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Résumé

Cette these est consacrée aux équations cinétiques de Fokker-Planck, a la stabilité des inégalités fonction-
nelles et aux formes de Dirichlet non linéaires. Des taux de convergence vers |’équilibre sont estimés via un
cadre analytique fonctionnel basé sur les normes faibles des solutions. L'équation de Vlasov-Fokker-Planck,
avec variable de position confinée dans un tore, est analysée comme modele de référence. La méme stratégie
est ensuite etendue a une large classe de modeéles cinétiques. Nous considérons également des inégalités de
Gagliardo-Nirenberg sur la sphére qui interpolent entre les inégalités de Poincaré et les inégalités de Sobolev.
Nous prouvons des résultats constructifs de stabilité, dans la norme la plus forte possible, avec des exposants
optimaux. L'estimation de stabilité dégénere sur un sous-espace de dimension finie, ce qui nécessite des pré-
cautions supplémentaires. Notre technique combine des développements de Taylor, 'analyse harmonique
et des methodes paraboliques. Nous prouvons rigoureusement la convergence de la famille de Gagliardo-
Nirenberg sur la sphere vers les inégalités de Beckner gaussiennes dans la limite de grandes dimensions.
Ensuite, nous donnons des résultats constructifs de stabilité, en utilisant des diffusions non linéaires sur
I'espace gaussien. Enfin, nous traitons I'inégalité de Sobolev logarithmique gaussienne comme cas limite.
Nous trouvons des estimations explicites de stabilité pour des densités log-concaves ou a support compact
par un argument de log-concavité deduit du flot d’Ornstein—-Uhlenbeck et de la méthode du carré du champ.
Nous contribuons a la théorie des formes de Dirichlet non-linéaires en etendant la propriété de contraction
normale. La preuve adopte une nouvelle stratégie, basée sur I'approximation des fonctions Lipschitz réelles
par des compositions répétées de fonctions linéaires par morceaux simples.

ix



RESUME



Sommario

Questa tesi analizza le equazioni cinetiche di Fokker—Planck, la stabilita di disuguaglianze funzionali e le
forme di Dirichlet non lineari. Tassi costruttivi di convergenza all’equilibrio per equazioni cinetiche sono
calcolati all'interno di un quadro analitico funzionale basato sulle norme deboli delle soluzioni. L'equazione
di Vlasov-Fokker-Planck, con la variabile spaziale confinata in un toro, viene analizzata come caso modello.
La stessa strategia viene poi generalizzata a un’ampia classe di modelli cinetici. Si considerano anche le disu-
guaglianze di Gagliardo—Nirenberg sulla sfera, interpolanti tra la disuguaglianza di Poincaré e quella critica
di Sobolev. Si dimostrano risultati di stabilita costruttiva, nella norma pit forte possibile, con esponenti otti-
mali nel termine di stabilita. Quest'ultimo termine &, pero, degenere su un sottospazio di dimensione finita,
che richiede quindi ulteriore precisione. La tecnica proposta combina sviluppi di Taylor, analisi armonica e
flussi di diffusione (non) lineari. La convergenza della famiglia di Gagliardo-Nirenberg alle disuguaglianze
gaussiane di Beckner, per la dimensione della sfera che tende all'infinito, viene dimostrata in modo rigoro-
so. Vengono poi dati risultati di stabilita costruttiva per tali disuguaglianze di Beckner, utilizzando flussi di
diffusione non lineare sullo spazio gaussiano. Infine si studia la disuguaglianza logaritmica di Sobolev co-
me caso limite. Si danno stime di stabilita esplicite per densita log-concave o a supporto compatto, grazie
all’interazione tra log-concavita e flusso di Ornstein—Uhlenbeck, migliorando il metodo del carré du champ.
Si portano contributi alla teoria delle forme di Dirichlet non lineari, estendendo la proprieta di contrazione
normale al contesto non lineare. La dimostrazione adotta una nuova strategia, basata sull’approssimazione
di funzioni lipschitziane reali mediante composizioni ripetute di funzioni elementari lineari a tratti.
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Abstract

This thesis concerns kinetic Fokker-Planck equations, stability of functionals inequalities, and nonlinear
Dirichlet forms. Constructive convergence rates to equilibrium for kinetic equations are computed via a
functional analytic framework based on weak norms of solutions. The Vlasov-Fokker-Planck equation, with
the space variable confined in a torus, is analysed as a benchmark. Then, the same strategy is generalised to a
wide class of kinetic Fokker-Planck models. We also consider Gagliardo-Nirenberg inequalities on the sphere,
interpolating between the Poincaré and the Sobolev inequalities. We prove constructive stability results, in
the strongest possible norm, with sharp exponents in the distance from optimisers. This term degenerates
on a finite-dimensional subspace requiring additional care. Our technique combines Taylor expansions, har-
monic analysis, and (non)linear diffusion flows. We rigorously prove convergence of the Gagliardo-Nirenberg
family of inequalities, for the dimension of the sphere approaching infinity, to the Gaussian Beckner inequal-
ities. Then, we give constructive stability results for those, using nonlinear diffusion flows on the Gaussian
space. Finally, we treat the Gaussian logarithmic Sobolev inequality as a limit case. We find explicit stability
estimates for log-concave or compactly-supported densities, thanks to the interplay between log-concavity
and the Ornstein-Uhlenbeck flow, using the carré du champ method. We contribute to the theory of nonlin-
ear Dirichlet forms. We extend the normal contraction property to the nonlinear setting. The proof adopts a
new strategy, based on the approximation of real Lipschitz functions with repeated compositions of elemen-
tary piecewise linear functions.
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Chapter 1

Introduction

Introduction en francais

Cette these traite des équations aux dérivées partielles décrivant I'évolution temporelle de systemes com-
posés de nombreuses particules, qui sont soumises aux lois de la mécanique comprenant des interactions
entre particules. La dynamique a I’échelle microscopique est réversible en temps, mais I'irréversibilité appa-
rait dans le systéme a la limite thermodynamique : I'évolution de I'’entropie donne une direction au temps.
Dans le langage de la physique, I'entropie augmente avec le temps, conduisant le systeme a des états d’en-
tropie maximale. Ces états sont stables et donc appelés équilibres. Nous quantifions la vitesse a laquelle
les équilibres sont approchés. Pour ce faire, nous trouvons des entropies adaptées et établissons une inéga-
lité entre 'augmentation de I'entropie et 'entropie elle-méme. Lorsque 'inégalité est optimale, le taux de
convergence vers 1'équilibre est optimal. Des autres améliorations dans ces inégalités permettent de saisir
des propriétés plus fines de I’évolution temporelle. Ces idées sont appliquées a diverses équations cinétiques
et de diffusion.

Nous considérons des systemes complexes composés d'un grand nombre de particules ou d’agents interagis-
sant ensemble et avec un espace ambiant, dont I’échelle caractéristique est supposée beaucoup plus grande
que celle d’'une particule typique. Ces systemes apparaissent dans une large variété de phénomenes natu-
rels, qui vont de la dynamique des molécules dans un gaz ou d'une population de bactéries aux interactions
entre étoiles a 'intérieur d'une galaxie, et entre les galaxies elles-mémes, en passant par les vols d’oiseaux, les
bancs de poissons et les comportements socio-économiques. Ces systemes, et leur évolution dans le temps,
peuvent étre étudiés a trois niveaux de détails différents, généralement appelés niveaux microscopiques, ni-
veau mésoscopique (ou cinétique) et niveau macroscopique (diffusif ot déduit par la dynamique des fluides).
Nous renvoyons a [254] pour une discussion beaucoup plus large du sujet.

Le niveau microscopique est le plus détaillé. A ce niveau, toutes les interactions entre les particules sont
prises en compte. Individuellement, chaque particule obéit aux lois élémentaires de la physique, typique-
ment aux lois de Newton ou au principe de moindre action. En outre, nous avons des interactions entre les
différentes particules du systeme, qui peuvent étre a longue portée, comme c’est le cas pour les charges élec-
triques et la gravité, ou a courte portée. Ces dernieres sont généralement modélisées comme des collisions,

régies par une loi d’interaction microscopique. A ce niveau, toutes les dynamiques sont réversibles en temps.
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4 CHAPTER 1. INTRODUCTION

En théorie, la description du systéme est compléte, mais elle n’est jamais accessible en pratique. En effet,

dans les systemes d’intérét physique, 'ordre de grandeur du nombre de particules est de 109710

023

particules
pour les phénomenes biologiques et pour la dynamique stellaire, et 10~ — 'ordre du nombre d’Avogadro —
pour les gaz. Il n’est donc pas possible de suivre toutes les particules et toutes les interactions. Il faut donc

envisager un autre niveau de description, plus facile a traiter, au prix d’'une perte d’information.

C’est le cas du niveau mésoscopique ou cinétique, ou I'objet d’étude est la fonction de distribution des
particules en fonction de deux variables, généralement la position et la vitesse, et son évolution dans le
temps. Lhistoire de chaque particule n’est pas reconstituée et le phénomene est décrit comme 1'évolution
d’une densité de probabilité sur un espace de phase. Une équation cinétique est alors écrite pour la fonction

de distribution. Cette approche remonte a Maxwell, voire [205].

Le passage de I’échelle microscopique a I’échelle mésoscopique se fait généralement en prenant la limite
pour un nombre N de particules dans le systéme qui tend a I'infini, connue sous le nom de limite thermody-
namique. Un choix d’échelles doit étre fait, donc resultant en différentes équations cinétiques. Par exemple,
on peut se concentrer sur les interactions faibles et a longue portée, en prenant une limite de champ moyen,
et obtenir une équation de Vlasov, voire [163, 174]. Alternativement, les limites de Boltzmann-Grad peuvent
étre considérées, afin de capturer des interactions intenses mais a courte portée, [153]. C’est la facon de dé-
river '’équation de Boltzmann a partir de la dynamique microscopique. Dans cette theése, nous nous concen-

trerons sur les équations cinétiques de type Boltzmann, avec des noyaux du collision simplifiés.

Dans [62], il est prouvé (de maniere formelle) que I'entropie thermodynamique des solutions de I’'équa-
tion de Boltzmann augmente, au fur et a mesure que le temps s’écoule. Lirréversibilité apparait a la limite
thermodynamique, alors méme que toutes les dynamiques au niveau microscopique sont réversibles. Grace
ala monotonie de I'’entropie au cours de I’évolution, 'équation de Boltzmann prend en compte l'irréversibi-
lité des grands systéemes dans une description statistique. L'analyse de [62] donne un autre type de résultat.
La production d’entropie le long de ’équation est explicitement calculée, et il est prouvé qu’elle disparait si et
seulement sila fonction de distribution est une distribution maxwellienne (ou gaussienne). Ce dernier point,
combiné avec la monotonie de I'entropie, prouve que les solutions de I'équation de Boltzmann convergent
vers telles solutions en temps long. Les états d’entropie maximal (mesurés par 'entropie) sont stables et at-
tirent toutes les solutions dans la limite des temps grands, quelles que soient les conditions initiales. Le pro-
bleme de I'estimation quantitative du taux de convergence vers les états d’équilibre est un sujet de recherche

majeure en théorie cinétique.

En se concentrant sur un régime spécial de I'’équation de Boltzmann, correspondant aux collisions ra-
santes, on peut obtenir I'équation de Landau. Cette these traite d'une simplification linéaire de 1'équation
de Landau : I'’équation de Vlasov—Fokker-Planck. L'équation de Vlasov—Fokker-Planck (VFP) ou équation ci-
nétique de Fokker-Planck s’écrit comme une équation aux dérivées partielles portant sur la fonction de dis-
tribution écrite sur I'espace des phases, typiquement I’espace des positions et des vitesses. Cette équation
est pilotée par un opérateur de collision de type diffusion dans les variables de vitesse uniquement et un
opérateur de transport, reliant les variables de position et de vitesse. L'équation VFP présente un intérét in-
dépendant. Premieérement, ses solutions sont la loi d'un processus aléatoire appelé dynamique de Langevin,
[44], qui est une description mésoscopique d'un systéme de particules soumises a une force aléatoire. L'équa-
tion VFP est aussi bien adaptée a la description des plasmas et a la dynamique stellaire, [28, 92]. Certaines de
ses généralisations sont également présentes en statistique, ou encore dans les simulations moléculaires et
divers autres modeéles de la physique [243, 152, 44]. Enfin, certaines applications socio-économiques ont été

proposeés plus recenement et sont exposeés par exemple dans [228].



Comme pour I'équation de Boltzmann, les solutions de I'’équation VFP convergent vers des fonctions
maxwelliennes en temps long. La différence est que I’équation VFP est beaucoup plus simple et que les taux
de convergence peuvent étre quantifiés a 'aide de différentes techniques. Dans le cas le plus simple, une
fonction de Green est disponible et les solutions sont totalement explicites [183], ce qui permet des calculs
directs. Dans des cas plus géneéraux, |’état de I'art consiste a utiliser une technique développée au cours des
vingt derniéres années, connue sous le nom d’ hypocoercivité. Nous en donnons une breve description, dans
le cas spécifique de I'’équation VFP. Le calcul des taux de convergence pour I'équation VFP n’est pas aussi
facile que pour une EDP parabolique, car I’équation VFP est une équation sur une fonctionne inconnue
dependant de deux variables de position et vitesse et la relaxation est induite par un opérateur de diffusion
seulement dans les variables de vitesse. Les variables spatiales sont affectées indirectement par la diffusion,
via 'opérateur de transport. Lopérateur de diffusion a un noyau non trivial, dont les éléments sont appelés
équilibres locaux. Cependant, la fonction de distribution ne peut pas rester dans un état d’équilibre local qui
ne soit pas un équilibre global, du fait de I'opérateur de transport. Cet effet combiné se poursuit jusqu’au

point que I'équilibre global soit atteint.

Le générateur de 'équation VFP appartient a une classe d’opérateurs de diffusion dégénérés de la forme
A*A+ B, ol A et B sont des opérateurs différentiels du premier ordre, et A* A n’est pas uniformément ellip-
tique (il n’agit pas sur la position). Ces operateurs A, B ont été analysés dans [169], avec pour objectif principal
I'étude des propriétés de régularité (hypoellipticité).

Lintuition de s'inspirer par I’hypoellipticité pour les taux de convergence est utilisée dans [255, 221, 165],
a la suite de [169, 204, 162]. Cette théorie a été baptisée hypocoercivité par Gallay, et améliore les résultats
antérieurs des années 90, concernant le comportement a long terme des EDP cinétiques, en quantifiant les
taux de convergence. Du fait que I'opérateur de diffusion dans I'’équation VFP est dégénéré, il ne va pas étre
coercif par rapport a des normes standard comme la norme H!. Les techniques d’hypocoercivité résolvent
le probleme en considérant des normes fordues équivalentes qui capturent mieux I'effet combiné de la dif-
fusion et du transport. Dans une telle norme modifiée, des taux de décroissance exponentiels peuvent étre
calculés. Ils sont ensuite transférés a une norme de référence par équivalence. La méme idée a été utilisée
pour la norme L? dans [127], voir aussi le Chapitre 2. Le cadre de cet article a'avantage supplémentaire d’étre
compatible avec les limites de diffusion, correspondent au passage de I'échelle cinétique a la dynamique des

fluides.

Le niveau de description cinétique est en fait un niveau intermédiaire, et une échelle macroscopique peut
étre introduite. Le niveau macroscopique correspond a la dynamique des fluides. Bien que moins détaillée
que I'échelle cinétique, la dynamique des fluides est généralement plus facile a observer et plus pratique
aussi bien pour les simulations numériques et les applications en physique et en ingénierie. Dans le passage
entre les deux échelles, le libre parcours moyen des particules est ramené a zéro, tandis que le nombre moyen
d’interactions par particule et par unité de temps est envoyé a I'infini. Les variables de vitesse convergent vers
I'équilibre a une échelle de temps beaucoup plus rapide que les variables spatiales, de sorte que 1’évolution
est décrite dans la limite par un nombre fini des moments en fonction du temps et de la variable spatiale.
Voir [59, 163] pour des résultats de convergence rigoureux dans le contexte des équations de Boltzmann ou
de Vlasov, respectivement. Dans le cas de I'équation VFP, la limite de diffusion donne I'’équation de la chaleur

ou de Fokker-Planck au premier ordre, [127].

Les contributions dans cette direction participent du sixieme probléme d’Hilbert : «Ainsi, les travaux
de Boltzmann sur les principes de la mécanique suggerent le probléme de développer mathématiquement les

processus limites, la simplement indiqués, qui conduisent de la vue atomistique aux lois du mouvement des
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continuums», voir [166, 151]. Dans cette perspective, les taux de convergence a I’échelle cinétique devraient
étre cohérents avec ceux que 'on retrouve dans la limite de diffusion. Avec la motivation de contribuer a
cette théorie, nous fournissons de nouvelles techniques pour construire des estimations quantitatives pour

les deux niveaux de description, cinétique et macroscopique.

La deuxiéme partie de cette these étudie en effet les dynamiques de diffusion (parmi lesquels nous trou-
vons I'équation de la chaleur) sur la sphére et dans I'espace gaussien. Le but est de dériver des propriétés

fines des solutions des équations de diffusion et de les relier aux inégalités fonctionnelles.

Certaines inégalités fonctionnelles sont reliées aux EDP de diffusion, voir [128, 63], par la méthode de l'en-
tropie. Cela signifie que ces inégalités fonctionnelles relient une entropie et une information de Fisher, dont
la différence - dans les bons cas seulement - diminue le long du flot d'une EDP d’évolution appropriée. Un
pas en avant consiste a trouver des fonctions optimales (et donc aussi la constante optimale) dans 'inégalité
fonctionnelle. Du point de vue de 'EDDP, cela revient a décrire le comportement en temps long des solutions.
Dans les bons cas, dpres avoir recalé les variables, les fonctions optimales deviendront des équilibres et les
solutions convergeront vers eux, avec des taux déterminés par la constante optimale dans I'inégalité fonc-
tionnelle. Cette approche remonte au moins a [24], avec certaines idées déja présentes dans [220, 106], et elle

a été réinterprétée dans un langage plus proche des EDP dans [19].

A ce stade, on peut se demander si la vitesse de convergence est plus élevée pour des donneés ini-
tiales bien choisies. Une telle amélioration est possible si une inégalité fonctionnelle améliorée est obte-
nue. Ce type de resultat peut étre réecrit comme une estimation de stabilité dans le cas des inégalités de
Gagliardo—-Nirenberg sur la sphére. En d’autres termes, le déficit associé al'inégalité controlerait une distance
entre n'importe quelle fonction et I’ensemble des optimiseurs. Si le contréle est explicite, 'amélioration des
taux de convergence 'est également. Les résultats de stabilité sont souvent prouvés en deux étapes. Tout
d’abord, une estimation de la stabilité locale est établie, par le biais d’'un développement asymptotique au-
tour des fonctions optimales. Ensuite, un argument est nécessaire pour rendre |'estimation globale. Habituel-
lement, cela se fait de maniére non constructive par exemple par la méthode de la concentration-compacité,
[47, 144, 142]. Récemment, une méthode constructive est apparue, dans laquelle un flot symétrisant est uti-
lisé pour se rapprocher des optimiseurs, [119]. Dans [63], et dans cette these, la méme chose est faite avec des
flots de diffusion non linéaires. Le probléme de la stabilité de I'inégalité de Sobolev a été soulevé par Brezis
et Lieb dans [73], et une premiere réponse non constructive est apparue dans [47]. Cependant, des versions
antérieures de la stabilité (par exemple, le long des séquences) peuvent étre retracées dans des travaux anté-

rieurs, par exemple [199].

Les inégalités fonctionnelles que nous considérons sont des inégalités de Gagliardo—-Nirenberg-Sobolev
(GNS) sur la sphere, provenant de [240, 147, 222] et explicites dans le cas de la sphere dans [48]. Les inégalités
GNS interpolent les inégalités de Poincaré et les inégalités critiques de Sobolev. En outre, nous couvrons une
famille d’inégalités sur 'espace gaussien, qui ont I'inégalité de Poincaré gaussienne et 'inégalité de Sobolev
logarithmique comme extrémités. Elles ont été introduites par Beckner dans [35]. Les inégalités de Beckner
peuvent étre vue comme une version en dimension infinie de GNS, comme nous le montrons dans [P3].
Notre résultat est une version pour les inégalités fonctionnelles du lemme dit de Maxwell-Poincaré, «qui sti-
pule que la limite faible de la séquence des mesures de Lebesgue sur des sphéres de dimension finie avec une
normalisation appropriée est la mesure gaussienne standard dans un espace de dimension infinie», voir pour
exemple [252]. Cette affirmation est connue depuis [209], et elle a été telle quelle utilisée trés probablement
par Maxwell en mécanique statistique, voir [82]. Les calculs avec les harmoniques sphériques sur des spheres

de grandes dimensions convergeant formellement vers les polyndmes d’Hermite gaussiens sont en effet pré-



sents dans la littérature depuis longtemps, ils ont été revisités par McKean [208]. Le lecteur peut consulter
[252] pour une discussion historique approfondie.

Enfin, nous considérons I'inégalité de Sobolevlogarithmique gaussienne, qui est a la fois le point extreme
des inégalités de Beckner et la limite en grande dimension de I'inégalité de Sobolev sur la sphere. Elle trouve
son origine en théorie de I'information, avec les travaux de Shannon [239], et a été explicitement exposée
dans [155, 261]. Voir [53, 241, 253] pour plus de détails et [12, 90] pour un compte-rendu historique détaillé.
Linégalité de Sobolevlogarithmique est également étroitement liée aux problemes de géométrie convexe et a
I'isopérimétrie dans I’espace gaussien, voire [64, 214, 135, 143]. Notre contribution est de prouver les résultats
de stabilité en information de Fisher relative, avec une approche basée sur le flot de diffusion d’Ornstein—
Uhlenbeck et la méthode du carré du champ.

Les équations de diffusion ont un sens dans des cadres beaucoup plus abstraits que les varietés ou les
espaces euclidiens a poids. On peut considérer le flot de chaleur (ou de diffusion non linéaires) dans des
espaces de mesure métriques a la suite de [8, 238, 94], ol une structure différentielle a été établie, [149],
sous conditions pour la courbure de Ricci. Cependant, dans la dérniere partie de ce travail, notre choix est
d’étudier des semigroupes de diffusion non linéaires sur des espaces sans structure métrique ou topologique.
Les équations d’évolutions correspondentes généralisent les semi-groupes de Markov linéaires et la théorie
des formes de Dirichlet qui leur est associé. Les formes de Dirichlet sont des fonctionnelles bilinéaires sa-
tisfaisant une propriété de contraction, voire [46]. De nos jours, les formes de Dirichlet sont un sujet bien
établi, lié a la théorie des processus de Markov linéaires et des semi-groupes, [70, 146, 203], et aux équations
de diffusion linéaires [24, 128]. Parmi les différentes extensions non linéaires, nous suivons celle de [99], qui
contient comme cas particuliers les semi-normes de Sobolev non quadratiques, liées aux géométries de Fins-
ler [223]. Nous étendons les propriétés de contraction qui sont valables dans le cadre bilinéaire aux formes
de Dirichlet non linéaires, et nous les caractérisons en matiere d’inégalités fonctionnelles uniquement. Nos
résultats constituent une contribution a la classification des formes de Dirichlet non linéaires et des semi-

groupes de Markov non linéaires.
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English introduction

This thesis deals with partial differential equations describing the time evolution of systems of many parti-
cles, which are subject to the laws of mechanics and mutual interactions. Every interaction is reversible in
time, but irreversibility arises in the system as a whole. Such phenomenon, yielding a direction of time, is
measured via an entropy. Entropy increases along time, driving the system to the states of maximal disorder.
Those states are stable, hence called equilibria. We quantify the speed at which equilibria are approached. To
this extent, we find adapted entropies and establish an inequality between the increment of the entropy and
the entropy itself. When the inequality is optimal, the sharp rate of convergence to equilibrium is found. Fur-
ther improvements in the inequalities capture finer properties of the time evolution. These ideas are applied

to various kinetic and diffusion equations.

We consider complex systems composed by a large numbers of particles or agents interacting together
and with an ambient space, whose physical scale is assumed much larger than that of a typical particle.
These systems arise in a variety of natural phenomena, ranging from the dynamics of molecules in a gas or a
population of bacteria to the interactions between stars inside a galaxy, and between the galaxies themselves,
passing through flock of birds, shoal of fish, and socio-economic behaviours. These systems, and the time
evolution of those, can be investigated at three different levels of detail, usually referred to as the microscopic
level, the mesoscopic (or kinetic) level, and the macroscopic (or fluid dynamics) level. We refer to [254] for a
much broader discussion of the subject.

The microscopic level is the most detailed one. There, the trajectory of every particle is tracked thor-
oughly. To this extent, all interactions between particles are taken into account. Individually, each particle
obeys elementary laws of physics, as Newton’s laws or Hamilton’s least action principle. In addition, we have
interactions between the different particles of the system, which can be long-range, as it happens for elec-
tric charges and gravity, or short-range. The latter are usually modeled as collisions, ruled by a microscopic
interaction law. We highlight that at this level all dynamics are reversible in time. The knowledge of the phe-
nomenon is complete, but it is never accessible in practice. Indeed, in systems of physical interest, the typical
magnitude is 1091 particles for biological phenomena and for stellar dynamics, and 10?® — in the order of
Avogadro’s number - for gasses. Then, tracking all particles and interactions is unfeasible. Therefore, another
level of description shall be considered, which is more treatable, at the cost of losing some information.

This is the case for the mesoscopic or kinetic level, where the object of study is the distribution function
of particles with respect to two variables, typically position and velocity, and the time evolution of it. The
history of every single particle is not reconstructed, and the phenomenon is described as the evolution of a
probability density over a phase space. A kinetic equation is then written for the distribution function. This
goes back to Maxwell, see [205].

The passage from the microscopic to the mesoscopic scale is usually done by taking a limit for the num-
ber N of particles in the system going to infinity, known as the thermodynamic limit. A choice shall be
made, resulting in different kinetic equations originating from the same system of particles. For example,
one can focus on weak, long-range interactions, by taking a mean-field limit, and obtain a Vlasov equation,
see [163, 174]. On the other hand, Boltzmann-Grad limits can be considered, in order to capture intense and
short-range interactions, [153]. This way one derives Boltzmann’s equation from microscopic dynamics. In

this thesis we will focus on kinetic equations of Boltzmann type, with simplified collision kernels.



In [62], the thermodynamic entropy is proved to increase along solutions to the Boltzmann equation,
as the time progresses. Irreversibility appears, while all dynamics at the microscopic level are reversible.
One cause of this phenomenon can be found in the Boltzmann—Grad, where re-collisions of particles are
neglected. Via the monotonicity of the entropy along the evolution, Boltzmann’s equation explains the ir-
reverisbility of large systems in a statistical description. The analysis of [62] yields another outcome. The
entropy production along the equation is explicitly computed, and it is proved to vanish if and only if the
distribution function is a Maxwellian (or Gaussian) distribution. The last point, combined with the mono-
tonicity of the entropy, proves that solutions to Boltzmann’s equation converge to the Maxwellian for long
times. The states of maximal chaos (measured via the entropy) are stable and they attract all solutions in the
limit £ — oo, whatever the initial conditions. The problem of deriving quantitative estimates of the rate of

convergence to equilibria (i.e. Maxwellians) is a major research subject in kinetic theory.

By focusing on a special regime of Boltzmann’s equation, corresponding to grazing collisions, one can
find Landau’s equation. This thesis deals with a linear simplification of Landau’s equation: the Vlasov-
Fokker-Planck equation. The Vlasov-Fokker-Planck (VFP) or kinetic Fokker-Planck equation is written as
a partial differential equation on the distribution function of space and velocity of particles, driven by a
diffusion-type collision operator in velocity variables only and a transport operator, linking spatial and veloc-
ity variables. The VFP equation has an independent interest, aside its derivation from Boltzmann’s equation.
Firstly, its solutions are the law of a random process called Langevin dynamics, [44], which is a mesoscopic
description of a system of particles subject to a random background force. Secondly, the VFP equation is
well-suited for describing gas in plasma form, and stellar dynamics, [28, 92]. Some generalisations of it are
also present in statistics, molecular simulations, and physical models [243, 152, 44]. Finally, some recent

socio-economic applications are collected in [228].

Likewise the Boltzmann equation, solutions to the VFP equation converge to Maxwellian functions for
long times. The difference is that the VFP equation is much simpler, and convergence rates can be quantified
with different techniques. In the simplest case, a Green function is available and solutions are fully explicit
[183], allowing for direct computations. More in general, the state of the art is using a technique developed
in the last twenty years, going under the name of hypocoercivity. We give a brief description of it, in the
specific case of the VFP equation. Computing convergence rates for the VFP equation is not as easy as it
would be for a parabolic PDE, as the VFP equation is set in the phase space of positions and velocities, but
relaxation is induced by a diffusion operator in velocity variables only. Spatial variables are affected indirectly
by diffusion, via the transport operator which links them to velocity variables. The diffusion operator has
a nontrivial kernel, whose elements are called local equilibria. However, the distribution function cannot
lie in the space of local equilibria for long, as the transport operator would push it away, turning on again
the dissipation induced by the diffusion operator. This combined effect carries on along solutions the VFP
equation until global equilibrium is reached, which means that the distribution lies in the kernel both of

transport and diffusion operators. Hence, it is forced to be a Maxwellian.

The generator of the VFP equation belongs to a class of degenerate diffusion operators of the form A* A+
B, where A, B are first-order differential operators, and A* A is not uniformly elliptic. These have been anal-

ysed in [169]. There, they main point is studying regularity properties (in order to prove hypoellipticity).

The intuition of taking inspiration from hypoellipticity for convergence rates is used in [255, 221, 165],
after [169, 204, 162]. This theory was dubbed hypocoercivity by Gallay, and improves on previous results for
the long-time behaviour of kinetic PDEs, which started appearing in the 90s, by quantifying convergence

rates. Due to the fact that the diffusion operator in the VFP equation is degenerate, it will not be coercive in
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standard norms as the H' norm. Hypocoercivity techniques solve the issue by considering equivalent twisted
norms which better capture the combined effect of diffusion and transport. In the modified norm decay rates
are computed. Then, those are transferred to the reference norm by equivalence. The same idea has been
used for the L2 norm in [127]. The framework of this paper has the additional advantage of being consistent

with diffusion limits from the kinetic to the fluid dynamics scale.

The kinetic level of description is actually an intermediate one, and a macroscopic scale can be intro-
duced. The macroscopic level corresponds to fluid dynamics. Albeit less detailed than the kinetic scale, fluid
dynamics is observable and convenient for numerical simulations, and applications to physics and engi-
neering. In the passage between the two scales, the mean free path of particles is pushed to zero, while the
average number of interactions for a particle in a unit of time is sent to infinity. Velocity variables converge to
equilibrium at a much faster time scale than the spatial variables, so the evolution is described in the limit by
the spatial marginal only, called density function. See [59, 163] for rigorous convergence results in the context
of Boltzmann’s or Vlasov’s equations, respectively. In the case of the VFP equation, the diffusion limit yields

the heat equation as a first-order correction, [127].

Contribution in this direction point towards Hilbert’s sixth problem: «Thus Boltzmann’s work on the prin-
ciples of mechanics suggests the problem of developing mathematically the limiting processes, there merely in-
dicated, which lead from the atomistic view to the laws of motion of continua», see [166, 151]. To this extent,
convergence rates in the kinetic scale should be consistent with those recovered in the diffusion limit. With
the motivation to contribute to this theory, we provide new techniques to construct quantitative estimates

for both levels of description.

The second part of this thesis indeed studies diffusion flows (among which we find the heat equation) on
the sphere and the Gaussian space. The goal is to derive fine properties of solutions to diffusion equations

and to apply them to functional inequalities.

Some functional inequalities are linked with diffusion PDEs, see [128, 63], through the entropy method.
This means that the two sides of a functional inequality are an entropy and a Fisher information, whose
difference — in good cases only — is decreasing along the flow of a certain evolution PDE. One step forward
is finding optimal functions (hence the optimal constant) in the functional inequality. On the PDE side, this
corresponds to the long-time behaviour of solutions. In good cases, after rescaling the variables, optimal
functions will become equilibria and solutions will converge towards them, with sharp rates determined by
the optimal constant in the functional inequality. This approach goes back to [24] at least, with some ideas

already present in [220, 106], and it has been reinterpreted in a language closer to PDEs in [19].

At this point, one can ask whether the speed of convergence is higher for well-chosen initial data. For
GNS inequalities on the sphere, this would correspond to an improved inequality, which can be rewritten as
a stability result. The deficit associated with the inequality would control a distance between any function
and the set of the optimisers. If the control is explicit, also the improvement over the convergence rates is
explicit. Stability results are often proved in two steps. First, a local stability estimate is established, via an
asymptotic expansion around optimisers. Then, an argument is needed to make the estimate global. Usually
this is non-constructively done with concentration-compactness, [47, 144, 142]. Recently, a constructive
method appeared, where a symmetrising flow is used to get close to optimisers, [119]. In [63], and in this
thesis, the same is done with nonlinear diffusion flows. The problem of stability for Sobolev’s inequality
has been raised by Brezis and Lieb in [73], and a first non-constructive answer appeared in [47]. However,
earlier versions of stability (for instance, along sequences) can be traced back to previous works on, e.g. ,

concentration compactness methods [199].
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The functional inequalities we consider are Sobolev—Gagliardo—Nirenberg (GNS) inequalities on the sphere,
originating from [240, 147, 222] and written in [48]. The GNS inequalities interpolate between the Poincaré
and the critical Sobolev inequalities. In addition, we cover a family of inequalities on the Gaussian space,
which have the Gaussian Poincaré and the logarithmic Sobolev inequality as the lower and the upper end-
point. These have been studied by Beckner in [35]. Beckners’s inequalities are indeed an infinite-dimensional
version of the Sobolev—Gagliardo—Nirenberg family, as we show rigorously in [P3]. Our result is a version for
functional inequalities and diffusion flows of the so-called Maxwell-Poincaré Lemma, «which states that the
weak limit of the sequence of Lebesgue measures on finite-dimensional spheres with an appropriate normal-
ization is the standard Gaussian measure in an infinite-dimensional space» [252]. This statement is infor-
mally known since [209], and it has been used by Maxwell in statistical mechanics, see [82]. Computations
with spherical harmonics on large-dimensional spheres converging formally to the Gaussian Hermite poly-
nomials are present in the literature, and were revisited by McKean [208]. The reader can check [252] for a
complete historical discussion.

Finally, we consider the Gaussian logarithmic Sobolev inequality, which is both the critic point of Beck-
ner’s inequalities, and the large dimensional limit of Sobolev’s inequality on the sphere. Its very origin lies
in communication engineering, with the work of Shannon [239], but it has been written out explicitly in
[155, 261]. See [53, 241, 253, 249] for more links with information theory, also in view of log-concavity. See
also [12, 90] for a detailed historical account. The logarithmic Sobolev inequality is also closely related with
convex geometry problems and isoperimetry in the Gaussian space, see [64, 214, 135, 143]. Our contribution
is to prove stability results in relative Fisher information, with an approach purely based on the Ornstein—
Uhlenbeck diffusion flow.

Diffusion equations make sense in much more abstract settings than manifolds or weighted Euclidean
spaces. One can consider the heat flow (or nonlinear diffusion flows) in metric measure spaces after [8, 238,
94], where a differential structure can still be established, [149] under Ricci lower bounds. However, in the
third part of this work, our choice is to study nonlinear diffusion semigroups on spaces without any metric or
topological structure. These evolutions generalise linear Markov semigroup and the related Dirichlet forms
theory. Dirichlet forms are bilinear functionals satisfying a contraction property, [46]. Nowadays, Dirichlet
forms are a well-established topic, related to the theory of linear Markov processes and semigroups, [70, 146,
203], and with linear diffusion equations [24, 128]. Among different nonlinear extension, we follow the one
of [99], which contains as particular cases the key—examples of nonquadratic Sobolev seminorms, related to
Finsler geometries [223]. We extend contraction properties which are valid in the bilinear setting to nonlinear
Dirichlet forms, and we characterise them in terms of functional inequalities only. Our results can contribute

to classify nonlinear Dirichlet forms and nonlinear Markov semigroups.
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Chapter 2

Main results

2.1 Kinetic Equations

This section is devoted to results of Chapters 3-4 about hypocoercivity for kinetic equations.

Our main results are the following. Time averages of the norms of solutions to kinetic Fokker-Planck equa-
tions verify a constructive entropy-entropy production estimate along the flow. The entropy-entropy produc-
tion estimate is based on modified functional inequalities of Lions—Poincaré type, involving weak norms of
solutions. Exponential or polynomial decay rates are derived, according to the shape of local equilibria. In

the case of algebraic decay rates, extra moments must be controlled via a Lyapunov condition.

2.1.1 On the kinetic Fokker-Planck equation

Let x, v be variables designating position, and velocity, respectively. Note that the variable ¥ may correspond
to actual physical velocity or to a momentum in case of Hamiltonian Langevin dynamics. We call 2" the
space of all positions x, and 7 the space of all velocities v. The product 2" x ¥ is called phase space. Let us
take 7 = R?. For the space .2 our two main examples are 2" = R? or 2" = [0, L]¢, for any L > 0, with periodic
boundary conditions (i.e. a flat torus of length L > 0). We introduce a time variable ¢ > 0. Our main object of
study is functions

f=f(t,x,v):[0,00)x Z x¥V >R,

modeling the time evolution of a distribution of particles with respect to space and velocity. Let ¢ : 2~ —
R be a smooth function, called spatial potential, which represents potential energy. Let ¥ : ¥ - R, be a
smooth function, standing for kinetic energy. The motion of a single particle subject to the action of ¢, ¢
is modeled by Hamilton dynamics. The same dynamics on a distribution of particles are encoded by the
transport equation

01f +Vow -Vxf-Vxp-Vyf=0. 2.1)

We introduce a diffusion operator on the velocity variable v € ¥/, corresponding to collisions between parti-
cles. In Chapter 1, we motivate our choice of considering the Fokker-Planck operator (as a simplification of

Boltzmann'’s operator) we define below. Let y(v) = e ¥(*) and consider the operator

)= (r9.(2)).
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Figure 2.1: Hypocoercivity. Consider the ODE system x’' = v, v/ = —x — iv, which is a classical foy
model. This system combines a symmetric, dissipative operator on the variable v, with a skew-
symmetric operator in x, v, and these operators are a caricature of the collision and the transport
operators of (VFP), respectively. On the top: decay in time of x? + v? along a solution to the system.
Note the local equilibrium points, where the slope is zero. These correspond to points where the
dissipative term in the system vanishes. On the bottom: decay in time of x2 + v? (in blue) vs. decay
of its time average (in brown). Some dissipation is present even at the points of local equilibrium.
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Let fo = fo(x,v) be any distribution of particles subject to potential energy, kinetic energy and collisions
(modeled with the Fokker-Planck operator). Then, the distribution function of particles evolves in time ac-

cording to the kinetic Fokker-Planck equation

0if + Vo Vaf - V-V f = Vo (vVu (1)),
f(t=0,x,v) = fo(x,v).

(2.2)

Chapters 3 and 4 deal with the long-time behaviour of solutions to (2.2). Note that the well posedness of the
equation is classical. See [169] for regularisation properties of the equation. We assume that the total mass of

the system is finite, which means that

][%”x'y/fo(x’ v)dxdveR.

Without loss of generality, since (2.2) is linear and mass-preserving, we will consider only solutions such that

ffgg.xy/f(t,X,U)ddez//%M/fo(x, v)dxdv=1.

2.1.2 The kinetic Fokker-Planck equation on the torus

We present the results contained in Chapter 3. Let 2 = [0,L]¢, and let ¢ = 0. Let v € R?. Consider y = 1|v|* so
that the kinetic energy of the system is the standard one, [20]. With this choice we have that

vl

2
y(v)=e 2,

the standard Gaussian. Moreover, (2.2) recasts into
0rf+v-Vaf=Vy-(Vof+vf). (2.3)

One fact is that f =y is a stationary solution to (2.3), and indeed it is the only one. Our main goal is to prove
that y is also a global attractive equilibrium. In other words, solutions to (2.3), for well-prepared initial data,

are such that

ft,) =y, as t— oo.

We also aim at making such limit quantitative in a proper functional norm. One standard choice is to consider
2 2 -1
1y = X,V v)dxdv.
18 ecanyny = [, &)™ (v)
Hence, the term we investigate is

Hf(t»';')_/}/HiZ(dxy—l), fOI‘ r — oo.

Computing the evolution of such norm along (2.3) we obtain

d -
G0 Y gyry =2 f%w Vo (fy ' dv)Pydxdv. (2.4)
We see that | f(t,-,-) - )/Hiz( dxy-1) i non-expansive along (2.3). However, the right-hand side in (2.4) is zero

whenever f = g(x)y(v), such functions being called local equilibria, for any function g(x). Then, at this
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level we cannot derive a decay estimate for the L2-norm. This led the authors in [127] to twist the usual
L?>—norm, to obtain an equivalent one with a better (i.e. non-degenerate) time derivative along (2.3). This
idea was used for H! ~norms in [256] and [215].

We adopt the point of view of [5], that is, we study a time average of the usual norm. The heuristics is
that the right-hand side of (2.4) cannot be degenerate too often, so on average it must be strictly negative.
Therefore, on average, some entropy-entropy production estimate should hold. Let 7 > 0 be small enough

and consider
ds

7 .

K= [ 150 Y oganyrany

The main result of [P1] is the following.

Theorem 1. For any t >0, small enough, there exists an explicit and constructive constant A(t) such that, for
all solutions to (2.3) with fy e L>(dxy™"), we have

1. forallt>0,

4

St =2 [V (4 5097 D Baamyan T ds <A A1),

2. forallt>0,

() <1 o=V ey ay €O

Moreover,

%:%(r+\/dL2+72) c,

for an explicitly determined constant c depending only on the dimension d.

This results makes the strategy of [5] constructive, tracking the dependence of the constants on all pa-

rameters of the model. As a corollary, we have that

17 Ct) =1 Baaeyy < @07 oyl g, 2.5

Let us comment that the estimate of Theorem 1 implies usual hypocoercivity estimates, which - like (2.5) -

are of the form

1£CE) = Y2y avy < C 1o =Tz (axy avy

with a constant C > 1 as a pre-factor. We have the parameters A, 7, while in more standard hypocoercive
approaches A and C cannot be dealt with at once. In particular, having good values of both is complicated
(see the discussion in [4]). In a special case: d =1 and L = 27 we see in Table 3.1 that the value of A we
determine is off by an order 5 from the actual rate, although our method is not tailored on the particular
equation we consider.

The hardest step in our method — which is proved in a simpler and more quantitative way compared to
[5, 79] —is the point 1. of Theorem 1. Heuristically, it means that the average in time of the velocity gradient
controls the average in time of the solution f to (2.3). Of course, this statement cannot hold true point-wise

in time, which is consistent with the degeneracy of A(7) as T becomes very small. Let us rewrite it as

1 [F AMt) _, 7
r 1[0 V(6452 Brtamyan 45> =52 7 lfo [A(t+547) Pagany ay 45: 2.6)
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where h = f/y. Denote with ds the uniform measure on [0, 7 ]. Moreover, let

7 =y() [ fGnv)dv,

be the local projection of f over the space of local equilibria of (2.3).
Estimates as (2.6) are achieved after three functional inequalities, which do not use the fact that f is a

solution to (2.3).
1. A Poincaré-Lions inequality in time and space variables:
2 2
18 511 (asaxy S 1 Vex8 i1 (asax) 2.7)

for all smooth functions g depending on s, x only, with zero average in dsdx. Here in particular we
take g=TIf - [ [, TIf dsdx.

2. Atime-space-velocity averaging lemma, [13]:
|V 1,xI1h ||12-I*1(dsdx) S|h-Th Hiz(dsdxydu) +[(0:+v-Vx)h HiZ(dsdx;Hfl(ydu))- (2.8)
3. A Poincaré inequality in velocity only:
|h—Th ”iz(ydv) S Hvuh”é(my)- (2.9

Then, combining these estimates, and using the equation (2.3), one arrives to (2.6). Note that (2.9) is the
Gaussian Poincaré inequality and it is sharp, see for instance [219].
Indeed, this proof does not use the fact that y is actually the Gaussian. The same can be done for any

local equilibrium y which decays fast enough at infinity to admit (2.9). To this extent, in [P1] we studied also

v(v)=(VI+[oP)", a1

Then, the following holds. We always indicate with y := e™¥, which is not necessarily a Maxwellian anymore.

(2.3) in the same setting with

Theorem 2. Let a > 1 and fix v = (\/1+|v|?)%. For any T > 0, small enough, there exists an explicit and

constructive constant A(t, ) such that, for all solutions to (2.2) with fy € L2(dxy™'), we have

1. for (llll>0,
%l(t)_ zf ”V (7(t+s- )y I)H 2 T dS<—A(I a)jf,(t)
it 0 v ’ L2(dx,ydv) ’ ’

2. forallt>0,

%( t) < HfO - Y”I%%dxy‘l dav) eiA(T’a) t'

Moreover,

%:%@+¢Eﬁ?ﬁ)a

for an explicitly determined constant ¢ depending onlyond, a.

A natural question is the following: what happens if 0 < @ < 1 2 This problem has been considered in [66]

for example.
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The strategy described above works except for step (2.9). Indeed, this type of inequality holds for kinetic
energies of the form y(v) = (1/1+|v[?)% exactly if and only if @ > 1. However, we can replace (2.9) with the
weighted inequality

1

=T gy gy $ IR0 ) (ﬁ(1+|v‘2)(l—a)ahzy(dv)) 210

for any o > 0. The price to pay is twofold. First, we have to bound the term

[ a7 £y av)

uniformly in time along the flow of (2.2), which is possible after [66]. Secondly, the type of control we achieve
is weaker than that of Theorem 2. The entropy-entropy production inequality of Theorem 2, triggering Gron-
wall’s lemma, is replaced by a nonlinear differential inequality. Hence, algebraic decay rates are recovered as

shown.

Theorem 3. Let a € (0,1) and fixy = (\/1+|v]?)®. For anyt >0, small enough, and all o > 0 there exists an
explicit positive and increasing function Z:R - R with 271 (y) ~ y + yﬁ, such that, for all solutions to (2.2)
with fy e L2(dxy™'), we have

1. forallt>0,

d

L) =2 [NV (507 BT ds <2 (A(D),

2. forallt>0,
Ay <ern @ [ )07 gy av)dx

for an explicitly determined constant c depending onlyon d, .

In this result, as it is common for kinetic equations with sub-exponential local equilibria, we assess the
phenomenon of momentum loss. This means that to control a momentum of the solution to (2.2), we shall
suppose that the initial datum admits some momentum of higher order. Here we need a momentum of order
2(1-a) o for fy to ensure a time control of the L>-norm of the corresponding solution to (2.2).

Note that [P1] is the first time where the strategy of [5] is applied to non-Maxwellian local equilibria. Our
result relates with [66], where 2 = R%. Our setting is compact in x, and this allows a precise control on the
structure of the constant ¢ in Theorem 3. The strategy is indeed different, as we use time averages instead of
twisting the L2-norm. Finally, in [P1], we notice that the threshold at a = 1 is continuous between Theorem
2 and Theorem 3. So that, the estimates of Theorem 3 for & — 1™ converge to those of Theorem 2 at @ = 1.

An alternative to (2.10) is to consider L™ solutions to (2.2) and apply a weak Poincaré inequality as in
[158]. There, exponential decay rates are recovered. Since we enlarge the space of initial data (having weaker
regularity assumptions), we find a slower decay rate.

A possible question one could deal with is the meaning one can give (and the subsequent theory one
finds) to a = 0. This is the case of ¥ growing logarithmically at infinity, and it is covered by the results of the

next section.

2.1.3 General kinetic Fokker-Planck equations

We explain the results of Chapter 4. In this section let .2" = R? or [0, L] with periodic boundary conditions.

Unlike [P1], in [P6], we consider a potential ¢ which is nonzero. Indeed, our works [P6] is the first one where
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constructive decay rates are given for (2.2) with general potentials ¢, . Some structural assumptions on ¢
are required, let us sketch them and refer to the paper for details. We denote with y = e () and we allow a

slight confusion between the density u and the measure u(dx).

Assumption 1. Let u(dx) be a finite measure. In addition, let

liminf('b(x)

‘x|—>oo x|

>0.

Our model case is
o(x) = (VI+12P)”,

for p > 1. On the other hand, we also have some requirements on . As those are complicated, we refer the
reader to the corresponding assumptions in [P6]. For the sake of presentation, we consider three concrete

cases.

* Case A. The function v is such that (2.9) holds true. As we have seen, a typical choice is
p(v)=(/1+|vP)%  ax1.

e CaseB.

w(v)=(/1+|v]2)%  O<a<l.

* Case C.
w(v)=PBlog(\/1+|v]?), d+2<B.

Let us define
©=p(x)y(v)=e V),

Our goal is to show that solutions to (2.2) with unitary mass converge to ® for ¢ — co. Here we perform a
convenient change of variable, taking = f ©®~L. Solutions to (2.2) are in one-to-one correspondence with

solutions to the following kinetic Ornstein-Uhlenbeck equation

{atmv,,u/-vxh—vx¢-vyh:Avh—vyw-vvh, Vo)

h(t=0,-,-) = hyeL?(O),
In this context, the role of © is played by the constant 1. Let us denote by
Th:=V,y-Vxh-Vx¢p-V,h.

Following the same strategy as in the previous section, we are able to construct explicit decay rates for solu-
tions to (VOU). However, none of the three steps (2.7)-(2.8)-(2.9) is actually easy. The first result of [P6] is a

version of (2.8), which goes as follows.

Theorem 4. Under suitable hypotheses on ¢,y there exists a constructive constant Kag(d, ¢, v) € R such that
all functions h:[0,7] x 2" x ¥ — R regular enough satisfy

HVt,xHh ”I%I‘l(dspdx) < Kan ( ” h-Th “iz(dsydxydy) + ” (at + T)h Hi%dsydx;H‘%ydv))) : (211)
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Both this result and its proof are new, up to the best of our knowledge. Moreover, Theorem 42 is a func-
tional inequality, i.e. it does not depend on (VOU).

The second result is a weighted Poincaré-Lions inequality, in the spirit of (2.7). A similar one is given in
[84], but it is not suitable for a geometry as that of [0,7] x 2. Another related result — implying Theorem 5
— below appears in [117]. However, its proof is not completely constructive and the control on the constant
is not detailed. Another version of Theorem 5 is [79, Lemma 2.6]. We improve on such result, with fully

transparent dimensional dependence in the constants and less restrictive hypotheses on the potential ¢.

Theorem 5. Let Assumption 1 hold true. Let ds be the measure on the interval [0,7] for any T > 0. Then, all

functions g regular enough verify
_2)\2
||g“iz(dspdx)sc(¢) (1+\/E) (T2+T 2) ”Vt,XgHIz—I*I(ds#dx)’ (2-12)

for a dimension-free constant C(¢) depending only on ¢ in an explicit way.
The proof of Theorem 5 is done in three steps.
1. We prove that (2.12) is equivalent to the following property. For all g regular enough with zero average,

there exists a vector field in d + 1 components Z: [0,7] x 2~ — R?*! such that

a)v -V -Z= ’
(01, Vx= Vo) g 2.13)

2 2
1215 (aspax) S 1812 aspax)-

2. We solve
—aitu—Axu+Vx(p-qu= g,

with Neumann’s boundary conditions, with the help of Lax-Milgram’s theorem [72]. We pose
wW=v t,xU.

A standard regularity theory [44] ensures W e H (ds ).

3. IfW e H}(dsu), we simply pose Z = W. Otherwise, we build Z by performing a constructive correction

to W, achieved by solving a sort of waves’ equation. Hence, Z is not a gradient vector field in general.

The proof is different from the more general one of [117], but it allows a better control on the constant
for our choice of the space-time cylinder.

We pass to decay estimates, as the necessary functional inequalities are established.

Case A - exponential decay rates. Let y = e™¥, be such that (2.9) is satisfied. After Theorems 4 and 5, this case

easily follows. Recall
T
%(t):.[o Hh(t+s”)_1”1242(®dxdv)‘[_1d3

Theorem 6. For any T >0, small enough, there exists an explicit and constructive constant A(t) such that, for

all solutions to (VOU) we have

1. forallt>0,

a T _
i (0)==2 [0 [Voh(t+55) [2@axan T ds<-Mey,d,7) (1),
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2. forallt>0,
A(1) <o~ 1 s orany € "

Case B - sub-exponential local equilibria. After Theorems 4 and 5, this case is analogous to Theorem 3, with

the attention that we should consider, for all o > 0,

1

=T a0y S VR ( [ D97y (@0) ™ 2.14)

The missing point is that we should uniformly control a momentum

[%[y(1+|v|2)(1_“)"h2®(dxdv)

along the flow of (VOU). This was unknown until a personal communication [69], inspired by [66, 78], proving
that

1+[v2) " h(, x,v)%0 </ 1 "h3© : 2.1
[, B (v e(dxdv)s [ (1+lxl+ ) ©(dxdv) (2.15)

for all £ > 0 and for an explicit ) > g, depending only on a, ¢, 0. A simpler option is taking iy € L as we do in

Chapter 4. Then, our next theorem goes as follows.

Theorem 7. Let1> a >0 and fixw = (\/1+|v]*)®. For anyt >0, small enough, and all o > 0 there exists an
explicit positive and increasing function Z : R — R, as in Theorem 2, such that, for all solutions to (VOU), we

have

1. forallt>0,
d T _
E%(t}:—zfo [Fuh(t+5,) 2oyt ds <= (i (1)),

2. forallt>0,
Hi(t)<c(l+r) o fx/1/(1+|x|+|v\)”h(2)®(dxdv),

for an explicitly determined constant c.

This results compares with [212]. Our choice is to take the largest possible space for initial data at the
cost of having a worse decay rate. On the other hand, the authors in [212] find exponential decay estimates
in a space of the form L2 (,u dx, e’ ydv).

Case C - fat-tail local equilibria. This case is very similar to the previous one. The only difference is that we

consider, for all o > 0,

1

1 o
= sy a0y 190057, ([ e loB) 2 (an)) ™, @2.16)

instead of (2.14), as in [54]. The only available option here is taking kg € L*°, as we lack an analogous of (2.15).

Finally, the decay estimate.

Theorem 8. Let > d +2 and fix v = Blog(\/1+|v[?). For any t >0, small enough, and all o > 0 there exists
an explicit positive and increasing function Z : R — R such that, for all solutions to (VOU) with hy € L*(0), we

have
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1. forallt>0,
d T _ -
E%(t):—zfo I9uh(t+52) oo axan ™ ds <~ (A (1),

2. forallt>0,
A (t)<c(1+1t) 20-9 f%[y(1+e'x|+|v|)’7h(2)®(dxdv),

for an explicitly determined constant c.

Theorems 7 and 8 are new up to the best of our knowledge, when VvV, # v [212]. The same is true for the
estimates (2.15) by [69], achieved via an argument based on nonlinear Lyapunov conditions.

We complete [P6] with a careful analysis of the constants in decay estimates, with respect to d, 7, and a
parameter ¢ which is used to tune the intensity of the diffusion operator in (VOU). Those explicit estimates
are useful in molecular dynamics and statistics, [243]. We notice that the ideas collected here are not specific

for the model of interest and could be adapted to other situations.

2.2 Functional inequalities

This section is devoted to the results of Chapters 5-6-7. We start with a brief introduction of the setting in
Section 2.2.1.

Constructive stability estimates, in H! norms, with sharp exponents and explicit constants, are derived
for Gagliardo-Nirenberg inequalities on the sphere. The proof combines nonlinear diffusion flows to ap-
proach the manifold of optimisers, with a local Taylor expansion. Additional care is paid to low-degree
spherical harmonics, as those of degree one induce a cancellation in the Taylor expansions. In the large
dimensional limit, we find Beckner’s inequalities on the Gaussian space. Stability estimates, based on diffu-
sion flows and local Taylor expansions are derived for these Beckner’s inequalities. The Gaussian logarithmic
Sobolev inequality is the critical case in the large-dimensional limit. Stability in relative Fisher information
(defined below) is discussed. The arguments rely on the Ornstein-Uhlenbeck flow and its interplay with

log-concavity.

2.2.1 Interpolation inequalities on the sphere and the Gaussian space

In Chapters 5, 6, and 7 we deal with some Sobolev-like functional inequalities. The main problem we consider
is their stability, and making the results constructive.
Let d >3 (actually d = 1,2 is analogous with a slightly different notation), and let S¢ be the unitary sphere

of dimension d embedded in R4+! :

ST={x=(x1,~Xgs1) : |x|=1}.

We denote by w the intrinsic coordinates on the sphere. Let i  be the uniform probability measure on S¢.

We define also the Laplace-Beltrami operator A as the only self-adjoint operator with respect to p; such that

fgd Vf-vgdua= de -fAgdpa,

for all regular functions f, g : % - R. We denote by V the intrinsic gradient on $¢. Finally, let 2* = dz—_dz.
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We start with a standard fact, known since [240, 147, 222]. The inclusion
H' (S, dug) = L7 (S%,dpya),
is continuous if and only if p € [1,2* ], with
HY(SY, dpg) = {F eL2(S% dug) : VFe12(S9, dud)d} .
Then, a quantitative way to state such inclusion is the following Gagliardo-Nirenberg-Sobolev inequalities.
L IVFR duaz =T (11 oy~ | FlEgeny) ¥ Fen! (s dpsg) (GNS)
sd p-2
for any p € [1,2)u(2,2*]. For p =2, (GNS) does not make any sense. However, by taking the derivative with
respect to p, we obtain the logarithmic Sobolev inequality for the measure u,; :
2

d F
/§d|VF|2d,udzzf§dF2 log(—

> )dud VFeHY(SY dug) (LS)
IFlt2(sa)

In this context, the value p = 2 has nothing special. The only distinction is between the critical regime —
i.e. p = 2* — and the subcritical regime p € [1,2*), with the attention that for p = 2 we have to refer to (LS)
instead of (GNS). We also note that, for p = 1, (GNS) reduces to Poincaré’s inequality.

All inequalities (LS)-(GNS) are given with optimal constants. Hence, one could hope to find extremal

functions for them (i.e. functions which saturate the inequality).

e For p = 2%, (GNS) is equivalent to the Euclidean Sobolev’s inequality via stereographic projection.

Hence, the family of optimisers is given by the Aubin-Talenti family, [21, 248].

 For p €[1,2"), the optimisers are constant functions. Note that in this case there is no known corre-
spondence with the Gagliardo-Nirenberg inequalities on the Euclidean space (nor with the Euclidean

logarithmic Sobolev inequality for p = 2).

Henceforth, we focus on the subcritical regime only, as results in the case p = 2* correspond to those al-
ready obtained in [47, 119]. Introduce the deficit functional (i.e. the difference between the two sides of the

inequality) associated with (GNS):

d
2 2 2
6pa(F)= [gd \VE|[" dpa - b2 (||F||LP(§d) - ”FHLZ(Sd))’

and its analogous 6, 4 for the logarithmic Sobolev inequality (LS):

5 (F)'—[ |VFPd —df F?lo F d
2,d = Jea Ha 5 Jsa g ” Ha-

2
Flz(sa
We know [49] that

6p,a(F) >0, 6,d(F)=0 < F=c, ceR,

foralld,andall pe[1,2%).
Having a stability result means that the deficit 6, 4(F) is a good measure of how much F is not a constant.

In other words, we would like that the deficit functional controls some distance between F and constant
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functions. Let
F*={FeH(S?): F=c, ceR)}.

So, a stability estimate for (GNS)—(LS) would look like
Spa(F)2C inf d®(EFY), 2.17)
FreF*

for some constant C > 0, some reference distance d (fixed a priori), and some exponent 6. In [P2] we provide
estimates as (2.17) with the strongest known distance, explicit constant C, and sharp exponent 6. Note that
our strategy differs completely from that of [144, 47], using concentration-compactness arguments [199],
where the constant C is never explicit. The natural distance we consider is the homogeneous Sobolev semi-
norm d = |VF|j2(say, and variations of it. Chapter 5 deals with the proofs of constructive estimates of the
form (2.17) for (GNS)—-(LS).

Let y be the n—dimensional Gaussian density. It is general understanding, [252], that (Sd, taq) behaves
like a Gaussian measure space (R",y) as d - oo. Hence, one question would be how (GNS)-(LS) behave as
the dimension becomes bigger and bigger, and what happens to the stability estimates of Chapter 5 in the

limit. In Chapter 6 we clarify this limit.

Note that 2* - 2 as d — oo. Hence, the range p € [2,2* ] collapses onto the point 2 as d — co. As we will
see, for p € [2,2*], inequalities (GNS)—(LS) become the Gaussian logarithmic Sobolev inequality, in the limit
d = oo:

2 1 2 v
82,00(0) = V0 P2 )—-f P log[ ——2—— | dy>o0. (GLS)
A2 I 012 (g
(R",dy)
Then, the logarithmic Sobolev inequality (corresponding to p = 2) in the large dimensional limit inherits the

role of upper endpoint of the family played by the critical Sobolev inequality (p = 2*) in finite dimension.
On the other hand, the range p € [1,2) makes perfectly sense also in the large dimensional limit. For
pe [1, 2), (GNS) converges to the family of Beckner’s inequalities

1
6p,oo(v) = “vv|’iz(Rn,dy) - 2_

(10 anayy = 10 nayy) 0 (PLS)

for d — oo. Hence, in the large dimensional limit we are left with a limit family of inequalities, parameterised
by p € [1,2], interpolating between the Gaussian Poincaré inequality, p = 1, and the Gaussian logarithmic
Sobolev inequality, p = 2, which is the upper endpoint of the family. Unlike in finite d, in the large di-
mensional limit, the logarithmic Sobolev inequality is critical and somewhat distinguished from the range
p € [1,2). This makes its analysis more complicated, and we put it off until Chapter 7, where we collect our
partial results. The range p €[1,2) in the large dimensional limit shares many properties with the same range

in finite d. In this case, we have a rather complete theory, see [P3], exposed in Chapter 6.

2.2.2 Stability of functional inequalities on the sphere

We give the main results of Chapter 5. A way to prove (GNS)-(LS), after [145], is the Funk-Hecke formula
we give an account of below. Recall that the Laplace-Beltrami operator —A on (§d, iq) admits a discrete
spectrum, given by

Aj=j(j+d-1), VjeN.
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The eigenfunctions associated with A; are called spherical harmonics of degree j, and all of them are poly-
nomials of degree j in the coordinates x. We indicate with # ; the eigenspace associated with A; and with

Hj ;. a basis of eigenfunctions for H;, for j € N, and k ranging between 1 and the dimension of # j, which

d+j
amounts to ( ]). We have the orthogonal decomposition L2(§d 'Ma) = @ Hj. Note that H, corresponds

J
to constant functions and H; = span(xy,--, X411 ). Then, we can write any function F € H! (§d, Uq) as

F=Y'Fj, FjeMj jeN.
i

The Funk-Hecke formula reads

1 oo

g (Pl sy = 1Flisn) < 265(p) [ PP g ¥ H(S", di) 2.18
j=1

forany p e (1,2)u(2,2*) with

yi(4)-1 LI +d-x)
pp_z and i) = g )T )

{j(p):=

An analogous formula holds for the logarithmic entropy of (LS):

FZ 00
Lszlog(—)d,udSZ ZC](Z) _Ld|Fj|2dud VFEH1(§d,d,ud).

| Fllfe say j=1
The fact that
Aj )
(j(P)SE» VjeN,

proves (GNS) and (LS). More precisely, we have that

A . )
(f(p)<7]’ p27, j*1.

Exploiting this strict gap, we can improve on (GNS)-(LS), every time that F; =0 and p # 2*.

Theorem 9. Assume thatd >1 and p € (1,2)U(2,2*). For any function F e H'(S%, dug) such that

f§dXFd'ud=0’ (2.19)
we have 4
2 2 2 2
/§d|VF| dﬂd—ﬁ(F||Ln(§d)_||F||L2(§d))chp,df§d|VF| dpqa (2.20)

2d-p(d-2)

with Cgp’d = ~2(d+p)

Theorem 10. Letd > 1. For any F € H' (Sd, dug) such that the orthogonality condition (2.19) holds, we have
2

d F
f§d|VF|2dud—Ef§szlog(—

5 )dud >4 /d |VF|*dug (2.21)
| Flt2(sa) S

with %2’(1 = ﬁ

If we have additional orthogonality constraints, i.e. F; =0 for 1 < j < k, we have better constants in
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Theorems 9-10.
Estimates (2.20)—(2.21) can be seen as stability results in the spirit of (2.17):

8p,d(F)>Cpa|VF|z(say-

The constants are fully explicit, the distance is the strongest possible one, and the exponent fwo is sharp, as
one can easily test by taking F =1+¢(x? - (d+1)), ase - 0.

The next point is describing what happens if a function F has a nonzero component Fj, since the Funk-
Hecke formula does not provide any improvement along this component. Rupert Frank in [144] shows that

if p € (2,2%), there exists an unknown constant c, > 0 such that
8pa(F) 2. |VF [ ay N'(F),  VFeH' (S, pa). (2.22)

In (2.22), the term N(F) := | VFHEZ(§,1) +||F Hiz (s is a normalising factor whose role is to preserve the homo-

geneity of the inequality. We have that N(F) ~ 1 if [VF ”iz(gd) is small. Moreover, the exponent four is sharp,

as one can check by taking F =1 +¢ x, as € — 0. Note that this sequence is not admissible in Theorems 9-10.
To sum up, we know that the exponent fwo in the stability estimate is attained as long as the component

F, of F, given by

da+1 de(x)xldyd
g - (d+1)?

is zero. However, a concrete example of functions F, such that F = 1+ F}, provides the degeneracy to exponent
four. So, we conjecture that such kind of functions must be the only responsible for this phenomenon. In
other words, we expect the deficit §,, 4 to be flatten along the component of F along the H; subspace. Indeed,

we can prove the following, which answers completely the question.

Theorem 11. Letd >1 and p e (1,2)u(2,2%). Forany F e H' (S%, du), we have

4
d IVE ]2 (se)
2 2 2 2
L, 1vF dud—ﬁ(uFLp(gd)—||F|Lz<§d>)zfd.p(w+V<F—F1>|Lz<§d> »
for some constructive stability constant ., , > 0.

Theorem 12. Letd > 1. Forany F e H'(S9,du), we have

d F? IV 2 (s
/;d|VF|2de—E_/ngzlog(Fz—)dﬂdZyd(T)()JrW(F—Fl)uiz(&d) ’

|Fliz(sa)
for some constructive stability constant ./; > 0.

The constants can be tracked along the proofs of the two theorems.
The sequences used above show sharpness of exponents in both components. For completeness, the

normalisation factor is given by

N(F) = ||VFHL2(§‘1)+ IF Iz say -
We give some details of the proofs. As it is classical in stability results, the proofis split into two parts:

1. Local regime. We assume that |VF Hiz(gd) is small (i.e. F is approximately a constant). Then, a Taylor
expansion with explicit uniform control of the remainders provides the desired result. At this level,

additional care is necessary to deal with the components of F along low-degree spherical harmonics.
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2. Far-away regime. We show that we can always reduce to the local regime via a nonlinear diffusion flow.

The second step replaces usual local-to-global arguments, which are obtained by concentration-compactness
asin [47, 144], and are not constructive.

The strategy we adopt is the following. Forall p € (1,2*) and all d > 1, there exist 0< m_(p,d) < m4(p,d),
such that, if m_(p,d) < m < m,(p,d), then, along the flow of the nonlinear PDE,

% =y r-m) (Au+(mp—l)@),

2.23)
Ug = FE
we have that 4
2 t—o0
56p,d(ut) <0,  |Vurlizigay —0, (2.24)

see [113, 121]. We come back to this point in the next section, while here we just stick to what is necessary
for the purposes of stability. We highlight that, the sphere being a compact manifold, there is no difficulty in
proving global existence of a positive bounded solution. The case of a non-negative solution is also covered
by a standard approximation of the initial datum. See for instance [111, Section 5] for a proof in a similar
setting. The key of the proof is to combine L!-contraction and the Maximum Principle as in the classical the-
ory of nonlinear diffusions: see for instance [251] for a reference in this area. We remark that (2.24) provides

another proof of (GNS)—(LS) after time integration. Indeed, more careful computations prove that

Vo [*

2
vy

d 2
0p(u) <=y |, dia, (2.25)

1
where v = u#, and v, § are explicit positive numbers depending only on d, m. Since (2.25) is an improved
version of (2.24), which proves (GNS)—(LS), we expect that (2.25) provides some improved inequalities. This
is the case, and, after an interpolation argument based on the analysis of an ODE, one can show that (2.25)

entails

VF[7,
1 [VF[; (§d))’ 2.26)

6p,d(F) 2d HFHiIﬂ(Sd) Wp,d(g ||F||2
LP(S4)

for an explicit convex function ¥, 5 : R - R such that ¢, 4(0) =0 = W;,, 4(0), and "' (0) > 0, given in Chapter
5. Equation (2.26) is a sort of nonlinear stability result for (GNS)-(LS). The convexity of ¢ p,d Proves Theorems
11 and 12 in the far-away regime, as it allows a control of the stability term for |VF ||iz(§d) big. Finally, the

actual shape of Ypd gives a constructive estimate of ¢, in (2.22).

2.2.3 Subcritical Gaussian inequalities

Here we present the results of Chapter 6. In particular, we are concerned with the behaviour of estimates in
the previous section as d — oo. See Chapter 1 for some historical comments. The setting is the following. Let
n be a positive integer, and let d > n. Let F; : S% - R be a function depending on the first n coordinates only.
Let y be the Gaussian density of dimension 7. Then, we prove a limit theorem for the deficit functionals 6,4

as d — oo.

Theorem 13. Let n be a positive integer, p € [1,2) and consider a function v e H'(R", dy) with compact sup-

port. For any d > n, large enough, if

Fy(x)= v(xl/\/a,xz/\/a,...,xn/\/g)
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where x = (X1, Xa,..., Xg41) € R4 5 S% s such that |x| =1, then
lim d(|VF,|? T (|E F4l?
lim a(|v d\\LZ(gd,dﬂd)—ﬂ(\\ a2 (st ) =~ VFalln(st.aun))
1

_ 2 _
=|v VHLZ(Rn,dy) >

2 2
“p (” U”LZ(R”,dY) - H U”LP(R”,d)/)) :

Note that Theorem 13 covers the range [1,2) only and it can be reformulated as
6}1_)1'1;10 d5p,d(Fd) = 519»00 ( U)'

As we anticipated, the range p € [2,2* ] for (GNS)-(LS) collapses on the point p =2 as d — oo, corresponding

to the logarithmic Sobolev inequality.

Proposition 14. In the same setting as Theorem 13, we have that
Jim d82,4(Fa) = 62,00 (V).

Moreover, if (pa)as3 is a sequence of real numbers such that pg € (1,2) U (2,2%), with2* =2d/(d -2), and
limg_, 0o pa =2, then
im_ A6y, a(Fa) =0s00(0).

We show that this large-dimension limit is compatible with diffusion flows. We introduce the Ornstein—
Uhlenbeck operator A, on H'(R", dy) defined by

AYV:AU—Vv-x.

The Ornstein-Uhlenbeck operator Ay in the large dimensional limit plays the role of the Laplace-Beltrami
operator on s,
In the previous Section we considered the nonlinear diffusion flow (2.23) on $¢. We give here a more

precise statement. Let us define

ms(p,d) dp+2j:\/d(p—1)(2d—(d—2)p)). (2.27)

Proposition 15 ([113, 121]). Assume that d > 1, with either p € [1,2) U (2,+00) ifd =2 or p e [1,2) U (2,2*] if
d >3, and let
mem_(p,d),m,(pd)].

Ifu> 0 solves (2.23), with an initial datum F in 1> nLP(S%, dug), then

d 2 da 2 2
2 (100 - pard (Ll i sty ) SO V10,

2
”quLZ(§d,d,le)_>0’ t — oo.
We established a similar picture in the Gaussian space. The kind of flow we shall consider is

2
(Aﬂ)ﬁ(mp—l)m). (2.28)

Ut

61}; —p(1-
e th( m)
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Figure 2.2: Finite VS infinite dimension interpolation inequalities.

On the left: the Gagliardo-Nirenberg-Sobolev range p € [1,2* | on the horizontal axis, and the expo-
nents of nonlinear diffusion flows m(p,d) which are admissible in Proposition 15 on the vertical
axis, for d = 5.

On the right: Beckner’s Gaussian inequalities, for p € [1,2] on the horizontal axis, and the admissi-
ble exponents m(p, o) of nonlinear diffusion flows in the sense of Theorem 16. The figure on the
left converges to the figure on the right as d — oo, while 2* = 2d/(d -2) — 2.

Then, if we define

mi(p,oo):lj:%\/(p—l)(Z—p). 2.29)

we have entropy-entropy production estimates as follows.

Theorem 16. Assumethatn>1, p€[1,2]. If v; > 0 solves (2.28) with

me[m_(p,o0),m;(p,o0)]

for an initial datum in 12 nLP(R", dy), then

d
—0poo(V:)<0 V>0,
P (ve)

”vthLz([R",dy) -0, —oo.

The result for d = oo is new. Finally, one can notice the consistency between a finite d and d = oo, as
hm mi(p, d) = mi(p) OO),
d— oo

for every p € [1,2]. Note that m. (2,00) = m_(2,00) = 1, so only this choice - corresponding to the heat flow
acting on vf —is compatible with (GLS).
As for the case of finite d we can get some nonlinear improvement for (PLS)-(GLS) via the flow (2.28).

More precise computations along the flow (2.28) show that

[Vwl|*
w2

d
Gl <= [ Sl ay,

for an explicit constant k. The right-hand-side of the last inequality can be exploited as in the case of the

sphere and produce an analogous of (2.26).
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Proposition 17. Let p € [1,2] and n be a positive integer. For any v e H'(R", dy) we have

HVVHiZ(Rn,dY) )

lvl?

8p,00 (V) 2 [VIEp (g ay) Wp (
L7 (R*,dy)

for a convex function yp, such thaty ,(0) =0=v,(0), andy/},(0) >0:

wp(s)=s—(2=p) (1+s=(1+5)P") 7.

The last Proposition can be used again in the proof of constructive stability estimates for (PLS).

Let us focus on the subcritical range for d = oo, which is p € (1,2). The critical case p = 2, namely (GLS), is
put off to the next section. The very same strategy as in Section 2.2.2, provides us with constructive stability
results for the Gaussian interpolation inequalities (PLS). The structure is the same as Theorem 11. However,
spherical harmonics are replaced by the eigenfunctions of A,. Indeed, the eigenvalues of —A, are given by N.

The corresponding eigenfunctions are the well-known Hermite polynomials. More precisely,
Ayv=0 < v=g, -Ayv=v < vespan(xy,-,X,).

We start with an improved inequality under orthogonality constraint, which can be also read as a stability

result (2.17), with optimal exponent fwo.

Proposition 18. Letn>1 and p €[1,2). For any v e H (R",dy), such that

[ vxdy=0,
Rn

we have
1

1
||vUHiz<Rn,dy)—ﬁ(||vuip(m)—||vuiz<w)) 22 2= [Vl ay) -

The proof is different from that of Theorem 9, as the spectral improvement of the Funk-Hecke formula
(2.18), is replaced by Nelson’s hypercontractivity estimates of the Ornstein-Uhlenbeck flow on the Gaussian
space.

On the first eigenspace of Ay, which is excluded in Proposition 18, we have the same degeneracy as in
(2.22). Let ve :=1+¢€x1, then

Sp,o(Ve) me!, €0,

forall p e ( 1, 2). Then, comparing this fact with Proposition 18, as in Section 2.2.2, we prove a global construc-
tive stability estimate. As in Theorem 11, we have two different orders along the component of the function
which is parallel to x, and the orthogonal one. Let v; be the projection of v on the subspace of H' (R", dy)

corresponding to span(xj, -, Xp).

Theorem 19. Foralln>1, and all p € (1,2), there is an explicit constant cy,, > 0 such that, for all v € H! (dy),
it holds

1
2 2 2
”VUHLZ([R”,dy) - ﬁ (” VHLn([Rn,dy) ol VHLZ(Rn,dy))

Vo ||ﬁ2(Rn,dy) )

Vol +[vl

2 Cn,p |V (v=1) HEZ(R",dy) +
| L2(R",dy) L2(R™,dy)
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The strategy of proof goes as in Theorem 11.

1. Local stability. If we assume v to be approximately a constant, then an explicit Taylor expansion, with
uniform control of the remainder terms and careful treatment of low-degree Hermite polynomials
does the job.

2. Far-away regime. If v is far away from the manifold of constants, we can approach it using the heat
flow, as in Theorem 11. Notice that the choice m = 1 is always feasible here. The key-point is the
improved inequality contained in Proposition 17, giving stability in the far-away regime by convexity

of yy.

The local Taylor expansion and Proposition 17 are not available for the case p = 2. Different strategies

should then be considered. This is the subject of the next section.

2.2.4 The Gaussian logarithmic Sobolev inequality

We end our survey with (partial) results for the critical case in d = oo, collected in Chapter 7. Stability re-
sults for the logarithmic Sobolev inequality are a very active research trend with a huge literature and many
applications in various areas. In particular, obtaining stability in H! ~norm for (GLS) is still an open, and
very tricky, question. However, with different methods with respect to the subcritical regime, we are able to
achieve explicit stability estimates for some special classes of measures. A nice feature of our method is that it
is fully flow-based, without any Taylor expansion. The main ingredient is an improvement of entropy-entropy

production inequalities along the heat flow. Let v € H!(R", dy) be such that

fw (1,x |x[*) v*dy = (1,0,d), (2.30)

which means that we restrict to functions with the same momenta as the standard Gaussian. Then, by a

careful treatment of the terms given by the carré du champ method, we have the following.

Proposition 20. For all v e H! (R, dy) verifying (2.30), we have

1 1 2
2 2 2 2 2
IIVUHLZ(W,dY)—EfRJm log|v| dyzzn (fRdlvl log|v| d}f) : (2.31)

One can relax the hypotheses and have the same with f[Re" |x|2 v? dy<d.
Combining equation (2.31) with classical inequalities one can control other distances between v and 1, as
the Wasserstein distance or the L!-norm of the difference. Proposition 20 provides an exponent four in
the stability term (cf (2.17)), which is not fully satisfying, since the results for Sobolev’s inequality in finite
dimension would suggest an optimal exponent equal to two. This is the case for two distinguished families

of functions.

Theorem 21. Forall v € H' ([Rd, dy) such thatlogv is a concave function and

/Rd(l,x,|x|2)|v|2dy: (1,0,d) = /Rd(l,x,|x|2) dy=(1,0,d), (2.32)
. 1
with' €’ =1+ {55 ~ 1.0005787 we have
€ vf?
HWHIZ}(WW)——[d|u|zlog 2‘—' dy>0. (2.33)
2 JR 1V1% e ay)
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Inequality (2.33) with improved constant 4 > 1 compared to (GLS) can be recast in the form of a stability
inequality of type (2.17) with sharp exponent two. Log-concavity might appear as a rather restrictive assump-
tion, but it is not the case because a function which is compactly supported at time ¢ = 0 evolves through the
heat flow into a logarithmically concave function for some finite time that can be estimated by [192]. This is
enough to produce a stability result with an explicit constant. It turns out that the compact support assump-

tion can be relaxed.

-3 -2 -1 o 1 2 -10 0 10
-1
-40

Figure 2.3: Creation of log-concavity in finite time along the heat equation.
The first picture corresponds to the initial datum fj = %(6 _2+082). The others pictures plot the log
of the corresponding solution at £ =0.01, t=0.1, £ =1, £ =2, t = 8, respectively.

Theorem 22. Letd > 1. For anye > 0, there is some explicit € > 1 depending only on € such that

¢ v
Vol a5 [, |v|210g(_ dy (2.34)
LN =2 Jne [ gy

holds for any v e HY(R?, dy) satisfying (2.32) with

fdlvlzee'”zdwoo.
R

2.3 Nonlinear Dirichlet forms

Let (X, m) be any sigma-finite measure space. Consider the space L?( X, m) and let ( T;) ;»o be a one-parameter
family of bounded linear operators over L?( X, m) such that

1. To=1d,

2. the mapping ¢+ T;(f) is continuous for all f € L?(X, m),

3. forall t,s>0,wehave Tyo Ts= Tso Ty = Tyis,

4. forall £ >0, the operator T is 1-Lipschitz in the L?-norm,

5. forall feL?(X,m)wehave0< f<1 = 0< T f<1.

These properties define a classical Markov semigroup. Then, one can consider the generator of T;, which is

an unbounded operator defined by
. T,-1d
A= lim .
t—0+ t
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We usually write T; = e’4. In addition, we have
Vi>0,Yfel?(X,m), 0,T.f = AT,f. (2.35)

The emblematic example of such structure is the semigroup associated with the heat flow, see (2.24) or
(2.28) for m = 1, where A=A or A = Ay, respectively. However, such structure adapts to much more general
settings, such as the heat flow on Riemannian manifolds or RCD metric measure spaces, [8]. Also some flows
induced by non-local operators are covered, see [146] for a complete survey.

If the operator A is self-adjoint, then, one can define a symmetric bilinear form
1.1
E(f.8)=(42f A%g).

Polarising the bilinear form, one can obtain a quadratic form, we always call £. If T; is a Markov semigroup,
then £ is called a Dirichlet form. In the examples above, £ is exactly the H! semi-norm.

A fundamental feature of Dirichlet forms is the normal contraction property. Let ¢ : R — R be a 1-Lipschitz
function such that ¢(0) =0, also called a normal contraction. Let @ the collection of all normal contractions
¢. Tt is classical [146, Chapter 1] that if £ is a Dirichlet form, then & verifies the following normal contraction
property

E(P()<E(f), VYfel?(X,m), Vped. (2.36)

In [99] the authors consider nonlinear Markov semigroups and nonlinear Dirichlet forms.
Let (S;); be a one-parameter family of 1-Lipschitz (possibly nonlinear) operators over L?( X, m), verifying

the properties 1.-4., and, in addition
6. forall f,gel?(X,m),andall >0, wehave f<g = S;f<S;g,
7. forall f,g e L?(X, m),forall t >0, and for m—almost all x € X, we have |S,f(x)-S,;g(x)|<|f(x)-g(x)|.

Then, (S;), is a nonlinear Markov semigroup. Some examples are (2.23) and (2.28), for m # 1. Note that the
last definition generalises that of linear Markov semigroups, as property 5. implies properties 6.-7. for linear
operators. Assume that the semigroup (S;); is also the gradient flow of some lower-semicontinuous (not
necessarily quadratic) functional £ on L?(X,m), i.e. for all f € L>(X,m), the curve t + S, f is the only global

solution to
atStf € —ag(Stf),

Sof =1,

(2.37)

where OF is the subdifferential of £:

OS(f):{veLZ(X,m):E(g)—é'(f)zfxv(g—f)dm, VgeL2(x,m)}.

In this case, according to [99], the functional £ is a nonlinear Dirichlet form. As a byproduct, £ is necessarily
convex over LZ(X ,m). We remark that (2.37) is a generalised version of (2.35) for the linear case, as -9€ = A
if £ is a quadratic form.

The first result of our work [P5] is a more efficient characterisation of the nonlinear Dirichlet forms, which
is purely based on functional inequalities.

Forall f,g€L2(X, m), and a € [0, 00 ) we denote by fv g and f A g the pointwise maximum and minimum



34 CHAPTER 2. MAIN RESULTS
andset Hy(f,g)=(g—a)Vv fA(g+a) (see Figure 8.1), that is,

g(x)-a iff(x)-g(x)<-a,
Ho(f,8)(x) =1 f(x) if f(x)-g(x)e[-a,al, (2.38)
glx)+a if f(x)-g(x)>a.

Theorem 23. Let & : L*(X, m) — [0,00] be a Ls.c. functional. Then, £ is a non-bilinear Dirichlet form if and
only if, forall f,g e L2(X, m), and a € [0,00), € verifies

E(fvg)+E(frg)<E(f)+E(8), (2.39)
E(Ho(f,8))+E(Ha(g, f))<E(f)+E(8). (2.40)

Thanks to Theorem 23, we can prove our main result, that is (2.36) for the nonlinear Dirichlet forms of

[99] under minimal assumptions.

Theorem 24. Let £ be a non-bilinear Dirichlet form. Then £ has the normal contraction property (2.36) if and

only if
E(-f)<E(f) Vfel*(X,m). (2.41)

The normal contraction property is fundamental for the classification of bilinear Dirichlet forms. Then,
we see Theorem 24 as a first step in this direction for the nonlinear setting.

Let us conclude by giving an account of our methodology for the proof, as it is original.

* The literature on classical Dirichlet forms would suggest to prove (2.36) for indicator functions f and
proceed by linear combination to cover the whole space LZ(X ,m). In our context this is unfeasible,

though.
* Our idea is to approximate the normal contraction ¢ instead of f in (2.36).

» We show that it is sufficient to prove (2.36) for piecewise linear contractions ¢ such that ¢’ = +1 almost-

everywhere in R.
* We prove that (2.36) holds for three-piece piecewise linear contractions ¢.
* We conclude, by induction, using the lemma below.

Lemma 25. Let G be the set of all normal contractions ¢ € ® such that |¢'| =1 and ¢’ has at most two points of
discontinuity. Let (G) be the collection of all finite compositions of elements in G. Then, (G) is dense in ® for

the pointwise convergence on R.

The last result has a constructive proof of independent interest.

2.4 Open problems

Time averages for more classes of kinetic equations

The approach we develop in [P6] is not equation-specific. For example, it makes very limited use of the
linearity of Vlasov—Fokker-Planck models. Moreover, the functional setting we develop involves general in-

equalities which are later specialised to solutions of the PDEs.
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Figure 2.4: A typical irreducible element in the decomposition of Lemma 25.

Problem 26. Compute global constructive decay rates for Generalised Langevin Dynamics [229, 211], Vlasov—

Poisson systems, and Langevin dynamics with periodic forcing in time.

* For the first class of models, our strategy is effective, except for Lemma 4, which should be adapted.

* For Vlasov-Poissons systems, the keypoint should be proving a Poincaré inequality like (4.11) for the

spatial confinement driving the model, which depends on the solution itself.

» For the periodic case, all functional inequalities should be reworked, but the presence of the forc-
ing should make solutions to be close to periodic for long times. Then, functional inequalities would
reduce to spectral problems in time, space, and velocity modes, at least in certain ranges of the param-

eters.

Fully flow-based stability of functional inequalities

In [P2, P3] we provide constructive stability results based on the combinations of nonlinear flows with Taylor
expansions. Still, the information collected from the nonlinear diffusion flows is not completely exploited.
In addition, the knowledge of optimal constants in the stability results (or at least estimates of them scaling

well with the dimension of the problem) would be a decisive advance in the theory.

Problem 27. Compute explicit optimal constants in stability estimates for functional inequalities of Sobolev

type, on R and S? by pure nonlinear diffusion equations and entropy methods.

The technique would rely on diffusion flows, with accurate estimates for the variation of the inequalities’
deficit along solutions. The paradigmatic example to be treated is the critical Sobolev inequality, in view of
the recent results of [119]. However, this is expected to be a very difficult task. As an easier entry point, we

would consider subcritical inequalities on the sphere (or the Gaussian space).

Stability for the logarithmic Sobolev inequality

Many stability results and counterexamples are available for the Gaussian logarithmic Sobolev inequality.
However, the picture is not complete, yet. Sharp exponents in the stability terms are mostly unknown even
for distances inducing the narrow convergence. In the H! —distance, we know stability results of order two for
special classes of functions, but the least restrictive conditions to have those are an open issue. The same is

true for order-four exponents, which hold under more general hypotheses.
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Problem 28. Find minimal hypotheses of stability results for the Gaussian logarithmic Sobolev inequality, in

the distance induced by the H' norm.

First, one should assess how many finite moments of the density are necessary for a uniform stability
estimate in the square of the Fisher information w.r.t. the standard Gaussian. In [171] the problem is solved
with a fourth-order moment. On the other side, in [P4] a similar estimate is achieved for densities with just
a second-order moment, provided that it is small enough. A natural question is to investigate densities with
an arbitrarily big, yet finite, second order-moment, but with no finite fourth-order moment.

A much more ambitious point is to give necessary and sufficient conditions for order-two stability es-
timates, not only in Fisher information, but in the H!-distance from the set of optimisers for (GLS). The
final (and very difficult) goal would be to have sharp exponents and constructive constants in the stability
estimates.

As an intermediate step, we plan to use the Bianchi-Egnell strategy, which should provide the optimal
exponent in the stability term. Due to the criticality of the problem, Taylor expansions are especially difficult.

Then, we suggest using either an approach based on flows or some selection principle in the fashion of [98].

Gradient flows for kinetic equations

The fruitful connections between diffusion equations, gradient flows, and optimal transport have been a
leading research theme in the last twenty years, after [6, 176, 225]. Such a framework still lacks in the context

of kinetic equations, but diffusion limits, a part of Hilbert’s sixth problem, point in this direction.

Problem 29. Find distances between probability measures, in the spirit of optimal transport capturing the
geometric structure of spatially inhomogeneous kinetic PDESs. Recast dissipative kinetic PDEs as gradient flows

in such distances. The new metric structures shall be consistent with diffusion limits.

The geometric structure behind kinetic models is complicated, due to the asymmetry between positions
and velocities. Diffusion limits are often formal, so more tools and new methods are needed. Results in the
sense of Problem 29 will hopefully contribute to clarify these points. The scientific benefit of any contribution
to this topic would impact various related fields: mathematical physics, probability theory, and applications
of those.

Practically, some steps in this directions are:

1. After the variational schemes of [133, 87] and the splines of [40], provide a right metric setting for

Vlasov-Fokker-Planck equations, which is compatible with diffusion limits.

2. Generalise the work [86] to the spatially inhomogeneous setting.

Nonlinear Dirichlet forms and metric spaces

It is known that all Cheeger’s energies in the sense of [8] are non-bilinear Dirichlet forms. Hence, an abstract

framework to study metric spaces whose Cheeger’s energy is non-quadratic may emerge.

Problem 30. Represent local, non-bilinear Dirichlet forms as non-quadratic Cheeger’s energies.

Study geometric conditions using the formalism of non-bilinear Dirichlet forms.
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Ricci curvature lower bounds are useful for diffusion equations, functional inequalities, and geometric
measure theory. The simplest spaces where the Cheeger’s energy is a non-bilinear Dirichlet form are Finsler
manifolds. After [223, 224], the two approaches towards Ricci curvature bounds discussed in [10] are shown
to be equivalent also in this setting. However, only one of them — namely that of [201, 245] — is well-posed in
the general framework of metric measure spaces. The language of non-bilinear Dirichlet could contribute to

close this gap. The first steps one could envision in the direction of Problem 30:
1. Rewrite [223, 224] with the language of non-bilinear Dirichlet forms.

2. Study the heat flow and its linearised version on metric measure spaces, taking inspiration from [223,
149, 136].

3. Represent abstract non-bilinear Dirichlet forms as non-quadratic Cheeger’s energies, following [10,
51].

2.5 Bibliographical comments

We recall hereby some of the most important references for this thesis, which were not introduced before for

the sake of simplicity.

Kinetic equations and hypocoercivity

e The H! framework for hypocoercivity has been developed in [255, 256, 115], after [221, 165]. We refer
to [126] for direct applications to the Fokker-Planck equations. See also [33, 34, 32] for a H! approach

to hypocoercivity reminiscent of [24].
* Hypocoercivity methods based on couplings are used in [134, 116].

* The L2-hypocoercivity framework is due to [127], after [164]. More models are analysed in [67, 65,
66]. An alternative approach based on Lyapunov’s inequality for matrices is established in [18] for
general Fokker-Planck equations. More detailed calculations are carried out in [2, 4, 17], for specific
examples where computations can be done mode-by-mode. An improvement of those is given in [16].
An interpretation in terms of Shur’s complements of [127], with careful computations of the constants,
appears in [44]. For an approach to hypocoercivity based on Lyapunov’s functionals we refer to [78].
See also [243, 68] for hypocoercivity results for a general class of Langevin dynamics, and [45] for recent
developments in presence of boundary conditions. In [212] the authors recover exponential decay
for well-chosen initial data in case of weak confinement. See also [117] for a different point of view

covering most known cases.

* An alternative approach to hypocoercivity, based on negative Sobolev norms of solutions, appeared in
[5]. There, instead of twisting the reference norm as in [256, 127], the strategy is to prove a modified
space-time-velocity Poincaré inequality. Then, the same inequality is used to establish a convergence
rate in the L? norm for solutions to the equations towards Maxwellians, via a time-integrated estimate.

More quantitative results are given in [79].
e Wereferto [11, 117, 79, 84] for up-to-date results on Lions-Poincaré inequalities, inspiring [P6].

* Time integrated functionals of solution to kinetic PDEs have also been considered in [161, 244].
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Functional inequalities

* The family of Gagliardo—Nirenberg (GN) inequalities we consider in Chapter 5, which interpolate be-
tween the Poincaré and the critical Sobolev inequalities for the uniform probability measure on the
unit sphere, are due to [48]. Further historical reference in the subject are [196, 37]. Improved versions
of GN inequalities on the sphere, obtained with the carré du champ technique, are given in [123]. The
extra term found in the last reference has been fruitfully exploited in [112]. In [145] a proof of GN in-
equalities by spectral methods appears, which can be adapted to prove a local stability result. Then, in
[144], a first global stability result for a subfamily of GN inequalities on the sphere is given. The result is
not constructive, but it is optimal in the order of the stability term. For the critical case, corresponding
to Sobolev’s inequality, stability issues have a longer history we discussed above. We mention [119]

and [185] as the latest advances in the subject.

* By taking the large-dimensional limit of spheres equipped with the uniform probability measure, the
Gaussian space is recovered, see [252] for an historic account on the subject. This idea is also used
in [37]. Gaussian subcritical inequalities, interpolating between the Poincaré and the logarithmic
Sobolev inequalities are due to Beckner [37]. Optimal constants for the inequalities we consider are
derived in [14]. See also [187] for an alternative interpolation family. Finally, [220], provides an hy-
percontractivity property we directly use to establish improved inequalities under orthogonality con-

straint.

* As the critical case in the family of Gaussian interpolation inequalities, we find the the Gaussian log-
arithmic Sobolev inequality (LSI). See the previous section and [12] for a complete historical account.
Among the different approaches to LSI, we follow more closely that of [24, 19]. Stability for the LSI is
a research trend under development, whose interest is motivated also by problems in physics, statis-
tics, and engineering. See [138, 61, 172] for an account on recent stability results in Wasserstein-like
distances. Stability in L!—norm is established in [58], and all available results in L”—norms are col-
lected in [172], except the very delicate L2-estimate of [119]. Some counterexamples, which show that
a control on the second order moment of the distribution in necessary, are given in [182, 135, 171].
In [119] the problem of stability in H! norm is stated. Two partial contributions in this direction are
[138, 171]. However, a complete solution to the problem is not known, yet. To the extent of our results,
two important instruments are preservation/creation of log-concavity along the heat flow [192, 236],

and isoperimetry for log-concave measures [56].

Nonlinear Dirichlet Forms

* Linear Dirichlet forms are a classical subject, see the references quoted in the previous section. The
first contribution in the sense of a nonlinear extension of the theory is [99]. The theory is continued
in [101, 100], with a nonlinear theory of capacity and a partial result on normal contractions. Impor-
tant examples of nonlinear Dirichlet forms are the Cheeger’s energies of [8] and the Finsler-Sobolev

seminorms in [223].
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Chapter 3

Time averages for kinetic Fokker-Planck

equations

This Chapter corresponds to [P1], published in Kinetic and Related Models (2022).

Abstract

We consider kinetic Fokker-Planck equations on the torus with Maxwellian or fat tail local equilibria. Results
based on weak norms have recently been achieved by S. Armstrong and J.-C. Mourrat in case of Maxwellian
local equilibria. Using adapted Poincaré and Lions-type inequalities, we develop a constructive method for
estimating the decay rate of time averages of norms of the solutions, which covers various regimes corre-
sponding to subexponential, exponential and superexponential (including Maxwellian) local equilibria. As
a consequence, we also derive hypocoercivity estimates, which are compared to similar results obtained by

other techniques.

3.1 Introduction

Let us consider the kinetic Fokker-Planck equation
atf+v-vxfzvy-(vyf+a(v)“_2vf), £(0,--) = fo. (3.1

where f is a function of time ¢ > 0, position x, velocity v, and « is a positive parameter. Here we use the

(v)=/1+|v]2, VveR®

We consider the spatial domain T := (0, L)d 5> x, with periodic boundary conditions, and define Q, := (¢, t+7) x

notation

T, for some 7 >0, t > 0 and Q = Qg. The normalized local equilibrium, that is, the equilibrium of the spatially
homogeneous case, is

1 a
ya(v)=—e " vyer?,
Za

where Z, is a non-negative normalization factor, so that dy, := y4(v) dv is a probability measure. We shall
distinguish a sublinear regime if a € (0,1), a linear regime if @ = 1 and a superlinear regime if a > 1. The

superlinear regime covers the Maxwellian case a = 2. The threshold case a = 1 corresponds to a linear growth
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of (v)®. The estimates in the linear case are similar to the ones of the superlinear regime. In the literature,
Y« is said to be subexponential, exponential or superexponential depending whether the regime is sublinear,
linear or superlinear.

The mass

M::f oxv)dxd
vadf(xv) xdv

is conserved under the evolution according to the kinetic Fokker-Planck equation (3.1). We are interested in
the convergence of the solution to the stationary solution M L™y, . By linearity, we can assume from now on

that M = 0 with no loss of generality. The function

solves the kinetic-Ornstein-Uhlenbeck equation
0th+v-Vih=Ayh, h(0,-,-) = hy, (3.2)

with
Agh:=Ayh-av(v)*2-V,h,

and zero-average initial datum in the sense that

/wa ho(x,v)dxdyq =0.

By mass conservation, solutions to (3.2) are zero-average for any ¢ > 0.

Therefore, we consider the time average defined as

1+1 1 i+t
][ g(s)ds::—f g(s)ds
t TJt

without specifying the T dependence when not necessary. Our first result is devoted to the decay rate of

h(t,-,-) - 0 as t - oo using time averages.

Theorem 31. Let a > 1. Then, for all L > 0 and Tt > 0, there exists a constant A > 0 such that, for all hy €

1?(dxdy,) with zero-average, the solution to (3.2) satisfies

T 2 2 .y
]€ [RCs )L (axaye) @8 < 1ol te(axay,y €™ V120 (3.3)

The expression of A as a function of 7 and L is given in Section 3.4. To deal with large-time asymptotics
in kinetic equations, it is by now standard to use hypocoercivity methods. Although not being exactly a

hypocoercive method in the usual sense, Theorem 31 provides us with a hypocoercivity estimate.

Corollary 32. Under the assumptions of Theorem 31, there exists an explicit constant C > 1 such that all solu-
tions h to (3.2) fulfill
)
[2(t ) Feaxaya) < Clholteaxayy €' V120, (3.4)

A typical feature of hypocoercive estimates is the factor C > 1 in (3.4). The prefactor C > 1 cannot be
avoided. Otherwise, inequality (3.4) would be equivalent to a Poincaré inequality where the L?—norm of a

function is controlled with the velocity gradient only. We can see explicitly that for a = 2 the Green function
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of (3.1), computed in [183], has a built-in delay. In particular,

102 gy ~ 1t ) ey = O,

as t - 0". Note that there is no such a constant in (3.3).

Now, let us turn our attention to the subexponential case 0 < a < 1.

Theorem 33. Let a € (0,1) Then, for all L >0 and t > 0, for all o > 0, there is a constant K > 0 such that all

solutions to (3.2) decay according to

+7 s
2 “2(0-a 2
]€ 1R($ ) T2 (axay,) ds < K(1+1) 207 Axw(v)ahodxdya, V0. (3.5)

Further details will be given in Section 3.5. The constants A, C in Corollary 32 and K in Theorem 33
depend on L > 0 and 7 > 0 and their values are discussed later. The rate of Theorem 33 is the same as in the
spatially-homogeneous case of [67, Proposition 11]. In the spatially-inhomogenous case, rates are known,

see [180, 66]. Finally, see Section 3.5 for a discussion of the limit ¢ - 1.

Equation (3.2) is used in physics to describe the distribution function of a system of particles interacting
randomly with some background, see for instance [28]. The kinetic Fokker-Planck equation is the Kolmogorov

forward equation of Langevin dynamics

dxtz l/tdt,
dv,=-v;+/2dW,,

where W; is a standard Brownian motion. See [44, Introduction] for further details on connections with prob-
ability theory. The kinetic Fokker-Planck equation (3.1) is a simple kinetic equation which has a long history
in mathematics that we will not retrace in details here. Mathematical results go back at least to [183] and are
at the basis of the theory of L. Hormander (see, e.g., [169]), at least in the case a = 2. For the derivation of the
kinetic-Fokker-Planck equation from underlying stochastic ODEs, particularly in the context of astrophysics,
we can refer to [92, eq. (328)]. The hypocoercivity theory emerged from [165, 114] and was built up in a fully
developed theory in [256] with important contributions in [164, 215]. Existence theory for solutions to the
Vlasov-Fokker-Planck equation was discussed also in [108, Appendix A].

The word hypocoercivity was coined by T. Gallay, in analogy with the already quoted hypoelliptic theory
of Hormander in [169]. In [256], C. Villani distinguishes the regularity point of view for elliptic and parabolic
problems driven by degenerate elliptic operators from the issue of the long-time behaviour of solutions,
which is nowadays attached to the word hypocoercivity. The underlying idea is to twist the reference norm,
in order to carry properties (as the coercivity of the operator driving (3.2)) from velocity direction to space
directions, thanks to commutators. Twisting the H!-norm creates equivalent norms, which are exponentially
decaying along the evolution. So works the H! framework, see [256, 255, 126]. The H!-framework has been
connected to the carré du champ method of D. Bakry and M. Emery in [24] by E Baudoin, who proved decay
also with respect to the Wasserstein distance, as shown in [32, 33, 34]. We report also the works [134, 116],
where accurate convergence rates in the Wasserstein distance for (3.2) are computed trough a coupling argu-
ment.

The H! hypocoercivity implies a decay rate for the L2 norm [215], but the corresponding estimates turn
out to be sub-optimal. Moreover, kinetic equations driven by non-regularising operators are not well suited

for the H! —framework. This motivates the development of direct L? techniques based on a perturbation of
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the L? norm. Such an approach can be found in [127] and [67], which is consistent with diffusion limits, after
[164]. In [66], the authors extend the technique to the subexponential case. Another possibility is to perform
rotations in the phase space and use a Lyapunov inequality for matrices as in [18]. This approach gives op-
timal rates, but it is less general as it requires further algebraic properties for the diffusion operator and a
detailed knowledge of its spectrum. The core of [18] is a spectral decomposition, that was originally under-
stood via a toy model exposed in [127]. In a domain with periodic boundary conditions and no confining
potential, the problem is reduced to an infinite set of ODEs corresponding to spatial modes. See [2, 3, 16] for
details and extensions. Other techniques related to hypocoercivity — involving time-integrated functionals

and the application of the so called kinetic-fluid decomposition, appear in [244, 161] and subsequent papers.

A new hypocoercivity theory, involving Sobolev norms with negative exponents of the transport oper-
ator, was recently proposed by S. Armstrong and J.-C. Mourrat in [5]. Using space-time adapted Poincaré
inequalities they derive qualitative hypocoercive estimates in the case a = 2. The constants appearing there
are not quantified. One of the difficulties lies in controlling the constant in Lions’ Lemma, which is done in
our Section 3.2. An extension to the whole space in presence of a confining potential can be found in [79].
Note that the strategy of using time-integrated functionals of the solutions to kinetic equations is present also
in [250, 132], after [161].

Adopting the strategy of [5], in this paper we study the convergence to equilibrium of solutions to (3.1)
and (3.2), as it is a simple benchmark in kinetic theory, [127, 255, 5], and a simplified model of the Boltzmann

equation when collisions become grazing, see [109].

Our original contribution lies in making the strategy of [5] effective, and to generalise it to kinetic Fokker-
Planck equations where local equilibria are not necessarily Maxwellians. First, we are able to track the Lions’
constant in terms of the parameters (see Lemma 38). Moreover, we achieve a fully constructive proof of the
averaging Lemma 42. This allows both for an explicit estimate of the constant and for an adaptation to more
general models. One important point is the control in terms of the offset of the solution from the velocity
average, without explicitly using gradients, see Proposition 43. So, we compute explicit and accurate decay
rates of time averages of solutions to (3.2). Hypocoercivity estimates are obtained as a consequence of these
decay rates, see Corollary 32. We perform an analysis for all positive values of a, which is consistent in the
threshold case a = 1. Since the estimates are explicit, we are able to compare the strategy of [5] to other

L?-hypocoercivity methods.

This document is organized as follows. In Section 3.2 we collect some preliminary results: Poincaré and
weighted Poincaré inequalities (Propositions 35 and 36), adapted Lions’ inequality (Lemmas 37 and 38).
In Section 3.3 we introduce an averaging lemma (Lemma 42), which is then used to prove the generalized
Poincaré inequality of Proposition 43, at the core of the method. In Section 3.4 we use Proposition 43 and a
Gronwall estimate to prove Theorem 31 and compute an explicit formula for A (Proposition 45). Section 3.5
is devoted to the proof of Theorem 33, with additional details, and to the limit @ — 1. Finally, in Section 3.6,
we derive the hypocoercive estimates of Corollary 32. On the benchmark case « = 2 in one spatial dimension,

we also compare our results with those obtained by more standard methods.

3.2 Preliminaries

Let us start with some preliminary results.
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3.2.1 Weighted spaces

For functions g of the variable v only, that is, of the so-called homogeneous case, we define the weighted

Lebesgue and Sobolev spaces
12:=12(R%,dy,) and Hyi={gell:v,ge(12)"}.
We equip L2 with the scalar product
(81.8)= [, &1(v) g(v) dra 3.6

and consider on H, the norm defined by

2
Ity =( [, harva) + [ 19 dra

asin [5]. The duality product between H,! 5 z and H}, > g is given by
<Z;g> = Ad vaZ'ngdYa,
where w;, is the weak solution in H, to

—Aawzzz—fRdzdya, fRdwdya:O.

Here we write [, zdy for functions which are integrable w.r.t. dy, and, up to alittle abuse of notations, this
quantity has to be understood in the distribution sense for more general measures. As a consequence and

with the above notations, we define

2
2l = ( [, zara) + sl

With these notation, the key property of the operator Ay, is

(81,0a82) = —f V81 Vg dya

for any functions g1, g» e H.,.

We recall that Q; = (¢, t+7) x T c Rf xR? and that x-periodic boundary conditions are assumed. Consider

next functions h of (¢, x,v) eR* x T x R% and define the space
Hyin = {heL? ((t,t+7)x T;Hy ) : 0;h+v-Vchel? (QuH,') V£ >0},
The dependence of the space on ¢, 7 is implicit for readability purposes. We can equip Hy;, with the norm
1721 = 1B Ee iz + Pelin
where the kinetic semi-norm is given by

Bl = 1V ohlEa(uuz) + 10ch+ v Vbl g 10)-
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We refer to [5, Section 6] for the proof of following result.

Proposition 34. The embedding Hll(in 12 (Qt xT; L‘ZI) is continuous and compact for any t > 0.

3.2.2 Poincaré inequalities

In this subsection, we consider functions g depending only on the variable v. Let a > 1. We can state some

Poincaré inequalities.

Proposition 35. Ifa > 1, there exists a constant P, > 0 such that, for all functions g € H.,, we have

fRdlg—pglzdmsPafRdIVVgldea with pg:=fwgdm. (3.7)

With a > 1, the operator A, admits a compact resolvent on L?(dy, ). Then, (3.7) holds by the standard
results of [71, Chapter 6]. The best constant P, is such that P, is the minimal positive eigenvalue of —A,.
See [89] and the references quoted therein for estimates on P,. In the case of the Gaussian Poincaré inequal-

ity, it is shown in [219] that P, = 1, although the result was probably known before.

3.2.3 Weighted Poincaré inequalities

Here we consider again functions depending only on v. For « € (0, 1), inequality (3.7) has to be replaced by

the following weighted Poincaré inequality.

Proposition 36. Ifa € (0,1), there exists a constant Py, > 0 such that, for all functions g € H,, we have

fRd<V)2(a_l)|g_pg|2dYa§PafRd|vvg|2dYa with pg:= fwgdm. (3.8)

For more details, we refer for instance to [66, Appendix A]. Notice that the average in the Lh.s. is taken

WLt dyq, notwrt. (v)2(@ D dy,

3.2.4 Lions’ Lemma

Let O be an open, bounded and Lipschitz-regular subset of R v R, x Rz. We recall that
HH(0) = {weD*(0) : [(w,uly| < Cllulyp (o), € >0},

where D*(O) denotes the space of distributions over O, equipped with the weakx topology, and (w, u),, is
the duality product between H ™! and H}. The norm on H}(O) is as usual u — |Vuli2(oy- On HYH(O), we

||z = ‘[O udtdx

The norm induced on H!(©) is then

introduce the norm

2
+ ||Vu||i2(o)-

|wlE- oy = {w 1) + | 2wlf 0y

where z,, is the solution to

-0 +Ax)zw=w—(w,1),, _[Ozwdtdx:O.
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Lions’ Lemma gives a sufficient condition for a distribution to be an L? function. The following statement is

taken from [11] in the case without external potential.

Lemma 37. Let O be a bounded, open and Lipschitz-regular subset in R**'. Then, for all u € D* (0), we have
that u e L2(O) if and only if the weak gradient vV u belongs to H™! (O). Moreover, there exists a constant Cr(O)

u—f udxdt
O

such that

2
<Cyp Vuz, ,
PRI

foranyuel?(0).
According to [77, 60, 104], if O is star-shaped w.r.t. a ball, then the constant C; has the following structure:

D(O
CL=4|Sd|%O)), (3.9)

where D is the diameter of O, while d(O) is the diameter of the largest ball one can include in O. See in
particular [104, Remark 9.3] and [60, Lemma 1]. As a consequence, we have the following explicit expression
of C; when O = Q.

Lemma38. LetL>0,7¢(0,L) and Q= (0,7) x (0,L)%. Lemma 37 holds with

VdL?+12
. )

CL =48 (3.10)

3.2.5 The kinetic Ornstein-Uhlenbeck equation

We consider solutions to (3.2) in the weak sense, i.e., functions & in the space C(R"; Lz(dx dyq)) with initial
datum hg = h(0,-,-) in Lz(dx dyq ) such that (3.2) holds in the sense of distributions on (0, o) x Rg X [R‘Ui. The
following result is taken from [5] if @ = 2. The extension to a # 2 is straightforward as follows from a careful

reading of the proofin [5, Proposition 6.10].

Proposition 39. LetL >0 anda > 0. WithQ = (0,7)x(0,L)%, for all zero-average initial datum hy € L*(dx dy.),

there exists a unique solution h to (3.2) such that h € Hy, forallt > 0.

Regularity properties for (3.2) are collected in [5, Section 6]. In the special case a =2, some fractional
regularity along all directions of the phase space are known. Also see [231] for further result on regularity

theory for kinetic Fokker-Planck equations.

3.2.6 A priori estimates
We state two estimates for solutions to (3.2).

Lemma40. LetL>0,7>0,Q=(0,7)x (0, L)d, and a > 0. If h is a solution to (3.2), then we have
1@+ - 7.0 Bl gy < I ol o). 1)
Proof. Take a test function ¢ € L?(H.,), and write

[[r((at+ V'VX) h,(,l)) dx= A(Aahr(rb) dx= _[w(vvh»vu¢) dx,

from which (3.11) easily follows, after maximizing over |V ,¢|2 <1. O
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For completeness, let us recall the classical L? decay estimate for solutions to (3.2).

Lemma4l. LetL>0,7>0,Q=(0,7)x(0,L)%, and a > 0. Ifh is a solution to (3.2), then we have

d

2 2
Sz axaye) = =21V oz axay.)-

3.3 An averaging lemma and a generalized Poincaré inequality

For all functions h € Hyj,, we define the spatial density

On= /Rd k(.- v)dyq.

Notice that / o Prdx=0whenever /1 is a zero-average function.

3.3.1 Averaginglemma

Inspired by [5, Proposition 6.2], the following averaging lemma provides a norm of the spatial density, as for

instance in [231].

Lemma42. LetL>7>0,Q=(0,7)x(0,L)%, and a > 0. For all h € Hyy,, we have

IV 620011 (0) < da (||h—ph||iZ(dtdWa) + [0k + y-vxh”iz(Q;H;l)) (3.12)
with
do=2 (0P} +(1+ 5 ) 1P + S5 101 )- (3.13)

Inequality (3.12) can be extended to any measure dy such that [ |v[* dy < oo and Jga vdy =0. The proof
of Lemma 42 is technical, but follows in a standard way from the time-independent case, as it is common in

averaging lemmas: see [231]. See also the more general Lemma 52 of Chapter 4.

Proof of Lemma 42. Assume that h € Hy;,, does not depend on ¢. Let ¢ € D(T)d be a smooth test-vector field

with zero average on each component. We write

_ﬁphvx'¢dxzﬁ(vxph)'¢dx»

with a slight abuse of notation, since the integral of the r.h.s. is in fact a duality product. Using [pq v; vj dye =

d | v|?, 6;j, we obtain
fquxph'(pdx:d”UHEAXWV'VxPh(P‘VdXdYa.

By adding and subtracting &, and then integrating by parts, still at formal level, we obtain

_/wav-vxph(,bmdxdya
:—fhwv-(h—ph)vx¢-vdxdy—[wwv-Vxhv-(pdxdya
< ”h_ph”Lz(dxdya) ”vx(pHLz(dx) H U2HL§

+v-Vih| 2y |l [vim



3.3. AN AVERAGING LEMMA AND A GENERALIZED POINCARE INEQUALITY 49

using Cauchy-Schwarz inequalities and duality estimates. By the Poincaré inequality, we know that

47°

11z 1012 ax) < [VPlF2axy

Maximizing the r.h.s. on ¢ such that |V x¢||;2(4y) < 1 completes the proof of the ¢-independent case. When h
additionally depends on ¢, the same scheme can be applied with v-V, replaced by d;+v-Vy. Let Q:=[0,7]xT.
Let ¢ € H}(Q) and compute

T
f fdtph(/)dxdtz
0 T
T T
:f ﬁdtﬁh¢f|v|2dyadxdt+f vaxph.fu|y|2dYa¢dxdt:
0 0
! 2
:_/ f¢(/(ax+vvx)/0h|v| dy“) dxdt=
0 T
! 2
= [ Lo [ @+ vvynlef ara) dxdrs

T
2
[T Lo( [ @+ v (on-mlef dra) dxdi <
<[@c+ vV) iz @z 10 iy [l +

[T ([ on-mlvR ara) (-aig) dxars
+f0/1r([ U'VX(ph_h)|V|2dYa)((P)dxdtg

<[@s+ vV Bl iz 0P iy [ 02 ) +

+ B =plieasara) 1101 iz 19 12y +

+/OT,[1r_vx(’b'f v|v]*(pp—h) dyq <

<@+ vV) Bl iz 10 iy [ 02 ) +
+h=pnlze,) 1107 iz 1912y +
+d| Vel valvf iz 7= pnlie iz,

Hence, [ 0,051 (q) is controlled by
[0+ vV ) Rl 2oy 0P iy + 1= prliz e,y (vl + @l orvf [z)-
A very similar argument gives
[Vsonla- < [vlu +(@ + Dl vl [7-pnlizaz)-
The two estimates together yield the thesis with

da = (2(a v 1]z + [1vPllg)* + (@ + 1)* [ vlz)-
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3.3.2 A generalized Poincaré inequality

The next a priori estimate is at the core of the method. It is a modified Poincaré inequality in ¢, x and v which

relies on Lemma 42 and involves derivatives of various orders.

Proposition43. LetL>0,7>0,Q=(0,7)x(0, L)d, and a > 0. Then, for all h € Hy, with zero average, we have
that

1022 arasarer < C (1= PulEaarasaye) + 10e0+ v- Ve e gy 6.14)

with C =1+ Crdy, where Cy and dy, are given respectively by (3.10) and (3.13).
Proof. By orthogonality in L?(Q;12) and because dy is a probability measure, we have the decomposition
||h||iZ(Q;Lg) =|h- PhHiZ(Q;Lg) + ”ph”iZ(Q)‘
The function pj, has zero average on Q by construction, so that
10 cuney < 1= onaesney + Col P01 o
by Lemma 38. Hence
[ huiz(mg) <(1+Crdgy)|h-pn \|§2(Q;m) +Crdg|0:h+v- vxhuf}(g;H&l)

by Lemma 42. This concludes the proof. O

3.4 (Super)linear local equilibria: exponential decay rate

In this Section, we consider the case a > 1 and the domain Q = (#,1+7) x (0,L)%, for an arbitrary ¢ > 0. Let
us define x4 := (1+ Cpdy ) (Pq + 1) where P, is the Poincaré constant in (3.7) and where C; and d,, are given

respectively by (3.10) and (3.13).

Lemma44. LetL>0,7>0,1>0,Q;=(t,t+7) x (O,L)d, and a > 1. Then, for all h € Hy, with zero average

which solve (3.2), we have that

11122 (v axays) <Ka IV oPlFe(araxaye)- (3.15)

Proof. We know that

HhHIZ](dtdxdya) < (1 +CL da) (Pa Hvyh‘ﬁz(dtdxdya)) + Hath-i- V- vthiZ(Hgl))

as a consequence of (3.7) and (3.14). Then (3.15) follows from Lemma 40. O

We are ready to prove Theorem 31 with an explicit estimate of the constant A.

Proof of Theorem 31. Inequality (3.15) — on the interval (¢, ¢+ 1) — gives

t+1T 9 A 2
/; Hh(sr',')HLZ(dxdya)dsgkaft [Voh(s, )Tz (axay.) @S-
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With A = 2/x 4, we deduce from Lemma 41 that

d 147 , 4T )
E[ Hh(&',‘)”m(ddeU ds:—zﬂ ”vl}h(s"")”Lz(dxdya) ds

+7 2
S-A»/t\ ||h(5,‘)')”L2(ddea) dS-

Gronwall’s Lemma and the monotonicity of ¢ — | h(t,-,-) ”12}( dxdya) imply

At

IA

r 2 4 2 wy 2 -
ft 15 garapny ds < fo||h(s,.,.)||L2(ddea)dse T 1ol e,y ©

for ant ¢ > 0, which proves (3.3), that is, Theorem 31. O
Indeed, the estimate for A is explicit, as we state in the following.

Proposition 45. For any a > 1, Theorem 31 holds true with

2= (v VAT (205 (Pa+1) ).

T

Notice that the r.h.s. vanishes as 7 | 0, which is expected because of the degeneracy of A,: an exponential

decay rate of | h(t,-,-)| cannot hold. The section is concluded showing how the result above yields

2
L2(dxdya)
the classical hypocoercivity estimate of Corollary 32.

Proof of Corollary 32. For any t >0, we know from Theorem 31 that

t+1
-1
Hh(t—i_‘["")”iz(dxd}’a)S]{ Hh(s"’.)”iz(dxdya) dSS HhOHiz(dxdya)e t’

as a consequence of the monotonicity of the L? norm, according to Lemma 41. This proves that

-1
Hh(t"'.)“iz(dxd}/a)g CHhOHiZ(dxdya)e !

with C = e*7 for any ¢ > 7. However, if ¢ € [0,7), it turns out that Ce™* > 1 so that the inequality is also true

by Lemma 41. This concludes the proof. O

3.5 Sublinear equilibria: algebraic decay rates

3.5.1 Proof of the decay estimate

Assume that a € (0,1). Let us define the parameter § =2 (1-a)/p where p, g > 1 are Holder conjugate expo-

nents, i.e., %+ % =1 and define

Zn(t):= [TXRd(v)ﬁﬂh—phFdxdya. (3.16)

The following estimates replace Proposition 43.

Proposition 46. Let L >0,7>0, t>0, Q; = (t,t+7) x (0,L)%, and a > 1. With the above notations, for all

h € Hyn, with zero average, we have that

Q=

1 2
Waiarary € CPEITMNgrgrary (20 AS)T + Clogh + v+ GahlPagun,
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where C = 1+ Crd, is as in Proposition 43 and P, denotes the constant in the weighted Poincaré inequal-

ity (3.8).

Proof. Using (3.14) and Holder’s inequality w.r.t. the variable v, we find that

1 1
=l <( [ 4027 n-puaya) ([ (o) I0-paf are)".

The weighted Poincaré inequality (3.8) with 8 p =2 (1 - a) and an additional Hélder inequality w.r.t. the vari-

ables ¢ and x allow us to complete the proof. O

Lemma47. LetL>0,7>0,1>0,Q,=(t,t+7)x(0,L)%, and a € (0,1). There is a constant W > 0 such that,
for all solution h € Hyy, to (3.2) with an initial datum hy with zero average, using the notation (3.16) as in

Proposition 46, we have
Zh(t)<W/ (P9 R dxdya, V120,

Proof. An elementary computation shows that

fmd( )P |h- PhlZdXdYa<2/ (v)P9 (K +p3,) dxdyq

<2(1+ [pa(v)P9dyq )Axw(v)ﬁqhzdxdya

because p7 = (fpa hdyq) 2< Jra W2 Ay o < [a{v)P9 h? dy . According to [66, Proposition 4], there is a constant
Kp 4 > 1 such that

Ba 2 Bq 1.2
fTXRd(v) |h(t,x,v)["dxdya <Kpq fTXRd(U) hgdxdyq, Vit2>0.

The result follows with W =2 (1 + Jpa(V )Pa dya) Kgq- O

Assume that h € Hy;, solves (3.2) with an initial datum hy with zero average and let us collect our esti-

mates. With Proposition 40, Proposition 46, and Lemma 47, the estimate of Lemma 44 is replaced by

2

2 2
IRt araxaye) < ANV oIz aay,y * C IV oIt araxay,) (3.17)

with A= CPJ (t W)V ([ a(v)P9 B2 dxdya)l/q-

The main result of the section is a technical version of Theorem 33. Let
+T1 2 +T 2
x(1) ‘:]€ [R(s5 ) T2 axay,) ds and (1) 32]{ [Voh(s, )12 (axay.) 4$
where norms are taken on T x R?. We know from Lemma 41 and (3.17) that
x'=-2y and x<o(y) = AyP 1+ Cy.

Finally, let us denote by ¢! the inverse of y > ¢(y) and consider

X dz .
w(z):zfz 20(0) with %0 = [ ho[f2(axay,)-
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Theorem 48. Let L>0,7>0, t>0,Q; = (£,t+7) x (0,L)%, and a € (0,1). With the above notations, for all

solution h € Hyy, to (3.2) with an initial datum hy with zero average, we have

t+7
x(t) = ]€ ”h(s"")”iz(dxd)/a) ds<y (1), Vtxo.
Proof. The strategy goes as in [198, 66]. Everything reduces to the differential inequality
X' <-2¢71(x)

using the monotonicity of y — ¢(y). From by the elementary Bihari-Lasalle inequality, see [50, 186], which is

obtained by a simple integration, we obtain

X0 = £ 1) s ey A <07 (14 w(x(0))).

Since, on the one hand
’ 2 2
x(0)= £ 115 Beanarey 45 < 10 Eaganary = %0

because s+ | h(s,-,")||%, (dxdy,) i nonincreasing according to Lemma 41, and y is nonincreasing on the other
hand, then

v (e (x(0)) <y (1),
which concludes the proof. Notice that the dependence on h enters in A and Xy, and henceforth in ¢ and

v. O

Proof of Theorem 33. Since lim;_ o0 y( ) =0, we have that ¢(y()) ~ Ay(t)'/? as t — +o0, which heuristically

explains the role played by p in (3.5). This can be made rigorous as follows. Notice that
Ry 1/p i - 1-1/p
p(y)=Ay "P+Cy<Apy’?, Vy<yp, with Ag=A+Cy, '".

With Areplaced by Ap and C replaced by 0, the computation of the proof of Theorem 48 is now explicit. With
the choice yo = ¢ (xq), we know that y( ) <y, for any ¢ >0 and obtain

1
x(£)<(xg P+2(p-1)APt) 7, V0. (3.18)
Usinng:Ay(l)/p+Cyoszo,we know that Ao:xoyal/p$A+C1/”x(l)_1/p,which proves (3.5) with
szax{l,(Z(p—l))l/(l_p) (Cpclt/P(TW)l—l/P_i_Cl/P)}_

The conclusion holds usingo =fg=2(1-a)/(p-1). O

3.5.2 Thelinear threshold: from algebraic to exponential rates

Avery natural question arises: is the result Theorem 45 (corresponding to a € (0, 1) consistent with the result of
Theorem 48 (which covers any a > 1) ? A first observation is that we can vary « in the assumptions concerning

the initial data.

Lemma49. Ifho€L?(T;12 ) for some ag € (0,1), then (v)°1% hy € L2(T;12) for any a > ag and any o > 0.
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The proof is a simple consequence of the fact that v — (v)? exp(v)*~ % is uniformly bounded. For any
a > ay, let us denote the corresponding solution of (3.2) with initial datum hy, of zero average, by h(@),

If @ € (ap,1), then (3.18) can be rewritten as

_L
p-1

t+1 (@) ) )
]{ 1B (s ) [T (ax aye) A5 < Hh0||L2(dxdya)(1+(p_1)€(a) r)
By passing to the limit as a« — 17, we recover (3.3) with

A= lim ¢(a),
a—1-

where ¢(a) = 2| hy ||i§€’;;ya) A," and Ay = Ag(a) as above. The Poincaré constant P, in inequality (3.8)
admits a limit as @ — 17, according to [67, Appendix A].

The limit of lim,-,;- (@) is certainly not optimal. By working directly on the Bihari-Lasalle estimate of
Theorem 48, we can recover the value of A in Theorem 45. Notice here that o > 0 plays essentially no role and
can be taken arbitrarily small, even depending on a, but such that p=2(1-a)/oc >lasa —>1".

As in [85, 180], it is possible to obtain improved decay rates in (3.5) by picking the initial datum in a
smaller space. Typically, the control of additional norms or moments is asked. However, the strategy in the
current paper is in the opposite direction. If @ € (0,1) we are interested in taking the initial data in a space
as large as possible so that we can compute decay rates. The additional conditions to be imposed have been

shown to vanishas a - 1".

3.6 Hypocoercivity and comparison with some other methods

3.6.1 An explicit hypocoercivity result

Theorem 31 implies an L2~hypocoercivity result in the linear and superlinear regimes a > 1, see Corollary
32. The remainder of this section is devoted to a comparison with earlier hypocoercivity results in a simple

benchmark case: let @ =2, d =1 and L = 2. In this case, for the choice 7 = 27, Theorem 31 amounts to
2 _r_ 2 __r
||hHL2(dxd)/2)Se8\/§ ||h0||L2(dde2)e 8\/5, VIZO.

For sake of comparison, notice that A =1/(8 V3 ) ~0.0721688. Even if we are aware of explicit or sharp results
in other metrics than 12 for (3.2), as [116, 215], we restrict our discussion to 1.2 hypocoercivity methods. The
paper [117] covers several cases, but it would be not trivial to extract an explicit rate to compare with our

method.

3.6.2 The L? hypocoercivity method

The first comparison is with the abstract twisted L* hypocoercivity method of [127, 67]. Let | - | be the norm

of L>(dxdy>) and (-,-) the associated scalar product. We consider the evolution equation
0th+Th=Lh. (3.19)

Theorem 50. Let h be a solution of (3.19) with initial datum hy € 1?(Q;13) and assume that T and L are

respectively anti-self-ajoint and self-adjoint operators on L?(Q;13) such that, for some positive constants A,
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Ay and Cyy, we have
(AL) (=Lh,h) > Ap |(1-T1) k|? forallhe D(L),
(A2) |TTIR|? > Ay |TTR|? for all he D(TTI),
(A3) TITTIh =0,
(A4) |AT(1-T) k| +|ALR| < Cup|(1d-T0) k| for all admissible h € 1*(Q;L3)

where A := (Id+ (Tm* Tl'[)_1 (TT)* and1l is the projection in L3 onto the kernel of L. Then we have
|1t ) [P <Clhof? e V0

withC=(1+6)/(1-6),6=1 min{l,lm,%} and A = 3(21‘1—%)

This result is taken from [67, Proposition 4]. According to [67, Corollary 9], we have the estimate A =
1/24 ~ 0.041667. A minor improvement is obtained as follows. Using Theorem 50 applied with d = 1, L = 27,
T=vdyand L = 6,2, — v0y, in Fourier variables, we obtain A,, = Ay =1and Cpy = (1+ \/?_))/2 according to [16,
Section 11.1.3.2], so that A = 1/(12 + 6\/5) ~ 0.0446582. Using Fourier modes, a slightly better estimate is
obtained from [16, Section II.1.2] with A ~ 0.176048.

3.6.3 Direct spectral methods

In a series of papers, E Achleitner, A. Arnold, E. Carlen and several other collaborators use direct spectral
methods. We refer in particular to [18, 2, 3, 4] and also [16] for an introduction to the method, which can be
summarized as follows.

Let us consider (3.19) written after a Fourier transform in x, so that T = i - v, and acting on L?(dx;13)
now considered as a space of complex valued functions. Assume that for some positive definite bounded

Hermitian operator P and some constant A € (0, +c0 ), we have
(L-T)*P+P(L-T)>2AP.

Let us consider the twisted norm | f|2 := |, of f,P f)dxwhere (-,-) is the natural extension of the scalar prod-

uct as defined in (3.6). From
d ro_ i . ; 2
S == ((L=T)"P+P(L=T))f) < =22 f]p,

for some C > 1, we deduce that

_ N 20t 2
C 1||f(t"")||iz(dxdya)S”f(t"")H%JSe 2 t“f()“%) Vit>0.

To our knowledge, 1 has not yet been computed in the case of (3.1). The spectral decomposition

h(txv)= Y Y age(t)Hp(v)e T

&ez4 keNd

provides an easy framework for finite dimensional approximations using the basis of Hermite functions

(Hi) ken and the numerical value p »~ 0.4 has been obtained according to [1].
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Proposition 45 A~0.07
DMS [127] A~0.04
ADSW [16] A~0.17

Achleitner (numerics) [1] | A~0.4

Table 3.1: Comparison among different L2 hypocoercivity methods

3.6.4 Comparison for decay rates in limit regimes

Let a > 1. Corollary 32 provides us with a decay estimate depending on the parameter L, which represents
the length of the spatial domain T. Note that (3.10) is meaningful if 0 < 7 < L. We shall now consider two
situations, corresponding to L — oo, where spatial diffusion dominates, and to L — 0, where the dominant

term is the collision operator A,. In the first case, we have that the decay exponent

T
Axv — =0, as L — oo.
L?)

The hypocoercivity constant C ~ 1. Hence, exponential decay is lost in the limit. On the other hand, for L — 0,

we have
1

A~
4(Pg+1) o1 [vP[1E

~0.04,

if @ = 1. Moreover,
C=~1.

This rate has the wrong order once compared to [16], where the authors recover the value
Ax1-4/3/7.

Our inaccuracy is mainly due to the incompatibility between (3.10) and Lemma 42. Moreover, the value of
the Lions constant in (3.10) is just an estimate and it is not expected to be as accurate as something achieved

by a spectral method (even if its scaling is correct).



Chapter 4

How to construct decay rates for kinetic

Fokker-Planck equations?

This chapter corresponds to [P6], in collaboration with Gabriel Stoltz.

Abstract

This is a preliminary work. An update to a definitive version will follow. We study time averages for the norm
of the solution to kinetic Fokker—Planck equations associated with general Hamiltonians. We provide explicit
and constructive decay estimates, allowing fat-tail, sub-exponential and (super-)exponential local equilibria,
which also include the classical Maxwellian case. The evolution is subject to a transport operator induced by
an external space-confining force. The key step in our estimates is a modified Poincaré inequality, obtained

via a Lions-Poincaré inequality and an averaging lemma.

4.1 Introduction

This work presents an extension of the hypocoercive approach studied in [P1] to the case of a non-zero po-
tential energy function, and also considers the case of general kinetic energies beyond the standard quadratic
one. Such generalizations can be relevant to enhance the performance of certain sampling methods in
molecular dynamics and Bayesian statistics; see for instance [243, 200]. The more general framework also
allows to make more transparent the structural assumptions behind the algebraic computations of [79, 5].
Kinetic models describe interacting multi-agent or multi-particle systems at an intermediate level be-
tween full microscopic and macroscopic scales [28]. More precisely, a kinetic partial differential equation
(PDE) encodes the time evolution of the distribution function of particles with respect to position and some
momentum variable. Since the XIXth century, kinetic PDEs are formulated as a coupling between a trans-
port and a collision/relaxation term. This is the case of the celebrated Boltzmann equation, for example. A
general theory for Boltzmann’s equation is still open. However, due to its physical validity, various simpli-
fied versions of it have been studied. A remarkable one is the Vlasov-Fokker-Planck equation, derived from
Boltmann’s equation in a limiting regime corresponding to grazing collisions [109]. Vlasov—Fokker—Planck
equations date back at least to [183], and they are useful models in statistical physics [28] and stellar dynam-
ics [92]. In general, Vlasov-Fokker-Planck equations should be understood as models for the time evolution

of a distribution of particles subject to a potential and random background force inducing relaxation towards

57
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equilibrium. This paper is concerned with a rather general class of Vlasov—Fokker-Planck equations we in-

troduce below.

We consider systems described by their configuration (x, v), where x € X is a spatial variable representing
the positions of the particles composing the system, and v € V their velocities. Typical choices for the position
space are X =R“ for unconfined systems on the full space, or X = (LT)¢ (with T = R\Z the unit torus) for sys-
tems enclosed in a cubic box of size L > 0 with periodic boundary conditions, a situation typical in molecular
dynamics. The velocity space usually is V = R%, but here as well one could consider V) = T%. In the latter case,
and more generally when considering non-quadratic kinetic energies, one should rather think of v as being
a momentum variable, the variable conjugated to the positions, rather than a velocity. The Hamiltonian as-
sociated with the system is supposed to be separable, and is therefore the sum ¢(x) +w(v) of the potential

energy function ¢ : X — R and the kinetic energy v : V — R. We introduce the following measures:
pdx)=e*@ax,  y(v)=e¥® ay.
In order to have an invariant Boltzmann—-Gibbs probability measure
O(dxdv) =u(dx)y(dv).

we shall assume that e™? € L' (X') and e ¥ € L' (), and, without loss of generality, that e™® and e ¥ integrate

to 1, upon adding a constant to to ¢, . The Vlasov-Fokker-Planck equation we study reads

atf"l‘ VU",’/'fo_v_x(,b‘va:fvl}'(’yvU (%));
f(1=0,)=foel?(®7),
where ¢ > 0 is a parameter regulating the intensity of the collision/relaxation term. We call

Tf =y Vaf ~ Vath- Vo, Yf:=vy-(wy(§)),

the transport and the collision operator, respectively.

In order to highlight the role of ¢, we briefly discuss a microscopic derivation of (VFP), seen as the PDE
governing the evolution of the law of Langevin dynamics. The Langevin dynamics associated with the Hamil-
tonian ¢(x) +y(v) read

dX,=v,y(Vy)dt,
4.1)
AV =-Vp(X;)dt—EVyy(Ve)de+\/2EdWy,

where ¢ > 0 is the friction coefficient and (W; )¢ is a standard d-dimensional Brownian motion. Let us
motivate that, as for systems with quadratic kinetic energies, we expect the relaxation time of (4.1) to the
stationary state to be of order max(¢&,¢71). In the limit ¢ — 0, Langevin dynamics reduce to Hamiltonian

dynamics. For small frictions, the average energy evolves on timescales of order ¢! since, by It6 calculus,

& ELH (X, V)] =E[(LeH) (X, VO] =EE[(SH) (X, V)],

where £; = T +{S is the generator of (4.1). The other limit of interest is the overdamped regime ¢ — +oo,
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where one recovers the overdamped Langevin dynamics upon rescaling time by a factor ¢:
dX;=-Vp(X;)dt+\/2dB;,

where (B;) >0 is also a standard d-dimensional Brownian motion. The formal proof of this limit relies on the
observation that solutions of (4.1) satisfy (upon replacing the term ¢V, (V;) dt in the second line of (4.1)
by d X; and integrating in time from 0 to ¢ 1)

Vo -V, 1 st 2
Xe=X(0)= == vxgb(xs)dw\/; AW

Vo-V, t 2
:%_fo vx¢(xfs)ds+\/;dwgs,

where (¢ -1/2 W) s»0 still is a standard d-dimensional Brownian motion. This suggests to introduce the lim-
iting process (X¢) >0 obtained from (X¢;) >0 as & — +o0, and highlights the fact that the relaxation time is of

order ¢ in this regime.

It is in fact more convenient to perform a change of unknown function and write f = k0, in which case
we expect h to converge in the longtime limit to the constant function with values 1. The function h satisfies

the following kinetic Ornstein—-Uhlenbeck equation:

{atmvyw-vxh—vx(p-vvh=—év;vvh, Vo)

h(t=0,-,-) = hgeL*(®),

where A* denotes the adjoint of a closed operator on L2(©). Equation (VOU) is linear and mass-preserving,
hence we can assume the initial data to be of average zero with respect to ® and study the long-time be-

haviour of the corresponding solutions to (VOU). We expect that

. 2
tim (4,7 226 =0.

The goal of this work is to make this limit quantitative by obtaining effective decay rates.

In the recent literature, the problem of making the last limit quantitative has been widely investigated.
Equations such as (VOU) fall inside the abstract theory of [169]. From this founding paper, a recent theory
originated, specialising on decay rates rather than regularity issues. This approach goes under the name of
hypocoercivity. We briefly review the related literature, see [44] for a much more detailed account. Quanti-
tative decay rates for some degenerate (but still hypoelliptic) diffusion equations appeared in [255, 256, 165].
The strategy there relied on twisting the H!-norm in order to get an equivalent Lyapunov functional showing
exponential decay in time along the flow of the equations under investigation. Then, exponential decay (at
the same rate) could be recovered for the H!-norm, with a pre-factor C > 1 in front arising from the twist

between the reference norm and the Lyapunov functional.

Later, a L?—setting for hypocoercivity was established, [164, 127]. The strategy of [127] was to twist the
standard L?-norm with a well-suited term in order to find an equivalent norm with a better dissipation esti-
mate along kinetic PDEs. In addition, in this setting, one can study consistency with hydrodynamic limits and
non-regularising kinetic PDEs with general initial data. The L2-framework is general enough to treat a large
class of models [67, 65, 66], and it can provide sharp estimates for some specific models [18, 2, 4, 3, 16]. Pre-

cise algebraic features of the framework and estimates with respect to the parameters defining the dynamics
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were studied in [44]. In particular, the scaling with respect to ¢ has been also treated in [157, 152].

In order to complete this short review, let us mention also a few other works related to hypocoercive
techniques, namely [134, 116] for an approach based on couplings, [33] for a version of the Bakry-Emery
methods for hypocoercive dynamics, and [117] which recently studied a model with further degeneracy.

In the present paper, we focus on the approach of [5], whose techniques work directly in the standard
L?-norm. This is possible thanks to an adapted space-time-velocity Poincaré inequality. We notice that time-
integrated functionals of the solutions to kinetic equations are in use since [161, 244] at least. The framework
of [5] was qualitative, although, constructive estimates can be derived in special cases [P1, 79]. One idea
common to both references is to exploit a version of a space-time Poincaré-Lions inequality [11, 84, 117],
coupled with an explicit version of the computations in [5, Proposition 6.2].

In this paper we further generalise the techniques of [P1, 79], still keeping all estimates fully constructive.

The main original contributions are:

1. Adapting the Armstrong—Mourrat technique, we get fully explicit convergence estimates for (VOU)
with general potentials ¢, . In [P1] the spatial variable was confined in a torus with ¢ = 0, while [79]
only considers quadratic kinetic energies. Decay rates are shown to be exponential if ¥ grows fast

enough at infinity. Otherwise, algebraic decay rates are obtained.

2. The potentials ¢ we consider are rather general. In particular, we remove the condition that the em-

bedding H! (i) <> L?(u) is compact, see [79, Assumption 3].

3. Our estimates for Theorem 59 should be compared with those of [117]. While performed in a sim-
pler geometry, our result is fully constructive, as we actually build a solution for the elliptic equation

involved to obtain the result.
4. We establish a theory for Lyapunov functionals for (VOU), depending on the behaviour of y at infinity.

5. Decay estimates are fully explicit in the fluctuation—collision parameter ¢.
Some key-points of our method are the following.

 We use time averages of the L>-norm of the solutions to (VOU) as entropies. Time averages allow for
an effective entropy-entropy production estimate along the flow of (VOU), where the key step in the

proofis an adapted time-space-velocity Poincaré inequality.

e If ¢ grows at least linearly at infinity, the entropy production is strong enough to allow the use of a
Gronwall lemma. Otherwise, the dissipation controls just a power of the time average of the norm.
Then, an algebraic decay is obtained via a Bihari-Lasalle argument, combined with a uniform bound

in time for a momentum of the solution.

* Afundamental ingredient is a space-time weighted Lions’ inequality, whose proof is fully constructive.
Indeed, the problem is reduced to a regularity estimate for some elliptic PDE, which is solved either by
explicit computations or with the Lax-Milgram theorem, depending on the nature of the source term
in the elliptic PDE.

Extensions.

As mentioned earlier, our aim in this work is to present a general methodology to obtain decay rates for
Fokker-Planck type equations which are fully explicit in the various parameters of the dynamics, in par-

ticular the friction and the dimension. Our presentation is as general as possible, so that extensions and
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adaptations to various other dynamics can be worked out. We have in mind here the linear Boltzmann equa-
tion, the linearised Landau equation [232], Fokker—Planck equations with fractional Laplacians, generalized
Langevin dynamics [227], Adaptive Langevin dynamics [193], etc. In fact, as our approach makes only a lim-
ited use of the linearity of the Fokker—Planck equation at hand, generalizations to nonlinear equations can

be envisioned.

Outline of the paper.

This work is organized as follows. We start in Section 4.2 by presenting the problem we consider and stating
the main results we establish. We give in Section 4.3 some preliminary results which are useful for the proofs
of the main results. Section 4.4 is devoted to the proof of exponential decay estimates where the kinetic
energy ¥ grows linearly or faster at infinity. Section 4.5 proves algebraic decay rates for solutions to (VOU)
driven by kinetic energies ¥ which grow slower than linearly at infinity. Finally, weighted Lions estimates are

proved in Section 4.6. Complementary results are collected in the Appendix.

4.2 Main results

This section contains the main assumptions (Section 4.2.1) and results (Ssections 4.2.2, 4.2.3, 4.2.4, and 4.2.5)

of the paper.

4.2.1 Structural assumptions

In order to present our main convergence result, we introduce a time 7 > 0, and the associated uniform

probability measure on the time interval [0, 7]:
1
U,(dt) = ;1[0,1](0 dt.

With some abuse of notation we sometimes denote probability measures and their densities with the same

symbol. We state the main assumptions we need for the potentials ¢, .

Assumption 2. The function ¢ is smooth and e ? € L} (dx), with / Py e dx = 1. Moreover, for any timet >0,

there exists a constant CH°" > 0 such that the following Lions inequality holds true:

2

<CGVicg e @2

2 _
VgeIl2(Us o) Hg /[OIT]X%g(t,x)UT(dt)®N(dx) .o

Sufficient conditions for (4.2) to hold with explicit estimates of CTLions are discussed in Section 4.2.5.

Assumption 3. The functiony is smooth ande™ € L' (dv) with [, eV dv=1. Moreover,

Sl itvan) « [[Fiu) yav)<voe, timsup [ oyl Pran =0 @3

and the symmetric positive matrix

is definite.
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The condition (4.4) is satisfied when V = R?, see [243, Appendix A] for a proof. More generally, this con-
dition holds as soon as there is no direction p € R? such that p” vy (v) = 0 for all v € V. The integrability
conditions (4.3) are rather easy to satisfy. The estimates hold for instance if V is bounded, or v increases
polynomially or logarithmically at infinity. In the last case y shall grow fast enough so that y is integrable and

has a finite momentum of order two.

Remark 51. The analysis we perform can straightforwardly be extended, at least from an algebraic viewpoint,
to other types of degenerate symmetric dissipation operators, such as the one appearing in the linear Boltzmann

equation, or involving fractional Laplacians, see [127, 65].

Assumption 4. The Lie algebra generated by vV, and V,y -V —Vx¢ -V, is of dimension 2d at all points
(x,v) e X x V.

4.2.2 An averaging lemma

Averaging lemmata are a typical tool in kinetic theory to recover increased regularity on the velocity average
of the distribution function. This is the idea behind our first result, which will be fundamental for the main

theorems in Sections 4.2.3 and 4.2.4.

We make a further assumption on ¢, which is satisfied (with explicit control on the constant) in many
cases of interest, see [256, Lemma A.24], as well as [79, Lemma 2.2] and [44, Lemma 3.7] for a precise quan-
tification of the dependence of the constant Ly on the dimension, under certain structural assumptions on

the potential ¢. This is recalled in Lemma 61 below.

Assumption 5. There exists a constant Ly € R, such that

12V¢liev.op) < Lolzlm .o,  VzeH (Urep). (4.5)

A functional space which will be useful in the proofs is the kinetic space, defined as follows for a positive
time 7 > 0:
Hyn = {hel? (U, @, H' (7)) | (0;+T)he L* (U, H ' ()}

We introduce the following projector on L?(U, ® ©):

[h= /V h(:,-,v)y(dv).

We denote by L3(U; ®®) the space of functions in L?(U; ® ©) with zero average. Similar zero-average spaces

are defined in the same way. We are now in position to state the following useful averaging lemma for (VOU).

Lemma 52. Under Assumptions 3 and 5, there exists an explicit constant Kayyg € Ry such that, for any h €
1 2
Hy,, NL§(U; ®0),

HVt,xHhHZH—l(UT@u) < Kavg(H (Id_ H)h“iZ(UT@@) + ” (at + T)h||iZ(U,®M,H—1(y)))'

An explicit upper bound on Kayg can be obtained, see (4.25).
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4.2.3 Exponential convergence rates

We consider the longtime behaviour of solutions to (VOU). In particular, our main goal is to prove that

h(t,--) — Vho(x,v)(a(dxdv),

—o0 2%

for all solutions to (VOU), with quantitative and explicit convergence rates. As explained in Section 4.1, this

reduces to studying the decay to 0 for solutions to (VOU) with initial condition
ho € 12(© ={ c12(® ‘f d@:o}.
0e13(©)={gcL?©)| [ g

Other sub-spaces such as L3(y) are defined in a similar way. In order to achieve exponential decay rates, we

need the following.

Assumption 6. The following Poincaré inequality foryy holds: there exists cy > 0 such that

1/2|

VeeH (Y)NLG(Y),  lghem) <y IVoglize- (4.6)

A sufficient condition on v for the latter inequality to hold is that there exists a constant a € (0,1) such
that

lir|n'nf(a|v,,1//( v)]? ~ Ay (v)) >0,

|v|—

see [230, 22]. The inequality (4.8) is always true when V = T4 and v is smooth.
As in [P1], following up on ideas used in [161, 5] we introduce, for any & € L2([0, 00 ); L2(©)), the following

functional:

t+T1
A1) = ft [1(s, 2o ds. @.7)

Then, our main result goes as follows.

Theorem 53. Under Assumptions 2-3-4-5-6, there exists a constant A > 0 such that all functions h solving
(VOU) satisfy
V20, (1) <e M A(0).

Moreover,

-1

(1 B . _

AZA(—+E) , /1:(1+CTL1°nsKavg)l.
ECV/

Theorem 53 implies a standard hypocoercivity estimate (see [256]) for solutions to (VOU). Note that there
is no prefactor C in the exponential decay estimate of Theorem 53. Pointwise in time decay estimates can be

deduced from Theorem 53 upon adding such a prefactor.

Corollary 54. Under the same assumptions as Theorem 53, all solutions to (VOU) satisfy
2 -1
¥e20,  [h(t)lEage) < Ce ooy,

with C = e,
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4.2.4 Algebraic convergence rates

Condition (4.6) is equivalent to the fact that the symmetric part S is coercive, in the following sense:
S2cyld on L3(y). (4.8)

Typical cases where the last condition (i.e. Assumption 6) does not hold correspond to a kinetic energy ¥

growing less than linearly at infinity, such as
v=0+|v)z, ae(0,1), (4.9)
or
w(v):glog(1+|v|2), B>d+2, (4.10)

so that y is heavy tailed at infinity. However, these classes of examples satisfy the following weighted Poincaré

inequality (see [54, 66]) that we state in a general form in Assumption 7 below.

Assumption 7. There exist a constant Py, € Ry, and a function ¥ € L (y) such that

vgeH' (NN, [ 97 ()& 0)1(dv) <Py Vgl (@.11)

For the classes of examples (4.9)-(4.10), we can respectively consider 4 (v) = (1+|v[*)!"* and ¥ (v) =
1+|v|?, see [54, 66].

In the cases covered by Assumption 7, we recover constructive algebraic decay rates for .77 as follows.

Theorem 55. Suppose that Assumptions 2-3-4-5-7 hold, and consider o > 0 such that4° € L}(y). If all solu-
tions h to (VOU) satisfy

fy G )7H(1 x5 ) O(dxdv) < A% (ho), V20, 4.12)

for a functional % : 12(©) - [0,00] and a constant A(y,a,¢) > 0, then there exist two explicit constants

c1(ho), c2(hy) € Ry depending only on || hy HiZ(@)’ U (ho), ¢, w,0, and d such that

:(0)

o gl OV
(1+(€_ﬁ01+502) 7 l')

VE>0, Vx>0, (1) <

We have that (4.12) holds true if h e L (©), with % (ho) = | ho Hzoo(@)_

Explicit expressions for ci, ¢, can be obtained, see Section 4.4.2. As in Section 4.2.4, a decay estimate for
¢ implies a point-wise decay estimate in time. We state a result analogous to the one of Corollary 54 in the

present situation.

Corollary 56. Under the same assumptions as Theorem 55, all solutions to (VOU) satisfy

, [ 7of2 oy
Ve>0,  [h(5) 120 <

(1+ (é‘ﬁcl +<fc‘2)_0;1 (t+T))U.

Remark 57. Note that Theorems 53 and 55 are qualitatively consistent. Indeed, the first one can be recovered

from the second one in the regime corresponding to a sequence of sub-exponential local equilibriay becoming
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exponential in the limit. In this case, (4.11) holds with ¥ — 1, so that the choice o — oo is allowed, yielding a

decay which is faster than any inverse power of time, hence no longer algebraic.

Remark 58. An alternative approach to obtaining a convergence result similar to Theorem 55 is that of weak
Poincaré inequalities, see [158], when the initial data of (VOU) are L™ functions. This works thanks to the

maximum principle for hypoelliptic operators, see [247].

Theorem 55 crucially relies on the weighted L? bound (4.12), which we now motivate and discuss. When
the local equilibrium y decays slower than exponentially at infinity, the phenomenon of loss of velocity mo-
ments occurs. This means that the L?—norm of the solution cannot be controlled without assuming the con-
trol of extra velocity moments for the initial data. In addition, we have to ensure that these moments are
propagated by (VOU). Such an issue is present even in the spatially-homogeneous case. This has already
been studied in [66, 85] and [P1]. In order to follow the strategy of proof of [P1], the term we need to bound
along the flow of (VOU) reads

f%X“//%(v)U h*(t,x,v)0(dxdv). (4.13)

However, obtaining a direct uniform control is tricky in practice. Then, our choice is taking hy € L*°(©) and
U (ho) = | hol2 g,
Another strategy is using an argument based on Lyapunov functionals, which would allow more general

initial data. This is possible, after [69].

4.2.5 Weighted Lions’ inequalities

Inequality (4.2) is a generalised version of Lions’ inequality [11]. Such an inequality with a weighted measure
has been first studied in [84]. We give here a simple sufficient condition on the potential ¢ for (4.2) to hold.
C%ions

We also obtain an explicit estimate of , under some growth conditions on the spatial potential ¢.

Theorem 59. Assume that ¢ is a smooth potential such that [, e ?dx = 1, that its associated probability

measure y satisfies the Poincaré inequality:

_1
[Vezhagy ¢y I2hagy,  YzeH ()n13(w), (@14

forsome cy € Ry, and that
V2Pl < (c)* (d+Vx¢l®),  Ap<cy(d+|Vepf). (4.15)

for some constants c(’p, Cc’bl €R.. Then, Assumption 2 is satisfied, with
i _23\2
cLons - ¢, (1+ \/3) (*+717%)7,

Jfor a constructive constant Cy, depending only on cy, c(’p, c('p’, but not directly on d.

The explicit dependence on d in the estimate of CL°", which is exactly of order \/d if the Poincaré con-
stant ¢y does not depend on d, is important for the case of a Boltzmann-Gibbs measure obtained as the
tensorisation of several 1-dimensional ones (as in the context of sampling methods, see [243, 200]). Dimen-
sion independent Poincaré constants can also be obtained for systems with finite number of interactions, see
[44]. The scaling in the second inequality of (4.15) is natural, as it is the correct one for separable potentials
¢ =X%, ¢(x;), with ¢ : R — R such that ¢” < Co (1+|¢'). Sufficient conditions for (4.14) to hold true are
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given in [230, 22]. A noteworthy case in the theorem above is when the injection H! () < L2 () is compact.
In this situation, the estimates can be inferred from [79, Lemma 2.6]; in particular CTLiOnS is bounded by the

constant in [79, Equation (27)].

4.3 Notation and preliminary technical results

We denote by A* for the adjoint of a closed operator A on the Hilbert space L?(©), which, for any smooth

functions hy, hy with compact supports, satisfies

/ (Al )hy dO = / I (A" hy) d©.
X xV X%V
The action of A* is obtained by integration by parts for differential operators. In particular, for 1 <i<d,
0%y, = =0y +0x,9, 0, =0y, +0y,y. (4.16)

This allows to rewrite the operators appearing in (VOU) as the sum of a skew-symmetric operator
d
T=Vyy -Vi=Vip-Vy= 0,0 -0%0u,
i=1
and a symmetric one

d
S=-V,Vy==-).0;.0,, 4.17)
i=1

so that (VOU) rewrites
0th+Th=¢(Sh.

The right hand side of (4.20) is indeed always finite. Solutions to (VOU) live in the Bochner space
L2(0,00; (1, H' (1)),

as we show thanks to the following inequality for solutions to (VOU):

d
aHh(f)HiZ(@) =2(h(£), Th(1))12() + 26 ((£), Sh(1))12(0) = ~2¢| Vo ht|2(6) <O, (4.18)

in view of the skew-symmetry of T and (4.17).

We also denote by H™! (U, ® i) the dual of the space
Hpc (U @) ={heH" (U;®p)|h(0,) = h(z,") =0}, (4.19)

where the subscript DC stands for Dirichlet conditions. Note that the boundary conditions in time are well
defined because the trace of functions i € H! (U, ® 1) makes sense on the boundary {0,7} x £ of the domain.
Under Assumption 4, the operator —T + ¢S is hypoelliptic (see [169, 256]), hence the solutions to (VOU) are

smooth.

The first result provides estimates on the skew-symmetric part of the space-time Fokker-Planck opera-

tor d; + T in terms of its symmetric part S, for solutions of (VOU).
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Lemma 60. Consider a solution of (VOU). Then,

[0+ T) Rz (u,epn1(y)) < EIVeR|iz(u,00)- (4.20)
In particular, solutions to (VOU) belong to Hlldn.

Proof. Fixatestfunction u e L>(U,®u;H!(y)) such that | u| 12(U,euH! (y)) < 1. Then, denoting by (-, )i2(p-1) 12 (1)
the duality bracket between L2(U; ® y;H ' (y)) and L?(U; ® g; H (7)),

T
<(at + T) h, u)LZ(H—l)’LZ(HI) =¢ <Sh, u>L2(H-1)yL2(H1) =- -L v Vyh-V,udU;d®.

The desired estimate follows from first bounding the right hand side via the Cauchy-Schwarz inequality, and

then taking the supremum over u. O

The next lemma, whose proof is omitted, provides estimates similar to [79, Lemma 2.3], obtained with
an adaptation of the approach of [44, Lemma 3.6 and 3.7] to spacetime operators. It provides a fully explicit

dependence of the estimates on the dimension d.

Lemma 61. Assume that ¢ is a smooth potential such that [, e ?dx =1, and (4.14)-(4.15) hold true. Then,
Assumption 5 holds true with
2 "
L = max (16,4dc¢).

Moreover, for any z € H*(U, ® p) such that V, vz € HY - (U; ® ;RY),
2 12 « 2
192 2l u,0p) <20 VixVx2lEzu,py + 265 (Vd+2max(8c),\ /e d) ) [V 2], 0p- 4.21)

It would be possible to have better constants in (4.21) under additional assumptions, for example if ¢ is

strongly convex, see [44, 79].

4.4 Modified Poincaré inequalities and exponential decay rates
We start by proving Lemma 52 in Section 4.4.1, using a Poincaré-type inequality. We turn to the proof of

Theorem 53 in Section 4.4.2. We finally prove Corollary 54 in Section 4.4.3.

4.4.1 Proof of the averaging lemma and of a Poincaré-like inequality

The important Poincaré-type inequality which is used to prove Theorem 53 is the following. Its proof crucially

relies on Lemma 52.
Proposition 62. Under Assumptions 2-3-5, it holds
VheHy,nl3(U;©0), A h||f2(UT®®) <[ (a;+ T)h||iz(UT®#;H,l(y)) +(1d- H)hHiz(UT@@), (4.22)

with
- : -1
A=(1+Cr Kayg)

where Kyyyg is the constant appearing in Lemma 52.
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Proof of Proposition 62. Since Il is an orthogonal projector,

I h”iZ(U,®®) = | (1d-11) hHiZ(UT@,u) + ||HhHiZ(U,®N)- (4.23)
We apply (4.2) to the second term on the right hand side in (4.23), and then use Lemma 52 to write

ITRIE (1, 00y < G IV a1 (4, 10

< Cr Kavg 1 (1= R 1500) * 1 (00 + T lEa 5,00 (1))

Plugging the last estimate into (4.23) provides the claimed result. O

We conclude this section with the proof of Lemma 52.

Proof of Lemma 52. Some integrals in the calculation below are formal and represent duality products. In
order to estimate the H™! norm of V t,xI1h, we first compute the H™! norm of 4,I1h, and then turn to V,I1A.

To bound ||0,11h||i1-1(y, e, We fix a test function z € Hy.(Ur ® p) with | 2|5, < 1; while the estimation

(Urep) =
of | VxI1h|y-1(y,eu) can be performed by considering a test function Z = (Z,...,Z4) € H'(U; ® u)? with
HZ”%Il(UT@u) <l

For 0,I1h, we start by noticing that V,IT/h = 0 and

[ 7w y(@n) =,

so that, using the skew-symmetry of d; + T and the Dirichlet boundary conditions for the second term,

forfx(atnh)zdufdu:fotfva((aﬁT)nh)(t,x,u)z(t,x)U,(dt)p(dx)y(dy)
:forj;ffv[(aﬁT)h]sz,d®+fOTL/V[(Id—H)h](6;+T)szTdG)

<[+ T)hlizu, opn () 1212 (U, epm () + 1A =TD) A 12y, 00) [ (0: + T) 2|12 (u, 0)-
The last factor in the last inequality can be bounded as
[€0c+ T)zli2(u,e0) < 10:2l12(u,0p) + [ T2l12(u,00) <1+ [ VoW 12(y)s

where we used | 2|1 (y, gy < 1 and a Cauchy-Schwarz inequality to write

17202 0,00y = 199 VxelE w00 < 1Va2leen [ [, [ IV @FUL(de) u(dx) y(av).

By taking the supremum over functions z € Hj,(U; ® p) with | z[%, <1, we finally obtain

(U:®p)

10T -1, @) < 1100+ T Bllizu, o1 () + (1+ VoW 12 (p)) | A =TD) 212 (5, 90)-

We next turn to the estimation of | V,ITh| -1y, o) We introduce

__ Vv
IV oy lizcay)
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In view of the definition (4.4), it holds by construction that

L6 e MG (@) =Taxts M=1Tu ™

The quantity to estimate is

/()TL(VxHh-ZdUTd,LF[OT[Y/V[G(V)-VXHh(t,x)][MG(U)~Z(t,x)]UT(dt)®(dxdv)
19l [ [, [ 1@+ TR (1%, 0) [MG(v) - Z(1, ) U (1) ©(dxd)
=HvaHEZI(y)forj;fv[(aﬁT)h](l‘,x,V)[MG(V)-Z(t,x)]Ur(dt)(B(dxdv) (4.24)
IVl [ f, [(rQ-mm) (0 (MGw)-Z(1,1)]Ux () 6(dxdv)
—HVUW“EZI()/)ATLA(Oz(l—H)h)(t,x,v)[MG(U)-Z(t,x)]UT(dt)G)(dxdy),

where the second equality follows from the fact that vV, I14 =0 and fv Gdy=0. Since

IMZ|i2(u,0u) < IM B2y | Z 200, 0u) < IM[ B2y Z ] (U, 0p) < M| (22),

where | M| g(,2) denotes the matrix norm induced by the Euclidean norm, and | G| y1(,) < +oo (in view of the
second condition in (4.3)), the first integral in the last equality can be bounded by |G- M Z| 12y, gy 11 (1)) [ (9 +
T)h| e u,epn(y)) < M2y |Gl () (8¢ + T) |l 12(u, 011 (y))- Since T is antisymmetric, the second in-
tegral in the last equality can be controlled as

1[T(MG-Z)]dU, d®

<=M h|i2,e0) I T(MG- Z) 12U, 06)-

Introducing GM = (GY,...,G}) = MG to simplify the notation,

d

[T(MG-2)](t,x,v)= T[Z MZi](t,x,v)

i=1

QU

= 2 G () V(v)VZi(t,x) - VG (v) - V(x) Zi(1,x),

where GM vy € L2(y) and VGM € L?(y) in view respectively of the first and second condition in (4.3); while Z; V¢ €
L2(U,®u) with | ZiVh|i2u,eu) < Lol Zillm (u, o) by Assumption 5. The last integral in (4.24) can be bounded,
after transferring the partial derivative in time to the test function, by |[(1-1T1) k| 2(y, o) MG 0. Z12(u, g0)-

The second factor tensorizes as | MG|12(y) [0:Z] 12 (u,ep) < M| B(22) |Gli2(y) = Ml B(e2)-
By gathering the above estimates, the desired result follows with the constant

1
Kazvg =

[l (116 - T TG W gy + Lo TE VG T ) 029

max 1+va1//”L2(y)’ ”VVWHLZ()/)

which concludes the proof. O

Remark 63. The choice of G in the previous calculation is natural. Indeed, it yields an orthogonal decomposi-
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tion in1?(U; ® ©) of the term

[(0;+T)1h](t,x,v)=(0;ITh)(t, x) +G(v)-/VG(v) (TTLR)(t,x,v")y(dV").

One component lies in the image of T1, while the second one is spanned by G itself. Our result compares with [5,
Lemma 3.1], which is not quantitative at all, since the authors do not provide an explicit expression to terms
like M and G in our proof. We also compare with the estimates at the beginning of [79, Theorem 2]. In spite
of the similarity in the strategy, we make the algebra behind the proof neat and usable also for general kinetic

energiesy.

4.4.2 Exponential decay rates: proof

The exponential convergence is a direct consequence of (4.22). Indeed, note first that (4.18) implies

dA(t) d ([T 2 _[rd 2
T_E(fo ||h(”5"")||L2(®)ds)‘fO a||h(t+s,.,.)||L2(@)(Jls

T T (4.26)
=26 [T 190t 5 oy ds =267 [Tt 5 o) Un(ds)

On the other hand, the space-time Poincaré inequality (4.22) implies, together with (4.20) and (4.6), that

_ [T 1 T
i [ ||h<t+s,-,->uf;(@)ur(ds)s(—+52) [ 190R (54 o) Ur(ds).
0 Cy 0
The combination of the previous inequality and (4.26) leads to

d.t:(t)

{1 -1
py 3—2/1( ) H(t).

—+
fcw

from which Theorem 53 follows by a Gronwall inequality.

4.4.3 Hypocoercivity estimates

Decay estimates on .7 ( ) lead to pointwise in time decay estimates on h(t) since ¢+~ | (1) %, (@) is nonin-

creasing, which is a direct consequence of (4.18). Indeed, for any ¢ > 0,
1 H:(0) o1 21
(17 2oy <~ (1) € T2 < [1(0) [z gy,

so that
V20, [1(0)iz(oy < 1H(O) hzeye T,

which gives the claimed result.

4.5 Algebraic decay rates

In this section we prove Theorem 55, see Section 4.5.1. Then, we discuss (4.12) and related conditions.
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4.5.1 Algebraic decay rates: proof

The overall strategy of the proofis similar to the one presented in [P1], so that we only sketch the main steps of
the argument. Note however that, compared to [P1] (and various other works, for instance [66]), the transport

part of the evolution now includes an additional term V¢V, and V,¥ - V replaces v- V.

The overall idea for the proof is to rely on the Poincaré-type estimate (4.22), where the second term is
controlled by a combination of the weighted Poincaré inequality (4.11) and a moment bound. More precisely,
consider Holder conjugate exponents, p, g > 1, with p=o~!(1+0) > 1. Note that % = 0. Fix ¢t > 0, and define,

for any s € [0, 7], the following moment based on ¥:
Zu(s) = fX L G)° |n(t+5,5,v)~Th(t+ 5,2 p(dx) y(dv). 4.27)

The first step of the proof is to bound |(Id -II)k(t+-,-, )HL2

bound for a given x € X', obtained with a Holder inequality:

(U,80)" We start from the following pointwise

|h(t+s,x,-)-TTh(t+ s,x)Hiz(y)
< (/1/ %(v)_l|h(t+s,x,v)—Hh(t+s,x)|2y(dv));

x (ﬁ%(v)% |h(t+s,x,v)—l'[h(t+s,x)|2y(dv))q

Via (4.11), the last right-hand side of the above inequality can be bounded as

1

P ([ wontesseoify@n)’ ([ @ e s e o)

Integrating with respect to the measure U; ® i, and applying Holder’s inequality in the variables s, x gives
T
fo [t +5,,7) ~TLR(t+5,) 26 Ur(ds)

% Voh(t+s,x,0)*Ur(ds)©(dxdv

<pi ([ ], Jrwant )P Ux(ds) 6 ))

(f[f” f"/g(v)z|h(t+s’x’V)_Hh(HS,x)|2Ur(ds)®(dxdv));
PE (fof ”v”h(”S"»')”iZ(@)UT(ds))’lj (fOTZr(S)UT(ds));

Pu;/ ([0 ”Vuh(t+s,.,-)”iz(@)Ur(dS)) Wi (||h0HLz(@)+%(h0))3

IN

where the last inequality follows from Lemma 65 below. Combining the last bound with (4.22), and then
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using (4.20) gives

A [ () o) Us(ds)
< [ 10+ TR0 By

Wi (Iholfsqey + % (o))" Py ([T IVh(t+509) (o) Ur(ds))

<& [19un(t+ s o) Un(ds)

1 1

1 1 T »
s W (o |Zaey + % (ho) )" Py ([0 \|v,,h(t+s,.,.)Hiz(@)UT(ds))n.
In view of the definitions (4.7) and (4.26), the latter inequality can be rewritten as
& ( d ) 1 ( d )L
(1)< = | -—— t My | -— t)), 4.28
(<5 (- (0 )+ Mo (-2 (1) .28)

where

= =

11 (Py : .
Mys= 7t 2 (22N W (ol o)+ ()

The proof can now be concluded using classical arguments, relying on a generalization of the Gronwall
inequality leading to algebraic decay rates. We however carefully keep track of the parameters influencing

the convergence rate, by retaining the largest term in (4.28). In order to make this precise, consider

yHﬁ(y)=%y+Mo(%);,

which is strictly increasing from [0, c0) to [0, 00). Set y5 = 97! (7(0)). Note that

_1 ' =
Yy <o, ﬂ(y)S(f ”Mo+ﬁ o )yﬂ-

Hence, as ¢ — J#;(t) is nonincreasing, we have
A, s Sy V(L oa)’
t)< p — - t .
e 57) (oro)
Applying the standard Bihari-LaSalle [50, 186] argument, one proves, as in [P1],
1
1 & NP T
%(t)g(%(o)l‘p+(p—1)(§ prﬁyO” ) t) . (4.29)
Equation (4.29) can be rewritten as
H:(0)

(1) < —
<1+ (é_icl +€cz) £ t) !

’

p-1

1 1 — 1-
with ¢; = (p—1)"7 My (0)PU=P) and ¢, = (p-1) "7 %yo” %”T(O)Tp The proof of Theorem 55 is con-
cluded.
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Remark 64. A more accurate estimate could be achieved by rewriting (4.28) as

d

-, 760 <=0 (1),

with { =971, which is indeed invertible, and then integrating the latter inequality.

The proof of Theorem 55 written in Section 4.5.1 relies on moment estimates encoded by Z;(s) intro-
duced in (4.27) (see Lemma 65 below). When h € L*°(©), we take

U(ho) = |holfmioy  A=19(0) lur(ay)-

We next show how to obtain the control of the moment Z(t) defined in (4.27), which appears in the proof

of Theorem 55. This can be done in general if (4.12) holds.

Lemma 65. There is an explicit constant W > 0 (not depending on d, &), such that, for any solution h € Hyjy

to (VOU) with initial datum hy with average zero with respect to © and such that (4.12) holds,
V20, Z(6) <W(|holfxe) + % (ho)).
Proof. We bound Z(t) as
Z(1)<2 f h(t,x,v)29 (v)° ©(dx, dv) +2 / (TTh)2(1,x) 9 (v)° ©(dx dv).
The first term in the right-hand side of the previous inequality is bounded with (4.12) as
f h(t,x,v)%9 (v)° O(dxdv) < A% (o).
On the other hand,

[, @609 @) e(dxdv)= [ (M) (6.0 (v)” u(dx)y(v)
<[hollE2 ) 19/(2) s ay)
where we used a Cauchy-Schwarz inequality in the last step to write
[T () [F2 0 < 18 ) 20y < [ 0]1F2 (0

The result therefore follows with W =2max(4, |4 (v)° |11(4y))- O

4.6 Weighted Poincaré-Lions inequalities

We present a constructive proof, based on a generalization of the manipulations performed in [79, Lemma 2.6].
We extend the approach to the situation when the operator V3V has a spectral gap but not necessarily a dis-
crete spectrum. We also present the argument in a more abstract manner, in order to highlight the key steps

in the construction.
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4.6.1 Reduction to solving a divergence equation

Recall the space H (U;®y), defined in (4.19). The Lions inequality (4.2) is implied by the following property
(in fact, [11] shows the equivalence between the two statements): there exists a positive constant C.. such that,
for any f € L3(U; ® i), there exists a solution Z = (Z, Z1,..., Zg) € Hh - (U; @ u)4*! to

d
-0:20+ .05 Zi=f, (4.30)
i=1
which is such that
d
1Z 00 .oy = \| 22121020 1,00 < CF 1 20,010 (4.31)
i=0

Of course, there may be many solutions to the divergence-like equation (4.30). When such a solution exists,

T T d
||f||fZ(UT®H):f0 [Xf(t,x)zUT(dt)y(dx):fO fx(—atm;axiz)fdmdy

= <vt,xf’Z)H*(U,@u),H&(U,@p) <N Zlur v, e IV ex f -1 (U, @)

< C;HfHLZ(U,@m)Hvt,foH-l(U,®p)-

Hence, Lions’ inequality (4.2) is recovered with CTLiOns < (C!)2. We therefore concentrate in this section on

obtaining solutions to (4.30) which satisfy (4.31).

4.6.2 Solving the divergence equation

We show in this section how to solve (4.30) in order to have estimates such as (4.31). The precise result is the

following.

Theorem 66. Suppose that (4.14) and (4.15) hold. Then, there exists an explicit Cy € Ry, depending only on
Ce» C(IP’ cg and not explicitly on d, such that, foranyt >0 and f € L%(UT ® ), the equation posed on the space-
time domain [0,T] x X
d
-0:Z0+ .0y, Zi = f, (4.32)
i=1

admits a solution (Z,..., Zy) € Hy(U; ® p) 9+ which satisfies

d 1 2
;)HZZ'HZHI(UT@“) < C(l) (14‘\/3) (? +‘L’2) ||f“iz(Ur®;t)' (4.33)

In fact, considering the positive self-adjoint operator satisfying (in view of (4.14)) the following coercivity
inequality on L3(u):
ﬁ = V;Vx > C(p,

and its square-root denoted by L = L£1/2, we construct an explicit solution as follows by generalising the con-

struction in [79]:

Fo(t,ﬁ) Fo(T—l‘,ﬁ)

OxlFl(t,E) p axlFl(T—t,E) p

G=Vi W 'Pyif+ N f+ NS (4.34)

axdFl(t,L‘) OxdFl(r—t,E)
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where we introduced the following objects:

« the operator Py is the projector onto the orthogonal of the vector space N’ c L3(U; ® ) composed
of linear combinations of forward and backward wave-like functions: g € A/ if and only if there ex-

ist g, g- € L5(u) such that
g(t,x)= (e g) (x)+ (e Dlg ) (x); (4.35)

« the operator W = -7 + L is considered on L3(U; ® u) and endowed with Neumann boundary condi-

tions in time;

e the bounded operators Fy(t,£) and F;(t, L) respectively act as

Fo(t,L)=-L'(1+e7™) (1 —e_TL)_2 (1-e7) (1 —e_(T_I)L) (et -2e7™(1+e7™) ),

Fl(t,ﬁ) - SL—Z (1 n e—rL) (1 _e—TL)*Z (1 _ e—tL) (1 _ e—(r—t)L);
* the projectors P,, P_:13(U; ® u) - N c L3(u) are defined as

(bre$) (0= [T G Una9)) [ s D6 Unlas)

(4.36)
T -1 T
_ o (T-1)L —(r-s)L
(Pr_f) (1) =e (fo G_(s,L)e U,(ds)) fo G_(s,L) f(s)Us(ds),
with
Gi(s,L)=U e T _e=sL G (5,0)=U; e ()L _ (=91 U, =2 [ "ol gs. (4.37)
T JO

The form of this solution is motivated in Section 4.6.3, while the estimates (4.33) are proved in Section 4.6.4.
Note already that Pxr . and P/ _ are bounded operators since PJZ\/’ +=Pn 4 and sz\/'_ = Pys,—. To obtain the
estimates (4.33) for the last two terms in (4.34), it is therefore sufficient to obtain uniform-in-time bounds on
the operators

Fo(t,L£),0,.Fy(t,L),0,Fo(t,L),0xF (¢, ﬁ),ataxiFl(t,c),aii_ijl(t,L)

considered on L2 ().

An inspection of the proof finally shows that the factor 72 on the right hand side of (4.33) comes from
the first part of the solution (4.34) (it can be traced back to some coercivity estimate based on the Poincaré
inequality for U;), while the factor 772

operator (1- e‘TL)_2 in the expressions of Fy(t,£) and F;(t,L).

arises from the part of the solution arising from P,/ f, because of the

4.6.3 Heuristic construction of the solution

To find one possible solution to (4.32), a natural idea is to look for (2, ..., Z;) of the form
(0:u,0x,U,...,0x,u),
with u the unique solution of the following equation

(-0%+L)u=f,  0,u(0,-)=0.u(t,")=0. (4.38)
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The functions 0y, u(0,-) and 0y, u(7,-) are however not 0 in general. They turn out to vanish provided the
right hand side of (4.32) is restricted to the orthogonal of the vector space N. Note that functions g € N sat-
isfy (-0% + L) g = 0 in the weak sense. This equality is satisfied in the strong sense when g, g_ are sufficiently
regular, namely g, g_ € D(L). The first step in the proof, as done in [79, Lemma 2.4], is to solve (4.32) for the
part of the right hand side f which is in V', using (4.38) and the Lax-Milgramlemma see [72, Chapter 5] for

instance.

Lemma 67. Suppose (4.15) and (4.14). Fixt > 0. Forany f € L3(U,®u), there exists a unique weak solution u e
H*(U; @ p)nL3(U; @ u) to (4.38): for any w e H (U, ® u),

/OTL[(Gtu)(Otw)+Vu-Vw] U,(dt),u(dx):/OTwaUT(dt)p(dx). (4.39)

Moreover,
1

H u||Hz(Ut®u) < (CI% +C§+26‘:P (\/E%—ZIII&X(BC&, C(/p’d) ))E ||f||L2(UT®,u)’

with Cp = min(c(p, %) .

The second step is to construct a solution for the part of the right hand side in V. This is done in two
steps: (i) providing the expression for the orthogonal projection Pps = Pyr , + Ppr_ of L3(U; ® ) onto \; and
then (ii) solving the divergence equation (4.30) with right hand side P/ .. f. To identify Py ., we write

(P F)(8,2) = (€7 Qu ) (x)+ (e” VR Qf) (). (4.40)

By definition of the orthogonal projection, it holds, for any w., w_ € L?(u),

[ [ 0= ()60 (e ) () Ur(dr) () =0,
[ [ 0= (a0 (7 w) (x) Ur (1) a(dx) =0,

Therefore, using the self-adjointness of L,

[ nweans [ (e f)wedu= [ | [T p (0 un(@n]|w.dp
[t wdps [ (W@ pw-du= [ | [T @0uian|w-an

(4.41)

where we recall from (4.37) that

—-27L

l1-e
Lt

T
U, = f e 2Ly, (dt) =
0

: _gr-1,-7L
Choosing w, =U; ‘e

L [((]T—le—erl/2 B Ur)Q—f] w_dy= L [/O‘T (UT_le—(T+t)Ll/2 _e—(r—t)Lllz)f( 1) UT(dt):| w_ d.

w_ and subtracting the second equation of (4.41) from the first one leads to

Since the latter equality holds for any w.L? (), it follows that

Q f- (Ur_le_ZTLl/z 3 UT)—I for ([]T_le—(1+t)L1/2 _e—(r—t)L1/2>f( 1)Uy (dt),

which leads to (4.36) in view of (4.40). The formula for Q, f is obtained in a similar manner. The operators
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Q. are well-defined, since the pre-factor of the integrals reads
-1 _ 2\ —1
(U;le’ZTLl/Z—UT) U;l _12 (Lze’ZTL—(l—e ZTL) ) .

-27L _ (1 _ e—ZTL)Z

The latter operator is well defined since L?e is coercive on L?(u), hence invertible.

Let us next solve the divergence equation (4.30) with right hand side (Px . f)(t) = e~ 'L fi. The manipu-
lations for the right hand side e~ (=L f- are similar, upon replacing ¢ by 7 - ¢ in the operators which appear.
We consider the following ansatz, using a decomposition of the self-adjoint operator £ based on functional

calculus, for functions Fo, 7 : [0, 7] x [ ¢g, +0o[ = R to be determined:
Zo+(t)=Fo(t,L)f+,  Zi+(t)=04,F1(t,L)fr.
Note that these functions satisfy the equation (4.32) with right hand side e 1L f+ provided
0, Fo(1,L£) + LT (1,£) = e ",

Moreover, in view of establishing the estimates (4.33) and in order to make use of the fact that Pyr . is

bounded, it is convenient to rewrite Fy(t,£) f; and Fi(t, £) f; as the operators on L?(u)
Fo(t,L)=Fo(t,L)e'™t,  Fi(t,L)=F(t,L)e'", (4.42)
applied to the function (P, f)(¢) = e~ 'L f,. This motivates looking for
Fo(t,L)=Py(e”"),  Fi(t,L)=Pi(e”F), (4.43)

where Py, P; are polynomial functions satisfying the operator equation

- [py (e )]+ 2Ry (e ) =, (4.44)
together with the boundary conditions
Po(1) =Py (e ™) =P (1) =P; (") =0. (4.45)

In view of the boundary conditions (4.45), and the presence of the operators L and L? in (4.44), a natural

ansatz is
{Po (e*tL) _ AlL—l (1 _eftL) (e*tL—e*TL) (eftL_'_AZ),

P, (e—tL) — AsL? (1 _e—tL) (e—tL B e—TL),
for operators Aj, Ay, A3 to be determined.

Note already that the operators Py (e‘[L ) and P (e‘”‘ ) contain a composition with e~** — e~"L, which
allows to further compose the operators with e’L in order to make sense of (4.42). In order to find the opera-
tors Aj, Ay, A3, which are assumed to be functions of L (and hence commute with all operators at hand), we

evaluate (4.44): denoting by 6, = e~ "%,

A1%[(1—0)(8—6*)(9+A2)]+A3(1—6)(6—9*) _o,

where the various functions are evaluated at 8 = e ‘L. The left hand side of this equation is a second order
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polynomial in 0, so that the operators A, A2, A3 are obtained by identifying the prefactors of the various

terms 6 for a =0, 1,2. More precisely,

—(A1 +A3)9* +A1A2(1+9*) =0,
(2A1 +A3)(1 +0*) -2A1A4,=1,
-3A;-A3=0.

The last condition implies that A3 = -3 A;. Plugging this equality in the first condition leads to A, = —2e "X (1+

e L)L, Finally, the second condition gives A; (1+6, +2A,) = -1, so that

-1

Ay=-[1+e o ge T (1) ] - (14eT ) (1-e7E)

Combining (4.42) and (4.43) then leads to the expressions of Fy, F; in (4.34).

4.6.4 Proof of the estimates on the divergence equation

The estimate on the first term in (4.34) is a direct consequence of Lemma 67.

Proof of Lemma 67. The existence and uniqueness of the weak solution satisfying the estimate is established
in [79, Lemma 2.4]. To make the constants precise, we revisit the steps of [79], just highlighting the differ-

ences.

1. There exists a unique solution u € H! (U; ® ) to (4.39), which satisfies

Il v, o < Colf lizu,ep)» (4.46)
IVttt iz2(u, @) < Cp [l £ l2(u,0u)- (4.47)

This is a consequence of Lax-Milgram’s Theorem for the tensorised measure U; ® u and the Poincaré

inequality (4.14).

2. Thanks to (4.21) we have
192 22,000y <21 12 0,y *+ 260 (VA + 2max (8¢, [0l @) ) |9 0t g
3. Hence, by (4.46),

Jul e, < (2 Ch+ Chr2Gy? e (Vad+2max (8¢ /e ) ) 1 o

We conclude by showing that the sought boundary conditions are met, if f € N**. Consider an ele-
ment w € N/, written as (4.35) for two smooth functions w.,, w_ € L(Z) (p) with compact support. Recall that (—6%+

L)w = 0. Then, the weak formulation (4.39) and integration by parts give

L{(u(r,-)dtw(r,')—u(0,~)6;w(0,~)]du:[;L[(@tu)(atw)+vxu-vxw] U, (dr) p(dx)
:fo fowUT(dt)p(dx)zo.
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the latter integral being equal to 0 since f € A'* by assumption. Therefore,
fx [u(T,')El/z (—eﬂﬁl/2 Wy + w_) —u(0,-)L'? (—W+ +e e w_)] du=0.

LY

2
Fixing w_ and choosing w, =e w_ leads to

Npl/2(q _ a-2tLl? _

/Xu(r, )L (1 e )w_du—O.

Since this equality holds for any smooth w_ € L3(u) with compact support, and the operator
/2 (1 _ e—zrﬁl/z)

is invertible on L3(u), we can conclude that u(,-) = 0. A similar reasoning allows to conclude that u(0) =
0. O

We next show that the second and third terms in (4.34) satisfy (4.33). Given that the two terms are ex-
tremely similar, we only treat the second one. Note first that the operators T; = d,,L™! are bounded on L ()
and have an operator norm smaller than 1 since Ty T +---+ T,; T; = 1. Moreover, the operators 0,0y, L2 for

1<, j <d are also bounded:

C/
- 4
10202, L2 312 (0, 80)) < \l 2+2C1§ (\/3+2max(86(’p,\ /C:P’d) ),

by (4.21); see also [127], as well as [79, Lemma 2.3] and [44, Proposition 3.5]. The estimates (4.33) are therefore
satisfied provided there exists C; € R, such that

S[up]max( | Fo(t, £) | puz uyy - 19:Fo(t, £) | uz uyy - ILFo (8, £) | i uy)) < Cro
te|0,T

S[l(l)p] maX( |LF (6, £) | gz uyy » 1L0eFr (8. £) | gz )y »
te|0,T

LZFl(t'E)HB(LZ(p))) <Cs.

The explicit expressions of Fy, F; show that C; can be chosen of order

L2 1 2
Hl_e L“B(Lﬁ(ﬂ)):(l_e*'rc(p) :

Note that C; scales as 772 for 7 small.
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Part I11

Functional inequalities
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Chapter 5

Logarithmic Sobolev and interpolation
inequalities on the sphere: constructive

stability results

This chapter corresponds to [P2], a paper in collaboration with Jean Dolbeault and Nikita Simonov.

Abstract

We consider Gagliardo-Nirenberg inequalities on the sphere which interpolate between the Poin-caré in-
equality and the Sobolev inequality, and include the logarithmic Sobolev inequality as a special case. We
establish explicit stability results in the subcritical regime using spectral decomposition techniques, and en-

tropy and carré du champ methods applied to nonlinear diffusion flows.

5.1 Introduction and main results

Functional inequalities are essential in many areas of mathematics. The knowledge of optimal constants, or
at least good estimates of them, is crucial for various applications. Whether optimality cases are achieved is
a standard issue in analysis. The next natural question is to understand how the deficit, say the difference
of the two sides of the functional inequality, measures the distance to the set of optimal functions. Such a
question has been actively studied in critical Sobolev inequalities, but much less in subcritical interpolation
inequalities. In the case of the sphere, a global stability result based on Bianchi-Egnell type methods was
recently obtained for a family of Gagliardo-Nirenberg inequalities by R. Frank in [144], with the striking ob-
servation that only the power 4 of a natural distance is controlled by the deficit. Here we give a more detailed

picture, which includes the logarithmic Sobolev inequality, and provide explicit estimates.
On the sphere $9 with d > 1, the logarithmic Sobolev inequality can be written as
2

d F
/§d|VF|2d,ud2§f§szlog(—

! )dyd VFeH (S du) (LS)
IF iz (sa)

where du,; denotes the uniform probability measure. The equality case is achieved by constant functions

and d/2 is the optimal constant as shown by taking the test functions F;(x) = 1+ £x-v, for some arbitrary

83
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v € $%, in the limit as € — 0. Our first result is an improved inequality under an orthogonality constraint,

which improves upon [122, Proposition 5.4].

Theorem 68. Letd > 1. Forany F e H'(S?,du) such that

[gddepfo, (5.1)
we have
/ |VF|?du df F?log F du ><€f IVF[*du (5.2)
d— 5 T2 d< bq d .
sd 2 Jsa IIFHiz(§d) sd

with 6, = ﬁ

Since equality in (LS) is achieved if and only if F is a constant function, the right-hand side in (5.2) is an
estimate of the distance to the set of optimal functions under the constraint f§d xFdug = 0. Alternatively,

Theorem 68 amounts to the improved logarithmic Sobolev inequality
F2
f |V F|? d,ud>—[ dug VFeHl(§d,du)s.t.f xFdug=0.
\1F e on 5

Without Condition (5.1), there is no such inequality as (5.2). With Fg(x) =1+¢ex-vasabove, as € — 0 one can

indeed check that
2 d 2 F£2 4 4
[VEl sy -5 [, F2Tog| | dua=0(e*) = O(IVFelzgsn)
2 Js " TH\ [l

In absence of an additional constraint, like (5.1), such a behaviour is in fact optimal. The following estimate

arises from the carré du champ method.

Proposition 69. Letd >1,y=1/3 ifd=1andy = (4d-1)(d-1)*/(d+2)? ifd > 2. Then, for any F €
H'(S%, du) we have

2 VF 42
[d ’VF‘Z dﬂd_ a / ( )d/.ld 1 Y ” HL (s%) (5.3)
s |Fllf(se) 2y |VF|f2(say+d |F Iz (say

With ||F HiZ (s¢) = L, notice that the deficit can be estimated from below by

d Y 4 4
LdIVFIZdud—E f§ o log(F*) dpa > 5= [VF iz (say + 0 ([VFlizsey)

if “VF“iQ(§d) is small enough.
Let I1; F denote the orthogonal projection of a function F ¢ L2(§d) on the spherical harmonics corre-

sponding to the first eigenvalue on §d, ie.,

MF(x)=(d+1)x [ yF(y)dua(y) Yxes’.

Our main stability result for the logarithmic Sobolev inequality combines the results of Theorem 68 and

Proposition 69 as follows.
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Theorem 70. Letd > 1. Forany F e H'(S%, du), we have

2
[vEtaug-5 [ ( )dud

IFIZ2 ()

4
( | VILF sy

+|vId-T0) Fl% g
IVFIZ: sy + £ IF 2250, D

for some stability constant . > 0.

An explicit estimate of . is given in Section 5.4.

We also consider the subcritical Gagliardo-Nirenberg inequalities

S VPR diaz S5 (1Flysny =1 Flfgany) ¥ Fen! (S, dn) GN)
forany p € [1,2)u(2,2*). Here dp, again denotes the uniform probability measure on S¢, the critical Sobolev
exponentis2* :=2d/(d-2)if d > 3 and we adopt the convention that2* = +co if d = 1 or d = 2. Inequality (GN)
with p =1 is the Poincaré inequality. If d > 3, Inequality (GN) also holds for the critical exponent p = 2* and
it is in fact Sobolev’s inequality with optimal constant on $¢, but this is out of the scope of our paper which
focuses on the subcritical regime p < 2*. The logarithmic Sobolev inequality (LS) is obtained from (GN) by
taking the limit as p — 2 and the counterpart of the above results for p # 2, in the subcritical range p < 2%,

goes as follows.

Theorem 71. Assume thatd > 1 and p € (1,2) U(2,2*). For any function F e H'(S%, d ) such that the orthog-

onality condition (5.1) holds, we have

d
2 2 2 2
Jou P dbia == (1P ooy =[Pl ) 2 B [, IVFF i 5.4

2d-p(d-2)

with ng,p = ~2(d+p)

Taking Fr(x) = 1+¢&x-v as above shows that (5.1) is needed in Theorem 71. We also have a higher order

estimate of the deficit as a consequence of the carré du champ method.

Proposition 72. Letd > 1 and p € (1,2) U (2,2*). There is a convex function v on R* withw(0) =¢'(0)=0
such that, for any F e H'(S%, d ), we have

2
d ) ) 2 I VF[(say

VEPdug———(|F —|F|? > |F ERRELSCON N
f§d| " dua p—2(” HLP(Sd) H ||L(§d)) | HLn(gd)W( “F||in(§d)

An explicit expression of i will be given in Section 5.3. The two results of Theorem 71 and Proposition 72 can

be combined to prove the analogue of Theorem 70 for p # 2, with an explicit constant: see Section 5.4.

Theorem 73. Letd >1 and pe(1,2)u(2,2*). Forany F e H' (S, du), we have

d
2 2 2
Sl FR dita == (Lo~ Flion)

( ||VH1FH32(§61)

+|Vd-T) F% e )
IVEI: sy + |22 50y D
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for some explicit stability constant /4 ,, > 0.

Let us give a brief account of the literature. In this paper, we address the distinction between improved
inequalities (inequalities with improved constants under orthogonality constraints) and quantitative stability
(as a measure of a distance to the set of optimal functions). There are many adjacent directions of research
like, for instance, stability in weaker norms (see for instance [125, 175] for Sobolev’s inequality) or notions
of stability with no explicit notion of distance. To our knowledge, not so much has been done in subcritical
interpolation inequalities (see [63, 144] and some references therein), except for the logarithmic Sobolev
inequality, for which we refer to [130, 138] and [173, 140, 172, 182].

The Gagliardo-Nirenberg inequalities (GN) on the sphere have been established with optimal constant for
any p € (2,2%) in [48, Corollary 6.1] and in [37]. In dimension d = 2, Onofri’s inequality is obtained from (GN)
in the limit as p - 2 = +o0: see [37, 80]. With p € [1,2) or p > 2 but not too large (if d > 2), Inequality (GN) was
known earlier from [24]. A Markovian point of view is presented in [26], with many more references therein
on related questions. On the Euclidean space, such inequalities go back to [240, 147, 222]. The logarithmic
Sobolev inequality (LS) is a well known limit case as p — 2 and can be considered in a common framework
with (GN). Whenever possible, we will adopt this point of view. For an overview of early results on the sphere,
we refer to [Section 6, (iv)][156]. The literature on (LS) on the circle and on the sphere can be retraced back at
least to [260], [216, Theorem 1, page 268] with computations based on the ultraspherical operator, and [234]
for a more variational approach. The inequality with optimal constant is stated in [24, Inequality (13) page
195] as a consequence of the carré du champ method. Also see [25] and [83, page 342] for related results
and [113, 121, 122] for a PDE approach based on entropy estimates and the carré du champ method. After
symmetrization, the problem is reduced to a simpler family of interpolation inequalities involving only the
ultraspherical operator.

The interest for stability issues was raised by [73] and the stability result of Bianchi and Egnell in [47],
on the Euclidean space. Over the years, various approaches have been developed, based on compactness
methods and contradiction arguments as in [47, 97], spectral analysis and orthogonality conditions as in [122,
Proposition 5.4] and [159], or entropy methods and improved inequalities as in [15, 129, 120, 122, 118]. For
spectral methods, a fruitful strategy relies on the Funk-Hecke formula and the approach of [196, 37], which
applies to the stability result for fractional interpolation inequalities of [97] and [131, Corollary 2.3]. This is
the method we use in Section 5.2. Stability issues for (GN) have recently been discussed in [144] with methods
of Bianchi-Egnell type, with the drawback that no estimate of the stability constant is known. This drawback
can be cured by a carré du champ method as we shall see in Section 5.3. Without entering into details, let us

mention some recent progress on stability in [63, 119, 184, 96] for related critical inequalities.

This paper is organized as follows. Section 5.2 is devoted to the proof by spectral methods of Theorem 74
(see below), which is an extension of Theorems 68 and 71: under orthogonality constraints, these results are
reduced to estimates of improved constants in inequalities (LS) and (GN), with various refinements based
on a decomposition in spherical harmonics. An explicit stability result without constraints corresponding to
Propositions 5.3 and 72 is proved in Section 5.3. The proof of Theorems 70 and 73, in Section 5.4, is based on
the spectral decomposition method developed by R. Frank in [144]. We collect the previous estimates (with
and without orthogonality constraints) in global results, with explicit constants. Various additional results are
stated in two appendices: the extension of the method to interpolation inequalities for the Gaussian measure
on the Euclidean space and a discussion of its limitations in Appendix 5.5, the details of the computations
of the carré du champ method on the sphere and its application in order to establish improved functional

inequalities in Appendix 5.6.
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5.2 Improvements under orthogonality constraints

In this section, we prove Theorems 68 and 71 in the slightly more general framework of Theorem 74 below.

Let us consider the generalized entropy functionals

2

1 F
E[F] :=zf§dF2 log(—

2
[FlEe(se)

| (sey = | Fl 2 sy
p-2

)dud and &,[F]:= if px2.

With these notations, we can rephrase (LS) and (GN) as
fgd VP dpa>d€,[F] YFeH (S dp)

for any p € [1,2"). The optimality case is achieved by considering the test function F, = 1+ £¢; in the limit
as € — 0, where ¢ is an eigenfunction of the Laplace-Beltrami operator such that — A¢; = d ¢, for instance
¢@1(x)=x-vforsomeve S% as in Section 5.1.

Let us consider the decomposition into spherical harmonics of L?(S%, du)
Lz(gd’ d:u) = @,H/ ’
£=0

where H, is the subspace of spherical harmonics of degree ¢ > 0. See for instance [218, 242, 43, 213]. For
any integer k > 1, let us define IT;, as the orthogonal projection with respect to L? (Sd, du) onto EB’;zl H,. The

following statement extends Theorems 68 and 71.

Theorem 74. Assume thatd >1, p € (1,2*) and let k > 1 be an integer. For any function F in H'(S%,du), we

have
2
Ld|vF|2d“d_d5,,[F] >Capk fy\v(ld—l‘[k)ﬂ diig (5.5)
.. d-p(d-
for some explicit constant € p, ;. € (0,1) such that €y p . < Ca,p,1 = %

The expression of 6 pk is given below in the proof. Inequality (5.5) can be seen as an improvement of (LS)

and (GN), namely
(1 _ng,p,k) -[gd |VF|2 d,ud > dgp[F]

for any F e H' (S, dp) such that IT F = 0. With k = 1, this establishes (5.2) and (5.4), thus proving Theorem 68
if p=2, and Theorem 71 if p + 2.

Proof. Let (Fj)jeN be the decomposition of F along ’Hj for any j € N. We learn from [37, Ineq. (19)] or [131,

Ineq. (1.6)] that the subcritical interpolation inequalities
ELF1< 34(p) [JFiRara vFer'(s?, ) (5.6)
J:

hold for any p € (1,2) u(2,2*) with

7’]’(%)_1 [(x)T(j+d-x)

I'(d-x)T(x+j)

{j(p) = and 7;(x):=

Notice that {;(p) > 0 for any p € (1,2) u(2,2*). According to [131, Lemma 2.2], the function {; is strictly
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monotone increasing on (1,00 ) for any j > 2 and the limits

Ai=d li ;
i pl_gl*(](p)

are the eigenvalues of the Laplace-Beltrami on the sphere, with A; = j (j +d —1). Hence

which is the essence of the proof of (GN) in [37] and also the main idea for the proof of the stability result
for fractional interpolation inequalities of [131, Corollary 2.3]. Here we draw some consequences in stan-
dard norms for non-fractional operators and identify estimates of the stability constant in the corresponding

stability result.

> Thecasep +2.Letx=d/pe((d-2)/2,d]ifd>2and x € (0,d] if d = 1. We consider

ly;(x)-1]
j(j+d-1)

jG+d-1)(j+d-x)
G+ G+d)(j+x)

fj(x) = and hj(x)Z

notice that y;(x) > 1 for x < d/2, while y;(x) <1 for x > d/2. An elementary computation shows that 0 <
hj(x)<1.Since yj+1(x)Ax = hj(x)Aj+17(x), we obtain

¢je1(x) =hj(x)&;(x) +(1-h;(x)) &5 (x) (5.7)
where o) 1 hi(x) 1 | |d -2 x|
éj(x)._l—hj(x) /1] _Aj+1 _j(j+d)(2x—d+2)+dx'

Notice that (fj(x)) j>2 is a monotone decreasing sequence for any fixed, admissible value of x. We start
at j = 2 with the observation that {5 (x) < {2(x) if x is admissible. This gives, by using (5.7), the following

estimate

&3(x) = ha(x) Ea(x) + (1 - ha(x)) &5 (x) <&2(x).

Using &3 (x) < &5 (x), we can iterate and conclude by induction that ¢;(x) < ¢»(x) for all j > 3. As a conse-
quence, we obtain
{i(p) ¢2(p) p

1
su < = <= Vpe(1,2)u(2,2%).
W TGrd-1) “2(ae) 2@ep) a TPEIDUEE)

We deduce from (5.6) that

SFg/ Rl dpg+ —FP— "d—1fF~2d
plF1< |, IE] ud+2(d+p)]§21(1+ ) Jo Fil"dha

=— VF"dyg+ ————— f V(Id-1IIy) F|"dug,
d_[§d| dua 2d(d+p) §d| ( D Fl dpia
which proves the result with k =1 and gives the expression of ¢ ;, ;.

Let us consider the case k > 1. We already know that &, (x) > & (x). For any j > 2, we deduce from (5.7)
that

&1 (20) =&5ar () =y (x) (65 -85 (x)) +€ () = €aa () 2 b (%) (&5 - & (%))
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because j ~ ¢ (x) is monotone decreasing. By induction, this proves that {;(x) > ¢ (x) forany j>2. Asa

consequence of (5.7), j ~ ¢;(x) is also monotone decreasing and

(](p) (k+1(l9) 1 *
P i Grd-1) ey (kea) <@ PEBPOBZ)

Altogether, for any k > 1, we have

de+1(P) 2
d€é,|F g/ VI delt —[ VF|"dug,

and the stability constant in (5.5) is estimated by

d(k+1(p)

=1- P
Capk (k+1)(k+d)

In our method, this constant cannot be improved as shown by a test function such that F; = 0 for any j ¢ N

such that j #0 and j # k + 1, but this does not prove the optimality of € k.

> The case p = 2. By taking the limit as p — 2, in (5.6), we obtain that

2

nj=

Jim £;(p) = v(j+d/2)-y(d/2)

where ¢ (z) =T"(z)/T'(z) is the digamma function, and

2

1 , F
— F~1 -
e

d o0
5 d,uds—anf |Fj|2dud VFeHY (S dy).
IFllT2(sa) 20 U

From y(z+1) =y (z)+1/z obtained by differentiating the identity I'(z+1) = zI'(z) with respect to z, we learn

that
. — . + 2
Nj+1=1j d+2] .
We claim that
21]'

i/ BT
d(d+2) 7

N2<n;<

4(d+1)
d(d+2)

because there is equality for j =2 asn, = and 1, =2(d +1) on the one hand, and

2. 2(d+2j) :2(/1j+1—/1j)
d+2j  d(d+2) d(d+2)

Nj+1—Mj=
on the other hand, so that the result follows by induction.
UsingAj.1=Aj+(d+2j)=A;+2z; where z; := j + d/2, we also have
ni+L
Mjer _ Wy i

/lj+1 /1j+2Zj )Lj

where the inequality follows from

This inequality is indeed true for j = 1 because 7; = 2/d and we obtain the result for any j > 1 by induction
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using

2 >/1,+1 Aj o Ajr+2(d*+2)j+ad’

A e 222, 222 (d+2j)*(d+2+2))2

1

Altogether, for any k > 1, we have

AN

d€& f M. FPdu;+ ——*t Fl*d
o[F]< | IVIKF|"dug o) (ke d) | VEI dua
and the constant in (5.5) is given by
Gl M
GRS k1) (k+d)

In the framework of our method, this estimate of the constant cannot be improved as shown by a test function
such that F; = 0 for any j € N such that j # 0 and j # k + 1, but again this does not prove the optimality of
Ca, pk- O

5.3 Improvements by the carré du champ method

We improve upon Frank’s stability result in [144] by giving a constructive estimate based on the carré du
champ method, without assuming any additional constraint. Various computations that are needed for a

complete proof, most of them already known in the literature, are collected in Appendix 5.6.

5.3.1 A simple estimate based on the heat flow, below the Bakry-Emery expo-

nent

Let us consider the constant y given by

d-1 -1
(d+2) (p-1)(2"-p) if d>2, Y==pT if d=1, (5.8)

where 27 := (a- 2d°+ )2 is the Bakry-Emery exponent. Notice that y = 2 — p with 1 < p < 2* means that

d=1 and p=7/4=p.(1),
3+d+2d*- 2\/4d+4d2+d3

d>1 and p=p.(d):=

(d-1)2
Let us define
1
s*::—2 if p>2 and s.:=+c0 if p<2. (5.9)
p_
For any s €0, s, ), let
LZ
(P(S)Z1 (- 2)52(1’7(!; 2)s) P if y#2-p and p=+2,
¢(s) =555 (1+(2-p)s)log(1+(2-p)s) if y=2-p=0, (5.10)
(p(s)=)l/(e7's—1) if p=2.

In [118, Theorem 2.1] (also see [120] and earlier related references therein) the improved Gagliardo-Nirenberg
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inequalities
EplF]

iy |F|)say VFeH(SY) (5.11)
IF12) s 9

2
Vthy)zdw(
are stated with y given by (5.8) under the conditions
d>1 and 1<p<2® if d>2, p>1 if d=1.

Why this estimate is based on the heat flow is explained in Appendix 5.6. Additional justifications and the

discussion of the case p =2 are also given in Appendix 5.6.

Since ¢(0) =0, ¢’(0) = 1, and ¢ is convex increasing, with an asymptote at s = s, if p € (2,2"), we know
that ¢ : [0,s,) — R" is invertible and w : R* — [0, s, ), s~ w(s) := s— ¢~ '(s), is convex increasing with (0) =
¥'(0) =0, lim;— 400 (£-v(1)) = 5., and

(d-1)?
(d+2)?

w"(0)=¢"(0)= (2"-p)(p-1)>0 Vpe(1,2").

Proposition 75. With the above notations, d > 1 and p € (1,2"), we have

2
1 [ VF2(say

= VFeH' (SY).
d || F[fp(say )

IVF I (say = AEp[F12 | Flfp(say ”’(

If p =2, notice that v is explicit and given by
1
w(t):=t——log(l+yt) Vt>0.
Y

2
1+yt

The proof of Proposition 69 follows from the observation that y(t) > ’2—/ for any ¢ > 0.

5.3.2 An estimate based on the fast diffusion flow, valid up to the critical expo-

nent

The subcritical range p € [2%,2*) corresponding to exponents between the Bakry-Emery exponent and
the critical Sobolev exponent is not covered in Section 5.3.1. In that case, we rely on entropy methods based
on a fast diffusion or porous medium equation of exponent m which are detailed in Section 5.6 (with corre-

sponding references), to establish that an improved inequality (5.11) holds for any ¢ = ¢, , where

Omp(S) ::/Osexp[—(((l—(p—2)z)1_6—(1—(p—2)s)1_6)]dz (5.12)

provided m € &), := o), := {m e[m_(d,p),m.(d,p)]: £<m<1ifp< 4} where

2
p

dp+2i\/d(p—1)(2d—(d—2)p)) (5.13)

1
my(d,p):= m(
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while the parameters § and { are defined by

(m-1)p°

4(p-2)’
_(d+2)’pPm?-2p(d+2)(dp+2)m+d®(5p>~12p+8)+4d(3-2p)p+4

‘- (L= m) (d+2)2 12 |

0:=1+

Let s, :=1/(p-2) asin (5.9) and consider the inverse function (p;nl,p !RY = [0,5,) and Yy, p(8) := 5 (p;},p(s).

Exactly as in the case m = 1, we have the improved entropy — entropy production inequality

Ep[F]

VFeH (S%),
Fllip(sd)) (59

”VF”iZ(Sd) >d ”FHIZJJ(gd) (Pm,p(

which provides us with the following stability estimate.

Proposition 76. With above notations, d > 1, p € (2,2*) and m € <), we have

2
IVE|{2(s4)

—2 ) vFEeH!(SY).
d ||F’ip(§d))

IVE[f2(say = dEp[F12 d | F|p(s0) wm,p(

The function ¢, , can be expressed in terms of the incomplete I' function, while vy, ;, is known only

implicitly.

5.3.3 Comparison with other estimates

Let us assume that p € (2,2). In [144], R. Frank proves the existence of a positive constant ¢, (d, p) such
that )
2 —12

(I9F ooy + 1F =l s

2 2
|VF[ 12 (s4) +ﬁ IFlt2(say

|VF[2 50y~ dEp[F] > cu(d, p) VFeHY(S%, du)

where F := Jsa F dpig, which in particular implies the existence of a positive constant c(d, p) such that

VE|;
GIFED VFEeH (SY du) (5.14)

|VF|% ay - dEH[F] > c(d, p)
= IV ony + 5% |FI o)

for all p € (2,2*). The value of the constant ¢, (d, p) found in [144] is unknown as it follows from a compact-
ness argument, in the spirit of [47], but the exponent 4 in the r.h.s. of (5.14) is optimal. With the test functions

Fe(x) =1+¢&x-v for some arbitrary v € S%, we can indeed check that

1 2 _(@+p)(p-1)

tim 5 (IVEeli(sn) —d8plFel) = =07 5
which gives the upper bounds

(p-1)(d+p) d>  (p-1)(d+p)

2(p-2y(@rz) P4 AP oy @ra)

c(d,p) <
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Let us notice that |VF ||iz(§d) >d||F —1_7Hi2 by the Poincaré inequality, so that we have

(s%)

_ 2 d? _ 2
(I9F sy + 1P =Fliasn ) 2 19F 10y > g3z (19F 1y + [P~ Flia s

and, at least if ¢, (d, p) and c(d, p) are the optimal constants

2

(di—l)zc(d,p) <c.(d,p)<c(d,p).

We claim that the carré du champ method provides us with a constructive estimate of c(d, p). Let

2(1d_c) (ch—s*+\/s§+4cs(s—s*)).

Corollary 77. Let p € (2,2"). With the notations of Proposition 76, Inequality (5.14) holds with

be(s) =

c=sup {c >0:3Ime ), such thatpe(s) <Qmp(s) Vse[0, s*)}.
Proof. With no loss of generality, let us assume that | F|,(gs) = 1 and define

2
1_HF“LZ(gd)

. 2
1= ||VF”L2(§d) and e:= p_z

so that HF”ig(gd) =1-(p-2)e. With c=c(d, p), we can rewrite (5.14) as

which amounts to
i—de>d¢c(e).

Since we know that i —de > ¢,, ,(e), the conclusion follows for the largest possible ¢ > 0 such that ¢, , >

¢e. O

5.4 Global stability results

We collect the statements of Theorems 70 and 73 in a single result. The whole Section is devoted to its proof.

Theorem 78. Letd >1 and p € (1,2*). Forany F e H'(S%, du), we have

4
HVHIFHLZ(§‘1)
2 2
HVFHL2(§d)+ HFHL2(§d)

f§d|vF|2dpd—d£p[F]zyd,p( +yv(1d—H1)FHiz(§d)) (5.15)

for some explicit stability constant 4 ,, > 0.

The value of ., ,, is elementary and explicit but its expression is lengthy. We explain in the proof how to

compute it with all necessary details to obtain a numerical expression of ., ,, for given p and d, if needed.

Proof. By homogeneity of (5.15), we can assume that | F[ 2 sy = 1 without loss of generality. For clarity, we

subdivide the proof in various steps. Let us start with the case p > 2.
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e An estimate based on the carré du champ method. If || VF||ig(§d) / ||F\|ip(§d) >y > 0, we know by the con-
vexity of ¥/, , that

IVE|22 cay — dES[F] > d | F|Ppicay ¥im (1%}1% (ﬁO)IIVFIIZ J (5.16)
teqsny = AEpEI2 A IE N @0 Ve G e, ) 2 5y Y (s

In that case, we conclude from || VF“52(§,1) = ”VHIFH%}(gd) +|v(d-11;) FHiz(gd) and

| VI P2 (sa)

HVH1F||i2 sd) 2 5 2 .
OO NVFIZ 0y + IF IR (s

Let us assume now that |VF ||iz(§d) < |F ||i,, (s¢)- By taking into account (GN), we obtain

I9E L5ty < 80 LEEp sty < 80 I F ey + E22 19 FlRer ).

Using | F|z(sey =1, and

di
9=— "2 50
d-(p-2)9o
then we know that
| VF[F2(say < 0. (5.17)

Notice that so far the parameter 9 (or equivalently {p) still has to be chosen.

o An estimate of the average. Let us estimate IIoF := [, F dp4. By the Poincaré inequality, we have

2 2
)
1=[Fliz(s) :(fgiFd“d) + [ (1d - o) Flf2 (s S([ngdﬂd) o

and on the other hand we know that ( [s. Fd pa)* <|F "ig(§d y = 1 by the Cauchy-Schwarz inequality, so that

d;ﬁ<(f Fd )2<1 (5.18)
d gat CHa] =2 '

We assume in the sequel that
d<d. (5.19)

e Partial decomposition on spherical harmonics. With no loss of generality, let us write
F= (1+e% +1nG) (5.20)

such that .# =TIyF and [T, F = € % where % (x) =/ % x-v for some given v € S¢. Here the functions % and
G are normalized so that |[V¥|;2(sa) = [ VG| 2(sey =1 and

- _ 1
M| VF|Fsay =2 +07 and M7 |F[fogay =1+ 7 &+ |Gl f2(sa) -
We observe that ITo(F — .#') = 0. Using (GN) and the Poincaré inequality, we have

p-1
|F - ///”Lp(§d) |F- '//HLZ(§‘1)+ HVF”LZ(gd) d HVFHiZ(w)'
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Similarly, by (5.5)
dp 2 ( 2d-p(d-2) ) 2
—— | VG =|l-———F—7—= G >d&,|G
2(d+p) |V ”L2(§d) 2(d+p) |v HL2(§d) p[ ]
and the improved Poincaré inequality (5.5) written with p=1and k=1

G2 iy € —— e ——
I ”LZ(Sd)—m”V ”L2(§d)_M’

we have

p(p-2)
”G”in(gd) < ||G||52(§d) + 2(d+p) ||VG||L2(§,1) <Cpa

using | VG2 (say = 1, with Cp 4 := 5 (dl+1) + %. By the Cauchy-Schwarz inequality, we also have

1

Gl <—,
H ”L (R4) \/m

We recall that the eigenvalues of —A on S$¢ are A, = k (k+d — 1) with k € N. In preparation for a detailed

Taylor expansion as in [144], let us consider the function

& (x) ::\/%x-v,

which is such that —A% = 1; % with A; = d and

1

IV s =1 19 [Eagse =
4 3(d+1) 6 15(d+1)°
1 s (say = @3’ | |Ts(say = (d+3)(d+5)d?

The function % := %2 — % is such that —A%5 = 1, % with 1, =2 (d +1) and

5 ~ 2 9 _4(d+1)
H%”Lz(gd)—my HV%”LZ(W)_ d(d+3)'
The function % := %3 — 3((’;:;)) % is such that —A%45 = 13 %5 with A3 =3 (d +2) and
2 . 6(d+1)* 5 _18(d+2)(d+1)*
H%||Lz(§d) “(d+5)(d=3)2d Hv%||L2(§d) T (d+5)(d+3)2d?"

As a consequence of (5.20), we know that TlpG =TI;G=0and | VG| (sa) = 1. Let

Jsa V% -VGdpg g Jsa V¥5-VGdpg
3=
V2|12 (e V]2 (e

8=

With k=1, 2, using ~A%; = A % with A = Hv%“iz(gd) / H%Hiz(gd), we compute

‘ k||L2(§d) ”%”12}(§d)
D*Gdu f .G V%-VGdu — =)
J. R S A Jor75 9= A
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and obtain

D2Gd :[ B Gy = &2 ,
f§d Ha = Joa 2R Vd(d+1)(d+3)

d+1 2
d(d+3)\ (d+2)(d+5)"

fgdgsdedzfgd%ded:%gg with ¢3:=

* Taylor expansions (1). Let us start with elementary estimates of [1+&% |, (ga). If2< p<3and|[s|<1, we

have
%((1+s)p+(1—s)p)g1+§(p—1)32(1+$(p—2)(p—3)s2).

because all other terms in the series expansion of the L.h.s. around s = 0 correspond to even powers of s and

appear with non-positive coefficients. If either 1 < p <2 or p >3 and |s| <1/2, let
fo(8) =5 (e8P +(1-9)7) = (14 2 (p-1) )
2 2

and notice that f,/(s) = E(p-1) ((1+s)P2+(1-s)P2 —2) > 0 by convexity of the function y — y?~2 so that

c’(f) defined as the maximum of s~ f,(s)/s® on[-1/2,1/2] > s is finite and we have
1 1
_((1+S)P+(1_S)P)S1+B(p—l)sz(l-i-—(p—Z)(p—3)82)+C’(7+)86. (5.21)
2 2 12

We adapt the convention that c§,+) =0if p €[2,3). Using the fact that # (-x) = - % (x),

1+ez|” (Hl+s@|| +1-e2|

Lr(s?) - Lr(s9) L”(g"))

For any € € (0,1/2) we use (5.21) to write

1+ 21, 0y~ (142 =D (1 1oy + 55 (9-2) (-3) 19 T Eu(ay 7))

<cS 1 s s €°

(=)

For similar reasons, one can prove that there is another constant ¢, * which provides us with a lower bound

CIE,_) |2 Hiﬁ(Sd) €5, Altogether, this amounts to

( )£6< H1+£@||Lp(§d) (1+ap,d£2+bp,d£4)£c’(:d) b (5.22)
with
a, = PP L oy (o3 L ) 15(d+1)*  (+)
pd= o Opd T APTERPTS) Gay) rd pd T a3y (des)ar P

Estimate (5.22) is valid under the condition that € < 1/2. We shall therefore request that
<t (5.23)
4’ '

which is an obvious sufficient condition according to (5.17). Now we draw two consequences of equa-

tion (5.22). First, let us give an upper estimate of |1+ &%/ Hin(gd)- Using

2 3

2 S s 2 S
1+s)r<l+2=——(p-2)=+-(p-1)(p-2)—,
(1+5) , (p )p2 3(19 )(p )p3
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we obtain

2 1
Hl +8@||12](§d) <1+ ; apydgz + ? (Zpbp,d - (p—2) aiyd) 64 + r(+) 66 (5.24)

where the remainder term r(*) is explicitly estimated by

96p3r(+) =64a;d(p2—3p+2)+48a§’d(p2—3p+2) (2bpa+cpa)
+12ap,q(p—2) (2bpa+cpa) (2bpa(p-1)+cpa(p-1)-8p)
+8b; 4 (p*-3p+2)+12b7, ;(p-2) (cpa(p-1)-4p)
+6bpacpa(p-2)(cpa(p-1)-8p)
+Cp,d(c§yd(p2—3p+2)—IZCp,d(p—Z)p+ 192 p?).

To do this estimate, we simply write that £ < 267% £ for any a > 6 using the (non-optimal) bound & < 1/2.
Similarly, using

2, s s 1 s

(T+s)r "< 1—(P—2);+(P—1) (p—Z)F—g(p—l)(zﬂ—Z) (SP—Z)E

+é(p—1)(p—2)(3p—2)(2p_1)s_4’
p

we obtain

-2 _
H1+8@||i,,(§d) < 1+p7ap,d£2—% (pbp,d—(p—l)a;d) et ()b (5.25)

where the remainder term r(~) has also an explicit expression in terms of ap,da, by q and c’(;d) , which is not

given here.
o Taylor expansions (2). With u >0, u+r >0 and p > 2, we claim that

(u+r)P <u’+pul™? r+£(p—1) uP=2r% 4+ > C,’z u’”—k|r|k+Kp|r|’”
2 2<k<p

for some constant K, > 0, where the coefficients

P I'(p+1)
kKT T(k+1)I(p-k+1)

are the binomial coefficients if p is an integer. It is proved in [119] that K, = 1 if p € (2,4] u{6}. The proof is

similar to the above analysis and left to the reader. Let us integrate this inequality and raise both sides to the

power 2/p to get
2 2 2
s 12 sy < lulpsay (145)7
with
s:;(p/ u”_lrdud+2(p—l)f uP2r’dug
4l gy \ Jos 2P Jas

—ky..1k
LTl [tk [ )

2<k<p

By assumption 2/p < 1 so that we may use the identity (1+s)%/” <1+2s/p for any s > —1. Notice that we can
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assume that u+ r > 0 and deduce from (1) that s > —1. As a consequence, we have

2 2
Ju+ rHLp(gd) < HuHLP(Sd)

2 2-p ( f p-1 p f 2 2
+= dug+=(p-1 P d
p Hu”Lp(gd) p §du rafg 2 (p ) §du r-apq

—ki..1k
+ 2 Ci’fgdu’? 7| dud+1<p[§drrlpdud)

2<k<p

We apply these computationsto u=1+¢e% and r =1G.
M| Flip(say = 11+€Z [Ep(say
2_ _
H1+s@/|]Lp€§d)n(p'éd(lJrs@)P ' Gduy

P, p-2 |2
2 p-1)n [, (1re® ) (6P dpg

2
<=
p

—k
v ¥ ot [ (+ed)P (Gl g+ Kon? [ (G dpa |-
2<k<p S S

Let us detail the expansion of each of the terms involving G in the right-hand side of this estimates. For any

s€(-1/2,1/2), using the expansion

()P <1 (p=1)s+ 2 (p=1) (p=2) 8 + < (p=1) (p=2) (p=3) S + By

for some constant R, > 0 applied with s =1+ &%/, we obtain

_ 1 82
1+e# )P Gdug<=(p-1)(p-2 &
n [, ey’ Gdpa< (p-1)(p NIk
an£4

+é<p—1>(p—z>(p—3>6383"53+m'

The other terms admit simpler expansions:

o [, (L) (6R dpsa <n? (1+6)"2 |Gl ey

<Gl say 2+ 72 ((1+e)P2-1)

1
2(d+1)

and

k -k k
> cfnt [ (rewy (6l dua+ Ko [ 161 dpg
2<k<p

k -k k
<) C,fn (1+e)” ”G”Lp(gd)"‘Kpnp ”G“fn(§d)
2<k<p
-k ~k
< ¥ it (re)F Ol KynP Cpa.
2<k<p
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Collecting (5.24), (5.25), and the above estimates, we arrive at

Nl

2 1
s1+—ap'd£2+—2(2pbp,d—(p—2)a§d) g+ () ¢
p :

-2 -2 _
+(1+p7ap,d€2—pp7(pbp,d—(p—l)a;d) e+ r )56)

|00 L -0 -2 -
2R,net

+p=1) (”GHiZ(W) n2+2(d—1+1)772 ((1+e)P=2- 1))

+\/2(d+1)

2 —k ~k
+—( > C,’znk(1+g)p ka'/;Jeranpyd)].
2<k<p

Using |g2| <1, |gs|<1,and 2(d +1) | GHE2 (s4) <1, this gives rise to an explicit although lengthy expression for

a positive constant R, 4 such that, assuming (5.17), i.e., €2 +n? < 9, we have

- (fgd [VEF dpa~ ng[F]) > Ae* = Be*n+Cn —Rpq (97 + %)

: _ (p-D)(d+p) n._ d(p-1) o d+2 C
with A:= 2d(d+3) ,B:= @D (@9 andC._—2(d+1).Thed1scr1m1nant
1
B?-4AC=-——(p-1)(2d-p(d-2
d(d+3)(p )(2d-p(d-2))

is negative if p € (1,2*), so that we can write
Asz—Bs+C:(A—/l)sz—Bs+(C—/1)+/l(sz+l) 21(32+1)

where

A::%(A+C+\/(A—C)2+B2)

is given by the condition that B2 —4 (A— 1) (C - 1) = 0. Altogether, we obtain

” (/gd [vEF d“d‘dﬁ'p[P]) > A(e +0?) =Ry a (07 +9°2).

e Conclusion if p > 2. We choose 9 > 0 such that (5.19) and (5.23) are fulfilled and we further assume that it is

taken small enough so that
Rpa (9P +9°%) <

(ORI

(9°+9).

With 1
Opa={0>0: Rya (07 +6%°) =7 (6°+0) |
this last condition amounts to
ﬁf;ﬂpJp
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It is elementary to check that under the condition €2 +7? < 9, we have

< el +n?
T30 e2+n2+1 T

For any F such that || VFHiz(§d) <9, we obtain

4
f IVEP dpg—dEy[F] A A ( [V Fl (sa)
sd ‘

> +||v(1d-11,) F|% .
2(2+0) \ | VFIZ g0y + 1 F I oo HE

Using (5.16) and (5.18), this completes the proof of Theorem 78 if p > 2 with

. 1 1
1‘):m1n{5 d, 7 ﬁp,d}

_ o [d+(p-2)9 i Md-9)
and jﬂd,p—mm{ 9 wm’p(d+(p—2)19)’2d(2+,9)}'

o The case p < 2. The strategy is the same, with some simplifications, so we only sketch the proof and empha-

size only the changes compared to the case p > 2. Let us notice that
(1+s)’9£1+ps+§(p—l)s2 if 1<p<2

and (1+5)?log((1+5)?) <2s+2s%+% s> in the limit case p = 2. The estimates involving 1 +¢% are therefore
essentially the same if we assume € < 1/2, while the computation of |u+ r||ip(§d) is in fact simpler, when
applied to u=1+¢% and r =nG. The estimate on the average is simplified because | F|,(gay <[ Fll;2(say
by Hélder’s inequality, since dp is a probability measure on $¢. Spectral estimates are exactly the same and
the Taylor expansions present no additional difficulty, as we can use (GN) for some exponent ¢ € (2,2*) to
control the remainder terms if p = 2, so that (1 + s)? log((l + 5)2) <2s5+2s%+x4s7 for some x; > 0. The

conclusion is the same as for p > 2 except that we have to replace ¥, , by ¥ defined as in Proposition 75. O

5.5 Appendix: Improved Gaussian inequalities, hypercontractiv-
ity and stability

Whether the results of Theorems 68, 71 and 74 can be extended to the Euclidean case with the Gaussian
measure is a very natural question. Spherical harmonics can indeed be replaced by Hermite polynomials and
there is a clear correspondence for spectral estimates. The answer is yes for a whole family of interpolation
inequalities, but it is no for the logarithmic Sobolev inequality, which is an endpoint of the family.

Let us consider the normalized Gaussian measure on R% defined by
do(x)=(2n) % e 2 dx.
For any p €[1,2), W. Beckner in [35] established the family of interpolation inequalities

”f“iz([Rd,dy) - Hinp([Rd,dy)
2-p

<|VFlEmaay VIfeH' (R do). (5.26)

With p =1, Inequality (5.26) is the Gaussian Poincaré inequality while one recovers the Gaussian logarithmic
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Sobolev inequality of [155] in the limit as p — 2. For any p € [1,2), the inequality is optimal: using f; :=1+&e¢
as a test function, where ¢ is such that [ ¢ dy = 0, we recover the Gaussian Poincaré inequality with optimal
constant in the limit as € — 0, so that the constant in (5.26) cannot be improved. Based on [187, 14], the

improved version of the inequality

1 £ 12 e, ayy = |15 e,
2-p

sg IV L@ gy ¥ feH R do) (5.27)

holds under the additional condition

[Rdxf(x)dy:O. (5.28)

Let us give a short proof of (5.27). Assume that f = Y ;. fr is @ decomposition on Hermite functions such
that L fi. = k fy where £ = A—x-V is the Ornstein-Uhlenbeck operator, and let ay. := | fi Hiz(Rd'd},) forany ke N,
so that

2 2
Hf”LZ(IRd,dy) = Z ajg and ”vf”LZ([Rd,dy) = Z kak.
keN keN

Let us consider the solution of 5
u

—=L 5.29
or Y (5.29)

with initial datum u(¢=0,-) = f and notice that

2 -2k
lu(t,) Tz (a,ayy = 2 ave ™.
keN
Hence, if (5.28) holds, a; =0 and
2 2 -2k
| FIT2ra,ay) = Nt ) T2 (e, ay) = kZ ag(1-e**")
>2
1 vy 1 o4l (530
SE(I—Q )Zkakza(l— )va“LZ([Rddy)
keN

—2kt)

because k (1 -e /k is monotone nonincreasing for any given ¢ > 0. Next, we use Nelson’s hypercon-

tractivity estimate in [220, Theorem 3] to find ¢, > 0 such that

2 2
lu(ter ) T2, ayy < 1 F i me,ay) -

As noted in [155], this estimate can be seen as a consequence of the Gaussian logarithmic Sobolev inequality
fd| 1o ( v )dyngd|Vv|2dy VoeH (R do), (5.31)
R Kt R

and the argument goes as follows. With h(¢) := |u(t,-) | () (ga qy) fOr some exponent g depending on ¢ and

u solving (5.29), we have

Wooq e ((uff
W Rdﬁl"g(ﬁ)d

)|dy<0

ha q R

by (5.31) applied to v = |u|9/?, if t = q(t) solves the ordinary differential equation

q'=2(q-1).
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With g(0) = p <2, we obtain g(t) = 1+(p - 1) ¢?! and find that Nelson’s time ¢, is determined by the condition
q(t.) = 2 which means e~ = p— 1. Replacing = t, in (5.30) completes the proof of (5.27), which can be

recast in the form of a stability result for (5.26).
Theorem 79. Letd >1 and p€[1,2). Forany f e H'(R?,do) such that (5.28) holds,
2 1 2 2 2-p 2
IV £tz e,ay) - 7 p ( | £z e, ayy = 1 F1T0 R,y ) > IVl @aay) -

As a byproduct of the proof, with ¢ = ¢, in (5.30), we have the mode-by mode interpolation inequality

I ety =1 N aany s 1-(p-1*

= ”ka”22 d VfEHl(le,dU),
2-p izt k(2-p) L(R%dy)

without imposing the condition (5.28), for any p € [1,2). Forany k> 1,

1-(p-1)F 1—(1—(2—,9))":1

lim = lim

p=2- k(2-p)  po2- k(2-p)
so that no improvement should be expected by this method. This is very similar to the case of the critical
exponent on the sphere of dimension d > 3. In this sense p = 2 is the critical case in presence of a Gaussian
weight, as all modes are equally involved in the estimate of the constant. This is a limitation of the method
which does not forbid a stability result for (5.31), to be established by other methods.

Let us conclude this appendix by some bibliographic comments for the literature on inequality (5.26), for
the Gaussian measure. The analogue of Proposition 72 in the Gaussian case is known from [15]; also see [126,
Section 2.5]). Assuming that not only condition (5.28) is satisfied, but also orthogonality conditions with all

modes up to order kp > 2, then an improvement of the order of

1-(p-1)*
ko (2-p)

can be achieved for Inequality (5.26), which is the counterpart of Theorem 71 in the Gaussian case. This has
been studied in [187] but we can refer to [14] for a more abstract setting and later papers, e.g., to [259, 257]
for results on compact manifolds and generalizations involving weights. For an overview of interpolation
between Poincaré and logarithmic Sobolev inequalities from the point of view of Markov processes, and for
some spectral considerations, we refer to [258, Chapter 6]. Notice that hypercontractivity appears as one of

the main motivation of the founding paper [24] of the carré du champ method.

5.6 Appendix: Carré du champ method and improved inequali-
ties

For sake of completeness, we collect various results of [121, 120, 124, 118] and draw some new consequences.
Computations similar to those of Section 5.6.1 can be found in [48] for the study of rigidity results in elliptic
equations. For nonlinear parabolic flows, also see [112, 113]. Other sections of this appendix collects results
which are scattered in the literature, but additional details needed in Section 5.3 are given, for instance a

sketch of the proof Proposition 83 or the computations in the case p = 2.
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5.6.1 Algebraic preliminaries

Let us denote the Hessian by Hv and define the trace free Hessian by
1
Lv:=Hv- y (Av)gq.-

We also consider the following trace free tensor

vveve 1 |vuf

Mv:=
v d v

8d»

where (Vv®Vv);j:=0;v0;vand [VveVv|*=|vVu|* = (g 000 jv)? using Einstein’s convention. Using
L:gq=0, M:g;=0

where a: b denotes a'/ b;j and | a|?:= a: a, and

1
[Lvl® = [Hv]* - = (av)®,

||Mv||2—HVU®vv 2 1|vel* _d-1|vy
d v? d v?’
we deduce from
2 4
®
gd |v| f|v|d“_2fH vadud

Vveve 2 [Vvf?
_ Mv 2d —2[ Lv:——d ——/ Av——d
1 [gd IMo|2dpg-2 [ 2 dpa-= [ a0 dpg

a first identity that reads

|V u)? d ( d [ ) [ Vue vy )
Av——du;=—|—— M dug—2 Lv:———d . 5.32
sd v v Ha d+2\d-1Js4 M| dpaq sd v v Ha ( )

The Bochner-Lichnerowicz-Weitzenbock formula on $ takes the simple form
1 2y _ 2 2
5A(|Vu| )=|Hv|*+V(Av)-Vv+(d-1)|Vv|

where the last term, i.e., Ric(Vv,Vv) = (d - 1) |[Vv|?, accounts for the Ricci curvature tensor contracted with

Vv ® V. An integration of this formula on $¢ shows a second identity,
JA (Au)zdud=if Lo dpg+d [ |[9oP dpg. (5.33)
S d-1Js4 S
Hence

%[u]::fgd(Aum@)( (g7 |2)

f (Av)? dug+ (x +p - 1)/ Av |Vv|4

du +x(B- 1)/
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can be rewritten using (5.32) and (5.33) as

d
H)=— [ Lol dpg+d [ v du,

d d
+(K+ﬁ—1)ﬁ(ﬂf§d ||MV|’2dﬂd—2£dLU3MVdﬂd)

d
ex(p-1) 7 [ IMvl2dug

where

b:(K+ﬁ—1)%1 and c=£(1<+[3—1)+1<(,6—1).

Letk = B(p—2) + 1. The condition y := ¢ - b* > 0 amounts to

— 2
Y:%ﬁ(ﬁ—l)+(l+ﬁ(p—2))(,6—l)—(%ﬁ(p—l)) (5.34)

where y = —(AﬁZ—ZB,B+C) with

d-1 2 d+3-p
a=(E2(p-1)) +2-p, B- d Cc=1.
(d+2(p )) " p a+2 an

A necessary and sufficient condition for the existence of a § such that y > 0 is that the reduced discriminant

is nonnegative, which amounts to

4d(d-2)

B’-AC=
(d+2)2

(p-1)(2*-p)=>o0.

Summarizing, we have the following result, which can be found in [121] for a general manifold.

Lemma 80. With the above notations, for any smooth function v on S%, we have

Hv]> vol', +d/ Vol d
2y st 12 Ha sd Ha

for somey >0 given in terms of B by (5.34) if p€ (1,2%).

Notice that we recover the expression of y in (5.8) if we take § = 1. The case p = 2 does not add any
difficulty compared to p + 2.

5.6.2 Diffusion flow and monotonicity
Assume that u is a positive solution of

ou

2
o =y P(=m) (Au+(mp—1)M). (5.35)
u
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In the linear case m = 1, u” solves the heat equation. Otherwise we deal with the nonlinear case either of a

fast diffusion flow with m < 1 or of a solution of the porous media equation with m > 1. We claim that

d

d
2 2 -p(1- 2
EHuHLp(Sd):O and a”uHLZ(gd):Z(P—Z)deU PU=m Ul dugy.

Let us assume that the parameters § and m are related by

2 /(1
m:1+—(——1). (5.36)
p\p

If v is a function such that u = v# , then v solves

0 2
9. v22h (Av+1<—|vv| )
ot v

with x = f(p—2) + 1 and as a consequence we find that

d
Sl =2(p-2) B [ IVoF dpsa.

Similarly, we find that

d 2 _ -1 ov i _ 2
EHVUHLZ(Sd)——Zde (ﬁv E)(AU Ydpa=-2p"[v] (5.37)
By eliminating f in (5.34) using (5.36), we obtain

(d+2)*p*m?-2p(d+2) (dp+2)m+d2(5p2—12p+8)+4d(3—2p)p+4
Y= .

(d+2)2 (z—p(l—m))2 (5:59)

The condition y > 0 determines the range m_(d,p) < m < m.(d, p) of admissible parameters m, where

m.(d, p) is given by (5.13). Summarizing, we have the following result (also see [121]).
Lemma 81. Assume thatpe (1,2%) andme[m_(d,p), m.(d,p)]. If u solves (5.35), then we have

1 d

vol*
TTA

[Vuliesay-a&plul) <=y |, =5 dpa (5.39)

where v = u'P with B andy given in terms of m respectively by (5.34) and (5.38).
Notice that the case of the linear flow corresponds to the case m=f=1and v = u.
Proof. For a smooth solution, the result follows from (5.37) and Lemma 80. The result for a general solution

is obtained by standard regularization procedures. O

5.6.3 Interpolation

Depending on the value of p, we shall consider various interpolation inequalities. Let us define

5. 2-(4-p)p

= if p>2, 6:=1 if pe[1,2]. (5.40)
2p(p-2)

Lemma 82. Ifone of the following conditions is satisfied:
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G) pe(1,2") and B=1 (sothaté =1),
(i) pe(4,2%)ifd>5,
(iii) pe (2,min{4,2*}) and1<p<2/(4-p),

then u = vP is such that

ol s L Jeel Vil dpa fsu| V0P dpia
a [pl2 = B2 5 p1 -
st [v] B (S a2 dpsa)? (fua|ulP dpp) 7o

(5.41)

Case (iii) was originally proved in [112, 113] and we refer to [120] for a proof in the case of the ultraspherical

operator.

Proof. In case (i), v = u and Inequality (5.41) is a consequence of the Cauchy-Schwarz inequality

1 1
2 B Vol ? [vul* 2 2 2
fwlwl dud—f vdpg ( o gz Ha f§d|ul dua|

Cases (i) and (ii) follow from two Holder inequalities.

1,1
35 T2p " 1, we deduce from

1 B-1 1
2 _ [ VP vyt ? 25 2 26
deWW dﬂd—[gd » 'l'VdudS(de 2 dHa ];dldﬂd /;dW dpa)

and the assumption that du is a probability measure, the first estimate

([ |VV|4 ) Jsa VU] dud
st p2

(Joa|uP dpa)?

1) Wlth + 81

2) With 1 + 3 (ﬁl;_lz) + 227/3(‘(1;? gf = 1, Holder’s inequality shows that

! - V2 et
E/gdwld?—dﬂd:/gd »2(B 1)|vy|2d'ud:f§d%.y = ’Vzﬁ&dﬂd

vol L\ L\
<| Lo dua) ([l dua)™ ([ e dua

from which we deduce the second estimate

1
vol* 2 1 JoalVul? dug
st v? Ha ZE 5 EN
(JaaluPdpa)® (Joa|ulP dug)pr-2
The combination of our two estimates proves (5.41). -

Using (5.36), Condition (iii) in Lemma 82 is changed into the condition that % <m<1lif2<p<4andwe
may notice as in [112, 113] that it is always satisfied if we choose = 4/(6 — p) corresponding to an admis-
sible fast diffusion exponent m = (p+2)/(2p), for any p € (2,2*). By the admissible, one has to understand
m_(d,p) < m<m,(d,p), so that y is nonnegative. With the choice of m=(p+2)/(2p), we find § =1/4.
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5.6.4 Improved functional inequalities
Let us denote the entropy and the Fisher information respectively by

1 .
ei=—— (lul}p(say~ lulfrisay) and i=|Vul?: (s,

p-2
and let y and 6 be given respectively by (5.34) and (5.40). Up to the replacement of u by u/ | u|| ICOL with no

loss of generality, we shall assume that
||uHLn(§d) =1

We learn from (5.39) and (5.41) that

i\ de) < yie' . .
( e)<—(1_(p_2)e)5 (5.42)

Solving the ordinary differential equation in the equality case of (5.42) with e’ = —2 2, that is,

e +2dpte /:L,)z,
( ) (1—(p—2)e)5

is equivalent to solve
d Y e/

—(i— dcp(e))

< 5 (i- dp(e))

P (1-(p-2)e)
where ¢ solves

Y @(s)
P (1-(p-2)s)°
The reader is invited to check that the solution of (5.43) with initial datum ¢(0) = 0 is given by (5.10) if m =1
and by (5.12) with { =27/ ( B(1- ﬁ)) in the nonlinear case. We learn from (5.42) that

@'(s)=1+ (5.43)

el

i A — .
(=0 5 (= o)

This is enough to prove the following result.

Proposition 83. With the above notations, we claim that

i>do(e).

Proof. Letus give the scheme of a proof. Let 7 := y/ 2, in order to simplify notations. We can argue as follows:

1. i"+2di=(i—de) <0shows that
0<i(t)<i(0)e 29!

and in particular lim i(t)=0.
t—+o00
2. As t — +00, e converges to a constant, hence tlim e(t)=0.
—+00

3. From (5.42), we learn that )
(i-de)' <dyee = 3 dy(e?)’

where the inequality follows from 1 - (p-2)e<landi>de.

4. Tt follows from (i—de)’ <0 that i > d e using an integration from any ¢ > 0 to +oo.
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5. Unless u is a constant, we read from (i — de)’ < %)7 d(e?) thati-de> % ¥ d e? using again an integration

from any ¢ >0 to +oo.

. Take some 9 € (0,1) and consider the solution of

07p(s)
(1-(p-2)s)°

In the spirit of (5.42), we have a following chain of elementary estimates

P'(s)=1+ 2(0)=0. (5.44)

(i-d9p(e)) < (i- dp(e)) +d (1-9) (@(e)) < (i- dp(e))’

and obtain _,
(i- d9g(e)) < ﬁ (i- d9P(e)) . (5.45)
(p-2)e

We know that ¢(0) = 0 and read from (5.44) that ¢’ (0) =1 and ¢”’(0) =97’ (0) = 97 so that p(e) —e ~

%ﬁiez ase—0.Usingi—de> %?dez,we learn that
1
i—dop(e)> EYd(l—ﬂ)e2(1+O(e))

for e = e(t) small enough, i.e, for ¢ > 0 large enough.

7. Itis simple to check from (5.45) thati— d 9¢p(e) cannot change sign.

8. We conclude as above thati— d 9¢(e) > 0 using an integration from any ¢ > 0 to +oo.

9. Finally, we consider the limitas 9 — 1_.

Altogether, we conclude that i > d ¢(e) where ¢ solves (5.43). This completes the scheme of the proof of

Proposition 83. O



Chapter 6
On Gaussian interpolation inequalities

This chapter corresponds to the paper [P3], accepted in Comptes Rendues Mathématique, in collaboration

with Jean Dolbeault and Nikita Simonov.

Abstract

This paper is devoted to Gaussian interpolation inequalities with endpoint cases corresponding to the Gaus-
sian Poincaré and the logarithmic Sobolev inequalities, seen as limits in large dimensions of Gagliardo-
Nirenberg-Sobolev inequalities on spheres. Entropy methods are investigated using not only heat flow tech-
niques but also nonlinear diffusion equations as on spheres. A new stability result is established for the

Gaussian measure, which is directly inspired by recent results for spheres.

Résumé

Cet article est consacré a des inégalités d’interpolation Gaussiennes, avec comme cas extrémes I'inégalité de
Poincaré Gaussienne et l'inégalité de Sobolev logarithmique, vues comme limites en grandes dimensions des
inégalités de Gagliardo-Nirenberg-Sobolev sur les sphéres.

Les méthodes d’entropie sont abordées en utilisant non seulement des techniques basée sur I’équation
de la chaleur mais aussi sur des équations de diffusion non-linéaires, comme pour les sphéres. Un nouveau
résultat de stabilité est établi pour les mesures Gaussiennes, qui s’inspire directement de résultats récents

sur les spheéres.

6.1 Introduction and main results

Let us consider the Gagliardo-Nirenberg-Sobolev inequalities on the unit d-dimensional sphere

d d
Hvu”iz(§d,dud) = ﬁ (” uHin(gd,dpd) - u”iZ(gd,dud)) VueH (S, dpa) (6.1)

forany p € [1,2) U (2,+00) if d = 1, 2, and for any p € [1,2) U (2,2*] if d > 3. Here du, denotes the uniform
probability measure on $¢ c R%*! and, if d > 3, 2* = 2d/(d - 2) is the critical Sobolev exponent. By conven-

tion, we take 2* = +oo if d = 1 or 2. The purpose of this paper is to clarify the links of these interpolation

109
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inequalities with the family of Gaussian interpolation inequalities
2 1 2 2 L(R" 4
HVVHLZ([R",dy) 2> E (H y”LZ([R”,dy) - ” U”Lp(Rn’d,},)) YVveH (R , }/) (6.2)

where the exponent p is taken in the range 1 < p < 2. Inequality (6.2) is intermediate between the Poincaré

inequality corresponding to p = 1 and the Gaussian logarithmic Sobolev inequality

|vf?

1 v
IV0aqanan > 5 [, 10 1og| = —— |dy YveH'®",dy)
2 Ja E—

obtained as a limit case of (6.2) as p — 2_. Here dy(y) := (27) /2 e g y denotes the centred normalized

Gaussian probability measure and the dimension 7 is any positive integer.

It is somewhat classical that, if we consider the Sobolev inequality on the sphere, i.e., Inequality (6.1) with
p =2* and d > 3, rescale it to the sphere of radius \/d and fix a function depending on n variables only on
this sphere, since the curvature tends to 0 at the right order as one takes the limit as d — +oo, then the sphere
tends to the flat space with Gaussian measure. For instance, we read (with adapted notations) from [36,
p. 4818] that if we rescale this inequality so as to be on a sphere of radius \/d and take the limit d — oo or p — 2
we obtain in the Poincaré limit the Gross logarithmic inequality for the Gaussian measure since —(1/d) A on
S% goes to —A + x -V on the infinite-dimensional limit. The last part of the sentence refers to a result known
as the MaxwellPoincaré lemma : see [208] and [252, Remark 4, p. 254] for some historical comments. The
statement of [36] has been made more precise later in [39, 38] using a slightly different limit. However, to our
knowledge, the infinite-dimensional limit has not been considered in the subcritical range p < 2*.

On the sphere, Inequality (6.1) follows from [24, 25] for any p > 1 if d = 1 and any p € [1,2*] with 27 :=
(2d?+1)/(d-1)?if d > 2. The proof in the range p € (2%, +00) if d = 2 and p € (2#,2*] if d > 3 can be found
in [48, Corollary 6.1], [49] and [37]. Also see [196] in the case p = 2. In the case of the Gaussian measure,
we refer to [35] (also see [187]) for a first proof of Inequality (6.2). The formal analogy of (6.1) and (6.2) is
striking. Although computations are somewhat standard, our first purpose is to make this point rigorous and

recover (6.2) as a special limit of (6.1) as d - +oo.

Theorem 84. Let n be a positive integer, p € [1,2) and consider a function v e H'(R", dy) with compact sup-
port. For any d > n, large enough, if ug(w) = v(wl/\/ﬁ,wg/\/g,...,wn/\/ﬁ) where w = (w1, wy,...,W441) €
R4 5 S% s such that |w| = 1, then

d
. 2 2 2
AT d(”V”d It (se,aua) ~ 2-p (H talia(sa,an,) ~ Il ta ”L”(Wydﬂd)))

1
S

L (101 gy = 19y ) -
The carré du champ method has frequently been applied to prove Gaussian interpolation inequalities
ranging between the logarithmic Sobolev inequality and the Poincaré inequality like (6.2) using the linear
flow associated with the Ornstein-Uhlenbeck operator; see [24], and [26] for an overview. Still in the case
of the Gaussian measure, we adopt here a new point of view by using nonlinear diffusion equations in or-
der to prove the same inequalities, but with different remainder terms. This is a very natural point of view
when dealing with inequalities like (6.1) on the sphere, as shown for instance in [121] (see earlier references

therein). In that case, linear flows are indeed limited to exponents p < 2* if d > 2. To overcome this difficulty
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if either d = 2 and p > 2" or d > 3 and p € (2%,2*], one has to consider fast diffusion flows. Before explaining
the results for the Gaussian measure, let us summarize the main known results on the sphere.

On S, let us consider a positive solution u of

ou

2
o =y P-m) (Au+(mp—l)¥) (6.3)

where A denotes the Laplace-Beltrami operator on $%. In the case m = 1, u” solves the heat equation and for
this reason, we shall call it the linear case. Otherwise u” solves a nonlinear diffusion equation corresponding

either to a fast diffusion flow with m < 1 or to a porous media equation with m > 1. In any case, we claim that

d

d
2 2 -p(1- 2
E”M“Lp(Sd):O and E||u“L2(§d):2(p_2)/§du PO Ul duy.

Let us define

my(d,p):= (dp+2:i:\/d(p—1)(2d—(d—2)p)). (6.4)

1
(d+2)p
The following result can be found in [113, 121] with additional details in [122, 118] and [P2].

Proposition 85 (113, 121]). Assume that d > 1, with either p € [1,2) U (2,+00) ifd =2 orp e [1,2)u(2,2*] if
d>3,andletme[m_(d,p),m.(d,p)]. If u> 0 solves (6.3) with an initial datum in 1.2 nL”(§d, dug), then

d 2 d 2 2
2 (190l - et (ClACPRE TS ELIL IR

The limit, as ¢ - +o0, of any solution of (6.3) is a constant. This means that the deficit, that is, the difference
of the two sides in Inequality (6.1), converges to 0. Then, by Proposition 85, it follows that the deficit is non-
negative, which directly proves (6.1). The same monotonicity property applies to the deficit of the logarithmic

Sobolev inequality on the sphere

|uf®

d u
2 2
HVu||L2(§d,d“d)2Ef§d|u| log(—

5 )dud VueH (S duy)
[l o)

in the limit case corresponding to p = 2. The admissible values of the parameters are limited to m_(d, p) <
m < my(d,p) and 1 < p <2* if d > 3. Moreover, at the endpoints, we have m.(d,1) = 1 and m.(d,2*) =
(d-1)/d if d > 3, while m, (d,2") = 1 so that m = 1 is admissible if and only if 1 < p < 2 when d > 2. See
Fig. 6.1. For appropriate initial data, it is shown in [122] that the monotonicity property of the deficit along
the flow of (6.3) is violated for any p € [2,2*) or p =2* if d > 3 as soon as either m < m_(d, p) or m> m.(d, p).

In view of the results of Theorem 84, it is natural to ask whether there is also a monotonicity property of
the deficit associated to the Gaussian interpolation inequalities (6.2) when we rely on a nonlinear diffusion

flow on R". Let m.(p) :=limy_,, - m.(d, p) and notice that

mi(P)=li%\/(P—1)(2—P)- 6.5)

The diffusion operator associated to the Gaussian measure is the Ornstein-Uhlenbeck operator L=A—-x-V
and we consider now the nonlinear parabolic equation
ov |Vl

E:v"’(l_m) (£v+(mp—1)T). (6.6)
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RN

0.5+

Figure 6.1: Case d =5. The admissible parameters p and m correspond to the grey area. The bound-
ary of the admissible set is tangent to the vertical lines p =1 at (m, p) = (1,1) and p =2* =10/3 at
(m,p) = (4/5,10/3). Qualitatively, this figure does not change as d increases but gets squeezed in
the interval 1< p<2asd — +oo.

In the definition of £, A denotes the standard Laplacian on R”. The following result is new for m # 1 while

the case m = 1 follows from the method of the carré du champ developed by Bakry and Emery in [24].

Theorem 86. Assume thatn>1, pe[1,2). Ifv >0 solves (6.6) with m e [m_(p), m4(p)] for an initial datum
inl2nLP(R",dy), then

d 2 1 2 2
% (HVVHLZ(Rnydy) - ﬁ (” UHLp(Rn,dY) - || UHLZ(R”,dy))) <0 Vt>0.

The limiting case p =2 corresponding to the Gaussian logarithmic Sobolev inequality is also covered but it is
obtained as a standard application of the linear carré du champ method known from [24] because m.(2) = 1.
See Fig. 6.2.

Figure 6.2: The admissible parameters p and m correspond to the grey area and are independent of
the dimension n. The boundary of the admissible set is tangent to the vertical lines p =1 at (m, p) =
(1,1) and p =2 at (m, p) = (1,2). It is the limit set of the admissible parameters for Proposition 85
as d — +oo.

Said in simple words, the result of Theorem 86 is that the admissible range of exponents of the nonlinear
flow, for which the deficit associated to (6.2) is monotone non-increasing, is obtained as the limit of the range
of the corresponding exponents on the sphere, in the large dimensions limit. Moreover, p = 2 appears as a

critical exponent for the Gaussian measure.

Let us now focus on stability results. The main result of [P2] for the sphere is a constructive stability esti-
mate for Inequality (6.1), limited to the subcritical range p € (1,2*), which measures the distance to optimal
functions, and distinguishes the subspaces generated by constant functions, spherical harmonic functions
associated to the first positive eigenvalue of the Laplace-Beltrami operator, and the orthogonal directions.

Optimal exponents in the stability estimate measuring the distance to the set of optimal functions differ,
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depending on the directions. Here we have the exact counterpart in the Gaussian case. Let I1; denote the
orthogonal projection of L2(R", dy) onto the (n+1)-dimensional function space generated by 1 and x; with

i=1,2,...,n.

Theorem 87. Foralln>1, and all p € (1,2), there is an explicit constant c,,,, > 0 such that, for all v e H' (dy),
it holds

1
2 2 2
||wHL2<W,dY)—ﬁ(||v\|Lp<W,dY)—||vHL2<W,dY))

VI V”iZ(Rn,d},) )
R”,dy)

Vol oy + 171,

2 Cn,p (||V(Id—H1) V”IZ}(R",dy) +
L2(R",dy)

Exponents 2 and 4 which appear in the right-hand side of the inequality are sharp and the constant c;,, has
an explicit although complicated expression given in the proof. If p = 1, the last term drops and the distance

to optimal functions is measured only by
2
|V(1d=T11) v |72 (gn, 4y »

and a decomposition on Hermite polynomials shows that the estimate cannot be improved. If p =2* and n >
3, the recent stability result on Sobolev’s inequality on R” of [119], which quantifies the estimate of Bianchi
and Egnell in [47] can be translated into a stability result for (6.1) on S¢, that can be recast in the form of [P2,
Theorem 6]. By a large dimension argument, a stability on the Gaussian logarithmic Sobolev inequality is
also shown in [119], although the distance is measured only by an L?(R",dy) norm. Whether a stronger
estimate can be obtained in the limiting case p = 2, eventually under some restriction, is therefore so far an

open question.

This paper is organized as follows. In Section 6.2, we give a new proof of Inequality (6.2) as a consequence
of Inequality (6.1) by taking a large dimensions limit, applied to the inequality written for a function depend-
ing only on a fixed number n of real variables. To our knowledge, this is new except for the limit case p =2
of the logarithmic Sobolev inequality. Section 6.3 is devoted to the proof of Theorem 86: we characterize
the nonlinear diffusion flows of porous medium or fast diffusion type such that the deficit is monotone non-
increasing and recover the picture known on the sphere in the large dimensions limit. Moreover, by the carré
du champ method, we establish improved inequalities that provide us with first stability results. The stability
result of Theorem 87 for the Gaussian measure is proved in Section 6.4 using a detailed Taylor expansion and

the improved inequalities of Section 6.3.

6.2 From subcritical interpolation inequalities on the sphere to
Gaussian interpolation

In this section we explain how Inequality (6.2) can be seen as the limit of Inequality (6.1) in the large dimen-
sions limit, that is, as d - +o0, and prove Theorem 84. Comments on the limit case p =2 can be found at the
end of this section.

The unit sphere $¢ is parametrized in terms of the stereographic coordinates by

2x]-

. |
I 1+]|x[?

if 1<j<d and w = —
J d+1 1+|x|2
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where w = (w1,ws,...,w4,1) denote the coordinates in Rt 589 and x = (x1,X2,...,x4) are Cartesian coordi-
nates in R%. To a function u on S, we associate a function w on R? using the stereographic projection such
that

(1+2W) w(w) = w(x) ¥xeRe.

It is a standard result that
Sl aua=2"E 187" [ ()W ful? ax
and that
];d\Vulzdderid(d—z)/;d\u\zdyd:‘§d‘_lfw|Vw|2dx.

where (x) :=/1+|x|?> and 6 (p) :=2d - p(d - 2). Using the stereographic projection, Inequality (6.1) can be

written on the Euclidean space R? as the weighted interpolation inequality

2

2 C P » 3 2

Jolput s SO [ e d'pz(fm’;{;’(m d’“)p with Cqp=20 s 6)
p- X p- x

See [118] for details. Equality is achieved by the Aubin-Talenti function w, (x) := (x)?~%. Assume that d > 4.

Let us consider f = w/w, and notice that the inequality rewritten in terms of f is

4d . ¢ © \»
fRd|Vf|2wfdx+ﬁfRd|f|2wf dxz%(/ﬂﬂﬂ”uf dx)p.

At this point, we may notice that for any d > 3, we can choose freely any p € [1,2) u(2,2*] if d > 3. Since we
are interested in the limit as d — +o00, in order to consider a fixed, given value of p, we have no choice but to

restrict p to the case 1 < p < 2.

With g(x) = f(x/ Vd ), we obtain after changing variables that

p=2 z

1 2 dx ]. 2 d.x > Cd,p dd 2p p dx P

4 [de|vg| 1,2 d‘2+p—2 fu&d|g| 1.2\¢  4d(p-2) fu&d|g| INEAL
(1+31x?) (1+31x?) (143 x?)

Let us assume that 2 > 1 is a given integer and take d > max{n,3}. With x = (y,2) e R? x R?~" ~ R, we also
assume that the function g depends only on y. In other words, we write g = g; where g;(y,z) = v(y) for

some function v defined on R”, that is,

ga(32)=v(y) V(yz)eR"xR"" 6.8)

Here we use an index d in order to emphasize that g; has to be considered as a function on R?. Let us define

cai=(dm)® %.

Lemma 88. Let n be a positive integer, p € [1,2), consider a function v e H* (R", dy) with compact support and
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define g, according to (6.8). Then we have

im —— [ |[veaf —2*
— oo_ d d-2
d—+o0 4cg JRA (1+$]x|2)
d”z—’2 »
1 li 1 Cd,pd P p dx 2 dx
+T _l)m ;7 d|gd| 1 ond ] d|gd| 1 on\d
2—=p d-+oo Cg 4d R (1+a|x|2) R (1+a|x|2)

1

2 2 2
- ||vUHL2<Rn,dy)—ﬂ(||v||L2(Rn,dy>— [0 o ay)) -

In other words, we prove that the infinite dimensional limit of (6.7), for functions depending only on a finite
number n of real variables, is (6.2). The assumption of compact support can be removed if g, is square
. . —-d . . .

integrable with respect to the measure (1 + % |x|2) dx and Vg, is square integrable with respect to the

2—-d
measure ( 1+ % |x|2) dx, at least for some d € N large enough.

Proof. Using

(L3 P) = (1 3 (P 12)) = (1o ) (1 3R witn €= ——=

V1+glyP

we can integrate with respect to z and obtain

d+n

Lo (e P az= (1 5T [ (1 1) ac

Let dy(y) := (21) /2 ez g y be the centred normalized Gaussian probability measure. We recall that
|SF-1| = 272%/2 /T (k/2) for any k e N~ {0} and

T a1 1.2\"b 5 gl“(%)l“(b—%)
/0 r (1+dr) dr=d —ZF(b)

if 0 < a <2 b. Applying these formulas with a=k=d -nand b=d -2 >2 - n, we find that

_ d-n I
S, (3l = am s S22

Applying these formulas with a=b =k =d > 2, we find that

[Rd (1+ % |x|2)_d dx=cy

and, as a consequence
4

. i 172 2—-d _
lim [Rd?n(1+d|(| ) a¢ = (2n)?

d—+oo Cyg

using Stirling’s formula. Since

lim (1+2 |y|2)2_% ezl
d—+oo d ’

we obtain

. 1 2—-d

lim —f |ng(y)|2(1+$]x|2) dx:4f Vvl dy.
—+00 Cg JRE R
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Similar computations show that

—d _M
[\ (14 51xR)“ dx= [ JgaE (31 ay [ (1+5KP)
Jim = [P (e 3 1a) = [ (o ar,

and

—d —din —d
[P (1) dx= [ lgalP (1+ 5 1) " dy [Rd,n(1+5|c|2) a,

Cypd®sr
. Capd ¥ ( p ) (/ p )
lim ~4P° 1 d
A e (Sl gD (1 g 1) |v]P dy

This completes the proof of Lemma 88. O

Proof of Theorem 84. Applied to the function 1,4, Inequality (6.1) is transformed into Inequality (6.7) applied
to
2
ga(x)=uy l—y Vx=(yz)eR"xRI ",
1+ 5 [x]?
Since the right-hand side uniformly converges to v(y) for any smooth and compactly supported function v,

the same conclusion holds for Theorem 84 as for Lemma 88. O

It is a natural question to ask what happens in (6.1) to the marginals depending only on a finite number
n of variables if p = 2 or in the case 2 < p <2* =2d/(d - 2). We may notice thatlim;_,,.,2d/(d-2) =2 and
it is known, for instance from [36], that one recovers the Gaussian logarithmic Sobolev inequality as a limit
case of Sobolev’s inequality on $¢ corresponding to p = 2* when d — +oo. This is also true if we consider a
sequence (pg)qeny With 1< pg <2*, depending on d, if its limit is also 2, as shown next. By convention, when

P4 = 2, we consider the Gaussian logarithmic Sobolev inequality instead of (6.2).

Proposition 89. Let n be a positive integer and consider a function v e H'(R", dy) with compact support. For

any d > n, large enough, let

uq(0) = v(w1/Vd w/Vd,...,0n/Vd),
wherew = (w1, ws,...,wq) € R 589 s such that |w| =1, as in Theorem 84. Then we have

| , 2| |ual®
dEIPWd(|’vud“L2(§d,d#d) f Jual™lo ( )dud)

lalltz(sa)

U2
—HVV“LZ(IR" dy)~ / |l/| log(”vu#)d)f

L2(R™,dy)

If(pa)ass is a sequence of real numbers such that pg € (1,2) U (2,2*) andlimg_, ;o pgq =2, then

d
. 2 2 2
dLHPOO d ( ||Vud||L2(§d,dud) T2 py (H Ua ||L2(§d,dud) —[ua ||Lnd(§d,d“d)))

1 v|?
= HVUHIZ_,Z(R",dY) - 5 ‘[Rn |y|2 log(#)dy

[oPcqrary
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Proof. The proof is an adaptation of the proof of Theorem 84 and, in the case p, # 2, relies on the standard

observation that 1|2 e
v n 2 n
i S @ dy) "l dy) f WP log| I
p—2 p-2 2 ” HLZ(Rn dy)
As this computation raises no special difficulty, details are omitted. O

6.3 Entropy methods and nonlinear flows for Gaussian measures

In this section, we prove the result of Theorem 86 for the Gaussian measure dy and extend it to the slightly
more general framework of a uniformly strictly log-concave measure du, before drawing some consequences.
Most of the results are similar to computations usually done on the sphere, but we are not aware of the use of
nonlinear flows (m # 1) in the context of Gaussian measures. This approach is very natural in the perspective

of spheres in the large-dimensional limit.

6.3.1 Gaussian interpolation inequalities: a proof by carré du champ

On R", let us consider the probability measure
du=7Z"1e?dy with Z=[Rn e ?dy (6.9)
and redefine the Ornstein-Uhlenbeck operator by
L=A-V-V (6.10)

on L2(R",dy). This generalizes the case of the harmonic potential ¢(y) = % |y|? considered in the introduc-

tion. We assume that ¢ satisfies the Bakry-Emery condition
Hess¢p>A,1d a.e. (6.11)

for some A, > 0. The harmonic potential corresponds to the equality case with A, = 1. Under Assump-

tion (6.11), it is well known (see for instance [26, Section 7.6.2]) that, with A = A, and for any p ¢ [1,2),

A
IV x> 5= (1 ey = L o) ¥ €1 R ) (6.12)
and also, by taking the limit as p — 2_, that

2
1V £ 12 e, gy 2 [ Ik og(L)du vV feH (R, dp).

HfHLZ(Rn d/,t)
The classical proof by the carré du champ, as in [23, 24, 19], relies on the Ornstein-Uhlenbeck flow d:p = Lp
applied to the solution with initial datum p(t = 0,-) = |f|P. Here we consider a more general strategy and

compute as in the carré du champ method using the nonlinear diffusion flow

ap

1
=—Lp™ Vt20, p(t=0,")=|f|P. (6.13)
0t m



118 CHAPTER 6. ON GAUSSIAN INTERPOLATION INEQUALITIES

Our goal is to understand the range of m for which we have a monotonicity property of the deficit as in the

case m=1. Let m.(p) be defined as in (6.5).

Theorem 90. Assumethatn>1, pe[1,2) and me[m_(p),my(p)]. We consider the measure du as in (6.9)
such that (6.11) holds for some A, > 0. If p > 0 solves (6.13) with L defined by (6.10) for an initial datum
p(t=0,-)=|f|” in13/P ALY (R, dy), then

A
2-p

(190" oy = 5= (107 ey~ 100 ) ) <O 250,

The result of Theorem 90 is new for m # 1. Theorem 86 corresponds to the special case of the harmonic po-
tential ¢p(y) = % |y|? with v = p!/? in Theorem 90. The range of the admissible parameters (m, p) is the same
in Theorem 90 and shown in Fig. 6.2. With the additional observation that p(t,-) converges to a constant as
t — +oo so that the limit of the deficit is 0, the monotonicity of the deficit of Theorem 90 provides us with a
proof of (6.12).

Proof of Theorem 90. In order to do computations, a very convenient reformulation is obtained with the flow

2
oW _ ye-2p (£w+KM) (6.14)
ot w
for any ¢ > 0, with initial datum w(z =0,-) = |f|/#, where
B(p-2)+1 and B 2
K= - an = .
P 2-p(1-m)

A first computation shows that |, wh? dy = Jgn | fIP dp is independent of ¢ because

d 2
—f wﬁpd,u:ﬂpf wK(£w+KM)d,u=0.
dt Jrn R" w

A second useful computation goes as follows:

1 d 2 A
- = Bl 2% wPPla
2 6 dt/"(vw | T2 ) H
VwP Aw [Vwf
= -1 - L d
fRn(ﬁuH(,B ) ” B(p-2) WK — u

:/R;n(Ew)zdp+(1<+ﬁ—1)[w(£w)W—wldmk(ﬁ—l)fw

vuw|!
| 2| du—/l*fW|Vw|2dp.

w w

The purely technical purpose of introducing the exponent f is to make the last line of the above computation

2-homogeneous in w, which makes the discussion easier to read. Inserting the two following estimates,

/Rn (Ew)zd'“:_[anw'v(ﬁw)dﬂz—[anw'(ﬁvw)dqufRan‘[L,V]wdu
:.[R{" HHesstzdu+j|;an-[£,V]wdu
:fRn ||Hessw||2d,u+fWHess¢:vpu(g)de,u

Zf ||Hessw||2du+/1*f |V wl|* du
R R"



6.3. ENTROPY METHODS AND NONLINEAR FLOWS FOR GAUSSIAN MEASURES 119

and

2
®

f (Lw)—— |Vw| ——2/ Hessw : vwevw Vw |V

R” w

i/(sz
dt Jrr

we obtain that

w?f ) dp<o0
if, for any function w, we have

:/W HHBSSWHZdH—Z(K-i-ﬁ—l)'[RnHeSSLUIV&M;vwd}i

4
+(1<(,6—1)+1<+,6—1) - |ku;| au>0.

A sufficient condition is obtained if the reduced discriminant is negative, that is, if

(k+p-1)*—(x(B-1)+x+B-1)<0
Altogether, this gives the condition

1=y/(p-1)(2-p)

(p-1@p) .

B-(p)<B<Pi(p) with B.(p):=

See Fig. 6.3.

20+

Figure 6.3: The admissible parameters p and f correspond to the grey area and are independent
of the dimension n. The boundary of the admissible set is tangent to the vertical lines p =1 at
(B,p)=(1,1)and p=2at (B, p) = (1,2). This figure corresponds to Fig. 6.2 up to the transformation
of m—p=2/(2-p(1-m)).

Equivalently, written in terms of m, the condition is m_(p) < m < m,(p) with m.(p) defined by (6.5). Sum-

marizing our computations, we learn that

A
m@vnmww) L (108 )~ 190 na) ) = 262 Qplw] <0

because Q[ w] is non-negative under Condition (6.15).
To make these computations rigorous, one has to justify all integrations by parts. This is by now rather

standard and can be done using the following scheme.

1. Let h >0 be large enough and consider Qy, := {x € R" : ¢(x) < h}. We can consider the evolution equa-
tion restricted to Qy, with no flux boundary conditions. Then apply the carré du champ method and
keep track of the boundary terms. Since Qj, is a bounded convex domain, these terms have a sign

due to Grisvard’s lemma: see for instance [148, Lemma 5.2], [197, Proposition 4.2], [154, 128] and [178,
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Lemma A.3].
2. Extend Inequality (6.12) written on Q;, to R by taking the limit as # — +oco and then argue by density.

This completes the proof of Theorem 90. O

Remark 91. Foranyp €[1,2), ifthe condition m_(p) < m < m.(p) is not satisfied, then one can find a positive

initial datum such that the solution v of (6.6) is such that

d 2 d 2 2 )
- n - - n — n >0_
dr (” V VHL2([R Jdu) p_2 (HU”LP(R Jdp) ||VHL2(R ,dﬂ)) o

See [122] for a similar statement on the sphere and its proof.

6.3.2 Improved inequalities based on the carré du champ method

In the proof of Theorem 90, using only Qg[w] > 0 is a crude estimate. Let us explain how one can obtain
improved estimates by making a better use of Qg[w] > 0. Under Condition (6.15), we can indeed rewrite

Qplw] as an integral of a sum of squares,

oplwl= [,

S=x(f-1)+x+p-1-(x+p-1)>=(B-B-(p))(B+(p)-B)>0. (6.17)

2 ’Vw|4
d +6/
H R w?

®
Hessw—(1<+,6—1)M
w

du (6.16)

with

As in [15, Theorem 2], let us consider the special case m = § = 1 of the linear flow. Let us define the entropy

and the Fisher information by

1

Elw]:= 2-p (H wHiZ(Rn,d,u) - w”IZ}’([R"vdH)) and I[w]:= HVWHiz(Rn,d”)-

Inequality (6.12) amounts simply to
I[w]- A E[w]>0.

We can now state a first improved entropy—entropy production inequality.

Proposition 92. Let n be any positive integer. We consider the measure dy as in (6.9) such that (6.11) holds for

some A, >0. Forany p e (1,2), let(s):=1+s—(1+s)P~L. With the above notations, we have

A

e \\fip<Rn,du)w(%

||f||iﬂ(|Rnyd’u)

I[f]> ) V feHY(R", dp). (6.18)

Since p € (1,2), the function ¢ is convex with ¢(0) = 0 and ¢’(0) = 2 - p, which implies in particular that
@(s) > (2-p) sforany s >0, so that Inequality (6.18) is stronger than (6.12). Inequality (6.18) amounts to

Ay 2(p-1 2(2-
IV e @nany > G55 (1 F I n ey = 1Sy 117 )
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and can also be rewritten as

19512 oy - (ufHL2<Rn ay = 1o n.an)

Ay _
z(z_p)z((p Do napy * @=L I nany = LTSty | Vo gy ) - 6:19)

We claim no originality in either Proposition 92 or Inequality (6.19) and refer to [15, Theorem 2] and [14,
Ineq. (3.3)] for earlier results. Also see [118, Theorem 2.1] for an improved inequality like (6.19) in the case of

the sphere. However, let us give a proof for completeness.

Proof. With § = 1, notice that (6.16) holds with § = (2— p) (p —1). Using the Cauchy-Schwarz inequality, we

obtain ) -
2 Vw
(Z[w]) :(f |Vw|2du) s[ \w]* du > dp
R” R” R W

and, with M := ([ |w|P d,u)z/p, we can also write that
[ JwPdu=(2-p)efw]+ M
Rn

Altogether, with e(t) := (2— p) M~ E[w(t,-)], if w solves (6.14) with 8 = 1, then we have the differential
inequality

e +22,.¢ —(p- 1)( ’)2

We claim that (2— p)e’ +2A. (1+e—(1+e)P"!) <0, which follows from the observation that the equation

2
y'+ay - b(y) =0
1+y
can be solved using the ansatz y' = ;25 ¢(y) with ¢(0) = 0 if
o -b-L —1_p. (6.20)

1+s

It is straightforward to check that the unique solution is ¢(s) =1+ s— (1+s)®. Witha=21, andb=p—-1, we

obtain

2

(e'+%(p(e)), >(p-1) li,e (e'+ 2T/l;)(p(e)) .

2,

5= peSOand

By integrating from = 0 to +oo using the facts thate’ <0, ¢’ +
. ! _ . _
Jim, €(1) = lim e(1) =0
. _1£2
we conclude with M = HfHLp(R,l’du) that

2 (s 2o (SR 2 ) viso

M (2-p)2 M 2 2-

See [P2, Appendix B.4] for a more detailed proof in the similar case of the sphere. O

Inspired once more by the results on the sphere (see [118] and earlier references therein), it is a very

natural question to wonder if improved entropy—entropy production inequalities can be achieved with g # 1.
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The answer goes as follows. Let us consider the function ¢g given by

6(B) 2-p
g A,

)(/3(3) = (l—b(ﬁ)) (1+s—(1 +s)b(ﬁ)) where b(f) =

and () is defined by (6.17).

Proposition 93. Let n be any positive integer. We consider the measure du as in (6.9) such that (6.11) holds for
some A, > 0. Forany p € (1,2), take f € [1,ﬁ+(p)]. With the same notations as in Proposition 92 and x s as

above, we have

Hinp(R,, du) Xp M <I[f] VY feH'(R"dp). (6.21)
' HfHLp([Rn d,u)
Proof. With the notations
2 2
H wﬁHLz([R",dy) Ny Hv(wﬁ)HLZ(R",dy)
= 52— and i:= 5 2 ,
[P ey 9P

we have now to consider the differential inequality

(=525 <o,

The key ingredient is to replace an estimate due to Demange in the case of the sphere for p > 2 (see [112, 113]

WP

and also [Lemma 15, (iii)]) by its counterpart for log-concave measures and p € (1,2). Compared to the
linear case, the Cauchy-Schwarz inequality in the proof of Proposition 92 has to be replaced by the Holder

inequalities

2 4 % L B-1
[ |Vw|2du=[ (Mwl)d,us( |Vu;| d,u) ([ |w|2ﬁd,u)2ﬁlﬁ,
R™ R\ w R* W n
2 4 261
B n w R"

after observing that 8> B_(p) > B-(3/2) =2/3>1/2, so that

|Vw|4 s Jrn VWP dp | VWb du e

eeow? U B fpowPdy Bi(1+e)’
(_ As )’ 5 ie
1= e|] <— .
2-p B?1+e
Let us compute

(55 1@) =(i- 52 e) +5 emx@ < 15 (-5 1)

/321+

Hence

on the condition that y solves

6 2-px(s)

—, 0)=0.
,62 1+s x(0)

X (s)=1+

The solution x(s) = (1-b) ¢(s) is such that ¢ solves (6.20) with b=§ 72 (2— p) /A., which shows that y = yg.

The proof then follows from the same considerations as for Proposition 92 (also see [P2, Appendix B.4] for
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details). O

If ¢(y) = |y|?/2 is the harmonic potential so that du = dy, by testing (6.2) with f.(y) = 1+ y; where y;
denotes the first coordinate of y = (1, y2,..., ¥n) € R", we find that

1
”VfE”LZ R, dy) ~ (HfEHLZ R, dy) ~ ”fEHLn([Rn dy)) (P—1)54+O(€5) as €-0. (6.22)
This is the standard computation for checking that A = A, =1 is the optimal constant in (6.2). Since

1

I fe] - m | fe Hip(Rn’d}/) <P( (p-1)%e*+0(e?) as e-0,

(2- p)E[fe])=1
2

HfE HLP([R" dy)

we also learn that (6.18) involves the optimal exponent at least in the limit as € — 0. After observing that

|V fe Hiz(w,dy) = £2, we may wonder whether the deficit

191122 gmayy - (||f||L2(Rn any =1 o n.apy)

measures the distance in terms of |V | { The detailed answer is not limited to the case y =y and goes

(R™,dy)’
as follows. For simplicity, we take § = 1 and consider ¢(s) :=1+s—(1+s)?~! as in Proposition 92. We recall
that ¢ is monotone increasing and convex on R, such that ¢’(0) = 2— p, hence invertible of inverse ¢! such

thaty(t):=t—(2—-p) @ 1(t) is also a convex, non-negative, monotone increasing function.

Corollary 94. Let p € (1,2) and n be a positive integer. We consider the measure du as in (6.9) such that (6.11)
holds for some A > 0. Withy as above, for any f € H!(dy) we have

A

2- p IV FIE2n ) )

Ay
19 ez~ 5= (I ey =1 Ve cna) > 5 f|Lp(Rndu)w( -

HfHLp(Rn dﬂ)

Moreover, there is some x >0 such that

K ”Vf”ﬁz([rgn d,u)

As
1951 @~ 5= (1 o = 1 i na) >

”vf”LZ(Rn dy) L2([R" dﬂ)

The constant ¥ depends only on p and its value is estimated in the proof below.

Proof. Let M =||f|?, (rn,ap)- We deduce from Proposition 92 that

(2-p)ELf]

_n)2
- Mz[
HfHLp(Rn dﬂ)

FIY; fl>¢(e) where e:=
which is equivalent to —e > — ¢~ (i), so that

~(2-p)ezi-(2-p)o () =y (i)

and, as a consequence,

A*M 2—p|

A, _ - 2
P)z‘(i—(Z—v)e) = ﬁwm i (2—]/;4)2 W(A*M |Vf””<”*"rdﬂ>)'

Tl/1-2 11 = 5
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Since ¢(s) ~ s as s > +00, we deduce that () ~ (p—1) t as t > +o0. On the other hand, since

9" (s)

with s=¢ (1),
(0'(5)) Y

v (t)=(2-p)

we learn thaty’/(0) = (p-1)/(2-p) >0and ¢+ y"'(t) is non-increasing because ¢’ (s)° ¢’ () = ¢’ (s) "' (s)—
¢" (s)? <0. This allows us to define
k:=inft 2 (1+1)w(t).
>0

Using v(0) = ¢ (0) = 0, we know that x >0 and y(t) >k t2/(1 + t) concludes the proof using 1S Iep (e apy <
If 2 m, ap)- O

Remark 95. If¢(y) =|y|?/2 is the harmonic potential so that du = dy, then A = A, = 1 is the optimal constant
in (6.2) and the results of Proposition 92 and Corollary 94 are both stability estimates. Even in the general case
of a measure dp as in (6.9) such that (6.11) holds for some A, > 0, Proposition 92 and Corollary 94 provide

improvements to the basic inequality with a (generically non-optimal) constant 1.

6.3.3 From the carré du champ method to Obata’s theorem

As a side result, we consider an improvement of the carré du champ method as in [195, Theorem 2.1] or [121],

which goes as follows. Let us consider the optimal constant A; > 0 in the Poincaré inequality
f |Vw|2dp2/11f lw-wf*dy ¥YweH (R",dy), (6.23)
R" R
where i := [, wdp. By expanding [, (Ew +A4 (w- LZ/))2 du >0, we obtain

[Rn(ﬁw)Zduz/ll fW|V“’|2d“‘

On the other hand, by the computation of Section 6.3.1 with § = p = 1, we know that

1d Ay
_‘_fRn(|VW’2+—p_2wz)dﬂzfRn(ﬁw)zdp—/l*fWWdeu:Ql[w]zo,

2dt

which proves that
A«] 2 /1* .

Lemma 96. Assume thatn > 1, p € [1,2) and consider the measure du as in (6.9) such that (6.11) holds for
some A, >0. Then (6.12) holds with
A=2-p)hi+(p-1) .. (6.24)

As a consequence, we have A > A, with equality for the optimal value of A in (6.12) if and only if A, = A1 and
¢(y) =]y - yol*/2 for some yo € R".

Proof. The carré du champ method applied as in Section 6.3.1 with p = 1 shows that 1; > 1. Coming back to
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the computations of Section 6.3.1, we can rearrange the integrals in the expression Q[ w] differently and get
1 4 f ( v

2p% dt Jrn
=(1-9) f (Lw)zdp—/lf \Vw|*du

+9/ (Lw)? du+ (k+ - 1)[ (Lw)! |d,u+ (B-1)
—((1-0) A, +04, - 2) Jngnmzdu

+9(fR |Hessw|* du+ A fRn|Vw|2dp)

®
—2(1<+,B—1)f Hessw:M
Rn w

A
wﬁ‘2+—w2ﬁ)dp
p-2

Vwl*
Rt w?

dp

IVwP

( (B-1)+x+p- 1 f

With the choice of 0 such that
(x+B-1)°-0(x(B-1)+x+p-1)=0,
which means 6 = () with
(p-1)*p°
(p-2)f2+2p-1’

0(p) =
we can write that

Vw ®Vw |Vwﬁ

6/ |Hessw||* du—2 (x + B - 1)/ Hessw : p+(k(p-1)+x+p-1) f

_B(p-1) Vwevw
0 w

Altogether, we have shown that
d A
—f ( v+ - wzﬁ)duso
dt Jrr p-2

ifA=(1-6)A1; +0 A,. Notice that B(ﬁi(p)) =1forany p€[1,2). The observation that

min 0 =0(1)=p-1
Be[B-(p),B+(p)] (B)=0(1)=p

completes the proof of (6.24).

With f=1 and p = 1, the computation in the proof of Theorem 90 shows that, if the initial datum w(t =

0,-) is an optimal function for the Poincaré inequality (6.23), then

d
:EfRnUVWIZ_/l* w2)du=—2(Q1[w]+fW(Hess¢—/1*Id):VW@;de“)

at t = 0. Here we keep all terms and in particular do not use the fact that Hess¢p — A.1d > 0 a.e. in the sense
of positive matrices. Since Vw # 0 a.e. and Q;[w] >0, we find that Hess¢ — 1, 1d = 0 a.e. This completes the
proof in the equality case 1, = A;. O

Remark 97. The proof of Lemma 96 is reminiscent of [195, 121]. The result when A, = 1 points in the direction
of Obata’s theorem (also known as the ObataLichnerowicz theorem) and in some sense, it is the analogue for
Gaussian measures of the result of [194, p. 135] (also see for instance [43, p. 179]) on the sphere. The case
A, = A1 is easy to understand in dimension d = 1: with f=1 and p =1, we apply the computation of the proof

of Lemma 96 to a function u in the eigenspace associated with A, and obtain that u'" = 0 almost everywhere.
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This means that u(y) = ay+ b for some real constants a + 0 and b, and there is no loss of generality if we take
a = 1. Using now the eigenvalue equation Lu+ Ay u = 0, we read that ¢’ (y) = A1 (y — b), which means that ¢
is an harmonic potential. In higher dimensions, one has to remember that Inequality (6.12) can be tensorized
on product spaces: see for instance [187, 91, 126]. This is however responsible for some technicalities, which are

dealt with in greatest generality, e.g., in [150].

6.3.4 Improved inequalities under orthogonality conditions

Let IT; be the L?(R", dy)orthogonal projection onto the space generated by the constants and the coordinate
functions, corresponding to the Hermite polynomials of order less or equal than 1. The following result was
recently proved in [P2, Appendix A] on the basis of Nelson’s hypercontractivity estimate in [220, Theorem 3]

and its relation with Gross’ logarithmic Sobolev inequality in [155] (also see [187, 14] for earlier results).

Proposition 98. Letn>1and p<[1,2). Forany f e H (R",dy), we have
2 1 2 2 1 2
191 K nar) = 5 =5 (171 enapy = 1 F e enayy) 2 5 (2= P) 1V (=0 [

Compared to (6.2), this result provides us with an improved entropy-entropy production inequalities under
orthogonality conditions. As noted in [P2], such an improvement is not optimal. There are other possible
approaches. For instance, a finer analysis of entropy methods has been used in [122] on the sphere, that could
probably be adapted to the case of the Gaussian measure. Alternatively, the convex interpolation of [187],
with the possible advantage that the result would not degenerate in the limit as p — 2 using the recent stability
result of [119, Theorem 2].

6.4 Stability results for the Gaussian measure in the subcritical

range

The whole Section is devoted to the proof of Theorem 87. We split it in four lemmas. The key estimate is

obtained in Lemma 102.

(D Let us start with the easy case, far away from the optimizers of (6.2) in the sense that for some 6 > 0, we

assume
||Vf||i2([ﬂe",dy) >0 HinZ(Rn,dy)- (6.25)

By homogenity of the inequalities, we can fix | f ”il(w ay) = 1 without loss of generality.

Lemma99. Lern>1and0 € (0,1). Forany function f ¢ H'(R", dy) such that | f|2(ge ay) = 1 and HVf||iz(R,l ay) 20,

we have the estimate

1

IV ez = 5= (I Ien.an) = 1 oy ) 2 %+ O 191 Texganay

In case (6.25), this already proves the result of Theorem 87 with ¢, < c,(;; =x.(0).
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Proof. From Corollary 94 and its proof applied with 1, = 1, we obtain

1
1V iz = 3= (1 ixe.an) =1 o caran)

S ||f”ip(qun,dy) 1

2
1V £ 122 oy
2-p 2

Hinp(R”,dy)

w((Z—p)H)((Z—p)

1 IV £z
>~ (2-p)w(2-p)0) ——rz o 25, (0) |V F e ay)
2 “f“Lp([R”,dy)
withx.(0) = 3 (2-p)w ((2- p) 0) 6 because t ~ y"'() is non-increasing, | Vf”iZ(w,dy) >0 and Hf]\ip(mdy) <
1122 0

@ From now on we work in a neighbourhood of the constants which, by homogeneity of the inequalities, is
defined as

IV FITe e ayy <O FIEeqgn ay) - (6.26)

With 6 > 0 small, we claim that |, f dy is close to Lif || f | 2(gn ay) = 1.
Lemma 100. Letn>1 and@ € (0,1). For any function
feHY(R",dy) such that | fl2nayy=1 and HVinz(Wyd},) <0, (6.27)

we have the estimate

\/1—9g/ Fdy<1.
[Rn
Proof. With f:= Jgn f dy, the result follows from the Gaussian Poincaré inequality according to

V= U gy = [, 1~ TR Ar+ < I oy + PP <0+ 2.

3 Assume that f is as in (6.27) and let us decompose uf(x) := f(x)/ [gn f dy as
up(x)=1+ex-v+nr(x)

where v € $"! is such that ev = S xus(x)dy with € > 0, 1 is a positive number and r is a function in
H'(R",dy) n(Id-11; )L?(R", dy) such that | V7 ||2(gn 4y) = 1 and || 7| 2(gs,4y) < 1/2 by the Gaussian Poincaré

inequality after taking into account the additional orthogonality condition [, r x;dy =0foranyi=1,2,...,n.

Lemma 101. Letn>1and0 € (0,1). Let f e H'(R",dy) be such that (6.27) holds. With the above notations,

we have

0
2 2,202 2 2,2

lf e ayy =1+ +07 P2 (mnayy 1460 and  |Vug|izgn gy =€ +0° < o
and, ifn > t? for some t >0, then

1

2 2 2 1 2 et
Ve Benar) = 5= (14 Benan) = Vs ncanan ) 2 5 =P\ 0*+ s |
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By homogeneity, if (6.27) holds and ) > t£? for some given ¢ > 0, using Lemma 100, we obtain

1971 oy - (ufHLZ(W ary =1 n.apy)

29 () Iz gnay) )

2-p) Q-0 |vad-T11) £]%
VT iz @eay) ¥ HVfHLZ(WdV)+“f”iz(w’d”

1
4
This case already covers the result of Theorem 87 with ¢, ,, < cflzl), 1(2-p)(1-6)min{r,1}.

Proof. The result follows from Proposition 98 and from the chain of elementary inequalities

2.4
(7] +t£) ;(n2+t—£2)

1+e2+7

[\Jlr—l

O

@ The next part of the proof relies on a Taylor expansion of ||us Hip(w, ay)- With no loss of generality, by rota-
tional invariance, we can assume that v = (1,0,...,0) so that with Cartesian coordinates x = (x1, x2,...,Xy) €
R", we write uy(x) = 1+¢&x; +n7(x). The following result is at the core of our strategy. It heavily relies on the
Gaussian logarithmic Sobolev inequality and new estimates for the remainder terms based on the bounded-

ness of [, r* logr? dy.

Lemma 102. Let n > 1 and f ¢ H'(R",dy) be a non-negative function such that (6.27) holds. We keep the
same notations as in Lemma 101 and further assume thatn < te> for some t > 0. Then there is a constantC > 0,

depending only on n, p and t, such that

Fug I @nayy > 1+ (p=1) (2 +0° I [F2gn.ay) )

84
H(p-1)2-p) (et +etn [ dr(ar)-—

log(})

Proof. This proof is elementary although a little bit lengthy. Let us split it into three steps.

as €—0,.

Step 1. Let us start with a list of preliminary remarks.

e Let B, be the centred ball of radius 1/(2¢€), that s,
Be:={xeR":2¢|x|<1}
and let B{ = R" \ B.. We observe that
y(B)=|s"" 1‘[(2) r" e Zdr—cnszfne_ﬁ(lﬁLO(ez)) as €—04

(2=P)/2 Hence we have

with ¢, =23G~M/2|T(n/2). Let $p = SUP.c(0,1/2) e3(y(BY))
p ey (2-p)/2 &5
|g| dY<”gHL2 R” d)/)( (BE)) <€p “g”LZ R” dy)

for any g € L?(R", dy), by Holder’s inequality and, as a consequence,

[l ar< [ g ay< [ lglPay e lgll g Yee(01/2). (628
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From now on, we assume without further notice that x € B, unless it is specified.

e An expansion in Taylor series of (1 + s)” for s <0 shows that all terms are non-negative:
1 2
(1+s)p21+ps+£p(p—1)s Vse(-1,0].

Applied to uy =1+¢x; +nr whenever 1+¢x; >0and r <0, we obtain

T’ p
urlP=(l+ex +17rp—— l+ex p(1+ r )
| f| ( 1 ) ( 1) 1+ex

nr 1 nr 2

1 l+ex;

=(1+ex))P+p(Q+ex)’ ' pr+= p(p 1) (1+ex)P 2 r?.

e Let us consider the case 1+ x; >0 and r > 0. The function
1 1 )
p(s)=— (1+s)p—1—ps—5p(p—1)s Vs>0
s

is bounded. Let us extend p by 0 on (-1,0) and define

Yenr ()= (1rem)? 2 p(1100).

l+ex;
With this definition, using uy > 0 by hypothesis, we obtain
luglP >(1+ex+nr)?
_ 1 _ 1
=(1+ex)’+p(Leex))” nreop(p=1)(1+ex)’ 0’ r*+ 2 p(p=1)0" r(x)*yenr(x)

with equality whenever r > 0.

As ) — 0., Yep, converges a.e. to 0 on B, uniformly with respect to € € (0,1/2). The dominated conver-

gence theorem is enough to conclude that

nhj{)l r(x) Venr(x)dy=0

for a given function r, but this is not enough to conclude uniformly with respect to r. To do this, we need

more detailed estimates. Notice however that

lwenrlie(p)<M:= 2%7p lollLe ()
where M is independent of ¢, 7 and r.

* Since [, x 2k dy > [s, %% 2kl gy = 0 and [p, x2Xdy > [p. x2%*1 dy = 0 for any k € N, an expansion in Taylor

series of (1+¢x1)” gives

fRn(1+£x1)dez/R (1+ p(p-1)¢& x1+—p(p 1)(P—2)(p—3)xf£4)dy

14 (=1 p(p=1) (p-2) (p-3)",
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By applying (6.28) with g = 1+ ¢ x;, we obtain

./Rn 1+ex;|Pdy< _/Bg L+exi|Pdy+¢&, (1+£2)p/2 €.
Summing up with £2 < 0, we have

1 1
[ eexnPay>142p(p-1)et+ o p(p=1)(p-2) (p-3)e*~¢, (1+0)"126".

e Let us estimate using

H ur H]’fp(Rn’d},)

[ ustPar= [ Jugl? ay

and

Pay> [ [rex|d
[ luglPayz [ peexpay

_ 1 _

+pnfB (1+ex)? 1rdy+5p(p—l)n2/]; (1+ex))P 2 r2ay

1 2 2
o p(p=Dn [ 1) yen, (x)dy.
We obtain
1 1

fnlufl”drz1+5P(p—1)82+5P(p—1)(P—Z)(p—3)84—€p(1+0)”/285
_ 1 _

+p17fB (1+ex)? 1rdy+5p(p—1)n2f3 (1+ex))P 2 r2dy

1
+ 5 p(p- 1)772 LE r(x)ZWe,n,r(x) dy.

Step 2. We prove that n? fBg r(x)?Wen,r(x)dy is of order 0(84) asn<te? —0foragiven £>0.

¢ By the logarithmic Sobolev inequality,

1 logh? d ng hPd fhzdl (/ hzd),
fw oghdy<2 | [Vhi dy+ | h”dylog| | h"dy

appliedto h =1+ (r-1),, we learn that

/Rn hzloghzdyssz|Vr|2dy+(1+/w rzdy) log(1+[Rn rzdy)SZIOg(Ze).

Let ¥ := Iy55,) for any sp > 1 and consider Ag,p,r,s, = {x € B¢ : n7(x) < 0 }. Then we have

2
n2 logh?d zf W logh? d :f R logh dy >1 (@) f 2q
fw og’dyz [ Ilogh’dy= | yi*logh’dyzlog( ) | xr*dy

because h>1a.e. and h > so/n on Be \ A 1.5, and, as a consequence,

log(2e) M
7 P 2 Y () dy > - —BEOM o
BeNAein s log s + log(T—])
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e Let us notice that
M= sup PG|
s>0 log(1+5)

is finite. This allows us to write that

nzfA r(x)zwg,,,,r(x) dyz—zz"’MfA n° r’log(1+2n r)1d; ey dy,
£,1),1,5()

£,1,1,50

where the restriction to the set {r >0} comes from the fact that v ,(x) = 0 whenever r(x) < 0. Now we

estimate log(1+2nr) by

1
log(1+2nr)<log(1+2+/n) if 0<r<—,
v NG
log(1+2 1
10g(1+217r)sM10gr2 if —<r<X
log ;) T

and conclude using [g. r?dy<1and Jrn r?logridy<2 Jan |V r|? dy = 2 by the logarithmic Sobolev inequality
that

2log(1+2
’72f F() o Weme (x) dy 2 ~227 M2 | 010g (142 77) + 21080 +2%0) |
Ag,n, 1,50 log ( l )

n

Step 3. We compute the contribution of
p-1 1 2 p-2 2
pn[B (1+ex1)P”" rdy and Ep(p—l)n /B (1+ex)’ " redy

to the expansion of [, [uf|” dy.

¢ Using (6.28) applied to g = |r|1/ P and the orthogonality constraints on r, we obtain

pnf (1+£x1)p71rdy2pn<[ (1+£x1)p71rdy—217p£p£5)
Be R”
1 _
ansz(i(p—l)(p—Z)/Rnxfrdy—clgg—Zl pf,,ES)

where ¢; = v/T5 SUPye(_1 0)(0.100) [(1+ )P =1 (p=1) 5= 4 (p-1) (p-2) 7|/’

e A similar computation shows that
1 2 p-2 2 1 2 2
2P0 [ (tren) 2 Py =2 p(p- 00 (17 ay) - o¢)

where €z := SUpP¢(_1,0)u(0,+00) |(1+5)P2-1|/s

Step 4. Collecting all terms, we have

1 1 1
fn\uf!”dyz1+5p(p—1)82+gp(P—l)(p—Z)(p—3)£4+Ep(p—l)nz 17 01F2 )

64

1 2] 2
+— -1 -2)ne xirdy-C—-—<

for some constant C > 0 that is explicitly given in terms of 7, {,,, M, M, c; and c». In order to conclude, we
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notice that for any s > -1, ;—;(1 + s)% >0 implies that
2 2 1 , 1 5
1 >21+—s+—(2- -—(2- 4- .
(1+s)7 +p8+p2( p)s 3p3( p)(4-p)s

Applied to
2
P
Huf”IZj’(IR”,dy) Z(fw(lJrEle?r)de) )

this completes the proof of Lemma 102. O

Proof of Theorem 87. Up to the replacement of f by |f|, there is no restriction in assuming that f is non-
negative: we can rely on Lemma 102, which is the main ingredient of the proof. The strategy is now very
similar to the proof of [P2, Theorem 7]. Let is consider the Hermite polynomial /; (x) := x{ —1 and decompose

r according to
r(x):=ah(x)+p7(x)

with || 7 2(gn 4y) = 1 so that | r”fﬂ(w,w) =a®+p*<1/2and [, x5 r(x)dy = a. With these notations we have

“vuinz([R{”,dy) =&l 41,

lutf o ayy =1+ "+ 0" (@® + %),

1 Cet
”uin!’(lR",dy) 21+(p—1) (52+n2(a2+’52))+(p—1)(2—p)(554+a52n)_10g(l) )

where the estimate of | uy ”iﬂ(w ay) comes from Lemma 102. Hence, for some A > 0 to be fixed,

1907 . o (87 any ~ Lt oy ) =7+ — s
fliz(re,ay) 2-p fliz(re,ay) flLe (e, dy) n 1+e2 112

-1 At 1 Ce!
sr?(1-a?-6%-1 p-1 4 1 2 L Le
_17( a - p )+ 2 T Tieip e+(p-1aen 2—plog(%)
2(tz(l—az—ﬁ2—21)+(p—l)at+l(p—l)—LLl)gll.

2 2—plog(g)

By writing

tz(l—az—ﬁz—z/l)+(p—1)at+%(p—l)
=tz(l—%ﬂaz—ﬁz—zﬂ)+%(p—l)(l+at)2

1 1
ZZt2(3—p—8/1)+§(p—l)(1+at)2,

for any given £ >0 and A < (3 - p)/8, if £ > 0 is small enough, we obtain the result with ¢, , = (1-6) A. O



Chapter 7

Stability for the logarithmic Sobolev
inequality

This chapter corresponds to [P4], in collaboration with Jean Dolbeault and Nikita Simonow.

Abstract

This paper is devoted to stability results for the Gaussian logarithmic Sobolev inequality, where stability is
measured in strong norms. The strategy of our proofs relies on entropy methods and the use of diffusion flows
based on the Ornstein-Uhlenbeck operator. Under appropriate constraints, explicit constants are obtained.
Our approach covers several cases involving the strongest possible norm which is natural for the logarithmic

Sobolev inequality.

7.1 Introduction and main results

Let us consider the Gaussian logarithmic Sobolev inequality
2100 1 1/ nd
”VMHU(W ay) 2 | |“ 1o dy YueH (RYdy) (7.1)
‘ u“LZ([Rd)

where dy = y(x) dx is the normalized Gaussian probability measure with density
y(x)= (27‘[)_% ez yxerd,

In this paper we are interested in stability results, that is, in estimating the difference of the two terms in (7.1)
from below, by a distance to the set of optimal functions. According to [81, 24], equality in (7.1) is achieved

by functions in the manifold

///::{wa,c : (a,c)e[Rdle}

where

Wace(x)=ce ®* VxeR?

133
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and only by these functions. The ultimate goal of stability estimatesis to find a notion of distance d, an explicit

constant 8 > 0 and an explicit exponent a > 0, which may depend on d, such that

|u®

2 1 2 u
Va5 [, log| 5 —

i, d>)dm} w2t )
12(R “

for any given u € H! ([R{d ,dy). In this paper we consider the slightly simpler question of finding a specific

wy, € ./ such that
|uf?

1 u
|V 22 gt gy~ = f |u|zlog(z—
(BEAN) 2 S [l ey

)d}fz,ﬁd(u, wy)%, (*)
which provides us with no more than an estimate for (.*): any estimate of @ and f for () is also an esti-
mate for (). In order to illustrate the difference between the two questions, let us consider the following
elementary example. Assume that d = 1 and consider the functions u.(x) = 1+ € x in the limit as € — 0. With
d(u, w) = [u' - w'|12( ay), which is the strongest possible notion of distance that we can expect to con-
trol in (%), elementary computations show that the deficit of the logarithmic Sobolev inequality, i.e., the left

hand-side in (¥), is

2 1 2 e 1y 6
| Vueltera,ayy =5 [ uel“log| ————|dy =7« +0(e°),
: 2 Jrd e 2 ey 2

while, using the test function wy, ., € .# where a, =2¢ and ¢, = e/ 4 we obtain
1
2 2 2 . 2 4 6
d(ue, 1) = ||u£|\L2(R,dy) =¢” and u}gﬁ/d(ug,w)“ <d(ug,wa,c)" = 5€ +0(e%).

In practice we will consider only the case

wy =1

in (x) and the above example shows that the best we can hope for without additional restriction is a > 4.
Similar examples in higher dimensions can be obtained by considering for an arbitrary given v € S%~! the
functions u,(x) = 1+ & x-v in the limit as € - 0. This is not a surprise in view of [138, 130, 171], and also
of the detailed Taylor expansions of [144, 74, 75]. Still with w,, = 1, we can expect to have a = 2 in () under
additional conditions, including for d(u, w) = |[Vu- VWHLZ(Rd, ay)» While it is otherwise banned as shown
for instance from [171, Theorem 1.2 (2)], or simply from considering the above example. Before entering
the details, let us mention a recent stability result for (.#) with a = 2 involving a constructive although very
delicate expression for >0 and d(u, w) = |u— w| > (ge, 4y that appeared in [119]. Here we aim at stronger
estimates under additional constraints, with w,, = 1, which is a different point of view. Let us start by a first
stability result.

Proposition 103. For all ue H'(R%, dy) such that | U2y =1and |x u\\iz(w) <d, we have

2 1 2 2 1 2 2 2
Velfeqoap =5 [, 1ogluf dy> = ( [ uf*logluiay 7.2

and, withy(s):=s— % log(l + % s), we also have the stronger estimate

2 1 2 2 2
IVulfsqtan =5 1 1ogluf dy > v (IVulagpaay) 73)
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Similar results are already known in the literature (see for instance [58, 138, 130, 171]) and we claim no orig-
inality for the the results. Also see references to earlier proofs at the end of the introduction. Our method is
based on the carré du champ method. Even if some ideas go back to [15], it is elementary, new as far as we
know, and of some use for our other results.

Coming back to (+), we may notice that there is no loss of generality in imposing the condition | gay =

1, as we can always replace u by u/ |t (ra). Because of the Csiszar-Kullback-Pinsker inequality

1 2
N 1oglu dy > 5 [ =1[, 40y 7.4)

and ||u|-1|=|[uf* = 1|/||u|+ 1| <||uf* - 1|, we find that (7.2) implies () type with

d(u,w)=|u- w”Ll([de,dy)

for nonnegative functions u, @ = 4, and = 1/(32d). For functions far away from the optimal functions, say
such that | Vu( (g, 4,) > A under the conditions of Proposition 103, Inequality (7.3) provides us with an even
stronger stability result of (x) type with @ =2 and d(u, w) = |Vu - Vw| (g 4y, but with a positive constant

B which depends on A > 0. Again, notice that (x) with such a distance cannot hold without constraints.

Next we aim at explicit results with a = 2, under other constraints. Let

~ 1.0005787.

1
C=1+
1728

Theorem 104. Forall ue H' (R?, dy) such that u®y is log-concave and such that

2 _ 2 2
/{Rd(l,x)|u| dy=(1,0) and /Rd|x| P dy<d, (7.5)
we have
2 Cg* 2 2
||Vu|\L2(Rd,d},)—7fRd|u| log|u|~dy>0. (7.6)

The condition [, |x|* |ul* dy < d in (7.5) is a simplifying assumption. A resultlike (7.6) also holds if [pq |x[*|uf* dy >
d, but with a constant that differs from % and actually depends on [g. |x|*|ul* dy. We refer to Section 7.3.5:
see Proposition 109 for an extension of Theorem 104, and also for further comments on the extension of
Proposition 103. The constant % in (7.8) relies on an estimate of [55].

Inequality (7.6) with improved constant €, > 1 compared to (7.1) can be recast in the form of a stability

inequality of type (x) around the normalised Gaussian as
2 1 2 2 1 2 2
[Vl gy~ 5 [, 0P Togluf dy> 2 (€.-1) [ [uf logluf dy

for all functions u € H'(R?, dy) such that |2 (may = 1, which covers the case a = 2, p = (¢, -1)/8 and
d(u,w) = |~ w1 (ga gy in (x) for nonnegative functions by (7.4), or even in the stronger H' (R?, dy) semi-

norm, as

Cx

1 2
(g Hvu”Lz(Rd,dY)

2 1 2 2
IVl gapy =5 [, Il logluf dy>

for all functions u € H' (R, dy) such that | U] i2(gey = 1, which corresponds to a =2, f = (¢% - 1)/% and
d(u, w) = [V(u-w)|2(ra,ay) in (+). By the Gaussian Poincaré inequality, notice that the case of () with

a=2, f=(%.-1)/%, and the standard distance d(u, w) = |u - w||;2(ga 4y) is also covered.
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Log-concavity might appear as a rather restrictive assumption, but this is useful because a function which
is compactly supported at time ¢ = 0 evolves through the diffusion flow into a logarithmically concave func-
tion after some finite time that can be estimated by the heat flow estimates of [192]. This is enough to produce
a stability result with an explicit constant. Compact support is in fact a too restrictive condition and we have

the following result.

Theorem 105. Let d > 1. For any € > 0, there is some explicit € > 1 depending only on € such that, for any
ueH' (R, dy) satisfying (7.5) and
fd!ulzeg'x'z dy <o, (7.7)
R

then we have o
IVl oy > 5 [, loglul*dy. 7.9

Additionally, if u is compactly supported in a ball of radius R > 0, then (7.8) holds with

C—1

C=1+— .
1+%, R?

This expression of the constant % in (7.8) is given in the proof, in Section 7.3.4. The simpler estimate in terms

of R relies on Theorem 104.

Let us conclude this introduction with a review of the literature. The logarithmic Sobolev inequality his-
torically appeared in [241, 53], in a form that was later rediscovered as an equivalent scale-invariant form
of the Euclidean version of the inequality in [261]. We refer to [155] for the Gaussian version (7.1) of the
inequality, and also to [139] for an equivalent result. The optimality case in the inequality has been char-
acterized in [81] but can also be deduced from [24]. Also see [253] for a short introductory review with an
emphasis on information theoretical aspects. The logarithmic Sobolev inequality can be viewed as a limit
case of a family of the Gagliardo-Nirenberg-Sobolev (GNS) as observed in [110], in the Euclidean setting, or
as a large dimension limit of the Sobolev inequality according to [36]. See [119, 75] for recent developments
and further references. We refer to [12, 160, 235, 26] to reference books on the topic. In a classical result
on stability in functional inequalities, Bianchi and Egnell proved in [47] that the deficit in the Sobolev in-
equality measures the H! (IRd, dx) distance to the manifold of the Aubin-Talenti functions. The estimate has
been made constructive in [119] where a new 1.2 (Rd ,dx) stability result for the logarithmic Sobolev inequal-
ity is also established (also see [171] for furrther results in strong norms). Still in the Euclidean setting a first
stability result in strong norms for the logarithmic Sobolev inequality appears in [138], where the authors
give deficit estimates in various distances for functions inducing a Poincaré inequality. Under the condi-
tion |[x ;2 (ga,ay) = \/d, a stability result measured by an entropy is given in [130]. For sequential stability
results in strong norms, we refer to [172] when assuming a bound on u in L*(R%, dy) and to [171] when as-
suming a bound on |x[? u in L?(R%,dy). Stability according to other notions of distance has been studied
in [191, 190, 140].

To our knowledge, the first result of stability for the logarithmic Sobolev inequality is a reinforcement of
the inequality due to E. Carlen in [81] where he introduces an additional term involving the Wiener trans-
form. Stability in logarithmic Sobolev inequality is related to deficit in Gaussian isoperimetry and we refer
to [58] for an introduction to early results in this direction, [29] for a sharp, dimension-free quantitative Gaus-
sian isoperimetric inequality, and [135] for recent results and further references. Results of Proposition 103
are known from [58, Theorem 1.1] where it is deduced from the HWI inequality due to E Otto and C. Vil-

lani [226]. Such estimates have even been refined in [135]. There are several other proofs. In [138], M. Fathi,
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E. Indrei and M. Ledoux use a Mehler formula for the Ornstein-Uhlenbeck semigroup and Poincaré inequali-
ties. The proofin [130] is based on simple scaling properties of the Euclidean form of the logarithmic Sobolev
inequality, which also apply to Gagliardo-Nirenberg inequalities. Various stability results have been proved
in Wasserstein’s distance: we refer to [173, 58, 138, 172, 182, 61, 135, 171]. A key argument for Theorem 104 is
the fact that the heat flow preserves log-concavity according, e.g., [236], which is a pretty natural property in
this framework: see for instance [102].

In this paper, we carefully distinguish stability results of type (.¥) where stability is measured w.r.t. .Z,
and of type (x) where the distance to a given function is estimated. Even if this function is normalized and
centered, this is not enough as shown in [171]. Many counter-examples to stability are known, involving
Wasserstein’s distance for instance in [173, 58, 138, 172, 182], weaker distances like p-Wasserstein, or stronger
norms like L” or H!: see for instance [172, 171]. The main counter-examples which we might try to apply
to our setting are [182, Theorem 1.3] and [135, Theorem 4] but, as already noted in [172], they are based
on the fact that the second moment diverges along a sequence of test functions, which is forbidden in our

assumptions.

This paper is organized as follows. Section 7.2 is devoted to the standard carré du champ method and
a proof of Proposition 103. Theorem 104 is proved in Section 7.3.3, under a log-concavity assumption. Us-
ing properties of the heat flow, the method is extended to the larger class of functions of Theorem 105 in
Section 7.3.4.

7.2 Entropy methods and entropy - entropy production stability

estimates

This section is devoted to the proof of Proposition 103.

7.2.1 Definitions and preliminary results

Consider the Ornstein-Uhlenbeck equation on R?

oh
5 =M h(t=0,)=hy, (t,x)eR"xR?, (7.9)

where Zh:= Ah- x-Vh denotes the Ornstein-Uhlenbeck operator.
Let us recall some classical results. If kg € L'(R%, dy) is nonnegative, then there exists a unique non-
negative weak solution to (7.9) (see for instance [137]). The two key properties of the Ornstein-Uhlenbeck

operator are

fRd01($vZ)dY=—fRdvm-vU2d«y and [v,.Z]v=-vv.

As a consequence, we obtain the two identities

25 2 2
/Rd (ZLv) d}/—/Rd [Hess v| dy+/u;d|Vv| dy (7.10)

and ) 4
®
fv‘vvl 2] Hessv: vvevv VU [ W ’ (7.1D)
v

where Hess v = V ® Vv is the Hessian matrix of v. Here we use the following notations. If a and b take values
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in R%, a® b denotes the matrix a;b;i)i<i i<q.- With matrix valued m and n, we define m: n = Z‘-l MG PN
Jj/1<i,j<d i,j=1 J L]

and |m|?> = m: m. If h is a nonnegative solution of (7.9), notice that v = /% solves

0 2
—U:EZU+|V—U|.

7.12
ot v ( )

Let us fix || v||» (r¢) = 1, then the entropy and the Fisher information, respectively defined by

f lvf log|v[*dy and Z[v f V| dy,

evolve along the flow according to

d d_ Vv
EE[U]:—4I[U] and d_ =—2/ ((,,?v) + LV —- ) Y

if v solves (7.12). Using (7.10) and (7.11), we obtain the classical expression of the carré du champ method

2
%I[v]+21[v]:—2fw‘Hessv—M dy (7.13)

as for instance in [19, 128, 26]. By writing that

d

E(I[v]—%g[v]) <0 and  lim (I[v(t,-)]—%&'[v(t,-)]) -

we recover the standard proof of the entropy — entropy production inequality
1
I[u]—ig[v]zo, (7.14)

i.e., of (7.1) by the method of [24].

Several of the above expression can be rephrased in terms of the pressure variable
P:=-logh=-2logv

using the following elementary identities

Vveve 1

1
sz—Ee‘P/zvp, -Ze_P/ZVPGQVP,

v

Hess.v——2 P/ZHessP+4efp/2VP®VP

so that, by taking into account vVP=-2Vvand h= v%, we have

1 2
I[v]z—f \VP]Zhdy and/ HHessy_w
4 JRd R4 v

1 2
_Z/Rd |HessP|“hdy.

7.2.2 Improvements under moment constraints

In standard computations based on the carré du champ method, one usually drops the right-hand side
in (7.13) which results in the standard exponential decay of Z[v(¢t,-)] if v solves (7.12) and, after integra-
tion on t € R", proves (7.1). Keeping track of the right-hand side in (7.13) provides us with improvements as

shown in [15, 112, 129] in various interpolation inequalities but generically fails in the case of the logarithmic
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Sobolev inequality. We remedy to this issue by introducing moment constraints. This is not a very difficult

result but, as far as we know, it is new in the framework of the carré du champ method.

Lemma 106. With the notations of Section 7.2.1, ifv € H*(R?, dy) is a positive function such that [ga |x|* |v|* dy <
d, then

a7[v]< [ (aP)hdy< \/dfw |Hess P2 hdy.

Proof. Using hVP =—YVh, we obtain

_ 2 __ . _
4I[v]—fRd|VP| hdy - fRdVP Vhdy—fwh(fp)dy.

After recalling that P = AP — x- VP, using an integration by parts we deduce that

2 2 (1412
—v[Rdhx-Vde:/Rdx-Vhdy:fRdh(|x| —d)dy:/Rd|v| (|xf*-d)dy<o

which proves the first inequality. The second inequality follows from a Cauchy-Schwarz inequality and the
arithmetic-geometric inequality
(AP)* < d|HessP|?.

O

Proof of Proposition 103. Let h = v? be the solution of (7.9) with initial datum hg = 2. Since x - (|x|2 -d ) is

an eigenfunction of .# with corresponding eigenvalue —2 and . is self-adjoint on L? (IRd, dy), we have

[ (xP-aynay= [ (1x?-a)(zn)ay

:fRdh$(|x|2—d)dy:—ZfRd(|x|2—d)hdy. (7.15)

The sign of ¢+ [pq (|x[*—d) h(t,x) dy is conserved and in particular we have that [, |x|*|v|* dy < d for any

t>0. Forany i = 1, 2...d, we also notice that x — x; is also an eigenfunction of . with corresponding

d
Efwxhdy:—fwxhdy

and, as a consequence [p, x h(t,-) dy =0 for all > 0 because fRd xhody=0.

eigenvalue —1 so that

For smooth enough solutions, we deduce from Lemma 106, (7.13) and (7.14) that

%I[v]+21[l’] s—%f[v] éi%(ﬂv])z

and obtain by considering the limit as ¢ — +oo that

1 1 )
Ziv]> - €lv]+ = (&€ .
[v]> 5 0]+ 5 (E[v])
This provides us with (7.2). In the general case, one can get rid of the H?(R%, dy) regularity of Lemma 106 by
a standard approximation scheme, which is classical and will not be detailed here.

As in [74], a better estimate is achieved as follows. Let

() ::g(egs—l) Vs>0.
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Using %8[ v]=-4Z[v], we notice that

dt

Since lim;_, 10, Z[v(t,-)] = 0 as can be deduced from a Gronwall estimate relying on %I [v] < -2Z[v] and

lim;, 40 E[v(t,-)] =0 as a consequence of (7.1), one knows that

0.

lim (Z[v(2,)]-p(E[v(1,)]))

t—+o00

Moreover, Gronwall estimates show that Z[v(#,-)] - ¢(E[v(t,-)] cannot change sign and an asymptotic ex-
pansion as  — +oco as in [74, Appendix B.4] is enough to obtain that Z[ v(t,-)]-¢(E[v(t,)] takes nonnegative

values for ¢ > 0 large enough. Altogether, we conclude that

Z[v(1,)] - (E[u(1,)]) 20

for any 7 > 0 and, as a particular case, at t =0 for v(0,-) = u. The function ¢ is convex increasing and, as such,

invertible, so that we can also write
-1
o(z[u]) " - p(ELu]) 0.

his completes the proof of (7.3) with the convex monotone increasing function

1
w(s)=s-2¢(s).

7.3 Stability results

7.3.1 Log-concave measures and Poincaré inequality

According to [27], given a Borel probability measure y on R?, its isoperimetric constant is defined as

:=in P”(A)
) (A1 ()]

where the infimum is taken on the set of arbitrary Borel subset R% with p-perimeter or surface measure
Pu(A) :=limgo, (1(Ae) - u(A))/e and A, := {x € R? : |x— a| < £ for some a € A}. Here and in what follows,
we shall say that a measure u with density e~¥ with respect to Lebesgue’s measure is a log-concave probability
measureif y is a convex function, and denote by A, () the first positive eigenvalue of — %, where .%, is the

Ornstein-Uhlenbeck operator ,,2”1,, :=A-Vy-V. In that case, we learn from [189, Ineq. (5.8)] that

:llh(p)z < A1) <36 h(u)?

where the lower bound is J. Cheeger’s inequality that goes back to [93] for Riemannian manifolds and also to
earlier works by V.G. Maz’ya [206, 207]. This bound was later improved in [76, 188]. The characterization of
h(u) has been actively studied, but it is out of the scope of the present paper. We learn from [55, Theorem 1.2]
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and [55, Ineq. (3.4)] that
1

>
6/3 Jpa |x— xu[>dp

for any log-concave probability measure u. This estimate is closely related with the results by R. Kannan,

h(w) where xu:fRdxdp

L. Lovdsz and M. Simonovits in [179] and their conjecture, which again lies out of the scope of the present

paper (see for instance [57] for a recent work on the topic).
Altogether, if p is a log-concave probability measure with dy = e™¥ dx such that [, | x> du < d, then we

have the Poincaré inequality

2 L/ 2 1/mpd [ _
/Rd|vf| ap> o [ 1fPdu v er! (R du) suchthat [ fdu=o. (7.16)

We refer to [88] and references therein for further estimates on A; (u).

7.3.2 Time evolution, log-concave densities and Poincaré inequality

Lemma 107. Let us consider consider a solution h of (7.9) with initial datum hy = v? and assume that o =

hoy is log-concave. Then p; := h(t,-)y is log-concave for all t > 0.

Proof. The function g := hy solves the Fokker-Planck equation

og
S =A : .
3 g+V-(xg)

’ . 2 ' \ ]. 2 t '

solves the heat equation and can be represented using the heat kernel. According for instance to [236, 30],

log-concavity is preserved under convolution, which completes the proof. O

The log-concavity property becomes true under the action of the flow of (7.9) after some delay ¢, for
large classes of initial data. With the notation of Lemma 107, for any R > 0, we read from [192, Theorem 5.1]

by K. Lee and J-L. Vazquez that y; is log-concave for any
t>t.(R) ::log(\/R2+1), (7.17)

if v is compactly supported in a ball of radius R > 0, by reducing the problem to the heat flow as in the above
proof. As a consequence, we know that (7.16) holds for any ¢ > #. (R).
Alternatively, under Assumption (7.7), we learn from a recent paper [95, Theorem 2] by H.-B. Chen,

S. Chewi, and J. Niles-Weed that the Poincaré inequality

fRd|Vf|2dut2/11(ut) _[Rd|f|2d”t vV f e HY(R?, dp;) such that '[Rdfdut:() (7.18)

holds for all 7 > ¢ with

( ET
<7
Ar(pr) eT-1

tf::log(\/1+£‘1),

1 1
+Asr—1) and T:E(eZt—l).
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7.3.3 Explicit stability results for log-concave densities

Let us start by an elementary observation.

Lemma 108. IfheH! (IRd, dy) is such that [y x hdy =0 and P = — log h is the pressure variable, then

_/RdVPhdy:O.

Proof. The result follows from [ VP hdy = - [pa Vhdy = [gaxhdy =0. O
With this result in hand, we can now prove our first main result.

Proof of Theorem 104. The function h = v? is such that fRd xhdy =0 and Lemma 108 applies. Since hy is
log-concave, we can apply (7.16) with f =dP/dx; forany i = 1, 2,...d and obtain

1
HessP|*hd z—f P*hay.
[, 1vesspPhay> — [ [vpPhay

It follows from (7.13) that

d 2 2 1 2
a d zf d s——f dy,
dtfwwv| V2 JlVeldre =g Jp Vel dy

and the stability result is obtained as in the proof of Proposition 103. O

7.3.4 Extension by entropy methods and flows

This section is devoted to the proof of Theorem 105. The key idea is to evolve the function by the Ornstein-
Uhlenbeck equation, so that the solution after an initial time layer has the log-concavity property of Theo-
rem 104, at least if the initial datum has compact support. To some extent, the strategy is similar to the one
used in [63]. During the initial time layer, we use an improved version of the entropy — entropy production

inequality which arises as a consequence of the carré du champ method.

Proof of Theorem 105. Let h be the solution to (7.9) with initial datum h = u? and define

Z[V/h(t,)]

2(t):=
(" E[Vn(t,")]

Vi>0.

Let us assume first that v has compact support. With no loss of generality, we can assume that v is supported
in B(0, R) for some R > 0. With ¢, = t.(R) given by (7.17), we know from [192, Theorem 5.1] that y;, is log-
concave at t = t, and Theorem 104 applies:

2(t.)2 %

With an estimate similar to [63, Lemma 2.9], we learn from Section 7.2 that

d2
—<22(122-1). 1
oS 2((22-1) (7.19)

An integration on (0, . ) shows that

POTSY (F (3 S R PSS
) 1+29(t,) (e2t--1)) " 2 1+¢,R2) 2
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Under the more general assumption (7.7), we rely on (7.18) and obtain with same notations as above and
» = < that
fi |Hess P|2 h(t,-)dy > A1 (ur) f VPR Rh(t-)dy Vixt..
R R

Moreover, for some explicit 7y = #o(€) > t., we notice that t — A; (i) is nonincreasing on (fy, +o0). Hence we

deduce from

Tv(to,)] - % [[Om (4+ 41 (1s)) €'[0(s5,) ] ds >0

after an integration by parts that

2(1) >+ (1+ Al(,uto))::%o.
Using (7.19), we obtain
bo—-1

=l+—.
N (@

This concludes the proof. O

7.3.5 Normalization issues

If we do not assume that [[uzga 4,y =1 and |x u;2(ga 4y < d, it is still possible to state the analogue of

Theorem 104, but the price to be paid is a dependence on

|ullie(ga,ay)

" max{Va, | (x=x0) ¢l 2 e )}

where xO:fRdxhody,

which goes as follows.

Proposition 109. Forall ucH! (IRd, (1+]x/?) d)/) such that [pq x u* dy =0, and u®y is log-concave, we have

2
|V ulte @ ay) - (1+((€ f |ul* 10 ( Ll )dyzo

|2t (g

Proof. We learn from (7.15) that

2 _
[Rd|x|2h(t,x)dy=d |l (ra ay) + € 2[fW(|x|2—d) hody VYit>0.

Hence [55, Theorem 1.2] and [55, Ineq. (3.4)] apply with

—

u

[

h() >~

e

and the remainder of the proof of Theorem 104 is unchanged. O

A similar extension of Theorem 105 can be done on the same basis. Details are left to the reader. As for

Proposition 103, we can make the following observations. The case [ |x|*|v[*dy < d is already covered in

Lemma 106. If
A::f 2 (|x2-d)d
Rd

is positive, let us consider the solution & of (7.9) with initial datum hg = u?. We know from (7.15) that

[Rd h(t,x)(|x*-d)dy=Ae™*
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and deduce as in the proof of Lemma 106 that

4I[v]:fRd|VP|2hdy:fRdh(i’P)dy+Ae_2t§\/ded |HessP|2hdy + Ae™?!

with P = —logh. Hence by (7.13), we learn that

d 1 1
EI[U] +2I[v]= - f[Rd |Hess P|? hdy < ~5d (4Z[v] —Ae_Zt)2

and this estimate can be rephrased with z(t) := e Z[v(t,-)] as

-2t
7 <-

- 2d

(4z-A)°.

2

Knowing that z’ < 0 is an improvement on the decay rate Z[v(t,-)] < Z[u] e “" can be rephrased as an im-

proved entropy — entropy production inequality for A > 0.
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Chapter 8

The normal contraction property for

non-bilinear Dirichlet forms

This chapter corresponds to [P5], published in Potential Analysis. The work is a collaboration with Ivailo

Hartarsky.

Abstract

We analyse the class of convex functionals £ over L?( X, m) for a measure space (X, m) introduced by Cipri-
ani and Grillo [99] and generalising the classical bilinear Dirichlet forms. We investigate whether such non-
bilinear forms verify the normal contraction property, i.e., if £(¢o f) < E(f) for all f € L2(X,m), and all
1-Lipschitz functions ¢ : R — R with ¢(0) = 0. We prove that normal contraction holds if and only if £ is
symmetric in the sense £(—f) = £(f), for all f € L?(X, m). An auxiliary result, which may be of independent
interest, states that it suffices to establish the normal contraction property only for a simple two-parameter

family of functions ¢.

8.1 Introduction

8.1.1 Setting
Bilinear Dirichlet forms

Bilinear Dirichlet forms are a well-established topic, related to the theory of Markov processes and semi-
groups, see [70, 146, 203]. Let X be a nonempty set, let F be a o—algebra over X, and take a o—finite measure
m:F - [0,00]. Let A: D(A) x D(A) — R, be a symmetric, bilinear, and positive semi-definite form, such
that D(A) c LZ(X, m) is dense. If the form is closed, there exists a unique self-adjoint, positive operator
A:D(A) —12(X,m), such that D(A) c D(A), and

(Af,g)=A(f,g), VfeD(A),geD(A).

147
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Adopting the notation of functional calculus, we also have the formulae D(A) = D(Al/ 2), and
A(f.8)=(AV2F, A7 g), Vf,geD(A).
The bilinear form A is called a (bilinear) Dirichlet form if
AAAFVO,IAFVO)SA(S,f), VfeD(A).

This conditions intuitively means that the form contracts if its argument is truncated. By extension, the term

Dirichlet form also refers to the quadratic form

A f), iffeD(A);

+o00, otherwise;

&(f) =

associated with a bilinear Dirichlet form A. This functional turns out to be always non-negative, convex (since
it is quadratic), and lower semicontinuous. Moreover, the subdifferential satisfies 0€ = A.
Bilinear Dirichlet forms correspond to self-adjoint, Markovian linear semigroups, via T; = e!, for any

t > 0. This was one idea behind the definition given in the section below.

Non-bilinear Dirichlet forms

We next turn to defining non-bilinear Dirichlet forms as they will be studied in the present work. Let £ :
L2(X, m) — [0,00] be a convex and L.s.c. functional. In all the paper we assume that & is not the constant +oo.
Let (T¢) >0 be the semigroup of nonlinear operators generated by —0&, where d denotes the subdifferential

operator, via the differential equation

0, T, fe-0E(T,f), Vte(0,00), Vuel?(X,m),
Tof =T, Vfel?(X,m).

(8.1)

Equation (8.1) is well-posed for all f € L?( X, m). Its solution is usually called the gradient flow of £ starting at
f- See [6, 71] and refer to 8.1.2 for more background.

We say that a non-negative l.s.c. functional £ is a non-bilinear Dirichlet form if £ is convex and, for all
t>0, the operator T, : L2(X, m) — L?( X, m) verifies

1. order preservation: T, f < T, g for all f,g € L>(X, m) such that f < g (for the pointwise order up to a
negligible set);

2. L™ -contraction: |T; f — T; g|eo < || f — &] o for all f, g e L*(X, m).

This class of forms was introduced by Cipriani and Grillo [99] and we will provide an equivalent “static”
definition in Theorem 112 without reference to the underlying semigroup (also see Theorem 114).

Our main goal is to verify the normal contraction property for non-bilinear Dirichlet forms. A normal
contraction is a 1-Lipschitz function ¢ : R - R, such that ¢(0) = 0. We denote by @ the set of all normal

contractions. We say that a functional £ over L?( X, m) has the normal contraction property if
E(P(f))<E(f), Yped, Vfel’(X,m). 8.2)

In the literature this property goes also under the name of Second Beurling-Deny Criterion since [233].
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8.1.2 Background
Bilinear setting

Aside their interest in probability, for which we refer to the bibliography of [70, 146, 203], bilinear Dirichlet
forms are also well-linked with linear diffusion equations and semigroups, see [24, 128]. This link gave fruitful
results in the theory of metric measure spaces, allowing for an intrinsic/Eulerian approach towards Ricci
curvature bounds, [10]. Under mild hypotheses, the authors of [10] could represent any bilinear Dirichlet
form £ as a quadratic Cheeger’s energy on the base space X. One important point is that Ambrosio, Gigli,
and Savaré were able to create an appropriate notion of distance dg directly from the Dirichlet form £. Then,
via a condition a la Bakry-Emery, on the carré du champ associated with the quadratic form &, the authors
give a sense to notions such as Bochner’s inequality or a lower bound on the Ricci curvature. Their approach
is equivalent to that of Lott and Villani [201] and Sturm [245, 246], based on optimal transport. The creation
of a distance from a bilinear form is a technique present also in [51]. Bilinear Dirichlet forms also play a role
in potential and capacity theory, see [146, 237].

Historically, bilinear Dirichlet forms have been introduced by Beurling and Deny in [46]. One motivation
behind their definition was the fact that being a bilinear Dirichlet form was sufficient to have the normal
contraction property (see (8.2)). The fact that controlling one normal contraction is necessary and sufficient
to control all of them is nowadays known as the Beurling-Deny criterion. To prove such a property, one usu-
ally approximates the function f with weighted sums of characteristic functions. The normal contraction
property is a cornerstone for many purposes. For instance, for the development of a differential calculus [10]

and the classification of linear Markov semigroups [146], both based on bilinear Dirichlet forms.

Non-bilinear setting

Generalising the concept of Dirichlet form to a non-bilinear setting is a more recent problem, started with
the two works [52, 99]. A different kind of generalisation is that of [177], but we will not focus on it, since its
purpose is different. Using instruments from [31, 42, 71], Cipriani and Grillo [99] provided two equivalent
definitions of a non-bilinear Dirichlet form relevant to us, which will be discussed in further detail in Section
8.2. In [99], a number of properties of the class of non-bilinear Dirichlet forms are given, in particular with
respect to I'-convergence (see [105]).

Two recent works on the topic are [100, 101], where Claus recovers many structural properties for non-
bilinear Dirichlet forms, among which we find a nonlinear Beurling-Deny principle, see [100, Theorem 2.39].
In the following sections, he develops a nonlinear theory of capacity. Furthermore, in [100, Corollary 2.40]
(also see [101, Theorem 3.22]), the normal contraction property is proved for non-bilinear Dirichlet forms,
but only for non-decreasing normal contractions and additionally assuming that the form is 0 at 0 (we avert
the reader that in [100, Definition 2.31] non-decreasing normal contractions are named simply normal con-

tractions).

Examples Let us mention two classes of basic examples, which generalise corresponding families of local
and nonlocal bilinear Dirichlet forms. These lie at the core of the functionals analysed in the references
quoted at the end of the section. Let Q be an open subset of R¢ and f:Qx R? - R be a Borel-measurable

function. Let

£(u) - Jo f(x,Du)dx uerlcﬁ(Q), 63

+00 otherwise.
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We have that £ is a non-bilinear Dirichlet form if f is non-negative, measurable in the first argument and
convex and lower-semicontinuous in the second one. See [107] for the lower semicontinuity of the functional,
while the property of being a non-bilinear Dirichlet form can be inferred as in [99, Theorem 4.1]. In addition,
£ is symmetric if f(-,—v) = f(-,v), for all v € R%. Finally, £ is always local, due to the locality of Du and the

fact that £ is an integral functional. Among local forms, we can consider the following.

Example 110. Let Q =R. Let f(x,v) =max(v,0). Then, the integral functional £ associated to f by (8.3) is a
non-symmetric non-bilinear Dirichlet form, which does not satisfy the normal contraction property (8.2) for
the function ¢ = —id.

In this class of local functionals we also have the distinguished subclass of Finsler metrics, where
f(x)=]]x VxeQ.

The form is bilinear if and only if, for all x € Q, the norm | - |, satisfies the parallelogram identity, see [72,
Chapter 5].
Some non-local non-bilinear Dirichlet forms appear in [103], for example. In general we can say that any

functional £ of the form
E(u):[mw(u(x)—u(y))dxdy, Vue12(Q,dx).

is a non-bilinear Dirichlet form for non-negative, L.s.c., convex y such that ¥(0) = 0. Lower semicontinuity
of the functional comes from Fatou’s Lemma, its convexity from the convexity of w. Finally, one can repeat
the computations in [170, Theorem 2] to prove order-preservation and contraction in L* for the semigroup
associated with £.

In [99], some interesting examples are developed in detail, ranging from functionals from the calculus of
variations to Sobolev seminorms in the context of C*—monomodules. The theory of [99] can be applied to
nonlinear diffusion equations (see [103, 141] and the references therein), analysis on graphs [168, 217], and
analysis on spaces with a very irregular geometry [167, 210]. Furthermore, Cheeger’s energies on extended
metric spaces are known to be non-bilinear Dirichlet forms [8]. We refer to [7, 9, 10] for this theory, which
originates from [94, 238]. See also [181, 202] for more estimates and contraction properties of Cheeger’s

energies.

8.1.3 Main results

Our main result is the following.

Theorem 111. Let & be a non-bilinear Dirichlet form. Then £ has the normal contraction property (8.2) if and
onlyif
E(-F)KE(f) Vfel*(X,m). (8.4)

This theorem goes in the same direction as the well-established one for the bilinear case [70, 146, 203].
We merely prove that a form will operate on all normal contractions, once it operates on the simplest one.
Henceforth, we say that & is symmetric if (8.4) holds and, equivalently, £(~f) = £(f) for all f € L2(X, m).
As witnessed by Example 110, the necessary symmetry assumption (8.4) needs to be made, since this non-
bilinear Dirichlet form does not have the normal contraction property.

Let us highlight that Theorem 111 may be viewed as a strengthening of the result of Claus [100, Corollary

2.40], whose proof follows the far more conventional approach of [41, 42]. The class of normal contractions
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Figure 8.1: Graph of the function Hy ( f, g)(x) for fixed g(x).

we consider is richer and it controls, for example, the absolute value of the argument of the non-bilinear
Dirichlet form, which can be very useful (see e.g. [146]), as well as more complicated contractions.

In order to prove Theorem 111, we establish two results, both of which may be of independent interest.
Firstly, we provide an equivalent characterisation of non-bilinear Dirichlet forms, which turns out to be more
widely for our purposes than the other equivalent static characterisation of [99, Theorem 3.8], recalled in
Theorem114. To do so, we require a bit of notation. For all f,g € L>(X,m), and a € [0,00) we denote by f v g
and f A g denote the pointwise maximum and minimum and set H,(f,8)=(g—-a)Vv f A (g+ a) (see Figure
8.1), that is,

g(x)-a f(x)-g(x)<-a,
Ho(f,8)(x)=1f(x) f(x)-g(x)e[-a,a], (8.5)

gx)+a f(x)-g(x)>a.

Theorem 112. Let £ :1%(X,m) — [0,00] be a Ls.c. functional. Then, £ is a non-bilinear Dirichlet form if and
only if, forall f,g € L2(X, m), and a € [0,00), £ verifies

E(fvg)+E(frg)<E(f)+E(8), (8.6)
E(Hu(f,8))+E(Ha(g f))<E(f)+E(8)- (8.7)

The advantage of Theorem 112 as compared to Theorem 114 is that conditions (8.7)-(8.6) are easier to
verify and useful to develop other functional inequalities such as the normal contraction property (8.2).

The second important step towards Theorem 111 is a reduction.

Lemma 113. Ler G be the set of all normal contractions ¢ € ® such that |¢'| =1 and ¢' has at most two points
of discontinuity. Let (G) be the collection of all finite compositions of elements in G. Then, (G) is dense in ® for

the pointwise convergence on R.

We observe that the elements of G are irreducible with respect to composition, so that G is minimal in
this sense. While the space G is quite simple, proving the normal contraction property (8.2) for ¢» € G by hand

from symmetry and (8.6)-(8.7) is still delicate, albeit elementary.

8.1.4 Plan of the paper

The remainder of the paper is structured as follows. In Section 8.2, we establish Theorem 112. In Section
8.3, we prove Theorem 111, relying on Theorem 112. This is the heart of our work. Finally, we discuss future

directions of research in Section 8.4.
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8.2 Efficient equivalent characterisation of non-bilinear Dirichlet

forms

The goal of the present section is to prove Theorem 112.

8.2.1 Preliminaries

We introduce the subsets C; and Cj o, for a € [0, 0), of L?( X, m;R?) :

C1={(f.g) eL*(X,m;R*): f< g}, 8.8)
Coa = {(f,8) €L*(X,m;R?):|f - g|<a}. (8.9)

We notice that for all a, the sets C; and C, 4 are convex and closed in the L?~topology. For any closed and

convex subset C, the 1-Lipschitz projection operator P¢ : L?( X, m;R?) - C is defined by

. 2 2
Pc(f,g) =argmin || f-w|; +[g-z[s.
(w,z)eC
The projection map sends any point (f, g) to the closest point Pc(f,g) in C. We denote by P{. and P2 the
two components of the projection operator in L? (X, m). More properties of projection maps are studied in

[72]. If one considers the sets C; and C» 4, we have an explicit expression for the projections, thanks to [99,

Lemma 3.3]:
1 1
Pl(f,g):(f—5((f—g)v0),g+5((f—g)v0)), (8.10)
Pz,a(f,g):(g+%(paO(f—g),f—%wao(f—g)), (8.11)
where ¢4 : R — R is given by
¢a(z)=((z+a)Vv0)+((z—a)r0). (8.12)

We further recall [99, Definition 3.1, Remark 3.2, Theorem 3.6].

Theorem 114. Let & :1%(X, m) — [0,00] be a Ls.c. functional. Then € is a non-bilinear Dirichlet form if and
only if, forall f,g e L*(X, m) and a € [0,00), € verifies

E(PI(f.8))+E(PI(f.8))<E(f)+E(g), (8.13)
E(Pyo(f.8))+E(P34(f.8)) <E(F)+E(8). (8.14)

The key argument is the well-known fact from [31, 71] stating that
E(Pe(f.8))+E(PE(f.8)) <E(f)+E(8)
for all f, g e L>(X, m) if and only if the semigroup T; from (8.1) preserves C:
T,CcC, Vt>0,

where C can be any convex and closed set. Thus, (8.13)-(8.14) correspond to the order-preservation and the

L* —contraction properties for (T;), respectively. In [99, Theorem 3.8] one more step is made.
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Theorem 115. Let £ :12(X,m) — [0,00] be a Ls.c. functional. Then, £ satisfies (8.6) if and only if € is convex
and satisfies (8.13).

Indeed, the last statement is a consequence of the more general [31, Proposition 2.5], which we will also

use.

Theorem 116. Let C be a closed convex subset of L*(X, m;R?), let Pc = (P}, P2) be the associated orthogonal
projection. Let £ :12(X, m) — [0,00] be a Ls.c. functional. Let h,k: L2(X, m;R?) — L2(X, m) be two continu-
ous mappings such that, for all u,v e 1>(X, m) and t, s € [0,1] it holds that

h(u[» US):ul—Sv k(u[) US): Vi-t» (815)
where
ur=(1-t)u+th(u,v), vs=(1-s)v+sk(u,v).

Moreover, assume
Pc(u,v)=(u1/2,vl/2). (8.16)

Then, we have that for all u, v € L?>( X, m)
E(Pé(u, v)) +€(P%(u, v))<E(u)+E(v),
ifand only if € is convex and for all u,v € L>( X, m)
E(h(u,v))+E(k(u,v))<E(u)+&(v).

Remark 117. Note that, given Theorems 114 and 115, it is easy to deduce that every non-bilinear Dirichlet
form satisfies (8.6)-(8.7), which is the direction of Theorem 112 we will use for proving Theorem 111. Indeed,

Ha(f,8) = 5 Pha(f.8) + 5 Phalg. )

foralla>0andf,ge LZ(X, m), so that convexity and (8.14) give

E(Ho(f8)) +E(Ha(g f))
< % (E(Poo(f.8))+E(PLo(8. 1)) +E(Pya(8:f)) +E(P3a(f.8)))
<E(f)+E(8).

8.2.2 Equivalence of the definitions

To conclude the section, we show that the convex sets C; , verify the hypotheses of Theorem 116.

Proof of Theorem 112. Fix a > 0. Recalling the explicit expression of ¢, from (8.12), for any u, v € LZ(X ,m)

we have
u(x)-v(x)-a u(x)-v(x)<-a,

pao(u-v)(x)=12u(x)-2v(x) |u(x)-v(x)|<a,

u(x)-v(x)+a u(x)-v(x)>a.
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Further recalling the expression of P, o from (8.11), in order to satisfy (8.16), we now choose &, k : L2 (X, m; R?) —
L2(X, m) such that
u+h(u,v)

1 1
v+§<pa0(u—v):T, u—5<pa0(u—v):

v+k(u,v)
5 .

Therefore, the expressions for h, k are the following

v(x)-a u(x)-v(x)<-a,
h(u,v)(x) =1 u(x) lu(x)-v(x)|<a,
v(x)+a u(x)-v(x)>a,

u(x)+a u(x)-v(x)<-a,
k(w,v)(x) =1 v(x) lu(x)-v(x)|<a,

u(x)-a u(x)-v(x)>a,

and we notice that h(u, v) = Hy(u, v) and k(u, v) = Ho (v, u).

It remains to verify the twist condition (8.15). Fix s, t, u, v as in the hypothesis. Since the values of H,
is defined pointwise, we also fix x € X and drop this parameter for compactness of notation. Suppose that
|u-v|<a,then H(u,v)=u,H(v,u)=v,s0 uy = u1_s = u, vs = v. The case u— v < —a is analogous to that with

u—v > a, since the role of u and v is symmetric. Hence, we will discuss only the former. Here we have
ur=(1-Hu+t(v-a), vi=(1-s)v+s(u+a).
We need not discuss more subcases for the expression of H, (u;, v;), since

ur—vs=(1-tHu+t(v-a)-(1-s)v-s(u+a)

=(1-t-s)(u-v)-(t+s)a<-a.

Hence,

Ho(up,vs)=vs—a=(1-s)v+su+(s—-1)a=uj_s,

The second condition in (8.15) follows similarly, so we omit it. Thus, applying Theorem 116, (8.14) is equiva-
lent to £ being convex and (8.7). Yet, Theorem 115 gives that the convexity and (8.13) are equivalent to (8.6),

so Theorem 112 reduces to Theorem 114. O

8.3 The normal contraction property

Throughout this section we fix a measure space (X, m) and a functional on L?(X, m) satisfying symmetry
and (8.6)-(8.7) for all f, g € L?(X, m) and a € [0, 0).

We will prove the normal contraction property (8.2) progressively, starting from simple functions ¢. More
specifically, for k € {0,1,...}, x1,...,x; € R such that —oo = xp < x7 <+ < X} < Xk = 00, we consider the

continuous function ¢y, x.(0)=0and

..........

O (X)=(-1) 8.17)
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X1 0 X2 X3

Figure 8.2: Graph of the function ¢y, x,,x;-

8.3.1 Basic contractions

Proposition 118. Forany x €R and f e L2(X, m) we have ®,(f) <E(f).

Proof. Fix x > 0 (the case x <0 is treated identically) and f. By (8.6)

O, (f)+EOV)SE(f)+E(oof) (8.18)
(see Figure 8.3), where
0 y<0,
o(y)=1y y€(0,x),
2x-y yzx.

Thus, it suffices to show that E(0Vv ) >E(o o f).
But symmetry and (8.7) with a = 2x (see Figure 8.4) give

26(gof)<E(oof)+E(-0of)
<E(ov f)+E(-(0v f)) <2E(0V f),

(8.19)

concluding the proof. O

Proposition 119. For any0< x; < X or X1 < X <0 and f € L>(X, m) it holds that ®, .,(f) <E(f).
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Figure 8.4: Illustration of (8.19).
ovid
1 X2 /’,’ \\\ X2
‘ ~ > >
0 xl\\ 0 x \\
\\\ \\\ ,,. w
\\\ ,’ o \ ,'
Figure 8.5: Illustration of (8.20).
Proof. Fix0< x; < xp and f, the case x7 < xp < 0 being analogous. Let
0 X< X1,
0 x<0,
o(x)={x-x x € (x1,%), y(x)=
Oxy,0(x) x>0.
X+X1-2X2 X2 X,
Then (8.7) with a = x; (see Figure 8.5) gives
E(pofY+E(OV(f-x1))<EOVf)+E(aof). (8.20)
Moreover, by symmetry and (8.7) for a = 2(x, — x1) (see Figure 8.6) we get
26(0v(f-x1))2E0V(f-x1))+EOA(x1—-f)) 621)
>E(00f)+E(-00f)>2E(00 f), |
sothat E(wo f)<E(0V f). Furthermore, (8.6) gives
Py, (f) +EOV ) <E(wo f)+E(S) (8.22)
(see Figure 8.7), yielding the desired conclusion. O

Proposition 120. For any x; <0< x, and f € L>(X, m) it holds that ®y, »,(f) <E(f).
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Figure 8.7: Illustration of (8.22).

Proof. Without loss of generality assume that x, > —x; and fix f. Consider

X—2X1 Xx<Xx,
y(x)=4-x X1 < X< X,

—X2 X > Xo.
Then (8.7) with a = 2x; (see Figure 8.8) gives
D@y, ([)+E(fAX2) SE(f)+E(Yo f). (8.23)

Yet, ¥ = ¢y, o (id A x2), so by Proposition 118 we have E(y o f) < E(f A x2). Combining this with (8.23) yields

the desired conclusion. O

Figure 8.8: Illustration of (8.23).
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8.3.2 Reduction to basic contractions

As we will see, the next proposition is essentially Lemma 113.

Proposition 121. Any ¢ € Fj. with k > 0 can be written as ¢* o---o</)““/2J oy with¢p' e B, forallic{1,...,|k/2]}
andy € Fi_y|k/2|-

Proof. We proceed by induction on k. The statement is trivial for k € {0,1,2}. Assume that ¢ = ¢y, x, € Fx
for k >3, with —co = xg < X1 <+ < X < X4 = co. Consider i € {1,...,k -1} such that x;,1 — Xx; < xj4 — x; for
all j # i (we may assume that the inequality is strict by perturbing the x; and taking a limit if necessary). We

consider the following cases.

e If x;,1 <0, then set
. xj+2(x,~+1—xl~) 1<j<i,

Xji i<j<k-2.

e If x; 20, then set
Xj 1<j<i,

Xjr2=2(Xip1—%;) i<j<k-2.

e If x; <0< x;,1, then set
Xj—X; 1<j<i,

xj+2_xl'+1 lS]gk—Z.

Then it suffices to prove that

To do this, we verify (8.17) in each case. We will only treat the case x; > 0, the others two being analogous. We

have that
Ot Py (0) XY, (2) (8.24)

changes sign at x; and x;.; due to the second factor. Moreover, ¢y, ,,, takes the valuesin I = R\[2x;—x;41, X ]
exactly once and

X 1<j<i,

/
B (%)) = f ] )
X o i+2<j<k.
But our choice of i implies 1 > {x7,..., X}._, }, so the first factor in (8.24) changes sign precisely at xi,..., Xj_1, Xj+2, ..., X,
concluding the proof. O
With Proposition 121 it is immediate to deduce Lemma 113.

Proof of Lemma 113. Observe that G = {id,—id} o (Fpu Fy U F»). Thus,

(G) > {id, ~id} o (Fs) o (FoU Fy) > {id,~id} o | ) F > (G), (8.25)
k=0

where the first and third inclusions follow by definition, while the second one is Proposition 121. Thus,

(G) = {id, -id} o U}2 , Fx. It therefore remains to show that (G) is dense in @, in order to conclude the proof.
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To this extent, note that any ¢ € ® coincides with its 1-Lipschitz envelope, i.e.,
¢(x)=infp(y)+|x—y, VxeR.
yeR
By continuity,
o(x)=infp(y)+|x-y|, VxeR.
yeQ

Taking a sequence of finite sets (Qy), 1 Q with Qp = {0}, we can approximate ¢ with ¢, € —id o Fy, _; for
some kj €{1,...,|Qu|} given by

¢n(x):=inf ¢(y)+|x-y, VxeR.
Y€Qn

The limit ¢, — ¢ is in uniform convergence on compact sets thanks to equi-continuity, so the proof is com-

plete. O
We are ready to assemble the proof of Theorem 111.

Proof of Theorem 111. By Theorem 112, any non-bilinear Dirichlet form £ satisfies (8.7)-(8.6) and is l.s.c.
Since symmetry is a hypothesis of Theorem 111, together with Propositions 120, 119, and 118 it yields that for
any ¢ € G (recall Lemma 113) and f € L?(X, m) it holds that £(¢o ) <E(f). Indeed, F, is trivial, Proposition
118 deals with F;, Propositions 119 and 120 give F» and then symmetry allows us to take opposites. Therefore,
the normal contraction property (8.2) also holds for all ¢ € (G).

Fix f € L?(X,m) and an arbitrary normal contraction ¢ € ®. By Lemma 113, there exists a sequence
¢n € (G) such that ¢, (x) — ¢(x) for all x€R, as n - oo, and

E(pnof)<E(Sf)
for all n. We have that ¢,,( f) — ¢(f) pointwise in X, but
(oo fI2<|fI* LN (X, m),
as all functions ¢, are normal contractions. Then, by Lebesgue’s dominated convergence theorem
nof—>¢of

in L2( X, m). Thus, we obtain the desired inequality via the 1.s.c. of £. O

8.3.3 Locality

Let us conclude this section with a concept of locality allowing a much more direct proof of Theorem 111
under this hypothesis. We say that a non-bilinear Dirichlet form & is local if for all ¢ € R and u, v € L2( X, m)

such that u(x)(v(x)-c) =0 forall x € X, we have
E(u+v)=E(u)+&(v).

Proof of Theorem 111 in the local case. Fix a symmetric local non-bilinear Dirichlet form £. As in the proof
of Theorem 111 it suffices to establish the normal contraction property (8.2) for all ¢ € U2, F (this part of

the proof does not rely on Theorem 112 and Propositions 118, 119, 120,and 121). Fix ¢ = ¢y, ... x, for some

.....
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X1 <-+- < X. Observe that

k .
p(x) = ((x=x1) A0)+ > (-1)"((OV (x=x:)) A (X101 - X7)).
i=1
Since all summands satisfy the locality condition, we get

E(pou)=E((u-x1)A0 E((-1)'((Ov (u=x:)) A(xis1-x:)))

=E((u-x1)A0

k
))+;
k
))+;5((0V(u—xi))A(xi+1—xi))=5(u)»

using symmetry and locality for the second and third equalities. O

8.4 Future directions

Two challenges which are still open are the following. Firstly, we are not aware of any attempt to obtain a
structural decomposition analogous to the one of [146] in the non-bilinear setting. Secondly, the theory of
[201, 245, 246] covers even the case where Cheeger’s energy of the metric measure space is a non-bilinear
form, while an analogue of [10] for the non-bilinear case is missing. It is our opinion that the subject of
metric measure spaces would profit from a study in this direction.

These two problems are strong motivations behind our paper, as we foresee that the normal contraction
property would be crucial in developing such theories. One difficulty we anticipate is the generalisation of
the computations in [24], which looks complicated even in the case of Finsler manifolds. Finally, establishing
the normal contraction property adds one structural argument in favour of the choice made by Cipriani and

Grillo of the generalisation of bilinear Dirichlet forms to the non-bilinear setting.
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RESUME

Cette thése est consacrée aux équations cinétiques de Fokker-Planck, a la stabilité des inégalités fonctionnelles et aux
formes de Dirichlet non linéaires. Des taux de convergence vers I'équilibre sont estimés via un cadre analytique fonctionnel
basé sur les normes faibles des solutions. L'équation de Vlasov-Fokker-Planck, avec variable de position confinée dans
un tore, est analysée comme modele de référence. La méme stratégie est ensuite etendue a une large classe de modeles
cinétiques. Nous considérons également des inégalités de Gagliardo--Nirenberg sur la sphére qui interpolent entre les
inégalités de Poincaré et les inégalités de Sobolev. Nous prouvons des résultats constructifs de stabilité, dans la norme
la plus forte possible, avec des exposants optimaux. L'estimation de stabilité dégénere sur un sous-espace de dimension
finie, ce qui nécessite des précautions supplémentaires. Notre technique combine des développements de Taylor, I'analyse
harmonique et des methodes paraboliques. Nous prouvons rigoureusement la convergence de la famille de Gagliardo-
Nirenberg sur la sphére vers les inégalités de Beckner gaussiennes dans la limite de grandes dimensions. Ensuite, nous
donnons des résultats constructifs de stabilité, en utilisant des diffusions non linéaires sur I'espace gaussien. Enfin, nous
traitons l'inégalité de Sobolev logarithmique gaussienne comme cas limite. Nous trouvons des estimations explicites de
stabilité pour des densités log-concaves ou a support compact par un argument de log-concavité deduit du flot d'Ornstein-
-Uhlenbeck et de la méthode du carré du champ. Nous contribuons a la théorie des formes de Dirichlet non-linéaires en
etendant la propriété de contraction normale. La preuve adopte une nouvelle stratégie, basée sur I'approximation des

fonctions Lipschitz réelles par des compositions répétées de fonctions linéaires par morceaux simples.

MOTS CLES

Equations cinétiques de Fokker-Planck, inégalités de Gagliardo-Nirenberg, inégalité de Sobolev, inégalité log-
arithmique de Sobolev, dynamique de Langevin, stabilité, flot de chaleur, formes de Dirichlet, hypocoercivité,
fonctions log-concaves.

ABSTRACT

This thesis concerns kinetic Fokker-Planck equations, stability of functionals inequalities, and nonlinear Dirichlet forms.
Constructive convergence rates to equilibrium for kinetic equations are computed via a functional analytic framework based
on weak norms of solutions. The Vlasov-Fokker-Planck equation, with the space variable confined in a torus, is analysed
as a benchmark. Then, the same strategy is generalised to a wide class of kinetic Fokker-Planck models. We also con-
sider Gagliardo-Nirenberg inequalities on the sphere, interpolating between the Poincaré and the Sobolev inequalities. We
prove constructive stability results, in the strongest possible norm, with sharp exponents in the distance from optimisers.
This term degenerates on a finite-dimensional subspace requiring additional care. Our technique combines Taylor expan-
sions, harmonic analysis, and (non)linear diffusion flows. We rigorously prove convergence of the Gagliardo-Nirenberg
family of inequalities, for the dimension of the sphere approaching infinity, to the Gaussian Beckner inequalities. Then,
we give constructive stability results for those, using nonlinear diffusion flows on the Gaussian space. Finally, we treat the
Gaussian logarithmic Sobolev inequality as a limit case. We find explicit stability estimates for log-concave or compactly-
supported densities, thanks to the interplay between log-concavity and the Ornstein-Uhlenbeck flow, using the carré du
champ method. We contribute to the theory of nonlinear Dirichlet forms. We extend the normal contraction property to the
nonlinear setting. The proof adopts a new strategy, based on the approximation of real Lipschitz functions with repeated

compositions of elementary piecewise linear functions. 55

KEYWORDS

Kinetic Fokker-Planck equations, Gagliardo-Nirenberg inequalities, Sobolev inequality, logarithmic Sob
inequality, Langevin dynamics, stability, heat flow, Dirichlet forms, hypocoercivity, log-concave functi
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