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Introduction

Dans cette thése, nous présentons quelques résultats mathématiques concernant I’ équation d’évolution
dite de Lugiato-Lefever, qui est une équation de Schrodinger non linéaire amortie en dimension un avec
une non linéarité cubique et une source constante dans un contexte périodique. Cette équation, issue
de ’optique non linéaire, est toujours trés étudiée dans la littérature physique. Comparativement, la
littérature mathématique est encore relativement réduite. Nous apportons des contributions aux ques-
tions d’existence et de stabilité de solutions stationnaires de cette équation.

1. Contexte et probleme physique
Cette these est consacrée a 1’étude de 1’équation de Lugiato-Lefever :

0%
Ox?

o _

5 — (1 +ia)y + i[> + F (1)

qui est une équation de type Schrodinger non linéaire présentant des termes d’amortissement, déphasage
et de source. Cette équation est dérivée de 1’ optique non linéaire par Lugiato et Lefever [19]. Bien qu’elle
soit tres étudiée dans la littérature physique, il y a encore relativement peu de résultats mathématiques la
concernant.

Cette équation permet de modéliser la formation de peignes de fréquences optiques par effet Kerr
dans les résonateurs optiques a mode de galerie (voir [3, 10]). Un résonateur optique est, d’un point de
vue général, un dispositif dans lequel certains rayons lumineux sont susceptibles de rester confinés. Dans
le contexte de [3, 10], les rayons lumineux proviennent d’un laser et sont envoyés dans le résonateur par
I'intermédiaire d’une fibre optique. Les rayons lumineux provenant du laser atteignent le résonateur et
une partie est déviée a I’intérieur du résonateur tandis qu’une autre partie est réfléchie en dehors de ce
dernier. La partie déviée a I'intérieur créé un champ électrique v, qui est la solution de I’équation (1)
(voir la Figure 0.1).

Laser
Fiber

Resonator

FIGURE 0.1 - a gauche : schéma d’un résonateur optique a mode de galerie tirée de ’article [10] // a droite :
photographie du résonateur tirée de I’article [3] // expérience réalisée a I’institut FEMTO-ST



INTRODUCTION

Dans ce contexte, I’inconnue 1 est une fonction a valeurs complexes qui dépend d’un parametre
temporel ¢, d’un parametre spatial x € R et représente le champ électrique créé par la partie des photons
déviée dans le résonateur. Le parametre réel a est un terme de décalage des fréquences du laser et est
en général compris entre —3 et 3, comme indiqué dans [3, 10]. Le parametre F est un réel strictement
positif qui représente la puissance du laser, c’est le terme source. Enfin, le réel 8 est un parametre de
dispersion non nul. Dans le cas ou 5 > 0, on dit que la dispersion est normale tandis que lorsque 5 < 0,
la dispersion sera qualifiée d’anormale.

Les peignes de fréquences sont représentés mathématiquement par des solutions stationnaires périodiques.
Dans notre travail, nous nous intéressons a 1’existence de ces solutions, leurs propriétés analytiques et
leur stabilité par perturbations périodiques ou localisées.

2. Etat de art

Une premiere analyse rigoureuse de bifurcation de solutions stationnaires, c’est-a-dire de solutions
constantes en temps, de 1’équation de Lugiato-Lefever (1) a été menée par les auteurs de [22] dans le
cas 0 < 0 (dispersion anormale) et & < 2. Pour ces valeurs particulieres de parametres, 1’équation de
Lugiato-Lefever posséde une solution constante conduisant a une instabilité de Turing (c’est une instabi-
lité vis-a-vis de perturbations non constantes de solutions qui sont stables par rapport a des perturbations
constantes) lorsque son module est égal a 1. Les bifurcations locales sont analysées en choisissant « et
p comme parametres de bifurcation, ol p représente le module au carré de la solution constante. Deux
approches sont présentées : les bifurcations des ondes stationnaires périodiques et celles des ondes sta-
tionnaires localisées. Concernant I’analyse des ondes périodiques, 1’équation de Lugiato-Lefever (1) est
reformulée comme systeme dynamique du premier ordre, comme nous le faisons dans le Chapitre 1.
L’espace des phases pour ce systeme est I’espace des fonctions périodiques par rapport a la variable
spatiale, et une réduction a une variété centrale est effectuée pour analyser les bifurcations locales (cf
section plus bas). Plusieurs bifurcations d’ondes stationnaires périodiques sont étudiées au seuil d’insta-
bilité de Turing et dans la région de parametres ot I'instabilité de Turing est développée. En particulier,
en analysant le seuil d’instabilité de Turing pour « = 41/30, les résultats dans [22] recouvrent les bifur-
cations super-critiques et sous-critiques des ondes périodiques stationnaires obtenues dans la littérature
physiques pour « < 41/30 et & > 41/30 respectivement. En ce qui concerne les ondes stationnaires
localisées, les auteurs de [22] les ont construites a partir d’une approche de dynamique spatiale dans
laquelle I’équation stationnaire de Lugiato-Lefever

0%

9z (1 +ia)y +iy|p|* + F, 2)

0=—-ig
est écrite comme systeme dynamique de dimension quatre en considérant la variable spatiale x comme
variable d’évolution. En se restreignant aux mémes valeurs de parametre 5 < 0 et o < 2, les auteurs de
[22] ont prouvé I’existence de solutions localisées proche du seuil d’instabilité de Turing de la solution
constante, pour o < 41/30.

Une étude systématique des bifurcations locales pour I’équation stationnaire (2) a été réalisée plus
tard dans [10, 9] dans les cas de dispersions normale et anormale (3 > 0 et 5 < 0). En commengant
par reformuler I’équation stationnaire comme systeme dynamique de dimension quatre, similaire a celui
utilisé pour les ondes localisées dans [22], mais en prenant les parameétres physiques « et F' comme pa-
rametres de bifurcation, les bifurcations locales ont été classifiées dans [10] et é&tudiées en détail dans [9].
L’existence de différents types de solutions, dont les solutions périodiques et localisées, a été prouvée
a I’aide de théories des formes normales et variétés centrales. Les études de bifurcations dans [9] sont
réalisées pour des solutions proches des solutions constantes et les résultats obtenus donnent une tres
bonne description de I’ensemble des solutions bornées de 1’équation (2) mais seulement pour des valeurs

2
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de parametres proches des points de bifurcation. Récemment, des outils issus de la théorie de bifurca-
tion globale ont été utilisés dans [20] pour 1’étude des bifurcations globales des solutions périodiques
de I’équation stationnaire (2). Les auteurs trouvent des bornes sur la norme L> de 1) en fonction des
parametres «, § et I, pour les solutions stationnaires périodiques de 1’équation (1) dans les cas de dis-
persions normale et anormale. Leur étude differe des travaux [9] car les auteurs de [20] considerent (1)
sur des espaces de fonctions 27-périodiques. L’étude menée dans cet article repose sur les théoréemes de
Rabinowitz et de Crandall-Rabinowitz, qui leur permet d’obtenir des résultats de bifurcations globales.
Les auteurs prouvent aussi que les solutions stationnaires de (1) sont constantes pour des valeurs de |«|
suffisamment grandes. Ils prouvent également 1’existence de solutions stationnaires 27-périodiques dites
synchronisées (satisfaisant des conditions de bords de Neumann en 0 et 7) . Dans [21], I’auteur prouve un
critére pour les bifurcations secondaires globales qui s’applique a Lugiato-Lefever. Plus récemment, dans
[8], les auteurs reprennent les résultats obtenus dans [20] en ajoutant un terme d’amortissement sur la
non linéarité de I’équation de Lugiatio-Lefever (1) lorsqu’ils se placent sur le tore ou sur I’axe des réels.
Une autre étude d’existence de solutions stationnaires a ét€ menée dans [11]. Les auteurs ont construit
des états stationnaires par bifurcation a partir de solutions cnoidales de I’équation de Schrédinger non
linéaire cubique.

Tous ces résultats concernent les solutions stationnaires de 1’équation de Lugiato-Lefever (1), c’est-
a-dire des solutions de (2). L’analyse du caractére bien posé de 1’évolution de (1) a été effectuée dans
[16]. Les auteurs montrent que dans le cas de dispersion normale, le probleme de Cauchy associé a (1)
admet une unique solution pour des conditions initiales suffisamment réguliéres (appartenant 2 H*(T)
ou T représente le tore R/277Z).

Concernant les problemes de stabilités des ondes stationnaires par rapport a des perturbations co-
périodiques (c’est-a-dire des perturbations périodiques de méme période que I’onde) de 1’équation de
Lugiato-Lefever (1), I’étude de la stabilité a été initiée dans [22], pour I’existence et la stabilité spectrale
de solutions stationnaires périodiques, et [23], pour la stabilité asymptotique de ces solutions, dans le cas
de la dispersion anormale. Les résultats obtenus dans [23] se basent essentiellement sur des estimations
de Strichartz prouvées dans ce méme article pour I’équation de Lugiato-Lefever (1) et pour une condition
initiale L2. De méme, une étude de stabilité asymptotique a été menée dans [25] & partir des solutions
stationnaires périodiques obtenues dans [11] mais aussi [5, 4] mais avec une condition initiale H 1 Les
auteurs de [25] utilisent des propriétés de dissipation qu’ils obtiennent par application du théoréme de
Gearhart-Priiss plutot que des estimations de Strichartz. Un autre travail concernant I’existence et la
stabilité spectrale des solutions de 1’équation de Lugiato-Lefever a été mené dans [11]. Dans ce travail,
les auteurs obtiennent un résultat d’instabilité spectrale et un critere de stabilité.

Dans [5] et [4], nous avons étudié 1’existence et la stabilité spectrale des solutions stationnaires de
I’équation de Lugiato-Lefever (1) dans les cas de dispersions normale et anormale dans la région d’in-
stabilité de Turing. Dans [5], nous nous intéressons aux parametres au seuil de ’instabilité de Turing
pour lesquels nous avons obtenu 1’existence d’ondes stationnaires périodiques dans ces conditions, et
avons conclu sur des résultats de stabilité orbitale non-linéaire de ces ondes pour des perturbations co-
périodiques. Ce résultat est complété par un résultat de stabilité spectrale de ces ondes périodiques pour
des perturbations bornées et localisées. Dans [4], nous avons suivi la méme approche mais en choisis-
sant les parametres dans la région d’instabilité de Turing. Par ailleurs, alors que dans [5] nous nous
intéressons qu’aux perturbations co-périodiques, dans [4] nous avons aussi considéré les perturbations
sous-harmoniques (c’est-a-dire des perturbations périodiques dont la période est un multiple entier de la
période de 1’onde stationnaire). Ces résultats seront présentés dans les Chapitres 1 et 2.

3. Bifurcations locales

Dans [5, 4], nous nous intéressons aux ondes stationnaires périodiques, avec une période fixée au
départ, qui bifurquent localement au seuil de I’instabilité de Turing, puis a celles qui bifurquent dans des
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régions d’instabilité de Turing. L’ objectif est d’obtenir I’existence de solutions périodiques stationnaires
et obtenir le développement de Taylor de ces solutions.

Notre approche du probleme d’existence est le méme que celui utilisé dans [22] pour I’analyse des
ondes stationnaires périodiques dans le cas de dispersion anormale, avec @ < 2. Nous reformulons
I’équation (1) comme un systeme dynamique de dimension infinie de la forme

dw
E:K(\I’aﬂ7aaF)7 (3)

pour une fonction K a déterminer, dans lequel W(t) appartient a un espace des phases de fonctions
périodiques, puis nous effectuons une réduction a une variété centrale pour I’analyse des bifurcations
locales. La différence avec [22] est que nous considérons les deux cas de dispersions normale et anormale
et nous étudions les bifurcations locales pour toutes les valeurs des parametres « et F'. Ainsi, le premier
Chapitre présentera ce travail, avec une premiere étude au seuil d’instabilité de Turing, puis un seconde
étude dans la région de Turing.

3.1. Stratégie générale

La notion de bifurcation concerne les changements (qualitatifs) dans le comportement des orbites
du systeme (3), autrement dit dans la dynamique de (3), lorsqu’un parametre, notons-le u, varie, il peut
y avoir par exemple le changement du nombre d’équilibres, de la stabilité des équilibres, du type des
orbites bornées, etc. Une valeur u, du parametre p est appelée un point de bifurcation si les portraits de
phase de I’équation (6) sont qualitativement différents pour pn < o, €t pt > fiy.

Avant de détailler notre analyse des bifurcations, dans ce paragraphe nous donnons un descriptif
général de notre stratégie. Nous reviendrons plus en détails sur chaque étape dans les paragraphes dédiés.

Pour étudier les bifurcations locales de I’équation de Lugiato-Lefever, nous reformulons donc cette
équation comme systeme dynamique de la forme (3). La premiere étape de notre analyse est de déterminer
les solutions constantes selon les valeurs des parametres 5, «, F' de I’équation (3). Par un changement
d’échelle spatiale, nous normalisons 3 a 1 dans le cas de la dispersion normale et 2 —1 dans le cas de la
dispersion anormale.

La seconde étape est de détecter parmi ces solutions celles qui vont présenter des instabilités et
possiblement des bifurcations. Pour ce faire, on considére une solution constante U* de notre équation
(déterminée a 1’étape précédente). On considere A := DgK(¥*, 8, o, F') I’opérateur linéarisé autour
de cette solution. Le spectre de 1’opérateur A est noté o (.Aj) et défini par

a(Aj) = {\ € C; A\l — A non inversible}. )

Le cadre fonctionnel X dépend du type de perturbations considérées (co-périodiques, sous-harmoniques,
bornées, localisées) et sera précisé dans les paragraphes dédiés. Considérons la décomposition du spectre
suivante :

o (Ap) = o-(Ag) Uoo(Ag) Uy (Ay), (5)

e o_(Af) ={r € a(Af); Re(N) < 0} (appelé spectre stable de Af));
* 00(A) = {) € a(Aj); Re(A\) = 0} (appelé spectre central de Af);
* 0. (Af) = {A € a(A}); Re(N) > 0} (appelé spectre instable de Af).

La solution constante U™ est dite spectralement instable lorsque o (Af) # &, et on peut détecter les
instabilités des solutions constantes obtenues a la premiere étape, en fonction des valeurs des parameétres

4
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de I’équation (3). Ces instabilités déterminent les points de bifurcation avec des valeurs critiques de
parametres.

La troisieme étape est d’étudier la dynamique du systéme proche de ces points de bifurcations. Pour
cela, le parametre « sera fixé et le parametre F' dépendra d’un parametre de bifurcation u. Ceci nous
amene a un systeme dynamique dépendant de ce parametre réel

f%zﬂmm. (©6)
Dans notre étude, nous nous intéressons aux bifurcations locales qui concernent les changements dans la
dynamique de (6) pour des valeurs p proches d’un point de bifurcation p.. L’ analyse de bifurcation dans
le cas de notre étude repose sur une réduction a une variété centrale. L’ objectif de cette démarche est de
réduire le systetme dynamique initial (6) qui est de dimension infinie en un systeme réduit de dimension
finie. On reprend la théorie présentée dans [13]. On écrit le systéme (6) sous la forme :

dv
dt
ou ¥ = ¥* 4+ U. On note Z le domaine de .4; comme opérateur agissant dans X" et ) le domaine de
définition en U de G (avec Z C )). On a que 0 est un équilibre de (7) pour ;1 = 0 et sur un voisinage
VY C Y de 0, G est suffisamment réguliere par rapport a U avec dyG(0,0) = 0. On a la séparation
exponentielle du spectre de A : il existe une constante strictement positive v telle que )\iengf+ Re(A) > v

= A0 +G(¥, ), (N

et sup Re(A) < —v, et que o consiste en un nombre fini de valeurs propres de multiplicité algébrique
AEo_

finies. On note Py le projecteur spectral associé a og. En notant Xy = Py(X) C Zet X} = (id —
Py)(X) C X, on ala décomposition
X =Xy Ay

D’apres [13, Chapitre 2, Théoreme 2.9], il existe une variété centrale
Mo ={Us+ Y (Up,p), Up € Xp} C Z

localement invariante de dimension égale a celle de Aj, qui contient toutes les solutions petites bornées
du systeme (7), pour p suffisamment petit, donc les solutions de Lugiato-Lefever sont proches de la
courbe des solutions constantes. Dans la définition de M, 1’application ¥, appelée fonction de réduction,
est suffisamment réguliere de Ay dans A7, et Uy est solution du systeme réduit

Uy
dt

ou Ly est la restriction de Aj a Xp. Ainsi, pour étudier I’existence de solutions bornées de (7) proches
des solutions constantes, il suffit d’étudier le systéme (8).

Enfin, la dernicre étape consiste a étudier les bifurcations sur le systeéme réduit (8) pour obtenir
I’existence de solutions stationnaires périodiques de I’équation de Lugiato-Lefever (1).

= LoUo + PoG(Uy + ¥ (Uo, ), 1), ®)

3.2. Bifurcations locales pour I’équation de Lugiato-Lefever

Dans notre étude, nous faisons une analyse détaillée des solutions constantes de 1’équation de Lugiato-
Lefever (1). Ces solutions sont les équilibres du systeme dynamique (3) (défini dans le premier Chapitre
par (1.1.2)). Les solutions de (2) constantes en ¢ et en = sont les solutions de I’équation algébrique

(1+ia)y —iy|y|* = F )

et ont été calculées dans [9]. Selon les valeurs de « et F', I’équation (9) admet 1, 2 ou 3 solutions. Ce
résultat est résumé dans la Figure 0.2.
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FIGURE 0.2 — Nombre de solutions constantes de 1’équation de Lugiato-Lefever (1) : trois solutions dans la région
entre les courbes F2 = F?(a), deux solutions le long des courbes, et une ailleurs.

Afin d’étudier la stabilité des solutions constantes, considérons »* une telle solution. En reformulant
(1) comme systeéme dynamique de la forme (3), une solution constante de (1) est un équilibre du systeéme

dau

— = AU.
dt A

La stabilité des solutions constantes 1* = 1 4 1] de I’équation de Lugiato-Lefever est donnée par la
localisation du spectre de I’opérateur linéarisé autour de ces solutions. Cet opérateur est donné par Aj :=
DyK(U*, B, a, F), ot U* = (¢, 4¥)T. Les Figures ci-dessous résument les résultats de stabilités dans
les cas de dispersion anormale (cf. Figure 0.3) et normale (cf Figure 0.4).

On détecte deux types d’instabilités (voir Figure 0.5) :

(1) l'instabilité de Turing : c’est une instabilité vis-a-vis de perturbations non constantes de solutions
qui sont stables par rapport a des perturbations constantes. Dans ce cas, I’instabilité de la solution
constante est obtenue pour des perturbations périodiques non constantes (mode de Fourier différent
de zéro). Dans le cas de dispersion anormale (5 = —1), le seuil d’instabilité de Turing est défini
par o < 2 et p* = 1; ou p* représente le module au carré de la solution constante ¢* et dans le
cas de dispersion normale (3 = 1) pour o > 2 et p* = 1.

(i1) I’instabilité de mode zéro : c’est une instabilité vis-a-vis de perturbations constantes (mode de
Fourier zéro). Elle a lieu pour les valeurs de parametres o > 2 et p* = pi(a), ou pi(a) =

% (2a — Va2 — 3) dans le cas de la dispersion anormale, et pour a > /3, p* = p_(a), avec
p—(a) = % (Za + Va2 — 3), et V3 < a < 2, p* = py () dans le cas de la dispersion normale.

Les valeurs des parametres « et F' pour lesquelles apparaissent ces instabilités different selon la disper-
sion (cas de dispersion normale ou anormale). Dans le Chapitre 1 de cette these, nous détaillons le cas
de dispersion anormale (8 = —1) et traitons plus rapidement le cas de dispersion normale (5 = 1).

Systeme dynamique
Fixons a < 2 et p* = 1 dans le cas de dispersion anormale (les calculs sont identiques dans le cas de
dispersion normale). Le parametre de bifurcation que nous choisissons est F, en posant F2 = FZ + p,
ot F2 = (1—a)?+1et u € R. Les solutions que nous cherchons sont de la forme ¢ (z,t) = Y+ (u+
iv)(y,t), avec y = /|2 — |z (changement de variables). Nous écrivons 1’équation de Lugiato-Lefever
comme systeéme dynamique
% — AU + F(U.p) (10)
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FIGURE 0.3 — Stabilité des solutions constantes de 1’équation de Lugiato-Lefever dans le cas de dispersion anor-
male (8 = —1). Les branches stables sont représentées par des lignes continues, les branches instables par des
pointillés, et on pose I = (1 — a)® + Let F , = a(4 + a®)/8. La forme de la plus grande valeur propre A(k)
(valeur propre dépendant d’un réel k) est tracée aux points ou les solutions perdent leur stabilité et ou elles sont
instables.

avec U = (u,v)T. L opérateur AJ, est obtenu en linéarisant I’équation de Lugiato-Lefever autour de la
solution constante 1%, et F (U, ) est la partie non linéaire du systéme. Pour 1’espace des phases de ce
systéme, on choisit celui des fonctions 27-périodiques de carré intégrable X = L?(0,27) x L?(0,27).
Notons pour la suite de I’analyse que (10) est invariant sous les actions suivantes :

(TU)(y) =U(-y), (ToU)(y) =U(y + a). (1)

Bifurcations locales

Dans un premier temps, nous avons donc étudié I’existence de solutions périodiques au seuil d’insta-
bilité de Turing. Nous avons trouvé deux types d’instabilités pour les solutions constantes : I’instabilité
de Turing et I’instabilité de mode zéro. Dans un deuxiéme temps, pour des valeurs de parametres dans la
région de Turing, nous avons prouvé I’existence de deux familles de solutions stationnaires périodiques
de longueurs d’ondes kmin < kmax, avec k2, = 2p* —a +/p*2 —letk2,, = 2p* —a — /p2 -1
tandis que pour les valeurs de parametres dans la région de mode zéro, nous montrons 1’existence d’une
famille de solutions stationnaires périodiques de longueur d’onde kyay.

De la méme maniére que cela a été fait pour prouver I’existence de solutions stationnaires périodiques
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FIGURE 0.4 — Stabilité des solutions constantes de 1’équation de Lugiato-Lefever dans le cas de dispersion normale
(8 = 1), pour o > /3 (pour & < v/3 I'unique solution constante est stable). Les branches stables sont représentées
par des lignes continues, les branches instables par des lignes pointillées, et on pose F? = (1 — a)? + 1 et
Fg /2 = a(4 + a?)/8. La forme de la plus grande valeur propre A(k) (valeur propre dépendant d’un réel k) est
donnée aux points ou les solutions perdent leur stabilité et aux point de solutions instables.

A(k) A(k)
a<2 pr=1 az2, pf=pi(a)

FIGURE 0.5 — Forme de la plus grande valeur propre A(k) pour k proche de ++/2 — « dans le cas d’instabilité de
Turing (figure a gauche) et pour k proche de 0 dans le cas d’instabilité en mode zéro (figure a droite).

au seuil d’instabilité de Turing, la preuve d’existence dans la région d’instabilité de Turing repose sur
une formulation de 1’équation de Lugiato-Lefever (1) comme syst¢eme dynamique de dimension infinie et
sur une réduction a une variété centrale. Dans le cadre de cette approche, la dynamique proche des points
de bifurcation est décrite par un systeme réduit de dimension 2 d’équations différentielles ordinaires.
Ainsi, les solutions stationnaires périodiques de 1’équation (1) sont obtenues comme des équilibres de
ce systeme réduit. On dit, dans le cas ou les équilibres non triviaux sont stables, que la bifurcation est
super-critique, tandis que dans le cas ou ils sont instables, la bifurcation est dite sous-critique. Nous
identifions une bifurcation stationnaire (c’est-a-dire une bifurcation qui correspond a des solutions de
Lugiato-Lefever qui ne dépendent que de la variable spatiale) qui, selon les valeurs des parametres, est
sur-critique ou sous-critique.

Comme dans I’étude précédent, deux types d’instabilités sont considérées : I’instabilité de Turing
quand A\(0) < O et A(k) > 0 pour k # 0, et Iinstabilité¢ du mode zéro quand A(0) > 0. Les valeurs des
parametres correspondants sont représentés dans la figure 0.6.

Les courbes I'1, I'y, et I'_, qui forment les bornes de ces deux régions, sont définies par

I = {Oé <2, p'= 1}7 Iy = {Oé >2, pt= p—i—(a)}v (12)

et

I ={V3<a<2 p"=p(}U{a>V3 p"=p ()} (13)
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FIGURE 0.6 — Stabilité des solutions constantes dans le cas de dispersion anormale. Dans le plan («, p*), les
régions colorées représentent les valeurs pour lesquelles une solution constante avec p* = [*|? présente une
instabilité de Turing (tracé de gauche) et une instabilité de mode zéro (tracé de droite). Le graphique montre un
tracé typique de la plus grande valeur propre \; (k) dans ces régions d’instabilités.

3.3. Un outil clé : 1a réduction a une variété centrale

La preuve de I’existence d’ondes stationnaires périodiques au seuil d’instabilité de Turing se fait
grace a une réduction a une variété centrale (cet outil est présenté a la section 3.1 et est expliqué en
détails dans [13, Chapitre 2]).

Dans le contexte de 1’équation de Lugiato-Lefever et pour des perturbations co-périodiques, le systeéme
(7) n’est rien d’autre que le systeme (10) avec G(U, ) = (A}, — AG)U + F(U, i), 'espace X est
L?(0,27) x L?(0,27) et les espaces ) et Z sont tous les deux égaux a H2(0,2m) x H?(0,27). Le
spectre de 1’opérateur Ap* contient 0 qui est une valeur propre double semi-simple, de vecteurs propres
conjugués ( et C. Par le théoréme de la variété centrale (voir [13, Chapitre 2, Théoréme 3.3]), le systéme
dynamique (10) possede une variété centrale de dimension 2 :

M(U)={U€cY:U=AC+ AC+ V(A , A, pn),AcC}

avec U réguliere, qui contient toutes les petites solutions bornées de (3), pour u suffisamment petit. Les
détails de la preuve sont présentés dans le Chapitre 1.
Ainsi, la dynamique du systeme (10) sur M. (U) se réduit a la dynamique du systeme réduit suivant :

dA
—= = enpA+ e Al + O(JA|(u* + A1),

ou ¢y et c3p sont des réels. La dynamique de ce systeme dépend du signe des coefficients c1; et c3g qui
peuvent étre calculés, par exemple, en suivant la méthode donnée dans [13, Chapitre 2].

On est dans le cas d’une bifurcation stationnaire avec une symétrie O(2) pour x = 0. En effet, selon
les signes des coefficients ci; et ¢30, le nombre de solutions de I’équation tronquée (14) change avec
selon si p est positif ou négatif. Ceci induit une bifurcation en ¢ = 0. En utilisant les coordonnées
polaires A = re?, le systeme réduit (14) est de la forme suivante (voir [13, Chapitre 1]) :

(14)

dr
T = enur+eard + O + 1),
(15)
db
i 0.

La deuxiéme équation implique que I’angle 6 est constant ce qui traduit 1’invariance par translation en
espace de I’équation de Lugiato-Lefever (1). La premiére équation nous permet d’étudier la bifurcation.
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Celle-ci montre que cette bifurcation est une bifurcation fourche (voir [13, Chapitre 1, Section 2.4]). En
effet, la premiere équation tronquée du systeme (15) :
3

r
— = C11 T + C307T
dt 1114 30

admet 1 équilibre lorsque c;1puc3g = 0 et 2 équilibres lorsque c11c39 < 0. On peut obtenir la stabilité
des équilibres r selon le signe des coefficients c;1, c3g et p. Dans cette configuration, la bifurcation est
sous-critique lorsque c3g > 0 et sur-critique lorsque c3g < 0.

Dans la région d’instabilité de Turing et dans la région de mode zéro, le principe reste le méme et les
résultats sont explicités dans la sous-section suivante.

3.4. Résultat : existence d’ondes périodiques

Bifurcation stationnaire avec symétrie O(2) au seuil d’instabilité de Turing

On a obtenu deux résultats principaux : les Théoremes 1 et 3. Le Théoréme 1 donne I’existence de
solutions stationnaires pour le systéme réduit dans le cas de la dispersion anormale (et le Théoreme 3
pour la dispersion normale).

Théoreme 1. Considérons I’équation de Lugiato-Lefever (1) dans le cas 3 = —1 de dispersion anor-
male. Supposons que o < 2, o # 41/30, et F? = Fl2 + u, avec F12 = (1 — a)? + 1. Alors, le systeme
réduit (14) admet une bifurcation stationnaire avec une symétrie O(2) a u = 0. La bifurcation est
sur-critique lorsque o < 41/30, et sous-critique lorsque o > 41/30. Plus précisément, les propriétés
suivantes sont satisfaites dans un voisinage de 0 dans C, pour u suffisamment petit.

(i) Si < 41/30 et p < 0, alors I’équation réduite possede un unique équilibre A = 0 qui est stable.

(ii) Si v < 41/30 et pu > 0, alors I’équation réduite posséde un équilibre instable A = 0 et un cercle
d’équilibres stables A, (¢) = r“ei‘ﬁ, pour ¢ € R/2n7Z, qui entourent I’équilibre instable.

(iii) Si o > 41/30 et pu < 0, alors I’équation réduite posséde un équilibre stable A = 0 et un cercle
d’équilibres instables A, (¢) = r#eiqﬁ, pour ¢ € R/27Z, qui entourent 1’équilibres stable.

(iv) Si o > 41/30 et p > 0, alors I’équation réduite posséde un unique équilibre A = 0 qui est
instable.
Dans les cas (ii) et (iii) on a

3
"u = SR = 30a2 P

12+ 0(|ul).

En reformulant les cas (ii) et (iii) du théoréme précédent pour 1’équation de Lugiato-Lefever (1), on
obtient le théoréme suivant :

Théoreme 2. On considére f = —1 (cas de dispersion anormale) et || suffisamment petit.
Lorsque (o < 41/30, u < 0) ou (v > 41/30, u > 0), I’équation de Lugiato-Lefever (1) posséde une
solution constante 1, donnée par (9) avec F' 2=F2+p.

Lorsque (o < 41/30, p > 0) ou (o« > 41/30, u < 0), I’équation de Lugiato-Lefever (1) posséde une
2w

N

3(a+i(2—a))
Fy]41 — 30a|1/2

solution 1),, périodique paire, de période , avec comme développement de Taylor

p(@) = 5+ cos(v2 —ax) [u]'/* + O(|ul), (16)
avec F? = (1 — )% + 1. Les translations en x de cette solution périodique sont également solutions.
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i
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FIGURE 0.7 — Portraits de phase dans le plan de A du systeme réduit (14).

La solution (16) est obtenue a partir de la solution (7, 0), ,, issu du Théoréme 1 pour les cas (ii) et
(iii), du systeme (15). Tout autre choix de constante pour la composante 6 est équivalente a une translation
de la solution (16) en x.

Le Théoreme 3 donne ’existence de solutions stationnaires pour le systeme réduit dans le cas de la
dispersion normale.

Théoreme 3. Considérons I’équation de Lugiato-Lefever (1) dans le cas 3 = 1 de dispersion normale.
Supposons que o > 2 et F? = F2 + p, F? = (1 — )% + 1. Alors, le systeme réduit (14) admet une
bifurcation stationnaire sur-critique avec une symétrie O(2). Plus précisément, les propriétés suivantes
sont satisfaites dans un voisinage de 0 dans C, pour . suffisamment petit.

(i) Pour tout p < 0, alors I’équation réduit (14) posséde un équilibre stable A = 0 et un cercle
d’équilibres instables, A, (¢) = Tu€i¢, pour ¢ € R /277, qui entourent I’équilibre stable.

(i) Pour tout i > 0, alors I’équation réduite (14) possede un unique équilibre A = 0 qui est instable.

Du Théoréeme 3, on pourrait aussi déduire un analogue du Théoréme 2 dans le cas de la dispersion
normale avec S =1, a > 2et u < 0.

Dans le cas de bifurcation anormale, pour 8 = —1, on retrouve les résultats connus de la littérature
physique, en particulier le changement de type de bifurcation (sur- ou sous-critique) apparaissant pour
a = 41/30 et qui a été analysé dans [22]. Dans le cas de dispersion normale, pour 5 = 1, nous trouvons
une bifurcation sous-critique. Dans le cas de mode zéro, des ondes périodiques existent (voir [9]), mais
leur existence ne peut pas étre obtenue en suivant cette approche. Ces ondes périodiques ont des périodes
qui tendent vers I’infini lorsque 1’on s’approche des points de bifurcation, et 1’on ne peut pas appliquer
le résultat de la variété centrale pour ces solutions.

Bifurcation dans la région d’instabilité de Turing et dans celle de mode zéro

On considere ici les parametres (o, p*) dans la région de Turing et dans celle de mode zéro (voir la
Figure 0.6). La méthode pour obtenir des résultats d’existence est la méme qu’au seuil d’instabilité de
Turing, détaillée dans ce qui précede, a la différence que les calculs des coefficients c11 et c3g du systeme
réduit sont plus longs et compliqués (ils ont été effectués sur le logiciel MAPLE). Dans ces régions,
les longueurs d’onde des solutions stationnaires périodiques sont ki, €t kimqz, des réels déterminés en
fonction des parameétres «, 3 et F' de I’équation de Lugiato-Lefever (1).

Un premier résultat d’existence pour les solutions stationnaires périodiques de longueur d’onde k4,
est le suivant :

Théoreme 4. Considérons 1’équation de Lugiato-Lefever (1) dans le cas = —1 de dispersion anor-
male. Soit 1* une solution constante de (1) de module au carré p*, pour des valeurs de parametres o
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and F. Si (o, p*) est dans la région d’instabilité Turing, ou dans la région d’instabilité de mode zéro et
n’appartient pas a la courbe I'sg : ¢30 = 0 avec c3g9 = 0 défini par (A.2.2) et représentée dans la figure
0.8, alors pour % = F2 + et ky = kmax le systeme dynamique (10) induit une bifurcation stationnaire
avec une symétrie O(2) pour . = 0, et les propriétés suivantes sont satisfaites.

(i) Si («, p*) appartient a I’ensemble ouvert situé a gauche de la courbe T'sy dans la région d’in-
stabilité de Turing, alors les coefficients de I’équation réduite (15) satisfont c11 > 0 et c3g < 0.
La bifurcation est sur-critique et I’équation réduite possede un cercle d’équilibres non triviaux
stables, A, (¢) = r,e'?, ¢ € R/2wZ, pour tout j1 > 0 suffisamment petit.

(ii) Si (o, p*) appartient a I’ensemble ouvert situé a droite de la courbe '3y dans la région d’insta-
bilité de Turing, alors les coefficients de I’équation réduite (15) satisfont c11 > 0 et c3g > 0.
La bifurcation est sous-critique et ’équation réduite posséde un cercle d’équilibres non triviaux
instables, A, (¢) = r#e“ﬁ, ¢ € R/2nZ, pour tout i < 0 suffisamment petit.

(iii) Si (o, p*) appartient a la région d’instabilité du mode zéro, alors les coefficients de I’équation
réduite (15) satisfont 11 < 0 et c3o < 0. La bifurcation est sur-critique et le systeme réduit
possede un cercle d’équilibres non triviaux stables, A, (¢) = ruem, ¢ € R/2nZ, pour tout i < 0
suffisamment petit.

De méme que dans le cas au seuil d’instabilité de Turing, on obtient 1’expression des solutions sta-
tionnaires périodiques de longueur d’onde k4, de I’équation de Lugiato-Lefever (1) dans la région de
Turing ou celle de mode zéro :

Théoreme 5. Sous les hypothéses du Théoréeme 4. Dans les cas :

* («, p*) appartient a I’ensemble ouvert situé a gauche de la courbe I'sy dans la région d’instabilité
de Turing et i > 0,

* («, p*) appartient a I’ensemble ouvert situé a droite de la courbe T'sy dans la région d’instabilité
de Turing et u < 0,

* (a, p*) appartient a la région d’instabilité du mode zéro et i < 0,

I’équation de Lugiato-Lefever (1) posséde une solution 1,, périodique paire avec comme développement
de Taylor

w(@) = "+ 1cos(kmax @) [+ O(|u)), (17)

avec 1 un réel dépendant des paramétres p*, a, c11 et csg précisé dans le Chapitre 1. Les translations
en x de cette solution périodique sont également solutions.

Pour énoncer le second résultat d’existence pour les solutions stationnaires périodiques de longueur
d’onde k,p, nous introduisons les courbes I';,, pour n € N, n > 2, n # 30, définies par

, ni+1
a=2p —n2_1\/p*2—1. (18)

Nous obtenons le résultat d’existence correspondant :

Théoreme 6. Considérons I’équation de Lugiato-Lefever (1) dans le cas = —1 de dispersion anor-
male. Soit 1" une solution constante de (1) de module au carré p*, pour les valeurs des paramétres o
et Fy. Si («, p*) appartiennent a la région d’instabilité de Turing et n’appartiennent a aucune courbe
Lpon > 2,n # 30, Dsg, et p* = 2/+/3, alors pour F? = F? + i et ky = kmin le systéeme dynamique
(10) induit une bifurcation stationnaire avec symétrie O(2) pour u = 0, et les propriétés suivantes sont
satisfaites.
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(i) Si (o, p*) appartient a la région la plus claire dans la Figure 3.1b et p* < 2/+/3, alors c11 > 0
et csg < 0. La bifurcation est sur-critique et I’équation réduite posséde un cercle d’équilibres non
triviaux stables A, (¢) = r#e“ﬁ, ¢ € R/2nZ, pour tout j > 0 suffisamment petit.

(ii) Si (v, p*) appartient & la région la plus claire dans la Figure 3.1b et p* > 2/+/3, alors c11 < 0
et csg < 0. La bifurcation est sur-critique et I’équation réduite posséde un cercle d’équilibres non
triviaux stables A, (¢) = r#e“ﬁ, ¢ € R/2nZ, pour tout i < 0 suffisamment petit.

(iii) Si (v, p*) appartient & la région la plus sombre dans la Figure 3.1b et p* < 2/+/3, alors c11 > 0
et csp > 0. La bifurcation est sur-critique et I’équation réduite posséde un cercle d’équilibres non
triviaux instables A, (¢) = r e'®, ¢ € R/21Z, pour tout pu < 0 suffisamment petit.

(iv) Si (o, p*) appartient & la région la plus sombre dans la Figure 3.1b et p* > 2/+/3, alors ¢11 < 0
et csp > 0. La bifurcation est sur-critique et I’équation réduite posséde un cercle d’équilibres non
triviaux instables A, (¢) = r,e'®, ¢ € R/21Z, pour tout ju > 0 suffisamment petit.

De la méme manicre que précédemment, on obtient I’expression des solutions stationnaires périodiques
de longueur d’onde k,,;, 1’équation de Lugiato-Lefever (1) dans la région de Turing ou celle de mode
7810 :

Théoreme 7. Sous les hypothéses du Théoréme 6.
Dans les cas suivants :

*

a, appartient a la région la plus claire dans la Figure 3.1b, p* < 2/+/3 et y1 > 0

*

a, appartient a la région la plus claire dans la Figure 3.1b, p* > 2//3 et ;1 < 0

(
(

s (a appartient a la région la plus sombre dans la Figure 3.1b, p* < 2/\/3 et p <0
(

")
")
")
* (a,p")

Q, appartient & la région la plus sombre dans la Figure 3.1b, p* > 2//3 et ;1 > 0

I’équation de Lugiato-Lefever (1) posséde une solution 1),, périodique paire avec comme développement
de Taylor

@)= "+ ycos(hmin ) |u]'* + O(|ul), (19)

avec 1 un réel dépendant des paramétres p*, a, c11 et csg précisé dans le Chapitre 1. Les translations
en x de cette solution périodique sont également solutions.

Les Théoremes 4 et 6 sont illustrés par la Figure 3.1.

Pour le cas de bifurcation normale, les résultats sont similaires au cas de dispersion anormale. Afin
d’alléger I’exposé, nous ne donnerons pas d’énoncé précis ici car les résultats seront résumés dans la
prochaine section avec ceux de la stabilité.

4. Stabilité

Dans I’étude de la stabilité des ondes stationnaires périodiques d’une longueur d’onde k£ donnée,
différentes notions de stabilité apparaissent au cours de 1’analyse. Nous les précisons par la suite.

11 convient toutefois de remarquer que dans la suite le cadre fonctionnel n’est pas précisé car il dépend
du type de perturbation que I’on souhaite ou peut analyser. Ainsi,

» Pour les perturbations co-périodiques, I’espace considéré est L2(0, 27 /k);

» Pour les perturbations sous-harmoniques, I’espace considéré est L?(0,2rN/k), avec N € N,
N > 2;
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p I'_ 14 I Iy IyI_

ry 2/3
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0 1 2 3 0 1 2 3

(a) ks = Kmax (b) ks« = Emin

FIGURE 0.8 - Bifurcations des solutions périodiques stationnaires dans le cas de la dispersion anormale. Dans le
plan («, p*), la bifurcation est sur-critique (czo < 0) dans la région colorée la plus claire et sous-critique (czo > 0)
dans la région colorée la plus foncée. Dans le cas k. = kmin, on représente également les courbes I',,, pour
n = 2,3,4, le long desquelles des résonances apparaissent, et la ligne p* = 2/+/3 le long de laquelle ¢;; change
de signe.

* Pour les perturbations localisées, 1’espace considéré est L2(R).

Précisons qu’ici il ne s’agit que des perturbations des solutions de 1’équation de Lugiato-Lefever (1).
Dans I’analyse des systemes linéarisés, il faut séparer les parties réelles et imaginaires car I’opérateur
linéarisé n’est que R-linéaire. Ainsi le cadre fonctionnel pour la stabilité spectrale ou linéaire est le carré
cartésien des espaces de perturbations que nous considérons.

Stabilité spectrale Nous avons introduit la notion de stabilité spectrale dans la section . Considérons,
comme précédemment, 1’équation suivante :

dU
i F(U) (20)

car les parametres seront fixés. Supposons, comme précédemment, que cette équation possede un équilibre
que nous notons U*. On dit que 1’équilibre U™ est spectralement instable si le spectre instable de
I’opérateur linéarisé A* autour de U™, noté o (.A*) dans (5), est non vide. On dit que U* est stable
lorsque o (A*) est vide. C’est ce que nous obtenons pour des solutions (16) dans le cadre du Théoréme 9
plus bas.

Stabilité linéaire Considérons le systéme suivant :

U 0 1
da 0 0>U’

avec U = (u,v)”. Dans ce cas, en notant ug = u(0) et vg = v(0), on a u(t) = vgt + ug, et le spectre

0 0

choisissant en condition initiale (ug,vo)? = (0,1)%, on obtient une solution U s’éloignant de 1’équilibre
nul. Ainsi, le fait d’avoir un spectre central non vide peut donner des instabilités (ceci est dii aux blocs
de Jordan, mais ces instabilités ne sont pas exponentielles).

Comme le montre I’exemple précédent, la notion de stabilité spectrale n’est pas une notion de stabilité
dynamique et I’étape suivante d’une analyse de la stabilité est celle de la stabilité linéaire.

de (0 1) est réduit au spectre central, ici {0}, donc 1’équilibre (0,0) est spectralement stable. En

14



4. STABILITE

Reprenons 1’équation (20) et I’'un de ses équilibres, U*, dont I’opérateur linéarisé est noté .4. On
dit que 1’équilibre U* est linéairement stable lorsque le semi-groupe engendré par A est stable (c’est-
a-dire borné). Pour montrer que ce semi-groupe est borné, nous prouvons la stabilité exponentielle (le
semi-groupe engendré tend vers O a I’infini) en passant le théoreme de Gearheart-Priiss présenté dans [6].

La stabilité linéaire est associée a un probléme d’évolution linéaire proche du probleme non-linéaire
initialement étudié. Or il n’est pas assuré que le probleme d’évolution linéarisé représente en temps
grands une approximation valide du probleme non-linéaire de départ méme si on se limite initialement a
un petit voisinage de 1’état stationnaire. Il en donne néanmoins une indication intéressante et produit des
estimations cruciales a 1’analyse non-linéaire. On pense en particulier aux estimations de décroissance
exponentielle obtenue via le théoreme de Gearheart-Priiss ou les estimations de Strichartz. Les lemmes 4
et 5 plus bas en sont un exemple pour la linéarisation autour de la solution triviale nulle (lorsque F' = 0).

Stabilité orbitale Nous donnons maintenant une définition de stabilité pour un systeéme non-linéaire.
Considérons (I, U) une solution de 1’équation différentielle (20) et supposons que Ry C I. On considere
également le probleéme de Cauchy

dVv
% - TW @1
V() = W

On dit que la solution U de (20) est orbitalement stable lorsque pour tout € > 0, il existe & > 0 tel que
si la distance entre Vj et U(0) est plus petite que 6, alors pour tout ¢ > 0, la distance de U a ’'unique
solution maximale du probleme de Cauchy (21) est inférieure a €.

Stabilité asymptotique Dans cette thése, nous avons fait le choix de montrer une propriété plus forte
de stabilité non-linéaire : la stabilité asymptotique.

Une solution stationnaire V' de 1’équation (20) est dite asymptotiquement stable si elle est orbita-
lement stable et si toute perturbation de V' converge en temps arbitrairement grand vers une solution
stationnaire éventuellement différente mais proche de V.

Dans le contexte qui nous intéresse, il n’est pas possible d’avoir la symétrie des états stationnaires
individuellement. En particulier, pour I’équation de Lugiato-Lefever, une solution stationnaire et sa trans-
latée sont deux solutions qui peuvent étre arbitrairement proches, mais aucune ne va se rapprocher de
I’autre. Ainsi c’est la variété de modulation de 1’état considéré, formée en appliquant toutes les symétries
continues a I’état, qui est globalement asymptotiquement stable. C’est ce que nous démontrons et nous
précisons aussi le comportement asymptotique des parametres des symétries qui modifient 1’ état station-
naire.

Dans cette these, nous avons étudié la stabilité spectrale pour toutes les perturbations sous-harmoniques
et localisées. Dans le cas sous-harmonique spectralement stable, nous avons analysé la stabilité linéaire et
asymptotique et nous obtenons la stabilité orbitale comme une conséquence de la stabilité asymptotique.

4.1. Stabilité spectrale au seuil d’instabilité de Turing

La stabilité spectrale pour 1’équation de Lugiato-Lefever a tout d’abord été étudiée par Miyaji, Oh-
nishi et Tsutsumi dans [22, Théoréeme 3.1] pour des perturbations co-périodiques. Les analyses de bifur-
cation locale montrant 1’existence d’ondes stationnaires périodiques permettent également de conclure
quant a la stabilité spectrale, ou instabilité, de ces ondes pour des perturbations co-périodiques. Hakkaev,
Stanislavova et Stefanov ont également obtenu des résultats de stabilité spectrale dans [11] concernant
les solutions construites dans ce méme travail.

Ainsi, en partant des nos résultats dans le contexte co-périodique, les ondes obtenues dans les cas de
bifurcations sur-critiques sont stables tandis que celles obtenues dans les cas sous-critiques sont instables.
Ainsi, le Théoréme 1 nous permet d’obtenir le résultat suivant dans le cas de dispersion anormale :
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Théoreme 8. Considérons I’équation de Lugiato-Lefever (1) dans le cas = —1 de dispersion anor-
male. Supposons que o < 2, o # 41/30, et F? = F? + p, avec F2 = (1 — a)? + 1. Le systéeme réduit
(14) induit une bifurcation stationnaire avec une symétrie O(2) a pn = 0. Dans les cas (o < 41/30,
p > 0)ou(a > 41/30, u < 0), I’équation de Lugiato-Lefever (1) posséde une famille de solutions
stationnaires périodiques en x, 1, qui sont :

(i) spectralement stables par rapport a des perturbations co-périodiques lorsque o < 41/30 (bifur-
cation sur-critique)

(ii) spectralement instables par rapport a des perturbations co-périodiques lorsque o« > 41/30 (bi-
furcation sous-critique)

Dans le cas de la dispersion normale, le Théoréme 3 nous donne le résultat suivant :

Théoreme 9. Considérons I’équation de Lugiato-Lefever (1) dans le cas 3 = 1 de dispersion normale.
Supposons que o > 2 et F2 = F2 + y, avec F? = (1 — a)? + 1. Le systéme réduit (14) induit une
bifurcation stationnaire sur-critique avec une symétrie O(2). Lorsque 1 < 0, I’équation de Lugiato-
Lefever (1) possede une famille de solutions stationnaires périodiques en x, 1, qui sont spectralement
instables par rapport a des perturbations co-périodiques .

On procede ensuite a I’analyse de la stabilité spectrale, au seuil de I’instabilité de Turing, des per-
turbations bornées et localisées des ondes périodiques (16). Comme mentionnée plus haut, la stabilité
spectrale est déterminée par la localisation dans le plan complexe du spectre de 1’opérateur linéaire A,
obtenu en linéarisant le systeme dynamique (6) autour d’une onde stationnaire périodique v, (y) (définie

par (16)) :

Ay =1+ TL,, (22)
avec J = (1) _01> , I 1a matrice identité et
e (2— )92 —a+ 3472, (y) + i, () 207 () i () ) |
20 ()i (y) (2— )02 —a+ 97, (y) + 397, (y)
ot ¥y, (y) et ¢, (y) représentent respectivement les parties réelle et imaginaire de la solution périodique
u(y)-

Ce spectre varie selon le choix du type de perturbations considéré. Pour des perturbations bornées,
le spectre de .4, est continu et on utilise une décomposition de Bloch-Floquet pour passer d’une ques-
tion de détermination d’un spectre continu a un spectre constitué de valeurs propres isolées d’une fa-
mille d’opérateurs a résolvantes compactes. Puis, nous localisons les potentielles valeurs propres a partie
réelles positives (induisant I’instabilité) en utilisant des arguments de perturbations pour des opérateurs
linéaires.

Ainsi, au seuil d’instabilité de Turing, le résultat principal du Chapitre 2 montre que les ondes
périodiques obtenues au Chapitre 1 et définies par (16) dans le cas des bifurcations sur-critiques sont
également stables par rapport a des perturbations bornées, tandis que celles obtenues dans le cas des
bifurcations sous-critiques sont instables (cette instabilité est une conséquence directe de leur instabilité
par rapport aux perturbations co-périodiques).

Dans le cas de la dispersion anormale, le résultat est le suivant :

Théoreme 10. Considérons I’équation de Lugiato-Lefever (1) dans le cas 5 = —1 de dispersion anor-
male. Supposons que o < 2, a # 41/30, et F? = F? + . Considérons les solutions périodiques

u(x) de I’équation de Lugiato-Lefever (1) données par (16), pour > 0 si o < 41/30 et pour
1< 0sia > 41/30, et 'opérateur linéaire associé Ay, défini par (22), agissant sur L*(R) x L*(R) ou
Cy(R) x Cp(R). Pour tout p suffisamment petit, les propriétés suivantes sont satisfaites.
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(i) Sia < 41/30 et pu > 0, alors le spectre de I’opérateur linéaire A, ne contient que des complexes
de partie réelle négative, et la solution périodique 1),,(x) est spectralement stable par rapport aux
perturbations bornées.

(i) Si a > 41/30 et p < 0, alors le spectre de I’opérateur linéaire A,, contient un intervalle fini de
nombres réels positifs (0, c,)], avec ¢, = O(|p|), et la solution périodique 1),,(x) est spectralement
instable par rapport aux perturbations co-periodiques, localisées et bornées.

Dans le cas de dispersion normale, le résultat est :

Théoreme 11. Considérons I’équation de Lugiato-Lefever (1) dans le cas 5 = 1 de dispersion normale.
Supposons que o > 2 et F? = F2 + u, F?2 = (1 — «)? + 1. Pour tout u < 0 suffisamment petit, les
propriétés suivantes sont satisfaites.

(i) L’équation posséde une solution périodique paire 1,,(x) de longueur d’onde /o — 2 et de dévelop-
pement de Taylor (16), qui est instable par rapport aux perturbations co-périodiques.

(ii) Le spectre de I'opérateur linéaire A, obtenu en linéarisant I’équation autour de cette solution
périodique agissant dans L*(R) x L*(R) ou Cy(R) x Cy(R) contient un intervalle fini de nombre
réels positifs (0, c,], avec ¢, = O(|p|). Par conséquence, la solution stationnaire périodique

() est spectralement instable par rapport aux perturbations localisées et bornées.

On peut aussi conclure quant a la stabilité, ou instabilité, spectrale par rapport a des perturbations
sous-harmoniques. Pour cela, il faut alors remplacer 1’espace des phases X = L?(0, 27) x L?(0, 27) par
Xy = L?(0,2N7) x L?(0,2N7), ot N désigne un entier naturel supérieur ou égal a 2. Ce qui & pour
conséquence de produire un spectre plus grand. Plus précisément, le spectre de I’opérateur A contient
des valeurs propres supplémentaires :

o(A5) = PAe(n, N) = —1% /1 - (2 - )2(n?/N? — 1)2, n € Z}.

Les valeurs propres additionnelles ont des parties réelles strictement négatives et donc, de la méme
maniere que dans le cas des perturbations co-périodiques, nous appliquons la réduction a une variété
centrale. Le systéme réduit obtenu a partir des petites solutions sur la variété centrale est le méme que
(14). Nous généralisons les résultats obtenus pour les perturbations co-périodiques (ceci est détaillé dans

le Chapitre 3).

Ainsi, nous concluons quant la stabilité ou instabilité spectrale pour des perturbations sous-harmoniques,

elle est identique a celle des perturbations co-périodiques. Dans le cas de la dispersion anormale, le
résultat est :

Théoreme 12. Considérons I’équation de Lugiato-Lefever (1) dans le cas 8 = —1 de dispersion anor-
male. Supposons que o < 2, o # 41/30, et F? = Ff + p, avec F2 = (1 — a)? + 1. Le systeme réduit
(14) induit une bifurcation stationnaire avec une symétrie O(2) a p = 0. Dans les cas (o < 41/30,
w > 0)ou(a > 41/30, u < 0), ’équation de Lugiato-Lefever (1) posséde une famille de solutions
stationnaires périodiques en x, 1,,(x) qui sont :

(i) spectralement stables par rapport aux perturbations sous-harmoniques lorsque o« < 41/30 (bi-
furcation sur-critique)

(ii) spectralement instables par rapport aux perturbations sous-harmoniques lorsque o« > 41/30 (bi-
furcation sous-critique)

Dans le cas de dispersion normale, le résultat de stabilité spectrale obtenu pour des perturbations
sous-harmoniques est identique a celui obtenu dans le cas des perturbations co-périodiques :
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Théoreme 13. Considérons I’équation de Lugiato-Lefever (1) dans le cas 5 = 1 de dispersion normale.
Supposons que o > 2 et F? = F2 + i, avec F2 = (1 — )? + 1. Le systéme réduit (14) admet une
bifurcation stationnaire sur-critique avec une symétrie O(2). Lorsque 1 < 0, I’équation de Lugiato-
Lefever (1) posséde une famille de solutions stationnaires périodiques en x, 1), qui sont spectralement
instables par rapport aux perturbations sous-harmoniques.

Dans la suite de cette présentation nous nous concentrerons sur le cas de dispersion anormale.

4.2. Stabilité dans la région de Turing et de mode zéro

Dans la région d’instabilité de Turing, en plus de I’existence d’ondes stationnaires périodiques, nous
pouvons conclure de leur stabilité vis-a-vis de perturbations co-périodiques : les solutions périodiques
sont stables lorsque la bifurcation est sur-critiques, et instable lorsqu’elle est sous-critique.

Placons-nous dans le cas de dispersion anormale 8 = —1. Pour ce qui concerne les perturbations
sous-harmoniques, 1’analyse est plus complexe. On considere les solutions stationnaires périodiques (17)
et (19) obtenues a la section 3.4 de cette introduction. Leur stabilité est déterminée par la localisation dans
le plan complexe du spectre du linéarisé LA d’une part, et par la stabilité de I’équilibre A, (¢) du systeme
réduit (14) correspondant d’autre part. Nous définissons deux types d’instabilités que 1’on rencontre : les
instabilités de forme (shape instabilities) et les instabilités de fond (background instabilities) en lien .

Définition 14. Considérons la solution périodique 1, (x) définie par (17) lorsque k = kpq. et par (19)
lorsque k = k. Cette solution est dite instable :

* avec une instabilité de fond, lorsque o(Aj) contient des valeur propres avec une partie réelle
positive;

* avec une instabilité de forme, lorsque I’équilibre A, (¢) de I’équation réduite (14) est instable.

Pour discuter de stabilité des solutions, définissons les courbes I',, ;- d’équation cartésienne
N2+ n?

N2 4 n?
N2—n2

dans le cas k, = kpax et par

a=2p" + p*2 —1. (24)

dans le cas ky = kmin-
On obtient, dans le cas k = k4, le résultat de stabilité suivant, illustré a la Figure 2.1a :

Théoreme 15. Considérons I’équation de Lugiato-Lefever (1) dans le cas 8 = —1 de dispersion anor-
male, et les solutions stationnaires périodiques 1, données par (17), de longueurs d’onde k. et le
propriétés du Théoreme 4. Pour tout N > 2, considérons la courbe I'y _1 n définie par (23), et posons
Lo,1 = I'_. Alors, les propriétés de stabilité suivantes sont satisfaites pour des perturbations périodiques
de périodes 21t N/ kmax, pour tout N > 1.

(i) Si (o, p*) appartient a I’ensemble ouvert situé a gauche de la courbe I'y_1 n dans la région d’in-
stabilité de Turing, alors les solutions stationnaires périodiques trouvées dans la bifurcation sur-
critiques sont stables, tandis que celles trouvées dans la bifurcation sous-critique sont instables et
présentent une instabilité de forme.

(ii) Si (v, p*)appartient a I’ensemble ouvert situé a droite de la courbe I y_1 N dans la région d’in-
stabilité de Turing, alors les solutions stationnaires périodiques sont instables; celles issues de
bifurcations sur-critiques présentent une instabilité de fond tandis que celles issues de bifurca-
tions sous-critiques présentent a la fois une instabilité de fond et de forme.
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FIGURE 0.9 - Stabilité des solutions stationnaires périodiques dans le cas de dispersion anormale. Dans le
plan (a, p*), les solutions stationnaires périodiques présentent une stabilité de fond pour des perturbations sous-
harmonique de périodes 2w N/k, pour les valeurs de N comme indiqué, et instable ailleurs. Dans les régions co-
lorées claires, elles présentent une stabilité de forme tandis que dans les régions colorées sombres, elles présentent
une instabilité de forme. Les courbes I';, i sont définies par (23) dans le cas k. = kmax €t par (24) dans le cas
k* = kmin-

(iii) Si (a, p*) appartient a la région d’instabilité de mode zéro, alors les solutions stationnaires
périodiques sont instables et présentent une instabilité de fond.

On obtient, de maniére similaire dans le cas k = kj,;n, le résultat de stabilité suivant, illustré a la
Figure 2.1b :

Théoreme 16. Considérons I’équation de Lugiato-Lefever (1) dans le cas 8 = —1 de dispersion anor-
male, et les solutions stationnaires périodiques 1, (x) données par (19), de longueurs d’onde kyin
et les propriétés du Théroeme 6. Pour tout N = 1, considérons la courbe I' 1 N définie par (24).
Alors les propriétés de stabilité suivantes sont satisfaites pour des perturbations périodiques de périodes
27 N/ kxin, pour tout N > 1.

(i) Si (o, p*) appartient a I’ensemble ouvert situé a gauche de la courbe I' N1 N dans la région
d’instabilité de Turing, alors les solutions stationnaires périodiques issues des bifurcations sur-
critiques sont stables, tandis que celles issues de bifurcations sous-critiques sont instables et
présentent une instabilité de forme.

(ii) Si (o, p*) appartient a I’ensemble ouvert situé a droite de la courbe I 11y dans la région d’in-
stabilité de Turing, alors les solutions stationnaires périodiques sont instables; celles issues de
bifurcations sur-critiques présentent une instabilité de fond tandis que celles issues de bifurca-
tions sous-critiques présentent a la fois une instabilité de fond et de forme.

Dans le cas de la dispersion normale 5 = 1, nous ne donnons pas d’énoncés précis de théorémes
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FIGURE 0.10 - Stabilité des solutions stationnaires périodiques dans le cas de dispersion normale. Dans le plan
(ar, p*), les solutions stationnaires périodiques présentent une stabilité de fond par rapport aux perturbations sous-
harmoniques de période 2w N/k, pour des valeurs de N comme indiqué, et instables ailleurs. Dans les régions
de couleurs claires, elles présentent une stabilité de forme tandis que dans les régions de couleurs foncées, elles
présentent une instabilité de forme. Les courbes I';, v sont définies par (23) dans le cas k. = %max et par (24) dans

le cas ks = kmin.

concernant les analogues des Théoremes 4, 6, 7 et 8, mais nous résumons les résultats dans la Figure 3.1.

4.3. Stabilité asymptotique

La littérature mathématique autour du caractere bien posé du probleme de Cauchy pour 1’équation
de Lugiato-Lefever (1) ainsi que les questions de stabilité asymptotique est a notre connaissance assez
limitée :

(i) Dans les travaux de Miyaji, Ohnishi et Tsutsumi [22], [23] et [24], la question du caractere bien
posé est évoquée [23, page 660] renvoyant a [1] pour les grandes lignes (ce dernier ne s’intéresse
qu’a I’équation de Schrodinger usuelle). C’est cette méthode que nous adaptons dans cette these
pour démontrer le caractére localement bien posé dans L?(0,27N/k). La question de la stabilité
asymptotique est quant a elle analysée dans le cas de la dispersion anormale 8 = —1 pour des
perturbations co-périodiques.

(ii) Le travail de Stanislavova et Stefanov [25] traite de la stabilité asymptotique dans H'(T) sous
I’hypothese que I’état stationnaire périodique est spectralement stable.

(iii) Les travaux de Haragus, Johnson, Perkins et de Rijk [14] présentent un résultat de stabilité non
linéaire d’ondes stationnaires périodiques par rapport a des perturbations localisées.
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On remarque également que dans leur travail [16], les auteurs étudient un schéma de splitting pour
I’équation de Lugiato-Lefever (1) sous I’hypotheése que le probleme de Cauchy associé a celle-ci soit
bien posé dans H*(0, 27 /k).

Dans cette these, nous présentons un résultat de stabilité asymptotique pour des solutions périodiques
stationnaires spectralement stables vis-a-vis de perturbations sous-harmoniques, dans le cas de dispersion
anormale, au seuil de Iinstabilité de Turing.

Méthode

On considere le changement de variables y = (1/2 — )z afin de se placer dans ’espace 27 N-
périodique :
t>0etye Ty :=R/(27N)Z.

Rappelons que N > 2 est un entier. Ainsi, I’équation de Lugiato-Lefever (1) se réécrit :

o _
ot

82
—ip(2 — a)a;§ — (L+ia)y +ip[y)? + F. (25)
Soit
A= —iB(2 = a)0; — (1 +ia)
agissant sur L?(T ) de domaine D(A) = H?(Ty).
L’équilibre de (16) apres le changement de variable devient

buly) = %+ 3(a+i(2 —a))

1/2
0+ Fya1 = goa]/z W IR 4 Ousolli) (26)

qui est un équilibre de (25) avec F? = F2 + p.

Estimations de Strichartz

Suivant Bourgain [1] (et comme évoqué dans [23]), en vue de démontrer le caractere bien posé de
I’équation de Lugiato-Lefever, on utilise des estimations de Strichartz que nous démontrons pour le cadre
qui nous intéresse :

Lemme 1. L’opérateur A génére un groupe qui, restreint aux temps positifs, est un semi-groupe de
contraction avec

A
et

L2(Ty) =e ! H¢0HL2(TN) , VteR. 27)

Comme I’opérateur A commute a I’opérateur de dérivation, dans cette estimation on peut remplacer
L*(Ty) par un espace de Sobolev H*(T ) pour s > 0.

Lemme 2. Soient to appartenant a R et 7 > .

(i) Pour tout 1y, € L*(Tn), t — et Ay, appartient & L= ((to, 7); L*(Tyn)) N L*((to, 7) x Tx)

et
(t—to) o (t—to) A _
e |z = Pl (28)
(t—to) (t—to)A
D g SOl
(ii) Pour tout f de L*3((to,7) x Tn), t — | €94 f(s)ds appartient & L*(T ) et
to
‘/ e *e M f(s)ds < Cu(m,t0) 1 f Nl Lars((to,m) <) - (30)
to L2(Tn)
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t
(iii) Pour tout f de L*3((to,7) x Ty), t — [ e*Af(s)ds appartient a L= ((to,7); L2(Tx)) N
to
L4((t0, 7') X TN) et

t
‘/ etfse(tfs)Af(S)dS

to

1/4
De plus, C1(r,t0) < (Tt + 420)"

S Cl(T? tO) ||f”L4/3 T r) 3 (31)
Lo°((to,7):L2(Tw)) ((to,7)xTn)

t
/ et—se(t—s)Af(S) ds

to

< CI(T> to)g ”f” / - . (32)
LA((to,m)XTn) LA/3((to,7)xTn)

De ces estimations, on déduit que pour € L>®((0,TF( ¢)); L2(Tn)) NLA([0, TF( o)) x Tn), la
quantité suivante :

t t
e apo + / =) ds + / et =AY ()| (s)? ds
0 0

est dans ce méme espace.

Caractere bien posé du probleme de Cauchy

Définition 17. On dit que le probléme de Cauchy associé a (25) avec donnée initiale (t = 0) = 1y
admet une solution douce sur [0,T), avec T € [0,4+0c0), si ¢ : [0,T) — C vérifie pour tout t € [0,T)

(1= + [ IEds 4 [ o) ds.
0 0

On a le résultat d’existence et unicité globales suivant :

Théoréme 18. Pour tout 1y dans L*(Ty), il existe T (1) tel que le probleme de Cauchy (25) avec
donnée initiale 1) (t = 0) = 1)y possede une unique solution douce maximale ([0, T (1)), ) dans

L22((0, T (w0)); L*(Tw)) N LA((0, T () x Tw)
et telle que T (1hg) € (0, +00] et 5i T (¢hg) < oo alors

t%%i‘{?wo) ||¢||L4([07t)XTN) = oo

De plus, v appartient a C((0, T+ (10)); L*(Tn)).

En utilisant le Lemme 1 dans H® pour s > 1/2, on peut démontrer que la borne de croissance du
semi-groupe engendré par A est strictement négative, ce qui permet de démontrer le caractére bien posé
pour des données initiales dans H* pour s > 1/2. On exploite ainsi le fait que H*, pour s > 1/2 est
une algebre de Banach (la preuve suit le schéma de celle du théoréme de Cauchy-Lipschitz pour des
équations différentielles).

Stratégie

La stabilité asymptotique autour d’un état stationnaire est une propriété du flot de I’équation de
Lugiato-Lefever (25) dans un voisinage de cet état stationnaire pour un cadre fonctionnel donné. En ce
qui nous concerne, ce sera L?(T ) car nous nous intéressons aux perturbations sous-périodiques.

On remarque qu’il existe une famille d’équilibres ¢,, .(y) = ¢, (y + ¢) pour tout c réel et |u| petit.
C’est la variété de modulation associée a la solution ¢, donnée par (26). On s’intéresse a la stabilité
asymptotique globale de cette famille. Ces états sont spectralement stables, ¢’est-a-dire que le spectre
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du linéarisé ne contient pas de nombre complexe de partie réelle strictement positive. Ceci découle de la
stabilité spectrale de ¢,, par rapport a des perturbations sous-harmoniques énoncée dans le Théoréme 12.

Rappelons que le linéarisé n’est pas C-linéaire mais seulement R-linéaire. Des lors, nous regardons
tous les équilibres et les solutions non pas comme étant a valeur dans C, mais & valeur dans R? en les
décomposant en partie réelle et imaginaire. Dans notre analyse, pour clairement identifier ce changement,
nous passons a des lettres majuscules. Ainsi, les équilibres ¢, . deviennent @, ., a valeurs dans R2. On
note A, . le linéarisé autour de ®, .. L’opérateur 4, . comme son adjoint Azd ont 0 comme valeur
propre simple. Le reste du spectre de A, . est strictement inclus dans {\ € C, Re(\) < 0}.

Sur I’orthogonal du noyau de son adjoint, que I’on note N, A, . est invariant et engendre un semi-
groupe dissipatif. Plus précisément, a I’aide du théoréeme de Gearhart-Priiss, comme dans [25], la borne
de croissance du semi-groupe engendré par A, . sur \V;, est strictement négative, ce qui donne un résultat
trés similaire au lemme 4 (A est remplacé par A, . et L?(Ty) par N.). On montre également que 1’on
a des estimations de Strichartz globales en temps si I’on ajoute des poids exponentiels en temps ad hoc.
De telles estimations nous permettent de montrer la stabilité asymptotique de la famille ¢, ., puis de la
famille ¢, ..

On considere 1(0) proche de ¢, et ¢ la solution maximale du probleme de Cauchy associé a
I’équation (25) avec la condition initiale /(0). On montre qu’il existe une courbe ¢t — c(t) € R et
t > Y(t) € L*(T;R?) tels que ®(t) s’écrit

D) = Py ey + Y1),

et Y(t) a la propriété importante suivante : Y(t) € N,(. Ce qui nous permet, a I’aide des estimations
de Strichartz pour I’opérateur A, ., de montrer que Y converge vers 0 en norme L?(Tx)? lorsque ¢ tend
vers I’infini et appartient & I’espace L*(RT x Tyx)?, et que ¢ converge vers un profil asymptotique coo
lorsque ¢ tend vers +-00.

Résultat de stabilité asymptotique

La stratégie exposée plus haut, que nous détaillons dans le Chapitre 3, permet d’obtenir le théoréme
suivant :

Théoreme 19. Soit N > 2 un entier. L’équation de Lugiato-Lefever (1) dans le cas 8 = —1 (de

dispersion anormale), o < 41/30, p > 0 suffisamment petit et F?> = 1+ (1 — a)? + p posseéde un

équilibre constant instable 1) et une famille d’équilibres non triviaux \/QL-perlodzques stables 1/’/1 c

ou, pour tout ¢ € R, B B
wy,C(y) = ¢u,0(y - C)-

Puis, pour tout & > 0, il existe § > 0 tel que si ug € L*(Ty) satisfait

[0 =i

<9,
A )z)

L2(R/(27

alors il existe une unique solution globale u de (1) avec u [4—o= ug in L>°((0,7); L*(R/(2m \/év_—a)Z)) N
LA([0,7) x R/(QW\/%)Z), pourtout T > 0, et 0 < coo < 27N tel que

<e,

sup[ inf Hu() wlw

t>0 |0<c<2nN

L2(R/(2r - )2)

ut) = e

— 0 (t — +00)

L2(R/(2n R )z)

et

< €.
)z

inf u(t) = e

0<e<2rN

LA(R+ xR/ (2
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Ce résultat apporte des contributions aux travaux [23], [24] et [25]. Il prouve la stabilité asympto-
tique dans le cadre des perturbations sous-harmoniques, ce qui généralise les résultats de [23], [24] et
[25] qui sont obtenus dans le cadre des perturbations co-périodiques. De plus, la condition initiale est
uniquement dans L?, et pas H' (comme proposé dans [25]). Ce résultat ne nécessite pas d’hypothése
spectrale supplémentaire (comme proposé dans [24]) autre que la stabilité spectrale.

5. Perspectives

La stratégie du Théoreme 19 s’étend a tout état stationnaire spectralement stable pour lequel le
linéarisé satisfait des estimations de dissipation (Lemme 4) et idéalement de Strichartz (Lemme 5). On
peut donc imaginer étendre ces résultat dés qu’il est possible de montrer des estimations de la résolvante
du linéarisé nécessaire au Théoreme de Gearhart—Priiss. Toutefois la question que nous souhaitons abor-
der est celle de I’instabilité.

En ce qui concerne les questions auxquelles nous souhaitons nous intéresser par la suite, nous ai-
merions considérer la question de I’existence globale ou non de solutions a (1). Il est aussi possible que
I’alternative d’explosion se produise.

En ce qui concerne notre Théoréeme 19, on notera qu’il peut s’exprimer comme une forme de dévelop-
pement asymptotique/décomposition d’une solution avec un premier terme donné par un état stationnaire
et un reste qui disperse comme des solutions non stationnaires de I’équation linéarisée. Il semble possible
de montrer que ce reste peut de nouveau se décomposer comme solutions non stationnaires de 1’équation
linéarisée et un terme de reste qui tend vers O plus rapidement. C’est un résultat de type scatering qui
nécessite d’utiliser des estimations ponctuelles en temps et non de Strichartz.
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Chapter 1

Local bifurcations of periodic waves for
the Lugiato-Lefever equation

We consider the Lugiato-Lefever equation

¢
0x2

W _

o = (1 +ia) +i||® + F, (1.0.1)

in which the unknown % is a complex-valued function depending upon the temporal variable ¢ and the
spatial variable x, the parameters « and [ are real, and F' is a positive constant. Notice that upon
rescaling x, we may take |3| = 1, hence = 1 in the case of normal dispersion, and § = —1 in the case
of anomalous dispersion.

Our goal is to prove the existence of steady periodic solutions of the equation (1.0.1), i.e. periodic
solutions of the differential equation

0% . , 2
0= —zﬁﬁ — (14 i)y + || + F, (1.0.2)

This chapter is extracted from the articles [5] and [4].

1.1 Spectral stability of constant solutions

In this section we recall the stability properties of the constant solutions of the Lugiato-Lefever
equation (1.0.1).

Lemma 1.1.1. The Lugiato-Lefever equation (1.0.1) possesses the following constant solutions:
(i) ifa < V3and F > 0, the equation (1.0.1) has a unique constant solution;

(ii) if & > \/3 and F > 0, there exist two values F_(a) and F (), with F_(a)) < F (), given by

F2(a) = pe(a) ((p=@) —aP +1),  pala) = 5 (205 Va? =3).

such that the equation (1.0.1) possesses three constant solutions with square modulus p = pj,
i=1,2,3

p1 < p(a) < p2 < p—(a) < ps,
when F_(a) < F < Fy(«), two distinct constant solutions when F' = F(«), and one constant
solution when F < F_(«) or Fy (o) < F.
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EQUATION

F? F2(a)  F2(a)
3
_8
3v3 1
[0
V3

Figure 1.1 — Number of constant solutions of the Lugiato-Lefever equation (1.0.1): three solutions in the region
between the curves F'2 = FZ («), two solutions along the curves, and one solution otherwise.

Proof. Constant solutions i) € C of the equation (1.0.1) satisfy the algebraic equation

(14 ia)y —ip|y|* = F. (1.1.1)
Upon decomposing into real and imaginary parts, ¢ = , + it;, and setting p = \1/1\2 = 1/13 + ZQ , We
obtain ( )
_ P _ P N2 2
r= = p((p—a)+1) = F2 (1.12)

The last equation above determines the number of constant solutions of (1.0.1). The function
prp((p—a)?+1),

has the derivative
p 3p° —dap +a® 41,

with discriminant is A = 4(a?—3). For p > 0, the function p — p ((p — @)? + 1) is monotone increas-
ing, when o < /3, and has two positive critical points p_. (a) < p—(a), when a > V/3. Consequently,
the Lugiato-Lefever equation possesses precisely one constant solution when o < /3, for any F' > 0.
For a > +/3, there exist two values F__(a) < F,(a), such that the Lugiato-Lefever equation possesses
three constant solutions with p = p;, j = 1, 2,3,

p1 < py(a) < p2 < p—(a) < ps,

when F_(a) < F < Fy(a), two distinct constant solutions when F' = F («), and one constant solution
when F' < F_(«) or Fly (o) < F'. This result is summarized in Figure 1.1 (see also [9]). O

We notice that equation (1.1.1) is the same in the case of anomalous dispersion (5 = —1) and in the
case of normal dispersion (5 = 1) thus, constant solutions are the same in both cases.

The spectral stability of these constant solutions is determined by the location in the complex plane
of the spectrum of the linear operator obtained by linearizing the Lugiato-Lefever equation (1.0.1) at
such a constant solution.

We obtain the result :

Proposition 1.1.2. For a constant solution * = 1} + i)} of the Lugiato-Lefever equation (1.0.1), the
right hand side of the linearized equation

dv
= AV
dt AV,
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defines a linear operator of the form

A* = -1+ TJL", (1.1.3)
where 1 represents the 2 x 2 identity matrix, and
0 -1 oo PO ot 39 o 2057
\1 o)’ N 20797 —BO2 —a+ vt 4 3y9r2)

The operator A* is closed on L*(R) x L?(R) with domain H*(R) x H*(R).

Proof. We write 1) = . +i1); and we set ¥ = (¢, 1;)T and we have that 1 is solution of (1.0.1) if and
only if
ov

— =GV
ot (¥)
where
24—t avi— 62+ D+ F
Guy=| 0w, o T
Bz —vi—ate+ W7+ D)
We compute the jacobian matrix of G in U*, where ¥* = (15, 1) and we have
4= —1 = 2y BOY + o — Uy = 3ur%
—POF — a+ 3u5% + —1+ 29795
The operator .A* is a differential operator with constant coefficients and we have A* = —1 4+ JL*.

Moreover, let (u,), C H?(R) such that u,, — u in L?>(R) and u,, — v in L?(R). By Fourier
transform, we have @, — @ and —k%w,, — o for all k& € R. We conclude that —k?% = ¥ thus
u € H*(R) and u” = v, and the operator 92 is closed on L?(R) with domain H?(R). . The operator .A*
is a differential operator with constant coefficients, thus is a bounded perturbation of 92, which concludes
the proof of the last part of this proposition. O

The spectrum of the operator A* is given in the following proposition:

Proposition 1.1.3. The spectrum of the linear operator A* defined in (1.1.3) is given by
o(A*) = {/\G(C s A4 20 4 a(k) =0, kzeR}, (1.1.4)

in which
a(k) = k* — 2B(a — 2p")k* + o* — dap™ + 3p™ + L. (1.1.5)

Proof. Since A* is an operator with constant coefficients, with the Fourier Ansatz (u(x),v(z)) =
e (uy, vy ), we find that its spectrum o'(.A*), in the Hilbert space L?(R) x L?(R) of square integrable

functions, is given by
o(A%) = | o(A*(K),
keR

where A* (k) are the 2 x 2 matrices

Bk? — a + 3% + 2 2979}
A*(k) = -1 LK), L (k) = .
W= gem e 2y oo 20

We have that A € p(.A*) if and only if for all k£ in R, det(A — A*(k)) # 0. For all k in R,

det(A — A*(k)) = A2 + 20 + k* — 2B(a — 2p")k* + o — dap* +3p™ + 1.
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Then,
o(A) = {AeC : X +2x+a(k) =0, k€R],

with
a(k) = k* — 26(a — 2p*)k:2 +a? —dap* +3p2 + 1.

O]

Remark 1.1.4. The spectrum of the linear operator A, is symmetric with respect to the vertical line
Re A = —1 in the complex plane, due to its particular structure (1.1.3) in which the operators J and
L, are skew- and self-adjoint, respectively, when acting in the Hilbert space L?>(R) x L%(R). These
properties of the operators J and L imply that the spectrum of the product operator J L is symmetric
with respect to the imaginary axis (e.g., see [15]), so that the spectrum of A, is symmetric to the vertical

line Re A = —1.

The case of anomalous dispersion (3 = —1) For any £ € R, the sum of the two eigenvalues of
A (k) is equal to —2 (which is also true for 8 = 1), so that their location in the complex plane depends
upon the value of a(k) (which depends of 3). For a(k) > 1, the two eigenvalues are complex conjugated
with real parts equal to —1, and —1 is a double eigenvalue when a(k) = 1. For a(k) < 1, the two
eigenvalues are real and symmetric with respect to the line Re A = —1: both eigenvalues are negative
when 0 < a(k) < 1, 0 and —2 are eigenvalues when a(k) = 0, and one eigenvalue is negative and the
other one positive, when a(k) < 0. Consequently, the constant solution is spectrally stable if a(k) > 0
for all £ € R, and unstable otherwise. A direct calculation then shows that the stability of the constant
solution changes in the following two cases:

(i) for < 2 and p* = 1, when a(k) is nonnegative and vanishes for precisely two values k =
++/2 — a # 0 (Turing instability); in the parameter plane (cv, F'?) this occurs along the parabola
of equation F? = (1 — a)? + 1;

(ii) for o > 2 and p* = p4(a), when a(k) is nonnegative and vanishes at k£ = 0 (zero-mode instabil-
ity); in the parameter plane (v, F?) this occurs along the half curve F? = F2 () (see Figure 1.1).

In Figure 1.2 we represent the shape of the largest real eigenvalue A(k) in these two cases, and
in Figure 1.3 we summarize the stability properties of the constant solutions of the Lugiato-Lefever
equation (1.0.1). The properties at the endpoints of the intervals for a,, which are not represented, follow
from continuity arguments. Upon increasing «, at « = /3, p* = 1 becomes an inflection point on
the branch of constant solutions which splits into the two critical points p* = p(a) for a > /3. At
a = 7/4, we have F2 = F(a) and the onset of Turing instability 2 = F moves from the (a, F)-
parameter region where the equation has one constant solution, F? < F?2(a), to the parameter region
where the equation has three constant solutions, F? € (F2 (), F?r (), as o is increased above the value
7/4. At a = 2, we have F? = F?2(«) and the Turing instability reaches the constant solution p (c),
which is now double, and becomes a zero-mode instability for o > 2.

The case of normal dispersion (3 = 1) For a constant solution ¢)* = ;" + 42}, with modulus square
p*, the linear operator A* is given by (1.1.3). Then the sign of the coefficient of &% changes in £*(k) and
in the formula of a(k) in the spectrum of linear operator A*.

A direct calculation then shows that the stability of the constant solution changes in the following
two cases:

(i) for @« > 2 and p* = 1, when a(k) is nonnegative and vanishes for precisely two values k£ =
++/a — 2 # 0 (Turing instability); in the parameter plane (cv, F'?) this occurs along the parabola
of equation F? = (1 — a)? + 1;
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1.2. BIFURCATIONS OF STEADY PERIODIC SOLUTIONS AT THE ONSET OF TURING IN
THE CASE OF ANOMALOUS DISPERSION (8 = —1)

A(k) A({e)

a<2 pt=1 az=2, p*=pi(a)

Figure 1.2 — Shape of the largest eigenvalue \(k) for k close to ++/2 — « in the case of the Turing instability (left
plot) and for & close to 0 in the case of the zero-mode instability (right plot).

(i) for a > /3, p* = p_(«a) along the half curve F> = F2(a) and for v/3 < a < 2, p* = py(a)
along the half curve F2 = F?(a) when a(k) is nonnegative and vanishes at k = 0 (zero-mode
instability) (see Figure 1.1).

This implies a change in the stability properties of the constant solutions, which are summarized in
Figure 1.4 .

Turing and zero-mode regions According to the previous analysis, two types of instabilities occur: a
Turing instability when the largest eigenvalue A(0) < 0 and A\(k) > 0 for some k # 0, and a zero-mode
instability when the largest eignevalue \(0) > 0. The corresponding parameter values are found from
the condition a(k) < 0 and are represented in Figure 1.5. The instability regions are determined by the
values of « and p*, only, the values of the parameter F' and of the solution t)* being obtained from the
equalities (1.1.2).

The curves I'1, 'y, and I'_, which form the boundaries of these two regions, are defined through

NM={a<2 p*=1}, TI'y={a>2, p*"=pi(a)}, (1.1.6)

and
I ={V3<a<?2 p=p(a)}U{a>V3 p"=p_(a)}. (1.1.7)

A constant solution looses its stability upon increasing p* and becomes Turing or zero-mode unstable
when crossing the curves I'y or ', respectively. The instability is fully developed in the open sets
situated between the curves I'; and I'_ (Turing instability region) and the curves I'_ and ' (zero-mode
instability region).

Remark 1.1.5. The three curves I'1, Iy, and I'_ above are precisely the bifurcation curves found in
the local bifurcation analysis of the steady Lugiato-Lefever equation in [9]. In the spatial dynamics
approach from [9], the bifurcation points are the parameter values where the number of purely imaginary
eigenvalues of a certain 4 x 4 matrix changes. It turns out that these purely imaginary eigenvalues are
precisely the values ik with k such that \1 (k) = 0. This property implies that the curves 'y, T'y, and T
correspond to the local bifurcations (iw)?, 0%, and 0% (iw), respectively, studied in [9].

1.2 Bifurcations of steady periodic solutions at the onset of Turing in the
case of anomalous dispersion (8 = —1)

In this section we analyze the Turing bifurcation which occurs for o < 2 and F? = (1 — )2 + 1,
when p* = 1. We fix a < 2 and take as bifurcation parameter F? = FZ + y, with FZ = (1 — a)? + 1
and small p.
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F? F? A(k)
’

; A(E) %k ;
l\ A(k) "
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. k .’ e .
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Figure 1.3 — Stability of constant solutions of the Lugiato-Lefever equation in the case of anomalous dispersion
(8 = —1). Stable branches are represented by solid lines, unstable branches by dashed lines, and we set F? =
(1-a)?+land F} , = a(4 + a?)/8. The shape of the largest eigenvalue A(k) is given at the points where the
solutions loose their stability and for the unstable solutions.

1.2.1 Dynamical system

For F?2 = F? + p, we denote by Y, = Y, + @], and p;, = |77Z);’1|2 the constant solution of the
Lugiato-Lefever equation (1.0.1) and its square modulus, respectively, given by (1.1.2). At u = 0, we
have the constant solution with modulus p§j = 1, at which the Turing instability occurs, and according to
the linear stability analysis in Section 1.1, A = 0 is an eigenvalue of the corresponding linearized operator
A*, with eigenmodes (u(z),v(x)) = e*®(uy, vy.), k = £1/2 — a. We therefore expect bifurcations of
periodic solutions with wavenumbers close to ++/2 — « (see also Remark 1.2.9 below).

We define the linear operator £, by

L — (2 - a)8§ —a+ 3¢:#2 + wqu 27/’;:; %k,u )
w )

245,107, (2— )02 — a+17,” + 3072

and the linear operator A}, by

A= -1+ JLy,.
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Figure 1.4 — Stability of constant solutions of the Lugiato-Lefever equation in the case of normal dispersion
(B = 1), for & > /3 (for & < /3 the unique constant solution is stable). Stable branches are represented by solid
lines, unstable branches by dashed lines, and we set FZ = (1 — «)? + 1 and F§/2 = a(4 + a?)/8. The shape

of the largest eigenvalue A(k) is given at the points where the solutions loose their stability and for the unstable
solutions.

P r_ P I
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Figure 1.5 — Stability of constant solutions in the case of anomalous dispersion. In the («, p*)-plane, the shaded
regions represent the values for which a constant solution with p* = [¢)*|2 is Turing unstable (left plot) and zero-
mode unstable (right plot). The insets show a typical shape of the largest eigenvalue A (k) in these instability
regions.

We also define Ra(-, -, 1) as the bilinear map through

U (Bujug + vive) + W’k (u1v1 + ugvz)
Ra(Ur,Us, ) =

w(uluQ + 3viva) + U (u1v1 + ugv2)

for U; = (uj,v;)T, j = 1,2, and R3 is a trilinear map satisfying

u(u? + v?)
RolU.UD) = o v2)> :

for U = (u,v)”.

For the Lugiato-Lefever equation (1.0.1), look for solutions of the Lugiato-Lefever equation (1.0.1)
close to the branch of constant solutions t;; of the form

(z,t) = ¥, + (u+i)(y, 1), y=v2-auz, (1.2.1)
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with u and v real-valued, 2m-periodic functions in y. The resulting equation is a system for the couple
U = (u,v)T of the form

dU
= AU + F(U 1.2.2
dt 'Ap, ( 7/’1/)7 ( )

in which the nonlinear terms F (U, ) are given by
F(U,p) =T (Re(U, U, 1) + R3(U,U,U)),

As phase-space for the dynamical system (1.2.2) we choose the Hilbert space of 27-periodic, square-
integrable functions X = L?(0,27) x L?(0,27) and we set ) = H?(0,27) x H?(0,2m).

Remark 1.2.1. In the phase-space X, the linear operator AZ is closed with domain Y = H?(0,27) x
H?(0,27), the linear operators J and L}, are skew- and self-adjoint, respectively, and the nonlinear
map F (-, ) is smooth in Y.

The dynamical system (1.2.2) possesses one discrete and one continuous symmetry which will play
an important role in our analysis.

Proposition 1.2.2. The dynamical system (1.2.2) is equivariant under the action of the reflection operator
T and of the translation operators T, defined through

(TU)w) =U(~y), (TU)(y)=Uly+a), yeR, (1.2.3)
i.e., both Ay, and F (-, j1) commute with T and To, for any p.

Proof. As a consequence of the invariance of the Lugiato-Lefever equation (1.0.1) under the reflection
x — —z and under spatial translations z — = + a, a € R. 0

1.2.2 Center manifold reduction
In order to apply the center manifold theorem, we rewrite the dynamical system (1.2.2) in the form

dU

with
g(Ua /J“) =J (Rl(Ua ,U') + R?(Uu Uu /J“) + R?)(Uv Uv U)) )

where R (-, ) is the linear map
Ry(U.p) = (A5~ AU

and J, Ro, Rg3 are defined as above.
We check the three hypotheses of the center manifold theorem [13, Chapter 2, Theorem 3.3].

Lemma 1.2.3. We have that Aj and G in (1.2.4) satisfy the following properties:
(i) Afisin L(Y,X);

(ii) for some k > 2, there exists a neighborhoods Oy C Y and I, C R containing 0 such that
G € C*(Oy x 1,;;¥) and
G(0,0) =0, DyG(0,0) = 0.

Lemma 1.2.4. Consider the spectrum o(Afy) of the operator Af. We have
o(Ap) = 0-(Ap) Uoo(Ap)

where o_(Aj) and oo(Af) have the following properties
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(i) there exists v > 0 such that supy¢, Re(\) < —v

(ii) the set oo(Af) consists of a finite number of eigenvalues with finite algebraic multiplicities.

Proof. The spectrum of Aj is given by:

o(Ap) = {—1i\/1—(2—a)2(n2—1)2, nGZ}. (1.2.5)
Indeed, by the equation (1.1.4), the spectrum of A is given by

oA ={NeCN+2X+a(vV2—an) =0, n € Z}
={M(V2—-an),\2(V2—an), n € Z},

in which
M(V2—an) = —1+\/1—a (V2 —an) and \2(v2 — an) —1—\/1—(1 V2 —an),
where

a(vV/2 —an) = (V2 —an)t —2(2 — a)(vV2 — an)? + (2 — a)?
— (VZ=an)? - (2 ).
Consequently, the spectrum of A is given by
o(Ay) ={ k), \a(k), k=V2—an, neZ}

:{—1:&\/1—(2—a)2(n2—1)2,nEZ}.

The eigenvalues of the operator .Aj have non-positive real parts. As the spectrum of 4 is purely discrete,
we can decompose it into stable and central spectrum

o(Ap) = os(Ap) Uac(Ap), (1.2.6)
where
o_(A5) C {A € C, Re(N) < —v}, oo(Ay) = {0}, and v > 0.

Here, 0 is a semi-simple eigenvalue with associated eigenvectors :

(07

o iy *: (0] —iy
¢ 2—04)6 and ¢ 2—a>e '
O

We define the projection Py on X’ corresponding to the central spectrum o (Af) and we define a
second projection P, on X by P, := 1 — Py. We have that Py : X — Y and P, : X — ). We set
50 = Po(X), Xh = Ph(X) and yh = Ph(y)

Lemma 1.2.5. Assume that Ay and G defined in (1.2.4) satisfy assumptions of Lemma 1.2.3 and 1.2.4. We
define Cyy(R,Y) := {u € C°(R,); ||u|]cn ‘= SUPseRr (e‘”'t‘ ||u|]y) < oo}. Then, for any n € (0,7)
and any f in Cy(R, V), the linear problem

duh

S = A, un+ F(0) (1.2.7)

has a unique solution u, = K, f € Cy(R, V). Furthermore, the linear map Ky, belongs to L(Cy(R, V3,))
and there exists a continuous map q : [0,v] — R such that

I 2@ )y < 4(0)-
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With Lemmas 1.2.3, 1.2.4 and 1.2.5, we apply the center manifold theorem [13, Chapter 2, Theorem
3.3] and we conclude that

Theorem 1. There exists a map U of class C* where k > 2, with
U(0) =0, DY(0) =0,
and a neighborhood O of 0 in Y such that the manifold
M(p)={U€cY : U= A+ A+ V(A A ), AcC},
has the following properties :

(i) Mc(p) is locally invariant, i.e., if U is a solution of (1.2.4) satisfying U(0) € M (u) N O and
U(t) € Oforallt € [0,T], then U(t) € M.(p) forallt € [0, T).

(ii)) M.(n) contains the set of bounded solutions of (1.2.4) staying in O forallt € R, i.e, ifU isa
solution of (1.2.4) satisfying u(t) € O forallt € R, then U(0) € M(u).

1.2.3 Reduced equation

The dynamics on the center manifold is governed by the reduced equation

dA —

in which f is a complex-valued map obtained by inserting the Ansatz
U= AC+ AC + W(A, A, p),

into the dynamical system (1.2.4) and then projecting on the eigenvector (.

This reduced equation captures the qualitative changes which occur in the dynamics of the full system
(1.2.4) at the bifurcation point 4 = 0.

We summarize in the lemma below the properties of the reduced vector field f which are needed in
our bifurcation analysis.

Lemma 1.2.6. For any u sufficiently small, the vector field f in (1.2.8) has the following properties.

(i) The complex-valued map f is of class C* in a neighborhood of 0 in C x C x R, for any arbitrary
but fixed k > 2.

(ii) There exists a real-valued map g of class C*~" defined in a neighborhood of 0 in R? such that
f(A,Z, ,U) = Ag(|A’27/‘)v
for any A sufficiently small.

(iii) The coefficients of the leading order terms in the Taylor expansion of f,

FAA ) = enAp + esoAlAP + O( Al + |A1%), (12.9)
are given by
1 _ AF?(30c — 41)
Cll - (2 _ O[)2, 630 - 9(2 _ O[)2 .
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Proof. (i) This property follows from the fact that the map ¥ provided by the center manifold theorem
is of class C*.

(ii) Recall that the dynamical system (1.2.2) is equivariant under the action of the operators 7 and
Ta, a € R, According to [13, Section 2.3.3], these equivariances are inherited by the reduced equation
(1.2.8), so that f satisfies

FAA ) = f(A A p),  fe“Ae A p) =e"f(A A p),

for any @ € R and A sufficiently small. Applying the result in [13, Chapter 1, Lemma 2.4], the second
equality above implies that f is of the form (1.2.9) with g a complex-valued function, and then from the
first equality above we conclude that g is a real-valued function. This proves the second property.

(iii) We compute the coefficient c;; from the equality

0
70,010 = M(n), (12.10)

in which A\;(u) is the continuation of the eigenvalue 0 of the operator A*° for small s, i.e., A1 () is
the largest eigenvalue of A** (e.g., see [13, Chapter 2, Exercise 3.5]). According to the linear stability
analysis in Section 1.1, A; () is a double eigenvalue and it is the largest root of the polynomial

M 4+2X +a,(V2 —a) =0, (1.2.11)
in which
a(V2—a)=(2—a)*+2(a— 20,,)(2 —a) + o? — dapy, + Sp;f +1= 3,022 —8p,, +5.

Differentiating (1.2.10) with respect to p and taking ¢ = 0 we find

_dn
c11 = dp (0).

The right hand side in this equation can be computed from (A.1.1), and after some elementary calcula-
tions we find the formula of the coefficient ¢q1 in (iii).

For the computation of the coefficient c3g, we may set © = 0 in the following calculations. Inserting
the Taylor expansion of the reduction function W,

‘IJ(A,Z, 0) = \1’20A2 + \I’llAZ + EQOZQ + \1130A3 + \P21A2Z + @211422 + @3023 + (’)(|14|4)7

in the system (1.2.4), for = 0, and collecting successively the terms of orders O(A?), O(AA), and
O(A%A) we obtain the equalities

0 = AS\I’ZO + jR2(<7<70)7
0 = AS\Illl + 2jR2(CaZ> O)a
c30¢ = Ag¥a +J (2732(C, U11,0) + 2Ra(C, ¥ap, 0) + 3733(@@6)) :

Solving the first two linear equations we obtain

2 6 + 4o — 302 ) sy gy, = A a? -2 ) |

V20 = 92—a)? 2(5-3a)(2-a) 2—a)? —20-a)2-a)

and by taking the scalar product of the third equality with an eigenvector (¢ in the kernel of the adjoint
operator (A})% satisfying <( , gad> #£ 0, we obtain

C30 = <<’2ad> <j (2732({, U11) + 2R2(C, Uao) + 3R3(C, Cf)) aCad> .
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We may slightly simplify the computation of the coefficient c3q by taking ¢?¢ = 7 (s, so that

c30 = @ <2R2(C, W11) + 2Ra(C, Uao) + 3R3(C7C76)7C2> ;
and observing that
A0C2 = —2(s. (1.2.12)
Indeed, since J and L}, are skew- and self-adjoint operators, respectively, and 72 = —I, we have that

0= (A (TC) = ~(I+ LET)NT ) = —T (I + TL§)Ge = —T (2L + A5 )Ca,

which implies (1.2.12). Then a direct calculation gives

CQ = ‘- 2) eiy,

(67

which together with the expressions of (, ¥11, and Wy gives the formula for csg in (iii), and completes
the proof of the lemma. [

1.2.4 Steady bifurcation with O(2) symmetry

The properties of the reduced vector field f in Lemma 1.2.6 show that for the reduced system (1.2.8)
a steady bifurcation with O(2) symmetry occurs at . = 0, provided c39p # 0 (e.g., see [13, Section
1.2.4]). This bifurcation can be easily studied using polar coordinates A = re?, in which the system
decouples

dr

g~ cupr + esor® + O(r(|uf® +74)),
do

@Y

The second equation implies that the angle variable 6 is always constant, and the first equation shows
a pitchfork bifurcation for the radial variable r. This bifurcation is supercritical when c3y < 0 and
subcritical when c39 > 0. For the reduced system (1.2.8) we obtain the following result (see also
Figure 2.1).

Proposition 1.2.7. Consider the Lugiato-Lefever equation (1.0.1) in the case = —1 of anomalous
dispersion. Assume that o < 2, a # 41/30, and F? = F? + pi. Then the reduced system (1.2.8)
undergoes a steady bifurcation with O(2) symmetry at 1 = 0. The bifurcation is supercritical when
a < 41/30, and subcritical when o > 41/30. More precisely, the following properties hold in a
neighborhood of 0 in C, for u sufficiently small.

(i) If « < 41/30 and pu < 0, then the reduced equation possesses a unique equilibrium A = 0 which
is stable.

(ii) If « < 41/30 and p > 0, then the reduced equation possesses the unstable equilibrium A = 0 and
a circle of stable equilibria A, (¢p) = ruei‘z’, for ¢ € R/27Z, which surrounds this equilibrium.

(iii) If « > 41/30 and p < 0, then the reduced equation possesses the stable equilibrium A = 0 and a
circle of unstable equilibria A, (¢) = 1,€'®, for ¢ € R/2nZ, which surrounds this equilibrium.

(iv) If « > 41/30 and > 0, then the reduced equation possesses a unique equilibrium A = 0 which
is unstable.
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K

o < 41/30, < 0] la < 41/30, > 0] la>41/30, p < 0] la>41/30, > 0]

Figure 2.1 — Phase portraits in the A-plane of the reduced system (1.2.8).

In the cases (ii) and (iii) we have

3

= V24 0(|ul).
"u = S - s0apz M+ OURD

This proposition is obtained by applying theorem [13, Chapter 1, Theorem 2.18].

Theorem 2. In cases o < 41/30 and > 0 or a« > 41/30 and p < 0, the Lugiato-Lefever equation
(1.0.1) possesses a family of periodic stationary solutions in x, in which there is an even periodic solution
with Taylor expansion

. Sa+i2—a)) 1/2
W)= 5+ AT 30a]1/2 cos(vV2 —ax) |u'? + O(|u)), (1.2.13)

in Hper (TN )-norm. Other solutions are obtained as translations in x of this even periodic solution.

Proof. Going back to the Lugiato-Lefever equation (1.0.1), the equilibrium A = 0 of the reduced equa-
tion gives the constant solution 1%, whereas the circle of nontrivial equilibria A,(¢) = r,e corre-
sponds to a family of periodic stationary solutions in 2. The positive solution A4,,(0) = r, gives an
even periodic solution of the Lugiato-Lefever equation (1.0.1), with Taylor expansion (1.2.13) and, since
the rotation invariance of the reduced system (1.2.8) is inherited from the translation invariance of the
Lugiato-Lefever equation (1.0.1), the other equilibria on the circle correspond to translations in x of this
even periodic solution. O

Remark 1.2.8. The local bifurcation in Proposition 1.2.7 is known in the physics literature as a pitch-
fork bifurcation, which is indeed the bifurcation obtained when restricting this bifurcation analysis to
solutions of the Lugiato-Lefever equation which are even in x. The case o = 41/30, when the coefficient
c3o vanishes, has been analyzed in [22].

Remark 1.2.9. The periodic stationary solutions found in this section have wavenumbers \/2 — a. This
bifurcation analysis can be extended to include periodic solutions with wavenumbers k close to /2 — «,
by taking y = kz in (1.2.1) and performing the reduction procedure with two parameters, k close to
V2 — a and p small. The resulting reduced system will have the same form (1.2.8), with the difference
that the vector field f will depend upon the additional small parameter € = k — \/2 — o. However the
properties of f will be similar to the ones in Lemma 1.2.6 and the reduced dynamics can be studied in
the same way.

Remark 1.2.10. The local bifurcations induced by the zero-mode instability of the constant solutions
found in Section 1.1 can be analyzed using the same approach as in this section. Focusing on parameter
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values close to zero-mode instability, the Lugiato-Lefever equation is written as a dynamical system of
the form (1.2.2) in the same way, and we may take as phase space L?(0, L) x L*(0, L), for any arbitrary,
but fixed L, hence considering functions which are L-periodic in the spatial variable x. With this choice,
the corresponding linear operator has purely point spectrum, again, which lies in the open left half
complex plane, except for O which is now a simple eigenvalue. Applying the center manifold theorem, we
obtain a one-dimensional manifold on which the dynamics is governed by a scalar ordinary differential
equation. However, since the eigenvector associated with the simple eigenvalue 0 is a constant function,
and since the subspace of constant functions is invariant for the dynamics of (1.2.2), the center manifold
lies in this subspace and the only bifurcating solutions found in this way are the constant solutions of
(1.0.1). We point out that in this approach we cannot replace the phase space L*(0, L) x L*(0,L) by a
space of functions defined on the real line, e.g., L>(R) x L?(R), because with such a choice the linear
operator A§ has continuous spectrum and no spectral gap allowing to use the center manifold reduction.

1.3 Bifurcations of steady periodic solutions in the Turing and zero-mode
instability regions in the case of anomalous dispersion (8 = —1)

In this section we study the bifurcations of steady periodic solutions which occur in the Turing and
zero-mode instability regions defined in Section 1.1.

1.3.1 Bifurcation analysis

We assume that the instabilities are fully developed, so that the boundaries I';, 'y, and I'_ are
excluded from the analysis. We follow the approach used in Section 1.2 for the analysis of the onset of
Turing instability, i.e., for parameter values («, p*) € T'y.

Dynamical system and choice of parameters

For (o, p*) in either the Turing instability region, or the zero-mode instability region, we denote by
F, the corresponding value of the parameter F' given by (1.1.2), and take F’ as bifurcation parameter by
setting F'2 = F2 + p1, with small .
In this section, the linearized operator around a constant solution 1), of Lugiato-Lefever (1.0.1) is
AZ = I+ JL;, with
* 2 * 2 * )%
* _ kfag —a+ 3¢r,u, + Im 2wrpwiu >
" 205,05, K202 — a+ 7, + 3¢5,

For the Lugiato-Lefever equation (1.0.1), we look for spatially periodic solutions with wavelength
ks« > 0 of the form

(@,t) =¥, + (u+w)(y,t), y=k, (1.3.1)
where ¢, = ¢y, + 1)}, is the constant solution given by (1.1.2) for F? = F2 + y, and the functions u

and v are real-valued and 27-periodic in y. Inserting (1.3.1) into (1.0.1) we obtain a system of the form

(1.2.2)

v,
— = AU+ F(U,p),

for U = (u,v)” and F(U, i) is a nonlinear map,

FU,p) =T (Ro(U, U, 1) + R3(U, U, U)) .

We recall that the operator AJ, is a closed linear operator with domain ). Moreover, J and L}, are
respectively skew- and self-adjoint operators and F (-, ) : ) — Y is a smooth map.
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In this setting, we look for wavelengths k. such that ¢ = 0 is a bifurcation point for the dynamical
system (1.2.2). These bifurcation points are determined by the spectrum of the linear operator Aj, at
©w=0.

We define the quantities ky,ax and ki, by

Cax =20 —a+/p2—1 (1.3.2)

L2
and
K2 =2p" —a—/p2— 1 (1.3.3)
Proposition 1.3.1. Let k. be kpax or kmin. The spectrum of the operator Aj is given by
o(Ap) = {Ai(nky), Xa(nky), n € Z},
where \1(nk) and \o(nk.) are the two roots of the quadratic polynomial

M 42X + a(nk,) = 0,

where a is defined by (1.1.5).

Moreover, for (o, p*) in the Turing instability region, kmin < kmax are the only two values satisfying
A (kmin) = A1 (kmax) = 0, whereas in the zero-mode instability region, kmax is the only positive value
such that A\ (kmax) = 0.

Proof. Since the domain ) of AZ is compactly embedded in X', the operator has compact resolvent and
therefore pure point spectrum consisting of isolated eigenvalues. Consequently, ;4 = 0 is a bifurcation
point if the operator .Aj possesses purely imaginary eigenvalues. Upon comparing .4; with the operator
A* given by (1.1.3) in Section 1.1, and taking into account the fact that the phase-space X consists of 27-
periodic functions, we find that the eigenvalues of Af, can be computed from the formula in Proposition
1.1.3 by taking k = nk,, n € Z, so that

o(A3) = {Mi(nky), Na(nk,), n € Z}.

With the notations from Section 1.1, Re(A1(k)) > —1 if and only if A;(k) is real, so that 4 = 0
is a bifurcation point when A\ (nk,) = 0, for some n € Z. Without loss of generality we may assume
n = 1, otherwise we may replace k, by nk,. Taking into account the shape of A;(k) (see the insets in
Figure 1.5), for (o, p*) in the Turing instability region there are precisely two positive values k1 < ko
such that A\ (k1) = A1 (k2) = 0, whereas in the zero-mode instability region there is only one positive
value k2 such that A;(k2) = 0. We can compute these values from the condition a(k) = 0, which is
equivalent to A1 (k) = 0, and solving this equation, we find k1 = kpyin and k2 = kpax. O

Notice that k2, vanishes precisely along the curve I', whereas k2, vanishes along the curve I'_.

In the next two subsections we study separately the bifurcations obtained for wavelengths k. = kpax
and k, = knin.

Periodic solutions with wavelengths k.«

For («, p*) fixed in either the Turing instability region, or the zero-mode instability region, we take
k* = kmax-
Following the approach in Section 1.2, we rewrite the system (1.2.2) in the form (1.2.4)

au

E = 'AOU + g(U,/.L),
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in which
g(U7 M) =J (Rl(Ua ,U,) + RQ(Uv Ua M) + R3(U7 U7 U)) )

where R (-, 1) = L’Z — L§and J, Ra, R3 are defined as before.
We start by checking hypothesis in order to apply the center manifold theorem [13, Chapter 2, The-
orem 3.3]

Lemma 1.3.2. We have the spectral decomposition

o(Ap) = os(Ap) Uoc(Ap) Uou(Ap), (1.3.4)
with
oc(Ap) = {0}, o5(Af) Uau(Ay) C {A € C; |ReA| > d},

for some § > 0, and 0, (Ajy) = & in the Turing instability region. Moreover, 0 is a double semi-simple
eigenvalue with associated eigenvectors ¢ and (,

(7~ VPP T+ W))

C:
20" —a—/p2—1

(1.3.5)

Proof. We have A1 (kmax) = 0, so that 0 is an eigenvalue of .4j, and the results in Section 1.1 imply that
all other eigenvalues in the spectrum o (.Afj) are either negative, or have negative real part equal to —1,
in the Turing instability region, and that there exist an additional positive eigenvalue, with Fourier mode
n = 0, in the zero-mode instability region.

O

Lemma 1.3.2 allow us to apply the center manifold theorem [13, Chapter 2, Theorem 3.3]:
Theorem 3. The dynamical system (1.2.4) possesses a two-dimensional center manifold,
M(u) = {U €V U= AC+ AC + W(A, A, ), A€ C},

which contains all sufficiently small bounded solutions of (1.2.4), for any i sufficiently small. Here VU is
a map of class C*, for any arbitrary but fixed k > 3, defined in a neighborhood of 0 in C x C x R, where
Cx C={(A,A); A€ C}, and taking values in the spectral subspace X}, associated to the union of
the stable and unstable spectra os(Aj) U 0, (Af) of the operator Aj.

The dynamics on the center manifold M. () is described by the reduced equation (1.2.8)

% = f(A,Z, M)a

in which f is a complex-valued map obtained by inserting the Ansatz
U=AC+ A+ V(A A p),
into the dynamical system (1.2.4) and then projecting on the eigenvector (.
Lemma 1.3.3. The vector field f has the Taylor expansion (1.2.9)
F(AA, 1) = etipA + cso A2 + O(A|(|ul? + |A[Y).

The signs of the two real coefficients c11 and c3g determine the dynamics on the center manifold. As-
suming that both coefficients c11 and c3g are nonzero, the reduced system (1.2.8) undergoes a steady
bifurcation with O(2) symmetry at . = 0, which is supercritical when c3y < 0 and subcritical when
c30 > 0. More precisely, we have the following properties (see also [13, Section 1.2.4]):
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(i) If csoc11pe > 0, then the reduced equation possesses a unique equilibrium A = 0 which is stable
when c3y < 0, and unstable when c3g > 0.

(it) If cspciip < O, then the reduced equation possesses the equilibrium A = 0 which is unstable
when c3g < 0, and stable when csg > 0, and a circle of nontrivial equilibria with opposite
stability, A,(¢) = rue'®, for ¢ € R/27Z.

Proof. The symmetries (1.2.3) of the dynamical system (1.2.2) are inherited by the reduced system
(1.2.8) which is O(2)-equivariant (see section 1.2 for more details). As a consequence, the vector field f
in (1.2.8) is of the form

f(szv N) = Ag(|A’27N)7

where g is a real-valued map of class C*~! defined in a neighborhood of 0 in R?, and has the Taylor
expansion (1.2.9)
FIA A p) = cripA + cso AJAP + O(JA|(ul? + A1)

In contrast to Section 1.2, the computation of these coefficients is much more involved here. We sum-
marize these computations in this proof.
According to section 1.2, the coefficient c¢;; can be computed from the formula

L
1= il

(0),

where \.(p) is the eigenvalue of the operator A}, which is the continuation of the eigenvalue 0 of the
operator Aj, for small 4. The results in Section 1.1 imply that A, (x) is the largest root of the polynomial

AN+ 2\ +ay (k) =0, (1.3.6)
in which
au (k) = kb + 2(a — 207 k2 + o — dap], + 3p}° + 1.
Upon differentiating (A.1.1) with respect to p and taking p = 0, after some elementary calculations, we

obtain )
= 5 a (p* +2¢/p*? — 1) , (1.3.7)

max'Vmin

According to section 1.2, the coefficient c3y can be computed from the formula
1

€30 = 7=

(¢, TG)

in which ¢ and ¢ are eigenvectors of A associated to the eigenvalues 0 and —2, respectively, and the
vectors W11 and Wy are solutions of the linear equations:

<2R2(C7 \Illla O) =+ 2R2 (Za \IIQOa 0) + 3R3(Ca QE)’ C2> ;

AS\Ijll = _2\772’2((727 0)7 AS‘PQO = _jRQ(g, C? O)

The eigenvector ( is given by (1.3.5), a direct calculation gives

(o = (" = Vp? = 1)(2p" —a+ /p*? — U) o
? —at+ /P21 ‘

and a symbolic computation using Maple gives

4F, U1
Wy ) ;

k2, k2 V11

max "Vmin
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in which

U] = p2 — a +(2p"\/p —2p* +2
vt = (pfy/pr2—1—p? = 1)’

"“‘ﬁ—ﬂ +3ﬂ\h
upo = \/T—l— Ja? — 2(p \/7
p*2—1+p*3+5\/7—1+5p,
vo = —3(p*\/0*27——0*2—
—|—2(3p*2\/p*27—1—3p*3 \/71—8p
—3p*3\/,<ﬁ+3p*4+3p \/71+12p +5,

and then the formula for the coefficient c3g,

2F2(p* —\/p2 — 1
c30 = 5 (" p ) —— (1.3.8)
kmax kmm( (2P - Oé + 15 vV P
where
Gyo = —2T\/p*2 =102 +3(4p*\/p*2 — 1 — 25p*% 4+ 5)a? (1.3.9)
+(345p* %/ p*2 — 1 + 438" — 674/p*2 — 1 — 236p" )
—330p"%\/p*2 — 1 — 363p** + 144p*? 4 55.
O
Proposition 1.3.4. Consider the Lugiato-Lefever equation (1.0.1) in the case = —1 of anomalous

dispersion. Assume that V" is a constant solution of (1.0.1) with square modulus p*, for parameter
values o and F,. If («, p*) belongs to either the Turing instability region, or the zero-mode instability
region, as defined in Section 1.1, and does not belong to the curve T'so, then for F? = F2 + 1 and
ki« = kmax the dynamical system (1.2.2) undergoes a steady bifurcation with O(2) symmetry at {1 = 0,

and the following properties hold.

(i) If (a, p*) belongs to the open set situated to the left of the curve I'sg in the Turing instability
region, then the coefficients of the reduced equation (1.2.8) satisfy c11 > 0 and c3g < 0, so that
the bifurcation is supercritical and the reduced equation possesses a circle of stable nontrivial

equilibria, A,(¢) = r,e'®, ¢ € R/27Z, for any sufficiently small p > 0.

(ii) If («, p*) belongs to the open set situated to the right of the curve Uy in the Turing instability
region, then the coefficients of the reduced equation (1.2.8) satisfy c11 > 0 and c30 > 0, so that
the bifurcation is subcritical and the reduced equation possesses a circle of unstable nontrivial

equilibria, A,(¢) = r,e'®, ¢ € R/27Z, for any sufficiently small p < 0.
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Figure 3.1 — Bifurcations of steady periodic solutions in the case of anomalous dispersion. In the («, p*)-plane,
the bifurcation is supercritical (c3g < 0) in the lighter shaded regions (light blue online) and subcritical (c3g > 0)
in the darker shaded regions (navy blue online). In the case k. = kmin, We also represent the curves I',,, for
n = 2, 3,4, along which resonances occur, and the line p* = 2/+/3 along which ¢;; changes sign.

(iii) If (c, p*) belongs to the zero-mode instability region, then the coefficients of the reduced equation
(1.2.8) satisfy c11 < 0 and c3g < 0, so that the bifurcation is supercritical and the reduced
equation possesses a circle of stable nontrivial equilibria, A, (¢) = ruew’, ¢ € R/27Z, for any
sufficiently small . < 0.

Proof. From the formulas (A.1.2) and (A.2.1) we conclude that both coefficients change sign when
crossing the boundary I' _ between the two instability regions, where k2. vanishes, and in addition c3g
changes sign when crossing the curve ['3y with cartesian equation ¢3y = 0, where ¢35 is given by (A.2.2).
The curve I'sg lies inside the Turing instability region, starting at the point («, p*) = (41/30,1) and
being asymptotic to I'_, as o — oo (see Figure 3.1a). Taking into account the signs of the coefficients
c11 and c3g in the different parameter regions, from the properties (i) and (ii) of Lemma 1.3.3 above we

obtain the result. OJ

Theorem 4. Going back to the Lugiato-Lefever equation (1.0.1), the circle of nontrivial equilibria
Au(o) = me“ZS corresponds to a family of steady periodic solutions in x with wavelengths k.. The
positive equilibrium A, (0) = r,, gives an even periodic solution of the Lugiato-Lefever equation (1.0.1),
with Taylor expansion (3.2.7)

u(fE) = "+ 1co8(kmax ) ‘N’lﬂ + O(|pl),
in which

1/2
C11 /

€30

1= ((p*— p? = D(a+/p? = 1) +i(2p" —a — p*2—1)> ,
whereas the other equilibria on the circle correspond to translations in x of this even periodic solution.
Notice that this latter property is a consequence of the translation invariance of the Lugiato-Lefever
equation (1.0.1). This invariance is inherited by the reduced system (1.2.8) which is equivariant under
rotations of A.

1.3.2 Periodic solutions with wavelengths k,;,,

We consider now («, p*) in the Turing instability region and take k. = k. In this case, 0 is an
eigenvalue of \Afj, but in contrast to the case k. = kmax above, its algebraic multiplicity is not always
two.

We have kmin < kmax thus we have three cases for the decomposition of the spectrum of Aj:
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(i) if there exists n > 2 such that kpax = nkmin, then 0 is a quadruple eigenvalue of Aj and o (Af) C
{N € C; Re(A < 0} U{0} U {1 (jkmin)s A (—kmin), § € [25n — 1]}

(ii) if for all n > 2, kmax 7# nkmin and there exists n > 2 such that kyax > Nkmin, then 0 is double
eigenvalue of Aj and o (Af) C {\ € C; Re(A < 0}U{0}U{ A1 (jkmin)s A1 (—jkmin), 7 € [2;7]};

(i) if for all n > 2, kmax < Nkmin, then 0 is double eigenvalue of Aj and o (Af) C {A € C; Re(A <
0} U {0} (there is no unstable spectrum).

In the case (i), resonances occur for parameter values for which the two values kyin < Kkmax are such
that kax = nkmin, for some n € N, n > 2. Then A\ (nkmin) = 0 and 0 is a quadruple eigenvalue of Ajj,
with two additional eigenvectors in the Fourier mode n. We exclude these resonances from our analysis,
since they lead to a four-dimensional, instead of a two-dimensional, reduced system which requires a
different bifurcation analysis. For n € N, n > 2, we define I';, the curve with cartesian equation

. ni+l
a=2p —nQ_ly/p“—l. (1.3.10)

Remark 1.3.5. A direct calculation shows that a resonance ky,x = nkmin, 1 = 2, occurs when

2
., no+1
a=2p —nQ_ly/p*Q—l. (1.3.11)

This equality is the cartesian equation of a curve Ty, in the («, p*)-plane, which starts at (o, p*) = (2,1)
and lies in the Turing instability region. The curves I's, I's, and 'y are represented in Figure 3.1b. As n
increases, the curves I',, move to the right in the (o, p*)-plane and accumulate at T'_, as n — oc.

Assuming that («, p*) does not belong to any of the curves I';,, n > 2, the eigenvalue 0 of Aj is
double and semi-simple with associated eigenvectors ¢ and ¢ given by

(r"+vVp?=1(a—Vp*?-1) Jiv
20 —a+ /p2 -1 .

Furthermore, the spectral decomposition (1.3.4) holds, and o, (\Af) is empty for (v, p*) in the open set
situated to the left of the curve I's, and above I';, and contains precisely n — 1 positive eigenvalues,
M (Gkmin), 7 = 2,...,n, for (o, p*) in the open set between two consecutive curves I';, and T4,
n > 2.

Following the arguments used in the case k. = kpax, We obtain a reduced system of the same
form (1.2.8), in which the coefficients c;; and c3g in the Taylor expansion (1.2.9) of f are given by
the equalities (A.1.3) and (A.2.3), respectively, in Appendix A. In this case, the coefficient c1; vanishes
when p* = 2/ V/3, the coefficient c3 is not defined along the curve I'; and vanishes along the curve I'3g
with cartesian equation c3g = 0, where ¢3g is given by (A.2.4), and both coefficients change sign when
crossing one of the curves where they vanish or are not defined. It is now straightforward to obtain the
following result, similar to the one in Theorem 1.3.4.

¢ = (1.3.12)

Proposition 1.3.6. Consider the Lugiato-Lefever equation (1.0.1) in the case f = —1 of anomalous
dispersion. Assume that V" is a constant solution of (1.0.1) with square modulus p*, for parameter
values « and F. If (a, p*) belongs to the Turing instability region and does not belong to any of the
curves I'y, n = 2, I'sg, and p* = 2/ V'3, then for F 2 = Ff + wand ky = kyin the dynamical system
(1.2.2) undergoes a steady bifurcation with O(2) symmetry at |1 = 0, and the following properties hold.

(i) If (cv, p*) belongs to the lighter shaded regions in Figure 3.1b and p* < 2/+/3, then c11 > 0 and
c3o < 0, so that the bifurcation is supercritical and the reduced equation possesses a circle of
stable nontrivial equilibria, A,(¢) = r,e'®, ¢ € R/2n7Z, for any sufficiently small ju > 0.
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(ii) If (v, p*) belongs to the lighter shaded regions in Figure 3.1b and p* > 2//3, then c11 < 0 and
c3o < 0, so that the bifurcation is supercritical and the reduced equation possesses a circle of
stable nontrivial equilibria, A,(¢) = rue'®, ¢ € R/2nZ, for any sufficiently small y < 0.

(iii) If (c, p*) belongs to the darker shaded regions in Figure 3.1b and p* < 2/+/3, then c11 > 0
and c3g > 0, so that the bifurcation is subcritical and the reduced equation possesses a circle of
unstable nontrivial equilibria, A, (¢) = Tuei‘b, ¢ € R/2nZ, for any sufficiently small i < 0.

(iv) If (v, p*) belongs to the darker shaded regions in Figure 3.1b and p* > 2/+/3, then c11 < 0
and c3g > 0, so that the bifurcation is subcritical and the reduced equation possesses a circle of
unstable nontrivial equilibria, A, (¢) = r“eid’, ¢ € R/27Z, for any sufficiently small pn > 0.

Theorem 5. Going back to the Lugiato-Lefever equation (1.0.1), the positive equilibrium A, (0) = r,
gives an even periodic solution of the Lugiato-Lefever equation (1.0.1), with Taylor expansion

w(@) = "+ 1cos(kmin ) [p'* + O(|nl), (1.3.13)
in which
1/2
= ((p* + o = D —/p? = 1) +i(2p" — a+/p*? — 1)> ?
30

whereas the other equilibria on the circle correspond to translations in x of this even periodic solution.

1.4 The case of normal dispersion (3 = 1)

1.4.1 Bifurcations of steady periodic solutions at the onset of Turing instability

As in Section 1.3.1, we consider the onset of Turing instability which occurs in this case for o > 2,
but the same values p* = 1 and F = F}, F? = (1—a)?+ 1. We fix a > 2, take as bifurcation parameter
F? = F? + p, and denote by Yy, = ¢y, + i}, and pj, = \szP the corresponding constant solution of
the Lugiato-Lefever equation (1.0.1) and its square modulus, respectively, given by (1.1.2).

In this case, the Turing instability occurs for modes kK = ++/a — 2. We therefore look for solutions
of the Lugiato-Lefever equation (1.0.1) close to the branch of constant solutions ¢, of the form

(z,t) =, + (u+iv)(y,t), y=+Va-—2um.

Inserting this Ansatz into the Lugiato-Lefever equation (1.0.1) we obtain exactly the same equation
(1.2.2) as in the case of anomalous dispersion. Since the constant solutions are the same in the two cases,
the only difference could occur for the coefficient of the term 85 in the formula of the linear operator
L}, Butsince y = /o — 2 in this case, instead of y = /2 — a z in the case of anomalous dispersion,
this coefficient is also the same. Consequently, all arguments, including computations, in Section 1.3.1
remain valid, with the only difference that now « > 2. This implies that in this case the reduced system
(1.2.8) undergoes a subcritical steady bifurcation with O(2) symmetry with the properties (iii) and (iv)
in Theorem 30.

Proposition 1.4.1. Consider the Lugiato-Lefever equation (1.0.1) in the case § = 1 of normal disper-
sion. Assume that o > 2 and F? = F12 + 1, F12 =(1- a)2 + 1. Then,the reduced system (1.2.8)
undergoes a subcritical steady bifurcation with O(2) symmetry. More precisely, the following properties
hold in a neighborhood of 0 in C, for i sufficiently small:

(i) For any . < 0, then the reduced equation (1.2.8) possesses the stable equilibrium A = 0 and a
circle of unstable equilibria, A,(¢) = rﬂeid’, for ¢ € R/27Z, which surrounds this equilibrium.

(ii) For any p < 0, then the reduced equation (1.2.8) possesses a unique equilibrium A = 0 which is
unstable.
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1.4.2 Bifurcations of steady periodic solutions in the Turing instability region

As in the case of anomalous dispersion, in the Turing instability region we expect bifurcations of
steagy periodic s~oluti0ns with wavelengths k, = Emin and k, = %max, where Emin < %max are such that
A1 (kmin) = A1 (kmax) = 0, whereas in the zero-mode instability region we expect bifurcations of steady
periodic solutions with wavelengths k, = kmax. Since the difference between the formulas of a(k) in
the two cases is only a change of the sign of the coefficient of k2, we find that

%121121)( = _k?ninv %Ignin = _k?naxv
where k. and ki, are the wavelengths given by (1.3.2) and (1.3.3), respectively. Together with the
fact that in the Lugiato-Lefever equation (1.0.1) the difference between the two cases of normal and
anomalous dispersion is the sign of 3, this implies that the dynamical systems found for k., = kpax
and ky = Kmin in the case of normal dispersion are precisely the ones found in the case of anomalous
dispersion for k., = kpnin and k. = kmax, respectively. As a consequence, the calculations are the
same as the ones in Sections 1.3.1, with the only difference that («, p*) belongs to a different parameter
region in the case of the Turing instability. We do not give the precise statements of the analogue of
Theorems 1.3.4 in this case, but only summarize the results in Figure 3.1 in the next section, with stability

results.
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Chapter 2

Spectral stability of periodic waves for the
Lugiato-Lefever equation

In this chapter, we present a spectral stability study of stationary solutions for the Lugiato-Lefever
equation. We analyze spectral stability of these waves with respect to sub-harmonic and localized per-
turbations, at the onset of Turing instability and in the Turing instability and zero-mode regions.

2.1 Onset of Turing instability

In this section, we study the spectral stability with respect to localized, or bounded, perturbations of
the periodic solutions found in Section 1.3.1 at the onset of Turing instability. The bifurcation result in
Proposition 1.2.7 implies that the periodic solutions found for av < 41/30 (supercritical bifurcation) are
stable, whereas those found for oz > 41/30 (subcritical bifurcation) are unstable, for perturbations which
belong to the space ), i.e., for co-periodic perturbations. In particular, this implies that, for perturbations
which are bounded or localized, the solutions found for « > 41/30 are also unstable, but leaves open the
question of stability of the solutions found for o < 41/30.

Linearized problem and Bloch operators

Consider the even periodic solution 1), () given by (1.2.13), fora < 2, F 2 = F2 + p1, and p sufficiently
small as given in Proposition 1.2.7. As for the bifurcation analysis, it is more convenient to work with
2m-periodic functions, and replace x by y = /2 — « x. Linearizing the Lugiato-Lefever equation (1.0.1)
at ¢, (), and using the variable y instead of x, we obtain the linearized equation

av

pr =A,V, (2.1.1)
where A, is the linear operator
A, =-1+TL,,
the operator 7 is defined as before, and
e (2— )9y —a+ 342, (y) + i, (y) 207 ()i () )
21 (Y) i (y) (2= )02 — o+ 92, (y) + 302, (y))

in which v, () and 1;,, (y) represent the real and imaginary parts, respectively, of the periodic solution.
According to the formula (1.2.13), we have the expansions

() = 54 et cos(y) |ul? + O(|ul),

iwn(y) = T+ (2—a)yrcos(y) [u'? + O(|ul),
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where v and 1) are the real and imaginary parts, respectively, of the constant solution v, and {1 =
3/Fy|41 — 30|*/2. The linear operator A, is closed in both the Hilbert space L?(R) x L?(R) and in the
Banach space C,(R) x Cy(R), with dense domains H?(R) x H?(R) and CZ(R) x CZ(R), respectively.
We recall that the space L?(R) x L?(R) corresponds to localized perturbations of the periodic wave and
the space C,(R) x Cp(R) to bounded perturbations.

In contrast to the operator A" in Section 1.1 which has constant coefficients, the linear operator A,
is a differential operator with 27-periodic coefficients. We decompose the spectrum of the operator A4,
as follow:

Proposition 2.1.1. We have that

U(-Au) = U U(A%u)
ve(=1/2,1/2]
with A, , = =1+ J L ,, where
o (2—a)(@y +iv)? —a+ 302, (y) + ¥7,(y) 200 () i (y) )
e 20, (y) Vi () (2= )0y +1i7)* — a+ P2, (y) + 302, (y))

For the analysis of its spectrum, we use a Floquet-Bloch decomposition, instead of Fourier analysis,
which shows that its spectrum is the same in both spaces above, and that it is given by the union of the
spectra of the Bloch operators,

Ay =—1+TLy,, (2.1.2)

acting in L*(0,2m) x L*(0,2m) with domain the subspace of 27-periodic functions HZ2,.(0,2m) x

ngr(o, 2m), for v € (—1/2,1/2] (e.g., see [12, 17]). The difference between the spectrum of the
operator A, when acting in L?(R) x L?(R) or in Cp(R) x Cy(R) is that it is purely essential spectrum
in L2(R) x L%(R) and continuous purely point spectrum in Cy(IR) x Cj(R). In contrast, since the oper-
ators A, , have compactly embedded domain, their resolvent is a compact operator, and therefore their
spectrum is purely point spectrum consisting of isolated eigenvalues with finite algebraic multiplicities.

Our goal now is to determine the spectra of the Bloch operators A, ,, for v € (—1/2,1/2] and p

sufficiently small.

Remark 2.1.2. Notice that the spectrum o (A, ;) of A, ,, is symmetric with respect to the line Re \ = —1
in the complex plane, just as the one of the operator A* in Section 1.1, since J and L., ,, are skew- and
self-adjoint operators as in the Remark 1.2.1, respectively. In addition, the equalities

A=A, AT =TA_, ., (2.1.3)

where the operator T in the last equality is the reflection operator defined in (1.2.3), imply that

o(Ayp) = o(Aq ) = o(Ay ).

Spectral analysis of the Bloch operators

We analyze the spectra of the operators A, , in two steps, first for values of v outside a fixed, but
arbitrary, neighborhood of 0 (Lemma 2.1.3), and then for small v (Lemma 2.1.4).

Lemma 2.1.3. For any v; € (0,1/2), there exist positive constants 111 and 1, such that the spectrum of
A, . satisfies
o(Ayu) C{AeC @ Red < =01},

Jorany y € (=1/2,1/2], |y| > y1 and |p| < pa.
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Proof. We use a perturbation argument in which we regard the operator A, ,, as a small perturbation
of the operator A, o, which has constant coefficients. The spectrum of A,  is easily obtained from the
linear stability analysis in Section 1.1, in which we restrict to the Fourier modes k = /2 — a (n + ),
so that

o(Ayp) = {)\i(n,fy) =-1+ \/1 —(2=—a)2(n+7)2-1)2, ne Z} . (2.1.4)

The results in Section 1.1 also show that the two eigenvalues A4 (n, ) are either negative or have negative
real parts except for the eigenvalues A (+1, 0) which vanish. Consequently, for any v, € (0,1/2), there
exists dg > 0, such that the spectrum of A, ( satisfies

0(Ayo) C{AeC : ReA < —dp}, (2.1.5)

forany v € (—=1/2,1/2], |v| > 7.
For small y, the operator A, ,, is a bounded perturbation of the operator A, o with uniform bound in
~ of order O(|u|'/?). Consequently, for any 6 > 0 and any y € (—1/2,1/2], we have that

(A, ) C{AeC : dist (A, 0(A,p)) <4},
provided  is sufficiently small. Together with the property (2.1.5) this proves the lemma. ]

Lemma 2.1.4. There exist positive constants o, 2, and dy such that, for any |7y| < 2 and |u| < pa,
the spectrum of A ,, decomposes into two disjoint subsets

o(Ay ) = 0-(Ayu) Uoo(Ay ), (2.1.6)
with the following properties:
(i) o_(Ay ) C{AeC : ReX < —d2}and og(A, ) C{A € C : Red > —do};

(ii) the set oo(A,.) consists of two simple and real eigenvalues A1 2(, i) with Taylor expansions

MO 1) = g 1= 22 = ) + o]+ ).

Ao(7, 1) = =2(2 — @)*y* + o(]4[*).

Proof. For small v and j, the operator A, , is a small relatively bounded perturbation of the operator
Ao o. The latter operator is precisely the operator A, considered in Section 1.3.1, for which we have the
spectral decomposition (1.2.5). A standard perturbation argument then implies the spectral decomposi-
tion (2.1.6) for A, ,,, with the property (i), and such that o¢(A, ) consists of precisely two eigenvalues
A1,2(7, i), which are the continuation of the double eigenvalue 0 of Ay o, for sufficiently small v and .
It remains to compute the Taylor expansions of these eigenvalues in (ii).

The eigenvalues Aj 2(7, 1), and their associated eigenvectors, may not have the same smoothness
properties with respect to the parameters - and p as the operator A, ,,. In contrast, these smoothness
properties are preserved by a suitably chosen basis {(1 (7, 1), C2(7, i) } of the spectral subspace of A,
associated to og(.A,,,) and by the 2 x 2 matrix M, i) representing the action of A, ,, on this basis
[18]. The matrix M 7y, 1) is determined by the equality

G0,
Ay (GO Gl ) = Mly, ) ng;) @.17)
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and its eigenvalues are precisely A 2(, it). Consequently, we can compute the Taylor expansion of the
eigenvalues A 2(7, ) from the Taylor expansion of the matrix My, ). For our purpose, it is enough
to determine the Taylor expansion of M (7, i) up to order 2.

The operator A, ,, depends smoothly upon ~ and || 172 and we consider the expansion

Ay = Aoo + Avoiry + Aot |2 + Aoy + Avn iyl + Age |l + O] + |]V/3)?),

in which the operators A;; are obtained explicitly from (2.1.2), and similarly we expand the vectors in
the basis

G (7, 1) = Coo + oty + Cj01|M|1/2 + G0y + G iyl + Goalul + O((Jy] + [ul?)?),
for j = 1,2, and the 2 X 2 matrix

My, 1) = Moo + Migiry + Mot |2 + Magy? + May iy|ul? + Mol + O((y] + |uV/?)?),

in which we have to determine the vectors (j;;; and the matrices M;;. At~y = p = 0, the spectral
subspace associated to og(.Ap o) is the two-dimensional kernel of the operator Ay o, so that M(0,0) = 0,
and we choose as basis the even and odd real eigenvectors

¢1(0,0) = Cio0 = 9 f a) cos(y), (2(0,0) = C200 = <2 ga) sin(y), (2.1.8)

which are the real and imaginary parts, respectively, of the vector { used for the bifurcation analysis in
Section 1.3.1. With this choice of the terms of order O(1), the remaining terms in the expansions of
Gi(v, ), 5 = 1,2, and M(v, n) are determined by the equality (2.1.7), and can be computed succes-
sively, up to any order, by expanding this equality. However, the direct calculation of these terms is very
long. Instead, we will use the symmetries (2.1.3), which will allow to reduce the number of terms in
these expansions, compute separately the matrices My, 0) and M (0, 1), and only compute directly the
terms of order O(|7y||x2|*/?). We point out that in the expansions of the eigenvectors it will be enough to
compute the terms up to order 1.

First, due to the symmetries (2.1.3), which are inherited by the matrix M -y, i), the elements on the
main diagonal and on the antidiagonal of the matrix M (~y, ) will be even real and odd purely imaginary
in ~, respectively. Furthermore, the real and imaginary parts of the vectors (q (7, ) and Ca(7, p) will
be even and odd in ~, respectively, and have opposite parities in y: the real part of (;(y, ) and the
imaginary part of (2(+y, 1) are even functions in y, whereas the imaginary part of (3 (v, u) and the real
part of (2(+y, 1) are odd functions in y.

Next, for ;1 = 0, the operator A, o has constant coefficients, so that we can explicitly compute the
basis and the matrix M (~,0). According to (2.1.4), the two eigenvalues of A ¢ in oo(A, o) are

A(EL ) = —1+/1- (2—-a)2((y£1)2 - 1)?,
and a direct calculation gives the associated eigenvectors

l a2 + F12>‘+(:l:177) Biiy
a (2—a) (a2|:2F127—F1272) .

Cx(7) =

The vectors (1 2(7y,0) are a linear combination of (+(7), and taking into account the equalities (2.1.8)
we obtain

— a)F?

G0 = S (G )= f‘a> cos(y) — 22— f) sin(y) iy + O(%),  (2.19)
— a)F?

G0 = o () — () = 5 ° a) sinfy) + 22— O f) cos(y) v+ O(r), (2.1.10)
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and then the matrix associated to this basis

M(7,0) = —2(2 = a)’>y* + O(v*) O(|r°) >
’ O(]*) ~2(2 - a)*7* + O(y")
For v = 0, the symmetries of the matrix My, u1) above imply that M (0, ) is diagonal,
)\1 (O, ,u) 0
M(0, p) = )
0 )‘2(03 /L)

so that (1 (0, 1) and (2(0, i) are eigenvectors associated to the eigenvalues A1 (0, 1) and A2(0, p), respec-
tively. Due to the translation invariance of the Lugiato-Lefever equation, the derivative (¢,,(v), ¥7,(v))
of the periodic wave, which is an odd function, belongs to the kernel of the operator Ay ,,. Consequently,
(Yru(y), 15, (y)) is proportional to the odd eigenvector,

1 U () a 1/2
G2(0,p) = L gz(y)> = 5_ a) sin(y) + O(|p|'?),
and the corresponding eigenvalue vanishes, A2(0,) = 0. For the computation of the eigenvalue
A1(0, i), we use the center manifold constructed in Section 1.3.1. The key observation is that the linear
operator A, coincides with the linear operator obtained by linearizing the dynamical system (1.2.4)
at the periodic wave (¢, (y), . (y)). Since the center manifold is locally invariant for the flow of the
dynamical system (1.2.4), the two eigenvalues A1 (0, i) and A2(0, ) are the two eigenvalues of the 2 x 2
matrix obtained by linearizing the reduced system (1.2.8) at the real equilibrium 7, which corresponds
to the even periodic wave. A direct computation gives

2
MO0, 1) = ———— p+ O(|u*? X2(0, 1) = 0
1( nUJ) (2—0[)2M+ (|}u| )7 2( ,,LL) )
so that
— s+ O(lu*?) 0
MO, p)=| (2—a)?
0 0
Summarizing the above results, we conclude that
2
22— — ———pu  ierylult?
My, 1) = (2 —a)?
icoy|p|/? —2(2 — a)?y?

(0(74 + 22+ ) o+ !wl))
+ :

Oy + [vul) O(v* + 72|ul)

in which it remains to determine the real constants ¢; and cs. Inserting the expansions of A, ,,, (;(v, i),
4 = 1,2, and M(~, 1) into the equality (2.1.7), we find successively at orders O(1), O(|v|), O(|u|'/?),
and O(|7y||u2|'/?) the equalities

AooCjoo =0, j=1,2, (2.1.11)
AooCjio + A10Cjoo =0, j=1,2, (2.1.12)
AooCjor +Ao1Coo =0, j=1,2, (2.1.13)
AooCi11 + A1o0Cio1 + Ao1¢110 = c1(200, (2.1.14)
AooCa11 + A1o0C01 + Ao1¢210 = c2C100, (2.1.15)
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which allow to compute successively the terms in the expansion of the vectors (;(7, i) by solving a
linear equation of the form

AooCjrm = C. (2.1.16)

Since the operator A has a two-dimensional kernel, it is not invertible so that the right hand side F' must
satisfy a solvability condition. The coefficients c; and co are determined from the solvability conditions
for the equations (2.1.14) and (2.1.15).

The equalities (2.1.11) hold since the vectors Cjoo, 7 = 1,2, belong to the kernel of Agg, and the
calculation of M(y, 0) above implies that the equalities (2.1.12) hold with (j10, j = 1,2, given by (2.1.9)
and (2.1.10). It turns out that we do not need to explicitly compute the other terms in the expansions
of the vectors (;(v, 1), but only determine their Fourier modes in y. The key observation is that the
equation (2.1.16) has a unique solution, up to an element in the kernel of .4y, when the right hand side
F contains terms with Fourier modes n # +1, only. Indeed, since Ay is a differential operator with
constant coefficients, its action preserves the Fourier modes, and since the vectors (jo0, j = 1,2, in its
kernel have Fourier modes +1, its restriction to the subspace of periodic functions with Fourier modes
n # +1 is an invertible operator. A direct calculation gives

29 2+ a? 2 —a?

A =20-0)J0, An="g"T , . 6—8a+3a2> oo

and then it is straightforward to check that the terms 419101, Ao1(110 in (2.1.14) and A10C201, Ao1210
in (2.1.15) have Fourier modes 0 and £2, implying that we can solve (2.1.14) and (2.1.15) provided
c1 = cg = 0. Consequently,
—2(2 — a)?y? — Lu 0
M(y, 1) = (2—a)?
0 —2(2 — a)?y?

(0(74 + 22+ uP?) oy + !wl))
+ ,
Oy + [vul) O(v* +~%ul)

which implies the expansions of the eigenvalues in (ii), and completes the proof of the lemma. ]

Spectral stability and instability

The results in Lemma 2.1.3, Lemma 2.1.4, and the connection between the spectra of the operator .4, and
of the Bloch operators A, ,,, imply that the periodic waves are stable with respect to general bounded
perturbations in the case o < 41/30 (supercritical bifurcation) and unstable in the case o > 41/30
(subcritical bifurcation). The instability is due to the eigenvalue A1 (0, 1) of the operator Ay ,,, which is
positive in this case, since p < 0. This recovers the instability result for co-periodic perturbations already
found in Theorem 30, on the one hand, and implies that \; (v, x) is positive for sufficiently small , thus
the periodic wave is also unstable for periodic perturbations with nearby periods, on the other hand. For
localized and bounded perturbations this leads to an instability interval (0, A1 (0, xt)] in the spectrum of
the operator A,,. More precisely, we have the following result.

Theorem 6. Consider the Lugiato-Lefever equation (1.0.1) in the case § = —1 of anomalous dispersion.
Assume that o < 2, a # 41/30, and F? = F{+p. Consider the periodic solutions 1),,(z) of the Lugiato-
Lefever equation (1.0.1) given by (3.2.7), for i > 0 if « < 41/30 and for u < 0 if « > 41/30, and the
associated linear operator A, in (2.1.1), acting in either L*(R) x L*(R) or C,(R) x Cy(R). For any u
with || sufficiently small the following properties hold.
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(i) If « < 41/30 and p > O, then the spectrum of the linear operator A, lies in the closed left
half complex plane, and the periodic solution 1, (x) is spectrally stable with respect to bounded
perturbations.

(ii) If o« > 41/30 and . < 0, then the spectrum of the linear operator A,, contains a finite interval
of positive real numbers (0, c,], with ¢, = O(|u|), and the periodic solution 1, (x) is spectrally
unstable with respect to co-periodic, localized, and bounded perturbations.

2.2 Periodic waves in the instability regions

2.2.1 Instabilities of periodic waves

In this section we study the stability of the steady periodic solutions found in Section 1.3.1 in the
two cases, ky = kmax and k. = kpin. We focus on co-periodic and subharmonic perturbations, i.e.,
periodic perturbations with periods 27 N /k., where N = 1 for co-periodic perturbations and N > 2 for
subharmonic perturbations.

Background and shape instabilities

The bifurcation results in Section 1.3.1 also allow to conclude on the nonlinear stability of the bi-
furcating steady periodic solutions for perturbations which belong to the phase space X = L?(0, 27) x
L?(0, 27) of the dynamical system (1.2.2), i.e., for co-periodic perturbations which have the same period
as the stationary solution. In this approach, the stability of a bifurcating solution v, (x) is determined
by the location in the complex plane of the spectrum o (.Afj) of the operator .Afj, on the one hand, and by
the stability of the corresponding equilibrium A,,(¢) of the reduced equation (1.2.8), on the other hand.
More precisely, we recall that a bifurcating periodic solution 1, (x) is stable if the spectrum o (Ap) is
stable, i.e., it does not contain eigenvalues with positive real part, and if the corresponding equilibrium
A, (¢) of the reduced equation is stable as well. If one of the two properties above does not hold then the
bifurcating periodic solution ,,(x) is unstable. We distinguish between two types of instabilities: back-
ground instabilities, when o (A{) contains eigenvalues with positive real part, and shape instabilities,
when the equilibrium A,,(¢) of the reduced equation is unstable.

Upon replacing the phase space X = L?(0,27) x L?(0,27) of 27-periodic functions by the phase
space Xy = L2(0,27N) x L?(0,27N) of 27 N-periodic functions, for some arbitrary, but fixed N, we
can extend the class of perturbations from co-periodic to subharmonic perturbations.

Proposition 2.2.1. Consider A acting in the phase space Xy = L*(0,2rN) x L?(0,2wN) of 2nN-
periodic functions. Then, the spectrum of the operator Ajj is given by,

o(Ay) = {Ai(nks/N), Xa(nk./N), n € Z}, 2.2.1)
where \i(nky/N) and \2(nk./N) are the two roots of the quadratic polynomial
A% 42X + a(nk,/N) = 0.
As a consequence, the operator .A§ may have additional unstable eigenvalues, hence leading to ad-
ditional background instabilities, and more resonances may occur, as the ones found for k., = ki, in
Section 1.3.1, where the eigenvalue 0 is quadruple, instead of double. In the next two subsections we

study separately the cases ky = kpmax and ks = kpin.
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2.2.2 Periodic solutions with wavelengths k.

We have a first result concerning periodic solutions v, (x) with wavelengths k. = kmax constructed
in Theorem 1.3.4 for co-periodic perturbations.

Proposition 2.2.2. In the three cases in Theorem 1.3.4 the periodic solutions are stable with respect
to co-periodic perturbations in the case (i), background stable and shape unstable in the case (ii), and
background unstable and shape stable in the case (iii).

Proof. Consider the family of steady periodic solutions v, (x) with wavelengths k. = kmax constructed
in Theorem 1.3.4. For co-periodic perturbations, N = 1, their stability follows from the results in
Section 1.3.1. The spectral decomposition (1.3.4) implies that the spectrum o (.Aj) is stable in the Turing
instability region, whereas it contains one positive eigenvalue in the zero-mode instability region, and
according to Theorem 1.3.4 the equilibria A,(¢) are stable when the bifurcation is supercritical and
unstable when the bifurcation is subcritical. O

For subharmonic perturbations, we obtain the main stability result in the following theorem (see also
Figure 2.1a.

Theorem 7. Consider the Lugiato-Lefever equation (1.0.1) in the case 5 = —1 of anomalous dispersion,
and the steady periodic solutions 1, (x) given by (3.2.7), with wavelengths kwax and the properties in
Theorem 1.3.4. For any N = 2, consider the curve I'y_1 N defined forn =1,...,N — 1 by

. N2 +n?

a=2p
and set 'y 1 = I'_. Then the following stability properties hold for periodic perturbations with periods
27N /kmax, for any N > 1.

(i) If (o, p*) belongs to the open set situated to the left of the curve I'y_1 n in the Turing instability
region, then the steady periodic solutions found in the supercritical bifurcation are stable, whereas
the steady periodic solutions found in the subcritical bifurcation are unstable and the instability is
a shape instability.

(ii) If (o, p*) belongs to the open set situated to the right of the curve I y_1 y in the Turing instability
region, then the steady periodic solutions are unstable; the instability is a background instability
for the solutions found in the supercritical bifurcation, whereas the solutions found in the subcrit-
ical bifurcation are both background and shape unstable.

(iii) If («, p*) belongs to the zero-mode instability region, then the steady periodic solutions are unsta-
ble and the instability is a background instability.

Proof. For subharmonic perturbations, N > 2, we consider the dynamical system (1.2.2) in the phase
space Xy = L?(0,27N) x L?(0,27N). In contrast to the case N = 1, for N > 2 resonances occur for
certain parameter values, due to the presence of additional eigenvalues in the spectrum of 4j. Indeed,
the equality (2.2.1) implies that the eigenvalue O of the operator .4; is quadruple instead of double, hence
a resonance occur, when kp,in = nkmyax/N, forn =1,..., N — 1. From the formulas (1.3.2) and (1.3.3)
we obtain that kyin, = nkmax/N when the equalities

., NZ+n?
hold, forn = 1,..., N — 1. Each of these equalities defines a curve I, y in the (v, p*)-plane which lies
in the Turing instability region. For increasingn = 1,..., N — 1, these curves are ordered from right
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to the left between the curves I'_ and I'; in the (o, p*)-plane. Notice that the values n = 0 and n = N
correspond to the curves I'_ and I'1, respectively, and that I'; y is the curve I'y defined by (1.3.11) in
Section 1.3.1.

Assuming that (o, p*) does not belong to any of the curves I'y, y, n = 1,..., N — 1, the spectral
decomposition (1.3.4) holds, with 0 a double semi-simple eigenvalue. The unstable spectrum o, (.Af)
is empty for (o, p*) in the open set between the curves I'; and I'y_1 v, it consists of N' — n positive
eigenvalues in the open set between two consecutive curves I'y, y and I'y,_1 v, foranyn =2,... , N -1,
of N — 1 positive eigenvalues in the open set between I'y ; and I'_, and of N positive eigenvalues
for (a, p*) in the zero-mode instability region. In particular, this shows that the periodic solution is
background stable with respect to 2w N /kpax-periodic perturbations when («, p*) belongs to the open
set between the curves I'1 and I'y_1_n, and it is background unstable otherwise.

Next, we find the shape instabilities by applying the center manifold reduction, as in Section 1.3.1.
Since the eigenvalue 0 is double, the center manifold is two-dimensional, and it turns out that the reduced
dynamics is governed by the same reduced system (1.2.8). Consequently, the result in Theorem 1.3.4
holds in X, for any N, implying that shape instabilities occur only for the periodic solutions obtained
in the subcritical bifurcation. 0

Along the resonance curves I';, n, n = 1,..., N — 1, the eigenvalue 0 of Aj is quadruple, and the
center manifold reduction leads to a four-dimensional, instead of a two-dimensional system, just as in
the case k. = ki in Section 1.3.1. The present bifurcation analysis does not allow to detect shape
instabilities along these curves, but we can conclude that background instabilities occur along I';, n,
n=2,...,N—1.

We summarize the main stability results above in the following theorem (see also Figure 2.1a).

Periodic solutions with wavelengths ki,

The stability of the family of steady periodic solutions with wavelengths k., = ki, found in The-
orem 1.3.6 is studied in the same way. In this case resonances occur when kpax = Nkmin/N, for
n = N +1, and using the formulas (1.3.2) and (1.3.3) we obtain a sequence of curves I';, y,n > N +1,
in the (a, p*)-plane with parametric equations

N? 4 n?

a=2p" +
Notice that the curves I';, 1, for N = 1, are the curves I';, defined by (1.3.11) in Section 1.3.1. Using the
same arguments as in the case k. = kpax, we obtain the following stability result (see also Figure 2.1b).

Theorem 8. Consider the Lugiato-Lefever equation (1.0.1) in the case = —1 of anomalous dispersion,
and the steady periodic solutions 1, (x) given by (1.3.13), with wavelengths kmin and the properties in
Theorem 1.3.6. For any N > 1, consider the curve I' y 1 n defined through (2.2.4). Then the following
stability properties hold for periodic perturbations with periods 2w N [ kyn, for any N > 1.

(i) If (o, p*) belongs to the open set situated to the left of the curve Iy v in the Turing instability
region, then the steady periodic solutions found in the supercritical bifurcation are stable, whereas
the steady periodic solutions found in the subcritical bifurcation are unstable and the instability is
a shape instability.

(ii) If (e, p*) belongs to the open set situated to the right of the curve Iy y in the Turing instability
region, then the steady periodic solutions are unstable; the instability is a background instability
for the solutions found in the supercritical bifurcation, whereas the solutions found in the subcrit-
ical bifurcation are both background and shape unstable.
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Figure 2.1 — Stability of steady periodic solutions in the case of anomalous dispersion. In the («, p*)-plane, the
steady periodic solutions are background stable for subharmonic perturbations with periods 27 N/ k, for the values
of N as indicated, and unstable otherwise. In the lighter shaded regions (light blue online) they are shape stable,
whereas in the darker shaded regions (navy blue online) they are shape unstable. The curves I';, y are defined by
(2.2.2) in the case k. = kmax and by (2.2.4) in the case kyx = kmin-

2.3 The case of normal dispersion

The stability analysis in the case of normal dispersion is similar to the one in Section 2.1. The linear
operator A, in (2.1.1) does not change, and we conclude that the periodic waves are unstable with the
properties in Theorem 32 (ii). We summarize these results in the following theorem.

Theorem 9. Consider the Lugiato-Lefever equation (1.0.1) in the case § = 1 of normal dispersion.
Assume that o > 2 and F? = F2 + i, F? = (1—«)? + 1. For any ju < 0 sufficiently small the following
properties hold.

(i) The equation possesses an even periodic solution 1),,(x) with wavenumber /o — 2 and Taylor
expansion (3.2.7), which is unstable with respect to co-periodic perturbations.

(ii) The spectrum of the linear operator A,, obtained by linearizing the equation at this periodic solu-
tion and acting in either L*(R) x L?(R) or Cy(R) x Cy(R) contains a finite interval of positive
real numbers (0, c,], with ¢, = O(|u|). Consequently, the periodic solution 1, (x) is spectrally
unstable with respect to localized and bounded perturbations.

2.3.1 Stability of periodic solutions

As in the case of anomalous dispersion, in the Turing instability region we expect bifurcations of
steagy periodic golutions at wavelengths k., = knin and k. = kpax, where kpin < kmax are such that
A1 (Kkmin) = A1 (kmax) = 0, whereas in the zero-mode instability region we expect bifurcations of steady
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Figure 3.1 — Stability of steady periodic solutions in the case of normal dispersion. In the (v, p*)-plane, the steady
periodic solutions are background stable for subharmonic perturbations with periods 2w N/ k. for the values of N
as indicated, and unstable otherwise. In the lighter shaded regions (light blue online) they are shape stable, whereas
in the darker shaded regions (navy blue online) they are shape unstable. The curves I';, y are defined by (2.2.4) in

the case k. = kpyax and by (2.2.2) in the case ki = knin.

periodic solutions at wavelengths k, = Emax. Since the difference between the formulas of a(k) in the
two cases is only a change of the sign of the coefficient of k2, we find that

:_kZ %2 :—k2

kr2nax min» min max)

where knax and ki, are the wavelengths given by (1.3.2) and (1.3.3), respectively. Together with the
fact that in the Lugiato-Lefever equation (1.0.1) the difference between the two cases of normal and
anomalous dispersion is the sign of 3, this implies that the dynamical systems found for k, = Fmax
and ky = Kkmin in the case of normal dispersion are precisely the ones found in the case of anomalous
dispersion for k, = knin and k. = kpax, respectively. As a consequence, the calculations are the same as
the ones in Sections 1.3.1 and 2.2.1, with the only difference that (a, p*) belongs to a different parameter
region in the case of the Turing instability. We do not give the precise statements in this case, but only

summarize the results in Figure 3.1.
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Chapter 3

Asymptotic stability for the
Lugiato-Lefever equation

3.1 The well-posedness problem

In this section, we consider the well-posedness of the initial value problem associated with (25).
We follow the classical path introduced for nonlinear Schrédinger problems using a Picard fixed point
method for the Duhamel formulation. This requires estimates on the linear evolution part. Here we
choose to consider Strichartz estimates which we prove in the next paragraph.

Naturally on can question the interest of proving the local well-posedness while the proof of the
asymptotic stability provides a global well-posedness in a neighborhood of an equilibrium. The question
has a simple answer: The well-posedness for (25) does not seem to have been considered in details, up
to our knowledge, in the bibliography. But here we have stronger motivation. In order to analyze the
stability of a solution, we need to prove the existence of solutions in its neighborhood. The first step in
these strategy is to rewrite solutions of (25) on a neighborhood of a periodic solution into solutions of
an ad hoc system. It may seem natural that well-posedness for the latter system provides some well-
posedness for (25). We think that it has to be proved. First, one has to prove of the well-posedness of the
system, then the one of (25) and eventually provide the equivalence of both equations. We believe these
requires more work than simply proving local well-posedness for (25) and then decompose the solutions
and analyze the resulting system.

The strategy developed in this section is suggested in [23].

3.1.1 Strichartz estimates for the Lugiato-Lefever equation

In Lemma 5, we revisit and adapt the proof of Strichartz estimates by J.Bourgain [1]. From Lemma 6,
we take into account the dissipation to make them global in time.
Let
A:=—-ip((2 — a)aj — (1 +ia)

acting on L?(Ty) with domain D(A) = H?(Ty). Notice that B := A + 1 is, up to constants, the
one-dimensional laplacian and is thus a skew-adjoint operator. The spectrum of A is given by

Lemme 3. The spectrum of the operator A is purely discrete and given by

J(A)_{/\TL_—1+1<B(2—04)X[22—a); nGZ}. (3.1.1)

Moreover, the first eigenvalue is simple and corresponds to constant functions while all the others have
multiplicity two.
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Proof. Letv € L?(Ty) and \ € C. Using Fourier series, we solve in u € D(A) the equation

(A—Nu=v < VYneZ (13(2 - a)(%)2 — (1 +ia) — A) Un = Vp. (3.1.2)

The second equation in (3.1.2) has a unique square integrable solution for any square integrable sequence
(Un)nen if and only if A is not in

2
S = {1+i B(2a);2a>,n€Z}.
If Aisin S, then

. ng

for some ng in Z and the second equation in (3.1.2) has a solution if and only if v,, = 0 for n = £ny.
In this case A is an eigenvalue and setting v = 0, in the second equation in (3.1.2), we have only two
independent solutions u if ng # 0 and one if ng = 0. O

The operator B := A + 1 generates a unitary group and so we have the

Lemme 4. The operator A generates a group which restricted to positive times is a contraction semi-
group with

A
et

_ -t
gy =€ Wollzryy, VEER. (3.1.3)
Proof. This follows from a Fourier analysis. O

Remarque 20. This results extends to any H*(T ) space as the semigroup generated by B is invariant
and unitary for their canonical norms.

Notice that for s > 1/2, one can use this dissipation properties of the equation to prove the well-
posedness of (25) in H3(T ) algebra.

We now prove the first Strichartz estimates.

Lemme 5. Let tg in Ry and 7 > tg. Define:

T—ty 4N \Y4
Cir) = (Tt e )

2—«

(i) Forany ¢y, € L*(Ty), t — ey is in L((to, 7); L*(Tw)) N L*((to, 7) x T and

He(t—to)e(t—to)A to

Loo((to,m):L%(Ty)) - ”wtOHLQ(TN) ) (3.1.4)

He(t—to)e(t—to)A to

LA ((to,7)xTy) < Gl o) Hq’DtOHLQ(TN) : (3.1.5)

(ii) Forany f in L*3((ty,7) x Ty), / e e f(s)dsisin L*(Ty) and
to

/T e e f(s)ds

to

< Cq(r,t . 3.1.6
. (75 t0) 1f Il ass 1,y xT) (3.1.6)
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t
(i) Forany fin L*3((to,7) x Tn), t — [ e®™94f(s)dsisin L®((to, 7); L2(Tx))NLA((to, 7) ¥
t
Ty) and ’

t
/ etfse(tfs)Af(s) ds
to

< 271/2(1 _ 2*1/2)*101(7', to) HfHL4/3((t07T)><TN) ’
L ((to,r):L?*(Tn))

(3.1.7)

LA((to,r)xTy) <2741 =273 Oy (7, 1) ||f||L4/3((t07T)><']I‘N) .

t
/ et—se(t—s)Af(s) ds
to

(3.1.8)

Proof. In this proof, we set B := A + 1.

Estimate (3.1.4) follows from Lemma 4

Let us prove (3.1.5). Following [1, Proposition 2.1], as ¢, € L2(T[‘N), we set

¢ Z Q;bt() 6 %y
m——oo
thus
(t—t0)B 1 f T () B By 1—to)—at—t0)+ Z)
ey, = Py, (m)e’ NZ —to)t N
V2rN == 0

Then,

(t—to)B,, |I* _ / /T (t—to)B  |*

He wto L4((to,7)XTnN) Ty Jto € to’ dtdy
4
B(2—0) ™3 (t—to)—a(t—to)+ 2 y)
Ut (m)e PNz ¥ ddy
b | 25
As 0 <ty < 7, there exists k € N and r € [0, 27T ) such that
2
T =19+ 2k ™47
2—«a
Hence, as 7 < to + 2(k + 1)%#, we have
to-+2(k+1) 2 1(,3(2—a)m—2(t—t Lemy) 4
H L4((to,7’)><TN) (27TN /TN /to m;OO 1/}to N2 0)TRNY dtdy

1 t0+2(k+1)2]!—a7r - - _ _
:(27rN2/T /t Z Vi (M1)1Pto (M2) Yt (M3)11y (M4)

mi,m2,m3,mq

2
iB(2— Q)W(t to)e mytmg— —_

ydtdy

X e

The last term is different from zero if and only if
2 2 2 2 _ _
mi+my—m3z—my=0 and mg+mg—mz—my=0,

which is equivalent to
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Then,
to+2(k+1) X7 _ 2 2
(t—to)B,;, ||* < 2 / / 2 dtd
e < m m
H ooll s tp.my ) 27N)2 Jry Jio le;u ‘wto( 1)‘ ‘%( 2)’ Y
2 4 N2
2
< 2(7’—t0—|—2—2]ia7r) H H4
< 9 Yol L2(ry)

T—t() AN 4
< < N T 2_@) 1960 1 220

thus »
T — t[) 4N
< a .

He(t—to)B

0
Eventually, we have

Hetftoe(‘rfto)A "

He(‘rfto)B

LA((to,r) xT) bl La((to,r) x T )

T — 1o AN \ M4
<( N +2—a> 1%t Ml L2(ryy -

To prove (3.1.6), we observe that by duality as B is a unitary operator

< (e ) i
L3(Tn) b TN 2—« LA/3((to,7)xTn)

/T e *Bf(s)ds

to

or 3
T—to 4N
< Y .
L2(Ty) < TN + 2 — a) HfHL“/S((to,r)xTN)

We now prove (3.1.7). Using inequalities (3.1.4) and (3.1.6), we have

/T =98 f(s)ds /T e *Bf(s)ds

to to

/T e fe ™ f(s)ds

to

<
Lo ((to,m);L2(Tw))

L2(Ty)

< Cu(,t0) (1 | Lars ((to,) x T -

Then, by Christ-Kiselev lemma [2], we obtain

/t =B f(5)ds

to

<27V2(1 — 27V2) 10y (7, 0) 11l 2a/3 ((to,m) xT ) »
L2 ((to,7);L*(Tw))

thus

Lo ((to,m); L2 (TN )

/t =98 f(5)ds

to

t
/ et—se(t—s)Af(S) ds

to

Lo ((to,7);L2(Ty))
<2721 =272 71U, 0) |1l pass (19 myxmn) -

Similarly, we prove (3.1.8). We have with inequalities (3.1.5) and (3.1.6) that

/T =B f(s)ds

t < Cl(T, t0)2 HfHL4/3((t07T)><TN) ’
0

LA((to,7)xTx)
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Then, by Christ-Kiselev lemma [2], we obtain

/t e=9B f(s)ds

<2741 = 273 T (7, 10)? 1 | s (g )t

to LA((to,7)xTw)
thus
t t
/ et 1 () ds = / =B f(s)ds
to LA4((to,7)x Ty ) to LA((to,7)x T )
<2741 = 27 7O, 0) (1| sty )
This concludes the proof. O

Remarque 21. Note for later use, see Lemma 15, that this proof and the following ones works similarly
with — B instead of B.

4
Remarque 22. Note that for any 1 in L*(T ) and to in R, the map ky, : 7 — He'A 0’

is
LA((0,7)xTy)
absolutely continuous on R™. This fact will be used for other quantities without any further mention.
Similarly, ast € [0, 00) + eahg € L2(R) is continuous, everywhere the space L= ((to, 7), L*(Tx))
can be replaced by C([tg, 7], L*(Tn)).

Remarque 23. Since F in (25) is in the kernel of A + 1 + ia, we have for any T > 0 and t € (0,7)

/t e=9)A P qs — (1— e—(1+ia)t)
0

(1+ia)
and then
V2rN|F| _
=——— sup |[l—e
Lo((0,r)L2(Ty))  V1I+a? teor)
_ 2V2rN|F|
S oVita?

t
/ e(t=9)AF ds
0

(3.1.9)

We also have

4 T
= 27TN/
LA((0,7)xTy) 0

‘F‘4 /T
a2 b

4

F
dt

(1+ i)

t
/ e=9AF ds
0

(1 o e—(l-i—ioz)t)

(1 N e—(l—i—ia)t)

4
‘ dt. (3.1.10)

A straightforward computation gives

2e”7 2
c 5 (cos(aT) + asin(ar)) — T2

P L

1+«
t

Hence, t — / et ds is in L®((0,7); L2(Tx)) N LA((0,7) x Tx).
0

In the rest of this section with prove extension of estimates (3.1.5) taking into account the dissipation.

Lemme 6. For any v > 0, we have

He(lffy)tetA ‘

1/4
6N
LA(R+xTy) S ((2 o)1 8872N2a7r)> ”¢0”L2(TN) . (3.1.11)
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Proof. Again in this proof, we set B := A + 1. From (3.1.5), we deduce

4 N2 4
e—’ytethO < e*Sk'yETr etB 0
H ‘ LA(R+xTy) w0} H ‘ LA((2k 22 7, 2(k+1) X7 x Ty
6N 1 4
< )
2—a) | _ w0l
This conclude the proof. O

We also have the following

Lemme 7. For any v > 0, we have for any 7 > 0

/ eI £ (5) ds
0

L3(Tn)

is finite. Since B is a unitary operator, using Holder inequality and inequality (3.1.11), we have
2 T T

= </ e e B f(s) ds,/ e~ 1507508 f(54) dso>
L2(TN) 0 tO L2(TN)

:/ <f(s),eVSeSB/ e'YSOeSOBf(so)dso> ds

0 0 L(Tn)

= <f, e_WSeSB/ e %0708 f(54) dso>
0

6N 1/4
S T 1l assqorxryy - (B-112)
(2—0&)(1 — e 8727(171-)

Proof. From (3.1.6), we have that

/ eI MsemsA 1 (5) ds

0

L*(Ty)

/T e e B f(s)ds
0

L2((0,7)xTxn)

.
6778683/ e 1%0e7%0B £(50) dsg
to

< M llzarso0,mxTa) LA((0,7)xTn)
T N

1/4
6N
< ( [Nl Lass
N2 L ((O,T)XTN)
(2—a)(1- 6_8“—”))

/ e %008 f(5) ds
0

‘/ 6_7506_803‘]"(80) dsg
0

=0or
L2(Ty)

Either we have

H/OT e e B f(s)ds

1/4
< A TP
L2(Ty) (2—a)(1 —e ®2=a")

This concludes the proof. O

Note that Lemma 7 can be rephrased for any v > 0,

sup
>0

1/4
T o(m1=y)s s 6N
/0 6( 1 'Y) e Af(S)dS N2 ) HfHL4/3(R+><TN)7 (3113)
P

<
B2(ry) ((2 —a)(1—e 3T
for any f in L*/3(R* x Ty), combined with (3.1.4), they give the
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Lemme 8. For any v > 0, we have

oo (R+ ( —N )1/2 : HfH +xT
< : .
Lo (R+,L2(Ty)) (2 a) (1 —8y 7[.)1/4 LA/3(R+xTy)

/t 6t—se—fy(s-&-t)e(t—s)Af(S) ds
0

2—«a

(3.1.14)
Proof. This follows from the comment preceding the lemma (thus using (3.1.4) that is using A + 1
generates a unitary group). 0

It now remains to state the

Lemme 9. For any v > 0, we have

/t etfsef'y(ert)e(tfs)Af(S) ds
0

1/2
6N
< ~ 1 Wl a3 Rt Ty -
LY((R*xTy) (2 —a)(1—e ¥2=am)
(3.1.15)

Proof. From Lemma 6 (with 2 — +y instead of ), Lemma 7 (see (3.1.13)), we infer for any 7 > 0

/T 6t—se—'y(s+t)e(t—s)Af(S) ds
0

6N v
< N2 ||f||L4/3(R+><’]I‘N)'
LA((RTxTy) (2—a)1— 6—872_Q7T)

Then we conclude with Christ-Kisilev lemma as in the proof of (3.1.8). ]

3.1.2 Existence and uniqueness of solutions of the Lugiato-Lefever equation
~_ We consider the Lugiato-Lefever equation (25) with 1(0) = v in L?(Ty). We define the function
Yo by
—~ t
1%@):em¢@+/1é“QAFd& t>0. (3.1.16)
0

From estimates (3.1.9) and (3.1.10) and Remark 23 and Strichartz estimates (3.1.4) and (3.1.5) and
Lemma 5, we have -
Py € LOO((O,T);LQ(TN)) N L4((0,T) x Txn)

for any 7 > 0.
For any 7 > 0 and R > 0, we define

B (vo, R) := {w € L°((0,7); L*(Tw)) N L*((0,7) x Tw);

w—@ﬂgéR} (.1.17)
and
19115, = max {19l o 0,220 19l a0y x) | - (3.1.18)
We define the map M on L*°((0, 7); L2(’]I‘N)) N L4((0, 7) x Tx) by
. t
Vi € (0,7), M()(t) = o) +i/ =) A |2 ds. (3.1.19)
0

Lemme 10. For any v in L?(Ty), there exists Ry a positive real such that for all R € (0, Ry) there
exists Ty a positive real such that for all T € (0,711):
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(i) The space B, (%’ R) is stable by M,
(ii) The application M defined on B, (%’ R) is contractant.

Proof. The first assertion is proved as follows. Let € BT(%, R). Using estimates (3.1.7) and (3.1.8)
from Lemma 5, we have

) =], <Cm 0wl P

LA/3((0,7)xTy)

where C(7,0) = max{2~"/2(1 — 2=Y/2)=1C(r,0),273/4(1 — 273/*)=1C/(r,0)?}. Then, by Holder
inequality,

vt 7|

<|jul 12— volwol?

H%Wo’

L4/3((0,T)XTN) L4/3( OT)XTN L4/3( OT)XTN)

<|ful 12— volwol?

H%

L4/3(0T)XTN OT)XTN)

On the one hand, by the definition of ., (see Remark 22) and by Remark 23, we have

2(27N) 1/ |F| LS4

< .
LAy S (T F = e T 20 0

]

On the other hand, as

16[% = oltol* = > (@ — wo) + bdbo(v — o) + Poto(vb — Po),

we have by Holder inequality

[l P = Gol90P| s my e
(”w”“ (©xtw) FI¥llzsoryxry) H% LA((0,7)xTy) H% LA(0,7)xTw) ) Hw_% LY(0,7)xTw) |
As ) € BT(%, R), we have that Hd) — ¢0‘ L0 xTa) & < R and

+ H%

1411Z4(0,7) o + 101l a0 myxmay |90

S L R i §
S2R* + Rfi(1) + Afi(7 ) :

L4 (0 T XTN

o),

LA((0,7)xTx)

+afa],

OT XTN OT XTN L4( OT)XTN)

T

fl (T) = Ry (T> + m

Hence, we obtain that

[0l 2= olwol? < 2R+ R’ fi(r) + 4R (1),

L4/3((0,7)xTy)

thus .
HM(W — o

5. <20 0)(R+ A7)

Since fi is increasing from 0 to 4o0, it is invertible. For rp > 0, R < | /m and 7 < 11 =
min{7o, f{ '(R)}, we have

HMW) N %HB SR
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3.1. THE WELL-POSEDNESS PROBLEM

thus M(¢) € By (tho, R).

The second assertion is proved as follows. Let 11, o € BT(%, R). By estimate (3.1.7) from Lemma
5, we have

t
M -M o (0 :H/ o(t—5)A 2 _ 2\ ds
IM(@1) = M2 0.y 2ma = ||| (il = valuel?) asl

<2721 272710 (7, 0) [P ol

L4/3((0,7)xTn)

and estimate (3.1.8) gives

t
_ _ (t—s)A 2 _ 2
IM(#1) = M@l (0,myx) = H/O e (%I%I Y|t ) ds P

<2734 = 274710 (1,0 HWW 22l

LA/3((0,7)xTx)

thus

|M(W1) = M) 5, < Cr,0) [l = 2ltial?

Then, by Holder inequality, we have that

H¢1|¢1|2 — alil?

LA/3((0,7)xTw)

L4/3((0,7) xT)
< (Wl”%zl((o,f)xm) + 1l ao,mxra) 192l La¢0.7)xTn) T+ W2Hi4((o,f)xm)) 91 = W2ll a0,y xy) -

Since

||7/’1||L4 ((0,7)xTy) T ||w1||L4 ((0,7)xTx) ||¢2||L4 ((0,7)xTy) T ||¢2||L4 OT)><’J1‘N) 3(R+ frlr ))

we deduce
H¢1W1! = 2lval” LA/3((0,7)xT ) <3CEO(RA+ fi(r)* [ - Q’Z)2|’L4((077')><TN) '
Let 9 > 0. Forx € (0,1), R < oy ad 7 < 71 o= min{ro, f; (R)}.
IM(W1) = M(@2)l5, < w1 = ¢2ll5, -
This concludes the proof. 0

The above lemma provides the framework for a Picard fixed point theorem. Elaborating on that we
get the

Théoréme 24. For any 1o in L*(Ty), there exists T+ (1)q) such that the Cauchy problem (25) with
initial data )(t = 0) = 1o has a unique maximal mild solution ([0, T (10)), ) in

L22((0, 7" (0)); L*(Tw)) N LY((0, T (th0)) x Tw)
that is with . .
(£) = ety + / (DA p s 4 / Ay (5)2ab(s) ds
0 0
and such that T () € (0, 4+00] and if T (o) < oo then

ta%i'{r(lw “¢‘|L4 ([0,6)xTNn) — = oo

Moreover, v is in C ([0, T (v0)); L*(Tn)) and
vt € (0,77 (v0)), ()]l < ™ 1wl + 2| FI(1 —e™).
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Proof. The existence of a local solution as a fixed point of M on C([0,7); L?(Tx)) N L*([0,7) x Ty),
for some 7 > 0, follows from Lemma 10. The local uniqueness allows to concatenate properly all
extensions of a solution leading to a unique maximal solution on an interval [0, 7" (¢)9)). The extension
procedure stops if only if 7" (1)) is finite and the 1) blows-up at Tt (¢g).

This follows from the fact that if a solution is bounded we show that it can be extended continuously.
Let us provide a little more details. If 7" (1) is finite then

im0y xry) = oo

If the latter is not true, since [t 14(jg )T, increases in t we have that ¢ € LA([0,T*(10)) x Tn). As

T+ (ap) is finite then Lemma 5 and Remark 22 show that 1 is in C([0, T+ (19)], L?(Tx)). The solution
can be continued with initial data at T (1) given by (T (¢)g)). This contradicts the maximality of

T (¢o).

Let us regularize v and consider
t ¢
be(t) = (e|B|+1)tele By (t) = (eyB\+1)*1¢0+/ e *Bef(e|Bl+1)7IF ds+/ e *Bef (| Bl+1) " |y ds,
0 0

for ¢ > 0. We have

loe@)ll = €' || (el Bl + 1) ()| =m0 e 0]
Then . (t) is in C*([0, T+ (), L*(Ty)) and

$e(t) = e Pel (e Bl + 1)1 F +ie el (¢| Bl + 1) (1) e (1)[.
Denote m,(t) = ||¢(t)]|* and m(t) = |le’4)(t)]|” then
me(t) = 2Re(e™Pe! (| B + 1) 71p(t), e Pl (¢| B| + 1) ' F +ie” el (e| Bl + 1)~ (t) (1) [*)
Integrating this leads to the inequality
me(t) = m€(0)+/0t2Re(e_SBes(e|B|+1)_1¢(s),e_SBeS(€|B|+1)_1F+ie_$BeS(e|B|+1)_1¢(s)]w(s)|2> ds.

Since ¢ € L>([0,]; L*(Tx)) N L*([0,¢] x Ty), taking the limit € — 0, we deduce

m(t) = m(0) + /0 ' 962 Re(y(s), F) ds

and
mi(t) gm(0)+/0 265 |y /m(s) ds.

A Gronwall type inequality provides
t
m(t) < m0+2F/eSd82
() < (ym(0) +2|F] | )

@)1 < e llvoll + 21 FI(1 — e™)

which concludes the proof. 0

or

Remarque 25. Some comments are in place:
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(i)

(ii)

(iii)

3.2

3.2. EXISTENCE AND SPECTRAL STABILITY OF PERIODIC EQUILIBRIUM SOLUTIONS

Using the idea in the proof of Lemma 10, we can also prove the continuity of the solution with
respect to g in “norm” ||-||g_for some T € (0, T+ (1)) but it is not clear if T can be considered
close to T (vpg). The blow-up time T (1)) depends on 1)y and we do not know if it is or not a
dependence on |[{o|| 21 instead. Hence even if ||4(t) || 12(t ) is continuous int € [0, T (to))
and hence bounded on compact subintervals, nothing ensures that T (1)) is bounded for 1y in a

bounded subset of L*>(Ty).

Notice that one reason why we do have T (1) depending on |||l 2T comes form the re-
stricted range of Strichartz exponents we got in Lemma 3.1.1 (this can be compared to [?]). We
cannot extract in the Picard iteration any contraction from a small range of time. In [?], the
smallness is control from below by the norm of v in L?(R%).

The map M is invariant on L*°((0,7) : H*(Ty)) for any s > 1/2 as the latter is a Banach
algebra. If 1 is in H*(T ) the Picard iteration gives that 1 (t) is in H*(Ty) fort € [0, T (¢0)).
This way we can restrict the theorem to the L>((0,7) : H*(Ty)) framework only. This provides
a wellposedness result in the framework of [?, ?].

The question of extending such a result to the localized (L*(R) case) is more delicate. For instance,
Remark 23 does not seem to adapt easily.

Existence and spectral stability of periodic equilibrium solutions

In this section, we consider the spectral stability of equilibrium solutions of the Lugiato-Lefever
equation (25). These are solutions constant in time solutions a priori in the sense of Theorem 24 and
those considered here are smooth.

We recall the needed results from [5] and then extend some of them for our own purpose to the
subharmonic case.

3.2.1 Existence of a non constant equilibrium

Constant solutions

Lemme 11. The Lugiato-Lefever equation (1.0.1) possesses constant (in time and space) solutions. More
precisely:

(i)
(ii)

ifoo < V/3and F > 0, the Lugiato-Lefever equation (1.0.1) have a unique constant solution;

ifa > /3 and F > 0, there exist two values F_(«)) and F (), with F_ () < Fy (), given by
the following formula

F2(a) = p=(a) ((p£(@) = )* +1),
with

1
p+(a) =3 (QOFF V042—3)7
such that the Lugiato-Lefever equation (1.0.1) possesses three constant solutions 1p; with p = pj,
J=12,3
p1 < pi(a) < p2 < p—(a) < ps,

when F_(a) < F < Fy(a), two distinct constant solutions when F' = F1 («), and one constant
solution when F' < F_(«) or F(a) < F.

We emphasize that constant solutions of (1.0.1) and (25) are the same.

Proof. For the proof, see [5, Section 2]. O
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We set Xy := L%*(Ty) x L?(Ty) and Yy := H?(Tx) x H?(Ty). If 1* is a constant solution

of (25), we set U* = Zﬁ; , where 1" and ] denotes respectively the real and imaginary parts of {*.
7
Let F be defined by
B2 — )i — e + athy —hi(Pp + 7))+ F
F() := Y " ! . 3.2.1
= e - ot — -y + W2+ ) G2D
Then F(¥*) = 0. The linearized operator .4, around 1)* (or by extension ¥*) is given by
Ao = -1+ TLo, 3.2.2)
where 1 represent the 2 x 2 identity matrix, and
0 -1 —B(2— )3y — a+397° + u? 2077
j = ) ‘CO = v * /% 2 *2 *2 | -
1 0 27/%% _6(2 - a)ay —a+ ¢T‘ + 3¢2

Hence A acts on Xy with domain ).

Remarque 26. Let 1) be a constant solution of (1.0.1), then by setting v = , + i, and ; reals,

and p = ||?, we have
-«
, = %, i = p(pF), F?2=p(1+(p—a)?). (3.2.3)
We consider the so-called anomalous case (5 = —1) and have the

Lemme 12. Let a < 2 and ¥* = 1} + b} the constant solution of (25) with p* = ||1*||? = 1. We set

w*
L
(2

and has purely discrete spectrum given by

and we consider Ag the linearized operator around V*. Then, the operator Ag is closed

o(Ao) = {)\ eC; A +2 +a(v2— a%) =0,n¢€ Z} , (3.2.4)

with a(k) = (2 — )?(k? — 1)2. The value 0 is a semisimple eigenvalue with corresponding eigenspace
of dimension 2 spanned by the conjugated eigenvectors ( and C given by:

— « iNy V- a —iNy
(N 2_@)6 ; (N (2_a>€ :

Moreover, the spectrum of Ay is symmetric with respect to the real line and vertical line Re(\) = —1 in
the complex plane.

Proof. The operator 85 is closed on L?(T ) with compact resolvent and A is a bounded perturbation
to(2—a)J 85. Hence A has compact resolvent and thus its spectrum is discrete. By means of Fourier
series, we even have that

o(Ao) = [ o(Ao(n)),

ne”

where )
Ao(n) = —1 = 247 (2 - ) + o+ + 3057
—(2—a)fm —a+ 3y + ¢ —1 + 2079
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Let A € C. We have

Aep(Ao) <= VneZ, A+1+2¢; J)A+1-2¢7 )
2 2

—(—2=-a)zz—a— =3 P)E-a)gm +a—3u7 = ) #0
2
e Vnez, )\2+2)\+(2—a)2(%—1)27§0,

thus
A)) =)A€ C; N2 +20+ (2— 2L2—12—0 €z

For n in Z, the equation A\? + 2\ + (2 — 04)2(}{,—22 — 1)% = 0 admits two roots:

2 2

Al(m%) ::—1+J1—(2—a)2 %-1), Ag(m%) ::—1—\J1—(2—a)2 ]:‘[2—1)

For all n in Z, A2(v/2 — o) has negative real part, A1(v/2 — a;) has no positive real part, and
AM(v2 —ag) = 0if and only if n = £N, thus 0 is in the spectrum of A and its multiplicity is 2.

The Fourier mode of eigenvectors are N and — N, thus let (y = (Z) NV then

1 —2-a)a+ 20+ (1-a)?)—1-3(1—a)?)b\ iny
Aoy =7+ _ )2 _ 2 €
1+(1—a) (—2(1+ (1 —a)®) +4—a)a—a’b
B 1 —(2—0a)?a+ a2 —a)b oy
1+ (1 —a)? a(2—a)a —a?b
thus a = awand b = 2 — . Hence, (y = 9 f eNY and (y = 9 f N e NV are eigenvectors

associated to 0. Here we used the fact that the spectrum of 4 is symmetric with respect to the real line
since it has real coefficients.

Moreover, the spectrum of 4, is symmetric with respect to the vertical line Re(A) = —1 in the
complex plane, since

(Ag+ 1) = —£3d7 = — 7% (A + 1), (3.2.5)

where 24 stands for the adjoint, and hence the spectrum Ay is symmetric with respect to 0. O

Remarque 27. Consider the spectrum o(Ag) of the operator Ay. We have

o(Ag) = o_(Ap) Uap(Ao) (3.2.6)
where o_(Ap) and oo(Ay) have the following properties
(i) there exists yn > 0 such that supye,_(4,)Re(A) < =N
(ii) the set oo(Ap) consists of a finite number of eigenvalues with finite algebraic multiplicities.

Remarque 28. Remark 27 calls for another one. The decomposition of the spectrum (3.2.6) coincides
with decomposition into stable spectrum o_(Ay), central spectrum oo(Agp), which is made only a finite
number of discrete eigenvalues, and unstable spectrum which is empty here. Recall that in [5], the center
manifold is actually the manifold of periodic waves 1;“70. Hence would expect, as in [4, Section 4.1] and
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like for ODEs, that the center manifold is locally attractive due to the absence of unstable modes. In
the infinite dimensional setting, the exponential separation of the spectrum is not enough and linear
estimates on the linearized flow are needed, see [13, Hypothesis 2.7] see also [?]. Following [?], this is
what we do below.

Another difficulty appears in adapting the center manifold stability in the infinite dimensional set-
ting. Like the Cauchy-Lipschitz theorem, the center manifold one uses transparently the fact that real or
complex numbers are normed algebras to control nonlinearities. Since L*(T ) is not a Banach algebra,
the estimates on LQ(T N) proved below are not sufficient. This is why in [?], the analysis is made in
H 1(’JI‘) and here, like [23], we use Strichartz estimates to treat nonlinear terms.

Existence and regularity of equilibrium

The analysis is done in [5] for the case N = 1 which is more restrictive than N > 2.
According to Lemma 12, we consider the

Définition 29. In the case o < 41/30 we denote by 1) the constant solution to the Lugiato-Lefever
equation (25) given in Lemma 11 with the smeattest modulus \/p* = 1.

Théoreme 30. In the case B = —1 (of anomalous dispersion), o < 41/30, if u > 0 is sufficiently small
and F? = 1+ (1 — «)? + p the solution 1 to the Lugiato-Lefever equation (25) is a spectrally unstable
equilibrium and there exists a family of nontrivial spectrally stable equilibria 7.1, which are smooth in
w and smooth periodic in space solutions with Taylor expansion

v, Bla+i2-a)) 1/2
N(y) - 0 + F1|41 _ 3OOZ|1/2 COS(y) ‘,U,‘ + Olt—)O(‘:u’D (327)

in H*(Ty) for any k in N.

Proof. This theorem recollects its elements from [5, Section 3] and is worth to emphasize [5, equation
(3.11)].

The definition of spectral stability for non constant equilibrium is provided below. We will only be
interested by the stable case and provide a proof of this fact below. O

3.2.2 Spectral stability analysis

In this subsection, we consider in more details the spectral stability, with respect to subharmonic
(N > 2) perturbation, of the periodic solutions found in (3.2.7).

In the case 3 = —1 of anomalous dispersion, a < 41/30, i > 0 sufficiently small and F? =
1+ (1 — a)? + p (as in Theorem 30), linearizing the Lugiato-Lefever equation (25) at 1y, the even
periodic solution given by (3.2.7), we obtain A, the linearized operator defined by

Ay = DF(U,) = -1+ JL,, (3.2.8)
T

i
the periodic solution 1), F is defined as in (3.2.1), the operator 7 is defined as before, and

where ¥, = in which ,,(y) and 9;,,(y) represent the real and imaginary parts, respectively, of

. (2—a)d2 — a+ 342, (y) + ¥ (y) 20 (y) i (y) )
n = .

20 ()i (y) (2—a)d2 — o+ ¢2,(y) + 3¢, (y)
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The linear operator A, is closed in the Hilbert space X'y with dense domains )}y and non empty resolvent
set. Indeed, according to the formula (3.2.7), we have the expansions

ru(y) = 54 et cos(y) |ul? + O(|ul),

w(®) = [+ (2= a)dicos(y) ]+ O(|u)),

where 1, = 3/F; |41 — 30a|'/? (recall " and 17 are the real and imaginary parts, respectively, of the
constant solution 1), see paragraph before (3.2.1) and Remark 26). Hence A, = A + \u\l/ 2[5’“, with

3ba,, + b3 b1
B, = H H K 3.2.9
» J blu bgu + 3[)3“) ( )

where
bip =15 ((2 — )b cos(y) +&i(|ul"?) + ] (ap cos(y) + e, (|ul/?))

+ (apy cos(y) + 6T(|M|1/2))((2 — a)y cos(y) + 5i(|,u|1/2)),
bay, =(ah1 cos(y) +€T(‘M‘1/2))2 + 2¢:(04¢1 cos(y) + 5r(|M|1/2))7
b3, =((2 — )1 cos(y) + Ei(m‘l/Z))? +2 (2= a)ycos(y) + Ei(\u\lﬂ))

are all bounded. As Yy is compactly embedded in Xy, the spectrum of the operator A4, is purely
discrete.

Définition 31. Let 1), be an equilibrium of (25). We denotes by o(A,,) the spectrum of the linearized
operator A, around . We say that 1, is spectrally stable if o(A,) C {\ € C; Re(\) < 0}
Otherwise, 1, is spectrally unstable.

Théoreme 32. Ler 5 = —1 (of anomalous dispersion), o < 41/30, p > 0 sufficiently small and
F2=1+4+(1-a)?+

Consider the periodic solutions 1, of the Lugiato-Lefever equation (25) given by (3.2.7) and the
associated linear operator A, in (3.2.8), acting in X. Then, for any u sufficiently small, the spectrum
of the linear operator A, lies in the closed left half complex plane, and the periodic solution 1), is
spectrally stable with respect to subharmonic perturbations.

In addition, the generalized kernel of A,, is equal to the kernel and spanned by the spatial derivative
of the equilibrium U, (which is an odd function).

Proof. For sufficiently small 1, the operator A4, is a small relatively bounded perturbation of the operator
Ay, for which we have the spectral decomposition (3.2.6). Hence

U(Au) = U—(Au) U UO(AM);

where 0_(A,) C {\ € C|Re(\) < —yn} and og(A,) C {A € C|Re(N) > —yn} with v > 0 from
Remark 27.
From [5, Lemma 4.1 (v = 0 and N = 1)], for sufficiently small ; we have

o0(Au) = {0, M(p)} C {A € C[Re(A) > —yw}

where A1 (u) = —ﬁ i+ o(|p]). Note the spectrum increases with N
Let e > 0 such that D(0, ) N oo(Ag) = {0} and let

1
P(Ag) = — /8 o o= 2) 7

© 2irm
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the (Riesz) projector onto the kernel of o((.Ap). Then we have

Ran(P.(Ap)) = U Ker(Ap¥).

keN

As A, = Ao + |u|'/?B,,, with B, bounded, we have

o1 -1
H(A“ z) (Ap — 2) HE(X,T) — 0, uw—> 0, Vz € ﬂ p(AL).
O<p<l
We have that A, has compact resolvent and for all z, such that |z| = ¢, A, — z is invertible for
sufficiently small. Hence,
1

P.(Ay) = -— Ay —z) "z 3.2.10
s( M) 217T <9D(U,s)( 124 ) ( )

is well-defined, and we have
1P-(Au) = Pe(A0) | gy gy — 01— 0. (3.2.11)

Hence,

2 = dim( | J Ker(Ao¥)) > dim( | ] Ker(A,F))
keN keN

for p sufficiently small. We deduce that for p sufficiently small, an e-neighborhood of 0 contains only
two eigenvalues counted with their algebraic multiplicities: 0 and A; (). This implies that 0 is simple.
The solution 1), satisfies the Lugiato-Lefever equation

0=1(2 - )by — (1 + i)y + ithu|ypu|* + F.

By applying 0, operator to this equation, we obtain

0= (2~ )2(dyth) — (1 +10)(Byth) + i@yl 2 Re (U, 0yth) e (B212)
If we write ¥, = 7?“ ) and 0,V ,, = Z”), then the equation (3.2.12) is equivalent to the following
ip I
system
0=A,(0:¥,),
thus, since 0 is simple, Ker(.A,) = Span(d,¥,). Since ¥, is even, 0,V , is odd. O

3.3 Asymptotic stability

This section is devoted to the proof of the following theorem, which describes the asymptotic stability
of solution of the Lugiato-Lefever equation (25) (and hence (1.0.1)) around periodic solutions given
by (3.2.7).

Théoreme 33. Ler 5 = —1, a < 41/30 and p > 0 sufficiently small.
Let 1, be an equilibrium of (25) given by (3.2.7). For any c € R, let

u,0<y) = ¢u(3/ +¢).

Then, there exists § > 0 and 0 < coo < 2mN such that if ¢g satisfies

H¢O - wNHXN < 5’
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3.3. ASYMPTOTIC STABILITY

then the unique solution (I, ¢) of (25) with ¢ [1—o= ¢o in L= ((0, TF (¢0)); L*(Tn))NL*([0, T (¢0)) %
Ty) satisfies T (pg) = +0o0,

inf t) —
sup o N0 = ellay | <e
and
[6(t) = pewllyy —0 (. —> +00).

The proof of this theorem is classical and intuitive. Any solution ¢, which is initially close to an
equilibrium ), can be split in two pieces: one equilibrium profile v, ., which is a translation by c of the
solitary wave ,,, and a dispersive part v. This decomposition is not unique and we consider one such
that v is, in a sense, orthogonal to the kernel of the linearized operator around the solitary wave profile

uc- This ensures the dispersion of this component. We thus start by proving that on a complement of
its kernel the linearized operator generates a dissipative semigroup and then that this semigroup satisfies
Strichartz estimates. We also give the equations of c, the time-dependent space translation parameter,
and v and show, exactly as we would do for the well-posedness, that the solutions of these equations
(which are coupled) satisfies a closed set of space-time estimates. The latter provide the convergence of
c to some ¢, and the dispersion of v eventually proving our theorem.

3.3.1 Strichartz estimates for the linearized operator A,

Once again, as for the well-posedness, we use Strichartz estimates for the underlying linear dynamics
generated by the linearized operator around the equilibrium profile. Compared to Section 3.1, we use
global in time Strichartz estimates for A, which is a perturbation of .Ay. We thus to prove dissipation for
dynamics generated the linearized operator. More precisely we prove that the semigroup has a negative
exponential growth. A classical tool to get it is the Gearhart—Priiss theorem. Here we prove a global
bound on the resolvent on a vertical half complex plane. One can also consider bounds on vertical lines
as in [?, Exercice V.1.] or [7, Corollary 2] for a proof. The proof is actually the same level of difficulty
and we choose to stay along with the classical assumption.

The strategy is inspired by [23, ?]. We also refer to [?, ?] for a similar H! based strategy using only
the dissipation provides by the Gearhart—Priiss theorem.

Resolvent estimates

In the application of Gearhart—Priiss theorem [?, Theorem V.1.11], see Theorem 37 below, we need
estimates on resolvents. We collect here estimates for .4y away from the origin. By a perturbation
argument, this will provide the same estimates for .4,,. The remaining part will be considered later by a
spectral analysis.

Lemme 13. There exists ko, n > 0, such that for all w € R, lw] > V2, neRn> we have

A:i=n+iw € p(Ap) and

-1
H(AO - )\]I)ilHB(XN) < 504,N~ (331)

Proof. We recall that the operator Ay is given by the (3.2.2) and with Remark 26 we obtain

, — o) —(2 - )92 + (o=0=)
0= 1_a o —a o 1 .
(2 — a)d) + Bl —

The spectrum of Ay is, see Remark 27, such that

o(Ap) C {A € C;Re(N) = —1, or Im A\ = 0 with Re A < 0}.
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Hence, we have that if n > —1/2 and |w| > /2, then A = 7 + iw is in p(Ap). We now estimate the
norm of the operator (Ag — \)~!. Let U = (5) inYyand W = (f) in Xy

i i
U=> Upev¥, W= Wyen?,
neZ nez

n

u w )
where U,, = v”) and W,, = Z") are in R2. Hence,
n

U= (Ag—N)"'W < VnezZ, U, = (Ay(n) — \) "W,

where , ,
2—« n2 a—1)2—a
Ao(n) = U 2= a)f + 332
o= oy 4 Lol oary a2 63D
N?Z F? F?
thus,
= - An(n,w)  Bu(n,w)
Aon) =\t = ’ ’ ,
( 0( ) ) Cn(naw) Dn(naw)
with
2 .
—Fz =N —lw
An(n,w) = W (3.3.3)
_ o302 (a=1)(2—a)?
Bu(n,w) = Bt (3.3.4)
dn(nvw)
n2 2—a)(a?2—a+2
_ —(2 — OZ)W + %12)
Cn(n,w) = ) (3.3.5)
e L. n—iw
D __ F 3.3.6
n? 2
dn(n,w) = (n +iw)? +2(n + iw) + (2 — a)? ek 1) . (3.3.7)

Hence, we have
Ao =7l = X Aotr) - 0

<Y max{|An(n, @)%, |Ba(n,w)[%, [C (1, w) %, | Do (0, ) P [Woa |3
nel

It remains to prove that there exists xq,n > 0 such that for all w € R, lw| > V2, neR,n> —% and
n € 7,

max{’An(nvw)’27 ‘Bn(n7w)‘27 |Cn(naw)‘27 ’Dn("?aw)P} < HOé,N
to obtain (3.3.1).
2
We set a,, == a(¥3%n) = (2 — a)? (]@—22 - 1) and

Ean={n€Z, a,c [051]}:{”6Z’ n® € {NQ <1_1);N2 (1+1>}}

2—« 2 —«
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Recall n > —% and w? > 2. We have, for all n in Z,

(%122+77)2+w2

A = '
‘ n(naw)| (n2+2n+an—|—w2)2—|—4(1—an)w2

For n in gonV’ we have
042 ’ 2 ) 044 2 2
I 12 77) S (1 14 ! >

and (for |w| > v2andn > —3)

(0?4204 an + w2 +4(1 — ap)w? = = (9? + w?)? (3.3.8)

which provides
2 o’
|[An(n,w)|* <2 = +2].
Fy
For nin Z\&, n (thatis ay, > 1), we set X := 772 +2n+an + w?, then

%—217%22+772+w2+277+an—217—an
1 1

A ? =
4 2
) X+ -2 (% +1) —an
X2+ 4(1 — ap)w?
: 2351
— + )
(X —2v/a, — 1|lw)(X +2va, — 1|w]) (X —2Va, — T|w|)(X + 2Va, — 1|w|)
We have
X B 1/2 . 1/2
(X —2Va, — LJw)(X +2Va, — L|w]) X —2Va, — Llw]| X +2Va, — ||
with
X +2va, — 1jw| > X
>0 +w? +2n+1
> (n+1)?
1
P
4
and
X —2Va, — 1w =n* +2n+1+w? — 2Va, — 1|w|+a, — 1
= (n+1)*+ (jw| — Va, —1)?
> (n+1)°
thus
1
X —2Va, — 1|w| > T (3.3.9)
and
X <4 (3.3.10)
(X —2v/a, — Tlw|)(X + 2va, — 1|w]|) = o
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Then, we have

Oé4 2

m 41 < X140 a2+1(X+1)
& o« Cal< o
i R "SR Fy

thus
4 2 4 2 2
%1—277(%12—1—1)—% ;7{+1+2‘g—12+1’ X (142 ;—12+1D
X2+4(1 —ap)w? | | X24+4(1 — ay)w? e +4(1 — ap)w?

We set @ := min{ay,a, > 1,n € Z} > 1, and we have

1 1 1
X2 4+4(1 — ap)w?| ‘4\/an —T|w|(X = 2van — Lw|)  4Van — Lw|(X + 2v/an — Hw\)‘
V2
S Va-1
(3.3.11)
We obtain
|An(n,w)|* < Ca (3.3.12)
with
\/5(%2+1+2 ;—2+1D 02 o
Cy = L 1 +4 242|—=+1/],2 —+2],,
A Vi1 F? Ff
If nis in &, n, then a,, € [0, 1] and by (3.3.8), we have
_ o) 4 (em)ea)??
Bt — 1OV
e (N2 + 20+ ap + w?)2 + 4(1 — a,)w?
2
|2 @) + 14 e=biz=el
< 1
%(772 +w2)2
2
—1)(2-0a)?
Fi
If nis in Z\&,, N, then a,, > 1 an we have
2
9 _ )0t 4 (ez)@2=a)?
B = 2
nn X2 — 4(a, — 1)w?
2 (a-1)(2-a)? |2
e (3 1) e w ¢ e
X2 —4(a, — 1)w?
—1)(2—a)?) 2
_ 2ay, 2(2-a)+ iv(f ")
S X2 4(a, — 1)w? + X2 —4(ap — 1)w?
One the one hand, by (3.3.11), we have
—1)(2-a)?)? —1)(2=a)?)?
2(e-os MY ai(poa gy

<
X2 — 4(ay — 1)w? a—1
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On the other hand, using (3.3.9) and X > a,, we have

20n — 20n X ! (3.3.14)
X2 —4(ap — Dw? X +2Va, — lw| =~ X —2va, — 1|w| -
2a,
< x4L8. 3.3.15
< = (3.3.15)
We obtain for all nin Z, n > —1/2 and |w| > /2,
|Bn(n,w)|” < Cp (3.3.16)

with

(a—1)(2-a)?[
P

18+

Cp := max ’(2—a)+1+

We notice that Cy, (7, w) is similar to B,,(n,w), and (similarly) we have that forall ninZ,n > —1/2
and |w| > /2,

|Cr(n,w)|* < Cc (3.3.17)
with

(2—a)(a2—a+2)>2;8+ 22 2—a)a®—a+2)

2 _qa) —
72 = 72

C’c::max{ 2—a)+1-
a—1

Finally, we notice that D,,(n,w) is similar to A,,(n,w), and (similarly) we have that, for all n in Z,
n>—1/2and |w| > V2,

|Dn(n,w)|*> < Cp (3.3.18)
with
2-o)* (2—a)?
C a va( i +142] 7 +1D+4 242|220 ). o),
= max w-a :
Y Va1 F? Fa
By setting ko y := max{Cy, Cp,Cc,Cp} we obtain (3.3.1), which proves the lemma. O

Lemme 14. There exists My N > 0, such that for all w € R, |w| < V2, n € R n = 3 we have
A:i=n+iw € p(Ap) and

Ao =207 ) < Mo (3.3.19)

Proof. In this proof, we keep the same notations as in Lemma 13. Forn > 3 and |w| < v/2, A = n+iw €
p(Ap). We consider in Fourier series

[0 =27 = 3 [at - 27w
neZ

<Y max{|An(n, @)%, |Ba(n,w)[%, [C (1, w) %, | Do (0, ) PH[Waa |3
nel

Thus we have to prove that there exists M, x > 0 and 79 > 0 such that for all n € Z, n > 3 and

max ‘1” T]? w b ETL /'77{"' i n ”7“’ b [ n ”7“’ ~ j“j()@N
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to obtain (3.3.19).
For all integer n, we have for n > %
2

Redn(n, ) =1 —w?+2n+a2>n-1)2+1-uw?+d2
This is larger than (7 — 1)? — 1 which provides the boundedness of A,,(n,w) and D,,(n,w) uniformly
inn € Z,n > 3 and |w| < /2. This is also larger than a2 if n > 1 and |w| < /2 which provides the
boundedness of B,,(n,w) and Cy,(n,w) uniformly inn € Z,n > 3 and |w| < v/2. O

Dissipation

Let R = Ran(A,) and N' = Ker(A,). The operator A, is a Fredholm operator of index 0
as a bounded perturbation of a selfadjoint operator with compact resolvent. So the dimension of its
kernel is equal to the dimension of its adjoint operator kernel. Since the eigenvalue 0 is simple and
dim(N) = 1, N = Span{d, ¥, }. Consequently, the kernel of .A%! is also of dimension 1 and spanned

by an eigenvector £ with <Ead, Oy\IIM>X # 0. If the latter were not true then 0, ¥, would be in
N

Ran(A,) = (Ker(.Af‘ji))l and hence there exists ® such that A,® = 9,¥,. So that the algebraic
multiplicity of the eigenvalue 0 of A, is larger or equal than 2 which is not true (see Theorem 32). The

vector

Ead
F=— (3.3.20)
(BP9, 0y W)y

satisfies (£, 0, W,,) ,, - = 1 and also spans Ker(A2).

In the proof of Theorem 33, we use Strichartz estimates on the complement subspace to the kernel
of A,,. Since Ker(A,) = Span{d,V,}, we define a projector P on Ker(.A,) as follows.

Définition 34. The projection P is defined on Ker (A,,) by
P: Xy — Ker(A,)
fr—=Af.E)x, 0¥,
where E is defined in (3.3.20).
WesetQ : Xy — X, Q = I — P. It satisfies

QAU = A,QU,
forall U € Y. We define the spaces:
Xy :=Ran(Q) and Yy :=Q(Yn).

Remarque 35. Note that the projector P is also a spectral projector and satisfies for a fixed . > 0 and

€0 € (Oa Al(ﬂ))’ 1

— A, — M),
21 /6D(0,€0)( n= N

see (3.2.10). But if g > 0 is fixed and p. > 0 too small, as in the proof of Theorem 32, we are in front of
different projectors.

P=P, =

Now, we focus on the restriction of A, to X';. We have the following result concerning its spectrum.

Proposition 36. The operator A, is invariant on X}. Its restriction A, | X1, with domain V) defines a
closed such that for p > 0 sufficiently small

o(Au lTxy) C{A € CiRe(N) < —n}
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The constant v is defined in Remark 27.

Proof. For y > 0 small enough we have 0(A,) C {\ € C;Re(\) < —yn} U {0}. We also have the
following decomposition
XN = P(XN) D X]/V

and A,, is invariant on each subspace P(Xx) and X,. Since P(Xy) contains 9,1, and P has rank one,
we deduce
o(Au Tp(ay)) =1{0} and o(Ay Tx) C{A € C;Re(N) < —yn} O

Théoreme 37. Let v € (0,min(yy, 3)). For p > 0 sufficiently small, the semigroup (et =0 is
invariant on X J’V and satisfies, for some C., > 0,

HetAufH < C,ye_’yt 1 L s fe XJ,Vv vVt € R, (3.3.21)
XN N

Proof. To prove (3.3.21), we use the Gearhart—Priiss theorem [?, Theorem 1.11].
First, Proposition 36 implies that the half plane {A € C;Re(\) > v — yn} is included in the
resolvent set p(Ay [x +7). Then, we have

SUPRe(A)50 H(A# g, Y — A)—IHB(XN) < +oo. (3.3.22)

Indeed, we set

K = {z e G —% < Re(z) < Mo, —V2 <ZIm(z) < \fQ}

and

Z = {z € C;Re(z) > —;}\K

Lemmas 13 and 14 implies that for all 2z in Z,

o1y < o

B(Xn)
where Cy v := max{kq N, Mo n}. Consider X € Z with Re(A) > 0. Then, A — ~ is in Z, thus we
have

(Ao + - A)‘lHB(XN) < CaN (3.3.23)

and
A+~ —=X= Ao+ |u|?B, +~ — A

with B,, defined in (3.2.9) which is bounded. From the resolvent identity, we deduce
(Au + - /\)71 — (Ao +v— )‘)71 = _(Au + - )‘)71‘#‘1/26#(“40 +v—= )‘)71'

We also have

11728 A0+ = N7 o < T2 1Bl Cov

B(Xy

|2 and hence 1 +

N | —

There exists o > 0 such that for all u € (0, uo),
|28, (Ag + v — \) L is invertible with

HB/JHB(XN) Can <

N

i1+ 1128 Ao+ = 0717 2

B(xn)

Thus, we have
(AO +v - A)il = (Au + - )‘)71(1 + BM(AO +v - )‘)71)
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and
[+ =07 ) < 2Can,
and
suprezme0 [[(Au Ly, +7 = N7, < oo (3.3.24)
It remains to prove
SPreremen>0 (A Lo, +7 =07 < oo (3:3.25)

The application z € p(Ay [xy ) = (Au Tx, +7 — A)~1 is continuous, thus is bounded on all compact
sets of p(A, | X{v)' As K is a compact set of the resolvent set of A, | X, We obtain (3.3.25).

Estimates (3.3.25) and (3.3.24) give (3.3.22), and applying Gearhart-Priiss theorem, we conclude the
proof. O

From now on, we assume that

1

W< (3.3.26)

This assumptions is made for convenience. The constant vy, see Remark 27, can not be fixed freely but
can nonetheless be chosen positive smaller than the modulus of any the non zero eigenvalues of A,,.

Strichartz estimates

tjé)g)

In this subsection, we consider the semigroup (efﬁ (2—a) >0, generated by the operator —3(2 —

a)J 85 defined on the phase-space Xy .
Lemme 15. For any Uy in Xy, for any H in L4/3(RJr x Tx)2and any v in (0, 2) we have

He—ﬁ(z—a)tjag Us

HLOO(R+;L2(TN))2 < ”UOHXN? (3327)

[ et pem 7% )
0

Loo(Ry5L2(Tw))?

6N 1/2 1
< ((2 _ a)) (1- 6787%”)1/4 HH”L4/3(R+XTN)2 (3.3.28)
and
1/4
He*wefﬁ(Z—a)tjaj Uo‘ < 6N 100l (33.29)
s =\ (5 gy e i) w
/t e_fy(t—l—s)e—B(Q—a)(t—s)jagH(S) ds
0 LART xTy)?
1/2
6N
S ~ 12| parames xrpy2 - (3.3.30)
(2—a)(1—e ¥

Proof. Since J and 85 commutes, diagonalizing 7, we have that J 85 is (pointwise) unitarily equivalent
to the diagonal operator (i@g, —i@;). Then the assertion follows from (3.1.4), lemmata 6, 8 and 9. [
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Lemme 16. Let 7;\] € (0,vn). There exists Cs, Cg > 0 such that for any Uy in X,

entetAuQUy < C5)|Uollxy, » (3.3.31)

L>(R4;L2(Tw))?

< Cs |00y, - (3.3.32)
L4(R+XTN)2

Wt tA
N e QU

Proof. We have QU in X} thus by Theorem 37, for all t € R,

e(wZﬁAthUo‘

4 S C.r 1QU0llxy < C.r [1U0]l ey

hence we obtain (3.3.31). Since
Ay = Ao + |ul'*B,,

with B,, defined in (3.2.9) and

v g ° + 302 (y) + v (y) 20,0 (y)io(y) > ‘

2¢r0(y)¥io(y) —a+ 97 (y) + 33U (y)
For U(t) := e»QU (0), Duhamel ’s formula gives
etet.Au QUO — et*tO e(t*tO)Au Qeto U(t())
t

— 6—6(2—a)(t—to)38§QetoU(tO) + 6—6(2—a)(t—8)38§(yo + \,u\lﬂBM)QeSU(S) ds.

to

(3.3.33)

for t > to . We notice that U(t) := e™«QU (t) has values in X because X} is invariant by A,. By
estimate (3.3.29), we have

He—,B(Q—oz)(t—to)Jag Qeto U(to)

L4((to,t0+2m) X Ty) <G HQetOU(tO)HxN '

Let V, := Vy + |p|'/2B,,. Then, as V,, is bounded, we have that V,QU is in L*/3((to, to + 27) x Ty),
thus

t
/ e~PE=(t=0T5y 05U () ds

to

LA((to,to+2m) x T )2

< C5(2m) V4 (27 N4 ||Vu||3(XN) 1QEUI| L2((tg,to+2m) T )2
S CNQE U Loo((to,t0+2m):n)2 -

with C' = 03(27F)3/4(277N)1/4 ||Vu||B(XN) > 0.

Hence, we have

HetetA“QUo

LA((to,to+2m)XTyN) < 03€t0 HQU(tO)HXN +C He.QUHL‘X’((tOvto—i-Qﬂ);XN) ’ (3.3.34)

Set tg = 2mn for n € N, we have
QU La((2en 2n (i1 <ty < C3 1QURTN) || 1y + CE™ |QUI| Lo ((2mm 27 (nt 1)):L2 (T )2 -
As U has values in X}, Theorem 37 implies that for Let v € (0, min{~yy, %}) and all t > 0,
1QUM)l 1y < e Cy IQUO -
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or
IQU (27n) || 1, < e™™"Cy QU
thus
QU poc (2rn 2r(ns1ysracryyz < €7 "Co QU ey »
and

1QUII L((2rn 2n(n 1)) xTy) < Cr(Ca 4 Ce?M)e ™M |QUY |, -

Finally, we have

|eau

LA((2mn,2m(n+1))xTx)

+00 ,
< He'yt U
LARYLXTN) ngo Q

+oo
2! 2 4
<Y e QU L ((2mm 2n(n 4 1)) Ty
n=0

+oo
< C,(Cs + Ce?™)e?™ Z 2y’ = 2mm QU] x,,
n=0

o C,(C3 4 Ce?m)e?™
= 1— 6_27"("/,_7)

100l xy »

27\ 2™
which is estimate (3.3.32) with Cg = SCECe T O

Eventually, these set of estimates allows the following inhomogeneous Strichartz estimates.

Lemme 17. Let vy € (0,7y). There exists C7, Cg > 0 such that for H in L*3(R,. x Tx)? and
t
Ut) = / =94 () ds:
0

(i)

< Cy HeVNtQH‘ (3.3.35)

!
Yt
e'N' QU
@ LA/3(Ry xTy)2

Loo(Ry;L2(Ty))?

(ii)
(3.3.36)

ONIQU < Gy |eviQu

LA/3(Ry xTy)?

LAY R4 xTy)?

Proof. First, we rewrite U as
t t s
U(t) = / eI QeP =T H (s) ds + / / =) Au Qe3P =DT Y} [ (1) drds.
0 o Jo

With (3.3.28) and (3.3.29)

[ QUO e

< H/t Qe 'YN—1)(t—s)eﬂ(2—a)(t_s)jazG%VSH(S) ds
0

L>(Ry;L2(Ty))?

T E=9) =5 A QD577 B0 (=TT INT F (1) drds

Lo (R4;L%(Ty))?

< Go || H (s)

L4/3((t0,t0+27r)><TN)2

V=D (s=7) B(2—a) (s—7) T 0 NTH(7)dr

+/ O =)(E9) g [, ||‘

Loo(Ry;L2(Ty )2

+OO / /
<Gy [ et as ) |ohea ()
0

LA/3(R+xTy)2
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Then, we rewrite U as
t t s
U(t) _ / es—teﬁ(Q—a)(t—s)J8§ QH(S) ds — / / €S_t6'8(2_a)(5_7—)j8§Vue(T_S)A“QH(T) drds
0 0 Jo
and we have with (3.3.30) and (3.1.5)

st

LAR+XTy)2

/ ' O -5) B0 (575 (S F (5) dis

< ‘
0

LA(R4+xTn)?

N ‘ /t /S e(%\’_1)(t—s)e,B(Q—a)(s—T)JagVuevj\,se(s—T)AuQH(T) drds
0 JO

L4(R+ XTN)Q

< ||HHL4/3(R+XTN)2

L CIVll / 0N =5 4
0

et [* A () dr
0

LY (R L% (Tw))?

S H | passw, xTa)2

0o , 0o 1/4
+ C|Vull / N1 s </ e~ 408 d3>
0 0

with § > 0 such that v}, + & < yn. Using the previous estimate we conclude. O

e(Vnt+0)s /s e(s—7)Au QH(r)dr
0

Loo(Ry5L2(Tw))?

3.3.2 Asymptotic stability: Proof of Theorem 33

In this section, we prove Theorem 33. Consider the mild solution ¢ of the Lugiato-Lefever equa-
tion (25) given by Theorem 24, and the periodic solution 1), defined in (3.2.7).
As in Subsection 3.2.1, we identify C with R? and, for Yy = Yry + ithiy, and ¢ = ¢, +i¢;, we set

U, = ::) and & := <§):>

and for all y in T, ®o(y) := ®(0,y). Here, g and ¥, are in X', and as ¢ is the mild solution of the
Lugiato-Lefever equation (25), ® € L>=((0, T (¢0)); L*(Tn))? N LA((0,T*(¢0)) x Twn)2.
The proof is now split in three parts:

(i) In the first subsection, we spend some time in defining uniquely the translation parameter ¢ and
give a well defined equation for its time evolution this will also provide a well defined equation for
the dispersive component Y

(ii) In the second subsection, we provide a closed set of a priori local in time estimates for the resulting
equations based on the Strichartz estimates obtained so far ;

(iii) In the last subsection, we prove that the estimates are eventually global and conclude the proof.

Setting of the analysis: Modulation equations and dispersive component

Let > 0, we consider the ball in Xy, of radius 7, around V¥ ;:
By (W,m) 1= {V € X; [V = Wyl . <7}
Naturally, each element of this ball has a closest element on the curve ¢ — 7. ¥ ,.
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Lemme 18. For all V € Bx, (¥,,n), there exists c(V') € [0,2nN) such that
if [V = 7@y, = [V - TC(V)\IJ#)]XN <.

Proof. Let W, . = 7.V, Let V € Bx, (¥,,n). The functionc € R — ||V — W, |, is continuous,
27 N -periodic and bounded on R, thus admits extrema, in particular a minimum, thus there exists ¢(V') €
[0, 27 V) such that

g 1V =il = [V =y,

Then, we have
|V =7 @], <1V = Tl <.

This concludes the proof. O

Applying this lemma with ®, if &g € By, (¥,,n), then there exists ¢* = ¢(Pg) € [0,27N) such
that
égﬂf@ [P0 — 7eWpully, = [P0 — 7= Ppully,, -

For (t,y) € Ry x Ty, letc € C*(Ry) with ¢(0) = c* and we set

Y(t,y) Dty +c(t) — Yuly),
To(y) = Po(y+c(0)) — Vu(y).

Without loss of generality we assume that ¢(0) = 0.
As a mild solution of the Lugiato-Lefever equation (25), by Theorem 24, we have for all ¢ €

[0, T (¢0)), . ,
(t) = Ao + / (DA pds 4 / =41 6() 2 () ds.
0 0

We set
Se(t, s) = e“Wyelt=8)Ac=c(5)0y 0<s<t

Forall t € [0, (¢)) and y € T, we obtain
ch(t)gﬁ(t? y) :eC(t)ay ¢(t7 y)
t t
=Selt, 0060 + [ St )Fds+i [ Sult, )l )0l) P oqo(s)ds,
0 0

where 7, denotes the translation in space by ¢ which is e“%. In order to compare to ®u, we need to
rewrite v, as a mild solution. We have that , is an equilibrium and hence a strong solution of the
Lugiato-Lefever equation (25):

atwu =0= Awu + i¢u|%l2 + F.
Then, for ¢t € [0,T"(¢p)), we have
at(Tc"‘/’u) = _é(t)ay(Tcwu)

and
0= A(Tcwu) + iTcw/ATcw,uP + F

thus
8t7'07/1u = _é(t)achl/}u + ATcd}u + iTcwu‘Tcl/}uF + F,
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then

t t t
(Tetu) (t) = €0y +/O =94 Fds + i/o eI T (8) [PTo(sy o (s)ds —/0 e TIAE(5)Dy o5 Wu(5)ds.

Applying (Y9 to the last formula, we obtain
u(t) =e°(M% (Tethu)(t)

t
—oc()y A Too)n + /0 €03y (t—35)A ,—c(5)0y ,c(5)0y P
t
+i / ec(t)aye(t—s)Ae—c(s)8y ec(s)(?y ’Tc@bu(s) |27—c'¢)u(5)d3
0

t
_/ e“(1)0y (t=5) A =c()Dy () ¢ $) ), 71 (5)d s
0

t t t
—Su(t,0)t, + /0 S(t,)Fds +i /0 Se(t, 8) [ty 2ebuds — /0 Su(t, 8)é(3)Dy 1 (s)ds.
‘We have
Y(t,y) = Solt, 0)(®g — W) + i /0 Su(t, ) (170 (5) Pr(s) — W, 20, )ds + /0 ' Su(t, $)¢(5)9, 0 uds.

We notice that
Re(i(|7—6¢|270¢ - |7/)H|2¢u))

Timni(|reg|?red — qu») = IAhTH P

where A, is defined by

32, +h, 20t
A, = T t g 3.3.37
# 21/@?/@ 1#3“ + 37/%2” ( )
and o
F(C,p) = T (29 TI* + 0 (1) + YY),
We define now the propagator (U.(t, s))o<s<t by
U,(t, s) := M0 e(t=5)Aug=c(5)dy (3.3.38)
Using Duhamel formula, we have
t ¢
T(t) = U,(t,0) Yo + / U(t, ) F(T(s), 1)ds + / Ua(t, 5)é(5)0, W uds. (3.3.39)
0 0
We set
o — - BelBFTE.0)
HEHXN —Re (0,E, T (1)) (3.3.40)
c(0) = 0

recall (3.3.20). Then, using Duhamel formula, we have
t
Re (B, T) =Re (B, e, ) + / Re (B, (=4 (¢(5)0, 0, + F (70 (), 1) + ¢(s)9, X (s)) ) ds
0
t
—Re (E,To) + /0 Re (B, ¢(s)(0, ¥, + 8,Y(s)) + F(r.T(s), ) ds

The equation (3.3.40) for ¢, is chosen in order to obtain T in the cokernel of the linearized operator
and thus with good dispersive properties. Usualy the procedure is the other way, the equation for c is
deduce from imposing Y in the cokernel of the linearized operator. But this needs Y to be a strong
solution in order to take time derivatives. We now spend some time to recover needed properties for c.
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Lemme 19. For any (V,c) € Xy x R, we set f(V,c) = Re(E,7_.V — V). Then, there exists a
neighborhood Vo C Xn of ¥, a neighborhood Wy C R of 0 and a unique ¢ € CY(Vo, Wo) such that

(VeVo,ce Woand f(V,¢) =0) <= (V€Vyandc=¢&V)).
Proof. We have f(V,,0) = 0 and for (V,c) in Xy x R,

daf
%(V, c) = —Re(1.0yE,V — 7.¥,) + Re (1. E, 7.0,¥,,) ,

thus
df
%(‘/7 ) (w,00 = —Re(0,F,0) + Re(E,0,¥,) =1#0.

Then, by implicit function theorem, there exists a neighborhood Vy C Xy of ¥,, a neighborhood
Wy C R of 0 and a unique & € C'(Vy, Wp) such that

(VeVy, ce Wpand f(V,c) =0) <= (V €Vpandc=¢é&(V)).
This concludes the proof. O

Notice that ¢(V') is not necessarily one of the ¢(V') given by Lemma 18 although the latter satisfy
f(V,e(V)) = 0. To get so we need to prove that in a small neighborhood of ¢ = 0 there exists only one
zero of f(V, ).

In this case, as a solution of (3.3.40) ensures

Re (E,T) =0, (3.3.41)

if this stays small then it is one of ¢(V), actually the smallest positive one as we will see.
The following lemma will provide a sufficient argument.

Lemme 20. Consider V,, and we define d : R — R with d(c) := [|7.¥,, — \IlHH?YN for c € R. Then,
there exists co € RY. such that d is increasing on (0, co).

Proof. We notice that d is defined on R and of class C?, because ¢ — 7,¥ 1 18 smooth and the norm as
well. We have, for all cin R,
d'(c) =2Re (1:0,9,,7,)

and d'(0) = 2Re (9, ,, ¥,,) = 0. Then, for cin R,
d"(c) = 2Re (0¥, 7.0, ),

thus d” is continuous and d”(0) = 2|9, ¥ ,||* > 0 because ¥,, is not constant due to formula (3.2.7).
Then, there exists ¢y > 0 such that for all ¢ € [0, ¢), d”’(c) > 0 thus d’ is increasing. As d’'(0) = 0, then
d'(c) > 0forall ¢ € (0,¢p) thus d is increasing on (0, co). O

Now, we set ¢; := inf{c > 0;d(c) = 0}. We notice that the existence of ¢; is due to the periodicity
of ¥,,. By its definition, ¢; > cg and c; is the period of ¥, (thus of d) because 7., ¥, = ¥,. We set
I := [—%1, %1] . By definition of ¢; and the fact that d is even, 0 is the unique zero of d on [;.

Letb > 0. Weset I, := [—%-, —b] U [b, 9] and n(b) := inf.cy, d(c). We choose b € I; such that

(=b,b) C Vo. Lete > 0 with €2 < £n(b) and consider V € B(¥,,¢). By Lemma 18, there exists
¢(V) € [0,27N) such that

;gﬂg IV = TC\II!LHXN - HV B 7—C*(V)\D“H/"L’J\f .
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We denote c¢*(V) the smallest. We have that it is small as
[ = 7oyl I = Vil +[[V =m0, <22

thus

d(c"(V)) = d(=c"(V)) < (2¢)* < 5(b).

Hence ¢*(V') € (=b,b) C Vo, using Lemma 19, ¢* (V') is the unique positive minimum of infeep ||V — 7e W[ 5,
in (=b,b).

With the formula for ¢ set in (3.3.40) and the definition of ¢(0), we obtain (3.3.41) which implies that
T is orthogonal to Ker{Aﬁd}.

We have that Y has the mild form

! Re (B, F(Y(s), 1))
Y(t) =U.(t,0)T /Uct, F(Y(s),pn)d /U o,V ,ds,
A o VIR, - ke, BT Y
(3.3.42)
" ' Re (B, F(X(s).1)
Re(E, F(Y(s), u
c(t) =co — ds. (3.3.43)
0 [[Ellxy —Re(9yE,T(s))
This is the system we now consider for the stability analysis.
For definiteness, we consider
1
@+@):4mn{mm{t>o:unm§v«%E;uﬂ>=2};Tw¢@}. (3.3.44)

We have the following lemma.

Lemme 21. There exists € > 0 such that if
lell poorey <€

then for any I (time) interval of R™ and any non negative measurable (time) function p on I and for
some C' > 0,

(i) |p7e Y|y < CllpQre Y| 5y,
(ii) lpme Xl pagrxmyy2 < ClPQTY | Lagrimyy2
(iii) ||p7Y || pass (IXT )2 <C HPQTCTHLW (IXT )2
whenever the left hand side is finite.
Notice that the norms are invariant in space translations.

Proof. We prove the three estimates together as their proof differ at only one point. Let v € Ran(7.Q).
Thus, there exists w € Xy such that v(t) = 7, (I — P)w(t). Notice that (I — P)w(t) = 7_c4)v(t)
Then we have
Pv=Pr.(I —P)w=P(r.—I)({ — P)w

We have forallt > 0

Hﬂ(t)P(Tca) — (I - P)w(t)Hx

N

= [{p(I = PYu(t). (r—eqry ~ DE)| 10,94l 5,

<l = Pyw®)l sy (oo = DE|, 185 %ill,
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Let §p > 0. If
lell poomey <€

for € small enough then
[y = D, 190l <

and we have

et P(reey = DI = Pru(t)], <o |[p(t)r—cpp(®)]|, = o lo(t)o()].x, -

AN

We also have

|o(t) P(ruqey — DI = PYo(t)

LA(IXTy)?2 < (I - P)w(t)HL‘l(IXTN)Q [ (7e — I)E”LOO(I;L4/3(’[FN))2 Hay‘I/uHm(qu)z

Hence for € small enough, we have

|p(t)P (o) = 1T = Pywo(t)

LA(IxTy)? < ||p(t)v(t)HL4(I><TN)2 )

We have similarly

o) P (o) = (I = P)u(d)

LA/3(IxXTy)? <% Hp(t)v(t)HLM?’(IX'JTN)2 )

Eventually, in all the cases, we have that

() Qull = llp(t)vll — [lp(2) Poll
> (1 =do) [[p@)vll,

which is the result of the lemma with C' = ﬁ. O

First step: A priori bounds

We start the proper proof of Theorem 33.
LetO <y <y < % recall (3.3.26). We consider the norm

||(T, C)HT = max {HS’Y'T”LOO((O7T);XN) R ||67.T||L4((07T)XT1\1) s ||CHLOO(O77-)} s (3345)

and we assume that || Yoy, < ¢ (and recall ¢(0) = 0).

Remarque 38. Recall that ||E||y, = 1 and notice that, as E is not constant, ||0yE|| 7 0. This

implies that if ||| < W, then
N

1Elly, — Re (@,E,T) > % (3.3.46)
First we prove that for all € > 0, there exists § > 0 and 7y > 0 such that for all 7 < 79,
[Tolly, <= I(T,0)], <e. (3.3.47)
Lete >0,
V€ (%V,WN)

90



3.3. ASYMPTOTIC STABILITY

and 7 > 0. Consider ¢ € [0, 7], by Lemma 21 and (3.3.42), we have

He’Y.T”LOO((O,TﬁXN = He’y.TCT”Loo ((0,7);Xn)
t
<O et A Qror |, +C / =N AN QF (7,7, p)ds
((0,7);XN) 0 L2 ((0,7);XN)
+C / o(t=8) (Apt7) p7s Re (£, ]:( (5), 1)) QoyW, _.ds .
0 1E] x — Re (0, F,7(s)) (o

By Theorem 37, we have for all ¢ € [0, 7], He(%LAH)tQTO HX < (9. Then, by Lemma 17, in particular
N

Strichartz estimate (3.3.35), we have

t
/ e(tfs)(A*‘*V)est]:(TcT,,u)ds
0

< Cs He’YNSQf(TCT7IU’)HL4/3((O,T)><TN)
Loo((0,7);XN)

< Cs Hewsf(TcT?M)HL4/3((0,T)xTN) .
We have

[ F (1Y, w)ll pars 0,0y xTh) < 3 |WﬂHL4(TN) He"YNs(TCTp‘

+ Heﬂ”\""ﬁ(TcT)3

L2((0,7)xTxn) LA/3((0,7)xTw)

Notice that

He'YNS(TCT)3 4 TCT‘

<N Tz (0.7 xma)

L4/3((077)XTN) N ‘ L4 OT XTN)

and
IN 2

HeWS(TCT)Q‘ ez °r. Y

< e Y124 0.7y <) -

L2((0,7)xTxn) ‘ LA((0,7) X Ty

‘We infer

| F (T i)l s 0,7 mn) < 3 1¥llpagray 1€ a0 ) + 1€ Na(o,myxmyy - B-348)

and

t
/ = AtNTQF (7,7, p)ds

i <Cpur (17 L1 Fa(0,m1xmn) + 1€ Ll 0.01xmn) )

Loo((0,7); XN )

with C,, » := max{3Cj Hwﬂ”L‘l(’H‘N) , C5} which is finite for small p. So if § > 0 is small enough, there
exists 7y > 0 such that for all 7 < 74,

t
/ AN S QF (.Y, 1) ds

s 12 Y13
; < C,u,T (He"/ T”L4((D,T)><TN) + H€7 T||L4((077)XTN)>

L2 ((0,7);XN)
<

ol ™

(3.3.49)
Then, we assume that § < W. There exists 72 > 0 such that for all s € (0, 72),
N

2
HT( )HXN Ha EHX
N
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thus inequality (3.3.46) is satisfied and with Strichartz estimate (3.3.35) and estimate (3.3.49), we obtain

. + Re (B, F(1(s), 1))
(t=)(Aut)gvs ’ ’ Qo,v d
e e —cds
/0 1Bl vy — Re (9, E,T(s)) .

< 2Cs5][e"™° Re <E,]—"(T(s),,u)> ayqlu,—CHLél/?)((oﬂ-)Xﬂ*N)
< 205 19,0l sy 1 sy 1167 FOC ) a2 0my

L2o((0,7);XN)

< 2007 10y ull s gy 1B Loy (\|€75T||%4 (07)xTy) T ||€78T||?£4((0,7)x1r]v))
< Crr (1€ T 0,1y ) + 1€ Yl t(0,m ) )

with é;; = 2Cur ||8y1[)MHL4/3(TN) |E|l La(r ) Which is finite for s small. There exists 73 > 0 such

that for all 7 < 73,
€

~ s 2 s 3
Cur (He’y Tl Zac0.1)xTy) + ll€7 T||L4((0,T)><TN)) < 3

. i €
Hence, if we choose 7 < min{7y, 7, 73} and § < ——, then
3CC,

1€ T[] oo (0,750 < €
By Lemmas 16 and 17, in particular Strichartz estimates (3.3.32) and (3.3.36), we have

1€ Tl a0,ryxra) < Clle” @Y paqo,m <)
< CCs [|Tollxy, + CCs €™ QF (7Y, W)l a3 ((0,7) xT )

Re (E, F(Y(s), 1))
1B xy — Re {9, E,T(s))

S

+ CCsg ||e™

Qay\l’u,fc

LA/3((0,7)xTn)

Using (3.3.48), we have

s IN 3 2
[ QF (X, il s o7y xmy) < Blltll o, 2N 500

1™ Y | a(0,r)xmn)
3
LA((0,7)xTy)

and we also have

Re (B, F(Y(s), 1))
HEHXN —Re (0, E,Y(s))

YN S

Qay\Il%,c

LA/3((0,7)xTy)
< 2010y ¥ull pars(r ) 1B N pagr ) 1€ F (L, )l Lara 0,0y xT )

71\7 2
< 2110yl passmy 1B lacry X Bllullpasacn,y e |25 e T a0, myema

+ ||678T||?i4<<o,r>xm>

. . €
thus there exists 74 > 0 such that if 7 < 74 and § < 300, then
6

1e” N e o.myxry) < &

Then, we have that

Re (B, F(T(s), 1)
M/ IEll 2, —Re<ayE,T<s>>ds
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is bounded on (0, min{7y, 72, 73, 74}). Indeed, for 7 € (0, min{ry, 72,73, 74}), we have

< 2|Re <E7~F(T(S)7:u’)>HL1(O,T)
L1(0,7)

14
<2 ( / ) 1B o) 1€ F (L), 1)l s 00y

H Re (E, F(Y(s), 1))
IE||x, — Re (9,E, Y(s))

(3.3.50)

which is a finite quantity due to (3.3.48). Hence, there exists 79 € (0, min{7y, 72, 73, 74}) such that for
all t € (0,7),

which implies
llell oo (0,7) < -

Finally, for all € > 0, there exists 79 > 0 such that for § < min{z&_, ﬁ, W} and 7 < 719, We
XN

have
HTOHXN < 0= ||(T, C)HT <e. (3.3.51)

Conclusion: Global bounds
We set
K :=min{CC,, CC4},
K(p) :=max{4||E|| 1 r) ; 2Cmin{Cs, Co } 2w N) /4 (1/47) 4 (1 + 210,80l paso oy 1B )}
Ks(u) :=max{2 | E| o,y : Cmin{Cs, O} (1 + 2 10,80l sy 1Ell sz}
As p is small, there exists K and K3 > 0 such that

Ko(p) < Ko, K3(p) < K.

Now, we fix ¢ € (O min{ %, 161[(3,1, 5T, Ll?”)( }) We consider § < min{ﬁ,ﬁ,ﬁ} and g

enough small such that 1 — 3K ||1),,| 4(Ty) = - Then, inequality (3.3.51) implies that the set

{1, o)l < e}
is not empty. We assume that this set is bounded and will prove that there is a contradiction. We set
7 = max{r, [|(T,c)|, < e}

We cannot have 77 = Tt (¢)g) due to the blow-up alternative. Indeed, if 7+ = TT(¢y) < +oo,
then by Theorem 24, lim; 7+ (y) [Tl a(0.4)xTy) = +00, Which contradicts the definition of Tt.

We also cannot have 77 = ©7(c). Indeed, if 77 = ©T(c), then OF(c) = min{t > 0 : ||E||§(N -
Re (0,E,Y(t)) = 5} As [[(T,0)|,+ < e < W, then, see Remark 38, for all ¢ € [0, 7],
N

HE||/2YN — Re (0,E, Y (t)) > 3, which contradicts that 7+ = 7 (c).
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Assume that 77 is finite. The applications 7 €7 Yl Loo(0,75208): T €7 Tl La(0,r)xTy) and
7+ [|¢[| oo o, are continuous on R (due to Strichartz estimates) thus there exists 71 > 0 such that

[(C, )y rt < 26 (3.3.52)

We consider ¢ € [0, 71 + 77]. We have

He”'THLw((O’t);XN) <CCy+ CCs (3 ||7/’uHL4(TN) (QWN)1/4 H677'||L4(07t) Hev'ﬂﬁ%((o,t)xﬂrl\]) + ||€7.T‘|i4((0,t)><TN))
+20Cs 10yl pass gy 1B Lacryy (3 [Yull agry) (27 N) /4 le™ 1 Lago. ||67'TH%4((0¢)WN)
1 X lZa 0y xma))
< K10 + Ka ‘WuHLzL(TN) Hev"r‘@‘i((o,t)xﬂrm + K3 HeV.TH%“((O,t)XTN)
< Kb+ K [l oy 1T DN+ Ks (T, O

1" T Lao.pyxTy) < CCad + CCy (3 9l paer (27N /4 le™" 1 Lago €7 Y140, xTa) + HeW'T”iH(o,t)xqu))
+2CCq Hay@ﬁuHLMS(TN) ||E||L4(1IN) (3 ||¢u||L4(qu) (27TN)1/4 ||€_7'||L4(o,t) ||€V'T||%4((o,t)xqu)
+ 1€ Y 10, my))
< K16+ Ko [[Yull pagry,) HeFY.THQL‘l((O,t)x'JI‘N) + K3 He’Y.THi‘i((O,t)x'ﬂ‘N)
S K1+ Ko |[Yull pagpy,y 1Y 7+ K3 |[(T, o)l
and, for all s € [0, t], by (3.3.46), we have

1/4
@ <2 ([ ) 1Bl agry 19 F O W) or0mpenyy
2 . : :
< a7 1 Ellzacey) G Uullacry) 1€ Tllzeo.sn) + €7 YL 0,5y 1167 Tllioe ((0,6)20)

thus
2

Iz < 637 1B wageny Wl ey 1O E)1E + 2 1Bl ey 1O, €)1
< K16+ Ko [l gy (6 )2+ K3 (X, )2

Then, we have

1OE Ol < KB+ Ko [ oy T I, 4+ K5 [OF 2, s
(Tw)

Ase € (0,min{%, 5k, 1}), 0 < min{5e, 58, 55} and 1= 265 [, s, ) bY (B.3.52), we

obtain
1T )y < K10+ Ko [[ull gy 10 I e + K3 (T )17
< Kb+ 2K [l gy 106 )l e+ 462K [ (T, e
< K16+ 25 [l pagpy 1005yt + 4eB5 1T 4
thus .
B 1, )y s < K10 +4K3 (T, C)||73'1+7'+ :
Ase < ﬁ, we have % —4K3e > %, thus

(0, 0) || qrt < AK1S
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and as 0 < 4571, we obtain

(T, )y 40+ <e,
which contradicts the fact that 7 is finite, thus 7+ = +o0o. This implies that 7" (¢)g) = +oo and
OT(c) = +o0.
Then (3.3.43) and (3.3.50) provide that lim o ¢ = coo exists and |coo — co| = O(£?).
This concludes the proof of Theorem 33. O
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.1 Duhamel formula

We consider 7' > 0 and 1) such that
t
(t) = ePio + [ CIPF()ds, 3 [0,7),
0

where B generates a continuous semi-group on some Banach space X and F' : [0, 7[— X continuous.
If B= A+ C, with C bounded, then A and B have same domain (which is dense).

Below we are interested in reformulating 1) as a perturbation of e*44) instead of e*Byg. This is the
so-called Duhamel formula (maybe in a linear fashion).

We get after considering weak derivatives for instance

t
etB :etA¢+/ e(t_S)ACQSngdS
0

or
t
etB(z) _ €tA(Z) _ / €(t_S)BC€SA¢ ds
0

for any ¢ in X.
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So using the above expression with 1)y and F'(s) in the expression for 1) we have
t
(t) = Mo + / =940 By ds
0
t t pt—s
+ / =94 () ds + / / et=sMACe™BF(s) dr ds.
0 0 Jo

Notice that changing successively s 4+ 7 to o, using Fubini theorem and renaming s the variable o we
have

t—s t rt—s
/t / et NACe™BF(s) drds = / / et (FNACTHs=)B P (5) dr ds
0 Jo 0o Jo
t ot
= / / et=DACee=)BR(5) do ds
0 Js
t ro
= / / =40l =B p(s)ds do
0 JO

t S
_ / / t=)AC(~B P (5 do ds
0 JoO

which gives
t
(t) = ey +/ =940 esBapy ds
0

t t rs

—i—/ e(t_S)AF(s)ds—i—/ / =940 IBp(g) do ds
0 0 Jo

= "4y

t S
+ [t (cePuy P+ 0 [P R do ) as
0 0

= eMapg + /O elt=s)a (Cap(s) + F(s)) ds.
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Appendix A

Coefficients of the reduced system

A.1 Computation of c;,

According to [5], the coefficient c;; can be computed from the formula

dX
)

C11 =

where A, () is the eigenvalue of the operator AJ, which is the continuation of the eigenvalue 0 of the
operator Aj, for small ;1. The results in Section 1.1 imply that A, (x) is the largest root of the polynomial

M+ 2) +ay (k) =0, (A.1.1)
in which
au (k) = ki + 2(a — 207 k2 + o — dap, + 3p)° + 1.
Upon differentiating (A.1.1) with respect to 1 and taking p = 0, after some elementary calculations, we

obtain
1
1= 75 12 (P* +24/p*% — 1) , (A.1.2)

max'vmin

1 *
c11 = W (p — 2\//)*2 — 1) y (A13)

max’'Vmin

in the case ks = kmax, and

in the case k4 = Kkmin. Notice that we can obtain the formula for k, = ki, from the one for k., = kpmax
just by changing the sign of the square root /p*? — 1.

A.2  Computation of c3

According to [5], the coefficient c3g can be computed from the formula

a0 = Ty (2Ra(C 911.0) + 2RalC, Va0, 0) + 3R3(C.C. D) o).

in which R9 and R3 are the bilinear and trilinear maps, respectively, given by (??)-(2?), ¢ and (, are
eigenvectors of \A(j associated to the eigenvalues 0 and —2, respectively, and the vectors Wy and Vg, are
solutions of the linear equations:

AfU = —2TR2(¢,(,0),  Af¥a = —TR2(¢,¢,0).
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APPENDIX A. COEFFICIENTS OF THE REDUCED SYSTEM

In the case k. = kmax, the eigenvector ¢ is given by (1.3.5), a direct calculation gives

(p* = Vp?=1)(2p" —a+p*?-1) Jiv
—a++/p? -1

and a symbolic computation using Maple gives

G =

4F, U1l
Vi = ) )

Kax B o1

max Vmin

2F, U )
\1120 20) e2ly7

k?nax( ( p —Oé)+15\/ 10*2_1) V20

in which

U] = —\/p* a + (2p"4/ p* —2p* —|—2a
\/ 14 p* Sy —1-3p",

S p\//T—l— “Da
=200/ p2 =1 p" +\/T—
= BT a2 ﬁ o
\/7+p +5\/71+5p,

o\t —1—p
+2(3p 2\ /2 —1=3p" —\/p2—1—
03002 — 14 30 1 30" /2 — 1+ 120*?

and then the formula for the coefficient c3g,

V20 =

2F2(p" - p*? D)
6307
kgnaxk?mn( (2P -« +15\/ *2 —

C30 = (A.2. 1)

where

Gyo = —2T\/p*2—1a° +3(4p*\/p*2 — 1 — 25p*% 4+ 5)a? (A2.2)
+(345p*2\/ p*2 — 1 4 438p*% — 674/p*2 — 1 — 236p" )
—330p"%\/p*2 — 1 — 363p** + 144p*? + 55.

Finally, as for the coefficient c;1, we obtain the formula for the coefficient c3g in the case k. = kmin
by changing the sign of the square root v/p*? — 1 in the formula (A.2.1) for ks = kpax, S0 that

2F2 p + / *2
C )
kj?nax kr2mn( ( p -« _15\/ *2 — %
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A.3. DUHAMEL FORMULA

where

Gy = 274/ p*2 —1a° — 3(4p*\/p*2 — 14 25p*% — 5)a? (A.2.4)
—(345p*%\/p*2 — 1 — 438" — 671/ p*2 — 1 4 236p*)x
+330p*31/p*2 — 1 — 363p** + 144p*% + 55.

A.3 Duhamel formula

We start with .
(t) = By + / =98 p(s) ds.
0
If B = A+ C, with C bounded, then

etB¢ _ 6tA¢ + /t €(t_S)AC€SB¢dS
0

or
t
€tB¢ — CtA(b . / e(tfs)BcesAgb ds
0

So we have
(t) = ety + /Ot =90 3By ds

+/Ot el=AE () ds—l—/ot /Ots et ACe™BF(s) dr ds

Notice that

/ /t Tl NACe™BF(s) des—/ /t T (AT AC (s IBF(s)drds

/ / (t=a)Arelo— S)BF( )do ds
_/ / (=408 p(s) ds do
:// (=9)4Cel=)B F(0) do ds

which gives
t
(t) = o + / e(t_s)ACeSB¢o ds
0

t t s

—I-/ e(t_S)AF(s)ds+/ / =40 e5=IB p(5) do ds
0 0 Jo

= "4y

+ /Ot elt=9)4 (C’eSBwo + F(s) + C/Os e=IBE () da) ds
= ety + / t =94 (Cop(s) + F(s)) ds
0
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