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Abstract

In this thesis we are interested in investigating the existence of special metrics on compact complex
non-Kéhler manifolds and their deformations. In particular we focus on Hermitian symplectic and
lcK metrics. This thesis consists mainly of two parts. Recently, Dinew and Popovici have introduced
and studied an energy functional F' acting on the metrics in the Aeppli cohomology class of a
Hermitian-symplectic metric and showed that in dimension 3 its critical points (if any) are Kéhler.

In the first part of this we further investigate the critical points of this functional in higher
dimensions and under holomorphic deformations. We first prove that being a critical point for F'
is a closed property under holomorphic deformations. We then show that the existence of a Kéhler
metric wy in the Aeppli cohomology class is an open property under holomorphic deformations.
Furthermore, we consider the case when the (2, 0)-torsion form p%° of w is d-exact and prove that
this property is closed under holomorphic deformations. Finally, we give an explicit formula for the
differential of F' when the (2, 0)-torsion form p%? is d-exact.

In the second part, we employ the variational method in [12| and propose an approach to study
the existence problem of locally conformally Kéhler metrics on compact complex manifolds by intro-
ducing and studying a functional, L, which changes according to whether the complex dimension of
the manifold is 2 or higher. We show that in dimension 3 the critical points of L are exactly the set
of IcK metrics. We then introduce a normalised functional with respect to another Hermitian metric
p. Finally we prove that the set of critical points of L and the normilised functional are related.

Keywords

Functional approach, Hermitian-symplectic metrics, Holomorphic family of compact complex
manifolds, Kéhler metrics, Locally confromally Kahler metrics.



Résumé

Dans cette thése, nous nous intéressons a I’étude de I'existence de métriques spéciales sur les variétés
compactes complexes non-Kéhleriennes et leurs déformations. En particulier, nous nous concentrons
sur les métriques symplectique hermitienne et 1cK. Cette thése se compose principalement de deux
parties. Récemment, Dinew et Popovici ont introduit et étudié une fonctionnelle énergétique F agis-
sant sur les métriques de la classe de cohomologie d’Aeppli d’une métrique hermitienne-symplectique
et ont montré qu’en dimension 3 ses points critiques (le cas échéant) sont de Kéahler.

Dans une premiére partie, nous approfondissons les points critiques de cette fonctionnelle en
dimension supérieure et sous déformations holomorphes. Nous montrons d’abord qu’étre un point
critique pour F' est une propriété fermée par déformation holomorphe. Nous montrons ensuite que
I'existence d’une métrique de Kéhler w, dans la classe de cohomologie d’Aeppli est une propriété
ouverte sous déformations holomorphes. De plus, nous considérons le cas ot la (2, 0)-forme de torsion
p%? de w est d-exacte et prouvons que cette propriété est fermée sous les déformations holomorphes.
Enfin, nous donnons une formule explicite pour la différentielle de F' lorsque la (2, 0)-forme de torsion
p%0 est D-exacte

Dans la deuxiéme partie, nous utilisons la méthode variationnelle dans [12]| et proposons une
approche pour étudier le probleme d’existence de métriques localement conformément Kéhleriennes
sur des variétés complexes compactes en introduisant et en étudiant une fonctionnelle, L, qui change
selon que la dimension complexe de la variété est 2 ou plus. Nous montrons qu’en dimension 3 les
points critiques de L sont exactement ’ensemble des métriques lcK. Nous introduisons ensuite une
fonctionnelle normalisée par rapport a une autre métrique Hermitienne p. Enfin nous prouvons que
I’ensemble des points critiques de L et la fonctionnelle normalisée sont liés.

Mots-clés

Approche fonctionnelle, Métriques hermitiennes-symplectiques, Famille holomorphe de variétés
complexes compactes, Métriques de Kéhler, Métriques localement conformément Kéahleriennes.
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0.1 Introduction Générale

Le but de cette section est de présenter 'idée derriére cette thése, qui se compose de deux parties
principales comme suit :

1) L’étude des propriétés de déformation des variétés complexes compactes.

2) L’existence de métriques spéciales sur les variétés complexes compactes.

Nous expliquons briévement les deux dans la suite. Pour plus de détails, le lecteur est renvoyé
aux sections 2.1 et 3.1. Tout d’abord, rappelons que par métrique hermitienne sur une variété
complexe compacte X, nous entendons une C'* (1, 1)-forme w réelle définie positive. Ce qui signifie
que pour toute coordonnée locale (z1,. .., z,) sur X, w peut étre représenté par :

w(z) = Z wij(z)dz; A %,
4,

telle que la matrice (w;;);; est définie positive (de maniére équivalente, ses valeurs propres sont
toutes positives) pour tout x € X.

Propriétés de déformation des variétés complexes compactes

L’étude des déformations des structures complexes est une autre méthode pour étudier la clas-
sification des variétés complexes compactes. La théorie de la déformation est un outil fondamental
en la géométrie complexe, car elle nous permet d’étudier le comportement de structures complexes
sous de petites perturbations. En particulier, la théorie de la déformation fournit un moyen d’étudier
I’espace des modules de structures complexes sur une variété fixée. Dans cette section, nous nous
concentrons principalement sur le point de vue de Kodaira-Spencer.

Cette méthode a été employée par diverses personnes. Par exemple, K. Kodaira et D.C. Spencer
ont étudié en profondeur les propriétés de déformation des variétés compactes complexes de Kéhler
dans leurs célébres articles [22], [23] and [23]. Ici, une déformation est vue comme une variété com-
plexe fibrée sur un espace de base, les fibres étant des déformations d’une fibre distinguée isomorphe
a une variété complexe donnée.

Pour mieux comprendre, considérons les variétés complexes X et B avec une submersion propre
7w : X — B. Cela signifie que, pour tout ¢t € B, la fibre 77(t) = X; est une variété complexe
compacte avec une structure complexe J; et une métrique hermitienne w; dépendant de J;. De plus,
pour tout t1, to € B tel que t; # to, nous avons dime Xy, = dimg X, .

Ainsi, faire varier la structure complexe J; revient a faire varier ¢. Par conséquent, X est considé-
rée comme une famille de variétés complexes compactes (X;);ep telles que chacune de ces variétés
porte une structure complexe J;, qui varie réguliérement avec t.

Supposons maintenant que B soit une boule unité autour de 'origine dans C™ pour un certain
m € N. Comme B est une variété contractible, alors toutes les fibres X; C* sont difféomorphes



a la fibre centrale X, grace au théoréme d’Ehresmann, Théoréme 1.6.1 (cf. aussi a [13], Théoréme
9.3). On peut donc reconnaitre X comme Xj avec une famille C* de structures complexes (J;)iep,
en particulier avec une famille C* de métriques hermitiennes (w;)icp. La figure suivante montre un
résumé de a la.

Tt (0) =, Gt 1 X4 X complex manifold

0 t B C C disc

Considérons une famille holomorphe de variétés complexes compactes (X;);ep, et soit P une
propriété qui dépend de structures complexes. Alors, il y a au moins deux questions spécifiques dans
la théorie de la déformation comme suit :

Question 0.1.1 1) Si la fibre centrale Xy vérifie la propriété P, est-ce que toutes les fibres voi-
sines Xy vérifient également la propriété P (propriété d’ouverture) ¢

2) Si pour t suffisamment proche de 0, toutes les fibres voisines X; vérifient la propriété P, la
fibre centrale X vérifie-t-elle également la propriété P (propriété de fermeture) ?

L’un des résultats fondamentaux de la théorie de la déformation est 'ouverture de la déformation
de la propriété de Kéhler, que Kodaira et Spencer ont prouvé dans leur célébre article (cf. [21], éga-
lement le Théoréeme 1.6.8). Ils ont montré que si (X;)icp est une famille C* de variétés complexes
compactes et que la fibre centrale X, satisfait la propriété de Kéahler (i.e. X étant Kéhleriennes),
alors toutes les fibres voisines X; satisfont également la propriété de Kahler. L’idée de la preuve
consiste en trois étapes principales (pour les détails, le lecteur se référera la section 1.6).

Etape 1 Supposons que Ape est Iopérateur elliptique du Laplacien de Bott-Chern (cf. Dé-
finition 1.1.9-(i)). Si la fibre centrale X, est Kéhleriennes alors, pour ¢ suffisamment proche de 0,
dimker Apc(t) est constant. Donc la famille (Apc(t)) est une famille C*° d’opérateurs elliptiques,

ott Ape(t) : C2,(X,, C) — CX,(X;, C).



Etape 2 Une métrique hermitienne w est Kihleriennes si et seulement si Ape(w) = 0.

Etape 3 Supposons que (w;)iep est une famille C* de métriques hermitiennes. Cela signifie
que pour tout ¢ € B, w; est une métrique hermitienne sur X; et (w;)iep est une famille C* de
(1, 1)-formes. Si wy est une métrique de Kéhler sur Xy, alors pour ¢ suffisamment proche de 0,

@ = $(Pi(w) + Py(w;) st une métrique de Kéhler sur Xy, ou les P, : C7% (X, C') — ker Apc(t) sont
projections Lit—orthogonales.

En utilisant des arguments similaires mais sur un opérateur elliptique différent, on peut prouver
que si la fibre centrale X, admet une métrique de Gauduchon w, i.e. telle que 0w™ ' = 0, alors
toutes les fibres voisines admettent des métriques de Gauduchon. Dans le tableau 1.6, nous présen-
tons quelques exemples de différents types de métriques et leurs propriétés sous des déformations de
structures complexes.

On peut méme se poser une question plus générale, a savoir comment les diverses propriétés des
variétés complexes compactes, qui dépendent de la structure complexe, varient sous les déformations
de la structure complexe. Par exemple, dans [36], D. Popovici a prouvé que si la fibre centrale X,
admet une métrique fortement Gauduchon alors toutes les fibres voisines X; admettent également.
Rappelons qu’une métrique hermitienne w est appelée fortement Gauduchon si Ow™ ! est J-exact.

Dans la section 2.3, nous présenterons un résultat sur la déformation d’une métrique de Kéhler
dans la classe de cohomologie d’Aeppli (cf. Définition 1.1.8) d’un certain type de métrique appelé
hermitienne-symplectique (cf. Définition 1.1.6-(5)). L’idée de la preuve est inspirée du théoréme
fondamental de Kodaira-Spencer (cf. Théoréme 1.6.3). En particulier, nous prouvons

Theorem 0.1.2 (chapitre 2, Théoréme 2.3.1) Supposons que B est une boule ouverte dans C™
contenant Uorigine et (X;)iep est une famille holomorphe de variétés complezes compactes de di-
mension complexe n vérifiant les conditions suivantes :

1) pour tout t € B, X, est muni d’une métrique hermitienne-symplectique w; et la famille (w;)iep
est une C™-famille de (1, 1)-formes,

2) pourt =0, wy est une métrique de Kahler sur X.

Alors apreés éventuellement rétrécissement de B autour de 0, il existe une famille de (1, 1)-formes
(&)een telle que

a) @ € {wita, ot {wi}a est la classe de cohomologie d’Aeppli wy,
b) @ est une métrique de Kdhler sur X; pour tout t € B,
C) (Z)O = Wy,

d) (0¢)iep est une famille C de métriques.

Selon Kodaira et Spencer, la propriété de Kéahler est une propriété d’ouverture de la déformation
(Théoréme 1.6.8, chapitre 1. Le théoréme précédent prouve que U'existence d’une métrique de Kéhler
dans une classe de cohomologie Aeppli donnée d’'une métrique hermitienne-symplectique est une
propriété ouverte. Ce résultat renforce 'ouverture classique de la propriété de Kéhler.



Les résultat suivant traite des points critiques de la fonctionnelle énergétique de Dinew-Popovici.
Dans [12], les auteurs ont introduit une fonctionnelle énergétique F' sur une variété hermitienne-
symplectique complexe compacte X. Le but était de montrer que les points critiques de F' sont
des métriques de Kéahler. Lorsque dim¢ X' = 3, ils ont montré que les points critiques de F' sont
exactement les métriques de Kéhler.

En dimension supérieure, la formule de d, F’, la premiére variation de F' a w, est compliquée, et
doit donc étre simplifiée. La proposition suivante donne une formule simplifiée pour d,F', lorsque
p% 0 est D-exacte.

Proposition 0.1.3 (chapitre 2, Proposition 2.4.1) Supposons que (X,wy) est une variété hermitienne-
symplectique complexe compacte de dimension n. Fizons un w € Sy Si p2° = 9, pour un certain
(1,0)-forme &, alors la différentielle en w de la fonctionnelle d’énergie de Dinew-Popovici F', définie
dans l’équation (2.2), évaluée v = O¢ + OE est

dLF(7) = 20720 + 2Re / JE A 20 A 020 Ao,
X

Existence de métriques spéciales sur les variétés complexes compactes

Alors que les variétés admettant des métriques de Kéahler ont été intensivement étudiées comme
I’'un des problémes centraux de la géométrie complexe, la théorie des variétés avec des structures
de type Kéahleriennes (SKT, IcK, etc.) a également été développée par de nombreuses personnes au
cours des 15 derni¢res années, par exemple, le lecteur est renvoyé a [0] et [20].

Une variété complexe compacte X peut admettre des métriques de type Kéhler telles que équili-
brée (dw™ ! = 0) , SKT (00w = 0) etc. (cf. Definition 1.1.6). Parmi ces métriques, nous nous intéres-
sons plus particuliérement aux métriques hermitiennes-symplectiques et localement confor-
mément Kéahleriennes. En particulier, dans la section 2.4 nous étudions principalement la question
suivante qui a été posée récemment par Dinew et Popovici dans [12] comme un renforcement de la
question posée par Streets et Tian (cf. Question 2.1.1).

Question 0.1.4 (/12]) Supposons que (X,w) est une variété hermitienne-symplectique compacte,
quand eziste-t-il une métrique de Kdhler dans la classe de cohomologie d’Aeppli d’un w hermitien-
symplectique ?

Rappelons qu’une métrique hermitienne w sur X est une hermitienne-symplectique nommée (H-s)
s'il existe une 2-forme réelle d-fermée Q et une (2, 0)-forme p*° telle que
0= p2’0 + w + p>0.

Il existe plusieurs raisons d’étudier les métriques symplectiques hermitiennes, dont deux sont
mentionnées ci-dessous.



Premiérement, on sait qu’il existe des variétés SKT n’admettant aucune métrique Kéhlerienne.
Bien que toute métrique hermitienne-symplectique soit une métrique SK'T, la question de savoir s’il
existe une variété hermitienne-symplectique qui n’admet pas de métrique Kéahlerienne est toujours
ouverte. Cette question a été posée par J. Streets et G. Tian (cf. Question 2.1.1).

Une autre raison qui peut étre mentionnée pour appuyer une réponse négative a la question de
Streets-Tian est que les métriques hermitiennes-symplectiques ont les mémes propriétés de déforma-
tion que les métriques Kéhlerienne (cf. Tableau 1.6). En effet, tout comme la propriété de Kéahler,
la propriété hermitienne-symplectique se propage de la fibre centrale a toutes les fibres voisines. De
plus, d’aprés la proposition 3.3 de [3], il existe une famille de variétés complexes compactes telles
que toutes les fibres, sauf une, sont des variétés hermitiennes-symplectiques.

Pour répondre a la question 0.1.4, nous utilisons la méthode qui a été décrite dans [12]. Nous
montrons que 'existence d’une métrique Kéhlerienne dans la classe de cohomologie d’Aeppli d'une
métrique hermitienne-symplectique w est liée a la 0-exactitude de la (2, 0)-forme de torsion de w
définie par Dinew-Popoivici dans [12] (pour plus de détails, le lecteur est renvoyé au chapitre 2). En
particulier, nous prouvons

Corollary 0.1.5 (chapitre 2, Corollary 2.4.2) Supposons que (X,wo) est une variété hermitienne-
symplectique complexe compacte de dimension n. Fizons un w € Sy}, St

(i) w est un point critique pour F, et
(i3) la (2, 0)-forme de torsion p%° = O¢ est telle que OE soit faiblement semi-positive,

alors w est une métrique Kdhlerienne sur X.

Un autre type de variétés proche des variétés Kahlerienne que nous étudions au chapitre 3 sont
les variétés localement conformément Kihleriennes (IcK). Une variété est localement confor-
mément Kéhleriennes si elle admet une métrique localement conformément Kéhleriennes. Rappelons
qu'une métrique hermitienne w est appelée localement conformément Kéhleriennes si dw = 6 A w,
ol f est une 1-forme d-fermée et est appelée la forme de Lee de w.

Quelques exemples de variétés de localement conformément Kéahleriennes qui ne sont pas Kéhle-
rienne sont les variétés de Hopf [28], et certaines variétés de Oeljeklaus-Toma [27]. De plus, contrai-
rement & la propriété de Kahler, la propriété d’étre localement conformément Kéhleriennes ne se
propage pas a partir de la fibre centrale par |1]. Dans le chapitre 3 de cette thése, nous abordons la
question suivante :

Question 0.1.6 Supposons que X est une variété complexe compacte, quand existe-t-il une métrique
localement conformément Kdihleriennes sur X ?

Malgré toutes les différences entre les métriques localement conformément Kéahleriennes et Kéah-
lerienn, la raison qui nous pousse & considérer la question ci-dessus est la complémentarité de la
structure localement conformément Kéhleriennes avec les structures équilibrée et SKT dans le sens
suivant :



Proposition 0.1.7 (1) Si une métrique hermitienne w est simultanément balanced et localement
conformément Kdhleriennes alors w est Kahler (pour la preuve cf. Observation 3.6.3).

(2) Si une métrique hermitienne w est simultanément SKT et localement conformément Kdihle-
riennes alors w est Kdhler (pour la preuve cf. Remarque 1.1.7).

Pour tenter de répondre a la question 0.1.6, nous utiliserons une approche variationnelle. En
d’autres termes, nous allons définir une fonctionnelle différentiable non négative L sur I’ensemble de
toutes les métriques hermitiennes sur X, telle que L ait la propriété suivante :

L’ensemble des zéro de L est l’ensemble de toutes les métriques localement conformément Kdih-
leriennes sur X.

Le but est de montrer que I'ensemble des points critiques de L est I’ensemble des métriques lcK
sur X. On considére deux cas, dimc X = 2 et dimc X > 3. Dans le cas ou dim¢c X > 3 aprés calcul
de la premiére variation de L, nous prouvons que ’ensemble des points critiques de L est ’ensemble
de toutes les métriques localement conformément Kéhleriennes sur X. Cependant, ce n’est pas le cas
pour dim¢ X = 2, nous dérivons donc une forme simplifiée de la premiére variation de la fonction-
nelle L. dans ce cas.

Rappelons que pour chaque métrique hermitienne w nous avons la décomposition de Lefschetz
suivante

dw = (dw)prim N 0 A w, (1)

ol (dw)prim est une 3-forme w-primitive. En de basent sur la dimension complexe de la variété
compacte complexe X, nous étudions soit la propriété de d-fermeture, soit la propriété d’existence.
Cela signifie que lorsque dim dim¢ X = 2, a cause de degré I’équation (1) se réduit &

dw =10 ANw,

mais dans ce cas, # n’est pas nécessairement d-fermée. Notre question se réduit donc a la d-
fermeture de la forme de Lee de w. Dans ce cas, comme mentionné précédemment, la dérivée premiére
de la fonctionnelle L nécessite d’étre simplifiée. Dans le théoréme suivant, nous avons dérivé une
forme simplifiée de la premiére variation de la fonctionnelle L.

Theorem 0.1.8 (chapitre 3, Théoréeme 3.4.4) Soit S une surface complexe compacte sur laquelle
une métrique hermitienne w a été fizée.

(i) La différentielle en w € Hg de la fonctionnelle L : Hg — [0, +00) évaluée en toute forme



v € CT (S, R) est donnée par l'une des trois formules suivantes :

(D)) = —2Re / Au(y) 9010 A 60T — 2 Re / 9610 A DA (v) A 6% +2 Re / 010 A A ()
S S S

—2 Re /1893;0 A 5(593,14’7)
S

= —2Re /Aw(v) 1065°2 dV,, — 2 Re /60};0 A ONG(Y) AO%Y — 2 Re i({0005°, 7))
S
—2Re [ i06;° N O(Eg.1ry)

= —2Re [ 30L° ANOAL(y AN O%Y) —2 Re i ({00610, 07)).,

N @

ol x = %, est lopérateur étoile de Hodge défini par la métrique w et {1 est le champ vectoriel de
type (1, 0) défini par Uevigence g1 1w = i60 ",

(i) En particulier, pour tout w € Hg, donné, si on choisit v = 0% 4+ 90%°, nous avons

[

(doL)(y) = —2 Re / i@&i’o/\a(feg,ufy> _ _oRe / 010 A GAL (7 A 601,
S S

D’autre part, lorsque dim¢ X > 3, si (dw)prin dans I'équation (1) s’annule, alors la forme de
Lee 6 est toujours d-fermée. Cependant, en général, (dw),;,, ne s’annule pas nécessairement.
Ainsi, lorsque dim¢ X > 3 nous avons affaire a ’existence d’une forme de Lee 6 satisfaisant la
condition 1cK (i.e. sans (dw)pim sur r.h.s de 'équation (1)). Finalement, nous avons affaire a la
(non-)annulation de (dw),yim.

Pour tenter d’étudier le probleme d’existence, nous avons introduit une fonctionnelle L telle que
I’ensemble des zéros de L soit ’ensemble des métriques lcK sur X. La proposition suivante nous
calcule la premiére variation de L.

Theorem 0.1.9 (chapitre 3, Théoreme 3.5.1) Pour toute métrique hermitienne w et toute (1, 1)-
forme réelle v, nous avons :

(D)) = /X $(000) i A (B A Y A s
+2Re <<(5w>p7"ima (8'7)pm‘m>>w — 2Re <<08’1 N7, (6W)prim>>w-

Rappelons que nous nous intéressons a ’ensemble des points critiques de L. Nous remarquons
maintenant qu’un choix convenable de v dans le résultat précédent conduit & une description explicite
de cet ensemble. Puisque 1'équation ci-dessus est valable pour toutes les (1, 1)-formes réelles 7, le
choix 7 = w est licite, comme tout autre choix. On obtient ce qui suit
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Corollary 0.1.10 (chapitre 3, Corollary 3.5.2) Soit X une variété complexe compacte avec dimeX =
n > 3et soit L la fonctionnelle définie en 3.3.1-(ii). Pour toute métrique hermitienne w sur X, nous
avons :

(doL)(w) = (n = 1) [ (0w)primll, = (n — 1) L(w).
Une conséquence immédiate du corollaire ci-dessus est :

w est un point critique de L si et seulement st w est lcK.



Chapitre 1

Preliminaries

This section will recall essential definitions and results in Hermitian geometry. Our primary
references for this section are [10] and [43]. In this chapter, X is a compact complex manifold of
complex dimension n and B € C™ is an open ball around the origin, where n, m € N.

1.1 Hermitian Geometry

A differential form u of degree (p, q), or briefly a (p, g)-form over X, is a map u on X with values
u(z) € APT% .. In a coordinate open set 2 C X, a differential (p, ¢)-form can be written as :

u(z) = Z urj(x)dzr ANdzy,

[|=p,|J1=q
where I = (iy,...,i,) and J = (J1,...,J,) are a multi-indices with integer components, i; < ... <
ip, J1 < ... < Jg, dzp = dzy; N ... Ndzy, and dz; = dZ; A ... A\ dZ;,. The notation |I| stands
for the number of components of I, and is read length of I. For all integers p, ¢ = 0,1,...,n and

s € NU{oo}, we denote by C5 (X, C) the space of differential (p, g)-forms of class C°, i.e. with C*
coefficients u; 7.

Definition 1.1.1 A Hermitian metric w is a positive definite real C*° (1, 1)-form. Meaning that
for any local coordinate (zq,...,2,) on X, w can be represented as

w(z) = Zwﬁ(x)dzi A Zj,
2¥]

such that the matriz (w;(x)),; is positive definite (equivalently, its eigenvalues are all positive) for
allx € X.

So, the Hermitian metric w can induce a metric on C3° (X, C). We are now able to define the L?
inner product on C;° (X, C) induced by a Hermitian metric w on X as follows :

({u, v)) = ((u, v>>w=/X<U(I)7 v())wdVe (),

where dV,, := %, is the volume form induced by w.
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Definition 1.1.2 (Hodge Star Operator) The Hodge-Poincaré-De Rham operator x,, is the col-
lection of linear maps defined by

*o P NPT — A2"7PT% u N *v=(u,v)dV, Vu,v € APT%.
The existence and uniqueness of this operator is easily seen by using the duality pairing
NPT x A"7PT, — R
(u,v) — u Av/dV = Za([, CI) uyvgy,

where u =3 n_ ur&y, v = >3, , v &) C/ stands for the (ordered) complementary multi-index
of I and (1, CI) for the signature of the permutation (1,2,...,m) — (I,CI). From this, we find

xv =Y e(I,Chuv&;.

|=p
The Hodge «,, operator can be extended to C-valued forms by the formula :
u A *,U = {(u, v)dV.

It follows that %, is a C-linear isometry

*y t APITS — AVTOPTE
and it satisfies

*, *y, O = (_1)(p+q)(n*1)oé7
where « is a (p, ¢)-form. When there is no ambiguity we omit the sub-index w in *,,.

Once a Hermitian metric has been fixed on X, one defines formal adjoints for d* = d, :
CR(X,C) — C(X,C), 0" = 05+ O (X,C) — €2y (X,C) and 0" = O, : C;F(X,C) —

p—l,q
C> (X, C) with respect to w of the operators d, 0 and 0, by requiring the identities

({du, v))o = ((u, dv))w (O, v))w = ((u, TV ((Du, V))w = ((u, 0*V))w,
where C°(X,C) = P C> (X, C). By the above equations we get :

p+a=k ~p,q

d*=—*dx 0"=—%0x O =—%0x. (1.1)

Another important operator is the Lefschetz operator L, : C;° (X, C) — 59, (X, C) of
type (1, 1) defined by :

Ly(a) =wAa,
where a is a (p, ¢)-form. Its formal adjoint, the trace operator, is denoted by A, = x~' L. This
means that for any (p, ¢)-form « and any (p + 1, ¢ + 1)-form 3 we have :

({(L(@), B))w = (@, Au(B))) -

A (p, ¢)-form « is called w-primitive if A,(a) = 0. It is obvious that any form of bidegree (p, 0)
or (0, ¢) is w-primitive. In the following, we recall two lemmas that play a critical role in chapters 2
and

11



Lemma 1.1.3 (/10], p. 801) Suppose that L., = - Aw", then for any (p, q)-form u we have :
(L5, A)(u) = r(k —n+7r— 1)L (u),
where [LT, A, = LT A, — ALL!, and k =p+q.

Lemma 1.1.4 ([15], Lemma 3.3) Let n be a (1, 1)-form on X. The following formula holds for
operators acting on differential forms of any bidegree on X :

(A=) = (TA-)" %
In particular we have
L,=A,~*,.

Proof. Let (p, ¢) be an arbitrary bidegree and let v € APTLITIT*X v € APIT*X be arbitrary
forms of the indicated bidegrees.
The definition of the Hodge star operator %, yields the first and the third equalities below :

uN*,(nAv) = (u, nAv),dV, = (A )u, v),dV, = (nA-)5u A *,0. (1.2)

The formula to prove being pointwise, we fix an arbitrary point € X and we choose local
holomorphic coordinates (z,...,z,) about = such that w is given by the identity matrix at x in
these coordinates. In particular, the adjoints of the multiplication operators dz; A - and dz; A - w.r.t.
the pointwise inner product induced by w at x are given by the contractions with the corresponding
tangent vectors at x :

0 0
AN = NN = — . 1.
(dzj N-)5 aZjJ, (dz; N -7, aZjJ, (1.3)

for every j. Let
n= Z Nk idz; N\ dzy

jy k=1
be the local expression of 7.
The last term in (1.2) reads :
(MA)EuN*,0 = — Z —_IiJu A K, T. (1.4)
@ ] azk 82]

Meanwhile, we have :

g < b = 2L Tl — (—pyprert [ I
( 9Zk_l 92] _IU) N *U 92k_l |:( 5Zj _|u> A\ w'U‘| ( ) ( 9zj _IU) N ( Ek—l w ’U)



where the first term on the r.h.s. of each of the first and third lines above vanishes for bidegree
reasons. Indeed, ((0/0z;)u) A x,0 is of bidegree (n, n+ 1) and u A ((9/0zk)2 *,, ¥) is of bidegree
(n+1, n) since u is of bidegree (p+ 1, ¢+ 1) and *,0 is of bidegree (n —p, n —q). Using again (1.3),
this translates to

g 0 . B L
(a—nga—ZjJu) A H,U = —u A (dZy A dz; A -7 (%,0). (1.5)

Putting (1.4) and (1.5) together, we get :

(MA)SuN*,0 = Z Niptu A (dZ, Ndz; N -)7 (x00) = —u A ( Z Nkt dZe A dzy A > (*,0)

k=1 st w
= uAMA) (kD). (1.6)
Finally, putting (1.2) and (1.6) together, we get :
uAxs(n A ) =u A (A (kav)
for all forms u € APHLaHIT*X v € AP4T*X . This proves the Lemma. O

For any (1, 1)-form p > 0, we will also use the following notation :

pk

When p = w is C* and positive definite (i.e. w is a Hermitian metric on X)), it can immediately be
checked that

dwp = wp_1 Ndw  and  *, Wi = Wn_k (1.7)
for all 1 < k < n, where x = %, is the Hodge star operator induced by w.
The following proposition plays an important role in our discussion later.
Proposition 1.1.5 (//3], Proposition 6.29) If u € C;°,(X, C) is w-primitive then

(p+a)2+p+q
2

*u=(—1) PP Wy g—p A . (1.8)

In the following definition, we mention different types of metrics that will be used frequently in
this thesis.
Definition 1.1.6 Suppose that w is a Hermitian metric on X,
(1) w is said to be Kéhler if dw = 0. X is called a Kdhler manifold if it admits a Kdhler metric.

(2) w is said to be balanced if dw™™' = 0. X is called a balanced manifold if it admits a balanced
metric.
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(3) w is said to be SKT or pluriclosed if 900w = 0. X is called an SKT manifold if it admits an
SKT metric.

(4) w is said to be locally conformally Kdhler (IcK) if dw = 6 A w, where 0 is a d-closed
1-form on X. X is called an lcK manifold if it admits an lcK metric. The 1-form 6 is uniquely
determined, is real and is called the Lee form of w.

(5) w is said to be Hermitian-symplectic (H-s) if there exists d-closed 2-form Q and (2, 0)-form
%0 such that,
Q=p*" +w+p"? (1.9)

where p*? = p29. X is called an H-s manifold if it admits an H-s metric.

6) w is said to be Gauduchon if 00w" ' = 0. X is called a Gauduchon manifold if it admits a
Gauduchon metric.

Remark 1.1.7

1) We have the following implications among the above metrics :

balanced + SKT SKT + lcK Balanced + lcK

x |® 4

balanced +————— Kahler s JeK

(e)
(@)
d h

Gauduchon SKT « "

H-s

All statements are easy to compute except (a), (b) and (c). We only prove (a) and (b) whilst the
proof of (c) is given in Observation 3.6.5.

Proof of (a).(]!12], Proposition 2.6, also c.f. [2] ) The SKT assumption on w translates to any
of the following equivalent properties :

00w = 0 <= Ow € ker 0 <= «(0w) € ker 9", (1.10)

where the last equivalence follows from the standard formula 0* = — % O involving the Hodge-star
isomorphism * = %, : APIT*X — A"~ 0" PT*X defined by w for arbitrary p,q =0,...,n.
Meanwhile, the balanced assumption on w translates to any of the following equivalent properties :

dw" ' =0 <= 0" =0 <= W2 A OJw = 0 <= Jw is primitive.

Moreover, since Ow is primitive when w is balanced, the general formula (1.8) yields :

n—3 i
AOw =

(n—3)! (n—2)!

Thus, if w is both SKT and balanced, we get from (1.10) and (1.11) that

*(Ow) =i Ow™? € Im. (1.11)

*(0w) € ker 0* N Imo = {0},
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where the last identity follows from the subspaces ker 0* and Imd of C;°, , (X, C) being L?-
orthogonal. We infer that Ow = 0, i.e. w is Kdihler. U

Proof of (b). Consider the pure-type decomposition of the Lee form 6 into its pure-type compo-

nents as follows :
0 =0"%46%"

Since 0 is real, then %' = 1.0 therefore to prove that w is Kdihler it suffices to prove that % = 0
or equivalently ||6°)|?> = 0. By (1.8) we get

x,000 = %010 = 5% 1 = %1 A w, ;. (1.12)
On the other hand

00(wn_1) = (0w A wy_2) = Ow A Ow A wy_3,

where the last equality comes from the fact that w is an SKT metric, i.e. 00w = 0. But

B A Ow Awn_s = —(n —1)(n — 2)05° AL A w,_y "2 (0 — 1)(n — 2)if%1 A %070

Since X is a compact complex without a boundary, [, 00wy_1 = 0, this implies that (n — 1)(n —
2)||0%°)|2 = 0. This prove that w is Kdhler. O

(2) Suppose that w is an H-s metric. We mention four equations easily implied by equation (1.9).
Since dS) = 0 we have :

(i) Ow = —0p*° and Ow = —0p™2.
(i) 0p*° =0 and 0p>%=0.
(iii) w is Kdihler if and only if p*° = 0.
(iv) 00w = 0.
(3) Suppose that w is balanced then by formulae (1.7) and (1.1) we get

0 = do" = 0=drw<= 0=+rd*w <= 0 = d*w.

In other words w is co-closed.

(4) Every compact complex manifold carries a Gauduchon metric. Indeed by [10], every conformal
class of any Hermitian metric w on X contains a unique (up to multiplications by positive constants)
Gauduchon metric.

In order to define suitable cohomology groups for Hermitian-symplectic and SKT metrics, we
recall the definitions of the Bott-Chern cohomology and the Aeppli cohomology groups along with
other cohomology groups definitions.

Definition 1.1.8 For every p,q € {0, ... n} one defines :
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(i) the De Rham cohomology group of degree K of X as

ker d

HgR(Xv C) = mv

(i1) the Bott-Chern cohomology group of bidegree (or type) (p, q) of X as

ker & N ker 0

(i1i) the Aeppli cohomology group of bidegree (or type) (p, q) of X as

ker(90)
HYY X C)= —————-—
41X, C) Imd+Imo’

(iv) the Dolbeault cohomology group of bidegree (or type) (p, q) of X as

ker 0
H2(X, C) = —=
o ( ? ) ] )
(v) the conjugate Dolbeault cohomology group of bidegree (or type) (p, q) of X as

ker 0

Hg’q(X7 C) - Imd’

where all the kernels and images are considered as C-vector subspaces of C° (X, C) according to the
case.

From Definition 1.1.6 one can see if w is a Hermitian-symplectic metric then the Aeppli coho-
mology class of w, which will be denoted by {w} 4, is well-defined. Moreover if w is chosen to be an
SKT metric then the Bott-Chern cohomology class of dw, which will be denoted by {Ow}p¢ is also
well-defined.

To fix the notation suppose that « is a k-form, then we denote by

{aly
the cohomology class of v in cohomology group Hy(X, C), where § € {A, BC, 9, 9, DR}.

In the following definition, we recall formal definitions of five elliptic self-adjoint operators and
mention the Hodge decompositions for C’;fq(X , C) of these operators.

Definition 1.1.9 Fizp, ¢ € {0, ... n} then
(i) The Bott-Chern Laplacian operator ALL - CF (X, C) — C (X, C) is defined as follows

A4 = 9% + 5*D + (90)*(90) + (09)(9D)* + (8*5)*(9°D) + (0*9)(9*D)".
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(ii) The Aeppli Laplacian operator A% : C* (X, C) — C5° (X, C) is defined as follows
AR = 90" + 00" + (00)*(09) + (00)(0)* + (09*)(09*)* + (00*)*(99*),

(ii) The Dolbeault Laplacian operator AL : C< (X, C) — CX (X, C) is defined as follows
AP = 5o+ 1 5.

(iv) The conjugate Dolbeault Laplacian operator A7 : C (X, C) — C* (X, C) is defined as

follows

AT = 90" + 0%0.

(v) The De Rham Laplacian operator A : Ci°(X, C) — CX(X, C) is defined as follows

A = dd* + d*d.

It is worth noting that that by definition, the Bott-Chern Laplacian operator is a real self-adjoint
operator, whereas the Dolbeault operator is not.

For each of the above operators, we have the following L?-orthogonal two-space decompo-
sitions for C°, (X, C) as follows :

Cre (X, C) = ker ARS @ Im AR,
Cre (X, C) = ker AR @ Im ALY,
Cr (X, C) =ker ALY & Im AZY,
Cre (X, C) =ker AT @ Im AR

Cl(X,C)=ker AdImA,

From the above equations we get :

ker 9 Nker d = ker Age @ Imdd (1.13)
ker Ape = ker 9 N ker 9 N ker(99)* '
ker(90) = ker Ay @ (Im0 + Im0) (1.14)
ker A4 = ker 9* N ker 0* N ker(99) '

ker 9 = ker Ay ® Im0
ker Ay = ker 0 N ker O*
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ker 0 = ker Ay & Imo
ker Ay = ker 0 N ker 0*

kerd = ker A @ Imd
ker A = ker d N ker d*

Which yield the following Hodge isomorphisms
Hp4(X, C) =My (X, ©),
where HX! (X, C) = ker(Apc : C55,(X, C) = G, (X, C)) is the Bott-Chern harmonic space.
(X, ©) ~ HR(X, ©)
where HX ! (X, C) = ker(A4 : C3° (X, C) — C;<,(X, C)) is the Aeppli harmonic space.
Hy (X, C) = HRI(X, C)
where HY (X, C) = ker(4Ay : CpF (X, C) — €72, (X, €)) is the Dolbeault harmonic space.
HE (X, C) ~HRI(X, C)

where H} (X, C) = ker(Ap : Cp%, (X, C) — C (X, C)) is the conjugate Dolbeault harmonic
space.

where HA (X, C) = ker(A : C°(X, C) — C°(X, C)) is the De Rham harmonic space.

In the following we give a Frolicher-type inequality for the Bott-Chern and Aeppli cohomologies.
As a matter of notation, for every p,q € {0,--- ,n}, for every k € N and for £ € {5, 0, BC, A}, we
will denote
Wt = dime HPY(X,C)  and  hf = Y WPY,
p+q=k
and we will denote the Betti numbers by

by = dime Hpp(X, C) .

Theorem 1.1.10 (/3], Theorem A) Let X be a compact complex manifold of complex dimension n.
Then, for every p,q € {0,--- ,n}, the following inequality holds :

Wpe +h5" > h5% +hgt. (1.15)
In particular, for every k € N, the following inequality holds :
Rhe + 05 > 20, (1.16)

where e =, dime HRE(X, C) and by .=, dime HY'(X, C).
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Proof. First of all, we need to recall two exact sequences from [14]. Following J. Varouchas, one
defines the finite-dimensional bi-graded vector spaces :

. im 9 Nim o Bee ker & Nim d oo ker 90
o imoo B imoo " kerd+imd
and R _ —
Do imd N k_era e = ker 00 e = lier 00 '
im 00 ker 0 4+ im0 ker 0 + ker 0
For every p,q € N and k£ € N, we will denote
aP? = dimc AP, ..., fP? .= dimc FP?
and
o= S e Y g
p+q=k ptq=k
One has the following exact sequences, see |14, §3.1] :
0— A = B%* — H2*(X) = H}*(X,C) = C** =0 (1.17)
and
0— D% — Hpl(X, C) = Hy*(X, C) = E** — F** = 0. (1.18)

Note also (see [14, §3.1]) that the conjugation and the maps 9: C** = D***! and 9: E** = B*+'*
induce, for every p,q € N, the equalities

aPd = q?P P = for e = pir ePd — 9P (1.19)

and
Pl = dp,q+1’ Pt — pptla

Y

from which one gets, for every k € N, the equalities
dk _ bk 6k _ Ck’ and Ck — dk+1 ek — bk’+1 .

Fix p,q € {1,--- ,n}, using the symmetries h%* = h%" and hZ? = h3", the exact sequences (1.17),
(1.18) and the equalities (1.19), we have

i = WY
— hgq + h%’p + fp,q + aqyp + dp’q _ b‘LP _ ep’q + C‘Lp
— hqu + hqu + fpﬂ + apvq

Z hg)q + hg’q ,
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which proves (1.15).
Now, fix k£ € N; summing over (p,q) € N x N such that p + ¢ = k, we get

Mhot Wy = 3 (WL + h)
p+q=k
> Y () = m
p+q=k
> 20,

from which we get 1.16. O
Moreover, there is a canonical isomorphism between the Aeppli cohomology group and dual of
the Bott-Chern cohomology group of the complementary bidegree.

Theorem 1.1.11 For all p, ¢ € {0,---, n} the bilinear pairing

HES(X, C) x HY P (X, ), ({a}pe. {B}a) = /X an,

is well-defined (it does not depend on the representative of {a} pc or {}4), and non-degenerate.

Proof. Let a + ddu be another representative in the class {a}gc. Then

/X(a+85u)/\ﬁ:/xa/\ﬁ+/XaéuAﬁz/XaAﬁi/XuAaéﬁz/Xa/\ﬁ,

where the last equality is deduced by the fact that § represents an Aeppli class. Similarly, let
B + 0 + J¢ be another representative in the class {a} 4. Then

/ a A (B4 0+ 0C) :i/ aaA¢i/ 5aA§+/ alpS,

b's b's X b's

where the last equality is deduced by the fact that a represents a Bott-Chern class. We conclude
that the bilinear map in the statement is well defined.

To prove non-degeneracy, we fix an arbitrary Hermitian metric w on X. We know that if {a}pc €
HZA(X, C) is a non-zero class, then {xa}pc € Hy """ Y(X, C). Indeed by equations (1.1), (1.13)
and (1.14), we get the following equivalences for every form «

aeMy! < da=0,0a=0,(30)a=0
= J"(xa) =0, 0" (xa) =0, (00)(xar) = 0 <=+ € Hp """
Therefore by the Hodge isomorphism we get what we claimed. By the above argument we have :
({abac. (wa)a) = [ ansa=al? #0
b's

Similarly if {8}4 € H%Y(X, C) is a non-zero class, by the latest argument we have {x8}zc €
HEP" (X, C). Therefore

(%8} se. {B}a) = /X BB =B]2 0.

O
Note that the above statement depends only on the complex structure of the manifold, no metric is
involved. This is why we called the isomorphism in Theorem 1.1.11 the canonical Isomorphism.
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1.2 Frolicher Spectral Sequence (FSS)

The Frolicher spectral sequence (FSS) of X is an object that relates the complex structure of
X to its differential structure at the cohomological level. In this section we will briefly describe the
more recent point of view on the FSS. This point of view is more concrete and it is introduced by
Cordero, Fernandez, Gray and Ugarte in [7].

Definition 1.2.1 (i) Fizr > 1. A form a € C;5 (X, C) is E,-closed (i.e. o represents an E,-
cohomology class) if and only if there exist forms w; € C35, (X, C) withl € {1,...,r—1} satisfying
the following r equations :

da = 0
da = Ouy
ou, = Ougy
au,,_g = 5ur_1.
(When r = 1, the above equations reduce to O = 0.) An (r — 1)-tuple (uy,--- ,u,_1) of forms

with the above property is called a system of 0-potentials for Oo.
(i’) If we only have da = 0, we say that « is Ey-closed or 0-closed.
(i”) We set XP?:={a € C° (X, C)|a is E, — closed}.

(i)) Fizr > 1. A form a € CF (X, C) is E.-exact (i.e. a represents the zero E,-cohomology
class) if and only if there exist forms ¢, € C3°, (X, C) and & € C3°, (X, C) such that

yq—1
a = agr—? + 5§0a

with & arbitrary and (o satisfying the following additional condition (which is empty when r =1,
denoting (_1 = 0, and reduces to requiring that (._o = (o be 0-closed when r = 2.)
There exist O forms U(()r—2)7 o ,vﬁ’“j) satisfying the following (r — 1) equations :
5<7’—2 = avr(i_gm
o) = oY
a2 = gl

i = o, (1.20)

with the convention that any form Ul(T_Z) with [ < 0 vanishes.

(Note that, thanks to (i), equations (1.20), when read from bottom to top, express precisely the
condition that the form v(()r_2) € CF i1, gir2(X, C) be E,_y-closed. Moreover, the form 0¢,_o featu-

ring on the r.h.s. of the above expression for o represents the E,._1-class (—1)Tdr_1({v((f—2)}ET_1).)

(i’) If a € Imd, we say that o is Ei-exact or 0-exact.
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(i) We set Y1 :={a € C;° (X, C) | is B, — exact}.

Note the obvious inclusions :

eyt cypic Yyl coocaxltcaricaxttic .

r

For any » € N* and any p, ¢ € {0,--- ,n} put

Xxpa
ST

and every class in EP9(X) with representative « is shown as {«a}g, when there is no confusion on
bidegree. It is obvious that

EP(X)

B} (X)

B (X)
T 1

EPS (X)

I 1
"'Cyf’_qlef’qufjrqlC"'CXf;%CXf’qCXfLC{C"'-

Therefore it is evident that for any » € N and any p, ¢ € {0,--- ,n} we have the following complex
of C-vector spaces

Dy pra(x) Gy preralx) B

where the differentials d, are given by
d, : EP9(X) — EPtTaT(X)
d,({a}g,) = (1) Hour1}g,,

for any choice of F,-closed representatives o € C}°, (X, C) and any choice of O-potentials uq, - -+ , Up_1
of Oa as in (7) of Definition 1.2.1.

Definition 1.2.2 (i) The sequence of complexes
(EP4(X), dy)

is called the Frolicher spectral sequence (FSS) of the compact complex manifold X .
(ii) For every r € N the family of complexes (E2*(X),d,) is called the r-th page of the Frélicher
spectral sequence.

(11i) The Frilicher spectral sequence of X is said to degenerate at E,. , or at the r-th page,
if EP9(X) = EPSY(X) = EPS(X) = --- for all p,q € {0,--- ,n}. In this case, we write
Epe(X) = BR3(X).

Remark 1.2.3 The above definition (Definition 1.2.2) has at least two consequences which we men-
tion in the following
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(1) The zero-th page of the FSS is the Dolbeault complex of X and the 1st page of the FSS is the
Dolbeault cohomology groups of X. Therefore the maps dy are defined by O in the Dolbeault
cohomology :

EPY(X) = HP(X, C) & EPY(X) = HYTH (X, C).
(2) For every r, the (r + 1)-th page is the cohomology of the previous page r-th page.

In the following, we recall a proposition that helps us to prove that the Iwasawa manifold (cf.
Definition 1.6.9) is not a Kéhler manifold.

Proposition 1.2.4 Suppose that the Frélicher spectral sequence of X degenerates at Ey. Then for
every p € {1,--- ,n}, every holomorphic p-form on X is d-closed. By a holomorphic p-form on X
we mean a (p, 0)-form a such that da = 0.

Proof. Let a be a holomorhic p-form. Since da = 0, {a} 5 is well-defined and {a}y € Hg’O(X, C) =

EP°(X). On the other hand E;(X) = E.(X) means that all the maps d; vanish identically. Hence
di({a}s) = {0a}s = 0, which means that (p + 1, 0)-form Oda is J-exact. Hence 0o = 0 for some
(p+ 1, —1)-form S. For bidegree reasons = 0 hence da = 0, so da = 0. O

Proposition 1.2.5 Let r € N* . The Frolicher spectral sequence of X degenerates at E,. if and only
iof there exists a non-necessarily canonical isomorphism

HgR(Xa C) = @ Egéq(X)’

p+q=Fk
for every k € {0, -+ ,2n}. In particular we have
-
ptq=k

where b, = dim H% (X, C) are the Betti numbers and e?? = dim EP(X) = dim E24(X).

=

1.3  90-Manifolds

In this section we mention the definition of d9-manifolds and recall the 90-Lemma which plays
an essential role in the sequel and prove that every Kihler manifold is a 90-manifold. Moreover, we
recall equivalences between the d0-property and the canonical isomorphisms between the various
cohomologies.

Definition 1.3.1 Compact complex manifold X is called a 00-manifold if for any d-closed pure-
type (p, q)-form u, the following exactness properties are equivalent :

w is d-exact < u is O-exact < u is O-exact < u is O0-exact.

If Xisa 00-manifold then X satisfies some properties in cohomological level. For example if X
is a d0-manifold then there exists a canonical isomorphisms between the Bott-Chern and the Aeppli
cohomology groups mentioned in Definition 1.1.8.
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Theorem 1.3.2 The following statements are equivalent
(1) X is a 00-manifold.
(ii) The canonical map
HES(X, €) — HEY(X, C)
{a}pc — {a}a ae Cr (X, C)
s bijective.
Sketch of proof. First note that the canonical map being injective is clearly equivalent to property

ker & Nker d N (Imd + Imd) = Im(99). (1.21)

Indeed suppose that the above property satisfies for every (p, ¢)-forms. Let o be a fixed closed
(p, q)-form. then for some forms § and 7, we have

{a}s=0<+= 00a =0anda = 9B + 0y = da = da = 0and a € Im(99) = {a}pc = 0.
This implies the injectivity. Now suppose that the map {a}pc — {a}4 is injective then,

a € kerd NkerdN (Imd + Imd) = {a}, =0 =y {a}pc =0 = a € Im(90).

The other direction in obvious. Meanwhile the canonical map being surjective is clearly equivalent
to property
Imd + Imd + (ker d N ker 9) = ker 90, (1.22)

Indeed, let the above property is true for all (p, ¢)-forms, and let {a}a € H%%(X, C) has been
chosen. Then 00« = 0, so by (1.22) there exist three forms (3, vand ¢ such that

a=0B8+0y+¢

d=0C=0
So, the class {(}pc is well-defined and its image under the canonical map is coincided with {a} 4.
Suppose that the canonical map {a}pc — {a}a is surjective. Let a € ker 90 has been chosen, this
means that {a} 4 is well-defined, by surjectivity there exists a (p, ¢)-form 8 such that the class {8} ¢

is well-defined and the image {5} pc under the canonical map is {a} 4, in other words {a— 8} 4 = 0.
This implies that there are two forms ¢ and v such that

a=Lf+0dy+09C,
which spells that o € Imd + Imd + (ker d N ker 9). The other direction is obvious. Finally it is clear

that, X being a d0-manifold is equivalent to the simultaneous occurrence of (1.21) and (1.22). [
Therefore if X is a 00-manifold, by the above theorem and Theorem 1.1.10 we get

R = W51 hh. = Y Vp,q € {0,--- ,n}ke{0,---,2n}.
hee>b,  Vke{0,--,2n).

In the following we prove another cohomological property of a d0-manifold called the Hodge
decomposition.
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Theorem 1.3.3 A compact complex n-dimensional manifold X is 00-manifold if and only if the
identity induces an isomorphism between HYY(X, C) and Hpp(X, C) for every k €
{0,---,2n}, in the following sense :

p+q=k

(a) for every bidegree (p, q) with p+q = k, every Dolbeault cohomology class {a?}5 € HZ (X, C)
contains a d-closed representative o 1.

(b) the linear map

P HUX, C)> > {a" Y= { > aPpr € Hpp(X, C) (1.23)

pt+a=Fk ptq=k pt+a=Fk

is well-defined by means of d-closed representatives (meaning that it does not depend on the d-closed
representative o9 of the Dolbeault class {a??}5 ) and bijective.

The above latter property of manifolds has a name :

Definition 1.3.4 If the identity induces an isomorphism @, ,_, Hy (X, C) = Hp (X, C) in the
sense of Theorem 1.3.3 for every k € {0,---,2n}, we say that the manifold X has the Hodge
Decomposition property.

Proof of Theorem 1.3.3. Suppose that X is a d0-manifold.
” —" Suppose that X is a d0-manifold.

(a) Let {aP}5 € H2 (X, C) be an arbitrary class and let a7, be an arbitrary representative of

it, then we have da® 9 = 0. Since the (p+1, q)-form da?9 is d-closed and 0-exact, by d0-assumption

on X, daP 1 is d0-exact, so daP 9 = 90S. Now the (p, q)-form o — 04 is the d-closed representative
a9,

(b) To prove well-definedness, fix a bidegree (p, ¢) and let o}"? and a4 ? be d-closed representa-
tives of the same Dolbeault cohomology class. This means that o)"? — af'? is 0-exact and d-closed.
Since it is pure type by the d0-assumption on X it must be d-exact. Thus {4} pr = {5 ?} pr.

We will now prove that, for every bidegree (p, q) with p+¢q = k, the identity induces an injection

Hg,q(X7 C) — HgR(Xa (C)
{a" )5 = {a”}pr,
by means of d-closed representatives a9 of their respective Dolbeault cohomology classes. Let

{aP 1} pr =0, this means that a7 is d-exact, since it is d-closed and of pure-type, by d0-assumption
on X it must be d-exact. Thus {a? %}z = 0, this proves the injectivity of the above map.

Now we prove that for any fixed k and any distinct bidegrees (p, q) # (r, s) withp+qg=r+s ==k
the images of HZ“(X, C) and Hy"(X, C) in H% (X, C) only meet at 0. Suppose to the contrary

that there exist d-closed and non-O-exact forms a9 and o”* of the shown bidegree such that
{a? 1} pr = {a"*}pg. Then o — a™* = df for some form (3, so
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aPd = aﬁp—l,q +5/8p,q—1 and a™® = 8/67’—1,5 _I_(f_?ﬁr,s—l'

Then o1 —gprat = gpr—1a. Meanwhile the pure-type form 9P~ is d-closed and 0-exact, by
the 00-assumption on X it must be d-exact. This means that a7 is J-exact which is a contradiction.
So we conclude that the map (1.23) is injective.

On the other hand we know that for every compact complex manifold X (whether it is 90 or
not) we have

b < Z h2e.

ptq=k
this means that the map (1.23) is surjective.

" <= " Suppose that X has the Hodge decomposition property.
Fix a d-closed (p, q)-form a and put p + ¢ = k.

e Let us first prove the equivalence
a € Imd <= a € Imd.

Suppose « is d-exact, since it is of pure-type and d-closed, it is O-closed. So {a}y =0, and this
implies that {a}pr = 0 (because the image of 0 under a linear map is 0). If « is d-exact, then
{a}pr = 0. Since the identity induces a linear injection we have {a}z = 0, meaning that « is 0-
exact. This proves the equivalence. Since the above equivalence has been proved in every bidegree,
by conjugation we also get the equivalence

a € Im0 <= «a € Imd.
e For the proof of the following equivalence
a € Im(99) <= a € ImJ,

we refer the reader to Proposition (5.17) of [11].
0

One of the immediate consequences of Theorem 1.3.3 is that when X is a 00-manifold the
Frolicher spectral sequence of X degenerates at F; by Proposition 1.2.5.

Remark 1.3.5 Suppose that the Frolicher spectral sequence of X degenerates at Ey, then we get the
1somorphism

HgR(X’ C) = @ Egéq(X)>
ptq=k

by Proposition 1.2.5. But the main difference between the above isomorphism and the isomorphism
in Theorem 1.3.5 is that the first one in not canonical in general but the later one is canonical.
Therefore the 00-assumption on X satisfies E1(X) = Ex(X).
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Moreover if X is a 00-manifold, the canonical map

HBA(X, C) — HEY(X, C)
{a}pe — {a}y o€ Cgfq(X, C)

is injective. Indeed if « is a fixed (p, ¢)-form, {a}z = 0 implies that {a}4 = 0. Hence by Theorem
1.3.2 we get {a}pc = 0.

In other word in the level of the Hodge numbers we have h%, < h%, for all £ € {0, --- ,2n}.
Therefore by Theorem 1.1.10 we get

If X is a 99-manifold = hf, = b% = hE = b;.
Recall that in Theorem 1.1.10 we saw that for every k& € N, the following inequality holds :
hEe 4+ RE > 20, . (1.24)
In the following theorem we show that when X is a dd-manifold we get the equality in (1.24).

Theorem 1.3.6 The equality
Wpe + R = 2

in (1.24) holds for every k € N if and only if X satisfies the 0-Lemma.
Proof. Obviously, if X satisfies the 90-Lemma, then, for every k € N, one has
— Iy

he = 1 = n

and hence, in particular,
k k
hBC + h’A - 2 bk .

We split the proof of the converse into the following claims.

Claim 1. If Wl + hY = 20y, holds for every k € N, then Ey ~ E,, and a* = 0 = f* for every
ke N.
Since, for every k € N, we have

2b, = hlpe + 0l = 2R +d"+ f* > 20,

then hg = b, and a* = 0 = f* for every k € N.

Claim 2. Fizxk € N. If a**! := Zpﬂ:k“ dim¢ AP? = 0, then the natural map

P HEL(X, C) = Hiy(X, C)
pt+q=k
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1S surjective.
Let a = [a] € H5,(X, C). We have to prove that a admits a representative whose pure-type compo-
nents are d-closed. Consider the pure-type decomposition of « :

k
o =: Z(—l)j k=9
=0
where o* =77 € AF=77 X . Since da = 0, we get that
9o =0, 9 — 9T =0 for j€{0,....,k—1},  0a"F =0;
by the hypothesis a**! = 0, for every j € {0,...,k — 1}, we get that,
0aM 71 = 9o € (ImdNimd) NAFHHIX = imddn AFIITX

and hence there exists n*=7=1 € A¥=7=Li X such that

0ar ™ = gonkF—iTh = pakiTlitl
Define
n = (=1)! =71 e AFMYX, Q).
5=0
The claim follows noting that
a = [a] = [a+dy]
k—1

_ (ak,o+ank71,o> + (_1)j (Oékfj,j_‘_ankfjfl,j _gnk*j}jfl)
1
)]
_ k,0 k—1,0 : Y k—j.j k—j—=1J _ 3,k—J.-1
= [+ ]+ Y (1) [oF T+ o on ]

Jj=1

i (_Uk [a(),k _gno,k—l} ’

J

+ (—1)11c (a07k — o™k

=]
kol
—_

1

that is, each of the pure-type components of a + d 7 is both d-closed and d-closed.

Claim 3. [Ifhf. > by and ho + b5 = 20y, for every k € N, then h%. = by, for every k € N.
If n is the complex dimension of X, then, for every k£ € N, we have

by < hoe = BYF = 26y, — B35 F < bgu g = by

and hence h% . = by, for every k € N.
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Now, by Claim 1, we get that a* = 0 for each k € N; hence, by Claim 2, for every k € N the
map

P HEL(X) = Hy(X,C)

p+q=k

is surjective and hence, in particular, h%. > by. By Claim 3 we get therefore that hf, = by, for
every k € N. Hence, the canonical map Hpe (X) — Hjp(X, C) is actually an isomorphism, which is
equivalent to say that X satisfies the d0-Lemma. OJ

In the following we prove the fundamental fact that underlies the theory d0-manifolds.

Theorem 1.3.7 (00-lemma) Every compact Kihler manifold X is a 00-manifold.

Sketch of proof. Suppose that (X, w) is a compact Hermitian manifold and fix a (p, ¢)-form
u € C5 (X, C). The following implications always hold for every compact Hermitian manifold.

uw €Im(00) = ucImd and wecImd and wu € Imd,

for the last note that u = v, then u = d(dv). Moreover, the following equivalences always hold for
every compact Hermitian manifold.

uelmd=u L HR!X, C)

u€Imd =u L HRYX, C)
5]

welmd=u L HE(X,C)

Now suppose that w is Kéhler, by Corollary 6.5 of [10] we have

1
Do =85 =3, (1.25)

So the above equivalences satisfy the following equivalences
u € Imd <= u € Imd <= u € Imd,
so it remains to prove the implication :
u € Imd <= u € Im(99). (1.26)

To prove this implication suppose that u = dv for some (p, ¢ — 1) form v. by L2-orthogonal 3-space
decomposition
Croy1 = ker Ap @ Imd @ Imd”,

’q
v splits uniquely as v = w + da + 9* 3, with w € ker Ay. Therefore by (1.25) we get :

= 0v= 0w+ 00a + 00*B = 00 + 00* B = 00w — 0* 0.
where the last equality comes from [0, 9*] = 0 when w is Kihler. Therefore we have :
Imod 3 u — 00a = —0*0f € Imo*.
Which means that, u — 00a = 0. O

Up to now we have investigated some cohomological properties of d9-manifolds. To give a brief
statement of main results of this section we can mention to the following diagram
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X is Kéhler

canonical
~

HRAX,C) = HRYX, C) &—= X is 00 +—= P

ﬂ

Ey(X) = Ex(X)

HY(X, C) ~ Hpgr(X, C)

pt+q=Fk

In [7], the author constructed a 3-dimensional nilmanifold which is not a complex tori, such that
its Frolicher spectral sequence degenerates at E;. Since nilmanifolds does not satisfy 90-lemma unless
they are complex tori then In the above diagram the converse direction of the vertical implications
fails to be true in general.

1.4 Positivity Notion for Differential Forms

Let V' be a complex vector space of dimension n and (z1,...,2,) be a coordinate on V. We
denote the corresponding basis of V' by (0/0z1,...,0/0z,) and its dual basis in V* by (dz1,...,dz,).
Consider the exterior algebra

AVE = @ APAV* APAV* = APV @ ATV,
Since V' is a complex vector space, it has a canonical orientation, given by the (n,n)-form
T(z) =idzy Ndzy A -+ Nidz, NdzZ, = 2"dxy Adyy A -+ N dxy, A dyy,
where z; = z; +4y;. In fact, if (wy, ..., w,) are the other coordinates, we find
dwy A -+ N dw, = det(Ow; [0z )dz1 A -+ - N dzy,

7(w) = | det(dw;/dz,))*1(2).
So one can define the notion of positivity independent of local coordinates.

Definition 1.4.1 (1) A (q,q)-formv € A?7V* is said to be strongly semi-positive (resp. stron-
gly strictly positive) if v is a convexr combination

v = E Ystg 1 N Qg1 N Niig g N\ Qg g

where ;s € V* and 5 > 0 (resp. 75 >0 ).

(2) A (p,p)-form u € APPV* is said to be weakly semi-positive® (resp. weakly strictly posi-
tive) if for all o € V*, 1 < j < qg=n—p, then

uNiag Aag A= Niag ANy >0 (resp. uNiog Aag A+ NiagAag >0 Vo, #0)

1. In the original definition in [10], the author use semi-positive. We added the have word “ weakly " to distinguish
better from the * strongly positive ” notion.
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Remark 1.4.2 Locally any Hermitian metric w is a strongly strictly positive (1, 1)-form, this means
that at any point x € X, we can choose a local holomorphic coordinate (z1, ..., z,) and an open set
x €U C X, such that w has the following representation

Fortunately, the concepts of weakly semi-positive (resp. weakly strictly positive) and strongly semi-
positive (resp. strongly strictly positive) coincide in bidegree (1,1) and (n — 1,n — 1).

Proposition 1.4.3 (/10], Chapter III, Proposition 1.11) If uy,...,us are strongly semi-positive
(resp. strongly strictly positive) forms, then uy A --- Aug is also strongly semi-positive (resp. strongly
strictly positive) form.

1.5 Currents

Definition 1.5.1 (1) Suppose that K is a compact subset of X. For any s € NU {oo} and any
0 < p,q <n, let *DPI(K) be the set of all u € C; (X, C) with support contained in K, and
PP (X)) := g *DP(K), where the union is taken over all compact subsets of X.

(2) A Current T of degree (n —p, n — q) and of order s is a linear form on *DP4(X) such that
the restriction of T to any subspace "DV 1(K) is continuous.

Note that if X is a compact manifold then *D?¢(X) = C; (X, C). In the sequel, we let (T, u) be
the pairing between a current T and a test form u € *DP4(X

Example 1.5.2 (/10], Chapter I, Example 2.5) If u is a differential (p, q)-form on X, we can
associate to u the current of dimension (n —p, n —q) :

(Tu,v>:/ T/\U:/ uAv, v DPTX).
X X
T, is of degree (p, q) and of order 0. The correspondence u — T, is injective.

Definition 1.5.3 ( [10], Chapter III, Definition 1.13) A current T of degree (n — p, n — p) is said
to be positive (resp. strongly positive) if for all test forms u € sDP9(X) that are strongly positive
(resp. weakly positive) at each point we have, (T, u) > 0.

1.6 Holomorphic deformations of Complex Structures
Let X and B be two complex manifolds and ¢ : X — B be a holomorphic map. Also let
X, = ¢ (t) denote the fiber of  above the point t € B. We say that X % B is a holomorphic

family of compact complex manifolds if ¢ is a proper holomorphic submersion. Thus for every
t € B, X, is a compact complex manifold.
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Theorem 1.6.1 (//3], Theorem 9.3) Ehresmann Theorem
Suppose that X 5 B is a holomorphic family of compact complex manifolds. If B is a contractible
manifold equipped with a base point 0, then there exists a diffeomorphism

T: X=Xy, xB.

Given such a diffeomorphism, we can assume that for every t € B, X, is diffeomorphic to Xj.
In other words, the differential structure of Xy does not depend on t. In general since T is not
a holomorphic map, the complex structure of X; depends on ¢t. However, the existence of such T
enables us to consider the complex structure on X; as a complex structure on X, varying with ¢.
From now on B is an open disc around the origin in C™, for some m € N and we denote (X;)iep
instead of X % B for referring to a holomorphic family of compact complex manifolds.

The following statement contains the definition of C'*° family of complex vector bundles, sections,
linear operators and metrics. First we fix notation for the next definition.

Suppose Y is a complex bundle over X. By I'(Y) = C*(X, Y) we mean the C-vector space of
global C'*° sections of Y.

Definition 1.6.2 (i) Suppose (Yy)iep, Vi — X, is a family of complex bundles over X. We say
that the family (Yy)iep is a C™ family of C> complex vector bundles over X if there is
a complex bundle m: Y — X X B such that

V=7 "X x {t}) = V|xxqy, t€B.

(i1) Suppose (Yi)iep is a C™ family of C* complex vector bundles over X.

(1) For every t € B, let v, € T'(Y;). We say that the family (vi)iep is a C*™ family of
sections if there is a ¥ € I'(Y) = C°(X x B, Y) such that

Y = Y] x e}

(2) For every t € B, suppose Ly : T'(Y;) — T'(Y;) is a self-adjoint elliptic operator of even
order s on I'(Y}), we say that the family (Ly)iep is a C* family of linear operators if
for every C™ family of sections (V¢)ien, (Livt)ien 18 a C°° family of sections.

In (i), we implicitly assumed that on every t there exists a Hermitian metric hy on'Yy, i.e., the
(he)tep is a family of positive definite inner products on (Yi)iep such that for every t € B, hy
varies C*™ with y € Y;.
(111) We say that the family (hy)iep is a C° family of metrics if there exists a Hermitian metric
h on Y such that
h|xxp = he

We recall the Green operator of a self-adjoint elliptic operator. For every fixed p, ¢ € {1, ..., n}
suppose E is a self-adjoint elliptic operator on C7°, (X, C). Since X is a compact manifold, ker £ is a
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finite-dimensional complex vector space. We denote by Pp : C° (X, C) — ker E' the L? orthogonal
projection. One can define the Green operator of £, E~! : Cr, (X, C) — Im E, such that

E7'E(y) = EE'(7) =~v— Pu(n), € Cr,(X, C).

If we restrict £ to Im E then E is a bijection and so E~! : ImE — Im FE is the inverse of this
restriction. In particular one can define, Pgc, Pj, Agé, and A(gl.

The following theorem gives us a criteria to determine whether these families are C'*° families of
linear operators. This is the main key to proving Theorem 2.3.1.

Theorem 1.6.3 (/”/]) Kodaira-Spencer fundamental theorem.
Suppose that (Xy)ep s a holomorphic family of compact complex manifolds.

(i) If the dim ker Apc,; : C5< (Xi, C) — O3 (Xy, C) (resp. dim ker Ag , ) is independent of t € B,
then the family (Ppc¢)iep (resp. (Ps¢)ier) is a C*° family of linear operators.

(i3) If the dim ker Apg,; : C3° (X, C) — CF (Xy, C) (resp. dim ker Ag , ) is independent of t € B,
then the family (Aglat)teB (resp. (Aglt)teB) is a C™ family of linear operators.

Two important and commonly used concepts in deformation theory are openness and closedness
properties. The following terminology was introduced by D. Popovici in [35].

Definition 1.6.4 ([75]) Suppose (Xi)iep is a holomorphic family of compact complex manifolds.

(i) A given property (P) of a compact complex manifold is said to be open under holomorphic
deformations if

Xo has property (P)= X; has property (P), for t€ B sufficiently close to 0.

(ii) A given property (P) of a compact complex manifold is said to be closed under holomorphic
deformations if

X has property (P) for t € B\ {0} sufficiently close to 0 = Xy has property (P).

The following table shows openness and closedness properties for some specific classes of metrics
mentioned in Definition 1.1.1.

Metrics | Open | closed
Kaéhler v X
SKT X X
Balanced X X
H-s v X
IcK X X
00 v X

In the remaining of this section we show that the 99 and the Kihler properties are open properties
and give two counter-examples to describe why SKT and balanced properties are not open under
holomorphic deformations. Moreover in Theorem 4 of [1] the author proved that the 1cK property
is not stable under holomorphic deformation. First we mention the upper-semicontinuity of the
Hodge numbers under deformations which plays an important role to prove Theorem 1.6.6.
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Theorem 1.6.5 Let (X;)iep be a holomorphic family of compact complex manifolds and fix an
arbitrary bidegree (p, q). Then the following maps are upper-semicontinuous.

B>t — hPt) :=dim H) (X}, C)
B>t — hA(t) == dim HpA (X, C)
B>t — h%Yt) = dim HY (X}, C)

One main consequence of Theorem 1.6.5 is the deformation openness of the d0-property of
compact complex manifolds. This fact was first proved by Wu in [15] and was reproved by Angella
and Tomassini in [3].

Theorem 1.6.6 (00 openness) Suppose that (Xt)ien 15 a holomorphic family of compact complex
manifolds. If the central fiber X, satisfies the 00-lemma then for all t sufficiently close to 0, X;
satisfies the 00-lemma.

Sketch of proof. By D. Angella and A. Tomassini in [3] (also cf. Theorem 1.3.6), the d9-assumption
on X is equivalent with

> (5&(0) + W5 (0)) = 2by,
p+q=Fk

where by, is the k-th Betti number of X (equation (1.16)). By Theorem 1.6.5 we have :
W6 (t) < hip(0) and h7(t) < h7(0).

Moreover by Theorem 1.1.10 we always have :

> (W& + Hy (1) = 20,

pt+q=k
for every t € B and k € {0, --- ,2n}. Putting together all the above pieces of information, we get :
2b, < Y (BE&() + BEI(E) < D (WRE0) + h5%(0)) = 2by, (1.27)
pt+q=k pt+q=k
which is exactly what we claimed by Theorem 1.3.6. U

Now we are ready to prove one of the key theorems in deformation theory which is Theorem
1.6.8 proved by Kodaira and Spencer. Let us first mention a lemma that plays a central role to prove
Theorem 1.6.8.

Lemma 1.6.7 Let w be a Hermitian metric on X. Then
w is Kihler <= Apc(w) =0,

where Apc : O7% (X, C) — O (X, C) is the Bott-Chern Laplacian induced by w.
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Proof. By (1.13) we know that ker A g = ker dNker dNker(99)*, so the implication "<=" is obvious.

To prove the other direction of implication, suppose that w is a Kéhler metric. Then by equations
(1.1) and (1.7) we get :

(00)*w = 0 <= %(09)(xw) = 0 <= dw,_, = 0,

where in the last equality we have used the fact that w is a Kédhler metric and x is an isomorphism. []

Theorem 1.6.8 (/2//, Theorem 15) Suppose (X;)iep s a holomorphic family of compact complex
manifolds. If Xy is a Kdhler manifold, then for allt close enough to 0, X; is again a Kdhler manifold.

Sketch of proof. Suppose that wg is a Kéhler metric on X. For every ¢t € B let w; be the Ji-type
of the 2-form wy, therefore family (w;)iep is a C* family of forms. In addition since w is positive
definite for ¢ sufficiently close to 0, w, is also positive definite. So, (w;)iep is a C*° family of Hermitian
metrics for ¢ sufficiently close to 0. Let us therefore consider the L? -orthogonal projectors :

P : C5 (X, C) — ker Hgi(X,, C), te€ B.

The crucial piece of information that we need is ;A (t) = h%4(0), for sufficiently small ¢ (which is
provided by (1.27)). By Theorem 1.6.3, the (P;);ep is a C* family of linear operators. Now define

~ 1
Wy = _(tht + Pt(wt))

2
The family (@;)iep is a C* family of Kéhler metrics on the respective fibers X, whose member for
t = 0 is the originally given Kéhler metric wy on Xj. 0]

Note that, the proof of Theorem 1.6.8 not only shows that the K&ahler property is an open
property but also proves that any Kéahler metric wy on X can be deformed to a C'*° family of Kéhler
metrics w; on the nearby fibers X, which is a stronger statement.

In the following we point out two counterFexamples that show, SKT and Balanced properties
are not open under holomorphic deformations. The reader can refer to [1], [31], [¢] and [L5] for more
details.

Balanced Counter-Example

Definition 1.6.9 The Iwasawa manifold X = G /T, denoted sometimes by I®) | is the compact
complex manifold of complex dimension 3 defined as the quotient of the complex Heisenberg group

1 Z1 3
G::{ 0 1 2 ;zl,zg,zge(C}
0 0 1

by its discrete subgroup I' C G of matrices with entries z1, zo, 23 € Z|i].
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Hence, X is a compact complex parallelisable (meaning that its holomorphic tangent bundle is
trivial) nilmanifold of complex dimension 3. One finds that

o1 :=dzn
Py 1= dzp
Y3 1= dzg — z1dzy

are G-left-invariant holomorphic 1-forms on G so they descend to a holomorphic 1-forms on X
(denoted by the same symbols) and that the structure equations with respect to these 1-forms are

ngl =0
d(pg =0
dpz == —p1 N\ P2

Since (3 is not d-closed we get the following by Proposition 1.2.4

Proposition 1.6.10 The Frolicher spectral sequence of the Iwasawa manifold does not degenerate
at Fy. In particular, the Iwasawa manifold is not a 00-manifold, hence not a Kdhler manifold.

Proof. Since there is a non zero holomorphic 1-form ¢3 on X such that dys # 0, by Proposition
1.2.4, E1(X) # Ex(X). On the other hand we know that the Frolicher spectral sequence of any
d0-manifold degenerates at E, therefore the Iwasawa manifold is not a dd-manifold. Finally by
Theorem 1.3.7 it is not a Kdhler manifold. .

Let 1, @2, w3 be the holomorhphic 1-forms on X. They are linearly independent at every point
of X. Since ¢, and ¢y, are d-closed while ¢3 is not d-closed the C-vector space Hg’l(X , C) has
complex dimension 2 and is spanned by the Dolbeault cohomology classes {1} and {ps}.

Let 01, 0o, 03, € H°(X, QL) be the holomorphic vector fields dual to o1, 2, p3. They are given by

0 = =
92 = d;; + Zlaiz3
93 - %
and satisfy the relations
[917 92] - _[627 81] - 937 [827 93] - [017 93] - 0
In particular, we get :
[0:0x, Ou@u] = [0i, Ok]or A By, ik, A, v=123.

Since the holomorphic tangent bundle 71°X is trivial and spanned by 6, 65, 03 the cohomology
group H% (X, T10X) of TH9X-valued (0, 1)-forms on X is a C-vector space of dimension 6 spanned
by the classes of 6,0, :

HY'NX, TYX)= & C{bp},  dimH"Y(X, T"X) =6.

1<i<3, 1<AL2
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Consequently the Kuranishi family of X can be described by 6 parameters ¢ = (£;))1<i<3 1<a<2- BY
the Kuranishi family of X we mean that there is a holomorphic family of compact complex mani-
folds (X;)iep whose central fiber Xj is the given X and whose base B is an open ball centered at the
origin in H% (X, T%°X). This family of small deformations of X is called the Kuranishi family of X.
The Kuranishi family is a general object that exists for every compact complex manifold X (see [25]).

In the 6-parameter Kuranishi family (X¢)iep, t = (tir)1<i<3, 1<a<2 of the Iwasawa manifold X, =
X = G/T', Alessandrini and Bassanelli |1] single out the direction corresponding to parameters t
such that

tlg 7é 0, tz‘j = O, for all (Z, j) 7£ (1, 2)

The following proposition is a counter-example that shows the balanced property is not open under
holomorphic deformation.

Proposition 1.6.11 (Alessandrini-Bassanelli, [1], p 1062) Let (X;)iep be the 6-parameter Kurani-
shi family of the Iwasawa manifold Xo = G/T', t = (tix)1<i<3, 1<r<2-

Then , for parameters such that t12 # 0, t;; = 0, for all (i, j) # (1, 2), X; is not balanced for any
t :=t19 # 0 satisfying |t1a]| < € if € > 0 is small enough.

SKT Counter Example

Consider the Heisenberg group H

1 x =z
H::{ 01 vy ;x,y,zeR} (1.28)
0 0 1

The following set is a basis of left-invariant 1-forms on H
{ag = dz, ay = dy, ag = xdy — dz},
and the structure equations are given by :

qu:O
dO[QZO

dOég = (07 /\Ozg

Let us consider the lattice I' given by the matrices in (1.28) with (z, y, z)-entries lying in Z. From
now on, we denote by N = H/T" the 3-dimensional nilmanifold and we will refer to N as the
Heisenberg nilmanifold. Let us take another copy of N with basis of 1-forms (3, £2, (5 satisfying
the equations

dpg, =0
dﬁgzo
dfs = B1 A B2
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We consider the invariant almost-complex structure Jy on N x N defined by
Jo(an) = —az Jo(B1) = =B Jo(as) = —Ps.
Indeed, in terms of the basis of 1-forms {e1, €9, €3, €4, €5, €6} we have :
er =i e =ay e3=[1; es=[r e =a3 es= [
the structure equations are
de; = deg = des =dey =0 des = a1 Ay deg = 51 N Pa.

By the above equations we can define a basis {wp 1, wp 2, wp 3} of invariant complex 1-forms of
bidegree (1, 0) with respect to Jy as follows :

Wo,1 = €1 — ijo(el) =e1 + i€2

Wo,2 = €3 — ijo(eg) =e3+ ’i€4

Wo,3 = 266 - QiJQ(GG) = 266 - 2i€5
By a straightforward computation we get :

dw071 = dw072 =0 dw073 = Wo,1 /\(40071 +/L.CL)O72 /\@0’2.

Now we consider the small deformation J; on N x N given by

0 0
t— & @071 +it—® @072 < Ho’l(XQ, T170X0),
622 821

where X denotes the complex manifold (N x N, Jy). This deformation is defined for any ¢ € C,
i.e. we can take B = C. The analytic family of compact complex manifolds. (N x N, J;);ep has a
complex basis {w; 1, w2, we 3} of type (1, 0) with respect to J; given by

Jp w1 = wo,1 + it 2, Wi = Wo 2 +tWo 1, Ws = Wo,3-

) )

The complex basis satisfies the following equation for any ¢ € C :

dwtl = d(,dt72 = O, dwt’?, =
Now consider the following Hermitian metric F; on (N x N, J;) for every t € C

1 _ _ _
Ft = Q(Wt,l /\wt’l —i—ww /\wt72 —|—wt,3 /\wt’g).

A direct calculation shows that the metric F; is SKT if and only if ¢ = 0. Since by [15] on a
6-dimensional SKT nilmanifold all the invariant Hermitian metrics are SK'T, then one gets that
((N x N, Ji)iec) is a holomorphic family of 6-dimensional nilmanifolds such that X, is SKT but
Xi = (N x N, J;) does not admit any SKT metric for ¢ # 0.
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Deformation Openness of Gauduchon Metric

In this section we show that if (X;);ep is a holomorphic family of compact complex manifolds
then any Gauduchon metric wg on Xy deforms C'*° to Gauduchon metrics w; on the nearby fibers
X;. Let X be a compact complex manifold and w be a Hermitian metric X define the following the
Laplace-type operator :

P, :=iA,00: C>*(X, C) = C>*(X, C)
Its adjoint is the operator P : C*(X, C) — C*(X, C) and is given by :
PX(f) = i %, 00(fwn_1) : C°(X, C) = C>(X, C)

It is proved in [16] that the operators P, and P are elliptic operators and of vanishing index.
Moreover, ker P,, = C. Hence by ellipticity and vanishing index we get dim P} = 1. On the other hand
it f € ker P} then either f < 0 or f > 0. To make a choice, suppose that ¢ is a generator of ker dim P
such that ¢ > 0, hence cpﬁw is a Gauduchon metric on X. Note that the dimension of ker P}
does not depend on w. Meaning that if p is another Hermitian metric on X then dimker Py = 1.

Now suppose that ((X;), % )iep is a C* family of compact complex Hermitian manifolds. The
family (P} )iep is a C* family of elliptic differential operators on the fibers X; with kernels of equal
dimensions (= 1). By theorem 1.6.3, the kernels define C* vector bundles B > t — ker P7,. Suppose
that 0 < fo € ker P [c(x,c), extend f; to the local C* section B 3t — f; of the U real vector
bundle B > t — ker P} |c=(x,c). Since fy > 0 and by the continuous dependence of f; on ¢, for ¢

_1
Py

sufficiently close to 0 we get f; > 0. Thus, we get a C* family w; = f,""'7; of Gauduchon metrics
on fibers X;.

Note that in the above argument we proved a slightly stronger statement, in the sense that we
need not assume v, to be Gauduchon from the start. In other word, we have proved the following
Proposition.

Proposition 1.6.12 (Proposition 2.1, [78]) Let (X;)ien, be a holomorphic family of compact com-
plex manifolds. After possibly shrinking B about 0, there exists a C™ family of 2-forms (w¢)iep such
that wy is a Gauduchon metric on X;, for everyt € B.
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Chapitre 2

Properties of Critical Points of the
Dinew-Popovici Energy Functional

2.1 Introduction

Let X be a compact complex manifold with dim¢X = n and w a Hermitian metric on X. By
Theorem 1.6.8, the property of being a Kdhler manifold is open under holomorphic deformations.
However it is proved by H. Hironaka in [17] and [1&] that the Kéhler property is not closed under
holomorphic deformations.

The class of Kahler metrics is not the only class that is open under holomorphic deformations.
In [37], Popovici showed that the strongly Gauduchon property is open under holomorphic defor-
mations as well, but it is not a closed property by Proposition 3.4 in [31]. The notion of a strongly
Gauduchon manifold was introduced by Popovici in [36]. Recall that w is called strongly Gauduchon
if Jw™~! is O-exact and, we say that X is said to be strongly Gauduchon manifold if there exists a
strongly Gauduchon metric on X.

However, the openness property for an arbitrary class of metrics does not always hold. As a
famous example, consider a holomorphic family of compact complex manifolds (X;);cp, and suppose
wp is a balanced metric on Xj.

In [1], it is shown that the balanced property is not open under holomorphic deformations. Ales-
sandrini and Bassanelli pointed out the counterexample of the Iwasawa manifold endowed with the
holomorphically parallelizable complex structure.

The closedness property for balanced metrics does not hold either. In [5], M. Ceballos, A. Otal, L.
Ugarte and R. Villacampa constructed a holomorphic family of compact complex manifolds (X;);cp
such that for ¢t € B\ {0}, X} is a balanced manifold, but the central fiber X, does not admit any
strongly Gauduchon metric (so it does not admit any balanced metric).

Another example is that of class SKT manifolds. The behavior of this class of manifolds under

holomorphic deformations is the same as the class of balanced manifolds. This means the SK'T pro-
perty is neither closed nor open under holomorphic deformations. See for example Proposition 3.1
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for openness and Proposition 3.4 for closedness in [31] (see also [15] for closedness).

Another class of manifolds that has drawn a lot of attention is the one of 9-manifolds because
they satisfy the Hodge decomposition and the Hodge symmetry. In [15] C.C. Wu proved that the
d0-property is open under holomorphic deformations.

In fact, if one considers a holomorphic family of compact complex manifolds (X;);cp and supposes
that the central fiber X, is a d0-manifold then both the SKT and the balanced properties become
open under holomorphic deformations.

In a more general setting, we do not consider our manifolds to be d9-manifolds. The main class
of metrics that we discuss in this chapter is that of Hermitian-symplectic metrics. In dimension 2 any
Hermitian-symplectic manifold is Kahler (see [11]) but in higher dimensions, the following question
is still open.

Question 2.1.1 (//1], Question 1.7]) Do there exist non-Kdhler Hermitian-symplectic complex ma-
nifolds X with dimeX >3 ¢

In [16], S. Yang proved that the property of having a Hermitian-symplectic metric is open under
holomorphic deformations (see also [(]). But it is not a closed property under holomorphic deforma-
tions by Theorem 3.8 of [31].

In Definition 1.1.6 (5) © is not of type (1, 1) and p*" is not unique. One can find a unique (2, 0)-form
such that has the minimal L2-norm among such all forms, which we call the (2,0)-torsion form of
w and it is denoted by p2°.

The main discussion of this chapter is based on [12], where Dinew and Popovici introduced the
Dinew-Popovici energy functional. When the dimension of X is 3, the critical points for F' are
exactly the Ké&hler metrics in the Aeppli cohomology class of wy. In Theorem 2.3.1 we show that this
property is open under holomorphic deformations in any dimension.In higher dimension, dim¢cX > 3
the following question is still open

Question 2.1.2 When dimcX > 3, are the critical points of the Dinew-Popovici energy functional
F : Sguy — [0, +00) exactly the Kihler metrics in the Aeppli cohomology class of wo ?

We give a partial answer to this question in Proposition 2.4.1 and Corollary 2.4.2. Moreover, in Pro-
position 2.3.8, we prove that the property of being a critical point for F' is closed under holomorphic
deformations.

In section 2.2 we first give the definitions and tools to state the main results and in section 2.3 we
state our new results and prove them.

2.2 Preliminaries

Throughout this section, X is a compact complex manifold of dimension n equipped with a
Hermitian metric w. This means that w is a C*° positive definite (1, 1)-form on X. Recall that (cf.
1.1.6, (5)) an H-s metric w, is a positive definite (1 1)-form such that

Q=p2’0+w+p0’2,
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Q is a d-closed 2-form, where p*° is (2, 0)-form and p*2 = p%9. We call , a completion of w.

Lemma 2.2.1 ([12], Lemma and Definition 3.1) For every Hermitian-symplectic metric w on X,
there exists a unique smooth (2, 0)-form p%° on X such that

(1) 0p2° =0 and (ii) 0p>° = —0w and (i) p2° € Im3} + ImI~.

Moreover, property (iii) ensures that p%° has minimal L2 norm among all the (2, 0)-forms satis-
fying properties (1) and (ii).

We call p%° the (2, 0)-torsion form and its conjugate p%? the (0, 2)-torsion form of the
Hermitian-symplectic metric w. One has the explicit Neumann-type formula :

P20 = —ALL[0* 0w + 500" dw], (2.1)

Qf)hereiA]_glc is the Green operator of the Bott-Chern Laplacian Apc induced by w, while 0* = 8, and
O0* = O are the formal adjoints of 9, resp. 0, w.r.t. the L* inner product defined by w.

Notice that in (2.1) by Azl we mean (A%2)~" 50(X, C) — Im Apc. Moreover, since Apc is a
real operator (so ALY is also real) we thus have

ph? = —ARL[0" 0w + 0*00* Ow.

Let wy be a fixed Hermitian-symplectic metric on X. In the following we introduce an energy func-
tional, defined by S. Dinew and D. Popovici, which plays a central role is this chapter. But first let
us define S,y as follows :

Stwoy = {wo + dip + Oug | up € CYH(X, C) such that wy + dtg + dug > 0}

The set Sg,y is an open conver subset of the real affine space {w}a N CP% (X, R) = {w + 9t + Ou |
u € C75(X, C)}.

Definition 2.2.2 ([12], Definition 3.3) The definition of Dinew-Popovici energy functional F' is
given by :
P St = 0 o0), Fw) = [ IRV, =160l (2.2)
X

where w € Sguyy and p%° is the (2,0)-torsion form of w, while | |, is the pointwise norm and || ||.,
is the L? norm induced by w.

From Definition 2.2.2, it is clear that the zero set of F' is the set of Kahler metrics in Sy,,,;. We
are interested in the set of critical points of F'. For this purpose we will compute the first variation
of F' long the path w + ty, where v = 84 + du € C7% (X, R) is a fixed real (1, 1)-form chosen to be
Aeppli cohomologous to zero.
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Proposition 2.2.3 (/12/, Proposition 3.5) The differential at w of F is given by the formula :

I _ i 2.0 » 30, af W'’
(dwF)(V)—dtltzoFt(w) = 2Re(<u,8w>)w+2Re/u/\pw A P /\8((”_3)!
- wn—S
- —<<v,w>>+2Re/uApivoAp%OAa((n_?))!), 23)
X

for every (1, 1)-form v = 0t + Ou.

It is obvious that every Kéhler metric w is a critical point for F'. Now suppose that w is a critical
point for F' and dime X = 3, w" ™ = 0, so (2.3) reduces to (d,F)(y) = —2Re {{u, 0*w)),,. This
amounts to Re ((u, 0*w)),, = 0 for every (1, 0)-form u. Thus, by taking u = 0*w we get 0"w = 0.
This is equivalent to w being balanced. However, w is already SKT since it is Hermitian-symplectic,
so w must be Kéhler by Remark 1.1.7.

Now consider a holomorphic family of compact complex manifolds (X;);ep and (wi)wep is a
C* family of Hermitian-symplectic metrics on (X;);cp. This means that for every t € B, w; is a
Hermitian-symplectic metric on X;. Therefore like (2.2) one can define a family of Dinew-Popovici
energy functionals (F}).cp, Fi : Sgu,y — [0, 00), as follows

RSty = 0, 400), Rl = [ 18R, ave, = 162012,
Xt

where like the Equation (2.2) @; € Sy, and p2,° is the (2, 0)-torsion form of @;, while | |5, is the
pointwise norm and || ||, is the L? norm induced by ;.

Henceforth if we fix any Hermitian symplectic @; € Sy, then for every ¢ € B one can define the
differential at w, of F; exactly like Proposition 2.2.3.

2.3 Deformation properties of the Dinew-Popovic energy func-
tional and H-S metrics

This section is devoted to our new results based on [12]. We give a proof for Theorem 2.3.1. This
theorem shows that if a compact complex manifold X admits a Hermitian-symplectic metric wy,
then the existence of a Kéahler metric @y in the Aeppli cohomology class of wy is an open property
under holomorphic deformations.

Theorem 2.3.1 Suppose B is an open ball in C™ containing the origin and (X;)icp is a holomorphic
family of compact complex manifolds of complex dimension n satisfying the following conditions :

1) for every t € B, X; is equipped with a Hermitian-symplectic metric w; and the family (w;)iep
is a C®-family of (1, 1)-forms,
2) fort =0, wy is a Kdhler metric on Xy.

Then after possibly shrinking B about 0, there exists a family of (1, 1)-forms (&y)iep such that
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a) @ € {wi}a, where {w;}4 is the Aeppli cohomology class of wy,
b) & is a Kdhler metric on X, for everyt € B,
C) (JJO = Wo,

d) (@)ep is a C* family of metrics.

By Theorem 1.6.8, the open property for Kéhler metrics is known. But the way that we constructed
the C°° family of Kahler metrics (&;);ep is different. The new result of Theorem 2.3.1 is that we
have constructed a Kéahler metric in a specific Aeppli cohomology class.

Before we present the proof of Theorem 2.3.1, we mention three theorems which play a crucial role
in our proof.

Theorem 2.3.2 ([7/], Theorem 4.1) Fix a compact Hermitian manifold (X, w). For any C* (p, q)-
form v € Im(90), the (unique) minimal L?-norm solution of the equation

00u =wv

1s given by the formula

u = (00)* Az,
where Agé is the Green operator of the Bott-Chern Laplacian Agc induced by w.

Theorem 2.3.3 ([/5], Theorem 5.12) Let (Xi)iep be a holomorphic family of compact complex
manifolds of complex dimension n. If the central fiber Xo is a 00-manifold, then after possibly
shrinking B about 0, X, is a 00-manifold for allt € B.

Theorem 2.3.4 (/11], Section 6) Every compact Kihler manifold is a 00-manifold.

Proof. Since wy is a Kihler metric on X, by Theorem 2.3.4, X is a 00-manifold, therefore by
Theorem 2.3.3 after possibly shrinking B about 0 one can assume that X, is a 00-manifold for
every t € B. Let us fix a t € B, w; is a Hermitian-symplectic metric on X; then by Remark 1.1.7
(2) in Section 1.1 one implies that dyw; is d-closed and J,-exact. Since X, is a d0-manifold, d;w; is

9,0;-exact. So the following equation B
— 8t3tut = @wt. (24)

has at least one solution, u;, for t € B. By Theorem 2.3.2 we are able to choose the minimal L?-norm
solution with respect to w; among all such u;. The minimal L2 -norm solution of equation (2.4) is
given by

"™ = —(0:01) D, (O, (2.5)

where Aglat is the Green operator of the Bott-Chern Laplacian Apg¢ ; induced by w;, mentioned in
Section 1.6. Now we define, )
(:}t = Wt + 3tu{’“" + atu;nm,
for all t € B.
By the construction of @;, one can see that

atgt(.:.it = 8,55,5(% + atu?”” + 57516?1“1) = &ggtwt =0.
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Therefore {@; } 4 is well-defined and by the definition of the Aeppli cohomology group, adding d,u;™"
and O;u™™ to w; does not change the Aeppli cohomology class of w;. Hence &; € {w;} 4, this proves

(a).

Also for every t € B, @, is d-closed because

dof}t = d((,dt + &gu?“” + 515’&?%”) = 8twt -+ 5,5(,0,5 -+ a@tu?”” + @a%ﬂin. (26)

Equation (2.5) implies that 99,uf™ = —d,w;, put this in the equation (2.6) one can see that @ is
d-closed. On the other hand, the strict positivity of wy implies strict positivity of &; for all t € B
sufficiently close to 0, henceforth &, is a strictly positive d-closed (1, 1)-form on X, this proves (b).
So we have a family of Kéhler metrics (@;)iep on (Xi)iep. At t = 0, there are two Kéhler metrics on
Xo. One of them is wy, which is given by assumption (2) and the other one is &y by our construction.
Since wyg is a Kahler metric on X, dywy = 0. Hence

ug”‘m = —(8050)*A]_31070(806L)0> =0.

So,
(Z)O = Wy + 00u6m” + 00u6m" = Wwy.

This means that these two metrics coincide on Xy which proves (c).
For every t € B we denote by hpc ¢(X;) the dimension of ker Agcs (Apc,: : C59(Xy, C) —
55 (Xt, C)). Since (Xi)iep, after possibly shrinking B about 0, is a holomorphic family of com-
pact complex dd-manifolds, by Theorem 5.12 in [15], hpc,¢(X;) = hpc,o(Xo) for every t € B. By
Theorem 1.6.3 (i) the family of linear operators (Age ,)iep acting on (2, 1)-forms is a C* family
of linear operators, therefore the family (u]");cp is a C* family of (1, 0)-forms, and since (w;)ep
is a C'* family of metrics one can say (w;) is a C* family of metrics, this proves (d). O
We saw that in dimension 3, Kahler metrics are the critical points for the Dinew-Popovici energy

functional F'. So as a consequence of Theorem 2.3.1 one can get the following corollary.

Corollary 2.3.5 Suppose (X;)iep is a holomorphic family of compact complex manifolds of dimen-
sion 3, (wy)iep is a C family of Hermitian-symplectic metrics on (Xy)iep, and (Fy)iep is a family
of Dinew-Popovici energy functionals mentioned in section 2.2. If for t =0, wy is a critical point of
Fy, then after possibly shrinking B about O there exists a C* family of Kdhler metrics (&)ep such
that for every t € B, &; € S,y and @, is a critical point of Fy and wy = wy.

Proof. The existence of a C*° family of Kéhler metrics (&;)ep such that for every t € B each
Wy € S,y and Wy = wp come directly from Theorem 2.3.1 and since the dimension of each X, is 3,
@; being a Kahler for each t € B implies that @, is a critical point of F} . O

By Corollary 4.2 of [12], in dimension 3 if w is a Hermitian-symplectic metric and the given
Aeppli class {w} 4 contains a Kihler metric wy, then its (0, 2)-torsion form p? is d-exact. Therefore
by Theorem 2.3.1 if the given Aeppli class {w}4 contains a Kihler metric wy, then the J-exactness
for p%2 is an open property under holomorphic deformations.

So it is natural to investigate the openness and the closedness properties of the (0, 2)-torsion form
p2? in higher dimensions.
In the following proposition we show that for a Hermitian-symplectic metric w, the J-exactness
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for the (0, 2)-torsion form p%?2 is a closed property under small holomorphic deformations in any
dimension.
First, we fix some notations for next proposition. For every ¢t € B let hpc ¢ = dimker A%’Zat and

hg,; = dim ker Aé?f
Proposition 2.3.6 Suppose that (X;)iep s a holomorphic family of compact complex manifolds,
(we)eep s a C™ family of Hermitian-symplectic metrics on (X;)iep. If
(1) for every t € B sufficiently close to 0, hpct = hpe,o,
(2) for every t € B sufficiently close to 0, hg , = hj o,
(3) for every t € B\ {0} and sufficiently close to 0, the (0, 2)-torsion form p%? is O;-ezact.
Then
(a) the family (p%)iep is a C* family of (0, 2)-forms,
(b) fort =0, the (0, 2)-torsion form p%? is Op-ezact.

Before giving the proof of Proposition 2.3.6, we recall the following lemma which will be used in the
proof.

Lemma 2.3.7 ([35], p 11-12) Let (X,w) be an n-dimensional compact Hermitian manifold. For
every p € O(C5%(X, C), the minimal L*-norm solution of the equation

dp = p
s given by the following Neumann formula
p =008y, (2.7)
where (Ag)~! is the Green operator of the O-Laplacian Ay induced by w.
Proof of Proposition 2.3.6. From equation (2.1) one sees that the pZ° has the following form
o) = —Dpe ,[0F dwr + 07 0,0, O],
for all t € B. By conjugating the above equation one can see that
pg’f = —A;at[afétwt + a:gt((;;étwt], (28)

for all t+ € B. Note that in (2.8) we used the fact that Agc = Apc. Since hpet = hpe,o for
t sufficiently close to the origin, by Theorem 1.6.3.(ii), the family (Aﬁlc,t)te p of linear operators,
acting on (0, 2)-form, is a C'*° family of linear operators. This means that the family (p%;?)cp is a
C family of (0, 2)-forms. In particular p);> — p2, when t — 0. This proves (a).

By assumption (3) for every t € B\{0}, p? is J,-exact. So after possibly shrinking B about the
origin the following equation

pg}Q = 515615 (29)
has at least one solution j3; in Cg9 (Xy, C) for every t € B\{0}. By Lemma 2.3.7, we are able to choose

the unique solution among such 3; with the minimal L?-norm induced by w;. Hence by equation (2.7),
the minimal L?-norm solution of equation (2.9) has the following form

min Ak — I —1a%
7 = 0r(Ag,) 192;;2 = (Ag,1) '] Pg’f- (2.10)
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Where (/) is implied as follows
"Ny = 0* (00" + 00) = 9*00* = 0*09* + 000" = (99" + 0*0)0* = Nz0*.

By assumption (2) after possibly shrinking B about the origin, hs , = hj , for every t € B. Therefore
by Theorem 1.6.3 (ii) the family (Agﬁ)te p is a C* family of linear operators acting on (0, 1)-forms.
On the other hand from (a) one can imply that the family (p%;?)icp is a C* family of (0, 2)-forms.
Hence there exists a 8y = (A5 9) 9 p%2 € C% (X, C) such that the family (5™);ep is a C* family
of (0, 1)-forms. In other words

lim ™" = . (2.11)

t—0

From equations (2.10) and (2.11) we get

Wt

0o = 0o 11 min (: 8tﬁmm @ %ir% 0.0r (Ag ) %2 et lim p2 2.
_> b

In the above equation, (I) comes from the fact that the family (9;) scp is a C™ family of smooth
linear operators so it commutes with lim, (IT) comes from the definition of ™™ in equation (2.10)
and finally, we have (III) because

Pl = Aé,t(Aé

-

)~ lpgf (8*0t+8t8*)(A8 ) 1/)?%2
10 (D5 ) 007 + 0F0(Dg ) 7, (2.12)

Q.') I

first note that
DDA, = 500D + 00%) — 900°D — 9°0°D + 000D — (370 + D9°)5"D — A",
so (A ,)~! commutes with 00, hence in equation (2.12) one gets
G100 ) A2 = (8, 010,60
and since 9;p%% = 0, (Ag )~ 0;0;p? vanishes, so
807 (80,0) " B2 + B0 D ) A2 = B0 (g ) 2.
From (a) one can see that the family (p%?)icp is a C* family of (0, 2)-forms. Which means that

0,2
ot = b
This proves (b). O
In Proposition 2.3.6, not only did we prove that the O-exactness for the family p ;2 is a closed
property under holomorphic deformations but also we showed that the family (8™");cp of minimal
L2, solutions is a C™ family of (1, 0)-forms and the existence of a minimal L2 solution is closed
property under holomorphic deformations.

From now on we focus on the Dinew-Popovici energy functional F' defined in section 2.1 and
its critical points. In the following we give a proof of Proposition 2.3.8. We show that for a fix
Hermitian-symplectic metric w being a critical point for Dinew-Popovici energy functional F' is a
closed property under holomorphic deformations.
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Proposition 2.3.8 Suppose (X,)ep is a holomorphic family of compact complex manifolds, (w;)iep
is a C* family of Hermitian-symplectic metrics on (Xi)iep and (Fy)iep is the associated family of
Dinew-Popovici energy functionals Fy : Sg,,y — [0, 00) (cf. section 2.2). If after possibly shrinking
B about 0,

(1) for everyt € B\ {0}, w is a critical point in F,
(2) for everyt € B, hpct = hpe,o, where hpe,y is the dimension of H%’C%(Xt, C),

Then wqg is a critical point for Fy.

Proof From Proposition 2.2.3 for every t € B and for every (1, 1)-form ~, = Oyuy + Oy, one gets

. B n—3

do, F) (1) = —2Re {{uy, Ofw)), +2Re [ uy /\p2’0 A pi’to A 8twt—.
t t t wt (n o 3)'
Xy

Since w; is a critical point of F; for t € B\{0}, (d.,F)(y:) = 0 for every v, € C79(X;,C). Also
by assumption (2) and Proposition 2.3.6 the family (p%?)icp is a C* family of (0, 2)-forms. It is
obvious that the smooth Ji-(1,0) forms u; on X; determine d,, F;. Define for every ¢t € B,

j—‘t . CIO’OO(Xt,(C) — R E(ut) = Gt(ut) + Ht<ut),

where B

Gt(ut) = —2Re <<Ut, 8:wt>>wt
and

20 , 30,8 W
Ht(ut) = 2Re /Ut VAN pwt N Py A 8tm
Xy
In order to prove that wy is a critical point for Fy, it is sufficient to show that the family (7})cp
is a C*° family of linear operators. Therefore it is sufficient to consider a C* family of (1, 0)-forms
(uy)iep and show that Ty(u,) = 0 for all t € B.
Now suppose that the C* family of (1, 0)-forms (u;)cp is given and B is sufficiently shrunk about
the origin. For every t € B, B
of : 77 (Xy, C) — CT7p(Xy, €,

is a smooth linear operator and the family (0} );ep is a C* family of linear operators. Also for every
t € B, the map

(w1 O (X, €©) — €, ({0 wi))u (@) = ({0 wi))e

is a smooth linear map and the family (({ , w:))., )iep is a C°° family of linear operators. So for every
t € B, Gy is a smooth linear operator and the family (G;)icp is a C* family of linear operators. In
other words

11_{% Gt(ut) = GQ(U()) = —2Re <<U0, 8§w0>>w0. (213)

We show that the family (H;);ep is a C™ family of linear operators. First it is obvious that for every
t € B, the map

O Oy ns(Xe, C) — O35, 5(Xy, C),
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is a smooth linear operator and the family (0,);cp is a C* family of linear operators. On the other
hand, the family (w;)iep is a C* family of metrics, henceforth the family (L))te p is a C* family
of (n — 3, n — 2)-forms. Also, assumption (2) allows us to employ Proposition 2.3.6 and say that
both families (p%?)icp and (p&?)teB are C*° family of (2, 0)-forms and (0, 2)-forms respectively.
Therefore for every ¢t € B the map H; is a smooth real-valued linear map and the family (H,);cp is
a C'* family of linear operators. In other words,

n—3

' w
lim H, (u;) = Ho(uo) = Re /UOAPwo Ay Aa@( —3)I

The smoothness of T} for every ¢t € B is implied by the smoothness of GG; and H;, and by equations
(2.13) and (2.14) one can get

(2.14)

Xo

Which means that wg is a critical point of Fj. ]

2.4 Critical points of the Dinev-Popovici energy functional
when dimc X > 3

In section 2.2 we saw that in dimension 3 the explicit formula for differential of the Dinew-
Popovici energy functional F' at w is simpler than in higher dimensions. In the next result of this
section we give a proof to Proposition 2.4.1, where we compute the differential of F' at w, when
w is a fixed Hermitian-symplectic metric on compact complex manifold X of dimension n and the
(2, 0)-torsion form p%° is d-exact.

Proposition 2.4.1 Suppose that (X,wy) is a compact complex Hermitian-symplectic manifold of
dimension n. Fiz an w € Syy. If p%° = ¢, for some (1,0)-form &, then the differential at w of the
Dinew-Popovici energy functional F defined in equation (2.2) evaluated on v = 0§ + € is

d,F (v )—2||pw0||2+2R6/a§pr /\pw A Wy 3. (2.15)

Proof. First note that since w € S{u}, it is a Hermitian-symplectic metric on X so the (2, 0)-

torsion form p%? satisfies, dw = —apio and Ow = —0p>° and 9p%° = 0. On the other hand, since
X is a compact complex manifold it has no boundary so for every (n — 1, n)-form « and every

(n, n — 1)-form
Oda=0 and 0B =0
/ X/

X

by the Stokes’ theorem. From (2.3), one can observe that when v = 9¢ + 9¢ the differential at w of
F' evaluated on 7 is

(duF)(7) = —2Re ({¢, 0*w))o, + 2Re /f/\p /\,ow O A Own_s.
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First we compute ((£, 0*w)),. By the definition of the L? inner product (u A xv = {(u, v),dV,,), we
have

(€, 0wy = / (€, 5*w)odV,, = / €A *D'. (2.16)
X
By standard computation for the Hodge star operator «> = —id on odd-degree forms and by equations
(1.1) and (1.7), one gets B B
* W = — % %0 *w = Owp_1, (2.17)

hence by equations (2.16) and (2.17),

_ /5 Ay, (2.18)
X
Now equation (2.18) allows us to compute ((¢&, 5*w>>w. We get
(&, O*w) /f/\@wnl—/f/\(‘?w/\wng— /5/\(‘9p A Wy . (2.19)

By the Stokes’ theorem 0 = [ (£ A P50 A wn_s), 50
X

0—/a§pr A 2—/§Aapw A 2—/§Ap A s,

Therefore,

—/f/\@p /\wng—/f/\p /\&ung—/ﬁf/\p A Wp—a.
X
By assumption p%" = 9¢ so,

/85/\,0 /\wng—/pw /\pw A Wp_a.

Since p% is a primitive form of bidegree (2, 0), we can apply (1.8) and we get :

/ 20N DT Ay = / o5 A2 ® = ({020 02000 = 1020112

X X

Hence

/uap Awm—/wp A s — 202, (2.20)

Now, the goal is to compute ff A ,0 O A Qwp_s in equation (2.20). We get :
/f/\p /\aw“_/g/\p NOw A w,_3=— /f/\p AOp=° A wy_s. (2.21)
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Again, by the Stokes’ theorem, f I(EN F A p2% Aw,_3) = 0 and because 5@ = 0, we have

0—/8§Ap A pZ /\wn3—/§/\p A Op> /\wng—/ﬁ/\p A P2 A Owy_s. (2.22)

Therefore, from (2.22) and (2.21) one can deduce the following equation

/5/\p A@wng——/aﬁ/\p /\pw Awn3+/§/\p A pZ A Ow,_3. (2.23)

X

By putting equations (2.19), (2.20) and (2.23) together we see that

—2Re((¢, 5*w>>w:2Re/ 5/\pw OA P3O Aw,_ 3—2Re/§/\pw AP0 A Ow,_3+2|| 02012, (2.24)
b

By adding 2Re [&A p%° A ,ow O A Own_s3 to equation (2.24) and by using (2.3) with u = £ we get the

X
formula (2.15). This proves the proposition. OJ

In formula (2.15), 2Re [ 06 N p20 A pw O A wp_3 is signless in general. However, if it supposes to

X

be non-negative one sees immediately that w is a Kahler metric whenever it is a critical point for

F. In the following proof, we show that if 9¢ is a weakly semi-positive (1, 1)-form then 2Re [ 9¢ A
X

p OA pw oA wp—3 1S non-negative.

Corollary 2.4.2 Under the assumptions of Proposition 2.4.1 if
(i) w is a critical point for F, and
(ii) the (2, 0)-torsion form p%° = O¢ such that O¢ is weakly semi-positive,

then w is a Kdahler metric on X.

Proof. Since positivity is a pointwise property, one can fix a point x € X and local coordinates
(21,...,2,) centered at = such that w has the following shape

w= Zidzi A dzZ; at x.

In particular, w is a strongly strictly positive (1, 1)-form. By Definition 1.4.1 (1) and Proposition
1.4.3, wy3 is a strongly strictly positive (n — 3, n — 3)-form. On the other hand by Example 1.2
of [10], for every p € {1,...,n} and any (p, 0)-form 3, the (p, p)-form P’ B A B is weakly strictly

positive. Hence the (2, 2)-form

i*020 A 20 = 20 A B0

is weakly strictly positive.

Since O¢ is a weakly semi-positive (1, 1)-form, there exist real non negative functions ci, ..., ¢, and
(1, 0)-forms a4, . .., a, such that

gf = Z Cki&k VAN Q.
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Therefore

55 A ,03}’0 VAN pi’o N Wp_3 = Z cplag N Qg N\ pi’o A ,03;’0 N Wp_3

= Z ckpi’o N pgjo Ntag N oy, N\ Why—s.

Note that by Definition 1.4.1 ay A @y, is strongly strictly positive (1, 1)-form for all k € {1,..., n}.

By Definition 1.4.1 (2), ¢ip%" A pz,’o Ndag A @y A\ wy—3 is a weakly semi-positive (n, n)-form. Hence

2Re / Z ckpi’o A pfjo Adog N\ Qg N\ Wy—g = Z 2Re / ckpi’o A pi’o Atog A oy A\ wp—3 =0
X X

This proves the Corollary. OJ
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Chapitre 3

Functionals for the Study of LCK Metrics
on Compact Complex Manifolds

3.1 Introduction

Let X be an n-dimensional compact complex manifold with n > 2. In this chapter, we propose a
variational approach to the existence of locally conformally Kéhler (IcK) metrics on X by introducing
and analysing a functional in each of the cases n = 2 and n > 3. This functional, defined on the
non-empty set Hx of all the Hermitian metrics on X, assumes non-negative values and vanishes
precisely on the lcK metrics. We compute the first variation of our functional on both surfaces and
higher-dimensional manifolds.

We will identify a Hermitian metric on X with the associated C'* positive definite (1, 1)-form
w. The set Hx of all these metrics is a non-empty open convex cone in the infinite-dimensional
real vector space C7% (X, R) of all the real-valued smooth (1, 1)-forms on X. As is well known, a
Hermitian metric w is called Kahler if dw = 0 and a complex manifold X is said to be Kahler if
there exists a Kéhler metric thereon. Meanwhile, the notion of locally conformally Kéhler (1cK)
manifold originates with I. Vaisman in [12]|. There are several equivalent definitions of lcK manifolds.
The one adopted in this chapter stipulates that a complex manifold X is IcK if there exists an IcK
metric thereon, while a Hermitian metric w on X is said to be IcK if there exists a C* 1-form 6 on
X such that df = 0 and

dw =w N8.

When it exists, the 1-form 6 is unique and is called the Lee form of w. For equivalent definitions of
lcK manifolds, the reader is referred e.g. to Definitions 3.18 and 3.29 of [29].

One of the early results in the theory of lcK manifolds is Vaisman’s theorem according to which
any lcK metric on a compact Kéhler manifold is, in fact, globally conformally Kéhler. This theorem
was extended to compact complex spaces with singularities by Preda and Stanciu in [33].

The question of when lcK metrics exist on a given compact complex manifold X has been
extensively studied. For example, Otiman characterised the existence of such metrics with prescribed
Lee form in terms of currents : given a d-closed 1-form 6 on X and considering the associated twisted
operator dg = d+ 60 A -, Theorem 2.1 in [32] stipulates that X admits an IcK metric whose Lee form
is 0 if and only if there are no non-trivial positive (1, 1)-currents on X that are (1, 1)-components of
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dg-boundaries.

On the other hand, Istrati investigated the relation between the existence of special lcK metrics
on a compact complex manifold and the group of biholomorphisms of the manifold. Specifically,
according to Theorem 0.2 in [20], a compact 1cK manifold X admits a Vaisman metric if the group
of biholomorphisms of X contains a torus T that is not purely real. A compact torus T of biholo-
morphisms of a compact complex manifold (X, J) is said to be purely real (in the sense of (1) of
Definition 0.1. in [20]) if its Lie algebra t satisfies the condition t N Jt = 0, where J is the complex
structure of X. Recall that an lcK metric w is said to be a Vaisman metric if V6 = 0, where 6 is
the Lee form of w and V¢ is the Levi-Civita connection determined by w.

The approach we propose in this chapter to the issue of the existence of IcK metrics on a compact
complex n-dimensional manifold X is analytic. Given an arbitrary Hermitian metric w on X, the
Lefschetz decomposition

dw = (dw) prim + w A 0,

of dw into a uniquely determined w-primitive part and a part divisible by w with a uniquely de-
termined quotient 1-form 6,, (the Lee form of w) gives rise to the following dichotomy (cf. Lemma
3.2.2) :

(i) either n = 2, in which case (dw)pim = 0 but the Lee form 6, need not be d-closed, so the lcK
condition on w is equivalent to df,, = 0. This turns out to be equivalent to 901° = 0. Therefore, we
define our functional L : Hx — [0, +00) in this case to be

L(w) = [106°[5

namely its value at every Hermitian metric w on X is defined to be the squared L?-norm of 96.°.

(ii) or n > 3, in which case the IcK condition on w is equivalent to the vanishing condition
(dw)prim = 0. This is further equivalent to the vanishing of either (Ow)pim or (Ow)prim. We, therefore,
define our functional L : Hx — [0, +00) in this case to be

L(w) = 1/(0w)prim|[5;

namely its value at every Hermitian metric w on X is defined to be the squared L?-norm of the
w-primitive part of the (1, 2)-form Ow.

The main results of the paper are the computations of the first variation of our functional L in
each of the cases n = 2 (cf. Theorem 3.4.4) and n > 3 (cf. Theorem 3.5.1).

While the functional L is scaling-invariant when n = 2, this fails to be the case when n > 3.
In this latter case, we obtain two proofs — one as a corollary of the formula for the first variation
of our functional (cf. Proposition 3.5.3), the other as a direct consequence of the behaviour of our
functional in the scaling direction (cf. Proposition 3.6.2) — for the equivalence :

w is a critical point for the functional L if and only if w is 1cK

Still in the case n > 3, we introduce in Definition 3.6.5 a normalised version Zp of the functional

L depending on an arbitrary background Hermitian metric p. The first variation of Zp is then
deduced in Proposition 3.6.6 from the analogous computation for L obtained in Theorem 3.5.1. One
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motivation for the normalisation we propose in terms of a (possibly balanced and possibly moving)
metric p stems from the conjecture predicting that the simultaneous existence of a balanced metric
and of an IcK metric on a compact complex manifold ought to imply the existence of a Kéahler
metric. We hope to be able to develop this line of thought in future work.

At the end of §.3.6, we use our scaling-invariant functionals L (in the case of compact complex

surfaces) and Zp (in the case of higher-dimensional compact complex manifolds) to produce positive
(1, 1)-currents whose failure to be either C'* forms or strictly positive provides possible obstructions
to the existence of lcK metrics.

3.2 Preliminaries

In this section, we recast some standard material in the language of primitive forms and make a
few observations that will be used in the next sections.
Let X be a complex manifold with dim¢X = n. We will denote by :

(i) C(X, C), resp. C;<, (X, C), the space of C differential forms of degree k, resp. of bidegree
(p, ¢) on X. When these forms « are real (in the sense that @ = «), the corresponding spaces will
be denoted by C°(X, R), resp. C7° (X, R).

(i) A*T*X, resp. A»9T*X, the vector bundle of differential forms of degree k, resp. of bidegree
(p, q), as well as the spaces of such forms considered in a pointwise way.
Recall the following standard

Definition 3.2.1 A C™ positive definite (1, 1)-form (i.e. a Hermitian metric) w on a complex
manifold X is said to be locally conformally K&hler (1cK) if

dw=wAN0 for some C°° 1-form 6 satisfying df = 0.
The 1-form 60 is uniquely determined, is real and is called the Lee form of w.

The obstruction to a given Hermitian metric w being lcK depends on whether n = 2 or n > 3.

Lemma 3.2.2 Let X be a complex manifold with dimcX = n.

(1) If n =2, for any Hermitian metric w there exists a unique, possibly non-closed, C* 1-form
0 = 0, such that dw = w A 0. Therefore, w is 1cK if and only if 0, is d-closed.

Moreover, for any Hermitian metric w, the 2-form df, is w-primitive, i.e. A,(df,) = 0, or
equivalently, w A df,, = 0, while the Lee form is real and is explicitly given by the formula :

0, = Ay (dw). (3.1)
Alternatively, if 0, = L9 + 0% is the splitting of 0,, into components of pure types, we have

050 = Ay (Ow) = —id*w (3.2)

and the analogous formulae for 6% = W obtained by taking conjugates.
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(27) Ifn >3, for any Hermitian metric w there exists a unique w-primitive C*° 3-form (dw)prim and
a unique C*> 1-form 6 = 0, such that dw = (dw)prim +w A 6. The Lee form is real and is explicitly
given by the formula

1

0, = Ay (dw). .

©w T w(dw) (3.3)
Moreover, w is 1cK if and only if (dw)yrim = 0.
If w is lcK, then
1 _

L0 _ A - _ * !
0, — w(0w) n_law (3.4)

and the analogous formulae obtained by taking conjugates hold for 6%1 = W.

Recall that for any k£ < n and any Hermitian metric w on X, the multiplication map
LL =W A APT* X — AFPITX
defined at every point of X is an isomorphism if | = n — k, is injective (but in general not
surjective) for every [ < n — k and is surjective (but in general not injective) for every | > n—k. A
k-form is said to be w-primitive if it lies in the kernel of the multiplication map L"~**!. Equivalently,
the w-primitive k-forms are precisely those that lie in the kernel of A,, : AFT*X — AF2T*X .

Also recall that for every k < n, every k-form o admits a unique ( , ),-orthogonal pointwise
splitting (called the Lefschetz decomposition) :

0 = Qi + W A Bl + 07 A Bl + o+ WAL (3.5)
where r is the largest non-negative integer such that 2r <&, a,pim, Q(,Qm, cee I():zm are w-primitive

forms of respective degrees k, k—2,...,k—2r > 0, and ( , ), is the pointwise inner product defined
by w. We will call a,im the primitive part of «.

Finally, recall the Hermitian commutation relation :
iAo, 0] = — (05 +73) (3.6)

proved in [9], where 7, := [A,, w A -] is the torsion operator of order 0 and bidegree (1, 0). This
definition of 7, yields

Frw = [(Bw A )", Lu](@) = (G A ) (w?).

w

On the other hand, if o? is any (1, 0)-form on X, let &, be the (0, 1)-vector field defined by
the requirement &,.w = o0, It is easily checked in local coordinates chosen about a given point z
such that the metric w is defined by the identity matrix at x, that the adjoint w.r.t. {, ), of the
contraction operator by &, is given by the formula

(bqu)* = —ia®P A -, or equivalently  — i, = (a®1 A ),

where a%! = o1.0, Explicitly, if a®! = 3~ @,dZ; on a neighbourhood of z, then —i&,1- = (a®'A-)* =
k

S ay c%ﬂ' at . Hence, —if,0a%' =Y |ax|? = [a®!|? at 2. We have just got the pointwise formula
k s
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F= oG = a0 (3.7)

- ifaJaO’
at every point of X. )
Now, suppose that dw = w A 6, for some (necessarily real) 1-form 6,,. Then, Ow = w A 0%, so

(Ow A )* = —iM,(Ega), where & := &, with ab? = 010, The above formula for 7*w translates to
Thw = =il (§puw?) = —2iA,(w A (§w)) = —2i[Ay, L] (§ow) = —2i(n — 1)6)°
The conclusion of this discussion is that, when dw = w A 6,,, formula (3.3) translates to

1 1

0,0 = A (Ow) =

w

[Aw, Ol(w) =

w

_ 1 1 -
10w + W = 10w+ 205°,
n—1 n—1 n—1

n—1 n—1

which amounts to ;% = —-L-igfw. This proves (3.4) for an arbitrary n, hence also (3.2) when
n = 2, if the other statements in Lemma 3.2.2 have been proved.

Proof of Lemma 3.2.2. (i) When n = 2, the map w A - : A'T*X — A3T*X is an isomorphism at
every point of X. In particular, the 3-form dw is the image of a unique 1-form # under this map.
To see that df is primitive, we apply d to the identity dw = w A € to get

0=d’w=dwAb+wAdb.

Meanwhile, multiplying the same identity by 6, we get dw N0 = w A AN O = 0 since 8 A 0 = 0 due
to the degree of 0 being 1. Therefore, w A df = 0, which means that the 2-form df is w-primitive.
To prove formula (3.1), we apply A, to the identity dw = w A 6 to get

Ay(dw) = [Ay, Lu](0) = —[Ly, A](0) = —(1-2)0 =0,

where we used the identities A, (6) = 0 (for bidegree reasons) and [L,, A,] = (k —n)Id on k-forms
(while here £k =1 and n = 2).

(#4) The splitting dw = (dw)ppim +w A8 is the Lefschetz decomposition of dw w.r.t. the metric w.
Applying A,,, we get A, (dw) = [Ay, L,)(0) = —[Lw, Au)(0) = —(1 —n) 0 = (n — 1) 0, which proves
(3.3).

The implication “w IcK = (dw)prim = 0“ follows at once from the definitions. To prove the
reverse implication, suppose that (dw)yrim = 0. We have to show that 6 is d-closed. The assumption
means that dw = w A0, s0 do A =wAOANO=0and 0 = d’w = dw A0 +wA df. Consequently,
w A df = 0. Now, the multiplication of k-forms by «' is injective whenever [ < n — k. When n > 3,
if we choose [ =1 and k = 2 we get that the multiplication of 2-forms by w is injective. Hence, the
identity w A df = 0 implies df = 0, so w is IcK. 0

Another standard observation is that the Lefschetz decomposition transforms nicely, hence the
IcK property is preserved, under conformal rescaling.

Lemma 3.2.3 Let w be an arbitrary Hermitian metric and let f be any smooth real-valued func-
tion on a compact complex n-dimensional manifold X. If dw = (dw)prim + w A b, is the Lefschetz
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decomposition of dw w.r.t. the metric w (with the understanding that (dw)pim = 0 when n = 2),
then

d(e’w) = e/ (dw)prim + 7w A (6, + df) (3.8)

is the Lefschetz decomposition of d(efw) w.r.t. the metric @ := e/w.

Consequently, w is lcK if and only if any conformal rescaling efw of w is lcK, while the Lee form
transforms as 0.5, = 0, +df . In particular, when the lcK metric w varies in a fized conformal class,
the Lee form 6,, varies in a fized De Rham 1-class {0,}pr € H'(X, R) called the Lee De Rham
class associated with the given conformal class. Moreover, the map w +— 0,, defines a bijection from
the set of lcK metrics in a given conformal class to the set of elements of the corresponding Lee De
Rham 1-class.

Proof. Differentiating, we get d(efw) = e/dw + e/w A df = e/ (dw)prim + €’ w A (0, + df ). Meanwhile,
it can immediately be checked that

Ay, =e 1A,

so ker A, = ker A,. Thus, the w-primitive forms coincide with the w-primitive forms. Since Az
commutes with the multiplication by any real-valued function, e/ (dw) iy, is @-primitive, so (3.8) is
the Lefschetz decomposition of dw w.r.t. w. O

When X is compact, we know from [16] that every Hermitian metric w on X admits a (unique up
to a positive multiplicative constant) conformal rescaling @ := e/w that is a Gauduchon metric.
These metrics are defined (cf. [Gau77]) by the requirement that 09w"~! = 0, where n is the complex
dimension of X. This fact, combined with Lemma 3.2.3, shows that no loss of generality is incurred
in the study of the existence of IcK metrics on compact complex manifolds if we confine ourselves
to Gauduchon metrics.

We end this review of known material with the following characterisation (cf. 5|, Lemma 2.5])
of Gauduchon metrics on surfaces in terms of their Lee forms.

Lemma 3.2.4 Let w be a Hermitian metric on a compler surface X. The following equivalence

holds :

00w =0 (i.e. w is a Gauduchon metric) <= 0% =0,

where 0% is the component of type (0, 1) of the Lee form 0, of w.
In particular, d0, =0 if w s Gauduchon.

Proof. We give a proof different from the one in [AD15] by making use of the Hermitian commutation
relations. By applying 0 to the identity dw = w A %! and using the identity Ow = w A 01°, we get

00w = 0w N O%T +w ANII%T =w A (OLO A%+ 00%1).

Taking A, we get

Ap(80w) = [Ny, LJ(OL° NOLT + 0001 +w ANLOL°O A 0% +0001) = Au(05° A0S + 0001 w,
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where the second identity follows from [A,, L,] = —(2 — 2)Id = 0 on 2-forms on complex surfaces.
Now, A, (L0 A 621+ 06%1) is a function, so from the above identities we get the equivalences

Ay(00w) =0 <= A (OL°NT+00%1) =0 <= L0N0% + 06! is w-primitive
e WA BSOS £ 00 = 0 = 90w = 0.
We remember the equivalence 00w = 0 <= A, (05° A 0%1) + A, (06%1) = 0. Since A, (i05° A
6%1) = 10192 (immediate verification) and A,0%' = 0 (for bidegree reasons), we get the equivalence :
00w =0 <= [0L°2 +i[A,, 0]6%1

=0.
The Hermitian commutation relation i[A,, 0] = — (0% + 7*) (cf. (3.6), see [Dem84]) transforms
the last equivalence into

00w =0 <= |0L°)2 — (35621 + 72021 = 0. (3.9)
On the other hand, 7% = [(Ow A -)*, w A -]. From this we get

Formula 3.2.5 For any Hermitian metric w on a complex surface, we have

At =

Proof of Formula 5.2.5. Since (5@{/\-)*98’1 = 0 for bidegree reasons, we get 750" = (OwA-)*(wAO%L).
Since dw = w A 0", we have (0w A -)* = —iA,(€po-) (see (3.7) and the discussion there below),

w !

where & is the (0, 1)-vector field defined by the requirement &_w = 61°. Hence

O = iDL (650 A 6%T) — il A (680 T)]
Since —i&pu0%t = |0%1? (cf. (3.7)), we infer that
A0 = AL (850 A 60T) 1 2[00,

w

since A, (w) = n = 2. Meanwhile, 010 = 63", so we get A, (1050 A0%1) = 0102 = [0% 1|2 (immediate
verification in local coordinates). Formula 3.2.5 is now proved. O

End of proof of Lemma 3.2.4. Formula 3.2.5 transforms equivalence (3.9) into

00w =0 = (072 — 0% ) — 005" =0 = 360" =0

and we are done. O

3.3 An energy functional for the study of IcK metrics

In what follows, we will restrict attention to the set
Hx ={w e CT(X,R) | w>0}

of all Hermitian metrics on X. This is a non-empty open cone in the infinite-dimensional vector
space C7° (X, R) of all smooth real (1, 1)-forms on X. It will be called the Hermitian cone of X.

Building on Lemma 3.2.2, we introduce the following energy functional. By || ||., respectively
| |, we mean the L?norm, respectively the pointwise norm, defined by w.
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Definition 3.3.1 Let X be a compact complexr manifold with dimecX = n.
(i) If n=2, let L : Hx —> [0, +00) be defined by

R K R
X

where 0,, is the Lee form of w.
(17) If n >3, let L: Hx — [0, +00) be defined by

L) = [ 0Dy A i Nn-s = 1| By
X

where (Ow)prim is the w-primitive part of Ow in its Lefschetz decomposition (5.5).
This definition is justified by the following observation.

Lemma 3.3.2 In the setup of Definition 3.3.1, for every metric w € Hyx the following equivalence
holds :
w s an lcK metric <= L(w) = 0.

Proof.  In the case n = 2, we know from (i) of Lemma 3.2.2 that w is 1cK if and only if df,, = 0.
This condition is equivalent to £(w) = 0, where we set

L(w) = ||do,]|2 = /d@w A *(df,,).
X
We also know from (i) of Lemma 3.2.2 that df,, is w-primitive, so we get
0= A,(dh,) = A, (30°) + A, (9621 + 30L°) + AL (9621) = A, (30%" + 96L°),

where the last identity follows from the previous one for bidegree reasons. We infer that the (1, 1)-
form 90%! 4 90%° is w-primitive. But so are 905° and 90%! for bidegree reasons, so we can apply
the following general formula (cf. e.g. [[13], Proposition 6.29, p. 150]) that holds for any primitive
form v of arbitrary bidegree (p, ¢) on any complex n-dimensional manifold :

,v = (—1)FEDZ4p=a g, - Aw, where k= p 4 q, (3.10)
to get  *(df,) = 900 — (90%* + 901 °) + 96% . We infer that

0, A(dB,) = [065° + (96%1 + DOLO) + D6% 1 A 9010 — (96%1 + HOL0) + DO 1]
2 803;0 A 5(92’ - (892’1 + 56};0)2

and finally that

L(w) = 2 L{w) — / (9601 + 5610)2. (3.11)

X
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On the other hand, the Stokes formula implies the first of the following identities

0 = / 40, A df, — / 0610 4 (9601 + BOL0) + 36%1] A [0 + (9% + HO1) + H° )
X X

= 2L(w) +/(899;1 + 00192, (3.12)
X

We conclude from (3.11) and (3.12) that £(w) = 0 if and only if L(w). Thus, we have proved
that w is IcK if and only if L(w) = 0, as claimed.
The identity L(w) = ||061°]|2 follows at once from the general formula (3.10) applied to the pri-

mitive (2, 0)-form 96);°. Indeed, x96%° = 901°, hence L0 A% = DOLOAx(D05°) = |9OL 2 dV/,.

e In the case n > 3, we know from (i7) of Lemma 3.2.2 that w is IcK if and only if (dw)pim = 0.

Now, (dw)prim = (0wW)prim + (0W)prim and the forms (0w)prim and (Ow)prim are conjugate to each
other and of different pure types ((2, 1), respectively (1, 2)), so the vanishing of (dw),im is equivalent
to the vanishing of (éw)prim.

Meanwhile, the standard formula (3.10) applied to the primitive (2, 1)-form (0w)prim = (OW)prim
spells :

* (0W) prim = 1 (0w) prim A Wn_3.
This proves the identity L(w) = |[(0w)prim] |2 -
Putting these pieces of information together, we get the following equivalences :

w 1K <= (dw)prim =0 <= (0W)prim =0 <= L(w) = 0.

The proof is complete. [

3.4 First variation of the functional : case of complex surfaces

Let S be a compact complex surface. (So, we set X = S when n = 2.) We will compute the
differential of the functional L : Hg — [0, +00) defined on the Hermitian cone of S. Let w € Hg.
Then, T,,Hs = C79 (S, R), so we will compute the differential

d,L : C (S, R) — R
by computing the derivative of L(w +tvy) w.r.t. t € (—¢, ) at t = 0 for any given real (1, 1)-form ~.

Lemma 3.4.1 The differential at w of the map Hg > w s 0% = A, (Ow) is given by

d ~ _ . ~
(dwegf 1)(7) = E\t:ko—i—m(aw +t07) = x(y A*0w) + A, (07),

while the differential at w of L is given by
(duL)(7) = 2 Re /895;0 A 5(* (v A %0w) + Aw(év)),
S

for every form v € Cf°, (S, R), where x = x, is the Hodge star operator defined by the metric w.
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Before giving the proof of this lemma, we recall the following result from [DP22]| that will be
used several times in the sequel.

Lemma 3.4.2 (/DP22], Lemmas 3.5 and 3.3) For any complex manifold X of any dimensionn > 2,
for any bidegree (p, q) and any C* family (a;)ie(—c,) of forms ay € C3° (X, C) with e > 0 so small
that w +ty > 0 for allt € (—¢, €), the following formulae hold :

d
dt|,_,

dOét

t:O) — (YA an = Ay (E

The former of the above equalities appears as such in Lemma 3.5 of [DP22], while the latter
equality follows from the former and from formula (27) of Lemma 3.3 of [DP22| which states that
*,(NA+) = (TA-)E *,, for any (1, 1)-form 1 on X. Indeed, in our case, taking n = - we get 7 = - since
is real. Moreover, composing with *, on the right and using the standard equality %%, = (—1)PT?1d
on (p, q)-forms, we get x,(y A )k, = (—=1)PT9(y A )} on (p, q)-forms.

dOét

(Awrtyar) = Ay, (E

) + (= 1D)PFI e, (7 A Kpa).
=0

Proof of Lemma 3.4.1. The formula for (d,0%"')(7y) is an immediate consequence of Lemma 3.4.2
applied with ay = 0w + t 9 (hence also with (p, q) = (1, 2)). We further get :

d d 1,0 A0, 1

dy, L = — L ty) = — [ [

( )(Y) dt j1=0 (w+t7) dtt:O/a wtty /\ 0 Wty
S

_ S/a(*(ﬂyA*ﬁw)—l—Aw(afy)) /\892’14—5/69&’0/\8<*(7/\*8w)—i—Aw(a’Y))-

This is the stated formula for (d,L)(y) since the two terms of the r.h.s. expression are mutually
conjugated. O

We will now simplify the above expression of (d,L)(7y) starting with a preliminary observation.

Lemma 3.4.3 Let (X, w) be an n-dimensional complex Hermitian manifold and let x = %, be the
Hodge star operator defined by w.

(i) For every (0, 1)-form o on X, we have :
*aAw) =1\, (@ Aw,_1).

Moreover, if n = 2, then x(a Aw) = ia for any (0, 1)-form o on X.

(4) If n =2, then x(y A a) = iA,(y A a) for any (1, 1)-form v and any (0, 1)-form o on X.
In particular, x0w = i0%* for any Hermitian metric w on a complex surface.

(131) In arbitrary dimension n, for any (1, 1)-form v and any (0, 1)-form a on X, we have :
Au(y Aa) = (Auy) o+ i &ary,
where &, 1s the (unique) vector field of type (1, 0) defined by the requirement

Eaw = iau.
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Proof. (i) From the standard formula xA, = L,* (cf. e.g. [Dem97, VI, §.5.1]) we get
A, = xL % on even-degreed forms and A, = — * L,* on odd-degreed forms.

Consequently, x(a Aw) = xL,a = —(xLy*) xa = Ay, (xa) = Ay (—(1/1) a Aw™ 1 /(n —1)!), where we
used the fact that xx = —1 on odd-degreed forms and the standard formula (3.10) applied to the
(necessarily primitive) (0, 1)-form o.

When n = 2, we get x(a A w) = i, (a0 Aw) = i[A,, L,]a = —i(l —2)a = i« after using the
general formula [L,, A,] = (k —n) Id on k-forms on n-dimensional complex manifolds.

(ii) If n = 2, the map w A - : AYT*X — A3T*X is an isomorphism at every point of X. Since
v A« is a 3-form, there exists a unique 1-form /3 (necessarily of type (0, 1)) such that yAa = w A 5.
Moreover, = A, (7 A «) because w A Ay, (YA ) = [Ly, Au](yAa) =~ Aa. Indeed, wA (yAa) =0
for bidegree reasons (here n = 2) and [L,, A,] = (kK —n) Id on k-forms.

Thus, v Ao =w A Ay(y A a). So, applying (i) for the second identity below, we get :

*x(yANa) = x(wAA(YAQ) =N, (wA A (YA )
= i[Ay, Lo)(Au(Y A @) =i, (7 A ).

For the last equality, we used again the general formula [L,, A,] = (kK —n) Id on k-forms (n = 2
here).

In order to prove the formula for xdw, recall that dw = w A 0%, so we get

*xOw = x(w A 021 = i, (w A %) =i[A,, L]O%! = —i(1—2)0%",
where we used the first part of (i7) to get the second identity.

(#4i) Since the claimed identity is pointwise and involves only zero-th order operators, we fix an
arbitrary point x € X and choose local holomorphic coordinates about x such that at x we have

w= Y idz, NdZ, and y= ) vy;idz; \dZ;.

a=1 j=1
Then, A, = —i Z —_I—_I at x. If we set @ = Z a; dZ; (at any point), we get £, = Y «; 6%3_ (at
=1

J=1
x) and the followmg equalities (at ) :

=0 0 @ .~ O 0
Ao(yNa) = zjz_;aszasz(v/\a)— zzazj4<(azj47)/\a)

j=1
= —1 ; (a—zj_la—zj_l’)/) Na—+1 ; (a—jJ’}/) N (a—_jJOé)
®
— (Z ’yj]) Z Oéij]j dZ] w7) o+ Zfa—'77
7j=1

where (a) follows from (0/0z;)aa = 0 for bidegree reasons and (b) follows from (9/0z;) 1y = iv;; dZ;
and from (0/0%;)a = a;.
This proves the desired equality at x, hence at any point since x was arbitrary. O
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We can now derive a simplified form of the first variation of the functional L.

Theorem 3.4.4 Let S be a compact complex surface on which a Hermitian metric w has been fixed.

(i) The differential at w € Hg of the functional L : Hg — [0, +00) evaluated at any form
v € C (S, R) is given by any of the following three formulae :

(dyL)(v) = —2Re /Aw(w) 005 A 00% " — 2 Re /893;0 ANOA,(y) NO%' +2 Re /893;0 A 0N (D7)
S S S
—2 Re / i00,;° N O(Eg 1 1) (3.13)
S
= —2Re /Aw(v) |06L°|2 dV,, — 2 Re /393;0 AONL(Y) A% —2 Re i{(000%°, 0v)).,
S S
—2 Re / i00,;° N O(Ego1 1) (3.14)
S
= —2Re /693;0 A OAL (Y A 0% —2 Re i((0005°, 0))., (3.15)
S

where x = %, 1s the Hodge star operator defined by the metric w and §go.1 1S the vector field of type
(1, 0) defined by the requirement g1 1w = 0"

(43) In particular, for any given w € Hg, if we choose v = 00%' + 30-°, we have

w

(duL)(y) = —2 Re / 1001 1 a(gag,ufy) Y / 900 DAL (v A 601,

Proof. (i) From (i1) and (i77) of Lemma 3.4.3 applied with o := 0%, we get
*(y A*Ow) = *(y N2 =i Ay(y N2 1) = —A () 0%

Formula (3.13) follows from this and from Lemma 3.4.1.

To get (3.14), we first notice that 96%! = x96%! by the standard formula (3.10) applied to the
(necessarily primitive) (0, 2)-form 96%!. This accounts for the first term on the r.h.s. of (3.14). Then,
we transform the third term in (3.13) as follows :

2Re/€99&;0/\5/\w(5y) @ —2Re/8950/\5*Lw*(57)(—QQRe/éf)@};OA*(w/\*(év))
S S S

—~
O

) 9Rei / 50020 A (7)) @ 2 Rei / (8061 07, dVi,
S S

where we used the standard identity A, = — % L,* on odd-degreed forms to get (a), Stokes to get
(b), part (i) of Lemma 3.4.3 to get (c), and the definition of x to get (d). Finally, we recall that
4 =~y since 7y is real.
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Finally, (3.15) follows from Lemma 3.4.1 after using the equality *(y A x0w) = —A,(y A 0%1)
(seen above in the proof of (3.13)) and after transforming the third term in (3.13) as we did above
in the proof of (3.14).

(1) The stated choice of v means that ~y is the component (df,,)** of type (1, 1) of the primitive
2-form df,,. (See (i) of Lemma 3.2.2 for the primitivity statement.) Since A, ((df,)*°) = 0 and
A, ((d6,)%?%) = 0 for bidegree reasons, we infer that

Au(y) = AW((de)Ll) = Ay (df,) = 0.

Therefore, the first two integrals on the r.h.s. of (3.13) vanish. )
Meanwhile, to handle the third integral on the r.h.s. of (3.13), we notice that 95 = 996%° and
this gives the second equality below :

2 Re /093;0 A ONL(0) = 2Rei/<aa(93;0, )., dV,, = —2Rei||006%°||? = 0,
S S

where the first equality above followed from the proof of (3.14).

Thus, the r.h.s. of formula (3.13) for (d,L)(y) reduces to its last integral for this choice of 7.
This proves the first claimed equality.

For the same reason as above, the latter term on the r.h.s. of formula (3.15) for (d,,L)(7) vanishes.
This proves the second claimed equality. O

As an application of (i) of Theorem 3.4.4, we will now see that the differential d, L vanishes on
all the real (1, 1)-forms ~ that are w-anti-primitive (in the sense that v is ( , ),-orthogonal to all
the w-primitive (1, 1)-forms, a condition which is equivalent to v being a function multiple of w).

Corollary 3.4.5 Let S be a compact complexr surface on which a Hermitian metric w has been
fized. For any real-valued C* function f on X, we have

(duL)(fw) = 0.
In particular, for any real (1, 1)-form v on S we have
(de)(,}/) = (de) (7prim)>
where Yprim 15 the w-primitive component of v in its Lefschetz decomposition.

Proof. Applying formula (3.13) with 7 = fw and using the obvious equalities A, (fw) = 2f (recall
that dimeS = 2) and Eg.1a(fw) = f (02 "), we get :

(doD)(fw) = —4Re/f89j;°/\892’1—4Re/89&’0/\8]”/\98’1
S S
+2Re/80&70/\5Aw(f5w+5f/\w)—2Re/i&@};o/\(if562’1+z'5f/\6271)
S S
= T1+T2+T3+T4, (316)
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where 17, 15, T3 and T} stand for the four terms, listed in order, on the r.h.s. of the above expression
for (d,L)(fw).
Computing T3, we get :

T, = 2Re /aa};%a(fegvl) +9Re /ae;;%a(mw, Lw](af)),
S S

where we used the equalities A, (0w) = %1 (see (3.1)) and A, (9f) = 0 (which leads to A, (0f Aw) =
[Au, L,](9f)). Now, it is standard that [A,, L] = (n—Fk) Id on k-forms on an n-dimensional complex
manifold, so in our case we get [A,, L,](0f) = Of since n = 2 and k = 1. We conclude that
I([As, L,](Of)) = 0?f = 0, hence

T3 =2Re /faejjo A OG- + 2 Re /893;0 NOFANOLT =Ty,
S s
where the last equality follows at once from the definition of 7}.
Thus, formula (3.16) translates to
(de) (fw) = T1 + T2 -+ T3 + T4
= (—4+4)Re /faej;o A OO + (=4 +4)Re /80};0 ANOF AO%?
S S
= 0.

This proves the first statement.

The second statement follows at once from the first, from the linearity of the map d,L and from
the Lefschetz decomposition v = Ypim + (1/2) Ay (7) w. O

We hope that it will be possible in the future to prove that any Hermitian metric w on a compact
complex surface that is a critical point for the functional L is actually an IcK metric.

3.5 First variation of the tunctional : case of dimension > 3
In this section, we suppose that the complex dimension of X is n > 3. The goal is to compute
the differential of the energy functional L introduced in Definition 3.3.1-(i7). Let w be a Hermitian
metric on X and let v be a real (1, 1)-form. The latter can bee seen as a tangent vector to Hy at w.
Theorem 3.5.1 For any Hermitian metric w and any real (1, 1)-form ~, we have :
) = [ 0 A B A7 A0
X
+2Re (((0w)prim, (07)prim))w — 2Re <<08’1 A5 (W) prim) )o- (3.17)
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Proof. Recall (cf. the conjugate of (3.4)) that (n—1) 6% = A, (dw) for any Hermitian metric w. Now,
for any real ¢ sufficiently close to 0, w + t is again a Hermitian metric on X. Taking oy = 0w +t 07
in Lemma 3.4.2, we get the second equality below :

d 0,1 d
(TL - 1>_ wHty — E

yy Awiiny (Ow +107) = Ay(D7) — (Y A )% (Ow). (3.18)

t=0

t=0

On the other hand, taking (d/dt);—o in the expression for L(w + t7) given in (ii) of Definition
3.3.1 (with w + ¢ in place of w), we get :

d
Lw+ty) = —

(L)) = 5 o

dt

/ (0w + t0Y) prim A (0w + t0Y) prim A (W + tY)n3, (3.19)
t=0 t=0J X

where the subscript prim indicates the (w + ¢y)-primitive part of the form to which it is attached.
Now, consider the Lefschetz decompositions (cf. (3.5)) of dw and 0 with respect to w :

Ow = (0w)prim + 0% ANw
oy = (07)prim + 92’1 Aw
and the Lefschetz decomposition of dw + t0y with respect to w + t :
Ow+tdy = (0w +t0Y)prim + Qg’jw A (w +ty).
By the above equations we get :
(0w + t0Y)prim = (Ow)prim + 05 Aw + £ (07)prim + 07 Aw — 05, A (w + 1), (3.20)

where primitivity is construed w.r.t. the metric w + ¢y in the case of the left-hand side term and
w.r.t. the metric w in the case of (Ow)prim and (0Y)prim-
Thanks to (3.20), equality (3.19) becomes :

(dyL)(y) = % / z‘((aw)m-m + 05T AW+ (OY)prim + 0T Aw — 000, A (w+ t’y))
X

t=0

A <(5w)mm N (07) prim + tw ANw— 000 A (w+ t’y)> A (W 4 tY)n—s.
Now,

d
((Jﬁim Aw +t7)) = 0 A+ (@ eﬂ’im) Aw

t=0

n—1

Ay —— (Aw@v) — ->:<éw>) A

where formula (3.18) was used to get the last equality. Using this, straightforward computations
yield :

(doL)(v) = L+ Ti + I, (3.21)
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where

o

- / pmm )pmm N Wp—g N\ Y (322)

(&u Vprim + 021 Aw — Qg’lAw) A ((&x))prim—k@/\w—w/\w) A Wp_g N7y

><

><

I, = / i{(@v)mm + 92’1 ANw—0%t Ay — ﬁ (Aw(av) — (v A )Z(@w)) A w} A (W) prim N Wn—3
. _

= / i(év)prim A (OW) prim N Wn—3 — / P01 Ay A (Ow) prim N Wn—s3, (3.23)
X

X

where the last equality follows from (0w)prim A wn—2 = 0 (a consequence of the w-primitivity of the
3-form (Ow)prim) which leads to the vanishing of the products of the second and the fourth terms

(that are multiples of w) inside the large parenthesis with (Ow)prim A wp—3 in the integral on the first
line of (3.23).
Now, due to the w-primitivity of the 3-form (Ow),im, the standard formula (3.10) yields :

*(&u)pm-m =1 (&u)pm-m N Wp—3, (324)

where x = %, is the Hodge star operator induced by w. Thus, (3.22) translates to

I, = /X(a’y)pm-m A *(0w) prim — /X 0% Ay A +(0w) prim
= {(3Y)prim> (Ow)prim))w — ({021 Ay, (Ow)prim) )

This last formula for I;, together with (3.21) and (3.22), proves the contention. O

Recall that we are interested in the set of critical points of L. We now notice that a suitable
choice of «y in the previous result leads to an explicit description of this set. Since equation (3.17) is
valid for all real (1, 1)-forms -, the choice v = w is licit, as any other choice. We get the following

Corollary 3.5.2 Let X be a compact complex manifold with dimcX = n > 3 and let L be the
functional defined in Definition 3.3.1-(ii). For any Hermitian metric w on X, we have :

(doL)(@) = (n = 1) [[(9w)prim |2 = (n = 1) L(w). (3.25)
Proof. Taking v = w in equation (3.17), we get :
(doL)(w) = /X 10 prim A (0 prin A @ A Wi + 2Re (0w prims (9)prim))e
—2Re ({027 A w, (F)prim))e
= (n—3)i /X (0)prim A (00)grim A s + 2|0 prim |2 — 2Re (6%, A (0w)primn)))
= (n = D)]|(9w)priml 12,
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where the last equality followed from (0w)prim A Wn-3 = —i % (OwW)prim (see (3.24)) and from
Ay ((Ow)prim)) = 0 (due to any w-primitive form lying in the kernel of A,).
]

An immediate consequence of Corollary 3.5.2 is the following

Proposition 3.5.3 Let X be a compact complex manifold with dimcX = n > 3 and let w be a
Hermatian metric on X.
If w is a critical point for the functional L defined in 3.3.1-(ii), then w is lcK.

Proof. If w is a critical point for L, then (d,L)(v) = 0 for any real (1, 1)-form v on X. Taking v = w
and using (3.25), we get (Ow)prim = 0. By (ii) of Lemma 3.2.2, this is equivalent to w being lcK. O

The converse follows trivially from what we already know. Indeed, if w is an 1cK metric, L(w) =0
(by Lemma 3.3.2), so L achieves its minimum at w since L > 0. Any minimum is, of course, a critical
point.

3.6 Normalised energy functionals when dim¢c X > 3

We start with the immediate observation that the functional introduced in (i) of Definition 3.3.1
in the case of compact complex surfaces is scaling-invariant, so it does not need normalising.

Proposition 3.6.1 Let S be a compact complex surface. The functional L @ Hg — [0, +00),
L(w) = [, 00L° N00%", has the property :

L(Aw) = L(w)
for every constant X > 0 and every Hermitian metric w on S.

Proof. Recall (cf. (3.2)) that 1% = A, (0w) and 6%! = A, (0w). On the other hand, for any constant
A > 0 and any form « of any bidegree (p, ¢), we have :

A/\wa = X AwOé,

as can be checked right away. Therefore, 0;200 = 610 and ngj = 0% for every constant A\ > 0. The

w

contention follows. O

By contrast, the functional L : Hx — [0, +00) introduced in (ii) of Definition 3.3.1 in the case
of compact complex manifolds X with dim¢cX = n > 3 is not scaling-invariant. Indeed, it follows at
once from its definition that

L(Ow) = A" L(w) (3.26)

for every constant A > 0 and every Hermitian metric w on X.

This homogeneity property of L can be used to derive a short proof of the main property of L
that was deduced in §.3.5 from the result of the computation of the first variation of L, namely from
Theorem 3.5.1.
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Proposition 3.6.2 (Proposition 3.5.3 revisited) Let X be a compact complex manifold with dimeX =
n > 3 and let w be a Hermitian metric on X. The following equivalence holds :

w is a critical point for the functional L defined in 3.3.1-(ii) if and only if w is 1cK.

Proof. Suppose w is a critical point for L. This means that (d,L)(y) = 0 for every real (1, 1)-form
v on X. Taking v = w, we get the first equality below :

0= (D)) = L Liw+tw) =2

dt|,_, i <<1 +t>”1L(w)> = (n—1) L(w).

t=0

Thus, whenever w is a critical point for L, L(w) = 0. This last fact is equivalent to the metric w
being IcK thanks to Lemma 3.3.2.

Conversely, if w is 1cK, it is a minimum point for L, hence also a critical point, because L(w) =0
by Lemma 3.3.2. U

On the other hand, recall the following by now standard

Observation 3.6.3 Let w be a Hermitian metric on a complex manifold X with dimcX =n > 2.
If w is both 1cK and balanced, w is Kéahler.

Proof. The Lefschetz decomposition of dw spells dw = (dw)prim + w A 0, where (dw)prim is an w-
primitive 3-form and 6 is a 1-form on X.

We saw in Lemma 3.2.2 that w is IcK if and only if (dw) i = 0. On the other hand, the following
equivalences hold :

w is balanced <= dw" ' =0 <= W2 Adw =0 <= dw is w-primitive <= dw = (dw)prim.
We infer that, if w is both lcK and balanced, dw = 0, so w is Kéahler. O

It is tempting to conjecture the existence of a Kéhler metric in the more general situation where
the IcK and balanced hypotheses are spread over possibly different metrics.

Conjecture 3.6.4 Let X be a compact complex manifold with dimcX > 3. If an lcK metric w and
a balanced metric p exist on X, there exists a Kahler metric on X.

In [30] the authors has studied the above conjecture in the specific class of nilmanifolds, where
they proved that the conjecture holds. Moreover, they proved that compact complex nilmanifolds
endowed with (a) both a balanced and an IcK metric, or (b) both a left-invariant k-Gauduchon and
an 1cK metric, or (¢) an SKT and an lcK metric, are necessarily complex tori (so Kéhler).

Together with the behaviour of L under rescaling (see (3.26)), this conjecture suggests a natural
normalisation for our functional L when n > 3.
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Definition 3.6.5 Let X be a compact complex manifold with dimcX = n > 3. Fiz a Hermitian
metric p on X. We define the p-dependent functional acting on the Hermitian metrics of X :

L,:Hx = [0, +00),  Ly(w):= (waLA(:jl)nl,

where L is the functional introduced in (ii) of Definition 3.3.1.

(3.27)

It follows from (3.26) that the normalised functional Zp is scaling-invariant :

L,(Aw) = L,(w)

for every constant A > 0. Moreover, thanks to Lemma 3.3.2, L,(w) = 0 if and only if w is an lcK
metric on X. B

We now derive the formula for the first variation of the normalised functional L, in terms of the
similar expression for the unnormalised functional L that was computed in Theorem 3.5.1.

Proposition 3.6.6 Let X be a compact complex manifold with dimcX = n > 3. Fix a Hermitian
metric p on X. Then, for any Hermitian metric w and any real (1, 1)-form v on X, we have :

~ 1 f 7 A Pn—1
(L)) = = (@om - w-p 2w )
fX wA Pn—1
fX w A Pn—1
where (d,L)(7) is given by formula (3.17) in Theorem 3.5.1.
Proof. Straightforward computations yield :
~ d 1 1
(doLp)(v) = — Lw+ty)| = duL)(7)

(fX(w +ty) A pn_l)n_l —o (fx ;) pn_l)n_l (

_ ! )2(n1) (n—1) </Xw/\pn_1)n_2 (/){7/\Pn—1> L(w).

(fXW/\pn—l

This is formula (3.28). O

A natural question is whether the critical points of any (or some) of the normalised functionals

L, are precisely the 1cK metrics (if any) on X. The following result goes some way in this direction.

Corollary 3.6.7 Let X be a compact complex manifold with dim¢X = n > 3. Fix a Hermitian
metric p on X. Suppose a Hermitian metric w is a critical point for L,. Then :

(i) for every p-primitive real (1, 1)-form ~, (d,L)(y) = 0.
(i1) if the metric p is Gauduchon, (d,L)(i00p) = 0 for any real-valued C* function ¢ on X.
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Proof. (i) If ~y is p-primitive, then v A p,_1 = 0, so formula (3.28) reduces to
7 de (7
(@I, = — BP0
( Jxwn pn—l)

Meanwhile, (dwzp) () = 0 for every real (1, 1)-form  since w is a critical point for Zp. The contention
follows.

(ii) Choose v := w + 0y for any function ¢ as in the statement. We get :
n—1
0 (/ w A pn_1> (duL,)(w +i000) € (duL)(w) — (n— 1) L(w) + (L) (100¢) 2 (d.L)(100¢),
X

where w being a critical point for Zp gave (a), formula (3.28) and the metric p being Gauduchon
(the latter piece of information implying [ + 100¢ A p,_1 = 0 thanks to the Stokes theorem) gave
(b), while Corollary 3.5.2 gave (c). O

As in the case of surfaces, our hope is that it will be possible in the future to prove that any
Hermitian metric w on a compact complex manifold of dimension > 3 that is a critical point for one
(or all) of the normalised functionals L, is actually an lcK metric.

Concluding remarks.

(a) Let X be a compact complex manifold with dim¢X = n > 3. Fix a Hermitian metric p on
X and consider the set U, of p-normalised Hermitian metrics w on X such that

/w/\pn_lzl.

X

By Definition 3.6.5, we have Zp(w) = L(w) for every w € U,. Moreover, since Ep is scaling-
invariant, it is completely determined by its restriction to U,. Let
= inf L,(w)= inf L,(w)= inf L(w) > 0.
¢pi= jmf Ly(w)= inf Ly(w)= inf L{w)=
For every € > 0, there exists a Hermitian metric w. € U, such that ¢, < L(w.) < ¢, + €. Since
U, is a relatively compact subset of the space of positive (1, 1)-currents equipped with the weak
topology of currents, there exists a subsequence ¢; | 0 and a positive (see e.g. the terminology of

[Dem97, I1I-1.B.]) (1, 1)-current 7, > 0 on X such that the sequence (w;, ) converges weakly to T,
as k — +o0o0. By construction, we have :
/Tp VAN Pn—1 = 1.

X

The possible failure of the current 7, > 0 to be either a C'* form or strictly positive (for example in
the sense that it is bounded below by a positive multiple of a Hermitian metric on X) constitutes
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an obstruction to the existence of minimisers for the functional Ep. If it eventually turns out that
the critical points of Zp, if any, are precisely the 1cK metrics of X, if any, they will further coincide
with the minimisers of Zp. In that case, the currents 7T}, will provide obstructions to the existence of
lcK metrics on X.

(b) The same discussion as in the above (a) can be had on a compact complex surface S using
the (already scaling-invariant) functional L introduced in (i) of Definition 3.3.1 if one can prove that
its critical points coincide with the lcK metrics on S.

73



Chapitre 4

Bibliographie

1]
2l
3]
4]

17l

18]

191

[10]
[11]
[12]

[13]

L. Alessandrini, G. Bassanelli, Small deformations of a class of compact non-Kdhler manifolds,
Proc. Amer. Math. Soc. 109, no. 4, (1990), 1059-1062.

B. Alexandrov, S. Ivanov, Vanishing theorems on Hermitian manifolds, Differential Geom, Appl.
14, (2001), no. 3, 251-265.

D. Angella, A. Tomassini On the 00-Lemma and Bott-Chern Cohomology, Invent. Math. 192,
no. 1 (2013), 71-81.

F. A. Belgun, On the metric structure of non-Kdhler complex surfaces, Math. Ann. 317 (2000),
1-40.

V. Apostolov, G. Dloussky, Locally Conformally Symplectic Structures on Compact Non-Kdhler
Complexr Surfaces.Int. Math. Res. Notices, No. 9 (2016) 2717-2747.

H. Bellitir, Deformation stability of p-SKT and p-HS manifolds. European Journal of Mathe-
matics 6, (2020), 1403-1423.

L.A. Cordero, M. Fernandez, A.Gray, L. Ugarte, A General Description of the Terms in the
Frolicher Spectral Sequence, Differential Geom. Appl. 7 (1997), no. 1, 75-84.

M. Ceballos, A. Otal, L. Ugarte, R. Villacampa, Invariant complex structures on 6-nilmanifolds :
classification, Frolicher spectral sequence and special Hermitian metrics. J. Geom. Anal. 26,
(2016), 252—-286.

J.-P. Demailly, Sur l’identité de Bochner-Kodaira-Nakano en géométrie hermitienne, Séminaire
d’analyse P. Lelong, P. Dolbeault, H. Skoda (editors) 1983/1984, Lecture Notes in Math., no.
1198, Springer Verlag (1986), 838-97.

J. P. Demailly Complex Analytic and Algebraic Geometry, http ://www-fourier.ujf-grenoble.fr/
demailly /books.html.

P. Deligne, Ph. Griffiths, J. Morgan, D. Sullivan, Real homotopy theory of Kdhler manifolds,
Invent. Math. 29, no. 3, (1975), 245-274.

S. Dinew, D. Popovici, A Generalized Volume Invariant for Aeppli Cohomology Classes of
Hermitian-symplectic Metrics, Advances in Mathematics, Vol 393, 24, December (2021), 108056.

S. Dinew, D. Popovici, A Variational Approach to SKT and Balanced Metrics,
arXiv :2209.12813v1.

74



[14]
[15]
[16]

[17]
18]

[19]
[20]
21]
[22]
23]

[24]

[25]
26]
27]
28]
[29]
[30]

[31]

32]

C. Ehresmann Sur les espaces fibrés différentiables, C. R. Acad. Sci. Paris 224, (1947), 1611-
1612.

A. Fino, M. Parton, and S, Salamon, Families of strong KT structures in sixz dimensions, Com-
ment. Math. Helv.79, no. 2, (2004), 317-340.

P. Gauduchon, Le théoréme de l’excentricité nulle, C.R. Acad. Sc. Paris, Série A, 285 (1977),
387-390.

H. Hironaka, On the theory of birational blowing up, Thesis, Harvard, (1960).

H. Hironaka, An example of a non-Kdhlerian complex-analytic deformation of Kdhlerian com-
plex structures. Ann. Math. 75, (1962), 190-208.

D. Huybrechts, Complex Geometry : An Introduction, Universitext, Springer-Verlag, New York,
(2005).

N. Istrati Ezistence Criteria for Special Locally Conformally Kdhler Metric, Ann. Mat. Pura
Appl. 198 (2) (2019), 335-353.

K. Kodaira, Complex Manifolds and Deformations of Complex Structures, Grundlehrender
Math. Wiss. 283, Springer, (1986).

K. Kodaira, D. C. Spencer, On Deformations of Complexr Analytic Structures, I, Ann. of Ma-
thematics, second series, Vol. 67, no. 2 (Mar., 1958), 328-401.
K. Kodaira, D. C. Spencer, On Deformations of Complex Analytic Structures, II, Ann. of Ma-
thematics, second series, Vol. 67, no. 3 (May., 1958), 328-401.

K. Kodaira, D. C. Spencer, On Deformations of Complex Analytic Structures, III. Stability
Theorems for Complex Structures, Ann. of Mathematics, Second Series, Vol. 71, no. 1 (Jan.,
1960), 43-76.

M. Kuranishi. On the Locally Complete Families of Complex Analytic Structures, Ann. of Math.
75, no. 3 (1962), 536-577.

S. Marouani, D. Popovici Balanced Hyperbolic and Divisorially Hyperbolic Compact Complex
Manifolds, arXiv eprint CV 2107.08972v2, to appear in Mathematical Research Letters.

K. Oeljeklaus and M. Toma, Non-Kdhler compact complex manifolds associated to number fields,
Ann. Inst. Fourier 55, (2005), 1291-1300.

L. Ornea and M. Verbitsky, Locally conformally Kdihler metrics obtained from pseudoconvex
shells, Proc. Amer. Math. Soc. 144 (2016), no. 1, 325-335.

L. Ornea, M. Verbitsky, Principles of Locally Conformally Kahler Geometry,
arXiv :2208.07188v2

L. Ornea, A.-I. Otiman, M. Stanciu, Compatibility between non-Kdihler structures on complex
(nil)manifolds, Transformation Groups (2022). https ://doi.org/10.1007/s00031-022-09729-5

A. Otal, L. Ugarte, R. Villacampa, Hermitian metrics on compact complex manifolds and their
deformation limits. Special metrics and group actions in geometry, 269-290, Springer INAAM
Ser., 23, Springer, Cham, (2017).

A. Otiman, Currents on Locally Conformally Kdhler Manifolds, Journal of Geometry and Phy-
sics, 86 (2014), 564-570.

75



33]
[34]

[35]
[36]
37]
38]
[39]
[40]
[41]

42]
[43]

|44]

[45]

[46]

O. Perdu, M. Stanciu, Vaisman Theorem for lcK Spaces, arXiv :2109.01000v3.

D. Popovici, Aeppli Cohomology Classes Associated with Gauduchon Metrics on Compact Com-
plex Manifolds, Bull. Soc. Math. Fr. 143, (2015).

D. Popovici, Deformation Openness and Closedness of Various Classes of Compact Complex
Manifolds ; Examples, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), Vol. XIII, (2014), 255-305.

D. Popovici, Deformation Limits of Projective Manifolds : Hodge Numbers and Strongly Gau-
duchon Metrics, Invent. Math. 194, (2013), 515-534.

D. Popovici, Limits of Moishezon Manifolds under Holomorphic Deformations, arXiv e-print
math.AG/1003.3605v1m, (2010).

D. Popovici, Limits of Projective Manifolds Under Holomorphic — Deformations,
arXiv :0910.2032, (2020).

D. Popovici, J. Stelzig, and L. Ugarte. Higher-page Bott—Chern and Aeppli cohomologies and
applications, J. Reine Angew. Math. no. 777, (2021), 157-194.

D. Popovici, E. Soheil Functionals for the Study of LCK Metrics on Compact Complex Mani-
folds, arXiv :2301.03277.

J. Streets, G. Tian, A Parabolic Flow of Pluriclosed Metrics, Int. Math. Res. Notices, 16, (2010),
3101-3133.

I. Vaisman, On Locally Conformal Almost Kdihler Manifolds, Israel J. Math. 24 (1976) 338-351.

C. Voisin, Hodge Theory and Complex Algebraic Geometry I, Cambridge Studies in Advanced
Mathematics, 76, Cambridge University Press, Cambridge, (2002).

J. Varouchas, Proprietés cohomologiques d’une classede varietes analytiques complexes com-
pactes, Seminaire d’analyse P. Lelong-P. Dolbeault-H. Skoda, anniees 1983/1984, 233-243, Lec-
ture Notes in Math., 1198, Springer, Berlin, 1986.

C. C. Wu, On the Geometry of Superstrings with Torsion, PhD Thesis, Harvard University,
(2006).

S. Yang, On blow-ups and resolutions of Hermitian-symplectic and strongly Gauduchon metrics.
Arch. Math. (Basel) 104, (2015), 441-450.

76



