
HAL Id: tel-04223672
https://theses.hal.science/tel-04223672

Submitted on 30 Sep 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Gravitational dualities and exotic supersymmetries
Yannick Bertrand

To cite this version:
Yannick Bertrand. Gravitational dualities and exotic supersymmetries. Physics [physics]. Université
de Lyon, 2022. English. �NNT : 2022LYSE1120�. �tel-04223672�

https://theses.hal.science/tel-04223672
https://hal.archives-ouvertes.fr


N◦ National de Thèse : 2022LYSE1120

THÈSE de DOCTORAT DE L’UNIVERSITÉ DE LYON
Opérée au sein de :

l’Université Claude Bernard Lyon 1

Ecole Doctorale PHAST ED52
Physique et Astrophysique

Spécialité de doctorat : Physique

Soutenue publiquement le 11/07/2022, par :

Yannick Bertrand

Gravitational dualities and
exotic supersymmetries

Devant le jury composé de :

Laura Maria Andrianopoli Rapporteure
Associate Professor, Politecnico di Torino
Xavier Bekaert Rapporteur
Maître de Conférences, Université de Tours
David Andriot Examinateur
Directeur de Recherche, LAPTh
Dimitrios Tsimpis Président du jury
Professeur des Universités, Université Lyon 1
Stefan Hohenegger Directeur de thèse
Maître de Conférences, Université Lyon 1
Henning Samtleben Co-Directeur de thèse
Professeur des Universités, ENS de Lyon



Institut de Physique des 2 Infinis
4 rue Enrico Fermi

69622 Villeurbanne CEDEX

École doctorale PHAST ED52
4 rue Enrico Fermi

69622 Villeurbanne CEDEX



Abstract

Since the second half of the twentieth century and the advent of the Standard Model,
that unified three fundamental forces (electromagnetism, the strong nuclear force and the
weak nuclear force), a lot of effort has been devoted to unifying the fourth fundamental
force we know: gravity. A theory unifying all forces has remained inconclusive so far
as the quantisation of gravity generates a non-renormalizable theory. A new symmetry
called supersymmetry is one way to build a better behaved theory. A combination of
a theory of gravity with supersymmetry is called supergravity. Mathematically, we can
build multiple theories of supergravities depending on the number of supersymmetries
in the model.

In this thesis, we focus on six-dimensional maximally supersymmetric supergravity
theories. There exist three possible theories of supergravity in six dimensions: the
conventional N = (2, 2) theory and the more exotic N = (3, 1) and N = (4, 0) theories.
The last two theories feature exotic gauge fields with non-standard Young tableaux
representations, subject to self-duality equations of motion. We present these theories
in a 5+1 split of coordinates allowing us to build new Lagrangians that reproduce both
the six-dimensional equations of motion and the linearized five-dimensional supergravity
theory upon compactification of the singled out coordinate. Then we unify the bosonic
sectors of these three theories under the common framework of Exceptional Field Theory
provided we introduce a modified section constraint whose solution produces the N =
(4, 0), (3,1) and (2,2) theories. Finally, we build the supersymmetric versions of these
Lagrangians allowing us to include the fermionic sectors of each theory.

Key words: supergravity, duality, Exceptional Field Theory, ExFT, supersymmetry,
exotic tensors
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Résumé

Depuis la deuxième moitié du vingtième siècle et le développement du Modèle Standard
de la physique des particules qui a vu l’unification de trois des quatre forces fondamen-
tales (électromagnétisme, force nucléaire forte et force nucléaire faible), l’idée d’unifier
la quatrième force fondamentale connue – la gravité – a été extrêmement fructueuse
même si le projet n’a toujours pas abouti. En effet, quantifier la théorie de la relativité
générale produit une théorie non-renormalisable c’est-à-dire que le calcul de certaines
observables donne des résultats infinis, ce qui est fâcheux pour une théorie physique. Une
manière de résoudre certains de ces problèmes est d’introduire une nouvelle symétrie :
la supersymétrie créant ainsi une théorie de supergravité. Il existe plusieurs théories de
supergravité, selon le nombre de supersymétries considéré dans le modèle.

Étant donné qu’à ce jour, on a identifié quatre forces fondamentales telles que pour
trois d’entres elles (l’électromagnétisme, la force nucléaire forte et la force nucléaire
faible), les bosons de jauge associés sont de spin 1 et que pour la gravité, le boson
associé devrait être de spin 2, on considère généralement par économie qu’il n’existe pas
de particule avec un spin supérieur à 2. De plus si on étudie de plus près des théories de
supergravités qui présenteraient une symétrie globale et seraient invariantes de Lorentz
alors un théorème no-go dit qu’il est impossible de trouver des couplages satisfaisants
entre les spins supérieurs à 2 et les autres. Dans un espace à quatre dimensions, cela
signifie que la théorie supersymétrique maximale comporte huit supersymétries (aller
d’un spin 2 à -2 requiert huit pas de taille 1/2).

Il est également intéressant de considérer des théories de supergravité à plus de
dimensions car elles peuvent être vues comme les limites à basse énergie de théories
de cordes qui ont été développées dans des espaces à plus de quatre dimensions. Dans
ce cas, il existe également une dimensions limite, en l’occurrence 11, là aussi imposée
par ce théorème no-go. En effet, au-delà de 11 dimensions d’espace, le multiplet généré
devient trop grand et on obtient automatiquement des particules de spin plus grand que
2. Ainsi l’introduction d’une seule supersymétrie à 11 dimensions, c’est-à-dire contenant
32 supercharges réelles, permet d’avoir un multiplet doté d’un spin 2. Cette théorie
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appelée N = 1 à 11 dimensions est l’unique théorie de supergravité maximalement
supersymétrique.

De cette unique théorie, on peut ensuite créer de nouvelles théories de supergravité
par compactification successive des dimensions sur des cercles pour arriver à la théorie de
supergravité N = 8 en dimension 4 après réduction sur le tore T 7. Durant ce processus
de compactification, deux cas intéressants émergent. Premièrement, en dimension 10, les
32 supercharges permettent de créer deux gravitini qui peuvent être de chiralité opposée
ou identique. La première théorie (aussi appelée N = (1, 1) ou IIA) est directement
issue de la réduction de la théorie à 11 dimensions. La deuxième théorie est appelée IIB
(ou N = (2, 0)) et n’est pas reliée à la théore à 11 dimensions. Ces deux théories ne
sont pas équivalentes puisqu’elle font intervenir des champs inéquivalents. Cependant,
ces deux théories se réduisent à la même théorie de supergravité à 9 dimensions.

Le deuxième cas intéressant est le cas de la dimension 6 qui est l’objet de cette thèse.
Cette fois, les 32 supercharges permettent de construire 4 gravitini, donc trois cas de
figures s’offrent à nous: les quatre gravitini peuvent avoir la même chiralité (théorie
N = (4, 0)), ou bien trois gravitini peuvent avoir la même chiralité et un gravitino a
une chiralité opposée (théorie N = (3, 1)) ou enfin deux gravitini ont une chiralité et
les deux autres ont la chiralité opposée (théorie N = (2, 2)). La théorie N = (2, 2) est
conventionnelle en ce sens qu’elle dérive de la théorie à 11 dimensions après compactifi-
cation sur le tore T 5 tandis que les théories N = (3, 1) et N = (4, 0) sont plus exotiques.
En effet, ces deux dernières théories mettent en jeu des champ de jauge qui sont des
tenseurs représentés par des tableaux de Young non standards, qui plus est, satisfont
des équations de self-dualité qui sont plus difficiles à traiter.

Cette thèse se décompose en quatre parties. Dans le Chapitre 2, nous présentons les
différents champs entrant en jeu dans ces trois théories et nous réécrivons leurs équa-
tions libres du mouvement tel qu’une coordonnée spatiale a été séparée des autres. Cette
décomposition 5+1 nous permet de trouver un tenseur symétrique d’ordre deux parmi
les composantes des champs exotiques de telle manière que les équations du mouve-
ment peuvent être réécrites pour reproduire la théorie de supergravité à cinq dimensions
linéarisée.

Dans le Chapitre 3, nous construisons des nouvelles actions reproduisant les dif-
férentes équations du mouvement trouvées dans le Chapitre 2 d’une part et se réduisant
à la théorie de supergravité linéarisée à cinq dimensions après compactification de la
dimension qui a été séparée des cinq autres. Cependant ces caractéristiques viennent au
prix de l’invariance de Lorentz manifeste de ces actions.

Dans le Chapitre 4, nous introduisons le formalisme de la Théorie Exceptionnelle
des Champs (ExFT) pour réécrire les secteurs bosoniques de ces trois théories dans
un formalisme commun. Ce formalisme requiert l’introduction de coordonnées internes
qui paramètrent ces champs, cependant la dépendance des champs en ces coordonnées
internes est restreinte par l’introduction d’une contrainte sur les dérivées par rapport
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à ces coordonnées internes (cette contrainte est appelée contrainte de section). Nous
présentons une version modifiée de la contrainte de section dont la résolution reproduit
les couplages des trois théories de supergravité à six dimensions.

Dans le Chapitre 5, nous calculons les transformations de supersymétrie des trois
théories à six dimensions en imposant le fait que les trois algèbres doivent se fermer
dans les difféomorphismes et les transformations de jauge. Ensuite nous réécrivons ces
transformations en utilisant la décomposition 5+1 du Chapitre 2, nous permettant de
construire des Lagrangiens supersymétries pour les trois théories N = (4, 0), (3,1) et
(2,2).

Mots-clés : supergravité, dualité, Théorie Exceptionnelle des Champs, ExFT, super-
symétrie, tenseurs exotiques

7





Acknowledgements

I would like to express my deepest gratitude to my supervisors Stefan Hohenegger and
Henning Samtleben who have always been present and very supportive during these
three years (even four if we count the internships!). It has been a privilege working
under your supervision and I will never forget our enlightening discussions.

I would like to thank all my colleagues at IP2I, ENS de Lyon and the people at
Humboldt University, you made this journey full of sweet memories and unforgettable
moments.

Finally, I would like to thank from the bottom of my heart my family and my long-
time friend Louison Thorens for their unwavering support.

9





à JP





Contents

1 Introduction 15
1.1 General overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2 Supergravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3 Review of 6D models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.4 Outline of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Decomposition 5+1 23
2.1 Bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.1.1 Scalar field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.1.2 Vector field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.1.3 Chiral 2-form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.4 Graviton . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.1.5 (2,1) field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.1.6 (2,2) field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2 Fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2.1 Dirac field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2.2 Gravitino . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.2.3 Fermionic 2-form . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Actions 37
3.1 The N = (2, 2) model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.1 Scalars and vectors . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1.2 Two-form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.1.3 Graviton . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.4 Fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 The N = (3, 1) model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.1 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.2 Derivation of the dynamics of the Curtright field . . . . . . . . . 43

3.3 The N = (4, 0) model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.1 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.2 Derivation of the dynamics of Tμν,ρσ . . . . . . . . . . . . . . . . 47

13



CONTENTS

4 Exceptional Field Theory framework 53
4.1 Linearized ExFT and embedding of the N = (2, 2) model . . . . . . . . . 54
4.2 Beyond standard ExFT: embedding of the N = (3, 1) and (4, 0) couplings 56
4.3 The spin-2 sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5 Supersymmetry 63
5.1 N = (2, 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 N = (4, 0) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.2.1 Supersymmetry variations of the (4,0) model . . . . . . . . . . . . 66
5.2.2 5+1 split of the supersymmetry transformations . . . . . . . . . . 67
5.2.3 CT duality equation and δvμ,ρσ . . . . . . . . . . . . . . . . . . . 69
5.2.4 hC duality equation and δuμν . . . . . . . . . . . . . . . . . . . . 72
5.2.5 The field T̂μν,ρσ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
5.2.6 The N = (4, 0) supersymmetric Lagrangian in 5+1 split . . . . . 74

5.3 N = (3, 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.1 Supersymmetry variations of the (3,1) model . . . . . . . . . . . . 77
5.3.2 5+1 split of the supersymmetry transformations . . . . . . . . . . 80

6 Conclusion and outlook 83

A Conventions and mathematical tools 87
A.1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
A.2 Young tableaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
A.3 Generalized Poincaré lemma . . . . . . . . . . . . . . . . . . . . . . . . . 89

Bibliography 91

14



CHAPTER1
Introduction

1.1 General overview
In the modern understanding of physics, four fundamental forces have been identified:
gravity, electromagnetism, the nuclear strong force and the nuclear weak force. During
the twentieth century, and the improvement of particle colliders, a theory unifying the
last three forces was developed to explain all the different results found thanks to these
colliders. Thus the Standard Model of particle physics was born. To this day, it is
the most precise and comprehensive theory of particle physics we know (enthusiasts of
physics beyond the Standard Model may even say it is depressingly precise).

At the same time, astrophysics also improved greatly with the first observations of
black holes that were predicted to exist in General Relativity. To better understand
what happens at the singularity of black holes, we would need a quantum description
of gravity. However, the quantisation of General Relativity yields a non-renormalizable
theory, that is a theory in which we find infinite values when computing some obervables
but we cannot have that in a theory of physics.

Building such a theory of quantum gravity is one of the central questions of theo-
retical physics and over the recent years has been the subject of intense research. Many
approaches have been developped1. Among the most promising and best studied can-
didates is string theory whose fundamental building blocks are one-dimensional objects
called strings [4, 5].

A problem emerging in bosonic string theory is the presence of tachyons (elements
of the specturm with imaginary mass) which would cause issues with causality. However
it was found that in a supersymmetric version of string theory, tachyonic contributions
can be consistently eliminated [6].

1See for example [1–3] for an overview on these approaches.

15



Chapter 1. Introduction

Supersymmetry is a new symmetry that was also proposed in particle physics to
circumvent the infinities appearing when computing observables. At its core, it creates
a link between bosons and fermions. This new symmetry improves some of the annoy-
ing divergences but so far, there has been no experimental result of the existence of
supersymmetry.

In global supersymmetry, the set of symmetries of a quantum field theory is extended
from Poincaré transformations (translations and Lorentz transformations with respective
charges Pμ and M[μν]) and internal symmetry transformations to include spinor super-
charges Qi

α. Assuming we are in dimension 4, then α is the spacetime spinor index, so
α = 1, . . . , 4, and i = 1, . . . , N is an index labeling distinct supercharges. The Poincaré
generators and the supercharges together form a new structure called superalgebra. A
superalgebra contains two classes of generators, even and odd which we call in physics
bosonic (B) and fermionic (F) respectively. The structure relations of these elements
include both commutators and anti-commutators in the pattern

[B, B] = B , (1.1)
[B, F ] = F , (1.2)

{F, F} = B . (1.3)

In other words, since the spinors Qi
α are spin 1/2, they will transform bosons into

fermions and fermions into bosons. The subsequent particles are called superpartners
and have the same mass and momentum as the initial particle. The existence of such
superpartners is one of the many mysteries the Large Hadron Collider is trying to unveil,
to no avail so far.

1.2 Supergravity
Supergravity is a by definition a supersymmetric theory of gravity. Interestingly, super-
gravity theories emerge from low-energy limits of superstring theories [7].

A field theory of gravity has to include a spin-2 field corresponding to the graviton.
Supersymmetry entails that the graviton now has a superpartner: a spin-3/2 gravitino.
When there is only one supersymmetry, there is only one gravitino, and the resulting
theory is called N = 1 supergravity. Supersymmetry can be extended to include more
than one supersymmetry which means that a graviton would have several superpartner
gravitini. This will of course generate a bigger multiplet however there is a limit to its
size. Indeed, since we only know four fundamental forces of nature, their quantizations
would require the introductions of particles of spin at most 2. For that reason and out
of simplicity, particles with spin higher than 2 are not believed to exist. Moreover, in
flat spacetime and at low-energy, gravity theories exhibiting a global symmetry as well
as Lorentz invariance are restricted by a no-go theorem stating that it is not possible to
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1.2. Supergravity

find a satisfactory coupling of fields with spins exceeding 2 to other spins [8]. In four-
dimensional space, this means that there cannot be more than eight supersymmetries
(going from a helicity 2 to -2 requires eight 1/2-steps) [7].

Until now, we have only mentioned four-dimensional space, but it is interesting to
look at supergravity theories in more dimensions because they can be seen as the low en-
ergy limit of string theories which have been specifically developed in more dimensions.
There is an upper bound on the dimension, namely 11, imposed by the no-go theorem
mentioned above and in this case, the unique maximally supersymmetric theory con-
tains 32 real supercharges. In this dimension, considering only one supersymmetry thus
building the N = 1 supergravity theory is enough to generate a multiplet that already
features a spin 2. Moreover, this multiplet is unique and notably combines a graviton,
gravitino and a three-form in eleven dimensions [9]. From this maximally supersymmet-
ric supergravity theory, we can create new supergravity theories in lower dimensions by
successive compactifications of dimensions on circles such that the eleven-dimensional
theory reduces to the maximally supersymmetric four-dimensional N = 8 supergravity
when reduced on the torus T 7 [10].

During this process of compactification, two interesting cases occur. First, for D =
10, the 32 supercharges allow us to build two gravitini (16 components each) which
can have opposite or identical chirality. The former yields a theory called type IIA
supergravity (also called N = (1, 1)) which is indeed the dimensional reduction of the
eleven-dimensional theory mentioned above. The latter in fact is a new theory called type
IIB supergravity (also called N = (2, 0)) and is not related to the eleven-dimensional
one [11–13]. These theories are not equivalent: they involve different, inequivalent fields
but they both reduce to the same nine-dimensional theory.

The second interesting case happens for D = 6. This time, the 32 supercharges
allow us to construct four gravitini, where we can now distinguish three cases: two left-
handed and two right-handed gravitini (which is noted N = (2, 2)), three gravitini with
one chirality and one with the opposite (N = (3, 1)) and finally all gravitini with the
same chirality (N = (4, 0)) [14]. We will see later in further detail that the last two
theories must be exotic since they feature mixed symmetry tensors, therefore they play
a distinguished role among maximally supersymmetric theories [15–19].

As for the IIA and IIB theories, the N = (2, 2) theory is the dimensional reduc-
tion of the eleven-dimensional one while the others are not [20], as summarised more
schematically in Figure 1.1. The chiral N = (3, 1) and N = (4, 0) theories are only
known on the level of free field theories but looking at Figure 1.1, studying them from
a five-dimensional point of view is a possible angle of attack. After compactification
they all reduce to the same five-dimensional maximal theory: linearized five-dimensional
maximal supergravity. The interacting theories were conjectured by Hull to exist and to
describe strong coupling limits of N = 8 theories in five dimensions [14].

Another ingredient that will help us in the analysis of the three six-dimensional the-
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D = 11

D = 10

D = 9

...

D = 6

D = 5

D = 4

N = 1

N = (1, 1) N = (2, 0)

N = 2

N = (2, 2) N = (3, 1) N = (4, 0)

N = 8

N = 8

Figure 1.1: Reduction of the maximal D = 11 supergravity theory for 11 to 4
dimensions and the interesting cases occurring for D = 10 and D = 6.

ories is the structure of their global symmetries. Indeed surprisingly, all D-dimensional
interacting theories of the reduction of the eleven-dimensional N = 1 theory ("main line"
in Fig. 1.1) feature a global symmetry under the exceptional group E11−D(11−D). The
presence of these groups can be understood by the fact that they are the smallest groups
that contain

• GL(11 − D) which stems from the eleven-dimensional diffeomorphism algebra,

• the R-symmetry group which is the maximal compact subgroup of the global
symmetry group.

In the case of six dimensions, i.e. for the N = (2, 2) theory, the R-symmetry group
is Usp(4) × Usp(4) and the smallest group containing it and GL(5) is E5(5) which is
isomorphic to SO(5, 5). The other two six-dimensional theories have R-symmetry groups
Usp(6) × Usp(2) in the case of N = (3, 1) and Usp(8) in the case of N = (4, 0). The
smallest groups containing both GL(5) and these R-symmetry groups are respectively
F4(4) and E6(6). These two groups are conjectured to be the global symmetry groups of
the interacting N = (3, 1) and N = (4, 0) theories respectively [14].

1.3 Review of 6D models
The topic of this thesis is the three six-dimensional N = (2, 2), N = (3, 1) and N = (4, 0)
supergravity theories and more specifically, they will be studied in Minkowski space with
a "mostly plus" flat metric

ημ̂ν̂ = diag{−1, 1, 1, 1, 1, 1} , μ̂, ν̂ = 0, . . . 5 . (1.4)
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1.3. Review of 6D models

Helicity G Field Multi. Chir. Characteristics
0 (1, 1; 5, 5) φaȧ 25

1/2 (1, 2; 5, 4) χaα̇ 20 −
1/2 (2, 1; 4, 5) χȧα 20 +
1 (2, 2; 4, 4) Aαα̇

μ̂ 16
1 (3, 1; 1, 5) Bȧ

μ̂ν̂ 5 antisymmetric in μ̂ν̂
1 (1, 3; 5, 1) Ba

μ̂ν̂ 5 antisymmetric in μ̂ν̂
3/2 (3, 2; 1, 4) ψα̇

μ̂ 4 +
3/2 (2, 3; 4, 1) ψα

μ̂ 4 −
2 (3, 3; 1, 1) hμ̂ν̂ 1 symmetric in μ̂ν̂

Table 1.1: Field content of the N = (2, 2) theory. The indices a, ȧ = 1, . . . , 5
refer to the vector representation of SO(5) × SO(5) which is isomorphic to the R-
symmetry group Usp(4) × Usp(4) and α, α̇ = 1, . . . , 4 is the spinor representation
of SO(5) × SO(5). The spinor indices are omitted to avoid cumbersome notation.

In this section we start by discussing their field content. The different multiplets have
been constructed in [21].

The N = (2, 2) theory is perhaps the most well known theory of the three theories
since the full non-linear theory has been constructed in [22]. The fields in the N = (2, 2)
multiplet transform under the little group (which is the product of the light-like helicity
group and the R-symmetry group)

G = SU(2) × SU(2) × Usp(4) × Usp(4) . (1.5)

The multiplet features 25 scalar fields, 40 Dirac fields, 16 vector fields, 10 two-forms, 8
gravitini and one graviton. The breakdown is summed up in Table 1.3. Interestingly, in
six dimensions, the two-forms are chiral, that is to say, their field strength is self-dual:
instead of satisfying a Maxwell-type equation of motion, self-dual two-forms satisfy a
first order self-duality equation. Historically, building a Lagrangian that reproduces this
type of equation was tricky because implementing both the self-duality condition and
Lorentz invariance leads to the propagation of the Lagrange multiplier parametrizing
the self-duality condition and problems when quantising such fields [23].

The N = (3, 1) multiplet transforms under the group

G = SU(2) × SU(2) × Usp(6) × Usp(2) . (1.6)

The multiplet features 28 scalars, 42 Dirac fields, 14 vector fields, 12 self-dual two-forms,
6 gravitini, 2 exotic gravitini and one three-index tensor field called dual graviton. The
breakdown of this multiplet is given in Table 1.2. The N = (3, 1) theory is called exotic
because it features unusual fields: unlike a regular gravitino which is a fermionic one-
form, we have two exotic gravitini represented by fermionic two-forms. The most striking
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Helicity G Field Mult. Chir. Characteristics
0 (1, 1; 14′, 2) φabcα 28 antisymmetric, traceless in abc

1/2 (1, 2; 14′, 1) χabc 14 − antisymmetric, traceless in abc
1/2 (2, 1; 14, 2) χabα 28 + antisymmetric, traceless in ab
1 (2, 2; 14, 1) Aab

μ̂ 14 antisymmetric, traceless in ab
1 (3, 1; 6, 2) Baα

μ̂ν̂ 12 antisymmetric in μ̂ν̂
3/2 (3, 2; 6, 1) ψa

μ̂ 6 +
3/2 (4, 1; 1, 2) ψα

μ̂ν̂ 2 + antisymmetric in μ̂ν̂
2 (4, 2; 1, 1) Cμ̂ν̂,ρ̂ 1 (2, 1) Young symmetry

Table 1.2: Field content of the N = (3, 1) theory. The indices a = 1, . . . , 6
and α = 1, . . . , 2 represent the fundamental representation of Usp(6) and Usp(2)
respectively.

difference with the N = (2, 2) theory is the absence of a regular graviton (represented
by a two-index symmetric tensor) which is replaced by a Curtright field represented by a
three-index tensor Cμ̂ν̂,ρ̂ exhibiting a mixed spacetime symmetry, namely a (2,1) Young
symmetry (that is to say Cμ̂ν̂,ρ̂ = −Cν̂μ̂,ρ̂ and C[μ̂ν̂,ρ̂] = 0). Moreover and similarly to the
two-form, in six dimensions, the Curtright field is chiral so the second order Curtright-
type equation of motion [24] can be replaced by a self-duality field equation for which
no second order Lagrangian has been exhibited yet but recently, a fourth order action
was built using the prepotential formalism [25].

The N = (4, 0) multiplet transforms under the group

G = SU(2) × SU(2) × Usp(8) . (1.7)

The N = (4, 0) theory is probably the most exotic of the six-dimensional supergravity
theories as it features 42 scalars, 48 Dirac fields, 27 self-dual two-forms, 8 exotic gravitini
and one field mixed symmetry field. The breakdown of the multiplet is given in Table
1.3. The mixed symmetry field is represented by a four-index tensor field Tμ̂ν̂,ρ̂σ̂ with
a (2,2) Young symmetry that is it exhibits the same symmetries a the Riemann tensor:
Tμ̂ν̂,ρ̂σ̂ = −Tν̂μ̂,ρ̂σ̂ = −Tμ̂ν̂,σ̂ρ̂ and T[μ̂ν̂,ρ̂]σ̂. Similarly to the two-forms, in six dimensions,
this field is chiral as well, so its second order equation of motion can be replaced by a
self-duality field equation [26] for which no second order Lagrangian has been exhibited
yet. Again, a fourth order action was found using the prepotential formalism [27].

1.4 Outline of this thesis
This thesis is organized in four parts. In Chapter 2, we look at the different fields
involved in all three theories and rewrite their free field equations in a way such that one
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1.4. Outline of this thesis

Helicity G Field Mult. Chir. Characteristics
0 (1, 1; 42) φABCD 42 antisymmetric, traceless in ABCD

1/2 (2, 1; 48) χABC 48 + antisymmetric, traceless in ABC
1 (3, 1; 27) BAB

μ̂ν̂ 27 antisymmetric, traceless AB
3/2 (4, 1; 8) ψA

μ̂ν̂ 8 + antisymmetric in μ̂ν̂
2 (5, 1; 1) Tμ̂ν̂,ρ̂σ̂ 1 (2, 2) Young symmetry

Table 1.3: Field content of the N = (4, 0) theory. The index A = 1, . . . , 8 repre-
sents the fundamental representation of USp(8).

spatial coordinate has been singled out. This decomposition 5+1 allows us to find a two-
index symmetric tensor in the components of the exotic fields such that their equations
of motion can be split and rewritten to take the form of five-dimensional supergravity
equations.

In Chapter 3, we build new actions allowing us to reproduce the different free equa-
tions of motion found in Chapter 2. Using the rewriting of the equations of motion,
we show that these actions not only completely reproduce the six-dimensional equations
of motion but also all reduce to linearized five-dimensional supergravity upon dimen-
sional reduction. However these very interesting properties come at the cost of manifest
Lorentz invariance of the actions.

In Chapter 4, we introduce the formalism of Exceptional Field Theory (ExFT) to
find a common framework in which we want to rewrite the bosonic sectors of the three
six-dimensional supergravity theories. Exceptional field theory requires the introduc-
tion of internal coordinates parametrizing the different fields however the dependence of
the fields on these internal coordinates is restricted by introducing a constraint on the
derivatives with respect to these internal coordinates (called a section constraint). We
present a modified version of the standard section constraint allowing us to reproduce
the couplings of all three six-dimensional supergravity theories.

In Chapter 5, we compute the six-dimensional supersymmetry transformations of
each theory by requiring the closure of the different algebras into diffeomorphisms and
gauge transformations. Then we reduced these transformations using the decomposition
5+1 of Chapter 2 allowing us to build a supersymmetric action for all three theories.

This thesis led to the publication of two articles [28,29].

21





CHAPTER2
Decomposition 5+1

In this chapter, we discuss for every field in the spectrum of the three models, the reor-
ganization of the six-dimensional fields which allows their identification after reduction
to five dimensions. However, we keep the full dependence of all fields on six space-
time coordinates. More precisely, we break six-dimensional Poincaré invariance down to
5 + 1 and perform a standard Kaluza-Klein decomposition on the six-dimensional fields
without dropping the dependence on the sixth coordinate. We then rearrange the equa-
tions of motion such that they take the form of the five-dimensional (free) supergravity
equations however sourced by derivatives of matter fields along the sixth direction. The
resulting reformulation of the six-dimensional models casts their dynamics into a com-
mon framework ultimately allowing us to construct uniform actions for the three models
(presented in the next chapter).

For the purpose of this thesis, we choose the 5 + 1 coordinate split

{
xμ̂}

−→
{

xμ, x5 ≡ y
}

,

{
μ̂ = 0, . . . , 5 ,

μ = 0, . . . , 4 ,
(2.1)

by singling out one of the spatial coordinates. Of course, an analogous construction can
be performed with a split along the time-like coordinate which may be of interest for
example in a Hamiltonian context.

2.1 Bosons

2.1.1 Scalar field
The simplest bosonic field involved in these models is the scalar field satisfying the usual
free field equation

∂μ̂∂μ̂φ = 0 . (2.2)
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Chapter 2. Decomposition 5+1

The 5+1 decomposition of such a field is straightforward since it has only one component,
one has

∂μ∂μφ + ∂2
yφ = 0 . (2.3)

Since we ultimately want to compactify that singled out dimension, we consider that
y represents a circle whose radius R we can choose arbitrarily small. As such, it is
instructive to consider the Fourier series of φ with respect to y

φ(xμ, y) =
∑
n∈�

φn(xμ) e2inπ y
R , (2.4)

where φn is the n-th coefficient of the Fourier series and has no y dependancy. Plugging
that expression in (2.3) yields

∀n ∈ � , ∂μ∂μφn =
(2nπ

R

)2
φn , (2.5)

and we observe that more generally, the Kaluza-Klein decomposition of a D-dimensional
massless field generates an infinite tower of (D-1)-dimensional massive fields, all satisfy-
ing a Klein-Gordon equation. The mass of each field can read off from the right-hand
side of equation (2.5). Upon compactification (that is R → 0), all masses diverge except
the one of the zero-mode (n = 0).

2.1.2 Vector field
The vector field is the first instance where one can witness the Kaluza-Klein mechanism
fully at play. A free vector field Aμ̂ whose field strength is defined as Fμ̂ν̂ = 2 ∂[μ̂Aν̂],
satisfies the Maxwell field equations

∂μ̂Fμ̂ν̂ = 0 , (2.6)

which is invariant under the gauge symmetry

δAμ̂ = ∂μ̂Λ . (2.7)

The six-dimensional degrees of freedom will be split the following way

{Aμ̂} = {Aμ, A5 ≡ φ} , (2.8)

and their dynamics will now follow modified Maxwell and Klein-Gordon equations:

∂μFμν − ∂y(∂νφ − ∂yAν) = 0 , (2.9)
∂μ(∂μφ − ∂yAμ) = 0 . (2.10)

We note that if we reduce these expressions to five dimensions i.e. we assume that Aμ

and φ do not depend on y (that is ∂y → 0), both the vector field and the scalar field
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2.1. Bosons

satisfy respectively a five-dimensional Maxwell equation and a five-dimensional massless
Klein-Gordon equation. More interestingly, equation (2.10) suggests the definition of
the covariant derivative of φ,

Dμφ = ∂μφ − ∂yAμ , (2.11)

and if we consider the Fourier expansion of the fields with respect to y like previously,
we have

∀n ∈ �, Dμφn = ∂μφn − 2inπ

R
Aμ,n, (2.12)

which reproduces the coupling of the electromagnetic field in the definition of the co-
variant derivative in gauge theory. The gauge symmetry (2.7) also splits into

δAμ = ∂μΛ , (2.13)
δφ = ∂yΛ . (2.14)

2.1.3 Chiral 2-form
The rewriting of the tensor field sector is less canonical since the 6-dimensional dynamics
of a tensor field Bμ̂ν̂ is captured by a self-duality equation instead of a Maxwell-like field
equation (but the former implies the latter)

Hμ̂ν̂ρ̂ =
1
6

εμ̂ν̂ρ̂σ̂τ̂ λ̂H σ̂τ̂ λ̂ , (2.15)

where Hμ̂ν̂ρ̂ = 3 ∂[μ̂Bν̂ρ̂] and this equation is invariant under the six-dimensional gauge
symmetry

δBμ̂ν̂ = 2 ∂[μ̂Λν̂] . (2.16)

After splitting the tensor field into

{Bμ̂ν̂} = {Bμν , Bμ5 ≡ Aμ} , (2.17)

the self-duality equation becomes a duality equation between a vector field and a 2-form

Fμν + ∂yBμν +
1
6

εμνρστ Hρστ = 0 , (2.18)

where we used the convention εμνρστ5 = εμνρστ linking the 5-dimensional and 6-dimensional
Levi-Civita symbols. The six-dimensional gauge parameter Λμ̂ also splits into {Λμ̂} →
{Λμ, Λ ≡ Λ5} and (2.16) decomposes into

δBμν = 2 ∂[μΛν] , (2.19)
δAμ = ∂μΛ − ∂yΛμ . (2.20)
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Chapter 2. Decomposition 5+1

2.1.4 Graviton
Now comes the heart of our subject: the spin-2 sector. The N = (2, 2) theory features
a graviton represented by a symmetric tensor hμ̂ν̂ , whose linearized curvature is

Rμ̂ν̂,ρ̂σ̂ = −∂ρ̂∂[μ̂hν̂]σ̂ + ∂σ̂∂[μ̂hν̂]ρ̂ . (2.21)

The free dynamics of this field is described by the Einstein equation

Rμ̂σ̂ = Rμ̂ν̂,ρ̂σ̂ην̂ρ̂ = 0 , (2.22)

and this equation is invariant by the gauge symmetry representing the invariance by
diffeomorphism

δhμ̂ν̂ = 2 ∂(μ̂ξν̂) . (2.23)

The 6-dimensional graviton splits into three 5-dimensional objects: a graviton, a vector
field and a scalar field which we parametrise as

{hμ̂ν̂} =
{

hμν − 1
3

ημνφ, hμ5 ≡ Aμ, h55 ≡ φ

}
. (2.24)

This allows us to rewrite a more compact version of the equations of motion

Rμν + ∂y

(
−∂(μAν) +

1
2

∂yhμν − 1
6

ημν∂yφ

)
− 1

6
ημν∂ρ∂ρφ = 0 , (2.25)

∂νFμν − ∂y

(
∂μhν

ν − ∂νhμν − 4
3

∂μφ

)
= 0 , (2.26)

∂ν∂νφ − ∂y

(
2 ∂νAν − ∂yhν

ν +
5
3

∂yφ

)
= 0 . (2.27)

Although here, we only consider the linearized theory, the φ term in the parametrization
of the five-dimensional graviton is coherent with the reduction of a non linearized theory
of gravity. Starting from the six-dimensional Einstein-Hilbert action, one has to rescale
the metric to make a five-dimensional Einstein-Hilbert term appear in the action. In
our case, that rescaling would take the form gμν → Φ−1/3gμν where gμν is the five-
dimensional metric and Φ the scalar field coming from the Kaluza-Klein reduction [30].
The linearization of this rescaling about the Minkowski metric (one writes gμν = ημν+hμν

and Φ = 1 + φ) reproduces our choice of parametrization.
From (2.25), we can write the full linearized Einstein equation

Rμν − 1
2

ημνR = ∂y

(
∂(μAν) − 1

2
∂yhμν − ημν

(
∂ρAρ − 1

2
∂yhρ

ρ +
2
3

∂yφ

))
. (2.28)

Again, we can define two covariant derivatives,

Dμhνρ = ∂μhνρ − 2
3

∂yAμηνρ , (2.29)

Dμφ = ∂μφ − 2 ∂yAμ , (2.30)
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2.1. Bosons

which allow us to write the linearized Einstein equations in an even more compact form

Gμν = −1
2

∂y∂yhμν +
1
2

∂y∂yhρ
ρ − 2

3
∂y∂yφ , (2.31)

where Gμν is the linearized Einstein tensor

Gμν = −∂ρD(μhν)ρ +
1
2

∂ρDρhμν +
1
2

∂(μDν)hρ
ρ +

1
2

ημν ∂ρDσhρσ − 1
2

ημν ∂ρDρhσ
σ .

(2.32)
The gauge parameter also splits into {ξμ̂} → {ξμ, λ ≡ ξ5} and the gauge transformations
descending from the six-dimensional one (2.23) are

δhμν = 2 ∂(μξν) +
2
3

ημν ∂yλ , (2.33)

δAμ = ∂μλ + ∂yξμ , (2.34)
δφ = 2 ∂yλ , (2.35)

2.1.5 (2,1) field
As explained previously the N = (3, 1) theory does not contain a standard graviton
but rather a dual graviton which is a mixed-symmetry tensor field Cμ̂ν̂,ρ̂. It has a (2, 1)
Young symmetry, meaning that

: Cμ̂ν̂,ρ̂ = −Cν̂μ̂,ρ̂, C[μ̂ν̂,ρ̂] = 0 . (2.36)

The Young tableau in (2.36) is a pictorial way of representing the symmetries of Cμ̂ν̂,ρ̂.
We refer to Appendix A.2 for more information on Young tableaux.

The equations of motion for the free (2,1) field were first exhibited by Curtright
in [24] but as for the 2-form, the equations of motion will be instead replaced by a
self-duality relation for the curvature of that field. Namely, we have

Sμ̂ν̂ρ̂,σ̂τ̂ =
1
6

εμ̂ν̂ρ̂η̂κ̂λ̂ Sη̂κ̂λ̂
σ̂τ̂ , (2.37)

where
Sμ̂ν̂ρ̂,σ̂τ̂ = 3 ∂σ̂∂[μ̂Cν̂ρ̂],τ̂ − 3 ∂τ̂ ∂[μ̂Cν̂ρ̂],σ̂ , (2.38)

and (2.37) is invariant under the gauge symmetry

δCμ̂ν̂,ρ̂ = 2 ∂[μ̂αν̂]ρ̂ + ∂ρ̂βμ̂ν̂ − ∂[ρ̂βμ̂ν̂] , (2.39)

with paramaters αμ̂ν̂ = α(μ̂ν̂) and βμ̂ν̂ = β[μ̂ν̂]. The formalism of the Young tableaux
can help us figure out schematically what fields this (2,1) tensor decomposes into. Since
we want to single out the sixth coordinate (called y and has index 5), we look at all
possibilities to put one or several 5s in the tableau.

→ , 5 , 5 , 5
5 , (2.40)
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Chapter 2. Decomposition 5+1

It is not possible to have two 5s in the same column since indices in a column are
antisymmetric. The picture (2.40) tells us that a six-dimensional (2,1) tensor decomposes
into respectively a five-dimensional (2,1) tensor, a symmetric tensor, a 2-form and a
vector. More precisely, we choose to parametrize the six-dimensional (2,1) tensor as

{Cμ̂ν̂,ρ̂} =
{

Cμν,ρ − 2 A[μην]ρ ; Cμ5,ν = hμν + Bμν ; Cμ5,5 = 2 Aμ

}
, (2.41)

with symmetric hμν = hνμ, antisymmetric Bμν = −Bνμ, and a (2,1) tensor Cμν,ρ. The
self-duality equations (2.38) split into two equations

∂ρ

(
Fμν +

1
6

εμνλστ Hλστ
)

=∂y∂[μhν]ρ +
1
4

εμνκλτ ∂y∂κCλτ
ρ +

1
2

∂y∂yCμν,ρ

− ∂y∂yA[μην]ρ − 1
4

ερμνστ ∂yF στ

+ ∂y∂[μBν]ρ − ∂y∂ρBμν , (2.42)

and

Rμν,ρσ =
1
2

∂ρ

(
Hμνσ − 1

2
εμνσκλ F κλ

)
− 1

2
∂σ

(
Hμνρ − 1

2
εμνρκλ F κλ

)
+

1
2

εμνκλτ ∂κ∂[ρCλτ
σ] +

1
2

∂y∂ρCμν,σ − 1
2

∂y∂σCμν,ρ

− ∂y∂ρA[μην]σ + ∂y∂σA[μην]ρ , (2.43)

with

Fμν = 2 ∂[μAν] , (2.44)
Hμνρ = 3 ∂[μBνρ] , (2.45)

Rμν,ρσ = −∂ρ∂[μhν]σ + ∂σ∂[μhν]ρ . (2.46)

Once again, we can compute the Einstein equation,

Gμν = −1
2

∂y∂ρCρ(μ,ν) − 1
2

∂y∂(μCν)ρ
ρ +

1
2

ημν ∂y∂ρCρσ
σ , (2.47)

where Gμν is the linearized Einstein tensor

Gμν = −∂ρD(μhν)ρ +
1
2

∂ρDρhμν +
1
2

∂(μDν)hρ
ρ +

1
2

ημν ∂ρDσhρσ − 1
2

ημν ∂ρDρhσ
σ .

(2.48)
defined as in (2.32), but this time with the covariant derivative

Dμhνρ ≡ ∂μhνρ − ∂yAμ ηνρ . (2.49)

We observe that upon dimensional reduction (∂y → 0), the field hμν satisfies the lin-
earized Einstein equations but if we keep the sixth coordinate, the source terms differ
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from those of the regular graviton, confirming that both the N = (2, 2) and N = (3, 1)
are fundamentally inequivalent.

The field equation (2.43) takes the form of a curl in [ρσ] and using the Poincaré
lemma (see appendix A.3), it can be locally integrated into the first order equation1

∂ρuμν =∂[μhν]ρ +
1
4

εμνκλτ ∂κCλτ
ρ +

1
2

(
Hμνρ − 1

2
εμνρκλ F κλ

)
+

1
2

∂yCμν,ρ − ∂yA[μην]ρ , (2.50)

with an antisymmetric tensor uμν = −uνμ. This allows us to rewrite (2.42) into

∂ρ

(
Fμν +

1
6

εμνκλτ Hκλτ +
3
2

∂yBμν − ∂yuμν

)
= 0 , (2.51)

which can be further integrated into another first order duality equation

Fμν +
1
6

εμνκλτ Hκλτ +
3
2

∂yBμν − ∂yuμν = 0 . (2.52)

Strictly speaking, the integration requires the introduction of an antisymmetric function
fμν which only depends on the sixth coordinate however we observe that we can set this
function fμν to 0 by absorbing it into uμν : if we integrate fμν into f̃μν then defining
ũμν = uμν −f̃μν allows us to get rid of fμν without changing (2.50). To avoid cumbersome
notation, we will keep using uμν even if we redefined it. Eventually, we can use (2.52)
to further simplify (2.50)

∂[μhν]ρ +
1
4

εμνκλτ ∂κCλτ
ρ − ∂ρuμν

=
1
4

εμνρκλ ∂y

(
uκλ − 3

2
Bκλ

)
− 1

2
∂yCμν,ρ + ∂yA[μην]ρ . (2.53)

We have now cast the original second order self-duality equations (2.37) of the six-
dimensional mixed-symmetry tensor field into the form of two first order duality equa-
tions (2.52) and (2.53) upon parametrizing the six-dimensional field in terms of its com-
ponents (2.41) and introduction of an additional field uμν . Upon reduction to five dimen-
sions (∂y → 0), these equations constitute duality equations relating the vector-tensor
fields, and the graviton-dual graviton fields respectively. The graviton-dual graviton du-
ality equation shows that the dual graviton can be dualized into the standard Pauli-Fierz
field as in [32,33] without adding new degrees of freedom.

The decomposition of the gauge transformations (2.39) is a bit more involved since
the symmetric parameter splits into {αμ̂ν̂} → {αμν , α5μ ≡ ξμ, α55 ≡ λ} and the an-
tisymmetric parameter splits into {βμ̂ν̂} → {βμν , β5μ ≡ Λμ}. Choosing the following

1Here, and in the following we work locally and ignore potential subtleties that may arise
from a non-trivial topology. We refer to [31] for a discussion of such issues in the context of
chiral p-forms.
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parametrization,

αμ̂ν̂ =
(

αμν − ημν λ 1
2 (ξμ + 3 Λμ)

1
2 (ξμ + 3 Λμ) 2 λ

)
, βμ̂ν̂ =

(
βμν

3
2 (ξμ − Λμ)

3
2 (Λμ − ξμ) 0

)
, (2.54)

we get

δAμ = ∂μλ +
1
2

∂y (ξμ − 3 Λμ) ,

δBμν = 2 ∂[μΛν] +
1
3

∂yβμν ,

δhμν = 2 ∂(μξν) + ημν ∂yλ − ∂yαμν ,

δCμν,ρ = 2 ∂[μαν]ρ + ∂ρβμν − ∂[ρβμν] + ∂y

(
ξ[μην]ρ − 3 Λ[μην]ρ

)
. (2.55)

The field uμν also comes with its gauge variation which we can compute by integrating
up the variation of (2.50),

δuμν = ∂[μξν] +
1
6

εμνρστ ∂ρβστ +
1
2

∂yβμν . (2.56)

2.1.6 (2,2) field
The N = (4, 0) theory features a field which we shall call a double dual graviton. Indeed
the (2, 1) field can be thought of as the dual of the graviton since we found a duality
equation (2.53) relating it to the graviton. Conversely, the (2, 2) field can be thought of
as the double dualization acting on both indices of hμν leading to the four-index tensor
Tμ̂ν̂,ρ̂σ̂ that has a (2, 2) Young symmetry. That is to say the same symmetries as the
Riemann tensor

: Tμ̂ν̂,ρ̂σ̂ = −Tν̂μ̂,ρ̂σ̂ = −Tμ̂ν̂,σ̂ρ̂ = Tρ̂σ̂,μ̂ν̂ , T[μ̂ν̂,ρ̂]σ̂ = 0 . (2.57)

The dynamics of this field is defined by a self-duality equation

Gμ̂ν̂λ̂,ρ̂σ̂τ̂ =
1
6

εμ̂ν̂λ̂α̂β̂γ̂ Gα̂β̂γ̂
ρ̂σ̂τ̂ , (2.58)

where Gμ̂ν̂λ̂,ρ̂σ̂τ̂ is the second order curvature of Tμ̂ν̂,ρ̂σ̂

Gμ̂ν̂λ̂,ρ̂σ̂τ̂ = 3 ∂ρ̂∂[μ̂Tν̂λ̂],σ̂τ̂ + 3 ∂σ̂∂[μ̂Tν̂λ̂],τ̂ ρ̂ + 3 ∂τ̂ ∂[μ̂Tν̂λ̂],ρ̂σ̂ . (2.59)

The curvature and the field equation (2.58) are invariant under the gauge symmetry

δTμ̂ν̂,ρ̂σ̂ = ∂[μ̂λν̂],ρ̂σ̂ + ∂[ρ̂λσ̂],μ̂ν̂ , (2.60)

where the parameter λμ̂,ρ̂σ̂ is itself a tensor with a (2,1) Young symmetry. Once again,
we can identify pictorially the different fields the (2,2) field decomposes into

→ , 5 , 5 5 . (2.61)
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Hence the six-dimensional (2,2) tensor decomposes respectively into a five-dimensional
(2,2) tensor, a (2,1) tensor and a symmetric two-index tensor. Concretely, we parametrize
these various components of the six-dimensional (2,2) tensor as

{Tμ̂ν̂,ρ̂σ̂} = {Tμν,ρσ ; Tμν,ρ5 ≡ Cμν,ρ ; Tμ5,ν5 ≡ hμν} . (2.62)

After dimensional reduction to five dimensions, these fields describe the double dual
graviton, the dual graviton and the graviton, respectively. Using this parametrization,
the six-dimensional field equations (2.58) split into two equations2

Rμν,ρσ =
1
2

∂y∂μCρσ,ν − 1
2

∂y∂νCρσ,μ +
1
2

εμνκλτ ∂[ρ∂κCλτ
σ]

+
1
2

∂y∂ρCμν,σ − 1
2

∂y∂σCμν,ρ

+
1
4

εμνκλτ ∂y∂κT λτ
ρσ +

1
2

∂y∂yTμν,ρσ , (2.63)

εμναβγ ∂α∂[ρTστ ]
βγ = − 2 ∂μ∂[ρCστ ],ν + 2 ∂ν∂[ρCστ ],μ − 2 ∂y∂[ρTστ ],μν , (2.64)

with the linearized Riemann tensor Rμν,ρσ defined as in (2.21) for hμν . The second
equation (2.64) has the form of a curl in [ρστ ] and thus can be integrated up into

1
2

εμναβγ ∂αTστ
βγ + ∂μCστ,ν − ∂νCστ,μ + ∂yTστ,μν = 2 ∂[σvτ ],μν , (2.65)

up to a tensor vτ,μν = −vτ,νμ, determined by this equation up to the gauge freedom
δvτ,μν = ∂τ ζμν . Combining (2.65) with the first field equation (2.63), we find

Rμν,ρσ =
1
2

∂y∂ρCμν,σ − 1
2

∂y∂σCμν,ρ +
1
2

εμνκλτ ∂[ρ∂κCλτ
σ] + ∂y∂[ρvσ],μν , (2.66)

which in turn is a curl in [ρσ] and can be integrated up into

∂[μhν]ρ +
1
4

εμνλστ ∂λCστ
ρ +

1
2

∂yCμν,ρ +
1
2

∂yvρ,μν = ∂ρuμν , (2.67)

up to an antisymmetric field uμν = −uνμ. As for the N = (3, 1) model, we have
obtained two first-order duality equations (2.65) and (2.67) from which the second order
field equations can be derived. After reduction to five dimensions, equations (2.65) and
(2.67) describe the duality relations between graviton and dual graviton and between
dual graviton and double dual graviton, respectively. In particular, equation (2.67)
differs from equation (2.53) in the N = (3, 1) model only if fields depend on the sixth
coordinate. Finally, let us note that we can compute the linearized Einstein equations,

Gμν = − 1
2

∂y∂ρCρ(μ,ν) − 1
2

∂y∂(μCν)ρ
ρ +

1
2

∂y∂ρv(μ,ν)
ρ − 1

2
∂y∂(μvρ

ν)ρ

+
1
2

ημν ∂y∂ρCρσ
σ − 1

2
ημν ∂y∂ρvσ

σρ . (2.68)

2Technically, each group of indices can have a 5 in it or not, making for four equations.
However two of these equations are the dualization of the two others, hence there being only two
independant equations.
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The six-dimensional gauge parameter (2.60) splits into four different parts parametrized
as

{λρ̂,μ̂ν̂} =
{

λρ,μν ; λμ,ν5 = 2 αμν − 2
3

βμν ; λ5,μ5 = 2 ξμ

}
, (2.69)

where αμν is symmetric and βμν antisymmetric. This yields

δhμν = 2 ∂(μξν) − 2 ∂yαμν ,

δCμν,ρ = 2 ∂[μαν]ρ + ∂ρβμν − ∂[ρβμν] − 1
2

∂yλρ,μν ,

δTμν,ρσ = ∂[μλν],ρσ + ∂[ρλσ],μν . (2.70)

As for previously, the gauge variation of the new fields is obtained by integrating up
(2.65) and (2.67)

δuμν = ∂[μξν] +
1
6

εμνλστ ∂λβστ +
1
3

∂yβμν +
1
2

∂yζμν , (2.71)

δvρ,μν =
1
4

εμνκλσ ∂κλρ
λσ + 2 ∂[μαν]ρ +

2
3

∂[μβν]ρ + ∂ρ ζμν +
1
2

∂yλρ,μν , (2.72)

where ζμν is an antisymmetric gauge parameter introduced after (2.65).

2.2 Fermions
The fermionic sector is a bit more subtle than the bosonic sector because the field
equations of the fermions involve γ matrices which we shall choose in such a way that
they make the 5+1 decomposition easier. We choose to follow the construction of [34]: we
start by choosing four 4 × 4 matrices representing the four-dimensional Clifford algebra
Cl(1, 3). We can now build a representation of the five-dimensional Clifford algebra by
adding to them the associated chirality matrix γ∗ = i γ0γ1γ2γ3. To build a representation
of the six-dimensional Clifford algebra Cl(1, 5), we need to build six 8 × 8 matrices
satisfying the usual anticommutation relations. To that end, we define

γ̂μ = σ1 ⊗ γμ =
(

0 γμ

γμ 0

)
, μ = 0, . . . , 4, (2.73)

γ̂5 = σ2 ⊗ �4 =
(

0 −i�4
i�4 0

)
, (2.74)

therefore γ̂∗ = γ̂012345 =
(
�4 0
0 −�4

)
, (2.75)

where γ̂∗ is now the chirality matrix associated to the six γ̂ matrices {γ̂0, . . . , γ̂5} we
built to represent Cl(1, 5), �4 is the 4 × 4 identity matrix and σ1 and σ2 are the two
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Pauli matrices

σ1 =
(

0 1
1 0

)
, (2.76)

σ2 =
(

0 −i
i 0

)
. (2.77)

One can check that the set {γ̂0, . . . , γ̂5} satisfies the property

γ̂μ̂γ̂ν̂ + γ̂μ̂γ̂ν̂ = 2 ημ̂ν̂�8 . (2.78)

Finally, the introduction of a chirality matrix γ̂∗ allows us to define the two projectors
on the positive and negative chirality

P ± =
�8 ± γ̂∗

2
. (2.79)

2.2.1 Dirac field
Any spinor in six dimensions can be decomposed into its positive and negative chirality
parts using the projectors (2.79). Thus we can write

χ =
(

χ+

χ−

)
, (2.80)

where χ has dimension 8, whereas χ+ and χ− have dimension 4. Then, the six-
dimensional Dirac equation for a free fermion χ

γ̂μ̂∂μ̂χ = 0 , (2.81)

can be decomposed into
γμ∂μχ± = ∓i ∂yχ± , (2.82)

for the components χ+ and χ−. Similarly to the discussion about the scalar field, in case
of compactification of the sixth dimension, the Dirac field can be expressed in terms of
its Fourier modes

χ(xμ, y) =
∑
n∈�

χ±
n (xμ) e2inπ y

R , (2.83)

and the Dirac equation becomes

∀n ∈ � , γμ∂μχ±
n = ±2nπ

R
χ±

n , (2.84)

showing that, as for the scalard field, the masses of the fermion modes are proportional
to n/R.
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2.2.2 Gravitino
The six-dimensional gravitino is a fermionic form which satisfies a Rarita-Schwinger
equation

γ̂μ̂ν̂ρ̂∂ν̂Ψρ̂ . (2.85)

For a gravitino with positive chirality, the eight-component Ψμ̂ can be written

Ψμ̂ =
(

Ψ+
μ̂

0

)
, (2.86)

where Ψ+
μ̂ is four-dimensional. This field equation is invariant under the gauge transfor-

mation
δΨ+

μ̂ = ∂μ̂κ , (2.87)

with fermionic parameter κ. We shall consider the following split of the components

{Ψ+
μ̂ } =

{
ψμ ≡ Ψ+

μ +
i

3
γμΨ+

5 , λ ≡ Ψ+
5

}
, (2.88)

and the field equations now become

γμνρ∂νψρ = i ∂y

(
γμνψν − 4 i

3
γμλ

)
(2.89)

γμ∂μλ = ∂y

(
γμψμ − 5 i

3
λ

)
(2.90)

The gauge transformations (2.87) can be rewritten in terms of the five-dimensional ob-
jects

δλ = ∂yκ ,

δψμ = ∂μκ +
i

3
γμ∂yκ . (2.91)

For a gravitino of negative chirality (which is present in the N = (2, 2) model), the
computation is analogous with ∂y → −∂y.

2.2.3 Fermionic 2-form
There also exists another type of fermionic field: the exotic gravitino. It is called exotic
because it is a fermionic 2-form which is quite an unusual type of field [35]. It satisfies
a generalized Rarita-Schwinger equation

γ̂μ̂ν̂ρ̂σ̂τ̂ ∂ρ̂Ψσ̂τ̂ = 0 , (2.92)

Only fermionic 2-forms with a positive chirality appear in Tables 1.2 and 1.3 so the
eight-component Ψμ̂ν̂ can be written

Ψμ̂ν̂ =
(

Ψ+
μ̂ν̂

0

)
, (2.93)
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where Ψ+
μ̂ν̂ is four-dimensional. The field equation is invariant under the gauge transfor-

mation
δΨ+

μ̂ν̂ = ∂[μ̂κν̂] , (2.94)

with a fermionic one-form parameter κμ̂. We consider the following split of the compo-
nents

{Ψ+
μ̂ν̂} =

{
ψμν ≡ Ψ+

μν − 2i γ[μΨ+
ν]5 , φμ ≡ Ψ+

μ5

}
. (2.95)

In this case the field equations become

γμνρστ ∂ρψστ = ∂y (−i γμνρσψρσ − 4 γμνρφρ) , (2.96)

γμνρ∂νφρ = ∂y

(
3i γμνφν − 1

2
γμνρψνρ

)
. (2.97)

Since in five dimensions we have the identity γμνρστ = i εμνρστ�4, we can see that upon
compactification, the equation of motion of ψμν implies that it is pure gauge so it does
not carry any degree of freedom. The gauge parameter splits into {κμ̂} → {κμ, κ} and
(2.94) becomes

δφμ =
1
2

∂μκα − 1
2

∂yκμ ,

δψμν = ∂[μκν] + i ∂[μγν]κ + i ∂yγ[μκν] . (2.98)

35





CHAPTER3
Actions

The goal of this chapter is to present, for each model, a linearized action which repro-
duces the equations of motion found in the previous section while identifying a common
part that would be the unique five-dimensional maximal supergravity theory when we
set ∂y → 0. The full split Lagrangians can then be written using the equations of mo-
tion computed in the last section as the building blocks for each type of field. The
supersymmetry invariance is not discussed here, but postponed to Chapter 5.

3.1 The N = (2, 2) model

As stated before, the N = (2, 2) multiplet corresponding to the maximal supergravity
in six dimensions comprises a metric, 25 scalar fields, 16 vectors and 5 two-forms (which
can be decomposed into 5 self-dual two-forms and 5 anti self-dual two-forms) for its
bosonic part.

3.1.1 Scalars and vectors

The Lagrangians for the scalar field and the vector field can be constructed directly from
the six-dimensional Lagrangians for a free scalar field and a free vector field

L• = −1
2

∂μ̂φα∂μ̂φα , α = 1, . . . 25 , (3.1)

L = −1
4

Fμ̂ν̂
iF μ̂ν̂ i , i = 1, . . . 16 . (3.2)
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Chapter 3. Actions

Using the splits into their five-dimensional components (2.8), we have

L• = −1
2

∂μφα∂μφα − 1
2

∂yφα∂yφα , (3.3)

L = −1
4

F μν iFμν
i − 1

2

(
∂μφi − ∂yAμ i

) (
∂μφi − ∂yAμ

i
)

, (3.4)

3.1.2 Two-form
For the two-form, the construction is a bit more involved. Starting from the six-
dimensional Lagrangian

L(6D)
H = −1

6
Hμ̂ν̂ρ̂

bH μ̂ν̂ρ̂b , b = 1, . . . 5 . (3.5)

and using the split (2.17), we get

L(6D)
H = −1

6
Hμνρ

bHμνρb − 1
6

(Fμν
b + ∂yBμν

b)(F μνb + ∂yBμνb) , (3.6)

leading to the equations of motion

∂μ(Fμν
b + ∂yBμν

b) = 0 , (3.7)
∂μHμνρ

b = −∂y(Fμν
b + ∂yBμν

b) . (3.8)

Equation (3.7) implies that we can introduce two-forms B̃μν
b such that

Fμν
b + ∂yBμν

b =
1
6

εμνρστ H̃ρστ b , (3.9)

where H̃μνρ
b = 3 ∂[μB̃νρ]

b. In addition, vectors Ãμ
b can be introduced by means of the

equation
F̃μν

b + ∂yB̃μν
b =

1
6

εμνρστ Hρστ b . (3.10)

Integrability of this equation is ensured by (3.8). Thus, we have replaced a system
of five vectors and five two-forms described by second-order equations of motion by a
system of ten vectors and ten two-forms described by first-order duality equations. After
introducing

AA
μ =

(
Aa

μ

Ãa
μ

)
and BA

μν =
(

Ba
μν

B̃a
μν

)
, where A = 1, . . . , 10 , (3.11)

we can rewrite the system of duality equations into the more compact form

F A
μν + ∂yBA

μν = −1
6

εμνρστ ηABδBCHρστ C , (3.12)

with

ηAB =
(

0 −�5
−�5 0

)
and δAB =

(
�5 0
0 �5

)
. (3.13)
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As a consequence of (3.12), we have the Yang-Mills equation

∂μ(Fμν
A + ∂yBμν

A) = 0 , (3.14)

We shall now show that the duality equations (3.12) can be derived from the Lagrangian

L = − 1
4

(
Fμν

A + ∂yBμν
A

)
δAB

(
F μν B + ∂yBμν B

)
− 1

24
εμνρστ ηAB ∂yBμν

A Hρστ
B , (3.15)

which breaks manifest six-dimensional Lorentz invariance. Namely, the variation of
(3.15) with respect to Aμ yields equation (3.14) whereas variation with respect to Bμν

yields
∂y

(
Fμν

A + ∂yBμν
A +

1
6

εμνρστ ηABδBCHρστ C
)

= 0 . (3.16)

which reproduces equations (3.12) up to some function βμν that does not depend on y:

Fμν
A + ∂yBμν

A +
1
6

εμνρστ ηABδBCHρστ C = βμν
A , ∂yβμν

A = 0 . (3.17)

Comparing the divergence of this equation to (3.14), we find that locally the field βμν
A

can be integrated to

∂μβμν
A = 0 =⇒ βμν

A = εμνρστ ∂ρbστ A , (3.18)

in terms of a function bμν
A, such that the field equations (3.17) can be rewritten as(

Fμν
A + ∂yB̃μν

A
)

+
1
6

εμνρστ 3 ∂ρηABB̃στ
B = 0 , (3.19)

with the modified two-form

B̃μνB ≡ BμνB − 2 bμνB . (3.20)

Hence, we recover the desired original duality equations (3.12). We have therefore found
an alternative way to describe the dynamics of a six-dimensional two-form after a 5+1
split of coordinates. An advantage of this new formulation is the fact that the Lagrangian
(3.15) can be straightforwardly generalized to describe chiral two-forms in six dimensions.
This simply corresponds to replacing the matrix ηAB by δAB (or −δAB if we want to
describe anti chiral two-forms) such that (3.12) becomes

F A
μν + ∂yBA

μν =
1
6

εμνρστ Hρστ A . (3.21)

This in turn is nothing but the six-dimensional self-duality equation

Hμ̂ν̂ρ̂
A =

1
6

εμ̂ν̂ρ̂σ̂τ̂ λ̂H σ̂τ̂ λ̂A . (3.22)
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The Lagrangian (3.15) thus provides an action for chiral six-dimensional two-forms upon
sacrificing manifest Lorentz invariance. This is in the spirit of the mechanism proposed
in [23] by Henneaux and Teitelboim who argued that implementing the self-duality
condition (for example with a Lagrange multiplier) after having implemented Lorentz
invariance leads to problems notably upon quantization. A covariant approach has also
been developed in [36–40].

3.1.3 Graviton
The Lagrangian for the graviton can be constructed from the six-dimensional Einstein-
Hilbert Lagrangian

L(6D)
g =

√
|g|R , (3.23)

where R is the Ricci scalar and g = det(gμ̂ν̂). The linearization of (3.23) around the
six-dimensional Minkowski metric (i.e. writing gμ̂ν̂ = ημ̂ν̂ +hμ̂ν̂) gives rise to the massless
Pauli-Fierz Lagrangian

L(6D) = −1
2

∂μ̂hμ̂ν̂ ∂ν̂hρ̂
ρ̂ +

1
2

∂μ̂hρ̂σ̂ ∂ρ̂hσ̂
μ̂ − 1

4
∂μ̂hρ̂σ̂ ∂μ̂hρ̂σ̂ +

1
4

∂μ̂hν̂
ν̂ ∂μ̂hρ̂

ρ̂

= −1
4

Ωμ̂ν̂ρ̂Ωμ̂ν̂ρ̂ +
1
2

Ωμ̂ν̂ρ̂Ων̂ρ̂μ̂ + Ωμ̂Ωμ̂ , (3.24)

with Ωμ̂ν̂ρ̂ ≡ ∂[μ̂hν̂]ρ̂ and Ωμ̂ ≡ Ωμ̂ν̂
ν̂ . Using the split (2.24), we get

L = − 1
4

ΩμνρΩμνρ +
1
2

ΩμνρΩνρμ + ΩμΩμ

− 1
3

(∂μφ − 2 ∂yAμ)(∂μφ − 2 ∂yAμ) − 1
4

F μνFμν

+
5
9

∂yφ∂yφ − 2
3

∂yhσ
σ∂yφ +

1
4

∂yhσ
σ∂yhρ

ρ − 1
4

∂yhμν∂yhμν , (3.25)

where
Ωμνρ ≡ ∂[μhν]ρ − 2

3
∂yA[μην]ρ . (3.26)

We can observe that upon dimensional reduction (∂y → 0), we recover a linearized
Pauli-Fierz Lagrangian for a five-dimensional free graviton

LP F = −1
4

ΩμνρΩμνρ +
1
2

ΩμνρΩνρμ + ΩμΩμ with Ωμνρ ≡ ∂[μhν]ρ , (3.27)

as well as Lagrangians for a free Maxwell field and a free scalar field.

3.1.4 Fermions
Finally, the Lagrangians for the five-dimensional Dirac fields and the gravitini can be
built directly from the Lagrangians of six-dimensional complex free Dirac field and free
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3.2. The N = (3, 1) model

gravitini

L•F ± = χ̄±γ̂μ̂∂μ̂χ± , (3.28)
L F ± = Ψ̄±

μ̂ γ̂μ̂ν̂ρ̂∂ν̂Ψ±
ρ̂ . (3.29)

where "±" denotes the chirality of the spinor fields. In six dimensions, it is convenient to
double the spinor fields in order to impose a symplectic Majorana-Weyl reality condition.
As a result the six-dimensional actions of the N = (2, 2) take the form

L•F = χ̄�α̇β̇�αγ̂μ̂∂μ̂χ�α̇β̇�α + χ̄�αβ�α̇γ̂μ̂∂μ̂χ�αβ�α̇ , (3.30)

L F = Ψ̄μ̂,α̇γ̂μ̂ν̂ρ̂∂ν̂Ψα̇
ρ̂ + Ψ̄μ̂,αγ̂μ̂ν̂ρ̂∂ν̂Ψα

ρ̂ . (3.31)

Here indices α, α̇ refer to the fundamental representations of the two factors Usp(4) ×
Usp(4) of the R-symmetry group. The double bracket �·� indicates the traceless anti-
symmetrization of the indices in these brackets. In table 1.3, we have labelled �αβ� of
indices as a vector index a of SO(5) which is isomorphic to Usp(4). As given in the
table, the fermions χ�α̇β̇�α and Ψα̇

ρ̂ have positive chirality whereas χ�αβ�α̇ and Ψα
ρ̂ have

negative chirality.
Applying the split (2.88), we get

L•F =χ̄�α̇β̇�αγμ∂μχ�α̇β̇�α + iχ̄�α̇β̇�α∂yχ�α̇β̇�α

+ χ̄�αβ�α̇γμ∂μχ�αβ�α̇ − iχ̄�αβ�α̇∂yχ�αβ�α̇ , (3.32)

L F = − 2 ψ̄μ,α̇γμνρ∂νψα̇
ρ + 2i ψ̄μ,α̇γμν∂yψα̇

ν +
16
3

ψ̄μ,α̇γμ∂yλα̇

− 2 ψ̄μ,αγμνρ∂νψα
ρ − 2i ψ̄μ,αγμν∂yψα

ν − 16
3

ψ̄μ,αγμ∂yλα

− 8
3

λ̄α̇γμ∂μλα̇ − 40i

9
λ̄α̇∂yλα̇ − 8

3
λ̄αγμ∂μλα +

40i

9
λ̄α∂yλα , (3.33)

and the full Lagrangian of the N = (2, 2) theory is the sum of all these pieces

L(2,2) = L• + L + L + L + L•F + L F . (3.34)

In the limit ∂y → 0, this Lagrangian describes D = 5 maximal supergravity [41].

3.2 The N = (3, 1) model

3.2.1 Main result
The N = (3, 1) theory features 28 scalars, 42 Dirac fields, 14 vectors, 12 self-dual two-
forms, 6 gravitini, 2 exotic gravitini and a self-dual Curtright field as listed in table
1.2. For scalars, vectors and standard fermions, we use the same Lagrangians as for the
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N = (2, 2) case above. The twelve two-forms in this model are self-dual in six dimensions
but as explained above, after a 5+1 split, they can be described by the Lagrangian

L = − 1
4

(
Fμν

A + ∂yBμν
A

)
δAB

(
F μν B + ∂yBμν B

)
− 1

24
εμνρστ δAB ∂yBμν

A Hρστ
B , (3.35)

where A = 1, . . . , 12. This Lagrangian is identical to (3.15) except we have changed ηAB

into δAB.
However we have two new types of fields for which we need to build a Lagrangian.

First, after the split (2.41), the dynamics of the six-dimensional Curtright field Cμ̂ν̂,ρ̂ is
given by equations (2.52) and (2.53). As a main result of this section, we shall show
that these equations can be derived from the Lagrangian

L = − 1
4

Ω̂μνρΩ̂μνρ +
1
2

Ω̂μνρΩ̂νρμ + Ω̂μΩ̂μ − 1
16

εμνρστ ∂yĈμν,
λ∂ρĈστ,λ

− 3
4

FμνFμν − 9
16

εμνρστ ∂yBμν∂ρBστ − 3
16

εμνρστ ∂yBμν ∂yĈρσ,τ ,
(3.36)

with

Ω̂μνρ ≡ ∂[μhν]ρ − ∂yA[μην]ρ +
1
2

∂yĈμν,ρ , (3.37)

Ĉμν,ρ ≡ Cμν,ρ + εμνρστ uστ , (3.38)

Fμν ≡ 2 ∂[μAν] +
3
2

∂yBμν . (3.39)

Similarly to the case of the two-form, we can thus describe the dynamics of a self-dual
Curtright field by an action after sacrificing part of the manifest Lorentz invariance. The
Lagrangian (3.36) is invariant under the gauge transformations

δΩ̂μνρ = ∂ρ∂[μξν] − ∂y∂[μβν]ρ (3.40)

δĈμν,ρ = 2 ∂[μαν]ρ − 2 ∂[μβν]ρ + ∂y

(
ξ[μην]ρ − 3 Λ[μην]ρ +

1
2

εμνραββαβ
)

, (3.41)

δFμν = ∂y

(
∂[μξν] +

1
2

∂yβμν

)
. (3.42)

After reduction to five dimensions (i.e. ∂y → 0), this Lagrangian reduces to the
Fierz-Pauli Lagrangian for hμν (3.27) together with a free Maxwell Lagrangian for Aμ

and the dual fields Ĉμν,ρ and Bμν drop out in this limit. The derivation of equations
(2.52) and (2.53) is presented in the next subsection.

The second new field appearing in the N = (3, 1) theory is the chiral fermionic
two-form Ψμ̂ν̂ . In six dimensions, this field can be described by the Lagrangian [27]

L
F

= Ψ̄μ̂ν̂,αγ̂μ̂ν̂ρ̂σ̂τ̂ ∂ρ̂Ψα
σ̂τ̂ . (3.43)
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3.2. The N = (3, 1) model

where α = 1, 2 represents the fundamental representation of the Usp(2) factor of the
R-symmetry group.

Using the split (2.95), we get

L
F

=ψ̄μναγμνρστ ∂ρψα
στ + i ψ̄μναγμνρσ∂yψα

ρσ + 4 ψ̄μναγμνρφα
ρ

− 2 φ̄μαγμνρ∂νφα
ρ + 6i φ̄μαγμν∂yφα

ν . (3.44)

This Lagrangian reproduces the equations of motion (2.96) and (2.97).
The full Lagrangian of the free N = (3, 1) theory then is the sum of all the different

pieces
L(3,1) = L• + L + L + L + L•F + L F + L

F
. (3.45)

This is one of the main results of this chapter.

3.2.2 Derivation of the dynamics of the Curtright field
It is not obvious that the Lagrangian (3.36) reproduces the equations of motion (2.52)
and (2.53). In order to show that, we derive the equations of motion of the fields
appearing in the Lagrangian (3.36), then rewrite them in terms of the original fields
appearing in (3.39). The variation of (3.36) with respect to Aμ and Bμν gives respectively

∂μFμν +
3
2

∂y∂μBμν − 1
2

∂y (∂μhμν − ∂νhμ
μ − ∂yCνμ

μ + 4 ∂yAν) = 0 , (3.46)

and
∂y

(
Fμν +

3
2

∂yBμν − ∂yuμν +
1
2

εμνρστ ∂ρBστ
)

= 0 . (3.47)

The second equation is almost the duality equation (2.52) we want to obtain, however
still under derivative ∂y. We can integrate (3.47) with respect to y, thus introducing an
antisymmetric function pμν independent of y

Fμν +
3
2

∂yBμν − ∂yuμν +
1
2

εμνρστ ∂ρBστ = pμν . (3.48)

Combining this equation with (3.46) gives

∂y∂μuμν =
1
2

∂y (∂μhμν − ∂νhμ
μ − ∂yCνμ

μ + 4 ∂yAν) − ∂μpμν . (3.49)

Since Ĉμν,ρ is reducible under the Lorentz gorup, the variation of (3.36) with respect
to Ĉμν,ρ gives an equation of motion which is itself reducible. Its (2,1) Young symmetry
part reads

0 = ∂y

(
∂[μhν]ρ + ∂σhσ[μην]ρ − ηρ[ν∂μ]hσ

σ

+
1
4

εμνλστ ∂λCστ
ρ − 1

4
ελστ [μν∂λCστ

ρ]

+
1
2

∂yCμν,ρ − ηρ[ν∂yCμ]σ
σ + 3 ∂yA[μην]ρ

−∂ρuμν + ∂[ρuμν] − 2 ∂σuσ[μην]ρ

)
, (3.50)
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which can be integrated with respect to y by introducing a function rμν,ρ independent
of y which is itself has the (2,1) Young symmetry

rμν,ρ = ∂[μhν]ρ + ∂σhσ[μην]ρ − ηρ[ν∂μ]hσ
σ

+
1
4

εμνλστ ∂λCστ
ρ − 1

4
ελστ [μν∂λCστ

ρ]

+
1
2

∂yCμν,ρ − ηρ[ν∂yCμ]σ
σ + 3 ∂yA[μην]ρ

− ∂ρuμν + ∂[ρuμν] − 2 ∂σuσ[μην]ρ . (3.51)

Contracting this equation with ημρ yields

∂μuμν =
1
2

(∂μhμν − ∂νhμ
μ − ∂yCνμ

μ + 4 ∂yAν) +
1
3

rμν
μ , (3.52)

meaning that together with (3.49), we can define locally a two-form bμν , independent of
y, such that

pμν =
1
2

εμνρστ ∂ρbστ . (3.53)

This two-form can be absorbed in Bμν following exactly the same process as the dis-
cussion around (3.20) such that from (3.47) we recover the six-dimensional equation
(2.52).

The process to recover the other equation (2.53) is more tedious. First, the variation
of (3.36) with respect to hμν gives

Gμν +
1
2

∂y

(
∂ρCρ(μ,ν) + ∂(μCν)ρ

ρ − ημν∂ρCρσ
σ

)
= 0 , (3.54)

where Gμν is the linearized Einstein tensor defined in (2.48). The contraction of (3.51)
with ∂μ yields a reducible equation whose symmetric part is

Gνρ +
1
2

∂y

(
∂μCμ(ν,ρ) − ηνρ∂μCμσ

σ + ∂(ρCν)σ
σ

)
= ∂μrμ(ν,ρ) , (3.55)

immediately giving us
∂μrμ(ν,ρ) = 0 . (3.56)

As for the antisymmetric part, it reads

2 ∂μrμ[ν,ρ] = − 1
6

ελστνρ∂μ∂λCστ
μ + 2 ∂μ∂[μuνρ]

+ ∂y

(
∂μCμ[ν,ρ] + ∂[ρCν]σ

σ − 3 ∂[ρAν]

)
. (3.57)

The totally antisymmetric part of the variation of (3.36) with respect to Ĉμνρ is

∂y

(
∂ρCμν,ρ + 2 ∂[μCν]ρ

ρ + εμνρστ ∂ρuστ − 3 ∂y

(
uμν − 3

2
Bμν

))
= 0 , (3.58)
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3.2. The N = (3, 1) model

which can be integrated as well, provided we introduce a y-independent antisymmetric
function qμν

∂ρCμν,ρ + 2 ∂[μCν]ρ
ρ + εμνρστ ∂ρuστ − 3 ∂y

(
uμν − 3

2
Bμν

)
= qμν . (3.59)

We can compute the curl of this equation

−1
6

εμναβγ∂αqμν = − 1
6

εμναβγ∂α∂ρCμν,ρ + 2 ∂α∂[αuβγ]

+
1
2

∂yεμναβγ∂α

(
uμν − 3

2
Bμν

)
, (3.60)

and combining it with (3.57) and (3.47), we eventually get

2 ∂μrμ[ν,ρ] = −1
6

ενρμαβ∂μqαβ . (3.61)

Using the other condition (3.56) we found for the divergence of r, we have

∂μ(2 rμν,ρ +
1
6

ενρμαβqαβ) = 0 . (3.62)

Hence, there exists locally a function cμν,ρ of (2,1) Young symmetry and a totally anti-
symmetric function aμνρ, both independent of y, such that

2 rμν,ρ +
1
6

εμνραβqαβ =
1
2

εμναβγ∂α(cβγ
ρ + aβγ

ρ) . (3.63)

Consequently
rμν

μ =
1
4

εμναβγ∂αaβγμ , (3.64)

and
rμν,ρ =

1
4

εμναβγ∂α(cβγ
ρ + aβγ

ρ) − 1
4

εαβγ[μν∂α(cβγ
ρ] + aβγ

ρ]) . (3.65)

Assembling the expression for rμν,ρ, the expression for its trace we get

2 ∂[μhν]ρ +
1
2

εμνλστ ∂λCστ
ρ − 1

2
ελστ [μν∂λCστ

ρ]

+∂yCμν,ρ − 2 ∂yA[μην]ρ − 2 ∂ρuμν + 2 ∂[ρuμν]

=
1
2

εμναβγ∂α(cβγ
ρ + aβγ

ρ) − 1
2

εαβγ[μν∂α(cβγ
ρ] + aβγ

ρ])

+
1
3

εαβγσ[μ∂αaβγσην]ρ, (3.66)

To help us transform some expressions, we need the following two Schouten identities1

0 = ε[μν
αβγ∂αaβγρ] = −εαβγ

[μν∂ρ]aαβγ + 3 ∂αεαβγ
[μνaρ]βγ , (3.67)

0 = ε[σμαβγ∂αaβγσην]ρ

= 2 εαβγσ[μ∂αaβγσην]ρ − ∂ρεβγσμνaβγσ + 3 εαβγμν∂αaβγ
ρ . (3.68)

1A Schouten identity is a non trivial identity that is the result of the antisymmetrization of
an expression on more indices than there are space-time dimensions, which is trivially zero.
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Using these identities, and the dualization of (3.59) which removes the totally antisym-
metric part of (3.66), it follows

0 = 2 ∂[μhν]ρ +
1
2

εμνλστ ∂λ(Cστ
ρ − cστ

ρ) +
(

Hμνρ − 1
2

εμνραβF αβ
)

+ ∂y(Cμν,ρ − 2 A[μην]ρ) − 2 ∂ρ

(
uμν +

1
12

εμναβγaαβγ
)

, (3.69)

and we recover equation (2.53) after the following redefinitions:

uμν → uμν +
1
12

εμναβγaαβγ , (3.70)

Bμν → Bμν − bμν , (3.71)
Cμν,ρ → Cμν,ρ − cμν,ρ . (3.72)

We have thus derived the first order duality equations (2.52) and (2.53) from the La-
grangian (3.36).

3.3 The N = (4, 0) model

3.3.1 Main result
The N = (4, 0) features 42 scalars, 48 Dirac fields, 28 self-dual two-forms, 8 exotic
gravitini and one (2,2) Young symmetry tensor as listed in table 1.3. For almost all of
the fields listed, their dynamics has been described by a Lagrangian above. The only
new field for which we have to build a Lagrangian is tha six-dimensional (2,2) Young
symmetry field Tμ̂ν̂,ρ̂σ̂. After the split (2.41), the dynamics of this field is given by
equations (2.52) and (2.53). As a main result of this section, we shall show that these
equations can be derived from the Lagrangian in the N = (4, 0) model, can be derived
from the Lagrangian

L = − 1
4

Ω̂μνρΩ̂μνρ +
1
2

Ω̂μνρΩ̂νρμ + Ω̂μΩ̂μ − 1
8

εμνσκλ ∂μĈνσ
ρ ∂yĈκλ,ρ

+
1
32

εμνσκλ ∂μCνσ
ρ ∂yCκλ,ρ − 1

8
∂yCστ,ν ∂μT μν,στ +

1
4

∂yCκλ,τ ∂κT λσ,τ
σ

+
1
4

∂νCσμ
μ ∂yT στ,ν

τ − 1
8

∂yCσμ
μ ∂σTτν

τν − 1
64

εμναβγ ∂αTστ
βγ ∂yT μν,στ

− 1
32

∂yTστ,μν ∂yT μν,στ +
1
8

∂yTσμ,ν
μ ∂yT στ,ν

τ − 1
32

∂yTμν
μν ∂yTστ

στ , (3.73)

with

Ω̂μνρ = ∂[μhν]ρ + ∂yĈμν,ρ − 1
2

∂yCμν,ρ ,

Ĉμν,ρ = Cμν,ρ + εμνρστ uστ ,

Cμν,ρ = Cμν,ρ − vρ,μν + 2 v[ρ,μν] + 2 εμνρστ uστ . (3.74)
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3.3. The N = (4, 0) model

Similarly to the (2,1) Yound symmetry field, we have thus found a Lagrangian describ-
ing the dynamics of a self-dual (2,2) Young symmetry field at the price of sacrificing
manifest Lorentz invariance. After reduction to five dimensions (i.e. when ∂y → 0), this
Lagrangian reduces to the Fierz-Pauli Lagrangian for hμν (3.27); the dual fields Ĉμν,ρ,
Cμν,ρ, and Tμν,ρσ drop out in this limit. In presence of the sixth dimension, variation
of the Lagrangian (3.73) with respect to the dual fields yields the first-order duality
equations (2.65) and (2.67), however under an overall derivative ∂y. In a similar as for
the N = (3, 1) model, a rather lengthy computation allows to establish the equivalence
with (2.65) and (2.67). The details of that computation are give in the next subsection.

Let us spell out the gauge transformations (2.70), (2.72) in terms of the fields (3.74)

δΩ̂μνρ = ∂ρ∂[μξν] − 2
3

∂y∂[μβν]ρ − ∂y∂[μζν]ρ +
1
4

∂y∂κλ[μ
στ εν]κστρ , (3.75)

δĈμν,ρ = 2 ∂[μαν]ρ − 2 ∂[μβν]ρ + εμνρστ ∂σξτ +
1
3

εμνρστ ∂y

(
βστ +

3
2

ζστ
)

− 1
2

∂yλρ,μν , (3.76)

δCμν,ρ = 2 εμνρστ ∂σξτ − 8
3

∂[μβν]ρ + 2 ∂[μζν]ρ +
2
3

εμνρστ ∂y

(
βστ +

3
2

ζστ
)

+
1
2

εκστρ[μ ∂κλν]
στ − ∂yλρ,μν , (3.77)

which allows to confirm the gauge invariance of the Lagrangian (3.73).
The Lagrangian for the full N = (4, 0) model is finally given by combining (3.73)

with the Lagrangians for the remaining fields of the theory. Putting everything together,
we obtain

L(4,0) = L• + L + L + L•F + L
F

. (3.78)

This is one of the main results of this chapter.

3.3.2 Derivation of the dynamics of Tμν,ρσ

In this subsection, we shall show that the Lagrangian (3.73) describes the dynamics of
a self-dual (2,2) dual given by the equations (2.65) and (2.67). First the variation of
(3.73) with respect to hμν exactly gives the Einstein equation (2.68)

Gμν = − 1
2

∂y∂ρCρ(μ,ν) − 1
2

∂y∂(μCν)ρ
ρ +

1
2

∂y∂ρv(μ,ν)
ρ − 1

2
∂y∂(μvρ

ν)ρ

+
1
2

ημν ∂y∂ρCρσ
σ − 1

2
ημν ∂y∂ρvσ

σρ . (3.79)
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Let us now look at the variation of (3.73) with respect to Ĉμν,ρ. Since this a reducible
field, we get two new equations: one for the (2,1) part

0 = ∂y

(
∂[μhν]ρ + ∂αhα[μην]ρ − ηρ[ν∂μ]hα

α

+
1
4

εμναβγ∂αCβγ
ρ − 1

4
εαβγ[μν∂αCβγ

ρ]

− ∂ρuμν + ∂[ρuμν] − 2 ∂αuα[μην]ρ

+
1
2

∂y(Cμν,ρ + vρ,μν − v[ρ,μν]) − ∂yηρ[ν(Cμ]α
α + vα

μ]α)
)

, (3.80)

and one for the antisymmetric part

0 = ∂y

(1
4

εαβγ[μν∂αCβγ
ρ] − ∂[ρuμν] +

1
2

∂yv[ρ,μν]

)
. (3.81)

We will also need the antisymmetric part of the variation of (3.73) with respect to Cμν,ρ

0 = ∂y

(1
8

εαβγ[μν∂αCβγ
ρ] +

1
4

εαβγ[μν∂αvρ]
βγ − ∂[ρuμν] +

1
2

∂yv[ρ,μν]

)
. (3.82)

These three equations can be integrated with respect to y after the introduction of the
(2,1) function rμνρ and the two antisymmetric functions qμνρ and q̃μνρ, all independent
of y such that

rμνρ = ∂[μhν]ρ + ∂αhα[μην]ρ − ηρ[ν∂μ]hα
α

+
1
4

εμναβγ∂αCβγ
ρ − 1

4
εαβγ[μν∂αCβγ

ρ]

− ∂ρuμν + ∂[ρuμν] − 2 ∂αuα[μην]ρ

+
1
2

∂y(Cμν,ρ + vρ,μν − v[ρ,μν]) − ∂yηρ[ν(Cμ]α
α + vα

μ]α) , (3.83)

qμνρ =
1
4

εαβγ[μν∂αCβγ
ρ] − ∂[ρuμν] +

1
2

∂yv[ρ,μν] , (3.84)

and

q̃μνρ =
1
8

εαβγ[μν∂αCβγ
ρ] +

1
4

εαβγ[μν∂αvρ]
βγ − ∂[ρuμν] +

1
2

∂yv[ρ,μν] . (3.85)

Using (3.79), we can show that

∂μ(rμνρ + qμνρ) =
1
2

∂y(ενραβγ(qαβγ − q̃αβγ)) = 0 . (3.86)

Hence, we can define locally a totally antisymmetric aμνρ and a cμν,ρ which is (2,1) such
that of (2,1) type, such that

rμνρ + qμνρ =
1
4

εμναβγ∂α(aβγ
ρ + cβγ

ρ) . (3.87)

48



3.3. The N = (4, 0) model

In analogous fashion to the case of the N = (3, 1) model, namely using the same Schouten
identities, we finally have

∂[μhν]ρ+
1
4

εμναβγ∂αCβγ
ρ − ∂ρuμν +

1
2

∂y(Cμν,ρ + vμν,ρ)

= rμνρ + qμνρ +
2
3

rα[μ
αην]ρ

=
1
4

εμναβγ∂αcβγ
ρ +

1
12

∂ρεμναβγaαβγ . (3.88)

After the redefinition

Cμν,ρ → Cμν,ρ − cμν,ρ , (3.89)

uμν → uμν +
1
12

εμναβγaαβγ . (3.90)

we recover the six-dimensional equation (2.67)

∂[μhν]ρ +
1
4

εμναβγ∂αCβγ
ρ − ∂ρuμν +

1
2

∂y(Cμν,ρ + vμν,ρ) = 0 . (3.91)

Contracting this equation with more derivatives, it gives rise to the (modified) Cur-
tright equation

3 ∂τ ∂[τ Cμν]
ρ − 3 ∂ρ∂[τ Cμν]

τ =
1
2

εμντκλ ∂y (∂τ Cκλ,ρ + ∂τ vρ,κλ − ∂ρvτ,κλ) . (3.92)

It remains to study the other duality equation (2.65) which follows from the La-
grangian by using the last two equations we still have not used, that is the (2,1) part of
the variation of (3.73) with respect to Cμν,ρ

0 = ∂y

(
∂[μhν]ρ + ∂αhα[μην]ρ − ηρ[ν∂μ]hα

α

+
1
8

εμναβγ∂αCβγ
ρ − 1

8
εαβγ[μν∂αCβγ

ρ]

− ∂ρuμν + ∂[ρuμν] − 2 ∂αuα[μην]ρ

+
1
2

∂y(Cμν,ρ + vρ,μν − v[ρ,μν]) − ∂yηρ[ν(Cμ]α
α + vα

μ]α)

+
1
4

εμναβγ∂αvρ
βγ − 1

4
εαβγ[μν∂αvρ]

βγ

−1
4

∂αTαρ,μν +
1
2

∂[μTν]α,ρ
α +

1
2

ηρ[ν∂αTμ]β,α
β − 1

4
ηρ[ν∂μ]Tαβ

αβ
)

= Pμν,ρ , (3.93)
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and the variation of (3.73) with respect to the irreducible field Tμν,ρσ

0 = ∂y

(1
2

εαβγμν∂αT βγ
ρσ +

1
2

εαβγρσ∂αT βγ
μν − εαβγ[μν∂αT βγ

ρσ]

+ 2 ∂(μ(C|ρσ|,ν) − vν),ρσ) + 2 ∂(ρ(C|μν|,σ) − vσ),μν)
− 2 ∂α(Cαρ,(μ − v(μ,|αρ|)ην)σ − 2 ∂α(Cασ,(μ − v(μ,|ασ|)ην)ρ

− 2 ∂α(Cαμ,(ρ − v(ρ,|αμ|)ησ)ν − 2 ∂α(Cαν,(ρ − v(ρ,|αν|)ησ)μ

− 2 ησ(μ∂ν)(Cρα
α − vα

ρα) − 2 ηρ(μ∂ν)(Cσα
α − vα

σα)
− 2 ημ(ρ∂σ)(Cνα

α − vα
να) − 2 ην(ρ∂σ)(Cμα

α − vα
μα)

+ ∂y

(
2 Tμν,ρσ − 4 ησ(νTμ)α,ρ

α − 4 ηρ(νTμ)α,σ
α + 2 ημ(ρησ)νTαβ

αβ
)

+ 4 ημ(ρησ)ν∂α(Cαβ
β − vβ

αβ)
)

= Qμν,ρσ . (3.94)

Then,

0 =
1
2

(
Qμν,ρσ − ημ[ρQα

σ],αν + ην[ρQα
σ],αμ +

1
6

(
ημ[ρησ]ν − ην[ρησ]μ

)
Qαβ

,αβ

)
− 2 εαβμν[ρPαβ

σ]

=∂yEμν,ρσ , (3.95)

where

Eμν,ρσ ≡ 1
2

εαβγμν∂αT βγ
ρσ + 2 ∂[μC|ρσ|,ν] − 2 ∂[ρvσ],μν + ∂yTμν,ρσ , (3.96)

which is the equation of motion (2.65). The goal of the following is to show that we can
remove the ∂y in (3.95). Equation (3.95) can be integrated to

Eμν,ρσ = Ωμν,ρσ(x) , (3.97)

where Ωμν,ρσ does not depend on y. For later use, we parametrize this field as

Ωμν
ρσ = Ω̂μν

ρσ +
4
3

δ[μ
[ρ Ων]

σ] , (3.98)

with traceless Ω̂μν
ρσ and the trace part given by

Ωμν
ρν = Ωμ

ρ +
1
3

δμ
ρ Ων

ν , (3.99)

Eventually, we need to show that

Eμν,ρσ = 0 , (3.100)
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(after potential re-definition of Tμν,ρσ and vρ,μν), which is a genuine field equation of
the six-dimensional N = (4, 0) theory. To begin with, using the field equations that are
already established, we can show that the particular combination of derivatives

3 ∂[μΩμν
ρσ] = 3 ∂μ∂[μCρσ]

ν − 3 ∂ν∂[μCρσ]
μ − 3 ∂y∂[μTρσ]

νμ

(3.95)
= 3 ∂μ∂[μCρσ]

ν − 3 ∂ν∂[μCρσ]
μ

− 1
2

εμκλρσ ∂y (∂μCκλ
ν + ∂λvν

μκ − ∂νvλ,μκ)

(3.92)
= 0 , (3.101)

vanishes. In particular, contraction of this equation shows that

2 ∂μΩμν
ρν − ∂ρΩμν

μν = 0 =⇒ ∂μ (Ωμ
ρ − δμ

ρ Ων
ν) = 0 . (3.102)

Which can be integrated to

Ωμ
ρ − δμ

ρ Ων
ν = ∂λωλμ

ρ ⇐⇒ Ωμ
ρ = ∂λωλμ

ρ − 1
4

δμ
ρ ∂λωλκ

κ . (3.103)

Next, consider another derivative acting on (3.101), giving rise to the second order
differential equation

0 = ∂μ∂[τ Ωμν
ρσ] . (3.104)

Using the parametrization (3.98) and the relation (3.102), this equation reduces to

0 = ∂μ∂[τ Ω̂μν
ρσ] , (3.105)

for the traceless part of Ω . Dualizing the first two indices on Ω̂, defines the object

Ω̂αβγ,ρσ ≡ 1
2

εαβγμν Ω̂μν
ρσ , (3.106)

corresponding to an irreducible Young tableau . Using the generalized Poincaré
Lemma [42](see Appendix A.3) for this object then allows to integrate up equation
(3.105) into

Ω̂μν
ρσ =

1
2

εμναβγ ∂αtβγ,ρσ + 2 ∂[ρsμν
σ] +

4
3

δ[ρ|[μ ∂κsν]κ|σ] , (3.107)

in terms of two gauge parameters tμν,ρσ and sμν,ρ. The first one corresponds to an
irreducible Young tableau , while the parameter sμν,ρ, antisymmetric in its first
two indices and traceless sμν

ν = 0, — such that the dual ŝαβγ,ρ = 1
2 εαβγμν sμν

ρ is an
irreducible Young tableau . The last term in (3.107) implements the projection onto
the traceless part.

51



Chapter 3. Actions

Putting together (3.107) and (3.103), we arrive at

Ωμν
ρσ =

1
2

εμναβγ ∂αtβγ,ρσ + 2 ∂[ρsμν
σ] +

4
3

δ[ρ|[μ ∂κsν]κ|σ]

− 4
3

δ[ρ|[μ ∂κων]κ|σ] − 1
3

δμν
ρσ ∂λωλκ

κ . (3.108)

We can plug this back into (3.101) to arrive at

0 = 3 ∂[μΩμν
ρσ] =

4
3

∂μ∂[ρsμν
σ] − 4

3
∂μ∂[ρωμν

σ] +
1
3

δ[σ
ν ∂ρ]∂λωλκ

κ , (3.109)

which in turn is a curl in [ρσ] can be integrated into

∂μsμν
σ − ∂μωμν

σ +
1
4

δσ
ν ∂λωλκ

κ = ∂σξν . (3.110)

This further reduces the result (3.108) and allows to put it into the form

Ωμν
ρσ =

1
2

εμναβγ ∂αtβγ,ρσ + 2 ∂[ρ

(
sμν

σ] +
2
3

δσ]
[μ ξν]

)
. (3.111)

Using this result in (3.97), we finally arrive at our initial goal (3.100)

Eμν,ρσ = 0 ,

upon shifting

Tμν,ρσ → Tμν,ρσ + tμν,ρσ , (3.112)

vρ,μν → vρ,μν + sμν,ρ +
2
3

ηρ[μ ξν] . (3.113)

We have thus show that the variation of the Lagrangian (3.73) gives the first order
equations (2.65) and (2.67).
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CHAPTER4
Exceptional Field Theory framework

In the previous sections, we have constructed Lagrangians (3.25), (3.36), and (3.73),
for the three six-dimensional models which share a number of universal features and
structures. In particular, after dimensional reduction to five dimensions they all re-
duce to the same Lagrangian corresponding to linearized maximal supergravity in five
dimensions. This Lagrangian includes the Pauli-Fierz Lagrangian (3.27) and standard
Lagrangians for vector and scalar fields. The three distinct six-dimensional theories are
then described as different extensions of this Lagrangian by terms carrying derivatives
along the sixth dimension. In the various matter sectors, these terms ensure covarianti-
zation under non-trivial gauge structures and provide sources to the field equations of
five-dimensional supergravity.

This reformulation within a common framework is very much in the spirit of excep-
tional field theories [43–46]. In that framework, higher-dimensional supergravity theories
are reformulated in terms of the field content of a lower-dimensional supergravity keep-
ing the dependence on all coordinates. More precisely, their formulation is based on
a split of coordinates into D external and n internal coordinates of which the latter
are formally embedded into a fundamental representation Rv of the global symmetry
group E11−D,(11−D) of D-dimensional maximal supergravity. Different embeddings of
the internal coordinates into Rv then correspond to different higher-dimensional origins.
However, the introduction of new coordinates requires a tool to eliminate the dependence
of the physical fields with respect to a suitable number of extra dimensions called a sec-
tion constraint. Solving this constraint will select the appropriate number of physical
dimensions and allows us to build higher-dimensional supergravities. Here, we will dis-
cuss a similar uniform description of the six-dimensional models based on D = 5 external
dimensions which encompasses the three different models upon proper identification of
the sixth coordinate within the internal coordinates. This will require an enhancement
of the internal coordinates of exceptional field theory by an additional exotic coordinate
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related to the singlet central charge in the D = 5 supersymmetry algebra.[insert ref Hull
BPS]

4.1 Linearized ExFT and embedding of the N =
(2, 2) model

The theory relevant for our discussion is E6(6) exceptional field theory (ExFT) [45, 46].
Its bosonic field content is given by a graviton gμν together with 27 vector fields Aμ

M

and their dual tensors Bμν M , together with 42 scalars parametrizing the internal metric
MMN = (VVT )MN with V a representative of the coset space E6(6)/USp(8). Fields
depend on 5 external and 27 internal coordinates with the latter transforming in the
fundamental 27 of E6(6) and with internal coordinate dependence of the fields restricted
by the section constraint [44]

dKMN ∂M ⊗ ∂N = 0 , (4.1)

with the two differential operators acting on any couple of fields and gauge parameters
of the theory. The tensor dKMN denotes the cubic totally symmetric E6(6) invariant
tensor, which we normalize as dMNP dMNQ = δQ

P . The section condition (4.1) admits
two inequivalent solutions [45,47] which reduce the internal coordinate dependence of all
fields to the 6 internal coordinates from D = 11 supergravity, or 5 internal coordinates
from IIB supergravity, respectively. For details of the ExFT Lagrangian we refer to [45,
46]. Here, we spell out its “free” limit, obtained by linearizing the full theory according
to

gμν = ημν + hμν , MMN = ΔMN + φMN , (4.2)

around the constant background given by the Minkowski metric ημν and the identity ma-
trix ΔMN . The scalar fluctuations φMN are further constrained by the coset properties
of MMN . To quadratic order in the fluctuations, the ExFT Lagrangian then yields

LExFT,free = − 1
4

ΩμνρΩμνρ +
1
2

ΩμνρΩνρμ + ΩμΩμ − 1
4

Fμν M Fμν
N ΔMN

− 5
4

√
10 εμνρστ dMNK∂μBνρ M ∂N Bστ K − 1

24
DμφMN DμφMN

+ Lpot , (4.3)
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with indices M, N raised and lowered by ΔMN and its inverse, and with the various
elements of (4.3) given by

Ωμνρ = ∂[μhν]ρ − 2
3

∂M A[μ
M ην]ρ , Ωμ ≡ Ωμν

ν ,

Fμν
M = 2 ∂[μAν]

M + 10 dMNK ∂N Bμν K ,

DμφMN = ∂μφMN + 2 ∂KAμ
(M ΔN)K +

2
3

∂KAμ
KΔMN

− 20 ∂KAμ
L dP LRdRK(M ΔN)P ,

Lpot = − 1
24

ΔMN ∂M φKL ∂N φKL +
1
2

ΔMN ∂M φKL∂LφNK − 1
2

∂M hν
ν ∂N φMN

+
1
4

ΔMN ∂M hμ
μ ∂N hν

ν − 1
4

ΔMN ∂M hμν∂N hμν . (4.4)

The Lagrangian we have presented above for the six-dimensional N = (2, 2) model
naturally fits into this framework. This does not come as a surprise since the six-
dimensional model is nothing but linearized maximal supergravity known to be described
by E6(6) ExFT upon proper selection of the sixth coordinate among the internal ∂M .
This choice is uniquely fixed by the requirement that the resulting theory exhibits the
global SO(5, 5) symmetry group of maximal six-dimensional supergravity, thus breaking

E6(6) −→ SO(5, 5) , 27 −→ 1 ⊕ 16 ⊕ 10 ,

{∂M } −→ {∂0, ∂i, ∂a} , (4.5)

and keeping only coordinate-dependence along the SO(5, 5) singlet. In this split, the
E6(6) invariant symmetric tensor dMNK has the non-vanishing components

d0ab =
1√
10

ηab , daij =
1

2
√

5
(Γa)ij , (4.6)

in terms of SO(5, 5) Γ-matrices and its invariant tensor ηab of signature (5, 5), showing
that the section constraint (4.1) is trivially satisfied is ∂i = 0 = ∂a . Putting this together
with the linearized ExFT Lagrangian (4.3), and splitting fields as

{Aμ
M } = {Aμ, Aμ

i, Aμ
a} , etc. , (4.7)

we arrive at

L(2,2) = − 1
4

ΩμνρΩμνρ +
1
2

ΩμνρΩνρμ + ΩμΩμ − 1
4

F μνFμν − 1
4

F μν iFμν
i

− 1
4

(Fμν
a + ∂yBμν

a) (F μν a + ∂yBμν a) − 1
24

εμνρστ ηab ∂yBμν
a Hρστ

b

− 1
2

∂μφα∂μφα − 1
2

∂yφα∂yφα − 1
2

(
∂μφi − ∂yAμ i

) (
∂μφi − ∂yAμ

i
)

− 1
2

(∂μφ −
√

8
3

∂yAμ)(∂μφ −
√

8
3

∂yAμ) +
5
6

∂yφ∂yφ

− 2
3

∂yhσ
σ∂yφ +

1
4

∂yhσ
σ∂yhρ

ρ − 1
4

∂yhμν∂yhμν , (4.8)
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which precisely produces the sum of Lagrangians (3.4), (3.15), (3.25), after proper rescal-
ing of the singlet scalar field φ . The non-trivial checks of this coincidence include all the
coefficients in the various connection terms, as well as in the Stückelberg-type couplings
between vector and tensor fields, and the coefficients in front of the various ∂yφ∂yφ terms
in the last line. Again, this is not a surprise but a consequence of the proven equiva-
lence of ExFT with higher-dimensional maximal supergravity. Note that although the
free theory only exhibits a compact USp(4) × USp(4) global symmetry, the couplings
exhibited in (4.8) are far more constrained than allowed by this symmetry and witness
the underlying E6(6) structure broken to SO(5, 5) according to (4.5), (4.6).

The ExFT Lagrangian is to a large extent determined by invariance under gener-
alized internal diffeomorphisms acting with a gauge parameter ΛM in the 27. After
linearization (4.2) these diffeomorphisms act as

δφMN = 2 ΔK(M ∂N)ΛK +
2
3

∂KΛK ΔMN − 20 dP KRdRL(M ΔN)P ∂KΛL , (4.9)

δAμ
M = ∂μΛM , (4.10)

δhμν =
2
3

∂M ΛM ημν , (4.11)

and one can show invariance of the linearized Lagrangian (4.8), provided the section
constraint (4.1) is satisfied.

4.2 Beyond standard ExFT: embedding of the
N = (3, 1) and (4, 0) couplings

The charges carried by the massive BPS multiplets [48] in the reduction of the N = (3, 1)
and the N = (4, 0) model, respectively, suggest that an inclusion of these models into the
framework of ExFT necessitates an extension of the space of 27 internal coordinates by
an additional exotic coordinate corresponding to the singlet central charge [48]. Denoting
derivatives along this coordinate by ∂•, this would amount to a relaxation of the standard
section constraint (4.1) to a constraint of the form

dKMN ∂M ⊗ ∂N − 1√
10

ΔKM (∂M ⊗ ∂• + ∂• ⊗ ∂M ) = 0 , (4.12)

which at the present stage only makes sense in the linearized theory where ΔKM is a
constant background tensor. Apart from the standard ExFT solutions

dKMN ∂M ⊗ ∂N = 0 , ∂• = 0 , (4.13)

56



4.2. embedding of the N = (3, 1) and (4, 0) couplings

of this constraint, which allow the embedding of the N = (2, 2) model as described
above, the extended section constraint also allows for two exotic solutions

(3, 1) : ∂(3,1)
y =

2√
3

∂0 = − 2 ∂• , with the F4(4) singlet ∂0 ⊂ ∂M ,

(4, 0) : ∂(4,0)
y = − ∂• , ∂M = 0 , (4.14)

corresponding to the two exotic six-dimensional models in precise correspondence with
the central charges carried by the corresponding BPS multiplets [48]. While the (4,0)
solution trivially solves the constraint (4.12), the N = (3, 1) solution is based on the
decomposition

E6(6) −→ F4(4) , 27 −→ 1 ⊕ 26 , {∂M } −→ {∂0, ∂A} ,

under which the symmetric d-tensor decomposes into

d000 = − 2√
30

, d0AB =
1√
30

ηAB , dABC , (4.15)

with the F4(4) invariant symmetric tensor ηAB of signature (14, 12), and the symmetric
invariant tensor dABC satisfying

dABCηBC = 0 , dABCdABD =
14
15

δC
D . (4.16)

This shows explicitly how the (3,1) assignment of (4.14) also provides a solution to the
extended section constraint (4.12).

It is intriguing to study the fate of diffeomorphism invariance of the ExFT Lagrangian
(4.3) if the original section constraint is relaxed to (4.12). Except for the last term
in (4.3), the Lagrangian remains manifestly invariant without any use of the section
constraint. Explicit variation of the potential term Lpot under linearized diffeomorphisms
(4.11) on the other hand yields (up to total derivatives)

δΛLpot =
(
5 ΔLS dLMN dKP Q − 10ΔMN ΔKL dLSRdRP Q

)
ΛS ∂P ∂Q∂M φNK

− 10 hμ
μ ΔMK dKLRdRP Q ∂M ∂P ∂QΛL , (4.17)

which consistently vanishes modulo the standard section constraint (4.1). For the weaker
constraint (4.12), this variation no longer vanishes and may be recast in the following
form

δΛLpot = ΔKM ΛN ∂•∂•∂M φNK − 4 hν
ν ∂•∂•∂N ΛN , (4.18)

after repeated use of (4.12) and further manipulation of the expressions. In order to
compensate for this variation let us first note that there is no possible covariant extension
of the transformation rules (4.12) by terms carrying ∂•ΛM , such that invariance can only
be restored by extending the potential. A possible such extension is given by

Lpot,• = Lpot − 1
24

∂•φMN ∂•φMN − 3
4

∂•hσ
σ∂•hρ

ρ +
3
4

∂•hμν∂•hμν , (4.19)
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and it is straightforward to verify that the variation of the additional terms in (4.19)
precisely cancels the contributions in (4.18), such that

δΛLpot,• = 0 . (4.20)

For the exotic solutions of the section constraint, the ∂•φMN ∂•φMN terms in (4.19) give
rise to additional contributions of the type ∂yφ∂yφ in the Lagrangian. Collecting all
such terms in (4.19) for the two exotic solutions (4.14) yields

(3, 1) −→ −1
2

∂yφα∂yφα , α = 1, . . . , 28 ,

(4, 0) −→ −1
2

∂yφA∂yφA , A = 1, . . . , 42 . (4.21)

These are precisely the terms found in our explicit construction of actions (3.45) and
(3.78) above! In other words, the relaxation (4.12) of the section constraint together
with generalized diffeomorphism invariance precisely implies the correct scalar couplings
in the Lagrangians of the exotic models. In addition, the ∂•h∂•h terms in (4.19) cancel
the corresponding terms in Lpot (4.4) upon selecting the (3,1) solution of the section
constraint (4.14), just as required in order to reproduce the correct Lagrangian of the
N = (3, 1) model (3.36).1

We may continue the symmetry analysis for the tensor gauge transformations given
by a gauge parameter Λμ M in standard ExFT. For these transformations there is a
natural extension of the standard ExFT transformation rules in presence of the exotic
coordinate and exotic fields as

δΛμAμ
M = −10 dMNK ∂N Λμ K −

√
10 ΔMK ∂•Λμ K , (4.22)

δΛμBμν M = 2 ∂[μΛν] M . (4.23)

Computing the action of these transformations on the connection featuring in the co-

1In contrast, these terms appear in conflict with embedding the spin-2 sector of the N =
(4, 0) model as they survive under the (4,0) solution in (4.14) but should be absent in the final
Lagrangian (3.73). We come back to this in section 4.3.
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variant scalar derivatives DμφMN in (4.4), we obtain after some manipulation2

δΛμDμφMN = 10
(1

3
ΔMN δP

Q + ΔQ(M δP
N)

− 10 ΔS(M dN)QRdRSP

)
dP KL ∂K∂LΛμ Q

− 2
√

10
(1

3
ΔMN δP

Q + δP
(M ΔN)Q

− 10 ΔL(M dN)QRdRP L

)
ΔP K∂K∂•Λμ Q . (4.24)

The resulting expression precisely vanishes with the modified section constraint (4.12).
This shows the necessity of the ∂•Λμ M terms in (4.23) in order to maintain gauge invari-
ance of the kinetic term DμφMN DμφMN in presence of the relaxed section constraint.
It is straightforward to verify that these additional terms in the transformation induce
a modification of the gauge invariant vector field strengths to

Fμν
M ≡ 2 ∂[μAν]

M + 10 dMNK ∂N Bμν K +
√

10 ΔMK ∂•Bμν K , (4.25)

as well an extension of the topological term, such that the combined vector-tensor cou-
plings take the form

Lvt,• = − 1
4

ΔMN Fμν M Fμν
N

− 5
4

εμνρστ ∂μBνρ M

(√
10 dMNK∂N Bστ K + ΔMK∂•Bστ K

)
, (4.26)

and are invariant under these gauge transformations. Let us work out the effect of
these modifications for the exotic solutions of the section constraint. With the kinetic
scalar term unchanged, the resulting couplings are directly inferred from evaluating the
covariant derivatives (4.4) for the d-symbol (4.15), giving rise to

(3, 1) −→ −1
2

(
∂μφi − ∂yAμ i

) (
∂μφi − ∂yAμ

i
)

− 1
2

∂μφα∂μφα ,

(4, 0) −→ −1
2

∂μφA∂μφA , (4.27)

where i = 1, . . . , 14, α = 1, . . . , 28 and A = 1, . . . , 42. This precisely reproduces the
vector-scalar couplings found in the explicit Lagrangians (3.45), (3.78) above. As for the

2A useful identity for this computation is given by

dP LQdP SRdKMR∂K∂L =
1
10

δK
S dLQM ∂K∂L +

1
20

δM
S dQKL∂K∂L +

1
20

δQ
S dMKL∂K∂L

− 1
2

dQMRdRSP dP KL∂K∂L ,

generalizing equations (2.12), (2.13) of [46].
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vector-tensor couplings, evaluating the Lagrangian (4.26) with (4.15) for the solutions
(4.14) gives rise to the explicit couplings

(3, 1) −→ − 1
4

(Fμν +
3
√

3
2

∂yBμν)(F μν +
3
√

3
2

∂yBμν)

− 1
4

(Fμν
a + ∂yBμν

a) (F μν a + ∂yBμν a) − 1
4

F μν iFμν
i

− 3
16

εμνρστ ∂yBμνHρστ − 1
24

εμνρστ ∂yBμν
a Hρστ

a ,

(4, 0) −→ − 1
4

(
Fμν

M + ∂yBμν
M

) (
F μν M + ∂yBμν M

)
− 1

24
εμνρστ ∂yBμν

M Hρστ
M , (4.28)

with indices in range i = 1, . . . , 14, a = 1, . . . , 12, M = 1, . . . , 27, as above. Again, this
precisely reproduces the couplings found above (after proper rescaling of the vector field
Aμ)!

To summarize, in the scalar, vector and tensor sector, we have constructed an ex-
tension of the ExFT Lagrangian (at the linearized level), given by

L = −1
2

DμφMN DμφMN + Lvt,• + Lpot,• , (4.29)

which is invariant under the gauge transformations (4.11), (4.23) modulo the relaxed
section constraint (4.12). The weaker section constraint necessitates a numer of addi-
tional contributions to the Lagrangian (and transformation rules) which precisely re-
produce the explicit couplings found in the Lagrangians of the exotic models (3.45),
(3.78) constructed above. It is remarkable that this match confirms the couplings that
have been determined from an underlying non-compact E6(6) and F4(4) structure, respec-
tively, despite the fact that the free theory only exhibits invariance under the compact
R-symmetry subgroup USp(2N+) × USp(2N−) which might in principle allow for much
more general couplings. We take this as evidence for the conjectured E6(6) and F4(4)
invariance of the putative interacting theories [14].

4.3 The spin-2 sector
The above findings have revealed a very intriguing common structure of the couplings
in the scalar, vector and tensor sectors of the different models which can be consistently
embedded into an extension of (linearized) exceptional field theory. For the spin-2 sector
carrying the Pauli-Fierz field and its duals on the other hand the picture appears not
yet complete. Extrapolation of the Lagrangian of the N = (4, 0) model (3.73) suggests
an extension of the standard ExFT Lagrangian by couplings carrying ∂• derivatives and
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the dual graviton fields as

L = − 1
4

Ω̂μνρΩ̂μνρ +
1
2

Ω̂μνρΩ̂νρμ + Ω̂μΩ̂μ +
1
8

εμνσκλ ∂μĈνσ
ρ ∂•Ĉκλ,ρ

− 1
32

εμνσκλ ∂μCνσ
ρ ∂•Cκλ,ρ +

1
8

∂•Cστ,ν ∂μT μν,στ − 1
4

∂•Cκλ,τ ∂κT λσ,τ
σ

− 1
4

∂νCσμ
μ ∂•T στ,ν

τ +
1
8

∂•Cσμ
μ ∂σTτν

τν +
1
64

εμναβγ ∂αTστ
βγ ∂•T μν,στ

− 1
32

∂•Tστ,μν ∂•T μν,στ +
1
8

∂•Tσμ,ν
μ ∂•T στ,ν

τ − 1
32

∂•Tμν
μν ∂•Tστ

στ

+
5
4

εμνρστ dKMN ∂KBμν M ∂N Ĉρσ,τ , (4.30)

with
Ω̂μνρ = ∂[μhν]ρ − 2

3
∂M A[μ

M ην]ρ − ∂•Ĉμν,ρ +
1
2

∂•Cμν,ρ . (4.31)

By construction, this reproduces the N = (2, 2) and the N = (4, 0) models upon choos-
ing the corresponding solutions of the section constraint. It remains unclear however,
how the spin-2 sector of the N = (3, 1) model can find its place in this construction. In
particular, the appearance of the extra fields Cμν,ρ and Tμν,ρσ appearing in (4.30), whose
couplings remain present upon selecting the (3,1) solution (4.14) of the section con-
straint, poses a challenge for recovering the Lagrangian (3.45) of the N = (3, 1) model.
The structure of the gauge transformations of C as extrapolated from (3.77) appears to
suggest a gauge fixing of the ζμν and λρ,μν gauge symmetries — absent in the N = (3, 1)
model — in order to remove this field. Another apparent problem in the spin-2 sector is
the lacking reconciliation between the ∂•h∂•h terms from (4.19) and the ∂•T∂•T terms
of (4.30) which mutually violate the correct limits to the exotic models. Resolution of
this problem may require to implement algebraic relations between the Pauli-Fierz hμν

field and the double dual graviton [49] (see also [50]).
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CHAPTER5
Supersymmetry

In the previous chapter, we used the formalism of Exceptional Field Theory to rewrite
the bosonic sectors of the three six-dimensional theories. In this chapter, we shall rewrite
the fermionic sectors of these theories by considering their supersymmetric extensions.
To that end, we follow different strategies. For the N = (2, 2) theory, we can linearize
the already known supersymmetric ExFT action to deduce the full supersymmetric La-
grangian. For the N = (4, 0) theory, such an ExFT action is not known, so we shall
compute the six-dimensional supersymmetry variations of the fields and write them in
the 5+1 split form introduced above. Since the fields of the (4,0) model already ap-
pear in a form covariant under Usp(8) which is the five-dimensional R-symmetry group,
finding the full supersymmetric Lagrangian is relatively straightforward. The strategy
for the N = (3, 1) theory is the same. We work out the supersymmetry variations of
the fields in six dimensions and their 5+1 split form. A final step, which remains to be
worked out, is the embedding of the fields (which are covariant under Usp(6) × Usp(2))
into Usp(8). We leave this for future work.

5.1 N = (2, 2)

The supersymmetric extension of the N = (2, 2) model can be obtained by lineariz-
ing the supersymmetric exceptional field theory [51]. The fermions of the model have
been introduced in Section 3.1.4 above, in terms of a Usp(4) × Usp(4) formulation. In
ExFT, they combine in Usp(8) objects χABC and ψA

μ where A labels the fundamental
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representation of Usp(8). The fields are embedded as

χABC =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
χαβγ = Ω[αβχγ]

χα̇β̇α = χ�α̇β̇�α − 1
6 Ωα̇β̇ χα

χα̇β̇γ̇ = Ω[α̇β̇χγ̇]

χαβα̇ = χ�αβ�α̇ − 1
6 Ωαβ χα̇

(5.1)

ψA
μ =

{
ψμ

α

ψμ
α̇

(5.2)

The bosonic sector has been formulated in terms of E6(6) objects in the previous section.
For the coupling two fermions, we need to rewrite the bosonic fields in terms of Usp(8)
objects.

AM
μ → AAB

μ (5.3)
Bμν,M → Bμν,AB (5.4)
φMN → φABCD , (5.5)

with vectors and two-forms in the 27 of Usp(8) and scalars in the 42 of Usp(8). Under
Usp(4) × Usp(4) the vectors further decompose as

AAB
μ → {Aμ

�αβ�, Aμ
�α̇β̇�, Aμ

αα̇, Aμ} , (5.6)

where Aμ
αα̇ are the six-dimensional vector fields, Aμ

�αβ� and Aμ
�α̇β̇� are components of

the six-dimensional two-forms and Aμ is a component of the six-dimensional graviton in
accordance with Table 1.3. Two-forms and scalars allow for a similar decomposition to
match the field content of Table 1.3.

Similarly, internal derivatives are labelled as ∂AB under Usp(8) and the section con-
straint (4.1) takes the form

ΩAC∂CD∂DB +
1
8

ΩAB ∂CD∂CD = 0 . (5.7)

Its solution describing six-dimensional maximal supergravity takes the form

∂αβ =
1
2

Ωαβ ∂y , ∂α̇β̇ = −1
2

Ωα̇β̇ ∂y . (5.8)

This corresponds to keeping only the coordinate dependence along the SO(5, 5) singlet
coordinate as discussed in equation (4.5) above.

In terms of these objects, linearization of the supersymmetric ExFT Lagrangian
of [51] yields

L = − 1
4

Ω̂μνρΩ̂μνρ +
1
2

Ω̂μνρΩ̂νρμ + Ω̂μΩ̂μ − 8
3

DμφABCDDμφABCD

− 1
2

Fμν
ABFμν

AB − 8
3

χ̄ABCγμ∂μχABC − 2 ψ̄μ Aγμνρ∂νψρ
A

+ Lpot , (5.9)
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where

Ω̂μνρ = ∂[μhν]ρ − 2
3

∂ABA[μ
ABην]ρ ,

Fμν
AB = Fμν

AB + 2 ΩC�A∂B�DBμν CD ,

DμφABCD = ∂μφABCD +
3
2

∂�ABAμ
CD� . (5.10)

and Lpot collects all the terms carrying two internal derivatives as given in (4.4).
The Lagrangian (5.9) is invariant under supersymmetry transformations given by

δφABCD = i ε̄�AχBCD� ,

δAAB
μ = ε̄CγμχABC − i ε̄�AψB�

μ ,

δBAB
μν = − i ε̄CγμνχABC + 2 ε̄�Aγ[μψ

B�
ν] ,

δhμν = ε̄Aγ(μψA
ν) ,

δχABC = − i γμεDDμφABCD − 3
16

γμνε�AFBC�
μν

+
3
2

∂DEφDE�ABεC� + 2∂DEφABCDεE ,

δψA
μ = − i

3
γνεBFAB

μν +
i

12
γμ

στ εBFAB
στ − 1

16
γστ εA

(
Ω̂στ,μ − 2 Ω̂μσ,τ

)
− i

4
∂ABhμνγνεB +

1
2

εC ∂ABAμBC − 1
2

εC ∂CBAμ
BA

− 1
12

∂BCAμBC εA − 2
3

i ∂CDφCDAB γμ εB , (5.11)

which are also obtained by linearizing the variations given in [51]. Similar to our dis-
cussion of the bosonic sectors in the previous chapter, we expect the supersymmetry
variations of the N = (4, 0) and N = (3, 1) theories to coincide with (5.11) up to ad-
ditional terms carrying an internal derivative along the extra singlet coordinate ∂•. We
will show that at least for the N = (4, 0) model, this is indeed the case (while the
computation is not complete yet for the N = (3, 1) model).

5.2 N = (4, 0)
We next turn to the N = (4, 0) theory for which the field content and their actions have
been discussed in Section 3.3. To find the supersymmetry variations in six dimensions,
our strategy is to impose the closure of the six-dimensional supersymmetry algebra.
Next, we reduce the result in the 5+1 split form notably (2.62) and (2.95) and simplify the
result by fermionic gauge transformation. Furthermore, we identify a field redefinition
allowing us to write the supersymmetric variations in a more compact form. Finally we
present the supersymmetric Lagragian of the full linearized theory written in terms of
these new fields.
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5.2.1 Supersymmetry variations of the (4,0) model
In this subsection, we present the six-dimensional supersymmetric transformations of
the N = (4, 0) model. These transformations have been worked out in the prepotential
formalism [34]. Here we determine the transformations directly in terms of the original
six-dimensional fields.

The six-dimensional supersymmetric transformations have to close into six-dimensional
diffeomorphisms (up to gauge transformations) in the following way.

[δ1, δ2]X = ξμ̂∂μ̂X + gauge transformation , (5.12)

where δ1 and δ2 are variations of the fields with different parameters ε1,A, ε2,A which then
enter the diffeomorphism parameter ξμ̂. This parameter must be the same for any field
X, which restricts the form of the supersymmetry variations. In the following, we shall
illustrate this explicitly for the simplest field, namely the scalar field φABCD. The most
general form of the supersymmetry variation compatible with its Usp(8) representation
is

δφABCD = i ε̄�AχBCD� , (5.13)

where εA is a suitably normalized supersymmetry parameter. As above, the notation
�ABCD� refers to Usp(8)-traceless antisymmetrization. The factor i comes from the
reality condition of the spinors. Similarly, we can write the general form of the super-
symmetry variation of the Dirac fermions χ

δχABC = −i γ̂μ̂∂μ̂φABCDεD + B terms , (5.14)

where the B terms involve the field strengths the two-form fields Bμ̂ν̂
AB which are not

relevant for the moment (but will become relevant later on). To calculate the supersym-
metry algebra, we look at the commutator of two variations on the scalar field given by
(5.13) and (5.14)

[δ1, δ2]φABCD = ε̄
�A
2 γ̂μ̂∂μ̂φBCD�Eε1,E − (1 ↔ 2) + B terms . (5.15)

This expression is not immediately in the form of (5.12), but this can be achieved using
the following Schouten identity

0 = ε̄
[A
2 γ̂μ̂ε1,E∂μ̂φW XY ZΩBW ΩCXΩDY ΩEZ]

=4 ε̄
[A
2 γ̂μ̂ε1,E∂μ̂φBCD]E − 4 ε̄

[A
1 γ̂μ̂ε2,E∂μ̂φBCD]E

+ ε̄E
2 γ̂μ̂ε1,E∂μ̂φABCD − 6 ε̄2,W γ̂μ̂ε1,E∂μ̂φW E[ABΩCD]. (5.16)

We therefore find for (5.15)

ε̄
�A
2 γ̂μ̂ε1,E∂μ̂φBCD�E − (1 ↔ 2) = −1

4
ε̄E
2 γ̂μ̂ε1,E∂μ̂φABCD, (5.17)
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such that we can read off the diffeomorphism parameter

ξμ̂ = −1
4

ε̄E
2 γ̂μ̂ε1,E . (5.18)

From the point of view of group theory, the Schouten identity (5.16) has extracted the
singlet component in the decomposition of 42 ⊗ 42 of Usp(8) in the sense of

φABCXφABCY =
1
8

δY
XφABCDφABCD. (5.19)

Group theory also explains why the B terms in (5.15) eventually drop out. Indeed, the
only combination which could appear in the right-hand side of (5.15) is

ε̄
�A
2 γ̂μ̂ν̂ρ̂ε1

BHμ̂ν̂ρ̂
CD� − (1 ↔ 2) , (5.20)

of which the spinor bilinear vanishes identically due to symmetry reasons. The B terms
will however enter into the calculation of the closure relation for χABC . Indeed, imposing
the same form of (5.12) allows us to iteratively fix the entire six-dimensional algebra.

After lengthy computations, the final algebra is

δφABCD = i ε̄�AχBCD� ,

δχABC = − i γ̂μ̂∂μ̂φABCDεD − i

32
γ̂μ̂ν̂ρ̂Hμ̂ν̂ρ̂

�ABεC� ,

δBAB
μ̂ν̂ = − i ε̄C γ̂μ̂ν̂χABC − 2 i ε̄�Aψ

B�
μ̂ν̂ ,

δψA
μ̂ν̂ =

i

8
γ̂ρ̂Hμ̂ν̂ρ̂

ABεB − i

16
Hα̂β̂[μ̂

AB γ̂ν̂]
α̂β̂εB − i

192
γ̂α̂β̂γ̂Sα̂β̂γ̂,μ̂ν̂εA ,

δTμ̂ν̂,ρ̂σ̂ = − i ε̄A

(
γ̂μ̂ν̂ψA

ρ̂σ̂ + γ̂ρ̂σ̂ψA
μ̂ν̂ − 2 γ̂[μ̂ν̂ψA

ρ̂σ̂]

)
, (5.21)

where

Sμ̂ν̂ρ̂,σ̂τ̂ = 3 ∂[μ̂Tν̂ρ̂],σ̂τ̂ . (5.22)

These supersymmetry transformations are written in terms of the original six-dimensional
fields. In the next step, we shall decompose them in the 5+1 split form.

5.2.2 5+1 split of the supersymmetry transformations

Using the 5+1 decomposition discussed in chapter 2, we can derive from (5.21) the
transformation of the various components of the fields. We furthermore use the duality
relations (2.18) and (2.67) to trade Hμνρ

AB and ∂[μCνρ],σ for their dual field strengths
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Fμν
AB and ∂[μhν]ρ respectively. After lengthy computations, (5.21) gives rise to

δφABCD = i ε̄�AχBCD� ,

δAAB
μ = ε̄CγμχABC − i ε̄�AψB�

μ ,

δBAB
μν = − i ε̄CγμνχABC + 2 ε̄�Aγ[μψ

B�
ν] − 2i ε̄�AψB�

μν ,

δhμν = ε̄Aγ(μψA
ν) ,

δCμν,ρ = ε̄A

(
(γρψA

μν − γ[ρψA
μν]) − i (γμνψA

ρ − γ[μνψA
ρ]) − i ψA

[μην]ρ

)
,

δTμν,ρσ = − i ε̄A

(
γμνψA

ρσ + γρσψA
μν − 2 γ[μνψA

ρσ]

)
+ 2 ε̄A

(
γ[μην][ρψA

σ] + γ[ρησ][μψA
ν]

)
,

δχABC = − i γμεD∂μφABCD − ∂yφABCDεD − 3
16

γμνε�A(F BC�
μν + ∂yBBC�

μν ) ,

δψA
μ = − i

4
γνεB(F AB

μν + ∂yBAB
μν ) +

i

8
γμ

αβεB(F AB
αβ + ∂yBAB

αβ )

− 1
8

γαβεA
(

∂αhβμ +
1
2

∂yCαβ,μ +
1
4

∂yvμ,αβ − 1
2

∂μuαβ

)
,

δψA
μν =

3
8

(F AB
μν + ∂yBAB

μν )εB

+
i

8
γαεA

(
∂[μhν]α − ∂yCα[μ,ν] +

1
2

∂yv[ν,μ]α + ∂[μuν]α

)
− 1

16
γαβεA∂[μ(C|αβ|,ν] − 1

2
vν],αβ) − i

16
γ[ν

αβεA∂μ]uαβ

− 1
32

γαβεA∂yTαβ,μν − i

32
γ[μ

αβεA∂yvν],αβ . (5.23)

These transformations can be simplified further by using a fermionic gauge transforma-
tion (2.98) with the specific parameters

κA
6 =

1
16

γμνεAuμν ,

κA
μ = − 1

32
γστ εA

(
Cστ,μ − 1

2
vμ,στ − εμκλστ uκλ

)
. (5.24)

Indeed the last two transformations of (5.23) reduce to

δψA
μ = − i

4
γνεB(F AB

μν + ∂yBAB
μν ) +

i

8
γμ

αβεB(F AB
αβ + ∂yBAB

αβ )

− 1
8

γαβεA
(

∂αhβμ + ∂y

(
Cαβ,μ − 1

2
εμαβκλuκλ

))
,

δψA
μν =

3
8

(F AB
μν + ∂yBAB

μν )εB +
i

8
γαεA

(
∂[μhν]α + ∂y

(
Cμν,α + εμνακλuκλ

))
− 1

32
γαβεA∂y

(
Tαβ,μν + εαβκλ[μ

(
Cκλ

ν] − vν],
κλ − εκλ

ν]ρσuρσ
))

(5.25)
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At this point we observe that these variations can written even more compactly in terms
of the new fields T̂μρ,στ , Ω̂μν,ρ and Fμν

AB defined as

T̂μν,ρσ = Tμν,ρσ + 2 (ημ[ρhσ]ν − ην[ρhσ]μ)
+ ερσκλ[μ Cκλ

ν] − ερσκλ[μ vν]
κλ

− 4 ημ[ρ uσ]ν + 4 ην[ρ uσ]μ , (5.26)

Ĉμν,ρ =Cμν,ρ + εμνρστ uστ , (5.27)

Ω̂μνρ =∂[μhν]ρ + ∂yĈμν,ρ , (5.28)
Fμν

AB =Fμν
AB + ∂yBμν

AB . (5.29)

In terms of these fields, the fermionic supersymmetry transfomations take the compact
form

δχABC = − i γμεD∂μφABCD − 3
16

γμνε�AFBC�
μν − ∂yφABCDεD ,

δψA
μ = − i

4
γνεBFAB

μν +
i

8
γμ

στ εBFAB
στ − 1

16
γστ εA

(
Ω̂στ,μ − 2 Ω̂μσ,τ

)
,

δψA
μν =

3
8

FAB
μν εB +

i

8
γρεA Ω̂μν,ρ − 1

32
γαβεA∂y

(
T̂μν,αβ − 4 ηα[μhν]β

)
. (5.30)

In order to find the supersymmetric extension of our bosonic Lagrangian (3.73), we
still need to determine the supersymmetry variations of the fields uμν and vρ,μν which
we have introduced in section 2.1.6 by integrating the field equations of the (2,2) field
into first-order duality equations. We will do this in the next subsections.

5.2.3 CT duality equation and δvμ,ρσ

Let us derive the supersymmetry variations for uμν and vμ,ρσ by varying the first-order
duality equations by which these fields are defined. As we are working on-shell, we will
need to make use of the Rarita-Schwinger equations (2.96) and (2.97)

γμνρ ∂νφA
ρ = Jμ A ,

∂[μψA
νρ] = Jμνρ

A , (5.31)

for the five-dimensional gravitino field φA
ρ and the exotic gravitino ψA

νρ, respectively with
sources

Jμ
A = ∂y

(
3i γμνφν A − 1

2
γμνρψνρ A

)
, (5.32)

Jμνρ
A =

1
12

εμνραβ∂y

(
−γαβκλψκλ A + 4i γαβκψκ A

)
. (5.33)

In order to compute the variation δvμ,ρσ under supersymmetry, let us start from our
first-order field equation (2.65)

2 ∂[σvτ ],μν =
1
2

εμναβγ ∂αTστ
βγ + ∂μCστ,ν − ∂νCστ,μ + ∂yTστ,μν . (5.34)
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Taking the variation of this equation and using the explicit result (5.23) we obtain (to
avoid cumbersome notation, all the expressions in the following should be understood
as antisymmetrized in [μν] and [στ ])

2 ∂[σδvτ ],μν =
1
2

εμναβγ ∂αδTστ
βγ + 2 ∂μδCστ,ν + 2 ∂yδTστ,μν

= − i

3
εμναβγ ε̄A

(
γβγ∂αψA

στ + γστ ∂αψβγ A − 2 γβ
σ∂αψτ

γ A
)

+
4
3

ε̄A

(
γν∂μψA

στ − γσ∂μψA
τν

)
+ εμναβσ ε̄Aγβ∂αφA

τ − εμνταγ ε̄Aγσ∂αφγ A

− 4
3

i ε̄A

(
γστ ∂μφA

ν − γτν∂μφA
σ

)
− 2 i ε̄A∂μφA

σ ητν

− 4
3

i ε̄A

(
γμν∂yψA

στ + γστ ∂yψA
μν − 2 γμσ∂yψA

τν

)
+ 4ε̄A

(
γ[μην][σ∂yφA

τ ] + γ[σητ ][μ∂yφA
ν]

)
= − i εμν

βγα ε̄A

(
γβγ∂[αψA

στ ] +
1
3

γστ ∂[αψβγ] A − γβσ∂[αψτγ] A

)
+ i εμν

βγα ε̄A

(2
3

γβγ∂[σψA
τ ]α +

1
3

γβ[τ ∂σ]ψγα A

)
+ 4 ε̄A

(
γν∂[μψA

στ ] +
1
2

γσ∂[μψA
ντ ] − 2

3
γν∂[σψA

τ ]μ +
1
6

γ[τ ∂σ]ψ
A
μν

)
+ 2i ε̄Aγμνατ ∂αφA

σ + 2i ηνσ ε̄Aγμταγ∂αφγ A + i ε̄Aγμντγ∂σφγ A

− 4
3

i ε̄A

(
γστ ∂μφA

ν − γτν∂μφA
σ

)
− 2 i ε̄A∂μφA

σ ητν

− 4
3

i ε̄A

(
γμν∂yψA

στ + γστ ∂yψA
μν − 2 γμσ∂yψA

τν

)
+ 4 ε̄A

(
γ[μην][σ∂yφA

τ ] + γ[σητ ][μ∂yφA
ν]

)
. (5.35)

Now we have to rewrite this expression on the right-hand side as a curl on [στ ] to
identify the variation of vτ,μν . We will do this computation piece by piece, starting
with the terms containing the gravitino φμ

A and spacetime derivatives. These terms
are collected in the fourth and fifth line of (5.35). Once again, the following should be
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understood as antisymmetrized on [μν] and [στ ]

[μν][στ ]−→ + 2i γμνατ ∂αφA
σ + 2i ηνσ γμταγ∂αφγ A − i γμντγ∂σφγ A

− 4
3

i
(
γστ ∂μφA

ν − γτν∂μφA
σ

)
− 2 i ∂μφA

σ ητν

= − 4i γμντ
α ∂[αφA

σ] + 2i ηνσ γμταγ∂[αφγ] A

− 4
3

i γστ ∂[μφA
ν] +

8
3

i γτν∂[μφA
σ] − 4i ητν∂[μφA

σ]

− i γμντγ∂σφγ A +
4
3

i γτν∂σφA
μ − 2i ηντ ∂σφA

μ . (5.36)

Using the Rarita-Schwinger equation (5.32), this expression can be put into the form

[μν][στ ]−→ − 4i γμνσ
ρ ∂[τ φA

ρ] − 4i ημσ γν
ρ∂[τ φA

ρ]

− 4
3

i γστ ∂[μφA
ν] +

8
3

i γσμ∂[νφA
τ ] − 4i ησμ∂[νφA

τ ] + 8i ησμ ∂[νφA
τ ] +

8
3

i γμν∂[σφA
τ ]

− i γμντγ∂σφγ A +
4
3

i γτν∂σφA
μ − 2i ηντ ∂σφA

μ − 8
3

i γμν∂σφA
τ

+ 2ημσ γτ Jν − 8
3

ημσ γνJτ +
2
3

ηνσ ητμγνJν +
4
3

ημσ γνγτρJρ

=
8i

3
γμσ∂[νφτ ] − 8

3
i γμσ∂[νφA

τ ] − 8
3

i γμν∂[σφτ ] +
8
3

i γμν∂[σφA
τ ]

+
4i

3
γστ ∂[μφν] − 4

3
i γστ ∂[μφA

ν]

− 4i ημσ ∂[νφτ ] − 4i ημσ∂[νφA
τ ] + 8i ημσ ∂[νφA

τ ]

− i γμντγ∂σφγ A +
4
3

i γτν∂σφA
μ − 2i ηντ ∂σφA

μ − 8
3

i γμν∂σφA
τ

− 4
3

ημσ γνJτ +
8
3

ημσ γτ Jν + 2 ημσγντρJρ − 4
3

γ[μγ|στ |Jν] +
2
3

γ[σγ|μν|Jτ ]

= 2∂σ

(
−1

2
i γμντγφγ A − 4

3
i γμνφA

τ − 2
3

i γτμφA
ν + i ητμφA

ν

)
+

2
3

γμνσJτ − 4
3

γστμJν + 2 ημσγντρJρ , (5.37)

We have thus recast these terms into the form of a curl in [στ ] up to terms carrying
the source Jμ

A which all appear under ∂y derivative. These terms will eventually cancel
against similar contributions. Let us now turn to the exotic gravitino terms in (5.35)
that are not already in a curl on [στ ] form. They are in the first and third line of (5.35)
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and after some manipulations on the indices, they can be put into the form

[μν][στ ]−→ ε̄A

(
− γμν

αβ
σ ∂[τ ψA

αβ] − 6 γμν
α ∂[αψA

στ ] + 2 ημσγν
αβ ∂[τ ψA

αβ]

+
2
3

ημσ γντ
αβγ∂[αψA

βγ] − 2
3

ησμ ηντ γαβγ ∂[αψA
βγ]

− 4 γμ∂[νψA
στ ] + 2 γσ∂[μψA

ντ ]

)
+ ∂σ

(2
3

ε̄Aγτ ψA
μν − 8

3
ε̄Aγ[μψA

ν]τ

)
. (5.38)

The last line of this equation is now in a curl form while all the remaining terms are
proportional to the Rarita-Schwinger equation of the exotic gravitino (5.31) and can be
replaced by the corresponding source. Finally, we note that the second line of (5.35) is
already in a curl form

[μν][στ ]−→ ∂σ

(
2 ε̄Aγμν

ρ ψA
τρ +

2
3

ημτ ε̄Aγν
αβ ψA

αβ

)
. (5.39)

Let us now bring all of these pieces together. Equation (5.35) then yields

2 ∂[σδvτ ],μν = 2 ∂σ

(1
3

ε̄Aγτ ψA
μν − 4

3
ε̄Aγ[μψA

ν]τ

)
+ 2 ∂σ

(
ε̄Aγμν

ρ ψA
τρ +

1
3

ημτ ε̄Aγν
αβ ψA

αβ

)
+ 2∂σ

(
−1

2
i γμντγφγ A − 4

3
i γμνφA

τ − 2
3

i γτμφA
ν + i ητμφA

ν

)
+ ∂y (. . . ) , (5.40)

where the last term denotes all the terms carrying a ∂y derivative, in particular all the
source terms in the Rarita-Schwinger equations. For consistency, one may check that
these terms mutually cancel. We are thus left with the variation

δvτ,μν = ε̄Aγμν
ρ ψA

τρ + ε̄Aγτ ψA
μν − 2 ε̄Aγ[τ ψA

μν] +
1
3

ητ [μ ε̄Aγν]
αβ ψA

αβ

− 1
2

i ε̄Aγμντγφγ A − i ε̄AγμνφA
τ − i ε̄Aγ[μνφA

τ ] + i ητ [με̄AφA
ν] . (5.41)

5.2.4 hC duality equation and δuμν

Now that we have computed the variation of vρ,μν , we can now compute the variation
of uμν . For this we start from the first order duality equation (2.67)

∂[μhν]ρ +
1
4

εμνλστ ∂λCστ
ρ = ∂ρuμν − 1

2
∂yCμν,ρ − 1

2
∂yvρ,μν , (5.42)

Taking its variation and using the expression (5.23) above, we obtain
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δ

(
∂[μhν]ρ +

1
4

εμνλστ ∂λCστ
ρ

)
=∂[μδhν]ρ +

1
4

εμνλστ ∂λδCστ
ρ

[μν]
=

1
3

i ημρ ε̄Aγνλστ ∂[λψστ ] A +
3
4

i ε̄Aγμν
λτ ∂[λψτρ]

A

− 1
12

i ε̄Aγμν
λτ ∂ρψA

λτ − 1
3

ε̄Aγμν
λ∂ρφA

λ

− 1
2

ε̄Aγμ∂ρφA
ν

+
3
4

ε̄Aγ[μνJρ] − 2 γμνJρ − 1
3

ηρμε̄AγνλJλ . (5.43)

The first two terms carry the exotic gravitino and can be replaced by their source term.
Combining this with equation (5.42), one may check that all terms carrying ∂y cancel
and we can conclude that

δuμν = −1
2

ε̄Aγ[μφA
ν] − 1

3
ε̄Aγμν

ρφA
ρ − 1

12
i ε̄Aγμν

ρσψA
ρσ . (5.44)

With these results we may now compute the supersymmetric variation of the new field
T̂μν,ρσ introduced in equation (5.26). After some lengthy computation this leads to the
suprisingly compact result

δT̂μν,ρσ = −2i ε̄Aγρσ ψA
μν . (5.45)

5.2.5 The field T̂μν,ρσ

We have seen in the above that the supersymmetry variations of the fields take a very
compact form when expressed in terms of the field T̂μν,ρσ introduced in (5.26). Contrary
to the original field Tμν,ρσ, the new field is no irreducible under the Lorentz group i.e. it
carries all the components of the tensor product

⊗ = ⊕ ⊕ , (5.46)

and not just the component. In this section we present the field equations in terms
of this new field. A lengthy computation shows that the first-order duality equations
(2.65) and (2.67) imply that the curl of T̂μν,ρσ is given by

3 ∂[μT̂νρ],στ = ∂yJμνρ,στ , (5.47)

with the current

Jμνρ,στ =
3
2

εστκλ[μT̂νρ]
κλ + 6 ησ[μĈνρ],τ − 6 ητ [μĈνρ],σ − 6 εστλ[μνhρ]

λ , (5.48)
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and the field Ĉμν,ρ defined in (5.27) above. We can also show that the gauge transfor-
mations (2.70) and (3.77) imply that the new field transforms as

δT̂μν,ρσ = 2 ∂[μΛν],ρσ − ερσκλ[μ ∂yΛν]
κλ − 4 ηρ[μ∂yΓν]σ + 4 ησ[μ∂yΓν]ρ

− 4 εμνρστ ∂yξτ , (5.49)

where the gauge parameters are related to the original ones

Γμν =αμν − βμν ,

Λν,ρσ =λν,ρσ +
1
2

ενρσκλ ζκλ − 2
3

ενρσκλ βκλ − 4 ην[ρ ξσ] , (5.50)

The form of the field equations (5.47) shows that after dimensional reduction (∂y → 0),
the field T̂μν,ρσ is pure gauge and can be set to 0 using (5.49). This reflect the fact that
the double dual graviton in five dimensions does not carry separate degrees of freedom
but can be related to the spin-2 field by an algebraic relation [49, 50]. Furthermore the
field equation (5.47) can be obtained by variation of the Chern-Simons type Lagrangian

L = − 1
64

εμνρστ ∂μT̂νρ,αβ∂yT̂στ
αβ +

1
96

εμνρστ ∂yT̂μν,αβ∂yJ ′
ρστ

αβ (5.51)

with

J ′
μνρ,στ =

3
4

εστκλ[μT̂νρ]
κλ + 6 ησ[μĈνρ],τ − 6 ητ [μĈνρ],σ − 6 εστλ[μνhρ]

λ . (5.52)

Indeed, after plugging (5.26) into this Lagrangian, we recover all the corresponding cou-
plings from (3.73) above. This Lagrangian is invariant under the gauge transformations

δhμν = 2 ∂(μξν) − 2 ∂yΓ(μν)

δĈμν,ρ = 2 ∂[μΓν]ρ + εμνρστ ∂σξτ + ∂yΛ[μ,ν]ρ − εμνρστ ∂yΓστ − 2 ηρ[μ∂yξν] , (5.53)

combined with (5.49) above. This provides a compact way of expressing the dynamics
of the exotic tensor field of this model.

5.2.6 The N = (4, 0) supersymmetric Lagrangian in 5+1
split

The new set of fields provides a convenient starting point to construct a supersymmet-
ric Lagrangian of the N = (4, 0) model. First, one may verify that the full bosonic
Lagrangian of (3.78) takes the form
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L(4,0), bos = − 1
4

Ω̂μνρΩ̂μνρ +
1
2

Ω̂μνρΩ̂νρμ + Ω̂μΩ̂μ

− 8
3

∂μφABCD∂μφABCD − 1
2

Fμν
ABFμν

AB

− 1
64

εμνρστ ∂μT̂νρ,αβ∂yT̂στ
αβ +

1
96

εμνρστ ∂yT̂μν,αβ∂yJ ′
ρστ

αβ ,

− 1
4

εμνρστ ∂μBνρ,AB∂yBστ
AB − 1

8
εμνρστ ∂μĈνρ,α ∂yĈστ

α

− 8
3

∂yφABCD∂yφABCD +
3
4

∂yhμ
σ ∂yhσ

μ − 3
4

∂yhμ
μ ∂yhν

ν , (5.54)

with J ′
μρ,στ defined in equation (5.52) above. The fermionic field equations (2.96) and

(2.97) can be obtained by the Lagrangian

L(4,0), fer = − 8
3

χ̄ABCγμ∂μχABC − 2 ψ̄μ Aγμνρ∂νψρ
A + ψ̄μν Aγμνρστ ∂ρψστ

A

− 8i

3
χ̄ABC ∂yχABC + 6 i ψ̄μ Aγμν∂yψA

ν

+ i ψ̄μν Aγμνρσ∂yψA
ρσ + 4 ψ̄μν Aγμνρ∂yψA

ρ , (5.55)

so that the full Lagrangian is given by

L(4,0) = L(4,0), bos + L(4,0), fer , (5.56)

and one may check that it is supersymmetric under the transformations

δφABCD = i ε̄�AχBCD� ,

δAAB
μ = ε̄CγμχABC − i ε̄�AψB�

μ ,

δBAB
μν = − i ε̄CγμνχABC + 2 ε̄�Aγ[μψ

B�
ν] − 2i ε̄�AψB�

μν ,

δhμν = ε̄Aγ(μψA
ν) ,

δĈμν,ρ = ε̄AγρψA
μν +

i

2
ε̄A

(
4 γρ[μην]κ − 2 ηκ[μην]ρ + γμνρκ

)
ψκ A ,

δT̂μν,ρσ = − 2i ε̄Aγρσ ψA
μν ,

δχABC = − i γμεD∂μφABCD − 3
16

γμνε�AFBC�
μν − ∂yφABCDεD ,

δψA
μ = − i

3
γνεBFAB

μν +
i

12
γμ

στ εBFAB
στ − 1

16
γστ εA

(
Ω̂στ,μ − 2 Ω̂μσ,τ

)
,

δψA
μν =

1
2

FAB
μν εB +

i

8
γρεA Ω̂μν,ρ − 1

32
γαβεA∂y

(
T̂μν,αβ − 4 ηα[μhν]β

)
, (5.57)

derived above. This is the main result of this section.
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The Lagrangian is invariant under the gauge transformations for the bosonic fields

δhμν = 2 ∂(μξν) − 2 ∂yΓ(μν)

δAμ
AB = ∂μΛAB − ∂yΞμ

AB ,

δBμν
AB = 2 ∂[μΞν]

AB ,

δĈμν,ρ = 2 ∂[μΓν]ρ + εμνρστ ∂σξτ + ∂yΛ[μ,ν]ρ − εμνρστ ∂yΓστ − 2 ηρ[μ∂yξν] ,

δT̂μν,ρσ = 2 ∂[μΛν],ρσ − ερσκλ[μ ∂yΛν]
κλ − 4 ηρ[μ∂yΓν]σ + 4 ησ[μ∂yΓν]ρ

− 4 εμνρστ ∂yξτ , (5.58)

and on the fermionic fields

δψA
μν = 2 ∂[μκA

ν] + i ∂[μγν]κ
A + 2 i ∂yγ[μκA

ν] ,

δψA
μ = ∂μκA − 2 ∂yκA

μ . (5.59)

In addition the Lagrangian is invariant under translations of all the fields

δΦ = Ξμ∂μΦ + Ξ6∂yΦ (5.60)

One may show that the supersymmetry transformations (5.57) close on-shell into gauge
transformations with parameters

ξμ = − 1
2

Ξρhμρ ,

Γμν = − Ξρ Ĉρμ,ν +
1
2

Ξ6hμν ,

Λρ,μν = ΞσT̂ρσ,μν + 2 Ξ[μhν]ρ ,

ΛAB = − 2 i ε̄C,2εD,1φABCD , (5.61)

and translations with parameters

Ξμ =
1
4

ε̄2,AγμεA
1 .Ξ6 = − i

4
ε̄2,AεA

1 . (5.62)

5.3 N = (3, 1)
Finally, we look at the N = (3, 1) theory whose six-dimensional field content is reviewed
in Table 1.2 and whose action (in the 5+1 split form) has been discussed in Section 3.2.
The strategy to derive the supersymmetry variations of the fields follows what was done
for the N = (4, 0) theory: we first compute the six-dimensional variations by imposing
the closure of the algebra, after which we rewrite the result in a 5+1 split form. This
will be discussed in this section. A Usp(8)-covariant formulation of this model as would
be required for an ExFT formulation (discussed in Chapter 4 for the bosonic sector) is
left for future work.
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5.3.1 Supersymmetry variations of the (3,1) model

We start building the supersymmetry algebra in six dimensions by making an ansatz on
its general form. Since the structure of all possible terms must match the structure of the
fields in terms of spacetime indices, spinorial indices and R-symmetry indices, the system
is very constrained. Compared to the N = (4, 0) model, the algebra is more involved
since the R-symmetry group is a product Usp(6) × Usp(2). Consequently, there are two
supersymmetry parameters εa and εα, transforming in the fundamental representations
of Usp(6) and Usp(2) respectively. The most general ansatz for the supersymmetry
variations of all fields of the N = (3, 1) model is as follows

δφabcα = ε̄αχabc + ε̄�aχbc�α , (5.63)

δχabc = γ̂μ̂∂μ̂φabcαεα + γ̂μ̂ν̂F
�ab
μ̂ν̂ ε

c�
, (5.64)

δχabα = γ̂μ̂∂μ̂φabcαεc + γ̂μ̂ν̂F ab
μ̂ν̂εα + γ̂μ̂ν̂ρ̂H

�a|α|
μ̂ν̂ρ̂ ε

b�
, (5.65)

δAab
μ̂ = uχ ε̄cγ̂μ̂χabc + vχ ε̄αγ̂μ̂χabα + ε̄

�a
ψ

b�
μ̂ + vψ ε̄

�a
γ̂μ̂

ν̂ψ
b�
ν̂ , (5.66)

δBaα
μ̂ν̂ = wχ ε̄bγ̂μ̂ν̂χabα + ε̄aψα

μ̂ν̂ + wψ ε̄aγ̂[μ̂
ρ̂ψα

|ρ̂|ν̂] + xψ ε̄aγ̂μ̂ν̂
ρ̂σ̂ψα

ρ̂σ̂

+ yψ ε̄αγ̂[μ̂ψa
ν̂] + zψ ε̄αγ̂μ̂ν̂

ρ̂ψa
ρ̂ , (5.67)

δψa
μ̂ = uF γ̂ν̂F ab

μ̂ν̂εb + vF γ̂μ̂
ν̂ρ̂F ab

ν̂ρ̂εb + uH γ̂μ̂
ν̂ρ̂σ̂Haα

ν̂ρ̂σ̂εα

+ aC Uμ̂ν̂ρ̂,
ρ̂γ̂ν̂εa + bC Vν̂ρ̂,μ̂

ρ̂γ̂ν̂εa + cC Vμ̂ρ̂,ν̂
ρ̂γ̂ν̂εa

+ Uν̂ρ̂σ̂,μ̂γ̂ν̂ρ̂σ̂εa + kC Vρ̂σ̂,ν̂μ̂γ̂ν̂ρ̂σ̂εa , (5.68)

δψα
μ̂ν̂ = wH Haα

μ̂ν̂ρ̂γ̂ρ̂εa + xH Haα
ρ̂σ̂[μ̂γ̂ρ̂σ̂

ν̂]εa

+ dC Uμ̂ν̂ρ̂,
ρ̂εα + eC V[μ̂|ρ̂|,ν̂]

ρ̂εα + lC Uμ̂ν̂ρ̂,σ̂γ̂ρ̂σ̂εα + mC Vμ̂ν̂,ρ̂σ̂γ̂ρ̂σ̂εα

+ pC Vρ̂τ̂ ,σ̂
τ̂ γ̂μ̂ν̂

ρ̂σ̂εα + qC Uρ̂σ̂τ̂ ,
τ̂ γ̂μ̂ν̂

ρ̂σ̂εα

+ rC Vρ̂σ̂,τ̂ [ν̂ γ̂μ̂]
ρ̂σ̂τ̂ εα + sC Uρ̂σ̂τ̂ ,[ν̂ γ̂μ̂]

ρ̂σ̂τ̂ εα , (5.69)

δCμ̂ν̂,ρ̂ = mψ ε̄α

(
γ̂μ̂ν̂

σ̂ψα
σ̂ρ̂ − γ̂[μ̂ν̂

σ̂ψα
|σ̂|ρ̂]

)
+ pψ ε̄α

(
γ̂ρ̂ψα

μ̂ν̂ − γ̂[ρ̂ψα
μ̂ν̂]

)
+ qψ ε̄a

(
γ̂μ̂ν̂ψa

ρ̂ − γ̂[μ̂ν̂ψa
ρ̂]

)
+ rψ ε̄aηρ̂[μ̂ψa

ν̂] . (5.70)

Here Uμ̂ν̂ρ̂,σ̂ = 3 ∂[μ̂Cν̂ρ̂],σ̂ and Vμ̂ν̂,ρ̂σ̂ = ∂σ̂Cμ̂ν̂,ρ̂ − ∂ρ̂Cμ̂ν̂,σ̂ are the two first-order field
strengths of the Curtright field and the notation �abc� denotes the Usp(6)-traceless
antisymmetrization. These variations comprise all possible independent tensor structures
that are compatible with regards to the space-time, spinorial, and R-symmetry indices.
They contain numerical coefficients uχ, vχ, ..., rψ which we determine in the following
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through consistency conditions of the algebra.1

We note that certain structures have already been removed in (5.63–5.70) which
are redundant due to gauge transformations or duality relations of the γ̂ matrices or
Bianchi identities of U and V . There are other simplifications we can perform: due to
the definition of U and V we have

U[μ̂ν̂ρ̂,σ̂] = 0 = V[μ̂ν̂,ρ̂σ̂] , (5.71)

leading to the following non trivial relations

0 = γ̂μ̂ν̂Uμ̂ν̂[ρ̂,σ̂] + γ̂μ̂ν̂Uρ̂σ̂μ̂,ν̂ (5.72)
0 = γ̂μ̂ν̂ρ̂Uμ̂ν̂ρ̂,σ̂ − 3 γ̂μ̂ν̂ρ̂Uσ̂μ̂ν̂,ρ̂ (5.73)
0 = γ̂μ̂ν̂Vμ̂ν̂,ρ̂σ̂ + γ̂μ̂ν̂Vρ̂σ̂,μ̂ν̂ + 2 γ̂μ̂ν̂Vμ̂[ρ̂,σ̂]ν̂ (5.74)
0 = γ̂μ̂ν̂ρ̂Vμ̂ν̂,ρ̂σ̂ − γ̂μ̂ν̂ρ̂Vσ̂μ̂,ν̂ρ̂ (5.75)

Furthermore, using

γ̂μ̂ν̂ρ̂Vμ̂ν̂,ρ̂σ̂ = ∂σ̂γ̂μ̂ν̂ρ̂Cμ̂ν̂,ρ̂ − γ̂μ̂ν̂ρ̂∂μ̂Cν̂ρ̂,σ̂ = −1
3

γ̂μ̂ν̂ρ̂Uμ̂ν̂ρ̂,σ̂, (5.76)

allows us to remove all terms of the form V[μ̂ν̂,ρ̂]σ̂ such that we can set kC = rC = 0
in (5.63–5.70). The relation (5.74) allows us to identify Vρ̂σ̂,μ̂ν̂ γ̂ρ̂σ̂ in (5.69) as a gauge
transformation such that we can choose mC = 0. We also note that

Uμ̂ν̂ρ̂,σ̂γ̂ρ̂σ̂ = ∂ρ̂Cμ̂ν̂,σ̂γ̂ρ̂σ̂ + 2 ∂[μ̂Cν̂]ρ̂,σ̂γ̂ρ̂σ̂ =
1
2

Vμ̂ν̂,σ̂ρ̂γ̂ρ̂σ̂ + 2 ∂[μ̂Cν̂]ρ̂,σ̂ , (5.77)

where the second term in the last equation can be absorbed in a gauge transformation
for ψμ̂ν̂ so we can choose lC = 0.

Since we are interested in the on-shell linearized supersymmetry variations, it is
possible to futher simplify the terms involving U and V . C satisfies a second order
duality equation:

Sμ̂ν̂ρ̂,σ̂τ̂ = −1
6

εμ̂ν̂ρ̂α̂β̂γ̂Sα̂β̂γ̂
σ̂τ̂ , (5.78)

where Sμ̂ν̂ρ̂,σ̂τ̂ = 6 ∂[μ̂Cν̂ρ̂],[σ̂;τ̂ ]. Since both sides can be considered as a curl on the second
group of indices, it is possible to integrate this equation once into

Uμ̂ν̂ρ̂,σ̂ +
1
6

εμ̂ν̂ρ̂αβγ̂Uαβγ̂
σ̂ = ∂σ̂Zμ̂ν̂ρ̂, (5.79)

where Z is a 3-form. Using this identity and the duality relation for the γ̂ matrices, we
can take sC = 0.

1The rescaling ambiguity in the supersymmetry closure relations has already been fixed in
(5.63–5.70) by a suitable normalization of all fields. As a result, not all terms carry a free
coefficient.
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As explained in the previous Section 5.2.1, the supersymmetry algebra (5.63–5.70)
has to close onto six-dimensional diffeomorphisms and gauge transformations as in (5.12).
To determine the diffeomorphism parameter in terms of these supersymmetry parame-
ters, we compute the commutator of two supersymmetry transformations of the scalar
field. Hence

[δ(ε1), δ(ε2)]φabcα = ε̄2
�aγ̂μ̂ε1,d∂μ̂φbc�dα + ε̄α

2 γ̂μ̂ε1,β∂μ̂φabcβ − (1 ↔ 2) + . . . , (5.80)

where we did not spell out terms involving Fμ̂ν̂
ab and Hμ̂ν̂ρ̂

aα. To put this expression in
the appropriate form, we have to use two Schouten identities

ε̄α
2 γ̂μ̂ε1,β∂μ̂φabcβ − (1 ↔ 2) = ε̄β

2 γ̂μ̂ε1,β∂μ̂φabcα , (5.81)

ε̄
�a
2 γ̂μ̂ε1,d∂μ̂φbc�dα − (1 ↔ 2) =

1
3

ε̄d
2γ̂μ̂ε1,d∂μ̂φabcα . (5.82)

In this way we find for (5.80)

[δ(ε1), δ(ε2)]φabcα = ξμ̂∂μ̂φabcα + . . . , (5.83)

where the diffeomorphism parameter takes the form

ξμ̂ =
1
3

ε̄d
2γ̂μ̂ε1,d + ε̄β

2 γ̂μ̂ε1,β . (5.84)

After lengthy computations, we can show that with a unique choice of the parameters
in (5.63–5.70), all closure relations can be brought into the form of (5.12). The final
six-dimensional supersymmetry transformations therefore takes the form

δφabcα = ε̄αχabc + ε̄�aχbc�α , (5.85)

δχabc = γ̂μ̂∂μ̂φabcαεα + γ̂μ̂ν̂F
�ab
μ̂ν̂ ε

c�
, (5.86)

δχabα = γ̂μ̂∂μ̂φabcαεc + γ̂μ̂ν̂F ab
μ̂ν̂εα + γ̂μ̂ν̂ρ̂H

�a|α|
μ̂ν̂ρ̂ ε

b�
, (5.87)

δAab
μ̂ =

1
4

ε̄cγ̂μ̂χabc +
1
4

ε̄αγ̂μ̂χabα + ε̄
�a

ψ
b�
μ̂ , (5.88)

δBaα
μ̂ν̂ =

1
36

ε̄bγ̂μ̂ν̂χabα +
1
3

ε̄αγ̂[μ̂ψa
ν̂] + ε̄aψα

μ̂ν̂ , (5.89)

δψa
μ̂ =

1
2

γ̂ν̂F ab
μ̂ν̂εb − 1

12
γ̂μ̂

ν̂ρ̂F ab
ν̂ρ̂εb +

1
2

γ̂μ̂
ν̂ρ̂σ̂Haα

ν̂ρ̂σ̂εα + Uν̂ρ̂σ̂,μ̂γ̂ν̂ρ̂σ̂εa , (5.90)

δψα
μ̂ν̂ =

2
9

Haα
μ̂ν̂ρ̂γ̂ρ̂εa − 1

18
Haα

ρ̂σ̂[μ̂γ̂ρ̂σ̂
ν̂]εa + Vμ̂ν̂,ρ̂σ̂γ̂ρ̂σ̂εα , (5.91)

δTμ̂ν̂,ρ̂ = − 1
4

ε̄α

(
γ̂ρ̂ψα

μ̂ν̂ − γ̂[ρ̂ψα
μ̂ν̂]

)
+

1
72

ε̄a

(
γ̂μ̂ν̂ψa

ρ̂ − γ̂[μ̂ν̂ψa
ρ̂]

)
+

1
108

ε̄aψa
[μ̂ην̂]ρ̂ , (5.92)

where, as above, Uμ̂ν̂ρ̂,σ̂ = 3 ∂[μ̂Cν̂ρ̂],σ̂ and Vμ̂ν̂,ρ̂σ̂ = ∂σ̂Cμ̂ν̂,ρ̂ − ∂ρ̂Cμ̂ν̂,σ̂.

79



Chapter 5. Supersymmetry

5.3.2 5+1 split of the supersymmetry transformations

In order to construct the supersymmetric extension of the Lagrangian (3.45) (3.44),
which we have constructed above, we will have to rewrite the six-dimensional super-
symmetry transformations in a 5+1 split form using the decomposition of the fields
introduced in chapter 2.

Eventually, for the various components, we obtain

δφabcα = ε̄αχabc + ε̄�aχbc�α , (5.93)

δφab = − i

4
ε̄cχ

abc +
i

4
ε̄αχabα + ε̄�aλb� , (5.94)

δAab
μ =

1
4

ε̄cγμχabc +
1
4

ε̄αγμχabα + ε̄�aψb�
μ − i

3
ε̄�aγμλb� , (5.95)

δAaα
μ =

i

36
ε̄bγμχabα +

1
9

ε̄αγμλa − i

6
ε̄αψa

μ + ε̄aφα
μ , (5.96)

δAμ =
i

162
ε̄aγμλa − i

8
ε̄αφα

μ +
1

432
ε̄aψa

μ , (5.97)

δBμν =
1

162
ε̄aγμνλa +

1
4

ε̄αγ[μφα
ν] +

i

216
ε̄aγ[μψa

ν] − i

12
ε̄αψα

μν , (5.98)

δBaα
μν =

1
36

ε̄bγμνχabα − i

9
ε̄αγμνλa +

1
3

ε̄αγ[μψa
ν] + 2i ε̄aγ[μφα

ν] + ε̄aψα
μν , (5.99)

δhμν = − 1
4

ε̄αγ(νφα
μ) +

i

72
ε̄aγ(νψa

μ) , (5.100)

δCμν,ρ = − 1
4

ε̄α(γρψα
μν − γ[ρψα

μν]) +
1
72

ε̄a(γμνψa
ρ − γ[μνψa

ρ]) +
1
72

ε̄aψa
[μην]ρ

+
i

4
ε̄α(γμνφα

ρ − γ[μνφα
ρ]) +

i

4
ε̄αφα

[μην]ρ , (5.101)

δχabc = γμ∂μφabcαεα − 2i γμ
(
∂μφ�ab − ∂yA�ab

μ

)
εc� + γμνF �ab

μν εc� + i ∂yφabcαεα , (5.102)

δχabα = γμ∂μφabcαεc + 2i γμ
(
∂μφab − ∂yAab

μ

)
εα − i ∂yφabcαεc

+ γμνF ab
μνεα − 3i γμν

(
F �a|α|

μν + ∂yB�a|α|
μν

)
εb� , (5.103)

δλa = − 1
2

γμ
(
∂μφab − ∂yAab

μ

)
εb +

i

12
γμνF ab

μνεb − 3
2

γμν
(
F aα

μν + ∂yBaα
μν

)
εα

− 12i γμν
(

Fμν +
5
4

∂yBμν − 1
2

∂yuμν

)
εa , (5.104)

δψa
μ = − 2i

3
(∂μφab − ∂yAab

μ )εb +
4
9

γνF ab
μνεb − 1

9
γμ

νρF ab
νρεb

− 4i γν(F aα
μν + ∂yBaα

μν )εα + i γμ
νρ(F aα

νρ + ∂yBaα
νρ )εα
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+ 8 γν
(

Fμν +
5
4

∂yBμν − 1
2

∂yuμν

)
εa

+ 4 γμ
νρ

(
Fνρ +

5
4

∂yBνρ − 1
2

∂yuνρ

)
εa

− 12i γνρ
(

∂νhρμ + ∂νBρμ +
1
4

∂μBνρ − 1
2

∂μuνρ

− ∂y(Cνρ,μ − 2 Aνηρμ)
)

εa , (5.105)

δφα
μ = − 2

9
γν(F aα

μν + ∂yBaα
μν )εa +

1
18

γμ
κλ(F aα

κλ + ∂yBaα
κλ)εa

− 2 γκλ(∂κhλμ − ∂κBλμ)εα − 4i γν
(

∂νAμ − 1
2

∂y(hνμ − Bνμ)
)

εα , (5.106)

δψα
μν = − 2i

3
(F aα

μν + ∂yBaα
μν )εa + 2i

(
∂y(Cμν,ρ − 2 A[μην]ρ) − ∂ρBμν

)
γρεα

+ Vμν,ρσγρσεα − 2i γ[μ

(
− 2 γκλ(∂κhλ|ν] − ∂κBλ|ν])εα

− 4i γλ
(

∂λAν] − 1
2

∂y(hλ|ν] − Bλν])
)

εα
)

. (5.107)

The variation of the fermionic fields appear rather complicated but as for the N=(4,0)
model, they can be brought in a more compact form by employing the freedom of gauge
transformation. Using the gauge transformation (2.91) for λa and ψa

μ

δλa = ∂yκa ,

δψa
μ = ∂μκa +

i

3
γμ∂yκa , (5.108)

with the fermionic parameter

κa = −12i γαβεa
(1

4
Bαβ +

1
2

uαβ

)
, (5.109)

we find

δλa = − 1
2

γμ
(
∂μφab − ∂yAab

μ

)
εb +

i

12
γμνF ab

μνεb − 3
2

γμν
(
F aα

μν + ∂yBaα
μν

)
εα

− 12i γμνFμνεa , (5.110)

δψa
μ = − 2i

3
(∂μφab − ∂yAab

μ )εb − 4i γν(F aα
μν + ∂yBaα

μν )εα + i γμ
νρ(F aα

νρ + ∂yBaα
νρ )εα

+
4
9

γνF ab
μνεb − 1

9
γμ

νρF ab
νρεb + 8 γνFμνεa − 2 γμ

νρFνρεa

− 12i γνρ
(
Ω̂νρ,μ − 2 Ω̂μν,ρ

)
εa , (5.111)
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where Fμν and Ω̂μν,ρ are defined in (3.39). Moreover, defining

Dμφab = ∂μφab − ∂yAab
μ ,

Fμν
aα = F aα

μν + ∂yBaα
μν , (5.112)

allows to put these variations into yet more compact form

δλa = −1
2

γμDμφabεb +
i

12
γμνF ab

μνεb − 3
2

γμνFμν
aαεα

− 12i γμνFμνεa ,

δψa
μ = −2i

3
Dμφabεb − 4i γνFμν

aαεα + i γμ
νρFνρ

aαεα

+
4
9

γνF ab
μνεb − 1

9
γμ

νρF ab
νρεb + 8 γνFμνεa − 2 γμ

νρFνρεa

− 12i γνρ
(
Ω̂νρ,μ − 2 Ω̂μν,ρ

)
εa . (5.113)

Similarly, we may simplify the variations of φα
μ and ψα

μν by modifying them with the
gauge transformation (2.98)

δφα
μ =

1
2

∂μκα
6 − 1

2
∂yκα

μ ,

δψα
μν = ∂[μκα

ν] + i ∂[μγν]κ
α
6 + i ∂yγ[μκα

ν] . (5.114)

with the parameters

κα
μ =

(
4i γμ

κλuκλ − 8i γνBμν + 4i γνhμν + 2 γκλCκλ,μ + 4 γμ
κAκ

)
εα ,

κα
6 =

(
2 γκλBκλ − 4i γλAλ

)
εα . (5.115)

As a result, we find

δφα
μ = − 2

9
γνFμν

aαεa +
1
18

γμ
κλFκλ

aαεa + 4i γνFμνεα − i γμ
κλFκλεα

− 2 γκλ
(
Ω̂κλ,μ − 2 Ω̂μκ,λ

)
εα ,

δψα
μν = − 8 Fμνεα + 8i γλΩ̂μν,λεα . (5.116)

This final result is much more compact than the original expressions (5.108), features the
covariant objects (5.112) and strongly resembles the variations of the N = (4, 0) model
(5.30). This suggests there is a common framework as for the bosonic sector into which
all three supersymmetic models can be embedded. A first step towards this unification
would necessitate a reformulation of the N = (3, 1) model in terms of Usp(8)-covariant
objects. This is left for future work.
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CHAPTER6
Conclusion and outlook

In Chapter 1, we presented supergravity with particular focus on the topic of this thesis:
six-dimensional maximal supergravity. In this case, there exists three different super-
symmetry multiplets containing gravitational degrees of freedom transforming in the
N = (2, 2), N = (3, 1) and N = (4, 0) supersymmetry algebras respectively. We explic-
itly presented the field contents of these theories. A particular feature of the N = (3, 1)
and N = (4, 0) theories are “exotic" tensor fields, notably with (2,1) and (2,2) Young
symmetry. Their dynamics are not very well understood since they have to satisfy certain
(self)-duality relations which are difficult to encode in a usual Lagrangian formulation.
However an important observation is that these three theories must all reduce to the
same description in five dimensions, that is five-dimensional maximally supersymmetric
supergravity. This suggests that there exists a common framework that unifies these
three descriptions.

In Chapter 2, we discussed in detail all individual fields involved in the theories
mentioned above, that is their six-dimensional free equations of motion and their gauge
symmetries. We furthermore wrote this dynamics in a 5+1 split form by singling out one
of the spatial coordinates. Although losing manifest six-dimensional Lorentz invariance,
this formulation not only helped us to encode the duality relations of the exotic fields
mentioned above, but also guides us towards a common framework unifying all three
theories. Concretely, we analyzed the dynamics of the (2,1) and (2,2) tensor fields and
transformed their second order field equations into first order equations (2.53), (2.65)
and (2.67) by introducing auxiliary fields.

This 5+1 decomposition then allowed us to write down new actions for these fields
in Chapter 3. In particular we found an action for the chiral two-form (3.15) which
results in a self-duality equation of motion and similarly for the (2,1) and (2,2) tensor
fields (3.36) and (3.73). These actions encode the free six-dimensional dynamics. While
no longer manifestly invariant, six-dimensional symmetries are retained in the form of
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five-dimensional gauge transformations which we specified.

The three actions built in the previous chapter exhibit common structures. To further
elucidate these features, we then used the tools of Exceptional Field Theory in Chapter
4 to write the bosonic sectors of the three six-dimensional descriptions in a common
framework, leading to the compact Lagrangian (4.30) which is invariant under combined
symmetry transformations which we also specified. This reformulation hinged on a
particular section constraint (4.13) which is a differential condition mixing derivatives
with respect to internal coordinates with the group structures specific to each of the
three models.

Chapter 5 was dedicated to a supersymmetric exension of the actions discussed in
Chapter 3. To this end, we started by calculating explicitly the supersymmetry trans-
formations for each theory where we used different strategies in each case. For the
N = (2, 2) (see (5.9)), we linearized the known ExFT formulation from the literature.
Since no such formulation for the N = (3, 1) and N = (4, 0) cases is known, we computed
the six-dimensional supersymmetry variations from consistency arguments and reduced
them into a 5+1 split form. In the case of the N = (4, 0) theory, a particular field redef-
inition allowed to write the free supersymmetric Lagrangian in the very compact form
(5.54). The analysis of the N = (3, 1) theory is not fully complete yet as we still require
a mechanism to deal with the exotic gravitino. Indeed despite a Usp(8)-covariance of
the eight gravitini in the ExFT formulation, the dynamics of six of them has to become
trivial in the end. There are several different mechanisms that seem possible: i) the
field equations could be pure gauge such that these gravitini are not physical degrees
of freedom (this indeed happens in the five-dimensional reduction of the theory), ii) the
dynamics remains non trivial but completely decouples from the rest of the theory, iii)
the dynamics of the fields needs to be constrained further, for example by imposing
a stronger version of the section constraint on the gravitini. While these options look
viable at first glance, each of them poses further questions notably when in view of a
possible generalization of the actions discussed here to a fully interacting theory.

The work presented here is a first step towards a unified understanding of six-
dimensional maximally supersymmetric supergravity theories. As this work was lim-
ited to discussing free fields, an obvious generalization is to include non trivial inter-
actions. As a first step, this would require to better understand the structure of the
scalar fields and their geometric interpretation. A superspace formulation such as [52]
may provide useful tools in this direction. Moreover, in this work, fields dual to the
graviton have played a prominent role, it would be interesting to study explicit solutions
of their field equations to gain insight of new possible structures such as higher-spin
theories [33, 53, 54]. Even if we argued that we would not consider higher spins in this
thesis, the reasoning we presented (splitting dimensions until the identification of more
standard structures) could still be applied to higher-spin theories. Additionally, the fact
that our formulation features exotic fields and more conventional gravity fields which
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come with an action that allows a natural embedding into the full non-linear Einstein-
Hilbert suggests that all these fields may become part of a tensor hierarchy that extends
to the gravity sector thus the non-linear dynamics would arise from a hierarchy of duality
relations as in [55].
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APPENDIXA
Conventions and mathematical tools

A.1 Conventions
We are working in Minkowski space with a "mostly plus" flat metric

ημ̂ν̂ = diag{−1, 1, 1, 1, 1, 1} , μ̂, ν̂ = 0, . . . 5 . (A.1)

We choose the symmetrization and antisymmetrization operations to have global weight
1 that is

T(μ̂1...μ̂n) =
1
n!

∑
σ∈Gn

Tσ(μ̂1)...σ(μ̂n) , (A.2)

T[μ̂1...μ̂n] =
1
n!

∑
σ∈Gn

ε(σ)Tσ(μ̂1)...σ(μ̂n) , (A.3)

where the indices in the parentheses are symmetrized while those in the brackets are
antisymmetrized. Moreover, Gn is the permutation group of order n and ε(σ) denotes
the signature of the permutation σ.

A.2 Young tableaux
Young tableaux are a schematic way to represent irreducible representations (of GL(D)
in our case) that correspond to tensors. Each index of a tensor corresponds to a cell in
a tableau. The cells are organized in columns of non increasing sizes that encodes the
symmetries of the indices of the tensor it represents. For instance

(A.4)
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is a possible tableau, whereas

(A.5)

is invalid. The symmetries of tensor can be read directly from the tableau using the
following rules

• all indices in a same column are totally antisymmetric,

• the antisymmetrization of indices in a column and a cell on the right of that
column vanishes.

Hence an antisymmetric tensor is represented by (per the first rule) whereas a sym-
metric tensor is represented by (per the second rule, if a two-index tensor has no
antisymmetric part, then it must be symmetric). The structure becomes richer when
the number of cells increases. A general three-index tensor Tμνρ can be decomposed into
three parts

• a completely symmetric part T(μνρ) represented by the diagram ,

• a completely antisymmetric part T[μνρ] represented by the diagram ,

• a mixed-symmetry part Aμνρ = Tμνρ − T(μνρ) − T[μνρ] represented by the "hook"
diagram such that Aμνρ is antisymmetric on its first two indices and satisfies
a Bianchi-like identity A[μνρ] = 0.

Young tableaux can also be of use to determine the decomposition of tensor products
using the Littlewood-Richardson rule [56]. Say we want to decompose the product
T1 ⊗ T2. To do this

1. assign distinct labels to cells in each row of T2 (e.g. a a
b ),

2. attach cells labelled by a to T1 in all possible ways such that no two as appear in
the same column and the result is still a Young tableau,

3. repeat with bs, etc.,

4. for each tableau, form the sequence by reading each row from right to left while
going from top to botton. A tableau will be valid if when reading the sequence,
there is at least as many as as bs (etc.) at any point in the sequence.
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A.3. Generalized Poincaré lemma

Let us look at an example

⊗ a
b

→ a ⊕
a

→ a b ⊕ a
b

⊕
a

b
⊕

a
b

⊕
b

a

The sequences for these tableaux are ba, ab, ab, ab, ba, so the first and last tableaux are
invalid.

A.3 Generalized Poincaré lemma
As we are solving differential equations involving mixed-symmetry tensors, we need a
version of the Poincaré lemma that applies to such tensors presented and proved in [42].
Let us first recall the standard Poincaré lemma. We define Ωp(M) the set of p-forms on a
D-dimensional pseudo-riemannian manifold M. A p-form ω is defined by its components

ω =
1
p!

ωi1···ip dxi1 ∧ · · · ∧ dxip , (A.6)

and its differential is

dω =
1

(p + 1)!
∂i1ωi2···ip+1 dxi1 ∧ · · · ∧ dxip+1 . (A.7)

The standard Poincaré lemma states that if dω = 0, then we can locally define a
(p − 1)-form α such that ω = dα. In terms of Young tableaux, we can write

1
2
...
p

∂

= 0 ⇒

1
2
...
p

�

1
...

p−1

∂

. (A.8)

In our case, we need such a similar lemma for tensors whose Young tableau has two
columns. To that end, we define Ωp,q(M) the tensor product Ωp(M) ⊗ Ωq(M) and
Ωp,q

Y (M) the set of tensors represented by the Young tableau with two columns of sizes
p and q. A bi-form in Ωp,q(M) (also called (p, q)-form) T has components

T =
1

p!q!
Ti1···ipj1···jq dxi1 ∧ · · · ∧ dxip ⊗ dxj1 ∧ · · · ∧ dxjq , (A.9)

89



Chapter A. Conventions and mathematical tools

After defining the differential with respect to each column

d1 : Ωp,q(M) → Ωp+1,q(M) , (A.10)
d2 : Ωp,q(M) → Ωp,q+1(M) , (A.11)

we can define the projections of these maps onto suitable Young tableaux

dL = �(p+1,q) ◦ d1 , (A.12)
dR = �(p,q+1) ◦ d2 , (A.13)

where �(m,n) is the projector on the Young tableau with two columns of sizes m and n.
In the context of bi-forms, the Poincaré lemma is in fact two different lemmas The first
one reads

dLω = dRω = 0 ⇒ ∃ α ∈ Ωp−1,q−1
Y : ω = dLdRα , (A.14)

which can be represented schematically by

...
...

...
...

... q

p

∂

=

...
...

...
...

... q

p ∂

= 0 ⇒

...
...

...
...

... q

p

�

...
...

... q−1

p−1 ∂

∂

. (A.15)

The second lemma reads

dLdRω = 0 ⇒ ∃ α, β ∈ Ωp−1,q
Y × Ωp,q−1

Y : ω = dLα + dRβ , (A.16)

or more schematically

...
...

...
...

... q

p ∂

∂

= 0 ⇒

...
...

...
...

... q

p

�

...
...

...
...

p−1 q

∂

⊕

...
...

... q−1

... ∂

p

. (A.17)
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