ppk ´ 2k0q

¯p2´
β
2

qpk´2k0q

1βPp2,4q ` log
´

b

C0k
k´2k0

` 1

λ

¯k´2k0
1β“4`

´ λ
?
p

¯p2´
β
2

qpk´2k0q

1βą4

˛

‚.

Let us optimize the above function with respect to k0 P t0, . . . , tl{2uu. Assume β P p2, 4q. Using
that plogpk ´ 2k0q ´ logpkqqpk ´ 2k0q “ Opkq and 2 ´

β
2 ď 1, we have

log

ż

A
k0
l,m,nXt|z1|2`...`|zk|2ďC0

k
p

u

expp´βFkpz1, . . . , zk`mqqdz1 . . . dzk`m

ď l log l ´ pl ´ 2k0q logplq ´ k0 log l ` pl ´ 2k0q log l ` p2 ´ βqk0| log λ|

´ pp1 ´
β

2
qk ´ k0q log p` k logpC0q ` Ck

“ l log l ´ p1 ´
β

2
kq log p´ pp1 ´

β

2
k ´ k0q logp

p

l
q ` p2 ´ βqk0| log λ| ` k logpC0q ` Ck.

(5.108)

We then argue that the maximum of the above function with respect to k0 is attained for k0 “ l if
p
l λ
β´2 is small enough and for k0 “ 0 if p

l λ
β´2 is large enough. When β P p2, 4q, we deduce that

(5.105) is bounded by

log

ż

Al,m,nXt|z1|2`...`|zk|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp

ď Ck
´

1 ´ C0
k

p

¯p´k´m
ll{2Ck0

$

&

%

p λ?
pqp2´βq l

2

´
b

k
ppk´lq

¯p2´
β
2

qpk´lq
if p

l λ
β´2 ď 1

pk ´ lqlp 1?
pqp2´

β
2

qk if p
l λ
β´2 ě 1.

(5.109)

Similar computations show that for β “ 2,

log

ż

Al,m,nXt|z1|2`...`|zk|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp

ď Ck
´

1 ´ C0
k

p

¯p´k´m
Ck0

$

&

%

ll{2| log λ|
l
2

´
b

k
ppk´lq

¯p2´
β
2

qpk´ l
2

q

if p
l

1
| log λ|

ď 1

pk ´ lqlp 1?
pqp2´

β
2

qk if p
l

1
| log λ|

ě 1,
(5.110)

for β “ 4,

log

ż

Al,m,nXt|z1|2`...`|zk|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp

ď Ck
´

1 ´ C0
k

p

¯p´k´m
Ck0

$

’

&

’

%

ll{2| log λ|
l
2

´
b

k
ppk´lq

¯p2´
β
2

qpk´ l
2

q

if p
l

λ2

| log λ|2
ď 1

´

1 ´ C0
k
p

¯p´k´m
pk ´ lql| log λ|p2´

β
2

qk if p
l

λ2

| log λ|2
ě 1,

(5.111)
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and for β ą 4,

log

ż

Al,m,nXt|z1|2`...`|zk|2ďC0
k
p

u

expp´βFkpz1, . . . , zpqqdz1 . . . dzp

ď Ck
´

1 ´ C0
k

p

¯p´k´m

$

&

%

ll{2p λ?
pq

l
2

´
b

k
pp2k´lq

¯p2´
β
2

qpk´ l
2

q

if p
l λ

2 ď 1

p λ?
pqp2´

β
2

qk if p
l λ

2 ě 1.
(5.112)

Notice that there exists a constant C ą 0 such that

sup
C0ą1

´

1 ´
C0k

p

¯p´k´m
Ck0 ď Ck. (5.113)

Using (5.113) and the fact that

ÿ

m,n1`...`nm“k´l

ˆ

k ´ l

n1

˙ˆ

k ´ l ´ n1
n2

˙

. . .

ˆ

nm´1 ` nm
nm´1

˙

pp´ kqpp´ 1q . . . pp´ k ´m` 1q

“ pp´ kqk´l, (5.114)

one finds that if each of the first subcases of (5.109), (5.110), (5.111) and (5.112), there holds

ż

r0,1s2p
expp´βFkpz1, . . . , zpqqdZp ď Ck

k
ÿ

l“0

ˆ

k

l

˙

pk´l
´ λ

?
p

¯p2´βq l
2
´

1βą2 ` | log λ|
l
21β“2

¯

ll{2

ˆ

˜

´

d

k

ppk ´ 2lq

¯p2´
β
2

qpk´ l
2

q

1βPp2,4q ` | log λ|k´ l
21β“4`

´ λ
?
p

¯p2´
β
2

qpk´ l
2

q

1βą4

¸

ď Ckp
β
4
k

k
ÿ

l“0

ˆ

k

l

˙

´ l

p

¯
l
2
pλp1´

β
2

ql1βą2 ` | log λ|l{21β“2

¯´ k

k ´ l

¯p1´
β
4

qpk´lq

ˆ

´

1βă4 ` | log λ|k´l1β“4 ` λp2´
β
2

qpk´lq1βą4

¯

. (5.115)

Otherwise in all of the second subcases of (5.109), (5.110), (5.111) and (5.112), the logarithm of
the left-hand side of (5.115) is bounded by (5.98). It remains to optimize (5.115) over l. Let us
write l “ kx and consider the function

ϕβ : x P p0, 1q ÞÑ ´x logpxq´p1´xq logp1´xq`
x

2
logpλ2´βq`

x

2
logpx

k

p
q´p1´

β

4
qp1´xq logp1´xq

“ ´
x

2
logpxq `

β

4
p1 ´ xq logp1 ´ xq `

x

2
logpλ2´β k

p
q.

Notice that there exists a constant C ą 0 such that for all x P p0, 1q

|ϕβpxq| ď C `
x

2
logpλ2´β k

p
q ď C `

1

2
logpλ2´β k

p
q1λ2´β k

p
ě1.

Inserting this into (5.115) shows that for β P p2, 4q

k
ÿ

l“0

ˆ

k

l

˙

pk´l
´ 1

?
p

¯p2´
β
2

qpk´lq´ λ
?
p

¯p2´βq l
2
ll{2 ď Ck

´

1 ` λ2´β k

p

¯k{2
.
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If β ě 4, the bound (5.115) may be written

log
k
ÿ

l“0

ˆ

k

l

˙

pk´l
´ l

p

¯
l
2
λ´lp1βą4 ` | log λ|k´l1β“4q ď Ck ` sup

xPp0,1q

ϕβpxq,

where

ϕβ : x P p0, 1q ÞÑ ´x logpxq ´ p1 ´ xq logp1 ´ xq `
x

2
logpλ2´βq `

x

2
logpx

k

p
q

` p1 ´ xqplogpλ2´
β
2 q1βą4 ` log | log λ|1β“4q.

Again notice

|ϕβpxq| ď C `
x

2
log

´k

p
λ2´β

¯

` p1 ´ xqplogpλ2´
β
2 q1βą4 ` log | log λ|1β“4q.

The above function being linear in x, one can write

sup |ϕβ| ď C ` max
´1

2
logp

k

p
λ2´βq, logpλ2´

β
2 q1βą4 ` log | log λ|1β“4

¯

,

which coincides with (5.98). The proof of (5.99) is similar.

Building on the last lemma, we treat the quadratic error terms arising from the energy lower
bound of Corollary 5.2.2 when the nearest-neighbor graph consists only of isolated neutral dipoles.

Lemma 5.3.4. Let fpxq “ ´t|x|2 for some t ě 0. Let γ be a nearest neighbor graph with p isolated
neutral 2-cycle components. For every zi, let r1

1pziq denote its nearest neighbor of same sign, i.e.

r1
1pziq :“ max

´

λ,
1

4
min

j‰i,didj“1
|zi ´ zj |

¯

.

For any β ą 2 we have

log

ż

γ2p“γ
exp

´

´ β
´

Fdipλ pXp, Ypq `
ÿ

iPIdip,di“1

f
´ r1pziq

r1
1pziq

¯¯¯

dXpdYp

ď p
´

logN ` p2 ´ βq log λq ` logCβ ` Cpλβ´21βă4 ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q

¯

.

(5.116)

For β “ 2 we have

log

ż

γ2p“γ
exp

´

´ β
´

Fdipλ pXp, Ypq `
ÿ

iPIdip,di“1

f
´ r1pziq

r1
1pziq

¯¯¯

dXpdYp

ď p
´

logN ` log | log λ| `
C

| log λ|

¯

. (5.117)

Proof. First, without loss of generality, we may assume that for each i, the nearest neighbor to xi
is yi. Let us first make the change of variables

pXp, Ypq ÞÑ pXp,Wp :“ Xp ´ Ypq.
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It is a valid change of variables on the set tγ2p “ γu. We note that in the setting we are in,

r1pziq “ maxpλ,
1

4
|wi|q ď r1

1pziq,

and so we may then rewrite

ż

γ2p“γ
exp

´

´ β
´

Fdipλ pXp, Ypq `
ÿ

iPIdip,di“1

f
´ r1pziq

r1
1pziq

¯¯¯

dXpdYp

“

ż

γ2p“γ
exp

´

β

p
ÿ

i“1

gλpwiq ´ β

p
ÿ

i“1

f
´maxp14 |wi|, λq

r1
1pxiq

¯¯

dXpdWp. (5.118)

Let us integrate over Wp first, and simplify the domain of integration by including it in the set
t|wi| ď r1

1pxiqu. Using polar coordinates, (5.44), performing the change of variables |wi| “ λ|w1
i|,

and recalling that by definition r1
1pxiq ě λ we may then bound each integral over wi by

2πλ2´β

ż r1
1pxiq{λ

0
r exp

˜

βg1prq ´ βf
´λmaxp14r, 1q

r1
1pxiq

¯

¸

dr

ď 2πλ2´β

ż r1
1pxiq{λ

0
r expβg1prq

˜

1 ´ Cβf
´λmaxp14r, 1q

r1
1pxiq

¯

¸

dr

ď λ2´β

˜

Cβ ` Cβt

ż 1

0
r
´ λ

r1
1pxiq

¯2
dr ` Cβt

ż r1
1pxiq{λ

1
r1´β

´ λr

r1
1pxiq

¯2
dr

¸

(5.119)

Note that here we have used the definition of Cβ in (5.16) and the fact that g1 is bounded in the
unit ball. We then find, using r1

1pxiq ě λ,

2πλ2´β

ż r1
1pxiq{λ

0
r exp

˜

βg1prq ´ βf
´λmaxp14r, 1q

r1
1pxiq

¯

¸

dr

ď λ2´β

ˆ

Cβ ` Cβt
λ2

r1
1pxiq2

` Cβtλβ´2r1
1pxiq

2´β ` Cβt
λ2

r1
1pxiq2

ˆ

log
r1
1pxiq

λ

˙

1β“4

˙

ď λ2´βCβ

˜

1 ` CC´1
β βt

˜

ˆ

λ

r1
1pxiq

˙β´2

1βă4 `

ˆ

λ

r1
1pxiq

˙2

1βą4 `
λ2

r1
1pxiq2

ˆ

log
r1
1pxiq

λ

˙

1β“4

¸¸

.

(5.120)

Thus, defining

φpxq :“ CC´1
β βt

˜

ˆ

λ

x

˙β´2

1βď4 `

ˆ

λ

x

˙2

1βą4 `
λ2

x2

´

log
x

λ

¯

1β“4

¸

, (5.121)

we may bound the left-hand side of (5.118) by from above by

ż

γ2p“γ
exp

´

´ β
´

Fdipλ pXp, Ypq `
ÿ

iPYkCk,|Ik|“2,didϕ1piq“´1,di“1

f
´ r1pziq

r1
1pziq

¯¯¯

dXpdYp

ď λpp2´βqCpβ

ż

r0,1s2p

p
ź

i“1

p1 ` φpr1
1pxiqqqdXp. (5.122)
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We next turn to bounding the integral appearing in the right-hand side. Expanding the product and
inserting the definition of φ, we find that for β P r2, 4q,

log

ż

Λp

p
ź

i“1

p1 ` φpr1
1pxiqqqdXp

ď log

p
ÿ

k“0

ˆ

p

k

˙

Ckλkpβ´2q

ż

Λp

r1px1q2´β . . . r1pxkq2´βdx1 . . . dxp, (5.123)

with a constant that depends on β, and where we return to the notation r1pxiq to denote the nearest
neighbor of xi within the system of the xi’s. To evaluate these integrals, we may apply Lemma 5.3.3
to β1 “ 2pβ ´ 2q. For β P r2, 3q we then find (after rescaling the lemma)

log

ż

Λp

p
ź

i“1

p1 ` φpr1
1pxiqqqdXp ď log

p
ÿ

k“0

ˆ

p

k

˙

λkpβ´2qCk `Oplog pq.

By Newton’s formula this implies that for β P p2, 3q,

log

ż

Λp

p
ź

i“1

p1 ` φpr1
1pxiqqqdXp ď logp1 ` Cλβ´2qp ď Cpλβ´2,

which shows (5.116). In the general case β P r2,`8q, by applying Lemma 5.3.3, we find

log

ż

Λp

p
ź

i“1

p1 ` φpr1
1pxiqqqdXp ď p sup

p0,1q

ϕβ `Oplog pq, (5.124)

where ϕβ is the function defined by

ϕβ : x P p0, 1q ÞÑ ´x logpxq ´ p1 ´ xq logp1 ´ xq ` xplogpλmaxpβ´2,2qq1βą2 ` log | log λ|1β“2q

`
x

2

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0 if β P r2, 3q

logp1 ` | log λ|xq if β “ 3

logp1 ` λ6´2βxq if β P p3, 4q

logmaxpλ´2x, | log λ|4q if β “ 4

logmaxpλ´2x, | log λ|2q if β P p4,`8q.

(5.125)

The function ϕβ being concave, it has a unique maximizer on r0, 1s. We claim that for β P r3, 4q,
the maximizer x of ϕβ satisfies

xpλ6´2β1βPp2,3q ` | log λ|1β“3q “ Op1q. (5.126)

Assume by contradiction that (5.126) does not hold. Then, up to an extraction, one may assume
that

xpλ6´2β1βPp3,4q ` | log λ|1β“3q ÝÝÝÑ
λÑ0

`8. (5.127)

If x “ 1, then ϕβpxq “ logpλq ` Op1q ă 0 “ ϕβp0q. Therefore x P p0, 1q and by minimality
ϕ1
βpxq “ 0 and therefore

logpxq “ logpλβ´2q `
1

2
logppλ6´2β1βPp3,4q ` | log λ|1β“3qxq `Op1q,
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which implies that x “ Opλ2q, thus contradicting (5.127). As a consequence (5.126) holds. More-
over if x ‰ 0, then again ϕ1

βpxq “ 0 which gives, by Taylor expanding the logarithm that

logpxq “ logpλβ´2q `Op1q

and one can check that ϕβpλβ´2q ą 0. Therefore we find that

sup
p0,1q

ϕβpxq ď Cλβ´2,

which gives together with (5.124) the control (5.116) in the case β P r3, 4q.
We next turn to the case β ą 4. Let x be the maximizer of ϕβ . One can first dismiss the cases

x “ 0 and x “ 1. Assume that x ě λ2| log λ|2. We then have

ϕβpxq “ ´x log x´ p1 ´ xq logp1 ´ xq ` x logpλ2q `
x

2
logpλ´2xq

“ ´
x

2
log x´ p1 ´ xq logp1 ´ xq ` x logpλq :“ ψpxq “ sup

yěλ2| log λ|

tψpyqu.

It is easy to check that ψ is maximal for y “ Cλ2 and decaying on ry, 2λ2| log λ|2s. This implies
that x “ λ2| log λ|2. Let us examine the case where x ą λ2| log λ|2. We then find by optimizing
under constraint as before that logpxq “ logpλ2| log λ|q `Op1q. We conclude by observing that

ϕβpλ2| log λ|q ą ϕβpλ2| log λ|2q.

It follows that
sup
p0,1q

ϕβ ď Cλ2| log λ|,

which gives combined to (5.124) the proof of (5.116) in the case β ą 4.
It remains to examine the case β “ 4. As before, we dismiss the case x “ 0 and x “ 1. Consider

first the case where the maximizer x of ϕβ satisfies x ě λ2| log λ|4. We then find by optimization
under constraint as for the case β P r3, 4q that x “ λ2| log λ|4. Now assume that x ď λ2| log λ|4.
Then

ϕβpxq “ ´x logpxq ´ p1 ´ xq logp1 ´ xq ` x logpλ2| log λ|2q :“ fpxq.

Consequently x must be equal to the maximizer of f under the constraint x ď λ2| log λ|2, which
turns out to satisfy x “ logpλ2| log λ|2q ` Op1q. We have thus observed that in both case, the
maximizer of ϕβ satisfies x “ Opλ2| log λ|2q, yielding

sup
p0,1q

ϕβ ď λ2| log λ|2,

concluding the proof of (5.116) in the case β “ 4. Le us emphasize that for β “ 4, both functions
in the definition of the maximum in (5.125) give rise to the same maximizer, hinting a form of
criticality at β “ 4.

5.3.4 Main result

We may now obtain the main upper bound.
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Proposition 5.3.5 (Upper bound). Let β P p2,`8q and Cβ be the constant defined in (5.16).
There holds

logZλN,β ď 2N logN ` p2 ´ βqN log λ´N `N logCβ

`O
´

Npλβ´21βă4 ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q

¯

. (5.128)

For β “ 2, there holds

logZλN,β ď 2N logN `N log | log λ| ´N `O
´ N

| log λ|

¯

. (5.129)

Proof. To bound the partition function from above, we start by inserting the lower bound (5.47)
into its definition. This way it suffices to bound from above

log

ż

Λ2N

exp
´

´ β
´

Fdipλ pXN , YN q ´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2¯¯

dXNdYN . (5.130)

Let us split the integrals over the functional digraphs. Let γ P D2N,K,n. For each configuration
with graph γ, we may relabel the points so that the positive charges that form the neutral two-cycles
Ck such that |Ik| “ 2 (i.e. isolated neutral 2-cycles), are x1, . . . xp (p ď n). We may assume that
each xi for i ď p forms a cycle with yi. The remaining points are labelled z1, . . . , z2N´2p. In view
of (5.64), we may rewrite with obvious notation,

Fdipλ pXN , YN q ´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2

“ Fdipλ pZ2N´2pq ´

p
ÿ

i“1

´

gλpxi ´ yiq ` C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2¯

,

i.e. we split the energy between the contribution of the isolated neutral 2-cycles, which we can
treat by Lemma 5.3.4, and that of the rest, which we can treat by Lemma 5.3.2. We denote by
γ1 the nearest neighbor graph of the first n xi’s and yi’s, and γ2 that of the rest of the variables.
Separating variables we obtain

ż

tγ2N“γu

exp
´

´ β
´

Fdipλ pXN , YN q ´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2¯¯

dXNdYN

ď

ż

Λ2N´2pXtγ2N´2ppZ2N´2pq“γ2u

exp
´

´βFdipλ pZ2N´2pq

¯

dZ2N´2p

ˆ

ż

Λ2pXtγ2ppXp,Ypq“γ1u

exp
´

´ β
´

Fdipλ pXp, Ypq ´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2¯¯

dXpdYp. (5.131)

We next claim that

ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2
ď ´C

ÿ

iPIdip,di“1

f
´ r1pziq

r1
1pziq

¯

, (5.132)

where fpxq “ ´tx2 for some appropriate constant t, as above. This allows to replace in (5.131)
the left-hand side term by the right-hand side. Assuming the claim, and inserting into (5.131) the
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results of Lemma 5.3.2 (applied with N ´ n), more precisely (5.75), and Lemma 5.3.4, we find

log

ż

tγ2N“γu

exp
´

´ β
´

Fdipλ pXN , YN q ´ C
ÿ

iPtYkCk,|Ik|“2,didϕ1piq“´1u

´ r1pziq

r2pziq

¯2¯¯

dXNdYN

ď pn´ pqpp2 ´ βq log λ1βą2 ` log | log λ|1β“2q ` pK ´ pq logN ` pN ´ pq logCβ1βą2

` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq

` p logN ` ppp2 ´ βq log λq1βą2 ` log | log λ|1β“2 ` logCβ1βą2 ` CNγλ

“ npp2 ´ βq log λ1βą2 ` log | log λ|1β“2q `K logN `N logCβ1βą2

` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq ` CNγλ, (5.133)

where γλ is as in (5.17). There remains to sum over the functional digraphs. Using (5.83), we first
obtain that

log
´

|D2N,K,n|

ż

tγ2N“γu

exp
´

´ β
´

Fdipλ pXN , YN q

´ C
ÿ

iPtYkCk,|Ik|“2,didϕ1piq“´1u

´ r1pziq

r2pziq

¯2¯¯

dXNdYN

¯

ď 2N logp2Nq `K logN ´K logK ` 2pN ´KqplogN ´ logpN ´Kqq ´n´ 2n log 2`OplogNq

` npp2 ´ βq log λ1βą2 ` log | log λ|1β“2q `N logCβ1βą2

` p2N ´K ´ nq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq ` CNγλ

ď 2N logp2Nq `NplogCβ1βą2 ´ 1 ´ 2 log 2q ` IpK,nq ` CNγλ,

where IpK,nq is as in (5.86) for β P p2, 4q, as in (5.91) for β “ 2 and as in (5.92) for β ě 4.
Arguing as in the rest of the proof of Lemma 5.3.2, i.e. maximizing over K and n, we deduce the
result.

We finish by proving the claim (5.132). Let us first consider the case of a positively charged
point, say z1 “ x1, belonging to an isolated neutral 2-cycle. If r2px1q ě 1

2 r
1
1px1q then the absorption

is also obvious. So we may reduce to the case r2px1q ď 1
2 r

1
1px1q, which implies that r2px1q is

achieved at a negative charge, say y2, and since we consider only the case where ϕ2piq P Idip, this
means that y2 forms a neutral dipole with, say, x2. We have

r2px1q “ max

ˆ

λ,
1

4
|x1 ´ y2|

˙

ď
1

2
r1
1px1q “

1

2
maxpλ,

1

4
|x1 ´ x2|q

and
|x1 ´ y2| ď

1

2
|x1 ´ x2|

We may then write by reverse triangle inequality that

|x2 ´ y2| ě |x2 ´ x1| ´ |x1 ´ y2|

so that
r1px2q ě r1

1px1q ´ |x1 ´ y2| ě 2r2px1q ´
1

4
|x1 ´ y2| ě r2px1q ě r1px1q.

Moreover, by triangle inequality

|x2 ´ x1| ď |x1 ´ y2| ` |y2 ´ x2|
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so that by definition of r2 and the fact that the nearest neighbor to y2 is x2, we have

r1
1px2q ď r2px1q `

1

4
|y2 ´ x1| ď 2r2px1q.

It thus follows that
r1px1q

r2px1q
ď 2

r1px2q

r1
1px2q

so that the corresponding term in the sum in the left-hand side of (5.132) can be absorbed into the
sum corresponding to x2 in the right-hand side.

We next turn to the case of a negatively charged point, say y1. We first assume that the min in
the definition of r2py1q is achieved by a positive charge, say x2. By triangle inequality, and since x1
is the nearest neighbor of y1,

|x1 ´ x2| ď |x1 ´ y1| ` |y1 ´ x2| ď 2|y1 ´ x2|

so that

r1
1px1q ď maxpλ,

1

2
|y1 ´ x2|q ď 2r2py1q.

Thus, since r1px1q “ r1py1q,
r1px1q

r1
1px1q

ě
1

2

r1py1q

r2py1q

and the absorption can be made as well. Secondly, we consider the case where the min in the
definition of r2py1q is achieved by a negative charge, say y2, which forms an isolated neutral dipole
with x2. If r1px1q

r1
1px1q

ě 1
6 then the left-hand side term r1py1q

r2py1q
can be absorbed into the right-hand side

term, up to a multiplicative constant. We may thus assume that r1px1q ď 1
6 r

1
1px1q. In the same

way, we may assume that r1px2q ď 1
6 r

1
1px2q. In particular r1

1px1q and r1
1px2q are not equal to λ but

to a true quarter minimal distance. Then we may write by triangle inequality that

|x1 ´ x2| ď |y1 ´ y2| ` |x1 ´ y1| ` |x2 ´ y2| ď |y1 ´ y2| ` 8maxpr1px1q, r1px2qq.

If the max is achieved by x1, we then deduce that

r1py1q

r2py1q
ď

4r1py1q

|y1 ´ y2|
ď

4r1px1q

|x1 ´ x2| ´ 8r1px1q
ď

4r1px1q

4r1
1px1q ´ 8r1px1q

ď
1

r1
1px1q{r1px1q ´ 2

ď C
r1px1q

r1
1px1q

(5.134)

by using that r1px1q ď 1
6 r

1
1px1q. If the max is achieved by x2 then the reasoning is identical. We

have thus proved the claim in all cases.

Remark 20 (On the quadripole transition). At β “ 3, the free energy of quadripoles, i.e of two
very close neutral dipoles, starts diverging as λ tends to 0. Consequently, points which are not in
small well-separated dipoles prefer forming small quadripoles than being alone. The error term in
N ´ n in our computations, see for instance (5.133), contains these quadripole terms and should
therefore be expanded in order to see the transition at β “ 3. This would require a more precise
cluster expansion of the energy.
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5.4 Free energy lower bound

We now derive a lower bound on the partition function. For that, we use a method inspired from
previous work on the one-component plasma and on Ginzburg-Landau, starting in [229, 233], which
allows, thanks to the electric formulation of the energy, to compute the interaction additively in
terms of electric potentials defined in disjoint subregions of the space.

Proposition 5.4.1. Assume β P p2,`8q. We have

logZλN,β ě 2N logN `Np2 ´ βq log λ´N `N logCβ

`O
´

Npλβ´21βă4 ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q

¯

. (5.135)

For β “ 2, we have

logZλN,β ě 2N logN `N log | log λ| ´N `O
´ N

| log λ|

¯

. (5.136)

Proof. Step 1: bounding the energy from above. We are going to reduce the integral to
configurations where yi P Bpxi,

1
2 rpxiqq where rpxiq :“ 1

2 mini‰j |xj ´ xi|. For such configurations
let us now bound the energy from above. First we recall (5.14). We note that for the configurations
in the integration set, the balls Bpxi, rpxiqq are disjoint and contain only the points xi and yi. We
then let, for each i, ui solve

#

´∆ui “ 2πpδ
pλq
xi ´ δ

pλq
yi q in Bpxi, rpxiqq

Bui
Bν “ 0 on BBpxi, rpxiqq

We then define a global “electric field" E by pasting together the electric fields defined over these
disjoint balls:

E :“
N
ÿ

i“1

1Bpxi,rpxiqq∇ui.

Thanks to the crucial choice of zero Neumann boundary conditions on the boundary of the disjoint
balls, this vector field satisfies

´divE “ 2π

˜

N
ÿ

i“1

δpλq
xi ´ δpλq

yi

¸

“ ´∆hλ (5.137)

where hλ is the electric potential of the configuration as in (5.12). The trick is then to take advantage
of the L2 projection property onto gradients to show that the energy can be estimated from above
by the L2 norm of E: indeed

ż

R2

|E|2 “

ż

R2

|∇hλ|2 `

ż

R2

|E ´ ∇hλ|2 ` 2

ż

R2

pE ´ ∇hλq ¨ ∇hλ

and the last term vanishes after integration by parts, in view of (5.137). It thus follows that
ż

R2

|∇hλ|2 ď
1

4π

N
ÿ

i“1

ż

Bpxi,rpxiqq

|∇ui|2 (5.138)

that is, we can reduce the computation to a sum over the disjoint balls. We next bound the
right-hand side. First we let vi :“ ui ´ pg ˚ δ

pλq
xi ´ g ˚ δ

pλq
yi q. It solves

#

´∆vi “ 0 in Bpxi, rpxiqq

Bvi
Bν “

´

´
px´xiq
|x´xi|2

`
px´yiq
|x´yi|2

¯

¨ ν on BBpxi, rpxiqq
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and thus by elliptic regularity estimates we have

}∇vi}L8pBpxi,
3
4
rpxiqq ď C

|xi ´ yi|

rpxiq2
. (5.139)

Now, using (5.139), we find
ż

Bpxi,rpxiqq

|∇ui|2 “ 2π

ż

Bpxi,rpxiqq

ui

´

δpλq
xi ´ δpλq

yi

¯

“ 2π

ˆ

2pgpλq ` κq ´

ż

g ˚ δpλq
xi δ

pλq
yi ´

ż

g ˚ δpλq
yi δ

pλq
xi

˙

`

ż

vi

´

δpλq
xi ´ δpλq

yi

¯

“ 4πpgpλq ` κq ´ 4π

ĳ

gpx´ yqδpλq
xi pxqδpλq

yi pyq `O
´

|xi ´ yi|
2

rpxiq2

¯

“ 4πpgpλq ` κq ´ 4πgλpxi ´ yiq `O
´

|xi ´ yi|
2

rpxiq2

¯

.

Inserting into (5.138) and (5.14) we deduce that

FλpXN , YN q ď ´

N
ÿ

i“1

gλpxi ´ yiq `O
´

|xi ´ yi|
2

rpxiq2

¯

. (5.140)

In all cases, since we have built the configurations so that |xi ´ yi| ď 1
2 rpxiq we can bound the

error term by OpNq.
Step 2: bounding the free energy. Because of all the possible relabelling of the pairs, we may
write

ZλN,β ě N !

ż

xiPr0,
?
Ns2,yiPBpxi,

1
2
rpxiqq

expp´βFλpXN , YN qqdy1 . . . dyNdx1 . . . dxN (5.141)

where as above rpxiq “ 1
2 minj‰i |xj ´ xi|. We may now insert (5.140) into (5.141) to obtain

ZλN,β ě N !

ż

xiPr0,
?
Ns2

yiPBpxi,
1
2
rpxiqq

exp

˜

β
N
ÿ

i“1

gλpxi ´ yiq `O
´

|xi ´ yi|
2

rpxiq2

¯

¸

dy1 . . . dyNdx1 . . . dxN

ě N !

ż

r0,
?
Ns2N

N
ź

i“1

ż 1
2
rpxiq

0
2πr exp

´

βgλprq ´ C
r2

rpxiq2

¯

drdxi (5.142)

We have
ż 1

2
rpxiq

0
2πr exp

´

βgλprq ´ C
r2

rpxiq2

¯

dr

“

ż 1
2
rpxiq

0
2πr exp

´

βpgpλq ` g1p
r

λ
qq

¯

dr `O
´

ż 1
2
rpxiq

0

r3

rpxiq2pr ^ λqβ
dr
¯

Similarly to (5.119), we compute that
ż 1

2
rpxiq

0

r3

rpxiq2pr ^ λqβ
dr

“ O

ˆ

rpxiq
2

λβ
1rpxiqď2λ ` 1rpxiqě2λ

ˆ

λ4´β

rpxiq2
` rpxiq

2´β1βPp2,4q `
λ4´β

rpxiq2
1βą4 `

1

rpxiq2
log

rpxiq

2λ
1β“4

˙˙

ď C

˜

rpxiq
2´β1βPr2,4q `

λ4´β

rpxiq2
^

rpxiq
2

λβ
1βě4 `

plog rpxiq
2λ q ^ 0

rpxiq2
1β“4

¸

.
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We also compute that, in view of (5.44)

0 ď

ż 8

1
2

rpxiq

λ

2πs exppβg1psqqds ď 1rpxiqě2λ

ż 8

1
2

rpxiq

λ

2πs exppβgpsq ` Cqqds` C1rpxiqď2λ

ď C

ˆ

´´ rpxiq

2λ

¯2´β
1βą2 ` log

´ rpxiq

2λ

¯

1β“2

¯

1rpxiqě2λ ` 1rpxiqď2λ

˙

“ C

ˆ

´ rpxiq
2´β

λ2´β
^ 1

¯

1βą2`

´

log
´ rpxiq

λ

¯

^ 1
¯

1β“2

˙

.

This error term can always be absorbed in the others, thus, in view of (5.16), we may write

ż 1
2
rpxiq

0
2πr exp

´

βgλprq ´ C
r2

rpxiq2

¯

dr

“ λ2´β

ˆ

Cβ `O

ˆ

rpxiq
2´β

λ2´β
1βPr2,4q `

λ2

rpxiq2
^

rpxiq
2

λ2
1βě4 `

λ2

rpxiq2

ˆ

plog
rpxiq

2λ
q ^ 0

˙

1β“4

˙˙

,

for β ą 2 and

ż 1
2
rpxiq

0
2πr exp

´

βgλprq ´ C
r2

rpxiq2

¯

dr “ | log λ|

´

1 `O
´ 1

| log λ|

¯¯

, (5.143)

for β “ 2. Let us start with the case β ě 4. Inserting this result into (5.142), we then find

logZλN,β ě logN ! `Np2 ´ βq log λ`N logCβ

` log

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ C
λ2

rpxiq2
^

rpxiq
2

λ2
´ C

λ2

rpxiq2

ˆ

plog
rpxiq

2λ
q ^ 0

˙

1β“4

¯

dx1 . . . dxN

(5.144)

But

log

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ C
λ2

rpxiq2
^

rpxiq
2

λ2
´ C

λ2

rpxiq2

´

plog
rpxiq

2λ
q ^ 0

¯

1β“4

¯

dx1 . . . dxN

ě log

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ C
λ2

r1pxiq2
´ C

λ2

r1pxiq2

´

plog
r1pxiq

λ
q ^ 0

¯

1β“4qdx1 . . . dxN

“ log

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ Cφpr1pxiqq

¯

dx1 . . . dxN (5.145)

where r1 is as in (5.39) and φ is as in (5.121). We may then expand the product as in (5.123). Up
to the sign, and the inequality being reversed, the terms in the product are identical to those found
in (5.123). We thus deduce in the same way that

log

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ C
λ2

rpxiq2
^

rpxiq
2

λ2
´ C

λ2

rpxiq2

ˆ

plog
rpxiq

2λ
q ^ 0

˙

1β“4

¯

dx1 . . . dxN

ě Npλ2| log λ|21β“4 ` λ2| log λ|1βą4q (5.146)

and inserting into (5.144), we obtain the result.
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Next, we turn to the case β P p2, 4q. In that case we have instead

logZλN,β ě logN ! `Npp2 ´ βq log λ1βą2 ` log | log λ|1β“2q `N logCβ1βą2

`N logN ` log
´

N´N

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ C
rpxiq

2´β

λ2´β

¯

dx1 . . . dxN

¯

. (5.147)

We may use Jensen’s inequality to write

log
´

N´N

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ Crpxiq
2λβ´2

¯

dx1 . . . dxN

¯

ě N´N

ż

r0,
?
Ns2N

N
ÿ

i“1

log
´

1 ´ Crpxiq
2´βλβ´2

¯

dx1 . . . dxN

ě ´C
´

λβ´2
N
ÿ

i“1

N´N

ż

r0,
?
Ns2N

rpxiq
2´βdx1 . . . dxN

¯

“ ´C
´

Nλβ´2N´N

ż

r0,
?
Ns2N

rpx1q2´βdx1 . . . dxN

¯

.

It remains to evaluate the expectation of r2´β under the Lebesgue measure on r0, 1s2N . Let P be
a Poisson point process of intensity 1. First, one may justify that

lim
NÑ8

N´N

ż

r0,
?
Ns2N

rpx1q2´βdx1 . . . dxN “ EP rr2´βs. (5.148)

The distribution f of r is called nearest-neighbor function. It is related to the so-called spherical
contact distribution function. The point is that a Poisson point process, conditioned to having one
point at x P R2 remains a Poisson point process. As a consequence, the probability that r ě r
is equal to the probability that the number of points in Bp0, rq equals to 0, i.e the probability of
X “ 0 where X is a Poisson variable of parameter λ “ πr2. We deduce that

PPpr ď rq “ 1 ´ e´πr2 ,

which implies that
fprq “ 2πre´πr2 .

As a consequence we find that since β ă 4,
ż

fprqr2´βdr “ 2π

ż

1

rβ´3
e´πr2dr ă 8.

We deduce that

log
´

N´N

ż

r0,
?
Ns2N

N
ź

i“1

´

1 ´ Crpxiq
2λβ´2

¯

dx1 . . . dxN

¯

ě ´CNλβ´2.

Inserting into (5.147) and using Stirling’s formula we find the result (5.135) in the case β P p2, 4q.
Finally, the bound (5.143) being independent of xi’s, (5.136) is straightforward.

It is now immediate to complete the dipole description of Theorem 5.1.1.
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Proof of Theorem 5.1.1. Denote
G “

ÿ

iPI

gλpzi ´ zϕ1piqq (5.149)

and let Kλ
N,β be the reduced partition function

K̃λ
N,β “

ż

r0,
?
Ns2Nˆr0,

?
Ns2N

exp p´βGpXN , YN qqdXNdYN .

Let γλ be the error rate defined in (5.17). First, one may observe that for t “ β, the Laplace
transform (5.20) is nothing but the ratio of partition function

logEPλ
N,β

”

exppβpFλ ´Gqqs “
K̃λ
N,β

ZλN,β
,

which we can bound using Lemma 5.3.2 and Proposition 5.4.1 by

logEPλ
N,β

”

exppβpFλ ´Gqqs ď CNγλ.

By Hölder’s inequality, this proves the upper bound for all 0 ď t ď β. It remains to prove the
inequality for ´

β
2 ď t ď 0. Let us upper bound (5.20) for t “ ´

β
2 . Applying Corollary 5.2.2, one

may bound the energy Fλ from below, which gives

logEPλ
N,β

”

exp
´β

2
pG´ Fλq

¯ı

ď
1

ZλN,β

ż

exp
´

´ βFdipλ ` C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2
` CpN ´ nq

¯

dZ2N .

In the proof of Proposition 5.3.5, we have shown that the above integral satisfies

log

ż

exp
´

´ βFdipλ ` C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2
` CpN ´ nq

¯

dZ2N

ď 2N logN ` p2 ´ βq log λ`N logCβ ´N ` CNγλ.

Together with the lower bound of Proposition 5.4.1, this concludes the proof of (5.20) for ´
β
2 ď

t ď 0.
We turn to the proof of Item (3) of Theorem 5.1.1. Let I be the set of the indices of positive

charges belonging to a neutral dipole:

I “ t1 ď i ď N : ϕ1 ˝ ϕ1piq “ i, didϕ1piq “ ´1u. (5.150)

Fix n0 P t0, . . . , Nu. We seek to upper bound the probability that of having less than n0 neutral
dipoles. For each 1 ď n ď K ď N , select a functional digraph γK,n P D2N,K,n. By decomposing
the event t|I| ď n0u as the disjoint union of the events tγ2N “ γK,nu for n ď n0 and K ě n, we
can write

logPλN,βp|I| ď n0q ď max
pK,nq:Kěn,nďn0

´

log

ż

tγ2N“γK,nu

expp´βFλq ` log |D2N,K,n|

¯

´ logZλN,β `OplogNq. (5.151)
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We have already controlled this quantity in the proof of Proposition 5.3.5. For instance, for β P p2, 4q

one may insert (5.133) and we get

log

ż

tγ2N“γK,nu

expp´βFλq ď np2 ´ βq log λ`N logCβ

´ p2N ´ n´Kq log
´ 2N

2N ´K ´ n

¯

` c0pN ´ nq ` CNγλ,

for some constant c0 ą 0. This leads to optimizing the same function as in (5.85):

max
pK,nq:Kěn,nďn0

´

log

ż

tγ2N“γK,nu

expp´βFλq ` log |D2N,K,n|

¯

ď 2N logp2Nq `NplogCβ ´ 1 ´ 2 log 2q ` max
pK,nq:1ďnďn0,Kěn

IpK,nq ` CNγλ,

where IpK,nq is as in (5.86). We have already optimized IpK,nq under this constraint in the proof
of Lemma 5.3.2. Applying the estimate (5.95) and the lower bound on logZλN,β found in Proposition
5.2.1, we thus find that for λ small enough,

max
pK,nq:Kěn,nďn0

´

log

ż

tγ2N“γK,nu

expp´βFλq ` log |D2N,K,n|

¯

´ logZλN,β

ď 2N logN `N logCβ ´N ` pβ ´ 2q log λpN ´ n0q ` CpN ´ n0q.

Hence there exist λ0, c ą 0 and M1 ą 0 depending on β such that for any |λ| ď λ0,

PλN,βp|I| ď Np1 ´ cγλqq ď expp´M1Nγλq. (5.152)

One can next observe that

EPλ
N,β

”

exp
´β

2
Fdipλ

¯ı

“ logEPλ
N,β{2

”

exp
´β

2
pFdipλ ´ Fλq

¯ıZλN,β{2

ZλN,β
.

Using Theorem 5.1.1 to expand the ratio of partition function together with (5.20), we find that

logEPλ
N,β

”

exp
´

ÿ

iPI

g1

´

λ´1pzi ´ zϕ1piqq

¯¯ı

“ OpNq.

Together with Markov’s inequality this concludes the proof of (5.22).

5.5 Energetic control on linear statistics

In this section, we leverage on our ball-growth method for electric energy lower bounds of Section 5.2
to derive an energetic control on the fluctuations of linear statistics, which is the equivalent of [184,
Prop 2.5] for the one-component plasma. In the next proposition, we show that the log-Laplace
transform of linear statistics is of order of a power of λ times N

1
2 for some constant depending on

β, provided the test-function is smooth enough. Let us emphasize that linear statistics are in fact
expected to fluctuate much less, i.e in rate oN p

?
Nq for small but fixed λ. Proving such a rigidity

statement would require more involved techniques.
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Proof of Proposition 5.1.3. Step 1: the electric energy bounds the fluctuations. As in the
one-component case [231, 185] or in [186], the fluctuations are well bounded by the electric energy
ş

|∇hα⃗|2, where hα⃗ is as in (5.38), as soon as α⃗ is small enough. We recall the elementary argument.
Let ξ be a Lipschitz test-function from Λ to R. Taking the Laplacian of (5.38), using Green’s

formula and the Cauchy-Schwartz inequality, we have
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Λ
ξ d

˜

2π
2N
ÿ

i“1

diδ
pαiq
zi

¸ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

R2

ξ∆hα⃗

ˇ

ˇ

ˇ

ˇ

ď }∇ξ}L2pΛq

ˆ
ż

R2

|∇hα⃗|2
˙

1
2

.

On the other hand, by definition of the smeared charges, we may write
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Λ
ξ d

˜

2π
2N
ÿ

i“1

dipδzi ´ δpαiq
zi q

¸ˇ

ˇ

ˇ

ˇ

ˇ

ď }∇ξ}L8

2N
ÿ

i“1

αi.

Combining the two relations, we deduce that

|FluctN pξq| ď
1

2π
}∇ξ}L8

˜

ˆ
ż

R2

|∇hα⃗|2
˙

1
2

`

2N
ÿ

i“1

αi

¸

,

hence

|FluctN pξq|
2

ď C}∇ξ}2L8

¨

˝

ż

R2

|∇hα⃗|2 `

˜

2N
ÿ

i“1

αi

¸2
˛

‚, (5.153)

Step 2: upper bound for the electric energy. The proof consists in repeating the proof of

Proposition 5.2.1. We define the radii τi as in that proposition and let

αi “

#

λ if r1pziq ą γ

τi ^ γ if r1pziq ď γ
(5.154)

for a γ P p0, 1q to be chosen later. We then bound from below
ş

|∇hα⃗|2 as in the proof of Proposition
5.2.1. The points such that r1pziq ą γ do not contribute any terms since the corresponding balls are
not inflated. We obtain the same contributions for the other points as in Proposition 5.2.1, except
with the r2pziq replaced by γ^ r2pziq. Arguing also as in the proof of Corollary 5.2.2, we may obtain

1

4π

ż

R2

|∇hλ|2 ´Npgpλq ` κq ě
1

4π

ż

R2

|∇hα⃗|2 ´
1

2

ÿ

iRtYkCk,didϕ1piq“1u,r1pziqďγ

gλpzi ´ zϕ1piqq

´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq ^ γ

¯2
1r1pziqďγ ´ CpN ´ nq

ě
1

4π

ż

R2

|∇hα⃗|2 ´
1

2

ÿ

iRtYkCk,didϕ1piq“1u

gλpzi ´ zϕ1piqq

´ C
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2
`

´ r1pziq

γ

¯2
1r1pziqďγ ´ CpN ´ nq.

We may rewrite this as
1

4π

ż

R2

|∇hα⃗|2 ď A1 ` CpA2 `A3q,
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with
A1 “ FλpZ2N q ´ Fdipλ pZ2N q,

A2 “
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2
` pN ´ nq,

A3 “
ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

γ

¯2
1r1pziqďγ .

Step 3: bounding exponential moments of the electric energy. Let us estimate the exponential
moments of A1 and A2 separately. One has

EPλ
N,β

rexppβA1qs “
1

ZλN,β

ż

expp´βFdipλ pZ2N qqdZ2N .

In view of Lemma 5.3.2 and Proposition 5.4.1 we have

logEPλ
N,β

rexppβA1qs ď CNp| log λ|´11β“2 ` λβ´21βPp2,4q ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q.

(5.155)
For the term A2, we have already shown that

logEPλ
N,β

”

exp
´

ÿ

iPIdip,ϕ2piqPIdip

´ r1pziq

r2pziq

¯2¯ı

ď CNp| log λ|´11β“2

` λβ´21βPp2,4q ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q. (5.156)

Using Corollary 5.2.2 we find that

EPλ
N,β

retA3s ď
1

ZλN,β

ż

expptA3 ´ βFdipλ `Gq,

where Fdipλ is as in (5.64) and G given by

G :“ C
ÿ

iPIdip,ϕ2piqPIdip

ˆ

r1pziq

r2pziq

˙2

` CpN ´ nq,

with n being the number of neutral dipoles. Let us denote Q the reduced dipole model

dQ “
1

Kλ
N,β

expp´βFdipλ qdZ2N .

Using Hölder’s inequality, one may write

EPλ
N,β

rexpptA3qs ď EQrexpp2tA3qs
1
2EQre2Gs

1
2

Kλ
N,β

ZλN,β
. (5.157)

Inserting the upper bound on Kλ
N,β given by Lemma 5.3.2, the lower bound on ZλN,β of Proposition

5.4.1, the auxiliary estimate of Lemma 5.3.4, we reduce to

logEPλ
N,β

rexpptA3qs ď
1

2
logEQrexpp2tA3qs

` CNp| log λ|´11β“2 ` λβ´21βPp2,4q ` λ2| log λ|21β“4 ` λ2| log λ|1βą4q.
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After some computations we find that

log

ż

expptA3 ´ βFdipλ q ď
β

2
N logN ´N `N log

´

λ2´βCβ1βą2 ` | log λ|1β“2

` C1β“2 ` γ2´β1βPp2,4q ` λ4´βγ´21βPp4,8q ` | log λ|γ´21β“4

¯

` C logN

ď
β

2
N logN ´N `N logpλ2´βCβq1βą2 `N log | log λ|1β“2

` CN
´

| log λ|´11β“2 ` pλ{γqβ´21βPp2,4q ` pλ{γq2| log λ|1β“4 ` pλ{γq21βą4

¯

.

We thus conclude combining the last display with (5.155) and (5.156) that

logEPλ
N,β

„

exp

ˆ
ż

R2

|∇hα⃗|2
˙ȷ

ď CN
´

| log λ|´11β“2 ` pλ{γqβ´21βPp2,4q ` pλ{γq2| log λ|1β“4 ` pλ{γq21βą4

¯

. (5.158)

Step 4: conclusion. Combining (5.158) with (5.153), we obtain

1

2
logEPλ

N,β

“

expp|FluctN pξq|2q
‰

ď C}∇ξ}L8

´

Nγ2 ` CN
´

| log λ|´11β“2 ` pλ{γqβ´21βPp2,4q ` pλ{γq2| log λ|1βPp4,8q

` pλ{γq21βą4 `Np| log λ|´11β“2 ` λβ´21βPp2,4q ` λ2| log λ|21β“4 ` λ2| log λ|1βą4

¯¯

. (5.159)

Optimizing over γ, we may then choose γ as follows:

γ “

$

’

’

’

’

&

’

’

’

’

%

| log λ|´1{2 if β “ 2

λ
pβ´2q

β if β P p2, 4q

λ1{2| log λ|1{4 if β “ 4

λ1{2 if β P p4,8q.

(5.160)

Inserting this into (5.159) concludes the proof of the proposition.

5.6 Convergence to a Poisson dipole process

In this subsection we show that the empirical field defined in (5.30) satisfies in the large N limit and
as λ tends to 0, a large deviations principle with rate function given by a certain entropy on point
processes, which differs from the specific relative entropy of [183]. Recall the definitions of pE, T q,
iN , Pdip, P̄dip from (5.28), (5.30), (5.31) and (5.32). Let us recall that the Borel σ-algebra on E
can be defined by the σ-algebra generated by functions of the form

1A1pxn1q1B1pyn1q . . .1Appxnpq1Bppynpq, (5.161)

where n1, . . . , np P I, A1, . . . , Ap are bounded measurable sets of R2, B1, . . . , Bp measurable sets
of R2. We have thus defined a probability space pE,Aq. One can check that the topological space
pE, T q can be endowed with a distance by setting

dpC, C1q “
ÿ

kě1

1

2k

sup
!

|
ř

iPJpfpxi, yiq ´ fpx1
i, y

1
iqq1xi,x1

iPΛk
| : f, g P Lip1pR2 ˆ R2q

)

|C|pΛkq ` |C1|pΛkq
, (5.162)
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where Λk “ r0,
?
ks2.

Let CbpEq be the set of continuous bounded functions from pE, T q to pR, | ¨ |q. The relative
entropy (5.33) with respect to Pdip can be expressed as

EntrP | Pdips “ sup
fPCbpEq

pEP rf s ´ logEPdipref sq. (5.163)

The proof of Theorem 5.1.2 follows the line of reasoning of the Gärtner-Ellis theorem, also used
in [212, Chapter 6] to prove a process-level LDP for the empirical field in a discrete setting. The
first step is to replace the large deviation principle of [130] for the Poisson process by an analogous
statement for our Poissonian dipole process. For all C “

ř

iPI δpxi,yiq P E and x P Λ, we let

θx ¨ C :“
ÿ

iPI

δpxi´x,yiq. (5.164)

We also define the maps

jn : C P E ÞÑ
1

|Λn|

ż

Λn

δθx¨Cdx P PpEq, (5.165)

j̄n : C P E ÞÑ
1

|Λn|

ż

Λn

δpx,θx¨Cqdx P PpΛ ˆ Eq. (5.166)

Lemma 5.6.1. Let pΛnq be an increasing sequence of cubes such that YnΛn “ R2. Let Rn be the
push-forward of Pdip by the map (5.165). Then pRnq satisfies a large deviation principle at speed
|Λn| with rate function Entp¨ | Pdipq.

To prove Lemma 5.6.1, we adapt almost line by line the proof of [212, Chapter 6]. We begin
by showing that given a local continuous bounded function on E, the limit (5.167) is well-defined,
thus defining the so-called pressure. Using the variational characterization of the entropy, this will
prove the upper bound for all compact sets, which can be extended to an upper bound for all closed
sets by exponential tightness. The proof of the lower bound is similar to Cramer’s theorem in that
it uses a change of measure but the law of large numbers is replaced by the ergodic theorem.

Proof. Without loss of generality one may assume that Λn “ r0,
?
ns2.

Step 1: study of the pressure. Let f P Cb,locpEq. One shall first prove that the following limit is
well-defined:

ppfq :“ lim
nÑ8

1

|Λn|
logEPdip

„

exp

ż

Λn

fpCN pxqqdx

ȷ

. (5.167)

The proof proceeds by a super-additivity argument. For each n P N˚, denote

pnpfq “
1

|Λn|
logEPdip

„

exp

ż

Λn

fpCN pxqqdx

ȷ

. (5.168)

As in [212, Prop 6.14], we cover the set Λn with shifted well separated cubes of size m for some
m ă N . Let m ă N and Λ

plq
m Ă Λn, for l P t1, . . . , k2u be k2 shifted copies of Λl, chosen so that

the distance between each consecutive subcube is at distance r in each direction. One may take
k “ t 2n´1

2m``2n´1 u. One can check that the volume not covered by the union of the Λ
rls
m ’s satisfies

|Λn| ´ k2|Λm| ď |Λn|κN,m

with
lim
mÑ8

lim
nÑ8

κn,m “ 0. (5.169)
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By construction the variables
ş

Λ
plq
m
fpCnpxqqdx, 1 ď l ď k2 are independent. We then conclude with

(5.169) and independence that

pnpfq ď κN,m}f}8 `
|Λm|

p2m` 2r ´ 1q2
pmpfq.

We deduce that (5.167) is well-defined. In addition we find that if f is bounded and FΛm-measurable,
then

ppfq ď
1

|Λm|
logE rexpp|Λm|fqs . (5.170)

Step 2: duality. We now put the space PpEq in duality with Cb,locpEq. We claim that for all
Q P PpEq,

p˚pQq “ EntpQ | Pdipq, (5.171)

where
p˚pQq :“ sup

fPCb,locpEq

pEQrf s ´ ppfqq.

Let f P Cn,locpEq. Let m such that f “ f |Λm . In view of (5.170), we have

p˚pQq ě EQ
” f

|Λm|

ı

´ p
´ f

|Λm|

¯

ě
1

|Λm|
pEQrf s ´ logEref sq.

Taking the supremum over f P Cb,locpEq yields

p˚pQq ě EntpQ|Λm | P |Λmq

and therefore p˚pQq ě EntpQ | P q. Conversely, f̄ “
ş

Λn
fpCnpxqqdx is FΛm`n-measurable and

EntpQ|Λm`n | P |Λm`nq ě EQrf̄ s ´ logEref̄ s “ |Λn|pEQrf s ´ pnpfqq,

where pnpfq is as in (5.168). By letting n tend to infinity, we thus find

EntpQ | P q ě EQrf s ´ ppfq

and therefore EntpQ | P q ě p˚pQq.
Step 3: exponential tightness. Let us now show that pjnq is tight, meaning that for all b ą 0 there
exists a compact Kb Ă PpEq such that Pdippjn R Kbq ď e´|Λn|b. For R ą 0, let NR : ΛˆE Ñ R`

be the map such that NRpr, Cq “ |C`| X ΛR. One can observe that jN is supported on the set
č

RPN˚

tP P PpΛ ˆ Eq : EP rNRs ď 2πR2u, (5.172)

which is a compact set of PpEq, see for instance [183, Lemma 7.7]. This proves that pjnq is tight.
Step 4: upper bound. The upper bound can be first proved for compact subsets proceeding as
in the proof of Cramer’s theorem, see also [212, Theorem 4.24]. It then follows from (5.171) that
for any compact set F Ă PpEq,

lim sup
nÑ8

1

n
logPdippin P F q ď ´ inf

QPF
EntpQ | Pdipq.

This upper bound can be generalized to closed sets by using the fact that piN q is exponentially tight
in PpΛ ˆ Eq.
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Step 5: density of ergodic processes. We denote P1,spEq the set of point processes on E which
are translation invariant (or stationary) and P1,epEq Ă P1,spEq the subset of extreme points of
P1,spEq. Note that P1,spEq is exactly the set of ergodic processes on E. Recall that a stationary
point process P is ergodic if and only if for all A P T which is invariant by translation, P pAq P t0, 1u.
We claim that for all Q P P1,spEq, there is a sequence of ergodic processes pQkq which converges
weakly to Q and such that

lim
kÑ8

EntpQk | Pdipq “ EntpQ | Pdipq.

The proof can be adapted readily from [212, Lemma 6.9].
Step 6: lower bound. Let O be an open subset of PpEq. Let Q P PpEq be an ergodic process.
One can assume that EntpQ | Pdipq ă 8, which implies that for all ΛR, Q|ΛR

has a Radon-Nikodym

derivative fR “
dQ|ΛR

dpPdipq|ΛR

. One can thus perform the following change of variables:

1

|Λn|
logPdippjn P Oq “

1

|Λn|
log

ż

1Opjnqf´1
n dQn

“
1

|Vn|
logQpjn P Oq `

1

|Vn|
log

” 1

Qpjn P Oq

ż

jnPO
f´1
n dQn

ı

ě
1

|Vn|
logQpjn P Oq ´

1

|Vn|Qpjn P Oq

ż

jnPO
log fndQn,

where we have used Jensen’s inequality in the last line. Using the fact that x log x ě ´1
e for all

x ą 0, we find that

1

|Λn|
logPdippjn P Oq ě

1

|Vn|
logQpjn P Oq ´

1

Qpjn P Oq|Vn|
EntpQ|Λn | P |Λnq ´

1

e|Vn|Qpjn P Oq
.

One may then justify that
lim
nÑ8

Qpjn P Oq “ 1

and therefore
lim
nÑ8

1

|Vn|
logPdippjn P Oq ě ´EntpQ | Pdipq,

which gives

lim
nÑ8

1

|Λn|
logPdippjn P Oq ě ´ inf

QPP1,epEq
EntpQ | Pdipq. (5.173)

Arguing with the density result of Step 5, this concludes the proof of the lower bound for all closed
sets.

Next one extends the large deviations principle of Lemma 5.6.1 to the sequence of the push-
forwards of PλN,β by p5.30q. There are three tasks to deal with: one should handle the tagged
microscopic field instead of jN , reduce the problem to an LDP under the dipole measure Q and
finally deal with Bernoulli variables instead of Poissonian variables.

Proof of Theorem 5.1.2. Step 1: reduction to the dipole measure. To lighten the notation, set

γλ :“

$

’

’

’

’

&

’

’

’

’

%

1
| log λ|

if β “ 2

λβ´2 if β P p2, 4q

λ2| log λ|2 if β “ 4

λ2| log λ| if β ą 4.

(5.174)
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The results of the previous sections show that there exists a constant C ą 0 such that for every
measurable subset B of Λ2N ,

ˇ

ˇ

ˇ

ˇ

log

ż

B
expp´βFλq ´ log

ż

B
expp´βFdipλ q

ˇ

ˇ

ˇ

ˇ

ď CNγλ.

In addition, one also has the stronger statement
ˇ

ˇ

ˇ

ˇ

ˇ

log

ż

B
expp´βFλq ´ log

ż

BXt|Ic|ďC0Nαλ

expp´βFdipλ pZ2N qqdZ2N

ˇ

ˇ

ˇ

ˇ

ˇ

ď CNγλ,

where I is as in (5.19). Let n ě Np1´C0αλq. Now assume that B is given by B “ tiN pXN , YN q P

Gu where G is a measurable subset of PpΛ ˆ Eq. Let us denote

B̃n “ tpXN , YN q P ΛNN ˆ pλ´1ΛN qN : j̄N pXN , YN q P Gu.

One then reduces the integral over dZ2N above as an integral on 2n variables. Given Z2n P Λ2n,
we let γ2npZ2nq be the nearest-neighbor graph of Z2n and let γ P D2n,n,n be a graph with n neutral
2-cycles. Using the upper bound (5.116) of Lemma 5.3.4, we find

log

ż

BXt|Ic|ďC0Nλβ´2

expp´βFdipλ q

“ log
´

ÿ

něNp1´C0λβ´2q

n!

ż

BXtγ2n“γu

n
ź

i“1

exp
´β

2
gλpuiq

¯

du1 . . . dundx1 . . . dxn

¯

`OpNγλq.

After a series of reduction one then estimates

log

ż

BXt|Ic|ďC0Nλβ´2

expp´βFdipλ q

“ log
´

ÿ

něNp1´C0λβ´2q

n!

ż

B

n
ź

i“1

exp
´β

2
gλpuiq

¯

du1 . . . dundx1 . . . dxn

¯

`OpNγλq.

Now by scaling,

ż

B

n
ź

i“1

exp
´β

2
gλpuiq

¯

dUndXn

“ λnp2´βqN´n

ż

Λn
Nˆpλ´1ΛN qn

1BpN1{2Xn, N
1{2YN q

n
ź

i“1

exp
´β

2
g1puiq

¯

dUndXn

“ λnp2´βqN´n

ż

Λn
nˆpλ´1Λnqn

1tj̄npXn,UnqPGudµ
bn
β pUnqdXn `OpNγλq.

We finally obtain

log

ż

iNPG
expp´βFλq “ N `Npp2 ´ βq log λ1βą2 ` log | log λ|1β“2q

` log

ż

ΛN
Nˆpλ´1ΛN qN

N
ź

i“1

1j̄N pXN ,UN qPG exp
´β

2
g1puiq

¯

dXNdUN . (5.175)
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Step 2: from Poisson to Bernoulli. The only differences between the above integral and P̄dpj̄n P

Gq are the fact that the number of positive charges falling into a given domain is not Poissonian but
rather Bernoulli and the fact that the ui’s are distributed according to the law µβ truncated at λ´1.
Arguing as in [183], we can prove that for all closed set F Ă PpΛˆEq and open set O Ă PpΛˆEq,

lim sup
λÑ0

lim sup
nÑ8

1

n
log

ż

Λn
nˆpλ´1Λnqn

1tj̄npXn,UnqPF udµ
bn
β pUnqdXn ď ´ inf

Q̄PF
EntpQ | P̄dipq,

lim inf
λÑ0

lim inf
nÑ8

1

n
log

ż

Λn
nˆpλ´1Λnqn

1tj̄npXn,UnqPOudµ
bn
β pUnqdXn ď ´ inf

Q̄PO
EntpQ | P̄dipq.

Inserting this into (5.175) yields the claimed result.
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ABSTRACT 

RÉSUMÉ 

Cette thèse se propose d'étudier divers problèmes de mécanique statistique pour une famille de 
systèmes de particules en interaction, appelés gaz de Coulomb et de Riesz. 

Nous commençons par examiner le temps de mélange du mouvement Brownien de Dyson 
avec confinement quadratique, dont la mesure invariante est donnée par le beta-ensemble 
d'Hermite. Nous établissons un résultat de cutoff pour le temps de mélange du système dans une 
variété de distances et de divergences, lorsque le nombre de particules tend vers l'infini.

Nous considérons ensuite les fluctuations et corrélations du gaz de Riesz circulaire dans le 
régime longue portée. Tout d'abord, nous quantifions les fluctuations des espacements entre 
particules et énonçons un théorème central limite pour les statistiques linéaires valables pour des 
fonctions-tests possiblement très singulières. Puis nous montrons une estimée optimale sur la 
décroissance de la corrélation des gaps, qui nous permet de montrer l'unicité du processus limite en 
volume infini. 

La suite de ce manuscrit est consacrée à l'étude du gaz de Coulomb bi-dimensionnel à deux 
composantes dans un régime de basse température où la fonction de partition diverge. Après avoir 
proposé une renormalisation efficace du modèle, nous donnons un développement asymptotique de 
la fonction de partition lorsque le paramètre de troncature tend vers zéro, des estimées sur 
nombre et la taille de dipôles neutres ainsi qu'un contrôle énergétique sur les fluctuations.

MOTS CLÉS 
Systèmes de particules en interaction à longue portée, temps de mélange, grandes 
déviations, fluctuations, décroissance des corrélations, limite thermodynamique, transition de 
phase.

This thesis is devoted to the analysis of different problems concerning the statistical mechanics of a 
family of interacting particles systems, named Coulomb and Riesz gases. 

We begin by studying the mixing time of the Dyson Brownian motion with quadratic 
confinement, whose invariant measure is the Hermite beta-ensemble. We establish a cutoff 
phenomenon for the mixing time in a variety of distances and divergences, when the number of 
particles tend to infinity. 

We then consider the fluctuations and correlations of the circular Riesz gas in the long-range 
regime. First, we quantify the fluctuations of gaps and give a central limit theorem for linear statistics 
allowing very singular test-functions. Second, one shows an optimal estimate on the decay of gaps 
correlations, allowing one to prove the uniqueness of the infinite volume measure.

The rest of the manuscript is devoted to the study of the two-dimensional two-component 
plasma in a low temperature regime where the partition function diverges. After proposing 
an efficient way to renormalize the model, we derive an asymptotic expression for the partition 
function as the truncation parameter tends to zero, some estimates on the number and size of 
neutral dipoles and an energetic control on the fluctuations.

KEYWORDS 
Long-range interacting particles system, mixing time, large deviations, fluctuations, fluctuations, 
decay of correlations, thermodynamic limit, phase transition.
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