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Chapter 1

Introduction

In this thesis, we are interested on some model in fluid mechanics :

e In part I, we are interested in some sytems of PDEs which describe the motion of turbulent flows
arising in some atmospheric and oceanographic models. More precisely, we study the a-Navier
Stokes system in a thin strip, which is a relevant simplification of the Navier Stokes equation for
turbulent flows from a Direct Numerical Simulation and physical points of view.

We prove the globally existence and uniquness of a solution of the Cauchy problem for the a-Navier
Stoke system and also for its formal hydrostatic limit system in some analytic spaces for small
initial data. Then we justify this hydrostatic limit.

e In part II, we are concerned with the Prandtl system for non-Newtonian fluids. We first consider
the case in dimension one, which is the shear flow problem. We prove the local existence and the
uniquness in the parabolic Holder and weighted Sobolev spaces for monotone initial data.

We then consider in dimension two an approximated system of the Non-newtonian Prandtl equation
with an extra dissipation term €92 in the horizontal variable and we derive some uniform estimates
independent of ¢ for the monotone solutions of the Cauchy problem in some weighted Sobolev spaces
and for a small enough uniform time.

1.1 Navier Stokes alpha system

1.1.1 Turbulent model for the Navier Stokes equation

The Navier-Stokes alpha system (NS-«) (also called the viscous Camassa-Holm equations) is a mathe-
matical model for the dynamics of appropriately averaged turbulent fluid flows. It was introduced by
Holm and al. (see [11, 42]) for the mean motion of an ideal incompressible fluid as a generalization of
the inviscid 1D Camassa-Holm equation (see also [10, 23, 44, 57, 60] and the references therein).

The Navier-Stokes alpha system is written as follows :

ov
g_f_(u-V)V—i-'Ulv’Uq + v2Vug :I/AV—VQ (11)
V-u= 07

where
v = (v1,v2) = (1 —a?A)u = ((1 — a?A)uy, (1 — a?A)uy)

and u is the velocity of the fluid, g the modified pressure and « is a length independent of the position
related to the Lagrangian fluctuations (see [11, 42]).
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The global existence and uniqueness of a solution in a Sobolev space has been proved by Foias,
Holm and Titi in [29] for a periodic domain. Moreover, they study the convergence when o — 0 of the
solution to a weak solution of 3D NS equation. The Cauchy problem in a case of a bounded domain with
Dirichlet-Neumann boundary conditions has been treated by Busuioc in [9]

In this thesis we consider the following Navier Stokes alpha system (1.1) in a thin strip
SF = {(x,y) eR%20<y< 5},

where the width € > 0 is supposed to be very small. Equipped with no-slip boundary conditions, we
rewrite (1.1) as

0:UT + uf 0, UT + u5 0,UT + Ut Opuf + Us Ous = vAUT — 02¢°
0 US + uf 0, U5 + u3 0,Us + Ut Oyus + U3 Oyus = vAUS — 0yq°
Ozuf + O0yus =0

ui=uz3=0 on {y=0}u{y=c¢}

d.ui=0u5=0 on {y=0}U{y=c¢}

(’U,i, u;)\t:O = (U1,07 UQ,O)(xa y)a

(NS-a).

where, for i = 1,2,
U? = uf — o Aus.

K2 7 3

Now we consider the following rescaling
a=cai,
g € y
Ul(t,lf,y) =u (t,l’, g) ’
5 _ 5 Y
u2(ta ‘T,y) =E&v (t,iL’, g) ’
£ __ ~E y
q (t,(E,y) =q (tvl.vg> )
and we perform the change of variable z = g and we set
S={(z,2) ER*,0<z<1}.
The system (1.2) becomes
Ohw® — a3e20,02u° + uf 0,w° — ate®uf O2us 4+ v° 0w — ate®v® 0.0%u° + w o ut — ate? Dyut O2uf
+ 29 0,0° — et 220207 0,0° = 02w + £20%w° — 2 020707 uF — a2t 0t — 0,¢°
e20y° — oz%e‘l@tagvs + 2 uf0,7° — adetuf 82115 +e%0° 0,7° — a?e‘lv": 82831)5 +wo,u® — a§528§u5 o uf
+&29° 0,0° — a2et0%0°0,0° = £20°° + 1 0297 — ale? 020%0° — 2P OtT — 0.¢°
Ozu® + 0,v° =0,

(1.3)
with the boundary conditions

(u®,0%)| =0 = (W5, 0%)|,=1 =0 and (Vu®,Vo©)|,—0 = (Vu*,Vv)|,=1 =0 (1.4)

where we denote w® = u® — a?9%u and ¢ = v — a29?v° to lighten the notations.

Taking € — 0, we obtain formally the “hydrostatic limit system” for the a-Navier Stoke equation :

0w + U Opw + v0,w + A3 (0,1 0y 0,u — O?udypu) = 02w — Opp
0,p=0

O+ Oyv =0

(u,v) =0, O,u=0 on z=0

(u,v) =0, O,u=0 on z=1

u‘t:() = Up-

(NS—O[)O




1.1. NAVIER STOKES ALPHA SYSTEM 7

where ) )

w=u—0aid?u and p=qd+ §u2 - ga%(azu)z.
The main difficulty is the loss of the dissipative term 92w in this limit system. In order to overcome this
difficulty, and following the method of Paicu, Zhang and Zhang [64], we will work in some analytic function

frameworks. Therefore, we introduce some elements of Littlewood-Paley theory and some functional
spaces.

1.1.2 Main results on the Navier Stokes alpha equation

We consider a even smooth function x in C§°(R) such that the support is contained in the ball Bg(0, §)
and 1 is equal to 1 on a neighborhood of the ball Br(0, 2) and we set ¢(z) = x (%) — x(z). We denote

Fnf = f and F, 1f be the Fourier transform and the inverse Fourier transform respectively in the
horizontal direction of a function f(z). We recall the following definitions of the homogeneous dyadic
cut-off operators.

Definition 1.1.1. For all tempered distributions in the horizontal direction and for all q € Z we set

Agu(z,y) = Fy (27 1E) Fuu(€, ),
Shu(a,y) = Fy (@D Frul€y) = S Ahu
q'<q-1
As in [64], we consider the Besov-type spaces with respect to the z variable :

Definition 1.1.2. Let s € R and S = Rx]0,1[. For any u € S;,(S), i.e,

. . F _
ue S(S) with ql}l_noo [SqullL =0,

we set

lullge = 2% | Aful| e

q€ZL

1
e For s < 5, we define

B*(8) ={u e S,(S), |ullp: <oo}.

e Fors€lk— 3,k + 3], with k € N*, we define B*(S) as the subset of distributions u € S (S) such
that Oku € B*~F(S).
We also need the following time-weighted Chemin-Lerner-type spaces (see [22]).

Definition 1.1.3. Let p € [1,400] and T €]0,00] and let f € L},.(RT) be non-negative function. We
define space L. ;(B*(S)) as the closure of C([0,T], B*(S)) with respect to the norm

1
T P
||U||Zgwf(3s(5) = Z2qs (/0 f(t)|AZU||Zz2dt>

qEZL

with the usual change if p = +o00. In the case of f(t) = 1, we will simply use the notations E%(BS(S))

and ”u”E’}(BS(S))‘
The main difficulty consists in controlling the nonlinear terms, using the smoothing effect given by

the above function spaces. The idea is to define the following auxiliary functions, using the method
introduced by Chemin in [25] (see also [21] or [64]): for any f € L?(S), we set

f¢(ta Zz, y) = e¢(t7Dz) f(t, :v,y) = fg—lm(e(b(t’&) f(t,f,y)) with (;5(15, 5) = (a - )\Q(t))|§|, (1‘6)
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where the quantity 6(¢) describes the evolution of the analytic band of u, satisfies

0'(t) = [02us(t)]| ;; and 6(0) = 0. (1.7)

We first prove the global existence and uniquness of the system (1.5) if for the initial data is such
that e?P=lyy and e*P=19,uq belong to the analytic spaces B? and B? and are small enough. Moreover,
we show that the solution is controlled in the space B L

Theorem 1.1. Let a > 0 be fized. There exist positive constants ¢ and C such that if e*P=luy € B%,
e“‘DI|5‘Zu0 S B%,

ca
BE = 1+H6“'D luol 53 + le?!P=10uo|l .5

||ea\Df|u0|| 1+ |2l P=1d, uoll 1 (1.8)

and the compatibility condition fol updz = 0, then there exists an unique global solution for the system
(1.5) which satisfies

Rt Rt Rt 52
le® fugllz. R+ Bz)+||e au¢”Loo(R+ B2) e 8“¢“L2(R+ B3) +lle aU‘Z5HL2(JR+ B3)

< C(lle!Plugl| g + lleP-10,u0ll y).  (1.9)
Furthermore, if e*P=lyg € B%, eP=19 1y € B%, ea|Dw‘8§u0 € B%, then

e (ol + e (0 0:u)g|; + e 0.yl ; + e 0Zugll;

I2(R+,B3) I2(r+,B%) Loo(R+,B3) Loo(R+,B3)

< O (JleP=10:ul 3 + e 02uoll 5+ e PNl 5 + [l Dol ).

We then prove the global well-posedness of the system (1.3)-(1.4) for small initial analytic data in
some Besov spaces.

Theorem 1.2. Leta > 0 and 0 < s < 1 be fized. For some ¢ > 0 small enough, if the initial data
satisfies

le®P=1(ug, ev)ll 3 + P! (g, 205)l 53 + e P (D:u5, €0.09) ] 3 < Ea, (1.10)

1
B2

e Pal (g vE) € N B*t1 and eP=1(0,u5, 0.v5) € B*, then there exists an unique global solution for
the syste (1.3)- (1 4) which satisfies
h
€% (g 05 e ey €% €U 200 sy + 1 (Dot €0 A [ s

R 2
+ ||eR (e8, g, €%0:0g) |72t gy
+ [|eRY (8, UG, €00 | po e pey T R (e 0.0, ug, ,£20,0, V)| z2 g+ o)
+ [le” ( 8§ui’75382 €)HL2(]R+ By T ||6Rt (331@7532 )”Lz (R+,B%)

< © (JleP=1 (i, <8) 13- + ||ea‘Df'<suo,e 0f)ller + leP (9-uf, 20:05) - )

Finally we justify the hydrostatic limit of the system (1.3)-(1.4).

Theorem 1.3. Let a > 0 and 0 < s < % be fizred and (u§, v§) satisfy (1.10). Let ug satisfy e Pelyy €
Bsts 0 Bst3, ealDelg g € BStTE N B3, eP=192yy € Bt N B**? and there holds (1.8) for some
constant ¢ small, and the compatibility condition fol ugdz = 0. We consider (u®,v°) a solution of the
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system (1.3)-(1.4) and (u,v) a solution of the hydrostatic system (1.5). Then we have

”eRt/(wl ,6U)2 )

1 2,2
£y €y )

’
|Zee(me) T 1€ (ewl,, e*w?,

’
|E;o(3s+1) + ||6Rt (8Zwiw,eazw§w)||z%o(35)
, ’
+ ||€Rt (anwiwgzawwgwnzé(m) + HeRt (8zw;u,758zwgw)HE2‘T(Bs)
1
Eqp?

1

+ ||6Rt (gaﬁwl Esaﬁw;w)HZQT(BS) + ||eRt (8310 Eazwew)HZ%(Bs)

Ew’
+ HeRt (5 8zazw;wv52azazw§w)”z,2r(35)
< C[H(w;w (0), ew?, (0)][ 5= + ll(ewe,, (0),*wZ  (0))] o+

+ (0w, (0), 2002, ()| 5- + Me]

where w! = u® — u, w? = v* — v and (wgw,wgw) will be given in (3.45) and we have used the following
notation ) ) )
R R R
e (w2, ew? )| = [le™" wl, || +elle™ w2 ||

This theorems justify the well-posedness of the hydrostatic a-Navier Stokes system in the analytic
spaces and its hydrostatic limit.

1.2 Non newtonian prandtl equation

1.2.1 Prandtl boundary layer theory

The classical theoretical hydrodynamics is based on the Euler equations describing the motion of an ideal
fluid. Despite the numerous achievements, some gaps between theoretical and experimental results need
to be filled, which are mainly due to how to determine the force of resistance acting on a moving solid in
a fluid. A classical attempt to close the gaps is to consider the Navier-Stokes equations, which are based
on Newton’s model of a viscous fluid. According to that model, tangential stresses in a fluid are linearly
dependent on the respective shear deformation velocities and so the principal part of the Navier-Stokes
equations consists in second order partial derivative diffusion term.

Unfortunately, many problems arise in this consideration. First of all, we encounter great mathemat-
ical difficulties to explain the connection between the viscous model and the theoretical ideal non-viscous
model. For instance, it is extremely difficult to prove that small viscous friction forces may perceptibly
affect the motion of a fluid. In 1904, Prandtl suggested an explanation of this phenomenon using his
theory of boundary layer. He theoretically showed that the flow around a solid body could be divided
into two zones: a thin layer around the body where viscous forces play crucial part and the outer region
far from the body where friction could be neglected. Thus, for weakly viscous fluids, the influence of
the small viscosity can only be perceptible in this very thin layer adjacent to the surface of the body,
which is called boundary layer according to Prandtl. Outside this region, the fluid can be considered as
frictionless and can be described by the Euler system.

The second question comes from the consideration of tangential stresses which are linearly dependent
on the shear deformation velocities in Newton’s model. This linear dependence turns out to be unaccept-
able for many media, for example melted and dissolved polymers, concentrated suspensions, emulsions,
dye-stuffs, etc ... Many different models have been proposed for the description of non-newtonian flows
(see, for instance, Litvinvo (1982), Shulman (1975)). Among these non-newtonian flows, the Ostwald
model for nonlinear viscous fluids are particularly adapted to many physical fluids, where the stress
tensor components depend on the powers of the components of the deformation velocity tensor.

Concerning Prandtl theory of boundary layers for Newtonian fluids, the mathematical justification of
Prandtl equations is still a challenging problem in fluid mechanics. Under a monotonic assumption on the
tangential velocity of the outer flow, the local existence of classical solutions for Prandtl equations was
first proved in the pioneer works of Oleinik [61] (see also [62] for a complete survey), using the so-called
Crocco transformation. In Xin and Zhang [70], the existence of global weak solutions was proved under
Oleinik’s monotonicity hypothesis and a favorable condition on the pressure. Recently, the well-posedness
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of Prandtl equations under monotonic hypothesis in Sobolev framework was proved independently in [1]
and [59] using direct energy estimate methods.

Without the monotonicity condition, phenomena of the boundary layer seperation are expected and
actually well observed. In this non-monotonicity framework, E and Engquist [28] constructed a finite
time blow-up solution to the Prandtl equations. More recently, when the background shear flow has a
non-degenerate critical point, some interesting instability phenomena of solutions to both the linear and
nonlinear Prandtl equations around the shear flow were put in evidence, for example in [30, 33, 35, 306].
These instability results show that the monotonic assumption on the tangential velocity is very important
for well-posedness, except in the framework of analytic functions. Indeed, in [68, (9], Sammartino and
Caflisch proved the local existence of analytic solutions to the Prandtl equation and established a rigorous
theory on the stability of boundary layers with analytic data using the abstract Cauchy-Kowaleskaya
theory. This result was extended to the function space which is only analytic in the tangential variable
in [55].

In the case of non-Newtonian Prandtl equations, same phenomena are expected to happen. To the
best of our knowledge, the problem is still open. The goal of our work is to establish the similar results
as in the Newtonian case. In the first step, we prove the well-posedness of the shear flow system and in
the second step, we expect to obtain the same results for the full 2D non-Newtonian Prandtl system.

1.2.2 Main results on the non-Newtonian fluids
In this chapter, we are interested in the the Non Newtonian Prandtl equation

Byu + udpu + vdyu + op = n |0yu[" " O2u in [0,T] x T x RF
%—F%ZO in [0,7] x T x R"
Up—o =ug on T X R*
Upy— =0 on [0,T]xT
Vjy—o =0 on [0,7]xT
lim w=U forall (¢t,2)e€0,T]xT,

y—r+oo

where the velocity field (u,v)(t, z,y) is an unknown, the initial data ug(x,y) and the outer flow U(¢, x)
are given and satisfy the compatibility conditions :

Uoly=0 =0 and ygrfoo ug = Ult=o-

Furthermore, the given scalar pressure p(¢, z) and the outer flow U (¢, x) satisfy the well-known Bernoulli’s
law :

U + U U = —dyp.

In this work, we will consider the Oleinik’s monotonicity assumption :
w = Oyu > 0.

where w is the vorticity.

Throughout this paper, we consider the homogeneous case with respect to the x variable : The solution
u does not depend on z and the outer flow U is constant. For simplicity we take U = 1. Moreover, we
will focus on the special case n = 2, which corresponds to a dilatable fluid. That is, we are interested in
the solutions of the following equation, which is the so-called ”shear-flow” problem.

Opu=210yu|Oou in [0,T] x RF
Up=g =up on T X R*
uy—o =0 on [0,7]

lim w=1 forall te[0,7T],

Yy—>+00

(1.11)
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This problem is equivalent to the following equation in w :

Ow =2wdjw+2(0yw)* in [0,T] x RY,
wii=o =wo(y) on RF (1.12)
Oyw)y—o =0 on [0,T]
where wg = dyup > 0.
Previous results

For n = 1, the problem corresponds to the Prandtl system for a Newtonian fluid and has been widely
studied [62], [XU], [Li].

The case 0 < n < 1 describes the motion of a pseudo-plastic fluid near a boundary [62], [70]. The
case n > 1 has been studies in [71] in the framework of a dilatable fluid for MHD boundary layer system.

The problem of existence and unigness of solutions of the boundary layer problem for non-newtonian
fluids has been little studied in the case 0 < n < 1 in [70], [72], [27], [61].

The problem for the both cases has been studied in [77], using an adapted method of [62]: The authors
have used a transformation of the problem n = u and w(t, &, 1) = |0,u|" 9, u.

There are many papers on the parabolic p-Laplatien (see for example [26] and the references included,
but our problem is different : the boundary conditions are different, and consequently the regularity of
the solutions.

In this part, we will used some methods in [56] and [59].

We now introduce some function spaces. For I = Rt or I =R, s € N and v > 1, we pose
H>Y(I) :={w: I = R;||w| gs~ < +00}

where the weighted H® norm ||.||z=~ is defined by

S

leollZre =D 1) *OhwlFory (1.13)
k=0

where (y) = /1+y2 Fors>4,v>1,0>~v+1,46 € (0,1), we also define the following convex space
5 2 6
Hy§ = {w € H ‘Vy el, (y)w> §and Z |<y>”+k8§w| < g}
k=0

This is a metric space is equipped with the distance d(u,v) = ||u — v]| gs.v-

Here, the main idea is adding an extra weight for each y-derivative. This corresponds to the weight
1

m in the Hardy type inequality.

our resul is the following theorem:

Theorem 1.4. (Local Ezistence and Uniqueness to the non-newtonian shear flow equation (5.1)). Let
s >4 an even integer, ¥ > 1, 0 > v+ 1 and § €]0,1[ Assume that ug € H*7~1 and the initial vorticity
wo = Oyug € H;:% and satisfies the compatibility conditions 8§k+1w0|y:0 = 0 for k integer such that
k < s/241. Then there exist a time T = T(s,7,0,9, ||wol| ysn) > 0 and a unique classical solution u to
the non-newtonian shear flow equations (5.1) such that

we L®([0,T]; HS71) N C([0,T); H o)

weak

and the vorticity
w = dyu € L=([0,T]; Hy 5) N C([0, T]; Hyeap)

where H; . is the space H® endowed with its weak topology.
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In the case of 2-d problem we have the following a priori estimate, First we regularize the system (6.5)
Then we have for any ¢ > 0,

Opu® + ufdpu” + v 0 ut = e*0u° 4+ 210,ut|Oou® in [0,T] x T x RT
Opu +0,v° =0 in [0,7] x T xR
“Tt:o =ug(z,y) on T xR
ufy—g=0 on [0,7]xT
Vymo =0 on [0,T]xT
lim w*=1 forall (tz)e€l0,T]xT.

Yy—r—+o0

(1.14)

Or equivalently, the regularized vorticity w® := 0,u® satisfies the following regularized vorticity system :
for any ¢ > 0

Dw® + ut0pw® + v°0,w° = 202w + 2w88§w8 +2(0,w)?* in [0,7] x T x R" (1.15)
with the boundary condition
2w 0ywiy—g =0 on [0,T]xT (1.16)
and the initial condition
Wi—o = wo(z,y) on T x R*. (1.17)

where the velocity field (u,v) is given by

+oo
u®(t,z,y) =1 —/ w(t,z,7)dy
y (1.18)

Yy
Us(t7$7y) ::_/ 8Ius(tax7g) dg
0

The objective of this section is to derive an uniform (in &) weighted H® estimate for w. This estimate,
include weighted L? estimates for D%w for |a| < s and a; < s — 1.

For the case a; = s, we do not estimate directly w : we have to use a weighted L? estimate of the
cancellation function gs which is defined (see (6.8)) by

Oyw

gs = Ohw — Os(u—1U).

w
We will combine these two estimates to obtain an uniform weighted energy estimate. of the pseudo-norm
(see (6.7)) [lwl%:

i3 = 10+ 0 g Baemenny + 3 N1 +3) D] s
la|<s
a1 <s—1

Theorem 1.5. Let s > 6 be an even integer, v > 1, 0 > v+ %, 0 € (0,1),and € € (0,1]. We suppose
there exists a solution w® € C([0,T]; HSX" N C1([0,T); H*t>7) of (6.11).

Therefore we have the following uniform (in €) estimate : There exits some constants My, Cs .55,

Cs.6,5, Cs such that
¢ 3
lollg < { ool + [ Fryar}

. oOM.—1 \ — T3
X {1 - (2MS - 1) CS,’Y,U,& (leH%I;’”’ +/ F(T)d7—> t}
0

Where

s

2
F=Conos{1+ 05U} + Cogs 10705 72D )
r=0



1.2. NON NEWTONIAN PRANDTL EQUATION

The proof of this theorem is based on the following proposition:
Proposition 1.2.1. Under the assumptions and notations of Theorem 6.1, we have

d M ,
—lwliyr < Comosllwlls + Conos{l + 105 Ul }

s
T S —ar 4
+Cs 2_:0 107057 72| e gy -

13

(1.19)
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Navier-Stokes-alpha model
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Chapter 2

Hydrostatic limit of the
Navier-Stokes-alpha model

2.1 Introduction

2.1.1 Motivation

The characteristic feature of a turbulent fluid according to Kolmogorov’s theory is that the energy cascades
from large scales to small scales until it reaches the dissipation scale and then turns into heat. This feature
leads to important costs of calculations in numerical simulation because the grid resolutions cannot
keep up to the dissipation scale, which is extremely small when the Reynolds number is large (which
corresponds to turbulent flows). So the idea is to consider the effects of smaller scales on larger scales
instead of capturing all scales and as a consequence, one can achieve a balance between computational
costs and precision.

One way to model turbulent flows is the so-called Large Eddy Simulation method. It consists in
filtering the small scales and directly calculating the large scales of the turbulent cascade (see [37] for
instance). Another approach is the Reynolds Averaged Navier-Stokes, based on Reynolds decomposition,
which provides mean quantities of turbulent flow while fluctuations will be modeled. This second method
is used in the industry due to its small computational costs. However, both approaches meet a common
problem which is the closure of the model systems where there are more unknowns than equations.

In order to overcome this difficulty, the Navier-Stokes-alpha model was introduced, where an energy
“penalty” inhibits the creation of small excitations below a certain length scale a (also called the viscous
Camassa-Holm equations, see [10, 23, 412, 44, 57, 60] and the references therein for a survey of Camassa-
Holm equations). This “alpha-modification” leads to a change in the convection term of the Navier-Stokes
equations. More precisely, this is the following system

ov

e + (u- V)v+v1Vug +v2Vug = vAv — Vg (2.1)
V-u=0,
where
v =(v,v2) = (1 —a?A)u= ((1-a?A)u, (1 —a?A)uy)
and u is the velocity of the fluid and ¢ the modified pressure. In [29], Foias, Holm and Titi prove the

global existence and uniqueness of the solution of (2.1) in a periodic domain for H'-initial data and
the convergence of the solution of 3D Camassa-Holm equation (NS-a) towards a weak solution of 3D
NS equations when « tends to zero and in [9], Busuioc gives a simple proof of the global existence and
uniqueness of (2.1) for Hi-initial data in bounded domains with Dirichlet boundary conditions.

17
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In this paper, we consider the system (2.1) in the thin strip §¢ = {(ac,y) eR%20<y< 5}, where
the width ¢ is supposed to be very small. This consideration is relevant for planetary-scale oceanic and
atmospheric flows (see [65]), for which, the vertical scale (a few kilometers for oceans, 10-20 kilometers for
the atmosphere) is much smaller than the horizontal scales (thousands of kilometers). In this framework,
the fluid behaviors are approximated by the so-called hydrostatic model, in which the conservation
momentum in the vertical direction is replaced by a simple hydrostatic equation. In the case of Navier-
Stokes equations for a viscous fluid in a thin strip, the hydrostatic limit leads to the following rescaled
system in domain Rx]0, 1|

Oiu + uO0u +vo,u = 8§u — O

Oyp =10

dpu+ dyv =0 (2.2)
(U7U)|y:0 = (U,U)|y:1 =0

Ult=0 = ug.

This model and its three-dimensional counterpart are very important in oceanography and meteorology
(see [4, 52, 65]). Tt is known that without any structural assumption on the initial data, real-analyticity is
both necessary [67] and sufficient [18] for the local well-posedness of the system (2.2). In [32] the authors
proved that for convex initial data, the local well-posedness holds under simple Gevrey regularity. In [64],
Paicu et al. proved the existence and uniqueness of global analytic solution with small analytic initial
data with respect to variable x.

In this paper, we will study the hydrostatic limit of the Navier-Stokes-alpha equations as the strip
width ¢ — 0. Using the techniques of [64], we prove the global well-posedness of the limit system in
appropriate analytic function spaces. We will justify this limit by proving the convergence of the Navier-
Stokes-alpha system in a forthcoming paper. In the next subsection, we will give brief derivation of the
hydrostatic limit of the system (2.1) as € — 0.

2.1.2 Hydrostatic limit of the Navier-Stokes-alpha model

We consider the system (2.1) in a thin strip
S ={(z,y) eER*0<y<e},

where the width € > 0 is supposed to be very small. Equipped with no-slip boundary conditions, we
rewrite (2.1) as

OUF + u§ 0, U + u§ 0,Us + Us 9,us + Us Opus = vAUS — 0.¢°
O US + S 0,US + u 8,U5 + US dyus + US dyus = vAUS — d,q°
Ozui + Oyus =0

up=u;=0 on {y=0tU{y=c¢}

Ouf =0u53=0 on {y=0}U{y=c¢}

(Ui,ué)u:o = (u1,07u2,0)($,y),

(2.3)

where, for i =1, 2,
U = us — o Aus.
We consider the following rescaling
ui(t,z,y) = u® (t,:l:, g) ,
us(t, z,ye) = ev® (t, x, g) ,

- Y
qa(thay) = qa (t,fE, g) )

o = (1€



2.1. INTRODUCTION 19

we perform the change of variable z = % and we set
S={(z,2) ER*,0<z<1}.

We remark that for any function ¢(t,z,y) = ¢ (¢,z, %), we have

M) ((t, z,y)) = 0Py (¢, 2, 2).

Then the following calculations are immediate

{Uf(t, z,y) = u(t, 2, 2) — a20%us(t,x, 2) — 2302 (t, x, 2)

U3 (t,2,y) = e(v™(t, w,2) — afO20°(t, @, 2)) — & afO;v° (¢, @, 2),
The system (2.3) becomes

Ohw® — a3e20,02u° + uf 0,w° — a2e®uf O3us + v° 0w — ate®v® 0.0%u° + w Ut — ate? Dyut O*uf
+ 27°0,0° — et Q20205 0,07 = 92w® + 20%w° — €2 39202 uF — A3 IMuT — 0,G°

£20,7° — a2e?0,0%0° 4+ 2 uf0,7° — adet ut O2v° + %0° 0,47 — aZe v 0,0%0° + w du — a2e?0Puf D, u°
+&29° 0,0° — a2et0%0°0,0° = £20°7° + 1 0797 — ale? 020%0° — a8 Ot — 0.¢°

Ozu’ + 0,0° =0,

(2.4)
where we denote w® = u® — a?9%uf and ¢ = v° — a29?v° to lighten the notations.
Formally taking ¢ — 0 we obtain
0y (u — a30%u) + u 0, (u — a20%u) 4+ v0. (u — a10u) + (u — a10*u)dpu = 0%(u — A20%u) — 0,4
(u — 20%u)0.u = —0,§G
Ozu+ Oyv =0 (25)
(u,v) =0, O,u=0 on z=0
(u,v) =0, O,u=0 on z=1
U‘t:() = Ug-.
We consider the modified pressure in the strip
1 1
and we set
w=u—a3d%u.
Then we can rewrite the system (2.5) as
0w + u 0w + V0w + a%(@zu 0,0,u — 83u8xu) = 8§w — Ogp
0.p=0
Ozu~+ 0y,v=0
Y (2.6)
(u,v) =0, O,u=0 on z=0
(u,v) =0, Ou=0 on z=1
’U,lt:o = Up.
Remark 1. 1. The no-slip boundary conditions (u,v)|y=o = (u,v)|y=1 = 0 and the incompressibility

Ozu + Oyv = 0 imply

Yy Yy
oty ,y) = / Dyult, . 5) dij = — / Deult, z, ) di.
0 0
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2. From the incompressibility condition we deduce that

1 1
ax/ U(taxa y) dy = _/ @,v(t, ‘T7y) dy = ’U(t,:L 1) - ’U(t,I,O) = Oa
0 0

which together with the fact that u(t,z,y) — 0 as |z| — 400, ensures that

/o u(t, z,y) dy = 0. (2.7)

Since 0,p = 0, integrating the first equation of system (2.6) and using the boundary conditions, we
get

1 1
azp(tv iC) = a%a§u|z:0 - a%agu‘zzl - ax / uz(tv z, y) dz — afaa? / (8zu)2(t7 Z, y) dz.
0 0

We emphasize that, similar to Prandtl equation, the nonlinear term vd,w in the system (2.6) creates
the loss of one derivative in = variable in energy-type estimates. So, in order to overcome this difficulty,
it is natural to work in analytic function frameworks. In the next paragraph, we will introduce some
elements of Littlewood-Paley theory and functional spaces that we are going to use in this paper.

2.1.3 Littlewood-Paley theory and functional spaces

We consider a even smooth function x in C§°(R) such that the support is contained in the ball Bg(0, %)

and 1 is equal to 1 on a neighborhood of the ball Bgr(0,2). We set 1(z) = x (%) — x(z) then the

support of 1 is contained in the ring {z eR: % <|lz| £ %}, and 1 is identically equal to 1 on the ring
{z eR: % <z < %} Moreover, the functions y and v verify the following important properties

Zw@_qz) =1, VzeR"
a
X(2)+ Y $(27%) =1, W¥neR
q=0

and
Vi €N, |j—j'|>2, suppy(277) Nsuppyp(27) = 0.
Let Fp and F; ! be the Fourier transform and the inverse Fourier transform respectively in the hori-

zontal direction. We will also use the notation f = Fnf. We introduce the following definitions of the
homogeneous dyadic cut-off operators.

Definition 2.1.1. For all tempered distributions in the horizontal direction and for all ¢ € Z we set

Agu(e,y) = F (027 UE) Frul€, v)),
Shu(a,y) = F (@D Faul&y) = Y Al
q'<q—1
In our paper, we will use the same functional spaces as in [64], the definition of which is given in what

follows.

Definition 2.1.2. Let s € R and § = Rx]|0,1[. For any u € S};(S), i.e,

. . h .
ue S'(S) with ql}l_noo S5 ullL~ =0,

we set

h
lullge = 2% | Aful| 2.

qEL
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1
e For s < 5, we define

B*(S) ={u € S(S), |lullp: < oo}
e Fors€lk— 3,k + 3], with k € N*, we define B*(S) as the subset of distributions u € S (S) such
that Oku € B3~F(S).

Remark 2. Foru € B®, there exists a summable sequence of positive numbers dg(u) with 3° dq(u) =1,
such that
1AGullz2 S dg(u)27%ul| 5

We also need the following time-weighted Chemin-Lerner-type spaces (see [22]).

Definition 2.1.3. Let p € [1,+00] and T €]0,00] and let f € Li,.(RT) be non-negative function. We
define space L. ;(B*(S)) as the closure of C([0,T], B*(S)) with respect to the norm

lullzs sy = D2 (/ FOI Ak, dt)

qEL

with the usual change if p = +o00. In the case of f(t) = 1, we will simply use the notations E’%(BS(S))
and [[ulz5 5-(s))-
Remark 3. For u € Ef;(BS), there exists a summable sequence of positive numbers dq(u, f) with
>oqdq(u, f) =1, such that

1%l g 2y S s £)27 g

2.1.4 Main results

The main difficulty consists in controlling the nonlinear terms, using the smoothing effect given by the
above function spaces. The idea is to define the following auxiliary functions, using the method introduced
by Chemin in [25] (see also [21] or [64]): for any f € L%(S), we set

Folt,z,y) = P f(t, 2, y) o= F (209 f(t,€,)) with ¢(t,€) = (a— M(1))[€], (2.8)
where the quantity 6(¢) describes the evolution of the analytic band of u, satisfies
0'(t) = ||6‘§u¢(t)||3% and 6(0) =0. (2.9)

We remark that if we differentiate a function of the type e?®P=) f(t x, 1) with respect to the time
variable, we have

Ap(e® P £(t 2 y)) = —A0' (£)|Dy|e®BP) f(t, 2, y) + eGP, f(t, 2, 1),

where —\0'(t)|D,|e?®P=) f(t,2,y) plays the role of a “smoothing term”, provided that #'(t) > 0, and
allows to “absorb” the loss of one derivative in the nonlinear terms when we perform energy-type esti-
mates.

Our main result is the folowing.
Theorem 2.1. Let a > 0 be fized. We assume that e P=ly, e B? and eP=19, 0y € B%. There exist
positive constants ¢ and C' such that, if we suppose that

ca
B% = 1+ llealP=lug]| s + [leelP=10,uol| ;5

et uoll 5y + [leP<10.uo (2.10)

and the compatibility condition fol ugdz = 0, then a unique global solution for the system (2.6) exists and
satisfies

T lle™0.ugll T lle™0.ugll Tl 2uyl

e u¢||L°° (R+,B3) Lo (R+,B3) I2(r+,B3) L2(r+,B3)

< C([[ePug|| g + [le”P=10uoll ,5).  (2.11)
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Furthermore, if e!P=luy € B3, ¢4P=19,uy € B3, e P92y € B3, then

R R Rt o2
1™ @)oo e 3, + e @000l s it + 1R Outtolly s 3y + PPl )

SC(HealDw‘azUOHB% JFHGQ‘D”I&SUOHB% Jr”ea\DxluO”B% Jr”ea\leazuO”B%) (2.12)

Remark 4. The compatibility condition fo ug dz = 0 ensures that fo -)dz is conserved by the system
(2.6).

The rest of the paper is arranged as follows : The proof of the main Theorem 2.1 is presented in
the next Section 2.2. and the Appendices 2.3, 2.4 and 2.5 are devoted to the proof of estimates used in
Section 2.2.

2.2 Global existence and uniqueness of the hydrostatic limit
system

In this section, we prove the existence of a unique global solution of the system (2.6) using the method
introduced by Chemin in [20]. We recall that, to be able to deal with the lost of one derivative in the
tangential direction x, we work in the same functional settings as in [64].

2.2.1 Energy-type a prior: estimates

The aim of the first part of this section is to prove the energy-type estimate (2.11). Our proof is based on
the following important estimates of the nonlinear terms. We recall that ¢, 6 are the auxiliary functions
defined as in (2.8) and (2.9) and we set

T* :Sup{t>0, 0(t) < %}

Lemma 2.2.1. Let s >0, 0 <T <T*, R > 0. There exist a generic constant C > 1 and some square
-1 1
root summable positive sequences (Y., dq =1, > di =1) such that

T
/ (e Ay, ™ Al )| di? < 02720 (dy +dy) ™ w2, Ly (2.13)
0 L2 g1y (B’ z)’
T
/ <eP”tA (udp 1), R APD. 0 > dt' < C27%9% (d, + dy) [|e" D.ug)2, i (2.14)
0 LT 0’(t)(B )
T
/ <em A (D, udptt) g, € RY' Aha u¢> dt' < €272 (d, +d )||eRta “¢||L2 (Bhy (2.15)
0 T,07(t)
T
/ <6Rt Ah 0,ud,0,u) 4, € Rt AhU¢> dt' < C27%% (d, +d )||eRta W’”L? by (2.16)
0 T,07(t)
T , , -
/ ‘<6Rt A (vd.u) g, e Agu¢>‘ dt' < 0272 (d, + d,) || ™ 6, u¢||L2 B+ (2.17)
0 T,07(t)
and
T
/ <eRt/AZ(v8§u)¢,eRt’Agazu¢>’ dt’
0
—2qs (7 . J Rt’ Rt Rt' 92 ~
<C2 (dg+dy) e azu(b”Z?Tﬂ,(t)(B”%) <||e 82“¢HE2THIU)(35+ + 10.u ¢HL°°( s |le azuchLZ’T(BS))‘
(2

18)
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The proof of this lemma is given in appendix 2.3. For (u, v) solution of (2.6), we define (ug,v4) be as
in (2.8) and (2.9)). Direct calculations show that (ug,vs) satisfies the following system
Owe + AN ()| Dy|wg + (w0pw)p + (vO,w) g + a2 (0.u 0,0,u)p — a%(@?u@zuw = 63&14) — OzDo
8Zp¢ =0
Opg + Oyvy = 0

o T OyUs (2.19)
(up,v) =0, Oupg=0 on z=0

(up,v) =0, Oug=0 on z=1

ugli=o = € P*luq,

where |D,| denotes the Fourier multiplier of symbol |¢]. For any ¢ € Z, applying the dyadic operator AZ
to the first equation of the system (2.19) and taking L?(S) inner product of the obtained equation with
A2u¢, we get

1d 1 2 1 2
S (1883 + a3 ALDugl3e) +00'(0) || Dal Al ||+t A0 (1) 121 Al O
+ 180 ugll72 + T [|AF0uglT2 = — (A (udew)g, Afug) — (Af(v0:w) g, Agug)
— af (AM0:u0:0.u)g, Aluy) + of (Al(02udpu), Alug) .  (2.20)

Multiplying (2.20) by e*#* and integrating with respect to the time variable, we obtain

e 1D, [} Alkuy (¥)

t 2 t
e Abug|72+aile™ AL ug|72+2A / 0'(t) L A2 / [eF AL D uy ()|, dF
0 0

t
+2Aa§/ o' (t)
0

1 2 ¢ 2
‘eRt|Dz|2A26'Zu¢(t/)HL2 dt’ + 2a%/0 e ArdZug ()|, dt’
= [|Agug(0)122 + al[|AGO:ug(0)l|72 +2D1g +2D2,g + 2Ds,g + 2Dag,

where
Dy, =— /Ot <eRtlAZ(u8Iw)¢, eRt/AZu¢> dat’,
Dy 4 =— /Ot <€Rt/AZ(’Uazw)¢7 eRt/AZu¢> dt’,
D3, =—af /t <6Rt/AZ(8zu 0:0,1) 4, B A2u¢> ar',
0
Dy, =03 /075 <eRt/AZ(8§uazu)¢, eRt/AZu¢> .
Using the definition of w, we can write

¢ t
Dy, = —/ <eRtlAZ(u8Iu)¢, eRtlAgu¢> t'+ Oé?/ <eRt,AZ(u8$8§u)¢,eRtlAZu¢> dt'.
0 0

Since
AZ(u@xﬁfu)qg = 3ZAZ(u8x32u)¢ - Ag(ﬁzuﬁxﬁzu)¢,

by integration by parts with respect to z variable, we have
t
/0 <eRt Al (u0y02u) 4, ™ A2u¢> dt’
t !’ !’ t 7 !’
= / <eRt (‘LAZ(uazazu)qg, et Agu¢> dt’ — / <6Rt Ag(azuaxazu)(b, eft Agu¢> dt’
0 0

¢ t
= —/0 <eRt'AZ(u8x8zu)¢,eRt/AZBZu¢> dt’ —/0 <€Rt/AZ(3zu3xazu)¢,eRt'AZU¢> m
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Thus
Dyg = Aq + Bq + D3,

where

t
A, = _/o <eRt/AZ'(u8Iu)¢,eRtlAZu¢> dat',

t
B, = 704%/0 <eRt1AZ(uamazu)¢, eRt,Agazu¢> dt'.

In a similar way, we can write
Dyq=Cq+ D3gq,

where
C,=—ai /Ot <6RtlAZ(8zu6xu)¢,eRtlA282u¢> dat’,
and
Dag=Eq+ Fy+Cy+ D3y
and where

t

E, = 7/0 <eRt Al (vDou)g, ™ A2u¢> dt’,
t

F,= —a%/o <eRt,Ag(v8§u)¢,eRt/Agazu¢> dt'.

To summarize, we have

t
e Al + ol al0.ug s + 2002 [ #(¢) at
0

t
+2/\/ o' (t')
0
2
+20{1/ H Rt/ Aha2 /) ;

= 18515 (0)]|72 + 0| Ag0-ug(0)[[72 + 244 + 2B, + 2C; + 8Ds g + 2B, + 2F,, (2.21)

’ 1 2
‘em |Dg |2 AL ug(t) Lo

2

2 t
/ Rt' AR ’ /
Lt +2/0 He Abd.us(t)|| , dt

’ 1
e 1D, | Al (¢)

dt’

where

We recall that we set a
T = Sup{t >0, 6(t) < X}
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Lemma 2.2.1 yields that, for any 0 < T < T™, we have

2

T
e Abug T o (12 +a1||eRtA28Zu¢||%%o(Lz) + a2 21 /0 0'(t') L dt’

T ) 9 T ) 9
+ oc%/ Hem ALOZug(t) L dt’ —|—/ HeRt AL ug(t')
0 0

dt +>\2‘1/ o't
L2 0
< (| Abug (0)[132 + o3| AL D, (0)]72 + C2729°d2 || ug?
+ 027205 @2 || 9, uy |

‘ e AL uy ()

, 2
‘ eftt Agud) ("

L2

dt’

T,G’(t)(BS+%)
_ Rt’a _
L iy (B72) <|6 ol

3 Rt' 92 _
ey Il T Bl )
Multiplying the previous inequality by 229%, taking square root of resulting inequality and then summing
with respect to ¢ € Z, we get

e usllg (5e) + o lle™ Outigl pge oy + VA ™ wollz, (BT by YA e 0l oo (B
+||€ azU‘d’HE%,(BS) —|—a1HeRt82u¢,||L2 Bs
<6]lus (O)llz+ + 6 1 [19:16(0) 5= + C lle™ sl
+C 0|

(B”%) + Cay |[ef 9, uy||
R 920112

o) 2
Ll Pl

sz,e/m(BH%)
Rt'
O ug|? .
B*) €™ - ¢||L’;9,(t>(3-*+%)
Therefore, there exists a constant C; such that
Rt Rt Rt/
- 0 oo Rs A 1 A 0 ol
e uolzze o) + o™ Ottollze o) + VA €™ o] 2 B T VAl g 2 (BT
+||eRtazu¢HZ2T(BS) + ||6Rt82"u,¢||z2 (5

<C1([lug ()l Bs + 1926 (0)[| ) + C1 |I€Rt/u<¢>ll

‘ C Jlef™'d
e )(BbJr%) + 1 ||€ Zu¢|| . (t)(35+%)
1 ’
+ C1|0ue || * ettt 82u 2 .
[0 s 1™ D2ugllEy ) ™. ¢||L2W)(BS+%)
We remark that Young’s inequality implies
1 ’ 1
y Rt o2 2
C1|0:ug|| w(B%)Ile D ugll2

Rt a 3
P L XY
1 ’ 1 ’
< 5|0 2 Rt 9 _ ~ Rt 32 _ .
< CalldugllE g 1™ Ol sy e+ e Rl
So, putting C's = max(C1, Cs) and choosing

A2 C5 (1+[|0zug|
we have for any s > 0

o) (2.22)
le™ugllzoe (s + ||€Rtazu¢||Z;C(BS) + ||6Rtazu¢”L2 (Bs) T l[e™ 0z ugl| 2 (B*)

< C3(J|e!P=lug| g« + [|eP=18,uo | ) (2.23)
In particular, under the condition (2.22), we have
[0:t6ll 1 3, < Colle™Plugl g + o110zl 3.
Then, by taking A = C2(1 + Cs(|[e®P=lug|| s + ||e®P=10,ug|| 3)), the inequality (2.23) holds for any
s > 0. In particular for s = %, we have
lef? ol e 1) +efto. Ul zee (53 + [0, uollz, Bz)+||€Rta2U¢||L2 &3
< Cs(llePluoll 3 + fle”P10.u0ll 3.

(2.24)
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Now we want to estimate the function 6(¢) on [0, 7*[. Using Cauchy-Schwarz inequality, we can write

t
0(t) = [ e 0Rug(t)]

T 3 T
< —2Rt g1 Rt' 52 "2 ’
< (/0 e dt) (/0 |le 8zu¢(t)||35dt>

<Cr ||€Rt53u¢llz%(35)~

2

Then, we deduce from (2.24) the existence of a constant Cy > 0 such that
o(t) < C4(||€“‘D”|uo\|3% + ||e“‘D’|82u0||B%).
Taking ¢ small enough (see the assumption on the initial data (2.10)), we obtain, for any ¢ € [0, 7% that

g(t) < C4<H6a|leu0HB% + Hea\DHazuO”B%) < ﬁ

Using the definition of T* and a continuity argument, we deduce T* = 400 and that the inequality (2.23)
holds for any 7' > 0.

Conclusion : Taking s = 3 in (2.23), we obtain Estimate (2.11) in Theorem 2.1.

2.2.2 Estimate of the time derivative of the solution

In this paragraph, we give brief ideas of the proof of Estimate (2.12). Applying AZ to (2.19) and taking
the L? inner product of the obtained equation with e*** A" (d,u)y, we have

e AL (Bru)g 172 + il A (8:0:u) 4|7 (2.25)
= ft <A233u¢, AZ(@tu) ) — aje*ftt <A283u¢, AZ(@U)@
— 2 (Al (u0pw) g, AL (O4u)y) — 2 (AN (v0.w) g, AL (Ohu)g)
— 20l (Al(0.u0,0.u), AL (Oyu)g) + €*ai (Al (02udpu)y, Al (Ou)s) -

Since (Qyu)p = Opug + N0 (t)| Dy lug, then

21t <Ah82u¢, Ah (Opu)g) = e <Aha2u¢, Ahﬁtu¢> + 0/ (t)| D, | <Ah82u¢, A u¢> (2.26)
= oM Ay 3 — A0 ()™ D, AL
1d
<L emi ALy 2.

Similar calculations give

1d
— (AL ug, Ah(Ou)y) < —=

57 — [ eRF AL O uy |7 . (2.27)

Plugging the estimates (2.26) and (2.27) into (2.25), we get

1d 1
lle RtAh(atu)dJ”H +ail|e™ AL (00 u)s 72 + 5 5 dt\leRtAha ugll7z + Oq HeRtAh@%IILz
(Al (wdpu) g, Al (Byu)g) + afe® ™ <AZ(u3x83 )¢,AZ(6tu)¢>
2 (AN (v0.u)g, Al (Oiu)g) — i (AN (vO2u) 4, AN (0,0.u)y)

e*Mad (AM0.u0,0.u)y, Al (Opu)g) + 2 af (Al (2ud,u) g, A (Opu)y)
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and so

1d 1
le™ A (u)ol7z + aflle™ AG(Q0-u)g |72 + 5 - e Agd-uglfa + Sl — IIeRtAé’@?%II%z

2dt
< C(IleRtAZ(u Oz)g |72 + [l A (uds02u)glZ + HeRtAZ(Uazu)¢||2L2
e AL 02|32 + €™ AL (0. B, D)o 3 + | AL (GPudsu)o s ).
Integrating with respect to time yields
€™ AR @ewoll g (1) + 0 AL ODw)gl| 13 (1) + I AbDtg e (z2) + €™ AOPug iz vy (228)
< O (|leP< AR o | 2 + |eP= ARG ug| 12 + |7 AR (D)ol (1)
+ [ AL (w0, 02u) gl 12.(12) + €™ AY (00u)p ] L2 (12) + € AG (WD) L2 (12
+[|e AR (0. 0,0.u) 4| 2 (12) + HeRtAZ@Euaxu)qslleT(m)).

To be able to obtain Estimate (2.12), we need the following lemma, the proof of which will be given in
the appendix 2.4.

Lemma 2.2.2. We have the following estimates for the nonlinear terms :

le™ (wdu)sl 7y 3, S 106l €™ Dt 7y s (2.20)
e (w025l 7, 3y S N0-sl e 3l O2usl o 3y + 1050l 3 ™ D26 I, 30 (2:30)
le™ (00wl zy 1) S 10:tll e 1, €™ Dt 2 3 (2.31)
Rt 2 Rt 2 Rt 2

le™ (v O2u)alzy ) S 10uoll i €™ 2l 3+ N0ctoll o €702l 1y sy (232)
o™ (0 0:0:oll s 1) S 10:100l e ot NP0y ) + 190 3 ™2l s (2:33)

e AR (0, 02 >¢|\L2 oty S 1020l o lle™ 02 uslly 3 + 1920l ) o™ D2l -
(2.34)

Conclusion : Multiplying (2.28) by 2%, summing up with respect to ¢ € Z, and then using Lemma
2.2.2, assumption on initial data (2.10) and Estimate (2.23), we obtain Estimate (2.12) in Theorem 2.1.

2.2.3 Uniqueness of the solution

We suppose that uy,uy are two solutions of (2.6) on [0,7] with the same initial data. Let U = u; — ug,
V =wv; — vy, P =p; — p; then, (U,V, P) satisfies the following equations
O (U — af02U) 4+ uy 0, (U — a3 0?U) + Udywa + v10,(U — a302U) +V O,ws + B
= 0%(U — a20°U) — 0, P
9, P =0
0,U+0,V =0 (2.35)
(U,v)=0, 0,U=0 on z=0
(U,V)=0, 9,U=0 on z=1
Uli=o0 = 0,

where we set we = uz — a20?u and where
B = a20,u10,0.U + a20,U0,0,uy — a%@ﬁulaxU - af@fU Ops.
We now consider the following auxiliary functions

O(t,€) = (a — pO)IE] with  ©'(t) = [|0Zu1, ()] ;3 + 102z, ()]l ;3
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and following (2.8) we define

folt,z,y) = e® P f(t a,y) = F L (e*9) f(t,€,y)),
where > A will be determined later. From Theorem 2.1, we deduce that

<M,

[l Hlluzgll o gy 10201, o g2y + 10:u2, ]l 2y <

Loo( BZ)

where M > 1 is a constant. Following the proof of (2.21), we get from (2.35) the following estimate

t , 2
e AFUs|72 + aflle™ AFD.Us||7 +2na§/ o'(t") ’eRt D, |2 A0, Us (1)) L
0

t
+ 2u/ o'(t)
0

2 t 2
Rt EN/ ’ / Rt' AR ’ ’
‘e D, 18U, at +2/0 He Abo.Us ()|, at

2
+ 202 / e atozva(e)| | ar

=20 4+20 +213,+211 g+ 25 ,+216q+217,+21g, (2.36)

where
t
Lg=—a} /O <6Rt/AZ(3Zu18x32U)q>, eRt/AZU¢>> dt’
t / ,
Iy =— /0 <eRt Al (u1 0o(U = af02U))g, e A3U¢> dt'
t
I3, :af/O <6Rt,AZ(3§u18xU)¢>, eRt’AZU@> at’,
t / )
I4,q = - /0 <€Rt AZ(V aZWQ)q>7€Rt AZUq>> dt’
t
Isg=— /0 <eRtIAZ(v182(U — a%@fU))@,eRt/AZU@> dat’,
t
Igy =03 /0 (R AL(O2U Dpus)e, ™ AU ) dt
t
Iz g =~ a?/o <6Rt,AZ(6ZU8I8qu)¢, eRt/AZU¢> at’,
t
Tsq = - /0 (R AL UOw2)0, ™ AU ) dt'.
The terms I 4, j € {1,...,8} can be controlled as in the following lemma. The proof of this lemma is

very close to the proof of Lemma 2.2.1. We will give a brief version of this proof in the appendix 2.5.

Lemma 2.2.3. Let s €]0,1], T > 0, R > 0. There exists a generic constant C > 1 such that, for any
0<t<T, we have

14| < C2720d0 [ 0.Us |12, (5 (2.37)
T,8/(t)
| o,q] < C272%d3 ™ 0.Us |12, rlos (2.38)
L2 o (B°T7)
s,4] < C2_2q5d2 lle Rt 0. U<I>H2 S (2.39)
To/(t)(B 2)
Iy, < 02720502 || 5, Usll?, (B (2.40)
T@’(t)
1
Is .| < C2729542 2 B 920, B9, Us |2 2.41
[I5,4] < a ||U1¢||L%O(Bs) lle ®llz2. (5 lle <1>||LT6/“)(BH%)’ (2.41)
1 ’ ,
< —2gs 32 2 Rt 92 _ Rt 2 )
[fo,q| < C2779%dy IIU%IIL%O(B%) lle™ 0 Usl|zs, le 3ZU<1>||L2T (B (2.42)
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[frgl < C2720d0 | 0.Un ]l 1y st (2.43)
T,0/(t)
Rt 1 Rt
(100l gy Ol 1R 0.0 7 5 )
s gl < C2720a2 |1 0.Us ||, B+ (2.44)
T,0/(t)
Rt! 3 Rt' B
(IR0, e+ I 1 0.0 7 )

Now, using Lemma 2.2.3 and choosing u = C? M?, we deduce from (2.36) that, for any s €]0,1]

||€RtU<I>||’L'%o(Bs) + ||€RtaZU<I>||E39(Bs) + HeRtaZU’?HZ?T(BS) + ||6RtagU‘I>”fz%(Bs)

< C(||eP=1Uy || s + [|e*P=18,Up|

BS) = Oa

which implies the uniqueness of the solution.

2.2.4 Construction of approximate solutions
Before introducing the construction methods, we remark that if (u,v,p) is a solution of (2.6) such that
all the following expressions make sense, then we have :

Lemma 2.2.4.
1d

5 77 Ulullz + atldzulzz) + [10-ullfz + a2 0Zu]72 = 0. (2.45)

We also remark that Estimate (2.45) is also true for the approximate solutions.

Proof. We set w = u — a39?u. Taking L? scalar product of (2.6) with u, we have
(Opw, u) + (u Opw, u) + (VO,w, u) + oz? (0,1 0,0, u, u) — a% <8§u8wu,u> = <8§w,u> — (Ozp,u) .
We first consider the linear terms. Performing integration by parts in z-variable and remarking that

<awp7 u> = <p7 a:vu> = (p,é)w} = - <82p7 U> =0.

We obtain
1d

s (
where the non-linear term NL is

NL = (u 0w, u) + (v0,w, u) + af (0,u 0,0.u,u) — of (D2udyu,u) .

ullZ> + oi[10zullf2) + 10:ulliz + oF[|0ZulZ: + NL =0,

Performing integration by parts in z or z variable and using the incompressibility condition, we can write

1
(udpw,u) = _7/]1@ o 1[(&Cu) u? + 204%/ (02u) (0pu) u,
x]0,

Rx]0,1]

(v Ow,u) = 1/ 00, (u?) — a%/ 0.(0%u) (uv)
2 Jrxjo,1] Rx]0,1

_ ! / (O.0) 2 — La2 / (0.0)? (0.v) — a2 / (02u) (Do) u
2 Jrxj0.1] 2 7 Jrxj0] Rx]0,1]

and
1
a3 (0,u 0,0, u, u) = —fa%/ (0,u)?0u.
Rx]0,1[
Putting these identities into NL, we get
NL=0

and this concludes the proof of the lemma. O
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We now introduce the following Hilbert spaces

Hi = {f € H*(0,1])| f(0) =

Hy = {f € H'(0,
equipped with their respective norms

f@) = 11(0) = f(
1)[f(0) = £(1) = 0}

1713 = (o2

N

[ e [

11y = (a2 [ (7)) / 1(f(Z))2dz>;

and let be a common Hilbert basis {€x}r>1 such that

Yo e HF, (e, v)pz = M (8, )
For any (u,v,p) sufficiently smooth on [0,7] x S, T > 0, such that

0up = a102ul.=0 — af02ul.o1 — Oy /

2(t,x,y)dz — 20, / (0u)*(t,x,y) dz,

v(t,x, 2) / Oz u(t, x, 2)

We set
R(u) = —(u0pu) + o2 (1 0,0%u) — (v 0,u) + o2 (v0,0%u) — o (0.1 0,0.u) + i (9*udyu) — Opp. (2.46)
For any n € N, we will look for an approximate solution u™ of (2.6) of the form
"(t,x, 2) Zum (t,xz)é;(z
where {@;,,} is solution of the following system of n equations
<8t(u" a%@?u"%ék}@ = <63( —Oz1(92 n) ék;>L§ + (R(u”),ék>L3, k= 1,...,n
Unt=0 = Z<U07ék>H01 €k»
k=1

which also means that, for 1 < k <n

Opligen (t, ) = =g Ugn (¢, ) + (R(u™)(t, x, -), ék>L§ .

Next, we define the following frequency cut-off operators J,, in z-variable. For f € L?(R), we set
Tnf(@) = F (U mFuf) (@).

we have

The operator J,, is continuous from L? to L2, satisfies J2f = J,,f and for any positive integers n and p,

|08 T flr2wy < 0P |f|L2m),
|08 T flLoe®) < Cnp|flL2

Now, we consider the following approximate system

{&akn(t, l‘) = *Ak ﬁkn (t, x)

(T R(Tt™) (62, 8) 2y k€ {1, )
Ukn =0 = (Jnlo0, €k) my

(2.47)
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Since Gigy, — (Jn R(Jou™)(t, 2, ), ) 12 is locally Lipschitz in L?, (2.47) is a system of ordinary differential
equations in L2. Then, Picard’s theorem implies the existence of a unique maximal solution {d, (¢, )}
of (2.47) on [0, T,[. Since J? = J,,, we deduce that {.J, i, } is also a solution of (2.47) on [0,T;,[. Thus,
the uniqueness of the solution implies that @y, = J,Ugn, for any k € {1,...,n}. We remark that {é;} is
not necessarily orthogonal in L2(]0, 1[) but using the Gram-Schmidt process, we can always construct a
orthogonal family {ex} of L2(]0,1)[ such that

Vect {e1,...,en} = Vect {é1,...,6,}.

We denote P, the orthogonal projection in L2(]0,1)[ onto Vect {e1,...,e,}

]Pnf Z faek L2 €f-
k=1

Then, we remark that «" is also the solution of the system

{at(u — 20%u™) = (" — a29Pu") + P R(u")

(2.48)
Un|t=0 = Pruo.

Same calculations as in the proof of Lemma 2.2.4 and the fact that P,, the orthogonal projection in
L2(]0,1)[ onto Vect {ey,...,e,} imply that

1d (
2dt
for any ¢ € [0, T, [, which means T;, = +o0.

lu™ 122 + 0[10:u"l[72) + 10:u” |22 + oF02u™|Z. = 0,

Remark 5. Estimates (2.11) and (2.12) also apply to the approzimate solutions u™.

2.2.5 Passage to the limit

Now, we want to take the limit of the sequence of approximate solutions (2.48). We already see that
{u"} is bounded in L®(Ry, L? ) and due to (2.12), we remark that {9;u"} is bounded in L?(R,, H; !).

loc
Applying Aubin-Lions lemma, we deduce the existence of a subsequence, always noted by {u™} for the

sake of simplicity, such that u" — v in LjS (R4, H, Oc) By interpolation, we obtain

u" — u in L (R, H%), forall 0<6<1. (2.49)

loc
We recall that u™ is solution of the following system

(Op(u™ — a302u™), ex) 2 = (O (U™ — a3 02u™), ex) 2 + (R(u"),ex)r2, k=1,...,n

n

Un|t=0 = Z<U07ek>L§ €k

k=1

where R is defined in (2.46). So the main point of this paragraph is to prove the following lemma on the
convergence of the nonlinear term R(u™).

Lemma 2.2.5. We have the following convergence as n — oo

R(u"™) — R(u) in LfOC(H_4).

loc

Proof of Lemma 2.2.5. We will only prove the convergence of the term u"9,u™. The other terms of R(u™)
can be treated in a similar way. We first write

u"0pu" — udpu = (u" — u)Ou"™ + ud, (U™ — u).

From Estimates (2.11) and (2.49), we have {0,u"} is uniformly bounded in L ( loc) Choosing § < 3
in (2.49) and using the product law in Sobolev spaces on R?, we get

l = wde e <t g gy [0y 0

loc( loc ) loc( loc)
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Now, using again Estimate (2.11), we have that u is bounded in LZQOC(H2 ). Then, (2.49) and the product

loc
law in Sobolev spaces on R? yield

et =l gon, STl s 106" = )l oy — 0.

O

Now, coming back to (2.48), Lemma 2.2.5 proves that the limit u is solution of (2.6) in the sense of
distributions. This concludes the proof or Theorem 2.1.

2.3 Appendix - proof of the Lemma 2.2.1

We first introduce some notations and classical mathematical tools. Then we will prove the estimations
of Lemma 2.2.1. We will only detail the proof of estimates (2.13) and (2.17). The same procedure can
be followed to prove the other estimates.

We recall the following Bernstein-type lemma, which states that derivatives act almost as multipliers
on distributions whose Fourier transforms are supported in a ball or an annulus. We refer the reader to
[3] for a proof of this lemma.

Lemma 2.3.1. Let k € N, d € N* and r1,72 € R satisfy 0 < r1 < ry. There exists a constant C > 0
such that, for any a,b € R, 1 <a < b < +oo, for any X > 0 and for any u € L*(R?), we have

supp (@) C {€€RY| g| < mA} = sup [[0%u],, < C*AFFAE—E) |y,
lal=k

and

supp () C {€ € R | A< €] <A} = O "Nl < sup [[0%| 0 < CFN |Ju)l e -

lee|=k

In order to prove the estimates of Lemma 2.2.1, we need the Bony decomposition of a product of two
functions a and b in the horizontal direction (see [3])

ab=T!'b+ T} a+ R"(a,b), (2.50)
where
Thh=> "SI jaAlb and R'a,b)= > APaAlb=> AlaAlb
q€Z lg—q'|<1 q€Z

and

Ah h

Atf= > Abf

lg—q’|<1

From the support properties to the Fourier transform of the terms AZ f, we can verify

ANSE _jaAlb)=0 if | —ql>5 and ANSE,aAlb)=0 if ¢ <q-4. (2.51)

Then, for a function f (we suppose that all the expressions below make sense), we write
T
/0 (R Al (ab)y, e Al f)|dt < Ay + By + Ry, (2.52)
where
T ! ’
Ag= [ AT e AL
T ’ ’
By= [ e ALT )y, ALt

T
Ry = / (5 AR(RP (a,5)) g, " AP £ di'.
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Then we have from the definition of the operator T and (2.51)

T
Ay < Z /0 2B |(AR (Sé’/_la Ag,b)¢,AZf¢>’ dat’,

q

g —ql<4
T
By< > /eQRt/‘(AZ(S(’I’,,leZ,a)(b,AZf@’dt’,
lg'—q|<4 70
T
Ry< X[ o aba ), At
¢>q-3"0

Throughout this section, we will keep these notations (which can however be modified when needed).
Following the remark 2, we define For any f € L?(R), we define

fr=F 5.
We remark that, for any ¢ € Z, we have
Agft=agnt, syt =gnt and 1f e = 1 ge (2.53)
We will use the following lemma (see [21]):

Lemma 2.3.2. For smooth functions we have

P ((Sg—1a AGd)g) (&y)| < |Fn(Sg_1af AGOD)(E y)l,
|\ Fn ((Alha ALb)s) (6 9)| < [Fr(Alaf ALDEE y)l-

h_aand b= Ag,b, we have from the inequality ¢(¢,&) < (¢, —n) + é(¢, n)

Proof. Setting a = S

H(EO) /R;h(@)(g—n,y) Fn()(n,y) dn‘

170 (@) (€)| =
< [ | Fi@e - nw| [0 F) 00| an
§/th(&df)(&*n,y)fh@;f)(n,y) dn,

and this concludes the proof of the first inequality, and the same procedure can be followed to deduce
the second inequality. O

Therefore from this lemma, we derive the following corollary from Plancherel formula, Fubini’s theorem
and the Holder’s inequality.

Corollary 1. For smooth functions we have

185 follze S W foll 2,

(AR (SE_1a ALY g, AL fo)| SISy _1ad L= 1A bsll L2 1AL foll 22,
N ||Sh/—1%+5||L§(L;c) HAZ/%HLgo(Lg) HAqubHL%

SISE a2y AR bl 1AL follLeer2)
and
(AL(ALaALD) s, Al fo)| S 1AL Lo |ALbg| L2 |1AY foll L2,

S 1A aflrz e 186 bsll L (n2) 1A fall 2,

S AL af ez [1A0bs L2 185 foll L2 (12e)-
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We will also use the following Poincaré inequality : For a function v € H? such that v and v’ vanish
for z = 0,1 we have
lullpee S110zullzz and ullze < [0:ull e S [02ull g2 (2.54)

Proof of Estimate (2.13). We apply the Bony’s decomposition with a = u, b = J,u and f = u,. Then
following the notations of (2.52) we can write

T
/ | < eRt,AZ(uﬁxu)@eRtlAZu(b > |dt' < Ay + By + Ry.
0

e Estimate of A, = fOT | < e AM(TIO, ), e Alug > |dt'. We have from (2.51)
4= K
T
< 2Rt
>

lg’—q|<4

R Ah Zsh LuAh au) , Rt'AZu¢>‘dt’

h (qh h h /
(AL (Sh_yudyd,u),, Mug ) d'
From the previous inequality and corollary 1 we get

< 3 / 2R |58t oo |AR Dyt 12 | A ug 2 d.

lg’—q|<4
Since the support of AZW, is in a ring and using the first inequality of Lemma 2.3.1 with A = 29, we get
1AGug |z S 22| Abufllpe 2y = 22 | Alug e (r2)
Therefore from Poincaré inequality (2.54) and remark 2 we get

q
JAku o < 28 AR ugllLs ne) S 28 ABOZug o
< dy(02ug) |02, 3

Then from the definition 2.1.1 of Sy 1 and using Y- dy(92ug) = 1,
18 —1ufllzee S 102ugll 3 - (2.55)

We deduce from the previous inequalities, lemma 2.3.1 and the cauchy-schwarz inequality that

P> / gy (2 Nl ) Ak g2 d

—q|<4

1
T 2 T
S Y2 (/O A 2ugll 3 1A g7 dt’) X (/0 A D2ugll 3 |1 AGug 7 dt')

lg’—q|<4

1
2

Since ¢'(t) = [|0Zuy|| ,1 , we have from remark 3

1
2

T
’ h 7/ ’
(/ e [102us ] 3 |Aq«u¢||%zdt'> 2D dy g, ) M ugl e
T,07(t)

and we finaly obtain

A, S 2725, ||y , 2.56
[ ¢||L2”,()(Bs+%) (2.56)



2.3. APPENDIX - PROOF OF THE LEMMA ?7? 35

where d,, is the square root summable sequence (since 3 g da(ug) =3, dg(ug,0') = 1) defined by

dy =dg(ug) | Y dy(ug,0)2007E1/2 (2.57)
lg’—q|<4
e Estimate of B, = fo | < eftt' AMNTY u)g,e Bt"Aly, > |dt'. From the notations (2.52),

P> / S0t e A 2| A2
—q|<4

Then, following the proof of Estimate (2.55) and the definition 2.1.1 of Sg, we have
h ’
1S 105l < 27 [02ug] 3

Therefore using the Cauchy-Schwarz inequality and remark 2 we derive

Z / 2Rt 2q||a2u¢||32)||Ah/u¢HL2||AhU¢||L2dt

\q —q|<4
1 1
T 2 T 2
’ ’ h ¢ h
< Z 24 (/ 2Rt ||a§u¢,||B% ||Aq,u¢,||2L2> X (/ o2Rt ||8§u¢||3% ||Aqu¢||2LQ>
la’—ql<4 0 0
< 272q5dq(u¢) Z dy (u¢)2(€1*f1 )(s—1/2) | u¢||L2 By
la'~q|<4 e
Then from the definition (2.57) of d,,
< 2qs Rt/
B, <27%%d, |le u¢|\ Te,()(BH%). (2.58)

e Estimate of R,. We have from the definition (2.52)

Z/2Rt

q'>q—3

P (AkuALY, u), A u¢)‘

Following the proof of (2.55) and using corollary 1 and lemma 2.3.1 we get

Z / 2Rt ||Ah ||L§O(L§) ||AZ/8I“¢HL2HAZ%HL’;‘(L;o)dt’

q'>q—3

Z/ 2Rt fz'dq,(afucﬁ)||8§u¢\\35) (27 Nalugllz) (2% Akugllzs ) dt

q'>q—3

Them using dy (92us) < 1, the Cauchy-Schwarz inequality and remark 2 we get

1 1
, T 2 T 2
q a ! h ! h
R, 528 Y 2% ( | emioul ||Aqlu¢||%z> x ( | e ozul,y ||Aquq>%2>
7>q—3 0 0
q LA / _
<23 Z 2% (2 ¢+ g (g, 0] B usll-, (BS+%)> <2 a(+1/2) g (yy, 0)[| %HLz (BH%))'
'>q—3 7,6 (t) T,07 (t)
a'>q
That is

Ry <2725, || u , 2.59
| ¢||L§9/<,><B”%> (2.59)
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where dq is the square root summable sequence defined by

dy = dy(ug,0) Y 200775 (uy,0).
q'>q-3

e By Summing the estimates (2.56), (2.58) and (2.59) we deduce (2.13). O

Proof of Estimate (2.14). We apply the Bony’s decomposition with @ = u, b = 9,0,u and f = J,u,.
Then following the notations of (2.52) we can write

T
/ | < B Al (00,0.u) 5, % AMDuy > [d < A, + By + Ry,
0
e Estimate of A, = fOT | < eRt/Ah(Tfamazu)(z,, eRt/A282u¢ > |dt’.

Z / Syl 1AG 0:0:ugll 12 | Az 2

—q|<4

s 3 / 2 [02ug |y 29 1AL O.uug |1 | ALD g | o

Iq—q|<4

’ T ’ % T ’ 5
< 3 (/ R [02uy| ||A’;,azu¢||%z> (/ R | 02uy) |Af;azu¢|%2>
lg’—ql<4 0 0
<2” 2qsd e 9,u ,

AR R,

where
dy = dg(0aug,0) [ D dy (Doug,0)2007)=2) | (2.60)

lg’—q|<4
e Estimate of B, = fOT| < eRt/Ah(Tg 0.0t b eRt/Ahazuqs > |dt’.

< ¥ / 2R |5t 0,0 |1 | Ay | 2| AD Dty | 2 dt

Iq —q|<4

s 3 / 2R 9 02|y 1A O,us 12 | AL ] 1

Iq —q|<4
T
2Rt’ 82 Aha 2
x e 0Zugll 51 1AG Dz ugll72
0

T
< Y (/ R | Puy| s ||A5;/azu<p||%2>
0

lg’—q|<4

1 1
2 2

< 9= 2qsd ”eRt 0, U¢||L2 (BS+%),
7,07 ()

with the same previous definition (2.60) of d,.
e Estimate of R, = fOT | < e AR (u,0,0.u)) g, T ALOuy > |dt'.

<D / RO AL || oo 12) AL 0pOatig ]| L2 | AL D-tg]| 2 (10 A

q'>q—3

Z/ R 2 [92ug]| ) 2 | AL D uglle 28| AL uy | 12 d’

q’'>q—3
1 1
g ' T Rt a2 h 2 ’ T Ry a2 h 2 ’
S2t 30 2 ([ e ol a0l | x ([ 0l 1850013
q'>q—3

<27 2‘Isd Rt o u
X R~
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where
dy = dg(0:ug,0') Y 2007y 0.y, 0'). (2.61)
q'29—3
e By Summing the above estimates for A,, B, and R,, we deduce (2.14). O

Proof of Estimate (2.15). We apply the Bony’s decomposition with a = d,u, b = 9,u and f = O, u,.
Then following the notations of (2.52) we can write

T
/ | < eRt/AZ(azu Opt) eRt/AZazud, > |dt' < Ag+ By + Ry.
0
e Estimate of A; = fOT | < eRt/AZ(ngu&u)(z,, eRt/Agazqu > | dt.

T
Z /0 eS8 0u |2 (noey | AY Origl| oo (12) | AR D g L2

Ag S
lg'—q|<4

Using Lemma 2.3.1, Poincaré inequality we have

AL uS (|2 oy S 28| ALDugl| 12
< dgll02ug|l 3

Then
18 0tz qrse) S 102usl s -

Using Poincaré inequality and Lemma 2.3.1, we have

AL Oyl Lo (12) SIIALY 020:up| 12
<27 (| AR O, ug 12

Then

T
’ ’ h h
A Y / AR 0ug| g ALy | 2 | AbDuy 2 d

lg'—q|<4

1
2

1
T 2 T
< Y (/ e L |A2,azu¢%z> (/ 02y ) ||Af;azu¢ni2>
0

lg'—q| <4 0

<270, ™ Dy |2,

s+dy0
Torny(BTT2)

where d,, is given by (2.60). e Estimate of B, = fOT | < eRt'AZ(Tgmuazu)(ﬁ, eRt/AZf)zu¢ > | dt’.

T
B, S Y /Oem 150 1 Oau || oo | AL Ozug L2 | AL O g 2 dt
|

q'—q|<4

T
S X[ e iougl g 1AL Dol ol A0l e

lg’—q|<4
r 2Rt || 92 h 2
([ 10zl 18b0-u

T
<Y (/ A ||Ai;,azu¢%z>

lg'—q|<4

1 1
2 2

<272, ™ Dy 2,

s+Ly°
Ty (BTT2)
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e Estimate of R, = fOT | < e AM(RM0.u, 0pu)) g, e ALDuy > |t

Rq S
q

T

> / AL Ouf (|2 |AG dvugl pe (r2) 105 0-us | 12 (120) dt’

'>q—3 0
T

_d ’ ’ q
S 3 [ @™ 10l g 27 1AL 2 Al

¢>q-3"0
T ’
<2t Y / 2% 02usll g 1A% D, 2 | AROug) 1o dF
¢'>q-3"0
T 3 T 3

<2t 30 o% ([ R0ty (8B Oaugl3s | x ([ R 0Pl AR w2

~ e 2 U B: q'OzUgp| L2 e 2 U B% qOzUsllL2

< 27205 1B 9 uy2

~ q H z ¢HL;9/“)(35+%)3
where d, is given by (2.61).
e Summing up the above estimates for A,, B, and R, we obtain (2.15). O

Proof of Estimate (2.16). We apply the Bony’s decomposition with a = d,u, b = 0,0.u and f = u,.
Then following the notations of (2.52) we can write

T
/ | < ™ AM0.u0,0.u)g, e Abuy > |dt' < Ag+ By + Ry.
0
e Estimate of A, = fOT | < eRtlAZ(nguamazu)@eRtlAZu(z, > | dt.

T
! h h h
A S Y /Oewt 1Sq—102ug || L2 (Lo 18 0e0zug 2 | AGugll Lo (12)-

lg’—ql<4
Using Lemma 2.3.1 and Poincaré inequality, we have

18G0-uf 2y S 22 1AG0uf 12
< dy(02ug)|0%us] 3 -
Then
150 _10-uf 2 rey S ||33U¢>||B%~
By Poincaré inequality we have
1AGullze(r2) S 1AG0:ug|l 2.
Then

T
/ | < eftt AZ(nguamazu)¢,eRt Agu(z, > |dt
0

T
S S [ ety (218500l 1e) 00, |1
la'—q|<4 70
%

1
2

T
’ ’ h
< 3w (/ R |0yl ||Aq,azu¢||%z>

lg’—q|<4

T
x ( / AR 02l s ||Agazu¢|%2>

< 2720, e 0,02,

s+10
Tory (B2

where d,, is defined by (2.60).
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e Estimate of B, = fOT | < eRt,AZ(Tiazﬁzu)w e Ay > | at'.

T
B,S Y. /O St 0,0.u || 2 (Lo 1AL Dol 2 | AJug || oo (22 ) dt'.

lg’—q|<4
We have
310
180 _10:0-uf 212y S Y 27 [|A}Ouf |2
1<q'—2
31
= Y 22| ATOugll L
1<q'—2
L
S Y 2127 A ugl|
1<q'—2
< 3 2 d@Pug)llotul
1<q’'—2

<27 ugl 3
and by the Poincaré inequality, we get
1A usll =2y S 1450 2.

From the previous estimates,

T
B,S Y. /O St 0,0.u || 2 (poe | AL Dol 2 || Al g || oo r2) !

lg’—q|<4
T
S 3 [ R0l A0l A0 1o dt
lg'—q|<4 70
1 1
T 2 T 2
< Y ( / A |02uy) ||A2/azu¢%z> (/ ER|0%ug)| s ||A’;azu¢||%z>
la'—ql<4 0 0
<9—2qs ] Rt’ 2
r\/2 que 8ZU¢HZ§“76/U)(BS+%).
Then
—2qs 7 Rt 2
B, <2720, |le azu¢llizwm(35+%).

e Estimate of R, = fOT | < eRt/AZ(Rh(azu, 0,0:1)) ¢, eRtlAgv% > | dt’.

T
) / R AR Dt |12 AL O, Duy | 2 | Al 1 dt
0

Ry S
q'>2q—3

T 4 ’ ’
S Y [ 2 @) ol 20 A Dl 2 2 A0 1
0

q'2q=3
T ’
<ot Y /O 2% [02ug]l 1 1A} D]l 1AL, gl dt
q'29-3
1 1
, T , 2 T , 2
< 2% Z 2% (/ e2Rt ||[~)§’LL¢||B% ||Ag,8zu¢||2L2> X (/ 2Rt ||33U¢HB% ”Agaz'lhﬁ”%?)
< 9—2gs j Rt’ 2
ST D,y

where d, is given by (2.61).
e By summing the three estimates for A, B4 and R, we obtain (2.16). O
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Proof of Estimate (2.17). We apply the Bony’s decomposition with ¢ = v, b = 0,u and f = u,. Then
following the notations of (2.52) we can write

T
/0 | < efft AZ(U D.1) o, et Agu¢ > |dt' < Ag+ By + Ry.
e Estimate of A, = fOT | < B AT, u) g, ef Aluy > | dt'. From corollary 1,

h h
S > / RS0 yvg e 1% O]l el Al 2.

\q —q|<4
From the incompressibility condition (see remark 1) and the definition of f, we get
axu(p + (92’U¢ =0.

Since vg|;=o = 0, then
o (t,z,2) /3u¢t9:z )dz'  and Av¢txz /8Au¢txz)

Therefore from lemma 2.3.1 we get

1
8%vellzaz < | 1:Abuo(t, )z
1
S [ 2auolt, o)z
0
< 29| Afug| 2 (2.62)
Again by Lemma 2.3.1 and the properties of (2.53) of fT, and the previous inquality we have
AR || e < 28 | AUy Lo (r2) S 27 (| A U 1. (2.63)
Then from the Poincaré inequality and the remark 2,
3q
[AGvS L S 27 [AG02ug L2 S 29 dg(D2us)||02usl 3
Then

h l !
1S5 v llz= S D 20 di@2ug)|0Zusll 43 S 27 103ull
1<q’'—-2

From the previous estimates and lemma 2.3.1,

< Y / 2R (98 025 ) 1Dl | A

| —q|<4

1
T 2 T
<Y (/ R 2y |A2/azu¢%z) (/ 2 |92,y ||A’;azu¢||;>

lg'—q|<4

<2~ Qqu HeRt 0, u¢H

1
2

10
L2 4 (BTT2)

where d,, is given by (2.60).
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e Estimate of B, = fOT | < B AMTE v)g, el Aluy > | dt'.

T
B,S Y. /Oemt 155 —10:ud |22 (o) 1AY ol Lee (2 [ A ugll L2 dt’
g —ql<4

T
DY / AR 02ug (27 A sl e ) 1A us 2

lg'—q|<4
T H T 3
’ ’ ’
< Z 24 (/ 2Rt ||8EU¢HB% ||AZ/82’LL¢||2L2> X (/ 2Rt ||8§U¢||B§ ||A28ZU¢%2)
lg’—ql<4 0 0
< 9—2qs ] Rt 2
S 279%%d, le 8ZU¢HE§,9/@)(BS+%)'

e Estimate of R, = fOT | < B AM(RM(v,0.u)), e Alug > |dt'.

T
RS D>, /O AL v || Lo 12y | AL Ougl 2 (| AJug || L2 (o) .
q'>q-3

From Estimate (2.62) we derive
1
8 vallizn) < [ 10 ot o) 2
0

1
§2q// AL ug(t, ., 2") | 2dz'

; /
<27 | Ay | 1o

Then, we have

T
ReS Y, /0 2 | AL vy poe (12) | A Boug | 12 22 | Alug]| 2 dt’

q'>2q—3

T ’
s2t 3 [ Al 2 E dy (020 02l ) | A1
q'>q—3"0
T ’
aq ! a_
<2t ¥ / 2R 5| Al 1o [02ugl] 1A g2 dt
¢'>q-370
1 1
, T , 2 T , 2
<2t Y 0¥ (/ R 02y ||A2/62u¢||%2> (/ e =T ||Agazu¢||§2>
q'>2q—3

< 9—2qs Rt/ 2
PNl | ety

where d, is given by (2.61).
e By summing up the above three estimates for A,, B, and R,, we obtain (2.17). O

Proof of Estimate (2.18). We apply the Bony’s decomposition with a = v, b = 9?u and f = d,u,. Then
following the notations of (2.52) we can write

T
/ | < eRt,AZ(v d2u) g, eRt/Agazqu > |dt' < Ay + By + Ry.
0
e Estimate of A, = fOT | < B AMTEO?u)y, R AhD,uy > | dt'. By Poincaré inequality we have

1 1
1AGusllzz S 11AG0-ugll 72 |AG07us| 7.
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Then from (2.63) and the previous estimate, and remark 2 we get

3 1 1

AR [ S 27 (| AR ug| 2, [ ALO2uy| 2.
1 1 1
< 2%dq(azu¢)f\\az%||; o (0%ug) 2|02y

1-
B2

Then we have

q

1 1
185 vl S 2% sy 10usll?,

Therefore

Z / 2B\ SE oIl | AR O2ug | L2 || AL ug| 2

—q|<4

S / 0.2 1A% 02usl e €™ 102us 1A% 12

q—q\<4
T
2Rt 82 Aha 2
<\ ) e 10Zusll 53 18 0:usllZ,

Z 22 (/ 23t’||8zu¢||Bg||AZ/8§U¢||2L2>
1
T 2 T
s > 2% 0. quH (/ et ||AZ'53U¢||%2> x (/0 e ||33u¢||35||A232“¢%2>

1 1
2 2

N

Iq —q|<4
lg'—q|<4

— 1 R ! R ’
27, 0.y ;%O(B%) € 02| ey ™ Dol 7,

(t)(Bs+§)7
where
dy = dg(Pug, 1)) | D dgr(Dzug, 0201 73)
lg’—ql<4
e Estimate of B, = fOT | < eRt/AZ(nguU)¢, eRt/Agazu(z, > | dt’.

Z / 2R Sh 02 || 2 (peey A" v ]| oo (2) | AR g | 2 dt!
—q|<4

DY / gy (2 1A Oyl 2) |10 o

\q —q|<4
T 3 T 3
!’ !’ h !’ h
DD (/ R 02ug)| ||Aq/azu¢||%z> (/ R 92ug)| |Aqazu¢|iz>
lq'—q|<4 0 0
<2” 2qsd eRtau
T s

where d,, is given by (2.60).

e Estimate of R, = fOT | < eRt/AZ(Rh(vﬁfu))(z,, eRt/Agazu¢ > | dt’. From corollary 1, we have

<y / 2R | Al | e (1) | 0P | 2 | AP Batigl| 21 .

q’>q 3

From (2.62), we have

1AGvsll L2y S 27 [AGDzugl 2.
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Then, using remark 2 and lemma 2.3.1, remark 3, we have for any s > 0

T 7
ReS Y, /0 227 AL O ugl| L2 (2_%dq'(53u¢)||3§%\|35) 2% | APOug| 2 dt’
q'>2q—3

N

’ T /
2t 30 2%/0 2R AL ugl| 2 102y D8O, 12 d
q'>q-3

1 1
, T , 2 T , 2
< 2% Z 2% (/ e2nt ||8§’U,¢||B% ||A2182U,¢||%2> X (/ et ||a§u¢”B% ||AZ(9ZU¢|%2>
’>q—3 0 0
a'2q
< 2729%d, || e 9. ug)2
~ QH z ¢HL§,76,(0(BS+%)’
where d is given by (2.61).
e Summing up the above three estimates, we obtain (2.18). O

2.4 Appendix - Proof of the lemma 2.2.2

Proof of Estimate (2.29). We first recall the Bony’s decomposition (2.50)
udpu = T, u + Té’muu + R"(u, 0pu).
Then

r 3
( / e A (u D) |25 dt)

T % T % T
S(/O IeRtAZ(Tfaxu)MI%zdt) +</0 6RtA’J(T5LuU)¢|I%2dt> +</0 |6RtAZ(R"(u7BIU))¢I|%zdt>

e Estimate of || Al (T 0,u)y 2. From the definition of T}, we have

||eRtA’;(Tgamu)¢||L2:HeRtAf;(Zs;_luAg,azu)¢||L2 s ¥

eftt (Sh U AZ, Bxu)

q'—1
q' €z la—q’|<4 ol
From corollary 1, Poincarre inequality and lemma 2.3.1 we get
T T
| e a oot s S [ ISk gl et AL d
0 lg—q'|<a”0
T
h 2 2q" ||, Rt A B 2
S Y | Iaboul, (27 Al o) di
lg—q'|<a”0
T
l 2 2q’ Rt A h 2
SIS FS TR e R e R
lg—q’|<4
Then from the remark 3
1 1
T 2 T 2
(/0 ”eRtAZ(Tfaxu)M%zdt) S D 1AG0ull a2 (/O ||6RtAZ/azu¢”2L2dt>
lg—q'|<4
rf 54"
S Y 0ol 12" (27 F dy (Oeus D™ A Duiolly 1)
lg—q'|<4
(2.64)

T 6—34
quz 2 Hazudf‘nz%o(B%)||6Rtazu¢‘|z%(3%)7

NI
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where

dy= > dy(D.ug,1)250077), (2.65)

la—q'|<4
e Estimate of HeRtAZ(nguu)d,H 2. Following the previous estimates we get
1
2

T
(/ ||eRtAZ<T3muu>¢|det> S 42 F 0.l 1 e Dol 3 (2.66)

e Estimate of ||/ A (R"(u,d,u))s| 2. From corollary 1, we have

1

T 2 T
( / ||eRtAi;<Rh<u,amu>>¢%zdt> 53 ( I . ||eRng,aM¢||g;.o(Lg)dt>

q'>2q-3

T
DY (/ A ol ) (2% ||eRtA’;/8zu¢||%z)dt>

lg—q’'|<4

2

2

1
2

T
Y ||AZ,8Zu¢||L%O(B%)2‘1 (/O ||eRtAZ,8zu¢||2det>

lg—q’'|<4

Then from remark 3

T 2
(/0 \|eRtAZ(Rh(U,amU))¢|\%2 dt > ’7||8 U¢||Lm(32)”6m3 u¢||L2 B3y (2.67)
where
dy= > dg(D:uy,1)230070), (2.68)
q'>q—3

e By summing estimates (2.64), (2.66) and (2.67) we get

1
2

T
( / e Al (w )y 2 dt) < 2y + 42 % 0:ual o1 €™ Dl 7y -

Multiplying the previous inequality by 2% and taking the sum over Z we obtain (2.29). O

Proof of Estimate (2.30). We have

T % T
( / eRtAZ(uaxafu)¢||2det> 5( / ||eRtAg(Tgaza§u)¢||§2dt>
0 0

T % T
+</ ||eRtAZ<T5;aguu>¢|%zdt> +</ ||eRtA’;<Rh<u,axafu»aﬁzdt)

By adapting the proof of Estimate (2.64) we get

2

1
2

T 2
Rt A h(nh 2 2 ——‘1 Rt 92
( / le Aq<Tuamazu>¢||L2dt> 2 E |0l o o € Ol 5

1
2

T
Rt A h(h 2 —34 Rtq2
( / le Aq<Taxaguu>¢||det> < dg2 F [ ORugl 1 10210l 5
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where Jq is given by (2.65). By adapting the proof of Estimate (2.67) we get

2

T
(/0 |eRtAZ(Rh(U,arafu))quQLth) <d,2 7|0, U¢||Lm(32)HeRtag%HZQT(B%),

where dq is given by (2.68). Thus by summing the previous estimates we derive

T 3
([ 1 b0t
0

_3q 1 3
$27F ((dy + d0augl . 3 ™07

2ollzs p3) t dy|e™O2uy||;

|0 u

sz) Lz, B2)‘ LOO(Bz))'

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.30).

Proof of Estimate (2.31). We have by Bony’s decomposition in x variable

T % T
([ 1ot = ( [ 1em sbiatonsizeo)

T % T
+</0 ||€RtAZ(T§zuv)¢%2dt> +</0 ||eRtAZ(Rh(v,9ZU))¢||2def>

e Estimate of (f lle RtAh(Tha U)«b”]ﬂdt)

1
2

Nl

/||eRtAh(Th8u)¢HL2dt< 3 / 188 v |2 [[eRF AR D |2, dt

lg—q'|<4

S Y [ el 21 sl

Iq q'|<4

T
S L ¢||LW(B)<22‘1 / ||eRfAZ/6zu¢||%zdt>.

lg—q’'|<4

Similar to (2.64) we get

(NI

N

45

T
(/ eRtA2<T£azu>¢||%zdt> o2 F 0l ) €Ol (2.69)
0

where d, is given by (2.65).

Nl=

e Estimate of (f Ile RtAh(Tgu >¢>|| )

[ et s S [ IS0 R I el sy

0
lg—q’'|<4

< ¥ / [9:u6l12 y 227 ™ Al 0.3 dt

Iq q'|<4

T
S D [0.u ¢’”Loo3 5 (22(1/0 e AR O, ug |2 dt).

lg—q'|<4
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Similar to (2.64) we get

1
2

T
( / Rt AR (TS 0)al3: dt) 02 10t 1 NP Oetsl (2.70)

where d,, is given by (2.65).
e Estimate of || Al (R" (v, 0.u))gl| 2.

T
/0 e AL (R (v, 0:0))gllF2dt S Y / IAG0sl1 7o (2) €™ g Doug T2 1oy dt

q'>q—3
<Y / (22 b Dugls ) 02,
q’'>q—3
T
2q’ h 2 2
S Y o / Al 0.3 dt ) 0usl?
q'>q-3 0 r

Similar to (2.64) we get

1
T 2
T 31
( e AL R w00 dt) S A2 F M0y I Ol py (2T
where d, is given by (2.68).
e By summing the previous estimates (2.69), (2.70) and (2.71) we get
1
r ’ 7 5 S Rt
| e abwaslgade ) S 2dy+d)2 ¥ (10l sl 0ol )
Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.31). O

Proof of Estimate (2.32). We have by Bony’s decomposition in x variable

r b :
(/ eRtAZ(v8§U)¢IIi2dt> 5(/0 IIeRtAZ(Tfﬁfuwllizdt)
0

T 2 T
([ et ([ 1 st ot

2
By adapting the proof of Estimate (2.69) we obtain

2

T % T 2
(/ ||eRtA2<Tfafu>¢|i2dt> < Y (/ 188 vt 2 |A5;aiu¢||izdt>
lq' —q|<4

Rt 82

S g2 F 0l i €Ol

OO B 2 )
By adapting the proof of Estimate (2.70) we obtain

T 2
(/0 neRtAﬁnguvwii%zdt) < Y (USho ™o e g | Deltagl e 1))

lg—q'|<4

< dy2 e 0Pu,

Nl

e 0.l

L2 Bz) L°°(Bz)
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By adapting the proof of Estimate (2.71) we obtain

1

T
(/O ||6RtA2(Rh(v763“))¢”2L2dt> S > (/ IAh/vqleoo(Lz)?ZIIGRtA”@Q%IIdet)

q'>q—3

1
2

S dg2 Fl0.ugl o 3 le™O2

I (B3) ZU¢HZ2T(B%)'

Then by summing the previous estimates we get

T
( / NI dt)

_ 39 1
S 2% ((dy +d) (100l 3 €™ O2uoll 1)) + dallOstisll o €™ P2l ) -

1
2

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.32) . O
Proof of Estimate (2.33). We have by Bony’s decomposition in x variable

||eRtAZ(82u 0,0,u) ¢ L2
< e AY(TE 4 0:0:1)gll 2 + €™ AG(TY 5., 0:w)p ] L2 + [|€™ AG (R (9w, 0:0:u)) gl -
By adapting the proof of Estimate (2.64) we get
1
3

T
T a3
</O ”eRtAZ(TE};Zuazazu)(ﬁ||%2dt> S dg2 2||€Rt3,§u¢||z2T(B%>Haz%Hng(B%)

and

1
2

T
(/O ||6RtAZ(T3mazu5'zu)¢|%2dt> S dg2 % le Rt32u¢||Z2T(B%)Haz%HZ%"(B%)'

By adapting the proof of Estimate (2.67) we get

1
2

T
(/ ||eRtA2<Rh<azu,azazu>>¢||izdt> S g2 F 0ugl g IOl

Then by summing the previous estimates we get

T
0

<27 (24, R0y |

1
2

RtaQ

< 2 10l )+ dallOtsl 1 ™02l )

Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.33). O

Proof of Estimate (2.34). We have by Bony’s decomposition in x variable
e AG (0au d2u)gl 2 < [l AG(TH O2u)g|lrz + e AG(The Ol L2 + €™ AG(R" (Dru, 02u)) 4| 2-
By adapting the proof of Estimate (2.64) we get

T % T
(/ ||eRtA2<T§Tu63u>¢||%2dt> < ¥ (/ 1810 2 Ag,af%”%zdt)

|<4

1

2

lg
< dq 227 7 Ha u¢||Loo(B2)||6Rta§u¢”z%(3%)’
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where qu = Z|q—q'\§4 dqz(8§u¢, 1)2%(‘1*‘1/).

N|=

e Estimate of (fOT e AR(T), , 0pu)ol| L2 dt)

Nl

2

T T
(/0 ||€RtA3(T§zuaw“)¢||L2dt> < D (/O ||5hf1€Rt33“$||%zu;°>||A2'aw“¢||i;>°wi>df>

lg—q’'|<4

T
DY (/ JeRt0Ruy | , 2% ||A2/azu¢%zdt>

lg—q’|<4

1
2

T H—34

By adapting the proof of Estimate (2.67) we get

1

2

2

T T
( / ||eRfA’;<Rh<8zu,63u>>¢llizdt) Y (/ IIAZ/%MII%W@IIe’“AZ@Eu(ﬁ|%3<L;o>>

q'>q—3

Yy ~_3a
SR T P L%

L (B2 U¢HZ2T(B%)'

Then by summing up the previous estimates, we get

T
( / eRtA’;@zua?u)an%z)

1

2

_38q (= = 3
<27 (dq,2||3zu¢|lz%c(Bg)IIBRtagudJllpT(B%) +(dg + dq)\lazuqsllz%o(B%)||6Rt33u¢>HpT(Bg)) :
Multiplying the previous inequality by 2% and taking the sum over Z, we obtain (2.34). O

2.5 Appendix - Proof of the lemma 2.2.3

In this Appendix, we give a brief proof of estimates used to prove the uniqueness of the solution.
e Estimate of I; ;. From Lemma 3.1 in [64] we obtain (2.37).

e Estimate of I5 ;. From Lemma 3.1 in [64] we have

< 02722 || R Ug |2,

T,@/(t)(

¢
/0 <eR75 Ag(ul 0,U) g, et AZU¢> dt’

Btz
By using integration by parts, and from Lemma 3.1 in [64] we have

t
/O <eRt’Af;(u1 8,0%U) s, eRt/AZUq>> dt’

t t
< /0 (R Al(O2ur 0,0.0) 0, AlUG ) dt'| + /0 (R Al (ur 0,0.0) 0, " AL Us )
< C272°¢2 || 0. Us |1 :
- q ||6 <I>||L§1®/(t)(Bs+%)

By summing up the above estimates we obtain (2.38).
e Estimate of I3 ,. By integration by parts in z variable and from Lemma 3.1 in [64], we obtain (2.39).

e Estimate of Iy 4. It follows from the proof of Estimate (5.14) in [64] that

t
/0 <eRt A"V 9,us)g, e AZU¢>’ d' < 27202 e 0.Us |2, o (2.72)
T,0/(t

B3y’
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By integration by parts

t
/0 ‘<6Rt/AZ(Va‘EUQ)q>, eRt/ AZU¢>‘ dt/

</
0

t t
< / ‘<eRf’Ag(Va§u2)¢,eR’ AZ@ZU¢>‘ dt’ + / ‘<eRt/AZ(8Zu28$U)q>,eRt/ AZ@ZU¢>‘ dt’
0 0

t
(M ALV ORu2)e, ™ ALOUs )| dt' + /O (e ALOU02uz)0, ™ AU )| dt

+/0t‘<6Rt'AZ(8ZU23xazU)¢7eRt’ AZU<1>>‘ gt

Following the prove of Lemma 3.2 in [64] we deduce for any s €]0, 1| that

t
/0 KeRt ARV OPus) g, e AZ@ZU¢>‘ dt’ S22 2| 6ZU¢||?E2T® By
07 (t

From Lemma 3.1 in [64] we deduce that

t t
/0 ‘<eRt’Ag(aquawU)¢,eRt’Agaqu>>‘dt’+ /0 ’<6Rt/AZ(8qu8x82U)<p,eRt/AZU¢,>‘dt’

<2720 @20, Us |12,

T}@/(ﬁ)(Ber%)‘
Then
/025 <eRt'AZ(V8§uQ)¢76Rt/ AZU¢>‘ dt' < gfzqsdg||eRt’azU<pII%;W)(BH%). (2.73)
By summing the estimates (2.72) and (2.73) we obtain (2.40).
e Estimate of I5 ,. Following the proof of Estimate (5.13) in [64], we deduce that

/t ‘<eRt'AZ(vlazU)q>, eRt’AZU¢> dt'
0

1
< OX P usy 2 s 6™ 0:Usly s o™ 0:Usl2,

7 1 s+1y°
LZ(BZ) 2 orn(BTE)

By integration by parts in z variable, we have

t
/ <€Rt/AZ(U1a§U)q>, €RtlAZUq>> dt/

0
¢ ¢
< / <eRt A (0,020 ) g, e A262U¢>dt’ + / <eRt A (0,020 ) g, AZU¢>dt'
0 0
1
< —2qs 2 2 Rt' 52 _ Rt’ 2 )
< Oy N7 s, 107 0:Usligy gy le™ OUslly, ey
This conclude the proof of (2.41).
e Estimate of I 4. Following the proof of Estimate (5.13) in [64], we get (2.42).
e Estimate of I7 ,. Following the proof of Estimate (5.11) in [64], we obtain (2.43).
e Estimate of Ig 4. Following the proof of Estimate (5.11) in [64], we deduce that

t
/0 ‘<€Rt/AZ(U8IU2)¢), eRtl AZU@>‘ dt/

1 ’
< 272qs d2 Rt'U _ Rt'U _ 3 Rt a U _ )
SYMRNUalzy ey (17 Vallzy gy allE g 1R 008 e
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By integration by parts

[

t t
< / ‘<6Rt/A2(U8I6Zu2)¢,eRt/ Af;aqu>>‘ dt’ + / ‘<6Rt/A2(8zU8m8zm)q>7eRt/ AZU¢>’ dt’
0 0

<eRt1AZ(U818§u2)<D, eRt AZU¢>’ dt’

2729 e 0.Us | £,

s+1
o B 2)

Rt/ 3 Rt/
(100, e+ 10y 10 ).

Then by summing up the previous estimates, we get (2.44).

2.6 Appendix - additional scaling computations

We write

Ul(t,l‘,y) =u (t,]], g)
3
_ Y
Ug(t,Z‘,y) =Ev (tvxa 7)
&

Yy
ql(ta 'Ivy) =q (tvxa g)
Then the derivative of u with respect to time
Opuy(t, w1, 22) = Opu (t, x, 2)

8{&2(75,371,3)2) = Eat’l] (t,l‘, Z)

The derivatives of the first component u;
Orur(t, 2, y) = Opu (t, z, 2)
Oyur(t,z,y) = e ou(t,x, 2)
Ogyui (t,z,y) = sflagzu (t,z, 2)
Biul(t, z,y) = e 20%u (t,z, 2)

aiul(taxvy) = 63%“’ (t7.’177 Z)
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The derivatives of the second component us

Orus(t,z,y) =€ 0zv (t, 2, 2)
3§qu(t, z,y) =020 (t,z,2)

Oyua(t,z,y) = 0,v (¢, 2, 2)

85uz(t, z,y) =e 10 (t, 2, 2)

Dug(t, 2, y) = e 02v (t,x, 2)

The derivatives of the pressure g

aqu (t, z, y) = azq (t, z, Z)

Oyqi(t,z,y) = e 10.q (t,z, z)

Definition of v;

U1 (ta o y) = ul(t7 T, y) - azaiul(tv €L, y) - a2a§u1 (ta €, y)
2
= u(t,z,2) — ?0%u(t,r,2) — O%@zu
€

Definition of vy

U2(ta L, y) = u2(t7 T, y) - a28§u2(ta €T, y) - a28§u2(ta €, y)
2
=cev(t,x,2) — ?ed?v(t,x,2) — O‘—afv
€

2

We set a; = < then o = a?e?. Then we have

v = u(t,z,2) — a10*u — aie?dPult, r, 2), vy = e(v(t, z,2) — afd?v) —

The derivatives of vy

v = 0y(u — a2d?u) — a2e?0,0%u
001 = O (u — a30%u) — a3e?d3u
vy = 9% (u — a20%u) — a2e%0u
Oyv1 = € 0, (u — a3 0%u) — afed,02u

2 292 292 292 42
d,v1 = ¢ ~0;(u — ajd;u) — ai0;0,u

a3 du(t, x, 2)

o1
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The derivatives of vq

Oyvg = €0 (v — atd?v) — a3e®0,0%v
Dy = €0, (v — 20%v) — 2303
D2vy = €02 (v — a20%v) — o230
vy = 0, (v — a30%v) — a3e?0,0%v

D2vy = 7102 (v — a20%v) — a3ed?d?v

Y

The Laplacian of v;
2 Avy = 628§v1 + 8262111
=2(02(u — a3d?u) — 2e?0tu) + 2 (e 7207 (u — atd*u) — a020%u)
= 0%(u — 20%u) + €202 (u — a30%u) — €2 A20%0%u — a3t dtu.
The Laplacian of v
e2Avy = 528§v2 + 52321)2
= 2(e02(v — a20%v) — 2300 + 2(e 710 (v — A20%v) — a2ed?0v)
£0%(v — a20) + €% 0% (v — a20?v) — a2e® 920%v — ale® Ot

Computation of non-linear terms (First equation)

10,01 = 10y (u — a30*u) — ate*u diu

ug Oyvy = ev(e 10, (u — af02u) — a3ed,d2u)
=00, (u — a30%u) — 20 0,0%u

v1 Opuy = (u — a3 0%u)0pu — afe? Opudiu,

Vg Opig = €2(v — A30%0) v — e a202v(t, 2, 2)Opv
Computation of non-linear terms (Second equation)
w1 009 = u(edy (v — a20%v) — a2e303v)

=cud, (v — atd*v) — i udiv
Uz Oyvy = 00, (v — A30%v) — afe’v 9,0%v

vy Oyur = ((u — 04?82 ) — a1€282 )e “19,u

= Y(u - a20*u)d.u — a2ed?u d.u

V2 Oyun = (v — a3 020)0,v — aie® v, v

Incompressibility and boundary conditions. The divergence-free property of the velocity field is rewritten
as follows
Oguy + By’u,g =0
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then

Ozu+ 0,v = 0. (2.74)
We plug this terms in the system (3.2) and we get the system (3.3)
Orw — a3e20,0%u 4 u Opwy — a3e*uPu + v0,w — a3 0,0%u + wdyu — aie? Dpu d?u

+ 2w 0,v — e a20%v0,v = Pw + 202w — €% a20%0%u — a3t 0tu — D,q.

20w — a3e10,0%v + > ud,w — A2e* u v + 20w — a2e?v 0,020 + wdu — A2e*D*ud.u

+ %w d,v — a2 02vd,v = 207w + £* 0w — a2 92020 — o3P Otv — D.q

Ozu+ 0,v = 0.

where w = u — a30%u, w=1v— a3d?v.
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Chapter 3

Approximation of (NS-a) model

3.1 Introduction

The energy in a turbulent fluid flow cascades down to smaller and smaller scales until it reaches the
dissipation scale, where it can be transformed into heat. This cascade, which creates fluid movements on
smaller and smaller scales, is a characteristic of turbulence. This characteristic is also the main difficulty
in the numerical simulation of turbulence. Indeed, all numerical simulations have a finite resolution and
will eventually be unable to follow the cascade to the dissipation scale. The effects of fluid motion at
the dissipation scale are not always easy to understand, especially for complex flows, for example near
walls and interfaces. The effects of fluid motion at the sub-grid scale, which occur below the available
resolution of numerical simulations, must be modelled.

There are several numerical models have been proposed for modeling turbulence (RANS, LES). The
common difficulty with these models is the closure problem, i.e., how to model the effect of small eddies
on the large ones. In order to overcome this difficulty Joseph Valentin Boussinesq introduced the turbulent
eddy viscosity and proposed to relate the turbulence constraints to the mean flow. The Navier-Stokes
alpha (NS-a) model provide an alternative way to reach closure by modifying the nonlinearity of the
Navier-Stokes equation, instead of its dissipation. In the next paragraph we recall the history of this
model

In 1993, Camassa and Holm proposed a new equation for the study of fluid motion in shallow water [10].
These authors consider the Euler equation in a domain with a fixed lower edge fixed plane, and an upper
edge free surface extending to infinity in the horizontal directions. In this equation a particular form
of solution is introduced, form motivated by the usual approximation of motion in shallow water. This
leads to the Green-Nahdi equations, which are Hamiltonian. Further asymptotic expansions can be made
in this equation; they lead, for example, to the Korteweg de Vries equation, or to the Benjamin-Bona-
Mahony equation. The new idea of Camassa and Holm was to make an asymptotic expansion in the
Hamiltonian of the Green-Naghdi equation, instead of doing it in the equation itself. Then, the equation
is recovered from the new Hamiltonian. They obtain so the following model for the motion in shallow
water in one dimension :

Opu + 2K Opu + 3ud,u — a28t83u = 2a26wu8§u + azuagu,

where the constant s and a have units of speed and lenght. The same authors and Kouranbaeva [11]
note that for k = 0, the previous equation describes the motion along the geodesics of the group of
diffeomorphisms associated to the metric given by the norm ||ullg: = [(u® + a?8,u?)dz. From this
remark Holm, Marsden and Ratiu [412] generalize to the higher dimensional case and the incompressible
case and the resulting system is the following a-Euler equation :

0
a—‘t’ + (u-V)v+v1Vuy +v2Vuy = —=Vq
V-u=0,

55
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2 . . . .
where v=u—a?Auand ¢g=m — %|u|2 - %\VuP is the modified pressure, while 7 is the pressure.

Chen et al [24, 23], adding the viscosity term vAv into the previous a-Euler equation, proposed the
resulting Navier Stokes-a model as a closure approximation for the Reynolds-averaged equations of the
incompressible Navier-Stokes fluid :

ov
5¢ T (W V)V 01V +0:Vup = vAv = Vg (3.1)
V-u= 07

where
1 2
v=u-ao’Au and ¢=7— §\u|2 - %|Vu|2.

They tested this approximation on turbulent channel and pipe flows with a steady mean, by finding
analytical solutions of the Navier Stokes -a (NS-a) model for the mean velocity and Reynolds equation
and comparing them with experiments [9]. They found that the steady NS-« profiles are consistent
with data obtained from turbulence measurements in most of the flow region for channels and pipes at
moderate to high Reynolds numbers.

In this paper we consider the Navier stokes-a system (3.1) in a thin strip
S ={(z,y) eR*,0<y<ec}
equipped with no-slip boundary conditions :
0§ + 1 0,05 + u5 Oyv] + vf Ozuf + v5 Ozus = VAV] — 0.q°
05 + uf 0305 + u3 Oyvs + vf Oyui + v5 Oyus = vAVS — 0y¢°

Ozuf + 0yu5 =0

3.2
wi=uw5=0 on (y=0)Uly=2) 2
d.ui=0u5=0 on {y=0}U{y=c¢}
(’UE, u§)|t=0 = (uLOa ’U,270)(f£, y)7
where, for i = 1,2,
vf = uf — o Aut.
We study the behavior of the previous system for small viscosity v = £2.
In [29], Foias, Holm and Titi prove the global existence and uniqueness of the solution of (3.2) in a
periodic domain for H'-initial data and the convergence of the solution of 3D Camassa-Holm equation
(NS-a) towards a weak solution of 3D NS equations when « tends to zero and in [9], Busuioc gives a

simple proof of the global existence and uniqueness of (3.2) for Hi-initial data in bounded domains with
Dirichlet boundary conditions.

3.2 Rescaling of the system and main results

We consider the following rescaling
uiltzy) = (t2.2),
e _ 5 Yy
UQ(t,CE,y)—E’U (t,xag>7
£ __ ~€E y
q (taxvy)_q (tvl.vg>7
we perform the change of variable z = % and we set

S={(z,2) ER*,0<z<1}.
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We remark that for any function (¢, z,y) = ¢ (t, x, %), we have

k —ka(k
O (p(t,z,y)) = e 0Ny (t,2,2) .
Then the following calculations are immediate

’Ui(taxay) = UE(t,J/”Z) - a%azus(t,%z) — € a182 E<t €, Z)
vg(t,x,y) = g(vg(tax7z) - a%agve(tvxvz)) —¢€ ala2 6(t z Z)

where a; = 2. The system (3.2) becomes

Ohw® — a3e20,0%u° + uf 0,w® — a2e®uf O3us 4+ v° 0w — ate®v® 0,0%U° + WUt — ale? Dyut D2
+ 29°0,0° — e Q20705 0,0° = 92w® + 20%w° — €2 A3920%uF — A2 OMuF — 0,GF
20,7 — a2e10,0%0° 4 2 uf0,7° — adet uf O20° + %0° 0.7 — a2 0,0%0° + w d,u — a2e?0uf D, uf
+ £%29° 0,0° — a2t 020F0,0° = £2029° + £ 0297 — a3t 020207 — 2% OMT — 0.¢°
Ozu’ + 0,v° =0,
(3.3)

where we denote w® = uf — a9%u and ¢ = v° — a29?v° to lighten the notations.
We pose

1
=4+

1
() = Sad(0.0°)?

Then the previous system become
Ow® — ate20,02uf + uf O,w° — ade?u® Pus + 07 0,w° — afe?v® 9,0%u° + o (9,uf 0,0,u° — O*ufdyuf)

— 22 9, O%uf + £29°0,0° — £ a202vF0,0° = 02w + 202w — 2 a2020%u° — a2t Otuc — 0,p°

20,75 — a2e10,0%0° 4 2 uf0,7° — atet uf 920° + %0° 0,77 — et 0,0%0° — ale?0%uf 0.uf

+e29° 0,07 — a3 9205 0,0° = 20747 + £ 0247 — afet 020207 — afe® 9T — 0.p°

Oguf + 0,v° =0
(3.4)
with the boundary conditions

(u®,0%) |20 = (1, 0%)];21 =0 and (Vu®, Vo©)|,—0 = (Vu, Vo) |,21 = 0. (3.5)
We remark that formally the limit when € — 0 of the previous system is the following hydrostatic system

Orw + 1 Opw + 00, w + 3 (0,1 0, 0,u — O2udpu) = 02w — Oup
0.,p=0

Ozu~+ Oyv =0

(u,v) =0, O,u=0 on z=0

(u,v) =0, Ou=0 on z=1

Ulg=0 = uo

(3.6)

where w = u — a}d?u and p = ¢ + u® — L03(d.u)?.

The following theorem is about the global well-posedness of the system (3.4)-(3.5) for small initial
analytic data in some Besov spaces (see subsection 2.1.3).

Theorem 3.1. Let a > 0 be fired. We assume that the initial data satisfies

le®P=1ug, evg)ll 5 + 1Pl (g, 209)l 3 + e P=1(D:5, €0.09) 53 < Ea (3.7)

1
B2



58 CHAPTER 3. APPROXIMATION OF (NS-a) MODEL

For some & small, and for any 0 < s < 1 if e P=l(ug,v5) € B* N BT, e®P=1(9,ug, 0,v5) € B, then a
unique global solution for the system (3.4)-(3.5) ewists and satisfies

||€Rt (UZ,EU;)|\Em(R+’Bs) =+ ||€R (5U e%v )”Loo (R+,Bs+1) + ||6 (8zufoa58ZAZU;)HZ°°(R+,Bs)
+ HeRt (65‘wuw528961}“,)”32(]1%735)
+ HeRt (8zus’5azvs)”52(n§+ Byt HeRt (€ 0.0, u6’528z8x71€)||zz(m+ B*)

+ ||€Rt (gaiuswESaQ )HLz(R+ By T ||6Rt (8§u2a562 )||L2(R+ B%)

< © (112! (uf, 05) - + 1P (e, <205) | yeon + P10, €0.08)

) . (3.8)
The next theorem concerns the convergence of the previous solution to the solution of the hydrostatic
system (3.6).

Theorem 3.2. Let a > 0 and 0 < s < 3 be fived and (u§, v§) satisfy (3.7). Let ug satisfy e?'P=lugy €
Bsts 0 Bst3, ealD:lg g € Bsta 0 Bst3, ealPx92uy € Bt N B2 and there holds (2.10) for some
constant ¢ small, and the compatibility condition fol updz = 0. Then we have

€7 (w02 M g ey + 1R 02,2202 e ey + €7 st 2002 )l 7 5
e e, Wl €0,02, s ey + €% Ot 0,02, s
+ (R (cdPwl, 202wl ) |72,y T [eR (92w wz, e02w; )7z (g
+ [|e® (e 8.0, wEw, 28'281“’;,)”?“35)
C[H(w;w (0),ew?, (0))l5+ + [[(ews, (0), *wZ, (0))] pesr
(@t (0), 02 ()]l e + Me ]|, (3.9)
where w! = u® —u, w? = v —v, (wéw,wgw) will be given in (3.45) and we have used the following notation

’ ’
€™ (w2, ew?, )| = R wl, || +elle® w2, ||.

3.3 Fundamental a-priori energy estimates

In this section, we will provide some energy estimates which are needed for the construction of solutions
of the system (3.2). To be precised, we will prove the following lemmas.

Lemma 3.3.1. Let (uy,u2,q) be a smooth solution of the system (3.2) on [0,T]. Then,

45 e 1 + NS0y + 02 (190 0y + 90510
T T
+2y/0 (HVu‘iHQLz+||Vu§|\%2)ds+ua2/0 (1A% + [ AuS)22) ds

= [[ui ()12 + [u5(0)][72 + @ (IVus (072 + [ Vuz(0)[[Z2) - (3.10)

Proof. We take the L?-product of the first and second equations of (3.2) respectively with u§ and u$
and then the sum of the two obtained equations. Performing an integration by parts and using the
incompressibility condition, we get

1d
Sd (luilize + luslize + o (IVuillze + [IVusliz))

+v ([IVuilze + [Vuslliz) +va? (|Aufllze + [Aug)Z2) = 0.
Estimate (3.10) can be obtained by integrating the above identity with respect to time variable and then
taking the supremum over [0, 7. O
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Lemma 3.3.2. Let (u1,uz,q) be a smooth solution of the system (3.2) on [0,T]. There exists a constant
C > 0 such that for any t € [0,T], we have

IVuslZ: + IVu3)Z: + o ([ AuillE: + [|Aug)lz.) < C.
Proof. We follow the same calculations as in the proof of Lemma 3.3.1 and the L2-product of the first
and second equations of (3.2) respectively with d;u§ and 9;u§. Summing the two obtained equations and

integrating by parts, we deduce that

10cus (12 + 10cuslZ2 + o (IV (@eus) |22 + 1V (9eus)II72)

1d
trso (IVusl3e + IVus)1s + o (| Aus )3 + [Aus)32)) =Y Tu, (3.11)
k,l

where
I+ Lo+ s+ Ty = /v‘fu‘i&c(@tuﬁ)dwdz + /vfugéy(atui)dmdz
+ /Uguiaw(atug)dxdz + /vgugay(atug)dxdz (3.12)
and
Iy + Iog + I3 + Ioy = af /8mu§Au§8tu§dxdz + a%/ayuiAuiatugdxdz
+a?/@wufvgatugdxdz—l—a%/ayugvfatuidmdz. (3.13)
We will now estimate the four terms Iy; in (3.12). From Hélder inequality, we first have
[Tt < s o o 190 (@rts) L2 + 0 A o s o 190 (D) 2
Using Poincaré inquality and the classical Sobolev imbedding theorem, we derive
[uillLee < CllAug]|L2
and using Gagliardo—Nirenberg inequailty, we deduce

1 1
[uillzs < Cllullz:[IVuillf. < ClIVuil e

Then, Young inequality yields
[Tl < CIVAS s + Cal|Auillfs + Jad 0,00 3.
Similar calculations show that,
2] < C|Vuil|Za V3| 2e + Ca?||Auf 2. [ Aug)|7. + iofllvatuiﬂia,
13| < C|Vuil|Za[IVug)2e + Ca?||Auf 7. [ Aug)l7. + %agllvatuilliz,

1
14| < CI V3|72 + Ca®[|Aus12 + J0?( VOS] 7.

The estimate of the four terms I; in (3.13) can be obtained using Poincaré, Sobolev and Gagliardo—Nirenberg
inqualities and Young inequality. Indeed,

1
| Bo1| < (10512 | Aug] 22 [Oruills < Ca®|Auz|zz + o[ VOui|Ze.
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In the same way, we get
1
[I22] < Ca?||Au72 + 0 VO] 72,
1
|Fas] < Ca®||Auf |72 ]| Aug|IZe + J0?(IVuillZe,

1
|Foa] < Ca®||Auf |72 ]| Aug|IZe + 70 VU5 IZe.

Now, putting the previous estimates of Ix; into (3.11), we obtain
2 (|0cui |72 + |10eus]l72) + 2 (IV(Qpui) |72 + [V (9pus)|Z2)
d
v (IVuilze + [ Vus|iz: + o (|Aui]fZ: + [ Aug]72))
< O (IVuillze + [Vuslze + o (|AuiZ: + |Aus]Z2))
< (IVuillzs + | Vusllze + o ([Aug)1Z: + [[Aug)Z2)) . (3.14)
Let
lullfz = IVuillZ: + IVus)ze + o (J|Auf||72 + [[Aug]|72) |

then, we can rewrite (3.14) as follows
d, 2 2 2
@l < Ov lull x Juliys. (3.15)

Standard Gronwall lemma, implies

T
lullZs < (O3 exp (cw | i ds)
and then, from Estimate (3.10), we conclude that [[u(t)|/zz < C, or any ¢ € [0,T7. O

From the above lemmas, we can also prove that

Lemma 3.3.3. Let (u1,us,q) be a smooth solution of the system (3.2). Then we have :

T T
2/0 ([10eus |72 + | 0pus |17 2) ds+oz2/0 (IV (@) |72 + IV (Oru§)||72) ds (3.16)

v (V5135 1) + IV 03 (12 + 02 (1805 1 (12 + AU 13 12)) )
< v (VU5 0)]3: + [ Vu5(0)[132 + o (1A (0)[132 + |Au5(0)[132)) + C.

Proof. Integrating Estimate (3.14) with respect to time and using Lemmas 3.3.1-3.3.2, we can easily
deduce Estimate (3.16). O

Application : Uniqueness of the smooth solution of the system (3.2).

Proposition 3.3.1. Let u, & two smooth solutions of (3.2). Then, setting du = u — @, we have the
following estimate

d -
15l + I5ulys < Il (lulids + 171%)

where
8l = lloulZ: + | VoulZ..

16ull3z = [Voullis + || AdulZ..

Therefore, if u(0) = w(0), then u = @ and we obtain the uniqueness of the smooth solution of the system
(3.2).
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Proof. Let u, 4 two smooth solutions of (3.2). We denote
Su=u—1u, v=u—a’Au, V=1—a’Au
bv=v—0=0u—a’Adu, dgq=q—q

then, du verifies the following system

ot
V-dou=0,

0 ~ ~ ~
{(51} + (du - V)v + v1Vous + v2Viug + (u - V)ov + dv1 Vug + dvaVue = vAdv — Vig (3.17)

Taking the L2-scalar product of the first equation of (3.17) with du, we get

0 - - ~
/ 551} -ou + / (0u - Vv + v Vouy + vaVousg) - du + / (T- Vév+ dv1 Vg + 6vaVag) - du — V/Aév -ou = 0.
Performing integration by parts and using boundary conditions, we derive

0 _ 2 _
/Eévﬁu_/@t((?u—oz Adu) - du = 5%”51‘”@}7

and

—/A(Sv S /A(Su - ou — on/AA(Sv NS ||(5u||§{3,
Using integration by parts and incompressibility condition, we get

/(5u - Vo +v1Vug + v2Voug) - du =0

and
/(ﬂ~ Vév + 0v1 Vg + dveVag) - du
:—/Mlul@méul —/évgﬂgayém —/5v2ﬂ28y6u1 _/502ﬂ18I5U2
— /51}2 Oyt dug — /(57}2 Ozl Oug — CYQ/A(SUQ Oplln duy — aQ/A(Sul Oyt dup
Then

d - ~ ~
oully +20dullf; = —2 / (i - Vo + 601 Vil + 60y Vi) - St
Similar to the estimates of the terms (Ij;)1<k <4, We derive that

‘/(ﬂ . VC;’U + 51}1Vﬂl + 502Vﬁ2) - o0u

< Ol0ully (lulide + [@1%) + 5uls
Then

d -

L ouly + 15ul < Clouliy (ullys + %)

Therofore by Gronwall lemma and Estimate (3.10), if u(0) = u(0) then, we obtain [dul|z; = 0, which
proves the uniqueness of the smooth solution. O

3.4 Existence of a weak solution of (3.4) — (3.5)

We construct a weak solution of (3.4)-(3.5) using the Galerkin method. We introduce the following
Hilbert spaces

Vo= {f € (H2®x10,10))* | V-f=0, flomo1=Vflo1 =0},
Vi={re (' ®0,1))*| V-f=0, flmon=0},
H={fe(@P®0.1D)"| V-f=0. flo:=0]
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and we define the respective norms

Nl

lull iz = (10:ullZz + |00l 2 + oF|02ullZs + ofe®||07ull Tz + 201 [020:ulZ2) * |

1
lull gy = (lullZ2 + aZl|0zul® + afe®[[dpull7=) *

11y, = D llaz + €2 1ol
1£llv, = D fllgg + €2 1ol -

We then consider a common Hilbert basis {€j}x>1 such that
Yv € Vy, <ék,'l}>\/2 = A\ <ék,’l)>vl.

Proposition 3.4.1. We consider an initial data (ug,vo) € Va. Then there a solution (u,v) € L*(0, 00; V1)N
L?(0,00; V) which verify the weak formulation of (3.4)-(3.5).

Proof. We first construct an approximate solution using the Cauchy-Lipschitz theorem and then we pass
to the limit.

e Galerkin method for the proof of the existence of a weak solution of (3.4)-(3.5). We set

Q1(u,v) = uf Opw® —ale®uf I3uf + 170w — a2 0,0%u° + o2 (D,uf 0,0,u° — D*u,u’) (3.18)

— a2e? O,uf O%uf 4 27 0,0° — et 2T 02vT 000,
and
Q2(u,v) = 2 ufd,y* —aiet uf 930 4 20 0.9° — afetv® 0.0%0° — a2e?0%uf 0,u° (3.19)
+ 245 0,0° — a%s‘*@ivsé‘zva.

For any n € N, we will look for an approximate solution (u™,v") of (3.4) of the form

n
un(t,,2) = Z Uin (t) €1 (x, 2),
i=1

and

n
vn(t,3,2) = Y dlin(t) Ei2(, 2),
i=1
where (Qgn);<p<, i solution of the following system of n equations

<8th, ék1>L2 — a?eQ <8t8§u5, ék1>L2 + 62 <8t'yfl, ék2>L2 — 01%84 <8t8§v5, ék2>L2
=(0%w® + 202w — £2a2020%u° — a2 0MuE — 0,65, ek ) e — (Q1 (U™, V™), Ex1) 1 (3.20)

+(e20%9° + 10275 — a2 020%0° — 2% 00° — 0.p°, Era) 12 — (Qa(u™, V™), Era) 12,
which also means that

d

%ﬂkn(t) ==X akn(t) - <Q1(unavn)a ék1>L2 - <Q2(Unavn)a ék2>L25 ke {17 B n}

Ukn)i=0 = (U0, Ex) V-

(3.21)

Since gy — (Q1(Un, Un), €x1) 2 — (Q2(Un, VUn), Ex2) 2 is locally Lipschitz in R, (3.21) is a system of ordi-
nary differential equations . Then, Cauchy-Lipschitz theorem implies the existence of a unique maximal
solution {@g,(t,x)} of (3.21) on [0, 7T,][.

We now recall the two fundamental a-priori estimates (3.10) and (3.16) of part 2.2 in the rescaled
variables.



3.5. GLOBAL WELL-POSEDNESS OF SYSTEM (??)—(??) IN ANALYTIC SPACES IN X DIRECTIONG3

Lemma 3.4.1. For (uf,v®,p%) smooth solution to the (3.4)

| =

(lullZs + ofl10-ull® + ate?||0zull> + e vllfz + afe®||0:v]Z + oie | Ouv]Z2)

N
U

t
+10:ulz2 + %[ 0pulliz + af[|02ulliz + aiet||OFullF: + 2a7e?]0,0.u 2
+e20:0lZ2 + M|0s0]|72 + afe?|02v] 72 + afe®||0Fv] 1. + 20t 0,0: 0|72 = 0

Lemma 3.4.2. For (uf,v®,p®) smooth solution to the (3.4)

T T
2/ ([10eut]72 + 2 |10v°||72) ds+ o / (10-0pul|® + £%(|050pul|7-) ds (3.22)
0 0

T
+a3 / (2110:000132 + 10, 00v1132) ds + (102l 2) + 2100t 1))

Jr52”@””%;0@2) + 54||3xv||2L;°(L2) + O‘%”aguH%%’(LZ) + Q§E4H3§U”%$(L2) + 2a%52”8xazu”2L%O(L2)
+ 04%52||3§”|\2L§-9(L2) + a%aGHaivH%?(m) + 204%54”%@””%;?@2)

< v (IVui (0)ll7= + [Vu5(0)[72 + * (| Aus (0172 + |1Au3(0)]Z:)) + C

Following the proof of the two previous lemmas, we can show that the approximate solution u,, verifies
the same energy identity and energy estimate of these lemmas: we multiply (3.20) by @, and we sum
up over k, then from (3.4.1) we obtain

1 d(
2dt
+ [10zunl72 + €21 00unl T2 + AFl0Funll72 + afe|03un 72 + 2032|050 un |12

+ 52Hazvn”%2 + 54H8rvn||%2 + O‘%Ez”agvn”zp + 04556”821%“%2 + 20‘%5:4”81821%”%2 =0

||un||2L2 + O‘%Hazun”2 + a%52Hax“nH%2 + EQHUHH%2 + O‘%EQHazun”QH + O‘%54”81”n”%2)

for any ¢ € [0,T},[, which means T}, = +o0c. Furtheremore, multiplying (3.20) by Oy, and summing up
over k, then from (3.4.2) we obtain

T T
2/ (1862 + €[00 122 dsm%/ (10:Brunll? + €2 10sBytn|2) ds (3.23)
0 0

T
+ O‘%/O (52Haz8tvn||2L2 + 54Ha’vatvn”%2) ds + (HazunH%%O(L?) + 52H8x“n||%;°(lﬂ)) (3.24)

+ 52||azvn||2L%°(L2) + 54||8zvn||2L;°(L2) + a?”azun”zL%O(L?) + 04?64”851%”%5.9@2) + 26“%52”8:6821‘71”%39@2)
+afe?||02vn T (12) + AR O30nlT 0 12) + 20100000 | T (12 (3.25)
< v ([Vui(0)[22 + [[Vus(0)[|72 + o ([|Aug (0)[|72 + [[Au3(0)]72)) + C
e Passage to the limit. We have u,,v, € L7 (R,Vi,,.), and Oy, Oiv, € L?(R,H) By Aubin-
Lions lemma, the exist a subsequences of u,, ,v,, respectively of u,, v,, such that u,, — u, v,, — v

in L?(R, H). Then we pass to the limit when n; goes to infinity and we obtain a solution (u,v) €
L®°(0, 00; V1) N L?(0, 00; Vo) which verify the weak formulation of (3.4)-(3.5). O

3.5 Global well-posedness of system (3.4)—(3.5) in analytic spaces
in z direction

The goal of this section is to prove Theorem 3.1. Using the same technique as in the previous chapter,
we define

fot,m,2) = e?0P) f2(t a, 2) o= Fl (€209 fo(t,€,2)) with  o(t,€) = (a— An(t)I€],  (3.26)

—x
where the quantity 7(t) describes the evolution of the analytic band, satisfies

0 () = 210,05 (1) s +el0: 0 (O 3 +e2 12 D] s+ 1025 D] s+ D],y and n(0) =0,
(3.27)
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and where (u,v) is ...

Simple calculations imply that (u,,v,) satisfies to the following system
Dhwy — a3e20,02uy + My ()| Dyl (uyp — a02uy,) — afe? My ()| Dy 02y + (w0pw)y — aie(ud2u)y, + (v0,w)
— a3 (v 0,0%u) , + A3 (0,u0,0,u) y — A3 (D2udyu), — e (Opudiu), + 2(70,0), — et a2 (920 0,0),,

= Qw, + 202w, — 2 A3 0202u, — ajetOtuy, — Oppy.

201y — a3et 0,020, + N1 (1) | Dy (vp — a10%v,) — aFe* M) ()| Dy | 020y + €2 (u0yy)p — e (ud2v),
+e2(v0,7)p — afet (v 0,02v), — e (82u6 u)y +&2(70,0), — afe (020 0,v),
=202y, + &' 92y, — afe! 02070, — a?e® Byu, — .py

Oz + 0,0, =0,

(3.28)
where w, = u, —a?0?uy,, Y, = v, —a?d2v,, | D,| denotes the Fourier multiplier with symbol |¢|. With
the boundary conditions

(U, Vp)|z=0 = (g, Vp)[z:=1 =0 and  (Vug, Vuy)|.—0 = (Vug, Vuy)|z=1 =0 (3.29)

Applying the dyadic cut-off operator AP to (3.28) and then taking the L? inner product with
(Ahug, Alv,), we have

1 1 ,d
H(Akuw*fAk%)”QL? + *04 —||(8 Akutpvsa Ak”«p)”Lz JF 2

a : @ (0-Dug, 0., ) 3
+ A0 (1) (| D | (Afug, €Ak v,), (Akucp7€Akvcp)> — i (t)af (| D, |(Ah52uwfﬂﬁa,§%)’ (ARug, eAfvy))
— a3e® A0 (t) {| Do | (AR O2uy, eAROZV,), (Afug, eARv,)) + 2 [|(€0: Afug, e 0, AR, ) |17
10 A, 0. AL 3 + 02| (202 AL g, 02 AL, 2 + 02| (02 AL, €02 AL, ) 22
+26202(020. Aluy,, £0,0. Av,) |12,
=Aip+ Ao+ A3+ A+ As+Ask + Ar i+ As ik + Aok + Aok + A11k, (3.30)

where

Av = <AZ(U Do) AZ“@> +e’ <AZ(U 927) AZU¢>

Agy = ade <Ah(u d3u ) Zugo>

Az = afet (AR(ud3v)y, Afv,)

Ay =— <Az(v 0.w)e, AZU¢> — g2 <AZ(U 0:7) e, AZU¢>

As k= aie? (A0 0.02u), Ajuy) + afe’ ((00.020),, Afvy)
Ag i, = —af (Al(0.10,0.u)p, Afuy) — af (AL (O2udu)y, Alugy,)
Az = aie? (AR(0yud2u)y,, Aluy,)

Agp = aie? (AM(O2ud.u)p, Afvy,)

A = =2 (0200, D)2 (040000, )
Ao = —e* af (AL(020 0,0)y, Aluy,)

Ay, = afe? (AR(0200.0),, Afv,)

Direct integration by parts allows to write
Ay = —Aqp + Agy.
where

Ay = —c2a? (A (w0u)p, OpAfuy) .
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Likewise, we have
As g = A1 + As g,
where
Asp = —ale <Ah(u v )¢,A281v¢>.

Using Lemma 2.3.1, multiplying (3.30) by €?®? and then integrating the resulting inequality over [0, ],
we obtain

1 1
SR (Aug, eblu, s + sade? o™ R (Akuw,sAk%)niz + 5dleR (0. ALy, 0.ALw, ) 3
302 [ O (O ealo )+ 22 [ o O o8l Bkl
0
3 ¢ , by
+ ZoﬁsQ}\ 2k/0 0 ()[R 0y (ALuy, eAlv,)|2e + 22 /0 EXRUN(ALDup, eALDLv,) |22 dtf

¢ ¢
+ / e2Rt ||(6ZAZug,, EﬁzA’,;Uq;)HZLa dt’ + 22 ozf/ 2Rt ||((9z('395A’,;u¢7 sﬁzaxAva)Hiz dt’
0 0

+af /Ot R (|2 AkO2ug, 2 DL020,) |72 + (02 AT g, 202 A vy) 172 dt
1(Akue(0),eA5v4(0))[[72 + ;0415 2%%(|(Afug (0), 6870, (0)) 172
+ 2030 AL (0), 0. AL (O + 1. (331)
where
I = /Ot 62Rt/(A1,k + Ao+ Az + Agg + Asp + Ag o+ Ag i + Ao + Ajon + 2411 1) dt

We remark that the term A7, does not appear in the expression of I, due to the fact that
Ag g+ A7y = Ag .

In what follows, without loss of generality, we suppose that R = 0 and the case where R > 0 can be
treated in an exactly same way. We also assume that 7" < T, with 7™ being determined by

T = sup{t >0, n(t) < %}
Remark 6. Similarly to the proof of Estimate (2.13), we have, for 0 < s <1
T
/

Indeed, Bony’s decomposition (2.50) with respect to x variable applied to ud,w implies

(e Al wdew)o, ' M) ' < C2 @y dg) 1™ wallly oy

udpw = Tro,w + Tgmwu + R"(u, 8, w).

We remark that we can estimate the first and the third term of the above sum exactly as we do for the
terms Aq, Ry (see proof of Estimate (2.13)). However, we need to control the second term in a slightly
different way from what we do to estimate the term B, in the proof of (2.13). We write

T
/ | < AKTE yu)g, Alug > |dt
0

Z / 188 B0 [ 22z 1A g ez | ATt 2

—q|<4

S S R R I FT P

|k’ k|<4
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Since dyr (02ugy) < 1, Cauchy-Schwarz inequality yields

T
|1 < AT o S > Jat
0

T
_K
< Y 2 (/ ||sh/_1azw;||Lg(L;c>|azu¢||3;dt>

|k —k| <4

1
2

Nl=

T
x ( | 18kl 12l dt)

We observe from the definition of S{ see (2.1.1) and remark (3) for s < 1 that

1
1 2 2
2

T T
A
(/ ||S£/_1aww;;|m;o>||83u¢|B;dt) S / S obalow] e ) 102y | dt

1<k'—2

2

T
31
< 30 o ( / 1A w2 ||63u¢|3;dt)

I<k/—2

,S Z 23712*l(s+%)dl(32u%n’)H’wWHZQ petd
I<k’—2 T”I/(t)( )

< 2/«’(1—3) di [|wo, ||~ orl

~ || LPHL%“,v;’(t)(B +2)7

where

dk’: Z 2(lfk/)(1fs)dl(8§u¢,n')
I<k'—2

s a summable sequence because s < 1. Then

T
| 1< Al e, Ao > it S d2 |2,

s+19

where

dy, = di(wp, ') Y 2(h=K)(=1/2) gy,
k—k'|<4

e Estimate of fOT | Ay |dt. We write

T T
/0 |A1,k|dtS/0 (| (AR (uBsw)g, Afug) | + €% (AR (wa)y, Afvy) dt

For the first term, we have

T T T
/ [(AF (1 0pw) p, Afuy)| g/ ]<A2(u8$u)¢,AZu¢>]dt+a%/ |(Af(u0,0%u)y, Afug)| dt.
0 0 0

We recall from Estimate (2.13) that
T ~ ~ !
/ (AL Byu), Al |t < 2725 (di + di) [ g
0

2 s+iye
Ly (B72)

Next, integration by parts with respect to z variable yields
T T
ol / |<Az(u 818§u)¢, A£u¢>| dt < af / ‘<AZ(8zu 0,0:u), AZU¢>’
0 0

T
+a§/ (AR (u0,0.u), ARO.u, )| dt.
0
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and Lemma 2.2.1 gives

T
Rt' A h h —2ks (7 7 Rt' 2
| (e al@n0.0.0, Mg )| dt' < €275 @+ diy e Dol ety

and

T
/ ]<6Rt’A5g(uaxazu)w,Agazum dt' < 02725 (dy + dy) ||eRt 9, uqy |2 e
0 L?I“,G’(t)(B )
For the second term, we have

T T T
62/ |<Ag(u 027Y) s AZU¢>‘ dt < 62/ ’<A2(u 020) ¢, AZU¢>| dt + 2 a%/ |<A2(u 83;831))4,, AZU@’ dt.
0 0 0

Following the proof of Estimate (2.13), we can write

T
2 [l Abw00) e )| de S 27 (0 ) & e Do |2,
0

s+Ly°
Tty BT 2)

Next, integration by parts in z variable implies

T T T
/ KAZ(U 0,02v).,, AZU¢>’ dt = / [(AJ(10,0.0)p, ARO-v,) | dt + / (A} (0.1 0,0.v),, AZ’U@M dt.
0 0 0

By adapting Estimates (2.14) and (2.16), we obtain

T
/0 ’<6Rt/AZ(u8xazv)¢,eRt/Agazv¢>’ dt’ < €272 (dy, + d) [|e® 00,2 -

and

T
2 /O (e A (0.u0,0.0) 5, €™ Ay )| dt' S 272 (dy + di) e 0,042,

s+1.-
Tory(BTT2)

Combining all the above inequalities gives

T
| A 27 s ) e 0.2,

+ 2728 (dy 4 di) €3[| ™ 0,0, |2
T,n’(t)( L

s+ 2 s4l-
B°T2) T,G’(t)(B 2)

Multiplying the previous inequality by 229%, taking square root of the resulting inequality and then
summing with respect to g € Z, we finally get

T 2
2ks Avgldt | < [leR d.ugl|- s LRI s
> (/0 | Av > S lle z%IIL;‘n/(t)(Bﬁ;) +elle Z%HLQTYGIU)(BH;)

keZ

e Estimate of fOT |/~12k\ dt is a direct consequence of Remark 6. We have

T 2
o ([ o) et s

ez T/ (6)

e Estimate of fOT | A 1 |dt = fOT afet [(Al(udtv),, Ald,v, )| dt. Following the proof of Lemma 3.1 in
[64] with w = 0yv, we obtain for any s €]0, 1 that

T
/ (AR (wdRv)p, AiDavy )| dt S (di + di) 271050, 12,
0

s+Ly°
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Thus,

-

T 2
Z oks ([) ‘AS,k‘ dt) < 82”8“:1}50”5% n/(t)(BSJr%). (332)

kEZ

e Estimate of fOT |Ay | dt. We write

T
/ |Ad
0

- For the first term on the right-hand side of (3.33), we have

T T
dt < / ’<AZ(‘U 0.w)p, A2u¢>| dt + €2 / ’<AZ(’U 0:7) > AZU¢>| dt (3.33)
0 0

T T T
/ |<AZ(U 8zw)¢,A’,;u¢>| dt < / |<A’,§(U 8Zu)¢,AZu¢>| dt—!—a%/ |<AZ(U 6fu)¢,AZu¢>| dt.
0 0 0

Using Estimate (2.17), we obtain

T
Ok 00, Al d £ 27 () 6™ D],
0

s+l :
Tt 1y (BT 2)

Then, an integration by parts implies

T
/0 [(AR (v 02u)y, Afug)| dt < /O

Adapting the proof of [64, Lemma 3.2], we get, for any 0 < s < 1

T T
[(AR(Opu02u)y, Afuy)| dt—i—/o (AR (v 02u)y, AR uy)| dt.

T
h 3 h 7 7 —2ks 2
A |<Ak(vﬁzu)¢,Aku@>| dt 5 (dk + dk)2 Hazuapnzi , (Bs+%)’
' (t)
which implies

1
2

T
Zka (/O |<Az(’l) 820‘})‘P’A2uga>’ dt) < Hazusa||ziml(t)(35+%).

kEZ

- For the second term on the right-hand side of (3.33), we write

T T T
52/ (AR 0.7), Afvg)]| dt < 52/ (AR (v 0.), Afv,)| dt+52a§/ (AR (v 020),, Afvg)| dt
0 0 0

From Estimate (3.12) of Lemma 3.3 in [64], we have

2

T
e Yo (/0 |<A2<vazv>@,szw>ldt> S Mo vl | ety

keZ Tn' (%)
So, for any 0 < s < 1
T

52/0 |<AZ(U 3zv)w AZU¢>| dt < (dy + dk)272k5 ||(U¢7€Usa)

H%z (Bs+%)
T,n’ (t)

Next, performing an integration by parts and using the incompressibility condition, we get

T
[ latwat, ae] < |

T T
[(AR(0pu02v), Afu,)| dt+/0 (A (v02v)p, ARO.v, )| dt.
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Following the proof of (3.38), we can show that
D (/ (AR (0,1 0%0) o, Aliw,)| dt)

keZ
< 0 - _
- \/| ZuwHLQT,m(t)(BH%) \/5||”¢||L2m,(t>(Bs+$)

<119 _ , L1
SHpllzy ooy el

1
2

Now, we can again adapt the proof of Estimate (3.12) in [6, Lemma 3.3] to prove that, for any 0 < s < 1,

N

s+1
Ly (B72)

L ( / (AL(w0R0),, ALDv,)] dt) < 1@, 020.)]1-,

kEZ

Summing the above estimates yields
1
2
822k5 (/ <Ak Uaz’Y)tpaA U<p>| dt) S ||azU<p||Z2 (Bs+%) +€Hazvap)HZ2 (Bs+%)
kEZ T.n/ () Tl (4)

which implies

T 2
oks Agpldt] <0, 0, .
> (/ Aa ) solzy ey MOy

keZ

e Estimate of foT |As | dt. As what precedes, we cut this integral into two parts

T

T T
/ |As | dt < / |lafe? (A} (v0,02u),, Agu@>’ dt + / afet [{(v9.00v),, AZU¢>’ dt.
0 0 0
- We perform an integration by parts on the first term on the right-hand side

T T
/ (AR (v 0.02u)y, Afuy)| dt g/ (A} (Opu02u )WAku¢>|dt+/ (AR (v 02u)y, ARD.uy)| dt.
0 0

By adapting the proof of Estimate (3.11) in [64, Lemma 3.2], we obtain, for any 0 < s < 1

2 Z2ks </ AZ(axuaiu)wAZ“@’ dt') < ||8 ULp” )(Bs+%)

kEZ Lt

N|=

and

M

5o ([ oot o) ) S 10wy, s
T,n' (t

keZ

Then, we deduce that

Nl

kEZ

- The second term on the right-hand side can also be controlled by integration by part

T
/0 |<AZ(v828§v)¢,AZ%>|dt§/o

T T
[(AR(0pu02v), Afuy)| dt+/0 (AR (v 02v),, ARD.v,) | dt.
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The estimate of the first term in the above inequality is given by (3.38). For the other term, we can
follow the proof of (3.38) with some minor changes and we obtain

222ks (/ AZ(W 8§v)w,A23z%>| dtl)

kEZL
< 0 . 1 0 - 1 < |(0yup, €0 ~ 1.
~ \/” zu<p||[2Tm/(t)(Bs+§) \/6” va||Lg‘,n’(t)(BS+%) ~ H( 2Ups € ZU¢)|‘ g‘,n’(t)(85+%)

1
2

Then

[N

s ([t (o0t Mo ) SN0ty sy

keZ

which implies

2

Sk (/ |A5,k|dt> S0y, ey +elO)l,
T,

1 .
() BS+§)
kezZ

T,n' (t)(
e Estimate of fOT | Ag k| dt. We have
T

T T
/ |A6,k|dtg/ af’<AZ(8Zu8zazu)¢,AZu¢,>|dt+/ of [(AR(O2udpu)y, Afuy )| dt.
0 0 0

Lemma 2.2.1 implies

T
[ 8k @ 0.0.0) M) < €272 (G di) [0l oy
0 TO’(t) 2

Adapting the proof of (3.38), we obtain

1
2

T
ks h 2
> 2 (/0 (AL (.udu). ku¢>|dt> S XN FR—.

kEZ

So,

1

T 2
oks Asildt | <0 _ .
Z </0 o > <l ZUW||L2%,W/<£)(BS+%)

kEZ

e Estimate of fOT Ag . We perform an integration par parts with respect to = variable

T
| k@20, o) e < |

For any 0 < s < 1, we have

T T
’<AZ(8mu8w8zu)¢,Ava>| dt—l—/o ’<AZ(8mu82u)¢,Azawvw>| dt.

T
52/ (AL (@0 0,0.u) g, Al dt < (di + di)2 2 (e v,
0

2 s+i
Ly (B772)

and

T
/ (A5 (Oru D) AjDv, )| dt S (it )27 (D, 00 )E, iy
’ Tn(f>

Thus,

1

2

ks
> (/ |As,k|dt> SNt 20y oty + IO 0y

keZ



3.5. GLOBAL WELL-POSEDNESS OF SYSTEM (??)—(??) IN ANALYTIC SPACES IN X DIRECTIONT1

e Estimate of foT |Ag i |dt. Performing an integration by parts, we have
<AZ(783¢U)¢, A2u¢> = <AZ(U(3$U)¢, A2u¢> —a? <AZ(33118$U)¢, AZU¢>

(AR (V%) g, ALy ) dt — af (A (0,0 020),, Afuy)

DN =

and
<AZ(’Y 0:0) ¢, AZ“@@> = <AZ(U 0:0) AZ”@> - 0‘% <AZ(83U 0:0) ¢, AZU<P>

(AL (0, AlD,v,) dt — aF (Al(9.v02v),, A2v¢> .

N =

Then, the incompressibility condition implies
Ag = e?a? <AZ(8I’U 831})@, Azu¢> +e2a? <AZ(8ZU 6511)99, AZU@ .

Adapting the proof of Estimate (3.11) in [64, Lemma 3.2] we get

2

T
ae?y ok (/ (AR (020 02v) , Afuy )| dt)
kez 0

1
2 2

< - : - 1 7 ~ L1 - 41
S (aoolly ety Ml )+ (0l e Ty )

< _ o) — —
Selvallyy ety 0ol g el )
and
1
2

T
o2 52221“ (/0 |<AZ(aan§”)wAZUW>| dt)

kEZ

1
2
(BS+%) ||UW||Z§,n/<t)(BS+%))

1
2
o)+ (0l

< _ 0, - ~
~ €||UW||L§",'r,/(t)(BS+%) + 6” .Lusa|‘L§“,71/(t)(BS+%) + ||U¢I|L§",n’(t)(Bs+%)7

< _ ~
Y C IR

T,n’ (t) (t)

which means
1
2

T
Z2’“8/A9kdt < ellvg|~ o1+ el|Opu| - oot lugll - el
2 ( ; | Ag k| | “"‘L%nf(t)(B +3) tellds golngTm,w(B ot WHL;W,(”(B 1)

e Estimate of fOT |A10,5|dt. Similarly to the above estimates, adapting the proof of Estimate (3.11) in
[64, Lemma 3.2] we get

1
T 2
2ks Aol dt| < . ‘ .
5 (/ Ao ) S(elloolsy et sl )

keZ

1

1

2

0 ~ 1 ~ 1
G T E—.

< - 1) ~ ~ .
N6||U¢||L;~n/(t)(BS+%) + 8” xuSDHL;Yn/(t)(BS-F%) + ||U‘P||L§ﬂm,(t)(35+%)

e Estimate of fOT |A11 k| dt. Applying Bony’s decomposition 2.50 with respect to the horizontal variable
to d,u0%v, we get
Opud2v =T} ,02v + Tl 0pu + R"(9,u, 02v). (3.34)
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We first have

T
[ AN 220, Al de
0

T
I I R R PN X RPN TR
k—k'|<4”0

t
LA h h
Se S el [ ISh ot limeO2ul g 1AL s di

|k—k'|<4
T T
< 2% St Oyt 2 |02 dt 3|92 Al |2, dt
Se Y ; 155 10z upl|L e 10700 | 51 <\ e 10zvell g ARV 22
Using Bernstein Lemma 2.3.1 and Poincaré inequality, we deduce

=

1
2

|k—k/|<4

IS8 _10suglle < D AT Osugl| L

I<k/—2
31
S Z 22HAlhu¢||L3°(L%L)

I<k/—2
3L
S Y 22| ArDugl e
1<k'—2
Then, from Remark 3, we derive for 0 < s < 1,
1
1 2 3
T 2 T -
h 3
/0 IS0 Ol & 020,y dt ) S / S 2F ALy e [0y | dt
I<k/—2

1
2

T
3l
< 3 2 ( / N R dt)

I<k/—2

3l 1
< Z 279 l(s+2)dl(8zuw77/)H82u9"||i2 B+
1<k/—2 T,n’ (t)
< 2k:'(lfs) dus 1O B
S delOnelzy |ty

where

dy = Z 20=K)=9) 4 (8, u,, ')

1<k'—2

is summable sequence. Then

(3.35)

u

T
4 h h 2 h 7 o—2k
c A |<Ak (TBI 8@"0)%7 Ak’U‘P>| dat 5 dk 2 ) ||azu¢HZzT,n’(t)(Bs+%) 5||U¢HE;7},(”(BS+%)7

where

di = di(vg,n) Y 20D ay.
k<4
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Next, using Bernstein Lemma 2.3.1 and Poincré inequality, we get

4 /OT ‘<A’,§(T§£U8xu)¢,AZ%>’ dt

T
Se > /53||SI?/718§U<,0HL§(L3")HAZ’GIULP”L;O(Li)”AZULP”Lzdt
k=<4 0

T
se 3 [ 10l 2 1AL Ol 8Ll dt
lk—k'|<a 70

1 1
T 2 T 2

h h
se Y ( / &)102v,ll 43 ||Akazu¢||%zdt> (/ &30, |l 4 Akupn%zdt)

k—k'|<4

Remark 3 implies

T
54/0 ‘<AZ(T(§1§'L)61U)<P7AZU¢>‘ dt 5 dk 272165 ||azu<P||Z§m/(t)(Bs+%)‘C:H’ULpHZ’QFJII(t)(BS+%), (336)
where

di = di(vg,n) D 2D dye (D, ).
|k—k'|<4

Finally, for the term R"(0,u, 9%v), we write

T
€4/
0

<AZ(Rh(8Iu, 6%11))@,sz¢>‘ dt

T
S2%et ) A || AL Oaug | Lo (12| AT O3vg 2 || Afug L2 (Loe) di’
k' >k—3

T
' _K k
<e E /0 oF ||Ah,3zu¢||L2 27 2 dy (83%)53”83%”3% 22 HAZ@%HB dt'
k' >k—3

1 1
T 2 T 2

k K :
Se2t Y 2% (/0 1A} 0| 2 €020, dt) x</0 e%|02vp |l ||A5;aZU¢||L2dt>

k'>k—3

Using Remark 3, we have

T
[ ALR Qo 020, M) de S 427 o,

, ~ 1, 3.37
Tn/(t)(Bé+%)€||UW||L§“)T,/(1,)(Bb+%) ( )
where
dk = dk(’UQOa 77/) Z Q(kikl)s dk’ (azu@a 77/)
k>k—3
Combining (3.35)-(3.37), we obtain
1
T 2
oks A dt < 0 ~ _
o ([Mawsta) 5 oy oy Fll )
<
~ ||azu<pHZ§",n/(t)(Bs+%) + €||v<p|‘zg",n/(t)(35+%). (338)
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Conclusion. Multiplying the estimate (3.31) by 22%% taking square root of resulting inequality then
summing with respect to ¢ € Z and using all the previous estimates, we get for any 0 < s < 1

R (“wng)HE;O(Bs) + [|e! (guws Uso)HLoc(Bwrl) + ||€Rt (D:uyp, €0, Akvgo)Hono(Bs)

+ VAR (g, ev,)]l VAR 0. (ALug AL,

2 s+1 s+l
Ly (B772) wriny(BT2)

+ VAR (e D, £2050,) | -

Rt 2 ~
B2, et T (€0t £0:00)s 5
1R (@t e0:0.)l| g ey A1+ 1R (6 0000, 20:0,0.) | 3 3

+ ||€Rt (583u¢75385vw)||Z%(B5) + ||6Rt (33U¢7583U¢)||Z2T(Bs)

< C[II(%(O),S%(O))I Be + || (€up(0), €20, (0)) || g1 + [[(8:14(0), €0:4(0))]

Bs

IO D) gy ey +elOntigly g F IO,y ] (339)
Taking A = C2? and s = %, we obtain
||€Rt (“wgvs&)HLm(Bz + ||6Rt (5“90’5 Uw)”goo (B3) + ||€Rt (Ozup, £0; Ak”¢>||~ (BY)
+ [|e” (€D, €20, 114/,)||L2 =4
+ [|e” (D uyp, €0, UW)HLQ b T Rt (£ 8.0,u,,£20.0, “v)“z%w%)
+ ||em (saﬁuw,&aﬁ%)ny 2 (8 + ||eth (82u¢,56 U‘P)”EZT(B%)

< © (JleP=! o, cvn)ll 3 + €12 (e, o)l g + €217 (@10, 20.00)] 3 ) - (3.40)

Now we give a control of the analyticity bandwidth. We deduce from (3.27) that

t
_ 2 15 15 2, € 3 2,.€ 2, € /
n(t) = / (210:05 (1)l 3, + ellO-Beus, (D) 3 + el Pus(B)] s + 212Dy + 102 1) dt

t 2 t
< ([emear) ([ cotup ety + 167 @upned.0m)l 1 + 1050, )
0 0

< Cr ([I€7 (€020, 0200 1, + €7 (D210, 20:0000)l 1 1) +21€™ ) 5 1))
< C (lle"1P=! (o, evo)ll 5 + ! (cuo, €%u0) |5 g + €12 (D0, cD.v0) 53 ) -
where C'= CrC. If we take ¢ to be small enough then, for any ¢ € [0, T*[, we have
C (e (o, ev0)l 3 + €2 o, eu0) | 53 + e (@0, 20.00)1 1) < 55

Using the definition of T* and a continuity argument, we deduce T* = 4o00. This conclude the proof of
Theorem 3.1.

[N
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3.6 Convergence to the hydrostatic Navier-Stokes-alpha system

This section is devoted to the proof of Theorem 3.2. We justify the limit of the rescaled Navier-Stokes-
alpha system (3.42) towards the hydrostatic Navier-Stokes-alpha system (2.6) when ¢ — 0. We introduce
the following difference terms

w! =uf —u, w?=1v"—v, p.=p°—p. (3.41)
We recall that (u,v®,p°) is a solution of following system
Ohw® — a3e0,0%uf + uf 0,w° — afe®us A2u 4 v°0,w° — ate?v® 0,0%u° + af(0.uf 0,0.u° — O2uf0,u)

— a2e? 0,uf 02uf + 275 0,0° — e* 20207 0,0° = 92w + £20°%w° — €% 020?07 — alet0tu — 0,p°

e207° — a%s‘lat@ivs + 2 uf0,n° — a%€4 u® 8;31)5 +20° 9.9° — afet® azaivs — ()4%5285115 o u’

+€29° 0,05 — a2e020°0,0° = 20797 + £ 029° — a2t 020%0° — a2 01t — 0.p°

Ogu® + 0,v° =0,
and (u,v,p) is a solution of the limit system

Ohw + 10w + v0,w + 3 (0.1 0y 0.u — O*udyu) = 07w — Dyp
d.p=0

Ozu~+ Oyv =0

(u,v) =0, du=0 on z=0

(u,v) =0, O,u=0 on z=1

U|t=0 = Ug.
Therefore (wl,w?,p.) verifies

Op(wz = 0f0w;) — aie? O dw; — 02 (w; — ajdZw;) — 207 (w; — ajdfw;)
+ 2 3020%w! + afe*otw! + 0,p° = R}
€20 (w? — 0jdZw?) — oje 0wl — e°0% (w? — oi0Zw?) — et 9} (w? — ajdiu?)
+afe 9202wk + afeb 9w + 0,57 = R? (3.42)
Opw? + 0,w? =0, .
(wg, w2)]2=0 = (wg, w?)]s=1 = 0
(Vwz, Vu?)|z=o = (Vuol, V) .1 =0

(wl, w?)li=0 = (u§ — uo, v — vo),

where
R! =(e202w + a220,0%u — €* A3070%u — ol Otu)
— (uf O,w® — udpw) — (V°O,W° —vI,w) (3.43)
- a%(azue 0:0:u° — 0,ud,0,u) + af(@fugamue - 8fu8mu)
+ (@2euf 3uf + ale? 0,uf 0%u®) + a2e®vf 0.0%u° — e27°0,0° + &' a2 02vF 90",
and
R? = —£20,(v — a30?v) + 02 (v — 2030%v) + 202 (v — a39%v) + 0,070 — a3ty

— 2 uF0,7° + a2et uf 30° + 20 0.uf — 26%0° D,v° + 2030 O30° + adev® 9,0%0°

— £2a302v° 9,0° + aiet92v7 00", (3.44)
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Proof of Theorem 3.2. We recall from (3.26)

fot,x,2) =P f(t 2. 2) = fgiz(ew(t’g) f(t,€,2) with ¥(t,€) = (a— BC(t)€], (3.45)
where 8 > A will be determined later and ( is defined by

{c’@) = [(02us, Pu) D]y + (20205, 00,05 ) D)y + 205D 3 + 102us(D)] 3

e Yz 50 x 7P
¢0) = 0.
(3.46)
We observe that, if we take ¢ in (2.10) and ¢ in (3.7) small enough then ¢(¢) > 0 and

P(t,€) < min(¢(t,€), ¢(t, €))-
Estimate (2.12) implies, for any s > 0,

B2l foo s po)

BS‘H) . (3.47)

||6Rt(atu)¢||Z2(R+’Bs) + ||€Rt(atazu)¢”Z2(R+,Bs) + ||6Rtazu¢||Zoo(R+,Bs) + ”6

< O (Ile"1P0uoll - + P10 ugll e + €12+ g | s + []e1P<10, )

From the previous estimate and Estimates (3.8), (2.23), we deduce that there exist M > 1 independent
of ¢ such that, for any 0 < s < 1, we have

||82u¢”L2(R+ B+inpeay T 19kt |z g+ oy + Haz““’”Lw(RtB%) te Haﬂ”uf"HLw(w,B%)
+ ||u8§0HLoc(R+’B%) + ||u¢||L°°(]R+ B%) + ||u¢||L°°(R+,B%)
+ 5”826901‘;”?(]1@735) "‘53”62 - HL2(R+ )+ 1(0:0- “)¢>||Z2(R+ Bs+1)

+ 0= || + [lug <M (3.48)

Loo(R+,B%) L (R+,B%)

where ugy and u, are defined respectively by (2.8) and (??). Performing a similar derivation as for (3.31),
we get

1
Xip < *H(A 2, (0),A5wZ, (0)[[72 + Hoie® 2% (Afwe, (0), eAfw?, (0)]72

1
+ §a§|\(8zAZw;w(0),582A’,;w§w ()72 + R + Ry (3.49)

where X1 i, R} and Rj are defined as follows

1 1 ]_ ’
Xig = IR (Al eAu? Fatsade? c2® R (Auk, eAlu?, ) [Fe 5| (0. Afwl, 0. ALw

5‘/7

3
+f62k/0 0 (Ol (Afw!, eAfw? )72 + alﬁQk/ ()R 0. (Afw!, eAfw? )72

0

t
+ ia1£2ﬁ2k/ )[R (Alo, wl,,eALOw2))||72 + € / 2RYY|(AR), wl,,eALOw? )72 dtf
0 0

+/0 R (0. ALl c0. AR |2 d + / N (0:05 Ak w2, £0:0p A2, dt

el G [N RN R A [N TR N TR T

=]
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T
R} = /0 ‘<A2(5282w +a3e20,0%u — €? a30202u — aie*Ou)y, A2w2w>‘ dt’

+ /OT ’<AZ((UE Opw® — uaxw))w,AZw;wM dt’ + /OT ‘<AZ(’U€ L w® — v@zw)w,AZw;wM dt’

dt’

and

dt’

R? = / ‘<AZ (v — aid2v) + €02 (v — 2a702v) + 202 (v — a02v) + afe?0,02v — aiebItv)y, Aﬁw§¢>
T
+ / ’<AZ(—82 U0, + adet uf O2v° 4 ale?02uf 0,uf — 2%0° O,v)y, A2w2¢>‘ dt’
0

T
+/O )<AZ(€2 0 020 + adetv® 9%0%)y, Agazw;}’ dt'.

Multiplying || X1 &z (f0,77) by 22k taking square root and then summing with respect to k € Z, we
deduce from (3.49) that

X1 < C[ll(wk, (0), e, (0) - + || (vl (0),c2w2, (0))| 5o+
(@l (0), 2002 ()5 + 325 (RE)E + Y25 (R)E] (3.50)

k€zZ k€Z
where
’ ’
X1 = [ (w§¢75w?w)||Zoo(Bs) + (R (ew awvg w? )||Loo(Bs+1) + R (8 wawafazw§¢)||iqos(3s)
Rt 2 Rt/
+f||€ 6¢7€w61/,)|Z§‘7CI(“(BS+§)+f”e a A Ew?eAk )||L§‘(()(BS+%)

+ \/BHeRt (5 &Uw;wg%wwgw)lliz (B5+é) + ||eRt (56 w&w 28$w5¢)||i§,(35)

+ [leR (@ %ﬁa%mmw>ﬂw<waw%f@3ﬁﬂmsw
= 2 392, 2 Rt (52 2w?
+ ||e v (Eam 8«/1 am E«/z) |Z%~(B§) + ”6 : (a T/J’Eazwsw)Hz’zr(Bs).

In order to complete the proof of Theorem 3.2, we need the following estimates.

Proposition 3.6.1. We have

S° (/22 R) < C[Me + Mok, Izs ooty FMelOl Nz, ey + Ml g, ih)]
keZ T,¢" (1) (®)

+d@8%ﬂm@-+¥ww\m -

1
L2.(B+2) g\lafwiwllzg(gs) (3.51)

1 2
+ 5”“’ HLZ <+1)+ 5”“’5,/,
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Proposition 3.6.2. We have

> /2% R?

keZ
O[Ms++MsHa 02, I, (Bs+2)+M52 185102 s (BS+%)+M5||w Izs )
A S HLQ e
1 L 302 L 302 2
+ 5”a w ||L2 (Bs)‘f‘ 5€ ||w ||L2 Ba+1)+ Se°[|0zw ||Z2T(Bs)+§5 ||aww5,¢||Z%(BS)

1
+§6H828xw;w||ng(Bs) (3.52)

We skip the proof of these above propositions for now. These proof will be given in Appendices 3.7
and 3.8. We continue the proof of Theorem 3.2 as follows. We inject the estimates of Propositions 3.6.1
and 3.6.2 in Estimate (3.50) to get

X1 < O [k, (0), w2, (0Dl 5+ + | (ew?, (0), 2w, () s + [[(@:l, (0), cd.w?, (0)) ] 5 + Me]

HO[MIdwl gy ety t MWl g, ey,
() ¢ (t)
+M€||82w€w||z2 o (BS+1)+M€||w ||L2 (BSJr%)
2
FME 02 7y s, +Muw lzs . geet] 359)

Choosing 3 = C?M?, we obtain

lle R~ (wsw,e gw)”Z%O(BS + ”eRt (Ewslw,ng >||Z%<>(Bs+1) + ||e (8 ws¢758zw§w)||i%o(35)
R (0t 20,02, ) 73 ey + €% (Buwd 002,
R (02t 000l ) g ey + €% (020, 2020l )

+[€RY (e 00,08, 200,02, )| 2 50y

< C[Il(w;,(0),€w§w(0))llBs + [l (ewe,, (0), e*wZ (0))]| g
+ 102wz, (0), 0.0 (0)))]

B+ Me], (3.54)

which concludes the proof of Theorem 3.2. O
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3.7 Appendix. Proof of proposition 3.6.1

We first estimate R}.. We recall

R} = /OT ‘<A2(528§w +a3e20,0%u — €? a30202u — aie*Otu)y, A2w2¢>‘ dt’

+ /OT ’<AZ((UE Opw® — uaxw))w,AZw;wM dt’ + /OT ‘<AZ(’U€ L w® — vazw)w,AZw;wM dt’

dt’

T T
+a? /0 ‘<AZ(8ZuE Bp 0 — 8,1 DpDott) A;;w;w> dt’ + o2 /0 ‘<A2(5)3u88zu5 — 82udyu)y, Agw§w>

+a2e? /OT’<A2(u56§u6)¢,A28xwgw>’dt’+ozf62 /OTKAQ(UE 0,02u), Al >’dt’

Eu,
T
+ ade? / ’<AZ(—82’}/88I’U6 + e af02v°0,0%)y, AZU}%N dt’,
0

Since R} , 18 a sum of several terms, we will break down this estimate by treating each of the components
of Rllp separately.

1. Estimate of the terms fOT ‘<A2(628£w + a3e20,02u — €% a2020%u — a3t Otu)y, Azw§¢>’ dt’

T T T
62/ ‘<AZ@ZM¢,AZU/;¢>’ < 52 / ‘<AZ@§U¢,AZ’LU;¢>’ +Oz% 52 / ‘<AZ@£@§U¢,AZW%}>’
0 0 0
We have

T T
52/0 ‘<Aﬁaﬁuw,A2w§w>’dt/§/o e | AL uy | 2 e [|AJw?, |12 dt’

T
S 277 / PG 2 | ABD. | 2 25C Ve [|Aw], ||z ¥
0

S 27y e ||azuw||E§(B.s+1) ||Ew;w L2.(Bst1)3

where
(ik = dk(3ZU¢, 1) dk(w;w, 1)

and dj, is defined in Remark 3 and ), di, = 1. And in similar way we get

T
&2 /0 ’<A23§3§uw, Aﬁwiw>‘ <92k o H83u¢||z2%(35+1) ng;w

L2.(Bs+1)3

where

d = dk(8§Uw, 1) dk(wl 1)

E¢7

Then

T
&2 /O ‘<AZ@§UJ¢, AZw;w>’ < 2—2ksdk 5 ||8gu¢||Z§(BS+1) ng;w ||Z2T(BS+1)'

We have also

T
52 / ‘<A28t8§uw, AZwalw>’ 5 2_2ksdk I ||6tuw||z%(Bs+l) wa,;}w ||Z§1(BS+1)
0

and
T ~
& / [(Ak0202us, Akl )| S 27 due |02us g sy lewd, I (oo

T
52/0 ’<A28§U¢,Aﬁw;w>‘ < 92kag . ||53u¢||zg(35+2) st;w”ff}(BSH)'
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2. Estimate of [ ‘<A2(u56xw5 — u W)y, Azw§w> . We have

U Opw® — U Opw = (u° — u)0pw® + u 0y (w® — w).

1 2 15 52 1 2 2.1
= w.0,u — ajw; 0, 0;u + ud,w; — ajud,0;w,

Following the proof of (2.13), we get

T
/0 ‘<AZ(“5zwi)w7 Aﬁw§w>‘ 27 (d + dy) w2, |12,

1
2 (BT

By integration by part, we obtain

/OT (Ao, 02wty At )| < /OT (A0t Al )] + /OT (ONIERT BN R

Following the proof of (2.14), (2.15) we get

T
h 1 h, 1 —2ks(J 7 1 12
/0 ’<Ak(azuamazw€)waAkwsw>‘ § 2 (dk +dk) ||azw6"/’”i§ﬂﬂ/(3£+%)

and

T
/0 (<A’,;(uamazw;)w,A’,;azw;m S22 e+ d) 1002, 113, ey

T,n'

We have from the estimate (5.11) in [64]

T 1
h 1 Qh 1 < —2ks( 3 j 1 1 2 1 9.
\/0 ’<Ak(w681u)'¢)? kw€w>‘ r\/2 (dk+dk‘) ||w€wHZ§~Yn/(BS+%) (”wEwHZ?m/(BSi»%) + ||u'¢'HL%O(B%) ||azw€¢|L%(BS)>

and

[ [(akwtosm. sz )|

~ . 1
S 2y dy) 00l 7, ey, (nazw;wnz; ey PRy ||azw;w|p”,(gs>)

T,n'

Conclusion :
T
/ ‘<Aﬁ(u€ bW — U Opw)y, AZU}%N
0

~ - 1
S 10l gy e, (10085, ey + 100l 1008 7))

+2725 (dy + di) (0wl 2, (B
T.n

3. Estimate of fOT ’<A2(v56zw5 —v0,w)y, A2w§,¢> . We have

v°0,w° —v0,w = v°0, (W —w) +w?o,w.

= v° 0w} — ad v Pw} + w? d.w.
Therefore the integral is estimate by three terms.

e Estimate of [ ‘<A’,§(v582w;)¢, A2w§w>‘ We write

v O,wk = w20 w! 4+ vow!
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We deduce first from Lemma 3.2 in [64] that

T
| [(atzotyy. Al )] < 225+ ol 7, e,

and by adapting the proof of Estimate (5.13) in [64] we get

T
| [(abwoutysabut, ) 2725+ d) el 0tz

0 Loo(B ) Ew||L2 (B<+ )

e Estimate of fOT ‘< hwEd3wl)y, Alw} >‘ We write also
v}l = wldtw! +voiw!

By integration by parts, we have

T

/OTK B (w2dPw! )y, Alw >‘ dtS/OTKAh(a wl 2w!)y, Al >‘ dt—i—/o ]<A2(Ua§w;)w,agazwgw>\ dt

Adapting the proof of Lemma 3.2 in [64], we get for any 0 < s < 1

T
| [(abzoot) o atul )] ar < (s doz ot 2, Ly,
0 ' (t)

Using integration by part we obtain
T

/ ’<Ah(v83 1y, Al >‘ dt < / ‘<Ah(6 wdPwh)y, Alw >) dt+/ ‘<Ah(v82 1y, ALd,w! >\ dt
0 0

Then by adapting the proof of Estimate (5.13) in [64], we derive for any 0 < s < % that

T
h(, 53 < o—2ks(j 4 3 2,1 ||
| [(atwotutye. Al )] < 22+ do gl Ly 10202,y

1
Z2%eqy, ||Z; n,(BS_F%)

e Estimate of the term fOT ’<AZ(w§ 0.w)y, AZU}EIUM dt. We have

T
dt + a2 /0 (A (w? 2u)y, Al )| dr

/OT ’ (Ab(w?0.0)y, A’,gw;wﬂ dt < /0 g ‘ (Ap(w? 0.u)y, Al )

Adapting the proof of Estimate (5.14) in [64]. We obtain

T
/ ‘<A2(w? 3zu)¢,AZw;w>‘ dt (dk + dj,)27 2 ||w ||2

s+1
0 VILE L )(BTTE)

By integration by part we have

T T
| (st ot st ) de< [ |(ah@t 020, At )

Adapting the proof of Estimate (5.14) in [64].

T
dt + / ‘<A2(w§ 82u),, Agazw;»] dt
0

T
h 1 92 h, 1 2ks
/0 (D@0t 02u), Ak, )| dt S (e + d)2~2 [l | R

and

T
/ ’<A2(w? 52u)¢, Aﬁazwgw>‘ dt < (Cik + Jk)2*2ks ”a w ||2L2
0

s+
ot (1) (B 3)
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Then

T
h(, 253 h, 1 < —2ks

e Conclusion : by summing the three previous estimates, we conclude

/OTKAZ(U vazw)w,AkwEwH

S (Tl g 1080y

2
I LR
T, (t)
4. Estimate of fOT ‘<Ah(3 uf 0p0,u° — 0,u 0,0,u) y, Alw] >‘ dt. We write

0 u® 0,0,u° — 0,u0,0,u = O,u° awazw; + 8zw; 0,0,u

Adapting the proof of Estimate (2.16), we get

T
h 1 h,.1 7 i —2ks 2
/O (Ak(O-u D,0.w00)y, ALl )] dt S (A + di)2 2 0] N p—

By Bony’s decompostion, we have
Oowl 0,00 =T 1 0,0.u + TY 5 0wk + RM(D:w!, 0,0;u)

By adapting the proof of estimate (5.11) in [64]

/OT ‘<AZ(52w; 0.0.u)y, A’,;‘w;w>‘

<27y + dy) 0.l |, e e (|6w Iz - 3+ 10 uw”[Z,OO(B N 0:wz, |72 - ))

Conclusion :
T
/ ’<AZ(8ZUE 8x8zu€ - azu azazu)w’ A}klw;w >’ dt
0

srmwmﬁw(@@ﬂg(wﬁ+nzmz NN A
T,n'

oo (B ) 5w||L2 /(BS+§)>

5. Estimate of fOT ‘<AQ(8§u58$u5 - 83u8iu)¢,Azw;w> dt. We write

2,.€ € 2 _ 92, 1 2,1
Osu0yu’ — Oul,u = 0suOyw, + 05w, 0yu

By integration by parts, and following the proof of Lemma 3.1 in [64], we get

/TKAZ(@?ueaww;)w,AZw;wﬂS/OT’<AZ(8zu€8w62w;)w,Azw;w>‘_|_/OT‘<AZ(62u58ww;)w,Azazw;w»

0

S 277 (dy + dy) (|02} ||2 L

By adapting the proof of estimate (5.11) in [64]

[ (a2t o, st

S 2t A0t ey (10008 e+ 100l 1020 53 )
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Conclusion :

/T ‘<AZ(8§1¢55‘IU5 — 02ud, )y, A2w2w>‘ dt
0

< o—2ks(j | 3 12 T 192 |- 1 )
S 2t ) (10, ey 0w,y 1020 o 008 Iy )

T,n'
6. Estimate of 2 fOT ‘<A2(u5 O2uf )y, AZ@ajw;wM dt.
We recall the folowing estimates (see (2.23), (3.8)). For any s > 0

Rt Rt Rt Rt 52
lle u¢||E;o(Bs) + e azucﬁ”i;o(gs) + e 8ZU¢HE2T(Bs) + [le 82“¢”Z2T(BS)

< Cy([le*P=lug || - + (€110, ug|

). (3.55)

and for any 0 < s < 1

||€Rt/(“wgv<p)|‘i%o(3s) + HeRt/ (Euw€2v¢)||i%c(3s+l) + ||€Rt/(azu<p7EazAZ“w)HEg?(BS)
+ || eRY (eawu¢,528wv¢)||ZzT(Bs)
+ ||€Rt’(azusm5azv<p)||]jo’n/(t)(Bs) + ||€Rt’(5 azaxuwgzazarvcp)HZ?T(BS)
+ ||e” (saiuga,&gai%)”ﬁﬂgs) + ||€Rt/(8§“w56§U¢)||Z2T(Bs)
<C (||e“|D”|(u0,€vo)||Bs + [|e4P=l (cug, e2v0) || petr + ||e“|D”"‘(8Zuo,E@ZUO)HBS) . (3.56)
We write :

£02..e__ 92 1 £ 02
u® Ozu® = ut 0w, + u® dsu.

e Estimate of 2 fOT ‘<A2(u5 02wh)y, AZwagd)M: By adapting the proof of Lemma 3.1 in [64], we get

T
52/ ‘<A2(u5 85’11)2)11” Aﬁaww§¢> < (Czk + (ik) 9—2ks EQHaww;
0

w”%g Bs+%
Tty )

e Estimate of the term &2 fOT ‘<A2(u€ 02u) Azazw;»‘ :
By Bony’s decomposition, we have
uf O2u =T} O2u+ The, u + R"(uf, 02u).
We have,
T t
RO RN TR I S S P I P IR
0 |k —k|<4 70
Using Lemma 2.3.1, Poincaré inequality we have
1
A6 e S 27| A6 || Lo (12)
" 1 1
< 22 [|AFE|| 22 AT O2ul | 2.
1 1
<)} 02t
Then

1 1
1Sk 1 ulloe S Jlufll? (102012, -
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Then
T
52/ (ALl 02u)y, Aol
0
1 ’
< e / )2, No2ulll? ) 22 | Al ullze) AL O w1
|k —k|<4
r }
/7
s % Huallzm(B) ALl 2 (1) </ G ||A',:axw;|%z>
Ik —k|<4
o Rt [ L FOR s el ol |- ,
~ PR A Z X PR PRV -
where

de = dk(wl C Z 2(k K)(s=1/2) dk/(a Uap s )
|k’ —k| <4

For any 0 < s < 1, we have
IS8 1020l 1z 2y S 2707 diy [|02uy|;

I2.(B*t3)

where di = 35 27 #7079y (0, uy, 1). Then

T
[ (Ak T ) A0 )
0

S Y [ Il b o 1A,

|k’ k<4
DD / 158 1B2upllrz ey 275 g2y 102512 ) AL OwL 1ne

|k' k<4 ) %
k,zk<42 ||U1p||LOC(B ||Sk’ 1a UwHL2 L2(L)) (/0 ||33UE||B% HA}Izaiw;”ZL?)

el 0w}

ey HZ;C,M(B”%)’

—2ks 7 cs
Ser gl 10l e,

where

cikde(wiw,C’) Z Q(kfk/)(s—1/2)dk,(3mufb’1)
|k —k|<4

£2 /OT ‘<AZ(Rh(uE,8§u))w,A28$w;w>‘ dt

=D / VAL e 2y AL O2ug 2 1AL D] |2 re

k'>k—3
./ 1 1 ’
D S A A A I R L IN L R P
k'>k—3
AN T 2

st 3 2l o IBbulas ( N |A28xw;||iz)

k'>k—3 0
< 2ks j
S Y X SN L XN s
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where

Czk - dk (w;w y CI) Z Q(k_k/)sdk:’ (8zu’l/17 1)

|k —k|<4

By summing the three previous estimates, we have :

g2 /OT ‘<AZ(UE O2u)y, AZ@zw;w>‘ (3.57)

el 0w}

~ « 1
<9 2ks {(dk +dk)€H’LLZ)||z Haz uy ||+ WHZQT’(/“)(BH%J,

L2, (B*+3)

e Conclusion. By summing the previous estimates, we get

2 /OT ‘<AZ(8IUE O2uf).y, Azamw;w>‘

< o—2ks(7 o iy[.2 2 ez 1 }
~ 2 (dk + dk)|: ||6 w ||L2 2 (BS+%) + SHUwHL%C(B%) ||6zuw||L2 (BH-Q)E Ha w6,¢,||L2 (B§+2)

7. Estimate of &2 fOT ‘<AZ(U5 0,02u)y, AZw;¢>‘ By integration by part we have

/OT [(Ah(f 0.02u)y, ALl )| < /OT (k" 00,0 )0, AL, )| +/OT |(Ak(007 0.0,u%) s, ALwl )|
e Estimate of fOT ‘<AZ(U€ 0,0,u% )y, A’g@iw;wﬂ. We write,

v€ 0,0,u° = w? 0,0,u° + v 9,0,u°
and

020 0,0,u° = Opw? 0,0,u° + Oy 0,0,u°

Then we estimate the term fOT ‘<AZ(w§8Z3xu€)¢, AZ@xwéw>‘ dt. By adapting the proof of Lemma 3.2

in [64], we get

T
&2 / (k20,00 )y, ALOrwl, )| dit S 274+ dy) I,
0

()(BS+1 5”8 w ||L2 )(BSJr%)
Estimate of the term fOT ‘<AZ(’U 0,0,u% )y, Aﬁ(’?zwgw>‘ dt. We write
0, 0,u° = v@zawwgw + v 9,0, u.
By adapting the proof of Estimate (5.13), in [64], we get
o [T h 1 ha o1 2ks( § 3 3
: / (ko002 ) LDl )| dt S 272 (i + d) || o) 10002, 5 ey MO, Iy e

and

(B3

T - 1
g2 /0 ’<AZ(vazaxu)¢,A26$w;w>‘ dt < 27%5(dy + dy,) e ||u1/,HZOTO(B%) ||8zu¢||Z2T(BS+1) €]|0y waw”

T,¢/(t)
Then

/0 ' (AR 0.0,u)p, MOl )|

52_2ks(dk + dk?) ||8 w ||L2 (Bs+ ||w€w||L2 (Ber%)
¢/ (1) ¢'(t)
0,0y o [0 1
Hlwlly g 0:0e0l g ey 100l Iz, e
1
2 8 a
+6H%||L%O(B 101 (172 (o1 €ll 0wz HLZ o (B



86 CHAPTER 3. APPROXIMATION OF (NS-a) MODEL

e Estimate of [ ‘<AZ(8;CU5 0,0,u%)y, AZw;wM We write
020 0,0,u° = Opw? 0,0,u° + 0y 8,0,u°

Estimate of fOT ‘<AZ(8ww§ 0,0,u% )y, Azw;w>) dt. By adapting the proof of Lemma 3.2 in [64], we get

1
Hw8¢ ||E§",§/(t)(BS+%)

T
52/O ’<AZ(8mwg 8z81u5)w,AZw§w>’ dt < 27255 (dy + dy) € || 0w

€y HZ%,C/(”(B.H»%)

Estimate of the term fOT ‘<AZ(6zv 0,0,u% )y, A2w2w>‘ dt. By adapting the proof of Estimate (5.13), in
[64], we get

T 1
2 h h, 1 —2ks( 3 7 2
@ [ (k@00 Al )] de S 2+ de)e gl g el0005
Therefore

/O ' (Ak(0.07 0.0,u%), ALwl )|

< 9—2ks(J i 1
~ 2 (dk: + dk) |: ||a w ||L2 )(Bs-%—%) ||w5“’||ZzT,</<t>(BS+%)

2 T
+ SHUdJHL%O(B%) EHaza’EuwHL’f‘r EwHL2 2. (t)(Ber%)

e Conclusion : By summing up the two previous estimates we get

T
2 / ‘<A2(v5 0,0%u%) Aﬁw;w>‘
0

< 9-2ks(] d{al 1
~ ( k?+ k) || w || ()(BS+%)||w€w||L2’</(t)(Bs+%)

e T R X o725y 100wz,

L (B3) L2 (BT )
1
elull g 10wz e IO gy

+ 5”“1/1“2%0(3%) EHazaxuf/,”ZQT(B

a, s+i ]
allzz @

8. Estimate of 2 fOT ‘<AZ(’YE&DUE)¢7 AZ“’;&‘

T T T
62/0 ’<AZ(7€awUE)w7AZw;¢>‘ §52/0 ‘<AZ(U681UE)¢7AZUJ;¢>‘ —&—Ezoz%/ ‘<AZ(8§U6635’U€)¢,AZU)§¢>

0

e The term e%a? fo ‘<Ah (0205 0,0%)y, Alw >‘ is treated see the estimate (?7).
e Estimate of the term &2 fo ‘<AZ(UE&DUE)¢, Ajwl

v50,0° = w20, + v, w2 + VO,V

By adapting the proof of Lemma 3.2 in [64], we obtain

T
2 h(, 2 € h, 1 2ks 2
[ |( bty Al )] £ 2w d) Il 2,y

By adapting the proof of Estimate (5.13), in [64], we get

T 1
h h —2ks( g 7 2
[ |(Ak w0y At )| £ 20k d uolE g 10002, Iy o 0, I s
0 F( T,¢/(t)

1
z 5,”*2 N
¥ LT,C/“)(B 2)



3.7. APPENDIX. PROOF OF PROPOSITION ??
- Estimate of &2 fOT ‘<A2(v8xv)¢, Aﬁw§¢>‘ By Bony’s decomposition, we have
00,0 = TV Opw? + T} v+ R" (v, 0,v)

Let us estimate the following three terms : Estimate of &2 fot KAZ(T;‘@IQ))W AngwM dt’

/‘ MThoLv), AZw;det’
gD Sl R RPN R NP
|k—k'|<4
S / 2% g 0202y I GRu1 A  di
|k—k'|<4

T
k' ’
S Yl @52 1Ak ) (/ Jo2usl ||A2w;w||%2dt>

|k—k'|<4

k
< 9—2ks 2d ||Uw||2 ||8 UTZJHLQ (Bs+2) ” s¢||L2

L5 (B3) )(B”%)’

where

di = dy(w?,, &) Y 28D g, (92uy, 1)
k—k'|<4

dt’

t
@ [ (ar o) gt )

<& / 18010005 |12 (1) | AL v ety AR 2
[k—k'|<4

Estimate of ¢2 fOT ‘<AZ(T§IUEU)¢, A2w§,¢>‘ dt’. We have

h 1
1A% OxvyllLee (L2) S ||Uw||2 3 [10Zuyll?

Then

g2 /OT ‘<AZ(T§xv€v)w,AZw;w>‘ dt’

2 3 / R PP L - L PN PP
|k—k'|<4

T
Se 2wl g ISE- 10l ez (/ 162w ||Azw;¢||%zdt>

|k—k/|<4

Nl=

< 2—2ks dk 52 ||U¢H 3 ||(9 UTP”LZ (Bs+2) HwEwHL2

st l
Ly (B2 (BTE)

where

dy, = di(w},, &) Z 2(h=K)(s=1/2) g,
k—k'|<4

[N

87
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Estimate of 2 fOT ‘<A’,§(Rh(v,8xv))w,AZw;w>’ dt. We have
T
52/ ‘<AZ(Rh(U,8wv))w7AZw;w>‘ dt
0

EDY / JAL vl (22 1AL Brogllzs 1AL, 12 (re) dt

k'>k—3
e ) / a2 4 NOZull? ) AL 020yl 2 28 | Akl dt
k'>k—3
T 3
k 1
SERD DR U FNP V2 PP ( / 102uyll s ||A’,;w;w|%2dt>
k' >k—3 T 0

S22, fluyl|? , [auy; ! |-
N sl pa 195U0lIE2 (pave) 1Wey M7
T T,¢

(%) 0B

where

die = di(wiy €)Y 2 Oy, 1)
k'>k—3

By summing the previous three estimates we get :

g2 /OT ‘ <AZ (vO2v)y, Azwid’ >‘

<2 (dy o+ dy) €2 [lug | ? 3, 10=ulzz (o) IIMEU,HLQ

et l
Ly (B2 ry(BT2)

As a consequence

= " (Abweane) A, ]

<o 2ks(g, 4+ d [ 2 8, L
~ (k+ k) € ||UwHLOO(B )H uw||L2(Be+2) stwHL;C/(t)(BSJr%)
+ 2 2 8 ’LU s w ~ sl + 2
L N A e PR LN s
e Conclusion :
T
62/ ‘<AZ(’Y‘€8$UE)¢,AZUJ;¢>‘
0
—2ks( T j
Sz d) [ ol 100l v ||wstL2 e
2 2 1
ol IR Ny It gy ey I,
+€||a wsw L (Bs+ ||w5w Zz o (Ber%)

51/,

+e||u¢\\;%, 1 10005 Iz 5y 1001 1z,

9. Estimate of % a? fOT ‘<AZ(6§U58$UE)¢7 AZw;wM We write
0% 0%0° = 0, w?0*v° + 0,vI*0°

e Estimate of 4 fOT ‘<Ag(&vw§8§1}5)w, AZw;w > ‘ By adapting the proof of Lemma 3.2 in [64], we obtain

1
stw ||Z3’*7C/(t) (BS‘F%)

T
et / (AL (@aw2020) 0, Ak, )] S 272 (A + ) e 00!

o s¢||Z§)C/(t)(Bs+%)
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By applying Bony’s decomposition (2.50) for = variable

e Estimate of e* [ ’<AZ(83¢U8§UE)¢, Azw§w>
to ,v0%v°. We get that

00020 = T} L020° + Tl e Opv + R"(9yv, 020°)

Let us estimate the following three terms :
Estimate of ¢* fg ’<Ah(Ta ,020%), ,A2w2w>‘ dt’. For any 0 < s < %, we have

t
54/ ‘ Az(Tngagvs)g,,AZw;wM dt’

S / 101 Bt o 1AL O20E | 2 | AL, | 12 dt

lk—k/|<4
Y / 2% ||Uw||2 ||52Uw||2 1AT 020l = | Afwz, || = dt
|k—k'|<4
4 3 AN T 2 :
Sty lugll? | 7, @FI1AROzvGl Lz (12)) / 102wyl 53 1AKwe, |22 dt
F(B2) 0
lk—k'|<4
<2 2ks d 2 3 82 e 1 _
© kHuwH °°(B ) H sz”L%(Bs EwHL%,c/(t)(BH%)’

where

Cik:dk(wiwagl) Z 2(k k') (s—1/2) dk/(82v¢, )
k—k'|<4

Estimate of &4 fot dt’ : For any 0 < s < 1, we have

<Ah(Tg%€3 v)w,AZw§w>
187 _1030° | L2, L2 ooy S 27 W(e= 1/2)dk/||a2vw||L2 (B9

where where dpr = 37 1o 2_(k/_l)(1/2_s)dl(6gvfb, 1). Then

/0 \ A (Tl e D00), Al >‘dt’

ST S T P PO P E
|k—k/|<4
ST S (N P O LA I IS
|k—k'|<4
1 T %
4 2 h 2 2 h, 1 |12
ST D U - Py ( | ez |Akwswnmdt>
|k—k'|<4
2ks 3 2,6 || - 1
A T L Yy [ M

where

dy = dp(wl,, ) 3 26112,

|k—k'|<4
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Estimate of ¢* fOT ‘<A’,§(Rh(6xv,3%@5))¢,A2w§w>‘ dt
T
¢! / ‘<AZ(Rh(8mv,8§v€))¢,AZw;w>‘ dt
0

£ / 1AL vl 2y AL G2 2 AL, [ L2ue) dt

k'>k—3
> / o 25 1020y 1A% 0205 12 2% Al 2 e
k'>k—3
1
5 3 h 52 e ’
4 k
St S 2ual} o 1A ) [ 1020y AR, e di
k'>k—3 T 0
< —2ks 2 3 2, €| _ 1.
62 dkH ¢||L°°(B ) HaIU’LZJHL% s Ew||L§,,</(t)(BS+%)7

where

dvk = dk(’w;w,fl) Z Q(kik,)sdk/(aivfb, 1)

k'>k—3

By summing up the previous three estimates we obtain

T
[ |(Abowozers, Al )] S ez o fuglE o <1025 g gyt

s L
o Ly (B% B*t2)

¢’ (t)(

where
k= Jk + dk + Czk-

e Conclusion :

T
5404%/0 ‘<AZ<6§’U58$UE)¢,,AZU};¢>‘

Se 27 fluy| zm

SB16020E (1~ 1
=55 102Vl Iwe,liz | (pevt

2k 1
+ 2 S(dk + dk)E”a 'U.) HLZ )(BS+%) ||wE¢HZ§“,(’(t)(BS+%)’

10. Final conclusion: By summing up the previous estimates and using (3.48) Young’s inequality, we
obtain

Z /22ksRllc
kEZ

+ M e ||0,w! +MHU)

Eqf

O[Ms + Mjozwl |-, ()(BH%)}
t

n(BSJr%) ||L2 (BT
1
+ 5H8 Opw? ||L2 (Bsy T 52”3 wawHLZ (B*)
1 1 1 2)1,.1 92,1
+ §5||wsw 22, (e1) + 5¢ 1w, Iz2 (5o+2) + 5”821”% HZZT,U/(BS) (3:58)

This conclude the proof of estimate on R! anf the proof of Proposition 3.6.1.
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3.8 Appendix. Proof of proposition 3.6.2

Estimate of R?. we recall that

T
R? = / ‘<AZ(6,5(11 — a30%0) + 102 (v — 2a20%v) + 20% (v — a}9%v) + ol 0,07 — a3ebtv),, Alw > at’
0

T
+/ KAZ( 2uf0,7° + a2et uf O30 4 2?0 uf — 2e%0° azv)d,,AngwM dr’
0
T
+ /0 )<AZ(520€1}5 02v + aietv® 920%)y, Azazw§¢>’ dt’.
1. Estimate of €2 fOT ’<AZ(@(U - a%@fu))w Azw§¢>‘

T
g /0 ’<AZ(8tv)w,Angw>‘ S22 e? dy.(Oruy, 1) di (9w 51¢7 D)|(9¢u) wHL2 (Bs+1) 102 wstLZ (B*)

and

T
52/0 ‘<AZ(8t8§v)¢,A’gw§w>‘52—%5 &% di(0u0zuy, 1) di(@:w2 1) (00:0)p | 72, (osn) 10:02, 72 ()

Then

T
= | ]<Az<at<vfa%afvm,Azw?Msr%sédk(atazuw, ) d(@s2, V(0000 g3 ooy 192, I
2. Estimate of 4 fOT ‘<A282(v —ald?v), A >‘ We have

T
54/0 )<AZ(8§U)¢,A21U?¢>‘§2_2M e di(9zup, 1) di(w? We,,» 1)[|0- “wHL2(Bs+2) ||w ||L2 (Bs+1)

and

T
64 /0 ‘<AZ(8§8§U)w,AZw?w>‘ S 2_%5 4dk(a Ugps )dk(wgw 1)||azu’¢’||f,%,(BS+2) ngw ZzT(BSH)'

Then

T
et /0 ’<A282(v —a20%v), Alw? >‘ S2heet di(D:uy, 1) dk(wgwa 1)Hazuw||Z2T(Bs+2) Hw;, L2.(Bs+1)

3. Estimate of &2 fOT ’<A282(v—a182 )w), Ajw?, >‘ We have

T
£ / (20020, A2, )| 272 &2 di(02ug, 1) di (@202, )02 73 (o) 10202, 175 5

T
& / (Ak@20)s, A2, )| S 272 €2 d(©2uy, 1) (0202, DI02us 73 pos) 10202, 1 52 1
Then

T
52/0 ’<A282(v—a182 ), A2 >‘§2—2ks e d(0Fuy, 1) dp(02w2, V|02 uyllzz (pesry 102W2, 72 5oy

4. Estimate of £* fOT ‘<AZ(8t8§v)w, A2w3w>‘. We have by integration by parts in = variable

T
[ (k@@ Az, )| £ 27 e @001 (0o, DO 5 e 10202, I 5 1
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5. Estimate of a2® [/ ‘<A28§v, AZw§w>‘ We have
T
€8 / (Ak@k0), A2, )| S 272 2 di (@, 1) di(@202,, V1010 | 75 s 10202, U5 5
: T co e
6. Estimate of 2 [] ’<A2(u oY )w,Angw>‘. We have

T
+e?ad / ‘<A2(ue&v8§va)¢, AZw?w >‘

"1/ an h T/ an h
2 € € 2 < g2 ‘ € € 2
€ /0 ‘<Ak(u Oy )w,Akw%M <e /0 <Ak(u Orv )w,AkwEw> ;

By adapting the proof of (5.16) and (5.17) in [64], we deduce for any 0 < s < 1 that

? /OT (AbEo,)y ALu?, )|

< . 9—2ks 2 2 )2
T G

1
® 1 10zl

€ 2
) + ||u’¢}||L%°(B§) E%(BS+%) ||w€w||Z§11</(t)(Bs+%)) )

where (c) is a generic sequence square root sommable on Z. By integration by part we have

£ a2 /OT (k0,020 Afw, )

<e?al /OT‘<A2(u58w8zv€)w,AZ@zw§w>‘+52a§ /OT’<AZ(82u58I8sz)w,AZw?wM

We write :
u®0,0,0° = u‘g@xﬁzw? + u®0,0,v
It follows from Lemma 3.1 in [64] that
T
A | e e L LA

Estimate of &2 fOT ‘<A2(u58w8zv)w, Agazwgwﬂ dt. Because of

15 vl S Tl 1025 s

we have

€2/
0

(AMTE0,0.0), A2, )| dt

T
set Y /IISZ/_WT;,IILOOIIAZﬁiuzplleHAZ@zw?wllmdt
k—k|<a”0

T
<2 Y / TSl oy 10205l 22 ALy oo [ ALw?, |12 dt

k—k'|<4
1 ’ T %
DY W@”;%B%(fk”AﬁaﬂWML%L%) /QH3§@MB%HAQ@W§ﬂ@2m
|k—k'|<4 T 0
< 9—2ks_ ] € % 2
~ 2 gdk”uwHL%c(B%) ||8Zu¢||Z%(B<+%) € |‘azw5w||z%’c/(t>(35+%)7

where

de = dk(azwgw,g’) Z 2(k_k )(5_1/2)dk’ (82u¢, 1)
k—k'|<4
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Or because of for any 0 < s < 1

HSk’ 18 UwHL2 (L2(L)) ~ < 2k (1=9) dy |10, uwHLz (B+3)

where dir =340 o 2= =D0=9)d)(D,up,1). We get
¢
52/ ‘ AZ(ngazqu)w,AzawawM dt’

2 3 / 1St sl 2 1) 1AL 05 oz | AL D02, |12
|k—k/|<4

1
- 2 h
> / 181 02uy 2 ey 27 % ||uw||2 102 s, 174 |AROw2, |2 dt

|k—k'|<4

T
1 .y
$e Il Ly 2 T ISE Bl ) (/ 02l 3 |Azazwzw||i2dt>

|k—k'|<4
SR e L X N L XN ey
where
dp = di(D.w?, ) Y 2K,
|k—k'|<4
In this way

&2 /0 ’ ‘<A2(Rh(uf,agﬂazv))w,Agazng dt

EDY / VAL S e u2y 1AL 020y 1 AL, |1 10

k'>k—3

k

4 1
set Y ot / Egl? 1025, 2 AL el 2 |1ALO w02, 12 dt
2
k’>k 3

k' >k—3

< —2ks E% _
Ser Iy 10l e 21002 Ly e

where

dp = d(0w?,,¢) > 2%y, (D.uy, 1),

k' >k—3

By summing up the previous estimate, we obtain

g2 a% /OT ’<A2(u58w(9zva)w, A2w5w>‘

k
Sea2 ™ af [ 0w |12, +eug ) ? g 100l oy € 0002, I,
¢! ,

+l
(t)(BS 2) L¥(B

And similar to the the previous estimate, we obtain

2ot [ (800,000, 012, )

Sew27 2 af (2|00, |12 + €| 9z uy ||% Ha Iz ellow? |l
~Ck 1 Z2%ey Z%gl(t)(BSJr%) z %ep Lge z Uy L2 BS+2) L2

T
l _K 1 ’
et Y 23l )lluwzo@ o @ NALO.uyll Lz (2) / 02uyll 3 1ARD.wE, |12 dt
T(B2) 0

93

=

N|=

(3.59)

s+1 ]a
ey (B2

s+14 |0
(B +2)}
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Conclusion :

e /OT ’<AZ(UE ﬂa)w»AngwH

Se2 0 af [ 0.l )2, ()
¢/ (t

1
+elldugll? ) 10=upliz e [|0.w?

L2 BS+2) ||L2 ()(BS+%):|7

7. Estimate of a?e? fOT ‘<AZ( uf O30°%),y, A2w§w>‘ By integration by part, we have

/OT KAQ(US 930, Agwgm < /OT ]<A§;(amu6 92v%),, A’,ngw>’ + /OT ]<Ag(u6 92v%),, A’,;amwgd}]

We write
Dpuf O20° = Oy O2w? + Opuf 0v
and
uf 020 = uf ?w? + u 0v
By adapting the proof of Lemma (3.1) in [64], Because 0 < & < 1 we get

et /OT ‘<AZ(&:UE 3§w§)wv AZ’LU?U,M

< —2ks 2
2 Ck € ||aw HLz (B EH Ew LT (t)(BS+%)
< 9—2ks
N2 CkE||a$w5w||z§)<,(t)(35+%)€||w8w|‘E§1Cl(t)(BS+%)
and
T
4 h(,e a2 2 h 2 < 9—2ks 1 2
[ (ot o2y Al )| S 2 e ot Ny e S0 e,
Similar to (3.57), we obtain
T
et / ‘<A2(6wu58§v)¢,Aﬁw§w>‘ (3.60)
0
S22 [(dy + d) = |0 L 0l & fJu? ]
~ k k z %) L%Q(B%) z % L%(BSJF Ey LT (t)(BS+§) )
and
T
54/ ’<A2(u58£v)w,A28xw§w>’ (3.61)
0
2ks 2 &2
A O L P L P
Conclusion :
T
84/ ’<A2(u53§vs)w,AZw§w>’
0
<9—2ks 1 2
N2 Ck |:8||a$w€w||z§11</(t>(35+%)€||wE¢I|L2 t)(BS+2) +e Ha wEwHZgﬂ’c/(t)(BS#» 2) Ha 'LU ||L§“g (t)(BS+%)
(3.62)
21,6 |13 2
+E ||UwHL%°(BQ ||8 uw||L2 BS+5)E ||(9 wEw L )(BS+%)
i ez &2 2
+ sszuaxuwn; T P ) N S |
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8. Estimate of a? £2 fOT ‘<AZ(8§UE 0,u)y, Aﬁw§¢>‘ Similar to (3.59), we obtain

i [ |(skoas, alat, )

—2k 2
saz ot |lawl g, ey elodllz e
+8Ha uw”zw(B 3) H z leLz Bs+3 € ”a wstLz )(Ber%) ’

9. Estimate of &2 fOT ’<AZ(”UE DU )y, A’,;w§¢>’ We write

v€ Oyuf = wg Orpu® + v oy u®
= w2 0puf + v Opw! 4+ v dyu

By adapting the proof of Lemma 3.2 in [64], we obtain
T
h h ks
@ [ (Ao, A2 )| S 27 e+ de) Bl Iy e o, g,
0 )

e Estimate of &2 fOT ‘<AZ(U Opwl)y, Aka >‘ By Bony’s decomposition, we have

vdpw! = T 9wl + ngwl v+ R"(v,8,w}).

Let us handle the following three terms :
Estimate of fOT ‘<AQ(T§M1 V), Aﬁw§w>’

T
/ (AT ), A2, )] < /||5k, 1000l 21y 1AL vl 2y 1A

0 |k —k|<4
We have
1AL sl e S Tl 1020l
andforany0<s<%
15t 100w, 2 22 z2)) S 2 Vi 00wl e

where

dk’ = Zlgk’72 2( - ) 7_S)dl(amw;,1).

Then
/ ’ A TB wlU¢7A >‘
1
<< 2 / I8 100wl luzuze) g 102l 2y AR w212
|k —k|<4
1 T
Sl g 1SE 10wl g zs) (/ 82wl 5 ||A’,:w§|%2>
T(Bz) 0
k' —k|<4
—2ks g 3 1
STHAl Ly Otz 08 g, et
where

dp = dy(wl,,¢) D 22y,
|k —k|<4

[N

95

(3.63)
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Estimate of €2 [ ‘<A’,§(Tf Oz wl)y, Aﬁw§¢>‘ We have

~

k' 1
IS8 vl <22 IIUwHZ 102y 12

1-
B2

Then
T
[ |(akt oty a2, )|
< 3 [ Ishowelae Ak I 1AL, Iz
|k’ k|<4
1
T 2
< 2%/ % Aha 1 82 € ||Ah 2H2
Se [[wy |l a3 el AR Opw, ||z (r2) 10zu7]] 43 |ARwZ |7
LF(B2) 0
|k k| <4
—2ks 7 %
S2 gl g elot Mg o Wy e
where

dk: = dk(w;wacl) Z 2(k k) (s= 1/2)dk (8 wv 1)

k' —k|<4

Estimate of ¢2 fOT ‘<AL‘(T$1 Dpwl)y, A2w5w>‘

€2 /OT ’<AZ(Rh(v,8mw;)¢,Angw>’ dt

£ / 1AL vl ) IBE AL, 15 AR, 1) de

k'>k—3

Se 2 / o2 102012y 18 et 2 25| A2, = i
k'>k—3

1
T 2

k
SEEND I U2 FRNN V250 PP (/ 1020 ||Azws|22)

k'>k—3

2ks 2
SR Y U R X s e e

where

dp = d(w!, &) > 28 (00! 1)

k' —k|<4

Therefore summing the three previous estimates, we get

T
o [ |(abwout)e.apu,) e
0
~ “ 1
SQ_QkS[(dk+dk)Hu¢Hzoo 3 5”8“’ oMz ey ellwz, ”L2 (B”%)}’
2o ¢/ (1)

e Estimate of €2 [ ’<AZ(U Op) s A2w§,¢)>‘. From the previous estimate we have

T
2 /0 (A wdsu)y, A, (3.65)
S22 [+ Azl g Tl ey Sl s gy
Ly (B3 YOLL oy (BTT2)



3.8. APPENDIX. PROOF OF PROPOSITION 7?7 97

Conclusion :

2 /OT (A7 0u%)y, A, )|

2ks 7 3
S277(dy + dy) €Huw||zw 5t

H ||L2(BS+1)€||'LU ||L2 ((Bs+2) (3.66)
ol g, clonu! HLQ(B)enw%nLQ o

+ |Jw? ellw

||L2 t)(Bs+%) 8w||z§",(/(t)(Bs+%) 9

10. Estimate of €% a? fo ‘<Ah (v° 02v )w,AZ(?‘Zw?wM. We write
v° 9,0,u° = w? 0,0,u° + vazazw;w +v9,0,u.

By adapting the proof of Lemma 3.2 in [64], we obtain

T
52/0 ‘<A2(wgamazu5)w,AZ@zwgw>’ S 277 (dy + di) |l 2 »

)(BS+1 5”8 w ||L2 ()(BS+%)

By adapting the proof of Estimate (3.64), we get

T
@ [ [(atwo.oaml, o Ao, )] i <2+ )

AR CE X Y LR
and
T
g /0 (<A2(vazawu)¢,A28zw§¢>) dt 5272 (d), +dy) e ”uszw(B 3 10yl 72 (ot 5||8zwzw||z%</(t)(3s+%)'
Conclusion :

T
23 /0 ‘<AZ(UE 2%y, Aﬁ@zw§¢>

S22 (dy + dy) | a.w? ||
~ ( k+ k?) ||w6w L (Bs+1 EH w ||L§“,§/(t)(BS+%)
1
2 2
gl g, 00000 g oy 02,y
el g 10wl ey 002z, o]
11. Estimate of aZe? fOT ’<AZ(1}5 020%) y, Azazw§w>’. We write
v° 0%0° = w2 0% + v OPw? + v
By adapting the proof of Lemma 3.2 in [64], we obtain
T
h h —2k
[ (Abw o) Ao )] ST A et Ly ey O e
0 ® ©

By adapting the proof of Estimate (3.64), we get

T 1
4 2, .2 h 2 < 9—2ks( g j 2 31192,,2 2
o [ (ke ) Ao, )] dt S 2+ ) gl g R N A N A

and

T
[ (oo ALo2, )| de s 2+ d el Ly

I0:u0l 73 vy 1002 gy e
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Conclusion :

a%s‘l /OT ‘<AZ(’UE a§v5)¢, Azazwgwﬂ

<9=2ks(j. 4 d [ 2
~ ( k+ k’) ||w€w LT&IH)(BTF%)EHazwsw”L%ﬂ’C,(t)(Bs‘F%)
gl 10202, s g £ll 00, I ,
e (B3) e, IL5.(B7) L2 0y(BTTE)
1
bellunlly g 19usllzg ey 1002 s - pees
t

12. Final conclusion : Then from the previous estimates and the estimate (3.48), then Young inequality,
we get

e

kEZ

C[Mg 44+ Me ||0,w? + Me2 0wl |- + Me [|Jw?

||L2 ()(BS+1) L2 (Bs+é) HL2 )(BS+%)

+ Me? ||0,w? ||L2 ., + M|jw!

o1 1 1
()(B&+2) HLZ )(BS+§)

1
3 2,2 31192,,2
72 2 (Bs+1) + 5 ”am 6¢||L2T(B°‘) + 55 HamwswnzzT(Bs)

1

+ 6||0w iz sy + 5¢ ?[lw?,
1

+ §s|\azamw;w Iz2 5y  (367)

This estimates on Ry conclude the proof of proposition 3.6.2.
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Chapter 4

Introduction to the power-law
non-Newtonian Prandtl equations

4.1 Boundary layer equations for non-newtonian fluids

The classical theoretical hydrodynamics is based on the Euler equations describing the motion of an ideal
fluid. Despite the numerous achievements, some gaps between theoretical and experimental results need
to be filled, which are mainly due to how to determine the force of resistance acting on a moving solid in
a fluid. A classical attempt to close the gaps is to consider the Navier-Stokes equations, which are based
on Newton’s model of a viscous fluid. According to that model, tangential stresses in a fluid are linearly
dependent on the respective shear deformation velocities and so the principal part of the Navier-Stokes
equations consists in second order partial derivative diffusion term.

Unfortunately, many problems arise in this consideration. First of all, we encounter great mathemat-
ical difficulties to explain the connection between the viscous model and the theoretical ideal non-viscous
model. For instance, it is extremely difficult to prove that small viscous friction forces may perceptibly
affect the motion of a fluid. In 1904, Prandtl suggested an explanation of this phenomenon using his
theory of boundary layer. He theoretically showed that the flow around a solid body could be divided
into two zones: a thin layer around the body where viscous forces play crucial part and the outer region
far from the body where friction could be neglected. Thus, for weakly viscous fluids, the influence of
the small viscosity can only be perceptible in this very thin layer adjacent to the surface of the body,
which is called boundary layer according to Prandtl. Outside this region, the fluid can be considered as
frictionless and can be described by the Euler system.

The second question comes from the consideration of tangential stresses which are linearly dependent
on the shear deformation velocities in Newton’s model. This linear dependence turns out to be unaccept-
able for many media, for example melted and dissolved polymers, concentrated suspensions, emulsions,
dye-stuffs, etc ... Many different models have been proposed for the description of non-newtonian flows
(see, for instance, Litvinvo (1982), Shulman (1975)). Among these non-newtonian flows, the Ostwald
model for nonlinear viscous fluids are particularly adapted to many physical fluids, where the stress
tensor components depend on the powers of the components of the deformation velocity tensor.

In this work, we want to combine the two above considerations and study the behavior near a surface
of non-newtonian fluids which follow Ostwald power-law. Let us be more specific. We suppose that uy,
ug be the fluid velocity components with respect to the coordinates x1, z2, and let

8ui 8’&]'
g
* 6‘:@ 8@
be the components of the deformation velocity tensor. In the power-law model of a non-newtonian fluid,
the stress tensor (7;;) is assumed to be of the form

2

1
Tij = —0ijp + k <2€ml€lm) eij, n>0.
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Here, p denotes the pressure, k is the index of consistency of the fluid and d;; the usual Kronecker symbol.
Here and in what follows, we also suppose that summation is taken over repeated indices from 1 to 2.
For 0 < n < 1, the fluid is called pseudo-plastic and for n > 1, the fluid is dilatable. In the case n = 1, we
get the usual newtonian fluid. Using Newton’s second law and supposing that the fluid is incompressible,
the motion of an incompressible fluid following the above power-law type of dependence is described by

the equations
n—1
ou; ou; 19p k O 1 En .
. [ — —_—— —€m m iq 5 - ].7 2
ot +u]83;j p Ox; * p oz [(26 e > 6]1 !

Ou;
ij

(4.1)
=0,

n—1
which represent a generalization of the Navier-Stokes equations. Here, the quantity k (%emlelm) 2
is called apparent viscosity, and for n # 1, it depends on shear deformation velocities. Experiments
show that, for nonlinearly viscous flows or for ordinary fluids past solid surfaces, there is a wall-adjacent
region with the predominance of the internal friction forces over the inertial ones and therefore, a viscous
boundary layer exists. In the next section, we will formally derive the Prandtl-like equations for power-law
non-newtonian fluids.

4.2 Derivation of power-law non-newtonian Prandtl equations

We recall that, if Uy and X are the characteristic velocity and the characteristic dimension of a given
nonlinear viscous flow, then the Reynolds number is given by

R=U{"X"p/k.
The dimensionless equations for power-law non-newtonian fluids can be written as
Ow Ow 0w Op 20 (0w 10 ( (0w Ou
ot "oz, "0z, 0z Romy \'0xy ) " Rowy \"'\ 0z " 0y

8u2+ 6U2+ 8uQ: @+ 1 8 <#(8u1+8u2)>+2 8 ( 3U2> (42)

ot "oz "0z, 012  Rom dxy | Dy R 0zy Mo,
Our | Ous _
Ox1  Oxg

where the dimensionless apparent viscosity p is now given by

n-1 n_1
1 R our\” ouy  duy\” dus\?\ °
= | 5€6mi€im =125 a. a. 2\ 5
H <2€ 1€ ) ( <8$1> + <8l‘2 + 8l‘1 + 81‘2
We set € = R_ﬁ, which in fact represents the boundary-layer thickness and our goal is to study the

limit ¢ — 0. In order to simplify the notation, we will not use index € on the solution (uj,us,p) but it is
clear that the solution depends on €. We rewrite the system (4.2) as follows

ouq ouq ouq Op i1 O ouq i1 O ou;  Ous
it} il N SR = |, i oM, T2
(9t +U1 8171 +UQ 8:1:2 31‘1 +ee 8951 M@:cl te 8932 H 81172 + 6:61

% + 3“2 +U2% = —@ +€n+1i <N“ (8’&1 + au2)> +2€n+1i < 8U2>

ot oz oz, Oz Ers Ory | Ozy 97y \M 01y
Qui | Ouz _ 0 (4.3)
6$1 8$2 ’

u; =0,on x2 =0

ug =0,on x2 =0

Ut=0 = UO(% y)



4.2. DERIVATION OF POWER-LAW NON-NEWTONIAN PRANDTL EQUATIONS 103

For the sake of simplicity, we shall consider the problem (4.3) in the half plane
Q:{.’EléR,ZEQ>0} with 8Q={x1€R,x2:0}.

Following Prandtl’s typical approach for boundary layers, we look for solutions of (4.3) in the following
asymptotic expansion form

1,0 B,0 I1 B,1 1,2 B2
U = U Uy +5(ui’ +ui’)+52(ui’ —l—ui’)—l—...

p=pl0 4 pB0 4 (p“ JrpB,1) 12 (pI’Q JrpB,2) T

where ¢ = 1,2. The “interior part” functions with the index “I” describe the outer fluids far from the
surface and depend on (¢, 1, z2) while the “boundary layer part” with the index “B” consists in smooth
functions of dependind on (t,xl, 7“5—2) and rapidly (exponentially) decreasing to zero when the normal
space variable y = 2 goes to infinity. In what follows, we will study the leading order expansions of the

system (4.3) with respect to e.

4.2.1 Asymptotic expansion of linear terms

The following asymptotic expansion of the linear terms can be easily obtained by derivation with respect
to the time and space variables. We recall that the index 7 stands for 1 or 2 and indicates the tangential
and normal components of u.

- Derivative of u with respect to the time variable

8tui = 8t(uf’o + ’U/iB70) + eat(uf’l + UiB71) + 0(52)-

- Derivatives u with respect to the space variables: for any k& > 0, we have

Oyui = 5, (") + €0, (' + uT) + O(?)

%

kt1
OF ;i = (Bﬁzui]’o + EanuiI’l) + Z El_kaiuf’l + O(e?),
1=0
and for any j,k > 0, we have
_ _ _ k+1 _
05, 0 u; = (05,08, u 0 +20] OF ult)+ Y 7Rl obult + O(?).
=0

In particular, we need the following derivatives of u

2wy =e 102wl (82, ul 0+ 02wl + (82, ult + 02 ul?) + 0@E?)

T1T2 T1T2 T1T2 1y r1T2 1y
2 _ -1 B,0 2 1,0 B,1 2 1,1 B,2 2
6I1$2u2 =¢ 851?18yu2 + (aw1w2u2 + a«'Ulayu2 ) + 6(8I1I2u2 + 69:18.1;/”2 ) + O(E )

- Derivatives of the pressure p:

Op,p = O, (pl,o + pB’O) + €0z, (pI’l +pB71) + 0(52)
O, = a_laypB’O + (0" + 8ypB’1) + &(Dpyp™t + 8ypB’2) + O(e%)
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4.2.2 Asymptotic expansion of the nonlinear terms

Using the above expression of u, we easily obtain the following expansion for the nonlinear terms

w0y, u1 = (Ul + w00, ul? + (Wl + uP )0, P 4+ Oe)
UpBpyuy = e (ud 0 + uf’o)ﬁyu?’o + (ud® + w20 (0,,ul® + 3yu113’1) + (ud! + uf’l)é)yuf”o +O(¢)
10, Ug = (u{’o + uf’o)&vlug’o + (u{70 + u?’o)amluzB’O + O(e)
UpBpytiy = e (ud® + ul0)D,ul” + (uh® + ud ) (Buyus® + Ayud ) + (ubt + ulMo,udC + O(e).

4.2.3 Incompressibility and boundary conditions

The divergence-free property of the velocity field can be rewritten as follows

0=Vau=c19,ud" + (01u” + dub®) + (Drur® + dud) + O(e).

Away from the boundary, all the “boundary terms” rapidly decrease to zero. Then, at the leading
order, the incompressibility of the outer fluids simply writes

V.aul? =0.

Now, near the boundary, by identification with respect to the order of ¢, we get

dyuy® =0,
which implies
B,0
uy =0

by noting that uQB’O(t,xl,y) — 0 as y — 4o00. Then, the incompressibility of the fluids inside the
boundary layer becomes

ut’ + d,udt = 0. (4.4)

4.2.4 Estimate of the viscosity

We recall that the apparent viscosity is given by the following expression

n—1

1= [2(01u1)? + 2(Dou2)? + (9o2ur)? + 20ou1 D1 uz + (O1un)?] =
Using the expansion of u given above, we obtain
(Bru)? = (1w +u)* + O(e)
(9uz)? = e2(0,uf ) + £7120,uf (03 + O,uF) + [(Dpuf® + Oyud )2 + 20,05 03| + O(e)
(Bour)? = e 2(0,ul)? + e 120,u” 0 (Bul + 0, uP) + [(azu{vo + 9,ulhy? 4+ zayu?’oagu{vl] +0(e)
(Bruz)® = (91(uy” +uy™))* + O(e)
and

Ouhs = < O P00 07+ )+ (D, 0" B ) + Ol + 0P )] + O
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Putting the above identities into the expression of u, we get

=72 (Oul)? +2(0,u5)?)
+e7t (48 uf’o(agug’o + ayuzB’l) + 25‘yu113’0(82u1’0 + 0y u ) + 20 u; 081( o4 uzB’O))
+ 2001 (ur® +ur™))? + 2((90u5” + Dyus ") + 20,3 °0zu Y+ (92ur” + dyupt)?
+20,ul08ul + (01 (uh® + u20))? + 20,ul 00, (ub + u)

n—1

2

+2(0u1” + Byur™)on (uy” + uy ) + O(e)
Therefore
p=e"(=D [((a uP0)? 4 2(8,uP0) )
€ (48yu O(Bpus® + dyudt) + 20,ul  (Doul® + dul) + 20,ul 0y (ud® + u23’0)> + 0(62)}

Since 8yu{3’0 = 0, we deduce that
= e D [(,uf OV 4 O (),
Lemma 4.2.1. We have the following equivalences
) T Oa(pdaun) = nl(@yuy "))’ + OCe),
) "o (pdiu) = O(e?),
(ZZZ) 5n+1 82(#8111,2) 0(5 5
) €n+1 81 (M82U1) 0(6
) " 0y (udous) = O(e).

Proof.

(i) The fact that
p=e 0,0 )R 1 o2

implies

Bopp = e (n — D[(0yut )] T 8,ul ' 02ul® + 0=V, (4.5)

Since
Aoy = e LA ul + (8p,ul® + Byult) + £(Dpyult + yul?) + O(e?)
D3uy = 572851/13’0 + 6713§U?71 + (Qﬁzu{’o + 851/13’2) + s(@izu{’l + qufm) + 0(g?),
we deduce that
Dopdpuy = &~ (n = 1)[(Dyuy )| 20%u? + O(e™™)
pdfu = = [@,uf 02 D202 + O,
Therefore,
Oa(naur) = &=V [n](@yuf ) D202 P0] 4 O
and

"1, (pdyur) = n[(9yuy*)?) "I 25l + O(e).

(i) We write
01 (udru) = 0y pdru + pdiu.



106 CHAPTER 4. THE POWER-LAW MODEL

We have

oru = 01 (ul® + uB0) + o) (ult +uP) + O(e?)
diu = 8%(1/’0 + uB’O) + Eaf(ul’l + uB’l) +0(e%)

and so )
O =e"""D(n = 1)[(9yuy )] Oyuy 0, yui ™ + O(e™").

Then we obtain

Oporu = =D (n = D)[(@yu")2] "7 9,ur 0 ut 00 (0 +uP ) + 0(e )
potu ==V [(0yu 0P F 07 (w1 + uP) + O ),

and
: Boalyu1 081( Io+uB,0)

xl(u1,0+uB,O):| —I—O( (n— 2))

e (T

+[(0yul)?) T

which means that
"9 (udu) = O(e%).

(#11) Similarly to (i), we write
82(u31uz) = 62#31’&2 + ,Ll,agl’u,.

We have
Dry g = Oy, (u3° +u2 °)+ sam( !+ up) + O
832"“ = 5718511 (ag2£1 + airl ) + 6(8§2I1 + 82&01 2 ) + O( )

which imply

Dopdrug = e~ "(n — 1)[(dy uf O) = 8 uf 082 09, UIO +0(e —(n—l))

pdiu ==V [@yuy )22 uy +8§zl H+0@E ).
Therefore
B (pdhuz) = e (n — D[(0,ul*)?) "% 9,ul 02ul 08, ub° + O~ ("~ V)
and

£ Dy (udhuz) = e[ (n = DI@,u )2 T 0yu 02ul 0, ub | + O().

(iv) We have
O (,uﬁgul) = 81#32’&1 + u&ﬂu

We recall that

Opyur = e 1Ayul” + ((9:,[;21/’0 + 8 uB’l) + 5(Bx2u1’1 + 0, uB’z) +O(e 2)
o =192 + (02 0402 ult) + (02, upt + 02 u

aclacQ T1To 1 ( xlxg xly

?) +0(e)

1Y 1
and for the viscosity
o= 6—(n—1)[(ayulB,0) ](n 1)/2 +O( (n— 2))
O = =D (n = 1)[(0,uP)) 5 9,uP 00, uP + O™,
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Then,

O1pdauy =€ "(n — )[(3 u? 0% alyul +0(e~(n=1)
/M?%u = 5—”[(6y ) ](n 1)/282 + O(E_(n_l)).

Llez

As a consequence, we obtain

1

On(uun) = " [(@yul )T (0 = Vonul™ +02,,,ul ] + 0= )

and
£ M0y (udpwn) = el(@yul )T [ (n = Dol + 02,,,ul 0] + 0=,

(v) We write
82(/16211,2) = 82u82UQ + /.L6§2U.
We recall that

=D [@,uf V)2 D2 4 O(em ()
Oap=e""(n— 1)[(6yu1B’0)2] = y B’Oaf,uf”o + O(s_(”_l))

and the derivatives of ug

Dpytiy = €10 uzB’O (Bmzué’o + 0 uB’l) + E(8I2u£71 + 8yu2]3’2) + 0(e%)
02 up = e 20%uy 0 + e 102uP !t + (92, ub” + 02uy?) + e(02,uyt + 92ub ) + O(?).

Then,

Dapdauz = =" (n — D[(0,uf ") T 0,ul 02l (0r,ub? + 0,ub?) + O(== ()
uByu = e (0,ul )| 4 O ().

As a consequence, we have
Oa(pdyuz) = = [(Dyul )2 D202 + O )

and

"0, (pdauz) = el(Dyur )| "V 205uz ! 4 O(?).

O
4.2.5 Behaviors of the fluid far from the boundary
Taking the leading term of O(¢°), we simply obtain the Euler equation :
oul? oul® oph0
9ul0 1,00Uy 109
¢t + “ 3101 tu Y2 6I2 8I1
8”5’0 1,0 3u2 1,0 5u2 - apI’O
-—= 4 “1 +u Us - _ £
8t 8 6$2 81‘2
ol Hul® . (4.6)
8.’171 81’2 S
u£70|£2=0 =0
u1’0|t —0 = ué 0,
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4.2.6 Boundary layer equations

Inside the boundary (in the domain 0 < z2 < ¢), we consider the Taylor expansions with respect to the
normal variable xs.

2
. . . x .
uZI’J (t,x1,22) = uf’j (t,21,0) + xzaQufJ (t,21,0) + gaguf” (t,21,0) + - -

. . . x
p{)](t,l'l,l'g) = piI’j(t?xlaO) + $282p{7j(t733170) + 2 822191[’](15,1’170) + -

Performing the change of variable y = %2, we can write

Lj e i w AR e i
Uu; (t7x17x2) =u, —|—6y32ui —|—Tazu 4+ ..
(4.7)

J— 2
1,5 1.7 1.7 € I
D; J(tvxl?xQ) =D; 74 €y32pi 74 B 82 J + -

where f = f(t,x1,0) is the trace of f on {zy = O}. Now, we recall that
T
ult,or,@2) = ul Ot wr,w2) + 0Pty 22 4 e [ul (b, ) 4w (t e, k >} +-
plt,a1,22) = p Ot w1 w0) + PO @1, 2) + e[ (b ) + P 0, )] 4
Taking into account the expression (4.7), the velocity u becomes
u(t, zy, 2) = (ul0 + uP0) 4+ e[ul:t + P! 4 ydyul 9] + O(£?)
which means that
ur(t, 1, 12) = (u1 +ur?) + 5[“1 +up ! +ydyup ) + O(e?)
up(t, oy, me) = (uh® +ud®)  tefud +ud + yopul®) + O(?)
—_——
(will be proved to be 0)
The derivatives of u are
dpu = 9 (ul0 4+ uP0) + 0 [ull + uPt + ydoul O] + O(£?)
ou = 0y (ul0 + uPO0) 4 0, [ul 1 + uPt 4 ydyul 0] + O(£?)
dou = e 9,uP 0 + (0,uPt + dul 0) + O(e).
The non linear terms are computed as follows
wdhu = (ur® +ui?) 01 (w0 +u0) + O(e)
usdou = e (ul? + uB ) 9, uB0 + [ult + uB 4 yo,ul®| 9,uB0
+ W +ud (9uP + Bul0) + O(e).
—_——
(will be proved to be 0)
Concerning the pressure, we have
p(t, 1, 22) = (PF0 + pP0) +e[pl T + p™! + ydop™ 0] + O(c?)
Orp = 01 (ph0 + pB0) 4+ 20, [plL + pPt + yBup! 0] + O(e?)
9op = 1 0yp™° + (9™ + 0ap!0) + O(e).

- Now, we put all the above asymptotic expressions into the system (4.3). At the leading order 1,
we get

70 , B, B0 0
Us' 4+ Uy )Oyu” + =0.
(2 2 )y <aypB,O>
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We recall that u2B’O = 0 and that ué’o = 0 from the boundary conditions. We deduce that d,p?° = 0
and then pB° = 0 since p®° — 0 as y — +oo. That is the classical principle of fluid mechanics, which
states that the pressure does not change in the boundary layer.

- At the next order €Y, we obtain

A (ul 0 + uP Oy 4 (w0 4 4B0) . Vol 0 4 ( O+ ul)d,, uPC + yd,,ub*a,ul?

G a4 T ( 120 ) o opegguns]. 4
The second component of the above vector equation reads
02,00+ 0™t =0,
which implies
pPt =0, (4.9)
using the fact that 9,,p’9 = 0 from Euler system (4.6).
Now, for any j > 0, we define
J
uPI(t,zy,y) = uBI(t,xy,y Z% OFuli=F(t, x1). (4.10)

Under this consideration, it is easy to prove that

{U’f O = w1, 0) +up (¢ 2, y)

u21—u2 (t, ml,O)—i—uQB’l(t,xl, )—i—y&wu2 (t,21,0)

satisfy the following non-Newtonian Prandtl-like system

0 0 0 1 0 0
Ol 4 ub 00, Wb’ + uht o, Wb’ + 0, pT0 *n‘f}‘ uff ‘ 5‘2 v
,0 1
oul Oub 0
0z, Oy ’

W’ =0 on {y =0}
w2’ =0 on {y=0}

1,0
%ul as y — +00,

where u{ and 0, p!'0 satisfies the so-called Bernoulli’s law :

Al + w08, ul + 3, pI 0 = 0. (4.11)
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Chapter 5

Shear flow for Non-newtonian
Prandtl equations

5.1 Introduction

In this chapter, we are interested in the the Non Newtonian Prandtl equation

Byu + udypu + vdyu + yp = n |0yu[" " 02u in [0,T] x T x RF
%—F?—Z:O in [0,7] x T x R"
Up—o =ug on T X R*
uy—o =0 on [0,T]xT
Vjy—o =0 on [0,7]xT
lim w=U foral (¢tx)e€l0,T]xT,

y—>+00

where the velocity field (u,v)(t, z,y) is an unknown, the initial data ug(x,y) and the outer flow U(¢, x)
are given and satisfy the compatibility conditions

ugly—0 =0 and m up = Uli=o.

li
y—r—+o00

Furthermore, the given scalar pressure p(t, x) and the outer flow U (¢, ) satisfy the well-known Bernoulli’s
law

oU + U0, U = —0,p.

In this work, we will consider the Oleinik’s monotonicity assumption :
w = 0yu >0

where w is the vorticity.

Throughout this paper, we consider the homogeneous case with respect to the x variable : The solution
u does not depend on x and the outer flow U is constant. For simplicity we take U = 1. Moreover, we
will focus on the special case n = 2. That is, we are interested in the solutions of the following equation,
which is the so-called ”shear-flow” problem :

Opu=210,u|Oou in [0,T] x RF
Up=g =up on T X RT
uy—o =0 on [0,T]

lim w=1 forall tel0,T).

Yy—>+00

(5.1)
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The general case of dilatable fluids with n > 1 will be treated in a forthcoming work. This problem is
equivalent to the following vorticity equation

Opw = 2w 8;0.) +2(9,w)* in [0,7] x RY,
wit=o = wo(y) on RT (5.2)
Oywiy—o =0 on [0,T].

For n = 1, the problem corresponds to the Prandtl system for a Newtonian fluid and has been widely
studied. See the pioneering works of Oleinik, Samokhin [62] using the Croco transform. Recently some
authors have used some energy estimates to study the Cauchy problem in Sobolev spaces : see Alexandre,
Wang, Xu, Yang in [1] and Masmoudi, Wong in [59] for Sobolev spaces. The case of the Cauchy problem

in Gevrey spaces haves seen by several authors, e.g. Gerard-Varet, Maekawa, Masmoudi in [31], Li, Wu,
Xu in [50], ...
The case 0 < n < 1 describes the motion of a pseudo-plastic fluid near a boundary [62], [70]. The case

n > 1 has been studied in [71] in the framework of a dilatable fluid for MHD boundary layer system. The
problem of existence and unigness of solutions of the boundary layer problem for non-newtonian fluids
has also been partially studied in the case 0 < n < 1 in [70], [72], [27], [61]. The problem for the both
cases has been studied in [77], using an adapted method of [62]: The authors have used a transformation
of the problem n = u and w(r,&,n) = |0yu|" "' dyu.

We also want to mention several results on the parabolic p-Laplatien but in a different setting con-
cerning the boundary conditions and consequently the regularity of the solutions. We send the reader to
DiBenedetto [20] and the references therein for more details.

In this paper, we will follow the idea of Masmoudi-Wong [59]. We need to introduce the function
spaces which will be used in this chapter. For I = R* or I =R, s € N and v > 1, we set
(1) :={w: I = R;||w| gsr < +00}

where the weighted H® norm ||.||z=.~ is defined by

lwllr = Y 1) *awlZay (5:3)
k=0

with (y) =/1+y? Fors>4,v>1,0>v+1,0 € (0,1), we also define the following convex space
s,y S,y o d 2 o+k qk 6
Hf = {weHv ‘Vye[, (y) w2§and Z|<y> ayw|§5},

which is a metric space, equipped with the distance d(u,v) = |Ju — v||gsv. The main idea consists
in adding an extra weight for each y-derivative. This corresponds to the weight % in the Hardy type
inequality. '

In this paper we prove the following theorem:

Theorem 5.1. (Local Existence and Uniqueness to the non-newtonian shear ﬂow equation (5.1)). Let
s >4 an even integer v>1,0>~+1 and § €]0,1] Assume that ug € H*Y~1 and the initial vorticity
wo = Oyug € H)Js and satzsﬁes the compatibility conditions 82k+1w0|y o = 0 for k integer such that
k< 5/2 +1. Then there eist a time T = T(s,7,0,9, ||wollgsv) > 0 and a unique classical solution u to
the non-newtonian shear flow equations (5.1) such that

u € LOC([O T] H>7~ 1) ﬂC([O T} weak)

and the vorticity
w =20, UGLOO([O TJ; H;g)ﬂc([o T); Hyyear)

Where H; .. s the space H® endowed with its weak topology.

wea.
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In what follows, we will consider the equivalent symmetrized problem: We define @(t,y) = w(t, |y|)
and Jy(y) = wo(|y|) and for the sake of simplicity, we will still denote @ by w and &y by wy. From the
parity of the coeflicients of the equation on w, it is easy to check that w is a solution of

Ow =2ww+20,w)? in [0,T] xR
{tw w 0w +2(9yw)* in [0, 7] 5.0

Wyt=o = wo(y) on R.

The paper is organized as follows. We first prove the existence and the regularity of the solution w.
of this Cauchy problem, then we pass to the limit n — oo then £ — 0, to get a regular solution of (5.5).

5.2 Regularized problem and existence result in Holder spaces

The main purpose of this section is to prove the existence of the approximate regularized system associated
o (5.4). Throughout this section, we mainly use to the parabolic techniques in Holder spaces in Lunardi
[56] (see also appendix 5.8). For any € €]0, 1], we consider the following regularized vorticity system

{&we = 26%00w° 4 2w 0ow® +2(8,w®)* in [0,T] xR (5.5)

Wi—g =wo(y) on R.

We prove the existence of a solution of (5.5) in some Holder spaces.

Theorem 5.2. For a fized € €]0,1] and a €]0, 1] we suppose that wy € C*T*(R) and wy > 0. Then there
exists T. > 0 (which depends also on a and |wo|c2+a ) and a regular solution w. € C+*+*([0,T.] x R) of
the regularized vorticity equation (5.5).

Moreover, for a fized integer k, if we suppose that wy € C>TE+(R), then the solution w. belongs to
the space C12HF+([0, T.] x R).

Proof. To solve the equation (5.5) we will consider the approximate iterative scheme : We consider a
small time 0 < § < 1 which will be fixed later and the complete metric set

Y = {we Ch?**([0,4] x R) | wli—o = wo}

with the distance d(u,v) = |u — v|1 214. We set wy(t,y) = wo(y) and we suppose that for n € N we have
constructed w, € Y, w, > 0 and we define wy1 the solution of the linear Cauchy problem

(5.6)

Own+1 =2 (w, +€) 35wn+1 + 20wy Oywny1 In [0,8] xR
Wnt1lt=0 = wo(z,y) on R.

Since wyq is time constant, the function wy is the solution of the following Cauchy problem :

w1 = 2 (wo(x) + €) dpwr + 20ywo(x) Jywr  in [0,0] x R
wilt=0 = wo(z,y) on R.

Since wg > 0, the assumptions of Theorem 5.3 (see appendix 5.8) are fulfilled and there exits a unique
solution w; which belongs to the space C1?7([0,8] x R). Therefore w; belongs to Y. Since the initial
data wq is positive, then by the maximum principle the solution w; remains positive.

Now for a fixed n € N and for a positive function w,, € C1?7(]0, §] x R), we first prove the existence of
Wnt1 € CH2T([0, 6] x R) a positive solution of (5.6). We derive some uniform estimates on the sequence
(Wn)n, we then prove that (wy,), is a Cauchy sequence and finally we pass to the limit n — oo.

e Existence of a solution wy,11 € Y of the linear problem (5.6) by a fixed point theorem.

We first remark that, if we suppose that w, is positive, then the linear operator defined (5.6) is
parabolic. Therefore, since wy41|t=0 is positive, by the Maximum Principle, the solution w,, 1, if its
exists, remains also positive, and by recurrence the sequence (wy+1), is positive.
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We define for smooth function w > 0 the following elliptic operator
L,=2wd; +20,w0,
and for w = wp + ¢ the following operator
Lo = L(w0+€) =2 (wo + E) 8; + 28y wo 6y

which is an autonomous elliptic operator whose coefficients belong to C*(R). We reformulate the prob-
lem : wy41 is a solution of the problem (5.6) if and only if w1 is a solution of the following problem :

Oywny1 = Lowpy1 + L(wn_wO)WnJrl in [0, (5] x R
wn_._l‘t:o = WwWop On R.

Consequently, for V' € Y, we consider the following Cauchy problem :

U = Lol + Ly oV in [0.0] x R
{t 0 np)V" i {0,] (5.7)

U‘t:[) = Wop on R.
We now use the following technical lemma, which proof will be given below.

Lemma 5.2.1. For some fizted 0 < a < 1, 0 < § < 1 and w € CH27%([0,6] x R), we consider the
following differential operator
Ly =2wd, +20,wd,.

There exists a positive constant K, such that for every functions w and V in C*2+2([0, 5] xR), w verifying
wli=o = 0, we have
|LUJV|CU,CY S Ka 5% ‘W|Cl,2+a |V|Cl,2+a. (58)

Moreover, the function L, f belongs to the spaces C%([0,6] x R)NUC([0,d] x R).

From this lemma, the second member f = L, _.,)V belongs to the spaces C*?*([0,4] x R) and
UC([0,6] x R). From Theorem 5.3 (see also 5.1.4 of Lunardi [Lunardi]), there exists a unique solution
U €Y of the Cauchy problem (5.6) and we set IV = U. Therefore w1 is a solution of (5.6) if and
only if w41 is a fixed point of the operator I'*. We now prove that I'" is a contraction.

From Theorem 5.3 there exits a constant ¢, such that
|F”V|C1,2+a < Ca,e |L(wn7w0)V|C'°‘°‘

and from lemma 5.2.1
|L(wn—wo)V|Co’O‘ S Ka 02 |wn - wO|Cl,2+a |V|Cl,2+a.

Therefore, setting C,, . = ¢q,c Ko, we have for all function V € Y
IT"V|cr2ta < Cae 62 |wn — wolot2ta|V]c124a. (5.9)
We suppose that we have the following estimate :
(Hypothesis) Cfy 02 |w, — wolcrera < 1/2. (5.10)

Therefore, we conclude that for all V;,V5 € Y we have
n n 1
TV —T"Vi|cr2te < 3 [Va — Vilor2+a

and the operator I'" is a contraction in the space Y, so there exists a unique fixed point w, 41 of I'" in
Y, which is the unique solution of (5.7) in Y.

e Uniform estimate on |w,, — wo|c1.2+«. We first establish a recurrence formula on |w,, — wo|c1.2+«. Since
IMwp41 = wpy1 and I'™ is a contraction, we have

1
lwnt1 — T"wol 1240 ([0, xr) < §|Wn+1 — wol|gt.2+a.
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Therefore,
Wnt1 — wolorz+a < |wnt1 — MMwolorz+e + |T"wo — wolor,2+a
< %\Wnﬂ — wolorata + [Mwplor2ta + [wolcz+a,
that is
|wn1 —woler2re < 2|TMwo|cr2+a + 2 |wolc2+a.
Then using (5.9) we get
IT"wo|crz+a < (Cae 62 woloriz+a) |wn — wolcrz+a
and from the two previous estimates
|wnt1 = wolgrzra < (2Cae [wolgzta §2) Jwn — wolcrzsa + 2 |wolgata.

We now choose ¢ such that (2 Co e lwoloz+a 5%) < %, that is

1 2/
<62 ——7—— .
<% (1 farer)

Then from the two previous inequalities,

\wn_H - w0|C1,2+a < |wn — UJO‘Cl,2+u + 2 ‘wO‘cz+a

| =

and by induction we directly have

|wn — wolorz+a <4 |OJ0|C2+O,’ Vn € N.

Now, for 0 < ¢ < d1, we examine the condition (5.10). From the previous estimate, we have

Ca,g 5% |wn - LUQ|01,2+a < (4 Ca,s IWOIC2+04 (5%)

and if we choose § small enough such that (4 Cy . |wo|c2+a 62) < 1, that is

1 2/
§< 2 ———
=2 (8001,5 |w0|cz+a) ’
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(5.11)

the condition (5.10) is fulfilled. Now we choose 0 < § < min(1, §1,d2). Under this condition, we prove by
recurrence that the condition (5.10) is fulfilled for all integer n and that the sequence (w,, )y, is well-defined

in the space Y and is bounded in Y.

e Convergence of the sequence (wy,),. We now prove that (wy), is a Cauchy sequence. We write

8twn+1 = LOwnJrl + L(wn—wo)wn+1 and 8twn = Lown + L(wn_l—wo)wn-

Then

O(Wnt1 — wn) = Lo(wps1 — wp) + L(W1L717w0)(wn+1 —wn) + L(wnfwnq)wn-&-l-

That is U = wy+1 — wy, is solution of the problem

0U = LoU + f(t,-) where [ = Ly, | —w)(Wnt1 —wWn) + Liw, —w,_1)Wnt1-

Again by Theorem 5.3 since (w,—1 — wp)|t=0 = 0 and (w,, — wp—1)|t=0 = 0, we have

|wnt1 — wplorz+a < Coc’€|L(wn_1fwo)(Wn+1 —wy)|coa + Cae |L(wn7wn_1)wn+1|C°va-
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From lemma 5.2.1 and the estimate (5.11) we derive

|0Jn+1 — wnlc1,2+a

< Ca,z—: 60‘/2 |wn,1 — WO‘C1,2+(¥ |wn+1 — wn|cl,2+a + Ca,s 5(1/2 \wn — wn,1|01,2+a |wn+1|01,2+a

< (4Cae lwolore 6°/2) Jwnsr — wnlorare + (5 Cae [wolozea 8°72) fum = wailcrase.

If we choose

1 2/a
§<b32 | —F—— .
=0 (20@,5 |w0|cz+a>

then we derive

1
Wntl — W]ot24a < |w — Wnp—1|C1.24a + le — Wn—1|C1.2+a,

N =

that is

Wnt1 — W]grede < —|w — wp—1]c124a.

DN | =

Finally we set
1) & min(l, (517 52, (53)

Therefore (w,) is a Cauchy sequence in C127([0, 6] x R) and converges to a function w € Y such that
Oyw = Low + Li—wy)w

and therefore is a solution of (5.5). This concludes the proof of the first point of the theorem.

e Regularity of the solution. We suppose that wy € C37*. Then setting U = d,w we have U € C%1+
and from lemma 5.8.1 U; € C1+®)/2.0 and formally is solution of the following equation.

OU = 2(w+¢) 0?U + 69,wd,U in [0,T] xR
{t (w+e) Y yWOy in [0,7] (5.12)

Ujp=o = Oywo(y) on R.

From the first point of the theorem, changing in the proof the differential operator 20.)8; + 20,w0y by

the differential operator 2w8§ + 60,wd,, there exists an unique solution U of (5.12) and U € O+,
Therefore, setting

v
2(t9) = (w000 + [ 0(0.2)d2) — it
0
we can check that Z € C12+® and Z is a solution of

WZ =2w+e)02Z +20,w0y7Z
Zli—o = 0.

Therefore by the maximum principle Z = 0 and U = U. We have proved that w € O3+, We can
proceed in the same way for each order of derivatives k. This conclude the proof of Theorem

O
We now prove Lemma 5.2.1.

Proof of lemma 5.2.1. For some fixed 0 < a < 1 and 0 < § < 1 and we consider some function w, V
bellowing to C1:27%([0, §] x R) such that w|;—o = 0. We will prove an estimate on

|L,Vi]coe = || Ly Voo + [LwV]coa.

We now will estimate each terms.
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e Estimate of || L,V ||eo < 2/|wd2V o + 2[|0ywdyV ||lso. We first remark that

|W(t, y)' = |W(t,y) - OJ(an)l
< [t = 0] |Ow]loo

Therefore
Hw(tvy)”oo <4 |W|Cl,2+a.

We have also

_1g(1+a)/2 Oyw(t,y) — Oyw(0,y)
oytt )] = e/ (L) Ot

< §te)/2 |w|c(1+a)/2,0.
Therefore from lemma 5.8.1
[0ywlloo < 81T/ 2 ¢ | |w|cr2ta.

We then have from the previous estimates

12005V |0 < 2/l 5V [l

§ 25 |w|cl,2+a ‘V‘Cl,2+a
and

120yw 0y Voo < 2[|0ywllool|0y Voo

S 2 5(1+a)/2 Cl,a |w|cl,2+a |V|Cl,2+a.

Then

LoV lloo <2(1 4 ¢1,0) 61 T2 |wcrsa [V]cr2sa.

e Estimate of [Ly,V] 0. < 2[wd;V]co.a + 2[0,wd,V]co.a. We use the classic inequality

[f glooe < I fllse lglco. + [flco.e [|gllse-

We first estimate [w]co.«: Since dyw|i=o = 0 we have

folt2) —wlton)] = | [ @yt 2) = 0,00,2)) 2

Y1

Y2
g / |S — 0‘(1+a)/2|ayW|c(1+a)/2,o dz.
Y1

Therefore from lemma 5.8.1

14a)/2

w(t,y2) — w(t,y1)| < |yz — ya] 8¢ Cla [W|ot2ta.

That is

5(1+a)/2 Cl,a |w|cl,2+a if 0 < |y2 - y1| S 1
2 wlloe if |y2 =1 > 1

w(t,y2) — w(t, )| < {

ly2 — ya|®
and finally from (5.13)

[W]co.a < max (c1.4,2) 02 (w124

117

(5.13)

(5.14)

(5.15)

(5.16)
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In a same way, we estimate [9,w]co.« : Since diwl[t = 0 = 0 we have

/y2 (aiw(t, z) — 85(;1(0, z))dz

Y1

Y2
S / ‘S—0|a/2|a§u}‘ca/2,o dz.
Y1

|0yw(t,y2) = Oyw(t, y1)| =

Therefore from lemma 5.8.1
|0yw(t, y2) — Oyw(t,11)| < ly2 — y1| §o/? 2,0 |W|o1 240
That is

1
ly2 — y1]@

sa/2 €20 |wlorzre I 0<|yz —1n| <1
200ylloo i lyz =] > 1.

|0yw(t, y2) — Oyw(t,y1)| < {
Finally we get from (5.14)
|0yw|co.a < max (Cz.a,2¢1a) 6%2 [w]o124a. (5.17)
We then derive from (5.13), (5.14), (5.16), (5.17)
wdiV]coe < |wlle [02V] po.0 + Wlcow 102V ]|oo
< (@ wlorasa) [Vigraea + (max (Ch,2) 8142 wloraa ) V]enase

CU,a

and
[0yw 0y V]coe <18ywlloo [8yV]co.e + [Oywlcoa 105V ]l
< (80492 € fwlerane ) Vienas + (8°7% max (Ca, Ch) lwlerase ) [Vienase.
e Conclusion : From the two previous estimates, we have
LoV goa < Co 62 |wlera [V]crasa

and using (5.15) we prove the estimate (5.8) of the lemma. It remains to prove that the function L,V
belongs in the space UC([0, ] x R). We remark that for y, Ay € R and t,t + At € [0, d], and, following
the proof of the estimate (5.15), we derive

|(va)(t + Aty + Ay) - (va)<t7 y)|
<LVt + Aty + Ay) — (Lo V) (ty + Ay)| + (Lo V) (ty + Ay) — (Lo V)(L, )]
< (A2 4 |Ay|®).

This concludes the proof of lemma 5.2.1. O

5.3 Upper and lower solutions

Proposition 5.3.1. We consider a initial data wo € C*(R) such that

co(y) ™7 <woly) < chly)~°

for some positive constants co, ciy. We suppose that there ezists a solution w € C12([0,T] x R) of equation
(5.5). Then there exists a positive constants Ay such that

Vte[0,T],Vy € R, coly) Te " <w(t,y) < chly) Ter

where Ay < Co.o(1 4 |w|oo + [0yw|oo)-
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Moreover, if we suppose that w € C*3([0,T] x R) and
[Bywo(y)] < exly)~FY,
for some positive constant c1, then there exists a positive constant Ay such that
Vt € [0,T],Vy € R, [Oyw(t,y)| < cy (y) "o DAt

where A1 < C1 5(1 + |w|oo + |0yw]oo)
In addition, if we suppose that w € CH4([0,T] x R) and

|02wo(y)| < ealy) =t
for some positive constant ca, then there exists a positive constant As such that
vt € [0,T),Vy € R, [02w(t,y)| < caly) "FTPe2.
where Ay < Co5(1 + |wloo + |0ywloo + [02w]00).

Proof. We split the proof into three parts :
e Estimate of w. We define the elliptic operator
L =08 —2(w+¢)d; — 20,wd,.
and we consider the following functions

—At —o eAt

w(t,y) =coly) e and  @(t,y) = co(y)

We compute

Lw = <A+2( +e) G +20, y_0>

L= (A 2(w+s)a§<y>ﬂr +28yway<y>gg> .

—~
<
>
|
q

and we deduce that Lw < 0 and Lo > 0 and for
A=142¢c,(14 |w|oo) + 2¢5|0yw]oo

where
co = max(10;(y) =7 /(U) ™ loos [0y (1) "7/ () ]o0)-

Since w < w < @ for ¢t = 0 and lim, 4 (w) = limy_, 40 (w) = limy_,4+ (@) = 0, we can apply the the
maximum principle.

e Estimate of 0yw. We compute from (5.5)
0 Oyw — 2(w + E)GSw — 60yw asw =0
and we set U = dyw. Therefore
U —2(w +€)0;U — 69,wd,U =0
and we define the elliptic differential operator
Ly =0, —2w+ 6)35 — 60yw0y.

We have
|0ywo| < e (y)~ oY



120 CHAPTER 5. SHEAR FLOW FOR NON-NEWTONIAN PRANDTL EQUATIONS
and we set
U(t,y) = 1 {y)~ (@ DeAt,
Therefore
LU = 7A<y>7(0+1)67‘4 2(w + 5)82< ) (o4+1) ,— At — 20w, (y)~ (0+1) ,— At

i Oty T+ By ()~ "+
=U <A — 2(w + E)W + 26;%4]%

We conclude as previously .
e Estimate of 6§w. We compute from (5.5)
at();w — 2w8§w — 80yw 8§w — 6(8§w)2 =0

and we set U = 8.3‘*)' We then have
U — 2wIU — 89,wd,U + (A — 602w)U =0
and we define the elliptic differential operator

=0 — 2w3§ — 80ywoy + (A — 68§w).

We have

|02wol < ex(y)~ 7+
and we set

Ult,y) = c1{y) 2.
Therefore

_ D2 (y)~(e+2) 9, (y)~(@+2)
_ Y Y 2
LQU— U (A-?(W+E)W —Sawa —68yw .

We conclude as previously.

This conclude the proof of the proposition. O

Proposition 5.3.2. We consider a fized integer k > 3 and an initial data wy € C(R) such that for all
yeR

—~

y) "7 <woly) < cply) ™7

k
Z a+£|8£ )|§Mk

=3

Co

for some positive constants c1, ¢, My. We suppose that there exists a solution w € CY*([0,T] x R) of
equation (5.5). Then there exists some positive constants Ay and Cy such that fort € [0,T] and y € R

k
> W)t opw(t,y)| < Cre (5.18)
=3

where Ay, S (14 [wloo + [0yw]oo + 107w]s0)-

Proof. We will prove the proposition by induction.
e Estimate of 9jw. We set U = 93we™4!. Therefore

U — 209U — 100,wd, U + (A — 2005w)U =0
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and we define the elliptic differential operator

L3 = 8y — 2w — 100,wd, + (A — 200;w).

We have

|05wol < c1(y)~TY
and we set B

Ult,y) = cr(y) =)
Therefore

_ D2 (y)~(o+3) 9, (y)~(e+3)
_ _ Y _ Y 9052
L;U=U <A 2(w+e) ()~ 100yw () 200w | -

We conclude by following the proof of the estimation of 8§w in Proposition 5.3.1.

e We consider an integer k£ > 4 and we assume that the estimate (5.18) is true for for k¥ — 1 and we
will prove it for k. We compute
OOk — 8§+2(w w) =0.

By the Leibniz formula, we get
k+2
k+2
&%w—iI(Z)%w%”zw_Q
£=0

We then rewrite
8t65w — 2w 8§+2w — bpOyw 85“@ = Ry,

where by = 2(k+2), e, = (k+2)(k+ 1) and

k—1

Ry = Z (k Jg 2> 35&1 8§+2*Zw.

=3
We set U = 9fwe™4! and we derive
U — 2w0U — bpOywdy, U + (A — cx0pw)U = Ree™ 4
We then define the elliptic differential operator
Ly =0; — 20./85 — bpOywoy + (A — ckaiw).
We have from the assumption on the initial data
[Byeol < erly) T

and we set B
U(t,y) = Cly)~ 7.

where C' > ¢; is a constant which will presided later. Therefore

05 <y>_(g+k) 8y<f’/>_(”+k) — ck82w>
LW |-

y _ NI
(y)—(o+F) by dyw y) - +h)

LyU=U (A—Z(w+€)
- We first choose the parameter A such that LU > 1U and the coefficient (A — ckajw) of order 0 of Ly,
is positive :

92 <y>—(a+k)

Y

<y>f(a+k)

o (o+k)
y<y> ) ‘ +Ck‘8§w|oo-

+ bk |0y w| oo

o0
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- We then choose the parameter C' : By the induction hypothesis, we have the estimates |5‘5w| < (y)~(e+H)
for 0 < /¢ <k — 1. Then we compute

Bl 49
il = 3 (1 7)okl 1057l 5 )i,
(=3
Since 20 + k + 2 > o + k, there exists a constant ¢y such that
IR| < ca(y) =7t
Then we set C' = max(cy,cz). We the have
LU > Cly)~ R > |R| > Re ™ = LU and Uli—o = C(y)~ "% > Ul,=o.

We apply the maximum principle and the function U is an upper solution and this conclude the proof of
Proposition 5.3.2.

O
5.4 Uniform Estimates in the weighted Sobolev spaces H*"
The objective of this section is to derive an uniform (in ¢) weighted H® estimate for w. We recall
leollZre =D Iy) 0w Fom (5.19)

k=0

We first prove the existence of a solution ine the Sobolev space H*®7.
Proposition 5.4.1. Let s > 4 be an integer, v > 1, 0 > v+ 1, 6 € (0,1) and € € (0,1]. If wg €
Hy3s50 ngéﬁ and verifies
s+4
> sup ()7 [0kwo(y)]) < o,

k=3 YER
then there exist a maximal time of existence
T :=T(s,7,0,0,¢,||woll gs+s) >0
and a solution w® € C([0,T*[; H>Y)NC([0,T*[; H¥*27) to the system (5.5) and such that for t € [0,T*]

we have w(t) € Hjj;4’7.

Proof. From Propositions 5.2 there exists T. > 0 (T. = T (||wo]
Chsti+e([0,T.] x R) of the regularized vorticity equation 5.5.

cs+i+a)) and a regular solution w, €

Then from Proposition 5.3.1 and 5.3.2, this solution verifies

0 -7 € : o+kiak 6
VEOTLWER 50)7 <u (k) and 37Ot < 5
and
s+4
S )70kt (1, )] < 2C,
(=3

Since o > v + 1, then using the previous estimates and the definition of the norm (5.19) we prove that
the solution w® € C([0,T.]; H.'Y) N C([0, T:]; H;,Jgﬁln). -
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According to Propostion 5.4.1, the maximal time of existence 77 _ s
5,7,0,8,6,[|wol grs+4

depend on . The aim of the following Proposition is to remove the e-dependence by deriving uniform in
€ estimate for w®.

of the solution w® may

Proposition 5.4.2. Let s > 3 be an even integer, v > 1, 0 > v+ 1, 6 € (0,1) and ¢ € (0,1]. If
we € O([0, T); H:ENCH ([0, T); H3H27) solve (5.5), then we have the following uniform (in ¢) estimate :

lwoll7e.r + 1

2
(1= 3tCu s/ Tl +1)

Vt € [0,min(T, Ty)[, [|w®(t)||%.n +1< (5.20)

2
Cs,v0.5 \/HWUH%&’Y +1

where Th =

Proof. We claim that

d
%HWEH%{S,W < Cyry ol 3rem + Csmyob (5.21)

We prove below the previous estimate. If we suppose the estimate, therefore, from the comparison
principle of ordinary differential equations,

d 3
%(H“LFHQHS,’Y +1) < Cspyos([lwl7en +1)2

we get the estimate (5.20).

We now prove estimate (6.15). In a first step we give an estimate for cach term [|(y)?**0kw]| 2 for
0 <k < s, and in a second step we sum the estimates.

1. Estimate of ||<y>”’+k8§w||Lz for 0 < k < s. Differentiating the vorticity equation with respect to y
k times, we obtain the evolution equation for 8§w5

(’95(8tw) - 2€8§+2w - 8§+2(w w) =0. (5.22)

From the Leibnitz formula, we get

9.(9F k2 k2 VL) WV
1 (Oyw) — 20, w —2w 0, “w= Ry where Rj= Z ¢ Oyw 0y w.
=1

Multiplying the previous relation by (y)?7*?*9¥w, and then integrating over R™

1d k+1

5%“ (y)7+k8§an\|%2(qyxR+) — 2 /(y)h"'% afjw 8§+2w -2 /<y>27+2kw afjw 8§+2w = Z Rk,g
=1

where

- k+2
Rk,e=< —; >/<y>27+2’“8§w8§+2%8§w.

By integration by parts in the y-variable we have :
725/<y>27+2k8’;w ay(ajﬂw) = e||(y)7* 8’;+1w||%2 + A1k

) / ()20 0w 0, (O T w) = 2| (1) Vw oy T w| T 4+ Agk + As i
where

Ave =22 [ 0,(()1) w0 e
Ao g = 2/3y(<y>27+2k)w8§w 3Iy“+1w

Asp = 2/<y>27+2k Oyw 85w 5‘5“(,0.
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Then we have :

1d
5 g 1@ opwlzs + 25 () oy wlTe + 2ly) ™ Ve 0y w7
1
= —Arg— Asp — Asp+ Y Riy (5.23)
=1

We now estimate each previous terms A, , and Ry.

e Estimate of the term A,y :

vl <26 [P (10, () ) (02| 0] 104
< el (y) P 9EF |12, + Ci (|3

e Estimate of the term As j :

| Az ke

<2 / (Y22 (10, ()27 (12729 oo Ve [ORw]) Vi [0+

< S OIVL o wlITe + Copos 0l e

N

e Estimate of the term As; = == ﬁl,k = k%_l Rk+1,k :

| Az k| + | R

| Risril < (26 +4) / ()22 (10,0 /w00 Vi |0Fw]) Vo |88 w]

IN

1
S OV Wl + Con o sl

e Estimate of R[’k for k> 2 and 2 < /¢ < k. Since Rz’k = Rk+27&k, we can consider the case 2 < ¢ <
(k+2—12). Next we have £ < k/2+ 1< s/2+ 1. Since s > 4 we have £ < s — 1 therefore

Oywloo < llwllars < llwllzren

and since k+2—-1<k<s

~ k42 _
Renl < (77 [P ol 050 0l

< Coy wll3en

e Estimate of Rk’[ for k=0,1:
|Ro1| <2 /<y>27 10yw] |8yw| [w] < Csy |l Fens
|Ria| = |Ria| <3 /<y>2”+2 |05w] 18y [0yw] < Csq |l Fen-

By injecting the previous estimates of A; ; and Rk’g in (5.23), we get

Ld

5 77 1) POyl e mamey + W) Oy Wl + () Vw oy w7

< Csmo,é”W”Sst + Cs 5,0,

2) Estimate of ||w||%..,. We take the sum from k = 0 to k = s of the previous inequality, then we get

1d
3 7@l +elldywlzen + Ve gl
< Cs,%oﬁ”“”?{m + Csy,08-

This concludes the proof of (6.15) and propostion 5.4.2. O
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5.5 Uniform life span of approximate solutions

According to propositions 5.4.1, a solutions w® to the vorticity equations (5.5) exists up to a time
0,77 5 6., Which may depend on e. However in proposition 5.4.2 we have already derived uniform
in e estimate for w®, then one can apply the standard continuous induction argument to solve the vortic-
ity (5.5) up to time interval that is independent of €. Then we have the following Proposotion :

Proposition 5.5.1. Let s > 4 be an even integer, vy > 1,0 >~v+1,6 € (0,1) and e € (0,1], wp € H;:gé

We suppose there exists a solution w € CY4([0,T] x R) and w® € C([0,T); H:A")n C ([0, T]; H*+?7) of
the vorticity equation. Then there exists a uniform life span Ty := To(s,7, 0,9, [|wo||ms~) > 0, which is
independent of & such that with the following uniforme in e : For any e € [0,1] and any t € [0, min(T, Tp)],
we have

[wll 7 < 2(llwoll o + 1), (5.24)
6
o+k gk e

sup 8 < -, 5.25
sup (2_:| >|) : (5.25)
inf (y)? w®(t, )>6 (5.26)
in = .
yeR 4 v = 2

Moreover, the solution w can be extended up to the time Tj.

Proof. The uniforme time of existence Ty := Ty(s,7, 0,9, |wol|gs~) can be quaranteed by using the

induction continuity argument and the uniform estimates (5.24)-(5.26). We now prove this estimates.

e From Proposition 5.4.2 (estimate (5.20)), we recall :

lwoll s + 1

vt € [0,min(T, T1)[, [lw(t)|Fen +1 < _
(1= 5 Coros /T +1)

where
T, = 2 .
Cs 0.6V [lwollFrer + 1
Therefore for t < T7/2 we have
lw@I[ = < 2(||lwoll =7 +1). (5.27)

e From Proposition 5.3.1 there exists a positive constant C,, such that for ¢t < T3 /2
2 3
vy ER, 3y e O Sulty) and Y ()7 HOkw(ty)] < SeC AT (5.28)

where

A=1+ sup (Zw’f )

t€[0,T1 /2]

e From the assumption on wg, we have for y € R

STINGN

5 < (y)woly) and Y (y)7**[Okwo(y)| <
k=0

and we derive

A<l4ap sup |w|ms~
0<t<T) /2
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where ag is a constant such that (Zi:o |8§w\oo) < ag ||w|| gr3.+. Then applying (5.27) we get
A < 1+ 2(10(||UJO||H5~"/ + ]-)

e Conclusion : We set,

T — mln{T In2 }
’ 2" Co(1+ 2a0(woll o + 1))
We obtain from (5.28) that for ¢t < T,

SN

5
()77 <w(t,y) and Z YR O w(t,y)| <

R
Vy€72

5.6 Proof of the main theorem

5.6.1 Convergence of the constructed approximate solutions

From Proposition 5.5.1, for £ > 0 there exist a solution w® of (5.5) defined on a fixed interval [0, T] (for
T =Tp,) and we have

sup ||lwllmsv < 2(||woll sy + 1) < +o0. (5.29)

0<t<T
Furthermore, using evolution equations (5.5), unifrome H® bound (5.24), one also finds that dw is
uniformly (in 5) bounded in L>([0,T]; H*=2"). By the Lions-Aubin lemma and the compact embedding

of H*7 in Hlop stated in Lemma (5.6.1), we have after taking a subsequence, as e — 0T,

{wsk Swoin L=([0,T); H*Y) (5.30)

w* = w in C([0,T); Hy,)

for all s < s, where w = d,u € L>=([0,T]; H>")N(,., C([0,T7; Hy.). Using the local uniform conver-
gence of d,uk, we also have the pointwise convergence. Combining (5.30), (5.29), one may justify the
pointwise convergence of all terms in the regularized non Newtonian shear flow equations (5.5). Then,
passing to the limit e, — 07 in (5.5), we know that the limit u solve the non-Newtonian shear flow
equation (5.1) in the classical sense. Lastly, in order to complete the proof of convergence, it remain to
justify that w € L>([0,T]; H{) and the matching condition (5.1)4. Since 8’750.)5’“ converges pointwise to
6’ij for k =0,1,2 and w®* satisfies

2

and Z [(1+ y)”+a28§w5’“\ <
k=0

(1+y)7w™ > (5.31)

N >
| W

we deduce that (5.31) still holds for w, and hence w € L>([0,T]; H'{). Also, by Lebesgue’s dominated

convergence theorem,
+o0 +oo
/ wdy = lim w ™ dy =1,
0

er—0t 0

which is equivalent to the matching condition (5.1)4.

Lemma 5.6.1. Let s be a positive integer, v/ > 0, and M < +oo. Assume
1f M ey < M (5.32)

for alle € (0,1]. Then there exist a function f € H*Y and a sequence {ek}ren C (0,1] with limg o0 £ =
0% such that as e, — 07T,

e HY f and fo* Iﬂcf for all s <s. (5.33)
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Proof. First of all, let us mention that H 57" has an inner product structure :
[T "+2k qk 4 ok
<ovpa=Y [ @y oo,
k=070

so the uniform bound (5.32) implies the weak convergence of f€¢ in (5.33) via the Banach-Alaoglu
theorem. Next, by the definition of ||.|| ..,

1 me < NN pponr < M.

This implies the local H* -norm convergence in (5.33) for all 8" < s because of the standard compactness
of H*(R™). O

5.6.2 Uniqueness of the solution to the non-newtonian shear flow equations

Proposition 5.6.1. For any s > 4,7 > 1,0 > v+ 1, and § €]0,1], let (u;,v;) solve the non- new-
tonian prandtl equations (6.1) with same nitial data and the vorticity w; = dyu; € C([0,T]; H)Y) N
CL([0.T); H*=27) for i =1,2. Define i = u; — uz. Then we have i = 0.

Proof. One can check that u satisfies

Oyt = 21050 + Oyw8yi in [0,T] x RT
Up—g =0 on T X RT
Ujy—o =0 on [0,T]

lim a=0 forall te][0,T],

y—r—+oo

Then applying the maximum principle, we get @ = 0 which conlude the proof of the uniqueness. O

5.7 Uniform estimates on the solution

In this section, we establish some uniform estimates in time and with respect to ¢ of the solutions of
(5.5). We denote C§ the space of function u of class C* such that 85u(y) — 0 uniformly as |y| — oo for
0<(<E.

Proposition 5.7.1. We consider a initial data wy € C3(R) such that wy > 0 and ¢ € [0, 1].

1. We suppose that there exists a solution w € Cy>([0,T] x R) of equation (5.5). Then we have the
following uniform estimates :

Ve e [0,T,Vy € R, 0<w(ty) < |wo|oo-

2. We suppose that there exists a solution w € C*([0,T] x R) of equation (5.5). Then we have the
following uniform estimates :
Vt e [0,T],Vy e R, |0yw(t,y)| < |0ywo|oo-
Proof. We construct some upper and lower solutions.

1. We define the following parabolic differential operator

Lo=0—2(e+ w)ag — 2(0yw)0y.
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Then w verifies Low = 0, and it is straight-ward to verify that w(¢,y) = 0 is a lower solution and
@(t,y) = |woleo is an upper solution :

ﬁoggﬁowgﬁow on [O,T]XR,
w<w<w fort=0andy— too.

Therefore from Maximum Principle we have w < w < @ on [0,7] x R.

2. We define the following parabolic differential operator
L1 =0—2(+ w)(?; — 6(0yw)0y.

Then it is also immediate to verify w(t,y) = —|0ywolso is a lower solution and w(t,y) = |Oywo|eo is an
upper solution.

O

We now derive some estimates in Sobolev spaces of the solution which are uniform in time and with
respect to e.
Proposition 5.7.2. We consider a initial data wy € C3(R) such that

co(y) ™7 <wo(y) < cp{y)™7 and |Oywo(y)| < cr(y)~ (ot D

for some positive constants cg, ¢, c1 and we suppose that there exists a solution w of equation (5.5) such
that w € C13([0,T] x R) and w € C'([0,T], H).

Then we have the following uniform estimates : there exist some positive constants Co, C{, ag which
depend only on wy such that for e € [0,1] and t € [0,T]:

/|w (t,y) |2dyqL ( Qw (s,t) [Oyw(s, t)[? dy> ds < = /|w0 )| dy, (5.34)
/|<9yw (t,y)|* dy + ( Zw (s,t \32 (s, t)Zdy> ds < = /|6yw0 y)|? dy, (5.35)
3 [0t [ ([

/|a?> ty)|2dy+/ (/ (5,4) |8yw(s,t)|2dy) ds < Ol et (5.37)

(s,t) |8 w(s, t)|? dy) ds < Cpe?®t (5.36)

Proof. We first derive some energy-type estimates, and we use a bootstrap method.

e We first claim that we have the following inequalities :

2dt/|w|2dy+/2w|5‘yw|2dy<0 (5.38)
2dt/|8yw|2dy+/2w|82w|2 dy <0, (5.39)
2dt/|82w|2 dy+/2w|83w|2dy< /68yw8§w82wdy, (5.40)
2dt/|83w|2 dy+/2w|84w|2dy< /328yw8§’w8;1wdy. (5.41)

Indeed, multiplying the first equation of (5.1), that is

Oww — 2£8§w —0y(w?) =0
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respectively by w, 8Zw, agw and 860.;, and using some integration by parts, we get

2dt/|w|2dy—i-/3 ) Oyw dy < 0,
2dt/|8yw|2dy+/82 32wdy <0,
pai [ 0Py [ 35 ody <o,
2dt/|83w|2dy+/84 84wdy <0.

We expand the second term of each previous equations and we get

2dt/|w|2dy+/2w\8yw| dy <0,

1
d /|8yw|2dy+/2w\8§w|2dy+/2(8yw)2 aiwdygo,

2 dt
ld 212 3,12 2 93
|Oyw|”dy + [ 2w[0,w|"dy + [ 60,w I w dywdy <0,

5%
% / |8‘3w|2 dy + /2w \34w|2dy + /83yw8 w84wdy + /632w82w34wdy <0.
1. The first equation of the previous system is directly (5.38).
We compute [ 2(d,w)? d2wdy = [ 3 8,((d,w)?) dy = 0, and we get (5.39).

The third equation of the previous system gives directly (5.40).

Ll

We integrate by part
/6 (35@0)2 33(» dy = — / 12 62 (6 w)?dy,= /24 Oyw 85’&1 agw dy,
and we derive (5.41).

e Proof of the estimates (5.34) and (5.35). We integrate (5.38) and (5.39) with respect to the variable ¢
and we get directly these estimates.

e Upper and lower solution argument. From proposition 5.3.1, there exists some constants ag and by
which depends only on wg such that

V(t,y) €[0,T] xR, [9yw(t,y)| < boe™ w(t,y).

Injecting this estimate in equations (5.40)-(5.41) and using the Young’s inequality for products, we derive
oy / |07w|? dy + /Zw |05w|? dy < bye® /w 07wl dy + /w 05wl dy, (5.42)
2dt/|83w|2 dy+/2w\84w|2dy < be? ot /(,u|63w|2 dy+/w\84w|2dy, (5.43)
where by = 1 (6b0)? and b = $(32bg)%.

e Proof of the estimate (5.36). We integrate the estimate (5.42) with respect to the variable ¢, and then
using estimate (5.35), we derive

1 t

3 [ttt [ ( [otnlogopay) a
0

1 ! ‘

5 [P [ (e [osmdbonPay) a
0

1 1
<5 [P+ vt (5 10,0000 d)

g COe2a0t

IN
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for some constant Cy which depends only on wy.

e Proof of the estimate (5.37). We integrate the estimate (5.43) with respect to the variable ¢, and using
estimate (5.36), we get

;/|3Sw(t,y)2dy+/ot (/w(s,t) |8;Lw(s,t)|2 dy) ds

1 t
3 [ nPays [ (s [wts @en? ) d
0

1 t
3 [ P ay-svgeeor ([ coeeosas)
0

S C(/) e4a0t

IN

IN

for some constant C{) which depends only on wp. This concludes the proof of proposition 5.7.2. O

As a consequences, we derive some uniform estimates in L of the terms w, dyw and 35(.0.

Corollary 2. Under the hypothesis of the previous propositions 6.1.1 we have the following estimates:
There exists a constant C{ which depends only on wo such that for all t € [0,T] and y € R we have :

0 <wlt,y) < [woloes  10,0(t )] < [dyoloc,  [820(t,9)| < Cf €.

Remark 7. Under the assumptions of the previous corollary, we could check that the solution is global
m time.

5.8 Appendix : Parabolic Holder spaces

We present below some classical results on the Chauchy problem for linear parabolic equations in parabolic
Holder spaces (see for instance [50].

Let  be either R™ or an open set of R" with uniformly C? boundary. We denote for 2 € 2 the partial
derivatives of a real defined function u(z) as O;u = 0z, u, O;ju = Oy, 0, u for all 1 <4, j < n. For a multi
index v € N we denote also DY = 9]* --- 9]~

We note C*(€) the set of all real valued functions u which are continuous and bounded together with

all their derivatives up to the order k and UC(f) the set of uniformly bounded continuous real valued
functions.

We recall the definition of the Hélder space : for 0 < o < 1 the Banach space C*(Q) is the space of
all functions continuous and bounded u for which where

ulga@y = lulloo + [u]fm < o0

where
Jullo = supfua)| and ful,q = sp =L
z€Q ) wy ATy |le — x2|a
zq,21 €Q

If k > 0 we define in the same way the Holder space C*+(Q) the set of all functions u which are
continuous and bounded together with all their derivatives up to the order k£ and such that the norm

|“|ck-+a(§) = |U\ck(§) + [U]k+a;§ <o
where

|u|Ck(ﬁ) = Z ||D’YUHOO and [u]kJra;ﬁ = Z [Dpyu]a;ﬁ'
lv|<k lv|=k

We consider I C R an interval and Q C R" as before and Q = I x Q € R*"! and we define the
following anisotropic Hélder spaces of functions defined in Q. For 0 < o, 8 < 1 and k € N be fixed. In
the definitions which follow, u will be a bounded continuous real valued functions u(¢,z) defined on @
and we drop the symbol of the domains 2 or @ in the norm if the context is clear.
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o C*9(I x Q) is the Banach space of all bounded continuous functions u(t, z) such that

[ulgao = sup |u(-, z)|ca(r) < .
€N

e C%A(I x Q) is the Banach space of all bounded continuous functions u(,z) such that

[u|co.s = itgll{)lﬂ(tw)lca@ < 0.

e C*P(I x Q) is the Banach space of all bounded continuous functions u(t, ) such that

‘u|ca,ﬁ = |u|ca,0 + |U|CO,B < Q.

We also recall the definition of the parabolic Hélder spaces. First we define in R™*! the parabolic
distance between the points z1 = (t1,21), 22 = (t2,22) as
1
p(z1,22) = [ty — t2|? + |z1 — @2].
If u is a function in a domain (), we denote
u(z1) — u(z2)]
U = sup ————.
[ }a/zﬂ z1#zy (p(z1>z2))a
z1,21€Q
We define the classical Holder parabolic spaces. For 0 < a < 2 we set
oL (@) = U@ NV (@),
|U|Ca/2,a = |U|Ca/2,0 + |U‘C0,a

(an equivalent norm is ||u/|cc + [t]a/2,o) and

Cl+a/272+a(§) _ {'U, c Cl 2(7) ‘ atu a”u c Ca/? a(Q) VLj},

n
|maﬂmﬂa:mmm+§]wﬂmﬁ4ammmw+z:@wbwm.

i=1 i,j=1

We will use the following lemma (see for example Lemma 5.1.1 in Lunardi [56]) :

Lemma 5.8.1. Let0 < a < 1 and u belongs to C*2+%([a, b] xQ, then the function w(t) = u(t,-) belongs to
CY?([a,b]; C**+*(Q)) and to Lip([a,b); C’O‘(i)). Moreover, the derivatives O;;u belongs to Ca/zo([a, b] x
Q)), the derivatives dyu belongs to C1T*)/20([a,b] x Q)) and there exist some positive constants c; o
(depending only on (b —a),n,«) such that

[l o120 pcrve @) + [ Lip(la 00 @) S 0.0 [Ulorevapa b <)

D19l v 20 ) < Crallorzsa @)
=1
n

> 19l gerso(a,pyximy < €2 ltloravo (o xm)-
ij=1

We consider the general parabolic equation in @ = [0,7] x R™

{atu = Lu+ f(t,")

(5.44)
Uli=0 = U

where

Za” 8”u+2b ) O;u; + c(x) u.

We give the classical result in the Holder spaces (see for example Theorem 5.1.4 in Lunardi [56]).
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Theorem 5.3. We suppose that the coefficients a;j, b;, ¢ belong to C*(R™), and there exists a constant
k>0 and K > 0 such that |a;j|a; |bila, |cla < K and

> aei > k¢, VEEeR™ (5.45)

,J
In addition we assume that ug € C*T*(R™). For T > 0 we note Q = [0,T] x R™.

o Let f € C*/%%(Q). Then there exists a unique function u € C*+2/22+%(Q) such that u is a solution
of the Cauchy problem (5.44) in Q. Moreover, there exists a constant ¢ depending only on n, o, k, K, T
such that

[ulias2,24a < ¢ (Iflaj2,a + [uolc2sa) -

o Let f € COY(Q)NUC(Q). Then there exists a unique function u € C12T%(Q) such that u is a solution
of the Cauchy problem (5.44) in Q. Moreover, there exists a constant ¢ depending only on n,a, k, K,T
such that

lu[cr.24a < e (|f|coa + [uolgta) .



Chapter 6

Non-newtonian Prandtl equation in
two dimension

6.1 Introduction

Throughout this paper, we consider the special case n = 2 and the periodic domain
TxR" ={(z,y); z€R/Z, 0<y< +oo}.
There fore we are concerned with the two-dimensional equations in this domain and the problem (?77?)

become

Ot + udpu + vOyu + Opp = 2|0yul Oju in [0,T] x T x RT

du 9
a—ZJr@—;:o in [0,7] x T x R*
U|t=0 =1ug Oon T X R+ (61)

uy— =0 on [0,T]xT
Vjy—o =0 on [0,7]xT
lim w=U foral (¢x)el0,T]xT,

Yy—>+00

where the velocity field (u,v)(t,z,y) is an unknown, the initial data ug(z,y) and the outer flow U(¢, x)
are given and satisfy the compatibility conditions :

ugly—o0 =0 and yglfoc up = Uli=o. (6.2)

Furthermore, the given scalar pressure p(t, 2) and the outer flow U (¢, z) satisfy the well-known Bernoulli’s
law :

U + U0, U = —0,p. (6.3)
In this work, we will consider the Oleinik’s monotonicity assumption :
w = yu > 0. (6.4)

Under this hypothesis, one must further assume U > 0.

Opu 4 udpu + vOyu = 2|0yu[ou in [0,T] x T x RF

0 0
a—z+a—zzo in [0,7] x T x R*
Ug=0 = Upg ON T xR* (6.5)

Uy— =0 on [0,7]xT
Vpy—o =0 on [0,7]xT
lim w=1 forall (¢2)€l0,T]xT,

Yy—>+00
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We now introduce some function spaces. For s € N and v > 1, we pose
H*" :={w: T xR" = R;|lw|gs~ < +oo}

where the weighted H/° norm ||.|| g~ is defined by (a = (a1, a2), D := 031 0;?)

lwllFres = Y (L +9) 72 DW|[ 72 (p sy (6.6)

| <s

We define the space HJ for w by

Hjjgzz{weHs” VeeT, Vvy>0, (1+y)w=>4

1
and > [(1+y)7 T Dow]? < (72}

|| <2

where s > 4,7 > 1,0 > v+ 1,6 € (0,1). Here, the main idea is adding an extra weight for each
y-derivative. This corresponds to the weight * in the Hardy type inequality. Judging from nonlinear
cancellations, the weighted norm (6.6) is not suitable for estimating solutions of the equations (6.1).
Thus, we introduce another weighted pseudo-norm for the vorticity w, namely

lwoliFrs = 1L+ 9 gslF2rnmey + D N1+ DW|[ T2 (p ey (6.7)
<s
allag‘gfl
where
S ayw S : Y ~\ 17
gs = 0w — ——05(u—U), limu=1 and u(t,z,y):= w(t,x,y)dy (6.8)
w y—roo 0

provided that w := dyu > 0. The difference between norms (6.6) and (6.7) is that we replace the weighted
L? norm of 85w by that of g, which is a better quantity because g, can avoid the loss of x-derivative.
The first important observation is that as long as w € H;:g, we can show that the new weighted norm
(6.7) is almost equivalent to the weighted H*" norm (6.6), that is,

lwllzg Sllwll e + [lu = Ull s s Slwll g + 102U 2 (6.9)

provided that w = dyu, wuy—o=0 and lim, , cu=1

The main purpose of this section is to describe the approximate systems that we use to prove exis-
tence. Since our a priori weighted H® estimates are somewhat more nonlinear than usual, the approximate
scheme scheme is slightly more complicated.

We denote u, v,w, p instead u®, v%,w*, p°. Our approximate scheme has three different levels and will
be explained as follows. The first approximation of (6.5) is the regularized generalized Prandtl equations :
for any ¢ > 0,

Ous + u0,us + v 0,u = ?02u + 2|0, uf| 8§u5 in [0,T] x T xRt
Opu +0,v° =0 in [0,7] x T x R*"
Uf—g = uo(z,y) on T x RT
ufy—g=0 on [0,7]xT
Vymo =0 on [0,T]xT
lim w* =1 forall (t,z)€]|0,T]xT,

Yy—r—+o0

(6.10)

Or equivalently, the regularized vorticity w® := 9,u® satisfies the following regularized vorticity system :
for any ¢ > 0

Dw® + uf0pw° + v 0,w° = 202w + 2w88§w8 +2(0,w)?* in [0,7] x T x R* (6.11)
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with the boundary condition
2w Oywiy_o =0 on [0,T]xT (6.12)
and the initial condition

Wi—o = wo(z,y) on T x R*. (6.13)

where the velocity field (u,v) is given by

+oo
Ua(t,af,y) :17/ wa(t’xag)dg
v (6.14)

Y
Us(t,x,y) ::7\/ amue(taxag) dg
0

The objective of this section is to derive an uniform (in €) weighted H® estimate for w. This estimate,
include weighted L? estimates for D% for |a| < s and oy < s — 1.

For the case oy = s, we do not estimate directly w : we have to use a weighted L? estimate of the
cancellation function gs; which is defined (see (6.8)) by

Oyw

gs = Ohw — O5(u—"U).

w
We will combine these two estimates to obtain an uniform weighted energy estimate. of the pseudo-norm

(see (6.7)) [lwl%:

i3 = 10+ 0 g Baemenny + 3 1L +3) D]
al<s
allg‘g—l

Theorem 6.1. Let s > 6 be an even integer, v > 1, 0 > v+ %, § € (0,1),and € € (0,1]. We suppose
there exists a solution w® € C([0,T:]; H;ng NCY([0,T.]; HS127) of (6.11)-(6.14).

Therefore we have the following uniform with respect to € estimate : There exits some constants My,
Csy,065 Cs,05, Cs such that fort € [0,T]

1
t 2
Ol < { el + [ Fryar )

. oM,—1 \ a2
x {1 = (2Ms = 1) Cs y0.6 <||Woir;»7 +/ F(T)dT) t}
0

where

5
s ras+1—2r 4
F(t) = Corpos {1+ 1057 U1} + Coos D 10705772 0(8) oy
r=0

The proof of this theorem is based on the following proposition:

Proposition 6.1.1. Under the assumptions and notations of Theorem 6.1, we have for t € [0, T¢]

d S
S Ol < Conosllw )5 + Comos{l + 105U 01}
5
T QS —aTr 4
+ 010705 ()| o oy (6.15)
r=0

Sections S1, 52, S3 are devoted to the proof of this proposition.
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Proof of Theorem 6.1. From Proposition 6.1.1, there exists some constants Cs, Cs 5,5, M, such that :

d
el < Cooslwllss + Coyoa{l + 11057 Ul }

s

2
7 S —ar 4
+Cs Z [ p||L°°(T)'

r=0

Therefore, from the comparison principle of ordinary differential equations, we get

t
Jollys < {llolge + [ Frar]

2
AMg—2 vy pe=-1

4Ms t 2
x4 (15 =1) Cugns (lealito + [ Far)
: 0

where
s
S T S —ar 4
F= 057'770'76{1 =+ ||61,+1UHAI{°°} + 0570'75 Z ||at 8I+1 2 pHLw(T) .
r=0
This conclude the proof of the Theorem.
O

The rest of this part is devoted to the proof of Proposition 6.1.1, which is based on propositions (prop
estim 0o) + (prop estim g). Some very long and technical sections are devoted to the proof of this two
propositions (prop estim 0o) and (prop estim g).
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6.2 Uniform estimates in time

In this section, we prove some uniform estimates in time of the solutions of (6.10).

Proposition 6.2.1. We consider an initial data wy € H;;(; Then there exists a positive constant T
(which not depends on €) such for allw® solution of (6.11)-(6.14), w® € C([0,T.]; H;j;4’7001([0, T.]; Ho+27),
then we have the uniform estimates with respect to € : For all t € [0,min(T, T;)] we have w®(t) € H_'{
and

lw ()| 25+ < Hlwollzz

1
1 U+a2Da 5 t 2 <
<z»yﬁ%§R*,¥2K +) Wity < 5.

in (14y)°w(t,z,y) > 0.
i ()T (e y) >

Remark 8. From this proposition and using classical arguments of continuity, we can solve the system
up to the time T'.

Proof. We consider the term F' defined in Theorem 6.1. Then we can prove that
||F||L°° < Cs,'y,méMU
where My is a constant which depends only on U. We recall from Theorem 6.1 the estimate :

1
t 2
Jollg < { ool + [ Piryar}
) 0

1
4Mg—2 T 4AMg—2

4Ms t 2
X 1-— < 5 — 1) 05’7’0’5 <||W0||§{§’Y +/(; F(T)dT) t

S 3llwoll s~ 1— 9—4M.+2
| = min : —
Cs,'y,a',éMU ’ 241%5—20377,0-,5||LU0HZILJAgb;y 2

So if we choose

we have
lwll g~ < 4lwollsr WVt € [0, Th].

We know from definition (6.46),(6.47) of  and G that for any ¢ € [0, T} ]
< 4HCUOHH;:’Y and G < 4HWO||H_§’" + My =K

Thus, if we choose

1 In2
T5 =min< 11, ,
’ { 1 6402C (1 + dflwoll ) wollZys+ " Coors (1 +K>}

and using (6.49) from Proposition (6.7.1) and the assumption on the initial data

1
1 cr+oz2D(x 2 <
S L+ 9 D%l < 1o

o <2

we have )
> I +y) T Dow]? < 5 Ve[0T,
|| <2

Let us choose

1) 1 In2
T3 = min < 77, , , .
’ { 180 (1 + Afwoll g woll 5" 6Csr06(1 + K) cs,w,s<1+f<>}
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Then using (6.50) and (6.46), (6.47) and again the assumption on the initial data
(14 y)7wo = 26,
we obtain
min  (1+y)w(t,z,y) >  Vtel0,T5)].

(z,y)€TxRT

Finally, if we choose

JWZZHﬂH{jﬁ,757]%}

we conclude that w € H'J.

6.3 Proof of Proposition 6.1.1

In this section, we start to prove the energy type estimate of Proposition 6.1.1.

Proof. We now prove estimate (6.15).

We have from proposition (prop estim oo) (6.4.1)

1d o o
sz 2o NA+u) 22Dl g
al<s
allg‘gfl

<2 Y (14 g0, D3

lal<s
a1<s—1

1 P
—5 D 0 +ytewte,Dowlis

jal<s
a1 <s—1

1
+ 51+ ) VD,

+ Cls [l + O ol

2
+_Cgf”kunésﬁ +—C§,Aku”%;n +‘ngiw|deH§”

+ Conllwlllg + Comos (Il + 10501152} ol
2
+ Conas{ Iz + 1020 N2y | llwlrs

+ Comaa{ Il + 195U 2y Hleol

s

2 2
ros+1—2r_ |12 ras+1—2r |14
+Cs,5Z:O |oFos+ 2 p||L°°(T) +Cs,5Z:O |07 o5 p||L°°('JI‘)
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We simplify some terms

1d o o
57 2 (49722 D) e
<
atggil

e Y (14920, D
|| <s
a1 <s—1
1
-3 O Iy tewie,powlis
loo|<s
a1<s—1

1
+ 511+ 1) Vewdy .72

+ Conosllwligss + Comos + ConasllOz Ul )

%
ras+1—2r (|4
+Cs Z (R a— p||L°O(’]T)

r=0

We use the Propositions (prop estim g) (6.5.1) :

5 1
1+y)gsll7> < —*||(1 +9)0:gsll72 — 3 (1 + ) w2dygs17-

P VB
‘WHZQ’” + Cs 0

2dtll(

+ Cs 5 wH}l{;,w + Cs
+Cs (14 9) 7961122
+ Csyoslllwllmss + 10U 2 H|wFrs

+ Csyos{l+ [wllagr + 1057 U L2y}

X Nl g + 105U 2y} llwll g + Nl

+ Cs 706105 U | oo {llwll g7 + 105U || 2y Hlwl g
+ Csllwll 3z~ 103U || e )

+ Co 105l L2 n)

wa{;,w

We simplify

5 1
-5+ y) w2dygs|7

+ 10+ ) a0
+Cs
+ CS ,0,

1d
0 gl < - S0+ v gl

6
s+ Csyob

0’5||a;+1p||L2(11‘)

We add the previous estimates (6.16) and (6.17) and from the definition of the pseudo-norm || -

we get since Mg > 5

139

(6.16)

(6.17)

[P
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||w||Hm <=2 3 |1 +y) 0, D2 — f52||< + ) 0ags 22

la|<s
a1<s—1

1 1 5 1
LS o, 0ol - 210+ el o,als

la|<s
a1<s—1
1 41, L a2q9s—1 12 1 ~, L 2
+ 1@+ w2 0,0, wllze + Sl +y) w=dygs |z
+'C¥'y06”U)HHSW +’Cg;%aﬁHUJH%jW +’Ck;%0ﬁ
+ Cs 10,5105 Ul e oy
3
_ 4
+Ca Y 107052 D ey + CosllOF Pl 2y
r=0
Then
lwl|Fsr < — €2 (L +y) 20, D72 — 5€|[(1 + ) 0057
2dtOJHb'v &g y wL E Yy s L2
\a|<s

a1<s—1

1 1 1
- Y Iyt a, Dol — S0+ )l ayg, s

+ Conaslwlisy + Conoslwlfys s + Conos
+ Cs iyl 05U | Loe oy

s
+Cs Z Ha?fraiﬂizrpnioo(qr) +Cosl|05 Pl L2 ()

r=0
Then we conclude that

d
Zlwlligs < Cono llwllzEs + Conos{l+ 107U 7}

%
T QS —zr 4
+Cs,a',5z [ pHL“’(’]I‘)

r=0

This concludes the proof of theorem 6.1. O
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6.4 Estimate for the vorticity term

On an energy type identity for [|(1 + y)?7 22 Dw||2,

Proposition 6.4.1. VORTICITY TERM

We have the following estimate

1d

2dt Z 11+ )7 222 D[ (pupy
lal<s
a1<s—1

<—2 3 (1490, D3

lal<s
a1<s—1

1 « 1 «
—3 > IO +ytwte,Dowl?s

la|<s
a1<s—1
+ Conllwltsr + Conllwlifrsr + Cosy lllls

+C ,w||W||‘Zm + Coos {Iwllaz + ||5SU||L2} leoll 7z~

+055Z|ya;“aé+1 ' [ +csazuagaé+1 QTpHiw(T) (6.18)

+Cisy ||w|\?i§~” +Cis

ol 72
+ s { Il + 1020 e } ol
+ Compas{ Wl + 195U 2 ol

1
+ 511+ ) VD,

We first give the main steps of the proof of proposition 6.4.1 We first establish some identity energy
on some weighted norm of w. Differentiating the vorticity equation with respect to x a; times and y s
times, we obtain the evolution equation for D“w®

D*(9yw) + D*(udyw) + D*(v0yw) = > D*(92w) + 2Da(w6§w) +2D%((Oyw)?)

and
Da(atW) = 5t(D°‘w5)
D (udpw) = w0y D%w + Z (a Pud, D P

0<B<Lx ﬁ
*(vOyw) = v0y, Dw + aDv@Daﬁ
Y B

0<pf<a
D*(Ohw) = 9;(D"w)
e

ﬁ)D6w82 (D Puw)

D“(w@i )= w@Q(DO‘ <
0<ﬁ<a

D*(0,000) = 00, (0%) + ¥ (§)0,(D%)0, (D)
0<B<La ﬂ
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Then
0t (Dw®) + u0, D%w + Z (a) DPud, D* P + vd, D*w

0<B<

+ > ( )D%a DYy

0<B<ax
=e20}(Dw) + 2w (D"w) +2 Y ( )D%@Q(Da Au)
0<B<L

+20,wdy(D°w) +2 > < ) B)d, (D Puw)

0< <

(6.19)

Multiplying the previous relation by (1 + y)?Y2%2 D%, and then integrating over T x R

2dtH (14 y)* 22 D72 (pp)

=¢2 //(1 +4)2 P22 DY 2D + 2 //(1 + y)2rT2ez2 poy, w@jDaw

+ 2 Z (g) //(1 +y)27+20‘2D’6w D"w@iDo‘_ﬂw

0<B<a

+2 //(1 + )27 +292 D 9,0, D*w

A

0<p<a

- //(1 + )27 292 D {40, D*w + v0, D*w}

0<B<La

By integration by parts in the z-variable we have :

& [ [ Do D =~ (1 )0, D%l

Integrating by parts in the y-variable, we have

2 //(1 +y)>722 0w D d; Dw
=—2 // 9y (1 4 y)?7292 4y D*w)9, D"w — 2 / w D*wdy Dw|y=0
T

=—2(27 + 2a2) //(1 +y)2r 22—y, D*wA, D*w — 2 / w D*wdy D w|y=o
T

_ 2//(1 + y)2’Y+2a2 wayDawayDaw _ 2//(1 + y)2'y+2a2Dawayw ayDaw
Then we have :

S I+ )7 2D (6:20)

+&2|(1 + )20, D w32 + 2[|(1 + ) 2 w2 0, D w3 (6.21)
— A+ Ay + Ay — Ay — A5 — Ag (6.22)
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where
Ay =4(y + as) //(1 +y)2r 221y DYy 9, Dw

Az =2 Z (g) //(1 + )22 Dy D*wd2 D Puw

0<B<L

A3 =2 Z <g) //(1 + y)27+2a2Daw 8yDBw3yDa7’Bw

0<B<ax

Ay = //(1 + )72 D% {ud, D*w + v0, D*w}

= Z (g> //(1 + )7 D% { D ud, D*Pw + DPvd, D*~Puw}

0<B<a

Ag= Q/wDaoJ 0y D%w|y=0
T

We now estimate each previous terms A; in the nex subsection.

6.4.1 Estimate of A; to A,
e Estimate of the term A :

|A1‘ — 4("}/ + az)‘ //(]_ + y)2ﬁ’+2a2—1 wDawayDaw

1
< 21+ )0 Dw2 9, DYwI|Zs + Cos 0] 7750

=~ =

e Estimate of Aq

Ay =2 Z (g) //(1 + )2 Dy D*wd2 D Puw

0<B<a
if=(1,0)iea; >1land ap >0
’2//(1 + y)27+2°‘2D5wDaw8§Do‘fﬂw‘

< // (14 )7 H192 1902420 (1 4 ) 10,0 (1 4 y) T2 D )|

IN

1 [ 1 — (63 [e3 (0%
Iyt Tl 2w L 4+ 41 (1+ )7 0aw]| L (1 + 9) 7 D w72

IN

1
I+t tope 2wl e + Coylwllygn

if 6=1(0,1) for a; =0 and ay > 1
’2 //(1 + )22 DPyDYwI2 D P
< // (14 )7+ *200100° M w (14 )" Oyw (1 + y) T *2 Dw|
1
= 1|I(1 +y) 2921002 wl|7: + 411 + ) T oywl| e [(1 4 ) T2 D72

1
< 10 +y e op o). + Csy

@l

143
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i 1< (6] < o] - 2
’2//(1 + y)27+2a2D5wDaw8§D“_Bw

<2 // [(1+4 y)’H-ﬁ’zDﬁw(l + y)’H—azDaw(l + y)v+a2—52+za§Da_Bw|

< 2)(1+y) " Dw| e [[(1 4 ) T2 DO 2 [|(1 4 ) T2 29T D | e
< Gy

ol

if o] =2 < 8] < s (s >6)
‘2//(1 + y)27+20‘2D6wD°‘w5‘§D0‘*’8w

<2 // (1 +y) 2 DPw(1 4 )12 Do (1 + y)rHae—Pat292 pa=iy|
< 2”(1 + y)’Y+ﬂ2DﬁoJ||L2 ||(1 + y)’H—azDawHLz ||(1 + y)’7+a2—[32+Qa§Da_ﬁHLm
S C&V”sz?v

Then

1
[ Az| < Coyllwlityr + Conllwlityr + 10+ 202052 w7,

1
gy g

e Estimate of Ag

A=Y <Oﬁ‘> / / (14y)>7 229, DPwD*wd, D*~Puw

0<B<La

ifIfl+1<|a]—2<s—2
‘//(1 + y)27+2a23yDﬁwDaw8yDo‘*ﬂw’

< // [(1+ y)v+52+18yDﬁw(1 + y)"/-i-azDaw(l + y)72+a2—62+1ayDa_gw|
< (8 4+ )10, DOl (1 + )7 Dl gal| (1 + )7 B19, DA o
< Conllolilsn

ifs>[8l+1>|a|—2(s>06)

‘ / 9, DPwD®wd, D Pu

< //|(1+y)7+52+1ayDBw(1_|_y>’y+a2Dozw(1+y)v2+a27ﬁ2+1ayl)a,5w|
< L+ )28, DO 12 (14 )7+ DO 2 (L4 )72 5219, DO Pu]| e
< Conllwlign-

Then
LAS‘S C;q

e Estimate of A4 : Integrating by parts and using d,u + 9yv = 0, we have

]33

Ad = | [ [+ 9D uo, D% + v0,0w)

= |~ G+ an) [[ @y tpeu?|
< Cuyrs (ol + 103012} ol o

by using inequality (6.84).
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6.4.2 Estimate of the nonlinear term A;

We set
A= > <g) / / (1 + y)27+222 D DPud, D Pw + DPvd, D*Pu}
0<B<a
Using the facts that d,v = —0,u and Jyu = w, one may check that all terms are one of the following
three types,we denote e; := (1,0),and es := (0,1), for n € N and x,0 € N? :
Typel:

Jl = //(1 +y)2’7+2a2Dawa;]UDﬁw

where 1 <n <s—1and ne; + kK = a + eg;
Type 11 :

Jo = //(1 + )27 222 Doy 9y, DR w
where 1 <n < sand ne; +x =a+eg; and
Type III :
Js = //(1 + y)Q'H'QO‘QDO‘w DY D" w
where 0] <s—2and 0+ Kk =a+e; —eq.
It suffices to control Jy, Js and J3
e Estimates for type I : When 1 < n < s—2, applying proposition (6.10.1), we have, since ko = ag+1,

n
Ol

< Corpns{lllmge + 10501 2cey oy

[Tl < (1 +y)" "2 D% e (1+y)""" D wl|2

when 77 = s — 1, by the triangle inequality and proposition (6.10.1), we have, since ko = ag + 1,

o5 v +yosU
£ 14 y)" 2 D wl|
| ey Is

< Csmosillolg + 105U 2cm Hlwl s

[ Al < (1 +y) D%

e Estimates for type IT : When 1 <75 < s — 1, applying Propositin (6.10.1), we have, since ko = ao,

[ Jo| < 11+ )" 2 D[z [0l L (1 + y)" ™2 D" w|| 2
< Csoa{llwllig + 103U |2 my Hlwll 7

when 1 = s, by the triangle inequality and proposition (6.10.1), we have, since k = (0, a3) and 0 < ag < 1,
[T <[[(1+y)"F 2 D%|| 2 (|05 (uw — U)l[ 2 |(1 + ) "2 D" w]
+ 1@+ y) 2 D% || g2 |03U]| oo [|(1 + )" "2 D w2
<Csoslllwllaz + 105U L2em) Hlwl|Fsn
e Estimate for type III : Applying proposition (6.10.1), we have, since 3 +r2 = ag—1 and |0| < s—2,

3] < (1 + )2 D[ 2 (1 + )72 DOw|| e [[(1 + )72 D" w2
< Conostlwlmy +10:U L2y Hlwl g

Combining all estimates for types I through III, we prove :

A5 < Csos{llwllmg + 102U |2y Hlwl 7y~
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6.4.3 Estimate of Ag for |o| <s—1

We consider the term
Ag = 2/wD°‘w Oy D%w|y=0
T

and when |a] < s — 1 we estimate this term using the simple trace following estimate :

Lemma 6.4.1. If f € C}(T x [0,1]), then

’/dex|y:0’ §2{/01/Tf|dxdy+/01AT|8yfdxdy} (6.23)

Proof. We have

Then
1
[ fumade= [ flde= [ [ o,5dedy
0
And
1
‘/f|y:0dx’ < ‘/f|y:1dx’+‘/ /@,fd:cdy‘
T T 0 T
1
<| [ frdsl+ [ [ ious1dzay
T 0 T
We have
1
[ e = | [([ avturran) ao
T T 0
1 1
g/ /Ifldfvdy+/ /Iyllﬁyf\dxdy
0 T 0 T
1 1
s/ /|f|dxdy+/ /I(‘?yfldxdy
0 T 0 T
So
1 1
[ fhmots| < [ [1s1azdy+2 [ [ 1o, 51dway
T 0 T 0 T
1 1
<2{ [ [if1dzay+ [ [10,01d0dy)
0 T 0 T
This concludes the lemma. O

We now apply the previous trace estimate and we get
1 1
|Ag| < C { / / |w D%w 0y D%w| dz dy + / / |0y (w D%w 0y D*w)| dx dy}
o Jr o Jr

+oo +oo
< C{/ /|w Dew ayDaw\dmdy—l—/ /|8y(w D%w 0,D%w)| dx dy}
0 T 0 T
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We have for the first right-hand side term

—+oo
/ / |w D% 0y D%*w| dz dy
0 T

+oo
< [ [l @yt poel (e 0, D) do dy
0 T

<A+ ) wllz=l|(1+ )2 D] 2] (1 + )29, Dw)| 2

< C(s,'}/||(‘“"||:;{§’W

and for the second term we compute
dy(w D*w 9, D*w) = dyw D*w 8, D*w + w 8, D%w 8, D*w + w D*w J; D*w.
Therefore
+oo
/ / |0y (w D% 0y D%w)| dx dy < X7 + X2 + X3
0 T
where
X1 = / |0yw D%w 0y D*w|,

ng/ lw 0y DYw Oy D wl|,

X3 = // w D% 82 Dw|.

+oo
X< [ [ 0,6l (g Do) (L )10, D) do dy
0 T

We estimate each terms

<A +y) 0wl |1+ ) 2 Dwl| 2| (1 + ) 2719, Dw) | 2

< CMIIWII%;W
and
—+oo
X5 < / /(1 + ) |w| (1 4+ y) T2t 19, D] (1 + y) T2 T19, DYW)| dx dy
0 T

<A +y) il |1 +y) "0, D]l 2| (1 + ) 19, Dw) | 2

< @l

and( by cauchy inequality)

X3:/ \/6|\@Do‘w|\\/[§8§Daw

1
2 2
< 3//w|Daw| + ﬁ//w|8yD°‘w|
1
< 3//(1 +y)w (1 +y)2(7+a2)|Daw|2 + 3 //(1 +y)2(v+az+1)w|8§Daw|2
<311+ ) wllz (1 +y) 2D +

1
12

1
S+ ) G Dl
< Csplwllzgzn + 5511+ ) Tt wdy Dow[7
In conclusion from the previous estimates, we deduce

1
4] < Ciyllwlliygn + Il +9) 7 Vwdi D] 7
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6.4.4 Estimate of Ag for || = s

We recall the definition of the term

Ag = 2/wD”‘w Oy D%w|y—o.
T

When |a| = s, the order of derivative of 9, D“w|,=¢ is too high so that we cannot control the boundary
integral 2 [ w D“w dyD*w|,—¢ by the trace estimate (6.23). In order to make use of (6.23), we must
reduce the order of the problematic term 0y D*w|y=o.

Proposition 6.4.2. We have the following estimate on the term Ag :

s

ras+1—2r, |2 ras+1—2r (|4
> 146l < Cos 310705 Pl poc oy + Coa D070 2Pl
r=0

la|<s r=0
a1<s—1

2M,+2 2 4M,
- Cair W2 + Co s + Cas ol

2
+ Conos{ Iollmz + 105U oy} s
+ CS,W,U,s{IIwIIH;ﬂ + HaiUllL%T)}{Hw“HS” +llwllrg }

1
+3ld+ Y) ' Vwdygsl|is + sy llwlfgz + Csyllwlgsn

)
22 g0, Dl

la|<s
a;<s—1

To prove this result, we need to consider two cases : as even and as odd. This proposition will be a
direct consequence of the propositions 6.4.3 and 6.4.4 in the following two subsections.

In both cases, we will use the following lemma : On utilise le fait que w est solution de ’équation,; et
la structure de I’équation fait que I’on peut remplacer des termes en w problématiques a estimer par des
coefficients (8, — £292)™ 1))y qui sont bien maitrisés.

Lemma 6.4.2. Let s > 6 an cven integer. There exists an increasing sequence N(ns) € N* such that,
for any integer 0 < ny < s/2 and for 0 < ny < s — 2ny, we have

O (w2 w) |y—o

N(na2) M(j)

=3 c(j)gzaj)w—k(j)((@t_gzaz)mm)agm(j)p) I1 Dﬂ(i,j)w‘ L, (6.24)
j=1 i=1 y=0
where
0 < M(j) < N(nz)
C(j)eR
ml(]) S {O, N 7n2}
mQ(j) S {0,...7111 +21’L2+1}
k(]) € {O, ey + 2712},
and where, for any j € {1,...,N(n2)} and i € {1,...,M(j)}, we have
0 < [B(i,J)] < m1+ 2na, (6.26)
M(5)
0< > [B(i,5)] < ny+2na+ 1, (6.27)

i=1
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Remark 9. On the left-hand side, we can have a boundary term with s+ 1 space derivatives of w, which
cannot be controlled by the trace estimate (6.23). On the contrary, on the right-hand side, all the terms
have at most s space deriwvatives of w, which allows us to apply (6.23).

Avec la relation (6.26), on réduit de 1 'ordre des dérivées & estimer.
Avec la relation (6.27), on limite le nombre de termes dérivées d’ordre > s — 1.

And when a3 is odd, on fait une intégration par partie et on se rameéne au cas «s is even.

6.4.5 Proof of the estimate of Ay in the even case

We prove in this section the following proposition.

Proposition 6.4.3. We have the following estimate on the term Ag :
When ao is even we have :

For a=(0,s)
: 3
|46] < Cs.5 Z Haf@;%—l—zrpuiwm +Css Z Ha{a?rl—zrp“im(m
r=0 —
1
Y RN
+ O @il 1wl + Cus lwllirs s
1
R )
Fora; > 2

s s

2 2
6] < Cas D 10705 "l zy + Cos - 10705 bl e

r=0 r=0
1
b 04y o, D,

+ Cls |l ol s + Cos llooll7rs

wllads

1 2
+ 57 @y ap e,
1
12
1
I et g 2w,

+ Cullwlfsn + ol + 5 11+ )72 v/@8, Dw 3

Proof. We have by Leibniz formula :

02 (o W) = Y <a1> Dhw o Ry

k
k=0

ai
(07
= wd e w + ) ( k1>a’;w g kgt
k=1

Then

a1

a1 qas+1, . qa ag+1 aq k a1 —k qag+1

w0y 0y T w = 07" (wdy? w)—g <k>ﬁmw8r1 0w
k=1

So the term Ag becomes :
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Case 1. ay is even. When ay = 2ns for some ny € N
For ao = (0, s)

Ag = 2/wDaw Oy D“w|y—o
T

_ : s+1
_2/8;ww8; Wly=o
T

N(n2) _ _ _ o MG) N
= Z C«(j)gﬂ(a)/Tw*k(J)a;w((at_5232)7711(])3;@0)]3) H Dﬁ(w)w‘yzo
j=1 i=1

Using trace estimte ((6.23))

3 3
| 46| < Cs.5 Z Ha;a;“-%”iwm +Css Z Ha;a;“—?rpuiw(m
r=0 r=0

1 s s 2
+ 5 [0+ ) Vwd ),
2M 2 4 M
+ Cos llwllgs™ lwllzs~ + Css llwll s>
1 2
e L@ evaEo i,

For av; > 2 even because we assume s even.

Ag = Q/MDD‘w Oy D%w|y=0
T
= Ag1 + As2

where

Ag = 2/ D*wdgt (wd*w)|y—o
T
(o5} a
Agp = -2 < k1> /Ta’;w Dow kg0 tly|,
k=1

e Estimate of Ag;

Ag = 2/ D“w@ﬁl(wﬁg‘ﬁlw)b:o
T
N(n2) M(5)
J

S O / W) por (@ _ gzag)mma;zz(j)p) 11 Dﬁ(i,j)w‘
=1 T ' i=1 y=0
We apply the trace estimate (6.23)

M(j)

/ k) D%((at _523£)m1(j)a;n2(j)p) 11 Dﬁ(i»%’y 1< Cln1 + 4012)
T i=1 -

Where

1 M(5)
Ag1a :/ / w0 Do (8, — 202y Dopa0p) T] D6l dy
0 T i—1

1 M(3)
Ag10 = / / ‘ay (w—k(j) Daw((at _ 528§)m1(j)3;"2(j)p) H Dﬁ(i,j)w) ‘dm dy
0 T i—1
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e Estimate of Ag1,1

me, e IMG)-1
Ag11 € Conye)5 Y |07 Fme0)=2r) ‘LOC(T) H(l +y>7+ﬂ2(1’J)DB(M)wHLo¢
r=0
4D 0+ gD,
by young inequality
2(M(5)-1)

A61 1 < C”m ()6 Z ||8ras+1 ZTPHLOO + le(s) s H(l er)’YJrBz(z 3) pBG.T) wH
r=0

<1+ 9B DR, 1+ e Do,

Then
N (s)
Z Ae1,1 < Cry(s)s Z |07 051~ 2Tp||Lm(T)
j=1 r=0

+Cm1 5 (149D s ([ gy e Do,

y Z |1+ #2269 piia) HQ(M(” Y

Which gives

N(s)
Z Ap1,1 < Cry(s),6 Z HaraSH 2Tp||L°c(1r)
j=1 r=0

+ Cony (o1 1(1+ )72 DPw| |7 [|(1+ )72 D7,

2(M,—1)
x N(s) (1 + H(1 + y)wrﬁz(s)Dﬁ(s)wHL )

We develop we obtain

N(s)
> Asia <Cm1(s)5ZH3T35+1 2Tp||L°°
j=1 r=0

+Cos ||+ 9) D02, (|1 + ) Do),

|1+ gD |1+ gyt Do,

X Cs [[(1+ y)”*ﬁﬂs)Dﬂ“)wHQ(M Y
, .

where 8 =s—1or f=sand 5(i,j) <s— 2. Then

N(s)
Z Aﬁl 1 < CS 52 ‘}87‘825 QTpHLoo (T) + CS 1 HwHH '771 || ||H Rl

j=1 r=0

+Cos w3

o Estimate of Ag; 2
Ae1,2 < Ap1 21 + A61,22 + As1,23
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Where
) | MG
Ag1,21 =/ / — k() w™ RO+ g ¢ D%((at — ezai)"Ll(J)8;”2(])p) H Dﬁ(”)w’dx dy
o Jr i=1
1 . . . M(j) ..
Ag1,22 =/ / w_k(j)ayDo‘w((&g - 5283)7”1(3)6;”2(3)])) H DB(Z’J)w‘dxdy
0 JT i=1

M ()

1
Ap1,23 =/ / w k) D"‘w((@t —528§)m1(j)8;"2(j)p)8y( H D'B(i’j)w)’dxdy
o Jr

i=1

e Estimate of Ag1 21

mi(j) ()1

. . M5
As121 < Cny (010 Z \a@mﬂﬂ)*m” "p H(l+y)”+52(”])Dﬁ<“ﬂ)wHLw

’LOO(T)
x|+ 9) 2D w]| L (|14 y) T2 D

Because

SR (1 4 y)kG+De < L !

(k(G)+1)o
< G < gror 2

0,w] <8711 4+y)77 !
by young inequality

g8 2 sty [[PM@=D)
Ag1,21 < Cpy(s),6 Z ‘ o 92 () Fma()=2ry, + Ci(s),5 H(l +y)7+ﬁ2(l’j)D5(“)wH

’LOO(T) Loo

x| (@ 9) DR, (1 +y) T D,
Whereﬁzs—lorﬁzsandﬁ(i,j)33—2. Then

N(s)
2(M,—1 4 4
S Asior < Cog Z 105022 p[7 gy + Cas Il 2257 Ny +Cus |wlltysn
j=1 r=0
o Iistimate of Agy 22

mi(j) (j)—1

. y M(j
As1.22 < C(9).5 Z ‘ a7a2m1(3)+m2( =2y H(l + y)w-ﬁz(w)Dﬁ(w)wHLoo
r=0

‘Loo(qr)
(1 +y) =2 DPwf| L, [|(1+ )2 Vwd, D] .
by young inequality

S 4G -1)
Ag122 < le(s Z ‘ 6r82m1(1)+m2(]) 27“p le(s),5 H<1 + y)7+ﬁ2(1,J)D5(Z,J)wH

f o+
Le=(T)

<1 gD+ o 0+ ) e VD, D

24
where,@:s—lorﬁ:sandﬁ(i,j)§5—2. Then

N(s)
Z Ag1,22 < Cs 5 Z R ||L<>c(1r

j=1 r=0

4(Ms—1 4 4
+Css Ilelés T Nwlliggr + Cos Iollizgo

op 0+ gy v, Do,
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e Estimate of A1 23.

sy ; : . . M(j)—1
Ap1.23 < le(s)75 Z ‘ a:agml(J)-i-mz(J)—?rp H(l + y)v-‘rﬁz(z,J)Dﬁ(zJ)wH
r=0

‘Loo(ir) Lo

X |+ gy Vo 9| (|14 ) T D

by young inequality

my(s) 4
A61723 S le(s)76 Z ‘ a:aiml(J)+m2(J)*2rp
r=0

‘LOO(’]I‘)

. . 4(M(5)-1)
b o1+ e D

x |[(1+ y)“’*o‘zDo‘mHi2
1
e

where 8 =s—1or §=sand 5(i,j) <s— 2. Then

N(s) 3 4
Z Ap1,23 < Cs s Z Hai"ais‘”pﬂmar)
j=1 r=0

4(M—1) |

4 4
s [WIA25 ™ s + Cos el

b gl o,

We conclude that

= s

s 5
[A1] < Cs s Z ||3Z82572TPH2LOO(T) +Css
r=0 r=
1
+ 57 [+ p e Ved, D% 7,

M My 4
+ Cos w3252 + Cos @il + Cos lwlgrs v

||8§8§572Tp||ioo(m
0

1
bl e vmoal,

e Estimate of Ago
We can apply (6.23) then

‘/]I‘alrzwDawag1—ka;2+lw|y:0’
1 1

SC{/ /|5'£wD“w3§“““’532“wldwdy+/ /\0y<3§wDawagr’“a;2+1w)|dxdy}
0 T 0 T

+o00
SC{//I6§wD“w6§1"“33"’+IWIdwdy+/ /|ay(a§wD%agl—kag2+1w)\dmdy}
0 T

and
For1<k<a; <s—2

//|8§w D%w 8?1_k8;’2+1w| dz dy

< / / (1 -+ )7]05w] (1 + )7+ (DO (1 + )T+t |am—*geetly) i dy

<11+ ) Owlz [[(1+ )7+ Dol 2 [[(1+ y)restiam Tk gee )
<Ciy

]33
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we have

8y (9w Dw 83 o2+ w)

= 0,08w D*w 02 ~F0%> M w + Ofw 0,D°w 92+ w + 0w Dw 931 R0 w

and
For1<k<a; <s-—3

//\ayajgw Dw 9 ko0t w| da dy

< //(1 + )" 0F9,w| (1 +y) T2 | D] (1 + y)’y+a2+1|8§1_k8§‘2+1w\ dx dy
< (1 +y)050ywl= [|(1+y) 2 D] 12 (1 4+ y) T2 o5 —F o) >

< Coplloliysn

and
Fork=oa1=5—-2

//\ayajgw Dw 9 ko0t w| da dy

< //(1 + y)7+1|8§8yw\ (1 +y)" 2| D% (1 + y)”+a2+1|8§1_k8§‘2+1w\ dx dy

< (A + ) 050wl 22 |1+ y) 2 D]l 2 [|(1 + ) o o —Fope | 1

< Cunllwllys -

and
/ / |0kw 021 F9%2 w9, Dw| da dy
_ // \\/fgm g1 ke iy \V;Zaypaw dx dy
< 3//%\8fw|2 |05 R o5 w|Pda dy + %//wWyD“demdy
< %//(1 + )7 |0k w]? |8§1_k8§‘2+1w\2d$ dy + 1—12 //w|8yDaw|2dxdy
< %X + % //(1 + y)20+e2)|9, Dw|?dx dy
where

X = //(1 + 4)7]0%w|? |8§17k6§‘2+1w|2d:cdy
For1<k<a; <s—2

X< / / (1 +y)70kw]* (14 y)*0reetV]gm=Fgeatty2de dy

< I+ )7 0pwlliee (1 +y) o2 log —Foptln| g,

< Cunllwlltys -

Then

1
//‘aiw amalfka;rﬂw @D“w\ drdy < CS?W”(JJ”%I;,'Y + ﬁ||(]_ + y)’YJraz\/aayDawHiz
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Estimate of the last term [[ 0fw D*w 031 ~F93> 2w
For k=1

//\&Ew Dw 6;1_18;2+2w|

_ \/(; a1 —1 qas+2 \/6 @
_// \/6|8x 9, w|\/a|8mw||D w|dx dy

1 1
< — //w |00 =922 2|2 dae dy + 3//—|('9qu|2 |D%w|?dx dy
12 Y w

1
< %//(1 +4)7|0,w|? | Dw|*dz dy + 2 //w 0911002 P w* da dy
1

S CS;’YHOJHA}Y;’W + 12

N s [
For2<k<a; <s—2
/ |8§wD°‘w3§‘17k8§‘2+2w|dzdy

< / / (14 4)7108w] (L + 5)7+02 | Dow] (1 + )7 0+2(92+022 42| dr dy

<A+ ) 0wl (1 +)7 T2 D% e [[(1 +y) 2200~ gpet2|| .

< Conllollys

In conclusion

1

12
1

(L) e o s

11+ )7+ Viod, Dl

Ap2 < CanW”?{gﬂ +Csy |w||§f§” +

This conclude the proof of the estimate on Ag for the even case. O

6.4.6 Proof of the estimate of Ag in the odd case

s is odd, that is ay = 2¢ + 1 for some ¢ € N. We recall
Ag =2 / w D% 0y D*w|y=o.
T

Proposition 6.4.4. We have the following estimate on the term Ag :
When ao is odd we have :

1401 < Cus D 1010220 )+ Cos 3 0707
r=0 r=0

T e = e

+ Coor{lwlies + 1} [wlisn + Cas llwlles
+ é (1 +y) e Vwde ag w7,

+ Coma{ Il + 1020 e } Nl
+ Coa{ Illmg + 102U ooy g + lig}
10+ gy T o

+ il\(l + ) Vwdygsl 7z + Cony @llfer + Coy

Wl
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Proof. Using integration by parts in the x-variable, we have
Ag = —2/T8z(w8§18§2w)8§1_18;2+1w|y:0

Directly by Leibniz formula

02 (wdSw) = Y (?) Ow o k020

k=0

] QY2 S al k alfk (65)
w2195 w+;<k>8mwaz 992w

Then
WO 092w = 09 (WO w) — (O][;)@’;w o kot w
k=1
And
0z (w0 057 w) = 09 T (WP w) — (C;;)az(a’;w ™)
k=1
= o0 (wdyPw) — (OI‘;) (O w o og2w + dhw O TR o w)
k=1
Then R R R
Ag = A1 + As2 + A3
Where

Ag = —2/T62”"‘1(w832w)8§1_1352+1w|y:0

Agp = -2 (?) /T Ol e R02w 91100 |, g
(o5}

Agy=-2>" (i‘:) /T Okw o ka2 00 Lo T Wl —g
k=1

e Estimate of Ag;

A = —2/T8?1“(w@;Qw)ag‘ﬁl@;?“wb:o

e | | ‘ MO -
Z C(j)EQl(J) /T w—k(]) 851_1832+1LU((815 _ 5283)7711(.7)8;”2(3)1)) H Dﬂ(%])w‘yzo
j=1

i=1

We apply the trace estimate (6.23) and proposition (6.10.1),the same in the case 1 we obtain

s s

2 2
ol < Cos 1107022 Dl ey + Cos D 1070220
r=0 r=0
1 a1 — ] 2
O CR R AN

2M

s 2 aM 4
+Css |W||H§fV ”WHH;W +Css ”W”H;s"f +Csys ”"J”}L];v“Y

1
+ E ||(1 + y)’y+a2\/aa§16§c2+lw”iz



6.4. ESTIMATE FOR THE VORTICITY TERM 157

e Estimate of Ags
We can apply (6.23) then

]/ajg“w 02 Fo%2w 92 109wl y—o| < C{X1 + Xo}
T
Where
X, =//|a’;+1wagl—ka;magl—lagzﬂmdxdy
+oo
Xs :/0 /T|8y(8§+1w82‘1_k8;‘2w3§‘1_18;‘2+1w)|da:dy
Fori1<k<a; <s-3

X; < //(1 + )Y 0F Wl (1 + y)7+a2|8§17k8§‘2w| (1+ y)”+°‘2+1|8§171832+1w| dx dy

<A+ y) o wl [[(1+y) o207 7 og2w] 2 (1 + ) ot op 1 ogeHwl| 2

< Cunlwlsn

Ifa;=s-1
For k=5—-2
X< [ @010 0l () 0,001 (14 ) 203208 de dy
<+ )05 wllza 11+ ) T 0Dyl (1 +y) 210372020 1
< Conas{llliy + 102U 2m) Jlwld
Fork=s-1
X0 < [f oz (9 0,6l (14 )20kl de dy
<0+ y) B5wllze 1+ )T Oyl nee (1 4+ )42 72020 1
< Comoa{Illliz + 105U 2oy Jlwld
and
X < Xo+ Xy + X,
Where

“+oo
X2:/ /\8y8’;+1w8;11_k8;‘2w8;’“_1832+1w|dmdy
0 T )
1" JFOO
X, :/ /\3§+1w3;‘17k8y°‘2+1w8§1718y0‘2+1w|d:z:dy
0 T
2 +OO
X, :/ /\8f+1w8jl_k8;2w8§‘1_18;‘2+2w|dxdy
0 T

We estimate each terms :
For1<k<a; <s-—5

X5 < [[ @0y 10,05 0] (L4 gy ol (L ) e om0 | dady

<N +9) 10,05 wllpe (1 +y) 205 T 0p2w] 2 |1+ )T o T o w] e

< Cunlwlsn
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Ifag =s—-3,
Fors—4<k<s-3

X < [0 0,0 ] (Lt oo gl (L )7 o 0 | dady
<11+ 510,08 el (14 )70 0w e (1 4+ ) H O TR

< Cs,'yH“H?{;“’

Ifa;=s-1
For k =s—2
X5 < [0y 10,05 0] (14 ) 0.0,0] (14 ) 20500 di dy

<A+ 10,0 w2 |1+ ) Badywl = [|(L+y) 7210, 0wl L

< @l

Fork=s-1
We have
9o = 00— 2202~ 1)
w
Then
2w = go + %08 (u— 1)
w
and
0yOsw = 9ygs + Oy(a)0s(u —U) + adjw
and
!’ +m
X, = / / 10,05 yw 05~202w)| da dy
0 T
, —+o0 —+oo
| X5 S/ /T |0y 95 0ywd > Ojw|dady + / /T |adywdiwdy 0 w|dxdy
0 0
“+o0
+ / / |0ya Oyw 93 (u — U) 95~ 0wl|dedy
0 T
We have :
Oyw] <67HL+y)77 !
1
10+l < &
[0yallpe <672 +674
Then

+oo
/ /|a8yw8;w8§’23§w|d:rdy
0 T
+oo
< [ 10 wallowln+ vy ozla+ ) or 20k dsdy
0 T
<

1+ y)allze (1 +5) 05wz |1 +y) 2077205 12

1
)
< Copoa{ Il + 10530 2 Pl
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and

+oo
/ /|8ya8yw8;w8;_28§w|da:dy
0 T
—+o0o
< / / 10,10y (1 -+ 9)7[5| (1 + )72 (052020 dudy
0 T
1 _
< S 10yallz 1L+ )03l 2 11+ )+205 205l o

< Comoa{ 0l + 1050 | 2cr) ol

We denote Cp, = > 32, (9)) and ¢s = > |aj<s 1. Then

a1 <s—1
0y 950y w0 202w
¥ ]

1 Ca,Cs 1 .
st [ ol + 5% [ S pmarior o

CVO‘ICS o s—
10+ 9V 3+ “5 [ (g0, o200

COélcS o S—
2 //(1+y) FHoywl® (1 +y)*0F2|0; 20w

CoyCs o
11+ )7 Vwdygsllie + gz 11+ y) 205 20w 7:

<

<

1
2C,, cs

IN

11+ y) Vewdygs| e +

1
2C,, ¢s
1
2C, Cs

IN

and

$(0)
k=1

1 C2 ¢y .
11+ ) Vwdygdlli: + o5z II(1+ y) oy 00wl

11+ y)VwdygslZs + Cssllwll-

2cs
1

2¢cq

IN

In the proof of the proposition, since we consider the sum ) |4j<s , we will get the term

) a;<s—1
31+ ) Vwdygsll7.

Estimate of Xg
For1<k<a; <s-—3

X0 < [ g0k 0 (L gy o oyl (L )7 om0 | dady
(U )0 ] e (1 )OO RO g (14 ) e OO

< Copllwllys o

Ifoag=s5-1
Fork=s—-2
X, < / / (14 9)7105 "] (14 )7+ 10,0%] (1 + y)+2(0520%| dar dy
<+ )0 g (1 + ) L0020 e |1+ 9) 721052020 2

< Copos{ Il + 10302 f ol
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Fork=s-1

X< [ 105l (4 )0l (14 )20 0% de dy
< U+ ) 0wl (1 +9) 7 0l (1 +9)7+ 205 202] 1
< Copos{ Il + 10502 f Il

Estimate of X, :

+oo
/ / |+ agl—ka;m 821_185‘2+2w\dxdy
0

:// 8“1 18a2+2 | Vfal‘ak+1 ||aa1 k6“2w|dxdy

1
ca—lpast2,, 2 —19k+1, 12 |91 —k a2, |2
< 120(“ //wlam 9522wl dx dy + 3Cq, // 05 w|? |09 F 0w P da dy

3Ca
1 /|ak+1w| |aa1 k8a2w| dx dy + 120 //w|aoc1 laa2+2w|2dxdy
aq

IN

3C’S

IN

e (U A A R

Then

aq oo k+1 —k 1 2
L / /|a+ e koW 9 o 2 w| da dy
k:

305 & 1
5 (0];1) // 07wl 05 RO w P de dy + (1 +y) et Vo Tl o w1
1

Estimate of Y201, (3) [f 105 w|? |09 ~F0g2w|*dx dy
For1<k<a; <s—2

//|a§+1w\2 001 F 052w da dy
< / |1+ ) O wf? (1 + )20+ |91~k g2 dar dy

< (1 + ) O ] e | (1 4+ ) 0RO s
< Cunllwlltyso

Fora;=s—-1(k=s—2,5s—1)
/ |8g’§+1w|2 |8§1*k5‘;‘2w\2dxdy

< / 10213822 |(1 4+ )10k P dy
< (14 )0 RO w3 (14 )08 w2

2
< Comos{ lllig + 105U oy b ol

e Estimate of Ags
We can apply (6.23) then

‘2 <a1>/8k o= kaaz 91~ 13a2+1w|y 0‘ < C{Wy + Wy}
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Where
W, = //|a§w Otk ge2w 91 1o w| da dy
e k 1—k 1 1
Wa 2/0 /T|8y(6ww631+ Foprw ogr o W) | da dy

Estimate of Wy
1<k<a;<s—2

Wi < //(1 +y)|oFw| (1 + y)7+°‘2|8§‘1+1_k832w| (1+ y)7+a2+1\3§1_18;‘2+1w| dx dy

<@ +y) 05wl [[(1+y)reettop i =Egpew|| 2 || (1 +y) o2 lop 1o || o

3
< o ol
Foraj=s—-1(k=s—-2,s—1)

Wi [[ okl (14 oo kgl (14 e o g ) do dy

<A+ ) Opwllzz (1 +y) T2t op T ofew]| e ||(1 4+ ) oo 1o w2

3
< Csgy ol
And
Wo < Wy + W, + Wy
Where
’ +OO
W, = / / |0, 05w 03 T F o2 w 09 T o w| da dy
0 T
" +OO
W, :/ /|a’;wa;ﬂ“*ka;ﬁlwaglfla;ﬁwdxdy
0 T

+oo
W, :/O /T|a’;wagl+1—ka;2wagl—1agz+2w|dxdy

Estimate of WQl :
For1<k<a; <s-3,

Wy [ [ 0,0kl (14 ) 0 R gl (14 ) o og sl do dy

<A+ ), 05wl (1 +y) 2o R a0 o [|(1 + y) e o o | e

< Coplllilysn

Ifa;=s5—-1
Fors—2<k<s-—1,

Wy [ [0 0,0kl (14 ) oo R ol (14 e o gl do dy

<@ +y) 1005wl e |1+ )T 20 RO wl| e (|14 )T o T o ] e

< Cur s

Estimate of W,
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For k=1

"o \/(; aq nas+1 \/6 a1 —1 qas+1
Wg_//\/éww 0] V20,0305 o dy

1 o1 o 1 SR
2//w|axlay2+1w|2+3N;|6xw|2|axl 1ay2+1w|2

! 3

12 //(1+y)2(7+a2)w|331332+1w|2+S//(lJry)2a|azw|2|6gl—1a‘32+1w|2

1 «a a1 o «a a1 —1ga
oI+ )T Vwar g wlis + Csl[(1+y) = op 1o w7,

IN

IN

1
I +y)rreevwor op= il + Collwll7

For2<k<a; <s-—3

“+o00
W, S/ /|a§wa;““*’“a;z“wagrlagzﬂw\dxdy
0 T

< (1 + ) L ORw] e [|(1 4+ ) RO R o (1 + )OO T 0
< Conllollys -

Ifar=5-1
For s —2<k<s-—1
" +OO
W, < /0 /T|a§w ot Roretly o Tt oge  w| da dy

<1+ ) Okw] g [[(1+ )70 TR e (1 )OO T 0
< Conllollys

"

Estimate of W,

+oo
/ /|a’;w Otk ge2w 901 1902w da dy
0 T

V/6C,
091 o PP w| Y= |0kw] 09 T RO W da dy

_// Vw
V6o, " Ve
a1—19a 1 o1k o
< 12C,, //w|8m1 layz+2w|2dxdy—|—3(j'a1 //*|a§o.1\2|311+1 k8y2w|2dxdy
300‘1 k on+1—k gaz, |2 ar—1gas+2 12
|8 ‘ |8 1 8 2w| d.’Edy—l— w|6 1 a 2 w| dxdy
IQCal

[ [ ek om g

\ /\

/\

(1 + y)v+a2+1\/oja§1—la;2+2w”m

120%

Then

+oo
<k> /|a§w Otk ge2w 901 1902 2| da dy

[e28

_ 3G,
5 Z(al)/ 0w (921 R 002 w[2da dy + 2||(1+y)”*c’z*lx/o?@?l‘la?z”MW
=1

Estimate of Y201, (32) [ [0kw|? |09 k052w |*dx dy
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For1<k<a1<s—2

//|5)§w\2 |3§‘1+1_k8;‘2w|2dxdy

< [[ 10+ okl (L g0z ol dy
<L+ ) Rl (1 )0 R g

< Curllltys

Fora;=s—1(k=s—-2,s—1)

//|8’;w|2 |8§1+1_k8;“2w\2dx dy

< [[ 1o kol (4 0k s dy
<N+ g oo R g 1+ g0kl

2
< Comas{ Il + 10502y | wl3ss

This conclude the proof of proposition 6.4.4 (the odd case), and therefore the proof of the main proposition
6.4.2. O

6.4.7 Conclusion

Proof. of proposition 6.4.1 From the energy equality 6.20 and the estimates of each term A; of the left
hand side, we get the estimate 6.18 This concludes the proof of proposition 6.4.1. O

6.5 Estimate for the cancellation term

In this section, we derive the weighted L? estimate for the cancellation term g (see (6.8))

0

g5 = 0%w® — L“a;(u -U)
w

S x

by using the standard energy methods. Indeed, this term allows to eliminate the problematic term v0,w,
which cannot be directly estimate.

Proposition 6.5.1. (L? Estimate for g,)

1d 62 5 1
5 A+ 0l < =510+ 9)9agallfe = 211 +9) 7w 0,9.]3

+ Co 1+ 9)gul13s + 10 +9)7 V0303wl
+ Cuprs Il + 1030 1Lza oy My

+ Cs o611 + |l gz + 1057 U || L2y

x el + 105 Ul (wllg + ]

+ Oyl Ul (g + 10501z ol
+ Collwl|Frs 105U || oo () + Cs 5|77

+ Gyl + Co

W[|3720 + Cosll05 pll 2y
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6.5.1 Derivation of equations for g
Let us recall the evolution equations for the vorticity

Ow + udyw + voyw = 207w + 2w8§w + 2(0yw)? (6.11)
and the velocity

Or(u—U) +udp(u—U) +vdy(u—U)
= e202(u—U) +20y(u — V)9 (u—U) = (u—U)0,U (6.28)
where we applied the regularized Bernoulli’s law (??) LABEL in the derivation of (6.28). Since our aim

is to control the H*-norm of w (or u-U), let us differentiate (6.11) s times with respect to x. Then we
have

0t(03w) + 103 (O5w) + v0y (Osw) + O3v0yw

— 2002 (D +zz< )ajwfﬂ (057 w) + 205 ((9,w)?) + £202(05w)

s—1 s—1
-3 (S> 0 udl W =" <5) 5 Ivdld,w  (6.29)
j=0 J j=0 J

and

01(05(u—U)) +udy (05 (u—U)) + vy (05(u —U)) + Jjvw

— 202(05(u — U)) + 2w02 (05 (u — U +22( )aJ 057 ,w
J=

S

—Z(})@S Tuditi(u—U Z(j T vdlw
j=1 j=1
Z( >aﬁ uw— U)o U (6.30)

where we applied the fact that w = 0,(u — U). The main obstacle in (6.29) and (6.30) is the term
o3v = —8;“8; Ly, which has s 4+ 1 x-derivatives so that the standard energy estimates cannot apply.
However, since ther are two equation (6.29) and (6.30), we can eliminate the problematic term d2v by
substracting them in an appropriate way.

Subtracting 6747‘” x (6.30) from (6.29), we obtain

0195 + u0pgs + vy gs + (0pa® + udpa + voya — e*d7a — 2w8§a)6§(u -U)
=e20%g, + 220,00, (0% (u — U)) + 2w82

+ 400, ad, (03 (u — U +2Z< )aJ 0305w —2az< )aﬂwaé 0yw

- Z () 951050+ 203((0,0)?) — 3 (j) 02 T0{10,w — adiw)

j=1

+aZ( )aﬂ (u—U)a~ U, (6.31)

We recall the vorticity equation (6.11)

Ohw + udyw + voyw = 202w + 2w8§w + 2(0yw)? (6.11)
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Differentiating (6.11) with respect to y once, we obtain :

0 (Oyw) + u0y (Oyw) + vO, (Oyw)
= 4(8yw)8§w + 2w8§w + 28yw8§w + e202(0yw) — wipw + Dyud,w.

Using the previous identity and (6.11) we can compute :

(O + u0s +00y)Oyw  Oyw(0; + udy + vy )w
w w?
o [02(9yw) 32 hw . 8&0]

— |20 _ %]y
w w w w

(O + u0y +v0y)a =

+ 6a(’9§w - 2a28yw — Ogpw + a0zu
and we have by direct differentiation of a

D2 (0yw) B aaiw B 28950.)
w w w
63w 82
— —— —2a0ya.
w w

D%a = 0za

2 _
8ya—

Then

(01 + udy + v0y,)a =¢* (82a + ) +2w (d7a+2adya) 4 6adw

— 2a28yw — (%w + ad,u.

It follows that

(O + 10y + v0y —6282—2w62)a =2 26

Y

— 2a28yw — 0w + adyu.

The equation (6.31) become

8tg§ + uamgs + Uaygs
- ( 28

W — 2a%0yw — Oyw + ady u)@s(u -U)
= 528295 + 26%0,a05 (u — U)) + 2w g,

+ 4w, a0y (05 (v — U +QZ<>8%}82 95w —2az<)8jw83 19w

- Z ( >g]+1a T 203((0,0)7) 3 (]) 03 0{00w — adiuw)
j=1
+az< >aJ uw— U)o 7.
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We modify the previous equation
atgi + uaﬂcgs + Uaygs

+ (4a8yaw + 6a8§w — 2020w — Opw + a@mu) 0s(u—"1U)
=e20%g, + 2w8§gs + dwiyad;w

“20i(u—U))
+22< >8Jw8289 Jw—QaZ( )aﬂwas 19w

- Z ( )9J+18 “Tu+20;((0,w)?)
_ zs: < ){f 10{010yw — adlw} + az (j) —U)a . (6.32)

Jj=1

+ 262895@(8;“(11 -U) -

6.5.2 Derivation of the energy term for g

Multiplying the evolution equation 6.32 by (1 +y)?7¢S, and then integrating over T x RT, we derive the
following energy identity :

thH 1+y) gsHL2 =€ //1-1-?/2793 ajg5+2// —i—yz'ngs gs—i—R (6.33)

5 6
= Z By + Z I + J.
k=1 k=1
where

T //(1 + y)hgs{uﬁmgs +v0ygs}
By = 222 //(1 + y)%gsagﬂa{agﬂ(u —u) = % ey - v)}
w

s—1
>//1+y 7959410, 7

)//1+y27g 95 I0{00yw — adlw}

M

fnk}
,_.o

2
2t

(j) 1+y279581(u— U)a:—i+ly
J=
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and

I =—4 //(1 +9)* g5 awdyadiw

I =2 i (j) / / (14 y)*" 950850037 dyw
j=1

b= [[ (14 9000~ U)

=2 //(1 )27 gua® Byw B2 (u — U)

L=+ / / (1+9)27 9,000 (u — U)

Ig = — //(1 +4)? gsa0,uds (u — U).

1=2 [0+ 9 000 + Qi () [ o+ vsomsiorio,

6.5.3 Estimate of the control terms

Lemma 6.5.1. We have

1d

1
5 711+ )0l + (1 +9) 0005172 + 2 (1 +9)7 (@) ? Oygs 72

<R — 4~ //(1 + y)%y_lwgsaygS — 2//(1 + y)270ngsaygs +2 /ngsﬁygsbzo.
(6.34)

e We estimate the two control terms in the second right hand-side of the energy identity (6.33). For

the first term, we get
@ [[aspPasis =- [[a+ v 0900

= —*[[(1 + )7 0ugs||2--

For the second term, we have

2//(1 +9) wgs0gs = — 2// 9y (1 +y)*wgs)dygs + 2/ngsaygs|y:0
=—4y //(1 + ) wgsdygs — 2 //(1 + ) 9ywgs0y9s
~2 / / (14 9)»wdygs0ygs + 2 /T wgsOygs|y—o
=21+ @0l — 1y [[ (40P g

- 2//(1 +y)278ngsaygs+2 /w938ygs|y20~
T
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We then estimate
1 1
2 [[(1+ p)Pg.2, <~ |49 @) 0,0 + 5
_ 1 1
+59? [[as y>27 1w<gs>2 £ 110+ 9 @) 0,00

// 1+ 27 (95)2 +/Ew958ygs|y:()

<—2[(1+y)(w)? ygglle+*ll(1+y) (w)20,9,172

[(1+y)7 (W) 8y 952

1 1
+Coq (1 +y)7(95) 122 + 7+ y) (@), 72

B

1+ 9)7(g0) ]2 + 2 / G0y s y=0
T

5 1
<= 2+ 0 wh 00l + oy 10+ 500l + 2 [ w0.0,9.1s-0.
T

6.5.4 Estimate of the boundary term 2f1r wWgs0yYs|y=o

We have : 5
g = e — 203 (u— U)
Then
s Iy o Oy 5
Oygs = 050,w — Oy ( » ) O3(u—="TU) " Osw
32 _ a 2
= 0%0,w — M@;(u —U) - %3;w
w w
82 2
= 920w — 29 (u—U) + <8y“’> 9 (u—U) — 2% e
w w w
So o2
s W Oyw
0ygsly=0 = 0;0,w + yTaz(U) %98|y:0
i=s N _
03 (wdyw) =Y () A wdETI Dyw
=0
i=s N A
= wdyw+ < ) & wd I d,w
— \J
J
Therefore
Jj=s
920w = i[ (wdyw) — Z( ) W01 Oy
j=1
Then

1 s+1, e S JSI 8 j s—j a;""s aw
aygs|y:0:%am p = 8""6‘”_* Z j w0y Jay‘*’"‘Tam( )_7gs|y 0

Thus
j=s—1

j
:/gsé);+1p€|y:o fQ/gsajwﬁywb:on Z (S> /gaiwajfjﬁywb:o
T T — J/ Jr

j=1

2 / WYs0ygs
T y=0

+2/gsazwaiU|y:0 —2/g§8yw|y:0
T T
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Using the simple trace estimate : We have

S £ 1 S
’2 / 9505 p°dz]y—o 21+ ) Vwdygsll2e + Co sl 05 Pl L2y
T

4

< CllwlFso +

and

1
\2 [ 905501 0] < Calloly 103U e + 1L+ ViR

‘2/9§ayw|y—0

T

’Z/gsajwaywy—o
T

Estimation of the term 2 ijl (;) J1 9505w, 05 I wl,—g We use the trace estimate we have

and )
< sy llwllfgsm + 7+ Y) " Vwdygs| e + Cosllwl s

< Corprs {Nllmger + 10501z b lign + 10+ 9)7VEB,Gal13a + Ci allwlysn

1 1
/Tgsaiwayﬁj_jw\y:o §C/O /T\gsaiway(?;_jw\dxdy—&—C/o /T|8y(g582w8y8;_jw)|da:dy

5 ) ff ot
7j=1
if1<j<s—2

//gs 200y (07) //1+y Tga(1+ ) Dol + 4) 10, (0 w)

<+ ) 0wl (1 + ) gsllz2 (1 + ) 0,05 w2
< Copllwlizs~

Estimation of the term

forj=s5—-1

//gs 200y (0,70) //1+y ge(1 4 1)@ (1 + )10, (05 w)

<N+ ) Owll 2l (1 + ) gsllz2ll(1 + )7 0,03 wl|

< ol

for j=s
//gS 7 w0, (03I w) // (14 y)7gs(1 +y) P w(l +y) 10,(9: w)
SN+ ) Hwllz2ll(1 + ) gsllz2ll(1 + ) 0,05 wl|
< Comosillollms +10;U 2wl
Then
® S ; S—7 s
(5) /[ s:drwvsiezo) < ool + Cunma el + 1020 Mol
j=1
we have _ _ _ _ 4 4 _ 4
0y (950200, 0, w) = 0y gs02w0y, 05w + g0, 0Lw0, 05 T w + gsaiw@fa;_]w
Then

1
| [ 10ut0.0000,0: 3w ldwdy < Vi + Ve + Vy
0 T
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where
1 . .
Vi [ [ 10,9.0000,0: 0]
0 T

1
vy = / / PR
0 T

1
v, = / / 1920900205 w)
0 T

e Estimate of the Term

Vi = 2_) (J) [[avo,0.000,0:)

J

We denote Cs = 25:1 (;)
' //(1 + y)278ygsaiw5y(5i_jw)’
=10 //(1 + 1) w|0y 95| + Cs // —(L+y)*"0)w[*|0,(0; 7 w)[?

C, ol aj o
(1 9Vt + G [ @ u oo, 0w

L
40,

1 C, , ,
o 0+ ) V0,0l + oo / / (14 9)2 |00 P (1 + )20, (2 w)

IN

Then

1
V| <7111 +9)7"Viwdygsl7:
Cy (s ; - o
=G (0) Jfasvmiopa s oo o)
j=1

1
<+ 9) Vi35 + ool -

2

2
+ Coma{ lllmgo + 1050122 } Il

¢ Estimate of the term
Vy =2 i (j) / / (1+9)*7gs020,w0; ™ yw
j=1
Ifj<s—3thenj4+1<s—2
| [[avvpg0iouiou

= //(1 +9)7g:(1+y) 00wl +y) 10y Oyw

<+ y) R0y wllzee (1 + ) gslr2 (1 +y) 07 0yl e
< C(s,’y||("}||§—l.f’W

ifj>s—3(s>6)(s—j+1<s—2)
‘ / / (1+9)*g5020,0w05 1 Oyw

= //(1 +9)79s(1+y) 00,01 +y) 10y 0yw

<1+ y) 1050wl 2|1+ y) 7 gsll 2l (1 + ) 7 Oywll

< Copllwllrz -
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Then

Vol < Cs w3

= 2_21 G) / / (1+y)*gs0]wd (05 w)

e Estimate of the term

For j =1

Jfoeraasor )
| / [asypougior ol + [[ 20+ priowpa+ o
le(l +9) Vw0 g + //(1 + 1) 70aw]* (1 + )| gs

1 . 1 .
IO+ 9 Vwdgar  wlfe + S 11+ 9)7 7 Ouw |2 [I(1+ )7 g5 |72

\ /\

\ /\

IN

IN

1 .
7+ Y)W w1 + Csysllwll s
forl<j<s—2

| [[a+v»gomozori

< //(1 +9)79s(1+ ) Hw(l +y) 202(05 w)

<N+ ) Hwll |1 +y)gsllz2 (1 +y) 20377 jw]|
< Gy

jwllzren

ifs—2<j<s

| [[a+vPaiwoz;)]

S //(1 +9)]gs (1 + ) 0w (1 + y) 202 (0: w)|

<N+ ) 0wl 2| (1 +y) gsll 22 (1 + ) 20577 el L
< Copllwllgys -

Then
1 _
Vsl < Cupllwlifres + Comsllwlys -+ yLShs y) Vw0 w7

We conclude that

pHL?(T)

2 [ wo.0,0.ly-o| <50+ 0V, +
+ Csllwl| 25~ 105U (| oo (m) + Cs [ wl 5
+ Comps {lllg + 10201z } ol
+ Conlllidsr + Conysllollige
+ s { Nl + 10501122 } ol

1
710+ ) G020y w3
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6.5.5 Estimate of the terms B;

We have the following estimates (Terms identical to Masmoudi):
Proposition 6.5.2. There exist positive constants C,Cs,Cy s and Cs - 5.5
|B1] < Csyos{llwlag + 105U Laer Hwlls o,
|Bs| < %EZII(1 +9)1000sll72 + € Coyos{Iwllags + 105Ul L2y Hiwllzg

|Bs| < Coyostlwllag + 102U 2emy 2wl ez
|Ba| < Coyms{llwllag> + 10U | L2emy Hlwll s
|Bs| < Coy,06 10 Ul e {lwll i + 102U || L2 gmy Hlewl g -

Proof. e Estimate of By We recall
By = — //(1 + y)Q’ygs{uawgs + 'Uaygs}~

Integrating by parts (cf remark), and using d,u + 9yv = 0, we have

By = "v [[a+wr

v
= ‘7//(1 —&—y)%mlgsﬁ

11 +y)gslZ-
Lo

< v
=77 Y
< Coos{llll s + 105U L2y Hiwllgso-

e Estimate of By We recall
Opw

w

9z (u—=U)}.

B = 22 / / (14 9)* 9.0,a{0> (u — U) —

We have (14 y)° > 4§ and |(1 +y)° T2 D%| < 6! for all |a| < 2. Thus, we have ||(1 + y)0,al L~ <
6724+ 67*and ||8”ET‘“||LOO < 672 and hence

Opw

22 [[ (149 00,0004 (0 - U) - E203u - U)}\

< 26%Cs || (1 +9) g5 7211+ )05 (w = U)[Z2 + 11 +9)" 7 05 (u — U) |72

Now, we require the following inequality :
10+ ) 05 (= )32 < Coos {1057 U 20ry
(1 +9)0ugs 22 + 1L+ )15 (u — U)Iliz} (6.35)
Assuming this for the moment, we can apply it and Proposition (6.10.1) we obtain

Opw

w

o2u- 1))

92 / / (14 )2 guBsa{05 (u — U)

< 2 Cosllollmgr + 105U la + 105U 2 + 11+ 9) g2 Hieola
1 S
< 5+ 9V 0ugullfe + 2 C s {lllmgr + 105U 2oy ol
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e Estimate of Bs. We recall
s—1 s )
By=-)_ (]) / / (1+9)%7 90954105 .

7=0
By Cauchy ’s inequality and the inequality
S 1 S
10U 2(ry < ;||555+1U||L2(1r)
To complete the justification, we have to verify (6.35) as follows. Since § < (1+y)°w < §~1 and uly—o =0
applying part (ii) of Lemma B.1, we have

I+~ (w = U)]Z
07 (u—-0)
w

<oty

L2

ot (u—U
< C’y,a,é {||a§+1U|L2(T) + H(l + y)’yay ((w)>

B

It is worth noting that

8s+1 —-U
Way( = (u )) = gs+1

w
= 0pg + 0,005 (u—U)

so we have :
(1 +5)7 7205 (u — U)2,
< s {105 U gy + 11+ 9)"Dagollzz + 11+ p)Oaall (1 + )79 (w = U1z},
< s {105 U L 2qmy + (1 + 9) Dagollza + (1 + )7 05w = U)]3: }.

because ||(1 + y)dyal/ e <672+ 6%
For j=0,1,...,s—1

//(1 +9)%7959;4105

< 1105 ullL= 1L+ 9) gjeall 221 (L + ) gl 2

2
< Comos{ Il + 10502 b ol
Then
1Bs| < Conosllllli + 1050 ey Pl

e Estimate of B4. We recall

s—1

Bi==3 (j) / / (1+)* 9057 v{d,0yw — adlw}

=0
Follows from the Holder inequality and proposition (6.10.1),(6.82), (6.81)
For j =2,3,...,s — 1, using ||(1 + y)a| /L~ < §~2 and proposition E.3, we have
‘ //(1 +)*7 95057 v{010yw — aa{,w}‘
95
1+y
x {10+ )00,z + (1 + ylall < | (1 + ) 0wl z2 |

< Conos{llwllags +10;U L2 Hiwl 7o

11 +y)"gsllz>

S‘
oo
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When j = 1, using Proposition B.3 and ||(1+ y)al|z~ < 62 again, we have
[0 vP a0 @00 - 0.0)

l

02U Lo (11 + ) 1 0u0ywll 2 + (1 + y)al poe (1 + ) 0zwl|22)

05 Yo +yosU
1+y

(1 + )7 10,0yl 22 + 1L+ wall o< (1 +4) Dy 12
L2

(1 +y)7gsllz>

< Csmosillwl g + 105U | 2cm Hlwl 2z
Then

|Bal < Coyos{llwllagr + 103U [ L2em) Hlwll s

e Estimate of Bs. We recall

s—1
Bs = Z (j) //(1 +4)* gsad? (u — U)O: I HU.
§=0

For any j = 0,1,...,s — 1, by proposition (6.10.1), ||(1 + y)a||r~ < 62, and the fact that

102U | oo (my < 102U | poc(ry < - < 1051 U ooy,

we have
[+ v goi - vt
<N +9) g5l 2211+ y)all e [[(1+y) 7100 (u — U)|| 22|05 U || oo oy
< Csy,05105 U L {llwll s + 105U || 2y Ml g
and this conclude the proposition. O

6.5.6 Estimates of the terms I.

We estimate the other terms. We recall
Oyw
a=——
w

e Estimate of I;. We recall

L =-4 //(1 +4)* g5 awdyadiw.

1
01 <t5 [[ @+ o lalio,allg.) 0201

4
<5 [T+ y)allz=l[0yallLe= (1 +y)7 gsllL2[|(1 + y) " O7w]| L2

<Csnos{llwlngr + 102U 2w Hlwll 1

e Estimate of I,. We recall

Y —
: J
7j=1
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We have
L] < Cury sz

Indeed, for j =1,2,...,8 — 2 (since 1 <1+ y)

] / / (1+ y)%gsaag;wa;—jayw]

< [[aswm

<A +yallz (1 +y) 0wl (1 +y) gsllz2 (1 + )17 Oy e

< Cs,vﬁ”“”?{;”'

gs(L+y)a(l +y) 0lw(l +y) 057 dyw

and for j=s—1,...,s.
] / / (1 + y)? gsadwd2 7 0,w

§//‘(Hy)“gs(uy)a(l+y)78£w(1+y)”“6£*j3yw

<A +yallz= (1 + )03 gyl poe (1 +3) gsll L2 [|(1 + y) 7 O] e

< Cuy sl

and the result follows.

e Estimate of I3. We recall

I3 = —6//(1 +y)*7 gsadpwdi(u — U)

I < 4 / / (1 -+ 9)lal (1 +4)" 202w (1+ 9) gl (1 + ) 103 (u— U)]

<A +g)all (1 + ) 205wl (1 +4)7gsll 2|1+ ) 7103 (u = U)| 2
< Comos{llwlmg + 105U 2 Hlwllzs

e Estimate of I,. We recall

L=2 / / (1+ )% .00 (u — 1),

L] < ]2 Jlavoraaspzeary - ou-u)

<A +ya)Zeell(+ ) gsllz2 I+ )7 05 (w = U) |22
< Csposlllwllmy> + 102U 22 Hlwll g

e Estimate of I5. We recall
Is = //(1 + y)z’ygsamwagsg(u - U)

We estimate :

L) < / / (14 9)7ga(1 + ) Duto(1 + )7 205 (u — U)

<A+ 9)0awll = [(1+ ) gsll 22| (1 + ) 05 (w = Ul 2
< Conostlwlmy +10;U|L2} lwllFs -
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e Estimate of Ig. We recall

Iy = — / / (14 )2 geadyud? (u— U).

Is) < / / (14 9)7gs(1 + y)adou(l + y)7 10 (u — U)

<11+ y)allee 10zull Lo | (1 +9) g5l 2211 + ) 7105 (u = U)|l 2
< Csyostllwllag + 10U 22} lwll g

We have to estimate each of these three terms. It is the goal of the following subsections.

6.5.7 Estimate of J

J:Q//(Hy)?vgsa%(a w ()// 1+ 4)20,00w0205 .

Estimate of the term 2 [[(1 4 y)*gs05((0yw)?)

We recall that

(0. 0y0) = > <j) 090,002~ 9w

Jj=0

s—1
= 20,w030yw + Y (j)a Bywds I Byw
Jj=1

2//(1—}—3;)2“’%8S ((Oyw)? //1—|—y 7 gsOyw0; Oyw
+ 22 (j) //(1 +9)*795050,w05 ™ Oyw
j=1
Then we derive

J =4 //(1 + )27 g50yw0i Oyw

s—1

+2 Z (j) //(1 + )27 gs02w0,05 T w
j=1
+2) (j) //(1 +1)* g w0y w
j=1
We have 5
gs = Oaw — y—wﬁz(u -U)
w
Then 9
Bw = g + ija;(u —U)
and
O0yOsw = 0ygs + Oy(a)0s(u —U) + adiw
Then

9s0yw0y 05w = gs0yw0ygs + gsOywdy(a)0s(u — U) + gs0ywadsw
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Then
—+oo +oo
1 [ [ar w000t <t [ [0 4+0)0.0,00,0.d0)
0 T 0 T
“+o0
+ ‘4 / /(1 + )27 gs0ywd, (a) 0% (u — U)dxdy‘
0 T

+oo
+ ‘4 / /11'(1 + y)Q'Vgs@ywa@iwdxdy‘
0

+o0 Foo
‘4/ /(1 +y)27958yw8ygsdmdy‘ §4/ /(1 +9)27|958,wdy g5 | dudy
0 T

+oo
<32/ /|8W| (1+1)*]gs]?

+oo
/ / (1 +y)* w9, g5
. A (R P 1
1
+ 10+ ) V0,93

1
<Cosllwllrg + 111+ 9)Vewdygsl 12

+oo
‘4/ /(1 +4)* g50,wd, (@)% (u — U)dzdy
0 T
+oo
§4/ /(1 + 9)?7|g50,w0y (a)05 (u — U)|dxdy
0 T

—+o00
<t [ [0 00,01+ 97 lal (14 )7 03w - U)dady
0 T

<4 (1 +y) 0wl [0yallze (1 + ) gsllz2 /(1 + ) 7105 (w — Ul 2
<Cspmos{llwllms +10;Ul 2 Hwllgs

—+oo
’4/ /(1+y)279S Oyw a Oywdx dy
0 T
+o00
[ [0l 0a0ildody
0 T

—+oo
4 / / (14 )lal(L + )7 8yw] (1 + )9 ](1 + )95
0

<A1+ yall= |1+ ) 0wlre |1+ 1) g5l 2|1+ 9) 03] 2
< Comostlwlmy + 105U 2wl Fs -

IN

IN

Then

+o0
; 1
1 [ [+ 079.0,00,05dady| <Cy g + 11+ Vsl
0 T
+ oI5 1050 Y ol

e Estimation of the term
s—1

2 <S> //(1 + )27 9502w, 05w
; J

j=1
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Fl<j<s-—2

| [[aswmaomwo,0ru] < [[asw o priomin 0,00

<N+ ) Hwllze (L +9) g5l 2211 + )71 8,077 w]l e

< Cu ol
forj=s—-1
| [[avvg0io,0:6] < [+ i+ priola + i+ o,0: 7w

<N+ y) Fwllz2ll(1 + ) gsll 2|1+ ) 10,0 wl| e

< Cupllwllys -

Then

23 (%) [[ s waomn,o e <c i,

j=1
o Estimate of the term 23°°_, (%) [ (1 +y)*"9,05w0; 05 7w

For j =1

]//(1 + y)%gsaxwaja;*w]
1

< [Jarwrreeiestop 4 [[ 0 griowka ol

1 . 1 ,

< I+ Vg0 e 45 [+ ) g
1 . 1 .

< 110 +9) ™ VB0 Wl + 101+ 9) 01+ 5) s
1 _

< 210+ 9 VBRIl + Oyl

forl<j<s—2
‘ / / (14 9)*79:0jwdy 05w

< / / (1+ 1) ]gs] (1 + )"|B3] (1 + y)7+20205 ]

<+ 1) Bl s (1 + 9) g4l 22| (1 + )7 +205 7 020 | o
<Gy

olfyzo
ifs—2<j<s(s>06)
| [0 wrgoseazoi] < [[asuiola+oriomla oo

<N+ ) Fwllz2ll (1 + ) gsll 2|1+ ) 2077 Owl|

< CopllwliFs

Then

s . , 1
23" (0) [[asvaoiotorio| <gia oy vioter wl:
j=1

+ CsméHwH}l{;W +Csy

jwllFren
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We conclude

1

10 +y)"Vwdyg.72

+ Cs o { Wl g 105U || 2 }Hlwl| 5
1 o

+ 310+ ) V020wl s

+ Calloll s + Conllellye

7] <CoyllwlFs +

6.5.8 Conclusion of the proof of Proposition 6.5.1

From the Lemma 6.5.1 and the previous estimates By,[, J we conclude the proof of Proposition 6.5.1

6.6 Appendix : Proof of the reduction boundary lemma

In this section, we prove Lemma 6.4.2 which allows to reduce the number of y-derivatives of the boundary
temrs. First, we recall the following evolution equation of D%w

O (D) + u0, D*w + v0y D*w

+ Z <Z>Dﬁu8mDaﬁw+ Z (g)pﬁvaym%

0<p<a 0<p<a
= £20%(D"w) + 2w8§(Daw) +2 Z (a) DBMGZ(Da_ﬁw)
0<B<L
+20,w0y(D°w) +2 > <g) 9, (DPw)d, (D*Puw). (6.19)

0<B<La

Remark 10. On the boundary {y = 0}, we have

(a) The terms u0;D%w and v0y,D*w vanish.
(b) If B2 = 0 then (g)DﬁuﬁxDa_ﬂw and (g)D%ayDa—% vanish.

(c) If B2 = 1, using the incompressibility property Oyu + 0yv = 0, we deduce that the term

<g) DﬂvﬁyDo‘fﬁw = — (g) 8£1+1u8yDa7ﬁw

vanish.

Remark 11. Using the fact that w = Oyu and the incompressibility property O,u + 0yv = 0, we have

(a) If B2 > 1, then
(g) DPud, D Puw = <Z>D(Bl’52_1)w8IDO‘_Bw.

(b) If B > 2, then
(g) DPvd, D* Py = — (g) DBHLA=2) 5 DBy,

On the boundary {y = 0}, Equation (6.19) becomes

N(a)
(0 — 22) D wly—o = Y _ C(1)e* I DD |, (6.36)

i=1



180 CHAPTER 6. NON-NEWTONIAN PRANDTL EQUATION IN TWO DIMENSION

where N(a) € N* and for any 1 < i < N(a),

Ci) €
(i) e {0 1}
0 <8 + @) < laf +2.

Remark 12. Setting L = 0; — €202, we have

(a) For any U and V sufficiently smooth,

LUV)=LU)V +ULV) - 22 0,U 9, V. (6.37)
(a) In the general case, for any n > 2, for any Uy, ..., U, sufficiently smooth,
L] ux = ZLUk [Tvi - 0.0 0.00) [] Ui (6.38)
k=1 i#£k k#L £kl

Proof of Lemma 6.4.2. We first prove Lemma 6.4.2 in the case where n; = 0. For the sake of simplicity,
we will omit the index and denote ny by n.

Considering the Prandlt equation (6.10) and replacing 9,u by w, we get
Opu® + uf0,u® + v°0yut + 0,p° = 2woyw + £20%u *)
Since u and v are equal to 0 on the boundary, we get the value
2wOywy=0 = 0P
We derive the previous equation (x) with respect to y and get
Opw + Oyudyu + 0yvdyu + udpw + VOyw = 2(yw)* + 2wiow + £°Ojw

from the incompressibility relation
Oyu0yu + Oyvoyu = 0

0w + udyw + vOyw = 2(Fyw)? + 2w8§w + 202w (**)
We derive again the previous equation with respect to y and get
01 0yw + (Oyudyw + Oyvdyw) + (U0 Oyw + VO Oyw)
= 48yw8§w + 28yw8§w + 2w8§’w +e2020,w

From the incompressibility, we replace d,v = —0,u and J,u = w and since the trace is equal to 0, we
derive

01 0yw|y=0 + (WOzw — Opudyw) + (U0, Oyw + vOyOyw)|y=0
= 40, wdiw + 20,wdiw + 2wdw + 2 020,w|y—o
and then
By Oywly—0 + wOyw|y—o = 60y wdiw + 2wdiw + 2920y w|y—o.
That is, we obtain the formulation for the term w@Sw
2w6§’w|y:0 = (0; — €%02) (Oyw) + wipw — 66yw8§w|y:0.
We have some estimate on the the right hand side of the following equation

(O — EQ@%)(‘*’@/‘”)'@/:O = (0 — 520,%)0,(1)
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Therefore we expand the left hand side of the previous evolution equation, we divide by w, we use (6.6)
the value of of wdyw on the boundary and we get

(0 — 6233)(8yw)|y:0 =—(0y — 623§)8xp — 23yw8§w

1
2w
2¢2

2 .
T bWy Oyw — (3yw)3|y:0

w
From the previous expression, we get from
1

2w65w|y:0 :%(8,5 —e%202)0,p — 23yw8§w

2e? 2 3 9
_ jawwaayw — ;(ayw) 4+ wiyw — 68yw8yw|y:0

In conclusion we have
2w8yw|y:o :6zp

2w8§w|y:0 = (8t — 528§)8$p — Qayw({);w

1

2w
2¢? 2

- % w0y Oy — ;(ayw)3 + wBw — 69w wy—o.

which impliy Identity (6.24) of Lemma 6.4.2 in the case where n = 0 and n = 1. We next proceed by
recurrence with respect to n and we suppose that (6.24) is verified for 0 < n — 1 < s/2. Rewriting

Equation (6.19) with @ = (0,2n — 1), and using Remark 11, we obtain

(0 — 523'3)8;”71w + u@majnflw + v@i”w —(2n— l)ﬁzuc')f,”*kw

2n—1 o 1 2n—1 m 1
- k—1 2n—1—k - k—2, a2n—k
+Z( 3 )ay w0, 02 w—Z( § )azay WO w
k=1 k=2
2n—1 om— 1
= 2w8§"+1w+2 Z ( i )8§w85"+1_kw
k=1

2n—1
2n —1
+ 20,0020 +2 ) < " >a§+1wa§”kw. (6.39)
k=1

Identity (6.37) of Lemma 12 yields
(0 — 5232)(w8§”71w)
= 85"_1w (0 — €20%)w +w (0; — 528§)(6§”_1w) - 2528ww6w8§"_1w,
which implies
(0 — 528§)(8§"_1w) =w N0 — 5283)(w8§"_1w)
— w’lagnflw (0 — *0H)w + 2s2w’18zw8r8§”’1w. (6.40)

Then, combining (6.39), (6.40) and Remark 11, on the boundary {y = 0}, we obtain
202" ol = 3 By,
k=1

where
By = w (0 — €207) (w0 w) |y=0
By = —w 102" (3, — 202wl

Bs = 52w_18mw8938§"_1w|y:0



182 CHAPTER 6. NON-NEWTONIAN PRANDTL EQUATION IN TWO DIMENSION

2n—1

2n —1 _ N1
B4 = Z < i )85 10.)8;585 ! kUJ|y=0

k=1

2n—1 om— 1
Bi=— Y ( h )amaj—%aj"—’wyo
k=2

o 2n -1
Bo=-2 3 (oot
k=1

Br = —20,w0."wly—o

and
2n—1

2n — n—
=-2 Z ( )a;j“wa; *wly—o.

We remark immediately that the terms B3 to Bg are all in the same form of the last term of Equation
(6.24). For By, using (6.36) with a = (0,0), we can write

N(0)
(0 — £202)wly—0 = Z C(i)e** D DPOGDY Dy, g
i=1
where N(0) € N* and for any 1 <14 < N(0),
C@i)eR
£(i) € {0,1}

0 < [B@)|+ ()] < 2.
Thus, Bs is also in the same form of the last term of Equation (6.24). It only remains to study the term

B;.

Expression of the term B;

We recall
By =w 10 — 5285)(w8§”*1w)|y:0.

Using the recurrence hypothesis (6.24) for n — 1

N(n-1) . o MG
wa;”—lwb:o = Z C(j)gﬂ(]‘)w—%(n«at_52a§)m1(3)5;n2(a)p) H Dﬁ(uj)w‘y—o
j=1 : =
where
OSM( i) < N(n—1)
i(j) €{0,...,n—1}
k(j) € {0,...,n—1}
- 6.41
0<|,6’ij)|<2(n—1) ( )
M(j)
Z 1B(i,7)| < 2n—1,
we get

N(n-1)
By =w 'L Z C(j)e¥) *ij)(Lml(J)amz(J )HDﬁ(”)“

O’
where we recall that L = 0; — 52892:. Applying the law (6.38) of Lemma 12, we will write

By = (B11 + B2 + Bi3 + Bia + Bis + Big) |y=o0
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where
N(n—1) ~ 3 M(j)
By =w! Z C ()29 (w—%(j)) (L"il(j)a;ﬁz(j) ) H DB,
N(n-1) - o o o M(j) o
Bi= C(j)EQE(J)w*(Qk(J)+1)(Lml(ﬂ)+1a;n2(J)p) [[ 0w,
i=1 -
N1 ] ) MG)
Bys = wL Z C(j)52f(j)w—2k(j) (Lrﬁl(j)(‘);ﬁz(j)p>L H DI,
j=1 »
N(n-1) } } M(j) )
Bu=-2"' Y C(j)gé(jmaz(wfzk(j))@ml(j)a;ﬂmmp)H DAGI),
Jj=1 i=1
N(n—1) : ) M(j) )
Biy=-2w"" > C(j)gze(mzaw(w—%(j))(ml(j)@fzu)p)31H DA,
j=1 i=1
and N
N(n—1) R ~ M(3) }
Big = —2 C(§)e¥ ) +2y=RG+D) ( Lnil(j)a;ﬁz(jmp) 0. [ D°w
Jj=1 i=

Taking into account the conditions (6.41), we immediately find that Bya|y=0, Big|y=0 are in the same
form as in the right-hand side of (6.24), with the conditions (6.25)-(6.27). Next, since

o, (w—w%(j)) = 2k(j)w RO, o,
the terms Bl4|y:0 and Bl5|y:0 can also write in the same form as in the right-hand side of (6.24), with
the conditions (6.25)-(6.27).

For Bi1|y=o, we first use the following simple identity

L (w—w%(j)) = w RO Ly 4 22 (2(j) + 1)w FOTD 92
—282%(j) (2k(j) + 1)w™ G +D g, .
Using (6.36) with @ = (0,0), we have

N(0)
Lw|y=o = Z C(i)e* D DPOLDYD |, o,

where N(0) € N* and for any 1 < i < N(0),
C(i)eR
€(i) € {0,1}
0 < [BE)+ ()] <2.

We can deduce that B1|y=o is in the same form as in the right-hand side of (6.24), with the conditions
(6.25)-(6.27).

For the term Bi3|y=o, Identity (6.38) of Remark 12 gives

M (j)

L H DB(ZJM—ZL(DB J)W)HDB 09

i#k

—e2 Y (0.075w 9, 07w ) T DFw
k#L ik 0
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Using (6.36) with a = (i, ), we have

N(ﬁ(k,y))
L(DWJ ) _ Z C(i)e2D DAy DY Dy, o,

where N(B(k, 7)) € N* and for any 1 <14 < B(k, j),

C@i) eR
L(i) € {0,1}
0 < [B@|+ @) < 1Bk, )] +2.

We then conclude that Bis|,—o is in the same form as in the right-hand side of (6.24), with the conditions
(6.25)-(6.27).

Identity (6.24) is valid for n and Lemma 6.4.2 is proved for n; = 0 and ny = n. The case where
n1 > 0 can be obtained by explicitly differentiating ny times with respect to  the term w8§"2+1w\y:0.

O
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6.7 Appendix : Maximum principle

In this appendix, we derive some pointwise estimates of the solution from the maximum principle. We
have adapted the proofs of Masmoudi and Wong [59] to the problem of non-Newtonian fluids.

We first recall the maximum principle for parabolic equations that we will use in our paper.

Definition 6.7.1. Let n € N* and 2 € R™ be a bounded open set. We set
Qr = QX]O, T[,

and
C*'(Qr) = {u: Qr = R | u(-t) € C*(Q), u(z,-) € C'(J0,T]), Vo € Q, Vt €]0,T[} .

Theorem 6.2. Let Q2 € R™ an bounded open set, T'> 0 and L the following elliptic operator

Lu(z,t) = —tr (aij(x,t) 3§i’xju(x,t)) 4 b(x,t) - Veu(z,t),

0.
for any u € C*Y(Q7) N C(Qr), where
e a(x,t) is a positively definite matriz,
e b:Qp — R™ a bounded continuous function.
Assuming that for u € C*1(Qr) N C(Qr) and for any (z,t) € Qr, we have
Opu(x, t) + Lu(z,t) + cu(x,t) <0,

where ¢ : Q@ — Ry a bounded and positive function. Then,

maxu < max ut,
Qr o0 x[0,TIUQx {0}
where ut is the positive part of u.
Moreover, if c =0, then
maxu = max u.
Qr o0 x[0,TIUQx{0}

The proof of Theorem 6.2 (in a more general case) is classical. We will not directly apply Theorem
6.2 but we will use its following corollaries.

Corollary 3. Let e, A > 0. If H € C([0,T]; C*(T x Ry))NCL([0,T]; C%(T x Ry.)) is a bounded function
satisfying the following inequality

(0 + b10y + b20, — €207 —wO;)H < fH,

where w : [0,T] x T x Ry — R and by, by, f are continuous function satisfying

b
L+ Yl oo (0,1 xTxRy)
and
1 Loe 0,71 xTxRy) S A (6.43)
Then, for any t € [0,T], we have
sup H(t) < max {e)\t ||H(0)HL°°(11‘><R+) 77_%1[%)%] et ||H(7—)|y:0HLoo(T) } (6.44)

TXR+
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Proof of Corollary 3. For any u > 0, we define
H=eH—puBt—pln(l+y).
Then the derivatives of H
OH=eM(OH—-NH)—uB
M =e0,H
OPH = MO?H
O,H = e Mo, H —

14y
29/ _ =Xt 92 I
ayH =e 8yH + I+ )2
We denote
X = {0 + 010y + 020, — 5285 — w(’); + A= f)IH
and

X1 ={0 — A+ 010y + b20y — 202 — w0 + (A — f)}H

<0
Then for any ¢ €]0, T
_ bapt Wit
X=e™MX,—pB- =2 - =2 _(\— Bt In(1+
e 1= Ty 0ty A=f{uBt+pn(l+y)}
b w
At 2 14
= X1 —p(B-— - — (A — Bt In(1

<0 in [0, x T x RT
So by the Thoerm 6.2, we have

max H< max HT
[0,§] xTx[0,R] {0} xTx[0,R]U[0,] xTx {0,R}

for0<7t<t,zeT,y=R,

H(r,z,R) =e " H(t,z,R) — p Bt — pln(1 + R).
< | H|lp~ — pn(1 + R)

1
<0 for R> exp(;HHHLoo) -1
which mean H(7,z, R)* = 0. We denote
1
R, = eXP(;HHHLOO) -1

Then for any R > R,
max  H < max{ max H(0)", max H|_
[0, xTx[0,R] {TX[O,R] (0) [0,f]xT |y—0}
< max{ max H(0)*, max H[_,}

TxR+ [0,¢]xT
So

max  H < max{max H(0)", max H[/_,}

[0,]] x TxR+ TxR+ [0,6]xT

< max{max H(0)*, max e *"H(r,z,0)"}
TxR+ (7,2)€[0,E]xT

< max{[|H(0)]| o= (rxr+), max eI H]y=ol| L= (m }
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Therefore, for any (x,y) € T x Rt we have

e M H(E ,y)—p BT — pin(l +y)

< max{||H(0)|| oo (rxr+), max e || Hly=oll L (m)}

We pass to the limit g — 01, and we replace the time ¢ by ¢,we obtain 6.51 O

Corollary 4. Let e, A > 0.
If He C([0,T); C*T x Ry)) N CL([0, T); CO(T x Ry)) is a bounded function with

r(t) = min{ min H(0), Jnin, H|y=0} >0

and satisfying the following equality
(0 + b10y + b20, — €207 — wO)H = fH,

where w : [0,T] x T x Ry — RY and by, ba, f are continuous function satisfying (6.42), (6.43), then for
any t € [0,T], we have

TI{(I]iRI:— H(t) > (1 - Ater)r(t) (6.45)

Proof of Corollary j. For any fixed t €]0,7] and g > 0, we define
h=e{H - r(t)} + {\6(t) + p B}t + pn(l + y).
Then we can check that
{00 — A+ b1, + b20y — %02 — w2+ (A= f)}h >0 in [0,f] x T x RT
So by the weak minimum principle
T L i A
2 min{ min £(0), [Or%iQT hly=o, [Or%iQT hly=r}

We have for any 0 <7 <t,z €T

h(r,z,R) =e " H(r,2,R) — e * k(t) + {\(t) + p B}t + uln(1 + R)

> —e M| H| o —e M w(t) + pln(l + R)
> —e M| Hl| o + £(D)} + pn(1+ R)
> ~{|1Hl|p~ + £(0)} + pIn(l + R)

Then for any
1 ~
Rz exp (LA +(0)) -1

We have
h(r,z,R) >0
and
_min h>0
[0,t]xTx[0,R]
we can pass to the limit R — co, We obtain
min h >0

[0,]] x TxR+
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Therefore, for any (x,y) € T x Rt we have
h(t,,y) >0
It follows that -
e M{H(w,y) — k(D)) + {A k() + p By + pin(1+y) > 0

Which implies

A HE 2, y) — 5D} = ~AR@ - (0 BT+ pin(1 +1))

which gives
H(t,x,y) > k(t) = Ate* k(t) — (wBt+ pin(1l+y)) e’

Letting p — 0,and replacing by ¢,we obtain (6.45). O

The goal of this section is to prove the following proposition.

Proposition 6.7.1. We define the real fonctions Q and G : [0,T] — R* by

(1) = sup [l 13- (6.46)
[0,¢]
G(t) = Q) + ?UI; 102U || L2 (). (6.47)
0,t
If s > 6, we define
I(t) = > (14y)* o) [D(H) . (6.48)
la|<2

Then we have the following estimate
)z iy < (IO ey + Coy (14 9(8) () t)
X exp(Cs y.06(1+ G(t)) ). (6.49)
and

in_(1+y) w(t,z, >(1fcs (14 G0t Cs,w,o,aam(wn)
in (L H )7 wlt 2 y) = aes(L+GB) te

X ((I’ygreliqrnxw(l +9)7 wo(z,y) — Cs 5 {1+ Q(t)} Q1) t.). (6.50)

We give first the main steps of the proof :

1. We recall the regularized system (6.11)-(6.14):

Ow + ubpw + (v — 20,w)Pyw = e°0jw + 2wdjw in [0,T] x T xR
Wli=o = wo(z,y) on T x RT
2wOywly=o = Ozp on [0,T] xT

We define the operator L by

L =8 4+ ud, + (v — 20,w)d, — 07 — 2w,

and we have
Lw = 0.
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2. We set

Ba _ (1 4 y)o-&-azDaw.
We get the following equation

10e1|y=oll oo (1) < Cs {1+ ||W||Hg”} ||W||§J§W

9Ba + udyBo + (v — 20,w)0y Bo — €207 Bo — 2w, B,
= Sa + QaayBa + R, B,

where
Ao+ a9)
Qo = Ty w,
) 2 1
R, =(0 + a2) (v~ 20,) 7.+ az)lo +2a2 aa
1ty (1+y)
Sa=— Y <g> {(1 + ) DPuBa_pie, + (L+y)> "D Ba—6+e2}
0<B<La
+2 ) (a> (1+9)% 2DPw Ba_proe, + (1 +9)%0,D°w Ba_ e,
0<B<a p
and
4(0%—&2)
< - =7
el = S0y
< C&o
v 200+ az)(oc+az+1)
Ry < (o + — | +2(0 + a2)|Oyw| +
Ral < (0 +02) | | 4 200 + oyl =
< Csyosillwlas + 110Ul L2my } + Cos
< Csqoa{l + llwllmg + 10U L2(m) }
1Sal <Csqyo5llwll g + 102U 2(my }
a
3 (§){1Bavedl 2 1Bacsl + 1Bzl }
0<p<
3. We set

I= Z |Ba|2

lo<2
The function I is solution of the following equation
LI =0,1 + udyI + (v — 20,w)0, I — €201 — 2w, I
where the right hand side term is
Lr=-2% (62\3xBa|2 + 2w|8yBa|2>
o] <2

+2 3" (SaBa + Qu BadyBa + Ral Bal?)

lal<2
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4. We next prove the estimate

LI < Csq06{1 + |wllgz + 107U 2y}

We have
v _28yw | 5 Oyw
1+y 1+y 14y 1+y
v
<|l—| +2(1+y)°ow
< | r2asnoe
2
< Csmyoslllwllzs + 10Ul L2y} + 3
Then
v Oyw
— = < o0

Because we suppose that w € Hj7. And

[l = Comos{l+ llwll g + 102U L2my}
< Csypo6{1 +sup [l s> + ?11}1]) 102U L2(my }
t 0,t

)

= Csryos{l +G(1)}
=A

5. We apply Corollaries 3 to the previous parabolic equation and we get :

sup H(t) < max {605’”’“’5{1+G(t)}t ||I(O)||L°°(T><]R+) )
TXR+
Cs .06 {1+G()}(t—7)
s e 7ol gry - (65

6. Lower bound estimate for B ) = (1 +y)w
We know that Bg ) satisfies

{8,5 + uam + (’U - 28yw - Q(O)O))ay - 6263 - 2&)85}3(0’0) = R(O,O)B(O,O)

Where
(v—20yw) 20(c+1)
R0 = +
R T+y? *
We have
s 2 20(c+1)
|R0,0)| < Cs o o{llwllzs + 102U ]| L2 (my } + 3 + —35
< Csmyoo{l + lwllgs + 102U ]| L2y }
< Csy,0,611 +sup [lw][ gz + ?UI]) 102Ul L2(m) }
" 0.,
=Csq,06{1 + G(1)}
= A
and

v — 204w 40
1+y (1+y)?

< o0
LOO

w




6.7. APPENDIX : MAXIMUM PRINCIPLE 191

Using Corollary 4 we obtain

in  (1+9)°w(t,,
i ()7 w2, y)

> (1= Conos (14 G (1)) trnrs 1HGOIT)

X mi : 1 "
m <(1,y§ré%ran+( +4)7 wo(z,y),

in (149)7 wlt, ,0). 6.52
(t’x)rg[lor}tw( +y)7w(t,x,0)). (6.52)

7. Controls on Bounndary Values.
o Estimate of I|,=¢

Ily—0 = Z ‘Daw‘y:0|2

lor]<2

For this we write the evolution equation for D*w at y = 0: for any |a| < 2

D wly—o = 202D w+2w ajD% + 20,w Oy D w|y—o
+ E:x|y:0 + Eg|y:0

Where

EB,= Y <a){D6uazDa—%+D5vayDa—5w}

[

0<B<La
=2 ¥ (§)0ruttnrte 1 0,0%0,0 )
0<B<a

We use the boundary condition u|y—g = v|y—o = 0, E/, is given explicitly by
0 if a;=0
E/, = —awamagrlw if ap=0 and 1<ay<2
—0pw Opw —w 2w if a=(1,1)

Furthermore, by proposition E.3 , if s > 6, then

VELly=oll po ey < Cor ol (6.53)
||Eg|y:0||Loo(1r) < Csxy”w”?{;*” (6.54)

In addition for e €]0, 1]

[€*(07D%w + 2w 0] D*w) |y—o|| L
< Conllwlly + Conllwlysn (6:55)

and
2010, 8y D*wlyoll ooy < Cor el (6.56)
Therefore, using (6.53), (6.54), (6.55), (6.56) and inquality (B.10)(masmoudi), we have for s > 6
10eTy=oll o< (m) < Con {1 + llwll g} ol Fps
and hence, by integration and definition of {2, we obtain

1 ly=oll o= (ry < I1(0)ly=ollLo=(ry + Csy {1 + (1)} ()%t (6.57)
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we put the estimate (6.57) in (6.51), we prove the desired estimate (6.7.1)
o Estimate of w|y—g
Using (6.55) — (6.56) and the definition of (6.46), we have for any s > 4

[0wwly=ol oo (1) < Cs {14 Q(E)} Q1)
So by integration we obtain
n%in w(t)|y=0 > mTinwo|y:0 -G, {1+Q)1)t (6.58)

Conbining (6.52) and (6.58), we prove (6.50).
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6.8 Appendix : Decay Rates for H ] Functions

In this Appendix, we recall from [59] some pointwise estimates on the decay of the vorticity when y — co.
Proposition 6.8.1 (Masmoudi - Wong [59]). Let s’ > 4 be an integer, v > 1, 0 > v+ 3, and § €
(0,1). Ifw € H;/;4’7, then w is s’ + 2 times continuously differentiable and there exists a constant
> 0 such that for all || < s' +2,

N
5170, lwll 5 T

|Dw| < C, wiaq (1 4y)be (6.59)
S 1715!HUJHH
where the exponent
0+ Qs if lal <2,
al-2_
bo=q THEITEUT G 9 <al <o 41 (6.60)
v+ oo if Jal=s+2.

Remark 13. (Decay Rates from Sobolev Embedding). Using the standard sobolev embedding argument

and the definition of H;:;‘M, one may prove that if w € H;g"lﬂ, then w is s’ + 2 times continuously
differentiable and there exists a constant Cs . > 0 such that

0 (14 y) e if ol <2,

Dow| < .
prel = { Copllwllgerrar (T +y)777%2 if 2<|a| <" +1,

(6.61)

Thus, the interesting part of Proposition C.1 is that the decay rate of (6.59) is better than that of
(6.61). This slightly better pointwise decay will help us to deal with the boundary terms at y = 400
while we are integrating by parts in the y-variable.

Proof. OF Proposition C.1. According to Remark C.2, we are only required to justify the inequality
(6.59) with the decay rate defined in (6.60). First of all, let us state without proof the following calulus
lemma.

Lemma 6.8.1 (Masmoudi - Wong [59]). (Pointwise Interpolation). Let f : T x Rt — R be a twice
differentiable function. Then we have the following:

e If there exist constants Cy, Cy,bg, and by such that |0%f| < Ci(1+y)~% for alli = 0,2, then
100f] < 20/CoCa(1 +3)" %% in T xR* (6.62)
e If there exist constants Cy, Cy,bg, and by such that |0%f] < Ci(1+y)~% for alli = 0,2, then

bo+ba

10,f] < 2v/CoCa(l+y)~ 2" in TxR* (6.63)

The proof of Lemma C.3 is based on a standard Taylor series expansion technique and will be omitted
here. Now, applying Lemma C.3 to D*w inductively on || = 3,4,--- ,s' 4+ 1 with (6.61), we prove (6.59)
with the exponent b, defined in (6.60). O

Remark 14. (Further Improvement on the Decay Rate). The decay rate b, defined in (6.60) is obviously
not optimal because one can apply the pointwise interpolation Lemma C.3 again to further improve it.
However, we do not intend to optimize it here, Indeed, repeatedly applying the pointwise interpolation
Lemma C.3, One may improve the decay rate b, as

o+ o Zf |Ol| <2,
b =4 & +2—|a\)§+(|a|—2)7 +a; if 3<|al<s+1, (6.64)

v+ o if |al=s+2.
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6.9 Appendix : Almost Equivalence of weighted Norms

In this appendix, we recall from [59] the almost equivalence of the two norms [lwl| s+ and [|wl|grs.~. For
the sake of completeness, we recall also its proof.

Proposition 6.9.1 (Masmoudi - Wong [59]). ] Let s > 6 be an integer,y > 1,0 > v+ 3 and § € (0,1).
For anyw € H)(T xR™), we have the following inequality: there exist positive constants cs and Cs 4 5.5
such that

ollolligr < llirocr + lu = Ullarens < Conyrs {Illiry> + 105012} (6.65)

provided that w = Oyu, uly=0 =0 and limy .4 u = U, where the weighted H*-norm || - || gs~ and
| - |z~ are defined by (6.6) and (6.7) respectively.

Proof. Without loss of generality, we only need to prove inequality (6.65) for any smooth function w
because the general case can be obtained by the standard density argument. First of all, it follows from
the definitions of ||u — U||gs.v—1 and ||w||gs.~ that

ol e + Y 11+ ) 5 (w = U)|l 2 (6.66)
k=0

< wll o + [l = Ul o

<2 (IIwIIHm + Y I+ y) o (- U)||L2>

k=0

Furthermore, applying Wirtinger’s inequality in the x-variable repeatedly and part (i) of Lemma E.1, we
have

S 3 1— 71_—25 s
Sy Ok = U)lae < 55 (1 +9)" 02 = U)
k=0
11 4+9)" = Uz < o 0+ ) el < el
T 2y-1 T 2v—-1
and then there exists a constant Cs, > 0 such that
looll g + 11+ )7 05 (w = U)ll 2 (6.67)

< wllzrem + Y 11 +9)7 7105 (u = U)|lre
k=0

< Oy Hlwllzen + 11 +9)7 105 (w = U)| 2 }
Therefore, according to ineqality (6.66) and (6.67), it suffices to prove
csllwll s < Nlwllaem + (1 +y) 705 (u = U)l|z2 (6.68)
< Compos {Illmgo +103U12 }

Lemma 6.9.1. Let s > 6 >4 be an integer ;y > 1, 0 >y + 1, and 6 €)0,1[. Ifw € HJ(T x RY), then
for any k =1,2,...s,

1L +y)7grllze < (1 +y)05wlize +8 (L +y) ™05 (w—U)| e (6.69)

where gy = OFw — ay“’a’;(u —U). In addition, if u|y—o = 0, then for any k =1,2,...s,

w

(1 +y) Owlirz + (1 +y)" 05 (u — U)| 2 (6.70)
< Cros {11+ ) grllz2 + 105U | L2(n) }
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Assuming Lemma D.2, which be shown at the end of this appendix, for the moment we can show
inequality (6.68) as follows. Applying Lemma D.2,for k = s, we obtain, from (6.69) and (6.70)
1
S0+ 9) gl (6.71)
<11+ ) wllze + 11+ )05 (u — U)|7-
< Coos {1+ 9) 7003 + 103U 32}

Adding
o I+ 9t D) e

laj<s
a1<s—1

to (6.71), we have
1 - S
0wl < llwllfren + (1 +9) 7 02 (w = U)|7
< Conpos { Iwliyz + 10301132 |
which implies inequality (6.68). O

Finally, in order to complete the justification of the almost equivalence relation (6.65), we will prove
Lemma D.2.

Proof. of Lemma D.2. To prove (6.69), let us recall from the definition of H;g that

{ S1+y) " <w<di M l+y)° (6.72)

Oyw| <5711 4y)—o!

[0y w|
w

then <67 2(1+y)~!, and hence, for any k = 1,2, ..., s,

1L+ )7 05 (u = U 2
LOO

<A +y) 0wz + 0721 (1+y) 195 (u—U)lze

Oyw
100+ 9ol < 10+ 97Okl + (1-4.)222

which is inequality (6.69). Next,we are going to show (6.70). the main observation is that we can rewrite
ak
G = woy (W) Thus, applying (6.72); and part (i¢) of Lemma E.1, we have

(1)~ 0 (u = U) 2

k(0 —
< 671 (1+y)770718x(u U)
w L2
k k _
<Cppd! H .U + H(l + )70, (M)
wly=o L2(T) w 12
< Co o0 (|00 oy + 101+ ) gl } (6.73)

Now, using the triangle inequality, (6.72), and (6.73), we also have

11+ ) d5w] e
<IN +y)7grllze + 8721+ y)d5 (w — U e
< Croa {11+ 9) gkllzz + 105U L2my } - (6.74)

Summing (6.73) and (6.74), we prove (6.70).
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6.10 Appendix : Calculus Inequalities

In this appendix, we recall from [59] some calculus inequalities for the incompressible velocity field (u,v),
the vorticity w, and the quantity gx. For the sake of completeness, we recall also its proof.

6.10.1 Basic Inequalities

In this subsection we will state two elementary inequalities (i.e; Lemma E.1 and Lemma F.2 below). Let
us first introduce Hardy-type inequalities.

Lemma 6.10.1. [Masmoudi, Wong [59]] Let f : T x R* +— R. Then

(i) if \>—3% and limy_, o f(2,y) =0, then

2
IO+ 2 ey < 5377 10900 ey (6.75)
(ii) if X < —3, then
1L+ )" fll L2 (rxmty
! 2 A1
< o1 ||f|y:0||L2('J1‘) T o1 H(l +) anyL2('JT><]R+) (6.76)

Next, we will state the following Sobolev-type inequality

Lemma 6.10.2. [Masmoudi, Wong [59]] Let f : T x Rt +— R. Then there erists a universal constant
C > 0 such that

£ Il oo (T xR+
< C{Iflz2erxrsy + 0o f Il L2rxrs) + 102 f 1l L2(rxr) } - (6.77)

6.10.2 Estimates for Hi:g Functions

In this subsection we recall from [59] some control of the solution in the L? and L> norm by the weighted
norm |-|| gy For the sake of completeness, we recall also its proof, which is a consequence of Lemma
(6.10.1) and Lemma (6.10.2).

Proposition 6.10.1. [Masmoudi, Wong [59]] Let the vector field (u,v) defined on T x RT satisfy the
incompressibility condition Oyu + Oyv = 0, the Dirichlet boundary condition u|y=y = v|y=0 = 0, and
limy oo u = U. If the vorticity w = dyu € H'} for some integer s > 4 and for some constants v > 1,

o>v+4%, and § € (0,1), then we have the following estimates: there exist a constant Cs . 5.5 > 0 such
that the following hold:

(i) For allk =0,1,...,s,
(1 + )" 05 (u = U)|| 12 < Comos{llwl gz + 105U 2y }- (6.78)
(ii) For allk=0,1,...,8 — 1,

kv + yoktiu

Tty < Csyoslllwllpsyr +10:U] L2m) }- (6.79)

L2

(i41) For all |a] < s,



6.10. APPENDIX : CALCULUS INEQUALITIES 197

[+ 3)ree D% < { o Wl 150} o 0 200 o)
(iv) For allk =0,1,...,s,
Hu+yy%hwmg{ibﬁgﬂmmy+nxvhmmZ Felnah
where the quantity g, = OF — ayTW(‘?g’j(u -U).
(v) For allk=0,1,....5 — 1,
|08l < Commatlll sz + 105U oy} (6.52)
(vi) For all k =0,1,...,5 — 2,
| 22| < Conmatlivlig + 1020 (6.3
T+, 7, ;
(vii) For all |o < s—2,
|1+ 9 D% . < Coy 1z (6.5

Proof. (i) It follows from the definition of || - || gs,~—1 that
(L +y) 05w = Uz < llu—Ullgso-1,

so inequality (6.78) is a direct consequance of almost equivalence inequality (6.65).

(ii) Applying part (ii) of lemma E.1 and inequality (6.78), we have

kv + yor iU
1+y

<2007 (w = U)llzz < Coos{lwll gz + 105U L2y}
L2

which is inequality (6.79).
(iil) Inequality (6.80) follows directly from the definition of || - [z~ and inequality (6.65).
(iv) Using inequality (6.69),(6.78),(6.80), we have
11+ ) gellze < 1L+ y) Opwllzz + 07 2[[(1 + )7 0% (u — U)l| 2
< Cs,'y,o,é{”w”H;’”’ + H(();U”L?(’]l‘)}v

which is inequality (6.81) for k = 1,2,...,s — 1. When k = s, the better upper bound in (6.81) follows
directly from the definition of ||w||gs~. (v) For any k = 1,2, ..., s —2, applying Lemma (6.10.2), inequality
(6.78), and (6.80), we have
105 (u = U)l[1= < C{I105 (u = U)llz2 + 105" (u = U)|[ 22 + [|050,wl]| 2
< Csyos{llwlgzr + 10Ul L2y b

and hence, by triangle inequality and [|0XU || 1o (1) < Cs||05U || p2(r, we justify (6.82). For the case k = 0,
let us first recall from the hypothesis that w = dyu > 0, so

+oo
O§u<U:/ wdy, (6.85)
0

Thus, using the Cauchy-Schwartz inequality and estimate (6.80), we have

nm@m/U‘My
T 0

2

<
T 2y—-1

1
2 2
R e L T
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and hence, by (6.85), the Sobolev inequality, and [|0,U||r>(ry < Cs||03U || 2Ty, we obtain

[ullee < {IUlLoe(ry < CLIU I L2(m) + 102U | 22 (my }
< Coyos{llwlmy + 10U L2(m ),

which is inequality (6.82). (vi) Applying the triangle inequality, sobolev inequality, Lemma (6.10.2),
Ou + 0yv = 0, and w = Jyu, we have

Y

H Okv + yok iU
Lo - 1+y

Lo H I+y

14+y

k
oxv
LOO

kv + yok iU
14y
kv + yok iU
(1+y)?

)

which implies inequality (6.83) because of Wirtinger’s inequality and (6.78)-(6.80).
(vii) Inequality (6.84) follows directly from Lemma (6.10.2) and inequality (6.80). O

<C(JoE TN (D) + 1050 2o+

"

"

2

95 v + yog U
1+y

95t (u—U)
(1+y)?

L2 L2
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14y
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On some properties of particular models in fluid mechanics near a surface

Abstract : The first part of the thesis is devoted to the study of the a-Navier-Stokes 2D flows in
a very thin infinite strip, and the second part to the study of boundary layer problem for the Ostwald
model of non-Newtonian fluids for which, the stress tensor does not linearly depend on the deformation
tensor.

In the first part, we first proved the global well-posedness of the hydrostatic limit system for small
analytic data and then the global well-posedness of the Navier-Stokes alpha system in very thin strips
of width e for small analytic data. Finally, we proved the convergence to the limit system when ¢ — 0.
The main idea for the proof of the previous results is the control of the unknown function @ = exp(a —
A0(t))|Dz|)u, which is equivalent to the control of the solution u in analytic spaces in the x variable.
The analyticity radius of the solution is expected to decrease in time but the auxiliary function a — A 0(t)
provides a lower bound of the analytical bandwidth. This lower bound away from zero yields the global
existence of analytical solutions.

For the second part, we study a non-Newtonian Prandtl system which possesses a nonlinear diffusion
term. The difficulty here lies in the fact that the associate parabolic problem is degenerate: it lacks a
second derivative in the Laplacian operator. We first add a small smoothing term and then study the
singular limit of the obtain regularized solutions when the smoothing term tends to zero. We emphasize
that the full 2D problem is still open in Sobolev setting and so in the first step, we consider the associate
1D shear flow system. Using a smoothing process, a fixed point argument and the maximum principle, we
prove the existence of solutions for the model in the Holder space C12+%([0, T] x R). We remark that this
solution enjoy good decay properties when y tends to infinity, which enables the use of Masmoudi-Wong’s
method (Comm. Pure Appl. Math. 2015) to prove the well-posedness of the shear flow system in Sobolev
settings. We remark that both the maximum principle and the Masmoudi-Wong’s method do not work
directly to the full 2D system due to the lack of good understanding of the nonlinear diffusion term.
However, we still can prove a priori energy-type estimates for the full 2D system in appropriate weighted
Sobolev spaces. Our forthcoming work wil then focus on finding a way to exploit these estimates.

Sur des propriétés de certains modéles en mécanique des fluides prés d’une surface

Résumé : La premicre partie de la theése est consacrée a I’étude d’écoulements 2D a-Navier-Stokes
dans une bande infinie tres mince, et la deuxieme partie a I’étude du probleme de la couche limite pour
le modele d’Ostwald pour des fluides non newtoniens pour lesquels le tenseur des contraintes ne dépend
pas linéairement du tenseur des déformations.

Dans la premiére partie, nous montrons d’abord que le probleme de Cauchy pour le systeme de la
limite hydrostatique est globalement bien posé pour de petites données analytiques. Puis de méme pour
le probleme de Cauchy du systeme a-Navier-Stokes dans une bande trés mince de largeur € pour de
petites données analytiques. Enfin, nous prouvons la convergence vers le systéeme limite lorsque € — 0.
L’idée principale de la preuve des résultats précédents passe par le controle de la fonction inconnue
4 = exp(a — A0(t))|D.|)u, qui est équivalente au controle de la solution u dans les espaces analytiques
dans la variable z. On s’attend a ce que le rayon d’analyticité de la solution diminue avec le temps mais
la fonction auxiliaire a — A@(t) fournit une borne inférieure dans la bande passante analytique. Cette
borne inférieure loin de zéro donne ’existence globale de solutions analytiques.

Dans un deuxieme temps, nous étudions un systeme de Prandtl non newtonien qui posseéde un terme
de diffusion non linéaire. La difficulté réside ici dans le fait que le probleme parabolique associé est
dégénéré : il manque une dérivée seconde dans 'opérateur laplacien. Nous ajoutons d’abord un petit
terme de diffusion puis nous étudions la limite singuliére des solutions régularisées obtenues lorsque le
terme de diffusion tend vers zéro. Nous soulignons que le probleme 2D complet est toujours ouvert dans
le cadre des espaces de Sobolev et donc dans la premiere étape, nous considérons le systeme d’écoulement
1D associé ("shear flow”). En utilisant une technique de régularisation, un argument de point fixe et le
principe du maximum, nous montrons I'existence de solutions dans I'espace de Holder C*?+<([0, T] x R).
Nous remarquons que cette solution possede de bonnes propriétés de décroissance lorsque y tend vers
I'infini, ce qui permet d’utiliser la méthode de Masmoudi-Wong (Comm. Pure Appl. Math. 2015) pour
montrer que le probleme dit de ”shear flow” est bien posé dans les espaces de Sobolev. Nous remarquons
que le principe du maximum et la méthode de Masmoudi-Wong ne fonctionnent pas directement sur le
systeme 2D complet en raison du manque de bonne compréhension du terme de diffusion non linéaire.
Cependant, nous pouvons toujours prouver des estimations de type d’énergie a priori pour le systéme
2D complet dans des espaces de Sobolev pondérés appropriés. Nos prochains travaux se concentreront
ensuite sur la recherche d’'un moyen d’exploiter ces estimations.
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