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Abstract Large-Eddy Simulation (LES) becomes a more and more demanded tool
to improve the design of aero-engines. The main reason for this request stems from
the constraints imposed on the next generation low-emission engines at the industrial
development level and the ability for LES to provide information on the instantaneous
turbulent flow field which greatly contributes to improving the prediction of mixing and
combustion thereby offering an improved prediction of the exhaust emission. The work
presented in this thesis discusses two recurring issues of LES. For one, numerical schemes
for LES require certain properties, i.e. low-diffusion schemes of high order of accuracy
so as not to interfere with the turbulence models. To meet this purpose in the context
of fully unstructured solvers, a new family of high-order time-integration schemes is
proposed. With this class of schemes, the diffusion implied by the numerical scheme
become adjustable and built-in. Second, since fully unsteady by nature, LES is very
consuming in terms of CPU time. Even with today’s supercomputers complex problems
require long simulation times. Due to the low flow velocities often occurring in industrial
applications, the use of a low-Mach number solver seems suitable and can lead to large
reductions in CPU time if comparable to fully compressible solvers. The impact of the
incompressibility assumption and the different nature of the numerical algorithms are
rarely discussed. To partly answer the question, detailed comparisons are proposed for
an experimental swirled configuration representative of a real burner that is simulated by
LES using a fully explicit compressible solver and an incompressible solution developed
at CORIA.
Keywords: Large-Eddy Simulation, compressible, low-Mach number, numerical schemes,
time integration schemes, High Performance Computing

Résumé La Simulation aux Grandes Echelles (SGE) est de plus en plus utilisée dans
les processus de développement et la conception des réacteurs aéronautiques industriels.
L’une des raisons pour ce besoin résulte dans la capacité de la SGE à fournir des informa-
tions instantanées d’un écoulement turbulent augmentant la quantité des prédictions de
la composition des gaz d’échappement. Ce manuscrit de thèse aborde deux sujets récur-
rents de la SGE. D’une part, les schémas numériques pour la SGE nécessitent certaines
propriétés, notamment une précision élevée avec une diffusivité faible pour ne pas nuire
aux modèles de turbulence. Afin de répondre à ce pré requis, une famille de schémas
d’intégration temporelle d’ordre élevée est proposée, permettant de modifier la diffusion
numérique du schéma. D’autre part, la SGE étant intrinsèquement instationnaire, elle
est très consommatrice en temps CPU. De plus, une géométrie complexe prend beau-
coup de temps de simulation même avec les super calculateurs d’aujourd’hui. Dans le cas
particulier d’intérêt et souvent rencontré dans les applications industrielles, l’approche
bas-Mach est constitue une alternative intéressante permettant de réduire le coût et le
temps de retour d’une simulation LES. L’impact et la comparaison des formalismes com-
pressible et incompressible sont toutefois rarement quantifiés, ce qui est proposé dans
ce travail pour une configuration représentative d’un brûleur swirlé industriel mesuré au
CORIA.
Mot clés: Simulation aux Grandes Echelles, compressible, approche bas-Mach, schémas
numériques, intégration temporelle, High Performance Computing
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Roman letters
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]
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]
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n Surface normal vector [ − ]
q Heat flux [ W

m2 ]
s Source term vector [ − ]
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c Speed of sound [ ms ]
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uτ Friction velocity [ ms ]
Vi,k Component i of the diffusion velocity vector for species k [ ms ]
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Greek letters
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∆ Filter width [ m ]
ε Specific energy [ J
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ηk Kolmogorov length scale [ m ]
Γ Vortex strength [ m

2

s ]
∆̂ Test filter [ m ]
λ Thermal conductivity [ W
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λi Eigenvalue of mode i of the POD [ − ]
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m2 ]
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s ]
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Chapter 1

Introduction

1.1 General context

In autumn 2010, the subcommittee on Exascale Computing, which is subordinated to
the Advanced Scientific Computing Advisory Committee (ASCAC), published its report
[Subcommittee on Exascale Computing 2010] on the "Opportunities and Challenges of
Exascale Computing". This report is based on materials and reports that have been
presented during meetings and workshops of the Department of Energy (DOE) on this
topic. The subcommittee was composed of experts in a wide range of fields. The ob-
jective of the subcommittee’s work was to give an opinion on how to orient the current
computing capacities to profit at most of exascale systems, which represent the next
generation of High Performance Computing (HPC) architectures. This report clearly
shows how numerical simulation has already become an inherent part in todays scientific
and industrial context and what can be expected in the near future.

Some disciplines for which numerical simulations are of advantage or even inevitable,
are:

Meteorology
Accurate prediction of local as well as global climate changes.

Optimization
First and foremost this is about the optimization of technical procedures or de-
signs. This is particularly interesting in applications, for which experiments are too
dangerous or simply impossible, e. g. when working on combustion. A side-effect is
that, since parameter of the numerical model studies can be conducted very easily,
the optimization enables to reduce the number of experimental test runs, which
can be extremely expensive.

Scientific insight
The first large-scale application of numerical simulation is seen in the work per-
formed within the Manhattan Project during World War II to model the process
of nuclear detonation. Fortunately, military research did not stay the only appli-
cation and today, computer simulations also are used, e. g., to study new ways of
energy production, medical problems, climate change etc.
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Figure 1.1: Development of the worldwide transported flight passengers. Source: ICAO
/ Airbus

Safety
Other fields of application are related to security matters. An example is the
prediction of the safety in case of a fire of industrial facilities or in the case of wild
fires.

An interesting application from the field of Computational Fluid Dynamics (CFD) are
aircraft engines. New regulations stipulate a reduction of the exhausted greenhouse gases
for jet engines, e. g. a reduction of CO2 by 50% and of NOx by 80% in 2020 as demanded
by the Advisory Council for Aeronautics Research in Europe (ACARE). This is mainly
due to the continuously growing demand for air travel, be it the transport of people
or goods. Figure 1.1 presents the development of the Revenue Passenger Kilometers
for the last 40 years. Amongst experts it is believed that this tendency will continue.
N. Teyssier, e. g., presented during the 37th session of the ICAO assembly (2010) a
forecast, stating a growth of 4.7% for 2030. Although the overall contribution of air
traffic to the worldwide emitted greenhouse gases is approximately 2%, their release in
high altitudes renders them more harmful.
The growing number of flights generally is dealt with extending the operating hours of
airports, which, in addition, are increasingly often situated within urban space. Hence,
the topic noise pollution is also becoming more and more important. Taking only these
two constraints, the impact on the development of a system such as an aero-engine is very
high. At this point it becomes obvious that for such a project all aspects of numerical
simulations have to be considered, starting from the development of models up to their
application in solvers on super-computers.
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1.2 Numerical simulation - its development and the exam-
ple of CFD

In CFD three main methodologies are known and can be used for the simulation of
turbulent flow.

Reynolds-Averaged Navier-Stokes (RANS)
This approach [Launder 1972, Pope 2002] consists in averaging the instantaneous
balance equations. In order to be capable of performing the calculations, closure
models have to be provided. For turbulent combustion, a turbulence model to
capture the flow dynamics is combined with a model for turbulent combustion,
which takes into account the chemical species conversion and the heat release.
Such a simulation can be interpreted as if the average of different realizations (or
cycles for periodic flows) is calculated. The computational cost for this simulation
type is rather small.

Direct Numerical Simulation (DNS)
DNS is working without any turbulence or chemical model by solving the full
instantaneous Navier-Stokes equations [Leonard 1995]. The complete spectrum of
turbulent length scales as well as the reacting zones are resolved. It is the small
turbulent and flame structures that require a very fine mesh, which renders DNS
not only very accurate but also very costly and thus, DNS remains limited to
academic cases. Its advancement was possible mainly due to the development in
High Performance Computing (HPC), which will be treated in section 1.3. By
this means DNS has provided much insight, e. g. into turbulent combustion flow
analysis.

Large-Eddy Simulation (LES)
In LES the large turbulent structures (eddies) are resolved whereas the smaller
scales are modeled. In this case the balance equations are obtained by applying
a filter to the instantaneous Navier-Stokes equations [Pope 2002, Sagaut 2002].
Equally as for the turbulent structures, the large scale contribution of the flame is
captured by the LES equations. A sub-filter model has to be provided to consider
the effects of the small scales of turbulence as well as their interaction with the
flame front.

Since the very beginning of numerical simulation in the early 1940s, an enormous progress
has been made. Regarding the report of the ASCAC, a good example for CFD appli-
cations are LES of gas turbines, see Fig. 1.2. In the beginning, the geometries stayed
very simple, i. e. academic test burners. With the increase in computing capacities, the
complexity started to rise and about 10 years later, the ignition process of a complete
combustor composed of 18 sections using two-phase flow simulations could be computed
[Boileau 2008]. This simulation, performed on an unstructured mesh of 19 million cells,
took 160 execution hours on 700 processors of a CRAY XT2. Nevertheless, this repre-
sents just one single component in the complex system of a jet engine.
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Figure 1.2: Source: Opportunities and Challenges of Exascale Computing, report from
ASCAC - subcommittee on exascale computing for the Department of Energy (USA),
2010 - [Subcommittee on Exascale Computing 2010]

The need to compute complete systems, brings up a new dimension of complexity.
Looking at a complete gas turbine different physical phenomena require different simula-
tion approaches. Today, this can be overcome by coupling different solver types, treating
different parts of the application. In [Medic 2006], RANS simulations for the compressor
and the turbine have been coupled to LES of the combustion chamber. This choice was
taken because RANS has a long history in the prediction of boundary layers needed
here for the accurate prediction of the flow around the blades of the compressor and the
turbine.

Although these examples are encouraging, a lot has to be improved. Examples are
the representation of chemistry in the simulations, in order to predict and optimize the
composition of the exhaust gases, the consideration of the impact of heat radiation and
heat transfer on the flow [Amaya 2010] or the flame structure and its stability in turbu-
lent combustion [Franzelli 2011], just to name a few.

So far, the advancement of CFD has rather been looked at from a scientific point of view.
Of course, numerical simulation has found it’s way into the daily design process, mainly
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due to the advantage of the price-performance ratio. Companies, such as Turboméca,
MTU or Rolls Royce, depend on such above mentioned developments. But keeping in
mind that the companies are subjected to economic constraints, it is beyond all ques-
tions to wait more than over night for simulation results. Furthermore, the computing
capacities at hand in the industry are far from being comparable to what is available
to research facilities. Hence, most industrial use of CFD concerns the optimization or
characterization of single parts.

1.3 Influence of HPC development

As stated in section 1.2, computational power was and still is one of the big influencing
factors for numerical simulations, although its development was rather steady. Gordon
Moore stated in 1965 that "the complexity for minimum component costs has increased
at a rate of roughly a factor of two per year" and that "Over the longer term, the rate of
increase is a bit more uncertain, although there is no reason to believe it will not remain
nearly constant for at least 10 years" [Moore 1965]. Figure 1.3 reveals that this so-called
"Moore’s law" turned out to be correct for almost half a century. A quite impressing

Figure 1.3: Moore’s law from 1965 turned out to be very accurate (blue line). Never-
theless, a change occured passing from high clock speeds for fast sequential processing to
an increase of the number of cores per processor.

example of the advancements made so far was demonstrated by Dr. Jack Dongarra
(University of Tennessee). His research group implemented the LINPACK computing
benchmark [Dongarra 1988] on the Apple’s iPad 2. This linear algebra test, evaluating
the mathematical capabilities of computers, is also the basis for the top500 list of super-
computers (www.top500.org). The tablet computer returned a peak performance of
620 Mflop/s using only one of the two cores available. The value itself is not really
outstanding compared to today’s supercomputers, but when compared to the super-
computers that made an appearance in one of the top500 lists, see Fig. 1.4, it would



6 Chapter 1. Introduction

have been the 500th fastest computer in 1994. This result becomes even more significant,

Figure 1.4: Development of computing power - Source: www.top500.org, June 2011

when compared to the vector supercomputer Cray-2 of 1985, which was still at position
242 of the top500 list in November 1993. The peak performance of one of its processors
is indicated equal to 488 Mflop/s and 4 processors were the maximum configuration. In
contrast to the tablet, the Cray-2 measured 1.35m in height and 1.15m in diameter and
weighed about 2.5 tons, of which one third accounted for the cooling liquid needed to
keep the computer running.
Coming back to Fig. 1.3, a change occurring around the year 2003 can be noticed. The
graph depicts that the clock speed starts attaining an asymptotic value. At the same
time as the processor frequency started stagnating, the number of cores per processor
increases.

Power ∝ V oltage2 Frequency

Frequency ∝ V oltage
⇒ Power ∝ Frequency3 (1.1)

This is simply due to the power consumed by the systems and becomes clear when
looking at the relations in Eq. (1.1). Figure 1.5 shows the characteristics of the five
fastest computers of the top500 list, confirming this trend. The (fast) increasing number
of cores within a computer system is even more amplified by the introduction of graphic
processors (GPU) as computing resources. With this effect a change in responsibilities
occurs. While for many years the constraint for simulations, like LES or DNS, was due
to the lack of computing power, the task of exploiting massively parallel systems has
been shifted and became more and more a software issue. Stated already in 1997 by
Keyes in [Keyes 1997], today attention has to be paid at different levels, namely by the
software developer at the algorithmic level, the system developer at the compiler and
runtime level and, lastly, at the hardware level. Still today, nearly 25 years after this



1.4. Influence of the Mach number on simulations 7

Figure 1.5: The characteristics of the top five supercomputers of the top500 list - Source:
www.top500.org, June 2011

statement, the number of codes capable of capitalizing on the rapidly growing number
of cores is rather small.

Concerning CFD applications, an issue is the augmented use of superscalar cache-
based cores following COTS (Components Off-the-shelf). This approach allowed to accel-
erate the development and reduce the costs by using technology that is found in standard
personal computers. It was noted in [Gicquel 2011, Gourdain 2009a, Gourdain 2009b]
that these processors are rather inappropriate for these applications (common computing
efficiency of CFD codes < 20%). This is mainly due to the fact that for CFD problems
large amounts of data are processed and lots of communications between the cache and
the cores are required.

1.4 Influence of the Mach number on simulations

Very often the velocities occurring in flows are rather small compared to the speed of
sound, e. g. in aero-engine combustors. Mathematically speaking, this is expressed by
the Mach number tending towards 0. This dimensionless quantity represents the ratio
of the convective velocity u to the speed of sound c:

Ma =
u

c
. (1.2)

This is not supposed to mean that the convective velocity v = 0, but that v << c or
c→∞ compared to v [Meister 2002], respectively. In terms of physics, this means that
in such flows the propagation of small, isentropic disturbances (e. g. pressure waves),
which happens at the speed of sound, is much faster than the advection of the flow. Thus,
the pressure is leveled out more rapidly throughout the domain of interest. Due to this
effect, differences within the velocity field are not able to create pressure fluctuations and,
hence, no density fluctuations, too. The flow is considered incompressible. It is shown in
appendix A.1 that density variations in low-Mach number flows are small, since they are
scaled by the square of the Mach number. To give an example, the change in density of
an air flow at ambient temperature and forMa = 0.14 is about 1%. In general, a flow at
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a Mach number inferior to 0.3 is considered to be incompressible. The lack of pressure
fluctuations prohibits the occurrence of acoustics in the flow field. Consequently, this
impacts the time step size of the simulation and hence, the time needed to advance the
solution to the final simulation time of interest. This becomes obvious when looking at
the Courrant-Friedrichs-Lewy (CFL) number, denoted C in the following. It represents
a very important quantity in numerics, which basically defines the distance travelled by
information during one time step. It thus plays a major role in stability of numerical
schemes, which will become obvious in chapter 4. The CFL number is defined as follows

C = v
∆t

∆x
, (1.3)

where v represents a velocity, more precisely the highest velocity at which information is
transported within the simulation. In the case of a compressible simulation disturbances
are transported at the speed of sound and thus, v = |u+ c|, with u being the convective
velocity of the flow field. For the low-Mach number approach, on the other hand, v = |u|
since no acoustics occurs. The relation between the compressible (a.k.a. acoustic) and
the incompressible (a.k.a. convective) CFL number yields:

Cacoustic = |u+ c|∆t
∆x

=
u∆t

∆x

(
1 +

1

Ma

)
=Cconvective

(
1 +

1

Ma

)
⇒ Cacoustic

(
Ma

Ma+ 1

)
=Cconvective (1.4)

Considering again the flow at Ma = 0.14 from the above example, this means that the
acoustic CFL number is only about 12% of the convective one. For a given mesh size
∆x in reverse, the time step obtained in the low-Mach number computation is about
eight times higher than for the compressible one. This represents a considerable gain
in computational time, which still is one of the main issues of LES, even when having
access to todays supercomputers.

Nevertheless, this is only one aspect that has to be considered for future codes con-
ceived for HPC. The choice of one approach or another impacts the solver’s design down
to the algorithmic level. For the low-Mach number approach, e. g., an implicit method
is of essence due to the nature of the equations (see section 2.1.5). In the case of a com-
pressible solver this is no real constraint, but more of an option. In general, the question
whether future CFD solvers are preferably applying the one or the other is anything but
clear from a today’s point of view and the present work contributes to this discussion as
presented in the outline of the thesis below.

1.5 Outline of the thesis

The contribution of the present work is split into two main parts. The first one is dedi-
cated to LES in order to improve the accuracy and robustness of numerical simulation.
Therefore, a newly developed high-order, low-dissipation scheme for time integration was
implemented into an already existing unstructured HPC-LES code to the extent of its
use to ever-more-complex flow problems.
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The second part then takes into account the explanations of this chapter and presents
a study comparing two state of the art LES solvers for CFD applications, a compressible
and an incompressible one. The objective is to quantify the impact of each approach
on LES predictions as well as on the code’s performance for HPC applications. The
structure of the document is the following:

Part I
A description of the problem in form of the governing equations for LES of the
compressible and the incompressible approach is given. The two CFD solvers,
used during this dissertation, are then presented in more detail.

Part II
A newly developed time integration family of schemes is introduced. After describ-
ing the construction of the second and fourth order method, the particularities for
its implementation in the cell-vertex framework of the AVBP code (CERFACS,
Toulouse) are specified. Then, the mathematical properties are evaluated and the
applicability of the fourth order scheme is presented by means of test cases of
different complexity in 2D and 3D.

Part III
Dedicated to the comparison of the compressible and the incompressible approach,
different test cases are presented that are computed using the CFD solvers AVBP
and YALES2 (CORIA, Rouen). Both codes are designed to work on massively
parallel architectures. In order to obtain representative statements for the behavior
of both codes regarding realistic applications, the test case studied within the
European project KIAI 1 is simulated. This combustor uses a one stage swirled
injection system that is close to what can be found in industrial applications.

Chapter 5
Representing the last chapter of the dissertation it contains the conclusions that can
be drawn from this work. To finish, possible future developments and perspectives
are listed.

This dissertation was accomplished within the project MYPLANET, which is orga-
nized in the Seventh Framework Program of the European Commission. A part of the
Ph.D. thesis consisted in a secondment to Turboméca (Bordes - FRANCE), which had as
objective to evaluate the possibilities of performing massively parallel simulations using
the incompressible solver YALES2 in an industrial framework.

1Knowledge for Ignition, Acoustics and Instabilities - project within Seventh Framework Program of
the Marie-Curie Actions of the European Commission.





Part I

Different approaches to LES on
massively parallel systems





The present work is in the field of LES. But before getting into detail of the time in-
tegration scheme and the comparison of the compressible and the low-Mach number
approaches, this chapter recalls the fundamentals that lead to LES and their implemen-
tation in the state-of-the-art CFD solvers AVBP and YALES2.
Chapter 2 is dedicated to the mathematical basics and the resulting differences for the
compressible and the low-Mach number approaches. Following, in Chapter 3 numer-
ical aspects of CFD in general and of LES in particular are outlined, as well as the
implementation of the so far presented equations and models in the deployed solvers is
covered.
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Chapter 2

Mathematical modelling

This chapter deals with the mathematical modeling of fluid mechanics with a focus on
the differences between the compressible and the low-Mach number assumptions, as well
as their application to LES.

2.1 Basic equations of fluid mechanics

2.1.1 Conservation of mass

Considering the flow of a fluid, the central equations describing its motion are the con-
servation laws for mass, momentum and energy. Starting with the equation for mass
conservation, it can be expressed in its integral form as

∂

∂t

∫
Ω
ρdV = −

∫
∂Ω

fm · ndS . (2.1)

In Eq. (2.1) Ω represents any subdomain of physical space and ∂Ω denotes its boundaries.
ρ stands for the density, or more precisely mass density. The Right Hand Side (RHS)
term is the inner product of the mass flow fm with the normalized and outward pointing
normal vector n of the surface ∂Ω. The interpretation of Eq. (2.1) is that the change
in time of mass within any subdomain Ω of a fluid flow is due to mass flux across the
boundary ∂Ω. Supposing ρ and fm are continuously differentiable, the differential and
integral operator of the left hand side can be interchanged. Furthermore, applying the
divergence theorem to the RHS leads to the following formulation∫

Ω

(
∂ρ

∂t
+∇ · fm

)
dV = 0 . (2.2)

Now, assuming that Eq. (2.2) is valid for any subdomain Ω, it can be stated that the
integrand will be 0 everywhere and defining fm = (ρu), it can be written as

∂ρ

∂t
+∇ · (ρu) = 0 , (2.3)

where the term u is the velocity vector.

2.1.2 Conservation of momentum

By using the same procedure as for the conservation of mass, the integral formulation of
the momentum conservation equation (2.4)

∂

∂t

∫
Ω

(ρu) dV = −
∫
∂Ω

((ρu) ◦ u) · ndS +

∫
∂Ω
σ · ndS +

∫
∂Ω
gdV (2.4)
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can be transformed into

∂ (ρu)

∂t
+∇ · ((ρu) ◦ u) +∇P = ∇ · τ + g . (2.5)

In Eqs. (2.4) and (2.5) (ρu) is the momentum per mass unit. Also comprised in this
transformation is the expression of the stress tensor σ as a sum of normal and shear
stresses:

σ = τ − PI , (2.6)

whith τ being the shear stress tensor and PI representing the normal stresses due to
pressure, where I is the identity matrix. The last term on the RHS of Eqs. (2.4) and (2.5)
takes into account volumetric forces, such as gravity. The conservation equation of
momentum is a vector equation.

2.1.3 Conservation of energy

Next, the energy conservation is considered. Defining e to be the total energy per unit
mass, the integral formulation holds

∂

∂t

∫
Ω
edV =−

∫
∂Ω

u (e+ P ) · ndS +

∫
∂Ω

(τu) · ndS

−
∫
∂Ω

q · ndS +

∫
Ω

g · udV +

∫
Ω
QdV . (2.7)

Equation (2.7) relates the energy transported by the flow (LHS) to the work done to the
fluid by its environment. The newly introduced variables are the heat flux q = −k∇T
as well as a certain amount of thermal energy Q, which is added to the fluid. In exactly
the same way as for the balance equations of mass and momentum, Eq. (2.7) can be
transformed into a partial differential equation (PDE).

2.1.4 The compressible Navier-Stokes equations

The PDEs derived from Eqs. (2.1),(2.4) and (2.7) form the system of conservation equa-
tions also known as the Navier-Stokes equations:

∂ρ

∂t
+∇ · (ρu) = 0 , (2.8)

∂ (ρu)

∂t
+∇ · ((ρu) ◦ u) +∇P = ∇ · τ + g , (2.9)

∂e

∂t
+∇ · (u (e+ P )) = ∇ · (τu)−∇ · q +Q . (2.10)

In order to be able to solve this system, supplementary information is necessary. There-
fore, the equation of state is taken into account, linking the pressure to the other variables
and thus closing the system:

e = ρε+
1

2
ρu2 , (2.11)
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where ε denotes the specific energy.
Equation (2.8) to Eq. (2.10) describe the viscous flow of a non-reacting compressible

fluid. For the case of reacting flows, the contribution of the different species to the balance
equations has to be considered. An explicit description of the resulting conservation laws
can be found in [Poinsot 2005].

2.1.5 The low-Mach number approach

Flows at a Mach number Ma ≤ 0.3 are considered incompressible, as pointed out in
section 1.4. Therefore, the incompressible Navier-Stokes equations are presented here.
They are obtained based on Eqs. (2.8) - (2.10) in the limit for the Mach number tending
to zero. The equations in this case are

∂u

∂t
+ (u · ∇) u = −∇1

ρ
P ? + ν∆u , (2.12)

∇ · u = 0 . (2.13)

A description of the derivation of this set of equations is given in appendix A.2. The
missing time derivative of the density in Eq. (2.13), which represents the conservation
of mass, is responsable for a flow, initiated with spatially constant density, to keep this
quantity constant also over time. The momentum equation (2.12) can thus be divided
by the mass density. It has to be pointed out that the pressure of the momentum
equation (2.12) P ? is a purely hydrodynamic quantity, which ensures the velocity field
to be divergence free.
From a mathematical point of view, the system of equations is closed, since two equations
are available for two unknowns. Nevertheless, due to the strong coupling of the pressure
and the velocity field, no explicit form to determine the pressure is given. By taking the
divergence of Eq. (2.12) and applying the divergence free condition of Eq. (2.13) to the
resulting terms, the Poisson equation for the pressure is obtained:

∆P ? = −ρ∇ · [(u · ∇) u] . (2.14)

Equation (2.14) represents an elliptic equation and has to be treated numerically by using
an iterative solver. This is one of the issues that section 1.4 was hinting at. The options
available with YALES2, in order to resolve Eq. (2.14), are outlined in section 3.2.2.1.

2.1.6 Applicability of the different approaches

Many of todays CFD applications do not exceed the compressibility limit of Ma = 0.3

and thus, can be simulated using either the compressible or the incompressible approach.
The choice depends on different aspects. Regarding the physics, it is obvious that a flow
for which the acoustics are of importance or where shock waves occur are less likely to
be treated with the incompressible approach. As stated in section 1.4, this is due to the
fact that pressure fluctuations do not occur and hence, the acoustic field is not contained
in its equations.
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Although this might seem quite restrictive, there is still a wide range of flows for
which the low-Mach number approach is interesting. This can be anything from pipe
flows up to the flow around a vehicle. Another example is the flow inside an aero-engine
combustion chamber as will be considered later on in this work.

Numerical considerations also have to be taken into account, e. g. the number of
equations and variables that have to be solved or the nature of the equations at hand.
This will be the subject of chapter 3. Prior to this, though, the equations solved in LES
will be outlined in the next section.

2.2 The fundamentals of LES

The very beginning of Large-Eddy simulation emerges from meteorological application
[Smagorinsky 1963, Lilly 1967, Deardorff 1970]. Although the emphasis lied on me-
teorology and simple geometry flows for quite a while [Mason 1994, Schumann 1975,
Moin 1982], more realistic applications of complex geometries were taken into consider-
ation more recently [Ham 2003, James 2006, Boudier 2007, Boileau 2008, Boudier 2009,
Staffelbach 2009]. As pointed out in the introduction, LES is situated between RANS

Figure 2.1: Turbulent kinetic energy spectrum - lt representing the largest turbulent
structures, ηk the smallest (so-called Kolmogorov) scales. Source: [Garcia 2009]

simulation, in which all turbulent information is modeled, and DNS, resolving the com-
plete length scale spectrum of turbulence. Figure 2.1 illustrates the difference between
RANS, LES and DNS using the example of the turbulent kinetic energy spectrum (Ed),
which is plotted as a function of the inverse length scale of the turbulent structures.

2.2.1 The LES filtering approach

The cut off between the structures of a turbulent flow that are resolved and the ones,
which are modeled, is done by spatially filtering the underlying balance equations. This
procedure can be interpreted as the convolution of a quantity of interest φ with a low-pass
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filter function G [Leonard 1974]. Mathematically this yields:

φ =

∫
Ω
φ
(
x′
)
G
(
x− x′,∆

)
dx′ , (2.15)

where Ω is the entire domain of interest. In general, G is chosen a box filter or a Gaussian
filter [Sagaut 2002]. The filtered quantity, denoted using an overbar (̄.), represents the
resolved turbulent structures (large eddies). All structures smaller than the filter width
∆ need to be modeled and are described by

φ′ = φ− φ . (2.16)

In order to account for density fluctuations when applying filtering to the compressible
balance equations, density weighted Favre-filtering [Favre 1969] can be applied, denoted
by a tilde over the variable in consideration. By this means, the occurrence of subgrid-
scale terms in the mass balance equation is anticipated. A quantity subject to the Fravre
filter is defined as follows:

φ̃ =
ρφ

ρ̄
. (2.17)

An important requirement regarding the filter G is, besides the conservation of constants
and its linearity, that it commutes with spatial and temporal derivatives. This is the case
for homogeneous filters, i. e. with a constant filter width ∆ in space. It is obvious that
if the filter size is determined by the mesh size, the spatial variation of the grid cells will
suspend this condition. It was shown by Ghosal and Moin [Ghosal 1995] that the impact
of commuting the operators even for non-homogeneous filters, such as computational
grids, can be neglected. Therefore, all the unresolved structures are considered to be
those smaller than the grid size, thus sub-grid scales (SGS).

2.2.2 LES equations for the compressible approach

For reasons of readability, the equations are expressed in vectorial notation of the con-
served variables:

∂w

∂t
+∇ · F = s , (2.18)

with w̄ =
(
ρ, ρũ, ρṽ, ρw̃, ρẼ, ρỸk

)T
being the state vector and s representing the filtered

source terms.
The flux tensor F in Eq. (2.18) consists of three contributions, F

I being the resolved
inviscid or convective fluxes, F

V the resolved viscous or diffusive fluxes and F
t the

subgrid-scale terms, which have to be modeled. Their definition, and that of the other
terms, is given below:
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The components of the inviscid terms F
I

f
I

=


ρũ2 + P

ρũṽ

ρũw̃

ρẼũ+ Pu

ρkũ

 ,gI =


ρũṽ

ρṽ2 + P

ρṽw̃

ρẼṽ + Pv

ρkṽ

 ,h
I

=


ρũw̃

ρṽw̃

ρw̃2 + P

ρẼw̃ + Pw

ρkw̃

 . (2.19)

The components of the viscous flux tensor F
V

f
V

=


−τxx
−τxy
−τxz

− (uτxx + vτxy + wτxz) + qx
Jx,k

 , (2.20)

gV =


−τxy
−τyy
−τyz

− (uτxy + vτyy + wτyz) + qy
Jy,k

 , (2.21)

h
V

=


−τxz
−τyz
−τzz

− (uτxz + vτyz + wτzz) + qz
Jz,k

 . (2.22)

The filtered diffusion terms for non-reacting flows are defined as follows ([Poinsot 2005],
Chapter 4):

Laminar filtered stress tensor

τij = 2µ

(
Sij −

1

3
δijSll

)
(2.23)

≈ 2µ

(
S̃ij −

1

3
δijS̃ll

)
(2.24)

with: S̃ij =
1

2

(
∂ũj
∂xi

+
∂ũi
∂xj

)
and µ = µ

(
T̃
)
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Diffusive species flux

Ji,k = −ρ
(
Dk

Wk

W

∂Xk

∂xi
− YkVi,k

)
(2.25)

≈ −ρ

(
Dk

Wk

W

∂X̃k

∂xi
− ỸkṼi,k

)
(2.26)

with: Ṽi,k =
N∑
k=1

Dk
Wk

W

∂X̃k

∂xi
and Dk ≈

µ

ρSck
(2.27)

Heat flux

qi = −λ ∂T
∂xi

+
N∑
k=1

Ji,khs,k (2.28)

≈ −λ ∂T̃
∂xi

+

N∑
k=1

J i,kh̃s,k (2.29)

with: λ ≈
µCp

(
T̃
)

Pr
. (2.30)

These closure terms imply that the spatial variations of molecular diffusion fluxes are
negligible and that a simple gradient assumption is sufficient.

The components of the turbulent SGS flux tensor F
t

f
t

=


−τxxt
−τxyt
−τxzt
qx
t

Jx,k
t

 ,gt =


−τxyt
−τyyt
−τyzt
qy
t

Jy,k
t

 ,h
t

=


−τxzt
−τyzt
−τzzt
qz
t

Jz,k
t

 . (2.31)

Again, closure needs to be provided, this time for the subgrid-scales. By this means, the
numerical solvability of the system is assured.

Reynolds tensor

τij
t = −ρ (ũiuj − ũiũj) (2.32)

= 2ρνt
(
S̃ij −

1

3
δijS̃ll

)
(2.33)

with: S̃ij =
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
− 1

3

∂ũk
∂xk

δij (2.34)

νt is the so called SGS turbulent viscosity. Its modeling counts among one of the main
issues of LES and is presented in Section 2.3.
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Diffusive species flux

Ji,k
t

= ρ
(
ũiYk − ũiỸk

)
(2.35)

= −ρ

(
Dt
k

Wk

W

∂X̃k

∂xi
− ỸkṼ t

i,k

)
(2.36)

with: Ṽ t
i,k =

N∑
k=1

Dt
k

Wk

W

∂X̃k

∂xi
and Dt

k =
νt

Sctk
(2.37)

Heat flux

qi
t = ρ

(
ũiE − ũiẼ

)
(2.38)

= −λt ∂T̃
∂xi

+

N∑
k=1

Ji,k
t
h̃s,k (2.39)

with: λt =
µtCp
Prt

(2.40)

2.2.3 The incompressible LES equations

Compared to the compressible case, the system of the incompressible Navier-Stokes
equations is much simpler. Again, the filtering procedure of Section 2.2.1 is applied
and yields:

∇ · u = 0 (2.41)
∂u

∂t
+ (u · ∇) u = −1

ρ
∇P ? + ν∆u (2.42)

as well as for the Poisson equation:

∆P
?

= −ρ∇ · [(u · ∇) u] . (2.43)

The mass density ρ is not taken into account in the filtering process due to the conser-
vation of constants of the filter. The term of the convective acceleration in Eq. (2.42)
makes a non-linear term appear. Using the decomposition of Eq. (2.16) allows to rewrite
this term, following [Leonard 1974]:

uu = τij
t + u u . (2.44)

leading to this momentum equation:
∂u

∂t
+∇ · (u u) = −1

ρ
∇P ? + ν∆ (u)−∇ · τij t . (2.45)

The term τ tij appearing in Eq. (2.44) can be seen as a combination of interactions between
the large turbulent structures, the cross-stresses, describing the interactions of the large
and the small scales, and Reynolds-like stresses. This stress tensor corresponds to the
one obtained in section 2.2.2, except for the absence of density fluctuations. As for the
compressible approach, models for this subgrid stress are required and will be presented
in section 2.3.
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2.3 Subgrid-scale modeling

The purpose of subgrid-scale modeling is to provide closure for terms, which were in-
troduced into the balance equations by the filtering. When following the theory of
Kolmogorov [Kolmogorov 1941], the aim is to withdraw energy from the resolved tur-
bulent structures in order to mimic the forward energy cascade in the unresolved part
[Pope 2000, Sagaut 2002]. Such an effect, which is considered to be dissipative only,
can be accounted for by introducing a turbulent viscosity, νt. Based on the model of
[Boussinesq 1877] this can be expressed as follows:

τ tij −
1

3
τ tllδij = 2νtSij . (2.46)

In Eq. (2.46) Sij represents the strain rate of the resolved structures.

2.3.1 Smagorinsky model

Smagorinsky presented this model in [Smagorinsky 1963] and is seen as the ancestor of
the SGS stress models.

νt = (CS∆)2
√

2SijSij , (2.47)

with CS being the Smagorinsky constant and ∆ representing the characteristic filter
width (usually ∆ = (∆x∆y∆z)

1
3 ). Since its publication in the early 1960s it has been

applied to various flow problems. Giving the correct amount of dissipation in the case of
a homogeneous isotropic turbulence, this model is known to be over predictive as soon as
the flow becomes anisotropic, e. g. close to solid boundaries. Values for the Smagorinsky
constant can vary depending on the flow configuration and recommendations in literature
lie between 0.065 ≤ CS ≤ 0.2 [Ferziger 2002].

2.3.2 Dynamic Smagorinsky model

This model of Germano et al. [Germano 1991] is an evolution of the Smagorinsky model
in such a way that CSD is no longer fixed a priori but it is evaluated on the fly, i. e.
during the simulation..

νt = (CSD∆)2
√

2SijSij (2.48)

Equation (2.48) differs from Eq. (2.47) only by the constant CSD . It is based on the
Germano identity [Germano 1992] and follows the Lilly procedure [Lilly 1992]:

C2
SD

=
1

2

LijMij

MijMij
(2.49)

The tensors of the above equation are defined by:

Mij = −∆̂2 <
√

2SijSijSij (2.50)

Lij =< ui >< uj > − < uiuj > , (2.51)
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where ∆̂ represents a "test filter", for which the characteristic length is calculated taking
the cubic root of the volume constituted by all cells surrounding the cell of interest.
To prevent negative values for CSD and to ensure numerical stability, clipping of the
parameter is usually applied.

2.3.3 Wall-Adapting Local Eddy-viscosity (WALE) model

The idea of the WALE model, first presented by Nicoud and Ducros [Nicoud 1999], is to
reproduce the proper scaling at the wall of the turbulent viscosity.

νt = (CW∆)2

(
sdijs

d
ij

) 3
2

(
SijSij

) 5
2 +

(
sdijs

d
ij

) 5
4

(2.52)

with: sdij =
1

2

(
g2
ij + g2

ji

)
− 1

3
g2
kkδij . (2.53)

∆ again defines the characteristic filter length, which is the same as for the Smagorinsky
model. The parameter CW = 0.4929 is the model constant, gij are the velocity gradients
of the resolved scales and sdij being the traceless symmetric part of the square of the
velocity gradient tensor.

The three eddy-viscosity models presented in this section only represent a small variety
of what is available. This choice was based on the models used for the simulations
presented in parts II and III of this work. For more information on the topic of subgrid-
scale modeling the reader is referred to [Sagaut 2002, Piomelli 2010, Pope 2000], just to
name a few.



Chapter 3

Numerics

Following the outline of the equations in chapter 2, which form the basis of the CFD
solvers AVBP and YALES2, this chapter is dedicated to present the numerical concepts
that have been implemented.
Both codes use the finite-volume approach [Hirsch 1988], which is based on the discretiza-
tion of the the conservation laws in their integral form, Eqs. (2.2),(2.4),(2.7). In order
to do so, the geometry of the problem at hand has to be divided into a finite number of
non-overlapping elements (polygons in 2D, polyhedra in 3D):

Ω =
⋃

Pj∈Ωh

Pj , (3.1)

with Pj standing for the polygons (or polyhedra) of the computational mesh. The
finite-volume approach is divided in three main methods, in general cell-centered, vertex-
centered and cell-vertex. They differ on how the control-volumes are defined and at which
location the variables are stored, see [Lamarque 2007]. Both codes are designed to work
on unstructured and hybrid grids. Information on which finite-volume discretization
method is used and on the numerical schemes deployed are summarized in the following
subsections.

For this section, the following indication is applied:

• i ∈ {1, Nnode} indicates the global node numbering and nodal quantities.

• j ∈ {1, Ncell} denotes the cell number.

• Ωj refers to values at the CV center.

• v ∈
{

1, nvΩj

}
enumerates the cell vertices in the local reference of a given cell Ωj ,

with nvΩj being the total number of the cell vertices.

• The index f stands for quantities at the cell faces.

3.1 AVBP

The AVBP code is based on the collaborative work of CERFACS and the Oxford Uni-
versity Computing Laboratory (OUCL, since 2011: Department of Computer Science)
[Rudgyard 1995b, Rudgyard 1995a, Schönfeld 1999] and is maintained today by CER-
FACS and the Institut Francais du Petrol - energies nouvelles (IFP-en). It solves the
compressible Navier-Stokes equations in 2D and 3D for unsteady, reactive flows. To
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provide high flexibility, this CFD solver is conceived to handle unstructured and hybrid
grids, i. e. grids composed of cells of arbitrary type. Furthermore, the code has been
ported to a large number of different platforms, from a simple personal computer up to
modern HPC systems. For machines of the latter type AVBP has proven to be highly
efficient [Staffelbach 2006b]. In this section only an outline of some distinct features of
the code are given. A more profound elaboration can be found in [Lamarque 2007].

3.1.1 Spatial discretization

For the AVBP solver the so-called cell-vertex discretization is chosen. This method
was first presented by Ni [Ni 1982] and later on modified by Hall [Hall 1984]. The
particularity of this discretization method is the fact that the solution is not stored at
the center of the control volume (CV), on which the conservation laws are solved. This is
due to the so-called dual mesh approach. The elements of the primary mesh, which are
identical to the actual computational grid, represent the CV. Once the solution is known
at the cell center, it is brought to the grid nodes (or cell vertices, hence the method’s
name), which can be seen as the center of the so-called dual cells, see Fig. 3.1. At this
location the conserved variables are stored and then advanced in time.

Figure 3.1: Cell-vertex discretization: the balance equations are integrated on the pri-
mary cells, i. e. the mesh elements, whereas the advancement in time of the solution is
done for the dual cells.

The flux over the cell edges (surfaces in 3D), here exemplarily for the edge constituted
by the connection of the nodes i and k, is computed using

F = F
(

Ui + Uk

2

)
=

1

2
(F (Ui) + F (Uk)) , (3.2)

which can be interpreted as the integration in space of the flux using the trapezoidal
rule and thus, supposing that its variation along the cell faces varies linearly. In do-
ing so, a link of the cell-vertex method with the finite element method can be estab-
lished [Morton 1988, Morton 1997], which has been analyzed on various occasions, e. g.
[Rudgyard 1993, Roe 1987, Swanson 1991, Süli 1989]. These analyses have shown that,
in comparison to the classical cell-centered and vertex-centered discretization, the cell-
vertex method achieves a higher precision and is less sensible to mesh distortions.
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This outweighs the higher computational cost, which comes with the operations necessary
to pass from the primary mesh to the dual mesh, namely:

Gather

The information (solution and coordinates) stored at the
grid nodes in a global reference is transferred to the ver-
tices of each primary cell, where it is then available in a
local temporary array. Now, operators such as the diver-
gence can be calculated for the CV of the cell.

Scatter

The scatter operation consists of retransferring the infor-
mation from the local temporary arrays of each primal
cell to the adjacent grid nodes, and hence back in the
global context.

3.1.2 Metrics

The metrics in the framework of the cell-vertex discretization are defined for the cells
Ωj . In AVBP these definitions are done for the cell vertices in the following order:

1. The outward pointing surface normals Sf are computed, which are weighted by
the surface area in consideration. When dealing with quadrilateral surfaces, the
four vertices are not necessarily in the same plane. If not corrected, this might
have a repercussion on the accuracy of the solution, since the linearity is not
necessarily preserved anymore. This so-called linear preserving property guarantees
a convergence behavior of second order on meshes that are sufficiently regular.
Hence, surfaces in concern are divided in four triangles, by cutting along the two
diagonals, and Sf is taken to be the mean average of the four resulting surface
vectors, see Fig. 3.2.

Figure 3.2: Calculation of surface normal for quadrilateral surfaces. [Garcia 2009]
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2. In a second step, the normal vectors associated to a cell vertex Sv are simply
defined as the linear combination of normal vectors of adjacent surfaces:

Sv =
∑
f∈v
− d

nfvSf
(3.3)

In AVBP, the convention is that normal vectors Sv are oriented towards the interior
of the element. The term nfv represents the number of faces connected to the
corresponding vertex v and d is the number of space dimensions of the element. It
should be mentioned that, due to the computation of the surface normal vectors,
Sv is also surface area weighted and, hence, its norm is not unitary. Examples
for a quadrilateral surface and a linear element are presented in Fig. 3.3. The
consistency is verified using:

∑
v∈Ωc

Sv = 0.

(a) (b)

Figure 3.3: a) For a triangle, the vertex normal vector Sv is the face normal Sf of
the face opposed to the node in consideration. - b) The vertex normal Sv of a quadrilat-
eral element is calculated as the mean average of the adjacent face normal vectors Sf .
[Lamarque 2007]

3.1.3 Weighted cell residual approach

The following explanations refer to the conservative form of the laminar Navier-Stokes
equations of non-reactive flows:

∂w

∂t
+∇ · F = 0 . (3.4)

Again, w represents the vector of the conserved variables and F is the flux tensor, defined
as the sum of the inviscid and the diffusive flux F = FI (w) + FV (w ,∇w). The so-
called residual is obtained by approximating the flux divergence of Eq. (3.4) in the CV
composed by each cell Ωj :

RΩj =
1

VΩj

∫
∂Ωj

F · ndS . (3.5)



3.1. AVBP 29

In Eq. (3.5), VΩj is the cell volume, ∂Ωj stands for its enclosing surface and n is the corre-
sponding normal vector. With the assumptions and the definitions made in section 3.1.2,
the residual RΩj at the cell center can be expressed in its discrete form:

RΩj =
1

d VΩj

∑
v∈Ωj

Fv · Sv , (3.6)

with Fv being the nodal approximation of F. The definition of the divergence operator
is consistent if the cell volume VΩj is defined as follows:

VΩj =
1

d2

∑
v∈Ωj

xv · Sv , with ∇ · x = d . (3.7)

Finally, the residual at the cell center RΩj has to be brought back to the nodes. For
this, the cell residuals are distributed from the center of the element to the cell vertices
and then scattered back to the global mesh node i, representing the dual cell of Fig. 3.1.
This leads to a semi-discrete expression of the temporal derivative of the state variables:

dwi

dt
= −Ni = − 1

Vi

∑
j|Ωj∈i

DiΩjVΩjRΩj , (3.8)

with DiΩj being the distribution matrix defining the fraction of the cell residual from the
cell Ωj , which is sent to the grid node i. This weight accorded to every RΩj is the reason
for the name of the approach. Equation 3.8, in fact, is the mathematical expression of
the scatter operation. This semi-discrete formulation then has to be advanced in time.
As will be shown in section 3.1.4, the convection schemes in AVBP are defined by the
distribution matrix DΩij

.

3.1.3.1 The gradient operator

The computation of the gradient operator ∇~φ is done in a similar way to the divergence
calculation of Eq. (3.6). This is valid, since the gradient can be expressed as follows:

∇~φ = ∇ · (φ~ex)~ex +∇ · (φ~ey)~ey +∇ · (φ~ez)~ez , (3.9)

where ~ex,y,z being the unit vectors in the three space directions. For the readability,
vectors are here denoted using an arrow instead of bold letters. At first, approximations
of the gradient within the cells are generated:(

∂~φ

∂~x

)
cell

≈ 1

Vcell

∫ ∫
∂Ωj

~φ · ~nd~S (3.10)

=
1

VΩj

∑
v∈Ωj

~φvd~Sv (3.11)

The assumption is made that the gradient of any quantity ∇~φ does not change within a
cell Ωj . Then, the solutions are scattered back to the global mesh nodes:(

∇~φ
)
i

=
1

VΩj

∑
j|Ωj∈i

VΩj

(
∇~φ
)

Ωj
(3.12)
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3.1.4 Numerical schemes

3.1.4.1 Central differences

When the distribution matrix DΩj of Eq. (3.8) equals the identity matrix I, a simple
central difference scheme is applied to the spatial terms:

Dk,CDΩj
=

1

n
Ωj
v

I (3.13)

As outlined by [Lamarque 2007], this scheme often is coupled to a Runge-Kutta (RK)
time integration scheme of higher order (i. e. at least of third order), since the explicit
Euler method (equiv. to 1-step RK) and the RK2 scheme are unconditionally unstable
when combined with a central spatial scheme [Hirsch 1988]. In AVBP the low stor-
age Runge-Kutta method [Williamson 1980] is implemented, which can be expressed as
follows:

w(0) = w(n)

w(1) = w(n) − γ1∆tN (1)

w(2) = w(n) − γ2∆tN (2)

...

w(n+1) = w(n) − γM∆tN (M−1) . (3.14)

M represents the maximum number of steps, which also is the upper limit for the con-
vergence order attainable and γn the coefficient of step n.

3.1.4.2 Lax-Wendroff scheme

The Lax-Wendroff (LW) scheme [Lax 1960, Lax 1964] can be described as a total dis-
cretization approach, contrary to the separation of the temporal and spatial method as
presented for the central differences. A Taylor series expansion in time of the solution
w up to the third order term forms the basis of the LW scheme, yielding:

w(n+1) = w(n) + ∆t
∂w

∂t

∣∣∣∣
t=n

+
1

2
∆t2

∂2w

∂t2

∣∣∣∣
t=n

+O
(
∆t3

)
, (3.15)

with ∆t being the time step. The next step consists in replacing the time derivatives
with the help of Eq. (3.4), meaning:

∂w

∂t

∣∣∣∣
t=n

= − (∇ · F)n . (3.16)

In a similar way, the second-order time derivative of Eq. (3.15) can be replaced:

∂2w

∂t2
=

∂

∂t

(
∂w

∂t

)
=

∂

∂t
(−∇ · F) =

−∇ ·
(
∂F

∂t

)
= −∇ ·

(
∂F

∂w

∂w

∂t

)
= ∇ · (A∇ · F) . (3.17)
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Finally, Eq. (3.15) can be written as:

w(n+1) −wn

∆t
= − (∇ · F)n +

1

2
∆t∇ · (A∇ · F)n +O

(
∆t2

)
(3.18)

Equation (3.18) now represents the semi-discrete formulation of the LW scheme, with A
being the Jacobi matrix. In order to advance the solution in time, this equation has to
be integrated. The control volume in this case is the median dual cell Ci of Fig. 3.1.
This leads to the LW scheme of Ni [Ni 1982] and Hall [Hall 1984] for the cell-vertex
formulation [Giles 1991, Crumpton 1993] and for which the distribution matrix yields:

DkΩj =
1

n
Ωj
v

(
I− ∆t

2 d

nvΩj
VΩj

AΩj · Si|Ωj

)
. (3.19)

Si|Ωj is the normal vector of node i associated with cell Ωj and AΩj = 1
nvΩj

∑
v∈Ωj

Av is
the Jacobi matrix of cell Ωj , which is, in fact, the mean average of the Jacobi matrices
approximated at the vertices v of Ωj .

3.1.4.3 The Two-step Taylor-Galerkin schemes

Quartapelle and Selmin [Quartapelle 1993] proposed Two-step Taylor-Galerkin (TTG)
schemes, which are an extension of the single step Taylor-Galerkin methods proposed by
Donea [Donea 1984]. Schemes of this family are at best fourth order accurate in time
and, in the context of the cell-vertex method of AVBP, third order accurate in space.
The basic idea is to combine higher order Taylor series expansion in time with a finite-
element discretization in space. Colin and Rudgyard contributed the TTGC scheme
[Colin 2000b] and presented the following general formulation for the TTG schemes:

w̃n = wn + α∆t
∂wn

∂t
+ β∆t2

∂2wn

∂t2
(3.20)

wn+1 = wn + ∆t

(
Θ1

∂wn

∂t
+ Θ2

∂w̃n

∂t

)
+ ∆t2

(
ε1
∂2wn

∂t2
+ ε2

∂2w̃n

∂t2

)
(3.21)

The first scheme to be described here is the TTGC scheme, which is third order accurate
in time. The parameters of Eqs. (3.20) and (3.21) have to be set to the following values,
to obtain the scheme’s formulation:

α =
1

2
− γ , β =

1

6
, Θ1 = 0 , Θ2 = 1 , ε1 = γ , ε2 = 0 .

With these parameters and replacing the time derivatives using the Lax-Wendroff ap-
proach from Eqs. (3.16) and (3.17), TTGC yields:

w̃n = wn − 0.49∆t∇ · Fn +
1

6
∆t2∇ · (A∇ · Fn) (3.22)

wn = wn −∆t∇ · F̃n + 0.01∆t2∇ · (A∇ · Fn) . (3.23)

The idea behind the development of TTGC was to obtain a scheme of the TTG family,
which would be as little dissipative as possible, especially regarding higher wave numbers
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that correspond to the smallest turbulent scales. By this means, the scheme has as little
impact as possible on the sub-grid scale modeling and hence is well-suited for LES. The
value γ = 0.01 is a recommendation of Colin and Rudgyard when performing this type
of simulations.

Another TTG scheme implemented in AVBP is the so-called TTG4A, developed by
Quartapelle and Selmin [Quartapelle 1993, Donea 2003]. This scheme is fourth order
accurate in time. TTG4A is the most dissipative of the TTG schemes, but exhibits a
preferable dispersive behavior. This scheme can be obtained when inserting the following
values into Eqs. (3.20) and (3.21):

α =
1

3
, β =

1

12
, Θ1 = 1 , Θ2 = 0 , ε1 = 0 , ε2 =

1

2
,

resulting in the equations specified below:

w̃n = wn − 1

3
∆t∇ · Fn +

1

12
∆t2∇ · (A∇ · Fn) (3.24)

wn = wn −∆t∇ · Fn +
1

2
∆t2∇ ·

(
A∇ · F̃n

)
(3.25)

3.1.4.4 Finite element approach

The Galerkin method used for the spatial discretization of the TTG schemes will be
described in the following for the general Eqs. (3.20) and (3.21). For this, the solution
vector as well as the fluxes at the grid nodes, both depending on space and time, are split
into linear combinations in which the spatial contribution is replaced by test functions
φi (x), yielding:

w (x, t) =
∑

i∈Nnode

w (t)φi (x) , (3.26)

F (x, t) =
∑

i∈Nnode

F (t)φi (x) . (3.27)

Note that, Eq. (3.27) is inconsistent to Eq. (3.26) when considering the non linear equa-
tions (3.4). Applying the conventional finite-element method, i. e. a separate approxi-
mate solution to each non linear term, would computationally be very intensive. Here,
Eq. (3.27) represents the so-called group finite element method, which constitutes an al-
ternative. This notion was introduced by Fletcher [Fletcher 1991], who has studied the
impact of this formulation on the solution’s accuracy. He concluded that this approach
is applicable, in case the following requirements are met:

• Conservative formulation of the governing equations

• One type of approximation is used for the differential terms in the equations (w
and F of Eq. (3.4))
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It is this method that is implemented in AVBP. The test functions deployed are functions
with compact support, meaning:

{
φi (x) = 1 if x = xi

φi (x) = 0 else .
(3.28)

At first, Eqs. (3.20) and (3.21) are multiplied by a trial function wj , also with compact
support, and are integrated over the domain Ω, leading to:

∫
Ω

(w̃ −wn)

∆t
wjdV =− αLj (wn) + β∆tLLj (wn) , (3.29)∫

Ω

(
w(n+1) − w̃

)
∆t

wjdV =− (Θ1Lj (wn) + Θ2Lj (w̃)) +

∆t (ε1LLj (wn) + ε2LLj (w̃)) . (3.30)

The definitions for the RHS operators are the following:

Lj (w) =

∫
Ω
∇ · FnwjdV (3.31)

LLj (w) =

∮
∂Ω

(A∇ · F)nwjdS −
∫

Ω
(A∇ · F)nwjdV (3.32)

The first term in the LLi operator accounts for the boundary conditions and thus, will
have non zero values at the boundaries only. This boundary correction will not be
treated explicitly in this document, more information on this topic can be found in
[Lamarque 2007]. All further considerations are made for points within the computa-
tional domain that are away from the boundaries.

When using triangles (tetrahedra in 3D), the term ∇φi can be defined as:

∇φi = − Sv
d VΩj

, (3.33)

Eq. (3.33), in combination with Eq. (3.3), expresses the conservativity property of linear
finite element methods. Another important relation when using the Galerkin method,
i. e. equating the trial function wj (x) and the test function φj (x), is

∫
Ωj

φj (x) dV =
VΩj

nvΩj
. (3.34)
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Introducing Eqs. (3.26), (3.27), (3.33) and (3.34) into the operators Lj and LLj allows
to rewrite Eqs. (3.35) and (3.36) as follows:

Lj (w) =
∑

Ωj∈Ωh

∑
i∈Ωj

Fn
i ·
∫

Ωj

∇φiφjdV

=
∑

Ωj∈Ωi

1

nvΩj
RΩjVΩj (3.35)

LLj (w) =−
∑

Ωj∈Ωh

AnΩj
∑
i∈Ωj

∫
Ω

(Fn
i · ∇φi)φjdV

=
1

d

∑
Ωj∈Ωi

(
AΩjRΩj

)n · Sv (3.36)

Looking at the left hand side (LHS) of Eqs. (3.29) and (3.30) after these substitutions,
the following relations arise:∫

Ω

w̃i −wn
i

∆t
wjdV =

∑
Ωj∈Ωh

∑
i∈Ωj

∫
Ωj

φiφjdV
w̃i −wn

i

∆t

=Mi
w̃i −wn

i

∆t
(3.37)∫

Ω

w
(n+1)
i − w̃n

i

∆t
wjdV =

∑
Ωj∈Ωh

∑
i∈Ωj

∫
Ωj

φiφjdV
w

(n+1)
i − w̃n

i

∆t

=Mi
w

(n+1)
i − w̃n

i

∆t
. (3.38)

The termMi is the so-called mass matrix, reading:

Mi =
∑

Ωj∈Ωh

∑
i∈Ωj

∫
Ωj

φiφidV . (3.39)

The mass matrix renders the schemes implicit in space and hence leads to supplemental
computational costs for its inversion. This drawback is outweighed, since an implication
of the mass matrix is the considerable reduction of the dispersion error of the numerical
scheme for a wide range of wave numbers. In AVBP, an iterative Jacobi method is
used for the inversion of the mass matrix. Donea [Donea 1984] and also Colin and
Rudgyard [Colin 2000b] have shown that already a few steps of the Jacobi method (< 5)
allow to improve the solution. Another interpretation of the mass matrix was given by
Senoner [Senoner 2010], understanding it as an operator associating the average values
in the nodal CV, which are located at the center of mass of the dual cell, to the grid
nodes. For irregular meshes, the center of mass of the dual cell and the grid node do not
always coincide.

The TTG schemes implemented in the finite-element context in AVBP achieve third
order accuracy in space, as was shown in [Lamarque 2007]. Theoretically, the order of
finite-element schemes is (2 + 2n) with n being the order of the polynoms of the basic
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functions (here n=1), as was shown by Vichnevetsky and Bowles [Vichnevetsky 1982].
A detailed description and a more complete study of all the numerical schemes at hand
in AVBP is given in the work of N. Lamarque [Lamarque 2007].

3.1.4.5 The time step ∆t

The advancement of the solution in time is explicit in AVBP. One reason for this is that
the implementation of an explicit temporal discretization is straightforward. Further-
more, it is not very expensive in terms of computational cost and also parallelization
is less complicated than for implicit methods. However, when using explicit time inte-
gration schemes, stability is an issue and the time step ∆t is limited in AVBP using
the stability conditions for the convective, diffusive and source term operators. In most
cases convection is dominant and the time step is limited by the Courant-Friedrichs-Lewy
(CFL) condition of Eq. (1.3):

∆t < Cacoustic
min(∆x)

max|u|+ c
. (3.40)

In Eq. (3.40), u is the convective speed of the flow, c is the speed of sound, ∆x represents
the mesh size and C is the CFL number. The CFL condition represents a necessary
condition and its value, in order to assure stability for the convection problem, depends
on the numerical scheme that is used.

3.1.5 Artificial viscosity

The convection operators used in AVBP are centered in space. It is well known that this
can lead to the development of high frequency oscillations (so-called wiggles) [Hirsch 1988],
which are not physical and therefor have to be removed. One possibility to avoid these
instabilities is to add a smoothing term to the equations. This is considered as an ar-
tificial viscosity term. An explicit description of the models and the operators used in
AVBP can be found in the doctoral thesis of A. Roux [Roux 2010].

3.1.6 Boundary conditions

In internal combustion simulations, predicting the acoustics present in the governing
equations is of great importance. An example are the unstable modes of the combustion
chamber in jet engines [Schönfeld 1999, Poinsot 2005, Staffelbach 2006a]. To capture
such effects correctly, the boundary conditions (BC) play an important role. Besides non-
characteristic BC, which work directly on the conserved variables, another type of BC in
AVBP are the so-called characteristic boundary conditions [Poinsot 1992, Granet 2010].
This approach makes use of a wave decomposition, in order to modify the residuals, and
represents one of the key features of AVBP, since it enables the general treatment of
acoustic boundaries.
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3.1.7 HPC

As mentioned in the beginning, AVBP has been developed to take advantage of many-
core computer systems. This implies to find adequate solutions for the solver scalability,
the partitioning of the simulation domain, the organization of the communications and
the impact on the numerical simulations [Gicquel 2011]. Figure 3.4 depicts the speed-up
graphs for "strong" scaled problems, i. e. increasing the number of processors while
keeping the problem size constant. It becomes obvious that AVBP scales very well
on different HPC platforms. The speed-up, which indicates the efficiency of the code
to equilibrate the load balancing for the increased number of processors in comparison
to the "sequential"1 simulation, starts to deviate significantly from the linear speed-up
for a computation on 12000 processing units and is still at about 92% for 16000 cores.
This drop in efficiency can be explained by the number of cells that is treated per core.
E. g., for the simulation number 4 of Fig. 3.4, this value is below 3000 cells/core when
using 12000 cores. Hence, the communications to advance the simulation become more
important than the computational workload of each processor. This clearly shows that

Figure 3.4: Speed-up (strong scaling) of AVBP for different problem sizes [Gicquel 2011]

the partitioning algorithm deployed has an impact on the scalability. AVBP allows
to choose between different methods for the grid partitioning. An exhaustive study
of the different algorithms implemented in AVBP is given in the work of M. Garcia
[Garcia 2009].

Note that, AVBP makes use of a second decomposition of the partition transmitted
to each computing core. This way, the use of the direct memory (cache) of the processing
unit is optimized. As stated in chapter 1 the efficiency of codes now depends more and
more on the software engineering than on the hardware (algorithmic efficiency).

1Since the problem size can exceed the computational power (mainly in terms of memory) for a
sequential run, the speed-up can also be obtained by considering a simulation with the smallest number
of CPUs possible as reference.
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3.2 YALES2

The development of the flow solver YALES2 was started in 2007 by V. Moureau. To-
day, the code is maintained by CORIA, Rouen (FRANCE). YALES2 is an unstructured,
multi-physics solver for a wide range of flow problems capable of handling hybrid meshes
[Moureau 2011b]. The initial objective was to create a solver predetermined for simula-
tions on massively parallel systems using several thousands of processors and to manage
very large computational grids, which can be composed of up to several billions of mesh
elements [Moureau 2011c]. For the present work, only the incompressible solver (ics) of
YALES2 (r542) is considered.

3.2.1 Discretization

Contrary to AVBP, YALES2 applies the so-called vertex-centeredmethod. This approach
also counts as a dual mesh approach. The difference regarding the cell-vertex discretiza-
tion consists in the choice of the CV for integrating the balance equations. In the case of
the vertex centered method, the CV is also the median dual cell (see Fig. 3.1 and 3.5(a)).
This reduces the computational cost, since the gather and scatter operations of the
cell-vertex method are omitted.

(a) (b)

Figure 3.5: a) Definition of the control volume Ωp (grey shaded area) in YALES2 - b)
Construction of the CV by the use of sub-triangles in a 2D mesh. [Vantieghem 2011]

In the case of YALES2, the CV is defined by a set of sub-triangles. Figure 3.5(b)
depicts how these sub-triangles (2D) are defined, namely as the surface delimited by a
vertex, the midpoint of an edge that is connected to the vertex and the barycenter of an
element face that is adjacent to the vertex as well. The nodal volume is then calculated
using:

Vnode =
1

d

∑
subtri

xsubtri · Ssubtri , with:
∑
subtri

Ssubtri = 0 (3.41)
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Some of the operators needed for the computation of the Navier-Stokes equations are
approximated integrating over the CV surface following the Gauss theorem. In order to
do so, the variables need to be known on this surface. For this reason, pairs of nodes are
considered, to which then parts of the CV surface are associated. They will be referred
to as Πi from now on. The surface integral then can be obtained by simply summing
over the pairs connected to the node of the CV in question. There exist two options to
construct stencils based on the pair notion:

• In the sparse stencil, only physical pairs are considered, i. e. edges of the cell
connecting two nodes.

• For mesh elements other than triangular/tetrahedral ones, the dense stencil also
takes into account virtual connected pairs, e. g. nodes connected across the cell by
a diagonal.

The normal vector of the face associated to the node pair p, q is denoted Sp,q. On ir-
regular meshes, particularly built of quadrilateral elements, the dense stencil assures
second-order accuracy of the spatial operators. A detailed description of the spatial
discretization in 3D and of the deployed equations can be found in the doctoral thesis
of S. Vantieghem [Vantieghem 2011]. With the introduction of the fourth-order spa-
tial discretization scheme the sparse stencil became the default option. This is due to
the fact that the additional computational effort for the non-physical node pairs is not
compensated by the gain in accuracy.

The above mentioned fourth-order scheme for the spatial discretization will be out-
lined in section 3.2.1.1. The information provided is based on [Moureau 2011d].

3.2.1.1 Higher order spatial discretization

In section 3.1.4.4 it was mentioned that the mass matrix, occurring within the Galerkin
finite-element context of AVBP, can be seen as an operator relating the volume-average
values, which are referring to the center of mass (or barycenter) of the CV, to the values
at the grid nodes. It is obvious that in unstructured meshes of complex computational
domains the grid nodes and the barycenter of the CV do not necessarily have the same
position.

The fourth-order spatial discretization of YALES2 is based on the same idea, only in
a finite-volume framework. Basically, this approach consists of two steps:

1. Expression of the nodal values as a function of the volume averages calculated at
the barycenter of the CV. This is denoted as deconvolution of the finite-volume
integration.

2. The resulting expressions of the nodal values are then used to calculate the fluxes
between adjacent CV.

The assumption of a smoothly varying top-hat filter in physical space coinciding with
the computational mesh is made, in order for the method to be valid. Such a filter is
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represented by the average over the CV for a mesh with only small variations in element
size throughout the domain and is defined as:

φΩp =
1

Vp

∫
Ωp

φdΩ , (3.42)

here done for grid node p of Fig. 3.5(a), with Vp representing the nodal volume of the
dual mesh cell Ωp.
The first step of the deconvolution consists in expanding Eq. (3.42) in a Taylor series
around the grid node at x = xp:

φΩp =
1

Vp

∫
Ωp

φp dΩ

+
1

Vp

∫
Ωp

(
xi − xip

)
∂iφp dΩ

+
1

Vp

∫
Ωp

(
xi − xip

) (
xj − xjp

)
∂2
ijφp dΩ . (3.43)

In Eq. (3.43) the term ∂iφp represents component i of the gradient vector of φ and ∂2
ijφp

is the (i , j) component of the Hessian matrix of φ. Both operators are calculated at the
location of grid node p. Since φp is constant over Ωp, this can be expressed as:

φΩp = φp + δx
i
p (∂iφp) +

1

2
δ2x

ij

p

(
∂2
ijφp

)
+O

(
∆x3

)
(3.44)

The operators in Eq. (3.44) are:

δx
i
p =

1

Vp

∫
Ωp

(
xi − xip

)
dΩ (3.45)

δ2x
ij

p =
1

Vp

∫
Ωp

(
xi − xip

) (
xj − xjp

)
dΩ (3.46)

Using the definition of the barycenter of the CV

xp = xΩp =
1

Vp

∫
Ωp

xdV , (3.47)

Eq. (3.45) can be seen as the ith component of the vector, describing the distance between
the grid node and the barycenter of the CV. For the case of an absolutely regular mesh,
this vector becomes 0 (see Eq. (3.50)). The second operator, Eq. (3.46), represents a
second-order moment tensor.

It is valid to interpret Eq. (3.44) as a continuous filtered field. This allows to apply
derivative operators, such that Eq. (3.44) can be inverted and φp is expressed as a
function of φΩp , reading:

φp = φΩp − δx
i
p

(
∂iφΩp

)
−
(

1

2
δ2x

ij

p − δx
i
pδx

j
p

)(
∂2
ijφΩp

)
+O

(
∆x3

)
(3.48)
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When performing the same procedure with respect to the barycenter of the CV at x = xp,
the following formulation is obtained:

φp = φΩp − δx
i
p

(
∂iφΩp

)
−
(

1

2
δ2x

ij

p − δx
i
pδx

j
p

)(
∂2
ijφΩp

)
+O

(
∆x3

)
(3.49)

The last equation (3.49) can be simplified, because the operator δxip yields:

δx
i
p =

1

Vp

∫
Ωp

(
xi − xip

)
dΩ = xip − xip = 0 , (3.50)

resulting in

φp = φΩp −
1

2
δ2x

ij

p

(
∂2
ijφΩp

)
+O

(
∆x3

)
(3.51)

The order of the deconvolution is limited to third-order, because this avoids the introduc-
tion of derivatives of the order higher than two, which would induce high computational
overheads.

In the second step, the deconvolution approach is applied to compute the flux over the
CV boundary surface ∂Ωp. To facilitate the task, this boundary surface is split into pieces
with adjacent CVs (e. g. Ωq, Ωr, etc.) and the resulting fluxes over these boundary pieces
are then summed up.

Considering the nodes p and q of Fig. 3.5(a), both CVs Ωp and Ωq share a piece of
boundary denoted ∂Ωb in the following. The integrated flux over this boundary piece
can be defined as:

Ψ∂Ωb = Ψ
(
φ∂Ωb

)
·A∂Ωb , (3.52)

with A∂Ωb being the surface of the boundary piece. The flux is computed using the
average value of φ at the center of mass of the boundary surface, which depends on the
contributions of the adjacent CVs. This value is defined similarly to Eq. (3.42), namely

φ∂Ωb
=

1

A∂Ωb

∫
∂Ωb

φdA . (3.53)

The variable φ again is evaluated using a Taylor series expansion around the barycenter
of Ωp with respect to the point b, which is the intersection of the boundary surface piece
∂Ωb and the midpoint of the edge connecting the nodes p and q:

φp,∂Ωb = φp − δxip,b (∇iφp)−
1

2
δ2xijp,b

(
∇2
ijφp,b

)
+O

(
∆x3

)
(3.54)

With the help of Eq. (3.51), the value φp,∂Ωb can be transformed into:

φp,∂Ωb = φΩp − δx
i
p,b

(
∇iφΩp

)
− 1

2
δ2xijp,b

(
∇2
ijφΩp,b

)
+O

(
∆x3

)
(3.55)
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The newly introduced operators are:

δxip,b =xib − xip (3.56)

δ2xijp,b =
(
xib − xip

) (
xjb − x

j
p

)
= δxip,bδx

j
p,b (3.57)

As aforementioned, the value of φb depends on the contributions of the CV of grid node
p and q. Thus, after having applied the same procedure to the CV Ωq and after some
simplifications, φb can be written as:

φb =
1

2

(
φb,Ωp + φb,Ωq

)
=

1

2

(
φΩp + φΩq

)
+

1

4

(
δxip,b + δxiq,b

)
∇i
(
φΩp + φΩq

)
+

1

8

(
δ2xijp,b − δ2x

ij

p + δ2xijq,b − δ2x
ij

q −
(
δxip,b − δxiq,b

)
δxjp,q

)
∇2
ij

(
φΩp + φΩq

)
+O

(
∆x3

)
(3.58)

In Eq. (3.58), the following relations can be used

δxip,b + δxiq,b =0 , (3.59)

δxip,b − δxiq,b =xiq − xip = δxip,q , (3.60)

δxip,b + δxq,b =−
(
δx

i
p + δx

i
q

)
, (3.61)

δxip,b − δxiq,b =xip − xiq = δxip,q . (3.62)

Finally, the value φb reads

φb =
1

2

(
φΩp + φΩq

)
+

1

2

(
δx

i
p + δx

i
q

)
∇i

(
φΩp + φΩq

2

)

+
1

2

δxip,bδxjq,b + δxiqδx
j
p

2
−
δ2x

ij

p + δ2x
ij

q

2

∇2
ij

(
φΩp + φΩq

2

)
+O

(
∆x3

)
(3.63)

Equation (3.63) represents the approximation of the quantity φ at the CV surface as
a function of the average values of the adjacent CVs Ωp and Ωq. Coming back to the
assumption of the smoothly varying filter, this means that the distance between the
mesh node and the corresponding barycenter of the CV is very small. Mathematically,
this can be expressed by introducing δxip ≈ εδxip,b and δxip ≈ εδxiq,b. The parameter ε
is an indicator for the mesh quality and in the case of a quasi-homogeneous mesh, it is
|ε| << 1. In the case of a regular mesh, its value is 0, since the barycenter and the mesh
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node coincide. Introducing ε into Eq. (3.63), one obtains:

φb =

(
φΩp + φΩq

)
2

+
1

2

δ2xijp,q
4

+
δ2x

ij

p + δ2x
ij

q

2

∇2
i

(
φΩp + φΩq

2

)

−

(
δx

i
p + δx

i
q

2

)
∇2
ij

(
φΩp + φΩq

)
+O

(
ε2∆x2

)
+O

(
∆x3

)
(3.64)

As mentioned at the beginning of this description for the higher order spatial discretiza-
tion, this scheme is fourth-order accurate. More precisely, this is true for regular grids and
reduces to a third-order accurate scheme on meshes, for which the assumption |ε| << 1

is valid. To provide proof, Eq. (3.64) will be written for a regular, one dimensional mesh.
First, φb = φ(i+ 1

2
) will be presented. The gradient operator is a first order, forward dif-

ference for φΩp and a backward difference for φΩq , respectively. Same is applied to the
diffusion term, i. e. a forward/backward difference for the second-order derivative. Only
the operators for φΩp are presented here:

∇iφΩp =
φ(i+1) − φi

∆x
+O

(
∆x2

)
, (3.65)

∇2
ijφΩp =

φ(i+2) − 2φ(i+1) + φi

∆x2
+O (∆x) . (3.66)

The operators in Eq. (3.64) are:

δ2x11
p,q =∆x , (3.67)

δ2x
11

p =
1

Vp

∫
Ωp

(
xi − xip

) (
xj − xjp

)
dΩ =

∆x

12
(same for q) , (3.68)

δx
1
p =δx

1
q = 0 (3.69)

By this, one obtains

φ(i+ 1
2

) =
−φ(i+2) + 7φ(i+1) + 7φi − φ(i−1)

12
(3.70)

and

φ(i−1 1
2

) =
−φ(i+1) + 7φi + 7φ(i−1) − φ(i−2)

12
. (3.71)

Building the scalar gradient by combining Eqs. (3.70) and (3.71) gives the classical
fourth-order finite-difference centered scheme:

∇φ|i =
φi+ 1

2
− φi− 1

2

∆x
=
−φ(i+2) + 8φ(i+1) − 8φ(i−1) + φ(i−2)

12∆x
(3.72)
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3.2.2 Numerics for the time advancement

When trying to advance the solution of the incompressible NS equations in time, one is-
sue is the absence of a derivative with respect to time in the mass conservation equation.
The incompressibility constraint, i. e. Eq. (2.41), can rather be interpreted as a kine-
matic constraint on the velocity field. It implicitly couples pressure and velocity, since
the pressure can be seen as a variable needed to enforce continuity. One approach to cir-
cumvent this difficulty are the so-called fractional-step methods, which will be outlined
in the following.

3.2.2.1 The fractional step method

The basic idea of fractional step methods is to separate the pressure gradient from the
other terms in the momentum equation (2.42). It is used for the projection of the
velocity field onto a divergence-free field by introducing an intermediate velocity ustar.
The original formulation was presented by Chorin [Chorin 1968] and is based on the
Helmholtz-Hodge decomposition of vector fields. Today, these methods are very popular
and it exists a wide variety.

In YALES2, a slightly modified version is implemented, which uses corrections of the
boundary conditions for the fractional step method [Kim 1985, Vantieghem 2011]:

1. Based on the known velocity field un a first intermediate velocity field û is calcu-
lated, including a pressure gradient term at t = tn− 1

2
:

û− un

∆t
= −un · ∇un + ν∇2un −∇P (n− 1

2
) , (3.73)

with the BC û|∂ Ωc = un+1
∣∣
∂

Ωc.

2. In order for the actual intermediate velocity field u? of the fractional step method
to satisfy the corrected BC, which assures second-order accuracy in time, the ’old’
pressure gradient is removed from û.

u? − û

∆t
= ∇P (n− 1

2
) (3.74)

3. With u? known, the irrotational part can be defined as:

u(n+1) − u?

∆t
= −∇P (n+ 1

2
) . (3.75)

Taking the divergence of Eq. (3.75) and taking into account the incompressibility
constraint ∇ · u(n+1) = 0, this results in the Poisson equation:

∇ · u?

∆t
= ∇ · ∇P (n+ 1

2
) (3.76)

Preventing the introduction of an error term by taking into account the ’old’ pressure at
t = t(n− 1

2
) in an additional step largely compensates the supplementary computational

costs.
In order to solve the elliptic equation (3.76), YALES2 disposes of the following iter-

ative solvers:
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• Preconditioned Conjugated Gradient (PCG)

• Bi-Conjugate Gradient stabilized (BiCGstab)

• Deflated PCG

• Deflated BiCGstab(2)

In the course of this work, the DPCG [Saad 1999] solver is used, with a convergence
criterion ε = 1 · 10−8. For more detailed information on iterative solvers the reader is
asked to consider spezialized literature, e. g. [Saad 2003, Trefethen 1997].

3.2.2.2 Time integration

To advance the solution in time, YALES2 disposes of explicit as well as implicit time
integration schemes. Contrary to an explicit time advancement, which only uses known
values at t = tn, implicit schemes also depend on the unknown quantities at t = t(n+1).
The resulting system of equations is rather large and requires some computational effort.
This drawback can be outweighed by the higher stability that these schemes provide,
allowing larger time steps (i. e. C > 1).

Implicit methods

The implicit method implemented in YALES2 is called the Θ family of methods (e. g.
[Donea 2003]). This scheme reads

u(n+1) − un

∆t
= Θ

∂u(n+1)

∂t
+ (1−Θ)

∂un

∂t
+O

((
1

2
−Θ

)
∆t ,∆t2

)
(3.77)

and allows to switch between different implicit schemes depending on the value for Θ,
except for Θ = 0 (i. e. Euler method). Commonly used schemes are the implicit (or
backward) Euler (Θ = 1) or the Crank-Nicolson scheme (Θ = 1

2). As can be seen from
the error term, these schemes are at most second-order accurate in time (for the case
of the Crank-Nicholson scheme). Note that the Crank-Nicholson scheme is uncondition-
ally stable [Hirsch 1988, Munz 2006], contrary to the widely used explicit Runge-Kutta
schemes.

When using the Crank-Nicolson scheme in YALES2, the right hand side of Eq. (3.77)
is predicted using a second-order Adams-Bashforth method (see e. g. [Donea 2003]),
which, according to [Vantieghem 2011], avoids the use for non-linear equation solvers
and hence, reduces the computational effort needed considerably.

Explicit methods

A more interesting method for the temporal integration is the numerical scheme de-
noted TRK4 (a.k.a. TFV4A in the context of YALES2). This time integration scheme
is fourth-order accurate and allows to adjust the in-built diffusion by modification of a
parameter. Since its implementation in the cell-vertex framework is part of the present
work, a detailed description as well as its analysis is presented in chapter 4.
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3.2.3 HPC

YALES2, just like AVBP, was designed from the very beginning to benefit of massively
parallel architectures. As can be seen in Fig. 3.6 the code YALES2 performs also very
well on super-computers.

Figure 3.6: Speed-up (weak scaling) of YALES2 on an IBM BlueGene/P computer
[Moureau 2011a]

Different to the previous section, where the speed-up of AVBP for strong scaling
was presented, the speed-up graph of YALES2 depicts the behavior of the solver on
up to 32768 processors for a weak scaled test case. Weak scaling means to test the
software performance for an increasing number of processors while, at the same time,
increasing the problem size, i. e. in this case the number of mesh elements. This is
done because YALES2 is capable of refining the computational grids automatically. The
algorithm deployed for the homogeneous mesh refinement [Rivara 1984] is conceived
to prevent the mesh from deteriorating by conserving the skewness of the elements.
Combining the mesh refinement with the HPC capability of the code forms the ba-
sis of the approach to tend towards DNS of complex problems and industrial appli-
cations [Moureau 2011c, Moureau 2010a]. To obtain such a performance on HPC ar-
chitectures, YALES2 also applies the methodology of a double domain decomposition.
Besides the interest of optimizing the cache memory usage, this approach provides a
coarse mesh formed by the cell groups, which is used to precondition the Poisson solver
[Moureau 2011b]. The algorithm for the primary domain partitioning is based on the
METIS algorithm [Karypis 1995].
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With regard to the comparison of the compressible and incompressible approaches in
part III, the idea was to align the CFD solvers AVBP and YALES2 concerning the
numerical schemes and hence, eliminate one possible source for differences impacting the
results. For this reason, the objective was to determine the mathematical properties
of the time integration scheme TRK4 of YALES2, adapt the scheme to the cell-vertex
method of AVBP and compare its performance to already established schemes of the
compressible solver.
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Chapter 4

Numerical schemes for LES

4.1 The Two-step Runge-Kutta family of schemes

In LES, more precisely in explicit LES [Sagaut 2002], the continuity of the decaying
energy spectrum beyond the resolved scales (see Fig. 2.1) is mimicked by the sub-grid
scale models, some of which are presented in section 2.3. These models achieve this
forward energy cascade by adding a viscous-like term to the balance equations. In
order not to overshadow the turbulent viscosity of the SGS models and thus, falsify
the representation of the energy cascade, high order time integration schemes with low-
diffusion properties are preferred for this type of simulations. Their development is a
recurring issue for CFD solvers.
A widely used family of schemes are the Runge-Kutta (RK) methods. Schemes of the
RK family are based on the work of C. Runge [Runge 1895] and W. Kutta [Kutta 1901].
The low-storage version of the RK schemes [Williamson 1980], that was presented in
Eqs. (3.14), is often used, since its implementation is rather straight forward and an
integration of third order of accuracy or higher can be achieved easily.
The CFD solvers AVBP and YALES2 are based on central space discretizations (see
sections 3.1 and 3.2), which are oscillatory by nature [Hirsch 1988]. Their application
is justified though, because of their property to preserve the initial dispersion of the
physics. As a consequence, when combining RK methods with these discretizations in
space, the resulting schemes can become unstable, as in the case of the one-step RK1
(simple Euler step) and the two-step RK2 scheme. Alternatively, stabilizing measures
have to be taken, which is the case for higher order RK schemes. It is thus necessary to
add a distinct amount of numerical diffusion to overcome this problem. In general, two
strategies are possible:

1. Adding artificial viscosity or applying high-wave number filters

2. Numerical viscosity built-in to the time and space discretization

Approach 1 is the most common, for the simple reason that it is easy to realize. Mean-
while, numerous sensors for various fields of application have been developed. Examples
for such a sensor are [Cook 2004], which is implemented in YALES2, or the sensors of
AVBP (see [Roux 2010]). A drawback of this methodology, however, is the fact that
an analysis of the resulting numerical scheme, in terms of linear stability, is extremely
difficult. Furthermore, it is almost impossible to predict the amount of artificial viscosity
added.

The second option reveals to be less straight-forward. Examples are the TTGC
scheme [Colin 2000b] of AVBP or [Berland 007, Bogey 004]. Contrary to the artificial
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viscosity approach, a linear stability analysis can be performed and thus, the amount
and type of numerical diffusion added can be assessed a priori.
Thus, the idea for the development of the Two-step Runge-Kutta (TRK) family of
schemes was to design a simple time integration scheme providing a large region of
stability (in terms of the CFL condition) and the possibility to adjust the incorporated
numerical diffusion.

4.2 Development of the TRK schemes

The following considerations are based on the scalar transport equation

∂φ

∂t
+ v · ∇φ = 0 , (4.1)

with v being the convective velocity, which is supposed to be constant.
The Eqs. (3.14) can be rewritten in a more generalized form using C (φ, v), which

represents the discretized spatial operator and will be specified later:

φ(1) = φn − γ(1)∆tC (φn, v) ,

φ(2) = φn − γ(2)∆tC
(
φ(1), v

)
,

...

φ(n+1) = φn − γ(k)∆tC
(
φ(k−1), v

)
. (4.2)

For the TRK schemes it is necessary to combine each two steps of the RK scheme. This
way, the RK2 scheme can be expressed as:

φ(n+1) = φn −∆tC (φn, v) +
1

2
∆t2C2 (φn, v) (4.3)

and the RK4 scheme yields:

φ(2) = φn − 1

3
∆tC (φn, v) +

1

12
∆t2C2 (φn, v) , (4.4)

φ(n+1) = φn −∆tC (φn, v) +
1

2
∆t2C2

(
φ2, v

)
. (4.5)

In Eqs. (4.3), (4.4) and (4.5), the term C2 stands for the twice applied convective operator:

C2 (φ, v) = C ◦ C (φ, v) = v · ∇ (v · ∇φ) . (4.6)

The RK approach can be summarized as the sequential application of the spatial dis-
cretization and then of the temporal discretization to the governing equations.
Contrary to this is the approach of P. Lax and B. Wendroff, that is presented in sec-
tion 3.1.4.2 and for which the order of this sequential application is inverted. Using again
the operator notation introduced in the beginning of this section, the second order LW
scheme yields:

φ(n+1) = φn −∆tC (φn, v) +
1

2
∆2tD (φn, v) . (4.7)
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Another LW type scheme that was presented in the course of this work is the TTG4A
scheme. In operator notation, this scheme reads:

φ(2) = φn − 1

3
∆tC (φn, v) +

1

12
∆t2D (φn, v) (4.8)

φ(n+1) = φn −∆tC (φn, v) +
1

2
∆t2D

(
φ2, v

)
(4.9)

The newly appearing operator D represents the discretization operator of the classical
LW diffusion term. As can be noticed, the RK schemes and the LW type schemes only
differ in this term. This resemblance is at the basis of the TRK schemes. By combining
the RK scheme and the corresponding LW type scheme linearly, the second order scheme
TRK2 results in:

φ(n+1) = φn − α∆tC (φn, v) + (1− α)
1

2
∆t2C2 (φn, v) + α

1

2
∆t2D (φn, v) , (4.10)

and for the fourth order method, named TRK4, the following equations are obtained:

φ(2) = φn − α1

3
∆tC (φn, v) + (1− α)

1

12
∆t2C2 (φn, v) + α

1

12
∆t2D (φn, v) , (4.11)

φ(n+1) = φn − α∆tC (φn, v) + (1− α)
1

2
∆t2C2

(
φ2, v

)
+ α

1

2
∆t2D

(
φ2, v

)
. (4.12)

It has to be pointed out that the operator D differs from the corresponding term C2,
depending on the method used for the discretization. Considering the example of sec-
tion 4.4.1, it can be noticed that the operator of the RK scheme (Eq. (4.16)) uses a wider
stencil than the operator of Eq. (4.17), i. e. 5 adjacent points for C2 instead of only 3
for the operator D. This difference in the stencil width, illustrated in Fig. 4.2, renders
the LW type schemes more diffusive especially for higher frequencies. The parameter α
allows to adjust the impact of the different diffusive terms. For α = 0, the RK scheme
is recovered, whereas α = 1 leads to the LW type scheme.

4.3 Implementation of the TRK schemes in AVBP

One objective of this work was to implement the fourth order scheme of the TRK family
in the cell-vertex framework of AVBP and compare it to other schemes already at hand.
It is clearly of advantage that the schemes, which form the basis of TRK4, namely RK4
and TTG4A, already exist in the solver. At this point we will consider the schemes in
their finite-volume formulation, which is second order accurate in space. Concerning the
TTG4A scheme this can be interpreted as finite-element method using a lumped mass
matrix [Hirsch 1988]. In the section 4.2 it is pointed out that the particularity of the
TRK schemes comes from the linear combination of two different discretizations of the
diffusive terms. For AVBP this means, in return, to evaluate the Lax-Wendroff type
diffusion term D on a 2∆ wide stencil, whereas C2, based on the RK scheme, uses a 4∆

stencil.
Structured solvers use grids, in which the position of the adjacent grid nodes to a

point in consideration are easily identified by adding ±1 to the indices in each direction,
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(a) (b)

Figure 4.1: a) Example for a structured grid. Grid points (in 2D) are
identified by the indices (i,j), which are numbered consecutively. - b) In
an unstructured grid the node numbering is specified explicitly.

see Fig. 4.1(a). AVBP, on the contrary, is an unstructured code. The organization of the
grid is not intrinsic at all and is specified explicitly. Although, this grid type implicates
additional computational cost, it is extremely flexible concerning its adaption to complex
geometries and thus, very well suited for the finite-volume and finite-element approach.
An example is presented in Fig. 4.1(b). One drawback is that the width of the stencil
used by the numerical schemes can not be modified this easily and usually compact
stencils are used.

Figure 4.2: Grid elements considered by the 2∆ (red) and
the 4∆ (blue + orange) stencil of AVBP.

The basic stencil in AVBP is obtained during a gather-scatter operation and encloses
the cells directly connected to the grid node in consideration, i. e. the blue surface in
Fig. 4.2. Transposed to 1D, this is equivalent to a 2∆ wide stencil. This compact stencil
is used for all spatial operators of the convective schemes. Generally speaking, a 4∆

wide stencil can be obtained by applying the gather-scatter operation twice, which leads
to enclosing the cells marked orange in Fig. 4.2. Since the TTG4A scheme is already
implemented in AVBP, its diffusive terms will be multiplied by a factor α. In order to
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obtain the TRK4 scheme of Eqs. (4.11) and (4.12), only the term containing C2 has to
be added. The procedure to compute this diffusive operator term on the 4∆ stencil in
AVBP is presented below:

1. After the conservative variables are gathered on the vertices of each cell, the flux
divergence is computed, as presented in section 3.1.3, within the elements of the
primal mesh. The result is then redistributed to the global grid nodes using the
scatter operation, see Eq. (3.8). In addition, the distribution matrix of the central
differences of Eq. (3.13) is applied, leading to:

(∇ · F)|i = − 1

Vi

∑
j|Ωj∈i

1

n
Ωj
v

IVΩjRΩj (4.13)

2. Next, the nodal flux divergence of step 1 again is gathered to the vertices of the
primal cells. At the vertices the product of the flux divergence and the Jacobian is
computed. Although the same approach of Eq. (3.17) is used for its computation,
this Jacobian is based on the nodal primitive variables in order to be consistent
with the nodal flux divergence. Hence, the Jacobian matrix Ai is considered to be
constant for the nodal volume and not for the CV of the primal cell:

Ai (∇ · F)|i (4.14)

3. The final step, before scattering the diffusive term back to the global nodes, is to
compute the divergence of Eq. (4.14) for each mesh element using again Eq. (3.6).
Furthermore, the different factors, such as (1− α) or ∆t2, are applied to the result:

1

∆t2
(1− α) C2 =

1

Vi

∑
j|Ωj∈i

1

n
Ωj
v

I VΩj

 1

dVΩj

∑
v∈Ωj

Av (∇ · F)|v · Sv

 (4.15)

4.4 Mathematical properties of the newly developed schemes

In this section a closer look is taken regarding the new schemes’ properties. To facilitate
the task, this will be presented in more detail for the TRK2 scheme, before giving the
results for TRK4. The investigated properties are the consistency of the scheme and
its stability. If the TRK schemes prove to be consistent, i. e. the truncation error
tends to zero for ∆t ,∆x → 0, and if the stability analysis shows, that errors occurring
in the course of the numerical solution process are not amplified, they can be seen as
convergent. This property, indicating that the solution of the discretized problem tends
towards the continuous problem for ∆t ,∆x → 0, is drawn from the Lax equivalence
theorem [Lax 1956], stating that given a properly posed linear initial value problem and
a finite difference approximation to it that satisfies the consistency condition, stability
is the necessary and sufficient condition for convergence.
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4.4.1 The second order scheme TRK2

Spatial operators

For all following analyses only one space dimension and a uniform mesh of constant
step width ∆ are considered. Thus, the convective and diffusive operators C and D of
Eq. (4.10) are replaced, using second order, centered discretization operators in space:

C2nd =

(
(φnv)(i+1) − (φnv)(i−1)

)
2∆x

⇒ C2
2nd =

(
(φnv)(i+2) − 2 (φnv)i + (φnv)(i−2)

)
4∆x2

,

(4.16)

and

D2nd =

(
(φnv)(i+1) − 2 (φnv)i + (φnv)(i−1)

)
∆x2

. (4.17)

It is at this point that the different nature of the three operators becomes obvious due to
the varying stencils, which are used for the approximations, i. e. a classical 2∆x stencil
for the second order diffusive operator D2nd and a 4∆x stencil for the operator C2

2nd.

Consistency analysis

The consistency analysis permits to estimate the diffusion introduced by a numerical
scheme with the help of the modified equation. This approach was first presented by
Warming and Hyett [Warming 1974]. In fact, the modified equation analysis consists of
determining the actual difference equations solved by the numerical scheme, resulting
from the application of a specific spatial and temporal discretization. This equation is
the sum of the original differential equation and a truncation error ε, caused by the
discretization. It is this error term that gives an idea of the amount and the type of the
implicit diffusion. For Eq. (4.1) the model equation yields:

∂φ

∂t
+ v

∂φ

∂x
= ε (4.18)

The error term ε in the modified equation indicates an implicit diffusion mainly of the
dissipative type, when the order of the leading term is even. On the contrary, if the order
of the leading derivative in the error term is odd, the scheme dominantly introduces
dispersion. Applying this approach to the scheme TRK, the truncation error reads:

εTRK2,2nd = −v∆x

6

(
1− C2

) ∂3φ

∂x3
− v2∆x2∆t

8

(
α− C2

) ∂4φ

∂x4
+O

(
∆x5

)
. (4.19)

Equation (4.19) confirms the claim, to design a scheme with adjustable dissipation, since
the parameter α of the TRK scheme only acts on the even derivative term but not on
the leading error term.



4.4. Mathematical properties of the newly developed schemes 57

Linear stability and modified wave number analysis

The von Neumann analysis is based on the assumption that in general stability prob-
lems are rarely caused by BC (existing exceptions are not relevant here). By ignoring
them, the analysis of a numerical scheme is simplified. Detailed explanations can be
found in [Hirsch 1988, Ferziger 2002, Lamarque 2007]. Nevertheless, the basic idea will
be outlined here.

Supposing a one-dimensional domain of unity length with periodic BC. This allows
to express the solutions in form of a Fourier series at time t = tn. Following, the example
of a mono-dimensional, monochromatic signal is considered:

φ =
∑
p∈Z

Ap exp

(
I

2π

p∆x
x

)
(4.20)

with p representing the number of points in the signal, Ap the amplitude and I =
√
−1

the imaginary number. The idea of the stability analysis is to investigate the evolution
of the signal due to the discrete scheme in the course of time, i. e. from the instant tn
to t(n+1) = t+ ∆t:

φn = Anp exp

(
I

2π

p∆x
x

)
(4.21)

φ(n+1) = A(n+1)
p exp

(
I

2π

p∆x

)
(4.22)

In the ideal case, the transport of φ is exact and the solution after one time step ∆t will
be advanced by the distance v∆t. Mathematically, this can be translated as:

φ(n+1) = Anp exp

(
I

2π

p∆x
(x− v∆t)

)
(4.23)

= φn exp (−Ik(C)) , (4.24)

with k = 2π
p being the non-dimensionalized wave number. In order to take account

for the dissipation and dispersion introduced by the discretization, Eq. (4.24) has to be
adjusted and thus, reads:

φ(n+1) = φnG exp
(
−Ik′(C)

)
. (4.25)

In Eq. (4.25) G represents the norm of the amplitude ratio of the signals before and after
the advancement in time and k′ is the modified wave number. These quantities can be
expressed as:

G =

∣∣∣∣∣A(n+1)
p

Anp

∣∣∣∣∣ , −sin ((C)k′
)

= I

(
1

G

A
(n+1)
p

Anp

)
(4.26)

G is thus an indicator for the dissipation a discretization introduces to a numerical
scheme. This one is considered stable in the sense of the von Neumann analysis, when
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the amplitude ratio G is less than unity for all wave numbers. Furthermore, the modified
wave number describes the shift in frequency of the solution, due to the discretization.
The closer k′ is to the wave number k, the less dispersive the scheme.

Applying this approach to the TRK2 scheme yields:

A
(n+1)
p

Anp
= 1− (C) I sin

(
2π

p

)
− 2α (C2) sin2

(
π

p

)
− (1− α)

2
(C2) sin2

(
2π

p

)
(4.27)

It can be noticed that G of Eq. (4.27) is a function of the CFL number C, which that
way determines whether the scheme is stable or not. In Fig. 4.3, the CFL limit as a
function of the parameter α is plotted (denoted TRK2 - DF2). The values recovered for
the extreme values, Cα=0 = 0 (RK2) and Cα=1 = 1 (LW), are consistent with theory.
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Figure 4.3: Maximum CFL numbers as a function of α for the TRK2 and TRK4
schemes using second (DF2) and fourth order (DF4) finite differences for the discretiza-
tion in space.

Exemplarily for a value of C = 0.5, the graphs in Fig. 4.4 present a) the amplitude
ratio G and b) the modified wave number k′ as functions of the wave number k for various
α of the TRK2 scheme using the second order centered spatial discretization. The graphs
for the fourth order centered spatial discretization were evaluated numerically.

4.4.2 The fourth order scheme TRK4

As noted in [Ferziger 2002] it is best to apply discretizations of equivalent order to spatial
terms as well as to temporal ones. When considering unstructured codes, e. g. AVBP,
it might not always be feasible to construct larger stencils for the spatial operators.
Therefore, the TRK4 scheme will be analyzed for the second order centered operators of
section 4.4.1.
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Figure 4.4: a) Growth rate of TRK2 schemes with two space integrations and four
different values of α: 0, 1/3, 2/3 and 1. The CFL number is equal to 0.5. - b) Modified
wave number of TRK2 schemes with two space integrations and four different values of
α: 0, 1/3, 2/3 and 1. The CFL number is equal to 0.5.
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The truncation error of the consistency analysis reads in this case:

εTRK4,2nd = −v∆x2

6

∂3φ

∂x3
− v2∆x3

8
(C)α

∂4φ

∂x4
+O

(
∆x5

)
(4.28)

Like in the case for the TRK2 scheme, the parameter α only modifies the even derivative
terms in Eq. (4.28) and thus, allows to control the dissipation implied in the scheme.
Following, the amplification ratio for the above mentioned combination results in:

Ãp
Anp

= 1− 1

3
(C) I sin

(
2π

p

)
+
α

6
(C2) sin2

(
π

p

)
− (1− α)

12
(C2) sin2

(
2π

p

)
(4.29)

A
(n+1)
p

Anp
= 1− (C) I sin

(
2π

p

)
+

(
Ãp
Anp

) (
α

6
(C2) sin2

(
π

p

)
− (1− α)

12
(C2) sin2

(
2π

p

))
(4.30)

As for the TRK2 scheme, the CFL limits are presented in Fig. 4.3 (denoted TRK4-DF2).
The growth rate G and the modified wave number k′ for the TRK4 scheme are plotted
in Fig. 4.5.

Finally, the best-case scenario of a temporal and spatial discretization using the same
order of accuracy is presented to complement this analysis. Using the 4th order centered
spatial operators

C4th =
−(φnv)i+2 + 8(φnv)i+1 − 8(φnv)i−1 + (φnv)i−2

12∆x
(4.31)

and

D4th =
−(φnv)i+2 + 16(φnv)i+1 − 30(φnv)i + 16(φnv)i−1 − (φnv)i−2

12∆x2
, (4.32)

the consistency analysis for this combination of TRK4 and the 4th order spatial operator
leads to

εTRK4,4th =
v∆x4

120

(
C4 + 4

) ∂5φ

∂x5
− v2C ∆x5

144

(
C 4 + 4α

) ∂6φ

∂x6
+O

(
∆x7

)
. (4.33)

As remarked for the earlier schemes, the result shows once more that the parameter α
allows to adjust particularly the implicit dissipation of the scheme.

The RK4 schemes are conditionally stable with a maximum CFL greater than two
[Hirsch 1988] and will be obtained for α = 0. For α = 1, the TTG4A scheme is obtained,
i.e. evaluated at 1 [Quartapelle 1993]. The TRK4 appears to be promising because
of their high maximum CFL number that may compensate their higher cost due to
the additional steps. The amplification ratios for the fourth order spatial operators in
combination with TRK2 and TRK4 will not be shown here, but can be obtained, e.g.,
with the help of computer algebra systems. The results presented in Figs. 4.3 to 4.5 have
been obtained numerically.
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Figure 4.5: a) Growth rate of TRK4 schemes with two space integrations and four
different values of α: 0, 1/3, 2/3 and 1. The CFL number is equal to 0.5. - b) Modified
wave number of TRK4 schemes with two space integrations and four different values of
α: 0, 1/3, 2/3 and 1. The CFL number is equal to 0.5.
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4.4.3 Temporal order measurements

For the measurements of the temporal order of TRK4 a simple 1D code was used. This
code convected a Gaussian pulse within a computational domain on a regular, struc-
tured mesh. In order to obtain results that do not depend on the spatial errors due to
the numerics nor to the spatial discretization, the spatial operators of Eq. (4.11) and
Eq. (4.12) were chosen as centered finite difference of 10th order of accuracy [Sari 2010].
The grid resolution used is ∆x = 1.25 · 10−4m for a computational length of L = 0.2m.
The results are plotted in Fig. 4.6 and they confirm what is to be expected from theory.
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Figure 4.6: Order of accuracy in time of TRK4 for varying values of the parameter α.

4.4.4 Scalar step advection

To assess the numerical diffusion and dispersion at all wave numbers, the TRK time
integration may be applied to a simple transport equation of a scalar φ with a step:

∂φ

∂t
+ v · ∇φ = 0 , (4.34)

where the velocity v is constant and φ(t = 0,x) is a Heaviside function. The computa-
tional domain is chosen sufficiently large to avoid any spurious effects from the boundary
treatment. This step function is transported at C = 1 for 100 time steps with the TRK4
time integration and with the classical fourth order finite-difference scheme. The number
of cells used to discretize the computational domain is N = 1000, resulting in a regular
mesh with a cell size of ∆x = 5 · 10−3 m. The results for different values of α are
presented in Fig. 4.7. The influence of this parameter is rather important on the high
wave-number oscillations, as stated in section 4.2. For the present test case the oscilla-
tions especially in the wake (i. e. to the left) of the gradient are partially damped when
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α ≥ 0.5, while the position and the slope of the computed gradient at φ = 0.5 is not
affected by the variation of α, as expected from the theoretical developments presented
before.

-0.2 -0.1 0 0.1 0.2
x (-)

-0.2

0

0.2

0.4

0.6

0.8

1
sc

al
ar

 (
-)

analytical

alpha = 0.0

alpha = 0.5

alpha = 1.0

Figure 4.7: Advection of a scalar step with TRK4 for varying values of the parameter
α.

4.4.5 Dissipation measurements in a turbulent flow

Since the TRK time integration has been designed for transport equations, it is a good
candidate for the computation of turbulent flows. In this section, the TRK4 scheme
is assessed for the simulation of Homogeneous Isotropic Turbulence (HIT) at moderate
Reynolds number. Two series of computations are carried out: Direct Numerical Sim-
ulations (DNS) on a 2563 mesh, and Large-Eddy Simulations (LES) on a 643 with a
dynamic Smagorinsky model [Lilly 1992]. In these computations, the turbulent flow is
initialized with a Passot-Pouquet spectrum [Passot 1987] that has a turbulent Reynolds
number Ret = 608 and a Reynolds number based on the Taylor scale of Reλ = 95. This
initial field is illustrated in Fig. 4.8, which presents the turbulent scales plotted with
iso-contours of the Q-criterion [Jeong 1995].

Once initialized, the simulation is performed with YALES2 without any additional
external forcing, since the characteristics of the test case suit the incompressible solver.
This freely decaying turbulence is analyzed from two angles: the resolved kinetic energy
decay and the kinetic energy spectra. The results are presented in the following for the
extreme values of α, for reasons of better legibility. Figure 4.9 shows, that the decay of
the resolved kinetic energy for a DNS and LES is comparable for extreme values of the
parameter α, thus confirming that the amount of numerical diffusion remains moderate.
Regarding the kinetic energy spectra, the DNS again gives similar results for α = 0 and
α = 1, see Fig. 4.10. This is slightly different for LES, as shown in Fig. 4.11. Indeed,
the spectral content close to the cut-off frequency is larger in LES than in DNS and the
built-in numerical diffusion of the TRK4 scheme makes a difference. When α = 1, the
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Figure 4.8: Initial field of Homogeneous Isotropic Turbulence on the DNS mesh.

high-wave number scales, that are resolved with two points at the cut-off to four points
at half the cut-off, are slightly dissipated, while the large scales are unaffected. From
these results, this TRK time integration may be applied to more complex flows with a
broad spectrum of turbulent scales.
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4.4. Mathematical properties of the newly developed schemes 65

Figure 4.10: Direct Numerical Simulation of Homogeneous Isotropic Turbulence on a
2563 mesh with TRK4 for two values of the parameter α plotted for different instants in
time t.

Figure 4.11: Large-Eddy Simulation of Homogeneous Isotropic Turbulence on a 643

mesh with TRK4 for two values of the parameter α plotted for different instants in time
t.
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Re [-] 2.8 · 106

CFL [-] 0.7

Ttot (at the inlet) [K] 280

Ptot (at the inlet) [mbar] 1400

Miso (at the outlet) [-] 0.79

Table 4.1: Initial conditions for the 2D turbine blade computation.

4.5 Application of TRK4 in the cell-vertex formulation to
complex test-cases

4.5.1 Turbine blade in two dimensions

At first, the flow around the cross-section of a turbine blade is simulated. To get an idea
of the flow properties, the characteristics of the simulation are summarized in Tab. 4.1.
For more details on the test case, the reader is referred to Granet et al. [Granet 2010].
More information on the experimental configuration itself can be found in Sieverding et
al. [Sieverding 2003, Sieverding 2004]. The mesh used for this simulation is unstructured
and constructed from about 96,000 triangle-shaped cells, see Fig. 4.12.

Figure 4.12: Unstructured mesh used for the simulation of the turbine blade

The boundary conditions for the top and bottom boundaries are set periodic. At the
inlet boundary on the left, the total pressure and total temperature are imposed. For
the outlet boundary condition, a NSCBC type pressure outlet [Granet 2010] is set to
maintain a certain pressure in order to be consistent with the experiment.
Considering the Mach number indicated in Tab. 4.1, this test case clearly is compress-
ible. Thus, AVBP is used for the computations. The cell-vertex finite-volume method in
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AVBP is 2nd order accurate in space, as pointed out in section 4.3. Hence, the simula-
tions using the TRK4 scheme will be compared not only to the experiments but also to
computations performed with the Lax-Wendroff scheme. Figure 4.13 presents a map of
the averaged flow Mach number around the blade. This first and qualitative comparison
between LW and TRK4 shows reasonable results. For both schemes the vortex shedding
in the wake of the blade is very similar, only slight differences concerning the strength
and the location of the vortices are noticeable.

Figure 4.13: Comparison of TRK4 computations using different values for the param-
eter α with a simulation conducted using LW. This first quantitative evaluation shows
good agreement between the different simulations, although an influence of the tuning
parameter can be observed.

To confirm these observations, a more quantitative evaluation of the simulation will
be given in the following. For this, the distribution of the isentropic Mach number on
the blade surface is evaluated from the average solution. The obtained graphs have then
been compared to experimental data provided by Sieverding et al. in [Sieverding 2003,
Sieverding 2004]. As Fig. 4.14(a) clearly shows, the distribution of the isentropic Mach
number obtained with AVBP superpose almost perfectly the experimental data. In the
region of the trailing edge an absence of experimental results for this quantity can be
noticed, which is mainly due to the high sensibility of the flow in this area. Hence, the
pressure distribution normalized by the inlet pressure has been examined, for which more
reliable data around the trailing edge is available. The graphs presented in Fig. 4.14(b)
depict the disparities in more details. This graph clearly shows a different behavior
between LW and TRK4 for various α, which can be attributed to the modified diffu-
sion added by the scheme. LW and TRK4 for α = 1.0 (corresponding to mass-lumped
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TTG4A [Quartapelle 1993]) are more dissipative by construction and therefore, the min-
imum value of the pressure at the trailing edge is the smallest. In contrast, the graph for
α = 0.0 (corresponding to RK4 [Sengupta 2004]) gives the highest value at this position.
It can be pointed out that only for α = 0.3 the left lateral peak can be reproduced more
accurately. Although the results are not perfect, each one is conform with the theoretical
understanding of the behavior of the schemes presented in the preceding sections.

A final comparison consists of plotting the velocity profiles of the boundary layer on
the pressure and the suction side of the blade close to the trailing edge. Like for the
other evaluations, the results outlined in Figs. 4.15(a) and 4.15(b) highlight the impact
of the tunable diffusion of the TRK4 scheme, in particular for the profile of the boundary
layer at the trailing edge for the suction side. The difference of the numerical simulation
compared to the experimental data is due to the fact that the boundary layer is not
resolved by the mesh. This is a known drawback of LES, for which the meshes in general
are too coarse when treating wall bounded flows, as will be pointed out in chapter 6.

4.5.2 Full 3D LES of turbine blade

In a second test the scheme TRK4 is used to conduct a full LES of a complex geometry.
The test case of the turbine blade of Sieverding et al. [Sieverding 2003, Sieverding 2004]
is employed again. The simulation is based on the configuration of Léonard et al.
[Léonard 2010] and the basic informations of the flow field are identical to those given
in Tab. 4.1. The mesh is unstructured and built of approximately 1,900,000 tetrahedral
cells. Following the configuration of Léonard et al. [Léonard 2010], the Smagorinsky
model [Smagorinsky 1963] is utilized with a constant of 0.09. Figure 4.16 represents
the Q-criterion [Jeong 1995]

(
Q = 7.5 · 108 1

s2

)
of the instantaneous flow field after 20ms

physical time. In the zoom on the trailing edge (left hand side of this figure), turbulent
structures separating from the blade are clearly visible. While convected downstream
in the wake, dissipation is reducing their strength and only the bigger coherent vortical
structures remain visible.

Furthermore, as already done for the 2D version of the test case, the mean pressure
distribution around the trailing edge is used to analyze the simulation, Fig. 4.17. It can
be noted that for this complex 3D test case, the parameter α becomes more important
and the intermediate value of α = 0.3 clearly helps improving the prediction quality. It
is for this value only, that the lateral peaks of the distribution are properly reproduced.

One argument for LES is its capability to not only reproduce averaged solutions, but
also to obtain informations on the instantaneous flow field. Figures 4.18 and 4.19 show
the pressure fluctuations recorded with two probes situated on the trailing edge circle,
the first one positioned on the suction side and the latter one on the pressure side. In
part a) of these figures, the measurement data is compared to the LW and the TTGC
[Colin 2000b] scheme of AVBP, which are considered as reference schemes, and part
b) compares the solutions obtained with TRK4 to the experimental data. The TTGC
scheme, which is third order accurate in space and time, is giving good results, whereas
LW displays a dispersive and dissipative behavior. The TRK4 results again depend
strongly on the value of α. It is highly probable, that the perturbation of the pressure
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Figure 4.14: a) Distribution of the isentropic Mach number around the airfoil. The
presented schemes are in good accordance with the experimental results. - b) Distribution
of the Pressure (made dimensionless by the inlet pressure) around the airfoil. [here:
Zoom on the coordinates for which experimental data was available]
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Figure 4.15: Graphs of the boundary layer velocity profiles. The results for the suction
side show at best the influence, which can be taken on the computation by variation of
the parameter α.
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Figure 4.16: Q criterion for the 3D LES (α = 0.3) of the turbine blade colored by the
pressure. Right: side view of the configuration showing the development of the vortical
structures around the profile and in the wake. - Left: Zoom on the area around the
trailing edge.
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Figure 4.17: Comparison of the mean pressure (normalized by the inlet pressure) for
the 3D test case. The influence of the parameter α on the diffusion of the scheme is
clearly visible. In this particular case, a value of 0.3 gives results that are very close to
the experimental data.
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signal, which can be observed for α = 0.0, is due to the small amount of numerical
diffusion added to the simulation. When changing to α = 1.0, some peaks are delayed,
just as it was pointed out for the LW scheme. For α = 0.3, as already seen for other
test cases, the results obtained are very satisfying. The peaks superpose the frequency
of the experiments. Compared to TTGC, TRK4 is one order of accuracy lower in space,
which is seen as explanation for the incapability of TRK4 to reproduce the amplitude of
the measurements.

4.5.3 Full 3D LES of a reactive flow in PRECCINSTA

Finally, the scheme TRK4 has been used to compute the PRECCINSTA burner con-
figuration [Roux 2005]. The results presented in this paper correspond to a premixed
simulation of a methane/air-mixture. A 2-step mechanism of B. Franzelli and E. Riber
[Franzelli 2010] is used to model the chemistry in combination with a Pre-Exponential
Adjustment (PEA) to predict the laminar flame speed more accurately. The computa-
tion was done solving the transport equations for 6 species (CH4, O2, H2O, CO2, CO,
N2). Figure 4.20 shows a cross section of the used geometry.

The mesh consists of about 20 million tetrahedral cells. For this LES the WALE
model [Nicoud 1999] has been chosen for the sub-grid scales and for the turbulent flame
closure the thickened flame approach [Colin 2000a] was used in order to keep a reasonable
number of cells for its resolution. The simulation has been conducted for C = 0.7.

In Figs. 4.21(a) and 4.21(b), the averaged temperature and the RMS values of the
temperature for different positions downstream of the swirler are displayed, obtained
using TRK4 with an α = 0.2 and compared to the scheme TTG4A [Quartapelle 1993] of
AVBP. Both graphs show a good agreement, not only between the numerical simulations
but also compared to the experimental data. The deviation of the simulations from
the experiments for bigger radial distances can be explained by the fact, that the wall
boundary conditions are adiabatic and no thermal losses are taken into account.

4.5.3.1 Computational cost of TRK4

Concerning the simulations performed using the AVBP code, the TRK4 scheme has
been compared to the LW, RK4 and the TTG4A scheme regarding the precision of the
reproduced solution. Another interesting aspect, especially when talking about massively
parallel computations, is the computational cost generated by the scheme. To compare
these schemes, Eq. (4.35) has been deployed

Cost =
Total simulation time

physical time simulated · number of processors
(4.35)

and the results are presented in Tab. 4.2. The LW scheme was taken as reference.
The values obtained for the schemes LW, RK4 and TTG4A match those indicated by
Lamarque in [Lamarque 2007]. The reason for TRK4 to be as time consuming as TTG4A
is that for every step of the scheme two diffusive terms on two different stencils have to
be computed.
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(b) Comparison of the experimental measurements to the TRK4 scheme.

Figure 4.18: Comparison of the pressure fluctuations (normalized by the pressure dif-
ference between the inlet and the outlet) for a probe on the suction side situated on the
trailing edge circle. TRK4 for α = 0.3 is showing a good agreement compared to the
experimental measurements. Only the peaks of the signal are more damped than for the
TTGC simulation. An explanation for this could be due to the lower spatial resolution
of the TRK4 scheme (2nd order) compared to TTGC (3rd order).
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Figure 4.19: Comparison of the pressure fluctuations (normalized by the pressure dif-
ference between the inlet and the outlet) for a probe on the pressure side situated on the
trailing edge circle. TRK4 for α = 0.3 is showing a good agreement compared to the
experimental measurements. The difference to the TTGC scheme for this probe is rather
negligible.
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Figure 4.20: Cross section of the PRECCINSTA geometry.

Scheme Cost
LW 1

TTG4A 1.82

RK4 2.66

TRK4 1.97

Table 4.2: Computational cost of the different schemes deployed when using AVBP.
LW was taken as reference. The high value for the TRK4 scheme can be explained due
to the computation of two diffusive terms at each step of the scheme.
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Figure 4.21: a) Profiles of the temperature along cuts for different positions down-
stream of the PRECCINSTA burner. The simulations are in good agreement with each
other and also with the experiments. Higher values towards the walls of the combustion
chamber in the simulations are due to boundary conditions. - b) RMS profiles of the
temperature along cuts at different positions downstream of the PRECCINSTA burner.
The simulations are in good agreement with each other and also with the experiments.
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4.6 Conclusions

This chapter presented a new family of explicit schemes for hyperbolic equations with
incorporated tunable diffusion, called TRK schemes. Derived for a simple 1D transport
equation, it is shown that these schemes present a linear combination of Runge-Kutta
and Lax-Wendroff type schemes, which are blended using the parameter α. Their de-
velopment to second- and fourth-order accuracy, namely the schemes TRK2 and TRK4,
has been explained in detail. Following, the schemes were analyzed using a consistency
analysis as well as a Von Neumann analysis. The spatial discretization that are coupled
to the new time integration schemes are classical second- and fourth-order central spa-
tial discretizations. The implementation of the fourth-order scheme TRK4 into the LES
solver AVBP is described.
The theoretical part is followed by a series of numerical experiments and validations for
LES applications, e.g. the flow around a turbine blade and the combustion simulation
in the swirled flow of the PRECCINSTA burner. In particular, the TRK4 scheme is
of interest regarding the LES approach, since its properties shown by the consistency
and stability analysis are at no point inferior to what is at the basis of this scheme, i.e.
standard RK and LW-type schemes, but with the addition of giving the possibility to
adjust the diffusion implied in the scheme. Being fourth-order accurate in time, as shown
by the numerical experiments, the LES simulations were performed in combination with
a fourth-order spatial discretization in the case of YALES2 and a second-order spatial
discretization when AVBP was used. Nevertheless, TRK4 was capable of reproducing
equivalent results even in comparison to the TTG4A scheme, which is also fourth-order
accurate in time and third order accurate in space. Even for a complicated simulation
as the reactive test case of the PRECCINSTA burner, TRK4 showed good agreement
compared to the experiments and TTG4A.
Concerning the choice of the parameter α, it has to be pointed out that the optimal
value depends on the test case at hand. As can be observed from the convection of the
passive scalar, a value of α = 1.0 is recommended. For most other simulations a value
within the range of 0.2 ≤ α ≤ 0.3 has turned out to give the best results. Nevertheless,
certain test cases might show the need to diverge from this empirical result.
Nevertheless, the objective to benefit of numerical schemes with identical diffusive be-
havior for the direct comparison of AVBP and YALES2 was not reached. Although
TRK4 performed better than LW, the strong dissipation due to the second-order spatial
discretization of AVBP is not desirable. This is clearly a disadvantage when compared
to the TTG schemes of AVBP.





Part III

Comparison of the compressible and
the incompressible approach to LES





This section is dedicated to the comparison of the two approaches implemented in the
CFD solvers AVBP and YALES2, which have been presented earlier in part I. The test
cases are chosen to evaluate both the accuracy of the numerics implemented and the
performance of the codes, in particular when tending towards HPC. In order to obtain
meaningful results, the test cases are performed using the same characteristics (boundary
condition, SGS model, numerical schemes, ...) wherever possible. If no identical setting
is available, the best option possible is then taken.
Chapter 5 mainly responds to the question of the numerical accuracy of the schemes
implemented, whereas in chapter 6 both solvers are compared regarding the physical
content computed for a realistic configuration.

5 Basic test cases 83
5.1 Convection of a vortex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.1.1 2D vortex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.1.2 3D vortex benchmark . . . . . . . . . . . . . . . . . . . . . . . . . 85

6 Application to a realistic configuration 93
6.1 The test case of the KIAI burner . . . . . . . . . . . . . . . . . . . . . . . 93

6.1.1 Numerical setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6.1.2 General flow characteristics . . . . . . . . . . . . . . . . . . . . . . 97

6.1.2.1 Swirl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.1.3 Mean flow quantities analysis . . . . . . . . . . . . . . . . . . . . . 98

6.1.3.1 Qualitative assessment . . . . . . . . . . . . . . . . . . . . 98
6.1.3.2 Quantitative analysis . . . . . . . . . . . . . . . . . . . . 100

6.1.4 Instantaneous results . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.1.4.1 Qualitative considerations . . . . . . . . . . . . . . . . . . 105
6.1.4.2 Spectral analysis . . . . . . . . . . . . . . . . . . . . . . . 106

6.1.5 The effect of refining the mesh . . . . . . . . . . . . . . . . . . . . 122
6.1.6 Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.1.6.1 Benchmark of AVBP and YALES2 for the one-burner
configuration . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.1.6.2 Convergence behavior of the solvers . . . . . . . . . . . . 133
6.1.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134





Chapter 5

Basic test cases

5.1 Convection of a vortex

As already stated before, the quality of LES relies to a large extent on the numerical
schemes. In order not to overshadow the dissipation of the turbulent structures of the
subgrid-scale models, the use of low-dissipation and low-dispersion schemes is recom-
mended for explicit LES. A simple way to examine the impact of the numerical schemes
on these structures is the convection of a 2D vortex. More precisely, the transport of
an isentropic vortex is chosen, since its analytical solution is known, i. e. the stream
function:

Ψ (x, y) = Γ0 · exp

(
−(x− x0)2 + (y − y0)2

2R2

)
. (5.1)

In Eq. (5.1), Γ0 is the vortex strength, (x0, y0) represents the location of the vortex center
and R the radius of the vortex. The velocity and the vorticity distribution induced by
Eq. (5.1) is obtained by applying the velocity stream function relationship:

u =
∂Ψ

∂y
, v = −∂Ψ

∂x
, ω =

∂v

∂x
− ∂u

∂y
, (5.2)

leading to the following expressions:

u =− Γ0

R2
(y − y0) · exp

(
−(x− x0)2 + (y − y0)2

2R2

)
, (5.3)

v =
Γ0

R2
(x− x0) · exp

(
−(x− x0)2 + (y − y0)2

2R2

)
, (5.4)

ω =
Γ0

R2

(
2− (x− x0)2 + (y − y0)2

2R2

)
· exp

(
−(x− x0)2 + (y − y0)2

2R2

)
. (5.5)

Within the vortex, the maximum for the velocity magnitude is found at a distance r = R

from the center of the vortex and is defined as Umax =
√
u2
max + v2

max. The convection of
the vortex is achieved by adding a uniform velocity U0 in positive x-direction to the flow
field. The initial field of the simulation is generated using the parameters of Table 5.1.
The values are chosen to obtain an initial solution at a global Mach number ofMa = 0.1.
The value for the maximum velocity is defined to be Umax = 0.04·U0 and for the radius of
the vortex the following relation was determined R = L

20 . By this means, an interaction
of the initial vortex with the boundaries is avoided, since a vortical structure defined by
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ρ0

[
kg
m3

]
T0 [K] P0 [Pa] U0

[m
s

]
1.17170407 300 101300 35

Table 5.1: Parameters to generate initial solution of the vortex.

Eq. (5.1) has a near zero total circulation for r > 2R [Poinsot 2005]. However, the value
of the velocities are truncated to zero for r > 4R. One reason for this is to avoid the
impact of the vortex on itself, since periodic boundary conditions are set in all directions.

Regarding the computational domain, two different simulations are conducted. The
first one is a quadratic 2D domain with a characteristic length of L = 0.3112m. It is
discretized using 80× 80 rectangular mesh elements. This configuration is dedicated to
the above mentioned evaluation of the numerical scheme. The second set-up is based
on the 2D simulation. The computational domain is extruded in the third dimension,
again with an edge length of L = 0.3112m and divided into 80 elements. The objective
of the 3D simulation is to obtain a first idea of the performance of AVBP and YALES2.
In both cases, the origin of (x, y(, z)) is situated in the center of the computational
domain. Based on these informations the characteristics of the vortex are summarized
in Table 5.2.

Umax
[m

s

]
Γ
[

m2

s

]
1.4 3.59157

Table 5.2: Characteristics of the initial vortex.

These computations have been set to obtain 40 vortex cycles. At first sight, the
distance covered by the vortex is rather long, much longer than the average distance
of a vortex in a turbulent flow before dissipation would have broken up the structure
into smaller ones. Nevertheless, this leads to a more coherent picture of the scheme’s
behavior than when looking at the solution after one turnover. Furthermore, for the 3D
benchmark this approach allows to obtain significant results, since the time of the system
needed to set up the simulation becomes negligible compared to the real simulation time.
All simulations were performed on the IBM iDataplex of CERFACS (a.k.a. OCTOPUS),
using up to eight computing nodes. Each node is composed of two quad core Intel Xeon
"Nehalem" processors with a peak performance of 42.72 GFlops each and 24GB RAM
per node.

Table 5.3 summarizes the numerics deployed for both solvers. The idea is to deploy
the best numerical setup at hand for the simulations.

5.1.1 2D vortex

For the comparison of the simulations two different quantities are evaluated. The first
is the stream wise velocity distribution induced by the vortex (u− U0), plotted for the
entire computational domain in Figs. 5.1, 5.2 and 5.3. It provides a first qualitative
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AVBP YALES2
Numerical scheme TTGC (3rd order in space

and time)
TRK4 (4th order) time inte-
gration scheme) + 4th order
finite-volume spatial scheme

CFL number 0.7 (acoustic) 0.3 (convective)

Table 5.3: Numerical setup deployed for the simulations in two and three dimension of
the convected vortex.

notion of the solution produced by the code. Secondly, the transverse velocity is plotted
along a line probe for y = 0 in Fig. 5.4. Here, effects can be pointed out quantitatively.

When looking at the results in Fig. 5.1, obtained using AVBP, the vortex appears
unchanged. This is true regarding the intensity as well as for its position. This obser-
vation is confirmed by Fig. 5.4 - a) and b). The loss in transverse velocity is less than
10%.

In comparison, the results of YALES2 show a much more diffusive behavior, although
the numerical schemes of YALES2 are of higher order than those of AVBP. The induced
stream wise velocity for the YALES2 run with α = 1.0 is presented in Fig. 5.2. For
this setting, which corresponds to the finite-volume formulation of TTG4A, mainly dis-
sipation can be observed. The vortex is situated at the center of the domain during the
complete simulation. But for the induced stream wise velocity the plots become more
smudgy and the number of the iso-lines decreases. Looking at the transverse velocity of
this simulation in Fig. 5.4 - c), this loss can be quantified to a reduction of the velocity
down to 30% of the initial value.

Setting α = 0.2 reduces the dissipation but, at the same time, adds more dispersion
to the results, see Fig. 5.3. An indication for this are the wave-like patterns in the wake
of the vortex. For the induced stream wise velocity the larger number of iso-lines com-
pared to the run with α = 1.0 indicate the smaller dissipation, while simultaneously the
vortex shape deteriorates and changes its position and orientation due to the augmented
dispersion. This latter observation explains, why in Fig. 5.4 (d) the graphs show that
the amplitude of the transverse velocity increases again between the cycles 30 and 40,
since the line probe does not pass necessarily through the vortex center.

In the case of AVBP, this test confirms the experiences made so far with the scheme
TTGC, namely the very small dissipation as well as the low dispersion due to the use
of a mass matrix, as pointed out in 3.1. Contrary to this, the results of YALES2 can be
explained by taking a look at the modified equation presented in 3.2. It seems that the
dissipation introduced for α = 1.0 is able to dispose of the leading error term, which is
of dispersive character. By reducing the value of α, this leading error term is no longer
counterbalanced.

5.1.2 3D vortex benchmark

An idea of the performance of the codes AVBP and YALES2 is obtained by the 3D
simulation of the convected vortex. Four simulations for different Mach numbers, namely
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(a)

(b) (c)

(d) (e)

Figure 5.1: Evolution of the vortex for AVBP (TTGC, C = 0.7) at different instances
illustrated for the induced stream wise velocity u− U0.
a) initial solution - b) t = 10 L

U0
- c) t = 20 L

U0
- d) t = 30 L

U0
- e) t = 40 L

U0
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(a)

(b) (c)

(d) (e)

Figure 5.2: Evolution of the vortex for YALES2 (TRK4, C = 0.3, α = 1.0) at different
instances illustrated for the induced stream wise velocity u− U0.
a) initial solution - b) t = 10 L

U0
- c) t = 20 L

U0
- d) t = 30 L

U0
- e) t = 40 L

U0



88 Chapter 5. Basic test cases

(a)

(b) (c)

(d) (e)

Figure 5.3: Evolution of the vortex for YALES2 (TRK4, C = 0.3, α = 0.2) at different
instances illustrated for the induced stream wise velocity u− U0.
a) initial solution - b) t = 10 L

U0
- c) t = 20 L

U0
- d) t = 30 L

U0
- e) t = 40 L

U0
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(a) AVBP (b) AVBP

(c) YALES2 (α = 1.0) (d) YALES2 (α = 0.2)

Figure 5.4: Comparison of the transversal velocity along a line probe for y = 0. Graph
(b) presents a zoom on the AVBP solution (a), since the solutions are very close to each
other.
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Ma = 0.01, 0.1, 0.2, 0.3, have been conducted on a regular grid composed of 512000

rectangular elements. The first quantity of interest is the simulation time. As explained
earlier, it is expected that the time needed for one simulation of the compressible solver
will reduce for increasing Mach numbers, whereas the changes for YALES2 should be
negligible. This is confirmed by the present comparison and the result is presented in
Fig. 5.5.

Figure 5.5: The simulation time of the compressible solver AVBP decreases when the
Mach number increases, which corresponds perfectly to theory. The same can be stated
for YALES2, for which the simulation time is independent of the Mach number. Graphs
represent Ma = 0.3 , 0.2 , 0.1 , 0.01.

Although the simulation time is already a good indicator on how a solver performs,
more meaningful quantities are necessary to assess their behavior properly. One quantity
is the parallel speedup, which represents the parallel efficiency of a program. It is defined
as follows:

S (p) =
tref
tp

. (5.6)

In Eq. (5.6), tp is the time needed for a program to run on a certain number of processors
p, tref is the time needed by the same program on a reference number of processors
(usually pref = 1, if a sequential run is feasible) and S (p) is the resulting speedup in
simulation time that is induced to the increased processor number. The ideal case is
linear speedup, for which S (p) = p. In general, the speedup S (p) is mainly influenced
by the following two aspects:

• By increasing the number of processors used to solve a problem not only the com-
putational resources increase, but also the number of communications between the
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distributed tasks. The less the number of interchanges between two processors to
exchange results, the better the speedup. It is one of the key issues when perform-
ing massively parallel computations.

• A very important role is played by the architectures used for the simulations,
more precisely the kind and the location of the memory available. In general,
a distinction can be made between the cache memory (very fast - close to the
processor) and the standard memory RAM (for Random Access Memory). By
increasing the number of processors, the global amount of cache memory increases
as well. In return, the simulation time reduces and this can even lead to super-
scalar behavior of the program for a certain processor number, which fits to the
problem at hand.

To determine the speedup of a code, two different approaches are available. The first
measures the weak scaling that consists of increasing the problem size at the same time
as the number of processors is augmented. Usually, this is achieved by refining the mesh.
Alternative to this is the strong scaling, for which only the number of processors is in-
creased, while the problem size is kept constant. This latter approach is used throughout
this part of the work, since it is, in fact, an imitation of the procedural method used
for simulations on high performance computers. For the 3D test case of the convected
vortex both codes show similar behavior which is also very close to linear speedup, see
Fig. 5.6. Nevertheless, this is just a first result, since the size of the test case is rather
small.

(a) AVBP (b) YALES2

Figure 5.6: Speedup of AVBP and YALES2 for the test case of the 3D isentropic vortex
on 512000 mesh elements.

A second quantity, that is significant even if the problem size is rather small, is the
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efficiency, denoted E (p). The formula used to calculate this criterion is:

E (p) =
tp

(NiterNnode)
, (5.7)

whereNiter stands for the total number of iterations conducted throughout the simulation
and Nnode is the number of mesh nodes. Physically speaking, this can be seen as the time
needed to do a single iteration per node using p processors. Multiplying the efficiency
by the number of processors p results in the reduced efficiency, denoted RE (p) in the
following. This quantity is very convenient, since its value becomes constant when the
speedup of a code is linear. The unit of both, the efficiency as well as reduced efficiency,
is [µs].

The graphs for the reduced efficiency of AVBP and YALES2 in Fig. 5.7 correspond
to the results presented in Fig. 5.6. Although for the low Mach numbers the simulations
performed using YALES2 are faster, RE (p) reveals that one iteration for this solver
takes 3 to 4 times longer than AVBP. This is mainly due to the resolution of the Poisson
equation, which is solved implicitly. Conversely, a gain in simulation time, which is
linked to the incompressible formulation, is only achieved if

∆tconvective ≥ 4×∆tacoustic .

(a) (b)

Figure 5.7: Reduced efficiency of both codes for the test case of the 3D isentropic vortex
on 512000 mesh elements. The values for YALES2 are higher, because at each iteration
the inversion of the Poison equation is quite costly.



Chapter 6

Application to a realistic
configuration

The test cases presented in chapter 5 allow to point out characteristics for distinct prop-
erties of a solver, e. g. that of the numerical schemes implemented. In this chapter, the
CFD solvers are evaluated for the simulation of an industrial burner. At first, the com-
parison regarding the solution and the performance of AVBP and YALES2 is presented.
Subsequently, the feature of automatic mesh refinement of YALES2 is analyzed.

6.1 The test case of the KIAI burner

The aim of European project KIAI (short for Knowledge for Ignition, Acoustics and
Instabilities) is to provide insight into unsteady phenomena occurring especially in aero
engines. This knowledge is then intended to allow the development of CFD tools, help-
ing to reduce the emission of pollutants by next generation engines. Amongst the 18
partners working together in this project, CERFACS is involved in performing LES of
this configuration. Furthermore, the research center CORIA Rouen (FRANCE) is con-
ducting experimental studies in order to provide data, which will be used to validate the
LES. Hence, this one-burner configuration was chosen to serve as the test case, for which
a detailed comparison and a quality assessment of the solvers AVBP and YALES2 will
be presented for the non-reacting case. The simulations done using AVBP are realized
in collaboration with D. Barré (Ph.D. student at CERFACS).
The burner in question is composed of the following four components:

• Plenum - serving to tranquilize the flow before entering the injection system. A
grid placed in the lower part of the plenum destroys the large structures of the
flow.

• Swirl injection system - it consists of two admissions, see schematic in Fig. 6.1(b).
In the center a tube (d = 4mm) acts as fuel injector, which is surrounded by a
radial air swirler (Dext = 20mm). This air swirler is built of 9 or 18 channels,
respectively, which are inclined by 45◦. By this means, flows at different swirl
numbers can be obtained. For the simulations presented in the following, the 18
channel setup was used, see Fig. 6.1(c). The complete injection system is presented
in Fig. 6.1(d).

• Combustion chamber - its cross section is squared with an edge length of 100mm,
assuring a symmetric flow field, and its length is 260mm. Synthetic quartz is used
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to provide an optical access of 228× 78mm on at least three sides of the chamber,
allowing to perform diagnostics such as PIV, PLIF, see Fig. 6.1(a)

• Convergent exhaust - to avoid negative mean axial velocities.

(a) (b)

(c) (d)

Figure 6.1: a) Photo of the full combustion chamber used for the experiments at CO-
RIA Rouen. b) Burner configuration that is used for the comparisons. c) Picture of
the air swirler. d) The complete injection system. - All images courtesy of B. Renou
[Renou 2010]

The working point of this configuration is summarized in Table 6.1 and corresponds
to the fully premixed burner presented in Fig. 6.1(b). The indicated equivalence ratio for
the swirler φSwirler is equal to the total equivalence ration φtotal. During the cold flow
simulations temperature was at T = 298K and the pressure in the combustion chamber
was the ambient pressure P = 101325Pa.

6.1.1 Numerical setup

In order to obtain significant results for this comparison, it is assured to keep the nu-
merical setup identical wherever possible. The model of the geometry used for the mesh
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mfuel,Swirler mfuel,Injector mAir,Swirler mAir,Injector φInjector φSwirler[g
s

] [g
s

] [g
s

] [g
s

]
[−] [−]

0.218 0.010 5.03 0.227 0.76 0.75

Table 6.1: Flow conditions for the experiments

generation is presented in Fig. 6.2. The grid placed in the plenum, in order to tranquilize
the flow upstream of the swirler, is not taken into account in the simulations.

Figure 6.2: CAD model of the burner geometry

The basic mesh is created by David Barré using CENTAUR Soft (v9.0). It is an un-
structured mesh composed entirely of tetrahedral elements. This mesh serves mainly for
the direct comparison between AVBP and YALES2 and is depicted in Fig. 6.3. Table 6.2
summarizes the mesh’s characteristics.

Figure 6.3: Cut through the basic mesh. Composed of about 4.3 million tetrahedral
elements, this mesh is comparable to those used in industry for similar applications.
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basic mesh
Number of tetrahedras 4301471
Number of nodes 837311
Total cell volume 3.922 · 10−3m3

Table 6.2: Meshes used for the comparison of YALES2 with AVBP

In Table 6.3, the choices concerning the numerical methods and the boundary conditions
deployed for the simulations are summarized. Concerning the numerical scheme as well
as for the SGS model, the codes do not provide exactly the same options and hence,
these parameters are set as recommended in such cases.

For AVBP, this means the use of the Two-step Taylor Galerkin scheme TTGC, which
is detailed in section 3.1.4.3 and is the recommendation for turbulent flows due to its diffu-
sive characteristics. Furthermore, the WALE model is chosen as explained in section 2.3,
because this SGS model is particularly suited for wall bounded flows as encountered in
this configuration.

In the case of YALES2, the numerical scheme used in general is the TRK4 time
integration, which is detailed in part II, combined with a spatial discretization that is
fourth order accurate (see chapter 3.2.1.1). Concerning the SGS model, the dynamic
Smagorinsky model is the most sophisticated model at hand in YALES2. Due to the
automatic adjustment of the Smagorinsky constant, see section 2.3, this model is also
fitting for this kind of simulations.

AVBP YALES2
Numerical scheme TTGC TFV4A (α = 0.2)
CFL 0.7 (acoustic) 1.5 (convective)
SGS - Model WALE Dynamic Smagorinsky
Boundary Boundary condition supplementary informations
Inlet swirler INLET ṁ = 5.248 · 10−3 kg

s

Inlet jet INLET ṁ = 0.2371 · 10−3 kg
s

Outlet PRESSURE OUTLET 101325Pa

Central injection tube adiabatic slip wall -
Combustion chamber adiabatic no-slip wall -
Swirler adiabatic no-slip wall -
Exhaust cone adiabatic no-slip wall -

Table 6.3: Upper part - Numerical methods used for the simulations; lower part -
boundary conditions

Since the simulation is conducted for a non-reacting flow, both solvers are run using the
single species Air. The mean density of the gas mixture is ρ̄ = 1.14 kg

m3 .
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6.1.2 General flow characteristics

To give a general description of the flow field, at first the flow-through time for the
investigated setup and Reynolds number at the injection are indicated.

• The flow-through time is the ratio of the total mass within the system and the
mass flow rate of injected air and is calculated as follows:

TFlow−through = ρ
Vtot
ṁAir

= 1.14
kg
m3

0.00392176m3

0.005248kg
s

= 0.85191s

• The Reynolds number at the injection plane of the combustion chamber is

Re =
USwirlerDext

ν
,

where the velocity at the swirler is computed by USwirler =
√

∆P
ρ . This leads to

the following values for the Reynolds number:

Experiments: USwirler = 22.48m
s ⇒ ReSwirler ≈ 25028

• The Mach number at the injection for the present configuration is

Ma =
USwirler

c
= 0.064 ,

with the speed of sound, for which a value of c ≈ 352.2m
s is found.

6.1.2.1 Swirl

The flow that is to be observed is swirled. At present, the use of swirled flows in
combustion devices is very common, e. g. in gas turbine combustors (be it for jet engines
or power generation), internal combustion engines or refinery burners [Syred 2006]. It
represents one important technique towards low-polluting combustion.

The acceptance of swirl-stabilized combustion is mainly due to the fact that it is sim-
ple to implement regarding the construction of combustor systems, i. e. no additional
parts, which could impact the flow field, have to be introduced. Moreover, its mech-
anism was studied profoundly and is well documented. As explained in [Gupta 1985,
Syred 2006], the stabilization mechanism is mainly based on the formation of a Central
Recirculation Zone (CRZ) due to the breakdown of a highly-swirled flow. The CRZ is
responsible for the upstream transport of hot gases and unburned chemical species back
to the flame root. It is in fact the interaction of heat and active chemical species in
regions with low velocities, which is responsible for the improved flame stability.

Whether a CRZ occurs or not can be evaluated using the so-called swirl number.
This dimensionless quantity is based on the ratio of the angular momentum flux in axial
direction and the axial flux of the axial momentum multiplied by the corresponding
nozzle radius. The results presented in the following have been obtained using Eq. (6.1).
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It should be pointed out, that the pressure integral term for the axial momentum flux
has been neglected, as proposed by Sheen et al. in [Sheen 1996].

S =

∫ R
0 UWr2dr

R ·
∫ R

0 U2dr
(6.1)

The velocities U and W are the mean velocities in axial and tangential direction. Usually,
for swirl numbers larger than 0.6− 0.7 a Precessing Vortex Core (PVC) in combination
with a Central Recirculation Zone (CRZ) and an External Recirculation Zone (ERZ) (in
the case of confined flows) occur [Syred 2006]. This limit is the critical swirl number
Sc. Table 6.4 presents the swirl numbers calculated for the AVBP and YALES2 results
for different downstream positions. These results show a good agreement between the

Position z
D SAV BP SY ALES2 Re

0 0.78 0.80 25028
0.2 0.77 0.77 38860

Table 6.4: Swirl numbers for different planes normal to the flow direction. Swirl number
preliminarily obtained for the experiments Sxp = 0.9 [Renou 2010].

two codes and both solvers are within a 10% deviation compared to the experiments,
for which S was evaluated at the injection. Furthermore, the swirl numbers obtained lie
above the aforementioned critical swirl number range and hence, privileges the creation
of a CRZ in combination with a PVC.

6.1.3 Mean flow quantities analysis

6.1.3.1 Qualitative assessment

Figures 6.4 - 6.6 present the pseudo-color plots of the time averaged velocity components
for a plane at y = 0. The time average of a quantity φ (x, t) is obtained using

〈φ (x, t)〉 =
1

Tav

Nsol∑
n=1

φ (x, tn) ∆tav (6.2)

with ∆tav being the time between two snapshots, Nsol representing the total number of
instantaneous solutions available and Tav is the period, over which averaging is done. In
the present case Tav = 0.035s, starting from a converged solution at t = 2.274s. Referring
to the evaluation of the swirl number in section 6.1.2.1, Fig. 6.6 clearly shows the CRZ
occuring in both simulations, as well as the indication of the ERZ, which are expected
in a confined flow. Moreover, Fig. 6.5 is an indicator for the swirl-character of the flow.

At first sight the flows reproduced by AVBP as well as by YALES2 are very similar.
The most striking difference is the expansion of the iso-lines for the tangential and the
axial velocities predicted by both solvers. Nevertheless, these differences as well as the
disagreement in the opening angle of the injection or the penetration length of the vortical
structure are considered small.
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(a) AVBP (b) YALES2

Figure 6.4: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of radial
mean velocity for −10m

s ≤ 〈ux〉 ≤ 30m
s .

(a) AVBP (b) YALES2

Figure 6.5: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of tan-
gential mean velocity for −10m

s ≤ 〈uy〉 ≤ 30m
s .

(a) AVBP (b) YALES2

Figure 6.6: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of mean
axial velocity for −10m

s ≤ 〈uz〉 ≤ 30m
s .
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Another quantity of interest are the fluctuations, which are computed using the following
relation:

wRMS (x, t) =

√
< w (x, t)2 > − < w (x, t) >2 (6.3)

Using the velocity fluctuations to determine the fluctuating kinetic energy
(

1
2uRMSuRMS

)
allows to visualize regions of high turbulent activity. For the present test case this is
illustrated in Fig. 6.7. The high levels of this quantity, occurring at the location of the
jet and enclosing the CRZ, can be interpreted as an indication of the PVC. Once more,
AVBP and YALES2 give very similar results.

(a) AVBP (b) YALES2

Figure 6.7: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of the
fluctuating kinetic energy.

6.1.3.2 Quantitative analysis

Mean flow

In order to obtain a more precise idea of the agreement achieved between the two
codes, the profiles of the mean velocity components along several line probes are com-
pared. The position at which the profiles are located is presented in Fig. 6.8(a). The
results of the numerical simulations are compared to the experimental results in addi-
tion. Figures 6.9 to 6.11 present the the results obtained. Data of the simulated flow
fields was extracted for 300 equidistant points along the line probes. For the tangential
velocity component only the comparison between the two CFD solvers is performed, due
to the lack of experimental data.

At first glance the results are very encouraging regarding the direct comparison of
AVBP and YALES2. The good accordance found for the qualitative assessment of both
codes is now validated quantitatively. Only smaller differences occur in form of slight
over- or underestimations. For the overall result, though, it can be stated that both
solvers reproduce the same mean flow field.
Regarding the swirled flow and the phenomena this implies, the profiles for the tangential
mean velocity of Fig. 6.11 clearly reveal its swirled nature. Taking a closer look at the
high level of the tangential mean velocity the flow can be considered as highly swirled.
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(a)

Profile z [m]

1 0.0343

2 0.0393

3 0.0493

4 0.0593

5 0.0693

(b)

Figure 6.8: (a) Position of the line probes, for which the mean velocity components are
plotted. - (b) Coordinate in axial direction for the placement of the 1D profiles.

Moreover, the axial mean velocity, presented in Fig. 6.10 brings out the appearance of
the CRZ, which is surrounded by the jet of the injection. Hence, the conclusions drawn
from the qualitative assessment of the mean flow are confirmed.

This first impression is further confirmed by the agreement of the numerical solutions
with the experimental measurements, which is very good as well. The opening angle of
the injection, the penetration length of the jet as well as flow structures, e. g. the CRZ,
are well predicted by either solver.

Fluctuating quantities

For the line probes 1-5, presented in Fig. 6.8(a), the velocity fluctuations have been
extracted. The results of AVBP and YALES2 are presented in Figs. 6.12 - 6.14 and are
compared to the experimental data, wherever available.
Regarding the level predicted by the numerical simulations and the experiments, the
results show a good agreement. Solely the profiles of the radial and the axial velocity
for z = 0.0343m and the axial velocity fluctuation at z = 0.0393m are overestimated by
both solvers. Since the graphs of AVBP and YALES2 are superposed for these coordi-
nates, it is supposed that the difference between experiments and simulations are due to
a disparity of the boundary conditions. As pointed out in Table 6.3, adiabatic slip-wall
is set to the region of the central injection. This measure is necessary in order to obtain
the correct velocity distribution at the exit of the central tube.
Taking a closer look at the graph (z = 0.0343m) of Fig. 6.14 reveals a rather important
divergence of the two codes. AVBP presents two distinct peaks at each side of the axis
line, whereas YALES2 just slightly gives a hint to their existence.
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Figure 6.9: Mean profiles of the radial velocity 〈ux〉.

Figure 6.10: Mean profiles of the axial velocity 〈uz〉.
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Figure 6.11: Mean profiles of the tangential velocity 〈uy〉.

Figure 6.12: Profiles of the radial velocity fluctuations ux,RMS.
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Figure 6.13: Profiles of the axial velocity fluctuations uz,RMS.

Figure 6.14: Profiles of the tangential velocity fluctuations uy,RMS.
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6.1.4 Instantaneous results

6.1.4.1 Qualitative considerations

As for the mean flow, the first analysis of the instantaneous flow field given by AVBP
and YALES2 is the comparison of pseudo-color plots close to the injection. First of all,
the Figs. 6.15 - 6.17 clearly illustrate the turbulent flow originating from the injector.
Regarding these plots, the same observations of flow phenomena can be made as it was
done for the mean velocity plots, i. e. the recirculation zones, the expansion of the flow
field into the combustion chamber and the swirled nature of the flow. Again, the results
obtained for AVBP and YALES2 seem very similar.

(a) AVBP (b) YALES2

Figure 6.15: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of the
radial velocity for −10m

s ≤ ux ≤ 30m
s .

(a) AVBP (b) YALES2

Figure 6.16: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of the
tangential velocity for −10m

s ≤ uy ≤ 30m
s .

So far, the existence of the PVC is based on theory and on plots of mean and fluctu-
ating quantities. One approach to visualize such vortical structures is the Q-criterion
[Hussain 1995]. The basic idea is to split the velocity gradient into:

∇u = Ω + S . (6.4)
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(a) AVBP (b) YALES2

Figure 6.17: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of the
axial velocity for −10m

s ≤ uz ≤ 30m
s .

Ω, the vorticity tensor, and the rate-of-strain tensor S are defined as

Ω =
1

2

[
∇u− (∇u)T

]
. (6.5)

S =
1

2

[
∇u + (∇u)T

]
, (6.6)

As defined in [Hunt 1988], a vortex is a region in space, for which

Q =
1

2

[
|Q|2 − |S|2

]
> 0 , (6.7)

i. e. regions where rotation dominates strain in the flow. Figure 6.18 presents two
different snapshots for AVBP and YALES2 illustrating the so-called fingers of the PVC.
As can be noticed, the number of the fingers of the PVC can vary, not only between two
different solvers, but also within a simulation in the course of time.

6.1.4.2 Spectral analysis

In order to clearly identify the phenomena occurring in the swirler a spectral analysis
of the flow field is performed. First, the spectral tools in use are presented. Then, the
results are put into perspective.

The acoustic solver AVSP

AVSP is the in-house acoustic solver of CERFACS [Nottin 2000, Benoit 2005, Nicoud 2007,
Sensiau 2008, Gullaud 2010, Silva 2010, Wieczorek 2010]. It is based on the AVBP solver
and thus, inherits such features as the ability to treat unstructured meshes and run in
parallel. Since the prediction of low and medium frequency instabilities does not require
highly refined meshes, it is possible to treat even complex three-dimensional geometries
at reasonable computational costs.
For a given mean flow, AVSP solves the Helmholtz equation (6.8), with c being the local
mean flow velocity (usually obtained through an AVBP simulation) and p′ representing
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(a) AVBP (b) YALES2

Figure 6.18: Iso-surface of the Q-criterion visualizing the PVC. For AVBP, it is com-
posed of 3 fingers, in the case of YALES2 of 2. The number of the finger like structures
varied during the simulation.

the acoustic pressure fluctuation. The solution produced by the acoustic solver consists
of two information: First, the eigenfrequency ω of the investigated geometry and, sec-
ond, the spatial structure of the associated eigenmode in form of the pressure fluctuation
field, both solutions of:

∇ ·
(
c2∇p′

)
+ ω2p′ = 0 (6.8)

This approach implies a certain number of assumptions, which are

• Low-Mach number flow,

• negligible volumetric forces,

• linear acoustics regime, i. e. only considering small acoustic fluctuations and

• constant mean pressure P0 in the whole configuration.

The following boundary conditions are available in AVSP:

1. Zero acoustic pressure boundary

2. Zero acoustic speed boundary

3. Specified admittance boundary

4. Multiperforated plates
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In the present case only the boundaries for p′ = 0 and u′ = 0 are used. This choice is
seen applicable mainly due to the low Mach number.
The frequencies of the acoustic modes identified by AVSP are compared to Fast-Fourier
Transformation (FFT) of pressure fluctuations recorded at different locations in the
flow field, in order to give insight into the differences between the compressible and
incompressible approach.

The Proper Orthogonal Decomposition method (POD)

A second approach to perform a spatio-temporal analysis is the Proper Orthogonal De-
composition method. The basic idea for this method relies on the work of Karhunen
[Karhunen 1946] and Loève [Loève 1945], who presented an approach to reproduce a
stochastic process by linear combinations of orthogonal functions. Lumley [Lumley 1967]
was the first to introduce the POD1 method for turbulent flow analysis. The results pre-
sented in this section were obtained applying the so-called snapshot POD [Sirovich 1987],
which can be seen as a discrete version of the classical method. Since the POD has
been elaborated many times in literature [Berkooz 1993, Holmes 1996, Chatterjee 2000,
Pope 2000, Huang 2006, Wolf 2010, Roux 2008], only the principle is recalled briefly.
Based on the sequence of a discrete number Nsol of snapshots at different instants
tn = t1..tN , the flow quantity φ (x, tn) is approximated using the Galerkin approximation

φ (x, tn) =
M∑
i=0

ai (tn)φi (x) , (6.9)

with ai being one of the M = Nsol temporal amplitude coefficients and φi representing
the corresponding basis function. Note that the time step between two snapshots tn and
tn+1 should be constant for the complete set of snapshots. Furthermore, the choice of
this time step size determines the maximum frequencies resolved by the POD following
the Nyquist-Shannon sampling theorem [Shannon 1949].
The POD now reconstructs the snapshots according to Eq. (6.9) such that Eq. (6.10)
is optimized (i. e. minimization of the orthogonal projection error εk) for k orthogonal
basis functions, with k ≤ Nsol.

εk =

∫
Ω

∫
T

(
φ (x, tn)−

k∑
i=0

ai (tn)φi (x)

)2

dtdV , (6.10)

The first mode φ0 represents the temporal average of the snapshot sequence with the
coefficient a0 = 1, allowing to focus the analysis on the fluctuating quantities φ′ = φ−φ0.
Finding the optimum for Eq. 6.10 then leads to the task of solving the eigenvalue problem

C ai = λi ai . (6.11)

The correlation matrix C of Eq. 6.11 is composed of the inner product of the quantity of
interest at different instants tn. The eigenvectors ai found for each mode i are composed

1This denomination is mainly established in the field of fluid mechanics
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of the amplitude coefficients ai and are sorted by the corresponding eigenvalue λi, which
gives evidence about the intensity of the mode.

Since the POD is also applied to incompressible simulations, the flow velocity is the
variable of interest. Thus, the inner product, which is used to obtain the correlation
matrix C, represents the kinetic energy.
The eigenvectors ai allow to reconstruct the temporal evolution (and frequency content)
of each mode, which then is compared to FFT of flow velocity signals probed throughout
the computational domain. Furthermore, the representation φi (x) allows to determine
the form in physical space of the mode i. A POD tool is available in the solver YALES2
and was used in the course of this work.

Results of the Fast Fourier Transformation (FFT) analysis of the flow

In a first attempt, FFT spectra at different probe locations are presented, in order
to obtain an idea of the frequencies present within the flow field. Based on this infor-
mation, the utilities AVSP and the POD method will be used to identify the nature of
the modes in consideration, so whether these modes are attributed to the PVC or to
acoustics. Before starting with the presentation and interpretation of the results, some
characteristics concerning the solutions at hand are summarized in Table 6.5:

AVBP YALES2
Physical time simulated 35ms

Spectral resolution 28.57Hz

Sampling rate probes 59159Hz 58554Hz

Table 6.5: Information necessary for the following considerations concerning data ac-
quisition during the simulations with AVBP and YALES2.

Fourier transformation is based on the assumption that the signal is of infinite length,
or at least periodic, and that this signal can be described as a sum of harmonic waves
of different frequency content and phase. Since it is not possible to achieve such a signal
in real life, compromises have to be met. Hence, to guarantee a certain level of quality
a signal should be stationary, i. e. the first central moments do not vary with time
[Kunt 1981]. In the present work this will be evaluated for the mean and RMS values of
the pressure signal recorded for probe 98, see Fig. 6.25. Although restricted to probe 98,
similar results are obtained for probes throughout the computational domain. The raw
data of this probe, normalized by the mean pressure value of the signal, is presented in
Fig. (6.19) for the two solvers. Already at this stage the high content of low frequencies
in the signal produced by YALES2 is noticeable and it can be expected to be recovered
in the results of the FFT. In order to judge the stationarity, the 35ms signals are divided
into four parts of 9ms duration. The central moment of order zero and one, i. e. the
mean and the RMS values, are examined on each of the 0.9ms samples. The result
for the mean values is plotted in Fig. 6.20. For the signal computed by YALES2 the
mean value shows strong variations compared to what is obtained for AVBP, differing
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(a) AVBP

(b) YALES2

Figure 6.19: Pressure signal recorded by probe 98. The signal produced by YALES2 (b)
shows a higher content of low frequencies than the one of AVBP (a).

(a) AVBP (b) YALES2

Figure 6.20: Comparison of the mean value evolution for the pressure signal of probe 98.
For this comparison the signal of 35ms is divided in four sub signals of 9ms. Variations
of the mean value are one indication for possible bias in the low frequency representation
of the FFT. (a) AVBP - (b) YALES2
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by one order of magnitude. It shall be recalled at this point that the solutions of both
simulations are converged, see Fig. 6.52. The same behavior is discovered for the RMS
values of the same signal, see Fig. 6.21. Note that the global RMS value is higher in
YALES2 compared to AVBP.

(a) AVBP (b) YALES2

Figure 6.21: Evolution of the RMS values for the pressure signal of probe 98. For this
comparison the signal of 35ms is divided in four sub signals of 9ms. YALES2 exhibits
stronger variations than AVBP. (a) AVBP - (b) YALES2

Concerning the general accuracy of the FFT results for the simulation of the KIAI test
case a consequence of these strong temporal variations for the zeroth and first central
moment is the introduction of a bias in the low frequency band in particular. This has
to be kept in mind for any further interpretation.
The signal recorded by probe 72 at the exit of the nozzle (see location in Fig. 6.22) is
subjected to a FFT on pressure and the velocity components. The results are presented
in Figs. 6.23 and 6.24 (only the radial velocity component is considered, since the spectra
of the other two components do not add any extra information). In both cases the codes
give similar spectra. The main peaks occur around 650Hz, 1200Hz and 2000Hz. In
addition, a peak at around 125Hz is found in the spectrum of AVBP. At first glance this
peak could represent the acoustics contained in the compressible formulation of AVBP,
but so far this hypothesis has to be verified. Furthermore, Fig. 6.23(b) exhibits rising
amplitudes when approaching the very low frequencies from 200Hz down to 0Hz. This
certainly is, at least in parts, due to the before presented analyses of the signal properties.

Based on the frequencies at approximately 650Hz and 1200Hz identified with the help of
the spectral analysis, the Strouhal numbers for these peaks are calculated. The Strouhal
number is defined by:

St =
Dextf

USwirler
, (6.12)

with f the frequency of the PVC, Dext the exterior diameter of the swirler exit and
USwirler the stream velocity of the flow entering the combustion chamber. The values
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Figure 6.22: Probe 72 is situated in the injection plane in the nozzle exit.

(a) AVBP (b) YALES2

Figure 6.23: FFT amplitude of the radial velocity signal recorded at probe 72.

(a) AVBP (b) YALES2

Figure 6.24: FFT amplitude of the static pressure signal recorded at probe 72.
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obtained for the Strouhal number are summarized in Table 6.6.

Frequency [Hz] 640/680 1180/1195
St [-] 0.427-0.453 0.787 - 0.797

Table 6.6: Strouhal numbers for the frequency ranges identified using FFT.

Regarding the Strouhal numbers given in the literature, e. g. [Syred 2006], the values
usually found for a PVC are in the range of the result of St ≈ 0.8 presented in Table 6.6
for the second frequency of 1200Hz. It is this frequency then, which is considered the
main frequency of the PVC. The occurrence of the other frequencies explains what is
hinted at in Fig. 6.18, namely the emergence and disappearance of the finger like struc-
tures of the PVC during the simulation.
Next, the nature of the low frequency peak spotted in the AVBP spectrum is examined.
Due to the position of probe 72 it is rather difficult to unambiguously identify hydro-
dynamic from acoustic modes. Therefore, a second set of probes is investigated using
FFT. This time, probes 47, 98 and 164, are situated farther away from the PVC in the
combustion chamber as well as in the plenum. Their positions are given in Fig. 6.25.
Since the main interest with these probes are the acoustic modes, only the static pressure
fluctuations are analyzed.

Figure 6.25: Position of the probes located outside of the PVC, in order to identify
frequencies of acoustic modes.

First of all, the YALES2 spectra for the probes placed in the combustion chamber, see
graphs (b) of Figs. 6.27 and 6.28, do resemble one another. This is consistent with the
elliptic nature of the incompressible NS equations, since these results imply that the
information of flow field variations is transmitted throughout the computational domain
almost instantly (see section 1.4). Furthermore, the increased intensity in the YALES2
spectra for decreasing frequencies is partly attributed to the variations of the first central
moments of the underlying signal.

Secondly, the spectra of AVBP and YALES2 plotted in Figs. 6.26 - 6.28 present a shift
of the high amplitudes towards the low frequencies. In the case of AVBP, three peaks
so far not identified as being due to hydrodynamics are found within the combustion
chamber at frequencies around 125Hz, 580Hz and 865Hz. These three frequencies are
supposedly acoustic modes in the chamber and will be studied in more detail in the next
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paragraph. The plenum, represented by probe 47 only reveals a peak around 30Hz. This
very low frequency found in the plenum is not conclusive, given the spectral resolution
presented in Table 6.5.

(a) AVBP (b) YALES2

Figure 6.26: FFT of the static pressure fluctuations for probe 47. a) AVBP - b)
YALES2

(a) AVBP (b) YALES2

Figure 6.27: FFT of the static pressure fluctuations for probe 98. a) AVBP - b)
YALES2

The acoustic field solution of AVSP

In Table 6.7, the eigenfrequencies of the identified acoustic modes that can occur in
the KIAI configuration are listed and are now being compared to the results presented
in the preceding paragraph. With regard to this, one needs to note that the peaks ob-
tained from the FFT for the probes 47, 98 and 164 are also solutions of the acoustic
solver.
Again considering probe 98, the acoustic modes corresponding to the peaks identified in
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(a) AVBP (b) YALES2

Figure 6.28: FFT of the static pressure fluctuations for probe 164. a) AVBP - b)
YALES2

Mode [-] Frequency [Hz]
0 28
2 150.53

12,13 580
18,19 650
34 865.66

Table 6.7: Acoustic modes and corresponding frequencies as a result of the AVSP sim-
ulation.

this spectra are the modes 2, 12/13 and 34 given by AVSP. The spatial representation
(in terms of the acoustic pressure) is presented in Fig. 6.29 and 6.31. Note that the "0"
acoustic mode found by AVSP cannot be identified with absolute certainty in the AVBP
LES because its frequency is too close to the spectral resolution of the solution.
Another option to evaluate the presence of acoustics in a given configuration is by

oversaturating the pseudo-color plot of the pressure RMS issued by LES, see Fig. 6.30.
The now visible structures in Fig. 6.30(a) bear resemblance with the modes 12 and 13
calculated by AVSP, by which the acoustics present in AVBP could be demonstrated.
Furthermore, the lack of structures resembling the AVSP solution in Fig. 6.30(b) is
consistent with the assumption that acoustics are not present in the incompressible
simulation.
The frequency of the eigenmode visualized in Fig. 6.30(a), which coincides with mode
12/13 of the acoustic solution, is f ≈ 580Hz. This does not mean of course that the
rest of the eigenmodes is not present, but rather that in terms of visibility this acoustic
mode is more easily spotted. Moreover, the acoustic modes 18 and 19, which are in fact
exactly at one of the PVC frequencies, are seen as an indicator for the coupling of the
fluid with acoustics. They are plotted in Fig. 6.29.
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(a)

(b)

(c)

(d)

(e)

Figure 6.29: The spatial structures of the acoustic eigenmodes 2 and 34 correspond to
the frequencies identified in the FFT spectrum of probe 98. Mode 18 and 19 are seen as
an indication for the coupling of the fluid with acoustics.
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(a)

(b)

Figure 6.30: Comparison of the pressure RMS of AVBP (a) and YALES2 (b) repre-
sented in oversaturated pseudo-color plots using a logarithmic scale. Structures resem-
bling the acoustic eigenmodes 12 and 13 can be found in the plot of the AVBP solution
but not for YALES2.

(a)

(b)

Figure 6.31: The spatial structures of the acoustic eigenmodes 12 and 13 resemble
the mode represented in the AVBP pressure RMS in Fig. 6.30(a). Both eigenmodes
correspond to one frequency identified in the FFT spectrum of probe 98.
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Evaluation using the Proper Orthogonal Decomposition (POD) approach

Finally, the POD method is used to determine the PVC. Its frequencies identified with
the POD method are compared to the ones found by the FFT. In addition, the inten-
sity of the hydrodynamic structures of AVBP and YALES2 are quantified, due to the
ordering of the eigenvalues. For this analysis Nsol = 200 snapshots are gathered during
the physical time simulated and at a sampling rate indicated in Table 6.5. The quantity
analyzed are the velocity fluctuations.
As explained, one result obtained by the POD are the eigenvalues of the different
modes, also referred to as energies. Since in the present diagnostics the velocity is
the quantity of interest, these eigenvalues are indeed related to the fluid’s kinetic energy
[Chatterjee 2000]. They are organized beginning with the most energetic mode. Fig-
ure 6.32 presents the energy levels of the first 100 modes found for AVBP and YALES2.
The difference between the energy levels is overall rather small, indicating that the over-
all level of kinetic energy in the flow field for both solutions is similar. This is confirmed
by the plot of the kinetic energy over time, see Fig. 6.52.

Figure 6.32: Energy level of the first hundred eigenvalues given by the POD analysis of
the velocity fluctuations for AVBP and YALES2.

At first, the peak frequencies of the POD eigenmodes, which are obtained by subjecting
the eigenvectors Ai of Eq. (6.11) to a FFT, are compared to the frequencies found for
the FFT of the probe 72. The corresponding modes are listed in Table 6.8. In order to
link the extracted frequencies of probe 72 to the modes identified using POD, the spatial
representation φ (x) of the POD is analyzed, whether the structure of the PVC is visible
or not.

For the first frequency of f ≈ 650Hz, Figs. 6.33 and 6.34 compare the structure in the
flow field of the corresponding modes. Although three different eigenmodes at the same
frequency are found, this proofs that this frequency is not only acoustic, but also linked
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Strongest Frequency of the PVC [Hz] ModeAVBP ModeYALES2

∼ 650 18,50 15
∼ 1200 21 21

Table 6.8: Frequencies of the POD modes of AVBP and YALES2 attributed to the PVC.

to the PVC, as it was assumed in the preceding paragraph. Fig. 6.33 particularly reveals
the presence of the vortical structures in form of iso-surfaces of the velocity magnitude.
This result is consistent with the plots of the axial velocity component of the eigenmode,
shown in Fig. 6.34.

(a) (b)

Figure 6.33: Comparison of the iso-contour for the velocity magnitude of (a) AVBP
(eigenmodes 18 and 50 are combined) and (b) of YALES2 (eigenmode 15). The structure
of the PVC is clearly visible.

Concerning the frequency of f ≈ 1200Hz, the snapshots of mode 21 as well as their iso-
contours for the velocity magnitude are compared in Figs. 6.35 and 6.36. For this second
frequency, which was classified as the main PVC frequency using the swirl number,
the accordance of the iso-contour is particularly good, even more since the exact same
iso-values are used (Uiso,21 = 350m

s ).
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(a)

(b)

(c)

Figure 6.34: Spatial structures for the axial component of the velocity magnitude of
the eigenmodes 18 (a) and 50 (b) of AVBP (iso-value: 320m

s ) as well as of eigenmode
15 (c) of YALES2 (iso-value: 200m

s ). These modes are identified for the frequency of
approximately 650Hz of the PVC. The different iso-values refer to the difference in the
energy level between the modes.
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(a)

(b)

Figure 6.35: Spatial structures for the axial component of the velocity magnitude of
the Eigenmodes 21 of AVBP (a) and YALES2 (b). These modes are identified for the
frequency of approximately 1200Hz, which is attributed to the PVC.

(a) (b)

Figure 6.36: Spatial structures for the velocity magnitude of the Eigenmodes 21 of
AVBP (a) and YALES2 (b). These modes are identified for the frequency of approxi-
mately 1200Hz, which is attributed to the PVC.
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To conclude on this section, it is confirmed that acoustic information is only present
in the solution provided by AVBP. By comparison of the FFT spectra to the solution
of the AVSP solver, the acoustic modes have clearly been identified. In addition, the
consideration of pressure RMS plots of AVBP and YALES2 is consistent with theory,
stating that the incompressible equations do not account for acoustics. At this point
it shall be highlighted that the higher constant RMS values of YALES2 in Fig. 6.21(b)
are in accordance with Fig. 6.30(b). Again, this is due to the incompressible approach
(see 1.4), which propagates pressure fluctuations instantaneously up- and downstream,
leading to variations in the RMS of the pressure term. Taking into account the role of
the pressure term within the incompressible NS equations, it is expected to find this
behavior whenever performing incompressible simulations of unsteady turbulent flows.
These fluctuations of the RMS values could be an explanation for the higher amplitudes
of the lower frequencies in the FFT.
Regarding the PVC, two statements can be made. First, the intensity in terms of kinetic
energy is similar for AVBP and YALES2. This is clear when considering the eigenvalues
calculated using POD. Second, the characteristic frequencies of the PVC, which are
important also in terms of kinetic energy, have been identified.
Having established that the main structures of the flow are reproduced similarly by
AVBP and YALES2, the prediction of the pressure loss by either code is evaluated.

6.1.5 The effect of refining the mesh

For applications, such as the KIAI burner, one very important quantity for their de-
velopment is the pressure drop occurring across the swirler, since pressure losses can
impact the performance of the device. Whereas measurements are feasible for rather
simple systems such as the combustor studied here, this still is one of the main issues
when performing LES. The pressure drop is defined as follows:

∆P = Ptot,2 − Ptot,1 , (6.13)

with Ptot,1 and Ptot,2 being the total pressure upstream and downstream of the swirler
respectively. Depending on the approach, the total pressure has to be calculated dif-
ferently, namely using Eq. (6.14) based on Bernoulli, which is applicable in the case of
incompressible flow, and Eq. (6.15), derived for the isentropic process of bringing the
fluid to stagnation.

Ptot,incomp =Pstat +
1

2
ρ
[
u2
x + u2

y + u2
z

]
(6.14)

Ptot,comp =Pstat

(
1 +

γ − 1

2
Ma2

) γ
γ−1

(6.15)

One of the main issues impacting on the pressure loss prediction is a rather poor reso-
lution of the velocity gradients at the wall, which clearly depends on the computational
mesh. It becomes obvious that in a swirler, e. g., the result of imposing a poor estimate
of the linear losses (wall friction) as well as a wrong flow behavior in the main stream
has a rather strong impact.
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Often in LES the sub-grid scales are modeled as isotropic structures due to the construc-
tion of the SGS models. Conversely, this assumption of isotropic structures becomes less
accurate the closer the flow approaches a wall [Robinson 1991]. Considering the bound-
ary layer as composed of two regions, it can be distinguished between the outer layer
and the wall layer. In the latter strong velocity gradients can occur as well as significant
production and dissipation of turbulence [Piomelli 2010]. To distinguish between the dif-
ferent near wall regions, wall units are used, which are dimensionless quantities denoted
by a superscript +, e. g. y+ of Eq. (6.16) represents the dimensionless wall distance in
viscous lengths and is defined as

y+ =
uτy

ν
, (6.16)

where uτ =
√

τwall
ρ being the so-called friction velocity. Equation (6.16) resembles a

Reynolds number and can thus be seen as an indicator for the relevance of viscosity and
turbulence when approaching the wall [Pope 2000]. The inner layer is usually considered
for y+ < 50 [Pope 2000]. Reproducing the flow accurately in this region is anything but
evident and moreover, can become very expensive.
Two main numerical strategies can be derived to improve the pressure drop estimate. One
is the application of wall-law boundary conditions, in order to reproduce more accurately
the boundary layer flow in the different sub-layers. Alternatively, the sufficient refinement
of the grid in the near wall region would theoretically lead to the same result as the wall-
law, provided that the SGS model has the desired behavior. But even with the increasing
computational power, mainly in form of massively parallel machines, the latter option
remains difficult to achieve, especially for complex configurations. The reason for this is
that the number of solvers able to handle such huge meshes is rather limited. YALES2 is
one of the solvers capable of doing so (see Fig. 3.6) because of the option to automatically
refine the mesh, see section 3.2.3.

This section presents an evaluation of the impact on the pressure loss prediction
due to a higher resolution of the near wall region in LES of a complex geometry. For
this reason, the simulation performed so far was repeated using different meshes. Ta-
ble 6.9 summarizes the properties of the computational grids, which are all composed
of tetrahedral elements. The non-dimensional wall distance is used here to give an idea
at what level the different meshes resolve the wall boundary layer. Mesh 1 was a first
attempt to obtain an idea of the flow field in general and thus, it is very coarse. Since
no mesh refinement algorithm is implemented in AVBP, mesh 3 was created explicitly.
Although composed of less cells and giving a higher y+, it has to be kept in mind that
the mesh refinement was done locally in consideration of the flow topology, contrary to
the homogeneous refinement in the computational domain by YALES2.
In a first step the impact of refining the mesh on the flow field is evaluated for the mean
and fluctuating quantities. The results for the axial mean velocity profiles of AVBP
are presented in Figs. 6.38 and 6.39, the ones for YALES2 in Figs. 6.40 as well as in
Fig. 6.41. Here, already an influence is noticeable close to the central injection. Using
no-slip wall boundary conditions with a low mesh resolution leads to an overestimation
resulting in a peak not occurring in the experimental data. Increasing the resolution
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Mesh number 1 2 3 4 5
Number of elements 2M 4.3M 24M 35M 275M

y+ ∼ 60 ∼ 30 ∼ 20 ∼ 15 ∼ 8

Table 6.9: Basic characteristics of the meshes used. Mesh 4 and 5 represent the au-
tomated refinement levels provided by YALES2 based on mesh 2. Mesh 3 was generated
explicitly for this comparison.

(a) (b) (c)

Figure 6.37: Evolution of the mesh refinement: a) basis mesh (4.3M cells) - b) first
refinement level ( 35M cells) - c) second refinement level ( 275M cells).

corrects the velocity magnitude in this region. When looking at the radial mean velocity
and RMS obtained with YALES2 (Figs. 6.42 and 6.43), important differences due to the
mesh resolution only occur for the velocity fluctuations. This observation is also valid
for AVBP, see Figs. 6.44 and 6.45. For the simulation using the mesh composed of 274M
cells no quantity related to the mean flow field could be extracted, since the total time
of Tav = 35ms was not reached.

In order to give a visual impression other than in form of 1D graphs, the different levels
of the mesh refinement are depicted exemplarily for the meshes 2, 4 and 5 of YALES2
in Figs. 6.37(a) - 6.37(c). Furthermore, a snapshot of the axial velocity is plotted for
the meshes 2, 4 and 5, see Fig. 6.46. The level of details regarding the resolved flow
structures increases noticeably.
The evolution of the total pressure along the centerline in axial direction for AVBP and
YALES2 is presented in Fig. 6.47 and the absolute values are indicated in Table 6.10.
The difference regarding the absolute values of the total pressure reproduced by YALES2
is simply due to the post-processing. To recalculate this quantity, the reference pressure
was used, which is not exact but enhances the readability of the graph. This is valid,
since the absolute pressure values are of no importance for the incompressible approach.
Taking into account the results of the comparison between AVBP and YALES2 so far,
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Figure 6.38: Profiles of the axial mean velocity for the meshes 1,2 and 3 obtained using
AVBP. Source: [Barré 2011]

Figure 6.39: Profiles of the axial velocity fluctuations for the meshes 1,2 and 3 obtained
using AVBP. Source: [Barré 2011]
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Figure 6.40: Profiles of the axial mean velocity for the meshes 1,2 and 4 obtained using
YALES2.

Figure 6.41: Profiles of the axial velocity fluctuations for the meshes 1,2 and 4 obtained
using YALES2.
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Figure 6.42: Profiles of the radial mean velocity for the meshes 1,2 and 4 obtained
using YALES2.

Figure 6.43: Profiles of the radial velocity fluctuations for the meshes 1,2 and 4 obtained
using YALES2.
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Figure 6.44: Profiles of the radial mean velocity for the meshes 1,2 and 3 obtained
using AVBP. Source: [Barré 2011]

Figure 6.45: Profiles of the radial velocity fluctuations for the meshes 1,2 and 3 obtained
using AVBP. Source: [Barré 2011]
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(a) (b) (c)

Figure 6.46: Evolution of the solution due to mesh refinement - presented here the axial
velocity: a) basis mesh (4.3M cells) - b) first refinement level ( 35M cells) - c) second
refinement level ( 275M cells).

it is not surprising that the pressure loss calculated by either code is not too far from
the other. Compared to the experimental results, the relative error is extremely large.
Overestimating by about 100% for the very coarse mesh 1, the solvers reduce this value
within their predictions down to approximately 50-55%. Overall, AVBP’s prediction of
the pressure loss is slightly more accurate but still far from delivering proper results.

Despite these results, the overall tendency of an increasing accuracy is clearly visible2,
see Fig. 6.48. This graph also shows the level of precision resulting when applying wall
law boundary conditions to the simulations, instead of wall no-slip boundaries.
The question remains, whether the benefit of the gain in accuracy by refining the mesh
outweighs the effort that has to be raised. This question is linked to the secondment at
Turboméca, Bordes (FRANCE) mentioned in section 1.5 and the results obtained are
used to give a first evaluation on this topic.
Table 6.11 summarizes the simulation times and the memory needed for the different
simulations presented within this section. The basic mesh and the first refinement level
were computed using TITANE (Bull Novascale R422 - 1596 nodes consisting of two
Intel Xeon 5570 [4× 2.93GHz] processors and 3GB/core of memory), a super-computer
installed at CEA, France. The last mesh refinement was conducted on JADE (SGI Altix
Ice 8200 - 2880 nodes consisting of two Intel Quad-Core E5472 or X5560 processors and
30GB or 34GB memory, respectively), a computer of CINES - Montpellier, FRANCE.

A conclusion regarding the mesh refinement has to be drawn considering two different
points of view. The first one is the need of industry to obtain reliable data without in-
vesting too much into one single run. It is obvious that in this case, the mesh refinement
is not yet a tool for the daily use in the industrial processes, since in the majority of cases
neither the time needed to perform such a simulation nor the infrastructure to acceptably

2Moureau et al. presented similar conclusions in [Moureau 2010b], obtaining a relative error in the
pressure drop estimate of 31.2% (48M tets) and 22% (380M tets)
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Figure 6.47: Relative pressure drop obtained for the simulation using
AVBP and YALES2 on the on the different meshes. In comparison,
the experimental measurements yielded a ∆P = 594 Pa.

Mesh ∆PAVBP[Pa] Relative error ∆PYALES2[Pa] Relative error
1 1220 105% 1200 102%

2 945 59% 1010 70%

3 900 51% − −
4 − − 915 54%

Table 6.10: The pressure drop values for the different meshes and the
corresponding relative error of the prediction compared to the results
obtained in the experiments.

Refinement level Mesh # of processors Simulation time [s] Disk space [GB]
0 2 72 3248 1.5
1 4 128 56295 8.9
2 5 4096 301224 125

Table 6.11: Summary of the simulation time and the memory requirements for the
simulations of the refined meshes in comparison to the basic mesh.

store or even post-process the data is at hand. With regard to [Moureau 2010b] though,
this method might become applicable with further increase in computing power. Until
then, a deployable alternative is the wall-law boundary conditions, since the additional
computational costs, depending on which wall law condition is applied, are outweighed
by the large reduction in the relative error of the pressure loss prediction.
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Figure 6.48: Evolution of the predicted pressure loss of AVBP and YALES2 as a func-
tion of the dimensionless wall distance y+.

Second, from a researcher’s point of view, the application of the mesh refinement algo-
rithm opens up new possibilities to study flow phenomena in more detail, see e. g. the
accuracy that can be achieved in the instantaneous solution of Fig. 6.46. As already pro-
posed by Moureau et al. [Moureau 2011d, Moureau 2010a], this represents one approach
to DNS of realistic configurations. Additionally, most HPC-centers are, in first place,
created for scientific projects and not to provide computational power to industry.

6.1.6 Performance

Both codes have been subjected to an evaluation of their performance on parallel ma-
chines. The machine utilized for these tests is CORAIL. One node of the HP cluster
is composed of 2 AMD MagnyCours (2.2GHz) processors possessing 12 cores each and
giving a peak performance of 211GFlops per node. Each node is equipped with 32GB
or memory.
A particularity of AVBP is that the simulations, presented in this section, have been
carried out in cryogenic mode. This technique is applied to accelerate the computa-
tion of non-reactive transient simulations by artificially increasing the Mach number and
hence, the time step. In order to conserve the momentum and the kinetic energy during
the simulation, the only possibility to influence the Mach number is by decreasing the
temperature (hence the name cryogenic). For the presented simulations, the speed of
sound was decreased by a factor 4.

6.1.6.1 Benchmark of AVBP and YALES2 for the one-burner configuration

Before taking a closer look at the convergence velocity, the overall performance of the
solvers is evaluated. The benchmarks presented in this section are based on a simulation
of 3ms physical time on the basic mesh 2 of approximately 4.3 million cells. This is



132 Chapter 6. Application to a realistic configuration

estimated to be sufficient in order to retrieve significant information on the performance
of both solvers. Fig. 6.49 presents the simulation time for different numbers of processors.
When looking at the ratio of the time needed by AVBP and the simulation time of
YALES2, a factor between 6 and 9 is recovered (see Table 6.12). Not using the cryogenic
mode of AVBP, these ratios increase to approximately 24 to 36.

# of processors 24 48 72 96 120
TAVBP
TYALES2

8.74 8.06 7.22 6.92 5.97

Table 6.12: Ratio of simulation times for AVBP and YALES2.

Another distinctive feature is that the simulation time of YALES2 compared to the one
of AVBP is constant for more than 48 processors. This is not only due to the large
difference in the magnitudes of the simulation time in the same graph, but can also be
explained with Fig. 6.50, which plots the speedup of both codes. In the same manner as
done in chapter 5, only strong scaling is considered, i. e. an increase in the number of
processors for a constant problem size.

Figure 6.49: Simulation time of AVBP and YALES2 needed to compute 3ms of physical
time on the coarse mesh 2.

As can be seen in this graph, the speedup of AVBP stays close to the linear speedup,
meaning that by using twice as many processors, the solution is obtained in approxi-
mately half of the time. The speedup of YALES2, on the other hand, deviates noticeably
from the linear speedup when using more than 48 processors. Hence, the simulation time
is reduced by a factor considerably smaller than 2. Furthermore, it can be observed that
the graph of YALES2 becomes saturated rather quickly when increasing the number of
processors. For one, this can be explained considering the ratio number of cells / nodes,
which is necessary to run the code efficient on parallel machines. The estimated values
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Figure 6.50: Speedup of both codes obtained for simulations using mesh 2 in comparison
to the linear speedup

for both codes are given in Table 6.13. The large factor between both solvers mainly
comes from the fact that the incompressible solver of YALES2 treats a smaller number
of variables. In addition, Amdahl’s law [Amdahl 1967] might also play a role. It states

AVBP YALES2 (r533)
8000 nodes

processor 70000 cells
processor

Table 6.13: Estimated values in order to run each code efficiently.

that an algorithm is only scalable up to a certain point, which is determined by the
parts of the algorithm that cannot be run but sequentially. A more detailed description
is given in [Gourdain 2009a].

Finally, the reduced efficiency is plotted in Fig. 6.51. For the configuration of the
KIAI burner the ratio between AVBP and YALES2 is a bit smaller than for the bench-
mark of the convected vortex. For the combustor, the incompressible solver will be faster
than the compressible, as soon as the convective timestep is 2 to 3 times higher than the
acoustic one. Another influence might derive from the elements used for the simulations.
The mesh of the KIAI simulation is composed of tetrahedra uniquely contrary to the
mesh used for the vortex, which was built from hexahedra.

6.1.6.2 Convergence behavior of the solvers

The graphs of the convergence for AVBP and YALES2 in this section represent simula-
tions done on the coarse mesh 1. Both computations have been initiated for the flow to
be at rest in the configuration. The AVBP results are obtained for a simulation of 0.3s
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Figure 6.51: Reduced efficiency of AVBP and YALES2 for simulations using mesh 2.

using 64 processors of CORAIL, whereas YALES2 was using 48 processing units.
In the case of AVBP the development of the kinetic energy over time is considered one
principal convergence criterion. Since the energy equation is solved by AVBP, the mean
of this quantity is calculated based on the conservative variables computed during the
simulation. In the case of YALES2, the mean average of the kinetic energy is calculated
using the L2-norm of the velocity. Figure 6.52 presents these graphs for both codes plot-
ted against the physical time of the simulation. The difference in the kinetic energy levels
of both solvers corresponds to the value of the density and is due to the conservative
formulation of AVBP. This graph confirms that the physics in both simulations evolve at
the same rate, indicating that the choice of the compressible or incompressible approach
does not impact the development of the flow but the computational efforts needed.

Looking at the same criterion plotted against the number of iterations, see Fig. 6.53,
the impact of the larger time-step of the incompressible solver is clearly visible. But keep-
ing in mind the higher price for one iteration using YALES2, as was seen in Figs. 5.7 and
6.51 presenting the reduced efficiency, this must not necessarily mean that the code will
attain convergence in a faster time. For the present simulations, the time needed on one
processor to obtain a converged solution, i. e. the CPU cost, is presented in Fig. 6.54.
The impression obtained for the convergence regarding the number of iterations needed
is thus confirmed. For the KIAI burner simulations using CORAIL of CERFACS, the
CPU cost for the YALES2 simulation is nine times smaller than for the one done using
AVBP.

6.1.7 Conclusions

In part III of the present work, the compressible and the incompressible approach are
investigated. This is done using the AVBP code for the compressible computations and
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Figure 6.52: Convergence of AVBP and YALES2 determined by the development of the
kinetic energy throughout the domain plotted over physical time. This can be interpreted
as a confirmation that the physics evolve similarly in both simulations.

(a) (b) Zoom A

Figure 6.53: Convergence of AVBP and YALES2 determined by the development of the
kinetic energy throughout the domain plotted over the number of iterations needed.
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Figure 6.54: Computational cost of AVBP and YALES2. In this case, YALES2 reduces
the CPU cost by a factor 9.

the incompressible solver YALES2. Both codes are used to perform simulations of dif-
ferent complexity, of which one is an industrial single-burner configuration, and are then
compared in terms of the solver’s performance as well as in terms of accuracy of the
produced results.
For the basic test case of the convected vortex, the differences between both solvers are
huge. The setup revealed a diffusive (mainly dissipative) behavior of YALES2, even for
fourth-order accurate schemes in time and space. Nevertheless, for the complex test case
of the KIAI burner, the flow fields reproduced by either code are very similar. Spectral
analysis using FFT and the POD method allowed to identify similar energy levels regard-
ing the reproduction of the PVC in both cases. Furthermore, using the acoustic solver
AVSP permitted to point out the differences for the acoustics in the solutions of both
solvers due to the compressible and the incompressible approaches. Another difference
observed are higher RMS values of the pressure for YALES2, see Figs. 6.21 and 6.30.
Following, the pressure loss predictions is investigated and the approach using mesh re-
finement is evaluated and compared to the impact of wall law boundary conditions.
Finally, AVBP and YALES2 are benchmarked in terms of parallelization and also con-
vergence velocity. YALES2 returned results faster than AVBP, as is expected taking into
account the time-step size of either solver. The evaluation of the convergence velocity
shows that YALES2 reduces significantly the CPU cost for the presented simulations.
However, AVBP is more efficient in terms of parallelism for the presented computations.
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Chapter 7

Conclusion and Perspectives

7.1 Conclusions

The present thesis contributes to the field of Large-Eddy Simulation (LES), more pre-
cisely to the numerical approaches preferable for this type of simulation. It is the ob-
jective to extend and to evaluate the existing methods that are used ultimately for the
flow prediction within industrial applications, such as aero-engines. In this respect, the
two main focal points are

1. the stability and accuracy of computations and

2. the reduction of simulation time.

Of course, the accuracy of the produced results is a recurring issue for both items. This
list also roughly reflects the structure inherent to this document.
In part I the mathematical basics of Computational Fluid Dynamics (CFD) and of LES
have been recalled for both, the compressible and the low-Mach number approach. Fur-
thermore, the two state-of-the-art CFD solvers were presented, namely AVBP, which is
based on the compressible formulation, and YALES2, which provides the incompressible
solver utilized. Their description comprises the discretization of the conservation laws in
space and time as well as the approaches deployed to cope with the increasing number
of computing nodes on massively parallel architectures.

Part II was dedicated to respond to the first item listed above. The stability in
computational simulations is an important factor in many ways. Stability of a numerical
scheme is one of the two characteristics ensuring convergence. Of course, rendering a
scheme more stable does not allow to reduce the accuracy of the scheme in terms of the
produced results. This is a task which becomes rather difficult when combining these
demands with the claim for codes, which are capable of taking advantage of modern
High Performance (HPC) architectures.
An option is presented in form of a newly developed explicit, high-order family of schemes
for time-integration. These schemes, denoted TRK (Two-step Runge-Kutta) schemes,
are based on the combination of Runge-Kutta (RK) schemes with Lax-Wendroff (LW)
type schemes. The interest is due to the properties of both the RK schemes, which are
very little diffusive, and, contrary to that, the LW type schemes. Furthermore, both
families of schemes are widely used, especially for their higher-order versions, such as
the RK4 or TTG4A. Summing up these qualities by a linear combination, a family of
schemes is obtained that provides the same order of accuracy as the schemes, on which
it is based. In addition, a parameter allows to adjust the amount of numerical diffusion
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added to the simulation by the numerical scheme.
Beginning with the derivation of the scheme for the 1D case for second- and fourth-
order accuracy, the mathematical properties and a consistency analysis are presented.
Moreover, the implementation of the fourth-order scheme, named TRK4, into AVBP
is outlined. Finally, its applicability even to complex geometries and reacting flows is
proven on the basis of flow simulation results.

Subsequently, part III refers to the second item, the reduction of simulation time. Dif-
ferent strategies are thinkable to accelerate CFD solvers. Regarding compressible codes,
one example is the so-called cryogenic approach that consists in increasing artificially
the Mach number of a simulation, in order to augment the time step. Of course, a solver
adapted to low-Mach number flows, which is the case for many engineering applications,
presents an interesting alternative. On this account, a comparison is presented regard-
ing not only the performance achieved with either approach but also a detailed analysis
is given in terms of the result’s accuracy. The first test case, a convected 2D vortex,
is chosen to evaluate the impact of the numerical schemes for each solver. Then the
swirled one-burner configuration of the KIAI project of the European Commission is
simulated and the results are compared between both codes and with the experimental
measurements additionally:

• Although, the numerical setup of YALES2 showed diffusive behavior for the vortex
convection compared to AVBP, both solvers returned very similar and also encour-
aging solutions for the KIAI burner, since they are in very good agreement to the
experimental data. The analysis is considering the qualitative and quantitative
evaluation of fluctuating and mean quantities, including characteristics such as the
swirl number or the prediction of the pressure drop over the swirler. In addition,
the results are subjected to a spectral analysis in order to determine the Precessing
Vortex Core (PVC) in detail. The spectral analysis allowed to reveal the acoustics
contained in the solution of the compressible solver as well as the characteristic
frequencies and energy levels of the PVC.

• Concerning the performances of AVBP and YALES2, the results obtained for non-
reacting flows are consistent with theory. Due to the acoustics inherent to the
compressible equations, AVBP is forced to adapt the time step using stability cri-
teria, mainly the Courant-Friedrichs-Lewy (CFL) condition. Assuming the validity
of the incompressible equations for the flow problem in consideration, YALES2 can
benefit from the fact that the acoustic field is not present in these conservation laws.
Thus, an acceleration of a factor 6 to 36 was recovered, depending on the test con-
figuration in question and the numerical setup of the solver, e. g. using an option
such as cryogenic.

• A final issue of this comparison is the built-in mesh refinement algorithm of YALES2.
It allows the code to homogeneously refine an existing and rather coarse mesh, if
certain criteria are met. The influence of the mesh refinement is analyzed espe-
cially on the pressure drop prediction within the one-burner configuration. While
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the mesh refinement seems interesting for scientific applications, due to the in-
crease in spatial resolution that can be achieved, and for which it has already
been used, this option is less applicable from an industrial point of view, since
simulations become very expensive and the handling of the solutions requires an
adapted infrastructure. For the specific problem of pressure loss predictions and
for the configuration considered, a wall law model seems to be the only acceptable
approach in term of prediction accuracy and associated computational cost.

7.2 Perspectives

Regarding the time-integration scheme of part II, the results are encouraging, but the
implementation in AVBP suffers clearly from the low order of accuracy in space, which
is in fact of second-order. To reduce especially the dispersive error, an implementation
of the TRK4 scheme in the finite-element framework of AVBP was attempted. But
applying the mass matrix to the diffusive terms coming from the RK4 scheme turned
out problematic for non-linear problems. In this case, no proper formulation was found
to factor out the mass matrix, which for the Galerkin-RK4 scheme is applied in every
step, without causing an immense growth in memory consumption and simulation time.
Hence, the transformation of the TRK4 scheme in AVBP to the finite-element formalism
is proposed.

Part III showed that the incompressible approach allows to achieve a gain in simulation
time without being penalized regarding the quality of the solution. As for pressure drop
predictions, mesh quality has not been directly addressed in this work although it is now
accepted that too large changes in local grid characteristic size has a great impact on
the predictions.
Another interesting issue concerns the performance of the incompressible solver in com-
parison to the compressible approach. In the present work this question is answered
for non-reacting flows only. This evaluation has to be repeated for reacting flows. The
interest lies in excluding an impact on the physics, since the characteristics of the flow
field are less preferable for numerical simulations, e. g. containing a larger length scale
spectrum, steeper gradients and the modeling of chemical reactions.





Appendix A

Explanations for incompressible flow

A.1 Influence of the Mach number on compressibility

The following explanations are based on the generalized Bernoulli equation∫
dp

ρ
+
u2

2
= const. , (A.1)

which, expressed in its differential form, yields

dp

ρ
+ u · du = 0 . (A.2)

In Eq. (A.2), the first term can be expanded, giving

dp

ρ
=

(
dp

dρ

)
· dρ
ρ
. (A.3)

When considering small perturbations, their propagation velocity, which in fact is the
speed of sound, is defined as

c2
∣∣
s=const.

=
dp

dρ
. (A.4)

Combining Eq. (A.2), (A.3) and (A.4) one obtains:

dρ

ρ
= − u

c2
· du = −Ma2 · du

u
. (A.5)

Equation (A.5) links the relative change in density to the square of the Mach number.
It is generally accepted that for Ma2 ≤ 0.1, i. e. Ma ≤ 0.3, a flow can be seen as
incompressible.
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A.2 Derivation of the incompressible conservation equations

Based on the compressible Navies-Stokes equations (2.8),(2.9) and (2.10), different ap-
proaches can be used to develop the mathematical model for incompressible flows. One
very popular way is to follow the physical explanation for flows within the incompressible
limit presented in section 1.4, i. e. to consider the mass density as constant. Applying
this assumption to the continuity equation (2.8) and the momentum equation (2.9), one
obtains the incompressible conservation equations (2.12) and (2.13). Despite the correct
set of equations, this approach can be misleading on the true nature of the pressure term
occurring, as pointed out by [Meister 2002]. In order to reveal the hydrodynamic role
taken by the pressure term in the incompressible limit (see section 2.1.5), the develop-
ment of the incompressible Navier-Stokes equations is recalled here using an asymptotic
expansion in powers of the global Mach number M∞ following [Klainerman 1982].

At first, the Eqs. (2.8) - (2.10) are non-dimensionalized using reference values for
length, mass density, flow velocity, pressure and energy:

x = x∞ · x∗ , (A.6)

ρ = ρ∞ · ρ∗ , (A.7)

u = u∞ · u∗ , (A.8)

P = ρ∞c
2
∞ · P ? . (A.9)

E = c2
∞ · E? . (A.10)

The quantities with the index ∞ represent the reference value and the superscript ∗
stands for the non-dimensionalized values. With the help of the Eqs. A.6 - A.10, the
Navier-Stokes equations yield:

∂ρ∗

∂t
+∇ · (ρ∗u∗) =0 , (A.11)

∂ (ρ∗u∗)

∂t
+∇ · ((ρ∗u∗) ◦ u∗) =− 1

M2
∞
∇P ∗ +

1

Re
∇ · τ∗ , (A.12)

∂P ∗

∂t
+ u∗ · ∇P ∗ + γP ∗∇ · u∗ =

(γ − 1)

RePr
∇ · q∗

+
M2
∞ (γ − 1)

Re
(∇ · (τ∗u∗ − u∗∇ · τ∗)) . (A.13)

This transformation makes appear the Reynolds number Re, the Prandtl number Pr
and the Mach number M∞. The latter one is defined as:

M∞ =
u∞
c∞

, (A.14)

with c∞ =
√

(γp) /ρ being the reference speed of sound. Furthermore, the equation of
state (2.11) reads in its non-dimensionalized form:

P ∗ = ρ∗ (γ − 1)

(
E∗ − 1

2
M2
∞u

)
. (A.15)



A.2. Derivation of the incompressible conservation equations 145

The most important observation is the appearance of the factor (M∞)−2 in Eq. (A.12),
leading to a singularity when the Mach number reaches M∞ = 0. With this it becomes
obvious that the physical interpretation of the pressure has to change from a thermo-
dynamic variable towards an "incompressible" one. This behavior cannot be explained
when deriving the incompressible conservation equations only based on the assumption
ρ = const.
For simplicity reasons, the viscous terms and the heat flux in Eqs. (A.11) - (A.13)
are neglected in the following. In order to acquire a better understanding, the non-
dimensionalized quantities mass density, pressure, velocity and energy are developed in
asymptotic expansions as expressed in the following:

ρ∗ = ρ∗(0) +M∞ρ
∗(1) +M2

∞ρ
∗(2) +O

(
M2
)
, (A.16)

u∗ = u∗(0) +M∞u∗(1) +M2
∞u∗(2) +O

(
M2
)
. (A.17)

P ∗ = P ∗(0) +M∞P
∗(1) +M2

∞P
∗(2) +O

(
M2
)
, (A.18)

E∗ = E∗(0) +M∞E∗(1) +M2
∞E∗(2) +O

(
M2
)
. (A.19)

In case of the pressure, the term P ∗(0) is considered the thermodynamic or background
pressure, P ∗(1) represents acoustic perturbations and P ∗(2) is interpreted as a hydrody-
namic quantity. Inserting the relations (A.16) - (A.19) into Eqs. (A.11) - (A.13) and
considering the global Mach number tending towards M∞ → 0 leads to the following
conclusions:

1. The velocity divergence can be defined with the help of the continuity equa-
tion (A.11):

∇ · u∗(0) = − 1

ρ0

Dρ0

Dt
.

2. The pressure gradient term in Eq. (A.12) requires the background pressure to be
constant in space in order to prevent singular behavior of the momentum equation
due to the factor (M∞)−2, i. e.:

∇P ∗(0) = 0 .

3. For the same reason acoustic perturbations must not occur in space:

∇P ∗(1) = 0 .

4. The equation of state (A.15) yields:

P ∗(0) = ρ∗(0) (γ − 1)E∗(0) .

Points 2 and 3 of this list clearly show that the role of the pressure term in the mo-
mentum equation for the incompressible limit changes into a hydrodynamic variable.
The equation of state in point 4 indicates that, if the thermodynamic pressure and the
energy do not vary in space and time, density will be constant. As a consequence, the
velocity divergence given in point 1 will be zero. These considerations then lead to the
incompressible Navier-Stokes equations (2.12) and (2.13).





Appendix B

Application of the TRK4 time
integration in AVBP to the KIAI

burner

A condition for the comparison of the compressible and the incompressible approach, pre-
sented in part III, is to choose the best option available without violating the assumption
to keep the setup equivalent wherever possible. For the choice of the numerical scheme
this clearly leads to the use of one of the TTG schemes, in this case TTG4A (see sec-
tion 3). Nevertheless, this test case is also used to show the applicability of the newly
introduced TRK4 scheme for such configurations. The comparison is restricted to the
mean flow field and the results are presented in comparison to the TTG4A solutions as
well as the experimental data.
In the case of TTG4A artificial viscosity based on the Colin sensor [CERFACS 2009] is
applied. Conversely to this, for the TRK4 simulations no artificial viscosity was added.
It has to be kept in mind, though, that TRK4 in AVBP is more dissipative compared to
the TTG schemes because it uses the classical second-order stencil in space of the cell-
vertex discretization, see part II. The parameter to adjust the incorporated numerical
viscosity of this scheme is set to α = 0.8.

(a) TTG4A (b) TRK4

Figure B.1: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of radial
mean velocity for −10m

s ≤ 〈ux〉 ≤ 30m
s .

The mean flow field, which is presented in Figs. B.1 - B.2, of the one-burner configuration
is very similar for both schemes for the combustion chamber. In the case of TRK4 radial
and tangential contributions occur in the central injection, which are due to the smaller
amount of numerical viscosity added to the simulation and the properties of the scheme
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(a) TTG4A (b) TRK4

Figure B.2: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of
tangential mean velocity for −10m

s ≤ 〈uy〉 ≤ 30m
s .

(a) TTG4A (b) TRK4

Figure B.3: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of mean
axial velocity for −10m

s ≤ 〈uz〉 ≤ 30m
s .

(a) TTG4A (b) TRK4

Figure B.4: Sectional drawing for the plane at y=0. Pseudocolor and iso-lines of the
fluctuating kinetic energy.

in AVBP. The fluctuating kinetic energy is plotted in Fig. (B.4) and reveals much larger
differences, mainly for the central injection. The observations made for the snapshots
of the mean quantities are verified by the profiles of the mean and the RMS values in
Figs. B.7 - B.10.
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Figure B.5: Mean profiles of the radial velocity 〈ux〉.

Figure B.6: Mean profiles of the axial velocity 〈uz〉.
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Figure B.7: Mean profiles of the tangential velocity 〈uy〉.

Figure B.8: Profiles of the radial velocity fluctuations ux,RMS.
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Figure B.9: Profiles of the axial velocity fluctuations uz,RMS.

Figure B.10: Profiles of the tangential velocity fluctuations uy,RMS.
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