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Résumé

Cette these de doctorat est composée de trois articles de recherche : les deux pre-
miers portent sur la théorie des modules sur un anneau R, le troisiéme porte sur les
catégories enrichies dans un quantale ().

Le premier article (en collaboration avec M. Amini, D. Bennis et M. El Ha-
joui) est une continuation du travail fait par Bennis [4]], unifiant plusieurs notions
d’anneaux cohérents. Nous introduisons les modules de type cohérent unifiant les
concepts de cohérence relative existants.

Dans le deuxiéme article (en collaboration avec M. Amini et D. Bennis), nous
généralisons I’article d’Enochs et Jenda [[17]] sur les R-modules injectifs et plats de
Gorenstein. En considérant une classe X de R-modules et un entier n > 1, nous intro-
duisons, via des modules spéciaux finiment présentés, les concepts de module injectif
et plat de n-X-Gorenstein, et nous obtenons quelques propriétés équivalentes de ces
modules sur des anneaux n-X-cohérents. Nous étudions ensuite les relations entre
les modules n-X-injectives de Gorenstein et les modules n-X-plats de Gorenstein sur
les X-F'C-anneaux (c’est-a-dire les anneaux auto-n-X-injectifs et n-)X-cohérents).
Plusieurs résultats connus sont généralisés a ce nouveau contexte.

Le troisieme article (en collaboration avec I. Stubbe) fournit une analyse logique
de certains théorémes de points fixes, en les replagcant dans le contexte des catégories
Q-enrichies (largement étudiées par Stubbe [36]). Plus précisément, nous démon-
trons un théoreme du point fixe pour des contractions sur des Q-catégories Cauchy-
completes, qui est valable pour tout quantale ) dont le treillis sous-jacent est continu,
et qui s’applique a une notion spécifique de contraction. Des conditions suffisantes
pour I'unicité du point fixe sont établies. Tout au long de 1’étude, nous soulignons
I'importance de la continuité du quantale sous-jacent. Les exemples comprennent

des théoremes de points fixes connus et nouveaux pour les espaces métriques, les es-
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paces métriques flous et les espaces métriques probabilistes.

Keywords : Anneaux, Modules, Algébre Homologique ; Quantales, Catégories Enri-

chies, Théoremes du Point Fixe.

AMS Subject Classification (2020) : 06F07, 16D80, 16E10, 16E65, 16P70, 18D20,
54E35, 54H25.



Abstract

This doctoral dissertation is composed of three research articles: the first two are
on R-module theory (for R a ring), the third is on ()-enriched categories (for Q) a
quantale).

The first article (joint work with M. Amini, D. Bennis and M. El Hajoui) con-
tinues the work done by Bennis [4]], who unified several coherent-like rings. We
introduce coherent-like modules which also emphasizes our point of view by unify-
ing the existed relative coherent concepts. Several classical results are generalized
and some new results are given.

In the second article (joint work with M. Amini and D. Bennis), we generalize
the work of Enochs and Jenda [17] on Gorenstein injective and Gorenstein flat R2-
modules. Letting X be a class of R-modules and n > 1 an integer, we introduce,
via special finitely presented modules, the concepts of Gorenstein n-X-injective and
n-X-flat modules, and we obtain some equivalent properties of these modules on n-
X-coherent rings. We then investigate the relations among Gorenstein n-X-injective,
n-X-flat, injective and flat modules on X-F'C-rings (i.e., self n-X-injective and n-X-
coherent rings). Several known results are generalized to this new context.

The third article (joint work with I. Stubbe) provides a logical analysis of some
fixed point theorems, by putting these in the context of ()-enriched categories (exten-
sively studied by Stubbe [36]])). More precisely, we prove a fixpoint theorem for con-
tractions on Cauchy-complete -enriched categories that holds for any quantale ()
whose underlying lattice is continuous, and applies to a specific notion of contraction.
Sufficient conditions for the uniqueness of the fixpoint are established. Throughout,
we stress the importance of the continuity of the underlying quantale. Examples in-
clude known and new fixpoint theorems for metric spaces, fuzzy metric spaces, and

probabilistic metric spaces.
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Introduction aux articles

sélectionnés

Cette these est essentiellement constituée de trois articles retranscrits a partir de la
page p. 43} qui retracent mes recherches doctorales effectuées entre janvier 2018 et
novembre 2022, sous la direction des Prof. Driss Bennis (Universit€é Mohammed V,
Maroc) et Prof. Isar Stubbe (Université du Littoral, France). Comme il est courant
pour les articles de recherche, leur présentation est plutdt laconique et technique : ils
sont destinés a un lectorat de spécialistes. Néanmoins, je suis persuadé que les idées
principales développées dans ces articles peuvent étre comprises sans en donner tous
les détails. Dans les sections qui suivent, j’essaierai de présenter en toute simplicité
quelques principaux résultats obtenus au cours de mes études doctorales.

Comme mes études doctorales ont été supervisées par deux directeurs de these
différents dans deux institutions différentes (dans le cadre d’une convention de cotu-
telle), les articles inclus abordent deux sujets différents. Les deux premiers articles
(avec D. Bennis) ont pour sujets les anneaux et les modules ; le troisieme article (avec
1. Stubbe) porte sur les catégories enrichies sur des quantales. Cependant, ces articles
font tous partie du domaine plus vaste de la théorie générale des catégories : en effet,
nous intéressons a la catégorie des R-modules (pour un certain anneau R) et a la ca-
tégorie des catégories (Q-enrichies (pour un certain quantale Q). De plus, un anneau
R est lui-méme un monoide dans la catégorie monoidale Ab des groupes abéliens,
alors qu’un quantale @) est un monoide dans la catégorie monoidale Sup des treillis
sup-complets. Donc, la théorie des catégories est le theme central de cette these de
doctorat.

Dans la premiére section ci-dessous, je discuterai tres brievement les articles que



I’on peut trouver sur p. 5] et p. [61]: leur sujet est I’étude de 1’algebre homologique
relative dans la catégorie des R-modules. Dans la section[2] je discuterai plus en détail
I’article, présenté a partir de p.[79} sur un théoréme de points fixes pour les catégories
enrichies dans Q. Une derniére section rassemble toutes les références utilisées dans

cette introduction.

1 Algebre homologique relative des modules sur un anneau

Dans tout ce qui suit, R désignera un anneau associatif unitaire (non nécessairement
commutatif) et tous les modules seront considérés des R-modules unitaires a gauche
(sauf indication contraire).

Le but de I'introduction des modules sur un anneau est de généraliser le concept
d’espaces vectoriels en affaiblissant le champ des scalaires pour devenir qu’un anneau
R (toujours supposé unitaire). Au début, 1’étude des R-modules s’est concentrée sur
la généralisation, autant que possible, des propriétés des espaces vectoriels. Mais
contrairement aux espaces vectoriels, les modules sur un anneau sont avérés plus
compliqués : tous les modules n’ont pas une base ; méme ceux qui I’ont, c’est-a-dire
les modules libres, n’ont pas nécessairement un rang unique; les sous-modules de
modules de type fini ne sont pas nécessairement de type fini.

En 1960, Chase [9]] a introduit et étudié les anneaux et modules cohérents. Le
terme “cohérent” a été utilisé pour la premiere fois, en 1953, par Serre [33] pour
étudier les faisceaux cohérents. Pour étre précis, on dit qu'un anneau est cohérent si
chaque idéal du type fini est de présentation finie. De nombreux résultats concernant
les anneaux cohérents ont été influencés par 1’'un de ses plus importants exemples :
Les anneaux noethériens (c’est-a-dire les anneaux dans lesquels chaque idéal est du
type fini).

Rappelons quelques résultats importants concernant les (modules sur) anneaux

cohérents :

1. Chase [9] : un anneau R est cohérent a gauche si et seulement si tout produit

direct de R-modules (a droite) plats est aussi plat.
2. Cheatham and Stone [10] : les assertions suivantes sont équivalentes :

(a) R estcohérent a gauche,



(b) un R-module M est injectif si et seulement si M * := Homgz (M, Q/Z)
est plat,

(c) un R-module M est injectif si et seulement si M ** est injectif,
(d) un R-module M est plat si et seulement si M** est plat.

3. Stenstrom [34] : un anneau R est cohérent a gauche si et seulement si toute

limite directe de modules FP-injectifE] est aussi FP-injectif.

4. Enochs [[16] : un anneau R est cohérent a gauche si et seulement si tout I2-

module & gauche admet une pré-enveloppe plat

Au cours des dernieres années, différents types d’anneaux cohérents ont été in-
troduits : Ding et al. [[13]] ont défini un anneau J-cohérent comme étant un anneau
sur lequel tous les idéaux de type fini du radical de Jacobson sont de présentation
finie ; Ouyng et al. [31] ont introduit de maniére similaire les anneaux nil-cohérents,
en remplacant le radical de Jacobson par le nil-radical ; Mao [26]] a défini les anneaux
min-cohérents en exigeant que seuls les idéaux simples de type fini soient de présen-
tations finies; Camillo [7] a défini les anneaux II-cohérents comme étant ceux pour
lesquels chaque R-modules sans torsion de type fini est de présentation finie. Dans
cet esprit, un anneau cohérent est exactement un anneau Idl-cohérent.

Une autre extension de la notion d’anneau cohérent a été introduite par Costa dans
[[L1]], et développé e.g. par Dobbs et al. [14]. Rappelons d’abord qu'un R-module M

est dit n-présenté (pour n > 0) s’il existe une suite exacte de R-modules
F,—-F_ 41— —>F—>F—>M=0

ou chaque R; est un module libre de type fini. (Donc “O-présenté” veut dire finiement
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engendré, et “1-présenté” veut dire finiement présenté.) Cette définition s’applique
aux idéaux dans un anneau R, puisqu’ils sont exactement les sous-modules de R en
tant que R-module. Maintenant on peut définir : un anneau R est n-cohérent (pour

n > 1) si chaque idéal (n — 1)-présenté est n-présenteé.

1. un R-module est FP-injective M, aussi dit absolument pure, si Ext'(N, M) = 0, pour tout
R-module N de présentation finie.

2. Un R-module F' contenu dans une classe de R-modules 2~ est dit étre une 2 -pré-enveloppe
d’un R-module M, s’il existe un homomorphisme ¢: M — F' tel que, pour tout homomorphisme
@' M — F'avec F' € 2,1l existe un homomorphisme f: F' — F’ tel que ¢’ = f. En considérant

Z la classe des R-modules plats, on retrouve la notion de pré-enveloppe plat de M.



En 2010, Bennis [4] a unifié les généralisations mentionnées ci-dessus, en intro-
duisant ce qu’on appelle les anneaux n-X-cohérents, ou X est une classe d’idéaux et

n un entier non négatif.

1.1 Cohérence relative

Dans notre article, présenté a partir de p. nous définissons et étudions les R-
modules n-X-cohérents. Explicitement, soit M/ un R-module et X une classe de sous-
modules de M. Nous désignons par X, la classe des modules n-présentés de X. Nous

disons que M est n-X-cohérent (pour n > 1) si X,,_1 est non-vide et X,,_1 C X,,.

Example 1.1 Soient R un anneau et M/ un R-module.

— Pour X la classe des idéaux (a gauche) de R, I’anneau R est n-X-cohérent si et

seulement si il est n-cohérent (& gauche) au sens de [[14]].

— Pour X la classe des tous les sous-modules de M, alors le module M est 1-X-

cohérent si et seulement s’il est pseudo-cohérent au sens de [22].

— Si X est la classe des sous-modules de Ni/(R)M, alors le module M 1-X-

cohérent si et seulement s’il est Nil,-cohérent au sens de [[1]].

— Si X est le radical de Jacobson de R, alors R est 1-X-cohérents si et seulement

s’il est J-cohérent au sens de [[13]].

Notre objectif principal est de montrer comment certains des résultats connus
(donnée ci-dessus) sur les anneaux et les modules cohérents restent valables dans le
contexte des modules n-X-cohérent. On a montré, en particulier, la généralisation du

théoréeme de Chase [9] (voir aussi [[1]]) :

Theorem 1.2 Soient M un R-module et X une classe de sous-module de M telle que
X,, est stable par sommes finies, et par sous-modules cycliques. Alors, M est 1-X-

cohérent a gauche si et seulement si les deux conditions suivantes sont vérifiées :

1. Pour tout a € M tel que Ra est dans Xy, (0 : Ra) est un sous-module de type
fini de M,

2. Uintersection de deux sous-modules quelconques de M dans Xy est de type

fini.



Nous avons également établi des conditions nécessaires et suffisantes pour avoir la

n-X-cohérence d’un pullback dans la catégorie des anneauxE] :

Theorem 1.3 Supposons que R soit le pullback de R, et Ro dans la catégorie des an-
neaux commutatifs unitaires. Soit X une classe d’idéaux de R telle que pour chaque
I € X, il existe une suite exacte 0 — K — R* — I — 0 avec K € X. Soit
% une classe d’idéaux de R; pour i = 1,2. Supposons que pour chaque N € X,,
Torf(Ri, N) est dans @ni+lfj pourl < j <n+1eti=1,2. Supposons que pour
tout Y; € %, il existe X; € X, tel que R; @p X; ~ Y;. Alors, R est n-X-cohérent si

chaque R; est n-%-cohérent.

1.2 Dimensions homologiques relatives

Notre deuxieme article, qui se trouve a la page [61] se concentre sur I’étude des di-
mensions relatives des R-modules en la liant a la notion de cohérence relative.

En 1956, Eilenberg et Cartan [8] ont introduit 1’algebre homologique (en parti-
culier les foncteurs Hom et Ext) pour classer et étudier les anneaux et les modules
via leurs invariants et dimensions homologiques. La dite dimension de Gorenstein
d’un R-module est une application importante de cette théorie en géométrie algé-
brique (voir par exemple [24]). En 1955, Enochs et Jenda [[1/]] ont introduit et étudié
les modules de Gorenstein, menant a [’algebre homologique relative : une théorie
généralisant les concepts de 1’algébre homologique standard en utilisant une classe
spéciale de modules comme parametre.

Plus précisément, soit X une classe de R-modules a droite, et on suppose, pour
tout £ > 0, la sous-classe X, des modules k-présentés de X est non-vide. On dit
qu’un R-module a droite M est n-X-injectif si Ext'y (U, M) = 0 pour tout U € X,,.
Un R-module a gauche N est dit n-X-plat si Tory(N,U) = 0 pour tout U € X,,.
Nous utilisons les notations 2" .%,, (resp. 2 .% ,,) pour désigner la classe de tous les
R-modules n- X -injectifs (resp. n-X-plat a droite).

On dit qu’un anneau R est n-X-cohérent a gauche si pour tout R-module a gauche

n-présenté de X est (n + 1)-présenté. Cette définition (étudiée en détail dans [4])

3. Dans larticle, 1’énoncé de ce théoréme contient quelques ambiguités. La classe X a été considé-
rée comme une classe de modules R, ce qui n’est pas correct. La méme remarque vaut pour la classe

2/, Dans cette introduction, nous donnons 1’énoncé correct du théoréme.



reproduit celle donnée dans notre premier article — discutée dans la sous-section pré-
cédente — lorsque I’on restreint X a une classe d’idéaux a gauche de R. Si, cependant,
nous considérons que X est la classe de tous les R-modules a gauche, alors cela coin-
cide avec la notion d’“anneau cohérent fort" de [14]], et est un “anneau cohérent" de

[[11]]. Nous avons démontré ce qui suit :

Theorem 1.4 Soit R un anneau n-X-cohérent a gauche pour une certaine classe X

de R-module. Les assertions suivantes sont équivalentes :
1. R est auto n-X-injectif, i.e. n-X-injectif autant qu’un module sur lui-méme,
. tout R-module admet une 2" .9 n-couvertureE] épimorphique,
. tout R-module a droite admet une X % ,, pré-enveloppe monomorphique,

. tout R-module a droite injectif est n-X-plat,

2
3
4
5. tout R-module 1-X-injectif a droite est n-X-plat,
6. tout R-module n-X-injectif a droite est n-X-plat,
7.

tout R-module plat est n-X-injectif.

Pour énoncer notre prochain résultat, nous devons introduire quelques notions.
En utilisant les précédentes notations. Pour U € X,, C X, il existe —par définition—

une suite exacte
F,—F_ 11— —F—F,—U—70,

ol chaque F; est un R-module libre de type fini. Soit K,y = Im(F,,—1 — F,_2)
et K,, = Im(F,, — F,,_1). La suite exacte courte 0 — K,, — F,, — K,,_; — 0
est appelée une suite exacte spéciale de U. Il est clair que K, et K,,_; sont respec-
tivement de type fini et aussi de présentation finie. Nous appelons K, un R-module
spécialement généré par X (ou X-généré), et K,,_; est un R-module de spécialement
présenté par X (ou X-présenté).

Par analogie avec la définition des dimensions de Gorenstein (voir [17]), nous
définissons un R-module Gorenstein n-X-injectif s’il existe une suite exacte de R-

modules n-X-injectifs

A=  — A — Ay — A" — A — ...

4. C’est la notion duale de la notion de pré-enveloppe



ot G = ker(A° — A!), tel que Homp(K,_1, A) est une suite exacte chaque fois
que K, est spécialement X-présenté avec pdp(K,—1) < oolﬂ De méme, un R-
module a droite est dit Gorenstein n-X-plat s’il existe une suite exacte de R-modules

(a droite) n-X-plats
F=...—F —F —F —F' — ...

avec G = ker(F O 5 F 1), tel que F ®p K, est une suite exacte a chaque fois
K,,_; est spécialement X-présenté avec fdg(K,_1) < ooﬂ
Nous présentons notre résultat principal caractérisant les anneaux auto-injectifs

relatifs via les modules injectifs et projectifs de Gorenstein :

Theorem 1.5 Soit R un anneau n-X-cohérent a gauche pour une certaine classe X

de R-modules. Les affirmations suivantes sont équivalentes :
1. R est auto n-X-injectif a gauche,
tout R-module Gorenstein n-X-plat est Gorenstein n-X-injectif,
tout R-module Gorenstein plat est Gorenstein n- X -injectif,
tout R-module plat est Gorenstein n-X-injectif,
tout R-module Gorenstein projectif est Gorenstein n-X-injectif,
tout R-module projectif est Gorenstein n-X-injectif,
tout R-module Gorenstein injectif a droite est Gorenstein n-X-plat,

tout R-module injectif a droite est Gorenstein n-X-plat,

X L N S R WD

tout R-module Gorenstein 1-X-injectif est Gorenstein n-X-plat,

~
S

tout R-module Gorenstein n-X-injectif est Gorenstein n-X-plat.

Les résultats de ce papier unifient des notions homologiques telles que : Gorenstein
relative rings, ' P-rings, quasi-frobenuis rings (voir [[17], [16], [28] et [29]).

Dans les démonstrations des caractérisations homologiques de ces anneaux, les
outils sont toujours les mémes, I’élément clé étant les propriétés de stabilité d’une
classe bien choisie de modules (stable par extension, par somme directe, par com-

posante directe...). Nous avons cherché a donner une classe la plus générale possible

5. Ceci veut dire que Ext*(M, N) = 0 pour tout R-module N et tout i > n + 1.
6. Ceci veut dire que Tor; (M, N') = 0 pour tout R-module a droite N et touti > n + 1.



de module, avec le minimum de conditions, pour supporter I’essentiel de la structure

homologique qu’on tente de généraliser.

Example 1.6 Soient R = k[X], ou k est un corps et X une classe de R-modules
gradué. Il s’avere que tout R-module gradué a gauche (resp. a droite) est Gorenstein
2-X-injectif (resp. 2-X-plat). Néanmoins, il existe des R-modules gradué a gauche
(resp. a droite) qui ne sont pas Gorenstein 1-X-injectif (resp. 1-X-plat). Ceci montre
que, pour m > n, Gorenstein m-X-injectif (resp. m-X-plat) n’implique pas, en gé-

néral, Gorenstein n-X-injectif (resp. n-X-plat).

2 Un théoreéme de point fixe pour les catégories enrichies

sur un quantale

C’est une idée tres répandue en mathématiques d’étudier les points fixes d’un endo-
morphisme donné : pour f: X — X trouver z € X tel que f(x) = x. Le premier
théoreme de point fixe remonte a Brouwer [6] en 1912, qui a montré que les applica-
tions continues sur la boule unité fermée dans R™ ont un point fixe ; ce théoreme a été
généralisé aux espaces de dimension infinie par Schauder [32] en 1930. Les preuves
utilisaient des outils topologiques tres puissants, mais le résultat ne fournissait que
I’existence du point invariant.

En 1922, Banach [2] a montré le désormais célebre théoreme du point fixe de

Banach :

Theorem 2.1 (Banach, 1922) Soient (X, d) un espace métrique complet non-vide et
f:+ X — X une contraction, c’est-a-dire d(fz, fy) < k- d(z,y) pour un certain
0 < k < 1. Alors f a un point fixe unique.

La preuve, étonnamment simple, est la suivante : prenez n’importe quel = dans X,
itérez f pour obtenir une suite de Cauchy z, f(z); f(f(x)),-- -, et montrez qu’elle
converge vers un point fixe unique de f.

De nombreux auteurs ont généralisé le théoreme de Banach a d’autres espaces, en
affaiblissant les conditions tout en conservant I’essentiel de la preuve : la convergence

de I'itération dite de Picard x, f(x); f(f(x)), - --. Mais une de ses généralisations se



distingue du fait qu’elle change la notion de contraction : elle est due a Boyd et Wong

151 :

Theorem 2.2 (Boyd and Wong, 1969) Soient (X,d) un espace métrique complet

non-vide et p: {d(x,y) | z,y dansX} — R une fonction semi-continue supérieu-
rement telle que ©(0) = 0 et o(t) < t pour tout t # 0. Alors toute application
satisfaisant d(fx, fy) < p(d(z,y)) pour tout x,y € X a un unique point fixe.

Dans notre papier qui peut étre trouvé a la page nous faisons une analyse
logique des théoremes ci-dessus : en présentant une généralisation appropriée aux

catégoroies enrichies dans un quantale, comme nous I’expliquerons ci-dessous.

Des espaces métriques aux catégories enrichies

Dans son célebre article, Lawvere [25] a observé que les espaces métriques sont
particulierement des catégories enrichies. En effet, en notant [0, oo] = Rt U {400}
I’espace des nombres réels positifs étendus, on peut voir un espace métrique (X, d)
comme une application

d: X x X — [0, 0]

qui, pour chaque couple de points (z,y), calcule la distance d(x,y) qui les sépare;

cette fonction satisfait certainement aux deux assertions suivantes :
d(z,y) +d(y,z) >d(xz,z) et 0>d(z,x)

pourtout z, y, z € X. Lawvere appelle cette structure un espace métrique généralisé ;
on obtient la notion habituelle d’espace métrique en imposant la symétrie (d(z,y) =
d(y,x)), la finitude (d(x, y) # oo) et la séparation (d(z,y) = 0 implique z = y).
Remarquons maintenant que ([0, oo], /\) est un treillis complet (que 1I’on prend
avec I’opposé de I’ordre naturel), que (][0, oo}, +,0) est un monoide, et qu’il existe

une compatibilité particuliere entre la structure du treillis et celle du monoide :
a+(N\bi)=Na+b) et (N\b)+a=/\(bi+a)
pour tout a, (b;);es dans [0, co].
En procédant a I’abstraction de cette structure algébrique, nous pouvons mainte-

nant remplacer les nombres réels positifs par tout autre quantale (), c’est-a-dire un



treillis complet (@, \/) doté d’un monoide (@, o, 1) tel que le produit se distribue sur
les suprema arbitraires. Les quantales ont été définis pour la premiere fois par Mulvey
[30]] pour servir de contrepartie non-commutative aux locales, cette derniere notion
remontant aux travaux d’Ehresmann [[15]].

La définition ci-dessus de 1’espace métrique (généralisé) devient alors ce qu’on
appelle maintenant une Q)-catégorie C : Cela est constitué d’un ensemble Cj et d’une
fonction

C:CoxCyp— Q: (z,y) — C(z,y)

qui calcule, pour chaque couple (z,y) d’“objets", I’*hom" C(z, y) entre eux ; et doit

satisfaire aux assertions suivantes :
C(z,y) oC(y,2) < C(z,2) and 1< C(z,7)

pour tout z,y,z € Cpy. On peut définir les (Q-catégories symétriques, finitaires et
séparées de maniere évidente.

En fait, de nombreuses autres structures mathématiques familieres peuvent étre
considérées comme des catégories () : les ensembles ordonnés sont des catégories
enrichies dans I’algébre de Boole a deux éléments ({0,1},V, A, 1); les ordres dits
flous sont des catégories enrichies dans une norme ¢ continue a gauche, ¢’est-a-dire
un quantale (commutative et intégral) sur I’intervale [0, 1] (voir par exemple [12]
37]); et méme les espaces métriques probabilistes s’averent €tre des exemples de
catégories enrichies dans un quantale (voir par exemple [23]]). Nous reviendrons sur
ces exemples a la fin de cette section.

Lawvere a fortement insisté sur le fait que de nombreux résultats concernant les
espaces métriques doivent &tre considérés comme des cas particuliers de la théo-
rie générale (enrichie) des catégories. Il a donné I’exemple des suites de Cauchy et
la complétude (c’est-a-dire la convergence des suites de Cauchy), que nous allons

maintenant expliquer brievement.

Pré-faisceaux et suites de Cauchy

Un pré-faisceau (contravariant) ¢ sur une (Q-catégorie C est une application

¢: Co— Q: z+— ¢(x)
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qui satisfait C(y,z) o ¢(x) < ¢(y), pour tout z,y € Cy. Tout élément ¢ € Cy

détermine un pré-faisceau particulier :
C(—,0): Cog— Q: x — C(z,c).

On dit qu’un pré-faisceau donné ¢: C — Q est représentable par ¢ € Cy si p(x) =
C(z, ¢) pour tout = € Cy; il est facile de montrer qu’un tel ¢ € Cy est alors (essen-
tiellement) unique.

Il s’avere ainsi (voir également [23]) que toute suite z = (z,,)nen d’éléments

dans Cy détermine un pré-faisceau sur C, & savoir :

¢z (CO_>Q y’_>\/ /\ y@n

NeNn>N

La représentativité du pré-faisceau ¢, par un certain ¢ € Cy signifie exactement que

\/ /\ (y,xzn) = C(y,c) forally € Cy.

NeNn>N

De plus, on dit qu’une telle suite est de Cauchy si :

1<\/ /\ /\ (T, Tn)-

NeNm>N n>N

On voit facilement que, si ¢, est représentable, alors il doit étre de Cauchy ; mais
I’inverse n’est pas en vrai en général.

Appliqué au quantale spécifique Q) = ([0, o], A\, +, 0) des nombres réels positifs
étendus (notez encore que nous inversons 1’ordre, donc les suprema deviennent des
infimums, et vice-versa), en prenant une suite * = (,,),en dans un espace métrique

(X, d), les définitions habituelles d’une suite qui converge vers un point ¢,

lim d(y,z,) =d(y,c) pourtouty € X,

n—-—+o0o

et d’une suite de Cauchy,

0> lim d(z,,Tm).

m,n—+00
Bien évidemment, pour les espaces métriques, nous savons trés bien que toute
suite convergente est de Cauchy, mais que la réciproque n’est pas nécessairement
vraie; et nous savons également que la limite d’une suite est unique. Nous voyons

donc maintenant comment il s’agit d’une instance particuliere des ()-catégories.
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Distributeurs et complétude de Cauchy

On dit qu’un espace métrique (X, d) est complet si toute suite de Cauchy converge.
En général, pour une ()-catégorie, la situation est un peu complexe. Pour faire valoir
notre point de vue, nous devons rappeler la notion de distributeur, introduite par
Bénabou.

Un @Q-distributeur ®: A —o+B entre deux )-catégories est une fonction
: BO X AO - Q: (yvl') — (I)(ywl')

telle que
B(y',y) o ®(y,x) 0 (x,2") < B(y', )

pour tout z,x’ € Ag et y,yy’ € By. Deux tels distributeurs, disons ®: A-e+B et

¥: B—e+C, se composent via un “produit matriciel” :

(Tod): CoxAy— Q: (2,2) — \/ U(z,y) o ®(y,x).
y€Bo

Il n’est pas difficile de vérifier qu’avec cette loi de composition, les ()-catégories
et les Q-distributeurs sont les objets et les morphismes d’une catégorie, que nous no-
tons par Dist(Q). Mieux encore, cette catégorie est localement ordonnée : pour deux
distributeurs paralleles, disons ®: A —-e+B et &': A —o+B, nous définissons 1’ordre
sur Dist(Q), simplement par & < @’ chaque fois que cette inégalité tient élément
par élément (en considérant ® et &' comme des fonctions dans le treillis complet
). Comme I’ordre local des ()-distributeurs est compatible avec leurs compositions,
nous aurons que Dist(Q)) est une 2-catégorie.

En appliquant I’algebre générale des 2-catégories au cas particulier Dist(Q), nous
pouvons maintenant dire que deux distributeurs de () ¢: A—+B et U: B —e+ A sont

adjoint a (gauche/droite), noté ® 4 U, si
A<UTod et PoV <B.

Il est maintenant acquis que les pré-faisceaux introduits précédemment, sont des
distributeurs particuliers. En effet, en écrivant 1 pour la catégorie () définie par
1y = {*} et L(*, *) = 1, il existe une correspondance exacte entre les pré-faisceaux

(contravariants) sur une (Q-catégorie C d’une part, et les @-distributeurs 1 —e+C
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d’autre part. En d’autres termes, les pré-faisceaux peuvent étre considérés comme
des morphismes particuliers dans la 2-catégories Dist(Q).

En partant de cette perspective, nous adoptons la notion de Lawvere et disons
qu’un pré-faisceau (contravariant) ¢: Cy — @ est un pré-faisceau de Cauchy si, vu
comme distributeur ¢: 1 —e+C, il est un adjoint a gauche dans Dist(()). Une constata-
tion importante (présentée dans [23]) est alors qu’une suite z = (2, )pen d’éléments

dans Cy est de Cauchy (selon la définition rappelée précédemment) si et seulement si

¢z 1—e>Cavec ¢, (y \/ /\ (y, )

NeNn>N

(c’est-a-dire le distributeur qui correspond au pré-faisceau introduit précédemment)

est adjoint a gauche au distributeur

Yy C—o>1 avec Y, (y \/ /\ (Tn,y

NeNn>N

Finalement, une ()-catégorie C est dite Cauchy-compléte si tout pré-faisceau de
Cauchy sur C est représentable. Il s’ensuit en particulier que, dans une ()-catégorie
(catégoriquement) Cauchy-compléte, toute suite de Cauchy est convergente (repré-

sentable).

Itération de Picard

Soit C une @)-catégorie, et considérons les images itérées d’un objet x € Cgy par
une fonction f: Cy — Cy : cela produit une suite (f™(z)),en. Cette suite détermine

deux distributeurs (comme expliqué ci-dessus), que nous allons écrire sous la forme
Gpp: 1 —=-C et 1, Cos1.

Ces distributeurs sont adjoints (4 gauche/droite) si et seulement si la suite (f"(x))nen
est de Cauchy (dans le sens catégorique approprié). Ainsi, si la catégorie C est com-
plete au sens de Cauchy, alors (le pré-faisceau correspondant) ¢, ; est représentable.

Nous pouvons alors montrer :

Proposition 2.3 Soient Q) un quantale, C une Q-catégorie Cauchy-compléte, et f : C —
C un foncteur sur C, ¢’est-a-dire une application f: Cy — Cy telle que C(fz, fy) >
C(z,y). Supposons qu’il existe un x € Co pour lequel les distributeurs ¢, s: 1 — C
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et 1, 2 C—e>1 sont des adjoints. Alors f a un point fixe, a savoir, f(c) c ou

c € Cy est ’objet qui représente ¢, .

Ceci montre vraiment comment 1’argument classique — qui fait intervenir les itéra-
tions de Picard — peut étre adapté de maniere appropriée aux catégories enrichies
dans @ : on trouve un point fixe pour f par la “convergence" de la suite de Cau-
chy z, f(x), f(f(x)), ..., en d’autres termes, par la représentativité du pré-faisceau
de Cauchy ¢, ¢.

Toutefois, il nous reste encore a trouver les conditions qui font d’une fonction
f: Cy — Cy produit une suite de Cauchy z, f(z), f(f(x)), ... ! Lors de nos tentatives
pour généraliser les théoremes de point fixe de Banach, et de Boyd et Wong, nous
avons remarqué que nous avions besoin de conditions supplémentaires sur le quantale

sous-jacent () et la fonction de contrdle ¢ —que nous allons expliquer par la suite.

Treillis continus

La théorie des treillis continus fait partie de la théorie des domaines; la référence
standard sur le sujet est [[19]. Dans cette courte introduction, nous ne pouvons rendre
pleinement justice a la complexité de ce sujet et a ses applications en informatique
théorique. Nous nous contenterons de rappeler certaines des définitions clé afin que
le lecteur puisse apprécier leur caractere algébrique. Nous supposons que L est un
treillis complet.

Un sous-ensemble D C L est dit ordonné filtrant s’il est non-vide et, pour tout
x,y € Dilexiste a € D tel que x V y C z. Pour tout deux éléments a,b € L, on
écrit a < b, et on dit que a est largement inférieur a b, si, pour tout-sous ensemble
filtrant D C L, b < \/ D implique Iexistence d’'un d € D tel que a < d. Notons
que le sous-ensemble {u € L | v < a} est lui-méme ordonné filtrant. Et on note
a < b, pour dire que a est totalement inférieur a b, si, pour tout sous-ensemble
S C L, b<\ Sexige I’existence d’un s € S tel que a < s. Il est facile de voir que
a < bimplique a < b, qui & son tour implique que a < b.

Le treillis complet L est dit :

— A-continue si, pour tout a € L et tout ensemble filtrant D C L,

a/\(\/D): \/a/\d,

deD
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— continu si, pour touta € L,
a:\/{ueL\u<<a},

— totalement continu si, pour tout a € L,
a=\/{ueL|u<a}.

Un treillis totalement continu est également continu, et un treillis continu est égale-
ment A-continu. Supposons maintenant que L et M sont des treillis complets, alors

une fonction f: L — M est dite semi-continue inférieurement si
f\/ D)=\ r@
deD

pour tout ensemble ordonné filtrant D C L. Ceci est, en fait, équivalent a la condition

(en analyse réelle peut-étre plus familiere) que
FN N\ =)<V N Fla)).
Jjedj'=j JjeJj'>j

pour toute suite généralisée (z;);cs in L. Si L et M sont des treillis continus, alors

ceci est aussi équivalent a

f@) = \/{F) |y < 2}

pour tout x € L. En effet, une telle fonction f: L. — M est toujours monotone.
Bien évidemment, toute suite (z;);cy dans L est une suite généralisée (aussi dite,
filet), mais I’inverse n’est pas vrai. Il est donc logique de définir la variante plus faible

de la semi-continuité inférieure :

Definition 2.4 Une fonction f: L. — M est dite sequentiellement semi-continue

FCV Nz VN elzn)

NeNn>N NeNn>N

inférieurement si

pour toute suite (., )neN dans L. Une telle fonction f est toujours monotone.

Nous avons, maintenant, toutes les notions nécessaires pour parler de notre théo-

reme de point fixe.
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Un théoréme de point fixe pour les ()-catégories

Le quantale de Lawvere ([0, o], A, +,0) possede de nombreuses propriétés fortes.
Par exemple, comme son treillis complet sous-jacent est linéaire, il est totalement
continu, donc également A-continu, local, etc. La structure monoidale est également
tres particuliere : elle est commutative, intégrale (ce qui signifie que I'unité est le
plus grand élément), annulable, etc. Pour montrer des résultats dans les espaces mé-
triques, on s’appuie souvent sur I’une ou 1’autre propriété des nombres réels (positifs
étendus).

Par conséquent, lorsqu’on généralise les théoremes du point fixe de Banach et de
Boyd et Wong (ou tout autre résultat dans les espaces métriques, d’ailleurs) aux Q-
catégories, on doit isoler les propriétés (algébriques) de () qui sont pertinentes pour
la preuve. Pour se rapprocher des résultats originaux pour les espaces métriques,
nous avons envisagé de travailler avec des (J-catégories Cauchy-complétes, et avons
cherché a formuler une notion de contraction qui produise une suite de Cauchy par

les itérations de Picard. Nous avons ainsi été amenés a ce qui suit :

Definition 2.5 Si p: Q — Q et f: Cy — Cq sont deux applications telles que
1. ¢(t) >t pourtoutt € Q,
2. sip(t) =talorst=00ul <t,
3. C(fx, fy) > p(C(x,y)) pour tout x,y € Cy,
alors on dit que f est une p-contraction, et on dit aussi que p est une fonction de

contréle de f.

On voit facilement qu’une telle contraction est un Q-foncteur, et donc la Proposition
s’applique facilement. Mieux encore, il existe des conditions simples sur une Q-

catégorie C pour qu’une contraction ¢ ait un point fixe unique :

Proposition 2.6 Soient QQ un quantale, et f : C — C une p-contraction. Si C(x,y) #
0 pour tout x,y € Cy, alors deux points fixes quelconques de f sont isomorphes. Si
C(z,y) = C(y, x) pour tout les x,y € Cy, alors deux point fixes quelconques de f

sont soit isomorphes, soit dans des composantes différentes de C.

Notre résultat principal, cependant, est I’énoncé suivant de conditions suffisantes ex-

plicites sur une @-contraction, pour qu’elle produise une suite de Cauchy par les
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itérations de Picard :

Proposition 2.7 Soient (Q un quantale dont le treillis sous-jacent est continu, C une
Q-catégorie, et f: C — C est une p-contraction, pour laquelle la fonction de
controle ¢: Q — Q est sequentiellment semi-continues inférieurement. Pour tout
x € Cy tel que C(x, fr) # 0 # C(fz,x), la suite z, f(x), f(f(x)), ... est de Cau-
chy.

La preuve complete est élaborée et technique, mais nous allons en donner un bref
apercu pour expliquer ol les hypotheses sont utilisées.

Supposons que la suite z, f(x), f(f(x)),- - n’est pas de Cauchy, c’est-a-dire
12\ A A U@, f (@)
NeNm>N n>N

Par la continuité de (), nous savons que 1 = \/{e € @ | u < 1}, ce qui équivaut
Iexistence d’un € < 1 tel que € £\ yey A,y sy C(f" 2, f2). Ainsi, 0 # € < 1

est tel que
for all k € NImy,n, > ktel que e £ C(f™*x, f**x).
Un “choix subtil" de tels indices my, ny > k peut étre fait, a savoir
di := C(f"*w, [ ),

de sorte que, en utilisant I’hypothése que C(fz,xz) # 0 # C(x, fx) ainsi que la

semi-continuité de ¢ et la A-continuité de (), on aura que

oV A diy=\ A di#0

NeNk>N NeNEk>N

A partir de notre définition il s’ensuit que 1 < \/ yen A k>N di. Comme ce
supremum est évidemment filtrant, e < 1 étant dans le treillis continu () implique
que e < A k>N, @k pour un certain Ny. Ce qui contredit notre précédente observation
que € £ dy, pour tout k.

En rassemblant les propositions ci-dessus[2.3] 2.6|et[2.7] nous pouvant maintenant

synthétiser :
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Theorem 2.8 Soit QQ un quantale dont le treillis sous-jacent est continue, et suppo-
sons que f: C — C est une p-contraction sur une Q)-catégorie Cauchy-compléte,
telle que la fonction de contrdle p: Q — Q) est sequentiellement semi-continue infé-
rieurement.

S’il existe x € Cy tel que C(x, fr) # 0 # C(fx,z) alors f admet un point fixe.
Si pour tout x,y € Cy, C(z,y) # 0, alors ce point fixe est (essentiellement) unique.
Si C est symétrique, alors tous deux point fixes quelconques sont soit isomorphes,

soit situés dans des composantes différentes de C.

L’idée de la preuve est donc —précisément comme pour les epaces métriques ! —
que la contractivité de f force la suite des itérations z, f(z), f(f(x)),... & étre de
Cauchy (au sens approprié aux (Q-catégories) et, de plus, elle “converge" vers un

point fixe de f.

Exemples

Tout treillis complet linéaire est totalement continu, et donc également continu. Ceci
nous permet d’appliquer le théoréme [2.8|: pour le quantale ([0, oc], A, +,0), on re-
trouve le théoréme du point fixe de Banach en considérant la fonction de contrdle

(évidemment, semi-continue supérieurement)
@:[0,00] = [0,00]: t— k-t

pour un certain 0 < k£ < 1. Ainsi, nous pouvons dire a posteriori que le théoréme du
point fixe de Banach tient parce que le quantale des nombres réels positifs est continu
et que la fonction de contrdle ¢ (t) = k - t est semi-continue supérieurement.

Une analyse attentive de la démonstration détaillée du théoreme [2.8 montre que
@ n’a pas besoin d’étre définie sur () tout entier, mais qu’il suffit de considérer
I’“adhérence" (dans le sens adéquat) de I'image de C: Cy x Cy — . Nous re-
trouvons donc aussi le théoréme du point fixe de Boyd et Wong pour les espaces
métriques.

Une t-norme continue a gauche est un quantale commutatif et intégral sur 1’in-
tervalle [0, 1]. Parce que [0, 1] est un ordre linéaire complet, le treillis sous-jacent du
quantale @ = ([0, 1], \/, *, 1) est aussi continu. Ces quantales sont utilisés en logique

multivaluée (ou “floues") : les Q-catégories sont appelées “ordres fous" [37]. La for-
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mulation du théoreme [2.8] pour ce quantale produit un théoréme de point fixe pour de
tels ordres flous.

Le produit tensoriel (dans la catégorie Sup des treillis complets et applications
préservant les suprema entre treillis continus) de treillis continu est aussi un treillis

continu. Ceci est vrai en particulier pour le treillis complet
A= {f:[0,00] = [0,1] | Vt: f(t) = \/ f(s)}
s<t
(en considérant 1’ordre ponctuel) car il s’agit exactement du produit tensoriel de
[0, 00] et de [0, 1] (voir [21]]).
Considérons une ¢t-norme continue a gauche, disons ([0, 1],\/, %, 1), alors A est
aussi un quantale pour 1’opération

(fxg)t)=\/ f(r)*g(s)

r+s=t

e(t):{ Osit=0,

1 sinon

ayant comme unité

Une catégorie enrichie sur A est, exactement, un espace métrique probabiliste
(généralisé), [23]. Ainsi, I’application du théoreme [2.8| produit un théoreme de point
fixe pour de tels espaces (et il existe effectivement des fonctions de controle p: A —

A qui remplissent les conditions du théoréme).
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Introduction to the selected

articles

This dissertation is in essence composed of three articles, reproduced from p. 3|
on, that reflect the doctoral research that I have done between January 2018 and
November 2022, under supervision of Prof. Driss Bennis (Universit¢ Mohammed
V, Morocco) and Prof. Isar Stubbe (Université du Littoral, France). As is usual for
research articles, their setup is rather terse and technical: they are intended for a
readership of specialists. Yet, I am convinced that the main ideas developed in these
articles can be understood without giving all the details. In the paragraphs that follow,
I shall attempt to give a gentle introduction to some of the main results that were
obtained in the course of my doctoral studies.

As my doctoral studies were supervised by two different supervisors at two dif-
ferent institutions (under a convention de cotutelle), the included articles treat two
different subjects. The first two articles (with D. Bennis) have rings and modules
as their subject; the third article (with I. Stubbe) is on quantale-enriched categories.
However, these articles are all part of the larger field of general Category Theory:
indeed, we are interested in the category of R-modules (for some ring R) and in the
category of (Q-enriched categories (for some quantale ()). Moreover, a ring R itself
is a monoid in the monoidal category Ab of abelian groups, whereas a quantale () is a
monoid in the monoidal category Sup of sup-complete lattices. So Category Theory
is the federating theme of this doctoral dissertation.

In the first Section below, I shall briefly discuss the articles that can be found
on p. 5] and p. [61} their subject is the study of relative homological algebra in the

category of R-modules. In Section [2] I shall discuss in somewhat more detail the
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article, to be found on p. on a fixpoint theorem for @-enriched categories. A final

section gathers all the references used in this Introduction.

1 Relative homological algebra for ring-modules

In all the following, R will be an associative (not necessarily commutative) ring with
identity, and all modules will be unital left R-modules (unless specified otherwise).

The idea behind ring-modules is to generalize the concept of vector spaces by
weakening the field of scalars to be only a ring R (always assumed with a unit). At
first, the study of R-modules focused on generalizing as much as possible the proper-
ties of vector spaces. But unlike vector spaces, ring-modules are more complicated:
not all modules have a basis; free modules (i.e. those which do have a basis) need
not have a unique rank; submodules of finitely generated modules are not necessarily
finitely generated.

In 1960, Chase [9] introduced and studied coherent rings and modules. (The
term “coherent” was used for the first time, in 1953 by Serre [33]] to study coherent
sheaves.) To be precise, a ring is said to be (left) coherent if every finitely generated
(left) ideal is finitely presented. Many results for coherent rings were influenced by
one of its most important examples: (left) Noetherian rings (i.e. rings in which every
(left) ideal is finitely generated).

Let us recall some important results involving (modules on) coherent rings:

1. Chase [9]: aring R is left coherent if and only if every direct product of flat
right R-modules is flat.

2. Cheatham and Stone [10]: the following assertions are equivalent:
(a) R is left coherent,
(b) any R-module M is injective if and only if M* := Homgz(M,Q/Z) is
flat,
(c) any R-module M is injective if and only if M** is injective,
(d) any R-module M is flat if and only if M™** is flat.

3. Stenstrom [34]: a ring R is left coherent if and only if every direct limit of

FP—injectivelZ] R-modules is also FP-injective.

7. An R-module M is FP-injective, also called absolutely pure, if Ext'(N, M) = 0 for every
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4. Enochs [16]: a ring R is left coherent if and only if every right R-module has
a flat preenvelopeﬂ

In the last few years, various coherent-like rings were introduced: Ding et al. [[13]]
defined a J-coherent ring to be a ring for which all the finitely generated ideals of
the Jacobson radical are finitely presented; Ouyng and at. [31] similarly introduced
nil-coherent rings, replacing the Jacobson radical by the nilradical; Mao [26] defined
min-coherent rings by requiring only finitely generated simple ideals to be finitely
presented; Camillo [7] defined II-coherent rings as those for which every finitely
generated torsionless [2-module is finitely presented. In this spirit, a coherent ring is
precisely an Id1( R)-coherent ring.

A quite different extension of the notion of coherent ring was introduced by Costa
in [11]], and further developed by e.g. Dobbs et al. [[14]]. Recall first that an R-module

M is n-presented (for some n > 0) if there is an exact sequence of R-modules
F,—-F_ 41— —F—=>FF—>M=>0

where each F; is a finitely generated free module. (So “O-presented” means finitely
generated, and “1-presented” means finitely presented.) This definition readily ap-
plies to ideals in a ring R, since these are exactly the submodules of R seen as I-
module. Now we can define: a ring R is n-coherent (for n > 1) if every (n — 1)-
presented ideal is n-presented. Thus 1-coherent rings are exactly coherent rings.

In 2010, Bennis [4] unified the aforementioned generalizations by introducing
so-called n-X-coherent rings, where X is a class of ideals and n is a non-negative

integer.

1.1 Relative coherence

In our paper, that can be found from p.[@5|onwards, we define and study n-X-coherent
R-modules. Explicitly, let M be an R-module and X a class of submodules of M. We

finitely presented R-module V.

8. An R-module F' in some class of R-modules 2" is said to be an 2 -preenvelope of an R-module
M, if there exist an homomorphism ¢: M — F such that, for any homomorphism ¢’ : M — F’ with
F' € 4, there is an homomorphism f: F' — F’ such that ¢’ = f. Taking 2" to be the class of flat
R-modules, we speak simply of the flat preenvelope of M.
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denote by X, the class of n-presented modules in X. We say that M is n-X-coherent
(forn > 1) if X,,_1 is non-empty and X,,_1 C X,,.

Example 1.1 Let R be aring and M an R-module.

— For X the class of all (left) ideals in R, the ring R is n-X-coherent if and only
if it is (left) n-coherent in the sense of [14]).

— For X the class of all submodules of M, the module M is 1-X-coherent if and
only if it is pseudo-coherent in the sense of [22].

— If X is the class of all submodules of Nil(R)M, then the module M is 1-.2"-
coherent if and only if it is Nil,-coherent in the sense of [[1].

— If X is the Jacobson radical of R, then R is 1-2 -coherent if and only it is

J-coherent in the sense of [[13].

Our main aim is to show how some of the well-known results on coherent rings
and modules given above still hold true in the n-X-coherent case. We proved, in

particular, a generalization of Chase’s Theorem [9]] (see also [1]]):

Theorem 1.2 Let M be an R-module and let X be a class of submodules of M such
that X,, is closed under finite sum and closed under cyclic submodules. Then M is

left 1-X-coherent if and only if the following two conditions hold:

1. Forany a € M such that Ra is in Xo, (0 :g a) is a finitely generated submod-
ule of M,

2. the intersection of any two submodules of M in Xy is finitely generated.

We also established a necessary and sufficient condition for the n-X-coherence of a

pullback in the category of ringsﬂ

Theorem 1.3 Suppose that R is the pullback of R, and Ry in the category of com-
mutative rings with unit. Let X be a class of ideals of R such that for every I € Xy
there exists an exact sequence 0 — K — R*¥ — I — O with K € X. Let %' be a
class of ideals of R; for i = 1,2. Suppose that for each N € X, Torf(Ri, N) is in

9. In the paper, the statement of this theorem contains some ambiguities. The class X was consid-
ered to be a class of R-modules, which is not correct. The same remark goes for the class . In this

introduction, we give the correct statement of the theorem.
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@niﬂfj for1 < j <n+1landi=1,2. Suppose that for any Y; € %, there exists
an X; € X,, such that R; @ p X; ~ Y;. Then, R is n-X-coherent if and only if R; is

n-%-coherent.

1.2 Relative homological dimensions

Our second paper, which can be found on p. [61] focuses on the study of relative
dimensions of R-modules, connecting this to the relative coherence discussed above.

In 1956, Eilenberg and Cartan [8]] introduced homological algebra (in particular
the functors Hom and Ext) to classify and study rings and modules via their homo-
logical invariants and dimensions. The so-called Gorenstein dimension of Z-modules
is an important application of this theory in algebraic geometry (see for instance [24]).
In 1995, Enochs and Jenda [[17]] introduced and studied Gorenstein modules, leading
to relative homological algebra: a theory generalizing concepts from standard homo-
logical algebra by using a special class of modules as a parameter.

More precisely, let X be a class of left R-modules, and suppose that, for any
k > 0, the subclass Xj, of the k-presented R-modules in X is non-empty. A left R-
module M is said to be n-X-injective if Ext (U, M) = 0 for any U € X,,. A right
R-module N is called n-X-flat if Tory(N,U) = 0 for any U € X,,. We use 2".%,,
(resp. 2 %) to denote the class of all n-X-injective left R-modules (resp. n-X-flat
right R-modules).

We now define a ring R to be left n-X-coherent if every n-presented left RR-
module in X is (n+ 1)-presented. This definition (studied in detail in [4]) reproduces
the definition given in our first paper — discussed in the previous Subsection — when
restricting X to be a class of left R-ideals. If, however, we let X be the class of all
(left) R-modules, then this coincides with the notion of “strong (left) coherent ring”

in [14]], and is a “(left) coherent ring” in [11]. We proved the following:

Theorem 1.4 Let R be a left n-X-coherent ring for some class X of R-modules. The

following statements are equivalent:
1. R is self left n-X-injective, i.e. n-X-injective as a module over itself,

2. every left R-module has an epimorphic & . n-coverEGl

10. This notions is a dual notion of pre-envelope
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. every right R-module has a monomorphic 2" % -preenvelope,

. every injective right R-module is n-X-flat,

3
4
5. every 1-X-injective right R-module is n-X-flat,
6. every n-X-injective right R-module is n-X-flat,
7.

every left flat R-module is n-X-injective.

To state our other main result, we need to introduce some more notions. With

notations as before, for U € X,, C X there is — by definition — an exact sequence
r,—F_ 42— —F—F—U-—0

with each F; a finitely generated free R-module. Let K,,_1 = Im(F,,_1 — F,_2)
and K,, = Im(F,, — F,_1). The short exact sequence 0 — K, — F, —
K, 1 — 0is called a special short exact sequence of U. It is clear that K, and
K,,_; are finitely generated and finitely presented, respectively. We call K, a special
X-generated R-module and K,,_; a special X-presented R-module.

Analogously to the definition of Gorenstein dimensions (see [17]), we define an
R-module G to be Gorenstein n-X-injective if there exists an exact sequence of n-X-

injective R-modules
A=  — A — A — A" — A — ...

where G = ker(A° — A1), such that Homp(K, 1, A) is an exact sequence when-
ever K, is special X-presented with pdp(K,—1) < oo[ﬂ Similarly, a right R-
module G is called Gorenstein n-X-flat if there exists an exact sequence of n-X-flat

right R-modules
F=...—F —F—F —F'— ...

with G = ker(F° — F'), such that F® K,,_ is an exact sequence whenever K,, 1
is special X-presented with fdp (K, 1) < OOE
Our main result characterizes relative self-injective rings via the Gorenstein in-

jective and projective modules:

11. This means that Ext?(M, N') = 0 for every R-module N and every i > n + 1.
12. This mens that Tor; (M, N) = 0 for every right R-module N and every ¢ > n + 1.
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Theorem 1.5 Let R be a left n-X-coherent ring for some class X of R-modules. The

following statements are equivalent:

1. R is self left n-X-injective,
every Gorenstein n-X-flat R-module is Gorenstein n-X-injective,
every Gorenstein flat R-module is Gorenstein n- X -injective,
every flat R-module is Gorenstein n-X-injective,
every Gorenstein projective R-module is Gorenstein n-X-injective,
every projective R-module is Gorenstein n-X-injective,
every Gorenstein injective right R-module is Gorenstein n-X-flat,

every injective right R-module is Gorenstein n-X-flat,

X L N S R DN

every Gorenstein 1-X-injective right R-module is Gorenstein n-X-flat,

~
S

every Gorenstein n-X-injective right R-module is Gorenstein n-X-flat.

The results of this paper unify some known results for such notions — amongst
others — as Gorenstein relative rings, F'P-rings, and quasi-frobenius rings (see [17],
[L16], [28] and [29]]).

In the proofs of the homological characterizations of these rings, the tools are al-
ways the same, the one crucial idea being the stability properties of some well-chosen
classes of modules (closed by extensions, by direct sum, by direct component...). We
tried to give the most general class of modules possible, with a minimum of condi-

tions to support the essential homological structure that we are trying to generalize.

Example 1.6 Let R = k[X] with k a field, and take for X the class of graded R-
modules. It so turns out every graded left (resp., right) R-module is Gorenstein 2-
X-injective (resp., flat). However, there exist graded left (resp., right) R-modules
that are not Gorenstein 1-X-injective (resp., flat). This shows that, for m > n,
Gorenstein m-X-injectivity (resp., flatness) does not imply, in general, Gorenstein

n-X-injectivity (resp., flatness).

2 A fixpoint theorem for quantale-enriched categories

It is a very general idea in mathematics to study fixpoints of a given endomorphism:

for f: X — X, find x € X such that f(xz) = =z. The first fixpoint theorem dates
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back to Brouwer [6] in 1912, who showed that continuous maps on the closed unit
ball in R™ have a fixpoint; this theorem was generalized to infinite dimensional spaces
by Schauder [32] in 1930. The proofs used very strong topological tools, yet the
outcome provided only the existence of the invariant point.

In 1922, Banach [2] proved the now famous Banach Fixpoint Theorem:

Theorem 2.1 (Banach, 1922) Let (X, d) be a non-empty complete metric space and
f:+ X — X acontraction, that is, d(fx, fy) < k-d(x,y) for some 0 < k < 1. Then

f has a unique fixpoint.

The surprisingly simple proof goes as follows: take any x € X, iterate f to obtain a
Cauchy sequence x, f(z), f(f(z)), ..., and show that it converges to a unique fixpoint
of f. Many authors generalized Banach’s Theorem to other spaces, weakening the
conditions while maintaining the gist of the proof: the convergence of the so-called
Picard iteration x, f(x), f(f(x)), .... But one generalization stands out as it changes

the notion of contraction—it is due to Boyd and Wong [5]]:

Theorem 2.2 (Boyd and Wong, 1969) Ler (X, d) be a non-empty complete metric

space and ¢: {d(x,y) | x,y € X} — RT an upper-semicontinuous function such
that (0) = 0 and p(t) < tforallt # 0. Then any map f: X — X satisfying
d(fz, fy) < o(d(z,y)) forall x,y € X has a unique fixpoint.

In our article which can be found at p.[79] we make a logical analysis of the above
theorems: by showing an appropriate generalization to quantale-enriched categories,

as we explain next.

From metric spaces to enriched categories

Lawvere [25] famously observed that metric spaces are particular enriched cate-
gories. Indeed, writing [0, co] = R U{+o00} for the extended positive real numbers,

we may regard a metric space (X, d) as a map
d: X x X — [0, 0]

that computes, for every pair (z, y) of points, the distance d(x, y) between them; this

function certainly satisfies

d(z,y) +d(y,z) > d(x,z) and 02> d(z,z)
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for all x,y,z € X. Lawvere calls this a generalized metric space; one gets the
usual notion of metric space when imposing symmetry (d(z,y) = d(y, x)), finiteness
(d(z,y) # o) and separatedness (d(x,y) = 0 implies z = y).

Note now that ([0, c0], /\) is a complete lattice (that we take with the opposite
of the natural order), that ([0, cc], +,0) is a monoid, and that there is a particular
compatibility between the lattice structure and the monoid structure:

a+(/\bi) = A(a+b;) and (/\bi)+a:/\(bi+a)

i i
for all a, (b;);cs in [0, 00]. Making abstraction of this algebraic structure, we can
now replace the positive real numbers by any other quantale (), that is, a complete
lattice (@, \/) endowed with a monoid (@, o, 1) such that the product distributes
over arbitrary suprema. Quantales were first defined by Mulvey [30] to serve as a
non-commutative counterpart of locales, the latter notion going back to the work of
Ehresmann [[15]].

The above definition of (generalized) metric space then becomes what is now

called a Q-category C: it consists of a set C together with a function
C:CoyxCy—Q: (x,y) — C(z,y)

that computes, for every pair (x,y) of “objects”, the “hom” C(x, y) between them;

and it must satisfy
C(z,y) oC(y,2) <C(x,z) and 1< C(z,x)

for all x,y, 2z € Cy. One can define symmetric, finitary and separated ()-categories
in the obvious manner.

In fact, many other familiar mathematical structures can be seen as ()-categories:
ordered sets are categories enriched in the two-element Boolean algebra ({0, 1}, V, A, 1);
so-called fuzzy orders are categories enriched in a left-continuous ¢-norm, i.e. a (com-
mutative and integral) quantale on the unit interval [0, 1] (see e.g. [12,137])); and even
probabilistic metric spaces turn out to be examples of quantale-enriched categories
(see e.g. [23]). We shall come back to these examples at the end of this Section.

Lawvere strongly advocated that many results for metric spaces ought to be seen
as special cases of general (enriched) category theory. He gave the example of
Cauchy sequences and completeness (i.e. the convergence of Cauchy sequences),

which we shall briefly explain now.
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Presheaves and Cauchy sequences

A (contravariant) presheaf ¢ on a Q-category C is a map

¢: Co— Q: z+— ¢(x)

satisfying C(y,z) o ¢(z) < ¢(y) for all x,y € Cy. Any single element ¢ € Cy

determines a particular presheaf:
C(—,0): Co — Q: x — C(z, c).

A given presheaf ¢: C — @ is said to be representable by ¢ € Cy if ¢p(x) = C(z, ¢)
for all x € Cy; it is straightforward to show that such a ¢ € Cy is then (essentially)
unique.

It so turns out (see also [23]) that any sequence x = (z,)nen of elements in Cy

determines a presheaf on C, namely:

¢I (CO_>Q Z/’—>\/ /\ y:xn

NeNn>N

Representability of the presheaf ¢, by some ¢ € Cy now means exactly that

\/ /\ (y,xn) = C(y,c) forally € Cy.

NeNn>N

Furthermore, we say that such a sequence is Cauchy if

1<\/ /\ /\ (Tyny ).

NENm>N n>N
It is easily seen that, if ¢, is representable, then it must be Cauchy; but the converse
does not hold in general.

Applied to the specific quantale Q = ([0, 00|, A, +, 0) of extended positive real
numbers (note again that we reverse the order, so suprema become infima, and vice
versa), taking a sequence = (&, ),en in a metric space (X, d), the above definitions
precisely correspond with the usual definitions of a sequence that converges to a point
c,

lim d(y,z,) =d(y,c) forally e X,

n——+o0o

and of a Cauchy sequence,

0> lim d(zn,Tm).

m,n—-+00
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Of course, for metric spaces, we know very well that every convergent sequence is
Cauchy, but that the converse need not hold; and we also know that a convergence
point is unique. So we now see how this is a particular instance of general (J-enriched

category theory.

Distributors and Cauchy-completeness

For metric spaces, we say that (X, d) is complete if every Cauchy sequence con-
verges. For general (Q-categories, the situation is slightly more involved. To make
our point, we must recall Bénabou’s [3]] notion of distributor.

A Q-distributor ®: A —e+B between ()-categories is a function
O: By x Ay — Q: (y,x) — P(y, )

such that
B(y',y) o ®(y,x) o ®(x,2") < D(y, 2')

holds for all x, 2" € Ay and y,y’ € By. Two such distributors, say ®: A -e+B and

¥ B—e+C, compose with a “matrix-product”:

(Pod): Cy x Ag— Q: (2,2) — \/ U(z,y) o ®(y,x).
yeBo

It is not difficult to verify that, with this composition law, (J-categories and (-
distributors are the objects and arrows of a category, that we shall write as Dist(Q).
Better still, this category is locally ordered: for two parallel distributors, say ®: A —+B
and ®': A -o»B, we simply define & < &’ whenever this inequality holds element-
wise (viewing ® and ®’ as functions into the complete lattice Q). As the local order
of Q)-distributors is compatible with their composition, we find here that Dist(Q) is a
2-category.

Applying general 2-categorical algebra to the particular case of Dist(Q), we may
now say that two Q-distributors ®: A-e+B and V: B—e+ A are (left/right) adjoint,
denoted ® - U, if

A<UTod and DoV <B.

It is now a matter of fact that the presheaves introduced previously, are particular dis-

tributors. Indeed, writing 1 for the (Q-category defined by 1y = {*} and 1(x, ) = 1,
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there is an exact correspondence between (contravariant) presheaves on a (Q-category
C on the one hand, and Q-distributors 1 —e~C on the other. That is to say, presheaves
can be considered as particular arrows in the 2-category Dist(Q).

With this insight, we follow Lawvere and say that a (contravariant) presheaf
¢: Co — Q is a Cauchy presheaf if, viewed as a distributor ¢: 1 -e>C, it is a left
adjoint in Dist(Q). An important observation (made in [23]]) is then that a sequence
Z = (2 )nen of elements in Cy is Cauchy (as per the definition recalled earlier on) if

and only if the distributor

¢z 1 -+ C with elements ¢, (y) = \/ /\ C(y, xn)

(i.e. the distributor that corresponds with the presheaf introduced earlier on) is left

adjoint to the distributor

Y+ C—e»1 with elements ¢, (y) = \/ /\ C(zpn,y)-

NeNn>N

Finally, a Q-category C is said to be Cauchy-complete if any Cauchy presheaf on
C is representable. It follows in particular that, in a (categorically) Cauchy-complete

(Q-category, every Cauchy sequence is representable.

Picard iteration

Let C be a Q-category, and consider the iterated images of a function f: Cy — C
on some = € Cy: this produces a sequence (f"(z))nen. This sequence determines

two distributors (as explained above), that we shall write as
¢pp: 1 —=C and ), r: C-er1.

These distributors are (left/right) adjoint if and only if the sequence (f"(x)),en is
Cauchy (in the appropriate categorical sense). Thus, if the category C is Cauchy
complete, then (the presheaf corresponding with) ¢, r is representable. We can then

prove:

Proposition 2.3 Let QQ be any quantale, C any Cauchy complete QQ-category, and
f: C — C any Q-functor, that is, a map f: Co — Cq such that C(fx, fy) >
C(z,y). Suppose that there exists an x € C for which the distributors ¢, s: 1 — C
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and g s+ C—e»1 are (left/right) adjoint. Then f has a fixpoint, namely, f(c) = c

where ¢ € Cq represents ¢ ;.

This really says how the classical argument — involving the Picard iteration — can be
suitably adapted to general (J-categories: we find a fixpoint for f by “convergence”
of the Cauchy sequence z, f(z), f(f(z)),..., i.e. by representability of the Cauchy
presheaf ¢, ;.

However, we still need to find conditions that make a function f: Co, — Cg
produce a Cauchy sequence z, f(z), f(f(z)), ... in the first place! In our attempts
to generalize Banach’s, and Boyd and Wong’s, Fixpoint Theorems, we noticed that
we needed extra conditions on the underlying quantale ) and the control function

(o—that we shall explain next.

Continuous lattices

The theory of continuous lattices is part of Domain Theory; the standard reference
on the subject is [[19]. In this short Introduction we cannot do full justice to the com-
plexity of this subject and its applications in theoretical computer science. Instead,
we shall only recall some of the key definitions so that the reader can appreciate their
algebraic character. Throughout we assume that L is a complete lattice.

A subset D C L is directed if it is non-empty and, for any =,y € D there exists
az € Dsuchthat x Vy C z. For two elements a,b € L we write a < b, and we
say that a is way below b, if, for every directed subset D C L, b < \/ D implies the
existence of a d € D such that a < d. Note that the subset {u € L | u < a} is itself
directed.

We write a << b, and say that a is totally below b, if, for every subset S C L,
b < \/ S implies the existence of a s € S such that a < s. It is easy to see that
a <€ bimplies a < b, which in turn implies a < b.

The complete lattice L is said to be

— meet-continuous if, for every a € L and every directed D C L,

a/\(\/D): \/a/\d,

deD

— continuous if, for every a € L,

a=\/{ueL|u<a},
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— totally continuous if, for every a € L,
a:\/{ueL]u<<<a}.

A totally continuous lattice is also continuous, and a continuous lattice is also meet-
continuous.
Suppose now that L and M are both complete lattices, then a function f: L — M

is said to be lower-semicontinuous if
fO\/ D)=\ f(d)
deD

for all directed D C L. This is, in fact, equivalent to the (in analysis perhaps more

familiar) condition that
FN Nz < VN Fla)).
JjeJj'=j Je€Jj'>j

for every net (z;);cs in L. If L and M are continuous lattices, then this is further

equivalent to
f@)=\/{f) |y <=}

for all x € L. By the way, such an f: L — M is always monotone.
Of course, any sequence (;);en in L is a net, but the converse is not true. It there-

fore it makes sense to define the following weaker variant of lower-semicontinuity:

Definition 2.4 A function f: L — M is sequentially lower-semicontinuous if

FCV Nz < VN elzn)

NeNn>N NeNn>N

for any sequence (x,,)nen in L.
Such an f is always monotone.

We now have everything ready to come to our Fixpoint Theorem.
Fixpoint theorem for ()-categories

Lawvere’s quantale of extended positive real numbers, ([0, oc], A, +,0) has many

strong properties. For instance, because its underlying complete lattice is linear, it
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is totally continuous, hence also (meet-)continuous, localic, etc. Also the monoid
structure is quite particular: it is commutative, integral (meaning that the unit is the
greatest element), cancellable, etc. When proving results for metric spaces, one often
relies on one or the other property of the (extended positive) real numbers.

Of course, such strong properties certainly do not hold for quantales in general.
Therefore, when generalizing Banach’s and Boyd and Wong’s Fixpoint Theorems (or
any other results for metric spaces, for that matter) to ()-categories, one has to single
out those (algebraic) properties of () that are relevant for the proof. To say close to
the original results for metric spaces, we set out to work with Cauchy-complete Q-
categories, and aimed at formulating a notion of contraction that produces a Cauchy

sequence by Picard iteration. We were thus led to the following:

Definition 2.5 If ¢o: Q — Q and f: Cy — Cqy are maps such that
1. p(t) > tforallt € Q,
2. ifp(t)=tthent =00r1<t,
3. C(f=, fy) 2 o(Clz,y)) forall z,y € Cy,

then we say that f is a p-contraction, and we say that  is a control function for f.

Any such contraction is easily seen to be a ()-functor, and therefore Proposition [2.3|
readily applies. Better still, there are simple conditions on a ()-category C for a

(o-contraction to have a unique fixpoint:

Proposition 2.6 Let () be any quantale, and f: C — C any @-contraction. If
C(z,y) # 0 for all x,y € Cy, then any two fixpoints of [ are isomorphic. If
C(z,y) = C(y,x) for all z,y € Cy, then any two fixpoints of f are either iso-

morphic or in different summands of C.

Our main result, though, is the following statement of explicit sufficient conditions

on a -contraction, for it to produce a Cauchy sequence by Picard iteration:

Proposition 2.7 Let () be a quantale whose underlying lattice is continuous and
let f : C — C be a p-contraction on a Q-category for which the control func-

tion p: QQ — Q is sequentially lower-semicontinuous. For any x € Cq such that

C(z, fz) # 0 # C(fx,x), the sequence x, f(z), f(f(x)), ... is Cauchy.
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The full proof is elaborate and technical, yet let us give a quick sketch to explain
where the hypotheses are used.

Suppose that the sequence x, f(z), f(f(x)), ... is not Cauchy, i.e. that

12\ N\ A cim@), @)

NeNm>N n>N

By continuity of () we know that 1 = \/{e € Q | u < 1}, so the above is equivalent
to the existence of an € < 1 such that € £ ey A, sy C(f™ 2, f7x). Thus
0 # € < 1 s such that

for all £ € N there exist my, ny > k such that e £ C(f™*x, f"* x).
A “clever choice” of such indices my, nx > k can be made, say
dy == C(f™ x, fM*x),

so that, using the hypothesis that C(fxz,z) # 0 # C(z, fx) together with lower-

semicontinuity of ¢ and (meet-)continuity of @, the sequence (dj,)ren in @ satisfies

o(\/ Ndo)=\ N d#0.

NeNEk>N NeN k>N

From our Definition it then follows that 1 < \/y.n A r>n k- As this supremum
is obviously directed, the fact that ¢ < 1 in the continuous lattice () implies that
e <A k>N, Ak for some No. This is in contradiction with our earlier observation that
€ £ dy, for all k!

Putting the above Propositions and[2.”/|together, we can now summarize:

Theorem 2.8 Let QQ be quantale whose underlying lattice is continuous, and suppose
that f: C — C is a p-contraction on a Cauchy-complete QQ-category for which the
control function p: QQ — Q is sequentially lower-semicontinuous. If there exists an
x € Cqy such that C(z, fx) # 0 # C(fz,x) then f has a fixpoint. If C has no
non-zero homs, then this fixpoint is (essentially) unique. If C is symmetric, then any

two fixpoints are either isomorphic or lie in different summands.

The idea for the proof is thus — precisely as for metric spaces! — that the contractivity
of f forces the sequence z, f(x), f(f(x)), ... to be Cauchy (in the appropriate sense

for (Q-categories), and that moreover it “converges” to a fixpoint of f.

38



Examples

Any linear complete lattice is totally continuous, and therefore also continuous. This

opens the way for the “classical” application of Theorem for the quantale ([0, o], A, +, 0),
we recover the Banach Fixpoint Theorem by regarding the (obviously upper-semicontinuous)
control function

@: [0,00] = [0,00]: t— k-t

for some 0 < k < 1. Thus, we may say in retrospect that the Banach Fixpoint
Theorem holds because the quantale of positive real numbers is continuous and the
control function ¢ (t) = k - ¢ is upper-semicontinuous.

A careful analysis of the detailed proof of Theorem [2.8] shows that ¢ need not
be defined on the whole of (), but that it suffices to have it on the “closure” (in an
appropriate sense) of the image of C: Cy x Cy — Q. So we recover also the Boyd
and Wong Fixpoint Theorem for metric spaces.

A left-continuous t-norm is a commutative and integral quantale on the unit inter-
val @ = ([0,1],/, *,1). Because [0, 1] is a complete linear order, this quantale again
has a continuous underlying lattice. These quantales are used in many-valued (or
“fuzzy”) logic: Q)-categories are called “fuzzy orders” [37]. Spelling out Theorem
2.8 produces a fixpoint theorem for such fuzzy orders.

The tensor product (in the category Sup of complete lattices and supremum-
preserving maps) of continuous lattices is again a continuous lattice. This holds in

particular for the complete lattice
A={f:[0,00] = [0,1] | Vt: f(t) = \/ f(s)}
s<t
(with pointwise order) because it is exactly the tensor product of [0, o] and [0, 1] (see
[21]). Suppose that a left-continuous ¢-norm is given, say ([0, 1], \/, *, 1), then A too
is a quantale, for the binary operation

(fxg)t)= "\ f(r)*g(s)

r+s=t

e(t):{ 0ift =0,

1 else

and with unit element
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A category enriched in A is, exactly, a (generalized) probabilistic metric space [23]],

so application of Theorem [2.8] produces a fixpoint theorem for such spaces (and there

are indeed control functions ¢: A — A that meet the conditions in the Theorem).
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Several authors have introduced various type of coherent-like rings and proved analogous
results on these rings. It appears that all these relative coherent rings and all the used
techniques can be unified. In [2], several coherent-like rings are unified. In this manuscript
we continue this work and we introduce coherent-like module which also emphasizes our
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1. Introduction

Throughout this paper R will be an associative (non necessarily commutative)
ring with identity, and all modules will be unital left R-modules (unless specified
otherwise). In this section, first some fundamental concepts and notations are stated.
Let n be a non-negative integer and M an R-module. Then M is said to be n-
presented if there is an exact sequence of R-modules F,, — F,,_1 — --- — F; —
Fy - M — 0, where each F; is a finitely generated free module. In particular,
0-presented and 1-presented modules are finitely generated and finitely presented
modules, respectively. M is said to be infinitely presented if it is n-presented for
every positive integer n. A ring R is called (left) coherent, if every finitely generated
(left) ideal is finitely presented, equivalently every finitely presented R-module is

45




2  Mostafa Amini et al.

2-presented and so infinitely presented. The coherent rings were first appeared in
Chase’s paper [5] without being mentioned by name. The term coherent was first
used by Bourbaki in [3]. Since then, coherent rings have became a vigorously active
area of research. For background on coherence for commutative rings, we refer the
reader to [9]. A ring R is called (left) n-coherent ring if every (n— 1)-presented (left)
ideal is n-presented, equivalently every n-presented R-module is (n + 1)-presented.
Also, it is clear that O-coherent (resp., 1-coherent) rings are just Noetherian (resp.,
coherent) rings. The n-coherent rings by Costa in [6] introduced, for more details see
[2,8,11,16,17]. In [8], Kabbaj et al. introduced the concept of n-coherent modules,
and M is called n-coherent module if it is (n — 1)-presented and every (n — 1)-
presented submodule of M is n-presented, the 1-coherent modules are just the
coherent modules, see [3].

In this paper, we introduce the n-2 - coherent modules. Let n be an integer, M an
R-module and 2~ a class of submodules of M. Then, M is said to be n-2 -coherent
if Z,-1 is non empty and every submodule of 2, 1 is in 23, where 2,1 and
2, are two classes of (n — 1)-presented modules and n-presented modules in 2,
respectively. In particular, if 2 is a class of R-modules and M = R, then R is said
to be an n-2"-coherent ring if every R-module of 27 is in 2541 (see [2]). Our main
aim is to show that the well-known Glaz, Smaili, Dobbes, Mahdou, Kabbaj, Chase,
Greenberg and Scrivanti characterization of coherent modules and coherent rings
hold true for any n- 2 -coherent module and any n-.2 -coherent ring. So, in Section
2, first we study some results of n-2 -coherent modules on short exact sequences,
factor modules, homomorphism of R-modules and direct sum of R-modules. Also
in this section, several results on transfer of n-%2 -coherence are developed and then
in end, another characterizations of n-2 -coherence using the notion of thickness
are given (see Theorems 2.1, 2.2, 2.3, 2.5, 2.6, 2.7, 2.8 and Proposition 2.2). Finally,
in Section 3, with considering pullback diagram, some characterizations of n-Z -
coherent rings are studied (see Theorems 3.1 and 3.2).

2. n-Z -coherent modules

Among the many generalizations of the notion of a coherent ring, we recall the
following one: R is said to be (left) J-coherent, if every finitely generated (left)
ideal of R contained in Rad(R), the radical of R, is finitely presented [7]. Also, R is
said to be (left) Nil.-coherent, if every finitely generated (left) ideal of R contained
in Nil(R), the nilradical of R, is finitely presented [13]. Here, we introduce the
following definition of coherence which generalizes all the definitions above.

Definition 2.1. Let n be an integer, M an R-module and 2~ a class of submodules
of M. Let 25,—1 and 2, be two classes of (n—1)-presented modules and n-presented
modules in 2, respectively. We say that M is (left) n-2 -coherent, if 27,1 is non
empty and every module of 2} is in 2.

Example 2.1.
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(1) If 2 is the class of all submodules of M and n = 1, then M is n-2 -coherent
if and only if it is pseudo coherent. If, in addition, M is finitely generated then
M is n-Z -coherent if and only if it is coherent (see [12]).

(2) If 2 is the class of all submodules of M contained in Nil(R)M and n = 1,
then M is n-Z -coherent if and only if it is Nil,-coherent.

(3) Let R be a semisimple ring and let 2" be any non empty class of submodules
of an R-module M. Then, M is n-Z -coherent for every integer n.

(4) Let M be an R-module and let 2" be a class of all finitely generated projective
submodules of M. Then, M is n-%2 -coherent.

(5) Let K be a field and E be a k-vector space with infinite rank. Consider
R = K « E the trivial extension of K by E. If 2 is the class of all 2-
presented R-submodules of M, then M is n-2 -coherent, since every 2-presented
R-submodule of M is projective. But, if 2 is the class of all 1-presented R-
submodules of any desirable R-module M;, then there is an R-module M; such
that M; is not 2-2 '-coherent, since if any M; is 2-2 i-coherent, then R is
regular, a contradiction (see [15]).

(6) Let Rpt1 = R, o< M, be the trivial extension, where R; is a non-noetherian
commutative ring for any ¢ > 0. Consider My = % for a finitely generated ideal
I of Ry. If 2 is the class of all R-submodules of M, 11 = %, then M, is
not (n + 2)-% -coheren for every n > 0 (see [17]). '

For a morphism ¢ : A — B and a class Z  of submodules of A, we denote by
©(Z") the class of submodules of B of the form ¢(N) with N in 2.
The following theorem is a generalization of [9] .

Theorem 2.1. Let 0 — M; LN M, =5 Ms — 0 be an ezact sequence of
R-modules and Z~ and ¥ two classes of submodules of My and My, respectively.
Then,

(1) My is n-% -coherent, if Ms is n-s(%')-coherent and My is n-coherent.

(2) My is n-Z -coherent if Ma is n-h(Z")-coherent.

(3) Ms is n-s(¥)-coherent if My is n-% -coherent and h(My) is (n — 1)-presented
in .

Proof. (1) Let Ny be an (n — 1)-presented submodule in . Our aim is to prove
that Ny is n-presented. For that, consider the following commutative diagram with
exact rows and columns:

0 0 0
{ { {

0— K — Ny — s(N2) — 0
{ { {

O—)Ml —)MQ —>M3—>0

In view of the exactness of the first row, it suffices to show that both K and s(N2)
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are n-presented. Since N3 is an (n — 1)-presented module in %, s(N3) is an (n—1)-
presented module in s(%'), so s(IN2) is n-presented. By the exactness of the top
row, K is an (n — 1)-presented submodule of M; which is n-coherent. Then K is
n-presented.

(2) Let Ny be an (n—1)-presented submodule in 2. Since h is injective, h(Ny) =
N7 which is (n — 1)-presented, so A(N7) is an (n — 1)-presented module of h(Z),
and then by hypothesis, h(NN7) is n-presented, so is Nj.

(3) Let N3 be an (n — 1)-presented submodule in s(#%). Notice that S(h) =
ker(s) C s~!(N3). M; is n-presented, since My is n-%-coherent. So, we get using
the horseshoe lemma to the following diagram is commutative with exact rows and

columns:
0 0 0
4 I 4
00— Ky — K> — K3 — 0
4 I / /i
0 —F,1 —F1®0F,_, —F,_;,—0
4 4 4
! L)
0— Fy — Fy @ I — F, —0
4 { 4
0— M; — s 1(N3) — N3 — 0
4 I 4
0 0 0

Where F; and F) are finitely generated free modules for every i € {0,...,n — 1}.
Due to the exactness of the right vertical sequence, it suffices to prove that K3 is
finitely generated. For that, it is sufficient to prove that K5 is finitely generated.
Since the middle vertical sequence is exact, it suffices to show that s=(N3) is n-
presented. We have that N3 is in s(%), then s~*(N3) is in s7!(s(%)) and so it
is in . And since N3 is (n — 1)-presented, so is s~1(IN3) and consequently, it is
n-presented. This implies that K is finitely generated as desired. O

Consider a short exact sequence as in Theorem 2.1. If for some class % of
submodules of My, we have that s(#) = 0, then My is n-%-coherent if M; is n-
coherent. For example, for I = ann(M3) and % the class of submodules of I My, it
is evident that Ms is n-% -coherent if and only if IMs is n-coherent. This can be
seen just by the definition of n-coherence and also if we take in Theorem 2.1, the

s, M

short exact sequence 0 — I M, LN My — 737 — 0.

In what follows, for a submodule N of an R-module M and a class 2~ of sub-
modules of M, we will denote by % the class of quotient modules %, where L € 2~
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and contains N. The following corollary generalizes [1] .

Corollary 2.1. Let M be an R-module, N a submodule of M and % a class of
submodules of M. Then, the following assertions hold:

(1) If M is n-Z -coherent, N is (n — 1)-presented and each module in 2" contains

N, then % 18 n—%—coher@nt.
2) Assume that % is non empty. Then M is n-Z -coherent if 2 is n-2 -coherent
N pry N N

and N is n-coherent.

Proof. Let 7: M — % be the canonical surjection. It is evident that, if 2" is the
class of submodules K of M containing N, then % is the class of quotient modules
% with K is in 2. Applying Theorem 2.1 to exact sequence: 0 - N — M — % —
0, we get the following results. O

Lemma 2.1. Let 2 and % two classes of submodules of M with & C % . If M
is n-% -coherent, then M is n-Z -coherent.

For some submodule K of an R-module M and a class % of submodules of M,
we denote by trg (%) the class of submodules of K of the form KNY withY € #.
Also, we denote by f(#) the class of submodules of the form f(Y) with Y € #.
The following proposition is a generalization of [9] .

Proposition 2.1. Let f : M — N be a homomorphism of R-modules and %
and % two classes of submodules of M and N, respectively. Then, The following
assertions hold:

(1) If M is n-2 -coherent, then Ker(f) is n-trger(s)(2")-coherent.

(2) If N is n-% -coherent, then Im(f) is n-tryy r)(%')-coherent.

(3) If M is n-Z -coherent and ker(f) is an (n — 1)-presented module in 2, then
Im(f) is n-f(Z")-coherent.

(4) If N is n-% -coherent and Im(f) is an (n — 1)-presented module in %, then
Coker(f) is n-%-coherent.

Proof. The two first assertions follow by applying (2) of Theorem 2.1 and Lemma
2.1 to the following exact sequences:

M
0—>Ker(f)—>M—>W—>O

and
0 — Im(f) 3N — Coker(i) — 0.

The two last assertions follow by applying (3) of Theorem 2.1 to the following exact
sequences:

0 — Ker(f) — M — Im(f) — 0
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and

0 — Im(f) — N — Coker(f) — 0. ]

Now, we set the result concerning the coherence of the direct sum of modules. It
generalizes [9] . Let (M;);c be a family of R-modules and 2™ a class of submodules
of M;, for each i € I. We will denote by €D, 21 the class of modules of the form
@,c; Ni with each Nj is in 21,

Theorem 2.2. Let (M;)ieq1,....m} be a finite family of R-modules and 2 a class

of submodules of M; for every i =1,...,m. Then, @ M; is an n- (@ 21)-coherent
=1
R-module if and only if M; is n-Z;-coherent for all i=1,.

Proof. The “only if” part follows easily using Lemma 2.1, (2) of Theorem 2.1 and
the following exact sequence: 0 — M; — @ M — EBJ M,

For the “if 7 part, consider an (n— 1)- presented submodule N of @, M; and the
canonical projection m; : @;~, M; — M;. Thus, 7;(N) € 2,l_ for all i = 1,...,m.
Then, m;(N) is n-presented for all i = 1, ..., m. We have the following exact sequence:

m

0— @ mj(N) — N — m;(N) — 0.
J=1i
Consequently by [17] , N is n-presented, which completes the proof. O

The following result is a generalization of [9] .

Corollary 2.2. Let R be a commutative ring, M a finitely generated R-module
and N an n-Z -coherent module for some class Z of submodules of N. Then,
Hompg(M, N) is n-% -coherent, where % is the class of submodules of Hompg(M, N)
which are isomorphic to a module in tTA(Zle ).

Proof. Since M is finitely generated, there is an exact sequence of R-modules
0 — K — R¥ — M — 0 for some non-negative integer k. As Homg(—, N) is a left-
exact functor, Hompg(M, N) & A, where A is a submodule of Hompg(R*, N) = N*.
By Theorem 2.2, N* is n—@le Z -coherent, and so by Proposition 2.1, A is n-
tr A(Zle X )-coherent, which completes the proof. ]

We finish this section with some transfer results. First, we present a generaliza-
tion of [8] .

Theorem 2.3. Let I be an (n — 1)-presented two-sided ideal of a ring R, M an
?—module and Z a class of submodules of M. Then, M is n-2 -coherent as an

R-module if and only if M is n-Z -coherent as an ?—module.

For the proof, we need the following lemma.
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Lemma 2.2 ([8], lemmas 2.6 and 2.7). Let R — S be a ring homomorphism
and m a non-negative integer. Then, the following assertions hold:

(1) If S is m-presented as an R-module, then every m-presented S-module is an
m-presented R-module.

(2) If S is (m — 1)-presented as an R-module and M a S-module, then M is m-
presented S-module if M is an m-presented R-module.

Proof of Theorem 2.3. Let R — % be the canonical homomorphism and N a
submodule of M. Using Lemma 2.2, we get the following equivalences: N is an
(n — 1)-presented Z-submodule of 2 if and only if it is (n — 1)-presented R-
submodule of Z". Consequently, M is an n-Z -coherent as an ?—module if and

only if it is n-Z -coherent as an R-module. [

Assume that S > R is a unitary ring extension. Then, the ring S is called right
R-projective in case, for any right S-module Mg with an S-module Ng, Nr | Mg
implies Ng | Mg, where N | M means that N is a direct summand of M. The ring
extension S > R is called a finite normalizing extension in case there is a finite
subset {s1,...,8,} C S such that S = Zi? s;R and s;R = Rs; fori =1,...,n. A
finite normalizing extension S > R is called an almost excellent extension in case
rS is flat, Sg is projective, and the ring S is right R-projective (see [17]).

In the following, we mainly consider the properties of n-.2 -coherent modules
and n-4 -coherent rings under an almost excellent extension of commutative rings.

Theorem 2.4. Let S > R be an almost excellent extension, M a S-module and %
a class of submodules of M. Then, the following statements are equivalent:

(1) M is n-Z -coherent as an R-module;

(2) Homg(S,M) is n-% -coherent, where % is the class of submodules of
Homp(S, M);

(8) M is n-Z -coherent as an S-module.

Proof. (1) = (2) S is a finitely generated R-module. So (2) follows from Corollary
2.2.

(2) = (3) Assume that N is an (n — 1)-presented submodule of M in 2. We
show taht N is n-presented. By [18] , M = K, where K is a direct summand of
Homp (S, M). Therefore by hypothesis and Corollary 2.1, K is n-try (#')-coherent.
So, we deduce that N is n-presented.

(3) = (1) By [17] , S is an n-presented R-module. So, if N is an (n — 1)-
presented submodule of R-module M in £, then by Lemma 2.2 and (3), N is
an n-presented submodule of R-module M, and hence M is n-Z -coherent as an
R-module. O

In what follows, we will denote by Z, for some class of R-modules 2" and an
integer k, the subclass of k-presented submodules of 2~ (which we assume they
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exist). For an R-module M and a class 2" of submodules of M, we will denote by
S® 2 the class {S ® N, where N is a module of 2}.

Theorem 2.5. Let S > R be an almost excellent extension, M a S-module and 2
a class of submodules of M. Then, the following statements are equivalent:

(1) M is n-%Z -coherent as an R-module;
(2) S®@r M is n-°® % -coherent;
(3) M is n-%Z -coherent as an S-module.

Proof. (1) = (2) Assume that N is an (n—1)-presented submodule of S®r M in
S® 2. So, there is a submodule I in 2" such that N = S®xr . By [17] , [ € 2,1
as an R-module, and so by (1), I € 2,,. Hence by Lemma 2.2, we deduce that N is
n-presented.

(2) = (1) Assume that N is an (n—1)-presented submodule of M in Z". Then
by [17] and (2), N € Z5.

(1) = (3) and (3) = (1) are trivial. O

Corollary 2.3. Let S > R be an almost excellent extension and 2 a class of
R-modules. Then, R is n-2 -coherent if and only if S is n->® 2 -coherent.

Proof. It is particulary of Theorem 2.5. D

The next result generalizes [8] and [9] .

Theorem 2.6. Let R — S be a ring homomorphism making S o faithfully flat right
R-module, M an R-module and % a class of submodules of M. Then

(1) M is n-2 -coherent, if S@p M is an n-5® X -coherent S-module.
(2) M is n-% -coherent if and only if S®@g M is an n-5® 2, _1-coherent S-module.

Proof. (1) Let N be an (n — 1)-presented module of 2", then S® N is an (n — 1)-
presented module of ® 2" (since S is flat). Then, S ® N is n-presented, so is N
since S is faithfully flat.

(2)(«<=) This is a direct consequence of (1).

(=) Assume that K is an (n — 1)-presented submodule of S®p M in ®.2;_;.
So, there is an (n — 1)-presented submodule N in 27 _1 such that K = S®g N. By
hypothesis, N is in 2, and so by [9] , K is n-presented 0O

Corollary 2.4. Let R — S be a ring homomorphism making S a faithfully flat
right R-module and 2" a class of ideals of R. Then, R is an n-X-coherent ring, if

S is an n-°® 2 -coherent ring.

Proof. It is enough to take M = R. O
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Question : Let R — S be a ring homomorphism making S a faithfully flat right
R-module and Z a class of ideals of R. If R is n-X-coherent, then what conditions
on the fibers R — S are required in order that S is n-5% 2 -coherent?

Now, we give a generalization of the classical result due to Chase in [5] stating
that R is coherent if and only if the annihilator of any element a of R is finitely gen-
erated and the intersection of any two finitely generated ideals in R is also finitely
generated.

We say that a class of modules 2" is said to be closed under finite sums if, for
every finite family of modules {Mi};cr in 27, Y, ; M; is also in 27. A class 2" is
said to be closed under cyclic submodules if, whenever N is a cyclic submodules of
a module in 2, it is also in 2.

The following theorem generalizes [5] .

Theorem 2.7. Let M be an R-module and let 2 be a class of submodules of M
such that Z, is closed under finite sum and closed under cyclic submodules. Then,
M is left 1-Z -coherent if and only if (0 :g a) is a finitely generated of M for any
a € M such that Ra is in Zy and the intersection of any two submodules of M in
Zo is finitely generated.

Proof. Suppose that M is 1-2 -coherent and let a be in M such that Ra is in
an element N of 2y, then Ra € Zy. Then, Ra is in Z7. Considering the exact
sequence: 0 — (0:g a) = R — Ra — 0, we get that (0 :g a) is a finitely generated
ideal of R.

Now, let N and L be in Zy. Then, N + L € %y. So by hypothesis, N + L is
in 27 and N & L is finitely generated as an R-module. Via the exact sequence
0> NNL—->N&®L — N+L — 0, we get that N N L is a finitely generated
submodule of M.

Conversely, let N € X;. Then, there exist a1, ...,a, € M such that N = >""_| Ra,.
We prove by induction on p that N is l-presented. If p = 1, (0 :g ay) is finitely
generated submodule of M. Hence, N is 1-presented by the exactness of the sequence
0 — (0:pa1) = R— N — 0. For the induction step (with p > 1), consider the
following exact sequence 0 — (Zf:_ll Ra;) N Ra, — ( f:_ll Ra;) ® Ra, - N — 0.
By hypothesis on &, we have Ra, and Zfz_ll Ra; are in Xy, then they are in A7,
thus (3-?~) Ra;) @ Ra,, is 1-presented. Therefore, (3-7_ Ra;) N Ra, is a finitely
generated ideal of M, and thus N is 1-presented. O

Let I be an ideal of R and 2" be the class of ideals J of R contained in I. Then,
R is 1-Z -coherent if and only if I is quasi-coherent.

Corollary 2.5. Let 2 be a class of ideals of R such that %, is closed under finite
sum and closed under cyclic submodules. Then, R is left 1-Z -coherent if and only
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if (0:r a) is a finitely generated of R for any a € R such that Ra is in %y and the
intersection of any two ideals in Zy is finitely generated.

Corollary 2.6. Let I be an ideal of R. Then, I is quasi-coherent if and only if
(0:r a) is a finitely generated ideal of R for any a € I and the intersection of any
two left (resp., right) ideals contained in I is finitely generated.

As an application of the previous results established in this section, we get the
following result on the coherence of the amalgamated algebra alon an ideal which
is proved differently in [1].

Corollary 2.7. Let Ry and Rs be two unitary associative rings and let f : Ry — Rs
be a ring homomorphism. Let J be a finitely generated ideal of Nil(Ry) such f=1(J)
is a finitely generated ideal of Ry. Then, Ry >/ J is 1-Nil-coherent Ri-module if
and only if Ry and f(Ry1) + J are 1-Nil-coherent.

Proof. The direct implication is proved directly using corollary 2.1 and the fact
that pr,(A </ J) = f(A) + J and pg, (A >/ J) = A for any ideal A of Ry, where
pr, and pg, are respectively the projection of Ry </ .J on Ry and Rj.

For the inverse, in light of theorem , it sufficient to prove that (0 : (a, f(a) + 7)) is
a finitely generated of Ry >/ J for any a € Ry and j € J such that R(a, f(a) + j)
is in the nil-radical of R; >/ J and the intersection of any two submodules of
Ry vof J in the nilradical is finitely generated. For that, it is easy to prove that
(0:R, (a,f(a)+7))=(0:g, a)N(0:g, f(a)+ j) and for any two ideals of Ry, we
have (N >/ J)N(I<! J)=(NNI)<x/ J. ]

Now, we give some transfer results. We start with a generalization of [8] and

[9] . Let (M;,i € {1,...,p}) be a family of modules and 2™ a class of submodules of
P p

M; for i € {1,...,p}. We will denote by [] 2" the class of the submodules [] NV;
i=1 i=1

with each Nj; is in 2.

Theorem 2.8. Let (R;,1 <14 <p) be a family of rings. Let (M;,1 <i<p) be a

family of Ri-modules, p > 1 an integer, 2 a class of submodules of M; for any
P _ p

integer i € {1,...,p} and X = [] Z". Then, M = [[ M, is n-Z -coherent R-
i=1 i=1

module if only if M; is n-2 -coherent R;-module for each i = 1,...,p, where R =

P
11 R:.
i=1

Proof. (=) Let p = 2. Consider the short exact sequence 0 — Ry — Ry X Ry —
R; — 0, where Ry is an n-presented Ry X Re-module, since by [8] , Ry is an infinitely
presented Ry X Ro-module . So, if NV, is a submodule of M7 in %nl_l, then by Lemma
2.2(1), Ny is in Z5,_1, and so Ny is in Z5. Therefore by Lemma 2.2(2), N; is in
Z.L. Similary, if Ny is a submodule of My in 2,2 |, then N is in 22
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(<=) Suppose that, for every i € {1,...,p}, M; is n-2 -coherent. Let N be a
p , p
module of £,_1. Then there exist Ny,...,N, in [[ £ such that N = [[ N,. For
i=1 i=1
each i € {1,....,p}, N; is in 2,_1. And so, N; is in 2;_,. Hence, it is in 2, by
n-Z;-coherence of M;. Consequently, N is also in 2, and so we deduce that M is
an n-Z -coherent R-module. |

Example 2.2. Let (R;,1 <i<n) be a family of rings in Example 2.1(6), and
also let (M;,1 <i<n) be a family of R;-modules in Example 2.1(6). Consider

n n .
R=1]] Ri and M = [] M;. If 2" is a class of submodules of M; for any integer

i=1 i=1
i€{l,..,n}and 2 = [[ 27, then by Example 2.1(6) and Theorem 2.8, M is not
i=1
(n + 1)-2 -coherent R-module.
Corollary 2.8. Let (R;,1 <i < p) be a family of rings, p > 1 an integer,. Let 2’
P .
be a class of ideals of R; for any integer i € {1,...,p} and & = [[ Z*. Then,

i=1

R; is n-Z -coherent if only if R; is n-2Z '-coherent for each i =1, ...,p.

—e

R:

i=1

We end this section by establishing another characterization of n-2 -coherence
using the notion of thickness. A class of modules % is said to be thick if it is
closed under direct summands and whenever we are given a short exact sequence
0 - A— B — C — 0 with two out of the three terms A, B,C in &, so is the
third module. In [9] and [4] , it is proved that when R is coherent, the class of
n-presented R-modules is thick. Here, we set the following generalization.

Proposition 2.2. Let n be a non negative integer and 2 a class of R-modules
which is closed under direct summand and kernels of epimorphisms. Then, the fol-
lowing assertions are equivalent:

(1) R is n-Z -coherent;
(2) The class Zn—1 is thick;
(8) Zn-1= Zoo-

Proof. (3) = (2). It suffices to show that 2% is thick which is easily deduced
using [9] , since Zoo = (\r>o Zk-

(2) = (1). Let T € 2;_1, then there is an exact sequence of R-modules 0 — K —
Fy — I — 0, where K € 2,5 and Fj is finitely generated and free. Since 27,1 is
thick and both I and Fy are in 27,1, we get that K € 2, 1 and so I € Z,,.

(1) = (3). Let I € Z,—1. By the coherence of R, I € Z,,. Using the same argument
as in (2) = (1), we can obtain an (n+1)-presentation of I. Iterating this procedure
yields a finite m-presentation of I for all m > n. Hence I € (,,vg Zm = Zoo- O
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3. On the coherence of pullbacks

By a ring, we mean a commutative ring with identity. Considering a commutative
square of rings and ring homomorphisms of the following form :

R R,
¢i2 J(jl

Ry 25 R,

(1)

Recall that (1) is called a pullback diagram if R = ker(j; o p1 — j2 o p2), where p;
be the projection of R on R; and ps be the projection of R on Rs.

In the following, we say that a class 2" of modules satisfies the property (x)
proper if for every module M € 27, there exists an exact sequence 0 — K — RF —
M — 0 with K € 2. We, also, consider a pullback diagram (1) with 1 is surjective.
The following lemma can be found in [14] .

Lemma 3.1. An R-module M is finitely generated if and only if R; g M is a
finitely generated R;-module fori=1,2.

The following proposition generalizes [10] and [14] .

Proposition 3.1. Let M be an R-module and let Z~ be a class of R-modules sat-
isfying the property (x) and let %' be a class of R;-modules such that %2 is a
subclass of Z4} for every integer k and i = 1,2.

Suppose that Torf(RZ-7 M) is in @nifj for1 < j <mn, then M isin Z, if and only if
R, ®@r M isin % fori=1,2.

Proof. We use the induction on n. The case n = 0 follows easily from Lemma 3.1.
Now, assume that Torf(Ri,M) is in @ni_j for1<j<nandi=1,2.
Let M is in Z,. Then, we have an exact sequence of R-modules

0— K-SR M—0 (o)

We have that Torf(Ri,K) = Torﬁl(Ri,M) for any j > 1. So, R; ® K is in Z,._,.
Now, we tensor the short exact sequence (a) with R; over R and we obtain the
following two exact sequences:

0—K,— Rt — R @rM —0
and
0 — Torf(R;, M) — R, ®r K — R; ®r K; — 0

with K; = ker(1g, ® f).
From the previous two exact sequences, we can deduce that K; is in %} | which
implies that R; ®g M is in % for i = 1,2.

56




Relative coherent modules 13

For the converse, suppose that R; @ g M is in %, then K; isin % ;. And so R;® K
is in @ni_l. Hence M is in 2,. O

The following theorem generalizes [14] .

Theorem 3.1. Let M be an R-module and let &~ be a class of R-modules satisfying
the property (x) and let @' be a class of R;-modules such that T® 25 is a subclass
of Bl for every integer k and i = 1,2.

Suppose that for each M € 2, TorJR(Ri,M) 8 in %+1_j for1<j<n+1 and
i =1,2. Then, R is n-%Z -coherent if R; is n-%*-coherent.

Proof. Let M be an R-module in 2. By Proposition 3.1, R;®r M is in %. Then,
by the coherence of R;, R; ® g M is in @rf+1. Again, by Proposition 3.1, M is in
Zu+1, and hence R is n-Z -coherent. O

Corollary 3.1. Let M be an R-module and let " be a class of R-modules satisfying
the property (x) and let ' be a class of R;-modules such that %® 2 is a subclass
of % for every integer k and i = 1,2.

Suppose that R; is n-%'-coherent. Then, R is n-2 -coherent if and only if for all
Ie 2y, Torf (R, &) is in &3, for 1<j<n+1andi=1,2.

Proof. The only if assertion follows from Theorem 3.1, we will prove the converse.
Let I € %, then we have an exact sequence of the form
~ R
0—I—R— T 0 (1)
Tensoring the sequence (1) with R; (i = 1,2) over R and put H; = ker(1p, ® 7),
we obtain two exact sequences

0—>Hi—>Ri1ﬁﬂRi®R§—>O (2)
and
R R
0 — Tor; (RZ—,Y)—>RZ-®RI—>HZ-—>O. (3)

Using the coherence of R and the exactness of the sequences (1), (2) and (3), we
get that Torf'(R;, ) is in 7.
Now, since [ is in Z,, we have an exact sequence

0—P—R —1T—0.

Using a similar argument, we get that Tor(R;, I)isin %, and hence Tor¥(R;, )

is also in %_,. Since P is in 25,_1, we have an exact sequence
0—PFP—R —P—0.

Using a similar argument, we get that Tor®(R;, P) isin %_,, and hence Tory(R;, I)

n

is also in % ,. Iterating with the same argument, we get that for each I € 25,

Torf (R;, &) isin &, for 1<j<n+1landi=12 o
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Now, we establish necessary and sufficient conditions for the coherence of the
pullback diagram.

Theorem 3.2. Let 2" be a class of R-modules satisfying the property (x) and let
1 be a class of R;-modules fori=1,2.

Suppose that for each M € 2, Torf(Ri,M) is in @nﬂrkj for1<j<n+1 and
i =1,2. Also, let for any module in Y; € %, there exists a module X; € 2, such
that R; @ g X; ~ Y;. Then, R is n-Z -coherent if and only if R; is n-%-coherent.

Proof. The direct sense of the equivalence is proved in Theorem 3.1. For the con-
verse, let N; be a R;i-module of %} (i = 1,2). By hypothesis, N; = R; ®r NZ-/, where
Ni' is in &5. Then, by the coherence of R, Ni, isin Z,41. Hence, N; is in @ni-u for
i=1,2. O
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1 Introduction

In 1995, Enochs et al. introduced the concept of Gorenstein injective and Gorenstein
flat modules. These modules have become a vigorously active area of research. For
background on Gorenstein modules, we refer the reader to [8, 9, 12]. In 2012,
Gao and Wang introduced and studied in [11] Gorenstein FP-injective modules.
They established various homological properties of Gorenstein FP-injective modules
mainly over a coherent ring (for more details, see [14]).

Recall that coherent rings were first appeared in Chase’s paper [3] without being
mentioned by name. The term coherent was first used by Bourbaki in [2]. Later,
n-coherent rings were introduced by Costa [5]. Let n be a non-negative integer. An
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R-module M is said to be n-presented if there is an exact sequence
r,—F_ 42— —F—F—M-—70

of R-modules, where each Fj is finitely generated free. Moreover, a ring R is called
left n-coherent if every n-presented R-module is (n+ 1)-presented. Thus, for n = 1,
left m-coherent rings are nothing but coherent rings (see [5, 7, 17]). Chen and
Ding in [4] introduced, by using n-presented modules, n-FP-injective and n-flat
modules. Bennis in [1] introduced n- % -injective and n-% -flat modules and n-2 -
coherent rings for any class 2" of R-modules. In 2018, Zhao et al. [20] introduced
n-FP-gr-injective graded modules, n-gr-flat graded right modules and n-gr-coherent
graded rings on a class of graded R-modules. In addition, they defined special
finitely presented graded modules via projective resolutions of n-presented graded
left modules; specifically, if U is an n-presented graded module, then in the exact
sequence F, - F, 1 = - > F - Fy > U = 0, K,_1 = im(F,,—1 = Fh_2) is
called a special finitely presented module. In this paper, we unify and extend various
homological notions, including the ones cited above, to a more general context.
Namely, we define special finitely presented modules via projective resolutions of
n-presented modules in a given class 2~ of R-modules. Then we introduce and study
Gorenstein n-% -injective and n-% -flat modules with respect to special finitely
presented modules.

The paper is organized as follows: In Section 2, some fundamental concepts and
some preliminary results are stated. In Section 3, we give some characterizations
of n-Z -injective and n-2 -flat modules. In Section 4, we introduce the notions of
Gorenstein n-2 -injective and n-2 -flat modules. We generalize some results of [20]
to the context of n- %2 -injective and n-.2 -flat modules as well as some results of [11]
to the context of Gorenstein n-.% -injective modules. Then we give some characteri-
zations of Gorenstein n- 2 -injective and n-2 -flat modules on n- 2 -coherent rings.
In Section 5, we introduce and investigate 2 -FC rings (i.e., self n-2 -injective and
n-2 -coherent rings), every module of which is Gorenstein n-2 -injective and every
Gorenstein n-2 -injective right module of which is Gorenstein n-2 -flat. Further-
more, examples are given which show that the Gorenstein m-% -injectivity (resp.,
the m- 2 -flatness) does not imply, in general, the Gorenstein n- % -injectivity (resp.,
the n-2 -flatness) for any m > n.

2 Preliminaries

Throughout this paper R will be an associative (not necessarily commutative) ring
with identity, and all modules will be unital left R-modules (unless specified other-
wise). In this section, some fundamental concepts and notations are stated.

Let n be a non-negative integer, M an R-module and 2~ a class of R-modules.
Then M is said to be Gorenstein injective (resp., Gorenstein flat) [8, 9] if there
is an exact sequence -+ — Iy — Iy — I° — I' — ... of injective (resp., flat)
modules with M = ker(I® — I') such that Hom(U, —) (resp., U ®p —) leaves the
sequence exact whenever U is an injective left (resp., right) module. The Gorenstein
projective modules are defined dually. Recall that M is said to be n-FP-injective
[4] if Ext (U, M) = 0 for any n-presented R-module U. In the case n = 1, n-FP-
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injective modules are nothing but the well-known FP-injective modules. A right
module N is called n-flat if Tor?(N,U) = 0 for any n-presented R-module U.
Also, M is said to be Gorenstein FP-injective [11] if there is an exact sequence
E=.--- > FE — Ey— E°— E' - ... with M = ker(E° — E') such that
Homp (P, E) is an exact sequence whenever P is finitely presented with pd ;(P) < co.
A graded R-module M is called n-FP-gr-injective [20] if Ext(N, M) = 0 for any
n-presented graded R-module N. A graded right R-module M is called n-gr-flat
[20] if Torz(M,N) = 0 for any n-presented graded R-module N (for more details
about graded modules, see [10, 13, 15]).

From now on, % is a non-empty class of k-presented R-modules in a given class
Z for any integer k > 0.

An R-module M is said to be n-Z -injective [1] if Exti(U,M) = 0 for any
U e Z,. A right R-module N is called n-Z -flat [1] if Torz(N,U) = 0 for any
Ue %, Weuse £, (resp., Z%,) to denote the class of all n-Z -injective left
R-modules (resp., n-Z -flat right R-modules).

A ring R is called left n-% -coherent if every n-presented R-module in 2 is
(n+ 1)-presented. It is clear that when n = 0 (resp., n = 1) and 2" is the class of
all cyclic R-modules, then R is Noetherian (resp., coherent).

3 n-Z -Injective, n-2 -Flat and Special 2 -Presented Modules

In this section, we state a relative version of [20, Definition 3.1] and provide several
characterizations of n-% -injective and n-2 -flat modules.

Let us introduce the following notions. Let n > 0 be an integer and U € %2, for
a class 2" of R-modules. Then an exact sequence of the form

Fr,—F,_4— - —Fh—F—U-—70,

where each F; is a finitely generated free R-module, exists. Now let us define
K,y =im(F,—1 — F,_2) and K,, = im(F,, — F,,_1). The short exact sequence
0— K, > F, 1 — K, 1 — 0is called a special short exact sequence of U. It is
clear that K,, and K,,_; are finitely generated and finitely presented, respectively.
We call K,, a special 2 -generated R-module and K, 1 a special 2 -presented
R-module.

Moreover, a short exact sequence 0 - A — B — C — 0 of R-modules is called
special Z -pure if for every special %2 -presented K,,_1, there exists the following
exact sequence:

0 — Hompg(K,—1,A) — Hompg(K,,—1,B) — Hompg(K,_1,C) — 0.

The R-module A is said to be special 2 -pure in B. In addition, the exact sequence
00— C* - B* - A* — 0 is called a split special exact sequence. If M is an
n-% -injective (resp., a flat) R-module, then Extf (K, 1, M) = Ext(U, M) = 0
(vesp., Torl(M, K,,_1) = Tor?(M,U) = 0) for any U € Z;,.

In particular, if 2 is a class of graded R-modules, every special 2 -generated
module is a special finitely generated R-module, and every special 2 -presented
module is a special finitely presented graded R-module. Also, every n-2 -injective
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R-module is n-FP-gr-injective and every n-2 -flat right R-module is n-gr-flat (see
[20]).

Proposition 3.1. Let 2 be a class of R-modules and M an R-module. Then the
following statements are equivalent:

(a) M is n-Z -injective.

(b) Every short exact sequence 0 - M — A — C — 0 is special 2 -pure.

(¢) M is special Z -pure in any injective R-module containing it.

(d) M is special Z -pure in E(M).

Proof. (a)=(b) Let U € Z,,. Then there exists the following exact sequence:
F,—F,_41— —FN—F—U—70,

where each F; is a finitely generated free R-module. If K,,_; = im(F,,_1 — F,,_2) is
special 2 -presented, then Extp (K, 1, M) = Ext's(U, M) = 0 since the R-module
M is n-Z -injective. Hence, (b) follows.

(b)=(c) Consider the canonical short exact sequence 0 - M — E — E/M — 0
with F an injective R-module containing M. So by (b), M is special 2 -pure in E.

(¢)=(d) is trivial.

(d)=(a) Assume that U € £, and K,_; is special £ -presented. By (4),
the short exact sequence 0 - M — E(M) — E(M)/M — 0 is special 2 -pure.
Therefore, Exth(K,,_1, M) = 0, and so from Ext (K, _1, M) = Ext’(U, M) we sce
that M is n-Z2 -injective. |

The following lemma is a generalization of [18, Exercise 40].

Lemma 3.2. Let 2 be a class of R-modules and 0 - A — B — C — 0 be a
short exact sequence of R-modules. Then the following statements are equivalent:
(a) The exact sequence 0 = A — B — C' — 0 is special Z -pure.
(b) The sequence 0— Hompg(K,_1,A)—Homg(K, 1, B)—>Homg(K,_1,C)—0
is exact for every special Z -presented K, _1.
(¢) The short exact sequence 0 — C* — B* — A* — 0 is a split special exact
sequence.

Proposition 3.3. Let 2 be a class of R-modules. Then the following hold:
(a) Every special £ -pure submodule of an n-% -flat right R-module is n-Z -flat.
(b) Every special 2 -pure submodule of an R-module is n-% -injective.

Proof. (a) Let A be a special 2 -pure submodule of an n-% -flat right R-module
B. Then, by Lemma 3.2, the sequence 0 — (B/A)* — B* — A* — 0 is a split
special exact sequence. By [1, Lemma 2.8], B* is n-% -injective. Thus, from [1,
Lemma 2.7] and Lemma 3.2 we deduce that A is n-2 -flat.

(b) Let A be a special 2 -pure submodule of an R-module B. Then the exact
sequence 0 - A — B — B/A — 0 is special 2 -pure. So by Proposition 3.1, A is
n-2 -injective. O

Remark 3.4. (a) Every flat right R-module is n-.2"-flat.
(b) Every injective left (or right) R-module is n-2 -injective.
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(c) U € 2, then U € 2, for any m > n.

A ring R is called self left n- 2 -injective if R is an n-2 -injective left R-module.
Let F be a class of R-modules and M an R-module. Following [6], we say that
a morphism f: F — M is an F-precover of M if F € F and Homg(F', F) —
Homp(F', M) — 0 is exact for all F' € F. An F-precover f € Homp(F, M)
of M is called an F-cover if every endomorphism g: F — F with fg = f is an
automorphism. Dually, the notions of F-preenvelopes and F-envelopes are defined.

Theorem 3.5. Let R be a left n-Z -coherent ring and 2~ be a class of R-modules.
Then the following statements are equivalent:

(a) R is self left n-Z2 -injective.

(b) For any R-module, there is an epimorphic 2.7 -cover.

(¢) For any right R-module, there is a monomorphic 2% -preenvelope.

(d) Every injective right R-module is n-% -flat.

(e) Every 1-Z -injective right R-module is n-%Z -flat.

(f) Every n-Z -injective right R-module is n-2 -flat.

(g) Every flat R-module is n-% -injective.

Proof. (a)=(c) By [1, Theorem 2.16], every right R-module N has an n-2 -flat
preenvelope f: N — F. By [1, Theorem 2.13], R* is n- %2 -flat, and so [[ R* is n-Z'-
flat by [1, Theorem 2.6]. On the other hand, R* is a cogenerator, so a monomor-
phism of the form g: N — [][ R* exists. Hence, there exists a homomorphism
h: F — ][ R* such that hf = g, which implies that f is monic.

(¢)=(d) Let E be an injective right R-module. By (c), there is f: F — F, a
monic n-Z2 -flat preenvelope of E. So the sequence 0 - E — F — F/E — 0 splits,
and hence E is n-2 -flat.

(¢)=(e) The proof is similar to that of (c)=(d).

(d)=(f) Let N be an n-Z -injective right R-module. Then by Proposition 3.1,
the exact sequence 0 - N — E(N) — E(N)/N — 0 is special 2 -pure. Since by
(¢) E(N) is n-Z -flat, we deduce from Proposition 3.3 that N is n-2 -flat.

(e)=(d) is clear by Remark 3.4.

(d)=(a) By (d), R* is n-%Z -flat since R* is injective. So R is self left n-2 -
injective by [1, Theorem 2.13].

(f)=(g) Let F be a flat R-module. Then F* is injective, so F* is n-2 -flat by
(f), and hence F is n-2 -injective.

(g)=-(b) For any R-module M, there is an Z.#,-cover f: C — M. Notice that
R is an n- % -injective R-module, so f is an epimorphism.

(b)=-(a) By hypothesis, R has an epimorphic Z.#,-cover f: D — R. Then we
have a split exact sequence 0 — ker(f) — D — R — 0 with D being n-2 -injective.
Thus, R is n-Z -injective as a left R-module. |

Proposition 3.6. Let R be a left n-2 -coherent ring and 2~ a class of R-modules.
If {A;}ier is a family of R-modules, then @, _; A; is n-2 -injective if and only if
every A; is n-Z -injective.

iel

Proof. Assume that U € Z,,. Then there exists a special exact sequence 0 — K,, —
Fo1— K,_1 = 0of Z,. Since R is n-Z -coherent, we conclude that U € 2,11
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and K, is special 2 -presented. Accordingly, if {A;};cs is a family of n-2 -injective
R-modules, we have

Hom(Kn7 @Ai) = @Hom(Kn,Ai).

i€l el

One easily gets

Ext? (U, D Ai> >~ Extl, (Kn D Ai) =~ P Exth (K., A) = @ Exth(U, A,).

i€l icl iel iel

The proof is completed. O

4 Gorenstein n-2 -Injective and n-2"-Flat Modules

In this section, we investigate Gorenstein n-2 -injective and Gorenstein n-%2 -flat
modules, which are defined below. Then by using the results of Section 3, some
characterizations of them are given.

Definition 4.1. Let R be a ring and 2" be a class of R-modules.

(a) An R-module G is said to be Gorenstein n-2 -injective if there exists an exact
sequence of n-.2 -injective R-modules A = --- — A} — Ay — AY — Al — ...
with G = ker(A° — A!) such that Homg(K,_1,A) is an exact sequence
whenever K,,_1 is special 2 -presented with pdg(K,—1) < co.

(b) An R-module G is called a Gorenstein n-2 -flat right R-module if there exists
an exact sequence of n-%2 -flat right R-modules:

F=. . —F —F—F —Fl —...

with G = ker(F° — F') such that F @ K,,_1 is an exact sequence whenever
K, is special 2 -presented with fdg (K, 1) < co.

For example, if 2 is the class of all cyclic R-modules, then every Gorenstein
1-Z -injective R-module is Gorenstein FP-injective, and every Gorenstein 1-.2 -flat
right R-module is Gorenstein flat (see [1, 11]).

Remark 4.2. (a) Every n-2 -flat right R-module is Gorenstein n-.2 -flat.

(b) Every n-Z -injective R-module is Gorenstein n-2 -injective.

(c) In Definition 4.1, one easily finds that ker(A; — A;_1), ker(A® — A*™1)
and ker(F; — F,_1), K' = ker(F* — F'™1) are Gorenstein n-2 -injective and
Gorenstein n- 2 -flat, respectively.

Lemma 4.3. Let R be a left n-% -coherent ring and Z  a class of R-modules.
If K, is a special 2 -presented R-module with fdr(K,,—1) < oo, then we have
pdp(K,—1) < cc.

Proof. If fdr(K,—1) = m < oo, there exists U € 2, such that fdr(U) < n + m.
We show that pd,(U) < n+m. Since R is n-2 -coherent, the projective resolution
- = Fhy — F, > -+ — Fyg = U — 0, where any F; is finitely generated
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free, exists. On the other hand, the exact sequence above is a flat resolution. So
by [16, Proposition 8.17], its (n + m — 1)-syzygy is flat. Accordingly, the exact
sequence 0 = Kpim—1 — Frem-1 — -+ = Fg — U — 0 is a flat resolution. A
simple observation shows that whether n > m or n < m, K, y,,—1 is always finitely
presented. Consequently, by [16, Theorem 3.56], K, ,,—1 is projective. Thus,
pdg(U) <n+mif and only if pdz(K,—1) < m. O

In the next theorem, we show that in the case of left n- 2 -coherent rings, Goren-
stein n-Z2 -flatness and Gorenstein n-2 -injectivity are determined via only the
existence of the corresponding exact complexes.

Theorem 4.4. Let R be a left n-Z -coherent ring and 2" be a class of R-modules.
Then the following statements hold:

(a) A right R-module G is Gorenstein n-Z -flat if and only if there is an exact
sequence F = -+ — F| — Fy — FY — F' — ... of n-2 -flat right R-modules
such that G = ker(F° — F1).

(b) An R-module G is Gorenstein n-% -injective if and only if there is an exact
sequence A = --- — A; — Ag — A% — A' — ... of n-Z -injective R-modules
such that G = ker(A° — A?l).

Proof. (a) (=) It follows by definition.

(<) By definition, it suffices to show that F ® g K, is exact for every special
Z -presented K, with fdg(K,,—1) < co. By Lemma 4.3, pdp(K,—1) < co. Let
pdg(K,—1) = m. We prove by induction on m. The case m = 0 is clear. Assume
that m > 1. There exists a special exact sequence 0 - K,, - P,_1 — K,_1 — 0 of
U e %, where P,_; is projective. Now, from the n-2"-coherence of R, we deduce
that K, is special 2 -presented. Also, pdg(K,) < m — 1. So the following short
exact sequence of complexes exists:

]

0—FNQerKy—FNQpPr1—FNQr K1 —0

i l i

0——FQr Ky ——FQprPro1 —Fy®@r K1 ——0

i l i

0*>F0®RK71*>FO®RP”,1*>F0®RKH71*>0

i l i

O4>F1®RK7L4>F1®RP7L—14>F1®RK”—14>O

| | }
ﬂ \:\ ﬁ

0—F@r Ky ——F@r P01 ——FQr K,y —0
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By induction, F ®r P,_1 and F ®p K,, are exact, and hence F ®p K, _1 is exact
by [16, Theorem 6.10].

(b) (=) This is a direct consequence of the definition.

(<) Let K,,_1 be a special 2 -presented R-module with pdp(K,—1) < co. Then
a similar proof to that of (a) shows that Homp (K, _1,A) is exact, and hence G is
Gorenstein n-2 -injective. O

Corollary 4.5. Let R be a left n-Z -coherent ring and 2" be a class of R-modules.
Then for any R-module G, the following assertions are equivalent:
(a) G is Gorenstein n-% -injective.
(b) There is an exact sequence --- — A; — Ag — G — 0 of R-modules, where
every A; is n-Z -injective.
(¢) There is a short exact sequence 0 — L — M — G — 0 of R-modules, where
M is n-Z -injective and L is Gorenstein n-Z -injective.

Proof. The implications (a)=(b) and (a)=-(c) follow from the definition.

(b)=(a) There is an exact sequence 0 — G — I® — I' — ... where every I’
is injective for any i > 0. By Remark 3.4, each I’ is n-2 -injective. So an exact
sequence - -- — A; — Ag — I° — I' — ... of n-2 -injective modules exists, where
G = ker(I° — I'). Therefore, G is Gorenstein n-.2 -injective by Theorem 4.4.

(c)=(b) Assume that there is an exact sequence

0—L—M-—G—0, (1)

where M is n-Z -injective and L is Gorenstein n- 2 -injective. Since L is Gorenstein
n-2 -injective, there is an exact sequence

e — Ay — A — A — L — 0, (2)

where every A} is n-% -injective. Assembling the sequences (1) and (2), we get
the exact sequence --- — Ay - A} — Aj - M — G — 0, where M and A} are
n-Z -injective, as desired. |

Corollary 4.6. Let R be a left n-2Z -coherent ring and 2 be a class of R-modules.
Then for any right R-module G, the following assertions are equivalent:
(a) G is Gorenstein n-Z -flat.
(b) There is an exact sequence 0 — G — B — B! — ... of right R-modules,
where every B® is n-% -flat.
(¢) There is a short exact sequence 0 - G — M — L — 0 of right R-modules,
where M is n-%Z -flat and L is Gorenstein n-2 -flat.

Proof. The implications (a)=(b) and (a)=-(c) follow from the definition.
(b)=(a) For any right R-module G, there is an exact sequence

o— P — Py — G—0,

where P; is flat for any ¢ > 0. By Remark 3.4, every P; is n-%2 -flat. Hence, there
is an exact sequence - -- — P; = Py — BY — B! — ... of n-2 -flat right modules,
where G = ker(BY — B'). So by Theorem 4.4, G is Gorenstein n-.2 -flat.
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(c)=(b) Assume there is an exact sequence
0—G—M-—L—0, (3)

where M is n-Z -flat and L is Gorenstein n-.%2 -flat. Since L is Gorenstein n-Z -flat,
there is an exact sequence

0—L—F' —F' —F? — ... (4)

where every F' is n-2 -flat. Assembling the sequences (3) and (4), we get the exact
sequence 0 = G — M — F® = F' — F? — ... where M and all F? are n-2 -flat,
as desired. O

Proposition 4.7. Let 2 be a class of R-modules. Then the following hold:
(a) Every direct product of Gorenstein n-% -injective R-modules is a Gorenstein
n-Z -injective R-module.
(b) Every direct sum of Gorenstein n-%2 -flat right R-modules is a Gorenstein
n-4Z -flat R-module.

Proof. (a) Let U € %, and {A;}icsr be a family of n-2 -injective R-modules. By
[1, Lemma 2.7], [ A; is n-Z -injective. So if {G;}ics is a family of Gorenstein
n-Z -injective R-modules, then we can see that the corresponding exact sequences
of n-Z -injective R-modules A; = -+ — (4;)1 — (Ai)o — (4:)° — (4! — -+,
with G; = ker((4;)? — (A4;)!), induce the following exact sequence of n-2 -injective
R-modules:

el iel el el el

where []
then

ier Gi = ker (TT;e,(4:)° — [T (Ai)'). If K,_y is special 2 -presented,
HOHlR (anl, HAZ) = HHomR(Kn,l,Ai).
icl iel
By hypothesis, Homp (K, —1,A;) is exact, and consequently [[..; G; is Gorenstein
n-Z -injective.

(b) Let U € 2, and {I;}ics be a family of n-2 -flat right R-modules. By [1,
Lemma 2.7], @, ; I; is n-Z -flat. So if {G}ic is a family of Gorenstein n-2"-flat
right R-modules, the corresponding exact sequences of n-Z -flat right R-modules
Ii = — (Iz)l — (I’L)O — (Iz)o — (Il)l — ey, where G1 = ker((Il-)O — ([1)1),
induce the following exact sequence of n- %2 -flat right R-modules:

Pr=- —Pu)n — P — PEn)° — Pu)t — -,

i€J i€J ic€J icJ i€J

i€l

where @, ; G; = ker ((@ie.] Ii)o — (@ieJIi)l). If K,,_1 is special 2 -presented,

then
(@Ii ®r Kn—l) = @(L Qr Kn-1).

ieJ i€J
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By hypothesis, (I; ®r K, —1) is exact, and consequently P, ; G; is Gorenstein
n-Z -flat. |

Now, we study the Gorenstein n-.2 -injectivity and Gorenstein n-2 -flatness of
modules in short exact sequences.

Proposition 4.8. Let R be a left n-2 -coherent ring and 2~ a class of R-modules.
(a) Let 0 » A — G — N — 0 be an exact sequence of R-modules. If A and N
are Gorenstein n-2 -injective, then G is Gorenstein n-% -injective.
(b) Let 0 = K — G — B — 0 be an exact sequence of right R-modules. If K
and B are Gorenstein n-Z -flat, then G is Gorenstein n-2 -flat.

Proof. (a) Since A and N are Gorenstein n-Z -injective, by Corollary 4.5 there
exist exact sequences 0 - K — Ag > A —-0and 0 - L - Ny - N — 0
of R-modules, where Ay and Ny are n-Z2 -injective and, moreover, K and L are
Gorenstein n-2 -injective. Now we consider the following commutative diagram:

0 0 0

i i i

00— K—>K®pL—>L—0

A S

04>A04>A0@N04>N04>0

G N
0 0
The exactness of the middle horizontal sequence, where Ag and Ny are n-2 -
injective, implies that Ay @ Ny is n-Z -injective by [1, Lemma 2.7]. Also, K © L
is Gorenstein n- % -injective by Proposition 4.7(a). Hence, from the middle vertical
sequence and Corollary 4.5, we deduce that G is Gorenstein n-% -injective.

(b) Since K and B are Gorenstein n- % -flat, by Corollary 4.6 there exist exact
sequences 0 - K — Ko — L1 — 0 and 0 - B — By — L} — 0 of R-modules,

where Ko, By are n-2 -flat and Ly, L} are Gorenstein n-2"-flat. Consider the fol-
lowing commutative diagram:

o
O =< <—

0 0 0
! ! !

0 K G B 0
! i i
0—Ky—>Ky® By— By—=0
i i i
0—L—Li L] —L)—0
! ! !

0 0 0
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The exactness of the middle horizontal sequence with Ky and By n-% -flat implies
that Ko @ By is n-2 -flat by [1, Lemma 2.7]. Also, L; @ L] is Gorenstein n-.2 -flat
by Proposition 4.7(b). Hence, from the middle vertical sequence and Corollary 4.6,
we deduce that G is Gorenstein n-2 -flat. O

The left n-2 -injective dimension of an R-module M, denoted by idg;, (M),
is defined to be the least non-negative integer m such that Ext’éerH(U, M)=0
for any U € Z,,. The left n-2-flat dimension of a right R-module M, which is
denoted by fd g, (M), is defined to be the least non-negative integer m such that
Torf+m+1(M, U) =0 for any U € 2,. If G is Gorenstein n-2 -injective, then
idg, (G) = m if there is an exact sequence 0 = A4,, —» -+ > 41 — Ag > G = 0
or 0 =+ G — A° - A — ... = A™ — 0 of n-Z -injective R-modules. Similarly,
if G is Gorenstein n- 2 -flat and fd o, (G) = m, then the above exact sequences for
n-Z -flat right R-modules exist.

The following theorems are generalizations of Corollaries 4.5 and 4.6 and Propo-
sition 4.8.

Theorem 4.9. Let R be a left n-Z -coherent ring and £ be a class of R-modules
which is closed under kernels of epimorphisms. Then for every R-module G, the
following statements are equivalent:
(a) G is Gorenstein n-% -injective.
(b) There exists an n-Z -injective resolution of G
A A I A e —o0
such that @;°,im(f;) is Gorenstein n-2 -injective.

(¢) There exists an exact sequence - - - ELN A LN RN Ay Lo G 50 of
R-modules, where A; has finite n-2 -injective dimension for any i > 0, such
that @;° ,im(f;) is Gorenstein n-2 -injective.

Proof. (a)=-(b) By Corollary 4.5, there is an exact sequence
LN LN P LN PR LI )
where every A; is n-Z -injective. Consider the following exact sequences:

coe— Ay — Ay — Ag — im(fy) — 0,
coo— A3 — Ay — Ay — im(f1) — 0,

By Proposition 3.6, @, ; A; is n-Z -injective. Thus, there exists an exact sequence

iel
—>@Ai —>@Ai —>@Ai —>éim(fi) —0
i>2 i>1 i>0 i=0

of n-% -injective R-modules. Consequently, Corollary 4.5 implies that @~ im(f;)
is Gorenstein n-Z -injective.
(b)=(c) Trivial.
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(¢)=(a) Let --- LN Ay EEN Ay EEN A 2% G = 0 be an exact sequence of
R-modules, where A; has finite n-2 -injective dimension. By Corollary 4.5, it is
sufficient to prove that A; is n-Z -injective for any i > 0. Consider the short exact
sequence 0 — im(fiy+1) = A; — im(f;) — 0 for any ¢ > 0. Therefore, the short
exact sequence 0 — @;°,im(fit1) = PiogAi = Dioyim(fi) — 0 exists. By
(c) and Proposition 4.8(a), @;°, A; is Gorenstein n-2 -injective. Also, @;-, A4;
has finite n-2 -injective dimension. If idg, (€D;-, A;) = k, then there exists an
n-Z -injective resolution of @:°, A;:

O—>Bk—>Bk_1—>~-~—>BO—>@A,-—>O.
iel
Let Ly_1 = ker(Bx—1 — Bi_2) and U € Z;,. Then the exact sequence 0 — By —
Bj_1 — Li_1 — 0 induces the following exact sequence:

0 = Ext} (U, Bx—1) — Ext} (U, Li—1) — Ext’;;l(U’ B) — -+

By hypothesis, By is (n+1)-% -injective, and we also find that U € %, 41 since R is
n-2 -coherent. So Ext';™ (U, By,) = 0, and hence Ext’ (U, Ly_1) = 0. Thus, Lj_; is
n-Z -injective. Then, with the same process, we see that @, A; is n-2 -injective,
and so by Proposition 3.6, A; is n-2 -injective for any i > 0. |

For the following theorem, the proof is similar to that of Theorem 4.9.

Theorem 4.10. Let R be a left n-%Z -coherent ring and 2" be a class of R-modules
which is closed under kernels of epimorphisms. Then for every right R-module G,
the following statements are equivalent:

(a) G is Gorenstein n-2 -flat.

(b) There exists the following right n-2 -flat resolution of G

0 1 2
0o—clr

such that @;-,im(f*) is Gorenstein n-2 -flat.
(¢) There exists an exact sequence

0 1 2
0o—G6 Lyt Lo

of right R-modules, where I; has finite n-2 -flat dimension for any i > 0, such
that @;-,im(f") is Gorenstein n-% -flat.

5 2 -FC-Rings

A ring R is called a left Z-FC-ring if R is self left n-2 -injective and left n-2"-
coherent. In this section, we investigate properties of Gorenstein n-2 -injective
and n-2 -flat modules over 2 -FC-rings, thus generalizing several classical results.
Notice that the notion of Z-FC-ring generalizes the classical notions of quasi-
Frobenius and F'C (i.e., IF) rings.

It is well known that quasi-Frobenius (resp., F'C) rings can be viewed as rings
over which all modules are Gorenstein injective (resp., Gorenstein FP-injective).
Here we extend this fact as well as other known ones to our new context.
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Proposition 5.1. Let 2 be a class of R-modules. Then every R-module is
Gorenstein n-% -injective if and only if every projective R-module is n-% -injective
and for any R-module N, Hompg(—, N) is exact with respect to all special short
exact sequences of Z, with modules of finite projective dimension.

Proof. (=) Let M be a projective R-module. Then by hypothesis M is Gorenstein
n-Z -injective. So the following n- 2 -injective resolution of M exists:

oo — A — Ay — M — 0.

Since M is projective, M is n-Z -injective as a direct summand of Ay. Also, by
hypothesis and Definition 4.1, Homp(—, N) is exact with respect to all special short
exact sequences with modules of finite projective dimension since every R-module
N is Gorenstein n-Z -injective.

(<) Choose an injective resolution 0 — G — E° — E! — ... of G and a
projective resolution --- — F} — Fy — G — 0 of G, where by hypothesis every F;
is n- 42 -injective. Assembling these resolutions, we get by Remark 3.4 the following
exact sequence of n-Z -injective R-modules:

A=...—F —F, —EFE —E'"— ...,

where G = ker(E® — E'), K" = ker(E' — E**!) and K; = ker(F; — F;_1) for any
i > 1. Let K,,_1 be a special 2 -presented module with pdz(K,,—1) < co. Then by
hypothesis, we have Extk(K, _1,G) = Extp(K, 1, K;) = Exth(K,_1, K*) = 0. So
Homp(K,—1,A) is exact, and hence G is Gorenstein n-.2 -injective. O

Proposition 5.2. Let 2 be a class of R-modules. Then every right R-module
is Gorenstein n-Z -flat if and only if every injective right R-module is n-Z -flat
and for any R-module N, N ®pg — is exact with respect to all special short exact
sequences of Z,, with modules of finite projective dimension.

Proof. Similar to the proof of Proposition 5.1. O

Theorem 5.3. Let R be a left n-Z -coherent ring and 2" be a class of R-modules.
Then the following statements are equivalent:

(a) Every R-module is Gorenstein n-% -injective.

(b) Every projective R-module is n-% -injective.

(¢) R is self left n-Z -injective.

Proof. The implications (a)=(b)=(c) hold by Proposition 5.1.

(¢)=(a) Let G be an R-module and --- — F; — Fy — G — 0 be any free
resolution of G. Then by Proposition 3.6, each Fj is n-%2 -injective. Hence, by
Corollary 4.5 the proof completes. O

Examples 5.4. Let R = k[2® 22, 2%y, 2y?, vy, y%,y°] be a ring and 2 the class
of all 1-presented R-modules. We claim that R is not 1-Z2 -injective. Suppose on
the contrary that R is 1-2 -injective. We find that R/Rx? is special 2 -presented
since Rz? = R is special 2 -generated. In addition, pdg(R/R2?) < oo. Hence,
by Proposition 5.1 and Theorem 5.3, R/Rx? is projective. Therefore, the exact
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sequence 0 — Rx? — R — R/Rx? — 0 splits. Thus, Rz? is a direct summand of
R, and so 2?2 is an idempotent, a contradiction.

Let 2 be a class of graded R-modules. Then a graded ring R is said to
be n-gr-regular if and only if R is n-% -regular if and only if every n-presented
R-module in 2 is projective if and only if every R-module in 2" is n-Z -injective
if and only if every right R-module in &£ is n-Z -flat. This is a generalization of
[19, Proposition 3.11]. Notice that, when n = 1, R is gr-regular if and only if R is
1-Z -regular (see [18]).

The example below shows that, for some class 2" of R-modules and for any
m > n, every Gorenstein n-2 -injective (resp., n-2 -flat) module is Gorenstein
m-Z -injective (resp., n-2 -flat). But, Gorenstein m-2 -injectivity (resp., m-2 -
flatness) does not imply Gorenstein n- 2 -injectivity (resp., n-2 -flatness) in general.

Examples 5.5. (a) Let R be a graded ring and £ be a class of graded R-module.
Then for any m > n, every Gorenstein n-Z2 -injective (resp., n-% -flat) module
is Gorenstein m-% -injective (resp., m-% -flat) since by [20, Remark 3.5] every
n-Z -injective (resp., n-2 -flat) module is m-2 -injective (resp., m-2 -flat).

(b) Let R = k[X], where k is a field and £ is a class of graded R-modules. Then
by Remark 4.2, every graded left (resp., right) R-module is Gorenstein 2-2 -injective
(resp., 2-Z -flat) as every 2-presented graded R-module is projective. We claim that
there is a graded left (resp., right) R-module N that is not Gorenstein 1-.2 -injective
(resp., 1-Z -flat). Now suppose on the contrary that every graded left (resp., right)
R-module is Gorenstein 1-Z -injective (resp., 1-Z -flat). If U is a finitely presented
graded module, then the special exact sequence 0 - L — Fy — U — 0 of graded
modules exists. So by Proposition 5.1 (and Proposition 5.2), U is projective, and it
follows that R is 1-.2 -regular or 2 -regular, a contradiction; see [20, Example 3.6].

Proposition 5.6. Let 2" be a class of R-modules.

(a) If G is a Gorenstein injective R-module, then Hompg(—, G) is exact with re-
spect to all special short exact sequences with modules of finite projective
dimension.

(b) If G is a Gorenstein flat right R-module, then G ® g — is exact with respect
to all special short exact sequences with modules of finite flat dimension.

Proof. (a) Let 0 —» K,, = P, — K,_1 — 0 be a special short exact sequence of
U e Z,. It is clear that pd(U) = m < oo since pdg(K,—_1) < co. Also, let G be
Gorenstein injective. Then the following injective resolution of G exists:

0—N—Ap1— - —A)—G—0.

So Ext}™(U,A;) = 0for all 0 < j < m —1 and any i > 0. Thus, we deduce
that Ext’™ (U, G) = Exty ™" (U,N) = 0 for any i > 0. Accordingly, we obtain
Extr(K,_1,G) = Ext}(U,G) = 0.

(b) The proof is similar to the one above. O

Now we can state the main result of this section.
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Theorem 5.7. Let R be a left n-2 -coherent ring and 2" be a class of R-modules.
Then the following statements are equivalent:
(a) R is self left n-2 -injective.
Every Gorenstein n-2 -flat R-module is Gorenstein n-Z -injective.
Every Gorenstein flat R-module is Gorenstein n-% -injective.
Every flat R-module is Gorenstein n-Z -injective.
Every Gorenstein projective R-module is Gorenstein n-% -injective.

)
)
)
)
f) Every projective R-module is Gorenstein n-% -injective.
) Every Gorenstein injective right R-module is Gorenstein n-% -flat.
) Every injective right R-module is Gorenstein n-Z2 -flat.
) Every Gorenstein 1-% -injective right R-module is Gorenstein n-% -flat.
)

Every Gorenstein n-Z -injective right R-module is Gorenstein n-Z -flat.

Proof. The implications (a)=(b)—(f) follow immediately from Theorem 5.3. The
implications (c)=-(d)=-(f) and (e)=(f) are trivial.

(¢)=(a) Assume that G is a projective R-module. Then G is flat, and so G is
Gorenstein n- 2 -injective by (c). Thus, similarly to the proof of (=) of Proposition
5.1, we see that G is n-Z -injective. Hence, the assertion follows from Theorem 5.3.

(f)=(a) This is similar to the proof of (¢)=-(a).

(a)=(i) By Theorem 3.5, every 1-2 -injective right R-module is n-2 -flat. Sup-
pose that G is Gorenstein 1-2 -injective. So an exact sequence

M= — My — My — MO —s M' — ...

of n-2 -flat right R-modules exists, where G = ker(M° — M?!). Let K,,_; be spe-
cial Z -presented with fdr(K,,—1) < oo. Then similarly to the proof of Theorem
4.4(a), we see that M ®p K,,_1 is exact, and hence G is Gorenstein n-2 -flat.

(i)=(g) By Remark 3.4, every injective right R-module is 1-2 -injective. So, if
G is Gorenstein injective, then an exact sequence

E= . —F —E —E —FE' — ...

of 1-Z -injective right R-modules exists, where G = ker(E° — FE'). Hence, if
U € 27 with pd(U) < oo, then U is special £ -presented, and by Proposition 5.6,
Homp(U, E) is exact. Therefore, G is Gorenstein 1- 2 -injective.

(g)=(h) is trivial since every injective R-module is Gorenstein injective.

(h)=(a) Let M be an injective right R-module. Since M is Gorenstein n-2 -flat,
we have an exact sequence M = --- — M; — My — M° = M!' — ... where
any M; is n-2 -flat and M = ker(M° — M?'). Then the split exact sequence
0— M — M° — L — 0 implies that M is n-2 -flat, and hence by Theorem 3.5 we
deduce that R is self left n-2 -injective.

(a)=-(j) Suppose that G is a Gorenstein n-Z -injective right R-module. By
Theorem 3.5(f), every n-Z -injective right R-module is n-2 -flat. Thus, an exact
sequence N = --- — N; — Ny — N® = N! — ... of n-2 -flat right R-modules
exists, where G = ker(NY — N1). Then similarly to the proof of Theorem 4.4(a),
(j) follows.

(j)=(g) is clear. O
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Abstract

We prove a fixpoint theorem for contractions on Cauchy-complete
quantale-enriched categories. It holds for any quantale whose underly-
ing lattice is continuous, and applies to a specific notion of contraction.
Sufficient conditions for the uniqueness of the fixpoint are established.
Throughout, we stress the importance of the continuity of the underly-
ing quantale. Examples include known and new fixpoint theorems for
metric spaces, fuzzy metric spaces, and probabilistic metric spaces.

Introduction

A beautiful and important result in metric space theory, is Banach’s fixpoint
theorem [3] from 1922: “Every contraction on a complete metric space admits
a unique fixpoint.” Many generalizations and applications of Banach’s theorem
have been, and are still, studied. In 1972, Lawvere [21] famously showed that
metric spaces are a particular instance of enriched categories. It is thus natural
to investigate whether fixpoint theorems still make sense in the vast context
of enriched categories. This is precisely the subject of this paper.

More precisely, we shall take quantale-enriched categories as generalization
of metric spaces. That is to say, we fix a quantale ), and work with categories,
functors and distributors enriched in ). Our contribution shows that fixpoint
theorems for (Q-categories depend on the interplay between three essential
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parameters. Indeed, a given contraction must be “strong enough” (we shall
measure its strength by means of a control function); the space on which it acts
must be “complete enough” for the Picard iteration to converge to a fixpoint
(we shall take this to be Cauchy-completeness in the sense of Lawvere); but
we also need sufficiently strong algebraic properties of the underlying quantale
Q@ to allow for the formulation of precisely that convergence.

In concreto, we shall prove a fixpoint theorem for Cauchy-complete Q-
categories!' that holds for any quantale @ whose underlying complete lattice
is continuous and for a specific notion of contraction. Besides, we make plain
when and why such a fixpoint is unique (up to isomorphism). As examples
we find the classical Banach fixpoint theorem for metric spaces, and Boyd and
Wong’s [5] generalization thereof (taking the underlying quantale to be the
positive real numbers); but we also formulate new results for fuzzy ordered
sets (when working over a left-continuous ¢-norm) and for probabilistic metric
spaces (now the quantale is the tensor product of the positive reals with a
left-continuous ¢-norm).

In Section 1 we shall provide all the necessary notions from quantale-
enriched category theory to make this paper reasonably self-contained; we
follow [29] for the general theory, and [16] specifically for the comparison
between categorical and sequential Cauchy-completeness. In Section 2 we first
introduce the contractions that we are interested in, then we show how these
contractions determine Cauchy distributors under the appropriate algebraic
condition on the quantale ), and finally we formulate the resulting fixpoint
theorem for Cauchy-complete Q-categories. The examples in Section 3 show
how our fixpoint theorem generalizes known results from the literature, and
provides for new results too. We end with a short conclusion in Section 4.

1. Quantale-enriched categories

1.1 Q-enriched categories, functors and distributors

In this section we recall some key notions from [29] on quantale-enriched cat-

egories?; we encourage the reader to go back-and-forth to Subsection 1.3 for

1To stay faithful to Banach’s theorem in the metric case, we have chosen to study fix-
points for contractions on Cauchy-complete Q-categories. Let us mention, though, that other
authors have studied other kinds of completeness, e.g. Wagner [31] chooses liminf-complete
Q-categories, whereas Ackerman [1] works with spherically complete Q-categories (and both
use a commutative quantale Q).

2That reference actually treats the more general quantaloid-enriched category theory, but
the reader will easily convert those results to the simpler quantale-enriched case. See also
[30] for a gentle introduction to the subject.

80




the relevant examples.

Throughout, we fix a quantale @ = (Q,V,o,1): it is a complete sup-
lattice (Q, /) endowed with a monoid? structure (@, o, 1) such that the product
distributes over arbitrary suprema:

so (\/ t;) = \/(s ot;) and (\/ sj)ot= \/(sl ot).
i i i i
In other words, but more abstractly, a quantale is a monoid in the symmetric
monoidal closed category Sup of complete lattices and supremum-preserving
morphisms.

A Q-enriched category C (or Q-category C for short) consists of a set Cy
(of “objects”) together with a @Q-valued (“hom”) precidate

C:CoyxCy— Q: (x,y) »—>C($,y)

satisfying, for all z,y,z € Cy, the following (“composition” and “identity”)
conditions:

C(z,y) oC(y,z) <C(z,z) and 1<C(x,z).

A Q-functor F: C — D between two Q-categories is a function F': Cy —
Dy: z — Fz satisfying, for all z,z’ € Cp, the (“functoriality”) condition

C(a',2) < D(F2', Fx).

Two such Q-functors F': A — B and G: B — C can be composed in the obvious
way to produce a new functor G o F: A — C, and the identity function on
Ag provides for the identity functor 14: A — A. Thus @Q-categories and Q-
functors are the objects and morphisms of a (large) category Cat(Q).

A Q-distributor (also called bimodule or profunctor) ®: C-e+D between
two @Q-categories is a @-valued predicate

D: Dy x Cyp— Q: (y,2) — P(y,x)
satisfying, for all z,2’ € Cy and y,y’ €€ Cy, the (“action”) condition
D(y,y) o @y, z) o C(z,2) < @(y', ).
Two such distributors, say ®: A—e+B and ¥: B-e+C, compose as

(Wod): Cox Ay Q: (z,2) = \/ U(z,y) 0 d(y, ).
y€Bo

3We do not assume that 1, the unit of the monoid, is the top element of the lattice.
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The identity distributor on C is the “hom” predicate C: CoxCy — @Q itself, and
so Q-categories and Q-distributors form a (large) category Dist(Q). However,
there is more: the elementwise ordering of distributors makes Dist(Q) a 2-
category4.

Applying general 2-categorical algebra, we may now say that two Q-distributors
®: A-o+B and ¥: B-e+ A are (left/right) adjoint, denoted ® 4 ¥, if

A<UVod and PoV¥ <B.

Every functor F': A — B represents an adjoint pair of distributors F, 4 F*
defined by

Fi(b,a) =B(b, Fa) and F*(a,b) =B(Fa,b).
With this, the inclusion functor
Cat(Q) = Dist(Q): (F: A—B) > (F.: A-o>B)

naturally makes Cat(Q) a locally ordered category by defining, for F,G €
Cat(Q),

F<a &L p<a,.

Whenever FF < G and G < F, we write F' = G and say that these functors
are isomorphic.

For a fixed Q-category C, we may consider, for any other Q-category A,
the map which assigns to any functor F': A — C the left adjoint distributor
F,: A—-C:

Cat(Q)(A,C) — LAjDist(Q)(A,C): F v F,.

This map is (by definition of the local order in Cat(Q)) order-preserving and
order-reflecting. If, for each A, this maps is also surjective (in words: every
left adjoint distributor into C is representable by a functor), then we say that
C is Cauchy-complete.

Let 1 be the Q-category defined by 1y = {*} and 1(*, x) = 1. A distributor
¢: 1-e+Cis called a (contravariant) presheaf on C. There is a natural bijection
between Q-functors 1 — C and elements of Cy. In particular, for any c € Cy
there is a Q-functor A.: 1 — C: % +— ¢ which represents the left adjoint
presheaf (A.): Co x Lg — Q: (z,*) — C(z,c). Therefore, by putting

c<d & A <A, = V2 eCy:C(—,c) <C(—,¢) < 1<C(c()

4Much better still: Dist(Q) is a quantaloid, i.e. a category enriched in Sup. Since we do
not need this very rich structure in this paper, we shall not dwell on it here.
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the set Cop becomes an order (Cp, <). If both ¢ < ¢ and ¢’ < ¢ hold, then
we write ¢ & ¢ and we say that these objects of C are isomorphic. It is
furthermore a result in @Q-category theory (which holds in greater generality

too) that C is Cauchy-complete if and only if
Cat(Q)(1,C) — LAdjDist(Q)(1,C)

is surjective; in words, C is Cauchy-complete if and only if each left ad-
joint presheaf on C is representable. The importance of Cauchy-complete
()-categories was made very clear in Lawvere’s seminal paper [21] on the sub-
ject.

1.2 Sequences vs. presheaves

In this subsection we review some results that can be found in [16, Section
4.3]: they relate “sequential” Cauchy-completeness to “categorical” Cauchy-
completeness.

Given a sequence x = (Zp,)nen in a Q-category C, we define a quantity C,
that measures the “Cauchyness” of the sequence:

C, = \/ /\ /\ C(zn, Tm)-

NeNn>Nm>N
Definition 1.2.1 We say that a sequence © = (zp)nen is Cauchy if Cy > 1.

Now, for any sequence 2 = (x)nen in a Q-category C, we define

bx(y) == \/ /\ Cly,zn) and ¢.(y) = \/ /\ C(xn,y)

NeNn>N NeNn>N

for all y € Cyp, and show that these presheaves ¢, : 1-e+C and v, : C—»1 on
C are adjoint if and only if the sequence x = (zy,)nen is Cauchy.
First, let us verify that:

Lemma 1.2.2 Both ¢, and 1, are Q-enriched distributors.
Proof. For ¢, we must show that, for all a,b € Cy,
C(a,b) 0 ¢z (b) < ¢5(a) and ¢z (b) o L(x,*) < ¢, (D).

The second inequality is trivial. For the first, we compute as follows:

NeNn>N

C(a,b) o ¢ (b) = C(a,b) o ( \/ /\ C(b, xn))

83




\/ C(a,b) o ( /\ (C(b,a:n)>

NeN n>N

\/ /\ C(a,b) o C(b, zy)

NeNn>N

\/ /\ Cla, zy)

NENn>N
= ¢z(a)

The reasoning for 1, is entirely analogous. O

INA

IA

Now, we recall the result, from [16], about the connection between Cauchy
sequences and adjoint presheaves. We include the proof here, to indicate a
reoccuring computation that we shall use later on too.

Proposition 1.2.3 A sequence © = (xn)nen s Cauchy if and only if ¢p 4 .
Proof. The stated adjointness means precisely that:

(1) ¢e(b) 0 hy(a) < C(b,a), for all a,b € Cy,

(i) Vyec, Yz(y) 0 ¢(y) = 1.

Of these two required inequalities, the first is always true, regardless the
Cauchyness of the sequence z = (zp,)nen. Indeed, for a,b € Cy we can com-
pute:

¢2(b) 0 Pz(a) = (\/ /\ C(, wn)) ° ( v /\ (C(xm,a))

NeNn>N MeNm>M

¢ \/ /\ C(b,zp) | /\ C(xm,a)
NeN \n>N m>N

< \/ C(b,zn) o C(zn,a)
NeN

< C(b,a).

In (*) we use that the sequences

( A (C(xm,a)> and (/\ C(bwn))
m>M MeN n=N NeN

are increasing®.

5For two sequences (an)nen and (bp)nen of elements in @, distributivity assures that
\/n Gn O \/m b = \/n’m an, 0 by,. However, when both sequences are increasing, i.e. n < n/
implies a,, < a,/ and b, < b,s, then this is further equal to \/n Ap © by
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As for the second required inequality, we shall prove (again, regardless the
Cauchyness of the sequence) that

(1)
CzOCw < \/ djl(

y€Co

( )
0 ¢a(y) < Co;
the stated result then follows immediately. Inequality (1) can be verified as

follows:
(\/ /\ C(:m%/)) o ( \/ /\ (C(y,a:m))

\/ 1/}90 ¢x = \/
yeCo yeCop \NeNn>N MeNm>M
ERVAY, (/\ <C<wn,y>> 0 ( A @(y,xm>)
yeCo NeN \n>N m>N
> \/ (/\ (C(a:n,x]v)) ) ( /\ C(Z’N,Cﬂm))
NeN \n>N m>N
) (\/ /\ Clan, zN ) o ( \/ /\ (C(acM,xm))
NeNn>N MeNm>M
(VA G (V AN et
NeNn>Nm>N MeNn>M m>M

=Cro0Cy
In both equalities marked with (%) we again use that we are dealing with (a

product of suprema of) increasing sequences. Inequality (2) follows thusly

=\ (\/ A C(an,y )o (M\/N />\M<C(y,wm)

\ ¥a(y) 0 daly
yeCyp \NeENn>N

=RVAY/ (/\ C(In,y)> o ( />\M<C(y»”3m)>

yeCo NeN \n>N

\/ \/ /\ /\(an, ) o C(y, Zm)

yeCop NeENn>N m>N

<V A A Clnan)

NeNn>N m>N
=C,.
i O

For (*) we use the argument on increasing sequences again

1.3 Examples of -enriched categories

In the rest of the paper, our examples of Q-enriched categories will be
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Example 1.3.1 (Ordered sets) The simplest (non-trivial) example of a quan-
tale is the two-element Boolean algebra @ = ({0, 1}, V, A, 1). In this case, a Q-
category is precisely an ordered set (P, <), i.e. a set P equipped with a binary
relation < whose characteristic function P x P — {0,1}: (z,y) — [z < y]
satisfies the following axioms:

(W) [e<y] A [y<=] < [e<2],
(2 1< [z <al.

(This order-relation need not be anti-symmetric; some call this a “preorder”.)
A Q-functor between such Q-categories is a monotone map between ordered
sets. It is well-known (and easy to verify) that every ordered set is, viewed as
an enriched category, Cauchy-complete.

Example 1.3.2 (Metric spaces) Let Q = ([0, o], A, +,0) be Lawvere’s quan-
tale of extended positive real numbers, i.e. it is the segment [0, c0] (with oo
included) with the converse (!) of the natural (linear) order, and with the sum
as binary operation. As pointed out by Lawvere [21], a Q-category is precisely

a generalised metric space (X,d), that is, a set X together with a distance
function d: X x X — [0, o] such that

(1) d(z,y) +d(y, 2) = d(z,y),
(2) 0> d(z,x).

The adjective “generalized” here indicates that such a metric need not be
finitary (so d(z,y) = oo is allowed) nor symmetric (so d(z,y) # d(y,z) is
allowed), nor separated (so d(z,y) = 0 = d(y,x) for z # y is allowed). A
Q-functor between such Q-categories is a non-expanding map between (gen-
eralized) metric spaces. Lawvere [21] famously showed that a metric space is
Cauchy-complete as enriched category if and only if all Cauchy sequences (in
the usual sense for metric spaces) converge.

Example 1.3.3 (Fuzzy orders) A so-called left-continuous t-norm is pre-
cisely a commutative and integral quantale whose underlying (linear) suplat-
tice is ([0, 1], V) (see e.g. [19, 30]); the multiplication of such a quantale is then
typically written as z+y. Examples include zxy = zy (the “product t-norm”),
x*y = min{z, y} (the “minimum ¢-norm”) and z *y = max{z +y —1,0} (the
“Lukasiewicz t-norm”); in fact, every continuous t-norm (meaning that the
multiplication is a continuous function) is in a precise sense an amalgamation
of these three (see e.g. [13]). These quantales are the corner stone of “fuzzy”
logic: the truth values in this logic can vary between 0 and 1, conjunction
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is computed with *, and implication is computed with the adjoint to multi-
plication. A category enriched in a left-continuous t-norm ([0, 1],V/, *, 1) thus
consists of a set P together with a map P x P — [0,1]: (z,y) — [z < y]
satisfying

(W) [e<y] * [y<=] < [e<2],
(@) 1< [z <al.

Following [32, 24, 7, 22], we call this a fuzzy (pre)order: the truth value
[z < y] € [0,1] is interpreted as “the extent to which # < y holds in P”.
A Q-functor between such @-categories is a map between fuzzy preorders that
does not decrease the value of the “fuzzy” order. By Theorem 4.19 of [16]
(and the definition of Cauchy sequence in a )-category) it follows that a fuzzy
order is categorically Cauchy-complete if and only if all Cauchy sequences (in
the usual sense for fuzzy orders, see Definition 4.1 in [7]) converge.

Example 1.3.4 (Probabilistic metric space) Fix a left-continuous t-norm
([0,1], V, %, 1). It was shown by Hofmann and Reis [16], and further explained
in [8], that the set

A={f:[0,00] = [0,1] | f(t) = \/ f(5)}
s<t
of so-called distance distributions® is a quantale for pointwise suprema, with
the convolution product

(fxg)t)="\ f@r)*g(s)

r+s=t

as binary operation, and

e(t):{ 0ift=0,

1 else

as two-sided unit. Indeed, it is shown in [11, Examples 2.1.10 and 2.3.306]
that the quantale @ = (A,V,*,e) is the tensor product in the category of
suplattices, as well as the coproduct in the category of commutative quan-
tales, of the Lawvere quantale ([0, 00], A, +,0) and the left-continuous ¢t-norm
([0,1],V, %,1). A Q-category has been called a (generalized) probabilistic met-
ric space by some [16, 14], and a (generalized) fuzzy metric space by others
[20, 9]; it consists of a set X together with a probabilistic distance function
d: X x X x [0,00] — [0, 1] such that

SBecause domain and codomain are continuous lattices, these are precisely the lower
semicontinuous functions, see [10, Proposition II-2.1].
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(0) d(I, yvt) = Vs<t d(x,y,s),
(1) d(z,z,t) =1 for t > 0,
(2) d(z,y,r) *d(y, z,5) < d(x,z,7+5).

Such an object is often denoted (X,d,*), to stress the importance of the t-
norm. The intended meaning of d(z,y,t) is that it expresses “the probability
that the distance from x to y is strictly less than ¢”. (Again, we do not insist on
finiteness, symmetry or separatedness for such a space, each of which can be
expressed suitably; see also [28].) A @-enriched functor is a map between such
spaces that does not decrease such probabilistic distances. Hofmann and Reiss
[16] proved that a probabilistic metric space is categorically Cauchy-complete
if and only if all Cauchy sequences (as traditionally defined in probabilistic
metric spaces, see [6, 16]) converge.

1.4 Continuous lattices

For the reader’s convenience, we gather here a few well-known facts regarding
continuous lattices; our reference on this subject is [10].

Throughout we assume that L is a complete lattice.

A subset D C L is directed if it is non-empty and, for any =,y € D there
exists a z € D such that x Vy C z. For two elements a,b € L we write a < b,
and we say that a is way below b, if, for every directed subset D C L, b <\/ D
implies the existence of a d € D such that a < d. We write a < b, and
say that a is totally below b, if, for every subset S C L, b < \/ .S implies the
existence of a s € S such that a < s. It is easy to see that a <& b implies
a < b, which in turn implies a < b. The complete lattice L is said to be

- meet-continuous if, for every a € L and every directed D C L,

a/\(\/D):\/a/\d, (1)

deD
- continuous if, for every a € L,
a=\/{ueL|u<a}, (2)
- totally continuous if, for every a € L,
a:\/{ueL|u<<<a}. (3)

A totally continuous lattice is also continuous, and a continuous lattice is
also meet-continuous. Whereas the first of these assertions is trivial, we shall
give some detail regarding the second. Thereto, we rephrase somewhat the
definitions.

10
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Lemma 1.4.1 L is meet-continuous if and only if, for every a € L and di-
rected D C L,
a§\/D - a§\/a/\d. (4)
deD

(Note that a > \/qep a A d always holds, so in effect we have an equality.)

Proof. First we show (1)=(4). If a < VD thena =aAVD = Vypand
as wanted. Now for (4)=-(1), because a A \/ D < \/ D we have by hypothesis
that a AV D < Vgep((a AV D) A d) and the latter is equal to Vg ep(a A d);
the opposite inquality always holds. O

Lemma 1.4.2 L is continuous if and only if, for every a,b € L,
(Vu<<a:u§b) = a<hb, (5)
if and only if, for every a,b € L,
afb = (3u<<a:u$b). (6)

Proof. (2)=(5) is immediate, and (5)<>(6) holds by contraposition. Now sup-
pose that (6) holds, yet that a £ \/{u € L | u < a}. Then there must be
a u < a such that v £ V{u € L | v < a} which is absurd. (Note that
a>V{u € L|u< a} always holds.) So (2) follows from (6). O

Proposition 1.4.3 Fvery continuous lattice is meet-continuous.

Proof. We shall show that (2) implies (4). Suppose that a < \/ D, then for
all 4 < a there must be a d, € D such that v < d,. But u < a also implies
u < a, so that v < a Ad,. Therefore a = \V{u e L|u<a} <VgpaAd, as
needed. O

Finally, we point out that:

Proposition 1.4.4 L is totally continuous if and only if it is completely dis-

tributive, that is, the supremum-map
\/:Dwn(L) = L: S+ \/ S (7)

preserves infima (where Dwn(L) denotes the complete lattice of downward
closed subsets of L, with infima given by intersection,).

11
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Proof. Suppose first that (3) holds. Then, for any downward closed subset
S C L and any a € L, one easily sees that

{ueLlu<a}CS ifandonlyif a<)\/S. (8)

This shows a (Galois) adjunction between the order-preserving maps a — {u €
L | u << a} (the left adjoint) and S — \/ S (the right adjoint), and so S +— \/ S
preserves infima. Conversely, suppose that S +— \/ S preserves infima. Because
of the complete lattices involved, this is equivalent to saying that it has a left
adjoint, say a — [(a): that is, for any S € Dwn(L), I(a) C S if and only if
a <V S. Let us, for the sake of the argument, denote 6(a) = {u € L | u <« a};
then using the adjunction in (%) we have the equivalences

a<\/da) < i(a) C 5(a)
<x€l :>:c€5()>

II II

T

xela):>x<<<a>
(:1:61 <VSEDWH(L):CL§\/S:>I€S>>
& <x€l(a):> (VSEDwn(L):l(a)QSéxGS»,

the last of which clearly holds true. As a > \/ d(a) always holds, we have
shown (3). O

Finally we recall the pertinent notion of morphism in this context:

Proposition 1.4.5 For any function f: L — M between complete lattices,

f\/ D)=\ f(d) (9)

deD

we have that

for all directed D C L if and only if

FNV N z) <\ N Fz)). (10)

jeJj'2j jedj'zj

for every net’ (x)jes in L. If L and M are continuous lattices, then this is
further equivalent to

z) =\ {f(y) |y <z} (11)

for all z € K. Such an f is always monotone.

"A net is a family of elements indexed by a directed poset. Any sequence (z;)ien is a net,
but the converse is — obviously — not true.
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Proof. For (9)=-(10), first observe that, whenever a < b in L, the set {a,b}
is directed. By application of the hypothesis one easily sees that f(b) =
f(a) v f(b) so that f(a) < f(b). Whence f is monotone. Now, given a net
(x)jes, the subset
fy= NajlielicL
i}

is directed: for y,, and y, there is always a k € J which is larger than m and
n (since J is directed), and yi > ym V yn. Applying the hypothesis, and using
that f is monotone, we find indeed that

SNV Nz =V N\ z) <\ N Flzp).

JjeJj'2j jed  j'zj jedj'zj

Conversely, suppose that (10) holds. It follows first and foremost that f is
monotonous: suppose that a < b, then applying the hypotheses on the se-
quence a, b, a,b, ... provides f(a) < f(a) A f(b) so that f(a) < f(b). Now, for
a directed D C L, we can consider the net

(=),

for which the hypothesis together with the monotonicity of f implies

FND) =F( Nz <V N fled) =V fd).

deD d'>d deD d'>d deD

As the reverse inequality is always true (for monotonous f), we get the required
inequality.

From now on we suppose that L and M are continuous lattices. It follows
directly from (2) and the directedness of {u € L | u < z} C L that (9)=-(11).
Conversely, suppose that (11) holds. Note first that f is monotononous: if
a<bthen{uelL|u<a} C{ueLl|u<xb}andso {f(u) e L|u<
a} C{f(u) € L |u< b} from which f(a) < f(b) follows by application of the
hypothesis. Next, if D C L is directed, then

u<<\/D if and only if u < d for some d € D

and so, using monotonicity, f(\V/ D) = V{f(u) |u < d e D} =V{f(d) |d €
D}, as wanted. O

Functions as in the previous Proposition are called lower-semicontinuous.
Any complete linear lattice L is completely distributive(= totally contin-

uous). Because every subset of L is directed (if a,b € S C L then either

a=aVborb=aVband so in any case aVb € S), the notions of “way below”

13
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and “totally below” coincide. In fact, we have a < b if and only if either
a=0,ora<b or(a=>bandb#\{zreL|z<b}), see [10]. We record
([0,00], A) and ([0,1],V) as important examples. Since the tensor product (in
the category Sup of complete lattices and supremum-preserving morphisms) of
two completely distributive lattices is again completely distributive [11, Theo-
rem 2.1.17], we may also record the complete lattice of distance distributions,
(AV) = ([0,00],A) ® ([0,1],V), as an example of a completely distributive
lattice. A description of the way-below relation (involving step functions) can
be found in [16]. By the way, it follows from (11) in Proposition 1.4.5 that the
elements of A are indeed all the lower semicontinuous functions from [0, co]
to [0,1].

2. Fixpoints for contractions on ()-categories

2.1 Contractions on a (Q-enriched category

Let @ be any quantale (and write 0 for its bottom element), and C any Q-
enriched category.

Definition 2.1.1 If ¢ : Q@ — Q and f : Co — Cqy are maps such that
1. o(t) >t for allt € Q,
2. ifp(t) =t thent=0 or1<t,

3. forallxz,y € C, C(fz, fy) > o(C(z,y)),

then we say that f is a @-contraction, and we say that ¢ is a control function
for f.

A control function ¢ is thus bigger than the identity function on the whole
of @, and strictly so except possibly in ¢ = 0 or ¢t > 1. Note too that a
p-contraction f is always a Q-functor f: C — C, but not every Q-functor is
p-contractive for some control function .

We wish to investigate the possible fixpoints of such contractions. Let us
first make this formal:

Definition 2.1.2 Let f: C — C be a Q-functor. A fixzpoint for f is an u € C
such that fu = u in C, that is to say, we have both 1 < C(fu,u) and 1 <
C(u, fu).

In general, such fixpoints are of course not unique. However, if f is a -

~ ~

contraction, and both fu = u and fu’ = v« hold, then it follows from the
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triangular inequality in C that

C(u,u') > C(u, fu) o C(fu, fu') o C(fu',u’)
>10C(fu, fu')ol
= C(fu, fu')
> ¢(C(u,u'))
> C(u,u)
Since ¢(t) > t for all 0 # t # 1, we must have C(u,u') = 0 or C(u,u') > 1.

Exchanging u and u’' one sees that also C(u/,u) = 0 or C(uv/,u) > 1. Hence
there are exactly four possibilities:

u')>1 C(u,u')
C(v/,u) =0 o C(v,u) >

n_
0 Or{(C(u,u)—O
1 0

Under mild assumptions on C we can now formulate uniqueness results for

fixpoints.

Proposition 2.1.3 Let C be a Q-category all of whose homs are non-zero,
and f: C — C any p-contraction. If fu = u and fu' =’ then u = u'.

Proof. In the four possible cases above, only the first is compatible with non-
zero homs in C. O

For @Q-categories with homs that can be equal to 0, we have a different result.

Proposition 2.1.4 Let C be symmetric Q-category (meaning that C(x,y) =
C(y,z) for all xz,y € C) and f: C — C any p-contraction. If fu = u and
fu' = then either u = u' or C(u,u’') = 0.

Proof. In the four possible cases above, only the first and the last are compat-
ible with symmetry in C. O

2.2 From contractions to adjoint presheaves

We shall be interested in a particular set of control functions for contrac-
tions on a Q-category, namely those that satisfy a weak variant® of lower-
semicontinuity (see [10]):

8A function f: L — M between complete lattices is lower-semicontinuous if the sup-inf
condition in Defintion 2.2.1 holds for all nets in L (i.e. a family of elements indexed by a
directed poset); here we only require it for sequences.
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Definition 2.2.1 Let ® be the set of control functions ¢ : Q@ — Q such that,
for any (tn)nen in Q,

o( \/ /\ tn) < \/ /\ o(tn)- (12)

NeNn>N NeNn>N
We shall speak of a ®-contraction f whenever f is a p-contraction with ¢ € .

Given any @-contraction f on a @-category C and an object x € Cyp, the
sequence (f™x)nen determines two distributors

dor) =\ N Cly, f'a)and o (y) = \/ A C(f"z,y)

NeNn>N NeNn>N

We shall now identify sufficient conditions on @ and ¢ in order to get an
adjunction between these distributors.

Proposition 2.2.2 Let Q be a quantale whose underlying lattice is continu-
ous?, and f : C — C a ®-contraction on a Q-category. For any x € Cq such

that C(z, fz) # 0 # C(fx,x) we have ¢g r 79y ¢.

Proof. Putting Cy ¢ = V yen Ausn Ams>ny C(f"x, fx) € Q, we recall from
Subsection 1.2 that ¢, ¢ - ¥ ¢ if and o}lly if Cyzy > 1. We shall show that
Cy,r 2 1 leads to a contradiction.

(i) Picking an = € Cy such that C(x, fz) # 0 # C(fx,x), we put ¢, :=
C(fmx, frtlz) € Q for all n € N. By assumption, 0 < ¢g < 1 and the
conditions on ¢ imply that ¢y < p(cg) < ¢1. Repeating the argument we find
that ¢, < p(cn) < ent1, S0 the sequence is increasing and strictly above 0.
Therefore we can compute, using the conditions on ¢, that:

\/ CN \/ CN+1

NeN NeN

\/ /\ Cn+1

NeNn>N

VoA elen)

NeNn>N

%0(\/ /\ Cn)

NeNn>N

=o(\/ en)

NeN

%

%

Tt is tempting to speak of a continuous quantale, yet this terminology is in conflict with
that of continuous t-norm. Indeed, the underlying lattice of any ¢-norm is the continuous
lattice [0, 1], yet not every t-norm is continuous (as a function in two variables). So we shall
stick to the somewhat cumbersome “quantale with underlying continuous lattice”.
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We thus find a fixpoint of ¢ which is not 0, so it must satisfy 1 <\ yeyen.
(ii) Similarly, the sequence (a, := C(f"" 'z, f"x))peny must also satisfy
1 < Venn-
(ili) Next, suppose that 1 £ Cy ;; by continuity of the underlying complete
lattice of @, this means that there exists an e < 1 such that ¢ £ C, (and so
in particular € # 0). Using the definition of C}, as a sup-inf, we may infer:

ez \/ (/\ N C(f”x,fmx)) —VkeN:egz \ A C(f', f"x)

keN \n>km>k n>k m>k

= Vk € N,Ing,my > k:e £ C(f"ux, fMx)

In the last line above, it cannot be the case that my = ng, because otherwise
C(f™uax, fmx) > 1 (by the “identity” axiom for the @-category C), which
would then also be above ¢ < 1. So suppose that ng < my, then we can
replace my, by

my, == min{m > ny, | e £ C(f™a, f"x)}

and so we still have ¢ £ (C(f”kx,fmécx), but now we know also that ¢ <

C(fm™z, fmk*lx). Similarly, if ng > mj then we may replace ng by
ny, := min{n > my € N|e £ C(f"z, f™x)}

and we still have € £ (C(f";ex, f™k ), but now we know also that € < C(f”2=_1m, fmex).
That is to say, we can always pick ng, my > k to ensure that

S either C(f™x, f* 1x)>e (A)
€ £ C(f"™x, f"x) and { or C(f*~lz, frez)>e (B)

Now denote, for each such pick of ng,my > k € N,
dy == C(f™*x, f™z);

and let us insist that ¢ £ dj, for all k£ € N. In case condition (A) holds for
di, then in particular my > ng so my > 1, and we can use the “composition”
axiom in C to get

€0 Cmy—1 < (C(fnkx7 fmk_lx) o C(fmk_1x7 fmkx)
< C(f™a, ™)
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In case condition (B) holds for dj we can similarly prove that
Any—1 0 € < dy.

Hence, using in (%) that a continuous lattice is always meet-continuous, and
that both sequences

(Afdi | k> N and (4) holds}) _and (/\{dy |k > N and (B) holds})

NeN NeN

are increasing, we may compute that

V Ad= VA d

NeNk>N NeNg k>N
=V (A{de| k>N and (4) holds} A \{dy | k> N and (B) holds})
NeNg
@ \/ Afd| k>N and (4) holds}
NeNy

A ( \/ A{di | k>N and (B) holds})

NeNy

%

( V' Aleocm—1 k=N and (4) holds})

NeNy

A ( \V/ A{an,—10€| k>N and (B) holds})

NeNy

L) (e
>leo(\ A cm)>/\<(\/ A an)oe>

NeNm>N NeNm>N

eo(\/ cN)> A ((\/ aN)oe>

NeN NeN
=(eol)A(loe)
=e

So, even though € £ dj, (for all k € N), we do have that 0 # € <\ yeny Agsn dic-
(iv) Using the “composition” axiom in C, we have for every k > N € N
(recall that ng, my > k too) that

dp, > ¢y, 0 (C(fn’“ﬂgc7 fmk+1m) O Ay, > Cn,, 0 @(di) 0 G, > en 0 (di) o an
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and so we may compute that

\/ /\de \/ /\(cNocp(dk)oaN)

NeNk>N NeNk>N

>\ |eno (A eld))oan

NeN k>N

(N\/NCN) ’ (N\/N /\N gp(dk)) ’ (N\/NaN)
=1lo \/ /\ o(dg) | o1

NeNk>N

>o(\/ A di)

NeNn>N

=V Ad

NeNn>N

A
[

where in (%) we used once more the argument involving increasing sequences
(explained in a previous footnote), but now for three sequences instead of two.
This means that \/ ycy Ag>n di is a fixpoint of ¢ which — as we showed earlier
—is not 0, so we must have 1 <\ yey Ap>n di-

(v) Since € € 1 < Vyen Ar>n i, and the latter supremum is directed,
there must exist an Nyg € N such that e < Ni>n, k- Yet, we established
earlier that € £ dy, for all k € N. This is the announced contradiction. O

Remark 2.2.3 For simplicity’s sake, we asked in Definition 2.2.1 a control
function ¢ € @ to satisfy ©(Vyeny Ansntn) < Vyen Ansn @(tn) for any se-
quence (tp)nen in Q. Yet, in the proof above, given a ¢-contraction f: C — C,
we really only need such inequalities for sequences whose elements are “homs”
in C (i.e. elements in the image of C: Cy x Cyp — Q). Similarly, in Definition
2.1.1 we asked ¢ to be strictly increasing on all ¢ € @, except possibly in ¢t = 0
or t > 1. But again, in the proof above we really only need this strictness in
those particular elements of ) which are suprema, or suprema of infima, of
“homs” in C. This observation will be useful in Example 3.2.2.

2.3 Fixpoint for a contraction on a Cauchy-complete Q-category

In the above Subsection we discovered sufficient conditions for a ¢-contraction
f: Cy — Cy to determine adjoint distributors. If the Q-category C is Cauchy-
complete, this adjoint pair is represented by an object of C. We will now show
that this representing object is a fixpoint for the contraction.
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Proposition 2.3.1 Let Q be any quantale and f: C — C any Q-functor on
a Cauchy-complete QQ-category. If there exists an x € Cq such that ¢, ; =V, ¢
then f has a fizpoint.

Proof. By Cauchy-completeness of C, the presheaves ¢, ; and v, s are repre-
sentable: ¢, ¢ = C(—,u) and v, 5y = C(u,—) for some v € Cy. Now we can
compute that

C(fu,u) = ¢y s (fu)
=V A C(fu, f*z)

NeNn>N

VA C(fu, f*z)

NeNg n>N

Q)

> \/ A Clu, f'z)
NeNn>N

= ¢z,f(u)

= C(u,u)

> 1

using the “functoriality” axiom for f in (%). Similarly one computes that
C(u, fu) > 1. Therefore we have both u > fu and fu > u in (the underlying
order of) C, which means that u = fu, as wanted. O

Putting Propositions 2.2.2 and 2.3.1 together, we arrive at:

Theorem 2.3.2 (Fixpoint theorem for a ®-contraction) LetQ be quan-
tale whose underlying lattice is continuous, and f: C — C a ®-contraction on
a Cauchy-complete Q-category. If there exists an x € Cy such that C(z, fx) #
0 # C(fz,x) then f has a fizpoint.

In the above Theorem, the obtained fixpoint depends on the element x €
C chosen such that C(z, fx) # 0 # C(fz,z). However, let us recall that
Propositions 2.1.3 and 2.1.4 provide mild conditions on C to make the fixpoint

of a contraction unique.

3. Examples and counterexamples

The examples in this section show how Theorem 2.3.2 generalizes known fix-
point theorems from the literature, and provides new ones too. Also, we
mention a counterexample to show that the conditions cannot be weakened
unless supplementary conditions are considered.
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3.1 Orders

The two-element boolean algebra being obviously a (totally) continuous lat-
tice, the quantale @ = ({0, 1}, V, A, 1) satisfies the condition in Theorem 2.3.2,
so this Theorem can potentially say something about ordered sets. Note that
the functions

v1:{0,1} =+ {0,1}:0—~0,1—1 and ¢9:{0,1} - {0,1}: 0~ 1,1—1

are precisely the elements of ®. A map f: (P, <) — (P, <) is a ¢1-contraction
if and only if f is monotone; and it is a py-contraction if and only if f is
essentially constant (fz = fy for all x,y € P). Any non-empty ordered set
is Cauchy-complete as a @Q-enriched category. It is part of the hypotheses in
Theorem 2.3.2 that there exists an x € P such that z < fz and fzr < z;
in other words, by hypothesis there exists a fixpoint fx = z. Of course this
makes the conclusion of the Theorem (namely, the existence of a fixpoint)
triviall Moreover, the fixpoint that is constructed in the proof (as an object
representing a left adjoint presheaf) is in this particular case precisely iso-
morphic to the fixpoint given as hypothesis. So, for the two-element Boolean
algebra, Theorem 2.3.2 does not give any result; the Theorem can thus only
be meaningful for “richer” quantales. (We hasten to add that there exist of
course very important fixpoint theorems for ordered sets; but these usually re-
quire more stringent completeness conditions on the ordered set and/or more
stringent continuity conditions on the map. See e.g. [10].)

3.2 Metric spaces

Lawvere’s quantale Q = ([0, o0], A, +, 0) is linear, and therefore continuous®.

It is also an integral quantale: the unit 0 for the monoid structure is the
top element of the lattice (note again that the order on [0, 00] is the reverse
of the natural order!). This makes the notion of contraction in Definition
2.1.1 slightly simpler, so by application of Theorem 2.3.2 we can produce the
following result:

Corollary 3.2.1 Let ¢: [0,00] — [0,00] be an upper-semicontinuous function
so that p(t) <t for any t & {0,00} and ©(0) = 0. Let f: X — X be a map
on a Cauchy-complete generalized metric space (X,d) such that d(fz, fy) <

Any complete linear lattice L is completely distributive and (therefore) also totally
continuous, continuous and meet-continuous. Because every subset of L is directed (if a,b €
S C L then either a =aVbor b =aVband so in any case a Vb € S), the notions of “way
below” and “totally below” coincide. In fact, we have a < b if and only if either a = 0, or
a<b,or (@a=bandb# \/{z € L|z<b}), see [10].
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o(d(z,y)) for all z,y € X. If there is an x € X such that d(z, fx) # oo #
d(fx,x) then the sequence (f"x),en converges to a fixpoint of f.

If (X,d) is a finitary generalized metric space, then any € X will produce
a convergent sequence (f"z)nen; and Proposition 2.1.3 implies that all such
sequences (f"x),en converge to an essentially unique fixpoint of f (unique if
the space is also separated). If (X, d) is a symmetric generalized metric space,
then any z € X such that d(z, fx) # oo will produce a convergent sequence
(f™x)nen; and Proposition 2.1.4 implies that any two fixpoints of f are either
isomorphic (equal if the space is also separated) or at distance co from each
other (i.e. the space (X, d) decomposes as a categorical sum of two non-empty
spaces, and the fixpoints are in different summands). Furthermore, for the
reasons explained in Remark 2.2.3, in the above result it is actually enough
to require that ¢ is (defined on and) upper-semicontinuous on the closure of
{d(z,y) | z,y € X}. This is how the above result is formulated by Boyd and
Wong [5, Theorem 1] in the particular case that (X, d) is a finitary, symmetric,
separated metric space (see also [2, 26]):

Example 3.2.2 For (X, d) a Cauchy-complete metric space, let ¢: {(d(z,y) | z,y € X} —
[0,00] be an upper-semicontinuous function that maps 0 to 0 and so that

p(t) <t for any t ¢ {0,00}. Then any map f: X — X satisfying d(fz, fy) <

o(d(z,y)) for all 2,y € X has a unique fixpoint, and for any « € X the

sequence (f"z)nen converges to that fixpoint.

On the other hand, the control function defined by p(t) = k-t for 0 < k < 1
certainly satisfies the conditions in Corollary 3.2.1, so we find the following
particular case:

Example 3.2.3 Let f: X — X be a map on a Cauchy-complete generalized
metric space (X, d) for which there exists a 0 < k < 1 such that d(fz, fy) < k-
d(z,y) for all z,y € X. If there is an « € X such that d(z, fa) # 0o # d(fz,x)
then the sequence (f™z),en converges to a fixpoint of f.

Obviously, if (X, d) is finitary, symmetric and separated (and hence an ordi-
nary metric space), we find here the well-known Banach Fixpoint Theorem
(see e.g. [18]). Finally, we mention that Ackerman [1] has produced an exam-
ple of a mon-expansive contraction — whose control function merely satisfies
(t) < t instead of p(t) < t for ¢ ¢ {0,00} — on a Cauchy-complete metric
space which does not have a fixpoint. This shows that this condition on the
control map cannot be weakened without strenghtening some other conditions
in Corollary 3.2.1.
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3.3 Fuzzy orders

The quantale @ = ([0,1],V, *, 1), where * is a left-continuous t-norm, is linear
(thus continuous, see previous footnote) and integral. Hence, by application
of Theorem 2.3.2 we find:

Corollary 3.3.1 Let : [0,1] — [0, 1] be a lower-semicontinuous function sat-
isfying o(t) >t for all0 < t < 1, and (1) = 1. Suppose that (P,[- < -]) is
a complete fuzzy preorder, and that f: P — P is a function such that [ fx <
fyll > p([x < y]). If there exist x € P such that [z < fx] £#0# [ fx < z],
then the sequence (f™(x))nen converges to a fixpoint of f.

This can be regarded as a (straightforward) generalization of Corollary 3.2.1
above, since Lawvere’s quantale ([0, co], A, +,0) is isomorphic to the product
t-norm ([0, 1], A, -, 1) by the order-reversing map [0, co] — [0, 1]: ¢ — exp(—t).

3.4 Probabilistic metric spaces

The integral quantale (A, \/, *, e) of distance distributions (wrt. a left-continuous
t-norm *) is completely distributive!!, hence continuous, so we can apply The-
orem 2.3.2.

Corollary 3.4.1 Let ¢: A — A be a lower-semicontinuous function satisfy-
ing o(u) > u for all 0 < u < e, and p(e) = e. Suppose that f: X — X is a
function on a Cauchy-complete generalized probabilistic metric space (X, d, )
such that d(fx, fy,t) > e(d(x,y,t) for all t. If there exists an x € X such
that d(x, fx,t) # 0 # d(fx,z,t) then f has a fizpoint.

It follows furthermore from Proposition 2.1.3 that, if d(x,y,00) = 1 for all
z,y € X (i.e. the space is finitary), then the fixed point is unique.

There are indeed examples of control functions p: A — A that the above
statement asks for, e.g.

(w()+1) f0<t<oo
ift=0

O Nl

p(u)(t) = {

Unfortunately though, the “Banach control function” which is appropriate in

the setting of probabilistic metric spaces'?,

o(u)(t) = u(Kt) for some 1 < K < oo,

"1ndeed, the complete distributivity of the underlying suplattices follows from (11, The-
orem 2.1.17], who show that the tensor product of completely distributive complete lattices
is completely distributive.

2In [13] the contractions with this control function are called probabilistic g-contractions.
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does not satisfy @(u) # wu for all 0 # u # e (e.g. the “almost constant”
functions, defined by u(t) = ug for 0 < up < 1 and 0 < ¢ < oo, are fixpoints of
©). One possible solution (hinted at by a result in [12]) would be to work with
finitary probabilistic metric spaces. These can be seen as categories enriched
in the subquantale

AT ={u e Alu(co)=1}U{0}

of A. Restricted to AT, the Banach control function does not have fixpoints
other than 0 and e: if u € AT \ {0} satisfies u(t) = u(Kt), then for any
0 <ty < oo,

1 =u(oc0) = u( \/ K™g) = \/ u(K™tg) = u(to),
neN neN

so indeed u = e. However, we do not know whether A% is continuous (we
conjecture that it is not), so we do not know whether we can apply Theorem
2.3.2 without modifications: this will be a topic of futher investigation.

4. Conclusion and further work

With our study of fixpoint theorems for quantale-enriched categories, we ex-
emplified that such results depend not only on the strength of the contraction
and the completeness of the space, but also on the algebraic properties of the
underlying quantale: any fixpoint theorem results from an equilibrum between
those three aspects.

In future work, we want to investigate how several examples of fixpoint
theorems in the literature (see e.g. [7, 12, 13, 18]) fit — or, perhaps, do not
fit — with our quantale-enriched approach. This could lead to variants on our
Theorem 2.3.2, where different algebraic properties of ) are combined with
different conditions on the control functions of contractions, or with different
completeness conditions on the @Q-categories (see e.g. [31]). We also intend
to study fixpoint theorems for quantaloid-enriched categories. This general-
ization, far from trivial, has the benefit to include in particular the theory of
partial metric spaces [30, 17] and of probabilistic partial metric spaces [14],
two areas for which only few fixpoint theorems are known [23, 25, 27].
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