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Résumé

Les particules élémentaires se distinguent par leur spin et leur masse. En particulier, les champs de spin≤ 1, correspondant au contenu du Modèle standard, sont bien connus théoriquement et ont été observés dans la nature. Cependant, s'agissant des spins supérieurs, des pathologies sérieuses apparaissent lors de la construction d'un lagrangien. C'est typiquement le cas pour les spins supérieurs massifs chargés, où persistent l'acausalité ainsi que la perte de l'hyperbolicité. Même les exemples les plus simples, tels que le spin-3/2 et le spin-2, se révèlent extrêmement difficiles à étudier, malgré de nombreuses tentatives durant les décennies passées. Dans cette thèse, nous présentons des lagrangiens cohérents, les équations du mouvement et les contraintes pour spin-3/2 et spin-2 massifs chargés. Ces lagrangiens sont déduits de l'action dans le superespace décrivant le premier niveau massif de la supercorde chargée en quatre dimensions.

Outre son intérêt pour la théorie des champs, l'étude des spins supérieurs a des applications phénoménologiques. Il a été postulé par plusieurs auteurs que des spins supérieurs pourraient avoir été produits dans l'univers primordial et pourraient constituer un candidat pour la matière noire. Les gravitinos, qui sont des particules de spin-3/2 dans la supergravité, ont reçu une attention particulière. Certains auteurs ont récemment remarqué que lorsque la vitesse du son du gravitino s'annule, sa production diverge. Nous montrons que pour la supergravité N = 1, d = 4, qui contient deux fermions, la vitesse du son du gravitino ne s'annule jamais. Par conséquent, une telle production divergente est évitée.

Après avoir discuté des spins supérieurs, nous entrons dans la deuxième partie de cette thèse, autour de la physique au-delà du Modèle standard. Si de nombreuses expériences ont prouvé la robustesse du Modèle standard, certaines anomalies importantes, ainsi que des problèmes théoriques, suggèrent le besoin d'une nouvelle physique. Dans cette thèse, nous investiguons des candidats supersymétriques. Premièrement, nous considérons des scénarios où la supersymétrie réside dans des échelles de hautes énergies qui sont inaccessibles aux collisionneurs actuels. À travers un exemple, nous étudions comment la masse du boson de Higgs peut dévoiler l'espace de paramètres de tels modèles supersymétriques. Deuxièmement, nous étudions des modèles de jauginos de Dirac. Ces modèles présentent des propriétés intéressantes rendant possible l'alignement de Higgs, et pourraient expliquer la déviation de 7σ récemment rapportée dans la masse du boson W . Par une analyse numérique, nous mettons en évidence l'importance des corrections quantiques.
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Introduction

The mathematical formulation of elementary particles, on which is built modern Quantum Field Theory (QFT), dates back to less than a century ago. Since the work by Wigner [1] and his contemporaries, it is understood that all consistent and relativistic quantum fields can be classified by their spin s and mass m. Several decades after the discovery of the electron by the end of the 19 th century, Dirac [2] proposed the celebrated spin-1/2 equation of motion, which is linear in momentum and mass. The corresponding theory for bosons of spin-0 and spin-1 are also known to be described by the Klein-Gordon equation, which is of second order in spacetime derivative. These theories are readily generalized in Quantum Electrodynamics (QED) to charged particles, with the introduction of the minimal coupling: ∂ µ → D µ -ieA µ , and more general non-abelian gauge symmetries find their framework in Yang-Mills theory. The massless limit is well-established as well, where one usually recovers an additional gauge invariance.

Obviously this is not the end of the story. Though to date, no elementary particle of spin s > 1 has been detected, constructing a "higher spin theory" is still of great significance. Going beyond the pure mathematical curiosity, higher spin states play a crucial role in gravity. In General Relativity (GR), the mediator of gravitational interactions, the graviton, has spin-2. And in supergravity, the superpartner of the graviton -the gravitino, is of spin-3/2. It is important that a field theory of these states be ready for applications. Beside the hypothetical elementary particles, higher spin fields do exist in nature, and they are observed in composite states. According to the SU (3) classification, the "baryon decuplet" is formed by three-quark (u, d, s) states with a total spin s = 3/2. An example of them is the Ω -baryon carrying a unit charge: discovered in bubble chamber in 1964 [3], its spin is confirmed to be 3/2 by BaBar in 2006 [4]. In a typical experimental setup, these baryons travel a distance which is much larger than their own size, and therefore the point particle approximation is well justified, calling for the use of a local action.

It was not long after the development of the spin-1/2 equation that the higher spin studies were initiated by Dirac [5] in 1936. Later, the spin-3/2 and spin-2 massive free Lagrangians have been constructed by Rarita, Schwinger [6] and Fierz, Pauli [7] respectively. Several decades after these two works, Singh and Hagen [8,9] proposed a systematic Lagrangian formulation for any spin, necessitating lower spin auxiliary fields to enhance the constraint equations. The well-studied massive free theories open new avenues for generalizations and applications.

However, the seemingly immediate generalization to the charged higher spins turns out to be a highly challenging task. One may naïvely replace all the partial derivatives by covariant derivatives as in the spin s ≤ 1 case, but this operation inevitably results in a pathological action -manifesting acausality and loss of hyperbolicity -due to the non-commutativity of the covariant derivatives. Already in the simplest setup with U (1) charge and constant small electromagnetic background, finding a consistent higher spin effective Lagrangian proves to be very difficult. The attempts mainly consist in extending the Lagrangian with non-minimal terms, such as the Ferderbush Lagrangian [10] for spin-2 or the non-minimal spin-3/2 Lagrangians that Deser, Pascalutsa and Waldron [11] proposed, but the former still suffers from high energy unitarity problem and the latter does not escape from acausality. In recent contributions, an interesting approach is to start from String Theory, which features higher spin states in its spectrum. The past few decades have witnessed the development of charged bosonic string [12], then charged superstring theory [13] in a constant electromagnetic background. Based on the charged string theory, the investigation of the first massive states of open bosonic string in 26d has led Argyres and Nappi [14,15] to write up to now the only charged massive spin-2 Lagrangian, having the correct gyromagnetic ratio, without ghost or coupling to lower spin fields, though this Lagrangian is not valid away from 26d. One may naturally expect such construction to be performed on superstring as well, so as to derive a charged massive spin-3/2 theory along with a spin-2 in the same multiplet. This topic will be addressed in Chapter 2.

On the other hand, the phenomenological aspects of higher spins are not limited to the composite states, and when formulated in a curved spacetime, they have interesting cosmological implications. For instance, it is possible, using curved spacetime QFT, to analyze the gravitational particle production and investigate higher spin dark matter candidates. Indispensable in supergravity theories, the gravitino and its production are studied by various authors around 2000 [16][17][18][19] in the context of N = 1 supergravity, in particular in the Freedman-Lemaître-Robertson-Walker (FLRW) metric. Recently, a pathological phenomenon in gravitino production is pointed out by Kolb, Long and Mcdonough [20]. It is shown that in the FLRW background, the gravitino sound speed may vanish which results in a divergent gravitino production, and several non-linear supersymmetric models indeed exhibit such behaviour. In N = 1 supergravity with one chiral multiplet, the gravitino sound speed is equal to the speed of light [16][17][18] and therefore safe from divergent production. What happens if there is more than one chiral multiplet? Would divergent gravitino production occur? In this case, the question becomes more subtle due the mixing of different fermions, and the definition of a physical sound speed shall be clarified. Chapter 3 of this thesis deals with this question.

After venturing into theories of higher spins, let us go back to the "more usual" territory of s ≤ 1, which is far from being fully understood, either. The Standard Model (SM) of particle physics postulates three families of leptons and quarks, of spin-1/2, along with the spin-0 Higgs boson and spin-1 gauge bosons. The last particle discovered in this catalogue is the Higgs boson in 2012 by ATLAS and CMS [21,22], and so far the SM predictions have successfully gone through a majority of the experiments.

Yet several theoretical issues and experimental anomalies constantly raise the necessesity for going beyond the SM (BSM). In addition to the long-standing neutrino mass and oscillation problems, the SM is also challenged by other measurements, such as the muon g -2 anomaly and W boson mass, where significant deviations are reported. On the theoretical side, the SM does not account for gravitational interactions, and is not a suitable theory at the reduced Planck mass scale M P ∼ 10 18 GeV, characterizing the realm of Quantum Gravity. The mere observation that the electroweak (EW) scale is much lower than the Planck scale poses the "hierarchy problem", which becomes even more compelling in view of, e.g., the sensitivity of the Higgs boson mass to the ultraviolet (UV) cutoff due to quantum corrections. Shortly after the observation of the Higgs boson and the measurement of its mass, an analysis is performed in [23], evolving SM parameters using Renormalization Group Equations (RGEs), which surprisingly reveals an instability of the Higgs potential at an energy scale lower than M P . Numerous evidences call for BSM physics.

A well-motivated BSM candidate is supersymmetry (SUSY), which features an extended particle content, and consequently an enlarged parameter space. A number of theoretical or phenomenological issues related to the SM find a satisfying explanation with SUSY. The aforementioned UV-divergence of the quantum corrections to the scalar mass, can be exactly cancelled by the superpartner diagrams, leaving an additional quadratic term in the SUSY breaking mass scale. SUSY models are also interesting candidates to accommodate the experimental discrepancies, in particular, it can provide a sufficient enhancement to muon g-2 so as to attain the measured value. But in absence of strong evidence of superparticles in direct collider searches, it is plausible that the SUSY scale is beyond the current experimental capacity. In this case, how do we constrain the parameter space of a given model? A specific property in SUSY is that, the Higgs quartic coupling which is extracted from the Higgs mass, is not a free parameter contrary to the SM. In the example of the MSSM, at tree level, the quartic coupling is determined by the "D-term" and radiative corrections receive contribution from all superparticles. Therefore, the SM-like Higgs mass contains information about masses and couplings of these new particles. The goal of Chapter 4 is to illustrate, through an explicit example, how Higgs mass can constrain the parameter space of a highscale SUSY model.

As the SUSY particle content involves more than one scalar, the question that must be addressed is how the SM-like Higgs boson is incorporated. The common requirement is that the observed Higgs be aligned with the scalar mixing matrix eigenstate acquiring a non-zero vacuum expectation value (vev) -this is the so-called Higgs alignment. The previous highscale SUSY scenario easily realizes the alignment, because the new scalars are much heavier than the SM-like one, thus they decouple, and the remaining light scalar is naturally aligned with the SM Higgs boson. If one allows lighter SUSY masses, Higgs alignment without decoupling may also be achieved, thanks to some underlying symmetries of the model.

We will explore in Chapter 5 Dirac gaugino models, where gauginos have Dirac masses. Such models were first introduced in [24] to provide mass to gluinos while preserving Rsymmetry. Interestingly, Dirac gaugino models can achieve alignment without decoupling, in addition, the singlet scalar in its particle content generically enhances the W -boson mass, which may accommodate the recently reported 7 standard deviations from the CDF experiment [25].

This manuscript is structured as follows: In Chapter 1, we briefly introduce supersymmetry as well as related topics, providing necessary tools for the following content. In Chapter 2, we review the main results in free massive higher spin theories, and introduce the pathologies persisting in charged higher spins. We then present the calculation to obtain explicitly the consistent Lagrangian, equations of motion and constraints of charged massive spin-3/2 and spin-2 states. In Chapter 3, we introduce the divergent gravitino production related to the gravitino sound speed, and then investigate the gravitino propagation in the case of N = 1, D = 4 supergravity with more than one chiral multiplet. In Chapter 4, we study the Higgs mass constraints on a specific supersymmetric model, that solves the muon g -2 anomaly. In Chapter 5, we start by reviewing the Dirac gaugino models, and then discuss their alignment properties and how they accommodate the W boson mass deviations. We conclude in the last Chapter. Conventions and useful results are presented in appendices.

Chapter 1

Super-preliminaries

This chapter provides basic elements and tools on supersymmetry as well as related subjects, which is not intended to be an extensive review. There exists a plethora of introductions to supersymmetry and/or supergravity, such as [26][27][28][29][30][31], and the lessons on superspace [32]. This chapter is based on these references.

Supersymmetry

Superalgebra

The supersymmetry algebra generalizes the Poincaré algebra of spacetime symmetry, by introducing a spinorial generator1 Q that obeys schematically the following commutation and anticommutation relations:

[Q, P µ ] = Q, P µ = 0 Q, Q = {Q, Q} = 0 Q, Q = P µ (1.1)
where P µ generates spacetime translations. Such algebra involving both commutation and anticommutation relations is also called a graded Lie algebra, or superalgebra. The possible symmetries of the S-matrix are subject to the Coleman-Mandula no-go theorem [33], which forbids any non-trivial combination of internal symmetry and spacetime symmetry, but supersymmetry evades this restriction by generalizing Lie algebra to graded Lie algebra. It has been proven by Haag, Łopuszański and Sohnius [34], as an extension to the Coleman-Mandula theorem, that the maximal symmetry of the S-matrix is the direct product of an internal symmetry with the supersymmetry algebra, in other words, supersymmetry algebra is the only non-trivial graded Lie algebra that is consistent with S-matrix symmetries, with a possible extension to include central charges.

The irreducible representations of supersymmetry are called supermultiplets or simply multiplets, which contain both fermionic and bosonic states that are related by supersymmetric transformations. The fermions and bosons in the same supermultiplet are said to be superpartners of each other. The above graded Lie algebra obeys the following crucial properties:

1. Since the squared-mass operator -P 2 commutes with Q, Q as well as spacetime rotation and translation generators, all particles in the same supermultiplet then must have the same eigenvalue under -P 2 , namely the superpartners have the same mass.

2. The energy P 0 in supersymmetric theories is always positive or zero. This is demonstrated by using the anticommutator Q, Q in (1.1), with indices restored. In fact, a supersymmetry-preserving state always has zero vacuum energy.

3. A supermultiplet contains an equal number of bosonic and fermionic degrees of freedom.

The first point implies that supersymmetry must be broken, because superparticles having degenerate masses with their observed SM partners have never been detected. The second point adds that supersymmetry is spontaneously broken if and only if the vacuum has nonzero energy.

The simplest supersymmetric model is the free massless Wess-Zumino model, describing a complex scalar ϕ with its superpartner, a two-component Weyl fermion ψ. The Lagrangian has kinetic terms only:

L = -∂ µ φ∂ µ ϕ -i ψσ µ ∂ µ ψ (1.2)
We followed the conventions in Appendix A. Denoting the infinitesimal, constant, supersymmetry transformation parameter by a two-component Weyl fermion ϵ α , the above Lagrangian is invariant under

δ ϵ ψ α = √ 2i (σ µ ε) α ∂ µ ϕ, δ ϵ ϕ = √ 2ϵψ (1.3)
To see if the supersymmetry algebra closes, on should check if the commutator of two transformations, (δ ϵ 2 δ ϵ 1 -δ ϵ 1 δ ϵ 2 ), is another symmetry of the theory. For the scalar, this commutator results in a spacetime derivative ∂ µ ϕ which is indeed a symmetry corresponding to the generator P µ . But for the fermion, this is true only if we use the equation of motion σµ ∂ µ ψ = 0, in other words, the supersymmetry algebra in closed on-shell in this case, which may be problematic for the symmetry to hold at quantum level. The remedy is to introduce an auxiliary field, a complex scalar F , with a Lagrangian

L F = F F (1.4)
It is trivial that the equation of motion of F , is just F = 0. By construction, auxiliary fields do not possess dynamics, and therefore they can be integrated out using their equations of motion. Adding a term (1.4) amounts to a physically equivalent theory. Let F transform as

δ ϵ F = √ 2iεσ µ ∂ µ ψ (1.5)
and modify the transformation of ψ

δ ϵ ψ α = √ 2i (σ µ ε) α ∂ µ ϕ + √ 2ϵ α F (1.6)
It follows that the total Lagrangian L + L F is still invariant under supersymmetry transformations, but now the commutator (δ ϵ 2 δ ϵ 1 -δ ϵ 1 δ ϵ 2 ) acting on any field in this theory, yields the spacetime derivative of the same field, without the need for equations of motion. As a result, thanks to the auxiliary field, the supersymmetry algebra is closed off-shell. As is stated before, in a supermultiplet we must have the same bosonic and fermionic degrees of freedom, which holds both on shell and off shell. In this example, we have two bosonic (ϕ) and two fermionic (ψ) degrees of freedom on shell, whereas off-shell we have four bosonic (ϕ, F ) and four fermionic (ψ) degrees of freedom.

Superspace, superfields, supersymmetric Lagrangians

Superfields, first introduced by Salam and Strathdee [35], are very powerful and elegant tools to treat supersymmetric theories. And thanks the notion of superspace, one acquires a geometrical picture of supersymmetry transformations, where the usual spacetime coordinates are supplemented by anticommuting (Grassmann) coordinates θ α , with α = 1, 2. The hermitian conjugate of θ α has a dotted index, θ α, with α = 1, 2. Points in superspace are labelled by (x µ , θ α , θ α). We can then define the group elements G(x, θ, θ) = e i(-x µ Pµ+θQ+ θ Q)

(1.7)

The group action induces a translation on the enlarged coordinate space. Superfields are functions of superspace, which can be seen as a Taylor expansion in the Grassmann coordinates (θ, θ). Remarkably, due to the anticommuting property of θ, this expansion is finite, and we have F x, θ, θ =f (x) + θϕ(x) + θ χ(x)

+ θθm(x) + θ θn(x) + θσ µ θv µ (x)

+ θθ θλ (x) + θ θθψ(x) + θθ θ θd(x)

(1.8) Among the components, there are 16 bosonic degrees of freedom in total, and 16 fermionic degrees of freedom. The superfield transforms as

δ ϵ F (x, θ, θ) ≡ ϵQ + ε Q F with ϵQ + ε Q = ϵ α ∂ ∂θ α -iσ µ α α θ α∂ µ + ε α ∂ ∂ θ α + iσ µ αα θ α ∂ µ (1.9)
In addition, it is easy to see that linear combination of superfields, and product of superfields, are still superfields. The superfields are highly reducible, under constraints that are preserved by the transformation (1.9). The reduced superfields have less components, but no new dynamical content. To find such constraints, it is convenient to introduce the covariant derivatives

D α = ∂ ∂θ α + iσ µ α α θ α∂ µ D α = - ∂ ∂ θ α -iθ α σ µ α α∂ µ (1.10)
satisfying the following anticommutation relations

{D α , D α} = -2iσ µ α α∂ µ , {D α , D β } = { D α, D β } = 0 (1.11)
They also anticommute with Q and Q, so indeed these derivatives transform covariantly under supersymmetry:

D α (δF ) = δ (D α F ) , D α (δF ) = δ D αF (1.
12)

The first supersymmetry-preserving constraint one can apply is simply the covariant derivative D αΦ = 0 (1.13) Superfields obeying this condition are called scalar superfields, or chiral superfields. The most general solution to this equation is determined by three components, with Φ =A(x) + √ 2θψ(x) + θθF (x)

+ iθσ µ θ∂ µ A(x) - i √ 2 θθ∂ µ ψ(x)σ µ θ + 1 4 θθ θ θ∂ 2 A(x) (1.14)
The components (A, ψ, F ) form a scalar or chiral multiplet. The fields in the Wess-Zumino model mentioned in Section 1.1.1, consist precisely of a chiral multiplet, and actually their supersymmetry transformations are exactly the components of (1.9). Products and linear combinations of chiral superfields are again chiral superfields.

The second allowed constraint is a reality constraint

V = V † (1.15)
The corresponding superfields are called vector superfields (because of the presence of a vector component) or real superfields. We write their expansion as

V (x, θ, θ) =C(x) + iθχ(x) -i θ χ(x) + i 2 θθ[M (x) + iN (x)] - i 2 θ θ[M (x) -iN (x)]
-θσ µ θv µ (x) + iθθ θ λ(x) + i 2 σµ ∂ µ χ(x)

-i θ θθ λ(x) + i 2 σ µ ∂ µ χ(x) + 1 2 θθ θ θ D(x) + 1 2 ∂ 2 C(x) .
(1. 16) where the scalars are all real. Notice that the vector superfield is invariant under the supergauge transformation V → V + Φ + Φ † where Φ is a chiral superfield. There is a gauge choice of Φ called the Wess-Zumino gauge, which eliminates C, χ, M , N , resulting in V WZ = -θσ µ θv µ + iθθ θλ -i θ θθλ + 1 2 θθ θ θD (1.17) This gauge breaks linear supersymmetry, but preserves the gauge invariance of the vector component v µ → v µ + ∂ µ Λ. One can view this as a partial supergauge fixing. One may also attach an extra spacetime index to the real superfield V → V m , so in components, instead of a vector (spinor) we will have a rank-2 tensor (vector-spinor). This superfield will be crucial to construct spin-2 and spin-3/2 theories in Chapter 2.

We have already seen in Φ and V necessary ingredients for any theory containing scalars, spinors, or vectors. In fact, the superfields allow to construct supersymmetric Lagrangians in a rather simple way. The approach is essentially looking for components of some superfield combinations, that transform under supersymmetry as a total derivative. This component is then a piece of the Lagrangian, because the supersymmetry transformation of the Lagrangian gives zero up to a total derivative, that we drop. To begin with, the θθ θ θ component of a superfield always transforms as a total derivative, as can be inferred from the component expansion of (1.9). For chiral superfields, the kinetic terms and the auxiliary mass term arise from the θθ θ θ component of Φ † Φ

L K = Φ † j Φ j θθ θ θ = -i ψj σµ ∂ µ ψ j + Āj ∂ 2 A j + Fj F j (1.18)
For j = 1, we recover the Wess-Zumino model in Section 1.1.1. Moreover, note that the θθ component of Φ transforms as a total derivative, given by (1.5). This property also holds for Φ n , n > 1. Then one proposes the following renormalizable Lagrangian describing masses and interactions along with linear terms:

L I = 1 2 m ij Φ i Φ j + 1 3 g ijk Φ i Φ j Φ k + λ i Φ i θθ + h.c. (1.19)
The complex scalars F j are always auxiliary fields. Integrating them out, we obtain finally the general renormalizable supersymmetric Lagrangian of chiral multiplets:

L = -i ψj σµ ∂ µ ψ j + Āj ∂ 2 A j - 1 2 m jk ψ j ψ k - 1 2 m * jk ψj ψk -g ijk ψ i ψ j A k -g * ijk ψi ψj Āk -V (A i , Āj ) (1.20) 
The last line contains Yukawa couplings and the scalar potential. For the expression of the scalar potential, it is convenient to introduce the superpotential, which is a holomorphic function corresponding to the piece in parentheses in (1.19):

W (x) = 1 2 m ij x i x j + 1 3 g ijk x i x j x k + λ i x i (1.21)
and the scalar potential takes the form

V (A i , Āj ) = i Fi F i = i ∂W (A) ∂A i 2 (1.22)
Now let us turn to the Lagrangian of vector superfields, which is expected to describe gauge theories. Contrary to the previous case, the kinetic terms of the vector field v m and the spinor λ cannot be extracted from the θθ θ θ component, and in fact they will not arise from any V n , n > 1. A natural way to introduce spacetime derivative is to act the covariant derivatives D α and D α on vector superfields. More concretely, one defines

W α = - 1 4 D DD α V, W α = - 1 4 DD D αV (1.23)
They are chiral superfields (dressed with a spinor index), due the properties D 3 = D3 = 0, and are also supergauge invariant under V → V + Φ + Φ † . As before, a supersymmetric Lagrangian can be obtained from the θθ component of products of W α , W α:

L = 1 4 W α W α | θθ + W α W α θθ (1.24)
To see what terms this Lagrangian gives rise to, it is more clear to fix the Wess-Zumino gauge, using the expression (1.17). We find

L = 1 2 D 2 - 1 4 v mn v mn -iλσ µ ∂ µ λ (1.25)
where v mn = ∂ m v n -∂ n v m . Indeed, we recover the kinetic terms of v m and λ. Besides, an additional V 2 θθ θ θ complements (1.24) with a mass term of v m and kinetic terms for χ, C. In total, the supersymmetric Lagrangian of a vector superfield

L = 1 4 W α W α | θθ + W α W α θθ + V 2 θθ θ θ (1.26)
describes a vector multiplet: one vector field (v m ), two spin-1/2 fields (χ, λ), and one scalar field (C). Finally, note that the θθ θ θ component of V itself is both supersymmetry and supergauge invariant, thus one may add to (1.26) the Fayet-Iliopoulos term:

L FI = -2κ V | θθ θ θ = -κD (1.27)
where we dropped the total derivative. This term plays an important role in spontaneous supersymmetry breaking.

Before ending this subsection, we briefly discuss supersymmetric gauge theories, and elaborate the theory of interacting chiral superfields Φ i that transform under the representation R of a gauge group G. Starting from the global symmetry, the chiral superfields transform according to Φ i → e iΛ a (T a ) i j Φ j or δΦ i = iΛ a (T a ) i j Φ j (1. 28) where T a are the generators of the representation. The parameters Λ a are real constants, hence chiral superfields obeying (1.13). The kinetic term of the Lagrangian Φ † j Φ j θθ θ θ is obviously invariant under the supergauge transformation, as for the interacting terms, W (Φ)| θθ + h.c., the supergauge invariance imposes constraints on the superpotential. Going to local supergauge symmetries, scalar superfields will not suffice, and it is necessary to introduce a vector superfield. The reason is that the gauge parameters Λ(x) are no longer constant chiral superfields, and the kinetic term loses supergauge invariance. The invariance can be restored by vector superfields V a belonging to the adjoint representation of G V = V a T a (1. 29) transforming as e V → e iΛ † e V e -iΛ (1.30)

To the first order, δV = -i(Λ -Λ † ) and we recognize the previously encountered transformation V → V + Φ + Φ † with Φ = -iΛ. Higher orders can be evaluated by Hausdorff's formula. The kinetic term is modified so that it stays invariant

L K = Φ † e V Φ θθ θ θ (1.31)
The form of the superpotential W (Φ) is always subject to the requirement of supergauge invariance. Turning our attention to the vector superfield, we know that its Lagrangian is determined by the chiral superfields W α , W α defined in (1.23). Now, these superfields are not supergauge invariant anymore, neither are the subsequent kinetic terms, and one shall use a new definition

W α = - 1 4 D De -V D α e V , W α = - 1 4 DDe -V D αe V (1.32)
with transformations

W α → e iΛ W α e -iΛ , W α → e iΛ W αe -iΛ (1.33)
Analogous to the ordinary Yang-Mills theory, the kinetic term will be a trace of W α W α . Finally, the full supersymmetric Lagrangian is

L = 1 4k Tr W α W α | θθ + W α W α θ θ + Φ † e V Φ θθ θ θ + [ W (Φ)| θθ + h.c.] (1.34)
where k is a normalization factor to be determined later. The superpotential shall satisfy supergauge invariance.

In the presence of abelian U (1) factors in the gauge group, the transformation law of the corresponding vector superfields is δV A = -i(Λ -Λ † ), thus the θθ θ θ component of V a A is supergauge invariant. We also know that it is supersymmetry invariant as it transforms as a total derivative. In this case, we can add to (1.34) the Fayet-Iliopoulos terms:

L FI = a -2κ a V a A | θθ θ θ = a -κ a D a A (1.35)
One may use again the Wess-Zumino gauge to expand (1.34) for a simple and explicit form of the component Lagrangian. One expects to recover a Lagrangian describing chiral multiplets (A i , ψ i , F i ) charged under the gauge group, along with vector multiplets (v a m , λ a , D a ) where v a m are the gauge bosons and λ a their superpartners, the gauginos. The integration of the auxiliary F i and D a yields for the scalar potential, F -terms and D-terms respectively. To summarize, ignoring for the moment L FI , the scalar potential is:

V A i , Āj = i dW dA i 2 + 1 2 a g 2 Āi T ai j A j 2 = i F i 2 + 1 2 a (D a ) 2 (1.36)
where g is the gauge coupling. Clearly, the scalar potential is positive or zero. According to (1.20), the Yukawa Lagrangian can be expressed in terms of the superpotential as

L Yuk = - 1 2 
d 2 W (A k )
dA i dA j (ψ i ψ j ) + h.c. (1.37) We also have gauge invariant interactions between the chiral fermion ψ i , the scalars A i and the gauginos λ a :

L int = √ 2ig ψi λa T ai j A j + h.c.

(1.38)

Supersymmetry breaking

For applications in real world, supersymmetry must be broken. As is evidenced by (1.36), the scalar potential has a global minimum V = 0 when

F i = ⟨D a ⟩ = 0 ⇔ dW dA i = ⟨D a ⟩ = 0 (1.39)
has a solution. Any other vacuum with F i ̸ = 0 or ⟨D a ⟩ ̸ = 0 breaks supersymmetry. The vacuum expectation values ⟨A i ⟩ satisfy the minimum conditions

dV dA i = F j d 2 W
dA i dA j -gD a Āj (T a ) j i = 0 (1.40)

In addition, the superpotential must be gauge invariant, namely,

Āj (T a ) j i F i = i d W ( Āi ) d Āi δ a Āi = 0 (1.41)
(1.40) together with (1.41) can be put in a matrix form:

F i D a d 2 W dA i dA j -g Āj (T a ) j i -g Āj (T a ) i j 0 = 0 0 (1.42)
Interestingly, the 2 × 2 matrix above coincides with the mass matrix of the fermions (ψ, λ), from the Lagrangians (1.37)- (1.38):

L Yuk + L int = - 1 2 ψ i √ 2iλ b   d 2 W dA i dA j -g Āj (T a ) j i -g Āj T b i j 0   ψ j √ 2iλ a (1.43)
Hence if a vacuum breaks supersymmetry, with F i ̸ = 0 or ⟨D a ⟩ ̸ = 0, then the 2 × 2 matrix has a zero eigenvalue. In other words, there exists a massless fermion:

υ = ⟨F i ⟩ ψ i - i √ 2 g ⟨D a ⟩ λ a (1.44)
This is the supersymmetric version of the Goldstone theorem: spontaneous supersymmetry breaking gives rise to a massless Goldstone fermion υ, also called a Goldstino. When every vacuum state possesses a positive energy, it indicates that the supersymmetric gauge theory has undergone spontaneous symmetry breaking. Such scenario can be achieved by an appropriate choice of the superpotential W or the D-term D a , more concretely, there exist two realizations, constructed respectively by O'Raifeartaigh [36] and Fayet, Iliopoulos [37,38]. We review below the two mechanisms of spontaneous supersymmetry breaking.

The O'Raifeartaigh mechanism or the F -term breaking consists in specific choices of a superpotential W and three chiral multiplets Φ i , i = 0, 1, 2, such that there is no solution to dW dA i = 0. One of the possibilities is to pick the superpotential

W = λΦ 0 + mΦ 1 Φ 2 + gΦ 0 Φ 2 1 (1.45)
The linear term implies that Φ 0 must be a gauge singlet. In fact, this linear term is necessary for F -term breaking at tree-level in a cubic polynomial superpotential. The scalar potential is

V (A 0 , A 1 , A 2 ) = λ + gA 2 1 2 + |mA 2 + 2gA 0 A 1 | 2 + |mA 1 | 2 + 1 2 a (D a ) 2 (1.46)
Assume that D a = 0 has a solution. We also suppose m 2 > 2λg and all parameters are real, the minimum of (1.46) then corresponds to A 1 = A 2 = 0, independent of A 0 , and the vacuum energy at this point is V = λ 2 > 0. Thus supersymmetry is spontaneously broken.

The Fayet-Iliopoulos mechanism or the D-term breaking may occur when the gauge group includes at least one abelian U (1) factor. As is mentioned in the previous subsection, in this case the θθ θ θ component of a vector superfield is both supersymmetry and supergauge invariant. The additional Fayet-Iliopoulos terms (1.35) would force the D-term to acquire a non-zero vacuum expectation value. To see this, let us consider a simple model with U (1)charged scalar fields. The superpotential is W = 1 2 m i Φ 2 i and the charge of A i is given by q i . This configuration results in the following scalar potential

V = i |m i | 2 |A i | 2 + 1 2 κ -g i q i |A i | 2 2 (1.47)
This potential never vanishes for κ ̸ = 0, therefore supersymmetry is spontaneously broken.

In realistic models that incorporate the SM, one oftentimes introduces soft terms that explicitly break supersymmetry while preserving some of its desirable properties. These terms do not add quadratic divergences to the Higgs mass, and allow to obtain superparticles that are heavier than their SM partners. The values of the soft-breaking parameters are a priori not predicted by any fundamental theories, and are subject to theoretical as well as experimental constraints. They can be viewed as a low energy effect due to an unknown spontaneous breaking at a higher scale.

R-symmetries

We briefly mention in this last subsection the R-symmetries, that are relevant for the introduction of Dirac gaugino models in Chapter 5. In N = 1 supersymmetry that we are focusing on, the R-symmetry is associated with a global U (1) R transformation rotating the Grassmann coordinates:

θ → e iα θ, θ → e -iα θ (1.48)
where θ, θ are said to carry R-charges +1, -1. For a theory invariant under R-symmetry, the superfield carrying r S R-charge will transform as S x, θ, θ → e ir S α S x, e -iα θ, e iα θ (1.49) R-symmetry does not commute with the supersymmetry generator and therefore different components in the superfield can have different R-charges. For a chiral superfield in the form (1.14) with R-charge r Φ , the R-charges of the components A (complex scalar), ψ (chiral fermion), F (auxiliary scalar) are then r Φ , r Φ -1, r Φ -2. The vector superfield, on the other hand, carries no R-charge due to its reality. In the Wess-Zumino gauge (1.17), we infer the R-charges of v µ (vector boson), λ (gaugino), D (auxiliary scalar), that are 0, +1, 0. If a theory is to be R-symmetric, then necessarily the R-charge of the superpotential is +2, as can be observed from (1.19). This requirement is not automatically satisfied: for a general renormalizable superpotential

W (Φ) = 1 2 m ij Φ i Φ j + 1 3 g ijk Φ i Φ j Φ k + λ i Φ i , (1.50)
only one of three terms can stay, if the total R-charge of W is equal to +2. R-symmetry is not necessary for a Lagrangian to be consistent, and can be violated in many situations. However, it is particularly significant for supersymmetry breaking. In fact, the Nelson-Seiberg theorem [39] states that in the case of spontaneous supersymmetry breaking by a non-zero F -term, with a generic superpotential, then the theory must have an exact R-symmetry that remains unbroken. In the simple example of the O'Raifeartaigh mechanism, Eq. (1.45), we find the charge assignments:

r Φ 0 = +2, r Φ 1 = 0, r Φ 2 = +2 (1.51)
for the superpotential to possess an R-charge +2. Besides, R-symmetry cannot be spontaneously broken at electroweak scale because otherwise it would lead to a massless "R-axion" that is experimentally problematic. Consequently, R-symmetry is either conserved or explicitly broken.

Supergravity

Local supersymmetry

The previous section covers global supersymmetry where the transformation parameter ϵ is constant. While global supersymmetry is a mathematically consistent theory, it is incompatible with gravity because the latter requires diffeomorphism invariance, which will be broken by a constant spinorial parameter ϵ. From another perspective, if supersymmetry is to be promoted to a local symmetry, then it must couple to gravity. This fact can be observed through the example of the massless free Wess-Zumino model:

L = -∂ µ φ∂ µ ϕ -i ψσ µ ∂ µ ψ (1.52)
We have seen in the previous section that this Lagrangian is invariant under global supersymmetry transformations (1.3), but when the parameter ϵ becomes spacetime-dependent, ϵ → ϵ(x), the transformations leave residual terms

δ ϵ L = (∂ µ ε) j µ L + (∂ µ ϵ) j µ R , j µ L = √ 2∂ ν ϕσ ν σ µ ψ, j µ R = √ 2∂ ν φσ ν σµ ψ (1.53)
The super-Noether current j µ = j µ L + j µ R is a conserved current, namely ∂ µ j µ = 0 if one uses the equations of motion. In order to cancel the residual terms in δ ϵ L, we shall introduce a gauge field that, same as j µ , behaves as a vector-spinor. Denoting this gauge field as χ µ , we have

δ ϵ χ µ = M P ∂ µ ϵ (1.54)
where the factor M P is added to ensure the correct mass dimension. The Neother's method then indicates the addition of a new piece to the Lagrangian

L ′ = - 1 M P ( χµ j µ L + χ µ j µ R ) (1.55)
The variation of L ′ cancels δ ϵ L, but gives rise to the variation of the currents j µ L , j µ R that is in general non-vanishing. By calculating the terms bilinear in ϕ and ψ one recovers precisely their energy momentum tensors contracted with χ µ , namely, these terms take the form

δ ϵ L + L ′ = - 1 M P ( χµ δ ϵ j µ L + χ µ δ ϵ j µ R ) ∼ 1 M P εγ µ χ ν T µν + • • • (1.56)
which suggests adding a new symmetric rank-2 field g µν that transforms as

δg µν ∼ 1 M P εσ (µ χ ν) (1.57)
and modifying the Lagrangian with an extra piece so as to cancel (1.56)

L ′′ ∼ -g µν T µν (1.58)
The only candidate that can couple to the energy momentum tensor is the dynamical spacetime metric. Therefore, we have an overview of the necessity of gravity, i.e. the introduction of the spin-2 graviton and its spin-3/2 superpartner gravitino2 , sitting in a supergravity multiplet, when promoting supersymmetry to a local symmetry. This is actually not limited to the Wess-Zumino model discussed here, and holds in general cases.

Minimal supergravity

We now come to the minimal N = 1 supersymmetric extenstion of General Relativity in four dimensions, which involves one supergravity multiplet in absence of matter multiplet. This form allows for various extensions, such as in different dimensions or with extended supersymmetry or coupling to matter multiplets. The minimal content is the curvature tensor, and a gravitino ψ µ which is a necessary ingredient to render supersymmetry local, so the basic approach is to start from the Einstein-Hilbert action along with a curved-space Rarita-Schwinger action describing a massless gravitino:

S = d 4 x (L EH + L RS ) d 4 x √ -g M 2 P 2 R - 1 2 ψµ γ µνρ D ν ψ ρ (1.59)
From now on, we adopt the four-component notation for the fermions. The Lorentz covariant derivative of a fermion field is given by D µ ψ = ∂ µ ψ + 1 4 ω µ ab γab ψ and the curved-space γ matrices are related to the flat-space ones (γ's) through γ µ ≡ e a µ γa where e a µ denotes the frame field (vierbein) describing the graviton. The spin connection is introduced through the action of the full covariant derivative on the vierbein: ∇ µ e a = ω µ b a e b , with e a ≡ e µ a ∂ µ . Imposing furthermore that the spin connection preserve the metric tensor and be torsionfree, ω ab µ can be expressed in terms of e a µ . We will encounter again these definitions in Section 3.2. Strictly speaking, as we are coupling the fermion to gravity, the full covariant derivative ∇ should also contain the Christoffel symbol Γ, but in the above action it appears only in an antisymmetrized form Γ σ

[νρ] = 0, and therefore does not contribute:

∇ [ν ψ ρ] = ∂ [ν ψ ρ] + 1 4 ω ab [ν γ ab ψ ρ] -Γ σ [νρ] ψ σ = D [ν ψ ρ] (1.60)
The next step is to supersymmetrize (1.59), keeping the assumption that the gravitino is the gauge field of supersymmetry, as is suggested by the example of the Wess-Zumino model. A reasonable guess for the gauge transformation is to covariantize (1.54):

δ ϵ ψ µ = M P D µ ϵ = M P ∂ µ + 1 4 ω ab µ γab ϵ (1.61)
In accordance with the four-component notation, ϵ and ψ µ are now Majorana spinors. As for the gauge transformation of the vierbein, one may either draw inspiration from (1.57), or derive it from the transformation law of the gravitino, by cancelling the terms in δ ϵ S generated by δ ϵ ψ µ . We give directly the result

δ ϵ e a µ = 1 2M P εγ a ψ µ (1.62)
At this point, the action is not yet invariant, because the variation of the spin connection δ ϵ ω ab µ also contributes. Demanding that the residual terms in δ ϵ S vanish results in multiple possibilities, and δ ϵ ω ab µ depends on the formalism one chooses. Two different solutions have been derived by Deser, Zumino [40]:

δω bc µ = B bc µ - 1 2 e c µ B be e + 1 2 e b µ B ce e , (1.63) 
with

B bc µ = i 2M P εγ µ γ 5 D ρ ψ σ ϵ ρσbc , ( 1.64) 
and by Ferrara, Freedman, van Nieuwenhuizen [41]:

δ ωab µ = 1 M P εγ ρ (D σ ψ τ ) 2e [a ρ e b] τ g µσ -e [a τ e b] σ g µρ , ( 1.65) 
where ω ab µ = ωab µ (e, ψ) is the solution to De a = ψ ∧ γa ψ/(4M 2 P ).

We have had a glimpse on the minimal N = 1, D = 4 supergravity with only one supergravity multiplet (e a µ , ψ µ ), constructed around a Minkowski background η ab ∼ (-1, 1, 1, 1). In GR, one can add to the Einstein-Hilbert action a cosmological constant term

S = d 4 x √ -g M 2 P 2 R -M 2 P Λ (1.66)
and according to the sign of Λ, one defines the de Sitter (dS) vacua (Λ > 0), as well as the anti-de Sitter (AdS) vacua (Λ < 0). An important question is then whether the above action can be supersymmetrized as before, which is equivalent to finding a supergroup that incorporates the symmetry group of dS or AdS spacetime. In the pure supergravity theory that we are discussing, it is established that only the AdS group can be consistently extended to a supergroup, and a positive cosmological constant always breaks supersymmetry. The vierbein still transforms as Eq. (1.62), whereas the transformation rule of the gravitino is shifted by a term proportional to γ:

δψ µ = M P D µ ϵ - g 2 M 2 P γ µ ϵ (1.67)
The supersymmetry invariant action of a supergravity multiplet in AdS is written as

S AdS = d 4 x √ -g M 2 P 2 R -M 2 P Λ - 1 2 ψµR γ µνρ D ν ψ ρL - 1 2 ψµL γ µνρ D ν ψ ρR -M P g 2 ψµR γ µν ψ νR -M P g * 2 ψµL γ µν ψ νL (1.68)
where Λ = -3M 2 P |g| 2 < 0 and recall that g is the determinant of the metric g µν . The factor √ -g in the action can also be replaced by the determinant of the vierbein e = √ -g. Remarkably, in the supergravity multiplet, we now have a massless graviton and a "massive" gravitino while preserving supersymmetry. In fact, the statement in the previous section that all particles in the same multiplet should have degenerate mass, does not always hold in a curved spacetime, where extra mass-like terms may appear. In reality, the concrete definition of "mass" in AdS is subtle and needs much more careful treatments, which is not of our focus here.

Matter couplings and scalar potential

In order to describe matter and Yang-Mills interactions, we must couple the supergravity multiplet to chiral multiplets or vector multiplets. While a primitive sketch of chiral multiplet coupling was drawn in Section 1.2.1, with the simplest Wess-Zumino model, the discussion shall be extended.

To this end, let us momentarily return to global supersymmetry, and add some material that has not been covered in Section 1.1. Consider a Wess-Zumino model with n C chiral multiplets (ϕ m , χ m ), where χ m are Majorana fermions and m = 1, ..., n C . In fact, just as in non-linear σ-models, the kinetic terms of the complex scalars can be non-minimal. In general cases, they are derived from a real function, called the Kähler potential K(ϕ, φ):

L ⊃ -g mn ∂ µ ϕ m ∂ µ ϕ n + χm L / Dχ n R + χn R / Dχ m L , with g mn = ∂ m ∂ nK(ϕ, φ) (1.69)
where the barred indices represent the complex conjugate of ϕ, or the right-handed part of the fermion, namely:

ϕ n ≡ φn , ∂ m ≡ ∂ ∂ϕ m , ∂ n ≡ ∂ ∂ϕ n χ m R ≡ P R χ m , χ m L ≡ P L χ m (1.70)
Note that the {mn}, { mn} components of the Kähler metric g mn are vanishing. The covariant derivative D acting on the scalars trivially reduces to a partial derivative, while its action on the fermion is given by

D µ χ n R ≡ ∂ µ χ n R + ∂ µ ϕ m Γ n ml χ l R , D µ χ n L ≡ ∂ µ χ n L + (∂ µ ϕ m ) Γ n ml χ l L (1.71)
with Γ the Christoffel symbol related to g mn . It is useful to note that the Kähler potential is invariant upon adding the real part of a holomorphic function:

K ϕ n , ϕ n → K ϕ n , ϕ n + h (ϕ n ) + h * ϕ n (1.72)
The scalar potential, the Yukawa Lagrangian, and the supersymmetry transformations that we presented in Section 1.1.2 are deformed by g mn correspondingly.

Next, we couple n V vector multiplets A I µ , λ I , I = 1, ..., n V , to the chiral multiplets above. The non-minimal kinetic terms of the vector multiplets are encoded in a set of holomorphic functions f IJ (ϕ m ), called the gauge kinetic function:

L ⊃ Re (f IJ (ϕ m )) - 1 4 F I µν F µνJ - 1 2 λI / ∂λ J (1.73)
where F I µν are the field strengths of the gauge bosons, and ∂ represents some suitable gauge covariant derivative. To guarantee the correct sign of the kinetic terms, g mn and Re (f IJ ) must be positive definite.

Both in global and local supersymmetry, the most general action of n C chiral multiplets coupled to n V vector multiplets is determined by the following input data:

1. The Kähler potential K and the gauge kinetic function f IJ , related to the kinetic terms of the chiral and vector multiplets.

2. The holomorphic superpotential W . It contributes the scalar potential, the Yukawa Lagrangian and the fermion mass terms.

3. The gauge group and the representation under which the chiral multiplet transforms.

4. The Fayet-Iliopoulos terms in the presence of Abelian gauge groups.

The full supergravity Lagrangian for arbitrary number of chiral and vector multiplets is rather tedious and can be found, e.g., in [30], Section 18. We will instead focus on the scalar potential:

V = e K M 2 P g mn D m W D n W -3e K M 2 P |W | 2 M 2 P + 1 2 Ref IJ D I D J (1.74)
where the Kähler-covariant derivative acting on the superpotential is defined as

D m W ≡ ∂ m + (∂ m K) M 2 P W (1.75)
For ⟨W ⟩ ̸ = 0, (1.74) can be put in a simpler form by introducing a function G that is left invariant under the transformation (1.72):

G ≡ K + M 2 P log |W | 2 /M 6 P , with G m ≡ ∂ m G = M 2 P D m W W , G mn ≡ ∂ m ∂ nG = g mn (1.76)
so that the scalar potential becomes

V = e G M 2 P M 2 P G mn G m G n -3M 4 P + 1 2 Ref IJ D I D J (1.77)
The first and third terms correspond to the F -and D-terms that are also present in global supersymmetry. The D-term takes the same form in global and local supersymmetry, but one of the differences is that, in global supersymmetry, the D-term is independent of the superpotential W . In the local case, these two are related, and the D-term can be expressed in terms of the Kähler invariant function G (for ⟨W ⟩ ̸ = 0):

D I = i (Ref ) -1IJ ξ(ϕ n ) m J G m (1.78)
where ξ(ϕ n ) m J is a holomorphic Killing vector relevant to the Kähler manifold. The second term in (1.77)3 is new in local supersymmetry, which endows supergravity with a crucial property -the scalar potential can also be negative. The earlier statement in global supersymmetry that supersymmetry-preserving vacua always have zero energy, needs to be rectified. The order parameter of the supersymmetry breaking is vev of fermionic transformations, in other words, supersymmetry is preserved if and only if ⟨δψ µ ⟩ = ⟨δχ m ⟩ = δλ I = 0, with m = 1, ..., n C and I = 1, ..., n V . In supergravity, this condition translates into:

1. ⟨D m W ⟩ = 0 2. D I = 0
They are equivalent to (1.39) in global supersymmetry. In supergravity, however, these two conditions are not independent: when ⟨W ⟩ ̸ = 0, according to (1.78), the first condition implies the second one. The supersymmetry vacua satisfy

⟨V ⟩ = -3 e K M 2 P |W | 2 M 2 P ≤ 0 (1.79)
We see another remarkable difference with regard to global supersymmetry. In supergravity, the supersymmetric vacua are always negative semi-definite, and conversely, vanishing or negative vacua does not necessarily mean that supersymmetry is unbroken. A supersymmetric vacuum has zero energy if and only if ⟨W ⟩ = D I = 0. Besides, note that a direct consequence of (1.78) is that, pure D-term breaking occurs only when ⟨W ⟩ = 0.

Finally, the negative contribution to the scalar potential is also significant in cosmological applications, because a positive vev of the scalar potential corresponds to a positive cosmological constant, and most models encounter the problem of a cosmological constant that is way too large. In supergravity, this negative term comes to compensate the positive part, and eventually may result in a sufficiently small but positive cosmological constant, compatible with realistic scenarios.

Super-Higgs mechanism

In Section 1.1.3 we reviewed the basic aspects of supersymmetry breaking, which features the appearance of a massless Goldstone fermion -the Goldstino. If global supersymmetry were to hold in nature at some UV scale, it is puzzling that the Goldstino signaling the spontaneous breaking has not been observed yet. Supergravity provides an elegant answer to this question, because supersymmetry is now a gauge symmetry. In gauge theories that we are familiar with, the gauge bosons aqcuire masses (viz. the helicity 0 mode) by absorbing the Goldstone boson, through the Higgs mechanism. Analogously in supergravity, the gauge field gravitino will also become massive (viz. obtain helicities ±1/2) by eating up the Goldstino. This is the super-Higgs mechanism [42][43][44], that will be discussed next.

In global supersymmetry, we have derived the Goldstino expression (1.44) in terms of the chiral fermions and gauginos in the theory. In supergravity, one can find a generalization of this expression

υ L = M P D m W W χ m L + e -K/(2M 2 P ) M P W i 2 λ I L P I (1.80)
where P I ≡ Re (f IJ ) D J . The Goldstino-gravitino mixing originates from the gravitino couplings to all other fermions in the supergravity Lagrangian:

e -1 L mix = 1 M P ψµR γ µ i 2 λ I L P I + χ m L e K/(2M 2 P ) D m W + h.c. (1.81)
The Goldstino transformation demonstrates a shift symmetry δυ L ∝ ϵ L + • • • , much like the Goldstone boson in conventional gauge theories. As a result, a field redefinition can be worked out to achieve the unitary gauge υ = 0, which eliminates the Goldstino. This field redefinition will result in new terms in the Lagrangian, including the gravitino mass term, which takes on the standard Rarita-Schwinger form. In Minkowski spacetime, this term corresponds to the physical mass of the gravitino, and this is how the gravitino acquires mass in the super-Higgs mechanism. The detailed calculation for the general case can be found in [45]. Here, we will show a simplified scenario with chiral multiplets only, and constant scalars (namely, their derivative vanishes). A further simplification is to consider Minkowski vacua, where the definition of the "mass" is unambiguous. Starting from the scalar potential:

V = e G M 2 P M 2 P g mn G m G n -3M 4 P (1.82)
A Minkowski vacuum V = 0 clearly breaks supersymmetry. It implies:

g mn G m G n -3M 2 P = 0 (1.83)
and the minimum condition is then:

∂ m V | V =0 = e G M 2 P M 2 P [G n D m G n + G m ] = 0 ⇒ G n (D m G n ) = -G m (1.84)
In this case, the fermionic Lagrangian takes the form

e -1 L F = - 1 2 ψµ γ µνρ ∂ ν ψ ρ -g mn χm L / ∂χ n R + χn R / ∂χ m L + -M mn χm L χ n L + 2S M 2 P ψµR γ µ χ m L G m + S M P ψµR γ µν ψ νR + h.c. (1.85)
with

M mn = e K/(2M 2 P ) (D m D n W ) , S ≡ 1 2M P e K/(2M 2 P ) W (1.86)
Now we are going to look for a fermionic state corresponding to the Goldstino. In global supersymmetry in absence of D-terms, the Goldstino is a linear combination of chiral fermions, lying in the direction of F -term breaking. The situation is similar here, as can be seen in the supersymmetry transformations of the fermions:

δψ µL = M P ∂ µ ϵ L + Sγ µ ϵ R , δχ m L = - S M P G m ϵ L (1.87)
One easily deduces the Goldstino expression:

υ L = G m χ m L √ G n G n = G m χ m L √ 3M P (1.88)
where we used (1.83) in the second equality. Its variation gives

δυ L = G m δχ m L √ 3M P = - √ 3 Sϵ L (1.89)
By a redefinition

χ m L → χ ′m L + G m √ 3M P υ L (1.90)
analogously for υ R , the new chiral fermions are then invariant under supersymmetry: δχ ′m = 0. Consequently, the fermionic Lagrangian becomes

e -1 L F = - 1 2 ψµ γ µνρ ∂ ν ψ ρ -ῡL / ∂υ R + ῡR / ∂υ L -g mn χ′m L / ∂χ n′ R + χn′ R / ∂χ ′m L + - 4S M P ῡL υ L + 2 √ 3S M P ψµR γ µ υ L + S M P ψµR γ µν ψ νR + h.c.
-M mn χL ′m χ ′n L + h.c.

(

In absence of gravitino, as is the case of global supersymmetry, the redefinition (1.89) simply decouples the Goldstino from the chiral fermions, leaving the Goldstino as a physical massless fermion. Here, the introduction of the gravitino allows for an additional redefinition:

ψ µ L → ψ ′µ L - 1 √ 3 S ∂ µ υ L - 1 √ 3 γ µ υ R (1.92)
analogously for ψ µ R . This redefinition sets the gravitino transformation to zero: δψ ′µ = 0. After this step, we have fixed the unitary gauge υ = 0, and the Goldstino is completely eliminated from the Lagrangian:

e -1 L F = - 1 2 ψ′ µ γ µνρ ∂ ν ψ ′ ρ -g mn χ′m L / ∂χ n′ R + χn′ R / ∂χ ′m L + S M P ψ′ µR γ µν ψ ′ νR + h.c. -M mn χL ′m χ ′n L + h.c. (1.93)
We immediately recognize the Rarita-Schwinger Lagrangian for the gravitino, and read off its mass

m 3/2 = 2S M P (1.94)
Chapter 2

Charged massive spin-3/2 and spin-2

An important example of non-trivial background in field theories is the electromagnetic field, where acausality is known to persist for charged higher spins. For spins lower than 3/2, the minimal coupling ∂ → D ≡ ∂ -iA gives the correct theory, but this replacement results in pathologies once the spin goes higher. This is the Velo-Zwanziger problem. Many attempts have been made in the past, in the search for a consistent charged massive higher spin Lagrangian, but even in the simplest cases of spin-3/2 and spin-2, finding a Lagrangian turns out to be a highly challenging task. In this Chapter based on [46][47][48], we will address this issue for spin-3/2 and spin-2, exploring a recent result of superstring theory [13] where a consistent superspace action for charged massive spin-3/2 and spin-2, coupled to lower spins, was obtained. We will expand and simplify this action, so as to derive a Lagrangian involving these higher spin states along with lower spins. In addition, we will find the decoupled equations of motion and constraints for charged massive spin-3/2 and spin-2 that are free of pathologies.

In this Chapter, the terminology higher spin signifies spin higher than 1, i.e. higher than the spins of all observed elementary particles. Besides, we will be focusing exclusively on the massive case. We will be working in the Minkowski space, with the metric convention η ∼ (-, +, +, • • • ). Different from the previous Chapter, Latin letters are used as spacetime indices.

Free massive higher spins: a well-established theory

Dirac, Rarita-Schwinger, and Fierz-Pauli

It is a well-known fact in QFT that irreducible unitary representations of the Poincaré group can be classified by their spin (integer or half-integer) and their mass [1,49]. In particular, the observed elementary particles consist of those in the Standard Model, including spin-1/2 quarks and leptons, spin-1 gauge bosons, as well as spin-0 Higgs boson1 . The Lagrangians of free spin s ≤ 1 fields, massive or massless, can be found in a large amount of literature. The massive spin-1/2 is described by the Dirac Lagrangian:

L 1/2 = ψ / ∂ψ -iM ψψ (2.1)
And we have the Proca Lagrangian for the massive spin-1:

L 1 = - 1 4 F mn F mn - 1 2 M 2 V m V m , with F mn ≡ ∂ m V n -∂ n V m (2.2)
Taking the variation with regard to V m , one obtains

δL 1 δV m = ∂ 2 V m -∂ m ∂ n V n -M 2 V m = 0 (2.3)
Applying furthermore a partial derivative ∂ m on the above equation, a constraint equation arises

∂ m V m = 0 (2.4)
which in turn implies the Klein-Gordon equation ∂2 -M 2 V m = 0, and results in 3 on-shell DoFs for the massive spin-1, as is expected from its 3 helicity states. Contrary to the massless case, the Proca Lagrangian is not gauge invariant, but gauge invariance can be created through the introduction of a Stückelberg field, with the redefinition

V m → V m + ∂ m ϕ/M .
Subsequently, the Proca Lagrangian becomes

L ′ 1 = - 1 4 F mn F mn - 1 2 ∂ m ϕ∂ m ϕ - 1 2 M 2 V m V m -M V m ∂ m ϕ (2.5)
which is now invariant under the gauge transformations δV m = ∂ m Λ, δϕ = -M Λ. Conversely, the Stückelberg field ϕ can be eliminated in the unitary gauge, thereby bringing back the Lagrangian (2.2). Higher spin studies have first been undertaken by Dirac, in an attempt to generalize the spin-1/2 equation. The immediate fermionic neighbor of spin-1/2 -the spin-3/2 field -is given by Ψ m transforming in the spinor-vector representation of the Lorentz group. Its free Lagrangian, derived by Rarita and Schwinger [6], is conventionally written as 2

L 3/2 = -Ψm γ mnk ∂ n Ψ k -iM Ψm γ mn Ψ n (2.6)
(2.6) yields a Dirac equation as well as two constraints

i / ∂ + M Ψ m = 0, γ m Ψ m = 0, ∂ m Ψ m = 0 (2.7)
which result in four propagating DoFs. Around the same period, Fierz and Pauli [7] have obtained a Lagrangian describing a massive spin-2 particle, represented by a real rank-2 symmetric tensor h mn :

L 2 = - 1 2 ∂ k h mn ∂ k h mn + 1 2 ∂ m h∂ m h - 1 2 M 2 h mn h mn + 1 2 M 2 h 2 + h mn ∂ m ∂ n h + ∂ n h mn ∂ k h mk (2.8)
where h stands for the trace of h mn : h ≡ h m m . The Fierz-Pauli Lagrangian is precisely the sum of the linear expansion of the Einstein-Hilbert action, and two mass terms. The signs in front of these mass terms are crucial in order to avoid ghosts. Similar to spin-3/2, (2.8) gives rise to two constraint equations (also called the transverse-traceless constraints), in addition to the Klein-Gordon equation. To reach this system, we begin with the Euler-Lagrange equation of h mn in (2.8):

∂ 2 -M 2 h mn -∂ 2 -M 2 η mn h + ∂ m ∂ n h + η mn ∂ k ∂ l h kl -∂ n ∂ k h mk -∂ m ∂ k h nk = 0 (2.9)
which yields the following three equations:

1. Trace -2∂ 2 h + 3M 2 h + 2∂ m ∂ n h mn = 0 (2.10) 2. Divergence ∂ m h -∂ n h mn = 0 (2.11) 3. Double Divergence ∂ 2 h -∂ m ∂ n h mn = 0 (2.12)
Using (2.12) to replace ∂ m ∂ n h mn in (2.10), we obtain the trace constraint h = 0, which according to (2.11) implies the divergence constraint ∂ n h mn = 0. Inserting these two conditions back to the Euler-Lagrange equation, we obtain the Klein Gordon equation for the spin-2: ∂ 2 -M 2 h mn = 0. In summary,

∂ 2 -M 2 h mn = 0, h = 0, ∂ n h mn = 0 (2.13)
The above constraints remove five DoFs on-shell, so the massive spin-2 has five propagating DoFs.

Note that the analogous Stückelberg fields can be introduced as well, so that the new Lagrangians become gauge invariant. For spin-3/2, one may redefine (2.6) with Ψ m → Ψ m + ∂ m υ. The result is invariant under the transformations δΨ m = ∂ m Υ, δυ = -Υ, where υ and Υ are Dirac spinors. For spin-2, one can shift h mn with h mn → h mn +∂ (m A n) +∂ m ∂ n ϕ, and the gauge invariance is manifest with e.g.

δh mn = ∂ (m Λ n) +2∂ m ∂ n Λ, δA m = -Λ m -∂ m Λ, δϕ = -Λ.
In the unitary gauge, we recover again (2.6) and (2.8).

A Lagrangian for any spin

A Lagrangian formulation for massive free fields of arbitrary spin has first been obtained by Singh and Hagen [8,9], starting from the very basic requirement of Lorentz invariance. In this subsection, we review briefly the main arguments and results in their work.

For elementary bosons and fermions, one can choose Lorentz group representations where the corresponding fields are given by symmetric traceless tensors, respectively, Φ n 1 ...ns and Ψ n 1 ...nt , with t = s -1 2 and s represents the spin. The (γ-)traceless condition is:

η n 1 n 2 Φ n 1 n 2 ...ns = 0, γ n 1 Ψ n 1 ...nt = 0 (2.14)
Lorentz invariance imposes the Fierz-Pauli system:

∂ 2 -M 2 Φ n 1 ...ns = 0, i / ∂ + M Ψ n 1 ...nt = 0, ∂ n 1 Φ n 1 ...ns = 0, ∂ n 1 Ψ n 1 ...nt = 0.
(2.15)

The key point in the construction à la Singh-Hagen is the use of auxiliary fields, that enhance the constraint equations and vanish on-shell. Indeed, it is very complicated, if not impossible, to guess a Lagrangian starting directly from the on-shell equation (2.15). The authors of [7] have already pointed out the necessity of additional fields in the construction of a higher spin Lagrangian, and later, in search of s = 2, 3, 4 Lagrangians, Fronsdal [50] and Chang [51] have also suggested introducing auxiliary fields. In the following, we will see how they are introduced in a systematic way.

The primary goal is to find the variation of the Lagrangian with regard to the higher spin field, namely δL/δΦ (s) , so that one can easily reconstruct the Lagrangian from this expression. In addition, δL/δΦ (s) has the same symmetries as Φ (s) itself, i.e. traceless and totally symmetric, and this equation must yield the EoM and constraints (2.15). For instantce, in the spin-1 case, we had (2.3) which gave rise to the divergence constraint as well as the Klein-Gordon equation. Going to spin-2, one might be tempted to generalize (2.3) and try

δL δΦ mn = ∂ 2 Φ mn -2 {∂ m (∂Φ) n } S.T. -M 2 Φ mn = 0 (2.16)
where S.T. means the symmetric traceless part of the tensor: {T mn } S.T. = T (mn) -1 4 η mn T k k . The coefficient of the second term is chosen such that, applying ∂ n on (2.16), one would obtain ∂ n Φ mn = 0. However, this result requires in addition ∂ m ∂ n Φ mn = 0, which cannot be obtained from (2.16). In fact, an equation of the form (2.16) alone does not realize the Fierz-Pauli system (2.15), and more equations are needed, hence the necessity of new fields. For spin-2, it is precisely the auxiliary field that imposes ∂ m ∂ n Φ mn = 0.

The simplest candidate to impose the scalar equation ∂∂Φ = 0, is obviously a scalar field φ. Its only possible coupling to Φ mn in the Lagrangian is φ∂ m ∂ n Φ mn , which yields the system

∂ 2 Φ mn -2 {∂ m (∂Φ) n } S.T. -M 2 Φ mn + c {∂ m ∂ n φ} S.T. = 0 ∂ m ∂ n Φ mn = ∂ 2 -aM 2 φ (2.17)
where a and c encode the unknown φ mass term and the coupling constant of φ∂ m ∂ n Φ mn . It turns out that there is a unique choice c = 2/3, a = 2, that results in

φ = 0 = ∂ m ∂ n Φ mn (2.18)
We then get the desired equations ∂ n Φ mn = 0, ∂ 2 -M 2 Φ mn = 0, and the Lagrangian can be immediately inferred from (2.17). The higher spins s > 2 follow the same procedure, necessitating a series of lower spin auxiliary fields s -2, ..., 1, 0, that vanish on-shell. The fermionic case is analogous, thus will not be detailed here. The most general form of the Lagrangian, for any given spin, is provided in [8,9].

2.2

Charged massive higher spins: why are they so difficult?

The Velo-Zwanziger problem

We have seen in the previous section that the Lagrangian formulation for massive free states of arbitrary spin has been very well constructed. Taking one step forward, we may consider an interacting massive higher spin theory, typically with an electromagnetic field, and search for a corresponding Lagrangian for it. Far from a pure academic exercise, such a setup is of phenomenological interest, because charged higher spin composite particles do exist in Nature, and one example is the Ω -baryon whose spin is determined to be s = 3/2. In a typical experimental context, it is reasonable to take the point particle limit and describe the behavior of these composite states by a local action. In the following, we will be focusing on massive higher spin fields charged under U (1), interacting with an electromagnetic field.

A consistent Lagrangian formulation for charged higher spins is a problem with a long history. Already back in 1939, Fierz and Pauli [7] have pointed out that the simplest replacement ∂ m → D m ≡ ∂ m + ieA m in the on-shell equations -attempted by Dirac [5] -will result in algebraically inconsistent equations for higher spins. In the spin-2 case, the minimal coupling ∂ m → D m gives rise to:

D 2 -M 2 h mn = 0 h m m = 0, D n h mn = 0 (2.19)
The above two lines are obviously incompatible, because taking the divergence of the EoM, one obtains D n D 2 h mn = 0, implying [D n D 2 , D 2 D n ]h mn = 0, which contradicts with the property of the U (1) covariant derivative. Fierz and Pauli have then proposed that in order to avoid this algebraic inconsistency, the equation of motion and constraints must be derivable from a Lagrangian by variational principle. They first evoked the use of auxiliary fields in the higher spin Lagrangian, that later was generalized by Singh and Hagen (see Section 2.1.2). This construction has been successful in the uncharged case. Switching on the electromagnetic field, they suggested in [7] introducing minimal coupling in the uncharged Lagrangian and the consequent equation of motion. However, pathologies persist. Three decades later, Velo and Zwanziger [52][53][54] (see also [55]) have investigated in great detail this inconsistency of charged higher spin propagation, and analyzed the EoM as well as the constraints for spin s > 1 by using the method of characteristics. Their results led to what is known today as the Velo-Zwanziger problem, that we shall clarify shortly.

Indeed, for massive states of spin s ≤ 1, the minimal coupling is exempt from any pathology. Replacing the partial derivatives by U (1)-covariant derivatives, one obtains:

spin-0: ∂ 2 -M 2 ϕ = 0 =⇒ D 2 -M 2 ϕ = 0 spin-1/2: i / ∂ + M ψ = 0 =⇒ i / D + M ψ = 0 spin-1: ∂ 2 -M 2 V m = 0, ∂ m V m = 0 =⇒ D 2 -M 2 V m = 0, D m V m = 0 (2.20)
which are manifestly consistent from our knowledge on QED. The spin-1 corresponds to the marginal case, from which constraint equations arise and the non-commutativity of the covariant derivative starts to have an impact on the consistency of the on-shell system, as we have seen in the example of (2.19).

For higher spins, it is convenient to study their propagation properties through the characteristic determinant ∆(n) [56]. The latter is obtained via the substitution i∂ m → n m in the EoM, and then recover the determinant of the coefficient matrix, keeping only the leading terms in n m . For instance, given an EoM

i Γ k m n ∂ k + B m n Ψ n = 0, we have ∆(n) = Γ k mn n k .
The normals N m to the characteristic surface are the solutions of ∆(n) = 0, and the maximal propagation speed of the signal is then N 0 /| ⃗ N |. This method enables us to check the following two consistency conditions:

• Hyperbolicity: if N 0 is real for any ⃗ N

• Causality: if all solutions N m are space-like, namely, the characteristic surface is always time-like Additionally, the absence of propagating ghosts requires the on-shell DoF to be (2s + 1). A careful analysis with this method [52][53][54][55], along with the DoF counting, shows that massive charged states with spin s > 1 minimally coupled to electromagnetism, suffer from various pathologies: faster-than-light propagation for spin-3/2, and incorrect DoF for spin-2. Such a phenomenon is usually called the Velo-Zwanziger problem. This problem persists even in an effective theory with a small constant electromagnetic background, and actually a large class of non-minimal couplings still fail to restore the consistency, as we will see next.

Attempts and main results

Given that the pathological propagation of charged massive higher spins arises as a consequence of the minimal coupling, an obvious attempt to cure the problem, would be to introduce non-minimal couplings. Following the work by Federbush [10], one first complexifies the Fierz-Pauli Lagrangian (2.8) and replaces the partial derivatives by U (1)-covariant derivatives. The subsequent Lagrangian clearly exhibits the Velo-Zwanziger problem. The next step is to add a non-minimal coupling term, containing the gyromagnetic ratio g, and the electromagnetic field strength ϵ mn , so we obtain:

L = -|D m h nk | 2 + 2 |D m h mn | 2 + |D m h| 2 + hmn D m D n h + h.c. -M 2 hmn h mn -hh + 2ieg Tr h • ϵ • h (2.
21) The field strength is taken to be constant here, and (2.21) is called the Federbush Lagrangian for a charged massive spin-2 field. The calculation of the EoM can be carried out analogously. In particular, the trace equation in the free case, h = 0, now takes the form:

h ∝ M -4 ie (2g -1) ϵ mn D m D k h kn + • • • (2.22)
The ellipsis represent additional terms, without derivatives, that disappear in the free case. We immediately see the crucial requirement here: if the first term containing derivatives does not vanish, then (2.22) will not be a constraint, and consequently some ghost DoFs will be propagating. To avoid ghosts, the gyromagnetic ratio must be g = 1/2. Then comes the first issue. In order to guarantee high energy unitarity of the scattering amplitudes, it is necessary that the gyromagnetic ratio is g = 2 at tree level for charged elementary particles of arbitrary spin [57] 3 . This means that the Federbush Lagrangian will not have a good high energy behavior. The second and more problematic issue of (2.21) is that it allows for superluminal propagation even for very small background magnetic field [58]. Indeed, using the method of characteristics as in [52][53][54][55], there always exists a Lorentz frame with a space-like characteristic surface, which implies acausality. Nevertheless, the Federbush Lagrangian remains up to date, the only 4d Lagrangian for charged massive spin-2, without ghosts (if g = 1/2), and without coupling to lower spin fields.

On the other hand, significant effort has also been made for the charged massive spin-3/2 case, but no explicit consistent Lagrangian has been obtained yet. In 2000, Deser, Pascalutsa and Waldron [11] have investigated a broad class of non-minimal couplings modifying the minimal spin-3/2 Lagrangian, analysing in detail their low energy behavior, causality, unitarity as well as existence of ghosts. But in the end, none of them escaped from inconsistency. Later, Porrati and Rahman [59] have extended the class of non-minimal couplings considered in [11], and in particular, their studies were based on the requirement that the γ-trace constraint γ m Ψ m = 0 be enforced to all orders. This condition actually ensures simultaneously hyperbolicity, causality, and correct DoFs, as long as the Lagrangian is hermitian, and has a canonical kinetic term. The coefficients of the final spin-3/2 Lagrangian are given, implicitly, by a recursive relation.

As a side comment, one does know a consistent example of charged massive spin-3/2 Lagrangian, which is the gravitino charged under U (1)-graviphoton in N = 2 supergravity. But in the zero cosmological constant limit, the causality bound implies planckian gravitino mass [60], also the charge and the mass shall obey the Kaluza-Klein relation e = m/M P l . Beyond these conditions, the same pathologies as before still persist.

Implementation of String Theory

Our excursion into various attempts has revealed the significant difficulty in the construction of charged massive higher spin Lagrangians. On one hand, the Federbush Lagrangian for spin-2 has the undesired gyromagnetic ratio g = 1/2, as well as the more problematic superluminal propagation. On the other hand, even though a causal spin-3/2 Lagrangian a priori exists [59], its explicit form is still unknown. Indeed, starting from the basic requirements -causality, hyperbolicity, correct DoFs, and g = 2 -to guess a Lagrangian turns out to be a very complex task.

An alternative way to tackle the problem is to use String Theory. Originally proposed as a model of hadronic resonances, String Theory naturally contains an infinite tower of higher spin states, providing an intriguing opportunity to study higher spins. Moreover, these states can carry electric charge, and in this case it is shown that the gyromagnetic ratio is g = 2 for all states in the spectrum [57]. The formalism of charged open bosonic string in a constant electromagnetic background has been constructed in [12], which led Argyres and Nappi [14,15] to derive the Lagrangian of the first mass level of charged open bosonic string. This level features one massive spin-2 field along with a massive vector boson, but fortunately enough, the gauge transformations of these two fields imply that the vector boson is a Stückelberg field, therefore can be eliminated in the unitary gauge. The Argyres-Nappi Lagrangian describes the only physical field at the first mass level -the massive charged spin-2. It takes the form

L AN = Hmn D 2 -2 - 1 2 Tr ϵ 2 h mn + 2i Hmn (ϵ • h -h • ϵ) mn -H D 2 -2 - 1 2 Tr ϵ 2 H -Hmn D m D k [(1 -iϵ)h] k n - 1 2 D m D n H + (m ↔ n) + HD m D n H mn (2.23)
where we defined the rescaled tensor H mn ≡ (1 -iϵ) mk (1 -iϵ) nl h kl and H ≡ H m m . The inverse string tension is fixed to α ′ = 1/2. The field strength is given by iϵ mn = [D m , D n ], with the electric charge set to e = 1. In 26d, the Argyres-Nappi Lagrangian yields the following EoM and constraints:

D 2 -2 - 1 2 Tr ϵ 2 H mn + 2i (ϵ • H -H • ϵ) mn = 0 D n H mn = 0 H = 0 (2.24)
The first line is a deformation of the Klein-Gordon equation, with an electromagnetic fielddependent contribution to the mass. The second and third lines correspond to the constraints: one can immediately notice that they are the charged version of the transversetraceless constraints ∂ n h mn = 0, h = 0. (2.24) is in effect a deformed Fierz-Pauli system, which is manifestly consistent, with correct gyromagnetic ratio g = 2, correct DoF, hyperbolic and causal EoM. Besides, this Fierz-Pauli system (2.24) is also generalized to arbitrary integer spin using Virasoro algebra in [58]. In addition, one recovers exactly the Fierz-Pauli Lagrangian from (2.23) in the free case D → ∂, ϵ = 0. The Velo-Zwanziger problem seems solved for spin-2. However, this is true only in 26d: away from this critical dimension, the trace becomes dynamical and (2.24) no longer holds [61]. A lower-dimensional Lagrangian has been obtained by Porrati and Rahman [61] by compactifying (2.23). This process introduces an extra scalar ϕ which is singlet of the internal coordinates, and assumes that the electromagnetic field is zero in the compactification directions. As a result, the dimensionally reduced Argyres-Nappi Lagrangian, in d < 26 dimensions, reads

L d = hmn D 2 -2 - 1 2 Tr ϵ 2 h mn + 2i hmn (ϵ • h -h • ϵ) mn -h D 2 -2 - 1 2 Tr ϵ 2 h -hmn D m D p [(1 -iϵ) • h] n p - 1 2 D m D n h + (m ↔ n) + hD m D n h mn + hmn D m D n ϕ -h + 1 2 D -d -1 D -d φ D 2 -2 - 1 2 Tr ϵ 2 ϕ + h.c.
(2.25)

The same rescaling as before is used h mn ≡ (1 -iϵ) mk (1 -iϵ) nl h kl . Some algebraic manipulations lead to the (deformed-)Klein-Gordon EoMs

D 2 -2 - 1 2 Tr ϵ 2 ϕ = 0 D 2 -2 - 1 2 Tr ϵ 2 h mn + 2i (ϵ • h -h • ϵ) mn = 0, (2.26) 
whereas both the divergence and trace constraints of h mn are coupled to the scalar, but they can be decoupled on-shell by a redefinition h mn → h ′ mn , so that h ′ mn satisfies the Fierz-Pauli system (2.24), making the consistency manifest. It is unclear though, whether ϕ and h mn can be decoupled directly at the level of the Lagrangian.

The construction of charged massive spin-2 Lagrangian using bosonic open string theory has been successful. In 26d, the Argyres-Nappi Lagrangian contains a spin-2 only, giving rise to the Fierz-Pauli system. By dimensional reduction, the new Lagrangian can describe 4d as well, at the cost of coupling an additional scalar ϕ to the spin-2 field. The same approach as in [14,15] can also be realized at the second mass level of open bosonic string, as is done by Klishevich [62], and this yields a Lagrangian for charged massive spin-3 coupled to spin-1. Now it is natural to wonder whether String Theory helps to derive a Lagrangian for charged massive spin-3/2. Indeed, such fermionic states do exist in superstring theory. In [63], it is shown that the free open superstring compactified to 4d (in a way that preserves spacetime supersymmetry) features one spin-2 multiplet -with spin-2, spin-3/2 and spin-1as well as two scalar multiplets on its first mass level. And one year later, the same authors have derived the superspace action of these multiplets [64], from which it is possible to get a Lagrangian. Then, it is reasonable to expect that the superspace action can be obtained for charged superstring first mass level as well. The generalization of [63,64] to the charged case is achieved in [13], resulting in a superspace action describing, among others, a charged massive spin-2 and spin-3/2 that propagate consistently.

The above results are very encouraging. The next question will be: now we have a superspace action, what does the Lagrangian look like? The answer to this question requires many non-trivial algebraic manipulations. It is straightforward, though tedious, to expand the superspace action in components, but after expansion the Lagrangian involves numerous auxiliary DoFs. As is pointed out in [65], the presence of auxiliary fields is one of the main drawbacks of the superspace action in [64], thus the authors of [65] found it simpler to begin with a free Lagrangian then supersymmetrize it, than to identify the physical DoFs directly from the superspace action. Here, our goal is to remedy this problem and show how these auxiliary fields can be totally eliminated. The final Lagrangian should contain physical DoFs only, with charged massive spin-2, spin-3/2, spin-1, spin-1/2 and complex scalars [13]. There are more states at the first mass level than in the bosonic string case, due to the spacetime supersymmetry, and therefore we expect to have a more complicated spin-2 Lagrangian than (2.23).

The following sections are devoted to the development of the superspace action in [13]. To illustrate the basic ideas, we will start from the neutral superspace action, already presented in [64], and proceed to expand, simplify and eventually decouple the Lagrangian. It is sensible to tackle first the free case, because the result is already known, viz., we shall find in the end the Fierz-Pauli Lagrangian for spin-2, Rarita-Schwinger Lagrangian for spin-3/2, and free Lagrangians for spin-1, spin-1/2 and spin-0. In a second time, we move to the charged case, and carry out a similar computation for the charged superspace action in [13]. The Lagrangians will be presented in different forms: one compact form which allows for a simpler derivation of on-shell equations, and another one as deformed Fierz-Pauli or Rarita-Schwinger Lagrangian. The latter reduces to the well-known free Lagrangian when the external field vanishes, but is more complicated and contains higher derivatives. In addition, we derive the EoM and constraints for charged massive spin-2 and spin-3/2, that despite a mixing with lower spins, can be decoupled on shell. The former is precisely a fourdimensional version of the Fierz-Pauli system (2.24), and the latter, perhaps our principal result, has not been obtained before in the literature.

Summary of the main results

We summarize in this section the main results obtained after the expansion of the superspace action in [13], including the Lagrangian of physical states and the equations of motion for spin-2 and spin-3/2. Detailed calculations, as well as alternative forms of the Lagrangian, are presented in Section 2.5.

Note that we consider constant electromagnetic background, with covariant derivative

D m satisfying: [D m , D n ] = iQϵ mn (2.27)
All the fields have unit charge Q = ±1.

Bosons

The Lagrangian of the bosonic sector reads: 

L B = M1 -2 + D 2 M 1 + N1 -2 + D 2 N 1 + Cm D 2 C m + D m Cm D n C n -2 Cm (η mn -iϵ mn ) C n + 2ā m a m -iϵ mn ām a n + D m ām D n a n + 1 √ 2 F mn (a) F mn (c) -H [mn] + h.c. -2c m c m - 2 5 D m cm D n c n + cm - 2 5 D m H + D n H nm + h.c
H mn ≡ (η mk -iϵ mk ) h k n , H = h (2.29)
The field strength and its dual are defined as

F mn (a) ≡ D m a n -D n a m , Fmn (a) ≡ 1 2 ε mnpq F pq (a) (2.30)
same for c m . This Lagrangian yields on shell the following equations:

• Equations of motion

D 2 -2 M 1 = 0, D 2 -2 N 1 = 0 D 2 -2 h mn = 2i ϵ km h k n + ϵ kn h k m , D 2 -2 C m + 2iϵ mn C n = 0 D 2 -2 a m + 2iϵ mn a n = 0, D 2 -2 c m + 2iϵ mn c n = 0 (2.31) • Constraints D m C m = 0, H [mn] = 1 √ 2 Fmn (a) + F mn (c) h + 4D m c m = 0, c m + 1 2 D n h mn = 0 (2.32)
The constraints (2.32) remove 12 degrees of freedom, resulting in 12 degrees of freedom on shell for the field content {a m , c m , C m , M 1 , N 1 , h mn }, which is in agreement with [13].

However, the fields {a m , c m , h mn } are coupled on shell. They can be decoupled by the following redefinitions

a ′ m ≡ a m - i 2 ϵ mn a n - i 2 √ 2 εnk D k h mn + i 2 √ 2 εmn D n h + √ 2iε mn c n c ′ m ≡ c m - √ 2i 4 εmn a n + i 4 ϵ nk D n h mk (2.33)
and

h mn ≡ 2 3 h mn - 1 6 η mn h - i 2 ϵ m k h kn + 1 3 D m c n - i 2 ϵ mk D k c n -ϵ mk D n c k + 1 2 η mn ϵ kl D k c l - 1 4 ϵ mk ϵ lk h nl + ϵ mk ϵ nl h kl - 1 2 η mn ϵ kl ϵ p l h kp + 1 2 -ϵϵ 1 12 D m D n h - 1 16 ϵ mk ϵ k n h + i 8 ϵ mk D k D n h - 5ϵϵ 96 η mn h - 1 √ 2 1 2 + ϵϵ - i 2 εmk D k D n D l a l + 5 16 (ϵε) η mn D k a k - 1 4 (ϵε) D m D n D k a k + εmk ϵ ln D k D l D p a p + (m ↔ n) (2.34)
In consequence, the new equations are completely decoupled:

D 2 -2 h mn = 2i ϵ km h k n + ϵ kn h k m D n h mn = 0, h = 0 D m D n a ′n =2a ′ m , D m D n c ′n = 2c ′ m , (2.35) 
The first two lines for the spin-2 are the same as (2.24) but the latter is derived from the Argyres-Nappi Lagrangian in 26d. The third line does not resemble the conventional equations of motion for massive vectors. In reality, vector fields obeying the equation ∂ m ∂ n V n = 2V m are dual to scalars as is shown in [66], so they each count one degree of freedom. The generalization of this result to the charged case is immediate, so a m , c m are dual to complex scalars (see Sec. 4.4 in the next section). In fact, only the longitudinal component of these vectors is physical. It is possible to replace a m , c m by their dual scalars in (2.28), so the new Lagrangian contains physical degrees of freedom only, but the latter has a more complicated form provided in the next section. In both cases, we are able to decouple on shell all the fields yielding a Fierz-Pauli system for the spin-2. The gyromagnetic ratio is rather transparent from the equation of motion. For the sake of clarity, let us restore the mass and the charge:

D 2 -M 2 h mn = 2iQ ϵ km h k n + ϵ kn h k m (2.36)
For any particle of integer spin s, mass m, and charge Q, the gyromagnetic ratio g appears in the equation of motion as [11,60]:

D 2 -M 2 φ m 1 •••ms = iQgsϵ n(m 1 φ n m 2 •••ms)
(2.37)
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A direct comparison with (2.36) indicates g = 2.

Fermions

Following the two component notation, the Lagrangian of the physical fermionic states in the superspace action is

L F = - i 2 2 λ m 1 σ n D n λ1m + χ1m σn σ k σm D k χ 1n - √ 2 [(λ m 1 χ 1m ) + h.c.] + - i 4 ψ 1 σ m D m ψ1 + 2i (γ 1 σ m D m γ1 ) + 3 √ 2 (χ m 1 σ mn D n ψ 1 ) - 1 2 √ 2 (χ m 1 D m ψ 1 ) - i 2 λ m 1 σ m ψ1 -2i ( χm 1 σm γ 1 ) - √ 2 (λ m 1 D m γ 1 ) + h.c. + 1 √ 2 (ψ 1 γ 1 ) + h.c. + (1 ↔ 2) - 1 2 χm 1 (ϵ • σ) σm γ 1 + 1 2 χ m 2 (ϵ • σ) σ m γ2 + h.c.
(2.38) where we introduced the rescalings λ1m ≡ (η mn -iϵ mn ) λn

1 , λ 2m ≡ (η mn -iϵ mn ) λ n 2 χ 1m ≡ (η mn -iϵ mn ) χ n 1 , χ2m ≡ (η mn -iϵ mn ) χn 2 (2.39)
and notice that the Weyl fermions χ 1m , χ 2m appear only under the rescaled form, whereas the rescaled and non-rescaled λ 1m , λ 2m are mixed through the kinetic terms. In the above Lagrangian, the spin-3/2 states {χ jm , λ jm } are coupled to spin-1/2 {γ j , ψj }, j = 1, 2. On shell, it gives the constraints

D m λ1m = 3 2 ψ1 - √ 2 4 σm (ϵ • σ) χ 1m , D m χ 1m = - i 2 (ϵ • σ) γ 1 σ m λ1m = 3 √ 2 iγ 1 - 1 √ 2 (ϵ • σ) γ 1 , σm χ 1m = 0 (2.40)
Same as for the bosons, we can also find a redefinition that decouples spin-3/2 from spin-1/2 on shell:

λ′ 1m ≡ λ1m + i 2 √ 2 [1 -i (ϵ • σ)] σm γ 1 - 1 2 [η mn -i (ϵ mn + iε mn )] D n ψ1 χ ′ 1m ≡ χ 1m + 1 2 √ 2 (ϵ • σ) σ m ψ1
(2.41) so that we obtain a Fierz-Pauli system, deformed by the electromagnetic background, that describes the correct degrees of freedom for spin-3/2:

iσ n D n λ′ 1m = - √ 2 (η mn -iϵ mn ) χ ′n 1 iσ n D n χ ′ 1m = - √ 2 λ1m , D m χ ′ 1m = 0, D m λ′ 1m = - √ 2 4 σm (ϵ • σ) χ ′ 1m σm χ ′ 1m = 0, σ m λ′ 1m = 0 (2.42)
as well as the Dirac equations for the spin-1/2 fields:

iσ m D m γ 1 = - √ 2 ψ1 , iσ m D m ψ1 = - √ 2γ 1 (2.43)
Equations for the fermions with index 2 are obtained by 1 ↔ 2, ϵ ↔ -ϵ. Remarkably, the γ-traceless constraint is satisfied even in the presence of the background, whereas the divergence constraint receives a contribution proportional to the γ-matrix. Taking into account the constraints, we again have 12 complex degrees of freedom for the fermions, equal to that of the bosons.

We may also convert the two-component notation into four-component notation (see Appendix A), introducing:

Φ 1 ≡ γ 1α ψ α 1 , Ψ 1m ≡ χ ′ 1mα λ′ α 1m
(2.44)

The equations of motion and constraints become

• Equations of motion i / D + √ 2 Φ 1 = 0, i / D + √ 2 Ψ 1m = √ 2iϵ mn Ψ n 1L (2.45) • Constraints D m - √ 2 4 (ϵ mn + iε mn ) γ n Ψ 1m = 0, γ m Ψ 1m = 0 (2.46) 
A quick analysis of the characteristic determinant shows that the spin-3/2 equation of motion is causal. In the meantime, showing the gyromagnetic ratio g = 2 needs more manipulations.

To start with, we put (2.45) in a second order form, for clarity we also restore the charge Q and the mass M :

D 2 -M 2 η mn + 2Qiϵ mn - 1 2 iQγ pq ϵ pq η mn Ψ n 1 = 0 (2.47)
Since we are considering constant electromagnetic field, the potential is parameterized as A n = -1 2 (ϵX) n and the covariant derivative is given by D m = ∂ m + iQA m . Without loss of generality, we choose vanishing electric field ϵ 0i = 0, while the magnetic field is given by ϵ ij = -ε ijk B k , where ε is a 3d Levi-Civita symbol (i, j, k = 1, 2, 3). Going to momentum space, the above equation reads:

(H -QA 0 ) 2 Ψ 1m = ⃗ p -Q ⃗ A 2 + M 2 Ψ 1m + Qϵ rs (M rs ) mn Ψ n 1 = ⃗ p -Q ⃗ A 2 + M 2 Ψ 1m -Qε ijk B k M ij mn Ψ n 1 (2.48)
where H ≡ i∂ 0 , and (M rs ) mn = (J rs ) mn + S rs η mn are the generators of the Lorentz group, with (J rs ) mn = -2iη m [r η s] n , S rs = i 2 γ rs . The generator of rotations for the spin-3/2 representation is (S k ) mn = 1 2 ϵ ijk M ij mn , so

(H -QA 0 ) 2 Ψ 1m = ⃗ p -Q ⃗ A 2 + M 2 Ψ 1m -2Q ⃗ B • ⃗ S mn Ψ n 1 (2.49)
By definition, the gyromagnetic ratio is extracted from the last term on the right hand side, which is g = 2, as is expected. The field theory of high spin particles is an old and difficult problem. For the case of massive particles, a challenge arises as soon as one tries to propagate states of spin greater than 1 in an electromagnetic background. In a 1936 paper [2], Dirac called for the problem of writing the equations of motion for such states to be addressed. He wrote: "It is desirable to have the equation ready for a possible future discovery of an elementary particle with a spin greater than a half, or for approximate application to composite particles. Further, the underlying theory is of considerable mathematical interest." This problem was quickly taken up by Fierz and Pauli [3] who showed the difficulty of it, and in passing wrote in this paper their famous Lagrangian for a massive uncharged spin-2. But the most striking aspect of the difficulty of the problem will only be known a few decades later thanks, in particular, to the works of Johnson and Sudarshan [4], Velo and Zwanziger [5][6][7]. The problem has remained to this day, but the massive fundamental particles known to current physics do not have such spins. Yet several works have allowed first to understand well the difficulties, then to make some notable progress.

Publication

Johnson and Sudarshan tried to canonically quantize minimally coupled spin-3/2 fields and found that the equal-time switches are not compatible with the relativistic covariance of the theory [4]. Later, Velo and Zwanziger found that the minimally coupled Lagrangians for spin-3/2 and spin-2 already exhibit pathological behaviour at the classical level: the former allows faster-than-light propagation while the latter suffers from the loss of a constraint leading to the propagation of six degrees of freedom instead of the five physical ones [5,6]. Both problems appear for a certain particular value of the electromagnetic field strength. The observation that this value is the same for both cases was an indication that they have a common origin. In fact, it was later shown, for spin-2 in [8] and for spin-3/2 in [9,10], that the source of the problems is that the set of secondary constraints becomes degenerate. This signals the appearance of a loss of invertibility, i.e. the constraints no longer determine all the components of the fields. When the secondary constraints are degenerate, a tertiary constraint can be obtained for spin-2 [11] as well as for spin-3/2 with, in this case, a loss of degrees of freedom [10]. This new constraint then leads to acausality and loss of hyperbolicity.

These original analyses use systems of Fierz-Pauli equations, which imply that, to describe a field of spin s, one must introduce additional fields of lower spin s -1, s -2, • • • . In the free case, these clearly appear as non-propagating fields that are projected by constraints. However, the introduction of interaction seems to mix the different components of the fields, originally easily decoupled between physical and auxiliary, in a non-trivial way to give combinations that propagate as new physical degrees of freedom. In the historical attempts mentioned above, one ends up with the wrong number of degrees of freedom for the considered field of spin-3/2 or 2. The culprit of non-causal propagation can be traced back to the form of the interaction and it is concluded that it is necessary to go beyond the minimal coupling. The authors of [12] considered adding a set of non-minimal terms to the Lagrangian and proved that it is not easy to restore in this way causal propagation in these theories. In fact, the present work involves another nonlinear modification of the theory, in particular of the kinetic terms, and relies heavily on the presence of lower spin fields. Moreover, when we try to decouple these different fields, we will not be able to present a fully satisfactory Lagrangian with only the fields of higher spins but only fully decoupled equations of motion.

The Federbush Lagrangian [13] is the only four-dimensional Lagrangian with the correct number of on-shell d.o.f. describing an isolated charged massive spin-2 state, thanks to the presence of a non-minimal coupling term. Unfortunately, the equations of motion derived from this Lagrangian also allow for superluminal propagation and thus suffer from the causality loss problem. Note that, here, the non-minimal coupling induces a gyromagnetic ratio g = 1/2, instead of the expected value of g = 2 , which raises the question of a necessary modification, a completeness, in the ultra-violet (UV), due to the violation of unitarity at high energies [14]. This means that the Lagrangian does not provide a satisfactory answer to the problem at hand.

String theory, which was originally proposed to model hadronic resonances, contains arbitrarily high spin states in its spectrum of massive oscillators. These form the Regge turns. In particular, the first excited level of the open string contains massive spin-2, as well as spin-3/2 in the supersymmetric case. It is therefore no surprise that soon after the solution describing the propagation of the string in an electromagnetic field was given [15][16][17], it was used to study the propagation problem of charged spin> 1 states. Using string field theory, Argyres and Nappi studied the first massive level of the open bosonic string [18,19]. They derived a Lagrangian for the massive charged spin-2 field. The obtained form is free of any pathologies mentioned above only in dimension d = 26. Its reduction to four dimensions has been studied by Porrati and Rahman [20], who showed that it results in a spin-2 field coupled to a scalar. The study of the second mass level of bosonic strings has led to the action describing a charged massive spin-3 coupled to lower spin states.

A number of points need to be highlighted here. First, in the critical dimensional bosonic open string (d = 26), the content of the first massive level is simply a massive spin-2 state, with the other states playing the role of Stückelberg fields. This is fortunate since it implies that the Lagrangian derived for this mass level will give the desired Lagrangian for a spin-2 particle. Secondly, the Euler-Lagrange equations can be triturated to give a Fierz-Pauli system which has a simple form. It was shown in [21] that this system could be obtained directly by the Virasoro algebra and has been generalised for fields with integer spin greater than 2. Finally, this Fierz-Pauli system is consistent in different dimensions, including 4 dimensions. In particular, a redefinition of the fields allows to see it from the equations obtained from the dimensional reduction of the Argyres-Nappi Lagrangian.

An ansatz has been proposed by Porrati and Rahman in [22] for a Lagrangian describing a charged massive state with spin-3/2 propagating in a constant electromagnetic background. In front of the different terms of this Lagrangian, coefficients, functions of the electromagnetic field strength, are introduced which satisfy recursive equations that can then be solved order by order in the electromagnetic field strength (divided by powers of the particle mass to make dimensionless quantities). This proves the existence of a Lagrangian and the equations of motion sought, but it remains to be seen whether a compact and explicit expression exists for them. On the other hand, a consistent example of a charged massive spin-3/2 Lagrangian is known in supergravity N = 2 where the gravitino is charged under U (1)-graviphoton. But in the zero cosmological constant limit, the causality of the equations of motion in this model implies a Planckian particle mass [23].

An obvious question is then whether an effective Lagrangian calculation can be performed for massive superstring modes, similar to the one for bosonic strings described above, and what results can be derived. Such work has been done in [1] using open superstring field theory in a constant electromagnetic background, for a four-dimensional compactification preserving the N = 1 supersymmetry. A four-dimensional superspace action for the first massive level states was obtained and the equations of motion were derived in the Lorenz gauge.

Compared to the bosonic case, the supersymmetric case is more complex. The first level of massive states does not only contain a state with spin-2 but also states with lower spin. All the corresponding fields appeared coupled both in the equations of motion and in the constraints. It is the same for fermionic states with the appearance of couplings between the spin-3/2 and spin-1/2 fields. One of the aims of the present work is to study whether these equations can be decoupled. It will be shown that this is indeed the case.

The main purpose of this work is to write the effective Lagrangian bilinear in the fields representing the massive first level states of the superstring. The action is already written in [1] for the superfields, but here we want to have the expression with only physical fields without the auxiliary fields. It is straightforward, though tedious, to develop this action into components. Then it is necessary to make appropriate, not always obvious, choices of redefining the fields to lead to useful forms of the final Lagrangian. It is therefore useful to present these steps in some detail.

Obviously, it is a priori convenient to be guided by the simplest case without electromagnetic field for which the final Lagrangian is known: Fierz-Pauli for the spin-2 field, Rarita-Schwinger for the spin-3/2 fields and the free Lagrangians of the spin-1/2 and 0 fields. The action in the superspace of the first massive state and the corresponding equations of motion have already been obtained in [24]. However, the transition from this Lagrangian to the Fierz-Pauli and Rarita-Schwinger Lagrangians has never been performed. In fact, [25] found it simpler to start from the Fierz-Pauli bosonic Lagrangian and supersymmetrise it than to start from the Lagrangian of [24] and show how it describes the spin-2. This is because of the large number of Stückelberg and auxiliary fields involved. We will first remedy this situation. We will show how the Fierz-Pauli and Rarita-Schwinger Lagrangians can be obtained from superstring field theory, and incidentally, we will be able to identify through the necessary redefinition of the physical fields the purpose of various other fields, such as the Stückelberg or auxiliaries.

The original problem posed in the 1930s was to find the equations of motion and constraints, i.e. a Fierz-Pauli system, governing the propagation of charged particles with spin greater than 1 [3]. In this work, we will recover for spin-2 the Argyres-Nappi result, but we will also be able to write explicit equations describing the case with spin-3/2, perhaps our main result. The other problem is to write a Lagrangian describing these systems, the variational principle being originally introduced only as a means to find a consistent system of equations, has become the main subject of research. On this point, our results are not totally satisfactory. Indeed, one would have hoped that the electromagnetic field strength would only introduce deformations of the Fierz-Pauli and Rarita-Schwinger Lagrangians. However, our results show that it also introduces a coupling between fields of different spins. To be more precise, our results consist of several forms of Lagrangians, corresponding to various redefinitions of the physical fields and choices of integration order of the Stückelberg and auxiliary fields. One of these forms is a deformation of Fierz-Pauli and Rarita-Schwinger but long and containing higher order derivatives. Other forms we present are more compact and manageable, but do not automatically identify with the known free Lagrangians in the absence of electromagnetic fields. Despite our many attempts, we have not found a form where the fields with different spins are decoupled, without being able to definitively exclude this possibility.

This work is organised as follows. In section 2, we consider the superspace action in the vanishing limit of the electromagnetic field, corresponding to that derived in [24] for the neutral case, and develop it into components. We show how all non-propagating degrees of freedom are eliminated. An appropriate field redefinition is performed to recover Fierz-Pauli and Rarita-Schwinger Lagrangians. In section 3, the electromagnetic background is turned on, giving rise to the superspace action for charged states in [1]. We exhibit an on-shell redefinition of the superfields that decouples the original equations of motion and constraints obtained in [1]. Next, in sections 4 and 5, we proceed to expand this action separately for the bosonic and fermionic fields. After simplification, the bosonic and fermionic Lagrangians are presented in two forms, firstly a compact form and secondly a deformation of the Fierz-Pauli or Rarita-Schwinger Lagrangian. From these Lagrangians, we derive explicitly the equations of motion as well as the constraints for the spin-3/2 and spin-2 states. In section 6, we draw our conclusions. Finally, conventions and useful results are detailed in the appendices.

Part of the tensor calculation is carried out with the help of the xAct package [26] for Mathematica. In this work, we use natural units. Moreover, we take the usual string theory convention α = 1/2. An arbitrary mass parameter has been explicitly restored in the letters [27,28] that contain some of our main results.

Superspace action in absence of electromagnetic background

We start by studying the much simpler case of the Lagrangian for neutral fields.

The superfields

We are interested in the fields corresponding to the states of the first massive level of the open superstring, compactified on a Calabi-Yau space, thus with a four-dimensional N = 1 supersymmetry. The use of the hybrid formalism for open superstring field theory [29] allows to obtain the corresponding superspace action. This was done in the neutral case in [24,30] and recently for charged fields in [1]. 1 The superspace action in the neutral case reads

S free = - 1 16 d 4 xp 2 0 p2 0 V m -d 2 0 , d2 0 V m + 16Π n 0 Π n0 V m -32V m +16σ αα m d α0 V α -d α0 V α + 64Π m0 B + 48σ αα m d α0 , d α0 C + V α 8 d α0 d α0 V α -4 d2 0 V α + 2d α0 d2 0 (-2iB + 18C) -96iΠ α α0 d α 0 C + V α -4d 2 0 V α + 2 d α 0 d 2 0 (2iB + 18C) -96iΠ αα 0 d α0 C +B d 2 0 , d2 0 B -64B + 6i d 2 0 , d2 0 C + 3C 11 d 2 0 , d2 0 C -128Π n 0 Π n0 C + 64C
(2.1) where p 0 , p0 are the derivatives with regard to the Grassmann coordinates θ and θ, respectively. The superderivatives d α0 , d α0 act as

d α0 = ∂ ∂θ α + i(σ m θ) α ∂ m d α0 = - ∂ ∂ θ α -i(θσ m ) α∂ m (2.2)
whereas Π m 0 reduces here to the usual partial derivative: Π m 0 ≡ -∂ m . The real superfields V m , B, C and the spinor superfield V α can be expanded in components as

V m = C m + i(θχ m ) -i( θ χm ) + i(θθ)M m -i( θ θ) Mm + (θσ n θ)h mn + i(θθ)( θλ m ) -i( θ θ)(θλ m ) + (θθ)( θ θ)D m B = ϕ + i(θγ) -i( θγ) + i(θθ)N -i( θ θ) N + (θσ m θ)c m + i(θθ)( θ ρ) -i( θ θ)(θρ) + (θθ)( θ θ)G C = φ + i(θξ) -i( θ ξ) + i(θθ)M -i( θ θ) M + (θσ m θ)a m + i(θθ)( θ ψ) -i( θ θ)(θψ) + (θθ)( θ θ)D V α = v α + θ α s -(σ mn θ) α s mn + (σ m θ) α w m + (θθ)η α + ( θ θ)ζ α + (θσ m θ)r mα + (θθ)(σ m θ) α q m + ( θ θ)θ α t -( θ θ)(σ mn θ) α t mn + (θθ)( θ θ)µ α V α = v α + θ α s -(σ mn θ) α smn -(σ m θ) α wm + ( θ θ)η α + (θθ) ζ α + (θσ m θ)r α m -( θ θ)(σ m θ) α qm + (θθ) θ αt -(θθ)(σ mn θ) αt mn + (θθ)( θ θ)μ α (2.3)
Many of the component fields are auxiliary and must be eliminated via redefinition to obtain a Lagrangian containing only the physical fields, i.e. those representing propagating degrees of freedom. Note that here s mn and t mn are self-dual anti-symmetric tensors, namely, they satisfy:

ε mnpq t pq = -2it mn , ε mnpq tpq = 2i tmn ε mnpq s pq = -2is mn , ε mnpq spq = 2is mn (2.4)
where ε mnpq is the Levi-Civita tensor. For future convenience, we introduce the following real combinations:

τ 1 ≡ t + t, τ 2 ≡ i(t -t) ω 1m ≡ w m + wm , ω 2m ≡ i(w m -wm ) τ 1mn ≡ t mn + tmn , τ 2mn ≡ i(t mn -tmn ) (2.5)
where τ 1mn and τ 2mn are not independent, as Eq. (2.4) implies

ε mnpq τ 1pq = -2τ mn 2 , ε mnpq τ 2pq = 2τ mn 1 . (2.6)
Here h mn is a generic rank 2 real tensor which can be decomposed into

h mn = v mn + f mn + 1 4 η mn h (2.7)
where v mn is symmetric and traceless. After redefinition, it contains the degrees of freedom of a massive spin-2 field. f mn is anti-symmetric, and h is the trace of h mn .

In bosonic string field theory, the action of the string field is obtained from the worldsheet correlator V Q BRST V , where V is the vertex operator associated to a string state and Q BRST the BRST charge. The nilpotency of Q BRST implies that this action is invariant under a gauge transformation of the form δV = Q BRST Λ, with Λ the gauge parameter. Since we are using the hybrid formalism for the superstring [31], we have the BRST-like charges {G + , G + } and the superstring field theory action, V G + G + V , is then invariant under a gauge transformation of the form δV = G + Λ + G + Λ. For the string states we consider here, V is a linear combination of the superfields appearing in the action (2.1). The gauge transformations that leave this action invariant can then be written as [1] :

δV m = -4iσ m α α d α 0 E α -4iσ m α αd α 0 Ē α, δV α = -2d 2 0 Π α α0 Ē α + i 2 d 2 0 d2 0 E α + 16iE α , δB = - 1 2 d α0 d 2 0 Ē α + d α 0 d2 0 E α , δC = i 2 d α0 d 2 0 Ē α -d α 0 d2 0 E α . (2.8) 
where E α and its conjugate Ē α are the superfields of gauge parameters. They will be expanded as:

E α = Λ 1α + θ α Λ 2 -(σ mn θ) α Λ 2mn + (σ m θ) α Λ 3m + (θθ)Λ 4α + ( θ θ)Λ 5α + (θσ m θ)Λ 6mα + (θθ)(σ m θ) α Λ 7m + ( θ θ)θ α Λ 8 -( θ θ)(σ mn θ) α Λ 8mn + (θθ)( θ θ)Λ 9α Ē α = Λ α 1 + θ α Λ2 -(σ mn θ) α Λ2mn -(σ m θ) α Λ3m + ( θ θ) Λ α 4 + (θθ) Λ α 5 + (θσ m θ) Λ α 6m -( θ θ)(σ m θ) α Λ7m + (θθ) θ α Λ8 -(θθ)(σ mn θ) α Λ8mn + (θθ)( θ θ) Λ α 9
(2.9) and, for convenience, we define the real gauge parameters

Λ3m ≡ Λ 3m + Λ3m , Λ3m ≡ i(Λ 3m -Λ3m ) Λ8 ≡ Λ 8 + Λ8 , Λ8 ≡ i(Λ 8 -Λ8 ) Λ8mn ≡ Λ 8mn + Λ8mn , Λ8mn ≡ i(Λ 8mn -Λ8mn ) (2.10)
where Λ8mn and Λ8mn follow relations analogous to those of Eq. (2.6), since Λ 8mn is selfdual.

In the next subsections, we will first develop the action and the components gauge transformations, for bosons and fermions, respectively. Then, we will perform suitable field redefinitions in the Lagrangian to eliminate the gauge parameters. In [1,30], the Lorenz gauge is fixed on shell, requiring for example d 2 0 C = 0. Here, we will instead adopt the unitary gauge, which is more appropriate for our purpose of keeping the physical fields only; it is then systematic to work out the corresponding field redefinitions at the Lagrangian level. In the end, both gauge choices, up to some additional field redefinitions, lead to the same (decoupled) on-shell equations for the fields with spin-3/2 and with spin-2, as we will show in section 3.

Bosons

We start with the bosonic part of the action, and we present in detail the manipulations which allow to recover the Fierz-Pauli action for a massive field with spin-2.

Gauge transformations

The gauge transformations (2.8) lead for the case of the bosonic components of the superfields to: Fields in B:

δc m = -2∂ m ∂ n Λ3n + 4ε mnpq ∂ n Λpq 8 + 2∂ 2 Λ3m δN = δ N = 0 δG = 1 2 ∂ 2 ∂ m Λ3m + ∂ 2 Λ8 δϕ = -2∂ m Λ3m -4 Λ8 (2.11) 
Fields in C:

δa m = -2∂ m ∂ n Λ3n + 8∂ n Λ8mn + 2∂ 2 Λ3m δM = δ M = 0 δD = - 1 2 ∂ 2 ∂ m Λ3m + ∂ 2 Λ8 δφ = 2∂ m Λ3m -4 Λ8
(2.12)

Fields in V m : δM m = -4i∂ m Λ 2 -8i∂ n Λ 2mn -8Λ 7m δD m = 4∂ m Λ8 + 8∂ n Λ8mn δC m = -8 Λ3m δh = -8∂ m Λ3m + 32 Λ8 δv mn = 4(∂ m Λ3n + ∂ n Λ3m ) -2η mn ∂ k Λ3k δf mn = 4ε mnpq ∂ p Λ3q + 16 Λ8mn (2.13) Fields in V α , V α: δω 1m = 8∂ 2 Λ3m -8∂ m ∂ n Λ3n + 16 Λ3m + 32∂ n Λ8mn δω 2m = -8∂ m ∂ n Λ3n -16 Λ3m + 16∂ m Λ8 δτ 1 = -4∂ 2 ∂ m Λ3m + 16 Λ8 + 8∂ 2 Λ8 , δτ 2 = -16 Λ8 δτ 2mn = 8(∂ m ∂ k Λ8nk -∂ n ∂ k Λ8mk ) + 2∂ 2 (∂ m Λ3n -∂ n Λ3m ) -16 Λ8mn δq m = 16iΛ 7m , δs = 16iΛ 2 , δs mn = 16iΛ 2mn (2.14)
while the gauge transformation of τ 1mn is determined by ε mnpq δτ 2pq = 2δτ mn 1 . Note that all bosonic gauge parameters appear algebraically in the transformations at least once. It follows that the unitary gauge eliminates all "gauge degrees of freedom" from the Lagrangian.

The Bosonic Lagrangian

The bosonic part of the neutral Lagrangian can be separated into two decoupled parts which do not involve the same gauge parameters, namely each of them is separately gauge invariant.

L B ≡ L 1 + L 2 (2.15)
In the first place, we have2 

L 1 = -6 M 4 + 3∂ 2 M + 6 (2iM m + q m ) ∂ m M -i N + 1 2 s ∂ 2 M + h.c. + 4M m M m + M m 4∂ m N + ∂ m s + 2∂ n smn + 2iq m + h.c. - 1 4 s∂ 2 s + q m qm -2 N ∂ 2 -4 N -2iq m ∂ m N + s∂ 2 N + h.c. + (∂ k s mk ) (∂ n smn ) - 1 2 i (q m ∂ m s + 2q m ∂ n smn + h.c.) (2.16)
The first step is to integrate M m , with

M m = 1 4 [-4∂ m N -∂ m s -2∂ n s mn + 2i (6∂ m M + q m )] (2.17) 
The integration of M m also eliminates s, s mn and q m . In particular, s could be seen as a Stückelberg field for M m , in the sense that a redefinition M m → M m -1 4 ∂ m s makes s disappear completely from the Lagrangian. Note however that in the gauge transformations of our Lagrangian, (M m + 1 4 ∂ m s) itself is not gauge invariant because other fields interfere with its gauge transformation. For the remaining fields we have δM = δN = 0, so the Lagrangian is totally gauge-fixed. It reads,

L 1 = - 1 2 M 1 12 -9∂ 2 M 1 - 1 2 M 2 12 -9∂ 2 M 2 -3M 2 ∂ 2 N 1 + 3M 1 ∂ 2 N 2 + 1 2 N 1 4 + ∂ 2 N 1 + 1 2 N 2 4 + ∂ 2 N 2 (2.18)
where we defined the real and imaginary parts of {M, N } as

N 1 = N + N , N 2 = i(N -N ) M 1 = M + M , M 2 = i(M -M ) (2.19)
After the redefinition

N 1 → 1 4 N 1 + 3M 2 , M 1 → 1 12 M 1 - N 2 3 (2.20)
M 2 and N 2 lose their kinetic terms (i.e. become auxiliary). Then integrating them out, we obtain a Lagrangian of two free massive real scalars N 1 , M 1 :

L 1 = 1 2 M 1 -2 + ∂ 2 M 1 + 1 2 N 1 -2 + ∂ 2 N 1 (2.21)
On the other hand, L 2 contains only real fields, with

L 2 = - 1 2 v mn (2 -∂ 2 )v mn + 1 2 ∂ n v mn ∂ k v mk +∂ n v mn ∂ k f mk - 1 2 f mn (2 -∂ 2 )f mn + ∂ n v mn ω m 2 + 1 2 ∂ n f mn ∂ k f mk -2c m (∂ n f mn -∂ n v mn ) + ε mnpq f mn τ pq 2 -(∂ n ∂ m v mn ) 1 4 h + 6φ -2c m c m - 1 2 (∂ m c m ) 2 + 1 8 ω m 2 ∂ 2 ω 2m - 1 8 (∂ m ω m 2 ) 2 -∂ m c m 6D + 1 2 h + 3 2 ∂ 2 φ -τ 1 + ∂ m ω 2m 3D - 1 2 ∂ n c n + 1 4 h - 9 4 ∂ 2 φ - 1 2 τ 1 -Ω m 6a m - 1 2 ω 1m -66D 2 -3D 4h -6τ 1 + 8φ -5∂ 2 φ - 1 4 h 1 - 3 8 ∂ 2 h -τ 2 1 -τ 1 3 2 ∂ 2 φ -h - 33 8 φ∂ 4 φ + 3 2 h∂ 2 φ + 2D 2 m - 1 8 ϕ∂ 4 ϕ -G -8ϕ + ∂ 2 ϕ -2G 2 - 1 8 ω m 1 ∂ 2 ω 1m - 1 8 (∂ m ω 1m ) 2 -D m 12a m -4C m + ∂ 2 C m -4∂ m ϕ -2ω 1m -ϕ 1 2 ∂ 2 τ 2 - 3 2 ∂ 2 ∂ m a m + 1 4 ∂ 2 ∂ m ω 1m -G (-6∂ m a m + 4∂ m C m + ∂ m ω 1m + 2τ 2 ) + 6(∂ m a m )(∂ n C n ) -τ 2 (∂ m C m -3∂ m a m ) + ω m 1 2∂ n τ 2mn + 3∂ 2 a m - 1 2 τ 2 ∂ m ω 1m + 9 2 (∂ m a m )(∂ n ω 1n ) + τ 2mn τ mn 2 -2∂ n τ 2mn (6a m -C m ) + 1 8 C m ∂ 4 C m -6a m (2∂ 2 -1)a m - 33 2 a m a m + 3a m ∂ 2 C m (2.
22) Notice that the fields D, D m , G, τ 1 , τ 2 , τ 2mn are auxiliary, and can be integrated out before the gauge fixing process. The scalar field ϕ disappears subsequently. 3 We are now left with

L 2 =6 a m ∂ 2 a m + ∂ m a m ∂ n a n -2a m a m + 3 2 C m ∂ 2 C m -2C m C m + 2∂ m C m ∂ n C n + 6 2a m C m -a m ∂ 2 C m -∂ m a m ∂ n C n -C m Ω m -2 1 5 ∂ m c m ∂ n c n + c m c m + 1 8 3ω m 1 ∂ 2 ω 1m + ω m 2 ∂ 2 ω 2m - 1 2 ω m 1 ω 1m + 1 2 ∂ m ω 1m ∂ n ω 1n - 1 10 ∂ m ω 2m ∂ n ω 2n + ∂ m ω 1m (2∂ n C n -3∂ n a n ) + ω m 1 6a m -3∂ 2 a m -2C m + 3 2 ∂ 2 C m - 1 2 Ω m - 6 5 3φ∂ 4 φ -φ∂ 2 φ + 8φ 2 + 3 32 h∂ 2 h - 3 20 h 2 + 9 10 φ∂ 2 h - 12 5 hφ (2.23) + 6φ 2 5 ∂ m c m - 2 5 ∂ 2 ∂ m c m - 1 5 ∂ m ω 2m - 3 10 ∂ 2 ∂ m ω 2m -∂ m ∂ n v mn + h 3 10 ∂ m c m - 3 20 ∂ m ω 2m - 1 4 ∂ m ∂ n v mn + 2c m (∂ n v mn -∂ n f mn ) - 3 5 ∂ m c m ∂ n ω 2n + ω m 2 ∂ n v mn + 1 2 ∂ n f mn ∂ k f mk + 1 2 ∂ n v mn ∂ k v mk + ∂ n v mn ∂ k f mk + 1 2 v mn ∂ 2 -2 v mn
with the dual field strength of f mn given by

Ω m ≡ ε mnpq ∂ n f pq (2.24)
The Lagrangian Eq. (2.23) is our starting point here. It is obviously not in a desirable form as it contains terms with more than two derivatives as well as several non-propagating, pure gauge or auxiliary fields. To find the gauge-fixed Lagrangian, it is useful to construct gauge invariant field combinations:

δ h + 8φ + 2∂ 2 φ + 1 2 ∂ m ω m 2 = 0 δ v mn + 1 4 ∂ m ω 2n + 1 4 ∂ n ω 2m - 1 8 η mn ∂ k ω k 2 + 2∂ m ∂ n φ - 1 2 η mn ∂ 2 φ = 0 δ c m + 1 2 ∂ n f mn + 1 8 ∂ 2 ω 2m - 1 8 ∂ m ∂ n ω n 2 = 0 δ C m + 1 2 ω 1m - 1 2 Ω m = 0 δ a m - 1 2 C m - 1 4 ω 1m = 0 (2.25) 
Note that ω 2m and φ can be considered as Stückelberg fields for the symmetric part of h mn (describing a field with spin-2). This can be seen from the following definition of a new massive field, which no longer has a transformation under gauge symmetry:

hmn ≡ v mn + 1 4 η mn (h + 8φ) + 1 4 ∂ m (ω 2n + 4∂ n φ) + 1 4 ∂ n (ω 2m + 4∂ m φ) , δ hmn = 0 (2.26)
It is then straightforward to eliminate the Stückelberg fields by setting the unitary gauge, so that eventually φ and ω 2m will disappear from the Lagrangian. By a similar reasoning, we can algebraically gauge away ω 1m and f mn . More precisely, the unitary gauge is fixed by the two-step redefinition:

1. ω 1m → ω 1m + 4a m , ω 2m → ω 2m -4∂ m φ
As a consequence, the vector fields ω 1m , ω 2m become pure gauges, whose new gauge transformations are δω 1m = 16 Λ3m , δω 2m = -16 Λ3m , without dependence of the other gauge parameters. The next step consists in redefining the other fields so that these two gauge parameters { Λ3m , Λ3m } do not appear in their transformations, and so when ω 1m and ω 2m become the only fields depending on Λ3m and Λ3m , they can be eliminated, i.e. algebraically gauged away.

c

m → c m -1 2 ∂ n f mn -1 8 ∂ 2 ω 2m + 1 8 ∂ m ∂ n ω n 2 h → h -8φ -1 2 ∂ m ω 2m , v mn → v mn + 1 8 η mn ∂ k ω 2k -1 4 ∂ m ω 2n -1 4 ∂ n ω 2m C m → C m -1 2 ω 1m , a m → a m + 1 4 ε mnpq ∂ n f pq
The resulting Lagrangian is totally gauge-fixed: δa m = δC m = δc m = δv mn = δh = 0. We can furthermore decouple C m by the shift

a m → a m - 1 2 C m (2.27)
which gives rise to

L 2 = 3 2 C m ∂ 2 -2 C m + 3 2 ∂ m C m ∂ n C n + 4a m a m + 2∂ m a m ∂ n a n -2c m c m - 2 5 ∂ m c m ∂ n c n - 3 20 h 2 + 3 32 h∂ 2 h -v mn v mn + 3 10 h∂ m c m + 2c m ∂ n v mn - 1 4 h∂ m ∂ n v mn + 1 2 ∂ n v mn ∂ k v mk + 1 2 v mn ∂ 2 v mn (2.28) After normalisation C m → C m / √ 3
, C m has a Proca Lagrangian for massive spin-1 particles with equation of motion and constraint:

∂ 2 -2 C m = 0, ∂ m C m = 0 (2.29)
The Lagrangian of a m seems to have a wrong sign in front of the mass term, and a kinetic term of the form a m ∂ 2 a m is absent. In fact, the equation of motion of a m is

2a m = ∂ n ∂ m a n (2.30)
taking its divergence, we have

(∂ 2 -2)∂ m a m = 0 (2.31)
The equation (2.30) also implies ∂ m a n -∂ n a m = 0, namely, a m is curl-free and can be written as the gradient of a scalar. Therefore, a m has only one longitudinal degree of freedom. In effect, a m is precisely the Curtright-Freund field [32] describing the dual theory of a free massive scalar. 4 This duality has been shown in [32] by introducing a totally anti-symmetric tensor v abc and a parent Lagrangian

L parent = 1 6 ε mnkl v mnk ∂ l φ + 1 12 (v mnk ) 2 + φ 2 (2.32)
Both fields are auxiliary and can be integrated out. If one eliminates v mnk , a free massive scalar is recovered, otherwise, one finds a Lagrangian of a new vector

v m ≡ 1 6 ε mnkl v nkl which is proportional to (∂ m v m ) 2 + 2v 2 m .
Alternatively, a straightforward way to convert the vector into the dual scalar, is to add a decoupled auxiliary scalar field A to the a m Lagrangian, and the new Lagrangian is physically equivalent:

L = a m a m + 1 2 (∂ m a m ) 2 - 1 2 A 2 (2.33)
Then do the field redefinition

A → A + ∂ m a m (2.34)
The (∂ m a m ) 2 term is shifted away, and we are able to integrate out a m , yielding the Lagrangian of a free massive scalar. After rescaling A, we have

L = 1 2 A(∂ 2 -2)A (2.35)
Conversely, the Lagrangian of a m can be recovered from (2.35) by adding to the latter an auxiliary vector, with a single mass term B m B m , then shifting B m by ∂ m A allows to eliminate A's kinetic term, and integrating out A, we obtain

B m B m + 1 2 (∂ m B m ) 2 .

Recovering the Fierz-Pauli Lagrangian

The second and third lines of (2.28) provide terms of the Lagrangian of a massive spin-2 field. However, we do not recognize the Fierz-Pauli Lagrangian because of the couplings of v mn to the c m vector field.

To acquire a better understanding of these couplings, we shall investigate this Lagrangian on shell. The equations of motion are

(2 -∂ 2 )v mn = -(∂ m c n + ∂ n c m ) - 1 2 (∂ m ∂ k v nk + ∂ n ∂ k v mk ) - 1 4 ∂ m ∂ n h ∂ 2 - 8 5 h = 4 3 ∂ m ∂ n v mn - 8 5 ∂ m c m c m = 1 5 ∂ m ∂ n c n - 3 40 ∂ m h + 1 2 ∂ n v mn (2.36) They imply h = -4∂ m c m , ∂ n v mn = 0 (∂ 2 -2)c m = 0, (∂ 2 -2)v mn = 0 (∂ 2 -2)h = 0, c m = - 1 8 ∂ m h (2.37)
The constraints c m = -1 8 ∂ m h and ∂ n v mn = 0 remove 8 degrees of freedom, meaning that {v mn , h, c m } count in total 6 degrees of freedom on shell. Taking into account the to-be spin-2 particle which itself has 5 degrees of freedom, the remaining field then must be a scalar. In fact, the above equations can be decoupled by introducing a new symmetric rank-2 tensor, whose trace is shifted by the divergence of c m :

h mn ≡ v mn + η mn ( 1 4 h + ∂ k c k ) (2.38)
After rewriting (2.37), the field h mn is found to satisfy a Fierz-Pauli system of equation of motion and constraints:

(∂ 2 -2)c m = 0, 2c m -∂ m ∂ n c n = 0 (∂ 2 -2)h mn = 0, ∂ n h mn = 0, h m m = 0 (2.39)
Clearly, c m has the same equation of motion as a m , thus is dual to a massive scalar. However, at the Lagrangian level, a naive redefinition of the field h → h -4∂ m c m to absorb the divergence in the trace does not decouple c m , and in addition gives rise to higher derivative couplings.

To deal with this issue, the same technique (2.33)-(2.34) can be employed. We add to (2.28) an auxiliary scalar term + 2 5 B 2 , then shift B with

B → B + ∂ m c m - 3 8 h (2.40)
where the second term cancels the kinetic term of c m , and the third one is to decouple h and c m on shell. As a result, c m becomes auxiliary, with equation of motion

c m = 1 2 ∂ n v mn - 1 5 ∂ m B (2.41)
Integrating out c m and also substituting a m with its dual massive scalar A, the Lagrangian L 2 becomes

L 2 = 1 2 C m ∂ 2 -2 C m + 1 2 ∂ m C m ∂ n C n + 1 2 A ∂ 2 -2 A + 2 5 B 2 - 2 25 B∂ 2 B - 3 10 hB + 2 5 B∂ m ∂ n v mn - 3 32 h 2 + 3 32 h∂ 2 h - 1 4 h∂ m ∂ n v mn -v mn v mn + 1 2 v mn ∂ 2 v mn + ∂ n v mn ∂ k v mk (2.42) 
Only physical degrees of freedom remain in the Lagrangian, but the new scalar B is not yet decoupled. This will be remedied by an additional field redefinition

B → 5 √ 2 4 B + 15 8 h, h → h + 2 √ 2B (2.43)
Finally, we express the spin-2 field in terms of a symmetric tensor h mn ≡ v mn + 1 4 η mn h, and the bosonic Lagrangian is written in the following

L B = 1 2 h mn ∂ 2 -2 h mn - 1 2 h ∂ 2 -2 h + h mn ∂ m ∂ n h + ∂ n h mn ∂ k h mk + 1 2 C m ∂ 2 -2 C m + 1 2 (∂ m C m ) 2 + 1 2 A ∂ 2 -2 A + 1 2 B ∂ 2 -2 B + 1 2 M 1 ∂ 2 -2 M 1 + 1 2 N 1 ∂ 2 -2 N 1 (2.44)
One recognises the Fierz-Pauli Lagrangian in the first line, complemented with a set of decoupled real scalars {A, B, M 1 , N 1 } and one massive vector C m . This Lagrangian of the bosonic sector contains 12 degrees of freedom on shell as it should.

Summary

The bosonic action after expansion of the superfields into components has 80 degrees of freedom off-shell. Several degrees of freedom are non-physical:

• Auxiliary fields, which are integrated out before starting to perform appropriate field redefinitions.

• Gauge degrees of freedom, that are totally fixed by the unitary gauge.

• Non propagating fields as the transverse components of a m , c m .

After getting rid of these, further field redefinitions are needed to decouple fields in the Lagrangian.

For L 1 , the auxiliary field M m is integrated out yielding (2.18). The real scalars N 2 , M 2 are first rendered auxiliary by the redefinition

N 1 → 1 4 N 1 + 3M 2 , M 1 → 1 12 M 1 - N 2 3 (2.45)
then integrated out to give:

L 1 = 1 2 M 1 -2 + ∂ 2 M 1 + 1 2 N 1 -2 + ∂ 2 N 1 (2.46)
For L 2 , the auxiliary fields {D, D m , G, τ 1 , τ 2 , τ 2mn } are integrated first, which leads to (2.23). The process of fixing the gauge amounts to the following one-step redefinitions

ω 1m → ω 1m + 2a m + Ω m - 2 √ 3 C m , ω 2m → ω 2m -4∂ m φ c m → c m - 1 2 ∂ n f mn - 1 8 ∂ 2 ω 2m + 1 8 ∂ m ∂ n ω n 2 h → h -8φ - 1 2 ∂ m ω 2m , v mn → v mn + 1 8 η mn ∂ k ω 2k - 1 4 ∂ m ω 2n - 1 4 ∂ n ω 2m C m → 1 √ 3 C m - 1 2 ω 1m , a m → 1 2 a m + 1 4 Ω m - 1 2 √ 3 C m (2.47)
which take us to

L 2 = 1 2 C m ∂ 2 -2 C m + 1 2 ∂ m C m ∂ n C n + a m a m + 1 2 ∂ m a m ∂ n a n - 1 2 A 2 + 2 5 B 2 -2c m c m - 2 5 ∂ m c m ∂ n c n - 3 20 h 2 + 3 32 h∂ 2 h -v mn v mn + 3 10 h∂ m c m + 2c m ∂ n v mn - 1 4 h∂ m ∂ n v mn + 1 2 ∂ n v mn ∂ k v mk + 1 2 v mn ∂ 2 v mn (2.48)
when auxiliary scalars A, B are added. Then, making the field redefinitions

A → A + ∂ m a m , B → B + ∂ m c m - 3 8 h (2.49)
and eliminating a m , c m , we are left with their dual scalars. The last redefinition

B → 5 √ 2 4 B + 15 8 h, h → h + 2 √ 2B (2.50)
gets us in the end to the decoupled bosonic Lagrangian (2.44) with a Fierz-Pauli part for the massive spin-2 field.

Fermions

This subsection is structured in a similar way to the corresponding bosonic part 2.2. First, we present below the gauge transformations under which the fermionic Lagrangian is invariant. Then, we will perform a series of redefinitions and fix the gauge to be the unitary gauge, thus eliminating the non-physical fields to end up with the desired Lagrangian where the field with spin-3/2 is described by a Rarita-Schwinger Lagrangian.

Gauge transformations

The gauge transformations (2.8) lead for the case of the fermionic components of the superfields to: Fields in B:

δγ α = -i∂ 2 Λ 1α -4(σ m ∂ m Λ5 ) α + 2∂ m Λ 6mα -4iΛ 9α δρ α = 1 2 (σ m ∂ m ∂ 2 Λ1 ) α + 2i∂ 2 Λ 5α -i(σ m ∂ m ∂ n Λn 6 ) α + 2(σ m ∂ m Λ9 ) α (2.51)
Fields in C:

δξ α = ∂ 2 Λ 1α + 4i(σ m ∂ m Λ5 ) α + 2i∂ m Λ 6mα + 4Λ 9α δψ α = - 1 2 i(σ m ∂ m ∂ 2 Λ1 ) α -2∂ 2 Λ 5α -(σ m ∂ m ∂ n Λn 6 ) α -2i(σ m ∂ m Λ9 ) α (2.52)
Fields in V m :

δχ mα = -4 2σ m Λ5 + σ n σm (Λ 6n -i∂ n Λ 1 ) α δλ mα = -4i(σ n σm ∂ n Λ 5 ) α + 8(σ m Λ9 ) α + 2i σ n σk σ m ∂ k Λ6n α (2.53)
Fields in V α , V α:

δv α = 2i(8Λ 1α + ∂ 2 Λ 1α ) -8(σ m ∂ m Λ5 ) α -4∂ m Λ 6mα + 8iΛ 9α δη α = 16iΛ 4α δζ α = -2(σ m ∂ m ∂ 2 Λ1 ) α + 8i(2Λ 5α + ∂ 2 Λ 5α ) + 4i(σ m ∂ m ∂ n Λ6n ) α -8(σ m ∂ m Λ9 ) α δr mα = 2∂ 2 ∂ m Λ 1α + 8i(σ n ∂ n ∂ m Λ5 ) α + 4i(4Λ 6mα + ∂ m ∂ n Λ 6nα ) + 8∂ m Λ 9α δµ α = 1 2 i∂ 4 Λ 1α -2(σ m ∂ m ∂ 2 Λ5 ) α -∂ 2 ∂ m Λ 6mα + 2i(8Λ 9α + ∂ 2 Λ 9α ) (2.54) 
It will be useful to note that the following field combinations are gauge invariant:

δ ρ α + 1 2 i(σ m ∂ m γ) α = 0, δ ψ α + 1 2 i(σ m ∂ m ξ) α = 0 (2.55)
Before developing the superfields into their components in the action, it is already possible to glimpse some characteristics of the fermionic Lagrangian. To begin with, we note that the gauge transformation δη α is algebraic in a gauge parameter that does not occur anywhere else, so η α will not appear in the Lagrangian. The remaining fields share the gauge parameters {Λ 1α , Λ 5α , Λ 6mα , Λ 9α } as well as their Hermitian conjugates, so it follows that we will be able to eliminate three spin-1/2 and one spin-3/2 field per gauge. More precisely, we have (i) δv α , δγ α , δξ α , δλ mα , δµ α are algebraic in Λ 9α (ii) δχ mα , δζ α are algebraic in Λ 5α (iii) δr mα and δχ mα are algebraic in Λ 6α (iv) δv α is algebraic in Λ 1α . Our strategy is the same as in the bosonic case: we gauge away algebraically v α , r mα , ζ α , ξ α , and in the gaugefixed Lagrangian, we integrate out auxiliary degrees of freedom. Finally, we perform further redefinitions necessary to decouple the physical fermions. Our final Lagrangian contains the spin-3/2 {χ m , λm } as well as the spin-1/2 {γ, ψ} fields. This differs from [1], where ξ instead of γ is kept as a physical fermion. Of course, here and in the case of charged fields, either choice leads to an equivalent Lagrangian related to the other by field redefinitions.

In the same way, one can also eliminate χ m as a pure gauge instead of r m .

The fermionic Lagrangian

The expansion of the superfields into components and the integration over the Grassmannian coordinates lead to the following Lagrangian for fermionic fields:

-L F =i(λ m σ n ∂ n λm )+ i 4 χm σn ∂ n ∂ 2 χ m - 1 2 λ m ∂ 2 χ m + χm ∂ 2 λm +2 λ m χ m + χm λm - 33 4 i ξσ m ∂ m ∂ 2 ξ + 4 ψσ m ∂ m ψ + 15 2 ψ∂ 2 ξ + ξ∂ 2 ψ -12 (ψξ) + ξ ψ + 3 i (χ m ∂ m ψ) -i (λ m ∂ m ξ) + 2 λ m σ m ψ + 1 2 χ m σ m ∂ 2 ξ + h.c. -6 i(∂ m ψσ mn χ n ) + 1 2 (χ m σ n ∂ m ∂ n ξ) + i(λ m σ mn ∂ n ξ) + h.c. + 3 4 i (v∂ 2 ψ) -( ψ∂ 2 v) + 9 8 vσ m ∂ m ∂ 2 ξ + h.c. + 9i (µψ) -( ψ μ) + 3 2 µσ m ∂ m ξ + h.c. -3i (ζ∂ 2 ξ) -( ξ∂ 2 ζ) ] -6 (ζσ m ∂ m ψ) + h.c. + 3 4 i(r m σ m ∂ 2 ξ) -3i(r m σ n ∂ n ∂ m ξ) -4(r m σ mn ∂ n ψ) + 4(r m ∂ m ψ) + h.c. + 1 2 [(λ m ∂ m v) + 2(λ m σ mn ∂ n v) -2i(χ m σ m μ) + h.c.] + 1 2 -(χ m ∂ m ζ) -2(χ m σ mn ∂ n ζ) + 2i(λ m σ m ζ) + h.c. + 1 4 [(χ m σ n ∂ n rm ) +( χm σm ∂ n r n ) + ( χm σn ∂ m r n ) -iε mlkn (χ m σ l ∂ k rn ) -2i(λ m σ n σm r n ) + h.c. + 1 2 (v∂ 2 ζ) + (v∂ 2 ζ) + 2 (µζ) + ( ζ μ) + i (ζ∂ m r m ) + (r m ∂ m ζ) + 1 8 -4i(vσ m ∂ m μ) + (r m σ m ∂ 2 v) -2(vσ m ∂ m ∂ n rn ) + h.c. -i(ζσ m ∂ m ζ) - 1 2 [(r m σ m μ) + h.c.] - 1 8 i (r m σ k σn σ m ∂ k rn ) + (r m σ k σm σ n ∂ n rk ) + 3 2 ρ + 1 2 iγ σm ∂ m i∂ 2 ξ -2σ n ∂ n ψ + h.c. + 2 [(χ m ∂ m ρ) + (λ m ∂ m γ) + h.c.] + µ - 1 4 ∂ 2 v ρ + 1 2 iσ m ∂ m γ + h.c. + ir m σ mn ∂ n ρ + 1 2 iσ k ∂ k γ + h.c. -i ρ + 1 2 iγ σm ∂ m σ n ∂ n ρ + 1 2 iσ k ∂ k γ + 4 [(γρ) + (ργ)] (2.56)
As expected, the η α component is absent. Moreover, µ appears as a Lagrange multiplier, giving rise to a constraint that will be applied at the end of the gauge fixing. Another feature of (2.56) is the presence of higher derivative terms, requiring an additional redefinition of the fields. We proceed in several steps:

1. Eliminate higher derivative kinetic terms of χ mα :

λ α m → λ α m + 1 2 i(σ n ∂ n χ m ) α 2.
Algebraically gauge away v α , which is in effect the Stückelberg field of r m :

µ α → µ α + 1 4 ∂ 2 v α , r mα → r mα + i∂ m v α
3. Eliminate higher derivative kinetic terms of ξ α :

ζ α → ζ α -2(σ m ∂ m ξ) α , r mα → r mα + 4∂ m ξ α , ψ α → ψ α -1 2 i(σ m ∂ m ξ) α 4.
Algebraically gauge away r mα :

χ mα → χ mα + 1 4 i(σ n σm r n ) α , µ α → µ α -1 2 i∂ m r mα 5.
Algebraically gauge away ζ α :

χ mα → χ mα -1 2 i(σ m ζ) α , µ α → µ α + i(σ m ∂ m ζ) α λ mα → λ mα + ∂ m ζ α , γ α → γ α -1 2 i(σ m ∂ m ζ) α , ρ α → ρ α + 1 4 ∂ 2 ζ α 6.
Eliminate higher derivative kinetic terms of γ α :

ρ α → ρ α -1 2 i(σ m ∂ m γ) α 7.
Algebraically gauge away ξ α :

γ α → γ α -iξ α , µ α → µ α + 4iξ α , λ mα → λ mα + 2(σ m ξ) α
Overall, all these steps amount to a redefinition:

λ mα → λ mα + 1 2 i(σ n ∂ n χm ) α + 1 8 (σ k σn σ m ∂ k rn ) α + 1 4 (σ n σm ∂ n ζ) α + ∂ m ζ α + 2(σ m ξ) α µ α → µ α + 1 4 ∂ 2 v α - 1 2 i∂ m r mα + i(σ m ∂ m ζ) α + 4iξ α r mα → r mα + i∂ m v α + 4∂ m ξ α ζ α → ζ α -2(σ m ∂ m ξ) α ψ α → ψ α - 1 2 i(σ m ∂ m ξ) α χ mα → χ mα + 1 4 i(σ n σm r n ) α - 1 2 i(σ m ζ) α γ α → γ α - 1 2 i(σ m ∂ m ζ) α -iξ α ρ α → ρ α + 1 4 ∂ 2 ζ α - 1 2 i(σ m ∂ m γ) α + 1 2 (σ m ∂ m ξ) α (2.57)
We obtain, subsequently, a gauge-fixed Lagrangian exempt from higher derivatives:

L F = -i(λ m σ n ∂ n λm ) -2i ( χm σn ∂ n χ m ) -2 (λ m χ m ) + ( χm λm ) + 33i ψσ m ∂ m ψ -6i (χ m ∂ m ψ) + 6 λ m σ m ψ + h.c. -9i (µψ) -( ψ μ) -[i(µσ m χm ) + h.c.] -[(µρ) + h.c.] + i (ρσ m ∂ m ρ) -4 [(γρ) + (ργ)] + 4i(γσ m ∂ m γ) + 3 ρσ m ∂ m ψ + h.c. -2 [(χ m ∂ m ρ) + (λ m ∂ m γ) + h.c.] (2.58)
µ α as a Lagrange multiplier implies the additional constraint:

ρ α = -9iψ α -i(σ m χm ) α (2.59)
which can be used to eliminate ρ α . The Lagrangian takes then the form:

L F = -i(λ m σ n ∂ n λm ) -i χm σn σ k σm ∂ k χ n -2 (λ m χ m ) + ( χm λm ) + 60i ψσ m ∂ m ψ -6i (χ m σ n σm ∂ n ψ) + 6 λ m σ m ψ + h.c. + 4i(γσ m ∂ m γ) + 36 [i(ψγ) + h.c.] + 4 [i(γσ m χm ) + h.c.] -2 [(λ m ∂ m γ) + h.c.]
(2.60)

Recovering the Rarita-Schwinger Lagrangian

A quick investigation shows that (2.60) describes on-shell 12 fermionic degrees of freedom.

While it is possible, we will not be restricted to the above compact form of the Lagrangian. Same as in the bosonic case, we will show that the different fields can be decoupled in the Lagrangian, and we will put it into a more usual form. For this purpose, we will make the following series of redefinitions, where for each step we present the resulting Lagrangian:

1. Put the kinetic term for λ mα in the most usual Rarita-Schwinger form

γ α → γ α - 1 2 i(σ m λm ) α , λ mα → λ mα -2i(σ m γ) α (2.61) L F = -ε mknl (λ m σ l ∂ k λn ) -i χm σn σ k σm ∂ k χ n -4 [(χ m σ mn λ n ) + h.c.] + 60i ψσ m ∂ m ψ -12i(γσ m ∂ m γ) -12 [i(ψγ) + h.c.] -6i (χ m σ n σm ∂ n ψ) -12 λ m σ m ψ + 4 (γσ mn ∂ m λ n ) + h.c.
(2.62)

2. Recover the correct sign for the kinetic term of ψ α

χ mα → χ mα -2(σ m ψ) α (2.63) L F = -ε mknl (λ m σ l ∂ k λn ) -i χm σn σ k σm ∂ k χ n -4 [(χ m σ mn λ n ) + h.c.] -4i ψσ m ∂ m ψ -12i(γσ m ∂ m γ) -12 [i(ψγ) + h.c.] -[6i (χ m σ n σm ∂ n ψ) -8i(ψ∂ m χ m ) + 4 (γσ mn ∂ m λ n ) + h.c.]
(2.64)

3. Put the kinetic term for χ mα in the most usual Rarita-Schwinger form

λ mα → λ mα + i(σ n ∂ m χn ) α ψ α → ψ α + 1 2 (σ m χm ) α (2.65) L F = -ε mknl (λ m σ k ∂ n λl ) -2ε mknl (χ m σ k ∂ n χl ) -4 [(χ m σ mn λ n ) + h.c.] -4i ψσ m ∂ m ψ -12i(γσ m ∂ m γ) -12 [i(ψγ) + h.c.] -[8i (ψσ mn ∂ m χ n ) + 4 (γσ mn ∂ m λ n ) + 6i(γσ m χm ) + h.c.]
(2.66)

4. Decouple the spin-3/2 and spin-1/2 fields

λ mα → λ mα -i(σ m γ) α + 2i∂ m ψ α (2.67) L F = -ε mknl (λ m σ k ∂ n λl ) -2ε mknl (χ m σ k ∂ n χl ) -4 [(χ m σ mn λ n ) + h.c.] -4i ψσ m ∂ m ψ -18i(γσ m ∂ m γ) -12 [i(ψγ) + h.c.]
(2.68)

Rescale the fermions

ψ α → i 2 ψ α, γ α → 1 3 √ 2 γ α , χ mα → 1 √ 2 χ mα (2.69)
Overall (2.61)-(2.69) can be combined into a single step:

χ mα → √ 2(σ mn χ n ) α -i(σ m ψ) α λ α m → λ α m - 1 √ 2 i(σ m γ) α + ∂ m ψ α + 1 √ 2 i(σ n ∂ m χ n ) α γ α → 1 √ 2 γ α - i 2 (σ m ∂ m ψ) α - 1 2 i(σ m λm ) α + 1 2 √ 2 (σ m σn ∂ m χ n ) α ψ α → i 2 ψ α - 1 2 √ 2 (σ m χ m ) α (2.70)
which results in

L F = -ε mnkl (λ m σ n ∂ k λl ) + ε mnkl ( χm σn ∂ k χ l ) -2 √ 2 [(λ m σ mn χ n ) + h.c.] -i ψσ m ∂ m ψ -i(γσ m ∂ m γ) - √ 2 [(ψγ) + h.c.] (2.71) 
Eq. (2.71) is the sum of a Rarita-Schwinger Lagrangian for the massive spin-3/2 (χ m , λm ) and a Dirac Lagrangian for the massive spin-1/2 (γ, ψ). The corresponding equations of motion and constraints are

iσ n αα ∂ n γ α = - √ 2 ψ α, iσ m α α∂ m ψ α = - √ 2γ α iσ n αα ∂ n χ mα = - √ 2 λ α m , iσ n α α∂ n λ α m = - √ 2χ mα σm αα χ mα = 0, ∂ m χ mα = 0, σ m α α λ α m = 0, ∂ m λ α m = 0 (2.72)
It is useful to observe that the physical degrees of freedom all reside in {B, C, V m }, with B and C each providing a chiral multiplet, {γ α , B, N 1 } and { ψ α, A, M 1 }, and V m providing a massive spin-2 multiplet, {h mn , χ mα , λ α m , C m }. When the background is turned on, these multiplets will be complex instead of real in the neutral case here. Moreover, we expect to find the same (but complex) fields corresponding to the physical degrees of freedom. Their Lagrangians then reduce to (2.44), (2.72) when the electromagnetic field is set to zero.

Superspace action in the presence of an electromagnetic background

In a constant electromagnetic background, the action in superspace, describing at the bilinear level the fields associated with the first massive level of the open superstring, has been derived in [1] using the four-dimensional hybrid formalism for open superstring field theory [29]. Compared to above, the physical bosons become complex and the number of fermions is doubled, as a result we have 12 complex degrees of freedom on-shell for the bosons and for the fermions.

In the bosonic sector, the physical degrees of freedom (d.o.f.'s) correspond to a massive spin-2 (5 d.o.f.'s), a massive vector C m (3 d.o.f.'s) and four scalars (4 d.o.f.'s), all of which are complex (i.e. 12 complex d.o.f.'s). For its part, the fermionic sector includes two massive Dirac fermions of spin-3/2 (8 d.o.f.'s), and two massive Dirac fermions of spin-1/2 (4 d.o.f.'s) (i.e. 12 complex d.o.f.'s).

The superspace action

The action of [1]:

S = - 1 16 d 4 xp 2 0 p2 0 V † n (η nm -i nm ) -d 2 0 , d2 0 V m + 16Π n 0 Π n0 V m -32 (η mp -i mp ) V p -32 ∂ θ0 d0 V m + (∂θ 0 d 0 ) V m + 8σ αα m d α0 Ū2 α -d α0 U 1α + 32Π m0 B +24σ αα m d α0 , d α0 C + U α 2 -8σ n α α (η nm -i nm ) d α 0 V m + 4 d α0 d α0 Ū α 2 -4 d2 0 U 1α +d α0 d2 0 (-2iB + 18C) + ∂θ α0 (-32iB -96C) -48iΠ α α0 d α 0 C -Ū1 α -8σ n αα (η nm -i nm ) d α0 V m + 4d 2 0 Ū α 2 -4d α 0 d α 0 U 1α -d α 0 d 2 0 (2iB + 18C) +∂ θ α 0 (-32iB + 96C) + 48iΠ αα 0 d α0 C + B † [-32Π n 0 (η nm -i nm ) V m + d 2 0 , d2 0 -64 B + 3i d 2 0 , d2 0 C -i 2d 2 0 d α0 + 32∂ θ α0 Ū α 2 + i 2 d2 0 d α 0 + 32∂θ α 0 U 1α + 3C † -8σ n αα d α0 , d α0 (η nm -i nm ) V m -6d α 0 d2 0 + 8iΠ αα 0 d α0 U 1α -6 d α0 d 2 0 + 8iΠ α α0 d α 0 Ū α 2 -d 2 0 , d2 0 iB --11 d 2 0 , d2 0 + 128Π n 0 Π n0 -256∂ θ α0 d α 0 -256∂θ α 0 d α0 -64 C (3.1
) is invariant under the gauge transformations:

δV m = -4iσ m α α d α 0 E α 1 -4iσ m α αd α 0 Ē α 2 δB = - 1 2 d α0 d 2 0 Ē α 2 + d α 0 d2 0 E 1α δC = i 2 d α0 d 2 0 Ē α 2 -d α 0 d2 0 E 1α δU 1α = -16i∂ θ α 0 d α0 E 1α + d α0 Ē2 α -2d 2 0 Π α α0 Ē α 2 + i 2 d 2 0 d2 0 E 1α + 16i∆ α β E 1β , δ Ū α 2 = 16i∂θ α0 d α 0 E α 1 + d α 0 Ē α 2 + 2 d2 0 Π αα 0 E 1α - i 2 d2 0 d 2 0 Ē α 2 -16i ∆ α β Ē β 2 (3.2)
where we introduced the following notations:

α 0 ≡ -iD, Π m 0 = -iα m 0 + i 2 ε mnrs rs (θσ n θ) ( • σ) α β = mn σ mn α β , ( • σ) α β = mn σmn α β ∂θ α0 = - i 2 ( • σ) α β θ β , ∂ θ α0 = i 2 ( • σ) β α θ β ∆ α β = δ α β + i 2 ( • σ) α β , ∆ α β = δ α β + i 2 ( • σ) α β d α0 = ∂ ∂θ α -(σ m θ) α α 0m - i 2 ( θ θ)( • σ) α β θ β d α0 = - ∂ ∂ θ α + (θσ m ) αα 0m + i 2 (θθ)( • σ) β α θ β (3.3)
It can be verified that when the electromagnetic field strength cancels, the expression (3.1) leads to the same form for the action as the neutral case given by (2.1), except that now V m , B, C are complex superfields, and the spinor superfield V α is doubled to {U 1α , Ū α 2 }. This superspace action describes the propagation of an open superstring carrying at its ends the charges q 0 and q π , hence a total charge Q = q 0 + q π . For the constant electromagnetic background, the covariant derivative is given by

D n = (∂ -iQF • X) n (3.4)
where X n is a space-time coordinate. Dealing with strings, instead of point-like particles, we need to introduce the dressed form of the covariant derivative [15,18] 

D m = -i M mn D n , [D m , D n ] = i mn (3.5)
The matrix M has the property:

M • M T = QF (3.6)
The stringy origin of the massive states manifests itself in the dependence of on the constant electromagnetic field strength F mn through [15,34] 

= Λ 2 π arctanh( πq 0 F Λ 2 ) + arctanh( πq π F Λ 2 ) (3.7)
with Λ the fundamental (string) scale of the theory. As noted in [18] for the case of the bosonic open string, and as it appears through our manipulations in this work, the consitency of the Lagrangian and the derivation of the equations of motion make use of the anti-symmetric property of mn , but nowhere does the explicit dependence of mn on F mn intervene. Therefore, our analysis continues to be valid if we take everywhere the limit of quantum field theory mn → QF mn and D m → D m . Following this, to ease the presentation, our working configuration can be reformulated, independently of a stringy framework or not, as follows: the superfields are charged under the U (1) of the elctromagnetic background, to which we associate a covariant derivative D m , whose commutator gives a constant anti-symmetric tensor mn , hereafter referred to as the electromagnetic field strength, an obvious abuse of language. For convenience, we will assume that {V m , B, C, U 1α , Ū α 2 } carry a positive unit charge, so their conjugates are negatively charged. It is then easy to verify that the action (3.1) is U (1)-invariant. For the covariant derivative we have [D m , D n ] = iq mn , with q = ±1. For example, given a positively charged superfield component φ, we have

[D m , D n ] φ = i mn φ, [D m , D n ] φ = -i mn φ (3.8)
The expansion into components of the superfields reads:

V m =C m + i (θχ 1m ) -i θ χ2m + i (θθ) M 1m -i θ θ M2m + θσ n θ h mn + i (θθ) θλ 1m -i θ θ (θλ 2m ) + (θθ) θ θ D m B =ϕ + i(θγ 1 ) -i( θγ 2 ) + i(θθ)N 1 -i( θ θ) N2 + (θσ m θ)c m + i(θθ)( θ ρ1 ) -i( θ θ)(θρ 2 ) + (θθ)( θ θ)G C =φ + i (θξ 1 ) -i θ ξ2 + i (θθ) M 1 -i θ θ M2 + θσ m θ a m + i (θθ) θ ψ1 -i θ θ (θψ 2 ) + (θθ) θ θ D U 1α =v 1α + θ α s 1 -(σ mn θ) α s 1mn + (σ m θ) α w 1m + (θθ)η 1α + ( θ θ)ζ 1α + (θσ m θ)r 1mα + (θθ)(σ m θ) α q 1m + ( θ θ)θ α t 1 -( θ θ)(σ mn θ) α t 1mn + (θθ)( θ θ)µ 1α Ū α 1 =v α 1 + θ α s1 -(σ mn θ) α s1mn -(σ m θ) α w1m + ( θ θ)η α 1 + (θθ) ζ α 1 + (θσ m θ)r α 1m -( θ θ)(σ m θ) α q1m + (θθ) θ αt 1 -(θθ)(σ mn θ) αt 1mn + (θθ)( θ θ)μ α 1 U 2α =v 2α + θ α s 2 -(σ mn θ) α s 2mn + (σ m θ) α w 2m + (θθ)η 2α + ( θ θ)ζ 2α + (θσ m θ)r 2mα + (θθ)(σ m θ) α q 2m + ( θ θ)θ α t 2 -( θ θ)(σ mn θ) α t 2mn + (θθ)( θ θ)µ 2α Ū α 2 =v α 2 + θ α s2 -(σ mn θ) α s2mn -(σ m θ) α w2m + ( θ θ)η α 2 + (θθ) ζ α 2 + (θσ m θ)r α 2m -( θ θ)(σ m θ) α q2m + (θθ) θ αt 2 -(θθ)(σ mn θ) αt 2mn + (θθ)( θ θ)μ α 2 (3.9)
where the gauge parameter superfields E 1α , E 2α are given by

E 1α = Λ 1α + θ α Λ 2 -(σ mn θ) α Λ 2mn + (σ m θ) α Λ 3m + (θθ)Λ 4α + ( θ θ)Λ 5α + (θσ m θ)Λ 6mα + (θθ)(σ m θ) α Λ 7m + ( θ θ)θ α Λ 8 -( θ θ)(σ mn θ) α Λ 8mn + (θθ)( θ θ)Λ 9α Ē α 1 = Λ α 1 + θ α Λ2 -(σ mn θ) α Λ2mn -(σ m θ) α Λ3m + ( θ θ) Λ α 4 + (θθ) Λ α 5 + (θσ m θ) Λ α 6m -( θ θ)(σ m θ) α Λ7m + (θθ) θ α Λ8 -(θθ)(σ mn θ) α Λ8mn + (θθ)( θ θ) Λ α 9 E 2α = Υ 1α + θ α Υ 2 -(σ mn θ) α Υ 2mn + (σ m θ) α Υ 3m + (θθ)Υ 4α + ( θ θ)Υ 5α + (θσ m θ)Υ 6mα + (θθ)(σ m θ) α Υ 7m + ( θ θ)θ α Υ 8 -( θ θ)(σ mn θ) α Υ 8mn + (θθ)( θ θ)Υ 9α Ē α 2 = Ῡ α 1 + θ α Ῡ2 -(σ mn θ) α Ῡ2mn -(σ m θ) α Ῡ3m + ( θ θ) Ῡ α 4 + (θθ) Ῡ α 5 + (θσ m θ) Ῡ α 6m -( θ θ)(σ m θ) α Ῡ7m + (θθ) θ α Ῡ8 -(θθ)(σ mn θ) α Ῡ8mn + (θθ)( θ θ) Ῡ α 9
(3.10) We also denote the dual field by ˜ mn with

˜ mn = 1 2 ε mnpq pq , mn = - 1 2 ε mnpq ˜ pq (3.11)
Obviously, the sum ( mn + i˜ mn ) is self-dual. Some useful identities related to the field strengths are

mn ˜ mk = 1 4 δ n k ab ˜ ab , mn mk -˜ mn ˜ mk = 1 2 δ n k ab ab
(3.12)

Decoupled equations of motion in superspace

In [1], the equations of motion in superspace for the superfields present in (3.1) have been derived in the Lorenz gauge. The resulting equations couple the lower spin fields present in the C superfield to the fields describing the massive spin-2 multiplet contained in V m . Here we will go one step further and present a redefinition of the superfields that decouples the massive spin-2 multiplet from the other superfields in these equations.

Using the same notation as in [1], we start by rewriting the equations in the Lorenz gauge containing the massive spin-2 multiplet (equations (6.5) and (6.6) of [1])

0 = σm αα d α0 V m -d 2 0 d α 0 C , 0 = σ m α α d α 0 V m + d2 0 d α0 C , (3.13) 
and after the redefinition

V m → V m + 1 3 σ αα m [d α0 , d α0 ]C + 1 6 σ mα α ∂θ α 0 d 2 0 d α 0 -∂ θ α 0 d2 0 d α 0 + 16∂θ α 0 ∂ θ α 0 C , (3.14) 
we obtain decoupled equations of motion for the superfield

V m 0 = σm αα d α0 V m , 0 = σ m α α d α 0 V m . (3.15) 
Here we have used the fact that the superfield C satisfies d 2 0 C = d2 0 C = 0, which come from the gauge-fixing conditions in [1], alongside with the relations

i d α 0 Π α α0 d α 0 C = 4C , id α 0 Π α α0 d α 0 C = 4C , (3.16) 
that can be seen to follow from d 2 0 C = d2 0 C = 0, together with equation (A.10) of [1] and the mass-shell condition in superspace

(Π m 0 Π m0 -2)C -2∂θ α 0 d α0 C -2∂ θ α0 d α 0 C = 0 . (3.17)
The superfields V m and C are therefore decoupled. But the symmetric rank-2 tensor h (mn) and the spin-1 component C m inside the superfield V m remain coupled through the divergence constraint of h (mn) :

D m h (mn) = -2i˜ nm C m . (3.18)
Decoupling the fields in this constraint requires a further shift

h (mn) → h (mn) + i˜ mk D k C n -i˜ mk D n C k + i 2 η mn ˜ pq D p C q + (m ↔ n) . (3.19)
By expanding the superfield equations in components, and taking into account the additional redefinition above, one can show that the equations (3.15) agree with those that we will derive from the Lagrangian in the unitary gauge, i.e. (4.99), (5.45) and (5.53) for the massive spin-2 and spin-3/2, respectively.

Note that, as it usually happens in manifestly space-time supersymmetric descriptions of the superstring in curved backgrounds, the gauge-fixed eqs. (3.15) have the same form as in the neutral case. 5 In our description, the difference lies in the fact that the supersymmetric derivatives d α0 and d α0 receive contributions, proportional to the strength of the electromagnetic field , necessary for the preservation of the manifest N = 1 d = 4 supersymmetry.

Let us comment on the equations of motion obtained for the lower-spin fields in Section 6 of ref. [1]. There, they were given for two spin-1/2 massive Dirac fermions, a massive complex scalar and a massive complex vector. The analysis done in Section 6 of [1] was incomplete for the lower-spin fields. We have checked explicitly that going further and using the gauge transformations of Section 5 in [1], one shows that the remaining lower-spin physical degrees of freedom reside in two complex scalar multiplets which, in components, describe two massive spin-1/2 Dirac fermions and 4 complex bosons. This conclusion agrees with the results presented in this work as well as with the analysis of [24] for the neutral case. Therefore, in the charged case, the action (3.1) describes a massive complex spin-2 multiplet coupled to two massive complex scalar multiplets.

In this section, we have shown how to decouple the equations of motion for the massive spin-2 multiplet using superfields. As outlined, this was done following the gauge-fixing conditions from Section 6 of [1], in which a Lorenz-type gauge is employed. However, in the analysis of the present work, we are adopting the unitary gauge to eliminate the unphysical degrees of freedom in the action (3.1) and, consequently, the field redefinitions which will be presented in the following sections to decouple the equations for the massive spin-2 multiplet do not need to have a direct relation to (3.14). Of course, this comment also applies for the redefinitions in the neutral case presented in Section 2.

Charged massive bosons

The notations we will use from here on are essentially a complex version of the real notations in Section 2.2. Gauge parameters topped with a hat or tilde are now combinations of the E 1α and Ē α 2 components:

Λ3m ≡ Λ 3m + Ῡ3m , Λ3m ≡ i Λ 3m -Ῡ3m (4.1)
likewise for Λ8 , Λ8 , Λ8mn , Λ8mn . The complex rank-2 tensor is decomposed in the same way as before:

h mn = v mn + f mn + 1 4 η mn h (4.2)
5 It is worth mentioning that these equations could have been obtained by considering only the superfield Vm, describing the massive spin-2 multiplet, in the vertex operator (effectively putting the lower-spin fields to zero) and performing the analysis in the Lorenz gauge as in [1]. Following similar steps, but now considering only the superfield in the vertex operator describing a massive spin-s multiplet, one can try to generalise (3.15) directly for massive spin-s fields. This would constitute of an extension of [21] to the supersymmetric case.

It is also more practical to use the following new (positively charged) fields

τ 1 = t 1 + t2 , τ 2 = i(t 1 -t2 ) ω 1m = w 1m + w2m , ω 2m = i(w 1m -w2m ) τ 1mn = t 1mn + t2mn , τ 2mn = i(t 1mn -t2mn ) (4.3)
and, as {t 1mn , t 2mn } remain self-dual, the relation τ 1mn = 1 2 ε mnrs τ rs 2 still holds.

Gauge transformations

Like in the neutral case, we start by listing here the gauge transformations under which the Lagrangian is invariant. We also indicate which fields, up to redefinitions, will be kept as physical at the end of the gauge fixing procedure. The gauge transformations of the different components of the superfields are as follows:

Fields in B:

δc m = -2D m D n Λn 3 + 2D 2 Λ3m -8D n Λ8mn + 2i mn Λn 3 -2i˜ mn Λn 3 δN 1 = 0, δN 2 = 0 δG = 1 2 D 2 D m Λ3m + D 2 Λ8 -i mn D m Λ3n + i˜ mn D m Λ3n + 2i mn Λ8mn δϕ = -4 Λ8 -2D m Λ3m (4.4)
Among these fields, we will be able to eliminate G, ϕ. Also, only part of c m , N 1 , N 2 will remain as physical degrees of freedom. Fields in C:

δa m = -2D m D n Λn 3 + 2D 2 Λ3m + 8D n Λ8mn + 2i mn Λn 3 + 2i˜ mn Λn 3 δM 1 = 0, δM 2 = 0 δD = - 1 2 D 2 D m Λm 3 + D 2 Λ8 + i mn D m Λ3n + i˜ mn D m Λ3n + 2i mn Λ8mn δφ = -4 Λ8 + 2D m Λ3m (4.5)
Among these fields, we will be able to eliminate D, φ. Also, only part of a m , M 1 , M 2 will remain as physical degrees of freedom. Fields in V m :

δM 1m = -4iD m Λ 2 -8Λ 7m -8iD n Λ 2mn , δ M2m = 4iD m Ῡ2 -8 Ῡ7m + 8iD n Ῡ2mn δD m = 4D m Λ8 + 8D n Λ8mn + 2i mn Λn 3 + 2i˜ mn Λn 3 δC m = -8 Λ3m δh = -8D m Λ3m + 32 Λ8 δv mn = 4 D m Λ3n + D n Λ3m -2η mn D k Λ3k δf mn = 4ε mnpq D p Λq 3 + 16 Λ8mn (4.6)
Among these fields, we will be able to eliminate M 1m , M 2m , D m , f mn . Also, only a combination of h and v mn will remain as physical degrees of freedom.

Fields in U 1α , Ū α 2 :

δτ 1 = 16 Λ8 + 8D 2 Λ8 -4D 2 D m Λ3m + 24i mn Λ8mn + 4i mn D m Λ3n + 12i˜ mn D m Λ3n δτ 2 = -16 Λ8 -8i mn D m Λ3n δω 1m = 16 Λ3m + 8D 2 Λ3m -8D m D n Λn 3 + 32D n Λ8mn -8i mn Λn 3 + 8i˜ mn Λn 3 δω 2m = -16 Λ3m -8D m D n Λn 3 + 16D m Λ8 + 16i mn Λn 3 δτ 1mn = 1 2 ε mnrs δτ rs 2 δτ 2mn = -16 Λ8mn -8 D n D k Λ8mk -D m D k Λ8nk + 2D 2 D m Λ3n -D n Λ3m + 8i nk Λ8m k -mk Λ8n k + 8i˜ mn Λ8 + 4i mn Λ8 + 2i mk -2D n Λk 3 + D k Λ3n -2i˜ mk 2D n Λk 3 + D k Λ3n -(m ↔ n) δq 1m = 16iΛ 7m + 4i ( mn -i˜ mn ) D n Λ 2 + 8i ( mn -i˜ mn ) D k Λ nk 2 + 16 mn Λ n 7 δ q2m = -16i Ῡ7m + 4i ( mn + i˜ mn ) D n Ῡ2 + 8i ( mn + i˜ mn ) D k Ῡnk 2 -16 mn Ῡn 7 δs 1 = 16iΛ 2 -8 mn Λ 2mn δs 2 = -16i Ῡ2 + 8 mn Ῡ2mn δs 1mn = 16iΛ 2mn + 4 ( mn + i˜ mn ) Λ 2 -8 mk Λ 2n k -nk Λ 2m k δs 2mn = -16i Ῡ2mn -4 ( mn -i˜ mn ) Ῡ2 + 8 mk Ῡ2n k -nk Ῡ2m k (4.7)
None of these fields will remain as a physical degree of freedom, though some will be part of the latter through the field redefinitions.

One can verify that the above gauge transformations reduce to (2.11)-(2.14) for = 0. We point out here the gauge invariant combinations

δ q2m -iD n s2mn - 1 2 iD m s2 -2i(η mn -i mn ) M n 2 = 0 δ -q 1m -iD n s 1mn - 1 2 iD m s 1 -2i(η mn -i mn )M n 1 = 0 (4.8)

A compact bosonic Lagrangian

As in the neutral case, the bosonic Lagrangian L B can be separated into two parts, each of which is gauge invariant by itself:

L B = L 1 + L 2 . (4.9)
with L 1 and L 2 giving in the absence of electromagnetic fields the same Lagrangians as in the neutral case.

Here, L 1 reads:

L 1 = 1 2 qm 1 q 1m + 1 2 qm 2 q 2m - 1 8 s1 D 2 s 1 - 1 8 s2 D 2 s 2 + iq m 1 M 1m -i mn M n 1 + 1 2 D n s 1mn + 1 4 D m s 1 -3iD m M 1 + D m N 1 + h.c. + iq m 2 M 2m + i mn M n 2 + 1 2 D n s 2mn + 1 4 D m s 2 -3iD m M 2 + D m N 2 + h.c. + 1 2 D m s1 (M 1m -i mn M n 1 -3iD m M 1 + D m N 1 ) - 1 8 i mn s1 s 1mn + h.c. + 1 2 D m s2 (M 2m + i mn M n 2 -3iD m M 2 + D m N 2 ) + 1 8 i mn s2 s 2mn + h.c. -3 M1 3D 2 + 4 M 1 -3 M2 3D 2 + 4 M 2 + 6iD m M1 M 1m -i mn M n 1 + 1 2 D m N 1 + 3 2 mn M1 s 1mn + h.c. + 6iD m M2 M 2m + i mn M n 2 + 1 2 D m N 2 - 3 2 mn M2 s 2mn + h.c. -N1 D 2 -4 N 1 + 2D m N1 (M 1m -i mn M n 1 ) - 1 2 i mn N1 s 1mn + h.c. -N2 D 2 -4 N 2 + 2D m N2 (M 2m + i mn M n 2 ) + 1 2 i mn N2 s 2mn + h.c. + 1 2 D n s 1mn D k smk 1 + s1mn D m M n 1 -i nk D m M 1k + h.c. + 1 2 D n s 2mn D k smk 2 + s2mn D m M n 2 + i nk D m M 2k + h.c. + 2 η mk -i mk M 1k † [(η mn -i mn )M n 1 ] + 2 η mk + i mk M 2k † [(η mn + i mn )M n 2 ] (4.10)
Remarkably, M 1m and M2m always appear with a factor (ηi ), including in the gauge invariant expressions (4.8). Indeed, this feature can already be seen at the level of the action (3.1), where the superfield V m is accompanied everywhere by one or two factors (ηi ). These can be absorbed by the rescaling

M 1m → (η mn -i mn ) -1 M n 1 , M2m → (η mn -i mn ) -1 M n 2 (4.11)
Note that the terms of index 2 differ from those of index 1 only in an inversion of sign ↔ -. We can therefore limit ourselves in the following to writing explicitly only the terms with index 1.

We can then write the Lagrangian as:

L 1 = 1 2 qm 1 q 1m + iq m 1 M 1m + 1 2 D n s 1mn + 1 4 D m s 1 -3iD m M 1 + D m N 1 + h.c. - 1 8 s1 D 2 s 1 + 1 2 D m s1 (M 1m -3iD m M 1 + D m N 1 ) - 1 8 i mn s1 s 1mn + h.c. -3 M1 3D 2 + 4 M 1 + 6iD m M1 M 1m + 1 2 D m N 1 + 3 2 mn M1 s 1mn + h.c. -N1 D 2 -4 N 1 + 2D m N1 M 1m - 1 2 i mn N1 s 1mn + h.c. + 1 2 D n s 1mn D k smk 1 + (s 1mn D m M n 1 + h.c.) + 2 M m 1 M 1m + (1 ↔ 2, ↔ -) (4.12)
M {1,2}m are auxiliary fields, and they have no explicit dependence on the electromagnetic background in their equations of motion,

M {1,2}m = 1 2 iq {1,2}m - 1 2 D n s {1,2}mn + 3iD m M {1,2} -D m N {1,2} - 1 4 D m s {1,2} (4.13) 
except of course in the covariant derivative. Integrating them out, {q {1,2}m , s {1,2}mn , s {1,2} } disappear, leaving only the gauge invariant fields {M {1,2} , N {1,2} }. This leads to the subsequent Lagrangian where the gauge is completely fixed:

L 1 =3 M1 3D 2 -4 M 1 + 3 i M1 D 2 N 1 + h.c. + N1 D 2 + 4 N 1 + 3 M2 3D 2 -4 M 2 + 3 i M2 D 2 N 2 + h.c. + N2 D 2 + 4 N 2 (4.14)
As for the neutral case, it is convenient to introduce the following new complex scalar fields

M 1 = M 1 + M2 , M 2 = i M 1 -M2 N 1 = N 1 + N2 , N 2 = i N 1 -N2 (4.15)
With the field redefinition

N 1 → √ 2N 1 + 3M 2 , M 1 → √ 2 3 M 1 - 1 3 N 2 (4.16)
the complex scalars M 2 , N 2 lose their kinetic terms. After integration, we get a Lagrangian of two decoupled massive complex scalars M 1 , N 1 propagating in the electromagnetic background:

L 1 = M1 -2 + D 2 M 1 + N1 -2 + D 2 N 1 (4.17)
Obviously, (4.17) reduces to (2.21) in the neutral case.

We now turn our attention to the Lagrangian L 2 :

L 2 = 1 8 [(η mn -i mn ) C n ] † D 4 C m - 1 2 [(η mn -i mn ) C n ] † D 2 D m + h.c. + 2 [(η mn -i mn ) D n ] † D m + 2 [(η mn -i mn ) C n ] † (η mk -i mk ) D k + h.c. -[(η mn -i mn ) h nk ] † (η ml -i ml ) h lk + i lk h ml - 1 2 D 2 h m k + 1 2 (η mn -i mn ) D k h nk † D l h ml + 3 (η mn -i mn ) D k h nk † D m φ + h.c. + [(η mn -i mn ) C n ] † 3 2 D 2 a m -3D m D k a k + 3i mk a k + 3i˜ mk D k φ +2D m G + i˜ mk c k + 1 2 D m τ 2 + D k τ 2mk - 1 4 i mk ω k 1 + 1 4 i˜ mk ω k 2 + h.c. + (η mn -i mn ) h n k † ε mkpq 1 4 D p ω q 1 -3D p a q + 1 2 τ pq 2 + h.c. + [(η mn -i mn ) h nk ] † -D m c k + i˜ m k ϕ -3i m k φ - 1 4 D m ω k 2 - 1 4 D k ω 2m + h.c. + [(η mn + i mn ) h mn ] † -6D + 3 2 D 2 φ + 1 4 D k ω 2k + 1 2 τ 1 + h.c. + [(η mn -i mn ) D n ] † (2D m ϕ -6a m + ω 1m ) + h.c. - 1 2 D m cm D n c n -2c m c m + D m cm -3D - 3 4 D 2 φ + 1 2 τ 1 - 1 4 D n ω 2n + h.c. -66 DD - 1 8 φD 4 ϕ - 33 8 φD 4 φ -12ā m D 2 a m - 33 2 D m ām D n a n -24i mn ām a n + 6ā m a m + D 2 φ 15 2 D - 9 8 D m ω 2m - 3 4 τ 1 + D 3 2 D m ω 2m + 9τ 1 -12φ + h.c. - 1 8 (D m ω1m D n ω 1n + D m ω2m D n ω 2n ) + τ 2mn τ mn 2 -τ 1 τ1 -2 ḠG - 1 8 ωm 1 D 2 ω 1m -ωm 2 D 2 ω 2m + ω m 1 D n τ2mn - 1 4 τ 1 D m ω2m - 1 4 τ 2 D m ω1m + h.c. - 1 8 i mn (3ω 1m ω 1n + ω2m ω 2n ) + D 2 φ - 1 4 τ 2 + 3 4 D m a m - 1 8 D m ω 1m - 1 2 G + h.c. + Ḡ 4ϕ + 3D m a m - 1 2 D m ω 1m -τ 2 + D m ām 9 4 D n ω 1n + 3 2 τ 2 + h.c. + ω1m 3 2 D 2 a m + 3i mn a n + 3 2 i˜ mn D n φ -6ā m D n τ mn 2 -i φ mn τ 2mn + h.c. + 1 2 ic m (˜ mn ω 1n -mn ω 2n ) - 3 2 i mn ω2m D n φ - 1 8 i˜ mn ω 2m ω1n + h.c.
(4.18) As above, the auxiliary fields in L 2 are {D, D m , G, τ 1 , τ 2 , τ 2mn }, whose integration eliminates ϕ, and we are left with {f mn , v mn , ω 1m , ω 2m , a m , C m , c m , h, φ}. The following steps are essentially a straightforward generalisation of section 2.2.

We shall start with gauging away {f mn , ω 1m , ω 2m , φ}. Recall that in absence of the background, ∂ m φ and ω 2m appear as Stückelberg fields

δ h + 8φ + 2∂ 2 φ + 1 2 ∂ m ω m 2 = 0 δ v mn + 1 4 ∂ m ω 2n + 1 4 ∂ n ω 2m - 1 8 η mn ∂ k ω k 2 + 2∂ m ∂ n φ - 1 2 η mn ∂ 2 φ = 0 (4.19)
But now, these expressions are not gauge invariant if one only promotes partial derivatives to covariant ones:

δ h + 8φ + 2D 2 φ + 1 2 D m ω m 2 = 8i mn D m Λn 3 δ v mn + 1 4 D m ω 2n + 1 4 D n ω 2m - 1 8 η mn D k ω k 2 + 2D m D n φ - 1 2 η mn D 2 φ = 4i mk D n Λk 3 + 4i nk D m Λk 3 -2iη mn kl D k Λl 3 (4.20)
Notice that

δ (ω 2m + 4D m φ) = -16 (η mn -i mn ) Λn 3 (4.21)
where the term gives rise to the r.h.s. of (4.20). The (1i ) factor can be absorbed by the rescaling

ω 2m ≡ (η mn -i mn ) -1 ω n 2 + 4D n φ , δω 2m = -16 Λ3m (4.22) 
and ω 2m appear in the new gauge invariant combinations,

δ h + 8φ + 1 2 D m ω m 2 = 0 δ v mn + 1 4 D m ω 2n + 1 4 D n ω 2m - 1 8 η mn D k ω k 2 = 0 (4.23)
This then is used to find a new gauge invariant spin-2 field, thereby going into a unitary gauge after a Stückelberg mechanism, as:

hmn ≡v mn + 1 4 η mn (h + 8φ) + 1 4 (η nk -i nk ) -1 D m ω k 2 + 4D k φ + 1 4 (η mk -i mk ) -1 D n ω k 2 + 4D k φ (4.24)
which satisfies δ hmn = 0. Similarly, the last three lines of (2.25) are amended by a (ηi ) -1 factor in front of ω 1m . The redefinition:

ω 1m ≡ (η mn -i mn ) -1 (ω n 1 -4a n ) , δω 1m = 16 Λ3m (4.25)
allows to write the gauge invariant combinations as

δ c m + 1 2 D n f mn + 1 8 D 2 ω 2m - 1 8 D m D n ω n 2 + 1 8 i mn ω n 2 = 0 δ a m - 1 4 Ω m + 1 8 i˜ mn ω n 2 = 0 δ C m + 1 2 ω 1m = 0 (4.26)
Thus, after integrating all the auxiliary fields in L 2 , we can eliminate ω 1m , ω 2m , φ, f mn by the two-step redefinition:

1. ω 1m → (η mn -i mn ) ω 1 n + 4a m , ω 2m → (η mn -i mn ) ω 2 n -4D m φ 2. c m → c m -1 2 D n f mn -1 8 D 2 ω 2m + 1 8 D m D n ω n 2 -1 8 i mn ω n 2 h → h -8φ -1 2 D m ω 2m , v mn → v mn + 1 8 η mn D k ω 2k -1 4 D m ω 2n -1 4 D n ω 2m C m → C m -1 2 ω 1m , a m → a m -1 8 i˜ mn ω 2 n + 1 4 ε mnpq D n f pq
Next, in order to decouple and normalise {a m , C m } in the Lagrangian, we perform the redefinitions

C m → 2 3 C m , a m → √ 2 2 a m - 1 √ 6 C m (4.27)
where

C m ≡ (η mn -i mn ) C n (4.28)
As a result, L 2 is now

L 2 = Cm D 2 C m + D m Cm D n C n -2 Cm (η mn -i mn ) C n + 2ā m a m -i mn ām a n + D m ām D n a n - i √ 2 ām nk ε mkpq D q h n p + h.c. -2c m c m + cm √ 2i˜ mn a n - 2 5 D m h + η nk -i nk D n h mk + h.c. - 2 5 D m cm D n c n + 1 10 hh -hmn h mn + 1 2 hmk (η mn -i mn ) D 2 h n k - 1 2 hkm η kl -i kl D m D n h ln -3i kl hlm h k m + 3 2 kl mn hln h km - 1 2 k m kl hmn h l n (4.
29) The vector field C m is decoupled from all other fields and appears only as a rescaled C m . It has the Lagrangian of a charged vector boson, with the corresponding equation of motion

D 2 C m -2 (η mn -i mn ) C n -D m D n C n = 0 (4.30)
The associated constraint is obtained by taking the divergence of (4.30):

D m , D 2 C m + 2i mn D m C n -2D m C m = -2D m C m = 0 (4.31)
As for the remaining terms of the Lagrangian, a m is now coupled to c m and h mn in the presence of the background, so dualisation with the (2.33)-(2.34) technique will inevitably couple the scalar A to other fields, making the Lagrangian more complicated. Such a form with {a m , c m } replaced by {A, B} will be presented later. First, we will study the equations of motion and constraints of (4.29), as well as the way the new spin-2 is modified by its couplings to the other fields.

The equations of motion

The Euler-Lagrange equations derived directly from the Lagrangian are complicated, not very illuminating and not in very useful forms. However, as we will see in this Section, a series of manipulations allows us to put them in the form of a Fierz-Pauli system, thus with a much more compact, and simple, expression for the equations of motion and associated constraints.

We start with the trace of the equations of motion of v mn :

- 1 8 D 2 h - 1 2 D m D n v mn + 3 16 mn mn h + mk n k v mn - 1 2 i mn D n D k v mk -D m c m -i mn D m c n - √ 2i˜ mn D m a n = 0 (4.32)
and the equations of motion of h:

- 3 20 h + 3 32 D 2 h + 3 64 mn mn h - 1 8 D m D n v mn - 1 8 i mn D n D k v mk + 1 4 nk m k v mn + 3 20 D m c m - 1 4 i mn D m c n - 1 2 √ 2 i˜ mn D m a n = 0 (4.33)
Taking the difference (4.32)-4×(4.33), we obtain

D 2 h = 6 5 h - 16 5 D m c m (4.34)
We will need the explicit form of the equations of motion, and their divergence, of a m

2a m -i mn a n -D m D n a n - i √ 2 nk ε mkpq D q h n p + √ 2i˜ mn c n = 0 2D m a m -i mn D m a n -D 2 D m a m - 1 4 √ 2 ˜ mn mn h + √ 2i˜ mn D m c n = 0 (4.35)
and of c m ,

-2c m + 2 5 D m D n c n + √ 2i˜ mn a n - 2 5 D m h + η nk -i nk D n h mk = 0 -2D m c m + 2 5 D 2 D m c m + √ 2i˜ mn D m a n - 2 5 D 2 h + η nk -i nk D m D n h mk = 0 (4.36)
At this stage, it is very complicated to decouple the equations of motion of the different fields, because those of h mn contain many terms depending on . Indeed, being a component of the superfield V m , h mn always appears with one or two (ηi ) factors. This suggests performing a rescaling that absorbs such factors:

H mn ≡ (η mk -i mk ) h k n , H = h (4.37)
Analogous rescalings were made for charged spin-2 states in the bosonic string case [18]. In fact, the rescaled spin-2 field in the Argyres-Nappi Lagrangian involves two factors, i.e. in the form (η mki mk ) (η nli nl ) h kl . We will examine in a later subsection whether such rescaling is also useful for defining the field with spin-2 in our case.

The vectors {a m , c m } also appear in the Lagrangian through their field strengths and duals, which we note:

F mn (a) ≡ D m a n -D n a m , F mn (c) ≡ D m c n -D n c m Fmn (a) ≡ 1 2 ε mnpq F pq (a), Fmn (c) ≡ 1 2 ε mnpq F pq (c) (4.38)
The Lagrangian (4.29) can be written in a more compact form:

L 2 = Cm D 2 C m + D m Cm D n C n -2 Cm (η mn -i mn ) C n + 2ā m a m -i mn ām a n + D m ām D n a n + 1 √ 2 F mn (a) F mn (c) -H [mn] + h.c. -2c m c m - 2 5 D m cm D n c n + cm - 2 5 D m H + D n H nm + h.c. + 1 2 Hmn D 2 h mn + 1 2 D n Hmn D k h mk -H(mn) H (mn) + i nk Hmn h k m + 1 10 HH (4.
39) Up to some trivial different choice of normalisation, (4.39) corresponds to (2.28) in the neutral case, so the equations of motion and constraints of the Lagrangian will reproduce (2.36) when is set to zero. The modification includes a mass term -i mn ām a n , as well as a coupling of the dual field strength of a m to the field strength of c m and the anti-symmetric tensor H [mn] . This implies that a m now appears in the constraint equations of h mn .

The equation of motion of H mn , which we denote by R mn , takes a simpler form than that of h mn . R mn reads:

R mn ≡ - 1 √ 2 ε mnkl D k a l + 2 5 η mn D k c k -D m c n + 1 10 η mn h + 1 2 D 2 h mn - 1 2 D n D k h mk -h mn - 3 2 i kn h k m + 1 2 i m k h kn = 0 (4.40) having the trace R m m = 3 5 D m c m - 3 5 h + 1 2 D 2 h - 1 2 D m D n h mn = 0 (4.41)
Plugging in (4.34), the above equation implies

D m c m + 1 2 D m D n h mn = 0 (4.42)
We can also compute the divergence of the equation of motion R mn

D n R mn = 1 10 D m h -D n h mn + i nk D k h mn - 3 2 i kn D n h mk + 1 2 i mk D n h kn - 1 √ 2 i˜ mn a n - 3 5 D m D n c n + i mn c n = -c m - 2 5 D m D n c n + i mn c n - 1 10 D m h - 1 2 D n h mn + 1 2 i mk D n h kn = 0 (4.43)
where we used the equation of motion of c m in the last line. Contracting R mn with the tensor ˜ and using the equation of motion of a m , we obtain

˜ mn R mn = √ 2 mn D m a n -˜ mn D m c n + 1 2 ˜ mn D m D k h nk - 1 4 i˜ mn mn h = √ 2i D 2 -2 D m a m + ˜ mn D m c n + 1 2 D k h nk = 0 (4.44)
In order to derive a constraint on the trace of h mn , we compute the double divergence of R mn and its contraction with :

1 2 i mn R mn = - 34 25 D m c m + 1 5 D 2 D m c m - 1 2 i mn D m c n - 6 25 h - 1 4 i nk D n D m h mk = 0 D m D n R mn = - 2 5 D 2 D m c m + 8 25 D m c m + i mn D m c n - 3 25 h + 1 2 i nk D n D m h mk = 0 (4.45) The sum (i mn R mn + D m D n R mn ) gives then h + 4D m c m = 0 (4.46)
We retrieve that the trace is shifted by the divergence of c m , as was the case for the neutral Lagrangian (2.28). Inserting this into (4.34) gives decoupled equations:

D 2 -2 h = 0, D 2 -2 D m c m = 0 (4.47)
The trace constraint (4.46) also allows to rewrite D n R mn as

D n R mn = -(η mk -i mk ) c k + 1 2 D n h kn = 0 ⇒ c m + 1 2 D n h mn = 0 (4.48)
The only difference with the neutral case is the covariant derivative.

The second equation of (4.36) can be simplified to

√ 2˜ mn D m a n = -2 mn D m c n + i nk m n h mk (4.49)
whereas the first line of (4.44) gives

√ 2 mn D m a n -2˜ mn D m c n - 1 4 i˜ mn mn h = 0 (4.50)
Taking into account these results, the symmetric and anti-symmetric parts of R mn are respectively:

2R (mn) = D 2 -2 h mn -2i km h k n + kn h k m = 0 2R [mn] = - √ 2ε mnkl D k a l -2 (D m c n -D n c m ) + i km h k n -kn h k m = 0 (4.51)
Here we recognise the first equation as an equation of motion, while the second establishes a duality relation between the field strength of a m and the sum of the field strength of c m and 

H [mn] = 1 2 i km h k n -kn h k m .
4c m + 1 2 D m h = √ 2i˜ mn a n -i nk D n h mk (4.53)
Finally, we can add ε mnpq D n R pq to the equation of motion of a m to obtain

D 2 -2 a m + 2i mn a n = 0 (4.54)
So far, we have derived decoupled equations of motion for {a m , c m , h mn } and a set of constraints that are not all independent of each other. Before determining the subset of independent constraints, we summarise the present results here:

• Equations of motion

D 2 -2 h = 0, D 2 -2 h mn = 2i km h k n + kn h k m D 2 -2 D m c m = 0, D 2 -2 D m a m = 0 D 2 -2 a m + 2i mn a n = 0, D 2 -2 c m + 2i mn c n = 0 (4.55) 
• Constraints

i km h k n -kn h k m -2 (D m c n -D n c m ) = √ 2ε mnkl D k a l h + 4D m c m = 0, c m + 1 2 D n h mn = 0 √ 2˜ mn D m a n = -2 mn D m c n + i nk m n h mk √ 2 mn D m a n = 2˜ mn D m c n + 1 4 i˜ mn mn h 4c m + 1 2 D m h = √ 2i˜ mn a n -i nk D n h mk (4.56)
Using the notations of (4.37)-(4.38), the first constraint can be rewritten as

H [mn] = 1 √ 2 Fmn (a) + F mn (c) (4.57)
from which we deduce the equation of motion and the divergence of the anti-symmetric tensor

D 2 -2 H [mn] + 2i m k H [kn] -H [mk] k n = 0 D n H [mn] = i mn c n + i 2 nk D n h mk (4.58)
As already stated, not all constraints in (4.56) are independent. The third and fourth lines can be obtained by contracting (4.57) with mn and ˜ mn , respectively. Whereas the last line, formerly an independent constraint in the neutral case, can also be inferred from applying D m on (4.57) in conjunction with the second line of (4.56):

√ 2i˜ mn a n =i km D n h k n + i nk D n h km -2D n D m c n + 2D 2 c m =2i mn c n + i nk D n h km -2D m (D n c n ) + 2i mn c n + 4 (c m -i mn c n ) =4c m + i nk D n h km + 1 2 D m h (4.59)
where we also used the equation of motion of c m . As a side comment, given that the fourth line of (4.56) can be re-expressed as

˜ mn H [mn] - 1 √ 2 Fmn (a) -F mn (c) = 0 (4.60)
which is valid for any non-vanishing , one may be tempted to conclude that the fourth line of (4.56) implies (4.57). In fact, the above equation holds for any a m = a m + √ 2x˜ mn D n φ, c m = c m + x mn D n φ, with φ an arbitrary scalar field, and therefore does not have a unique solution.

In summary, only the first and second lines of (4.56) are independent, and hence are the only ones that will be considered for the counting of on-shell degrees of freedom. Here, the symmetric tensor h mn along with two vector bosons {a m , c m } counts 10 + 4 + 4 complex degrees of freedom off-shell. The constraint c m = -1 2 D n h mn removes 4 degrees of freedom, and -√ 2ε mnkl D k a l -2 (D m c n -D n c m ) + i km h k nkn h k m = 0 removes 6 degrees of freedom, while h = -4D m c m removes 1 degree of freedom. Therefore, we are left with 7 degrees of freedom on-shell in the Lagrangian (4.39). Together with the massive spin-1 C m and the physical scalars in L 1 , the bosonic sector counts in total 12 complex degrees of freedom on-shell.

Decoupling the equations of motion

As vector fields dual to massive scalars, a m and c m satisfy the following equivalent sets of equations in the neutral case [32]:

∂ m ∂ n V n = 2V m ⇐⇒ ∂ 2 -2 V m = 0 ∂ m V n -∂ n V m = 0 (4.61)
Now consider a charged massive scalar Lagrangian L = Ā D 2 -2 A, we can introduce an auxiliary vector V m endowed with a transformation that enables us to shift away the kinetic term of A, to integrate out the scalar and, at the end, obtain the equations of motion of the vector V m dual to A. Effortlessly one generalises (4.61) to the charged case:

D m D n V n = 2V m ⇐⇒    D 2 -2 V m + 2i mn V n = 0 D m V n -D n V m = i 2 mn D k V k (4.62)
Unsurprisingly, the first equation to the r.h.s. implies a gyromagnetic ratio g = 2 for V m . Inspecting (4.35) and (4.36), we notice that a m , c m have coupled equations of motion. Alternatively, if one adopts the description at the r.h.s. above, the first equation

D 2 -2 V m + 2i mn V n = 0 does decouple for V m = a m ,
c m , as is written in (4.55). But the second one, which relates the field strength to the divergence of V m , here given by (4.57) is coupled to the spin-2 field h mn . In fact, there exists a redefinition of a m and c m that leads to decoupled equations of motion on shell:

a m ≡ a m - i 2 mn a n - i 2 √ 2 ˜ nk D k h mn + i 2 √ 2 ˜ mn D n h + √ 2i˜ mn c n c m ≡ c m - √ 2i 4 ˜ mn a n + i 4 nk D n h mk (4.63)
in which case

D m D n a n = 2a m , D m D n c n = 2c m (4.64)
From the above equation we infer that a m , c m are equivalent to the gradient of a scalar and as such count one degree of freedom on shell. At first sight, it seems paradoxical because Eq. (4.57) may remove 6 degrees of freedom so we would be left with less degrees of freedom than before. In reality, if we rewrite the on-shell system (4.55)-(4.56) in terms of a m and c m , then Eq. (4.57) after this redefinition is no more an independent constraint: actually it can be obtained from the other constraints. We postpone the detailed discussion and the exact relation between the different constraints, to section 4.5 for the alternative form of the Lagrangian.

The next step is to identify a new rank-2 symmetric tensor that yields a Fierz-Pauli system on-shell. A simple guess inspired by (2.38) is:

H mn = h mn + η mn D k c k (4.65)
which satisfies the deformed Fierz-Pauli equations of motion and the traceless constraint:

D 2 -2 H mn + 2i • H mn -H • mn = 0, H = 0 (4.66)
It has a non-vanishing divergence, but vanishing double divergence due to (4.46)

D n H mn = -2c m - 1 4 D m h = - 1 √ 2 i˜ mn a n + 1 2 i nk D n h mk , D m D n H mn = 0 (4.67)
The divergence equation can be re-expressed as

D n H mn + 1 √ 2 Fmn (a) - i 2 n k h mk = 0 (4.68)
To obtain the divergence-free tensor, one might be tempted to redefine the expression in parenthesis (which is, by the way, traceless) as the new spin-2 field, but the extra terms are not symmetric. Instead, We can absorb in H mn the symmetric term (m k h n)k , so that the r.h.s. of the divergence equation depends only on a m and c m . Thus, we introduce

H mn ≡ H mn - i 2 n k h mk - i 2 m k h nk = H (mn) + η mn D k c k (4.69)
Note that H (mn) is the symmetric part of the rescaled h mn , defined in (4.37). This new spin-2 field satisfies

D 2 -2 H mn + 2i • H mn -H • mn = 0, H = 0 D n H mn = - i √ 2 ˜ mn a n + i mn c n (4.70)
The divergence is indeed vanishing when = 0.

Another possibility is to consider the following double scaling

Hmn = (η mk -i mk ) (η nl -i nl ) h kl (4.71)
which allows to obtain a Fierz-Pauli system in the bosonic case studied in [18]. To see if (4.71) is suitable for our case, let us first study the trace

H = h -i √ 2˜ mn D m a n -2i mn D m c n (4.72)
Compared to (4.65), the trace has extra contributions of order , so (4.71) could be modified to

H mn = (η mk -i mk ) (η nl -i nl ) h kl + 1 4 η mn 4D k c k + i √ 2˜ kl D k a l + 2i kl D k c l , H = 0 (4.73)
One can also check that (4.73) satisfies the equations of motion of deformed Fierz-Pauli:

D 2 -2 H mn + 2i • H mn + • H nm = 0 (4.74)
However, the divergence of (4.73) is relatively complicated and contains second derivatives:

D n H mn = - 1 2 i nk D n h mk - i √ 2 ˜ mn a n + 2i mn c n + √ 2 4 i˜ kl D m D k a l + 1 2 i kl D m D k c l -mk nl D n h kl (4.75)
thus the rescaling in (4.71) results in a cumbersome divergence constraint.

In fact, in order to absorb the divergence, i.e. to have a zero divergence tensor, while keeping the zero trace condition, higher derivatives and new O( 2 ) terms have to be included in the H mn definition. Starting from a generic ansatz containing such terms, and imposing the divergence and trace constraints, we found the following new spin-2 field definition

h mn ≡ 4 3 h mn - 1 3 η mn h - i 2 m k h kn + nk h k m + 1 3 (D m c n + D n c m ) - i 2 mk D k c n + nk D k c m -mk D n c k -nk D m c k + η mn kl D k c l - 1 4 mk lk h nl + nk lk h ml + 2 mk nl h kl -η mn kl p l h kp + 1 2 - 1 12 D m D n h - 1 16 mk k n h + i 8 mk D k D n h - 5 96 η mn h + (m ↔ n) - 1 √ 2 1 2 + - i 2 ˜ mk D k D n + ˜ nk D k D m D l a l + 5 8 ( ˜ ) η mn D k a k - 1 4 ( ˜ ) (D m D n + D n D m ) D k a k + ˜ mk ln D k D l + ˜ nk lm D k D l D p a p (4.76)
With the help of (4.55)-(4.56), one can check that h mn yields a Fierz-Pauli system, i.e. it satisfies the same equation of motion, with now both D n h mn = 0 and h = 0. Note that if we set the electromagnetic field to zero, using the constraint 8c m + ∂ m h = 0, we find that h mn reduces to h mn → 4 3 (h mn + η mn ∂ k c k ). We can now rewrite (4.55)-(4.56) as decoupled equations:

D 2 -2 h mn = 2i km h k n + kn h k m D n h mn = 0, h = 0 D m D n a n =2a m , D m D n c n = 2c m , (4.77) 

A deformed Fierz-Pauli bosonic Lagrangian

The form of the Lagrangian (4.39) is compact, and the electromagnetic field dependent terms are relatively simple. After some redefinitions and manipulations, we have shown how the equations of motion and the constraints reduce to a simple system. However, for the spin-2 field one cannot immediately recognize a deformed Fierz-Pauli Lagrangian, i.e. visibly giving a Fierz-Pauli Lagrangian if the electromagnetic field is zero. We present here an alternative expression of L 2 in the form of a Fierz-Pauli deformation, along with two complex scalars, hence containing only physical degrees of freedom.

The dualisation of {a m , c m } to the physical scalars can be carried out in the same way as in the section 2.2. Notice that in the Lagrangian Eq. (4.39), the derivative terms of {a m , c m } are D n ān D m a m -2 5 D m cm D n c n , therefore, one can add auxiliary scalar terms -ĀA + 2 5 BB and shift away the vector kinetic terms by

A → √ 2A + D m a m , B → B + D m c m (4.78)
Then, we use the equation of motion of c m

c m = - 1 5 D m h - 1 5 D m B + 1 2 D n H nm + i √ 2 ˜ mn a n (4.79)
to integrate it out, and perform redefinitions analogous to (2.40)-(2.43):

B → B + 3 2 h, h → h + 4B (4.80) 
After this step, the equation of motion of a m can be written as:

a m = - 1 √ 2 A mn D n A + i 2 ˜ nl D l B + 1 8 ( ˜ ) D n B - 1 2 ε nlpq D l H pq + i 2 ˜ nl D p H pl - i 2 ˜ nl D l H ≡ a m (4.81)
where

A mn ≡ η mn - i 2 mn - 1 2 ˜ mk ˜ k n -1 (4.82)
The above expression denoted by a m will be recurrent in a later calculation. The following notations are introduced for shorthand:

( ) ≡ mn mn , ( ˜ ) ≡ mn ˜ mn (4.83)

Integrating out a m , we obtain a deformed Fierz-Pauli Lagrangian:

L 2 = Cm D 2 C m + D m Cm D n C n -2 Cm (η mn -i mn ) C n + ĀD m - i 2 ˜ mb BD b + 1 8 ( ˜ ) BD m - 1 2 ε mabc Hbc D a - i 2 ˜ ma Hba D b + i 2 ˜ mb HD b × A mn D n A + i 2 ˜ nl D l B + 1 8 ( ˜ ) D n B - 1 2 ε nlpq D l H pq + i 2 ˜ nl D p H pl - i 2 ˜ nl D l H -2 ĀA + B D 2 -2 B - 1 2 mn mk BD n D k B + 1 2 i D n Hnm mk D k B - 1 2 ( ) HB + h.c. + 1 2 H(mn) D 2 h mn + 1 2 D n Hmn D k h mk + 1 2 D n Hnm D k H km + 1 2 Hmn D m D n h + h.c.
-2 H(mn)

H (mn) + H(mn) h mn - 1 2 H D 2 -2 h + H[mn] + 1 2 i mn B H [mn] - 1 2 i mn B
(4.84) When = 0, the above Lagrangian is decoupled, with two scalars A, B, one massive vector C m and a spin-2 with the well-known Fierz-Pauli Lagrangian.

The inverse matrix in the third line of (4.84) is in general cumbersome to deal with, since its contraction with covariant derivatives has no particularly remarkable identity, and here this matrix is kept as it is. For small background, one can expand this inverse matrix as a series of n . As an alternative, we will explain in Appendix C how it can be expressed concretely in terms of and its dual ˜ . We would nevertheless expect the inverse matrix not to appear at the level of the equations of motion and constraints, for the reason that these equations can be obtained directly from (4.55) and (4.56) by appropriate redefinitions without dependence on A mn . The inverse matrix may only appear in the divergence constraint of the spin-2 where a m is replaced by its equation of motion (4.81), but in this case we can eliminate A mn by contracting the constraint with its inverse η mn -i 2 mn -1 2 ˜ mk ˜ k n . More precisely, the steps leading to the equations of motion and constraints are similar to those in Section 4.3. First, one obtains directly the trace constraint from:

-2 δL 2 δ B + 4 δL 2 δ h + η mn δL 2 δv mn = 2h = 0 ⇒ h = 0 (4.85)
For simplicity, we introduce the notation:

P mn ≡ δL 2 δ Hmn = 0 (4.86)
The divergence constraint, that we note V m , is derived from D n P mn :

D n P mn = 0 ⇒ -(η mn -i mn ) V n = 0 ⇒ V m = 0 V m ≡ 1 2 D n h mn + 1 2 D n H nm + i 2 mn D n B + i √ 2 ˜ mn a n (4.87)
When = 0, the above equation implies ∂ n h mn = 0.

On the other hand, it can be shown that the double divergence of h mn vanishes due to

3D m V m -P m m = 2D m D n h mn = 0 ⇒ D m D n h mn = 0 (4.88)
Taking into account the relations h = 0 = D m D n h mn , we can infer the equation of motion of the scalar B from:

δL 2 δ B - 4 
δL 2 δ h + 2 3 P m m = D 2 -2 B = 0 (4.89)
The equation of motion of the massive charged spin-2 field lies in the symmetric part of P mn , in conjunction with the divergence constraint:

P mn + P nm - 2 3 η mn P k k + D m V n + D n V m = D 2 -2 h mn + 2i m k h nk + n k h mk = 0 (4.90
) and the equation of motion of A arises from

δL 2 δ Ā + i 2 ˜ mn P mn - i 2 ˜ mn D m V n = D 2 -2 A = 0 (4.91) 
So far, we have obtained the decoupled equations of motion of the physical fields {h mn , A, B}, counting 12 degrees of freedom off shell, along with the trace and divergence constraints h = 0 and V m = 0, which remove 5 degrees of freedom on shell. One may wonder what happens to the anti-symmetric part of P mn , as previously it gave the constraint (4.57) which fixed the field strengths of {a m , c m }. However, for the Lagrangian (4.84), there must not be a new independent constraint coming from P [mn] , otherwise we will lose degrees of freedom. We will show below that P [mn] is deduced from the divergence constraint.

As is noticed before, one can put the divergence constraint in a form that is independent of A mn :

V m ≡ η mn - i 2 mn - 1 2 ˜ mk ˜ k n V n = 1 - 1 8 ( ) D n h mn - i 2 mk D n h nk - i 2 nk D n h mk + 1 2 mk nl D l h nk - 1 4 mk kn D l h nl + 1 4 kn k l (D m h nl -D l h mn ) + 1 8 ( ) D m B + i 2 mn D n B + 1 2 mk kn D n B - 1 2 i˜ mn D n A = 0 (4.92)
In the meantime, we find it simpler to study the anti-symmetric part P [mn] shifted by the divergence constraint:

P [mn] ≡ P [mn] + 1 2 D m V n - 1 2 D n V m = 1 2 D k D m h kn - 1 2 D k D n h km - i 2 mn B - 1 √ 2 ε mnkl D k a l (4.93)
The question is then whether or not P [mn] imposes an independent constraint. Combining (4.87) and (4.93), one obtains a first relation where a m is absent

2 ( ˜ ) P [mn] + 8iε mnkl lp D k V p = 4iε mnkl qk D l D p (H pq + h pq ) + ( ˜ ) D k D m h n k -D k D n h m k -4 nk ˜ ml D l D k B + 4 mk ˜ nl D l D k B + 4i˜ mk ˜ kl ˜ ln B (4.94)
Then, due to the following properties of the inverse matrix A mn

( ˜ ) ˜ mk A k n = 8 nk A m k -4iA kl mk nl + 8 mn ˜ mk ˜ nl A kl = η mn -2A mn -iA m k nk (4.95)
we find

[( ˜ ) η mn + 4i˜ mn ] V n = [( ˜ ) η mk + 4i˜ mk ] D n h kn - i 2 ab D a h kb + i 2 kn D n B - √ 2 [8 -( )] a m -4 (2η m n + i m n ) D n A + i 2 ˜ nl D l B + 1 8 ( ˜ ) D n B - 1 2 ε nlpq D l H pq + i 2 ˜ nl D p H pl (4.96
) where a m is multiplied by a numerical factor, so the above relation is useful to cancel the ε mnkl D k a l term in (4.93). Having (4.92), (4.94) and (4.96) at hand, and after some tedious algebra, we get finally

1 4 ( ˜ ) P [mn] + 1 8 ( ) -1 ε mnkl P [kl] + iε mnkl lp D k V p + ε mnkl D k V l + 1 8 [( ˜ ) η mk + 4i˜ mk ] D n V k - 1 8 [( ˜ ) η nk + 4i˜ nk ] D m V k = 0 (4.97)
where the traceless constraint and the equations of motion have been used as well. Simple manipulations of (4.97) lead to P [mn] in terms of V m , for small background. To conclude, the anti-symmetric part of the H mn equation of motion can be derived from the divergence constraint V m and therefore does not remove additional d.o.f. from the system. Besides, the vanishing double divergence condition D m D n h mn = 0 results from i mn P [mn] + 2D m V m .

To decouple the spin-2 from the scalar fields on shell, we can write (4.92) as the divergence of a traceless symmetric tensor, which will be the modification to the new spin-2.

We find the following expression

h mn ≡ 4 3 h mn - i 2 m k h kn + nk h k m - 1 6 D m D k h k n + D n D k h k m - i 4 η mn kl D p D l h kp + i 4 mk D l D k h nl + nk D l D k h ml -mk D l D n h kl -nk D l D m h kl + 1 2 - 1 6 ( ) (D m D n B + D n D m B) + i 2 mk D k D n B + nk D k D m B - 1 6 + 1 8 ( ) η mn B + 1 2 (1 -) m k kn B + 1 2 + - i 2 ˜ mk D k D n A + ˜ nk D k D m A + 5 8 ( ˜ ) η mn A - 1 4 ( ˜ ) (D m D n A + D n D m A) + ˜ mk ln D k D l A + ˜ nk lm D k D l A (4.
98) The trace of h mn is zero and its divergence coincides with V m , therefore vanishes as well.

In summary, we derived in this subsection a Lagrangian (4.84) for a charged massive spin-2 field which is in the form of a Fierz-Pauli Lagrangian deformed by the electromagnetic background. In addition, we managed to decouple completly the massive vector boson C m from all other fields. Setting = 0, (4.84) reduces trivially to the free Fierz-Pauli Lagrangian with two decoupled charged scalars and one charged vector fields. A simple analysis of the equations of motion and constraints confirms causal propagation of the spin-2. Moreover, we found the expression for the spin-2 field (4.98) which leads to a completely decoupled system of equations of motion and constraints, the four-dimensional analogue of those of the Argyres-Nappi Lagrangian is:

D 2 -2 h mn + 2i m k h nk + n k h mk = 0 D n h mn = 0, h = 0 D 2 C m -2 (η mn -i mn ) C n -D m D n C n = 0, D m C m = 0 D 2 -2 A = 0, D 2 -2 B = 0 (4.99)
5 Charged massive fermions

Moving from real to complex superfields doubles the number of fermions, hence the introduction of the indices {1, 2}. The physical fermions will give a total of 12 complex degrees of freedom on shell. In this section, we will first fix the gauge of the fermionic Lagrangian after the expansion of the superfields into components, then integrate the non-physical degrees of freedom. Once a compact Lagrangian is derived, we proceed to the derivation of the equations of motion and identify the choice of physical fermions which produces decoupled equations. We can then present a fully explicit set of equations of motion and constraints for the spin-3/2 charged states in a constant electromagnetic background, in both the two and four component notations. Finally, an alternative form of the fermionic Lagrangian will be given and the equations of motion will be re-derived from this new form. Despite its length and complexity, this last Lagrangian reproduces the Rarita-Schwinger one in the neutral limit and leads directly to a system of decoupled on-shell equations.

In the derivation of the equations of motion, we prefer to drop the spinorial indices to lighten the expressions, as long as no ambiguity is present.

Gauge transformations

As we have done for the bosonic case, we begin by listing the gauge transformations of the different components: Fields in B:

δγ 1α = -iD 2 Λ 1α -4D m σ m Ῡ5 α + 2D m Λ 6mα -4iΛ 9α δγ α 2 = iD 2 Ῡ α 1 + 4D m (σ m Λ 5 ) α + 2D m Ῡ α 6m + 4i Ῡ α 9 δρ 2α = 1 2 D m D 2 σ m Ῡ1 α + 2iD 2 Λ 5α -iD m D n σ m Ῡn 6 α + 2D m σ m Ῡ9 α -2 ( • σ) α β Λ 5β δ ρ α 1 = - 1 2 D m D 2 (σ m Λ 1 ) α -2iD 2 Ῡ α 5 -iD m D n (σ m Λ n 6 ) α -2D m (σ m Λ 9 ) α + 2 ( • σ) α β Ῡ β 5
(5.1) Fields in C:

δξ 1α = D 2 Λ 1α + 4iD m σ m Ῡ5 α + 2iD m Λ 6mα + 4Λ 9α δ ξ α 2 = D 2 Ῡ α 1 + 4iD m (σ m Λ 5 ) α -2iD m Ῡ α 6m + 4 Ῡ α 9 δψ 2α = - 1 2 iD m D 2 σ m Ῡ1 α -2 D 2 + i ( • σ) α β Λ 5β -D m D n σ m Ῡn 6 α -2iD m σ m Ῡ9 α δ ψ α 1 = - 1 2 iD m D 2 (σ m Λ 1 ) α -2 D 2 + i ( • σ) α β Ῡ β 5 + D m D n (σ m Λ n 6 ) α -2iD m (σ m Λ 9 ) α (5.2) Fields in V m : δχ 1mα = -4 2σ m Ῡ5 + σ n σm (Λ 6n -iD n Λ 1 ) α δ χ α 2m = 4 2σ m Λ 5 -σn σ m Ῡ6n + iD n Ῡ1 α δλ 2mα = -4i(σ n σm D n Λ 5 ) α + 8(σ m Ῡ9 ) α + 2i σ n σk σ m D k Ῡ6n α + 2i ( • σ) σ m Ῡ1α δ λ α 1m = 4i σn σ m D n Ῡ5 α -8 (σ m Λ 9 ) α + 2i σn σ k σm D k Λ 6n α -2i ( • σ) σm Λ α 1 (5.3) Fields in U 1α , Ū α 2 : δv 1α = 2i 8 + D 2 Λ 1α -8D m σ m Ῡ5 α -4D m Λ 6mα + 8iΛ 9α -8 ( • σ) α β Λ 1β δv α 2 = -2i 8 + D 2 Ῡ α 1 + 8D m (σ m Λ 5 ) α -4D m Ῡ α 6m -8i Ῡ α 9 + 8 ( • σ) α β Ῡ β 1 δη 1α = 16iΛ 4α -8 ( • σ) α β Λ 4β δ η α 2 = -16i Ῡ α 4 + 8 ( • σ) α β Ῡ β 4 δζ 1α = -2D 2 D m σ m Ῡ1 α + 8i 2 + D 2 Λ 5α + 4iD m D n σ m Ῡ6n α -8D m σ m Ῡ9 α -8 ( • σ) α β Λ 5β + 4i mn D m σ n Ῡ1 α δ ζ α 2 = 2D 2 D m (σ m Λ 1 ) α -8i 2 + D 2 Ῡ α 5 + 4iD m D n (σ m Λ 6n ) α + 8D m (σ m Λ 9 ) α + 8 ( • σ) α β Ῡ β 5 -4i mn D m (σ n Λ 1 ) α δr 1mα = 8iD m D n σ n Ῡ5 α + 2D m 4Λ 9α + 2iD n Λ 6nα + D 2 Λ 1α + 16iΛ 6mα -8 ( • σ) α β Λ 6mβ + 8 ( mn -i˜ mn ) (Λ n 6α -iD n Λ 1α ) -4 ( kn -i˜ kn ) σ m σkn Ῡ5 α δr α 2m = 8iD m D n (σ n Λ 5 ) α + 2D m 4 Ῡ α 9 -2iD n Ῡ α 6n + D 2 Ῡ α 1 -16i Ῡ α 6m + 8 ( • σ) α β Ῡ β 6m -8 ( mn + i˜ mn ) Ῡn α 6 + iD n Ῡ α 1 -4 ( kn + i˜ kn ) σm σ kn Λ 5 α δµ 1α = i 2 D 2 D 2 Λ 1α + 2iD m Λ 6mα + 4Λ 9α -2D 2 D m σ m Ῡ5 α + 16iΛ 9α -8 ( • σ) α β Λ 9β -( mn -i˜ mn ) 2i mn Λ 1α + 4iD n σ m Ῡ5 α + 4iD m Λ n 6α δ μ α 2 = i 2 D 2 -D 2 Ῡ α 1 + 2iD n Ῡ α 6n -4 Ῡ α 9 + 2D 2 D m (σ m Λ 5 ) α -16i Ῡ α 9 + 8 ( • σ) α β Ῡ β 9 + ( mn + i˜ mn ) 2i mn Ῡ α 1 -4iD m (σ n Λ 5 ) α -4iD m Ῡn α 6
(5.4)

As in the neutral case, δη 1α and δ η α 2 are algebraic in the parameters Λ 4α and Ῡ α 4 , which do not appear elsewhere, thus these fields should be absent in the Lagrangian. The algebraic dependence on different gauge parameters is unaffected by the presence of a background, thus we can still choose to gauge away algebraically {ξ jα , v jα , ζ jα , r jmα } and integrate out ρ jα , with j = 1, 2. The following gauge invariant combinations are useful to keep in mind:

δ ρ 2α + 1 2 i(σ m D m γ2 ) α = -4 ( • σ) α β Λ 5β δ ρ α 1 + 1 2 i (σ m D m γ 1 ) α = 4 ( • σ) α β Ῡ β 5 δ ψ 2α + 1 2 i(σ m D m ξ2 ) α = -4i ( • σ) α β Λ 5β δ ψ α 1 + 1 2 i (σ m D m ξ 1 ) α = -4i ( • σ) α β Ῡ β 5 δ ζ 1α + 2 σ m D m ξ2 α = 16i δ α β + i( • σ) α β Λ 5β δ ζ α 2 -2 σm D m ξ α 1 α = -16i δ α β + i( • σ) α β Ῡ β 5
(5.5)

A compact fermionic Lagrangian

As with h mn and C m in the bosonic sector, fermions in the V m superfield will also appear, in the Lagrangian, contracted with one or two (1i ) factors. In order to make the formulas more concise, we introduce the rescaled spinors denoted with bold symbols:

λ1m ≡ (η mn -i mn ) λn 1 , λ 2m ≡ (η mn -i mn ) λ n 2 χ 1m ≡ (η mn -i mn ) χ n 1 , χ2m ≡ (η mn -i mn ) χn 2 (5.6)
The Lagrangian of the fermionic fields extracted from (2.1) reads:

L F = - i 8 4 λ m 1 σ n D n λ1m -χm 1 σn σ k σl D n D k D l χ 1m - 1 4 χm 1 σn σ k D n D k λ1m + λ m 1 σ n σk D n D k χ 1m -(λ m 1 χ 1m ) -6 (ψ 1 ξ 1 ) - 15 4 (ψ 1 σ m σn D m D n ξ 1 ) + h.c. - 33 8 i ξ1 σm σ n σk D m D n D k ξ 1 -4 ψ 1 σ m D m ψ1 + 3 2 i (λ m 1 D m ξ 1 ) -2 λ m 1 σ m ψ1 + 1 2 χm 1 σm D 2 ξ 1 -i χm 1 σm σ n D n ψ1 -( χm 1 σn D m D n ξ 1 ) + 2i (λ m 1 σ mn D n ξ 1 ) + 1 2 i χm 1 ( • σ) σm ξ 1 + h.c. - 1 4 (λ m 1 D m v 1 ) + 2 (λ m 1 σ mn D n v 1 ) -2i ( χm 1 σm µ 1 ) + χm 1 σn σ m D n ζ2 +2i λ m 1 σ m ζ2 -i (λ 1m σ n σm r 1n ) - 1 2 ( χm 1 σn D n r 1m ) + 1 2 ( χm 1 σn D m r 1n ) + 1 2 ( χm 1 σm D n r n 1 ) - i 2 ε mnpq ( χm 1 σn D p r q 1 ) + 1 2 χm 1 ( • σ) σm v 1 + h.c. + 1 4 i (v 1 σ m D m μ1 ) - 1 4 r 1m σ m D 2 v1 + 1 2 (r 1m σ n D m D n v1 ) + (r 1m σ m μ1 ) + h.c. + i 2 ζ 1 σ m D m ζ1 - i 8 (r m 1 σ n D n r1m ) - 1 8 ε mnkl (r 1m σ n D k r1l ) + i 8 ˜ mn (v 1 σ m D n v1 ) + i 8 r 1m ( • σ) σ m v1 + h.c. + i 2 (r m 2 D m ζ 1 ) -(µ 2 ζ 1 ) - 1 4 v 2 D 2 ζ 1 + h.c. + i 2 ρ 1 + 1 2 iγ 1 σm D m σ n D n ρ1 + 1 2 iσ k D k γ 1 -2 [(ρ 1 γ 1 ) + h.c.] + 3 4 ρ 1 + 1 2 iγ 1 σm D m iσ m σn D m D n ξ 1 + 2σ n D n ψ1 + h.c.
(5.7)

-χm 1 D m ρ1 - i 2 ˜ mn σn γ 1 + λ m 1 D m γ 1 + h.c. + 1 8 D 2 v1 -2iv 1 ( • σ) -4μ 1 + 4ir 1m σmn D n ρ1 + 1 2 iσ k D k γ 1 + h.c. + i 2 v1 ( • σ)ρ 1 - i 2 ζ1 ( • σ)γ 2 + i 4 rm 1 ( • σ) σm γ 1 + h.c. - 9 8 D 2 v1 -2iv 1 ( • σ) -4μ 1 + 4ir 1m σmn D n i ψ1 - 1 2 σk D k ξ 1 + h.c. + 3v 1 ( • σ) ψ1 - 3 2 i˜ mn (r 1m σn ξ 1 ) + 3i 4 v1 ( • σ) σm D m ξ 1 + 3 2 rm 1 σn σ m D n ψ1 - 3i 2 ζ1 D 2 ξ2 + 3i 4 rm 1 σm D 2 ξ 1 +3 (μ 1 σm D m ξ 1 ) -3 ζ1 σm D m ψ 2 + 3i 2 v1 D 2 ψ1 + h.c. + (1 ↔ 2, ↔ -)
Setting = 0 and D → ∂, we retrieve (2.56). As we argued when analysing the gauge transformations, the fermions η 1α , η α 2 are absent. Moreover, µ 1α , μ α 2 are Lagrange multipliers. For the gauge fixing procedure, we can directly generalise the one followed in the neutral case. We will illustrate it by listing its different steps:

1. We algebraically gauge away v jα , which is still the Stückelberg field of r jmα

µ jα → µ jα + 1 4 D 2 v jα , r jmα → r jmα + iD m v jα , j = 1, 2 (5.8) 
2. We eliminate γ jα , ψ jα , χ jmα higher derivatives by the shifts

ρ jα → ρ jα - 1 2 i(σ m D m γj ) α λ jmα → λ jmα + i 2 (σ n D n χjm ) α ψ jα → ψ jα + i 2 σ n D n ξj α r jmα → r jmα + 4D m ξ jα , j = 1, 2 ζ 1α → ζ 1α -2 σ m D m ξ2 α , ζ α 2 → ζ α 2 + 2 (σ m D m ξ 1 ) α (5.9)
After this step, the spin-3/2 states χ jmα appear only in their rescaled form χ jmα .

3. We algebraically gauge away ξ jα

γ jα → γ jα -iξ jα , λ α mj → λ α mj -2 (σ m ξ j ) α µ 1α → µ 1α + 4iξ 1α -2 ( • σ) α β ξ 1β , μ α 2 → μ α 2 -4i ξ α 2 + 2 ( • σ) α β ξ β 2
(5.10)

4. We rescale ζ jα

ζ 1α → δ α β + i ( • σ) α β ζ 1β , ζ α 2 → δ α β + i ( • σ) α β ζ β 2 (5.11)
This extra step, compared to the neutral case, is due to the -dependent terms in the gauge transformations of ζ jα . After the rescaling, ζ jα become pure gauge with:

δζ 1α = 16iΛ 5α , δ ζ α 2 = -16i Ῡ α 5 .
5. We algebraically gauge away ζ jα

γ 1α → γ 1α - 1 2 i σ m D m ζ2 α , ρ α 1 → ρ α 1 + 1 4 i ( • σ) ζ2 α , r 1mα → r 1mα - 1 2 i σ m ( • σ) ζ2 α , ψ α 1 → ψ α 1 + 1 4 ( • σ) ζ2 α , λ α 1m → λ α 1m + D m ζ α 2 , χ 1mα → χ 1mα - 1 2 i σ m ζ2 α µ 1α → µ 1α + 1 4 σ m ( • σ) D m ζ2 α + 1 2 2iδ α β -( • σ) α β σ m D m ζ2 β γ 2α → γ 2α - 1 2 i σ m D m ζ1 α , ρ 2α → ρ 2α + 1 4 i [( • σ) ζ 1 ] α , r α 2m → r α 2m + 1 2 i [σ m ( • σ) ζ 1 ] α , ψ 2α → ψ 2α - 1 4 [( • σ) ζ 1 ] α , λ 2mα → λ 2mα + D m ζ 1α , χ α 2m → χ α 2m - 1 2 i (σ m ζ 1 ) α μ α 2 → μ α 2 + 1 4 [σ m ( • σ) D m ζ 1 ] α + 1 2 2iδ α β -( • σ) α β (σ m D m ζ 1 )
β (5.12)

6. We algebraically gauge away r jmα

µ jα → µ jα - 1 2 iD m r jmα , j = 1, 2 
χ 1mα → χ 1mα + i 4 (η mn -i mn ) -1 σ k σn r 1k α , χ α 2m → χ α 2m - i 4 (η mn -i mn ) -1 σk σ n r2k α (5.13)
The result is a Lagrangian in the unitary gauge

L F = - i 2 λ m 1 σ n D n λ1m + 2 ( χm 1 σn D n χ 1m ) -[(λ m 1 χ 1m ) + h.c.] + 33 2 i ψ 1 σ m D m ψ1 + i 2 (ρ 1 σ m D m ρ1 ) + 2i (γ 1 σ m D m γ1 ) + 3i χm 1 D m ψ1 -3 λ m 1 σ m ψ1 + 1 2 i ( χm 1 σm µ 1 ) -( χm 1 D m ρ1 ) -(λ m 1 D m γ 1 ) + h.c. + 3 2 ρ 1 σ m D m ψ1 -2 (ρ 1 γ 1 ) - 1 2 (µ 1 ρ 1 ) - 9 2 i (µ 1 ψ 1 ) + h.c. + (1 ↔ 2) - 1 2 χm 1 ( • σ) σm γ 1 + 1 2 χ m 2 ( • σ) σ m γ2 + h.c. (5.14)
which gives (2.58) when the electromagnetic field strength is set to zero.

Here ρ jα is a residual non-physical field. The fermion µ appears a Lagrange multiplier, leading to the same constraint as in the neutral case:

ρ jα = -9iψ jα -i σ m χm j α , j = 1, 2 (5.15) 
Also, using this constraint, ρ j can be integrated to obtain a Lagrangian with only physical fermions (corresponding to (2.60) in the neutral case):

L F = - i 2 λ m 1 σ n D n λ1m + χ1m σn σ k σm D k χ 1n -[(λ m 1 χ 1m ) + h.c.] + 30i ψ 1 σ m D m ψ1 + 2i (γ 1 σ m D m γ1 ) + -3i (χ m 1 σ n σm D n ψ 1 ) -3 λ m 1 σ m ψ1 -2i ( χm 1 σm γ 1 ) -(λ m 1 D m γ 1 ) + h.c. + [18i (ψ 1 γ 1 ) + h.c.] + (1 ↔ 2) - 1 2 χm 1 ( • σ) σm γ 1 + 1 2 χ m 2 ( • σ) σ m γ2 + h.c.
(5.16) However, difficulties arise when one tries to generalise (2.61)-(2.69) to decouple spin-1/2 from spin-3/2 and to put the kinetic terms of the latter in a Rarita-Schwinger form. First, because the kinetic term of λ m in (5.16) contains both the rescaled and the unscaled form, the generalisation of (2.61) will either generate multiple -dependent terms, making the new couplings and kinetic terms more complicated, or will introduce the inverse matrix (η mni mn ) -1 that is difficult to handle. Second, due to the additional -dependent couplings between χ m and γ, (2.61) also creates -dependent couplings between χ m and λ m . Therefore, a direct generalisation of (2.61)-(2.69) does not allow to decouple the spin-1/2 from the spin-3/2 fields.

We are going to present in a later subsection the Lagrangian obtained by generalising (2.70), that has the advantages of being a deformation of the Rarita-Schwinger one, and of giving decoupled equations on shell. But we will start by presenting a more compact form of the fermionic Lagrangian, for which the derivation of the equations of motion and constraints is relatively simple.

To this end, the same field redefinition as (2.63) can be applied to simplify the Lagrangian

χ jmα → χ jmα -2 σ m ψj α , j = 1, 2 (5.17) 
In addition, we perform the following normalisations for convenience:

ψ α j → i 2 √ 2 ψ α j , λ α jm → √ 2 λ α jm , j = 1, 2 (5.18) 
Since σm ( • σ) σ m = 0, the terms between the last brackets of (5.16) are not shifted.

The resulting Lagrangian is:

L F = - i 2 2 λ m 1 σ n D n λ1m + χ1m σn σ k σm D k χ 1n - √ 2 [(λ m 1 χ 1m ) + h.c.] + - i 4 ψ 1 σ m D m ψ1 + 2i (γ 1 σ m D m γ1 ) + 3 √ 2 (χ m 1 σ mn D n ψ 1 ) - 1 2 √ 2 (χ m 1 D m ψ 1 ) - i 2 λ m 1 σ m ψ1 -2i ( χm 1 σm γ 1 ) - √ 2 (λ m 1 D m γ 1 ) + h.c. + 1 √ 2 (ψ 1 γ 1 ) + h.c. + (1 ↔ 2) - 1 2 χm 1 ( • σ) σm γ 1 + 1 2 χ m 2 ( • σ) σ m γ2 + h.c. (5.19)

Equations of motion and new spin-3/2

We will only present the computational details for fermions of index 1, and we will provide at the end the analogous results for those of index 2, which are almost identical.

The equations of motion directly obtained from the Lagrangian (5.19) take the form:

i √ 2 σ n D n λ1m α = -(η mn -i mn ) χ n 1 + 1 2 √ 2 iσ n ψ1 + D n γ 1 α (5.20a) i σn σ k σm D k χ 1n α = -2 √ 2 λ α 1m + 3 √ 2 σmn D n ψ1 α - 1 √ 2 D m ψ α 1 -4i (σ m γ 1 ) α -[( • σ) σm γ 1 ] α (5.20b) i 2 √ 2 σ m D m ψ1 α = -3 (σ mn D m χ n 1 ) α + 1 2 D m χ 1mα + √ 2 2 i σ m λ1m α + γ 1α (5.20c) i (σ m D m γ 1 ) α = -i (σ m χ 1m ) α - √ 2 2 D m λ α 1m - 1 4 [σ m ( • σ) χ 1m ] α - 1 2 √ 2 ψ α 1 (5.20d)
where the first equation comes from the variation of L F with regard to λ1m instead of the rescaled λ1m .

In absence of the electromagnetic background, the above equations give rise to

i σ m ∂ m ψ α = - √ 2γ α , i (σ m ∂ m γ) α = - √ 2 ψ α (σ m χ m ) α = 0, σ m λm α = 3 √ 2 iγ α , ∂ m χ mα = 0, ∂ m λ α m = 3 2 ψ α (5.21)
We also have coupled equations of motion for λm , χ m and the spin-1/2 fields. But, these equations can be put in a more convenient form by introducing

λ α m = λ α m + i 2 √ 2 (σ m γ) α - 1 2 ∂ m ψ α (5.22) which satisfy i (σ n ∂ n χ m ) α = - √ 2 λ α m , i σ n ∂ n λ m α = - √ 2χ mα ∂ m λ α m = 0, σ m λ m α = 0 (5.23)
In the presence of an electromagnetic background, we will proceed in several steps. First, we compute σm (5.20a) (after substituting γ and ψ equations of motion):

√ 2σ mn D m λ1n = - 3 2 √ 2 ψ1 - i √ 2 ( • σ) ψ1 -mn σm D n γ 1 - 3 4 mn σm χ n 1 + i 4 ˜ mn σm χ n 1 (5.24)
Taking the σ-trace of (5.20b) gives

5iσ m σn D m χ 1n + 4iD m χ 1m -6iγ 1 + 2 √ 2σ m λ1m = 0 (5.25)
which can be used to rewrite (5.20c) as

i σ m D m ψ1 α = - √ 2γ 1α - √ 2 2 (σ m σn D m χ 1n ) α (5.26)
The divergence of (5.20a) gives

4σ mn D m χ 1n = - √ 2 mn σ m λn 1 + i 2 σ m σn ( • σ) D m χ 1n + 2i mn D m χ n 1 - 1 √ 2 mn σ n D m ψ1 -mn mn γ 1 -2i ( • σ) γ 1 = - √ 2 mn σ m λn 1 - i 2 ( • σ) σ m σn D m χ 1n + i ( mn -i˜ mn ) D m χ n 1 -i ( • σ) D m χ 1m - 1 √ 2 mn σ n D m ψ1 -mn mn γ 1 -2i ( • σ) γ 1 (5.27)
where we replaced D 2 γ 1 with (obtained via applying σ n D n on (5.20d)):

D 2 γ 1 = - 3 2 D m χ 1m + 5σ mn D m χ 1n - 1 4 iσ m σn ( • σ) D m χ 1n - √ 2 2 iσ m D m D n λn 1 - √ 2 2 iσ m λ1m -γ 1 + i ( • σ) γ 1 (5.28)
Taking the divergence of the χ 1m equations of motion gives:

-iσ m D 2 χ 1m = - 1 √ 2 D 2 ψ1 + 3 √ 2 i ( • σ) ψ1 + √ 2 ψ1 + 4iσ m χ 1m -( • σ) σm D m γ 1 (5.29) Now, D 2
ψ1 can be found by acting with σn D n on (5.20c):

1 √ 2 D 2 ψ1 = i √ 2 ( • σ) ψ1 - 1 √ 2 ψ1 + 3iσ m D 2 χ 1m -2iσ m D m D n χ n 1 + 3 ( • σ) σm χ 1m - 1 2 σm ( • σ) χ 1m -2iσ m χ 1m -2 √ 2σ mn D m λ1n = 3i √ 2 ( • σ) ψ1 + √ 2 ψ1 + 3iσ m D 2 χ 1m -2iσ m D m D n χ n 1 + 2 ( • σ) σm χ 1m -2iσ m χ 1m + σm ( • σ) D m γ 1 -( • σ) σm D m γ 1
(5.30) which inserted in equation (5.29) leads to:

3iσ m χ 1m + 2iσ m D m σ nk D n χ 1k - 1 2 σm ( • σ) D m γ 1 = 0 (5.31)
We have computed the σ-trace and divergence of the spin-3/2 equations of motion, but they are not sufficient to determine the constraints due to the presence of higher (than first order) derivatives. Note that in the presence of an electromagnetic background, we have one more operation that is independent of σ m × (equations of motion) m . This operation is Acting with σ m ( • σ) on (5.20b) gives:

σ m ( • σ) × (e.
0 = √ 2σ m ( • σ) λ1m + mn ( mn -i˜ mn ) γ 1 + √ 2 mn σ n D m ψ1 - 1 √ 2 ( • σ) σ m D m ψ1 -2 (i mn + ˜ mn ) D m χ n 1 = √ 2σ m ( • σ) λ1m + mn ( mn -i˜ mn ) γ 1 + √ 2 mn σ n D m ψ1 -i ( • σ) γ 1 - i 2 ( • σ) σ m σn D m χ 1n -2 (i mn + ˜ mn ) D m χ n 1
(5.32) where the second equality is due to (5.26). Then, adding the second line of the above equation to -1 2 ( • σ) ×(5.25), we obtain

- √ 2 mn σ m λn 1 =i ( • σ) γ 1 + 1 2 mn ( mn -i˜ mn ) γ 1 + √ 2 2 mn σ n D m ψ1 -i ( • σ) D m χ 1m -(i mn + ˜ mn ) D m χ n 1 - 3i 2 ( • σ) σ m σn D m χ 1n
(5.33) Inserting this into (5.27) leads to:

4 [1 + i ( • σ)] σ mn D m χ 1n = -i [1 + i ( • σ)] ( • σ) γ 1 (5.34)
which multiplied on both sides by [1 + i ( • σ)] -1 gives:

σ mn D m χ 1n = - i 4 ( • σ) γ 1 (5.35)
This allows to simplify (5.31), which provides our first constraint:

σm χ 1m = 0 (5.36)
Moreover, since σ m σn D m χ 1n = 2σ mn D m χ 1n -D m χ 1m = 0, we can write our second constraint

D m χ 1m = - i 2 ( • σ) γ 1 (5.37)
as well as the Dirac equation of ψ1 :

iσ m D m ψ1 = - √ 2γ 1 (5.38)
Also, (5.25) implies a trace constraint of λ1m

σ m λ1m = 3 √ 2 iγ 1 - 1 √ 2 ( • σ) γ 1 (5.39)
which in conjunction with (5.24) yields:

- 1 √ 2 D m λ1m = - 3 2 √ 2 ψ1 - √ 2i ( • σ) ψ1 + ( • σ) σm D m γ 1 + 1 4 σm ( • σ) χ 1m (5.40)
Now add the above equation to (5.20d) gives:

i [1 + i ( • σ)] σm D m γ 1 = - √ 2 [1 + i ( • σ)] ψ1
(5.41) so we get the Dirac equation for γ 1 :

iσ m D m γ 1 = - √ 2 ψ1
(5.42)

Back to (5.40), the divergence constraint of λ1m becomes

D m λ1m = 3 2 ψ1 - √ 2 4 σm ( • σ) χ 1m (5.43)
Finally, we need to find a generalisation of (5.22) for the case of propagation in an electromagnetic background, such that we arrive at new spin-3/2 fields that are decoupled from the spin-1/2 ones in the equations of motion and constraints. This is given by:

λ 1m ≡ λ1m + i 2 √ 2 [1 -i ( • σ)] σm γ 1 - 1 2 [η mn -i ( mn + i˜ mn )] D n ψ1 χ 1m ≡ χ 1m + 1 2 √ 2 ( • σ) σ m ψ1 (5.44) 
and it leads to the equations of motion and constraints for the spin-3/2 fields:

iσ n D n λ 1m = - √ 2 (η mn -i mn ) χ n 1 iσ n D n χ 1m = - √ 2 λ1m , D m χ 1m = 0, D m λ 1m = - √ 2 4 σm ( • σ) χ 1m σm χ 1m = 0, σ m λ 1m = 0 (5.45)
as well as the Dirac equations for the spin-1/2 fields:

iσ m D m γ 1 = - √ 2 ψ1 , iσ m D m ψ1 = - √ 2γ 1 (5.46)
The system (5.45) describes a spin-3/2 field with the correct number of degrees of freedom and a gyromagnetic ratio g = 2. Starting with 32 real degrees of freedom off-shell for {χ 1mα , λ α 1m }, the equations of motion remove 16 degrees of freedom and each divergence and σ-trace constraint removes 2, so we are left with 8 on-shell degrees of freedom for {χ 1mα , λ α 1m }. Note that the modification in the presence of an electromagnetic background is clearly manifest in the divergence constraint, and the equation of motion of λ 1m .

Next, let us express the equations for the spin-1/2 and spin-3/2 fields in four-component notations. We introduce the new Dirac spinors:

Φ 1 ≡ γ 1α ψ α 1 , Ψ 1m ≡ χ 1mα λ α 1m
(5.47)

We follow the notations in [35], where the γ-matrices are

γ m = 0 σ m σm 0 , γ 5 = γ 0 γ 1 γ 2 γ 3 = -i 0 0 i (5.48)
and for shorthand, we note / D ≡ γ m D m . The spin-1/2 satisfies the Dirac equation in QED:

i / D + √ 2 Φ 1 = 0 (5.49)
As for spin-3/2, the constraints can be written as

D m - √ 2 4 ( mn + i˜ mn ) γ n Ψ 1m = 0, γ m Ψ 1m = 0 (5.50)
With projection operators defined as P L = (1 + iγ 5 )/2, P R = (1iγ 5 )/2, we can write the equations of motion as

i / D + √ 2 Ψ 1m = √ 2i mn Ψ n 1L (5.51)
The fermions of index 2 correspond to the conjugates of those of index 1 if the electromagnetic field intensity is set to zero. Their equations of motion and constraints can be worked out in an analogous way. The results are:

• New spin-3/2 definitions

λ 2m ≡ λ 2m + i 2 √ 2 [1 -i ( • σ)] σ m γ2 - 1 2 [η mn -i ( mn -i˜ mn )] D n ψ 2 χ 2m ≡ χ2m + 1 2 √ 2 ( • σ) σm ψ 2 (5.52) 
• Equations of motion and constraints:

iσ m D m γ2 = - √ 2ψ 2 , iσ m D m ψ 2 = - √ 2γ 2 iσ n D n χ 2m = - √ 2λ 2m , iσ n D n λ 2m = - √ 2 (η mn -i mn ) χ n 2 D m χ 2m = 0, σ m χ 2m = 0 D m λ 2m = - √ 2 4 σ m ( • σ) χ 2m , σm λ 2m = 0 (5.53)
Likewise, we introduce the four-component fermions of opposite charge with regard to

{Φ 1 , Ψ 1m }: Φ 2 ≡ γ 2α ψ α 2 , Ψ 2m ≡ χ 2mα λ α 2m
(5.54)

They satisfy:

i / D + √ 2 Φ 2 = 0 D m + √ 2 4 ( mn + i˜ mn ) γ n Ψ 2m = 0, γ m Ψ 2m = 0 i / D + √ 2 Ψ 2m = - √ 2i mn Ψ n 2L (5.55)
One can observe that the γ-trace constraint does not change in the presence of the background, whereas the divergence constraint is modified by the electromagnetic field strength. The only difference compared to the equations of index 1 is the sign flipping → -.

One may wonder what if the redefinitions (5.44) and (5.52) are performed at the level of the Lagrangian. To clarify this point, we apply the following field redefinition on (5.19):

λ1m → λ1m - i 2 √ 2 [1 -i ( • σ)] σm γ 1 + 1 2 [η mn -i ( mn + i˜ mn )] D n ψ1 χ 1m →χ 1m - 1 2 √ 2 ( • σ) σ m ψ1 λ 2m →λ 2m - i 2 √ 2 [1 -i ( • σ)] σ m γ2 + 1 2 [η mn -i ( mn -i˜ mn )] D n ψ 2 χ2m → χ2m - 1 2 √ 2 ( • σ) σm ψ 2 (5.56)
and obtain

L F = - i 2 2 λ m 1 σ n D n λ1m + χ1m σn σ k σm D k χ 1n - √ 2 [(λ m 1 χ 1m ) + h.c.] + 3 2 √ 2 (χ m 1 σ m σ n D n ψ 1 ) - i 2 λ m 1 σ m ψ1 - 3 2 i ( χm 1 σm γ 1 ) - √ 2 (λ m 1 D m γ 1 ) + h.c. + i 4 ψ 1 σ m D m ψ1 + i (γ 1 σ m D m γ1 ) + 1 √ 2 γ1 D 2 ψ1 + h.c. - i 8 G mn γ1 σm [1 -i ( • σ)] σ k [1 -i ( • σ)] σn D k γ 1 + i 4 G mn [η mp + i ( mp -i˜ mp )] [η nq -i ( nq + i˜ nq )] ψ 1 σ k D p D k D q ψ1 - i 4 mn mk + ˜ mn ˜ mk ψ 1 σ k D n ψ1 - i 2 ˜ mn ψ 1 σ n D m ψ1 + i˜ mn (γ 1 σn D m γ 1 ) + 1 4 √ 2 G mn [η kp -i ( kp + i˜ kp )] [η nl -i ( nl + i˜ nl )] γ1 σm σ p D k D l ψ1 + h.c. - i 2 [η mk -i ( mk + i˜ mk )] λ m 1 σ n D n D k ψ1 + 1 2 √ 2 λ m 1 σ n [1 -i ( • σ)] σm D n γ 1 + h.c. + 1 2 λ m 1 ( • σ) σ m ψ1 + 1 √ 2 ( -i ˜ ) ψ 1 γ 1 + h.c. + (1 ↔ 2, ↔ -)
(5.57) Where we denoted the inverse matrix by G mn ≡ (η mni mn ) -1 . It transforms as G mn ↔ G nm under the sign flipping mn ↔mn .

We remark that the Lagrangian (5.57) obtained after redefinition contains higher derivatives even when = 0. Nevertheless, this is not a cause for concern here as we find that it leads to the same system as in (5.45), and (5.53). To show this, we can start from the corresponding equations of motion:

7 0 = -iσ n D n λ1m - √ 2χ 1m + √ 2i mn χ n 1 - i 2 σ m ψ1 - 1 2 mn σ n ψ1 - √ 2D m γ 1 + √ 2i mn D n γ 1 - i 2 [η mk -i ( mk + i˜ mk )] σ n D n D k ψ1 - 1 2 √ 2 σ n [1 -i ( • σ)] σm D n γ 1 + 1 2 ( • σ) σ m ψ1 - i 2 mn ( • σ) σ n ψ1 (5.58a) 0 = - i 2 σn σ k σm D k χ 1n - √ 2 λ1m + 3 2 √ 2 σm σ n D n ψ1 - 3i 2 σm γ 1 (5.58b) 0 = iσ m D m γ 1 + 1 √ 2 D 2 ψ1 + √ 2D m λ1m + 3 2 iσ m χ 1m - i 8 G mn σm [1 -i ( • σ)] σ k [1 -i ( • σ)] σn D k γ 1 + i˜ mn σn D m γ 1 + 1 4 √ 2 G mn [η kp -i ( kp + i˜ kp )] [η nl -i ( nl + i˜ nl )] σm σ p D k D l ψ1 + 1 2 √ 2 σm [1 -i ( • σ)] σ n D n λm 1 + 1 2 √ 2 ( + i ˜ ) ψ1 = 0 (5.58c) 0 = i 4 σ m D m ψ1 + 1 √ 2 D 2 γ 1 - 3 2 √ 2 σ m σn D m χ 1n + i 2 σ m λ1m - 1 2 σ m ( • σ) λ1m - i 2 ˜ mn σ n D m ψ1 + i 4 G mn [η mp + i ( mp -i˜ mp )] [η np -i ( np + i˜ np )] σ k D p D k D q ψ1 - i 4 mn mk + ˜ mn ˜ mk σ l D n ψ1 + i 2 [η mk + i ( mk -i˜ mk )] σ n D k D n λm 1 + 1 2 √ 2 ( -i ˜ ) γ 1 + 1 4 √ 2 G mn [η kp + i ( kp -i˜ kp )] [η ml + i ( ml -i˜ ml )] σ p σn D l D k γ 1 (5.58d)
This system of equations can be transformed to an equivalent one, where the matrix G mn doesn't appear, by a making suitable combination of the equations. G mn appears in (5.58c) and (5.58d), thus these are the two equations that we will replace.

We start by simplifying the spin-1/2 equations of motion. We compute the combination

(5.58c)-i 2 √ 2 G pm σp [1 -i ( • σ)] ×(5.58a): 0 = 3 2 iσ m D m γ 1 - 1 2 ( • σ) σm D m γ 1 + 1 √ 2 D 2 ψ1 + 1 √ 2 ψ1 + √ 2D m λ1m + 2iσ m χ 1m + 1 2 σm ( • σ) χ 1m = 0
(5.59) 7 Only the calculation for fermions of index 1 is presented, and those of index 2 are completely analogous.

while, (5.58d)

+ 1 2 G pm [η pq + i ( pq -i˜ pq )] D q ×(5.58a)-1 2 √ 2 σ m ( • σ) ×(5.58b) gives: i 2 σ m λ1m - 3 2 √ 2 σ m σn D m χ 1n - 1 √ 2 D m χ 1m = 0 (5.60)
Remarkably, (5.58a)-(5.58b) and (5.59)-(5.60) are equivalent to applying the field redefinition (5.56) on the former equations of motion (5.20a)-(5.20d). Therefore, the same steps and results, intermediate or final, obtained previously will be obtained here if we follow the same steps, only they take another form since they are connected by redefinitions of fields. In particular, the traceless condition (5.36) remains unchanged. More precisely, let us compute the divergence, σ-trace, as well as the σ m ( • σ) projection of the χ 1m equations of motion:

i 2 σm D 2 χ 1m - 1 2 σm ( • σ) χ 1m - √ 2D m λ1m - 3 2 √ 2 D 2 ψ1 + 3 2 √ 2 i ( • σ) ψ1 - 3 2 iσ m D m γ 1 = 0 (5.61) -2iD m χ 1m - √ 2σ m λ1m -3 √ 2σ m D m ψ1 + 6iγ 1 = 0 (5.62) 2i ( mn -i˜ mn ) D m χ n 1 - √ 2σ m ( • σ) λ1m = 0 (5.63)
From (5.60)+ i 2 √ 2 (5.62) we obtain: 

i 2 σ m D m ψ1 + 1 √ 2 γ 1 + 1 2 √ 2 σ m σn D m χ 1n = 0 (5.
3 √ 2σ m χ 1m + σm D m 2 √ 2σ nk D n χ 1k - 1 2 ( • σ) σ n D n ψ1 + i √ 2 ( • σ) γ 1 = 0 (5.65)
One finds that the expression between brackets vanishes because the combination of equa-

tions i √ 2 σ n D n ×(5.59)+D m ×(5.58a)+i ( • σ) ×(5.60)-1 2 √
2 (5.63) gives:

[1 + i ( • σ)] -2 √ 2σ nk D n χ 1k + 1 2 ( • σ) σ n D n ψ1 - i √ 2 ( • σ) γ 1 = 0 (5.66)
which implies then, as expected, σm χ 1m = 0. The Dirac equation for ψ1 then follows from (5.64). Back to (5.66) with ψ1 replaced by using its equations of motion, we deduce σ mn D m χ 1n = 0 hence D m χ 1m = 0. As the for λ1m , one obtains σ m λ1m = 0 using χ 1m constraints in (5.60). Furthermore, the condition (5.61) results in

D m λ1m = - √ 2 4
σm ( • σ) χ 1m . The Dirac equation of γ 1 comes from (5.59). Finally, plugging all the constraints and Dirac equations above, into (5.58a) and (5.58b), one obtains the same equations of motion for the spin-3/2 fields as before.

In summary, despite the presence of higher derivatives as well as couplings between spin-1/2 and spin-3/2, the Lagrangian (5.57) yields a decoupled system of equations of motion and constraints, given by (5.45).

A deformed Rarita-Schwinger Lagrangian

It can be assumed that the Lagrangian in the presence of a non-zero electromagnetic field would be a deformation of the one in the neutral case, (2.71). It should reduce to the latter, in fact to two copies, when the electromagnetic field vanishes. It would thus be a form of "Rarita-Schwinger plus Dirac" Lagrangians deformed by -dependent coefficients and additional terms. Although it contains higher derivatives, the Lagrangian of this type that we have found gives decoupled equations of motion and constraints. It also allows us to see explicitly how the "deformation" by the electromagnetic background can be written.

In the absence of an electromagnetic field, the Rarita-Schwinger Lagrangian has been obtained by redefining the fields according to (2.70). The generalisation of this redefinition to the charged case is as follows:

χ 1m → √ 2σ mn χ n 1 -iσ m ψ1 - 1 2 ( • σ) σ m ψ1 λ1m → λ1m - 1 √ 2 i [1 -i ( • σ)] σm γ 1 + [η mn -i ( mn + i˜ mn )] D n ψ1 γ 1 → 1 √ 2 [1 -i ( • σ)] γ 1 - i 2 [1 + i ( • σ)] (σ m D m ψ1 ) - 1 2 i(σ m λ1m ) + 1 2 √ 2 (σ m σn D m χ 1n ) ψ1 → i 2 ψ1 - 1 2 √ 2 (σ m χ 1m )
(5.67) The corresponding formulas for index 2 are obtained by flipping a sign ↔ -.

The resulting expressions are very long. Therefore, to make them easier to read, we will separate the Lagrangian into three parts:

L F = L RSd + L km + L coupl (5.68)
where:

• L RSd consists in a sum of Rarita-Schwinger and Dirac Lagrangians, thus of the same form as L F in the neutral case, where the partial derivatives are replaced by covariant ones.

• L km are the corrections of the kinetic and mass terms due to the electromagnetic background. They vanish when = 0.

• L coupl contains only new couplings between the spin-3/2 and spin-1/2 fields that are induced by the electromagnetic field. It vanishes when = 0.

The first part takes the expected simple form

L RSd = - 1 2 ε mnkl λ 1m σ n D k λ1l + 1 2 ε mnkl χm 1 σn D k χ l 1 - √ 2 [(λ m 1 σ mn χ n 1 ) + h.c.] - 1 2 i ψ 1 σ m D m ψ1 - 1 2 i (γ 1 σm D m γ 1 ) - 1 √ 2 (ψ 1 γ 1 ) + h.c. + (1 ↔ 2)
(5.69) and, it is the Lagrangian that was historically first considered and lead to the issues discussed in the introduction.

The new contribution to the kinetic and mass terms reads:

L km = - 1 2 i˜ mn ψ 1 σ m D n ψ1 - 1 2 mk G kn ψ 1 σ l D m D l D n ψ1 - i 2 ψ 1 ( • σ) σ m ( • σ) D m ψ1 + 1 2 ε mnkl ( mp -i˜ mp ) ( lq + i˜ lq ) ψ 1 σ n D p D k D q ψ1 -i mk kn ψ 1 σ m D n ψ1 - 1 2 pm G mk kl + i˜ kl ( pq -i˜ pq ) ψ 1 σ n D q D n D l ψ1 + i mk G kl ln ψ 1 σ p D m D p D n ψ1 - i 2 ( ) ˜ mn ψ 1 σ n D m ψ1 + i 2 ( ˜ ) mn ψ 1 σ n D m ψ1 + 1 4 mk G kn γ1 σm σ l σn D l γ 1 - 1 4 i mk G kn γ1 σm ( • σ) σ l σn D l γ 1 +h.c. - 1 4 mk G kn γ1 σm ( • σ) σ l ( • σ) σn D l γ 1 -i˜ mn γ1 σn D m γ 1 - i 2 ( ) γ1 σm D m γ 1 - i 2 γ1 ( • σ)σ m ( • σ) D m γ 1 + - i 2 ψ 1 ( • σ) γ 1 + 1 √ 2 ψ 1 σ m ( • σ) σn ( • σ) D m D n γ 1 + i 2 √ 2 mk G kn γ1 σm σ l D l D n ψ1 - 1 2 √ 2 ( +i ˜ )(ψ 1 γ 1 )- 1 2 √ 2 ( -i ˜ ) ψ 1 D 2 γ 1 + 1 √ 2 mk G kn γ1 σm ( • σ) σ l D l D n ψ1 + i 4 √ 2 mk G kn ( -i ˜ ) ψ 1 σ l σn D m D l γ 1 +h.c. - 1 4 mn χm 1 σn σ k σl D k χ 1l +h.c. - 1 4 mk G kn χl 1 σl σ p σq D m D p D n χ q 1 + 1 2 mk λ m 1 σ n D n λk 1 + 1 4 √ 2 i (λ m 1 Σ mn χ n 1 ) -2i mn λ n 1 σ k σl D k D m χ 1l + h.c. + (1 ↔ 2, ↔ -) (5 
.70) while the new couplings between spin-1/2 and spin-3/2 fields are:

L coupl = √ 2iλ m 1 σ mn ( • σ) D n γ 1 - i √ 2 ( mn -i˜ mn ) (λ m 1 D n γ 1 ) + 1 2 √ 2 i mn λ n 1 σ k σm D k γ 1 + 1 2 √ 2 mn λ n 1 σ k ( • σ) σm D k γ 1 + 1 2 mn λ 1m σ n ψ1 - i 4 ( + i ˜ ) λ m 1 σ m ψ1 + i 2 ε mnkl ( lq + i˜ lq ) λ 1m σ n D k D q ψ1 + 1 2 mk η kl -i kl + ˜ kl λ m 1 σ n D n D l ψ1 + 1 4 χm 1 ( • σ) σm γ 1 - 3 2 χm 1 σm ( • σ) γ 1 + 1 4 mk G kn χl 1 σl σ p σn D m D p γ 1 - i 4 √ 2 (ψ 1 Σ mn D m χ 1n ) - i √ 2 χm 1 σm ( • σ) σ n D n ψ1 - i 4 mk G kn χl 1 σl σ p ( • σ) σn D m D p γ 1 + i 4 χm 1 ( • σ) σm ( • σ) γ 1 + i 2 ( ) ( χm 1 σm γ 1 ) + 1 8 √ 2 ( + i ˜ ) χm 1 σm σ n D n ψ1 - 1 4 √ 2 χm 1 ( • σ) σm ( • σ) σ n D n ψ1 + 1 4 √ 2 χm 1 σm ( • σ) σ n ( • σ) D n ψ1 + i 2 √ 2 mk G kn χl 1 σl σ p D m D p D n ψ1 - 1 2 √ 2 ( mn -i˜ mn ) G nk kl ψ 1 σ p σq D m D p D l χ 1q + h.c. + (1 ↔ 2, ↔ -) (5.71) 
In these expressions, we introduced the notation

Σ mn ≡ σ m σn ( • σ) -σ m ( • σ) σn -( • σ) σ m σn (5.72)
The corresponding spin-3/2 fields equations of motion are

(η mp -i mp ) - 1 2 ε pnkl σ n D k λ1l - √ 2σ pk χ 1k + i 4 √ 2 Σ pk χ 1k + √ 2iσ pn ( • σ) D n γ 1 - i √ 2 ( pn -i˜ pn ) D n γ 1 + 1 2 pn σ n ψ1 - i 4 ( + i ˜ ) σ p ψ1 + i 2 ε pnkl ( lq + i˜ lq ) σ n D k D q ψ1 + 1 2 mk σ n D n λk 1 + i 2 √ 2 mn σ k σl D k D n χ 1l - i 2 √ 2 mn σ k σn D k γ 1 - 1 2 √ 2 mn σ k ( • σ) σn D k γ 1 + 1 2 mk η kl -i kl + ˜ kl σ n D n D l ψ1 = 0 (5.73) 1 2 ε mnkl σn D k χ l 1 - 1 4 mn σn σ k σl D k χ 1l + 1 4 kl σm σ n σl D n χ k 1 - 1 4 lk G kn σm σ p σq D l D p D n χ q 1 - √ 2σ mn λn 1 - i 4 √ 2 Σnm λn 1 + i 2 √ 2 ln σm σ k D l D k λn 1 + 1 4 ( • σ) σm γ 1 - 3 2 σm ( • σ) γ 1 + 1 4 lk G kn σm σ p σn D l D p γ 1 - i 4 √ 2 Σnm D n ψ1 - i √ 2 σm ( • σ) σ n D n ψ1 + i 2 ( ) σm γ 1 - i 4 lk G kn σm σ p ( • σ) σn D l D p γ 1 + 1 8 √ 2 ( + i ˜ ) σm σ n D n ψ1 - 1 4 √ 2 ( • σ) σm ( • σ) σ n D n ψ1 + i 2 √ 2 lk G kn σm σ p D l D p D n ψ1 + i 4 ( • σ) σm ( • σ) γ 1 + 1 4 √ 2 σm ( • σ) σ n ( • σ) D n ψ1 - 1 2 √ 2 ( qn + i˜ qn ) G lk kn σm σ p D l D p D q ψ1 = 0
(5.74) Due to the length of the spin-1/2 equations of motion, only the first terms are written to make the adopted global factors explicit. They are:

- i 2 σ m D m ψ1 - i 2 ˜ mn σ m D n ψ1 - 1 √ 2 γ 1 + • • • = 0 (5.75) - i 2 σm D m γ 1 + 1 4 mk G kn σm σ l σn D l γ 1 - 1 √ 2 ψ1 + • • • = 0 (5.76)
The calculation leading to the constraints is more tedious, but shares the same ideas as for the Lagrangian (5.57). Namely, one starts by eliminating the G-dependent terms appearing in the spin-1/2 equations of motion by the following manipulations. We start by the combination: (5.76

)-i √ 2 G am σa ×(5.73)-1 √ 2 G am σa ( • σ) ×(5.73): [1 + i ( • σ)] - √ 2σ mn D m λ1n - i √ 2 σm ( • σ) σ n D m D n ψ1 - 1 √ 2 ψ1 - i √ 2 ( • σ) ψ1 - i 2 σm D m γ 1 + 1 2 ( • σ) σm D m γ 1 -σm ( • σ) D m γ 1 - 3 2 iσ m χ 1m + 1 2 ( • σ) σm χ 1m - 1 4 σm ( • σ) χ 1m = 0 (5.77) then, (5.75)-i ( ab -i˜ ab ) G bm D a (5.73)+G am D a ×(5.73)-1 √ 2 σ m ( • σ) ×(5.74): - i 2 σ m D m ψ1 - 1 √ 2 γ 1 + 1 2 ( • σ) σ m D m ψ1 - i √ 2 ( • σ) γ 1 - √ 2σ mn D m χ 1n = 0 (5.78)
Next, we compute and simplify the σ-trace, the divergence, and the projection on σ m ( • σ) of the equations of motion of χ 1m . The combination σ m ×(5.74)+ √ 2iG am D a ×(5.73) gives:

-2iσ mn D m χ 1n + 1 √ 2 σ m λ1m + 2 ( • σ) γ 1 + √ 2i ( • σ) σ m D m ψ1 = 0 (5.79) while D m ×(5.74)-i √ 2
σa D a G bm D b ×(5.73) leads to:

- √ 2σ mn D m λ1n + 1 4 √ 2 i ( • σ) σm σ n D m λ1n + 1 2 i˜ mn σn χ 1m + iσ m D m σ kn D k χ 1n - 1 8 ( • σ) σm σ n σk D m D n χ 1k + 1 4 ( • σ) σm D m γ 1 - 3 2 σm ( • σ) D m γ 1 + i 4 ( • σ) σm ( • σ) D m γ 1 + 1 4 √ 2 i ( • σ) σm σ n D m D n ψ1 - 3i 2 √ 2 σm ( • σ) σ n D m D n ψ1 - 1 4 √ 2 ( • σ) σm ( • σ) σ n D m D n ψ1 = 0 (5.80) and -1 √ 2 σ m ( • σ) ×(5.74)-1 2 ( -i ˜ )(5.78) to: 1 2 σ m ( • σ) λ1m - i √ 2 ( mn -i˜ mn ) D m χ 1n + ( -i ˜ ) - i 4 σ m λ1m + 1 4 √ 2 σ m σn D m χ 1n + 1 √ 2 σ mn D m χ 1n = 0
(5.81) Using these relations, the σ-trace as well as the divergence for λ1m equations of motion can be simplified by computing the combinations: 

σm ×(5.73)+i ab σb D a ×(5.78)+ √ 2( •σ) [1+i( •σ)] (5.77)- √ 2i(5.80)-1 2 i ( • σ) σa D a ×(5.78) which gives: 3 √ 2 σm χ 1m +σ m D m 1 4 ( • σ) σ n λ1n + √ 2σ kn D k χ 1n + i √ 2 ( • σ) σ nk D n χ 1k + i 4 √ 2 ( • σ) σ n σk D n χ 1k + i √ 2 ( • σ) γ 1 - 1 2 ( • σ) σ n D n ψ1 = 0 (5.
[1 + i ( • σ)] 1 4 ( • σ) σ n λ1n + √ 2σ kn D k χ 1n + i √ 2 ( • σ) σ nk D n χ 1k + i 4 √ 2 ( • σ) σ n σk D n χ 1k + i √ 2 ( • σ) γ 1 - 1 2 ( • σ) σ n D n ψ1 = 0
(5.83) Thus, thanks to (5.83), the expression between brackets in (5.82) vanishes and we obtain the first constraint σm χ 1m = 0. Other constraints are found by inserting this traceless condition into (5.77)- (5.83). Starting with the expression between brackets of (5.83), one replaces the ( • σ) σ m λ1m term by ( • σ) ×(5.79), which implies

- √ 2σ mn D m χ 1n + 1 2 ( • σ) σ m D m ψ1 - i √ 2 ( • σ) γ 1 = 0 (5.84)
Combining it with (5.78), one gets the Dirac equation iσ m D m ψ1 + √ 2γ 1 = 0, which in turn yields σ mn D m χ 1n = 0, hence D m χ 1m = 0. The constraints of λ1m arise first from (5.79), which implies σ m λ1m = 0. In addition, (5.80) gives rise to σmn D m λ1n =

-1 4 √ 2 σm ( • σ) χ 1m , therefore, D m λ1m = - √ 2 4 σm ( • σ) χ 1m . The Dirac equation of γ 1 ,
iσ m D m γ 1 + √ 2 ψ1 = 0, then follows from (5.77). Finally, the equations of motion for spin-3/2 are obtained by applying all the previously mentioned equations of motion and constraints on (5.73) and (5.74).

Conclusions

We conclude by summarising the main results obtained here:

• We have shown explicitly how the Lagrangians of Fierz-Pauli and Rarita-Schwinger follow from the Open Superstring Field Theory action of [1,24].

• We found the equations governing the four-dimensional propagation of a charged massive state with spin-2 in an electromagnetic background. Not surprisingly, we found the form obtained at the critical dimension of bosonic open strings in [18,21].

• We found the explicit equations governing the four-dimensional propagation of a charged massive state with spin-3/2 in an electromagnetic background. These equations were not known before.

• We have written the effective Lagrangian, at the bilinear level, of the first massive level states of the four-dimensional open superstring in an electromagnetic background.

The result was known in superspace thanks to [1], but here we obtained the result for the physical fields, without auxiliary ones. We have written the Lagrangian in several forms connected by redefinitions of the fields.

While we have solved here the problem raised in [2,3] of writing the equations of motion for charged massive states with spin-3/2 or spin-2, we have not found the long sought Lagrangian from which to derive them. In the Lagrangians obtained the fields of interest are coupled to fields with lower spins.

B Spinor algebra results

Without background

Some helpful σ-matrix identities are

σ m α α σn αβ = 2σ mn α β -η mn δ α β , σm αα σ n α β = 2σ mn α β -η mn δ α β (σ m σm ) α β = -4δ α β , σ n α α σm αβ σ nβ γ = 2σ m α γ , σn αα σ m α β σ βγ n = 2σ m αγ σ mn α β σ nβ α = σ nα β σnm β α = - 3 2 σ m α α, σmn β α σ αα n = σ ββ n σ nm β α = - 3 2 σm βα σ mα α σnk α β σm ββ = 0, σ αα m σ nk α β σ m β β = 0 σ mβ α σn αα σ k α γ σm γγ = 4η nk δ β γ , σ αα m σ n α β σk βγ σ m γ γ = 4η nk δ α γ ε mnkl (σ k σl ) α β = -4iσ mnα β , ε mnkl (σ k σ l ) α β = 4iσ mn α β σ m σn σ k = η mk σ n -η nk σ m -η mn σ k + iε mnkl σ l σm σ n σk = η mk σn -η nk σm -η mn σk -iε mnkl σl (B.1)
The two-spinors satisfy the following properties

γψ ≡ γ α ψ α , ψγ ≡ ψ α γ β γψ = ψγ, γ ψ = ψγ γσ m ψ = -ψσ m γ, γσ m σn ψ = ψσ n σm γ γσ mn ψ = -ψσ mn γ, γ σmn ψ = -ψσ mn γ (B.2)
See also the appendices of [35] for other relations and details.

With background

σm αα ( • σ) α β = -mn σ αβ n -i˜ mn σ αβ n , ( • σ) α β σ m β β = mn σ nα β + i˜ mn σ nα β σ m α α( • σ) α β = -mn σ nα β + i˜ mn σ nα β , ( • σ) α β σm βα = mn σ αα n -i˜ mn σ αα n ( • σ) α β ( • σ) β γ = - 1 2 mn ( mn + i˜ mn ) δ α γ ( • σ) α β ( • σ) β γ = - 1 2 mn ( mn -i˜ mn ) δ α γ ˜ m k σ kn α γ -i n k σ km α γ = i 2 ( • σ) α γ η mn , ˜ m k σkn α β + i n k σkm α β = - i 2 ( • σ) α β η mn σ m α α ( • σ) α β σn ββ -σ n α α ( • σ) α β σm ββ = 2 ( mn -i˜ mn ) δ α β σm αα ( • σ) α β σ n β β -σn αα ( • σ) α β σ m β β = 2 ( mn + i˜ mn ) δ α β σ m α α σn αγ ( • σ) γ β + ( • σ) α γ σ m γ γ σn γβ = -2 ( mn + i˜ mn ) δ α β -2η mn ( • σ) α β σm αα σ n α γ ( • σ) γ β + ( • σ) α γ σm γβ σ n β β = -2 ( mn -i˜ mn ) δ α β -2η mn ( • σ) α β (B.3)

C Inverse matrices with the field strength

Due to the presence of the (ηi ) factors in the superspace action, the inverse matrix (ηi ) -1 is recurrent in the Lagrangian after redefinition and in the equations of motion. In this work, for the sake of simplicity, we have not developed the inverse matrices in the Lagrangian, such as (5.57). Nevertheless, they can be written explicitly in terms of and its dual ˜ . For a constant a ∼ O(1):

(aη mn -i mn ) -1 = 1 F a 3 η mn + a 2 i mn -a˜ mk ˜ k n + i 4 ( ˜ ) ˜ mn (C.1) with F ≡ a 4 -1 16 ( ˜ ) 2 -a 2 2 (
). The denominator of the r.h.s. is a non-vanishing number for any small electromagnetic field strength. When a = 1, we have for instance

Tr (η -i ) -1 = η mn (η mn -i mn ) -1 = 4 -( ) 1 -1 16 ( ˜ ) 2 -1 2 ( ) mn (η mn -i mn ) -1 = i ( ) + i 4 ( ˜ ) 2 1 -1 16 ( ˜ ) 2 -1 2 ( ) (η mn -i mn ) -1 σm σ k σn = 1 1 -1 16 ( ˜ ) 2 -1 2 ( ) 2η mk + 2˜ mk + 2 m n nk - 1 2 ( ˜ ) mk σm (C.
2) It is possible to work out other forms of inverse matrices thanks to (C.1). In particular, we encountered in (4.84) the factor η mn -i 2 mn -1 2 ˜ mk ˜ k n -1 , which can be found by decomposing η mn -i 2 mn -1 2 ˜ mk ˜ k n into a product:

η mn - i 2 mn - 1 2 ˜ mk ˜ k n = 1 2 1 2 (1 + x) η mk -i mk 1 2 (1 -x) δ k n -i k n (C.3)
where x = 2 ( ) -7. A helpful property of these inverses matrices containing η, , ˜ , that we denote generically by K mn , is

K mn nk = mn K nk , K mn ˜ nk = ˜ mn K nk (C.4)
Besides, while deriving the constraints of the fermionic Lagrangians, we used the inverse of

[1 + i ( • σ)].
Due to the third line of (B.3), we know that

[1 + i ( • σ)] α γ [1 -i ( • σ)] γ β = [1 -i ( • σ)] α γ [1 + i ( • σ)] γ β = 1 - 1 2 ( + i ˜ ) δ α β (C.5) therefore, [1 + i ( • σ)] -1 α β = 1 1 -1 2 ( + i ˜ ) [1 -i ( • σ)] α β (C.6)
The inverse of [1 ± i ( • σ)] is worked out analogously.

D Physical and non-physical fields

It is insightful to have a qualitative understanding about the role of each component of the superfields.

• The (θθ)( θ θ) components of {V m , B, C} are auxiliary fields.

• All the gauge parameters appear at least once algebraically in the transformations, hence correspondingly certain fields turn out to be pure gauges.

• In going to the unitary gauge adopted in our work, we identify the Stückelberg fields by looking at the field redefinition.

The roles of different components are summarised in the following table:

V m B C U 1α , Ū α 2 Physical v mn , h, C m , χ jm , λjm N 1 , B, γ jα M 1 , A, ψjα Auxiliary M jm , D m ρ jα , G, N 2 D, M 2 τ j , τ jmn Stückelberg φ v jα , ω 2m , s j Pure gauge (except Stückelberg) f mn ϕ ξ jα r jmα , ζ jα , ω 1m , q jm , s jmn Others µ jα , η jα
where in the last line, µ jα appear as Lagrange multipliers. As for the components η jα , being also pure gauges, they do not contribute to the Lagrangian.

Chapter 3 (Too) slow gravitinos

The theory of elementary spin-3/2 particles was initiated in the 1930s. In a 1936 paper [5], Dirac has pointed out the importance of writing out the equations of motion for such states, which not only are of mathematical interest, but they also allow for a direct application to elementary particles of spin-3/2 if they are observed in the future, or at least to the composite states in the point particle approximation. The Lagrangian of an uncharged spin-3/2 field in a flat space was established by Rarita and Schwinger in 1941 [6], employing a vector-spinor subject to transverse and γ-traceless constraints. As we have seen in the previous chapter, the massive charged spin-3/2, or more generally massive charged higher spin (s > 1) states minimally coupled to electromagnetism, suffer from inconsistencies known as the Velo-Zwanziger problem. Indeed, the problematic propagation of spin-3/2 often occurs in a non-trivial background. In addition to the aforementioned electromagnetic background, serious phenomenological issues can arise also in a curved spacetime.

Gravitational particle production in a curved background is an important source of the observed dark matter density in modern cosmological models, ranging from scalar candidates to highers spin fields. The spin-3/2 case has drawn a particular attention partly due to the fact that, the gravitinos, i.e. the spin-3/2 partners of the graviton, are an indispensable building block of supergravity theories. For a brief understanding of this point, recall that gauging the ordinary Yang-Mill symmetry requires the introduction of a gauge field A a µ transforming as

δA a µ = ∂ µ Λ a (3.1)
with Λ a the gauge parameter. In supergravity where supersymmetry is gauged, the symmetry parameter is not a scalar or vector, but a spinor ϵ α , with α = 1, 2 a spinor index, and therefore the corresponding gauge field should be a vector-spinor χ α µ (viz. of spin-3/2). One can further show that this vector-spinor sits in the same multiplet as the graviton, hence the name "gravitino". In the super-Higgs mechanism, the gravitino acquires a mass term by eating up the spin-1/2 goldstino, and obtains subsequently the helicity ±1/2 states. This mechanism explains why no goldstino has been observed so far.

The equations of motion as well as the production of the gravitinos, in a curved background, are studied by various authors two decades ago [16][17][18][19]67]. The gravitinos can be produced in the early universe, through both thermal scatterings after inflation during reheating, and non-thermal generation by inflaton oscillations. Depending on the specific inflationary model, the latter may turn out to be much more efficient than the former [16,17], resulting in a dangerously abundant generation of helicity-1/2 gravitinos, and eventually jeopardizing the big bang nucleosynthesis.

Another problematic issue of gravitino production has been put forward in a more recent work by Kolb, Long and McDonough [20] concerning the "too slow gravitinos". In fact, it was noticed earlier [68,69] that in a fluid background breaking at the same time supersymmetry and Lorentz invariance, the sound speed extracted from the dispersion relation, of the helicity-1/2 gravitino, is lower than the speed of light. Gravitinos with such behavior are named therein "slow gravitinos". The situation is similar for the curved background, which may also give rise to slow gravitinos. Intriguingly, while investigating the sound speed of the gravitinos in a Freedman-Lemaître-Robertson-Walker (FLRW) spacetime, the authors of [20] have discovered that for masses lighter than the Hubble expansion rate m 3/2 ≲ H, the sound speed may vanish, in which case the gravitino production is divergent, and this phenomenon is called "catastrophic gravitino production". Note that such scenario differs from the previous problem of over-abundant gravitino production. The divergence here signifies that the cancellation of the sound speed removes the cutoff on the particle momentum, therefore, modes of arbitrarily large momentum can be produced, which signals the breakdown of the effective field theory. Subsequently, a Swampland Conjecture is formulated in [70], stating that gravitinos in consistent effective theories of quantum gravity must not have vanishing sound speed. Does supergravity survive this requirement? In the presence of one chiral multiplet, it has been shown already in [18,19], that the sound speed is always the speed of light. Meanwhile, in models with multiple chiral multiplets, subject to constraints, the sound speed may vanish [20], and may even become superluminal [71]. The latter situation implies acausality and appears in non-linear supersymmetric models, which will not be our focus thereafter. The question that we will address here is rather: what is the gravitino sound speed in supergravity with linear supersymmetry? To this end, we study the simplest case of N = 1, d = 4 supergravity with two multiplets, and point out the subtlety in the definition of a physical speed, due to the mixing of two fermions. We will show, through explicit examples, that the physical sound speed never vanishes, and in certain cases, it is equal to the speed of light.

The following sections are structured as follow: in Sections 3.1 and 3.2, we summarize the massive spin-3/2 action and equations in a flat and curved spacetime respectively, introducing the notion of sound speed. We also review the catastrophic gravitino production in [20], related to the vanishing of the gravitino sound speed. The following section presents detailed calculation and diagonalisation of the coupled equations of motion, both in the case with two chiral multiplets and with one chiral plus one vector multiplet. In the end, we draw our conclusions. Conventions and notations are listed in Appendix B.

Spin-3/2 in a flat spacetime

Let us recall some basic properties of the spin-3/2 field and its decomposition in the momentum space. The treatment here follows closely that in [20] but with conventions of [19]. In the Rarita-Schwinger construction [6], the spin-3/2 is described by a vector spinor ψ µ , originating from the direct product of the 1 2 , 1 2 vector representation, and the 1 2 , 0 ⊕ 0, 1 2 spinor representation of the Lorentz group. The result is a reducible representation:

1 2 , 1 2 ⊗ 1 2 , 0 ⊕ 0, 1 2 = 1 2 , 1 ⊕ 1 2 , 0 ⊕ 1, 1 2 ⊕ 0, 1 2 (3.2) 
which corresponds to one spin-3/2 component, including helicities ±3/2 and ±1/2, and two spin-1/2 components, where the latter can be projected out by a constraint. The Rarita-Schwinger action is conventionally written as

S RS = d 4 x -ψµ γ µρν ∂ ρ ψ ν + m ψµ γ µν ψ ν (3.3)
where

γ µν = (γ µ γ ν -γ ν γ µ )/2, γ µνρ = (γ µ γ ρ γ ν -γ ν γ ρ γ µ )/2. The Euler-Lagrange equation gives -γ µρν ∂ ρ ψ ν + mγ µν ψ ν = 0 (3.4)
Acting with ∂ µ and γ µ on the above equation, we obtain

γ µν ∂ µ ψ ν = 0, -2γ µν ∂ µ ψ ν + 3mγ µ ψ µ = 0 (3.5)
which then implies the divergence and γ-trace constraints

∂ µ ψ µ = 0, γ µ ψ µ = 0 (3.6)
in addition to the Dirac equation (iγ ν ∂ ν -m) ψ µ = 0. We are then left with four physical degrees of freedom corresponding to the four helicity states of spin-3/2. As a side comment, the massless case can be obtained by directly fixing m = 0 in the Rarita-Schwinger Lagrangian, which introduces a gauge invariance δψ µ = ∂ µ Λ and the on-shell degrees of freedom is reduced to two. We will focus thereafter on the massive spin-3/2 only. To see how each helicity state behaves, let us move to the momentum space by the Fourier decomposition

ψ µ (t, x) = d 3 k (2π) 3 ψ µ,k (t)e ik•x (3.7)
and for simplicity we choose the direction of the momentum to be k = (0, 0, k z ). The four components of the vector-spinor, ψ 0 , • • • , ψ 3 , are mixed through the constraint equations, though the Dirac equation is satisfied by each of them. The helicity eigenstates, that are orthogonal to each other, are found by spinor-vector projectors constructed from

• The spin-1 helicity projectors (s = ±1, 0):

(M s ) µ µ ≡ -(ϵ * s ) µ (ϵ s ) ν (3.8)
where ϵ s are the polarization vectors.

• The spinor projectors (s = ±1/2):

S ± = 1 2 1 ± iγ 1 γ 2 (3.9)
Orthogonal combinations of them yield the vector-spinor projectors for the four helicity states ±3/2, ±1/2:

P ±3/2 µ ν = S ± (M ± ) µ ν P ±1/2 µ ν = S ± (M 0 ) µ ν + S ∓ (M ± ) µ ν (3.10)
The helicity eigenstates are obtained from the above projectors. In terms of the four spacetime components ψ 0 , • • • , ψ 3 , their expressions are

ψ 1/2,k = √ 6 2 ψ 1,k -γ 1 γ 2 ψ 2,k ψ 3/2,k = 1 √ 2 ψ 1,k + γ 1 γ 2 ψ 2,k (3.11) 
They obey separately the Dirac equation:

γ 0 ∂ 0 + ik z γ 3 + m ψ 1/2,k = 0 γ 0 ∂ 0 + ik z γ 3 + m ψ 3/2,k = 0 (3.12)
The sound speed c s is defined as the coefficient in front of the momentum squared k 2 in the dispersion relation, namely

ω ± = ± c 2 s k 2 + • • • (3.13)
Here, we have the usual relativistic dispersion relation for the two eigenstates:

ω ± = ± √ k 2 + m 2 ,
and the sound speed is therefore trivially the speed of light. We will see in the next section that in a curved background, due to the different treatments of space and time, the dispersion relations of the helicity ±1/2, ±3/2 modes are modified by the scale factor.

Spin-3/2 in a curved spacetime: catastrophic production?

Rarita-Schwinger action and equations

We follow the references [19,20] to review the curved-space Rarita-Schwinger action and the particular case of FLRW metric. For more detailed introductions of curved-space quantum field theory, see for example [28,30].

Moving from the Minkowski metric η αβ to the metric of a curved spacetime g µν , it is convenient to introduce the frame field (or vierbein) e α µ that allows to properly describe spinors. At every spacetime point, the two metrics are related by

g µν = e a µ (x)e b ν (x)η ab (3.14)
Note that the metric is defined by ds 2 = g µν dx µ dx ν . The first index of e a µ is raised and lowered by the Minkowski metric η ab while the second one is raised and lowered by g µν . The torsion-free spin connection is

ω cd µ (e) = 2e ν[c ∂ [µ e d]
ν] -e aµ e ν[c e σd] ∂ ν e a σ (3.15) which, when contracted with the generator of local Lorentz transformations in the spinor representation γcd , is used to define the covariant derivative acting on spinors. The γ-matrices in curved spacetime are obtained via contraction of the constant γ-matrices with the frame field:

γ µ ≡ e a µ γa (3.16)
In our notation, the constant γ-matrices have an overbar. The covariant derivatives on different fields are given in Appendix B. The Rarita-Schwinger action generalized to the curved spacetime is:

S RS = d 4 x √ -g -Ψµ γ µρν (D ρ Ψ ν ) + m Ψµ γ µν Ψ ν (3.17)
Let us consider the particular case of FLRW metric ds 2 = a(η) 2 (-dη 2 + dx 2 ) where a is the scale factor and η is the conformal time. The factor √ -g is equal to a 4 , and the covariant derivative acts as

D µ Ψ ν = ∂ µ + 1 2 aHη µρ γρ0 Ψ ν .
The Hubble rate is given by H ≡ ∂ η a/a 2 . The γ-matrices are related by γ µ = a -1 γµ . We furthermore introduce the rescaling

ψ µ (η, x) = a 1/2 (η) Ψ µ (η, x) (3.18)
The equation of motion for ψ µ , derived from (3.17), reads

γµρν ∂ ρ ψ ν + aH γµ η ν0 -γν η µ0 ψ ν -amγ µν ψ ν = 0 (3.19)
The Dirac equation is now modified by the time-dependent scale factor a(η), with a rescaled mass a(η)m and an extra Hubble-dependent term. We recover the equation in Minkowski spacetime by setting a = 1. The constraint equations can be obtained in a similar way, applying on the equation of motion respectively γµ and the covariant derivative D µ , then combining the two results. The detailed calculation, which is not fundamental for our discussion, will not be carried out here.

The sound speed

Now, we go straightforwardly to the gravitino sound speed in curved space. We first Fourier-decompose the rescaled field ψ µ as

ψ µ (η, x) = d 3 k (2π) 3 ψ µ,k (η)e ik•x (3.20)
and same as before, the two orthogonal helicity eigenstates are obtained by helicity projectors (always choosing k = (0, 0, k z )), with

ψ 1/2,k = 3 2 ψ 1,k -γ1 γ2 ψ 2,k ψ 3/2,k = 1 2 ψ 1,k + γ1 γ2 ψ 2,k (3.21) 
The equation of motion (3.19) implies in the momentum space for the two eigenstates:

γ0 ∂ η + ik z γ3 + am ψ 3/2,k = 0 γ0 ∂ η + ik z C A + iC B γ0 γ3 + am ψ 1/2,k = 0 (3.22)
with

C A = 1 3 (H 2 + m 2 ) 2 m 2 -H 2 - 1 3 R -H 2 + 3m 2 -4Hm ∂ η m a C B = 2m 3 (H 2 + m 2 ) 2 H - 1 3 R -H 2 + 3m 2 + m 2 -H 2 ∂ η m ma .
(3.23)

Comparing the curved space mode equations with (3.12), one can notice that the helicity ±3/2 state still obeys the same Dirac equation as before but with a time-dependent mass a(η)m, whereas the other helicity ±1/2 mode is modified by the Hubble rate and an additional γ0 term in front of the momentum. In order to extract the dispersion relations, we write out explicitly the γ-matrices and put the equations (3.22) in the form

i∂ η ψ 3/2,k = A 3/2 ψ 3/2,k i∂ η ψ 1/2,k = A 1/2 ψ 1/2,k (3.24) 
where

A 3/2 (η) = am k k -am , A 1/2 (η) = am (C A + iC B ) k (C A -iC B ) k -am (3.25) 
The dispersion relations correspond to the eigenvalues of the above matrices:

ω 3/2,± = ± k 2 + a 2 m 2 , ω 1/2,± = ± (C 2 A + C 2 B )k 2 + a 2 m 2 (3.26)
We can immediately remark that the sound speed of the helicity ±3/2 state is the speed of light, same as in the flat spacetime, meanwhile, the sound speed of helicity ±1/2 turns out to be

c 2 s ≡ C 2 A + C 2 B = 1 9 (H 2 + m 2 ) 2 - 1 3 R -H 2 + 3m 2 2 + 4 (∂ η m) 2 a 2 (3.27)
Consider the gravitino production from inflaton oscillations at the end of inflation, with inflaton potential V (ϕ). The Freedman equations imply

c 2 s = p -3m 2 3/2 M 2 P 2 ρ + 3m 2 3/2 M 2 P 2 + 4M 4 P ∂m 3/2 /∂t 2 ρ + 3m 2 3/2 M 2 P 2 (3.28)
where ρ and p are the energy density and the pressure. M P and m 3/2 are the Planck mass and gravitino mass. t is the cosmic time. It is claimed in [20] that, whenever this speed vanishes (possible when H/m > 1), the gravitino production will be divergent. One of the arguments was based on the dimensionless measure of nonadiabaticity A k (η), given by

A k (η) ≡ ∂ η ω k ω 2 k (3.29)
which for helicity ±1/2 takes the form

A k = a 3 Hm 2 + c s (∂ η c s )k 2 (a 2 m 2 + c 2 s k 2 ) 3/2 (3.30)
The particle production rate is relatd to the variation speed of the dispersion relation, and becomes efficient when A k ≫ 1. When c s vanishes, occurring when H/m > 1, we have then A k = H/m, which not only exceeds one, but also is independent of momentum. The latter point is crucial for the catastrophic production, because it means that particles of arbitrarily high momentum can be produced and there is no momentum cutoff. The main question in this chapter is whether this sound speed can vanish for the gravitino in supergravity, in the simplest setup of N = 1, d = 4. In the supergravity context, the gravitino propagation in the case of one chiral multiplet has been studied by various authors [16][17][18][19], and the gravitino equation of motion in the presence of arbitrary number of chiral multiplets is discussed in [19]. To enter into the subject, we provide here a quick glimpse of some general features of gravitino propagation in supergravity, with FLRW background and only one chiral multiplet, while a more elaborated presentation will be given in the next sections.

The gravitino equation of motion derived from the supergravity Lagrangian takes the form

/ D + m ψ µ = D µ - m 2 γ µ γ ν ψ ν (3.31)
The gravitino mass is m = e K/2 W M 2

P

where K and W are the Kähler potential and superpotential, respectively. The divergence constraint is

D µ ψ µ -/ Dγ µ ψ µ + 3 2 mγ µ ψ µ = 0 (3.32)
and after some tedious algebra, the trace constraint can be put in the form

γ 0 ψ 0 = Âγ i ψ i (3.33)
 is a matrix whose general expression for any number of chiral multiplets is provided in [19].

The idea is again to find the equation of motion for each helicity state in the momentum space. It is convenient in this case to decompose the Fourier mode 1 into its transverse part ψ T i , the γ-trace γ i ψ i and the trace k • ψ:

ψ i = ψ T i + 1 2 γ i - 1 2 ki ( k • γ) γ j ψ j + 3 2 ki - 1 2 γ i ( k • γ) k • ψ (3.34)
By the constraint equation (3.32), k•ψ can be expressed in terms of γ i ψ i , so the decomposition (3.34) involves only the γ-trace corresponding to helicity ±1/2, and the transverse part, representing helicity ±3/2. Their equations of motion are

γ0 ∂ 0 + iγ i k i + am ⃗ Ψ T = 0, ⃗ Ψ T ≡ a 1/2 ⃗ ψ T (3.35) and ∂ 0 -iγ j k j γ 0 Â + B γi ψ i = 0 (3.36)
1 By an abuse of language and for the sake of simplicity, the Fourier mode is also written as ψ.

The mass matrix B depends on  and the scale factor a. The following steps are clear and we can extract from the above equations the dispersion relations, then the sound speeds.

For the transverse component (helicity ±3/2) we have c s = 1, whereas the longitudinal one (helicity ±1/2) has c s = Â

2

. The latter in the FLRW background is shown to be equal to 1 and therefore both helicity ±3/2 and ±1/2 propagate at the speed of light.

N = 1, d = 4 supergravity with one chiral multiplet is exempt from catastrophic gravitino production. Is this still the case if we have more than one multiplet? When there are two spin-1/2 fermions, sitting either in two chiral or one chiral plus one vector multiplet, the equations of motion generalized from Eq (3.35)-(3.36) are a coupled system, and a diagonalization procedure is necessary to find the equation of the physical fermion. The sound speed is then recovered from the dispersion relation of the physical fermion. In the following, we present the work [72] where we compute the sound speed in the case of two multiplets, and show that it never vanishes, hence no catastrophic production would occur. 1 Introduction

Publication

In the super-Higgs mechanism, a spin 1/2 fermion, the goldstino, combines with the gravitino and provides it with the appropriate number of degrees of freedom for a massive spin 3/2 [1][2][3][4][5]. When the spin 1/2 propagates in a generic background with a non-relativistic dispersion relation, for instance at the sound speed c s < 1 in fluids, the result of the super-Higgs mechanism has been denoted "slow gravitinos" [6][7][8][9][10]. Such situations might occur in cosmological backgrounds as cosmological solutions treat time and space differently [11][12][13][14][15]. At the end of inflation, during the period of reheating, the inflaton dissipates its energy while oscillating around the minimum of its potential. This energy is in part converted into a non-thermal production of gravitinos. This process was studied in [12][13][14][15] where the equations of propagation of the different gravitino modes were established. In particular, there is a copious production of the helicities ±1/2 components of the gravitinos, the goldstino fermion at the moment, which was also numerically evaluated in those papers and in [16,17].

Recently, [18,19] have reconsidered this process. The equation of motion of the fermion θ describing the longitudinal mode in the vaccuum after reheating can be written as

γ0 ∂ 0 + iγ i k i c s θ + • • • = 0, (1.1)
where the • • • stand for mass and mixing terms with other fermions. The sound speed is identified then as given by:

c 2 s = p -3m 2 3/2 M 2 P 2 ρ + 3m 2 3/2 M 2 P 2 + 4M 4 P ∂m 3/2 /∂t 2 ρ + 3m 2 3/2 M 2 P 2 , (1.2)
where M P is the reduced Planck mass, m 3/2 the gravitino mass, while ρ, p denote the energy density and pressure of the matter system. It was then noticed in [18,19] that a catastrophic gravitino production occurs whenever the above sound speed vanishes.

In the supergravity cosmological models we discuss here where supersymmetry is linearly realised (but spontaneously broken), the slow goldstino is not an eigenstate of the Hamiltonian. It mixes with the fermion whose scalar partner has a non-vanishing kinetic energy, for instance the inflatino in the works mentioned above. These give rise at each moment, after diagonalisation, to combinations of the two fermions that are eigenstates of the Hamiltonian and c s is not a physical quantity. This has motivated [10] to resort to non-linear realisation of supersymmetry in order to project out the second fermion and construct models of slow gravitinos. If one keeps both states, it was pointed out in [20] that c 2 s = 0 does not lead to catastrophic gravitino production. More precisely, as the coefficients of the momentum vector k in the kinetic term are now described by a mixing matrix that is known not to be singular as c 2 s = 0, no catastrophic production is expected. The aim of this work is to derive explicitly the general dispersion relations of the physical fermions in standard linear supergravity and show that not only as expected the mixing matrix in the fermion kinetic terms is not singular, but, it can be diagonalised to the identity matrix. Using the non-adiabaticity coefficient, we conclude that in this background catastrophic production does not occur. Furthermore, we show in particular cases that the physical sound speed is equal to one independently of the value of c 2 s ; namely, for degenerate fermion masses, the dispersion relation is relativistic despite the time dependent gravitational background.

In section 2, we consider the general case with a goldstino combination of two fermions. We exhibit through diagonalisation of the kinetic terms the generic form of the dispersion relations of the physical fermions. We argue that these do not lead to catastrophic gravitino production. One of the novelties of our work is to consider also the case where one of the fermions arises from a vector multiplet. Section 3 presents some examples where the whole diagonalisation can be carried out explicitly and where the dispersion relation takes a relativistic form.

The General case with two fermions

We consider an N = 1 supergravity model where in addition to the graviton and gravitino ψ ν , one has two possible sources of supersymmetry breaking in the vacuum. The first is a potentially non-vanishing D-term P for a U (1) vector multiplet. The second possibility uses the non-vanishing F -term of a chiral multiplet. In addition, during the cosmological evolution, there is an extra source of supersymmetry breaking given by the non-vanishing kinetic energy of a rolling scalar, the inflaton. To describe this system we consider a vector supermultiplet with field strength and gaugino denoted as F µν and λ, respectively, as well as one or two chiral multiplets consisting in scalars φ i and fermions χ i , i = 1, 2. The corresponding Lagrangian is given by:1 

e -1 L = - 1 2 M 2 P R -g j i ∂µ φ i ∂µ φ j -V - 1 2 M 2 P ψµ R µ + 1 2 m ψµR γ µν ψ νR + 1 2 m * ψµL γ µν ψ νL + (Re f ) - 1 4 F µν F µν - 1 2 λDλ + 1 4 i (Im f ) F µν F µν -∂µ λγ 5 γ µ λ + 1 4 (Re f ) ψµ γ νρ F νρ γ µ λ -f i χi γ µν F - µν λ L + h.c. -g i j χj Dχ i + χi Dχ j -m ij χi χ j -m ij χi χ j -2m iα χi λ -2m iα χi λ -m R,αβ λR λ R -m L,αβ λL λ L + 2g j i ψµR γ νµ χ j ∂ν φ i + ψR • γυ L + h.c. (2.1)
where L, R subscripts refer to the left and right chiralities, respectively. Moreover, χ i is a left-handed field while χ i is right-handed, and φ i denotes the complex conjugate of φ i . The kinetic term of the gravitino is defined as R µ = γ µρσ D ρ ψ σ . The covariant derivatives as well as the mass terms in this Lagrangian can be found in Appendix A. The Greek index α in the gaugino mass terms m iα is set to 1, since there is at most one vector multiplet, in which case there is also only one chiral multiplet and thus the latin index i is also set to 1.

The field strengths F µν , F µν , F - µν are irrelevant for our discussion, and are defined in [15]. The Kähler metric g i j is given by the Kähler potential K with

g i j = ∂ ∂φ i ∂ ∂φ j K (2.2)
and the gravitino mass m 3/2 is determined by the superpotential W as well as the Kähler potential

m 3/2 = |m|M -2 P , m ≡ e K 2M 2 P W (2.3)
The scalar potential is a sum of the F -term and D-term contributions, with m i the Kähler covariant derivative of m and f ≡ 1/g 2 denoting the gauge kinetic function, assumed to be constant:

V = V F + V D , V F = -3M -2 P |m| 2 + m i g j i -1 m j , V D = 1 2 g 2 P 2 (2.4)
where P is the Killing potential.

In the following, we will consider a flat universe described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric ds 2 = a 2 (η) -dη 2 + dx 2 where a is the scale factor and η ≡ x 0 is the conformal time. The determinant of the vierbein is then e = a 4 . We further introduce the dot derivative with respect to the physical time t, with ḟ ≡ a -1 ∂ 0 f. The Hubble rate is defined as H ≡ ȧ/a.

Throughout this work, we will assume real backgrounds, and use the plane wave expansion for the fermions Ψ(η, k) = exp(i k • x)Ψ(η). Useful notations are:

α ≡ ρ + 3M -2 P m 2 , α 1 ≡ p -3M -2 P m 2 , α 2 ≡ 2 ṁ, Â = Â1 + γ0 Â2 ≡ 1 α α 1 + γ0 α 2 , B = B1 + γ0 B2 ≡ - 3 2 ȧ Â - 1 2 M -2 P maγ 0 (1 + 3 Â) n i ≡ g i j φj , n i ≡ g j i φj , | φ| 2 ≡ g i j φj φi ξ i ≡ m i + γ0 n i , ξ i ≡ m i + γ0 n i ∆ 2 ≡ 1 - α 2 1 α 2 - α 2 2 α 2 = 4 α 2 φi φj m k m ℓ g ℓ k -1 g i j -δ k i δ j ℓ + 1 2 | φ| 2 g 2 P 2
(2.5)

In the FLRW background, the energy density and pressure are given in terms of the Hubble parameter as

ρ = 3M 2 P H 2 , p = -M 2 P 3H 2 + 2 Ḣ (2.6)
Before choosing a gauge, the goldstino υ in the last line of (2.1) takes the form

υ = ξ †i χ i + ξ † i χ i + i 2 γ 5 Pλ (2.7)
To describe the theory in the supersymmetry broken phase, we follow [15] and introduce the combination of spin-1/2 fermions

θ ≡ γi ψ i , Υ ≡ a n i χ i + n i χ i Ξ R = -m k g -1j k m ji χ i + γ0 φj m ji χ i + m j λ L + iM -2 P mPλ R -ig 2 Pm i χ i (2.8)
In the unitary gauge υ = 0, (2.7) then relates the gaugino to the chiral fermions. The spinors in (2.8) are a priori independent. However, as we consider the case of two fermions, θ will be associated with the longitudinal component in the vaccum of the gravitino in the unitary gauge. The fermion Υ describes the correction to this mode from supersymmetry breaking by the rolling scalar kinetic energy. In this case, Υ and Ξ are proportional to each other, with

Ξ = -a -1 F Υ (2.9)
For two chiral multiplets, the matrix F is provided in [15]. In the presence of a D-term, the remaining chiral multiplet is written as (χ 1 , φ 1 ), and the kinetic energy becomes | φ| 2 = g 1 1 φ2

1

. We find (for non-vanishing | φ| 2 and P):

F = V 2| φ| 2 - Ṗ P + γ0 (g 1 1 ) -1 m 11 - Ṗ P m 1 n 1 + 2m M 2 P (2.10)
As emphasised by [15][16][17], the equations of motions for θ and Υ are coupled together, thus spin-1/2 particles produced are not necessarily the longitudinal component of the gravitino, but the fermions that diagonalise the Hamiltonian. We call them the physical fermions thereafter. Moreover, the spin-1/2 fermions (θ, Υ) have non-canonical kinetic terms and thus will be rescaled before diagonalising their equations of motion. It was noticed in [16,17], in the two chiral multiplets case, that the kinetic terms can be written as

L ⊃ - 4a α∆ 2 Ῡγ 0 ∂ 0 Υ - α 4k 2 a 3 θγ 0 ∂ 0 θ (2.11)
Here we are going to generalise the above expression in the presence of a vector multiplet with a non-vanishing D-term. Υ can be projected onto the left-handed gaugino by

P L ξ †1 Υ = - 1 2 aP L ξ †1 γ0 ξ 1 χ 1 + ξ 1 χ 1 + i 2 γ 5 Pλ (2.12)
where in the first line we used the unitary gauge condition υ = 0 from (2.7). The righthanded gaugino is obtained by charge conjugation:

P R ξ † 1 Υ = i 2 an 1 PP R λ (2.13)
On the other hand, it is easier to project Υ onto the chiral fermions given its definition:

χ 1 = P L Υ an 1 , χ 1 = P R Υ an 1 (2.14)
Expressing the gaugino and chiral fermion kinetic terms in terms of Υ, we find

L ⊃ - 4aV D α 2 ∆ 2 Ῡγ 0 ∂ 0 Υ - 4a(α -V D ) α 2 ∆ 2 Ῡγ 0 ∂ 0 Υ = - 4a α∆ 2 Ῡγ 0 ∂ 0 Υ (2.15)
As for θ, one uses the fact that the spatial component of the gravitino can be decomposed into

ψ = ψ T + 1 k 2 k(γ i k i ) + 1 2 i(3 k -γ(γ i k i )) ȧγ 0 + M -2 P am θ (2.16)
where ψ T corresponds to the transverse mode. Inserting the above equation into the gravitino kinetic term in the Lagrangian, we recover the same form as in (2.11). Consequently, in presence of one chiral multiplet and one vector multiplet, the kinetic terms of θ and Υ are the same as for two chiral multiplets, up to a redefinition of α and ∆. We thus can use the same rescaling in the two cases, allowing to have canonical fields {Ψ 1 , Ψ 2 }:

θ = 2iγ i k i (αa 3 ) 1/2 Ψ 1 , Υ = ∆ 2 α a 1/2 Ψ 2 (2.17)

The mixing matrices

In the basis {Ψ 1 , Ψ 2 }, the spin-1 2 part of the Lagrangian takes the form:

L Ψ 1 Ψ 2 = -Ψ1 γ0 ∂ 0 Ψ 1 - 1 2 ∂ 0 (αa 3 ) αa 3 γ0 Ψ 1 + γ0 BΨ 1 + iγ i k i  † Ψ 1 -iγ i k i ∆γ 0 Ψ 2 -Ψ2 γ0 ∂ 0 Ψ 2 + ∂ 0 ∆ α a ∆ α a γ0 Ψ 2 + γ0 B † Ψ 2 + iγ i k i ÂΨ 2 + 2 ȧγ 0 Ψ 2 + am M 2 P Ψ 2 + aγ 0 F Ψ 2 + iγ 0 γi k i ∆Ψ 1 (2.18)
where the different parameters are given in (2.5) and F = F1 + γ0 F2 is defined in (2.9). The explicit form of (2.18) depends on the specific model. We will illustrate some examples in Section 3.

With Ψ designating the vector (Ψ 1 , Ψ 2 ) T , the above Lagrangian can be put in a simple form

L Ψ 1 Ψ 2 = -Ψ γ0 ∂ 0 + iγ i k i N + M Ψ (2.19)
with equations of motion

γ0 ∂ 0 + iγ i k i N + M mn Ψ n = 0, m, n ∈ {1, 2}.
(2.20)

The N and M mixing matrices are given by2 

M = 1 4 -B2 0 0 B2 + am M 2 P -a F2 + γ0   -1 2 ∂ 0 (αa 3 ) αa 3 + B1 0 0 ∂ 0( ∆ √ α a ) ∆ √ α a + B1 + 2 ȧ + a F1   = 1 4 -B2 0 0 B2 + am M 2 P -a F2
(2.21) and

N = N 1 + γ0 N 2 = 1 4 Â1 0 0 Â1 + γ0 -Â2 -∆ -∆ Â2 (2.22)
where 1 4 is a 4 × 4 unit matrix. We should stress that in the decompositions of M and N , the 2 × 2 matrices act on the basis {Ψ 1 , Ψ 2 }, while γ0 is a 4 × 4 matrix acting on the spinor indices. In the first line of (2.21), the γ0 -dependent part vanishes both for two chiral multiplets and for one chiral multiplet with a D-term due to the property

B1 = 1 2 B + B † = a α 2α + 3 ȧ 2 (2.23)
Note also that for ∆ appearing in the denominator of Υ kinetic term (2.15), there seems to be a singularity at ∆ → 0, but this singularity cancels out in the mixing matrices M, N , because there is another ∆ in the denominator of F1 compensating the one in front of the Υ kinetic term.

In the {Ψ 1 , Ψ 2 } basis, only N contributes to the mixing. One might be tempted to diagonalize N so as to decouple the two fermions, but in general the mixing matrices depend on time, thus a unitary transformation to the basis diagonalising N would also be timedependent, which by time derivative gives a contribution to the mass matrix, rendering M non-diagonal. Though on general grounds, we will not provide an analytical expression of the physical fermions in terms of {Ψ 1 , Ψ 2 }, as long as we consider the catastrophic production in [18,19] it is not necessary to carry out the entire diagonalization of (2.18).

Dispersion relations for the physical fermions

Expressing (1.2) in terms of the parameters of (2.5), we observe that the sound speed (1.2) amounts to the norm of N 11 , namely

c 2 s = Â2 1 + Â2 2 = 1 -∆ 2 (2.24)
In the case of a single chiral multiplet, the fields Υ and Ξ vanish in the unitary gauge, and we are left with θ. The norm of N ≡ N 11 enters into the dispersion relation as the gravitino velocity. It is a well-known result [12][13][14] that Â2 1 + Â2 2 = 1 for one chiral multiplet, thus the gravitino sound speed is the speed of light. However, when two fermions are present, Υ cannot be omitted and the physical fermions are combinations of θ and Υ. The question is then raised whether (2.24) is the sound speed of a physical propagating state.

One can check that the mixing matrix N in (2.22) is unitary, thus it can be written as an exponential of a phase

N = exp 2Φγ 0 = cos(2Φ) + γ0 sin(2Φ), Φ † = Φ (2.25)
Furthermore, notice that N 1 and N 2 are real, then Φ is a real, thus symmetric matrix. By a unitary transformation Ψ = exp(γ 0 Φ)Ψ, the exponent in (2.25) is taken away, making N equal to the identity, and the Lagrangian (2.18) in the new basis Ψ = ( Ψ1 , Ψ2 ) T becomes

L Ψ1 Ψ2 = -Ψ γ0 ∂ 0 + iγ i k i + M Ψ . (2.26) 
The new mass matrix

M = M1 + γ0 M2 = exp(γ 0 Φ)M exp(-γ 0 Φ) + ∂ 0 Φ M1 = cos(Φ)M cos(Φ) + sin(Φ)M sin(Φ) + ∂ 0 Φ, M2 = sin(Φ)M cos(Φ) -cos(Φ)M sin(Φ) (2.27)
is in general non-diagonal, due to the off-diagonal elements of Φ. We obtain therefore a system of two propagating fermions subject to oscillations due to the time-dependent mixing in their mass matrix. As a side remark, the matrix Φ of (2.25) is a phase and defined up to a constant, as long as N 1 = cos(2Φ), N 2 = sin(2Φ) are satisfied. On the other hand, the transformation matrix exp(γ 0 Φ) = cos(Φ) + γ0 sin(Φ) may take a minus sign according to the choice of Φ, but the Lagrangian (2.26) is independent of this choice. Moreover, the constant ambiguity does not change ∂ 0 Φ and the minus signs in cos(Φ), sin(Φ) are compensated in the expressions of (2.27). As a result, this ambiguity has no effect on the Lagrangian or on the mass matrix.

Since M2 is antisymmetric, we can further perform an orthogonal transformation [16,17] in order to eliminate this matrix

Ψ = L Ψ, with ∂ 0 + M2 L = 0 .
(2.28) Thus, we arrive at a Lagrangian where the mixing comes only from the mass matrix, that is γ0 -independent

L Ψ1 Ψ2 = -Ψ γ0 ∂ 0 + iγ i k i + L T M1 L Ψ . (2.29) M ≡ L T
M1 L is real and symmetric, hence it can be diagonalised by an orthogonal matrix

C, with µ = diag(µ 1 , µ 2 ) = C T M C . (2.30)
The energy squared eigenvalues for the fermions are then of the form

E 2 i = k 2 + µ 2 i . (2.31)
Although the momentum squared is multiplied by 1, yet one cannot conclude from (2.31) that the sound speed of the physical fermions is the speed of light.

To have a closer look at the propagation of physical degrees of freedom, we follow the approach in [16,17,21] and expand Ψi into creation and annihilation operators:

Ψi (x) = C ij d 3 x (2π) 3/2 e ik•x U jℓ r (k, η)a ℓ r (k) + V jℓ r (k, η)b †ℓ r (-k) , (2.32) 
where r = ± denotes the helicity components and a summation over repeated indices is understood. The spinorial Fourier coefficients are written in terms of the helicity eigenfunctions ψ ± and mode functions (matrices) U ± , V ± :

U ij r ≡ U ij + √ 2 ψ r , r U ij - √ 2 ψ r T , V ij r ≡ V ij + √ 2 ψ r , r V ij - √ 2 ψ r T . (2.33) 
Since U ± and V ± are related by charge conjugation invariance of Ψi , we can restrict ourselves to the mode equations of U ± . Taking the momentum along the x 3 -axis and defining the antisymmetric matrix

Γ ≡ C T ∂ 0 C , (2.34)
the equations of motion of Ψi result in

i∂ 0 U + U - = D U + U - , D = -iΓ -µ -k1 2 -k1 2 -iΓ + µ (2.35)
where D is a 4 × 4 hermitian matrix, whose diagonal blocks encode the time dependence. Its real eigenvalues are

ω 1,± = ± Γ 2 12 + k 2 + 1 2 µ 2 1 + µ 2 2 + 1 4 µ 2 1 -µ 2 2 2 + Γ 2 12 4k 2 + (µ 1 + µ 2 ) 2 1 2 1 2 ω 2,± = ± Γ 2 12 + k 2 + 1 2 µ 2 1 + µ 2 2 - 1 4 µ 2 1 -µ 2 2 2 + Γ 2 12 4k 2 + (µ 1 + µ 2 ) 2 1 2 1 2
(2.36) where we denoted the (1, 2) element of Γ by Γ 12 .

Note that when the fermions have degenerate mass µ 1 = µ 2 = μ, then from (2.30), M1 = μ1 2 and Γ 12 = 0. Thus, in this case we recover the relativistic dispersion relation with time-dependent mass:

ω 1,± = ω 2,± = ± k 2 + μ2
(2.37)

In general, the dispersion relations of the physical fermions in (2.36) are very different from that in [19], describing the vacuum helicity-1/2 mode of the gravitino. We recall the latter for clarity:

ω k ≡ c 2 s k 2 + a 2 m 2 3/2 (2.38)
One of the arguments for catastrophic gravitino production at c s = 0 is based on the adiabaticity violation. The dimensionless coefficient of non-adiabaticity is defined as [22] A

k ≡ ∂ 0 ω k ω 2 k (2.39)
Indeed, in (2.38), the momentum is multiplied by c s , so when c s = 0, the coefficient of non-adiabaticity is independent of k, and can even exceed one under some circumstances implying particle production with an arbitrarily large momentum. This is, however, not the case here: the sound speed of (2.24) does not enter explicitly3 the physical dispersion relations, and cannot suppress the momentum dependence when it vanishes. Therefore, c s is not, at least not directly, responsible for the divergent particle production.

To see if particles of arbitrarily large momenta can actually be produced, we assume that the only source of non-adiabaticity is due to the variations of frequencies of the two physical fermions, with the coefficient A k being a sum of them. We then consider the limit of high momenta k ≫ µ i and k ≫ Γ 12 , where Γ 12 is roughly the time derivative of the logarithm of masses (see its definition (2.34)), defining a scale related to the variation of masses. In this limit, the non-adiabaticity coefficient at leading order becomes

A k ≡ ∂ 0 ω 1,+ ω 2 1,+ + ∂ 0 ω 2,+ ω 2 2,+ ≈ -6Γ 12 ∂ 0 Γ 12 1 k 3 (2.40)
implying that A k falls as k -3 , and thus particles with arbitrarily large k cannot be produced.

Examples

Two chiral multiplets

Given two chiral multiplets (χ 1 , φ 1 ), (χ 2 , φ 2 ), we investigate the case with ∆ = 1 at all times, so that the sound speed defined in (2.24) vanishes, and according to [18,19], the gravitino production is expected to diverge. In this toy example, the physical fermions as well as their equations of motion can be explicitly obtained. For simplicity, the Kähler potential is taken to be canonical, so that the expression of ∆ becomes:

∆ = 2 α m 1 φ2 -m 2 φ1 = 1 (3.1)
On the other hand, from (2.5) on sees that ∆ = 1 is equivalent to the conditions α 1 = α 2 = 0. The latter implies that the gravitino mass is constant which is equivalent to the condition m 1 φ1 + m 2 φ2 = 0. The former implies φ2

1 + φ2 2 = m 2 1 + m 2 2
, where we used the expression (2.4) for the potential in the absence of D-term contribution. One possible setup for a solution is therefore m 2 = φ1 = 0 and m 1 = φ2 = 0, in other words, φ 1 breaks supersymmetry via its F -term and φ 2 via its kinetic term, by the same amount. The mixing matrix N then takes the form

N = γ0 0 -1 -1 0 , (3.2) 
while, for convenience, we write M as

M = 1 4 M 11 0 0 M 22 , M 11 , M 22 = 0 . (3.3)
The angle Φ in (2.25) is constant because N does not depend on time; we then choose

Φ = 3π 4 0 1 1 0 , exp(γ 0 Φ) = - 1 √ 2 1 2 + 1 √ 2 γ0 0 1 1 0 . (3.4)
Upon the unitary transformation Ψ = exp(γ 0 Φ)Ψ, we obtain the new mass matrix M with

M1 = M 11 + M 22 2 1 2 , M2 = M 11 -M 22 2 0 1 -1 0 . (3.5)
We now look for the orthogonal matrix L cancelling the γ0 component of M . Parametrising L by an angle τ , from (2.28) we get

L = cos τ (η) -sin τ (η) sin τ (η) cos τ (η) , τ ′ (η) = M 11 -M 22 2 (3.6)
Once such an orthogonal transformation is found, the Lagrangian in the Ψ = L T exp(γ 0 Φ)Ψ basis becomes

L Ψ1 Ψ2 = -Ψ γ0 ∂ 0 + iγ i k i + M 11 + M 22 2 Ψ . (3.7)
Thus, the mass matrix in this particular case is diagonal and one concludes that Ψ = { Ψ1 , Ψ2 } are the physical fermions. They have degenerate mass and their equations of motion are decoupled:

γ0 ∂ 0 + iγ i k i + M 11 + M 22 2 Ψj = 0, j ∈ {1, 2} (3.8) 
These are just standard Dirac equations with time-dependent mass, similar to the transverse mode of the gravitino. As a result, the physical fermions, which are linear combinations of θ and Υ, have the dispersion relation

ω 2 = k 2 + M 11 + M 22 2 2 .
(3.9)

The coefficient of non-adiabaticity is suppressed by large momenta, and particle production is not expected to be divergent in this case, despite the fact that the speed of sound (1.2) associated to θ vanishes.

One chiral multiplet and one vector multiplet

Another example with two fermions is one chiral multiplet (χ 1 , φ 1 ) accompanied by a vector multiplet with non-vanishing D-term. The simplest model one may consider is that of a constant (Fayet-Iliopoulos) D-term when the vector multiplet gauges the R-symmetry [23].

One can then consider two possibilities. The first consists of a neutral chiral multiplet, in which case the superpotential vanishes. Again, we take the Kähler potential to be canonical. The scalar potential is then

V = V D = 1 2 g 2 P 2 (3.10)
with P constant. Since the gravitino is massless in this model, all mass terms appearing in (2.10) vanish, and we have F = 0. Let

w ≡ p ρ , with p = | φ| 2 -V D , ρ = | φ| 2 + V D . (3.11)
In this model, the scalar equation of motion can be easily solved. We have

φ + 3H φ = 0 (3.12)
leading to φ = e -3Ht , where the constant of integration is absorbed by a redefinition of the origin of time. The expression of w is then

w(t) = 2e -6Ht -g 2 P 2 2e -6Ht + g 2 P 2 . (3.13)
Moreover, the parameters in (2.5) and ∆ can be written as

 = Â1 = w, B = B1 = - 3 ȧ 2 1 -w 2 , ∆ 2 = 1 -w 2 . (3.14)
The sound speed defined in (2.24) is therefore simply given by w, and the mixing matrices in this case are

M = 0, N = w 0 0 w + γ0 0 - √ 1 -w 2 - √ 1 -w 2 0 (3.15)
It follows that the physical fermions production and their equations of motion are determined only by w. Here, we study some particular limits:

• When w → 1, the pressure and the energy density are equal, implying that the Dterm is vanishing. This limit amounts to a theory with a single chiral multiplet. N is the identity matrix whereas M = 0, so Ψ i are the physical fermions described by the massless Dirac equation and propagating at the speed of light.4 

• On the other hand, the same situation occurs for w → -1, which means that | φ| 2 → 0, or equivalently t → +∞ in (3.13), so that maximal symmetry is unbroken. The equations of motion of the physical fermions differ from the massless Dirac equation by a minus sign in front of γi k i , but the dispersion relation ω 2 = k 2 is unchanged compared to the previous case.

• Another special value is w = 0, corresponding to zero pressure and e -6Ht = V D , which is always satisfied for a certain time t. The mixing matrix N is identical to (3.2) for two chiral multiplets. The diagonalisation can be carried out in exactly the same way and we obtain two physical fermions with degenerate mass (massless here). Their equations of motion are the massless Dirac equation and we do not expect a divergent particle production, even though c s = 0.

More generally, the matrix Φ in (2.25) can be chosen as

Φ = - 1 2 arccos(w) 0 1 1 0 (3.16) while for w = ±1 M = ∂ 0 Φ = ∂ 0 w 2 √ 1 -w 2 0 1 1 0 . (3.17)
The matrix M has no γ0 component and can be diagonalised by a constant orthogonal matrix C. Thus Γ = 0, leading again to relativistic dispersion relations. The details of particle production can be worked out by doing the expansion (2.32), and solving numerically differential equations for the Bogolyubov coefficients, which will not be discussed here.

Finally, we comment briefly on the second possibility where the chiral field has a nonvanishing R-charge and the Kähler potential is non-canonical. Consider for instance a realistic model of inflation driven by supersymmetry breaking [24], where the Kähler potential and the superpotential are

K = φ 1 φ 1 + A(φ 1 φ 1 ) 2 , W = f φ 1 (3.18)
with f a constant and |φ 1 | playing the role of the inflaton, while its phase is absorbed in the gauge field to make it massive. A is a small positive constant, so that the potential has a maximum at the origin allowing hilltop inflation with the slow-roll parameter η controlled by A. In this case, the D-term part of the potential is given by

V D = q 2 2 1 + φ 1 φ 1 + 2A(φ 1 φ 1 ) 2 2 , (3.19) 
with q a constant parameter corresponding to the R-charge of φ 1 , that must be small compared to the F -term so that V D is subdominant during inflation. It follows that ∆ has the form:

α 2 ∆ 2 = 4V D (1 + 4Aφ 1 φ 1 ) φ1 φ1 , α 2 = ρ + 3M -2 P |m| 2 2 . (3.20) 
Note that it appears possible to have ∆ 2 < 0 for some negative values of A, leading to c s > 1 according to equation (2.24). However, this region is unphysical since the Kähler metric becomes negative. This is actually similar to the situation that can be obtained in pathological models where Υ is dropped out by constraints, leading to c s > 1 [20].

We will now investigate again the case of ∆ = 1 at all times. From (2.5), one sees that the condition α 2 = 0 implies that the gravitino mass is constant with m 1 = 0, which is equivalent that φ 1 has vanishing F -term and breaks supersymmetry only by its kinetic energy. This may indeed be satisfied around the vacuum at the minimum of the potential after the end of inflation. There, φ 1 is in general far from the maximum at the origin where corrections to the Kähler potential (3.18) become important and change its form. On the other hand, the condition α 1 = 0 implies | φ1 | 2 = V D where the latter is now given by

V D = (q 2 /2)(1 + K 1 φ 1 ) 2 with K 1 ≡ ∂K/∂φ 1 .
The analysis of the two fermions θ and Υ can now proceed as in the previous subsection of two chiral multiplets, giving rise to two decoupled equations of motion with a relativistic dispersion relation.

Conclusions

We have studied the equations of motion for the longitudinal modes of gravitinos in supergravity models where supersymmetry is linearly realised but spontaneously broken. We have considered the general case of two supermultiplets. One contains a scalar field φ that has non-vanishing kinetic energy, ∂ µ φ = 0. In a cosmological background, this scalar can be identified with the inflaton which is time dependent. The other multiplet is at the origin of the gravitino mass in the vacuum at late times. We have found that, after diagonalisation of the Hamiltonian, in all cases the dispersion relations of the propagating fermions take relativistic forms with in general a time-dependent mixing mass matrix. While this might be expected, it is shown here explicitly. Such cases are not expected to show a catastrophic production of gravitinos.

We did not discuss here the non-linear models as those considered in [10,20,25] as it is not clear to us which microscopic supergravity Lagrangian is at the origin of the constraint imposed there on the inflaton superfield. We note that in these cases one ends up with one fermion propagating in peculiar backgrounds. The result of [18,19] constrains the background on which Rarita-Schwinger fields are allowed to propagate.

Chapter 4

Higgs mass constraints on a supersymmetric solution of the muon g-2 anomaly

We now move to the second part of this manuscript, concerning beyond-the-SM solutions to the experimental anomalies, with a focus on supersymmetric candidates. In this Chapter, we will assume high-scale supersymmetry, namely, the new particles are too heavy to be detected by the current collider. In this scenario, constraining the parameter space becomes a difficult problem.

Contrary to the Standard Model, in supersymmetry, the Higgs quartic coupling is not a free parameter, but is in general determined by the D-term and F -term at tree level, and through radiative corrections, it contains information about all new particles in the theory, including their mass and couplings. Therefore, it can be used to constrain the parameters. On the other hand, experimental discrepancies also serve as an important input, and in this Chapter we choose the (g -2) µ anomaly. Joining these two inputs, we obtain various constraints on the parameters and their dependence on each other.

In Section 4.1, we recall some basic notions of (g -2) µ and supersymmetric models that accommodate this anomaly. In Section 4.2, we turn to the main object of this study -the Higgs mass, explaining the dependence of Higgs mass on other parameters of the theory, and outlining our strategies to constrain supersymmetric models. After a summary of results in 4.3, we apply these strategies and present the case study on a specific supersymmetric model in Section 4.4.

Muon g-2 and supersymmetry

The discovery of a Higgs boson -the last missing piece of the Standard Model -by ATLAS and CMS, as well as the measurement of its properties points to a very good agreement with the SM predictions [21,22,73,74]. Despite the success of the SM in a majority of the experiments, it fails to deal with, e.g., the hierarchy problem or the unification with the gravitational interaction. In addition, several significant experimental anomalies have been reported in recent years, that can hardly be explained by the SM only. One example is the muon anomalous magnetic moment a µ ≡ (g -2)/2. Reported by Muon g-2 Collaboration at Fermilab in 2021 [75], its value turns out to be consistent with the previous measurement by the E281 experiment at BNL [76], and the combination of the two measurements gives values, this relation can be approximated by y MSSM µ ≈ g SM µ tan β, which gives rise to an enhancement of a µ for large tan β. In the meantime, we can see from Eq. (4.2) that a µ is also suppressed by m µ /M S , where M S represents the mass scale of the SUSY particles. These features are more transparent if one adopts the simplification that all SUSY particles have the same mass (M S ), so one can infer from (4.2) that ∆a

MSSM µ ∝ m 2 µ tan β/M 2 S .
With an appropriate choice of parameters, the MSSM is able to yield the observed a µ .

On the experiment side, however, no strong evidence of BSM particles has shown up so far in direct collider searches, and stringent constraints are imposed on the mass of SUSY particles. Note that, in the MSSM, tan β cannot be arbitrarily large, because the bottom and tau Yukawa couplings follow the same relation as for the muon one:

y MSSM b,τ = g SM b,τ / cos β = m b,τ /(v cos β) ≈ m b,τ tan β/v.
As the bottom, tau masses are much larger than the muon mass, a too large tan β value will result in non-perturbative bottom and tau Yukawa couplings when evolved to the GUT scale. The requirement of perturbativity puts an upper bound on tan β [79]. Meanwhile, in order to achieve the experimental muon anomalous magnetic dipole moment, the mass ratio m µ /M S should not be too small, either. The interplay of the two bounds yields a prediction of the SUSY mass in the MSSM, restricted to the fewhundred-GeV range, which is in some tension with the direct searches for SUSY particles at the LHC. Though specific regions of the MSSM parameter space are still viable, typically those with a "compressed" SUSY mass spectrum, such scenarios will not be considered here.

In view of the absence of new particles in collider searches, a plausible possibility would be that the scale of New Physics is much higher than the EW scale, thus is out of reach with the current experimental facilities. In this case, which we consider thereafter, the new particles involved in the SUSY model must be much heavier than the SM ones. While the a µ constraint on the MSSM leads to an upper bounded SUSY mass scale M S , some extensions of the MSSM, with a larger parameter space and particle content, are able to accommodate the measured a µ with a sufficiently high SUSY scale.

A possible candidate is proposed by Almannshofer et al. in [80], consisting in a supersymmetric four-Higgs-doublet model, which allows to achieve the measured a µ value with multi-TeV smuon, higgsino and gaugino masses. In this "Flavorful Supersymmetric Standard Model" (FSSM), two of the four Higgs doublets, H u and H d couple only to fermions of the third generation, whereas the other two, H ′ u and H ′ d , provide masses to fermions of the first and second generations, and they have much smaller vevs than those of H u and H d . One of the advantages of the FSSM, compared to the MSSM, is that now the muon and bottom/tau Yukawa couplings are determined by different relations, because their masses are given by different Higgs doublets. Consequently, the muon Yukawa coupling in this model can be of O(1), yielding a sufficient enhancement to a µ , without implying non-perturbative bottom and tau Yukawa couplings.

An important question in these BSM candidates is how the parameter space of the model is constrained. Given that multi-TeV range SUSY particles cannot be probed by the current colliders, alternative signatures may be used to infer the parameter ranges. In the specific case of the FSSM, apart from the muon anomalous magnetic dipole moment, some constraints on the flavor structure of the Yukawa couplings are also imposed due to the extended Higgs and higgsino sector, as is discussed in [80]. In this chapter, we investigate one particularly interesting quantity: the Higgs mass. We will show how, through a case study of the FSSM, Higgs mass in conjunction with the muon (g -2) anomaly restricts the behavior of various parameters, such as the SUSY mass scale, the vev ratios (i.e. tan β's), and the muon Yukawa coupling. We will start by reviewing some general properties of the Higgs mass in SUSY, as well as the methodology used to constrain a given high scale SUSY model.

Higgs mass in supersymmetry

The (squared-)physical mass of a scalar field is extracted from its inverse propagator. At tree level, this mass is generally determined by the bilinear, trilinear and quartic couplings in the scalar potential, in addition to the scalar vev. The equation satisfied by the vev, i.e. the minimum condition, relates the various couplings. In the SM, the gauge symmetry along with renormalizability results in a scalar potential of the Higgs boson up to quartic order, and by the minimum condition of the scalar potential, one can express the tree-level Higgs mass in terms of the quartic coupling and the vev only. For a quick reminder, the scalar potential of the Higgs doublet in the SM is

V (Φ) = -µ 2 Φ † Φ + λ 2 Φ † Φ 2 (4.3) 
The negative mass term allows for spontaneous symmetry breaking (SSB). In the unitary gauge, the Higgs doublet and its vev take the form

Φ = 1 √ 2 0 h + v SSB --→ ⟨Φ⟩ = 1 √ 2 0 v (4.4)
where h is the Higgs boson whose vev is zero. v conventionally sets the electroweak scale with v ≈ 246GeV. The minimum condition is simply -µ 2 + 1 2 λv 2 = 0, leading to the tree-level Higgs mass m 2 h = λv 2 . In contrast to the SM, the quartic coupling of the Higgs boson is not a free parameter in SUSY, but is determined at tree level by the D-term, involving electroweak gauge couplings and the F -term from the superpotential, and therefore it fixes the leading order prediction for the SM-like Higgs mass. To illustrate this point, recall that the supersymmetric scalar potential is the sum of F -and D-terms. Ignoring for the moment the soft SUSY-breaking potential, the scalar potential is obtained by

V z i , z † j = i dW dz i 2 + 1 2 a g 2 a z † i T ai j z j 2 = i F i 2 + 1 2 a (D a ) 2 (4.5) 
where W is the superpotential and g a the gauge couplings. For the MSSM, the superpotential is

W = -Y d q • Ĥd d -Y e l • Ĥd ê + Y u q • Ĥu û + µ Ĥu • Ĥd (4.6)
We denote the left-handed lepton and quark SU (2) doublets by l, q, whereas the corresponding right-handed singlets are û, d, ê. The fermion superfields are coupled to Higgs via Yukawa couplings Y u , Y d , Y e . The two Higgs doublets are given by

H u = H + u , H 0 u , H u = H 0 d , H - d
, which consist of the scalar components of the superfields Ĥu , Ĥd . The dot product is defined as

H u • H d = H + u H - d -H 0 u H 0 d .
The only non-vanishing vevs are

H 0 u = v u / √ 2 = v sin β/ √ 2, H 0 d = v d / √ 2 = v cos β/ √ 2 (4.7) satisfying v 2 u + v 2 d = v 2 . The F -term gives for H 0 u , H 0 d : V F ⊃ |µ| 2 H 0 u 2 + H 0 d 2 (4.8)
whereas the quartic terms of H 0 u , H 0 d arise from the D-term:

V D ⊃ 1 8 g 2 + g ′2 H 0 u 2 -H 0 d 2 2
(4.9)

It is then obvious that the quartic coupling is determined by the gauge couplings only. The µ parameter can be furthermore replaced using the minimum condition, so that the tree-level SM-like Higgs mass is expressed in terms of the gauge couplings and the vevs. We omit here the detailed calculation and give directly the final result

M 2 h tree = g 2 + g ′2 4 v 2 cos 2 2β = M 2 Z cos 2 2β, (4.10) 
which is bounded from above by the Z boson mass, M Z ≈ 91GeV, manifestly lower than what is measured. As we will see later, the same tree-level upper bound also applies to the SM-like Higgs mass in the FSSM. In fact, the Higgs quartic coupling receives significant contributions from radiative corrections that allow the Higgs mass to reach the measured value. The higher order corrections in a generic SUSY model comprise loops with superparticles and BSM Higgs bosons, thus all SUSY mass parameters as well as the couplings affect the Higgs mass prediction, where the most relevant corrections generally arise from loops mediated by the superpartner of the top quark, stop. At one loop, the stop correction has the following form

∆λ t ≈ 3y 4 t 8π 2 ln M 2 t Q 2 + X 2 t M 2 t - X 4 t 12M 4 t (4.11)
where M t is a common mass for the left and right stops, y t is the top Yukawa coupling, X t is the left-right mixing parameter in the stop mass matrix, and Q is the renormalization scale. The smuon contribution to the quartic coupling, though small compared to the stop contribution, is also of interest here. The latter is dominated by a one-loop diagram with four external Higgs legs and Higgs-smuon-smuon vertices, which is approximately

∆λ μ ≈ - y 4 µ 96π 2 µ M μ 4 (4.12)
Coming back to the muon anomalous magnetic dipole moment, we recall that certain SUSY parameters, such as the smuon mass, enter the expression of ∆a µ , as can be seen in Eq. (4.2) for the MSSM. It is therefore well-justified to associate the Higgs mass with the a µ measurement to jointly constrain the SUSY parameter space. To provide a qualitative example of this interplay, notice that a larger enhancement of a µ can be obtained for a larger muon Yukawa coupling, which according to (4.12) results in a more important negative contribution to the Higgs quartic coupling from smuons, and in turn, this requires a larger positive stop correction in (4.11) to compensate the smuon one. We will explicitly illustrate this behavior in the next section.

Experiments have measured the value of the SM-like Higgs boson mass to a very high precision, with M h = 125.10 ± 0.14 GeV from a combined ATLAS and CMS result [81]. It is then of particular importance to calculate as precisely as possible the theoretical Higgs mass prediction in BSM models. Considerable progress has been achieved for the MSSM and beyond, and various methods, including fixed-order as well as Effective Field Theory (EFT) calculations, have been improved in the past years. The state of the art of Higgs mass prediction in SUSY models is reported in [82]. In the hierarchical scenario we are considering, the fixed order calculation is inadequate, since it gives rise to powers of ln M 2 S /M 2 t where M t is the top quark mass, and in the case of large mass hierarchies, these logarithmic terms will obstruct the convergence of the perturbative expansion. We will instead adopt the EFT approach, namely, we assume that all SUSY masses are above M S , much higher than the EW scale, so that the heavy SUSY particle can be integrated out at M S , leaving as an imprint threshold corrections to the Higgs quartic coupling. The MSSM threshold corrections are well studied in the literature [83,84], where the full one-loop and dominant two-loop expressions are computed. For a given generic model, supersymmetric or not, the formulae for one-loop threshold corrections are available in [85], and are readily applicable to the FSSM. On the other hand, the quartic coupling is extracted at the EW scale (chosen to be the top mass) from the measured Higgs mass then evolved up to M S using the two-loop renormalization group equations (RGEs) of the SM. Finally, the matching of the quartic coupling at the scale M S yields a constraint on the model parameters. While a brief summary of the FSSM and the main results are given in Sec. 4.3, details of this approach will be illustrated in Sec. 4.4.

FSSM model content and constraints from the Higgs mass

The FSSM comprises four Higgs doublets, with the superpotential

W =µ ud Ĥu Ĥd + µ u ′ d ′ Ĥ′ u Ĥ′ d + µ u ′ d Ĥ′ u Ĥd + µ ud ′ Ĥu Ĥ′ d -Y u Ĥu + Y ′ u Ĥ′ u Q Û c + Y d Ĥd + Y ′ d Ĥ′ d Q Dc + Y ℓ Ĥd + Y ′ ℓ Ĥ′ d L Êc (4.13)
The first line generalizes the µ-term in the MSSM, and the second line gives new contributions to the Yukawa Lagrangian. We also add the following two simplifications:

• We will not consider flavor-violating processes and therefore the Yukawa couplings

Y (′) u , Y (′) d , Y (′) l are diagonal.
• As we mentioned earlier, the Higgs doublets H u , H d provide masses to the third generation fermions, whereas both the first and second generation fermion masses are provided by

H ′ u , H ′ d .
The Yukawa couplings of the first generation are suppressed with respect to the second generation ones, hence we can reasonably ignore the former.

We denote the vev's of the neutral components of

H u , H d , H ′ u , H ′ d by v u , v d , v ′ u , v ′ d . It is convenient to define tan β ≡ v 2 u + v ′2 u v 2 d + v ′2 d 1/2 , tan β u ≡ v u v ′ u , tan β d ≡ v d v ′ d (4.14)
so the tree-level Higgs mass, generated by the D-term, is M 2

h tree = M 2 Z cos 2 2 β.
The first constraint on the parameters arises from the matching of the Higgs quartic coupling. At the EW scale, it is extracted from the Higgs mass using the public code mr [86], then we evolve this quartic coupling up to the SUSY scale (M S ) using SM RGEs. The result is matched to the FSSM prediction, which at tree-level is analogous to the MSSM prediction up to replacing

β → β: λ tree (Q) = 1 4 g 2 (Q) + g ′2 (Q) cos 2 2 β
, where Q denotes the renormalization scale. The one-loop threshold corrections are composed of:

∆λ reg + ∆λ f + ∆λ H + ∆λ χ (4.15)
where ∆λ reg accounts for the difference of the renormalization schemes, and ∆λ f , ∆λ H , ∆λ χ are respectively the contributions from sfermions, heavy Higgses, higgsinos as well as EW gauginos. In practice, the threshold corrections are obtained using the general formulae in [85]. Next, we employ the FSSM prediction of a µ in [80], but with the simplification of identical masses

M μL = M μR = M μ, µ = M 1 = M 2 , so the expression reduces to ∆a FSSM µ = 1 192π 2 M 2 µ M 2 μ tan β tan β d 1 + ϵ ℓ tan β tan β d g ′2 f 1 M 2 χ /M 2 μ + 5g 2 f 2 M 2 χ /M 2 μ (4.16)
The precise form of f 1 , f 2 , ϵ l will be given in the next section. We can see that compared to the MSSM prediction (4.2), the FSSM has an additional enhancement tan β d , assuming that tan β d ≫ 1. The second constraint corresponds to ∆a FSSM µ = 251 × 10 -11 -that the FSSM reproduces the experimental value of a µ .

Combining the two constraints, we are able to determine qualitatively the parameter space of the FSSM, for example, the stop mass M t, smuon mass M μ, muon Yukawa coupling and the tan β factors. In the particular case of the FSSM, and a chosen smuon mass range [1 TeV, 5 TeV], we notice that the smuon Yukawa coupling increases with M μ but stays O(1). On the other hand, the stop mass ranges from several TeV to approximately 100 TeV depending on the benchmark, exhibiting in certain cases a strongly hierarchical scenario. The plots are shown in Figure 1 and Figure 2 of the next section. The goal of this study is not simply constraining the FSSM but rather the application of a more general concept, that one can extract useful information from the Higgs mass in the case of high-scale SUSY models, and experimental anomalies, such as a µ , help to constrain the parameter space in conjunction with the Higgs mass.

Publication 1 Introduction

The discovery of a Higgs boson with mass around 125 GeV and properties compatible with the predictions of the Standard Model (SM) [1][2][3][4], combined with the negative (so far) results of the searches for additional new particles at the LHC, point to scenarios with at least a mild hierarchy between the electroweak (EW) scale and the scale of beyond-the-SM (BSM) physics. In this case, the SM plays the role of an effective field theory (EFT) valid between the two scales. The requirement that a given BSM model include a a state that can be identified with the observed Higgs boson can translate into important constraints on the model's parameter space.

One of the prime candidates for BSM physics is supersymmetry (SUSY), which predicts scalar partners for all SM fermions, as well as fermionic partners for all bosons. A remarkable feature of SUSY extensions of the SM is the requirement of an extended Higgs sector, with additional neutral and charged bosons. In contrast to the case of the SM, the masses of the Higgs bosons are not free parameters, as SUSY requires all quartic scalar couplings to be related to the gauge and Yukawa couplings. Moreover, radiative corrections to the tree-level predictions for the quartic scalar couplings introduce a dependence on all of the SUSY-particle masses and couplings. 1 In a hierarchical scenario such as the one described above, the prediction of the SUSY model for the quartic self-coupling of its lightest Higgs scalar, which plays the role of the SM Higgs boson, must coincide with the SM coupling λ SM extracted at the EW scale from the measured value of the Higgs mass and evolved up to the SUSY scale with appropriate renormalization group equations (RGEs). This condition can be used to constrain some yet-unmeasured parameters of the SUSY model, such as, e.g., the masses of the scalar partners of the top quarks, the stops.

While the new particles predicted by SUSY models -or, for that matter, those predicted by any other BSM model -have yet to show up at the LHC, precision experiments have seen tantalizing deviations from the predictions of the SM, particularly in measurements involving muons. Over the past few years the LHCb collaboration reported hints of lepton flavor violation in rare B decays [6][7][8][9], and earlier in 2021 the Muon g-2 Collaboration at Fermilab reported a new measurement [10] of the muon anomalous magnetic moment a µ ≡ (g -2) µ /2, consistent with the previous measurement by the E821 experiment at BNL [11]. In what might be considered currently the most striking deviation from the predictions of the SM, the combination of the two experimental results for the muon anomalous magnetic moment, a exp µ = 116 592 061(41) × 10 -11 , differs by 4.2 σ from the state-of-the-art SM prediction given in ref. [12], a SM µ = 116 591 810(43) × 10 -11 , which is based on refs. [13][14][15][16][17][18][19][20][21][22][23][24][25][26][27][28][29][30][31][32]. Supersymmetric extensions of the SM can accommodate an explanation for the observed discrepancy ∆a µ ≡ a exp µa SM µ = (251 ± 59) × 10 -11 . In the minimal of such extensions, the MSSM, a suitable contribution to a µ can arise from one-loop diagrams involving smuons, higgsinos and EW gauginos (namely, the SUSY partners of muons, Higgs bosons and EW gauge bosons). This contribution is suppressed by the ratio M2 µ /M 2 S -where M µ is the muon mass and M S represents the mass scale of the relevant SUSY particles -but it can be enhanced by a large value of the parameter tan β ≡ v u /v d , i.e. the ratio of the vacuum expectation values (vevs) of the Higgs doublets H u and H d , which give mass to the up-type and down-type fermions, respectively. However, since the Yukawa couplings of the down-type fermions f d in the MSSM are related to their SM counterparts by y MSSM f d = g SM f d / cos β, the requirement that the bottom and tau couplings remain perturbative up to the GUT scale sets an upper limit on the acceptable values of tan β, see e.g. ref. [33]. When such limit is taken into account, the masses of the SUSY particles entering the diagrams that provide the required contribution to a µ are typically restricted to the few-hundred-GeV range. This results in some tension with the direct searches for SUSY particles at the LHC, although specific regions of the MSSM parameter spacetypically, those with a "compressed" SUSY mass spectrum -remain still viable. 2 Recently, a new SUSY model in which a suitable contribution to a µ can be obtained even with smuon, higgsino and gaugino masses in the multi-TeV range was proposed in ref. [37]. The Higgs sector of the "Flavorful Supersymmetric Standard Model" (FSSM) 3 consists of four doublets, two of which, H u and H d , couple only to quarks and leptons of the third generation, whereas the other two, H u and H d , have much smaller vevs and provide masses to the fermions of the first and second generation. In this model the muon Yukawa coupling y FSSM µ , which determines the higgsino-muon-smuon and Higgs-smuon-smuon couplings entering the diagrams that contribute to a µ , can be of O(1) without implying non-perturbative values for y FSSM τ and y FSSM b . Indeed, the SUSY contribution to a µ in the FSSM is enhanced by v u /v d , which can greatly exceed the enhancement achievable in the MSSM when v d v d , in turn allowing for a stronger suppression by M 2 µ /M 2 S . Scenarios where all of the SUSY particles have masses in the multi-TeV range will be probed directly only at future colliders. However, as discussed in ref. [37], the extended Higgs/higgsino sector of the FSSM can accommodate interesting flavor-changing effects both in the lepton sector and in the quark sector, leading to constraints on the flavor structure of the Yukawa couplings. As mentioned earlier, a further constraint stems from the requirement that the lightest scalar in the Higgs sector be identified with the SM-like Higgs boson discovered at the LHC. Compared with the case of the MSSM, the presence of additional particles in the Higgs/higgsino sector and of additional O(1) couplings in the superpotential can affect the FSSM prediction for the SM-like Higgs mass, leading to different constraints on the parameter space of the model.

In this paper we study the Higgs-mass prediction of the FSSM and its interplay with the solution of the (g -2) µ anomaly. In the calculation of the Higgs mass we rely on the EFT approach, as appropriate to a hierarchical scenario where the BSM physics is somewhat removed from the EW scale. In section 2 we introduce the Higgs sector of the FSSM. In section 3 we obtain the one-loop threshold correction to the quartic Higgs coupling, adapting to the model under consideration the general formulas given in ref. [39]. Combined with two-loop RGEs for the SM couplings, this allows for the next-to-leading-logarithmic (NLL) resummation of the corrections to the Higgs mass enhanced by powers of ln(M S /M t ) (where, as usual, we take M t as a proxy for the EW scale). We also point out a potential issue stemming from large threshold corrections to the strange Yukawa coupling in case the four-doublet construction of the FSSM is extended to the quark sector. In section 4 we discuss the constraints on the parameter space of the FSSM that arise from the combined requirements of an appropriate prediction for the Higgs mass and a solution to the (g -2) µ anomaly. Section 5 contains our conclusions. Finally, in the appendix we provide explicit formulas for the tree-level Higgs mass matrices in the FSSM.

The Higgs sector of the FSSM

In this section we describe the Higgs and higgsino sectors of the FSSM, focusing on the hierarchical scenario in which the lightest scalar plays the role of the SM Higgs boson, while the remaining physical Higgs states are heavier.

The FSSM includes two SU (2) doublets of chiral superfields with positive hypercharge, Ĥu and Ĥ u , and two doublets with negative hypercharge, Ĥd and Ĥ d . The superpotential can be decomposed as W = W µ + W Y , where W µ generalizes the "µ term" of the MSSM:

W µ = µ ud Ĥu Ĥd + µ u d Ĥ u Ĥ d + µ u d Ĥ u Ĥd + µ ud Ĥu Ĥ d , (1) 
whereas W Y contains the interactions of the Higgs doublets with the quark and lepton superfields:

W Y = -(Y u Ĥu + Y u Ĥ u ) Q Û c + (Y d Ĥd + Y d Ĥ d ) Q Dc + (Y Ĥd + Y Ĥ d ) L Êc , (2) 
where all gauge and generation indices are understood. In ref. [37], where the focus is on the leptonic sector, the coupling Y is defined as a rank-1 matrix whose only non-zero element is (3,3), providing a tree-level mass to the tau lepton proportional to v d . The coupling Y is instead defined as a rank-3 matrix which provides mass and mixing terms proportional to v d to all of the charged leptons. In this setup the muon Yukawa coupling can in principle be larger than the bottom and tau ones, as long as v d v d . As discussed in ref. [37], the current bounds on lepton-flavor violating processes give rise to constraints on the off-diagonal elements of Y , which anyway are not relevant to the prediction for a µ at the considered level of accuracy. Finally, ref. [37] mentions that a similar construction can be implemented in the quark sector.

In this work we do not consider flavor-violating processes in either the lepton or the quark sector, but we rather focus on the interplay of the effects of O(1) flavor-diagonal couplings on the predictions for the SM-like Higgs mass and for a µ . We therefore adopt for simplicity a pared-down version of W Y , in which we include only flavor-diagonal couplings for the second and third generations:

W Y = -y c Ĥ u Q2 Û c 2 + y s Ĥ d Q2 Dc 2 + y µ Ĥ d L2 Êc 2 -y t Ĥ u Q3 Û c 3 + y b Ĥ d Q3 Dc 3 + y τ Ĥ d L3 Êc 3 -y t Ĥu Q3 Û c 3 + y b Ĥd Q3 Dc 3 + y τ Ĥd L3 Êc 3 . (3) 
remove the dependence of the mass matrices on four combinations of the original parameters. Most importantly, the terms that mix the components of Φ h with the components of the remaining doublets are either zero or proportional to v 2 (more specifically, to M 2 Z ). In a hierarchical scenario in which the masses of the BSM Higgs bosons are significantly higher than the EW scale, we can thus neglect their mixing with Φ h , and identify the latter directly with the Higgs boson of the SM. In contrast, the scalar, pseudoscalar and charged components of the three remaining doublets Φ H , Φ u and Φ d do mix with each other. 4 However, under the approximation of neglecting terms proportional to v 2 , the respective 3×3 mass matrices are all the same. We can then combine the eigenstates of the scalar, pseudoscalar and charged mass matrices into three heavy doublets H i (with i = 1, 2, 3), whose masses we denote as M H i . The condition for their decoupling from the lightest doublet is then

M H i M Z .
We now focus on the properties of the SM-like doublet Φ h . The tree-level mass of its scalar component is

(M 2 h ) tree = M 2 Z cos 2 2 β , (8) 
which differs from the analogous result in the decoupling limit of the MSSM only via the replacement of β with β. In the scenarios of interest for the solution to the (g -2) µ anomaly, one has v d v d . If the condition v u v u also holds, tan β and tan β are numerically very close to each other, hence the tree-level prediction for the SM-like Higgs mass in the FSSM is essentially the same as in the MSSM.

The SM-like couplings of Φ h to second-generation quarks and leptons are related at the tree level to the superpotential couplings in eq. ( 3) by

g c = y c sin β cos β u , g s,µ = y s,µ cos β cos β d , (9) 
while the couplings to third-generation fermions read

g t = y t sin β sin β u + y t sin β cos β u , g b,τ = y b,τ cos β sin β d + y b,τ cos β cos β d . (10) 
The relevant difference with the MSSM, in the context of the solution of the (g -2) µ anomaly, is the additional suppression by cos β d in the couplings of the SM-like Higgs to down-type fermions of the second generation. Consequently, in the FSSM superpotential of eq. ( 3), the muon Yukawa coupling can in principle be even larger the bottom and tau ones, as long as tan

β d 1.
For what concerns the couplings of Φ h to sfermions, the quartic couplings are proportional to the squared Yukawa couplings g 2 f defined as in eqs. ( 9) and (10). The main difference with respect to the MSSM stems from the left-right mixing parameters entering the trilinear Higgs-sfermion couplings in the combination g f X f . Those for the second-generation sfermions read

X c = A c -cot β tan β u µ u d + µ u d cot β d , X s,µ = A s,µ -tan β tan β d µ ud + µ u d cot β u , (11) 
the Higgs mass we extract the quartic Higgs coupling λ SM at the EW scale, evolve it up to the SUSY scale with the RGEs of the SM, and then require that λ SM (M S ) coincide with the FSSM prediction for the quartic coupling of the lightest Higgs scalar. This procedure allows us to determine one of the FSSM parameters, such as, e.g., a common mass term for the stops.

We obtain a full one-loop prediction for the quartic coupling of the SM-like Higgs doublet Φ h in the FSSM. Combined with the one-loop determination of the MS-renormalized parameters of the SM Lagrangian at the EW scale, and with the two-loop RGEs of the SM for the evolution up to the SUSY scale, this allows for the NLL resummation of the corrections to the SM-like Higgs mass. However, when they are available we use two-loop results for the determination of the SM parameters and three-loop RGEs for their evolution. While in the absence of a full two-loop calculation of the quartic coupling this cannot be claimed to improve the overall accuracy of the calculation, it does not degrade it either. Indeed, in the EFT approach the EW-scale and SUSY-scale sides of the calculation are separately free of large logarithmic corrections, and the inclusion of additional pieces in only one side does not entail the risk of spoiling crucial cancellations between large corrections.

We use the public code mr [41], based on the two-loop calculation of ref. [42], to determine the parameters of the SM Lagrangian -neglecting all Yukawa couplings except the top and bottom ones -in the MS renormalization scheme at the scale Q EW = M t . We take as input for the code a set of seven physical observables that we fix to their current PDG values [43], namely G F = 1.1663787 × 10 -5 GeV -2 , M h = 125.25 GeV, M Z = 91.1876 GeV, M W = 80.379 GeV, M t = 172.76 GeV, M b = 4.78 GeV and α s (M Z ) = 0.1179. The remaining SM parameters that we need to determine are the tau Yukawa coupling and the Yukawa couplings of the second generation. For the leptons we take as input the physical masses M τ = 1.776 GeV and M µ = 105.66 MeV, and obtain the MS Yukawa couplings directly at the scale Q EW = M t via the one-loop relation [44] g

(Q EW ) = 2 √ 2 G F M 1 + α 4π 3 ln M 2 Q 2 EW -4 + δ EW (Q EW ) , ( = τ, µ) , (14) 
where the EW correction stemming from the renormalization of G F reads 5

δ EW (Q EW ) = G F 8π 2 √ 2 3 M 2 t 1 2 -ln M 2 t Q 2 EW + M 2 h 4 . (15) 
For the second-generation quarks we take as input the MS-renormalized masses m c (m c ) = 1.27 GeV and m s (2 GeV) = 93 MeV [43], which we evolve up to the scale Q EW at the NLL level in QCD by means of eqs. (D4) and (D5) of ref. [45]. We then include the one-loop QED and EW corrections according to:

g q (Q EW ) = 2 √ 2 G F m q (Q EW ) 1 + 3 α 4π Q 2 q ln m 2 q Q 2 EW + δ EW (Q EW ) , (q = c, s) , (16) 
where Q q is the electric charge of the quark q, and δ EW (Q EW ) is given in eq. (15).

For the evolution of the SM couplings from the EW scale to the SUSY scale we use the set of three-loop RGEs provided in refs. [46][47][48], which however include only the third-generation Yukawa couplings. For the couplings of the second generation we use 2-loop RGEs from ref. [49], which are sufficient to our aim of a NLL resummation of the large logarithmic effects. Following refs. [46][47][48], we neglect the tiny contributions of the Yukawa couplings of the first two generations within the beta functions, apart from the overall multiplicative factors.

Once the SM couplings are evolved up to the SUSY scale, they are matched to the corresponding FSSM couplings, which enter the prediction for the quartic Higgs coupling. Since the Yukawa couplings enter only from one loop onwards, the tree-level relations in eqs. ( 9) and ( 10) are in principle sufficient for the NLL calculation of the Higgs-mass prediction. It is nevertheless convenient to take into account the one-loop "SUSY-QCD" corrections controlled by the strong gauge coupling g 3 to the relation between the quark Yukawa couplings of the SM and those of the FSSM. This amounts to redefining the quark Yukawa couplings as

ĝq (Q) = g q (Q) 1 -∆g q , (q = t, b, c, s) , (17) 
where g q (Q) are given in eqs. ( 9) and (10), and the correction ∆g q reads ∆g q = -g 2 3 12π 2 1 + ln

M 2 3 Q 2 + F 6 M qL M 3 + F 6 M qR M 3 - X q M 3 F 9 M qL M 3 , M qR M 3 , (18) 
where: M 3 is the gluino mass; M qL and M qR are the soft SUSY-breaking mass parameters for the scalar partners of the left-and right-handed quarks, respectively; X q are the left-right mixing parameters given in eqs. ( 11) and (12); the functions F 6 (x) and F 9 (x, y) are defined in the appendix A of ref. [50].

As was recently discussed in a systematic way in refs. [51,52] for the case of the MSSM, the use of the corrected Yukawa couplings ĝq absorbs ("resums") in the one-loop contribution to the quartic Higgs coupling a tower of higher-order corrections involving powers of g 2 3 X q /M S , where M S denotes the scale of the squark and gluino masses. In case X q /M S contains terms that are numerically enhanced (e.g., by a large ratio of vevs), such "resummation" ensures a better convergence of the perturbative expansion. We note that contributions to ∆g q controlled by the Yukawa couplings and by the EW gauge couplings also exist, but we do not consider them in our study as they are generally subdominant to those controlled by the strong gauge coupling. 6For what concerns the Yukawa couplings of the leptons, the only one-loop corrections that can be enhanced by a large ratio of vevs are those controlled by the EW gauge couplings. In particular, in the FSSM the muon Yukawa coupling is subject to corrections enhanced by v u /v d = tan β tan β d , which, following ref. [37], we absorb in the coupling via the redefinition

ĝµ (Q) = g µ (Q) 1 + tan β tan β d , (19) 
where the explicit formula for is given in ref. [37]. Being controlled by the EW gauge couplings, the term is itself of O(10 -3 ) only, but the overall correction in eq. ( 19) is not negligible for the values of tan β tan β d in the few-hundred range that -as will be seen in section 4 -are relevant to the solution of the (g -2) µ anomaly. For the tau Yukawa coupling, on the other hand, the analogous EW correction is enhanced at most by tan β, still with an O(10 -3 ) prefactor. We can thus neglect this correction in our analysis and define ĝτ (Q) = g τ (Q).

At this stage, an issue with the SUSY-QCD correction to the strange Yukawa coupling might be worth mentioning. Inspection of eq. (11) shows that the trilinear Higgs-squark coupling X s entering the correction ∆g s in eq. ( 18) includes the term µ ud tan β tan β d , which is the same combination of parameters entering the dominant higgsino-gaugino-smuon contribution to a µ . Being controlled by the strong gauge coupling, ∆g s is of the order of 10 -2 × tan β tan β d , and can easily reach and even exceed unity for the values of tan β tan β d relevant to the solution of the (g -2) µ anomaly. A particularly obnoxious situation occurs when ∆g s 1, in which case the corrected coupling ĝs in eq. ( 17) blows up, leading to unphysically large corrections and numerical instabilities. Since the higgsino-gaugino-smuon contribution to a µ takes the sign required to account for the observed anomaly when (µ ud M 2 ) > 0, the condition ∆g s 1 requires (M 2 M 3 ) < 0, as is the case in scenarios with anomaly mediated SUSY breaking (AMSB). 7 Even in scenarios where the SUSY-QCD correction suppresses ĝs rather than enhancing it, the condition |∆g s | > 1 means that the radiative correction to the strange quark mass arising from squark-gluino diagrams exceeds, and possibly by far, the tree-level contribution. This would complicate any attempt (which we do not make in this paper anyway) to obtain a realistic flavor structure for the quark sector of the FSSM. We remark that a trivial way out from this complication would consist in applying the four-doublet construction only to the lepton sector, and have all of the quarks receive their masses from the doublets H u and H d .

We now describe the one-loop matching condition for the quartic Higgs coupling in the FSSM. At a renormalization scale Q of the order of the SUSY particle masses, it takes the form

λ SM (Q) = 1 4 g 2 (Q) + g 2 (Q) cos 2 2 β + ∆λ reg + ∆λ f + ∆λ H + ∆λ χ , (20) 
where g and g are the EW gauge couplings. Again, we see that the tree-level matching condition differs from the analogous result in the MSSM only via the replacement of β with β. We assume that the EW gauge couplings are SM parameters renormalized in the MS scheme, i.e. we use directly the values obtained via RG evolution from the EW scale. Following ref. [50], we also assume that the

In the sfermion sector, we assume degenerate soft SUSY-breaking mass parameters M f12 for all firstand second-generation sfermions and M f3 for all third-generation sfermions. The sfermion contribution to the quartic Higgs coupling then becomes:

(4π) 2 ∆λ f = 2 3 ĝ4 c + 3 ĝ4 s + ĝ4 µ + ḡ2 2 3 ĝ2 c -3 ĝ2 s -ĝ2 µ cos 2 β + 2 3 g 4 + 5 3 g 4 cos 2 2 β ln M 2 f12 Q 2 + 2 3 ĝ4 t + 3 ĝ4 b + ĝ4 τ + ḡ2 2 3 ĝ2 t -3 ĝ2 b -ĝ2 τ cos 2 β + 1 3 g 4 + 5 3 g 4 cos 2 2 β ln M 2 f3 Q 2 + f =c,s,µ ĝ2 f N c X 2 f M 2 f12 2 ĝ2 f 1 - X 2 f 12 M 2 f12 + ḡ2 12 cos 2 β 3 c f -cos 2 β + f =t,b,τ ĝ2 f N c X 2 f M 2 f3 2 ĝ2 f 1 - X 2 f 12 M 2 f3 + ḡ2 12 cos 2 β 3 c f -cos 2 β , (23) 
where ĝf are the loop-corrected Yukawa couplings defined in eqs. ( 17)-( 19), the trilinear Higgs-sfermion couplings X f are given in eqs. ( 11) and ( 12), and we defined: ḡ2 ≡ g 2 + g 2 ; N c = 3 for quarks and N c = 1 for leptons; c f = 1 for f = c, t and c f = -1 for f = s, b, µ, τ .

In the Higgs sector, we assume that there is no mixing between the three doublets Φ H , Φ u and Φ d , i.e. we take the 3×3 matrix R H that rotates the heavy doublets from the Higgs basis to the basis of mass eigenstates to be the identity. We also assume a common mass M H for all three of the doublets. The heavy-Higgs contribution to the quartic Higgs coupling then becomes: (4π) 

Finally, for the higgsino sector we consider the same scenario as in ref. [37], namely θ u = θ d = π/4 and μ = µ , so that our choices for µ determine directly the relevant parameter µ ud . We also assume a common mass M χ for the higgsinos and the EW gauginos, i.e. M χ ≡ M 1 = M 2 = µ = μ. The higgsino-gaugino contribution to the quartic Higgs coupling then becomes: (4π) 

bosons and higgsinos/EW-gauginos, respectively. Note that we will henceforth refer to the common mass parameters for the sfermions as M μ and M t, because those are the masses of the first/second and third generation, respectively, that are most relevant to our discussion of (g -2) µ and of the Higgs mass constraint. We will also keep referring to the collective scale of the SUSY particle masses as M S . A further simplifying assumption consists in neglecting all contributions from the "primed" Yukawa couplings for the third generation, namely y t , y b , and y τ in eq. ( 3), as they do not give rise to contributions enhanced by large ratios of vevs. Finally, we take directly as input the stop mixing parameter X t , which enters the stop contribution to ∆λ f , thereby fixing via eq. ( 12) the soft SUSY-breaking trilinear coupling A t as a function of the other parameters. 8 For the remaining trilinear couplings in eq. ( 5), which are not involved in any enhanced contributions to ∆λ f , we assume

A c = A s = A µ = 0 and A b = A τ = A t .
In the FSSM, (g -2) µ receives contributions from one-loop diagrams involving smuons, higgsinos and EW gauginos that are enhanced by v u /v d = tan β tan β d . Explicit formulas for these contributions with full dependence on the relevant FSSM parameters -but under the assumption M S v, i.e. neglecting the effects of EWSB on the SUSY-particle masses and mixing -are given ref. [37]. In the simplified scenario considered here, where in particular

M μL = M μR = M μ, µ = μ = M 1 = M 2 = M χ , and θ u = θ d = π/4, they reduce to ∆a FSSM µ = 1 192π 2 M 2 µ M 2 μ tan β tan β d 1 + tan β tan β d g 2 f 1 M 2 χ /M 2 μ + 5 g 2 f 2 M 2 χ /M 2 μ , (28) 
where

f 1 (x) = 6x (1 -x) 4 7 + 4 x -11 x 2 + 2 (1 + 6 x + 2 x 2 ) ln x , f 1 (1) = 1 , (29) 
f 2 (x) = 6 5 (1 -x) 4 4 + 11 x -16 x 2 + x 3 + 2 x (7 + 2 x) ln x , f 2 (1) = 1 , (30) 
and represents the correction to the muon Yukawa coupling introduced in eq. (19). In our simplified scenario, the formula given in ref. [37] for this correction reduces to

= g 2 64π 2 g 1 M 2 χ /M 2 μ - 3 g 2 64π 2 g 2 M 2 χ /M 2 μ , (31) 
where

g 1 (x) = 2x (1 -x) 2 3-3 x+(1+2 x) ln x , g 2 (x) = 2x (1 -x) 2 -1+x-ln x , g 1 (1) = g 2 (1) = 1 .
(32) The requirement that the smuon-higgsino-gaugino contribution in eq. ( 28) provide the solution of the (g -2) µ anomaly corresponds to ∆a FSSM µ = 251×10 -11 . For a given choice of values of M μ and M χ , this can be solved for the product tan β tan β d , which in turn determines the enhancement of the mixing The remaining free parameters of our simplified FSSM scenario are fixed as tan β = 20, tan β u = 100,

X t = √ 6 M t and M H = M 3 = M χ .
for the ratio X t /M 3 enhances the loop-corrected top Yukawa coupling ŷt , whereas a negative value would suppress it and require somewhat heavier stops in order to satisfy the Higgs-mass constraint. However, we recall that, for positive values of X s /M 3 (i.e., negative values of µ ud /M 3 ), a fine-tuned choice of parameters such that ∆g s 1 might lead the strange Yukawa coupling to blow up, resulting in a large negative strange-squark contribution to the quartic Higgs coupling. Figure 2 shows that there are regions of the FSSM parameter space in which the interplay between the requirements of a suitable contribution to a µ and of a correct prediction for the quartic Higgs coupling implies a strongly hierarchical SUSY spectrum, with the stops being significantly heavier than smuons, higgsinos and EW gauginos. Unsurprisingly, in the scenario with M χ = M μ (the black dashed line) this happens for the largest values of M μ, when a large muon Yukawa coupling ŷ µ is needed to counteract the M -2 μ suppression of the smuon-higgsino-gaugino contribution to a µ , see eq. ( 28), and results in a large negative contribution to the quartic Higgs coupling, see eq. (34). Moreover, the left ends of the red, purple and (to a lesser extent) green lines show that very heavy stops may be needed also at lower values of M μ -where figure 1 shows that ŷ µ 1 is sufficient for the solution of the (g -2) µ anomaly -if the smuon contribution to the quartic Higgs coupling in eq. ( 34) is enhanced by a large ratio M χ /M μ. Even in regions of the parameter space where the SUSY spectrum is not strongly hierarchical, such as the right end of the red line in figure 2, the minimal value of M t required to obtain the correct Higgs-mass prediction can be significantly higher than the 2-3 TeV typically found in the MSSM. Finally, we find that for M χ 2 TeV (the yellow and blue lines) the smuon contribution to the quartic Higgs coupling never becomes substantial in our simplified scenario: at low M μ -where the desired contribution to (g -2) µ is obtained with ŷ µ 0.5 -there is little or no enhancement from the (M χ /M μ) 4 term in eq. ( 34), whereas at high M μ the corresponding suppression wins over the enhancement of ŷ µ . The mild residual dependence of the yellow and blue lines on M μ and M χ stems from the terms controlled by the EW gauge couplings in eqs. ( 23)- (25).

We remark that in our simplified FSSM scenario, where M χ ≡ M 1 = M 2 = µ = μ , the condition M χ /M μ > 1 implies that the LSP is a heavy sneutrino, which is generally disfavored by Dark Matter considerations [55,56]. While a detailed study of Dark Matter constraints on the FSSM parameter space is beyond the scope of our paper, using the general formula for ∆λ χ we verified that very heavy stops may be required even in scenarios where the LSP is always an EW gaugino. In particular, if we fix M 1 = 1 TeV and M χ ≡ M 2 = µ = μ we still find a rise in the stop mass similar to the black dashed line in figure 2 for M μ = M χ 4 TeV. However, we no longer see the rise at low M μ in the lines corresponding to larger M χ , because in this region the desired contribution to (g -2) µ is obtained with lower values of ŷ µ than in the case of degenerate gaugino masses.

It is interesting to note that, in contrast to what we find for the FSSM, in the MSSM the combination of the constraints from the Higgs-mass prediction and from (g -2) µ can yield upper bounds on the stop masses, see e.g. ref. [57]. Indeed, in the absence of large and negative contributions from other sectors, a large and positive contribution from heavy-stop loops to the prediction for λ SM must be compensated for by a suppression of the tree-level prediction via a lower value of tan β. However, in the MSSM this would also suppress the smuon-higgsino-gaugino contribution to a µ , jeopardizing the solution of the (g -2) µ anomaly. The interplay of the two constraints is different in the FSSM, because in this model the ratio of vevs that determines the tree-level prediction for λ SM can be varied independently of the ratio of vevs that enhances the smuon-higgsino-gaugino contribution to a µ .

Finally, we remark that, when the stops are an order of magnitude (or more) heavier than the other SUSY particles, our calculation of the Higgs mass loses accuracy, and we would need to build a two-step EFT setup in which the stops are separately integrated out of the FSSM at a scale comparable with their mass. However, the aim of our study is not a precise determination of masses that, for the time being, are beyond experimental reach, but rather a qualitative insight on the structure of this heavy-SUSY model. 9 The possibility of a hierarchical mass spectrum has obvious implications for the prospects of probing the FSSM at future colliders, and from the model-building point of view it might also complicate any attempt to devise a suitable mechanism of SUSY breaking.

Conclusions

A scenario for particle physics that is now looking increasingly plausible is the one where new physics manifests itself in one or more deviations from the SM predictions for rare processes or precision observables, but the BSM particles responsible for those deviations are too heavy to be discovered at the LHC. In this case, all possible clues should be exploited to unravel the structure of the heavy BSM sector, also to guide the searches for the new particles at future colliders. If a model that aims to explain the observed anomalies is supersymmetric, it will generally involve a prediction for the quartic coupling λ SM of the SM-like Higgs boson. Since all of the new particles in the SUSY model affect λ SM through radiative corrections, its prediction can reveal correlations between the sectors of the model that are involved in the observed anomalies and those that are not.

In this paper we studied the Higgs-mass constraints on the parameter space of a supersymmetric four-Higgs-doublet model, the FSSM [37], which was recently proposed as a solution of the (g -2) µ anomaly [10,11] with SUSY particle masses beyond the current reach of the LHC. We followed the modern approach of taking M h as an input rather than an output of our calculation, and we relied on an EFT setup to account at the NLL order for the large logarithmic corrections to the relation between the measured value of M h and the value of λ SM at the SUSY scale. In our one-loop calculation of the prediction for λ SM we adapted to the case of the FSSM the results derived in ref. [39] for a general renormalizable theory. We provided explicit formulas for the one-loop correction to the quartic Higgs coupling in a simplified FSSM scenario, but we make the result for the general FSSM available on request in electronic form.

We found that the prediction for λ SM establishes interesting relations between the parameters that contribute to (g -2) µ , namely the masses of smuons, higgsinos and EW gauginos, and the parameters in the stop sector. In particular, there are scenarios with a suitable SUSY contribution to (g -2) µ in which the stops need to be considerably heavier than smuons, higgsinos and EW gauginos, in order to compensate for a large and negative smuon contribution to the prediction for λ SM . The possibility of a hierarchical SUSY mass spectrum should be taken into account when assessing the prospects of probing the FSSM at future colliders.

As mentioned in ref. [37], further investigations of the FSSM could address the flavor structure of the quark sector, in which case the large corrections to the strange Yukawa coupling discussed in section 3 of our paper would need to be taken into account. Other directions of investigation could address the extended Higgs sector of the FSSM, exploring e.g. the collider phenomenology of the heavy Higgs bosons, or the stability of the scalar potential. With the present study, we aimed to provide a proof of concept -applicable also to other models and other anomalies -of how the Higgs-mass prediction can be used, in combination with other observables, to shed some light on the hidden structure of a SUSY model with heavy superparticles.

, Φ d,u = φ + d,u 1 √ 2 (φ d,u + i a d,u ) . (A1)
In this basis the mass matrices for the scalar (h, H, φ d , φ u ), pseudoscalar (G 0 , A, a d , a u ) and charged (G + , H + , φ + d , φ + u ) components of the four doublets read 1) and (4): 10 Our notation for the mixing parameters bij follows ref. [40]. Note however that the upper-left 4×4 blocks of the mass matrices shown in eqs. (31), (34) and (35) of that paper correspond to a different basis, namely ( Φ * d , Φu, Φ * d , Φ u ).

M 2 S =        M 2 Z cos 2 2 β -1 2 M 2 Z sin 4 β 0 0 -1 2 M 2 Z sin 4 β M 2 Z sin 2 2 β + 2 b 12 / sin 2 β -b 32 / cos β b 14 / sin β 0 -b 32 / cos β M 2 Φ d + 1 2 M 2 Z cos 2 β -b 34 0 b 14 / sin β -b 34 M 2 Φ u -1 2 M 2 Z cos 2 β        , (A2) 
M 2 P =        0 0 0 0 0 2 b 12 / sin 2 β -b 32 / cos β b 14 / sin β 0 -b 32 / cos β M 2 Φ d + 1 2 M 2 Z cos 2 β -b 34 0 b 14 / sin β -b 34 M 2 Φ u -1 2 M 2 Z cos 2 β        , (A3) M 2 ± =        0 0 0 0 0 M 2 W + 2 b 12 / sin 2 β -b 32 / cos β b 14 / sin β 0 -b 32 / cos β M 2 Φ d -M 2 W -1 2 M 2 Z cos 2 β -b 34 0 b 14 / sin β -b 34 M 2 Φ u + M 2 W -1 2 M 2 Z cos 2 β        , ( 
The minimum conditions of the Higgs potential have been used to remove four combinations of the original parameters from eqs. (A2)-(A4). In the limit of unbroken EW symmetry (i.e., v → 0), which we adopt in the calculation of the matching condition for the quartic coupling of the SM-like Higgs, the mixing between the SM-like scalar h and the three heavy scalars vanishes, and the 3×3 sub-matrices for the masses of the scalar, pseudoscalar and charged components of the heavy doublets Φ H , Φ d and Φ u all reduce to:

M 2 H =     2 b 12 / sin 2 β -b 32 / cos β b 14 / sin β -b 32 / cos β M 2 Φ d -b 34 b 14 / sin β -b 34 M 2 Φ u     . (A11)
We can then introduce a 3×3 orthogonal matrix R H that rotates the three heavy doublets of the Higgs basis into a basis of mass eigenstates:

   H 1 H 2 H 3    = R H    Φ H Φ d Φ u    , diag M 2 H 1 , M 2 H 2 , M 2 
H 3 = R H M 2 H R T H . (A12)
Chapter 5

Higgs alignment and W boson mass in Dirac gaugino models

Extensions of the SM often involve an enlarged scalar sector, and examples are the MSSM which contains two Higgs doublets and the FSSM including four Higgs doublets. While only one fundamental scalar has been discovered, one must address an important question: how do these models incorporate the SM-like Higgs boson? This question finds one trivial answer in the previous Chapter, where we considered high-scale SUSY models, in other words, the non SM-like Higgs bosons are much heavier than the SM-like one, so they decouple from the latter in the low-energy limit. A different, and phenomenologically interesting scenario is that the BSM particles are within reach of the current (or at least the near future) collider, but their mixing with the SM Higgs are suppressed by some underlying symmetries of the model. This is conventionally called alignment without decoupling, see for example [87][88][89][90][91].

Such possibility is realized, for example, in Dirac gaugino models [24,[92][93][94][95][96][97][98][99] -supersymmetric models where gauginos have Dirac masses. At tree level, alignment without decoupling is automatic [100], in addition, it is relatively stable under quantum corrections [101]. Beyond their favorable properties regarding alignment without decoupling, Dirac gaugino models also account for the recently measured W boson mass thanks to the presence of a triplet scalar. In this Chapter, we examine several Dirac gaugino models, beginning with their alignment properties and subsequently assessing their ability to enhance the W boson mass. In Section 5.1, we recall relevant notions and properties of Higgs alignment. In Section 5.2, we present the basic construction of Dirac gaugino models, as well as its implications in Higgs alignment and the W boson mass.

Higgs alignment

The main idea of Higgs alignment is that, in the presence of multiple scalars, the eigenstate of the scalar mixing matrix that acquires a non-zero vev is aligned with the observed Higgs boson and its properties turn out to be SM-like. To give a basic illustration, let us consider one of the simplest extensions of the scalar sector: the two-Higgs doublet model

The new coefficients are related to the old ones by the rotation angle β, with tan β ≡ v u /v d . Finally, we infer from (5.8) the CP-even squared mass matrix in the basis H SM , H N SM :

M 2 = Z 1 v 2 Z 6 v 2 Z 6 v 2 m 2 A + Z 5 v 2
(5.9)

where

m 2 A = - m 2 12
s β c β -λ 5 v 2 is the squared mass of the CP-odd neutral Higgs field. We can now rephrase the requirement for Higgs alignment as: one of the mass eigenstates of M 2conventionally considered to be the lightest one -is the SM-like Higgs boson H SM . In terms of the matrix elements, it amounts to the conditions

Z 6 = 0 and Z 1 v 2 = m 2 h ≈ (125 GeV) 2 (5.10)
which correspond to the scenario of exact alignment. Nevertheless, a moderate amount of deviations from (5.10), typically due to quantum corrections, is tolerated as long as they are not in conflict with precision measurements. When the non-SM scalars contain an electroweak singlet, with decomposition S = v s + (H S +ia 0 s )/ √ 2, the alignment conditions are very similar. Let us extend the 2HDM to include S, then same as before, one must rotate the two doublets {H u , H d } to the Higgs basis, while the singlet vev is unaffected by this change of basis. In the scalar potential, there are new singlet self-interactions and singlet-doublet couplings. We write the subsequent CP-even squared-mass matrix in the Higgs basis {H SM , H N SM , H S } as:

M 2 =    M 2 11 M 2 12 M 2 13 M 2 22 M 2 23 M 2 33   
(5.11)

Again, Higgs alignment requires that the SM-like scalar be decoupled from the others:

M 2 11 = m 2 h , M 2 12 = 0, M 2 13 = 0 (5.12)
While the above discussions involve the general 2HDM and 2HDM plus a singlet, what is the situation in some simple supersymmetric models? As we have presented in the last Chapter, the MSSM is a supersymmetric 2HDM, whose scalar potential is determined by the F -and D-terms at tree level. Higgs alignment in the MSSM is extensively studied in the literature [91,[102][103][104][105][106], which points to a possible alignment without decoupling, but this requires a specific choice of parameter regions where the tree-level and loop contributions to Z 6 approximately cancel. A priori, no symmetry of the model implies this cancellation, so alignment without decoupling in this case necessitates some amount of tuning. Similar analyses have also been performed on the NMSSM [107,108] which is the singlet extension of the MSSM, yielding various constraints on the scalar potential, but exact alignment is again not automatically satisfied.

Dirac gaugino models

Gauginos are the superpartners of the gauge bosons that can acquire mass through SUSY breaking. They are the fermionic component of the vector multiplet, which in the four-component notation is represented by a Majorana fermion. Whether gauginos have a Majorana ( M λλ + h.c.) or Dirac (M λψ + h.c.) mass is an important question because a Majorana mass term explicitly breaks R-symmetry, while a Dirac mass term preserves it.

In the MSSM, the gauginos have Majorana masses that reside in the soft SUSY-breaking Lagrangian, hence R-symmetry is broken. There are also viable models where gauginos have Dirac masses, and this class of models is called Dirac gaugino models. First introduced in [24] in order to provide mass to gluinos while preserving R-symmetry, Dirac gauginos have been, since then, substantially studied in non-minimal extensions of the SM. The simplest content comprises three chiral superfields that supplement the MSSM. Each chiral multiplet is associated with a gauge group, and transforms under the adjoint representation. We denote the singlet, SU (2) triplet and SU (3) color octet by S, T, O g respectively. The chiral multiplets enlarge the field content, with new complex scalars:

S = S R + iS I √ 2 , T = 1 2 T 0 √ 2T + √ 2T --T 0 , O (a) g = O (a) gR + iO (a) gI √ 2 (5. 13 
)
where

T 0 = 1 √ 2 (T R + iT I ), T ± = 1 √ 2 (T ±R + iT ±I ).
The fermionic components pair with gauginos to form a Dirac mass term. Details about the superpotential and the Lagrangian will be presented in Section 5.4. For the following discussions, we restrict to the couplings between the adjoint superfields and the MSSM Higgs superfields in the superpotential:

W ⊃ λ S SH u • H d + 2λ T H d • TH u (5.14)
In the first studies of Higgs alignment in Dirac gaugino models, one often assumed that the adjoint scalars S and T are very heavy, and consequently can be integrated out (see for example [97]). Since the color octet is not coupled to the scalars S and T , the resulting effective theory is a 2HDM. In the superpotential, λ S , λ T are not completely arbitrary. If one considers an underlying N = 2 SUSY in the gauge sector at a high energy scale, which contains an SU (2) R symmetry [96,100,[START_REF] Benakli | An Emergent Higgs Alignment[END_REF], these coupling constants are actually fixed by the gauge couplings:

λ S = g ′ √ 2 , λ T = g √ 2 (5.15)
Interestingly, (5.15) will imply that alignment without decoupling at tree level is automatic, i.e. the off-diagonal element of the mass matrix is vanishing (Z 6 = 0). In addition, including quantum corrections, the alignment condition is shown to be radiatively stable [101].

The above discussion is based on the effective theory where S and T are integrated out. Revisiting this assumption, one may be wondering how light can the singlet and triplet be. Note that the triplet vev in this model is constrained by electroweak precision measurements of the "ρ parameter", to which the triplet vev gives a tree-level contribution. Recall that ρ is related to the W boson mass through:

M 2 W ≡ ρ cos θ 2 W M 2 Z (5.16)
with θ W the Weinberg angle. According to [97], this vev is bounded by v T ≲ 3 GeV. Small triplet vevs are conventionally ensured by a large triplet mass1 , so in this case the triplet mass is bounded from below, m T ≳ 1 TeV.

On the other hand, it has not been sufficiently investigated to what extent the singlet can be light. The constraint mainly comes from the mixing between the singlet and the light Higgs, because the larger the mixing is, the stronger the direct search bound will be. One may choose to keep, or integrate out the triplet scalar, then investigate how the resulting model is restricted by approximate alignment. These scenarios will be examined in Section 5. 4.

Recently, hints of new physics appeared in the direct measurement of the W boson mass by the CDF Collaboration [25], with a better precision than the previous LEP, Tevatron and LHC results. The reported value is:

M CDF W = 80
.4335 ± 0.0094 GeV (5.17) and from the SM prediction [START_REF] Awramik | Precise prediction for the W boson mass in the standard model[END_REF][START_REF] Degrassi | The m W -m Z interdependence in the Standard Model: a new scrutiny[END_REF]:

M SM W = 80.357 ± 0.006 GeV (5.18)
the deviation is as large as 7σ. While waiting for confirmation from other experiments, it is interesting scrutinize how Dirac gaugino models accommodate this discrepancy. As we mentioned before, the triplet vev has a tree-level contribution to the ρ parameter, in the form:

ρ ≡ 1 + ∆ρ tree + ∆ρ = 1 + 4 v 2 T v 2 + ∆ρ (5.19) 
where ∆ρ stands for higher order corrections. The tree-level enhancement of m W from a triplet is well-known. It arises from the kinetic term of the triplet that includes a quartic coupling between two W bosons and two triplet scalars that acquire a vev v T . Therefore, Dirac gaugino models provide an intriguing explanation to the new CDF result, thanks to the adjoint triplet naturally present in these models. As a first approximation, we take the observed values of M Z and cos θ W , so the tree-level deviation of the ρ parameter is ∆ CDF ρ tree = 0.0012, implying v T ≈ 4 GeV, which is around the upper bound given previously.

For a more detailed analysis, the tree-level estimation is far from being sufficient. In fact, Dirac gaugino models also give rise to important quantum corrections to m W , and the latter may even compete with tree-level contributions for some specific parameter regions. To take into account these corrections, we will not restrict to Dirac gaugino models with an underlying SU (2) R symmetry, so the couplings λ S and λ T are arbitrary, and we will start from a general set of parameters that also allows for some R-symmetry breaking. In the meantime, we will compare different variants of Dirac gaugino models (with specific choices of parameters), involving both alignment properties and the predictions of the W boson mass. This work will be presented in Section 5.4.

The setup and main results

The superpotential of the Dirac gaugino model under consideration is, for the Higgs sector:

W = µH u • H d + λ S SH u • H d + 2λ T H d • TH u (5.20)
where λ S and λ T will be taken as independent parameters. The Yukawa superpotential is same as in the MSSM, given by

W Yukawa = Y ij u U c i Q j • H u -Y ij d D c i Q j • H d -Y ij e E c i L j • H d (5.21)
The effective superpotential for the Dirac gaugino masses is:

W DG = √ 2θ α [m DY SW 1α + 2m D2 tr (T W 2α ) + 2m D3 tr (OW 3α )] (5.22) 
with O ≡ 1 2 λ a O a and W iα denote the chiral gauge-strength superfields. We also take into account U (1) R R-symmetry breaking effects, encoded in the superpotential:

W N R =ξ S S + M S 2 S 2 + κ 3 S 3 + λ ST S tr(TT) + λ SO S tr(OO) + M T tr(TT) + M O tr(OO) + λ O 3 tr(OOO) (5.23)
The soft SUSY-breaking Lagrangian contains R-symmetry preserving and breaking terms, that can be found in the next section. The above information enables us to derive the tree-level mass matrix M2 tree in the basis h, H, S R , T 0 R . In particular, if we insert the conditions (5.15), then M 2 11 tree = M 2 Z . For a more complete analysis, we must also include radiative corrections to the entries of the mass matrix, as well as to Eq. (5.15), which will partially spoil the alignment. Some specific choices of parameters -depending for example on whether R-symmetry is broken -will result in different alignment properties, and these cases will be listed in Sec. 2.4 in the next section. One of them which is of particular interest is referred to as the aligned DGNMSSM 2 , where the triplet is decoupled, and the light Higgs does not mix with the heavy Higgs or with the singlet, while allowing for a possible Rsymmetry violation. Tree-level alignment can be achieved in this model through a specific set of parameters.

The second aspect we consider is the W boson mass prediction in Dirac gaugino models. In view of the recent CDF result, an enhancement of M W can be achieved in two ways: the vev of the triplet scalar and the quantum corrections. The latter receive a significant contribution from the triplet scalar interactions. As is mentioned before, the tree-level triplet vev is estimated to be v T ≈ 4 GeV in order to match ∆M 2 W = 11 (GeV) 2 . On the other hand, an evaluation of quantum corrections is carried out numerically. The different models are then compared in terms of their compatibility with collider constraints, and the aforementioned aligned DGNMSSM, for example, agrees with the experimental bounds. In particular, we observe the importance of quantum corrections to the W boson mass, which are at least as large as the tree-level contribution from the triplet expectation value v T and therefore, a sensible analysis of W boson mass must go beyond tree level.

Publication 1 Introduction

While constraints on heavy Higgs bosons in supersymmetric models are rather stringent at large tan β, excluding masses above a TeV, at small to moderate tan β direct searches do not place significant limits; only indirect constraints from B → sγ limit a heavy charged Higgs boson to be above 568 GeV, roughly independent of tan β [1]. On the other hand, in the Minimal Supersymmetric Standard Model (MSSM), this region is likely excluded for an additional neutral Higgs boson below a few hundred GeV due to modifications to the SM-like Higgs boson couplings. This has led to a lot of interest in extensions of the MSSM (or variants of the Two Higgs Doublet Model) where alignment without decoupling is possible [2][3][4][5][6][7][8][9], that is where the mixing between the SM-like Higgs boson and other scalars is minimised so that it aligns with the expectation values and has SM-like couplings.

Dirac Gaugino models [10][11][12][13][14][15][16][17][18], (see also, for example, ) accommodate scenarios where alignment without decoupling is automatic at tree-level [15,[66][67][68][69][70]. Under the assumption of an N = 2 supersymmetry in the gauge sector at some scale, these models contain an approximate SU (2) R R-symmetry which guarantees the tree-level alignment [67]. An investigation of the effects of quantum corrections showed that it is even radiatively stable [66], with competing effects partially cancelling.

These models have many interesting phenomenological properties, and have been extensively studied in the literature. They involve, at a minimum, an extension of the MSSM by three adjoint chiral superfields, one for each gauge group; the fermions from these pair with the gauginos to give them a Dirac mass. This means the presence of new scalar fields, in singlet, triplet and octet representations.

Actually, it has not adequately been investigated to what extent the singlet could be light in such models. One condition for this to be the case is that it should not disturb the couplings of the light Higgs -in other words, we should have some amount of alignments without decoupling. ATLAS and CMS both give constraints on the overall signal strength of the Higgs boson µ to be [71,72]: µ =1.06 ± 0.07 (ATLAS), µ = 1.02 While this still allows a moderate amount of mixing, the larger the mixing between the flavour eigenstates, the stronger the direct search bounds on the singlet will be.

Therefore in this work we will consider the conditions for an approximate alignment in which the light Higgs mixes neither with the Heavy Higgs nor with the singlet (the triplet being decoupled). This will lead to a scenario that we refer to as the aligned DGNMSSM.

Recently, the CDF experiment reported a new measurement of the mass of the W boson [73]. Compared to the SM prediction [73][74][75], this gives as averages (combined Tevatron+LEP [73,[76][77][78][79][80][81][82][83]):

M Tevatron+LEP W =80424 ± 9 MeV, M SM W = 80356 ± 6 MeV. (1.5)
If we take the central value of the top quark mass to be 172.89 GeV then the central SM prediction becomes 80352 MeV [84]. These differ by 7 standard deviations, although measurements at the LHC [85,86] also differ from the combination of Tevatron+LEP by 4 standard deviations, so at this stage confirmation is required by other experiments. Nevertheless, a modification to the W boson mass is one of the most generic effects of new light particles coupling to the electroweak sector, so such a hint is tantalising. It has generally been assumed in Dirac Gaugino models that the adjoint scalars should be heavy; indeed, the requirement that the triplet scalar vacuum expectation value (vev) must be very small compared to the Standard Model Higgs one -otherwise it would generate a large ρ parameter -is usually ensured by giving the triplet a heavy mass. Amusingly, following the new measurement, the simplest explanation for the enhanced W boson mass is exactly an expectation value for the neutral component of such a triplet. In this work we shall investigate that possibility in minimal Dirac Gaugino models.

Such a triplet scalar also comes along with electroweak fermions, which can modify the quantum corrections too. Therefore a precise computation is required. While a preliminary such computation was performed for the MRSSM [87] using an update to FlexibleSUSY [88,89], and a related computation was performed for the same model in [90], that model lacks a natural enhancement to the W boson quantum corrections. In this work we introduce a similarly precise computation in the package SARAH-4.15.0 and use it to examine the compatibility of our aligned DGNMSSM, along with four other scenarios -the "MSSM without µ term," the MDGSSM, the aligned MDGSSM and the general DGNMSSM -with the new measurement of the W boson mass, or a naive world average value of M world average W = 80411 ± 15 MeV. This work is organised as follows. In section 2 we summarise the essential details of the class of Dirac Gaugino models, including the vacuum minimisation conditions and mass matrices. The conditions for alignment are reviewed and a comparison is made with the cases of the MSSM and NMSSM. We also introduce the different variants we shall consider: the MSSM without µ-term; the MDGSSM, the DGNMSSM and the aligned DGNMSSM. In Section 3 we will study the predictions for all of these classes of models for the W boson mass, examining in particular the effects of a precise computation of the quantum effects. We present our conclusions in section 4.

Dirac Gaugino Models with Automatic Treelevel Alignment

Field content and interactions

We shall consider in this work the extension of the MSSM by a minimal matter content to allow Dirac Gaugino masses, as in [18,35]. The additional superfields consist of three chiral multiplets, in adjoint representations of the SM gauge group factors (DG-adjoints): a singlet S, an SU (2) W triplet T a , and an SU (3) C octet O a . If we require gauge-coupling unification, even more states should be added to the model. For instance, for an (SU (3)) 3 Grand Unification, the minimal set of chiral multiplets includes also extra Higgs-like doublets R u,d as well as two pairs of vector-like righthanded electron E 1,2 in (1, 1) 1 and Ẽ 1,2 in (1, 1) -1 . We will not consider these states here.

In order to develop an intuition for the different interactions involved, it is helpful to consider a simple picture where the model descends from a supersymmetric theory in D dimensions. The different states can appear in different sectors: some live in the whole D-dimensional bulk, others are localised on four-dimensional hyper-surfaces (branes) at points of the extra dimensions of coordinates x i = {x a i }, a = 5, • • • , D. The corresponding Lagrangian can be written as

d D x L = d D x {L bulk + i δ (D-4) (x -x i ) L (i) boundaries } , (2.1) 
where we have not explicitly written the metric factors. The four-dimensional theory arises after a truncation keeping only the compactification zero modes:

L 4d = L 4d bulk + L boundaries , (2.2) 
L 4d bulk = d D-4 x L bulk , (2.3) 
L boundaries = d D-4 x i δ (D-4) (x -x i ) L (i) boundaries . (2.4) 
A tree-level alignment in the Higgs sector appears in a class of models where the bulk theory leads to a four-dimensional Lagrangian with interactions governed by an N = 2 extended SUSY. In particular, the SM gauge fields and the DG-adjoint fields arise as N = 2 vector supermultiplets, and the two Higgs chiral superfields H d and H d form an N = 2 hypermultiplet, interacting through the superpotential

L 4d bulk ⊃ d 2 θ {µ H u • H d + λ S S H u • H d + 2λ T H d • TH u } , (2.5) 
where T ≡1 2 σ a T a , and the dot product is defined as

H u • H d ≡ ij H i u H j d = H + u H - d -H 0 u H 0 d . (2.6) 
The N = 2 SUSY has a global SU (2) R R-symmetry that rotates between the generators of the two N = 1 supercharges. The scalar components S, T a of S and T a , respectively, are singlets of SU (2) R . This R-symmetry rotates then between the auxiliary fields F a Σ of the adjoint superfields Σ a ∈ {S, T a } and the auxiliary component D a of the corresponding chiral gauge superfields W a i α for U (1) Y and SU (2) W . This implies that

( Re(F a Σ ) , D a , Im(F a Σ ) ) (2.7)
form a triplet of SU (2) R . As a consequence, in order that the interactions (2.5) of S and T a with the two Higgs doublets preserve SU (2) R , the couplings λ S and λ T must be related through

1 λ S = g Y √ 2 , and λ T = g 2 √ 2 (2.8)
to the couplings g Y and g 2 of the U (1) Y and SU (2) W gauge groups, respectively. Below the scale where the N = 2 SUSY is broken to N = 1, these relationships are spoiled by a small amount through renormalisation group running, so in numerical evaluations we must treat the couplings λ S and λ T as independent parameters. In addition to the SU (2) R R-symmetry which is broken in N = 1 (chiral) sectors, there is a global U (1) R R-symmetry under which the superspace coordinates θ α carry a -1 charge. The U (1) R charges of the H u and H d superfields are R Hu and R H d , respectively. They are arbitrary but subject to the constraint R Hu +R H d = 2. The DGadjoint superfields S, T a , and O a are R-neutral. Below, we shall classify the different N = 1 interactions following whether they preserve or break the U (1) R symmetry.

The boundary Lagrangian can be split into different contributions:

L 4d boundaries = L bulk localised + d 2 θ {W Y ukawa + W DG + W N R } + ∆L sof t .
(2.9)

Here, we denote by L bulk localised kinetic and interaction terms already present in the bulk theory L 4d bulk but appearing with relative coefficients that violate N = 2 supersymmetry. Such terms can a priori be present because the boundary theory preserves only N = 1 SUSY, thus the coefficients of these terms are less constrained. Here, for simplicity, we assume such terms to vanish at tree level, to be only generated by quantum loops after supersymmetry breaking, and will therefore be accounted for in our analysis, at least in part, through the radiative corrections.

Also in (2.9), we have the usual MSSM Yukawa superpotential W Y ukawa with the couplings responsible for the quark and lepton masses:

W Y ukawa = Y ij u U c i Q j • H u -Y ij d D c i Q j • H d -Y ij e E c i L j • H d , (2.10) 
which arises on the brane where the matter field supermultiplets are localised.

In this work, we consider a typical scale for the soft terms, for example squarks or gaugino masses, to be in the phenomenologically interesting range m sof t ∼ TeV. If we denote by Λ a higher scale, for instance related to supersymmetry breaking messenger mass scale or to the Planck scale, then we can consider the relative strength of the diverse SUSY-breaking terms as an expansion in powers of m sof t Λ . We will assume that SUSY-breaking terms in the gauge sector preserve the U (1) R R-symmetry, giving rise to Dirac gaugino masses, while Majorana masses might be generated only by higherorder interaction terms, therefore suppressed by additional powers of hidden-sector couplings and/or

m sof t Λ
where Λ could be the Planck scale (for gravity-induced effects). The effective superpotential for the Dirac gaugino masses reads

W DG = √ 2θ α m DY SW 1 α + 2m D2 tr(TW 2 α ) + 2m D3 tr(OW 3 α ) , (2.11) 
where O ≡ 1 2 λ a O a , and W i α are the chiral gauge-strength superfields. Finally, the superpotential W N R contains terms that break explicitly the U (1) R R-symmetry:

W N R = ξ S S + M S 2 S 2 + κ 3 S 3 + λ ST S tr(TT) + λ SO S tr (OO) +M T tr(TT) + M O tr (OO) + λ O 3 tr (OOO) .
(2.12)

The soft SUSY-breaking Lagrangian ∆L sof t can in turn be split in two parts. The first contains the scalar mass and interaction terms that preserve the U (1) R R-symmetry:

-∆L sof t R = m 2 Hu |H u | 2 + m 2 H d |H d | 2 + m 2 S |S| 2 + 2m 2 T tr T † T + 2m 2 O tr O † O + (m 2 Q ) ij Q † i Q j + (m 2 U ) ij U c † i U c j + (m 2 D ) ij D c † i D c j + (m 2 L ) ij L † i L j + (m 2 E ) ij E c † i E c j + t S S + 1 2 B S S 2 + 1 3 T κ S 3 + T ST S tr(T T ) + T SO S tr(OO) + B T tr(T T ) + B O tr (OO) + 1 3 T O tr(OOO) + h.c. . (2.13) 
The second part of ∆L sof t contains the scalar mass and interaction terms that break the U (1) R R-symmetry:

-∆L sof t N R ⊃ B µ H u • H d + T S SH u • H d + 2 T T H d • T H u + T ij u U c i Q j • H u -T ij d D c i Q j • H d -T ij e E c i L j • H d + h.c. , (2.14) 
as well as the Majorana mass terms M i (with i = 1, 2, 3) for the gauginos. In general, the mechanisms that break R-symmetry and SUSY could be independent of each other, hence in eqs. (2.13) and (2.14) we refrained from defining the soft SUSY-breaking trilinear couplings as proportional to the corresponding superpotential couplings. In this work we assume that the soft SUSY-breaking Higgs-sfermion-sfermion interactions in the second line of eq. (2.14) are suppressed with respect to the R-conserving sfermion mass terms in eq. (2.13). This can be realised in our D-dimensional picture if the quark and lepton superfields are localised on a brane that differs from the one where the breaking of the R-symmetry takes place. Since our study focuses on the electroweak sector of Dirac Gaugino models, we assume for simplicity that the scalar octet O a is heavy and can be integrated out of the theory. To insulate the singlet sector from threshold corrections involving the heavy octet, we also neglect the singlet-octet interaction term proportional to λ SO in the R-violating part of the superpotential, eq. (2.12), as well as the analogous term proportional to T SO in the R-conserving part of the soft SUSY-breaking Lagrangian, eq. (2.13). Similarly, since they cannot appear in some of our scenarios, for simplicity in the following we shall also neglect λ ST , T ST and the tadpole terms t S , ξ S .

The electroweak scalar sector and alignment

We can now discuss the neutral scalar sector of this class of models. The vacuum expectation values 2 (vevs) of the neutral components of the doublets H d and H u are related by v 2 u + v 2 d = v 2 , where v 246 GeV is the electroweak scale, and we define tan β = v u /v d . The neutral singlet and triplet scalars S and T 0 obtain vevs S = v S / √ 2 and T 0 = v T / √ 2, respectively. These lead to effective µ and B µ parameters:

µ eff ≡ µ + 1 √ 2 (λ S v S + λ T v T ), (2.15) 
B µ, eff ≡ B µ + 1 √ 2 (λ S M S + T S )v S + 1 √ 2 (λ T M T + T T )v T + 1 2 λ S κv 2 S . (2.16)
The vevs v S and v T are then determined as a solution for the coupled cubic equations:

κ 2 v 3 S + 1 √ 2 (T κ + 3κM S )v 2 S + m2 SR v S + v 2 2 √ 2λ S µ eff -g Y m DY c 2β -( 1 √ 2 T S + 1 √ 2 λ S M S + λ S v S κ)s 2β = 0,(2.17) m2 T R v T + v 2 2 √ 2λ T µ eff + g 2 m D2 c 2β - 1 √ 2 (T T + λ T M T )s 2β = 0, (2.18) 
where

m2 SR ≡ M 2 S + m 2 S + B S + 4m 2 DY , m2 T R ≡ M 2 T + m 2 T + B T + 4m 2 D2 , (2.19) 
are effective mass-squared parameters (at zero expectation value) for the real components S R and T 0 R of the neutral singlet and triplet scalars (the analogous masses for the imaginary components S I and T 0 I are m2 SI = M 2 S +m 2 S -B S and m2

T I = M 2 T +m 2 
T -B T , respectively). We know that v T must be small -namely, less than a few GeV -to avoid an overlarge tree-level ∆ρ, so to a good approximation we can set v T = 0 in the vacuum minimisation equation for v S , eq. (2.17), and decouple it from the one for v T , eq. (2.18); this would allow the cubic equation for v S to be solved using standard techniques. However, the current state of technology for the computation of loop corrections assumes that we take expectation values as being valid for the true minimum of the full quantum-corrected potential, so in our numerical studies we must take them as inputs. Especially for v T this can lead to complications; see [91] for a recent discussion of this issue.

To discuss the alignment in the Higgs sector, it is now convenient to introduce the so-called Higgs basis for the two doublets,

Φ 1 ≡ v d Φ d + v u Φ u v , Φ 2 ≡ -v u Φ d + v d Φ u v , (2.20) 
where we defined for convenience two doublets with positive hypercharge, Φ j u ≡ H j u and Φ j d ≡ij H * j d . In the Higgs basis the two doublets can be decomposed as

Φ 1 = G + (v + h + iG 0 )/ √ 2 , Φ 2 = H + (H + iA)/ √ 2 , (2.21) 
i.e., only the neutral component of Φ 1 has a non-zero vev, and the would-be-Goldstone bosons, G ± and G 0 , all lie in Φ 1 . In general, the neutral CP-even fields h and H mix with the neutral CP-even components of the singlet and the triplet. In the basis {h, H, S R , T 0 R }, the tree-level mass matrix reads

M 2 tree =      M 2 Z + ∆ h s 2 2β ∆ h s 2β c 2β ∆ hs ∆ ht ∆ h s 2β c 2β M 2 A -∆ h s 2 2β ∆ Hs ∆ Ht ∆ hs ∆ Hs m2 S λ S λ T v 2 2 ∆ ht ∆ Ht λ S λ T v 2 2 m2 T      , (2.22) 
where

∆ h = v 2 2 (λ 2 S + λ 2 T ) -M 2 Z , (2.23) 
∆ hs = v √ 2λ S µ eff -g Y m DY c 2β -( 1 √ 2 (T S + λ S M S ) + v S κλ S )s 2β (2.24) ∆ Hs = v -( 1 √ 2 (T S + λ S M S ) + v S κλ S )c 2β + g Y m DY s 2β , (2.25) 
∆ ht = v √ 2λ T µ eff + g 2 m D2 c 2β - 1 √ 2 (T T + λ T M T )s 2β , (2.26) 
∆ Ht = -v 1 √ 2 (T T + λ T M T )c 2β + g 2 m D2 s 2β , (2.27) 
M 2 A = 2B µ, eff s 2β , (2.28) m2 
S = m2 SR + λ 2 S v 2 2 -κλ S v 2 2 s 2β + 3κ 2 v 2 S + √ 2v S (T κ + 3κM S ), (2.29) m2 T = m2 T R + λ 2 T v 2 2 .
(2.30)

Exact alignment in the Higgs sector is obtained when one of the eigenstates of the CP-even mass matrix -in this work, we take it to be the lightest one -is aligned in field space with the direction of the SM Higgs vev, and thus has SM-like couplings to gauge bosons and matter fermions. This is equivalent to requiring that h itself be an eigenstate of M 2 , or in other words that M 2 1j = 0 with j = 2, 3, 4. If we make the reasonable assumption that the triplet is heavy, then this can be relaxed to just j = 2, 3. In addition, we will also refer in this work to cases where the singlet can be light without being potentially ruled out by direct searches. In this case we will require the supplementary condition that M 2 23 = 0.

We start our discussion by focusing on the alignment between the two doublets. The use in eq. (2.23) of the N = 2 condition for the singlet and triplet superpotential couplings, see eq. (2.8), implies ∆ h = 0 and M h = M Z , i.e. alignment is automatically realised at the tree level in this class of models, and the tree-level mass of the SM-like Higgs boson is independent of tan β but well below the value observed at the LHC. It is however well known that, in SUSY models, the radiative corrections to the Higgs mass matrix play a crucial role in lifting the prediction for the mass of the SM-like Higgs boson up to the observed value. Moreover, the radiative corrections to the condition in eq. (2.8) for the superpotential couplings of the adjoint superfields can where μ ≡ µ+λ S v S / √ 2. Comparing with the case of the MSSM, eq. (2.32), we see that the condition M 2 12 = 0 can be realised even in the absence of a large contribution from the terms proportional to µ eff A t /M 2 SUSY , as long as the singlet-doublet superpotential coupling takes values in the range λ 2 S ≈ (3 -4) M 2 Z /v 2 , where the exact numerical coefficient depends on the value of tan β. As first pointed out in ref. [7], this condition singles out the region of the NMSSM parameter space where λ S ≈ 0.7 ± 0.05, a much larger value than would be implied by the SU (2) R condition in DG models.

To summarise, the SU (2) R R-symmetry implies exact alignment at the tree level in the Higgs-doublet sector of the DG models, but the alignment is partially spoiled by the radiative corrections that are necessary to obtain a realistic value for the SMlike mass. Alignment in the MSSM can be realised only through radiative corrections, for large tan β and for specific choices of the parameters in the stop sector. Finally, doublet alignment in the NMSSM can be realised even without the help of radiative corrections for an appropriate choice of λ S , which -differently from the DG case with SU (2) R R-symmetry -is treated as a free parameter.

The second condition for Higgs alignment in DG models is M 2 13 = 0, i.e. vanishing mixing between h and S R . Including the dominant contributions from stop loops, we find:

M 2 13 = ∆ hs - 6y t λ S c β 16π 2 m t (A t -µ eff cot β) ln M 2 SUSY Q 2 + (...) , (2.34) 
where the tree-level mixing term ∆ hs is given in eq. (2.24), µ eff is given in eq. (2.15), and Q is the renormalisation scale at which the parameters entering ∆ hs are expressed. We assumed again a common soft SUSY-breaking mass term M SUSY for the stops, and we neglected terms suppressed by powers of m 2 t /M 2 SUSY . The various terms that contribute to ∆ hs arise from different sectors of the D-dimensional picture discussed earlier in this section: namely, µ and λ S enter the bulk superpotential in eq. (2.5); m 1D enters the R-conserving boundary superpotential in eq. (2.11); M S and κ enter the R-violating boundary superpotential in eq. (2.12); T S enters the R-violating SUSYbreaking Lagrangian in eq. (2.14). Therefore, even if we assume the N = 2 SUSY relation of eq. (2.8) between λ S and g Y , a vanishing M 2 13 can only result from an accidental cancellation between unrelated terms. We also note that, in contrast to the case of M 2 12 , the radiative correction to M 2 13 is not enhanced by tan β with respect to the tree-level part. Thus, its qualitative impact on our discussion of the alignment conditions is limited, as long as the scale Q is not too far from M SUSY .

The minimum conditions of the scalar potential can be exploited to express the mass parameters for the doublets and the singlet in terms of the other Lagrangian parameters and of the vevs v d , v u and v S . In particular, we obtain a relation between the mass parameter m2 SR for the real component of the singlet, see eq. (2.19), and the matrix element M 2 13 given in eq. (2.34):

m2 SR = - v 2 v S M 2 13 - v S √ 2 T κ + √ 2κ 2 v S + 3κM S . (2.35) 
Eq. (2.35) above shows that the condition of vanishing mixing between h and S R , however realised, carries implications for the mass of the singlet. The diagonal element for the singlet in the scalar mass matrix is

M 2 33 = m2 SR + 1 2 λ 2 S v 2 + √ 2T κ v S + κ 3κv 2 S + 3 √ 2M S v S -λ S s β c β v 2 + 3y 2 t λ 2 S c 2 β 32π 2 v 2 ln M 2 SUSY Q 2 + (...) , (2.36) 
where we applied the same approximations as in eq. (2.34) for the one-loop correction in the second line.

We now discuss the simplest case in which the global U (1) R R-symmetry is preserved in the superpotential but broken by soft SUSY-breaking terms, in which case we can set κ to zero. Since this implies a vanishing quartic self-coupling for the singlet, the stability of the scalar potential requires that we also assume T κ = 0, even if the trilinear self-coupling of the singlet resides in the R-conserving part of the soft SUSYbreaking Lagrangian. In this scenario, which we shall refer to as the aligned MDGSSM, eq. (2.35) shows that the alignment condition M 2 13 ≈ 0 requires m2 SR ≈ 0 or v S v. The first of these two options implies that the CP-even mass eigenstate that is mostly singlet is relatively light: setting m2 SR = 0 and κ = T κ = 0 in eq. (2.36), and neglecting the small effect of the one-loop correction, we find that the value λ S ≈ 0.7 favored by the alignment condition for the Higgs doublets in the NMSSM, see eq. (2.34), leads to M 2 33 ≈ (122 GeV) 2 , whereas the value λ S ≈ 0.25 implied in our Dirac-gaugino model by the N = 2 SUSY relation of eq. (2.8) leads to M 2 33 ≈ (44 GeV) 2 . We remark that the mixing between S R and the heavier, non-SM-like scalar H, which is controlled by 33 , and would in any case lower the mass of the singlet-like eigenstate.

M 2 23 , is suppressed when M 2 A M 2 
The definition in eq. (2.19) shows that even the vanishing of m2 SR requires a cancellation between terms that arise from different sectors of our D-dimensional construction: m 1D from the R-conserving boundary superpotential in eq. (2.11), M S from the R-violating boundary superpotential in eq. (2.12), m 2 S and B S from the R-conserving soft SUSY-breaking Lagrangian in eq. (2.13). If such cancellation is not realised, the alternative requirement for alignment implied by eq. (2.35) when κ = 0 is that v S v. This is not problematic as long as a suitable higgsino mass is provided by the µ term in the bulk superpotential, see eq. (2.5).

Finally, the third condition for Higgs alignment in DG models is M 2 14 = 0, i.e. vanishing mixing between h and T 0 R . The formulas for the relevant mass-matrix elements and for the minimum condition, including the dominant one-loop corrections from top and stop loops, are similar to eqs. (2.34)-(2.36), with the obvious singlet-to-triplet replacements but without terms analogous to those controlled by κ in the singlet case:

M 2 14 = ∆ ht - 6y t λ T c β 16π 2 m t (A t -µ eff cot β) ln M 2 SUSY Q 2 + (...) , (2.37) 
M 2 44 = m2 T R + 1 2 λ 2 T v 2 + 3y 2 t λ 2 T c 2 β 32π 2 v 2 ln M 2 SUSY Q 2 + (...) , (2.38) m2 T R = - v 2 v T M 2 14 .
(2.39)

The discussion of the constraints on the triplet mass induced by the condition of doublet-triplet alignment follows the lines of the discussion of singlet-triplet alignment for κ = 0, with the important difference that the condition v T v must in any case be satisfied to avoid an excessive contribution to ∆ρ. As a consequence, it is not necessary to require m2

T R ≈ 0 to obtain approximate alignment. Nevertheless, we remark that the condition of exact alignment M 2 14 = 0 would imply M 2 44 ≈ M 2 W through eqs. (2.37)-(2.39).

The electroweak fermion sector

We now outline the mass spectrum of the electroweak fermions, which will be relevant for our discussion examining the W boson mass. The neutralino mass matrix, in the basis S, B, T 0 , W 0 , H0 d , H0 u reads:

       M S + √ 2κv S m DY 0 0 - √ 2λ S g Y M Z s W s β - √ 2λ S g Y M Z s W c β m DY M 1 0 0 -M Z s W c β M Z s W s β 0 0 M T m D2 - √ 2λ T g 2 M Z c W s β - √ 2λ T g 2 M Z c W c β 0 0 m D2 M 2 M Z c W c β -M Z c W s β - √ 2λ S g Y M Z s W s β -M Z s W c β - √ 2λ T g 2 M Z c W s β M Z c W c β 0 -µ eff - √ 2λ S g Y M Z s W c β M Z s W s β - √ 2λ T g 2 M Z c W c β -M Z c W s β -µ eff 0        (2.40) The chargino masses, -1 2 ((v -) T M χ ± v + + h.c.) in the basis v + = ( T + , W + , H+ u ), v -= ( T -, W -, H- d ), are given by M χ ± =    M T m D2 + g 2 v T λ T vc β m D2 -g 2 v T M 2 g 2 v √ 2 s β -λ T vs β g 2 v √ 2 c β µ eff - √ 2λ T v T    (2.41)
and do not depend on κ, but we have written for completeness the Majorana gaugino masses M 1,2 for the bino and wino respectively.

Scenarios

We have described the general features of minimal Dirac Gaugino models, and explained how some values of the couplings allow Higgs alignment to automatically occur at tree-level. Below, we shall consider the following different scenarios corresponding to specific choices of the model parameters:

• General MDGSSM

In the general MDGSSM, the only source of R-symmetry violation comes from a small B µ term, which is a radiatively stable condition (the renormalisation group running will not generate other R-symmetry violating terms from a B µ term). This excludes all of W N R ; the only supersymmetric parameters beyond those of the MSSM retained are λ S , λ T , but those are allowed to have any value. Supersoft masses [13] are allowed, and soft supersymmetry-breaking masses are allowed, but squark/sfermion trilinears and T S , T T are not. On the other hand, trilinears involving the adjoint scalars may be allowed (so T κ , T ST , T SO ) but may be argued to be small in typical models. The couplings λ S , λ T enhance the Higgs mass and W mass at the same time; while large values of λ T were previously deemed problematic for the ρ parameter, they are now a virtue.

• MSSM without µ term (RIP)

This model, described in [14], is identical to the general MDGSSM execpt that the µ-term is set to zero (although a small v S generates a tiny effective µ). In the MSSM this would yield massless higgsinos, but here the higgsinos obtain a mass through λ T which causes them to mix with the triplet fermion. Thus the µ problem of the MSSM is solved, at the expense of an upper bound on the chargino masses, which, as we shall see, leads to the model being ruled out.

• Aligned MDGSSM By taking λ S , λ T to their their N = 2 values given in Eq. (2.8) in the general MDGSSM we guarantee alignment with the heavy Higgs at tree level. If we further impose that ∆ hs = 0, as described above, then the singlet also has negligible mixing with the SM-like Higgs. We shall refer to this scenario as the aligned MDGSSM.

• DGNMSSM

If we instead allow R-symmetry violation in the superpotential and the associated soft-breaking trilinears -in particular for κ, T κ and T S -we can generate µ and B µ terms through a substantial expectation value for the singlet. The model thus resembles the NMSSM, especially if we set the µ, B µ terms (and M S , M T ) to zero; this was proposed in [18]. We shall therefore refer to this scenario as the DGNMSSM.

• Aligned DGNMSSM

We can achieve aligment in the DGNMSSM by setting λ S , λ T to their N = 2 values and taking ∆ hs = 0. We shall refer to this scenario as the aligned DGNMSSM; in this work, when we consider the W boson mass, we shall also enforce ∆ Hs = 0 which guarantees that the singlet couplings to SM fields are small, rendering light singlets safe from collider searches.

W mass in Dirac Gaugino models

Dirac gaugino models offer two methods of explaining an enhancement of the W boson mass with respect to the SM: either quantum corrections or a tree-level expectation value for the triplet scalar. In the case of quantum corrections, there are new contributions to the W mass compared to the MSSM, again coming from interactions related to the adjoint triplet; in particular the coupling λ T . Recall the definition of the ρ parameter is M 2 W ≡ ρc 2 W M 2 Z ; through the presence of the adjoint triplet, DG models contain a tree-level modification to this relation compared to the SM:

ρ ≡ 1 + ∆ρ tree + ∆ρ = 1 + 4 v 2 T v 2 + ∆ρ. (3.1)
One could consider a modification to c W instead of ρ as an explanation of an enhanced W mass, but this is discounted based on electroweak precision tests (see e.g. [93]); on the other hand, a triplet expectation value is one of the most generic and acceptable ways of enhancing the W mass at tree level. Naively we could then take the observed value of M Z and the standard value of c W and infer the value of ∆ρ to obtain a given value of M W . However, in the SM and in any BSM theory it is necessary to take certain electroweak observables as input, and in our setup we will take the conventional choice of the Z mass, G F and α. When we modifiy ρ this gives both a modification to M W and a small modification to sin 2 θ W . At tree-level this is For a small v T , if we do not tune ∆ ht ≈ 0, then triplets must be heavy. However, we also need heavy winos to evade collider bounds and this implies large m D2 : the connection between electroweakino masses and the expectation value of the triplet is a novel feature of this class of models. In [64] the conclusion was that for winos above 700 GeV there were essentially no constraints on the higgsinos beyond LEP. If the contribution from m D2 dominates ∆ ht this implies

∆ tree M 2 W = c 2 W c 2 W -s 2 W (M 2 W ) SM ∆ρ tree , ∆ tree s 2 W = - s 2 W c 2 W c 2 W -s 2 W ∆ρ tree , (3.2 
m 2 T ∼ - g 2 vm D2 c 2β √ ∆ρ tree ∼ (1.8 TeV) 2 × 700 GeV m D2 × c 2β -1 × 0.0012 ∆ρ , (3.6) 
which is a natural scale for supersymmetric scalars. Of course, we can have lighter winos provided that the neutralino is not too light, above around 200 to 300 GeV [64]. However, the model also contains ample room for quantum corrections to also enhance the W mass. In the following, we shall investigate this for the different scenarios described in section 2.4.

Numerical setup

In order to accurately compute the quantum corrections to the W mass, we use a new EFT approach, closely related to that of [87], implemented in the spectrum-generatorgenerator SARAH. We use the expression: where (M 2 W ) SM is the full two-loop W mass in the SM, as computed in [75], depending on the pole masses of the Higgs boson, top quark, α s and ∆α (5) had . We use the interpolating function from that paper. When we use the average values of the Higgs mass of 125.09 GeV and the top quark mass of 172.89 GeV this function gives us M W = 80.354 GeV, just 2 MeV higher than the current world average for the W boson mass in the SM. The expressions computed in the square brackets are the differences between the high-energy theory (HET) and the SM:

M 2 W =(M 2 W ) SM 1 + s 2 W c 2 W -s 2 W c 2
∆ρ ≡Re Π HET ZZ (M 2 Z ) M 2 Z - Π HET W W (M 2 W ) M 2 W -Re Π SM ZZ (M 2 Z ) M 2 Z - Π SM W W (M 2 W ) M 2 W ∆r W ≡ Π HET W W (0) M 2 W - Π HET W W (M 2 W ) M 2 W + δ HET V B - Π SM W W (0) M 2 W - Π SM W W (M 2 W ) M 2 W + δ SM V B . (3.8) 
∆α are now the gauge threshold corrections between the HET and the SM for the electromagnetic gauge coupling divided by α (so they do not now depend on ∆α (5) had ). In SARAH, we compute the expression in square brackets at the matching scale, which is the mass of the heavy particles. We are therefore ignoring the running from that scale down to the electroweak scale, which is of controllable size, but will nevertheless be included in a future development of the code. One could argue that we should instead perform the matching at the electroweak scale, but then all of the loop functions will contain large logarithms and there can be larger, spurious, running of the couplings of the high-energy theory which can spoil the results.

In order to be a strict one-loop matching between the HET and the SM, the weak mixing angle in the above must be the M S or DR value at the matching scale Q:

s 2 W = g 2 Y (Q) g 2 2 (Q) + g 2 Y (Q) . (3.9) 
To extract this, we match the calculations of the Z-boson mass, α(Q) -and we also compute the decay of the muon at the matching scale. In practice, this means that we extract the couplings in the SM at the top mass scale without including the effects of new physics, then run them up to the matching scale. The threshold corrections to α between the two theories are simple to compute since it is unbroken and yield ∆α; the coupings g Y (Q), g 2 (Q) in the high-energy theory are chosen to solve the equation

c 2 W s 2 W =(c 2 W s 2 W ) SM ×
(1 + ∆α + ∆r) 1 + ∆ρ tree (3.10) where ∆r ≡ (1 + ∆ρ tree ) Π HET W W (0)

M 2 W - Π HET ZZ (M 2 Z ) M 2 Z + δ HET V B - Π SM W W (0) M 2 W - Π SM ZZ (M 2 Z ) M 2 Z + δ SM V B , (3.11) 
which is done iteratively by progressively running up and down and updating at each step, along with all the other quantities in the high-energy theory. The value for (c 2 W s 2 W ) SM includes a compensatory term for corrections from MS to DR if needed. In the SARAH model file, the couplings λ S , λ T , T S , T T are defined differently to the above: we have lam = -λ S , LT = √ 2λ T , T[lam] = -T S , T[LT] = √ 2T T . Hence in our plots and benchmark points we list the values in terms of -λ S , √ 2λ T , -T S , which makes the correspondence with the numerical codes exact.

MSSM without µ term

The "MSSM without µ term" proposed in [14] was an intriguing solution to the µ problem. It was however challenged by the requirement of having a high enough Higgs mass, chargino mass and not too large ρ; indeed the lack of intersection of points satisfying the latter two was demonstrated in [35]. It might therefore be tempting to revisit this model in light of the new data about the W mass. However, we shall demonstrate here that it is conclusively ruled out.

Putting aside the Higgs mass constraint, the see-saw effect on the charginos is a problem. LEP put a lower limit on the mass of the lightest chargino of 94 GeV [94][95][96]. In that model the chargino mass is

M χ ± -→ v T 0    0 m D2 2λ T g 2 M Z c W c β m D2 0 √ 2M Z c W s β -2λ T g M Z c W s β √ 2M Z c W c β 0    (3.12)
It is known that it is possible to fulfil the LEP bound by a careful choice of λ T and m D2 : a large value of λ T as well as m D2 around 107 GeV is needed to maximize the mass of the lightest chargino. It would then be made of a higgsino-wino mixture with two charginos that are light and one (wino-like) somewhat heavier. Unfortunately, subsequent LHC searches are especially sensitive to winos up to about 800 GeV, see [64].

It might be possible to evade this constraint if the light wino and neutralino are close enough in mass so that decays such as χ± → χ0 + W ± are not possible. Most likely this is difficult or impossible to achieve, but without a detailed investigation we cannot exclude the possibility that some region of parameter space might evade direct LHC searches; we can only apply the LEP constraint as a hard lower bound on the chargino mass.

In [35] it was demonstrated that that the corrections to ∆ρ were correlated with the lightest chargino mass; in order to evade the LEP bound, λ T has to be large and this drives large ∆ρ. Here we can give a striking confirmation of this observation by plotting the W mass against the lightest chargino mass for a sample of O(70000) spectra generated using SARAH. We fix the octet scalar, and all squark and slepton soft masses via m 2 O = m 2 q = m 2 l = 10 TeV 2 , and fix the gluino mass to 3 TeV; this We use a Markov Chain Monte-Carlo (MCMC) algorithm to generate points (this helps to obtain points with non-tachyonic spectra with Higgs mass close to the observed value compared to a random scan). There is not intended to be a genuine statistical interpretation of the distribution of the points, but the overall envelope should show where valid sets of parameters exist. The results are shown in figure 1, where the LEP constraint is shown as a vertical green band. It can be clearly seen that it is not possible to both satisfy the LEP constraint and have an acceptable value for the W boson mass; from the W boson mass alone we would predict a chargino of mass below 65 GeV.

W mass in the MDGSSM

In the minimal Dirac Gaugino extension of the Standard Model (MDGSSM) the most typical scenario is to assume that R-symmetry is broken only via a B µ term, i.e. the Higgs sector is special. It is identical to the previous model except that we allow a µ-term. This, however, makes all the difference: now the higgsino mass is not bounded from below, not requiring a large mixing with the winos; and further the enhancement to the Higgs mass is under control.

We perform a new MCMC scan with parameters allowed to vary within the ranges: We fix the octet scalar, and all squark and slepton soft masses via m 2 O = m 2 q = m 2 l = 10 TeV 2 , and fix the gluino mass to 3 TeV. We choose a likelihood function to be a product of a gaussian in the Higgs mass with mean 125 GeV and standard deviation 3 GeV, a gaussian in the W mass with mean 80.413 GeV and standard deviation 20 MeV, and a sigmoid on the constraints (given as the maximum ratio of predicted crosssection to observed, across all channels) from HiggsBounds5 [97][98][99][100], which strongly suppresses the likelihood when the observed cross-section ratio is greater than one, but is otherwise close to unity. This choice of likelihood function is merely a device to select desirable points, and the distribution of the points is not meant to have a statistical interpretation in terms of their Bayesian likelihood; in particular, the theory uncertainty on the Higgs mass does not have a statistical interpretation, and a window of 3 GeV is a conservative estimate of the average error, since we use the latest twoloop corrections in the generalised effective potential and gaugeless limit [60,[101][102][103] with pole-mass matching onto the SM [104] (see [105] for a recent review). Such a conservative window of 3 GeV is employed because only a relatively small proportion of points actually generate a spectrum, and in principle a two-stage procedure prefiltering points along those suggested in [64,106] would probably be more efficientor in addition the ability to invert the vacuum minimisation relations and compute v S , v T instead of treating them as inputs, but this is not yet automatically possible in the code in a way that would correctly incorporate the loop corrections to the Higgs masses [91].

We show plots in figure 2 for M W against v T (left plot), and then for M W against λ T (right plot), to show the points that benefit from large quantum corrections as the means of enhancing the W mass: the tree-level expectation just from modifying v T is shown as a solid red curve on the left plot. We also show as a dashed red curve the value of M W that would be obtained by insisting that the shift in ∆ρ only modifies M W without changing sin θ W (if a different method of matching onto the SM parameters were used, for example).

All points shown satisfy all Higgs bounds; have a charged Higgs heavier than 600 GeV (so are safe from B → sγ constraints [1]); have charginos heavier than the LEP limit and winos heavier than 600 GeV. These baseline selections are marked as blue points in the plots; there are about 36000, of which about 10000 have |v T | < 1 GeV. Points shown in yellow further have charginos heavier than 200 GeV, m D2 > 700 GeV; while those marked in green have charginos heavier than 250 GeV and m D2 > 800 GeV (about 1600 points in our sample survive these cuts). The green points are thus almost certainly guaranteed to be safe from current collider bounds (although they may yet be probed in future). The requirement of heavy charged Higgs scalars sets the MSSM-like neutral and pseudoscalar masses to be heavy, and essentially guarantees the safety of all selected points from constraints on the couplings of the SM-like Higgs. Nevertheless, we also filtered the green points with constraints from HiggsSignals [107,108]. The different categories of points show the expected wider range of enhancements to the W mass as the charginos become lighter. We provide a selection of benchmark points, with the input parameters and crucial data, in table 1.

The first clear observation is that the quantum corrections to the W mass are at least as important as the tree-level contribution from the expectation value v T , and the generic contribution to the W mass is positive with no points below the red curve. The asymmetry of the plot with v T is due to the fact that we only take positive Dirac gaugino masses. It is important to note that in the red curves we take the SM value of the W boson mass to be 80.352 GeV, whereas the fitting function of [75] as employed in SARAH gives a value of 80.354 GeV for the central values; and gives 80.356 for a Higgs mass at the lower bound of our permitted range of 122 GeV. However, it is clear that the quantum corrections in our sample are generally more important than ∆ρ tree . Indeed, with the parameter ranges we have chosen, we are not within the range of masses required for decoupling of the quantum corrections (we have checked that the quantum corrections to M W smoothly drop to near zero as the masses of all particles are raised to about 2 TeV or higher).

The second observation is that there is no clear correlation between the W mass and the parameter λ T . Due to our requirement of a large wino mass, the selected points have light neutralinos/charginos of mixed bino/higgsino type. The mass splitings among the higgsinos -and thus the contribution to the W mass -can be driven large by λ S and λ T . These couplings also enhance the Higgs mass at tree-level, so large values are favoured in the scans because we fixed the stop masses at √ 10 TeV. In this class of model there is therefore no particular preference for one or the other coupling.

Since the selected points generally have a mixed bino/higgsino LSP, they have good dark matter candidates, but it is expected that the relic density should be underdense. A detailed investigation of the dark matter-collider complementarity for scenarios satisfying the latest W mass data along the lines of [64] would be an interesting subject for future work, provided that the latest LHC analyses can be recast. As mentioned above, the possibility of a large λ T (and the presence of the singlet scalar/fermion) distinguishes higgsinos in this scenario from those in the MSSM. It is clear that this class of models provides a very natural explanation for an enhancement to the W mass compared to the Standard Model.

W mass in the aligned MDGSSM

In the aligned MDGSSM (where the only source of R-symmetry breaking is the B µ term, and we take T T = 0), we choose the parameters to induce alignment at treelevel in the MDGSSM (so λ S = g Y / √ 2, λ T = g 2 / √ 2 and m DY = c 2β µ eff ) but taking T S = 0 (which means the mixing of the singlet with the heavy Higgs cannot vanish unless it is heavy). To study this scenario we perform a scan with the same strategy as before except that now, since λ S , λ T are fixed, it is necessary to vary the masses of the stops/sbottoms to allow us to find the observed value of the Higgs mass; there is also therefore a preference for models with larger tan β since the tree-level contributions to the Higgs mass at low tan β are not sufficient. We therefore use a common mass for the third generation squarks M SUSY ; we set m We mostly find points with small µ/m DY and very little enhancement to the W mass because the electroweakinos tend to be light. We give benchmark points in table 2 and plots in figure 3 which demonstrate the lack of enhancement and scarcity of points (790 survived from a scan for one million).

W mass in the aligned DGNMSSM

We turn now to the case of the aligned DGNMSSM described in section 2.4. We set the couplings λ S , λ T to their N = 2 values and then choose m DY and T S to make ∆ hs and ∆ Hs vanish. This leads to m DY =c 2β µ eff Then

M 2 A =g Y v S (2µ eff - κv S √ 2s 2β ) = g Y v 2 S (g Y - κ √ 2s 2β ). (3.18) 
We perform a scan using the same strategy as the previous sections; we use a common mass for the third generation squarks M SUSY ; we set m In our scans we impose that all Higgs searches are satisfied using HiggsBounds and HiggsSignals. We show the results for the W boson mass in figure 4 where the points have the same colour coding as in the previous sections. It is apparent that in this model it is complicated to enhance the W boson mass. This is because we have only a small quantum effect from λ S , λ T , but also because the lightest neutralinos are typically rather light: since µ eff = g Y v S /2 we need a large v S 500 GeV (or 1 TeV for our more stringent points) to have heavy enough higgsinos. Then we need κ negative and not too small to avoid a too-small pseudoscalar/charged Higgs mass (if we neglect κ then M A is bounded by g Y v S , so M A > 600 GeV requires v S 1700 GeV, at the limit of our search range). So this implies that the singlino is generally heavy compared to m DY : In figure 4 we show the scan results with the same colour coding as in previous sections. It is clear that in this scenario, models which can explain a large W mass are driven by a larger v T with some modest quantum corrections enhancing the mass by O(10) MeV; there is very little spread due to the lack of variation in λ T . However, it is difficult to find points with large enough v T that satisfy other bounds.

m DY √ 2κv S = g Y c 2β 2 √ 2κ . ( 3 
Another feature of the selected points is that in almost all cases v T > 0; considering T T = M T = 0 in equation (2.18) means that in order for m2

T R > 0 (so that, at least, the pseudoscalar triplet should be non-tachyonic, since we take B T = 0) and v T < 0 we would need µ eff > |m D2 c 2β |. But we need large tan β to obtain the correct Higgs mass, and therefore g Y v S /2 m D2 ; for our selected points we require a minimum of m D2 > 600 GeV, and so v S would again be beyond our search range.

Since we are interested here in alignment, we may have a light singlet scalar without falling foul of either light Higgs or heavy Higgs searches. In this limit we have m2 S →

1 4 2v S ( √ 2T κ + 3 √ 2κM S + 4v S κ 2 ) + v 2 g Y (g Y - √ 2κs 2β ) . (3.21) 
T κ of opposite sign to v S allows the singlet to be made light while making M A arbitrarily heavy. In the scan, we do not impose any likelihood bias to search for points with a light singlet, but we show benchmark points passing all constraints which have light singlet masses in table 3. They show a W mass consistent with the SM prediction.

W mass in the general DGNMSSM

Finally we consider the general DGNMSSM, where we allow the values of λ S , λ T to vary and do not fix the values of m DY or T S to require alignment but scan over them. This means that we will not focus on light singlet (or doublet) scalars. Similar to the aligned case, there is still a see-saw effect on the lightest neutralino mass due to the non-zero singlino mass, which can drive down the quantum corrections to the W boson, but a large |λ T | can compensate for this and also help enhance the SM-like Higgs mass. We perform a scan using the strategy as in sections 3. We give plots in figure 5 with the same colour coding as in the previous sections; the difference in the distribution to the previous examples is rather striking. It is clear that in this scenario a large negative λ T and a positive v T is favoured; this gives a tree-level enhancement to the Higgs mass and a loop-level enhancement to the W -boson mass.

The singlino component will mix less with the higgsinos than in the MDGSSM because of the √ 2κv S singlino mass, and thus the effect of λ S on the W mass is diminished. The asymmetry in the signs of λ T and v T can be explained by the fact that we only take positive Dirac gaugino masses in the scans.

Conclusions

We have shown that an aligned Dirac Gaugino NMSSM is possible and compatible with current collider constraints; it can even lead to relatively light singlet scalars that may be of interest to future searches (although would be rather difficult to find directly as they are difficult to produce). Such a model favours a W boson mass compatible with or just above the SM prediction. We also showed how two different Dirac Gaugino scenarios can easily be compatible with an enhanced W boson mass, including a precise computation of the quantum corrections for the first time, which are now incorporated automatically in the package SARAH. We also used this computation to add more nails to the coffin of the "MSSM without µ term."

We have been conservative in our application of collider constraints and concluded that the MDGSSM models would typically contain underdense dark matter densities. However, it would be interesting to examine the issue of dark matter and collider constraints again in all of these classes of models when all the latest searches for electroweakinos have been recast; we have provided ample benchmark points for this purpose. In the DGNMSSM or its aligned version, if we impose strict R-parity or have a heavy gravitino (by no means entirely obvious assumptions), it may be that we require a Higgs funnel to obtain the correct relic density, which would require a sophisticated search strategy to find allowed parameter ranges, along e.g. the lines of [106]. However, it is also likely that a light singlino in the aligned DGNMSSM could fulfil the role of the Higgs funnel. We leave these questions to future work.

Conclusions

The theory of spins s ≤ 1 has been established for a long time. Meanwhile, the construction of a consistent action for higher spin particles, both in the massive and massless, charged and uncharged cases, continues to be studied to this day. In particular, the propagation of charged massive higher spins suffers from severe pathologies, historically known as the Velo-Zwanziger problem. In Chapter 2, we addressed this issue and provided an answer in the case of charged massive spin-3/2 and spin-2, in a constant electromagnetic background. In the Lagrangians, the spin-3/2 and spin-2 are coupled to lower spins. Though we have not found a way to decouple different states off shell, we were able to decouple them at the level of equations of motion and constraints, through field redefinitions.

For spin-2, we recovered on shell the Fierz-Pauli system, same as that derived from the Argyres-Nappi Lagrangian, but our Lagrangian is more complicated due to the presence of more states on the mass level. For spin-3/2, we obtained equations of motion and constraints that, as far as we know, do not exist in the literature. This on-shell system guarantees causality, correct degrees of freedom and gyromagnetic ratio g = 2. It is interesting to note that in [11], the γ-trace constraint γ µ ψ µ = 0 was only enforced up to a certain order, and it turned out that none of the proposed modifications to the Lagrangian escaped from acausality. In [59], it was shown that causality is ensured if this trace constraint is exact to all orders. In our case, we precisely find the constraint γ µ ψ µ = 0, whereas the divergence constraint itself is shifted by electromagnetic coupling.

The higher spin studies are not only of field-theoretic interest, but also important phenomenologically. Many authors have investigated the production of higher spin particles in early universe, and particular attention has been paid to gravitinos in supergravity theories. In Chapter 3, we studied a pathological gravitino propagation pointed out in [20]: the gravitino production becomes divergent when its sound speed vanishes. Our question was whether such behavior exists is linear N = 1, d = 4 supergravity. When the matter content is one chiral multiplet, the sound speed is always equal to the speed of light [16][17][18]. In the presence of more than one fermion, the definition of a physical sound speed needs more care, which involves diagonalizing a coupled system of equations of motion. We have shown that, both for two chiral multiplets and one chiral plus one vector multiplet, the sound speed never vanishes and therefore no divergent production will happen.

In Chapter 4 and 5, we moved to SUSY candidates for experimental anomalies. First, we have investigated in Chapter 4 the role of Higgs mass in constraining high-scale SUSY models. Our starting points are that, on one hand, the Higgs quartic coupling receives radiative corrections from all SUSY particles, and on the other, the Higgs mass is measured with a high precision, and therefore can be used as an input. When the SUSY scale is much higher than the EW scale, it is reasonable to adopt an EFT approach. For a proof of concept, we have taken the example of the FSSM, a supersymmetric four-Higgs-doublet model, which was proposed in [80] as a solution to the muon (g -2) anomaly with multi-TeV sleptons. We have shown that, the Higgs mass in conjunction with the muon (g -2) yields various constraints on the parameters of the FSSM. The principle of our method is general, and can be applied to other (high-scale SUSY) models, or other anomalies.

It is also phenomenologically interesting to consider SUSY models that are within the reach of current colliders. As SUSY extensions of the SM feature an extended scalar sector, the crucial point is that one of the scalars must be the SM-like Higgs, while its coupling to other scalars should be sufficiently suppressed to have escaped detection. In Chapter 5, we discussed the Dirac gaugino models that have good alignment properties compared to the MSSM and the NMSSM. And intriguingly, thanks to the triplet scalar in the model, one naturally obtains a tree-level enhancement to the W boson mass, so as to accommodate the recent CDF measurement. A numerical analysis is performed, pointing out the importance of quantum corrections to m W , that may become as large as the tree-level contribution.

  Replacing D n h mn by -2c m , the divergence D n R (mn) gives an equation for c m D 2 -2 c m + 2i mn c n = 0 (4.52) The divergence D n R [mn] combined with the equations of motion of c m gives the same result. Different from the equation of motion of a massive charged vector boson with 3 propagating degrees of freedom, see for instance (4.30), the above equation lacks the divergence term D m D n c n , because c m has non-physical degrees of freedom. The equations of motion of c m (4.36) yields
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 2 Figure 2: Values of the stop mass M t that result in the correct prediction for the Higgs mass when tan β d is fixed by the requirement that the smuon-higgsino-gaugino contribution solve the (g -2) µ anomaly, as a function of the smuon mass M μ and for different values of the common higgsino/gaugino mass M χ . The remaining free parameters of our simplified FSSM scenario are fixed as tan β = 20, tan β u = 100, X t = √ 6 M t and M H = M 3 = M χ .

  A4) where the mass parameters M 2 Φ d,u and the mixing parameters 10 b ij are combinations of the original mass parameters and B-terms as defined in eqs. (

  ) so if we want to obtain M W = 80.424 MeV we need ∆M 2 W = 11 (GeV)2 . Taking s 2 W = 0.23121 this gives∆ CDF ρ tree =0.0012 ∆ CDF tree s 2 W = -4 × 10 -4 .(3.3)Interpreted as a tree-level expectation value for the triplet, this yieldsv T 4 GeV,(3.4)which was previously at the upper bound of what was acceptable.In the minimal Dirac gaugino model, we have from equation (2
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 1 Figure 1: W boson mass vs lightest chargino mass for points generated in the 'MSSM without µ-term.' The horizontal bands show the SM, Tevatron and world average masses for the W boson mass; the vertical green band shows the LEP constraint on the lightest chargino.

m

  DY ∈ [100, 700] GeV, m D2 ∈ [100, 1200] GeV, v S ∈ [-50, 50] GeV, v T ∈ [-5, 5] GeV µ ∈ [0, 1000] GeV, B µ ∈ [10 4 , 10 6 ] ( GeV) 2 , √ 2λ T ∈ [-1.5, 1.5], λ S ∈ [-1.5, 1.5], tan β ∈ [2, 50]. (3.14)
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 2 Figure 2: Left: W boson mass vs v T in the MDGSSM, with the red curve showing the tree-level prediction. Right: W boson mass vs √ 2λ T in the MDGSSM. Colours of the points are described in the text, with those obeying the strictest cuts shown in green. The colourful horizontal bands show the SM range in light orange; the Tevatron+LEP average in purple, and a conservative world average in green.
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  are scanned via the same MCMC algorithm in the ranges:m D2 ∈ [400, 1500] GeV, v S ∈ [-250, 250] GeV, v T ∈ [-5,5] GeV µ ∈ [-1000, 1000] GeV, B µ ∈ [10 4 , 10 6 ] ( GeV) 2 , M SUSY ∈ [2, 10] TeV, tan β ∈ [2, 50]. (3.15)
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 3 Figure 3: Points in the aligned MDGSSM. Left: M W against triplet expectation value. Right: M W against singlet-like scalar mass. Colour coding as for previous plots.

2 Q, 33 = m 2 U, 33 = m 2 D, 33 = M 2 SUSY

 2332332332 (the other squarks and sleptons we retain fixed at √ 10 TeV). Then we scan with the parameter ranges, using the same likelihood function as before:M SUSY ∈ [2000, 10000] GeV, m D2 ∈ [400, 1500] GeV, v S ∈ [-1500, 1500] GeV, v T ∈ [-5, 5] GeV κ ∈ [-1.5, 1.5], T κ ∈ [-2000, 2000] GeV, tan β ∈[2, 50].(3.19) 
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 204 Figure 4: W boson mass in the aligned DGNMSSM. Left: W boson mass against triplet expectation value. Right: W boson mass against singlet-like Higgs mass. Colour coding of points is described in the text.

2 and 3 . 3 ,

 33 with the parameter ranges: m DY ∈ [100, 700] GeV, m D2 ∈ [150, 1200] GeV, v S ∈ [-700, 700] GeV, v T ∈ [-5, 5] GeV κ ∈ [-1.5, 1.5], T κ ∈ [-2000, 2000] GeV, T S ∈ [-4000, 4000] GeV, λ S ∈ [-1.5, 1.5], √ 2λ T ∈ [-1.5, 1.5], tan β ∈ [2, 50]. (3.22)
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 5 Figure 5: W boson mass in the general DGNMSSM. Left: W boson mass against triplet expectation value. Right: W boson mass against λ T . Colour coding of points as in previous figures.
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  Hence if we allow a 3σ deviation from the ATLAS result, we require1 -|S 11 | 2 = |S 12 | 2 ≤ 0.15 -→ |S 12 | < 0.39.

				+0.07 -0.06 (CMS).	(1.1)
	If the Higgs boson h mixes with an inert singlet s, then we can write the mass eigen-states h, S as
	h s	=	S 11 S 12 -S 12 S 11	h S	(1.2)
	then we will find that				
			µ =|S 11 | 2 ≤ 1.		(1.3)

(1.4) 

Table 1 :

 1 Benchmark points for the MDGSSM. Input parameters are given above the double line, and masses of the most important particles below.

		MDG1 MDG2 MDG3
	m DY (GeV)	280	285	245
	m D2 (GeV)	983	941	940
	µ (GeV)	276	255	353
	tan β	48	46	47
	-λ S √ 2λ T	1.179 -0.487	1.074 0.502	1.112 0.099
	B µ (GeV) 2 828838 794477 938787
	v S (GeV)	5.0	4.3	1.4
	v T (GeV)	2.3	2.7	2.8
	m h 1 (GeV)	125.4	124.7	124.7
	m h 2 (GeV) 3120.9 2274.3 2405.8
	m A 1 (GeV) 2394.2 1221.4 1456.5
	m H ± 1 m χ0 1 (GeV) (GeV) 2400.2 1213.0 1455.3 217.9 231.5 233.0 m χ± 275.9 362.0 1 (GeV) 255.0 m W (GeV) 80.425 80.420 80.421

Table 2 :

 2 Benchmark points with a light singlet in the Aligned MDGSSM

	2 Q,33 = m 2 U,33 = m 2 D,33 = M 2 SUSY (the

Table 3 :

 3 Benchmark points for the "aligned DGNMSSM". Input parameters are given above the double line, and masses of the most important particles below.

		A-DGN1 A-DGN2 A-DGN3 A-DGN4
	M SUSY (GeV)	6368.4	5186.5	8219.5	8702.9
	m D2 (GeV)	802	991	932	923
	tan β	26	11	29	22
	κ	-0.418	-0.332	-0.446	-0.418
	v S (GeV)	1417.4	1402.4	1337.0	1488.8
	v T (GeV)	0.2	0.1	0.1	0.8
	T κ (GeV)	-595.6	-267.5	-648.0	-639.4
	m h 1 (GeV)	124.1	122.9	125.2	123.4
	m h 2 (GeV)	353.5	417.6	347.2	353.9
	m h 3 (GeV)	1838.5	1284.5	1843.0	1803.0
	m h 4 (GeV)	6710.7	12226.0	10817.9	4056.2
	m H ± 1 m χ0 1 (GeV) (GeV) m χ± 1 (GeV) m W (GeV)	1841.4 72.2 280.1 80.362	1288.5 84.2 274.6 80.361	1846.1 64.5 265.1 80.361	1806.2 75.2 291.9 80.363

Table 4 :

 4 Benchmark points for the general DGNSSM. Input parameters are given above the double line, and masses of the most important particles below.

	1.309 -1.361

We consider the case with only one generator, which is often referred to as N = 1 supersymmetry.

We will give more technical details about the gravitino in Chapters 2 and

Conventionally, the "F -term" in supergravity is the sum of the first and the second terms.

We are not raising the question of whether they are truly elementary. Relevant investigations exist, which are not the focus of this manuscript.

The coefficients in this Lagrangian differs from the one presented in Chapter

3, due to the different choices of the γ-matrices.

We can see that the minimal coupling in(2.19) also leads to an EoM whose gyromagnetic ratio is not 2.

We follow the same conventions as in[1], the only difference being a global minus sign in front of the action.

The possibility of integration by parts in the Lagrangian, i.e. that the boundary contributions from the total derivatives vanish, is assumed throughout this work.

Without going into the details of the calculation, it can be seen from the fact that ϕ is not an independent degree of freedom but a pure gauge field associated with the gauge transformation with the parameter Λ8. The other fields transforming with Λ8 are {G, Dm, τ2, τ2mn}. When these fields are integrated, ϕ must naturally disappear from the Lagrangian.

For a detailed study on the duality between tensors of different ranks, see for example[33].

We assumed that the equation of motion has a global dotted index, (e.o.m.) α. In the opposite case, the corresponding operations should obviously be the conjugate ones.

The Lagrangian with a generic number of chiral and vector multiplets can be found in[15].

The difference of some signs compared to[16, 17, 20] is due to the γ0 convention.

Γ12 can potentially depend on cs, because Γ is related to the diagonalization of the mixing matrices, which contain ∆.

This agrees also with the literature for the one chiral multiplet case; see the discussion in Section 2.2.

We point the reader to ref.[5] for a recent review of Higgs-mass predictions in SUSY models.

For recent surveys of explanations of the (g -2)µ anomaly in the MSSM see e.g. refs.[34, 

35]. For an earlier study of (g -2)µ in MSSM scenarios with TeV-scale SUSY masses and very large tan β see ref.[36].3 We remark that this acronym had already been used in ref.[38] to denote a model with "Fake" Split SUSY.

Note that in this study we do not consider the possibility of CP violation in the Higgs sector, hence the scalar and pseudoscalar components of the three heavy doublets mix separately.

We use here an approximate formula from ref.[44] which includes only the contributions from the top Yukawa coupling and the quartic Higgs coupling. Anyway, the overall effect of this correction is only about 0.5%.

This is not necessarily the case for the tan β-enhanced O(g 2 t ) contribution to ∆g b , but in the FSSM that contribution depends on µ ud , and vanishes in the scenarios considered in this paper.

In the case of the MSSM with AMSB, the interplay between contributions to (g -2)µ and SUSY-QCD corrections to the quark couplings was discussed earlier in ref.[53].

Our assumption y t = y b = y τ = 0 implies that the second term on the r.h.s. of each line of eq. (12) vanishes.

For the same reason we do not take into account the theoretical uncertainties of our predictions for λSM and aµ.

As we will see in Section 5.4, the squared mass of the triplet is, approximately, proportional to the inverse of its vev.

This acronym originates from the fact that in this model, we have two Higgs doublets and one singlet, same as in the NMSSM.

In the discussion of the W boson mass, we shall relax this condition and study also generic Minimal Dirac Gaugino models with arbitrary values for λ S and λ T . All of the description of the models presented in this section holds for these models except for the N =

SUSY and SU (2) R global R-symmetry that are broken.

It should be emphasised that, throughout this work, we assume that CP symmetry is not spontaneously broken by the vacuum. Therefore, all vevs are real.
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Abbreviations

A Conventions

Throughout this work, we have followed the conventions in [35], with mostly positive metric η mn ∼ (-1, 1, 1, 1), and Levi-Civita tensor ε 0123 = -1. The γ matrices are defined as

The field redefinitions are written in the form

which means that the field F is replaced everywhere by aF + bG, and the primes are dropped in the subsequent Lagrangian. The new gauge transformations are δF = 1 a (δF -bδG), δG = δG (A.3)

A self-dual rank-2 tensor satisfies ε mnpq S mn = -2iS pq (A.4)

Correspondingly, for an anti self-dual tensor, ε mnpq S mn = 2iS pq . Out of a generic rank-2 tensor, one is able to construct a self-dual combination

This has been used to write gauge transformations of the self-dual fields t mn , s mn . A summary of some shorthand notations used in this work:

( • σ) = mn σ mn = i˜ mn σ mn , ( • σ) = mn σmn = -i˜ mn σmn ≡ mn mn , ˜ ≡ mn ˜ mn G mn ≡ (η mni mn ) -1 , A mn ≡ η mn -i 2 mn -

A Notations

Our notations follow mostly that in [15], where the flat space γ-matrices are

The Minkowski metric has signature (-, +, +, +), and for cosmological applications, we used the FLRW metric. The curved space γ-matrices, noted γ µ , are then related to the flat space γ-matrices by γ µ = a -1 γµ . The left and right projections are defined as

Note that for chiral fermions, P L χ i = χ i and P R χ i = χ i . The charge conjugation matrix in this convention is given by C = γ0 γ2 . Some useful charge conjugates are

In the Lagrangian (2.1), the covariant derivative of the scalar is ∂0 = ∂ 0 -i 2 A B 0 γ 5 . In the cosmological context considered, the spatial derivatives of the scalar vanish, and for real backgrounds we have A B 0 = 0 and thus ∂0 = ∂ 0 . Keeping the above simplifications, the covariant derivatives acting on the chiral fermions, the gaugino and the gravitino are respectively

where ω ab µ stands for the spin connection and A µ is the U (1) gauge field. The Christoffel connection Γ λ µν differs from the Kähler connection, where the latter corresponds to Γ jk i ≡ g -1l i ∂ j g k l . We use the notation γab ≡ [γ a , γb ] /2. Having introduced the Kähler covariant derivative D i , the mass terms are

where the subscript i in f denotes derivative with respect to φ i .

for the muon anomalous magnetic dipole moment a exp µ = 116592061(41) × 10 -11 . In view of the corresponding SM prediction [77] a SM µ = 116591810(43) × 10 -11 , the measured muon anomalous magnetic dipole moment is to date one of the largest deviations, approximately 4.2σ, with regard to the SM.

The unsatisfactory theoretical properties of the SM, along with the experimental discrepancies, call for beyond-the-SM (BSM) physics in order to accommodate the aforementioned issues. One well-motivated BSM candidate is supersymmetry, featuring an extended Higgs sector and superpartners for all SM particles. SUSY models can provide an explanation for the observed a µ , and also for other anomalies such as the W boson mass, as we will discuss in the next chapter. Though a variety of non-SUSY candidates exists, here we will be focusing on SUSY theories.

Starting with the basic notion, in practice, the contribution to a µ is computed from the following operator

where m µ corresponds to the muon mass, and F αβ the photon field strength. We define γ αβ = [γ α , γ β ]/2. The one-loop contribution to a µ in SUSY consists of two types: i) neutralinosmuon loop diagrams, ii) chargino-sneutrino loop diagrams.

In the simplest setup, the Minimal Supersymmetric Standard Model (MSSM), these diagrams lead to a shift of the magnetic dipole moment with regard to the SM prediction, which takes the form [78]:

where g, g ′ are the EW gauge couplings. M μ is the smuon mass, whereas M 1,2 are the masses of the EW gauginos, for the gauge group U (1), SU (2) respectively. µ is a parameter appearing in the MSSM superpotential and is related to the higgsino mass. ϵ l is a function of different model parameters, whose complete form is irrelevant for our discussion here. tan β ≡ v u /v d is the ratio between the vacuum expectation values (vevs) of the Higgs doublets H u , H d which give mass to the up-and down-type fermions, respectively. A representative diagram involved in the MSSM is the following, with a smuon and neutralinos circulating in the loop: 

Abstract

The prediction for the quartic coupling of the SM-like Higgs boson constrains the parameter space of SUSY models, even in scenarios where all of the new-particle masses are above the scale probed so far by the LHC. We study the implications of the Higgs-mass prediction on a recentlyproposed SUSY model that features two pairs of Higgs doublets, and provides a solution to the (g -2) µ anomaly thanks to a suitable enhancement of the muon Yukawa coupling.

As to the first-generation couplings, they are necessarily suppressed with respect to those of the second generation, because in the FSSM both generations receive their masses from v u and v d .

In addition to mass terms for gauginos and sfermions, which are the same as in the MSSM, the soft SUSY-breaking Lagrangian of the FSSM contains mass terms and B-terms for all of the Higgs doublets

as well as trilinear interaction terms analogous to those in the superpotential

The tree-level Higgs mass spectrum of a model with three pairs of doublets has been discussed in ref. [40], whose approach can be easily adapted to the case of two pairs of doublets. In order to identify the state that plays the role of the SM-like Higgs boson, we rotate the four doublets to the so-called "Higgs basis", in which only one of the doublets acquires a non-zero vev defined by

To this purpose, we first rotate the doublets with the same hypercharge:

where the rotation angles are defined by tan β u ≡ v u /v u and tan

The antisymmetric tensor , with 12 = 1, acts on the complex conjugates of H d and H d so that all doublets in the new basis have the same hypercharge. In this basis, the vevs of the neutral components of the four doublets become

, and Φ 0 u = Φ 0 d = 0. The two doublets that acquire vevs are further rotated as

so that Φ 0 h = v and Φ 0 H = 0, i.e., in the Higgs basis the doublet Φ h is entirely responsible for the breaking of the EW symmetry (EWSB).

The mass matrices for the scalar, pseudoscalar and charged components of the four doublets in the Higgs basis are given in the appendix. They depend on the µ parameters defined in eq. ( 1) and on the soft SUSY-breaking mass and B parameters defined in eq. ( 4), plus the EW gauge couplings, the vev v and the angles β u , β d and β. The minimum conditions of the scalar potential are used to while those for the third-generation sfermions read

Again, the relevant aspect of eqs. ( 11) and ( 12) in the context of the solution of the (g -2) µ anomaly is the enhancement of the Higgs-smuon trilinear coupling by a factor tan β d with respect to the MSSM case (note that, to facilitate the comparison, we expressed the trilinear couplings in terms of tan β = tan β sin β u / sin β d ). If we also assume tan β u 1, the enhanced part of X µ involves only the superpotential parameter µ ud . We note, on the other hand, that for tan β u,d

1 there are no further enhancements with respect to the MSSM in the trilinear Higgs couplings to third-generation sfermions, as long as the "primed" top, bottom and tau Yukawa couplings remain at most of O(1).

We finally comment on the higgsino masses. In the hierarchical scenario considered in our study, we assume that both gaugino and higgsino masses are somewhat removed from the EW scale. In this case, the mixing between EW gauginos and higgsinos induced by EWSB can be neglected, and the four two-component fermions hu , hd , h u , and h d combine into two Dirac fermions. Following ref. [37], we define the angles θ u and θ d that diagonalize the higgsino mass matrix as

and we use the Dirac masses µ and μ and the two rotation angles as input parameters in our analysis. We note that the numerical results in ref. [37] are obtained for the parameter choices θ u = θ d = π/4 and μ = µ, which in terms of the original superpotential parameters correspond to µ ud = -µ u d = µ and µ ud = µ u d = 0. While these choices might look ad hoc, they are in fact quite appropriate, because they make the dependence of the numerical results on µ ud -the parameter that determines the leading contributions from smuon loops to both a µ and the Higgs-mass correction -more transparent.

3 Higgs-mass calculation in the EFT approach

For our calculation of the radiative corrections to the Higgs mass in the FSSM we adopt an EFT approach in which the effective theory valid below the scale M S that characterizes the SUSY-particle masses is just the SM. Rather than computing the prediction for the Higgs mass from a full set of high-energy FSSM parameters, and then comparing it with the value measured at the LHC, we follow a more convenient procedure that uses the measured Higgs mass directly as an input parameter. From angle β is renormalized in such a way as to remove entirely the wave-function-renormalization (WFR) contributions that mix the SM-like Higgs doublet with the heavy doublets. The one-loop correction ∆λ reg accounts for the fact that SUSY determines the quartic Higgs coupling in the DR scheme, whereas λ SM and the EW gauge couplings in eq. ( 20) are defined in the MS scheme. It reads [50] (4π

Concerning the remaining one-loop threshold corrections in eq. ( 20), ∆λ f arises from diagrams that involve the sfermions, ∆λ H from diagrams that involve the heavy Higgs doublets, and ∆λ χ from diagrams that involve higgsinos and EW gauginos. Each of these three corrections can in turn be decomposed as a sum of three terms:

The first term on the r.h.s. of the equation above denotes the contribution of one-particle-irreducible (1PI) diagrams with particles of type p in the loop and four external Higgs fields; the second term involves the contributions of particles of type p to the WFR of the Higgs field, which multiply the tree-level quartic coupling; the third term contains additional corrections stemming from the fact that the SUSY prediction for the quartic Higgs coupling involves the gauge couplings of the MSSM, whereas we interpret the gauge couplings in the tree-level part of eq. ( 20) as SM parameters.

To obtain the four-Higgs diagrams entering ∆λ p, 1PI and the self-energy diagrams entering ∆λ p, WFR we use the general results from ref. [39] (see sections B.3 and B.1.1, respectively, of that paper). This saves us the trouble of actually calculating one-loop Feynman diagrams, but requires that we adapt to the case of the FSSM the notation of ref. [39] for masses and interactions of scalars and fermions in a general renormalizable theory. The additional corrections in ∆λ p, gauge can instead be obtained by adapting the MSSM shifts of the gauge couplings, see eqs. (19) and (20) of ref. [50], to the FSSM case of two Dirac higgsinos with masses µ and μ, and three heavy Higgs doublets with masses M H i .

We find that the sfermion contribution to the quartic Higgs coupling, ∆λ f , has the same form as the corresponding contribution in the MSSM, see eq. (A1) of ref. [54], trivially extended to the case of non-zero Yukawa couplings for the second generation. However, in the FSSM case the angle β is replaced by β, and the trilinear Higgs-sfermion couplings X f are those given in our eqs. (11) and (12). In contrast, the heavy-Higgs and higgsino-gaugino contributions differ from the corresponding MSSM contributions, due to the extended Higgs/higgsino sector of the FSSM. The full formulas for ∆λ H and, especially, ∆λ χ for generic values of all relevant parameters are lengthy and not particularly illuminating, therefore we make them available on request in electronic form. In the following we provide instead explicit results for all three contributions in the simplified FSSM scenario that we will use in section 4 to explore the interplay between the prediction for the Higgs mass and the solution of the (g -2) µ anomaly.

The inspection of eqs. ( 24) and (25) shows that the heavy-Higgs and higgsino-gaugino contributions to the quartic Higgs coupling all involve four powers of the EW gauge couplings. Their numerical impact is thus going to be modest, unless there is a significant hierarchy between the matching scale Q and the mass scales M H and M χ . In contrast, the sfermion contributions include terms depending on the top Yukawa coupling ĝt , which is of O(1), as well as terms involving other Yukawa couplings in which the smallness of ĝf can be compensated by a large ratio X f /M f . In particular, the contribution that will be relevant to our discussion in section 4 is the one involving the muon Yukawa coupling, which for tan β 1 reads

where ĝµ and X µ are defined in eqs. ( 19) and ( 11), respectively, and by M μ we denote a common mass parameter for the scalar partners of the left-and right-handed muons (note that M μ = M f12 in our simplified scenario). We recall that X µ contains a term enhanced by tan β tan β d , and indeed when the combination (µ ud /M μ) tan β tan β d is large enough to overcome the smallness of ĝµ the smuon contribution to the quartic Higgs coupling becomes large and negative. As will be discussed in the next section, an increased positive contribution from a different SUSY sector is then necessary to maintain the correct prediction for the SM-like Higgs mass. In particular, the stop contribution to the quartic Higgs coupling is dominated by the terms involving four powers of ĝt , which read

where by M t we denote a common mass parameter for the scalar partners of the left-and right-handed top (with M t = M f3 in our simplified scenario) and X t is defined in eq. ( 12). The non-logarithmic terms in eq. ( 27) are maximized for X t = √ 6 M t , and a further increase in ∆λ t can arise from the logarithmic term when the stop mass is pushed to higher values.

Finally, we note that in the FSSM the strange-squark contribution to the quartic Higgs coupling is subject to the same enhancement by tan β tan β d as the smuon contribution. However, the strangesquark contribution is generally subdominant, because the strange Yukawa coupling is smaller than the muon one at the matching scale. A possible exception is the pathological case discussed earlier, in which a SUSY correction ∆g s 1 in eq. ( 17) causes the strange coupling ĝs to blow up.

Higgs-mass constraints and (g -2) µ

We now investigate the interplay between the constraints on the FSSM parameter space arising from the solution to the (g-2) µ anomaly and those arising from the prediction for the quartic Higgs coupling. To keep the number of independent parameters manageable, we employ the simplifying assumptions for the SUSY mass spectrum described in the previous section. Namely, we adopt common mass scales M f12 , M f3 , M H and M χ for first/second-generation sfermions, third-generation sfermions, heavy Higgs parameter X µ entering the smuon contribution to ∆λ f . The requirement that the FSSM prediction for the quartic Higgs coupling agree with the value obtained by evolving λ SM from the EW scale up to the SUSY scale can then be used to determine one of the remaining FSSM parameters. In particular, it seems reasonable to determine one of the parameters that enter the dominant contribution to ∆λ f , i.e. the one involving the stops.

To set the stage for our discussion, in the left plot of figure 1 we show the values of tan β tan β d = v u /v d that result in the desired smuon-higgsino-gaugino contribution to a µ , as a function of the common smuon mass M μ and for different values of M χ . In particular, the blue, yellow, green and red solid lines correspond to gaugino and higgsino masses of 1, 2, 3 and 4 TeV, respectively, while the black dashed line corresponds to the choice M χ = M μ. The EW gauge couplings entering eqs. ( 28) and ( 31) are evaluated at the scale Q = M μ, but we found qualitatively similar results for any choice of scale in the few-TeV range. The plot shows that the values of tan β tan β d necessary to obtain ∆a FSSM µ = 251 × 10 -11 are typically in the few-hundreds range, and can reach as much as 940 for the largest considered value of M μ.

In the right plot of figure 1 we show instead the values of the loop-corrected muon Yukawa coupling of the FSSM at the scale

that correspond to the solutions for tan β tan β d shown in the left plot. The FSSM coupling ŷ µ controls the higgsino-muon-smuon and Higgs-smuon-smuon interactions involved in the smuon-higgsino-gaugino contributions to a µ , as well as the Higgs-smuon-smuon interaction involved in the smuon contribution to the quartic Higgs coupling. The solid and dashed lines have the same meaning as in the left plot. We set tan β u = 100 in order to determine the angle β entering eq. ( 33), but the results are essentially independent of this choice as long as tan β u 1. The plot shows that larger values of ŷ µ are required to obtain the desired contribution to a µ when the smuon mass increases, due to the M -2 μ suppression in eq. ( 28). Also, for a fixed value of the smuon mass, larger values of ŷ µ are required when M χ increases. We remark that, while the considered values of ŷ µ (M μ) are all perturbative, further constraints on this scenario could arise if we required that ŷ µ remain perturbative all the way up to the GUT scale.

In the presence of a large muon Yukawa coupling, the smuon contribution to the quartic Higgs coupling in eq. ( 26) is dominated by a negative term

and can become substantial. An increased positive contribution from loops involving the remaining SUSY particles is then needed to satisfy the constraint arising from the measured value of the Higgs mass. As mentioned in the previous section, such positive contribution can most easily come from the stops, which themselves have generally large couplings to the SM-like Higgs boson.

In figure 2 we plot the values of the common stop mass M t that are required to obtain the correct prediction for the quartic Higgs coupling in FSSM scenarios where the smuon-higgsino-gaugino loops provide the desired contribution to (g -2) µ . We set the matching scale Q in eqs. ( 20) and ( 23)- (25) equal to the stop mass, as this ensures a full NNL resummation of the large logarithmic corrections controlled by the top Yukawa coupling. All of the running couplings entering our calculation are then computed at the scale Q = M t. The common mass parameters for the smuons, M μ, and for higgsinos and EW gauginos, M χ , are varied as in figure 1 (note that we add a purple solid line for M χ = 3.5 TeV). We fix tan β = 20, thus ensuring that the tree-level prediction for λ SM in eq. ( 20) is essentially saturated, and tan β u = 100 (the latter choice has little impact on our results as long as tan β u 1). In contrast, tan β d is computed in each point from the requirement that ∆a FSSM µ = 251 × 10 -11 . The stop mixing parameter is fixed to the value X t = √ 6 M t that maximizes the one-loop stop contribution to the quartic Higgs coupling, see eq. ( 27). Our choices for tan β and X t ensure that the values of the stop mass shown in figure 2 are about the minimal ones that provide the correct prediction for the Higgs mass (in other words, different choices for these parameters would result in an overall upward shift of all lines in the figure). For the remaining free parameters of our simplified FSSM scenario we choose M H = M 3 = M χ . The choice of the common mass parameter for the heavy Higgs doublets has only a small impact on our results, because the corresponding contributions to the quartic Higgs coupling, see eq. ( 24), all involve four powers of the EW gauge couplings. The choice of the gluino mass affects our calculation only through the corrections to the quark Yukawa couplings in eqs. ( 17) and (18), and its qualitative impact on our results is generally not substantial. Our choice of a positive value

Appendix

We provide here explicit formulas for the tree-level mass matrices of the Higgs bosons in the FSSM. In the Higgs basis, we decompose the four SU( 2) doublets (all with positive hypercharge) as

(2HDM). We put the two doublets in the form

where

We assume that U (1) em and CP symmetries are not spontaneously broken by the vacuum, therefore only neutral components acquire non-zero vev and all the vevs (here denoted by v u , v d ) are real. In addition, they obey the relation

GeV. The most general renormalizable and SU (2)-invariant scalar potential of this model is given by

(5.3) where the dot product is defined as:

H u and H d have opposite hypercharges. One can also redefine the basis in order to have two hypercharge +1 doublets:

A rotation of Φ j u and Φ j d yields the so-called Higgs basis, where only one of the doublets acquires a non-zero vev:

with

The neutral CP-even component of H 1 is identified with the SM-like Higgs boson H SM , and the Goldstone bosons φ ± , χ all lie in H 1 . The non-SM particles sit in the other doublet H 2 . This procedure can be readily applied to an arbitrary number of doublets, as we have already seen in the case of the FSSM, Eq. ( 6)-( 7) of Section 4.4. In the Higgs basis, the scalar potential (5.3) is rewritten as

(5.8)

become relevant if the scale M N =2 where the N = 2 SUSY is broken to N = 1 is much larger than the scale where the Higgs mass matrix is computed. All of these corrections inevitably affect also the condition for alignment in the Higgs sector. As was discussed in ref. [66], in DG models the element that mixes the two doublets in the loop-corrected mass matrix can be recast as

) where M 2 11 contains the dominant one-loop contribution from top and stops. The latter consists in a term enhanced by y 4

t ln(M 2 SUSY /m 2 t ), where y t is the top Yukawa coupling and M SUSY denotes for simplicity a common soft SUSY-breaking mass parameter for the stops. The second term in eq. (2.31) accounts for the deviation of the superpotential couplings from the SU (2) R condition in eq. (2.8), and the ellipses denote one-loop top/stop contributions that are suppressed by small ratios of parameters, one-loop contributions that involve couplings other than y t , and higher-loop contributions. Close to alignment, the loop-corrected mass-matrix element M 2 11 can be empirically identified with the observed mass of the SM-like Higgs boson, M 2 h ≈ 2 M 2 Z . Therefore, eq. (2.31) shows that the radiative corrections included in M 2 11 tend to destroy the tree-level alignment in the Higgs sector of DG models. However, when M N =2 is large the evolution of λ S and λ T down to the scale where the Higgs mass matrix is computed makes the second term in eq. (2.31) negative, and partially compensates for the misalignment induced by the top/stop contributions.

It is instructive to compare the condition for doublet alignment in DG models with the analogous conditions in the MSSM and in the NMSSM. In the case of the MSSM, discussed e.g. in refs. [6,92], one finds

where A t ≡ T 33 u /y t is the soft SUSY-breaking Higgs-stop-stop interaction parameter, and again the ellipses denote sub-dominant terms. It appears that, in the MSSM, the alignment condition M 2 12 = 0 can be realised radiatively when a large value of tan β suppresses the first term in eq. (2.32), while the parameters M SUSY , A t and µ combine in such a way that the second term is large and negative. In contrast, in DG models the contributions to M 2 12 analogous to the second term in eq. (2.32) are suppressed by the assumption that A t M SUSY , see the comments after eq. (2.14), thus doublet alignment cannot be realised in this way. We remark however that, even with the N = 2 condition for the superpotential couplings, in DG models M 2 12 is smaller by a factor between 2 and 3 -depending on tan β, which we assume to be greater than 1with respect to the case of the MSSM with small A t .

In the case of the NMSSM, discussed e.g. in refs. [7,9], the mixing between h and H is given by

Appendix A

Conventions in Chapter 2

Spinor conventions

We have followed the conventions in [26], with mostly positive metric η mn ∼ (-1, 1, 1, 1), and Levi-Civita tensor ε 0123 = -1. The hermitian σ-matrices are

The γ matrices are defined as

The higher rank γ-matrices are defined as

The spinor indices are raised and lowered by the antisymmetric ε-symbol, whose nonvanishing components are

Denoting σ µ = σ 0 , ⃗ σ , σ µ and σµ are related by

The conjugate of the spinor has dotted index and an overbar (χ α ) † = χ α. The spinor indices are contracted in the "northwest-southeast" (NW-SE) manner, namely, (λχ) = λ α χ α = -χ α λ α = (χλ), λ χ = λ α χ α = -χ α λ α = χλ .

From two components to four components

The four-component notation can be restored by introducing the γ-matrices (A.2) and the four-component Dirac spinors are written as

with the Dirac adjoint defined as

Conversely, the Weyl spinors in Ψ D are selected by the chiral projectors

Field redefinitions

The field redefinitions are written in the form

which means that the field F is replaced everywhere by aF ′ +bG, and the primes are dropped in the subsequent Lagrangian. The new gauge transformations are δF ′ = 1 a (δF -bδG), δG ′ = δG (A.9)

Dual fields

A self-dual rank-2 tensor satisfies ε mnpq S mn = -2iS pq (A.10)

Correspondingly, for an anti self-dual tensor, ε mnpq S mn = 2iS pq . Out of a generic rank-2 tensor, one is able to construct a self-dual combination .11) This has been used to write gauge transformations of the self-dual fields t mn , s mn .

Shorthand notations

A summary of some shorthand notations used in this work:

(ϵ • σ) = ϵ mn σ mn = iε mn σ mn , (ϵ • σ) = ϵ mn σmn = -iε mn σmn ϵϵ ≡ ϵ mn ϵ mn , ϵε ≡ ϵ mn εmn G mn ≡ (η mn -iϵ mn ) -1 , A mn ≡ η mn -i 2 ϵ mn - Appendix B

Conventions in Chapter 3

Our notations follow mostly that in [19], where the flat space γ-matrices are

The Minkowski metric has the signature (-, +, +, +), and for cosmological applications, we used the FLRW metric. The curved space γ-matrices, noted γ µ , are then related to the flat space γ-matrices by γ µ = a -1 γµ .

The left and right projections are defined as

Note that for chiral fermions, P L χ i = χ i and P R χ i = χ i . The charge conjugation matrix in this convention is given by C = γ0 γ2 . Some useful charge conjugates are

The covariant derivative of the scalar is ∂0 = ∂ 0 -i 2 A B 0 γ 5 . In the cosmological context considered, the spatial derivatives of the scalar vanish, and for real backgrounds we have A B 0 = 0, so ∂0 = ∂ 0 . Keeping the above simplifications, the covariant derivatives acting on the chiral fermions, the gaugino and the gravitino are respectively

ω ab µ stands for the spin connection and A µ is the U (1) gauge field. The Christoffel connection Γ λ µν differs from the Kähler connection, where latter corresponds to Γ jk i ≡ g -1l i ∂ j g k l . We used the notation γab ≡ [γ a , γb ] /2.

Introducing also the Kähler covariant derivative D i , the mass terms are

The subscript i in f denotes the derivative with respect to ϕ i .