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Modelling challenges of stationary combustion in inert porous media

Abstract

Thanks to strong heat recirculation, submerged combustion within porous media presents
unique technological features such as broadened flammability limits and extended power range.
The associated possibility to burn ultra-lean mixtures with minimal CO/NOx emissions makes
porous media combustion a potential alternative in the industry, for instance in domestic
heat generation or clean aviation where low pollutant emissions and robust operability are
of paramount importance. However, even though this combustion mode has been studied for
decades, there remains many open questions regarding the intertwined flame structure and the
validity of associated low-order modelling. To date, volume-averaged models are mostly based
upon ad hoc hypotheses and still present large discrepancies with experiments. Aiming to chal-
lenge and strengthen these models, the present work presents analytical and numerical studies
of the volume-averaged equations, followed by 3D direct pore-level simulations of methane-air
and hydrogen-air combustion.

Chapters 1 and 2 provide a critical review of concepts associated to flows and flames within
porous media, with a focus on non-adiabatic combustion and macroscopic effective characteriza-
tion. A classification of gaseous flames in terms of the thermal Péclet number is proposed, and
the upscaling procedure on the pointwise equations is presented. Chapter 3 presents asymptotic
results based on the volume-averaged equations, and the proposed theoretical framework un-
veils the first fully-explicit formulae for flame speed in infinite and finite-length porous burners.
Multi-layered burners are also considered theoretically for the first time, and the important con-
cept of contact resistance between two stacked porous plates is underlined. Chapter 4 proposes
a general classification of porous media combustion in three distinct regimes for increasing inter-
phase heat transfer, only based on two reduced parameters, in order to reconcile the literature
frameworks of local thermal equilibrium (LTE) and non-equilibrium (LTNE).

Chapter 5, 6 and 7 present 3D pore-level direct numerical simulations of flames within porous
media using complex kinetics, for various structural topologies and pore sizes. As a major
technical hurdle encountered during the thesis, the meshing workflow from X-ray tomography to
conformal computational mesh is given for practical use in the community. These DNS unveil the
internal flame structure of methane-air and hydrogen-air flames within typical porous burners,
and it is shown that when the pore size is larger than the flame thickness, sharp and locally-
anchored flame fronts are observed. These local discontinuities related to the strongly non-linear
reaction rates are shown to be in direct violation of the classical volume-averaged hypotheses.
This demonstrates that new volume-averaged models are required, and accordingly a closure
for reaction rates based upon phenomenology and observations in the 3D DNS is proposed.
Eventually, the pore-level specificities of hydrogen combustion at pore scale are described.

Keywords: porous media combustion, volume-averaged models, heat recirculation, asymptotic
analysis, 3D coupled gas/solid pore-level simulations.
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Chapter 1
Introduction
This first chapter proposes a critical review of the concepts related to porous media burners,
with a special attention given to heat recirculation and non-adiabatic combustion. It is the
occasion to come back to the unique features and applications of porous burners, as well as
other heat-recirculating devices. The various burner designs found in the literature and afferent
stabilization mechanisms are reviewed in detail. But in order to take a step back, the chapter
begins with an overview of the current societal context regarding combustion and energy, so
as to investigate how porous burners may - or may not - be helpful regarding various emission
targets and technological challenges. Eventually, the objectives, outline and contributions of
the manuscript to the literature are described.

Overview
1.1. Current societal context . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1. High constraints on energy . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2. Combustion, economy and global warming . . . . . . . . . . . . . . 2
1.1.3. Hydrogen potential to carbon-neutral targets . . . . . . . . . . . . . 3
1.1.4. Why studying porous media combustion? . . . . . . . . . . . . . . . 5
1.1.5. Scope of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2. Concepts of porous media combustion . . . . . . . . . . . . . . . . . 6
1.2.1. Small-scale combustion systems . . . . . . . . . . . . . . . . . . . . 6
1.2.2. Advantages/drawbacks of small-scale combustors . . . . . . . . . . . 7
1.2.3. Principle of heat recirculation . . . . . . . . . . . . . . . . . . . . . 7
1.2.4. Applications of heat-recirculating burners . . . . . . . . . . . . . . . 9
1.2.5. Materials suitable for porous media combustion . . . . . . . . . . . . 12
1.2.6. Non-adiabaticities in premixed laminar combustion . . . . . . . . . . 13
1.2.7. Stabilization mechanisms in porous burners . . . . . . . . . . . . . . 19

1.3. Motivations and objectives of the thesis . . . . . . . . . . . . . . . . 23
1.4. Outline of the manuscript . . . . . . . . . . . . . . . . . . . . . . . . 24
1.5. Publications during the thesis . . . . . . . . . . . . . . . . . . . . . . 26

1.5.1. Works related to porous media combustion . . . . . . . . . . . . . . 26
1.5.2. Other works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1



Chapter 1 : Introduction

“Science without conscience is but the
ruin to the soul.”

Rabelais, Pantagruel, II, 8

1.1. Current societal context

Before delving into technical details of this thesis topic - namely porous media combustion, we
provide in this first section some contextual elements regarding the place of combustion in our
modern economies, and the subsequent timeless need to design combustion devices in a flexible,
safe, fuel-efficient, CO2 and pollutant-free manner. Interestingly, porous burners may be helpful
in reaching those goals. And because they are arguably a serious candidate to harness hydrogen
flames, the potential of this alternative, decarbonized and trendy fuel is briefly discussed.

1.1.1. High constraints on energy

The period of this Ph.D. thesis has seen two major crises hit the world successively: the
Covid-19 outbreak and the war in Ukraine. Somehow, both remind us of the predatory nature of
mankind over our planet, coupled to an ever growing, intertwined globalization. Indeed, Covid-
19 may have originated from zoonosis [1], itself stemming from deforestation, soil artificialization,
demographic explosion, noise and light pollution. And whilst a large portion of humanity was
locked down in 2020, the resulting global decrease in CO2 emissions was only of the order
of what would be required on a yearly basis to reach carbon-neutral targets by 2050 [2, 3].
Concerning Ukraine, the hesitations of Europeans to set an embargo on Russian fossil fuels is
a strong reminder that our economies and daily lives are very dependent upon carbon-intensive
resources, and of the strong intertwinning of politics with energy fluxes. This makes energy
efficiency and decarbonization challenges of utmost importance - keeping in mind that they
may hardly be reached without some degree of sobriety. In addition, due to the finite nature
of fossil fuels, a supply crunch is expected to occur in the near future [4]. According to the
International Energy Agency, the production of conventional crude oil peaked around 2006
(70 million barrels/day [5]), while oilfield discoveries peaked as early as in the 1960s (55 billion
barrels/year [6]). Those have been decreasing ever since. Simultaneously, the Energy Return On
Investment (EROI) of oil, defined as the ratio of extracted-to-spend energy during production,
has fallen steadily throughout the last decade. This partly originates from the growing share of
shale oil - showing 5 to 10 times less EROI than conventional oil [7] for 1.75 times more CO2
emitted per energy unit. These looming prospects urge for the development of fuel-efficient,
clean, and decarbonized energy systems, in order to move away from fossil fuels rapidly. This
poses large societal challenges, because the development of carbon-resilient economies has shown
difficult - whatever is the rest of the scenario regarding anthropogenic environmental impact.

1.1.2. Combustion, economy and global warming

Global warming is an additional constraint posed upon human civilization. In the 2021 IPCC
report II on Impacts, Adaptation and Vulnerability [8], one reads: “human-induced climate
change, including more frequent and intense extreme events, has caused widespread adverse
impacts and related losses and damages to nature and people, beyond natural climate variability.
[...] The rise in weather and climate extremes has led to some irreversible impacts as natural
and human systems are pushed beyond their ability to adapt”. Accordingly, there is not a day
scientists do not try and raise awareness regarding climate change and the need to move away
from fossil fuels. However, this is far from being an easy task: as shows Figure 1.1, economic
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1.1 Current societal context

prosperity is strongly correlated to CO2 emissions [9]. And since the general trend is to favor
economic growth rather than environmental concerns, the only way out is to try and decouple
economic growth from CO2. This may be achieved by redefining the notion of growth, but
also by a swift development of decarbonized energies, such as renewables, nuclear, biomass, and
alternative fuels such as ammonia [10], metals [11] and, subject of much attention today in the
combustion community, hydrogen [12].

Figure 1.1. – CO2 emissions vs. GDP per capital throughout the world.

1.1.3. Hydrogen potential to carbon-neutral targets
Hydrogen and energy share long history. Electrolysis and its reverse process (fuel cells) were

already subject of research in the 1800s, and the first internal combustion engine developed
by François de Rivaz in 1806 was powered by a hydrogen/oxygen mixture [13]. Due to its
low density at ambient conditions, hydrogen has been used to lift aircrafts, and thanks to
its highest energy density per mass unit among all fuels (120 MJ kg−1), it propelled humanity
to the Moon. Hydrogen is also used to produce ammonia, essential for fertilisers, and more
generally it is one of the key starting materials in the chemical industry. Concerning combustion
applications, H2 has seen ups and downs, but is now being seriously considered by governments
as a lever to decarbonize the industry, transport and domestic appliances [14]. Unfortunately,
H2 does not constitute a primary energy source but an energy carrier : it must be produced
from another energetic resource. There exists to that end myriad pathways, including steam
reforming, pyrolysis, photolysis, and of course, electrolysis [15]. Today, only 5% of H2 is obtained
by electrolysis, the rest coming mostly from fossil fuels [16]. Considering the fact that electric
grids are not yet fully decarbonized, it means that only a small fraction of current hydrogen
production can be considered as sustainable. This urges for heavy and rapid deployment of
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decarbonized electric sources, but also suggests that one should carefully consider the entire
energy/CO2 cycles from primary source to end usage. Notably, the current electrification of
industries, vehicles and domestic appliances is a potential source of usage conflicts in the near
future. Note that because of the relatively low efficiencies of electrolysers (60-80% [17]), fuel
cells (50-70% [18]) and internal combustion engines (10-30% [19]), hydrogen as a fuel for light
mobility seems much less energy-efficient than batteries from the point of view of global energy
production. So in a context of large constraints on energy volumes, H2 is of course not a silver
bullet given the short time scales required for decarbonization.

There exists, nonetheless, situations where hydrogen can make both economical and environ-
mental sense. Because electricity cannot be stored easily in large quantities, the intermittent
production from renewables and excess energy from nuclear plants can be converted to hydro-
gen, when production exceeds demand [20]. Once stored, H2 constitutes a ready-to-use, versatile
energy resource. This strategy is often referred to as power-to-gas [21], and is illustrated in Fig-
ure 1.2. The stored hydrogen can be used in multiple ways: converted back to electricity, used
as a fuel for heavy transports, but also, used as a green heat production source in domestic and
industrial contexts. This heat production is of particular interest to us, because porous media
may be well-suited to burn this hydrogen [22].

Heat
production

potential applications of porous burners

Figure 1.2. – Power-to-gas strategy, from the International Renewable Energy Agency (IRENA).
Fields of application for porous burners are shown in dashed purple.

Moreover, in the realistic scenario of a “smooth” transition from fossil fuels to hydrogen-based
combustion applications, intermediate technologies capable of supporting hydrocarbons/hydrogen
blends are often considered. This concept is referred to as hybridation or substitution. Note that
the partial injection of hydrogen into existing natural gas distribution networks and current
devices has been proven safe up to 6% in volume [23], but this is of course insufficient. Com-
bustion devices capable of sustaining both hydrocarbons and hydrogen are thus necessary. This
fuel-flexibility is - justly - another known feature of porous burners [24].

Note that although hydrogen has received much attention from officials and the general public,
its negative consequences and external dependencies must be considered with attention. As
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predicted by Cherry in [25], a technicist precipitation into H2 technologies may show major
side an rebound effects such as “delayed development of other energy alternatives, hazards of
catalyst or hydride metals, disruptive employment shifts, land usage conflicts, and increased
vehicle usage”. In addition, hydrogen presents a series of safety concerns which must be handled.
H2 is a small, colorless and odorless molecule which leaks easily, diffuses rapidly, is subject to
buoyancy effects, cannot be liquid at ambient temperature, ignites in air for very low fuel
concentrations, and swiftly transitions to hazardous detonations [26, 27]. Moreover, in case
of leakage, H2 may react with tropospheric hydroxyl radicals, disturbing the distributions of
methane and ozone leading to a large warming potential in the short term [28]. All things
considered, the question of whether hydrogen is a temporary hype or a real game-changer is left
to the reader’s appreciation.

1.1.4. Why studying porous media combustion?

Compared to classical, “free-flame” combustion devices, porous burners present a series of
advantages that may help harnessing hydrocarbon and hydrogen flames in a safe, clean and
efficient fashion [29, 30]. For example, because hydrogen flames are mostly invisible to the
eye, internal combustion inside a porous matrix which heats up and radiates is particularly
appreciable - notably for domestic appliances. Also, since flame stabilisation and burning rates
are partly dictated by the temperature of the solid matrix and its geometry, porous burners may
serve as fuel-independent flame stabilizers, enabling the design of universal burners adapted to
hydrocarbons, hydrogen, and blends [22, 24, 31, 32]. In addition, porous burners allow the
combustion of mixtures of extremely low fuel content [33]. From a safety point of view, this
may reduce explosion risks, because even in the case of leaks or flame extinction, the unburnt
mixture would be less to not flammable [34] - and from a pollution point of view, this enables
a drastic reduction in CO and NOx emissions [33, 35]. Also, in the context of heat production,
porous burners show a high radiant output, which is of interest for some domestic and industrial
applications [30, 36, 37].

From here, a “hands-on” work direction could have been to try and design porous burners
fulfilling all these remarkable features simultaneously for a specific application (e.g. a domestic
boiler) - but because some basic questions regarding the modelling of porous media combustion
and structure of the flame within the porous matrix are still open, a somewhat academic stand-
point was adopted, with the aim of clarifying concepts and help building a sound approach to
the domain. The general question driving this thesis may be summarized as follows:

“What is the behavior of flames within porous media and how to model it?”

1.1.5. Scope of the thesis

This work addresses steady premixed submerged combustion within inert porous media.
Steady, in opposition to the related topic of filtration combustion, i.e. when the combustion
wave is mobile in the frame of the solid matrix. Premixed, because the oxidizer and the fuel
are supposed perfectly mixed before entering in the porous medium - diffusion flames and liquid
fuels are excluded. Submerged combustion, because we focus mainly on situations where the
chemical reactions occur completely inside of the porous matrix. Inert porous media, because
we exclude the complex topics of catalytic or heterogeneous reactions - that is, no surface kinetic
enhancement nor combustion of the surface material itself. Although this situation appears to
be quite restrictive, it still opens a vast field of investigation and useful applications, with many
basic questions still open.
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1.2. Concepts of porous media combustion

This section introduces concepts and applications related to combustion within porous burn-
ers. First is discussed the more general field of small-scale combustors, which present high levels
of interphase heat transfer due to the large surface-to-volume ratios. Then, the mechanism of
heat recirculation taking place in those burners is presented, along with its technological impli-
cations. It is also the occasion to discuss the influence of non-adiabaticity on premixed laminar
flames and their stabilization mechanisms within the hot porous matrix.

1.2.1. Small-scale combustion systems

When a flame is placed inside a combustion chamber or a tube, the degree of interaction
between combustion and the walls is directly linked to the size of the device. The smaller the
system, the larger the surface-to-volume ratio thus more heat leaving the system by conduction
to the walls. Sometimes, when the system size reaches the order of a few flame thicknesses,
the exothermic reaction from combustion is not strong enough to overcome the losses and flame
extinction is observed - also called flame quenching [38]. Intuitively, the quenching distance -
defined as the threshold size of the system leading to extinction - depends on the temperature
of the walls, the temporal history of the flame-wall interactions, the geometry of the system, the
fuel used and other parameters [39]. If the losses do not act as a perfect sink, and contrarily
accumulate and diffuse heat within the walls, quenching may be prevented and stable combustion
throughout time possible. For instance, if the hot walls increase the temperature of the incoming
reactants, it is not excluded that reaction can take place in systems of arbitrarily small size,
where the notion of quenching becomes irrelevant [40]. Examples of combustion devices allowing
stable combustion whilst presenting large surface-to-volume ratio include micro and mesoscale
tubes, single or multi-step mesoscale burners, honeycombs, and of course porous media burners.
Figure 1.3 shows examples of such devices in operation with the corresponding length scale
of flow interstices. Interestingly, steady combustion appears to be possible over a very wide
range of interstitial sizes - here from about 0.01 to 10 mm. It means that small combustion
devices are intrinsically ambivalent: albeit presenting a priori larger heat losses unfavorable to
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1-2mm
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(a) micro-fibrous
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(c) two-step
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(d) swiss-roll
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Figure 1.3. – Examples of combustion devices of large surface-to-volume ratio. (a) from [41]: a
silica micro-fibrous porous burner of characteristic fiber size 4 µm / (b) a classical
porous burner made of reticulated alumina foam (credits F. Muller, IMFT) / (c)
from [42]: a two-backward-step microcombustor using hydrogen as fuel / (d) from
[43]: a swiss-roll microcombustor with very low flammability limit and strong heat
recirculation.
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1.2 Concepts of porous media combustion

combustion, these can end up in fact beneficial for reaction if properly accumulated and recycled
to increase the reactivity of the incoming reactants and decrease the local losses in the reaction
zone. Nevertheless, it does not mean that all small-scale devices are capable of sustaining this
particular type of combustion - for example in the presence of excessive external heat losses or
cooling. Also, the large thermal inertia of the solid may present hysteresis and require external
triggering for stable combustion to occur [44]. This is somewhat reassuring, given the fact that
the opposite situation - when extinction is wanted - is based upon similar devices, namely small
inlet tubes or porous media placed upstream of combustion chambers. These are called flame
arresters, which are aimed at preventing spurious and potentially dangerous propagation of
reaction in critical regions in or outside of the combustion system.

1.2.2. Advantages/drawbacks of small-scale combustors
Small-scale burners such as presented in Figure 1.3 might possess certain drawbacks, such

as large thermal inertia, high manufacturing costs and low material durability due to the high
thermal shocks and stresses. Fortunately, these are balanced by some unique technological
features which cannot be obtained otherwise in classical “free-flame” burners [45]:

– a high radiant output and efficiency, due to the high temperatures of the walls ;
– a large fuel flexibility, where methane, hydrogen, propane, ethylene may be burnt with the

same device but also liquid fuels ;
– broadened flammability limits in terms of mixture fuel content ;
– lowered pollutant emissions, especially CO/NOx in the lean limit ;
– a very large power range, up to 1-50 ratio ;
– a high energy density ;
– a submerged combustion, where reaction does not occur at the exterior. This has safety

and control advantages, because the system may be less dependent upon external and inlet
conditions.

Though such achievements may be more or less reached to some degree for a specific technol-
ogy, these are all enabled by the same fundamental mechanism: heat recirculation.

1.2.3. Principle of heat recirculation
Many combustion systems are subject to some degree of heat reciculation. Consider for

instance the classical situation of a bunsen flame stabilised at the outlet of a tube in Figure 1.4(a).
Black arrows show the flow direction and red lines mark the flame reaction zone. Yellow arrows
illustrate directly the phenomenon of heat recirculation: a fraction of the combustion heat is
extracted from the base of the flame, which diffuses through the walls and is finally transferred
back to the incoming reactants. These reactants are therefore preheated in excess of the inlet
temperature before reaching the reaction zone. Of course, this effect is not very strong for bunsen
flames: the exchange from the hot products to the tube remains limited to the base of the reaction

(a) bunsen flame
<latexit sha1_base64="KFTAmSogb8CqxEnrxXeZlDP1m0Y="></latexit>

(b) tube
<latexit sha1_base64="gTPAO+I6eJy417h8fs+88Ic38M0="></latexit>

(c) counter-flow
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heat recirculation intensity
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Figure 1.4. – Principle of heat recirculation on various configurations.
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Chapter 1 : Introduction

zone only. A situation more favourable to heat recirculation is shown in Figure 1.4(b), when a
flame is stabilised inside a tube: here the hot products are in direct and prolonged contact with
the tube walls, what enhances greatly heat recirculation. However, in the tube the heat still
needs to travel upstream so the intensity of the phenomenon is mostly governed by the solid
thermal conductivity. A situation even more favourable is shown in Figure 1.4(c), where the
combustion products are in direct contact with the incoming reactants in a counter-flow reactor.
This corresponds for instance to the swiss-roll presented in Figure 1.3(d).

Due to the highly non-linear dependency of reaction rates to temperature [46], heat recircula-
tion may increase greatly reaction kinetics, leading to enhanced burning rates. This explains why
heat-recirculating reactors are capable of burning below and beyond the classical flammability
limits, why a very high energy density and power range can be reached, and why the system
may become less fuel-dependent. Note that heat recirculation is not equivalent to the mix-
ing/dilution of the fresh gases with a fraction of the burnt gases, what would change drastically
the mixture composition and may on the contrary reduce reaction rates [47, 48]. Also, because
the reactants are preheated, the burnt gases may reach locally a temperature larger than the
adiabatic equilibrium computed from the inlet state of the mixture [49]. This is illustrated in
Figure 1.5, which shows schematically the temperature profiles of a 1D flame with and without
heat recirculation. This explains why the terms superadiabatic or excess enthalpy are often used
to characterize this type of combustion. Importantly, the fact that superadiabatic temperatures
can be obtained in steady state does not mean that the burner is capable of violating the first law
of thermodynamics: any upstream preheating is readily equilibriated downstream, even though
from ignition a transient local accumulation of enthalpy is required. Metaphorically, heat re-
circulation in combustion devices shares the same purpose than wearing clothes: feel warmer
locally for a given heat production. Indeed, while clothes do not change the rate of metabolic
heat production in humans - which is almost a constant ≃ 40 cal/s [50] - they allow for a fraction
of this heat to stay in the neighborhood of the skin. That way, the solid phase described before
can be viewed as “clothes for flames”. But the analogy stops here.

x
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Figure 1.5. – Effect of heat recirculation on a premixed flame.

It is worth mentioning situations where heat recirculation may be favourable or unfavourable
to combustion applications. Even in classical burners such as shown in Figure 1.4(a), there exists
some degree of interaction between the flame and the walls, leading to a certain preheating of the
incoming reactants. In operation, if the flame heats up the solid too much, then the flame front
may flash back or self-ignition may be observed near the heated inlet region. This detrimental
mechanism is illustrated in Figure 1.6, which shows the operation of a conventional free-flame
burner inside a domestic appliance, from ignition (a) to flashback (c). On the other hand, this
heat recirculation may also prevent blow-off, so in general it is difficult to say whether heat
recirculation be beneficial or detrimental in a given situation. Designing a burner which delays
blow-off (allowing increased burning rates) with low flashback propensity is the general design
goal which, as we will see, is also sought for in porous media combustion but hard to achieve.
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1.2 Concepts of porous media combustion

(a) ignition
<latexit sha1_base64="9PgSHhvJR9z+yT/O+W+a7+Pn2aA="></latexit>

(b) burner heating
<latexit sha1_base64="aY6YsPc8DToKasIMDBvfCwubgSQ="></latexit>

(c) flash-back
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Figure 1.6. – Heat recirculation in a classical free-flame burner leading to flashback. Credits:
H. Pers, IMFT.

1.2.4. Applications of heat-recirculating burners

1.2.4.1. Radiant heating

Because of the strong flame-wall coupling in heat-recirculating reactors, the walls may reach
very high temperatures - typically above 1000 K. Beyond the consequence that not all materials
are suitable for these applications [51], such high temperatures may lead to large amounts of
thermal radiation which are of interest in some industrial applications where high radiant output
is required - for instance in glass manufacturing [52], infrared radiators [53], thermophotovoltaic
power generation [54], household domestic heating [55], efficient cooking appliances [56, 57] or
paper drying [58]. Note that porous burners of the sort are already commercially available [59–
61], with typical thermal loads reaching 1000 kW m−2 and radiation temperatures of 1750 K. A
view of these burners is provided in Figure 1.7. As reported in several studies [30, 36, 37], the
radiation efficiency reached by porous burner can be as high as 30-40%, and seems to decrease
with pore size and burning rate.

(a) commercial radiant heaters
<latexit sha1_base64="v9nADpmKtpI4uGQshklFkD5pofY="></latexit>

(b) glass
manufacture

<latexit sha1_base64="268Csoy4YqdZQqiMz2aq/oDAs5M="></latexit>

(c) paper
drying

<latexit sha1_base64="ks8gwDdr9BVshcZRZ0AmYRUmtN0="></latexit>

Figure 1.7. – From [59–61]: examples of commercial and industrial solutions based upon porous
media combustion.

1.2.4.2. Ultra-lean or ultra-rich combustion

It is notorious that adiabatic, unstretched laminar free-flames cannot burn below or above
certain proportions of fuel content, respectively called lean (LFL) and rich flammability limit
(RFL). These limits depend on the fuel considered, pressure, temperature, and the relative
proportion of inert molecules such as nitrogen, argon, etc. By noting ϕ the equivalence ratio,
one finds for example ϕLFL = 0.52 and ϕRFL = 1.67 for methane-air combustion at ambient
conditions (300 K, 1 atm) [62]. This flammability range is classically a limitation for conventional
burners: they cannot operate too lean to avoid blow-off and produce sufficient power, while ultra-
rich combustion is sometimes required for example with syngas production. To that regard,
heat recirculation can be much beneficial, because the enhanced kinetics may allow a stable
combustion way beyond these flammability limits [33]. Figure 1.8 reports values of ϕ attained by
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Chapter 1 : Introduction

various heat-recirculating reactors in the literature, either below the LFL or above the RFL. They
show, in agreement with Figure 1.4, that steady porous media combustion is tendentially less
efficient for lean-burn applications than counter-flow designs (here, under the form of swiss-roll),
and that an unsteady porous media combustion allows, to the best of the author’s knowledge,
achievement of the lowest equivalence ratio (ϕ = 0.028, which is only 5% of the LFL [63]).
This performance, obtained by transient recuperation of heat accumulated in the solid, requires
the management of a moving frame front - what can be done by reversing successively the flow
direction [63]. Incidentally, it is worth mentioning that an outstanding performance of 1-100 ratio
in fuel content and 1-1000 in flow rates was attained by a swiss-roll for propane combustion, but
it made use of a catalytic surface in the central burning zone [64]. As an original application, it
was proposed that swiss-rolls be integrated in gas masks to destroy chemical or biological agents
passing in the high-temperature combustion region [65, 66]. Thanks to their compact size, low
equivalence ratio attainable and low emissions, the exhaust gases are deemed breathable.

| |
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|
8 ϕ
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2.5
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[63]
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△
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△

[70]

□

[71]

□

[72]

△ : counter-flow △: swiss-roll □ : porous (unsteady filtration) 3 : porous (steady)

Figure 1.8. – Equivalence ratios attained by various heat recirculating devices for methane com-
bustion, reported from the literature. Solid line: flammability limits.

Nevertheless, heat recirculating devices are not always synonym of increased flammability
range. For instance, the experimental study performed in [32] on a cylindrical, uniform 1 cm-
long NiCrAl porous foam found no stable combustion outside the classical flammability limits.
It shows that even if a system can recirculate some heat, in the presence of sufficient heat losses
and in specific geometries it may not exhibit remarkable features compared to conventional
burners.

1.2.4.3. Low-emission burners

The combustion of hydrocarbons releases various types of pollutants - primarily CO2, which
presents substantial global warming potential and cannot be avoided to produce a certain amount
of energy. Also, the burning of heavy hydrocarbons leads to the formation of soot and other
unburnt compounds (UHC), but those are usually absent for light gaseous combustion (methane,
propane). For the latter, the two major remaining pollutants are CO and NOx, which are not the
least because directly harmful to nature and humans. Their direct inhalation can be dangerous
(and even lethal for CO), cause asthma, cardiovascular problems, and other issues [73–75]. In
addition, NOx may produce ozone in altitude and show a large warming potential throughout
time [76]. For hydrogen combustion, only NOx emissions remain but they may be larger than
hydrocarbon-based combustion in practical applications [77].

In the literature, it is often observed that heat-recirculating systems show lower CO and NOx
emissions compared to conventional burners with typical values often under 30 ppm [78–82].
To understand how this is possible, it is important to recall their formation mechanisms. CO
results from the incomplete oxidation of the fuel, and typically occurs when oxygen is in default or
when flames are highly modified by the flow (stretch, local extinctions). NOx, for their part, are
mainly formed at high temperatures due to oxygen-nitrogen interactions (thermal pathway), but
also to a lesser extent through more direct nitrogen-hydrocarbon interactions (prompt pathway,
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1.2 Concepts of porous media combustion

marginal in the lean-burn regime) [83–87]. As shows Figure 1.9, the adiabatic post-combustion
equilibrium computed with Cantera with GriMech3.0 for methane-air predicts a reduction
in CO and NOx concentrations with decreasing equivalence ratio. Conceptually, it is thus
reasonable to assume that heat-recirculation, enabling ultra-lean combustion with lower peak
temperatures, is the main mechanism allowing a reduction of these emissions. Of course, in
realistic applications, the adiabatic equilibrium is rarely reached, and emissions may depend
upon operating conditions and local features of the interstitial flow. For instance, it was observed
in porous burners that CO formation increases with burning rate at a fixed equivalence ratio
[30, 78, 86, 87], hinting that lowered residence time may prevent the complete oxidation of CO
into CO2. Nonetheless, there is an opposite trend for lower equivalence ratios (and thus lower
burning rates) where incomplete combustion is more likely to happen, leading to values far away
from the equilibrium of Figure 1.9. This can originate from the high curvature and strain of the
flame at pore scale, the temperature distribution or the local extraction of heat from the reaction
zone, and may lead to larger CO emissions, as observed in experiments [35, 88, 89]. For NOx
emissions, there seems to be experimental consensus over its decrease for decreasing equivalence
ratio, which is coherent with its formation pathways and adiabatic equilibrium, and a relative
independence upon burning rate, which is less evident to explain though it has been argued
that there may be a compensation mechanism between residence time and local temperatures
[33]. Overall, the reported trends for emissions follow qualitatively Figure 1.10. As pointed out
in [33], the fact that some measurements lie within measurement errors and the discrepancy
between burner technologies/geometries does not exclude atypical situations where the trends
are different [86]. Note that almost zero emissions were obtained in [81] in a step porous burner,
but the exact underpinning mechanisms remain unclear.
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Figure 1.9. – Adiabatic equilibrium computations, computed with Cantera, chemical scheme
GriMech3.0. Here ppm = molar fractions ×106.
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Figure 1.10. – Typical trends of emissions in porous burners found in the literature.
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1.2.4.4. Other applications

Heat-recirculating burners find a variety of other applications, including:
– hydrogen production from rich mixtures, as described in [90] - methanol, methane, octane

and automotive-grade petrol are burnt inside inert porous burners, yielding up to 66% of
conversion to syngas (H2, CO). Thanks to heat-recirculation, reaction can be sustained
for equivalence ratios way beyond the RFL. In the same line of thought, the synthesis of
hydrogen chloride was also performed inside porous media [91] ;

– internal combustion engines using porous media [92, 93], where the porous medium may
be utilized in various ways (dispersion of the injected fuel, submerged combustion, etc.) ;

– low-emission LPG combustion - in [94] very similar operating ranges and CO/NOx emis-
sions were reported for both methane and LPG combustion in a rectangular single-layered
porous burner. Other similar studies are reported in [95, 96] ;

– powering of portable electronics and micro-mechanical systems. Because hydrocarbon fuels
contain nearly 50 times more chemical energy per mass unit than most recent batteries,
systems of low electrical conversion efficiency may still present a certain advantages [97] in
terms of lifetime. This may be useful, for instance, for military personnel in regions where
electrical generation is difficult ;

– micro-combustion applications [98] also include the development of microscale gas turbines
for power generation and micro-propulsion [99, 100], or the original creation of micro-
rockets weighing less than 1 gram [101].

The list of possible usages for heat-recirculating burners is very long and the reader is referred
to some reviews for additional references [58, 62, 102].

1.2.5. Materials suitable for porous media combustion

The material selected for the solid matrix plays a role in the overall performance of the burner,
mostly through its thermal conductivity and radiative properties [29, 103]. The solid must sus-
tain prolonged high temperatures, many short operating cycles with substantial thermal shocks,
must possess a certain resistance against corrosion and show thermal expansions compatible
with an integration into practical combustion devices. Needless to say, the material should also
present sufficient mechanical strength and, for prospected aeronautical applications, should be
as lightweight as possible. Table 1.1 provides main thermal properties of the most common ma-
terials encountered in porous burners. Expectedly, the two classes of materials used for porous
media burners are metals (e.g. NiCrAl, stainless steel) and ceramics (e.g. aluminium oxide
Al2O3, silicon carbide SiC, zirconium dioxide ZrO2). Visuals are given in Figure 1.11. Due
to the large experimental variability, the values of Table 1.1 were rounded and should only be

(a) aluminium oxide (alumina) Al2O3
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(b) silicon carbide SiC
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Figure 1.11. – From [104]: examples of porous foams used in experiments - each 10, 20 and 30
pores per inch (PPI).
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viewed in terms of order of magnitude. Overall, it is seen that metals show much lower melting
points, limiting their use to lean-burn applications. Note that impurities in metal alloys may
reduce their allowable operating temperature, so ceramic materials are often preferred because
of their very high melting point - up to 3000-4000 K. A sintering stage during manufacturing,
which increases the material strength, thermal conductivity and resistance, is beneficial and
common practice for all materials. For ceramics, sintering is necessary. Also, Table 1.1 shows
that heat capacity it is not a discriminatory characteristic. Noticeably, SiC shows particularly
high thermal conductivity, topped only by a few other materials such as diamond [105].

Table 1.1. – Properties of typical materials used in porous media combustion (at ∼600 K).

material thermal conductivity
(W m−1 K−1)

heat capacity
(J K−1 kg−1)

melting temperature
(K) Refs.

NiCrAl 10 500 1800 [32, 60, 106]
stainless steel 15 600 1500 [107, 108]

Al2O3 10 700 3700 [93, 103, 104]
SiC 100 600 3100 [103, 104, 109]

ZrO2 3 500 4700 [103, 110]

Unfortunately, it is often difficult to assess the exact local properties of the porous structure.
Depending on the manufacturing process (a possible combination of melting, molding, printing,
chemically-active processes, the use of adjuvants, etc.), material inhomogeneities and inner pores
inaccessible to the fluid may appear, leading to local properties substantially different from the
bulk material. For instance, aluminum oxide Al2O3 shows a 10-fold ratio of thermal conductivity
depending on the degree of crystal arrangement. Noteworthy, in some cases the production of
ceramic materials may be cheaper than metallic counterparts, an increasing tendency due to the
progressive depletion and stress on demand of metallic resources [110, 111]. As a main drawback,
porous ceramics are brittle and show rapid propagation of cracks after onset [103] - which in
turn alters the material macroscopic conductivity.

1.2.6. Non-adiabaticities in premixed laminar combustion

Because the present work addresses laminar combustion within porous media, a thorough
understanding of the fundamental influence of heat losses and recirculation on the structure and
speed of laminar flames is mandatory. This section recalls notions and concepts associated to
adiabatic and non-adiabatic combustion, showing that heat losses and recirculation may lead to
a multiplicity of burning rates for a given inlet mixture, and a multiplicity of flame positions for
a given burning rate.

1.2.6.1. Adiabatic laminar flames

Adiabatic laminar flames are probably the most fundamental objects underpinning combustion
technologies. They refer to the ideal one-dimensional combustion of a mixture defined by its
mass fractions Yk, unburnt temperature Tu and pressure P0. For deflagrations, the pressure drop
accross the flame is usually negligible, so pressure can be assumed constant in the presence of
laminar fronts (throughout this thesis it is assumed P0 = 1 atm = 101325 Pa). If the mixture is
initially at rest in the laboratory frame, the combustion wave travels at a velocity called laminar
flame speed, noted S0

L, which depends on the Yk, Tu, and P0. For convenience, laminar flames
are usually studied in a steady frame of reference for which the infinite upstream velocity is
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equal to S0
L. Corresponding equations for gaseous combustion are given in Chapter 2. The

canonical situation for a methane-air flame is depicted in Figure 1.12, where the normalized
profiles of temperature θg, heat release rate (HRR) and progress variables cCH4 and cO2 are
shown in physical space. Note that the transition from fresh to burnt gases is very sharp -
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Figure 1.12. – Adiabatic laminar free-flame of methane-air at ambient conditions for an equiv-
alence ratio ϕ = 0.8, computed with Cantera [112].

typically of the order of 1 mm. As depicted on Figure 1.12, two length scales are usually defined:
one associated to temperature diffusion in the gas ldiff, and one describing the reaction zone
lreac. It is commonly acknowledged that:

ldiff ≫ lreac. (1.1)

ldiff increases with thermal conductivity but decreases with flame speed. lreac depends also on
these parameters but is also governed by the “stiffness” of the mixture, that is, the activation
energies EA of the reactions. Overall, the mechanism for self-sustained combustion is the convec-
tive equilibrium between diffusion and reaction: the heat from the burnt gases travels upstream
by diffusion to preheat the reactants, which themselves diffuse into the reaction zone. When the
reactants have reached sufficient energy in sufficient concentration, they react and go rapidly
to equilibrium. Note that the equilibrium temperature θg = 1 is only partially reached over
ldiff and lreac. This is due to the longer equilibriation of intermediate species. For hydrocarbon
flames, the complete oxidation of CO to CO2 may require more time. For hydrogen flames, it is
mostly the OH radical which is usually longer to equilibrate to yield H2O.

1.2.6.2. Laminar flame speed

Although the computation of a laminar flame appears easy, it requires the simultaneous res-
olution of S0

L, which is an unknown boundary condition of the system, and the physical profiles
themselves, which depend in turn upon S0

L. As such, the computation of a laminar flame boils
down to an eigenvalue problem. In general, because the reaction rates are strongly non-linear
functions including exponentials, and because the thermo-chemical properties of the gas phase
depend a lot upon composition and temperature, it is notoriously difficult to derive analyti-
cally a value for S0

L so its proper resolution is always done numerically. Yet, there exists many
analytical theories that derive values for S0

L with simplifying assumptions, unveiling the direct
dependencies of flame speed upon the system parameters. Such studies date back to more than
100 years, for instance with the works of Mallard and Le Chatelier [113]. With a simple en-
ergy balance, they found that flame speed varies like the square root of gas diffusivity Dth and
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reaction rate Rr:
S0
L ∝

√
DthRr. (1.2)

More advanced asymptotic analyses - for instance ZFK, Williams, Echekki, Van Kalmthout, see
[114, 115] provide more elaborate theoretical prediction for S0

L, but these always boil down to
a similar dependency. Intrinsically, Equation (1.2) shows that laminar flames are diffusion and
reaction-limited systems. It also means that if one wants to increase or decrease the velocity of a
laminar flame, one needs to alter somehow Dth or Rr. This conceptual viewpoint is particularly
relevant for porous media combustion, because as we will see in Chapter 4 heat-recirculation
can be viewed as simultaneous alteration of both Dth or Rr whose respective intensity depends
on the degree of coupling with the wall.

1.2.6.3. Heat loss/gain and multiple flame speeds for laminar flames

“Adiabatic flame speed”. In an infinite gaseous medium, there exists a conceptual difficulty
concerning adiabatic laminar flames known as the cold boundary issue [116]. Mathematically,
because the reaction rates do not vanish at the infinite upstream (they are just exponentially
small), and because they have an infinite amount of time to react before reaching the reaction
front, the classical set of equations governing combustion is ill-posed so the value of S0

L does not
exist formally-speaking. Nonetheless, by making use of multi-scale asymptotics, or by setting
artificially a fixed temperature in a finite domain (it can be done theoretically and is necessary
in numerical codes), then a value for S0

L is found, even though it requires to modify slightly the
formulation of the problem [117, 118]. In that context, S0

L can be viewed as the limit value for
which this modification is minimal. Interestingly, this modification can be seen as an addition
or substraction of heat from the flame, as if a thermal anchoring artifact were necessary for a
flame to exist.

Heat losses. While the cold boundary difficulty brings “unwillingly” non-adiabaticity into
the problem, some authors have studied purposefully the influence of heat losses on planar flame
fronts, for terms of the form h(Tg − Tu) in the energy equation representing for instance the
combustion inside a tube [119, 120]. Those early theories unveiled that for an increasing heat
loss intensity, two, one or zero flame speeds ShL may co-exist for the same unburnt mixture,
temperature and pressure. For small heat losses, two flame speeds are found - one high and one
low-velocity regime - as depicted in Figure 1.13. The high-velocity regime is very similar to the
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Figure 1.13. – Effect of uniform heat losses on flame structure of laminar flames. Left: for a
given heat loss, two solutions may exist, one of high velocity and one of low
velocity. Right: influence of heat loss intensity on the multiplicity of solutions.

adiabatic case with a flame speed ShL slightly lower than S0
L, while the low-velocity regime is

very different, with very low temperatures reached in the domain and much smaller values for
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ShL. In that regime the system is dominated by long-range diffusion and heat losses, as allowed
by the lower convective flux, and may lead to partial oxidation of the mixture. The low-velocity
regime is often considered unstable, meaning that although it enforces the equations it may
hardly be observed in experiments. When the heat loss intensity is increased, the two regimes
coalesce progressively until reaching a critical value that leads to flame extinction, that is, when
the reaction is too weak to overcome the losses. In Figure 1.13, it is seen that when heat losses
go to zero, then ShL → S0

L. Note that the heat losses are necessary to understand the notion
of flammability limits otherwise any mixture is theoretically flammable [119] so this conceptual
framework has very practical implications.

Heat gains. Interestingly, there seems to be no symmetry between heat loss and gain for
laminar flames, either conceptually or in terms of literature abundance. A heating term of the
form h(Tg − Tu) with h < 0 from the infinite upstream is clearly an ill-posed problem, so heat
addition may rather be considered under the form of an increase in unburnt temperature Tu. This
is known to increase flame speed, but in the author’s knowledge this does not lead to particular
multiplicities. The flame acceleration due to preheating is illustrated in Figure 1.14, which shows
the thermal speed-up of 1D adiabatic laminar flames in terms of mass flow rate wrt. a reference
at 300 K, noted Γp, for varying unburnt temperature Tu. Methane-air (a) and hydrogen-air (b)
flames are shown for various equivalence ratios. It is observed that the sensitivity of flames to
preheating increases with decreasing equivalence ratio, and seems larger for H2. This will be
discussed further in Chapter 3 because a conceptual difficulty lies here when this sensitivity is
linked to the Zel’dovich number. Note that there exists a threshold value for Tu beyond which
the notion of laminar flame speed vanishes, leaving its place to auto-ignition of the mixture
“everywhere” [121]. This occurs when the notion of diffusion length scale becomes irrelevant,
that is, when diffusion does not play its role of step-by-step preheating against convection, and
when the reaction zone becomes larger [122].
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Figure 1.14. – Flame acceleration (speed-up) Γp as a function of the unburnt temperature Tu.

More elaborate sources of multiplicities for 1D flames. There exists further subtleties
associated with the unicity of the solutions even in the adiabatic case, when the Lewis number
is not equal to 1 and when special forms are given for the reaction rates [123, 124]. This illus-
trates how the multiplicity of solutions for diffusive-reactive equations is far from being an easy
topic - which has lost momentum the last two decades given the technical difficulties to answer
somewhat theoretical situations, and the extensive use of numerical tools that show excellent
agreement with experiments. In addition, there is the question of the influence of complex chem-
istry on this unicity, but this leads us very far from the objective of this thesis. To some regard,
though some exotic flames can be computed theoretically, they may not be found in practice.
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1.2 Concepts of porous media combustion

In heat-recirculating systems, the coupling with the wall both adds and extracts heat to the
flame. Considering the aforementioned influence of non-adiabaticities on flame speed multi-
plicity, it is expected that porous media burners systems present multiple solutions. These are
now reviewed.

1.2.6.4. 1D structure of a flame inside a porous burner

Before discussing the multiplicity of solutions in porous burners, we provide in Figure 1.15 a
1D schematic view of the flame structure inside a porous matrix of finite length. The gas/solid
temperature profiles and the heat release rate are drawn respectively in black, dashed grey
and red, and the porous burner is drawn in light grey in the background. On each side of the
diffusion+reaction region (i.e. the flame front) are found the preheating and cooling (relaxation)
regions. Overall, the heat transfer from the solid to the gas phase is positive before the flame
front and negative afterwards. One can see that flame structure inside the porous medium is
very close to the schematic illustration of heat recirculation given in Figure 1.4.
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Figure 1.15. – Schematic view of the flame structure inside a porous burner of finite length,
illustrating heat recirculation and the various regions of heat transfer, release
and diffusion.

1.2.6.5. Heat recirculation, multiple flame speeds and solutions

Conceptually-speaking, the interaction of the flame with a solid provides additional degrees
of freedom in the space of possible solutions. Bearing in mind the previous remarks on non-
adiabatic combustion and multiple flame speeds, it is therefore reasonable to expect that heat-
recirculating devices, which both extract and provide heat to the gas, present operating multi-
plicities. These can take the form of:

– Type 1 multiplicity: different flame locations for the same burning rate ;
– Type 2 multiplicity: different burning rates and temperature profiles for a given flame

position in the system.
To understand how this occurs, let us move our attention to the specific case of porous burn-
ers of finite length. Figure 1.16(a-f) reports qualitatively gas (black) and solid (dashed grey)
temperature profiles for multiple steady-state solutions computed numerically by a 1D model of
a finite-length porous burner, extracted from the works of Mendes et al. [125]. Figure 1.16(g)
reports accordingly the corresponding burning rates ṁ∞ for varying flame positions x. Two
types of flames are reported. “Strong” flames of large mass flow rate (bell-shaped curve in
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ṁ1
<latexit sha1_base64="GEU/Kuq6u8vPgUJGxzfm7hfDWkk="></latexit>

x
<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit>

x
<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit> x

<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit>

x
<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit>

x
<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit> x

<latexit sha1_base64="NzEpn3fBRnRW3Gf37DzZnTYpPXE="></latexit>

(d)
<latexit sha1_base64="YKWQBFe9Mw8eoZIe1+tRHZaFfqE="></latexit>

(e)
<latexit sha1_base64="dh4iedtLzoHsfI+h6a2SVkl1ijY="></latexit>

(f)
<latexit sha1_base64="44jhUMuVLcgOvp3edwAhoBqamFE="></latexit>

(g)
<latexit sha1_base64="iq1Zj5XT8KEVshQf84UwQ/tTmUA="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

Ts, Tg
<latexit sha1_base64="a+dIRY4UBZaQH/rE7xKmWs557N8="></latexit>

ṁ0
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Figure 1.16. – Multiplicities and flame shapes in porous burners of finite length (schematic rep-
resentation, adapted from the results of [125]. In (a) → (f) the gas and solid
temperature profiles are shown respectively in solid black and dahsed grey, while
(g) represents the diagram mass flow rate ṁ∞ vs. position x. The porous medium
is represented in light grey. ṁ0 is the mas flow rate of the 1D adiabatic laminar
flame.

Figure 1.16(g)) and “weak” flames [126, 127] of lower mass flow rate (U-shaped curve in Fig-
ure 1.16(g)). The flame position is pinpointed, say, by the maximum of heat release rate. The
mechanisms leading to the bell-shaped curve for strong flames will be described in Chapter 3
[128, 129]. Overall, the flame position in the porous medium in steady state is always charac-
terized by the equilibrium between diffusion, convection, reaction, and heat exchange between
the gas and solid phases. Those lead to both Type 1 and Type 2 multiplicities. Strong flames
are typically characterized by a stronger non-equilibrium between the gas and solid temperature
profiles, whose burning rate is mostly dictated by the preheating (which follows itself a bell-
shaped curve). Weak flames are characterized by extensive interphase equilibrium, and they
may also be defined as the low-velocity branch in non-adiabatic systems [126]. Overall, weak
flames are more difficult to observe in experiments [127, 130]. Their low burning rate may not
be beneficial in practical applications [131], and as shown in [125] they may also present partial
oxidation of the fuel. Therefore, weak flames are not addressed in this manuscript.

1.2.6.6. Sub-adiabatic combustion

Following Figure 1.13, when the heat extracted from the flame is not recycled properly to en-
hance combustion kinetics and local temperatures, then the flame may show burning velocities
lower than adiabatic. This occurs when the heat losses to the exterior are so large that the heat
recirculation is not sufficient to overcome local heat losses in the reaction zone. This situation,
- typical of surface combustion [132] where the flame loses energy upstream to the solid - can
also be found in porous burners [133].

18



1.2 Concepts of porous media combustion

Because weak flames are rarely observed and of low practical interest, only strong flames are
considered throughout this thesis. When radiation and other losses are neglected, subadiabatic
combustion is discarded similarly.

1.2.7. Stabilization mechanisms in porous burners

1.2.7.1. Hydrodynamic vs. thermal stabilization

In a classical free-flame burner, flame stability and shape are mostly dictated by the hydro-
dynamic field. For the canonical case of a bunsen flame, the flow rate determines the angle of
the flame cone, and must fall between maximum (blow-off) and minimum (flashback) values.
A simple bunsen burner is therefore designed so that, for varying flow rate, the flame remains
anchored near a given location. In porous burners, an additional stabilization mechanism in-
tervenes, related to the heat recirculation. Generally-speaking, the flame position is such that
the heat budget of the gas+solid system is balanced. This is a thermal stabilization mechanism,
in contrast with hydrodynamic stabilization. Due to the bell-shaped curve mass flow rate vs.
position, blow-off is reported to occur near the mid-section of the burner, and flashback occurs
near the upstream edge of the burner due to the constriction related to porosity [134, 135].

In real burners, thermal stabilization does not exclude a local anchoring of the flame within
the porous structure. At pore scale, it has been recognized through 2/3D numerical simulations,
that the flame fronts are not planar and can be stabilized similarly to free-flames at pore scale
[136, 137]. For a given flame position, there may be an adaptation mechanism in which the flame
surface adapts to keep the same anchored position for a varying mass flow rate. This is illustrated
in Figure 1.17, which shows one of our numerical simulations of submerged combustion for a 20%
increase in inlet velocity. It is seen that the flame remains attached to the same pores with a
different area. Conceptually-speaking, these local augmentations in flame surface may influence
the ideal bell-shaped curve of Figure 1.16(g), as illustrated schematically in Figure 1.18. This
effect is expectedly further increased in the presence of porous matrix non-homogeneities, and
may vanish for stochastic systems on average. However, for lattice-based porous burners this
effect may become preponderant. Conditions in which the flame may be planar or not and
afferent discussions can be found in Chapters 2 and 6.

Figure 1.17. – For the same flame anchoring positions within the pores, augmentation of flame
surface for an increase in inlet velocity (1.0 → 1.2 m s−1). Hydrogen-air, ϕ = 0.3,
chemical scheme Boivin. The flame surface is defined by 50% of fuel consumption.
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Figure 1.18. – Schematic representation of the pore-level anchoring influence on the stability
diagram of a porous burner (strong flames only).

1.2.7.2. Stability of the solutions

Although the various solutions shown in Figure 1.16 theoretically enforce the governing equa-
tions and thermal equilibrium, these are not necessary all stable. In [138] it was first theorized
that only flames showing a positive slope of mass flow rate vs. position (i.e. ∂ṁ∞/∂x > 0)
are stable. The rationale is that, for a small downstream (resp. upstream) disturbance of the
flame position for a fixed ṁ∞, the resulting flame speed is larger (resp. lower), which brings
back the flame to its original position. For the regions ∂ṁ∞/∂x < 0, downstream disturbances
lead to blow-off and upstream disturbance to flashback (or, in each case, to another stable point
of the burner). This fact was supported experimentally [139] and numerically [34]. So as to
compute unstable solutions, it is necessary to fix the position of the flame in the domain: in
that case the mass flow rate is an eigenvalue. It is only in [125] that a “rigorous” study of flame
stability was achieved by means of Linear Stability Analysis (LSA) on the discretized equations.
Although strong flames seem to follow roughly the simple pattern described above, it seems
that radiation has a stabilizing role by extending the stable range beyond the mid-section, even
when ∂ṁ∞/∂x < 0. For weak flames, surprisingly the stability criterion is different: regions of
negative slope are stable and vice-versa, but since these are found in the upstream section again,
one can conclude that flames in porous media should be observed in the upstream regions only.
Note that pore-scale anchoring may allow local stabilization, because as shown in Figure 1.18
variations in flame area promote portions of ∂ṁ∞/∂x > 0 throughout the porous medium. This
was observed recently in experiments performed at IMFT by F. Muller (unpublished results).

1.2.7.3. Burner design variations

In the previous sections, the case of homogeneous burners (i.e. with uniform pore diameter,
material, porosity, etc.) was reviewed. It is illustrated in Table 1.2(a). However, as stressed in
[140] and visible on Figure 1.16(g), uniform burners are intrinsically prone to flashback: due to
the constriction of the flow near the inlet (porosity effect), the stable mass flow rate in front of the
porous matrix is larger than inside: a flame reaching the inlet of the burner will flashback. Also,
1D theory predicts that uniform porous burners present unstable flames in their downstream
half. In order to improve burner stability, various designs were proposed in the literature, and
shown schematically in Table 1.2(b-d).

– step burners: the concept of two-layer porous burner was first proposed by Hsu et
al. in [69]. The intention was to fix the position of the flame at the interface between
two layers of different physical properties, namely one upstream section with small pores
supposedly acting like a flame arrestor, and a downstream section with larger pores used
as the combustion zone. The same mechanism was then investigated by Trimis and Durst
in [45]. Their results hint towards a propensity of the interface to stabilize the flame.
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1.2 Concepts of porous media combustion

Table 1.2. – Various designs for porous burners encountered in the literature.
burner

type (a) uniform (b) step (c) diverging (d) graded

design

primary
stabilization
mechanism

thermal
equilibrium

upstream
quenching?

flow
divergence

“continuous”
quenching?

stability
(reported) +/- + +++ ++

Refs.
[35, 94, 132]
[98, 130, 136]
[34, 125, 139]

[45, 69, 141]
[34, 142, 143]

[30, 144]
[140, 145–152] [153, 154]

They argued that changes in mass flow rate lead to an augmentation in flame surface
locally (multidimensional effect), so that the upstream section acts as a flame holder with
the added influence of heat recirculation. From the point of view of the 1D modelling,
Diamantis et al. [34] argued that two-layer combustion is governed by a combination of
surface combustion from the upstream layer and a submerged mode within the downstream
layer, with a reaction zone spanning over the two layers simultaneously. When there is
a porosity jump between the two sections, then the stabilization effect is enhanced and
somewhat easy to understand: the sudden expansion of the flow creates a local anchoring
effect, even from the point of view of the 1D equations (see [142] with 0.1/0.9 porosity
jump and for a resulting power range of 1-10). However, for a pore size jump with constant
porosity, the anchoring at the interface is not as easy to explain. Indeed, the common
argument that there exists a limit Péclet number below which flame propagation in the
upstream section is prevented, as found in classical theory of quenching [114, 119, 120, 141,
155, 156] implicitly supposes that the walls are at a fixed (cold) temperature, which is not
the case in the presence of heat recirculation. This explains why some authors did observe
a propagation of the front in the upstream section and flashback, even for very small pores
[69, 143, 144]. Since flashback is already observed in surface combustion of single-layer
burners [132], it is not surprising that the addition of a downstream layer promotes even
more flashback, in the presence of conductive and radiative feedback. Also, it should be
mentioned that there are strong shortcomings of 1D models near the interface, because
volume-averaged models are known to be less valid near the boundaries. In addition, to
date no 3D DNS of two-layer combustion was performed in realistic geometries, so pore-
scale mechanisms for flame stabilization remains to be substantiated properly. Incidentally
one may note the study of Ellzey and Goel [30] which found step burner to produce less
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CO and NO than uniform burner.
– diverging burners: starting from the fact that in steady state the local flame speed

must be equal to the flow velocity, a diverging design for the porous burner naturally
comes to mind. The expansion and progressive deceleration of the flow downstream allows
to accommodate a broad range of operating conditions [145]. The very high velocity
upstream prevents flashback, while heat recirculation substantially delays blow-off. In that
line of thought, Bakry et al. [140] have shown experimentally that the divergent design
is helpful in stabilizing flames at elevated pressures and temperatures, which may lead
the way to usage in industrial combustion chambers and turbomachinery. Several studies
found that using a diverging geometry may be efficient for fuel reforming applications
[146–148]. In their hydrogen-air micro-combustion application, Qian et al. [149] found
the divergent geometry to yield a 186% increase in blow-out limit and 70% increase in
radiation efficiency compared to a straight channel. Dai et al. [150] recently simulated a 2D
diverging burner and found an optimal opening angle of 15° for maximum H2 production.
For methane-air combustion, the burner of Hashemi et al. [152] found an optimal angle
of 60°. Similar 2D numerical studies may be found in [151]. Voss et al. [157] used a
conical burner to compare a 1D numerical model and thermocouple measurements - and
found rather good agreement between the two. However, a warning must be raised upon
the fact that thanks to the flow expansion, the flame remains near the inlet for large flow
rate variations: this may artificially make 1D models and experiments match regardless
of modelling issues. Therefore, diverging geometries should not be used to validate fine
predictions of 1D models.

– graded burners: more recently, Sobhani et al. proposed a novel design based on pro-
gressive spatial gradation of the porous matrix properties, either through multiple steps
[153] or via continuous additive manufacturing [154]. Their results tend to show that
pore-graded topologies (smaller pores upstream) outperform conventional two-step burn-
ers, while porosity gradation (lower porosity upstream) is detrimental. The proposed
rationale is that a larger range of Stanton numbers reached inside the burner be favorable
to burner stability. However, the flame structures and locations inside the porous matrix
were not addressed in a comprehensive fashion, and the proposed reasoning is questionable.
Notably, no comparison against uniform burners was given. Also, there seems to be an is-
sue with comparing continuous and step burners fundamentally, because the heat transfer
at the interface of two stacked porous media is much less than that within a continuous
structure. In addition, in [154] pore-size gradation was not achieved independently of an
“opposite” porosity gradation (larger porosity upstream), which is a strong confounding
factor given the results on porosity gradation. But the biggest issue is probably the absence
in the literature of 3D pore-scale simulations which would justify how porosity gradation
stabilizes the flame (or not). Overall, as we will show in our 3D pore-level simulations it
is possible that the phenomenon observed experimentally be attributed to variable inten-
sity of local quenching effects of the flame front. Upstream (smaller) pores may reduce
burning rate, while in larger pores downstream the flame is more independent of the wall
(less quenching) and may present larger corrugation (thus larger burning rate). Because
these phenomena are absent from current 1D volume-averaged models, this may explain
the large discrepancies between 1D simulations and experiments in [153, 154]. Although
there seems to be shortcomings in the current understanding of graded burners, it remains
a great research topic which shall be addressed in the future, because it leads to the corol-
lary question: how do real flames and volume-averaged models behave for varying pore
diameter? This issue is addressed in Chapter 2 and 6.
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1.3. Motivations and objectives of the thesis

In this chapter, we have reviewed concepts associated to heat recirculation and flame stabi-
lization inside porous burners, mostly through the prism of 1D assumption. Of course, reactive
interstitial flows within porous media are complex 3D objects which present many subtleties
at pore scale. Unfortunately, due to the opacity of the solid matrix, there are neither easy
and reliable visualisation techniques of the local flame structure within porous burners [158],
nor accurate measurements of basic quantities such as local velocities, temperatures and con-
centrations. This paves the way for detailed numerical simulations, which are hard to set up,
computationally-intensive, and therefore limited to small domains and/or simplified geometries.

As we will see in the following, cheap alternatives to 2/3D detailed numerical simulations are
low-order, filtered models, as used extensively in the literature [34, 159]. Those are typically
established from a filtering of the equations in space (i.e. volume-averaging [160]) over a certain
Representative Elementary Volume (REV). The size of the REV should not be too small, to
avoid catching pore-scale non-homogeneities, but not too large to avoid catching macro-scale
gradients. Obviously, the filtering process comes with a certain loss in local information - and
requires closure terms at the macroscopic scale. This yields, from the microscopic conservation
equations, macroscale counterparts with effective modelling terms of prescribed functional form
and associated coefficients. For example, the influence of tortuosity and porosity of the solid
matrix may be viewed, at the macroscale, as a modification of the solid conductivity compared
to the bulk material.

Unfortunately, this averaging step is intrinsically flawed in the presence of local discontinuities
at the scale of the REV, which typically occurs in the presence of combustion flame fronts in
the gas phase. As shown schematically in Figure 1.19, when the pore size dp is larger than
the flame thickness δL, sharp flame fronts develop and anchor locally: combustion does not
occur in volume at the scale of the REV, meaning that the standard hypothesis of commutation
between reaction rates and volume-averages is not valid. As in LES for turbulent combustion,
this is particularly problematic for the determination of macroscopic burning rates [115], which
may explain the difficulties of state-of-the-art volume-averaged models to predict stable burner
operating ranges with good accuracy. To the best of the author’s knowledge, there does not
exist combustion models for porous media combustion taking into account these local features.

Accordingly, closing the gap between volume-averaged models and experiments is, as we will
see throughout this manuscript, a tremendous task that will take many more years to accomplish
(if even possible). Yet, this goal in mind, this Ph.D. work concentrates on various modelling
aspects of porous media combustion, both from the point of view of the volume-averaged models
and the microscopic equations. The idea is to bring further insights onto the phenomenology of
volume-averaged models on the one hand, and unveil realistic pore-scale combustion mechanisms
on the other hand:

– first, an in-depth study of the behavior of volume-averaged models is proposed, to com-
plement current knowledge of combustion regimes in porous media, as well as important
intrinsic properties of the coupled gas/solid system such as flame speed, which are still
lacking in the literature ;

– then, 3D direct pore-level numerical simulations are performed in realistic geometries, so
as to unveil the pore-level characteristics of the flame structure and compare quantitatively
the resulting fields to state-of-the-art volume-averaged predictions ;

– having understood the phenomenology of the volume-averaged equations and that of a real
flame through direct numerical simulations, a first combustion model for reaction rates in
porous media is proposed. The intrinsic hurdles and flaws of the volume-averaged are
highlighted quantitatively.
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Figure 1.19. – Illustration of typical pore-scale phenomenology: sharp flame fronts anchored
locally.

1.4. Outline of the manuscript
– Chapter 2 is an extension of the literature review presented in Chapter 1, with an em-

phasis on the physical phenomena related to mass and heat transfer within porous media
(dispersion, turbulence, pressure drop, etc.). The importance of the ratio of thermal flame
thickness to pore diameter for gaseous flames is underlined. Also, the microscopic gov-
erning equations used throughout this thesis are presented, and the upscaling procedure
yielding the current macroscopic models is described ;

– Chapter 3 presents asymptotic analyses of flames within porous media based upon the
classical 1D volume-averaged equations, supposing that reaction occurs infinitely fast. For
infinitely-long porous media, it is shown that the problem is governed by two dimensionless
parameters. In the case of low heat coupling with the wall (decoupled regime), the first
fully-explicit formulae for flame speed within porous media are given. This is arguably
of academic and practical interest, as the resulting expressions are capable of explaining
many previous literature results found in simulations and experiments. Effects of burner
finite length are also addressed, and an universal abacus to assess their maximum heat
recirculation potential is provided. Also, the case of multi-layered burners is addressed
theoretically for the first time, with a notable discussion on the influence of the heat
transfer condition between two solid stages ;

– Chapter 4 extends the results of Chapter 3 by relaxing the hypothesis of infinitely-thin
reaction sheet. A wide exploration of the parametrization spectrum allows to unveil the
existence of three combustion regimes for increasing interphase heat transfer, named re-
spectively decoupled, intermediate and hyperdiffusive. In addition to Chapter 3, which
provided a formula for flame speed in the decoupled regime, the proposed framework pro-
vides another formula for the hyperdiffusive regime. The chapter provides also a concep-
tual vision to reconcile the frameworks of LTNE and LTE (hyperdiffusive regime) through
a progressive modification of the superadiabaticity and effective diffusion in the gaseous
phase. It is shown that the stiffness of the mixture (related to the Zel’dovich number) ex-
plains the influence of chemistry and equivalence ratio on maximum temperatures found
in previous studies. Based upon the asymptotic model of Chapter 3, an universal formula
for flame speed valid in all regimes is proposed.

– Chapter 5 presents the pre-processing steps of the 3D numerical simulations - notably
the difficult meshing step - from a tomographic X-ray scan to 3D unstructured tetrahedral
computational mesh. This chapter is somewhat “technical” and meant to be used by the
community as a tutorial, because the meshing of random, reticulated structure poses a
technical challenge that must be alleviated to enable more studies to be done in the field ;

– Chapter 6 presents results of the 3D simulations and links them to the state-of-the-art
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1.4 Outline of the manuscript

1D volume-averaged models. It is suggested that in classical burners, where the flame
thickness is smaller than the pore diameter, current models present intrinsic shortcoming
which hampers them from predicting quantitatively the burning rates and physical profiles.
The validity of macro-scale modelling terms are discussed, and the first closure term for
reaction rates is proposed to try and correct the volume-averaged models. It is shown that
hydrodynamic dispersion does not account for the burning rate of flames within porous
media, and has no reason to have a strong influence at the pore level. We suggest that
afferent interpretations found in the literature in terms of extra mixing should be taken
with caution ;

– Chapter 7 presents the specificies of H2 combustion within porous media. Based upon a
literature review, the possible phenomena occurring within porous media, related to the
preferential diffusion of species, are listed. Then, the first 3D simulations of hydrogen
combustion in porous burners are shown and discussed. It is shown that the structure of
hydrogen flames is strongly multi-dimensional and comes with further modelling challenges.
The propensity of hydrogen flames to flashback in large pores is also underlined.

Figure 1.20 presents the triptych theory/simulations/experiments and the conceptual positioning
of the various chapters.
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Chapter 2
From micro to macroscopic scale
A proper modelling of porous media combustion requires a correct understanding and inter-
pretation of the physical phenomena taking place at both microscopic and macroscopic scales.
To that end, this chapter reviews the phenomenology of heat and mass transfer within porous
media, including: dispersion, interphase heat exchange, effective thermal conductivities, radia-
tion, turbulence, pressure drop, and of course, chemical reactions. A classification of associated
regimes in terms of various dimensionless numbers is given. Then, the volume-averaging math-
ematical steps from micro to macroscale equations are provided, casting some light on the
assumptions underlying volume-averaged equations currently used in the literature.
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Chapter 2 : From micro to macroscopic scale

“A great deal more is known than has
been proved.”

Richard Feynman

2.1. Flow, flames and heat transfer within porous media

2.1.1. Physical phenomena at micro and macroscales

Heat and mass transfer within porous media have been the topic of extensive research and
excellent reviews on the topic can be found in [161, 162]. Most of the time, research has focused
on unveiling the relationship between pore-scale physics and macroscale modelling. In porous
burners, this task is particularly difficult, because all the following intertwined phenomena take
place simultaneously at the microscopic scale:

– convection of the flow within the interstices ;
– heat and mass diffusion in the gas phase ;
– heat diffusion in solid phase ;
– chemical reactions in the gas phase ;
– radiation (gas↔gas, solid↔solid and gas↔solid) ;
– viscosity-related friction at the core and boundaries of the flow.

Some of these microscale phenomena are illustrated directly on Figure 2.1, on a slice extracted
from one 3D DNS performed in this thesis. The temperature of the gas and solid are shown
in blue/red, heat release in black, and the interphase gas/solid is colored by the wall heat flux
intensity in green/purple. The presence of superadiabatic pockets is observed. In the simulation
radiation was not considered so it is illustrated only schematically.

Note that chemical reactions near the fluid/solid boundary (such as catalytic combustion) are
excluded from the present work. The same goes for gas↔gas and gas↔solid radiation, which are
assumed negligible compared to solid↔solid radiation and conduction. At the macroscopic scale,
the listed phenomena give rise to “effective” phenomenologies and properties of the flow. For
instance, the tortuosity and porosity of the solid matrix lead to the notion of effective thermal
conductivity at the macroscale. Other phenomena include pressure drop, turbulence, volume
interphase heat exchange, dispersion, etc. Those are reviewed in this section with afferent
reduced parameters.

convection

solid conduction

reaction radiation

wall heat flux gas → solid

heat rel.temperatures

superadiabatic pocket

gas phase solid phase

Figure 2.1. – Illustration of various microscale phenomena occurring in porous media combus-
tion on a slice extracted from a 3D DNS. Afferent notations are introduced later in
this chapter. Superadiabatic regions correspond to reduced temperatures θg > 1.
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2.1 Flow, flames and heat transfer within porous media

2.1.2. Flow regimes
Let us begin with some vocabulary specific to flows within porous media. For increasing

interstitial velocities, a variety of flow regimes are successively encountered, as summarized in
Table 2.1. The so-called Darcy regime corresponds to low-velocities where the Stokes flow ap-
proximation applies: the flow is steady and dominated by viscous forces. For larger velocities,
the Forchheimer regime encompasses both steady and unsteady states, from laminar to the tran-
sition to turbulent: inertial forces become more and more dominant. Note that the Forchheimer
and turbulent regimes are sometimes put together under “non-Darcian” denomination.

regime Darcy Forchheimer turbulent

flow
state

laminar
transition fully-developed

turbulentsteady unsteadylinear non-linear

Table 2.1. – Various flow regimes for increasing interstitial velocities inside porous media.

2.1.3. Pressure drop
The porous medium acts obviously as an obstacle to the incoming flow. The no-slip conditions,

the internal shear layers, but also the turbulent eddies if present all dissipate kinetic energy
through mechanical stresses, which, once averaged at the macroscopic scale, lead to an overall
pressure gradient. For low porosities and very small pore sizes, as found in air/water filters
[163] and in soil exploration [164], this pressure drop may become substantial [165]. In a 1856
report concerning the water supply system of the French city of Dijon, Henry Darcy proposed
an empirical, linear law relating the pressure drop and infiltration velocity in sand filters [166],
valid in the Darcy regime. Adapted in more modern notations, it writes:

−∂P
∂x

= µ ⟨u⟩g

kp
, (2.1)

where P is the (macroscopic) pressure, x the flow direction, µ the dynamic viscosity, kp a per-
meability factor and ⟨u⟩g the intrinsic (interstitial) velocity (⟨·⟩g is the intrinsic volume-average
in the fluid phase, defined later in the chapter). By viewing the porous medium as a network of
small tubes where many laminar Poiseuille flows take place simultaneously, approximate analyti-
cal expressions for kp may be obtained [167–169]. A more general analysis can also be performed
through volume-averaging asymptotics [170], yielding the same linear relation for macroscopic
pressure gradient at low flow velocities. Of course, deviations from the simplistic Darcy’s law
are observed experimentally at larger velocities [171], when inertial forces become predominant.
Many correlations were proposed to complement Darcy’s law [172], one of the most famous being
the Forchheimer correction [173]:

−∂P
∂x

= µ ⟨u⟩g

kp
+ βF ρg [⟨u⟩g]2 , (2.2)

where βF is a non-Darcy (also called Forchheimer) coefficient and ρg the fluid density. Physically,
the term ρg [⟨u⟩g]2 corresponds to the well-known dynamic pressure - coherent with the common
assumption that deviations from linear are due to increasing inertial effects. The transition from
Darcy to non-Darcy being governed by the relative importance of inertial to viscous forces, the
Reynolds number is classically used to discriminate the two regimes:

Rep = ⟨u⟩
g dp
ν

, (2.3)
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Chapter 2 : From micro to macroscopic scale

where dp is the mean pore diameter, ν is the kinematic viscosity. Other definitions for the
Reynolds number, based on the particle diameter (solid phase) or permeability can be found in
the literature [171]. That based on the permeability is sometimes termed Forchheimer number.
For that reason, but also because there is a very large spectrum of fluids, flow configurations
and pore geometries, it is impossible to provide a general criterion to when Darcy’s law applies.
Most of the time, permeability kp and Forchheimer coefficient βF are fitted over experimental
data.

For porous media burners, Equation (2.2) was shown to be sufficiently accurate in [174], with
typical pressure drops of the order of 0.5-5% [174, 175]. For the sake of illustration, Figure 2.2
presents a typical pressure field obtained in a numerical simulation performed during this thesis,
where a typical value of 3% is found for pressure drop. In such proportions, the influence of
pressure variations on combustion is negligible, thus low-order models may be considered iso-
baric. Accordingly, this manuscript does not investigate further macroscopic pressure gradients
- their proper prediction and modelling constituting an entire field of investigation alone [172].

<latexit sha1_base64="SLPdv9bGtMp++jKsA2gQ9nLqng0="></latexit>
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Figure 2.2. – Illustration of pressure drop in porous media combustion. Hydrogen-air flame
at equivalence ratio ϕ = 0.3. The black line marks the isocontour 10% of H2
consumption. Inlet velocity Uin = 2.5 m s−1. Mean pore diameter d̄p = 1 mm.

2.1.4. Turbulence

Turbulence may be characterized by disorganized, chaotic movement of flow, where eddies of
different sizes and speeds are observed. It can be defined in opposition to laminar flows, which
appear well-organized, layer-by-layer, and somewhat dominated by viscous forces. From the
early works of Osborne Reynolds discussing the onset of turbulence in a simple tube [176], a
plethora of research has been conducted in many types of flows (contained flows, free flows, jet
flows), and turbulence remains today an active topic of research in fluid dynamics [177, 178].
Although the threshold values leading to turbulence may depend upon the geometry of the
system, the fluid properties, the flow configuration and other variables, the Reynolds number
remains the relevant reduced parameter describing whether convective of viscous dissipation
dominates, and therefore, whether turbulence exists or not. Of course, one should keep in mind
that “turbulence” encompasses a variety of spatial and spectral properties of the flow, and the
transition from laminar to turbulent is not sharp. For flow in porous media, following [179, 180]
one may find approximate thresholds for a series of regimes in terms of the Reynolds number:

– Rep < 25: linear (Darcy) regime, where Stokes flow approximation applies ;
– 25 < Rep < 375: inertial regime, the flow remains steady and the pores are set of large

inertial cores. The velocity field is substantially different from the Darcy regime ;
– 375 < Rep < 750: transitional regime, the flow becomes unsteady and begins to form

large vortical structures and/or intermittency ;
– 750 < Rep < 3500: turbulent regime, the flow resembles more and more conventional

free turbulence ;
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2.1 Flow, flames and heat transfer within porous media

– Rep > 3500: asymptotic regime, the Reynolds number is so large that turbulence may
be approximated locally as isotropic over the pore region.

Figure 2.3 shows cold flow simulations performed in this thesis to illustrate these various regimes
in a regular geometry. We noted in our simulations that for random structures (such as Fig-
ure 2.2), unsteadiness was triggered for lower Reynolds numbers at a given pore size.

Overall, the modelling of turbulence for porous media at the macroscale is not an easy task,
and has been the topic of much controversy [181]. While the low-order modelling of steady
flows requires “only” an average in space (volume-averaging), unsteady/turbulent flows require
a second average in time (Reynolds averaging). Unfortunately, both averages do not commute.
Knowing which method should be applied first is still an open question, as it changes the
behavior and phenomenology of the resulting macroscale equations. Antohe and Lage pioneered
a k−ϵ formulation for turbulence within porous media starting by space integration [182]. Their
analysis was extended by Getachew and co-workers [183] who included non-linear contribution
from the Forchheimer term in the time-averaged momentum equation, leading to extra terms
in the momentum, turbulent kinetic energy and dissipation rate equations. Nakayama and
Kuwahara [184] developed a volume-averaged formalism of the microscopic k− ϵ equations and
found some agreement with 2D numerical simulations over a periodic array of square rods. The
approach starting from time integration was proposed by Masuoka and Takatsu in [185].

A third approach consists in using the so-called double-decomposition method pioneered by
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pore-based Reynolds numbers Rep. Each case corresponds to a different listed
regime.
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Chapter 2 : From micro to macroscopic scale

de Lemos [186]. This method consists in delaying the final averaging step by writing simul-
taneously spatial and temporal deviations from the averages and treating the resulting time
and space deviation cross-products separately. This modelling was applied for porous media
combustion in [187, 188], which compared four different thermo-mechanical models, namely
laminar, laminar with radiation, turbulent, and turbulent with radiation. Closure terms for the
gas equation involved thermal dispersion, turbulent heat flux, turbulent thermal dispersion and
local conduction. Reactions were modelled simply by commuting the reaction rates with the
averages (no combustion model). Minor influence of turbulence on the results was found, which
may be explained by the low Reynolds numbers found in porous burners, but also by the strong
assumptions performed during the volume-averaging procedure. Unfortunately, these modelling
aspects remain unsubstantiated by detailed DNS or experiments, so those are still mostly hypo-
thetical. Since there does not even exist a combustion model for reaction rates in steady state, it
is not surprising that the addition of fluctuations in time is still not addressed. Another analysis
of the influence of turbulence modelling in porous burners is found in [189]: overall only the
effect of turbulence on effective diffusivity in the gas energy equation was shown to change the
solution by broadening the flame what reduces maximum temperatures. Overall, much more
work is required to unveil the specificities of turbulence in porous media combustion. Note that
an additional difficulty lies in the fact that due to the presence of the pores, the structure of the
flow is largely constrained, and turbulence in each pore is somewhat independent [190], so the
classical approaches used in free-flow turbulent combustion might fail without proper handling.

Given the already large complexity of steady combustion within porous media, un-
steady/turbulent flows are excluded from the theoretical framework of this thesis.

2.1.5. Interphase heat exchange

When there exists locally a gradient at the gas/solid interface, heat is transferred between the
two phases. This typically occurs when the temperatures of the gas ⟨Tg⟩g and solid ⟨Ts⟩s are
different at the macroscale. Accordingly, a volume interphase heat transfer coefficient hV (unit
W m−3 K−1) is often used to model the heat transfer from the gas to the solid Qgs as:

Qgs = hV [⟨Tg⟩g − ⟨Ts⟩s] . (2.4)

In some situations, this heat transfer is so large that the two phases are in thermal equilibrium.
This led some authors to consider the framework of Local Thermal Equilibrium (LTE), in which
the solid energy equation is discarded and the system gas+solid is viewed as an effective medium
[191–193]. This is modelled at the macroscale by an effective heat capacity and conductivity.
In porous media combustion however, the large temperature gradients generated by the flame
are often incompatible with LTE hypothesis. This is why the Local Thermal Non-Equilibrium
hypothesis (LTNE) is rather employed through Equation (2.4), which requires a specific energy
equation in the solid phase [194]. In fact, the model of Equation (2.4) is local, in the sense
that local heat transfer depends only on the local averaged quantities. This is of course overly
simplistic to cover all situations, so again keep in mind that this closure term is partly ad hoc.
In [195], Quintard has shown that a dependency of the heat transfer upon macroscale gas and
solid temperature gradients is conceivable - leading to the requirement of additional heat con-
ductivity tensors. In our numerical simulations however, it was found that Equation (2.4) may
be sufficient for our application of porous media combustion. This is illustrated in Figure 2.4,
which shows a best fit for hV for an interphase heat transfer per unit volume Qgs given by
Equation (2.4). Table 2.2 shows a literature selection of expressions for volume interphase heat
transfer coefficient hV , adapted to the present notations. The correlation of Kuwahara et al.
was obtained from 2D DNS on a periodic array of isothermal square rods, implicitly valid for
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Figure 2.4. – Fit of constant hV for an interphase heat exchange of the form of Equation (6.26)
in a reactive coupled gas/solid 3D DNS performed in this thesis.

solid thermal conductivities much larger than the gas [196]. Their work somewhat catches the
experimental values obtained by Wakao and Kaguei for packed beds [197]. Very similar studies
were performed by Saito and de Lemos [198, 199] with and without turbulence. Another cor-
relation can be found in the work of Vzukauskas [200]. It is argued from numerical simulations
that similar trends are valid for laminar and turbulent flows.

Ref. Heat transfer coefficient

Kuwahara et al. [196] hV = λgSV
dp
√

1− ϵ

[(
1 + 41− ϵ

ϵ

)
+ 1

2
√

1− ϵ
( Rep√

1− ϵ

)0.6
Pr1/3

]

Wakao and Kaguei [197] hV = λgSV
dp
√

1− ϵ

[
2 + 1.1

( Rep√
1− ϵ

)0.6
Pr1/3

]

Vzukauskas [200] hV = λgSV
dp
√

1− ϵ

[
0.022

( Rep√
1− ϵ

)0.84
Pr0.36

]

Saito and de Lemos [199] hV = λgSV
dp
√

1− ϵ

[
0.08

( Rep
ϵ
√

1− ϵ

)0.8
Pr1/3

]

Table 2.2. – Various expressions for interphase heat transfer found in the literature. Pr is the
Prandtl number, SV is the surface density, ϵ the porosity, and λg the gas thermal
conductivity.

2.1.6. Dispersion in the gas phase

We now investigate the phenomenon of dispersion within porous media, which refers to the
notion of effective diffusivity at the macroscale related to the meandering nature of the interstitial
flow. Because our application cases are 1D burners, the emphasis is put on the longitudinal
dispersion coefficient. Transverse dispersion is not considered.

2.1.6.1. Phenomenology of dispersion

Consider the uniform convection of a gaseous free flow as shown in Figure 2.5(a). A thin pulse
of a scalar quantity ψ (say for instance, temperature or species concentration) is imposed at time
t = 0. It is common knowledge that, due to the intrinsic diffusivity within the gas Dintr

ψ , after
some time ∆t the pulse is broadened: this is diffusion. A 1D simplistic conservation equation
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Figure 2.5. – Illustration of dispersion.

for ψ depicting this situation is:

∂ψ

∂t
+ ∂ ⟨u⟩g ψ

∂x
− ∂

∂x

[
Dintr
ψ

∂ψ

∂x

]
= 0, (2.5)

where ⟨u⟩g is the local flow velocity (bulk in free-flow, intrinsic volume-average in the porous
media). In the moving frame of the initial pulse, this yields a length scale for pulse width wp
given by:

w2
p ∼ Dintr

ψ ∆t. (2.6)

Now if the same experiment is done inside a stationary flow within a porous medium as in
Figure 2.5(b), the 1D structure of the pulse is destroyed due to the meandering nature of the
interstitial flow (effects of velocity gradients, tortuosity, no-slip conditions, transverse diffusion,
recirculation zones, etc.). Yet, by averaging the resulting ψ field in volume, then a 1D gaussian-
like structure may be recovered, reminiscent of the evolution described by Equation (2.5). Of
course, the afferent pulse width wavg.

p for the same time ∆t will be different from wp. But at
the macroscopic scale, one may introduce an effective diffusivity Deff

ψ to model the situation of
Figure 2.5(b) - a vision valid from a phenomenological point of view. By considering the scaling
law of Equation (2.6), this effective diffusivity can be approximated by:

Deff
ψ ∼ Dintr

ψ

[
wavg.
p

wp

]2

. (2.7)

The values of Deff
ψ depend on the relative intensities of diffusion and convection. At pore scale,

the dimensionless number discerning their relative importance is the Péclet number:

Pep,ψ = ⟨u⟩
g dp

Dintr
ψ

, (2.8)

where dp is the pore diameter.
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2.1 Flow, flames and heat transfer within porous media

2.1.6.2. Case Pep,ψ ≪ 1

When the bulk velocity is very small (⟨u⟩g → 0), then the flow is almost immobile within the
porous medium and the diffusion is hampered by the presence of obstacles, which increase the
path lengths of the particles wrt. the longitudinal direction. In that situation the final pulse in
the porous medium width may be lower than in the free flow. This gives rise to the notion of
tortuosity in the gas phase τg which may be defined accordingly by:

Deff
ψ (⟨u⟩g → 0) ∼

Dintr
ψ

τg
< Dintr

ψ . (2.9)

In that regime, advection effects are negligible compared to diffusion, and τg is independent
upon ⟨u⟩g. The interested reader may find further information on the multiple definitions and
ways to determine tortuosity in [201–204]. As advocated in [205], if tortuosity is indeed viewed
as the relative extra length required by the particles to travel in the longitudinal direction, then
a simple yet insightful estimation of tortuosity computed from the velocity field u in the flow
direction x is:

τg =
[∫ u · x dV∫
∥u∥ dV

]Nτg

, (2.10)

where Nτg may not be equal to unity [205]. It should be further noted that tortuosity is often
recognized in the literature as a “fudge” factor, symptomatic of the difficulties arising with
volume-averaging. Typically in this thesis it was found that τg ∼ 1.1− 1.2.

2.1.6.3. Case Pep,ψ ≫ 1

When, on the contrary, the bulk velocity is large, then advective effects are predominant over
diffusion and the effective diffusivity is related to the velocity fluctuations, themselves related
to the bulk velocity of the flow:

Deff
ψ ∝ ⟨u⟩

g . (2.11)

This simplistic view is of course not representative of the plethora of literature developments
describing dispersive effects in porous media from experimental, numerical and theoretical view-
points. And from the early works of Taylor and Aris [206, 207] which modelled the dispersion of
a solute in capillary tubes, much experimental [208], numerical [209] and theoretical derivations
[210, 211] were performed to predict values for Deff

ψ . It was found again that the Péclet num-
ber is the proper reduced parameter governing the regimes of dispersion and its quantitative
magnitude. Figure 2.6, adapted from [208], compiles reported literature values of dispersion
intensity Deff

ψ /D
intr
ψ in the case of the mass transport of a solute, for various Schmidt numbers.

Although there is some “dispersion” of the results depending on the type of porous medium,
geometry, fluid, Schmidt numbers, etc., the highlighted trend is quite unequivocal. It presents
the aforementioned tortuosity regime for very low Péclet numbers, and a linear regime for larger
Péclet numbers, with a transition near Pep = 1. The simple asymptotic fit shown in Figure 2.6
is typically used in the literature of porous media combustion - and the author is not aware of
any usage of more elaborate models in the field. Although a simple linear trend may appear to
be simplistic there is quite robust theoretical evidence that the dispersion coefficients may be
simple polynomial functions of the Péclet number [210]. In this thesis it will be assumed that:

τg = 1 and therefore Deff
ψ = Dintr

ψ + 0.5 ·Adis · ⟨u⟩g , (2.12)

where Adis will be fitted to a given geometry and is related to the pore size (and topology).
Incidentally, readers familiar with turbulent combustion may find a direct analogy between
dispersion in porous media and turbulent diffusion in free flows [212, 213].
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Figure 2.6. – Adapted from [208]: correlation of dispersion as a function of the Péclet number.

2.1.6.4. Interpretation of dispersion at the microscale

Anticipating on the results of Chapter 6, it is important to note that dispersion should a priori
only make sense at the averaged scale, i.e. that of the REV. Conceptually-speaking, this implies
that pore-scale physical phenomena do not “see” and should not be governed by the large-scale
effective diffusivity Deff

ψ . This constitutes a major concern regarding porous media combustion,
because as shown in Equation (1.2) from Chapter 1, diffusion of heat is directly related to the
burning rate of flames. So if Deff

ψ is used in the macroscale equations, the burning rate will be
modified. Yet, if the flame fronts are thin compared to the pore diameter (flamelet approach),
then their local burning rate has no reason to be related to the macroscale diffusivity - but rather
to the local intrinsic diffusivity of the gas. In the thin flame front regime, there is therefore an
apparent contradiction between the phenomenology of macroscale effective diffusivity at the
averaged scale - to pore-scale diffusion which may be more relevant to the flame fronts. This
contradiction is directly related to the large pore-scale deviations with gradients smaller than the
REV - and constitutes a direct illustration of the difficulties arising when aggregating together
several macroscale models. So, in the low-order equations, one may wonder whether Deff

ψ or Dintr
ψ

should be used. Certainly, the modelling will be sensitive to the inclusion of dispersion, and
to the author’s viewpoint it is one of the reasons why state-of-the-art volume-averaged models
still fail to predict with sufficient precision burning rates within porous media. Dispersion is
usually appreciated in the literature because by construction it smoothes out the temperature
and species concentration profiles - something which is observed in the experiments. However,
this broadening may have different origins (see Chapters 4 and 6), so overall one should consider
dispersion in porous media combustion with great caution.

2.1.7. Influence of the pore diameter

In an effort to shed light on the physics of flames embedded in porous media, we now investigate
the importance of the pore diameter. The length scale relevant for combustion processes is the
flame thickness δL, which can be identified in the gas phase as the diffusion length scale ldiff
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2.1 Flow, flames and heat transfer within porous media

[115]:
δL ∼ ldiff = Dth

⟨u⟩g
, (2.13)

where Dth is the intrinsic thermal diffusivity in the gas phase. It follows that the ratio pore
diameter to (thermal) flame thickness is:

dp
δL

= ⟨u⟩
g dp

Dth

= Pep,th, (2.14)

that is, the definition of the thermal Péclet number Pep,th. From here, one can discern two
distinct regimes:

– The regime Pep,th ≪ 1 (see Figure 2.7(a)), i.e. pore sizes smaller than the flame thickness
dp ≪ δL. In this case the flame does not constitute a discontinuity at the scale of the REV.
Accordingly, the combustion can be considered to occur “in volume” at the scale of the
REV i.e. there is no need a priori for a combustion model for reaction rates: their average
at the scale of the REV should be close to the reaction rate of the dependent averaged
quantities (temperatures, concentrations, density). This occurs because local deviations
are very small.

– The regime Pep,th ≫ 1 (see Figure 2.7(b)), i.e. pore sizes larger than the flame thickness
dp ≫ δL. In that case there is a large discontinuity at the scale of the REV, in opposition
to the underlying principles of the separation of length scales for volume-averaging. There
is no combustion in volume at REV scale, i.e. no commutation between the reaction
rates and their average. Therefore, the macroscale reaction rates must be modelled. This
situation is very similar to the case of the flamelets regime in turbulent combustion [212].

A comparison between Figures 2.6 and 2.7 suggests that the classical framework of
volume-averaging may be violated whenever dispersion is dominant. This is a further
but coherent warning on the inclusion of dispersion in the volume-averaged equations. Although
dispersion undeniably occurs within porous burners, its significance wrt. the local flame fronts
may be lost in the macroscale equations, which may require a dedicated modelling of the reaction
rates. Unfortunately, up to date in the literature this view is not addressed and no combustion
models other than a simple commutation (“no model”) has been used.
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Figure 2.7. – Illustration: smaller and larger dp/δL ratios.

The ratio dP /δL may be interpreted differently through a Damkholer number Da, defined as
the ratio of the time scales of convection τu and chemical reaction τc:

Da = τu
τc
∼ dp/ ⟨u⟩g

δL/ ⟨u⟩g
= dp
δL
. (2.15)
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When Da≫ 1 chemical reactions occur infinitely-fast compared to the time scales of the flow, in
agreement with the “flamelets regime” viewpoint. On the other hand, when Da≪ 1 reactions are
the limiting phenomena and any mixing induced by the flow at pore scale is readily homogenized:
this is the “well-stirred reactor regime”, and the reaction rates may be estimated at the reaction
rates obtained by using the mean values. Interestingly, this view is again very consistent with the
phenomenology of turbulent flames (see Section 5.2.2 of [115]). Pushing further the analogy, the
steady interstitial porous flow may be viewed as “stationary turbulence”, where the characteristic
velocity fluctuation u′ is defined in space, not in time, and where the fluctuation length scale l′t
is directly related to the pore diameter dp. Furthermore, the fact that the flow is constrained
within the solid matrix may relate together u′ ∝ l′t ∝ dp (see notations in [115]), such that the
classification could be more independent to other reduced groups than in turbulent combustion
(Reynolds and Karlovitz numbers). Equations (2.14) and (2.15) show that Da = Pep,th = dp/δL,
so again the pore diameter certainly plays a part in the physics of porous media combustion.

The careful reader may argue that length scales other than δL intervene for laminar flames,
for example the diffusion length scales of the species k, which are at first order given by δLLe−1

k ,
and the reaction length scale given respectively by δLβ

−1 where β is the Zel’dovich number.
A similar argument could have been made upon the definition of the Damkholer number, in
which the chemical time scale could have been similarly scaled by β−1. These considerations do
not invalidate the previous conclusions but may shift the threshold value of dp/δL leading from
flamelets to combustion in volume (considering the most stringent constraint on the reaction
length scale, towards β−1 i.e. is smaller values).

Also, it is worth pointing out that the above rationale is not common in the community of
porous media combustion. In fact, to the best of the author’s knowledge there is no elaborate
combustion model in the literature for porous burners to date, especially regarding the closure of
the reaction rates and its relationship to the pore diameter (or related dimensionless parameters)
and other physical phenomena at stake (dispersion, local heat transfer, etc.). Therefore, the
above arguments may be viewed as a first attempt to classify the phenomenology of porous
combustion from a physicist point of view.

2.1.8. Summary of reduced parameters
In gases, the local transfer of momentum and thermal energy is governed by the collisions

between molecules. A consequence is that Prandtl number Pr, being the ratio of momemtum
diffusivity (i.e. kinematic viscosity) to thermal diffusivity, is of order unity in gases. In the nu-
merical combustion solver AVBP used in this thesis, the Prandtl number is intrinsically assumed
constant (approximately Pr = 0.7 with our chemical scheme). Therefore, due to the relation:

Pep,th = Rep ·Pr, (2.16)

we can conclude the important relation valid for gases:

Pep,th ∼ Rep . (2.17)

Putting together the results of previous sections, this allows us to attempt a generalized clas-
sification of flow regimes for porous media combustion, only in terms of dp/δL ∼ Pep,th ∼ Rep,
as shown in Figure 2.8. The typical range for porous burners found in the literature is also
highlighted. This summarized vision may seem simplistic to many regards, but has important
conceptual consequences that deserve some attention, such as the apparent mutual exclusion
between the validity of the volume-averaged equations and the influence of hydrodynamic dis-
persion, or the interactions between each macroscopic phenomenon. Also, note that it is not
excluded that the flow be unsteady for large pore sizes or mass flow rates, where the classical
steady-state formalism is not adapted.
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Figure 2.8. – Generalized classification of flow regimes within porous media, adapted to porous
media combustion, based on the notion of thermal flame thickness.

2.1.9. Heat transfer through the solid matrix

This subsection addresses the energy transfers taking place from and to the solid porous
matrix. These include heat conduction within the walls and solid↔solid radiation.

2.1.9.1. Heat conduction - effective conductivity

Due to the tortuosity and porosity of the solid matrix, heat conduction at the macroscopic scale
is lower than if the material were uniform, i.e. composed only of the bulk material. By noting
λs the conductivity of the bulk material and λeff

s the macroscale effective conductivity, it simply
means that in general, λeff

s < λs. If one neglects deviations from the average during the upscaling
procedure, one finds exactly λeff

s = (1−ϵ)λs where ϵ is the porosity. This approximation is largely
used in the literature [174, 214] and may be interpreted easily, since ϵ represents the fraction of
“missing” surface to conduct the heat in the direction of the macroscale temperature gradient.
Note that this notion is different from an effective global conductivity also taking into account
heat transfer throughout the fluid phase, as found under LTE framework [191]. This effective
conductivity can be computed multiple ways. In 3D direct numerical simulations performed
during this thesis, one may check directly whether the macroscopic gradient of intrinsic volume-
averaged solid temperature −∇⟨Ts⟩s is proportional to the slice-averaged longitudinal heat flux
QDNS
x , the constant of proportionality (to fit) being λeff

s :

QDNS
x = −λeff

s · ∇ ⟨Ts⟩
s . (2.18)

This is done in Figure 2.9(a), where an excellent functional agreement is found at the macroscale
(i.e. for the shape of the curve). It indicates that in a real burner, the notion of effective
conductivity to represent the heat transfer within the solid phase has the correct phenomenology,
even in the presence of interphase heat transfer. An independent simulation can be performed for
the solid phase only (without fluid) and is shown in Figure 2.9(b). Again, excellent functional
agreement is found. The fact that λeff

s has very close optimal values in (a) and (b) suggests
that the value of effective conductivity may be evaluated somewhat independently. This notion
of independent estimation is related to the possible confusion of microscopic deviations into
different macroscale terms, and this topic is addressed at the end of this chapter and in Chapter 6.
Note that these observations may be less valid when the Biot number is very large, because there
would be larger deviations due to a less uniform solid temperature field - but this is not typical
of porous burners which show large solid thermal conductivities and small pore sizes.
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Figure 2.9. – Best fit of effective conductivity in (a) a steady reactive coupled gas-solid simula-
tion, yielding λeff

s = 2.09 W m−1 K−1 and (b) a transient solid-only heat transfer
simulation, yielding λeff

s = 1.98 W m−1 K−1. A 3D view is provided for visualisa-
tion of the shape of the fields.

2.1.9.2. Radiation

Radiation within porous media is a vast literature topic on its own, which may present dif-
ferent modelling strategies as a function of particle sizes, geometry and distribution, spectral
properties of the material, surface characteristics, temperature range, and many other parame-
ters [215]. In porous media burners, it is classically assumed that geometrical optics apply, and
the Radiative Transfer Equation (RTE) integrated over all wavelengths is classically used. It im-
plicitly assumes that the porous matrix can be viewed as an equivalent, homogeneous medium
of effective radiative properties - i.e. there simply exists effective extinction, absorption and
scattering coefficients at the macroscale. The determination of these effective properties, and
the conditions under which this modelling is valid remains an open question, and is largely out
of the scope of the present work. Yet, we note that in volume-averaged models, it has now
become standard to resolve numerically the RTE or its various approximations, what allows to
retrieve with more or less accuracy experimental temperature profiles [34, 159, 216].

Physically-speaking, the influence of radiation on burner stability is two-sided: while it in-
creases the intensity of internal heat recirculation - and in turn burner operating range, subse-
quent radiative losses on the boundaries may on the contrary have a detrimental effect regarding
blow-off. In burners of small length or of large scattering albedo, heat losses might become dom-
inant. More generally, Sathe et al. [217] have shown numerically that, from the point of view of
the 1D volume-averaged equations, the internal stability of the flame is governed by the optical
thickness and scattering albedo. For a fixed scattering albedo, larger optical thicknesses lead to
larger heat recirculation thus better resistance to blow-off, while for a fixed optical thickness,
larger scattering albedo lead to lower heat recirculation thus lower burner stability.

Overall, radiation does not qualitatively change the pore-scale phenomenology of combustion
within porous media. At the macroscopic scale, it may be viewed as a separate topic, being a
source term in the solid energy equation. To some extent, it may also be modelled by increasing
artificially the solid thermal conductivity. In the limit of large optical thickness (typically small
pores), the Roseland approximation may be used. The results in [125, 218] indicate that although
quantitatively invalid, the shape of the curves burning rate vs. position, as shown in Figure 1.16
of Chapter 1, remain qualitatively the same with and without radiation, and whether an effective
conductivity model is chosen or not.
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Because the present work is aimed at developing asymptotic analyses on the equations on
the one hand, and to compare as closely as possible the relations between 3D simulations
and 1D volume-averaged models on the other hand, including radiation is an unnecessary
complication to our goals. The strong non-linearity of radiation does not allow to handle
the equations in an analytical fashion, and the comparison between micro and macroscale
models would suffer from an additional confounding factor, that is, the validity of the volume-
averaged radiation. Therefore, radiation is discarded from the present work without altering
the conclusions regarding combustion modelling.

2.2. Modelling equations and upscaling hypotheses

This section first presents the modelling hypotheses for the flow and solid matrix used through-
out this manuscript. These are based upon the governing equations found in the CFD software
AVBP and AVTP developed by CERFACS [219]. Then, the methodology of volume-averaging
is presented - this allows us to introduce properly definitions and hypotheses made during the
upscaling process yielding the canonical volume-averaged equations used for porous media com-
bustion.

2.2.1. Classical stationary volume-averaged equations

With the intention to stress the hypotheses made during upscaling, let us begin by stating
the classical, isotropic, stationary, volume-averaged equations of porous media combustion, as
found classically in the literature [29, 30, 34, 191, 220, 221]:

∇ · (ϵ ρg,ku) +∇ ·
(
ϵJeff

k

)
− ϵ ω̇k = 0,

(2.19)

ρgcpgϵu · ∇Tg −∇ ·
[
ϵ ρgcpg D

eff
th ∇Tg

]
+ ϵ

[∑
k

cpg ,kJeff
k

]
· ∇Tg − ϵ ω̇T + hV (Tg − Ts) = 0,

(2.20)

∇ ·
[
λeff
s ∇Ts

]
+ hV (Tg − Ts) = 0.

(2.21)

For better readability, all the macroscale quantities are here implicitly expressed as their intrinsic
volume-average ⟨·⟩g,s. Tg and Ts denote gas and solid temperatures, ϵ local porosity, ρg and ρg,k
global and partial densities, u velocity field, ω̇k mass reaction rates and ω̇T resulting heat
release rate per unit volume, Jeff

k effective macroscale diffusion flux of species k, cpg and cpg ,k

the global and partial mass heat capacities, Deff
th effective macroscale diffusivity, hV volume heat

transfer coefficient and λeff
s the effective macroscale heat conductivity in the solid phase. We

now provide some theoretical elements stressing how these equations can be obtained and under
which hypotheses, starting from the pointwise (microscopic) governing equations. Note that
classically and implicitly, it is assumed that the reaction rates commute with the average, which
is a strong hypothesis.
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2.2.2. Pointwise governing equations
2.2.2.1. Equations in the gas phase - AVBP

The microscopic modelling of the gas phase is based upon the following compressible-reactive
Navier-Stokes equations, as resolved in AVBP:

∂ρg,k
∂t

+∇ · (ρg,ku) +∇ · Jk − ω̇k = 0, (2.22)
∂ρgu
∂t

+∇ · (ρguu) +∇ ·
[
P I− τ

]
= 0, (2.23)

∂ρgE

∂t
+∇ · (ρgEu) +∇ ·

[
u ·
(
P I− τ

)
+ q

]
− ω̇0

T = 0. (2.24)

– the fluid is Newtonian ;
– volume forces such as gravitation and radiation in the gas phase are neglected ;
– E is the total (non-chemical) energy per mass unit, ρg the gas density, u the velocity field,

τ the viscous stress tensor ;
– the gas temperature Tg is defined implicitly through the species sensible enthalpies hs,k by

integrating the species heat capacities cpg ,k:

hs,k =
∫ Tg

Tref,h
cpg ,k(T )dT. (2.25)

– the total enthalpy is obtained by adding the formation enthalpies hk = hs,k+∆hf,0k (Tref,h),
with Tref,h = 0 K is the reference temperature ;

– the law of perfect gases applies, the partial pressures Pk being given by:

Pk = ρg,k
Rg
Wk

Tg so that P =
∑
k

Pk, (2.26)

where ρg,k = ρgYk and Wk are respectively the partial density and the molecular mass of
species k, and Rg is the universal gas constant. Since by definition ρg =

∑
k

ρg,k, the global

equation of state is:

P = ρg
Rg
W
Tg where 1

W
=
∑
k

Yk
Wk

. (2.27)

– diffusion is computed by using the Hirschfelder and Curtis approximation:

Jk = −ρg
(
Dk

Wk

W
∇Xk − YkVc

)
, (2.28)

where the correction velocity Vc ensures mass conservation:

Vc =
N∑
k=1

Dk
Wk

W
∇Xk. (2.29)

– the heat flux q is composed of the Fourier heat flux with a conductivity λg, plus the flux
related to preferential diffusion of the sensible species enthalpies hs,k:

q = −λg∇Tg +
∑
k

Jkhs,k, (2.30)
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– transport is simplified assuming constant Prandtl (Pr = 0.7) and species Schmidt numbers
(Sck):

Sck = Pr · Lek, (2.31)

so that the Lewis numbers are also constants.
– the heat release per unit volume ω̇0

T is given by the formation enthalpies (see Equation
(1.68) in [115]):

ω̇0
T = −

∑
k

∆hf,0k (Tref,h) ω̇k (2.32)

– viscosity is computed using a power law:

µ = µref

(
Tg
Tref,µ

)nµ

. (2.33)

Adapted to the present mixtures, the reference values used are µref = 7.05×10−5 kg m−1 s−1

for the reference viscosity at a temperature Tref,µ = 2205 K and nµ = 0.64 for the temper-
ature exponent.

2.2.2.2. Stationary version with temperature

Because a vast majority of volume-averaged models for porous media combustion are based
upon the temperature form of the gas energy equation, let us re-write Equation (2.24) as:

∇ · (ρg,ku) +∇ · Jk − ω̇k = 0, (2.34)

∇ · (ρguu) +∇ ·
[
P I− τ

]
= 0, (2.35)

ρgcpg u · ∇Tg −∇ · [λg∇Tg] +
[∑
k

cpg ,kJk

]
· ∇Tg − u · ∇P

−∇u : τ − ω̇T = 0. (2.36)

This time the heat release rate per unit volume ω̇T is defined using the enthalpies (see Equation
(1.68) in [115]):

ω̇T = −
∑
k

hk ω̇k, (2.37)

but since ω̇T and ω̇0
T from Equation (2.32) differ only by a negligible amount, they are confounded

in the following:
ω̇T ≡ ω̇0

T . (2.38)

2.2.2.3. Stationary isobaric version for low Mach numbers

For low Mach number flows, the approximation P = constant is valid and the momentum
equation can be discarded. Also, we assume that the internal heat production by viscous stresses
∇u : τ is negligible in the low-Mach regime, especially when compared to the exothermic chem-
ical reactions of combustion. This leaves us, for the gas phase, with the following microscopic
equations:

∇ · (ρg,ku) +∇ · Jk − ω̇k = 0, (2.39)

ρgcpg u · ∇Tg −∇ · [λg∇Tg] +
[∑
k

cpg ,kJk

]
· ∇Tg − ω̇T = 0. (2.40)
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2.2.2.4. Heat equation in the solid phase - AVTP

The transient pointwise heat equation solved by AVTP is simply:

ρscps

∂Ts
∂t
−∇ · [λs∇Ts] = 0, (2.41)

so that in steady state, one simply has:

∇ · [λs∇Ts] = 0. (2.42)

Note that even when the conductivity λs is constant, the solid temperature field Ts still depends
on λs through the boundary conditions.

2.2.2.5. Boundary conditions

Since we neglect heterogeneous reactions at the interface between the gas and the solid Ags,
we write the continuity of heat fluxes and temperatures as:

λg∇Tg · ngs = λs∇Ts · ngs and Ts = Tg on Ags. (2.43)

The no-slip and non-permeable-inert conditions at the gas/solid interface read:

u = 0 and Jk · ngs = 0 on Ags. (2.44)

2.2.3. Volume-averaging

2.2.3.1. Notations

The principle of volume-averaging is illustrated in Figure 2.10. The integration volume V can
be either a centroid of radius r0 centered on the position x, or, assuming a preferential direction
x, a slice encompassing the entire domain in the y and z-directions and of thickness 2r0. For a
given control volume V, we define the volume-averaging operator ⟨·⟩ of a quantity ψ as:

⟨ψ⟩ = 1
V

∫
V
ψ dV. (2.45)

⟨ψ⟩ is called the superficial average of ψ. Note that the integration is done, technically, through
the variable y for a fixed value of x (the differential dV may be re-written dy3). Since ψ may
not be defined in the entire integration volume V and because in experiments ⟨ψ⟩ is typically
not measurable, we also introduce the convenient intrinsic averages ⟨·⟩g,s for the gas and solid
phases respectively as:

⟨ψ⟩g = 1
Vg

∫
Vg

ψ dV and ⟨ψ⟩s = 1
Vs

∫
Vs

ψ dV (2.46)

A formal definition of porosity may be given accordingly:

ϵ = Vg
Vg + Vs

= Vg
V
. (2.47)

The volume V shall be large enough to smooth the local variations at the pore-level, yet small
enough to model the large-scale gradients. In practice, this occurs when the value of ⟨ψ⟩ reaches
a plateau for increasing r0, and V is then called Representative Elementary Volume (REV).
This hypothesis can be recast more rigorously in terms of length scales: for a quantity ψ defined
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Figure 2.10. – Principle of volume-averaging over a Representative Elementary Volume (REV)
with (a) a centroid of radius r0 and (b) a slice infinite in the y and z directions
of thickness r0.

either in the gas or solid phase, one can define lg,s the length scale microscopic variations and
Lg,s that of the macroscopic ones, as:

lg,s = ψ

|∇ψ|
and Lg,s = ⟨ψ⟩g,s

|∇⟨ψ⟩g,s|
. (2.48)

A correct value of r0 for the volume-averaging procedure should comply to:

lg,s ≪ r0 ≪ Lg,s. (2.49)

Also, the variations of the average quantities should occur over a distance smaller than the total
length of the domain, leading to a further restriction a priori:

lg,s ≪ r0 ≪ Lg,s < Ldomain. (2.50)

Note that the restriction (2.50) concerns both the geometrical domain (through Ldomain), but
also the spectral domain through Equation (2.48). This can be viewed simply by considering a
periodic signal ψ ∝ eik·x giving ψ/|∇ψ| = 1/|k|. In the simulations performed in this thesis the
value of r0 = dp/2 was found to avoid both micro-variations and macroscale gradients, so that
the size of the REV is set to a pore diameter.

2.2.3.2. Deviations from the average

The purpose of this work is not to propose a novel upscaling procedure leading to macroscale
models derived a priori. Rather, in the following we perform some volume-averaging steps so as
to identify where are the subtleties and strong modelling assumptions, what will be useful in the
comparison 1D low-order model vs. 3D DNS of Chapter 6. This will allow notably to address
the fidelity of the macro-scale models, the quality of the functional modelling of closure terms,
and the ability to unveil which microscopic terms end up in which macroscopic ones. For that,
we can begin by introducing the notion of deviations from the averaged quantities:

ψ = ⟨ψ⟩g,s + ψ′. (2.51)

Fundamentally, this decomposition may be defined differently following the formal dependencies
upon x and/or y. There are two main approaches regarding this issue. A dependence of ⟨ψ⟩g,s on
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y is classically supposed and is called Gray’s decomposition. On the other hand, here we chose
to consider ⟨ψ⟩g,s constant over V, so that ψ′ represents the pointwise microscopic deviation
from the x-centered volume-averaged value. This viewpoint implies that:

⟨ψ′⟩g,s = 0 and ⟨⟨ψ⟩g,s⟩g,s = ⟨ψ⟩g,s. (2.52)

In general, the terms in the pointwise equations are functions f of N pointwise variables, of
the form f(ψi∈[1,N ]), whose averaged value ⟨f(ψi∈[1,N ])⟩g,s is not equal to the value of f at
the averages f(⟨ψi∈[1,N ]⟩g,s). In other words, the microscopic terms do not commute a priori
with their averages. Here lies precisely the difficulty of low-order filtered models, requiring
macroscopic closure terms to “correct” the commutation errors. In combustion, we will see that
this is particularly critical for the reaction rates ω̇k(ρg, Tg, Yk) or complex products involving
many variables and their gradients. To compare the difference between ⟨f(ψi∈[1,N ])⟩g,s and
f(⟨ψi∈[1,N ]⟩g,s), one may introduce two formal operators. One for the pure commutation A:

A
(
f
(
ψi∈[1,N ]

))
= f

(
⟨ψi∈[1,N ]⟩g,s

)
, (2.53)

and one for the deviations D:

D
(
f
(
ψi∈[1,N ]

))
= ⟨f

(
ψi∈[1,N ]

)
⟩g,s − f

(
⟨ψi∈[1,N ]⟩g,s

)
. (2.54)

When the expression of f is lengthy, the formal dependencies upon the ψi may be discarded and
one writes:

f = A(f) +D(f). (2.55)

In the simple case of a product of two variables ψ and ζ, thanks to the lack of dependency of
the averages upon y the deviations are:

⟨ψζ⟩g,s = ⟨ψ⟩g,s⟨ζ⟩g,s︸ ︷︷ ︸
A(ψζ)

+ ⟨ψ′ζ ′⟩g,s︸ ︷︷ ︸
D(ψζ)

. (2.56)

The decomposition of Equation (2.55) is used thoroughly in the following, because the terms
A(f) are strongly related to the terms in common between the microscopic and macroscopic
equations, whilst the terms D(f) are strongly related to the closure terms/effective properties
of the media.

2.2.3.3. Spatial averaging theorem

For microscopic terms showing the form of a gradient or a divergence, the relation linking the
spatial derivative of the average and the average of the spatial derivative is called the spatial
averaging theorem. Based upon intrinsic averages, this theorem writes:

⟨∇ψ⟩g = ϵ−1∇ [ϵ⟨ψ⟩g] + 1
Vg

∫
Ags

ψngs dS (2.57)

for ψ defined in the gas phase, and:

⟨∇ψ⟩s = (1− ϵ)−1∇ [(1− ϵ)⟨ψ⟩s]− 1
Vs

∫
Ags

ψngs dS. (2.58)

for its solid counterpart, where normals were simply reversed. A geometrical proof of the theorem
is given in Appendix 2.A. Though presented here with gradients, this theorem is also valid under
divergence form.
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2.2 Modelling equations and upscaling hypotheses

2.2.3.4. Volume-averaging in the solid phase

Starting back from the pointwise equation:

∇ · (λs∇Ts) = 0. (2.59)

By applying the intrinsic volume-average ⟨·⟩s and the spatial averaging theorem, one has:

(1− ϵ)−1∇ · [(1− ϵ)⟨λs∇Ts⟩s]−
1
Vs

∫
Ags

λs∇Ts · ngs dS = 0, (2.60)

which allows, when multiplied by (1− ϵ), to come back to energy balance terms defined per unit
volume of space (not just the of solid phase):

∇ · [(1− ϵ)⟨λs∇Ts⟩s] + 1
V

∫
Ags

−λs∇Ts · ngs dS︸ ︷︷ ︸
Qgs

= 0. (2.61)

By definition the rightmost term is the macroscopic volume interphase heat transfer Qgs, that
is, the total heat flux exchanged from the gas to the solid per unit volume. By applying the
average-deviation decomposition as defined by Equation (2.55), one obtains:

∇ · [(1− ϵ) A (λs∇Ts)] +∇ · [(1− ϵ) D (λs∇Ts)] +Qgs = 0. (2.62)

In this form Equation (2.64) is substantially different from the classical volume-averaged Equa-
tion (2.21). However, a term-by-term identification suggests that:

Qgs = hV [⟨Tg⟩g − ⟨Ts⟩s] , (2.63)

∇ · [(1− ϵ) A (λs∇Ts)] +∇ · [(1− ϵ) D (λs∇Ts)]︸ ︷︷ ︸
χ1

= ∇ ·
[
λeff
s ∇⟨Ts⟩

s
]

︸ ︷︷ ︸
χ2

. (2.64)

The formal denomination of the terms χ1 and χ2 is introduced for later use in Chapter 6. The
proposed identification supposes that the macroscopic, phenomenologically-based terms in the
volume-averaged equations are equal to rigorous integrals of microscopic counterparts. This is
of course an approximation. For instance, a difference between the rigorous expression of Qgs
and the functional form hV [⟨Tg⟩g − ⟨Ts⟩s] was visible in Figure 2.4.

If the deviations in the solid phase are assumed negligible, then it comes that:

λeff
s = (1− ϵ)λs, (2.65)

which is often used in the literature, because it only requires the knowledge of the bulk thermal
conductivity and contains the leading-order influence of porosity. Note also that more elaborate,
anisotropic models can be developed by introducng an effective conductivity tensor Λeff

s such
that Equation (2.21) becomes:

∇ ·
[
Λeff

s ∇⟨Ts⟩
s
]

+ hV [⟨Tg⟩g − ⟨Ts⟩s] = 0. (2.66)

This tensor contains more accurately the microscale information from the deviations, but re-
quires much more work to determine the numerous coefficients. In this work it is assumed
implicitly that:

Λeff
s = λeff

s Id, (2.67)
so that the closure of the macroscale equation boils down to determining only one effective
conductivity coefficient.
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2.2.3.5. Volume-averaging in the gas phase

Species equation: by applying the intrinsic volume-average in the gas phase ⟨·⟩g, one obtains
the following species conservation equation:

∇ · (ϵ ⟨ρg,ku⟩g) +∇ · (ϵ ⟨Jk⟩g)− ϵ⟨ ω̇k⟩g = 0. (2.68)

The commutation between the average operator and the divergence is obtained by making use of
the spatial averaging theorem and the boundary conditions at the inert, non-permeable gas-solid
interface Ags, where: u · ngs = 0 and Jk · ngs = 0. Then again, by using the average-deviation
decomposition as defined by Equation (2.55), one obtains:

∇ · [ϵA(ρg,ku)] +∇ · [ϵD (ρg,ku)] +∇ · [ϵA (Jk)]
+∇ · [ϵD (Jk)]− ϵA (ω̇k)− ϵD (ω̇k) = 0. (2.69)

From here, retrieving the classical volume-averaged Equation (2.19) from Equation (2.69) is not
straightforward. Rigorously, only the terms ∇ · [ϵA(ρg,ku)] and ϵA (ω̇k) are in common, so the
direct identification of the remaining terms imposes:

∇ · [ϵD (ρg,ku)] +∇ · [ϵA (Jk)] +∇ · [ϵD (Jk)]︸ ︷︷ ︸
Υ1

= ∇ ·
(
ϵJeff

k

)
︸ ︷︷ ︸

Υ2

, (2.70)

−ϵD (ω̇k) = 0. (2.71)

The formal denomination of the terms Υ1 and Υ2 is introduced for later use in Chapter 6. In the
absence of trivial alternatives, the effective macroscopic species diffusion flux Jeff

k is classically
provided in an ad hoc fashion, by invoking a macroscopic closure term of functional form very
similar to its microscopic counterpart:

Jeff
k = −⟨ρg⟩g

(
Deff
k

Wk

⟨W ⟩g
∇⟨Xk⟩g − Yk⟨Vc,eff⟩g

)
, (2.72)

with a macroscopic diffusivity, following Equation (2.12), given by:

Deff
k = Dk + 0.5 ·Adis · ⟨u⟩g . (2.73)

The macroscale correction velocity is given by:

⟨Vc,eff⟩g =
N∑
k=1

Deff
k

Wk

⟨W ⟩g
∇⟨Xk⟩g. (2.74)

Again, knowing whether Equation (2.70) is a good modelling functional can be verified a priori
using the 3D fields from numerical simulations, and this will be investigated in Chapter 6.
Concerning the macroscopic modelling of dispersion, more elaborate models may be devised
by introducing additional fitting terms through an effective diffusivity tensor Deff

k , which again
boils down to a scalar Deff

k in isotropic and 1D cases:

Deff
k =

[
Dk + 0.5 ·Adis · ⟨u⟩g

]
Id. (2.75)

In the literature, some authors have formally compensated the errors associated with the non-
commutation of reaction rates by considering Equation (2.71) valid and assigning the remaining
errors (i.e. deviations) to the macroscopic dispersion coefficient. It is not an evident choice,
because it is hard to know, when macroscopic modelling errors are made, what should be done
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2.2 Modelling equations and upscaling hypotheses

to compensate them in the models (modification of the effective diffusivity? relaxation of the
commutation assumption for the reaction rates? new model for the reaction rates?). Following
the first idea, the dependency of dispersion coefficient upon reaction was identified theoretically
in an academic case in [222]. It was argued, however, that the corresponding upscaling pro-
cedure itself looses validity in the presence of large reaction intensities. This is reminiscent of
previous warnings that dispersion and reaction may be dissociated and possibly conflicting at
the macroscale. Note that Equation (2.71) is typically wrong due to the large non-linearity of
reaction rates, especially when the pore sizes are large and the flame fronts sharp wrt. the REV.

Gas temperature equation: by taking the intrinsic volume-averaging operator in the gas
phase, one obtains after making use of the spatial averaging theorem and by multiplying by ϵ:

ϵA
(
ρgcpg u · ∇Tg

)
+ ϵD

(
ρgcpg u · ∇Tg

)
−∇ · [ϵA (λg∇Tg)]

−∇ · [ϵD (λg∇Tg)] +Qgs + ϵA
([∑

k

cpg ,kJk

]
· ∇Tg

)

+ ϵD
([∑

k

cpg ,kJk

]
· ∇Tg

)
− ϵA(ω̇′

T )− ϵD(ω̇′
T ) = 0. (2.76)

where the spatial averaging theorem was used to obtain one more time the macroscopic inter-
phase heat exchange Qgs:

Qgs = 1
V

∫
Ags

−λg∇Tg · ngs dS. (2.77)

Here the difference between the terms of Equations (2.20) and (2.76) is still very pronounced. In
addition to the term Qgs which is the same than Equation (2.63), the following identifications
may be proposed:

ϵD
(
ρgcpg u · ∇Tg

)
−∇ · [ϵA (λg∇Tg)]−∇ · [ϵD (λg∇Tg)]︸ ︷︷ ︸

Ξ1

= −∇ ·
[
ϵ ρgcpg D

eff
th ∇⟨Tg⟩

g
]

︸ ︷︷ ︸
Ξ2

(2.78)

ϵA
([∑

k

cpg ,kJk

]
· ∇Tg

)
+ ϵD

([∑
k

cpg ,kJk

]
· ∇Tg

)
︸ ︷︷ ︸

Ψ1

= ϵ

[∑
k

cpg ,kJ
eff
k

]
· ∇ ⟨Tg⟩g︸ ︷︷ ︸

Ψ2

(2.79)

−ϵD(ω̇T ) = 0 (2.80)

The formal denomination of the terms Ξ1, Ξ2, Ψ1 and Ψ2 is introduced for later use in Chapter 6.
The effective macroscale diffusion fluxes are given by the general empirical relation proposed in
Equation (2.12):

Deff
th = Dth + 0.5 ·Adis · ⟨u⟩g = ⟨λg⟩g

⟨ρg⟩g
〈
cpg

〉g + 0.5 ·Adis · ⟨u⟩g . (2.81)

On the difficulty of upscaling: identifications such as Equations (2.78-2.80) and the assign-
ment of ad hoc macroscopic models are not free of errors. In general there is no bijectivity
between micro and macroscopic terms (filtering comes necessarily with a loss in local infor-
mation). Especially in the presence of sharp flame fronts, it is not excluded that this loss of
information puts a damper on the possibility to retrieve with sufficient accuracy intrinsic prop-
erties of the system such as burning rates, because a large susceptibility upon diffusive and
reactive models is expected.
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2.2.4. Conclusions of the chapter

In a first part, this chapter listed and investigated the various microscopic phenomena
occurring at pore scale in submerged combustion, followed by a review of their modelling
strategies at the macroscopic scale. This included effects of convection (steadiness, dispersion),
heat transfer at the gas/solid interphase (volume interphase heat exchange), heat transfer
within each phase (effective solid conductivity) and chemical reactions (macroscopic heat
production). It was shown that the ratio of pore diameter to thermal flame thickness, equal
to the thermal Péclet number, has a value very close to the Reynolds number for gaseous
combustion in air and governs simultaneously many of the aforementioned macroscopic flow
phenomena. This led to the conclusion that there may be a mutual exclusion between the
validity of the commutation of reaction rates with the volume-average at the macroscale and
the presence of hydrodynamic dispersion. Also, one should keep in mind that unsteadiness may
arise in porous media for relatively low Reynolds number, to which the current, widespread
steady-state volume-averaged models are unadapted.

In a second part, the upscaling procedure yielding the classical volume-averaged models from
the microscopic conservation equations was pursued. By associating systematically the micro-
scopic integrals to the classical macroscopic volume-averaged terms, we could obtain a rigorous
theoretical framework to assess the quality of state-of-the-art volume-averaged models. This
will be useful to comment upon the predictability of volume-averaged models in terms of burn-
ing rates and physical profiles in Chapters 6 and 7. Generally-speaking, one should keep in
mind that the derivation of a valid closed set of macroscopic equations from an upscaling
procedure is a notoriously difficult task - even when the microscopic equations are simplified
(e.g. constant density, constant diffusion coefficients, fixed velocity field, etc.). And although
macroscopic effects such as dispersion, interphase heat transfer and effective conductivities
seem to have some value independently, nothing proves that their aggregation yields correct
phenomenologies and quantitatively valid results. For instance, we have stressed theoretical
and phenomenological contradictions between macroscale reaction terms and dispersion, and
more are expected to arise (e.g. the interaction of dispersion or reaction with the interphase
heat exchange, see again Chapter 6). These issues are expected to be particularly problematic
in the presence of sharp flame fronts at the scale of a Representative Elementary Volume, a
situation which is typical of porous burners found in the literature. From the point of view
of combustion, the present issues resemble questions arising with the volume-averaged mod-
elling of turbulent combustion (LES), and strong analogies between the two domains have been
proposed. Certainly, a model for the reaction rates within porous media is required. Unfortu-
nately, to date these are absent from the literature. This is why this thesis work focuses on the
behavior of the volume-averaged models, which are then compared to 3D DNS - with the hope
of stressing the most important problems and proposing improvements. The approach of this
manuscript resembles, for instance, that used to derive the Charlette model for wrinkled tur-
bulent flames, for which understanding (1) the asymptotic response of flames to modifications
of the diffusion coefficient and Arrhenius pre-exponentials and (2) the structure of a wrinkled
turbulent flame, allows to represent at first order the complex convoluted flames at a filtered
scale. The asymptotic study of flames in porous media is precisely the topic of Chapters 3 and
4, and in-depth study of the intertwined flame front is done in Chapters 5, 6 and 7.
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2.A. Geometrical proof of the spatial averaging theorem
We now present a simple, physicist-like proof of the spatial averaging theorem with modern

notations, originating from early works in the literature [223–225]. An illustration of the proof
and notations are given in Figure 2.11. We begin by recalling the relations of the spatial
averaging theorem for the gas phase:

⟨∇ψ⟩g = ϵ−1∇ [ϵ⟨ψ⟩g] + 1
Vg

∫
Ags

ψngs dS. (2.82)

and for the solid phase:

⟨∇ψ⟩s = (1− ϵ)−1∇ [(1− ϵ)⟨ψ⟩s]− 1
Vs

∫
Ags

ψngs dS. (2.83)

These two relations are exactly the same conceptually-speaking. From the point of view of the
solid phase its “porosity” is (1 − ϵ) and the exterior normals are −ngs, so only the proof of
the relation in the gas phase is necessary. The first ingredient is to make use of the traditional
Green-Ostrogradski’s theorem:

⟨∇ψ⟩g = 1
Vg

∫
Vg

∇ψ dV = 1
Vg

∫
Age

ψnge dS + 1
Vg

∫
Ags

ψngs dS. (2.84)

A comparison between Equations (2.57) and (2.84) suggests that the spatial averaging theorem
is equivalent to the following equality:

1
Vg

∫
Age

ψnge dS = ϵ−1∇
[
ϵ

1
Vg

∫
Vg

ψ dV
]
. (2.85)

By enforcing constant volume V for the REV, the porosity ϵ = Vg/V can in fact be discarded in
the rightmost term which is re-written as:

ϵ−1∇
[
ϵ

1
Vg

∫
Vg

ψ dV
]

= 1
Vg
∇
∫

Vg

ψ dV. (2.86)

By making use of the result that for any two vectors A ∈ R3 and B ∈ R3, A = B ⇐⇒ ∀π ∈
R3, π ·A = π ·B, we recast Equation (2.85) after simplifying by 1/Vg into:

∀π ∈ R3, π ·
∫

Age

ψnge dS = π · ∇
∫

Vg

ψ dV, (2.87)

where the operator π · ∇ defines the derivation along the axis defined by π. To evaluate it, let
us take a look Figure 2.11 and consider an arbitrary axis directed along π, whose abscissa s
defines the center of a spherical REV noted V(s). We recall that the REV comprises both fluid
and solid domains: V(s) = Vg(s) ∪ Vs(s). For an infinitely small displacement ds along π, the
REV engulfs a new region of space in the fluid ∆V+

g (red in Figure 2.11), while receding over
another region ∆V−

g (blue). These regions may be used to calculate the derivative along the
axis π · ∇ = d/ds as such:

π · ∇
∫

Vg

ψ dV = d
ds

∫
Vg(s)

ψ dV (2.88)

= lim
ds→0

(∫
Vg(s+ds) ψ dV −

∫
Vg(s) ψ dV

ds

)
(2.89)

= lim
ds→0

(∫
∆V+

g
ψ dV −

∫
∆V−

g
ψ dV

ds

)
. (2.90)
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Because the volumes ∆V+
g and ∆V−

g are infintesimal and generated respectively by the fluid-fluid
interfaces A+

gs and A−
gs, it is possible to replace, at the first order in ds, their volume integration

by a local surface integration:∫
∆V±

g

ψ dV = ±
∫

A±
ge

ψ dS nge · πds+ O(ds2). (2.91)

By recalling that Age = A+
gs ∪ A−

gs, Equations (2.88-2.90) yield then:

π · ∇
∫

Vg

ψ dV = π ·
∫

Age

ψnge dS, (2.92)

which is the expected result. This demonstration is only valid in cases where the interfaces and
spatial function ψ are smooth enough. This excludes very particular configurations but such
mathematical concerns are out of the scope of the present work. This demonstration can be
viewed as the “physicist” proof of the spatial averaging theorem.
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Figure 2.11. – Geometrical proof of the spatial averaging theorem.

2.B. Deviation terms for products of N quantities
For any general product of N quantities ψi∈[1,N ], we have the following (somewhat useless yet

untertaining) relation:

⟨
N∏
i=1

ψi⟩g,s =
N∏
i=1
⟨ψi⟩g,s︸ ︷︷ ︸

A
(∏N

i=1 ψi

)
+
N−1∑
k=0

∑
I⊂[1,N ],#I=k

J=[1,N ]\I

∏
i∈I
⟨ψi⟩g,s⟨
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Note that in the rightmost term, when k = N − 1 then #J = 1 and ⟨
∏
j∈J

ψ′
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j⟩g,s = 0,

thus the sum running over k can be stopped at k = N − 2, thus:
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Chapter 3
Asymptotic analysis of flames in
infinite, finite and multi-staged
porous burners
This chapter is based on the article Masset, P. A., Dounia, O., & Selle, L. (2021). Fully
explicit formulae for flame speed in infinite and finite porous media. Combustion
Theory and Modelling, 1-28 published during this thesis, augmented by new results.

Based upon simplified, constant-coefficient volume-averaged equations and assuming infinitely-
thin reaction sheet, this chapter proposes analytical studies of gaseous flames in inert porous
media. The central hypothesis is that interphase heat transfer has negligible impact on the
local flame structure. This requires a gradual separation between the length scales of chemical
reactions, gas diffusion, and interphase thermal re-equilibriation. By resolving the gas and
solid equations without reaction on each side of the reaction sheet, the preheating of the
fresh gases ahead of the flame front is analytically computed at leading order. Combustion
kinetics are solved separately, assuming the consumption rate to be a sole function of this
preheating. Two kinetic models are considered, namely single-step Arrhenius and power law
fits from experiments or detailed computations. Several fully-explicit formulae for flame speed
in porous media are given accordingly. A universal abacus provides the maximum flame speed
attainable in finite porous media. The explicit, ready-to-use nature of the present theory is
particularly suitable for practical designs. The proposed results are consistent with previous
theoretical, numerical and experimental trends of the literature. Notably, the fully-explicit
nature of flame speed allows to explain previous trends observed in experiments and numerical
simulations. In addition, the presented framework is directly applicable to 1D multi-staged
burners, and allows to study their stability - what has seemingly not been done before in the
literature.
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“Life is and will ever remain an equation
incapable of solution, but it contains
certain known factors.”

Nikola Tesla

3.1. Chapter introduction
Some key advantages of combustion in inert porous media are the increased flammabil-

ity limits and stability, allowing a significant reduction in pollutant emissions (e.g. CO and
NOx) [29, 102, 226]. The underlying mechanism is the preheating of the fresh gases, whose
increased chemical reactivity allows to burn very lean mixtures [49, 62, 227]. This preheating
is achieved by harvesting energy from the burnt gases through interphase heat exchange, which
is then recirculated upstream by conduction and radiation in the porous matrix. Conceptually-
speaking, the solid porous matrix is a supplementary path for upstream energy transfer to
sustain combustion processes. Due to this preheating, the peak temperature in the gas domain
may locally exceed the adiabatic temperature. This feature, characteristic of heat-recirculating
burners, is often referred to as superadiabatic or excess enthalpy combustion.

Experimental investigations of flames submerged within porous media are intricate, mainly be-
cause of the opacity of the solid matrix and its small characteristic length scales. Measurements
of temperature profiles, especially in the gas phase, are not trivial and may require advanced
diagnostics [158, 228]. For example, to the author’s knowledge, a standard and essential quantity
such as the local gas velocity has not been measured in these configurations. Regarding numeri-
cal simulations, there are many levels of approximation and corresponding modelling strategies.
The most widespread may be the volume-averaged equations including reaction terms. This
requires the determination of equivalent properties, such as a volume heat transfer coefficient,
equivalent mixing diffusion or thermal conductivity, which may not be constant and cannot al-
ways be measured. The seminal works of Takeno et al. [134, 135] laid down the concept of excess
enthalpy combustion, proposing numerical solutions in semi-infinite and finite geometries. Their
one-dimensional model assumed constant solid temperature and single-step Arrhenius kinetics.
Unlike classical gaseous combustion, mass flow rate and flame position were shown to be linked.
A single branch was found in the semi-infinite case, while two branches were found in the finite
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case - meaning that for a given inlet velocity, two flame positions are possible. A critical mass
flow rate defining blow-off was identified. A similar model was used by Yoshizawa et al. [229]
to predict the temperature profile in the solid and the relative importance of diffusion, conduc-
tion, and reaction terms along the flow direction was discussed. Later, it was shown in [230]
that the classical shortcomings of single-step kinetics were more limiting for configurations with
strong heat recirculation, where slow chemical reactions may drive the global behavior. This
motivated the extension of traditional, one-dimensional combustion codes such as Premix or
Cantera to account for complex kinetics [69, 159, 231, 232]. Albeit improving accuracy, general
trends remain the same. Some authors also considered two-dimensional simulations, again with
volume-averaged equations. Notably, the recent work of Li et al. [98] on a porous microcom-
bustor may be highlighted for its careful choice of modelling constants. Given the importance
of proper radiation modelling to enhance predictability, many authors also resolved the Radia-
tive Transfer Equation or one of its various approximations [34, 159, 218, 232–234]. At the
other side of the numerical spectrum, Direct Pore Level Simulations (DPLS) were undertaken
by some researchers, looking for insights on the corrugated flame structure intertwined in the
porous medium [136, 235].

In parallel to numerical simulations, analytical works were carried out. By means of asymp-
totic theory, Dehaies and Joulin [236] studied the semi-infinite case of Takeno and Sato [134].
They also found one branch of solutions for inlet speed versus flame position. Buckmaster and
Takeno [138] followed through to account for the finite case. They found two or more distinct
branches, depending on flame position and heat losses to ambient (the apparition of a third
or fourth branch stems from the consideration of local heat losses). Later on, Escobedo and
Viljoen [237] were the first to propose an analytical approximation following a linearized Rose-
land hypothesis. They discussed features of radiant efficiency and also found two distinct flame
positions for a given inlet speed. Soon afterwards, Boshoff-Mostert and Viljoen [238] published
an Arrhenius-based model which always led to superadiabatic temperatures, but their work
did not catch the downstream branch found by most other authors. More recently, Pereira et
al. [239–241] published a series of articles on the structure of a flame within infinite porous me-
dia. Unique feature of the literature, they treated in [240] the case of ultra-lean mixtures, where
interphase heat exchange plays a role at the scale of gas diffusion. In the rest of the literature
where interphase equilibrium is not assumed, authors considered diffusion and reaction zones
to be exempt of interphase heat transfer. It means that apart from the matching conditions
on each side of the reaction-diffusion region, the flame was often implicitly assumed to behave
locally as an adiabatic free-flame.

It is worth mentioning that the formalism of flames submerged within porous media shares
many traits with the study of combustion in micro and mesoscale tubes [126, 127, 242–246].
Conceptually, small tubes can be seen as a straightened porous structure also featuring sub-
stantial thermal coupling with the wall. Lee and Maruta [126] have described many stationary
propagation regimes of the flame front through a theoretical one-dimensional, single-step Ar-
rhenius model. They have shown that superadiabatic combustion with high wall temperatures
occurs only for slowly-moving, almost stationary flames. This feature is coherent with the re-
sults of the vast literature on filtration combustion, where thermal and reaction waves should
be superimposed to achieve maximum superadiabatic effect [41, 247–251]. Unlike the present
work, which considers stationary flames with substantial interphase non-equilibrium, filtration
combustion focuses mainly on flame front propagation, assuming strong interphase equilibrium.

Despite the fact that many aspects of combustion in porous media have already been explored,
it seems that a simple, fully-explicit formula for flame speed as a function of basic porous matrix
and mixture properties is yet to be proposed. For instance, the formula proposed by Pereira [239]
requires to solve an implicit problem involving recirculation efficiency to obtain the flame speed.
In addition, analytical models suffer from the single-step approximation, which may hide the
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actual sensitivity of the flame to preheating. Eventually, little practical design rules and universal
relationships between infinite and finite porous media have been explored. The purpose of the
present chapter is to cover these issues, by proposing a ready-to-use analytical model in both
infinite and finite cases. Assuming the flame to behave locally as an adiabatic free-flame, it is
possible to 1) solve the thermal problem on each side of the reaction sheet so as to compute the
preheating of the flame, and then 2) solve the chemical problem separately, so as to know how
the flame responds to this preheating. The modelling of each phase allows to predict when gas
diffusion and interphase re-equilibriation length scales are well separated, assessing whether the
local adiabaticity hypothesis is valid. Analytical approximations provide fully-explicit forms for
the flame speed. The proposed decoupled methodology allows to consider complex chemistry
through correlations of free-flames consumption rates as a function of preheating, thus offering
alternatives to single-step. The present work is also meant to retrieve and discuss many key
features of combustion within porous media from the literature, which can be summarised as
follows:

– the flame structure consists of a macroscale preheating region, followed by a thin reaction-
diffusion zone, then by another macroscale thermal relaxation region (counterpart of the
preheating region, of comparable length) ;

– recirculation efficiency decreases with equivalence ratio and porosity, and increases with
solid conductivity and volume heat transfer coefficient ;

– for finite-length porous media, two or more solutions may be found for a given inlet speed.

In addition, as mentioned in Chapter 1, practical designs of porous burners may differ signifi-
cantly from the configurations studied in simplified asymptotic analyses in infinite and even finite
burners. Design variations may include flow divergence [140], varying pore size [153], but the
most widely used strategy to stabilize flames inside porous burners is the so-called multi-staged
or multi-step approach [34, 69], which consists in stacking together porous media of different pore
sizes, porosities and materials. This may enforce an hydrodynamic stabilization at the interfaces
through porosity jumps, and a thermal stabilization effect through pore size/material variations.
It was notably suggested that the upstream solid matrix sections should have small pores, lower
thermal conductivity and lower porosity [159]. Usually, two-staged burners are considered, with
a fine-pored structure uptream supposedly acting as a flame arrestor (quenching). However,
many authors did notice flashback even when the pore size was smaller than the predicted
quenching distance, indicating that the notion of quenching is not completely relevant in the
presence of strong heat recirculation. Also, there has been no comments in the literature upon
a possible solid temperature discontinuity between two successive solid layers, given their very
low contact points. More generally, to the best of the author’s knowledge there does not seem
to exist any asymptotic theory of multi-staged burners, nor theoretical considerations regarding
their stability for varying solid matrix properties. As we will see, the asymptotic framework
developed for infinite and finite porous media directly applies to multi-staged burners, provided
jump conditions are prescribed between the layers.

The chapter is organised as follows. Section 3.2 treats the case of the infinite porous medium,
and several fully-analytical expressions for flame speed-up are provided. Section 3.3 considers
theoretical implications of flame wrinkling. Section 3.4 is dedicated to the influence of finite
length on flame stabilization and recirculation efficiency, and to some results on multi-staged
burners are given.
Note: in Chapters 3 and 4 the quantities are implicitly expressed as their volume average ⟨·⟩g,s,
whose notation is dropped for better readability.
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3.2. Fully explicit formulae for flame speed in infinite porous media
3.2.1. Configuration

The configuration sketched in Figure 3.1 represents a steady flame submerged in an infinite,
inert and homogeneous porous medium, characterised by its porosity ϵ, surface density SV and
thermal conductivity λs. This thermal conductivity may include the effects of tortuosity and
a rough modelling of radiation, which is not considered due to its highly non-linear nature.
The problem is assumed to be one-dimensional along the space coordinate x, and the steady
flame is localized at the arbitrary position x = 0 by its reaction zone, assumed infinitely thin.
Gas and solid properties are assumed constant. The gas phase is characterised by its thermal

Figure 3.1. – Principle: flame submerged within infinite porous medium.

conductivity λg and heat capacity per mass unit cpg . A perfect gas model is assumed. The
solid and gas temperatures are noted Ts and Tg respectively and the heat flux between the two
phases is modelled via a classical transfer coefficient h. The phase-averaged mass flow rate ṁ
(with the notations of Chapter 2 it is ⟨ρg⟩g ⟨u⟩g) is imposed upstream at a temperature Tu. Note
that mass conservation for constant porosity yields ṁ = constant. The system is assumed to be
globally adiabatic so that far downstream both solid and gas temperatures equal the adiabatic
equilibrium temperature Tad. Due to the presence of the solid matrix, the gas is preheated
before reaching the flame front. This may lead to a maximum gas temperature Tmax above
the adiabatic temperature, which is shown in Appendix 3.B to be reached at the origin in the
reaction zone. This classical behavior of combustion in inert porous media is quantified via the
so-called excess temperature ∆T , defined as:

∆T = Tmax − Tad. (3.1)

If the reactive-diffusive flame structure is not affected by interphase heat transfer, then ∆T
is also the preheating temperature perceived upstream the flame front. We now discuss this
hypothesis, and see how it corresponds to what we call the decoupled methodology.

3.2.2. Modelling assumptions and decoupled methodology
An adiabatic free-flame front comprises two gaseous length scales [114]:
– a non-reactive, diffusion zone of length ldiff, where the heat from the reaction zone is

diffused upstream through a steep temperature gradient ;
– a reactive zone of length lreac where the chemical energy of the mixture is released. Clas-

sically, one finds lreac ≪ ldiff.
For flames embedded in porous media, a third length scale lre-eq intervenes in the gas phase,
related to the interphase re-equilibrium zones on each side of the flame front, as shown in
Figure 3.1. Under the assumption of length scale separation, that is:

lre-eq ≫ ldiff ≫ lreac, (3.2)
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the flame in the porous medium can be considered locally adiabatic and interphase heat exchange
plays a minor role at the scale of diffusion and reaction. This hypothesis, corresponding to (3.2)
is adopted in the present work. It notably allows for decoupling the analysis into two distinct,
independent problems:

– a thermal problem T , which provides the preheating temperature ∆T as a function of
the inlet mass flux ṁ. It is obtained by solving the non-reactive, coupled gas and solid
equations on each side of the reaction sheet;

– a chemical problem C, which describes the sensitivity the consumption rate ṁ to the
preheating ∆T .

Formally, these two problems can be written:

∆T = T (ṁ) and ṁ = C(∆T ). (3.3)

Combining them leads to an implicit formulation:

ṁ = (C ◦ T )(ṁ), (3.4)

whose resolution provides the value of ṁ consistent with both the non-reactive equations out-
side the reaction sheet and the local sensitivity of the flame to preheating. The benefits of the
methodology are the following. Solving the non-reactive equations boils down to simple linear
algebra. Under the some hypotheses, notably Equation (3.2), the preheating/excess tempera-
ture finds a simplified expression. Also, both single-step and more complex chemistry can be
considered for the resolution of Equation (3.4).

3.2.3. Thermal problem T
In this section, the thermal problem T is solved both numerically and analytically.

3.2.3.1. Equations and boundary conditions

On each side of the flame, no reaction occurs. Consequently, the steady-state, isobaric, volume
averaged one-dimensional energy equations for the solid and gas phase read [252]:

λs ∂
2
xTs + hV

1− ϵ(Tg − Ts) = 0 (solid), (3.5)

−ṁcpg ∂xTg + λg ∂
2
xTg −

hV
ϵ

(Tg − Ts) = 0 (gas), (3.6)

where hV = hSV is the heat exchange coefficient per unit volume. The porous medium is
assumed globally adiabatic, thus there are no heat losses in the equations. This justifies the
boundary conditions for the gas and solid phases, which must reach thermal equilibrium far
upstream and downstream:

Ts −−−−→
x→−∞

Tu and Tg −−−−→
x→−∞

Tu, (3.7)

Ts −−−−→
x→+∞

Tad and Tg −−−−→
x→+∞

Tad. (3.8)

3.2.3.2. Dimensionless equations

The coordinates and temperatures are normalized as:

x∗ = x/

√
(1− ϵ)λs

hV
, θs = Ts − Tu

Tad − Tu
, θg = Tg − Tu

Tad − Tu
and θmax = Tmax − Tu

Tad − Tu
. (3.9)
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It follows that the reduced adiabatic temperature is, by definition: θad = 1. Also, since Tad−Tu
represents the thermal load, it is found that the dimensionless preheating temperature ∆T
identifies to the recirculation efficiency:

ηrec = ∆T
Tad − Tu

= Tmax − Tad
Tad − Tu

= θmax − θad = θmax − 1. (3.10)

For a given mixture, the knowledge of ηrec is thus directly equivalent to that of ∆T :

∆T = αTad ηrec, (3.11)

where α = (Tad − Tu)/Tad. Equations (3.5-3.6) can be normalised using (3.9), yielding:

∂2θs + θg − θs = 0, (3.12)
−rṁ ∂θg + rλ ∂

2θg + θs − θg = 0, (3.13)

where ∂ ≡ ∂x∗ and the constants rṁ and rλ are defined by:

rṁ =
ṁ ϵ cpg√

hV (1− ϵ)λs
and rλ = ϵ λg

(1− ϵ)λs
. (3.14)

The product hV (1 − ϵ)λs can be interpreted as a conductance for the recirculated heat, first
harvested via hV , then conducted upstream through the solid matrix via (1 − ϵ)λs. As such,
the quantity rṁ can be seen as a ratio between the thermal load, proportional to ṁcpg , and
the energy recirculated upstream by the solid. Thus, the inverse of rṁ is expected to be closely
related to the recirculation efficiency. The other ratio, rλ, represents the ability of the system to
conduct energy, either in the gas with the term ϵ λg, or through the solid with the term (1−ϵ)λs.
The solutions for the solid and gas temperatures are respectively noted θ1

s , θ1
g in zone 1, and θ2

s ,
θ2
g in zone 2. Following Equations (3.7-3.8), the normalised boundary conditions are:

θ1
s −−−−−→
x∗→−∞

0 and θ1
g −−−−−→
x∗→−∞

0 (3.15)

θ2
s −−−−−→
x∗→+∞

1 and θ2
g −−−−−→
x∗→+∞

1 (3.16)

Combining Equations (3.12-3.13), the problem reduces to a single linear differential equation for
θs with constant coefficients, valid in both zones:

∂
[
rλ ∂

3 − rṁ ∂2 − (rλ + 1) ∂ + rṁ
]
θs = 0. (3.17)

By integrating Equation (3.17) once and applying the boundary conditions (3.15-3.16), the
governing equation in each zone becomes:[

rλ ∂
3 − rṁ ∂2 − (rλ + 1) ∂ + rṁ

]
θ1
s = 0 in zone 1, (3.18)[

rλ ∂
3 − rṁ ∂2 − (rλ + 1) ∂ + rṁ

]
(θ2
s − 1) = 0 in zone 2. (3.19)

The general solutions of Equations (3.18-3.19) are linear combinations of exponentials, whose
eigenvalues are given by the roots of the same characteristic polynomial:

rλ λ
3 − rṁ λ2 − (rλ + 1)λ+ rṁ = 0. (3.20)

For ṁ > 0, the roots are necessarily two positive reals and a negative one, ordered λ1 < 0 < λ2 <
λ3. A proof and further details are provided in Appendix 3.C. Since the boundary conditions
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require boundedness at x → ±∞, the solutions of Equations (3.18) and (3.19) for the solid
temperature take the following form:

θ1
s(x∗) = A2e

λ2x∗ +A3e
λ3x∗

, (3.21)
θ2
s(x∗) = 1 +A1e

λ1x∗
. (3.22)

Using Equation (3.12), the gas temperature is also found:

θ1
g(x∗) = A2(1− λ2

2)eλ2x∗ +A3(1− λ2
3)eλ3x∗

, (3.23)
θ2
g(x∗) = 1 +A1(1− λ2

1)eλ1x∗
. (3.24)

The determination of the three unknowns A1, A2 and A3 requires three jump conditions between
zones 1 and 2, at x = 0. Assuming negligible interphase heat exchange at the scale of the reaction
zone, the temperature of the solid and its derivative are necessarily continuous across the flame:

Ts(x = 0−) = Ts(x = 0+), (3.25)
∂xTs(x = 0−) = ∂xTs(x = 0+). (3.26)

For the gas, the conservation of enthalpy across the flame reads:

λg ∂xTg(x = 0−) = ṁcpg (Tad − Tu) + λg ∂xTg(x = 0+). (3.27)

It is shown in Appendix 3.A that Equation (3.27), together with Equation (3.26) and the bound-
ary conditions (3.15-3.16) is in fact equivalent to imposing gas temperature continuity. The three
jump conditions are thus:

θ1
s(x∗ = 0−) = θ2

s(x∗ = 0+) continuity of solid temperature, (3.28)
∂θ1

s(x∗ = 0−) = ∂θ2
s(x∗ = 0+) continuity of solid heat flux, (3.29)

θ1
g(x∗ = 0−) = θ2

g(x∗ = 0+) continuity of gas temperature. (3.30)

Applying the boundary conditions (3.28-3.30) to Equations (3.21-3.22), one gets a linear system:

A2 +A3 −A1 = 1, (3.31)
λ2A2 + λ3A3 − λ1A1 = 0, (3.32)

A2(1− λ2
2) +A3(1− λ2

3)−A1(1− λ2
1) = 1, (3.33)

whose resolution gives the coefficients Ai, thus the temperature profiles. The formal solution
is provided in Appendix 3.B. As explained in Section 3.2.1, the temperature of interest is the
maximum temperature found at the origin:

θmax = θ1
g(x∗ = 0−) = θ2

g(x∗ = 0+). (3.34)

Using Equations (3.10) and (3.24) yields:

ηrec = θ2
g(x∗ = 0+)− 1 = A1(1− λ2

1), (3.35)

proving that heat recirculation depends only on the smallest (negative) solution of Equation
(3.20), which depends a priori on both rṁ and rλ. Formally, using (3.10) the solution of the
thermal problem T writes:

∆T = (Tad − Tu) ηrec(rṁ, rλ). (3.36)
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3.2.3.3. Numerical solutions of the thermal problem

Before providing an analytical solution for ηrec, let us take a look at particular solutions to gain
physical insight on the model and the range of validity of its underlying assumptions. Examples
of temperature profiles are shown in Figure 3.2 for four different inlet mass fluxes and given
porous/mixture properties, i.e. four different values of rṁ for a given value of rλ. It is observed
that the solid temperature does not exceed the adiabatic temperature, which is coherent with
most findings in the literature. A graphical representation of the recirculation efficiency ηrec, as
defined in Equation (3.35), is shown in Figure 3.2(a).

In Figures 3.2(a) and 3.2(b), the temperature increase in the gas by diffusion is very sharp,
and a clear distinction between the length scales of preheating and gas diffusion is observed. On
the contrary, Figures 3.2(c) and 3.2(d) show θs ∼ θg because of the much stronger interphase
equilibrium - except in the vicinity of the reaction sheet. This suggests that there are lower
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Figure 3.2. – Temperature profiles for four different inlet mass flow rates and rλ = 0.01. The
parameters used are: ϵ = 0.8, λs = 20 W m−1 K−1, λg = 0.025 W m−1 K−1,
hV = 1.2× 105 W m−3 K−1, and cpg = 1× 103 J kg−1 K−1.
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bounds for both rṁ and rṁ/rλ below which the scale-separation hypothesis (3.2) is not valid. It
is nevertheless pointed out that the temperature profiles in Figures 3.2(c) and 3.2(d) are quite
similar to those of so-called weak flames. The analysis of this similarity is beyond the scope of
the present work. Using this preliminary observation, a necessary condition for the validity of
the model (decoupled regime) is proposed:

rṁ ≫ 0.1 and rṁ/rλ ≫ 10. (3.37)

In order to investigate these limitations in a more systematic way, the numerical solutions of
ηrec are plotted versus rṁ for different values of rλ in Figure 3.3. The four cases of Figure 3.2
are also displayed. Typical values representative of combustion in porous media can be found
in [239], where rṁ = 1.78 and rλ = 0.07. By covering two orders of magnitude above and below
these values, the proposed range should cover most porous media and mixtures. The solutions
verifying rṁ > 0.5 and rṁ/rλ > 50, consistent with assumptions (3.37), are drawn in solid lines,
while the others are drawn in dotted lines. Interestingly, these solid lines seem to collapse the
dashed curve whose equation is 1/2rṁ, with little influence of the parameter rλ. In summary,
it seems that under the assumptions (3.37):

– the length scales of preheating and gas diffusion are well separated (cf. Figure 3.2), which
is consistent with the modelling assumptions;

– the solution of the thermal problem can be approximated by ηrec ≃ 1/2rṁ.

Similar ranges were explored in previous studies. For example, the case rλ ≪ 1 was considered by
Lee and Maruta for mesoscale tubes [126]. The limits considered by Pereira [239] were 1) rλ ≪ 1
if ϵ/(1 − ϵ) = O(1) and 2) r2

ṁ/rλ ≫ 1 if ϵ = O(1). By combining rṁ ≫ 0.1 and rṁ/rλ ≫ 10,
this latter limit is retrieved, without the influence of porosity which is not considered in [239]
to discriminate asymptotic regimes.
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Figure 3.3. – Recirculation efficiency ηrec for various values of the dimensionless parameters
rṁ and rλ. Solid lines: rṁ > 0.5 and rṁ/rλ > 50. Dotted lines: rṁ < 0.5 or
rṁ/rλ < 50. The points (a-d) correspond to Figure 3.2.
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3.2.4. Length scales separation and approximation of ηrec

3.2.4.1. Length scales separation

In this Section, mathematical developments and physical interpretation are provided under the
assumption (3.37). First, let us recall that since

√
(1− ϵ)λs/hV is the length used to normalize

the equations, each root λi of (3.20) found in the exponentials of Equations (3.23-3.24) provides
a dimensional length scale li given by:

li =
√

(1− ϵ)λs/hV
|λi|

. (3.38)

It is thus of interest to find the expression of the roots λi in the regime (3.37). Their rigorous,
general forms and Taylor expansions in the regime (3.37) are given in Appendix 3.C. At the
leading order, it is found that:

λ1 ≃ −1, λ2 ≃ 1 and λ3 ≃
rṁ
rλ
, (3.39)

so that:

l1 ≃ l2 ≃

√
(1− ϵ)λs

hV
and l3 ≃

λg
ṁ cpg

. (3.40)

l3 is the well-known gas diffusion length scale, denoted ldiff, while l1 and l2 define the typical
length of interphase thermal re-equilibriation, denoted lre-eq:

lre-eq =
√

(1− ϵ)λs
hV

. (3.41)

This scale characterises the preheating and interphase relaxation regions before and after the
flame front, as can be seen on Figures 3.2(a) and (b). This analysis gives an interpretation of
rṁ/rλ as a ratio of length scales:

rṁ
rλ

=
√

(1− ϵ)λs
hV

/

(
λg
ṁcpg

)
= lre-eq

ldiff
. (3.42)

The condition rṁ/rλ ≫ 10 is thus consistent with the separation of length scales of Equa-
tion (3.2) underlying the decoupled hypothesis of the present modelling.

3.2.4.2. Approximation of ηrec

Combining Equations (3.108) and (3.129-3.131) into Equation (3.35), the leading-order ana-
lytical solution for the heat recirculation is:

ηrec ≃
1

2rṁ
, (3.43)

which is exactly the asymptote plotted in Figure 3.3. In this regime, the thermal problem does
not depend on rλ, which is coherent with the collapse of the curves in Figure 3.3. Equation (3.43)
supports further the discussion of Section 3.2.3.2 on the physical significance of rṁ and that of
Section 3.2.3.3 on the condition rṁ ≫ 0.1, showing that the approximate solution is valid when
heat recirculation is not overly intense. In dimensional terms, the solution for T in Equation (3.3)
is therefore:

∆T = (Tad − Tu)
√
hV (1− ϵ)λs
2 ṁ ϵ cpg

. (3.44)

It is insightful to understand which physical properties are likely to play a signiticant part in
validating the regime (3.37) or not. These are:
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– the mass flow rate ṁ: very slow flames might show a strong interphase equilibrium. This
regime was studied thoroughly by Pereira et al. [240];

– the solid thermal conductivity λs: its decrease leads to a lower separation of length scales.
Note that the tortuosity of the solid matrix may be considered by altering the value of λs;

– the volume heat transfer coefficient hV is also a key parameter which is often difficult to
assess [29]. It is typically affected by the material surface state, the geometry, the Reynolds
number, etc.

3.2.5. Chemical problem - model closure

In the present section, two paths for the resolution of the chemical problem C are proposed.
Each time, the principle is to find a kinetic relation between the inlet mass flux ṁ and the
preheating of the fresh gases ∆T . First, a single-step Arrhenius estimation based on the work
of Pereira et al. [239] is investigated. Then, a power law approximation of the consumption rate
increase with preheating is identified through numerical simulations of adiabatic free-flames.
For the sake of the example, two typical mixtures are considered: one methane-air and one
hydrogen-air, whose descriptive values are given in Table 3.1. The parameter β is the so-called

mixture ϕ α β Tad (K)
methane-air 0.80 0.85 9.07 1996
hydrogen-air 0.52 0.82 8.27 1683

Table 3.1. – Relevant thermodynamic and chemical properties for two reacting mixtures used
as examples.

Zel’dovich number, related to the activation temperature Ta through:

β = Ta(Tad − Tu)
T 2
ad

. (3.45)

Values for β in Table 3.1 are found in [239] for methane and [253] for hydrogen. In what follows,
SPL denotes the global consumption speed (i.e. the gas velocity at the infinite upstream), and
S0
L(T ) the speed of the corresponding adiabatic free-flame of fresh gases at a temperature T . The

flame speed-up is defined as the ratio SPL /S0
L(Tu). It quantifies the acceleration of combustion

due to the heat recirculation in the porous matrix. This speed-up is also that of the mass fluxes
and is directly related to ṁ, thus C(∆T ), through:

SPL
S0
L(Tu) = ṁ

ṁ0
= C(∆T )

ṁ0
. (3.46)

where ṁ0 = ρu S
0
L(Tu) is the mass flux of the adiabatic free-flame without porous medium and

ρu is the density at the infinite upstream. Note that ṁ0 is an input of the model in the sense
that ρu and S0

L(Tu) are known a priori.

3.2.5.1. Single-step kinetics

The first kinetic model is based indirectly on theoretical work of Peireira et al. [239]. They
analyzed the asymptotic structure of a flame submerged in a porous medium. Alike the present
model, their methodology consisted in neglecting interphase heat exchange at the scale of reac-
tion and diffusion. They made use of a single-step Arrhenius law, and matched the preheating
and flame exit gas temperature gradients - something not caught by the present model, but of
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negligible importance in the regime (3.2). For a null temperature exponent in the Arrhenius
term, they found the following expression for flame speed-up:

SPL
S0
L(Tu) = (1 + αηrec) exp

(1
2

βηrec
1 + αηrec

)
. (3.47)

In coherence with the regime (3.37), assuming αηrec small enough yields a simplified expression
for Equation (3.47):

SPL
S0
L(Tu) = exp

(
βηrec

2

)
. (3.48)

The relative error between Equations (3.47) and (3.48) is plotted in Figure 3.4 for representative
values of α and β. This shows that (3.48) is a fair approximation of (3.47) only for recirculation
efficiencies below 0.3. Using this simplification, the derivation is pursued and we define:
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Figure 3.4. – Relative error between Equations (3.47) and (3.48).

η0
rec = ηrec

ṁ

ṁ0
, (3.49)

which, using Equation (3.43), yields:

η0
rec =

√
hV (1− ϵ)λs
2 ṁ0 ϵ cpg

. (3.50)

This shows that η0
rec is a constant related to the physical properties of the mixture and the

porous medium. Then using Equations (3.46) and (3.49), Equation (3.48) becomes:

Z = W exp (W ), (3.51)

where:

Z = βη0
rec

2 and W = βη0
rec

2
ṁ0
ṁ
. (3.52)

The solution of Equation (3.51) is given by the the first branch of the Lambert functionW [254].
Recalling Equation (3.46), this yields a fully-explicit formula for flame speed-up:

SPL
S0
L(Tu) = βη0

rec

2W(βη0
rec/2) . (3.53)
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In order to discuss trends, Equation (3.53) is further simplified in the limit of small η0
rec using

the Taylor expansion of W(Z) at the origin:

W(Z) = Z − Z2 +O(Z3), (3.54)

which simplifies Equation (3.53) to:

SPL
S0
L(Tu) ≃ 1 + β

2 η
0
rec. (3.55)

3.2.5.2. Power law approximation

In this study, it is assumed that preheating and combustion are decoupled meaning that the
local flame velocity is that of a preheated laminar adiabatic flat flame, i.e. S0

L(Tu + ∆T ). Mass
conservation in steady state reads:

ρ(Tu)SPL = ρ(Tu + ∆T )S0
L(Tu + ∆T ), (3.56)

which, following the isobaric hypothesis, yields:

SPL
S0
L(Tu) =

(
Tu

Tu + ∆T

)
S0
L(Tu + ∆T )
S0
L(Tu) . (3.57)

Consequently, the determination of the flame speed-up only requires the knowledge of the adi-
abatic flame speed S0

L at Tu and Tu + ∆T . Within a given temperature range it is common
practice to fit experimental or numerical results via a power law. In order to simplify the algebra,
one can choose a power of (1 + ∆T/Tu) in which case equation (3.57) reduces to:

SPL
S0
L(Tu) =

(
1 + ∆T

Tu

)nT

=
(

1 + Tad
Tu

αηrec

)nT

. (3.58)

Examples corresponding to the two mixtures of Table 3.1 are shown in Figure 3.5, where the
reference flame speeds have been computed with Cantera [112] using GriMech 3.0. In both
cases, the power law approximation is quite accurate. Note that since overly large preheating
temperatures lead to auto-ignition and a lack of numerical convergence of the adiabatic flames,
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Figure 3.5. – Speed-up of the porous medium system: numerical simulations and power law
correlations.
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the maximal preheating temperature is set to 300 K, which leads to different bounds in terms
of ηrec between the two plots. The specific case nT = 1, particularly convenient analytically,
is also shown for comparison. Following this approximation, an analytical formulation for the
chemical problem is obtained by feeding Equations (3.46) and (3.49) into (3.58):(

SPL
S0
L(Tu)

) 1
nT

+1

− SPL
S0
L(Tu) = Tad

Tu
αη0

rec. (3.59)

Because this equation is not amenable to a general analytical solution, two special cases are
considered. First in the limit of small η0

rec, a first-order Taylor expansion yields:

SPL
S0
L(Tu) ≃ 1 + nT

Tad
Tu

αη0
rec. (3.60)

Then in the special case nT = 1:

SPL
S0
L(Tu) = 1

2

[
1 +

√
1 + 4 Tad

Tu
αη0

rec

]
. (3.61)

3.2.6. Discussion and validation
Several fully-explicit formulae for flame speed-up were derived in Section 3.2.5: Equation (3.55)

for single-step Arrhenius; Equations (3.60) and (3.61) assuming a power-law sensitivity to tem-
perature for the adiabatic free-flame speed. Both Equations (3.55) and (3.60) are first-order
approximations where the speed-up is proportional to η0

rec, with a slope depending on the sen-
sitivity of their respective chemical model. These are useful to analyse general trends of flames
with heat recirculation. As already discussed in the literature: recirculation efficiency decreases
with porosity, and increases with solid conductivity and volume heat transfer coefficient. In
addition, it is found here that recirculation efficiency increases with the adiabatic temperature
Tad and decreases with the fresh gases temperature Tu and adiabatic free-flame speed. Further-
more, the previously-observed decrease in recirculation efficiency with equivalence ratio can be
explained as resulting from the larger impact of equivalence ratio on ṁ0 than Tad.

Equations (3.53) and (3.59) are more general solutions of the chemical problem but because
they respectively require the knowledge of the Lambert function and a numerical integration,
they are less useful for interpretation.

These analytical solutions are now compared to a numerical resolution using the software
Cantera with GriMech 3.0 as chemical scheme (the infinitely-thin reaction sheet is relaxed).
For this validation, Cantera was coupled to an in-house code solving the thermal problem in the
solid matrix. This procedure is described more thoroughly in Appendix 3.D. The two mixtures
of Table 3.1 are considered with the following properties for the porous medium: ϵ = 0.9, λs =
10 W m−1 K−1, and hV = 1×104 W m−3 K−1. This leads to the values rṁ = 5.29, rṁ/rλ = 70.5
for the methane-air mixture and rṁ = 8.06, rṁ/rλ = 109.7 for hydrogen-air, all falling within
the regime (3.37). Results are shown on Figure 3.6. As expected, Equations (3.53) and (3.59)
are more accurate than their corresponding first-order approximation, namely Equations (3.55)
and (3.60). Thanks to its non-linear behavior, Equation (3.61) is quite close to the reference
simulation, albeit assuming nT = 1. The two main sources of error between the fully-resolved
simulations and the various analytical formulae result respectively from the thermal and chemical
modellings. In Figure 3.6, the parameters rṁ and rλ fall largely within the validity range (3.37)
so that primarily the performance of the chemical modelling is assessed. Further investigations
showed similar errors throughout the regime (3.37).

As a concluding remark, it is important to stress the implications of the choice of β. Equa-
tions (3.55) and (3.60) show that speed-up is given, at the first-order, by η0

rec times a certain
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Figure 3.6. – Validation of the speed-up SPL /S0
L(Tu): comparison between a reference numerical

simulation with Cantera + GriMech 3.0 and the various formulae derived in
this chapter.

coefficient expressing the chemical sensitivity of the mixture to preheating. It is β/2 for single-
step and αTad/Tu nT for power law. Classically, hydrogen-air mixtures have lower activation
energies compared to methane-air, as can be seen in Table 3.1. This apparently contradicts the
fact that nT is much larger for hydrogen-air, as shown in Figure 3.5. The reason is β is usually
fitted for given structural properties at reference conditions, such as auto-ignition delay, laminar
flame speed, or flame thickness. This does not guarantee a correct response to preheating. It is
of course possible to tailor β to make its value coherent with nT , but it comes at the expense of
other structural parameters. Since this procedure is not standard in the literature, traditional
values of β were used in this manuscript.

3.3. Effects of flame wrinkling

3.3.1. Taking into account flame wrinkling

In simulations and experiments, it is observed that the flame front is not planar:
– First, because the flame anchors at discrete locations related to the local pore geometry,

leading to a longitudinal distribution of the flame front (see illustration of Figure 3.7(a),
and more details in Chapter 6). Though this contradicts a particular localisation of the
reaction sheet as in the model, the jump condition may remain accurate if the spatial
distribution is sufficiently narrow (in general, assuming error cancellation the mean location
of heat release may be chosen as a reference). Unfortunately, by construction this effect
cannot be considered in the model ;

– Also, at the pore level, the flame front may present a certain corrugation (see Fig-
ure 3.7(b)). In other words, the pores may act locally as flame holders, whose ratio of
bulk velocity to local flame speed may be greater than one. Consequently, the local burn-
ing rate increases of a certain wrinkling factor Γw > 1, which is related to the local flame
surface density. This factor may depend upon the pore topology and dimensions. Note
that this view assumes pore diameters larger than the flame thickness dp ≫ δL.

3.3.2. Theoretical influence of the wrinkling factor Γw
The factor Γw shall not influence the thermal problem, because the latter only depends upon

the fixed mass flux ṁ which is an eigenvalue of the coupled thermal-chemical system. However, it
influences the local burning rate of the chemical closure problem. We now provide the alternative
forms for Arrhenius single-step and power law approximations.
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Figure 3.7. – Illustration of flame distribution and wrinkling inside porous media.

3.3.2.1. Single-step Arrhenius

The chemical closure becomes:

SPL
S0
L(Tu) = Γw exp

(
βηrec

2

)
, (3.62)

leading to:
SPL

S0
L(Tu) = βη0

rec

2W(βη0
rec/2Γw) , (3.63)

and eventually:
SPL

S0
L(Tu) ≃ 1 + (Γw − 1) + βη0

rec

2 . (3.64)

Note that in Equation (3.64) the factor Γw has no influence at the first order in η0
rec. This results

from the fact that ṁ increases in proportion of Γw, while recirculation efficiency decreases in
inverse proportion of Γw.

3.3.2.2. Power law

The chemical closure becomes:

SPL
S0
L(Tu) = Γw

(
1 + ∆T

Tu

)nT

, (3.65)

so that:
SPL

S0
L(Tu)

(
SPL

Γw S0
L(Tu)

)1/nT

− SPL
S0
L(Tu) = Tad

Tu
αη0

rec, (3.66)

which gives, at the first order in η0
rec:

SPL
S0
L(Tu) ≃ 1 + (Γw − 1) + nT

Tad
Tu

αη0
rec. (3.67)

Similar to Equation (3.64), Equation (3.67) does not show any dependency upon Γw on its
first-order term in η0

rec, for the same reasons of proportionality. Overall, one should keep in
mind the counter-intuitive fact that, for a fixed hV , recirculation efficiency decreases with inlet
mass flux, that is, the preheating temperature decreases with mass flow, leading to a lower local
acceleration “compensated” by Γw. This would not be the case if hV is assumed to vary with
ṁ.
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3.3.2.3. Conclusion on flame wrinkling

At the first order in η0
rec, the local wrinkling of the flame front does not affect the extent of

flame acceleration due to heat recirculation, and the influence of Γw is purely geometrical. Note
also that from Equation (3.65) an increase in local flame surface can be interpreted, from the
point of view of the 1D equations, as an increase in adiabatic flame speed S0

L.

3.4. Effects of finite length & multi-staged burners

In this section, we investigate the role of finite length on superadiabatic properties and recir-
culation efficiency. The influence of radiant heat losses at the extremities of the porous medium
is also studied. It is shown that the maximum recirculation efficiency in a porous medium of
finite length converges towards that of its infinite counterpart in a universal manner. Then we
introduce a theoretical model for multi-staged burners and study the influence of parameter
variations on their stability and performance.

3.4.1. Single-staged burner: problem formulation

A flame submerged in a finite porous medium is now considered, as depicted in Figure 3.8.
Due to the constriction of the flow, the mass flux per surface unit of gas now depends on the
axial coordinate x and is not the same within and outside the solid matrix. In order to keep the
same notations than in the infinite case, ṁ still denotes the intrinsic mass flux inside the porous
structure, so that:

intrinsic mass flux =
{
ṁ if x ∈ [−xp, L− xp] inside the porous medium,
ṁϵ outside the porous medium. (3.68)

In addition to the parameters defined in Section 3.2, both the length of the porous medium L
and the distance of the reaction sheet from the inlet xp ∈ [0, L] are specified. For the flame to
be submerged, only porous media much longer than the diffusion length scale are considered:

L≫ ldiff. (3.69)

Using (3.41) and (3.42), this condition becomes:

L∗ ≫ rλ
rṁ
. (3.70)

Four regions are distinguished: G1 and G2 are the gaseous zones before and after the porous
medium, while S1 and S2 are the two-phase zones before and after the reaction sheet. The solid
inlet is located at x = −xp and the outlet at x = L − xp. Heat losses via radiation are noted
Jleft at the inlet and Jright at the outlet. All corresponding dimensionless quantities are noted
with the ∗ superscript.

Alike the infinite case, the principle here is to find the flame speed-up in function of an implicit
formulation (3.4), but this time, there is one distinct problem for each prescribed flame position
xp. Since this position changes the temperature profiles, thus heat recirculation, the flame
speed-up is expected to be a function of xp. One can anticipate that when the flame is close
to the inlet or the outlet heat exchange with the solid is limited, thus reducing the speed-up.
A maximum speed-up is therefore expected for a flame around the mid-section of the porous
medium. The objectives of this section are to predict the speed-up for a given flame position
and quantify the influence of the finite solid length.
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Figure 3.8. – Principle: flame submerged in a finite porous medium.

For zones S1 and S2, the governing equations remain those of the infinite case (3.5-3.6), whose
general solutions are:

θS1
s (x∗) = AS1

0 +
3∑
i=1

AS1
i eλix

∗ and θS2
s (x∗) = AS2

0 +
3∑
i=1

AS2
i eλix

∗
. (3.71)

Again, λi are the roots of the polynomial (3.20) for which λ1 < 0 < λ2 < λ3. This time, the
two constants AS1

0 and AS2
0 must be determined using the conditions all over the domain, not

just the boundary conditions. For the zones G1 and G2, the modelling reduces to a single gas
equation without coupling with the solid:

−ϵ ṁcpg ∂xTg + λg ∂
2
xTg = 0, (3.72)

where ϵ intervenes due to mass conservation and the present definition of ṁ as the mass flux
per surface unit of gas. Normalisation yields:

∂ [−ϵ rṁ θg + rλ ∂θg] = 0, (3.73)

whose solutions compatible with the boundary conditions are respectively:

θG1
g (x∗) = AG1

0 e
ϵ

rṁ
rλ
x∗

and θG2
g (x∗) = AG2

0 . (3.74)

In zone G2, the temperature θG2
g (x∗) is a constant, whose value is determined by the gas tem-

perature continuity at the exit of the solid. It is as such an output of the problem, not an
unknown:

AS2
0 = θG2

g (x∗) = θS2
g (x∗ = L∗ − x∗

p). (3.75)

This leaves 9 unknowns for 9 jump conditions: the AS1
i , the AS2

i and AG1
0 are to be determined.

At the flame front, we have:

θS1
s (x∗ = 0−) = θS2

s (x∗ = 0+) continuity of solid temperature, (3.76)
∂θS1

s (x∗ = 0−) = ∂θS2
s (x∗ = 0+) continuity of solid heat flux, (3.77)

θS1
g (x∗ = 0−) = θS2

g (x∗ = 0+) continuity of gas temperature, (3.78)

∂θS1
g (x∗ = 0−) = rṁ

rλ
+ ∂θS2

g (x∗ = 0+) discontinuity of gas heat flux. (3.79)

This time, both gas continuity and the energy release from reaction must be prescribed. This
is due to the indirect relation of the constants AS1

0 and AS2
0 to the boundary conditions at
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the infinite upstream and downstream. Then, at the solid inlet, possible heat losses must be
accounted for, as well as the effect of porosity on gas heat flux continuity:

∂θS1
s (x∗ = −x∗

p) = J∗
left inlet heat loss, (3.80)

∂θG1
g (x∗ = −x∗

p) = ϵ ∂θS1
g (x∗ = −x∗

p) continuity of gas heat flux, (3.81)
θG1
g (x∗ = −x∗

p) = θS1
g (x∗ = −x∗

p) continuity of gas temperature. (3.82)

At the outlet, the gas temperature gradient must go to zero because the gas temperature in
region G2 is constant, so that:

∂θS2
s (x∗ = L∗ − x∗

p) = −J∗
right outlet heat loss, (3.83)

∂θS2
g (x∗ = L∗ − x∗

p) = 0 continuity of gas heat flux. (3.84)

In the adiabatic case, it is trivial that J∗
left = 0 and J∗

right = 0. Heat losses to the exterior may
be considered, for instance radiant heat losses using a Stephan model, for which it is found that:

J∗
left =

√
1− ϵ
hV λs

σ T 4
u

(
1 + α

Tad
Tu

θS1
s (x∗ = −x∗

p)
)4
, (3.85)

J∗
right =

√
1− ϵ
hV λs

σ T 4
u

(
1 + α

Tad
Tu

θS2
s (x∗ = L∗ − x∗

p)
)4
. (3.86)

Note that in Equations (3.85-3.86) the background radiation is omitted. This is an approxima-
tion, though this does not change qualitatively the influence of heat losses, especially on the
hot (right) side where the outward radiation is largely dominant. For the typically colder (left)
boundary this influence can be considered negligible. The jump conditions (3.76-3.84) can be
recast under matrix formalism as:

M ·A = B, (3.87)
where A is the column matrix of unknowns:

A =
[
AS1

0 AS1
1 AS1

2 AS1
3 AS2

0 AS2
1 AS2

2 AS2
3 eλ3(L∗−x∗

p) AG1
0 e

−ϵ rṁ
rλ
x∗

p

]T
, (3.88)

and B the second member:

B =
[
0 0 0 rṁ/rλ J∗

left 0 0 − J∗
right 0

]T
. (3.89)

The matrix M is provided in Appendix 3.E. Note that in Equation (3.88), the coefficient AS2
3

is lumped together with eλ3(L∗−x∗
p) and AG1

0 with e
−ϵ rṁ

rλ
x∗

p . This allows for a well-conditioned
numerical inversion of Equation (3.87). A close look at Equations (3.89) and (3.135) reveals
that ηrec depends this time on more than rṁ and rλ. In the adiabatic case, the solution is
a function of L and xp, but also of ϵ through the inlet jump condition (3.81). This latter
dependency is very small for flames several gas diffusion length scales away from the solid inlet.
This motivated some authors to discard the influence of porosity at the inlet and use directly a
Dirichlet condition instead. When considering radiant heat losses, the non-linearity of J∗

left and
J∗

right brings supplementary dependencies, namely of Tad, Tu and the parameter
√

(1− ϵ)/hV λs.
Numerically, this non-linearity is treated using a basic recursive method.

Examples of gas and solid temperature profiles are shown in Figure 3.9, without and with
radiant heat losses, together with those of the same porous medium of infinite length. As
expected, the reduction of the preheating length leads to a lower superadiabaticity compared to
the infinite case. Since interphase non-equilibrium (i.e. θg − θs) is higher, the preheating rate
is also higher and the preheating temperature gradient steeper. Regarding radiant heat losses,
one can see in Figure 3.9 that they lead to a reduction in both gas and solid temperatures at
the outlet of the porous medium.
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Figure 3.9. – Example of temperature profiles: adiabatic and radiant heat losses cases. The
solution of the equivalent infinite porous medium is superimposed for comparison.
The parameters used are: Tu = 300 K, Tad = 2000 K, ϵ = 0.8, λs = 20 W m−1 K−1,
λg = 0.025 W m−1 K−1, hV = 6×104 W m−3 K−1, cpg = 1×103 J kg−1 K−1, L = 2
cm, ṁ = 1.2 kg m−2 s−1, and xp = L/4.

3.4.2. Influence of flame position

As anticipated, finite porous media lengths reduce heat recirculation and therefore supera-
diabaticity. For a more detailed analysis of this effect, Figure 3.10 presents the recirculation
efficiency ηrec versus the reduced flame position x∗

p for various reduced porous media lengths
L∗, at a given arbitrary inlet mass flux. It is observed that the maximum superadiabatic effect
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Figure 3.10. – Recirculation efficiency versus flame position for various lengths of porous media.
Solid line: adiabatic case. Dashed line: with radiant heat losses. Parameters
used: Tu = 300 K, Tad = 2000 K, ϵ = 0.8 and

√
(1− ϵ)/hV λs = 2 × 10−4

m2 K W−1 for the radiant heat losses case.

in the porous medium increases with solid length until L∗ ∼ 5. In these situations, the effects
of finite length are not perceivable for a flame deep inside the porous medium. In parallel, it
is observed that radiant heat losses lead to lower recirculation efficiencies. Overall, Figure 3.10
indicates that recirculation efficiency is a concave, direct function of flame position. And since
speed-up is a monotonous function of ηrec, a similar trend is expected for the flame speed-up.
This is indeed observed in Figure 3.11, where SPL /S0

L(Tu) is plotted versus flame position x∗
p

(a chemical model is now prescribed, see caption). It appears that the flame speed is also a
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Figure 3.11. – Speed-up ratio versus flame position for various lengths of porous media. Solid
line: adiabatic case. Dashed line: with radiant heat losses. The parameters used
are: Tu = 300 K, Tad = 2000 K, ϵ = 0.8, λs = 20 W m−1 K−1, λg = 0.025
W m−1 K−1, hV = 2.4 × 105 W m−3 K−1, cpg = 1 × 103 J kg−1 K−1, ṁ0 = 1.2
kg m−2 s−1, and nT = 1.

function of flame position, with an upstream and a downstream branch: for a given inlet mass
flux, two solutions are possible, on each side of the porous. Following the rationale of other
authors, notably that of Diamantis [34], only the upstream branch is expected to be stable. A
graphical explanation for the stability is that close to the inlet, the speed-up increases if the
flame is pushed back while near the outlet, the speed-up decreases with x∗.

3.4.3. Universal behavior of finite-length effects in the decoupled regime

As discussed above, Figures 3.10 and 3.11 show a convergence of the maximum superadia-
baticy, typically when L∗ > 5. We now investigate the universality in this convergence. Fig-
ure 3.12 shows ratios of the maximum recirculation efficiency obtained in a finite porous medium
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rṁ = 102, rλ = 10−1
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Figure 3.12. – Convergence towards the infinite porous medium case - universal curve in the
conditions (3.37) and (3.70).

ηmaxrec (L∗) and the one found in its infinite counterpart ηrec(∞), for various values of rṁ, rλ and
L∗. The chosen values satisfy the decoupled regime (3.37) and submerged flame (3.70) condi-
tions. All these cases are very close to the limit case rṁ →∞, rλ → 0 with relative differences
below 5%. For the sake of clarity, only a few cases are presented in Figure 3.12 but they cover
all the solid line regions of Figure 3.3. This is a strong indication that finite-length effects only
depend on the normalised length L∗ and confirms that for L∗ > 5, a porous matrix can be
treated as infinite from the perspective of heat recirculation.

74



3.4 Effects of finite length & multi-staged burners

This is arguably of great practical interest. Using the model presented in Section 3.2 (either
numerical integration or analytical approximations), one can compute ηrec(∞). Then with
Figure 3.12, one can estimate finite-length effects and obtain the numerical value for ηmaxrec (L∗).
This means that heat recirculation and flame speed-up can be anticipated at the design stage of
a porous burner using intrinsic properties of the gaseous and solid phases. In other words, it is
possible to use the speed-up formulae proposed in the infinite case, by multiplying η0

rec by the
value of the ratio reported from Figure 3.12.

3.4.4. Multi-staged burners: problem formulation
The case of multi-staged (also called multi-step, multi-layered) burners is now considered, as

depicted in Figure 3.13. A series of N porous layers are stacked together, each having its own
length Ln, porosity ϵn, thermal conductivity λs,n and volume heat transfer coefficient hV,n, for
n ∈ [1, N ]. A reference mass flux ṁ∞ is imposed at the infinite upstream, so that the interstitial
mass flux in the nth layer is:

ṁ∞
ϵn

. (3.90)

The position of the interfaces are noted xn = Σj∈[1,n]Lj for n ∈ [1, N − 1]. The thermal

x

T

�g
<latexit sha1_base64="s6KMihJeENavze2iJkDDvj/9by4="></latexit>

Tu
<latexit sha1_base64="BcbJUDhi8J0i3GMjN1GvvXQ+D/w="></latexit>

Tg
<latexit sha1_base64="48Z4YtsKPCoeK/ghNletG66dwOA="></latexit>

Ts
<latexit sha1_base64="1inAr+gfjRwFEuE4n2hT8gWCkII="></latexit>

T (x ! +1)  Tad
<latexit sha1_base64="IAj/MFatLNF34/OyXJCEl5rTzjs="></latexit>

0
<latexit sha1_base64="h3bLGoyn+BMBlEIVSC3gfYcSkpM="></latexit>

ṁ1
<latexit sha1_base64="1xsvOSxfKNxhOSeAqzgsiUHJQpM="></latexit>

. . .
<latexit sha1_base64="zZl3woR03oPwa1NHyLvo2xMjH18="></latexit>

L1
<latexit sha1_base64="KFKq7zUlsep7HGKOoHoxy8RVezI="></latexit>

L2
<latexit sha1_base64="4v6+oA3AubtSuaV0EQ+G7rZt+24="></latexit>

. . .
<latexit sha1_base64="zZl3woR03oPwa1NHyLvo2xMjH18="></latexit> LN

<latexit sha1_base64="0XNGLOUDten2HWkmE2osyo5ZHAo="></latexit>

✏1

�s,1

hV,1
<latexit sha1_base64="xk/H7JGTyBmDOCyhWBnzSW8u/oc="></latexit>

✏2

�s,2

hV,2
<latexit sha1_base64="xX8/UXq/H+rrI4BR/97ih/DtDG8="></latexit>

. . .
<latexit sha1_base64="zZl3woR03oPwa1NHyLvo2xMjH18="></latexit>

✏N

�s,N

hV,N
<latexit sha1_base64="F3Dr1CqjaDTaZ236YIzOeCUEjbM="></latexit>

<latexit sha1_base64="1UQVhegbDn3VlRnEeIEpjbxCimA="></latexit>xp

<latexit sha1_base64="+SsYcvazAqfkG2pcYIr0RNsAmCk="></latexit>

x1
<latexit sha1_base64="kW/kR4ME6P/umqk4TWzJwJpDCn4="></latexit>

x2
<latexit sha1_base64="bbko0iXLOZYFYhqAN8eklR3tRBs="></latexit>

xN�1
<latexit sha1_base64="QVotyabvJWDnrvoyC77gJKb2Rk4="></latexit>

xN

Figure 3.13. – Principle: theoretical modelling of multi-step burners.

conductivity λg is supposed constant. We also introduce a reduced mass flux different in each
layer:

rṁ,n =
ṁ∞cpg√

(1− ϵn)λs,nhV,n
, (3.91)

and the second reduced parameter linked to the ratio of conductivities:

rλ,n = ϵn λg
(1− ϵn)λs,n

, (3.92)

so that the governing energy equation valid in each region becomes:

∂n
[
rλ,n ∂

3
n − rṁ,n ∂2

n − (rλ,n + 1) ∂n + rṁ,n
]
θs = 0. (3.93)

where formally the reduced derivative depends also on the layer considered through:

x∗
n = x/

√
(1− ϵn)λs,n

hV,n
and ∂n ≡

∂

∂x∗
n

. (3.94)

The solution of Equation (3.93) in each region (noted arbitrarily X) is:

θXs (x∗
n) = AX0 +

3∑
i=1

AXi e
λi,nx

∗
n . (3.95)
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where the λi,n are again the roots of the nth characteristic polynomial:

rλ,n λ
3 − rṁ,n λ2 − (rλ,n + 1)λ+ rṁ,n = 0. (3.96)

When the flame is stabilized in the nth layer, then formally there exists two sub-regions to be
resolved because the flame sheet presents a jump condition on its own within the layer. For the
sake of brevity and simplicity to the reader, further technical details regarding indices and names
for the different regions are omitted. Instead, we focus mainly on the boundary conditions at
the porous interfaces, since those at the infinite upstream/downstream, at the inlet/outlet and
at the flame sheet are the same than with the single-layered finite case.

3.4.5. Boundary conditions
Between two porous layers, continuity of gas temperature and energy fluxes through both gas

and solid phases are still ensured. However, due to the very low contact points between two
porous layers, it is expected that a temperature discontinuity arises - a notion known as contact
surface resistance [255]. Interestingly, to the author’s knowledge the presence of this thermal
resistance seems to have been omitted in the literature. With dimensions, the jump condition
in x = xn may be written as:

λs,n
∂Ts
∂x

∣∣∣∣
x=xn

= 1
Rn

[
Ts(xn,+)− Ts(xn,−)

]
, (3.97)

where Rn is the thermal resistance between the two layers, which can be viewed conceptually
as a ratio of a thickness to a conductivity of a resistive material eres/λres. Without dimensions,
we get:

λs,n√
(1−ϵn)λs,n

hV,n

∂θs
∂x∗

n

∣∣∣∣
x∗

n=xn,∗
n

= 1
Rn

[
θs(xn,+)− θs(xn,−)

]
. (3.98)

The set of equations may be resolved by a method similar to the single-layered case, namely
through a linear system which may readily be inverted (and again, the thermal problem is
completed by a chemical closure). However, due to the complexity of the general matrix system,
it is not provided here. In fact, thanks to symbolic representations of linear systems through
the Python library SymPy, it was not even necessary to write it down at all. Note also that the
case N = 1 encompasses the single-layered case and the numerical code was written in a way
to handle it properly. It was the occasion to verify that the results were the same by the two
different methods.

Note that by taking N →∞ for a given total stacking length, we can easily introduce spatially-
varying, arbitrary profiles for the physical parameters, in a fully-analytical fashion. Nonetheless
computational cost increases substantially for very large values of N so the generation of solution
curves for varying flame positions becomes rapidly costly. A parallelization of of the script may
be necessary in the future.

3.4.6. Interest of the present modelling for stability discussions
As discussed earlier, under 1D framework the stability of porous burners may be investigated

by looking at the slope of the curve of mass flow rate vs. position (which we call hereafter
stability curves). For single-step burners, the theoretical stability as predicted by 1D theory is
shown in Figure 3.14(a). It is classically found that only portions of positive slope are stable.
This leads to the prediction (well-verified experimentally) that only flames in the upstream
portion of the porous medium should be stable, that flashback may occur for flames near the
inlet due to the constriction of the flow, and that surface combustion is also intrinsically stable.
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In the case of multi-layered porous burners, as depicted in Figure 3.14(b) one may wonder under
which circumstances property variations and interfaces help for the burner stability and flame
anchoring. Notably, it is not excluded that some configurations tend to destabilize the porous
medium and the stacking be detrimental. Also, there may be a strong influence of the thermal
resistance between the layers on the stability of theses curves, which is now investigated.
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Figure 3.14. – Illustration of the stability of single and multi-layered porous burners as predicted
by 1D asymptotic theory.

3.4.7. Influence of the thermal resistance

We begin our investigation of multi-step burners by considering the influence of the thermal
resistance between two identical layers, as well as its conceptual implications. On Figure 3.15
are shown three stability curves for a two-step porous burner composed of two layers of same
macroscopic properties, for increasing thermal resistance R1. Solid lines correspond to regions of
positive slope and dashed regions to negative slope. When the R1 = 0, one obtains the previous
stability curve found in Figure 3.11. On the contrary, when R1 = 10 (very high resistance), then
the two layers become thermally independent, the recirculation efficiency at the interface
is zero, and each layer shows an independent bell-shaped curve. For intermediate
R1 values, the recirculation efficiency at the interface is not zero, yielding a M-shaped curve.
Overall, it seems that the introduction of a thermal resistance provides an additional
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Figure 3.15. – Two-step burner for increasing thermal resistance between the two layers.
Thermo-physical properties: λs,1 = λs,2 = 3.0 W m−1 K−1, hV,1 = hV,2 =
5 × 104 W m−3 K−1, ϵ1 = ϵ2 = 0.8, cpg = J kg−1 K−1, L1 = L2 = 1 cm, ṁ0 =
0.5 kg m−2 s−1, β = 8.0, λg = 0.025 W m−1 K−1. Unit for R1 is W m−2 K−1.
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flame anchoring capability, through a second stable region near the interface between the
two layers.

Assessing a priori the value of R1 may be quite hard - if ever possible. Therefore, without
further information, one may simply state that the stable flames may be found within the
envelope formed by the curves ranging from R1 = 0 to R1 → ∞, as shown schematically in
Figure 3.16. This directly illustrates how a thermal resistance may allow a “wider” stability
range, at least near the mid-section of the burner. Experimentally, this resistance might be
tuned by hand: in [256], a small gap was introduced between two porous layers, what turned
out beneficial for the operating range of the burner. Of course, in practical devices radiation
cannot be neglected, so that even between two layers separated by a physical gap there exists
non-zero heat exchange. A consequence is that, conceptually-speaking, there may exist an
upper bound for R1. Yet, the present theory and the experimental findings of [256] suggest
that reducing the back-propagation of heat from the downstream layer may be beneficial for an
internal stabilization of a flame between two porous layers.
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Figure 3.16. – Stability envelope for all values of resistances.

Physical profiles of gas and solid temperature profiles are illustrated in Figure 3.17, for two
values of the surface contact resistance. It is observed that for larger values of R1, the tempera-
ture gap between the solid layers increases, so that each layer becomes more and more thermally
independent.
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Figure 3.17. – Profiles in the physical space for lower (a) and larger (b) surface contact resistance
values, same thermo-physical properties than Figure 3.15 but this time N = 3
and L1 = L2 = L3 = 2/3cm. Unit for R1 is W m−2 K−1.
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3.4.8. Porosity step

The influence of a porosity step between two porous layers of otherwise identical macroscopic
properties is now investigated. Figure 3.18 presents a two-step burner for a positive (ϵ1 < ϵ2)
and negative (ϵ1 > ϵ2) porosity step, assuming perfect thermal contact (R1 = 0). Although a
negative porosity step seems to favor the stabilization of the flame in the upstream layer, it seems
completely detrimental regarding interface stability. This duality is explained by the existence
of conflicting influence of the porosity step on stability. The first is the hydrodynamic effect
related to the constriction of the flow at the interface. The second is related to the recirculation
efficiency: coming back to the analytical expression of Equation (3.44), one finds that sections of
lower porosities show larger recirculation efficiencies. Therefore, in the case ϵ1 < ϵ2 the flame is
more preheated in the upstream layer but less preheated downstream (which is why the second
part of the M-curve is lower), while in the case ϵ1 > ϵ2 the flame is less preheated but there is
a range of burning rates for which the flame is stable at the interface - related to the porosity
jump. This was observed in [142], where a 1-10 power range was observed with a flame seemingly
stabilized at the interface.
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Figure 3.18. – Influence of porosity step. R1 = 0, same other thermo-physical properties than
Figure 3.15.

3.4.9. Interphase heat transfer & solid conductivity step

Figures 3.19 and 3.20 illustrate both positive and negative steps in heat transfer coefficient and
solid conductivity, by a factor of 5, for two layers of same length and otherwise same macroscopic
properties, assuming R1 = 0. In Figure 3.19 the flame acceleration is larger (resp. lower) in
the region of larger (resp. lower) heat transfer coefficient. In Figure 3.20 the flame acceleration
is larger (resp. lower) in the region of larger (resp. lower) solid conductivity. These effects
may be explained again by considering the analytical expression for recirculation efficiency of
Equation (3.44). Increasing the heat recirculation downstream seems to have, from the point
of view of the 1D equations, a positive influence on flame stabilization, though these do not
trigger an interface stabilization such as found with the porosity step. Interestingly, there seems
to be a discontinuity in the slope burning rate vs. position for a step of hV coefficient at the
interface, whilst the transition is seemingly smooth for a step of λs. Note also that for the same
reference macroscopic parameters, the increase in maximum mass flow rate is larger through
a modification of the interphase heat transfer coefficient than the solid thermal conductivity,
although their influence in Equation (3.44) seems equivalent. This can be explained by the finite
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nature of the setup and its implications on recirculation efficiency. As shown in Figure 3.12, the
larger the quantity L/

√
(1− ϵ)λs/hV , the larger the maximum recirculation efficiency found in

a finite-length porous medium.
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Figure 3.19. – Influence of interphase heat coefficient step, from a reference hV = 5 ×
104 W m−3 K−1. R1 = 0, same other thermo-physical properties than Figure 3.15.
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Figure 3.20. – Influence of thermal conductivity step step, from a reference λs = 3.0 W m−1 K−1.
R1 = 0, same other thermo-physical properties than Figure 3.15.

3.4.10. A “realistic” two-step burner?
The present analytical model seems to agree with design trends for two-step burners found

previously in the literature, such as in the works of Barra et al. [221] suggesting that the up-
stream section should have lower conductivity and lower interphase heat exchange coefficient.
Nonetheless, these results seem contradictory with the choice of smaller pores upstream, be-
cause smaller pores yield larger hV values. Unfortunately, due to the constraint related to the
decoupled regime, beyond which the assumptions of a simple chemical closure and coupling with
the thermal problem fail, the present 1D toy model is unable to predict adequately the burning
rate found in regions of large interphase heat transfer, typical of burners found in the literature.
What is more, although in the decoupled approximation there always exists solutions for burn-
ing rate, we have encountered situations where the coupling between the thermal and chemical
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problems would not possess any solution point. For instance, we have tried to reproduce the
two-layer burner studied in [34] but no solution points were obtained in the upstream section
(not shown).

Generally, the choice of very small pores upstream is motivated by a quenching argument -
even though it was shown experimentally that these are insufficient to prevent flashback in the
upstream layer. Following other arguments intuited by Trimis and Durst in [45], the stabilization
at the interface may be alternatively explained by a local modification of the flame area near
the pore size discontinuity. This seems coherent with the findings of Gauthier et al. [32] in
heat-recirculating 2D channels, where flame front wrinkling was shown to increase largely for
increasing channel height. So even without a change in porosity, a pore size step may induce
an interface stabilization. This is illustrated in Figure 3.21, showing the influence of a zero
flame wrinkling in the upstream layer (Γw = 1), followed by a two-fold increase in flame surface
(Γw = 2). It is observed, as expected, that the opening of the flame has a strong stabilizing
effect at the interface, and allows much larger mass flow rates.
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Figure 3.21. – Influence of flame wrinkling, with Γw = 1 upstream and Γw = 2 downstream,
R1 = 0, same other thermo-physical properties than Figure 3.15.

3.4.11. Case N →∞: topology gradation

One other strength of the present model is the ability to approach cases of topological grada-
tion, that is, when the macroscopic properties are varied continuously along the axial coordinate.
This is achieved by taking large values of N for a fixed total porous length. In [153, 154], it
was shown experimentally and numerically that the operating range of porous burners could be
substantially affected by making use of topological gradation. Notably, it was argued that a
continuous increase in pore size downstream could have a stabilizing effect, whilst a continuous
increase in porosity downstream has on the contrary a detrimental influence. Because we cannot
illustrate directly pore-size variations in the toy model, we illustrate in Figure 3.22 the increase
in the number of layers N for progressive porosity variations from 0.4 to 0.8. In the case N = 1
the intermediate value of 0.6 is used. It is observed that, compared to the reference case N = 1,
porosity variations have little influence on the overall burner stability, which seems to disagree
with the experimental observations of [154]. However, keep in mind that in [154] porosity could
not be varied independently of heat transfer coefficient, effective conductivity, flame anchoring
and wrinkling, etc. So it is difficult to draw definite conclusions.

To conclude, we discuss briefly the potential influence of radiation with porosity and pore size
variations. Concerning radiation, as discussed in [221] the radiative extinction coefficient κrad
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Figure 3.22. – Influence of the number of layers N , for a fixed length L, Ri = 0, same other
thermo-physical properties than Figure 3.22.

scales as:
κrad ∝

(1− ϵ)
dp

. (3.99)

This means that a gradual increase in porosity/pore size reduces κrad may viewed as an increase
in solid thermal conductivity. Following Figure 3.20 this should have stabilizing effect. So
again, a progressive increase in porosity should not be overly detrimental to burner stability:
the explanation must be found somewhere else. Overall, the very large discrepancies between the
present model, the 1D numerical model and experiments in [153, 154] urge for further conceptual
work and 3D DNS to unveil the true stabilization mechanisms within graded porous burners.
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3.5. Conclusions of the chapter

– In this chapter, a one-dimensional framework was considered for the modelling of combus-
tion in porous media. Heat losses are neglected in the sense that the domain is globally
adiabatic and the case of an infinite porous media is considered first. Under the as-
sumption of scale-separation for interphase heat exchange, gas diffusion and combustion,
several analytical, fully explicit formulae were derived for the heat recirculation efficiency
and flame acceleration. Major trends were spelled out, namely: a decrease with equiva-
lence ratio, porosity and ambient temperature, and an increase with solid conductivity,
volume heat transfer coefficient and adiabatic temperature. Two dimensionless numbers
denoted rṁ and rλ drive this phenomena and the present study is valid for rṁ ≫ 0.1 and
rṁ/rλ ≫ 10, which is the transcription of the scale-separation hypothesis.

– The analysis was then extended to finite-length porous burners. Numerical resolution of
the problem showed the existence of two solutions near the extremities of the porous, the
one upstream being stable and the other one being unstable. This feature has already
been discussed in the literature but variations in the length of the porous burner showed
a convergence of the heat recirculation for normalised lengths L∗ > 5. A parametric
investigation pointed out that this convergence is independent of the porous flame pa-
rameters and solely determined by L∗, which is of practical interest for the design of
porous burners.

– The general case of multi-step burners was finally studied. The theoretical modelling
of thermal contact resistance between two porous layers revealed that limitations in up-
stream heat propagation could be beneficial to stabilize the flame near the interface
between two layers. Also, it was found that sudden increases in porosity have beneficial
influence on burner stability. In two-step burners, in coherence with previous literature
findings, lower upstream interphase heat transfer coefficient and solid thermal conduc-
tivity were found to improve stability - which seems however contradictory to the choice
of smaller pore upstream. This contradiction may be resolved by considering the local
wrinkling of the flame, which may be linked to pore size. In addition, we stress the fact
that the present toy model is unable to model very small pore sizes, which typically fall
outside of the decoupled analysis. Further research is therefore required to unveil the
true interface stabilization mechanisms in multi-staged layers, notably through 3D DNS
and more detailed 1D numerical models. Due to the thermal contact resistance radiation
may be a very important point to consider in such burners.
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3.A. Gas temperature continuity
In this appendix, we prove the equivalence of gas temperature continuity and energy conser-

vation from reaction (3.27), provided the continuity of the solid heat flux (3.26) and consistent
boundary conditions (3.15-3.16):

Tg(x = 0−) = Tg(x = 0+) ⇐⇒ (3.15) + (3.16) + (3.26) + (3.27). (3.100)

We reason without dimensions. Equations (3.12) and (3.13) can be rearranged as follows, by
substituting the term θs − θg:

rλ ∂
2θg + ∂2θs = rṁ ∂θg. (3.101)

By integrating Equation (3.101) from −∞ to 0− in zone 1 and 0+ to +∞ in zone 2 and taking
into account the boundary conditions (3.15-3.16), we find respectively:

rλ ∂θ
1
g(x∗ = 0−) + ∂θ1

s(x∗ = 0−) = rṁ θ
1
g(x∗ = 0−), (3.102)

rλ ∂θ
2
g(x∗ = 0+) + ∂θ2

s(x∗ = 0+) = rṁ
[
θ2
g(x∗ = 0+)− 1

]
. (3.103)

Subtracting Equation (3.102) to Equation (3.103) and using solid heat flux continuity (3.26)
yields:

∂θ1
g(x∗ = 0−)− ∂θ2

g(x∗ = 0+) = rṁ
rλ

+ rṁ
rλ

[
θ1
g(x∗ = 0−)− θ2

g(x∗ = 0+)
]
. (3.104)

When the gas temperature is continuous at the origin, Equation (3.104) simplifies to:

∂θ1
g(x∗ = 0−) = rṁ

rλ
+ ∂θ2

g(x∗ = 0+), (3.105)

which is the dimensionless form of Equation (3.27). This proves the equivalence (3.100). The
gas temperature is continuous over the entire gas domain.

3.B. Maximum of gas temperature at x = 0
We now show that the gas temperature is maximal at the origin:

θmax = θ1
g(x∗ = 0−) = θ2

g(x∗ = 0+). (3.34)

Since the gas temperature is continuous over the entire domain, it is sufficient to show its strict
increase in zone 1 and its strict decrease in zone 2. Recalling the sign of each root of Equation
(3.20):

λ1 < 0 < λ2 < λ3, (3.106)
and looking at Equations (3.23-3.24), it is clear that if:

Ai(1− λ2
i ) > 0, (3.107)

then the variations meet the researched property. To move forward, it is necessary to resolve
formally the system (3.31-3.33). This gives:

A1 = −λ2λ3
(λ2 − λ1)(λ3 − λ1) , (3.108)

A2 = −λ1λ3
(λ2 − λ1)(λ3 − λ2) , (3.109)

A3 = +λ1λ2
(λ3 − λ1)(λ3 − λ2) . (3.110)
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By using Equation (3.106), it is clear that the denominators in Equations (3.108-3.110) are
positive. Then, taking into account the signs in front of the numerators, the condition (3.107)
breaks down into:

λ2λ3(1− λ2
1) < 0, λ1λ3(1− λ2

2) < 0 and λ1λ2(1− λ2
3) > 0. (3.111)

This requires studying the sign of:
λiλj(1− λ2

k), (3.112)

for the circular permutations i, j, k ∈ {1, 2, 3}. For that, we make use of the relations between
the roots and the coefficients of the polynomial of Equation (3.20):

λ1 + λ2 + λ3 = rṁ
rλ
, (3.113)

λ1λ2 + λ2λ3 + λ1λ3 = −1 + rλ
rλ

, (3.114)

λ1λ2λ3 = −rṁ
rλ
. (3.115)

Using Equation (3.115), the term (3.112) becomes:

λiλj − (λiλjλk)λk = λiλj + λk
rṁ
rλ
. (3.116)

Then, by using Equation (3.114), it becomes:

−1 + rλ
rλ

− λjλk − λiλk + λk
rṁ
rλ

= −1 + rλ
rλ

−
(
λj + λi −

rṁ
rλ

)
λk. (3.117)

And then thanks to Equation (3.113), we find a compact form for (3.112):

−1 + rλ
rλ

+ λ2
k, (3.118)

so that (3.111) is equivalent to:

−1 + rλ
rλ

+ λ2
1 < 0, −1 + rλ

rλ
+ λ2

2 < 0, and −1 + rλ
rλ

+ λ2
3 > 0. (3.119)

One way to prove (3.119) is to use the continuity and monotony of the roots with regard to
rṁ. The monotony can be seen by considering the form (3.127) given in Appendix 3.C. Keeping
in mind the ordering λ1 < 0 < λ2 < λ3, let us study the roots of (3.20) when rṁ → 0 and
rṁ → +∞. We find:

rṁ → 0 =⇒ λ1 → −
1 + rλ
rλ

, λ2 → 0 and λ3 →
1 + rλ
rλ

, (3.120)

rṁ → +∞ =⇒ λ1 → −1, λ2 → 1 and λ3 → +∞. (3.121)

Since (1 + rλ)/rλ > 1, it is found that:

λ1 ∈
]
−1 + rλ

rλ
,−1

[
, λ2 ∈ ]0, 1[ and λ3 ∈

]1 + rλ
rλ

,+∞
[
, (3.122)

what leads to (3.119). This proves that the maximum temperature is reached at x = 0.
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3.C. Characteristic polynomial

In this appendix, the characteristic polynomial of Equation (3.20) is scrutinized. The general
forms of its roots and their respective Taylor developments in the regime (3.37) are given. So
as to simplify further calculations, the following notations are introduced:

ζ = rλ
rṁ

and χ = 1 + rλ
rλ

> 1. (3.123)

Equation (3.20) becomes:
λ3 − ζ−1λ2 − χλ+ ζ−1 = 0. (3.124)

Following Cardano’s general theory, the canonical variables are introduced:

p = −
( 1

3ζ2 + χ

)
and q = − 1

3ζ

( 2
9ζ2 + χ− 3

)
. (3.125)

The discriminant of Equation (3.124) is:

∆ = −(4p3 + 9q2) = 4
ζ4 + 9(2χ− 1)

ζ2 + 4χ2 > 0, (3.126)

whose positivity comes from χ > 1. This confirms that Equation (3.20) has three real solutions
(λ1, λ2, λ3) ∈ R3. Using the relations (3.113-3.115), namely the negatitivy of their product and
the positivity of their sum, it is deduced that their sign follows (3.106).

The general solutions take the following form:

λk = 1
3ζ + 2

√
−p
3 cos

[
1
3 arccos

(
3q
2p

√
3
−p

)
+ 2kπ

3

]
for k ∈ {1, 2, 3}. (3.127)

The regime (3.37) can be recast in terms of ζ and χ as:

r−1
ṁ = (χ− 1)ζ ≪ 10 and

(
rṁ
rλ

)−1
= ζ ≪ 0.1, (3.128)

which means that a Taylor development in ζ near the origin is conceivable. After some calcula-
tions, this gives:

λ1 = −1− (χ− 1)
2 ζ − (χ− 5)(χ− 1)

8 ζ2 +O(ζ3), (3.129)

λ2 = 1− (χ− 1)
2 ζ + (χ− 5)(χ− 1)

8 ζ2 +O(ζ3), (3.130)

λ3 = 1
ζ

+ (χ− 1)ζ +O(ζ3). (3.131)

It is worth noting that often, terms similar to (χ − 1)ζ appear in the expansions. This is the
translation that roughly, the regime (3.37) corresponds to rṁ → +∞ for a fixed rλ. These
developments show that the approximated roots found in Section 3.2.4 are dominant-order ap-
proximations in ζ. The roots λ1 and λ2 tend to be symmetric, of norm close to unity, while λ3
has a propensity to be large.
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3.D. Description of the coupled solver
The software Cantera is coupled to a solid solver based on finite differences, implicit in time

and second-order in space. The two codes exchange respectively constant solid and gaseous
temperature profiles, until convergence is reached. The relative tolerances are 1 × 10−7 for
Cantera and 1 × 10−10 for the solid solver. The initial condition is set using the present
analytical derivation. The adaptative mesh refinement from Cantera is used. The resolved
steady, volume-averaged equations are:

ṁ ∂xYk + ∂xJk − ω̇k = 0, (3.132)

ṁcpg ∂xTg − ∂x (λg ∂xTg) +
∑
k

cpg ,kJk ∂xTg +
∑
k

hk ω̇k + hV
ϵ

(Tg − Ts) = 0, (3.133)

λs ∂
2
xTs + hV

1− ϵ(Tg − Ts) = 0. (3.134)

cpg and λg denote respectively the heat mass capacity of the mixture and the gas thermal
conductivity, which here both depend locally on the temperature and composition. For each
species k, Yk denotes the mass fraction, Jk the diffusive flux, cpg ,k the heat mass capacity, h0

k

the mass formation enthalpy and ω̇k the mass production rate per unit volume. The chemical
scheme used is GriMech3.0, which comprises 53 reactions and 325 species.
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3.E. Matrix for resolution of the single-layer finite porous

M =



1 1 1
0 λ1 λ2
1 1− λ2

1 1− λ2
2

0 λ1(1− λ2
1) λ2(1− λ2

2)
0 λ1e

−λ1x∗
p λ2e

−λ2x∗
p

0 ϵλ1(1− λ2
1)e−λ1x∗

p ϵλ2(1− λ2
2)e−λ2x∗

p

1 (1− λ2
1)e−λ1x∗

p (1− λ2
2)e−λ2x∗

p

0 0 0
0 0 0

1 −1 −1
λ3 0 −λ1

1− λ2
3 −1 −(1− λ2

1)
λ3(1− λ2

3) 0 −λ1(1− λ2
1)

λ3e
−λ3x∗

p 0 0
ϵλ3(1− λ2

3)e−λ3x∗
p 0 0

(1− λ2
3)e−λ3x∗

p 0 0
0 0 λ1e

λ1(L∗−x∗
p)

0 0 λ1(1− λ2
1)eλ1(L∗−x∗

p)

−1 −e−λ3(L∗−x∗
p) 0

−λ2 −λ3e
−λ3(L∗−x∗

p) 0
−(1− λ2

2) −(1− λ2
3)e−λ3(L∗−x∗

p) 0
−λ2(1− λ2

2) −λ3(1− λ2
3)e−λ3(L∗−x∗

p) 0
0 0 0
0 0 −ϵ rṁ/rλ
0 0 −1

λ2e
λ2(L∗−x∗

p) λ3 0
λ2(1− λ2

2)eλ2(L∗−x∗
p) λ3(1− λ2

3) 0


(3.135)
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Chapter 4
Combustion regimes of the 1D
volume-averaged equations
This chapter is based on the article Masset, P. A., Dounia, O., & Selle, L. (2021).
Porous media combustion: from decoupled to hyperdiffusive flames. Combustion
and Flame, 241, 112052. published during this thesis, augmented by new results.

By relaxing the assumption of infinitely-fast chemistry of Chapter 3, this chapter proposes
a classification of volume-averaged porous media combustion in three distinct regimes for in-
creasing interphase heat transfer, namely: decoupled, intermediate and hyperdiffusive. In the
decoupled regime, flames behave as preheated free-flames. In the intermediate regime, large
superadiabaticities are found. In the hyperdiffusive regime, flames are governed solely by an
increase in thermal conductivity. The transition between these regimes is shown to be driven by
two dimensionless parameters. The extent of the intermediate regime and the maximal supera-
diabaticity are proven to be related to the ratio between the diffusive and reactive length scales
of the reference free-flame. Eventually, it is emphasized how the heat-recirculating system acts
locally as a Lewis-changing device, whose effect harmonizes in the hyperdiffusive regime.
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4.C. Flame structure in the space (YYYF, θg) . . . . . . . . . . . . . . . . . . 111

“How can you govern a country which
has 246 varieties of cheese?”

Charles de Gaulle

4.1. Chapter introduction
Flames within porous media present unique properties such as increased burning rate and

broadened flammability limits, allowing stable combustion of very lean mixtures for minimal
CO/NOx emissions [49, 102, 226]. The main mechanism underpinning this performance is com-
monly identified as the preheating of the fresh gases before the flame front, due to an upstream
recirculation of combustion heat through the solid matrix [62, 227]. Heat recirculation may lead
to a localized accumulation of enthalpy and temperatures above the equilibrium temperature - a
feature often called superadiabatic or excess enthalpy combustion. It is well-known that porous
combustion systems present many challenges, either experimentally, conceptually, or numerically.
Notably, non-intrusive experimental measurements require advanced apparatus [158, 228, 257]
which, still today, do not provide reliably basic physical quantities such as local gas velocity at
the pore level. Many coupled, multi-scale phenomena take place simultaneously, such as con-
duction, convection, interphase heat exchange, radiation and chemical reactions. This leads to a
vast number of design possibilities and applications, but renders modelling generalizations more
intricate.

Numerous approaches were followed in the modelling of porous media combustion, from phe-
nomenological models [49, 258] to more recent 3D pore-level simulations [136, 235, 259]. Among
them, substantial effort was dedicated into finding predictive volume-averaged models of reduced
computional cost. Although such theories are unlikely to catch all the subtleties occuring at the
pore level, some agreement for superadiabatic properties [134, 135], burning velocity [231, 260],
temperature profiles [158, 216, 261] and emissions [192, 262] was obtained against experimental
data.

The first important modelling feature in porous media combustion is of course the heat cou-
pling between the gas and the solid matrix. To model it, some authors have tried a single-phase
approach with an artificial increase in the gas thermal conductivity, which increases burning
rate. For example, Mohamad et al. [191] considered a 2D numerical model with no solid equa-
tion. A similar approach was followed by Brenner et al. [192] with complex chemistry and
experimentally-fitted values for the effective thermal conductivity. Li et al. [263] found this
effective thermal conductivity to increase with decreasing porosity. Chua [193] postulated a
form for conductivity enhancement and found reasonable agreement with experimental data.
Intrinsically, this modelling choice is based on the idea that the porous matrix can be seen as
a supplementary pathway to sustain combustion processes and, more generally, to diffuse heat
in the coupled system. A consequence is that enhanced gas diffusion by heat coupling may
artificially increase the Lewis number of the mixture, changing considerably the internal flame
structure. Interestingly, interpreting porous media as Lewis-changing devices was proposed in
a brief communication of Jones [264], who called upon researchers to consider this conceptual
approach. Up to date, this call remains unanswered: the keyword “Lewis” is not even stated in
the most reknown reviews on the topic [29, 102, 227, 265]. One of the aims of this chapter is to
rehabilitate this intuition, and show how this Lewis-changing capability is conceptually intrinsic
of volume-averaged porous media combustion.
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From the point of view of the volume-averaged equations, the effective thermal diffusivity in
the gas phase may also be enhanced by forced convection through the porous medium. This
phenomenon, called hydrodynamic dispersion, was considered by previous authors by increasing
the thermal and mass diffusivities in the same proportions [231, 266, 267]. Note that contrary
to heat coupling, this does not change much the effective Lewis number. However, this effect is
discarded in this chapter, since the phenomenology linking dispersion (large-scale phenomenon)
to enhanced burning rate at the flame front (pore-scale phenomenon) has not yet been supported
properly by pore-scale experiments or numerical simulations. Hence, it is not excluded that
dispersion is still used today as a “stuff” parameter, mirror of the single-phase modelling based
on effective diffusivities. This aspect will be discussed in detail in Chapter 6.

Instead of increasing artificially the thermal conductivity to model the heat coupling between
the gas and the solid, a more general methodology consists in modelling the two phases sep-
arately, and couple them through a volume heat transfer coefficient. The studies of Sahraoui
and Kaviany underlined the importance of this approach [194, 268]. Interestingly, single-phase
and two-phase modellings present a priori different mechanisms for the increase in burning rate.
Single-phase models tend to show a flame acceleration through increased diffusion, while two-
phase models tend to view flame acceleration as a preheating effect over larger length scales. To
the best of the author’s knowledge, a framework reconciling these these two approaches is yet to
be proposed. This requires a thorough understanding of the transition between the various com-
bustion regimes for increasing interphase heat transfer, with a large and systematic exploration
of the gas/solid parametric space. Unfortunately, it appears that the parametric explorations in
the literature are numerous but rather narrow [159, 263, 267], due to the strong motivation of
most researchers to fit specific experimental/numerical conditions. Nevertheless, this analysis is
of critical importance, given the fact that “local” analyses may hide non-monotonous influences
of parameters. For instance, we show in this chapter that large heat transfer coefficients suppress
superadiabaticity, possibily leading to a local maximum in burning velocity. Eventually, with
the exception of the works of Pereira et al. [239, 240], no simple dimensionless characteristic
parameters were introduced to distinguish asymptotic regimes of flames within porous media.
In Chapter 1, we have shown that when the reactive-diffusive and interphase non-equilibrium
length scales are separated, the combustion regime is determined via an analytical derivation
based on two independent parameters. Can these two be exploited further?

In the present chapter, a very large parametric space of the volume-averaged coupled gas/solid
1D equations is explored. Each numerical solution is analyzed and compared to the simplified
analytical model of Chapter 3, which assumed infinitely-thin reaction sheet and constant gas
properties (Section 4.2). From very low to very large interphase heat transfer, three successive
combustion regimes are distinguished, namely: decoupled, intermediate and hyperdiffu-
sive. By using the two aforementioned parameters, the transitions between these regimes are
studied analytically (Section 4.3). To conclude, important details on the flame structure are
provided: first through the relation between the heat coupling and the effective Lewis number,
then with a study of the so-called broadening of flames within porous media, and eventually by
addressing mathematically the effects of fuel, complex chemistry and equivalence ratio (Section
4.4).

4.2. Methodology
This section addresses the relation between two modelling approaches of porous media com-

bustion. One fully analytical solution assuming a thin reaction sheet with constant properties
(AM), and numerical simulations with a detailed modelling of thermochemistry (SIM). It is
shown that the two dimensionless parameters of (AM) are relevant to study the various combus-
tion regimes observed in (SIM). Radiative transfer is not included in this chapter, which means
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Chapter 4 : Combustion regimes of the 1D volume-averaged equations

that it can not be quantitatively accurate. This has already been modelled at the macroscopic
scale through an increase in solid thermal conductivity (e.g. Chap. 5.11 in [161]). The associated
non-linearity prevents the derivation of analytical solutions but to our knowledge does not affect
the qualitative behaviour of combustion in porous media.

4.2.1. Simplified analytical model (AM)
The one-dimensional theoretical modelling of flames in porous media developed in Chapter

3 is now briefly recalled, and referred to in this chapter under the denomination (AM) for
Analytical Model. Again, the reaction zone is assumed infinitely-thin, as depicted in Figure 4.1.
The model consists of a steady isobaric flame submerged in an infinite, inert and homogeneous
porous medium, characterised by its porosity ϵ, thermal conductivity λs and volume heat transfer
coefficient hV . The system is assumed to be globally adiabatic, which neglects heat losses to
the exterior, either by conduction, convection or radiation. This chapter is therefore in the
same spirit as fundamental studies on adiabatic free flames: those are rarely encountered in
practical applications but their study reveals fundamental properties of great importance. Ts
and Tg denote the solid and gas temperatures respectively. At the infinite upstream, the phase-
averaged mass flow rate is ṁ = ρuS

P
L , equal to the product of the inlet density ρu and burning

velocity SPL . The fresh mixture enters the domain at a temperature Tu and leaves at the
equilibrium temperature Tad. The corresponding volume-averaged equations, valid on each side
of the reaction sheet, are [252]:

λs ∂
2
xTs + hV

1− ϵ(Tg − Ts) = 0 (solid), (4.1)

−ṁc(AM)
pg

∂xTg + λ(AM)
g ∂2

xTg −
hV
ϵ

(Tg − Ts) = 0 (gas), (4.2)

with c(AM)
pg

the heat capacity per mass unit and λ(AM)
g the thermal conductivity of the mixture -

the superscript (AM) being used to avoid the confusion with the composition and temperature-
dependent parameters in the model resolved numerically (SIM). In addition to assuming all
properties constant, the other strong hypothesis of the present modelling resides in the lumping
of the reaction zone into a jump condition:

λ(AM)
g ∂xTg(x = 0−) = ṁc(AM)

pg
(Tad − Tu) + λ(AM)

g ∂xTg(x = 0+). (4.3)

Although strict adiabaticity is never achieved in practical combustion systems, this chapter
assumes global adiabaticity. In that case, equilibrium is reached far upstream and downstream,
leading to the following boundary conditions:

Ts −−−−→
x→−∞

Tu and Tg −−−−→
x→−∞

Tu, (4.4)

Ts −−−−→
x→+∞

Tad and Tg −−−−→
x→+∞

Tad. (4.5)
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Figure 4.1. – Representation of a submerged flame in infinite porous media.
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4.2 Methodology

This modelling always yields a maximum temperature Tmax > Tad, larger than the equilibrium
temperature. Supposing interphase heat exchange to play a minor role at the scale of reaction
and diffusion (decoupled regime), the flame can be considered locally as an adiabatic free-flame
preheated by the temperature:

∆T = Tmax − Tad. (4.6)

On Figure 4.1 are also depicted the three characteristic length scales of porous media combustion,
namely:

– lre-eq, defining the interphase re-equilibriation regions before and after the flame front. It
represents the gas/solid out-of-equilibrium zone;

– ldiff, related to heat diffusion in the gas phase;
– lreac, defining the thickness of the reaction zone. In the analytical model (AM), it is

assumed lreac = 0.
Eventually, so as to account for the flame acceleration due to the presence of the porous matrix,
the “speed-up” is defined as the ratio between the burning velocity SPL and the laminar adiabatic
free-flame speed without porous medium S0

L:

speed-up = SPL
S0
L

. (4.7)

In chapters 6 and 7, this quantity will be noted Γ.

4.2.2. Dimensionless parametrization

By normalizing the coordinates and temperatures as:

x∗ = x/

√
(1− ϵ)λs

hV
, θs = Ts − Tu

Tad − Tu
, θg = Tg − Tu

Tad − Tu
and θmax = Tmax − Tu

Tad − Tu
, (4.8)

Equations (4.1) and (4.2) become:

∂2θs + θg − θs = 0, (4.9)
−rṁ ∂θg + rλ ∂

2θg + θs − θg = 0, (4.10)

where ∂ ≡ ∂x∗ , and

rṁ = ṁ ϵ c
(AM)
pg√

hV (1− ϵ)λs
and rλ = ϵ λ

(AM)
g

(1− ϵ)λs
. (4.11)

Note that rṁ and rλ fully determine the solutions of the problem. We also introduce the following
useful notation:

χ = 1 + 1
rλ
. (4.12)

Eventually, recirculation efficiency is defined as the dimensionless superadiabaticity as:

ηrec = ∆T
Tad − Tu

= θmax − 1. (4.13)

The fully analytical resolution of this analytical model (AM) was performed in Chapter 3.
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Chapter 4 : Combustion regimes of the 1D volume-averaged equations

4.2.3. 1D numerical simulations (SIM)

A more complete description of the gas phase is considered. Without dispersion, the volume-
averaged equations of Chapter 2 become:

ṁ ∂xYk + ∂xJk − ω̇k = 0, (4.14)

ṁcpg ∂xTg − ∂x (λg ∂xTg) +
∑
k

cpg ,kJk ∂xTg +
∑
k

hkω̇k + hV
ϵ

(Tg − Ts) = 0, (4.15)

λs ∂
2
xTs + hV

1− ϵ(Tg − Ts) = 0, (4.16)

where cpg and λg denote respectively the heat mass capacity of the mixture and the gas thermal
conductivity, which both depend locally on the temperature and composition. For each species
k, Yk denotes the mass fraction, Jk the diffusive flux, cpg ,k the heat mass capacity, hk the mass
enthalpy and ω̇k the mass production rate per unit volume.

To resolve these equations, the software Cantera is coupled to an external, implicit centered
finite differences solver to resolve the energy equation in the solid phase. The two codes are run
successively. Mesh refinement is managed by Cantera (slope parameter 0.05, curve 0.02), and
the solid solver uses the same mesh. The relative tolerances are set to 1×10−7 for Cantera and
1×10−10 for the solid solver. The convergence of the coupling strategy is checked by imposing a
relative difference in L2 norm on gas and solid temperature profiles below 1×10−6. The profiles
are initialized by using the solutions of the analytical model (AM). Convergence was always
obtained.

Concerning chemistry, both complex and single-step reaction schemes are considered, namely
the well-established mechanism GriMech3.0 with 53 reactions and 325 species, and single-step
approximations for methane and hydrogen combustion in air whose parameters are given in
Table 4.1. In all cases, transport and thermodynamic properties are that of GriMech3.0.

Arrhenius parameter A TA (K) nF nO
1S methane-air 1012 17500 1 0.5
1S hydrogen-air 1014 10500 1 1

Table 4.1. – Arrhenius pre-exponential factors A, activation temperatures TA and fuel/oxidizer
orders nF /nO used in the single-step approximations, for a molar production rate

of the form A

[
ρgYF
WF

]nF
[
ρgYO
WO

]nO

exp
(
−TA
Tg

)
.

For what follows we introduce a notation for reduced mass fraction of fuel F :

YF = YF /max (YF ). (4.17)

where F can be either methane or hydrogen. YF is linked to the progress variable of the fuel
cF through cF = 1− YF .

4.2.4. Relations between (AM) and (SIM)

4.2.4.1. Choice of constant properties for (AM)

Obviously, Equations (4.14-4.16) and (4.9-4.10) are not equivalent. The analytical model
(AM) assumes constant gaseous properties, whilst the numerical simulations (SIM) present a
much larger parametric space. This implies that the values c(AM)

pg
and λ(AM)

g fed into the two
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4.3 From decoupled to hyperdiffusive regimes

parameters rṁ and rλ must be chosen carefully for comparison. Preliminary analyses showed
that picking the effective thermal conductivity and heat mass capacity in the fresh gases:

λ(AM)
g = λg(x→ −∞) = λug , (4.18)

c(AM)
pg

= cpg (x→ −∞) = cupg
, (4.19)

allows to retrieve the physical phenomena at stake, such as preheating values and flame speed
in the hyperdiffusive regime. Other choices do not alter qualitatively the conclusions.

4.2.5. Exploration of the parametric space
4.2.5.1. Definition of the parametric space

The parametric space of the numerical simulations (SIM) is composed of (1) the inlet mix-
ture properties, namely pressure, temperature and composition, (2) a reaction scheme with its
thermochemistry and (3) the porous media properties, namely porosity ϵ, conductivity λs, and
heat transfer coefficient hV . For a fixed inlet mixture and reaction scheme, the three parameters
(ϵ, λs, hV ) determine rṁ and rλ. Yet it is remarked that multiplying Equation (4.16) by (1−ϵ)/ϵ,
we can reduce this parametrization to only two parameters:

1− ϵ
ϵ

λs and hV
ϵ
, (4.20)

so that for a given ϵ, there is a bijection between the sets (rṁ, rλ) and (λs, hV ). Therefore,
porosity can be viewed as an arbitrary dummy parameter in the dimensionless space and without
any loss of generality, the choice is made to set ϵ = 0.9.

4.2.5.2. Numerical strategy (SIM)

Numerical simulations are run as follows. A value of rλ is fixed for a given inlet mixture by
prescribing λs. The heat exchange coefficient hV is then increased exponentially, what tends
to yield uniformly-distributed values for rṁ. Note that rṁ is an output of the simulations,
since it requires the eigenvalue ṁ. Typical values (in W m −1.K−1) being 10−2-10−1 for λg and
100-103 for λs, it is chosen to pick rλ within 10−3-100, yielding representative flames. The heat
transfer coefficient hV is varied typically between 103 and 109 W m −3.K−1 to encompass extreme
asymptotic regimes (typical values lie well between these two limits [34]). The present strategy
is therefore meant to be as systematic and complete as possible.

4.2.5.3. Baseline case

The chosen baseline case is single-step methane-air at atmospheric pressure for an equivalence
ratio ϕ = 0.5. It will serve as a reference to discuss the influence of reaction scheme, equivalence
ratio and fuel on the burning regimes and their properties. Although ϕ = 0.5 lies slightly below
the experimental lean flammability of methane, a flame speed can be computed with Cantera
because there are no heat losses. Using such a low equivalence ratio as a reference will allow to
emphasize clearly the influence of equivalence ratio and complex chemistry.

4.3. From decoupled to hyperdiffusive regimes
4.3.1. General description of the regimes

Before showing the many solution points of the baseline case described in Section 4.2.5.3, we
consider three individual solutions for different values of hV and fixed rλ = 0.1. In Figure 4.2(a-
d) are plotted gas and solid temperature profiles and in Figure 4.2(e-h) those of reduced heat
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Figure 4.2. – Solid/gas temperatures, heat release rate and interphase out-of-equilibrium tem-
peratures from the numerical simulations (SIM) and the analytical model (AM).
Methane-air, single-step, ϕ = 0.5. The unit for hV is W.m−3.K−1. In case (b), θs
for (AM) and (SIM) are superimposed. In case (d), θs ∼ θg both for (AM) and
(SIM).

release rate (HRR) with the difference between gas and solid temperatures. The extent of the
term θg − θs allows to estimate the length scale lre-eq, the HRR profile that of lreac. The profiles
obtained from the analytical model (AM) are also shown for comparison. The reference case
hV = 0 corresponds to the adiabatic free-flame. The resulting values of rṁ are given accordingly
in each case. Overall, it is observed that temperature profiles are retrieved correctly by (AM),
apart from the peak temperature which is overestimated. This is due to the extension of the
reaction zone, an effect well-known in the field of asymptotic theory and was already observed
in [239]. This indicates that the parameters rṁ and rλ suffice to characterize important traits of
the solutions of (SIM), such as preheating, solid temperature profile and, at least qualitatively,
superadiabatic behavior. As hV is increased, the flame structure changes dramatically. Three
distinct regimes are progressively observed, named respectively decoupled, intermediate and
hyperdiffusive. They are now described individually.

4.3.1.1. Decoupled regime - Figure 4.2(b) and (f)

The decoupled regime was studied thoroughly in [214, 239]. It is characterized by large in-
terphase non-equilibrium and small solid-temperature gradients, with extended re-equilibriation
zones before and after the flame front. Locally, the flame structure is very close to an adia-
batic flame, shifted by a certain preheating temperature. This preheating leads to an increase
in flame speed, which can be predicted by computing the corresponding “preheated” adiabatic
laminar free-flame. In that regime, the increase in flame speed is dominated by the increase in
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4.3 From decoupled to hyperdiffusive regimes

the temperature of the reaction zone, which is visibly shortened by a decrease in chemical time
scale (Arrhenius effect). In that case, it is clear that interphase heat transfer does not impact
locally the flame structure:

lre-eq ≫ ldiff ≫ lreac. (4.21)

4.3.1.2. Hyperdiffusive regime - Figure 4.2(d) and (h)

On the other side of the spectrum, the hyperdiffusive regime is characterized by large inter-
phase heat transfer. In this regime, solid and gas temperatures are almost equal, which means
that a single-phase modelling is adequate. Little or no superadiabatic behavior is observed. The
flame has a structure similar to an adiabatic flame, yet showing a smaller temperature gradient,
indicating a larger effective diffusivity all across the flame front. This is the first hint towards
the denomination “hyperdiffusive”. Anticipating on future results, as shown on Figure 4.2(d)
speed-up appears to have converged towards χ1/2, an asymptotic value independent of hV . This
observation will be justified in Section 4.3.2. As shows the zoomed-in subplot of Figure 4.2(h),
in that situation the re-equilibrium length scale is of the same order or smaller than the reaction
length scale, indicating that interphase heat transfer plays a major role at the very heart of the
flame front:

ldiff ≫ lreac ∼ lre-eq. (4.22)

4.3.1.3. Intermediate regime - Figure 4.2(c) and (g)

The intermediate regime covers a range of solutions for which the length scale of interphase
re-equilibriation lre-eq meddles with the classical length scale of diffusion in the gas phase ldiff,
yet remaining larger than that of reaction:

ldiff ∼ lre-eq ≫ lreac. (4.23)

This intermediate regime is governed by both superadiabatic and hyperdiffusive effects, where
the maximal temperatures are found. Incidentally, the interested reader shall relate this regime
to the “ultra-lean limit” studied by Pereira et al. in [240] with asymptotic theory.

4.3.1.4. Summary of observations

It is observed that the relative size of the re-equilibriation length scale versus that of diffusion
and reaction is characteristic of the various burning regimes. It is expected that, the larger
the ratio ldiff/lreac, the broader the intermediate regime. Moreover, it appears that the burning
regimes are progressively characterized from preheating/superadiabatic to hyperdiffusive effects.
These observations are investigated and supported mathematically in the following Section 4.3.2.

4.3.2. Transitions between the regimes

So as to propose a taxonomy of burning regimes with a minimal set of parameters, we attempt
in this section to locate their transition by using only rṁ and rλ. Two methodologies to classify
the regimes are compared. The first makes use of the speed-up and preheating values, the second
an equivalent resistive model.

4.3.2.1. Classification using speed-up convergence and preheating

Following Section 4.2.5, numerical simulations (SIM) are run for given values of rλ. The heat
exchange coefficient hV is varied continuously and the resulting values of rṁ are reported. For
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the baseline case (single-step, methane-air, ϕ = 0.5), Figure 4.3 shows the speed-up values ob-
tained in (SIM) versus the speed-up of adiabatic flames with the same amount of preheating.
Four values of rλ are reported. The three specific points from Figure 4.2 are shown specifi-
cally. Figure 4.3 is interpreted as follows. Data located close to the first bisector correspond
to points whose speed-up is dominated by preheating effects, characteristic of the decoupled
regime, and are colored in black. The points that appear to converge on the left, without
preheating/superadiabatic effects, indicate the hyperdiffusive regime and are colored in light
grey. The intermediate regime is defined by complementary, colored in medium grey. The exact
quantitative criteria used to discriminate the regimes is given in Appendix 4.B. Symbols and
colors are common for all figures throughout the chapter, to facilitate cross-examinations and
understanding. Overall, it is observed that speed-up values vary greatly with rλ in a seemingly
auto-similar fashion.
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Figure 4.3. – Computed speed-up versus speed-up related to preheating. Methane-air, ϕ = 0.5,
single-step. Symbols: simulations (black: decoupled, medium grey: intermediate,
light grey: hyperdiffusive).

Rs

Rexch

Rg

Figure 4.4. – Simplified resistive model.

where:

Rs = 1
(1− ϵ)λs

Rg = 1
ϵλg

Rexch = 1
hV lre-eq

2

4.3.2.2. Classification using an equivalent resistive model

Regimes distinction can be approached differently by considering the simple resistive model
of Figure 4.4, which presents the two pathways for upstream energy transfer: through the gas
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(Rg) and through the solid after interphase exchange (Rs + Rexch). This model resembles that
developed by Leach et al. for microcombustors [258], and represents the equivalent conductivity
of the coupled gas/solid system. Since heat recirculation has an influence over the length scale
of thermal interphase non-equilibrium, the relevant length scale for Rexch is lre-eq. By using
classical Kirchhoff’s laws and picking the constant gaseous properties to their value in the fresh
gases, the equivalent resistance Req is shown to be:

Req = Rg δ
−1 where δ = 1 + 1

rλ

 1

1 +
[
rṁ
rλ

ldiff
lre-eq

]2
 , (4.24)

where the classical diffusive length scale ldiff = λg/ṁcpg appears naturally thanks to rṁ and
rλ. In the decoupled regime rṁ → +∞ thus δ → 1: the flame front does not “see” the porous
medium because the effective thermal conductivity remains related only to λg. In the hyperdiffu-
sive regime, rṁ → 0 thus δ → 1 + 1/rλ = χ: the flame front is governed by an increased thermal
conductivity, of a factor χ. This result is of major importance, since (1) it substantiates further
the denomination “hyperdiffusive”, (2) it seemingly implies that flames in this regime can be
interpreted as free-flames of increased thermal conductivity, which have no reason to show any
superadiabatic behavior and (3) given that asymptotic theory predicts a laminar flame speed
proportional to the square root of the thermal conductivity, the observation SPL /S

0
L →

√
χ is

retrieved. By considering closely Equation (4.24), it is observed that 1/rλ is a measure of the
superadiabatic/hyperdiffusive intensity, while the ratio rṁldiff/rλlre-eq seems to govern the tran-
sition between the regimes. This supports the observation of auto-similar behavior for speed-up
values observed in Figure 4.3. Based upon these considerations, it is now possible to study more
precisely regime transitions.

Between the decoupled and intermediate regimes: as explained in Section 4.3.1.3, the
re-equibriation length scale is in this case of the order of the diffusive length scale, so that
lre-eq ∼ ldiff. This gives:

rṁ
rλ

ldiff
lre-eq

∼ rṁ
rλ

(decoupled → intermediate), (4.25)

thus the ratio rṁ/rλ is expected to intervene directly in this first transition, as a measure of
deviations of δ from unity in proportion of 1/rλ. Incidentally, smaller deviations from δ to unity
can be caught by rearranging differently the denominator of Equation (4.24), which verifies
rλ(1 + [rṁ/rλ]2) ∼ r2

ṁ/rλ. The latter can be viewed equivalently in terms of rṁ/r1/2
λ . Both

measures will be tested in what follows.

Between the intermediate and hyperdiffusive regimes: as explained in Section 4.3.1.2, in
this case a further influence of heat recirculation on the internal flame structure is observed with
lre-eq ∼ lreac, leading to rṁldiff/rλlre-eq ∼ rṁldiff/rλlreac. Contrary to the transition decoupled →
intermediate, there is no direct simplification so the ratio ldiff/lreac must be expressed differently.
First, let us study the evolution of the diffusive length scale: since by definition ldiff = λg/ṁcpg =
λg/ρuS

P
L cpg , the product SPL ldiff can be considered almost constant. By taking its value in the

case of the reference free-flame, denoted by the superscript 0, we obtain ldiff = l0diff S
0
L/S

P
L .

Concerning the reaction length scale, Equation (4.41) gives lreac ∼ l0reacS
P
L /S

0
L as shown later

in Section 4.4.2. The last ingredient is to recall the speed-up convergence in the hyperdiffusive
regime SPL /S0

L →
√
χ, so that:

rṁ
rλ

ldiff
lre-eq

∼ γ rṁ
rλ
χ−1 (intermediate → hyperdiffusive). (4.26)
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Chapter 4 : Combustion regimes of the 1D volume-averaged equations

where γ is the ratio between the diffusion and reaction length scales of the free-flame:

γ = l0diff
l0reac

. (4.27)

This ratio represents the “stiffness” of the reaction-diffusion equation. Classical asymptotic
theory predicts that γ is of the order of the Zel’dovich number β [115]:

γ = O(β) where β = Ta(Tad − Tu)
Tad

2 . (4.28)

Equation (4.26) is the mathematical translation of what was anticipated in Section 4.3.1.4: the
larger γ, the larger the intermediate regime. A further remark is that for typically-small values
of rλ, χ ∼ 1/rλ thus χ−1/rλ ∼ 1, meaning that the transition between these two regimes will
occur at almost constant rṁ. At the limit, we have:

γ
rṁ
rλ
χ−1 = O(1) ⇐⇒ rṁ

rλ
χ−1 = O(1/γ), (4.29)

where classically 1/γ ∼ 1/β ∼ 0.1.

4.3.2.3. Comparision between the two classifications

The mathematical predictions of the resistive model from Section 4.3.2.2 are now compared
to the classification of simulation points from Section 4.3.2.1. On Figure 4.5 are plotted the
same data from Figure 4.3 in the space (rṁ, rλ) with various limit curves. The decoupled →
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rṁ/rλχ = 0.1

Figure 4.5. – Points of Figure 4.3 in the space (rṁ, rλ) and various mathematical predictions.
Symbols: simulations (black: decoupled, medium grey: intermediate, light grey:
hyperdiffusive). Methane-air, ϕ = 0.5, single-step.

intermediate limit found in Chapter 1, shown on Figure 4.5, is recalled:

rṁ > 0.5 and rṁ
rλ

> 50. (4.30)

The ratio rṁ/rλ was shown in Chapter 3 to be equal to lre-eq/ldiff in the decoupled regime, what
governs directly the length scale separation of Equation (4.21). The raw limitation rṁ > 0.5 is
more complicated to account for precisely using the resistive model. In Chapter 3 it constituted a
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cut-off because (1) very small values of rλ corresponds to very large preheating/superadiabaticity,
which is not always attainable physically and might lead to other phenomena such as auto-
ignition and (2) deviations from the asymptote at leading order in the decoupled regime are
more pronounced. Interestingly, this cut-off is perceivable on Figure 4.5, further supporting the
analysis performed in Chapter 3. Yet, by looking at Figure 4.5, it appears that the limit in
rṁ/rλ tends to be overly restrictive. An observatory, alternative limit can be proposed:

rṁ

r
1/2
λ

= 5. (4.31)

The term rṁ/r
1/2
λ was predicted by the resistive model, and also appears in the asymptotic

developments of Appendix 4.A in Equations (4.45-4.47) through the product (χ− 1)ε2. Since it
corresponds to higher-order corrections of the decoupled regime, it is reasonable to think that
it intervenes in the fine-tuning of regime discriminations. On the other hand, the transition to
the hyperdiffusive regime seems to be reasonably caught by Equation (4.29), that is:

rṁ
rλ
χ−1 = 0.1. (4.32)

Notably, the predicted small dependency upon rλ for small values is well observed. Although
the limit curves do not perfectly match the numerical simulations (SIM), it can be argued that
rṁ and rλ are good candidates to locate the transition between the regimes. Some of the reasons
explaining the differences are (1) the classification of each solution point was fixed by a different
method, namely through Figure 4.3, (2) the scaling laws used are not completely valid at the
transition between regimes, and (3) the resistive model suffers from many assumptions, such as
constant properties taken in the fresh gases. Note that the proposed classification, being based
on dimensionless numbers, is assumed to be universal.

4.4. Detailed structure of the various regimes
More details on the flame structure in the different regimes are now provided. First, we

investigate the idea that the presence of the porous matrix has an impact similar to a change in
effective Lewis number. For that, internal flame structures are described for various interphase
heat tranfer intensities. Then, we attempt to clarify the so-called “broadening” of flames within
porous media. Eventually, effects of equivalence ratio, fuel and complex chemistry are shown to
have predictable influence on the flame structure and the transition between the regimes through
the parameter γ.

4.4.1. Porous media as Lewis-changing devices
4.4.1.1. Equivalent gaseous equation

By using Equation (4.16) to replace the term hV (Tg − Ts) in Equation (4.15), we get:

ṁcpg ∂xTg − ∂x

[(
λg + 1− ϵ

ϵ
λs
∂Ts
∂Tg

)
∂xTg

]
+
∑
k

cpg ,kJk ∂xTg +
∑
k

hk ω̇k = 0. (4.33)

It is equivalent to a gaseous model of effective thermal conductivity:

λeff
g = λg + 1− ϵ

ϵ
λs
∂θs
∂θg

. (4.34)

Interphase coupling can therefore be interpreted in terms of additional thermal diffusion, pro-
portional to the ratio of solid and temperature gradients ∂θs/∂θg.
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4.4.1.2. Effective Lewis number

In the gaseous phase, the traditional definition of the Lewis number for the fuel is:

LeF = λg
ρgcpgDF

, (4.35)

where DF is the mass diffusivity of the fuel in the mixture. From Equations (4.33-4.35), we
define the effective Lewis number of the coupled system, Leeff

F , which depends on the temperature
profiles θg and θs, so that:

Leeff
F

LeF
= 1 + (1− ϵ)λs

ϵ λg

∂θs
∂θg

= 1 + 1
rλ

∂θs
∂θg

. (4.36)

In the case rṁ → 0 (hyperdiffusive regime), θs ∼ θg thus ∂θs/∂θg ∼ 1: the change in Lewis
number harmonizes spatially, and the equations boil down to an adiabatic laminar free-flame of
increased thermal conductivity λg + (1− ϵ)λs/ϵ. This equivalent flame, named Limit Hyperdif-
fusive Free-Flame (LHFF), is compared in Figure 4.6 to that of Figure 4.2(d). It is observed
that the profiles match very well, confirming that the hyperdiffusive regime can be viewed as a
flame of increased thermal conductivity.
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Figure 4.6. – Comparison between the hyperdiffusive flame of Figure 4.2(d) and its free-flame
counterpart of increased thermal conductivity. Methane-air, single-step, ϕ = 0.5.

Also, the effect of the effective Lewis number can be viewed directly in the space (YF , θg), in
which only unity-Lewis number flames present straight lines. For the sake of brevity, this study
is carried out in Appendix 4.C.

4.4.1.3. Lewis-changing effect at the flame front - (YF , θg) space

The Lewis-changing effect is further illustrated in Figure 4.7, which shows structures of the
adiabatic, LHFF, decoupled, intermediate and hyperdiffusive flames in the space (YF , θg). In
this graph, it is textbook knowledge that unity Lewis numbers lead to similar fuel and energy
equations, thus to unity slopes. In the decoupled regime, the flame structure is only shifted
by a certain preheating temperature, showing a superadiabatic behavior. This confirms further
that decoupled flames in porous media are simply preheated laminar flames. In the interme-
diate regime, the superadiabatic behavior is still visible, and a non-unity Lewis number effect
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4.4 Detailed structure of the various regimes

is perceived. In the hyperdiffusive regime, the flame structure is very close to the LHFF. In
conclusion: with increasing heat transfer, the flame structure is first shifted upwards (preheat-
ing/superadiabatic effects) and then “rotated” anti-clockwise (Lewis-changing effect). Note that
the smoothing after the preheating on the right of the plot is directly related to the transition
to the hyperdiffusive regime, when interphase heat exchange meddles with the internal thermal-
diffusive flame structure.
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Figure 4.7. – Structure of the flames of Figure 4.2(a-d).

4.4.2. Broadening effects in porous media
There is apparent consensus in the literature [159, 191, 192, 231] that porous media combus-

tion leads to broader profiles for gas temperature and reaction rate, compared to the adiabatic
laminar free-flame. Put simply, profiles appear to be “smoothed” compared to the reference
adiabatic laminar free-flame. Experimental measurements and 2-3D averaged numerical simula-
tions also showed temperature profiles and reaction zones significantly broadened [235]. While
the presents results, which concern 1D volume-averaged simulations, show a certain broadening
in the hyperdiffusive regime (see Figure 4.2(d) and (h)), a shortening is rather visible in the
decoupled regime (see Figure 4.2(b) and (f)). This indicates that broadening effects mostly
have a multidimensional origin, not caught by the volume-averaging method. To the author’s
understanding, the observed broadening should be carefully attributed to different, possibly con-
comitant phenomena: (1) the averaging of a convoluted flame front (geometry, hydrodynamics,
dispersion), (2) the struggle of experimental apparatus to measure each phase individually and
in a small region of space, (3) the gas/solid harmonization of length scales in the intermediate
and hyperdiffusive regimes, and (4) concerning the reaction zone only, the increase in burning
rate. While effects (1) and (2) are likely to be dominant in practice, effects (3) and (4) are the
only ones caught by the present analysis.

4.4.2.1. Reaction length scale

We can try to understand effect (4) by studying the evolution of lreac with integral properties
of the solution. By integrating Equation (4.15), one finds:

ρuS
P
L

∫
R+
cpg∂xTg dx+

∫
R+

∑
k

hkω̇k dx = 0. (4.37)

The reaction length scale can be retrieved by estimating roughly the integral of heat release for
single-step as: ∫

R+

∑
k

hkω̇k dx ∼ cst.× lreace
β(θmax,HRR−θ0

max,HRR), (4.38)
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where θmax,HRR defines the gas temperature at the maximum of heat release. Intrinsically,
Equation (4.38) can be viewed as the influence of superadiabaticity on the chemical time scale
for a given convective flux. The arbitrary reference θ0

max,HRR was chosen for convenience, since
θmax,HRR → θ0

max,HRR for both the free-flame and the hyperdiffusive limit. This is supported
by Figure 4.8(a), which shows the evolution of θmax,HRR as a function of 1/rṁ for the different
solution points. By combining Equations (4.37) and (4.38) and supposing the term

∫
R+
cpg∂xTg

constant, we have:

lreac ∝ SPL e
−β(θmax,HRR−θ0

max,HRR), (4.39)

which, considered with and without porous medium (i.e. a free-flame where SPL = S0
L), leads to

the following relation:

lreac = l0reac
SPL
S0
L

e−β(θmax,HRR−θ0
max,HRR). (4.40)

Equation (4.40) can be ultimately simplified in the hyperdiffusive limit to the relation used in
Section 4.3.2.2:

lreac = l0reac
SPL
S0
L

. (4.41)

Accordingly, Figure 4.8(b) shows the evolution of lreac, flanked by the theoretical prediction of
Equation (4.40). The behavior of the reaction zone thickness is qualitalively predicted. It is clear
that a shortening of the reaction zone is predicted in the decoupled regime, while a broadening
is visible in the hyperdiffusive regime.

4.4.2.2. Conclusion on broadening effects

Overall, it is only in the hyperdiffusive regime that a broadening of the reaction and diffusion
length scales is predictable can be anticipated with the 1D volume-averaged equations. In the
decoupled and intermediate cases, it depends on the predominance of either superadiabaticity,
hyperdiffusion or flame acceleration. This stresses the necessity to discriminate properly between
potential causes leading to a broadening of the flame front inside porous media.
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Equation (4.40)

Figure 4.8. – (a) Temperature at the maximum of heat release rate. (b) Length of the reaction
zone defined as the centered segment covering 80% of the integral of heat release
rate. Large symbols: simulations. Small symbols: theoretical prediction.
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4.4.3. Effects of equivalence ratio, fuel and complex chemistry
In the following, we explain how changes in equivalence ratio, fuel and chemical scheme influ-

ence (1) the extent of the intermediate regime and (2) the maximal superadiabatic temperature
reached in the domain, both through the chemical stiffness of the mixture γ.

4.4.3.1. Effects of equivalence ratio

Figure 4.9 shows the maximum temperature obtained in the numerical solutions θmax as a
function of 1/rṁ for two equivalence ratios ϕ = 0.5 and ϕ = 1.0. The ratio of γ values for the two
mixtures is also given in the caption. It is observed that a larger equivalence ratio leads to smaller
superadiabatic values and a smaller γ. This effect can be understood by recalling the stiffer the
mixture, that is, the larger γ, the more peaked the temperature profiles. This is because large
values of γ correspond to the large activation energy limit, where a jump condition is valid at
the scale of reaction: β ∼ γ = l0diff/l

0
reac → +∞. Since on the lean side (i.e. ϕ < 1), β decreases

with ϕ, it is therefore normal to find larger superadiabatic values for ϕ = 0.5 than for ϕ = 1.0.
In general, maximal superadiabatic effects are expected at both ends of the flammability limits.
At the same time, it is observed that the size of the intermediate regime increases with ϕ. Again
it is directly related to the value of γ through Equation (4.29).
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Figure 4.9. – Effect of equivalence ratio on the maximum temperature. Single-step, methane-
air. The ratio of stiffnesses reads: γ1S,ϕ=1.0,CH4/γ1S,ϕ=0.5,CH4 = 0.61.

4.4.3.2. Effects of fuel

Similarly, the effect of fuel can be understood by considering the relative values of γ. For
a given equivalence ratio, different fuels present different activation energies (see Table 4.1)
and different equilibrium temperatures. In turn, it influences directly β, therefore γ. This is
illustrated in Figure 4.10, which compares θmax for methane-air and hydrogen-air combustion.
Again, the ratio of stiffnesses given in the caption shows that the larger γ, the smaller the
superadiabaticity and the shorter the intermediate regime.

4.4.3.3. Effects of detailed chemistry

Detailed chemistry comes with an increased level of complexity. The local production and con-
sumption of intermediate species can distribute heat release over larger length scales - sometimes
so large that the flame in the porous medium does not present superadiabaticity. This feature
was observed in the early work of Hsu and Matthews [230], and is particularly pronounced near
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Figure 4.10. – Effect of fuel on the maximum temperature. Single-step, ϕ = 0.5. The ratio of
stiffness reads: γ1S,ϕ=0.5,H2/γ1S,ϕ=0.5,CH4 = 0.59.

stoechiometry, for which the value of β ∼ γ is minimal [269]. Coherently, our investigations
showed almost zero superadiabaticity for ϕ = 1.0, methane-air and GriMech3.0 (not shown).
Interestingly, a somewhat opposite phenomenon might appear on the rich side of hydrocarbon
flames. For methane-air and ϕ > 1.4, a successive combination of exothermic and endothermic
reactions take place so that the adiabatic laminar free-flame presents a local superadiabaticity
even without a porous medium [270]. This means that for a given γ, the maximal temperature
might be slightly higher than its equilibrium value.

Yet, γ remains the major parameter driving superadiabatic properties. It is illustrated in Fig-
ure 4.11, which compares θmax for single-step and complex chemistry (GriMech3.0). Again,
the ratio of stiffnesses is provided in the caption. It confirms the trend concerning superadia-
baticity. However, contrary to what is expected, the intermediate regime appears to be slightly
broader. This is due to the fact that, albeit the existence of large length scales in the reaction
zone, the majority of heat is released over a shorter one, delaying the full transition to the
hyperdiffusive regime.
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1.0

1.1

1.2

1.3

1.4

1.5

θ m
a
x

1S

GriMech3.0

rλ = 0.01

Figure 4.11. – Effect of reaction scheme on the maximum temperature. Methane-air, ϕ = 0.5.
The ratio of stiffness reads: γGriMech3.0,ϕ=0.5,CH4/γ1S,ϕ=0.5,CH4 = 0.84.
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4.4.3.4. Conclusions on γ and further remark

The stiffness γ, related to the Zel’dovich number β, appears to be a useful parameter to assess
the level of superadiabaticity of the solutions, and at least for single-step, the transition inter-
mediate → hyperdiffusive and thus the size of the intermediate regime. For detailed chemistry,
due to the successive individual reactions (exothermic or endothermic, and to which extent), the
parameter γ seems insufficient to characterize the fine transition intermediate → hyperdiffusive
and a case-by-case analysis is necessary. Note that γ is a concept more general than β, because
β is not directly defined for detailed chemistry.

4.5. Generalized formulae for flame speed in all regimes
In this final section, we propose a formula for flame speed within porous media, based on

the thermal model, which depends only upon (rṁ, rλ). It is intended to be valid in all burning
regimes. It is based on the mathematical product between the acceleration due to preheating,
denoted F (rṁ, rλ), and the acceleration due to hyperdiffusive effects, denoted G(rṁ, rλ), so that:

SPL
S0
L

= F (rṁ, rλ) ·G(rṁ, rλ). (4.42)

In the decoupled regime, it is required that G → 1 and similarly in the hyperdiffusive regime
F → 1. We now provide the forms for the functions F and G.

4.5.1. Flame acceleration due to preheating - F
The value of ηrec in the thermal model proved to be a very good sensor of preheating effects.

As proposed in Chapter 3 the resulting flame acceleration can be modelled through an Arrhenius-
like or exponent-like form:

F (rṁ, rλ) = exp
[
β ηrec

2

]
or F (rṁ, rλ) =

[
1 + Tad

Tu
αηrec

]nT

, (4.43)

where α = (Tad − Tu)/Tad and nT is the exponent of temperature (typically nT ∼ 1).

4.5.2. Flame acceleration due to hyperdiffusion - G
Since the thermal model supposes lreac = 0, it is intrinsically unable to catch the transition

intermediate→ hyperdiffusive. It is therefore more complicated to obtain a good sensor of flame
acceleration due to hyperdiffusion. A way around this problem is to consider the evolution of
length scales within the solutions of the thermal model. The latter are carried by two positive
eigenvalues λ2, λ3 for x < 0 and one negative λ1 for x > 0, whose inverse moduli are related to
the characteristic length scales of the flame structure through li =

√
(1− ϵ)λs/hV /|λi|. As shows

Appendix 4.A, the eigenvalues λi converge towards constants in the hyperdiffusive regime, which
are fortuitously related to the theoretical prediction of speed-up √χ. This invites to consider
the following form for flame acceleration due to hyperdiffusion:

G(rṁ, rλ) = λ2 + λ3
λ∞

2 + λ∞
3

= λ2 + λ3
1 + rṁ/rλ

, (4.44)

where λ∞
2 = 1, λ∞

3 = rṁ/rλ are the eigenvalues in the decoupled limit rṁ → ∞. As required,
G → 1 for rṁ → +∞ and G → √χ for rṁ → 0 with a transition occuring in the vincity
of rṁ ∼ 0.1, typical of the hyperdiffusive regime. Albeit imperfect, the proposed form for G
somewhat catches the convergence θg ∼ θs, characteristic of the hyperdiffusive regime.
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4.5.3. Validation of the formula
The analytical prediction of Equation (4.42) is plotted in Figure 4.12, along with the numerical

simulations of the base case (methane-air, single-step, ϕ = 0.5), for an exponent form for F with
β = 8. The speed-up value of the LHFF flame computed with Cantera is shown for comparison.
It is observed that the formula gives correct results for rather large values of rλ > 0.1, but
is unable to catch properly the subtleties of the transition intermediate → hyperdiffusive for
smaller values. It is mostly related to the absence of a reaction length scale in the thermal
model. Although imperfect, Equation (4.42) constitutes the first attempt to give a formula for
flame speed in porous media valid in all regimes. Enhancing this prediction could be the topic
of further work in the community.
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Eq. (4.42)

Figure 4.12. – Theoretical prediction of Equation (4.42) versus numerical simulations of
methane-air, single-step, ϕ = 0.5.
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4.6. Conclusions of the chapter

By means of 1D numerical simulations and a simplified analytical model, a systematic study of
the volume-averaged equations for flames in porous media was carried out for a very large spec-
trum of the dimensionless parameters rṁ and rλ. This analysis allowed to draw the following
general conclusions:

– for increasing interphase heat transfer, flames in porous media present three distinct
burning regimes, namely decoupled, intermediate and hyperdiffusive (Figure 4.2). They
are defined by the increasing penetration of the length scale of interphase heat transfer
into the flame front (diffusion then reaction). The decoupled regime presents simply
preheated flames. The intermediate regimes shows strong superadiabaticity. The hy-
perdiffusive regime can be seen as flames of increased thermal conductivity, where a
single-phase modelling is valid ;

– these regimes can be distinguished and characterized by using only the two parameters
rṁ and rλ ;

– the heat recirculation via the solid matrix can be interpreted in terms of additional gas
diffusion, which in turn changes radically the effective Lewis number;

– in the decoupled regime a thinning of the reaction length scale is observed, while a
broadening is visible in the hyperdiffusive regime ;

– the ratio of diffusion to reaction length scales in the free-flame γ is a good indicator of the
maximum superadiabaticity attainable in the domain and the extent of the intermediate
regime. Note that for single-step, γ is typically of the order of the Zel’dovich number β.

Together with the conclusions of Chapter 3, it is worth emphasizing how remarkable are rṁ
and rλ with regard to porous media combustion. Not only are they capable of predicting the
transition between the various burning regimes, but they also contain information about flame
speed: through rṁ in the decoupled regime [214] and through rλ in the hyperdiffusive regime.
As a main limitation, this work supposes the volume-averaged equations valid as a starting
point. Therefore, it cannot discuss directly when the presented regimes can be found in experi-
ments. This stresses once more the need to conduct pore-level simulations to unveil the behavior
of the flame near the reaction front. A phenomenological rule is that larger pores lead to lower
interphase heat transfer and clear flame fronts lowly coupled to the wall, hence a decoupled
regime, while smaller pores will lead to much greater interphase equilibrium and a hyperdif-
fusive regime. Since surface density increases exponentially with smaller pores, the transition
between the two behaviors is expected to be sharp. Also, because the present framework is
one-dimensional and adiabatic, it intrinsically cannot catch the 2/3D and non-adiabatic effects
observed in some experiments. In such situations, rṁ and rλ obviously do not fully characterize
the solutions: spatial anisotropies and affected temperature profiles are expected.
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4.A. Approximations of the analytical model (AM)

4.A.1. Decoupled regime

We recall the definitions: ε = rλ/rṁ and χ = 1 + 1/rλ. Asymptotically, the decoupled regime
correponds to the limit ε→ 0. This yields:

λ1 = −1− (χ− 1)
2 ε− (χ− 5)(χ− 1)

8 ε2 +O(ε3), (4.45)

λ2 = 1− (χ− 1)
2 ε+ (χ− 5)(χ− 1)

8 ε2 +O(ε3), (4.46)

λ3 = 1
ε

+ (χ− 1)ε+O(ε3). (4.47)

4.A.2. Hyperdiffusive regime

The hyperdiffusive regime corresponds to the limit ε−1 → 0. This leads to:

λ1 = −√χ+ χ+ 1
4χ ε−1 − (χ− 1)(χ+ 3)

16χ5/2 ε−2 +O(ε−3) (4.48)

λ2 = 0 + χ+ 1
4χ ε−1 + (χ− 1)(χ+ 3)

16χ5/2 ε−2 +O(ε−3) (4.49)

λ3 = √χ+ χ− 1
2χ ε−1 + 0 +O(ε−3) (4.50)

4.B. Criterium for regime discrimination of Figure 4.3

In this chapter, each regime is attributed a color through Figure 4.3. By noting speed-up
values in a compact form as:

Γs = SPL
S0
L

, simulation and Γt = SPL
S0
L

, thermal effect, (4.51)

as well as their converged value in the hyperdiffusive limit hV → +∞:

Γ∞
s = Γs(hV → +∞) and Γ∞

t = Γs(hV → +∞), (4.52)

we define geometrically simulation points in the decoupled regime by the first values for increas-
ing interphase heat transfer verifying: ∣∣∣∣ΓsΓt

− 1
∣∣∣∣ < c1. (4.53)

Similarly the hyperdiffusive regime is given for points verifying:√( Γs
Γ∞
s

)2
+
( Γt

Γ∞
t

)2
− 1 < c2. (4.54)

The constants used: c1 = 0.17 and c2 = 0.55 are necessary arbitrary, because providing objective
boundaries for asymptotic regimes is not possible.
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4.C Flame structure in the space (YYYF, θg)

4.C. Flame structure in the space (YYYF, θg)
Further insight on the internal flame structure can be gained by considering Figure 4.13, which

shows the progressive flame structures from the decoupled to hyperdiffusive regime in the space
(YF , θg), colorized with reduced heat release rate (HRR). Three additional orientated curves
monitor the first 20% and 80% of the integrated heat release rate, as well as its maximum,
showing the progressive extension of the reaction zone. It is seen that the increase in diffusion
in the flame front induced by hyperdiffusion shifts and extends the reaction zone towards the
fresh gases. In the decoupled regime, the orientated curves travel upwards, showing that su-
peradiabaticity is the leading-order phenomenon.

Figure 4.13. – Structures of flames including normalized HRR, methane-air, ϕ = 0.5, single step,
rλ = 0.1.

It is also interesting to see the influence of the Lewis number of the mixture on such graphs,
for which the free-flame does not present a straight line in the space (YF , θg). Notably, lean
hydrogen-air flames are known to present strong below-unity Lewis effects (typically 0.3-0.4).
In Section 4.4.1, we underlined the Lewis-changing capability of porous media through heat
coupling. In the hyperdiffusive regime, i.e. for intense interphase heat transfer, the Lewis
number of the mixture is multiplied by a factor close to χ, which can take very large values
for small rλ. This effect is illustrated in Figure 4.14, which shows the evolving structure of
a single-step, hydrogen-air flame for increasing interphase heat transfer, with an equivalence
ratio ϕ = 0.5 and rλ = 0.01 (i.e. χ = 101). This yields a flame of effective Lewis number
30-40 in the hyperdiffusive regime. The decoupled regime with preheating is still visible (shift of
the structure upwards) followed by a rotation which translates the harmonization of the Lewis
increase accross the flame front. In a word, Figure 4.14 shows how porous media modifies flames
from below to well beyond unity Lewis number.
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Chapter 4 : Combustion regimes of the 1D volume-averaged equations

Figure 4.14. – Progressive structure of a lean hydrogen-air flame for increased heat transfer,
including normalized HRR. Single-step, ϕ = 0.5, rλ = 0.01.
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Chapter 5
Towards high fidelity simulations of
reacting fronts within porous media
In addition to the very large computational resources required to simulate porous media com-
bustion at the pore level, the generation of both gas and solid meshes poses by itself a certain
technical challenge. Notably, the non-analytical or implicit nature of the topology defining
the gas/solid interface prevents the simple use of CAD and meshing commercial softwares,
either because it is not possible to provide the geometry as an input or because the mesh-
ing algorithms often fail. In this section, we describe the general challenges associated to
the simulation of flows within porous media, and describe technical solutions yielding working
computational meshes. The geometries are obtained either from X-ray tomography of real
silicon carbine foams used as porous burners, or generated analytically through Triply Periodic
Minimal Surfaces (TPMS).
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Chapter 5 : Towards high fidelity simulations of reacting fronts within porous media

“Not all of us can do great things. But
we can do small things with great love.”

Mother Teresa

5.1. Meshing challenges

5.1.1. An issue common to the field of porous media

Among the plethora of literature addressing general physics in porous media, published studies
on pore-level direct numerical simulations remain rather scarce. This can be explained by several
independent reasons:

– first is that most systems of interest are simply too large to be simulated on a machine
with sufficiently good resolution - even on very large clusters. For instance, the domain
of interest for the study of soil infiltration (aquifers, oil reservoirs) may reach several kilo-
meters in size with pore sizes remaining centi-to-millimetric [271, 272]. In such situations,
even low-order models may require heavy parallel computations [273] ;

– second is that even for smaller systems being a few pores wide, the presence of high levels
of turbulence or stiff chemical reactions may require cell sizes so small (in combustion,
typically 10-100 µm), that the resolution of systems beyond a few centimeters wide becomes
prohibitive ;

– the geometrical representation of the interstitial gas/solid interface requires exponentially
large information for decreasing pore size. In this thesis even relatively moderate geome-
tries could weight several Gb. on a hard drive just for the surface representation - so
one can easily imagine that for fibrous porous media a computation over sufficiently large
macroscopic length scales is still out of reach - unless the geometry be viewed in terms of
3D voxels, as adapted to LBM simulations ;

– simultaneously, a good representation of the fluid/solid interface may require very small
edges sizes locally. This issue is typically exacerbated for packed beds of individual el-
ements which necessarily show infinitely sharp contact angles (tengencies) and must be
handled, regarding numerical stability issues and direct influence on the time step which
is governed by the smallest element in the domain. As illustrated in Figure 5.1, extracted
from the works of Yakovlev and co-workers [137], the contact angle between two spheres
requires special treatment, and special wrap algorithm was developed on purpose for their
simulation of combustion within the porous medium. Such operations are not free of
physical implications, since they show that the geometrical modification has significant
influence on the porosity thus velocity profiles, and radiative heat fluxes.

5.1.2. Specificities of porous media combustion

Due to the stiff chemical reactions occurring in the gaseous phase, a very small edge size
is required in the reaction zone. Typically, since flame thicknesses at ambient conditions are
of the order of 0.2-2 mm, supposing at least 10 points throughout the flame requires edge sizes
between 20 and 200 µm. In addition, since it is not possible to know a priori where the flame will
stabilize, a large portion of the fluid must be sufficiently refined. An adaptative mesh refinement
technique may be used, but it would also require substantial computational cost. What is more,
it is not always possible to choose the cell size locally, partly due to the mesh generation process
itself but also due to the small features of the gas/solid regions and their interface which cannot
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5.1 Meshing challenges

Figure 5.1. – From [137]: illustration of the pre-processing wrap algorithm used to manage the
contact point problem for a finite-volume numerical simulation of porous media
combustion, in the case of packed bed of spheres.

be easily avoided nor removed. Also, a correct computation of the interphase heat transfer at the
wall and within the interstitial flow requires rather small cell sizes anyways (typically 100 µm,
as observed in the literature and in some initials test in heated 2D channels).

5.1.3. Specific case of this thesis

In this thesis, both combustion of methane and hydrogen in air are addressed. The two
reference equivalence ratios considered for mesh convergence study are ϕ = 0.72 for methane
and ϕ = 0.38 for hydrogen. We may use leaner mixtures for hydrogen in Chapter 7, but since
leaner flames present a larger spatial extension, the presented reference cases are sufficient to
assess which mesh size is required to compute properly the flame fronts in our simulations.
Figure 5.2 presents a 1D convergence study performed with Cantera and AVBP softwares,
based upon adiabatic laminar flame speed computations on a regular grid of spacing ∆x. The
same transport properties are used in both codes so that they resolve the same equations, with
the exception of isobaric and no viscous heat production hypotheses in Cantera. Note that
the discrete operators are different in the two codes, and in the instationary code AVBP the
flame speed is computed by following the flame front in a long 1D domain. In porous burners,
since the flame is preheated, two unburnt temperatures are considered: Tu = 300 K and Tu =
600 K. Overall, it is observed that a resolution of 80 µm is sufficient to get an error on flame
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Chapter 5 : Towards high fidelity simulations of reacting fronts within porous media

speed below 3%. It is checked a posteriori that at least in each case the species, temperature
and heat release profiles sufficiently sampled. In 3D, due to the effect of dimensionality of the
elements, it is common to assume that the chosen resolution should be sufficient for DNS. In
Table 5.1 are listed a series of DNS related to porous media combustion found in the litera-
ture, with afferent modelling assumptions and typical edge sizes. Most of the time, no study of
convergence of the burning rate of the flame fronts are carried out and only integral properties
such as volume-averaged velocity profiles, or maximum temperature in the domain are assessed
to check convergence. In the author’s viewpoint this is partly insufficient, because combustion
fronts require low edge sizes. Also, often there are lots of points near the boundaries and fewer
at the core of the pores. This is problematic because this may hamper the resolution of the
fronts and perform, unknowingly, a filtration on the equations so that some studies presented
as DNS may in fact be hidden LES (see some studies of mesh sizes larger than 200 µm. Other
comments may be given upon the various studies performed in the literature, but these will be
commented upon in Chapter 6.

To conclude, in this thesis work, the baseline resolution adopted is uniform, 80 µm.

Figure 5.2. – Mesh convergence study for methane-air (ϕ = 0.72) and hydrogen-air (ϕ = 0.38)
flames, with Cantera and AVBP.
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Chapter 5 : Towards high fidelity simulations of reacting fronts within porous media

5.2. From porous foam to computational mesh
Obtaining a computational mesh for a reticulated foam is not a straightforward task. The

associated technical difficulties may partly explain why only a few 3D numerical simulation were
performed in such geometries. In this work, it is chosen to start from the X-ray tomography of a
silicon carbide foam used in a real porous burner for experiments at IMFT. Figure 5.3 presents
the main steps yielding a computational mesh, which are now described in detail.

5.2.1. Constraints on the computational mesh

The wanted computational mesh is composed of two distinct and complimentary meshes: one
for the fluid region and one for the solid region. They must follow a series of constraints:

– C1: they must present plane outer boundaries, one for the inlet, one for the outlet, and
sides on which symmetry conditions will be applied (the side symmetries are meant to
simulate an infinite medium, so the boundaries of the scanned domain must be cropped) ;

– C2: the cropping procedure must not yield too small or sharp regions which would result
in tiny elements. In general, the fluid and solid phases must not present features of the
order or smaller than the edge size ;

– C3: the solid and fluid regions must both be related fields (i.e. each phase must consist
of a single body), so as to avoid lonely regions ;

– C4: the gas and solid meshes must be coincident thus of similar edge sizes locally at the
gas/solid interface.

step 1:
X-ray tomo.

<latexit sha1_base64="TnrJSDvK22RdJWdYFvyr+LHpFSw="></latexit>

step 2:
3D filters

<latexit sha1_base64="Xj5l6Lb/vOzStZUHLyhfo7NEZoc="></latexit>

step 3:
STL generation + meshing

<latexit sha1_base64="XYgapftZjnwIY3hB0NEu3wiDM94="></latexit>

(a) (b) (c) (d)

Figure 5.3. – From porous foam to computational mesh.

5.2.2. Step 1: scanning of an actual burner

Because the numerical generation of a reticulated topology is a challenge on its own, it was
chosen to make use of an existing porous burner. A sample of silicon carbide reticulated foam
(see Figure 5.3(a)) was scanned by X-ray tomography with the device EasyTom XL at IMFT.
The samples measured approximately 20 mm×20 mm×20 mm. A maximal resolution of 17µm
was achieved, what is largely sufficient to catch the finest details of the porous matrices for
typical pores densities of 30 and 60 PPI. The scanning procedure yields a 3D table of voxels in
absorption levels (see Figure 5.3(b) and a typical example in Figure 5.4).

5.2.3. Step 2: 3D voxels filtering

General properties of the scans: as shown in Figure 5.4, the voxels array in absorption
levels seemingly presents two main phases, one in grey identified as the solid region (strong
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5.2 From porous foam to computational mesh

solid region
<latexit sha1_base64="wC+3/JZaeVMTcN54KrGCp9yJS/E="></latexit>

fluid region
<latexit sha1_base64="tbmAdSzUnYWROE4CoZ3y6GMIxbo="></latexit>

inner cavities
<latexit sha1_base64="PJF8MfU48eohsFuWvHLD5tPA2rA="></latexit>

Figure 5.4. – Example of tomographic image of a 30 PPI foam. Note the presence of inner
cavities inside the solid. Green arrow: closed cavity. Blue arrow: open cavity

absorption) and one in dark grey/black which corresponds to the fluid region (weak absorption
of air). Due to the manufacturing process, the solid region is not perfectly homogeneous and
presents small, lighter inclusions. Also, the fluid region is not perfectly homogeneous - due to
some reconstruction artifacts (internal diffusion, numerical inversion errors, etc.). Increasing the
number of scanning angles may reduce them, but here they are sufficiently low.

The problem of internal cavities: due to the sintering process, the solid matrix presents
sharp-cornered holes throughout its mid-sections. Since the shape of these inner cavities would
require overly small mesh size and mainly contain inert fluid, they must be removed. Of course,
this operation changes the final porosity of the matrix (approximately −10%). Also, one should
keep in mind that these inclusions do play a role in the real behavior of the burner. Heat
conduction through the solid matrix is modified by these cavities, because heat has to travel
through small gaseous layers which act locally as thermal insulation. Concerning radiation, it
is expected that more inclusions increase optical thickness.

3D filters: constraints C2 and C3 may be fulfilled by applying a series of filters on the 3D
voxel array obtained by X-ray tomography. Ready-to-use filters may be found in the libraries
NDImage [283] and Scikit-Image [284]. In order to illustrate the methodology used in 3D,
Figure 5.5 shows the intermediate steps after each of these filters on a slice. Starting from the
initial scanning array (a), the image is first binarized to differentiate the fluid and solid regions.
The resulting image (b) presents the spurious internal cavities, which can be partly removed by
finding the largest fluid region and defining the solid as the complimentary region. Note that
in 2D, this step makes no sense so the 3D information is required. Finding the regions is easily
achieved by a flood-fill algorithm. This procedure yields (c), which still presents some inclusions
that are connected to the fluid region. To remove them, it is chosen to apply a binary closing
filter of a given size that allows to fill the small passages near the solid boundaries. The closing
filter may be viewed in terms of a successive dilatation then erosion of the given size 1. This step
yields (d), where inner cavities of size larger than the closing filter are still found. Supposing
that all the passages at the boundaries were properly closed (in practice they are very small),
then the procedure (b) → (c) can be repeated to yield the final image (e), thereby enforcing
constraint C3. A comparison between the initial scan (a) and (e) is given in (f), and shows a
very good modelling of the actual geometry of the burner. However, the series of filters and

1. see https://en.wikipedia.org/wiki/Closing_(morphology)
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operations (a) → (e) do not prevent from small features in both phases (constraint C2). This
can be fixed by making case-by-case use of gaussian/median filters + re-binarizarion to discard
small features within the phases, but also by applying successive use of closing filters until the
local thicknesses fall above a prescribed threshold. In such cases constraint C3 is again enforced
afterwards. Although it was possible to write a general script encompassing all those steps the
variety of meshes geometries suffers from some degree of hand-tuning.

(a) original (b) binarized (c) prelim-filled

(d) closing (e) final-filled (f) comparison

Figure 5.5. – Voxel treatment. From tomographic slice to final domains (a) → (e). Comparison
between (a) and (e) shown in (f).

5.2.4. Step 3: STL generation and meshing strategies
5.2.4.1. STL generation

From the filtered, binarized 3D voxel array, a “smooth” surface geometry must be generated,
yet with plane boundaries on the sides and inlet/outlet regions (constraint C1). The very
common STL format is used for surface representation (triangle-based). It is chosen to generate
the surface of the fluid region first. Because the development of a specific surface generation
tool may be in itself a vast field of research, it is chosen to make use of existing tools in that
area. Fortunately, it turns out that in medical science the rendering of voxelized 3D images
from MRI/X-ray scans into 3D surface models for visualisation, diagnosis and simulation is
common practice. In this line of thought, the tool dicom2stl [285] from the National Institute
of Allergy & Infectious Diseases (NIAID) is used. It is based on a marching cubes algorithm,
i.e. a program which first meshes the (embattled) threshold region between the two phases
at the scale of the voxel. Then, various local smoothing filters and simplifications are applied
in a tailorable fashion, yielding a smooth representation of the fluid-solid interface. This tool,
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5.2 From porous foam to computational mesh

however, does not provide plane surfaces as an output on the sides and at the inlet/outlet,
because the smoothing is homogeneous. This means that the STL must be cropped
afterwards to ensure constraint C1. So as to retain the integrity of the initial geometry as well
as possible, and to follow constraints C2+C3, an artificial (reflecting) padding on the 3D voxel
array is applied on the side boundaries before the STL generation. Also, so as to create inlet and
outlet fluid regions, some paddings are also applied longitudinally. Figure 5.6(a) illustrates this
padding (sides: green arrows, inlet/outlet: red arrows). Figure 5.6(b) illustrates the geometry
after the final cropping, applied using the famous software Blender (object mode → boolean
operation → difference). Though the differences between Figures 5.6(a) and (b) are not visually
obvious, only (b) is suitable for meshing and numerical simulations. The complimentary solid
phase may be defined formally by another boolean operation, but unfortunately in Blender
for technical reasons it does not work. So the method used in this thesis was to remove the
plane boundaries from Figure 5.6(b) and then fill manually the complimentary boundaries. The
procedure is illustrated in Figure 5.7.

(a) before cropping
<latexit sha1_base64="O+g+8VI06soOHQFHc6ZwfveJ8GQ="></latexit>

(b) after cropping
<latexit sha1_base64="It63FFcTaYboBEO6et7MxklfwDc="></latexit>

boolean operation
<latexit sha1_base64="hgCcuVBbOsJLMME93zuwQDIUcDc="></latexit>

Figure 5.6. – Artificial padding of the fluid domain (a) then cropping (b). Green arrows: side
padding. Red arrows: inlet and outlet padding.

5.2.4.2. STL topological cleaning

Before moving on to the meshing itself, a certain topological cleaning of the STL surfaces
must be performed. Indeed, although constraints C1-C4 are enforced, the steps described above
do not guarantee the fundamental property required for a surface+volume meshing, that is, a
correct STL topological connectivity. The STL format consists in a series of nodes and
triangles. For the surface to be “meshable”, it must be mathematically manifold, that is, the
triangles must be correctly-connected, without holes on the surface, and defined in a unequivocal
fashion. Problems encountered are illustrated in Figure 5.8. In topological terms, this implies
that:

– Man1: each node and triangle must be unique ;
– Man2: each triangle must have strictly positive surface ;
– Man3: each triangle must exactly have three neighbors.

Unfortunately, these properties are not ensured from the various operation performed in Blender
(boolean cropping, filling, etc.). Also, even before these operations the script dicom2stl is not
always conservative, especially due to a necessary simplification step. Additional difficulties lie
in the fact that some of these issues may fall within threshold detection and, whilst not visible
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(a) fluid-solid interface
<latexit sha1_base64="CgnYfOyrHjX6KpfvLrRGdfRureE="></latexit>

(b) solid region
<latexit sha1_base64="0Z9ih3Y7KxmEP/90+gc/HYPI0sE="></latexit>

manual fill
<latexit sha1_base64="CmlYNtBQeAX6JM06HGKZLDt93WQ="></latexit>

Figure 5.7. – Construction of the solid phase from the fluid-solid interface (a) then filled man-
ually with Blender (b).

to the eye, do not allow to proceed to the final meshing steps (or yield elements very distorted).
This is why a cleaning operation must be carried out. There exists automatic cleaning scripts
in the softwares MeshLab, MeshMixer or Blender, but these do not necessarily enforce the
properties Man1 → Man3 and they fail given the variety of issues encountered and the com-
plexity of the mesh. A vast majority of the problems are found at the mesh boundaries, near
the sharp edges, and arise from the cropping procedure. These issues can be fixed manually in
Blender, in edit mode. We now provide very technical tips to fix these issues, which may be
of use for future researchers.

Detecting topological issues: in the 3D printing panel (must be enabled first in the set-
tings) click check all to see all the degenerated nodes, edges, and surfaces, holes, triangles without
neighbors, etc. This panel does not directly detect problems with Man1 → Man3 but they hint
towards “weird” regions which may be problematic. Notably, considering Figure 5.8(a): non-
manifold edges hint towards the geometrical defects ; zero faces / zero edges / thin faces hint
towards degenerated geometry. The wrong number of neighbors is more complex to investigate,
so a general cleaning of the edges may be necessary. Tip: click on the results to see issues by
individual type on the mesh, but beware: because edges and surfaces are often hard to see,
switch to node view to see them more evidently.

Fixing topological issues: depending on the situation, mesh, etc., various healing proce-
dures may perform better than others. Also, because healing is applied with a threshold, a
certain degree of generality cannot be given here. Nonetheless, for problems situated at the
boundaries, here are some tips: select the problematic nodes through the 3D print panel then
switch to node view (alternatively, select all the sharp edges directly with select → by: sharp
edges). Then click select → more 2-3 times to “thicken” the selection. This thickening allows
to use the local geometry for cleaning. Then, click mesh → cleanup → degenerate dissolve or
limited dissolve or decimate geometry. The filter degenerate dissolve tendentially removes the
small, useless geometry. limited dissolve simplifies the surface by finding locally larger surface
polygons - which also tendentially removes non-manifold geometry (hence the need to thicken
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5.2 From porous foam to computational mesh

the selection first). decimate geometry simplifies the mesh, but be careful, this may destroy the
geometry. Each of these filters depend on a given threshold which must be specified. Tip: note
that in general, Blender is adapted to object sizes of the order of 1-100 units, so one may
consider to resize temporarily the meshes otherwise the thresholds may fall within numerical
error.

wrong number
of neighbors

<latexit sha1_base64="VUXlsqnWq10KJPYaslHYoR/5UXc="></latexit>

degenerated
geometry
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geometrical
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Figure 5.8. – Topological problems on the STL generated.

5.2.4.3. Meshing strategies

Now that STL surface geometries are clean and topologically-correct, one only needs to mesh
the surface and the volumes. Note that, with the present coupling strategy in the codes AVBP
and AVTP, the mesh nodes do not need to be exactly coincident. However, the mesh sizes must
be comparable to avoid conservation errors. There exists a methodology to create perfectly-
fitting meshes, but this requires more technical steps with little advantages (because for mesh
size control afterwards relaxing the exact geometry of the interface is necessary). Two meshing
strategies were considered in this thesis and are now described.

NetGen: this free meshing software is capable of meshing geometries of arbitrary shape,
thanks to frontal 2D and 3D meshing algorithms. Interestingly, NetGen is capable of detecting
“independent” boundary regions (future patches of the domain) based on an edge threshold
detection. This requires perfect topology - unless which this detection fails and meshing is made
impossible - hence the above cleaning procedure. A difficulty is that the edge detection is based
upon two threshold parameters (angle + arc length) which may not be applicable over the entire
mesh. This often results in impossible simultaneous detection of all the boundaries, because the
boundary angles may span over large values due to the plane cuts on the sides. One solution is
to increase the padding of the 3D voxel array so that the cutting is done over a region almost
uniform, leading to near 90-degrees boundary angles. Over time, in this thesis work NetGen
was abandoned to another strategy.

MMGS/MMG3D + GMSH: the MMG softwares offer a series of remeshing features for
2D and 3D meshes upgrade. They are developed by INP/INRIA/UBordeaux/UPMC [286, 287]
and popular among the industry and research. GMSH is a 3D finite element mesh generator
with built-in pre and post-processing facilities [288]. Together, these softwares can be used to
generate the final computational mesh from the cleaned STL:

– convert the STL geometry to INRIA .mesh format by using GMSH ;
– remesh the surface of the STL with MMGS with a rough mesh size. A low threshold

value for angle (-ar option) may be selected first to avoid issues (typical values 5-20

123



Chapter 5 : Towards high fidelity simulations of reacting fronts within porous media

degrees). This operation may be performed several times by increasing iteratively the
angle threshold 2 ;

– then remesh the surface with the target mesh size ;
– open the resulting surface mesh in GMSH and create the volume mesh by selecting geom-

etry → elementary entity → add → volume, then mesh → 3D ;
– the mesh may be further improved by using MMG3D, with various target optimizations

adapted to DNS compitation (deletion of small-volume elements, skewness weighting, etc.).
Now contrary to NetGen the individual patches defining the various regions must be created.
This is achieved by an in-house script which changes the boundary labels in the mesh file (to
that end the format GMSH version 2 ASCII .msh turned out handy). Eventually, GMSH may
be used to convert the final meshes into any favorite numerical software. Figure 5.9 shows an
example of computational mesh.

Figure 5.9. – Example of computational mesh for a 60 PPI foam, mesh size 80 µm.

5.3. Generation of lattice-based porous media

In the previous section, the computational mesh was generated from a real sample of reticu-
lated, “random” porous foam. Although this type of burner was used extensively in the litera-
ture, it may not be suitable for applications where the internal combustion processes must be
controlled exactly. If the burner geometry depends on the manufacturing process, it is therefore
not excluded that system failure is reached for particular local structural arrangements. In that
line of thought, a new type of tailorable, lattice-based porous burner was proposed recently
by Sobhani and co-workers [154]. By using the framework of triply-periodic minimal surfaces
[289, 290], a porous matrix may be generated. For a given external boundary, minimal surfaces
may be defined as the surface obtained by a thin soap film of equal pressure on each side, leading
to a mean-zero-curvature surface of minimal area [291]. TPMS are interesting because they of-
fer high surface-to-volume ratio with self-supported pore connectivity by construction. Original
fields of applications include bio-medicine [292] and solar cells [293]. There exists several types
of minimal surfaces, the most famous being the gyroid and diamond structures. Mathematically,
they are defined in reduced space as:

Gyroid: cos(x)sin(y) + cos(y)sin(z) + cos(z)sin(x) = 0 (5.1)

Diamond: sin(x)sin(y)sin(z) + sin(x)cos(y)cos(z)+ (5.2)
cos(x)sin(y)cos(z) + cos(x)cos(y)sin(z) = 0.

2. Tip: if the initial STL cleaning is incomplete, errors of the type “flattened angle around ridge” may appear,
or the remeshing may fail entirely (too bad elements). In that situation either use Blender directly again or use
the output mesh of MMGS converted back to STL - this may help topological cleaning in Blender!
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5.4 Conclusions of the chapter

In this thesis, only the diamond structure is considered. In physical space, Equation (5.2) can be
amended by introducing a notion of wavelength in every direction (kx, ky, kz) and by off-setting
the zero of the function with a certain parameter t:

UD(x, y, z) = sin(kxx)sin(kyy)sin(kzz) + sin(kxx)cos(kyy)cos(kzz)+ (5.3)
cos(kxx)sin(kyy)cos(kzz) + cos(kxx)cos(kyy)sin(kzz)− t = 0.

Locally, the solid and fluid regions may be defined by positive and negative regions of the
function UD. The wavelengths kx,y,z mostly govern the pore density (thus pore size) while t
mostly governs porosity (but also pore size). Moreover, if the wavelengths kx,y,z and threshold
t depend upon space then a spatial gradation of the properties can be achieved. By choosing
properly these parameters, a vast tailorable space of burner designs can be reached, with and
without topological gradation. Note that from a regular lattice, geometrical deformations can
also be achieved afterwards by linear, Lagrangian transformations of the spatial coordinates,
which can be tuned to be porosity-conservative. For example, a linear gradation in the x
direction can be achieved by the following expression:

x(a) = a + (m · x+ p)a, (5.4)

where a the coordinate in the reference configuration and x(a) the transformed coordinate. In
that situation the dilatation tensor is symmetric thus (m · x+ p)3 describes the local variation
of the volumes (thus pore sizes).

The generation of the geometry from these definitions can be achieved readily by creating
a spatial 3D array of voxels based upon the sign of UD. Then the methodology presented in
the previous section applies directly with the same workflow. Figure 5.10 shows an example of
computational mesh for a diamond-based burner.

Figure 5.10. – Example of computational mesh for a 30 PPI diamond-based burner, mesh size
80 µm.

5.4. Conclusions of the chapter

The generation of high-fidelity porous networks requires some technical work. For reticulated
foams, a scanning procedure must be first performed, followed by filtering treatments to ensure
that a resulting mesh makes physical sense and is “meshable”. In addition, the meshing proce-
dure itself asks for extracted surfaces that are well-defined from a topological viewpoint. This
requires many, lengthy hand-made corrections, and to date there does not exist a universal
script/toolbox/workflow that permits to mesh any porous media scan swiftly without human
intervention. Yet, in this chapter some very technical hints were given for future researchers,
hoping that the present workflow be used and improved further in the future.
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Chapter 6
Relating 3D simulations and 1D
models
This chapter is based on the article Masset, P. A., Duchaine, F., Pestre & Selle, L.
(2022). Modelling challenges of volume-averaged combustion within porous media.
Combustion and Flame (under review).

In porous burners, the pore size is usually larger than the flame thickness, giving rise to sharp
and locally-anchored flame fronts. The presence of such steep gradients at the pore level is a ma-
jor hurdle for the derivation of volume-averaged models, particularly for the highly non-linear
reaction rates. So as to underline the intrinsic difficulties associated with volume-averaging
for porous media combustion, this work performs 3D pore-level direct numerical simulations
including conjugate heat transfer and complex chemistry in burners of finite length. The pre-
dictions from an associated volume-averaged model, whose effective properties are estimated
directly on the computational domains and of identical thermo-chemical scheme, are compared
to the 3D simulations. Discrepancies in terms of burning rate, physical profiles, and a priori
analysis from the microscopic equations are found. Various pore sizes and geometries are con-
sidered. At the pore level, it is shown that flame preheating, wrinkling and wall quenching are
the three main factors driving global burning rate, and that contrary to widespread perception,
hydrodynamic dispersion only has an indirect role on the combustion processes. Based upon
observations of combustion at pore scale, a new closure for reaction rates based on the asymp-
totic behavior of adiabatic laminar flames is proposed. It is meant to simulate pore-level flame
wrinkling and removes the seemingly artificial increase in flame speed related to dispersion.
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Chapter 6 : Relating 3D simulations and 1D models

“In theory, there is no difference between
theory and practice. But, in practice,
there is.”

Jan L. A. van de Snepscheut

6.1. Introduction

The combustion of a gaseous mixture in an inert solid matrix, referred to as Porous Media
Combustion (PMC), is known to increase consumption speeds and enlarge flammability limits.
On the lean side, this enables substantial reduction in CO and NOx emissions [62]. The main
mechanism underpinning this performance is an upstream recirculation of enthalpy from the
burnt to the fresh gases through the solid matrix, leading to a preheating of the flame thus
enhanced kinetics [49]. Though the general principles of PMC and main trends are well under-
stood, the derivation of modelling strategies for the design of industrial burners is still an active
field of research. Among possible macroscopic filtering strategies, the most popular framework
for design is the Volume-Averaged Model (VAM). The strongly inhomogeneous, non-linear and
co-dependent phenomena such as convection, diffusion, conjugate heat transfer, chemical reac-
tions and radiation are all modelled to some extent using VAM, but they show inconsistent
agreement with experiments. As recognized by many authors [29, 158, 257, 294], this is mainly
due to the incomplete knowledge of combustion processes at the pore level, which drives the
recent experimental and numerical efforts dedicated to characterize PMC at this scale.

On the experimental side, the opacity of the solid makes non-intrusive diagnostics of the in-
ternal flame structure notoriously difficult. 1/2D methods such as coherent anti-Stokes Raman
scattering [228, 295] or laser-induced fluorescence [296] were attempted, but these require the
creation of an artificial/intrusive small gap in the solid matrix or very large pores for optical
access. Interestingly, the presence of local temperature maxima along the burner direction was
reported in [295], suggesting the existence of non-planar flame fronts distributed longitudinally.
A more direct measurement method was proposed by Dunnmon et al. [158] who used krypton
as a gaseous adjuvant to perform X-ray tomography and retrieved 3D fields related to the tem-
perature. Although the method still suffers from large uncertainties, it could be also assessed
that the combustion front is largely non-planar and distributed among the pores. More recently,
Fursenko et al. [257] sandwiched a 2D packing of spheres between two quartz plates to visual-
ize directly the oscillatory nature of the flame under filtration combustion. Again, sharp and
distorted fronts were observed in the voids. Those experimental strategies, although imperfect,
remain more promising that the more classical, 0D and intrusive diagnostic using thermocouples
inserted within the porous voids [192, 297], which have a tendency to hide short-scale variations
due to both strong radiation, physical extension of the probes, and spurious contact points with
the solid matrix.

On the numerical side, some direct pore-level simulations (DPLS) have been performed to
study the internal structure of PMC. Those are summarized in Table 5.1 of Chapter 5, where
the use of complex kinetics, radiation, mesh spacing and domain sizes are reported for compari-
son. In 2D, Sahraoui and Kaviany [294] were the first to propose DPLS in regular arrangements
of square rods, followed by more recent works [275, 281, 282, 298]. These studies reported
non-planar flame fronts, and some intrinsic discrepancies between volume-averaged models and
simulations were underlined in [294]. However, a realistic simulation of intra and interphase
heat transfers requires the third dimension of space. And thanks to the recent improvements
in available computational resources and processing softwares, more realistic 3D geometries
have also been considered. Bedoya et al. [136] presented a joint study of cylindrical and con-
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ical burners, in order to compare 1D VAM, 3D DPLS and experiments. However, due to the
discrepancies of hypotheses between the models and burner geometries, no conclusions on the
validity of the volume-averaged model itself could be given. Billerot et al. [274] presented the
first reacting simulations in regular diamond-based lattices, and reported large pore-scale in-
homogeneities. Yakovlev and Zambalov [137] simulated unsteady filtration combustion in a
packed bed of spheres, showing good qualitative agreement for temperature profiles against ex-
periments. Shi et al. [280] followed through with a similar study, and compared the results to
a volume-averaged model. Good agreement was observed, but since the transient displacement
speed of the front in filtration combustion mode is mostly governed by a global energy budget
[249], the results were less sensitive to the quality of the low-order modelling. Recently, Yakovlev
et al. [259] presented simulations of a thin-layered radial burner and found large, finger-shaped
flame fronts within the porous matrix. From Table 5.1, several modelling trends can be inferred.
For instance, rather large mesh sizes were often employed due to the large computational costs
and domain sizes simulated, what may have been an issue for the accurate representation of the
flame fronts. Also, single-step kinetics still dominate the literature, what is known to present
issues regarding flame response to preheating [299]. Concerning radiation, it has been increas-
ingly included in the microscopic models. However, whilst radiation is undeniably an important
mode of heat transfer affecting burner operability, it was not found to influence the combustion
dynamics at the pore level. In addition, in [125] it was shown that the qualitative stabilization
behavior of flames in finite-length burners was lowly affected by radiation.

In the works reported above and more generally in the vast majority of the literature of porous
media combustion, the pore sizes are typically larger than the flame thermal thickness, giving
rise to sharp, laminar flame fronts, very similar to the ones classically found in the wake of bluff
bodies or injectors. This has major and direct consequences regarding VAM. First there is a
blatant violation of length-scale separation between micro and macro-scale gradients required for
upscaling procedures [160]. Moreover, there is usually the implicit assuming that the flame front
is locally planar, though both experiments and pore-scale simulations suggest otherwise. In the
same line of thought, VAM usually oversee the response of flame fronts to stretching, curvature,
non-homogeneous preheating or near-wall quenching taking place in the interstitial flow at the
pore level. Finally, though some classical assumptions of VAM for PMC are well documented,
such as a interphase heat exchange, or the existence of an effective solid conductivity, the role
of hydrodynamic dispersion within PMC remains unsettled. Although dispersion undeniably
occurs within porous burners, its macroscale modelling through an increase in diffusivities also
leads to a flame acceleration in the VAM which has not yet been linked to the pore-scale combus-
tion processes. This increase in diffusivities implicitly assumes perfect mixing and subsequent
combustion in volume at the macroscale, which is in contradiction with the observed thin flame
fronts.

Fundamentally, all these remarks are related to the commutation errors between the averaging
procedure and the pointwise operators, suggesting an analogy with the modelling issues of
turbulent combustion. Similarly, an appropriate closure for the strongly non-linear reaction
rates is crucial to retrieve a correct burning rate and the global behaviour at the burner scale.
Unfortunately, to the authors’ knowledge no such closure model was proposed to date for PMC.
By means of 3D DPLS and associated VAM simulations for various pore sizes and geometries,
this paper addresses the intrinsic modelling difficulties of volume-averaging for porous media
combustion - when the pore size is larger than the flame thickness. It is shown that, even
when the VAM is fed with effective parameters estimated directly on the simulated domains,
large errors regarding VAM predictions for flame acceleration and spatially-averaged profiles are
observed. The factors driving burning rate locally, such as flame surface density, preheating,
wall quenching and stretch are investigated. Also, an a priori analysis is performed from the
microscopic governing equations to address the sources of error in the intensity and functional
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form of the macroscopic volume-averaged terms. Eventually, based upon a flamelet approach
at pore scale, this study leads to the formulation of a new macroscale model for reaction rates.
It includes flame wrinkling in the volume-averaged reaction terms and removes the artificial
increase in flame speed related to hydrodynamic dispersion.

The paper is organised as follows. In Section 2 the 3D DPLS are presented, as well as the
corresponding VAM. In Section 3, the effective properties fed in the VAM are computed, and the
pore-level structure of the submerged flames is described. In Section 4, the relationships between
the DPLS and the VAM are investigated - notably in the perspective micro vs. macroscale
burning rate. Eventually, Section 5 presents an attempt at closing the gap between the DPLS
and the VAM through a closure model for reaction rates based on the observations from the
DPLS.

6.2. Microscopic and macroscopic models

6.2.1. 3D Direct Pore-Resolved Simulations

6.2.1.1. Computational domains

As depicted in Figure 6.1, five different computational domains are considered: R2, R1, D4,
D2 and D1, whose general characteristics are given in Table 6.1. Mean porosity ϵ̄ represents
the mean void fraction within the porous structure and L the length of the solid matrix. The
domains comprise gaseous inlet and outlet regions of respectively 3 and 6 mm. The letter in
their denomination refers to their type of matrix topology: either a reticulated random foam (R)

R2

R1

D2

D1

D4
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3 mm
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6 mm

Figure 6.1. – Computational domains. Flow from left to right.
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obtained via X-Ray tomography of a SiC foam, or a regular lattice (D) based on the diamond
Triply-Periodic Minimal Surface:

solid region ⇐⇒ sin(kx)sin(ky)sin(kz) (6.1)
+sin(kx)cos(ky)cos(kz)
+cos(kx)sin(ky)cos(kz)
+cos(kx)cos(ky)sin(kz) > t,

where k is the spatial wavenumber and here t = 0.27 yields a mean porosity ϵ̄ near 0.6. The
associated numeral (1, 2 or 4) refers to their approximate mean pore diameter d̄p in mm, com-
puted by a local thickness filter on the final geometry. A more local information about the
topology of the computational domains is given in Figure 6.2(a) with the pore size density and
Figure 6.2(b) with the transverse-averaged (slice) porosity ⟨ϵ⟩x. In Figure 6.2 it is observed
that quite large variations of transversal porosity occur along the burner axis, foreshadowing a
possible hydrodynamic anchoring of the flame.

The meshes consist of unstructured tetrahedra. In the gas phase, the prescribed mesh size
is uniform (80 µm), yielding an error below 2% on flame speed at 300 K and 600 K in planar
1D adiabatic free flames. In the solid phase, the mesh size is similar (< 100 µm). Note that
compared to previous studies shown in Table 5.1, our work may be considered well resolved. A
mesh convergence study was performed down to 40 µm and found that the resolution of 80 µm
was sufficient in the 3D case, which is expected because the flame fronts are the most stringent
constraint.

Due to heat recirculation, at least a convective time scale within the gas phase must be
computed (∼ 10−2 s). The small mesh size requirement imposes a time step of the order of 10−9 s,
so typically the convergence of one solution point requires 107 iterations. The computational
cost for one simulation point was approximately 106 core-hours. The simulations were performed
on the clusters MareNostrum 4, BSC, Spain and Jean-Zay, Idris, France.

Table 6.1. – Characterisation of the computational domains.
d̄p

(mm)
ϵ̄

(-)
L

(mm)
nb. cells gas

(million)
nb. cells solid

(million)
R2 1.75 0.61 18.2 21.3 3.8
R1 1.08 0.59 18.1 19.9 7.0
D4 3.90 0.63 18.8 37.6 6.5
D2 2.02 0.62 18.8 4.8 2.5
D1 1.07 0.63 18.8 2.4 0.8

6.2.1.2. Gaseous phase

In the gaseous phase, the compressible reactive Navier-Stokes parallel solver AVBP is used
with the TTGC scheme [300], which is third order in space and time. No subgrid scale model is
used. Inlet and outlet boundaries are treated via the NSCBC formalism [301]. At the inlet, a
CH4-air mixture is injected at constant velocity Uin and temperature Tin = 300 K. At the outlet,
a constant pressure of 1 atm is imposed. On the sides, symmetry conditions are adopted. We
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Figure 6.2. – Local characterization of the geometries.

recall the pointwise (microscopic) governing equations in AVBP:
∂ρg,k
∂t

+∇ · (ρg,ku) +∇ · Jk − ω̇k = 0, (6.2)
∂ρgu
∂t

+∇ · (ρguu) +∇ ·
[
P I− τ

]
= 0, (6.3)

∂ρgE

∂t
+∇ · (ρgEu) +∇ ·

[
u ·
(
P I− τ

)
+ q

]
− ω̇0

T = 0. (6.4)

The underlying hypotheses are described in detail in Chapter 2. So as to simulate a realistic
behavior of the flame front, an Analytically-Reduced Chemistry (ARC) is derived from a hier-
archical kinetic mechanism developed by the CRECK modelling Group [302]. The reduction is
performed using ARCANE [303] based on DRGEP method and the Quasi-Steady-State formal-
ism (QSS). During the reduction laminar CH4-air premixed flames are used to target laminar
flame speeds and adiabatic temperatures with less than 5% and 1% error respectively on the
whole range of flammability for pressures between 0.3 and 5 bar. Auto-ignition times are also
targeted with less than 5% deviation in constant pressure reactors with initial temperatures
from 2000 K to 3000 K. The resulting chemical scheme (available in the general Appendix A
at the end of this thesis) is labeled CH4_15_138_9_AP and comprises 15 transported species
N2, H2, H, O2, O, H2O, OH, CO, CO2, CH4, CH3, CH2O, C2H6, C2H2, CH2 and 9 QSS species
HO2, CH3OH, CH2OH, HCO, C2H5, C2H4, C2H3 CH2CO for a total of 138 reversible reactions.
The intrinsic characterisation of the inlet mixture (equivalence ratio ϕ, reference flame speed
S0
L, thermal flame thickness δ0

L and equilibrium temperature Tad) are given in Table 6.2.
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6.2 Microscopic and macroscopic models

ϕ S0
L δ0

L Tad
0.72 20 cm s−1 0.63 mm 1883 K

Table 6.2. – Adiabatic free-flame properties.

Because the response of the flame to preheating is absolutely crucial in PMC, we show in
Figure 6.3 a plot of the flame acceleration in terms of mass flux, Γp = ṁ/ρinS

0
L, for the considered

mixture. It is observed that the ARC mechanism adequately retrieves the response to the
temperature Tpreheating. A best fit of Γp is shown and used for post-processing.
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Figure 6.3. – Flame acceleration due to preheating.

6.2.1.3. Solid phase

In the solid phase, the solver AVTP [304] is used to compute the heat equation assuming
Fourier’s law:

ρscs
∂Ts
∂t
−∇ · [λs∇Ts] = 0, (6.5)

Spatial discretization uses second-order Galerkin diffusion scheme, and time integration is per-
formed with an implicit first-order forward Euler scheme. The resolution of the implicit system
is achieved through a parallel matrix-free conjugate gradient method [305]. Adiabatic walls are
prescribed on the sides. Conductivity λs is set constant to 10 W m−1 K−1.

6.2.1.4. A word on radiation

There exists a priori three modes of internal radiative heat transfer within porous media.
The first concerns gas↔gas and gas↔solid heat transfer, but those have been neglected in
previous studies because the gases are deemed transparent. For solid↔solid heat transfer, it
is usually assumed that the porous network acts as an effective medium where the Radiative
Transfer Equation (RTE) applies with effective macroscale coefficients. The determination of
these effective properties, and the conditions under which this modelling is valid is an open
question. Nonetheless, it has now become standard to resolve numerically the RTE or its
various approximations in VAM, what allows to retrieve with more or less accuracy experimental
temperature profiles [34, 159, 216]. The progressive influence of radiation on the stability of
burners of finite length was studied by Sathe et al. [217], where it was found that the qualitative
behavior of the flame is lowly affected by radiation. Similar conclusions were obtained by Mendes
et al. [125]. Physically-speaking, radiation does change the macroscopic temperature profile
due to external heat losses and increased heat recirculation, which in turn changes the burner
operability - but from the point of view of the intertwined flame front and the general mechanism
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of heat recirculation, radiation has negligible local influence at pore scale. Its inclusion would,
in fact, be detrimental to the goal of comparing DPLS and VAM, because it introduces a further
confounding factor and requires an elaborate study of the upscaled radiative model. So, for the
sake of simplicity and pedagogy, and without altering the physics of the flame front, radiation
is not considered in our numerical model.

6.2.1.5. Coupling strategy

The two softwares AVBP and AVTP are coupled through the library CWIPI [304]. At the
gas/solid boundary Ags, AVTP imposes the temperature and AVBP the energy flux, so that:

λg∇Tg · ngs = λs∇Ts · ngs and Ts = Tg on Ags. (6.6)

ngs is the unit normal vector gas → solid, as shown in Figure 6.4. The AVBP-AVTP coupling
strategy was tested on various configurations and shows good agreement with experimental data
[306]. Since only steady states are of interest, the two solvers are not synchronized and the solid
is typically computed over a time span several thousands of times larger than the fluid. This
time-decoupling strategy was used in packed-bed combustion [137] and yielded the same results
than matched time steps. In addition, the no-slip and non-permeable-inert conditions at the
gas/solid interface imposes:

u = 0 and Jk · ngs = 0 on Ags. (6.7)

6.2.2. 1D Volume-Averaged Model
Figure 6.4 presents the principle of volume-averaging used in the present work, adapted to the

framework of porous burners with a preferential flow direction (here x). The integration domain,
centered on x, is also called Representative Elementary Volume (REV), and has a thickness of
2 r0. In our simulations it was found that a value of r0 ∼ dp/2 could smooth local variations
and avoid macroscopic gradients so the typical size of the REV is chosen to be equal to dp for
all domains. Moderate modifications to this integration size led to neither qualitatively nor
quantitatively different conclusions. The integration is performed over y. The intrinsic averages
in the gas ⟨·⟩g and solid ⟨·⟩s phases are defined by:

⟨ψ⟩g = 1
Vg

∫
Vg

ψ dV and ⟨ψ⟩s = 1
Vs

∫
Vs

ψ dV (6.8)

where Vg and Vs are the gas and solid regions contained within the REV.
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Figure 6.4. – Principle of volume-averaging and shape of the REV.
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6.2 Microscopic and macroscopic models

6.2.2.1. Governing equations

The classical 1D volume-averaged equations for porous media combustion are [29, 34, 136,
159, 220, 307]:

ϵ ⟨ρg⟩g ⟨u⟩g ∂x ⟨Yk⟩g + ∂x
[
ϵJeff
k

]
− ϵ ⟨ω̇k⟩g = 0, (6.9)

ϵ ⟨ρg⟩g ⟨u⟩g
〈
cpg

〉g
∂x ⟨Tg⟩g − ∂x

[
ϵ ⟨ρg⟩g

〈
cpg

〉g
Deff
th∂x ⟨Tg⟩

g
]

+
∑

k
ϵ
〈
cpg ,k

〉g
Jeff
k ∂x ⟨Tg⟩

g + ϵ ⟨ω̇T ⟩g + hV (⟨Tg⟩g − ⟨Ts⟩s) = 0, (6.10)

∂x
[
λeff
s ∂x ⟨Ts⟩

s
]

+ hV (⟨Tg⟩g − ⟨Ts⟩s) = 0, (6.11)

where ϵ is the local porosity, ⟨Ts⟩s the solid temperature, hV the interphase heat transfer coef-
ficient. The macroscale effective diffusive flux Jeff

k is:

Jeff
k = −⟨ρg⟩g

[
Deff
k

Wk

⟨W ⟩g
∂x ⟨Xk⟩g − ⟨Yk⟩g V eff

c

]
, (6.12)

where ⟨W ⟩g is the mean molar mass, ⟨Xk⟩g the molar fractions and V eff
c the macroscale correction

velocity:

V eff
c =

N∑
k=1

Deff
k

Wk

⟨W ⟩g
∂x ⟨Xk⟩g . (6.13)

The dispersion coefficient Ddis, defined later in Equation (6.21), gives:

Deff
k = ⟨Dk⟩g +Ddis (6.14)

and:
Deff
th = ⟨λg⟩g

⟨ρg⟩g
〈
cpg

〉g +Ddis. (6.15)

These equations are standard but not derived via an exact mathematical procedure since com-
mutations between averages, products and operators were required. They are to some extent ad
hoc and the dispersion coefficient Ddis is an important model parameter. From the perspective
of combustion, the main model is ⟨ω̇k⟩g, which is usually assumed as a simple commutation with
the averages:

⟨ω̇k⟩g = ω̇k

(
⟨ρg⟩g , ⟨Tg⟩g , ⟨Yk⟩g

)
. (6.16)

The volume-averaged heat release rate is:

⟨ω̇T ⟩g =
∑

k
⟨hk⟩g ⟨ω̇k⟩g . (6.17)

Contrary to Equation (6.4), Equation (6.10) is based on the temperature, therefore the volume-
averaged heat release rate is in fact rigorously equal to:

⟨ω̇T ⟩g =
∑

k
⟨hs,k⟩g ⟨ω̇k⟩g +

〈
ω̇0
T

〉g
(6.18)

=
∑

k
⟨hs,k⟩g ⟨ω̇k⟩g +

∑
k

∆hf,0k (Tref,h) ⟨ω̇k⟩g ,

but for simplicity and because the influence of sensible enthalpies is largely negligible, it is
assumed that ⟨ω̇T ⟩g =

〈
ω̇0
T

〉g
. For the numerical resolution, the software Cantera [112] is

adapted to resolve the kinetic scheme of Section 2.1.2 and the VAM governing equations. For
numerical stability, the field of porosity ϵ is smoothed over 0.1 mm in Cantera at the in-
let/outlet boundaries of the solid. Also, porosity is assumed constant at the core of the solid
ϵ = ϵ̄. Compared to AVBP, Cantera assumes no viscous heat production and constant pres-
sure, two assumptions which introduce negligible errors in the present configurations.
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6.3. Results and discussion
6.3.1. Macroscopic effective properties

There exists several methodologies to feed the VAM with effective properties. The first is
to make use of existing correlations determined experimentally or numerically: there is, for
instance, a series of estimations for heat transfer coefficient hV [196, 197, 199, 200], each having
its own range of validity in terms of temperature, flow rate, porosity, pore size, etc. Another
example, in asymptotic analyses it is often assumed that the effective conductivity is simply
given by the porosity so that: λeff

s = (1 − ϵ)λs [299, 308], an estimation retrieved during the
upscaling procedure by neglecting local deviations. Correlations for dispersion can also be found
in [208]. Such estimations are typically quite accurate in terms of order of magnitude, but these
do not take into account the specificity of each geometrical domain and introduce uncertainties
when comparing VAM and DPLS.

A second methodology, adopted in this work, is to estimate directly the effective parameters
of the computational domains by performing independent numerical simulations in the solid
and gas phases [220]. Although it is not ensured that the magnitude and functional forms
of the effective macroscale models are the same in non-reactive (independent) and reactive
(coupled) simulations, this corresponds to the classical methodology used to date in porous
media combustion (this issue is addressed in Section 4.3). The values obtained from the 3D
computational domains and reported in Table 6.3 and the procedure to obtain them, close to
what could be done in experiments, is now described.

Table 6.3. – Macroscale properties of the various domains.
hV

(W m−3 K−1)
λeff
s

(W m−1 K−1)
Adis

(m)
R2 1.0× 105 2.3 2.6× 10−3

R1 4.1× 105 2.7 1.4× 10−3

D4 6.3× 104 1.8 7.3× 10−4

D2 2.3× 105 1.7 6.2× 10−4

D1 3.6× 105 2.0 3.4× 10−4

6.3.1.1. Effective thermal conductivity

The solid effective conductivity λeff
s is determined via transient simulations in the solid domain

only, by excitation of the first longitudinal cosine mode with adiabatic boundary conditions. The
interest of this method is the simplicity of the evolution of the system throughout time. Indeed,
by setting the initial temperature at time t = 0 as:

Ts(x) = T 0
s + ∆Ts cos

(
πx

L

)
, (6.19)

the solution of the equivalent, macroscopic heat equation is:

⟨Ts⟩s (x) = T 0
s + ∆Ts cos

(
πx

L

)
exp

(
−π2λeff

s t

(1− ϵ)ρscsL2

)
. (6.20)

In the simulations it is assumed that T 0
s = 600 K and ∆Ts = 100 K, but due to the linearity

of the heat equation the exact values do not matter. A comparison between the evolution of
⟨Ts⟩s in the simulations and a best fit of λeff

s based on Equation (6.20) is shown in Figure 6.5
for domain R1. Similar agreement was found for all the geometries.
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Figure 6.5. – Fitting of effective thermal conductivity for domain R1 (time computed: 21 s).
Profiles evenly distributed in time.

6.3.1.2. Dispersion coefficient

A classical experiment performed to both understand and measure hydrodynamic dispersion is
shown in Figure 6.6. From a steady-state cold flow solution (T 0

g = 300 K), a small discontinuity
of temperature (δTg = 10 K) is imposed at time t = 0, with adiabatic conditions at the fluid-solid
boundary. Due to the meandering nature of the flow (effects of velocity gradients, tortuosity,
no-slip conditions, transverse diffusion, recirculation zones, etc.) the shape of the initial pulse
is rapidly lost. At the macroscale, the averaged profiles are substantially more broadened than
in a 1D free-flow: this is hydrodynamic dispersion, which is classically modelled as an increase
in effective thermal diffusivity in the gas phase. The intensity of dispersion being related to the
velocity fluctuations, it is often assumed that the dispersion coefficient follows a linear trend
with regard to the interstitial longitudinal flow velocity ⟨u⟩g. Following [136], the dispersion
coefficient Ddis may be written accordingly as:

Ddis = 0.5 ·Adis · ⟨u⟩g . (6.21)

In the macroscale equation, the resulting thermal effective diffusion coefficient is therefore as-
sumed to be of the form:

Deff
th = ⟨λg⟩g

⟨ρg⟩g
〈
cpg

〉g + 0.5 ·Adis · ⟨u⟩g . (6.22)

where the volume-averaged values vary only slightly due to the temperature variations. Note
that in the limit ⟨u⟩g → 0, the intrinsic diffusivity of gas phase is exactly retrieved, what boils
down to neglecting tortuosity effects found at ultra-low velocities [208]. At the macroscopic
scale, the transient governing equation of convection-diffusion is:

∂ ⟨Tg⟩g

∂t
−Deff

th

∂2 ⟨Tg⟩g

∂x′2 = 0. (6.23)

where x′ = x + ⟨u⟩g t is the referential of the moving initial pulse. Its solution can be found
easily through a Fourier transform, supposing an infinite medium. Back to the real space, it is:

⟨Tg⟩g (x′, t) = T 0
g + δTg

2

√
1

πDeff
th t

∫ 0

−∞
exp

[
−(x′ − y′)2

4Deff
th t

]
dy′, (6.24)

where y′ is a dummy integration variable. In the reference frame, this leads to:

⟨Tg⟩g (x, t) = T0 + δTg
2

[
1− erf

(
x− ⟨u⟩g t
2
√
Deff t

)]
. (6.25)
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A best fit of Equation (6.25), together with Equation (6.22) onto the simulation is shown in
Figure 6.7 for domain R1, where the three solutions fields of Figure 6.6 correspond to the three
leftmost profiles. A very good functional agreement is found, which confirms the existence of
relatively strong dispersion potential within our geometries.
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Figure 6.6. – Illustration of dispersion in physical space, slices, domain R1, from t = 0 to 2 ms,
inlet velocity Uin = 1 m s−1.
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Figure 6.7. – Fitting of dispersion coefficient for domain R1 (Uin = 1 m s−1, time computed:
5 ms). Profiles evenly distributed in time: the first three profiles on the left corre-
spond to that of Figure 6.6.

6.3.1.3. Interphase heat transfer coefficient

When there exists locally a gradient at the gas/solid interface, heat is transferred between the
two phases. This typically occurs when the macroscopic temperatures of the gas ⟨Tg⟩g and solid
⟨Ts⟩s are different. Accordingly, the macroscale heat transfer per unit volume from the gas to
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the solid Qgs is often modelled through a heat transfer coefficient hV as:

Qgs = hV [⟨Tg⟩g − ⟨Ts⟩s] . (6.26)

In some situations, this heat transfer is so large that the thermal equilibrium between the
two phases is enforced. This led some authors to consider the framework of Local Thermal
Equilibrium (LTE), in which the solid energy equation is discarded and the system gas+solid
is viewed as an effective medium [191–193]. In porous media combustion, however, the large
temperature gradients generated by the flame are mostly incompatible with LTE hypothesis.
This is why the Local Thermal Non-Equilibrium hypothesis (LTNE) is rather employed through
Equation (6.26), requiring a specific energy equation in the solid phase [194, 307].

Contrary to λeff
s and Adis, the interphase volume heat transfer coefficient hV is fitted directly

on the DPLS, and not determined independently. This is due to the large discrepancies observed
between attempted gas-only simulations (e.g. relaxation of gas temperature into a hot solid) and
reactive gas-solid simulations. Moreover, for simplicity it is chosen to set a constant hV in the
VAM simulations, so finding a sufficiently reliable value requires a somewhat direct measurement.
A best fit of Equation (6.26) is shown in Figure 6.8 for domain D2. Expectedly, the agreement
is less good in the combustion zone but for the important preheating region the correlation is
deemed sufficient. Other correlations have been tested including dependencies upon the Reynolds
number and thermal conductivity, with minor improvements.
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Figure 6.8. – Fit of constant hV on domain D2.

6.3.2. Structure of the submerged flame
The pore-level structure of flames embedded in porous media is now investigated. For each

domain, a steady-state condition for which the flame is fully submerged inside the porous matrix
is computed. The corresponding values for inlet velocities Uin and pore-based Reynolds numbers
Rep = ρinUind̄p/µin are given in Tab. 6.4. Steadiness conditions were assessed through both
macroscopic values such as total kinetic energy, total heat release, and total interphase heat
transfer, but also based on local probes in the flow to detect local unsteady behavior. Notably,
since the solid is globally adiabatic, a good indicator of convergence was found to be the integral
of the interphase heat transfer Qgs, which was imposed to be below 1% of the total chemical
energy release per time unit. For domain D4, due to the larger pore size thus larger Reynolds
number, no steady-state solution could be obtained, and an intermittent hydrodynamic cycle
was observed. So as to keep a coherent steady framework it was decided to increase artificially
the dynamic viscosity µ by a factor of 3, for case D4 only, hence the relatively low associated
Reynolds number in Tab. 6.4. This is achieved by increasing µref in Equation (2.33) by a factor
of 3. The other intrinsic gas properties, such as thermal and species diffusivities, were kept
constant by increasing the Prandtl and Schmidt numbers of the same factor. It was checked
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in a 1D simulation that the resulting flame speed was unaffected. Despite this small change
in operating condition, case D4 is relevant to study the influence of the ratio of pore size to
flame thickness whilst remaining within steady-state framework. This observation underlines
that steady-state volume-averaged models may be unadapted for burners of large pores (here
D4 corresponds approximately to 10-15 PPI).

Table 6.4. – Inlet velocities Uin and pore-based Reynolds numbers Rep.
R2 R1 D4 D2 D1

Uin - m s−1 0.60 0.65 0.80 0.60 0.65
Rep 56.1 37.5 55.5 64.7 37.1

A 3D overview of the solutions is shown in Figure 6.9, where the reaction zone is colored in
black (heat-release rate iso-surface). Both streamlines and the solid are colored by temperature.
It is observed that the flame fronts are not planar, subject to local anchoring, and spatially
distributed along the longitudinal axis, what seems inconsistent with the intrinsic hypotheses of
the VAM. Also, the streamlines indicate that the flow is largely preheated by the solid matrix
before reaching the reaction zone. This preheating reduces the thermal thickness below the
reference value δ0

L = 0.63 mm, typically near 0.4-0.5 mm. From the streamlines it is inferred
that the flow is more tortuous in R than D domains, which is coherent with their value of Adis.
Note also that between geometries D2 and D1, the anchoring pattern is similar.
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Figure 6.9. – 3D view of the solutions points used in this work. Solid/streamline coloring - blue
cold, red hot regions. Black region: isocontour of heat release (3× 109 W m−3).

The local anchoring of the flame fronts may be further investigated in Figure 6.10, which shows
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slices colored by gas and solid temperatures (blue to red), heat release rate (black), and gas →
solid heat transfer (green to purple). It is observed that flames have a tendency to stabilize in the
wake of the porous obstacles, with a very large positive gas→ solid heat transfer near the flame
feet (wall quenching), suggesting a combination of both thermal and hydrodynamic anchoring.
In the reticulated geometries, the sign of the heat transfer does not follow easy patterns. In
diamond geometries, however, it is clearly visible that mostly the upstream part of the obstacles
heat up the flow. Overall, superadiabatic temperatures are observed locally, in the form of
inhomogeneous pockets which rapidly equilibriate downstream of the heat release region. In
domain D4, due to the low ratio dp/L some super and underadiabatic pockets leave the porous
matrix. In all domains, some inhomogeneities in the preheating region indicate that the flow is
largely three-dimensional, so one should keep in mind that slices are insufficient to comprehend
the global flow structure. This also substantiates the use of a LTNE model. Figure 6.10 shows
again that the flame fronts are definitely not planar, and in domain D4 the flame front is so
distorted that it touches downstream pores. This finger-like structure is reminiscent of the works
of [259] in a thin-layered porous burner.
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Figure 6.10. – Slices in various domains. Gas/solid temperatures, heat release rate and inter-
phase heat transfer.

The 3D structure of the flame and flow is further investigated through Figure 6.11, which
shows respectively the fields of (a) reduced methane mass fraction YCH4/max(Y 0

CH4), (b) reduced
intermediate species H mass fraction YH/max(Y 0

H) and (c) longitudinal velocity component u.
The 0 superscript refer to the reference laminar flame profiles. Figure 6.11(a) reveals again that
the fuel is consumed over a very thin region of space, which confirms the classical vision that
flames in porous media may be viewed to some extent as preheated laminar flames, and that
combustion does not occur homogeneously at the scale of the REV. Figure 6.11(b) shows the
multi-dimensional accumulation of the intermediate species H, a phenomenon enhanced for light
species with pronounced preferential diffusion. These transverse deviations constitute a further
difficulty for 1D models, expectedly leading to additional errors regarding global heat release
rate and thus burning rate. In Figure 6.11(c) it is observed that there exists local constrictions
and expansions of the flow, hinting that some regions may be preferential for flame anchoring,
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that is, behind obstacles. A comparison between Figures 6.11(a) and (c) suggests that the flame
fronts are preferentially anchored in regions of flow expansion for decreasing u values. Note that
values up to 50 times the inlet velocity are attained within the porous matrix, originating from
the combined effects of global porosity, tight throats and flow expansion due to combustion.
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Figure 6.11. – Slices in domain R1: (a) reduced CH4 mass fraction, (b) reduced H mass fraction
and (c) longitudinal velocity u.

6.4. DPLS vs. VAM

In the previous section, intrinsic discrepancies between the flame structure in the DPLS and
classical derivation hypotheses of the VAM have been unveiled, such as the presence of sharp,
wrinkled, and longitudinally-distributed flame fronts, but also wall quenching, a potential “dis-
crete” hydrodynamic anchoring, and a complex 3D chemistry field. In this section, we move
beyond these qualitative observations to more quantitative comments. The predictions of the
VAM in terms of burning rate and physical profiles are discussed. Then, an a priori benchmark-
ing of the main macroscale models such as the effective solid thermal conductivity, dispersion
and reaction rates is performed, allowing to unveil additional sources of modelling errors.

6.4.1. Burning rate

Due to the preheating within the solid matrix and the multi-dimensional nature of the flame
front, the burning rate of flames within porous media is known to be substantially larger than
the 1D free flame at the same inlet conditions. The resulting acceleration may be measured by
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the parameter Γ:

Γ = Uin
ϵ̄ S0

L

= Ṁin
ϵ̄ ṁ0AT

, (6.27)

which compares the inlet burning velocity Uin to S0
L, mean porosity effects leading to flow

constriction set aside. Ṁin denotes the integrated inlet mass flux, AT the cross-section area of
the domain and ṁ0 = ρinS

0
L the mass flux per surface unit of the reference laminar flame. In

porous burners of finite length, 1D theory predicts that for a steady flame position in the solid
matrix xp ∈ [0, L], only portions of the curve ∂Γ/∂xp > 0 are stable - which is known to occur
only in the upstream half of the burner. This seems contradictory with the cases R2 and D2
of Figure 6.9, where the flame could be stabilized in the downstream half of the burner. This
difference has two origins. First, in our simulations we have found that the stable range of the
burners was quite narrow. This may be explained by the global adiabaticity of the solid matrix,
which is known to lead to a near-plateau for the curve Γ vs. xp so that downstream flames
are only slightly unstable [125]. Then, this potential instability is in fact absorbed by the local
changes in flame area, which constitute an additional, stabilizing degree of freedom. This is also
potentially a source of hysteresis: several positions could be reached in the burner for the same
Uin (not shown). This has important modelling implications, because the internal flame surface
is absent from the VAM and a priori unknown for a given flame position, burning rate, etc.

Similar to LES for turbulent combustion, the filtering process is mostly problematic for the
reaction rates, whose integral is directly related to Γ. And because the burning rate is very
sensible to the combustion model and the (linked) physical profiles, it is expectedly a difficult
quantity to predict. In that context, Figure 6.12 compares Γ values in the DPLS and corre-
sponding VAM simulations, obtained by fixing the same position of maximum of heat release
in the porous medium. Another strategy could have consisted in comparing flame positions for
the same Γ values, but for a given inlet velocity it is not ensured that a stable flame position
exists and the error made on Γ could not be quantified. In Figure 6.12, discrepancies between
the VAM and the DPLS are observed, notably for R geometries and for the large pore case
D4. Overall, the burning rate seems overestimated in R geometries, and underestimated in D
geometries. This may be directly attributed to the different intensities of dispersion fed into the
VAM. More especially, given the fact that between R2/D2 and R1/D1 cases, the porous length
L, effective solid conductivity λeff

s , heat transfer coefficient hV and DPLS Γ values are very close,
it indicates that hydrodynamic dispersion is at least partly uncorrelated to the burning rate in
real burners.

R2 R1 D4 D2 D1
0
2
4
6
8

Γ

DPLS VAM w/ Equation (6.16)

Figure 6.12. – DPLS vs. VAM with properties of Table 6.3.

One may understand the phenomenological issue with dispersion at the macroscale by con-
sidering the limit hV → 0. In that case Equation (6.10) becomes that of an adiabatic flame of
increased thermal conductivity. However, for unity Lewis flames in adiabatic porous burners,
the flame acceleration was shown to be only related to the flame surface [282], which has no
reason to be quantitatively linked to the acceleration due to dispersion. Here for instance be-
tween cases R2 and D2, the flame areas are basically the same in the DPLS but intensities of
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dispersion are very different which is a source of error on Γ in the VAM.

6.4.2. Profiles in physical space
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Figure 6.13. – Gas/solid temperature profiles, DPLS vs. VAM, domain D2.
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Figure 6.14. – Mass fraction profiles, DPLS vs. VAM, domain D2.
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Figure 6.15. – Average HRR in the DPLS vs. HRR computed in the VAM, domain D2.

We now move beyond integral values to the physical space through Figures 6.13, 6.14 and 6.15,
which compare DPLS and VAM profiles for gas/solid temperatures, CH4 and H reduced mass
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fractions and heat release rate for domain D2. It is observed that VAM profiles only recover
qualitatively that of the DPLS, with a similarity mainly originating from the matched position
of the flame in the VAM. Overall, the profiles in the DPLS appear smoother, especially regarding
species and heat release rate profiles. This is the signature of the longitudinal distribution of
the flame fronts, as visible in Figure 6.9. Similar agreements and trends are found for the other
geometries. These results suggest that, in experiments, approximate agreement of temperature
profiles should not be used to discuss the quality of volume-averaged models, because similar
macroscale physical profiles may show very different burning rates. The same goes for analyses
of output gas compositions, which represent a rather indirect information on the quality of the
solution and the actual links DPLS/VAM.

A further modelling issue may be stressed by noticing the discrepancy in (functional) shape
for species concentration and heat release rate profiles between the VAM and the DPLS, hinting
that a modification of the effective properties may not be sufficient to recover macroscopic
profiles with more accuracy. For instance, increasing artificially dispersion to smooth further
the profiles may improve the spatial agreement but may in turn largely affect Γ values. This
implies that the question of whether the VAM can retrieve at the same time the burning rate
and the spatial profiles, is an open and possibly uncertain question.

As a final remark, note how the local superadiabatic behavior of the flame fronts in Figure 6.10
is mostly absent from the VAM profiles of Figure 6.13, while being present locally in the 3D
fields.

6.4.3. Other sources of error for the volume-averaged framework
The VAM and the DPLS share the same thermo-chemical scheme, with only very minor

intrinsic differences in the modelling equations - such as constant pressure and zero viscous
dissipation in Cantera. However, these modelling differences are largely negligible compared to
the other terms in the equations (for instance, typical pressure drops measured in our simulations
were of the order 0.2-2% of the atmospheric pressure). Those are insufficient to account for the
discrepancies in terms of burning rates and physical profiles. This leaves two possible origins for
the observed differences:

– (O1): a wrong estimation of the effective properties ;
– (O2): a wrong functional form for the closure models.

To illustrate (O1), it is for instance not ensured that the effective conductivity measured in the
solid phase is the same between non-reactive (independent) and reactive (coupled) situations.
Estimating these parameters in the reactive coupled simulations requires the rigorous comparison
of mass and energy budgets between the microscopic and macroscopic equations, a procedure
which also informs about (O2). For the sake of conciseness here, this analysis is performed
in Appendix 6.A based upon the upscaling procedure of Chapter 2 ; overall, it is found that
the effective solid conductivity is slightly different in reactive situations though presenting good
functional modelling, whilst the dispersion model struggles more to catch the complex convective
and diffusive deviations from the averages, especially in the reaction zone. In agreement with
our previous remarks, it is a further clue that dispersion may be incompatible with thin flame
fronts.

From the point of view of combustion, the most important model is the ⟨ω̇k⟩g and concerns
directly (O2). In LES, it is notorious that the simple commutation of the reaction rates with
the averages fails [115]. For filtered porous media burners, the situation is similar. Figure 6.16
illustrates the difference between the averaged heat release rate in the DPLS ⟨ω̇T ⟩g and the heat
release rate value from the kinetic model computed at the averages ω̇T (⟨·⟩g), for domains D4,
D2 and D1. Clearly, Figure 6.16 shows that the simple commutation of reaction rates with their
averages is fundamentally flawed. In other terms, it means that if one were to retrieve exactly
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the averaged temperature and species profiles, a combustion model would be required. This lack
of commutation was predicted from previous physical observations on the solutions, namely the
longitudinal distribution of the flame fronts, their wrinkling, but mostly, their sharpness with
regard to the size of the REV. It is noticed that the relative commutation error, which may be
viewed through the ratio:

Eω̇T = max [ω̇T (⟨·⟩g)]
max [⟨ω̇T ⟩g]

, (6.28)

decreases with decreasing pore size (for even smaller pore sizes which were simulated but not
shown here, this ratio decreases to even lower values). This may be explained by three factors.
For decreasing pore size:

– the flame front becomes increasingly planar. This was notably observed by Gauthier in
small heat-recirculating tubes [131] ;

– the intensity of local deviations from the averages decrease, notably in terms of tempera-
ture. Progressively, the Biot number in the gas (but also solid) phases decreases and the
temperature profiles become more homogeneous. This simultaneously leads to the LTE
framework, also known as hyperdiffusive [307] ;

– the size of the REV also decreases, which reduces potential windowing errors.
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Figure 6.16. – Evaluation of the commutation error for heat release rate.

6.4.4. Discussion on the thermal Péclet number

In Chapter 2 we have seen that the ratio of pore diameter to thermal flame thickness dp/δL
is equal to the thermal Péclet number Pep,th, and related to the macroscale commutation error
of the reaction rates. In that line of thought, Figure 6.16 is complemented by cases R1 and R2
on Figure 6.17, which shows values of Eω̇T for all geometries as a function of the mean pore
diameter dp. The trend for varying pore size is seemingly validated among all geometry types.
The supposed limit for infinitely small pore size is also shown, for which the gas phase becomes
homogeneous at the scale of the (infinitely small) REV so that the commutation is a priori valid.
A case with a mean pore size of 0.5 mm (Pep,th ≃ 1) was also performed (not shown) and appears
to be consistent with the trend (Eω̇T ∼ 2). The fact that Eω̇T > 1 for Pep,th ≃ 1 is coherent
with the rationale developed in Chapter 2, arguing that the more stringent (shorter) thickness
of reaction δR should be considered to assess the validity of the commutation. Asymptotically,
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one has:
δR ∼

δL
β
, (6.29)

where β is the Zel’dovich number. Supposing that the commutation error becomes negligible
when δR ∼ dp, one finds the corresponding threshold value in terms of Péclet number:

Pecrp,th ∼ 1/β ∼ 0.1− 0.2, (6.30)

above which the commutation is a priori invalid, and a closure model is required. We recall
that, since hydrodynamic dispersion is also a function of the Péclet number and goes to zero
for Pep,th ≪ 1 [208], one can infer the important conclusion that there may be an intrinsic
exclusion between the validity of the classical volume-averaged equations and the presence of
hydrodynamic dispersion.
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Figure 6.17. – Commutation errors for all domains.

6.5. A new model for reaction rates?
6.5.1. Phenomenology of burning rate: DPLS vs.VAM

In the spirit of closing the gap between DPLS and VAM, the mechanisms driving burning
rates in the DPLS are now investigated. The aim is to propose an expression for the ⟨ω̇k⟩g
coherent with observations at the pore level. The first question to investigate is: if the flame
does not burn in volume at REV scale, then which factors account for its burning rate?

In the framework of thin flames, one idea is to consider a flamelet hypothesis, that is, viewing
the flame front as an infinitely-thin surface. Defining where and what is this surface is generally
an intricate task. Usually, the fuel progress variable:

cF = 1− YF
YF ,in

(6.31)

is used to near the maximum of heat release in the flame [309], and on that surface quantities
such as consumption speed, stretch, species concentrations, etc. may be used to model the local
consumption of the flame front. In this chapter, we have F = CH4. As shown in Figure 6.18,
the contour cF = 80% (blue) seems to correlate well with heat release in our simulations, and
is arguably a natural definition of “the” flame surface. However, in porous burners, contrary to
classical wrinkled flames in free flows, the upstream temperatures are locally non-homogeneous
- what has an influence on consumption speeds (Figure 6.3). Therefore, a local measure of
preheating, upstream of the flame front, is necessary. This requirement apparently excludes the
contour cF = 80%, because the influence of chemical heat release does not allow to retrieve
reliably the local preheating information. One alternative solution is therefore to fix the flame
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surface as the contour cF = 1%, upstream of the reaction and heat diffusion zones 1. However,
as observed in Figure 6.18, this surface may differ substantially from that at cF = 80% for the
largest pore size (D4), but also in reticulated geometries (see for example R1). This may be
attributed to the preferential diffusion of species, dispersion, and for geometry D4 especially,
the large distortion of the flame fronts (Figure 6.9). One further alternative could consist in
coming back to cF = 80% and to measure the preheating on a corresponding point at cF = 1%,
but all the tested attribution criteria (shortest geometrical distance, streamlines of velocity or
progress variable) did not provide more insight on the problem or were ill-posed in some regions
of the system. Therefore, being aware of the difficulties to assess where is the flame and how to
measure its preheating, it is chosen to stick to the contour cF = 1% and the flame surface A is
defined as:

A ≡ {cF = 1%}. (6.32)
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Figure 6.18. – Isocontours of 1% and 80% of fuel consumption (progress variable cF ).

On A, the local temperature is noted Tpreheating, the stretch rate κ, and the normal mass flux
per surface unit ṁn. More precisely, by introducing the 3D field of normals to the progress
variable n:

n = − ∇cF
|∇cF |

, (6.33)

one can define the local mass flux as:

ṁn = −ρg u · n, (6.34)

and the stretch rate as:
κ = ∇t · ut, (6.35)

where the tangential component of velocity ut and divergence operator ∇t on A are [115]:

ut = u− (u · n)n and ∇t · ut = −nn : ∇ut +∇ · ut. (6.36)

1. this is relevant as long as LeCH4 ≤ 1, because in that case the fuel species profile is broader.
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Locally, if the flame were 1D and solely governed by preheating effects, then one would find
ṁn = ṁ0Γp(Tpreheating). However, locally the flame front is subject to other phenomena, such as
near-wall quenching and stretch within the interstitial flow. The presence of these phenomena
are assessed in Figure 6.19, which shows a scatter plot of ṁn/ṁ0Γp(Tpreheating) versus reduced
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Figure 6.19. – Scatter plot and PDF on A, domain D2. Blue cold (pore centers), red hot regions
(near walls).
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0
L on A for domain D2. Afferent probability density functions (PDF) are

shown on the sides. The same plots for domains R1 and D4 are given in Appendix 6.B. Note
that this plot resembles turbulent combustion studies [310]. Blue points indicate colder regions
at the center of the pores, red points hotter regions near the walls. The cross in the middle
marks the mean values. It is observed that the PDF of ṁn/ṁ0Γp(Tpreheating) has a large peak
and a mean value in the neighborhood of 1. This seems to show that preheating governs largely
the burning rate at the pore level. The secondary peak near zero shows the influence of the
walls - in these regions the flame is quenched and the no-slip condition leads to zero values of
ṁn. Because there is seemingly a linear trend on the plot, we try and fit a function of the form
1 + cF · κ δ0

L/S
0
L, undepinning a preheated-stretched flamelet hypothesis:

ṁn = ṁ0 Γp(Tpreheating)
[
1 + cF · κ

δ0
L

S0
L

]
, (6.37)

though it it recognized that for geometries R1 and D4 there are large deviations to this model
due to the difficulty in defining A properly (see Appendix 6.B). In the following, ⟨·⟩A notes the
integration on the flame surface A. Using the symmetry conditions on the sides and the steady-
state assumption, it is found that the total inlet mass flux is equal to ṁn integrated over A,
that is Ṁin = ⟨ṁn⟩A. Accordingly, one can estimate the respective contributions of preheating
and stretch on global burning rate by integrating and splitting Equation (6.37) into:

Ṁin = ṁ0⟨Γp(Tpreheating)⟩A︸ ︷︷ ︸
Cp

+ ṁ0 cF
δ0
L

S0
L

⟨Γp(Tpreheating)κ⟩A︸ ︷︷ ︸
Cκ

. (6.38)

For all five domains, it is found that |Cκ| ≪ Cp, which is coherent with the fact that the reduced
stretch rate is centered near zero. In Equation (6.38), one may then neglect Cκ and assume
Cp ∼ Ṁin which leads, by commuting further Γp with ⟨·⟩A to:

Γ = Γw · Γp
(
⟨Tpreheating⟩A

)
. (6.39)
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This commutation leads to less than a few percent difference for all domains. The flame wrinkling
factor Γw results from the integration on A:

Γw = A
ϵ̄AT

, (6.40)

where it is recalled that AT is the transverse area of the domain. Equation (6.39) suggests
that preheating and flame wrinkling are the two primary mechanisms for flame acceleration
within PMC. Nonetheless, Table 6.5 shows that Equation (6.39) overestimates burning rate,
except for case D4. This is explained by near-wall quenching, which shifts the distribution of
ṁn/ṁ0Γp(Tpreheating) below unity in Figure 6.19. Furthermore, because these quenched regions
are also the hotter regions of A, there is a formal overestimation of Tpreheating and therefore of
Γp(Tpreheating). This overprediction is more pronounced for smaller pores, which may explain
the surprisingly similar Γ values despite two-fold variations in d̄p: for decreasing pore size, there
is an increase in heat recirculation but it may be compensated by larger near-wall quenching.
This has potentially important practical implications, because it implies that enhancing burning
rate in PMC may be preferentially achieved by increasing the solid thermal conductivity rather
than reducing the pore size. To conclude, it is stressed that hydrodynamic dispersion, which is
a macroscale effect, is absent from Equation (6.39) and the present local analysis of the flame
front. At pore scale, it is not clear how the burning rate would be influenced by dispersion.

Table 6.5. – Γ and Γw values.
R2 R1 D4 D2 D1

Γ, DPLS 4.91 5.51 6.35 4.76 5.24
Γw, DPLS 1.35 1.40 2.49 1.43 1.28
Γ, Equation (6.39) 7.00 10.18 6.02 6.36 9.18

We now focus on the modelling of burning rate in the VAM. Classically, reaction closure terms
are simple commutations with the averages (no model):

⟨ω̇k⟩g = ω̇k

(
⟨ρg⟩g , ⟨Tg⟩g , ⟨Yk⟩g

)
. (6.16)

If the flame front is assumed to be locally adiabatic in the VAM (which would correspond to the
decoupled regime in [299, 307], in which the current simulations fall), then Equation (6.10) is
locally the equation of a classical gaseous flame, whose burning rate is governed by the preheating
of the fresh gases, but also by the increase in macroscale diffusitivies due to the modelling of
dispersion. Following asymptotic theory for unity Lewis flames, the burning rate increases like
the square root of gas diffusivity. Accordingly we introduce the factor Γd, which represents the
flame acceleration due to dispersion:

Γd =
(
⟨λg⟩g + ⟨ρg⟩g

〈
cpg

〉g
Ddis

⟨λg⟩g

)1/2

. (6.41)

In practice Γd varies a bit throughout the flame front, but an integral value for flame acceleration
may be obtained in the unburnt gases. Thereafter, the resulting acceleration for the VAM is
estimated to:

Γ = Γd · Γp
(
⟨Tpreheating⟩A

)
. (6.42)

The difference between Equations (6.39) and (6.42) underlines the intrinsic phenomenological
discrepancy between the DPLS and the VAM based on Equation (6.16), and the first-order
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influence of dispersion on burning rate. It implies that in order to match to the DPLS, the
burning rate of the VAM should be multiplied by Γw/Γd. To achieve this, one may consider
another result of asymptotic theory which states that burning rate is proportional to the square
root of the pre-exponential factors, and write:

⟨ω̇k⟩g =
[Γw

Γd

]2
· ω̇k

(
⟨ρg⟩g , ⟨Tg⟩g , ⟨Yk⟩g

)
. (6.43)

To assess the performance of Equations (6.16) and (6.43), we perform again VAM simulations
where the position of maximum of heat release is matched to the DPLS. The corresponding Γ
values are reported in Figure 6.20. Also, the hypothesis Ddis = 0 with Equation (6.43) is shown.
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Figure 6.20. – Performance of closure models for DPLS.

In Figure 6.20, it is observed that the proposed model of Equation (6.43) always underesti-
mates Γ. This may be attributed to the tendential underestimation of the flame surface area A,
but also to the absence of superadiabaticity in the VAM compared to the DPLS. Also, keep in
mind that the level of non-adiabaticity of the local flame fronts in the DPLS and the VAM are
not the same, because the wall quenching effects in the DPLS have not been explicitly modelled
in the VAM. In addition, it is expected that this effect has the wrong trend for varying pore
size: smaller pores lead to more non-adiabaticity but less dispersion, hence less non-adiabaticity
in the VAM due to less broad profiles. Also, for a fixed pore size non-adiabatic effects in the
DPLS are arguably very close between R and D geometries (same values for Γ and Γw) and
non-correlated to dispersion, though the VAM seems substantially sensitive to it. Together with
our previous concerns on the basic phenomenology of dispersion in the VAM, this suggests that
the simultaneous coupling of dispersion, interphase heat exchange and combustion is yet to be
understood properly. As intuited previously, the aggregate of macroscale modelling terms to
build a VAM is therefore questionable. In order to assess the direct influence of dispersion on Γ,
the hypothesis Ddis = 0 is considered in Figure 6.20. Large differences with and without disper-
sion, and a reasonable performance close to the original VAM model of Figure 6.12 are observed.
It indicates that dispersion may not be the important parameter to consider to retrieve properly
the burning rates in the VAM.
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6.6. Conclusions of the chapter

3D direct numerical simulations of methane-air combustion in porous burners of finite length
were conducted for various pore sizes and geometries, in cases where the flame thickness is
lower than the mean pore size. A corresponding volume-averaged model based on classical
equations and the same thermo-chemical scheme was fed with effective properties estimated
directly on the computational domains. Direct comparisons between the 3D simulations and
the 1D filtered model in terms of burning rate, physical profiles and a priori analysis could be
achieved accordingly. This led to the following conclusions:

– in the 3D DPLS, sharp, wrinkled and longitudinally-distributed flame fronts are observed,
in apparent contradiction with the upscaling hypotheses of the volume-averaged model.
More especially, for 4 mm pores it was found that the flame fronts could be distorted
across several pores ;

– contrary to 1D theory, flames could be stabilized in the downstream part of the burner,
thanks to an adaptation mechanism through flame surface variations. Unfortunately,
estimating this surface without 3D simulations is difficult ;

– substantial discrepancies in terms of burning rate and spatially-averaged profiles were
observed between the VAM predictions and the DPLS ;

– an a priori analysis from the microscopic equations has shown that, while the effective
solid conductivity and hydrodynamic dispersion can be approximately modelled by sim-
plified macroscale closure terms with magnitudes estimated in independent (non-reactive)
simulations, a very large error is introduced in the absence of a combustion model for the
reaction rates ;

– the longitudinal distribution of the flame fronts along the burner axis makes the spatially-
averaged profiles broader than in the VAM, which model a unique flame front ;

– tendentially, there is a mutual exclusion between the validity of current volume-averaged
models and the presence of hydrodynamic dispersion ;

– hydrodynamic dispersion, although present in the system, does not appear to drive di-
rectly the burning rate of the flames at pore scale in the DPLS, contrary to the VAM
where an increase in diffusivities enhances flame speeds. It was attempted to solve this
phenomenological contradiction by a modification of the reaction rates, but the pro-
posed model seems to underpredict burning rates - which may be explained by near-wall
quenching ;

– locally, the burning rate of the flame fronts seems to be governed by a combination of
preheating and wall quenching, while stretch effects seem to have negligible influence
on average. However, the local non-adiabaticity related to this wall quenching are not
modelled at the macroscale to date.

A a concluding remark, the author would like to stress that further numerical simulations
are necessary to substantiate these findings, possibly in other geometries and for other pore
sizes. Experiments could be useful as well, especially direct visualisations of internal flame
fronts. However, measurements of temperatures, concentrations and gas output compositions,
although important and necessary, will unlikely help directly in closing the gap between pore-
scale combustion and volume-averaged models, which require microscale information only avail-
able to date in simulations. The fact that current state-of-the-art models suffers from such
intrinsic flaws constitutes definitely an exciting direction for future research.
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6.A. Energy and mass budgets micro vs. macro
We can now benchmark the quality of the VAM modelling terms by a priori analysis. The

notations for the various terms in this Appendix were introduced in the upscaling procedure of
Chapter 2. The magnitude of effective coefficients used for comparison are that of Table 6.3.
Geometry D2 is considered, and qualitatively similar results were obtained in the other geome-
tries enabling similar conclusions. Fundamentally, the following a priori analysis is aimed at
answering the two following questions:

– do the effective parameters have the correct intensity (i.e. magnitude)?
– are the functional forms for closure models accurate representations of the microscale

physics?
A look at Figures 6.21 and 6.22 allows to draw the following conclusions:

– the macroscopic mass sources seem qualitatively-well modelled by the hydrodynamic dis-
persion closure model, although there are some issues regarding the functional form and
intensities for the fuel equation (CH4), especially near the reaction zone. This is a likely
a consequence of the sharp flame fronts ;

– the macroscale effective solid conductivity seems to follow very well the functional shape,
although the magnitude may have been underestimated in the independent simulations.
This change would lowly affect the resulting burning rates and profiles in the VAM ;

– concerning the dispersion of heat in the gas equation, there seems to be a major issue
concerning the terms Ψ1/Ψ2 but those are negligible in magnitude compared to Ξ1/Ξ2.
The errors on Ξ1/Ξ2 may seem appear reasonable but they are large in magnitude, of
the same order of the heat release rate. The fact that the model shows a negative peak
in the reaction zone is the signature that locally, heat does not back-propagate due to
the enhanced diffusivity: the gradient of macroscopic temperature is positive but the
hydrodynamic field does not propagate this information through an increase in diffusitivies
at the macroscale. This is a direct indicator of the presence of small flame structures locally.

6.B. Additional plots local flame structure on A
The plots of Figure 6.23 indicate that in cases R1 and D4, the stretch correlation are affected

a lot by the difficulty to define A and measure the preheating. Although the plots resemble
strongly that of D2 and indicate a good overall modelling strategy, in domain R1 the random-
ness of the structure adds noise to the system, because different pores present different flow
configurations and different preheating temperatures, but also the smaller pores disqualify the
flamelet hypothesis. In domain D4, due to the largely distorted flame fronts, the inner (colder)
regions can consume more fuel because A is defined too upstream and not sufficiently curved
“inside” the flame.
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ṁ
n
/ṁ
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Chapter 7
Specificities of hydrogen combustion
within porous media
This last chapter presents the first pore-level simulations of hydrogen combustion within porous
media. Contrary to methane-air flames, the high reactivity of hydrogen leads to larger Reynolds
numbers, that is, unsteady solutions for classical pore sizes. For geometry D2, a periodic cycle
is identified, and is shown to be governed mainly by the hydrodynamic field. The influence of
preferential diffusion of hydrogen is then investigated in the 3D solutions. It is shown that the
local flame structure is very different from methane-air mixtures. The modification of the flame
shape is attributed both to the modification of the interstitial flow and preferential diffusion
effects. The increased errors in terms of macroscale modelling are underlined. In order to take
a step back, the chapter begins by recalling some generalities about hydrogen combustion in
fields related to porous media combustion, hopefully conceptually relevant for future studies.
These results are still the topic of current research and must be considered as work in progress.
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Chapter 7 : Specificities of hydrogen combustion within porous media

“I have no special talents. I am only
passionately curious.”

Albert Einstein

7.1. Chapter introduction

Unfortunately responsible for climate change, fossil fuels constitute the spine of modern civi-
lizations. Today, almost every manufactured object and service finds its origin in oil extraction,
either used as a chemical derivative/by-product or as a primary energy resource for heat/motion
generation. The finite and declining nature of this resource constitutes definite threat of struc-
tural recession and political instabilities. Concerning energy production, there exists alternatives
such as biomass or nuclear, hydro, solar and wind electricity, but those also present shortcomings
(cost without abundant oil, intermittency, materials unavailability, waste, non-closed life cycle
or usage conflicts). This does not stop political leaders to show some degree of optimism (not
to say wishful thinking) and alternative technological solutions are put forward to decarbonize
economies and become more resilient wrt. the decline in oil reserves. Hydrogen, produced from
renewable energies, is one of these alternatives. It may be used for direct heat generation, or in
gas turbines/internal combustion engines/fuel cells to decarbonize transport. This explains the
recent efforts to understand the particular behavior of this fuel, which poses large challenges in
terms of technology and safety.

Contrary to methane, lean hydrogen-air flames are characterized by substantial preferential
diffusion of lightweight species, i.e. Lewis numbers below unity, and increased reactivity i.e.
lower activation energies. From the viewpoint of 1D laminar flames, although a reduction in the
fuel Lewis number theoretically decreases flame speed [115], the increase in reactivity related
to the chemical reactions is largely dominant hence flame speeds attained with hydrogen-air
mixtures are much larger (up to 3 m s−1). Hydrogen flames are also characterized by larger
flammability limits, faster transition to detonation and lesser visibility of the reaction zone [311].
Those come with considerable safety issues that must be handled and/or mitigated, notably in
the context of household applications. Interestingly, trapping a hydrogen flame into a porous
matrix may help tackle some of these challenges in different ways. Flame submersion solves the
issue of visibility, for instance in the context of cooking appliances or radiant heating. Also,
as shown in [34] heat recirculation theoretically enables the combustion of mixtures below the
flammability limits at ambient conditions, what has a triple advantage: (1) ultra-lean combustion
emits little NOx, (2) in the case of leaks the exiting mixture is not flammable, and (3) flashback
is intrinsically prevented.

Surprisingly, there has been only a handful studies of “simple” hydrogen-air combustion within
porous media. On the experimental side, Trimis and Wawrzinek [312] studied the critical quench-
ing diameter of various fuels at various equivalence ratios, and found that lean hydrogen-air
flames would propagate in burners of significantly smaller pore sizes. Su et al. [313] compared
the stabilization of lean hydrogen-air flames in a two-staged porous burner. Two materials were
compared, namely SiC and Al2O3. Several combustion modes were observed, namely surface
combustion, submerged and flashback. It was found that flashback was favored in Al2O3 burners,
and combustion below the LFL was also observed. Results indicate that no stable combustion
could be achieved within the upstream layer. Qu et al. [89] proposed also an experimental inves-
tigation of a two-layer burner with different fuels including pure hydrogen, and found that the
burner could be operated similarly to other fuels near the flammability limit ϕLFL ∼ 0.3. Li and
co-workers [98, 144, 263] proposed a series of investigations of hydrogen combustion in a 1-mm
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planar microcombustor in which a porous medium of very small pore size was inserted. The
proposed volume-averaged numerical model seemed to retrieve properly the experimental find-
ings. Compared to the free-flame microcombustor, the insertion of the porous medium allowed
to increase radiant efficiency by transferring a larger portion of the chemical enthalpy released
to the solid boundaries. Kakutkina et al. [22] studied experimentally the filtration combustion
of various fuels and found that the volume-averaged model overpredicted more the maximum
temperature achieved in the domain for hydrogen. This was attributed to the local preferential
diffusion effects, though the arguments used to get to this conclusion were only based upon
macroscopic measurements and the volume-averaged equations. On the numerical side, only a
few works are reported. Roohi et al. [314] studied H2-air combustion in a 2D volume-averaged
model and found no particular behavior associated to the fuel. More recently, Qian et al. [149]
proposed a diverging geometry for a hydrogen-air porous microcombustor and found that the
flammability range and operability were largely improved by this burner design. Saldeira and
Susantez [315] proposed a simplified asymptotic model allowing non-unity Lewis fuel, but no
specific influence of the Lewis number on recirculation efficiency and temperature profiles were
reported.

Other studies addressed the combustion of hydrogen combined with other fuels. Nozari et al.
[316] studied experimentally the combustion of ammonia-hydrogen-air flames and found low NOx
emissions under rich conditions. Combustion efficiency increased with hydrogen addition. Gau-
thier et al. [317] compared 1D numerical and experimental measurements of methane-hydrogen-
air flames to account for the NOx formation mechanisms. Arrieta et al. [318] performed an
experimental study with various H2/CO mixtures in a two-staged porous burner. Increasing the
proportion of hydrogen content was found to decrease CO emissions but little effect on the NOx
emissions was reported, which were already very low (∼1 ppm). Huang et al. [319] performed
an experimental and numerical study of a two-staged porous burner with H2/CO mixtures and
predicted an increase in CO emissions with increasing upstream solid conductivity. Alavandi
and Agrawal [31] have also shown that a two-staged porous burner could be operated with high
degree of flexibility from pure hydrocarbons to syngas combustion. Tseng [320] investigated nu-
merically the effects of hydrogen addition to methane-air flames inside porous media, and from
the point of view of the 1D volume averaged equations no particular behavior except increased
burning rates was reported (however, they noted that the numerical model predicted higher
NOx emissions than the adiabatic laminar flame, which seems contradictory with trends in the
literature, indicating that pore-level phenomena may be dominant from the determination of
pollutant emissions). Dai et al. [321] proposed an original concept of hydrogen addition from
the burner walls of a two-step burner, apparently showing some degree of pollutant control.

In all the above-mentioned studies, the pore-scale specificities of hydrogen could not be un-
veiled because experiments measured only macroscopic quantities, and because numerical sim-
ulations were solely based upon the volume-averaged equations. In VAM, preferential diffusion
effects are restricted to the macroscopic scale, with little effects on the volume-averaged profiles
and resulting burning rate - especially in 1D. In Chapter 6, we have seen that even for near-
unity Lewis fuels the classical combustion model is already incorrect. In this line of thought,
the present chapter addresses the following questions: what is the structure of a hydrogen flame
inside porous burners? Do further modelling errors arise with this fuel? And what are their
origins?

Because no numerical simulation or experiment has yet unveiled the structure of hydrogen-air
flames inside porous burners, it is difficult to list and/or predict all the possible particularities
that may arise for different pore sizes, geometries, materials, equivalence ratios, inlet velocities,
burner lengths, etc. Nonetheless, previous research in related fields may provide some hints and
research directions. Porous media combustion lies at the intersection between four distinct fields
of investigation:
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– freely-propagating flames for combustion occurring in possibly large porous voids ;
– mesoscale and microscale burners, which present large degrees of non-adiabaticity and a

zoology of flame states (oscillating, repetitively extinct and ignited, asymmetric, etc.) ;
– burner-stabilized flames, because each pore behind a throat acts as a flame holder concep-

tually similar e.g. to perforated plates ;
– turbulent combustion, obviously in the presence of unsteadiness or, following the analogy

developed in Chapter 2 and 6, even in steady state due to the internal convolution of the
flame front.

These domains are briefly reviewed in the light of possible phenomena occurring with hydrogen
as a fuel. The reader should not be surprised that some important works may have been omitted
in each field, because the main focus of this chapter is not to provide a comprehensive study of
hydrogen combustion but rather an overview of the possible physical phenomena that can be
encountered in porous burners using hydrogen.

7.1.1. Freely-propagating flows
Inside porous voids, especially when they are much larger than the flame thickness, the flame

may present instabilities found in freely-propagating flows. In addition to the natural Darrieus-
Landau (hydrodynamic) instability, related to density jump between fresh and burnt gases [322],
hydrogen flames present an additional destabilizing mechanism known as “thermo-diffusive”
[323]. For free flows in sufficiently large domains, these instabilities lead to the formation of
highly-corrugated, cellular, unsteady flame front structures, which present locally strong vari-
ations of reaction rates and increase the total flame surface, leading to substantially larger
consumption speeds. Those have long been the topic of theoretical predictions [324, 325], exper-
imental [326, 327] and numerical studies [328, 329]. Among them, the recent numerical works
of Berger et al. [330] may be highlighted, which addressed thoroughly the linear and non-linear
dynamics of lean hydrogen planar flames subject to small initial perturbations for varying mix-
ture parameters. They found that instabilities were more pronounced for decreasing equivalence
ratio, decreasing inlet temperature, and increasing pressure. Recast with global flame parame-
ters, this implied an increase in growth rate for increasing expansion ratio, increasing Zel’dovich
number and decreasing Lewis number. The characteristic size (wavelength) of these instabilities
is typically of the order of several flame thicknesses, and they seem to be damped at lower
wavelengths. This latter remark is particularly relevant for porous media combustion, because
the structure of the interstitial flow and the spatial constraint related to the pore size indicate
that large-scale instabilities may be reduced by the porous matrix for decreasing pore size. Also,
generally-speaking preheating may have a stabilizing behavior.

7.1.2. Meso and microcombustion
Micro-scale (resp. mesoscale) burners are defined by combustion inside small channels of

width near/below (resp. near/above) the quenching diameter of the mixture [331]. The sus-
tain of combustion inside such small channels is typically enabled through heat recirculation,
catalytic treatment or external heating, being conceptually close to porous media. And even
though porous structures are typically more tortuous and/or random than in micro/meso com-
bustion, the two fields share the same volume-averaged equations at the macroscopic scale -
though dispersion is rarely present due to the much smaller Péclet number encountered in mi-
cro/mesoscale channels. Depending on the geometry, equivalence ratio, burning rate and channel
width, a variety of steady and unsteady combustion regimes can be found. For example, for
low velocities and near extinction limits a regime of flame repetitive extinction and ignition
(FREI) is sometimes observed [332]. It is typically allowed by the large solid heat capacity so
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this regime is also seen in externally-heated channels [333]. Other particular regimes, including
mild [334], oscillatory [335], asymmetric [333] rotating [336] and spinning [337] flames have been
observed. Concerning specifically hydrogen, a series of studies in micro/mesoscale combustors
were conducted [338–346], some with designs close to porous media [263, 347] but the variety
of flame dynamics is globally the same than for methane-air combustion. A consistent trend
between methane-air and hydrogen-air combustion is that the variety of flame regimes increases
with channel width [348]. The fact that the dynamics of hydrogen flames is similar to methane
counterparts is partly due to the fact that when the channel size is of the order of the flame
thickness, preferential diffusion effects are less visible. However, it is worth mentioning situa-
tions when the Lewis number has shown to play a role at these small scales, for instance in
flashback in the study of Kurdyumov et al. [349] or in the triggering of asymmetric behavior
in the works of Alipoor et al. [350]. Also, compared to tortuous and stochastic porous media,
the fact that most micro/mesoscale combustors present “straight” geometries may lead to a
richer variety of flame regimes. Due to the random pore distribution it is indeed possible that
the various oscillations and asymmetries be damped and/or governed mostly by the interstitial
hydrodynamic field. More work is required in this direction, notably through transient DPLS.

7.1.3. Laminar burner-stabilized flames

Experimentally, it has long been observed that hydrogen flames behind holes/slits are capable
of flashback at much larger ratios of bulk velocity to flame speed and present larger heating
of the flame holder. These features are of course undesirable from both safety and operation
viewpoints. From the early critical velocity gradient theory of Von Elbe and co-workers [351, 352]
much progress in the understanding of flashback dynamics was achieved and it has been shown
that effects of preferential diffusion and burner pre-heating are very important for the prediction
of flame shape and stability [353]. With lean hydrogen-air flames, due to the preferential diffusion
of lightweight species and oxygen availability everywhere, it is classically observed that the peak
of heat release rate is shifted on the sides of the flame holder, and an extinct zone exists
downstream of the injector centerline: the flame is “open”. In other terms, the structure of non-
unity Lewis number flames lies farther from their 1D laminar counterpart. In porous media, as
observed in Chapter 6 there is a local anchoring of the flame fronts downstream of the porous
obstacles (throats), which act locally as small laminar burners. It is therefore expected that the
specificies of hydrogen for burner-stabilized flames transposes into porous media combustion:
pore-scale flashback is more likely to occur.

7.1.4. Turbulent combustion

When the Reynolds number is increased, we have seen in Chapter 2 that the flow becomes
progressively unsteady and chaotic inside the pores. For hydrogen combustion, the increased
reaction rates may lead to higher velocities thus non-steady behavior and turbulence. There is
a plethora of research regarding the modelling of turbulent combustion [115] but the synergistic
influence of hydrogen combustion on turbulence and afferent modelling strategies are currently
topic of active investigations. For the sake of brevity and because these issues lie partly out-of-
scope, let us simply state that in porous media, the turbulence constrained inside the pores may
require additional modelling subtleties in addition to the free-flow models, not to mention the
influence of heat transfer to the walls and non-homogeneous preheating effects. Certainly, for
very high Reynolds numbers a specific closure for reaction rates will be required in the volume-
averaged model. Also, in the line of thought of viewing steady combustion inside porous media
as “stationary turbulence”, such models may be implemented even in steady-state models to take
into account, conceptually-speaking, the influence of preferential diffusion at the macroscale.
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7.2. Hydrogen-air 1D laminar flames
Before diving into the details of the 3D DPLS, it is insightful to take a look at the 1D

adiabatic laminar flames for the various mixtures considered. The same version of Cantera
than in Chapter 6 is used, that is, a version of sharing the same thermo-chemical scheme. The
built-in adaptative mesh refinement is used (parameters: ratio=2, slope=0.1, curve=0.05). The
flames are initialized at high inlet temperatures progressively decreased until convergence fails
(i.e. at the lean flammability limit).

Figure 7.1 shows laminar flame speeds of various mixtures for varying unburnt inlet tempera-
ture Tu. It is observed that the response of hydrogen to temperature is much more pronounced
than methane. This foreshadows the need to inject the fresh mixture at larger velocities, and
a propensity of the flame to flashback more easily. Also, for temperatures approximately above
850 K, the hydrogen-air solutions computed in Cantera become dependent upon the domain
length, and the corresponding flame structures do not resemble classical laminar flames. It corre-
sponds to the “auto-ignition” of the mixture, lying outside the self-propagating mode. Although
reaching 850 K in the porous matrix requires quite large recirculation efficiencies (ηrec ∼ 0.3 for
ϕ = 0.38) and not encountered in our simulations, following Figure 3.3 of Chapter 3 it is not
excluded that a particular regime of auto-ignition occurs within porous matrices in general. The
thicknesses of the temperature δ0

L and fuel species profiles δ0
c are shown in Figure 7.2. Their

definition is based on the gradients as:

δ0
L = 1

max(|∇θg|)
and δ0

c = 1
max(|∇cF |)

. (7.1)

For methane, it is observed that δ0
L > δ0

c , the two values are close and follow the same trend,
which is consistent with the near-unity Lewis number LeCH4 = 0.97. This is different for hy-
drogen. At ambient conditions δ0

c is larger than δ0
L, consistent with the prescribed low Lewis

number LeH2 = 0.30. Interestingly, this behavior is inverted for temperatures above 580 K, and
the thermal flame thickness follows a non-monotonous trend with temperature. This indicates
serious modifications of the 1D flame structure at high temperatures for hydrogen and the in-
creasing size of the reaction zone wrt. the diffusion zones. This is illustrated in Figure 7.3, which
shows the spatial flame structures for two inlet temperatures Tu = 300 K and 800 K. Note that
for H2 at 300 K, the flame structure is already not typical of “textbook” flames. The reaction
zone is already quite large and impedes largely upon the thermal diffusion length scale. At
higher temperatures, the fact that heat and species diffusion length scales merge indicates that
thermo-diffusive effects may be dampered by preheating. In [330] it was observed that thermo-
diffusive instabilities reduce largely for large preheating values. In addition to the reduction in
expansion ratio for increasing preheating temperatures, it is likely that the modification of the
flame structure plays a major role as well.
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7.3. Methodology
The combustion of H2-air flames is considered in the previous geometries D1, D2 and R1 (see

Figure 6.1 of Chapter 6). Due to the limited amount of computational resources, it was not
possible to explore as many geometries, flow rates and conditions than with methane. Following
the convergence study of Chapter 5, the same mesh of uniform size 80 µm is adopted. The
baseline mixture has an equivalence ratio ϕ = 0.38 (see Table 7.1), yielding the same laminar
velocity than the previous CH4-air flame at ϕ = 0.72 at ambient conditions. The same pointwise
governing equations, boundary conditions and chemical scheme are used (see Appendix A).
Noteworthy, the species HO2 is quasi-steady.

ϕ S0
L δ0

L Tad
0.38 20 cm s−1 0.65 mm 1383 K

Table 7.1. – Adiabatic free-flame properties.

In anticipation of the results, almost all computed solutions with the baseline value for dynamic
viscosity are unsteady. As in Chapter 6, increases in dynamic viscosity are again considered, but
given its prevalence some attention is also paid to unsteady behaviors. For transient studies, it is
not affordable to match the time steps of solid and fluid domains from scratch, so the unsteady
state is first approached by the decoupling method. The convergence criteria are applied to
the mean values of the signals of total kinetic energy, heat release rate, mean temperatures,
interphase heat transfer, etc., and the computation is then continued by matching the time
steps. This avoid catching the response of the solid to short oscillations of the flame surface and
position whilst keeping the total computational cost reasonable.

7.4. Results and discussion
7.4.1. Unsteady flames

Although having the same value of S0
L than the methane-air flames presented in Chapter 6, the

present hydrogen-air mixture requires larger inlet velocity to sustain a submerged combustion
mode (typically 2.0 m s−1 instead of 0.6 m s−1). This is a direct consequence of the higher
reactivity of hydrogen chemical reactions with increasing temperature, as shown in Figure 7.1.
Simultaneously, the lower adiabatic temperatures decrease the gas viscosity thus larger Reynolds
number are attained within the porous voids. A consequence is that for all the geometries
considered except D1, no steady behavior was observed for hydrogen flames. This constitutes
a first modelling difficulty: the steady-state volume-averaged formalism may be fundamentally
unadapted for classical pore sizes with H2.

Before showing solution points where the viscosity (thus Reynolds number) was artificially
modified as in Chapter 6, and the afferent consequences of this modification, it is interesting to
study in more details the pore-level nature of the unsteady behavior observed inside the burners.
For these unsteady solutions, it is verified that the temporal average values have converged, and
the time steps of fluid and solid are matched after this convergence to make sure that the
observed oscillations do not come from an artificially-fast coupling between the solid and gas
phases. Figure 7.4(left) shows the temporal signal of total kinetic energy Ecin divided by its
temporal average ⟨Ecin⟩t, for geometry D2, inlet velocity Uin = 2.0 m s−1 and matched time
steps. Oscillations very close to a cosine mode are observed, with a peak-to-peak amplitude of
approximately 10%. The corresponding power spectrum is shown in Figure 7.4(right), and a
strong peak around the frequency f = 1385 Hz is clearly discernible. This indicates that the
oscillations follow a quasi-periodic pattern, what is likely to emit noise in practical devices. In
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order to investigate the origin of this regular pattern, one may consider the instantaneous fields
at the timestamps t1→5 marked in Figure 7.4. Slices of velocity norm |u| and heat release rate
ω̇T are shown accordingly in Figure 7.5, with the averaged field over several cycles on top. It is
observed that the velocity magnitude upstream of the flame front shows oscillations over time,
and dynamically one observes that the flame travels towards low-velocity regions (more visible
in a video). These upstream oscillations result from the formation of vortices in the wake of
the porous obstacles, and seem apparently periodic in time. This is reminiscent of the vortex
shedding of a Von Karman street, for example behind a cylinder [354]. For such vorticies, the
natural frequency leads to Strouhal numbers typically near 0.2 [355]. In this line of thought,
the global Strouhal number St may be defined by considering an approximation of the size of a
porous obstacle ds:

ds ∼ (1− ϵ)dp, (7.2)

so that:

St = f (1− ϵ)dp
Uin/ϵ

(7.3)

where Uin/ϵ is the interstitial velocity - preheating effects set aside. For the present frequency
f = 1385 Hz, this leads to St = 0.33, a value very close to the classical Strouhal number for vortex
shedding behind obstacles in free flows. Together with the observations of the velocity fields in
the numerical simulations, it is therefore possible to conclude that the oscillations observed in the
numerical simulations have an hydrodynamic origin related to the increase in Reynolds number,
corresponding to the progressive onset of the transition regime (before turbulence). In order
to substantiate further this claim, one may consider a cold flow simulation (isothermal 300 K)
for the same inlet velocity. As shown in Figure 7.6, the signal of reduced velocity magnitude
|u|/⟨|u|⟩t at point P1 and its power density spectrum present a fundamental peak of frequency
close to 1385 Hz, the difference being related to preheating in the reactive case which reduces
the Reynolds number through an increase in dynamic viscosity. This shows that the oscillation
phenomena is somewhat independent upon combustion itself. Moreover, the fact that the peak
in Figure 7.4(right) is centered mostly on a single frequency indicates that combustions acts
as a filter which “selects” and amplifies the fundamental mode of the vortex street. A local
measure of velocity just ahead of the flame front was used in the cold case instead of the global
information Ecin/⟨Ecin⟩t because its spectrum is not a linear comb as Figure 7.6(right). This
substantiates further that combustion acts as a filter which amplifies a given mode related to
the hydrodynamic field. Interestingly, in geometry R1 no particular frequency is visible in the
unsteady signal of Ecin/⟨Ecin⟩t. This indicates that the noise generation from lattice-based
porous media may be larger than in random geometries.

The present results exclude oscillations arising from other sources such as FREI (repetitive
extinction and extinction), which typically occurs at much lower velocities [348] - and here the
flame does not extinguish. The fact that similar oscillations were observed for methane in case
D4 (not shown) indicate further that the oscillations are not primarily driven by thermo-diffusive
instabilities and/or preferential diffusion. In general, thermo-diffusive instabilities require chan-
nels of at least, say, 10 flame thicknesses, what may occur for pore sizes of 6-7 mm or larger. Such
sizes correspond to 10-15 PPI or below, and for increasing pore size the influence of turbulence
will also increase. One partial conclusion is that for hydrogen-air flames, preferential diffusion
may not give rise to specific oscillations for realistic geometries. Also, it is possible that some
other unsteady modes of combustion observed in micro/meso-scale combustion be found in our
geometries, but these were not investigated.
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7.4.2. Steady flames?

For all the cases considered now it is chosen to set the inlet velocity to Uin = 2 m s−1. As in
Chapter 6, unsteady behavior can be damped by increasing artificially the dynamic viscosity to
reduce the Reynolds number. For case D1, this is not necessary because the solution is already
stationary. For case R1, a 3-fold increase of µref is sufficient to fully stabilize the solution,
because the oscillations are small.

For the case D2, the situation is different. Increasing the viscosity by a factor of 3 is not
sufficient and a modification up to µref × 6 is necessary to stabilize the flow. Nonetheless,
contrary to cases R1 and the previous methane-air case D4, this forced stabilization eventually
leads to flashback. This situation is illustrated in Figure 7.7. From the unsteady solution (with
matched gas/solid time steps) a first 3-fold increment in viscosity is considered, followed by a 6-
fold increment. To assess whether this new situation is stable, the time-step matching is stopped
(solid acceleration), and one observes a flashback (a series of instantaneous fields is shown). As
visible in the first flashbacking slice, upstream flame propagation is initiated from the boundary
layers. The scenario observed in the simulations is the following: the re-laminarization of the flow
thickens the boundary layers in which the hydrogen flame can propagate, which in turn heats up
the solid and eventually leads to complete flashback. Following this idea, Figure 7.8 illustrates
the modification in axial velocity profile with the increase in viscosity, along a transverse y-
direction passing through point P1. It is clear that the velocity gradient near the wall upstream
of the front near the flame feet decreases with increasing dynamic viscosity, which is favourable
to flashback.

It is interesting to note that, considering the bell-shaped curve of 1D theory, the flame should
have found a stable position within the solid matrix more upstream. This is not the case, and
this phenomenon was observed for methane-air flames as well - to a lesser extent. For flames
stabilized near the inlet, the solid temperature is very close to the adiabatic temperature. This
leads to rapid ignition of the mixture near the walls, so that the flame feet propagate upstream
until stabilizing outside of the porous medium. This results in highly-stretched flames anchored
by the very hot solid (see last slice of Figure 7.7). This effect is purely multi-dimensional and
cannot be caught by the VAM. Note that the consideration of radiative heat losses may reduce
this phenomenon, which may be an artifact related to the global adiabaticity condition. In
addition, for hydrogen, the higher sensitivity of the mixture to temperature (Figure 7.1) and the
presence of zero-activation energy reactions involving HO2 (reactions 4, 8 and 11 in Appendix A)
lead to regions of high heat release rate near the walls, enhancing further the propensity of
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hydrogen to flash back. In fact, in the present simulations it was not even possible to stabilize a
hydrogen flame in the burner for case D2 in steady state. This has possibly large implications:
while from the viewpoint of 1D theory flame position is dictated by the equilibrium between
convection, reaction and interphase heat exchange through preheating and hyperdiffusive effects,
depending on the reactivity and near-wall chemistry there may not exist a stable position for
the flame in the 3D geometry. Similar to the fact that the ratio of bulk velocity to laminar
flame speed is not always sufficient to predict if a flame flashes back in burner stabilization,
it is a priori impossible to state if a flame position is stable within the porous matrix. This
constitutes a further distance from 3D simulations and the 1D VAM. Also, while it was easy to
stabilize flames in the 1-mm pore size geometries, it indicates that it may be difficult to handle
hydrogen flames in large pores without the help of “turbulence”. Finally, it is interesting to see
that the flashback phenomenon presents large hysteresis. For example, at Uin = 2 m s−1 both
the submerged unsteady flame and the upstream-stabilized flame could be found, depending on
ignition conditions. Unfortunately, the upstream position is very stable and the flame could
resist velocities as high as Uin = 5 m s−1 anchored at the inlet, as shown in Figure 7.9. This
may be an issue for practical burner operability.
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Figure 7.9. – Slice of velocity norm and heat release rate. Domain D2, Uin = 5 m s−1.

7.4.3. Local flame structure

Figure 7.10 presents a comparison between the flame structures of H2-air and CH4-air flames
for the geometries D1 and R1, as in Chapter 6. It is observed that the shape of the heat release
rate is very different for the two fuels: methane-air flames present closed circular arcs anchored
clearly behind porous obstacles, perpendicular to the flow, while hydrogen-air flames are more
distorted, and show branches/spikes more parallel to the flow. This is a direct consequence of
the increased interstitial velocity, but also of the preferential diffusion effects which makes the
flame burn “on the sides”, as expected from the proximity with burner-stabilized flames [353].
Accordingly, the superadiabatic pockets are not found at the exit of the flame tip as for methane
but on the sides of the elongated reaction zones, which equilibriate downstream. In Figure 7.10
for geometry R1 it is also visible that some flame tips are open. Again, the fact that the H2 R1
flame could be stabilized in the downstream part of the porous matrix indicates that there is a
mechanism of flame surface adaptation. Increasing the velocity from Uin = 2 m s−1 to Uin = 2.5
m s−1 would not change the flame location (not shown).

Figure 7.10 also suggests that the local structure of the hydrogen flames is largely non-
unidimensional. This effect may be investigated in more detail by introducing an interpolation
operator between the adiabatic 1D laminar flame and the 3D fields from the DPLS, based on the
fuel progress variable cF . For a given quantity ψ (species mass fractions, temperature, density,
heat release rate, etc.) at given point in the domain, one may associate a reference quantity ψ0

at the same value of fuel progress variable cF in the 1D laminar flame. The relative deviation
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R(ψ), defined as:

R(ψ) = ψ − ψ0

ψ0 (7.4)

allows to estimate the distance of the 3D submerged flame from its 1D adiabatic counterpart.
An example is given in Figure 7.11 which shows the relative deviations of O2. It is observed that
for H2-air, the intensity of deviations is larger (typically 10-15%) while for methane it is much
lower (0-5%). It means that there exists regions of space in which oxygen is in default, that is,
of higher equivalence ratio. These regions are typically found behind porous obstacles.

To complement further the issues related to the non-unidimensionality of the hydrogen flame
in the porous matrix, the statistical reduced burning rates ṁn/ṁ0Γp(Tpreheating) as a function
of stretch rate are given in Appendix 7.A in Figures 7.16 and 7.17, respectively for hydrogen
and methane. Because hydrogen diffuses farther upstream than heat, a new flame surface A∗

at 10% of fuel consumption instead of 1% was used. Overall it is observed that the methane-air
flame presents less variability and a clear trend regarding flame stretch, while hydrogen shows
large overshoots in terms of local burning rate. This is due to the fact that A∗ pinpoints badly
the flame surface, due to the preferential diffusion which shifts the tip of A∗ too upstream: in
the center of the pores (coldest points in Figures 7.16) burning rates are overpredicted.
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Figure 7.10. – Comparison of CH4-air and H2-air flames.

7.4.4. Burning rates

Bearing in mind that the structure of methane and hydrogen flames within porous media are
substantially different, one may expect that further modelling issues arise at the macrosocpic
scale. To that regard, Figure 7.12 compares Γ values of the DPLS to the various models described
in Chapter 6. Note that for domain D2 the VAM steady model is compared to the unsteady
case and the position of maximum of heat release is matched with the time-averaged 3D field.
It is observed again that the model overestimates Γ in the random geometry R1, which may
be attributed to the larger intensity of dispersion. For geometries D2 and D1, the situation
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is much worse than in methane-air cases, with a large underprediction for all models. This
is explained by the underestimation of the heat transfer coefficient hV , which is re-estimated
directly on the 3D solution as in Chapter 6 for consistency, and the corresponding fit for the
case D2 is shown in Figure 7.13. It is clear that the interphase heat transfer does not follow the
functional form Qgs = hV (⟨Tg⟩s − ⟨Ts⟩s) as correctly as for methane-air (see Figure 6.8). The
reasons leading to the wrong functional estimation are still unclear and may arise from the larger
interstitial velocities which render the interphase heat transfer non-local, and may depend upon
more than just the local values of ⟨Tg⟩g and ⟨Ts⟩g. Note further that the comparison between
the time-average of an unsteady solution and the steady-state VAM formalism is fundamentally
inconsistent. Nonetheless, as shown in the next section there is no reason to believe that for
such low levels of turbulence the mean reaction rates be affected a lot by instationarity. So the
present underestimation in R1 and D1 geometries is mostly attributed to the error on hV .

R1 D2(avg.) D1
0

10

20

Γ

DPLS Equation (6.16)
Equation (6.43) Ddis = 0 & Equation (6.43)

Figure 7.12. – DPLS vs. VAM for various H2-air flames. Performance of the various models.
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7.4.5. Modelling of the reaction rates

The difficulties of VAM modelling may be further explored by considering again the commu-
tation error between of the reaction rates, as shown in Figure 7.14. Again, large discrepancies
between the space average of the heat release rate ⟨ω̇T ⟩g and its a priori value based on the
mean temperature, density and species mass fractions ω̇T (⟨·⟩g) are observed. Note that for case
R1 the presence of small isolated flame pockets upstream of the rest of the flame front lead to a
secondary peak (visible in Figure 7.10). These small flame pockets are found in some corners of
the domain and are likely related to some blockage of the flow near the boundaries. Fortuitously
it leads to the same value of Eω̇T for the same pore size with D1, and again it seems that the
commutation error increases with pore size. Interestingly, a comparison of Eω̇T values in Fig-
ure 7.14 with the points reported for methane-air in Figure 6.17 shows that the commutation
error is lower for hydrogen-air flames. There may be several reasons for this somewhat counter-
intuitive result. First is that the characteristic flame thicknesses are systematically larger for
hydrogen than methane for the mixtures considered (see Figure 7.2 and 7.3), which reduces the
Péclet number and the critical threshold discussed in Chapter 6. Also, the physical extension
and shape of the flame front may play a role.
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Figure 7.14. – Evaluation of the commutation error for heat release rate for hydrogen cases.
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7.4.6. Burning below the flammability limit
We finish this chapter with the demonstration of combustion below the lean flammability limit

at ϕ = 0.25. Going ultra-lean is interesting in terms of safety because outside of the porous
matrix, the mixture is not flammable. Figure 7.15 shows a slice of the flame structure for an
inlet velocity of Uin = 0.7 m s−1, sufficiently low to yield steady-state without altering viscosity.
The flame fronts are much less distorted than in Figure 7.10, and the previously-observed long
fingered structures are seemingly absent - substantiating their hydrodynamic origin. However,
the flame front remains largely multi-dimensional and effects of preferential diffusion are still
perceivable: some flame tips are extinct.
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Figure 7.15. – Example of stable combustion below the flammability limit at ϕ = 0.25 < ϕLFL.
Inlet velocity Uin = 0.7 m s−1.

7.5. Conclusions of the chapter

In this chapter, the first 3D numerical simulations of hydrogen-air porous media combustion
have been presented, and these have been systematically compared to methane-air counterparts
and again to the corresponding volume-averaged model. This led to the following conclusions:

– the high reactivity of H2 requires large inlet velocities to sustain submerged combustion.
This leads to unsteady solutions for typical pore sizes, unadapted to the steady volume-
averaged framework ;

– in geometry D2, an almost periodic cycle was identified and linked to the hydrodynamic
field, which may lead to some noise in practical burners. The associated Strouhal number
excluding preheating effects was 0.33 ;

– reducing the Reynolds number artificially through a viscosity increase led to a boundary
layer-driven flashback up to the inlet in geometry D2. This indicates that hydrogen
may not be easily stabilized in large pores without the help of turbulence. Near-wall
chemistry and the higher reactivity of hydrogen are fundamentally unfavourable to pore-
scale stability ;

– the volume-averaged model performs poorly compared to methane-air combustion. This
was attributed to the larger error made on the estimation of hV , probably linked to the
larger interstitial velocities and non-locality issues ;

– the commutation error of the reaction rates are lower than methane-air for the same pore
size, what can be attributed to the larger flame thickness. This confirms that the ratio
of pore size to flame thickness is an important modelling parameter, still absent from
current volume-averaged models.
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7.A. Local flame structure in geometry D1
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Figure 7.16. – Scatter plot and PDF on A∗, domain D1, hydrogen-air flame ϕ = 0.38. Blue cold
(pore centers), red hot regions (near walls).
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Conclusions

Heat-recirculating burners present unique technological features such as broadened flammabil-
ity limits, minimal CO/NOx emissions, fuel-flexibility, and possibly very large downturn ratios.
As such, porous media combustion constitutes a serious candidate for future clean combustion
systems, in prospected applications ranging from household heat generation to aeronautical
engines. Unfortunately, due to the opacity and tortuosity of the porous structures, it is not
yet possible to visualize with good accuracy the fine pore-scale flame structure in experiments.
What is more, mesh requirements and system sizes remain computationally-prohibitive to sim-
ulate porous combustion at burner scale, which require the complex coupling between flowing-
reactive gas and conductive-radiative solid phases. In the literature, there exists low-order,
volume-averaged models designed to account for the burner-scale behavior at minimal cost,
but these show very variable agreement to experiments, were not derived rigorously from the
microscopic equations, and remain based upon and aggregate of ad hoc closure models whose
interactions have rarely been questioned or challenged. In addition, volume-averaged models
have mostly been applied to specific configurations, and little parametric analyses and regime
characterisations have been proposed for porous burners, not to mention the lack of basic quan-
tities such as intrinsic flame speed for given gas mixture and solid matrix parameters. Also, to
improve operability experimentally, most porous burners are multi-layered, but the physics and
stabilization at or near the interfaces are still badly predicted and understood.

These issues in mind, this Ph.D. work explored various modelling aspects of porous media
combustion, either from the point of view of the 1D volume-averaged equations or through
3D pore-level numerical simulations including complex chemistry and conjugate heat transfer.
Asymptotic studies have unveiled two important reduced parameters, rṁ and rλ, which allowed
to classify stationary porous media combustion into three distinct regimes for increasing gas/solid
thermal coupling: decoupled, intermediate and hyperdiffusive. In decoupled and hyperdiffusive
regimes, fully-explicit formulae for flame flame speed were derived, which depend only upon rṁ
in the decoupled regime and only upon rλ in the hyperdiffusive regime. Multi-layered burners
were addressed theoretically for the first time, and the introduction of a contact resistance
between two porous layers has proven to influence dramatically the burner stability, as well as the
introduction of pore-level flame wrinkling. The theoretical results obtained in this manuscript,
although overly simplified (e.g. no radiation) are not applicable to real burners but constitute a
canonical reference unveiling unequivocally physical trends previously intuited in the literature
or observed in specific configurations. For example, in the decoupled regime is was shown
that recirculation efficiency (thus flame speed) decreases with equivalence ratio, porosity and
ambient temperature, and increases with solid conductivity, volume heat transfer coefficient and
adiabatic temperature. Other example, the ratio of diffusion to reaction length scales of the
reference laminar flame was shown to be a good indicator of the maximum superadiabaticity
attainable in the burner and the extent of the intermediate regime.

Current volume-averaged models were then confronted to 3D pore-level numerical simulations
of methane and hydrogen combustion in air, in typical porous burner geometries and pore sizes.
And although sharing the same thermo-chemical scheme and a rigorous computation of the ef-
fective properties, major intrinsic discrepancies between the two approaches were unveiled. In
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the 3D simulations, the flame fronts appeared to be largely wrinkled, locally anchored behind
the porous obstacles, non-homogeneously preheated, quenched near the walls, distributed lon-
gitudinally, and, importantly, thin with regard to the local pore size. For hydrogen flames, due
to preferential diffusion strong 3D effects were observed near the flame front. These features
are all in direct violation of the underlying hypotheses of volume-averaged models, either from
the point of view of its theoretical establishment or final formulation. Notably, it is usually
assumed that reaction rates commute with their average, which is expectedly incorrect in the
presence of thin flame fronts due to the high non-linearity of the Arrhenius terms. This commu-
tation error was shown to decrease with pore size, and should vanish for thermal Péclet numbers
(i.e. ratio of pore size to flame thickness) below β−1, but this regime is not typical of porous
burners. A quantitative comparison between the 1D volume-averaged predictions and the 3D
simulations has shown major discrepancies in terms of burning rate and physical profiles. In
addition, the present work allowed to raise a major warning regarding the macroscopic interpre-
tation of hydrodynamic dispersion. Although dispersion was shown to be undeniably present
within porous burners, the thin flame fronts and absence of combustion in volume do not allow
to interpret dispersion as an increase in diffusivities near the combustion zone, so the accelera-
tion of the volume-averaged flame due to dispersion can be deemed as spurious and unrelated
to local combustion processes. As such, the common interpretation that porous media combus-
tion increases burning rates thanks to an increase in diffusivities is fundamentally flawed. Also,
because dispersion occurs for thermal Péclet numbers beyond unity, there is a mutual exclusion
between the validity of the classical volume-averaged models and the presence of hydrodynamic
dispersion. Based upon a local flamelet hypothesis, it was attempted to include the effect of
flame wrinkling and remove the acceleration related to dispersion, so as to correct macroscale
burning rates in the volume-averaged model, but our best efforts proved unsuccessful in closing
the gap between simulations and low-order modelling. Conceptually-speaking, the fact that
the 1D volume-averaged model simulates an effective, “representative” flame front whose local
environment related to the macroscale effective properties is largely different than the inter-
twined flame structure calls in to question whether 1D volume-averaged models ever be able to
catch the pore-scale subtleties with sufficient accuracy. To this end, the improvement of current
volume-averaged models constitutes a vast area of investigation, and urges for further detailed
numerical simulations with corresponding volume-averaged models for rigorous comparisons, as
well as the development of new experimental visualization techniques.

Future research directions
Links decoupled/intermediate/hyperdiffusive regimes vs. 3D flames

Although some links/discrepancies between 1D models and 3D simulations were described in the
manuscript, the relations between the predicted combustion regimes (decoupled, intermediate
and hyperdiffusive) and “real” flames were not assessed entirely. An intrinsic problem lies in the
fact that the three regimes were defined by considering the volume-averaged equations valid as
a starting point, and cannot include properly dispersion due to its phenomenological issues at
the macroscale. Moreover, volume-averaged models are constructed to hide the influence of pore
size in the effective parameters, so that the predicted regimes are governed by rṁ and rλ while
the flame in the 3D DNS and the associated validity of volume-averaging seemed to be highly
governed by the thermal Péclet number Pep,th. Unfortunately, there is no unequivocal relation
between the couple (rṁ, rλ) and Pep,th and only qualitative arguments may be put forward. Be-
cause the intensity of interphase heat transfer and the validity of the volume-averaged equations
are governed by pore size, for small pore sizes the hyperdiffusive regime will tendentially be
found, while for larger pore sizes the flames will be more decoupled to the wall. These consid-
erations may be viewed schematically in Figure 7.18, but further work is required to quantify
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this intuition and explore its conceptual implications. Note that the inferred validity of the cur-
rent volume-averaged models in the limit of infinitely-small pore size is logical but also requires
proper validation. Unveiling the links between decoupled/intermediate/hyperdiffusive regimes
and 3D flames is relevant, because differentiated corrections to the volume-averaged equations
may be proposed (for instance in the present manuscript the proposed model for reaction rates
implicitly assumed a decoupled behavior for the flame front). Unfortunately, the intermediate
regime is likely a region where most real flames are found, where burning rate is very sensitive
to the effective parameters.

volume-averaging
invalid

volume-averaging
valid

decoupled

intermediate

hyperdiffusive

real 
poro

us burn
ers

Figure 7.18. – Presence of regimes for real porous burners?

Radiation
Another limitation of the proposed work is the exclusion of radiation. Though strong arguments
indicate that it should not impact significantly the present conclusions, 3D detailed numerical
simulations with and without radiation, as well as a critical study of the validity of a volume-
averaged radiative transfer equation, should be performed for the typical materials used in
porous burners applications.

CO/NOx emissions
Although it has been experimentally demonstrated that some porous burners may significantly
reduce CO and NOx emissions compared to traditional burners, to the author’s knowledge the
pore-scale mechanisms leading to such a performance has not been properly demonstrated. 3D
simulations including detailed NOx chemistry may help reproduce and unveil the mechanisms
leading to a reduction in emissions.

Meshing strategy
The meshing strategy adopted in this thesis is not sufficiently sophisticated, in the sense that
uniform mesh size was adopted. Although this was found to be relevant for the present applica-
tion, it required extensive computational resources (approximately 30 M core-hours on a cluster
in Spain, which corresponds to approximately 115 tons of equivalent CO2, or 50 flights from
New York to Melbourne 1). More advanced adaptative mesh refinement techniques specifically
designed for porous media combustion may help reduced this cost sufficiently, first to compute
porous combustion at the burner scale, and then to make it an available tool of design for a
larger public. This also requires further developments in the automation of the process from a
3D tomographic scan to 3D conformal computational meshes, which still today require much

1. http://www.green-algorithms.org/
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human intervention.

Hydrogen combustion
Some aspects of hydrogen combustion in porous media have been explored in Chapter 7. Larger
burning rates, more unsteady flows and a greater propensity to flashback were discovered.
Nonetheless, the few geometries and inlet conditions investigated are likely not representative of
the rich physics attainable with hydrogen. Variations in topology, pore size, equivalence ratio,
pressure, temperature and burner design must be considered, both numerically and experimen-
tally, with the aim of achieving robust operability and safety.

Topological gradation
Topological gradation has been recently proposed in the community to improve the burner op-
erating range, notably through a progressive modification of pore size. However, because the
volume-averaged model may experience strong shortcomings and varying degrees of validity for
pore size variations, it seems that the true implications of topological gradation are still to be
unveiled at pore scale. For example, increasing pore sizes may lead to unsteadiness and larger
flame corrugation, and this has to be verified both experimentally and numerically.

Multi-layered burners
In the literature, it is common practice to make use of two successive porous layers with different
properties to help flame stabilization, notably near the interface. Usually, a fine-pored porous
layer is used upstream, supposedly acting as a flame arrester, and the classical quenching theory
is invoked to explain the stabilization of the flame. However, in heat-recirculating devices this
conceptual framework is highly questionable, especially when the heat losses to the exterior are
low. For sufficiently hot porous matrices, it is not excluded that combustion occurs for pores
of arbitrarily small size, and flashback was observed in many experiments albeit satisfying the
flashback criterion. 1D volume-averaged models have tried to account for this phenomenon,
with little success so far. This is due to the strong assumptions made near the interface, the
low validity of volume-averaged models near boundaries, the assumption of planar flame front
and continuity of solid temperature. Some elements were given in the manuscript to help relax
these hypotheses but the proposed toy model is not sufficient to explain counter-intuitive phe-
nomena observed experimentally. 3D simulations including radiation and a realistic geometrical
treatment of contact points between two porous layers seem mandatory and a straightforward
work direction.

Towards a direct visualization of the flame structure?
Advanced experimental techniques such as X-ray computed tomography have been proposed to
measure directly temperature fields within porous burners, but this required the use of krypton
to increase the absorption of the gaseous phase and the method suffers from large uncertainties.
Other techniques are either intrusive or require the creation of gaps within the porous structure,
while only recovering 1/2D information. Thanks to the 3D simulations performed in this thesis,
it could be seen that the internal flame structure and corresponding macroscale operability were
similar between reticulated (random) and lattice-based (regular) porous structure. Interestingly,
regular geometries present several preferential directions where the flame can be directly visu-
alized. An experimental setup was designed and built during this Ph.D. work to ensure optical
access in all directions and is shown in Figure 7.19. This will allow to compare directly the
results of 3D simulations, experiments and 1D models, and constitutes as such as preferential
research direction.
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flame arrester

porous medium

inner quartz
outer quartz

top hat

convergent

support

surface combustion submerged combustion

Figure 7.19. – Experimental setup to visualize directly flame fronts in lattice-based porous burn-
ers (current investigations).
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Appendix A
Characteristics of
CH4_15_138_9_AP mechanism

The reduced ARC mechanism generated by ARCANE comprises 15 transported species, 138
reactions and 9 species in Quasi-Steady State:

– Transported species: N2, H2, H, O2, O, H2O, OH, CO, CO2, CH4, CH3, CH2O, C2H6,
C2H2, CH2(L1)

– QSS species: HO2, CH3OH, CH3O, CH2OH, HCO, C2H5, C2H4, C2H3, CH2CO

Detailed description of the reactions is given in Table A.1. Downloadable .cti and validation
files are available at https://chemistry.cerfacs.fr
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J kg−1 K−1, L = 2 cm, ṁ = 1.2 kg m−2 s−1, and xp = L/4. . . . . . . . . . . . . . 73

192



List of Figures

3.10. Recirculation efficiency versus flame position for various lengths of porous media.
Solid line: adiabatic case. Dashed line: with radiant heat losses. Parameters used:
Tu = 300 K, Tad = 2000 K, ϵ = 0.8 and

√
(1− ϵ)/hV λs = 2× 10−4 m2 K W−1 for

the radiant heat losses case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.11. Speed-up ratio versus flame position for various lengths of porous media. Solid

line: adiabatic case. Dashed line: with radiant heat losses. The parameters used
are: Tu = 300 K, Tad = 2000 K, ϵ = 0.8, λs = 20 W m−1 K−1, λg = 0.025
W m−1 K−1, hV = 2.4 × 105 W m−3 K−1, cpg = 1 × 103 J kg−1 K−1, ṁ0 = 1.2
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