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Chapter 1

Introduction

This thesis is devoted to the study of asymptotic estimates for partial differential equations
(PDE). These estimates can be in two directions:

1. The study of the limit when the number of individuals n included in a dynamic system
becomes large.

2. The study of the asymptotic behavior when the time ¢ becomes large.

In the first direction we go from the individual behavior of different agents at a microscopic
level to the description of the collective behavior at a mesoscopic level through the probability
density of the distribution of a population in certain states. In the second direction, we start
in this work from the partial derivative model that describes the mesoscopic behavior and we
study the existence of stationary or quasi-stationary solutions and their stability.

In this chapter, we introduce the different elements to be considered for our work, as well as
the main results that will be presented in the following chapters.

1.1 Dynamical systems and mean-field limit

Dynamical system is the study of the particularity of time dependent evolving systems. The
modern theory of it originated at the end of the 19th century with fundamental questions
concerning the stability of the solar system. The questions raised in this context led to the
emergence of a wide theoretical field with applications in physics, biology, astronomy, sociology
and other areas.

We are interested in the evolution over time t of N variables

X(N) = (Xla"'vXN)

according to the rates of change

dX dXn
A
Thus we obtain n differential equations
dX;
dtz = F; (X)), (1.1.1)

State changes can be deterministic or random. When F; referred to deterministic functions,
it leads to a system of ordinary differential equations (ODE) as in the foundation work include
on Birkhoff’s 1927 seminal book [29]. On the other hand, the inclusion of random elements such
as Gaussian noise or some stochastic jump process, leads us to consider stochastic differential
equations (SDE) [126]. It is this second case in which we are interested here.

5



6 CHAPTER 1. INTRODUCTION

We talk then of N random variables X; evolving in £ C R? (frequently E = R% or E =
Ri = {z € RY: z; > 0}) and we define P(E) the space of probability measures on E and
P(P(E)) the space or probability measures on P(F).

To go further, we consider that each individual is indistinguishable and follows a “typical
behavior”. This is naturally described by exchangeable random variables (i.e. such that the
probability laws are invariant under coordinates permutations) which are driven by a model
equation with identical structure and parameters. This conditions are usually referred to as the
“mean-field approximation”, we recommend F. Golse’s lecture [105].

We define the empirical measure p¥ € P(E) of mean field approximation X (N) by

1 N

N _

p =y 20
j=1

We say that the system (1.1.1) has a mean-field limit if there exist y € P(F) such that p*
converge to u. The equation satisfied by p is called then the mean-field limit equation.

The literature on mean-field approximation and mean-field limits is vast, see and references
therein. One of the motivation of these works being the possibility of going from one measurement
scale to another: from the microscopic level in which the trajectory of each individual can be
separated to a mesoscopic level in which the behavior of a population is studied instead; this is
from the trajectories of the evolution of different individuals to the density of the distribution of
these in the states of interest. The applications of this type of result are varied, among them,

e The possibility of understanding how a change at the individual level affects the behavior
of a population.

e Make estimates related to individual behavior from measurements on a larger scale
(sometimes easier to obtain in practice).

e Model simplification: it is usually easier to carry out a qualitative study of the properties
of a PDE with low dimensionality, than with a system of many particles.

On the other hand, we remark that the mean-field approximation assumptions do not imply
the independence of the random variables X;, however, under certain assumptions, asymptotic
independence is obtained. This property is known as chaos propagation and is closed related to
the mean-field limit. Indeed, let G € P(E) be the law of X (), the mean-field approximation
of the system, Gév the jth-marginal of GV defined by

e :/ GNdzjis ... do
7 E’N*j j+1 N
then we say that there is chaos propagation if
Vi >1, G;-V — u®’ weakly in P(E’) as N — oo.

It is know that the convergence of the empirical measure to the mean field limit is equivalent to
the chaos propagation property above, see [121] and reference therein.
This brings us to another important application for statistics:

e The possibility of transferring properties of systems of independent variables to non-
independent systems. For example, the law of large numbers or the central limit theorem.

Below we present two examples of dynamic systems describing the behavior of a neuronal
population and discuss about their mean-field approximations.
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1.1.1 Two dynamical systems on neuroscience

We present here two models, the FitzHugh-Nagumo (FhN) model and the time elapse model
(TEM). Before describing each of then in details, we would like to comment on the common and
divergent points between them.

In the first of these models (FhN) the activity of the neurons is modeled through the evolution
of the voltage of each neuron, while in the second the variable of interest is the time elapsed
between two spikes. To understand the biological interest of both of them, we would like to
emphasize that information between one neuron and another is transmitted through discharges
occurring at the synapse sites. Moreover, neuroscientists have come to the conclusion that most
of the information can be encoded as a function of the time between spikes. When the variable
being modeled is voltage, discharge times can be obtained by supposing that, if the voltage value
exceeds a certain threshold, a discharge occurs. On the other hand, directly modeling the time
between spikes is a relevant simplification.

In both cases when describing the behavior of each neuron, three elements are determinant

i The behavior of a neuron when no discharge occurs.
ii The interaction between neurons.
iii Random noise (which can come from errors in transmission or small random external signals).

The FhN model is a simplification of the 4-dimensional Huxley-Hodgkin model (HH) that
describes the physiological process of a discharge. In the HH model the one of the 4 variables
correspond to the voltage and the other three to model the calcium, potassium and sodium
channels involved in the discharge. We can say that the FhN model tries to make a more precise
description of the way the spike is generated. Thus, in the absence of any other element, the
model presents a description of the behavior of an isolated neuron that can (and has been) of
interest on its own.

In the TEM model the spike generation process is not modeled.

About (ii) in the FhN model, electrical synaptic connections between neurons are considered,
whereby one neuron has an inhibitory effect on another if its voltage is lower, and excitatory
if the voltage is higher. We emphasize that this term influences during the whole time, the
neurons are constantly interacting, which is less realistic since the neurons interact only during
the discharge.

In the TEM model the behavior of the neuron is described through the firing rate at which
the neurons spike, which is a function of all the spikes that have occurred up to the current time.
In this sense, TEM offers a better description of the interaction, easily adaptable to the case
of a population of inhibitory or excitatory neurons. In Raad et. al. work [213], they present a
version that includes both inhibitory and excitatory populations. It also allows modeling effects
such as delayed detection.

In the FhN model the randomness is introduced by the addition of a Gaussian noise modulated
by a constant sigma, while in TEM it comes from considering a Hawkes process. Consequently,
the first model is continuous in time while the second one has jumps every time a spike occurs.
From the biological point of view, we should note that when a spike occurs the time between
spikes is reset (to 0), which means that at the level of a neuron, the classical TEM model
loses the memory of its previous activity, which makes it difficult to model phenomena such
as adaptability and short term plasticity, which is the advantage of the version of the model
presented in Chapter 7.

FitzHugh-Nagumo model

The FitzHugh-Nagumo (FhN) model was first introduced in the works of FitzHugh [85] and
Nagumo [191] as a simplification of the Huxley-Hodgkin model (HH) that describes the evolution
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of the membrane potential of a neuron [125]. The dynamics is based on two variables, a variable
x which corresponds to the membrane potential and a recovery variable y, which satisfy the
equations

T = F(l‘,y),
y=Gl(z,y),

for F(z,y) = x—23/3—y+1I and G(z,y) = 1/c(z+a—by) with a, I,c > 0, b € R. On this model,
I denotes the total membrane current and is a stimulus applied to the neuron, ¢ determines
the strength of damping while a and b govern two important characteristics of the oscillating
solution, namely spike rate and spike duration [220]. With only these elements the system shows
the most important properties of the 4-dimensional HH model such as refractoriness, insensitivity
to further immediate stimulation after one discharge, and excitability, the ability to generate a
large, rapid change of membrane voltage in response to a very small stimulus. Numerous works
have been aimed at studying the ODE model and their properties, we reference the book of
Rocsoreanu et al. [218] and the references therein.

More recently, specialists have been interested in the passage of the behavior of a neuron to
neural networks, see for example Mischler et al. [180], Lucon and Poquet [160] and Baladron
et al. [15]. When neurons interact through electrical synapses, it has been proposed that the
evolution of N neurons satisfies

{ dX} = (F(X],Y{) — N | Jiy(Xi — X{))dt + odB;]

4 i (A 1.1.2
dY; = G(X1,Y})dt ’ (1.1.2)

where coefficients J;; > 0 represent the effect of the interconnection between the neurons, and
the term B refers, as usual, to independent Brownian motions.

We consider that the interactions are symmetric and identical for every pair of neurons in
the network, which in particular implies that all neurons are connected. The strength of the
interaction is measured by the parameter J;; = J that we re-parametrize as a function of a new
parameter A such that J = %, where N is the number of neurons in the network. In this form,
we obtain the mean field approximation,

dXt% = (F(XZ71/;§1) - % Zévzl(XtZ - th))dt + O-dB% (1 1 3)
aY; = G(X}, Yy)dt -
Note that this equation can be rewrite as
dXj = (F(X},Y{) = MX{ = Jyopl (dz))) dt + odB]
Ay = G(X{,Y/)dt,
which gives us an intuition about the form of the mean field limit equation
dY: = G(Xy, Yy)dt. o

As a consequence the law u; of (Xy,Y;) satisfied the mean-field limit equation,

{ 8”1(1‘,2/) = —V((F, G)/L(.’E,y)) - V(H(Cﬂay) f($ - f)#(dﬂfvd?j)) + %028901/‘(1"’3/) (115)
Ht=0 = Ho-

Indeed, in Baladron et. al. work [15, theo. 4], the authors prove that the process (Xi’N, Yi’N)
the solution Eq. (1.1.3) for the neuron i converge in law to the process (X,Y’), the solution
of the mean-field limit equation (1.1.4) when N — oo for any i € Z;. There they prove the
mean-field limit convergence by a coupling argument. In chapter 10, we present a different
approach to arrive at this result, that allows us to obtain in addition a control of the deviation of
the probability measures through a concentration inequality in the spirit of Bernstein inequality.
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Time elapse model

The second example we present here is the time elapse model (TEM) also knows as “age
dependent Hawkes process for neurons” [72] [60] [58] [212]. In effect, it is a Hawkes process
described by the system of equations

Zi = Jo IsT Vespeas x. ' (ds, dz)
A = bt — Jy ALZi(ds)

1 n t : .
Xy = N Zi=1 Jo h(t — s, AL)Z7 (ds),

with (Ao, Mp) ~ up and where 7 is a Poisson random measure on Ry x Ry with intensity dsdz
(see [223]). Here Z' is a point process indicating the moment of the spike of the neuron i, A} is
the elapse time since the previous spikes of the neuron ¢ at time ¢, and X; gathers information
on all network activity. We note that X; is a function of all the spike until time ¢t modulated by
the kernel h that allows to consider some delay (e. g. exponential delay on t).

In Chevallier’s work [58, theo. 4.1], the author proves the mean-field convergence of the law
of the stochastic process A* toward p;, the solution of the mean-field limit equation

pe(a) + dape(a) = — f(a,exi)pr(a),
1(0) = [2° F(a,z01)pu(a)da, -
Ty = fg Joo h(t — s)f(a,exs)ps(a)dads, o
po(a) = up(a),

also by a coupling argument.

The transport equation (1.1.6) has been widely used to study the properties of the behavior of
neuronal population, in particular the convergence toward a stationary state when the interaction
between neuron (here modulated by the influence of z; in the firing rate f) is weak and the
generation of oscillatory behavior when it is not. We can see for example the works of Pakdaman
et. al. [201] for the study of this model and [48], [231], [232] for versions of it.

In Chapter 9, we present a different version of this model that deals with the lack of memory
of the previous spike of a particular neuron in this model, to allow the description of effects of
real neurons such that adaptability and short time plasticity. Then we make use of the mean
field limit equation to study the long time behavior under weak interactions.

1.2 Partial differential equations models

As mentioned in the previous section, we refer to models at the mesoscopic level, when they
describe the behavior of a given population by studying the probability density of finding an
individual from that population in a given state. We have seen that such models can arrive
from the mean field limit of a particle system when the number of individuals becomes large. In
general, these models assume that we have a homogeneous population satisfying certain common
rules and allow us to study the global behavior.

In the previous section we saw two first examples of these models. In the first case, from the
FhN model with Brownian noise in only one of the variables, a kinetic Fokker-Planck type model
is obtained for the probability density. In the second of a model based on a Poisson process,
we arrive at a transport equation. Here are three more models that we will introduce in the
following sections and to which we will dedicate chapters 6, 7 and 8 respectively.

o Diffusion models (which generally comes up considering a particle system with Gaussian
noise in all variables i.e. considering a strictly positive sigma matrix affecting all states of
particle 7).
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e A general version of the Kinetic Fokker-Planck model, considering in addition the case of
a bounded domain with different boundary conditions.

o Mutation-Selection model, which is used in evolutionary theory.

1.2.1 Function spaces and weak solutions

In order to carry out a rigorous definition of our model (to ensure the existence and uniqueness of
the PDE solution), we frequently work with the so-called “weak solutions” in a certain function
space, even measures (distributions) spaces. Let us introduce these spaces and concepts first.

In general we will work in Banach lattice X, that is a Banach space (X, ||-||) endowed with a
compatible order relation >, which satisfies either X =Y’ or X’ =Y for another dual Banach
lattice Y. On the applications, the Banach lattices X will be one the following examples (or
small variation of it) :

o X :=C(Cy(E), the space of continuous functions which tend to 0 at infinity (when E' is not
a compact set) endowed with the uniform norm ||-||oo;

o X :=LP(E) = LP(E,&, ), the Lebesgue space of functions associated to the Borel o-
algebra &, a positive o-finite measure p and an exponent p € [1, o0]; in some cases, for a
weight function m we will alternatively use the LE := {f : fm € LP} weighted space with
the norm

[ f e, = [[fmlle;
e X :=MYE) = (Cy(E)), the space of Radon measures defined as the dual space of Cy(E).

In all the above examples, E denotes a o-compact metric space, and we write £ = UFER,
with Er C Egry1, Er compact (generaly E C R?). We always consider the test function space
X := C(FE) of the infinity differentiable functions with compact support in E and occasional,
the function space X := HY(E) = {f € L*(E) : 0f € L*(E)}, where 0f is considered in the
distribution sense i. e. g = 9f if

/EgsOZ*[Ef&p; Vo € C(E).

For a bounded domain Q C R? we could also consider H}(Q) = {f € H' : f|asa= 0}.
Let £: D(L) C X — X be a linear operator, we say say that f is a weak solution of the
equation

of =Lf (1.2.7)

if for all test function ¢ € CZ°(E) we have

t
roor) = (for o) + /O (i Loi)dt,

where (-, -) denote the dual application and £* the dual operator of £ (note that in any case the
test function space is contained in the dual of X).

In what follows we present each model by defining the operator £ and in every case we
consider the model represented by the evolution equation (1.2.7).

1.2.2 Diffusion models

A general elliptic operator in divergence form is given by

Lf = 0iai0;f) +bidif + 0i(Bif) +cf, [ € HHQ), (1.2.8)
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where  C R? is a bounded domain (i.e. an open and connected set) or @ = R? and for
simplicity we always assume d > 3. We also always assume at least a boundedness and ellipticity
condition on the (a;;) matrix, namely

ai; € L°(Q), v >0, V&€ € R a6 > v|¢)?, (1.2.9)

and some conditions on the coefficients b;, 3; and ¢ which will be described below depending on
each particular case. We present four situations that we will consider in Chapter 6.

Diffusion with rough coefficients in a bounded domain

In the first case, we consider the general elliptic operator in divergence form (1.2.8) in the
case of a bounded and smooth enough domain  C R? with general elliptic condition on a;; as
formulated above. We further assume

bi,B; € L"(Q), cecL'*Q), r>d, (1.2.10)
as well as
c+divB <c¢y and c—divb <, (1.2.11)

for some ¢y € R.

Diffusion in R? with strong potential confinement

In the second case, we deal with an unbounded domain Q = R¢ which brings us new difficulties.
For a solution to be well defined, it must be ensured that the growth of the solutions in the
region outside compact sets is controlled. One way to do this is to add a confinement condition.
We consider then the elliptic operator in the form

Lf=Af+b-Vf+cf, feH(RY, (1.2.12)

with b € L (R?), ¢ € L2 (R?) and a confinement condition that we impose through the
properties of the potential function ¢, which is roughly speaking ¢ — —oo as |z|— oco. More
precisely, we assume

oip € L2, meas{o; > K} < oo, VK <0, (1.2.13)

with either o := ¢+ |b|?/k for some constant x € (0,4) or either oy := ¢ + divb/2. For example,
when we assume that

c~—|z[" and b~ zlz/ft as  |z]— oo,

the condition (1.2.13) for oy is reached when v > max(0,23) or when v = 23 > 0 and some
conditions on the constants involved in the behavior of the coefficients. In that context, the
condition (1.2.13) for o9 is more general since it is reached when « > max(0, 8 — 1) or when
v = —1 >0 and some conditions on the constants involved in the behavior of the coefficients.

Diffusion in R¢ with weak potential confinement

In the third case, we return to the previous context of the elliptic operator (1.2.12) but now
with a weaker confinement condition: we assume that ¢ converges to a constant. With no loss of
generality, we may assume ¢ — 0. More precisely, we consider the elliptic operator

Lfi=Af+b-Vf+ref, (1.2.14)

now with ¢ € Co(R?), b € Cy(R?) and r € R, a parameter that we will make move.
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Diffusion in R? with drift confinement

Finally, we consider the elliptic operator
Lf=Af+b-Vf+cf,

with a drift confinement as it is the case for the Fokker-Planck operator. More precisely, and for
the sake of simplicity, we assume here

1
b=VU, U(z)= ;(m)”, v > 0. (1.2.15)

When v = 2 and ¢ = z, that operator corresponds to the classical harmonic Fokker-Planck
operator which is known to be related to the standard Poincaré inequality and to the standard
log-Sobolev inequality, see [11, 12, 233] or more recently [14, 138] and the references therein.
In the present situation, we impose that the contribution of ¢ has lower influence at the
infinity that the drift term b and we assume
ce Lig(RY), 3Co, Ry >0, Vo € B, |c(x)|= of|z20~1). (1.2.16)

We further assume that
¢ >divb when ~ € (0,1]. (1.2.17)

The action of the drift term will be revealed through the choice of a convenient “confining
space'. More precisely, for a weight function m : RY — [1,00), we will work in a weighted
Lebesgue space.

1.2.3 Kinetic Fokker-Planck model

We present now a general version of the kinetic Fokker-Planck evolution equation, associated to
the operator

Lfi=—-v-Vof+A,f+b-V,f+cf, (1'2'18>

on functions f : O — R, where O := Q x R%, Q C R? is a domain, b: O — R? is a given vector
field and ¢ : O — R is a given function. It can be interpreted as a simple model of particles
dynamic which move and interacts with a thermal bath. Collisions are typically modelized by
a Fokker-Planck operator A, f + div,(vf) (when b = v and ¢ = d) which takes into account a
thermal bath of (Gaussian) whitenoise.

We will consider the case when Q2 is a bounded domain and the equation is complemented
with a boundary condition. More precisely, we assume the classical balance between the values
of the trace vf of f on the outgoing and incoming velocities subsets of the boundary

(v-)(z,v) = Ze (2, f(2,.))(v) on E_, (1.2.19)

where in this context we define X% := {v € R% £v v, > 0} the sets of outgoing (£%) and
incoming (37) velocities at point z € 952, next the sets

Y ={(z,v) € Z;2v, - v >0} = {(z,v); 2 € 0N, v e XL},

and finally the outgoing and incoming trace functions v+ f := 1x, vf. Here and in the sequel,
v, denotes the unit normal outward vector field defined on the boundary set 9€2. We similarly
define the grazing velocity set

Yo =A{(z,v) € ;v - v =0}
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The reflection operator %, is local in position, but can be local or nonlocal in the velocity
variable, so that it writes

(Zrg)(v) := / (2,0, 0:) g (Vi) Vs + Vg dy,

e
for a reflection kernel 7 : 9Q x R x R? — R. Some classical general assumptions on r are
r>0, Z1=1, D%t =M, (1.2.20)

for some positive function .# = .# (v), see for instance [52, 53, 54]. The second (normalisation)
condition corresponds to the fact that all the particles reaching the outgoing boundary are
put back on the incoming boundary (no mass is lost) while the third (reciprocity) condition
means (when .Z is a Gaussian function) that the wall is in a local equilibrium state and is
not influenced by the incoming particles. The normalization condition implies the local mass
conservation

/ Rrpglv - v|dv = / gv - vdv, (1.2.21)
i 5T

+

while the three assumptions (1.2.20) together also imply
/ (%xg)2//l_1|u cvldv < / @l v vdo, (1.2.22)
= =z

In the sequel, we will rather consider the possibly position dependent Maxwell boundary condition
operator
Hrg = () Dyg + B(z) 2, (1.2.23)

where the accommodation coefficients «, 5 : 9Q — [0, 1] satisfy a(z) + 5(x) =: ((x) <1, T is
the specular reflection operator

Ly(g(z,-))(v) = g(x, Vyv), Vev=v—2v(z)(r(z) - v), (1.2.24)

and D, is the diffusive operator

De(g(x,))(v) = c.p -t (v)g(x), g(x) = /E 9(x, w) v(z) - wdw. (1.2.25)

+

Here the constant ¢, := (27)/? is such that c//;./Zlv: 1 and .# stands for the standard
Maxwellian
M () = (27) Y% exp(—|v]2/2), (1.2.26)

or, more generally, .# = .4 (|v]) > 0 is such that
D=1, Dol =M, )M LR, (1.2.27)

with 9 > 1 (that last condition is necessary in order that the second relation above makes sense).
The boundary condition (1.2.23) corresponds to the pure specular reflection boundary condition
when § = 1 and it corresponds to the pure diffusive boundary condition when o = 1. When
¢ = 1, the Maxwell boundary condition operator (1.2.23) satisfies (1.2.20). On the contrary,
when ¢ # 1, the L? estimate (1.2.22) holds but not anymore the mass conservation (1.2.21).
However, the following L! estimate

/I«%’xgllv-v\dvéc*/ g v - vdv (1.2.28)
e e

holds, with 0 < sup{ < ¢* < 1. Finally, the case ( = 0 corresonds to the zero inflow problem.



14 CHAPTER 1. INTRODUCTION

1.2.4 Selection Mutation model

The last example that we present here is the mutation-selection evolution equation associated to
the mutation-selection operator

Lf:=Jx*f—-W(x)f (1.2.29)

defined on functions f : R? = R, f = f(x), where .J is a the mutation kernel, * stands for the
convolution operator and W is a confining potential. This equation appears in the modeling of
genetic variability in evolutionary biology.

In this context, fi(x) represents the density of a population, at time ¢, of phenotypic trait
on the multi-dimensional phenotypic trait space R¢. Here, the rate of change in f per generation
is considered given by the following two components:

1. Mutation. Considering p be the mutation rate per gene per generation, the effect of
mutation on the present of a phenotypic trait z is usually modeling as —p f (z) +u(J = f)(z),
where the first term gives the rate of loss of alleles having an average effect = by mutation
to other alleles having a different effect and the second term gives the rate of gain from
the mutation to alleles with average effect x from other alleles. Note that as we allow J to
have a singular part, all this component can be include on the term J * f.

2. Selection The function W (x) represents the fitness of the phenotype = and models the
individual reproductive success, considering 0 as the optimum phenotypic value.

This model has been widely used in the literature; we refer, for example, to the works of M.
Kimura [139], R. Lande [149], W.H. Fleming [86] and R. Biirger [42] as examples of biological
applications.

1.3 Long time behavior

We now focus on the second asymptotic estimate that we address in this thesis, which will be
the subject of most of the following chapters: the study of long time behavior for the evolution
equations in the general form (1.2.7).

Roughly speaking, we are interested in understanding under what conditions there exists a
profile f such that every solution f; of Eq. (1.2.7) converges to fo when ¢ tends to infinity.
When the equation (1.2.7) is mass conservative, this is

(ft) ::/Eft:/EfO’

there is a wide range of literature that establish that under certain conditions, there is an unique
positive stationary normalized solution fo, (With || foo||x= 1) such that we have the convergence

1/t = (fo) foollx < O fo = foollx; Vo € X,

with a rate ©(t).

If the problem is not mass conservative, we could not expect that f; converge to a stationary
solution anymore (as the mass growth or decrease depending on t). Yet, we first study the
existence of a solution to the eigentriplet problem of finding (A1, f1,$1) € R x X x Y such that

Lfi=Mf1, f1>0, [fill=1, (1.3.30)
L'¢1 =M1, ¢1>0, |o1]=1. (1.3.31)
we can easily check that the quantity (e **f;, ¢1) is constant. Next, under a positive answer,

one might expect that, granted the existence of such a triplet, a set of hypotheses could be
arranged to obtain that

le™ " fr = (£, o) Al Ol fo — (fo, é1) full, VE>0, VfeX. (1.3.32)
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Such is the aim of the theoretical results presented in this thesis from chapter 2 to 5.

More in details, in this chapters, we revisit the Krein-Rutman theory for semigroups of
positive operators in a Banach lattice framework and we provide some very general, efficient and
handy results with constructive estimates about

1. the existence of a solution for the eigentriplet problem (1.3.30)-(1.3.31);
2. the geometry of the first eigenvalue;

3. the asymptotic stability of the first eigenvector with possible constructive rate of conver-
gence.

This abstract theory is motivated and illustrated in chapters 6, 7 and 8 by the application of the
general theory to the three models presented in the previous section.

The present work is motivated by new problems and ideas presented in the course on the
Krein-Rutman theorem by P.-L. Lions at College de France [156] and by the recent contributions
by Bansaye et al [17] and by Cafizo and Mischler [50] developing Harris techniques. Bringing
and developing these ideas and techniques together with the more classical spectral analysis
approach developed or synthesized in previous contributions by Krein and Rutman [142], by
Arendt et al [7], by Mischler and Scher [177], by Batkai et al [20] and many others, we are then
able to significantly generalize and improve the Krein-Rutman theory for positive semigroups.

In what follows in this section, we present the results of the first four chapters and compare
them with those existing in the literature.

1.3.1 The eigentriplet problem

We next consider a positive semigroup S = S, on X, and we denote by L its generator, by
D(L) ¢ X the domain of £, by p(£) C C the resolvent set of £ and by X(£) = C\p(L) the
spectrum of £. We also denote by S* and £* the corresponding semigroup and generator on the
dual space Y. We refer to the end of Section 2.1.1, for definition and related notations. We also
remark that under the well-posedness of equation (1.2.7), the operator £ generate a semigroup
associated with the solution of such equation, see for example the text book [82].

We now present some minimal condition for the existence and uniqueness of the triplet, in
the spirit of what is established in the course of Lions [156].

First we ask,

(H1) 31 € R such that A — £ is invertible and (A — £)™! : X, — X for any A > k.
We then set

T:={k €R; A — L is invertible, (A — L)1 >0 for any A > x}, (1.3.33)
which is a non empty and non upper bounded interval due to (H1). We finally set
AL :=infZ € [—o0, K1]. (1.3.34)

(H2)Second, we ask kg € R such that inf 7 > ko.
Under conditions (H1) and (H2), there hold

A € [Ko, Hg} (1.3.35)
and
I N AL Ff €DL)N Xy 0= Aafu — LFn >0, | full=1, [len]|— 0. (1.3.36)

Then we demand
(H3) for any sequence (fn) of X such that (2.1.20) holds, there exist f; € X\{0} and a
subsequence ( fn ) such that fn — f1 for the weak convergence or the weak * convergence.
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Under these condition for the primal problem, asking (H3) also for the dual, we can prove
that the triplet exists. This is show in Theorem 2.1.20 in Chapter 2, where a prove is presented
following the ideas of Lions’ course.

The conditions (H1)-(H2)-(H3) are really weak, but somehow leaves room for the question
of how to check it in applications. A possible more concrete conditions are

(H1*) L is the generator of a positive semigroup S = Sg;
(H2*) Jko € R, oo € Y \{0} such that L*Pg > kotbo;

(H3*) there exist kg < ko and a splitting £ = A + B such that A € #(X), B — « is invertible
and Rg(a) := (a — B)~! is uniformly bounded for any a > kg and there is N > 1 such
that

(Rp(a)A)N : C — C is positive and uniformly bounded in o > kg (1.3.37)
(Rp+(a)A*)N 1 C* — C* is positive and uniformly bounded in a > kg (1.3.38)
for C and C* are relatively sequentially compact for the corresponding weak topology in X

and its dual Y and 0 ¢ C, where the closure is taken in the sense of the weak topology in
both case.

Then we have the following result

Theorem 1.3.1. Under (H1*)-(HZ2*)-(HS3*) the first eigentriplet problem (1.3.30)-(1.3.31)
admits a solution (A1, f1,¢1) ERx X x Y.

This result generalize the one of German school, see Biiguer [43], Greiner et. al. [112], [111]
[110] and Webb [244], that assume that C have strong compactness and include the case of weak
compactness in M! addressed by the probabilistic group [167, 168, 169, 170, 119, 50].

We also study the problem without spectral gap through a dynamic approach (see Theorem
2.2.4 in Chapter 2), which we believe is a novelty with respect to the literature.

For a more detailed discussion on the subject, please refer to the section 2.1.3 of chapter 2.

1.3.2 Geometry

A second issue is about the geometry of the spectrum and the principal eigenvalue problem.
One way to characterize A1, and that is related to the way we will solve the first eigentriplet
problem, is

A = sup{Re\; A € X(L)} =inf{rk € R; v’ € p(L), VL' > k}.

The boundary spectrum is then defined by
Y (L) :=%(L)NAy ={NEXN(L); Rel = \1},

where A, is the open half plan A, := {z € C; Rez > a}. We are next interested by describing
¥4 (L) and to find conditions on L so that at least we are in one of the following cases

1. \p is algebraically and geometrically simple,
2. (better) ¥4 (£) is trivial, namely
Si(L)NEp(L) = {1}, (1.3.39)
where Y p is the point spectrum set,

3. (even better) we have
dr < Ai; B(L)NA,={\} (1.3.40)
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In the second situation (1.3.40), we say that there is a spectral gap: a band separates the spectral
value A1 to the remainder of the spectrum, while there is no spectral gap when (1.3.39) holds
but (1.3.40) does not.

In Chapter 3 we will see that (1) is a consequence of the Strong Maximum Principle, see
Theorem 3.3.11 while (2) is related with the “reverse Kato’s inequality condition”, see definition
4.3.10 and Theorem 4.4.14. The case (3) on the existence of spectral gap is addressed in Chapter
5 through some generalized Doeblin-Harris condition.

1.3.3 Stability

Three types of results are obtained closely linked to the geometry of the first eigenvalue. In the
first case in which we have that A\; is algebraically and geometrically simple, we will see that
under some weak compactness assumption we arrive to the conclusion

(CE1) for any f € X, there holds

1T
f/o Sifdt — (f, 600 f1, as T — oo. (1.3.41)

See Theorem 3.4.19.
If in addition we have the condition that assure that ¥ (L) is trivial, then we arrive to
(CE2) for any f € X, there holds

Svtf — <f7 ¢1>f1> as T — o0, (1342)

in a sense to be specified. See the Subsection 4.5 in Chapter 3.

Finally, when we can assure the existence of spectral gap, then under some condition to be
specified later, we have

(CE3) there exist some constants k < 0 and C' > 1 such that for any f € X, there holds

ISt f = (f,e0) A< OWDIf = (f,¢0) Aill, YE>0,VfeX, (1.3.43)

with the decay rate function O(t) := Ce".

At the end of Chapter 3 we give some first result in this direction without quantitative
estimation of k, then we dedicate Chapter 5 to constructive ones.

The results in Chapter 3 are general well know. However, we rewrite them from different
sources, placing them in the same framework and, in some cases, we provide new proofs that
simplify the existing one. On the other hand, we consider the results in the Chapter 5 to be new.

1.4 Thesis plan and contributions

As mentioned above, from chapters 2 to 5 are dedicated to the theoretical development of the
study of long time behavior. In succession, we deal with the existence of a solution to the
eigenvalue triplet problem, then with the geometry and asymptotic behavior, without and with
constructive quantification of convergence.

After that, we apply these results to the three examples introduced in section 1.2 in chapters
6, 7 and 8 respectively.

Contribution of chapter 6

Chapter 6 addressed the study of the diffusion models presented in section 1.2.2. For each of the
introduced cases we prove the existence of the eigentriplet. In addition, we go through all the
program until conclusion (CE3) with constructive estimates in the first case. In the case of the
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second, third and fourth model, we prove all the condition until reaching conclusion (CE2),
of asymptotic convergence without spectral gap. Further to this, we consider that the method
proposed in Chapter 5 , which we exemplified in the first case, is adaptable to obtain estimates
of constructive exponential convergence also in these cases.

We believe that these results are new and are an improvement over those previously reported
in the literature.

Contribution of chapter 7

Chapter 7 is devoted to the Kinetic Fokker-Planck model, presented in section 1.2.3. In this
case we will complete the whole program up to (CE3) without constructive rate. This result
generalizes [152, Theorem 2.18] and [116, Theorem 6.8] for the zero inflow condition and [1,
Theorems 1.6 & 1.7] for the torus case.

Contribution of chapter 8

We continue in Chapter 8 with the case of the Selection mutation model. Here we also complete
the whole program up to (CE3) with constructive exponential rate. As far as we know, this
result improves on the existing ones in the literature by weakening the conditions required of
the kernel J. In particular, it generalizes the recent result obtained by Gabriel in , extending it
to non-symmetric kernels.

Chapters 9 and 10 can be read independently from the previous 7 chapters, since they
correspond to two separate works. Even if chapter 8 still deals with long time behavior.

Contribution of chapter 9

In chapter 9, we present a modified version of the TEM model introduced in section 1.1.1, which
incorporates a memory variable. This new addition is significant from a biological point of
view because it allows the model to describe phenomena such as adaptability and short term
plasticity, as explained in Section 9.1.2. Next, we study the long time behavior of this model
and prove that the conclusion (CE3) with constructive exponential rate is valid in the case
of weak interaction between neurons. Two aspects should be commented in the context of the
above results. On one hand, this model is mass-conservative, so the classical Doeblin-Harris
theory as developed in [48] and [49] applies. This corresponds to the case where (A1, ¢1) = (0, 1).
The proof will first establish that there is a stationary solution f; = f. and then an asymptotic
result. On the other hand, we should emphasize that TEM model is nonlinear. To deal with this,
we will divide the problem into two parts: first we will study a linearization of the problem, so
we can applied the strategy described above and, in a second stage, we will use a perturbation
argument to arrive at the conclusion for the nonlinear problem, when the nonlinear part is small.

Contribution of chapter 10

Finally, in Chapter 10, we study the particle system on the form (1.1.2) for general locally
Lipschitz terms F' and G and establish a Bernstein inequality-type concentration result that
we use in two applications: First, to create an estimator of the parameters of the FhN model
introduced in section 1.1.1; and then to extend the results of Della Maestra and Hoffmann
in [73] to the non-globally Lipschitz coefficient case in position-velocity models; we create a
nonparametric estimator of the measure p;. Finally, we conclude the chapter by performing an
exploratory study of the feasibility of constructing a hypothesis test to check the existence of
interactions between neurons through numerical simulations.

A more extensive explanation of the results of this part can be found in the introduction of
chapter 10.
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All chapters from 2 to 8 are the result of a work in collaboration with Stephane Mischler
and Pierre Gabriel.
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Chapter 2

Existence of solution of the
eigentriplet problem

In this chapter, we address the existence of a solution to the first eigentriplet problem, as defined
in the introduction. To do so, we take two approaches. In a first section we consider a stationary
approach in which we look at the operator £ and its resolvent R, i.e. we look directly for a
solution of the problem £ — A\; = 0. In a second section, we look at it from a dynamical point
of view: we deal with the semigroup S, (t) and the associated evolution problem proving the
existence of the eigentriplet problem through a fixed point theorem.

2.1 Existence through a stationary problem approach

We start by presenting the basic material about the Banach lattice framework and conclude
with a comparison with several previous works.

2.1.1 The Banach lattice framework

We start recalling the Banach lattice framework by stating (most of the time without proof)
some well-known facts that one can find in reference monographs as [38, Chapitre II: Espaces de
Riesz| or [222, 7, 16, 20].

Banach lattice. A real Banach lattice is a real Banach space (X, ||-||) endowed with a
partial order denoted by > (or <) such that the following holds:

(1) The set Xy :={f € X; f >0} is a nonempty convex cone (compatibility of the order
with the vector space structure).

(2) For any f € X, there exist some unique positive part fi € X and negative part f_ € X
such that f = fy — f_ which are minimal: f = g —h, g,h > 0 imply g > f+ and h > f_
(generation and properness of the positive cone). We set |f|:= fy + f— € X4 the absolute value
of fe X.

(3) For any f,g € X, |f|< |g| implies || f||< ||lg|l (compatibility of norm and order structures).

Under these assumptions, one can show that

- The convex cone X is closed, pointed X N (—X;) = {0} and generating X = X — X .

- The lattice operations f — fi, f — f_ and f +— |f| are continuous (1-Lipschitz).

- The order intervals {h € X; g < h < f} are closed and bounded for any given f,g € X,
fzy.

It is worth emphasizing that one commonly defines the supremum and infimum operations
by

fvg=g+(f-9)+=f9 [Ahg=9-(9-f+=T[y9

21
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for any f,g € X, and these operations can be used as an alternative way for defining a Banach
lattice (the lattice structure referees indeed to these supremum and infimum operations). We
may note the following elementary formulas

fe N =0, lIfllI=1IA1L Ve X. (2.1.1)

We write f L g when |f|A|g|= 0 or equivalently when |f|+|g|= |f|V|g|]. In that case, we have
|[FI+lgl=1f + gl

Dual Banach lattice. On the dual space X', we may naturally associate a dual order >
(or <) by writing for ¢ € X’

>0 (orpe X)) iff VfeXy (o f)>0.

For ¢ € X', there exist some unique ¢+ € X/, such that ¢ = ¢, — ¢_ which also satisfy (and
are defined by)

VieXy, (p+,f)= sup (£p,9).
0<g<f

One can show that the above conditions (1), (2) and (3) of a Banach lattice are fulfilled, and thus

X" = (X', ||||x+,>) is a Banach lattice. We observe that for any f € X, there exists f* € X/,
such that

50y = 11P= 1 s (2.1.2)
as a classical corollary of the Hahn-Banach dominated extension theorem. Moreover, for any
feX,

f=0 iff (o, f)>0, Vpe X!, (2.1.3)

as an immediate application of the Hahn-Banach separation theorem. In other words, the

restriction to X of the dual order in X” associated to the order defined (by duality) on X’ is
nothing but the initial order, in particular the positive cone X, is weakly * closed.

The functional framework : The duality bracket. @ We consider X,Y such that
X =Y’ with Y separable or Y = X’. We emphasize on the facts that

for fe X: feXiiff (f,o) >0, Vo eYy, (2.1.4)
for p e Y : peYyiff (f,p) >0, VfeX,,

which are immediate consequences of (2.1.3) and of the definition of the dual order.

Examples. For the space Cy(F), the order is defined by f > 0 iff f(x) > 0 for any = € E.
For a space LP(E, &, u), 1 < p < oo, the order is defined by f > 0 iff f(z) > 0 for p-a.e. z € E.
For the space M!(E), the order is defined by f > 0 iff in the Hahn decomposition f = f, — f_,
there holds f_ = 0, or equivalently, by duality: f > 0 iff (f,») > 0 for any ¢ € Cy(E), ¢ > 0.

Because confinement will play a major role in our analysis, we will use some weighted
version of the above space associated to a weight (continuous or Borel measurable) function
m : E — (0,00) that we introduce now. We recall that E always denotes a o-compact metric
space, and we write £ = UER, with Fp C Fgry1, EFr compact. In that context, we write
xn — oo if for any R > 1 there exists ng such that x,, ¢ Er for any n > ng.

e We denote by C, o(E) the space
Crmo(E) :={p e C(E); |p(z)|/m(x) = 0asz — oo}

endowed with the norm [|¢||c,, o:= [l/m| c,-
e We denote by ML (E) := (Cp0(E))" the associated space of Radon measures.
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e We denote by LY (E) = LP (E, &, p) the space

LY (E) :={[ € Lige(E); || fllgz,:= lfmlre< oo}
It is worth emphasizing that LP (E, &, u) = LP(E, &, mPu) when p € [1,00).

Positive operator. We denote by Z(X) the set of linear and bounded operators on X.
We also denote by # (X)) the subspace of compact operators. We say that a bounded operator
A € B(X) is positive, we write A > 0, if

Afe Xy, VfeX,.

We will also sometimes abuse notations by writing A € Z(X ;) for meaning that A > 0. For a
positive operator A € Z(X), we have

[AfI< Alf], VfeX, and [|A[= sup [Af], (2.1.6)
0<feBx

where By is the unit closed ball. More generally, we have
(Af)V(Ag) < A(fVyg), VfgelX. (2.1.7)
For A € #(X) and Y in duality with X, we uniquely define A* € Z(Y) by
(Af,0) = (f, A%¢), VfeX o€V
For A € #(X) and A* € A(Y), there holds
A>0 iff A*>0. (2.1.8)

Let us present the elementary and classical but instructive proof of the direct impication, the
reciprocal sense being similar. We assume thus A > 0. We take ¢ € Y} and we define ¢ := A*p.
We then take f € X, and we define g := Af, so that g > 0 by assumption. We compute

(W, [) = (A%, f) = (¢, Af) = (¢, 9) = 0.
Since f € X, is arbitrary, we get ¢ € Y., and thus A* > 0.

Semigroup, generator and spectrum. In this work, a semigroup S = S(t) = (S;) on X
will always denote a semigroup of linear and bounded operators on a Banach lattice X which
trajectories are

- either strongly continuous, namely, the mapping ¢ — S;f is continuous for the norm of X
for any fixed f € X

- either weakly * continuous, namely X = Y’ for some separable Banach lattice Y such
that Vfe X, Vo eV, t— (Sif, ) x,y is continuous and V¢ > 0, Vo € Y, f— (Sif, ¢)xy is
continuous. That is in particular the case when there exists a strongly continuous semigroup P
on Y such that S; = P} for any ¢ > 0.

For a semigroup S, we denote by L its generator and D(L) the associated domain, and
thus we sometimes write S = Sy. We also denote the iterated domain defined recursively by
D(LF) .= {f € D(LF ), £f € D(LF1)} for any k > 2 and D(L®) := >, D(LF). We recall
that D(L) is dense in X and the graph of £ is closed in X x X. We define the growth bound

w=w(S) := limsup % log||S(t)]|€e RU {—o0}, (2.1.9)
t—ro0

so that
Vo' >w, IM>1, [SO)|zx)<Met, Vit>0, (2.1.10)
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and w is the infimum of w’ € R such that (2.1.10) holds. We say that S is a semigroup of
contractions when S satisfies (2.1.10) with M =1 and v’ = 0.

The resolvent set p(L) is the set of z € C such that if z — £ : D(L) — X is bijective and its
inverse belongs to Z(X). We define the resolvent operator by

R(2) =Re(2):= (2= L)', VzepKL) (2.1.11)
and the spectrum by X (L) := C\p(L). Denoting the half complex plane of abscissa a € R by
Ay = {z € C; Re(z) > a}, (2.1.12)

we have p(£) D A, and for any z € A,, there holds

R(z) = /OOO S(t)e * dt. (2.1.13)

Positive semigroup. We say that a semigroup (S;) on a Banach lattice X is positive if
S, >0, Vt>0.

Lemma 2.1.1. For a semigroup S on a Banach lattice X, there is equivalence between
(a) S is positive;

(b) the associate resolvent operator R is positive: R(k) > 0 for some (and thus any) K > w.

It is immediate from Hille’s identity (2.1.13) that (a) implies (b). The reciprocal implication
comes from the relation S(t) = lim,_,oo[n/tR(n/t)]" at the foundation of the Hille-Yosida theory,
see for instance [203, Theorem 1.8.3].

2.1.2 Existence part of the Krein-Rutman theorem

From now-on in this section, we consider a Banach lattice X and an operator £ with dense
domain and closed graph. Our goal is mainly to prove the existence part for the primal problem
in the KR theorem, namely

dA € R, E|f1 S X+\{0}, ﬁfl = /\1f1. (2.1.14)

We will also discuss the existence part for the dual problem at the end of the section.
We first assume
(H1) 3k € R such that A — £ is invertible and (A — £)™! : X, — X, for any \ > k.
We then set

T:={k €R; X\ — L is invertible, (A — L)1 >0 for any A > x}, (2.1.15)
which is a non empty and non upper bounded interval due to (H1). We finally set

A1 i=inf7 € [—OO,K:l]. (2.1.16)

For the sake of completeness, we recall now some well known (which probably goes back to
[111, 112]) and general facts about Z and A\ when L is the generator of a positive semigroup.
We also refer to [82, Section 1.b, Chapter VI] or [20, Chapter 12] and the references therein for
more details.
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Lemma 2.1.2. When L is the generator of a positive semigroup S = S, then
(i) (H1) automatically holds with any k1 > w(S), so that A\; < w(S);

(i) (L) N Ay, = 0 and the representation formula (2.1.13) holds true for any z € Ay, ;
(iii) 4t may happen that A\; = —oc.

The important property (b) is probably due to [112].

Proof of Lemma 2.1.2.  The claim (i) is an immediate consequence of the representation
formula (2.1.13) for any 1 > w(S) and the positivity of S(¢) for any ¢ > 0 (that is nothing but
Lemma 2.1.1).

We prove (ii). Take A > A\;. From the classical identity
S(t)e ™ — I = (L — ) /Ot S(s)e > ds, V>0,
and the positivity property of .S, we have
0<V(t):= /0 t S(s)e ™ ds = R(\) — R(A)S(t)e M < R(N),

for any ¢t > 0. From that estimate, we get |V (¢)]|< ||R(A)||. For any z € Ay, an integration by
part yields

t t
/ e=*5S(s) ds = e~ NV (1) + (2 — A) / e~ =N5Y () dis.
0 0

The estimate on V makes possible to pass to the limit ¢ — oo in the above identity, and we
deduce

Uz) = /0 TS (s) ds = (2 — \) /0 T e Ny (s) ds € B(X).

In that situation, one classically knows that z € p(£) and (2 — £)~! = U(z). We have thus
established X(£) N Ay = () and we conclude the proof of (ii) by observing that (2.1.13) is then
nothing but the above formula.

(iii) On LP(0,1), 1 < p < oo, the translation semigroup defined for a > 0 by
S(t)f(x) = f(.%' + at)1$+at§17 Vi 2 07 HAS (07 1)7

is strongly continuous and positive. Since S(¢) =0 for any ¢t > 1/a, we have w(S) = —o0, and
thus A\ = —oo because of (i). O

For further discussion, we give some probably classical results about the condition (H1) and
some equivalent definitions of the set Z.

Lemma 2.1.3. The operator L satisfies (H1) if and only if the operator L* satisfies (H1).
Furthermore, under condition (H1) for L (or L*), we have

I=1T, VYi=234, (2.1.17)
with
Iy = {k€R; \— L is invertible for any A > K},
I3 = {k€R; \—L"is invertible, (\—L*)"1>0 forany \> k},

Iy = {ke€R; A—L" is invertible for any \ > K}.
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Proof of Lemma 2.1.3. The equivalence of condition (H1) for the operators £ and £* is an
immediate consequence of the identity p(L£) = p(L*) (see for instance [136, Theorem III.6.22])
and the fact that (A — £)71: X — X, iff (A= L£*)71: Y, — Y, as recalled in (2.1.8). As a
consequence, we have 7 = Z3 and Zo = Z4.

We obviously have Zo C Z and let us show the reverse inclusion. We denote R = R,. On
the one hand, for any zg € p(£) and any z € C, |z — 20|< ||R(20)]| 7}, we know that

R(2) = R(z0) i(zo — 2)FR(20)F, (2.1.18)
k=0

which gives a proof of the fact that resolvent set p(L£) is open and that R is an holomorphic
function on p(L£). Formula (2.1.18) also ensures that for Ao, A € R, the condition R()\g) > 0
implies that R(A) > 0 provided that \g — A > 0 is small enough and thus R(A) > 0 for any A
in the not upper bounded connected component of the set p(£) N R thanks to a continuation
argument. In particular, Z is an open set and Z = 7. ]

We next assume
(H2) ko € R such that inf Z > kq.

We point out several conditions under which (H2) is satisfied.

Lemma 2.1.4. Condition (H2) holds under one of the four following conditions
(i) Iro € R, Fepo € Yo \{0} such that L g > Koo, which means

VieDL)NXy, (Yo, (ko —L)f) <0;
(i) ko € R, 3 fo € X4 \{0} such that Lfy > ko fo, which means
Vi e DIL)NYL,  ((ko — L)Y, fo) < 0;
(iii) L£* is the generator of a positive semigroup S* = (S}) and
ko € R, Faho € Yy \{0}, 3T >0 such that Siahy > e ajy;
(iv) L is the generator of a positive semigroup S = (S;) and
ko €R, Ifo € X \{0}, 3T >0 such that Stfy > ™7 f;.

Proof of Lemma 2.1.4. In the three cases, we claim that kg ¢ Z and thus inf Z > ko. We argue
by contradiction, assuming \; < kg, so that kg € Z = Z; for any i = 2, 3, 4.

We assume (i). For any g € X, we define f := (kg — £)"'g € X, and we compute

0 < (¢0,9) = (Yo, (ko — L) f) < 0.

That implies (10, g) = 0 for any g > 0, so that o = 0 and a contradiction.
We assume (ii). For any ¢ € Y., we define ¢ := (kg — £*)71¢ € Y, and we compute

0 < (&, fo) = ((Ko — L"), fo) < 0.

That implies (£, fo) = 0 for any £ > 0, so that fo = 0 and a contradiction.
We assume first that (iii) holds for any 7" > 0. For any f € D(£) N X;\{0}, we compute

(Yo, (ko — L) f) = (1o, e LS, f) <0,

_a
dt
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which is precisely (i). We assume now that (iii) holds. If kg € Z, for any g € X, we may define
f=(ko—L)'ge X, ND(L) and from condition (iii), we have

T

0< (TS = fovi) = (€= wa) [ €S, f b ),

for any n € N. From the very definition of f, we also have

nT nT nT
(L — K,())/O e "tS, fdt = /0 e S (L — ko) f dt = —/0 e "tS,gdt < 0.

The two pieces of information together imply

</0nT e "lS, g dt, 1[10> =0.

Passing to the limit n — oo thanks to Lemma 2.1.2-(ii) and using (2.1.11)-(2.1.13), we obtain
0=( [ e Sigdt.vn) = (f.0) = (9. (k0 — £) o).

That implies (kg — £*) " 11pp = 0 since g is arbitrary, what is not possible since g # 0. The
proof of (H2) under assumption (iv) is similar and thus skiped. O

Remark 2.1.5. In practice, we may build fy or 1y through an explicit computation or use
a barier fonction and strong mazximum principle techniques. We refer to Lemma 3.2.10 for a
possible general result in that direction.

Lemma 2.1.6. Under conditions (H1) and (H2), there hold
A1 € [Ro, k1] (2.1.19)
and
I N, 3 €DL)NX L, eni=Aafn — LFn >0, || full=1, llen]l— 0. (2.1.20)

Proof of Lemma 2.1.6. We obviously have A\; < k; from assumption (H1) and A\; > ko by
assumption (H2), so that (2.1.19) is proved.

Consider now a sequence (Ap)p>2 such that A\, \, A\; as n — co. We eventually have
IR(An)||— oo as n — oo. On the contrary, we would have ||R(\,/)||< M for some subsequence
A \¢ A1 and some constant M > 0. Because of (2.1.18) this implies that (A, —&,\) CZ
for any n’ and some £ > 0, and this is in contradiction with the definition of A;. The blow up
IR(A\n)||— oo means that

3fn€D(L), Ign € X, R(An)gn = frn, |Ifall= 00, llgnll< 1.

By splitting g, = g;7 — g,,, we get

with
lgiE <1 and  (|R(An)g! [|= o0 or [R(An)gy, |— o0).

Changing notations, we have thus
3fn 20,390 20, R(An)gn = f, [lfall= 00, [lgnll< 1.

We get (2.1.20) by defining f, := fu/||fnll and e, := gn /|| foll- O
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We learn a very similar proof in [156], from which our own proof is adapted. The same type
of arguments can also be found in [20, proof of Theorem 12.15].
We finally assume that
(H3) for any sequence (fn) of X such that (2.1.20) holds, there exist f; € X4+\{0} and a
subsequence ( fn ) such that fn/ — fy for the weak convergence or the weak * convergence.

We discuss several situations in which assumption (H3) holds. We start with a very classical
framework due to Voigt [242], which is however quite restrictive since it is based on a strong
compactness property assumed at the level of the associated semigroup of operators.

Lemma 2.1.7. We assume that L generates a positive semigroup S, that (H2) holds for a
constant kg € R and that there exists T > 0 such that the splitting

St =Vr+ Kr, (2.1.21)

holds with |Vr| zx)< e, & < ko, and Kp € A (X). Then condition (H3) holds for the
primal and the dual problems.

Proof of Lemma 2.1.7. The condition (H1) holds beacuse of Lemma 2.1.2-(i). Let us then
consider three sequences (\,), (fn) and (£,) satisfying (2.1.20). Integrating along the rescaled
flow, this yields

A A T A
e Ml Snf— f = / e MG (L — M) frdt
0

T
= —/ e_)‘"tStsndt =:é&n,
0

which also reads

an+Kfn_ )\an )\nTé:n
Since eM T > efoT > T the operator e ! — V7 is invertible with i 1nverse Q(\,) = (eMT—Vp)~!
uniformly bounded and converging in #(X) to Q(A1) = (e MT _ VT) . We thus have

fn = Wy + Uy, Wy = Q()‘n)KTfm Up = _Q()‘n) )\nTéna

with ||v,||x— 0 and (w,,) relatively compact in X, since there exist a subsequence ( fnk) and
g € X such that Krf,, — g and next

Wny, — Q(A1)g = (Q(An,) — Q)KL fr, + QM) (K1 fry, — g) = 0.

We deduce that fnk — f1 strongly in X. Because of the positivity and normalized properties of

fn, we get f1 € X4, | f1llx= 1, and we conclude that (H3) holds for the primal problem
Observing that the dual semigroup S* satisfies S} = Vi + K. with ||[V7] )< e and

K} € #(Y), the same proof implies that (H3) holds for the dual problem. O

In the six next lemmas, we will assume that (H1)-(H2) holds associated to some constants
ki € R, kg < K1, and we always make the following splitting structure hypothesis

(HS1) there exists a splitting £ = A + B such that B — « is invertible for any a > ko and

N—-1
V(a) = Y (Re(a)A)Rp(a), W(a):= (Rp(a)A)", (2.1.22)
i=0
are bounded in #(X) uniformly with respect to a > k¢ and for some N > 1, where we recall
that Rg(a) := (a — B)~L.
We first present a result also based on a strong compactness property which is assumed to
hold however at the level of the resolvent operator. We will be able to use that result in most of
the applications.
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Lemma 2.1.8. (1) We assume (H1)-(H2)-(HS1) and there exists N > 1 such that
W(a) is strongly compact locally uniformly on o > Ky, (2.1.23)

in the sense that if a, — «a, o, > Ko, and (gy) is a bounded sequence in X, then there exist
f € X and a subsequence (gn,) such that W(aw,,)gn, — [ strongly in X. Then condition (H3)
holds.

(2) We assume (H1)-(H2) and (HS1) where Rg(a) is bounded uniformly in o > kKo,
Ae B(X) and W(a) € #(X) for any fized o > ko and some N > 1. Then condition (H3)
holds both for the primal and the dual problems.

Remark 2.1.9. (1) The property (2.1.23) holds if we assume W(a) : X — X1 is bounded
uniformly in a > ko and Xy C X with strong compact embedding.

(2) The property (2.1.23) holds if we assume (H1)-(H2)-(HS1) together with the facts that
Rp(a) and Rg(a)A are bounded uniformly in a > kg and W(«a) € #(X) for any fized o > K.
Consider indeed o, — o, o, > Ko, and (gn) a bounded sequence in X. On the one hand, there
exist f € X and a subsequence (gn, ) such that W(a)gn, — f strongly in X, because W(«) €
A (X). On the other hand, using the resolvent identity Rp(\) — Rp(p) = (1 — NR(M)Ra(w),
we have

N . .
W(a) = W(ay) = (o, — @) Z(RB(O&)A)N_]RB(Q)(Rg(an)A)J — 0,
j=1

so that W(am, )gn, — f strongly in X, and (2.1.23) holds true.

Proof of Lemma 2.1.8. We first assume (1). Taking advantage of the splitting structure (HS1),
we write equation (2.1.20) as

(/\n - B)fn = Afn + €n,

or equivalently
fn = RB(An)Afn + RB()\n)gn

Iterating that last identity and using the notations (2.1.22), we get
fn =Wy, + Uy, Wy = W()\n)fn, Up = V(An)en. (2.1.24)

We observe that (wy,) is strongly relativelly compact from (2.1.23) and || fn|lx= 1, so that there
exist a subsequence (wy, ) and f; € X such that wy,, — fi strongly in X. Since v,, — 0 strongly
in X, we deduce that fnk — f1 strongly in X. We conclude that condition (H3) holds as in the
proof of Lemma 2.1.7.

We next assume (2). As observed in Remark 2.1.9-(2), the property (2.1.23) holds and thus
also the condition (H3) for the primal problem. We claim that the same locally uniform strong
compactness property (2.1.23) holds for the dual problem at order N + 1 and thus condition
(H3) holds for the dual problem. We may indeed use Remark 2.1.9-(2) since then Rp«(«) and
A*Rp+(a) are bounded uniformly in o > k¢ and

(A*Rp-(a))V T = A*W(a)*Rp-(a) € #(Y), Ya> kg,

as a product of two bounded operator with a compact operator. O

As we see now, strong compactness is not really necessary.

Lemma 2.1.10. We assume (H1)-(H2)-(HS1) and there exists N > 1 such that

W(a): X = X1 C X is positive and uniformly bounded in o > kg
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and, denoting Xy := X, we assume that for any R1 > Ry > 0 the set

C = Cro.r = {9 € X45 [lgllxe=> Ro, [lgllan < R} (2.1.25)

is relatively sequentially compact for the weak topology o(X,Y) and 0 ¢ C, where the closure is
taken in the sense of the weak topology o(X,Y ). Then condition (H3) holds.

Remark 2.1.11. When X1 C Xy with strongly compact embedding the above set C clearly
satisfies the required conditions. In particular, Lemma 2.1.10 generalizes the result stated in
Remark 2.1.9-(1).

Proof of Lemma 2.1.10. We go back to the proof of Lemma 2.1.8 and we start with (2.1.24).
We recall that || fn||x,= 1 and ||vy|lx,— 0 from (2.1.20) and that w, > 0 because W(A,) is a
postive operator. We also observe that

[wnll 2, < Owl| full = Cw

and
[wnllag> 1 = [lvnllx,> 1/2

for any n > n., with n, > 1 large enough, so that w, € C := Cy3,, for any n > n.. By
the compactness properties of C, there exist a subsequence (wy, ) and f; € X;\{0} such that
Wy, — f1 weakly o(X,Y"). Since v, — 0 strongly in X, we deduce that fnk — f1 weakly o(X,Y)
and that ends the proof of (H3). O

We present a typical concrete application of the preceding result.

Lemma 2.1.12. We assume X = LP(E,&,un), p € [1,00), (H1)-(H2)-(HS1) with A > 0,
Rp(a) >0 for a > ko, and there exists N > 1 such that

W(a): X — Xy is uniformly bounded in o > ko, (2.1.26)

for a subspace Xy C X such that {gP; g >0, |lglla,< R1} is a weakly compact subset of L*(E)
for any Ry > 0. Then condition (H3) holds.

Remark 2.1.13. (1) A typical example in the above statement is Xy := L1 N LP  for some
exponent q¢ > p and some weight function m : E — [1,00) such that m(x) — 0o as x — o0o.

(2) The same result holds under the condition that if (u,) is a nonnegative and bounded
sequence in LP then the nonnegative sequence wy, := W(Ap)uy, is such that wk is weakly compact
in L'.

Proof of Lemma 2.1.12. For 0 < Ry < Rj, we define C by (2.1.25) with Ay := LP. From the
weak compacteness property made on X, we observe that

a(R) := sup|lglge [[Lr— 0, as R — oo,
geC

and

B(M) :=supl|lglg>nr|lLr— 0, as M — oo.
geC

For g € C, we may then write

Ro < |lgllze< lg A M1ggllLo+ll91 g o +1l91g2 s | Lo

and thus
M VP|| g1 g, |[VP> lg A M1g,||le> Ry — a(R) — B(M) > Ro/2,
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for some R, M > 0 large enough. On the one hand, from the reflexivity of LP or the Dunford-
Pettis theorem, the set C is relatlvely sequentially compact for the weak topology o(LP, 4 ).
On the other hand, because 1g, € L the last estimate 1mphes that any element g* € C, where
the closure is taken in the sense of the weak topology o(L?, ) ), satisfies

(g%, 1ER> = Hg*lERHle Mpil(RO/z)p
and in particular 0 ¢ C. We deduce that (H3) holds as a consequence of Lemma 2.1.10. O

We present a second kind of result where some weak compacteness is required.

Lemma 2.1.14. We assume (H1)-(H2)-(HS1) and there exists N > 1 such that
W(a): Xo = X C Xy is uniformly bounded in o > ko (2.1.27)

and, denoting X1 := X, the set C defined by (2.1.25) satisfies the same properties as the ones
stated in Lemma 2.1.10. Then condition (H3) holds.

Remark 2.1.15. If we replace the norm ||-||x, by a seminorm || f|x,:= (| f], o), ¢o € Yy, and
we define C accordingly by (2.1.25), and if we assume that X =Y’ with Y separable, then C
satisfies the same compactness properties as required in the statement of Lemma 2.1.10. If we
further assume that (2.1.27) holds where Xy is endowed with the above seminorm, we may repeat
the proof below in order to obtain that (H3) holds in that situation (see also Lemma 2.1.18 and
its proof for a slightly generalized situation).

Proof of Lemma 2.1.14. We start here again with (2.1.24). We have

L= | fallan < Cwllfall o Fllonl 2,

and thus
[ fnll o> Copt (1= [[omllx,) > (2Cw) ™!

for any n > n,, with n, > 1 large enough, so that fn € C := C(QCW)_M, for n > n.. By
the compactness properties of C, there exist a subsequence ( fnk) and f; € X1 \{0} such that
frp — f1 weakly o(X,Y). d

We present a strong variant of Lemma 2.1.12 which is also a concrete consequence of
Lemma 2.1.10 and Lemma 2.1.14.

Corollary 2.1.16. We assume (H1)-(H2)-(HS1) in X = L}, 1 < pg < oo, together with
the facts that Rp(a) is positive and bounded in (LYY ) and FB(L} ) uniformly in o > kKo,
0<Ae B(LY) and (Ra(a)A)N is bounded in B(LFS , LPL ) uniformly in o > kg for some

N > 1, with py > po and my such that mo/my € LY, 1/9 := 1/pg — 1/p1. Then condition (H3)
holds for both the primal and the dual problems.

Proof of Corollary 2.1.16. On the one hand, we have

Ra(a) + -+ (Re(a) AN "'Rz(a) is bounded in Z(X) uniformly in o > ko,
W(a) := (Rg(a)A)Y is bounded in Z(X, X;) uniformly in a > ko,

Wlth Xy = Lh C X and thus {(gmo)*; g > 0, [|g|la,< Ri1} is a weakly compact subset of
LY(E) for any Ry > 0. Condition (H3) holds for the direct problem thanks to Lemma 2.1.12.
On the other hand, we set Y := X' = L, qo := pp, vo := mg !, and we first observe that

Rp-(a) + -+ (Rp- (@) AV "R g () is bounded in Z(Y) uniformly in o > k.
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We next observe that
(A*Rp-(a))N T = A*W(a)*Rp-(a) is bounded in (), Y) uniformly in a > ko,

with Vo := LY, q1 := p}, v1 == my ', Because {(gv1)%; g >0, ||g|ly< Ri} is a weakly compact

1%

subset of L!(E) for any Ry > 0, we have from the proof of Lemma 2.1.12 that the set C defined
by (2.1.25) for the norms of )}y and ) := Y satisfies the weak compacteness property required in
the statement of Lemma 2.1.10. We may thus apply Lemma 2.1.14 and we deduce that condition
(H3) holds for the dual problem. O

Another concrete consequence of Lemma 2.1.10 and Lemma 2.1.14 is the following.

Lemma 2.1.17. We assume X = M,}% (E) for a continuous weight function m; on E, i =0
ori =1, (H1)-(H2)-(HS1) and there exists N > 1 such that (Rg(a)A)N : M}, (E) —
M}nl(E) uniformly in o > kg for another continuous weight function mi_; on E such that
mq(z)/mo(x) = 00 as © — co. We additionally assume that A > 0 and Rp(a) > 0 for a > kg
when i = 0. Then condition (H3) holds.

Proof of Lemma 2.1.17. We define X; := M}, (E) and we consider the set C defined by
(2.1.25) which is clearly compact for the weak * o(M_. ,Cp,, o) topology. When X = M}

mi’ mo’
the result follows from Lemma 2.1.10 while when X = M%“, the result is a consequence of

Lemma 2.1.14. OJ

We may slightly improve the preceding results by considering a more abstract framework
and a somehow more general boundedness condition.

Lemma 2.1.18. We assume X =Y, Y separable, (H1)-(H2)-(HS1) and there exist N > 1,
v €[0,1) and ¢ € Yy \ {0} such that for any a > kg, there holds

IW(a) fllx < Al fllx+{f ) xys (2.1.28)

for all f € X4, or there holds

IW(@) flIx< Al fllx+W () f, o) xy, (2.1.29)
forall f € X. Then condition (H3) holds true, and the limit fi satisfies (f1,¢)xy > 1—v > 0.

The case X = M, (F) in Lemma 2.1.17 corresponds here to the first situation where (2.1.28)
holds with X := M}, (E), v:=0,Y 1= Cpy0(E) and ¢ := mgy/m.

Proof of Lemma 2.1.18. Starting with (2.1.24) and using (2.1.28), we have

1 Fallx W) full x HIVAn)enllx

<
< Al fallx +Fn ) xy + lvnllx,

so that
(fo,o)xy =1 —v— v x.

By compactness, there are f; > 0 and a subsequence ( fAn,) such that f,, — f1 weak * o(X,Y).
Passing to the limit as n’ — oo in the above estimate, we find

(fup)xy = lim (fury @) xy >1—7, (2.1.30)
n’'—oo

and in particular f; # 0.
Under the assumption (2.1.29), modifying slightly the previous argument, we have

1 Fallx < A Fall x4, 0)xy + llonllx
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which, together with
(fns@)xy = (Wn, ) xy + (Un, P) Xy,
implies

(Far @) xy =1 =7 = lvallx+(vn, ©)xy.

By compactness again, there are f; > 0 and a subsequence ( fn/) such that fn/ — f1 weak
x 0(X,Y), and passing to the limit n’ — oo in the above estimate, we conclude again to
(2.1.30). O

Let us comment on Lemma 2.1.18 and in particular the condition (2.1.29).

In the case when X = L®(E, &, u) = (LY(E, &, 1))’, we can relate condition (2.1.29) to the
assumption that there exist fy € X4 and ¢ € Y1 \ {0} such that

1S (t) fol x < (Sc(t) fo, tho), Vit =0. (2.1.31)

This last condition is reminiscent from conditions that appear in probabilistic inspired methods
for the ergodicity of semigroups, see [55, Assumption (A2)] and [18, Assumption (A4)], which
essentially build on [71, Condition Z]. Assume indeed (2.1.31), let n > k1 — ko > 0 and consider
the trivial decomposition £L = A+ B =n+ (L —n). Then set kg := k1 —n < Ko, so that for
any o > Kk, B— a =L — (n+ «) is invertible since n + a > 1+ kp = k1. We thus have for any
o > RKpB

W(a) :=n(a - = n/ —te)tg (1) dt

and (2.1.31) then ensures that

(@) foll x < (W(a) fo, o)

We recover (2.1.29) with v = 0 and the difference that fy is fixed here.

As a Corollary of Lemma 2.1.17 or Lemma 2.1.18 and anticipating on the material of part 2.2,
we present now a situation very classical in stochastic processes theory.

Corollary 2.1.19. We consider a positive semigroup S = Sy defined on a Radon space X =
Mi(E) for some weight functions ¢ on E, in particular (H1) holds. We also assume that (H2)
holds for some kg € R. We finally assume the Lyapunov condition

L) < kg + My, (2.1.32)
with kg < ko, M >0 and x € Cyo(E), 0 < x <. Then condition (H3) holds true.

Let us emphasize that we may assume some regularity on ¢ by considering ) € D(L*) so
that (2.1.32) makes sense in X or just understand (2.1.32) in the weak sense:

(Lfh) < mp(f0) + M(f,x), VfeD(L)NX,.

Proof of Corollary 2.1.19. We introduce the splitting £ = A + B where A is the multiplicator
(and thus bounded) operator A := Mx /1. As a bounded perturbation of £, the operator B is
the generator of a semigroup Sp. Defining S, := Se(t)e™™t >0 and A° := M(l —x/v) >0, we
have the Duhamel formula

Sp = § + § A€ * S
and iterating infinitly many times, we deduce the Dyson-Philips formula

Sp = (SA)H xS,
k=0
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That implies that S > 0 as a combination of positive operators. Alternatively, from the very
definition of B, we have k — B < (M + k) — L for any xk € R. Choosing x > max(w(S¢),w(Sg))
and using the direct implication in Lemma 2.1.1, we have Rp(k) > R-(M + k) > 0. Using the
reciprocal implication in Lemma 2.1.1, we obtain again that Sg > 0.

Now, for 0 < fy € D(B) and setting f; := Sp(t) fo, we may compute

) = (B ) < msl i),

so that
185 folass < €= follus.

Using (2.1.13) we immediately and classically deduce

1
HRB(OK)H%(M}b)ﬁ pp— Va> kg,

so that Rp(a) is bounded in %(Mé) and Rg(a)A is bounded in %’(M;,MT}J) uniformly for

a > kg. We apply Lemma 2.1.17 or Lemma 2.1.18 (with N =1, v =0 and ¢ = afﬁsx) in order

to conclude. 0

In the proof of Corollary 2.1.19, we may alternatively use the trivial splitting £ = A+ B =
r + (£ —r) for arbirary r > 0, and reformulate the Lyapunov condition

(o= B¢ > (a+7 —rp)p — My,
for any a > rg. Observing that W(a) := AR 5(a) = r(a — B)~1, we deduce

T M
r+a—Kp r+a—Kp

W(a)y < W (a)x.

We equivalently have .
IW(0)flags < Y Fllass + V(@) £, ),

M
r+K0—KB

uniformly for any o« > kg, with v := z <1 and ¢ := X, which is nothing but

r+K0—KRB
condition (2.1.29).

We finally come to the existence of a solution to the first eigenvalue problem and the first
eigentriplet problem.

Theorem 2.1.20. Under conditions (H1)-(H2)-(H3), the first eigenvalue problem (2.1.14) has
a solution (A1, f1) with \1 satisfying (2.1.19). When furthermore (H3) holds for the dual problem,
then the first eigentriplet problem (1.3.30)-(1.3.31) admits a solution (A1, f1,¢1) ERx X x Y.

Theorem 2.1.20 generalizes some known versions of the existence part of the Krein-Rutman
Theorem where either £ is assumed additionally to be the generator of a semigroup or to have
strongly power compact resolvent or even where some additional conditions are made on the
positive cone X, . As mentioned in the introduction, some possible references for these previous
results are Krein-Rutman [142], Greiner in [109, Cor 1.2] and in [7, C-IV Thm 2.1] and Webb
[244, Prop. 2.5], see also [43, Thm. 2], [177, Thm. 5.3], [156], [18, Thm 2.1], the textbook [20,

Theorem 12.15] and the references therein.

Proof of Theorem 2.1.20. We first assume (H1)-(H2)-(H3). Because of Lemma 2.1.6,
there exists a sequence (f,) of X such that (2.1.20) holds, and in particular

<)‘nfn7¢> - <fn7£*¢> = <5n7¢>7 (2.1.33)

for any ¢ € D(L*). Because of condition (H3), we may pass to the limit n" — co in equation
(2.1.33) and we deduce that (A1, f1) satisfies (2.1.14) and (2.1.19).
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We now additionally assume that (H3) holds for the dual problem. As recalled during
the proof of Lemma 2.1.3 and by definion of A1, we have (A\1,+00) C p(L) = p(L*) and
A1 € (L) = X(L*). Taking A, Ny A1, we argue as in the proof of Lemma 2.1.6 and we get

E!(gn Z 07 )\n(};n - ['*(’b\n — 07 ‘|$HHZ L.

Thanks to (H3) for the dual problem, we deduce that there exist a subsequence (qgnk) and
¢1 € X', ||¢1]|= 1 such that ¢,, — ¢1. We thus conclude that ¢; is a solution to the dual
problem (1.3.31) (for the same eigenvalue A;). O

Let us conclude this section by some remarks.

Remark 2.1.21. (1) - As seen above, the condition (H1)-(H2) for the primal and the dual
problems are equivalent, and thus one only has to check (H1)-(H2)-(H3) for the primal
problem and (H3) for the dual problem in order to solve the first eigentriplet problem. It
is worth emphasizing that condition (H3) on the dual problem is not a consequence of the
condition (H3) on the primal problem. However, as presented in Lemma 2.1.7, Lemma 2.1.8
and Corollary 2.1.16, there exist several natural situations where both conditions (H3) for the
primal and the dual problems hold together.

(2) - Alternatively, one may also assume (H1)-(H2)-(H3) for the dual problem, and then
use a more classical fixed point theorem for proving the existence of a steady state for the
rescaled semigroup by using for instance the MarkovKakutani fixed point theorem [134] as in
[188, Theorem 5.1], the Tychonov fized point theorem as in [95] or [83, Theorem 1.2] or a
Birkhoff-Von Neumann type Theorem as in [50, Theorem 6.1]. For these last techniques, we
also refer to Section 2.2, where such a dynamical approach is adapted to the present context.
One may also use the usual Doblin-Harris theory, see for instance [119, 50] and the references
therein.

2.1.3 Discussion

We discuss now the existence results presented in the preceding section.

For further references, let us first recall that when X is a Hilbert space and L is self-adjoint,
the first eigenvalue may be simply obtained thanks to the variational problem

. (Lf, f)
A = inf .
YT rexaqor |If]12

(2.1.34)

We now explain how Theorem 2.1.20 is a generalization of the classical Krein-Rutman
theorem stated in Theorem ??. We thus consider a Banach lattice X such that X := int X, # ()
and an operator £ such that, for k; € R and any & > k1, R := (k — £)~' : X — X is compact
and R : X, \{0} — X, in particular (H1) holds true. As a first step, we recall the following
very classical technical lemma of the KR theory.

Lemma 2.1.22. Assume X, :=int X, # 0. For g € X, and f € X, there exists C > 0
such that g < Cf.

Proof of Lemma 2.1.22. We argue by contradiction. Otherwise, for any n > 1, we would
have f —g/n € X{ C X¢, and that last set is closed. Passing to the limit, we get f € X{,,
which is in contradiction with the assumption f € X, .. O

For a given gy € X1 \{0}, we set fo := Rgo € X4+. From Lemma 2.1.22, there exists Cy > 0
such that (k — L) fo = go < Cofo. That implies that (ii) holds with ko := k — Cp, and thus (H2)
also holds. One may then define p; := k — A1, with

A i=1inf{A € R; (N — £)7 € B(X), VN € [\ K]} > ko.
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We recall that because of Lemma 2.1.6 (or its proof), there exist (A,), (f,) and (g,) such
that (2.1.20) holds, namely

A NAL Ja 20, en 1= Aafo = LFn 20, [ full=1, [lenll— 0.
We may rewrite the equation as
fn =Rlen + (k- )‘n)fn]v

so that ( fn) belongs to a compact set of X because of the compactness assumption made on R,
so that (H3) holds true.

Because of Theorem 2.1.20, we deduce that there exists f; € Xy such that ||fi]|= 1 and
Lf1 = A1. That implies fi = pu1Rf1, and thus that the existence part of Theorem 7?7 is a
consequence of Theorem 2.1.20 for an operator R which is the positive resolvent of an operator

L.

We would like to emphasize on the fact that our definition of the first eigenvalue by
(2.1.15)-(2.1.16) bears some strong similarity with the definition of the first eigenvalue for elliptic
operators in non divergence form as presented in [23]. Indeed, if A € Z, then

3f e X \0}, Lf <AL

Assuming now that X is a space of functions (defined on a set E) and that f(z) > 0 for any
r € F, we deduce that
Lf

A > sup —,
E

and thus A\ is characterized by

A1 }r;% Sup =
which is nothing but [23, (1.13)] (with a change of sign because of a different sign convention).
We thus see that our formulation is a generalization at a more abstract level and for operators
with positive inverse of that classical min-max approach for elliptic operators. Some more or
less classical references on that subject are [78, 77], [195], [206], [25] and [24].
In particular in [25], two generalized principal eigenvalues

A1 == sup{ro € R; Igo € Co Lgo < Kogo}

and
N :=inf{k1 € R; 3g1 €C1 Lg1 > K191}

are defined for appropriate cones C; C X \{0} for problems with lack of compactness. The links
between the three quantities A1, A\] and \] are discussed as well as the possible not existence of
a related generalized principal eigenfunction fi. The non existence of associated generalized
principal eigenfunction should not be a surprise since it is the case when one considers £ = A in
X = L*(R%) where £g1 = L*g1 = M{¢ with 0 <y =1 ¢ X = X" and A = 0 but no associated
generalized principal eigenfunction exists in X. We also refer to [156] where some examples of
such a situation are discussed.

For its own interest and further discussions, we finally state and prove a slightly less
general variant of Theorem ?7.

Theorem 2.1.23. Consider a Banach lattice with positive cone X1 and a linear and bounded
operator R : X — X such that

(Z) R: X+ — X+,’
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(i) g2 € X1 \{0}, 3Ca > 0 such that Rga < Cags.

We define
K2 = {9 € X+7 da > 07 g < ag?}a
and next
A(g) := inf{a > 0; g < age}, if g€ Ko,
as well as

J={u>0; 3h € Ko, h > pRh+ ga}.

We further assume

(i) py :=sup J < +oo.

(iv) Any upper bounded and increasing sequences (¢g") of X is convergent in the weak sense
o(X,Y). More precisely, if gn < gnt1 < g € X for any n > 1, there exists g € X, g < g, such
that g, — g.

(v) Any sequence (g") of normalized almost first eigenvectors is relatively compact. More
precisely, for any sequence (g") of Ko such that A(g") =1, g" = p"Rg"™ + €™, p"  p1 and
e" — 0, there exists g € Ko and a subsequence (g"*) such that g"* — g and A(g) = 1.

Then there exists fi € Xo such that fi = 1 Rf1 and A(f1) = 1.

Proof of Theorem 2.1.23. We split the proof into three steps.
Step 1. We first establish that for any u € J, there exists g = g, € K> such that

g = uRg+ go. (2.1.35)

We set go = 0, g1 = g2, and we define (g, ) recursively by gn,+1 = pRgn + g2, for any n > 1. We
claim that
0< g < Gus1 <h, forany n>0,

where h enters in the definition of ; € J. That is obviously true at order n = 0. Assuming that
last inequality is proved at order n — 1 for n > 1, we compute

Jn+1 = ﬂRgn + g2 > ﬂRgn—l + 92 = Gn

and
Gn+1 = URGn + g2 < pRh + g2 < h,

which proves the same inequality at order n, and thus for any n > 0. Using the convergence
property (iv) of upper bounded increasing sequences in X, we deduce that there exists g € X»
such that g, — g and thus (2.1.35) holds.

Step 2. We obviously have 0 € 7 and J is an interval because if (u, h) satisfies the condition
w € J then so do (¢, h) for any u' € [0, u]. We finally claim that J is open. Take indeed p € J
and g € Ko such that (2.1.35) holds, what is possible due to Step 1. By definition, there would
exist A > 0 such that § < Ags. Choosing 0 < ¢ < 1/(2AC3) and M > 2, we compute

(M§) — (u+e)R(Mg) = Mgy — MeRj
> Mgy — MecARge > M(1 —cAC3)g2 > ga,

so that py+e € J.

Step 3. We first establish by contradiction that A(g,) * co when p ” py. If it was not the
case, there exists A € (0,00) and a sequence (p") such that A(g,») < A as pu™ /1. Choosing
0<e<1/(2AC3) and M > 2 as in Step 2, the same computation gives

(Mgu") —(u+ 5)R(M§u”) > 92,
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so that p + ¢ € J. That means that ;" + ¢ < p1, and a contradiction with the fact ™ 7 uy.
We next consider y” 7 uqp and we define

. . Jur 92 .
A" = A(gyn), §" = ﬁ, En 1= J" = p"Tq" + ep.
We observe that ¢, — 0 and A(§") = 1. Because of the compactness assumption (v), we deduce
that there exists f; € Ky and a subsequence (§"*) such that §"* — f; and A(f1) = 1. We
conclude by passing to the limit in the above almost first eigenvalue equations. O

We may compare Theorem 2.1.23 with the results presented in the previous section. When
L satisfies condition (H1), we may set R := Rz (k1) so that R € Z(X) and R satisfies (i). In that
case, Theorem 2.1.23 claims the existence of fi € Ko such that £f; = Ajf1, with A\ := k1 — u1.
The condition (ii) on R translates as Lgo < (k1 — 1/C%)g2 which may be seen as an equivalent
of condition (H1) (when working in the space Xg := K2 — K5 with norm ||g||2:= A2(|g|) and £
generates a semigroup S. The hypothesis (iii) is nothing but (H2) and the hypothesis (iv) is
very natural: it holds in the space LP(E) and M!(FE) without additional condition on R and it
holds in a space of continuous functions when some additional uniform continuity assumption is
made on the range of R. Assumption (v) has to be compared with condition (H3). It is worth
emphasizing that when X C LP(F) and g2 > 0 a.e., we simply have A(g) = ||g/g2|| L~ for any
g € X4+. As a conclusion, although Theorem 2.1.20 and Theorem 2.1.23 bear some similarity
none seems to be a consequence of the other. We believe that Theorem 2.1.20 is more flexible
since it does not impose to work with the normalization associated to the seminorm g — A(|g|)
of L*>-type. It is also worth emphasizing that it is shown in [156] that Theorem ?? is also a
particular case of Theorem 2.1.23 by essentially exploiting the fundamental Lemma 2.1.22.

2.2 Existence through a dynamical approach

In this part, we develop a dynamical approach for proving the existence part of the Krein-Rutman
Theorem. We thus always consider a positive semigroup S = S, on a Banach lattice X. We
recover Theorem 2.1.20 under slightly reinforced assumptions. Above all, we are able to extend
the existence part of the Krein-Rutman Theorem to a more general framework, namely to the
case when L only enjoys a suitable weakly dissipative condition.

2.2.1 About dissipativity

Let us start by recalling some classical definitions and results. We say that an operator £
defined in a Banach space X is dissipative if there is some number k¥ € R such that

VfeD(L), 3f ey, Re(f,Lf) <r|fI7
where we define the associated dual set J; C X’ of f by

Jr={p e X5 (o, f) = IflI= llellx}- (2.2.1)

In that situation and in order to be more precise, we should say that £ — k is dissipative. It is
worth emphasizing that J; # () thanks to the corollary (2.1.2) of the Hahn-Banach dominated
extension theorem. We say that an operator £ is hypodissipative in a Banach space X if there
exist an equivalent norm |||-|[| in X and a number x € R such that

VfeDW), If € Tpyy Rel(f* L) < wIIFI (222)

where

Trp = e € X5 (o, 1) = II1P= llell% - (2.2.3)
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The only difference between the two definitions (2.2.1) and (2.2.3) comes from the norms in
which the normalization is performed. When L is the generator of a semigroup Sy, one can
show that the growth bound w = w(S¢) defined in (2.1.9) also satisfies

w = inf{k € R, (2.2.2) holds for some equivalent norm ||-||},

and S, is a semigroup of contraction when L is dissipative with kK = 0. At least formally,
denoting f; := S(t)f, for f € D(L), we deduce from (2.2.2) that

Ld

S FP= R, £F) < wllAI,

and together with the Gronwall lemma, we deduce
IS fll< elIfIl, vt = o,

which is nothing but (2.1.10). That last estimate is actually equivalent to the hypodissipativity
estimate (2.2.2). Quite similarly, when

3¢ e YL\{0}, Ik €R, +L* < kp, (2.2.4)
we may compute

£ o) = (L) = £ L) < 5l

and together with the Gronwall lemma, we get

+(Sif,1p) < eF(f ), ViE>0. (2.2.5)

Two important more accurate versions of the previous ones are presented now. They will
be on the main importance in the sequel. On the one hand, we may assume that £ satisfies a
Lyapunov type condition, namely there exists ¥; € Y, and x € R such that

L%y < kg + 1o, (2.2.6)

with 99 > 0 and ¥y /12 — 0 at infinity. For f; = Sc(¢)f, f € D(L£) N X4, a similar computation
as above gives

D ot = o £702) < il i) + (o).

Denoting [f]; :== (|f|,%:) and using the Gronwall lemma, we classically deduce

S0l < e+ [ IS lods, Vo0 2:27)

The Lyapunov condition (2.2.6) is particularly relevant and useful in a Radon measures space
framework X = MiQ(E) for some weight function v on E.

On the other hand, we may generalize the above Lyapunov condition by assuming the
structure condition

(HS2) there exist a splitting £ = A+ B and kg € R such that A is B-bounded, that
means

3020, vie X, [AFI<CUAI+IBLID,

the operator B generates a semigroup Sp and

(S5 A % S5(1) | 5x)= O(e™), V>0, (2.2.8)
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for any ¢ > 0 and a > kg. Here and below, for two functions U : Ry — Z(&Xp, A1) and
V Ry — B(Xy, Xs), we define the convolution function

(VxU)(t) = /OtV(t —s)U(s) ds,

when the integral is well-defined. For U : R, — Z(X), we also recursively define U*0) = I and
UGD) = 7 4 U, Using this convolution notation, the Duhamel formula writes

Sy =S+ SgAx*S,,
and iterating this formula, for any N > 1, we get the following iterated Duhamel formula
Sp =854+ (SgA) VNV % Sp + (SpA) N % 5. (2.2.9)

When S is well defined in another space Xg D X and the last iterated convolution term enjoys
the regularity property ||(Sp.A)*N) ()l z(x0,x)= O(e™) for all t > 0 and o > K, we deduce
from the above iterated Duhamel formula, the estimate

t
ISOIS CoefI+Cr [ eCS()lods, Fe20, a> ke VIEX, (2210

for some constants C; > 1 and where ||-||p stands for the norm in Xy. We may observe that the
estimate (2.2.7) in the case of a Lyapunov condition is a particular case of (2.2.10) corresponding
to the norms ||-||= [-]2 and ||-|[o= [-]o. More specifically, in a Radon measures space framework,
the splitting condition (HS2) is obtained by introducing the bounded operator Af := fy
and the generator B := £ — A. Because of (2.2.6), we have B*yy < k19, and arguing as for
establishing (2.2.7), we have [Sg(t)f]a < e"[f]2 for any ¢t > 0 and f € X. That last growth
condition is equivalent to assuming that B — k is dissipative for the norm [-]2, so that we have
established that £ enjoys the splitting condition (HS2).

2.2.2 Existence in the dissipative case

In this section, we give an existence result for a positive semigroup S, on a Banach lattice X
satisfying a kind of regularity /compactness assumption in the spirit of the structure condition
(HS2) discussed above.

Theorem 2.2.1. On a Banach lattice X = Y', with Y separable Banach lattice, consider a
positive semigroup S = S satisfying the growth bound (2.1.10), and set k1 := ' +log M for
some W' > w(Sc).

We assume

(1) Febg € Y3 \{0}, Tk € R such that [S(t) flo > e™t[f]o for anyt >0 and f € X4,
where we denote [flo := (|f|,v0);
(2) there exist k,Cp,C1 € R with k < kg, Co > 1 and Cy > 0, such that

IS()flI< Coe™ || £I|4+Ch /Ot e"t=[S(s)flods, Vt>0,VfeX. (2.2.11)

Then there exist \1 € [ko, k1] and f1 € X \{0} such that Lf1 = A1 fi1.

Remark 2.2.2. (1) Assumption (2) in the statement of Theorem 2.2.1 holds when there exist
V., W such that
S=V+WxS, W>0, (2.2.12)

and there exist k,Cy,Cw € R, k < kg, Cy > 1, Cyw > 0 such that

IV ()l < Cve™, W ()]l ,x)< Cwe, (2.2.13)
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(2) Under the structural condition (HS2) together with some regularization effect on the
semigroup of the type

H(SBA)(*N)(t)”@(XO,X): O(emf)a Vi>0, k€ (K“Ba KZO)?
we recover the above condition (2.2.12)-(2.2.13) with
Vi=Sg+-+ (SpA) N Vs Sg W= (540N (2.2.14)

because of the iterated Duhamel formula (2.2.9). In that case, the representation formula (2.1.13)
holds true for any z > A1 from Lemma 2.1.2-(ii) and we easilly compute

Ri(z) =V(z) + W(2)RL(z), Vz> A,

with

V(z) = /OOO e MV (H)dt, W(z) = /OOO e NW(t)dt, Vz> k.

We observe that W satisfies (2.1.27) in Lemma 2.1.14 if W satisfies (2.2.13) and the set C
defined by (2.1.25) satisfies the same compactness properties as required in the statement of
Lemma 2.1.10. We may thus apply Lemma 2.1.14 (see also Remark 2.1.15) and deduce that
(H3) holds for the primal problem. We finally obtain the same conclusion as in Theorem 2.2.1
thanks to Theorem 2.1.20.

(8) Under the same structural condition (HS2) as above, but assuming now that
W ()l z(x x)= O™),  Vt>0, k€ (k, o),

with W .= (S’B.A)(*N) and X1 C X with strongly compact embedding, we observe that S does not
necessary satisfies the assumptions of Theorem 2.2.1, but it rather satisfies the assumptions of
Lemma 2.1.7 with K7 := (W % S)(T) and T > 0 large enough. In that situation, we also obtain
the same conclusion as in Theorem 2.2.1 thanks to Lemma 2.1.7 and Theorem 2.1.20.

Proof of Theorem 2.2.1. We split the proof into two steps.
Step 1. We define the set

C:={feXy, [flo=1, |fII< R},

for a convenient constant R > 0 to be fixed later. For any fixed ¢ > 0, we next define the
nonlinear weakly o(X,Y’) continus mapping

Stf
[Seflo”

Thanks to assumption (1), we may observe that it is well defined because

¢ :C— X, fr

[S¢flo > €[ f]o = et > 0. (2.2.15)

For any f € C, we thus immediately have ®,f > 0 and [®;f]p = 1. On the other hand, from
assumption (1) again and the semigroup property, we have

[S(t)flo = =2 [S(s) flo. (2.2.16)

For f € C and t > 0, we next compute

t
H(I)tfH < Coe_o‘tHfH_|_Cl/0 e—(t=s) g

C
< Cpe R4+ 2L,
(8]



42 CHAPTER 2. EXISTENCE OF SOLUTION OF THE EIGENTRIPLET PROBLEM

where we have set a := kg — kg > 0. Fixing Tj such that Coe=*T0 < 1/2 and next R > 2C4 /a,
we have thus @7, : C — C. Thanks to the Tykonov fixed point Theorem, there exists fr, € C
such that &7 fr, = fr,- In other words, we have established the existence of fr; € X such that

fTO >0, [fTo]O =1, STofTo = 6AlTOfTO’ (2'2'17)

with )\1 = (1/T0) log[STOfTO]O S [Ho, Hl].

Step 2. Rewriting equation (2.2.17) as

To
0= e—AlTOSTOfTO _ fTo — (E _ /\1)/0 e—)\ltsthodt

and defining
To
fui= [ e S

we get that f; € X \{0} and satisfies Lf1 = A\ f1. O

We present now a second proof based on a large times dynamical argument which is classical
in the mean ergodicity theory of Von Neumann and Birkhoff introduced in [194, 30] and which
will be adaped in the weak dissipativity case in Section 2.2.5 below.

Alternative Step 2. We define §t = S;e~Mt 50 that fr, becomes a periodic state for §t from
(2.2.17), namely
Stho = St—k;TofToa k= [t/Tg], vVt > 0.

Using (2.2.15) and the above relation, we have

[Sifrlo =[Sk frolo
> e(ﬁo—/\ﬂ(t—kTO)[fTo]O > emo=2A)To —. .

for any ¢t > 0. On the other hand, thanks to the growth bound (2.1.10), we have

1Sefzll = N Se—rr S
< MeRAERT)) g < el TR = R* < oo,

for any t > 0. We finally define
1 (T
ur = T/() Stho dt.

From the previous estimates, both sequences (S;fr,) and (ur) are bounded in
K:={feX; f20, [flo=7, [fl<R"}.

By compactness, there exists a subsequence (uTk) and f; € K such that uz, — f1 in a weak
sense as k — oo. For any fixed ¢ > 0, we observe that

Ty .

~ ) 1 1 [Tk -
Sh—f = Jim{z [ 88 nds = 7 [ Suns)

i {2 (s L [ Gppa
= k;%{ﬂﬁk szo S_Tk:/() SfTO S}_O’

where we have used that (§ s fr,) is uniformly bounded in the last line. As a consequence, fi is
a stationary state for the rescaled semigroup S, and thus an eigenfunction associated to the
eigenvalue \; for the operator L. O
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2.2.3 About weak dissipativity

In this section, we recall some definitions and results about the weak dissipativity. We say
that the generator B of a semigroup Sp is weakly dissipative in a Banach space X; if there exist
a second Banach space X;_ 1 D X; and some numbers k € R and ¢ > 0 such that

VfeDBx,), 3f € Jrx, (fBf) <klfI%~ollfllx,_,

where we define the associated dual set J¢ x, C X; of f (for the norm ||-||x,) by

Trx: = A{p € Xi; (o, f) = If1%,= lel%: - (2.2.18)

By translation, we may assume that x = 0, an hypothesis we will always make in the sequel of
this section. We will furthermore assume the splitting structure £ = A + B with A B-bounded
and B weakly dissipative.

More precisely, we assume that there exists one more Banach lattice Xg D X1 D Xo := X,

with norm denoted by ||-|x:= ||| x,, such that B generates a semigroup and is weakly dissipative
in each X: for any k =1,2
VfeDBi), 3 € Tpx B xx < —ollfIEy. (2.2.19)

This classically implies (or we can take the next inequality as a definition of the weak dissipativity
condition) that

d
ZISEOFlitollSs@ k1S 0, VE20, Ve Xy, Vh=1,2 (2.2.20)

We assume that X is dense into X;_; for k = 1,2 and that X; is an interpolated space
between Xy and X5 in the sense that there exists a continuous and strictly decreasing function
n:(0,1] — [0,00), n(¢) = oo when € — 0, n(1) = 0, such that

[flh<elfllztn(E)l fllo, Ve e (0,1, V] e X (2.2.21)
From (2.2.20) with k = 2, we deduce
1SB() fll2< || fll2, Vt>0, Vfe X, (2.2.22)

Next, for k = 1, gathering the weak dissipativity condition (2.2.20), the interpolation condition
(2.2.21) and the non expansion property (2.2.22) in the space X5, we get

GISsO 25 IS0l < 75 IS
- Ml
for any t > 0, e € (0,1) and f € X5. We deduce
(1550 7he®") < e ]2
and thanks to the Gronwall lemma, we obtain
155(8) flh< ©@)[| fll2, (2.2.23)

for any t > 0 and f € X, with

O(t) :== inf (e_"?@t +e) =0 as t — +oo. (2.2.24)



44 CHAPTER 2. EXISTENCE OF SOLUTION OF THE EIGENTRIPLET PROBLEM
On the other hand, using the representation formula

o0

RB(z)f:/ St fdt, Yz € Ao, Vf € Xo,

0

together with (2.2.20), we get
olRs()1 1< [ olSe(®)lrdt < 1]

for any z € Ag and f € Xo. We next assume that

@(t)_lllASB(t)fllﬁ/OOOIIASB(t)fllldt S s (2.2.25)

that there exist « > 1, N > 1, C > 1 such that

C

sup AR (z +1y) ... ARG N (@ + i) fll2< = |1 f ]2, (2.2.26)
+iyEAg <y>
for any € € {0,1}", &1 +--- +en < 1, and that
sup |(Rp(2) AN flla < |1 £]]1, (2.2.27)

z€AgQ

with &} compactly imbedded in X;. The necessity to add (g;) in (2.2.26) is probably purely
technical and not restrictive for applications. In examples, we can take N = 2N’, when

/ C
sup [|(ARp)Y (z + iy) flls< 7z [ /2 (2.2.28)

o ATIPANG) <y>

for some convenient space X3 such that A : X1 — X3 and sup,ea, [|R5(2)|l2(x;,x,)< 00. At
the level of the semigroup, (2.2.28) is typically a consequence of

1(ASE) N (1) € L'(Ry),

”%(XQ,Xg )
with ¢ > 0, where X§ = {f € X3, LSf € X3} stands for the (possibly fractional) domain for
the operator defined in X3. However, (2.2.26) is a bit more general than that last estimate. We

refer to [177, 179, 178, 176] for precise definition, examples and discussion. For further references,
we observe that (2.2.23) and (2.2.25) together imply

1 T 1 T rt
7 [ Iss e Ase@lde < o [ [1Ss(t — 5)AS() 11 dsde
T Jo T Jo Jo
1 T pT
< 5[] 1Sl 14S5(6) s duds
1 T
S 7 ewduss
Arguing in a similar way for any £ > 1, we establish

T T
7 [0S (AS) Ol de S 7 [ @dullfla=0 as T oo, (2.2.29)
0 0

For synthesizing and for further references, let us now bring out some possible general
framework for semigroup enjoying weak dissipativity. We introduce the following structure
condition on a semigroup S, and its generator £ by assuming
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(HS3) there exist a splitting £ = .4+ B, some Banach lattices Xo C X1, an integer N > 1
and some decaying functions ©; : Ry — R, with ©1(t) — 0 as t — oo, O € L'(R,) such that
A is positive, B generates a positive semigroup Sp and the following estimates hold

1(S8A) ") % Spllp(x, 5= O(O1), VL€{0,...,N -1}, (2.2.30)
1(S8A) "M | (x, x2)= O(O2). (2.2.31)

We now particularize our discussion to a Radon measures framework. We assume that there
exist some weight functions ¥; on E, ¥y < ¥ < 1o, with ¥o(x) /11 (x) — 00 as © — oo so that
Ml})2 cC Mil (compact imbedding for the weak convergence), a function x € C.(E), 0 < x <1,
and a constant M > 0 such that

(i) L1 < —vo + Mx;
(i) L2 < Mx;
(iii) 1 < ehg 4+ n(e)1hg for any € > 0,

for a function 7 : (0,1] — (0, 00) such that n(1) =0, n(¢) — oo when € — 0, and

ts O(t) = Ee%fl)(e*% +e) e L0, 00). (2.2.32)

It is worth emphasizing that from the very definition, we have automatically that © is positive
and decreasing, ©(0) = 1 and O(t) — 0 as t — co. Arguing similarly as we did during the proof
of Corollary 2.1.19 and the end of Section 2.2.1, we introduce the splitting

A:=Myx, B:=L-A,

and we establish that Sg is a positive semigroup on X = MJ)Q(E) More precisely, for 0 < fy €
D(B) in the domain of S and denoting f; := Si(t) fo, we may compute

4 [ sives [fiBwa <o

and similarly

d "
%/ft@blg/ftg wlﬁ—/ftwo-
Integrating both differential inequalities, we deduce S € L?O(%(Mq}}z)), i=1,2 and
* 1
[ 71850 follary dt < Whollagy o Vo € M,
0 ) P
We may make a slight (but important) improvement of the previous estimate by proceeding

similarly as we did for proving (2.2.23). Using the same notations as in the above computation,
we indeed have

d 1 € €
dt/ftwl-i-n(g)/ftlﬂlén(g)/ftwén(g)/fo%,

where we have used (i) and (iii) in the first inequality and the previous L?(%’(MJQ)) bound in
the second inequality. Integrating in time, we deduce

158(&) Fllary, < ©WNF gy o ¥ >0
1 k)

Taking X; := M&bz and N = 1, we see that £ then satisfies (HS3) with ©; = ©.
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2.2.4 First existence result in the weakly dissipative case

We first come back to the proof of Theorem 2.1.20 and explain what goes wrong when we try

to adapt it to a weak dissipativity context. More precisely, we assume that S, is a positive
semigroup (so that (H1) holds) satisfying £*1)g > 0 for some 1pg € X"\{0} (so that (H2) holds)
and the splitting structure (HS3) for some bounded operator A and some weakly dissipative
operator B, in the sense that (2.2.19) holds. In such a situation, we may define

AL :=inf{A € R; Rp(k) € B(X), Vk > A} >0,
and there exist sequences (\,) of R and (f,) of X such that
A NN 20, fall= 1 e = Anfo — L0 0in X,

thanks to Lemma 2.1.6. In the simplest situation, we may further assume that Rg(x) : X1 — Xj
is uniformly bounded in Kk > Ay and A : Xg — X; with X = X; C Xy. The issue is that even in
that case, we may write A A

fn= RB(An)Afn + RB()\n)gna

A

but it is not clear how to conclude that (f,) belongs to a compact set in X because it is not
clear that Rp(\,)e, — 0 in X.

The next result aim precisely to establish that last convergence under suitable quite strong
(although natural and true in some examples) assumptions on the operator £. The proof is
adapted from [138, Section 6.3] and mixes some dynamical argument together with the stationary
approach developed in Section 2.1.2.

Theorem 2.2.3. Consider a positive semigroup Sg in a Banach lattice X = Xo C X1 C X
such that its generator L satisfies

(1) there emists 1o € D(L*), 1o > 0, ¥ # 0, such that L*)y > 0.

(2) L=A+ B with A and B satisfying (2.2.23), (2.2.25), (2.2.26) and (2.2.27);
Then, there exist Ay > 0 and f1 € X1 such that

Ifillx,=1, f1>0, Lfi=Af. (2.2.33)

Proof of Theorem 2.2.3. We split the proof into four steps.

Step 1. We know from Lemma 2.1.2 and Lemma 2.1.4-(i) that (H1) and (H2) hold. We
may then define A\; > 0 with the help of (2.1.16). If A\; > 0, we see that V(«) defined in (2.1.22)
is bounded in B(X) uniformly on o > kg := A1/2 because of (2.2.23) and (2.2.25), and that
W(a) also defined in (2.1.22) satisfies (2.1.23) because of (2.2.25) and Remark 2.1.9-(1). Using
Lemma 2.1.8, we get that (H3) holds, and we conclude thanks to Theorem 2.1.20 in that case.

In the sequel, we always assume A; = 0.
Step 2. Let us fix fo € D(L) such that fy > 0 and Cy := (fo,%0) > 0, which exists by
definition of ¢y. Denoting f(t) := Sr(t) fo, we have

d

2 (@), %) = (L(1), o) = (f(2), L7%0) 2 0,

which in turns implies
(f(t),%0) 2 Co, Vt=0.

Step 3. We claim that [[R.(0)||z(x,,x,)= +oo. That in particular implies |R.(0)]z(x)= +0o0
and thus 0 € X(£). We assume by contradiction that a1 := |R.(0)||z(x,,x,)< +oo. First,
because Sy is positive, we have

o

0

Re(f1< [ e ESe (@)l dt = [Re(Rez)]f),
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from which we deduce

IR z(x2.x0) < Re(Rez)l| gxa,x1), V2 € Ao

As a consequence, we have

SquI!Rc(iy)llgaxQ,xl)é K. (2.2.34)
ye

We write the representation formulas (taken from [177, (2.21)])

Se(t)f =Tolt) + lim T (1)

with Nl
To(t) == > Sp* (ASp)*I(t) f
=0
and

Tonr(t) = — / T R (2) (ARg(2)N  d,

" 27 Jomint
for any f € D(L), t > 0 and a > 0. On the one hand, from (2.2.29), we have

1 (T
T/ To(t)dt -0 in X7, as T — oo. (2.2.35)
0

On the other hand, we estimate the contribution of the Cesaro mean of 71 5s. Integrating by
part, we have

7 a+iM
Toar) = o [ o L Re(z) (ARs(:))V)1 d,
with J
T[Re(x) (ARs(2)] = 3 Re(2) TOARE T (2). . AR (2).

eeNN+1 |g]=1

Together with condition (2.2.26) and estimate (2.2.34), we get

| L Re(z) (ARs(:) M
< (Kog +K3,)N  sup ARG (2)... ARV (2) f |2

eeNV g|<1

Cy
<y>a ”f”?a

uniformly for any z = x + iy € Ay, for some constant C7 > 0. We deduce

<

. 11 [ ¢
< Z — — 2.
I im, T ®lhs 357 [ e WiFll= 0, (2.2.36)

as t — oo. Gathering (2.2.35) and (2.2.36), we conclude in particular that

1 T
T/ Sﬁ(t)fodt*)() in X7, as T — oo,
0

which is in contradiction with the estimate of Step 2.

Step 4. Conclusion. Taking advantage of the convenient blow up of R, () as A N\, 0 established
in the previous Step 2, we may now argue similarly as in the proof of Theorem 2.1.20. From
Step 2, there exists a sequence () such that A, — 0 and

R e (M)l (x0,x,)— 00-
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That means that there exist (f,) and (g,) such that
HfTLHXl_> o0, HgnHXzz L, fa= RC(/\n> 9n;,

or equivalently that there exist (f,) and (¢,) (by defining f, := fot /|| frt |l x15 €n = gnet/|| frt | x,)
satisfying
[fallxi=1, faz0, lenllx,= 0, en=(An—L) fn (2.2.37)

As in the proof of Lemma 2.1.8, we deduce that (2.1.24) holds, that is

N—-1
fn = Z (RB()\n)A)KRB()\n)En + (RB()\n)A)an. (2.2.38)
=0

Using the uniform boundedness
(Re(Mn) A Re(\n) € B(X2, X1), (Ra(M)A)YN € B(Xy, X)), X1 cC Xy,

we deduce that ( fn) belongs to a compact set of X, or in other words, that there exist a
subsequence of (f,,) (not relabeled) and f; € X; such that f, — f1 in X;. We may pass to the
limit in (2.2.37), and we get (2.2.33). O

2.2.5 Second existence result in the weakly dissipative case

Using a pure dynamical approach adapted from the second proof of Theorem 2.2.1 and from
[50, Theorem 6.1], we establish a second existence result which is less demanding in terms of
conditions on the semigroup Sg.

Theorem 2.2.4. Consider a positive semigroup S = Sy on a Banach lattice X =Y’ for a
separable Banach lattice Y. We assume

(1) there exists 1Yo € YL\{0} such that [Siflo > [flo for any f € X4 and f — [flo := (| f],%o)
is a norm on X. We then denotes X the vector space X endowed with this norm [-]o;

(ii) there exist v € L°(R,;B(X)) and 0 < w € L' (R, ; B(X, X)) such that
S=V+W=xS, (2.2.39)
and we set

M = supllo(®)lace < o0, (1) = [0t o€ L (Ra). (2.2.40)

Then there exists a pair (A1, f1) € Ry x X \{0} such that Lf1 = A1 fi.
Remark 2.2.5. (1) When S satisfies (HS3) then (2.2.39) holds with

N-1
V=" Spx(ASs)"), W= (SpA)N). (2.2.41)
=0

(2) By definition of the norm []o of X, we see that X is a weighted L' space or a weighted
Radon measures space. In many applications, when both X and X are Radon measures spaces,
one can choose N = 1. On the other hand, when X is for instance a (possibly weighted) LP
space, one must take N > 2 in most of the applications. In condition (ii), the first bound is
not really demanding and almost automatic in view of the estimates exhibited in Section 2.2.3.
The second bound is a kind of regqularity estimate reminiscent of the enlarging and shrinkage
technique developed in [188, 113, 174].
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Proof of Theorem 2.2.4. We split the proof into three steps.
Step 1. We define
R := max(2[|© 1, [lg0ll),

for some go € X such that [go]o = 1, and next the nonempty convex and compact (in the sense
of X) set
C:={feXy|flo=1 [fl< R},

as well as the increasing function

A#) = f[S(0)flo, ¥t >0,

We have the alternative
o (1) supA >2M,
e (2) supA <2M.

Step 2. We assume that the first term (1) of the alternative holds true, or in other words,
there exists T > 0 such that

VfecC, [Snflo>2M. (2.2.42)
‘We define as before Sy f
d = 2T , VfecC.

By construction, for any f € C, we have &7, f > 0 and [®7, f]o = 1. On the other hand, using
the splitting structure (2.2.39) and the estimates (2.2.40), we have

t

1S(@) fll< M||f||+/0 Ot — s)[S(s)flods.
From hypothesis (i) and the semigroup property, we also have
[Stflo = [Ssflo, Vt=>s2>0.

The two above estimates together imply

M| f]] To 3 [Ss£lo
[STof]oJr 0 oI 8)[STof]o

1
< SlflI+lOln = R,

Hq)TofH < ds

for any f € C. We have thus proved ®7, : C — C. Thanks to the Tykonov fixed point Theorem,
there exists fr, € C such that ®7, fr;, = fr,. In other words, we have built a pair of “almost
eigenvalue and eigenfunction”

fTo >0, [fTo]O =1, STofTo = eleome

with e*170 = [S7. f]o and thus A\; € [0,1]. We conclude to the existence of f; € C such that
Lf1 = A\ f1 really similarly as in Step 2 of the Second proof of Theorem 2.2.1.

Step 3. We assume that the second term (2) of the alternative holds true. In that case, for
any n > 1, there exists f, € C such that [S(n)f,]o < 2M. By compactness, there exists fo € C
and a subsequence (fy, ) such that f, — fo € C and

V>0, Vk(ng > t),  [SE)fuJo < [S(nk)fui]o < 2M,

so that
Vie>0, [S(t)folo <2M. (2.2.43)
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Using this particular initial datum, we argue similarly as in [50, proof of Theorem 6.1], and we
conclude to the existence of a stationary state. More precisely, we come back to the splitting
structure (2.2.39) of the semigroup S and we introduce the associated Cesaro means

=g [ S@a V=g [, Kr= g [ wesiOa, 2

for any T' > 0. We obviously have

1 T
1Vl < T/o 10(8) | sy dt < M.

On the other hand, we have

/OT(w *S)(t)dt = /OT /sTw(t —5)dtS(s)ds < /OTw(T)dT /OT S(s)ds

thanks to the Fubini theorem and the positivity of the two operators involved in this integral
formula. We deduce

IKrfoll < H/ dT—/ S(s) fodsH
< /0 [ (7)) dT [% /OT S(s)fo ds}o = [|8][ 1 [Ur folo,

thanks to assumption (ii), so that Kr fy is uniformly bounded in X thanks to (2.2.43) and the
elementary estimate [Ur folo < [S7folo. We then deduce that Up = Vp + K satisfies

IUr fol| < M|\ fol|[+2M||©]|:  and 1< [S7folo < 2M,

for any T' > 0. By compactness, there exists T, — +o0o and f; € X such that Ur, f — fi
weakly in X. Thanks to the second inequality, we have [fi]p > 1. We then argue thanks to the
usual mean ergodic theorem trick. For any fixed s > 0, we observe that

(1 [T
s@f- 5 = Jmls [T s@swpd -1 [ s
. 1 Tk+s
- klg&{n/n fodt——/ S() fo dt

weakly in X. By the lower semicontinuous property of the norm [-]p, we deduce

Ti+s
[S(s)fi — filo < liminf{lf +[ foodt+—/

k—oo T} n

so that fi is a stationary solution, and thus f; is an eigenfunction associated to the eigenvalue

A1 =0. O



Chapter 3

Irreducibility and the geometry of
the first eigenvalue

In this chapter, we are concerned with the geometric part of the Krein-Rutman theorem for an
unbounded operator £ on a Banach lattice X. We assume that the conclusions of the existence
part are achieved, namely

(C1) the first primal and dual eigenvalue problem has a solution (A1, f1,¢1): there exist
M ER, fi € X\ ND(L), ¢1 € Yy N D(L*) such that

||f1H: 1, Lfi=Mh, H¢1||: 1, L1 = M. (3.0.1)

By construction, we also have (L) C {z € C, Re(z) < A\1}.
Assuming that S is positive as for the existence part and an additional strong maximum
principle property, we analyze the first eigenvalue problem.

3.1 More about positivity

For further references, we introduce several notions which are strongly related to the positivity
property for semigroups.

The signum operator sign. In a real Banach lattice X, we say that sign f € #(X, X") is
a signum operator for f € X if it satisfies the following properties

(sign f) f = |f|,
(signf)g <|g|, VgeX.

In the sequel, we will always assume that such an operator exists. We refer to [7, Sections C.I &
C.II] for a general introduction to the topic. In practice, we will only need a weak formulation of
the sign operator (see below) which may be defined only in some subspace X C X. We always
additionally assume that the signum operator satisfies

(sign (—f)) (—g) = (sign f)g, Vg€ X,
(signf)g=g9, VgelX, if feX,,
We also define )
sign, f = §(I+signf).

e When X is a space of functions, the sign operator sign f associated to f € X corresponds to
the multiplication by the function sign f := 1550 — 1y<9. When X := LP(E), we obviously see
that sign f € ZB(LP(F)) for any f € LP(E). On the other hand, when X := Cy(F), we only have

o1
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sign f € B(Co(E); M*™(E)), where M*°(E) denotes the space of uniformly bounded measurable
functions, so that M (E) C (Co(E))". In a space of bounded measures X = M'(E), we may
define the sign operator by means of the Radon-Nikodym theorem. For a given f € M!(E),
using Hahn decomposition, there exists indeed a measurable function a: E — {—1,1} such that
f = a|f|, and we then define (sign f)g = ag for any g € M(E).

e When X is o-order complete, in the sense that any increasing and upper bounded sequence
has a supremum (a common least upper bound), the operator sign exists and is more regular,
namely signf € A(X) for any f € X, see [190] and also [7, Section C.I.8]. We recover in
particular that sign f € Z(LP(E)) for any f € LP(E).

Weak principle maximum and Kato’s inequality. We introduce now two definitions
formulated on an operator £ which are almost equivalent to the positivity property of the
semigroup S when L is the generator of S.

e We say that the operator £ satisfies the weak maximum principle when
keER, feD(L)and (k—L)f >0 imply f>0; (3.1.2)
e We say that the operator £ satisfies Kato’s inequality when
VfeD(L), L|f|> (signf)Lf. (3.1.3)
Since | f| does not necessarily belong to D(L), the correct way to understand Kato’s inequality is
VfeD(L), VY eDUL)NYy, ([fl,L7%) = ((sign f)LS, ). (3.1.4)
We immediately see from the definitions that (3.1.3) is equivalent to assuming
VfeD(L), Lfy> (sign, f)Lf. (3.1.5)

Remark 3.1.1. We complement Lemma 2.1.1, by claiming that for a semigroup S = Sr on a
Banach lattice X, there is equivalence between the fact that S is positive and k — L satisfies the
weak mazimum principle for any k > w(L), what is straightforward using that these properties
are equivalent to the fact that Rp(k) > 0 for any k > w(L). These properties also imply that
Kato’s inequality holds true, see [190, 5], [8, Proposition 1.1], [6, Remark 3.10] and the textbook
[7, Theorems C.11.2.4, C.11.2.6 and Remark C-11.3.12].

We end this chapter by introducing notions of strict positivity which strengthen the previous
defined positivity condition.

Strict order. We may define a first strict order > (or <) on X by writing for f € X
f>0 if feX;\{0}
and similarly a strict order > (or <) on X’ by writing for ¢) € X’
Y >0 if ¢ e X \{0}.
We may next define a second (and stronger) strict order > (or <) on X by writing for f € X
f>00r feXyy iff V¢e X \{0}, (¥,f) >0,
and similarly a strict order > (or <) on X’ by writing for ¢ € X’
Yp>0orveX,, iff Vge X \{0}, (¥,g)>0.

On the two Banach lattices X and Y, we have thus three positivity notions with > (associated
to X4+ and Y44 ) stronger than > (associated to X \{0} and Y;\{0}) which itself is stronger
than > (associated to X1 and Y7 ).

Let us comment on the notion of strict positivity.
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Examples 3.1.2. In the space Cy(E), the strict order is defined by f > 0 iff f(x) > 0 for any
x € E. Ina space LP(E, &, 1), 1 < p < oo, the strict order is defined by f > 0 iff f(x) >0 for
p-a.e. x € E. In the space M(E), the strict order is defined by duality by f > 0 iff (f, ) >0

for any ¢ € Co(E), ¢ >0, ¢ Z0.

Remark 3.1.3. In a Banach lattice X such that intX # (), the common definition of the strict
order is X1, :=intX ;. In particular, in the case when E is compact and X = Cy(E) = C(E),
we have intXy # () and the definition of X4 introduced in Examples 3.1.2 coincides with intX ;.
In all the other examples considered, we have int(Xy) = 0, and thus our definition of the strict
order does not coincide with the one defined through the set int(Xy).

Remark 3.1.4. Another notion of strict order can be defined through the notions of ideals
and quasi-interior points as briefly explained now, see [7] or [20, Chapter 10] and the references
therein for details. Defining the segment [g1, g2] and the set Iy for g1,g92 € X and f € X \{0}
by

l91.92] ={9 € X; 1 <g< g}, Ip:=JI-kf kS,
k>0

one shows that Iy is an ideal in the sense that g € Iy implies |g|€ Iy and 0 < g < f implies
g € Iy. We say that f is an order unit if Iy = X. When intX, # (), we find that f is an
order unit iff f € intX from Lemma 2.1.22, so that we recover the notion of strict positivity
defined above. On the other hand, we say that f is a quasi-interior point if .ff = X. When
X =LP(E,& ), 1 <p< oo, uis a o-finite diffuse (or atomless) measure, one shows that f is a
quasi-interior point iff f > 0 a.e., see [20, Examples 10.16], so that we also recover the notion of
strict positivity defined above by defining f € X iff I_f =X.

We finally point out the following result. For a semigroup S = S, in a Banach lattice, under
the mild assumption that there exists a strictly positive subeigenvector for the dual problem,
namely

3peX,,, IbeR, L'¢<bo,

Kato’s inequality implies that S is positive, see [8, Theorem 1.6].

3.2 Irreducibility and strong maximum principle

We present some material involving the strict positivity.

In the sequel, for both spaces we will always assume X, # (), Y., # () and
f+ S X++ 1mphes f S X++, ¢+ € Y++ 1mphes qb S Y++. (326)
Lemma 3.2.5. The property (3.2.6) holds true when X is a reflexive space, X = LP, p € [1, 0],
X=CyorX=M"

Proof of Lemma 3.2.5. Assume first that X is reflexive and fix f € X such that f, € X ..
There exists 0 < p* € X', ||¢*||= 1 such that

”f—H: <90*7f—> = Ssup <1/}7_f>7

0<y<ep*

where we have used the corollary (2.1.2) of the Hahn-Banach dominated extension theorem in
the first equality and the definition f_ as an element of X" in the second equality. There next
exists 0 < ¢* < *, such that

[fll= @7 =) = &% f- = fe),
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where we have used that By is compact for the weakly * topology (X', X) in the first equality.
We deduce

0<(p" =" f-)=—{" f+) <0,
with (¢*, f1) < 0if ©* # 0. That implies ¢* = 0 and f_ = 0.

We next assume X = LP(E,&,u) and we take f € X such that fi € X .. From the
definition of X made explicit in Examples 3.1.2, we have fi(x) = max(f(z),0) > 0 a.e., so
that f(x) > 0 a.e. and finally f_(z) = 0 a.e.. We last assume X = M'(E, &) and we take again
f € X such that fy € X .. Writing f = «|f|, where a : E — {—1, 1} is the measurable function
related to Hahn decomposition as introduced in Section 3.1, the condition fi = a.|f|> 0 means
that ay(x) > 0 for |f|-a.e. € E. We deduce again a(z) > 0 for |f|-a.e. z € E and thus
f-=a_|fl=0. 0

For an operator A € Z(X), we have yet formalized a positivity condition in section 2.1.1, by

Other possible definition of positivity may be

(P2) A: X \{0} — X \{0};

(P?)) A X++ — X++.

We now define a stronger notion of positivity, named as strong positivity condition, by

(P4) A>0if A: X \{0} - X44.

We list without proof some elementary properties about these different notions and also refer
to Section 5.1 for further discussion. We have (P2) = (P1), (P3) = (P1) as well as (P4) = ((P3),
(P2)). We also have A : X, — X iff A*: Y, -V, A: Xy —» Xy it A* Y, — Yoy
A X+\{O} — X++ if A* . Y+\{O} — Y++.

We say that A — L satisfies the strong maximum principle if
feXynDL), A=L)f>0 imply f>0or f=0. (3.2.7)
We say that a positive semigroup S is irreducible if
Ve X \{0},Vope Y \{0}, Ir >0 (S.f,¢)>0. (3.2.8)

A semigroup S is classically said to be irreducible and aperiodic if the above positivity
condition holds for all sufficiently large times, namely

Ve X \{0},Voe Y, \{0}, 3T >0,Vr>T (S:f,¢)>0. (3.2.9)
Other notions of strong positivity for the semigroup S are

T > 0, ST : X+\{0} — X++, (3210)

3T >0, /OT S(8)dt : X\ {0} — Xy (3.2.11)

We summarize some possible implications between the previous positivity notions.

Lemma 3.2.6. For a positive semigroup S, the following hold:

(1) The pointwise strong positivity condition (3.2.10) implies the condition (3.2.11);

(2) The integral strong positivity condition (3.2.11) implies the irreducibility condition (3.2.8),
but the reverse implication is false. Similarly, the irreducibility and aperiodicity condition (3.2.9)
implies the irreducibility condition (3.2.8), but the reverse implication is false;

(3) The irreducibility condition (3.2.8) is equivalent to the fact that Re(A) : X4 \{0} — X4+,
for any A > A1 as well as to the fact that X — L satisfies the strong mazimum principle (3.2.7)
for any X > \1.
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The result is very classic, at least for strongly positive semigroup, see e.g. [7, Definition C.3.1]
or [20, Proposition 14.10]. For the sake of completeness, we however present a short proof.

Proof of Lemma 3.2.6. We prove (1). We assume (3.2.10) and we fix g € X \{0}, ¢ € Y, \{0},
so that (S(T")g,®) > 0. Observing that the function t — (S(t)g, ¢) is continuous, there exists
e > 0 such that (S(t)g,¢) > 0 for any t € [T — &,T], so that

</OT S(t)dtg, ¢) = /OT<S(t)g, $)dt > 0.

Because ¢ € Y, \{0} may be chosen arbitrary, we deduce (3.2.11).
We prove (2). We assume now (3.2.11) and we fix g € X1 \{0}, ¢ € Y;\{0}, so that

T

[ st orde={ [ steratg. ) >0,

by assumption. We get (3.2.8) by observing that the function ¢ — (S(t)g, ¢) must be positive
somewhere on [0,7]. For the reverse implication we refer to [27, 93], where is studied an
example of growth-fragmentation operator associated to mitosis satisfying the irreducibility
condition (3.2.8) but not the integral strong positivity condition (3.2.11) nor the irreducibility
and aperiodicity condition (3.2.9), see also Section ?7.

We prove (3). We finally assume (3.2.8). From the above continuity argument, for any
g € X4 \{0}, ¢ € Y, \{0} there exist 7 > ¢ > 0 such that (S(t)g,¢) > 0 for any ¢t € [T —e, T + €.
As a consequence and thanks to the representation formula (2.1.13) for some fixed A > A1 which
holds thanks to Lemma 2.1.2-(ii), we have

ReWg.0) = ([~ eS(0dtg,0) >

Because ¢ € Y, \{0} is arbitrary, we have established that R,-(\)g € X4 for any g € X \{0}.
In other words, when A\ > A1 and f € Xy N D(L) satisfy g := (A — £)f > 0, we deduce that
f=Rec(N)g € Xy, what is the strong maximum principle. This one is obviously equivalent to
the strong positivity property Ro(\) : X+ \{0} — X;1. On the other way round, writing the
above identity as
o0
| e s wa.d)de = (Reg.0)

we see that the strong maximum principle implies that the RHS term is positive for any
g € X:\{0}, ¢ € Y;\{0}. As a consequence, the LHS term is positive and there exists 7 > 0
such that (S(7)g, #) > 0, which is nothing but the irreducibility condition (3.2.8). O

We present two other elementary results about the strong maximum principle.

Lemma 3.2.7. Consider L satisfying (H1) and A € R. Then the following assertions are
equivalent
(1) A — L satisfies the strong mazimum principle for any f € D(L) N X4 ;
(2) X — L satisfies the strong mazimum principle for any f € D(LF) N Xy for some k> 1;
(8) A — L* satisfies the strong mazimum principle for any ¢ € D(L*) NYy;
(4) X — L satisfies the strong mazimum principle for any ¢ € D((L*)Y) NYy for some £ > 1.

Proof of Lemma 3.2.7. Assume that A — L satisfies the strong maximum principle for some A € R
and k > 1 and consider ¢ € D(L*) N Y, \{0} such that (A — L*)¢ > 0. For any £ > max(\, A1)
and g € D(£*"1) N X \{0}, thanks to (H1) and the strong maximum principle, there exists
f € D(L¥)N X,y such that (k — £)f = g. As a consequence, we have

(9,9) = (¢ (k=L)f)
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Since g € D(£F~1) N X is arbitrary and D(£F~1) N X is dense in X, we deduce that ¢ > 0.
We have proved that A — £* satisfies the strong maximum principle. The other implications can
be proved similarly. O

Remark 3.2.8. We may replace the condition (1) by assuming that A\ — L satisfies the strong
mazimum principle for f € CN X4 for a subspace C C D(L) such that (A — L)~ € B(C) and C
is dense in X.

The strong maximum principle can be seen as a consequence of the weak maximum principle
together with the existence of a family of strictly positive barrier functions. We give now a
typical result which can be applied (or modified in order to be applied) in many situations.

Lemma 3.2.9. We assume that

(i) the operator A — L satisfies the weak maximum principle;

(i) there exists a subset 9 C X414 N D(L) such that ¥V f € D(L) N X4 \{0}, g € 4 such
that (g — f)+ € D(L) and (L — X)g > 0.

Then A\ — L satisfies the strong mazimum principle.

Proof of Lemma 3.2.9. We consider f € D(L£) N X;\{0} such that (A — £)f > 0 and choose
g € ¢4 such that h := (g — f)+ € D(L). We remark that from Kato’s inequality

(£ = XNh=sign (g — f)(L=XN(g—[f)=0.

As a consequence of the weak maximum principle, we have A < 0. That implies A = 0, so that
g— f <0 and finally f > 0. O

The above barrier functions technique is also useful for obtaining the condition (H2) (possibly
in a constructive way).

Lemma 3.2.10. For an operator L, we assume that
(i) the condition (H1) holds with a constant k1 € R;
(7i) the hypothesis (ii) in Lemma 3.2.9 holds;
(i) there exists hog € X1 \{0} such that for any g € ¢ there exists € > 0 such that g > chy.

Then the property (H2) holds true.

Proof of Lemma 3.2.10. Thanks to assumption (i), we may define fy € D(£) N X+ \{0} as the
solution to the equation (k1 — £) fo = ho. From the proof of Lemma 3.2.9 and condition (iii),
there exists g € ¢4 and next ¢ > 0 such that fy > g > e€hg. Coming back to the equation, we
have

Lfo=r1fo—ho> (k1 —e ') fo,
so that condition (H2) holds true with ko := k1 — ™! thanks to Lemma 2.1.4-(ii). O

3.3 The geometry of the first eigenvalue problem

We come back on and state a result about the geometry of the first eigenvalue.
On the one hand, we assume that X is a Banach lattice such that

(X1) the signum operator is well define in X, X, # () and the property (3.2.6) holds
true.

On the other hand, we consider an operator £ on X which satisfies the conclusion (C1)
about the existence of a solution (A1, f1,¢1) to the first eigentriplet problem. We also assume

(H1') the weak maximum principle

A> M, feDL), A—L)f>0 imply f>0 (3.3.12)
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and its Kato’s inequalities counterpart
(signf)Cf < LIfl,  (sign )LF < Lf+, (3.3.13)

as well as
(H4) the strong maximum principle

A>A, feXynD(L), A=L)f>0 imply f>O0or f=0. (3.3.14)

We may then state our main result in this section, where we recall that N(A) denotes the
null space associated to the operator A.

Theorem 3.3.11. We assume that X is a Banach lattice satisfying (X1). We consider an
unbounded operator L on X which satisfies the conclusion (C1) about the existence of a solution
(A1, f1,01) to the first eigentriplet eigenvalue problem, the weak mazimum principles and Kato’s
inequality (H1"), as well as the strong mazimum principle (H4).

Then the following hold

i) f1 >0, ¢1 > 0 and A\ is the unique eigenvalue associated to a positive eigenvector.

1) A1 is algebraically simple:

N((£—X)*) = Span(f1), Vk>1,
N((L* = X)F) = Span(¢1), Vk>1,

in particular fi (resp. ¢1) if the unique positive and normalized eigenvector of L (resp. L*)
associated to A1. Finally, the projection on the first eigenspace (associated to \i) writes

Hf = <f7¢1>f1‘

Remark 3.3.12. (1) It is worth emphasizing again that (3.3.12) is true when L is the generator
of a positive semigroup, and that (3.3.14) is true when Sp enjoys additional strong positivity (or
irreducibility) condition as formulated in (3.2.8), (3.2.9), (3.2.10) or (3.2.11). As a consequence,
the conclusion of Theorem 8.3.11 holds true when L is the generator of a positive semigroup
which satisfies the hypotheses of the existence part of the Krein-Rutman Theorem 2.1.20 and one
of the additional above strict positivity conditions.

(2) Theorem 3.3.11 has to be compared with the seminal Krein and Rutman Theorem 77
([142]), to the many results gathered in [7, Part C-III] (see in particular [7, Proposition C.3.5],
[7, Theorem C.3.8] and the original paper [111]) and to the more recent contributions [177,
Theorem 5.3/, [20, Theorem 14.15] and [138, Theorem 5.1]. Probably many of the conclusions of
Theorem 3.3.11 are very similar (or even included) in the material of [7, Part C-III]. However,
our assumptions slightly different since we do no make explicit reference to a positive semigroup
but rather refer to the weak and strong maximum principle.

(8) Our proof is quite direct and elementary and uses similar arguments as those used during
the proof of [177, Theorem 4.3] and [138, Theorem 5.1]. We learnt this kind of technique in the
(less abstract and general) proof of the uniqueness part of [204, Lemma 2.1].

(4) From ii), we deduce that L decomposes acording to X = Xo @ Xy with X1 := Span f;
and Xo := (Span¢1)* = {f € X; (f,¢1) = 0} in the sense of [136, §II1.5.6]. More precisely,
X = Xo® X is a topological direct sum, L: XoND(L) — Xo and L : X1 — X;.

The proof of Theorem 3.3.11 is split into the following Lemma 3.3.13, Lemma 3.3.15,
Lemma 3.3.16 and Lemma 3.3.18.

Lemma 3.3.13. Under assumptions (C1) and (H4), the solution (A1, f1,¢1) to the first
etgentriplet problem satisfies
fi>0 and ¢1>0. (3.3.15)
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Proof of Lemma 3.3.13. By definition of f1, we have

fire Xi\{0}, (M —£L)fi >0,

and thus f; > 0 from (H4). Thanks to Lemma 3.2.7, the strong maximum principle holds for
A1 — L*, and the same proof leads to the same conclusion, namely ¢; > 0. O

Remark 3.3.14. It is worth emphasizing that the same conclusion holds when we only assume
that fi € X4+ and ¢1 € Y4 satisfy

Ifill=1, Lfi=Xf1, |é1ll=1, L 1= A1, (3.3.16)

what we see by just repeating the argument. In that case, we deduce that \] = A1 by writing

A (f1, 01) = (Lf1, 1) = (f1, L 1) = N[ {f1, b1,
and observing that (f1,¢1) # 0.

Lemma 3.3.15. Under assumptions (C1) and (H4), A1 is the unique eigenvalue associated to
a positive eigenvector for L (resp. for L*).

Proof of Lemma 3.3.15. Consider A € C and f € X\{0} such that £Lf = Af. We compute

0={((A=L)f ¢1) = (f; (A= L)d1) = (A = M) ([, d1),
and thus A = Ay since (f, ¢1) > 0. The same proof applies to the dual problem. ]

Lemma 3.3.16. Under assumptions (C1), (H1') and (H4), we have N(L — A1) = Span(f1)
(resp. N(L* — \1) = Span(¢1)). In particular, fi (resp. ¢1) is unique (because of the positivity
and normalization condition).

Proof of Lemma 3.3.16. Consider a eigenfunction f € X\{0} associated to the eigenvalue A;.
First, we observe from Kato’s inequality that

Al fl= Ausign(f)f = sign(f)Lf < L|f].

That inequality is in fact an equality, otherwise we would have

Al(’f‘7¢1> 7£ <£‘f‘7¢1> - <’f’7£*¢1> - Al(‘f‘a(ﬁﬁa

and a contradiction. As a consequence, |f]| is a solution to the eigenvalue problem \i|f|= L|f|,
so that

AMfr=CLfx,
by writing f+ = (|f|£f)/2. The strong maximum principle assumption implies fy > 0 or
f+r =0, and thus f; > 0 or f_ > 0 thanks to Lemma 3.3.13. Without loss of generality
we may assume fi > 0. From (3.2.6), we then deduce f > 0. We introduce the normalized
eigenfunctions f :=rf and f; = r1 f1 with

(fidn) = (fi,d1) = 1. (3.3.17)

Now, thanks to Kato’s inequality again, we write
M(f = f)y =sign, (f = L)LF = f) < L(f = i)+,

and for the same reason as above that last inequality is in fact an inequality. The strong maximum
principle implies that either (f — fi)4 = 0, or in other words f < fi, either (f — f1); > 0 or in
other words f > fi. Because of the identity (3.3.17) and the fact that ¢; € X’,\{0}, the second
case in the above alternative is not possible. Repeating the same argument with ( fi— )4 we
get that f; < f and we conclude with f = f;. The same proof applies to the dual problem. [OJ
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Remark 3.3.17. Under the same hypothesizes as in Lemma 3.3.16, we have 1) € span(¢q) if
Y €Yy satisfies L* > A\1p and g € span(f1) if g € X, satisfies Lg > A\1g. In the second case,
we indeed cannot have L*g — A\1g € X4 \{0}, since this would implies

(Lg — Mg, ¢1) > 0,

and this would be in contradiction with the fact that

(Lg — A1g, ¢1) = (9, L P1 — A1) = 0.

We thus must have Lg — A1g = 0 and we conclude thanks to Lemma 8.3.16. The same proof
applies to the dual problem.

Lemma 3.3.18. Under assumptions (C1), (H1') and (H4), A1 is algebraically simple.

Proof of Lemma 3.3.18.  We use an induction argument. We have already proved that
N((£ = X1)F) = Span(f;) for k = 1. Assume then the result proved for any ¢, 1 < ¢ < k, and
consider f € N((£—\1)¥*1). That means that (£ — A1) f € N((£— A\1)¥), and thus (£L—\1)f =
rf1, with r € R, thanks to the induction hypothesis. If » = 0, then f € N(L£ — A1) = Span(f1).
Otherwise, r # 0, and then

)‘1<f7 ¢1> = <f7 £*¢1> - <£f7 ¢1> - <)‘1f +Tf17¢1>a

which in turn implies r(f1, ¢1) = 0 and a contradiction. That concludes the proof. O

3.4 Mean ergodicity

We deduce from the above analysis a first classical and general but rough information about the
long-time behaviour of the trajectories associated to a semigroup. More precisely, assuming the
existence and uniqueness of the first eigentriplet (A1, f1, ¢1) for the generator £ of a semigroup
S and introducing the rescaled semigroup Syi=eMLS (t), we wish to establish the following
mean ergodic property

(CE1) for any f € X, there holds

1 (T
T/o Sifdt — (f, 1) f1, as T — oo, (3.4.18)

in a sense to be specified.

Theorem 3.4.19. Consider a positive semigroup S on a Banach lattice X and assume that its
generator L satisfies the conclusions of Theorem 3.53.11 about the existence and uniqueness of
the first eigentriplet (A1, f1,¢1). With the above notations, we assume furthermore that

(1) (Sy) is bounded;

(2) Bx is weakly compact for a topology which makes f — (f, 1) continuous.

Then, the above mean ergodic property (CEL) holds for the topology introduced in (2).

The result is not new, see for instance [82, Corollary V.4.6]. We present however the very
short proof for completeness and further discussion.

Proof of Theorem 3.4.19. Fix f € X and define

1 /T~
up ::T/o Sy f dt.

From (1), we have

1 [T
Jurll< o [ 18ifldt < ML)fl VT >0
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We also compute
T _
(ur,61) = . [ (Suf.on)de = (f,61), VT >0
0

Thanks to assumption (2), we deduce that there exists f* € X and a sequence (T}) such that

ur, — f* and  (f*, 1) = (f, ¢1)-

Because (§t f) is bounded, we may use the usual ergodicity trick as in the second proof of
Theorem 2.2.1 and for any ¢t > 0, we have

Sift — f* = lim 1{/Tk+t§sfds—/0t§sfds} = 0.

k—oo T LTy,

We have established (£ — A1) f* = 0, so that f* € Span(f;) and more precisely f* = (f, ¢1) f1.
By uniqueness of the limit, it is the whole family (ug) which converges to f*. O

We present a variant of the previous result in which we see that in a very general framework
(including all the applications we present in the second part of this work) the above hypothesizes
(1) and (2) are not needed (or more precisely are automatically satisfied).

Theorem 3.4.20. (1) Consider a Banach lattice X C Li. (E, &, n) and a positive semigroup S
on X such that its generator L satisfies the conclusions of Theorem 3.53.11 about the existence,
positivity and uniqueness of the first eigentriplet (A1, f1,¢1), then the mean ergodic convergence
(CEL1) holds for the weak topology of Lén'

(2) If we additionally assume that

XFi={feXx; LifeXxVj<k}CL, (3.4.19)

with strong compact embedding for some k > 1, where we denote by X the space X endowed with
the norm quin’ then the mean ergodic convergence (CEL) holds for the strong topology of Ll1

for any f belonging to the closure of D(LF) (for the strong topology of X ).

Proof of Theorem 3.4.20. Step 1. We first recall a very classical result about conservative
semigroups. Denoting S := e~ S(t), we observe that this rescaled semigroup satisfies

(i) S > 0;
(ii) Sify = f1 for any ¢ > 0;
(iii) (Sig, ¢1) = (g,1) for any g € X and ¢ > 0.

We denote [f]1 := {(|f|,#1) which is a norm on X (we use here that ¢; > 0) and S; is
obviously a contraction for this one since for any f € X there holds

|SefI= 1SS = Sef-|< Sefy + Sif- = Silf|
using (i) in the inequality, and next

[Sefl = (I:f1, 1) < (Self] 1) = [, (3.4.20)

using (iii) in the last equality. Denoting by X the completion of X for this norm (so that we
main identify X to a closed subspace of L;Sl), we may extend Sy to X by uniform continuity and
this extension still satisfies the properties (i)-(ii)-(iii) on X. Consider now f € X such that
H(f/f1)f1 € X for some convex function H : R — R, where we use here that X C L{ , and
thus in particular f; > 0 a.e. on E, in order to give a sense to the term H(f/f1)fi. From (ii),
we have

0(Sef)) filfi = Sile(f/ f) fil,
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for any real affine function ¢. Next from (i) and (2.1.7), we have

HI(S:f)/f1lfr < SJH(f/ ) A,

because of H = supy<y ¢ and the supremum can be taken on a numerable set of affine functions.
Thanks to (iii), we conclude that

(H((Sef)/ filfr, 1) < (HIf/Alf1, d1), V> 0. (3.4.21)

Step 2. We normalize (f1,¢1) = 1. For f € X C Lén so that fo1 = (f/f1)fi¢1 € L', the de
la Vallée Poussin theorem tells us that there exists an even and convex function H : R — R
such that H(s)/s — +0o as s — oo and H(f/f1)fi¢1 € L'. Using the notations of the proof of
Theorem 3.4.19, the Jensen inequality and the above estimate (3.4.21), we deduce

H Qi< ! H(S dudt < | H d
/E (ur/f1) frordp < T/o /E (Sef)/ fr) figrdu _/E (f/f1) frordp,

for any T' > 0. Now, for any A € & and T, K > 0, we have

ur ur
urladid = —1. 14 d +/ —1 14 d
[E rladidp o fr Lk hodp+ | el frordp

< }If{m/]EH(UT/fl)f1¢1dM+K/ElAfl(Zsldﬂ

< HZ{)/EH<f/f1)f1¢1dﬂ+K[E1Af1¢1dﬂa

from what we immediately deduce that (ur) belongs to a weak compact set of Lél. We conclude
that (3.4.18) holds for the weak convergence in Lén as in the proof of Theorem 3.4.19.

Step 3. We now additionally assume that (3.4.19) holds with strong compact embedding for
some k > 1. Taking f € D(LF), we compute

(L7 (Sef)l d1) = (|SU(LIf)], d1) < (1L f], 1),

for any j < k and any ¢ > 0, and thus the same bound holds for (ur). From (3.4.19), we
deduce that up to the extraction of a subsequence, (ur) converges a.e. on E. Together with
the weak convergence in L;h yet established, we classically deduce that the whole familly (ur)
converges for the strong toplogy in Lén' We conclude that the same holds for any f € X by
taking advantage of the fact that D(£") is dense in X for the strong topology of X and thus for
the strong topology of X. O

Remark 3.4.21. (1) A similar conclusion holds as in Theorem 3.4.20 when we assume X C M},
D(Lk) ¢ L. and D(L*) C LL_ for some k > 1 instead of X C Li... For f € D(L¥) C L,
we may indeed repeat the proof of Theorem 3.4.20 and we obtain the same conclusion. We next
define X as the closure of D(LF) for the norm [];. We conclude that (3.4.18) holds weakly in

Lél for any f € X by a density argument.

(2) The proof of Theorem 3.4.20 is based on so-called General Relative Entropy (GRE)
techniques as developped for instance in [158], [171] and [26]. These ones are known to be usefull
for some classes of PDEs and for stochastic semigroups in order to establish uniform in time
estimates and longtime convergence results.

The main interest of the two previous results is that they do not ask any new information on
the semigroup but they are just based on the eigentriplet stationary problem. The shortcoming
is that they are formulated in terms of the norm [-]; instead of the norm of X. We present a
second variant of Theorem 3.4.19 which is well adapted to the splitting framework developed in
Sections 2.1 and 2.2 and is precisely formulated in a weak or strong topology of a space Xy D X.
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Theorem 3.4.22. Consider a positive semigroup S = S such that L satisfies the conclusions of
Theorem 3.3.11 about the existence and uniqueness of the first eigentriplet (A1, f1,¢1). Assume
furthermore that S satisfies the splitting structure introduced in (HS2) in section 2.2.2 or (HS3)
in Section 2.2.2, or more precisely, there exist two families of operators (V(t)) and (W (t)) such
that

S=V+WxS,

a real number k < A1 and some decaying functions ©; : Ry — Ry with ©1(t) — 0 as t — oo,
O € LY(Ry) such that the following estimates hold

IV(H)e )= 001), [IV({He " |zx x0= O(©1), (3.4.22)
W (t)e™" | (a,20) = O(O2), (3.4.23)

with X1 C Xo C Xp, where Xy is the space X endowed with the norm [g]1 := (|g|, ¢1)-

(1) Assuming furthermore that X1 C Xy with compact embedding for the weak or the
strong topology in Xy and this topology makes f — (f,$1) continuous. Then the conclusion of
Theorem 3.4.19 holds true for the above strong or weak topology.

(2) Assuming furthermore that X C Li . and that the space X* defined by (3.4.19) is strongly
compact embedded in LllOC for some k > 1. Then the conclusion of Theorem 3.4.20-(2) holds true
for the strong topology of Xg.

Proof of Theorem 3.4.22. We define

so that

and
M = Stgg||‘7(t)\|3z(x)< 00, [[Vllzx.x)S ©1 € Co(Ry), (3.4.24)
Oa(t) == W ()| (.21 € L' (R).

Step 1. We furthermore assume (1) and that the weak topology of Xy makes f +— (f, ¢1)
continuous. We denote by .7 the weak or the strong toplogy Xy (depending of the assumption
made on the embedding X; C Xy). For fy € X, we split

F(8) = Sfo=v(t) + k(t), v(t) =V (t)fo, k(t):= (W *S)(t)fo,

and we observe that ||v()||x,— 0 as t — oo from the second estimate in (3.4.24). On the other
hand, we have

supl [k (t)[|x, < [W | Lrsup||Se foll o < W[ 2 [[ foll v,
>0 >0

from (3.4.20). In particular, k(t) belongs to a compact set of .7, so that (f(t)):>0 also belongs
to a compact set for the same topology 7. The same argument used on the Cesaro function
(ur) defined during the proof of Theorem 3.4.19 implies that there exist f* € X and a sequence
(T}) such that

ur, — f* in the sense of .7 and (f*, ¢1) = (f, ¢1),

the last identity following from the assumption that f — (f, ¢1) continuous for .7. We may
then conclude as in the proof of Theorem 3.4.19.
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Step 2. We furthermore assume (2), and by linearity we may assume fy € X, (fo,¢1) = 0.
We recall that (3.4.18) holds for the strong toplogy of L;h from Therorem 3.4.20 and that
lv(t)||x,— 0 as t — oo from Step 1. Arguing as in Step 3 of the proof of Theorem 2.2.4, we have

:;/(]T(W*g)(t)dt - T/ W(s / S(u) duds
= /0 W(s) U(T—s)ds7

where Up := Ure~M7T | U, is defined by (2.2.44), so that ur = Urfo and [ur]; — 0 as T — oo
from Theorem 3.4.20. As a consequence, we have

T/2 _ T

K@l < [ 0BT ~slods+ [ O - o
< ||@2||L1 sup o—l—/ @2 dsilig[U( )o — 0,

as T'— oo. All together, we have established that ||ur|x,— 0 as T — oo. O
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Chapter 4

The geometry of the boundary point
spectrum

We summarize the results established up to now by assuming that the main conclusions in the
previous sections are achieved, namely

(C2) the first eigentriplet problem (3.0.1) has a unique solution (A1, fi, 1), and fur-
thermore, fi > 0 and ¢; > 0. In that situation, we usually normalize the eigenvectors by

(f1,¢1) = 1 and either || f1]|=1 or ||¢1]]= 1.

In this chapter, we aim to describe one step further the geometry of the spectrum and more
precisely to get some some information on the boundary point spectrum

E;(ﬁ) = Ep(ﬁ) HZ)\l.

That will be possible by introducing first a suitable and usual complexification framework and
next by assuming a stronger positivity property on £ or on the associated semigroup. Here and
for further references below, we recall that we define the sets

Ya(£) € Ep(L) C B(L),

where the point spectrum set ¥ p (L) is the set of eigenvalues, namely A € Xp(L) if N(L—\) # {0},
and the discret spectrum set 34(L£) is the set of eigenvalues which are isolate and have finite
algebraic multiplicity.

4.1 Complexification and the sign operator

We present some materials, most of them being very classical, about the sign operator in a
complex Banach lattice and we refer to [222, 7] for more details.

Complexification. The complexification space X¢ associated to a real Banach lattice X
is defined by X¢ := X + X so that f € X¢ if f = g+ ih, g,h € X. In general, we just write
X without mentioning the field, although when we need to specify it we write X¢ or Xr. We
extend on X¢ the order defined on Xy by writing

f=g+ith>0 if g>0and h=0.

The conjugate f of a complex vector f = g + ih is classically defined by f = g — ih. We then
define the modulus

|fl:== sup (gcosf+ hsiné), (4.1.1)
0€[0,27]

65
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which indeed exists for such a family of vectors. One checks the usual modulus properties:

[f120, [fI=0 i f=0, [MI=IAIf] [f+gl< |+,

for any f,g € X and A € C. We finally define the norm on X¢ by

1f1l== llg + ihlll xz,

and we observe that X¢ has then a complex Banach lattice structure. We extend the definition
of A € B(Xg) to X¢ by setting

A(g +ih) = Ag+iAh, Yg+ih € Xc.

The operator sign. We may classically extend the sign operator defined in Section 3.1 to
the present complex Banach lattice framework. Instead of dealing with the most general case, we
will use some regularity assumption on the Banach lattice X which is suitable for our purpose
and that we present below. Similarly as in Remark 3.1.4, for f € X, we define

Xp =g € X; lgl< nlf1},

and next, similarly as in Theorem 2.1.23, we define
Aglg) = mf{C >0; [g|< C[f[}, Vge X

We summarize the regularity assumption on the Banach lattice X we need by assuming :

(X2) For any f € X such that |f|€ X4+, there exists a sign operator sign f € B(X), with
the following properties

sign fosign f =1, (sign f)f = |fl, (4.1.2)
(sign f) g = (sign (uf)) (ug), |(signf)g|<|gl, Vge X, VueS'.  (413)

Furthermore, X = X ¢, the closure of X¢, and for all f € X and g € Xy

(9 € Xr and |g|< C|f]) & Aflg—ir|f[] < VC?2 412, Vr e R. (4.1.4)

For a space of functions, the sign operator is defined as the multiplication by (abusing
notations) B
sign f == f/|fl, V[feX, [fle X4y (4.1.5)

Lemma 4.1.1. With (4.1.5), the property (X2) holds when X = LP(E,&,u) or X = Co(E).

Proof of Lemma 4.1.1. For f € X, |f|€ X4, we just indicate the proof of Yf = X, the other
algebraic properties being clear from the definition (4.1.5). When f € LP such that |f|> 0 u-a.e.
and 0 < g € LP, we set g, := g A (n|f|). We have 0 < g, < g and g,, — ¢ strongly L? if p < co
and weakly *x L*> if p = co. The general case g € L? is dealt in the usual way by introducing
positive and negative parts and next real and imaginary part. That concludes the proof of
X = LP. The proof of Xy = Cy(E) is similar. O

A sign operator satisfying (X2) can actually be built by using Kakutani’s theorem in general
Banach lattices whenever |f| is a quasi-interior point, see for instance [20, Chapter 14.3]. In
a space of measures X = M!(E), there is no quasi-interior point and no sign operator can be
defined in that way. Yet, we can associate to f such that |f|>> 0 a sign operator by means of the
Radon-Nikodym theorem. Denoting o : E — S' the measurable function such that f = a|f|, the
multiplication by a/|a| defines a sign operator sign f € B(X) which satisfies the first properties
in (X2). However, it does not satisfy X = X, since there is no quasi-interior point in M!(E).
Measure spaces thus not enjoy (X2).
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Lemma 4.1.2. Assume (X2) and f € X . Consider a linear operator Q : Xy — Xy such
that Qf = f and Af(Qg) < Af(g) for any g € Xy. Then Q > 0.

Proof of Lemma 4.1.2. Take 0 < g € X such that g < 2Cf, C' > 0, and observe that
—Cf<g-Cf<Cf.

For any r € R, we compute

Ap[(Qg) — Cf —irf] Ap[Q(g — Cf —irf)]
< Aflg—Cf —irf]

VC? + 12

by using the non expansion property of Q and the claim (4.1.4). Using again (4.1.4), we deduce
—Cf <(Qg)— Cf < Cf and the conclusion. O

IN

We generalize Kato’s inequality (3.1.3) to the present complex framework by saying that an
operator £ on X satisfies (the complex) Kato’s inequality if

VfeD(L), Re(signf)Lf < L|fl, (4.1.6)

possibly in a dual sense as in (3.1.4). As for the real Kato’s inequality, when £ is the generator
of a semigroup, Kato’s inequality (4.1.6) is a consequence of the positivity of the semigroup, and
we refer to Remark 3.1.1 for references about this claim.

4.2 On the subgroup and discrete structure of the point bound-
ary spectrum

In this section, we establish that the point boundary spectrum enjoys a subgroup structure
under the same kind of hypothesis as considered in the previous sections.

Lemma 4.2.3. Under assumptions (X2), (C1), (H1') and (H4), for any A\ € S5(L)\{0} the

associated normalized eigenfunction f satisfies |f|= fi.

Proof of Lemma 4.2.3. By definition Lf = A\f and f € D(L). By linearity of the operator sign
and thanks to (4.1.2) and Kato’s inequality (4.1.6), we have

A1l f[= Re[A(signf) f] = Re(signf)(Af) = Re(signf) Lf < L|f].

By the duality argument introduced during the proof of Lemma 3.3.16, we must have A1|f|= L|f]
and the conclusion. O

Theorem 4.2.4. Assume (X2) and (C2), and denote L =L — ). Under assumptions (H1')

and (H4), the set S := L p(L) NiR is an additive subgroup and dimN (L — ia)k = 1 for any
i €S and k> 1.

Theorem 4.2.4 is similar to [7, C-III, Cor. 2.12] and [20, Prop. 14.15]. Our proof is very
similar to the proof of [20, Proposition 14.15]. However, it is more direct and avoid the use of
the C(K) algebra and Kakutani Theorem [133] (see also [165, Theorem 2.1.3]).

Proof of Theorem 4.2.4. We split the proof into three steps.
Step 1. We consider f associated to an eigenvalue iov € $p(£)\{0}, and we define

T(t) := (sign f)e " S(t)(sign f).
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Observing that §(t)f = e f we have
T(t)|f|= (sign f)e ™" *'S(t)f = (sign f)f = | f]= S@)|f]-
On the other hand we have
IT(t)g]< [S(t)(sign fgl< S(t)lgl, Vg€ X,
which, by positivity of S (t), yields

IT()gl< Ap(9)S(1)|f1= Af(a)l fl, Vg€ X
Because |f|= fi > 0 from Lemma 4.2.3 and (C2), we can apply Lemma 4.1.2 to |f| and
Q :=T(t). We deduce that T'(t) > 0 on X|y = Xy, and then on X = X . As a consequence,

0<T(t)g=IT(t)g|< S(t)g for any g > 0. In other words, we have 0 < S(t) — T(t) and then
0 < S(t)* —T(t)*. We must have S(t)* —T'(t)* = 0. Otherwise, there would exist 1 € X’ \{0}

such that (S(¢)* — T'(¢)*)¢ € X/ \{0}, and we find a contradiction by computing

0 < ((S(t)" = T(&) )i, f1) = (. (S(t) = T(t) fr) = 0.

We have thus established that S(t) = T'(t).

Step 2. Consider o, 3 € R and f,g € X\{0} such that Lf = iaf and Eig = ifg, and
suppose first that (sign f) : D(£) — D(L). From Step 1 and the fact that (sign f) osign f = I,
for any h € D(L), we may compute

Lh = lim~(8(t)h— h)

t—0 t
= (sign f) lim < (5 (1) (sign )1 — (siem f)h)
= (sign f)(L — ia)(sign f)h,

or in other words £ —icv = (sign f)L(sign f). We have similarly £ —i8 = (sign §)£L(sign g). Both
equations together imply

L —i(o+ B) = (sign f)(sign g) L (sign g)(sign f).

Defining h := (sign f)(sign g) f1, so that (signg)(sign f)h = f1, we get Lh = i(a + B)h, and
finally i(a + ) € S, so that the additive subgroup structure is established.

When the condition (sign f) : D(£) — D(L) is not granted, we modify the above argument
by using a resolvent approach. For some A\ > 0, we compute

(A—L)' = /OOO e MS(1) dt

— (signf) [ e HS(0) dt (sign )
= (sign f)(A+ia = £) " (sign f).
Repeating the argument, we obtain
(A+ila+ ) — £)~" = (sign J)(signg) (r — £) " (sign g)(sign /).

Applying that last identity to the vector h = (sign f)(sign ) f1 and using that (A — £) "1 f; =

A7t f1, we deduce (A +i(a+ B) — L)"'h = A"'h. In other words, we have again Lh = i(a + 3)h,
and we conclude as above.
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Step 3. From the fact that (sign f) is an invertible operator and the equation
(L — ia)" = (sign f) 7" (L£)* (sign f),

we see from Theorem 3.3.11-(ii) that N(£ — ia)¥ = (sign f) "N (£)¥ = (sign f)'Spanf; for any
k > 1, so that its dimension is one. ]

Making an additional splitting structure hypothesis as yet introduced in Section 2.1.2, we
may significantly improve the conclusion. We first recall a classical result on the spectrum of an
operator which holds under some (power) compactness assumption on the resolvent.

Theorem 4.2.5. We assume that L satisfies the splitting structure (HS1) with (ARg(2))N €
H(X) for some N > 1 and any z € Ay,, where we recall that # (X) denote the space of
compact operators. Then (L) N Ay, C Xgq(L).

Theorem 4.2.5 is a consequence of [242, Corrollary 1.1]. For the sake of completeness, we
present the idea of the proof. We also refer to [177, proof of Theorem 3.1] for a possible
elementary proof.

A sketch of the proof of Theorem 4.2.5. Iterating the formula Ry = Rp + R AR, we deduce
K(z)Re(z) = V(z)

with
K:=1-(ARg)N, V:=Rp+ - +Rp(ARg)" .

Because K is holomorphic on A, it is a compact perturbation of the identity and KC(z) — I
when Rez — 0o, one may use the theory of degenerate-meromorphic functions of Ribari¢ and
Vidav [215], and conclude that K(z) is invertible outside of a discrete set D of A,. That implies
that (L) N Ay, = D is a discrete set of A,,. On the other hand, thanks to the Fredholm
alternative [89], one deduces that the eigenspace associated to each spectral value A € D is non
zero and finite dimensional, so that A\ € ¥4(L). O

We end this section by a result which gives a more accurate description of the geometry of
the boundary spectrum, and is a variant of the classical results [7, C-III, Thm. 3.12], [82, Thm.
VI.1.12], [20, Thm. 14.17].

Theorem 4.2.6. Assume (X2) for both the spaces X andY, (C2), (H1'), (H4) and additionally
that the splitting structure (HS1) holds with (ARg(2))Y € # (X) for some N > 1 and any
z € Ay,. Then the set EP(EN) NiR is a discrete additive subgroup of iR and any of its elements
is an algebraically simple eigenvalue. More precisely,

- either ¥ p(L) NiR = {0} and the projection on the first eigenspace (associated to A1) writes

ILf = (f,é1) f1;

- or Xp(L) NiR = iaZ for some o > 0 and there exists a sequence (g, Vr)kez Such that
Lgi = (M +ika) gy, L% = (M + ika)yy, and (gg, ) = Oke.

Proof of Theorem 4.2.6. Combining Theorem 4.2.4 and Theorem 4.2.5, we immediately get
that the subgroup S := Yp(L£) N iR satisfies S C By4(L), it is thus discrete and made of
algebraically simple eigenvalues. The first case ©p(£) N iR = {0} falls yet in the conclusions of
Theorem 3.3.11. O

In the second case, where the boundary spectrum is not trivial, the existence of a projection
on the boundary eigenspace Span(gg)rez is ensured by the Jacobs—de Leeuw—Glicksberg theorem
provided that £ is the generator of a relatively compact semigroup, see for instance [20,



70 CHAPTER 4. THE GEOMETRY OF THE BOUNDARY POINT SPECTRUM

Theorem A.39 and Proposition A.40] and the references therein. We also refer to [136, paragraphs
I11.6.4 and II1.6.5] for very classical results on the projector on the direct sum of eigenspaces
associated to eigenvalues belonging to a subset of the spectrum. We can even give an explicit
expression of this projection in terms of (gi) and (%) under the form of a Fejér type sum, see
Theorem 4.5.19.

4.3 Stronger positivity

In order to go one step further and establish the triviality of the boundary point spectrum,
we need to reinforce the positivity of the semigroup or its generator. One possible condition will
be the following.

The reverse strong positivity condition

For A > 0, we recall that from (2.1.6), we have

|AfI< Alfl, VfeX, (4.3.7)

and we observe that the above inequality is an equality when Af = uA|f| for some u € S!. We
focus now on the case of equality in (4.3.7).

Definition 4.3.7. We say that A satisfies the “reverse strong positivity condition” for a subclass
of vectors C C X if for any f € C

|Af|= A|f| implies JueSh, Af =uAlf|. (4.3.8)
We observe that A > 0 implies the strict positivity for non-signed vectors in Xg.

Lemma 4.3.8. Consider an operator A > 0 and assume X is reflexive. For f € Xr such that
+f ¢ X, there holds
|AfI< A[f].

Proof of Lemma 4.3.8. We consider f € X® such that fy # 0. We claim that |[Af|< A|f].
We first recall that
Afy = Af + Af_ > A,

so that Af. > (Af)+, and similarly Af_ > (Af)_. Consider the case (Af)+ > 0. We argue
similarly as in the proof of Lemma 3.2.5. By definition, for any ¢ > 0, we have

0<((Af)+.9) = Oiig(b(f% v) = (Af,97) = (f, A7)
< <f+7A*¢*> = <Af+77p*> < <Af+7¢>a

where the strict inequality comes from the fact that ¢¥* > 0 because ((Af)4,¢) > 0, so that
A*Y* > 0 and finally (f_, A**) > 0 because f_ > 0. We have thus (Af); < Afy. Similarly,
we establish (Af)_ < Af- when (Af)_ > 0.

As a conclusion, in the three cases Af =0, (Af)+ # 0 and (Af)_ # 0, we have

[Afl= (Af)+ + (Af)- < Afy + Af- = Alf,

which is the desired strict inequality. O

We believe that a similar result also holds true for complex vectors in a general Banach lattice
framework. We do not try to prove such a statement but we rather establish the corresponding
complex version for at least one of our standard examples of concrete Banach spaces in which
the definition of the absolute value |f| of a vector f € X is more tractable. We start with the
example of continuous functions.
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Lemma 4.3.9. Consider an operator A >0 on X C Cy(E) endowed with the uniform norm,
for some locally and o-compact metric space E. For f € X such that |f|> 0, we have

|Af|= A|f| implies JueS', Af =uA|f|.

Proof of Lemma 4.3.9. We assume by contradiction that f = g+ ih € X, A|f|=|Af| on E
and Vv € S, | f|> Re(fv) (in the sense > 0 and # 0). Pick up « € F and denote by v = ¢ the
element of S! such that |(Af)(z)|= v(Af)(z). We thus have

Alf|(z) = [(Af)(z)|= Re(v(Af)(x)) = cos 0(Ag)(x) — sin (Ah)(x).
On the other hand, because of A > 0 and A is linear, we have
Alfl(z) > (ARe(vf))(z)
= (A(cosfg — sin6h))(x)
= cosf(Ag)(z) —sin§(Ah)(x),

and a contradiction. We have established that there exists v € S! such that |f|= Re(fv). Now,
we have

V(Re(f0))2 + (Sm(f0))? = [ fol= | f|= Re(fv),

which in turn implies Sm(fv) = 0, since Re(fv) > 0. That is here that we use the assumption
|f|> 0 and not only f € X,;\{0}. We conclude that |f|= fv and thus that f = u|f|, with
u:=v"teSh O

The reverse Kato’s inequality condition

We recall that it has been stated in section 3.1 that the generator £ of a positive semigroup
S(t) satisfies Kato’s inequality which in a complex framework writes

VfeX, Re(signf)Lf <L|f] (4.3.9)
We observe that if f = u|f| for some u € S!, we have

Re(sign f)Lf = sign(u™" f)L(u"' f) = L|f],
which is the case of equality in Kato’s inequality.

Definition 4.3.10. We say that L satisfies a “reverse Kato’s inequality condition” for a class
of vectors C C D(L) if for any f € C the case of equality in Kato’s inequality

L|f|= Re(signf)Lf

implies
JueC, f=ulf]

In some situation, we may prove directly that the “reverse Kato’s inequality condition” holds
by reasoning at the level of the operator L, see for instance [138, Proof of Theorem 5.1]. That is
also a consequence of the strong positivity of the semigroup as we see below.

Lemma 4.3.11. Consider a semigroup S and its generator L. On the set C of vectors f € X\{0}
such that
INeC, Lf=MXf, CL|fl=ReN|f], (4.3.10)

there is equivalence between:
(i) S(t) satisfies the “reverse strong positivity condition" for some (and thus any) t > 0;
(ii) L satisfies the “reverse Kato’s inequality condition’.
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Remark 4.3.12. When X C Llloc, the “reverse Kato’s inequality condition” (ii) implies the
“reverse strong positivity condition" (i) on the class C of vectors such that f € D(L), 0 < |f|€
D(L). Assume indeed that L satisfies (ii) and consider f € C such that S| f|= |Stf| for any
t > 0. By differenciating, we get

(sign f)Lf = L|f]. (4.3.11)

From the “reverse Kato’s inequality condition”, we deduce that f = u|f| for some u € S', so
that (i) holds.

Proof of Lemma 4.3.11. In what follows, we fix f € X\{0} such that (4.3.10) holds, and we
compute

Re(sign f)Lf = Re(sign f)(Nf) = (Re)| f|= L|f]. (4.3.12)

For any t > 0, we also have Sy f = eMf, S;|f|= ®|f|, and thus
|Sef|= Selfl- (4.3.13)

Assuming the “reverse Kato’s inequality condition”, we deduce from (4.3.12) that f = u|f| for
some u € S!, thus S, f = uS;|f| for some u € S', which is the conclusion of the “reverse strong
positivity condition" when (4.3.13) holds.

On the other way round, assuming the “reverse strong positivity condition" for some 7" > 0,
we deduce from (4.3.13) for T' > 0 that there exists v € S! such that

N f = Srf = vSr|f|= v ||,
That implies that f = u|f| with « = ve=* ™M which is nothing but the conclusion of the
“reverse Kato’s inequality condition” when (4.3.12) holds. O

We summarize the material developed above in the following main result of the section.

Theorem 4.3.13. Assume that S is a positive semigroup on X with X = LP(E,&,n), X =
MY(E,&) or X = Co(E), for some locally and o-compact metric space E and denote by (Ey) a
sequence of increasing compact sets such that EE = lim Ey. We furthermore assume that for any
k > 1 there exists T > 0 such that St is strictly positive on Ey, in the sense that

Vfe X0}, fig, 0, Vo€ X\ \{0}, suppé C By, (Srf,) > 0. (4.3.14)

Then L satisfies the “reverse Kato’s inequality condition” on the set C of eigenvectors introduced
in Lemma 4.3.11.

Proof of Theorem 4.3.13. Let us consider f € X\{0} such that (4.3.10) holds, so that
S| f|= eVt f| for any t > 0. On the one hand, we may fix k& > 1 such that |f|Z 0 on Ej.
Then for any ¢ > k, there exists Ty > 0 such that (4.3.14) holds, so that

NI 1], 6) = {Sr, |, 8) > 0,

for any ¢ € X\ \{0}, supp ¢ C E,. That implies |f|> 0 on E, for any ¢ > k, and thus |f[|> 0.
Next, as in the proof of Lemma 4.3.11, we observe that

ST, f|= St,|fl, V> k.

Repeating the proof of Lemma 4.3.9, Lemma 7?7 and Lemma 7?7, we deduce that there exists
ug € S such that St, f = upSt,|f| on Ey, or equivalently there exists vy € S! such that f = vy|f]|
on FEy, with vy := uge*i(c‘\‘m)‘)Té. Because Ey D Ej, we have established that f = vi|f| on E
which is the conclusion of the “reverse Kato’s inequality condition” when (4.3.10) holds. O
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4.4 On the triviality of the boundary spectrum

As in section 3.3, we still assume the existence (C1) of a solution (A1, f1,¢1) € R x X4 x Y, to
the first eigenvalue problem (3.0.1), that the condition (H1’) holds, so that £ enjoys the weak
maximum principle (3.3.12) and its complex Kato’s inequalities counterpart (4.3.9) as well as
the strong maximum principle (H4).

We introduce the additional assumption:
(H5) the“reverse Kato’s inequality condition” (as defined in Definition 4.3.10) holds true
for the class C defined in Lemma 4.3.11: for f € X\{0} such that

INeC, Lf=X\f, L|f|l=ReN)|f|= Re(signf)LFf, (4.4.15)

we have
JueC, f=ulf|
On the other hand, we do not need the structure assumption (X2).

We are then able to make a more accurate analyse of the geometry of the spectrum.

Theorem 4.4.14. Consider an unbounded operator L on a Banach lattice X which satisfies
(C1), (HY), (H4) and (H5). Then A1 is the unique eigenvalue with largest real part:

SH(L) = {A).

Remark 4.4.15. (1) It is worth emphasizing again that (4.3.9) is true when L is the generator of
a positive semigroup and that (4.4.15) is true when Sr(T') satisfies the “reverse strong positivity
condition" for some T > 0 as a consequence of Lemma 4.3.11, see also Theorem 4.3.13.

(2) During the proof we use similar arguments as in [138, Theorem 5.1].

(3) When instead of (H4) and (H5) we only assume that L is the generator of a positive
semigroup, we find (L) N Ay, =0 as established in Lemma 2.1.2-(ii).

Proof of Theorem 4.4.14. Consider an eigenvalue A € C with normalized eigenvector f € X\{0},
so that ||f||=1, Lf = Af. Thanks to the complex Kato’s inequality, we have

(ReA)|f|= Resign(f)(Af) = Resign(f)(Lf) < LIf]-

We consider two cases:

When the above inequality is not an equality, we have

(ReA)([f], 1) < (LIS, 01) = ([f], £7¢1) = M{|f], 1),
and thus Rel < A\;.

When on the contrary the above inequality is an equality, then |f| is a positive eigenvector
associated to the eigenvalue Rel. Lemma 3.3.15 implies feA = A; and Lemma 3.3.16 together
with (2.1.1) imply |f|= f1. In other words, f satisfies (4.4.15) and thus f € Span(f;) from
assumption (H5), in particular A = \;. O

An alternative result is the following, where we make the alternative assumption:

(H5') a positive and irreducible semigroup S is aperiodic if it enjoys (3.2.9), namely
Vfe X \{0},Yo eV \{0}, AT >0,vr>T (S,f,6) > 0.

Theorem 4.4.16. On a Banach lattice X, consider a positive semigroup S which satisfies the
irreducibility and aperiodicity condition (H5'), and such that its generator L satisfies (C2).
Then A1 is the unique eigenvalue with largest real part.
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Proof of of Theorem 4.4.16. We introduce the notations gt = S;e~Mt and L:=L— A1. Assume
that f = g+1ih € X, g, h € Xg, is an eigenfunction associated to the eigenvalue A = A\ +ia € C,
a > 0, so that

. . ‘ 2mi .
L(g+1ih) =ia(g +1ih) = —: (g +ih),
0
for some £y > 0. On the one hand, because o # 0, we must have g # 0 and h # 0, and because of

alg,¢1) = (Lh,¢1) = (h, L*¢1) =0,

and ¢1 > 0, we have g4 # 0 and g_ # 0. As a consequence and because of (3.2.6), there exists
1 € X4 \{0} such that (g4+,%) = 0. On the other hand, we compute

Sto (g + ih) = €' (g +ih) = g + ih,
from what we deduce §t0 g = g, because S; is real. On the other hand, because .S; is positive, we
have N N
9+ = (St9)+ < Ste9+,
and next N N
(P1,9+) < (01, St,9+) = (St 01, 9+) = (D1, 9+ ),
so that the inequality is an equality (remind that ¢, > 0), and thus

§t09+ = g+
We conclude that _
(Sktog+:¥) = (94+,¢) =0, Vk =0,
what is in contradiction with (H5"). We have established that ¥, (£) = {\;}. O

We end this section with a third situation where the triviality of the boundary spectrum can
be shown as a immediate consequence of Theorem 4.2.6.

Theorem 4.4.17. We assume (X2) and there exists M > 0 large enough such that X\ — L is
invertible in B(X) for any A € C, ReX = A1, |N\|[> M. Then A1 is the unique eigenvalue with
largest real part. When furthermore the same holds for any A € C, ReA > A1 — ¢, |A\|> M and
W e K(X) then L enjoys a spectral gap.

We summarize the main results established in this section as follows.

(C3) the first eigentriplet problem (3.0.1) has a solution (A1, fi, ¢1), furthermore this one
is unique, f; > 0, ¢; > 0, \; is algebraically simples (for both £ and £*) and 5(£) = {\1}.

4.5 Ergodicity

Thanks to the above analyze, we are able to formulate some convergence results on the trajectories
associated to a semigroup.

More precisely, assuming the existence and uniqueness of the first eigentriplet (A1, f1, ¢1) for
the generator £ of a semigroup S and still denoting the rescaled semigroup Sy := et S (t), we
wish in particular to establish the following ergodic property

(CE2) for any f € X, there holds
Sif = (f,o1)f1, as T — oo, (4.5.16)

in a sense to be specified.

We start with a simple result which take advantage of some dissipativity property of the
semigroup formulated by a "reverse positivity condition". We next present some more involved
results which use directly the spectral information. It is worth emphasizing that our results in
this section do not use any spectral gap property what contrasts with the results we will present
in the next section.
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Theorem 4.5.18. Consider a positive semigroup S on a Banach lattice X such that its generator
L enjoys the conclusions (C2) of existence, uniqueness and strict positivity of the first eigentriplet
(A1, f1,¢1) and let us set S; == e M1S;. We denote Xy the space X endowed with the norm [],
with [f] := (||, ¢1). Assume furthermore that

(1) for any f € X, the trajectory (§tf)t20 belongs to a compact set of a normed space X,
with X C Xo;

(2) (S¢) satisfies the reverse positivity condition for semigroups

IS¢ f|= Silfl, YVt >0, dmplies 3T >0, Jur € S', Spf = upSr|f|. (4.5.17)
Then, the ergodicity property (CEZ2) holds in the sense of the norm of X.

Let us comment on hypotheses made in the statement of Theorem 4.5.18. Hypothesis (1) can
be obtained as a consequence of a Lyapunov (or growth) condition reminiscent of the structure
condition (HS3) introduced in Section 2.2.3 and an irreducibility condition. Typically, we
assume first

IS FII< MIfI+KIS @) flo,

with [g]o := (|g], ¥0), Yo € Y+ \{0}, what can be established under the very general condition (ii)
of Theorem 2.2.4. Next we need to be able to prove that 1y < r¢; for some r > 0. In concrete
situations, we may take 1y with compact support and then the above inequality is a consequence
of the standard strong maximum principle. We deduce

M||f|+Er(|S(t)f], é1)

<
< M fII+KEr(S@)If], ¢1)
M| fll+Er ([ f], ¢1),

I15() £l

so that (S;) is bounded. The hypothesis (1) is in fact a bit more demanding, but also quite natural.
Assume that Sp enjoys the splitting structure introduced in section 2.2.1 and section 2.2.3, so
that

S=V+K, (4.5.18)

with
Vi=Sg+-+ (SgA) NV Vs Sp  K:=(SpA)*N) xS, Sp(t) := e MS5(1).
In some applications, we typically have

V@) foll< @D foll, 1554 M| 5x0,2)< ©

with © € LY(R;) N Co(Ry), X1 C Xy compact. In that situation, we deduce (1).

Proof of Theorem 4.5.18. We fix f € X and without loss of generality, we may assume that
(f,¢1) = 0. We observe that

<‘§t.ﬂ7¢1> = <‘§t—s§sf’7¢1> < <§t—8"§8f’7¢1> = <‘§S.ﬂ7¢1>7 (4519)

for any t > s. We deduce that (gt) is a dynamical system with compact trajectoires in & and
H(f) := (|f|,¢1) is a Lyapunov functional. As a consequence, from the La Salle invariance
principle, we have
inf (|Sif —g|,¢1) =0 as t — oo, (4.5.20)
gewy

with
wy =1{g € X; (9,01) =0, Vt € R, H(S,g) = ig%%(gsf)}. (4.5.21)
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We characterize wy. Picking up g € wy, we observe that

(1Skgl, 61) = (lgl, ¢1) = (lgl, 57 1) = (Sielgl, é1), V>0,

so that N -
(Stlg|—1Sgl, 1) =0, Vt>0.

In particular, using that |S;g|< S|g|, we have

Silgl=[Sig|, Yt >o0. (4.5.22)

Because of the reverse positivity condition for semigroups (4.5.17), there exist 7' > 0 and
ur € S' such that
Stg = urStlgl.

As a consequence, by definition of the set wy, we have

0= (g,01) = (Stg, ¢1) = ur(Silg|, p1) = ur(|g|, 1).

Because up # 0, we conclude that g = 0. In other words, we have established that wy = {0}
and together with (4.5.20), we obtain (4.5.16). O

In the next variant, we formulate the aperiodicity condition in term of inverse Kato’s
inequality stated at the level of the generator instead of the above reverse positivity condition
stated at the level of the semigroup.

We present now a variant of the previous result which holds under the sole assumption (C2).

Theorem 4.5.19. Consider a strongly continuous semigroup S on a Banach lattice X such
that its generator L enjoys the conclusions (C2) on the existence and uniqueness of the first
eigentriplet problem (M1, f1,$1). We set Sy = e M!S, and we assume that the trajectories
(§tf)t20 are relatively compact for all f € X. Then we have the following convergence results.

1. If the (point) boundary spectrum is trivial (in the sense of conclusion (C3)), then the
ergodicity property (CE2) holds in the sense of the norm of X.

2. If the boundary spectrum is discrete, non-trivial, and made of algebraically simple eigen-
values, then for all f € X the projection

. 1 ¢
Of = lim =% > (f ¢
(=0 k=—¢
is well defined and B B
|Sef — SIIf||— 0 ast — +oo.

The previous result can be compared for instance to [20, Theorems 14.19], although our
hypothesises are slightly more general. Our proof is also more direct than in [20] and it additionally
provides an explicit expression of the projection on the boundary eigenspace Span(g)rez. The
proof of this result relies on the theory of almost periodic functions. The concept of almost
periodicity dates back to H. Bohr and there is a large literature on the subject. We refer for
instance to the book of Corduneanu [61] for a comprehensive introduction. There are several
equivalent definitions of almost periodic functions and we will use the following one. A function
f € Cy(R, X), i.e. a bounded continuous function from R to X, is said to be almost periodic if
the set {f(-+7), 7 € R} is relatively compact in Cy(R, X). The set of almost periodic functions
is a sub-algebra of Cy(R, X), and also the closure of the space of periodic functions in Cy(R, X).
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Proof of Theorem 4.5.19. Step 1. Let f € X. Since the trajectory (§tf)t20 is relatively compact,
we infer from [120, Theorem 8] (with U(7,t) = S; and thus no periodicity condition on U) the
existence of an almost periodic eternal solution g of the rescaled semigroup S , i.e. a function
g :R — X such that g(t +7) = S;g(t) for all t € R and 7 > 0, such that

Jim (15, — g(1)]=0.

The end of the proof consists in characterizing the function g in the two cases (1) and (2). For
A € R, we define the Bohr transformation of the almost-periodic function g by

. 1 T,
exlg) = Jim = /0 e Mg(t) dt,

which is known to exists, see [61, Theorem 3.4], since e~ g(t) is also almost periodic. Since

e~ g(t) is besides an eternal solution of the semigroup e~***S; with infinitesimal generator
Ly = L — X1 — i)\, we have that

T .
c, / e~Mg(t) dt = g(T) — g(0).

Dividing by T the above expession, and passing to the limit T — 400 and using that £, is a
closed operator, we get
Lxea(g) = 0.

In other words, we have established

Lex(g) = (M +1iN)ea(g)

and A + ¢ is an eigenvalue of L if ¢x(g) # 0.

Step 2. We deduce that if the boundary spectrum is trivial, then necessarily c)(g) = 0 for all
A # 0. By the uniqueness theorem, see for instance [61, Theorem 4.7], we get that g is constant.
Due to the conservation law (Sf, ¢1) = (f, ¢1) and the simplicity of the eigenvalue 0, we get
that g = (f, #1) f1 and the result of case (1) is proved.

Step 3. In the case (2), the boundary spectrum is discrete and given by {\; + iak,k € Z}
for some o > 0. As a consequence, any A such that cy(g) # 0 is necessarily of the form A\ = ak
for some k € Z. By the uniqueness theorem, g is then a a-periodic function which is given, by
virtue of Fejér’s theorem, by

: 1 & ‘ ikt
g(t) = lim ~3 > car(g)e™™.
=0 k=—¢
Consider (gg, 1) two positive direct and dual eigenvectors of L associated to the eigenvalue iak
such that (gg,%r) = 1. From the conservation laws (Sif, ) = (f,¥r)e’®* and the algebraic
simplicity of the eigenvalues iak, we get that cox(g) = (f, dx)gr, and the result is proved. [

We will many time apply the following variant and immediate consequence of Theorem 4.5.19.

Theorem 4.5.20. Consider a positive semigroup S on a Banach lattice X such that its generator
L enjoys the conclusions (C~2) of existence, uniqueness and strict positivity of the first eigentriplet
(M1, f1,¢1) and let us set S; := e~ 1S, We assume that X C Ll and that for some k > 1

loc

the space X* defined in (3.4.19) satisfies X* C LllOC with strongly compact embedding. We also
assume that L satisfies the reverse Kato’s inequality, in the sense that the conditions

feD(L?), 0« |fle D(L), L|f|=Re(signf)Lf, (4.5.23)
implies f = u|f| for some u € St. Then, for any f € X, there holds
Sif — fi{f, 1) strongly in Lél as t— oo. (4.5.24)
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Remark 4.5.21. Theorem 4.5.20 enjoys some strong similarities with the main consequences of
the General Relative Entropy technique developped in [171], see in particular [171, Theorem 3.2],
[171, Theorem 4.3] and [171, Theorem 5.2]. In particular, the aperiodicity condition (4.5.23) may
be compared with the fact that the first eigenvector fi is the unique (normalized and nonnegative)
vector f € X with vanishing dissipation of entropy D(f) = 0 as defined in [171] or more
generally that spanfi is the unique invariant space on which the functional D vanishes. The
present formulation is more abstract and probably more general. The drawback is the condition
Xk c Llloc with strongly compact embedding which can be avoided in [171], by using some weak
compacteness argument and the lower semicontinuity property of D. That is explained by the
fact that our proof uses rather the La Salle invariance principle (similarly as in the proof of [83,
Theorem 3.2]) instead of a entropy dissipation argument.

Although Theorem 4.5.19 deals with strong compacteness assumption, it also allows handling
weak compacteness conditions, as attested by the following variant.

Theorem 4.5.22. Consider a positive semigroup S on a Banach lattice X such that its generator
L satisfies the conclusions (C3) about the existence, positivity and uniqueness of the first
eigentriplet (A1, f1,¢1) and the triviality of the boundary spectrum. We set Sy = e MS,. We
assume furthermore that

(1) either X =Y, Y separable, and the trajectory (gtf)tzo is bounded for any f € X. We
denote by 7 the weak xa(Y',Y) topology;

(2) or X C LL (E, &, u) and we denote by T the weak topology of Lén'

In both case, the ergodicity property (CEZ2) holds in the sense of the weak convergence in 7 .

Remark 4.5.23. When instead of assumption (C3) in the statement of Theorem 4.5.22, we
assume (C2) and 5(L) is discrete and made of algebraically simple eigenvalues, then the
conclusion (2) of Theorem 4.5.19 holds in the sense of the weak convergence in .

Proof of Theorem 4.5.22. We split the proof into two steps.

Step 1. We first assume (1). Since Y is separable, we can find a sequence (¢, )n,>1 C Y which
satisfies ||p,||= 1 and span(p,,) is dense in Y. Then we can define on X the norm |||« by setting

1= D" 27 K n)l- (4.5.25)

n=1

On bounded subsets of X the topology of this norm is the same as the weak-* topology, it is
worth emphasizing

fo—f xa(Y)Y) & (sup|full<oo and ||fn— fl«— 0).

Since by assumption the trajectory (§t f) is bounded, it is weakly-* relatively compact, and so
relatively compact in (X, ||-|[«). It is also clear that the semigroup S is continuous for the weak
norm ||-||«. The normed space (X, ||-||+) is not a Banach space, but the proof of Theorem 4.5.19
actually only requires, for applying [120, Theorem 8], that the closed balls of X are complete
metric spaces, which is the case for the distance induced by ||-||«. Applying Theorem 4.5.19-(1)
then yields the result.

Step 2. We next assume (2). We consider f € X and repeating the proof of Step 2 in
Theorem 3.4.20, we get that (S:f):>0 belongs to a weak compact set of L;ﬁr We define the norm
l|I]l« by (4.5.25) for a sequence (¢n)n>1 C C.(F) which satisfies ||¢p||Le= 1 and span(p,,) is
dense in C.(E). The trajectory (S;f) is then relatively compact in (X, |-||+) and the semigroup
S is continuous for the weak norm ||-||.. We conclude as in the previous step. O
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4.6 A word about spectral analysis argument

The aim of this section is to recall some more or less classical results which makes possible to
slightly improve the conclusions of the results presented in the previous section by additionally
assume some spectral gap at the level of the operator or the semigroup. More precisely, we are
interested by some accurate versions of a partial, but principal spectral mapping theorem which
asserts that

S(EE) N At = P ENA i >0, (4.6.26)

for some k < A1, and even more precisely, we wish to establish the following geometric (or
exponential) asymptotic stability

(CE3) there exist some constants k < 0 and C' > 1 such that for any f € X, there holds

IS f = (f.o1) Al OWf — (f o) ful, YE>0, VfeX, (4.6.27)

with the decay rate function O(t) := Ce".

In order to discuss the several results we present, we recall the spliting framework
S=VAW«S, VOl HIWOlaxs e (4.6.28)

for the same k € R as above. We start by recalling the spectral mapping theorem for the point
spectrum, and its proof, which is instructive.

Lemma 4.6.24 (Spectral mapping theorem for point spectrum). For a semigroup (St)i>o0 with
infinitesimal generator L we have

Sp(S)\ {0} = ZrE) v >o.

Proof of Lemma 4.6.24. The inclusion e*P(£) € £p(S;)\ {0} is clear. Now let £ € p(S;)\ {0},
that is £ € C\ {0} such that S;f = £f for some f € X¢ \ {0}, and let A € C such that & = e
and ¢ € X’ such that (¢, f) # 0. For any k € Z we have £ = eM*2#™ and so

. : t .
0:e4MjfV&f—f:(ﬁ—A—QTﬂ)/e*Mjf”&f@.
0

If the last integral is non-zero for some k € Z, we deduce that A + Qif”
and the result is proved. Assume by contradiction that [; o= (M+2E)s Ssfds =0 for all k € Z.
This means that the continuous ¢-periodic complex-valued function s +— e_)‘5<d>, Ssf) has all its
Fourier coefficients equal to zero, which is not possible since this function is not equally zero (its

value at s = 0 is not zero). O

is an eigenvalue of £

We next present a very classical result about the exponential stability of f; which is based
on the quasi-compact semigroup framework of Voigt [242] (see also [7, B-IV-2] and [82, Section
V.3]) and which is a more accurate version of Lemma 2.1.7 and Theorem 4.2.6.

Theorem 4.6.25. Let (St):>0 be a positive irreducible semigroup on a Banach lattice X satisfying
the hypothesizes of Lemma 2.1.7, namely: (H2) holds for a constant ko € R and there exists
T > 0 such that the splitting

St =Vr+ Krp, (4.6.29)

holds with ||Vr||zx)< €T, k < ko, and Kp € A (X). Then there exists a unique solution
(A1, f1,01) to the eigentriplet and the exponential stability (4.6.27) holds (without constructive
estimate).
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Remark 4.6.26. In the splitting framework (4.6.28) the critical hypothseis Kr € (X)) may
be obtained by assuming (and proved the applications) that

W)l zx,21)S e Vt>0, X CX compact.

In fact, in many applications, we are also able to estrablish Xy C D(LP), for some 3 > 0, without
too much more work.

Theorem 4.6.25 is in fact nothing but [20, Theorems 14.18] (see also [244, Section 2],
[82, Theorem V.3.7] or [7, C-IV, Thm. 2.1 & Rk. 2.2]). We give however a short proof of
Theorem 4.6.25 since it is simpler and more direct than the ones we usual find in the literature
and in particular does not refer to subtil results about the spectrum and its essential part.

Proof of Theorem 4.6.25. First step. From Lemma 2.1.7, we already know that (H1), (H2) and
(H3) hold. Together with the irreducibility which is nothing but (H4) from Lemma 3.2.6, we
may apply Theorem 3.3.11 and conclude to the existence, uniqueness and strict positivity result
about the eigentriplet solution (A1, f1, ¢1).

Second step. We claim that (L) N {z € C, Re(z) > Ko} is also made of a finite number of
isolated eigenvalues with finite geometric multiplicity. We indeed set g := €T Since for any
A€ Bf = {z €C, |z[> By} the operator A — Vr is invertible, we easily see that A\ € B is in
the spectrum of St if and only if 0 is in the spectrum of I — (A — V) "' K7, or in the spectrum
of I — Kp(A— V)™, Indeed, solving (A — S)f = g is equivalent to, on the one hand,

(I—\=Vp)'Kp)f=(A—=Vp) g,

and in the other hand,
(I - Kr(A=Vr) YA =Vr)f =g.

So if A € ¥(S7) N Bj, then 1 € X((A — Vr)~LK7). Since (A — V)" K7 is a compact operator,
the classical Fredholm alternative (see for instance [40, Theorem 6.6]) asserts that its spectrum
is made of eigenvalues with finite geometric multiplicity, and then so does for 3(S7) N Bg,. We
can also prove, by adapting the proof of [40, Lemma VI.2], that these eigenvalues are isolated,
and thus X(S7) N B, is made of a finite number of isolated eigenvalues with finite geometric
multiplicity. Since eT>(4) € %(Sr), we deduce that X(L) N {z € C, Re(z) > Ko} is also made of
a finite number of isolated eigenvalues with finite geometric multiplicity.

Third step. We prove the existence of a spectral gap and we conclude.

Since (L) N{z € C, Re(z) > Ko} is finite, \; is simple, and the boudary spectrum of £ is a
group, we deduce the existence of ¢ > 0 such that X(£) N {z € C, Re(z) > \1 —e} = {\1}. The
spectral mapping theorem in Lemma 4.6.24 then ensures that X(S7) N {z € C, |z|> eM1=9)7T} =
{eMT} and that eMT is simple with eigenspace spanned by fi. The restriction S7 of St to the
invariant subspace X | := {f € X, (¢1, f) = 0} thus has a spectral radius smaller than e*1=9)T,
The spectral radius formula (see [221, Thm 10.13] for instance) then ensures that

Jim || Spl|V= r(S7) < X177

This guarantees, for any n € (0,¢), the existence of a constant C,, > 0 such that for all f € X |
and all ¢t >0
le™ S flI< Cye™™ || £,

and the proof is complete. O

Let us now present a variant of another classical result known as the Gearhart-Priiss Theorem
in [98, 210], see also the contributions of Herbst [123] and Greiner [7, A-IIL.7] as well as the more
constructive proof [82, Theorem V.1.11] based on techniques developed in or related to [247, 31].



4.6. A WORD ABOUT SPECTRAL ANALYSIS ARGUMENT 81

Theorem 4.6.27. Consider a positive semigroup S on a Banach lattice X such that its generator
L satisfies the conclusions (C2) about the existence, positivity and uniqueness of the first
eigentriplet (A1, f1,¢1). We assume furthermore that X is an Hilbert space and that there exist
Kk < A1 and R > 0 such that

(1) sup.en, By Re(2)ll2(x)< 00;
(11) (L) N A, C Xq(L) N Bp.
Then the exponential stability (4.6.27) holds (without constructive estimate).

Proof of Theorem 4.6.27. The spectral information (C2) and (ii) together imply (C3)
(because of Theorem 4.2.4) and that there exists * € (k, A1), such that (L) NAg« = {A\1}. The
operator £ on Xp := (vect{f1})* thus satisfies sup,en . [Re(2)lla(xy)< 00, and we conclude
thanks to [82, Theorem V.1.11]. The lack of constructivity here only comes from the fact that
our assumptions do not provide any information on the spectral gap A\ — k > 0. O

Remark 4.6.28. Except of the Hilbert space framework, the assumptions made in Theorem 4.6.27
are slightly weaker than those of Theorem 4.6.25, and are indeed established during the proof
of Theorem 4.6.25: such an information at the level of the resolvent is a bit easier to establish
than a similar estimate at the level of the semigroup. In the splitting framework (4.6.28) and its
resolvent counterpart (2.1.22), we typically only have to show

sup [ V(2)]|zx)< o0, lim sup IW(2)ll x)= 0, (4.6.30)

rk<Rez<k1 r—00 k<Rez<ki, |Smz|>r

for some k < A1, and W(z) € #(X) for any z € A,. That last claim is classical (see for
instance [113]) and we only briefly sketch the proof. On the one hand, from the first and the
last estimates, we deduce that (L) N A, C Xgq(L) thanks to Theorem 4.2.5. As in the proof of
Theorem 4.2.5 and with the usual notations, we also have

(I =W(2))Re(z) =V(2), VzeA,

where I —W(z) is invertible and ||(I —W(2)) |px)< 2 for any z € C such that k < Rez < k1,
|Smz|> R and R is large enough. We immediately deduce that the condition (i) in Theorem 4.6.27
holds.

We end this section by a more recent result which is similar to the Gearhart-Priiss Theorem
but is not restricted to an Hilbert space.

Theorem 4.6.29. Consider a positive semigroup S on a Banach lattice X such that its generator
L satisfies the conclusions (C2) about the existence, positivity and uniqueness of the first
eigentriplet (A1, f1,¢1). We further assume that £L = A+ B with 0 < A € B(X), Sg > 0 and
the associated operators V- and W defined by (2.2.14) satisfy (4.6.28) for some k < A1 and that
the resolvent counterpart W defined by (2.1.22) satisfies (4.6.30) and more precisely

sup  [[{2)*W(z) || z(x) < o0,
k<Rez<ki

with o > 1. Then the exponential stability (4.6.27) holds (without constructive estimate).

The proof of Theorem 4.6.29 is a mere adaptation of [177, Theorem 3.1] (see also [179]) and
it is thus skipped. The needed estimates are a bit stronger than those of Remark 4.6.28, but
in the applications, they are not really more demanding. They also holds at the level of the
resolvent instead of what is assumed in the statement of Theorem 4.6.25.

We conclude by emphasizing again on the fact that all the above results are not constructive.
We propose in the next part an alternative approach which is constructive.
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Chapter 5

Quantitative stability

In this chapter we establish some quantitative stability results in the spirit of the Doblin, Harris,
Meyn-Tweedie theory for Markov semigroup.

5.1 About quantified positivity conditions

We briefly discuss some positivity conditions related to the strong maximum principle and
barriers techniques. The issue is about how quantify the strong maximum principle

feX \{0}, (ki —L)f >0 imply f>0o0r f>0

or the related strong positivity of the associated semigroup. A possible way can be achieved
with the help of a barrier functions familly G C X and a second weaker (semi)norm [-] used for
normalization. Let us then introduce the two conditions

VR>0,3g:€G, VfeXy, [fl=1 [IfI<R, (5.1.1)
we have
(i) Stf > g1 (for some T' > 0)
or

(i) f > g2 if (1 — £)f > 0.
Point (ii) is a quantified version of the strong maximum principle when G C X ; and it is
always a consequence of the positivity condition (i). Assume indeed that (i) holds (for some

T > 0) and that f satisfies the requirements (5.1.1) and (k1 — £)f > 0. We then write
d

(T ) = elETNL — ) f <0,

so that
f > e(ﬁ—nl)Tf _ e—anSTf > e—angQ =: g1,

with go given by condition (i). The recipocal implication is not clear, see however Lemma 3.2.6-
(3).

Let us now make a list of possible quantified positivity conditions for a linear (and continuous)
operator A : X — X:

(P1") g0 € X1 \{0}, o € X;\{0}, Vf € X1, Af > go(f,vo) (Harris condition);

(P2") 3go € X \{0}, 3po € X,V fe X, Af > go(f,vo) (Doblin condition);

(P3') 3go € Xy, Itho € X, \{0}, Vf e Xy, Af > go(f,v0) (dual Doblin condition);

(P4") 3go € Xy, Fpo € X, |,V fe Xy, Af > go(f,%0) (strong Doblin condition).

We summarize some elementary relations between these conditions and those listed in
Section 3.2.

83
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Lemma 5.1.1. We have (P2) = (P2) = (P1), (P3) = (P3) = (P1), (P/)= ((P4), (P%),
(P2)) as well as (P4) = ((P3), (P2)).

We also have: A satisfies (P2) iff A* satisfies (PS); A satisfies (P3') iff A* satisfies (P2 );
A satisfies (P4') iff A* satisfies (P4').

We finally have: A satisfies (P2 ) implies 3go € X+\{0}, I >0, Ago > Kkgo

Proof of Lemma 5.1.1. We assume Af > go(f, o) for any f € X, and some gy € X, 1o € X/,
For any ¢ € X’\{0} and f € X, we have

<A*¢7 f> = <¢7 Af> > <¢7g0<f7 ¢0>>7

which implies A*¢ > (¢, go). We thus deduce that A satisfies (P2') (resp. (P3’), (P4)) implies
that A* satisfies (P3’) (resp. (P2'), (P4)). O

We conclude this introductory section by emphasizing on the fact (as already mentioned
above) that S, satisfies (Pi’) implies R, () satisfies (Pi’) for any A > A\j and i =1,...,4.

5.2 Asymptotic stability under Doblin condition
We start with a simple situation. We assume the Doblin condition, namely
3T >0, ¢y >0, go >0, Vf>0, Srf > go(to, f), (5.2.2)
together with the companion positivity condition
3ro >0, {¢1,90) = 70, (5.2.3)
as well as the strong additional boundedness assumption
JRo >0, &1 < Royo. (5.2.4)

When 1)y := 1 € X' C L, the condition in (5.2.4) is automatically satisfied with Ry := ||¢1|= 1.
In the case when S} enjoys a splitting structure similar to (4.5.18) and more precisely

15™ (1)l < @(t)HcéH/Ot O(t — 5)[S*(s)8lg, ds,

with © € L'(R;) N Cy(R,), we deduce that
~ ¢
1= ¢1ll=11S*)enl< O(1) +/0 O(t — s)[p1lgo ds, Vi >0.

Passing to the limit ¢t — oo, we get (5.2.3) with ry := ”@Hle Another condition can be
formulated as follows. We assume that D(£>) C L _ and the splitting property £ = A + B
with A € Z(X), Rp(\) € B(X)NA(X,) for any A > k, with kK < kg < A1, and the additionnal
regularity condition

(Rp=(\)AYN - L} — Ls, VA> K. (5.2.5)

The dual eigenvector ¢ satisfies
()\ — B*)gbl = .A*¢1, Al > K,

and then ¢ = (Rg-(A1)A*)V é1, so that (5.2.3)-(5.2.4) holds with the normalization condition
To = 1 and RO = H(RB* <)\)A*)NH‘%(L507LZO—1)'
0

We are then able to formulate a first quantified stability result.
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Theorem 5.2.2. Consider a semigroup S on a Banach lattice X such that its generator L
enjoys the conclusion (C1) on the existence of the first eigentriplet (A1, f1,¢1). We assume
furthermore the Doblin condition (5.2.2)~(5.2.4)-(5.2.3). Thenthe exponential stability (4.6.27)
in the norm [-]y, holds true, with constructive constants.

The proof closely follows the usual contraction argument in the Doblin result, see for instance
[170], [92, Theorem 11] or [50, Theorem 2.1]. We do not explicitly assume the irreducibility
of the semigroup, but the Doblin condition (5.2.2)—(5.2.4)-(5.2.3) is in many aspects a strong
positivity condition. In particular, our result implies the uniqueness of the first eigentriplet
(A1, f1,#1) and the triviality of the boundary spectrum.

Proof of Theorem 5.2.2. The two conditions (5.2.2) and (5.2.4) together imply the modified
Doblin condition
3T >0, 3g1>0, Vf>0, Srf > g1(¢1,[),

with g1 := go/Ro. Take f such that (¢, f) =0, so that (¢, fr) =1r:={($1,|f|)/2 > 0 and thus
Stf+ = g1{é1, f+) =191

We write
|STfIS [STf+ —ro1|+|STf- —rg1|= Sr|f|-2rg:.
We deduce

(01, 15711) < (S3o1, 1£1) = 2r(61,01) = (eMT = (81,91)) (1, | ).

In other words, setting Sy = e M8, we have

[ng]tfh < 7[f]¢>17

with v < 1 which depends explicitly of rg, Ry, T" and the estimates on A;. We then classically
deduce the exponential convergence in the [-]4, norm. Now, the dual condition associated to the
Doblin hypothesis (5.2.2) is

V¢EX/7 S’;’wz¢0<¢790>
In particular, the first dual eigenvector ¢, satisfies

o1 = e MTS5h1 > e M (1, 90) = e M oo, (5.2.6)

Together with condition in (5.2.4), we see that [-]4, and [-]y, are equivalent norm, and we
immediately obtain the exponential convergence in the [-],;, norm (with constructive constants).

O]

5.3 Asymptotic stability under Harris condition

The Doblin condition (5.2.2)-(5.2.4)-(5.2.3) is too much demanding for many applications. In
this section, we make the following somehow more general Harris type condition

{ET >0, VR >0, dgr > 0 such that (5.3.7)
V=0, [flI< R[fls, there holds Stf > gr[fle,
that we complement with the following Lyapunov condition

ISFI< ALK [Fo (5.3.8)
with § = Spe=M7T, vz € (0,1), K > 0. We repleace the positivity condition (5.2.3) by

Irg >0, (¢p1,9r) > TR. (5.3.9)

As we have seen several times, condition (5.3.8) is some kind of regularity hypothesis which is
natural under a splitting structure on the semigroup Sg.
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Theorem 5.3.3. Consider a semigroup S on a Banach lattice X such that its generator L
enjoys the conclusions (C1) on the existence of the first eigentriplet (A1, f1,$1). We assume
furthermore the Harris condition (5.3.7) together with the Lyapunov condition (5.3.8) and the
the positivity condition (5.3.9). Then the exponential stability (4.6.27) in the norm of X holds
true, with constructive constants.

Of course, in order that Theorem 5.3.3 really gives a constructive convergence result, we
have to establish (5.3.7), (5.3.8) and (5.3.9) in a constructive way.

Proof of Theorem 5.3.3. On the one hand, we have

[Sfls, < (SIf], 01) = (|f], S ¢1) = [flgy- (5.3.10)

On the other hand, we wish to establish the coupling property

(516 < vmlflon 1 NFII< Alfls, and (f, 1) =0, (5.3.11)

for any A > K/(1 —~yz) and some vy € (0,1). In order to do so we fix A > K/(1 — ) and we
set R :=2A. We next consider f € X, such that (f,¢1) =0 and ||f||< A[f]g,, so that

Ifel< If1I< Alflg, = Rlf+]g,-

Using the Harris condition (5.3.7), we deduce

Sfy >9gr, V= %e’)‘lT[f]d,l.
Similarly as in the proof of f of Theorem 5.2.2; we next compute
SFI< |SFy — Vgrl+|Sf- — Igrl< S|f|-29gr
and then

[Sfloy < (SIf|-20gR, 1)
= {|fl,S*¢1) — 20(gR, 1)
= (1= {gr, 01))[flsr>

which in turn implies (5.3.11) with vz := 1 — e™®Trp.

Now, the two estimates (5.3.10) and (5.3.11) together give

1l —m
[Sfloy < vulfloy + = IIfIl (5.3.12)
From (5.3.12) and the Lyapunov condition (5.3.8), we deduce that

Uttt = Mun

n._ [ IS"7] _(n K
U" = <[Snf]¢1> and M := (1_2}[ ’YH>'

The eigenvalues of M are

with

1
ft = §(T:|: VT? —4D),

with
T:=trM =~ +vu, D:=detM =~ryg—(1—n)

N2
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‘We observe that
yoya > D >vypvw — (1 —=vg)(1 =) =T — 1,

so that
(vir —y0)? =T? —dypym < T? —4D < T? —4(T — 1) = (T — 2)?
and finally
a = max(|py|, |p—|) < max(ym,vr,|T —1],1) = 1.
We conclude that | M"||< o, from what we immediately conclude. O

5.4 The weak dissipativity case

In this section, we consider a weak dissipative semigroup (S;) as considered in Section 2.2.3 and
in a sense we make precise now. We consider four Banach lattices X3 C Xy C X7 C Xy = X.
We first make the same kind of Harris type condition as in the previous section, namely

Hypothesis (H) (Doblin-Harris) condition (5.3.7) holds for the same time 7' > 0 and for
both norms ||-||= ||-||x, and [|-||= ||-||x, as well as the companion positivity condition (5.3.9)
holds;

Instead of the strong Lyapunov condition (5.3.8), we assume

Hypothesis (L) (weak Lyapunov) there exist a constant K > 0 such that

I8 1+15£1lo
18151511

||f||1+K[f]¢17 vaXL

<
< Hf|’3+K[f]¢17 Vf € X3,

with S = Sre~MT,
Hypothesis (I) (interpolation) there exists an increasing function £ : Ry — Ry, A +— &),
such that
M N lo+Exlflls, YA >0, &/A—0 as A — 0.

Theorem 5.4.4. Consider a semigroup S on a Banach lattice X such that its generator L enjoys
the conclusions (C1) on the existence of the first eigentriplet (A1, f1,¢1). We assume furthermore
the three above conditions of weak confinement (L), Doblin-Harris strong irreducibility (H) and
interpolation (I). Then, there exist some constructive decay rate functions © and © such that

15" fllx S O fllxas ¥m > 1, (5.4.13)

and

IS IS O fllxss ¥n>1, (5.4.14)
for any f € X3, (f,$1) = 0. More precisely, the decay rate functions © and O are defined by

O(t) == inf Oc(t),  O(1) := 1O([t/2), (5.4.15)

for a constructive constant ¢ € (0,1), the infimum being taken over all the decreasing function
ARy = Ry, t— A, and ©y is defined by

O(t) = inf (e + %). (5.4.16)

The proof follows closely the proof of [50, Thm 4.8]. We start with the following key argument
of non expansive mapping result on a well chosen norm.
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Proposition 5.4.5. Consider a positive semigroup (Sy) which satisfies both above conditions of
weak confinement (L) and Doblin-Harris strong irreducibility (H). There exist some equivalent
norms ||-|l1 to |||l and ||-|s to ||-||3 such that Si is a non expansive mapping for the two new

norms ||-||l1 and ||-||s. More precisely, there exists o > 0 such that
ISFIh+allSflo < Wfll, Ve Xy, (fid) =0, (5.4.17)
IS flls+ellSfllz < lIflls, VS eXs, (f,¢1)=0. (5.4.18)

Proof of Proposition 5.4.5. We define

£ = [flgy + 0l fllo+B1 f1l1, (5.4.19)

with 8 > § > 0 conveniently chosen. We take 8 := (1 —yg)/K, § := (1 —yg)/A. We define
[I-llls in the same way. In what follows, we then only establish (5.4.17), the proof of (5.4.18)
being exactly the same.

We fix f € X1, (f,¢1) =0, and we recall

[Sfls: < [flor- (5.4.20)

We also recall that from (5.3.11), for any A > 0, there exists yg = yu(A) € (0,1) such that the
following coupling property holds

[SHlsr <vmlflor it [ £ll0< Alflr- (5.4.21)
We fix A > K and we observe that the following alternative holds
[ fllo< Alflg, (5.4.22)

or

1fllo> Alf]g,- (5.4.23)

Case 1. Under condition (5.4.22), we use (5.4.21) and the first estimate in (L), and we deduce

1S £l

[SF)r + 311S S lo+BIIS Il )
< yulflo + Bl fI1+BK[flo, — (5= D)IISSllo

From our choice of § > 0 we have vy + K = 1, and we conclude that (5.4.17) holds with
a:=06-96>0.

Case 2. Under condition (5.4.23), the first Lyapunov condition in (L) implies

~ ~ K
IS FUHS Fllo= 1Al | llo-
Together with the non expansivity estimate (5.4.20), we get

1S fler + BISFIi+BISfllo< [fls, + BIF I+ fllo,

and we conclude to (5.4.17) again. O

The subgeometric convergence result is a straightforward consequence of Proposition 5.4.5
and an interpolation argument.

Proposition 5.4.6. Assume that S satisfies the hypotheses of Theorem 5.4.4. Then (5.4.13)
and (5.4.14) hold true with the same decay rate functions © and © given by (5.4.15) (up to a
modification of the constant C).
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Proof of Proposition 5.4.6. We recall that we have already proven (5.4.17) and (5.4.18). From
(5.4.17) and the interpolation condition (I), we deduce

IS Flli+AllSF < WF ll+exadl S s

We observe next that from the very definition of the |||-|||; norm
~ a ~ ~
IS+ NSl = ZXS Sy, 2y =1+ wA € (1,2],
for some x > 0 and any A € (0, \g), Ao > 0, and that from the very definition of the [||-|||3 norm

abx[[Sfls< BEMISS 3,

for some B > 0. The three above estimates together imply

2SIl I l+BENS S s.

Using the second estimate (5.4.18) and repeating the same proof, we have

Zy o IS™ I NS™ Fllli+Bén, N £l

for any n > 0 and for any A,41 > 0. The discrete Gronwall lemma implies
- n
1S™ £l < Al flli+ D Arnén Bllflls, - ¥n >0, (5.4.24)
k=1
where we have defined
n n
An = H ag, Ak,n = An/Ak = H a;, a; 1= Z;ll
k=1 i=k+1

Observing that

" t
App S " TN DA wieh A= [ A, ds
0

~

and A\s := \; if s € (i — 1,1], we immediately conclude that the first estimate (5.4.13) holds true.
We come back to the first inequality in (5.4.17) that we iterate and sum up in order to obtain

n

IS Flla > 15* Fllo< IS £,
k=[n/2]+1

for any n > 1. Together with the non expansion inequality

15" flgr < [ floy SUS*fllo. Vn =k,
and the first estimate (5.4.13), we deduce

(n = [n/2] = DalS" fls, < O([n/2))|£l3,

which is nothing but (5.4.14). O
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Chapter 6

Application to Diffusion models

In this part, we consider a general elliptic operator in divergence form
Lf = 0,(aij0if) + bidif + 0:(Bif) + cf, | € Hy(9), (6.0.1)

where  C R? is a bounded domain (i.e. an open and connected set) or = R? and for
simplicity we always assume d > 3. We also always assume at least a boundedness and ellipticity
condition on the (a;;) matrix, namely

ai; € L°(Q), v >0, V&€ € R, a;;6:¢ > v|¢)?, (6.0.2)

and some conditions on the coefficients b;, 3; and ¢ which will be described below.

We aim to establish the existence of (A1, f1, ¢1) solution to the first eigentriplet problem
MER, 0< fieHy, Lfi=Mfi, 0<¢1€Hy, L1 = Mo, (6.0.3)

and the existence of some (constructive) reate function © such that the rescaled semigroup S
associated to the generator £ = £ — A\ satisfies

IS@)f = (f.61) fill o< O f — (f, b1) full s (6.0.4)

for any t > 0 and any f € H, with H C Hy C L?.

6.1 Diffusion with rough coefficients in a bounded domain

In this section, we consider the general elliptic operator in divergence form (1.2.8) in the case of a
bounded and smooth enough domain  C R? with general elliptic condition on a;; as formulated
above. We further assume

bi,B; € L"(Q), ceL'*Q), r>d, (6.1.5)

as well as
c+divB < ¢y and c¢—divb < ¢, (6.1.6)

for some ¢y € R.

In that situation, the first eigentriplet problem (6.0.3) in a slightly less general framework
(all the coefficients belong to L*°) is considered in [156]. We explain with all details the existence
proof by following more or less the arguments presented in [156] and next we present a proof of
the geometric part and the stability part by taking advantage of the abstract material developed
in the previous sections. It is worth emphasizing that our proof of the uniqueness of the first
eigenfunction significantly differs from the one presented in [156] which is based on a dissipativity
argument, probably related to the reverse Kato’s inequality condition. The framework considered
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here is the usual generalized solutions or weak solutions framework which goes back at least to
Stampacchia [226, 225], but it is reminiscent of previous contributions by Friedrichs [91, 90],
Garding [96], De Giorgi [68], Nash [192], Morrey [184], Moser [186, 187, 185], Ladyzhenskaya,
Solonnikov, Ural’ceva [148, 146], Oleinik, Kruzhkov [196] and many others. Lot of the functional
arguments are picked up from the book of Gilbarg and Trudinger, and more specifically from [104,
Chapter 8], and also in recent notes by Kavian [137] and Vasseur [239]. It is worth emphasizing
that the present analysis does not apply directly to elliptic operator in non divergence form,
although this framework is considered in [156]. We expect that all the results developed below
can be generalized to a non divergence form framework, for example the one developed in [23],
but we do not follow this line of research in the present work.

The proof of (6.0.3) and (6.0.4) are straightforward consequences of the abstract results
developed in the previous sections once we have been able to check that the corresponding
hypotheses are fulfilled. In the sequel, we will then show how these hypotheses are met in the
present context.

Condition (H1). We recall that a weak (or variational) solution to the elliptic equation
Lf=geH(Q), feH(Q),
is a function f € H}(Q) such that
De(f,w) = (g,w), Vw e Hy(Q), (6.1.7)

where the (negative) Dirichlet form D/ is defined by
Delfow) == [ (aydhf + Bif)ow + [ (bidifw+cfw),
for any f,w € H}(£2). Most of the time, we will simply write

(Lf,w) = (g,w), Ywe H&(Q), (6.1.8)

instead of (6.1.7). For the reader convenience, we repeat here some estimates picked up in [225].
For A € R and f € H}(Q), we start with

(N=L)f,f) = /Q a0 O, + /Q (Bs — b)Of f + /Q (A —o)f?

> || fel T AvIV T2 =18 = Ol 2l V £ ll 2=l 72 +Al £ 112
v 1
> Hf\/C—H%z+§\lvf||%2—5!\!ﬁ — bl flIZ=IVer flIZ+ AN N2

using the Cauchy-Schwarz inequality and the Young inequality, and next

v M
(A=0), ) = IIf\/CfII%ﬁZIIVfH%er()\ —9, " MY £1132
v 1
+ZCQ||f||%2* —5, 16 = b1 js b= fll72—lver e, >m 17

v M
£ Vel IV Az = o = M) FZ2

2v

v

v 1
JF(ZCQ - 5”\5 - b|1\5—b\zM||%d*\|c+1c+2M||Ld/2)”f”%z*7

using the Sobolev inequality (with associated constant Cq) and the Holder inequality. Choosing
M > 0 large enough in such a way that the last term is positive, and next «; > 0 large enough,
we deduce for instance that

(A= 0f, ) 2 If Ve lZat IV AR A 72 VA2 mr (6.1.9)
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Thanks to the Lax-Milgram theorem and the above coercivity estimate, we deduce that A — L is
invertible, and more precisely the mapping (A — £)™1 : H=1 — H}(Q) is well defined. We also
claim that A — £ enjoys a weak principle maximum, and more precisely

feHQ), A=L)f>0 imply f>0. (6.1.10)

Indeed, for such a function f € H}(Q), we take w = f_ € H}(Q), as a test function, and
elementary Sobolev space calculus together with the previous estimate yields

0 < (A=LO)f. f-)=—(A=L)f- f-)
v
< Vel =4IV =172 < 0,

so that f_ =0 and f > 0. We thus deduce (A — £)~!': L2 — L? | and from J.-L. Lions theory
on parabolic equation (see for instance [155, Chapter 3]), we next deduce that £ is the generator
in L? of a positive semigroup S¢, so that (H1) holds. It is worth emphasizing at this point that
the semigroup S built thanks to Lions’ theory is defined by S(t)fo = f for any fo € L?, where
fe&:=0C(0,00); L*) N LE ([0,00); H}) N HL ([0, 00); H1) is the unique (variational) solution
to the equation

(D)9~ (osgOsz = [ (@09, 1) srov sy + DS ), (6.1.11)

for any T'> 0 and g € £. Choosing g = f in the above equation, we classically compute

1 1 t
S5 fola— [ Des, pas =0, ve>o,
which together with (6.1.9) imply

1/t t) — t t
L[ v < - LOZR IO Py ppas, vis o
0 0

When fy € D(L), the RHS is bounded and there thus exists a sequence ¢, — 0 such that
IV £(tn)| 2 is bounded. That implies fo € H}(Q) and thus D(£) C H}(Q). Similarly, we may
consider the dual Dirichlet form D*(f, g) := Dr(g, f) and build an associated positive semigroup
S* thanks to Lions’ theory discribed above. More precisely S*(t)gy = g for any ¢ > 0 and
go € L?, where g € £ is the unique (variational) solution to the equation

(90 FO)12 — (00, 7Oz = [ 10T 0)m1 my + D" (.},

for any t > 0 and f € £. Now, we fix T > 0, gr € L? and we set g(t) := S*(T — t)gr, so that g
is a solution to the backward evolution equation

—og=L"g, g(T)=gr,

with
ﬁ*g = 8]'(@1']'61'9) — az(bzg) - @@g + cg.

The variational formulation of this last problem is

T
(97, @z = (0O Oz = [ {Ouf.9)r.my — D'lg. D}ds, (61.12)

for any f € £ Summing up (6.1.11) and (6.1.12) with f(¢t) := S(t)fo for fo € L? and
g(t) :== S*(T — t)gr for gr € L%, we deduce

(S(T) fo, 97) 12 = (S™(T)gr, fo)L2-
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In other words, we have established that S* = (Sz)* and thus that £* is the generator of the
semigroup S*.

Condition (H2). Let us consider a ball Bg, R > 0, such that By C Q and next the
solution

fo € HY(Q), (k1 —L)fo =15, (6.1.13)

which exists from the above discussion. We next recall some classical results. On the one hand,
from [226, Section 3 & Section 4] or [104, Theorem 8.15] (see also the original papers [68, 192,
186]), the following global L> De Gorgi-Nash-Moser type estimate

[ f+ oo @) S N+ lz2 9l 2y (6.1.14)

holds for any subsolution
fEH) (), (A-L)f <geLl*Q).
The local estimate variant [104, Theorem 8.18] (or weak Harnack inequality)

[ f e (Bor) S i]glf fHlglprr@, Ypell,27/2), (6.1.15)
R

also holds for a nonnegative supersolution
feHYQ), f>0onBircCQ (A\-L)f>geL*Q),

from what one deduces that a strong maximum principle [104, Theorem 8.19] holds, and more
precisely, for any f € H}(2), we have

Lf<0inQ, f>0inQ imply f=0or f>0a.e. in . (6.1.16)

When indeed f # 0, we may choose Byr C 2 such that || f|[11(p,,)> 0 and thus infg, f >0
from (6.1.15) (with g = 0). We conclude that f is positive thanks to a connexity argument.
Although the statements in [104, Chapter 8] are written assuming L> bound on the coefficients
b, 3, ¢, it is observed at the end of [104, section 8.5] that the theory may be extended under less
restrictive conditions on the coefficients as those assumed here. This theory is developed in [226]
although the above strong maximum principle is not explicitly written. On the other hand, the
following Holder regularity estimate [226, Théoréme 7.1] and [104, Theorem 8.29] (see also the
original papers [68, 192, 186]) of De Gorgi-Nash-Moser type

[fllee@< ClIA = L) flliea (6.1.17)

holds true for some o = (a;;) € (0,1) and C > 0. These last two pieces of information together
and the fact that fy # 0 imply that there exists a constant # > 0 such that fo > 01p,, and thus

Lfo > (k1 — 071 fo.

That is condition (i) in Lemma 2.1.4, so that condition (H2) holds thanks to Lemma 2.1.4.
Presented in that way, the above estimate is not really constructive, but the constant 6 :=
infp, (k1 — £)"'1p, can also be considered as a geometric quantity associated to geometric
properties of the operator and the domain.

First constructive argument for (H2). In the case when L is self-adjoint, that corresponds
to the case a;; = aj; and b; + 8; = 0, we classically know (that has been recalled in Section 2.1.3,
see (2.1.34)) that

e (LD
2
= rexevoy /] feHHllfl\Lz 1

[ Vs Vi +er?),
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from what and the Sobolev imbedding, we get

A1 > inf (WCq — le— 1o sarllpas) || fl|2es =M} > —M,
f€H5’||f||L2=1{ c-= HL ‘ ’Lz }

by choosing M large enough. That gives an explicit lower bound on ;.

Second constructive argument for (H2). We give another constructive argument
without assuming any self-adjointness property. We rather assume

(0ibi — )+ € MY(Q), b+ Bi — Djaij € M (Q). (6.1.18)

We fix ho € CZ() such that colp, < ho < colp,,,, with Bs, C Q and Aol 2= 1. We next
define fj as the (positive) solution to

fo€ Hy(Q), (k1 —L)fo= ho, (6.1.19)

so that fop € C*(Q) from (6.1.14) and (6.1.17), and similarly

fo € Hy(Bsp), (k1 —L)fo = ho, (6.1.20)

so that fo € C*(By,) from (6.1.14) and (6.1.17). We observe that 0 < fo < fo thanks to the
weak maximum principle. We then compute

L= llhole= [ ot = £)fo = [ Fote = £9ho < Ialle= k1 = £hollan,
Bs, Bz,

where the last term is finite because of the additional hypothesis (6.1.18). We conclude to a
first constructive lower bound | fol|Lo(B,,)> ¢1 > 0. Because of the Holder continuity, we also

have Hﬁ)Hp(sz)z co with constructive constante ca = ca(c1, ,d) > 0. Thanks to (6.1.15) (with
g = 0), we obtain

fo = 1p,, iBI;fpfOZlepCWHHfOHLl(BQp)

v

18,, Cwr |l foll 11 (Bs,)> Cuwrcacyho.

Because all the inequalities are constructive and proceeding as above, we deduce that condition
(i) in Lemma 2.1.4 holds and thus also (H2) with constructive constant g := 1 — C 3¢5 co.
Finally, because of (k1 — £)fo = 0 on Q\By,, we may apply the Harnack inequality [104,
Corollary 8.21], and we classically deduce there exist constructive constants C' > 0 and C, > 0
for any o > 0 such that

Coly, < fo < C, (6.1.21)
with w, 1= {x € Q; 6(z) > o} and 6(x) := d(z, Q) is the distance to the boundary function.

We can also get a constructive argument for (H2) by asking that condition (i) in Lemma 2.1.4
holds. We may for instance verify that the dual counterpart of the above constructive argument
holds when (c+ 8;5;)— € M*! and b; + 3; + Oja;; € M L. More precisely, we establish in a similar
way as above that the solution to the problem

Yo € Hy(Q), (k1 — L )ho = ho, (6.1.22)

satisfies
Koo < Lo < k1o, (6.1.23)

for some constructive constants ko < k1. Similarly as above again, there exist constructive
constants C' > 0 and C, > 0 for any ¢ > 0 such that

Cyly, <t < C. (6.1.24)
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Third constructive argument for (H2). We write
Lf = a;05f + bioif + éf, (6.1.25)

with b; := b; + Ojaj; + B; and ¢ := c + 0;3;. We further assume Ei,é € L. In that case,
we may also obtain an explicit lower bound on A\; by proceeding in the following way. We
define fo(z) := x(|z]) with x € CZ(Ry) N W>*(Ry), Ljg1/5 < x < Ly, X' < 0 on [0,1],
x(s) :=n%(1 —s)?/2 on [tp, 1], tn, := 1 —1/(2n), for some n > 1 to be chosen. As a consequence,
X" =n?% on [1n, 1], [X'|< n on [1,,1] and x > 1/2 on [0, ¢,,). Denoting s := |x|, we compute

A 0ij — Ti%j | | 2 . N
£fo = iy (X" ()23 + X' ()"} 4 B(a) - 8 (5) + ) ().
For n large enough, we get

Lfy > n*v—n2A—-nB—-C>0 on Bi\B,,,
Lho 2 —A{Nli=+IX()/sli=} — BIXllz~—C > rox on B,

with A := [la|| po (), B = HEHLOO(BI), C = [|¢| o (B,) and Ko € R_. As a conclusion, we have
again established condition (ii) in Lemma 2.1.4, so that condition (H2) holds.

Fourth constructive argument for (H2). We present a last situation when we are able
to prove a quantitative version of condition (H2). We assume that a € C°(Q), div3 € L"/2,
as well as b; € L" and ¢ € L"/? in the definition of (6.1.25). We define hy and fp as in the
second constructive argument for (H2), so that (6.1.18) holds. Choosing p € (1,2) defined by
1/p:=1/r+1/2>2/r +1/2*, we observe that

K1 fo = bi0ifo — &fo = holle S wll foll LaHl1Bill £ 18 foll LHl1Ell ozl foll g2 + Il ol 2

S lhollze,

from equation (6.1.19) and the coercivity estimate (6.1.9). From the Calderon-Zygmond regularity
theory [47] or [104, Theorem 9.14], we also know that

I follw2r ) S llaiid3 follLr - (6.1.26)
Writing aijafj fo = k1fo — bid; fo — éfy — ho and using the two above estimates, we deduce

1 follwz1@) S 1hollz2@)- (6.1.27)

On the other hand, from (6.1.8) and the Poincaré inequality, we have

1= ||hol|72= (k1 — £) fo, ho) S IV foll 2|V ho| z2-

Together with the estimate (6.1.27) and the Gagliardo-Niremberg inequality

1/2 1/2
IV Fll2S ID2 A2 A2,

we obtain a lower bound || fo||r=> Cp > 0. We then conclude as in the second constructive
argument for (H2).

Condition (H3). Because of Rellich-Kondrachov theorem on the compact embedding
H} C L2, the mapping (A — £)~! : L? — L? is compact for any A > k1. As a consequence,
introducing the splitting £ = A + B with A := k1 — k5, kg € R arbitrary, the operator
Rp(\) = (A + K1 — kg — L)' is bounded unformly on A > kg and it is compact for any A > k.
We deduce from Lemma 2.1.8-(2) that (H3) holds for both the primal and the dual problems.
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We may thus apply Theorem 2.1.20 and deduce the existence of a solution (A1, f1,¢1) to the
first eigentriplet problem

MER, 0<ficHY Lfi=Mfi, 0< ¢y € HY, L1 = Mo, (6.1.28)
where both equations must be understood in the variational sense as a consquence of the
discussion at the end of the proof of condition (H1).

Condition (H4). The strong maximum principle holds as already mentioned in the
paragraph dedicated to condition (H2). As a consequence and thanks to Theorem 3.3.11, we
know that the first eigentriplet problem (6.0.3) has a unique solution (A1, f1, ¢1) which satisfies
fi>0,¢1 >0, N(L— \)* = Span(f;) and N(L* — \1)¥ = Span(¢1) for any k > 1.

Condition (H5). Consider f € D(£>) such that 0 < |f|e D(L>) and

L|f|= Re(signf)Lf,
so that multiplying both term of the equation by |f| and integrating, we have

Re(Lf, f) = (LIf]1f])-

We next compute
Re(lf.f) = = [ arRe@;fouf) + [ (b= BoRe(fou) + | el
and

(LIS = = [ awsdslF1oul 7+ [ (o = BORe(FOLE) + [ clf P

where in the last equality, we have used that 0| f|= ﬁ?ﬁe( fOrf). From the three above equations,
we deduce

/Q a1 (05111061 |~ Re(; £01.F)] =

Introducing the real and complex part decomposition f = u + iv, and similarly as in [138, Proof
of Theorem 5.1], we next compute

8'|f|8k|f|_%e(a‘f8kf)

|f\2 [uv(Ogudjv + Opvdju) — u*djudv — v*d;judyul

]f\Q (udjv — voju)(udRv — vORu),
so that from the ellipticity condition on a, we have uOgv —vdpu = 0 a.e. on €. On the other hand,
from De Girogi-Nash-Moser regularity estimates (6.1.14) and (6.1.17), f has Holder regularity.
In particular both functions v and v are continuous. Because |f|# 0, one of the two function
is not identically vanishing, say for instance v # 0. There exists some points zy € €2 such that
v(zg) # 0, say for instance v(zg) > 0. Denoting by w the connected component of the set
{z € Q; v(x) > 0} containing xy, we have V(u/v) = 0 on w. Hence u = arv on w for some a € R,
which implies that there exists o € S! such that f = o|f| on w. If w # Q, we would have |f|= 0
on dw N Q # O, which would be a contradiction with the fact that |f|> 0. We conclude that
w =  and thus that f = o|f|, which is nothing but the reverse Kato’s inequality condition
(H5).

At this stage, we may use Theorem 4.4.14, in order to get the conclusion (C3) on the
triviality of the boundary punctual spetrum.

In order to go one step further and establish the asymptotic stability of fi, we may use the
two following approaches which are consequences respectively of Lemma 6.1.1 and Lemma 6.1.2.
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Lemma 6.1.1. For any R > 0, the set
K:={feDL); [f] <R, [Lf] <R}
is strongly compact in LL (), where [g] := ||g||L(1b1.
Proof of Lemma 6.1.1. Consider f € K so that f € H}(Q) and
0i(aij0; f) + bidif + 0i(Bif) + cf =g € L*(Q).

From the renormalization theory of elliptic equations and the GRE trick (see for instance [171]
and the references therein) for any renormalizing function H € C?(R), there holds
H"(u) fi¢praVu-Vu = div(iagV(H (u)f1)) — div(f1H(uw)aVer)
+div((b + B)H (u) frér) + gH' (u) fién,
with u := f/fi;. Considering H € W% the even (and convex) function such that H(0) = 0

and H" := 1j, 11}, so that in particular |H'(s)|< 1, and integrating the previous equation, we
deduce

v[ Vo< [lolfion < | fillieR
ul€[n,n+1]

We proced along the line of the proof of [32, Theorem 1]. For a fixed w CC €, we define
B, = {z € w; |u(z)|€ [n,n + 1]}. Using that f; > 0 and ¢; > 0, there exists a constructive
constant C,, g > 0 such that

/ Vu|>’< C%, ¥n>0.
Bn
From the Cauchy-Schwarz inequality, we have

/ Vu|< Comeas(Bn)"2, Vn > 0. (6.1.29)

n

On the other hand, denoting by 1* := d/(d — 1) the Sobolev exponent, we have

* * 1/2
[ 1wuls Cun(n [ )
B Bn

Summing up and using the Cauchy-Schwarz inequality again, we have

1\ Y/ N\ 1/
E/Bn\Vu! < Cw,R(T;n 1 )1 2(7;/1971'”’1 )1 ’
< Con(X ) Pl

n>1
Together with (6.1.29) for n = 0, we deduce

IVull ) < CLop(1 + [ Vull 13-

Because 1*/2 < 3/4 < 1 (recall that d > 3), we can kill the last term, and we obtain the estimate

IV(f/ )l < C", Vfek,

for some constant C” := Co’j’ r > 0. We classically conclude thanks to the Rellich-Kondrachov
theorem. O

From the above lemma and Theorem 4.5.20, we deduce that S(t)f — (f,¢1)f1 in the Léﬁ

norm sense as t — oo for any f € L?(£2). The alternative approach is based on the following
result.
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Lemma 6.1.2. Seiting k := kg — 1, there exist A, a, R > 0 such that

(i) sup.ea, <y>aHRB<Z)H33’(L2;Hé)+SupzeAn\BR”RC(Z)HEE(LZ;H(%)< 00,
(il) Z(L) N A, C ¥4(L£) N Bg,
where B:=L— A and z=x+ 1y, x,y € R.

Proof of Lemma 6.1.2. Let us consider an a priori solution to the stationary problem
feH), z=z+iyel, (L+z)f=gelL’
This one satisfies

’*/(avf+ﬂf)~Vf+/b'vff+(c+z)|f|2’:‘/gﬂ'

Using the elliptic condition, the Cauchy-Schwarz inequality and triangular inequalities, we get

[ o

Vv

|[aVsvi+ (et o) +iplf P = | [b-VIF = BF VI + (e a)- I
> U9 A+ — ) (B HBD P29 Lo e

Using next similar arguments and those introduced in the paragraph dedicated to condition
(H1) and with similar definition for the constant M := M (b, 5,¢) > 0, we deduce

- |yl v
[of] = (& —a = M)+ 51011
Defining the sectorial set
S:={z=a+iyecC; |y|>2z_+ M},

we have established the a priori estimates

Yy _
W a2y,

e < &
Vel < 228 a2,

for any z € S. We classically and immediately deduce that p(£) D S and the resolvent estimate
”RL(Z)H,%(LZ,Hé)g (‘—g' —x_— M)y (l%‘ —x_ — M) Y4 for any z € S, and in particular the
estimate (i) holds true.

On the other hand, because £ has compact resolvent as established just above or during the

proof of (H3) and using the Fredholm alternative, we have ¥(£) = ¥4(£) and (L) N Ay is
finite for any x € R, what is nothing but the property (ii). O

From the above lemma and Theorem 4.6.27 or Theorem 4.6.29, we deduce that S(t)f —
(f,¢1) f1 in the L? norm sense as t — oo for any f € L?(Q) with exponential rate.

We may summarize our analysis in the following result.

Theorem 6.1.3. Consider the elliptic operator (1.2.8) in a bounded domain and assume that
the coefficients satisfy (6.0.2), (6.1.5), (6.1.6) and (6.1.18). Then the conclusions (C3) holds as
well as (CE2) in Lén norm and (CE3) in L? with non constructive rate.
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It is however worth emphasizing again that the above approach is definitively not constructive.
We propose now an alternative approach which is constructive.

Quantitative estimate of stability.

Using the Doblin-Harris type approach presented in Section 5, we are able to establish a rate
of convergence to the principal dynamic, at least in a regular framework. We thus make some
regularity assumptions on {2 and additional regularity assumptions on the coefficients.

- For the domain, we asssume that that there exist constant rq > 0 such that for any x € 2
there is y € Q such that x € B(y,rq) C Q, in particular, for any x € 99 there is y € Q such
that x € 0B(y,rq), B(y,mq) C 2. We also assume that Q is C1:1.

- For the coefficients, we assume a;; € C(Q), b;,é € L>(Q), where b; and ¢ are defined in
(6.1.25).

Theorem 6.1.4. Consider the elliptic operator (1.2.8) in a bounded domain and assume that the
assumptions of Theorem 6.1.3 hold togetrher with the additional reqularity assumptions on the
coefficients and the boundary. Then the conclusion (CE3) holds with constructive exponential
rate.

The proof of Theorem 6.1.4 follows from Theorem 5.3.3. We split the proof into several steps.

- Step 1. Regularity estimates. Thanks to De Giorgi-Nash-Moser regularity technique
for parabolic equations developed for instance in [147] (in Russian), [237, Theorem 1.3, Theorem
2.2] as well as more recently in [137, Lemma 2.7] and [114, Theorem 1.1], there exists o =
a(ai;) € (0,1) and for any T7 > Tp > 0 and any ¢ € (0,1), there exist constructive constants
Ci = Ci( fllpgerz, T, 7,7) such that any solution f € L*>(0, oo; L?(2)) to the parabolic equation
O f = Lf satisfies

[ fllzee (om0 < Crs [ flloa (o mxwe) < C2s (6.1.30)

with w, = {z € Q; d(z,0) > r}. More precisely, in order to establish the second estimate in
(6.1.30) with constructive constant, one may observe that the proof of [114, Proposition 2.4]
may be repeated in order to get that solutions to the parabolic equation considered in the
present framework fall into De Giorgi classes as defined in [114, Definition 2.3|, and thus [114,
Theorem 1.1] applies.

On the other hand, in this context and because of the regularity assumptions, we may establish
a more accurate regularity estimate. More precisely, by gathering the Sobolev inequality and the
Calderon-Zygmond estimate (6.1.26), we obtain the classical constructive regularity estimate

[ullcor @) S Nullwzar o)< (k1 — L)ull Lari o) (6.1.31)

see for instance Theorem 7.10, Theorem 7.25 and Lemma 9.17 in [104]. Iterating the same kind
of arguments, we get
ullgoa )< Cll(s1 — £)Ful 20, (6.1.32)

with constructive constants C and k.

- Step 2. Harnack estimate. We claim that for any 0 <ty < T and g > 0, there exist a
constant C'z > 0 such that, for any fy € L?, the associated solution f := S, fy satisfies

sup fi, < Cpinf fr. (6.1.33)
wo Wo

The proof mainly follows form Aronson-Serrin [10] (see also [185, 128, 130, 143, 129, 236, 237,
144] for similar results). First, we know from [10, Theorem 3] that

max f < C'min f, 6.1.34
Q*(p)f_ Q(p)f ( )
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for any p > 0, t > 0 such that Q*(3p) C (0,00) x 2, where Q(p) := [t — p?,t] x C(p), Q*(p) :=
[t —8p% t —Tp?] x C(p) and C(p) is a cube with length p. To avoid techmcal issues we assume
that w, is convex. In other case, the geometrical condition given above implies that there is
N € Z4 such that any two points x,y € ) can be connected by a polygonal path of at most
N segments, and we can argue as follows for any segment. We define D := sup, ycq d(a, b) the
diameter of Q and we choose ' < ¢/7 such that

7({2%J + 1)) < T —t.

For any z,y € w,, we also define N, = L\xr;/ylj Since w, is convex, ' < p/7, we have that the
familly of cubes {C(z;,2r")}i=o n. of center x; and length 2+’ for z; = = + W satisfy that
C(z4,6r") C Q and C(x4,2r") N C(x441,2r") # 0 for any i =0,..., N.. Asa consecquence, we can
apply Aronson-Serrin estimate (6.1.34) for each cube to obtain

max f;;, < Cyv min f;
/ " C(xi,Qr’)f

C(xi,2r") i

with ¢; = to + 7i(2r')%. Taking y; € C(z;,2r") N C(x;41,2r"), we deduce

2
max ft < CQT’ min ft1+1 S 02’!" ftz+1 (yl) < CQ’I‘ max fti+1 S 027-’ min ft1+2
C(z,2r") xi,217) C(xi+1,2r") C(xit1,2r

By induction, we obtain

fto( ) < C(I;lﬁg(r ft1 < CQT C(mln ftN — C2r fth( )

with ty, =ty + 7N.r'?2 < T. Note that in any case the constant Cy,s is the same since it only
depends on the length 27’ and the coefficient of the equation. We have thus established (6.1.33)

D
with O = 0271,

On the other hand, we state an improved version of the already mentioned stationary Harnack
inequality. Because of the interior ball condition the Hopf Lemma (see for instance the proof of

[104, Lemma 3.4]) claims that for any ¢ € (0, rq/2] there exists a constructive constant o > 0
such that if u € W2P(Q), p > d, is such that

u> 1y, (k1—L)u>0,

then wu satisfies
u > x(z) = e~ (20-3(2))* _ o~a(20)? o Wo- (6.1.35)

Let us give two applications of the above sharp regularity and positivity estimates. First,
recalling (6.1.24) and using (6.1.31) and (6.1.35), we deduce that there exist two constructive
constants ¢; € (0,00) such that

00(5 < ’l,Z)Q < 615 on {). (6136)

Consider now f; € HZ () the positive first eigenfunction with normalization | fi||z2= 1.
Using the estimate of regularity (6.1.32) on the iterated equation (k; — £)¥f1 = (k1 — M\)F fi,
we have

[ f1llzee () < 1 f1llcor (@) < Ch,

for some constructive constant C € (0,00). Next using the elementary inequality

1= /Qf% <Al il < Crll Al
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we deduce

A\

|€2fsup f1
Wo

Lf=tle [

1/01 — Cl\wg\z 1/(201),

Y

by choosing o € (0,rq/2) small enough. Then, from the Harnack inequality [104, Corollary 8.21],
we deduce
iaI;lf fi>Cgsup f1 > CH(201|Q|)_1.
o Wo

Finally, from the above Hopf lemma and the above Lipschitz continuity, we have established
c0d < f1 <16 on Q, (6.1.37)

for two constructive constants ¢; € (0,00). The same arguments on the normalized and positive
first dual eigenfunction ¢; lead to the samue estimuate

cod < ¢1 < c16 on . (6.1.38)
In particular, for any such ¢ € (0,rq/2), we have

<¢17 1w9> > To, (6139)

with constructive constant r,, what is nothing but condition (5.3.9) in the Harris theorem that
we will use below.

- Step 3. Splitting of £. We introduce the splitting £ = A + B, with Af = .#1,,f,
M > 0 large enough and g > 0 small enough that we fix just below. Using (6.1.9), we observe
that

(Bf, Pz = (£f iz = A\ flat [ f?

IN

v (&
= IV A+ (e — M| | F2 gV F 1720 < moll £1172,

by choosing first .# > k1 — kg and next ¢ > 0 small enough in order to be able to throw away
the last term using the negative first term and the Sobolev inequality. We deduce

Sp(t) : L? — L? with bound O(e"?). (6.1.40)

On the other hand, denoting f; := S, (¢)f for f € L?*(Q) and recalling that 1y defined by (6.1.22)
satisfies (6.1.23), we have

& 1t < [ 2lsidn < [1r1emvo < m [1fubvo,

so that
/|ft|¢0 < €K1t/|f0|¢0- (6.1.41)

Arguing in the same way for Sg and using (6.1.36), we have established
Se(t),Sp(t) : L} — L} with bound O(e™?). (6.1.42)
For a solution to the evolution equation 0;f = Cf, C = L or C = B, we also classically compute
d 2
5[ = 2 [ens
= 2 [(vi-aVhuo+ [ £cun
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Thanks to (6.1.23) again, we have

& [ oo =2 19500+ m [ o0, (6143
from what we deduce
Sr(t),Sp(t) : L2(6) — L%(6) with bound O(e™/?).
In the sequel, we will need the following version of Nash inequality.

Lemma 6.1.5 (weighted Nash inequality). There exists a constructive constant Cn such that

d+1

£l z2(5)< CNHVfHE%)IIfHZTQ, VfeH\ (). (6.1.44)

Proof of Lemma 6.1.5. For ¢ > 0, we define

1
o) = gy Lo T 0@y 0@ =8B = [ sy

and B(z,¢) :={y € Q; |x — y|< €}. It is worth emphasizing that
et <5.(x) <ed, Ve>o. (6.1.45)

For f € H'(4), we compute
L
O ()

< / [ el 0) = S £ 5wy

2
If = Felle) = Lo @) = 1) )| o)

< /1 2//|Vf 1—t)x+t )|2£((3£)6( Ydadydt
d(y)
+¢? /1/2//|Vf (1 — )z + ty)|? 55(50)5( x)dxdydt
<=7 \Vf(Z)\dey%(Z)( s

+¢2 A/Q//\Vf \22d+1 () ® dtdz

where for the last inequality we have used the first inequality in (6.1.45), the fact that §(z) < 24(z)
when 0 < t < 1/2 and the fact that §(y) < 26(z) when 1/2 <t < 1. Using the second inequality
n (6.1.45), we straightforwardly obtain

”f - fs”%%a)g Cl € HVfH%Q((;), V€ > 0,

for a constant C; > 0. On the other hand, we also observe that

Co

el s g2 16l
Writing now

PP=1f=f)+ 11
and using the above two estimates, we deduce

1Bs < 7z f = Fellz s el
< Hme CLe 2|V ]z +Cae™ " |1 £1I7

Cy

< ||f||L2+ eIVFIZ+Coe™ I£IIEs
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and we obtain the weighted Nash inequality (6.1.44) by choosing € := (||f||%1/HVfH%Q)U(dH). O
6 5
Defining
= /]ft\wod:ce_z’{t, V= /ffwgdxe_%t,

with k := k14, coming back to (6.1.43) and using (6.1.36), the Nash inequality (6.1.44) and the
estimate (6.1.41), we get

V() < —2we / IV f, 252t

d+2
d+2 —
-2 1 fell3 25672 ) d + 1
(HftH%l(é)efznt)d—i— 1

'U(t)l+a

< oW

— U(O)Qa )

2d+2 . 2d+2 2
— + —
with C = 2vC\y d+1co d+1cld+1

and o :=1/(d + 1). Integrating in time, we deduce

all/a u(0)2

U(t) S Cl/a tl/a )

Vit >0.

We have thus established that there exist constructive constants K > 0 and x > 0 such that

ent

1S (8) f 1l L2(p0) < Kwﬂfﬂu(wo), vV f e L (o). (6.1.46)

From thar last result, the estimates (6.1.36) and the properties of A, we deduce that for N > 1
large enough
(S AN LY(5) — L*(6) with bound O(e™). (6.1.47)

We refer to [113, Proposition 3.9], [175, Proposition 2.5] and [138, Lemma 2.4] for details.

- Step 4. Lyapunov condition. We may next write
gg =V 4+Wx gg,

with B N -
Vi=S8g+4-+ (SgA)CW) = (SgA) N,

On the one hand, using that A : L? — L? is bounded and (6.1.40), we deduce that
V :L? - L? with bound O(e"),

for any k € (ko — k1,0). On the other hand, using that A : Lg — L? is bounded as well as
(6.1.42) for Sg, (6.1.47), (6.1.38), (6.1.36) and (6.1.40), we deduce that

W Sg Lén — L2, with bound O(e"'?),

for any k' > k1 — Kg. We may thus fix ¢ = T large enough such that the following Lyapunov
inequality holds

5 1
1Sc(T)fllce< Sl +MrllfliLy (6.1.48)

which is nothing but (5.3.8) in the hypothesis of the Harris theorem.
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- Step 5. Harris condition Let R > 0 and consider 0 < fo € L* such that || foll2< R({fo, %0o)-
We set f; := e S, (t) fo. From the first inequality in (6.1.23), we have

d  ~ ~ ~
o e vo) = {fe, (€7 = M)dho) = = (A1 — ko) {fe, Yo),
and then, thanks to Gronwall lemma again, we obtain,

<ft7¢0> ~(a—ro)t <f0,1,z)0>.
This estimate, together with the previous step, shows that
R Juda = | Fu(a) OM—/ &wwmx

> =m0t £ o) — || Fo ll2 b0 | oSl 2
> e~ (s1=R)to £ i) — 1RO £l 4o | oo w2

> (ef(fﬂfno)to _ Re(ﬁrno)toH%Hm’wzylﬂ)<f07¢0>_

Choosing ¢ > 0 small enough, we get

= 1
Juo(@)bodz 2 y{fo, who), 1= gem oo,

As a consequence, there is m{o € w, such that

Fulaly) = o [ Fo@ie = e [ fy(@unde > o).

- |w9| Wo

On the other hand, from the Harnack inequality (6.1.33) established in Step 2, we know that for
any T > tg exits C'g such that

ﬁo(xfo) < sup fy, < Cinf fr.
wo Wo
The two last estimates together with (6.1.38) and (6.1.36) imply the Harris type estimate

fr =S(T)fo > gr(fo. 61), (6.1.49)

with gp : which is nothing but (5.3.7) in Harris theorem.

~ Cu \QIC g Lo

- Step 6. Conclusion. Because of the constructive estimates (6.1.39), (6.1.48) and (6.1.49),
we may apply the Harris type Theorem 5.3.3, and we conclude to the exponential stability
(4.6.27) in the norm of L?(Q) with constructive constants.

6.2 Diffusion in R? with strong potential confinement
We consider in this section the elliptic operator

Lf:=Af+b-Vf+ecf, feH(RY, (6.2.50)

with b € L (R?), ¢ € L2 (R?) and a confinement condition that we impose through the
properties of the potential function ¢, which is roughly speaking ¢ — —oo as |z|— co. More
precisely, we assume

oiy € LY?, meas{o; > K} < 00, VK <0, (6.2.51)
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with either oy := ¢ + |b|?/k for some constant x € (0,4) or either oy := c + divb/2. When we
assume that
c~—lz]” and b~ x|z’ as  |x|— oo,

the condition (6.2.51) for o is reached when v > max(0,23) or v = 25 > 0 and some conditions
on the constants involved in the behavior of the coefficients. In that context, the condition
(6.2.51) for oy is more general since it is reached when v > max(0,5 — 1) or vy = — 1> 0 and
some conditions on the constants involved in the behavior of the coefficients.

A similar framework is considered in [156] and for the reader convenance we just briefly check
that it falls in the framework developed before by slightly modifying the arguments presented
in the previous section. The integrability conditions on b and ¢ may be probably weaken. For
the sake of clarity we do not follow this line of research but rather focus on the new arguments
which are necessary in order to deal with the unbounded domain = R¢.

Condition (H1). The definition of the operator is still made through the formula (6.1.8).
Under assumption (6.2.51) on o1, denoting 6, := 1 — k/4 and proceeding exactly as in the
previous section during the proof of (6.1.9), for any f € H'(R?) and A € R, we have

=0 = [ VR [ r6evis [ =0
> 0 [ VIR [ (A =onf

by using successively the Cauchy-Schwarz inequality and the Young inequality. On the other
hand, under assumption (6.2.51) on o2, denoting 63 := 1, for any f € H*(R?) and X € R, we
write

(-D1.0) = 02 [ V5P [ (0=

by performing one integration by part in the previous equation. In both cases, for and any
M > 0, proceeding again as in the previous section during the proof of (6.1.9), and denoting
from now on o = g;, 6 = #; we have

0 6C
(A=L)1 ) 2 SIVAIRAIT fIBat O = M3+ = 0T omull o)L e

by using the Sobolev inequality (with associated constant Cyg) and the Holder inequality. Taking
M > 0 large enough, and next x; > 0 large enough, we finally obtain

0
(A=), f) = 2|V F IRt flZa+FIBe, VA > k. (6.2.52)
With the same arguments as in the previous section, we conclude that £ is the generator in L?
of a positive semigroup Sg, so that (H1) holds.

Condition (H2). We may for instabce use the third constructive argument presented in
section 6.1 and we establish

3 fo € HI\{0}, fo>0, Irg €R, Lfy > rofo.

That is condition (ii) in Lemma 2.1.4, so that condition (H2) holds.

Condition (H3). We introduce again the splitting £ = A+ B with A := k1 — ko + 1, so that
from (6.2.52), the operator A — B = (A — ko + 1) + (k1 — £) is invertible for any A > kg := ko — 1.
We claim that the operator (A — B)~! is compact for any A > kp. For that purpose, let us
consider a sequence (f,) such that (A — B) f,, is bounded in L? and we have to prove that (f,) is
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relatively strongly compact. When condition (6.2.51) holds and because of the estimate (6.2.52)
and the very definition of B, we have

0
VIl Vo= fallfa+ 1 fall 1< C, (6.2.53)

for some constant C' € Ry. Because of the Rellich-Kondrachov theorem, we just have to show
that

lim sup/ fTQL = 0.
By

R—oco n

But that last convergence may be established using the assumption (6.2.51) in the following way.
We write

2= / 2+ / f2
Be, Bsn{o>K} BSN{o<K}

a—2

< Wl F meas(BR 0 {0 = KYJE + oz [,

N

for any K < 0, by using the Holder inequality. Using next the Sobolev inequality, the estimate
(6.2.53) and the assumption (6.2.51), we deduce

1
lim su 2 < limsup inf { [meas(B% N {o > K R =0,
msup | fo S limsup jnf {fmeas(Bf 0 {o = K)JE + 7}
and the claim is proved. As a consequence, we may apply Lemma 2.1.8-(2) and we deduce that

(H3) holds for both the primal and the dual problems.

Condition (H4). As in [138, Proposition 5.4], we establish the strong maximum principle
by exhibiting a barrer function and using Lemma 3.2.9. An alternative argument should be to
adapt the proof based on the Harnack inequality as presented in the previous section. Let us
then consider f € D(£F) N X, \{0} such that (A — £)f > 0 with k large enough (k > d/2 must
be suitable) and A > \; large enough but fixed (A > k; is suitable). Using a very classically
bootstrap argument based on iterated application of the Calderon-Zygmond elliptic regularity
theorem and the Morrey estimate, we have f € C(R?). By assumption, there thus exist zo € R?,
and two constants 7,7 > 0 such that f > 7 on B(zp,r) and we take choose xg = 0 in order to
simplify the notations. We next fix R > r and we observe that the function

g9(x) :== 7" (go(|z]) — go(R)), go(s) := exp(o71?/2 — 7% /2),
satisfies
()T A=L)g = (A=¢)(go — go(R)) + (do — ob -z — *r*) go
R(AHell L (Br)) + (d + b~ 2| oo (B)) — 077 g0 < 0

on O := B(0,R)\B(0,r) for 0 > 0 large enough. We next fix 7* such that ¢ = 7 on 9B(xg, ).
We also observe that from (6.2.52), A — L is coercive on O, in the sense that

Vhe Hy(O) ((A=L)h,h)rz0) > |kl r20)-

IN

In particular, A — £ satisfies the weak maximum principle as explained in the proof of (6.1.10).
Arguing as in the proof of Lemma 3.2.9, we deduce that f > g > 0 on O, what we also see
directly by observing that h := (g — f)+ € H3(O), (A — £L)h < 0 and using the weak maximum
principle implies A < 0, thus h = 0 and finally f > g. Because R > r can be choosen arbitrarily
large, we conclude with f > 0 on R<.

Condition (H5). The reverse Kato’s inequality condition is proved by using local arguments,
so that it holds for the same reasons as in the previous section. Similarly, because the argument
are local, the conclusion of Lemma 6.1.1 holds here.

As a consequence, using Theorem 2.1.20, Theorem 3.3.11, Theorem 4.4.14 and Theorem 4.5.20,
we may summarize our analysis in the following result.
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Theorem 6.2.6. Consider the elliptic operator (6.2.50) in the whole space and assume that the
coefficients satisfy (6.2.51). Then the conclusions (C3) holds as well as (CEZ2) in L<1z>1'

We do not present an exponential constructive estimate, which we believe is possible to
prove, but would require significantly more development.

6.3 Diffusion in R? with weak potential confinement

We consider in this section the same elliptic operator (6.2.50) with now a weak confinement
condition assuming that ¢ converges to a constant. With no loss of generality, we may assume
¢ — 0. More precisely, we consider the elliptic operator

Lf:=Af+b-Vf+rcf, (6.3.54)

with ¢ € Cp(R?), b € Cp(RY) and r € Ry a parameter. When not necessary in the discusion we
will take » = 1. The associated first eigenvalue problem in such a situation has been studied in
[156, 8th and 9th courses] to which we refer for more details. We define

A=A\ (r) := inf{x € R; (A= L£)"! well defined and positive for any A > «}.

Proceeding exactly as in the proof of (H1) in the preceding section, we see that the operator
A — L is invertible for any A > ||c4 ||z, and then its inverse is positive. Because the proof of
(H2) in the preceding section also applies here, we deduce that the infimum A; of the set Z of
real resolvent values is well defined with A\ € (kg, K1), for some constructive constants ; € R.

We split now the discussion into two cases.

Case 1. We start considering the case b = 0. In that case, £ is self-adjoint so that A\; is
also characterized by

A= sup &(f),
£l z2=1
with
= (s n=r [ef = [IVrP.

We make the following elementary observations :

e We claim that \; > 0. Taking f,(z) := n~%?u(x/n) for some function v € H'(R?),
lu||z2= 1, we compute

£ = [P [ resie [ res:

R
1
< [IVulPHrelmy [ o+ el
BR/n

for any R > 0, so that
-1 < limsup(—&(f,)) <O0.

e We claim that A\; = 0 when ¢ < 0. In that case, we have £(f) < 0 for any f € H'(R?),
and we deduce the reverse inequality A; < 0. In particular, as a function A\ = \1(r) of r > 0,
we have \1(0) = 0. We also claim that A\ (r) — oo as 7 — oo when ¢y # 0. We may indeed fix
f e H'(RY), || fll2= 1, supp f C suppc;, and we compute

S(f):r/Rchrfz—/]Vf\Q%oo, as 1 — 00.

e We finally observe that A\; : Ry — R is convex since it is defined as the supremum of
linear functions r — £(f) for any fixed f € H'(R?). As a consequence, we have the following
alternative:
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- )\1 = 0;
- drg € [0,00) such that \i(r) = 0 for r < ry and A;(r) > 0 for r > rg.

Concerning the value of rg, it may happen that rg > 0, and that is the case when ¢ € L2
because of the Sobolev inequality, or that rg = 0, and that is the case for instance when ¢ > 0,
c(x) = |z|™™ for x € Bf, m € (0,2), R > 0. To prove that last claim, we may take the same
sequence (f,) as above, and we compute

E(fa) = AVHM”WE—/WhPM

= L || "™ u? — 3 /]Vu\2d:): > 0,

BIC%/

for n large enough (whatever is the value of r > 0).

About condition (H3). It is established in [156] that when A\; = 0, the condition (H3) is
not satisfied and there does not exist a first eigenfunction f; € L?(R%) to the operator £ defined
by (6.3.54). We refer to [156, 8th course] for a proof of that result. On the other hand, we claim
that the condition (H3) is satisfied when A\; > 0. Consider indeed three sequences (\,) of R,
(fn) of H'(R?) and (&,) of L*(R%) such that (A, — £)fn = €n, €n, fn > 0, || full2= 1, for any
n>1, A\, = A\ and ¢, — 0 in L? as n — co. We then have

—E(fn) = (A — L) fa, fn) = (en, fu) = 0,

as n — oo. By definition of £ and boundedness of ¢, we see that (f,,) is bounded in H!. As a
consequence, up to the extraction of a subsequence, we have f,, — f1 > 0 in LIOC and thus next
(A — £)f1 = 0 in the variational sense and

[erio [ett I9ill< mind |V £l

where we have used the dominated convergence theorem of Lebesgue and the fact that ¢ — 0 at
infinity in order to get the first convergence. We finally deduce

E(f1) = limsup &E(fn) = M1 >0,
so that f1 # 0, and the condition (H3) is verified.

As a conclusion, for a self-adjoint operator, condition (H3) is automatically fulfilled by its
adjoint and the conditions (H4) and (H5) have been proved in a general situation, including
the present framework. The same conclusions of existence and uniqueness of a first eigentriplet
solution (A1, f1,¢1) as in section 6.2 hold true when A\; > 0.

Case 2. We consider the general case b € Cy(RY).

e We claim that A\; > 0. Adapting the second constructive argument in the proof of (H2) in
Section 6.1, we consider y € C}(R;) N W?2>(R,) such that 10,1720 < X < 13, X' < 0on [0, 1],
x(s) := (1 —8)2/2 on [n, 1] with n € (1/2,1) large enough in such a way that

X'(s)+ (d=1)x'(s)/s >1/2, Vse(n1), (6.3.55)

and define fo(z) := x(|x — zo|/n) for |zg| large enough to be chosen later. We have supp fy C
By, (xg) for any n > 1 and we compute

Lfolz) = nl

SO/ + S ) + b(@) -9 (/) + elz)x(r/m)

/n
where y = x — z¢ and r = |y|. On Bm,(:no), we have

X"l X'( |X |
Lhow) > e 42X D)~ Il P 1=l sup el
n xo By (o
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On By (x0) \ Byn(xo), thanks to (6.3.55), we have
1 Xl
Lfo(x) > —5 — ——— sup |[b|—||x|lc sup [c|.
0(@) = 55 - Bn(xo)\ =l Bn(m)l |

Let now fix € > 0 and choose first n large enough so that

XMoo d=1 Hx’(v")

> —— 1nf
n2 X

Hoo (0 n)

Then, using that b, ¢ € Co(R?), we can take |zg| large enough so that

X/
7” loo sup |bl—||x|lco sup |c|> —= € inf X
B (xo) B (x0) 2 (0m)
and .
Xl sup [b|+ sup [c|]< 5.
N Bu(zo)  Bnlwo) 2n

Gathering the above inequalities, we obtain

[’fO > _€f07

and the condition (H2) is verified with kg = —e. Because € > 0 can be choose arbitrarily small,
we conclude with Ay > 0.
e We claim that \; = 0 when o9 < 0. Indeed, we have already seen that

(Lf, [) = / |Vf|2+/ 02/,

from which we deduce that J
SIS fIP=2Lf. 1) <0

This ensures that (H1) is verified with k1 = 0 and so A\; < 0.

e We claim that A\; > 0 when ¢y # 0 and r > 0 is large enough. For simplifying notations
and up to translation and dilatation, we may reduce to the case ¢ > colp(o,1) with ¢o > 0.
Adapting the second constructive argument in the proof of (H2) in Section 6.1, we consider
X € CLRL) NW22(Ry), 1919 < x < Lo, suppx = [0,1], x”(1) =1, X <0 on [0,1] and we
set fo(x) := x(|z|). We compute

Lfo=x"(lz)) + X (|2)((d = 1)/]z[+b - £) + re(z)x(|z]).

On the one hand, we fix n € (1/2,1), 1 — n small enough, in such a way that

XNl oo,y (2(d = 1) + [IBll L) < 1/4, 0 1/2 < X" o n1)

and thus 1
Lfo> > fo on B(0,n)".

On the other hand, we fix r > 0, large enough, in such a way that

.
Xl 41X 2o (2(d = 1) + (bl <) < i (r) == greo &f)xv

and thus
Lfo>k(r)>k(r)fo on B(0,n).



6.4. DIFFUSION IN R” WITH DRIFT CONFINEMENT 111

As a conclusion, we have established that condition (ii) in the statement Lemma 2.1.4 holds
with k¢ := min(1/4, k(r)), and that ends the constructive proof of condition (H2) by using
Lemma 2.1.4. That implies in particular the claim since then A1 > kg > 0.

e We finally claim again that (H3) holds when A; > 0. To see that, we consider again three
sequences (\,) of R, (f,) of H'(R%) and (g,,) of L?(R%) such that (A, — £) fn = n, €n, fn >0,
I fullp2= 1, for any n > 1, A\, \y A1 and &, — 0 in L? as n — oo. As a consequence, we have

Mt [IVIP2= [ b= [ e = (O = L) fu) = (e fu) =0,

as n — oo. Using the boundedness of ¢, b and \,, we see that (f,,) is bounded in H!. As a
consequence, up to the extraction of a subsequence, we have f,, — f1 > 0 in Ll20(:' We assume by
contradiction that f; = 0. We deduce that

/cfﬁ—)(), /fnb-an—M),

where we have used the dominated convergence theorem of Lebesgue and the fact that b,¢ — 0
at infinity. We thus obtain

0 <A < At /|an\2: /fnb Tt /cfz  {ens ) — 0,

and our contradiction. So that f; # 0, and the condition (H3) is verified.

For the dual problem, from the above analysis, we know that there exist two sequences (¢,,)
of HY(R?), (g,,) of L2(RY) such that (A, — L*)dpn = en, €n, dn > 0 and ||y || 2= 1, for any n > 1,
and &, — 0 in L? as n — co. But we face the same situation as previously, since again

Mt [19602= [ 6ubF60— [ e = (= £)0,60) = (20 60) =0,

and thus the same conclusion, namely ¢, — ¢1, with ¢1 € H'(R?), ¢1 > 0, ¢1 # 0.
Conclusion. The conditions (H4) and (H5) have been proved in a general situation,

including the present framework. The same conclusions as in section 6.2 hold true when r > 0 is
large enough (and thus A; > 0).

6.4 Diffusion in R? with drift confinement

We now consider the elliptic operator
Lf=Af+b-Vf+cf,

with a drift confinement as it is the case for the Fokker-Planck operator. More precisely, and for
the sake of simplicity, we assume here

1
b=VU, U(z)= 5(@”, v > 0. (6.4.56)

When v = 2 and ¢ = z, that operator corresponds to the classical harmonic Fokker-Planck
operator which is known to be related to the standard Poincaré inequality and to the standard
log-Sobolev inequality, see [11, 12, 233] or more recently [14, 138] and the references therein.
When ¢ = divb, the operator £ is on divergence form and £*1 = 0, so that (0,1) € R x L>(R%)
is a solution to the dual first eigenvalue problem. Existence of stationary solution f; (which is
also the first eigenfunction) and its stability have been widely studied. We refer for instance to
[234, 217, 94, 13] as well as to [138, 174, 113] which techniques will be adapted here.
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In the present situation, we impose that the contribution of ¢ has lower influence at the
infinity that the drift term b and we assume
ce Lig(RY), 3Co,Ro >0, Vo € BE,, |c(x)|= of|z*07V). (6.4.57)

We further assume that
¢ >divb when € (0,1]. (6.4.58)

The action of the drift term will be revealed through the choice of a convenient “confining
space'. More precisely, for a weight function m : RY — [1,00), we will work in a weighted
Lebesgue space. Our analysis is based on the following elementary computation which can be
readily adapted from [138, Lemma 3.8|, [174, Lemma 3.8] and [113, Lemma 2.1].

Lemma 6.4.7. For any p € [1,00), any weight function m and any smooth, rapidly decaying
function f, we have

J & s = —p =) [195R1 20+ [1f1rmre, (6459

with ,
p1:=(p—1) |Vn;\ + A—m + (c — 1div b) —b- Vm (6.4.60)
m m P m

as well as

J&n sir=me =~ - 1) [IVGmPIfme [1frmre, (6.4.61)
with ,

1|V 2 A 1 v
pa 1= 2( —p)| ,r:;' +(5—1)Wm+ (c—pdivb) —b-%. (6.4.62)

In order to simplify the discussion, we restrict ourself to the exponent p = 2 and to the
exponential weight function m = ) s e (0,7], @ > 0. We thus work in the Banach lattice
X := L2,. We observe that

Vm s—2
= sax(x)

am

~ salz|*71,

= sad{z)* ™% + s(s — 2)ala}(x)* ™" + (sa)?|x*(2)* 7" ~ (sa)?[2]* 2,
divb = d{) + (v = 2)[a* (@)™ ~ (d + v = 2)|z[ 72,

v
b~ = san(z)* 2 x(z)'"2 ~ salz|*TT2,
m

so that the contribution of (¢ — divb/2) is always negligible at infinity, and we get

©i ~ 2(sa)?|z|* 2 —salz|5T 2. (6.4.63)
We denote
ad = sa>0 if se(0,7),
d = ay—2(ay)?>0 if s=vandac (0,1/(vV27)).

We then face to three cases :

(i) v > 1: taking s € ((2 —7)4,7), we have ¢; ~ —ad/|2|*T7 72— —co0 with s + v — 2 > 0;
/

(i) y=1: taking s =, a < 1/(\/5,),)7 we have o; — —a’;
(ifi) v € (0,1) : taking s = 7, a < 1/(v27), we have p; ~ —a'[z|)~2— 0 with 2y =2 < 0.
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Condition (H1). In any of the above cases, we have from (6.4.59)

(A= 0f.£) = [IVFPm? + [ = o) f2mi?,

for A € R, with inf(A — 1) > 0 for A > k; and k1 > 0 large enough. We deduce that A — L
is coercive for A > k1. With the same arguments as in section 6.1, we conclude that £ is the
generator in L2, of a positive semigroup S, so that (H1) holds.

Condition (H2). When v > 1, the same arguments as in Section 6.2 imply that condition
(H2) holds for some ko € R. When v € (0, 1], we have £*1 = ¢ — divb > 0 from (6.4.58) and
(H2) holds with ko = 0.

Conditions (H4) and (H5). The strong maximum principle holds here because for instance
we may apply the same barrer function argument as presented in Section 6.2. The reverse Kato’s
inequality condition is proved by using local arguments, so that it holds for the same reasons as
in the previous section.

Condition (H3). We define the multiplication operator A and the elliptic operator B by
A:=Mxgr, B:=L-A,
for M, R > 0 and xg(z) := x(x/R) with x € D(R?), 15, < x < 1p,. We fix kg < kg in case (i),

kp := —a’/4 in case (ii) and kg := 0 in case (iii), and we set a” := a’/2. Choosing M, R > 0
large enough, from Lemma 6.4.7 and the discussion which follows, we deduce that
(B=a)f.f) <~ [1VfPm? = a" [ (g, + Lgglal™ " 2m?, (6.4.64)

for any a > kp and any nice function f. We classically deduce that aa — B is coercive and thus
invertible. We discuss the three different cases.

- In the first case v > 1, so that s + v — 2 > 0, we see that the operator Rp(«) is compact
from Rellich-Kondrachov theorem, so that also W(«) := Rp(a)A for any o > k. We may
thus apply Lemma 2.1.8-(2) and we deduce that (H3) holds for both the primal and the dual
problems.

- In the case v = 1, so that 2y —2 < 0, the operator Rp(«) is not compact anymore. However,
for any sequence (f,) which is bounded in L?,, we define the sequence (g,) by g, := Af,, and
(gn) is bounded in L2, with 7 := ¢®®” @ € (a,1/+/27). Using the dissipativity estimate (6.4.64)
in L2 we see that B — « is dissipative in L2 for any a > kg, and more precisely the sequence
(hy,) defined by hy, := Rp(a)g, satisfies

/|thy2m2+a”/hi(131 + Lpela?2)i? < /ggm?

Using that |z|?7~2m?%/m? — oo as |x|— oo, that implies that (h,) is relatively compact in L2,.

More precisely, the above estimates show that W(a) := Rp(a)A : L3, — H} N L2, with
mt := mY2m/? and in particular we have established that W(a) := Rp(a)A is a compact
operator in L2, uniformly on o > kg because of the Rellich-Kondrachov theorem and the fact
that m = o(m¥). Since Rg(a) is bounded in %(L2,) uniformly for any a > kg, the operator £
satisfies the splitting structure (HS1) and, applying Lemma 2.1.8-(2), we deduce that (H3)
holds for both the primal and the dual problems.

At this stage, when v > 1, we obtain a solution (A1, f1,¢1) to the first eigentriplet problem
(6.0.3) by using Theorem 2.1.20.

Condition (HS3). In the case v € (0, 1), the same as in the case v = 1 holds except that
Rs(a) is not uniformly bound in %(L2,) for a > kg because we are in the critical case x5 = K.
We do not know how to adapt the stationary approach in that situation and we thus aim to use
a dynamical approach through the use of Theorem 2.2.4 with the above splitting £L = A+ B
and N :=[d/4] + 1. We set X = X7 := L2, and X := L!. The proof of condition (HS3) is an
immediate consequence of the following estimate.
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Proposition 6.4.8. We define O (t) := e~ For N := [d/4] + 1, there hold
(i) Sp € Li*(#(X1));
(ii) SpAO; ' € L (B(X;)) fori=0,1 and any ¢ € (0,¢%);

(iii) (SsA)NO ! e L (B(Xo, X1)) for any ¢ € (0,¢*/2).

The proof of Proposition 6.4.8 is similar to the proofs of [138, Lemma 2.1], [138, Lemma 2.2],
[138, Lemma 2.3] and [138, Lemma 2.4]. For the sake of completeness we however present the
main lines of the proof. We start with a technical result that we will use during the proof of
Proposition 6.4.8.

Lemma 6.4.9. Consider two Banach spaces Xy, X1 and a function u : Ry — £(Xo) + B(X1)
which satisfies

(a) u®~t € L>(0,00; B(Xo) N B(X1));
(b) ugp € L*>®(0,00; B(Xo, X1));

for any exponentially decaying function © = O, = e~ V¢ € (0,¢*), and for the power function
p =1t with * >0, ¢ € (0,1 and a > 0 fized. Then

(c) there exists N such that u*N)© e L*®(0, 00; B(Xo, X1)),

for any © = O¢, ¢ €(0,¢*/2).
Proof of Lemma 6.4.9. A similar argument is developed in [113, Lemma 2.17], [174, Lemma
2.4], [175, Proposition 2.5] and [138, Lemma 2.4].

Step 1. Consider two functions v and w which satisfy the estimate (a). For X = X or
X = X1, we compute

t
[vxw®)xsa < /Ollv(t—S)W(S)HX—wdS
t
< / CUO(t — 5) CLO(s) ds < CLCLLO(1),
0

with obvious notation and where we have used that O(t — s) O(s) < O(¢) for any 0 < s < t.
Since for any ¢’ € (0, (), there exists a constant C such that t©(t) < C' O (t) for any t > 0, we
see that the function v * w satisfies the same estimate (a) for any © = O, ¢ € (0,(*).

Step 2. Consider two functions v and w which satisfy the estimates (a) and (b) with a > 1.
We compute

IN

t/2 ¢
Jorw®llxosx, < [l = ) lxox ds [ ol = $puls)lxomx, ds

t/2

IN

t
Csi(t—s8)"*CyO(s)ds + CiO(t—s)Cys “ds
0 t/2

1/2
= [CyCy +CyeyleO et [ (1) ar,
1 +~01 01~0 0

with obvious notation and we have used that © is a decaying function. As a consequence, the
function v * w satisfies estimate (b) with an exponent o — 1 instead of a.
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Step 3. Consider two functions v and w which satisfy the estimates (a) and (b) with a € [0, 1).
We compute

t/2 t
JorwOllxosx, <[00 = ) lxox ds [ ol = spuls) v, ds
t/2 t
< CPO(t — 5) Clt s~ ds + / ClL(t = 5)~ ClO(s) ds
0 t/2
t/2 t
< CfC{;”l@(t/2)/ s‘o‘ds+06’105“@(t/2)/ (t — 5)"ds
0 t/2

l—«a

v w v w t
= [CTCo1 + Co €] ©(t/2) 1=

with the same obvious notation and we have used again that © is a decaying function.

Step 4. Tterating n := [a] times steps 1 and 2, we get that u(*™) still satisfies estimate (a) and
satisfies the estimate (b) for the exponent o — [a] € (0,1). We then conclude that (c) holds
with N :=n+1 and any C € (0,¢*/2) by using the third step. O
Proof of Proposition 6.4.8. We classically establish that B generates a positive semigroup Spg
in both spaces X; and we thus concentrate on the announced estimates. On the one hand,
proceeding as for the proof of (6.4.64), we have

/(Bf)(sign fym < —a" /\f\(hgl + 1|27 2)m, (6.4.65)

for any nice function f and any weight function m = my, with mq(z) = e*®", a € (a1, as),
0 < aj; < ay < 1/(v/27), where we define a” := avy/2 — (ay)?. That exactly means that B is
weakly dissipative in L. as defined in (2.2.19). From the discussion in Section 2.2.3, we deduce
that Sp is a semigroup of contractions and satisfies the associated decay estimate (2.2.23),
(2.2.24), and more precisely

15 Nz, < Iz, 1S5y, < OOy, (6.4.66)

for any a,a’ € (a1,a2), a < da’, ¢ € (0,6), G = (a/ — a)@20/C=N(a/~(1 — a'y))/ 7). We
refer to [138, Lemma 2.1] for details. Using that A : L' — Ll is bounded, that establishes (ii)
in Xo.

Similarly, starting from (6.4.61) and proceeding as in the proof of (6.4.64), we get

(Bf, f)p2 < — /\v fm)? /f2 15, + 1|2l 2)m?, (6.4.67)

for any nice function f and any weight function m = m, as above. Throwing away the first term
at the RHS and arguing as we did in L} , we obtain that Sp satisfies

15800123, < 11z, IS8 flles, < OOz, - (6.4.68)

for any a,a’ € (a1,a2). Using that A: L2, — L2, is bounded, that establishes (i) and (ii) in
X.

On the other hand, throwing away the second term at the RHS in (6.4.67), for any trajectory
fi = Ss(t) fo, fo in the domain of B in L2, we have

m2dz < — / )2
th/ fEm2dx |V (fim)|“dx.

Using Nash’s inequality which for some constant C € (0, 00) stipulates that

d 4
a+2 da+2
[gtde<on ([ woPas)™ ([ lolas) ™, v
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with ¢ := fym and the first estimate in (6.4.66), we deduce
F(t) < —2CN F(t)™ 4 G@)'+a < —20) F(t) ™9 G(0)' 4, (6.4.69)
with Cy = 0&1_2/ 4 and where for brevity of notations we have set
F(t) = filegmy: GO = 1felloiim)-
Integrate the differential inequality (6.4.69), we find
1S58 foll72, S ¢~ * |l follLa,, V>0,
and using that A : L' — L}, we next obtain
Sp(t) ALY e L0, 00; B(Xo, X1)). (6.4.70)

Setting with u(t) := Sp(t).A, we see that u satisfies (a) in Lemma 6.4.9 thanks to (ii) in Xy and
X1. Furthermore, u satisfies (b) in Lemma 6.4.9 thanks to (6.4.70). Using Lemma 6.4.9, we
conclude that condition (iii) holds. O

We come back to the proof of (HS3). Gathering (i) and (ii) in X; in Proposition 6.4.8,
we get that (SgA)*) x Sp € L{°(H(X,)) for any £ € {0,-,N — 1}, N := [d/4] + 1. Using that
© € L'(0,00) and (iii) in Proposition 6.4.8, we deduce that (Sg.A)*N) € L1(0, c0; B(Xo, X1)).

We may now handle the existence part of the first eigenvalue problem. On the one hand,
recalling (H2), we have £*1y > 0 with )9 = 1 so that the condition (i) in Theorem 2.2.4 holds.
On the other hand, the condition (ii) in Theorem 2.2.4 is an immediate consequence of (HS3) as
emphasized in Remark 2.2.5-(1). As a conclusion, the hypotheses of Theorem 2.2.4 are thus met,
and we deduce that there exists (A1, f1) € Ry x L2,  solution to the first eigenvalue problem.
Because the strong maximum principle (H4) holds, we have f; > 0 on R4,

In order to prove the existence of a first positive eigenfunction for the dual problem, we
argue in the following way. We start observing that we have the alternative: A\; =0 or A; > 0.

- In the first case, we may argue as in Remark 3.3.17. We indeed have in the same time
L9 > 0 and (L*Yo, f1) = (Yo, Lf1) = 0, so that L*1pg = 0 because f; > 0. The function
¢1 := 1o is thus a solution to the first dual eigenvalue problem.

- In the second case A\; > 0, we may argue as in the case v = 1 above. On the one hand, the
operator Rg(a) is uniformly bounded in L2, for any o > s := A\1/2 > 0 and on the other hand
the operator W(a) := Rp(a)A : L2, — H;, N L2, is uniformly bounded for any a > rg with
m = o(mﬁ), so that H} N quu C L2, is compact. We may thus apply Theorem 2.1.20 and we
conclude to the existence of a solution (A}, 1, #}) to the eigentriplet problem.

The conditions (H4) and (H5) being true in a general situation as well as the conclusions
of Lemma 6.1.1, as an intermediate conclusion, we have established under the general condition
v > 0in (6.4.56) that yet the same conclusions as in section 6.2 hold true.



Chapter 7

The kinetic Fokker-Planck equation

In this chapter, we consider the kinetic Fokker-Planck evolution equation associated to the
operator
Lf:=—v-Vof+A,f+b-V,f+cf, (7.0.1)

on functions f : O — R, where O := Q x R%, Q C R? is a domain, b: O — R? is a given vector
field and ¢ : O — R is a given function.

As we said in the introduction, we will consider the case when (2 is a bounded domain and the
equation is complemented with a boundary condition. For ease of reading, we will reintroduce
the key notation and elements of this chapter.

We assume the classical balance between the values of the trace «vf of f on the outgoing and
incoming velocities subsets of the boundary

(- f)(@,v) = Za(3,F(w,))(v) on 3, (7.0.2)

where in this context we define % := {v € R3 £ v v, > 0} the sets of outgoing (X%) and
incoming (37) velocities at point = € 952, next the sets

St ={(z,v) € Syt v > 0} = {(z,v); z € 9Q, v € L},

and finally the outgoing and incoming trace functions v+ f := 1x, vf. Here and in the sequel,
v, denotes the unit normal outward vector field defined on the boundary set 9€2. We similarly
define the grazing velocity set

Yo =A{(z,v) € ;v -v =0}

The reflection operator %, is local in position, but can be local or nonlocal in the velocity
variable, so that it writes

(Zrg9)(v) := / (2,0, 0:) g (Vi) Vs + Vg dy,

3
for a reflection kernel 7 : 9Q x R x R — R. Some classical general assumptions on r are
r>0, Z1=1, D%l =M, (7.0.3)

for some positive function .# = .# (v), see for instance [52, 53, 54]. The second (normalisation)
condition corresponds to the fact that all the particles reaching the outgoing boundary are
put back on the incoming boundary (no mass is lost) while the third (reciprocity) condition
means (when .Z is a Gaussian function) that the wall is in a local equilibrium state and is
not influenced by the incoming particles. The normalization condition implies the local mass
conservation

/ Rrglv - v|dv = / gv - vdv, (7.0.4)
i g
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while the three assumptions (7.0.3) on r together also imply

IN

/ (%ng)? M |v - vldv / (R g% ) M (Rl )l |1 - v d
g 5w

= G M F )Y - vduy,

i

where we have used the Cauchy-Schwarz inequality (and the fact that > 0) in the first line
and the reciprocity condition in the second line. As a consequence, we have

/ (Zwg)? v - v]dv < / G M- vdv, (7.0.5)
il b

where we have used the normalization condition in that last step. In the sequel, we will rather
consider the possibly position dependent Maxwell boundary condition operator

K9 = (x)Deg + B(x)T g, (7.0.6)

where the accommodation coefficients «, 8 : 9Q — [0, 1] satisfy a(z) + f(z) =: {(z) <1, T, is
the specular reflection operator

Ty(g(z,-))(v) = g(x, Vyv), Vev=v—2v(z)(v(z) - v), (7.0.7)

and D, is the diffusive operator

Dug(a ) = cat 0)5(a), @)= [ gla,w)via)-wdv. (7.0.8)

i

Here the constant ¢, := (27)/2 is such that ¢ .4 = 1 and .# stands for the standard
Maxwellian

M (v) = (2m) Y2 exp(—|v[2/2), (7.0.9)

or, more generally, .# = .4 (|v]) > 0 is such that
D=1, Dol =M, )M LR, (7.0.10)

with 9 > 1 (that last condition is necessary in order that the second relation above makes sense).
The boundary condition (7.0.6) corresponds to the pure specular reflection boundary condition
when § = 1 and it corresponds to the pure diffusive boundary condition when o = 1. When
¢ = 1, the Maxwell boundary condition operator (7.0.6) satisfies (7.0.3). On the contrary, when
¢ # 1, the L? estimate (7.0.5) holds but not anymore the mass conservation (7.0.4). However,
the following L' estimate

/!%g\lwv\dvgc*/ lg| v - vdv (7.0.11)
X w2

holds, with 0 < sup { < (* < 1. Finally, the case { = 0 corresonds to the zero inflow problem.

Let us finally mention that the regularity needed on the domain €2 may be formulated
in the following way: we assume that € is locally on one side of 92 and there exists a
function § = g € W2*(R?) such that for all z in an interior neighborhood of 9§ one has
§(z) = dist(z,99) and the vector field v defined on R? by 2 +— v(z) = v, := —V,6(x) coincides
with the previously defined unit outward normal vector field on 02 and satisfies ||v||fo= 1. We
also assume that the Lebesgue measure on 0f) is well defined and it is denoted by do,.
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7.1 The trace problem

We consider in this section the trace problem for a solution g = g(z,v) to the stationary
Vlasov-Fokker-Planck equation

Mg:=v-Vyg—b-Vyg—Apg=G in O, (7.1.12)

for a given a vector field b = b(x,v), a source term G = G(z,v) and for a solution g = g(¢, z,v)
to the evolution Vlasov-Fokker-Planck equation

O g+v-Vyg—0b-Vyg—Ayg=G in (0,7) x O, (7.1.13)

for a given a vector field b = b(t, z,v), a source term G = G(t,x,v). The second problem has
been considered first in [51] and next in [172, Section 4], where a strong (renormalized) trace
function is proved to exist. In the sequel, we recall these results and slightly extending them by
considering a possible L2H ! source term. We introduce some notations. We denote

d¢ = |v(x) - v|dvdo, and d€* := (v(x) - 0)2dvdo,

the measures on the boundary set ¥. We denote by Bj the class of renormalized functions
RS VVI?)’COO (R) such that 4" has a compact support, by By the class of functions 3 € VVZ?J’COO(R)

such that 8” € L*°(R) and by Dy(O) the space of test functions ¢ € D(QO) such that ¢ = 0 on
3. We finally define the dual operator

M@ = —v - Vg + divy(bp) — Ayep.

Theorem 7.1.1. We consider g,b € L? Hﬁ)e,v’ G e L2  H ' and we assume that g is

loc,z loc,z*"loc,v

a solution to the stationary Vlasov-Fokker-Planck equation (7.1.12). Then there exists vg €

LIQOC(Z, d€?) such that the following Green renormalized formula

//O(ﬁ(g) Mo = B"(g) Vo g*¢) dvda + (G, B'(g)p) = (7.1.14)
= //E B(vg)e v(z) v dvdo,

holds for any renormalized function 8 € By and any test functions p € D(O), as well as for any
renormalized function B € By and any test functions ¢ € Do(O). It is worth emphasizing that
B'(g)p € L2H} so that the duality product (G, B'(g)¢) is well defined.

If furthermore yxg € L2 (2;d€) then vig € L2 (2;d€) and (7.1.14) holds for any renor-

loc

malized function € By and any test functions ¢ € D(O).

Proof of Theorem 7.1.1. We only allude the proof which uses very similar arguments as those
presented in [75, 172]. In the one hand, considering the mollifier (p.)e>~0o defined by

1
pu(2) = pl:/), 0<pEeDRY), suwpppc Br, [ p()dz =1
with z := (z,y), we get that g is smooth and satisfies
ge — g in L?oc,letc,vﬂ Mg = Ge = G in LIZOC,Ingclﬂﬂ

which is nothing but a variant of [76, Lemma II.1]. The function g. being smooth, for any
B € C? such that 8 € C}, we may differentiate 3(g:) and we get

MB(ge) + B"(92) |V oge|'= 5'(96) G in O,
with. We may thus pass to the limit as ¢ — 0 and we obtain (7.1.14). O

We also write without proof a stability result that we will use several times in the sequel.
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Proposition 7.1.2. Let us consider three sequences (gi), (bi) of Lﬁ)c’xHﬁ)C’U and (Gy) of
L} Hfl such that

loc,z**loc,v
v Vagk = bi - Vogr — Augr = Gy, in D'(O)

for any k > 1 and three functions g,b € L? Hllow and G € L? ngclv such that g — g

loc,z loc,z

strongly in leoc,leac,m b — b weakly in L?,_(O) and Gy, — G strongly in L? ngcl,v. Then g

loc loc,z

satisfies (7.1.12) and, up to the extaction of a subsequence, Ygr, — vg a.e. on X\¥o.
(2) If gv — g weakly in LL _(O) then g satisfies (7.1.14) and, up to the extaction of a
subsequence, Vg — g on Y\ Xo.

Where g,, —" g denote the renormalized convergence to be defined as follows: a sequence (g,,)
of L(E) converges in the renormalized sense to g if for any ¢ € (0,1] (or for any § € D C (0, 1],
D := {,,} for a sequence &, \, 0) there exists f5 € L*°(E) such that

Bs(gn) — Bs * (L, L) as n — co and B1(Bs) — B1(g) L. (O) as § — 0.

We may observe that g, — ¢ weakly L'(E) implies g,, — g up to the extaction of a susbequence
and that g, — g a.e. in F implies g, — g. We refer to [172] for more material about renormalized
convergence.

7.2 Well-posedness problem with inflow term at the boundary

We consider the kinetic Fokker-Planck operator £ defined in (7.0.1) and we start revisiting the
well posedness problem

A=L)f=F in O, y-f=g on X_, (7.2.15)

for given data §: O - R and g: ¥_ — R.

For a given weight function m : R? — [1, 00), we define the measure d&,, := m?|v(z) - v| dvdo,
on the boundary X. We next define L2H}, = L2H_},(O) the space associated to the Hilbert norm
defined by

Iy, = NF I, + Vo £IIZ,

and we assume that m satisfies the Poincaré type inequality
vm, 2771
||fW||L3nN [ fllzemy,, Vf €L Hpy,. (7.2.16)

Such a Poincaré inequality is classically known to be true when m := .# =Y, .# is the Maxwellian
(7.0.9) and ¥ > 0. We also define
L*H ' = {F = g +div,G; ¢,G; € L?,(0)},

so that when m = 1 the space L?H ! is nothing but the space of continuous and linear mappings

on L2H!. For § € L*H,;} and f € L*H},, we may thus write
(&, fm?) <18l poprt 1 2y,
We finally define in this context
Wy :={f € L*H}; v-V.f € L*H,'},

and
Ways = {g € Wa; vg € L*(Z;dém)},

with Wa sy # W in general.
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Theorem 7.2.3. Let us fir a vector field b € HL_(O), a function c € L*(0), a weight function
m: R — [1,00) and let us assume that b/{v) € L>=(0), that (7.2.16) holds and that

Am? Vm

A i=ess supw < 00, w:=c+

For any § € L*H,)', g € L3(X_;d¢,,) and X > \*, there exists a unique solution f € Wa s to
the Dirichlet problem (7.2.15). We have furthermore f >0 if § >0 and g > 0.

A similar result is proved in [70, Appendix A] in the case = R%. Also observe that (7.2.17)
holds with m := .#~'/? when .# is the standard Maxwellian (7.0.9) and b(v) = v, with
9> 1/2.

Proof of Theorem 7.2.3. We split the proof into five steps.

Step 1. A priori estimates. Multiplying the first equation in (7.2.15) by fm?, performing
several integrations by part in the velocity variable and using the Green formula, we have

1
[o=mrtmt o [appmv-os [ [90fPm? = (& fm?).
o 2 s o
Fixing A > A\*, using the Young inequality
1 /\

180 oy < (e + )11+ 5 U1 4519,

and the boundary condition on the incoming set ¥_ in (7.2.15), we deduce
x 2. 2 2 2 9 LHA-A" o 2
=) [ Pmd [t [ VofPm? < S Sy [ ol (72:18)
o o 16) A=A moJa

e Because of the first equation in (7.2.15) and the above estimate, we find

\ -

- Vaof = —@F AN +Auf+b-Vof +¢f) € L’H,, (7.2.19)

/\

v)
so that f € Ws.

e Multiplying the first equation in (7.2.15) by f1, 1 := v(z) - 9m? where here and below we
use the notations o := v/(v), ¥ := v/{v)?, (v)? ;== 1 + |[v|?, and using the Green formula and one
integration by part in the velocity variable, we get

s [orrweopm® = L[ PoDaim® [ 1V,fP
2 Js 2Jo o
+ [ 59u 0 =Vi0) + [ fte= 0+ @50
Observing that
(S SONSAS g2 gt 1 v () - Oll 2y, S IS Lo g 1 1 22,
and
£Vl 2 S 11 2,
recalling that b/(v) € L*>°(0O) and using the Cauchy-Schwarz inequality, we deduce
17 f 72 siaez) < CO+ DI 2, +CUS N g2t 1 N 2, (7.2.20)

for some constant C' = C(b, ¢, m,v), with d¢2, .= (v - 9)*m3dvdo,.
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e For latter reference, we establish an estimate about the behaviour of the solution near the
boundary. We now introduce the following Lions-Perthame [157] type weight function

¢ = 26(x)?u(z) - 0, (7.2.21)
and we observe that ¢ =0 on X, (v)y € L*®(0), Vi € L*°(0O) and
1

vV = 3(x)1/2

(0 - v(2))? +26(2)26 - Dyv(2)b.

x)
Multiplying the first equation in (7.2.15) by f1, we have

1 b
2/Ov-fo2¢—/Of<v>-va<v>w+/ovv(f¢)-va+/O(A—C)f2¢=<F,f¢>-

Using Cauchy-Schwarz and Young inequalities, we deduce

A 2
/22f2‘iK;§fZdedm < O+ DL B HIF I3 g-1), (7.2.22)

for some constant C' = C(b, ¢, n).

e We finally state a somehow classical regularity estimate when F € L2, (O). Taking advantage
of the fact that 7 € L2, and f € L?H}, and localizing the problem by introducing the function
9= fxe € LZH)(RT xRY), x. € C2(0), 1o, < x= < 1, 0= := {(z,v) € O; §(x) > ¢, [v|< 1/e},
we have

v-Vag = Aug + ()% = G in D'(R? x RY),

with
G = ("r - /\f - Cf —b- vvf)Xa - vif ’ VUXE + <U>2fX5 S LQ(]Rd X Rd).

From the quantitative Hormander’s hypoellipticity estimate of Hérau & Pravda-Starov [122,
Proposition 2.1], we then have

1D gll 2 +1D3 gl L2 S G| 2+l gl -
Coming back to the function f and using the previous estimates, we deduce
IDZ2 fll 220y +ID2 f Il 220y < CULF N r2(0)+ 1 fll2(0)5 (7.2.23)
for a constant C' = C(\,e) > 0.

Step 2. Existence. We assume g = 0. A possible way for proving the existence is to use
Lions’ variant of the Lax-Milgram theorem [154, Chap III, §1] as in [19, 70] and as we proceed
now. Defining the bilinear form & : L2H},(0) x CL{OUX_) — R, by

Ete) = [(A-o)fem?
= /O(Af —b-Vuf —cf)em® + Vo f - Vi(pm?) = f(v- Vep)m?,

for any f € L?H},(0) and ¢ € C1(O), we observe that this one is coercive, namely

o) = [t [ [Vaplm? 5 [ ()

> kllelizm

for any ¢ € CL{OUX_), with £ := min(A — A\*,1) > 0. From the above metionned Lions’
theorem, for any § € L?H,,!, there exists f € L?H}, such that

E(f, o) = (§,em?), YpeCHOux.). (7.2.24)
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In particular, f satisfies the first equation in (7.2.15) in the distributional sense D'(O), and thus
from (7.2.19), we deduce that f € W5. Thanks to the trace Theorem 7.1.1 and the estimate
(7.2.20), the function f admits a trace vf € L?(2;d¢2,). Using the Green formula (7.1.14) with
B =1id € By, we have

// A¢ + ) dvde = // 1f e v(z) - vdvdoy, (7.2.25)

for any ¢ € Do(O). Particularizing to ¢ € D(O U Y_) and comparing with (7.2.24), we deduce
that v f = 0.

Step 3. Existence. The general case g € L*(X_;d¢,,). When g € C%(X_), there exists a
function h € C2(OUY_) such that by, = g and we consider the source term G := F+(L—-\)h €
L*H,,! as well as the problem

A=L)g=GinO, ~v_g=0onX_.

From Step 2, there exists a solution g € Wy x» to this problem and we set f := g +b. In such a
way that f € Way and satisfies

/Of(A*E*)sD = /Og(Afﬁ*)s0+/Ob(>\*E*)s0
= /OGSO‘F/O()\—QUW—/EU\ESOV'U,

/O fA=LYep /Sgp / gov-v, (7.2.26)

for any p € C2(O U X_). Together with (7.2.25), we get that v_f = g on ¥_. In order to deal
with the general case g € L?(X_;d&,,), we introduce a sequence (g") of C?(¥_) such that g" — g
in L?(X_, d¢,,) and we next consider the associated sequence of solutions (f™) of Wa s just built
above. Using the estimates exhibited in Step 1, we get that (f™) is a Cauchy sequence in W,
so that it converges to a limit f € Way. We may pass to the limit in (7.2.26) written for the
sequence (f") and deduce that the same equation holds at the limit for f.

and thus

Step 4. Uniqueness. Consider two weak solutions f; € Wy to the equation (7.2.15) in the
sense that

E(fi, ) = (&, om?), YepeCHOUX).
In particular, the difference f := fo — fi € W5 satisfies

E(f.p) =0, YoeCHOUX),

and from the above discussion v_f =0 € L?(X_;d¢,,). Thanks to the trace Theorem 7.1.1, we
deduce that vf € L2 .(2;d¢) and we may choose 8(s) = s? in the Green formula (7.1.14): we
get
/O FPv - Vap = divy (bp) + Ayp +2f(c = N} = 2|V, f|*p = /E (Vf)?v - vy,
+

for any test function ¢ € C?(0O). Choosing ¢ = m?x,, with x,(v) := x(v/0), x € C*(R?),
1p, < x < 1p,, we deduce

Vm
/ ?m? {A—@)xo+ b VXxo — -ng — Ax,} <0.

Because f € L?H} m, we may pass to the limit ¢ — oo thanks to the dominated convergence

theorem and we obtain
[ w0 - =) <o,
O
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and thus f = 0.

Step 5. Positivity. We assume now that § > 0 and g > 0. We proceed similarly as in the
previous step by considering 3(s) = 52, ¢ = m?x . Letting M — oo, we deduce

/ Pm2(\ — @) <0,
(@)

and thus f_ = 0. m

Summing up, gathering the above estimates (7.2.18), (7.2.19), (7.2.20), (7.2.22), (7.2.23), we
see that there exists a constant C' > 0 such that any function f € D(L) satisfies

R V-V
[ fll L2, 19 - vacf”[ﬁ}[;f""“fWHL? (7.2.27)

vl L2 (saez ) v+ fll 22 siaen) < CUf L2+ ILf | 22)

and for any € > 0 there exists a constant C. such that any function f € D(L) satisfies

1D fll 200 HID3 fll 220 < CelllF |2+ LS 22)-

7.3 Well-posedness problem with reflection condition at the
boundary

We consider now the well posedness problem associated to the stationary equation
AN=L)f=F in O, y-f=%v+f on X_, (7.3.28)

for a given datum § : O — R, where the kinetic Fokker-Planck operator L is still defined by
(7.0.1) and the reflexion operator Z is described in (7.0.6), (7.0.7), (7.0.8).

Theorem 7.3.4. Let us fiz a vector field b € HL_(O), a function ¢ € L>°(O) which satisfy the
assumptions of Theorem 7.2.3 with a given weight function m : R — [1,00) for the pure specular
reflection case o = 0 and with the weight function m = .#~/? when a # 0, where A is the
Gaussian function (7.0.9) or a more general equilibrium satsifying (7.0.10). In that last case,
we furthermore assume one of the two following conditions

(i) 1 —(+a?/2 > 6, >0, and we observe that L*(X;d&,,) C LY(X; d€),
(i) (v)2 4 € L', and we observe that L?(3;d¢2) C LY(%;dE),

where we recall that we have defined d&,, := m?|v(x) -v|dvdo, and d&2, ;== m?(v(x) - 9)%dvdo,.
For any § € L2H,.' and A\ > \*, there exists at least one solution f € Wy to the Dirichlet
problem (7.3.28). Assuming furthermore that

A :=esssup (¢ — divd) < oo, (7.3.29)
and X\ > X\**, the solution f is unique and f >0 if § > 0.

It is worth emphasizing that the assumptions of Theorem 7.3.4 hold when b = v and
m = .# /2. We also emphasize on the fact that the additional assumptions (i) or (ii) are made
in order to prove the uniqueness of the solution during the proof.

Proof of Theorem 7.3.4. We split the proof into four steps.
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Step 1. A priori estimates. We multiply the first equation in (7.3.28) by fm?. As in Step 1
of the proof of Theorem 7.2.3, we get

Lo=ofmt e [t [ [9uPn? = 3 fn?).

Using for instance [28, Lemma 3.1], we have

LGPt oz [ (1= Q0+ alD e fPldgn = Ecal: ) 20, (7330

DIES

with Dtg := g — Dg. Using that the contribution of the boundary is nonnegative in the first
estimate, we first deduce

A= MFNE2, +IVFIZ2, < I8N ezt I 2y,

for A > A*, so that
min(A = A", D[ fll 22z, < 1Sl 2 g1

From the three above estimates together, for A > A\*, we obtain

1 1

There is no difficulty for also getting the pieces of information (7.2.19), (7.2.20), (7.2.22) and
(7.2.23), so that in particular f € Wa. It is worth emphasizing here that when (v)2.# € L', we
have L2(d¢2,) C L1(X;d€) by using the Cauchy-Schwarz and (7.2.20), so that in particular the
boundary condition is well defined.

Let us show now how the last conclusion also holds under condition (i) in the statement of
the Theorem. We then assume ¢ = 1 in (7.0.10) and we show how to establish an additionnal a
priori estimate. We indeed know from (7.2.20) that

/Z (aD(v4f))*(v - 0)*m*dvdoy < /2 (vf)? (v - 0)*mPdvdoy < CA|I§]72 -1

and similarly as in [9] or [172, proof of Lemma 2.2] that

1= / (@) - vl tdv=C [ (w(x)- )2 tdv, Ve o,
3 3T

for some constant C' € (0,00), so that

L @G = C [ (@D )0 0Pm? < COM 2 (7332

Summing up (7.3.31) and (7.3.32), and using that

(+-£)? < 2(D 4 )% + 2(Dye )2,

we deduce that
L= ¢ 0220 )2 < CAS I (7339
+

Defining
feWag={g€ Wy v-g=%v19},

we see that Wy 5 = Wo s if 1 — ( + 042/2 > 0, > 0, but it is worth emphasizing that we may
have Wy 4 # Wy s, in the general case.
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Step 2. Existence when § > 0. With the help of Theorem 7.2.3, we define fy = 0 and,
recursively for any n > 1, we define f,, € Ws s, as the solution of

AN=L)fp=F in O, ~v_fn=%V+fn-1 on X_. (7.3.34)

It is worth emphasizing here that v, f, 1 € L?(X;d&,y,) implies Z(v4 fn_1) € L*(X_;d&n)
because of (7.0.5). We also notice that f,, > 0 because § > 0. By linearity

A=L)(fnt1 = fu) =0 in O, y-(fas1 = fn) = Z74(fn = fa1) on I,

and we thus show recursevily that f,11 — fn > 0. In other words, (f,,) is an increasing sequence
and thus also is (vf,). From (7.3.30), we have

/E (Vfa)2dem = /E ) /E (B far)

v

| Gt dtn = [ (@ dn = Ecalritu),
oy Y

so that the estimate (7.3.31) holds true for f,, (instead of f) uniformly in n > 1. From the
monotonous convergence theorem, there exists f € L2H} satisfying (7.3.31), (7.3.33), (7.2.20)
and such that f, 7 f a.e. Thanks to Proposition 7.1.2, we have vf,  ~vf a.e. on X, from
what we deduce that Zvy f, — Zv+f in L?>(3_;d¢2,) thanks to the monotonous convergence
theorem. As a consequence, we may pass to the limit in the weak formulation of (7.3.34), and
we get that f is a solution of (7.3.28). We may also pass to the liminf in the estimate (7.3.31)
written for f,, and we thus deduce that the same estimate holds for f.

Step 3. Existence when § € L?H,'. When § € L2,, we may introduce the splitting
§ =&+ — §—, just use the previous step for F+ and conclude by linearity of the equation. When
T ¢ L2,, we proceed similarly as in [172] and in the following way. We first assume ¢ < ¢* € [0, 1)
and we consider the mapping ¥ : Wy s — Wa s, g — f = ¥(g), where f is the solution to the

stationary problem

(7.3.35)

A=L)f=F in O
V-f=%v+g on E_.

The space Wy s is endowed with the norm |[|-[|w, ., defined by

1918, o= 91122 +IV0g122 +l7-91122 (e,

From (7.2.18) and the estimate || Zg||r2(s_;a¢,,)< "9/l L2(, de,,) What we obtain by repeating
the proof of (7.0.5), we deduce

1
a”f”%m}n+||V+f||%2(2+;dgm) < C/\||3H22HT;1+”5?’Y+9||L2(2_;d5m)

A

< CAHSH%zH;ll'i‘C*H’Y—I—g”L2(E+;d5m)a

for some cosntant C > 0. By linearity of (7.3.35), we deduce that for two functions g, g2 € Wa y,
and denoting f; := ¥(g;), we have

1
Cj”fb — il Hvefo = v fill e aen < Clreg2 = 7491 12205, gy

so that U is a contraction in Wy x.. By the Banach fixed point theorem, we deduce that there
exists a solution f € Wa s to the equation (7.3.28) in that case. Finally, in order to deal with the
case (* = 1, we consider a sequence () of [0,1) such that ¢} 1 and the associated sequence
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(fn) of solutions in Wy 5, associated to the equation (7.3.28) with the modified reflection kernel
Kng = (G Hg. From (7.3.31) and (7.2.20), that sequence satisfies

I all3o i+ Fal 32 sz ) FEra(e ) < CAllFI2a 1.

When « # 0, the above estimate or (7.3.33) also implies that (4 f,,) belongs to a weakly compact
set of L'(X1;d¢). As a consequence, there exist f € W and 7+ two functions defined on X
such that, up to the extraction of a subsequence,

fo=f LPHp, efa =92 LP(S4:d6),

Vifo =4 LNE15dE),  RByyfo — By LN(S_;dE),
where we have used (7.0.11) for the last convergence. Using Proposition 7.1.2, we may thus pass
to the limit in the equation (7.3.28) satisfied by f,, with modified reflection kernel %,, and we
get that f is a solution of (7.3.28). In the pure specular reflection case a = 0, only the first line

of convergences holds, but that it is enough in order to pass to the limit in the equations (we
refer to [173, 172] for similar arguments).

Step 4. Other properties. We further assume A > \**. We proceed similarly as in [164].
Consider two weak solutions f; € Wa to the equation (7.3.28). In particular, the difference
f = fa— f1 € W satisfies

AN=L)f=0in O, ~y_f=Xvy+f on X_.
Using the Green renormalized formula (7.1.14), we have

o—/ BN — &) fp+ B (HIVF20 + B (divy(bp) — v Vaip — Ayp) +/ﬁvf v-vp.

for any 8 € C%(R), ' € C}(R) and any test function ¢ € C2(0). We choose ¢ = ¢(v) > 0,
B>0and 8" >0, so that

0> / B(F)A — &) fip + B (divo(bg) — Aup) + /E By v,

By an approximation argument, we may now take 3(s) = |s|, and we get
0= [ IO =+ (divalbg) = Aug)} + [[piflv - v

We observe that in any cases we have f € L2,(0) C LY(O) and ~f € L'(%;d¢). By an
approximation argument, we may now take ¢ = 1 and using the L! estimate (7.0.11) on Z (with
(" =1), we get

o
v

| 1 fllv - vl= [ file ol

il oy
LI = e+ divbh = (= A [ 11
(@] (@]

Y

We deduce that f = 0. The proof of the positivity property follows the same arguments but
choosing f(s) = s_. O

For latter reference, we state the counterpart of the preceding result for the kinetic Fokker-
Planck evolution equation.
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Theorem 7.3.5. Let us make the same assumptions as in Theorem 7.3.4. For any fo € L2,
there exists a unique solution f € C([0,T); L) N L*(0,T; HL) for any T > 0 to the kinetic
Fokker-Planck evolution equation

(7.3.36)

owf=Lf in (0,00)xO
Y-f=%v+f on  (0,00) x ¥,

with L defined in (7.0.1) and Z defined in (7.0.6).

The proof of Theorem 7.3.5 is skipped since it is a mere adaptation of the proof of Theo-
rem 7.3.4. We refer to [248, Cor. 2 7, Lem. 2.8 and Cor. 2.8] where similar well-posedness
results are established (see also [172] for the existence part).

7.4 The first eigenvalue problem in a domain with reflection at
the boundary

We consider now the first eigenvalue problem for the kinetic Fokker-Planck operator (7.0.1)
in a domain with reflection at the boundary, namely

A 4+v-Vof —Ayf=b-Vyf—cf=0 in O
[0 Vaf = Auf = bV —cf .
V-f=%y+f on  X_,
and the associated dual problem. In this section, we assume that b and ¢ satisfy the assumptions
of Theorem 7.2.3 with the weight function m := .# /2 when o # 0 and for a given weight
function m : R — [1,00) when o = 0 and Z is given by (7.0.6). We additionnally assume that

liminf w(z,v) = —oc0, (7.4.38)

|(z,v)|—o00
where we recall that w is defined in (7.2.17). When .# is the Gaussian function, we find

+d 1
w:c—l—m;_—zdivb—b-v,
so that (7.4.38) holds when b is typically a bounded perturbation of the vector field by(v) = Yov,

¥9 > 1/2, and more precisely

div,b € L®(0) and inf liminf(b-v(v)~2) > ¥ > 1/2.
z€Q |v|—o0
The above condition is quite technical but can be seen as a compatibility condition between the
thermalization due to the boundary and to the Fokker-Planck collisional operator. We are then
able to work in the functional space X := L2 (O).

Theorem 7.4.6. Under the above conditions, the first eigentriplet problem associated to (7.0.1)
has a unique solution (A1, f1,¢1) € R x X x X’ with f1 > 0 and ¢1 > 0.

The proof of Theorem 7.4.6 follows from Theorem 2.1.20, Theorem 3.3.11 and Theorem 4.4.14
as a consequence of conditions (H1)—(H5). We prove now that each of these conditions is
satisfied. Theorem 7.4.6 generalizes [152, Theorem 2.12] where the same problem is tackled for
the zero inflow condition (« = f = 0) with b = v and ¢ = 0 by using the classical Krein-Rutman
theorem [142] in the space X = Cj(0). We also refer to [116, Theorem 6.8] for a variant and
somehow generalisation of [152].
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Condition (H1). From Theorem 7.3.4, the operator £ satisfies (H1) with
k1 := max(A\", A7),

with A\* defined by (7.2.17) and A** defined by (7.3.29). For later reference, let us state more
precisely, the available estimates for f. On the one hand, repeating the proof of Step 1 in the
proof of Theorem 7.3.4, we establish that for any A > k; and § € L2, the solution f € Ws to
the Dirichlet problem (7.3.28) satisfies

L=+ [[DuiPnd + Jeated) € o Bl (1439)

—A- )\*

On the other hand, adapting the proof of (7.2.22), we straightforwardly obtain

/ f2 1/2 dvdx < C/gz (7.4.40)

for some constant C' = C'(b,c,v, A). For €,,€,, 0 > 0, let us now define

U:={(z,v) € O; d(z,00) > ez, |v|< o}, (7.4.41)

/cmez < /f2m21‘v‘29+/f2m2114x +/f2m213,

Ay = {v€ By, (0-v(@)? <2}, Bi={(x,0) [o|< o, (6-n)’> e

and compute

with

d(z,00) < ez}

v

For the second term, we have

[ s, < /\A 2o ) o

5 - )2/7"

1125y,

where we have used the Holder inequality with » € (1,2*/2) in the first line and the Sobolev
inequality in the second line. For the third term, we have

12 0 -v(z))?
/me to=m (9)652 /<of72‘(5(x)(1/)2) '

Gathering these last estimates with (7.4.39) and (7.4.40), we have established that the solution
f to equation (7.3.28) furthermore satisfies

1 _ €z
” fPm? < C(W + 0 e, + m2(0) 2 )/32m2, (7.4.42)

for a constant C' = C(b, ¢, 2, \) and for any &,,&,, 0 > 0.

The strong maximum principle. Let us now consider a function 0 < f € W\{0} which
satisfies the Dirichlet problem (7.3.28) associated to A > k1 and a source term 0 < § € L2 N L.
In order to simplify the discussion, we assume that the normalization || f| 72 = 1 holds. For
proving the strong maximum principle, we briefly explain how we may adapt the arguments we
have presented for the diffusive equation in Chapter 6 by taking in particular advantage of the
above established estimates, the regularity results established in [106, 115] and some spreading
positivity results we learnt in [241, Corollary A.20]. We proceed in three steps.
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Step 1. On the one hand, from (7.4.42), we may choose conveniently o~ !, &,,e, > 0 small
enough in such a way that
[ 7 < I,

where U is defined by (7.4.41). Because of the normalization condition, we have
| £m? = 111, (7.4.43)

and consequently f(zo,v0)? > 63 := ||f]|32 (2[|1[|32 )" for at least one point (zo,vo) € U.

Step 2. On the other hand, let us recall some integrability and regularity results established
in [106] for a solution g to the kinetic Fokker-Planck evolution equation

Og+v-Veg=Ayg+ B -Vyg+s in V,

or a sub-solution
Oig+v-Veg < Ayg+B-Vyg+s in V,

for some bounded set V C (0,7) x O, s € L*(V) and B € L*=(V). For that purpose, given some
(t*, x*,v*), we define

Qr = {(t,x,v); t € (t* =12 t*], |x —a* — (t —t"¥|< 13, v —v*|<r).

We claim then that there exist 2 < p < ¢ < 00, @ € (0,1) and for any 0 < r; < rg there exists C
such that

lgllio@r)= € (gl 2@+l 2(@rg) (7.4.44)

for any nonnegative subsolution g on Q,, from [106, Theorem 6],

190l @, < C 9l L2(@ry) I8l L2@1y) (7.4.45)
for any nonnegative subsolution g on @, from [106, Theorem 12] and

19llco (@) < C gl HlsliLo(qy)) (7.4.46)

for any solution g on @y, from [106, Theorem 3]. As a consequence of (7.4.44) and a classical
covering argument, for any bounded set U C U C O, there exist Cy = Co(U) and C; = C1 (U, \)
such that

£l ey < Co (1 f 20y HIT + ef = Afllz20)) < Cilllfllz20) ISl L2 0))-
Observing that for o = p/2 > 1, we have
—1
VYLt = At b Tuf o O —ef - §) =~ w2 o

so that f¢ is a weak sub-solution to the kinetic Fokker-Planck equation, we may repeat the
argument and obtain in that way that f € LP*(U) for any k > 1, with py := 0*2. Now, choosing
k such that py > ¢ and using (7.4.45) (as well as again a classical covering argument), we get

I fll e @y S N L2y HIS + ef = Afllao)S 1 l2o) HIS N zao)
Using finally (7.4.46), we deduce that there exists a constant C = C(U, ) such that

I fllcewnS 2o+ 1S Lo o)
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Together with the conclusion of the first step, we deduce that there exists a constructive constante
rg >0 such that f > 5013((55071]0)77“0).

Step 3. From [241, Corollary A.20], we deduce that for any bounded set & C U C O, there
exists a constructive constant § = d(dg, r9,U) > 0 such that

f(z,v) >4§ forany (x,v)€elU,

where it is worth emphasizing that the hypothesis b, ¢ € C'(O) made in [241, Corollary A.20] is
not really necessary and can be replaced by b, c € L>(U). Because U may be choosen arbitrary,
we have established that f > 0 on O and the strong maximum principle.

Condition (H2). For a given function 0 < hg € C?(O) normalized by [hollz2 = 1, we define
fo € D(L) as the solution to

(k1 —=L)fo=ho in O, ~v_fo=%Rv+fo on Z_.

Taking advantage of the fact that hg has compact support, we compute
1= /o hgm? = /O(’fl — L) fo hom* = /Ofo(lil — L*)(hom?) < C1l foll 12,

with Cy := ||m ™ (k1 — L£*)(hom?)| 2. On the other hand, from (7.2.27), we have

v-v
||f0||L2H}n+Hf0W||L2§ Co, (7.4.47)

for a constant Cy only depending on ||hol|z2 , 51 and the constant C' which appears in (7.2.27).
Arguing as in (7.4.43), we deduce that

/ fim?* > (201)7Y, suppho C U, (7.4.48)
u

with U = U, defined in (7.4.41) and g > 0 small enough (chosen constructively from Cy and C1).
From the above constructive strong maximum principle, we deduce that fo > €1y > 1/Cohg for
some ¢, Cy > 0. We conclude as in the Second constructive argument for (H2) in Section 6.1.
Coming back indeed to the equation, we have

Lfo = r1fo—ho = k1fo— [[hollzeelu = (k1 — [|ho| L= Co) fo,
so that (H2) holds with ko := k1 — ||ho||z<Co from Lemma 2.1.4-(ii).

Condition (H3). Let us fix K < kg arbitrary. We define Bf := Lf — nygr(v)f for any
f € Wy g, with xg € D(Rd) such that 1z, < xr < 1B,, and for some given n, R > 0 to be
specified below. We observe that, at least formally,

1
[tmB-nf = [ (@t - [ afPnto - [V, fEnd
o 2 s o
Thanks to (7.4.38), there exists a constant R > 0 such that

sup w < K.
’UERd\BR

Choosing n := sup wy — k, we deduce that w — k — nyr < 0. On the other hand, because of
(7.3.30), the contribution of the boundary term in the above identity is non positive. We thus
deduce that (B — k) is dissipative in L2,. We now establish that the associated operator B has
compact resolvent. For § € L2, we consider f € L2, the solution to

—Bf=§ in O, ~v_f=%v+f on X_, (7.4.49)
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which existence follows from Theorem 7.3.4. From the above discussion (with x = —1) and the
same arguments as in Step 1 of the proof of Theorem 7.2.3, we have

/f2<?ﬂ>-m2 +2/|va|2m2 < /szmz. (7.4.50)

Together with the regularity estimate (7.2.23) and the compact imbedding H?/3(U) ¢ L*U),
we conclude that B has compact resolvent. The operator A on L2, defined by Af := nxgr(v)f
being bounbded, we may apply Lemma 2.1.8-(2) and we deduce that (H3) holds for both the
primal and the dual problems.

Condition (H4) is nothing but the yet established strong maximum principle.

A variant of condition (H5). Consider (f,\) a pair of eigenfunction and eigenvalue such
that A € ¥py(L). Arguing similarly as in the proof of condition (H5) in Section 6.1, we know
that

Lf=idf, 9eR, L|f|=0

and introducing the real and complex part decomposition f = g + ¢h, we have
/ L Vb — hVugl=0
o |f|2 g v Ug )

and finally ¢gV,h — hV,g = 0 a.e. on O. Because of the regularity estimate presented during
the above proof of the strong maximum principle, the functions f has Holder regularity, and
thus g and h are continuous on O. Because |f|# 0, we may claim that there exists a point
(x0,v0) € O such that h(xzg,v9) > 0 for instance. Denoting by w the connected component of
{(z,v) € O; h(z,v) > 0} containing (xo,vo), we have V(g/h) = 0 on w, and thus g = a(x)h on
w for some continuous function « : 2 — R. Coming back to the eigenvalue equation that we
may write in the following system form

Lg=—9h, Lh="71g,
we compute N N
—h = L(ah) = alh —hv-Vza = adg—hv- Vo on w,

so that
—9=a*9—v-Vya on w.
We deduce that « is a constant on w and finally 99 = 0. We have thus established that A = A;.
At this stage, we may use Theorem 2.1.20, Theorem 3.3.11 and Theorem 4.4.14, in order to
get the conclusions (C1), (C2) and (C3) about the existence and uniqueness of the eigentriplet

(A1, f1, ¢1) which satisfies f1 > 0, ¢; > 0, A1 is algebraically simple and on the triviality of the
boundary punctual spetrum.

We briefly explain how we may deduce the stability of f; by adapting some arguments
developped in [171] and already mentioned. On the one hand, we know from [171, Lemma 1.1]
that any solution f to the rescaled evolution equation (7.3.36) with £ replaced by £ = £ — A\;
satisfies

O(H(X) fro1) + dive(vH(X) f1o1) — dive (¢ Vo (H (X) f1/¢1)) = —H"(X) frér [V X2,

for any convex function H : R — R and with X := f/f;. After integration, we get

cclit/oH(X)flébl +/EV-UH(X)f1¢1 = */OHN(X)fld)ﬂvaP, (7.4.51)
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When H(s) := |s|, the boundary term is

Lithew v = [ hefi@yow-v- [ @y sh-silv-ol
b Sy »_

Y

s -il-vl= [ @ fla-ouly-vl= o,
o T
from what we deduce the non expansive property

/O|ft1|¢1 < /O|fto|¢l7 Vir > tp > 0. (7.4.52)
On the other hand, from the Cauchy-Schwarz inequality, we have

(R4 [)? < (B [1)R (V4 12 v+ o),

so that ,
/2_ %7¢1’/'”|§ /2_ RV P2 v fv-gnlv - ol
and finally
/E(Wf)2(7f1)_17¢1 v-v<0.

When H(s) = s2, the equation (7.4.51) and the last inequality imply

z:/(9f1¢1(f/f1)2+2/Of1<;51|vv(f/f1)|2§ 0. (7.4.53)

We next recall a classical compactness result.
Lemma 7.4.7. Let (g,) be a sequence of functions such that

(gn) is bounded in L*°(0,T; L%, ,.) N L?(0,T; L? Hq}’loc)

zv,loc z,loc
and
Otgn +v - Veg — Ayvgn = Gy, bounded in L120C,
then (gn) belongs to a strong compact set of L2 ..

Proof of Lemma 7.4.7. We just sketch it. Because
Otgn + v - Veg = Aygn + G, bounded in L? Hv_l,

tx

the usual averaging lemma in [107, 74] implies that

2
loc»

(gn * p) belongs to a strong compact set of L

for any p € D(R?). On the other hand, introducing a mollifiers sequence (p.) and writing then

9n = (Gn — Gn * pe) + Gn * pe,

we see that the first term is small uniformly in n as ¢ — 0 and the second term is relativelly
compact thanks to the first step, from what we immediately conclude. ]

Now, for 0 < fj € qubl’ we introduce the sequence fy = (fo A k)1y, € L2(f{ ) N L2,
with Uy, := {(z,v) € O; §(x) > 1/k, |v|< k}, and the associated solution f;, € L°°(0,T; L?) N
L?(0,00; L2H}). Because of (7.4.53), for any increasing sequence (t,) which converges to
oo and for any function ¢, € D(0), 1y,, < ¢mn < 1, the rescaled and truncated function
Gn(t) := fr(t+tn) fr e 1) meet the hypothesis of Lemma 7.4.7, from what we classically
deduce that the sequence of f,(t) := fi(t + t) fi Le=M(t+tn) g relatively strongly compact in
L2 .. Repeating the proof of Theorem 3.4.20 and Theorem 4.5.20 (see also [171, Thm. 3.2]), we
deduce that f, (t) = (for, 1) f1 as t — oo. Together with the above non expansive property
(7.4.53), we deduce that f; — (fo, ¢1)f1 in Lél as t — 00.

We summarize our convergence result in the following theorem.
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Theorem 7.4.8. For any fo € L?, the holds f; — (fo, 1) f1 in L<1¢1 as t — oo.

Theorem 7.4.8 generalizes [152, Theorem 2.18] and [116, Theorem 6.8] for the zero inflow
condition and [1, Theorems 1.6 & 1.7] for the torus case. It is worth emphasizing that in these
papers the longtime convergence is established with exponantial rate (with constructive estimate
in [1]). In [152] the proof is based on a representation formula for the associated semigroup S
which is proved to have a kernel p; € (L' N L>° N C>®)(O) for any t > 0 (see [152, Thm. 2.4 &
2.6] as well as [214, 124, 151]). One then classically deduces that S; € ¢ (X) for any ¢ > 0 and
X =LP pell,o0], or X =y (see [152, Thm. 2.18]), and next one may apply Theorem 4.6.25.

We follow now a similar approach as in [152, 116]. We start with a series of technical results.
Here, we make the additional assumption

@ (z,v) = sup wy(z,v) < Ky < 00, (7.4.54)
1<p<oo

with

(2-p)Am 2 |Vm|? 1 div(bm?)
Wp = +5—tc—————.
p m pom p mP

Lemma 7.4.9. For any fired k < kg there exists 9, > 0, 0, > 0 and k3 € R such that

defining Af :=n&,, (v)C, () f withn >0, &, € DRY), L<p, < &, < Lyj<ap,: Cp. € D(Q),
15(2)>pe/2 < Cow < 15(2)>0,, and next B := L — A, there hold

1S5Olsaz) S €, V=0, (7.4.55)
<

HSB(t)H_@(Lfnp) en2t7 Vi>0, Vpe (27 OO]? (7456)

with my, := MY,

Proof of Lemma 7.4.9. We first recall from Step 1 of the proof of Theorem 7.2.3 and (7.3.30)
that

(£t D, = = [IViPm =5 [nPmtv v+ [ Pom?
< - [1vsPmt+ [ fam?
and, with ¢ defined in (7.2.21),
(~Lf.f)pe = —f/fQ (v Vo)) /f ot @+ [Volre) - Vuf = [ef*

—/f2“6'(;1/)2) dvd:c+0/(f2+ IV £[2).

Defining then m := m — gy, with § > 0 small enough, and summing up the two previous
estimates, we get

(Lf e < 5/1‘2 1/2 =5 [IvsPw & [ e+ 1)
Similarly as in (7.4.41), we define

U:={(z,v) € 0; §(z) > 0g, |v|< 0v},

and we observe that
Ucc AUBUC,
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with
A= {U € Bvi |’[) ’ I/(Qj‘)|§ Ev}a B := {U € Bgvv ‘@ ' 7”L|Z Ev, 5(%) < Q:B}a
for some g, > 0, and C := B . We next repeat the proof of (7.4.42), and we get
1/2

Pm? < (o ley) %:ﬂvfﬁwanQ /ﬁ cL ! [ e m.
ue 1/2 @—(pv)

Observing that

/f2(wm2+1) < m/f2m2+cﬁ/ f2m2+cﬁ/ f2m?
u uce
with Cy :=sup(w 4+ 2 — k)4 < 00, and A > Cy 1y for n := C,, altogether, we conclude with

(Bf. Pz < #llf 1z,

We then classically deduce that (7.4.55) holds.

Similarly as for the first estimate and in the proof of [174, Lem. 3.8], for any smooth, rapidly
decaying and positive function f, we have

Jepsime == [Ty o o) [190mg)? -2+ [ e

p
From Darozes-Guiraud (or Jensen) inequality, we know that the first (boundary) term is
nonpositive (see [67] or [172, Rem. 6.4]) and we then classically conclude to (7.4.56). O

Lemma 7.4.10. There exists a finite family 2 =py < p1 < -+ < px < 00 and o € (0,1) such
that such that both C = B, L, for any T > 71 >0 and V CC O,

/ lASe(®) foll 2y dt < O W foll sy 5=1....k, (7.4.57)
sup || ASB() follLe< Cpl |l follLow, (7.4.58)
te|r,T)
sup [|S5(t) follce ()< C& |l fol Lo (7.4.59)
te[r,T)

Proof of Lemma 7.4.10. For 0 < fq € L?,, let us denote f := Spfy which thus satisfies the
PDE
of —Bf =s:=cf in D'((0,T)x O).

Let us fix two open sets U; such that [, T x supp x supp¢ C Uy CC Uy CC (0,T) x O. From
[106, Thm 6] and a covering lemma, there exists a constant Cp > 0 and p; > 2 such that

£l zer () < C_'o(”fHL2(U1)+HS”L2(U1))-

The estimate (7.4.57) for j = 1 then follows from Theorem 7.3.5 (and the classical underlying
energy estimate). On the other hand, [106, Thm 12] similarly implies that there exists a constant
Ck > 0 and py € (p1,00) such that

£l oo o)< CrlllF 2y +1Isl Low o))

and interpolating with the previous estimate, we get

11127 00 < Cim1 (Il 2y HIsl i1 @)y Vi, 2<5 <k =1

The growth bound (7.4.56) and the two last estimates imply (7.4.58) and (7.4.57) for any
2 < j <k —1. Finally, [106, Thm 3] similarly implies that there exists a constant Cx41 > 0 and
€ (0,1) such that

1fllco o)< Crat (1f |2y + sl Lo o))
from what we deduce (7.4.59) in the same way. O
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Theorem 7.4.11. The conclusion (CE3) holds in L2, with exponential rate but non constructive
rate.

Proof of Theorem 7.4.11. We introduce the splitting
Sp=V+K{+ K+ K,
where we set
K :=YSp*; Kiyo, K{:=WxSr—Sg#; Kpio, K5:=(1—-7)Sg* Kpio.

Here we define V' and W with the usual notations (2.2.41) where we take N = k + 2. Next for
two functions (of operators) @ and b and 0 < 7 < T, we define

(ax:b)(t) := /Tt_T a(t —s)b(s)dsift e [r,T —71], (ax;b)(t):=0ifte[r,T — 71|,

and then recursively Ko = Id, Ky := ASg, K; := (ASp) %, Ky for £ > 2. We finally define
Tg := xeg with x. € D(O), Ly, < xe < Ly, with U := {|v|< 1/e, d(z) > e}. The sequel of
the proof is split into two steps.

Step 1. On the one hand, we compute

t—7

T—1
o S ISslmgnapy [ 1 ASB( ) K (s)ds ol

A

(S5 *r Kk+2)f0||L”1

IA

T T
Cr / / | ASs(t) Kia1(s) foll 121 dids

IN

T
CrCg [ K (s)follg, ds,

and thus
1(SB *7 Ki+2) foll .z < Crl follze,, (7.4.60)

where we have used (7.4.56) in the first line, the Fubini theorem in the second line, (7.4.57) with
j =1 in the third line and several times (7.4.55) in the last line.

From the very definition of A and Sp as well as (7.4.55), we may fix kg € (k, ko) and next

1
T > 0 such that [[V(T)|lzz2)< ge“BT. We may next use (7.4.55) and fix 7 > 0 small enough
such that )

Kl az2,)< 7Cr < genBT-

Last, because of (7.4.60), we may fix € > 0 small enough, in such a way that
1
1K5 follz, < n(e)[|(Sp *7 Ki+2) foll pp1 < genBTHfoHLa,
The three last estimates together, we have established

IV(T) + Kf 4 Kf|| (12, < el (7.4.61)

Step 2. Performing the same kind of computatiuons as for proving (7.4.60), we get

IN

T T rT'—7
LA < K506 hilgds < [0 [ IS8 (5)oll gyt

IN

. T
Chis [ 1 (5)oll -1 s,
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for j=1,...,k+ 1, pry1 := oo. Iterating, and using (7.4.57) with j = 1, we get

T
| e (5)folsspds < ol

Similarly, we may write

t
sup|[Kiafolliss < sup [ AS5(t = 8)Kisa (3)fo 155 ds

[7,T] te[r,T]
T
< sup |1ASs(s) ez [ 1K (o) foll s ds
te[r,T) T
and
T—1
1K followoy < [ 1Ss(t = 5)Ksa(s)follow ey ds
<

CgoT SupHKk—iQfOHng .
[.T]

The three last estimates together and the compast suport condition suppy. CC O imply

1K follcorrz < lfollzz, ¥V fo € L2,

from what we deduce that K € # (L2,). We may apply Theorem 4.6.25 in order to conclude. [
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Chapter 8

A mutation-selection model

In this chapter, we consider the mutation-selection evolution equation associated to the mutation-
selection operator

Lf=Jdxf—W(x)f (8.0.1)

defined on functions f : R = R, f = f(x), where J is a the mutation kernel, * stands for the
convolution operator and W is a confining potential. This equation appears in the modeling of
genetic variability in evolutionary biology.

As we say in the introduction, fi(x) represents the density of a population, at time ¢, of
phenotypic trait z on the multi-dimensional phenotypic trait space R%. the kernel J is related
to mutations and the potential W to the selection process.

Different selection potentials have been considered. The case of linear fitness W (z) = —x
is completely studied by the works of M. Alfaro and R. Carles [2](Laplacian case, Equation
(1.4)) and R. Burger and M.E. Gil [42] whereas the quadratic case, that is W (z) := 22 (say N =
1), was considered in M. Kimura and analyzed by R. Biirger [44] for Equation (1.1) and by M.
Alfaro and R. Carles [2]. We also can find more realistic cases for which fitness functions are
defined by a linear combination of two components (e.g. birth and death rates), each maximized
by different optimal values of the underlying trait, a typical case being W (zx) := z*
studied in Alfaro and M. Veruete [4].

The study of the eigenvalue problem associated with this model has been of interest to the
scientific community for some time. In particular the works of R. Birger and .M. Bomze [45]
and also O. Bonnefon, J. Coville, and G. Legendre [36] for bounded domains, show that the
lack of regularizing effect of the integral operator compared to the Laplace operator can arrive
at a concentration phenomenon which leads to the formation of singular measure for the first
eigenfunction. A first fundamental question is to identify sharp conditions on J and W that
ensure the existence of a principal eigenfunction. Some of those conditions have been presented
in [3]. In this chapter, we present a relaxation of these conditions, mainly by removing the J
symmetry assumption, see remark 12.2 (3) below.

Under these relaxed assumptions, we present a quantification of the spectral gap, and its
stability result that generalizes the one shown in [3].

— 22 with is

We assume that the mutation kernel J is a positive finite measure of R¢ which is lower
bounded on a neighborhood of the origin, or in other words

0<JeM\RY, J>Jlg, (8.0.2)

for some constants J,,r > 0. We also assume that the selection potential W : RY - R is
continuous and satisfies

W(z)>W(0)=0, Vx #0, W(x) — +o0 as |z|— oc. (8.0.3)
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We finally assume the following compatibility condition between mutation and selection: there
exist 4 > 0 and a bounded Borel set A C R? such that

a = essinf J(dz)

—>1 8.0.4
v€dp Ju—a, Wz - 2) -5 ( )

J=J1+ JQ, Ji € Ccl(Rd), Ky 1= HJ2H1:= /de2 < Kg 1= (a — 1),8, (8.0.5)
R

where we use the notation Ag = AN{W > g}. In the sequel, we work in the Banach lattice
X := LY(RY).

Theorem 8.0.1. Under the above assumptions, we can arrive to the following conclusions,

1. The first eigentriplet problem (1.3.30)-(1.3.31) admits a unique solution (A1, f1,¢1) € R x
Xy x X!, with M > ko, 0 < f1 € Liyy, (R)NLE (RY) and 0 < ¢1 € Ly, (R)NLG (RY).

2. Moreover, L generates a semigroup Sy on X = LY(R?) and for any fo € X, there holds

le™MES () fo — (b1, fo) fill < Ce™ | fo — (@1, fo) fall Lt (8.0.6)
for any t > 0 and for some constructive constants C,a > 0.
Let us comment on the above result which is our main result in this section.

Remark 8.0.2.

(1) Assumption (8.0.4) is satisfies when W is small enough in a neighborhood of the origin.
It is for instance satisfied if W~ ¢ LY(By). That is in particular the case in dimension d = 1
when W is Lipschitz, because of the condition W(0) = 0.

(2) Assume J(x) = e~ %p(e™ z) with p € CHRY NP(R?Y) and p > pelp,, p« > 0, so that
J=J and Jo =0, and W = W(|z|). We may observe that for 5 >0 and € > 0 small enough

: J(x—y) P d
inf / —— 2 dy =:a > —meas{RS "B} > 1,
B<W (2)<28 Jp<w (y)<28 W (y) Y 2B {RLN B

so that (8.0.4) holds with A := {W(z) < 2/}.

(3) Assumption (8.0.4) is similar to [153, Condition (2.3)], see also [3, Assumption 2.6]
and the comparaison with [3, Assumption 2.4/, as well as [43, Condition (3.7)-(3.8)] and [46, p.
250, Note added in proof.]. On the other hand, the conditions on J are relaxed since J may have
singular part, and more importantly, it is not assumed to be symmetric as in [3, Assumption

(4) Optimal conditions linking J and W for the existence of a spectral gap are still unknown.
In the recent paper [3], using variational methods in a L? framework, the authors obtain a
quantified spectral gap and the associated exponential stability when the mutation kernel J is
additionally assumed to be symmetric. Up to our knowledge, Theorem 8.0.1 is the very first
result providing a quantified spectral gap for a mon-symmetric mutation kernel J.

(5) Condition (8.0.4) can be compared to the condition

_ J(z —y)
a := esssup / —dy < 1,
x€R4 R4 W(y)

under which no first eigenfunction may exist in X. First, we claim that \y > 0. Indeed,
considering € > 0 and fe = 1p_, we have

L= ~(inf W)f.,
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so that the condition (H2) holds for ko = —infp, W for any e > 0. Since W is continuous and
W(0) =0, we deduce that \y > 0 by passing to the limit e — 0. Assume now by contradiction
that there exists f1 € X4 \ {0} such that

Mf) = Lhi(@ / T(x =) fi(y) dy — W (@) fi(2) (8.0.7)

and define, for any € > 0, the function p(x) = E+W(z) € L®(R%). Testing (8.0.7) against o,
we get for any € € (0,1)

0< Maifi o) < Mifigd = [f Mﬁ(y) dwdy— [ @) da

<a/f1 / +W (@) de

and passing to the limit € — 0 we obtain the contradiction 0 < \i(f1,¢1) < (a—1) [ f1 <O0.
However, there always exists a principal eigenvector fi in M'(R?).

The proof of Theorem 8.0.1 follows from Theorem 2.1.20, Theorem 3.3.11 and Theorem 4.4.14
as a consequence of conditions (H1)—-(H5) that we establish now. Setting D(L) := L%W> (R9),
we observe that £ is an unbounded closed operator with dense domain D(L).

Condition (H1) and (H1'). We define the semigroup
Sw(t)f(w) = eV f(z), Vfelr pell o,

which is clearly a positive semigroup of contractions. We next define Sy as a bounded perturbation
of Sy. It is also positive and it satisfies the growth estimate ||S, ()| z(Lr)< < e/t where we
recall that ||.J||; stands for the L' norm or the total variation norm of .J. We deduce that (H1)
holds true with k1 := 1 = ||J||; thanks to Lemma 2.1.2-(i).

Multiplying £f by sign f, for f € D(L), we immediately get Kato’s inequality

(sign f)Lf = (sign f)J * f = WIf[< T+ |f|=W|f|= L|f].

Condition (H2). Let us define fy := ﬁlAﬁ, where Ag is introduced in condition (8.0.4).
We compute

Lfo = Jx (1,45%) — 1AB > (J* <1AB%> — 1>1A6

> (e;zg;f {J* (1ABI;/)} — 1)1,45

= (a— 1)1AB > (a— 1)%1,45 = ko fo,

where in the second equality we have used the very definition of a in assumption (8.0.4). We
conclude that (H2) holds thanks to Lemma 2.1.4-(ii).

Condition (H3). We introduce the splitting
L=A+B, Af:=Jxf, Bf:=Jyxf—W(x)f. (8.0.8)

Arguing as in the proof of condition (H1), we see that B is the generator a positive semigroup
in LP(R%), 1 < p < oo, with growth bound w(Sz) < k. and thus (o — B) is invertible for any

o > Ko > Ky, With
1

— Ky

(e = B) Ml g(rm < - (8.0.9)
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Next, observing that
(W +a)h = (a— B)h+ Jo * h,
for any h € D(L) and a > kg, we deduce that
(WH+a)a—B)lg=g+Jox((a—B)g), (8.0.10)

for any g € X and o > kg. Together with (8.0.9), we deduce

«

It = B) gl iz, < llgllzrtllJ2 * (o = B) ' g)llLe < gl e, (8.0.11)

o — Ky

for any g € LP and « > kg. Defining W(a) := (a — B) 1A, we finally deduce from (8.0.10) the

identity
1
A
+ U

W(a)f = Jo + ((a = B)TLAf),

w W+ a
for any f € X and a > k9. We may then compute

1 1 _
W) F < —Af e+~ Tl o = B) ™ Af e,

and together with (8.0.9) for p = oo, we deduce
1

o — Ks

IW(a) fllzoe < 11 ]lo

11 (8.0.12)
for any f € X and a > k. Starting from the same identity, we prove in a similar way
o
V(@) flleg < I1lloo ——IIf 1 (8.0.13)

for any f € X and a > k. As a conclusion and gathering (8.0.9), (8.0.11), (8.0.12) and (8.0.13),
we have established that
W(e) : L' = Ly N Ly, (8.0.14)

with uniform bound for any o« > k. Observing that L%W) N L%‘,’w C L' is weakly compact and

using Lemma 2.1.12 with p = 1, we deduce that (H3) holds. We can actually strengthen the
compactness by noticing that A : L' — LIl/V N W is bounded because of assumption (8.0.5).
This ensures that A : L' — L' is compact, from what we deduce that W(a) : L' — L! is
strongly compact for all & > kg. We may thus apply Lemma 2.1.8-(2) to infer that condition
(H3) holds for both the primal and the dual problems.

Condition (H4). Assume that A > A\ and f € D(L) = L%W> satisfy
[flp=1, f>0, (A=L)f>0. (8.0.15)

Denoting Wg := inf Be, W, we compute

1 1
> - — W>1—-— >1/2
S 2 ot = T2 Ay 2 12

for R > 0 large enough by taking advantage of the fact that W (x) tend to infinity when |z|— oco.
In particular, there exists xéc € Bp such that

1/, r\d
>d:==(=—=) >0,
/BT/Q(zg)f - 2(2R>

where we recall that r is defined in (8.0.2). We deduce that

(J* f)(z) > Js /Br/2(ac£) f(y)dle,./Q(x(f))(fc) > J*5137,/2(J;g)<95)-
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Using the equation (8.0.15), we obtain

(J * f)(@) Jx0
2 Wa) + A~ WIR T A Beh )

for W[R] = supp, W (z). With that last information and (8.0.2) again, we have now

I
R A B

and, iterating the argument, we deduce

Jm _
T2 S ] 5 a1 Batel) 2 7

with ¥ = J(R) > 0 for m = m(R) large enough. Choosing R an integer, we have proved that

f>ho=3R)1p, + > H(n+1lg 5, >0. (8.0.16)
n>R

That means that the (H4) holds, with constructive lower bound.

Condition (H5). Let us consider f € L1 \{O} and A € C such that (4.4.15) holds, in
particular

L|fl= ReN)|f] and L|f|= Re(signf)Lf. (8.0.17)

The first equality means that Re) is an eigenvalue associated to a positive eigenfunction,
and Lemma 3.3.15 then enforces ReA = A;. Lemma 3.3.16 subsequently ensures that |f|e
(Span f1)+ \ {0}, and in particular |f|> 0. Throwing away the term W|f| in each side of the
second identity in (8.0.17), we have

i x f)=J =%
Integrating this equation, we get
f(@) _
L7 = 0e [l @) )] =
From the positivity condition (8.0.2) on J, we deduce
i@, @, .
=15 @ = Rellf W)= /W] =0, Yoy eRY a—yl<r,

and thus f(z)/|f(z)|= @ for any 2 € R? for a constant u € C. That ends the proof of the reverse
Kato’s inequality (H5).

Proof of theorem 8.0.1 part (1). We may use Theorem 2.1.20 in order to establish the existence
of a solution (A1, f1, ¢1) € (0,4+00) x L' x L™ to the first eigentriplet problem (1.3.30)-(1.3.31).
From Theorem 3.3.11 and Theorem 4.4.14, this solution is unique, f; > 0, ¢1 > 0, A\ is
algebraically simple for both £ and £* and it is the unique eigenvalue in ¥ (£).
Due to (8.0.14), we actually have f; € L%W> N L‘<°§V>. Observing that L£* is of the same type
as L,
Lop=Jxp—Wo, J(x):=J(—x),

and considering the dual problem as a primal problem in L', Theorem 2.1.20 also provides the
existence of A\ > 0 and 0 < ¢7 € L%W> N LYy such that

L1 = A7



144 CHAPTER 8. A MUTATION-SELECTION MODEL

Because of the f; and ¢ are strictly positive, we have in fact A\] = A; and the simplicity of A\;
then yields that Span ¢] = Span ¢1. This ensures that ¢; € L%W> N L?I?W and also that ¢1 enjoys
the explicit lower bound (8.0.16). Besides, we can prove

A1
@1l Loe < [|J1]| 1
— K

K1
lerllzgg,, < Il — ol

)\1 RQ
by arguing similarly as for (8.0.13). O

In order to prove Theorem 8.0.1 part (2) with constructive constants we use a Doeblin-Harris
type argument

Lemma 8.0.3 (Lyapunov Condition). Under the above assumptions, there are vy, € (0,1),
T >0 and K > 0 such that _
1S [l < Azl fll o K| f g, -

Proof. Writing f; = S(t)f, we have

&L [l [ ov ool

<1 [ 1= [+ a0l

Jli=A
< [ W= =l AL g,
R4\ Bgr QR Br

Jl1=A
</ rft|+””11/ o,
R4\ Bp QR Rd

for some ap the bound by below of ¢ in Br. Since

/Rd|ft|¢>1 < /Rd Sl foldr = /Rd|f0|¢1’

1
IS@ A< e NI+ — (1 = eI llos
R

by Gronwall’s lemma. O

we get

Lemma 8.0.4 (Harris’ condition). Under the assumption above, there exists o € X', ., go € X+
and T > 0 such that
Stf = golf,v0), VfE X, (8.0.18)

Proof. Step 1. proof of (8.0.18). From Duhamel’s formula (2.2.9) we have
S =8+ + (SgA) NV % Sg + (SgA) N % S,
We note that
(S A= Sp)f(z) = /0 t Sp(t — s).ASg(s)fds = /O t[A( FeV @) e=W@)(t=s) g,

For any R > r, x € Bp, it is satisfied that

A ) = [ =) ) Oy 2 LV (g

with WR] defined as in the proof of (8.0.16). Then we get

(S S (@) = Lsg()ote™ P [ )y
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Subsequently, we obtain that

SpAx (SpAx*Sp)f(r) > 1p, () /Ot Juse WERIA <1BR(x) /B ( )f(y)dy> ds,

with

A <1BR(x) /&(a;) f(y)dy) = /Rd J(z —y)1p,(y) /Br(y) f(2)dzdy > J*/Tm/r(y) f(2)dzdy.

We claim that for all a > r,

Lo oy S = Byl [ )
() o(y)

a+7‘/2

Indeed, we deduce

dd—/ / dd—/ / 15 (»(y)dyd
/T /a = () JRE B“(y = Rdf(z) () Ba()(y)yz

and, since for all z € By, /2(),

z—x 3r
B% <|Z—.’L‘| 4 ‘I‘I’) C Br($) ﬂBa(z),
we have

/ o 1Oy 2 (Bl o ()

and consequently,

Lo oy S = Byl [ ()
() o(y)

a+r/2

‘We have obtained that

SpA* (SsA * Sg)f(x) > 1BR_T(I)J3t2/2€_W[2R}t/ f(y)dy.
Br+r/2(x)

Iterating the same argument we arrive to

tn
(S54)) S5 (@) 2 L, (@)J2 e VAL [ Fw)dy.

r+(n71)r/2(x)

In consequence, for R = (n + 1)r, we get
*n ntn - n+1)r
(S5A) S (@) 2 1p, (@) T2 eV R F(w)dy.
n: B(n—1yr/2(0)

Coming back to the Duhamel formula (2.2.9), we deduce

- J*t " — n r
Sef@) > gole) 3 LW [ gy,
(n—=1)r/2

|
2 n.

from where (8.0.18) follows with
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Proof of Theorem 8.0.1 part (2). Let us consider A > 0 and f € X such that [|f||< A[f]g,-
For any integer n > 1, we have

Do = [ for+ [ for < antfovn)+Bullf]
< an<f7 Q1)0> + BnA[f]qﬁp
with a,, = H¢1”L‘<’3V>/inan o and B, = H¢1||L‘<’a,> /infge W. Choosing n 4 such that 3,,A4 < 1/2,

we deduce the constructive estimate

[f]¢1 < 2an,4 <f7 ¢U>7

and thus that (5.3.7) holds with g4 := (2a,,,) " !go. Because of the constructive lower bound (8.0.16)
on ¢1, we have

<¢179R> > (2anA)_1<h0a.gO> =:TA,

which provides (5.3.9) in a quantified way. The two above estimates and the Lyapunov condition
established in Lemma 8.0.3 ensure that we may apply the Harris-Doblin Theorem 5.3.3 and thus
conclude to (8.0.6) with constructive rate. O



Chapter 9

Time elapse model with memory

This chapter is the result of a collaboration with Valentin Schmutz.

9.1 Introduction

Multidimensional mean-field models in theoretical neuroscience are challenging to analyse [216,
240, 21, 189] but their study is a necessary step towards understanding how multiple timescales
present at the single-neuron level [208, 230] affect the dynamics of large networks of neurons.

One-dimensional mean-field equations for populations of spiking neurons with deterministic
drift with stochastic jumps have been a subject of mathematical studies since the works of
Pakdaman, Perthame and Salort [199, 202, 198], providing rigorous foundations to earlier works
in theoretical neuroscience [245, 101, 100, 99]. These population equations correspond to the
mean-field limit of large networks of interacting neurons [69, 88, 59]. However, they are derived
from spiking neuron models that are of the ‘renewal’ type (with the exception of [198]), which
means that, while they capture the effect of neuronal refractoriness, they neglect slower neuronal
timescales, like those of spike frequency adaptation and short-term synaptic plasticity.

To take into account slow neuronal timescales, state-of-the-art phenomenological spiking
neuron models are multidimensional [140, 230] or kernel-based [235, 205, 207] (and see [102,
Ch. 6.4]). In the following, we consider a class of neuron models that characterize neuronal
refractoriness by an ‘age’ variable (the time elapsed since last spike) and effects of spike frequency
adaptation or short-term synaptic plasticity by a ‘leaky memory’ variables. For this class of
neuron models, the mean-field limit is characterized by a multidimensional transport equation
with a nonlocal boundary condition [223]. In this work, we study the long time behavior of the
solutions to the equation proposed in [223], in the two-dimensional case.

9.1.1 The age- and leaky memory-structured model

The population model we consider describes the evolution of a density p; over the state-space
(a,m) € Ry x R% , where a and m are the ‘age’ and ‘leaky memory’ variables of the neuron, and
pt(a, m) represents the density of neurons in state (a,m) at time ¢.

The nonlinear evolution problem for the density p;, for the initial datum wg, writes

Opr +V - (bpy) = f(a m, €T¢) Pt (9.1.1a)
p1(0,1) = Lo (o) \/ Flay v~ (m), e)pi(a, " (m))da, (9.1.1b)
Ty = /Ot /OOO/O h(t — s,a,m)f(a,m,exs)ps(a, m)dadmds, (9.1.1¢)
PO = UQ. (glld)
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The dynamics of the model can be decomposed in three elements: (i) the behavior of neurons
between spikes, (i7) the spike-triggered jumps and (iii) the interaction between neurons, which
we discuss in turn.

(1) Between spikes, neurons are transported along the vector field b(a, m) = (1, —Am), with
A > 0 (V- denotes the divergence operator over the state-space).

(i1) Neurons spike at a rate f(a,m,ex), where f: Ry x R} x R — Ry is the ‘firing rate
function’ corresponding to the stochastic intensity of the spike generation process and € € R is
the connection strength. When a neuron spikes, its age a is reset to 0 and its leaky memory
variable m jumps to y(m), where v : R, — R is the ‘jump mapping’ and is assumed to be a
strictly increasing C!—diffeomorphism. As a consequence, the border condition (9.1.1b) has a
simple interpretation: the density of neurons in state (0,m) at time ¢ is equal to the marginal
density of those neurons that have their leaky memory variable in state v~!(m) and spike at
time ¢. The indicator function 1, reflects the fact that m is always strictly positive and

the term ‘('y‘l)’ (m)‘ is necessary to guarantee the conservation of the total mass of neurons.
Indeed, formally,

0 [ 1= [ Lo |7 )] [ Har 7 m).cw)prta ™ m)dadm — [ flam,cwi)p
=0

by a change of variable.

(7i7) Neurons interact through the ‘total postsynaptic potential’ z;, which integrates the past
spiking activity of the population, filtered by the ‘interaction function’ h: Ry x Ry x R} — R.
x¢, weighted by the connection strength € € R, influences the firing rate f. If we write N(¢) for
the mean firing rate

N(t) := /OOO /OOO fla,m,exs)pi(a, m)dadm,

and if we take h independent of a and m, then x; takes the form

Xy = /t h(t — s)N(s)ds,
0

where now h is simply a delay kernel, as in [101, 100, 99, 199]. In our formulation, A in
Eq. (9.1.1¢) allows to model more general interactions. For example, in Sec. 9.1.2, we show that
by choosing h(t,a, m) = h(t)(1 —m), we can include the effects of a classical short-term synaptic
plasticity model [238].

9.1.2 Motivation

The model (9.1.1) extends the time elapsed neuron network model [199] (see also [100, 99]) by
the addition of a leaky memory variable which can accumulate over spikes (as opposed to the age
variable which is reset to 0 at each spike) and hence introduces a slow timescale in the population
dynamics. Such a slow timescale is typically used to account for some form of fatigue mechanism,
which can act on the spiking activity (spike frequency adaptation) or on synaptic transmission
(short-term synaptic depression). Slow fatigue at the single neuron level can lead to nontrivial
emergent behaviors at the population level, like population bursts [243, 103, 97] (see Fig. 1),
which have not been observed in the age- or voltage-structured models of [199] and [69] (but see
[198]). Even though some population equations have been successfully used in the computational
neuroscience literature to study emergent behaviors in networks of neurons with fatigue, these
population equations were obtained at the cost of a timescale separation approximation [103,
97] or a ‘mixing’ assumption [193, 224], making them inexact. In contrast, the model (9.1.1) is
the exact mean-field limit [223] for spiking neuron models with spike-frequency adaptation or
short-term synaptic depression, as we discuss now.
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Spike frequency adaptation

The recent spike history of a neuron can modulate its firing rate f, leadlng to splke frequency
adaptation [22]. If & is independent of a and m and if v(m) = m + T, for a fixed I'>0, (9.1.1)
becomes

Opr + V - (bpr) = — f(a,m,ext)py, (9.1.2a)
pe(0,m) = ﬂm>f‘/ f(a,m =T, exy)pe(a,m — I')da, (9.1.2b)
Tt —/ (t—s) / / (a,m,exs)ps(a, m)dadmds, (9.1.2¢)

PO = UQ- (9.1.2d)

If n: Ry — R is a bounded function such that lim,— 4o 17(a) = 0 (n is the ‘refractory kernel’
[102, Sec. 9.3]), we can define f more explicitly:

A

fla,m,exy) := f(n(a) —m + exy), (9.1.2¢)

where f : R — R, is typically a non-decreasing function. Since m makes jumps of size >0
at each spike and decays exponentially at rate A\ between spikes, m accumulates over spikes,
which decreases the firing rate f (Eq. (9.1.2¢)), leading to spike frequency adaptation [22]. More
specifically, Eq. (9.1.2) is a population equation for adaptive SRMy (Spike Response Model)
neurons [132, 102].

Populations of spiking neurons with spike frequency adaptation exhibit self-sustained popu-
lation bursts when the connectivity strength is sufficiently strong [243, 103, 97]. In Fig. 1, we
show simulations of (9.1.2) for two different connectivity strengths €. For large €, we observe
self-sustained bursts, whereas for small €, we observe relaxation to a stationary state. For
comparison, in the Appendix, we show similar simulations for the time elapsed neuron network
model [199], where, as expected, we only observe self-sustained oscillations or relaxation to a
stationary state.

Short-term synaptic depression

The recent spike history of a presynaptic neuron can modulate the synaptic transmission, leading
to short-term synaptic plasticity [249]. We will consider here the case of depressive synapses and
use the model of [238] (with a change of variable for convenience). In this case, the state-space
is (a,m) € Ry x]0,1[. Taking f independent of m, and choosing h and v of the the form
h(t,a,m) := h(t)(1 —m) and y(m) := 1 — v + vm for a fixed v €]0,1[, (9.1.1) becomes

Opr + V- (bpr) = —f(a,m,exy)p, (9.1.3a)
(0.0 = Uiy [ Saszm)prla, ™ (m)da, (9.1.3b)
= / Wt — s) / / (1 = m) f(a, exs)ps(a, m)dadmds, (9.1.3¢)
po = 0. (9.1.3d)

Note that the term L on the RHS of Eq. (9.1.3b) simply comes from the fact that |(y~1)(m)|= 1,
for all m €]0, 1[. Here, at each spike, m makes strictly positive jumps which size tends to 0 as m
tends to 1 (since (1) = 1) and decays exponentially at rate A\ between spikes. If m is close to 1,
synaptic transmission is weak because of the factor (1 —m) in Eq. (9.1.3c).

As observed in [219], the stationary state of populations of neurons with short-term synaptic

plasticity can be described by a simple formula, which we prove in Sec. 9.4.3.
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Figure 9.1: Depending on the connectivity strength ¢, a population of adaptive SRMj
can exhibit self-sustained bursts (¢ > 0) or relaxation to a stationary state (small ¢).
We show simulations of a network of 5-10° adaptive SRMg neurons, approximating the mean-field
limit Eq. (9.1.2), with identical parameters (except for ) and identical initial conditions. The
raster plots below the plots for the time-evolution of the total postsynaptic potential x; represent

the spikes of 100 randomly selected neurons.
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9.1.3 Assumptions and main results

The main result of this work is the exponential stability of (9.1.1) in the weak connectivity regime
(Theorem 3) — or, more explicitly, there exists ¢** > 0 such that (9.1.1) is exponentially stable
for all connectivity strength e €] — **, +¢**[. Before proving the exponential stability, we first
establish the well-posedness of (9.1.1) in the appropriate function space (Theorem 1) and show
that stationary solutions exist and are unique for sufficiently weak connectivity (Theorem 2).

Here, we study the weak solutions to (9.1.1) for an initial datum in L1 := L'(Ry x R, R})
and write L1 (R%) := LY(R% ,Ry).

Definition (Solutions). (p,z) € C(Ry, L) x C(R4) is a solution to (9.1.1), for the initial

datum ug € Lfr, if

t roo roo
Ty = / / / h(t — s,a,m)f(a,m,exs)ps(a, m)dadmds, VE>0, (9.1.4a)
0oJo Jo

and if for all ¢ € C(Ry x Ry x RY),

0:/ / uo(a, m)e(0,a, m)dadm
o Jo

+ /Ooo /OOO /Ooo pi(a, m){[@t + 0y — AmOp ]| + (¢(t,0,v(m)) — o(t,a,m)) f(a, m, axt)}dadmdt.
(9.1.4b)

To prove the well-posedness of (9.1.1), we need some simple assumptions of the firing rate
function f and the interaction function h:

Assumptions 1. f is bounded and Ly-Lipschitz, i.e.
|fla,m,z) — f(a*,m",2")|< Ly(la — a*[+[m — m*|+|z — z7),
and h is bounded and continuous.

Since we want to apply Harris’ theorem, the well-posedness in L! (which is treated in [223])
is not enough and we need the well-posedness in a weighted L' space (where the weight satisfies
a Lyapunov condition [166]) with a global-in-time estimate in the weighted L' norm.

Using the weight function

w:Ry xRy = [1,00), (a,m)—1+m,

we define the function space
LY (w) == {g € L'(Ry x R* | Ry) ’ 1911 L1 () == /0 /0 g(a,m)w(a,m)dadm < oo}.

To obtain a global-in-time estimate in the L (w) norm, we further need that the jump sizes of
~ are bounded:

Assumptions 2. There exists a bounded function I' : RY — RY such that for all m € R,
y(m) =m+T(m).

Theorem 1 (Well-posedness). Grant Assumption 1. For any initial datum ug € L}r, there exists
a unique weak solution (p,x) to (9.1.1). This solution satisfies

I (Li-stability)  [loo]l s = Juolls, ¥t > 0,
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IT (Global bound in L! (w)) if, in addition, Assumption 2 holds and ug € L} (w), then

—o b —«
VE> 0, ot iy < lluoll gy e " + a(l —e™ ), (9.1.5)

for some constants o > 0 and b € R.

In contrast to [223], the well-posedness proof presented here does not involve any probabilistic
argument. The proof consists of two consecutive applications of Banach’s fixed-point theorem,
where a first fixed-point gives the unique solution to a linearized version of (9.1.1) which is then
used in a second fixed-point treating the nonlinearity of (9.1.1).

The second step towards the exponential stability proof is the study of the existence and
uniqueness of the stationary solutions to (9.1.1). For this step, we require:

Assumptions 3.

I There exists Agps > 0 and o > 0 such that

fla,m,z) > o, V(a,m,x) € [Agps, +0o[xRL x R.

II There exists Cyy €]0,1] such that C,, <~ < 1.
11T h(a,m) = [5° h(t,a,m)dt is bounded.

The first point of Assumption 3 sets a lower bound on the firing rate function f for any
a > Ags and hence allows for an absolute refractory period A, > 0, i.e. a period of time
following a spike during which f = 0 (which is an important neurodynamical feature [102,
Sec. 1.1]). This assumption is also used in [48].

In the second point of Assumption 3, the lower bound 0 < C, < 4 guarantees that ~y
is strictly increasing, which reflects the idea that m is a ‘leaky memory’ variable of the past
neuronal activity. On the other hand, the upper bound 7/ < 1, which can be rewritten in
terms of the jump size function I" as I" < 0, prevents the variable m from growing too fast and
allows for a potential saturation of the memory, as in the example with short-term synaptic
plasticity (9.1.3). The third point of Assumption 3 reflects the fact that a single spike has a
finite impact on the neuron that receives it.

We emphasize that the two examples shown above, spike frequency adaptation (9.1.2) and
short-term synaptic depression (9.1.3), satisfy Assumption 3.

Theorem 2 (Stationary solutions). Grant Assumptions 1 — 3.
I There exists a stationary solution to (9.1.1).

II There exists €* > 0 such that for all ¢ €] — £*,4+c*[, the stationary solution to (9.1.1) is
unique.

Over the course of this work, we obtained the existence of the stationary solution by two
different approaches. The first approach is based on the Doeblin-Harris method [118] and is
similar to that of [48]. First, we show that when z; is fixed and time-invariant in (9.1.1) (neurons
are non-interacting), the system satisfies a Harris condition — this constitutes a key result of
this work —, and we can use Harris’ theorem to get the stationary solution. Then, we use the
Lipschitz continuity the stationary solutions with respect to the fixed x to prove the existence of
a stationary solution for arbitrary connectivity strengths €. Finally, for € small enough, we also
get the uniqueness of the stationary solution, by Banach’s fixed-point theorem.

The second approach relies on the fact that the stationary solutions solve an integral equation,
for which we can show that a solution exists by Schauder’s fixed-point theorem. In the process,
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we get several estimates on the stationary solutions, namely that they are continuous, bounded,
and exponentially decaying in m. However, this approach does not give uniqueness.

As mentioned above, the application of Harris’ theorem requires us to consider solutions
in the weighted space L'(w). However, in the case where the state-space of the leaky memory
variable m is bounded, the situation is simpler: we can use Doeblin’s theorem in L'. The
following assumption guarantees that m stays in a bounded state-space:

Assumptions 4. There ezists G > 0 such that for all m € R, y(m) < G.

Note that this assumption is satisfied in the example with short-term synaptic plastic-
ity (9.1.3), with G = 1.
Finally, to study the exponential stability of (9.1.1), we need an exponential decay on h:

Assumptions 5. There exists b, Cj, > 0 such that h(t,a,m) < Cre ™",  V(t,a,m).
By a perturbation argument similar to that of [181], we obtain our main result:

Theorem 3 (Exponential stability in the weak connectivity regime). Grant Assumptions 1 — 3
and 5. For any W > 0, there exists ejj; > 0 such that for e €] — ely, +eiy [, there exists C > 1
and ey > 0 such that for all initial data ug € LY (w) with||ug||;1 =1 and [wol[ 1y < W, the
solution (p,x) to (9.1.1) satisfies

191 = poc L1y + It = Tool< O™ (o = pocll iy +1) . Ve 20, (9.1.6)

where (poo, Too) s the unique stationary solution given by Theorem 2 (it).

If, in addition, we grant Assumption /4, then there exists € > 0 such that for all ¢ €
] — ™, 4e**|, there exists C' > 1 and ¢ > 0 such that for all initial data ug € L% with
luollzr =1,

Pt — poollz1 + |7t — Too| < Ce™ (|Jug — poollzr + 1),  VE>0. (9.1.7)

From the neuronal modeling point of view, this result is not surprising: when the connection
strength is weak enough, neurons do not synchronize and the population activity converges to a
stationary state. This was already proved for simpler one-dimensional models (see below) and
the addition of a leaky memory variable carrying the effect of spike frequency adaptation or
short-term synaptic plasticity does not change this behavior.

9.1.4 Discussion of the methods

The asymptotic stability of the age-structured model of [199] in the weak connectivity regime
has been studied using entropy methods (assuming that f is a step-function) [199, 202], spectral
analysis of semigroups in Banach spaces [182, 181] or Doeblin’s theorem [48]. For the treatment
of the strong connectivity regime, we refer to [199, 181].

On the closely related voltage-structured model [69], [65] also proved asymptotic stability in
the weak connectivity regime using Laplace transform techniques. For this model, the nonlinear
stability of the stationary solutions has been recently studied in [62] (see also [79]) and can
identify Hopf bifurcations [64].

Doeblin’s theorem has also been used in [81] in the case of the ‘threshold crossing’ neuronal
population equation of [197]. Note that closely related methods have been used by probabilists
to study the ergodicity of single neuron models [127, 80].

Our approach combines strategies from [182] and [48], even though [48] uses Doeblin’s instead
of Harris’ theorem. On the one hand, our proof is based on the application of Harris’ theorem for
the linear problem, which simplifies the proof of [182]. On the other hand, we use an argument
from in [182] to deal with delay effects, which are not considered in [48]. Note that our model is
two-dimensional (by the addition of the leaky memory variable), whereas the aforementioned
works only considered one-dimensional models.
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9.1.5 Plan of the chapter

The proof of Theorem 1 (Well-posedness) is presented in Section 9.2. In Section 9.3, we prove
the exponential stability of (9.1.1) in the non-interacting case ¢ = 0 using Harris’ or Doeblin’s
theorem. The proof of Theorem 2 (Stationary solutions) is presented in Section 9.4 which is
divided in three parts: in the first part, we present a proof which uses the exponential stability
of the non-interacting case; in the second part, we present an alternative proof for the existence
of stationary solutions which does not involve the Doeblin-Harris method; and in the last part,
we present a proof for the formula of [219] in the case of short-term synaptic plasticity (9.1.3).
Finally, Section 9.5 is dedicated to the proof of Theorem 3 (Exponential stability in the weak
connectivity regime).

9.2 Well-posedness

This section is dedicated to the proof of Theorem 1, which we decompose is several lemmas.
First, we verify the a priori L'-stability of the solutions to (9.1.1), a technical result we use later
in the proof. Then, we introduce a linearized version of (9.1.1) and show that it is well-posed
by an application of Banach’s fixed-point theorem. Another Banach’s fixed-point argument is
used to treat the nonlinearity of (9.1.1) and concludes the proof of the well-posedness in L.
Finally, we prove the global bound in Ll (w) (point (ii) of Theorem 1), which we will use to
apply Harris’ theorem in the next sections.

Lemma 1 (A priori L'-stability). Grant Assumption 1. If (p, ) is a weak solution to (9.1.1)
for the initial datum ug € L}i-’ then

el 1 = lluoll L1, vt > 0.

Proof. By a standard cut-off in time argument, we have that for all T > 0 and for all ¢ €
CSO(R_F X R+ X Ri),

[ [ prtamye(.amydadm — [ [ uo(a.m)e(0,a.m)dadm ~
o Jo o Jo

T roo oo

/ / / pi(a, m){[ﬁt + 0 — AmOp ] + (©(t,0,7(m)) — ¢(t,a,m)) f(a, m, axt)}dadmdt.

o Jo Jo

Let x be a function in C°(Ry x R*,R,) such that
x(a,m) =1, forall a®+m?<1.

For all n € N*, we write ¢" € C*°(Ry x Ry x R?) the classical solution to the transport equation

" (tya,m) + 0y @™ (t,a,m) — Amopy,@" (t,a,m) = 0, (9.2.8a)
¢"(0,a,m) = x(a/n,m/n). (9.2.8b)
Because of the finite speed of propagation of the transport equation, for all n, there exists

a function ¢" € C°(Ry x Ry x RY) such that ¢"(t,a,m) = ¢"(t,a,m), for all (t,a,m) €
[0,7] x Ry x R*. Hence, for all n € N*,

/ / "(T,a,m)pr(a, m)dadm — / / (0, a, m)up(a, m)dadm =

/0 /0 /0 {8tg0n+8acp”—)\m8mg0"+(cp”(t,O,’y(m)) — " (t,a,m)) f(a,m,axt)}pt(a, m)dadmdt.
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As ¢y, is a solution to Eq. (9.2.8a) on time [0,T7], we get

/ / "(T,a,m)pr(a, m)dadm — / / ©"(0, a, m)uo(a, m)dadm =
[ [ e 0.0.50m) o am) sa.m e o, mdadma

For all (t,a,m) € [0,T] x Ry x R*, ©"(¢t,a,m) — 1, since the initial datum tends to 1 as
n o
n — oo (Eq. (9.2.8b)) and by finite speed of propagation. Thus, by dominated convergence, we

get
/ / pr(a, m)dadm — / / uo(a, m)dadm = 0. (9.2.9)
0 0 0 0

Since p is nonnegative, this concludes the proof. O

Lemma 1 will allow us to prove the well-posedness of (9.1.1) by the means of fixed-point
arguments. Let us first introduce a linearized version of Eq. (9.1.1): for all z € C(R4), we
consider the linear evolution problem

Opr +V - (bpy) = f(a M, ET¢) Pt (9.2.10a)
pr(0.m) = Loy | (7Y (m) / Fla, 7y~ (m), exe)pi(a, v~ (m))da, (9.2.10b)
Lo = UgQ. (92100)

We can see Eq. (9.2.10) as the Kolmogorov forward equation of a time-dependent Makrov
process. Indeed, we can rewrite Egs. (9.2.10a) and (9.2.10b) as

6,075 = £tpt (9211)
where, for all suitable test function ¢ : Ry x R%} — R,
Lip(a,m) =b(a,m) - Vo(a,m) + [¢(0,v(m)) — ¢(a,m)] f(a,m,exy). (9.2.12)
L} is the time-dependent generator of a piecewise deterministic Markov process with degenerate
jumps.
The linearized equation (9.2.10) will play a special role in the following sections and it

therefore deserves its own proposition:

Proposition 1 (Well-posedness of the linearized equation (9.2.10)). Grant Assumption 1.
For any initial datum ug € L}F and any © € C(Ry), there exists a unique weak solution
p* € C(Ry, L) to Eq. (9.2.10). Furthermore, p® satisfies

I For allt > 0 and for allm € R,

p1(0.1) = Loy [ )| [ Flay~ ). 22} (0,77 (m))da

” ) uo(a —t,eNm) exp (/\t - fo fla—t+s,eMN=3m, z-:x)ds) if a>t,
a,m) =
P pF_,(0,e2m) exp ()\a - fttfa fla—t+s,eMt=5)m, 5m)ds) if 0<a<t.

II For allt > 0 and for all ¢ € C°(Ry x RY),

(i, ®) = (uo,®) + /0t<pf, LEp)ds. (9.2.14)
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Proof. Fix z € C(Ry). For all p € C(R4, L} (R*)) and ug € L, we know, from the standard
theory of transport equations, that there is a unique weak solution to

Opr + V- (bp) = — f(a,m, ex¢) py,
pt(ov m) = pt(m)’
pPo = UQ,

which we denote p™P and is given by the representation formula,

ug(a — t, eMm) exp ()\t — fs fla—t+s,eMN=m, sxs)ds) if a>t,
Pi_a(em) exp ()\a — [b L fla—t+s,eM9m, axs)ds) if 0<acx<t.

pi " (a,m) = {

p*P is in C(Ry, L'), since

eRe, (i), <huoll + [ ol ds
We have
e L A LR O T R ) ) L IS CN)
m "
since

veRe, [l )] [ e ) )i 0,57 n))dadm

t
Sl (Huonﬂ + [l ds) .

x?p

<|I £l

Hence, we can define, for any 7' > 0, the operator ®7:
C([0, ], LL(RY)) — C([0, T, LL(RY.))
P> (Lo |67 )] [ fay™ m). )5 (a5 m))da)

(t;m)€0,TIxR?,

For any p,q € C([0,T], L} (R})),

z,q
— Py

|®7(p) — (I)%“(Q)H(C([O,T],Ll <[ fll

<Ifll /0 1ps — g5l 1 ds

< Tl fllecllp = allcqom, o1y -

Therefore, if 0 < T <||f||2}, ®% is a contraction. By Banach’s fixed-point theorem, there exists
a unique p® € C([0,T],LL) solvmg Eq. (9.2.10). Since the choice of the contracting T does not
depend on the initial datum, we can iterate the above argument on successive time intervals of
length 7" and conclude that there exists a unique p* € C(Ry, L1 ) solving Eq. (9.2.10) for which
the formula (7) is satisfied. Then, (7i) follows from a standard cut-off in time argument. O

Now, we can prove the existence and uniqueness of a solution to the nonlinear problem (9.1.1)
by the means of a second application of Banach’s fixed-point theorem.
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Proof of the well-posedness of (9.1.1) in L'. For any z € C(R, ), we take the p” given by Propo-
sition 1. We have

(/t/ h(t — s)f(exs)ps dadmds) € C(Ry)
0 JRExR%

teR4

since

t
Ve Ry, <ol | N1z ds:

t
/ / h(t — s)f(exs)p? dadmds
0 JRyxRY

Hence, for any T' > 0, we can define the operator

Ur: C([0,T]) — C([0,T7)

x (/Ot /R+XR1 h(t — s)f(exs)p? dadmds)

For any z,y € C([0,T7), we have

te[0,7)

J9r ) = Ur@llcqomy < Tkl swp [ 1f(w)t = f(ey)pt| dadm
te[0,7] /Ry xRY

Pf*ﬂ?’

n)

< Tl swp (<Ll wl s+

)

By Gronwall’s lemma, [|o7l 1 <|luoll s exp(|]l, ). since

t
vee0.T) ol <ol +1fllo [ 2l ds.

On the other hand, we have, for all ¢ € [0, 7],

t o0
| |
Lt 0 Jo

p‘f—p%”

p2(0,m) exp (— / Fu— s, (m), exu>du>

t
— pZ(0,m) exp (—/ flu—s, e_’\(“_s)y(m),syu)du> dmds

t t
<15l [ 1163 = 22l ds + 2l £l Lilkle = wllegory | 16511 ds
Hence, by Gronwall’s lemma, for all ¢ € [0, 71,

(exp(lfllo ) — 1)

< eLy|luol 11 Il Iz = yllego,m) -

T Yy
Pt —Pt‘Ll

Gathering the bounds, we get

197 (@) — r)llegoy < Tellblloo Lilluol 1 exp(l flloo T) [1+ exp(lf o D2 — yllegory -

For T small enough, ¥ is a contraction and, by Banach’s fixed-point theorem, has a unique
fixed-point. Thus, there exists a unique solution (p,z) € C([O,T},L}F). Since, by Lemma 1,
llorll 2 = |luol| 1, we can iterate this argument on successive time intervals of length 7" and
conclude that there exists a unique solution in C(R4, L1). O
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To conclude the proof of Theorem 1, it remains to show the estimate Eq. (9.1.5). Under
Assumption 2, the weight function
w:Ry xRy — [1,00), (a,m)—1+m
satisfies w(a, m) — oo when m — oo and the Lyapunov condition on m:
Ja>0,b>0 such that Ljw < —aw+b. (9.2.16)
Indeed, for all (t,a,m) € Ry x Ry x R% |
Liw(a,m) = =Am +T(m)f(a,m,ext) < =Aw(a,m) + A +||Tl| | ]l
Importantly, the constants o and b do not depend on .
Lemma 2 (Global bound in LY (w)). Grant Assumptions 1 and 2. If the initial datum ug is in
LY (w), then py € LY (w) for all t > 0. Moreover,

. b _
V>0, ol < loll i e+ (1 - ™), (92.17)

where the constants o and b are taken from the Lyapunov condition (9.2.16).

Proof. We divide the proof in two steps: first, we prove that the solution is stable in L}F(w)
with a weaker and time dependent bound; then, we use this first bound to apply the dominated
convergence theorem and obtain Eq. (9.2.17) by Gronwall’s lemma.

Step 1. Fix any 7" > 0. Let x € C*(R4+,Ry) be a non-increasing function such that
x(x) =1if 0 <z <1and x(x) =0if x > 2. For all n € N*, let us write ¢i(a)x,(m) =
x(a/k)x(m/n). We also consider gps(w) a smooth approximation of w A M, such that ||¢/||coc< 1
and M1y,>y < g(w) < M. For all n,k and M, gy(w)xner € C°(R4 x Ry, R;). Hence, by
Proposition 1 (ii),

T
Vn € N*, (o1, gp (W) Xnpr) = (w0, gar (W) Xn k) +/0 (ot L3 (gm (w)xner))dt,
where

L3 gy (w)xnr) = 0a(grr (W) XnPr) — AMOnm (9ar (W) Xn$Pk)
+ (ga (w(y(m)))xn(v(m ))«Pk() g (w)xnpr) f

= g ()X X (0/K) — Mg (w)or X (/) = Amghy () o
+ (a1 (w0 ()X (3 ()2 (0) = s (W) x) f-

From the Ll-stability and the fact that both gns(w)0mXxn and g (w)x, are bounded and have
compact support, we can go to the limit in k using the dominated convergence theorem:

(o1, gar(w)xn) = (0, gar(w)xn)
T
+ [ (o =Amgn(w) /) — Amghg(w)x ) de

[ o ) G0m) — au(wha s (9:218)

On the other hand, from the properties of x and gys, we have

1 2n
Amgar () /)| < Mgy () 2 < 2AM o
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and
|Amgh (w)xn]< Aga(w) < AM,

whence
(prs gm (W) xn) < (uo, gar(w)xn)

T
[ oA ()l Agas ()t
0

T
+ [ o (am (wOrm)n (1) = gas ) )

and we can take the limit in n using the dominated convergence theorem:
(o1, gm (w)) < (uo, gnr(w))

T
+ [ oA o Agar ()t
0

T
+ [ o aasw(r(m) = gaw) )t
From the properties of ~, we get
w(0,7(m)) < w(0,m +|[[|) < (1 +|T)wla,m)

and
g (w(0,v(m))) < (1 +[[T'| ) gns (w(m)).

This, together with the fact that f is bounded, shows that there exists a constant C', which does
not depend on M, such that

T
(o 9a1(w)) < (w0, 921(w)) +C [ (pr, gas(w)r,

and we can apply Gronwall’s lemma to obtain

(pr, gar(w)) < (uo, gar (w))e".

Then, it follows from Fatou lemma that pr € L} (w).
Step 2. To improve the previous estimate, we come back to (9.2.18) and use dominated
convergence in n and M (Step 1. guarantees domination) to show

(pr,w) = (uo, w) + /OT(pt,ng)dt.

By the Lyapunov condition (9.2.16),

T
o3y <ol gy = [ ol e+ 7

and by Gronwall’s lemma, we have, for all ¢ € [0, 77,

b

—at —at
o7l 1wy < llwollprgey €™ +E(1_e ).

Since T' can be chosen arbitrarily large, this achieves the proof. O

Remark. Following the same steps as in the proof above, we can show that the bound Eq. (9.2.17)
also holds for the linearized equation (9.2.10) and does not depend on x nor the constants « and
b.
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9.3 Exponential stability in the non-interacting case

If x € C(R4) in the linearized equation (9.2.10) is time-invariant, i.e. © = & for some 7 € R,
then Eq. (9.2.10) can be seen as the dynamics of a non-interacting population of neurons. In
this section, we prove the exponential stability in the non-interacting case using Harris’ or
Doeblin’s theorem. This is the key result of this work and will allow us to prove the existence and
uniqueness of the stationary solution to (9.1.1) (Section 9.4) and the exponential convergence to
it (Section 9.5).

For # € R, ug € L', we denote pf the unique solution to Eq. (9.2.10) for the initial datum
ug and x = Z, given by Proposition 1. We write, using the semigroup notation,

Stug = pf,  Vt>0. (9.3.19)

To show that the Eq. (9.3.19) is exponentially stable we will use Harris’ theorem in the
general case or Doeblin’s theorem if Assumption 4 is granted. In both cases, the main technical
difficulty is to verify the Doeblin minoration condition (Lemma 3) as the jumps of the process
described by Eq. (9.2.12) are degenerate and the model is two-dimensional.

Lemma 3 (Doeblin minoration condition). Grant Assumptions 1 and 3. Fiz any x € R. For
all R > 0, there exists T' > 0 and a positive non-zero measure v such that

Yug € L, SZug > y/ ug dadm. (9.3.20)
R+X]O,R]

Proof. We proceed in two steps. First (Step 1), we choose a time 7' > 0 and a rectangle
[0,a] x [m,m] C Ry x R%. (with nonzero Lebesgue measure) and show that the density SFug € L
has a lower bound on [0,a] x [m,m] which depends on a Lebesgue integral in R? involving
uo. Then (Step 2), we perform a change of variable to express this lower bound in terms
of fR+x}0, R) U0 dadm. The proof only relies on the expression of Sfug given by the method of
characteristics (see Proposition 1) and this allows treating a typically probabilistic question —
the Doeblin minoration condition — from a transport point of view. This is possible because S¥
is the stochastic (mass-conservative) semigroup of a piecewise deterministic Markov process.

The constants A,ps, 0 and C,, are taken from Assumption 3.
Step 1:

Fix R > 0. Since y(e *absy(0)) > ~v(0) and (e My(e absR)) — 4(0) as t — oo, there
exists @ > 0 and T > a + A,ps such that

m =: (e NI =87 Babs) y (= Mabs RY) < @Ay (e 7N Rabsy (0)) =: T (9.3.21)

Eq. (9.3.21) has the following heuristic interpretation: if we see S¥ as the stochastic semigroup
of the piecewise deterministic Markov process defined by the generator Eq. (9.2.12), for any
initial point (ag, mg) € R4 x]0, R] and any landing point (a,m) € [0, a] x [m, | at time T, there
is a ‘possible’ trajectory going from (ag,mg) to (a,m), with exactly two jumps (spikes). Since
the trajectories of the process are determined by the jump times, we will exploit the fact that
these ‘possible’ trajectories correspond to jump times with strictly positive probability density.
Below, we take a transport point of view on this probabilistic argument.
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For all (a,m) € [0,a] x [m,m],

T

(SFuo) (@,m) = Lfqery (SF_gu0)(0,¢X*m) exp (Aa [ fla-T 45T, aé)ds>

T—a

> Dygerye MleeTeA (ST ug)(0, e m)

> Tgaerye VIxToe [y (@m)] [ (SF-guo)@'ov™! (e m))da!
abs
| d — a e T — a
= Laerye Mo | o™ Xom) | [ (SF o)/, (em) da

(*)

Above, we went back in time to the last jump time 7' — a. Let us notice that y~1(e*m) >
7~ 1(e*m) > 0. We can therefore define

* ._1

aa,m A

(log7(0) — log v~ (¢X*m)) .

Note that a} ,, satisfies v~ 1(eMamy~1(eAm)) = 0. In other words, g m is the minimal time
between the last and second last jumps for a trajectory landing at (a,m) at time 7. We can
easily verify that, by our choice of {T,a,m,m}, Aaps < @, <T —a — Aups. This guarantees
that it is possible to make two jumps in [0,7] and land at (a,m) at time T while respecting
the absolute refractoriness of the neuron (i.e. there needs to be a time interval > A,ps between
jumps). This allows us to go further back in time to the second last jump:

For all a’ € [a}, ,,,, T — a — Aaps),

(%) = T ar—aye MTa (71 (257 (Xom)) | X

/A (S%_a_aluo)(a//,")/_1(6/\(1,’}/_1(6)\(1771))) da.
abs (**)

Then, we can go further back to time 0 to get ug:
(**) > ]l{a”ZT_a_a/}€—||fHOOT€)\(T—a—a/)uO (a// _ (T —a— CL/), e)\(T—a—a/),y—l(e)\a’,y—l(ekam)))‘
Putting all the lower bounds together, we get

(SFuo)(a,m) = Ligeqye” M lxTo?

/T—a—Aabs /oo
a¥ T—a—a’'

a,m

d / /
%B/\(Tfafa ),yfl (e/\a "}/71 (ekam))‘

up(a” — (T — a — '), T4y~ 1A =) ) ) da" dd .

Since 4" < 1 (Assumption 3),

d / /
‘d’rne)\(Taa ),yfl(e)\a vfl(ez\am)) >

Thus,

T T—a—Aups
(SFug)(a,m) > 1ggeqye® 3T 2 /

a

/O UO(a07 eA(Tfafa’),yfl(e)\a’,yfl (e’\“m)))daoda/.

(9.3.22)

*
a,m
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We have obtained that on [0,a] x [m, ], the density (S%ug) is lower bounded by a constant
depending on a Lebesgue integral on Ri involving wg.

Step 2:

Now, we want express the lower bound Eq. (9.3.22) in terms of fR+ «]0,R) 10 dadm by a change
of variable. Let us define the function ¢£m:

¢£m Hag o, T —a— Aaps] > Ry, d' ANTma=al) =1 (A’ =1 Aayy))

We verify that (¢7,,) > 0:

For all d’ € [}, ,,, T — al,

am’

(wim)/(a/) _ )\eA(Taa’){(,y1)/(6)@’71(6)\am))6)\a’71(6)\am) _ ,yfl(e/\a

AsT > 0 and v/ <1 (Assumption 3), we have

/ !

,y—l(eAam))e)\a’,y—l(eAam) _ e 7—1(6)\am)}

(T’Z)lzm),(a/) > )\SA(T_G‘_@/) { (’7_1)/(6>\a

_ )\eA(T—a),y—l(e)\am){ (7—1)l(e>\a’,7—1(€/\am)) _1} > 0.
>1

Therefore, ¢Z is a strictly increasing C'-diffeomorphism from [a}
a — Aaps)]. We can now rewrite Eq. (9.3.22):

T—a—Aups
(STuo)(a,m) > e(A_wHoo)TaQ/ ’

*
Ag,m

Ogf T 2 [Pam(T=a=Rabs) roo T 1y
=e > U/ /0 Uo(aojmo)‘((%,m) )(mo)‘daodmo-

a,m(a’z,m)

/0 uo(ao, ¢£m (a))daoda’

Going back to Eq. (9.3.23), and using the fact that there exists C, such that C;, < +' <1
(Assumption 3), we have, for all ' € [a} ,,, T — a — Aups),

(wim)/(a/) < Ae)\(Tfafa/)C;le/\a/,Yfl(eAam) < Ae)‘TC,;lﬂ.

Hence,

. Yl T 52 Y m (T—a—Aaps)
(SFuo)(a,m) = T | b

A T (@)

In addition, by our choice of {T',a, m,m}, we have

/ UO((IQ, mo)daodmg.
0

Yam(ag.m) =0,

Yan(T = a = Dgps) = by (A7 Ry (M) > R,
Therefore,
- e lloT 20
(Stuo)(a,m) > ——— / / up(ag, mo)dagdmy.
Since we have supposed that (a,m) € [0, EL] X [m,m], this concludes the proof. O

With the Lyapunov condition (9.2.16) and the Doeblin minoration condition (9.3.20), we
can apply a version of Harris’ theorem:

Aa,m» T'—a— Aabs] to [w m(a:;,m>’ dj{?,m

(T—
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Theorem 4 (Harris). Grant Assumptions 1 — 3. For all ¥ € R, there exists a unique pZ, € L (w)
> o= 1 such that SEp%, = pZ,, for allt > 0, and there exists K > 1 and a > 0 such
that for all initial data ug € LY (w) with |jug| 1 = 1,

< Ke ™ uo

HSfuo— - Li(w) —

vt > 0. (9.3.24)

L)’

< 2 where the constants o and b are taken
Li(w) = @

from the Lyapunov condition (9.2.16).

Proof. This is a classic result which proof can be found in the work of Hairer and Mattingly
[118]. O

If, in addition, Assumption 4 holds, we can simply apply Doeblin’s theorem:

Theorem 5 (Doeblin). Grant Assumptions 1, 3 and 4. For all & € R, there exists a unique
pL e LL 0= 1 such that S¥pt = pZ,, for allt > 0, and there exists K > 1 and
a > 0 such that for all initial data ug € LY with|jugl ;1 =1,

HSfuo - oS Ke™®

vt > 0. (9.3.25)

ug — p-

'’

Proof. See, for example, Theorem 2.3 in [48]. O

We say that pZ_ is the invariant probability measure of the semigroup (S7¥)icr .- Note that
both theorems imply the next corollary.

Corollary 1. Grant Assumptions 1 — 3. For all & € R, there exists a unique p%, € L}F(w) with

0= 1 solving

Dap (a,m) — X0y (mp® (a,m)) = — f(a,m, &)p% (a,m), (9.3.26a)

P0.0) = Ly | (77 ()] [ 0y (m), 200,77 () (9.3.26b)

in the weak sense. Furthermore, we have that pZ, € C(Ry, LY (R*%)) N L®(Ry, L1 (R%)).

9.4 Stationary solutions for arbitrary connectivity strength

In this section, we study the stationary solutions to (9.1.1), namely the solution to

Oapoo(@,m) — AOp, (m,ooo(a m)) = —f(a,m axoo)poo(a m), (9.4.27a)
Poo(0,m) = Lo (m)| / Flay 7~ (m), o) poo(a, 7~ (m))da, (9.4.27b)
Too = /Ooo /OOO h(a,m)f(a,m,exo0)poo(a, m)dadm. (9.4.27c¢)

Definition. (pso, o) € LY (w)NC(Ry, LY (R%))NL>®(Ry, LY (R% ) xRy is a stationary solution
to (9.1.1) if||poc|l ;1 = 1 and if it solves Eq. (9.4.27) in the weak sense.
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9.4.1 Existence and uniqueness using the Doeblin-Harris method.

We present two Lipschitz continuity results, which will allow us to prove the existence (and the
uniqueness when ¢ is small) of stationary solutions. The following lemma plays the same role as
Theorem 4.5 in [48]:

Lemma 4 (Lipschitz continuity at finite T'). Grant Assumptions 1 — 8. For all initial data
ug € LY (w) and for all T > 0, there exists a constant CT,IlUOHLu ;> 0 such that

S;Cﬂl ug — S%z Uuo

Va1, 75 € R, ‘

< ~
L1(w) ~ CTv”“OHLl(w) |£Cl 1?2|. (9428)

Proof. For all t > 0,

S;EluO — Szmu()

L

L (w)

t
uo(a — t,eMm) exp <)\t — / fla—t+s, e/\(ts)m,’ﬁ)ds>
0

t
—ug(a —t,eMm) exp <)\t - / fla—t+set5m, :fi)ds) ‘w(a, m)dadm
0

pﬁa(oa eAam) exp <)\CL — f(a —t+s, eA(t_S)m’ fi)dS)

s

t—a
t

— ptx}a((), e’\am) exp ()\a — fla—t+s, e)‘(t_s)m, fi)ds) ‘w(a, m)dadm

t—a

=: Q1+ Q2.

‘ t
exp (— / fla+s, e Mm, ﬁ)ds) — exp <— / fla+s, e m, @)Cﬁ)
0 0

Ql = / / U()(Cb,m)
o Jo
w(a +t, e m)dadm

00 oo t
< / / uo(a, m) (/ ’f(a +5,e7m, z7) — f(a+s,e m, 55)‘ ds) w(a +t, e m)dadm
o Jo 0

o o0
<tLyf|lz; — EUE|/ / uo(a, m)w(a + t, e~ m)dadm
o Jo

< tLglluoll 1wy 21 — 22|,
where in the last inequality we used

w(a +t,eMm) <w(a,m), Ya>0,m>0. (9.4.29)

t

@/

t—a

pt 2(0,m) exp ( fla—t+s, e’\(t_s_“)m,fcvl)ds>

t

— ptx}a((), m) exp (— fla—t+s, eA(t_s_a)m, @)ds) ‘w(a, e_mm)dadm.

t—a
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By changes of variables,

Q2 =

Omexp< Otsf( mml)d>

- ps 2(0,m) exp < flu,e™"m acg)du) ‘w(t — 5, =) m)dsdm
0

ot o~
<[] etom
0 0

exp (— . sf( “m xl)du> — exp (— . Sf( “m xg)du> ’
0 0

w(t — s, e M=) m)dsdm

— ps2(0, m)’ w(t — s,e M=) m)dsdm

=: Q21 + Q22
t poo oo -
Qo <l LylE =2l [ [ [ |6y w07 (a7 (m)t, m)dadmds
<t flloo Lrl21 —xz\/ / / w(t,m +||T| . )dadmds
S T oo Ll ) ds,
where in the last inequality we used
w(t,m+|I) =1+m+|I <A+ )wla,m), Va>0,m>0. (9.4.30)

By Lemma 2,

b\ -
Q21 < (A +TI ) flloo Ly (\UOIILl(w) + a) |71 — 3.

@l [ [ 7]
<l [ [ 7]

< (LT 1 Moo

|67 @yt (m)) - p?(a,v—1<m>>| w(t, m)dadmds

m) = o2 (a,m)| w(t, m -+ [T dadmds

Sfluo — 872 ds,

Lt (w)

where again, in the last inequality, we used Eq. (9.4.30). Fix 7' > 0. Gathering the bounds for
Q1, Q2,1 and (22 we see that there exists constants C' > 0 and C’T : > 0 such that, for

ol 1,
all t € [0, 7],
- - t o~ ~
‘ Stxluo — Stx2uO S?luo — S?ZUO ds + tCT”UOHLl ‘N QUQ
L (w) L (w)
By Gronwall’s lemma, for all ¢ € [0, T,
~ Cé“ u |51/ - ;L‘V?|
‘ Si2ug < Huoll (exp(Ct) —1). (9.4.31)
L (w) C

Since Eq. (9.4.31) holds for all ¢ € [0, T, this achieves the proof. O
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Lemma 5 (Lipschitz continuity at T = oo). Grant Assumptions 1 — 3. Writing pZ, € L (w)
the invariant probability measure given by Theorem 4 for any T € R, the function

T:Ry - Ry, T(x) = / / h(a,m)f(a, m,ex)p:(a, m)dadm
0

is Lipschitz and there exists C' > 0 such that
Va1, T €R+, |T(.’E1) —T($2)|§ |€’C|ZL‘1 — X2|.
Proof. Since f is Lipschitz in x, we have, for any 1,22 € R4,

() = Y(w2)| ||| {IFlllose = o220 + Lyleller — o]}

<A {1 ofe = s sy + Lislellan — 2]}

from where we only need to bound the first term on the right hand side. We can use Theorem 4
and Lemma 4: for any T € R,

Hpaxl s:vz HL1 _ H‘S’g‘xlpigl S;m [ + S%“pi? Sszg ezvz HLl

< Ke ™|pet — p32 oy +Orlel|z1 — a2,

where K and a are the exponential stability constants of Theorem 4. Choosing T' such that
Ke T =1/2, we get

1056t = PPl 1wy < 2C7[ellz1 — 2.
Gathering the bounds concludes the proof. O

Theorem 6 (Stationary solutions). Grant Assumptions 1 — 3. We have
I There ezists a stationary solution to (9.1.1).

II There exists €* > 0 such that for all € €] — e*,+¢*|, the stationary solution to (9.1.1) is
unique.

Proof. For all & € R, let us write pZ, € L (w) the unique invariant measure given by Theorem 4
and let us also take the function Y from Lemma 5. By Corollary 1, (poo, o) € L (w) N
C(Ry, LY (R%))NL>®(Ry, LY (R* ) xRy is a weak solution to Eq. (9.4.27) if and only if po = pZe
and x is a fixed-point of T. Hence, the study of the existence and the uniqueness of stationary
solutions is reduced to the study of the existence and the uniqueness of the fixed-point of T.
Since for all x € Ry, ||pSZ||;1 = 1, we have that for all z € Ry, T(z) < HEHOOWHOO Therefore,

| fllo) (which is compact and convex) is stable by Y. Then, the continuity of T
oo

guarantees the existence of a fixed-point, which proves (7).
To obtain (i7), we observe that the Lipschitz constant of T is |¢|C: if we take |g|< * := C 7!,
T is a contraction and we can apply Banach’s fixed-point theorem to conclude. ]

9.4.2 Alternative proof for the existence using Schauder’s fixed-point theorem

We include here an alternative proof for the existence of a stationary solution, which is interesting
for two reasons: on the one hand, it does not rely on the Harris-Doeblin method, and on the
other hand, it provides some estimates on the stationary solutions.

For any (@,%) € L% (]7(0),+oo[) x R, consider the transport equation

aaQ(av m) - Aam(mg(aﬂ m)) = _f(a7 m, j)g(a, ’I’)’L),
0(0,m) = a(m).
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It has a unique weak solution p%¥ € C(Ry, Lt (R*)) N L°(R4, L1 (R*)) given by the method of
characteristics: for all (a,m) € Ry x RY,

pLE (@, m) = (e m) exp ()\a —/ f(s, e)‘(as)m,a?)ds) . (9.4.32)
0

We can now define the operator ® := (®1,®;) on L} (]7(0),+00]) x R where, for all
(@, 2) € LL(J7(0), +o0[) x R,

810, 2)00) 5= Lo (7 0m)] [ a7 ), 0T 0 (), (9.4330)
= /OO /OOO h(a,m)f(a,m,z)p%" (a, m)dadm. (9.4.33D)

(Poos Too) is a stationary solution if and only if it is a fixed-point of ®. Whence, we get the a
priori estimates:

Lemma 6. Grant Assumptions 1 and 3. There exists 6 €]0,1] such that for all (4,%) €
LL(13(0), +oo]) x R,

I|®1(a, )| 2 =Tl

I For allm € R, |1(%, 2)(m)|< Ly 0) 5ot [

/ @1 (i, 2)(m)mdm < max </ a(m)mdm, :[Y(O)OH'&HLl) .
0 —
IV For all 8 €]0, 25U ]

© @, (7,5)(m) 1/l (min(f) )
/v(o)'y—l(m)ﬁdm<M(o) ( 3 —ﬁ)HuyLl.

I

V @i, 7) < HEHOOW‘”LL

Proof. (i) By changes of variables on m,
@1 (@, @) 11 —/ / f(a,m, &)a(em) exp ()\a—/ f(s, eMa—s) ,af)ds) dadm

:/0 ﬂ(m)/o fla,e™ exp< /f ,Z)d )dadm

=1 (by Assumption 3 (7))

92(8,2)(m)] < Lol e [ (X (m) exp(ra)da

T A,’lf!( [ e A exp(a)dn

————

v~ (m)

a1

where for the last equality we used the change of variable y = ey~ 1(m).
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(131) Performing the same change of variable as for (i) and using the fact that v(m) < ~(0)+m,
Vm € Ry (since v/ < 1), we have

/0 B (@, &) (m)mdm

= [Tt [T e m o omz)exp (< [ s, om, 2)ds ) dadm
< [Tatmm [T et exp( [ fsemz)a )dadm+7< Yl

=:%(m)
There exists § €0, 1] such that for all m € R%, J(m) < 1:

:1

Fix e > 0.
< /06 f(a, e *m, &) exp (— /Oa f(s,e*m, i)ds) da
+ /oo e f(a, e m, &) exp (— /Oa f(s,e*m, f)ds) da
=1—(1—e9) /OO f(a,e*m, &) exp | — /Oa f(s,e)‘sm,fv)ds> da
=1—(1—e)exp (— /06 f(s, e i)ds)
<1-(1—e*)exp(=|flloe) =0 <1.
Whence,
/ (i@, 7)(m)mdm < 9/ m)mdm + (0) @l . -
To see that

/ @y (i, ) (m)mdm < max (/ @(m)mdm, 17(0?9||ﬂ||L1> ,
0 _

we can distinguish three cases: if [;° @(m)mdm = oo, the inequality is trivial; if %Hﬂﬂ <
Jo° a(m)mdm < 400, then

/ B (@i, %) (m)mdm < /Ooo a(m)mdm — (1 — 6) /OOO a(m)mdm + v(0) || ..
< /Ooo a(m)mdm;

and finally if [5° a(m)mdm < %H@HD, then

o Y . 7(0) -
7 @@ mmam <07l + 2Ol = 2l

(iv)

o0 a
/ (I>1(u ) dm / / —f (a,m, Z)a(e*m) exp ()\a —/ f(s,e’\(as)m,a?)> dadm
7(0) 0

<Hf||oo/ / (e*m) exp (A\a — min(f)a) dadm,

making the change of variable y = e\m:

Il [ [ it ex (— min() In (m)> dydm

_ ‘fﬂoo /OO /OO mmin(f)/)\—l—ﬁa(y)y—min(f)/)\dydm’
0 m
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using Fubini’s theorem and the fact that min(f)/A — 3 > 0:

_ ||f||oo /oo a(y)y—min(f)/)\ /y mmin(f)/)\—l—ﬁdmdy
A Jo 0

_ymin(f)/A-8
T min(f)/A-B
min > _
A A 0

Finally, it is easy to check that [3° @(y)y~?dy < v(0)~P||a| ...
(v) Use Eq. (9.4.33b) and see the proof of (7). O

By these estimates, we see that there exists 3, C1, Co, C3, Cy > 0 such that the set € x B €
LY(Jy(0), +oc[) x R, where

C
@ ::{u e L1 (17(0), +00]) | ullp <15 u < 7_11(.) ae.:
/0 u(m)mdm < Ca; /y(O) 77—1(m)6d < Cg}

and B := [—-C4, +C4], is stable by the operator ®.
In order to apply Schauder’s fixed-point theorem, we will need

Lemma 7. Grant Assumptions 1 and 3. € is convez, closed and compact for the weak topology
o(L', L>®).

Proof. 1t is easy to verify that € is convex. Since ¥ is convex, if suffices to show that it is
strongly closed to show that it is weakly closed. Let u, be a sequence of elements of ¥ which
converge strongly to u € L'(]y(0), +oc[). By the strong convergence, ||ul|.: < 1. We can extract
a subsequence u,, such that u,, converges to u a.e. Taking the pointwise limit, we have that
u < 7_0711() a.e. Furthermore, by Fatou’s lemma,

/ u(m)mdm < lim inf/ Up, (M)mdm < Cy
~(0) k=400 J~(0)

and

/ f‘l(m)ﬁdmghmmf/ sl < .
7(0) Y~ (m) k=00 Jy(0) Y7H(m)

Hence, ¥ is strongly closed.
To show that % is weakly compact, we will show that

a. Sup,cqyllul1 < oo,

b. Ve >0, 3R > 0 such that [5° u(m)dm < e for all u € €,

c. % is equi-integrale, i.e. Ve > 0, 30 > 0 such that for all Borel set A C Ry with |A|< § and
for all u € €, [, u(m)dm <,

and use Dunford-Pettis theorem. (a.) is clearly verified. (b.) is also verified since for all R > 0,
[ u(m)dm < & [ u(m)ymdm < G. To show (c.), let us first observe that for all §; > 0,

~v(0)+61 0o u(m)
w(m)dm < v H~(0) + 6 6/ —— _dm <~y Y~(0) + 6,)PC;.
Ly womam <o GO +8) [ Srsdm <07 (0 +0)°Cy
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For any € > 0, let us choose §; > 0 such that v~1(v(0) + 6;)°C3 < &. Then, for all Borel set
7(0)+61

€ 1
umdmg/ u(m)dm + u(m)dm < =4+ ——-——.
/A m) 7(0) m) A\[0,7(0)+1] (m) 2y t(v(0) +41)

Hence, we can choose 6 = min (51, W) and (c.) is verified. By the Dunford-Pettis

theorem, % is weakly relatively compact. Finally, since % is weakly closed, ¥ is weakly
compact. ]

We can now give an alternative proof of the existence of stationary solutions to (9.1.1) for
arbitrary connectivity strength e:

Proof of Theorem 2 (i). We verify that the operator ® is weakly continuous: For any sequence
(Un,xn) = (u,z) in € x R and for any ¢ € L*(R,),

[ @1 20) = () p(m)m| < Q7+ Q5 + Q5.
where

Qf =

9

R Uy, %) — uleMm m))e® a,m,z)e” foa f(T,e’\(a*")m@)deadm
), (unl(em) =l ey f

oo o a a—T
Qs :=||90Hoo/0 /0 un(€Mm) | f(a,m, ) — fla,m, zn)e Jo FO MDA o gy

QG i=lole [ [ e rme f(a,m. )

_[e Aa—T) _[e Aa—T)
e fo f(me myx)dr e fo f(re m,xy)dT dadm.

Making the change of variable ydy = e**mdm in Q1 we get
00 o0 — (" f(re >y
Q1 = | [ wnly) = u) [ orte ) a0 B dadim.

Since u,, converges to u in o(L!, L) and

oo i N
/ W('Y(ye_Aa))f(a,ye_A“’x)e_ fo flre y,2)dr g
0
OO — —[® —AT d
<l || flaye™ ae Jo L0000 g g

Q7 converges to 0. On the other hand, since f is bounded and Lipschitz, Q%, Q% < |lup| 1 C|zn —
z|< C|z, —x|. Whence, ®; is a continuous operator with respect to the weak topology o(L*, L*).
The continuity of @9 is shown analogously, taking ¢ = h (h is a bounded).
Since % is stable by ®, convex and weakly compact (Lemma 7), we can apply Schauder’s
fixed-point theorem to obtain the existence of a fixed-point, which gives the existence of a
stationary solution. O

Corollary 2. Grant Assumptions 1 and 3. If f is of class C*, then u(m) is a function of class
C* for all m > v(0). Consequently, the stationary solutions of (9.1.1) are of class C*.

Proof. If (u, ) is a fixed-point of ®, then

u(m) = Lusoioy [ )] [ Flay™ (m), Dyue ™ (m)

exp <)\a - /Oa f(s, e)‘(as)'yl(m),i:)ds> da. (9.4.34)
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Making the change of variable y = e**y~!(m) in a, as in the estimate (ii) of Lemma 6, we obtain

) (Y (m)| foc i swm 0 g
u(m) = Lysqy (o) > 1(m) jﬁwm)fQﬂy,nU,ywrﬁdy)emo< LA f(s,€’y, @) 3> Y,
(9.4.35)
where g(y,m) = In W We conclude with a bootstrap argument: if « is L', then the
right hand side of Eq. (9.4.35) is a continuous function of m, meaning that u is continuous. But
if 4 is continuous, then the right hand side is of class C', etc. O

Corollary 3. Grant Assumptions 1 and 3. There exists a constant C > 0, such that the
stationary solution ps satisfies,

Ce_a(a_Aabs)
Poc(a,m) < — (9.4.36)
Proof. From the previous theorem it follows that there is C' such that u(m) < C/m, which,
together with (9.4.32), implies

—f f(s, M7y (m),7)ds

Pool(a,m) < ot - . (9.4.37)

The estimate follows from Assumption 3 (7). O

9.4.3 Formula in the case of short-term synaptic depression

In general, there is no explicit formula for the invariant probability measure solving Eq. (9.3.26).
However, in the case of short-term synaptic depression Eq. (9.1.3), we can derive an explicit
expression for the total postsynaptic potential

@):Amﬁwlféma—mﬁm@mgmmmmwmu (9.4.38)

for any Z € R. This fact has been reported in the theoretical neuroscience literature [219]; we
provide here a rigorous and analytic justification for it.
For all Z € R, let us introduce the quantities

I* = /OOO af(a,Z)exp (— /Oa f(s,:ﬁ)ds) da = /Ooo exp (— /Oa f(s,i)ds) da
PE(\) = /OOO e f(a,i)exp (— /Oa f(s,ic)ds) da.

I? can be interpreted as the mean inter-spike interval of a neuron receiving a constant input
Z. P¥()\) can be seen as the Laplace transform of the inter-spike interval distribution of that
neuron, evaluated in .

Proposition 2. Grant Assumptions 1 and 3. For all & € R,

) 1 - PE(\)
*@) / h‘ﬁn{1—mnuﬁ'

Proof. Using the method of characteristics (i.e. combining Eqgs. (9.3.26b) and (9.4.32)), we have

1 oo 1 [e.] . a
1= / / ps (a,m)dadm = / / 1orame1 0% (0, €2m) exp </\a —/ f(s, j)ds) dadm
o Jo 0o Jo 0
1 poo _ a . 1
= / / p= (0, m) exp <—/ f(s,i:)ds) dadm = I“/ pe (0, m)dm
0o Jo 0 0
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Whence,
1 [e%s} N 1 1
[ [ i mdadm = [ 20, mydm = —-.
0 Jo 0 TE
On the other hand,

/1 /OO mf(avx)poo((l’m)iljlm
0 0
/ / e '”L<1mf( ,l’)pio(()’e)\ m) eXP ()\a / f(cS) l’)d5> da‘dm

/ / (a,%)pZ (0,m) exp( / f(s x)ds) dadm
’ )\)/O mp™, (0, m)dm

and
1 N 1 1 00 . 1 .
[ moomydm = [t [7 )k (a1 - ) dadm
0 0 v Jo v
1 o0 )
:/ (1—U+Um)/ f(a,@)p% (a,m)dadm
1 —
Iv-l- vPT(\ /mpOOOm)d
Whence,
/1 7 (0 )d o 1—w
o Pt = E A uPR(N))
and

boree =\ & _ PN —v)
/0/0 mf(a,:v)poo(a,m)dadm—Ij(l_vpj()\)).

Finally, we have

7) = oofL(t)dt 1 Oof(a,j)pio(a,m)dadmf ' oomf(a,:i)pio(a,m)dadm
i ], Iy
_/ MOt 75 { (1£v 2 } / e dtlw{%}‘

9.5 Exponential stability in the weak connectivity regime

To study the long time behavior (9.1.1) in the weak connectivity regime, we perturb the non-
interacting case (9.3.19), taking & = exo,, Wwhere z is given by the unique stationary solution
0 (9.1.1) when ¢ €] — &%, +¢*[ (¢* is taken from Theorem 2 (i7)). In this section, we keep the
small ¢ fixed and we work under Assumptions 1 — 3 and 5. We roughly follow the same line of
argument as [181, Sec. 5.
For convenience, we first rewrite (9.1.1) in a more formal and compact form:

Oipt = —0upt + NOm(mpr) — fexy)pe + 66 (v o I)w (f(et)pr) (9.5.39a)

t

Ty = / /h(t — 3) f(exs)ps dadm ds, (9.5.39D)
0

£o = UQ, (9539(3)



9.5. EXPONENTIAL STABILITY IN THE WEAK CONNECTIVITY REGIME 173

where 6¢ indicates that (singular) mass enters in a = 0!, I : (a,m) — m is the projection on
m and , denotes the pushforward measure. To write Eq. (9.5.39) as an evolution equation, we
introduce an auxiliary transport equation on Ry x Ry x R%

01Gy = —0sCt + 03 f (ext) pt,
CO = 07

which solution is given by the method of characteristics:
Ce(s) = Ls<rf(ext—s) s, V(t,s) e R x Ry
Using the auxiliary equation, Eq. (9.5.39) is equivalent to

Oi(pt, Ct) = <—3apt + X (mpy) — flexe)pr + 06 (v o D) (f(exe)pr) , —OsCe + 53f(5$t)/?t) ;
(9.5.40a)

(po, Go) = (uo,0), (9.5.40Db)

where x; := [7° [ h(s){(s) dadm ds.
By Theorem 2, for all € €] — &*, +&*][, there exists a unique stationary solution (po, Zoo) and
we have

—0apPoo + Am(Mpoc) — f(EZoo)poo + 05 (7 0 1) (f(e200)poo) = 0. (9.5.41)

Now, we write Eq. (9.5.40) as the sum of a linear equation and a perturbation:

0u(pr, ) = Mpr, ) + (210, 22, (9.5.42a)
(po; Go) = (uo,0), (9.5.42b)

where

Alpr: Ge) = (=0apr + Am(mpr) = f(e00)pr + 06 (v 0 T (f(exoc)pr) s ~0sGe + 53 f () )
2" = [f(ewse) = fleae)lpi + 63(y o ([ (e2e) = f(ewas)lpu),
2% = [ f (exe) = f(exco)l .

Let us put (so(s) := f(6%00)poo, Vs € Ry. Then, using Eq. (9.5.41), by the linearity of the
operator A and writing p; := p; — poo and (; := § — (0, We get

0P, &) = AMpi, &) + (29, 2, (9.5.43a)
(ﬁ(]v 50) = (UO — Poos *Coo) . (9543b)

Writing (S{\)teR , the semigroup associated with the operator A, we have, by Duhamel’s
formula,

_ _ t
(1 G) = SposCo) + | 8220, 23)ds, e >0, (9.5.41)
0

Let us define the weighted space

Ly = {¢ € L'Re x Ry x RLRD)| [0 lllp e ds < o0

15& should not be confused with the Dirac distribution do—,. Using do=a, by integration by parts of weak
solutions, Eq. (9.5.39a) should write

Orpr = —0apt + A0m(mps) — fexi)pr + do=a {(’Y oID). (f(eze)pi) — pe(0, ')} .
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Note that, for all ¢ > 0,

|z — Too| = ‘/Ooo/h(s)g}(s) dadmds — /Ooo/h(s)g“oo(s) dadm ds
< [T bl Nes) = o) ds =[G

LY(u)

Also, we have, for all ¢t > 0,

1 )
\Zt“ < [el2Lsllpell oo 2 — wool < lel2Ls |G, (9.5.45a)
Il L(/J)
1 )
]4> smuﬂmywurm@swqumﬂwﬂﬁ@b, (9.5.45b)
w) o ()
) )
‘Zt” < lellPlloo Lslloell o l2 = Tool < Ikl LG, (9.5.45¢)
L(p) (n)

where we have used Theorem 1 (éi) in the first line and Lemma 1 in the second.

Lemma 8. Grant Assumptions 1 — 3 and 5 and take (po, o) as in Bq. (9.5.43). There exists
Ky >1 and ay > 0 such that, for all initial data ug € LY (w) with |Juo|| ;1 = 1,

S Kle_alt
LY (w)x L1 (p)

HSiA(ﬁo, fo)‘ (Po, Eo)‘ vt > 0. (9.5.46)

LY (w)x L (p)

If in addition, we grant Assumption 4, then there exists Ko > 1 and as > 0 such that, for all
initial data ug € LY with ||lugl| 1 = 1,

< K2€_a2t
LIXLY(p) —

HStA(po, Eo)] ) (9.5.47)

(70, Go)|

LY LY ()

Proof. We write (S2(po, Co) M, SM(po, C0)P) := SM(po, Co) the first and second component of
S (o, Co)-
By Theorem 4, there exists K > 0 and a > 0 such that,

|52 (70, )| gy S K Mool VE20.
Then,
I (e g
+ /toono(s)‘ o Cre "ds

t _
<Gy {ufuooK et e asul oy + o

Ll(u)} ’

Gathering the bounds on the two components and observing that the function ¢ — fg e~ (t=s)e=bs g
decays exponentially, we conclude that there exists K7 > 1 and a; > 0 such that Eq. (9.5.46)
holds.

For Eq. (9.5.47), we use Theorem 5 and follow the same argument. O

We can now prove our main result:
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Proof of Theorem 3. By Duhamel’s formula (9.5.44), Eq. (9.5.46) in Lemma 8 and the bounds
Egs. (9.5.45), for all t > 0,

ds
L1 (w)x L ()

t
iy * |52, 22)

[na)

LY (w)x L1 () SHStA(ﬁO’go)’

t
—aitll, = = —ay(t—s 1 2
< Kje ™ (,Oo,CO)‘ L) Ll(#)+K1/0 e~ 01 (t=s) (Z§ )’Zg ))‘Ll(w)XLl(u) S
< Kie~ ayt (PO:CO)‘Ll (w)x L1 (1) +’€‘Cw/ t—s) (PS,C_S) L (w)x L ()
=: Q(t),

where C is a constant depending on W. We have, for all ¢ > 0,

%Q(t) =-—mQ(t) + |E|éWH(ﬁta§t)

< (—a1 + |elCw) Q).

L (w) x L (1)

Whence, by Gronwall’s lemma,

vt >0, Qt) < KIH po,Co) ‘

() XL )exp <<—a1 + |5|C’W> t) )

For all t > 0, we have

90 = poolliaquy + = el < [ 2 ]| 1y < QO
and -
HEO L) < / Hf(ngO)pooHLl Cheibsds < ‘M
0 b
Whence, choosing e}y := é‘—;v A €*, we easily see that there exists C' > 1 and ¢y > 0 such that

Eq. (9.1.6) holds.
For Eq. (9.1.7), we use Eq. (9.5.47) instead of Eq. (9.5.46) and follow the same argument. [J
Appendix

Here, we compare simulations of Eq. (9.1.2) with simulations of the time elapsed neuron network
model [199].
If, the firing rate function f does not depend on m and if we put

fla,exy) == f( (a) + exy), (9.5.48)

then Eq. (9.1.2) reduces to the time elapsed neuron network model

Opi(a) + Oapi(a) = —f(a,exy)pe(a), (9.5.49a)
/ fla,exs)pe(a)da (9.5.49b)

Tt —/ h(t —s / / fla,exs)ps(a)dads, (9.5.49¢)
= up(a (9.5.49d)

Eq. (9.5.49) is the population equation for non-adaptive SRMy neurons (or age-dependent
nonlinear Hawkes processes) [59]. As reported previously, Eq. (9.5.49) exhibits self-sustained
oscillations for large € or relaxation to a stationary state for small e (see Fig. 2).
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Self-sustained oscillations (g > 0)
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Figure 9.2: Same as Fig. 1 but for the time elasped neuron network model Eq. (9.5.49).
Simulations of a network of 5 - 10° non-adaptive SRMy neurons, approximating Eq. (9.5.49),
with identical parameters (except for €) and identical initial conditions. Neuronal parameters are
the same is in Fig. 1, expect that f is replaced by Eq. (9.5.48). The € have also been adapted.



Chapter 10

Concentration inequality for
dynamical systems and applications

This chapter is the result of a work in progress in collaboration with Sylvain Delattre and Marc
Hoffmann.

10.1 Introduction

We are interested in studying the stochastic system of N interacting agents
Zy=(Z},...,zN), telo,T], (10.1.1)

where each agent Z! = (X},Y}) is described by two states X}, Y} evolving in the Euclidean
space R? and solves

dX} = F(X],Y)dt + % S H(X] — X], Y} = Y/) + 0dBj
dY; = G(X!,Y})dt (10.1.2)
L(Xo,Yo) = ug'™,

where B’ are independent R?-valued Brownian motions, a constant o > 0, and the coefficient F,
G and H satisfy regularity and the growth conditions to be specified below.

This type of model was introduced back in the 1960s [163], originally in work in statistical
physics to describe the interaction of particles in plasma physics, the state (X, Y) corresponding
to the position and velocity of electrons or ions. This remains one of the main current applications
and continues to be of interest to the mathematical community as illustrated by the works
of Guillin et al.[117], Bresch et al.[39] and Boley et al. [34]. Beyond that, the 2010s brought
an expansion of the field of application, spreading its use to collective animal behavior and
population dynamics Bolley et al. [33], Mogilner et al. [183]; opinion dynamics Chazelle et
al. [56], finance Fouque and Sun[87] and neuroscience Baladron et al. [15]. The latter is the
main motivation for this work, in particular, the FitzHugh-Nagumo model that we describe
below in details and has already been presented in the work of Mischler et al. [180], Lucon and
Poquet [159],[160] and Quininao and Touboul[211]. The word agents, in this case, corresponds to
neurons interacting in the same network interacting through electrical synapses. The coefficients
F and G describe the part of the behavior of each agent that depends only on its own state, we
call it "single agent behavior", while H describes the interaction between the agents and the last
term introduces some randomness, whose intensity is modulated by the o parameter.

The objective of this work goes in three related directions. First of all, we are interested in
studying the behavior of such a system when the number of agents N is large. More in details,

177
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we prove that the empirical measure of the system
T

py == 6y (10.1.3)
N s

is close to p; the solution of the associated Fokker Planck equation

8tu(w7 y) - —V((F, G)M(xa y)) - v(lu’(xa y) / H(x — T,y — g)u(di.v dg)) + 1/2028$ac:u(w7 y),

(10.1.4)
In order to do so, we analyze the mean-field limit of the system and establish a concentration
inequality. Extensive methodology has been developed to address these problems, see for example
Tanaka and Hitsuda [229], Sznitman [227], [228], Fernandez et al. [84], Bolley [35], Massart
[162] among myriad references. Our result follows in spirit that of Della Maestra and Hoffmann
[73] comparable to the Bernstein deviation inequality for independent data as it appears in
Boucheron et al. [37].

The model (10.1.2) considered here is similar to the one studied by Bolley et al. in [33]. In
that work, the authors prove the existence of a limit equation, and then use classical coupling
techniques to establish a mean field limit. Here we present a different strategy to arrive at the
limit equation and we obtain a new concentration inequality that relates the empirical measure
of the system and the resulting law of this limit equation in a stronger result. Our perspective
follows the strategy proposed by the recent work of Lacker [145] and Della Maestra and Hoffmann
[73], which we extend here to accommodate to continuous coefficients not necessarily bounded
(as in Lacker) or globally Lipschitz (as in Della Maestra), and we deal with the degeneracy that
arises when considering a two-state model like the one described above.

As a first application of the concentration result, we estimate the parameters of the FitzHugh-
Nagumo model.

As a second application, we take advantage of it to arrive at a nonparametric estimate of
e, following the arguments of Della Maestra and Hoffmann [73] and extending them to our
conditions.

Finally, on the three and last stage of this chapter, we move towards the construction of a
statistical test to answer the question of the existence or not of interactions between the agents.
For different models in the field of neuroscience, it is widely accepted that the behavior of the
voltage and the time between discharges of a population of neurons differs significantly when the
connectivity between their is low or high. In chapter 1, we see that when the interaction is weak,
the distribution of the state of the neurons, the elapse time between discharges, converges to a
steady state, while when the connectivity increases the distribution depends on time and some
patterns can appear, describing, for example, oscillations. The same behavior is observed in the
time elapse model proposed by Pakdaman et al.[200], [201], in the integrate and fire model, see
for example Cormier et al. [66], [63] and for the FhN model, Mischler et al. [180].

This leads us to the question, how connected are neurons in practice? when one sees the
appearance of patterns in the measurements, is this because the population of neurons is receiving
different stimulation every short time, so that although the connectivity is weak, it never manages
to reach the steady state or is it a stable pattern without external intervention caused by the
connectivity between neurons? Our interest is to create a test that, based on the experience in a
short window of time, can tell us if the interaction between the agents is weak or strong. In that
sense, we use our first result to anticipate a suitable candidate of an estimator and a rejection
zone and we test it in different simulations, testing its validity at least numerically.

10.1.1 The FitzHugh-Nagumo model

The main motivation for this work is the Fitzhugh-Nagumo model (FhN) for populations of
neurons. The FhN model was first introduced in the works of FitzHugh [85] and Nagumo
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[191] as a simplification of the Huxley-Hodgkin model (HH) that describes the evolution of
the membrane potential of a neuron [125]. The dynamics is based on two variables, a variable
x which corresponds to the membrane potential and a recovery variable y, which satisfy the
equations

= F(z,y),
y=G(z,y),

for F(x,y) = r—23/3—y+1I and G(x,y) = 1/c(x+a—by) with a, I,c > 0, b € R. On this model,
I denotes the total membrane current and is a stimulus applied to the neuron, ¢ determines
the strength of damping while a and b govern two important characteristics of the oscillating
solution, namely spike rate and spike duration [220]. With only these elements the system shows
the most important properties of the 4-dimensional HH model such as refractoriness, insensitivity
to further immediate stimulation after one discharge, and excitability, the ability to generate a
large, rapid change of membrane voltage in response to a very small stimulus. Numerous works
have been aimed at studying the ODE model and their properties, we reference the book of
Rocsoreanu et al. [218] and the references therein.

More recently, specialists have been interested in the passage of the behavior of a neuron to
neural networks, see for example Mischler et al. [180], Lucon and Poquet [160] and Baladron
et al.[15]. When neurons interact through electrical synapses, it has been proposed that the
evolution of N neurons satisfies

) A 10.1.
4Y; = G(X},Yj)dt (10-15)

{ dXj = (F(X}.Y)) = S Jij(X{ = X]))dt + 0dB]
where coefficients J;; > 0 represent the effect of the interconnection between the neurons, and
the term B refers, as usual, to independent Brownian motions.

We consider that the interactions are symmetric and identical for every pair of neurons in
the network, which in particular implies that all neurons are connected. The strength of the
interaction is measured by the parameter J;; = J that we re-parametrize as a function of a new
parameter A such that J = %, where N is the number of neurons in the network.

In section 10.5 we propose a method to estimate the parameters § = (I, a, b, c, \, 02) based
on the observation of the moments of the activity of a neuronal population. The estimation of
the parameters of the FhN model has been approached through different methods, see Che et
al. [57] for the least squares method, Rudi et al. [220] for Neural Networks and Jensen and
Ditlevsen [131] for Markov chain Monte Carlo approach. Yet in most cases the estimations
target a selection of the parameters of the FnH equation for a single neuron from measurements
of the voltage of neurons whose activity is assumed to be independent. Here we present an
alternative method that includes the interaction between neurons.

10.1.2 Notation

Let us introduce some notation and definitions. We set an integer d > 1 and a time horizon
T > 0. We denote by C the space of the continuous paths from [0,7] to R??. For the rest of
this work, we use the notation Z = (Z;).cj0,7] = (Xt, Yi)te[o,1) for the canonical process in C.
The existence of a solution for any of the stochastic equation that appear in this work, can be
understood equivalently as the existence of a probability such that the canonical process is a
solution of the equation. We work in the probability space P(C), the space of all the probabilities
over C, endowed with the Wasserstein 1-metric

Wi(u,v) = inf / |21 — z2lm(dz1,dz2) = sup /cpd(u —v), (10.1.6)
mel(pv) JexC lolLip<1
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where I'(ut, v¢) denote the set of probability measures on C x C with marginals p and v. Also,
we will use the notation Cx to refer to the space of continuous functions of the continuous path
from [0, 7] to R? and P(Cx) for the corresponding probability space. Finally we denote CV the
space of the continuous path from [0, 7] to (R?**)Y and P(C") the associated probabilities space.

We call P the probability such that W; = o~ X; is a standard Brownian motion and consider
(Ft)i>0 the natural filtration of W;.

10.1.3 Main results

Let ¥ be the empirical measure as defined in (10.1.3), we write the previous system as
dXi = (F(t, X}, Y)) + [ H(X] — 2,Y] — y)p}" (dz, dy))dt + odB;

dY) = G(t, X}, Y )dt (10.1.7)
L(Xo,Yo) = ™.

We are interested in the relation when N is going to infinity between ¥ and py, the unique
weak solution of

{ 815/1’(3573/) = —V((F, G),U,(l’,y)) - V(M(I‘,y) fH(SL‘ - g_j7y - Q)H(dfa dg)) + %U2axxu(xa y)

)

Hi=0 = [0
(10.1.8)
which correspond to the law of the stochastic process that solves
dyt = (F(yt,?t) + fg(yt —EYL— y),ut(dx, dy))dt + O'ClEt
dY; = G(X¢,Yy)dt (10.1.9)

AC(*XV(LYO) = ko,

for B; an R%value Brownian motion and p; = L£(X;,Y;) ie. the kinetic Mckean-Vlasov
equation. We begin by proving the well-posedness of equation (10.1.9). Next, we prove a
Bernstein inequality which establishes the concentration of the empirical measure close to the
measure .

The limit equation

In fact, our first result deals with a more general framework, we prove the existence and
uniqueness of the solution to the equation

dXt = bl(t, Xt, Y;g, /,Lt)dt + O'dBt
dY; = by(t, X;, Y;)dt (10.1.10)
L(Xo,Yo) = po,

where u; denote the law of X, under the following set of assumptions

Assumptions 6. For some kg > 0 and all p > 1 the initial condition g satisfies

[ Jlhodz) < kapt.

Assumptions 7. (A) by is locally Lipschitz and can be written as
bl (t) x,y, H) = /d Bl(tv x,y,u, U),u(duv dU)
R

for some measurable by (t,z,y,u,v) : [0,T] x R x R? x P(R?) — R% which is uniformly
Lipschitz on the variables (u,v). More precisely, there exists k1 > 0 such that, for all
(t,z,y), i i

|b1(t7 x,Y,uy, ’01) - bl (t7 xr,Y,u, UQ)’S k1(|U1 - ’U,2|+|’U1 - UQD‘
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(B) ba(t,z,y) is a Lipschitz continuous function, this is, there exist ko > 0 such that
[b2(t1, 21, y1) — ba(t2, T2, y2)|< ka([tr — tol+]x1 — @2f+|y1 — v2)).

(C) There is a constant ks > 0 that such that
i 2 1120 1 12 ]2
zbr (L, 2, y,u,v) < ka(1+ |27+ |y["+ul"+|v]%),

and
yb2(t7x7y) S k3(1 + |x’2+‘y|2)

Let us note that equation (10.1.9) is contained in the framework of equation (10.1.10) with
the correspondence

bl(ta'xayvuav) ZF(t,x,y)—l—H(w—u,y—v),
by =G.

Then, Assumption 7(B) requires a locally Lipschitz condition for the transport coefficient F' and
globally Lipschitz condition for the interaction coefficient H. In addition, Assumption 7(C) asks
a growth condition to be satisfied on all the coefficients.

Under such assumptions we are able to prove the following theorem,

Theorem 7. Grant Assumptions 6 and 7, the Eq. (10.1.10) has a unique strong solution.

Bernstein inequality

In a similar spirit that in Eq. (10.1.10) we consider a more compact formulation of Eq. (10.1.2),
given by
dX; =bi(t, X}, Y, u)dt + o(t, X})dB;
dYy = bo(t, X§, Y dt , i=1,...,N, (10.1.11)
ﬁ(Xé, YOZ) = N(?N

for initial variable Z° = (X Y?) which satisfies E|Z§|P< k. The existence and uniqueness of a
solution for this system under Assumptions 6 and 7 is a classical result, see for example [209]
and [161]. Equivalently, there is a probability, that we denote PV, such that Z = (Z1,..., Zn)
the canonical process in C%V is a solution of this equation.

Let p(dt) denote a probability measure in [0, T]; define,

vV (dt,dz) = pl¥ (dz) @ p(dt), v(dt,dz) = pe(dz) @ p(dt).
We argue as in [73] in order to proof the next result.
Theorem 8. Grant Assumptions 6 and 7, there exist oy, o, R > 0 such that
PN ( / 8(t, 2) (N (dt, dz) — v(dt, d2)) > 7> < g exp (—agw) (10.1.12)
0.7k [0 2(,) +CRY

for ally > 0 and every ¢ : [0, T] xR?® — R such that there is k > 0 which satisfies |p(t, 2)|< C|z|F
for some C > 0.

Remark. Theorem 8 extend [73, theo. 18] to accommodate locally Lipschitz coefficient and the
position-velocity scheme of (10.4.41). We also remark that the conclusion is slightly stronger as
we allow the function ¢ to be unbounded (with polynomial growth,).
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FithHugh-Nagumo model

As we mention above, we apply the previous result to estimete the parameters of the FhN model
described by equation (10.1.5).

For simplicity, we re-parameterize the model in order to obtain linear dependence on the
parameters, we make ¢ = %, a= %a and b = %b, for which G take the form G(z,y) = cx +a— by.
The goal of this section is to find an estimator of the parameter vector § = (I,a,b,¢, \,0?)
considering as known data the evolution of the network up to a time T filtered by a smooth

function in the sense: we know the elements of the set
K ={{ul,¢): p € C°(R™),vt € 0,T]}

where (1) = fras pn(d2).
We introduce the notation

Of = /Qxi +y pe(da, dy);  my? = /Qwiyjut(d%dy), (10.1.13)
R R

for the momentum of p, Oy and misd ~ by integrating with respect to the empirical measure
instead of p;, we define the matrix M such that each row is given by

T 10 i 0,i—1 T 0. T o 1,0, i—1,0
MZ:(’L/ mzs_’,i/ ms’z_,i/m’z_,—i/ m’z,—i/ (m"” 4+ m>"m' ),
0 0 0 0
oy T
i(i—1) i—2,i
m )
2 0

. . i+2,0 .
the independent term A= (Aq,...,Ag), with A; = Of + z'foT(mz’0 — M 4+ mi 1) and the
corresponding My, Ay, replacing ji; by pl.

The vector

GN = M]Ql(ON — AN)1||M§1H}‘>5N'

is an estimator of the parameter vector 6. Indeed, the following theorem is satisfied.

Theorem 9. Under Assumption 6, let 0 be the parameter vector corresponding to the FitzHugh-
Nagumo model defined by equation (10.1.5) and Ox defined as above, it is satisfied that,

/2

Py ([|0n — Olloo> ) < cre= 2N 4 e AN 4 e N, (10.1.14)

Nonparametric oracle estimation of

As a consequence of Theorem 8 and [141, Theo. 2.1] we can follow step by step the proof of the
oracle estimate [73, Theo. 7] to obtain the same oracle inequality that is obtained in such result.
For the sake of completeness we include this theorem, slightly adapted when needed.

Let K : (0,7) — R and K5 : R — R be two bounded and compactly supported kernel
functions such that

T
/ Ky (t)dt = / Ko(2)dz = 1.
0 R2d
For h > 0 we denote,
K%h)(t) — h_lKl(h_lt); Kéh)(2> — h_ng(h_lz).

We construct a family of estimators of uy,(z0) depending on h by setting

fin (to, o) :/

- K§P (20 — 2)pd) (de) (10.1.15)
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We fix (tg,20) € (0,T] x R? and a discrete set
HY © [N"Hog NP 1]

of admissible bandwidths such that Card (H{V ) < N. The algorithm, based on Lepski’s principle,
requires the family of estimators

(ﬂhN (to, o), h € %{v)

defined in 10.1.15 and selects an appropriate bandwidth A" from data pfy (da). Writing {z} 1 =
max(x,0), define

AN = max {(ﬁif (to,x0) — Apy (tOvCUO))Q - (vhN T V’]l\{)} ’

W <hh eHN n
where
N __ 2 —17—d
VIV = @ |K2(log N)N 'A%y > 0 (10.1.16)
Let
W € argming, cpn (AN + V1Y) (10.1.17)

The data driven Goldenshluger-Lepski estimator of i, (o) defined by

AgL (to, wo) = iRy (to, o)

is specified by K5 and wy.
We define

K (o — @) o (x)dz — pugg (z0)] - (10.1.18)

ijlv(/ﬁ) (to,z0) = sup
Rd

B/ <h,h/ eHY

Theorem 10 (Oracle estimate). Grant Assumptions 6 and 7. Let (to,zo) € (0,T] x R??, the
following oracle inequality holds true:

2
B | (78 (t0,m0) — uy (20))| € i, (B () (bo20)? 4+ V).
1

for large enough N, up to a constant depending on (tg,xo), | K| and b, provided ﬁgL (to, xo)
s calibrated with wo; > 16/@5%3, where ko is specified in Theorem 18 and k3 is a (local) upper
bound of p,, see Lemma 23 below.

10.1.4 Plan of the Chapter

The sections of this chapter are organized as follows: in Section 10.2 we recall some classical
result that will be useful for the next section. In continuation, in Section 10.3 we will deal with
proving Theorem 7 in the general context of formulation (10.1.10) under Assumptions 6 and
7. Then in section 10.4 we will prove the Bernstein’s inequality stated in theorem 8. Section
10.5 is dedicated to the proof of Theorem 9 and Section 10.6 of this of Theorem 10. Finally
in section 10.7 we explore numerically the possibility of testing the interaction bases on the
previous section.
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10.2 Brief summary of classical results

Two classical results are essential for the development of this chapter, Girsanov’s theorem and

Bernstein’s inequality. For a smoother reading, we briefly introduce both results in this section.
Let (Q, F, (Ft)t>0, P) be a filtered probability space, W a centered d-dimensional Brownian

motion with respect to the filtration F and L; an adapted mesurable process satisfying

T
P (/ |L¢2< oo> =1; VT >0. (10.2.19)
0

We introduce the process

£(Ly) = exp(L; — %<L>t), (10.2.20)

where (L); denote the quadratic variation of L. This process is well defined under condition
(10.2.19), see for example [135, Sec. 3.5].
The Girsanov theorem can be stated as follows

Theorem 11 (Girsanov (1960)). Assume that E(L;) defined above is a martingale, then the
process defined by

. . t
W — ) _/ L¥ds; 1<i<d, 0<t<oo (10.2.21)
0

is a Brownian motion under the probability Q) given by
Qlr,= E(Lt)P|F,.

Proof. A proof of such a result can be found in Karatzas’ book [[135] section 3.5] as well as in
Le Gall’s book [[150] section 5.5]. O

In practice, we would like to start from a convenient process L such that the theorem provides
us with a probability such that the canonical process solve our stochastic equation. That leaves
us with the need to prove that £(L;) is a martingale for our choice of L. We add here a sufficient
condition for that.

Let L be a continuous local martingale such that Ly = 0 then £(L;) is also a local martingale,
hence a supermartingale, and is a martingale if and only if

E[E(Ly)]=1; Vt>0. (10.2.22)
One condition to assure this is the following,

Lemma 9 (Novikov Condition). Let L be a continuous martingale such that Ly =0 and
1
Elexp §<L>t] <0, Vt>0.
then E[E(Ly)] = 1, and thus E(Ly) is a martingale.

Proof. The proof of this lemma can be found in Karatzas’s book [[135] prop 5.12]. O

The second result that is important to us is the Bernstein’s inequality. We conclude this
section by stating the result as presented in Boucheron et al. [37].

Theorem 12 (Bernstein’s inequality). Let Xi,..., X, be independent real-valued random vari-
ables. Assume that there exist positive numbers v and ¢ such that 31 E[X?] < v and

n q| 9

D E[(X)Y) < Jve™™?, g >3,

i=1
then for allt > 0,

+2

n
P (Z(XZ — EXZ) > t) < e 2vted), (10223)
i

1
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For one proof of this result we reference [[37] theorem 2.10 and corollary 2.11].
We finish this section by recalling a classical definition of a sub-Gaussian random variable,
see for example [41].

Definition 10.2.5. A real-valued random variable Z such that E[Z] = 0 is A\? sub-Gaussian if
one of the following conditions is satisfied, each statement implying the next:
(i) Laplace transform condition

1
Elexp(22)] < exp <2>\2z2) for every z € R.
(i) Moment condition

E {ZQP} <p! (4)\2)p for every integer p > 1.

1

(iv) Laplace transform condition (bis)

(iii) Orlicz condition

< 2.

24
Elexp(2Z2)] < exp (2)\222> for every z € R.

We will also use the following additive property of sub-Gaussian random variables: if the
random variables Z; are independent and \? sub-Gaussian, then p(Zy + Z3) is ]p|2()\% + )\%)
subGaussian for every p € R.

10.3 Existence and uniqueness proof

This section is dedicated to the proof of theorem 7. It is based on an argument derived
from Girsanov’s theorem in a similar way to how it is done in Lacker [145]. However, as we
mentioned before, our work extends to equations with unbounded coefficients, locally Lipschitz.
We emphasize that, for us, the proof of the existence of a solution is understood as finding a
probability such that the canonical process is the solution of equation (10.1.10).

The proof is divided into two main stages. In a first step, we start from a fixed measure i,
which belongs to a suitable closed subset = of P(C) with respect to the metric Wi defined in
(10.1.6). We consider the equation

dXt = bl(t, Xt, Y;g, /_Lt)dt + O'd_BtZ
dY; = bo(t, Xy, Y;)dt , (10.3.24)
E(X()? }/b) = o

for this fixed fi. According to the classical theory of stochastic equations, which can be reviewed
for example in Protter’s textbook [209], a solution of such equation exists up to a stopping time
T with respect to the filtration (F;):>0 generated by the Brownian B;. We prove that once
Assumptions 6 and 7 are satisfied, the probability of the event {T = oo} is 1, and, furthermore,
the probability P# that solves the equation (10.3.24) has a representation from the probability
P, for which 0~ X, is a Brownian motion.

In a second stage, the problem is posed as the existence of a fixed point of the operator
® (1) that associates the corresponding solution of the equation (10.3.24) to each p € E. The
existence of the fixed point is proved thanks to Banach’s theorem using the representation found
in the first stage.
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Preparation of the proof

Before we begin the proof of the theorem, let us make a series of observations, some of them
written as lemmas.

One first remark is that, given X; : [0, 7] — R? a continuous function, since by is a globally
Lipschitz function, the equation

dY; = by(t, X,,Y;)dt (10.3.25)

has a unique solution associated to the initial data Yy = yo € R?, which does not explode in
finite time. In other words, the random variable Y; can be written as a function of the path of X
until the time ¢; we use the notation Y;(Xo<s<¢) to make it clear when necessary. Consequently,
the equations (10.3.24) and (10.1.10) can be written just in terms of X. Moreover we have the
following lemma.

Lemma 10. Let || X.||pp < R, Yy defined from Xo<s<i by Eq. (10.3.25); then there is a
constant Cr depending on T and the Lipschitz constant ko given by Assumption 7-(2), such that
1Y\l poejo,m < Cr(T).

Proof. By definition

t t
VI Yol [ [bas, Xao Yollds < Yol [ (kals 20X ot [V 4/Y0]) + oo (0, X, o) s
we conclude by Gronwall’s lemma. ]

In what follows, we will use the notation uz = u(dz,dy) to emphasize that that we are
referring to the joint law of X and Y while the notations px and py stand for the marginal
distribution with respect to X and Y respectively. In term of probability, the previous key
observation shows that for the solution pyz of Eq. (10.1.9) we can find a probability pux € P(Cx)
such that

/C 9(2)pz(dz) = /C 9(2,Y)0y—y(2)(dy) px (dx) = /c 9(z,y(z))px (dz),

X

where y(z) is the solution of Eq. (10.3.25) corresponding to x = (xt)o<it<7 € Cx. To refer to
the relation between pz and px we will use the notation

pz = px @ dy(x)-

Next, we present an important consequence of Assumptions 6 and 7-(3) concerning the
second moment of the solution of Eq. (10.3.24).

Lemma 11. There exist a function C(t) : [0,T] — Ry, depending only on ks, o, o, such that if
Lo JePmdz) < @),
Rd xRd

for all 0 <t < T, then the canonical process Z; has bounded second moment under P*. More
precisely, let uw = Lpu(Zt) be the law of the solution of Eq. (10.3.24) then

Lo JePmdz) < €.
R xRd

Proof. Let = Lpn(Z;), by Ito’s formula, p satisfies the equation

1
O = =V (bp) + 5028“#, (10.3.26)
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from where we obtain, after integrating by part, that

d 2 _ — 2
G el = [ bt 172 [ 20tudz),

= / 2:5/ by (t, z, w) i (dw) g (dz) + 2ks + o2,
Rd xRd Rd xR
< ok [ (PP ) + o,
RixRd JRE xR
= 2k3/ |2|? 1 (d2) + 2k3C(t) + 2k3 + o2,
Rd xR

where we have made use of Assumptions 7-(1),(3)
We get a problem of the form

u'(t) < Cr(u(t) + Ct) + 1), (10.3.27)

with w(t) = [paygalz|?pe(dz), C1 = 2ks + 02. We would like to find C(t) such that the equation
(10.3.27) implies that u(¢) < C(t). This is satisfied if

1 1

— (M T\ 2Mt .~

Ot = (M + e —
with M = max{C7,u(0)}. O
We consider = C P(C) the space of all the probabily measures such that [ga,ga|2|?p(dz) <

C(t) for all t € [0,T7,

E:{ueP(C):/

o Pldz) <€), e e [0.7])

This is a closed subspace of P(C). Indeed, let p™ € = be converging to p for the distance W7,
then for all t € [0,T], uj* converge weakly to p, this is

[ewitan) = [ omiaz)

for all test function ¢ € C.(R??). Taking pr = x(z/R) > 0 with x(z) = 1 for all |2|< 1, x(2) =0
for all |z|> 2 we get

/mg@R/,L?(dz) — /mapRut(dz); z € R%

which implies that [ megru(dz) < Cy, and then, applying Fatou lemma, we obtain

/mut(dz) < lim inf/mgoRut(dz) < C(t).
One of the consequence of the previous lemma is the following observation.

Corollary 4. For all p € =, it is satisfied that
2b(t, 2z, 1) < ks(1+ |2*4+C(t)) < k(1 4+ C(T) + |2|%). (10.3.28)

Lemma 12. Grant Assumptions 6 and 7, for all T > 0, there is a constant Ca(ks) > 0 such
that for all p > 2, we have

E|ZiP< o*(p/2)! 5" (10.3.29)
for allt € [0,T), Z; = (X3, Y;) solution of 10.3.24.

The proof is classical, yet we present here a version adapted from the one of Mao [161, Chap.
2 Theo 4.1] to our condition.
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Proof. Applying Ito’s Formula

ya
2

» t
= (+1ZoP)E + /<1+rzt\ )b, 2 1)

2) ft p—4
v [z 4 2?22 [z, 20

(1+1Z:%)

+p/ (14|22 2 0dB,
0

IN

2"F (41207 +p [ (4 2T (20, 2o ) + 0?2 )

t —2
+p [ (1412 2T aB,
0

From Young’s inequality we have that p%l(l + |ZS|2)% < (14227 + 2(p/ )8 , plugging this
and the result in corollary 4 to the previous estimate, we obtain

p
2

A+1ZPE < PTA+ZP) +p [0 +12D5F R0+ [C+2)

t 2
+/ (1+1Z:)% +202(p/2)%) + /(1+yzsy2)’%zgfgd38
0

From where, it is some constant « such that,

P P
2 2

— t
A+1zPE < 250+ |20 +pa [ (1+1Z7) (10.3.30)

+202(p/2)§T+p/ (1+ 2,32 27 0dB, (10.3.31)

Let us define for n > 0 the stopping time

=TAN inf {|Z(t .
r=T A int {|Z(1)]= n}
clearly, from the non-explosion of the solution, 7, — 7" a.s., moreover from (10.3.30) and the
properties of Ito’s integral, we get

P 2
2 2

tATn
E(L+|Zinn )8 < 25 (L+EIZP) +paB [ (14123 ¥ds +20°(p/2) 1

b
2

IN

25 (1+E|Zo|p)—|—paE/ (14 | Zonr, |2) 5 ds + 202 (p/2) 3¢

Applying Gronwall’s lemma we obtain

D
2

E(1+ |Zinr,[2)8 < 277 (1 + E|Zo?) + (p/2)80%eP < 25 (14 E|Zo|P)e? + (p/2)! 024172,

Letting n — oo yields
E(1+12%)% < o*(p/2)1 ",
for some constant Cy which come from E|Zy[P< C'(5)!. O

In consequence, we have the next corollary.

Corollary 5. Let the initial condition Zy be such that E|Zo|P< kb for some constant ky. Zy
satisfies

sup E[eﬁ‘zdz] <1+02
[0,7]
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Proof. From lemma 12, for p > 1, we have

a1 9P
sup B[ 1) = 143 S E|ZP|< 1402 Y 277 = 1402 (10.3.32)
[0.7] =1 PO p>1

O]

From the last corollary and proposition 6.3 of [108], it follows that there is a constant k5 > 0
that only depends on C'5 such that for any measures p and v in Z, it is satisfied that

Wi (e, ve) < ksy/He(plv);  VE € [0,T).

where py = ppe, e = voar € P(C) and Hy(p|lv) = H(ueve) denote the relative entropy

du du
= — log —dv.
H(ulv) /C L log S

Proof of theorem 7

Proof. As we mention above, we divide the proof in two steps: first, we fix i1 € = and prove
the existence and uniqueness of a solution of (10.3.24) for this fixed g. Then we prove through
a fixed point argument that there exists y such that it is the law of the component X; of the
corresponding solution of (10.3.24) for this u.

Step 1. Let i1 € = be fixed, we use a Girsanov’s argument to prove that we have a solution
PF® by (x,.,.p) With PP that satisfies

Pﬁ|-7:z: MP|F,

for
M; = & (/ o (s, X, Y, i) - dWs> : (10.3.33)
0

where we define &(M) = exp (M — 3(M);). We recall that P is the measure such that
W; = 01X, is a Brownian motion, with X, the canonical process in Cx, and (Ft)e>0 the natural
filtration of W;.

Grant Assumptions 6 and 7, there is a probability such that Z is a solution of (10.1.10)
until a time of explosion ¥. Since Y; is unequivocally determined by Xo<s<;, we can write this
probability as P ® by (x,.,.,), with P* € P(Cx). We define, for R > 0,

TR = mf{t Z 07 ‘Xt‘z R}

By lemma 10, there is Cg such that |Y;|< Cr in [0, 7g], which implies that 7 = supp-o7r < %.
We note that for any R, 7 is a stopping time with respect to the filtration (F;)o<i<7.
Let us define

fR<x)={ A

Rx/|z| if |z|> R
and blR(t7Xta Y;fala) = bl(ta fR(X)> Y;f(fR(X))a ﬂ) The process

ME =&, ( / o bin(s, Xa, Va(X p0), i) -dWS) | (10.3.34)
0

is a martingale under P. Indeed, by the definition of b g, MtR satisfies Novikov criterion, lemma
9, i.e.

1 T
E[epr/ lo 7ty (t, Xy, Yi(X o), 1)|?dt| < 00 (10.3.35)
0
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for all 0 < T < oo. It follows then that Mt]}m is also a martingale and, as they coincide in
[0, TR], Minry, is also a martingale.
Girsanov theorem shows then that there is the probability measure Pgr

PR’]:tm—R: Mt/\TRP on (C,.FT)

such that Wt‘/L\TR = Wirnrg — SATR o~ 1b1(s, X5, Yy, fi)ds is a standard Brownian motion. By

uniqueness of the solution in [0, T) we get PH|x, e = PRIFine,= Mineg P.
For all h € C?(R?) we define,

1
Lih(z,y) = ioﬁmh(az, y) +b(t,z,y, 1) - Vh(z,y).
The key part of the argument is to find f such that
o Lif <CF,

e f(Z:,) > g(R) for some g such that g(R) — oo when R — oc.

Then we can proceed in a similar way as it is done in [246] to conclude that limp_,~ P (Tr >
t)=1forallt >0.

Let f(z2) = |Z|22+1; by corollary 4, we have L;f < C'f for C = 2(||0?||co+k3). Applying Ito’s
formula to e~ Ctf(z,y), we get for 0 < s <t

t t t
e ClH(X,Y,) = e*CSf(XS,n)Jr/ e*Cucufdu—c/ e*Cdequ/ V fodW+
t
< O+ [ Vioaw

Evaluating in s A 7g, t A Tg and taking conditional expectation with respect to the o-field Fg,

we obtain
Epé [e_Ct/\TRf(Xt, Y;f)’]:s] < e—Cs/\—er(Xs7 Ys)

since the first term is F,-measurable and the second is a centred Gaussian with respect to P¥.
From the fact that e=“*\"% f(x, 1) is a supermartingale, we infer

Epzle” N F(Xy, V1)) < Bzl f (Xo, o))

Since f(Z-,) > g(R) = R?/2 in [tg < +00], we get
Pi(tr<t) = €“'/g(R)Epn[lry<ie” “'g(R)] < €7 /g(R)Epallry<ie” """ f (Zinry)]

e /g(R)Epale” """ f(Zinry )]
" /g(R) f(Zo)

which goes to 0 when R goes to infinity. From lim P#(rg > t) = 1 we conclude,

<
<

/ MdP > / LrpstMipr,dP = PF(1p > 1) — 1

which implies that M; is a martingale. We can then apply Girsanov’s theorem directly to M, to
conclude that PP|z,= M;P and W{' = W; — [{ 07'b1(s, X5, Ys, fi)ds is a Brownian Motion.

Step 2.
We define ®(u) = P* ® dy(x). Let A be a subset of the o-field generated by X, Cy =
C([0,T); RY), we have

d®(v),
A dP(p)

(w,y(x))dP“(a;):/ do(v);

e, 20, B VW) = S(1)(A® Cy) = PH(A).
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It follows,
dpy, . dd(v)

In consequence, we have that

Hy(®(p)|®(v)) = _/CIOg Zig;;z d®(p); = — /Cx log Zigzz (x.at, y(@.A¢)) P (dx),
= _EM llog Z;’:Z(X./\t)} ,
= _E™ ]ogEP“ lﬁp{_m” .

Since X; and Wy generate the same filtration we get

" u [dPY
Hy(®(p)|@(v)) = -E” {ngF [Wmt”

1 t
= iEP“ [/ ]aflbl(s,Z, V) —01b1(87Z7M)‘2d3]
0

where we use the result from the previous step for the second equality.
On the other hand, we have that if b; satisfies Assumption 7-(1), then

bis,2,0) = bals.zop)|= | [ Btz wdu=n)I< ki suwp [ pdn—) = kW),

|‘P|Lip§1

Gathering everything, we get,

Wi(@(p), ®(v)) < kiks/ Hi(®(1)|@(v)) < krksy/1/2|o[PtW1 (u, v).

We use Banach’s fixed point theorem to conclude.

10.4 Bernstein’s Inequality

This section is dedicated to the proof of theorem 2. This is based on a change of measures
argument which allows us to use a Bernstein inequality. Here is a short sketch of the proof to
make it easier to read.

1. First we rewrite equation (10.1.12) in terms of Bernstein inequality. Let us define

AN = { / (t, 2) (N (dt, dz) — v(dt, dz)) > »y} (10.4.36)
[0,T)xR2d
=1

N
= {Z( o o(t, ZHp(dt) —/[O’T]XRd qb(t,z)p(dt)u(dZ)) > ny} (10.4.37)

- {ig > Nv} , (10.4.38)
=1

for §; = f[o,T] o(t, Z")p(dt) — f[o,T]XRM o(t, z)p(dt) p(dz).
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We use one generalization of Bernstein’s Inequality which can be found in Boucheron et
al. [37]. This establishes that if the f3; are independent (in our case this is equivalent to
says that the Z¢ are independent), centred (E(f;) = 0), with uniformly bounded second
moment, and satisfy that for all integers p > 0

E|Bi|P< p! RP 2V (B;) (10.4.39)

for some constant R, V denoting the variance, then

N
| oo [ (N7)? )
PO =Ny <2 p( 2N, Ei5 + )

what is the result.

The difficulty here is that the variable Z?, solutions of (10.1.11), are not independent. In
order to solve this, the strategy is based on two more steps:

2. We consider a new probability measure PV for which the variables Z* are independent,
Epn[Bi] = 0 and the random variables f3; satisfy the moment estimates, so that the
inequality is valid for this new probability.

3. We prove that -
PN (A) < CPN(A)°, (10.4.40)

for some C,d > 0, in order to obtain the desired inequality for the original probability
measure.

Definition of the probability measure PV

Let p be the law of the unique solution of Eq. (10.1.10). Define PV = u?V as the unique
probability measure for which the canonical process solve

ng = bl (t, th» Y;Sia Mt)dt + O-(t’ XZ)dBIZS
dYy = bo(t, X}, Y)dt , (10.4.41)
L(X4,Yg) = pg™

where .
By :/ o (s, ZN(dZE — by (s, Z%, ps)ds), 1 <i < N, (10.4.42)
0

are independent Brownian motions. That is, the variables Z¢ = (X*,Y?) correspond to N
independent samples of the solution of equation 10.1.10, whose well-posedness is given by
theorem 7. Since £(Z%) = pu, is clear from its definition that Epy[3'] = 0. Next lemma conclude
with the second step establish above.

Lemma 13. Under the probability PN, the second moment of B; is bounded by a constant V
and all the remaining moments satisfy the estimate (10.4.39) for a proper constant R.

Proof. Let & = f[07T]XR2d o(t, z)p(dt)u(dz), p a positive integer, then

p

EpnlfiP= [ pld2).

R2d

| ott.2ndn —¢
[0,7]

Since |¢(t, 2)|< C|z|F and [€[P< [ OP|z[PHFu(dz), using the inequality |a + b|P< 2P~ 1(|a[P+|b[P),
we get

Epnl i< 27C7 [ 1o u(dz).

R2d
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From where, considering the estimates of the moment of Z; given by lemma 12, we obtain,

EpnlBiF < 4 [ oPu(d2)
R2d
S 0222+k(1 + k,(Q)-‘rk)eoc(Q-i-k)T -V
Epn|Bif < 278(1+ E|Zo )00
< V(2e%Tkg)P~2 = V(CR)P~2,
for R = 2e“Tky. O

Relation between the probability measures: proof of inequality (10.4.40)

Let us define
My Z/ 1) (s, X, Yoy tY) — (071 01)(s5, X, Y, 1)) d B,

which is a local martingale with respect to PV. Moreover, as one consequence of the next
proposition, Norikov’s criterion, &(M™N) = exp (M} — $(MY);) is a martingale under P
Then, applying Girsanov’s theorem, since the solution of (10.1.11) is unique, we get
dpN
dPN
Proposition 3. For every 7 > 0 there exist dg > 0 such that

— &™),

sup sup E[exp(T((MN)t+5 — <MN)t))] <,
N>11[0,T]

for every 0 < 6 < &y and some constant C.

Proof. Let EN(x,y) = bi(s,z,y, pl¥) — bi(s, z,y, us), thanks to Assumption 7-(2),
EN XL YVPS [lbas, Xo Vo)l = ) ) 2.

From where

N

_ _ t+0 S L
O )ess = Y)) = 30 [ (o ), X2 Y ) — (0 ), X2, Vi )
i=171t

IN

L e v
— 3 K3
e [l Y

t+6 N
< w3 Bl XLV e — )l
t

with k = 7|0 ~!|s. By Jensen’s inequality together with the exchangeability of Z; we have

_ _ t+6 N
Blexp () x5 — ()] < 5 [ Blexp(s 3 115, X0 V2w = o))

[0,7] ] 2

< sup EY [exp(ndN / B1(s, X2, Y2 ) (Y — i) (dn) )]
[0,T]
< sup EN [exp(k Z]Al’]\
(0,7]
1
< sup 5 (E{[,Y[exp(né )+ EN[exp /1(5— Z’ALJ‘ )
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where,
AL = by (s, XL, Y, XD) /Rd by (s, X5, Y7, u)ps(du).
As a consequence of lemma 12 and the Assumption 7(1) on b; we have,
E|A} |?P< o2p! O, (10.4.43)

which is the moment condition on the definition of a sub-Gaussian random variable. In
consequences, as the variables A7 for j = 2,..., N are independent under %, Z;-V:z AlJ s a
(N — 1)’ sub-Gaussian for some constant C’ depending on Cy and by the moment condition
again

N
EIS. AN (X, V)] < plaP(N —1)°C".

j=2
Hence,
(kO)P 1
EN [exp(k Z|A1]\ Z ol Mp! 4P(n — 1)PC"? < oo,
p=1
and since the first term,
IEN[eXp(/ﬁ;é | ALY,
is clearly bounded as a consequence of (1().4.43) the result follows. O

Let now A € Fr, since PV and PV coincide in Fy, we have
PN (A) = Epn [P (A|Fo)] = Epn [PV (A|F0)].
The next result is the key to arrive at the relation 10.4.40,
Lemma 14. For any division 0 =ty < --- <tg < T and A € Fr, it is satisfied that

Epn [P(A|Fo)] = Esn [P(A|F,) 1/4KHE lexp(2((MN)y, — (MM, )17,

Indeed, from this result, and proposition 3 with 7 = 2, t; = j7/K and K large enough so
tj —tj—1 < dg, we can conclude that

K
PV(A) < Epn [P(AIF )Y T Eawlexp(2((MN),, — (3V),, )P/
j=1
< PYYY sup  sup (E@N lexp(2((MN) 45 — (M.N>t))]>K(K+1)/8
N>1t€[0,T—do]

< CK(K+1)/8@,N(A)1/4K_

The proof of lemma 14 can be found in Lacker [145] and Della Maestra [73]. For completeness,
we include a version of this in the appendix.

Conclusion, proof of theorem 8

We now have all the ingredients to complete the proof of Theorem 8. Let AN be defined as in
10.4.36, we have from step 3 that, PV (AY) < CK(K+1)/8PN(.AN)1/4K. Moreover, from step 2,
the random variables j; satisfy the conditions to apply Bernstein Inequality under PV, from
where,

) 1/4%
PN (AN < EK(K+1)/8 B (Ny)
A= (2exp< 2 BB+ RY)))

which conclude the result for a; = CE(E+1)/891/4% 4nq ay =11

1
24K
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10.5 Application to the parameter estimation of FitzHugh-Nagumo
model

Here, we present an application of the concentration inequality (10.1.12) to the estimation of
the parameters of the FitzHugh-Nagumo model presented in the introduction.

Given p4 the solution of equation (10.1.5), let us compute the moments of order i. We define
O and mt’] as in (10.1.13). Since y is a solution of the equation, it is satisfied that

OiT:Oé+/ /{i(xfx3/37y+l)xi_1
0 JR2

_ . 1 .
+i(cr +a—by)yt + 50%’(2’ — D"}y (d, dy)

A
—00+Z/ (ml’o—
T
—I-c/ m“1+a/m —b/ m? / m"0 4 m1Omi=10)
0
+02/ z—lmi,w
0 2 ‘

Let us consider the six first moment 05} with ¢ = 1,6, we obtain a linear system of six
equation, which we write with the matrix formulation O = M@ + A, with O = (0%, ..., 0%)T,
the rows of M given by

T T . T
— (i/ mglvo,z’/ m;vlfl,z‘/moﬂfl,—i/ moﬂ,—z‘/ (m™0 + mPOmi=10),
0 0 0 0

W;l) /OT mi=2)

i+2,0

and the independent term A = (Ay, ..., Ag), with A; = Of +4 [ (m™® — Mee— +mi~ b1, Note
that all moments are well defined, according to lemma 12.
In consequence, if O, M and A are known, we can estimate the parameter vector as 6 =
~1(O — A). Let p¥ the empirical measure, ON, M, ~ and A ~ the associated approximations
from replacing p for the empirical measure, then, we obtain an estimator for the parameter

i+2,0 ) )
mzfl,l 4 Im271.0>

vector given by R . R
Oy = My'(On = AL 5

~I>oNT

Proof of theorem 3
Proof. Since
105 bl = MO~ A) = My"(Ox — An)
1M = M) (On = A oo HIM (O = Ol 1M Ry = A) e,

IN

it is satisfied that,
5 1 Ty AL. R ol
P(|0n = Ollo>7) < P(I(M™" = My")(On = An) o> 3)

“1H v 1R Y
+P(IMH (O = O)lloez 3+ PUIM Ry = M) D)

= I+II+11I
We now proceed to bound each of these terms. For the last two, let us observe that
ION — Olloo= max(uf — pr, ' + y'); (10.5.44)
N = T . .TH_Q )
Ax — Alloom ?1%@'/0 W =t = o 2yt (10.5.45)
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Then we get the estimate by applying the Bernstein Inequality shown in theorem 8. Indeed,
taking ¢(z,y) = ' + y*, p = dr in theorem 8 we obtain

o N/ BIM o))
P N i ANSN v < —
(“‘T S 3||M1||oo> —‘”exp{ "G+ ROy GBIV |

|* for some

where C is an upper bound for all moments of u less than 12. Note that |¢|< C|z
constant C' (uniformly for all i).
Analogously, for ¢(z,y) = z° — %ﬁ + 21y, p the Lebesgue’s measure in [0, 7], C7 such that

|9|< C"|2]* we get

T e N (7/ (18] M)
Pl N i i—1 dt > 2 < _ i
(/0 e R 2 ) S TP TG RO /(18T M ) |

for C] upper bound of 16th-moment of .

~ gl
I < P(|lOy —O 002 ST
< PION = Ollooz gy — C1+ RCy/(3 M ~1|o)
N(y/(8] M~ oo))?

2C + RC'Y /(18] M~ )

) < 6a, eXp{—ag NG/GIM loo))* } (10.5.46)

1T < P(| Ay — All> =) < 6o exp{ —a
3[[M o

e } , (10.5.47)

It only remains then to bound I. Let us denote A = {||(M~1 — ]\71\_]1)(6]\/ —AN)|loo> 2}, for all
L > 0, we can write A as

On — A Oy — A O Trygs
A= (Aﬂ{HON —An||> L}) U ({HON —Anl< Ly n{||(Mt _]\/[]\[1)"Z 3L}> .
This implies that

P(A) < P({||Ox —An|> L}) + P({||(M~! — My")

A

< P{lIOx|z L}) + P({IIAnlI= L}) + PU{I(M ™" = My") |2 EYAL

Let’s set L =42 4+ ||O||+||A|| then

~ ~ e 1/2
P(4) £ P({|Ox - O]z 4"2}) + P({IAx — Al 2} + PUIIM ™ = MY 12 1o

The first two terms can be bounded using Bernstein’s inequality as above. To proceed with the
third one, we must first perform the following algebraic trick.
Let us denote £ = M — My, then

Myl =M '=(M—-¢&) ' =M =1 -MT) M —MT

There are two possibilities, or |[M~1¢||p< & or |[M~1¢||p> 5. In the first case, we have that
(1—-M71) = > iso(M™1E)7, from where

Myt =M1 = (DM - M= (S ()M
j>1

Jj=0
95 =3 < el P len = el e < aear e
=0
In conclusion,
% MR

P! = M2 L) < Plgle> )+ PUIEllr= 1/21M] )

6
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since ||€]|F< 6 maxi<jj<¢|mij|, applying again Bernstein inequality for each coefficient of the
matrix, we obtain,

1/2

o N (1M ] /6
(¢ W0 < alexp{ T RO (M /6)

N(1/12(|M]|p)* }

- exp {_0‘2 Cf + RC"1/12 M|

Gathering all together, we conclude

_ Ny N(1/12||M]F)?
Py(10n = Olloc> ) < an/ —Oy— s a M
N([10n = Olloo>7) < eXP{ 0‘21+RCV1/Q}+0‘1 eXp{ “ 0y RO /12 M| F

10.6 Nonparametric estimation of

Let’s start by stating the following lemma, which is a consequence of [141, Theo. 2.1] and take
the role of [73, lemm. 23].

Lemma 15. Grant Assumptions 6, 7 and (to, z0) € (0,T] x R??. Let r > 0 and [r1,72] C (0,T),
there exist k3, k4 depending on zy,71,72,7 and b such that

0< ks < inf (2) < sup e (z) < Kg.

Bt Z) =
te[?"1,7’2]7|2720‘§7" tE[T17T2]7|Z—Zo‘§T‘

In turn, for a compactly supported kernel K, this implies the existence of r = r(K) such
that the estimate

2
K0 (20 = )32 ) = /R R (W) gy (20— 2) dx < ma(r)h XK (10.6.48)

holds true.

Lemma 16. In the setting of Theorem 10. if K is a bounded and compactly supported kernel
and h € HY, we have

Ben | (71 (t0,20) ~ i (20)) | 5 BY () (. 20)° + VI,

up to a constant that depends (continuously) on (to, 20) , |K|oo and b, and where B (1) (to, 20)
is defined in (10.1.18) and VY in (10.1.16).

Proof. Write [ilY (to, 20) — pit, (20) = I + I1, with

1= [ K (o = 2) g (2)dz = py (20)
and
11 = /Rd Ky (20 — 2) (ug(dz) - uto(z)dz> :

We have I? < BY(u) (to,zo)2 for the squared bias term. For the variance term, using
successively Theorem 8 and the estimate (10.6.48), we have
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Epx |I1%] = /OOO PN (|11]> u'/?) du

o) HQNU
< 2/11/ exp | — 5 " du
0 5 (20 = 12 () + 1Eh (20 =)o ut/

00 2d
< 2/11/ exp (— r2Nh™"u ) du
0

rig | K5+ K |ooul/?

< (ww) (1 + (Nth)1>

Sy

-1
where we used (48) and the fact that MaxXj,cy N (N h2d) <1 O

Completion of proof of Theorem 10 Recall that hY denotes the data-driven bandwidth
defined in 10.1.17.

Step 1: For h € HYY, we successively have

EPN

(8 (t0.50) =y ()
S Epw :(ﬁgL (to, 20) — fin (to Zo)ﬂ + Epn [(ﬁhN (tos 20) — fitg (Zo))Z}

[ 2 2
S Ben |{ (@) 0.20) = 3 (0.20)) =V = VAL ]+ Vi VM +Bon [ (3 (t0,20) — iy :0))]

< Epwv | AN (A )+VhN+V£’N

max | bV ,h

+ Epn [(ﬁi\] (to, z0) — kg (ZO)>2}

2
S E]P’N [ AhN} + VhN + EIP’N [ A%N + V’h]yN} + E]P’N {(HhN (t07 ZO) — Mt (ZO)) }
S Epn | AY] + VI + BY (1) (0, %),
where we applied Lemma 16 in order to obtain the last line.

Step 2: We first estimate ALY . Write py, (to, 20) for [pea Kn (20 — 2) pty(2)dz. For h,h' € HY
with b/ < h, since

(ﬁiv (to, 20) — fijy (to, Zo))2
<4 (ﬁﬁv (to, 20) — pn (to, ZO))2 + 4 (pn (to, 20) — futo (Zo))2 + 4 (p (to, z0) — putg (ZO))2

2
+4 (ﬂ;]x (to, 20) — p (to, ZO))
we have
) 2
(ﬁhN (to, z0) — iy (to, Zo)> = Vi = Vi) < 8B} (1) (to, 20)° + (4 (ﬂ’]lv (to, z0) = pan (o ZO)) - VhN)

2
+ (4 (ﬁﬁ (o, 20) — pr (to, Zo)) - Vﬁ)

2
using A" < h in order to bound (ﬁé\{ (t,a) — pp (to, zo)> by the bias at scale h. Taking maximum
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over h/ < h, we obtain

2
~N _ N _vN _yN
max { (,uh (to, z0) — fp (to, zo)) Vi — Vi }+

<8B! (1) (10, 20)" + {4 (3 (t0.20) = (10 20)) =V} (10.6.49)

2
N o, _yN
+ I;?%};f {4 (Hh' (to, z0) — pw (to, zo)> Vi, }+

Step 3: We estimate the expectation of the first stochastic term in the right-hand side of
(10.6.49). We refine the computation of the term 7 in the proof of Lemma 16. By Theorem 8
and using estimates

/ exp (—u")du < 2r W' exp (—v7), v, >0, v>(2/r)7,

o auP a\ =~V g\ "2/P
/0 exp <_b+cup/2> du < Cpmax <(b> , (c) ,a,b,c,p >0,

with Cp =2 [ exp (—%(min(\/ﬂ, u))p> du, stemming from the rough bound

auP < auP auP/? 0
exp _7b+cul’/2 < exp —2—b +exp | — e ,u > 0.

{4 (ﬁljy (o, 20) — p (to, ZO))2 B VhN}J

and

we have

E]P)N

©© 2
= / PN (4 ﬁ;]:f (to, z0) — un (to, zo)) — VY > u) du
N N 1/2
= / P <‘/~Lh to,Zo) h (tO,ZQ)‘ ( V ) ) du

<9 /OO KJQNthl du
K ex
= Jun CP\ T G KB K o Sul 2

h
00 /€2Nh2d HQNh2d 1/2
< ex du+/ exp du
/vg p( Sl KT A

< (n2) " exp (8Nh,K‘VN> b (V) 2 (V) e | -

ko N2 (VY )1/ ’
4K oo

-1 —3/2 /12|K|2w1/2
< (Nh2d) N @2/ (8m3) 4 (Nh2d) (log N)l/2 exp | ———="L (log ]\7)5/2 ,
< N2

-1
as soon as w; > 16&2_1/@3, thanks to Maxy ey N (Nth) < 1, and using minheH{vh >

1/d
(N_l(log N)2) / to show that the second term is negligible in front of N 2.
Step 4: For the second stochastic term, we have the rough estimate

~N B 2 UN
Epn lg}&%}é {4 (uh/ (to, z0) — pw (to, zo)) Vi N
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S Card (HY ) N2 g N7

S ZE]P’N

2
{4 (M,JX (o, 20) — pr (to, 20)) - Vﬁ}
h<h

+

where we used Step 3 to bound each term Epx

2
{4 (ﬂg (to, z0) — pr (to, ZO)) = Vi]z\{}
+
pendently of A together with Card (’H{V ) < N. In conclusion, we have through Steps 2-4 that
Epn [ AhN} SN+ BN(p) (to, 20)?. Therefore, from Step 1 , we conclude

] inde-

2
Bev | (A8 (to,50) = iy (20)) | S BY (1) o0+ VI 4+ N

for any h € HY. Since N=! < V,]lv always, the proof of Theorem 10 is complete.

10.7 Testing of the interaction between agents

the last part of this chapter if exploratory only, and is an joint ongoing work with S. Delattre
and M. Hoffmann. We propose the construction of a statistical test to decide whether we
have existence of connectivity between agents in a dynamic system such as the one presented
in model (10.1.2), assuming that the coefficients F', G and H are unknown. To understand
the difficulties that this objective presents and to introduce our strategy, let us begin with an
important observation related to propagation of chaos for mean field problems.

One might think that a possible strategy for testing connectivity is to test the independence
between agents, since it is intuitive to assume that if such interaction exists, the state of an agent
will depend on the state of those connected to it and vice versa. However, the phenomenon of
propagation of chaos indicates that when the number of agents increases, it is impossible to
distinguish between a system of N interrelated particles and that of N independent particles,
each of them following the law of limit distribution.

More precisely, let us call PV, the joint distribution interrelated according to the system of
equations (10.1.2) and P®V the distribution of N independent particles each of them following
the law (10.1.9), in the article of Della Maestra and Hoffmann, it has been proved that, for not
large coefficients or short time windows,

limsup||PY — P®N||ry< 1 (10.7.50)

N—oo

where ||-||7y denote the total variation distance.

In particular, this implies that there exist no test of the null hypothesis Hy : PN =
P®N against Hy : PV # P®N such that the first error and the second error converge both
asymptotically to zero. More precisely, for all test T and rejection zone 2, the first error
a = P(T € Q|Hy) = P®N(Q) and second error 3 = P(T ¢ Q|H;) = PN (Q°) satisfy

PEN(@Q) + PY(@%) > 1 [PV — PV |7y 0,

for all N large enough.

Consequently, another type of strategy has to be considered. We suggest to take advantage of
the mean field convergence and redefine our problem in a new approach, related to the closeness
of the system to equilibrium.

Indeed, we would like to use the result on theorem 8 an transfer properties from py, the
limit measure given by the solution of equation (10.1.9), to the empirical measure y.*. More in
details, if we take a look at equations (10.1.9) and (10.4.41), we notice that under the hypothesis
of no interactions Hy : H = 0, the coefficient b does not depend on time, while in the case
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of interactions, b depends on ¢ through p;. This motive the construction of a test that is
interesting on the hypothesis "b no depending on t", against the alternative of the dependence.
This approach, however, presents a new difficulty: in case the system is in an equilibrium state,
It = loo, the null hypothesis is again indistinguishable from the alternative.

We conjecture that in the case where the system is in equilibrium it is not possible to create a
test that distinguishes whether there are interactions, but we lack of a proof at the present time.
We nevertheless can propose a strategy based on a hierarchical test, where we first test that
whether the system is at equilibrium or not, and then, based on a rejection of this hypothesis, we
can check whether or not there are interactions, by testing whether the drift coefficient depends
on time or not.

In the following we perform some exploratory work based on numerical simulations to
underline the idea of such a test construction. After which we present a first theoretical result
in a simplified model.

It has been proved in Mischler for the FhN model presented in the introduction [citation],
that if the interaction between neurons is weak or null, the system converges to an equilibrium
state, while when the interaction grows different patterns may appear such as synchronous
behavior of neurons.

In Figure 10.7, we present the typical behavior of the voltage of a neuronal population (result
of one simulation), when there is not interaction. We show three cases, in top we observe the
trajectories and a density plot of a population of 1000 neurons without interaction and with an
initial distribution close to equilibrium (that we have obtained by letting the system evolve for
a long time; in the middle row, we show the same plots for a similar population, also without
considering interaction between neurons but with an uniform initial distribution in [—1, 1]; then
in the last row, we see a case when we start far from equilibrium all neurons start in the same
state Zp = (2,2)-. We see how when we star from equilibrium the distribution is maintained
over time, when in the other two cases, the population is moving towards the steady state.

In the other hand, in Figure 10.7 we show, first the typical evolution in long time without
interaction and with increasing interaction (J = 1 and J = 10). We see that, when the
interactions are weaker, we still have an equilibrium state while when the interactions are
stronger a time-dependent pattern appears.

We will explore our test idea on several simulations of this cases.

Equilibrium test
To start with it, we pick two bounded and compactly supported kernel functions K; : (0,7') — R

and Ks : R — R such that

T
/ Kidt= [ Ka(z)dz =1.
0 RQd

In our simulation we will consider the Epanechnikov kernel,

K(u) = 2(1 —u?); supp K = {|u|< 1}.

for ¢ and each component of z.
For h > 0 we denote,

th)(t) = h 'K (h™'t); Kéh)(z) =h7Ky(h 1 2).

We construct a family of estimators of uy,(z0) depending on h by setting

i (to, 20) = /R K (0 — 2l (d) (10.7.51)
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Figure 10.1: We show the voltage of three typical simulations of the model without interaction
with three different initial conditions. In the top row, from the steady state; in the middle row,
from a uniform distribution in [~1,1]? and finally in the last row, when all neurons initialize in
the same state (corresponding to a Dirac distribution in (2,2)).
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Figure 10.2: We show the voltage of three typical simulations evolving in a long time (in [0, 100])
without interaction, with weak interaction and with strong interaction.
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Figure 10.3: Box plot showing the distribution of 77" test values starting at equilibrium or not.
The leftmost plot corresponding to the case when we start at the equilibrium, in the middle,
when we start from the uniform distribution, and the last one when the system is far from the
equilibrium (corresponding to the third case presented).

how is suggested in section 10.6. The performance benefits of such an estimator are shown by
the oracle inequality given in Lemma 16. We regularise it on ¢ by taking the convolution with
the kernel K7,

T
i (to, 20) = /0 /R (1 @ Ka)glto — t.20 — 2)pafy (d2)dt, (10.7.52)
where for h = (hy, ha), h; > 0, we define
(K1 @ Ka)j(t,2) = K\ () K5 (2).

Under the hypothesis of being on the equilibrium, pu; = peo, it is expected that iy = 0.
We rely our construction on this argument by considering that the equilibrium test will be a
function of T} = [|9uu(2)dz|? which can be estimated by

TV (1) = /R [0 (¢, 2) P (10.7.53)

In Figure 3, we can compare the values of 77", over 20 simulations of the three cases without
interaction. From the box plot we can see that there is significant statistical different of the
indicator TIN between the case when the system is close to the equilibrium with respect to
the case in where is not from, increasing as we move further away from equilibrium. We see
this behavior again when we include interactions (Figure 4) although in this case with more
variability.

In conclusion, these explorations suggest the validity of such an indicator as the basis for the
creation of a test for the equilibrium hypothesis.

Interaction test

We continue now considering that we are not close to equilibrium and exploring the possibility
of testing the connectivity between the agents.
Let (tg, 20) € (0,T) x R?? we denote

N
N (dt,dz) = N~V Z'(dt)54:(dz),
=1



204 CHAPTER 10. CONCENTRATION INEQUALITY

"
WER
-
06 -
=
0.4
02 | ; =
T T T
v0_Equi_J0 O _unif J1 w0 _unif J10

InteractionValue

Figure 10.4: Box plot showing the distribution of 77" test values starting at equilibrium in the
case without interaction or when there is not equilibrium (cases with interaction). The leftmost
plot corresponding to the case when we start at the equilibrium with J = 0, and the middle and
right, to increase the interaction in correspondence with the models presented in Figure 2.

the R%value random measure defined by

/[0 I o(t, 2)m™ (dt, dz) Z/ o(t, Z})dZ}
T %

for a test function ¢(,2) : [0, T] x R?¢ — R. We recall that Z = (X, Y;) and rewriting equation
10.1.7 in a more synthetic form we have

dzt = v(z}, plN)dt + 6d B!

where o is a diagonal 2d-matrix with o in the diagonal elements corresponding to X and 0 in
the diagonal elements corresponding to Y, and B} being a 2ddimensional Brownian motion. We
have that, at least formally,

Nizzl/o o(t, Zt)dZ; = N;/o o(t, 2)b(z, py )y dt + N;/o Gp(t, Zi)dB:

with

1 Nr .
E|— op(t, Z;)dB;| =0

N ZZIA U¢( ) t) t )
since ¢ is bounded. This suggests the convergence in expected value of 7V (¢, 2) to 7(t,2) =
b(z, pe(z))e(2). Such kind of result has been proven in Della Maestra and Hoffmann in [73,
Teorem 9] for elliptic case (non-degenerated matrix o) and Lipschitz coefficient b, as it is the
case of the linear model (??). More in details, they propose for b the estimator

ﬁ}%\](tO? I’O)

b (t0, 20)w =~
h v MﬁN(thxO) Vw

where

7 (to, o) = / (K ® Ka); (to — t, 20 — )7 (dt, dz).
[0,T] xR
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Figure 10.5: We compare the values of 73" when there is and there is not interaction. We see
significant difference between the simulation with large interaction and without interaction but
this difference is less clear when interaction are small.

Following this approach, we have

)

o [(me(2) | Omi(2)pe(2) — m(2) O (2)
Oubl, ul2)) = O <ut<z>> - W)

and the hypothesis b is not depending on t coincide with

Ty(t, z) = Oeme(2)pe(z) — me(2)Oepie(2) = 0,
that could be approximate by

Ty (t,2) = 0y ()0 (2) — 7" ()0 (2)-

In Figure 5 we explore the viability of such approach on simulation of the FhlN model. We
realize several simulations for each of the case, with and without interaction and for both models,
and we compute the value of the indicator T 2N for each of them. We see on the boxplot graphics
that we have significant difference between the simulation with large interaction and without
interaction but this difference is less clear when interaction are small. This could be explained
by the fact that when interactions are weak the system behaves similarly to when there are no
interactions. This suggests that this approach may be successful in detecting when we are in the
presence of strong interactions but perhaps less effective in detecting weak interactions.

10.8 Appendix

10.8.1 Proof of lemma 14

We now turn to the proof of lemma 5. The proof follows the arguments of Della Maestra [73]
and Lacker [145].
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Proof. Let it be the partition 0 =ty < --- < tx < T, for j — 1 we deduce,

En [PV (AVIF, )] = Epn[Eon[PY(AY 5,7, ]
TN
= Ean[Bprlg P (A1 IR ]

&, (MN)

where the second equality comes from applying the lemma 3.5.3 of [135]. Following its definition
we can write that

&, (M)

m = gt].(Q(M_N _ Mt]j,l))l/Q(eXp«MNﬁj _ (MN>tj_1))1/2~

As we have proven that E(MN) is a martingale under PV, then, for t > tj—1 we have that
&, (2(MY - Mt];[,l)) is a martingale and

Epy (€ (2(MN — MY )% =1.
Gathering all the estimates and applying the Cauchy-Schwarz’s inequality twice, we obtain

Etj(]\_lN)
gtj—l (MN)

Epn| PY(AN|F,)] < Epn [PY(AN|F,)? exp (M), — (M), )]V

< Epn [PV(AN|F ) 1Y Bpwfexp 2(0M N ), — (M), )]
Then, since PN (AN |F;,) < 1, we get
Epn [PV (AN|F,; )] < Ean [PV (AN F ) B loxp 2(M )y, — (MY)y, )]V

We conclude by repeating the argument over the elements of the subdivision.
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RESUME

Cette thése est consacrée a I'étude des estimations asymptotiques pour les équations aux dérivées partielles (EDP)
dans deux directions : I'analyse du comportement a long terme des solutions des EDP et I'étude de la limite lorsque
le nombre d'individus inclus dans un systéme dynamique devient grand. Dans une premiére partie de la thése, nous
abordons la premiere de ces estimations. Pour cela, nous étudions successivement le probleme des éléments propres
en étendant le théoréme de Krein-Rutman, puis la géométrie de la premiére valeur propre et enfin, ses implications
pour le comportement asymptotique en temps long. En particulier, nous étendons la théorie de Doeblin-Harris pour les
semigroupes non-conservateurs, en obtenant des résultats de couverture exponentielle avec un taux constructif. Nous
appliquons ces résultats a quatre exemples : des modeéles de diffusion, un modéle cinétique de Fokker-Planck, un modéle
de sélection-mutation et un modéle de temps écoulé pour une population neuronale. Dans une seconde partie, nous
étudions l'existence d'un résultat de concentration de type inégalité de Bernstein pour les modéles position-vitesse que
nous appliquons ensuite a trois problémes : a I'estimation des parameétres du modeéle de FitzHugh-Nagumo, a I'estimation
non paramétrique de coefficients de modéles généraux et, enfin, un travail exploratoire pour la construction d'un test
statistique de la connectivité entre particules dans un systéeme dynamique.
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ABSTRACT

This thesis is devoted to the study of asymptotic estimates for partial differential equations (PDEs) in two directions, the
analysis of the long time behavior of PDEs solutions and the study of the limit when the number of individuals included in
a dynamical system becomes large. In a first part of the thesis, we address the first of these estimates. For this, we study
successively the eigenelement problem by extending the Krein-Rutman theorem, then the geometry of the first eigenvalue
and finally, its implications for the asymptotic behavior in long time. In particular, we extend the Doeblin-Harris theory for
nonconservative semigroups, obtaining exponential covergence results with constructive rate. We apply these results to
four examples: diffusion models, a kinetic Fokker-Planck model, a selection-mutation model and an elapsed time model
for neuronal population. In a second part, we study the existence of a concentration result of the Bernstein inequality type
for position-velocity models which we then apply to three problems: to the estimation of the parameters of the FitzHugh-
Nagumo model, to the nonparametric estimation of general model coefficients and, finally, an exploratory work for the
construction of a statistical test of the connectivity between particles in a dynamical system.
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