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GUILLERMO PREISSER 

Numerical Studies of Entanglement 
Dynamics in Open Spin Systems

Résumé : L'étude des capacités de simulation quantique à plusieurs corps à l'aide de 
méthodes classiques est un domaine d'étude pertinent et passionnant. Avec les 
capacités avancées des simulateurs quantiques, il devient crucial d'explorer les limites 
des méthodes classiques de simulation quantique dans la poursuite de l'obtention d'un 
avantage quantique. 

L'objectif central de cette thèse est de développer une compréhension théorique plus 
approfondie de la dynamique de l'entropie d'intrication dans les systèmes de spins 
ouverts, et d'étudier les implications en termes de simulation classique de systèmes de 
spins ouverts à plusieurs corps par des méthodes de réseaux de tenseurs. Deux 
résultats principaux sont présentés dans cette thèse. L'une est une étude de la 
dynamique de croissance de l'intrication de l'opérateur dans une chaîne de spin 
ouverte avec déphasage, qui présente une croissance logarithmique à long terme. Une 
telle croissance logarithmique permet une simulation pendant de longues périodes 
avec la méthode Matrix Product Density Operator, et une compréhension analytique 
complète de l'effet en est dérivée. La seconde est une comparaison approfondie entre 
l'enchevêtrement d'opérateur et l'enchevêtrement de trajectoire où nous avons 
constaté que, dans la plupart des cas, l'enchevêtrement de trajectoire présente une 
croissance plus rapide pendant de longues périodes, ce qui rend l'approche de 
l'opérateur de densité de produit matriciel fondamentalement plus efficace qu'un 
dénouement de trajectoire quantique où chaque trajectoire est représentée comme un 
état de produit matriciel. 

Mots-clés : Intrication quantique, Systèmes Quantiques Ouverts, Etats de Produits 
Matrices, Dynamique Quantique à Plusieurs Corps, Trajectoires Quantiques.
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Abstract: The investigation of quantum many-body simulation capabilities using 
classical methods is a pertinent and exciting field of study. With the advancing 
capabilities of quantum simulators, it becomes crucial to explore the limits of classical 
methods for quantum simulation in the pursuit of achieving quantum advantage. 

The central aim of this thesis to develop a deeper theoretical understanding of 
entanglement entropy dynamics in open spin systems, and study the implications in 
terms of the classical simulation of many-body open spin systems through tensor 
network methods. There are two main results presented in this thesis. One is a study 
of Operator Entanglement growth dynamics in an open spin-chain with dephasing, 
which is found to exhibit a logarithmic growth at long times. Such logarithmic growth 
enables simulation for long times with the Matrix Product Density Operator method, 
and a full analytical understanding of the effect is derived. The second one is a 
thorough comparison between Operator Entanglement and Trajectory Entanglement 
where we found that, in most cases, Trajectory Entanglement exhibits a faster growth 
for long times, making the Matrix Product Density Operator approach fundamentally 
more efficient than a quantum trajectory unravel where each trajectory is represented 
as a Matrix Product State.  

Keywords: Entanglement, Open Quantum Systems, Matrix Product States, Many-
body quantum dynamics, Quantum Trajectories.



“The final mystery is oneself. When one has weighed the sun
in the balance, and measured the steps of the moon, and mapped
out the seven heavens star by star, there still remains oneself.
Who can calculate the orbit of his own soul?”
— Oscar Wilde, De Profundis
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Resumé de la Thèse en Français

Introduction

Le concept d’intrication a été introduit pour la première fois par Erwin Schrödinger
en 1935 comme moyen de décrire des corrélations non locales entre des particules
qui semblaient violer la physique classique. Ces corrélations ont été discutées
pour la première fois dans l’article fondateur d’Einstein, Podolsky et Rosen in-
titulé "Can Quantum-Mechanical Description of Physical Reality Be Considered
Complete ?"[1]. Dans cet article, Einstein, Podolsky et Rosen ont présenté une ex-
périence de pensée qui impliquait une situation où deux particules étaient corrélées
de telle manière que la mesure de l’état d’une particule déterminerait instantané-
ment l’état de l’autre, quelle que soit leur distance. Cet article a conduit à une
série de discussions, qui n’ont pas permis d’avancer ou de comprendre de manière
significative la nature de ce phénomène. Du moins pas avant 1964, lorsque John
Bell a fourni ce que l’on appelle maintenant le théorème de Bell, qui ouvre la possi-
bilité de tester expérimentalement la nature de l’intrication. Cela a conduit à une
série d’expériences, notamment John Clauser et Stuart Freedman en 1964[2], et
Alain Aspect en 1982 [3], pour lesquels ils ont remporté le prix Nobel de physique
(avec Anton Zeillinger) en 2022 .

En plus de fournir des informations précieuses sur le fonctionnement de la na-
ture, il a également été démontré que l’intrication joue un rôle crucial dans de
nombreuses applications liées aux protocoles et technologies quantiques, telles que
l’informatique quantique [4–6], la cryptographie quantique[7, 8] et la téléportation
quantique [9]. De manière cruciale, l’intrication joue également un rôle fondamen-
tal dans la possibilité de simuler classiquement des systèmes quantiques. Le lien
entre l’intrication et la simulation classique des systèmes quantiques peut être fait
via le concept de Matrix Product States (MPS). Un MPS est une décomposition
d’un vecteur d’état à plusieurs corps en un produit de matrices χ×χ (où les entrées
des matrices sont des kets locaux) [10–13]. De manière analogue aux MPS pour
les états purs, une décomposition en produit matriciel de la matrice de densité
peut également être définie, connue sous le nom d’opérateur de densité de produit
de matrice de densité (MPDO). L’efficacité d’une telle décomposition est déter-
minée principalement par la quantité de ce que l’on appelle «Operator Entangle-
ment» (OE). Les développements récents, en particulier dans les expériences avec
des atomes ultra-froids, ont rendu accessible le concept de simulation quantique
analogique [14]. Le but de telles expériences est de simuler la dynamique quan-
tique dans une expérience, de mieux comprendre les régimes où les simulations sur
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les ordinateurs classiques échouent. La question de la croissance de l’intrication
(des opérateurs) est donc un axe de recherche fondamental. L’objectif de cette
thèse est de faire progresser notre compréhension de la croissance de l’intrication
(opérateur) dans les systèmes quantiques ouverts à plusieurs corps.

Dans la suite de ce résumé, je fournirai un bref résumé des résultats obtenus
dans cette thèse. Je vais d’abord présenter les concepts, modèles et techniques
numériques les plus importants employés dans ce travail. Ensuite, je présenterai les
deux résultats principaux de cette thèse. L’un des travaux est une comparaison de
l’OE et d’une autre forme de calcul de l’entropie d’intrication, que nous appellerons
«Trajectory Entanglement» (TE) et l’autre est une étude sur la croissance de
l’intrication des opérateurs logarithmiques.

Méthodes numériques pour les systèmes de spin quan-
tiques ouverts

Tous les scénarios physiques sur lesquels nous nous concentrons dans cette thèse
impliquent des modèles de spin de dynamique quantique à plusieurs corps en
présence de dissipation. Nous modélisons cette dynamique à l’aide des équations
principales de Lindblad, qui sont données par

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∑

η

D[L̂η]ρ̂, (1)

ρ̂ désigne une matrice de densité à plusieurs corps pour un système spin 1/2
particules. La première partie régit la dynamique hamiltonienne cohérente, la
seconde la dissipation. Ici, nos canaux dissipatifs sont donnés par des super-
opérateurs

D[L̂η]ρ̂ = L̂ηρ̂L̂
†
η −

1

2
{L̂†

ηL̂η, ρ̂}, (2)

Les systèmes considérés dans cette thèse étaient des chaînes 1D spin-1/2 XXZ avec
l’hamiltonien

Ĥ=
1

4

∑

i

[
− J(σ̂x

i σ̂
x
i+1+σ̂

y
i σ̂

y
i+1) + Jzσ̂

z
i σ̂

z
i+1

]
, (3)

ici, σ̂ sont des matrices de Pauli standard. L’hamiltonien présente une physique
d’échange de spin (au taux J) et des interactions spin-spin (avec une tase Jz).

Nous avons considéré deux types de dissipation. L’une est l’émission/absorption
spontanée, définie respectivement par les deux opérateurs de saut pour le spin i :

L̂+
i =
√
γ+σ̂

+
i , L̂−

i =
√
γ−σ̂

−
i . (4)

Ce type de bruit est particulièrement important lorsque les niveaux de spin
sont réalisés à l’aide de niveaux atomiques dans des expériences d’atomes ultra-
froids [15]. L’autre type de dissipation que nous avons considéré est le déphasage,
qui est un autre type de bruit typique dans les systèmes à atomes froids, par
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ex. lorsque des spins sont réalisés avec des bosons durs. Cela peut être considéré
comme une perte de relation de phase définie entre les deux états de spin [16].
Dans l’équation maîtresse, cela est exprimé par les opérateurs de saut locaux

L̂z
i =
√
γzσ̂

z
i . (5)

Ici, il est important de remarquer que pour le déphasage, l’aimantation est con-
servée. Une conséquence directe de cela est une surprenante croissance logarith-
mique à long terme de l’intrication des opérateurs, qui était l’une des principales
découvertes surprenantes de ma thèse (voir publication : [17]).

Matrix Product States et Intrication Quantique

Les états de produits matriciels (MPS) sont devenus des outils puissants dans
l’étude des systèmes quantiques à plusieurs corps. Introduit à l’origine comme
un cadre pour simuler efficacement des systèmes quantiques unidimensionnels, le
MPS a depuis révolutionné notre compréhension de l’intrication et de son rôle
dans la simulation classique des systèmes quantiques.

Dans les systèmes quantiques à plusieurs corps, représenter avec précision l’état
du système devient de plus en plus difficile à mesure que le nombre de particules
et la dimension du système augmentent. Traditionnellement, pour représenter un
état quantique, il faut stocker un grand nombre de nombres complexes, nécessitant
une quantité exponentielle de mémoire et de ressources de calcul. Par exemple,
dans un système avec N particules et chaque particule ayant d niveaux, le nombre
de nombres complexes requis croît comme dN , rendant les simulations exactes
pratiquement impossibles pour les systèmes à grande échelle.

Les états de produits matriciels fournissent une solution élégante à ce prob-
lème en utilisant une représentation compacte qui capture les caractéristiques es-
sentielles de l’état quantique. Au lieu de stocker la fonction d’onde entière, MPS
représente l’état comme un produit de matrices, de dimensions χ × χ (où les en-
trées des matrices sont des kets locaux). Dans une telle représentation, l’entropie
bipartite d’intrication de von Neumann S est bornée par max[S] = log2. Par con-
séquent, pour représenter un état physique |ψ(t)⟩ avec une entropie d’intrication
S(t) comme un MPS, la taille de la matrice (ou ’dimension de la liaison’) doit
croître d’au moins χ ∝ 2S(t) avec le temps. Par exemple, une évolution où S
augmente linéairement dans le temps peut donc être considérée comme difficile en
calcul [18].

En tronquant la quantité maximale d’entropie d’intrication, MPS fournit une
approximation de l’état réel du système, en conservant les informations les plus
pertinentes tout en éliminant les détails moins significatifs. Heureusement, il con-
vient de noter que pour un large éventail de problèmes, tels que la dynamique
proche de l’équilibre, les basses énergies et les courtes échelles de temps, il s’avère
que seule une quantité modeste d’intrication est suffisante pour obtenir une sim-
ulation exacte. Dans ces cas, la dimension de liaison χ de la représentation de
l’état du produit matriciel peut rester relativement petite, ce qui rend la simula-
tion traitable par calcul.
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De manière analogue aux MPS pour les états purs, une forme d’opérateur de
densité de produit matriciel (MPDO) de la matrice de densité ρ̂ peut également
être définie. Une forme MPO permet d’exprimer facilement la matrice de den-
sité sous la forme d’une décomposition de Schmidt entre une gauche et une bloc
droit. L’entropie bipartite de cette décomposition est donnée par la « operator
space entanglement entropy » ou simplement « operator entanglement » (OE).
L’OE indique l’efficacité d’une représentation MPDO. Il peut être facilement cal-
culé numériquement [19–23] et se prête à un traitement analytique [24–26]. Nous
soulignons que, malgré son nom, OE n’est pas nécessairement lié à une véritable
intrication quantique entre des blocs de spins distincts lorsque ρ̂ est un état mixte.

Dans les chapitres 3 et 6 le MPS et la méthode MPDO sont présentés plus en
détail. En particulier, l’utilisation de MPOD pour simuler la dynamique OE dans
un système de chaîne de spin XXZ sera l’un des sujets majeurs de cette thèse.

Trajectoires quantiques et intrication quantique

Alternativement à l’approche MPDO, la matrice de densité peut être non unique-
ment décomposé en un mélange statistique d’états purs [voir Fig. 1 pour un
croquis]. Chaque état pur peut alors être exprimé sous la forme d’un MPS, et
l’efficacité d’une telle représentation est déterminée par les entropies d’intrication
bipartite dans les états individuels. Pour calculer le temps évolution, les tra-
jectoires à l’état pur peuvent être stochastiquement évolué avec une technique
connue sous le nom de Monte-Carlo quantique méthode de la fonction d’onde ou
trajectoires quantiques (QT) [27–29].

Cette approche a été appliquée avec succès dans de nombreuses simulations
avec MPS [30, 31]. Nous le notons QT+MPS, et l’entropie bipartite moyenne des
trajectoires « intrication de trajectoire » (TE). En général, en raison de l’espace
d’état local plus petit, une approche QT + MPS semble favorable par rapport
à un MPDO, en particulier pour les calculs où seuls de petits nombres de tra-
jectoires sont nécessaires pour la convergence statistique (par exemple pour cal-
cul de l’évolution d’observables locales simples). Cependant, une mise à l’échelle
d’entropie réduite pourrait rendre l’approche MPDO fondamentalement plus effi-
cace car elle peut considérablement assouplir les exigences sur les dimensions de
liaison χ. L’un des travaux majeurs de cette thèse est une comparaison détaillée
entre les deux méthodes.

Dans la section 5, nous approfondirons les détails des trajectoires quantiques
et l’utilisation des trajectoires quantiques pour simuler l’évolution temporelle des
systèmes quantiques. Plus particulièrement, une grande partie de notre attention
sera concentrée sur la question de la croissance de TE.

Résultat principal (i) – Comparaison détaillée : Op-
erator Entanglement vs. Trajectory Entanglement

L’un des principaux résultats de cette thèse est une comparaison approfondie entre
la méthode QT + MPS et MPDO. En particulier, nous comparons la croissance
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<latexit sha1_base64="8eWa5UFP6BXku6x/N2/LbVO/Fro=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GTduDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJXe53nlBpHssHM03Qj+hI8pAzaqzU9Ablilt15yDrxFuSCizRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ/ND52RC6sMSRgrW9KQufp7IqOR1tMosJ0RNWO96uXif14vNeGtn3GZpAYlWywKU0FMTPKvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perXrdrFXqSX0RRxHO4BwuwYMbqMM9NKAFDBCe4RXenEfnxXl3PhatBWcZ4Sn8gfP5A54LjSs=</latexit>

2

<latexit sha1_base64="Oqy7FO+EKipq4doibLb5g82MNvs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGBD0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRkUS27ZXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1L2quVas1qqJ/VlHHm4gEu4Bg9uoA730IAWMEB4hld4cx6dF+fd+Vi25pxVhOfwB87nD5+PjSw=</latexit>

3

<latexit sha1_base64="ImfdXmpalVdmj1Ye26EocJimTXY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqgh4DXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cfI4aGJBQ1HVTXdXkAiujet+O7mNza3tnfxuYW//4PCoeHzS0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuO4XS27ZnYOsE29JSrBEvV/86g1ilkYoDRNU667nJsbPqDKcCZwWeqnGhLIxHWLXUkkj1H42P3RKLqwyIGGsbElD5urviYxGWk+iwHZG1Iz0qjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynYELzVl9dJ66rsVcrVRqVUS2qLOPJwBudwCR7cQA3uoQ5NYIDwDK/w5jw6L86787FozTnLCE/hD5zPH6ETjS0=</latexit>

N

<latexit sha1_base64="EnB8kNIBmIyeF9Dd8UIV90FCCAs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKgh4DXjxJAuYByRJmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyePgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+seSW3TnIOvGWpARL1PvFr94gZmmE0jBBte56bmL8jCrDmcBpoZdqTCgb0yF2LZU0Qu1n80On5MIqAxLGypY0ZK7+nshopPUkCmxnRM1Ir3oz8T+vm5rwxs+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXqVcbVRKtaS2iCMPZ3AOl+DBNdTgDurQBAYIz/AKb86j8+K8Ox+L1pyzjPAU/sD5/AHJ/41I</latexit>

⇢̂(t) =

<latexit sha1_base64="GCNOyOQK8/qSW0fVRooHdPZ8ZXk=">AAAB9XicbZBLSwMxFIUzPmt9VV26CRahbsqMVHQjFNy4rGAf0BlLJs10QjPJkNxRytD/4caFIm79L+78N6aPhbYeCHycc0NuTpgKbsB1v52V1bX1jc3CVnF7Z3dvv3Rw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD4c0kbz8ybbiS9zBKWZCQgeQRpwSs9eDHBLCvY1WBM3zdK5XdqjsVXgZvDmU0V6NX+vL7imYJk0AFMabruSkEOdHAqWDjop8ZlhI6JAPWtShJwkyQT7ce41Pr9HGktD0S8NT9fSMniTGjJLSTCYHYLGYT87+sm0F0FeRcphkwSWcPRZnAoPCkAtznmlEQIwuEam53xTQmmlCwRRVtCd7il5ehdV71atWLu1q5ntZndRTQMTpBFeShS1RHt6iBmogijZ7RK3pznpwX5935mI2uOPMKj9AfOZ8/JuSR/A==</latexit>

⇢̂(t) ⇡ 1

Nt

NtX

⌧

| ⌧ (t)ih ⌧ (t)|

<latexit sha1_base64="xRzNI+aghW5TgquE1Qxm7irzqhE="></latexit>

(a)

<latexit sha1_base64="2IvuYzvA0jRi1evWI2LtxyRQglg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1I7kLQ=</latexit>

(b)

<latexit sha1_base64="YqVpf7jcSR55ZRJzWquXGGGCygU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0FZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBTwZC1</latexit>

(c)

<latexit sha1_base64="40qbks7OIJLzGMs0VQjABuuuMLU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC3xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1VHkLY=</latexit>

<latexit sha1_base64="2DBSoqxifKr+3FQNCdSn8DZt2tc=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYhAEIexKUI9BL16EBPOCZAmzk95kyOzsOtMbDEu+w4sHRbz6Md78GyePgyYWNBRV3XR3+bHgGh3n21pZXVvf2MxsZbd3dvf2cweHdR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD24nfGILSPJJVHMXghbQnecAZRSN5bYQnTCvV8/vyw7iTyzsFZwp7mbhzkidzlDu5r3Y3YkkIEpmgWrdcJ0YvpQo5EzDOthMNMWUD2oOWoZKGoL10evTYPjVK1w4iZUqiPVV/T6Q01HoU+qYzpNjXi95E/M9rJRhceymXcYIg2WxRkAgbI3uSgN3lChiKkSGUKW5utVmfKsrQ5JQ1IbiLLy+T+kXBvSwUK8V86WYeR4YckxNyRlxyRUrkjpRJjTDySJ7JK3mzhtaL9W59zFpXrPnMEfkD6/MHZmmR3g==</latexit>

QT+MPS
<latexit sha1_base64="t4bLt3jV++gIal7n4XsIs1epEzw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQD17ECOYBmyXMTmaTIbMzy0yvGJZ8hhcPinj1a7z5N06SPWi0oKGo6qa7K0wEN+C6X05hYXFpeaW4Wlpb39jcKm/vNI1KNWUNqoTS7ZAYJrhkDeAgWDvRjMShYK1weDnxWw9MG67kPYwSFsSkL3nEKQEr+R1gj5Dd1K9ux91yxa26U+C/xMtJBeWod8ufnZ6iacwkUEGM8T03gSAjGjgVbFzqpIYlhA5Jn/mWShIzE2TTk8f4wCo9HCltSwKeqj8nMhIbM4pD2xkTGJh5byL+5/kpROdBxmWSApN0tihKBQaFJ//jHteMghhZQqjm9lZMB0QTCjalkg3Bm3/5L2keVb3T6sndcaV2kcdRRHtoHx0iD52hGrpGddRAFCn0hF7QqwPOs/PmvM9aC04+s4t+wfn4BjotkTs=</latexit>

MPDO

Figure 1: Opérator Densité Produit Matriciel vs. Trajectoires Quantiques + Ma-
trix Product States — Schémas de différentes approches numériques pour simuler
la dynamique des équations maîtresse

OE avec la croissance TE pour notre modèle de spin et pour les deux types de
dissipation : émission/absorption spontanée et déphasage (voir Figs. 2 et 3 pour
quelques comparatifs cruciaux résultats).

Dans le cas de l’émission/absorption spontanée, sur la Fig.2(a) pour MPDO on
remarque un comportement de "montée et descente" qui peut s’expliquer par une
dominance initiale de l’hamiltonien hermitien à t≪ γ−1. Aux instants t ≥ γ−1 la
cohérence initiale est détruite par la dissipation et l’OE diminue jusqu’à atteindre
une valeur nulle. Pour QT+MPS, sur la Fig.2(b), la situation est différente ;
plutôt que de voir un schéma de montée et de descente, ce que nous remarquons,
c’est que, dans le cas d’une émission/absorption spontanée élevée, après la montée
initiale, la valeur de TE atteint un plateau. Pour le cas de γ intermédiaire ou bas
ceci est encore plus défavorable puisqu’on ne constate qu’une croissance continue
de TE, ce qui complique sévèrement la possibilité d’une simulation à long terme.
Pour le cas du déphasage, sur la Fig.3, pour le cas du MPDO, nous voyons d’abord
le comportement "montée et descente" mais ensuite, de manière surprenante, nous
remarquons une croissance logarithmique lente. Un tel comportement est expliqué
plus en détail dans la section suivante. Or, dans le cas de QT+MPS, on observe
une croissance très prononcée du TE, atteignant les valeurs maximales de , sans
aucun signe de ralentissement.

En conclusion principale, ces résultats impliquent étonnamment que bien que
l’approche MPDO semble initialement moins favorable par rapport à QT + MPS,
en raison d’espaces d’états locaux réduits, à des temps plus longs, la méthode
MPDO peut avoir des avantages fondamentaux. Ceci est une conséquence des
différents comportements de mise à l’échelle de OE et TE à long terme. Outre
l’avantage évident en termes de mise à l’échelle de l’entropie, il existe d’autres
points en faveur de MPDO, tels que l’invariance translationnelle et une plus grande
taille de pas de temps convergent, ce qui en fait l’approche la plus pratique dans
la plupart des scénarios. La comparaison a été résumée dans un long article qui à
été publiée sur Phys. Rev. A 108, 012616 [32]).
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https://journals.aps.org/pra/abstract/10.1103/PhysRevA.108.012616


(c)

<latexit sha1_base64="40qbks7OIJLzGMs0VQjABuuuMLU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC3xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1VHkLY=</latexit>

(d)

<latexit sha1_base64="YPNZWeP32wYw95rCY6VCLX9vhcs=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51W3Vr24q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1XmkLQ=</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

S
O

P

<latexit sha1_base64="gbOByq0x3l/xHGAULsRPQiZ2+AQ=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCB71Z0X5AG8tmu2mXbjZhd6KWkP/hxYMiXv0v3vw3btoctPXBwOO9GWbmeZHgGmz72yosLa+srhXXSxubW9s75d29lg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vfJH57QemNA/lHUwi5gZkKLnPKQEj3d/2kx6wJ0iuG2la6pcrdtWeAi8SJycVlKPRL3/1BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjK9OsVHRhlgP1SmJOCp+nsiIYHWk8AznQGBkZ73MvE/rxuDf+4mXEYxMElni/xYYAhxFgEecMUoiIkhhCpubsV0RBShYILKQnDmX14krZOqU6ue3tQq9cs8jiI6QIfoGDnoDNXRFWqgJqJIoWf0it6sR+vFerc+Zq0FK5/ZR39gff4AcbqSfw==</latexit>

S
Q

T

<latexit sha1_base64="op7Ky3+Q3XZ2U8KWQ8gE6PU03/M=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5JIRZcFF7pssS9oQphMJ+3QyYOZG7GE4MZfceNCEbd+hTv/xkmbhbYeGDiccw937vFiziSY5rdWWlldW98ob1a2tnd29/T9g66MEkFoh0Q8En0PS8pZSDvAgNN+LCgOPE573uQ693v3VEgWhW2YxtQJ8ChkPiMYlOTqR3ak7Dyd3mVuagN9gLTVzrKKq1fNmjmDsUysglRRgaarf9nDiCQBDYFwLOXAMmNwUiyAEU6zip1IGmMywSM6UDTEAZVOOjshM06VMjT8SKgXgjFTfydSHEg5DTw1GWAYy0UvF//zBgn4V07KwjgBGpL5Ij/hBkRG3ocxZIIS4FNFMBFM/dUgYywwAdVaXoK1ePIy6Z7XrHrtolWvNm6KOsroGJ2gM2ShS9RAt6iJOoigR/SMXtGb9qS9aO/ax3y0pBWZQ/QH2ucPC3KX3A==</latexit>

�/J =

<latexit sha1_base64="1XYyM+7D0ejXzMtPXP/IXdh4UPg=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU92Vil6EggfFUwX7AdulZNO0DU2yS5IVytKf4cWDIl79Nd78N2bbPWjrg4HHezPMzAtjzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1o6ShShTRLxSHVCrClnkjYNM5x2YkWxCDlth+ObzG8/UaVZJB/NJKaBwEPJBoxgYyW/O8RC4LN7dF3qlStu1Z0BLRMvJxXI0eiVv7r9iCSCSkM41tr33NgEKVaGEU6npW6iaYzJGA+pb6nEguognZ08RSdW6aNBpGxJg2bq74kUC60nIrSdApuRXvQy8T/PT8zgKkiZjBNDJZkvGiQcmQhl/6M+U5QYPrEEE8XsrYiMsMLE2JSyELzFl5dJ67zq1aoXD7VK/TaPowhHcAyn4MEl1OEOGtAEAhE8wyu8OcZ5cd6dj3lrwclnDuEPnM8fpU6QNA==</latexit>

3.0

<latexit sha1_base64="Le2dyyJw+dgW/YWIHbeGiowMTHA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oseCBz1WsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Db3O09UaRbLRzNNaCDwSLKIEWxy6dL1KoNqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNJw/BX355lbQvXL/uXj3Ua427Io4ynMApnIMP19CAe2hCCwiM4Rle4c0Rzovz7nwsWktOMXMMf+B8/gCPRI1K</latexit>

2.5

<latexit sha1_base64="nzFpIQs8Ko+Bj3QqYeNhiRA+ho0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hKix4LHvRYwdZCG8pmu2mX7kfY3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MObMWM/7dkobm1vbO+Xdyt7+weFR9fika1SiCe0QxZXuhdhQziTtWGY57cWaYhFy+hhOb3L/8Ylqw5R8sLOYBgKPJYsYwTaX6m6zMqzWPNdbAK0TvyA1KNAeVr8GI0USQaUlHBvT973YBinWlhFO55VBYmiMyRSPaT+jEgtqgnRx6xxdZMoIRUpnJS1aqL8nUiyMmYkw6xTYTsyql4v/ef3ERtdBymScWCrJclGUcGQVyh9HI6YpsXyWEUw0y25FZII1JjaLJw/BX315nXTrrt9wm/eNWuu2iKMMZ3AOl+DDFbTgDtrQAQITeIZXeHOE8+K8Ox/L1pJTzJzCHzifP5VWjU4=</latexit>

2.0

<latexit sha1_base64="kb8tEyF4Bj1nM3YNSvAkptjGVWY=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiSlosuCC11WsA9oQ5lMJ+3QeYSZiVBCf8GNC0Xc+kPu/BuTNgttPXDhcM693HtPGHNmrOd9O6WNza3tnfJuZW//4PCoenzSMSrRhLaJ4kr3QmwoZ5K2LbOc9mJNsQg57YbT29zvPlFtmJKPdhbTQOCxZBEj2OZS3fUqw2rNc70F0DrxC1KDAq1h9WswUiQRVFrCsTF934ttkGJtGeF0XhkkhsaYTPGY9jMqsaAmSBe3ztFFpoxQpHRW0qKF+nsixcKYmQizToHtxKx6ufif109sdBOkTMaJpZIsF0UJR1ah/HE0YpoSy2cZwUSz7FZEJlhjYrN48hD81ZfXSafu+g336qFRa94VcZThDM7hEny4hibcQwvaQGACz/AKb45wXpx352PZWnKKmVP4A+fzB429jUk=</latexit>

(a)

<latexit sha1_base64="Wt/9h1R8AWoijP6ooBu2DnvVi5c=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BD3qMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVpiZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBS1ZC2</latexit>

(b)

<latexit sha1_base64="+dPt5xPE6WMGK0iu86nw9UlKYSE=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BD3qMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVoKzibdQtEtuzPQZeJlpEgy1LqFr04v4kkICrlkxrQ9N0Y/ZRoFlzDJdxIDMeMjNoC2pYqFYPx0dvGEnlqlR/uRtqWQztTfEykLjRmHge0MGQ7NojcV//PaCfav/FSoOEFQfL6on0iKEZ2+T3tCA0c5toRxLeytlA+ZZhxtSHkbgrf48jJpnJe9SvnirlKs3mRx5MgxOSEl4pFLUiW3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gBUW5C3</latexit>

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

0.1
<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

0.1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

S
Q

T

<latexit sha1_base64="op7Ky3+Q3XZ2U8KWQ8gE6PU03/M=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5JIRZcFF7pssS9oQphMJ+3QyYOZG7GE4MZfceNCEbd+hTv/xkmbhbYeGDiccw937vFiziSY5rdWWlldW98ob1a2tnd29/T9g66MEkFoh0Q8En0PS8pZSDvAgNN+LCgOPE573uQ693v3VEgWhW2YxtQJ8ChkPiMYlOTqR3ak7Dyd3mVuagN9gLTVzrKKq1fNmjmDsUysglRRgaarf9nDiCQBDYFwLOXAMmNwUiyAEU6zip1IGmMywSM6UDTEAZVOOjshM06VMjT8SKgXgjFTfydSHEg5DTw1GWAYy0UvF//zBgn4V07KwjgBGpL5Ij/hBkRG3ocxZIIS4FNFMBFM/dUgYywwAdVaXoK1ePIy6Z7XrHrtolWvNm6KOsroGJ2gM2ShS9RAt6iJOoigR/SMXtGb9qS9aO/ax3y0pBWZQ/QH2ucPC3KX3A==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

S
O

P

<latexit sha1_base64="gbOByq0x3l/xHGAULsRPQiZ2+AQ=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseCB71Z0X5AG8tmu2mXbjZhd6KWkP/hxYMiXv0v3vw3btoctPXBwOO9GWbmeZHgGmz72yosLa+srhXXSxubW9s75d29lg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vfJH57QemNA/lHUwi5gZkKLnPKQEj3d/2kx6wJ0iuG2la6pcrdtWeAi8SJycVlKPRL3/1BiGNAyaBCqJ117EjcBOigFPB0lIv1iwidEyGrGuoJAHTbjK9OsVHRhlgP1SmJOCp+nsiIYHWk8AznQGBkZ73MvE/rxuDf+4mXEYxMElni/xYYAhxFgEecMUoiIkhhCpubsV0RBShYILKQnDmX14krZOqU6ue3tQq9cs8jiI6QIfoGDnoDNXRFWqgJqJIoWf0it6sR+vFerc+Zq0FK5/ZR39gff4AcbqSfw==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

0

<latexit sha1_base64="fTF9Ea37jfv+8bq8FuAII0+UHSc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz22YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fTKMwQ==</latexit>

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

�/J =

<latexit sha1_base64="1XYyM+7D0ejXzMtPXP/IXdh4UPg=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU92Vil6EggfFUwX7AdulZNO0DU2yS5IVytKf4cWDIl79Nd78N2bbPWjrg4HHezPMzAtjzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1o6ShShTRLxSHVCrClnkjYNM5x2YkWxCDlth+ObzG8/UaVZJB/NJKaBwEPJBoxgYyW/O8RC4LN7dF3qlStu1Z0BLRMvJxXI0eiVv7r9iCSCSkM41tr33NgEKVaGEU6npW6iaYzJGA+pb6nEguognZ08RSdW6aNBpGxJg2bq74kUC60nIrSdApuRXvQy8T/PT8zgKkiZjBNDJZkvGiQcmQhl/6M+U5QYPrEEE8XsrYiMsMLE2JSyELzFl5dJ67zq1aoXD7VK/TaPowhHcAyn4MEl1OEOGtAEAhE8wyu8OcZ5cd6dj3lrwclnDuEPnM8fpU6QNA==</latexit>

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

0.1
<latexit sha1_base64="T9QksgC+Aa43sj/TdAAcWUtAQ+8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0qMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSveee98oVz/XmIH+Jn5MK5Kj3yp/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWKVPokTbUkjm6s+JCY2NGceh7YwpDs2yNxP/8zoZRlfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlv6R55voXbvWuWqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xtZco0y</latexit>

0.3
<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>

0.5
<latexit sha1_base64="9a0G4RLonw109qKPN0BgX8WIDiU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hErMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6Ve3l/Wand5HEU4QRO4Rx8qEIN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNfgo02</latexit>

0.7

<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12
<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5
<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

Figure 2: MPDO vs QT+MPS en présence d’émission/absorption spontanée élevée
et intermédiaire — Évolution dans le temps de SOP (a/c) et SQT (b/d); Dans les
deux cas, SOP présente un comportement clairement ascendant et descendant.
(b) Pour une émission/absorption spontanée élevée (taux γ/J = 2.0, 2.5, 3.0, 3.5)
SQT atteint rapidement une constante plateau (les lignes pointillées horizontales
indiquent une estimation analytique). (d) En cas d’émission/absorption spontanée
intermédiaire (taux γ/J = 0.1, 0.3, 0.5, 0.7) SQT suit une augmentation continue
qui diminue avec l’augmentation de γ jusqu’à atteindre un plateau autour des
valeurs de γ/J ≥ 0.5 [Pour MPDO: N = ∞; pour QT+MPS: N = 40; (b)
Nt = 2000; (d) Nt = 500]

Résultat principal (ii) – Croissance de l’intrication
d’opérateur logarithmique

Un autre résultat majeur de cette thèse est lié à la recherche d’une logarithmique
de l’intrication des opérateurs aux temps longs.

Comme mentionné précédemment, dans le cas du déphasage, pour l’hamiltonien
XXZ et l’état de Neél initial polarisé dans la direction ẑ, après une montée et
une descente initiales, on remarque une augmentation logarithmique. Utilisation
d’une combinaison de simulations MPO pour des chaînes d’infinies longueur et
arguments analytiques valables pour un fort déphasage nous avons démontré que
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Resumé de la Thèse en Français

(a)

<latexit sha1_base64="2IvuYzvA0jRi1evWI2LtxyRQglg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1I7kLQ=</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

40

<latexit sha1_base64="zuPacvOzZsCIT56NG/9NyczUMQA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18r5Wqd/mcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/CAjP0=</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>

S
O

P

<latexit sha1_base64="BtunKD5HrySYEsNVFFsXl8KiEJA=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBBG9WtB/QhrLZTtulm03cnRRLyO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ4exYlBnoQhVy6caBJdQR44CWpECGvgCmv7oauo3x6A0D+UDTiLwAjqQvM8ZRSN5992kg/CEyW0tTbvFklN2ZrCXiZuREslQ6xa/Or2QxQFIZIJq3XadCL2EKuRMQFroxBoiykZ0AG1DJQ1Ae8ns6NQ+MUrP7ofKlER7pv6eSGig9STwTWdAcagXvan4n9eOsX/pJVxGMYJk80X9WNgY2tME7B5XwFBMDKFMcXOrzYZUUYYmp4IJwV18eZk0zspupXx+VylVr7M48uSIHJNT4pILUiU3pEbqhJFH8kxeyZs1tl6sd+tj3pqzsplD8gfW5w83mpJp</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

�z/J =

<latexit sha1_base64="4jNHhNUifj5hwqmYIjsMoKJqkOI=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KRS9CQQ/iqYL9gHYps2m2DU2ya5It1KW/w4sHRbz6Y7z5b0zbPWj1wcDjvRlm5gUxZ9q47peTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoBaMqZpHXDDKetWFEQAafNYHg19ZsjqjSL5L0Zx9QX0JcsZASMlfxOH4SA7uPJLb7E3WLJLbsz4L/Ey0gJZah1i5+dXkQSQaUhHLRue25s/BSUYYTTSaGTaBoDGUKfti2VIKj209nRE3xklR4OI2VLGjxTf06kILQei8B2CjADvehNxf+8dmLCCz9lMk4MlWS+KEw4NhGeJoB7TFFi+NgSIIrZWzEZgAJibE4FG4K3+PJf0jgte5Xy2V2lVL3O4sijA3SIjpGHzlEV3aAaqiOCHtATekGvzsh5dt6c93lrzslm9tEvOB/fYg2RNA==</latexit>

1/4

<latexit sha1_base64="JNTCskSvdorlEveyzx4x2Qi8dxI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02koseCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp3jur9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1XvVq1Yu7WqV+k8dRhCM4hlPw4BLqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj29eRY02</latexit>

1/2

<latexit sha1_base64="ao2A6WxfcAshO08fp3f7/FpRRSs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6GiB4DevAY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlB++i0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLV/eV0u12yyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AWz2NNA==</latexit>

1

<latexit sha1_base64="YV9ZhasAYxeR2smoR8st4lykzWk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fc+Mvw==</latexit>

2

<latexit sha1_base64="ReKsxuUSYXk5XtwSzo/Zvsi4iYc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjUq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXKXrV81aiWandZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX9TjMA=</latexit>

8

<latexit sha1_base64="RHNssKtxC4HiWNyDIjofWqTur08=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxBwDInhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gt3O//YRK81g+mEmCfkSHkoecUWOlRrVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtbssjjycwTlcggc3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIi4jMc=</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

1.6

<latexit sha1_base64="9JybNI0XSNqvCAndJichwV5Qwg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadmV+DgGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHnz3qleueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGN0EE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWr7uV9tVKr5XEU4QRO4Rx8uIYa3EEdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdelI0z</latexit>

0

<latexit sha1_base64="3FSpy48vlvL0j1VqmHYDna2n8Mg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBexeMug==</latexit>

0

<latexit sha1_base64="3FSpy48vlvL0j1VqmHYDna2n8Mg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBexeMug==</latexit>

tJ

<latexit sha1_base64="HoXoTRnBQklBhGWdIFhtXVI+JkA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF/FUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWesC7frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9WrVy/tapV7P4yjCCZzCOXhwBXW4hQY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH3e2jVI=</latexit>

8

<latexit sha1_base64="kMQV4DUrDYuqaxGNL3jjO+srMI4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+dxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhzeMwg==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>

(b)

<latexit sha1_base64="YqVpf7jcSR55ZRJzWquXGGGCygU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0FZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBTwZC1</latexit>
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T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

<latexit sha1_base64="2flNBvUFxLxJKjPCeajU6TL0u6k=">AAAB/XicbVDJTsMwEHVYS9nCcuNiUSFxqhLEdqzgwrEV3aQ2RI7rtFadRfYEUaKIX+HCAYS48h/c+BvcNgdoedJont6bkcfPiwVXYFnfxsLi0vLKamGtuL6xubVt7uw2VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKG12O/dc+k4lFYh1HMnID0Q+5zSkBLrrl/e5d2gSSZqxt7gLRWzzLXLFllawI8T+yclFCOqmt+dXsRTQIWAhVEqY5txeCkRAKngmXFbqJYTOiQ9FlH05AETDnp5PoMH2mlh/1I6goBT9TfGykJlBoFnp4MCAzUrDcW//M6CfiXTsrDOAEW0ulDfiIwRHgcBe5xySiIkSaESq5vxXRAJKGgAyvqEOzZL8+T5knZPi+f1U5Llas8jgI6QIfoGNnoAlXQDaqiBqLoET2jV/RmPBkvxrvxMR1dMPKdPfQHxucPcNyV4Q==</latexit> S
⌧ Q

T

Figure 3: MPDO vs QT+MPS en présence de déphasage — Évolution temporelle
des entropies pour γz/J = 0.25, 0.5, 1, 2 (lignes bleues solides, couleur du clair
au foncé). (a) Montée et descente, et croissance logarithmique universelle à long
terme de SOP (Voir Fig. 4 pour plus de détails). (b) En revanche, SQT croît
régulièrement dans les simulations QT+MPS. [Pour MPDO: N = ∞, χ = 512;
pour QT+MPS: χ = 256, Nt = 400]

(a)

<latexit sha1_base64="2IvuYzvA0jRi1evWI2LtxyRQglg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1I7kLQ=</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>
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P

<latexit sha1_base64="BtunKD5HrySYEsNVFFsXl8KiEJA=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBBG9WtB/QhrLZTtulm03cnRRLyO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ4exYlBnoQhVy6caBJdQR44CWpECGvgCmv7oauo3x6A0D+UDTiLwAjqQvM8ZRSN5992kg/CEyW0tTbvFklN2ZrCXiZuREslQ6xa/Or2QxQFIZIJq3XadCL2EKuRMQFroxBoiykZ0AG1DJQ1Ae8ns6NQ+MUrP7ofKlER7pv6eSGig9STwTWdAcagXvan4n9eOsX/pJVxGMYJk80X9WNgY2tME7B5XwFBMDKFMcXOrzYZUUYYmp4IJwV18eZk0zspupXx+VylVr7M48uSIHJNT4pILUiU3pEbqhJFH8kxeyZs1tl6sd+tj3pqzsplD8gfW5w83mpJp</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

�z/J =

<latexit sha1_base64="4jNHhNUifj5hwqmYIjsMoKJqkOI=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KRS9CQQ/iqYL9gHYps2m2DU2ya5It1KW/w4sHRbz6Y7z5b0zbPWj1wcDjvRlm5gUxZ9q47peTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoBaMqZpHXDDKetWFEQAafNYHg19ZsjqjSL5L0Zx9QX0JcsZASMlfxOH4SA7uPJLb7E3WLJLbsz4L/Ey0gJZah1i5+dXkQSQaUhHLRue25s/BSUYYTTSaGTaBoDGUKfti2VIKj209nRE3xklR4OI2VLGjxTf06kILQei8B2CjADvehNxf+8dmLCCz9lMk4MlWS+KEw4NhGeJoB7TFFi+NgSIIrZWzEZgAJibE4FG4K3+PJf0jgte5Xy2V2lVL3O4sijA3SIjpGHzlEV3aAaqiOCHtATekGvzsh5dt6c93lrzslm9tEvOB/fYg2RNA==</latexit>

1/4

<latexit sha1_base64="JNTCskSvdorlEveyzx4x2Qi8dxI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02koseCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp3jur9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1XvVq1Yu7WqV+k8dRhCM4hlPw4BLqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj29eRY02</latexit>

1/2

<latexit sha1_base64="ao2A6WxfcAshO08fp3f7/FpRRSs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6GiB4DevAY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlB++i0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLV/eV0u12yyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AWz2NNA==</latexit>

1

<latexit sha1_base64="YV9ZhasAYxeR2smoR8st4lykzWk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fc+Mvw==</latexit>

2

<latexit sha1_base64="ReKsxuUSYXk5XtwSzo/Zvsi4iYc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjUq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXKXrV81aiWandZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX9TjMA=</latexit>

8

<latexit sha1_base64="RHNssKtxC4HiWNyDIjofWqTur08=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxBwDInhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gt3O//YRK81g+mEmCfkSHkoecUWOlRrVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtbssjjycwTlcggc3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIi4jMc=</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

(b)

<latexit sha1_base64="YqVpf7jcSR55ZRJzWquXGGGCygU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0FZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBTwZC1</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

103

<latexit sha1_base64="95XWinQ3Nay5p9zCOpjKqTQErs8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH1atX6fa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEKaNmA==</latexit>

⇠ log2(tJ)/4

<latexit sha1_base64="sMKf46vm7P1Y0BjXvDiytGlQiA4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KRVdScGNuKpgH9CEMJlO26GTBzM3YgnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d57/FhwBZb1ZRSWlldW14rrpY3Nre0dc3evraJEUtaikYhk1yeKCR6yFnAQrBtLRgJfsI4/vpr6nXsmFY/CO5jEzA3IMOQDTgloyTMPHMUD7AB7gFREw8yrVeDm5LTumWWras2A/xI7J2WUo+mZn04/oknAQqCCKNWzrRjclEjgVLCs5CSKxYSOyZD1NA1JwJSbzh7I8LFW+ngQSV0h4Jn6cyIlgVKTwNedAYGRWvSm4n9eL4HBhZvyME6AhXS+aJAIDBGepoH7XDIKYqIJoZLrWzEdEUko6MxKOgR78eW/pF2r2vXq2W293LjM4yiiQ3SEKshG56iBrlETtRBFGXpCL+jVeDSejTfjfd5aMPKZffQLxsc3j2qVuA==</latexit>

S
O

P

<latexit sha1_base64="BtunKD5HrySYEsNVFFsXl8KiEJA=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBBG9WtB/QhrLZTtulm03cnRRLyO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ4exYlBnoQhVy6caBJdQR44CWpECGvgCmv7oauo3x6A0D+UDTiLwAjqQvM8ZRSN5992kg/CEyW0tTbvFklN2ZrCXiZuREslQ6xa/Or2QxQFIZIJq3XadCL2EKuRMQFroxBoiykZ0AG1DJQ1Ae8ns6NQ+MUrP7ofKlER7pv6eSGig9STwTWdAcagXvan4n9eOsX/pJVxGMYJk80X9WNgY2tME7B5XwFBMDKFMcXOrzYZUUYYmp4IJwV18eZk0zspupXx+VylVr7M48uSIHJNT4pILUiU3pEbqhJFH8kxeyZs1tl6sd+tj3pqzsplD8gfW5w83mpJp</latexit>

<latexit sha1_base64="IXpiFZA+f60ecgaNtQWnGvaRegw=">AAACBHicbVDJSgNBEO1xjXGLesylMQiewoy4HYMieIxgFkhC6OmpJE16eobuGkkYcvDir3jxoIhXP8Kbf2NnOWjig4LHe1VU1fNjKQy67reztLyyurae2chubm3v7Ob29qsmSjSHCo9kpOs+MyCFggoKlFCPNbDQl1Dz+9djv/YA2ohI3eMwhlbIukp0BGdopXYu30QYYHoz4AInEmUqoAFwNhy1cwW36E5AF4k3IwUyQ7md+2oGEU9CUMglM6bhuTG2UqZRcAmjbDMxEDPeZ11oWKpYCKaVTp4Y0SOrBLQTaVsK6UT9PZGy0Jhh6NvOkGHPzHtj8T+vkWDnspUKFScIik8XdRJJMaLjRGggNHCUQ0sY18LeSnmPacbR5pa1IXjzLy+S6knROy+e3Z0WSlezODIkTw7JMfHIBSmRW1ImFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/JpiYbQ==</latexit>

Excitation and decay

<latexit sha1_base64="3YvX3lx8lCzt+VKVpAl2Y23Lj1c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTKUw6HlfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wjm5nfeuTaiEQ94DjlQUwHSkSCUbTSve9We+WK53pzkL/Ez0kFctR75c9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUpOrNInUaJtKSRz9efEhMbGjOPQdsYUh2bZm4n/eZ0Mo6tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyX9I8c/0Lt3p3Xqld53EU4QiO4RR8uIQa3EIdGsBgAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xteUo02</latexit>

1.5
<latexit sha1_base64="ypKpd91oLe8JBz380ZN4/ZyRRMg=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBoNgFXbFVxm00UKIkBckIcxObpIhs7PLzF0xLKls/BUbC0Vs/QY7/8bJo9DEAwOHc87lzj1+JIVB1/12UguLS8sr6dXM2vrG5lZ2e6diwlhzKPNQhrrmMwNSKCijQAm1SAMLfAlVv3818qv3oI0IVQkHETQD1lWiIzhDK7Wy+w2EB0xKmikzygG9MUJ16W3YBjlsZXNu3h2DzhNvSnJkimIr+9VohzwOQCGXzJi650bYTJhGwSUMM43YQMR4n3WhbqliAZhmMj5jSA+t0qadUNunkI7V3xMJC4wZBL5NBgx7ZtYbif959Rg7F81EqChGUHyyqBNLiiEddULbQgNHObCEcS3sXynvMc042kYytgRv9uR5UjnOe2f507uTXOFyWkea7JEDckQ8ck4K5JoUSZlw8kieySt5c56cF+fd+ZhEU850Zpf8gfP5A7W8mUg=</latexit>

Transverse Ising Model

<latexit sha1_base64="udKl5rzXQxDehv0he7rhQUrg+/o=">AAACCHicbVDJSgNBEO1xN25Rjx5sDIKnMCNBPYpePEYwCyQh1HQqprGnZ+iukcQhRy/+ihcPinj1E7z5N3aWg9uDgsd7VVTVCxMlLfn+pzczOze/sLi0nFtZXVvfyG9uVW2cGoEVEavY1EOwqKTGCklSWE8MQhQqrIU35yO/dovGylhf0SDBVgTXWnalAHJSO7/bJOxTVo4VGHmH3BIQcqn5sNkD4v12vuAX/TH4XxJMSYFNUW7nP5qdWKQRahIKrG0EfkKtDAxJoXCYa6YWExA3cI0NRzVEaFvZ+JEh33dKh3dj40oTH6vfJzKIrB1EoeuMgHr2tzcS//MaKXVPWpnUSUqoxWRRN1WcYj5KhXekQUFq4AgII92tXPTAgCCXXc6FEPx++S+pHhaDo2LpslQ4PZvGscR22B47YAE7ZqfsgpVZhQl2zx7ZM3vxHrwn79V7m7TOeNOZbfYD3vsXya+Z0g==</latexit>

Polarize state in x̂

Figure 4: La montée et la descente et la lente remontée de l’intrication de
l’opérateur sous déphasage — (a) Évolution temporelle des entropies pour γz/J =
0.25, 0.5, 1, 2 (blue solid lines, color from light to dark). The OE shows a log-
arithmic growth. (b) Breaking cases: In order give an idea of the mechanism
that generates the logarithmic growth we give a series of examples that break the
conservation of magnetisation and prevent the logarithmic growth from appear-
ing.[For MPDO: N =∞, χ = 512; for QT+MPS: χ = 256, Nt = 400]

xv



cette croissance est inhérente à une loi de conservation U(1).
Dans la Fig. 4, nous voyons d’abord qu’il s’agit en effet d’une croissance loga-

rithmique, plus précisément à long terme, elle croît universellement comme 1
4
log(t).

En revanche, sur la figure 4 (b), nous montrons comment, pour les scénarios qui
cassent la conservation de l’aimantation, la croissance logarithmique se décompose
également.

Les principales réalisations ont été : i) le développement d’un code numérique
qui permet de simuler efficacement notre équation maîtresse pour un système in-
fini (en exploitant l’invariance translationnelle du problème) ; et ii) Le développe-
ment d’une compréhension analytique complète de la croissance logarithmique
universelle. Ce dernier pourrait être atteint dans une nouvelle théorie des per-
turbations, où la dynamique du système pourrait être mappée à des processus
classiques efficaces pour les matrices de densité diagonales.

Conclusion générale

Cette thèse a conduit au développement de nouvelles techniques de simulation
numérique basées sur la MPS pour simuler la dynamique quantique ouverte à
plusieurs corps de modèles de spin-1/2. Avec ces codes, deux nouvelles idées
principales ont été produites : Dans un premier travail, la thèse a réalisé une com-
paraison approfondie entre QT+MPS et MPDO. Nous avons montré des avan-
tages significatifs pour la méthode MPDO. Dans le deuxième travail, nous ex-
pliquons l’augmentation logarithmique de l’OE dans une chaîne de spin XXZ avec
déphasage. Nous avons pu expliquer ce comportement et démontrer que la crois-
sance est inhérente à une loi de conservation U(1).

Dans l’ensemble, cette thèse a contribué à une amélioration significative de
notre compréhension de la croissance de l’intrication dans les systèmes quantiques
ouverts à plusieurs corps. Cela sera crucial pour comprendre et modéliser les
futures expériences de simulation quantique analogique, en particulier dans les
systèmes avec des atomes ultrafroids.
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Chapter 1

Introduction

The concept of entanglement was first introduced by Erwin Schrödinger in 1935
as a method to describe non-local correlations between particles that seemed to
violate classical physics. These correlations were initially discussed in the sem-
inal paper by Einstein, Podolsky, and Rosen titled "Can Quantum-Mechanical
Description of Physical Reality Be Considered Complete?"[1]. In this paper, Ein-
stein, Podolsky, and Rosen presented a thought experiment involving two particles
correlated such that measuring the state of one particle would instantaneously de-
termine the state of the other, irrespective of the distance between them. This
paper sparked a series of discussions that initially did not yield significant ad-
vancement or understanding of this phenomenon. This changed in 1964 when
John Bell formulated what is now known as Bell’s Theorem, which opened up the
possibility of experimentally testing the nature of entanglement. This led to a
series of experiments, most notably those conducted by John Clauser and Stuart
Freedman in 1964[2], and Alain Aspect in 1982 [3]. Aspect, along with Anton
Zeillinger, was awarded the Nobel Prize in Physics in 2022 for his work on this
subject.

Entanglement, in addition to providing valuable insights into the workings of
nature, has been proven to be integral to many applications in quantum protocols
and technologies, such as quantum computing [4–6], quantum cryptography[7, 8],
and quantum teleportation [9]. Significantly, entanglement also underpins the fea-
sibility of classically simulating quantum systems. This connection is encapsulated
in the concept of Matrix Product States (MPS), which represents a decomposition
of a many-body state vector into a product of χ × χ matrices (with the matrix
entries being local kets) [10–13]. Analogous to MPS for pure states, a matrix
product decomposition of the density matrix, known as density matrix product
density operator, can also be defined [14–18]. The efficiency of such a decom-
position is largely determined by the extent of ’operator entanglement’. Recent
advancements, particularly in experiments with ultracold atoms, have brought
the concept of analogue quantum simulation within reach [19]. The aim of these
experiments is to simulate quantum dynamics experimentally, shedding light on
scenarios where classical computer simulations falter. Hence, research into (oper-
ator) entanglement growth is a fundamental area of exploration. The objective of
this thesis is to enhance our understanding of (operator) entanglement growth in
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Chapter 1. Introduction

open quantum many-body systems.
In the following sections of this introduction, I will provide a concise overview

of the results presented in this thesis. The initial section introduces Open Quan-
tum Systems and Dissipation, followed by a discussion on Matrix Product States
and Entanglement, which form the foundational concepts for the numerical studies
within this thesis. We then delve into Quantum Trajectories represented as Matrix
Product States, a crucial numerical tool leveraged in this work. We also intro-
duce Trajectory Entanglement as a measure of entanglement entropy in Quantum
Trajectories. Lastly, we encapsulate the primary findings of this thesis.

1.1 Open Quantum Systems

Within the domain of quantum mechanics, an open quantum system refers to
any system that interacts with an external environment. Unlike isolated quan-
tum systems, open quantum systems experience energy, matter, or information
exchange with their surroundings. Accounting for every detail of these interac-
tions and providing a comprehensive description of the environment would render
most computational dynamics intractable.

Owing to the complexity of open quantum systems, it is necessary to utilize a
series of approximations. The most notable among these is the Markov approxi-
mation, which presumes that the environment is memoryless [20]. This suggests
that the time evolution of a system can be described solely by its current state,
using a Markovian master equation. The well-known Lindblad master equation is
an example of such a Markovian master equation, encapsulating both the unitary
evolution, dictated by the Hamiltonian, and the non-unitary evolution emerging
from interactions with the environment, represented by the Lindblad operators.

Various methods have been developed to handle open quantum systems under
the Markov approximation. One method we will emphasize is quantum trajec-
tories, a stochastic approach to analyzing system evolution [21]. Furthermore,
multiple methods have been devised to manage open systems with Matrix Prod-
uct States [22]. Chapter 2 introduces the most important methods used in this
thesis.

1.2 Matrix Product States and Entanglement

Matrix Product States (MPS) have emerged as invaluable tools in the exploration
of quantum many-body systems. Initially introduced as an efficient simulation
framework for one-dimensional quantum systems, MPS have since radically trans-
formed our understanding of entanglement and its implications for the classical
simulation of quantum systems [23–25].

In quantum many-body systems, the representation of the system’s state be-
comes increasingly challenging with the growth of the number of particles and the
dimensionality of the system. Conventionally, the representation of a quantum
state necessitates storing a large number of complex numbers, requiring an ex-
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1.3. Quantum Trajectories and Entanglement

ponentially large quantity of memory and computational resources. For instance,
in a system with N particles, each with d levels, the required number of com-
plex numbers expands as dN , making exact simulations for large-scale systems
practically unfeasible.

MPS propose a clever solution to this problem through a compact represen-
tation that encapsulates the essential attributes of the quantum state. Instead of
storing the entire wavefunction, MPS depict the state as a product of matrices
with dimensions χ×χ (where the entries of the matrices are local kets). In such a
representation, the bipartite von Neumann entanglement entropy S is bounded by
max[S] = log2. Therefore, to represent a physical state |ψ(t)⟩ with entanglement
entropy S(t) as an MPS, the matrix size (or ‘bond dimension’) must grow at least
as χ ∝ 2S(t) over time. For instance, an evolution where S increases linearly over
time can hence be regarded as computationally challenging [26].

By truncating the entanglement entropy, MPS provide an approximation to the
system’s true state, preserving the most pertinent information while disregarding
less critical details. Interestingly, for a broad range of problems such as near-
equilibrium dynamics, low energies, and short timescales, a modest amount of
entanglement is often sufficient to enable an accurate simulation. In these cases,
the bond dimension χ of the MPS representation can remain relatively small,
thereby making the simulation computationally manageable.

In parallel with MPSs for pure states, a matrix product density operator
(MPDO) form of the density matrix ρ̂ can also be defined. An MPDO form allows
the easy expression of the density matrix as a Schmidt decomposition between a
left and a right block. The bipartite entropy of this decomposition is given by the
’operator space entanglement entropy’ or simply ’operator entanglement’ (OE).
The OE indicates the efficiency of an MPDO representation. It can be readily
computed numerically [27–31] and is amenable to analytical treatment [32–34].
It’s worth noting that, despite its name, OE does not necessarily denote genuine
quantum entanglement between distinct blocks of spins when ρ̂ is a mixed state.

Chapters 6 and 3 present the MPS and MPDO methods in greater detail, with
a particular emphasis on their application to simulate many-body spin systems.

1.3 Quantum Trajectories and Entanglement

Alternatively to the MPDO approach, the density matrix can be non-uniquely
decomposed into a statistical mixture of pure states, as illustrated in Fig. 1. Each
pure state can then be represented as an MPS, and the efficiency of such a repre-
sentation is determined by the bipartite entanglement entropies in the individual
states. To compute the time evolution of these states, they can be stochasti-
cally evolved using a technique known as the Quantum Monte Carlo wavefunction
method or Quantum Trajectories (QT) [35–37].

This approach has been successfully applied in numerous MPS simulations
[18, 38]. We refer to this as the QT+MPS method, and define the average bipartite
entropy of the trajectories as ’Trajectory Entanglement’ (TE). Importantly, similar
to OE, TE does not necessarily relate to genuine entanglement between distinct
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Chapter 1. Introduction

blocks of spins, but should rather be interpreted as a measure of the efficiency of
the QT+MPS method for simulating a system.

A significant portion of this thesis is dedicated to a detailed comparison be-
tween the MPDO and the QT+MPS methods. Our results show considerable
advantages for the MPDO method. Nevertheless, QT+MPS remains a very useful
technique that, by providing access to individual trajectories constituting the den-
sity matrix ensemble, can reveal crucial insights into the properties of the system.

1.4 Overview of Results

This thesis advances the theoretical understanding of entanglement entropy dy-
namics in open spin systems and investigates the practical implications of these
insights for simulating many-body open spin systems using tensor network meth-
ods.

Chapter 2 presents an overview of the open quantum systems theory, intro-
ducing key concepts including the Lindblad equation, which governs the system’s
dynamics in the presence of an environment. This chapter also explores Quan-
tum Trajectories, offering a numerical alternative for deriving system dynamics
by introducing dissipation through a Monte Carlo process.

In Chapter 3, we delve into Matrix Product States (MPS), providing a compre-
hensive overview of the technique and its application in the evolution of quantum
many-body systems. Towards the chapter’s end, we introduce the XXZ model,
which serves as the main model used in this thesis. We execute simulations to un-
derstand this system’s general properties and discuss essential aspects to consider
when employing MPS methods for such model simulations.

Chapter 4 offers a more detailed discussion on entanglement entropy, examining
various metrics for its quantification. We place particular emphasis on the area
law.

Subsequently, Chapter 5 combines quantum trajectories with MPS into the
QT+MPS method. This technique proposes an alternative to density matrix
simulations for open quantum many-body systems. Additionally, we explore how
trajectories can shed light on conserved quantities in an open system.

Chapter 6 pivots the focus to the theory of matrix product density operators
(MPDO), underlining the feasibility of simulating infinite translationally invari-
ant systems. We introduce the Operator Entanglement (OE) and examine how
conserved quantities influence its behavior in the context of open systems.

Chapters 7 and 8 unveil the two major findings of this thesis. First, we study an
XXZ spin chain, introducing dephasing as a form of dissipation, and observe a ’rise
and fall’ pattern succeeded by logarithmic growth in the OE dynamics. We offer
an in-depth analytical understanding of the OE dynamics in this scenario. Our
second substantial work entails a meticulous comparison between the QT+MPS
and MPDO techniques for simulating open spin systems, highlighting significant
advantages of the MPDO method.

Finally, Chapter 9 recaps the work presented, underlines its most significant
implications, and outlines potential future research directions.
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Chapter 2

Open Quantum Systems

Traditionally in quantum mechanics, the study of isolated systems has provided us
with profound insights into the fundamental nature of matter and energy. How-
ever, in reality, quantum systems rarely exist in perfect isolation. They are con-
stantly subjected to interactions and entanglements with their surroundings. Such
a system, which interacts with its environment, is defined as an open quantum
system [1, 2]. In the context of open quantum systems, the environment is often
referred to as a "bath" or "reservoir". This bath can comprise various degrees of
freedom, such as photons, phonons, or other environmental particles, depending
on the specific physical system under study.

Open quantum systems encompass a wide array of phenomena that arise when
quantum entities, like atoms, molecules, or solid-state systems, interact with their
environment. These interactions lead to intriguing phenomena such as decoher-
ence and dissipation, which profoundly impact the behavior and properties of the
quantum system. The understanding and control of these phenomena are cru-
cial for fully harnessing the potential of quantum technologies and exploring the
boundary between quantum and classical realms.

More specifically, in the context of this thesis, one central question we address
is how the environment impacts the simulatability of many-body quantum sys-
tems. In other words, how does dissipation influence the growth of entanglement
entropy in the dynamics of many-body quantum systems? Answering this ques-
tion is complex and requires considering various factors, such as the model used to
represent the interaction with the environment, the simulation method applied to
the system, the type of dissipation, as well as the initial state and the Hamiltonian
used for its evolution. To make the first steps towards a satisfying answer, a basic
understanding of open quantum systems is indispensable.

In this chapter, we will provide an overview of open quantum systems the-
ory. We will primarily focus on the density matrix, which is the mathematical
construct that describes the system under environmental influence, and we will
aim to understand and derive the Lindblad Master equation, which dictates the
evolution of the density matrix. Finally, we will introduce Quantum Trajectories,
which play a significant role in the work presented in this thesis.
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2.1. The Density Matrix

2.1 The Density Matrix

The density matrix, also known as the density operator, is a fundamental math-
ematical construct in quantum mechanics that enables a statistical description of
quantum states. Unlike the wavefunction, which represents the complete informa-
tion of a quantum system, the density matrix incorporates both pure states and
mixed states, accounting for uncertainties arising from environmental interactions,
measurement uncertainties, or partial knowledge of the system. Every density op-
erator for a system is a positive semi-definite, Hermitian operator of trace one
acting on the Hilbert space of the system and generally can be expressed as [3, 4]

ρ̂ =
∑

j

pj |ψj⟩ ⟨ψj| , (2.1)

where 0 ≤ pj ≤ 1 and
∑

j pj = 1. In order to know if a density matrix corresponds
a pure state one can verify the following properties. A density operator represents
a pure state if and only if:

• It can be written as an outer product of a state vector |ψ⟩ with itself, that
is, ρ̂ = |ψ⟩ ⟨ψ|.

• It is idempotent, that is ρ̂ = ρ̂2.

• It has purity one, that is tr(ρ2) = 1

Regarding operations such as expected values, this will be simply be done by
tr(ρ̂Â), which can be easily seen from
〈
Â
〉
=
∑

j

pj ⟨ψj| Â |ψj⟩ =
∑

j

pjtr(|ψj⟩ ⟨ψj| Â) = tr
(∑

j

pj |ψj⟩ ⟨ψj| Â
)

= tr(ρ̂Â).

(2.2)
In the case for close systems the evolution of the density matrix is given by the
von Neumann equation

∂tρ̂ = −i
[
Ĥ, ρ̂

]
(2.3)

where Ĥ is the system’s Hamiltonian. For the case of open quantum systems,
where there is dissipation present, one has to resort to the Lindblad Master Equa-
tion.

It is also important to mention that, given that the Pauli matrices provide a
basis for 2× 2 self-adjoint matrices, it is possible to write any arbitrary state for
a qubit in the form

ρ̂ =
1

2
(Î + a · σ̂) (2.4)

The coefficient a is named the Bloch vector and can be calculated as the expec-
tation value of the Pauli matrices.

a = tr(ρ̂σ̂) = ⟨σ̂⟩ (2.5)

Points with |a| = 1 represent pure states, while mixed states are represented
by points in the interior. This is known as the Bloch sphere picture of qubit state
space.
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Chapter 2. Open Quantum Systems

2.2 The Lindblad Master Equation

The Lindblad master equation is a mathematical description used in quantum
mechanics to model how open quantum systems evolve over time. It is named
after the physicist Goran Lindblad, who developed this equation in the 1970s. It
is given by

∂tρ̂ = −i
[
Ĥ, ρ̂

]
+
∑

i

γi

(
2Ĉiρ̂Ĉ

†
i − Ĉ†

i Ĉiρ̂− ρ̂Ĉ†
iCi

)
, (2.6)

where H is the system’s Hamiltonian, describing the unitary aspects of the dy-
namics, and Ĉi are a set of jump operators describing the dissipative part of the
dynamics and γi are the corresponding dissipation rates. The jump operators de-
scribe how the environment acts on the system, and must ultimately be determined
from microscopic models of the system-environment dynamics.

In order to derivate the Lindblad equation we will start by introducing two of
the main approximations which will be essential in order to capture the loss of
information and irreversible evolution of an open quantum system: the Born and
the Markov approximations.

Born Approximation : The Born approximation assumes that the system-
environment interaction is weak. This means that the system’s influence on the
environment and vice versa is relatively small. It allows us to treat the system-
environment interaction as a perturbation and simplify the calculations.

Markov Approximation : The Markov approximation assumes that the sys-
tem and the environment quickly reach a state of equilibrium, or at least a quasi-
steady state. In other words, the environment forgets its past interactions with the
system very rapidly. This approximation simplifies the mathematics by allowing
us to ignore the memory of the environment and treat the system’s evolution as
memoryless.

In order to describe the dynamics of the system and the bath we use the
Hamiltonian

Ĥ = ĤS + ĤB + ĤSB, (2.7)

where HS is the system’s Hamiltonian, HB is the bath’s Hamiltonian and HSB is
the system-bath interaction.

While it is possible to describe the dynamics of the entire system (including
the bath and the interaction), let’s call it Ω̂, through a Liouville equation ∂tΩ̂ =
−i
[
Ĥ, Ω̂

]
. Given that this equation contains an infinite number of degrees of

freedom, is impossible to solve analytically except in very particular cases. So,
making use of the approximations previously stated, we are going to be able to
ignore the degrees of freedom of the bath and arrive to an equation of the density
matrix of the system only, by tracing over the bath, ρ̂ = trB(Ω̂). For convenient
we will change to the interaction picture, defined by the unitary transformation
˜̂
M = Û0M̂Û †

O, where M̂ is an arbitrary operator and Û0 = ei(ĤS+ĤB). It is easy to
note that the Liouville equation becomes

∂t
˜̂
Ω = −i

[ ˜̂
HBS,

˜̂
Ω] (2.8)
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Figure 2.1: Bipartition between system and bath

Making use of the explicit time-dependence of the Hamiltonian, we can integrate
directly

˜̂
Ω(t) =

˜̂
Ω(0)− i

∫ t

0

dt′[
˜̂
HBS(t

′),
˜̂
Ω(t′)]. (2.9)

This implicit equation for can be substituted back into the Liouville equation
to obtain an exact differo-integral equation

∂t
˜̂
Ω(t) = −i[ ˜̂HBS,

˜̂
Ω(0)]− i

∫ t

0

dt′[
˜̂
HBS(t), [

˜̂
HBS(t

′),
˜̂
Ω(t′)]]. (2.10)

We proceed with the derivation by assuming the interaction is initiated at t = 0,
and at that time there are no correlations between the system and the bath. This
allows to express our initial state in the form Ω̂(0) = ρ̂(0) ⊗ R̂0, where R0 is the
density operator of the bath initially.

We proceed by tracing over the bath degrees of freedom of the integral, which
yields

∂t ˜̂ρ(t) = −i
∫ t

0

dt′trR
{
[
˜̂
HBS(t), [

˜̂
HBS(t

′),
˜̂
Ω(t′)]]

}
. (2.11)

This equation is exact for the dynamics of the density matrix, however there is the
problem that it also requires the full knowledge of the dynamics of the bath degrees
of freedom. It is here where we will make use of the Born approximation, which
rests on the largeness of the bath and the fact that the coupling is weak, which
would lead to an effective evolution of the system only, with the bath acting only
in form of dissipation. This allows to factorize the density matrix at all times as
˜̂
Ω(t) = ˜̂ρ(t)⊗ R̂0. The master equation then becomes

∂t ˜̂ρ(t) = −i
∫ t

0

dt′trR
{
[
˜̂
HBS(t), [

˜̂
HBS(t

′), ρ̂(t′)⊗ R̂0]]
}
. (2.12)

A final assumption, which makes it easier to solve is the Markov approxima-
tion, in which we assume that the time derivative of the density matrix depends
only on its current state, and not on its past. This can be justified considering fast
bath dynamics, wherein correlations within the bath are lost extremely quickly,
and amounts to replacing ρ̂(t′)→ ρ̂(t)
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Chapter 2. Open Quantum Systems

∂t ˜̂ρ(t) = −i
∫ t

0

dt′trR
{
[
˜̂
HBS(t), [

˜̂
HBS(t

′), ˜̂ρ(t)⊗ R̂0]]
}
. (2.13)

If the interaction Hamiltonian is assumed to have the form

ĤBS =
∑

i

α̂iΓ̂i (2.14)

for system operators α̂i and bath operators Γ̂i, then ˜̂
HBS = ˜̂αi

˜̂
Γi. The master

equation becomes

∂t ˜̂ρ(t) = −i
∫ t

0

dt′trR
{
[ ˜̂αi(t)

˜̂
Γi(t), [ ˜̂αj(t

′)
˜̂
Γi(t

′), ρ̂(t)⊗ R̂0]]
}
. (2.15)

which can be expanded as

∂t ˜̂ρ(t) =− i

∫ t

0

dt′[( ˜̂αi(t) ˜̂αj(t
′)˜̂ρ(t)− ˜̂αi(t)˜̂ρ(t) ˜̂αj(t

′))⟨˜̂Γi(t)
˜̂
Γj(t

′)⟩ (2.16)

+ (˜̂ρ(t) ˜̂αj(t
′) ˜̂αi(t)− ˜̂αj(t

′)˜̂ρ(t) ˜̂αi(t))⟨˜̂Γj(t
′)
˜̂
Γi(t)⟩)]

The expectation values are with respect to the bath degrees of freedom.Assuming
rapid decay of these correlations (ideally ⟨˜̂Γi(t)

˜̂
Γj(t

′)⟩ ∝ δ(t − t′) ), which is part
the Markov approximation, the form of the Lindblad equation (8.3) is achieved.

2.3 Vectorization of the Density Matrix

Now we will introduce a vectorization of the density matrix and Lindblad master
equation (8.3). While right now it won’t seem of much use such representation
will be of great help when we apply tensor network methods for the simulation of
the (vectorized) density operator. We start by considering the density operator as
a D×D matrix, where D is the dimension of the Hilbert space (i.e. dim H = dN

where N is the number of sites and d the number of levels of the system), and we
want to express it as a D2 dimension vector in the form

ρ⃗ =
D2∑

n=1

cnên. (2.17)

Here, the role of basis vectors is done by matrices, which we now call basis opera-
tors. Under such decomposition the vector space spanned by the density matrices
has a well-defined scalar product defined by the trace, i.e. ρ⃗1 · ρ⃗2 = tr(ρ⃗1ρ⃗2).
Under such scalar product the basis operators then have to fulfill the condition
tr(σ̂iσ̂j) = δi,j. Considering a two-level system, one could initially opt for a tra-
ditional basis ê1 = |0⟩ ⟨0| , ê2 |0⟩ ⟨1| , ê3 = |1⟩ ⟨0| , ê4 = |1⟩ ⟨1|, however a more
convenient choice – through which one avoids the use of complex numbers for the
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2.3. Vectorization of the Density Matrix

coefficients which is computationally more expensive – are the Gell-Mann matrices
[5]. For two-level systems they are related to the Pauli matrices as

ê1 =
1√
2

1 ê2 =
1√
2
σ̂x

ê3 =
1√
2
σ̂y ê4 =

1√
2
σ̂z. (2.18)

Using this basis one is able to express the vectorized density matrix in a similar
form as in (2.4), where the coefficients cn will be simply the projection of ρ under
each basis vector cn = tr(ênρ⃗).

As for the Lindblad equation, its vectorized form will be expressed as

∂tρ⃗ = Lρ⃗. (2.19)

We call L the Liouvillian super-operator, since is an operator acting on oper-
ators. The Liouvillian super-operator will be given by a D2 ×D2 matrix. Here it
can be convenient to clarify how does the superoperator L acts on the vectorized
density matrix. Some important points to take into account are the following:

• A left multiplication of the matrix ρ̂ by an D × D matrix Â, i.e. Âρ̂, is
equivalent to an operation on ρ⃗ by the D2×D2 matrix Î⊗ Â, where Î is the
D ×D identity matrix.

• Similarly, a right multiplication of the matrix ρ̂ by an D ×D matrix B, i.e.
ρ̂B, is equivalent to an operation on the vector ρ⃗ by the D2 × D2 matrix
B̂T ⊗ Î. Here T denotes the transpose of the matrix.

• Finally, a combination of left and right matrices multiplication, Âρ̂B̂, is
equivalent to an operation on the vector ρ⃗ by the D2 ×D2 matrix B̂T ⊗ Â.

Going back to differential equation (2.19), in which the solution is given by

ρ⃗(t) = eLtρ⃗(0). (2.20)

The operation of the super-operator eLt on the density matrix could be understood
as a repetitive operations of the super-operator L as in the Taylor expansion:

eLtρ⃗ ≡
∑

k

1

k!
Lρ⃗tk = ρ⃗+ Lρ⃗t+ 1

2
L2ρ⃗t2 + . . . (2.21)

Typically, the resulting dynamics of the system observables (expectation values
and other correlation functions) c(t) will have the analytical form of sum of de-
caying oscillations [6]

c(t) =
∑

m

dme
λmt. (2.22)

Here, λm are the exponential coefficients and dm are the associated amplitudes,
both can be complex. We may divide λm into its real and imaginary parts, λm =
−αm + iωm, with αm as the decay rates and ωm as the oscillation frequencies.
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Chapter 2. Open Quantum Systems

The coefficients λm are the eigenvalues of the super-operator L, obtained by the
eigenvalue equation:

Lσ⃗m = λmσ⃗m (2.23)

These eigenvalues can be used for the analysis of the Liouvillian super-operator
dynamics. However to solve the equation exactly an obtain an exact value for the
coefficients λm and the amplitudes dm can be challenging, so one normally recurs
to numerical methods, such as quantum trajectories.

2.4 Quantum Trajectories

Quantum trajectory techniques, developed in Quantum Optics in the early 1990s
[7–11], serve as means of numerically simulating dissipative dynamics. These
techniques can be applied to any system where the time evolution of the density
operator is described via a master equation (in Lindblad form).

The essential idea of quantum trajectories is to treat the evolution of a quantum
system as a stochastic process. This approach accounts for the random nature of
measurements and the inherent fluctuations in quantum dynamics. Unlike tradi-
tional methods that solve the master equation either analytically or numerically,
quantum trajectories offer a probabilistic description of the system’s evolution.
This is achieved by considering individual stochastic realizations, or "trajecto-
ries."

Initially, the advantage of the quantum trajectory lies in propagating state
vectors of a size smaller than the portion of the Hilbert space one would typically
use in the case of density matrix propagation. To illustrate, for a state with
a Hilbert space dimension of dim(H) = dN , the corresponding density matrix
would rely on a Hilbert space of dimension dim(H) = d2N . However, a significant
downside of this method is the need to collect many samples to minimize statistical
errors. Therefore, for the method to be efficient, it’s crucial that the number of
samples required remains smaller than the size of the Hilbert space [12].

2.4.1 Wave Function Unravelling

Essentially what we want to achieve through the quantum trajectory method is
an approximation of density operator ρ̂ of the form

ρ̂(t) ≈ 1

Nt

Nt∑

τ=1

|ψτ (t)⟩ ⟨ψτ (t)| , (2.24)

where each trajectory |ψτ ⟩ evolves stochastically with a non-hermitian Hamilto-
nian

Ĥ = Ĥs − iℏ
2

∑

m

γmĈ
†
mĈm. (2.25)

Here it is important to remark that since the Hamiltonian is non-hermitian,
it will not conserve probability. Just as with the master equation (8.3), the Ĉm
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are the jump operators which will introduce the dissipation, and γm are the corre-
spondent dissipation rates. The simplest form of the quantum trajectory method
involves expanding the master equation to first order in a time step δt, and was
first described in this form by Dalibard et al. [9] and Dum et al. [11].The process
though which trajectory evolves |ψτ (t)⟩ → |ψτ (t+ δt⟩ can be summarized in two
steps

(a) Calculate |ψτ (t+ δt)⟩. For small δt we get up to first order expansion

|ψτ (t+ δt)⟩ = (1− iĤδt

ℏ
) |ψτ (t)⟩ (2.26)

Since Ĥ is non-hermitian |ϕ1(t+ δt)⟩ is not normalized. Thus,

⟨ψτ (t+ δt)|ψτ (t+ δt)⟩ = ⟨ψτ | (1 +
iĤ†δt

ℏ
)(1− iĤδt

ℏ
) |ψτ (t)⟩ (2.27)

≡ 1− δp (2.28)

δp = δt
i

ℏ
⟨ψτ (t)| Ĥ − Ĥ† |ψτ (t)⟩ ≡

∑

m

δpm, (2.29)

where
δpm ≡ δt ⟨ψτ (t)| γmĈ†

mĈm |ψτ (t)⟩ ≥ 0. (2.30)

While one can always adjust δt such that δp≪ 1, one can notice already how the
high rate of dissipation γm will imply the need of using a smaller time-step δt. In
this particular case we’ll have a scaling of time-step δt ≈ 1/

∑
m γm. On section

5.1, we will see how this becomes even more problematic when one tries to apply
the method to many-body systems.

(b) The second step corresponds to a gedanken experiment of a measure-
ment process, in which we consider the possibility of a quantum jump. To decide
whether a quantum jump has occurred, we define a random number ϵ uniformly
distributed between zero and one and compare it to δp. Two cases may arise:

1. ϵ ≥ δp

This will be the large majority of the cases, since δp≪ 1. In this case, there
is no quantum jump and the state evolves as

|ψτ (t+ δt⟩ = |ψτ (t+ δt)⟩√
1− δp . (2.31)

2. ϵ < δp A quantum jump occurs to one of the state Ĉm |ϕ(t)⟩ according to the
relative probability among the various possible types of jumps, Πm = δpm

δp

(notice that
∑

m Πm = 1). So

|ψτ (t+ δt)⟩ =
√
γmĈm |ψτ (t)⟩√

δpm
δt

(2.32)
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In order to demonstrate the equivalence between the stochastic propagation and
the master equation, we do a statistical average of the trajectory evolution through
a time-step and see if we recover the master equation. We start considering density
operator

σ̂(t) = |ψ(t)⟩ ⟨ψ(t)| (2.33)

Repeating the previous procedure, the propagation of this density operator in a
given step is:

σ̂(t+δt) = (1−δp) |ψτ (t+ δt)⟩√
1− δp

⟨ψτ (t+ δt)|√
1− δp +δp

∑

m

Πm
Ĉm |ψ(t)⟩√

δpm
δt

⟨ψ(t)| Ĉ†
m√

δpm
δt

(2.34)

This can be expressed as

σ̂(t+ δt) =
[
1− iδt

ℏ
(Ĥs −

iℏ
2

∑

m

γmĈ
†
mĈm)

]
|ψτ (t+ δt)⟩ ⟨ψτ (t+ δt)| (2.35)

[
1 +

iδt

ℏ
(Ĥs +

iℏ
2

∑

m

γmĈ
†
mĈm)

]
+ δt

∑

m

γmĈm |ψ⟩ ⟨ψ]| Ĉ†
m

And finally one arrives to

σ̂(t+ δt) = σ̂(t) +
iδt

ℏ

[
σ̂(Ĥs +

iℏ
2

∑

m

γmĈ
†
mĈm)− (Ĥs −

iℏ
2

∑

m

γmĈ
†
mĈm)σ̂

]

(2.36)

+ δt
∑

m

γmĈmσ̂Ĉ
†
m

= σ̂ +
iδt

ℏ
[ĤS, σ̂] + δt

∑

m

1

2
γm

[
2Ĉmσ̂Ĉ

†
m − Ĉ†

mĈmσ̂ − σ̂Ĉ†
mĈm

]
(2.37)

which holds whether σ(t) corresponds to a pure state or to a mixed state. In
this way, we see that taking a stochastic average over trajectories is equivalent to
the master Eq. (8.3).

Of course normally one is interested in computing mean values of interesting
observables. Here, for each trajectory, we get ⟨ψτ (t)| Â |ψτ ⟩ for many solutions
|ψτ (t)⟩, thus

⟨Â⟩Nt =
Nt∑

τ=1

1

Nt

⟨ψτ (t)| Â |ψτ (t)⟩ (2.38)

and
〈
Â
〉
Nτ

→
〈
Â
〉

as Nt →∞.
One can also compute the correspondent standard deviation of the observable

obtained through trajectories as

σA =

√√√√ 1

Nt − 1

∑

τ

(〈
Â
〉
τ
−
〈
Â
〉
Nt

)2

. (2.39)
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Then as error bars one simply use the sample standard error of the mean, ϵr =
⟨A⟩Nt

/
√
Nt.

An alternative implementation can offer a slight improvement to the quantum
trajectory method. Instead of drawing a random number at every time step, we
can draw a random number once and evolve the state for one or more time steps
without normalization [13]. The evolution continues until the square of the norm
of the state drops below a predefined threshold ϵ. This process can be summarized
as follows:

1. Draw a random number ϵ ∈ [0, 1).

2. Evolve the initial state |ψ⟩ according to effective Hamiltonian (2.25).

3. If the square of the norm drops below ϵ, perform quantum jump according
to Eq. (2.32).

4. Continue with step 1.

It’s important to remark that, in this variation of the method, to get accurate
results at the moment of computing the value of an observable, it’s necessary to
normalise the state. In practice what one does is simply to create a copy of the
state during the simulation and normalize that copy and calculate the observable,
so one does not affect the Monte-Carlo process of the trajectory evolution.

2.4.2 Quantum Trajectory simulation for the lossy mode of
a cavity

Lastly, in order to have a better grasp of how the method works, we will look
at a simple example. Consider the mode of a cavity with initially 10 photons
(|ψ(t = 0)⟩ = |10⟩). The dynamics of the state are given by Hamiltonian

Ĥ = ωâ†â− iκ
2
â†â. (2.40)

In this particular case we can easily identify the jump operator as Ĉ = â. As we
see from Fig. 2.2, most we simply evolve with Hamiltonian (2.40) and normalize,
just as it is expressed in Eq. (2.31). However in certain cases it will happen that
ϵ < δp and one would apply one of the jump operators according to Eq. (2.32),
which one can see in Fig.2.2, which in that particular case translate into the loss
of a photon in one of the modes. Averaging a large number of trajectories one
can reproduce the results that one would obtain by exactly solving the master
equation. As far as how many trajectories are needed it depends mostly on the
standard deviation of the observable one intends to simulate, since for an accurate
mean one needs a number of trajectories Nt≫ σ2

A/ ⟨A⟩2 [14].
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Figure 2.2: Quantum Trajectory Dynamics — Example of the trajectory dynam-
ics of the mode cavity with losses initial in a state with 10 photons. One can
notice how the exact results for the mean number of photos

〈
a†a
〉

matches for the
trajectory average and the exact result [Nt = 500, κ = 1].
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Chapter 3

Matrix Product States

Quantum many-body systems present significant challenges for theoretical under-
standing and numerical simulations. The exponential growth of the Hilbert space
with the number of particles makes it computationally intractable to describe the
behavior and dynamics of these systems accurately. In pursuit of efficient and
precise representations, Matrix Product States (MPS) have emerged as a powerful
tool combining mathematical elegance and practical utility.

The concept of MPS originated from the Density Matrix Renormalization
Group (DMRG) method introduced by Steven R. White in 1992 [1, 2]. White’s
groundbreaking work revolutionized the field of numerical simulations of quantum
many-body systems, providing a powerful approach for studying one-dimensional
systems with exceptional accuracy and efficiency [3, 4].

Though developed independently from DMRG, the connection with MPS quickly
became evident. In a significant breakthrough, Ostlund and Rommer [5] estab-
lished a crucial link between the block-growth step of the infinite-system DMRG
and the matrix form inherent to MPS. Their pivotal insight revealed that the
block-growth step – a central component of the infinite-system DMRG algorithm
– could be naturally expressed as a matrix, mirroring the structure adopted by
MPS. A further significant advancement occurred when researchers realized that
DMRG naturally yields quantum states in the form of MPS [6]. This MPS for-
malism, rooted in tensor network representations, enabled a deeper understanding
of the underlying structures and entanglement properties captured by the DMRG
method.

Despite its significance, this development was not widely recognized until
around 2004, when a notable shift occurred. It was then that Cirac, Verstraete,
Vidal, and their collaborators began systematically exploring the immense po-
tential of MPS. This exploration led to the discovery of various extensions and
advancements in DMRG methodology, which were not readily apparent or ex-
pressible within the traditional DMRG framework. A non-exhaustive list of these
works is included here [7–14].

MPS offer a compact and flexible representation of quantum states, allowing
for efficient numerical calculations while preserving the essential features of the
original system. They are particularly effective in capturing the entanglement
structure and in describing low-energy states of one-dimensional systems, making
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3.1. Introduction to Matrix Product States
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<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>

A
<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v

<latexit sha1_base64="t3P7Bo1K+RmSOF3TbywBl80y8Tw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPqxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+kWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LldssjjwcwTGcggdXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AJYdjM8=</latexit>
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<latexit sha1_base64="+TEZ3DniQbyku8Rr9l2gFVIU7rw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdX/V4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ3Wqld53EU4QAO4Rg8uIAa3EIdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xsQBo2r</latexit>
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<latexit sha1_base64="CW42pU16+Iae2ZUYwRZY9dRrkng=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4kDAjbseoF48RzALJEHo6NUmbnp6hu0cIQz7CiwdFvPo93vwbO8tBEx8UPN6roqpekAiujet+O7ml5ZXVtfx6YWNza3unuLtX13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8Hgduw3nlBpHssHM0zQj2hP8pAzaqzUuO5k/ORx1CmW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy7ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE175GZdJalCy6aIwFcTEZPw76XKFzIihJZQpbm8lrE8VZcYmVLAhePMvL5L6adm7KJ/fn5UqN7M48nAAh3AMHlxCBe6gCjVgMIBneIU3J3FenHfnY9qac2Yz+/AHzucPBYCPYQ==</latexit>
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<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>
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<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i
<latexit sha1_base64="ilY/QkTkYupHlTufaTNlJZ/WxVI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAwO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HofuY3n1BpHstHM07Qj2hf8pAzaqxUG3aLJbfszkFWiZeREmSodotfnV7M0gilYYJq3fbcxPgTqgxnAqeFTqoxoWxE+9i2VNIItT+ZHzolZ1bpkTBWtqQhc/X3xIRGWo+jwHZG1Az0sjcT//PaqQlv/QmXSWpQssWiMBXExGT2NelxhcyIsSWUKW5vJWxAFWXGZlOwIXjLL6+SxkXZuy5f1S5LlbssjjycwCmcgwc3UIEHqEIdGCA8wyu8OUPnxXl3PhatOSebOYY/cD5/ANRBjPg=</latexit>
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<latexit sha1_base64="0pk486rsKWbyWqifc2YT1CKH+zs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eM8khgQ2aHAUZmZzczvSRkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h/UTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD26nfGHFtRKQecRxzP6R9JXqCUbTSw6jz1CmW3LI7A1kmXkZKkKHaKX61uxFLQq6QSWpMy3Nj9FOqUTDJJ4V2YnhM2ZD2ectSRUNu/HR26oScWKVLepG2pZDM1N8TKQ2NGYeB7QwpDsyiNxX/81oJ9q79VKg4Qa7YfFEvkQQjMv2bdIXmDOXYEsq0sLcSNqCaMrTpFGwI3uLLy6R+VvYuyxf356XKTRZHHo7gGE7BgyuowB1UoQYM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8AYkiN4Q==</latexit>vj
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<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i <latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)
<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

Figure 3.1: MPS diagrammatic notation

them a powerful tool for studying condensed matter physics, quantum information
theory, and related fields.

In this chapter, our primary focus will be on establishing a solid foundation
in MPS, understanding their applications, and exploring their advantages in sim-
ulating one-dimensional quantum many-body systems. We will begin by delving
into the basics of notation to provide a clear understanding of the language and
framework used in MPS representations. Building upon this foundation, we will
explore the pivotal role played by the Singular Value Decomposition (SVD) in
MPS simulations. As we progress, our attention will shift to the crucial algo-
rithms employed for MPS evolution, such as the Time-Evolving Block Decimation
(TEBD), which is instrumental in simulating the dynamics of MPS systems. To
conclude, we will present a series of numerical simulations that offer insights into
the method and its applications.

3.1 Introduction to Matrix Product States

To become acquainted with MPS techniques, it is advantageous to first familiarize
oneself with the diagrammatic notation. This notation serves as a fundamental
tool for expressing key concepts related to MPS, enabling a deeper understanding
of the underlying ideas. Figure 3.1(a) illustrates how the number of ’legs’ in
the diagram corresponds to the dimensionality of the corresponding array. For a
scalar, whether real or complex, a ’leg-less’ square suffices. Adding a leg represents
a vector, while two legs represent a matrix, and so on. This intuitive representation
allows one to quickly grasp the dimensionality of the array. In Fig. 3.1(b), one
can also observe how operations between different tensors are represented in the
diagrammatic notation. When two tensors are multiplied together, and they share
a common index, that index is contracted in the diagram. This contraction signifies
the summation over that index.

Having established the basics of the notation, let us now delve into a more
concrete explanation of why MPS are necessary. Conventionally, a quantum many-
body state is expressed in the following form:

|ψ⟩ =
d∑

i1=1

,

d∑

i2=1

, · · · ,
d∑

iN=1

ci1,i2,...,iN |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN⟩ . (3.1)

Here, N represents the number of particles, and d denotes the number of levels
or dimensions of the system. However, a significant challenge arises with such
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<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="ZyxxTorfuzL222ppHuZB15MiI+g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGpCIDas1t+7OgVaJV5AaFGgNq1+DUUxSQaUhHGvd99zE+BlWhhFOZ5VBqmmCyQSPad9SiQXVfja/dYbOrDJCYaxsSYPm6u+JDAutpyKwnQKbSC97ufif109NeONnTCapoZIsFoUpRyZG+eNoxBQlhk8twUQxeysiEVaYGBtPxYbgLb+8SjoXde+q3ni4rDVvizjKcAKncA4eXEMT7qEFbSAQwTO8wpsjnBfn3flYtJacYuYY/sD5/AEC+o48</latexit>�

<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="HR+VzrfXZOGPRTllR9LoqxXH+/E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrTATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0O/VbT6g0j+WjGScYRHQgeZ8zaqz04HtBt1xxq+4MZJl4OalAjnq3/NXpxSyNUBomqNa+5yYmyKgynAmclDqpxoSyER2gb6mkEeogm506ISdW6ZF+rGxJQ2bq74mMRlqPo9B2RtQM9aI3Ff/z/NT0r4OMyyQ1KNl8UT8VxMRk+jfpcYXMiLEllClubyVsSBVlxqZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHffY2L</latexit>

[1]
<latexit sha1_base64="it3uGGTSZ1RAd33jobDrKm/nezo=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGiecBmCbOT2WTI7Owy0yuEkE/w4kERr36RN//GSbIHTSxoKKq66e4KUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8Lh7dRvPXFtRKIecZTyIKZ9JSLBKFrpwa8G3VLZrbgzkGXi5aQMOerd0lenl7As5gqZpMb4nptiMKYaBZN8UuxkhqeUDWmf+5YqGnMTjGenTsipVXokSrQthWSm/p4Y09iYURzazpjiwCx6U/E/z88wug7GQqUZcsXmi6JMEkzI9G/SE5ozlCNLKNPC3krYgGrK0KZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxj04Rle4c2Rzovz7nzMW1ecfOYI/sD5/AHhAo2M</latexit>

[2]
<latexit sha1_base64="TcXUb+W2xcWwGq0cxWyBpDh5f3M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJaB6wWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dYSqFQdf9cgpLyyura8X10sbm1vZOeXevaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSscXk/91iPXRiTqAUcpD2LaVyISjKKV7v3boFuuuFV3BvKXeDmpQI56t/zZ6SUsi7lCJqkxvuemGIypRsEkn5Q6meEpZUPa576lisbcBOPZqRNyZJUeiRJtSyGZqT8nxjQ2ZhSHtjOmODCL3lT8z/MzjC6DsVBphlyx+aIokwQTMv2b9ITmDOXIEsq0sLcSNqCaMrTplGwI3uLLf0nzpOqdV8/uTiu1qzyOIhzAIRyDBxdQgxuoQwMY9OEJXuDVkc6z8+a8z1sLTj6zD7/gfHwDC52NqA==</latexit>

[N ]
<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit> ··
·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit> ··
·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="1pBbaseEVKN2xnaqiJCdNanek0M=">AAAB+XicbZDJSgNBEIZr4hbjNurRS2MQPIUZcTsGvXiMYBbIDKGn00ma9Cx01wTCkDfx4kERr76JN9/GnmQOmvhDw8dfVVT1HyRSaHScb6u0tr6xuVXeruzs7u0f2IdHLR2nivEmi2WsOgHVXIqIN1Gg5J1EcRoGkreD8X1eb0+40iKOnnCacD+kw0gMBKNorJ5te2wkiIci5Jrk3LOrTs2Zi6yCW0AVCjV69pfXj1ka8giZpFp3XSdBP6MKBZN8VvFSzRPKxnTIuwYjajb52fzyGTkzTp8MYmVehGTu/p7IaKj1NAxMZ0hxpJdruflfrZvi4NbPRJSkyCO2WDRIJcGY5DGQvlCcoZwaoEwJcythI6ooQxNWxYTgLn95FVoXNfe6dvV4Wa3fFXGU4QRO4RxcuIE6PEADmsBgAs/wCm9WZr1Y79bHorVkFTPH8EfW5w/maJMz</latexit>

�⇥ �

<latexit sha1_base64="Oo+CqRpI4hUCergnXAZ52M8maVA=">AAACA3icbVDJSgNBEO2JW4xb1JtemgTBU5gRt2PQiyBCBLNAEpKeTk3SpGehu0YMQ8CLv+LFgyJe/Qlv/o2d5aCJDwoe71VRVc+NpNBo299WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNVcpkGKAMooUEItUsB8V0LV7V+O/Oo9KC3C4A4HETR91g2EJzhDI7Wyew2EB0za7RuGSnDQNPToNaDODVvZvF2wx6DzxJmSPJmi1Mp+NTohj30IkEumdd2xI2wmTKHgEoaZRqwhYrzPulA3NGA+6GYy/mFID4zSoV6oTAVIx+rviYT5Wg9813T6DHt61huJ/3n1GL3zZiKCKEYI+GSRF0uKIR0FQjtCAUc5MIRxJcytlPeYYhxNbBkTgjP78jypHBWc08LJ7XG+eDGNI032SY4cEoeckSK5IiVSJpw8kmfySt6sJ+vFerc+Jq0pazqzS/7A+vwBwSuXmA==</latexit>

“Matrices of Kets”

<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

( <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(
<latexit sha1_base64="pIqswqXZuM74DdbP9RHeUM6tAcc=">AAAB73icbVDLTgJBEJzFF+IL9ehlIjHhRHaNryPRi0dM5JEAIbNDL0yYnV1neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLj6Uw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoDnUeyUi3fGZACgV1FCihFWtgoS+h6Y9upn7zEbQRkbrHcQzdkA2UCARnaKVWB+EJ0/KkVyy5FXcGuky8jJRIhlqv+NXpRzwJQSGXzJi258bYTZlGwSVMCp3EQMz4iA2gbaliIZhuOrt3Qk+s0qdBpG0ppDP190TKQmPGoW87Q4ZDs+hNxf+8doLBVTcVKk4QFJ8vChJJMaLT52lfaOAox5YwroW9lfIh04yjjahgQ/AWX14mjdOKd1E5vzsrVa+zOPLkiByTMvHIJamSW1IjdcKJJM/klbw5D86L8+58zFtzTjZzSP7A+fwBMGyQFQ==</latexit>

(

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit> ··
·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>

···

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="dX4RwL6y6Ya/Q0OH6O3TBZbbJp4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHrBZwuykkwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1hIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7pBoFl9gw3AhsJwppFApshaObqd96RKV5LB/MOMEgogPJ+5xRY6V7/zTolitu1Z2B/CVeTiqQo94tf3Z6MUsjlIYJqrXvuYkJMqoMZwInpU6qMaFsRAfoWypphDrIZqdOyJFVeqQfK1vSkJn6cyKjkdbjKLSdETVDvehNxf88PzX9qyDjMkkNSjZf1E8FMTGZ/k16XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAPih42N</latexit>

[3]
<latexit sha1_base64="12scpBigYk+HndnxgvoUjflqc94=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSTi17HoxZNUMG0hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut7O0vLK6tl7aKG9ube/sVvb2mzrJFKE+SXii2hHWlDNJfcMMp+1UUSwiTlvR8Hbit56o0iyRj2aU0lDgvmQxI9hYyQ/uT72wW6m6NXcKtEi8glShQKNb+er0EpIJKg3hWOvAc1MT5lgZRjgdlzuZpikmQ9yngaUSC6rDfHrsGB1bpYfiRNmSBk3V3xM5FlqPRGQ7BTYDPe9NxP+8IDPxdZgzmWaGSjJbFGccmQRNPkc9pigxfGQJJorZWxEZYIWJsfmUbQje/MuLpHlW8y5rFw/n1fpNEUcJDuEITsCDK6jDHTTABwIMnuEV3hzpvDjvzsesdckpZg7gD5zPH+XEjho=</latexit>

[N � 1]

<latexit sha1_base64="pHj7OADBv8Fhk06CianywyxXp1U=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiTia1l0ocsK9gFpDDfTSTt0JgkzE6GEgr/ixoUibv0Od/6N0zYLbT1wL4dz7mXunDDlTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6mSTBLaIAlPZDsERTmLaUMzzWk7lRREyGkrHFyP/dYjlYol8b0eptQX0ItZxAhoIwX2fucGhICH3HN9FrijIIdxtytO1ZkAzxO3IBVUoB7YX51uQjJBY004KOW5Tqr9HKRmhNNRuZMpmgIZQI96hsYgqPLzyfkjfGSULo4SaSrWeKL+3shBKDUUoZkUoPtq1huL/3lepqNLP2dxmmkak+lDUcaxTvA4C9xlkhLNh4YAkczcikkfJBBtEiubENzZL8+T5knVPa+e3Z1WaldFHCV0gA7RMXLRBaqhW1RHDURQjp7RK3qznqwX6936mI4uWMXOHvoD6/MHmt+VRg==</latexit>

�[1]i1
a1

<latexit sha1_base64="UvDgmmqsGzgnkPbvh/imnXZJK2g=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL4EJKUrwtiy50WcFeII3hZDpth84kYWYilFDc+CpuXCji1qdw59s4abPQ1h8GPv5zDmfOH8SMSmXb30ZhYXFpeaW4Wlpb39jcMrd3mjJKBCYNHLFItAOQhNGQNBRVjLRjQYAHjLSC4VVWbz0QIWkU3qlRTDwO/ZD2KAalLd/c61wD53CfulWP+tWxn4LvHENGZtmu2BNZ8+DkUEa56r751elGOOEkVJiBlK5jx8pLQSiKGRmXOokkMeAh9ImrMQROpJdOThhbh9rpWr1I6Bcqa+L+nkiBSznige7koAZytpaZ/9XcRPUuvJSGcaJIiKeLegmzVGRleVhdKghWbKQBsKD6rxYegACsdGolHYIze/I8NKsV56xyentSrl3mcRTRPjpAR8hB56iGblAdNRBGj+gZvaI348l4Md6Nj2lrwchndtEfGZ8/BCmWjg==</latexit>

�[2]i2
a1,a2

<latexit sha1_base64="OAyY2/KktIl8hql5fOvE80B3jHc=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL4EJK0npbFl3osoK9QBvDyXTaDp1JwsxEKKG48VXcuFDErU/hzrdx0mahrT8MfPznHM6c348Ylcq2v43cwuLS8kp+tbC2vrG5ZW7vNGQYC0zqOGShaPkgCaMBqSuqGGlFggD3GWn6w6u03nwgQtIwuFOjiLgc+gHtUQxKW56517kGzuE+aVdc6lXGXgJe+RhSMot2yZ7ImgcngyLKVPPMr043xDEngcIMpGw7dqTcBISimJFxoRNLEgEeQp+0NQbAiXSTyQlj61A7XasXCv0CZU3c3xMJcClH3NedHNRAztZS879aO1a9CzehQRQrEuDpol7MLBVaaR5WlwqCFRtpACyo/quFByAAK51aQYfgzJ48D41yyTkrnd6eFKuXWRx5tI8O0BFy0DmqohtUQ3WE0SN6Rq/ozXgyXox342PamjOymV30R8bnDwpZlpI=</latexit>

�[3]i3
a2,a3

<latexit sha1_base64="zaqHTllgqLHRpiWx+fMyKB1p1NI=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVRLxtSy60FWpYB+QxnAznbRDZ5IwMxFKKPgrblwo4tbvcOffOGmz0NYD93I4517mzgkSRqWy7W9jYXFpeWW1tFZe39jc2jZ3dlsyTgUmTRyzWHQCkITRiDQVVYx0EkGAB4y0g+F17rcfiZA0ju7VKCEeh35EQ4pBack397s3wDk8ZG7do3597GeQd7NiV+0JrHniFKSCCjR886vbi3HKSaQwAyldx06Ul4FQFDMyLndTSRLAQ+gTV9MIOJFeNjl/bB1ppWeFsdAVKWui/t7IgEs54oGe5KAGctbLxf88N1XhpZfRKEkVifD0oTBlloqtPAurRwXBio00ASyovtXCAxCAlU6srENwZr88T1onVee8enZ3WqldFXGU0AE6RMfIQReohm5RAzURRhl6Rq/ozXgyXox342M6umAUO3voD4zPHyDxlZ0=</latexit>

�[N ]iN
aN

Figure 3.2: MPS general idea: Express the state as a product of tensors— (a) We
start with a quantum state represented by an N-dimensional tensor, where the co-
efficients are fully captured and we aim to achieve a more efficient representation,
we express the state as a product of lower-dimensional tensors. (b) The tensors
can be visualized as matrices where the entries are ket vectors, and the dimensions
of such matrices is limited by, what we will refer to as, a bond dimension χ, cap-
turing some of the entanglement, reducing the complexity and enabling tractable
computations

representations: the number of complex numbers required to represent the state,
also known as the dimension of the Hilbert space, scales exponentially with the
number of particles and levels as dN .

A very rough approximation would be to consider a product state, often re-
ferred to as a mean-field approximation, given by:

|ψ⟩ ≈
d∑

i1=1

,
d∑

i2=1

, · · · ,
d∑

iN=1

c
[1]
i1
c
[2]
i2
, . . . , c

[N ]
iN
|i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN⟩ , (3.2)

In this case, only dN complex numbers would be required to represent the state.
However, such an approximation cannot capture the entanglement present in quan-
tum many-body systems and would therefore be highly inaccurate in a large num-
ber of cases. To obtain a more accurate representation that properly accounts
for entanglement, we turn to MPS. The idea behind MPS can be summarized
schematically in Fig 3.2. By expressing the coefficients ci1,i2,··· ,iN as a product of
N matrices Γ[n], where the entries of such matrices are ket vectors, we can capture
some of the entanglement present in the system. The parameter χ, known as the
bond dimension, imposes an upper limit on the dimension of these matrices. The
MPS representation, then, aims to represent the quantum state |ψ⟩ in the form
[8]:

ci1,i2,··· ,iN =

χ∑

a1,a2,...,aN−1

Γ[1]i1
a1

Γ[2]i2
a1,a2

Γ[3]i3
a2,a3
· · ·Γ[N ]iN

aN−1
. (3.3)

While there are some other details to consider, particularly regarding the canonical
form representation, for now let’s just see at what would we gain by representing
the state in such way. Particularly one can see that the total number of com-
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3.1. Introduction to Matrix Product States

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>= <latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="eFNszMC5o8A3lOUpyZo9hVJ3IJ4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidpKgF48RzQLJEHo6PUmTXobuHiEM+QQvHhTx6hd582/sJHPQ6IOCx3tVVNWLEs6M9f0vr7C0vLK6VlwvbWxube+Ud/eaRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/Vbj1QbpuSDHSc0FHggWcwItk66F1eyV674VX8G9JcEOalAjnqv/NntK5IKKi3h2JhO4Cc2zLC2jHA6KXVTQxNMRnhAO45KLKgJs9mpE3TklD6KlXYlLZqpPycyLIwZi8h1CmyHZtGbiv95ndTGl2HGZJJaKsl8UZxyZBWa/o36TFNi+dgRTDRztyIyxBoT69IpuRCCxZf/kuZJNTivnt2dVmrXeRxFOIBDOIYALqAGt1CHBhAYwBO8wKvHvWfvzXuftxa8fGYffsH7+AYofY27</latexit>

m > n
<latexit sha1_base64="H134LqTJMkdHHAeEbNdfhUJQN80=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidpKgF48RzQLJEHo6PUmTXobuHiEM+QQvHhTx6hd582/sJHPQ6IOCx3tVVNWLEs6M9f0vr7C0vLK6VlwvbWxube+Ud/eaRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/Vbj1QbpuSDHSc0FHggWcwItk66l1eiV674VX8G9JcEOalAjnqv/NntK5IKKi3h2JhO4Cc2zLC2jHA6KXVTQxNMRnhAO45KLKgJs9mpE3TklD6KlXYlLZqpPycyLIwZi8h1CmyHZtGbiv95ndTGl2HGZJJaKsl8UZxyZBWa/o36TFNi+dgRTDRztyIyxBoT69IpuRCCxZf/kuZJNTivnt2dVmrXeRxFOIBDOIYALqAGt1CHBhAYwBO8wKvHvWfvzXuftxa8fGYffsH7+AYof427</latexit>

n > m

<latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n <latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n
<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M
<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="wJwRaAkFvDF/ZbIc6PJ7runuiu8=">AAAB8HicbVDLSsNAFJ34rPVVdelmsAiuSiK+lkU3LivYh7SxTCY36dCZSZiZCCX0K9y4UMStn+POv3HaZqGtBy4czrmXe+8JUs60cd1vZ2l5ZXVtvbRR3tza3tmt7O23dJIpCk2a8ER1AqKBMwlNwwyHTqqAiIBDOxjeTPz2EyjNEnlvRin4gsSSRYwSY6WH1mMvJHEMql+pujV3CrxIvIJUUYFGv/LVCxOaCZCGcqJ113NT4+dEGUY5jMu9TENK6JDE0LVUEgHaz6cHj/GxVUIcJcqWNHiq/p7IidB6JALbKYgZ6HlvIv7ndTMTXfk5k2lmQNLZoijj2CR48j0OmQJq+MgSQhWzt2I6IIpQYzMq2xC8+ZcXSeu05l3Uzu/OqvXrIo4SOkRH6AR56BLV0S1qoCaiSKBn9IreHOW8OO/Ox6x1ySlmDtAfOJ8/rX2QWA==</latexit>

V †<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S
<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)
<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="wJwRaAkFvDF/ZbIc6PJ7runuiu8=">AAAB8HicbVDLSsNAFJ34rPVVdelmsAiuSiK+lkU3LivYh7SxTCY36dCZSZiZCCX0K9y4UMStn+POv3HaZqGtBy4czrmXe+8JUs60cd1vZ2l5ZXVtvbRR3tza3tmt7O23dJIpCk2a8ER1AqKBMwlNwwyHTqqAiIBDOxjeTPz2EyjNEnlvRin4gsSSRYwSY6WH1mMvJHEMql+pujV3CrxIvIJUUYFGv/LVCxOaCZCGcqJ113NT4+dEGUY5jMu9TENK6JDE0LVUEgHaz6cHj/GxVUIcJcqWNHiq/p7IidB6JALbKYgZ6HlvIv7ndTMTXfk5k2lmQNLZoijj2CR48j0OmQJq+MgSQhWzt2I6IIpQYzMq2xC8+ZcXSeu05l3Uzu/OqvXrIo4SOkRH6AR56BLV0S1qoCaiSKBn9IreHOW8OO/Ox6x1ySlmDtAfOJ8/rX2QWA==</latexit>

V †<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S

<latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m <latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m

<latexit sha1_base64="8vIvQYPDeIX9NACLtsSbsxUsySo=">AAACH3icbVDLSgMxFM34rPU16tJNsAgtSJmRUt0IRTcuK9oHtKVk0rQNTTJDckcsQ//Ejb/ixoUi4q5/Y/pYaOuBwLnn3MvNPUEkuAHPGzsrq2vrG5uprfT2zu7evntwWDVhrCmr0FCEuh4QwwRXrAIcBKtHmhEZCFYLBjcTv/bItOGheoBhxFqS9BTvckrASm232AT2BEmHy1H2Poev8KyWXI2y8kzlbM0lM4ty2814eW8KvEz8OcmgOcpt97vZCWksmQIqiDEN34uglRANnAo2SjdjwyJCB6THGpYqYpe2kul9I3xqlQ7uhto+BXiq/p5IiDRmKAPbKQn0zaI3Ef/zGjF0L1sJV1EMTNHZom4sMIR4EhbucM0oiKElhGpu/4ppn2hCwUaatiH4iycvk+p53i/mC3eFTOl6HkcKHaMTlEU+ukAldIvKqIIoekav6B19OC/Om/PpfM1aV5z5zBH6A2f8AyTWomw=</latexit>

dim(S) = min(m, n)⇥min(m, n)

Figure 3.3: SVD Decomposition

plex numbers in the truncated MPS is ∼ dχ2(N − 2) + 2χd. That is to say, a
decomposition which grows only linearly with N , rather than exponentially, for
fixed bond dimension. This fact alone should be motivation enough to pursue such
decomposition and see how can we arrive at such representation.

In the upcoming sections, we will provide a step-by-step explanation of these
ideas, unravelling the key techniques used in MPS. Particularly we would see how
arrive at such decomposition for a generic quantum state, how do we perform
evolution of the quantum state in this representation and how do we evaluate its
efficiency. We will begin by exploring one of the most fundamental techniques to
achieve the MPS form: Singular Value Decomposition.

3.1.1 Singular Value Decomposition (SVD) and Schmidt
Decomposition

The Singular Value Decomposition (SVD) decomposition represents a matrix as
a product of three essential components: a unitary matrix, a diagonal matrix of
singular values, and another unitary matrix. This factorization provides a unique
representation that captures the intrinsic characteristics of the matrix, allowing
for efficient analysis and manipulation.

In the context of MPS, the SVD plays a dual role. On one hand, it facilitates
the efficient storage and manipulation of tensors by decomposing them into a
product of smaller tensors. This factorization allows for truncation of, what later
will known as the bond dimensions, leading to a controlled approximation of the
quantum state while preserving the most important features.

Having an arbitrary matrix M of dimensions (m × n), the SVD guarantees a
decomposition of the following form

M = USV † (3.4)

where

• U is of dimension (m× min(m,n)) and has orthonormal columns (the left
singular vectors), i.e. U †U = I; if m ≤ n this implies that it is unitary, and
also UU † = I.

• S is of dimension (min(m,n)× min(m,n)), diagonal with real non-negative
entries Saa = λa. These are the so-called singular values. The number r of
non-zero singular values is the (Schmidt) rank of M. In the following, we
assume descending order: λ1 ≥ λ2 ≥ · · · ≥ λr > 0.
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• V † is of dimension (min(m,n) × n) and has orthonormal rows (the right
singular vectors), i.e. V †V = I. If m ≥ n this implies that it is unitary, and
also V V † = I.

We will now employ the SVD to obtain the Schmidt decomposition, a pivotal
factorization that will be extensively utilized throughout this thesis.

We start by considering the state of a bipartite system |ψ⟩ ∈ HA

⊗HB. Any
such state can be written as

|ψ⟩ =
d∑

ij

ci,j |ij⟩ , (3.5)

where |ij⟩ is just the tensor product between |i⟩A
⊗ |j⟩B, where |i⟩A and |j⟩B are

orthonormal bases of A and B which, in this particular case, both of them have
dimension d. Here one can read the coefficients cij as entries of a matrix c. Doing
a SVD decomposition on such matrix one obtains

ci,j =
d∑

α

ui,αsα,αv
∗
α,j (3.6)

In a more general case where the dimensions of system A and B are different,
the index α would run until min(dim(A),dim(B)). Reconstructing the state |ψ⟩ in
terms of the SVD decomposed coefficient c, one obtains

|ψ⟩ =
d∑

ij

d∑

α

ui,αsα,αv
∗
α,j

∣∣iA
〉 ∣∣jB

〉
(3.7)

=
d∑

α=1

(∑

i

uiα
∣∣iA
〉)

λα

(∑

j

v∗ja
∣∣jB
〉)

(3.8)

=
d∑

α

λα
∣∣ψA

α

〉 ∣∣ψB
α ]
〉
. (3.9)

We will refer to the decomposition of the state in the form of (3.9) as the Schmidt
decomposition.

It’s easy to see how when d = 1 we will have a (classical) product state, and
when d > 1, it is an entangled state.

3.1.2 Maximum Bond Dimension χ and Von Neumann En-
tropy

Given its connection with entanglement, here it may result convenient to introduce
the Von Neumann Entropy (VNE), which is given by

SvN ≡ −trρAlog2ρA, (3.10)

where ρA = trBρ. The VNE (or entanglement entropy) is considered as the
standard measure of entanglement [15] and its exploration will be discussed in
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greater detail in subsequent chapters. In the present context we will use the
VNE as a crucial foundation for introducing one of the key concepts of MPS:
approximating the state by truncating the number of Schmidt coefficients. This
truncation enables more efficient numerical simulations, making it an essential
technique within the framework of MPS.

We start by calculating the correspondent density matrix ρ̂ of |ψ⟩

ρ̂ =
∑

i′,j′

c∗i′,j′
∑

i,j

ci,j |ij⟩ ⟨i′j′| (3.11)

We can obtain the density matrix ρA, by tracing over the second subsystem

ρ̂A =
∑

n

⟨n| ρ |n⟩2 , ρ̂A =
∑

i′,i′

∑

n

c∗i′,i′
∑

n

c∗i′,nci,n |i⟩ ⟨i′| , (3.12)

once again we do a SVD decomposition, now on both c

ρ̂A =
∑

i′,i′

∑

n

∑

α

u∗i,αsα,αvα,n
∑

β

ui′,βsβ,βv
∗
β,n |i⟩ ⟨i′| (3.13)

Here we used the property
∑

n vα,nv
∗
β,n = δβ,α, which comes form the fact we are

dealing with unitary matrices. In a more explicit way we have

Û †Û =
∑

i,j

∑

i′,j′

u∗i,jui′,j′ |j⟩ ⟨i|i′⟩ ⟨j′| = Î (3.14)

=
∑

i,j

∑

j′

u∗i,jui,j′ |j⟩ ⟨j′| = Î (3.15)

=
∑

j

u∗i,jui,j′ = δj,j′ (3.16)

Continuing the calculation of ρ̂A we obtain

ρA =
∑

i′,i′

∑

α

u∗i,α(sα,α)
2ui′,α |i⟩ ⟨i′| (3.17)

=
∑

α

(λα)
2 |ϕα⟩ ⟨ϕα| (3.18)

Where we used the property
∑

n uα,nu
∗
β,n = δβ,α.

Remarkably, the SVD diagonalizes the reduced density matrix, facilitating the
calculation of the VNE as

SvN(ρA) = −
r∑

α

(λα)
2log2[(λα)

2] (3.19)

For (3.19) the maximum possible value of entanglement is given by max[SvN] =
log2(r) . However, and this is where one of the key approximations of MPS comes
in, if instead of keeping all singular values, we just keep the χ largest ones, we are
able to impose an upper limit in terms of entanglement entropy given by

max[SvN] = log2(χ). (3.20)
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<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="VfGbsfulv7v5mOZMsb6tYnfrimk=">AAACDnicbVDLSgMxFM34rPVVdekmWARXZUZ8LYtu3AgV7AM6pWTS2zY0kxmTO6Vl6Be48VfcuFDErWt3/o3pY6HWA4HDuecmOSeIpTDoul/OwuLS8spqZi27vrG5tZ3b2a2YKNEcyjySka4FzIAUCsooUEIt1sDCQEI16F2N59U+aCMidYfDGBoh6yjRFpyhlZq5Qx9hgOkNG9AgUi3aEiGosZuOfLhPRJ/6vCuaubxbcCeg88SbkTyZodTMffqtiCf2LuSSGVP33BgbKdMouIRR1k8MxIz3WAfqlioWgmmkkzgjemiVFm1H2h6FdKL+3EhZaMwwDKwzZNg1f2dj8b9ZPcH2RSMVKk4QFJ8+1E4kxYiOu7HhNXCUQ0sY18L+lfIu04yjbTBrS/D+Rp4nleOCd1Y4vT3JFy9ndWTIPjkgR8Qj56RIrkmJlAknD+SJvJBX59F5dt6c96l1wZnt7JFfcD6+AX0onGU=</latexit>

Max bond dimension ⌘ �

Figure 3.4: SVD and maximum value of bond dimension — (a) By applying a
singular value decomposition through all sites, one will eventually have a maximum
bond dimension of dN/2 at the center bond. There is not really advantage of these
since the number of complex terms to describe the state still scales exponentially
∼ dN/2. (b) For the MPS decomposition to be efficient we truncate the number of
terms after each SVD, keeping the most relevant χ terms.

The bond dimension, which throughout this work we’ll refer to as χ, serves as an
upper limit for the dimension of the matrices within the MPS. As seen in Fig. 3.4
to impose a dimension constraint allows us to efficiently approximate quantum
states while controlling the computational resources required.

3.2 MPS decomposition and the canonical form

By now we have understanding of one of the main techniques and key points about
MPS, now comes the real question: how do we pass from a general state of the form
of Eq. (3.1), to express the coefficients in the MPS form as depicted in Eq. (3.3).
We now only want any representation of a product of the matrices but rather,
taking into account that the matrices γ[n] are not uniquely defined, we want to
achieve a representation in which the tensors fulfill certain orthogonality conditions
(see Fig. 3.5), leading to the so-called canonical form. We say that an MPS is in
its canonical form when, on each bond, there is an index α related to the Schmidt
decomposition of |ψ⟩. While this was previously achieved with two sites this in Eq.
(3.9) for two sites, we want to arrive to a general result for N sites. This will be
achieved through a series of Schmidt decompositions of the quantum state and the
introduction of a set of diagonal tensors λ. Starting with a generic N-body wave
function with coefficients ci1,i2,··· ,iN we do a bipartition between site 1, and the rest
2, · · · , N sites, imposing an upper limit in the dimension of the common index a1.
Initially one obtains a decomposition of the form |ψ⟩ = ∑χ

a1
λ
[1]
a1

∣∣∣ψ[1]
a1

〉 ∣∣∣ψ[2,··· ,N ]
a1

〉

Expanding
∣∣ψ[1]

〉
in the local basis one obtains

|ψ⟩ =
d,χ∑

i1,a1=1

Γ[1]i1
a1

λ[1]a1
|i1⟩
∣∣ψ[2,...,N ]

a1

〉
(3.21)
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3.2. MPS decomposition and the canonical form
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<latexit sha1_base64="GkMeS602sFHUAw1VqOBwGNXta4M=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsK9gFpLJPJpB06maQzk0IJ/Q43LhRx68e482+ctllo64GBwznncu8cP+FMadv+tgpr6xubW8Xt0s7u3v5B+fCopeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/eDfz22MqFYvFo54k1ItwX7CQEayN5HW5iQb4KXMvvWmvXLGr9hxolTg5qUCORq/81Q1ikkZUaMKxUq5jJ9rLsNSMcDotdVNFE0yGuE9dQwWOqPKy+dFTdGaUAIWxNE9oNFd/T2Q4UmoS+SYZYT1Qy95M/M9zUx3eeBkTSaqpIItFYcqRjtGsARQwSYnmE0MwkczcisgAS0y06alkSnCWv7xKWhdV56pae6hV6rd5HUU4gVM4BweuoQ730IAmEBjBM7zCmzW2Xqx362MRLVj5zDH8gfX5A541kgM=</latexit>
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�[N ]

<latexit sha1_base64="FmNCP8WsbNvTpNa9hUNybITQVVQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRi1WXRjSupYB+QxjKZTNqhk0mcmRRK6He4caGIWz/GnX/jtM1CWw8MHM45l3vn+AlnStv2t1VYWV1b3yhulra2d3b3yvsHLRWnktAmiXksOz5WlDNBm5ppTjuJpDjyOW37w5up3x5RqVgsHvQ4oV6E+4KFjGBtJK/LTTTAj5l750165YpdtWdAy8TJSQVyNHrlr24QkzSiQhOOlXIdO9FehqVmhNNJqZsqmmAyxH3qGipwRJWXzY6eoBOjBCiMpXlCo5n6eyLDkVLjyDfJCOuBWvSm4n+em+rwysuYSFJNBZkvClOOdIymDaCASUo0HxuCiWTmVkQGWGKiTU8lU4Kz+OVl0jqrOhfV2v15pX6d11GEIziGU3DgEupwCw1oAoEneIZXeLNG1ov1bn3MowUrnzmEP7A+fwDHqZIf</latexit>

�[N ]
<latexit sha1_base64="IPN5mSr+6HwmSr7pdwITzjdMvgs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZEfC2LblxJBfuANJbJZNIOnUzCzESooV/ixoUibv0Ud/6N08dCWw8MHM45l3vnBClnSjvOt1VYWl5ZXSuulzY2t7bL9s5uUyWZJLRBEp7IdoAV5UzQhmaa03YqKY4DTlvB4Hrstx6pVCwR93qYUj/GPcEiRrA2Utcud7gJh/gh926PXX/UtStO1ZkALRJ3RiowQ71rf3XChGQxFZpwrJTnOqn2cyw1I5yOSp1M0RSTAe5Rz1CBY6r8fHL4CB0aJURRIs0TGk3U3xM5jpUaxoFJxlj31bw3Fv/zvExHl37ORJppKsh0UZRxpBM0bgGFTFKi+dAQTCQztyLSxxITbboqmRLc+S8vkuZJ1T2vnt2dVmpXszqKsA8HcAQuXEANbqAODSCQwTO8wpv1ZL1Y79bHNFqwZjN78AfW5w8hVZLC</latexit>

�[N�1]
<latexit sha1_base64="QH/R5MsJgjZnzmwKmwYqGUj3fsw=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpIUX8uiG1dSwT4gjWUymbZDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBAlnSjvOt7W0vLK6tl7YKG5ube+U7N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4fXEbz1SqVgs7vUooX6E+4L1GMHaSF271OEmHOKHzLs9qfrjrl12Ks4UaJG4OSlDjnrX/uqEMUkjKjThWCnPdRLtZ1hqRjgdFzupogkmQ9ynnqECR1T52fTwMToySoh6sTRPaDRVf09kOFJqFAUmGWE9UPPeRPzP81Ldu/QzJpJUU0Fmi3opRzpGkxZQyCQlmo8MwUQycysiAywx0aaroinBnf/yImlWK+555ezutFy7yusowAEcwjG4cAE1uIE6NIBACs/wCm/Wk/VivVsfs+iSlc/swx9Ynz8i25LD</latexit>

�[N�2]

<latexit sha1_base64="1q0w0ZOv730JIRCGRT9EJ/uLtKc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHbF1zHoQU8SwTxgswmzk0kyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuCmPOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1nSUKEKrJOKRaoRYU84krRpmOG3EimIRcloPB9djv/5IlWaRfDDDmAYC9yTrMoKNlVrNGywEbqX+3bEXjNqFoltyJ0DzxMtIETJU2oWvZiciiaDSEI619j03NkGKlWGE01G+mWgaYzLAPepbKrGgOkgnV4/QoVU6qBspW9Kgifp7IsVC66EIbafApq9nvbH4n+cnpnsZpEzGiaGSTBd1E45MhMYRoA5TlBg+tAQTxeytiPSxwsTYoPI2BG/25XlSOyl556Wz+9Ni+SqLIwf7cABH4MEFlOEWKlAFAgqe4RXenCfnxXl3PqatC042swd/4Hz+AL63kgk=</latexit>

�[N�1]
<latexit sha1_base64="QA5r+vw4JHfKYYgabdGrO0KlYOs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwY0mKr2XRha6kgn1Ampab6aQdOpOEmYlSQv/DjQtF3Pov7vwbp20W2nrgwuGce7n3Hj/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6GiRBJaJxGPZMsHRTkLaV0zzWkrlhSEz2nTH15P/OYjlYpF4YMexdQT0A9ZwAhoI3XaNyAEdFL37qTijbvFkl22p8CLxMlICWWodYtf7V5EEkFDTTgo5Tp2rL0UpGaE03GhnSgaAxlCn7qGhiCo8tLp1WN8ZJQeDiJpKtR4qv6eSEEoNRK+6RSgB2rem4j/eW6ig0svZWGcaBqS2aIg4VhHeBIB7jFJieYjQ4BIZm7FZAASiDZBFUwIzvzLi6RRKTvn5bP701L1Kosjjw7QITpGDrpAVXSLaqiOCJLoGb2iN+vJerHerY9Za87KZvbRH1ifP8A9kgo=</latexit>

�[N�2]

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="1AUcwSg/kqDV6Zinm7doKf3F0fQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy60GUF+4AklpvppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UNwJNOZO0ZZjhtJsqCiLitBONrqd+55EqzRJ5b8YpDQUMJIsZAWOlILgBIeAh92U46VVrbt2dAf8lXkFqqECzV/0M+gnJBJWGcNDa99zUhDkowwink0qQaZoCGcGA+pZKEFSH+ezmCT6ySh/HibIlDZ6pPydyEFqPRWQ7BZihXvSm4n+en5n4MsyZTDNDJZkvijOOTYKnAeA+U5QYPrYEiGL2VkyGoIAYG1PFhuAtvvyXtE/q3nn97O601rgq4iijA3SIjpGHLlAD3aImaiGCUvSEXtCrkznPzpvzPm8tOcXMPvoF5+MbDp6Rtw==</latexit>

�[n]

<latexit sha1_base64="1AUcwSg/kqDV6Zinm7doKf3F0fQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy60GUF+4AklpvppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UNwJNOZO0ZZjhtJsqCiLitBONrqd+55EqzRJ5b8YpDQUMJIsZAWOlILgBIeAh92U46VVrbt2dAf8lXkFqqECzV/0M+gnJBJWGcNDa99zUhDkowwink0qQaZoCGcGA+pZKEFSH+ezmCT6ySh/HibIlDZ6pPydyEFqPRWQ7BZihXvSm4n+en5n4MsyZTDNDJZkvijOOTYKnAeA+U5QYPrYEiGL2VkyGoIAYG1PFhuAtvvyXtE/q3nn97O601rgq4iijA3SIjpGHLlAD3aImaiGCUvSEXtCrkznPzpvzPm8tOcXMPvoF5+MbDp6Rtw==</latexit>

�[n]

<latexit sha1_base64="1AUcwSg/kqDV6Zinm7doKf3F0fQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy60GUF+4AklpvppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UNwJNOZO0ZZjhtJsqCiLitBONrqd+55EqzRJ5b8YpDQUMJIsZAWOlILgBIeAh92U46VVrbt2dAf8lXkFqqECzV/0M+gnJBJWGcNDa99zUhDkowwink0qQaZoCGcGA+pZKEFSH+ezmCT6ySh/HibIlDZ6pPydyEFqPRWQ7BZihXvSm4n+en5n4MsyZTDNDJZkvijOOTYKnAeA+U5QYPrYEiGL2VkyGoIAYG1PFhuAtvvyXtE/q3nn97O601rgq4iijA3SIjpGHLlAD3aImaiGCUvSEXtCrkznPzpvzPm8tOcXMPvoF5+MbDp6Rtw==</latexit>

�[n]

<latexit sha1_base64="1AUcwSg/kqDV6Zinm7doKf3F0fQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy60GUF+4AklpvppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UNwJNOZO0ZZjhtJsqCiLitBONrqd+55EqzRJ5b8YpDQUMJIsZAWOlILgBIeAh92U46VVrbt2dAf8lXkFqqECzV/0M+gnJBJWGcNDa99zUhDkowwink0qQaZoCGcGA+pZKEFSH+ezmCT6ySh/HibIlDZ6pPydyEFqPRWQ7BZihXvSm4n+en5n4MsyZTDNDJZkvijOOTYKnAeA+U5QYPrYEiGL2VkyGoIAYG1PFhuAtvvyXtE/q3nn97O601rgq4iijA3SIjpGHLlAD3aImaiGCUvSEXtCrkznPzpvzPm8tOcXMPvoF5+MbDp6Rtw==</latexit>

�[n]

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="bL2A8/WjVOGqXEUPMITS8VYxCak=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx60JNEMAvMjKGm05M06e4ZunuEMOQ3vHhQxKs/482/sbMcNPFBweO9KqrqRSln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TZ1kitAGSXii2hFoypmkDcMMp+1UURARp61ocD32W09UaZbIBzNMaSigJ1nMCBgrBcENCAGPuX8Xjjrlilt1J8CLxJuRCpqh3il/Bd2EZIJKQzho7XtuasIclGGE01EpyDRNgQygR31LJQiqw3xy8wgfWaWL40TZkgZP1N8TOQithyKynQJMX897Y/E/z89MfBnmTKaZoZJMF8UZxybB4wBwlylKDB9aAkQxeysmfVBAjI2pZEPw5l9eJM2TqndePbs/rdSuZnEU0QE6RMfIQxeohm5RHTUQQSl6Rq/ozcmcF+fd+Zi2FpzZzD76A+fzB93PkZc=</latexit>

�[N ]

<latexit sha1_base64="bL2A8/WjVOGqXEUPMITS8VYxCak=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx60JNEMAvMjKGm05M06e4ZunuEMOQ3vHhQxKs/482/sbMcNPFBweO9KqrqRSln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TZ1kitAGSXii2hFoypmkDcMMp+1UURARp61ocD32W09UaZbIBzNMaSigJ1nMCBgrBcENCAGPuX8Xjjrlilt1J8CLxJuRCpqh3il/Bd2EZIJKQzho7XtuasIclGGE01EpyDRNgQygR31LJQiqw3xy8wgfWaWL40TZkgZP1N8TOQithyKynQJMX897Y/E/z89MfBnmTKaZoZJMF8UZxybB4wBwlylKDB9aAkQxeysmfVBAjI2pZEPw5l9eJM2TqndePbs/rdSuZnEU0QE6RMfIQxeohm5RHTUQQSl6Rq/ozcmcF+fd+Zi2FpzZzD76A+fzB93PkZc=</latexit>

�[N ]

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)
<latexit sha1_base64="wI/N0vgyqrok4LQSVSqQB9ynn20=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSTi17HoxWMF+4FtKJvNpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJnnJ4JrdJxva2l5ZXVtvbBR3Nza3tkt7e03dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q9vJn7rEZTmsbzHUQJeRPuSh5xRNNJDF+EJs0pwMu6Vyk7VmcJeJG5OyiRHvVf66gYxSyOQyATVuuM6CXoZVciZgHGxm2pIKBvSPnQMlTQC7WXTi8f2sVECO4yVKYn2VP09kdFI61Hkm86I4kDPexPxP6+TYnjlZVwmKYJks0VhKmyM7cn7dsAVMBQjQyhT3NxqswFVlKEJqWhCcOdfXiTN06p7UT2/OyvXrvM4CuSQHJEKccklqZFbUicNwogkz+SVvFnaerHerY9Z65KVzxyQP7A+fwBWjpC2</latexit>

(d)
<latexit sha1_base64="azKGfTO+Akf+AFs53QZLwBygod8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpiU4GXcLRbfsTkEXiZeRIslQ7Ra+2r2IJyEo5JIZ0/LcGDsp0yi4hHG+nRiIGR+yPrQsVSwE00mnF4/psVV6NIi0LYV0qv6eSFlozCj0bWfIcGDmvYn4n9dKMLjqpELFCYLis0VBIilGdPI+7QkNHOXIEsa1sLdSPmCacbQh5W0I3vzLi6R+WvYuyud3Z8XKdRZHjhySI1IiHrkkFXJLqqRGOFHkmbySN8c4L8678zFrXXKymQPyB87nD1gUkLc=</latexit>

(e)
<latexit sha1_base64="lywcY2yIQqd8k4lLV20+0LcFB/8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l0ocsK9gFJLJPppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040up76nUeqNEvkvRmnNBR4IFnMCDZWCoIbLAR+yH0vnPSqNbfuzoD+Eq8gNSjQ7FU/g35CMkGlIRxr7XtuasIcK8MIp5NKkGmaYjLCA+pbKrGgOsxnN0/QkVX6KE6ULWnQTP05kWOh9VhEtlNgM9SL3lT8z/MzE1+GOZNpZqgk80VxxpFJ0DQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C2+/Je0T+reef3s7rTWuCriKMMBHMIxeHABDbiFJrSAQApP8AKvTuY8O2/O+7y15BQz+/ALzsc3saGReg==</latexit>

�[1]

<latexit sha1_base64="lywcY2yIQqd8k4lLV20+0LcFB/8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l0ocsK9gFJLJPppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040up76nUeqNEvkvRmnNBR4IFnMCDZWCoIbLAR+yH0vnPSqNbfuzoD+Eq8gNSjQ7FU/g35CMkGlIRxr7XtuasIcK8MIp5NKkGmaYjLCA+pbKrGgOsxnN0/QkVX6KE6ULWnQTP05kWOh9VhEtlNgM9SL3lT8z/MzE1+GOZNpZqgk80VxxpFJ0DQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C2+/Je0T+reef3s7rTWuCriKMMBHMIxeHABDbiFJrSAQApP8AKvTuY8O2/O+7y15BQz+/ALzsc3saGReg==</latexit>

�[1]

<latexit sha1_base64="0OS7Kye4tHWsvCsejg1lXzE9Py8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7wpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP+GmSPw==</latexit>

�[n]

<latexit sha1_base64="0OS7Kye4tHWsvCsejg1lXzE9Py8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7wpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP+GmSPw==</latexit>

�[n]
<latexit sha1_base64="0OS7Kye4tHWsvCsejg1lXzE9Py8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7wpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP+GmSPw==</latexit>

�[n]

<latexit sha1_base64="0OS7Kye4tHWsvCsejg1lXzE9Py8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7wpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP+GmSPw==</latexit>

�[n]

Figure 3.5: Canonical decomposition of MPS and orthogonality conditions — (a)
The canonical form allows for a MPS represented with the set of tensors {Γλ}, this
form allows to fulfill orthonormal conditions. (b/c) Proper contraction of physical
and bond indices. (d/e) At the edges the contraction will occur with physical
indices only.

From there one can proceed to express
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Writing each state
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Substituting in (3.21) we get
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∑

i1,i2,a1,a2

Γ[1]i1
a1

λ[1]a1
Γ21]i2
a1,a2

λ[2]a2
|i1⟩ |i2⟩

∣∣ψ[3,··· ,N ]
〉

(3.24)

Repeating the steps going through the rest of the sites one eventually one can
express the state as

|ψ⟩ =
∑

{in}

χ∑

{an}

∏

n

Γ[n] in
anan+1

λ[n]an

⊗

n

|in⟩ . (3.25)

Let’s look at what we have achieved by expressed out state in the canonical
form. Physically we can see every λ[n] as the set unique Schmidt values of the
decomposition of the whole state as

|ψ⟩ =
χ∑

i

λi
∣∣ψL
〉 ∣∣ψR

〉
(3.26)
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Figure 3.6: Canonical form as a Schmidt decomposition — The orthogonality
conditions of the canonical form ensure that the matrices U and V are unitary.
The entries λ[n] are then the singular values for this decomposition.

Here the diagonal matrix λ contains the decreasingly ordered Schmidt coefficients
(λ1 ≥ λ2 ≥ · · · ≥ λχ ≥ 0) and α labels the Schmidt vectors, which form orthonor-
mal sets,

∣∣ψL
〉

(matrix U)
∣∣ψR

〉
(matrix V ) fulfilling the condition
〈
ψ

L/R
i

∣∣∣ψL/R
j

〉
= δij. (3.27)

This orthogonality property ensures that setting the smallest entries {λ} to zero
during the truncation corresponds to throwing away the least important contri-
butions [16]. A schematic representation can be seen in Fig. 3.5.

It is worth nothing that we start from the left-most state to arrive to the
canonical form, one could also have achieved the canonical form starting from the
right. For our interests it’s enough to achieve such form, and explain some of the
advantages that the decomposition brings. Particularly the canonical decomposi-
tion makes the calculation of expectation values straightforward. When one wants
to calculate the expectation value of certain operator on site i in a many-body
system, normally one would have to apply the operator Î1⊗ Î2⊗ · · · ⊗ Îi−1⊗ Ôi⊗
Îi+1 ⊗ · · · ⊗ ÎN . This would imply dealing with an array of dimension dN × dN
which ends up being computationally expensive. On the other hand, the MPS
approach is very straightforward. We consider a tensor correspondent to the op-
erator Ôi which we apply and then we apply the complex conjugate of the state.
After that the canonical form allows to contract the indices and end up with the
correspondent expectation value. This process is represented in Fig. 3.7.

One could also compute expectation values for observables involving more sites
for example Ô1⊗Ô3, for which is the process is essentially the same. Only in cases
where a two (or more sites) operator cannot be expressed as an external product
(i.e increases entanglement entropy in one of the bonds), as can it happen with the
application of evolution two-site operators then certain conditions regarding the
orthogonality of the MPS have to be taken into account. This will be discussed
with detail on Section 3.4.

3.3 Conserved quantities

Before we go into the details about how to actually perform the time-evolution in
a MPS, it is important to get acquainted with the concept of conserved quantities
and its implementation to speed-up MPS calculations. For a more detailed de-
scription with emphasis on some of the more mathematical aspects one can also
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3.4. Time Evolving Block Decimation
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Ôi

<latexit sha1_base64="/ba9TIEWy0/g4JAwznr6pXRVjtQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0wM+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs2LindZqd5Xy7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGru41o</latexit>

i� 1
<latexit sha1_base64="gQ0QZrHgZBkqf996/QQVBa6B0JU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0muM9g==</latexit>

i <latexit sha1_base64="WufjZpFD2Yn/eBQGok5s2JBP3dQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpgZ97vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFe+yUr2vlms3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOosY1m</latexit>

i + 1
<latexit sha1_base64="LoxTAw9QXYE/LDkBXzCjVnJK7Xk=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5JIUY9FL96sYD+gCWGz3bRLN5uwuxFKLPhXvHhQxKu/w5v/xm2bg7Y+GHi8N8PMvDDlTGnH+baWlldW19ZLG+XNre2dXXtvv6WSTBLaJAlPZCfEinImaFMzzWknlRTHIaftcHg98dsPVCqWiHs9Sqkf475gESNYGymwD70B1ug2YOjRSxXzJBZ9TgO74lSdKdAicQtSgQKNwP7yegnJYio04Vipruuk2s+x1IxwOi57maIpJkPcp11DBY6p8vPp+WN0YpQeihJpSmg0VX9P5DhWahSHpjPGeqDmvYn4n9fNdHTp50ykmaaCzBZFGUc6QZMsUI9JSjQfGYKJZOZWRAZYYqJNYmUTgjv/8iJpnVXd82rtrlapXxVxlOAIjuEUXLiAOtxAA5pAIIdneIU368l6sd6tj1nrklXMHMAfWJ8/2NqVbw==</latexit>
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(b)

Figure 3.7: Calculating Expectation Values — Schematic representation of calcu-
lating expectation values with MPS. (a) Within the MPS framework one acts with
a local tensor correspondent to the operator of the site one wants calculate the
expectation value, and then simply acts with the complex conjugate of the state.
(b) Making use of the canonical form, the procedure of contracting the indices is
straightforward.

see Ref. [17]. As for something more focused in the details regarding the imple-
mentation in the numerical simulations via the ITensor library, see Ref. [18]. In
this thesis conservation laws will be used regularly, particularly in the Chapters 7
and 8 to speed up calculations.

One example that we will focus and one can frequently encounter in the case
of spin systems is the conservation of total magnetization, defined as Sz =

∑
i σ

z
i .

When magnetization is conserved the through all times there is a defined conserved
quantity M, which means that through all times, one can express Sz |ψ(t)⟩ =
M |ψ(t)⟩. This is not to say that there cannot be changes in the spin configurations
in the chain, is just that such changes cannot break the total value M. In practice
to gain numerical advantage from this fact, one assigns to each site a quantum
number. For the case of magnetization, one would assign either +1 or −1. Just
like with sites, it is also possible to assign a quantum number to the inner indices,
in doing so, one establishes a flow, in which the condition χin = χout+ iout must be
fulfilled. By doing so, the tensors Γ[n] become block-sparse with blocks associated
to the different possible quantum numbers, as indicated in Fig. 3.8.

3.4 Time Evolving Block Decimation

We now want to know how to perform the dynamics simulation. Particularly,
given the MPS framework that we have presented so far, we want to know how
do we pass from state |ψ(t)⟩ to state |ψ(t+ dt)⟩. One initially could think about
creating a tensor which corresponds to the operator e−iĤdt and apply it to the
state as shown in Fig. 3.9(a). However this, although possible, would be highly
inefficient. The main problem with this approach is by evolving all sites at once
there is also an increase in all bond dimensions. In a many-body system, just to
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Chapter 3. Matrix Product States
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Figure 3.8: Quantum Number Conservation — The top indicates the “flow” of
quantum numbers. Number conservation requires that incoming and outgoing
indices add up to the same number. The matrix below indicates the resulting
block-sparse structure of Γ[n].

store this intermediate state becomes computationally expensive.
An alternative to this is the time evolving black decimation (TEBD) algorithm.

This algorithm relies on the Trotter decomposition of the time evolution operator
into local two-site operators [16]. Having previously presented how to apply 2-
site operators (see Fig. 3.11), now it’s a matter of how to accurately apply such
operators to perform the evolution in the system.

We start by expressing the Hamiltonian of two site gates

Ĥ =
∑

i

Ĥi,i+1 (3.28)

e−i
∑N

j=1 Ĥjt =
N∏

j=1

e−iĤjt +ON2t2 (3.29)

Then one can write the time evolution operator as a product of two site operators

exp(−iĤdt) = exp

[
−i
(∑

l

Ĥj,j+1

)]
(3.30)

=
∏

l

exp
[
− iĤl,l+1dt

]
+O(dt2) (3.31)

where the remainder ∼ O(dt2) is given by the Baker-Campbell-Hausdorff formula.
Passing the two-gates through all sites of the MPS, in what is known as a sweep,
one evolves the state from t to t+ dt. We have to remember, that due to the fact
that the terms Ĥj,j+1 don’t, in general, commute, the simple sweep given is Eq.
(3.31) is only accurate up to first order in the time step, and would thus require
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3.4. Time Evolving Block Decimation
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Figure 3.9: MPS evolution — (a) It is possible to evolve all sites at once, acting
with the evolution operator as one N -site gate, however this has complications
mainly due the fact that, by doing that, the dimension of all bonds increase at
once, making the intermediate state during the evolution hard to storage. (b) A
more convenient approach is the trotter evolution, in which one applies a series
of two-site gates, individually increasing the bonds between each site, which then
one can truncate.

very small time steps. There are several higher order methods that have been
introduced. In this thesis we will rely mostly in 2nd and 4th order methods. The
2nd order method that we use in this thesis is RL, where R is a sweep to the right
direction starting from site 1, and L which is a sweep in the left direction starting
from the end-site. Explicitly the evolution can be expressed as

exp(−iĤdt) =
N−1∏

l=1

exp
[
− iĤl,l+1dt/2

] 1∏

l=N−1

exp
[
− iĤl,l+1dt/2

]
. (3.32)

Note how the Hamiltonian in each of the two-site evolution operators is multiplied
by a factor of 1/2 due to the fact that we apply two sweeps to evolve through one
time-step. A schematic representation of the 2nd order trotter evolution can be
seen in Fig. 3.10. For the 4th order evolution we apply a series of sweeps of the
form RLR(-2L)RRRRLRLLLL(-2R)LRL. Here the Hamiltonian on each of the R
and L two-site gates will be multiplied by a factor factor of 1/12, while the gates
(-2R) and (-2L) are multiplied by a factor of −1/6. Note how the total product
of the exponentials then adds to one time-step. For a comprehensive derivation of
the 4th-order trotter evolution and the errors involved one can refer to [19].

It is convenient to clarify the process that involves applying each of the trot-
ter gates. Particularly we want to focus on conserving the orthogonality con-
ditions after the application of each of the trotter evolution two-site gates we
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Chapter 3. Matrix Product States
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e�iĤdt| (t)i '

<latexit sha1_base64="exW2PzVtzocfHNgpXksb6YOegic=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAZBUONMCOpFCHrJMYJZIImhp6cn6aRnobtGCEMuXvwVLx4U8eo/ePNv7CwHTXxQ8Hiviqp6TiS4Asv6NlILi0vLK+nVzNr6xuaWub1TVWEsKavQUISy7hDFBA9YBTgIVo8kI74jWM3p34z82gOTiofBHQwi1vJJJ+AepwS01Db32X1yyptdArjUTnonvWN7iF04yw/xFW6bWStnjYHniT0lWTRFuW1+Nd2Qxj4LgAqiVMO2ImglRAKngg0zzVixiNA+6bCGpgHxmWol4y+G+FArLvZCqSsAPFZ/TyTEV2rgO7rTJ9BVs95I/M9rxOBdthIeRDGwgE4WebHAEOJRJNjlklEQA00IlVzfimmXSEJBB5fRIdizL8+Taj5nn+cKt4Vs8XoaRxrtoQN0hGx0gYqohMqogih6RM/oFb0ZT8aL8W58TFpTxnRmF/2B8fkDgkCWpw==</latexit>

e�iĤj,j+1dt/2 =

Figure 3.10: Second order trotter evolution — Schematic representation of the
second order trotter evolution. Since we apply each gate twice we need to multiply
the Hamiltonian in the evolution operator by a factor of 1/2.

want to make sure that the orthogonality condition is fulfilled. Also, unlike the
single-site gates, it is important to mention that the application of a two-site
gate can increase the bond dimension between the sites that it is applied it. We
present a detailed scheme on Fig. 3.11 of the application of evolution operator
Ûi,i+1 = exp(−iĤi,i+1dt). What it is important to highlight about the process is
the application of inverse tensors λ[i/i+1] in order to ensure the canonical form,
and also the fact that the unitary evolution it what ultimately allows to fulfill
the orthogonality condition. In the case of open systems when one deals with
non-unitary evolution a different approach will be employed.

To have a more concrete idea about how the Trotter decomposition works, let’s
apply a 2nd order decomposition to a disordered Heisenberg model

Ĥ = −J
N−1∑

i=1

σ̂i · σ̂i+1 +
N∑

i=1

hiσ̂
z
i (3.33)

Considering it is a second-order decomposition, we apply the two-site gate
Ûj,j+1 = e−iĤj,j+1dt/2 twice. This allows us to achieve a total evolution of the form:

Û ≈ Û1,2, Û2,3 . . . ÛN−1,N ÛN,N−1 . . . Û2,1, (3.34)

as depicted in Figure 3.10. However, it is important to note that when combining
two-site and one-site gates in the Hamiltonian (3.33), the one-site gates will only
act once on the boundary sites 1 and N , unlike the middle sites.

This can be easily fixed defining the two-site evolution Hamiltonian in the
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3.4. Time Evolving Block Decimation
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i
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i + 1
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Contract
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Ûi,i+1
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<latexit sha1_base64="L54mU2+W5q5DFv023DRyrUF2mbI=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DHvQYwTxgswmzk0kyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuCmPOtHHdbye3tLyyupZfL2xsbm3vFHf36jpKFKE1EvFINUOsKWeS1gwznDZjRbEIOW2Ew5uJ33ikSrNIPphRTAOB+5L1GMHGSu3WLRYCt1OfnXjBuFMsuWV3CrRIvIyUIEO1U/xqdSOSCCoN4Vhr33NjE6RYGUY4HRdaiaYxJkPcp76lEguqg3R69RgdWaWLepGyJQ2aqr8nUiy0HonQdgpsBnrem4j/eX5ieldBymScGCrJbFEv4chEaBIB6jJFieEjSzBRzN6KyAArTIwNqmBD8OZfXiT107J3UT6/PytVrrM48nAAh3AMHlxCBe6gCjUgoOAZXuHNeXJenHfnY9aac7KZffgD5/MH5QGSIg==</latexit>

�[i+1] <latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>
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X
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<latexit sha1_base64="JrgzIp2Swg0E78PB8M5Of58fa/k=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEFoSTia1l047KCfUAay2QyaYdOJmFmUiihf+LGhSJu/RN3/o3TNgttPTBwOOdc7p0TpJwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQhsk4YlsB1hRzgRtaKY5baeS4jjgtBUM7iZ+a0ilYol41KOU+jHuCRYxgrWRurbd4SYc4qfcY2eufzLu2hWn6kyBFolbkAoUqHftr06YkCymQhOOlfJcJ9V+jqVmhNNxuZMpmmIywD3qGSpwTJWfTy8fo2OjhChKpHlCo6n6eyLHsVKjODDJGOu+mvcm4n+el+noxs+ZSDNNBZktijKOdIImNaCQSUo0HxmCiWTmVkT6WGKiTVllU4I7/+VF0jyvulfVy4eLSu22qKMEh3AEp+DCNdTgHurQAAJDeIZXeLNy68V6tz5m0SWrmDmAP7A+fwCtFJMM</latexit>

�[i+1]0

<latexit sha1_base64="EpBYv9Spxeqxb93PrdBSpCrGQEQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zi7zpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP8MuSOg==</latexit>

�[i]
<latexit sha1_base64="ntY9ASV5LsS1BFYYrqWSTs1qu1g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQShJ8bUsunFZwT6gjWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vn+AlnSjvOt1VYWV1b3yhulra2d3bL9t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Gbqtx+pVCwW93qcUC/CA8FCRrA2Ut8u97gJB/gh67LTmjfp2xWn6syAlombkwrkaPTtr14QkzSiQhOOleq6TqK9DEvNCKeTUi9VNMFkhAe0a6jAEVVeNjt8go6NEqAwluYJjWbq74kMR0qNI98kI6yHatGbiv953VSHV17GRJJqKsh8UZhypGM0bQEFTFKi+dgQTCQztyIyxBITbboqmRLcxS8vk1at6l5Uz+/OKvXrvI4iHMIRnIALl1CHW2hAEwik8Ayv8GY9WS/Wu/UxjxasfOYA/sD6/AFJJZLc</latexit>

�[i+2]

<latexit sha1_base64="T+2lpIEhBZt/umNmpBzd8lvtP90=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXVgS8bUsunFZwT4gTctkMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj0wcDjnXO6d4yeMSmXbX0ZhYXFpeaW4Wlpb39jcMrd3mjJOBSYNHLNYtH0kCaOcNBRVjLQTQVDkM9Lyh9djv3VPhKQxv1OjhHgR6nMaUoyUlnrmXqXDdDpA3cylXn7UzY6dvGeW7ao9gfWXODNShhnqPfOzE8Q4jQhXmCEpXcdOlJchoShmJC91UkkShIeoT1xNOYqI9LLJ9bl1qJXACmOhH1fWRP05kaFIylHk62SE1EDOe2PxP89NVXjpZZQnqSIcTxeFKbNUbI2rsAIqCFZspAnCgupbLTxAAmGlCyvpEpz5L/8lzZOqc149uz0t165mdRRhHw6gAg5cQA1uoA4NwPAAT/ACr8aj8Wy8Ge/TaMGYzezCLxgf36J5lLY=</latexit>

(�[i])�1
<latexit sha1_base64="nbiCORuxh3wRlfuGRAriNLxfS18=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKmJJiq9l0Y3LCvYBaVomk0kdOpmEmYlQYhb+ihsXirj1N9z5N07bLLT1wMDhnHO5d44XMyqVZX0bhYXFpeWV4mppbX1jc8vc3mnJKBGYNHHEItHxkCSMctJUVDHSiQVBocdI2xtej/32AxGSRvxOjWLihmjAaUAxUlrqm3uVLtNpH/VShx7X3Oyol57YWd8sW1VrAjhP7JyUQY5G3/zq+hFOQsIVZkhKx7Zi5aZIKIoZyUrdRJIY4SEaEEdTjkIi3XRyfwYPteLDIBL6cQUn6u+JFIVSjkJPJ0Ok7uWsNxb/85xEBZduSnmcKMLxdFGQMKgiOC4D+lQQrNhIE4QF1bdCfI8EwkpXVtIl2LNfnietWtU+r57dnpbrV3kdRbAPDkAF2OAC1MENaIAmwOARPINX8GY8GS/Gu/ExjRaMfGYX/IHx+QOF55Un</latexit>

(�[i+2])�1

<latexit sha1_base64="EpBYv9Spxeqxb93PrdBSpCrGQEQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zi7zpv1qza7bOdAycQpSgwLNfvWrF8QkjajQhGOlXMdOtJdhqRnhdFrppYommIzwgLqGChxR5WX50VN0YpQAhbE0T2iUq78nMhwpNYl8k4ywHqpFbyb+57mpDq+9jIkk1VSQ+aIw5UjHaNYACpikRPOJIZhIZm5FZIglJtr0VDElOItfXibts7pzWb+4P681boo6ynAEx3AKDlxBA+6gCS0g8ATP8Apv1th6sd6tj3m0ZBUzh/AH1ucP8MuSOg==</latexit>

�[i]
<latexit sha1_base64="ntY9ASV5LsS1BFYYrqWSTs1qu1g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQShJ8bUsunFZwT6gjWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vn+AlnSjvOt1VYWV1b3yhulra2d3bL9t5+S8WpJLRJYh7Ljo8V5UzQpmaa004iKY58Ttv+6Gbqtx+pVCwW93qcUC/CA8FCRrA2Ut8u97gJB/gh67LTmjfp2xWn6syAlombkwrkaPTtr14QkzSiQhOOleq6TqK9DEvNCKeTUi9VNMFkhAe0a6jAEVVeNjt8go6NEqAwluYJjWbq74kMR0qNI98kI6yHatGbiv953VSHV17GRJJqKsh8UZhypGM0bQEFTFKi+dgQTCQztyIyxBITbboqmRLcxS8vk1at6l5Uz+/OKvXrvI4iHMIRnIALl1CHW2hAEwik8Ayv8GY9WS/Wu/UxjxasfOYA/sD6/AFJJZLc</latexit>

�[i+2]
<latexit sha1_base64="JrgzIp2Swg0E78PB8M5Of58fa/k=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEFoSTia1l047KCfUAay2QyaYdOJmFmUiihf+LGhSJu/RN3/o3TNgttPTBwOOdc7p0TpJwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQhsk4YlsB1hRzgRtaKY5baeS4jjgtBUM7iZ+a0ilYol41KOU+jHuCRYxgrWRurbd4SYc4qfcY2eufzLu2hWn6kyBFolbkAoUqHftr06YkCymQhOOlfJcJ9V+jqVmhNNxuZMpmmIywD3qGSpwTJWfTy8fo2OjhChKpHlCo6n6eyLHsVKjODDJGOu+mvcm4n+el+noxs+ZSDNNBZktijKOdIImNaCQSUo0HxmCiWTmVkT6WGKiTVllU4I7/+VF0jyvulfVy4eLSu22qKMEh3AEp+DCNdTgHurQAAJDeIZXeLNy68V6tz5m0SWrmDmAP7A+fwCtFJMM</latexit>

�[i+1]0

<latexit sha1_base64="Nqorh0aghMMmP2a2bLbgiFb6SJ4=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+Sw4HrWLJbfsToAXiTcjJTRDtV38anVikgoqDeGgte+5iQkyUIYRTkeFVqppAqQPXepbKkFQHWSTo0f4yCodHMXKljR4ov6eyEBoPRSh7RRgenreG4v/eX5qoqsgYzJJDZVkuihKOTYxHieAO0xRYvjQEiCK2Vsx6YECYmxOBRuCN//yIqmflr2L8vn9WalyPYsjjw7QITpBHrpEFXSHqqiGCHpCz+gVvTkD58V5dz6mrTlnNrOP/sD5/AFrdpHj</latexit>

�[i]0
<latexit sha1_base64="9DaLwA1OxLAjt/6KIQ9/P/NvVOQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UUhJKIr2XRhS4r2AeksdxMJ+3QmSTMTIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733BAlnSjvOt7WwuLS8slpYK65vbG6V7O2dhopTSWidxDyWrQAU5Syidc00p61EUhABp81gcD32m49UKhZH93qYUF9AL2IhI6CN1LFL7RsQAh4yjx27/uGoY5edijMBniduTsooR61jf7W7MUkFjTThoJTnOon2M5CaEU5HxXaqaAJkAD3qGRqBoMrPJoeP8IFRujiMpalI44n6eyIDodRQBKZTgO6rWW8s/ud5qQ4v/YxFSappRKaLwpRjHeNxCrjLJCWaDw0BIpm5FZM+SCDaZFU0IbizL8+TxknFPa+c3Z2Wq1d5HAW0h/bREXLRBaqiW1RDdURQip7RK3qznqwX6936mLYuWPnMLvoD6/MHwZuShA==</latexit>

�[i+1]0

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)
<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)

<latexit sha1_base64="Nqorh0aghMMmP2a2bLbgiFb6SJ4=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+Sw4HrWLJbfsToAXiTcjJTRDtV38anVikgoqDeGgte+5iQkyUIYRTkeFVqppAqQPXepbKkFQHWSTo0f4yCodHMXKljR4ov6eyEBoPRSh7RRgenreG4v/eX5qoqsgYzJJDZVkuihKOTYxHieAO0xRYvjQEiCK2Vsx6YECYmxOBRuCN//yIqmflr2L8vn9WalyPYsjjw7QITpBHrpEFXSHqqiGCHpCz+gVvTkD58V5dz6mrTlnNrOP/sD5/AFrdpHj</latexit>

�[i]0

<latexit sha1_base64="Nqorh0aghMMmP2a2bLbgiFb6SJ4=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+Sw4HrWLJbfsToAXiTcjJTRDtV38anVikgoqDeGgte+5iQkyUIYRTkeFVqppAqQPXepbKkFQHWSTo0f4yCodHMXKljR4ov6eyEBoPRSh7RRgenreG4v/eX5qoqsgYzJJDZVkuihKOTYxHieAO0xRYvjQEiCK2Vsx6YECYmxOBRuCN//yIqmflr2L8vn9WalyPYsjjw7QITpBHrpEFXSHqqiGCHpCz+gVvTkD58V5dz6mrTlnNrOP/sD5/AFrdpHj</latexit>

�[i]0

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="Nqorh0aghMMmP2a2bLbgiFb6SJ4=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+Sw4HrWLJbfsToAXiTcjJTRDtV38anVikgoqDeGgte+5iQkyUIYRTkeFVqppAqQPXepbKkFQHWSTo0f4yCodHMXKljR4ov6eyEBoPRSh7RRgenreG4v/eX5qoqsgYzJJDZVkuihKOTYxHieAO0xRYvjQEiCK2Vsx6YECYmxOBRuCN//yIqmflr2L8vn9WalyPYsjjw7QITpBHrpEFXSHqqiGCHpCz+gVvTkD58V5dz6mrTlnNrOP/sD5/AFrdpHj</latexit>

�[i]0

<latexit sha1_base64="Nqorh0aghMMmP2a2bLbgiFb6SJ4=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+Sw4HrWLJbfsToAXiTcjJTRDtV38anVikgoqDeGgte+5iQkyUIYRTkeFVqppAqQPXepbKkFQHWSTo0f4yCodHMXKljR4ov6eyEBoPRSh7RRgenreG4v/eX5qoqsgYzJJDZVkuihKOTYxHieAO0xRYvjQEiCK2Vsx6YECYmxOBRuCN//yIqmflr2L8vn9WalyPYsjjw7QITpBHrpEFXSHqqiGCHpCz+gVvTkD58V5dz6mrTlnNrOP/sD5/AFrdpHj</latexit>

�[i]0

<latexit sha1_base64="9DaLwA1OxLAjt/6KIQ9/P/NvVOQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UUhJKIr2XRhS4r2AeksdxMJ+3QmSTMTIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733BAlnSjvOt7WwuLS8slpYK65vbG6V7O2dhopTSWidxDyWrQAU5Syidc00p61EUhABp81gcD32m49UKhZH93qYUF9AL2IhI6CN1LFL7RsQAh4yjx27/uGoY5edijMBniduTsooR61jf7W7MUkFjTThoJTnOon2M5CaEU5HxXaqaAJkAD3qGRqBoMrPJoeP8IFRujiMpalI44n6eyIDodRQBKZTgO6rWW8s/ud5qQ4v/YxFSappRKaLwpRjHeNxCrjLJCWaDw0BIpm5FZM+SCDaZFU0IbizL8+TxknFPa+c3Z2Wq1d5HAW0h/bREXLRBaqiW1RDdURQip7RK3qznqwX6936mLYuWPnMLvoD6/MHwZuShA==</latexit>

�[i+1]0

<latexit sha1_base64="9DaLwA1OxLAjt/6KIQ9/P/NvVOQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UUhJKIr2XRhS4r2AeksdxMJ+3QmSTMTIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733BAlnSjvOt7WwuLS8slpYK65vbG6V7O2dhopTSWidxDyWrQAU5Syidc00p61EUhABp81gcD32m49UKhZH93qYUF9AL2IhI6CN1LFL7RsQAh4yjx27/uGoY5edijMBniduTsooR61jf7W7MUkFjTThoJTnOon2M5CaEU5HxXaqaAJkAD3qGRqBoMrPJoeP8IFRujiMpalI44n6eyIDodRQBKZTgO6rWW8s/ud5qQ4v/YxFSappRKaLwpRjHeNxCrjLJCWaDw0BIpm5FZM+SCDaZFU0IbizL8+TxknFPa+c3Z2Wq1d5HAW0h/bREXLRBaqiW1RDdURQip7RK3qznqwX6936mLYuWPnMLvoD6/MHwZuShA==</latexit>

�[i+1]0

<latexit sha1_base64="z/B9Nc3fkJUo/4Bg6Y4gop7Rk/4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEJeyKr2PQi8cIbhJI1jA7mU2GzD6Y6VXCkv/w4kERr/6LN//GSbIHTSxoKKq66e7yEyk02va3tbC4tLyyWlgrrm9sbm2XdnbrOk4V4y6LZayaPtVcioi7KFDyZqI4DX3JG/7gZuw3HrnSIo7ucZhwL6S9SASCUTTSQ7tPkbidTJyIY2fUKZXtij0BmSdOTsqQo9YpfbW7MUtDHiGTVOuWYyfoZVShYJKPiu1U84SyAe3xlqERDbn2ssnVI3JolC4JYmUqQjJRf09kNNR6GPqmM6TY17PeWPzPa6UYXHmZiJIUecSmi4JUEozJOALSFYozlENDKFPC3EpYnyrK0ARVNCE4sy/Pk/ppxbmonN+dlavXeRwF2IcDOAIHLqEKt1ADFxgoeIZXeLOerBfr3fqYti5Y+cwe/IH1+QNlzZHP</latexit>

Ûi,i+1

<latexit sha1_base64="mWWrr7vKUW/EFhI5Ej0b4DvzRNs=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l0ocsK9gFJLJPppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040up76nUeqNEvkvRmnNBR4IFnMCDZWCoIbLAR+yH0WTnrVmlt3Z0B/iVeQGhRo9qqfQT8hmaDSEI619j03NWGOlWGE00klyDRNMRnhAfUtlVhQHeazmyfoyCp9FCfKljRopv6cyLHQeiwi2ymwGepFbyr+5/mZiS/DnMk0M1SS+aI448gkaBoA6jNFieFjSzBRzN6KyBArTIyNqWJD8BZf/kvaJ3XvvH52d1prXBVxlOEADuEYPLiABtxCE1pAIIUneIFXJ3OenTfnfd5acoqZffgF5+MbBwCRsg==</latexit>

�[i]
<latexit sha1_base64="L54mU2+W5q5DFv023DRyrUF2mbI=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DHvQYwTxgswmzk0kyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuCmPOtHHdbye3tLyyupZfL2xsbm3vFHf36jpKFKE1EvFINUOsKWeS1gwznDZjRbEIOW2Ew5uJ33ikSrNIPphRTAOB+5L1GMHGSu3WLRYCt1OfnXjBuFMsuWV3CrRIvIyUIEO1U/xqdSOSCCoN4Vhr33NjE6RYGUY4HRdaiaYxJkPcp76lEguqg3R69RgdWaWLepGyJQ2aqr8nUiy0HonQdgpsBnrem4j/eX5ieldBymScGCrJbFEv4chEaBIB6jJFieEjSzBRzN6KyAArTIwNqmBD8OZfXiT107J3UT6/PytVrrM48nAAh3AMHlxCBe6gCjUgoOAZXuHNeXJenHfnY9aac7KZffgD5/MH5QGSIg==</latexit>

�[i+1]

<latexit sha1_base64="mWWrr7vKUW/EFhI5Ej0b4DvzRNs=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l0ocsK9gFJLJPppB06MwkzE6GE/oYbF4q49Wfc+TdO2yy0euDC4Zx7ufeeKOVMG9f9ckpLyyura+X1ysbm1vZOdXevrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040up76nUeqNEvkvRmnNBR4IFnMCDZWCoIbLAR+yH0WTnrVmlt3Z0B/iVeQGhRo9qqfQT8hmaDSEI619j03NWGOlWGE00klyDRNMRnhAfUtlVhQHeazmyfoyCp9FCfKljRopv6cyLHQeiwi2ymwGepFbyr+5/mZiS/DnMk0M1SS+aI448gkaBoA6jNFieFjSzBRzN6KyBArTIyNqWJD8BZf/kvaJ3XvvH52d1prXBVxlOEADuEYPLiABtxCE1pAIIUneIFXJ3OenTfnfd5acoqZffgF5+MbBwCRsg==</latexit>

�[i]
<latexit sha1_base64="L54mU2+W5q5DFv023DRyrUF2mbI=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DHvQYwTxgswmzk0kyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuCmPOtHHdbye3tLyyupZfL2xsbm3vFHf36jpKFKE1EvFINUOsKWeS1gwznDZjRbEIOW2Ew5uJ33ikSrNIPphRTAOB+5L1GMHGSu3WLRYCt1OfnXjBuFMsuWV3CrRIvIyUIEO1U/xqdSOSCCoN4Vhr33NjE6RYGUY4HRdaiaYxJkPcp76lEguqg3R69RgdWaWLepGyJQ2aqr8nUiy0HonQdgpsBnrem4j/eX5ieldBymScGCrJbFEv4chEaBIB6jJFieEjSzBRzN6KyAArTIwNqmBD8OZfXiT107J3UT6/PytVrrM48nAAh3AMHlxCBe6gCjUgoOAZXuHNeXJenHfnY9aac7KZffgD5/MH5QGSIg==</latexit>

�[i+1]

<latexit sha1_base64="W6sne/rQg/lEKKJ0LRwocBEFoVA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKUk4mtZdOOygmkLTQyTySQdOpmEmYlQYhf+ihsXirj1N9z5N07bLLR64MLhnHu5954gY1Qqy/oyKnPzC4tL1eXayura+oa5udWWaS4wcXDKUtENkCSMcuIoqhjpZoKgJGCkEwyuxn7nnghJU36rhhnxEhRzGlGMlJZ8c8ftIwWdOzdEcUyEX9AjemiPfLNuNawJ4F9il6QOSrR889MNU5wnhCvMkJQ928qUVyChKGZkVHNzSTKEBygmPU05Soj0isn9I7ivlRBGqdDFFZyoPycKlEg5TALdmSDVl7PeWPzP6+UquvAKyrNcEY6ni6KcQZXCcRgwpIJgxYaaICyovhXiPhIIKx1ZTYdgz778l7SPG/ZZ4/TmpN68LOOogl2wBw6ADc5BE1yDFnAABg/gCbyAV+PReDbejPdpa8UoZ7bBLxgf3/2XlXQ=</latexit>

Û †
i,i+1

<latexit sha1_base64="5w0HzTE41WSLNOYx2ZWuUAHtKLw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9KK3iOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uaXlldS2/XtjY3NreKe7u1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJn4jSdUmkfy0Yxi9EPal7zHGTVWergid51iyS27U5BF4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4LjQTjTGlA1pH1uWShqi9tPpqWNyZJUu6UXKljRkqv6eSGmo9SgMbGdIzUDPexPxP6+VmN6ln3IZJwYlmy3qJYKYiEz+Jl2ukBkxsoQyxe2thA2ooszYdAo2BG/+5UVSPyl75+Wz+9NS5TqLIw8HcAjH4MEFVOAWqlADBn14hld4c4Tz4rw7H7PWnJPN7MMfOJ8/eaSNSA==</latexit>

= I

<latexit sha1_base64="wxQycZFtsRfj6RqpQIEKKB1F9HM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ9KK3CqYttGnZbDbt0s0m7G6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/hTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6HiVBLqkpjHsuVjRTkT1NVMc9pKJMWRz2nTH95M/OYjlYrF4kGPEupFuC9YyAjWRuq6brcT4H6fSnSF7nrlil21p0CLxMlJBXLUe+WvThCTNKJCE46Vajt2or0MS80Ip+NSJ1U0wWSI+7RtqMARVV42vXqMjowSoDCWpoRGU/X3RIYjpUaRbzojrAdq3puI/3ntVIeXXsZEkmoqyGxRmHKkYzSJAAVMUqL5yBBMJDO3IjLAEhNtgiqZEJz5lxdJ46TqnFfP7k8rtes8jiIcwCEcgwMXUINbqIMLBCQ8wyu8WU/Wi/VufcxaC1Y+sw9/YH3+ACURkaQ=</latexit>

UU† = I

<latexit sha1_base64="wI/N0vgyqrok4LQSVSqQB9ynn20=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSTi17HoxWMF+4FtKJvNpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJnnJ4JrdJxva2l5ZXVtvbBR3Nza3tkt7e03dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q9vJn7rEZTmsbzHUQJeRPuSh5xRNNJDF+EJs0pwMu6Vyk7VmcJeJG5OyiRHvVf66gYxSyOQyATVuuM6CXoZVciZgHGxm2pIKBvSPnQMlTQC7WXTi8f2sVECO4yVKYn2VP09kdFI61Hkm86I4kDPexPxP6+TYnjlZVwmKYJks0VhKmyM7cn7dsAVMBQjQyhT3NxqswFVlKEJqWhCcOdfXiTN06p7UT2/OyvXrvM4CuSQHJEKccklqZFbUicNwogkz+SVvFnaerHerY9Z65KVzxyQP7A+fwBWjpC2</latexit>

(d)

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="azKGfTO+Akf+AFs53QZLwBygod8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpiU4GXcLRbfsTkEXiZeRIslQ7Ra+2r2IJyEo5JIZ0/LcGDsp0yi4hHG+nRiIGR+yPrQsVSwE00mnF4/psVV6NIi0LYV0qv6eSFlozCj0bWfIcGDmvYn4n9dKMLjqpELFCYLis0VBIilGdPI+7QkNHOXIEsa1sLdSPmCacbQh5W0I3vzLi6R+WvYuyud3Z8XKdRZHjhySI1IiHrkkFXJLqqRGOFHkmbySN8c4L8678zFrXXKymQPyB87nD1gUkLc=</latexit>

(e)

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="/0PJWE5MRRExeoM7yIdEPU0tsZg=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiDES5gRt2PQi8cIZoEkhJ5OTdKkp2forhHDkKsXf8WLB0W8+gfe/Bs7y0ETHxQ83quiqp4fS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNEcqjySkW74zIAUCqooUEIj1sBCX0LdH1yP/fo9aCMidYfDGNoh6ykRCM7QSp08bSE8YIo6UVOJFkVAFXAwhunh8aiTL7gldwK6SLwZKZAZKp38V6sb8SQEhVwyY5qeG2M7ZRoFlzDKtRIDMeMD1oOmpYqFYNrp5JMRPbJKlwaRtqWQTtTfEykLjRmGvu0MGfbNvDcW//OaCQaX7VSoOEFQfLooSCTFiI5joV2hgaMcWsK4FvZWyvtMM442vJwNwZt/eZHUTkreeens9rRQvprFkSUH5JAUiUcuSJnckAqpEk4eyTN5JW/Ok/PivDsf09aMM5vZJ3/gfP4A99Cagg==</latexit>

truncation (if necessary)

<latexit sha1_base64="HlFYEt6NysCCPSIsHlO0cVdRRzE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oHJEmYnk2TI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1090VxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTDm4nfeOTaiEjd4yjmfkj7SvQEo2ilhzbyJ0xL/ZNxp1B0y+4UZJF4GSlChmqn8NXuRiwJuUImqTEtz43RT6lGwSQf59uJ4TFlQ9rnLUsVDbnx0+nFY3JslS7pRdqWQjJVf0+kNDRmFAa2M6Q4MPPeRPzPayXYu/JToeIEuWKzRb1EEozI5H3SFZozlCNLKNPC3krYgGrK0IaUtyF48y8vkvpp2bson9+dFSvXWRw5OIQjKIEHl1CBW6hCDRgoeIZXeHOM8+K8Ox+z1iUnmzmAP3A+fwBbIJC5</latexit>

(g)
<latexit sha1_base64="BqN6UGj//RaGdJNof6ojoxaFT9Q=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpqXgZNwtFN2yOwVdJF5GiiRDtVv4avcinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyVLEQTCedXjymx1bp0SDSthTSqfp7ImWhMaPQt50hw4GZ9ybif14rweCqkwoVJwiKzxYFiaQY0cn7tCc0cJQjSxjXwt5K+YBpxtGGlLchePMvL5L6adm7KJ/fnRUr11kcOXJIjkiJeOSSVMgtqZIa4USRZ/JK3hzjvDjvzsesdcnJZg7IHzifP1makLg=</latexit>

(f)

Figure 3.11: Application of two-site gates and canonical form— (a) One acts
first with the evolution operator Û1,2 on tensors Γ[i] and Γ[i+1]. (b) This will give
as a result a tensor θ in which we could apply a SVD decomposition obtaining
new tensors X and Y . Such Tensors don’t necessarily are expressed in the same
local basis as Γ[1] and Γ[2]. (d) We introduce λ[1] back into the tensor network by
multiplying X and Y with the inverse of the Schmidt coefficients (λ[1])−1. (e) We
obtain the updated tensors Γ[1], Γ[2], and λ[2]. If necessary a truncation will be
applied on new bond λ[i+1].(f) The orthogonality at site i is fulfilled due to the
unitarity of the singular value decomposition. (g) At site i + 1 the orthogonality
is fulfilled due to the unitarity of the evolution operator.
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<latexit sha1_base64="04F4+LGyJ2lU8QtL0sMYLfaZ1CM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRgx4r2A9IYplsN+3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obgSaciZpyzDDaTdVFETEaSca3Uz9zhNVmiXywYxTGgoYSBYzAsZKQXALQsBj7nvhpFetuXV3BrxMvILUUIFmr/oV9BOSCSoN4aC177mpCXNQhhFOJ5Ug0zQFMoIB9S2VIKgO89nNE3xilT6OE2VLGjxTf0/kILQei8h2CjBDvehNxf88PzPxVZgzmWaGSjJfFGccmwRPA8B9pigxfGwJEMXsrZgMQQExNqaKDcFbfHmZtM/q3kX9/P681rgu4iijI3SMTpGHLlED3aEmaiGCUvSMXtGbkzkvzrvzMW8tOcXMIfoD5/MHsU+ReQ==</latexit>

�[1]
<latexit sha1_base64="lvhJppWyWgLvsy4gU6BlNISwkas=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyWoh6LHvRYwX5Ady2zabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfDPzO09UaRbLBzNJaCBgKFnECBgr+f4tCAGPWa8WTPvlilt158CrxMtJBeVo9stf/iAmqaDSEA5a9zw3MUEGyjDC6bTkp5omQMYwpD1LJQiqg2x+8xSfWWWAo1jZkgbP1d8TGQitJyK0nQLMSC97M/E/r5ea6CrImExSQyVZLIpSjk2MZwHgAVOUGD6xBIhi9lZMRqCAGBtTyYbgLb+8Stq1qndRrd/XK43rPI4iOkGn6Bx56BI10B1qohYiKEHP6BW9Oanz4rw7H4vWgpPPHKM/cD5/ALLVkXo=</latexit>

�[2]

<latexit sha1_base64="knbEGLXZ3tyKOZjWxP46gNwoGzI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiSlVJdFNy4r2AeksUwmk3boZBJnJoUS+h1uXCji1o9x5984bbPQ1gMDh3PO5d45fsKZ0rb9bRU2Nre2d4q7pb39g8Oj8vFJR8WpJLRNYh7Lno8V5UzQtmaa014iKY58Trv++HbudydUKhaLBz1NqBfhoWAhI1gbyetzEw3wY+bWvNmgXLGr9gJonTg5qUCO1qD81Q9ikkZUaMKxUq5jJ9rLsNSMcDor9VNFE0zGeEhdQwWOqPKyxdEzdGGUAIWxNE9otFB/T2Q4Umoa+SYZYT1Sq95c/M9zUx1eexkTSaqpIMtFYcqRjtG8ARQwSYnmU0MwkczcisgIS0y06alkSnBWv7xOOrWq06jW7+uV5k1eRxHO4BwuwYEraMIdtKANBJ7gGV7hzZpYL9a79bGMFqx85hT+wPr8AZyvkgI=</latexit>

�[2]
<latexit sha1_base64="04F4+LGyJ2lU8QtL0sMYLfaZ1CM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRgx4r2A9IYplsN+3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obgSaciZpyzDDaTdVFETEaSca3Uz9zhNVmiXywYxTGgoYSBYzAsZKQXALQsBj7nvhpFetuXV3BrxMvILUUIFmr/oV9BOSCSoN4aC177mpCXNQhhFOJ5Ug0zQFMoIB9S2VIKgO89nNE3xilT6OE2VLGjxTf0/kILQei8h2CjBDvehNxf88PzPxVZgzmWaGSjJfFGccmwRPA8B9pigxfGwJEMXsrZgMQQExNqaKDcFbfHmZtM/q3kX9/P681rgu4iijI3SMTpGHLlED3aEmaiGCUvSMXtGbkzkvzrvzMW8tOcXMIfoD5/MHsU+ReQ==</latexit>

�[1]
<latexit sha1_base64="lvhJppWyWgLvsy4gU6BlNISwkas=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyWoh6LHvRYwX5Ady2zabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfDPzO09UaRbLBzNJaCBgKFnECBgr+f4tCAGPWa8WTPvlilt158CrxMtJBeVo9stf/iAmqaDSEA5a9zw3MUEGyjDC6bTkp5omQMYwpD1LJQiqg2x+8xSfWWWAo1jZkgbP1d8TGQitJyK0nQLMSC97M/E/r5ea6CrImExSQyVZLIpSjk2MZwHgAVOUGD6xBIhi9lZMRqCAGBtTyYbgLb+8Stq1qndRrd/XK43rPI4iOkGn6Bx56BI10B1qohYiKEHP6BW9Oanz4rw7H4vWgpPPHKM/cD5/ALLVkXo=</latexit>

�[2]

<latexit sha1_base64="knbEGLXZ3tyKOZjWxP46gNwoGzI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiSlVJdFNy4r2AeksUwmk3boZBJnJoUS+h1uXCji1o9x5984bbPQ1gMDh3PO5d45fsKZ0rb9bRU2Nre2d4q7pb39g8Oj8vFJR8WpJLRNYh7Lno8V5UzQtmaa014iKY58Trv++HbudydUKhaLBz1NqBfhoWAhI1gbyetzEw3wY+bWvNmgXLGr9gJonTg5qUCO1qD81Q9ikkZUaMKxUq5jJ9rLsNSMcDor9VNFE0zGeEhdQwWOqPKyxdEzdGGUAIWxNE9otFB/T2Q4Umoa+SYZYT1Sq95c/M9zUx1eexkTSaqpIMtFYcqRjtG8ARQwSYnmU0MwkczcisgIS0y06alkSnBWv7xOOrWq06jW7+uV5k1eRxHO4BwuwYEraMIdtKANBJ7gGV7hzZpYL9a79bGMFqx85hT+wPr8AZyvkgI=</latexit>

�[2]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

Figure 3.12: Infinite MPS — Taking advantage of the translational invariance of
the system by n sites, we want to reduce its MPS representation by n sites, here
n = 2.

following way: For the first two sites, 1, 2 we’ll have

Ĥ1,2 = −Jσ̂1 · σ̂2 + h1σ̂
z
1 +

h2
2
σ̂z
2, (3.35)

while for the center sites (i = 2, . . . , N − 1) we’ll have

Ĥi,i+1 = −Jσ̂i · σ̂i+1 +
hi
2
σ̂z
i +

hi+1

2
σ̂z
i+1, (3.36)

finally for sites N − 1, N

ĤN−1,N = −Jσ̂N−1 · σ̂N + hN−1σ̂
z
N−1 +

hN
2
σ̂z
N (3.37)

3.4.1 Infinite MPS

While MPS methods can be effective simulating large systems 1D systems as long
entanglement entropy is low, there is still a computational cost that is roughly
proportional to the size of the lattice which prevents increasing the size indef-
initely. However, in the case of systems which are invariant under translations
there is a way around it, and one can make the cost independent of the system of
size. Starting from a translationally invariant state |ψ⟩ it is possible to do a trans-
lationally invariant MPS representation of such state. This allows the possibility
in simulating the dynamics of the system storing only one of the translationally
invariant subsystems instead of an entire, infinitely long, chain. This is schemati-
cally represented in Fig. 3.12, which is translationally invariant by two sites. The
two-site invariance allows to connect tensor Γ[2] with tensor λ[1]. Then, using only
two tensors Γ[1/2] and two tensors λ[1/2] it is possible to simulate the whole (infi-
nite) system. We first present the unitary version, following closely the procedure
shown in Ref. [20].

Starting with a infinite array of sites, i, in 1D described by an initial state |ψ⟩
and a nearest neighbors interaction Hamiltonian

Ĥ =
∑

i

ĥi,i+1, (3.38)

where both Ĥ and |ψ⟩ are translationally invariant by n = 2 sites. The goal is to
do a evolution of the whole (infinite) system.

|ψ(t)⟩ = exp(−iĤt) |ψ(t = 0)⟩ (3.39)
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3.4. Time Evolving Block Decimation
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(e)

Figure 3.13: Application of evolution operator on infinite MPS — Considering a
2-site invariant system the process of applying the gates closely resembles the case
for the finite-site, in we also use a Schmidt decomposition (a) One acts first with
the evolution operator Û1,2 on tensors Γ[1] and Γ[2]. (b) This will give as a result
a tensor θ in which we could apply a SVD decomposition obtaining new tensors
X and Y . Such Tensors don’t necessarily are expressed in the same local basis as
Γ[1] and Γ[2]. (c) We introduce λ[1] back into the tensor network by multiplying
X and Y with the inverse of the Schmidt coefficients (λ[1])−1. (d) We obtain the
updated tensors Γ[1], Γ[2], and λ[2]. Just like the finite case it’s easy to see that
the unitary of the operator Û1,2 ensures orthogonality.

We can proceed by doing trotter decomposition of the evolution operator exp(−iĤt)
dividing the evolution in two parts

Û1,2 =
⊗

2i,2i+1

Û (3.40)

and
Û2,1 =

⊗

2i−1,2i

Û (3.41)

Even though we will partially break the translationally invariance by applying
the gates, we can initially represent the whole MPS using 4 tensors which we
denominate

Γ[2r] = Γ[1]

Γ[2r+1] = Γ[2]

λ[2r] = λ[1]

λ[2r+1] = λ[2]
(3.42)

For a finite case of N sites, the simulation of the time evolution is achieved by
updating the MPS so as to account for the repeated application of gates Û12 and
Û21 on |ψ⟩. But for N =∞, the action of the gates preserve the invariance of the
evolved state under shifts by two sites, and only tensors Γ[1],Γ[2], λ[1] and λ[1] are
need to be updated – a task that is achieved through simple matrix manipulations,
as depicted in Fig. 3.13, where - just like we did in the case of finite systems -
a key step is the insertion of the matrices λ[1] and λ[2 to maintain the canonical
form. Given the hermitian evolution, one can assure that the new sites Γ[1]′ and
Γ[2]′ by the same form we show in Fig. 3.11 (d/e). In order to account for
the whole evolution one would also act with evolution operator Û2,1 on a similar
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way, repeating the application of gates according to the chosen trotter order and
method.

Using this approach, the gain in terms of efficiency is notable, whereas for N
sites the TEBD algorithm requires O(ndχ2) space to store an MPS and O(nd3χ3)
time to simulate a small evolution exp(−iHdt) , for N = ∞ sites the iTEBD
requires computational space and time that scale just as O(d2χ2) and O(d3χ3).

3.5 Simulation Examples

To finalize we will present a series of simulations of many-body quantum systems
using MPS methods. This will have the main purpose of getting acquainted with
essentials of the MPS technique, and start exploring some of the many-body mod-
els that will be studied throughout this thesis. Most of the simulation will involve
non-equilibrium dynamics. A prominent and frequently employed protocol in our
study is the quantum quench [21–28]. This protocol involves initiating an isolated
system at t = 0 in a specific pure state |ψ0⟩, often chosen as the ground state
of a quantum many-body Hamiltonian Ĥ0. Subsequently, for t > 0, the system
undergoes unitary dynamics governed by a different Hamiltonian Ĥ, wherein a pa-
rameter of the Hamiltonian is abruptly altered at t = 0. Such method will be used
constantly and it will be particularly useful to study the growth of entanglement
entropy in subsequent chapters.

All the simulations presented here will be with finite systems. The simulation
of (infinitely) translationally invariant is possible, but given that the approach
for open and closed systems is similar, we will present the infinite MPS approach
when we explain Matrix Product Density Operators and Operator Entanglement
in Chapter 6.

3.5.1 XXZ Model

Throughout this thesis we will frequently consider a 1D spin-1/2 XXZ chain with
Hamiltonian (ℏ ≡ 1 throughout this paper)

ĤXXZ=
1

4

N−1∑

i

[
−J(σ̂x

i σ̂
x
i+1+σ̂

y
i σ̂

y
i+1)+Jzσ̂

z
i σ̂

z
i+1

]
, (3.43)

Here, N is the number of spins, σ̂x,y,z
i denote standard Pauli matrices defined

in a local basis |↓, ↑⟩i , J is the nearest neighbor spin-coupling strength, and Jz is
the ZZ spin-spin interaction. For finite system size calculations we consider open
boundary conditions.

Using Jordan-Wigner transformation [29], It is possible to rewrite the spin
variables as fermionic variables. Hamiltonian (7.3) then is expressed as

ĤXXZ=
∑

i

[
−J
2
(σ̂+

i σ̂
−
i+1+σ̂

−
i σ̂

+
i+1)+

Jz
4
σ̂z
i σ̂

z
i+1

]
. (3.44)
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ZZ spin-spin interaction

Figure 3.14: Effects of XXZ Hamiltonian – The effects that theXXZ Hamiltonian
will have in the state (here for simplicity we choose a two-site Néel state), are the
following: (i) For the case of hopping terms, that will simply add an additional
probability amplitude in which will flip the correspondent spin terms i and i + 1
from up and down to down and up (and viceversa). (ii) For the case of the spin-
spin interaction, in the case the spins i and i+1 are pointing in opposite directions
(up-down, down-up) it will simply add probability amplitude with an additional
minus sign.

Writing the Hamiltonian in this manner will make some of the underlying physics
more evident and will help to see why XXZ serves as a valuable framework for
studying non-equilibrium dynamics. As one can see in Fig. 3.14, it’s clear that
the first terms, which we’ll denominate hopping terms, if they act on |↑↓⟩ we’ll
create super superpositions where the two spins will exchange places (same with
state |↓↑⟩). While the third them, which we denominate spin-spin interaction, will
introduce an extra-minus sign when there is an up-down/down-up configuration.
This hints at one of the fundamental properties of the XXZ Hamiltonian: the con-
servation of the total magnetization. This means that |ψ⟩ stays an eigenoperator
of Ŝz in the sense that Ŝz |ψ(t)⟩ = M |ψ(t)⟩ at all times, where Ŝz =

∑
n σ̂

z
n (for

the Néel state, M = 0). The behaviour of the site and total magnetization of the
system, using a Néel state can be seen in Fig. 3.15

An essential condition in all the simulations that we perform with MPS meth-
ods will be the convergence in bond dimension χ. To illustrate the importance
of this we can see Fig. 3.16. In Fig. 3.16 (a) we perform a quantum quench
with Hamiltonian (7.3) on an Néel state, and measure entanglement entropy, SvN

in the center of the chain, where we notice a linear growth, until it reaches the
limit established by the bond dimension. In case the bond dimension is equal or
higher the maximum value of bond dimension the spin chain can have, that is to
say χmax = dN/2, the linear growth will persist until it saturates to its maximum
value SvN = log2(χmax) = N/2. [30]. This linear growth was first pointed out
by Calabrese and Cardy [31] and has been encountered in numerous numerical
studies on quenched non-equilibrium system [21, 22, 31–34]. We will elaborate on
such behavior in later sections, but for our purposes now we want to focus on how
the bond dimension χ limits the maximum value of Entanglement Entropy and
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tJ
<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10

<latexit sha1_base64="+oKLHyHLTb15dJ26CBcEdIL6bqA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvMtK9b5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+bQjPU=</latexit>�1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="kuwDsviQ6W15ntAKuh5hJj5iXWw=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1DJoYxnBfEAuHnObvWTJ7t6xuyfEI62Nf8XGQhFb/4Gd/8ZNcoUmPhh4vDfDzLww4Uwb1/12CkvLK6trxfXSxubW9k55d6+p41QR2iAxj1U7BE05k7RhmOG0nSgKIuS0FQ6vJn7rnirNYnlrRgntCuhLFjECxkpBGWOfg+xziv0BGOxr1hdw9xAw7KupHpQrbtWdAi8SLycVlKMelL/8XkxSQaUhHLTueG5iuhkowwin45KfapoAGUKfdiyVIKjuZtNPxvjIKj0cxcqWNHiq/p7IQGg9EqHtFGAGet6biP95ndREF92MySQ1VJLZoijl2MR4EgvuMUWJ4SNLgChmb8VkAAqIseGVbAje/MuLpHlS9c6qpzenldplHkcRHaBDdIw8dI5q6BrVUQMR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9gfP5A7j/mb4=</latexit>h�̂z
i i

<latexit sha1_base64="kuwDsviQ6W15ntAKuh5hJj5iXWw=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe5E1DJoYxnBfEAuHnObvWTJ7t6xuyfEI62Nf8XGQhFb/4Gd/8ZNcoUmPhh4vDfDzLww4Uwb1/12CkvLK6trxfXSxubW9k55d6+p41QR2iAxj1U7BE05k7RhmOG0nSgKIuS0FQ6vJn7rnirNYnlrRgntCuhLFjECxkpBGWOfg+xziv0BGOxr1hdw9xAw7KupHpQrbtWdAi8SLycVlKMelL/8XkxSQaUhHLTueG5iuhkowwin45KfapoAGUKfdiyVIKjuZtNPxvjIKj0cxcqWNHiq/p7IQGg9EqHtFGAGet6biP95ndREF92MySQ1VJLZoijl2MR4EgvuMUWJ4SNLgChmb8VkAAqIseGVbAje/MuLpHlS9c6qpzenldplHkcRHaBDdIw8dI5q6BrVUQMR9Iie0St6c56cF+fd+Zi1Fpx8Zh/9gfP5A7j/mb4=</latexit> h�̂
z i
i

<latexit sha1_base64="tqkoGucMcJKNPlf52mxgk43DBk8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XRjcuK9gFNLJPptB06mYSZG6GGuvFX3LhQxK1/4c6/cZpmoa0HLhzOuZd77wliwTU4zrc1N7+wuLRcWCmurq1vbNpb23UdJYqyGo1EpJoB0UxwyWrAQbBmrBgJA8EaweBy7DfumdI8krcwjJkfkp7kXU4JGKlt73qCyJ5g2OsTwDd3D9hTmdC2S07ZyYBniZuTEspRbdtfXieiScgkUEG0brlODH5KFHAq2KjoJZrFhA5Ij7UMlSRk2k+zD0b4wCgd3I2UKQk4U39PpCTUehgGpjMk0NfT3lj8z2sl0D33Uy7jBJikk0XdRGCI8DgO3OGKURBDQwhV3NyKaZ8oQsGEVjQhuNMvz5L6Udk9LZ9cH5cqF3kcBbSH9tEhctEZqqArVEU1RNEjekav6M16sl6sd+tj0jpn5TM76A+szx+zfJZt</latexit>

hŜzi

Figure 3.15: Magnetization Conservation — Time evolution of ⟨σz⟩ for every site
(light blue), and in dark blue we see the value of ⟨Ŝz

i ⟩, using a Néel state as initial
state. The hopping terms, while they create new configurations in the spin chain,
such configurations always constrained by the conservation of total magnetization.
[N = 20, dt = 0.1, Jz = 1, χ = 512]

how this affects the accuracy of the simulations. Specifically, what we see is that
max[S] = log2(χ), which is consistent with the analytical results. By trying with
larger and larger bond dimensions we can see until which point in time the values
for entanglement entropy match, i.e. until which time the results are converged
in bond dimension. In Fig. 3.16(b) we look at the time evolution of ⟨σz⟩ for
different values of bond dimension to see how this affects the observables and its
very clear how this affects strongly the results. By looking at extreme cases χ = 4
and χ = 256 one can notice a great contrast. Examining the behavior of ⟨σz⟩ we
notice a tendency for ⟨σz⟩ to go to zero as the system evolves.

In most of the simulations the Néel state will be used as an initial state,
partly because we are are interested in entanglement entropy growth dynamics for
which the Néel state, under the XXZ Hamiltonian dynamics, turns out to be an
ideal choice. To see this more clearly one can use other initial states in order to
gain some intuition and context about the effects of XXZ Hamiltonian in other
settings. In Fig. 3.17 we try different initial states under a XXZ quantum quench,
plotting also the evolution of the Néel state as reference. First we try with several
random up/down configurations, in which we notice a lesser growth. This is easy
to see in the sense that in random up/down configurations there will be sites with
same arrows pairs (|↑↑⟩ , |↓↓⟩), in which the XXZ Hamiltonian will have no effect
and thus will not contribute to the entanglement entropy growth. Other of the
configurations is the so-called wall state which is half spins up, followed by half
spins down.

Previously, we stated that the at the center of the chain, value of SvN is
the highest, where performing a quantum quench it reaches a maximum value
of StextvN = N/2. This maximum value of bond dimension can be simply seeing
by doing a series of SVD’s decomposition from one extreme of the chain to another
(see Fig. 3.4). This effect can be seen explicitly in Fig. 3.18, where we measure
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3.5. Simulation Examples

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="fQUfHHZrIoBtWkKQ25psmX64Lh4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BL54konlAsoTZSScZMvtwpjcYlv0OLx4U8erHePNvnCR70MSChqKqm+4uL5JCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW90PfWbY1BahMEDTiJwfTYIRF9whkZy77tJB+EJk/FtmnaLJbtsz0CXiZOREslQ6xa/Or2Qxz4EyCXTuu3YEboJUyi4hLTQiTVEjI/YANqGBswH7Sazo1N6YpQe7YfKVIB0pv6eSJiv9cT3TKfPcKgXvan4n9eOsX/pJiKIYoSAzxf1Y0kxpNMEaE8o4CgnhjCuhLmV8iFTjKPJqWBCcBZfXiaNs7JzXq7cVUrVqyyOPDkix+SUOOSCVMkNqZE64eSRPJNX8maNrRfr3fqYt+asbOaQ/IH1+QNvjpKM</latexit> S
v
N

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="+oKLHyHLTb15dJ26CBcEdIL6bqA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvMtK9b5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+bQjPU=</latexit>�1

<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="hyLvgvVNPBIsAcBNUs/z5myfqYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXtsxMkN6ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHqX1dpDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx80HI7W</latexit>� =
<latexit sha1_base64="CZR4Ge5Qort5Ym7PUgeWLuAxsCM=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV0k6pHoxSNGeSSwktlhFibMzm5mek0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJFIYdN1vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDm6nffOLaiFg94CjhfkT7SoSCUbTSffnxvFsouiV3BrJMvIwUIUOtW/jq9GKWRlwhk9SYtucm6I+pRsEkn+Q7qeEJZUPa521LFY248cezUyfk1Co9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbzyx0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmk7cheIsvL5NGueRdlCp3lWL1OosjB8dwAmfgwSVU4RZqUAcGfXiGV3hzpPPivDsf89YVJ5s5gj9wPn8ApW6NZA==</latexit>

23
<latexit sha1_base64="LhCjwUeiTHDtK0EjNXnQmnt7kgU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK95XHaq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ApvKNZQ==</latexit>

24
<latexit sha1_base64="K2Pte1TrW9D8tQiTzin1cnIJmaw=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV2CjyPRi0eM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwZuo3n1BpHssHM0rQj2hf8pAzaqx0X3487xaKbsmdgSwTLyNFyFDrFr46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzw7dUJOrdIjYaxsSUNm6u+JMY20HkWB7YyoGehFbyr+57VTE175Yy6T1KBk80VhKoiJyfRv0uMKmREjSyhT3N5K2IAqyoxNJ29D8BZfXiaNcsm7KFXuKsXqdRZHDo7hBM7Ag0uowi3UoA4M+vAMr/DmCOfFeXc+5q0rTjZzBH/gfP4AqHaNZg==</latexit>

25
<latexit sha1_base64="ztYDgR3BRoXM/VASlFHFzjpNXBw=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1C0CPRi0eM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZua3nlBpHssHM07Qj+hA8pAzaqx0X36s9gpFt+TOQVaJl5EiZKj3Cl/dfszSCKVhgmrd8dzE+BOqDGcCp/luqjGhbEQH2LFU0gi1P5mfOiXnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamk7cheMsvr5JmueRVS5W7SrF2ncWRg1M4gwvw4BJqcAt1aACDATzDK7w5wnlx3p2PReuak82cwB84nz+p+o1n</latexit>

26
<latexit sha1_base64="noT79MaaW37DyfLWuxM2OW8ZPFw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK95XHSq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8Ao+qNYw==</latexit>

22

<latexit sha1_base64="Zdb79L+zknig4R9axIVCooBH2pQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1quNCql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIUfjMM=</latexit>

6

<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10
<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10

<latexit sha1_base64="imO9XlW8glVnEKsPMGYBbtdfPRs=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JIUY9FLx4r2A9oYplst+nSzSbsboRaevLiX/HiQRGv/gZv/hu3aQ7a+mDg8d4MM/OChDOlHefbKiwtr6yuFddLG5tb2zv27l5TxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8mvqteyoVi8WtHiXUjyAUrM8IaCN17UOPgwg5xd4ANPYUCyO4e8CezNSuXXYqTga8SNyclFGOetf+8noxSSMqNOGgVMd1Eu2PQWpGOJ2UvFTRBMgQQtoxVEBElT/O3pjgY6P0cD+WpoTGmfp7YgyRUqMoMJ0R6IGa96bif14n1f0Lf8xEkmoqyGxRP+VYx3iaCe4xSYnmI0OASGZuxWQAEog2yZVMCO78y4ukeVpxzyrVm2q5dpnHUUQH6AidIBedoxq6RnXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AzzGYuA==</latexit> h�̂
z
i

<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4

<latexit sha1_base64="wn9d40kQgUKE/6L9Wr5Hfz1+iu8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1CxCPRi0eM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZua3nlBpHssHM07Qj+hA8pAzaqx0X36s9gpFt+TOQVaJl5EiZKj3Cl/dfszSCKVhgmrd8dzE+BOqDGcCp/luqjGhbEQH2LFU0gi1P5mfOiXnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamk7cheMsvr5JmueRdlip3lWLtOosjB6dwBhfgQRVqcAt1aACDATzDK7w5wnlx3p2PReuak82cwB84nz+rfo1o</latexit>

27
<latexit sha1_base64="QBP2hX0HsjOPe1DnXEUo+almZ1M=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV1ClCPRi0eM8khgJbPDLEyYnd3M9JoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGNzO/9cS1EbF6wHHC/YgOlAgFo2il+/JjtVcouiV3DrJKvIwUIUO9V/jq9mOWRlwhk9SYjucm6E+oRsEkn+a7qeEJZSM64B1LFY248SfzU6fk3Cp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMaz6E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTydsQvOWXV0mzXPIuS5W7SrF2ncWRg1M4gwvw4ApqcAt1aACDATzDK7w50nlx3p2PReuak82cwB84nz+tAo1p</latexit>

28
<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

Figure 3.16: Bond Dimension χ and Observables — (a) Time evolution of entan-
glement entropy on site N/2 for different values of χ = 4, 8, 16, 33, 64, 128, 256.
The maximum value of SvN at the center site is limited by log2(χ). The results
are converged with a value of χ = 256 until times tJ ≈ 7. (b) Time evolution of
exp(σ̂z) on site N/2 varying bond dimension χ. Since the results are only con-
verged up to times tJ ≈ 7, anything after that time may not be accurate. In
fact, the results for converged and non-converged observables can diverge signifi-
cantly, as can be seen by comparing the values for χ = 4 and χ = 256. [N = 20,
dt = 0.1, Jz = 1]

SvN at different bonds. As expected the highest value is at the center of the chain,
(in our code first bond is left most, so middle bond is actually N/2 +1), and we
see that equivalent bipartitions give the same value of SvN, and so one has the
same value for bond 2 and N , 3 and N − 1, and so on.

Given that we are interested in exploring the limits of the MPS methods for
simulation of quantum many-body, we normally would focus on the value of SvN

at the center bond, so in fact throughout this thesis, unless differently noted we
always refer to the entanglement entropy as the value at the center bond. More
concretely, SvN ≡ S

(N/2)
vN

Lastly we will explore the effect of parameter Jz correspondent to the ZZ spin
interaction. In Fig.3.19(a) we see how by increasing the ZZ spin-spin interaction
there is also increase in the entanglement entropy. This of course implies an
increasingly difficulty in simulating many-body spin systems in the XXZ model
the larger Jz is. In Fig. 3.19(b), we see a that as one increases the ZZ spin-spin
interaction one sees a quicker reduction on the oscillations of the value of ⟨σz⟩.

3.5.2 Transverse Field Ising Model

We now will try with a slightly different model, the so called Transverse Field
Ising Model (TFIM), which is described with Hamiltonian

Ĥtransverse =
1

4

∑

i

Jσ̂x
i σ

x
i+1 +

hz
2

∑

i

σ̂z
i . (3.45)
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<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="fQUfHHZrIoBtWkKQ25psmX64Lh4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BL54konlAsoTZSScZMvtwpjcYlv0OLx4U8erHePNvnCR70MSChqKqm+4uL5JCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW90PfWbY1BahMEDTiJwfTYIRF9whkZy77tJB+EJk/FtmnaLJbtsz0CXiZOREslQ6xa/Or2Qxz4EyCXTuu3YEboJUyi4hLTQiTVEjI/YANqGBswH7Sazo1N6YpQe7YfKVIB0pv6eSJiv9cT3TKfPcKgXvan4n9eOsX/pJiKIYoSAzxf1Y0kxpNMEaE8o4CgnhjCuhLmV8iFTjKPJqWBCcBZfXiaNs7JzXq7cVUrVqyyOPDkix+SUOOSCVMkNqZE64eSRPJNX8maNrRfr3fqYt+asbOaQ/IH1+QNvjpKM</latexit> S
v
N

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 <latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="tYlDW7pIZF2I+RHDsANNTeoDvJk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNEY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIajjMQ=</latexit>

7

<latexit sha1_base64="0NduFp7J+Xc15dj4l5XTgONucqk="></latexit>
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Rand(| "i, | #i)
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| "i2i�1
1p
2
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<latexit sha1_base64="Udsp85kOEXGzo+cws4akHeO2t9I="></latexit>

| (t = 0)i =

N/2O

i=1

| "i2i�1| #i2i

<latexit sha1_base64="7EjlILIrvOj8rynAI1Jolj+nMZU="></latexit>

| (t = 0)i =

N/2O

i=1

| "ii
NO

i=N/2+1

| #i

Figure 3.17: Initial State and Entanglement Entropy Growth — Time evolution of
entanglement entropy using different initial states. One can notice that the largest
growth rate occurs with the Néel state (dark blue). We also produce evolution
starting from several random initial up/down configurations (light blue) , a wall-
state (orange line) with a product state of an up and a polarised state in the x̂
direction (green line). [N = 20, dt = 0.1, χ = 256 ,Jz = 1]

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4 C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="fQUfHHZrIoBtWkKQ25psmX64Lh4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BL54konlAsoTZSScZMvtwpjcYlv0OLx4U8erHePNvnCR70MSChqKqm+4uL5JCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW90PfWbY1BahMEDTiJwfTYIRF9whkZy77tJB+EJk/FtmnaLJbtsz0CXiZOREslQ6xa/Or2Qxz4EyCXTuu3YEboJUyi4hLTQiTVEjI/YANqGBswH7Sazo1N6YpQe7YfKVIB0pv6eSJiv9cT3TKfPcKgXvan4n9eOsX/pJiKIYoSAzxf1Y0kxpNMEaE8o4CgnhjCuhLmV8iFTjKPJqWBCcBZfXiaNs7JzXq7cVUrVqyyOPDkix+SUOOSCVMkNqZE64eSRPJNX8maNrRfr3fqYt+asbOaQ/IH1+QNvjpKM</latexit> S
v
N

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4 C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0 <latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

<latexit sha1_base64="tYlDW7pIZF2I+RHDsANNTeoDvJk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNEY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtdssjjycwTlcggdVqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIajjMQ=</latexit>

7
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N

<latexit sha1_base64="t8qfaDiekKcbwGesvaY2I7yMlec=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8xd0Q1GPQiyeJaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGN1O/+YRK81g+mlGCfkT7koecUWOlh7vzcrdQdEvuDGSZeBkpQoZat/DV6cUsjVAaJqjWbc9NjD+mynAmcJLvpBoTyoa0j21LJY1Q++PZqRNyapUeCWNlSxoyU39PjGmk9SgKbGdEzUAvelPxP6+dmvDKH3OZpAYlmy8KU0FMTKZ/kx5XyIwYWUKZ4vZWwgZUUWZsOnkbgrf48jJplEveRalyXylWr7M4cnAMJ3AGHlxCFW6hBnVg0IdneIU3RzgvzrvzMW9dcbKZI/gD5/MHhyeNUA==</latexit>

N/2
<latexit sha1_base64="Tvrqe+2cJAPQjQo7T6wCvPu0t5w=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUS9CqRePFewHtGvJZtM2NJssyaxalv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4gFN+C6305uZXVtfSO/Wdja3tndK+4fNI1KNGUNqoTS7YAYJrhkDeAgWDvWjESBYK1gdD31Ww9MG67kHYxj5kdkIHmfUwJWuu8Ce4K0pmQ4wVe4Vyy5ZXcGvEy8jJRQhnqv+NUNFU0iJoEKYkzHc2PwU6KBU8EmhW5iWEzoiAxYx1JJImb8dHb1BJ9YJcR9pW1JwDP190RKImPGUWA7IwJDs+hNxf+8TgL9Sz/lMk6ASTpf1E8EBoWnEeCQa0ZBjC0hVHN7K6ZDogkFG1TBhuAtvrxMmmdl77xcua2UqrUsjjw6QsfoFHnoAlXRDaqjBqJIo2f0it6cR+fFeXc+5q05J5s5RH/gfP4A8wOSKA==</latexit>

Bond =

Figure 3.18: Entanglement Entropy and Bipartition Site — (a) Time evolution
of entanglement entropies, measured at different bonds. As expected, the highest
value of SvN is at the center of the chain. The values of equivalent bipartitions are
the same and thus superimposed on the plot. [N = 20, dt = 0.1, χ = 256, Jz = 1]

Here, J is a nearest neighbor coupling for the spins, and hz is another coupling
coefficient that determines the relative strength of the external field compared to
the nearest neighbor interaction.

The TFIM, unlike the XXZ model, does not conserve total magnetization, but
rather the quantity is conserved is parity. While right now this may seem to not
have much relevance, it will be important to be acquainted with such properties
of the system, since in Chapter 7 we will see how conserved quantities play a
fundamental role in understanding entanglement entropies in open spin systems,
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3.5. Simulation Examples

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="fQUfHHZrIoBtWkKQ25psmX64Lh4=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BL54konlAsoTZSScZMvtwpjcYlv0OLx4U8erHePNvnCR70MSChqKqm+4uL5JCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW90PfWbY1BahMEDTiJwfTYIRF9whkZy77tJB+EJk/FtmnaLJbtsz0CXiZOREslQ6xa/Or2Qxz4EyCXTuu3YEboJUyi4hLTQiTVEjI/YANqGBswH7Sazo1N6YpQe7YfKVIB0pv6eSJiv9cT3TKfPcKgXvan4n9eOsX/pJiKIYoSAzxf1Y0kxpNMEaE8o4CgnhjCuhLmV8iFTjKPJqWBCcBZfXiaNs7JzXq7cVUrVqyyOPDkix+SUOOSCVMkNqZE64eSRPJNX8maNrRfr3fqYt+asbOaQ/IH1+QNvjpKM</latexit> S
v
N

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10
<latexit sha1_base64="Z1eWTJZFJ10LLMR4O6YzJu1NUzU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz04Ln9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tgjPg=</latexit>

10

<latexit sha1_base64="imO9XlW8glVnEKsPMGYBbtdfPRs=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JIUY9FLx4r2A9oYplst+nSzSbsboRaevLiX/HiQRGv/gZv/hu3aQ7a+mDg8d4MM/OChDOlHefbKiwtr6yuFddLG5tb2zv27l5TxakktEFiHst2AIpyJmhDM81pO5EUooDTVjC8mvqteyoVi8WtHiXUjyAUrM8IaCN17UOPgwg5xd4ANPYUCyO4e8CezNSuXXYqTga8SNyclFGOetf+8noxSSMqNOGgVMd1Eu2PQWpGOJ2UvFTRBMgQQtoxVEBElT/O3pjgY6P0cD+WpoTGmfp7YgyRUqMoMJ0R6IGa96bif14n1f0Lf8xEkmoqyGxRP+VYx3iaCe4xSYnmI0OASGZuxWQAEog2yZVMCO78y4ukeVpxzyrVm2q5dpnHUUQH6AidIBedoxq6RnXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AzzGYuA==</latexit> h�̂
z
i

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)
<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="6PSBuUn8oifsKyF/+30eiy2gTck=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRoh6LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtS9e/cusP9VrjtoijDCdwCufgwzU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/EmY1q</latexit>�0.4

<latexit sha1_base64="DDdhe3BJtm5iRff9vdqLAFEHDic=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU92Vol6EohfpqYL9gHYp2TTbhmazIckKdemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3kVlbX1jfym4Wt7Z3dveL+QVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ79VuPVGkWiwczltSP8ECwkBFsrNSq9Z7Oaui6Vyy5ZXcGtEy8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6KXQTTSUmIzygHUsFjqj209m5E3RilT4KY2VLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOWnTMjEUEHmi8KEIxOj6e+ozxQlho8twUQxeysiQ6wwMTahgg3BW3x5mTTPy95FuXJfKVVvsjjycATHcAoeXEIV7qAODSAwgmd4hTdHOi/Ou/Mxb8052cwh/IHz+QMVHY7C</latexit>

Jz/J =
<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>
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Figure 3.19: Effect of ZZ spin-spin interaction — (a) Time evolution of entangle-
ment entropy for diffent values of Jz/J = 0.5, 1, 1.5. We notice an increase of SvN

as one increases Jz/J . (b) Time evolution of ⟨σz⟩ in the middle site for different
values of Jz/J = 0.5, 1, 1.5. Particularly we see how by increasing the value of
Jz/J there is much quicker reduction on the oscillation amplitude of ⟨σz⟩ as the
system evolves [N = 20, dt = 0.1, χ = 512].
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Figure 3.20: Conserved Quantities in Transverse Ising Model — (a) Time evolu-
tion for site magnetization, total magnetization, and the parity operator, using
an all-down spin as initial state. Unlike the XXZ model, we notice that here the
total magnetization is not preserved. Instead, it is the parity which preserves its
value during the whole evolution. [N = 4, dt = 0.1, χ = 512, hz = 1.0].

particularly for the case of simulation with Matrix Product Operator.
In Fig. 3.20 using an all-down spin system as initial state, we see that in this

case the total magnetization doesn’t remain constant through the evolution. In-
stead is the parity, defined through operator P̂ i =

∏
i σ̂

z
i the quantity the quantity

that remains constant throughout the evolution.
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Chapter 4

Entanglement Entropy

The study of entanglement in many-body models has undeniably been a long-
standing focus in theoretical physics [1, 2]. It offers profound insights into a diverse
range of phenomena, spanning from super-radiance [3] and superconductivity [4]
to disordered systems [5] and the emergence of classicality [6]. Understanding the
dynamics of entanglement growth in many-body systems not only sheds light on
these phenomena but also plays a crucial role in refining simulation methods and
revealing their limitations.

In particular, the evolution of entanglement entropy, which quantifies the en-
tanglement between different regions of a quantum system, has been closely linked
to the capabilities of classical computers in simulating non-equilibrium quantum
dynamics, especially in one dimension, via MPS [7–11]. Based on early results
from conformal field theory [12, 13] and on exact/numerical results for simple
solvable models [12, 14], it is widely accepted [15] that the entanglement entropy
grows linearly with time following a so-called quantum quench (i.e., starting with
an initial state |ψ0⟩ at t = 0, typically the ground state of a quantum many-
body Hamiltonian Ĥ0, the dynamics are abruptly changed to evolve the state
with another Hamiltonian H, with [Ĥ, Ĥ0] ̸= 0). This observed linear increase in
entanglement poses a significant challenge for simulating such systems, rendering
the study of non-equilibrium dynamics in extended quantum systems one of the
most daunting problems in contemporary theoretical physics.

An effective approach to understanding some of the primary qualitative fea-
tures of entanglement in non-equilibrium dynamics has been provided through the
so-called quasi-particle picture [12]. In this picture, the pre-quench initial state
serves as a source of pairs of excitations with opposite momentum that propagate
ballistically through the system. The central assumption of the quasiparticle pic-
ture is that excitations created far apart from each other are incoherent, whereas
those emitted at the same point in space are entangled. As the quasiparticles prop-
agate, larger regions of the system become entangled. At time t, the entanglement
entropy of a subsystem A is proportional to the total number of quasiparticles that,
after being emitted from the same point in space, are shared between subsystem A
and its complement. A rigorous mathematical treatment of these arguments can
be found in [16], but for our purposes, a qualitative understanding of the picture is
sufficient as we proceed with the analysis of the topic from a numerical simulation
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perspective.
Another essential feature of entanglement entropy is that it typically obeys the

’area law’. The area law states that the growth of entanglement entropy scales
with the area of the boundary between the regions in a bipartition of the system,
rather than their volume [17]. This property has significant implications across a
range of physical phenomena, making it a key research focus in various disciplines.

In this chapter, we aim to delve deeper into the connection between entan-
glement and entropy in quantum systems. To accomplish this, we will introduce
alternative measures of entanglement entropy, moving beyond the conventional
Von Neumann entropy. Following that, we will further explore the implications
and significance of the ’area law’. Finally, we will wrap up the chapter by present-
ing the concept of symmetry-resolved entanglement entropies.

4.1 Rényi Entropy

In section 3.1.1 we presented the Von Neumann entropy formula (Eq. (3.10) and
we show how it can gives us information related to the entanglement of the system.
However, Von Neumann entropy is not the only measure for entanglement entropy
that exists. One of other that we consider worth mentioning is the Rényi entropy,
which is given by

Sα
A(t) =

1

1− α log2

(
r∑

i

(λ2i )
α

)
, (4.1)

where the λi are positive real coefficients of the Schmdit decomposition of some
state |ψ⟩. For α > 0 and for α ̸= 1 will be known as Rényi Entropies of order α.
In the limit α→ 1 we recover the Von Neumann Entanglement Entropy equation
(3.10)

SvN(t) = lim
α→1

Sα
A(t) = −

r∑

i

(λi)
2log2[(λi)

2]. (4.2)

While we primarily use Eq. (4.2) to refer to entanglement entropy, it is valuable to
also familiarize ourselves with Rényi entropies as they more precise insights into
the possibilities of approximating one-dimensional quantum many-body systems
through MPS, since, strictly speaking, the case α = 1 is usually not sufficient
to ensure that a state can be approximated by an MPS, see Ref. [7]. Another
remarkable fact about Rényi entropies is that for integers α ≥ 2 it is possible
to manipulate Eq. (4.1) and express it as the expectation value of an operator,
dubbed swap operator by Zanardi, Zalka and Faoro [18], in a replicated system.
Express it this way will make it amenable to experimental probing. To be more
precise, taking α identical replicas of quantum state |ψ⟩, creating a new state in
a larger Hilbert space, |ψ⟩⊗α = |ψ⟩ ⊗ |ψ⟩ ⊗ · · · ⊗ |ψ⟩ ∈ Hα. The swap operator is
the operator that cyclically permutes the α replicas of the subsystem A, leaving B
untouched; we write it as SA(1, 2, 3, ..., α). The subscript (1, 2, 3, . . . , α) indicates
the permutation of α elements, written in cycle notation; notice that here the
permutation σ has a single cycle (1, σ(1), σ ◦ σ(1), etc.) of total length α. The
equation for Rényi entropies can then be expressed as
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Figure 4.1: Rényi entropies — Rényi entropy dynamics in an XXZ model with a
Néel state as an initial state, we calculate the rényi entropies for different values of
α = 0.5, 1, 1.52.0. In all cases, Sα displays a linear growth. [N = 20, dt = 0.1, χ =
256, Jz = 1].

(α integer > 2) Sα(|ψ⟩) =
1

1− α log2
(
⟨ψ|⊗α SA

1,2,3,...,α |ψ⟩⊗α
)

(4.3)

The main advantage of the latter expression over Eq. (4.1) is that it makes it
clear that the quantity inside the logarithm is an observable [18]; it is the basic
idea of various proposals to measure the entanglement entropy [19–21], and it is
at heart of the recent groundbreaking experiment [22] that managed to measure
S2 in a cold atom setup.

Having mentioned this important facts concerning the role of the Rényi pa-
rameter α, it is fair to say that in most known situations, the behavior of Sα does
not appear to depend dramatically on the precise value of α. This can be seen in
Fig. 4.1, where despite the slight differences in the dynamics of Sα depending to
the factor α, in all cases there is a linear scaling in the growth. and it is often the
case in one-dimensional systems that the area law is either obeyed for all α > 0,
or violated for all α > 0.

To have a better understanding about entanglement entropy let’s look at a
simple example where we compare the values of entanglement entropy for two
different types of states: a Bell state (fully entangled) and a product state (no
entanglement). Given that we have direct access to the Schmidt coefficient, we
could use Eq. (4.2) which is what one does for extended systems, however for
pedagogical purposes we consider convenient to do the longer procedure calculating
the corresponding density matrices to gain insight and confirm that indeed Eq.
(3.10) is a reliable measure for entanglement entropy.

We start by considering a Bell State

|ψ1⟩ = 1
2
(| ↑A⟩| ↓B⟩+ | ↓A⟩| ↑B⟩), (4.4)
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Figure 4.2: Entanglement entropy — By doing a bipartition of the system and
calculating the Von Neumann entropy in one of the subsystems one obtains the
entanglement entropy of the system.

The first step is to calculate the corresponing density matrix ρ̂1 = |ψ1⟩ ⟨ψ1|. Then
we proceed to calculate the reduced density matrix ρ̂A1 = trB(ρ1) = 1

2
Î from one

can simply use formula (3.10) obtaining the result

SvN(|ψ1⟩) = 1, (4.5)

which is consistent with what we would expect from an entangled state.
On the other hand, when we consider a product state,

|ψ2⟩ = |↑A⟩ |↓B⟩ , (4.6)

and doing the same procudure, it’s easy to see that

SvN(|ψ2⟩) = 0. (4.7)

Let’s look more closely about what this result implies, while in classical physics the
concept of entropy quantifies the amount of information that is lacking to identify
the microstate of a system from all possibilities compatible with the macrostate
of the system. The entanglement entropy that we got in the first example did
not arise due to a lack of information, since we considered a pure density matrix,
instead its origin is because of a very fundamental property of quantum mechanics:
entanglement.

4.2 Area Law

We will now provide a more rigorous analysis of what the area law says, by con-
sidering Hilbert space H = (Cd)⊗N of a spin chain, as depicted in Fig 4.2, where
d is the dimension of the local degree of freedom on each site, and N is the total
number of sites. The subsystem A (resp. B) is made up of the first NA sites (with
NB = N −NA sites). Then, one says that |ψ⟩ obeys the area law (for a given α)
if Sα remains bounded when NA, NB → ∞. A famous theorem of Hastings [23]
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s(I) = |@I|

Figure 4.3: Area law — A lattice N with a distinguished set I ⊊ L (yellow area).
Dotted lines depict the boundary ∂I of I with surface area s(I) = |∂I|.

states that when |ψ⟩ is the ground state of a gapped local Hamiltonian, it obeys
the area law, with α = 1.

In a more general case, when we are not necessarily dealing with a spin chain,
but with a D dimensional lattice, what the area law says is that entanglement
entropy often merely grows like the boundary area of the subregion, and not like
its volume, in sharp contrast with an expected extensive behavior. To put it more
precisly for a D-dimensional N-site lattice, one expects that the entanglement
entropy grows as

S(N) = aND−1 +O(ND−1). (4.8)

From the MPS perspective, the area law can also be understood by noticing
that in a MPS the entanglement between a block of sites and the rest of the system
is primarily governed by the bonds connecting the block to the rest of the system.
These bonds capture the correlations and entanglement between the block and its
complement. Since the entanglement is mainly determined by the bonds, which
are localized to the boundary of the subsystem, in a large number of cases the
entanglement entropy obeys the area law.

Nevertheless, after seeing the entanglement entropy dynamics in cases, such
as in Fig. 4.1, where we see a linear growth of entanglement entropy in 1D spin
chains, this may seem contradictory with what the area law states, since one
would expect a constant value. It is thus important to mention that the area law
is more applicable when considering the steady-state or equilibrium properties of
a quantum system. During the transient dynamics of a quantum quench, the
system is out of equilibrium, and the growth of entanglement entropy can exceed
the expectations of the area law.

Ultimately, while the growth of entanglement entropy during a quantum quench
may not strictly follow the area law, the ultimate equilibrium state that the sys-
tem reaches after the quench is expected to satisfy the area law. Once the system
thermalizes or reaches a steady state, the entanglement entropy between regions
will typically scale with the boundary size rather than the volume.
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Figure 4.4: Symmetry Resolved Entanglement Entropies — We consider an
infinite-site XXZ model with Néel state as an initial state. (a) Time-evolution
for entanglement entropy and the contribution of the entropies for the magneti-
zation symmetry sector and of the number fluctuations of the different symmetry
sectors. We see that the contributions of the symmetry sectors and its fluctua-
tions add up to give the entanglement entropy in accordance with Eq. (4.10). (b)
Time-evolution for the entropies for magnetization symmetry sectors correspond-
ing to eigenvalues of magnetization m = 0, 2, 4, 6 (blue lines) and m = −2,−4,−6
(orange lines). [N = ∞, χ = 512, dt = 0.1/J , Jz/J = 1.0]

4.3 Symmetry Resolved Entanglement Entropies

Lastly we will introduce the Symmetry Resolved Entanglemenent Entropies. Such
symmetry-resolved entropies have attracted attention recently [24–28] and will
play a big role in Chapter 7 to study the dynamics of Operator Entanglement in
the presence of conserved quantities.

The central idea about these symmetry-resolved entropies is to split the total
entanglement into the contributions coming from disjoint symmetry sectors. To
understand this more simply it can be convenient to look at a concrete example.
We consider again a general quantum chain with N sites, whose Hamiltonian
Ĥ =

∑N
i=1 ĥi,i+1, commutes with the magnetization operator Ŝz =

∑N
i=1 σ̂

z
i . Let

|ψ⟩ be a common eigenstate of Ĥ and Ŝz, with eigenvalues E and M respectively.
We split the chain into disjoints blocks A (i = 1, ..., l) and B (i = l+1, ..., N), and
compute the reduced density matrix ρ̂A. The magnetization operator also splits
into the sum Ŝz = Ŝz

A + Ŝz
B. Then, tracing over the Hilbert subspace of the block

B in the equation[Ŝz, ρ̂] = 0 yields [Ŝz
A, ρ̂A] = 0. This implies

ρA = ⊕mρ̃A,m = ⊕mpm,AρA,m, (4.9)

where ρ̂A,m is a density matrix with eigenvalue m of Ŝz
A, and pA,m = trρ̃A,m ≥ 0

is the probability of finding m in a measurement of Ŝz
A. The decomposition (4.9),

which has a block diagonal form is regurlarly implemented in DMRG, MPS, and
MPDO simulations to reduce the memory resources needed for high precision
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results. Particularly this decomposition will be implemented in several simulations
shown in Chapters 8 and 7. The latter equation allows to express the entanglement
entropy of the system as

SvN =
∑

m

pA,mSA,m + Snum(pA,m), (4.10)

where SA are the entropies associated to each magnetization symmetry sector and
are given by SA,m = −tr(ρ̂A,mlog2ρ̂A,m), and Snum is associated to number fluctu-
ations in the different symmetry sectors is given by Snum = −∑m pA,mlog2pA,m .
Eq. (4.10) means that the quantum entropy in the subsystem A is greater, in gen-
eral, to the weighted sum of the entropies of the different magnetization sectors.
There is also an additional contribution to the entanglement entropy due to the
number fluctuations in each of the symmetry sectors of the bipartition.

To finalze the section, Fig. 4.4 displays simulations of an infinite-site XXZ
model initialized with a Néel state. This figure provides insights into the dynam-
ics of the entanglement entropy and the entropy corresponding to the symmetry
sectors, along with their associated probabilities. Fig. 4.4 (a) demonstrates the
anticipated linear increase of the entanglement entropy. However, the surpris-
ing elements lie within the contributions and interplay of the symmetry sectors.
Initially, there is linear growth purely from the different blocks of the symmetry
sectors. However, this contribution alone does not suffice to produce the total
entanglement entropy; there is also a related contribution from the probabilities
of measuring any of the various symmetry sectors in the bipartition. The en-
tanglement created during evolution causes a loss of information concerning the
measurement of different symmetry sectors of the bipartite system. Fig. 4.4 (b)
reveals an initial visible contribution solely from the initial symmetry sector of
m = 0, which corresponds to a Néel state. However, as the evolution progresses,
there is an added contribution of more symmetry sectors, to the entanglement
entropy.

The study of the dynamics of the symmetry resolved entanglement entropies
and the distribution probability associated to the different symmetry sectors under
dephasing will be a key process to understand the dynamics of what is known as
Operator Entanglement, and will be the major subject of Chapter 7.
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Chapter 5

Quantum Trajectories in
Many-Body Systems

The quantum trajectory method has proven extremely successful for studying in-
dividual or small quantum systems, yielding valuable insights into a variety of
phenomena such as laser cooling [1], the behavior of cascaded quantum systems
[2], the continuous quantum Zeno effect [3], and quantum non-demolition mea-
surements [4]. These examples underscore the versatility and efficacy of quantum
trajectory techniques for understanding and controlling quantum dynamics.

However, the quantum trajectory method’s efficiency encounters substantial
challenges when applied to quantum many-body systems. The increase in the
number of particles in the system results in exponential scaling of the Hilbert
space, posing significant computational difficulties. Despite the quantum trajec-
tory method allowing for a smaller subset of the Hilbert space to be considered
compared to the density matrix approach, the exponential growth of the space
still limits its applicability for large-scale quantum many-body dynamics.

A promising approach that has emerged in recent years combines quantum
trajectory methods with Matrix Product States (MPS). This hybrid approach,
denoted as QT+MPS, formulates each pure state as an MPS and incorporates
stochastic evolution with dissipation through quantum jumps. Given that the effi-
ciency of the MPS representation is dictated by the bipartite entropy, the question
of the scaling growth of the bipartite entropy dynamics and how it is influenced
by dissipation becomes a crucial issue that determines the method’s efficiency.
Specifically, we will explore the average behavior of the bipartite entropies, which
we will refer to as "trajectory entanglement" (TE). This approach has been suc-
cessfully applied in many MPS simulations [5, 6]. The study and application of
this method will be one of the primary topics in this chapter and a significant
portion of the thesis.

Having already elucidated the basics of the quantum trajectory method in
chapter 2, this chapter will shift focus towards its applications and constraints
within the context of many-body systems. Furthermore, we will direct our atten-
tion towards the QT+MPS method. We will introduce the concept of trajectory
entanglement (TE) and explore how trajectories can provide insight into the con-
served quantities of a system.

56



Chapter 5. Quantum Trajectories in Many-Body Systems

5.1 Many-Body Wave Function Unravelling and
the time-step problem

In the original formulation of the quantum trajectory method, presented in Chap-
ter 2 there is an inherent issue known as the time-step problem. This arises from
the fact that the equivalence of the master equation is based on a first-order Euler
approximation [6], necessitating small time-step sizes ∆t. To address this prob-
lem, several methods have been proposed to mitigate its impact. In this section,
we will first present the many-body unravelling of the way function to identify in
a more concrete way where exactly does the problem originates, and we present
some alternative methods that offer partial solutions to the time-step problem,
aiming to improve the efficiency and accuracy of the quantum trajectory method
in the many-body setting.

5.1.1 Unravelling with one jump per-time step

This time we consider a N particles non-hermitian Hamiltonian expressed as

Ĥ = ĤS − iℏ
2

N,M∑

n,m

γm,nĈ
†
m,nĈm,n. (5.1)

Doing a trajectory unravelling with many-body Hamiltonian (5.1) it’s easy to see
that up to Eq. (2.28) the trajectory evolution through a time-step is the same.
However the problem now relies at the moment of choosing a δt such that δp≪ 1.
Assuming the dissipation rate is the same regardless of the site, one arrives to

δp ≡ δt
i

ℏ
⟨ψτ (t)| Ĥ − Ĥ |ψτ (t)⟩ ≡

∑

m,n

δpm,n = N
∑

m

δpm. (5.2)

Now, if one needs δp ≪ 1, one can still adjust δt, however, given that in this
case this is multiplied by a factor N

∑
m γm, this would become more inefficient

the more sites one has and the higher the rate. Generally the time-step would
scale as

δt ≈ 1∑
m γN

, (5.3)

which becomes problematic if one attempts to do long-time many-body simu-
lation. In any case, in order to select the site in which the jump will occur, one
must simply selects accordingly to the jump probabilities

pn ≡
⟨ϕ(t)| Ĉ†

nĈn |ϕ(t)⟩∑
n′ pn′

. (5.4)
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5.1.2 Possibility of several jumps per time-step

Here we present an alternative scheme developed by Vovke [7], in which the time-
step problem can be partially improved by considering more than one jump per
time-step. The method work as follows: If one considers jump operators which
commute, [Ĉη, Ĉµ] = 0 for ν ̸= µ. Then, multiple quantum jumps can be applied
within a single time-step. The way one do this is to first evolve |ψτ ⟩ with only
the hermitian Hamiltonian ĤS and then conditionally apply quantum jumps after
evolving with a trotterized non-unitary evolution operator, corresponding to the
dynamics of individual decay channels η, −iĈ†

ηĈη/2. While this scheme still leads
to a first-order method, the method then only introduces time-step errors of order
O(∆tγ)2 [instead of O(∆tNγ)2]. For higher order integration schemes one should
resort to schemes as presented in [8], which are however cumbersome to implement
in case of a large amount of decay channel.

If one considers again an unravel of the trajectories using Hamiltonian (5.1),
one first evolves with the hermitian part, and in that case, since the probability is
conserved no jumps will happen. However, one then considers an evolution with
the non-hermitian part of Hamiltonian (5.1)

|ψτ (t+ δt)⟩ = e−iĤnhδt |ψτ (t)⟩ . (5.5)

Given that we want to conditionally apply the quantum jump on each site, one
does a trotter approximation on the Hamiltonian, which leads to an evolution of
the form

|ψτ (t+ δt)⟩ =
∏

η

e−iĤη
nhδt |ψτ (t)⟩ . (5.6)

Doing a first-order expansion we get

|ψτ (t+ δt)⟩ ≈
∏

η

(1− iĤη
nhδt

ℏ
) |ψτ (t)⟩ (5.7)

Calculating the norm of the state we get

⟨ψτ (t+ δt)|ψτ (t+ δt)⟩ = ⟨ψ(t)|
∏

η

∏

η

(1 +
iĤη†

nhδt

ℏ
)(1− iĤη

nhδt

ℏ
) |ψτ (t)⟩ (5.8)

≈ 1−
∑

η

δpη (5.9)

where

δpη = δt
i

ℏ
⟨ϕ(t)| Ĥη

nnh − Ĥη†
nh |ψτ (t)⟩ = δt ⟨ψτ (t)| γηĈ†

ηĈη |ψτ (t)⟩ (5.10)

Here’s where the main difference – and advantage – of the method can be more
explicitly seen: rather than drawing one single random number ϵ, one draws a
random number for every decay channel (i.e. if there is only one type of dissipation
on every site, one would draw N random numbers) and after doing the evolution
on each site, one compares the norm probability δpη with a correspondent random
number ϵη. This improves the time-step convergence, such that the scaling goes
from δt ≈ 1/N

∑
m γm to just δt ≈ 1/

∑
m γm. Allowing the possibility do reach

larger time-scales in many-body simulations.
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Figure 5.1: Quantum Trajectories + Matrix Product States (QT+MPS) — The
QT+MPS method consists in decomposing the density operator into several tra-
jectories, where each trajectory is represented as a MPS and follows a stochastic
dynamics. For every time-step dt there will be two possible evolutions: i) Non-
hermitian evolution: With probability 1− δp the system evolves according to Ĥeff

in its trotterized form (left side). ii) Quantum jump: With the probability δp one
acts with one of the jump operators. In this case, the jump occurs on site i (right
side).

5.2 Quantum Trajectory + MPS

So far, we have discussed the Quantum Trajectory method for simulating the open
system dynamics of individual or multiple particles, along with some approaches
to address the time-step problem. However, even with improvements in the time-
step size, the exponential growth of the Hilbert space with the number of particles
presents significant challenges in simulating open quantum many-body systems.
Having previously discussed MPS techniques, a tempting solution to this problem
is to combine the quantum trajectory approach with MPS. We will denominate
such method as QT+MPS, which has been studied previously in [5, 6]. In this
method each trajectory is decomposed in a MPS form as presented in Fig. 5.1.
The decomposition for each trajectory will be the same as the one presented in
Chapter 3

|ψτ ⟩ =
∑

{in}

χ∑

{an}

∏

n

Γ[n]in
an,an+1

λ[n]an

⊗

n
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Figure 5.2: Alternative implementation of QT+MPS — Using as reference the
article by Vovk and Pichler [9], we present the scheme for a different implementa-
tion of the QT+MPS method where it is possible to apply several quantum jumps
per-time step. The main idea is to first evolve with the hermitian part of the
Hamiltonian, and then after do a trotter-evolution with the non-hermitian part of
the Hamiltonian, where after evolving through each site, one does a Monte-Carlo
comparison to see whether one acts on the site with the correspondent jump op-
erator. Second or higher orders are possible for the hermitian trotter evolution,
but for simplicity we only present first order.

To evolve the state, there are two alternatives: either one applies the one jump
per time-step as depicted in Fig. 5.1, or there is also the possibility to apply the
Vovke method depicted in 5.2, in which more than one jump per time-step can be
applied by separating the hermitian from the non-hermitian evolution.

In both approaches, and just like with regular MPS evolution, one will apply a
trotter evolution and the application of the two-site gates which will generate an
entanglement entropy increase in the bond dimension. However, and unlike the
the traditional MPS there will be also be a destructive effect in the entanglement
entropy growth via the application of the quantum jumps. Given the impact
that the dynamics of entanglement entropy can have on the the efficiency of the
simulation via the QT+MPS method, it is important to understand its behavior.
Here we will just give a brief description but later, on 8, a greater in depth study
of the entanglement entropy of quantum trajectories will be presented.

5.3 Trajectory Entanglement

Being a MPS decomposition the growth of the bipartite entropy will play a major
role in its efficiency. However, since we consider multiple trajectories, in which the
bipartite entropy can vary significantly, we will focus on the average value of the
bipartite entropy. This average entropy, which we refer to as "trajectory entan-
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glement" (TE), provides insights into the entanglement dynamics of the system.
To start explaining Trajectory Entanglement is important to remind that the

amount of bipartite entanglement in each trajectory for a bond n is quantified by
the Von Neumann entropy

S
τ(n)
QT = −

∑

an

(
λ[n],τan

)2
log2

(
λ[n],τan

)2
. (5.12)

Trajectory entanglement (TE) is then defined as the average entanglement over
all trajectories

SQT = lim
Nt→∞

1

Nt

Nt∑

τ=1

Sτ
QT. (5.13)

Importantly, for mixed states TE is not necessarily a genuine measure of quantum
entanglement, but it is still linked to the efficiency of the QT+MPS simulation.
In addition to TE we will also analyze fluctuations of the TE, by computing TE
sample standard deviations,

σSQT
=

√
1

Nt − 1

∑

τ

(
Sτ
QT − SQT

)2
. (5.14)

As error bars we use the sample standard error of the mean, ϵ = σSQT
/
√
Nt. Note

that the individual trajectories are not translation invariant, such that we cannot
use an infinite MPS method to work in the thermodynamic limit.

5.4 Simulation Examples

In this section we present a series of simulations with the purpose of having a
better understanding of the QT+MPS method. In particular we want to display
how having access to the individual trajectories that comprise the density matrix
ensemble can be helpful in terms of understanding concepts such as conservation
laws.

5.4.1 XXZ with decay: QT+MPS Simulation Approach

We will consider again the XXZ model but this time we’ll introduce some decay
via the jump operator Ĉi =

√
γ−i σ̂

−
i . The Hamiltonian that describes such system

is then
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1
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+
j σ̂

−
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We previously mentioned how one of the main characteristics of the XXZ model
is the conservation of magnetization. It is quite clear that by introducing some
decay, this will no longer hold. The effect of the decay can be seen more clearly in
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Fig. 5.3. Using the Néel state once again, in Fig. 5.3 (a) we plot the time evolution
of the mean magnetization for each site. While normally we would expect that the
magnetization goes to zero in this case it goes to −1. This is easy to understand
by considering that after every quantum jump, there is going to be the possibility
that there are going to be pairs of down-down spin. The XXZ Hamiltonian doesn’t
affect such states and eventually after many jumps there is going to be an all-down
spin configuration, that is to say one in which each site has magnetization −1.
Another way to see it, is in Fig. 5.3 (b), where before for all times tJ we had that
the sum of the mean magnetization for every site was zero, here this is no longer
the case. Instead we see an exponential decay on the average of the sum of the
magnetization for all sites. It is worth to analyze the individual trajectories for
the sum of the magnetization, and see how between jumps the magnetization is
conserved, however every time a jump occurs the sum of the mean takes a lower
value until arriving to −10, which corresponds to the all-down spin configuration.

Another of the key quantities that is worth analyzing is the TE. In Fig. 5.4
we plot the time evolution of the TE. While for short times (tJ ≈ 1/γ) there is
the linear growth, once the dissipation starts affecting the individual trajectories,
there is clear decay in TE. From the individual trajectories one can perceive that
a common scenario is that after a build-up once a quantum jump this normally
has a destructive effect on the entanglement entropy, in most cases making it zero.
Again, we have to consider that the quantum jump will eventually take the state
to an all down-configuration, which can be expressed as a product state with zero
entanglement entropy. Due to the random nature of the monte-carlo process, for
some trajectories it will take some more time than from others, but eventually the
steady state is an all-down spin configuration.

5.4.2 Trajectories in the case of weak and strong conserva-
tion of magnetization

Here we will consider two types of dissipation where one has a weak and the
other a strong magnetization conservation. In both of these cases we will have
tr(ρ̂(t)Ŝz) = tr(ρ̂(t = 0)Ŝz), i.e. the total mean magnetization remain constant.
However, unlike the case of strong conservation, in the case of weak conservation
the magnetization conservation will break for individual trajectories. Later on, in
Chapter 8 we will focus on the entanglement entropy growth, for now we want
to understand the behavior of magnetization in this setting and use the quantum
trajectory approach to gain insight into weak and strong conservation.

a) Spontaneous emission and absorption: For the case of weak conservation of
magnetization we will consider transition between states |↑⟩ → |↓⟩ which
represent spontaneous emission and absorption as dissipation, and are given
by the jump operators

L̂+
i =
√
γ+σ̂

+
i L̂−

i =
√
γ−σ̂

−
i . (5.16)
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<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

<latexit sha1_base64="+oKLHyHLTb15dJ26CBcEdIL6bqA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvMtK9b5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+bQjPU=</latexit>�1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="8f5PUbsVRxbRX95rgiGEuqPkQio=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejir9Iolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl73L8sV9pVS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/rroz5</latexit>�4
<latexit sha1_base64="Yw0Mj6tn6CcLMe603jCDiidDBjc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFSvdIrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+ql+WqrdZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYh5jMY=</latexit>

8
<latexit sha1_base64="Yw0Mj6tn6CcLMe603jCDiidDBjc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFSvdIrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+ql+WqrdZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYh5jMY=</latexit>

8

<latexit sha1_base64="STEq27ns3+5PsvtlBaeL0csqrac=">AAACGXicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdRGCXjxGMA/IhtA7mSRDZmeXmV4hJPkNL/6KFw+KeNSTf+MkWUETC5ouqrqZ6QpiKQy67pezsLi0vLKaWcuub2xubed2dismSjTjZRbJSNcCMFwKxcsoUPJarDmEgeTVoHc99qv3XBsRqTvsx7wRQkeJtmCAVmrmXL8LSH3djeglHfqxEU0fIfE1qI7k1Jdp/zGGzVzeLbgT0HnipSRPUpSauQ+/FbEk5AqZBGPqnhtjYwAaBZN8lPUTw2NgPejwuqUKQm4ag8llI3polRZtR9qWQjpRf28MIDSmHwZ2MgTsmllvLP7n1RNsXzQGQsUJcsWmD7UTSTGi45hoS2jOUPYtAaaF/StlXdDA0IaZtSF4syfPk8pxwTsrnN6e5ItXaRwZsk8OyBHxyDkpkhtSImXCyAN5Ii/k1Xl0np035306uuCkO3vkD5zPb34toKY=</latexit>

⇢̂ = | ⌧ ih ⌧ |

<latexit sha1_base64="SCeQg5Ek9fHbxg8kPBIPVUn7sxQ=">AAACBnicbZDLSgMxFIYz9VbrrepShGAR6qbMiLdl0Y3LivYCnVoyaaYTmskMyRmxDl258VXcuFDErc/gzrcxvSy09YfAx3/O4eT8Xiy4Btv+tjJz8wuLS9nl3Mrq2vpGfnOrpqNEUValkYhUwyOaCS5ZFTgI1ogVI6EnWN3rXQzr9TumNI/kDfRj1gpJV3KfUwLGaud3XWD3kIIaFN2AAHZVEOERXd8+HLTzBbtkj4RnwZlAAU1Uaee/3E5Ek5BJoIJo3XTsGFopUcCpYIOcm2gWE9ojXdY0KEnIdCsdnTHA+8bpYD9S5knAI/f3REpCrfuhZzpDAoGerg3N/2rNBPyzVsplnACTdLzITwSGCA8zwR2uGAXRN0Co4uavmAZEEQomuZwJwZk+eRZqhyXnpHR8dVQon0/iyKIdtIeKyEGnqIwuUQVVEUWP6Bm9ojfryXqx3q2PcWvGmsxsoz+yPn8AjweYiQ==</latexit> tr
(⇢̂

Ŝ
z
)

<latexit sha1_base64="SCeQg5Ek9fHbxg8kPBIPVUn7sxQ=">AAACBnicbZDLSgMxFIYz9VbrrepShGAR6qbMiLdl0Y3LivYCnVoyaaYTmskMyRmxDl258VXcuFDErc/gzrcxvSy09YfAx3/O4eT8Xiy4Btv+tjJz8wuLS9nl3Mrq2vpGfnOrpqNEUValkYhUwyOaCS5ZFTgI1ogVI6EnWN3rXQzr9TumNI/kDfRj1gpJV3KfUwLGaud3XWD3kIIaFN2AAHZVEOERXd8+HLTzBbtkj4RnwZlAAU1Uaee/3E5Ek5BJoIJo3XTsGFopUcCpYIOcm2gWE9ojXdY0KEnIdCsdnTHA+8bpYD9S5knAI/f3REpCrfuhZzpDAoGerg3N/2rNBPyzVsplnACTdLzITwSGCA8zwR2uGAXRN0Co4uavmAZEEQomuZwJwZk+eRZqhyXnpHR8dVQon0/iyKIdtIeKyEGnqIwuUQVVEUWP6Bm9ojfryXqx3q2PcWvGmsxsoz+yPn8AjweYiQ==</latexit> tr
(⇢̂

Ŝ
z
)

<latexit sha1_base64="bOxCzwUyMSaQlHG0Xf2oHdmzC9M="></latexit>

⇢̂ =

NtX

⌧

1

Nt
| ⌧ ih ⌧ |

<latexit sha1_base64="ce2Pl4nFH7y1tm0E3sHPl8Zo5PU=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWpLFWCuI0VLIxFohepCZHjOq1V5yL7BFGivgALr8LCAEKs7Gy8DW6bAVp+ydKn/5yj4/P7ieAKLOvbmJtfWFxaLqwUV9fWNzbNre2GilNJWZ3GIpYtnygmeMTqwEGwViIZCX3Bmn7/clRv3jGpeBzdwCBhbki6EQ84JaAtz9x3gN1DBnJYdnoEsCN7MZ6Q4t2Q3D54/NAzS1bFGgvPgp1DCeWqeeaX04lpGrIIqCBKtW0rATcjEjgVbFh0UsUSQvuky9oaIxIy5Wbja4b4QDsdHMRSvwjw2P09kZFQqUHo686QQE9N10bmf7V2CsG5m/EoSYFFdLIoSAWGGI+iwR0uGQUx0ECo5PqvmPaIJBR0gEUdgj198iw0jir2aeXk+rhUvcjjKKBdtIfKyEZnqIquUA3VEUWP6Bm9ojfjyXgx3o2PSeuckc/soD8yPn8ASE+bsQ==</latexit> tr
(⇢̂
�̂

z i
)

Figure 5.3: Mean magnetization in XXZ model with decay — (a) Time evolution
of mean magnetization for each site. A few individual trajectories of each site is
shown in light blue, while the average of all trajectories is shown in dark blue. (b)
Time evolution of the sum of mean magnetization for every site. Light blue shows
all the individual trajectories and dark blue the mean value. It is clear that the
decay breaks the magnetization conservation of the XXZ model. [N = 4, Nt =
800, γ−/J = 1.0, dt = 0.01/J ].

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="+XzunX/fQxQ9/Rec12XO9hAopnQ=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEirosunHZYl/QhDCZTtuhkwczN2IJ2fgrblwo4tbPcOffOGmz0NYDA4dz7uHOPX4suALL+jZWVtfWNzZLW+Xtnd29ffPgsKOiRFLWppGIZM8nigkesjZwEKwXS0YCX7CuP7nN/e4Dk4pHYQumMXMDMgr5kFMCWvLMYyfSdp7G917qAHuEtNnKMs+sWFVrBrxM7IJUUIGGZ345g4gmAQuBCqJU37ZicFMigVPBsrKTKBYTOiEj1tc0JAFTbjo7IMNnWhngYST1CwHP1N+JlARKTQNfTwYExmrRy8X/vH4Cw2s35WGcAAvpfNEwERginLeBB1wyCmKqCaGS679iOiaSUNCdlXUJ9uLJy6RzUbUvq7VmrVK/KeoooRN0is6Rja5QHd2hBmojijL0jF7Rm/FkvBjvxsd8dMUoMkfoD4zPH1AYluI=</latexit>
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Q

T

<latexit sha1_base64="Yw0Mj6tn6CcLMe603jCDiidDBjc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFSvdIrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCas+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+ql+WqrdZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYh5jMY=</latexit>

8

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="+XzunX/fQxQ9/Rec12XO9hAopnQ=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEirosunHZYl/QhDCZTtuhkwczN2IJ2fgrblwo4tbPcOffOGmz0NYDA4dz7uHOPX4suALL+jZWVtfWNzZLW+Xtnd29ffPgsKOiRFLWppGIZM8nigkesjZwEKwXS0YCX7CuP7nN/e4Dk4pHYQumMXMDMgr5kFMCWvLMYyfSdp7G917qAHuEtNnKMs+sWFVrBrxM7IJUUIGGZ345g4gmAQuBCqJU37ZicFMigVPBsrKTKBYTOiEj1tc0JAFTbjo7IMNnWhngYST1CwHP1N+JlARKTQNfTwYExmrRy8X/vH4Cw2s35WGcAAvpfNEwERginLeBB1wyCmKqCaGS679iOiaSUNCdlXUJ9uLJy6RzUbUvq7VmrVK/KeoooRN0is6Rja5QHd2hBmojijL0jF7Rm/FkvBjvxsd8dMUoMkfoD4zPH1AYluI=</latexit>

S
Q

T

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="r+1JdA12SDbvoaRB7wRuPhzHJMw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHelqBeh6EU8VbAf0C5lNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++0sLa+srq3nNvKbW9s7u4W9/bqOEkVojUQ8Us0ANOVM0pphhtNmrCiIgNNGMLid+I0hVZpF8tGMYuoL6EkWMgLGSn67B0JA5/TsHl/jTqHoltwp8CLxMlJEGaqdwle7G5FEUGkIB61bnhsbPwVlGOF0nG8nmsZABtCjLUslCKr9dHr0GB9bpYvDSNmSBk/V3xMpCK1HIrCdAkxfz3sT8T+vlZjwyk+ZjBNDJZktChOOTYQnCeAuU5QYPrIEiGL2Vkz6oIAYm1PehuDNv7xI6ucl76JUfigXKzdZHDl0iI7QCfLQJaqgO1RFNUTQE3pGr+jNGTovzrvzMWtdcrKZA/QHzucP64WQ5g==</latexit>

��/J =
<latexit sha1_base64="Ptgy9cTJHVHCUmG03YmmnOjUfxk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuP6lW72vVmo3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFa9o0z</latexit>

0.4
<latexit sha1_base64="Lsm88rr/p0fWAOAjZqH6rX4Ds0U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNd/o01</latexit>

0.6
<latexit sha1_base64="uBS7FhFXB/AdfOf5P0MklXP/on4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZqBpMuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Kvby/rNRu8jiKcAKncA4+XEMN7qAODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNhBo03</latexit>

0.8
<latexit sha1_base64="tPveg5Rv5nWmh5lcp/CI0kqqHtU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9/1euWK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWbI0w</latexit>

1.0

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="ryiAfsE+9IpqiZQcMRIC75O+jYc=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg3feK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxYpU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+q3mX14v68UrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH/HCjP0=</latexit>

14

<latexit sha1_base64="FjEH6KkMWn9uFfCXyKF/nOdSSMA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hErceiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa699xqr1zxXG8O8pf4OalAjnqv/NntJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JilT6JEmVLGjJXf05MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyX9I8c/1L9+LuvFK7zuMowhEcwyn4UIUa3EIdGsBgAE/wAq+OcJ6dN+d90Vpw8plD+AXn4xtf1I03</latexit>

0.7

Figure 5.4: Trajectory Entanglement in XXZ model with decay — (a) Time evo-
lution of TE at the center of the chain (dark blue). The entanglement entropy of
individual trajectories are the grey lines. While at short times there is the linear
increase, once the dissipation starts to affect at times tJ ≈ 1/γ, it has a destruc-
tive effect on trajectory entanglement, creating a rise and fall pattern. (b) TE for
different values of γ−/J . As expected, the more dissipation implies a reduction on
the value for TE. [N = 4, Nt = 800, dt = 0.1/J ].

b) Dephasing: The other type of dissipation that we will consider, which will
be related to strong conservation of magnetization, is dephasing. Dephasing
can be represented through jump operator
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5.4. Simulation Examples

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

<latexit sha1_base64="+oKLHyHLTb15dJ26CBcEdIL6bqA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvMtK9b5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+bQjPU=</latexit>�1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="8f5PUbsVRxbRX95rgiGEuqPkQio=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejir9Iolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl73L8sV9pVS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/rroz5</latexit>�4

<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="KzIBW+59wu/xdX7u0bEC8wzH6+0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68NxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX14mzbOqd1m9uD+v1G7yOIpwBMdwCh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+uyjPk=</latexit>

10
<latexit sha1_base64="KzIBW+59wu/xdX7u0bEC8wzH6+0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68NxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX14mzbOqd1m9uD+v1G7yOIpwBMdwCh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+uyjPk=</latexit>

10

<latexit sha1_base64="tjCU8V5jkuJZenpXqVJAZeoXC0U=">AAACDXicbZC5TgMxEIa94QrhWqCksQhIoYl2I64ygoYySOSQskvkdbxZK95D9iwirPICNLwKDQUI0dLT8TY4RwEJv2Tp0z8zGs/vJYIrsKxvI7ewuLS8kl8trK1vbG6Z2zsNFaeSsjqNRSxbHlFM8IjVgYNgrUQyEnqCNb3+5ajevGNS8Ti6gUHC3JD0Iu5zSkBbHfPAAXYPGchhyQkIYEcGMZ6Q4r2Q3D50Kkcds2iVrbHwPNhTKKKpah3zy+nGNA1ZBFQQpdq2lYCbEQmcCjYsOKliCaF90mNtjREJmXKz8TVDfKidLvZjqV8EeOz+nshIqNQg9HRnSCBQs7WR+V+tnYJ/7mY8SlJgEZ0s8lOBIcajaHCXS0ZBDDQQKrn+K6YBkYSCDrCgQ7BnT56HRqVsn5ZPro+L1YtpHHm0h/ZRCdnoDFXRFaqhOqLoET2jV/RmPBkvxrvxMWnNGdOZXfRHxucP9K2beg==</latexit> tr
(⇢̂
�̂

z 2
)

<latexit sha1_base64="SCeQg5Ek9fHbxg8kPBIPVUn7sxQ=">AAACBnicbZDLSgMxFIYz9VbrrepShGAR6qbMiLdl0Y3LivYCnVoyaaYTmskMyRmxDl258VXcuFDErc/gzrcxvSy09YfAx3/O4eT8Xiy4Btv+tjJz8wuLS9nl3Mrq2vpGfnOrpqNEUValkYhUwyOaCS5ZFTgI1ogVI6EnWN3rXQzr9TumNI/kDfRj1gpJV3KfUwLGaud3XWD3kIIaFN2AAHZVEOERXd8+HLTzBbtkj4RnwZlAAU1Uaee/3E5Ek5BJoIJo3XTsGFopUcCpYIOcm2gWE9ojXdY0KEnIdCsdnTHA+8bpYD9S5knAI/f3REpCrfuhZzpDAoGerg3N/2rNBPyzVsplnACTdLzITwSGCA8zwR2uGAXRN0Co4uavmAZEEQomuZwJwZk+eRZqhyXnpHR8dVQon0/iyKIdtIeKyEGnqIwuUQVVEUWP6Bm9ojfryXqx3q2PcWvGmsxsoz+yPn8AjweYiQ==</latexit> tr
(⇢̂

Ŝ
z
)

<latexit sha1_base64="STEq27ns3+5PsvtlBaeL0csqrac=">AAACGXicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdRGCXjxGMA/IhtA7mSRDZmeXmV4hJPkNL/6KFw+KeNSTf+MkWUETC5ouqrqZ6QpiKQy67pezsLi0vLKaWcuub2xubed2dismSjTjZRbJSNcCMFwKxcsoUPJarDmEgeTVoHc99qv3XBsRqTvsx7wRQkeJtmCAVmrmXL8LSH3djeglHfqxEU0fIfE1qI7k1Jdp/zGGzVzeLbgT0HnipSRPUpSauQ+/FbEk5AqZBGPqnhtjYwAaBZN8lPUTw2NgPejwuqUKQm4ag8llI3polRZtR9qWQjpRf28MIDSmHwZ2MgTsmllvLP7n1RNsXzQGQsUJcsWmD7UTSTGi45hoS2jOUPYtAaaF/StlXdDA0IaZtSF4syfPk8pxwTsrnN6e5ItXaRwZsk8OyBHxyDkpkhtSImXCyAN5Ii/k1Xl0np035306uuCkO3vkD5zPb34toKY=</latexit>

⇢̂ = | ⌧ ih ⌧ |
<latexit sha1_base64="bOxCzwUyMSaQlHG0Xf2oHdmzC9M="></latexit>

⇢̂ =

NtX

⌧

1

Nt
| ⌧ ih ⌧ |

Figure 5.5: Magnetization in the XXZ model with spontaneous emission and ab-
sorption — (a) Time evolution of magnetization at site 2. As expected the appli-
cation of the jump operator provokes abrupt changes in the value of magnetization
taking it to ± 1, depended on the operator acted. Even though that with this
dissipation (using equal rates) the mean value of total magnetization remains con-
stant, the value of total magnetization for the individual trajectories can have
different values from −N to N . We associate this behavior with weak conserva-
tion of magnetization. [N = 4, Nt = 800, dt = 0.01/J , γ+ = γ− = γ = 1.0].

L̂z
i =
√
γzσ̂

z
i . (5.17)

Dephasing will play a big role in Chapters 8 and 7, where it will be studied
more in depth, particularly its effect on entanglement entropy dynamics.
For now it’s enough to mention that it’s a type of dissipation that conserves
magnetization and here will serve an example to explore weak and strong
conservation laws.

For dephasing we also calculate the magnetization for individual sites in Fig.
5.6(a). If one looks at the individual trajectory, the effect of dephasing on the mag-
netization the change is less pronounced as with spontaneous emission/absorption.
Remarkably, as depicted in Fig. 5.6(b), here the value of total magnetization, Ŝz

always conserves even for individual trajectories. We associate this with a strong
conservation of magnetization. This means that ρ̂ stays an eigenoperator of Sz in
the sense that Szρ̂(t) = Mρ̂(t). This fact will be highly relevant when we study
the effect of dissipation on entanglement entropy dynamics, given that whether
the dissipation breaks or not a strong conservation of an observable on the system
will affect the growth of the entanglement entropy.

Just as a last example to illustrate how can quantum trajectories can give
insights into the dynamics of many-body systems, we consider the Transverse
Field Ising Model of Eq. (3.45). This time we use a Néel state as an initial state,
and we add dephasing as dissipation. While one could have the impression that
the total magnetization is preserved by looking at the dynamics of the density
operator in Fig. 5.7, by looking at the dynamics of the individual magnetization
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<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

<latexit sha1_base64="+oKLHyHLTb15dJ26CBcEdIL6bqA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvMtK9b5art3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+bQjPU=</latexit>�1

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="8f5PUbsVRxbRX95rgiGEuqPkQio=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevEYxTwgCWF2MpsMmZ1dZnqFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/up36zSeujYjUI45j3g3pQIlAMIpWejir9Iolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl73L8sV9pVS9yeLIwxEcwyl4cAVVuIMa1IFBAM/wCm/OyHlx3p2PeWvOyWYO4Q+czx/rroz5</latexit>�4

<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4

<latexit sha1_base64="KzIBW+59wu/xdX7u0bEC8wzH6+0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68NxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX14mzbOqd1m9uD+v1G7yOIpwBMdwCh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+uyjPk=</latexit>

10
<latexit sha1_base64="KzIBW+59wu/xdX7u0bEC8wzH6+0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68NxeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX14mzbOqd1m9uD+v1G7yOIpwBMdwCh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+uyjPk=</latexit>

10

<latexit sha1_base64="SCeQg5Ek9fHbxg8kPBIPVUn7sxQ=">AAACBnicbZDLSgMxFIYz9VbrrepShGAR6qbMiLdl0Y3LivYCnVoyaaYTmskMyRmxDl258VXcuFDErc/gzrcxvSy09YfAx3/O4eT8Xiy4Btv+tjJz8wuLS9nl3Mrq2vpGfnOrpqNEUValkYhUwyOaCS5ZFTgI1ogVI6EnWN3rXQzr9TumNI/kDfRj1gpJV3KfUwLGaud3XWD3kIIaFN2AAHZVEOERXd8+HLTzBbtkj4RnwZlAAU1Uaee/3E5Ek5BJoIJo3XTsGFopUcCpYIOcm2gWE9ojXdY0KEnIdCsdnTHA+8bpYD9S5knAI/f3REpCrfuhZzpDAoGerg3N/2rNBPyzVsplnACTdLzITwSGCA8zwR2uGAXRN0Co4uavmAZEEQomuZwJwZk+eRZqhyXnpHR8dVQon0/iyKIdtIeKyEGnqIwuUQVVEUWP6Bm9ojfryXqx3q2PcWvGmsxsoz+yPn8AjweYiQ==</latexit> tr
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Figure 5.6: Magnetization in the XXZ model with dephasing — (a) Time evolution
for magnetization at site 2. (b) Remarkably, for the case of dephasing, the total
magnetization is preserved during the whole evolution not only for the density
matrix but also for the the individual trajectories that compose the ensemble. We
reefer to this as a display of strong conservation of magnetization.[N = 4, Nt =
800, dt = 0.01/J , γz = 1.0].
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Figure 5.7: Transverse Field Ising Model with dephasing — We show the dynamics
for parity, magnetization, and total magnetization. In the case of Parity the value
of the density operator and the trajectories are superposed, since they have the
same value, i.e. the density operator stays an eigenstate to the parity operator
during the whole evolution. For the case of magnetization is different, while the
mean value of the total magnetization remains constant for the density operator,
this is not the case for the individual trajectories, and thus there is not a strong
conservation of magnetization. [N = 4, Nt = 800, dt = 0.01/J , γz = 1.0].

we can tell it’s rather a weak conservation of the mean value. In contrast the
parity, which is a conserved quantity of the systems, preserved its value both for
the density matrix and for individual trajectories that compose it.
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Chapter 6

Matrix Product Density Operator
and Operator Entanglement

The significant success of tensor networks over the past three decades has fun-
damentally transformed our understanding of quantum many-body systems and
the methods used to simulate them. Among these advancements, Matrix Product
States (MPS) have emerged as a robust tool for simulating many-body quantum
states in one dimension. The efficiency of MPS is largely due to the relatively low
entanglement present in the physical states being simulated.

However, when considering the effects of the environment on quantum sys-
tems, described through a density operator ρ̂, a critical question arises: How can
we extend and adapt tensor network methods to depict the evolution of density
operators? In the previous chapter, we introduced a method for simulating open
quantum systems via a statistical mixture of MPS-decomposed quantum states,
referred to as QT+MPS. Nonetheless, a potentially more efficient approach for
simulating such systems could be through the use of Matrix Product Density Op-
erator (MPDO). An MPDO format allows for the tensor product decomposition
of an operator, as illustrated in Fig. 6.1. Algorithms that utilize MPDOs to rep-
resent and manipulate mixed states, i.e., density matrices, have been a subject of
investigation since the early days of Tensor Networks [1, 2].

Importantly, a MPDO form allows to easily express the density matrix as a
Schmidt decomposition between a left and a right block, given by

ρ̂ =
∑

a

λaτ̂
[L]
a τ̂ [R]

a , (6.1)

where Tr(τ [L/R]
a τ

[L/R]
b ) = δab, and λa represents the Schmidt coefficients. The

bipartite entropy of this decomposition is known as the ’operator space entangle-
ment entropy’ or simply ’operator entanglement’ (OE) [3–12]. The OE quantifies
how many Schmidt values are needed to approximate the decomposition (6.1),
indicating the efficiency of an MPDO representation. This concept was first inves-
tigated by Zanardi in 2000 [4] and later reintroduced and termed Operator Space
Entanglement Entropy (OSEE) by Prosen and Pižorn [7].

It’s important to clarify that OE, unlike the entanglement entropy discussed
in Chapter 4, does not directly measure genuine quantum entanglement between
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6.1. Matrix Product Representation of Operators
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SOP(⇢̂) = SOP(|⇢̂i)

Figure 6.1: Matrix Product Density Operator and Operator Entanglement — (a)
Scheme of the MPDO concept. We aim to achieve the equivalent of a MPS de-
composition for an operator. (b) To achieve such decomposition one vectorizes
the operator; it is then its possible to perform the MPS decomposition on the
operator. SOP will be an indicator of the efficiency of such decomposition.

distinct blocks of spins when ρ̂ is a mixed state. This distinction mainly arises
from the interaction with the environment, which obstructs a direct connection
with the genuine amount of entanglement in the system. Nonetheless, the OE
remains a critical quantity as it places stringent limitations on the feasibility of
approximating ρ̂ with an MPDO. Additionally, the OE can provide insights into
quantum many-body effects such as quantum chaos and information [13–15].

In this chapter, we will explore the concept of Operator Entanglement and
examine its dynamics under various scenarios, aiming to provide a comprehensive
view of its behavior. We will also delve into the intricacies of the MPDO decom-
position, with a particular focus on the connection between these concepts and
the simulation of open quantum many-body systems.

6.1 Matrix Product Representation of Operators

Here we present two important concepts: Matrix Product Density Operator and
Operator Entanglement. Particularly the study of Operator Entanglement is one
of the essentials subjects of this thesis, which will be tackled again in Chapter ??.
Getting acquainted with these two subjects will facilitate the explanation of how
to perform the evolution in infinite open systems via tensor network methods.

6.1.1 Matrix Product Density Operator

We want to apply some of the MPS ideas introduces in Chapter 3 to density
operators. Having previously introduced the vectorized form of the density matrix
in Chapter 2 this facilitates a great part of the task. Starting then from a general
vectorized density matrix

ρ̂ =
∑

i1,i2,...,iN

ri1,i2,...,iN êi1 ⊗ êi2 ⊗ · · · ⊗ êiN (6.2)
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Figure 6.2: Trace-ket — (a) Each trace-ket is represented as a line with a triangle
on one of the edges. Notice how unlike the application of other operators where
there was a square connecting two lines in such a way that the site don’t get
’trace-out’. (b) One can obtain a reduced density matrix, in this case ρ̂1,2, by
applying a trace-ket on the other sites, here sites 3 and 4.

As previously mentioned in Chapter 2 the scalar product between operators
is defined by the trace, i.e. ⟨ρ̂1|ρ̂2⟩ = tr(ρ̂1ρ̂2). Here it is fundamental that
the basis operators êi be chosen orthonormal, tr(êiêj) = δij. An efficient choice
that maintains the tensors real, are the generalized Gell-Mann matrices [16]. The
vectorization of the density matrix, can be represented by the tensor diagramatic
notation as in Fig. 6.1. Where at the moment of vectorizing, the extra ’legs’ get
folded in such way that we keep the same number of N physical indices in with the
difference that now each these indices for 1, 2, · · · , d2 elements. One of the great
advantages of this approach is that the previous techniques that we implemented
for MPS are also applicable for the MPDO approach. In particular it is possible
to arrive to the canonical form of MPDO through a series of SVD decompositions.
This will allow to express our state as

ρ̂(t) =
∑

{in}

χ∑

an

∏

n

R[n]in
anan+1

λ[n]an

⊗

n

êin , (6.3)

where R[n] are three dimensional tensors and λ[n] the Schmidt vectors. Just like
with MPS, tensors are truncated at a maximum bond dimension χ, where only
the maximum χ values are retained to obtain an approximate representation of ρ̂
[2, 17]. The dynamics will be computed analogously to the MPS case, with the
difference that in this one will act during the trotter evolution with the evolution
operator exp(Ldt) using the Lindbladian L instead of the hermitian Hamiltonian.
A common question that arises using the vectorized form of the density matrix is
how to obtain a reduced density matrix out of the full density matrix in this
framework. Taking into account the definition of the scalar product and the
orthogonal basis choice, in order to trace over one of the sites it’s enough to
apply it a vectorized density matrix correspondent to the site one wants to trace
over. The vectorized density matrix will be refer to as a ’trace-ket’. This process
is illustrated in Fig.6.2. Using the trace-kets it’s trivial to obtain the expectation
value for each of the pauli matrices of each site given that trace-ket’s basis of the
will also be given on the Gell-Mann basis, where each of coefficients it’s simply
the expected values of the Pauli matrices multiplied by a factor 1/

√
2.

Having such representation it is important to study how efficient it actually is.
For the case of MPS, the efficiency is strongly connected with the increase of the

69



6.1. Matrix Product Representation of Operators

<latexit sha1_base64="rQmUIFqYGM7ac/CYPz8fsUhJfgI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREfG2EohuXFewDmlAm00kzdJIJMzdCDf0SNy4UceunuPNvnD4W2nrgwuGce7n3niAVXIPjfFuFldW19Y3iZmlre2e3bO/tt7TMFGVNKoVUnYBoJnjCmsBBsE6qGIkDwdrB8Hbitx+Z0lwmDzBKmR+TQcJDTgkYqWeXvYgA9lQkq3CCr3HPrjg1Zwq8TNw5qaA5Gj37y+tLmsUsASqI1l3XScHPiQJOBRuXvEyzlNAhGbCuoQmJmfbz6eFjfGyUPg6lMpUAnqq/J3ISaz2KA9MZE4j0ojcR//O6GYRXfs6TNAOW0NmiMBMYJJ6kgPtcMQpiZAihiptbMY2IIhRMViUTgrv48jJpndbci9r5/VmlfjOPo4gO0RGqIhddojq6Qw3URBRl6Bm9ojfryXqx3q2PWWvBms8coD+wPn8A2GmR6w==</latexit>

⇢̂(t) =
<latexit sha1_base64="0yFSUqiiQeLe0DeMaSYMeRDJyko=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjQsXFewDklgm00k7dDIJMzdCDf0SNy4UceunuPNvnLZZaPXAhcM593LvPWEquAbH+bJKS8srq2vl9crG5tZ21d7ZbeskU5S1aCIS1Q2JZoJL1gIOgnVTxUgcCtYJR1dTv/PAlOaJvINxyoKYDCSPOCVgpJ5d9YcEsA8ku8+9m2DSs2tO3ZkB/yVuQWqoQLNnf/r9hGYxk0AF0dpznRSCnCjgVLBJxc80SwkdkQHzDJUkZjrIZ4dP8KFR+jhKlCkJeKb+nMhJrPU4Dk1nTGCoF72p+J/nZRBdBDmXaQZM0vmiKBMYEjxNAfe5YhTE2BBCFTe3YjokilAwWVVMCO7iy39J+7juntVPb09qjcsijjLaRwfoCLnoHDXQNWqiFqIoQ0/oBb1aj9az9Wa9z1tLVjGzh37B+vgGhKaTBA==</latexit>

⌧̂ [L]
<latexit sha1_base64="5dirv+9fhnDANx7iPTcAUKocW3k=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjcsq9gFJLJPppB06mYSZG6GGfokbF4q49VPc+TdO2yy0euDC4Zx7ufeeMBVcg+N8WaWl5ZXVtfJ6ZWNza7tq7+y2dZIpylo0EYnqhkQzwSVrAQfBuqliJA4F64Sjq6nfeWBK80TewThlQUwGkkecEjBSz676QwLYB5Ld595tMOnZNafuzID/ErcgNVSg2bM//X5Cs5hJoIJo7blOCkFOFHAq2KTiZ5qlhI7IgHmGShIzHeSzwyf40Ch9HCXKlAQ8U39O5CTWehyHpjMmMNSL3lT8z/MyiC6CnMs0AybpfFGUCQwJnqaA+1wxCmJsCKGKm1sxHRJFKJisKiYEd/Hlv6R9XHfP6qc3J7XGZRFHGe2jA3SEXHSOGugaNVELUZShJ/SCXq1H69l6s97nrSWrmNlDv2B9fAONypMK</latexit>

⌧̂ [R]

<latexit sha1_base64="PsURHnJ03703DskUnr5fw2m/UWo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxZsV7Qe0oWy203bpZhN3J8US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8w8PxJco+N8W7ml5ZXVtfx6YWNza3unuLtX12GsGNRYKELV9KkGwSXUkKOAZqSABr6Ahj+8nviNESjNQ/mA4wi8gPYl73FG0UjefSdpIzxhcltN006x5JSdKexF4makRDJUO8WvdjdkcQASmaBat1wnQi+hCjkTkBbasYaIsiHtQ8tQSQPQXjI9OrWPjNK1e6EyJdGeqr8nEhpoPQ580xlQHOh5byL+57Vi7F16CZdRjCDZbFEvFjaG9iQBu8sVMBRjQyhT3NxqswFVlKHJqWBCcOdfXiT1k7J7Xj67Oy1VrrI48uSAHJJj4pILUiE3pEpqhJFH8kxeyZs1sl6sd+tj1pqzspl98gfW5w83W5Jo</latexit>

SOP

Figure 6.3: Operator Entanglement — Operator Entanglement gives us informa-
tion about the number of Schmidt coefficients to efficiently do a MPDO represen-
tation of an operator ρ̂.

entanglement entropy. For the case of MPDO, the measure we will use to study
the complexity of such representation is Operator Entanglement.

6.1.2 Operator Entanglement

Having mentioned OE in the introduction, let’s proceed to give a more detailed
analysis about it. Starting from Eq. (6.1) we can start by mention that the λi
are positive real coefficients, in decreasing order as with the case of entanglement
entropy. The set of coefficients {λi} is unique, and is invariant under changes of
basis of HL and HR. A general expression for the Operator Entanglement can be
expressed as

Sα
OP =

1

1− α log2

(
r∑

i

λ2αi

)
. (6.4)

which for the limit α → 1 it becomes the Operator version for Von Neuman
entropy

SOP = −
r∑

i

(λi)
2log2(λi)

2. (6.5)

This is the expression that we will refer to as OE and that will be used through-
out this thesis. Following Ref. [8] one can rewrite the Eq. (6.4), for an integer
α ≥ 2 in such a way that involves the swap operator over α identical copies. The
operator expression involves α replicas of ρ̂, ρ̂⊗α = ρ̂⊗ · · · ⊗ ρ̂, their complex con-
jugates, and the swap operator that cyclically permutes the replicas of subsystem
A, SA

( 1, 2, 3, . . . , α), as well as its inverse SA (1, α, α − 1, ..., 2). The expression
reads

(α integer ≥ 2) Sα
OP =

1

1− α log2

(
tr[(ρ̂⊗α) · SA

(1,α,α−1,...,2) · ρ̂⊗α · SA
(1,2,3,...,α)

tr[(ρ̂†)⊗α · ρ̂⊗α]

)
.

(6.6)
If one wants to relate the OE of a density matrix ρ̂, to a physical observ-

able, then Eq. (6.6) it’s not enough since the traces involves expressions that are
quadratic in the replicated density matrix ρ̂⊗α. There is, however, solution to this
issue. Following Ref.[18], it is possible to write Eq. (6.6) in terms of expectation
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values in a system with 2α replicas—instead of α replicas

Sα
OP(ρ̂) =

1

1− α log2

(
tr[(ρ̂⊗2α) · SA∪B

(1,α+1)(2,α+2)...(α,2α) · SA
(1,2,3,...,α)(α+1,2α,2α−1,...,α+2)

tr[(ρ̂⊗2α · SA∪B
(1,α+1)(2,α+2)...(α,2α)]

)
.

(6.7)
While it’s true that this expression may seem quite cumbersome, what is important
to keep in mind is that Sα

OP(ρ̂) is measurable, at least in principle, since both
the numerator and the denominator in the logarithm are expectation values of
observables.

To finish this section we will list some of what we consider are essential remarks
about OE :

• The OE of |ψ⟩ ⟨ψ| is exactly twice the entanglement entropy of |ψ⟩.

Certainly, the OE and the entanglement entropy for states are not the same,
and one cannot establish a general relation between them. Particularly,
the OE is a measure of complexity for operators, which allows us to deal
with open quantum systems represented by the density operator ρ̂, which is
not possible to do with a pure state |ψ⟩. However, one case where a direct
connection can be established is when the operator ρ̂ is the density matrix of
a pure state, |ψ⟩ ⟨ψ|. In that case, the OE is exactly twice the entanglement
entropy of |ψ⟩:

Sα
OP(|ψ⟩ ⟨ψ|) = 2Sα(|ψ⟩). (6.8)

This simply follows from the fact that a Schmidt decomposition of the state
|ψ⟩ automatically induces a Schmidt decomposition for the operator |ψ⟩ ⟨ψ|.
Such increase on the value of entanglement entropy passing from state to
operator |ψ⟩ → |ψ⟩ ⟨ψ| implies an increase in dimension χ → χ2 for the
system to be accurately simulated, since the bond dimension has to increase
at least as χ ∝ 2S(t).

• The OE is not a measure of entanglement in a mixed state

Although mentioned previously, we cannot stress enough the fact that for
mixed states, despite its name, OE is not a genuine measure of entanglement.
One counter example is presented in [7] by Prosen and Pižorn in which they
present a state of the form 1

2
(ρ̂A,1 ⊗ ρ̂B,1 + ρ̂A,2 ⊗ ρ̂B,2), which has non-zero

OE, however it can be prepared by a fully classical protocol.

• It is possible to experimentally measure OE

In recent years several schemes and experiments have been made to study
entanglement entropy experimentally [19–21]. Many of these schemes rely
on
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6.2 Time Evolving Block Decimation for Infinite
Open Systems

In this section we will present a method to simulate translationally invariant open
infinite systems. This section is heavily based on the works of Orús and Vidal
[22, 23].

6.2.1 Infinite Open Systems

Previously on Chapter 3 we show how to simulate closed 1D infinite translationally
invariant systems. We now want do the analogous for open systems. This will
imply dealing with a non-unitary evolution which prevents us for applying the same
method as in Chapter 3. Therefore it will necessary to apply a re-orthogonalization
scheme developed by Orus and Vidal [22, 23]. Instead of the previous left and
right orthonormality conditions depicted in Fig. 3.5, the tensors will now yield
L = (λ[n]Γ[n])(λ[n])(Γ[n])∗, and R = (Γ[n]λ[n])(Γ[n]λ[n])∗, where L and R are a set
of eigenvectors. In order to restore the orthonormality we will begin by finding
the dominant eigenvectors L and R to which the biggest eigenvalues, ηL and ηR,
correspond and which we denominate VR and VR. On Fig.(a) 6.4 one can see
a schematic representation of the dominant eigenvectors VL and VR introducing
these eigenvectors parallelly into the MPS via the identity one can ultimately
express the infinite MPS in the canonical form. The process is explained detailly
in Fig. 6.4. To gain some intuition about how this works, it can be convenient
to imagine it as an analogous of multiplying tensor L/R with an eigenvector from
the left and its inverse from the right. It’s easy to see that this new matrices will
have the identity matrix as an eigenvector. Such process is done in parallel in Fig.
6.4.

In Fig. 6.5 we can see that indeed the new tensors {λ′, Γ′} fullfill the canonical
form. Decomposing the new obtained tensors and re-acommodating we can arrive
to the identity multiplied by the eigenvalue of the dominant eigenvector.

Knowing how to transform tensors {λ,Γ} into canonical form, the process to
perform the trotter evolution in infinite open systems becomes trivial. Having
an infinite system with two-site translational invariance, we apply the two-site
super-operator exp(L1,2dt) and we want to recover the canonical form after the
evolution step, as depicted in Fig. 6.6. After applying the superoperator we will
obtain tensor θ, for which we’ll find the correspondent right and left dominant
eigenvectors. Then from here we can follow the same process as in Fig. 6.5 up
until (e). However, before obtaining the canonical form, we must apply a SVD
in which the resulting tensors X and Y are not necessarily in the canonical form.
The last step is equivalent to the one in Fig. 3.13, where introducing the tensors
γ via the identity it’s enough to recover the canonical form.
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<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR
<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>= <latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR
<latexit sha1_base64="24ckXuDoMPJ59hYNgQlPEt/Qx7E=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjFPCBZwuykNxkzO7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbWqaKYp1KLlUrJBo5E1g3zHBsJQpJHHJshsObid98QqWZFA9mlGAQk75gEaPEWKnRQUO6991S2at4U7iLxM9JGXLUuqWvTk/SNEZhKCdat30vMUFGlGGU47jYSTUmhA5JH9uWChKjDrLptWP32Co9N5LKljDuVP09kZFY61Ec2s6YmIGe9ybif147NdFVkDGRpAYFnS2KUu4a6U5ed3tMITV8ZAmhitlbXTogilBjAyraEPz5lxdJ47TiX1TO787K1es8jgIcwhGcgA+XUIVbqEEdKDzCM7zCmyOdF+fd+Zi1Ljn5zAH8gfP5A2XWjwc=</latexit>⌘R

<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>

=

<latexit sha1_base64="oGBDKgGxdKNzL17w3ztPRh9CyQg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68eAhgnlAsoTZSW8yZnZ2mZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zSdUmsfywYwS9CPalzzkjBorNTpoaPeuWyq7FXcKski8nJQhR61b+ur0YpZGKA0TVOu25ybGz6gynAkcFzupxoSyIe1j21JJI9R+Nr12TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/z2qkJr/yMyyQ1KNlsUZgKYmIyeZ30uEJmxMgSyhS3txI2oIoyYwMq2hC8+ZcXSeO04l1Uzu/PytXrPI4CHMIRnIAHl1CFW6hBHRg8wjO8wpsTOy/Ou/Mxa11y8pkD+APn8wdcvo8B</latexit>⌘L
<latexit sha1_base64="xDUpAJBpdJrmMWmiJbvwOT2sfiw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00n2zd9srV9yqOwP5S7ycVCBHvVf+7PZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObJKn4SxtqWQzNSfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48l/SPKl659Wzu9NK7SqPowgHcAjH4MEF1OAG6tAABgN4ghd4daTz7Lw57/PWgpPP7MMvOB/fBBCNow==</latexit>

VL

<latexit sha1_base64="xDUpAJBpdJrmMWmiJbvwOT2sfiw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00n2zd9srV9yqOwP5S7ycVCBHvVf+7PZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObJKn4SxtqWQzNSfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48l/SPKl659Wzu9NK7SqPowgHcAjH4MEF1OAG6tAABgN4ghd4daTz7Lw57/PWgpPP7MMvOB/fBBCNow==</latexit>

VL

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)
<latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>= <latexit sha1_base64="Q54Nd6LYXZgR/YcNXphUm2kIJ78=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8f42CSQLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uMBVcG9f9cgpLyyura8X10sbm1vZOeXevoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4PfWbj6g0T+SDGaUYxLQvecQZNVa697t33XLFrbozkL/Ey0kFctS75c9OL2FZjNIwQbVue25qgjFVhjOBk1In05hSNqR9bFsqaYw6GM9OnZAjq/RIlChb0pCZ+nNiTGOtR3FoO2NqBnrRm4r/ee3MRJfBmMs0MyjZfFGUCWISMv2b9LhCZsTIEsoUt7cSNqCKMmPTKdkQvMWX/5LGSdU7r57dnlZqV3kcRTiAQzgGDy6gBjdQBx8Y9OEJXuDVEc6z8+a8z1sLTj6zD7/gfHwDC6KNqA==</latexit>

UR

<latexit sha1_base64="84ZyWYB1BRtiLbXbde58BS3sMDA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRi8cqpi2ksWw2k3TpZhN2N0IJ/RlePCji1V/jzX/jts1Bqw8GHu/NMDMvyDhT2ra/rMrS8srqWnW9trG5tb1T393rqDSXFFya8lT2AqKAMwGuZppDL5NAkoBDNxhdT/3uI0jFUnGvxxn4CYkFixgl2kieO7h76IckjkEO6g27ac+A/xKnJA1Uoj2of/bDlOYJCE05Ucpz7Ez7BZGaUQ6TWj9XkBE6IjF4hgqSgPKL2ckTfGSUEEepNCU0nqk/JwqSKDVOAtOZED1Ui95U/M/zch1d+gUTWa5B0PmiKOdYp3j6Pw6ZBKr52BBCJTO3YjokklBtUqqZEJzFl/+SzknTOW+e3Z42WldlHFV0gA7RMXLQBWqhG9RGLqIoRU/oBb1a2nq23qz3eWvFKmf20S9YH98IzpEc</latexit>

U†
R

<latexit sha1_base64="IDyMXyTL4/1VmdLLm6kYw1z28Ho=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwWMUs2AyhJ5OT9Kkp2fsrhHCkL/w4kERr/6NN//GznLQ6IOCx3tVVNULEikMuu6Xk1tYXFpeya8W1tY3NreK2zt1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgcuw3Hrk2IlZ3OEy4H9GeEqFgFK103zYPGrOrzu2oUyy5ZXcC8pd4M1KCGaqd4me7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyYXj8iBVbokjLUthWSi/pzIaGTMMApsZ0Sxb+a9sfif10oxPPczoZIUuWLTRWEqCcZk/D7pCs0ZyqEllGlhbyWsTzVlaEMq2BC8+Zf/kvpR2Tstn9wclyoXszjysAf7cAgenEEFrqEKNWCg4Ale4NUxzrPz5rxPW3PObGYXfsH5+Aa/vZD7</latexit>p
DR

<latexit sha1_base64="IDyMXyTL4/1VmdLLm6kYw1z28Ho=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwWMUs2AyhJ5OT9Kkp2fsrhHCkL/w4kERr/6NN//GznLQ6IOCx3tVVNULEikMuu6Xk1tYXFpeya8W1tY3NreK2zt1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgcuw3Hrk2IlZ3OEy4H9GeEqFgFK103zYPGrOrzu2oUyy5ZXcC8pd4M1KCGaqd4me7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyYXj8iBVbokjLUthWSi/pzIaGTMMApsZ0Sxb+a9sfif10oxPPczoZIUuWLTRWEqCcZk/D7pCs0ZyqEllGlhbyWsTzVlaEMq2BC8+Zf/kvpR2Tstn9wclyoXszjysAf7cAgenEEFrqEKNWCg4Ale4NUxzrPz5rxPW3PObGYXfsH5+Aa/vZD7</latexit>p
DR

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="GRl/DbTisOxOA8tJrMYA2Kig/oI=">AAAB8HicbVDLSsNAFJ34rPVVdelmsAiuSiK+lkU3LivYh7SxTCY36dCZSZiZCCX0K9y4UMStn+POv3HaZqGtBy4czrmXe+8JUs60cd1vZ2l5ZXVtvbRR3tza3tmt7O23dJIpCk2a8ER1AqKBMwlNwwyHTqqAiIBDOxjeTPz2EyjNEnlvRin4gsSSRYwSY6WHzmMvJHEMql+pujV3CrxIvIJUUYFGv/LVCxOaCZCGcqJ113NT4+dEGUY5jMu9TENK6JDE0LVUEgHaz6cHj/GxVUIcJcqWNHiq/p7IidB6JALbKYgZ6HlvIv7ndTMTXfk5k2lmQNLZoijj2CR48j0OmQJq+MgSQhWzt2I6IIpQYzMq2xC8+ZcXSeu05l3Uzu/OqvXrIo4SOkRH6AR56BLV0S1qoCaiSKBn9IreHOW8OO/Ox6x1ySlmDtAfOJ8/sJWQWg==</latexit>

X†

<latexit sha1_base64="IDyMXyTL4/1VmdLLm6kYw1z28Ho=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwWMUs2AyhJ5OT9Kkp2fsrhHCkL/w4kERr/6NN//GznLQ6IOCx3tVVNULEikMuu6Xk1tYXFpeya8W1tY3NreK2zt1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgcuw3Hrk2IlZ3OEy4H9GeEqFgFK103zYPGrOrzu2oUyy5ZXcC8pd4M1KCGaqd4me7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyYXj8iBVbokjLUthWSi/pzIaGTMMApsZ0Sxb+a9sfif10oxPPczoZIUuWLTRWEqCcZk/D7pCs0ZyqEllGlhbyWsTzVlaEMq2BC8+Zf/kvpR2Tstn9wclyoXszjysAf7cAgenEEFrqEKNWCg4Ale4NUxzrPz5rxPW3PObGYXfsH5+Aa/vZD7</latexit>p
DR

<latexit sha1_base64="IDyMXyTL4/1VmdLLm6kYw1z28Ho=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzqwWMUs2AyhJ5OT9Kkp2fsrhHCkL/w4kERr/6NN//GznLQ6IOCx3tVVNULEikMuu6Xk1tYXFpeya8W1tY3NreK2zt1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8Hgcuw3Hrk2IlZ3OEy4H9GeEqFgFK103zYPGrOrzu2oUyy5ZXcC8pd4M1KCGaqd4me7G7M04gqZpMa0PDdBP6MaBZN8VGinhieUDWiPtyxVNOLGzyYXj8iBVbokjLUthWSi/pzIaGTMMApsZ0Sxb+a9sfif10oxPPczoZIUuWLTRWEqCcZk/D7pCs0ZyqEllGlhbyWsTzVlaEMq2BC8+Zf/kvpR2Tstn9wclyoXszjysAf7cAgenEEFrqEKNWCg4Ale4NUxzrPz5rxPW3PObGYXfsH5+Aa/vZD7</latexit>p
DR

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="UQPlrmFog7yzVI8sx6I1end3D40=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5kWyhtnZ2WTIzOwyMyuEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJJxp47rfTmFldW19o7hZ2tre2d0r7x80dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gpGt1O/9USVZrF8MOOE+gIPJIsYwcZKnc5jL8SDAVX9csWtujOgZeLlpAI56v3yVy+MSSqoNIRjrbuemxg/w8owwumk1Es1TTAZ4QHtWiqxoNrPZgdP0IlVQhTFypY0aKb+nsiw0HosAtspsBnqRW8q/ud1UxNd+xmTSWqoJPNFUcqRidH0exQyRYnhY0swUczeisgQK0yMzahkQ/AWX14mzbOqd1m9uD+v1G7yOIpwBMdwCh5cQQ3uoA4NICDgGV7hzVHOi/PufMxbC04+cwh/4Hz+ALIhkFs=</latexit>

Y † <latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="xDUpAJBpdJrmMWmiJbvwOT2sfiw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00n2zd9srV9yqOwP5S7ycVCBHvVf+7PZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObJKn4SxtqWQzNSfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48l/SPKl659Wzu9NK7SqPowgHcAjH4MEF1OAG6tAABgN4ghd4daTz7Lw57/PWgpPP7MMvOB/fBBCNow==</latexit>

VL

<latexit sha1_base64="wI/N0vgyqrok4LQSVSqQB9ynn20=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSTi17HoxWMF+4FtKJvNpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJnnJ4JrdJxva2l5ZXVtvbBR3Nza3tkt7e03dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q9vJn7rEZTmsbzHUQJeRPuSh5xRNNJDF+EJs0pwMu6Vyk7VmcJeJG5OyiRHvVf66gYxSyOQyATVuuM6CXoZVciZgHGxm2pIKBvSPnQMlTQC7WXTi8f2sVECO4yVKYn2VP09kdFI61Hkm86I4kDPexPxP6+TYnjlZVwmKYJks0VhKmyM7cn7dsAVMBQjQyhT3NxqswFVlKEJqWhCcOdfXiTN06p7UT2/OyvXrvM4CuSQHJEKccklqZFbUicNwogkz+SVvFnaerHerY9Z65KVzxyQP7A+fwBWjpC2</latexit>

(d)

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1 <latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1

<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> { <latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> {

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0 <latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="azKGfTO+Akf+AFs53QZLwBygod8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpiU4GXcLRbfsTkEXiZeRIslQ7Ra+2r2IJyEo5JIZ0/LcGDsp0yi4hHG+nRiIGR+yPrQsVSwE00mnF4/psVV6NIi0LYV0qv6eSFlozCj0bWfIcGDmvYn4n9dKMLjqpELFCYLis0VBIilGdPI+7QkNHOXIEsa1sLdSPmCacbQh5W0I3vzLi6R+WvYuyud3Z8XKdRZHjhySI1IiHrkkFXJLqqRGOFHkmbySN8c4L8678zFrXXKymQPyB87nD1gUkLc=</latexit>

(e)
<latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0 <latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0 <latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0 <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0 <latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0 <latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="cJlNtdMikpBzBTuUbGl7WMR/0fo=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVd8XUMevEYwTwgWcLsZJIMmZ1ZZnrFsAT8FS8eFPHqd3jzb5xN9qCJBQ1FVTfdXWEsuAHP+3YKS8srq2vF9dLG5tb2jru71zAq0ZTVqRJKt0JimOCS1YGDYK1YMxKFgjXD0U3mNx+YNlzJexjHLIjIQPI+pwSs1HUPOsAeIaVEKmlFgftKR5OuW/Yq3hR4kfg5KaMcta771ekpmkRMAhXEmLbvxRCkRAOngk1KncSwmNARGbC2pZJEzATp9PwJPrZKL1tsSwKeqr8nUhIZM45C2xkRGJp5LxP/89oJ9K+ClMs4ASbpbFE/ERgUzrLAPa4ZBTG2hFDN7a2YDokmFGxiJRuCP//yImmcVvyLyvndWbl6ncdRRIfoCJ0gH12iKrpFNVRHFKXoGb2iN+fJeXHenY9Za8HJZ/bRHzifP+jJlhw=</latexit>

canonical form

<latexit sha1_base64="BqN6UGj//RaGdJNof6ojoxaFT9Q=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpqXgZNwtFN2yOwVdJF5GiiRDtVv4avcinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyVLEQTCedXjymx1bp0SDSthTSqfp7ImWhMaPQt50hw4GZ9ybif14rweCqkwoVJwiKzxYFiaQY0cn7tCc0cJQjSxjXwt5K+YBpxtGGlLchePMvL5L6adm7KJ/fnRUr11kcOXJIjkiJeOSSVMgtqZIa4USRZ/JK3hzjvDjvzsesdcnJZg7IHzifP1makLg=</latexit>

(f)

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

Figure 6.4: Obtaining the canonical form — (a) We want to re-orthonormalize an
infinitely invariant system (b) In order to do that we need to find the dominant
eigenvectors VR and VL. (c) We decompose the dominant eigenvectors, as squares
VR = XX† and VL = Y †Y . (d) We introduce the two resolutions of the identity
matrix I = (Y )−1Y and I = XX−1 in the bond indices of the infinite MPS.
Then, compute the singular value decomposition of the product Y λX, namely
Y λX = Uλ′V , where U , V are unitary and the diagonal matrix λ contains the
Schmidt coefficients of |ψi⟩ (e) We arrange the remaining tensors V,X−1,Γ, (Y )−1

and U into a new tensor Γ′. (f) New tensors {Γ′λ′} fulfill the canonical form.

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)

<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>=
<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1
<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0
<latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0

<latexit sha1_base64="R114Y8aPg4vmMIKuVvgzv2drTdY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA9hV3xdQx60GME84BkCb2T2WTIzOwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJpxp43nfztLyyuraemGjuLm1vbNb2ttv6DhVhNZJzGPVClFTziStG2Y4bSWKogg5bYbD24nffKJKs1g+mlFCA4F9ySJG0Fip2blDIfCkWyp7FW8Kd5H4OSlDjlq39NXpxSQVVBrCUeu27yUmyFAZRjgdFzuppgmSIfZp21KJguogm547do+t0nOjWNmSxp2qvycyFFqPRGg7BZqBnvcm4n9eOzXRdZAxmaSGSjJbFKXcNbE7+d3tMUWJ4SNLkChmb3XJABUSYxMq2hD8+ZcXSeOs4l9WLh7Oy9WbPI4CHMIRnIIPV1CFe6hBHQgM4Rle4c1JnBfn3fmYtS45+cwB/IHz+QO7dI8w</latexit>

�0
<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V <latexit sha1_base64="/zPEIRN6hWntQsIC0LRRcRhkxX4=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr4tQ9KK3CjYttGnZbCbt0s0m7G6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/hTGnb/rYKS8srq2vF9dLG5tb2Tnl3z1VxKik0aMxj2fKJAs4ENDTTHFqJBBL5HJr+8GbiNx9BKhaLBz1KwItIX7CQUaKN1HXdbicg/T5IfIXveuWKXbWnwIvEyUkF5aj3yl+dIKZpBEJTTpRqO3aivYxIzSiHcamTKkgIHZI+tA0VJALlZdOrx/jIKAEOY2lKaDxVf09kJFJqFPmmMyJ6oOa9ifif1051eOllTCSpBkFni8KUYx3jSQQ4YBKo5iNDCJXM3IrpgEhCtQmqZEJw5l9eJO5J1Tmvnt2fVmrXeRxFdIAO0TFy0AWqoVtURw1EkUTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8ASgykaY=</latexit>

V V † = I
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="tn0iGhzBsb9ozTFwpAIwPrtzN9I=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlRnxtSy6cVnBPqAdyp0004ZmMmOSEcrQn3DjQhG3/o47/8a0nYW2HggczjmX3HuCRHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHaeKsjqNRaxaAWomuGR1w41grUQxjALBmsHwduI3n5jSPJYPZpQwP8K+5CGnaKzU6ggb7eFJt1R2K+4UZJF4OSlDjlq39NXpxTSNmDRUoNZtz02Mn6EynAo2LnZSzRKkQ+yztqUSI6b9bLrvmBxbpUfCWNknDZmqvycyjLQeRYFNRmgGet6biP957dSE137GZZIaJunsozAVxMRkcjzpccWoESNLkCpudyV0gAqpsRUVbQne/MmLpHFW8S4rF/fn5epNXkcBDuEITsGDK6jCHdSgDhQEPMMrvDmPzovz7nzMoktOPnMAf+B8/gCizo+4</latexit>

�0

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit> {

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�

<latexit sha1_base64="5l7hn0L5H5u6s03HAwLT11ye4FY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtRGKblxWsW2gjWEyuUmHTh7MTAol9E/cuFDErX/izr9x2mah1QMXDufcy733+BlnUlnWl1FZWl5ZXauu1zY2t7Z3zN29jkxzQaFNU54KxycSOEugrZji4GQCSOxz6PrDm6nfHYGQLE0e1DgDNyZRwkJGidKSZ5qO89gPSBSBwFe44917Zt1qWDPgv8QuSR2VaHnmZz9IaR5DoignUvZsK1NuQYRilMOk1s8lZIQOSQQ9TRMSg3SL2eUTfKSVAIep0JUoPFN/ThQklnIc+7ozJmogF72p+J/Xy1V46RYsyXIFCZ0vCnOOVYqnMeCACaCKjzUhVDB9K6YDIghVOqyaDsFefPkv6Zw07PPG2d1pvXldxlFFB+gQHSMbXaAmukUt1EYUjdATekGvRmE8G2/G+7y1YpQz++gXjI9vGgmSrQ==</latexit>

XX† = VR

<latexit sha1_base64="niFe2wXfxcHwOGUJVDOONWAyDYw=">AAAB8nicbVDJSgNBEO1xjXGLevTSGAQvhhlxuwhBL3qLYDYmY+jp9CRNerqH7hohDPkMLx4U8erXePNv7CwHTXxQ8Hiviqp6YSK4Adf9dhYWl5ZXVnNr+fWNza3tws5uzahUU1alSijdCIlhgktWBQ6CNRLNSBwKVg/7NyO//sS04Uo+wCBhQUy6kkecErCS32w+ZsfeEF/hu3ah6JbcMfA88aakiKaotAtfrY6iacwkUEGM8T03gSAjGjgVbJhvpYYlhPZJl/mWShIzE2Tjk4f40CodHCltSwIeq78nMhIbM4hD2xkT6JlZbyT+5/kpRJdBxmWSApN0sihKBQaFR//jDteMghhYQqjm9lZMe0QTCjalvA3Bm315ntROSt556ez+tFi+nsaRQ/voAB0hD12gMrpFFVRFFCn0jF7RmwPOi/PufExaF5zpzB76A+fzB4W+kB4=</latexit>

Y Y �1 = I

<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>=
<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�

<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="rJu5SV/ySA9LPvv0pvCs0g7NNwQ=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEPeoxgFkiGUNPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KwFDOJK1bZjltJZqCiDhtRsObid98otowJR/sKKGhgL5kMSNgndTo3IIQ0C2V/Yo/BV4kQU7KKEetW/rq9BRJBZWWcDCmHfiJDTPQlhFOx8VOamgCZAh92nZUgqAmzKbXjvGxU3o4VtqVtHiq/p7IQBgzEpHrFGAHZt6biP957dTGV2HGZJJaKslsUZxybBWevI57TFNi+cgRIJq5WzEZgAZiXUBFF0Iw//IiaZxWgovK+f1ZuXqdx1FAh+gInaAAXaIqukM1VEcEPaJn9IrePOW9eO/ex6x1yctnDtAfeJ8/WSuO/w==</latexit>

�
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�

<latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>=

<latexit sha1_base64="Nc8JBoLJwLH74YabXkCw/VqIA9Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCtYU2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5Gt1O//cS1EYl6wHHK/ZgOlIgEo2ildk/aaEj71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ+tOyIlVQhIl2j6FZKb+nshpbMw4Dmwypjg0i95U/M/rZhhd+7lQaYZcsflHUSYJJmR6OwmF5gzl2BLKtLC7EjakmjK0DVVsCd7iycvk8azuXdYv7s9rjZuijjIcwTGcggdX0IA7aEILGIzgGV7hzUmdF+fd+ZhHS04xcwh/4Hz+AEAFj4c=</latexit>

�
<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="jfy+4+px+yCyXcYNXgjTXylmWHM=">AAACLnicdVBNaxsxFNQ6Teu6aesmx15ETcC9mN3Sr0vBpIT06IT6A7xr81b7bAtL2kXSFsziX5RL/0pyKDSl9JqfEdneQ2s3A4LRzBukN3EmuLG+/9Or7D3Yf/io+rj25ODps+f1F4c9k+aaYZelItWDGAwKrrBruRU4yDSCjAX24/nnld//htrwVH21iwwjCVPFJ5yBddK4ftoMz0BKGBVDFS1D4ZJJeXk9ChOYTlHfO0E/0RAtjC/G9Ybf8teguyQoSYOU6Izr12GSslyiskyAMcPAz2xUgLacCVzWwtxgBmwOUxw6qkCiiYr1ukt67JSETlLtjrJ0rf6dKEAas5Cxm5RgZ2bbW4n/84a5nXyMCq6y3KJim4cmuaA2pavuaMI1MisWjgDT3P2VshloYNY1XHMlBNsr75Lem1bwvvXu/G2jfVLWUSUvySvSJAH5QNrkC+mQLmHkklyRG/LL++798H57fzajFa/MHJF/4N3eAaz3qYg=</latexit>

(�[n]�[n])†�[n]�[n] = ⌘R

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V

<latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR

<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="3ZpWLqMvC7MtXwZqxAdaqVKbsEs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK91ekV664VXcG8pd4OalAjnqv/NntxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbphBxZpU/CWNmShszUnxMZjbQeR4HtjKgZ6kVvKv7ndVITXvoZl0lqULL5ojAVxMRk+jbpc4XMiLEllClubyVsSBVlxoZTsiF4iy//Jc2TqndePbs7rdSu8ziKcACHcAweXEANbqEODWAQwhO8wKszcp6dN+d93lpw8pl9+AXn4xvlroz1</latexit>=
<latexit sha1_base64="24ckXuDoMPJ59hYNgQlPEt/Qx7E=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjFPCBZwuykNxkzO7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbWqaKYp1KLlUrJBo5E1g3zHBsJQpJHHJshsObid98QqWZFA9mlGAQk75gEaPEWKnRQUO6991S2at4U7iLxM9JGXLUuqWvTk/SNEZhKCdat30vMUFGlGGU47jYSTUmhA5JH9uWChKjDrLptWP32Co9N5LKljDuVP09kZFY61Ec2s6YmIGe9ybif147NdFVkDGRpAYFnS2KUu4a6U5ed3tMITV8ZAmhitlbXTogilBjAyraEPz5lxdJ47TiX1TO787K1es8jgIcwhGcgA+XUIVbqEEdKDzCM7zCmyOdF+fd+Zi1Ljn5zAH8gfP5A2XWjwc=</latexit>⌘R

<latexit sha1_base64="NB3UBhddkD0vX6Dq0T3JyQ7ymN4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94SMA9IljA76SRjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7dRvPqHSPJIPZhyjH9KB5H3OqLFS7b5bLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3RCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9lMu48SgZPNF/UQQE5Hp16THFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGmdl77J8UTsvVW6yOPJwBMdwCh5cQQXuoAp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A6I9jNc=</latexit>

I<latexit sha1_base64="24ckXuDoMPJ59hYNgQlPEt/Qx7E=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjFPCBZwuykNxkzO7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbWqaKYp1KLlUrJBo5E1g3zHBsJQpJHHJshsObid98QqWZFA9mlGAQk75gEaPEWKnRQUO6991S2at4U7iLxM9JGXLUuqWvTk/SNEZhKCdat30vMUFGlGGU47jYSTUmhA5JH9uWChKjDrLptWP32Co9N5LKljDuVP09kZFY61Ec2s6YmIGe9ybif147NdFVkDGRpAYFnS2KUu4a6U5ed3tMITV8ZAmhitlbXTogilBjAyraEPz5lxdJ47TiX1TO787K1es8jgIcwhGcgA+XUIVbqEEdKDzCM7zCmyOdF+fd+Zi1Ljn5zAH8gfP5A2XWjwc=</latexit>⌘R

<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)

Figure 6.5: Proof of canonical form — Proof that {Γ′λ′}, the infinite MPS ob-
tained from {Γλ} by re-orthonormalizing its bond indices following Fig. 6.4, is
indeed in the canonical form. (a) We decompose tensors Γ′. (b) We the proceed
to decompose tensor λ′.(c) Having plugged in tensors {Γλ} we obtain the right
orthogonality. Here we applied the right orthogonalization, using eigenvector VR.
The procedure for left orthogonalization with eigenvector VL is analogous.
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6.2. Time Evolving Block Decimation for Infinite Open Systems

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)

<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="04F4+LGyJ2lU8QtL0sMYLfaZ1CM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRgx4r2A9IYplsN+3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obgSaciZpyzDDaTdVFETEaSca3Uz9zhNVmiXywYxTGgoYSBYzAsZKQXALQsBj7nvhpFetuXV3BrxMvILUUIFmr/oV9BOSCSoN4aC177mpCXNQhhFOJ5Ug0zQFMoIB9S2VIKgO89nNE3xilT6OE2VLGjxTf0/kILQei8h2CjBDvehNxf88PzPxVZgzmWaGSjJfFGccmwRPA8B9pigxfGwJEMXsrZgMQQExNqaKDcFbfHmZtM/q3kX9/P681rgu4iijI3SMTpGHLlED3aEmaiGCUvSMXtGbkzkvzrvzMW8tOcXMIfoD5/MHsU+ReQ==</latexit>

�[1]
<latexit sha1_base64="lvhJppWyWgLvsy4gU6BlNISwkas=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyWoh6LHvRYwX5Ady2zabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfDPzO09UaRbLBzNJaCBgKFnECBgr+f4tCAGPWa8WTPvlilt158CrxMtJBeVo9stf/iAmqaDSEA5a9zw3MUEGyjDC6bTkp5omQMYwpD1LJQiqg2x+8xSfWWWAo1jZkgbP1d8TGQitJyK0nQLMSC97M/E/r5ea6CrImExSQyVZLIpSjk2MZwHgAVOUGD6xBIhi9lZMRqCAGBtTyYbgLb+8Stq1qndRrd/XK43rPI4iOkGn6Bx56BI10B1qohYiKEHP6BW9Oanz4rw7H4vWgpPPHKM/cD5/ALLVkXo=</latexit>

�[2]

<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="knbEGLXZ3tyKOZjWxP46gNwoGzI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiSlVJdFNy4r2AeksUwmk3boZBJnJoUS+h1uXCji1o9x5984bbPQ1gMDh3PO5d45fsKZ0rb9bRU2Nre2d4q7pb39g8Oj8vFJR8WpJLRNYh7Lno8V5UzQtmaa014iKY58Trv++HbudydUKhaLBz1NqBfhoWAhI1gbyetzEw3wY+bWvNmgXLGr9gJonTg5qUCO1qD81Q9ikkZUaMKxUq5jJ9rLsNSMcDor9VNFE0zGeEhdQwWOqPKyxdEzdGGUAIWxNE9otFB/T2Q4Umoa+SYZYT1Sq95c/M9zUx1eexkTSaqpIMtFYcqRjtG8ARQwSYnmU0MwkczcisgIS0y06alkSnBWv7xOOrWq06jW7+uV5k1eRxHO4BwuwYEraMIdtKANBJ7gGV7hzZpYL9a79bGMFqx85hT+wPr8AZyvkgI=</latexit>

�[2]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="L9ALeh8DTn/ZdIX3rGeg2dKdRVQ=">AAACAnicbVDJSgNBEO1xjXEb9SReBoMQL2FG3I5BLx48RDALJCH09NQkTXoWumskYQhe/BUvHhTx6ld482/sJHPQxAcFj/eqqKrnxoIrtO1vY2FxaXllNbeWX9/Y3No2d3ZrKkokgyqLRCQbLlUgeAhV5CigEUuggSug7vavx379AaTiUXiPwxjaAe2G3OeMopY65n4LYYApDOJRsRVQ7DEq0tuRh8cds2CX7AmseeJkpEAyVDrmV8uLWBJAiExQpZqOHWM7pRI5EzDKtxIFMWV92oWmpiENQLXTyQsj60grnuVHUleI1kT9PZHSQKlh4OrO8ZVq1huL/3nNBP3LdsrDOEEI2XSRnwgLI2uch+VxCQzFUBPKJNe3WqxHJWWoU8vrEJzZl+dJ7aTknJfO7k4L5assjhw5IIekSBxyQcrkhlRIlTDySJ7JK3kznowX4934mLYuGNnMHvkD4/MH1tmXuA==</latexit>

exp(Ldt)

<latexit sha1_base64="1u3wrSwTGwjJCF1LP4XjYI8kgJM=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+V5wPGoXS27ZnQAvEm9GSmiGarv41erEJBVUGsJBa99zExNkoAwjnI4KrVTTBEgfutS3VIKgOsgmR4/wkVU6OIqVLWnwRP09kYHQeihC2ynA9PS8Nxb/8/zURFdBxmSSGirJdFGUcmxiPE4Ad5iixPChJUAUs7di0gMFxNicCjYEb/7lRVI/LXsX5fP7s1LlehZHHh2gQ3SCPHSJKugOVVENEfSEntErenMGzovz7nxMW3PObGYf/YHz+QMV7pGr</latexit>

�[1]0
<latexit sha1_base64="7jCbhnh0oicujlRhuqH6txJ8CSk=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSIyeyC7xdSR60CMm8kiWlfQOA0yYmV1nZknIhu/w4kFjvPox3vwbB9iDgpV0UqnqTndXGHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rqNEEVojEY9UMwRNOZO0ZpjhtBkrCiLktBEObiZ+Y0iVZpF8MKOYBgJ6knUZAWOloHULQsBj6peDk3G7UHRL7hR4kXgZKaIM1Xbhq9WJSCKoNISD1r7nxiZIQRlGOB3nW4mmMZAB9KhvqQRBdZBOjx7jY6t0cDdStqTBU/X3RApC65EIbacA09fz3kT8z/MT070KUibjxFBJZou6CccmwpMEcIcpSgwfWQJEMXsrJn1QQIzNKW9D8OZfXiT1csm7KJ3fnxUr11kcOXSIjtAp8tAlqqA7VEU1RNATekav6M0ZOi/Ou/Mxa11yspkD9AfO5w8XdZGs</latexit>

�[2]0
<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0
<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="8pGm83Dj9gonT/lJwb7TQ2dNI+Y=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCUVr7GChbFI9CGlaeU4TmvVcSLbAVVR/4OFAYRY+Rc2/ga3zQAtR7J0dM65utfHTzhT2ra/rcLK6tr6RnGztLW9s7tX3j9oqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsf3U799iOVisXiQY8T6kV4IFjICNZG6nW5iQa4l7k173TSL1fsqj0DWiZOTiqQo9Evf3WDmKQRFZpwrJTr2In2Miw1I5xOSt1U0QSTER5Q11CBI6q8bHb1BJ0YJUBhLM0TGs3U3xMZjpQaR75JRlgP1aI3Ff/z3FSH117GRJJqKsh8UZhypGM0rQAFTFKi+dgQTCQztyIyxBITbYoqmRKcxS8vk1at6lxWL+7PK/WbvI4iHMExnIEDV1CHO2hAEwhIeIZXeLOerBfr3fqYRwtWPnMIf2B9/gABz5I0</latexit>

�[2]0

<latexit sha1_base64="04F4+LGyJ2lU8QtL0sMYLfaZ1CM=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRgx4r2A9IYplsN+3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZRWVtfWN8qbla3tnd296v5BWyeZIrRFEp6obgSaciZpyzDDaTdVFETEaSca3Uz9zhNVmiXywYxTGgoYSBYzAsZKQXALQsBj7nvhpFetuXV3BrxMvILUUIFmr/oV9BOSCSoN4aC177mpCXNQhhFOJ5Ug0zQFMoIB9S2VIKgO89nNE3xilT6OE2VLGjxTf0/kILQei8h2CjBDvehNxf88PzPxVZgzmWaGSjJfFGccmwRPA8B9pigxfGwJEMXsrZgMQQExNqaKDcFbfHmZtM/q3kX9/P681rgu4iijI3SMTpGHLlED3aEmaiGCUvSMXtGbkzkvzrvzMW8tOcXMIfoD5/MHsU+ReQ==</latexit>

�[1]
<latexit sha1_base64="lvhJppWyWgLvsy4gU6BlNISwkas=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyWoh6LHvRYwX5Ady2zabYNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsuiFoypmkLcMMp91EURAhp51wfDPzO09UaRbLBzNJaCBgKFnECBgr+f4tCAGPWa8WTPvlilt158CrxMtJBeVo9stf/iAmqaDSEA5a9zw3MUEGyjDC6bTkp5omQMYwpD1LJQiqg2x+8xSfWWWAo1jZkgbP1d8TGQitJyK0nQLMSC97M/E/r5ea6CrImExSQyVZLIpSjk2MZwHgAVOUGD6xBIhi9lZMRqCAGBtTyYbgLb+8Stq1qndRrd/XK43rPI4iOkGn6Bx56BI10B1qohYiKEHP6BW9Oanz4rw7H4vWgpPPHKM/cD5/ALLVkXo=</latexit>

�[2]

<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="knbEGLXZ3tyKOZjWxP46gNwoGzI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiSlVJdFNy4r2AeksUwmk3boZBJnJoUS+h1uXCji1o9x5984bbPQ1gMDh3PO5d45fsKZ0rb9bRU2Nre2d4q7pb39g8Oj8vFJR8WpJLRNYh7Lno8V5UzQtmaa014iKY58Trv++HbudydUKhaLBz1NqBfhoWAhI1gbyetzEw3wY+bWvNmgXLGr9gJonTg5qUCO1qD81Q9ikkZUaMKxUq5jJ9rLsNSMcDor9VNFE0zGeEhdQwWOqPKyxdEzdGGUAIWxNE9otFB/T2Q4Umoa+SYZYT1Sq95c/M9zUx1eexkTSaqpIMtFYcqRjtG8ARQwSYnmU0MwkczcisgIS0y06alkSnBWv7xOOrWq06jW7+uV5k1eRxHO4BwuwYEraMIdtKANBJ7gGV7hzZpYL9a79bGMFqx85hT+wPr8AZyvkgI=</latexit>

�[2]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="L9ALeh8DTn/ZdIX3rGeg2dKdRVQ=">AAACAnicbVDJSgNBEO1xjXEb9SReBoMQL2FG3I5BLx48RDALJCH09NQkTXoWumskYQhe/BUvHhTx6ld482/sJHPQxAcFj/eqqKrnxoIrtO1vY2FxaXllNbeWX9/Y3No2d3ZrKkokgyqLRCQbLlUgeAhV5CigEUuggSug7vavx379AaTiUXiPwxjaAe2G3OeMopY65n4LYYApDOJRsRVQ7DEq0tuRh8cds2CX7AmseeJkpEAyVDrmV8uLWBJAiExQpZqOHWM7pRI5EzDKtxIFMWV92oWmpiENQLXTyQsj60grnuVHUleI1kT9PZHSQKlh4OrO8ZVq1huL/3nNBP3LdsrDOEEI2XSRnwgLI2uch+VxCQzFUBPKJNe3WqxHJWWoU8vrEJzZl+dJ7aTknJfO7k4L5assjhw5IIekSBxyQcrkhlRIlTDySJ7JK3kznowX4934mLYuGNnMHvkD4/MH1tmXuA==</latexit>

exp(Ldt)

<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR
<latexit sha1_base64="24ckXuDoMPJ59hYNgQlPEt/Qx7E=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjFPCBZwuykNxkzO7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbWqaKYp1KLlUrJBo5E1g3zHBsJQpJHHJshsObid98QqWZFA9mlGAQk75gEaPEWKnRQUO6991S2at4U7iLxM9JGXLUuqWvTk/SNEZhKCdat30vMUFGlGGU47jYSTUmhA5JH9uWChKjDrLptWP32Co9N5LKljDuVP09kZFY61Ec2s6YmIGe9ybif147NdFVkDGRpAYFnS2KUu4a6U5ed3tMITV8ZAmhitlbXTogilBjAyraEPz5lxdJ47TiX1TO787K1es8jgIcwhGcgA+XUIVbqEEdKDzCM7zCmyOdF+fd+Zi1Ljn5zAH8gfP5A2XWjwc=</latexit>⌘R

<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]
<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓ <latexit sha1_base64="qicnJHKfmiGKfsGxV5emEmnQxO4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAay2QyaYdOJnFmUiih3+HGhSJu/Rh3/o3TNAttPTBwOOdc7p3jJ5wpbdvfVmlldW19o7xZ2dre2d2r7h+0VZxKQlsk5rHs+lhRzgRtaaY57SaS4sjntOOPbmd+Z0ylYrF40JOEehEeCBYygrWRvB430QA/Zq7jTfvVml23c6Bl4hSkBgWa/epXL4hJGlGhCcdKuY6daC/DUjPC6bTSSxVNMBnhAXUNFTiiysvyo6foxCgBCmNpntAoV39PZDhSahL5JhlhPVSL3kz8z3NTHV57GRNJqqkg80VhypGO0awBFDBJieYTQzCRzNyKyBBLTLTpqWJKcBa/vEzaZ3Xnsn5xf15r3BR1lOEIjuEUHLiCBtxBE1pA4Ame4RXerLH1Yr1bH/NoySpmDuEPrM8fm3uSAg==</latexit>

�[1]

<latexit sha1_base64="Ok4aDjiQ1tpf7V227Y22yJC5cmo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RiXLJAMoadTkzTp6Rm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6b/bueuWKW3VnIH+Jl5MK5Kj3yp/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiRVfokjJUtachM/TmR0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyX9I8qXrn1bPb00rtKo+jCAdwCMfgwQXU4Abq0AAGA3iCF3h1hPPsvDnv89aCk8/swy84H98NKI2p</latexit>

VR
<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=

<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="EjBArUoPQKsp7XFe1jCYjE+r7nI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4jmAcka5idzCZjZmeWmVkhLPsPXjwo4tX/8ebfOEn2oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNdsP6YmX9coVt+pOgRaJl5MK5Kj3yl/dviRJRIUhHGvd8dzY+ClWhhFOs1I30TTGZIQHtGOpwBHVfjq9NkNHVumjUCpbwqCp+nsixZHW4yiwnRE2Qz3vTcT/vE5iwis/ZSJODBVktihMODISTV5HfaYoMXxsCSaK2VsRGWKFibEBlWwI3vzLi6R5WvUuqud3Z5XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AC7mOzA==</latexit>

X�1

<latexit sha1_base64="wW/FYuM+uQPEIsfDWGUcEmwyeqw=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVm71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHtfGM5A==</latexit>

V
<latexit sha1_base64="NxGI8EuSnHp/BY/6pidWowJutN0=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxItk1+DgSvXjERB4GVjI7zMLI7MxmZtaEbPgHLx40xqv/482/cYA9KFhJJ5Wq7nR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFnRnF1I9wX7CQEWys1Lh/SE+8cbdYcsvuFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjZ9iZRjhdFzoJJrGmAxxn7YtFTii2k+n147RkVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQAUbgjf/8iJpnJa98/LZbaVUvcriyMMBHMIxeHABVbiBGtSBwCM8wyu8OdJ5cd6dj1lrzslm9uEPnM8fDUKOzQ==</latexit>

Y �1

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0
<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="IpdnhUpWK6fzpdV+ww7nzgR7xs0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPoKeyKr2PQi8cI5gHJEmYns8mQ2dllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju6nfeuLaiFg94jjhfkQHSoSCUbRSq4tDjvS0V664VXcGsky8nFQgR71X/ur2Y5ZGXCGT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqWKRtz42ezcCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGN34mVJIiV2y+KEwlwZhMfyd9oTlDObaEMi3srYQNqaYMbUIlG4K3+PIyaZ5Xvavq5cNFpXabx1GEIziGM/DgGmpwD3VoAIMRPMMrvDmJ8+K8Ox/z1oKTzxzCHzifPwnCj2M=</latexit>

✓0 <latexit sha1_base64="z6Zsi/AyB0oLjWeIwpHMm2cbZ+Y=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg3NJCHJiGXoR7hxoYhbv8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/Vbj1QbJsWDHSsaJnggWMwItk5qdbFSWj71yhW/6s+AlkmQkwrkqPfKX92+JGlChSUcG9MJfGXDDGvLCKeTUjc1VGEywgPacVTghJowm507QSdO6aNYalfCopn6eyLDiTHjJHKdCbZDs+hNxf+8Tmrj6zBjQqWWCjJfFKccWYmmv6M+05RYPnYEE83crYgMscbEuoRKLoRg8eVl0jyrBpfVi/vzSu0mj6MIR3AMpxDAFdTgDurQAAIjeIZXePOU9+K9ex/z1oKXzxzCH3ifP5aij8A=</latexit>⇡
<latexit sha1_base64="8pGm83Dj9gonT/lJwb7TQ2dNI+Y=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCUVr7GChbFI9CGlaeU4TmvVcSLbAVVR/4OFAYRY+Rc2/ga3zQAtR7J0dM65utfHTzhT2ra/rcLK6tr6RnGztLW9s7tX3j9oqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsf3U799iOVisXiQY8T6kV4IFjICNZG6nW5iQa4l7k173TSL1fsqj0DWiZOTiqQo9Evf3WDmKQRFZpwrJTr2In2Miw1I5xOSt1U0QSTER5Q11CBI6q8bHb1BJ0YJUBhLM0TGs3U3xMZjpQaR75JRlgP1aI3Ff/z3FSH117GRJJqKsh8UZhypGM0rQAFTFKi+dgQTCQztyIyxBITbYoqmRKcxS8vk1at6lxWL+7PK/WbvI4iHMExnIEDV1CHO2hAEwhIeIZXeLOerBfr3fqYRwtWPnMIf2B9/gABz5I0</latexit>

�[2]0

<latexit sha1_base64="1q+pbZeRTC2ru4NRXfD+8dwh+xs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHuPmM5g==</latexit>

X
<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="KTgJjxagxP5ABoeN3DCGLIfPzyE=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgzqwWNEs2AyhJ5OTdKkp2forhHDkL/w4kERr/6NN//GznLQ6IOCx3tVVNULEikMuu6Xk1tYXFpeya8W1tY3NreK2zt1E6eaQ43HMtbNgBmQQkENBUpoJhpYFEhoBIPLsd94AG1ErO5wmIAfsZ4SoeAMrXTfRnjE7LZ+NeoUS27ZnYD+Jd6MlMgM1U7xs92NeRqBQi6ZMS3PTdDPmEbBJYwK7dRAwviA9aBlqWIRGD+bXDyiB1bp0jDWthTSifpzImORMcMosJ0Rw76Z98bif14rxfDcz4RKUgTFp4vCVFKM6fh92hUaOMqhJYxrYW+lvM8042hDKtgQvPmX/5L6Udk7LZ/cHJcqF7M48mSP7JND4pEzUiHXpEpqhBNFnsgLeXWM8+y8Oe/T1pwzm9klv+B8fAOr7pDu</latexit>

SVD

<latexit sha1_base64="8pGm83Dj9gonT/lJwb7TQ2dNI+Y=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCUVr7GChbFI9CGlaeU4TmvVcSLbAVVR/4OFAYRY+Rc2/ga3zQAtR7J0dM65utfHTzhT2ra/rcLK6tr6RnGztLW9s7tX3j9oqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsf3U799iOVisXiQY8T6kV4IFjICNZG6nW5iQa4l7k173TSL1fsqj0DWiZOTiqQo9Evf3WDmKQRFZpwrJTr2In2Miw1I5xOSt1U0QSTER5Q11CBI6q8bHb1BJ0YJUBhLM0TGs3U3xMZjpQaR75JRlgP1aI3Ff/z3FSH117GRJJqKsh8UZhypGM0rQAFTFKi+dgQTCQztyIyxBITbYoqmRKcxS8vk1at6lxWL+7PK/WbvI4iHMExnIEDV1CHO2hAEwhIeIZXeLOerBfr3fqYRwtWPnMIf2B9/gABz5I0</latexit>

�[2]0

<latexit sha1_base64="ct7FPXXKoFaHVRm/g0wvCOHm9u8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrCIdWFJxNey6MZlBfuANC2TybQdOnkwMxFKCPgrblwo4tbvcOffOG2z0OqBgcM553LvHC/mTCrL+jIKC4tLyyvF1dLa+sbmlrm905RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Qz8VsPVEgWhfdqHFM3wIOQ9RnBSks9c6/S4Trt427q2O5RdtxNT+ysZ5atqjUF+kvsnJQhR71nfnb8iCQBDRXhWErHtmLlplgoRjjNSp1E0hiTER5QR9MQB1S66fT8DB1qxUf9SOgXKjRVf06kOJByHHg6GWA1lPPeRPzPcxLVv3JTFsaJoiGZLeonHKkITbpAPhOUKD7WBBPB9K2IDLHAROnGSroEe/7Lf0nztGpfVM/vzsq167yOIuzDAVTAhkuowS3UoQEEUniCF3g1Ho1n4814n0ULRj6zC79gfHwDsdaUrw==</latexit>

(�[1]0)�1
<latexit sha1_base64="ct7FPXXKoFaHVRm/g0wvCOHm9u8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrCIdWFJxNey6MZlBfuANC2TybQdOnkwMxFKCPgrblwo4tbvcOffOG2z0OqBgcM553LvHC/mTCrL+jIKC4tLyyvF1dLa+sbmlrm905RRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Qz8VsPVEgWhfdqHFM3wIOQ9RnBSks9c6/S4Trt427q2O5RdtxNT+ysZ5atqjUF+kvsnJQhR71nfnb8iCQBDRXhWErHtmLlplgoRjjNSp1E0hiTER5QR9MQB1S66fT8DB1qxUf9SOgXKjRVf06kOJByHHg6GWA1lPPeRPzPcxLVv3JTFsaJoiGZLeonHKkITbpAPhOUKD7WBBPB9K2IDLHAROnGSroEe/7Lf0nztGpfVM/vzsq167yOIuzDAVTAhkuowS3UoQEEUniCF3g1Ho1n4814n0ULRj6zC79gfHwDsdaUrw==</latexit>

(�[1]0)�1

<latexit sha1_base64="1u3wrSwTGwjJCF1LP4XjYI8kgJM=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB6CjPidgx60GMEs8BkDDWdnqRJd8/Y3RMIQ77DiwdFvPox3vwbO8tBEx8UPN6roqpemHCmjet+O7ml5ZXVtfx6YWNza3unuLtX13GqCK2RmMeqGYKmnElaM8xw2kwUBRFy2gj7N2O/MaBKs1g+mGFCAwFdySJGwFgpaN2CEPCY+V5wPGoXS27ZnQAvEm9GSmiGarv41erEJBVUGsJBa99zExNkoAwjnI4KrVTTBEgfutS3VIKgOsgmR4/wkVU6OIqVLWnwRP09kYHQeihC2ynA9PS8Nxb/8/zURFdBxmSSGirJdFGUcmxiPE4Ad5iixPChJUAUs7di0gMFxNicCjYEb/7lRVI/LXsX5fP7s1LlehZHHh2gQ3SCPHSJKugOVVENEfSEntErenMGzovz7nxMW3PObGYf/YHz+QMV7pGr</latexit>

�[1]0
<latexit sha1_base64="7jCbhnh0oicujlRhuqH6txJ8CSk=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSIyeyC7xdSR60CMm8kiWlfQOA0yYmV1nZknIhu/w4kFjvPox3vwbB9iDgpV0UqnqTndXGHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rqNEEVojEY9UMwRNOZO0ZpjhtBkrCiLktBEObiZ+Y0iVZpF8MKOYBgJ6knUZAWOloHULQsBj6peDk3G7UHRL7hR4kXgZKaIM1Xbhq9WJSCKoNISD1r7nxiZIQRlGOB3nW4mmMZAB9KhvqQRBdZBOjx7jY6t0cDdStqTBU/X3RApC65EIbacA09fz3kT8z/MT070KUibjxFBJZou6CccmwpMEcIcpSgwfWQJEMXsrJn1QQIzNKW9D8OZfXiT1csm7KJ3fnxUr11kcOXSIjtAp8tAlqqA7VEU1RNATekav6M0ZOi/Ou/Mxa11yspkD9AfO5w8XdZGs</latexit>

�[2]0
<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0
<latexit sha1_base64="3TT9YgVM9oYqoctVFeTRjR0k0Zo=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCWoPMYKFsYi0YeUppXjOK1Vx4lsB1RF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tnn6l4fP+FMadv+tgorq2vrG8XN0tb2zu5eef+gpeJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dDv1249UKhaLBz1OqBfhgWAhI1gbqdflJhrgXuY63umkX67YVXsGtEycnFQgR6Nf/uoGMUkjKjThWCnXsRPtZVhqRjidlLqpogkmIzygrqECR1R52ezqCToxSoDCWJonNJqpvycyHCk1jnyTjLAeqkVvKv7nuakOr72MiSTVVJD5ojDlSMdoWgEKmKRE87EhmEhmbkVkiCUm2hRVMiU4i19eJq3zqnNZvbivVeo3eR1FOIJjOAMHrqAOd9CAJhCQ8Ayv8GY9WS/Wu/UxjxasfOYQ/sD6/AEASJIz</latexit>

�[1]0

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
<latexit sha1_base64="8pGm83Dj9gonT/lJwb7TQ2dNI+Y=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwrBVCUVr7GChbFI9CGlaeU4TmvVcSLbAVVR/4OFAYRY+Rc2/ga3zQAtR7J0dM65utfHTzhT2ra/rcLK6tr6RnGztLW9s7tX3j9oqTiVhDZJzGPZ8bGinAna1Exz2kkkxZHPadsf3U799iOVisXiQY8T6kV4IFjICNZG6nW5iQa4l7k173TSL1fsqj0DWiZOTiqQo9Evf3WDmKQRFZpwrJTr2In2Miw1I5xOSt1U0QSTER5Q11CBI6q8bHb1BJ0YJUBhLM0TGs3U3xMZjpQaR75JRlgP1aI3Ff/z3FSH117GRJJqKsh8UZhypGM0rQAFTFKi+dgQTCQztyIyxBITbYoqmRKcxS8vk1at6lxWL+7PK/WbvI4iHMExnIEDV1CHO2hAEwhIeIZXeLOerBfr3fqYRwtWPnMIf2B9/gABz5I0</latexit>

�[2]0

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="wI/N0vgyqrok4LQSVSqQB9ynn20=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSTi17HoxWMF+4FtKJvNpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJnnJ4JrdJxva2l5ZXVtvbBR3Nza3tkt7e03dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q9vJn7rEZTmsbzHUQJeRPuSh5xRNNJDF+EJs0pwMu6Vyk7VmcJeJG5OyiRHvVf66gYxSyOQyATVuuM6CXoZVciZgHGxm2pIKBvSPnQMlTQC7WXTi8f2sVECO4yVKYn2VP09kdFI61Hkm86I4kDPexPxP6+TYnjlZVwmKYJks0VhKmyM7cn7dsAVMBQjQyhT3NxqswFVlKEJqWhCcOdfXiTN06p7UT2/OyvXrvM4CuSQHJEKccklqZFbUicNwogkz+SVvFnaerHerY9Z65KVzxyQP7A+fwBWjpC2</latexit>

(d)

<latexit sha1_base64="azKGfTO+Akf+AFs53QZLwBygod8=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpiU4GXcLRbfsTkEXiZeRIslQ7Ra+2r2IJyEo5JIZ0/LcGDsp0yi4hHG+nRiIGR+yPrQsVSwE00mnF4/psVV6NIi0LYV0qv6eSFlozCj0bWfIcGDmvYn4n9dKMLjqpELFCYLis0VBIilGdPI+7QkNHOXIEsa1sLdSPmCacbQh5W0I3vzLi6R+WvYuyud3Z8XKdRZHjhySI1IiHrkkFXJLqqRGOFHkmbySN8c4L8678zFrXXKymQPyB87nD1gUkLc=</latexit>

(e)
<latexit sha1_base64="BqN6UGj//RaGdJNof6ojoxaFT9Q=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT3mTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoDjUeyUg3fWZACgU1FCihGWtgoS+h4Q9vJn7jEbQRkbrHUQydkPWVCARnaKWHNsITpqXgZNwtFN2yOwVdJF5GiiRDtVv4avcinoSgkEtmTMtzY+ykTKPgEsb5dmIgZnzI+tCyVLEQTCedXjymx1bp0SDSthTSqfp7ImWhMaPQt50hw4GZ9ybif14rweCqkwoVJwiKzxYFiaQY0cn7tCc0cJQjSxjXwt5K+YBpxtGGlLchePMvL5L6adm7KJ/fnRUr11kcOXJIjkiJeOSSVMgtqZIa4USRZ/JK3hzjvDjvzsesdcnJZg7IHzifP1makLg=</latexit>

(f)

Figure 6.6: Infinite open system evolution — (a) We want to apply two-site non-
hermitian evolution superoperator exp(Ldt) in such a way that the result can be
expressed in canonical form. (b) At the moment of applying the superoperator
the result doesn’t obey the orthogonality conditions. (c) Following the same steps
as in Fig.6.4 we can express operator θ in the canonical form. (d) We perform the
SVD on theta′ which temporarily breaks the canonical form. (e) The canonical
form can be recovered by applying multiplying the tensors X and Y with the
identity λ[1](λ[1])−1. (f) Finally one obtains the canonical form.
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Polarized state in the x�direction

Figure 6.7: Break of the ‘rise and fall’ behavior of OE — Different scenarios to
see under which conditions the ‘rise fall’ behavior prevails. In all cases we use
the XXZ model with dephasing rate γz/J = 0.5, a Néel state polarized in the z
direction as initial state ρ̂0 = |ψ0⟩ ⟨ψ0| with |ψ0⟩ =

⊗
i |↑⟩2i−1 |↓⟩2i as default, and

change one particular condition for every case. Color red (Change of initial state):
We change the initial state to a Néel state polarized in the x-direction, |ψ0⟩ =⊗

i |→⟩2i−1 |←⟩2i. Color green (Change of dissipation): We change dissipation
from dephasing to decay/excitation, which is applied through the Lindblad jump
operators L̂+

i =
√
γ+σ̂

+
i , L̂

−
i =
√
γ−σ̂

−
i operators, with dissipation rate γ− = γ+ =

γ = 0.5J . Color blue (Change of Model): We change from the XXZ model to a
transverse Field Ising Field Model Ĥ = x, and rather than ‘rise and fall’ the SOP

goes to value one.

6.3 Operator Entanglement dynamics and conserved
quantities

Here we will provide some final examples of simulations which will serve as prepa-
ration for a better understanding of Chapters 7 and 8. The main focus of these
simulations is to provide insights of the dynamics of OE in infinite open quantum
systems and see how the presence of conserved quantities affect its behavior.

We will present the dynamics of OE under three different settings and see how,
when there is the presence of conserved quantities, there will be a fundamental
change in the behavior of OE. The three scenarios are:

i) Spontaneous emission and absorption: We consider the XXZ model with
spontaneous emission and absorption using equal dissipation rates and a
Néel state as initial state.

ii) Dephasing with initial state polarised in the x̂ direction: We consider the
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XXZ model with dephasing but this time with the Néel state polarized in
the x̂ direction, |ψ0⟩ =

⊗
i |→⟩2i−1 |←⟩2i.

iii) Transverse Field Ising Model with dephasing : We change to Transverse Ising
model in which parity, defined by operator, Π̂ =

⊗
i σ̂

z
i is conserved, with

dephasing as dissipation and a Néel state as initial state.

We first present a case where rather than only decay, which would simply lead to
the trivial case of a product operator with all spins down, we also add excitations
through Lindblad operator L̂+

i =
√
γ+σ̂+

i and we consider equal decay rates for
excitation and decay. In Fig. 6.7 (green line) we see that after the initial rise in
OE, even though there is also dissipation exciting the spins, the overall effect is
diminish in the value of OE, leading to a known ’rise and fall’ effect [24, 25].

The second case that we analyze is the presence of dephasing with an initial
density operator polarized in the x̂ direction. Such initial configuration is not
an eigenstate the total magnetization operator Ŝz, and hence does not conserve
magnetization. In this case, once more, the ’rise and fall’ behavior appears in Fig.
6.7 (red line).

Lastly, given that Chapter 7 will cover the case of dephasing using an initial
state where magnetization is conserved, we will instead look at another model
which has a conserved quantity: the Transverse Field Ising Model. In Fig. 6.7
(blue line), we see that rather than a ’rise and fall’ behavior, the OE increases
until reaching a maximum value of SOP = 1 and remains with that value. The
explanation to such behavior is actually quite simple. We have to remember than
the OE is basically a measure for the number of singular values that we need to
express the system as a bipartition. As the system evolves by the master equation,
the system is expected to relax to a simple stationary state characterized by the
conserved quantities, or to the identity if there is no conservation quantities. In
the case, of the Transverse Field Ising Model, the preserved quantity is the parity,
the possible values being ±1. By doing the bipartition, one will measure one of
the possibles values in one of the partitions of the system. However, since the total
parity must be preserved, the value in the other bipartition is defined instantly by
knowing one of the halves. If initial parity in the system is −1, by measuring 1 in
one of the halves we know that the other halves must be 1, or viceversa, in very
close resemblance of the case one would have in a Bell State. This can be formally
expressed through the use of the Symmetry Resolved Entanglement Entropies,
presented in Chapter 4, in which we separating the total Operator Entanglement
in terms of the contributions of each of the symmetry sectors. For the parity the
different symmetry sectors will correspond to parity ± 1 as depicted in Fig. 6.8
(a).

In Chapter 7, we will explain the behavior of OE under dephasing. In this
case, where magnetization is conserved, there will be a whole series of symme-
try sectors corresponding to all the different right-side magnetization emerging
throughout the evolution, as depicted in Fig. 6.8 (b). The evolution of the en-
tanglement entropy in the different symmetry sectors and how they give rise to
a logarithmic growth in OE is one of the major result of this thesis and will be
explained thoroughly in Chapter 7.
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Figure 6.8: Bipartition and preserved quantities — By expressing the system in
the basis of the operator whose value is preserved we can gain insight regarding the
behavior of OE. (a) For parity the possible values in the bipartition are {1,−1},
and the value of the other bipartition will follow from that to ensure that the
parity in the system is preserved at all times. (b) For magnetization conservation,
there is a whole range of values of magnetization {...,−2, 0, 2, ...}. The likelihood
for these different values will be spread in a diffusion process as the system evolves
and will lead to a logarithmic increase in OE. This process will be explained in
detail in Chapter 7.
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Chapter 7

Publication: The Rise and Fall, and
Slow Rise Again, of Operator
Entanglement under dephasing

The following chapter is a reprint of a work studying the growth of Operator En-
tanglement under dephasing, published in Phys. Rev. Lett. 129, 170401 [1]. In
this work we have studied the OE of the density matrix of 1D many-body models
undergoing dissipative evolution. It is expected that, after an initial linear growth
reminiscent of unitary quench dynamics, the OE should be suppressed by dissipa-
tive processes as the system evolves to a simple stationary state. Surprisingly, we
find that this scenario breaks down for one of the most fundamental dissipative
mechanisms: dephasing. Under dephasing, after the initial ‘rise and fall’ the OE
can rise again, increasing logarithmically at long times. Using a combination of
MPO simulations for chains of infinite length and analytical arguments valid for
strong dephasing, we demonstrate that this growth is inherent to a U(1) conser-
vation law. We argue that in an XXZ spin-model and a Bose-Hubbard model the
OE grows universally as 1

4
log2 t at long times, and as 1

2
log2 t for a Fermi-Hubbard

model. We trace this behavior back to anomalous classical diffusion processes.

This chapter is organized as follows: In Section 8.1 we introduce the main
quantity of study in this paper: operator entanglement and we explain some of
the motivations to study it in terms of its connection in the simulation of 1D sys-
tems though MPDS. In Section 8.2 we present the model that we use throughout
this work. In Section 7.3 we present the MPDO decomposition and its connection
with OE. In Section 7.4 we present the numerical results making emphasis on the
logarithmic growth. In Section 7.5 we explain the mechanism of such logarith-
mic growth giving an analytical solution for long times. Section 7.6 is dedicated
to explain symmetry-resolved entanglement entropies and its relation with OE.
In Section 7.7 we explain how this mechanism also applies for both Fermi and
Hubbard models. Finally Section 7.8 concludes the chapter.
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Chapter 7. Publication: The Rise and Fall, and Slow Rise Again, of Operator
Entanglement under dephasing

7.1 Introduction

The study of quantum many-body systems through the prism of their quantum
entanglement continues to prove extremely fruitful [2, 3]. In particular, the growth
of entanglement in time-evolving quantum many-body systems is of fundamental
interest [4–9]: not only is it useful to characterize the dynamics, but the amount
of entanglement also indicates whether a quantum evolution can be efficiently
simulated on a classical computer. In one dimension (1D) the connection can
be made via the concept of matrix product states (MPS) [10–13]. An MPS is
a decomposition of a many-body state vector into a product of χ × χ matrices
(where the entries of the matrices are local kets). In such a representation, the
bipartite von Neumann entanglement entropy S is bounded by max[S] = log2(χ).
Consequently, to represent a physical state |ψ(t)⟩ with entanglement entropy S(t)
as an MPS, the matrix size (or ‘bond dimension’) has to grow at least as χ ∝ 2S(t)

with time. For example, an evolution where S increases linear in time can therefore
be considered computationally hard [14].

The past few years have seen the arrival of novel experiments capable of syn-
thetically engineering quantum many-body models in controllable and clean envi-
ronments, e.g. using optically trapped ultracold atoms [15–18], molecules [19], or
ions [20]. Since such experiments are currently bringing the goal of analog quan-
tum simulation into sight [21, 22], the question of entanglement growth, and thus
classical simulability, has become very important.

Every experiment has small couplings to its environment, and should therefore
be considered as an open quantum system described by a density matrix ρ̂. Anal-
ogously to MPSs for pure states, also a matrix product operator (MPO) form of
the density matrix ρ̂ can be defined. An MPO form allows to easily express the
density matrix as Schmidt decomposition between a left and a right block:

ρ̂ =
∑

a

λaτ̂
[L]
a τ̂ [R]

a , (7.1)

with Tr(τ̂
[L/R]
a τ̂

[L/R]
b ) = δab, and λa the Schmidt coefficients [schematically this is

depicted in Fig. 7.1(b)]. The bipartite entropy of this decomposition is given by
the ‘operator space entanglement entropy’ or simply ‘operator entanglement’ (OE)
defined as [8, 23–31]

SOP = −
∑

a

λ2a log2
(
λ2a
)
. (7.2)

The OE quantifies how many Schmidt values are at least needed for faithfully
approximating decomposition (7.1), and thus indicates the efficiency of an MPO
representation 1. It can be easily computed numerically [26, 28, 29, 32, 33] and is
amenable to analytical treatment [27, 34, 35]. We stress that OE is not necessar-
ily connected to genuine quantum entanglement between distinct blocks of spins

1Note that here this indicates approximability w.r.t. the two-norm of the vectorized density
matrix.
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7.2. Model

when ρ̂ is a mixed state. Still, it is a crucial quantity as it puts severe restric-
tions on the possibility to approximate ρ̂ by an MPO. Furthermore, OE can give
insights into quantum many body effects such as quantum chaos and information
scrambling [28, 30, 31].

Here, we analyze the far-from-equilibrium dynamics of the OE, SOP, in open
many-body quantum systems. Our models include coherent nearest-neighbor
Hamiltonian couplings that compete with incoherent single-particle dephasing [37–
41] at rate γ [see sketch in Fig. 7.1(a)]. Under dephasing, fluctuations and coher-
ences can decay towards equilibrium in a universal algebraic and sub-diffusive
manor [42–45]. We treat dissipation in a Lindblad master equation. Dephasing
arises due to a coupling with the environment in which local magnetization is pre-
served, e.g. for laser driven transitions due to laser-phase fluctuations [46, 47], or
due to spontaneous photo-absorption of lattice photons in optical lattices [48]. We
compute the evolution of SOP for an infinite MPO representation of the full den-
sity matrix using an infinite time evolving block decimation algorithm (iTEBD)
with re-orthogonalization [49].

Surprisingly, we find that for the magnetization conserving XXZ model and
well-defined initial magnetization [see text below Eq. (7.3) for the definition of our
models], the OE exhibits a universal logarithmic growth at long times [see Fig. 7.1(c/d)].
An identical universal behavior is also observed for particle number conserving
Bose- and Fermi-Hubbard models [see discussion around Fig. 7.3 below]. Strik-
ingly, as shown in Fig. 7.1(e), this logarithmic growth breaks down if the symmetry
is broken by initial states, or for Liouvillians without magnetization conservation
(see [36] for further initial states and non-conserving Lindblad operators). In the
latter scenarios SOP saturates, or even vanishes at long times. In this paper we
explain this behavior by considering symmetry-resolved OE in combination with
known results for classical models of interacting particles [50–52].

7.2 Model

We focus on infinite spin-1/2 chains, which evolve under the general Hamiltonian
(ℏ ≡ 1):

Ĥ=
1

4

∑

i

(
Jxσ̂

x
i σ̂

x
i+1+Jyσ̂

y
i σ̂

y
i+1+Jzσ̂

z
i σ̂

z
i+1

)
+
hz
2

∑

i

σ̂z
i . (7.3)

Here, σ̂x,y,z
i denote standard Pauli matrices defined in a local basis |↓, ↑⟩i, Jx,y,z are

the respective nearest-neighbor spin couplings, and hz is a field strength along the
z direction. Our Hamiltonian (7.3) includes: i) the XXZ model, with Jx = Jy ≡ J ,
hz = 0; ii) an XYZ model, with Jx ≡ J , Jx ̸= Jy, hz = 0; and iii) a transverse Ising
model, with Jx ≡ J , Jy = Jz = 0, hz ̸= 0. We are interested in the dynamics of
highly-excited states. Here, we choose pure Néel product states polarized along the
z direction, ρ̂0 = |ψ0⟩ ⟨ψ0| with |ψ0⟩ =

⊗
i |↑⟩2i−1 |↓⟩2i, or a tilted Néel state along

the x direction, |ψ0⟩ =
⊗

i |→⟩2i−1 |←⟩2i with |⇆⟩i = (|↑⟩i ∓ |↓⟩i)/
√
2. Dynamics
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Figure 7.1: (a) We compute dynamics of spin chains with coherent nearest-
neighbor couplings (double-arrows) and local dephasing at rate γ (wiggly arrows).
(b) We analyze the growth of OE (SOP) for a bipartition of an infinite chain
into a left/right block [from a Schmidt decomposition of the density matrix ρ̂, see
Eq. (7.1)]. (c) Time evolution of SOP for a Néel state in the XXZ model for different
values of γ = J/4, J/2, J, 2J, 4J in order of increasing darkness (anisotropy Jz =
−J). (d) Same as (c), demonstrating logarithmic growth at long times (log-scale
time axis). Grey dashed: Analytic long-time prediction: SOP = log2(Jt)/4+const.
(e) SOP for dynamics in models breaking magnetization conservation. Green dash-
dotted: XYZ model (Jx = J, Jy = 0.8J, Jz = −J/2, γ = J/2), Red dashed: trans-
verse field Ising model (hz = J, γ = J/2), blue solid: XXZ model with initial
Néel state in x-direction (Jz = −J/2, γ = J/2). Results converged for time step
∆tJ = 0.2 [∆tJ = 0.5 for panel (d) at long times] and different values for the
bond dimension χ = 256, 512, 1024 [36].
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Figure 7.2: (a) Numerical determination of η for long times. η at time t0J is
obtained as the local tangent to SOP(t) = S0 + η log(tJ) at t0J . We find η → 1/4
(grey dashed line) for all parameters and t0 → ∞. Top (blue): Fixed Jz = −J
and various γ/J = 1/4, 1/2, 1, 2, 4. Bottom (red): Fixed γ = J and various
−Jz/J = 0, 1, 2, 3, 4. (b) Probabilities p(MR) for right-half magnetization MR of
the infinite chain (see text) at increasingly late times (200 ≤ tJ ≤ 1200 from light
to dark, Jz = −J , γ = J/2. Lines are Gaussian fits. (c) Variance δ2 of Gaussian
fits [as in (b)] as a function of time for Jz = −J and γ/J = 1/4, 1/2, 1, 2, 4
(light to dark). The grey dashed line indicates δ2 ∼

√
tJ (double-log scale). (d)

Symmetry-resolved operator entanglement entropies Sres as a function of time
(see text). For short times and the larger MR = 6, 8 the probabilities p(MR) are
exponentially suppressed and no sub-machine-precision data could be extracted.
Same parameters as panel (b). Results converged for ∆tJ = 0.5 [(a)-(c)] and
∆tJ = 0.1 [(d)] and different values of χ = 512, 1024, 2048 [36].

is governed by a Lindblad master equation,

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∑

i

D[i]ρ̂ ≡ Lρ̂ , (7.4)

where the local dephasing super-operators are defined as D[i]ρ̂ = γ/2(σ̂z
i ρ̂σ̂

z
i − ρ̂)

and L is the Liouvillian super-operator.

7.3 MPDO Decomposition and OE

For L spins, the full many-body density matrix ρ̂ of a spin-1/2 system is a 2L ×
2L hermitian matrix with unit trace. The amount of information encoded in
ρ̂ can be effectively compressed using matrix product decompositions [12, 13].
This can be done in different ways [53]: For instance, by decomposing ρ̂ into a
particular (not unique) statistical mixture of pure states, while using an MPS
for the latter. Then, the Lindblad dynamics can be computed using quantum
trajectories [54]. Alternatively, one can use a direct MPO representation for ρ̂,
e.g. simply by effectively vectorizing local density matrices [55], or by constructing
MPOs in a locally purified form which preserves positivity [56, 57].

Here, we decompose ρ̂ into a canonical MPO form [55], which is formally
achieved by an iterative application of the Schmidt decomposition from Eq. (7.1),
until each spin n is described by a matrix of unique local operators γ̂[n]an,an+1 , i.e. ρ̂ =∑

{an}
∏

n λan γ̂
[n]
an,an+1 . By choosing local basis operators, êin , for the density matrix
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of spin n, we can then decompose:

ρ̂ =
∑

{in}

χ∑

{an}

∏

n

Γ[n] in
anan+1

λ[n]an

⊗

n

êin , (7.5)

where Γ[n] are three-dimensional tensors and λ[n] the Schmidt vectors. Tensors
are truncated at a maximum MPO bond dimension χ. All results shown are
numerically converged in χ [36]. For êi we choose local eigenoperators for the
multiplication with σ̂z from the left and right, to take advantage of the magneti-
zation conservation (see below). Both the initial state and the Hamiltonian are
invariant under translation by two lattice sites. As a consequence, in Eq. (7.5)
one has Γ[n+2] = Γ[n] and λ[n+2] = λ[n] [49, 58], and only two Γ and λ tensors are
needed to encode a density matrix. The time evolution is then computed with a
fourth order Trotter decomposition of the matrix exponential of the Liouvillian
exp(L∆t) [49, 55, 59]. Importantly, since the dynamics is non-unitary, a naïve
implementation of this algorithm destroys the orthogonality of the decomposition
in Eq. (7.5), such that with time, the λs do not correspond to orthogonal Schmidt
bases anymore. We fix this by re-orthogonalizing the tensors after updates [49].

When considering the XXZ model, the total magnetization Ŝz =
∑

n σ̂
z
n is

conserved. This means that ρ̂ stays an eigenoperator of Ŝz in the sense that
Ŝzρ̂(t) = Mρ̂(t) at all times (for the Néel state, M = 0). Note that alterna-
tively, one could also define a condition for multiplication from the right. Due
to magnetization preservation, the τ̂ [R]

a matrices in Eq. (7.1) can be chosen to
be eigenoperators of the ‘right-half magnetization’ of the chain, Ŝz

R ≡
∑

n>0 σ̂
z
n

(w.l.o.g. we define the right half as n > 0), Ŝz
Rτ̂

[R]
a = MRτ̂

[R]
a . Similarly, one can

choose τ̂ [L]
a to be eigenoperators of Ŝz

L ≡
∑

n≤0 σ̂
z
n with ML = −MR. This means

that the index a in Eq. (7.1) becomes a composite index a → (MR, a
′), where a′

distinguishes the Schmidt coefficients corresponding to the same MR:

ρ̂ =
∑

MR

√
pMR

∑

a′

λ̃MR,a′ τ̂
[L]
−MR,a′ τ̂

[R]
MR,a′ . (7.6)

Here we defined λ̃MR,a ≡ λMR,a/
√
pMR

, with pMR
=
∑

a λ
2
MR,a the probability of

having magnetization MR in the right half. The existence of the conservation law
makes our simulations much more efficient, since the block-diagonal form of the
tensors can be exploited.

7.4 Logarithmic increase of OE: Numerical results

In simulations in Fig. 7.1 we noticed a distinctive different behavior of OE growth
at long times (log-growth) for the magnetization conserving XXZ model compared
to other models breaking this conservation law. Quite generically, at times t ≪
γ−1, the dynamics is dominated by the Hamiltonian part in Eq. (8.3). Sufficiently
pure states at such short times can be approximated by the state |ψt⟩ = e−iĤt |ψ0⟩.
In that case the OE is simply twice the entanglement entropy of |ψt⟩ (see e.g. [27]),
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and it is well established that the latter generically grows linearly in time (in the
absence of disorder). At times t ≳ γ−1, the initial coherence is destroyed by
dephasing, and the OE decreases (see [36] for a more detailed discussion on the
parameter dependence of the peak-heights). This ‘rise and fall’ is clearly visible in
Fig. 7.1, and it is typical for OE dynamics, and also other quantities such as the
mutual information [60, 61]. Typically, under the dynamics in Eq. (8.3) the system
is expected to relax to a simple stationary state characterized by the conserved
quantities of Eq. (8.3), or to the identity if there is no conservation law. The OE
at late times converges towards the OE of that stationary state. This is visible
in our simulations of the XYZ and Ising models, see Fig. 7.1(e). In this case
only the parity Π̂ =

⊗
i σ̂

z
i is preserved by the dynamics. Since the initial Néel

state is an eigenstate of Π̂, the stationary density matrix is a projector on a fixed
parity sector, 1

2
(1 ± Π̂), with the O(1) entropy SOP = 1 (= log2 2). For the XXZ

chain with the initial tilted Néel along the x direction, even parity conservation is
broken, and the stationary density matrix becomes the identity, SOP = 0. In stark
contrast, for the XXZ chain and initial Néel state, after the rise and fall dynamics,
the OE increases again at long times, see Fig. 7.1(c), and this second increase is
logarithmic in time, see Fig. 7.1(d). More precisely, we find the long-time behavior
SOP(t→∞) = η log2(tJ) + S0, which we will also understand analytically below.
The prefactor η converges universally to η = 1/4 independent on the precise values
of γ and Jz, as shown in Fig. 7.2(a), and has also been observed with additional
disorder [62]. The offset S0 depends on the characteristic time-scale of the long-
time diffusive dynamics set by J , Jz and γ [36]. Note that we find the evolution
of OE in the XXZ model to be independent of the signs of J and Jz.

7.5 Mechanism for logarithmic growth: Abelian
symmetry and anomalous charge diffusion

To also analytically understand this behavior, we now consider the XXZ model
evolution in the strong dephasing limit γ ≫ J . The dissipators in the master equa-
tion (8.3) project the density matrix onto its diagonal part ρ̂diag =

∑
σ ρσσ |σ⟩ ⟨σ|,

where the σ denote all binary vectors of spin-z configurations. The dynamics then
reduces to a classical master equation for the probability pσ = ρσσ, dpσ/dt =∑

σ′Mσσ′pσ′ . The stochastic matrix M was determined in Ref. [38] in second-
order perturbation theory starting from Eq. (8.3). It takes the form of an effective
ferromagnetic Heisenberg Hamiltonian,M = −J2/(8γ)

∑
i

[
σ̂x
i σ̂

x
i+1 + σ̂y

i σ̂
y
i+1 + σ̂z

i σ̂
z
i+1 − 1

]
.

Importantly,M is the stochastic matrix of the Symmetric Simple Exclusion Pro-
cess (SEP) [63, 64], a model of classical hard-core particles that perform random
walks.

Crucially, in the SEP, the mean squared displacement of a tagged particle
grows as ⟨X2

t ⟩ ∝
√
t [51, 52, 65–68], as opposed to ∝ t for a usual random walk.

This anomalous diffusion is universally found in problems of so-called ‘single-file
diffusion’ [65, 69, 70], when classical particles diffuse in one-dimensional channels
without bypassing each other. Here, it is now also tied to anomalous scaling
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of the particle number fluctuations between the left and right half-systems. If
∆N(t) = MR(t)/2 is the excess number of particles (w.r.t. the initial Néel state)
in the right half-system at time t, and if we tag the particle initially at the origin,
then one can estimate ∆N(t) ≃ ρ0Xt, where ρ0 = 1/2 is the particle density
in the Néel state. Consequently, ⟨∆N(t)2⟩ ≃ ρ20 ⟨X2

t ⟩ ∝
√
t. More generally, the

probability distribution of MR(t) is found to obey a scaling form at long times [66]:
p(MR(t) = m) ∼

t→∞
exp

(√
t G

(
m√
t

))
. Here, the large-deviation function G is

non-positive, symmetric [G(u) = G(−u)], diverges when |u| → ∞, and has a single
minimum at u = 0 (see [66]). In particular, away from the tails the distribution
is Gaussian with standard deviation δ = t1/4/

√
|G′′(0)|. The Shannon entropy

associated to number fluctuations is then

Snum(t) =
∑

m∈2Z

−p(m) log2 p(m)

≃
∫
−
√

2

πδ2
e−

m2

2δ2 log2

(√
2

πδ2
e−

m2

2δ2

)
dm

2

= log2 δ + log2

(√
πe/2

)
=

t→∞

1

4
log2 t+O(1). (7.7)

It is no coincidence that SOP grows in the same way as the number fluctuations
Snum at long times (see below).

Away from the γ/J ≫ 1 limit, the XXZ chain no longer reduces to the SEP.
Nevertheless we find that the same type of anomalous scaling persists. This
is confirmed in Fig. 7.2, where we show that, for times accessible numerically,
p(MR = m) is approximately Gaussian [Fig. 7.2(b)] with width δ ∝ t

1
4 [Fig. 7.2(c)].

Thus, even though the exact correspondence with the SEP breaks down at finite
γ/J , the scaling of Snum in Eq. (7.7) remains unchanged. This result is also con-
sistent with previous studies of transport in the XXZ and related models [71–74].

7.6 Symmetry-resolved OE

We now show how the relation between SOP and Snum can be revealed in so-
called symmetry resolved operator entanglement. From Eq. (7.6) we can derive a
decomposition of the OE into the form:

SOP =
∑

MR

pMR
Sres(MR) + Snum(pMR

), (7.8)

where the ‘symmetry-resolved entanglement entropies’ are Sres(MR) = −
∑

a λ̃
2
MR,a log2(λ̃

2
MR,a),

and Snum is given in Eq. (7.7). Such symmetry-resolved entropies have attracted
attention recently [9, 75–79]. In Fig. 7.2(d) we display Sres(MR) for different val-
ues of MR. Also Sres exhibits the ‘rise and fall’ phenomenon discussed above, but
independent of MR they decrease to very small values at late times. This means
that the logarithmic increase SOP is solely due to the growth of Snum.
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7.7. Fermi- and Bose-Hubbard model

Figure 7.3: Logarithmic OE growth in the Fermi-Hubbard (a) and Bose-Hubbard
(b) models with dephasing for different interaction strengths Uf/b. The grey dashed
lines indicate the analytically expected long-time growth [36]. The initial states
are: One fermion per site with alternating spins |· · · ↑↓↑ · · ·⟩ (a) and alternating
sites with 0 or 1 boson |· · · 101 · · ·⟩ (b). Parameters: γf = 8Jf (a) and γb = 2Jb
(b), χ = 512, 256, ∆tJf/b = 1/2, maximum bosons per site nmax = 4.

7.7 Fermi- and Bose-Hubbard model

To demonstrate the generality of the logarithmic OE growth, we discuss two addi-
tional paradigmatic many-body setups featuring number conservation: i) a Fermi-
Hubbard (FH) model, ĤFH = −Jf

∑
n,σ(ĉ

†
σ,nĉσ,n+1 + h.c.) + Uf

∑
n ĉ

†
↑,nĉ

†
↓,nĉ↑,nĉ↓,n

with creation operators for spin-full fermions on site n, ĉ†σ,n (σ =↑, ↓); and ii) a
Bose-Hubbard (BH) model, ĤBH = −Jb

∑
n(b̂

†
nb̂n+1+h.c.)+Ub/2

∑
n b̂

†
nb̂

†
nb̂nb̂n, for

bosons created by b̂†n. In both cases we consider dephasing D[k]ρ̂ = γL̂kρL̂
†
k −

γ(L̂†
kL̂kρ̂+ ρ̂L̂

†
kL̂k)/2, where L̂σ,n = ĉ†σ,nĉσ,n and L̂n = b̂†nb̂n in the FH and BH case,

respectively. As demonstrated in Fig. 7.3, both models also exhibit a long-time
logarithmic OE growth. In the FH model, we observe SOP ∼ log2(tJf )/2. For
γ ≫ Jf , Uf , this can be understood analytically by considering the FH chain as
the sum of two chains, one for each spin degree of freedom, both of which are de-
scribed by the SEP and exhibit SOP ∼ log2(tJf )/4. Here, interactions contribute
only at higher orders [36]. The BH model exhibits SOP ∼ log2(tJb)/4 analogous to
the XXZ model. For large Ub ≫ γ ≫ Jb the creation of doublons is energetically
suppressed, leading back to the SEP. For finite interaction strength (γ ≫ Jb, Ub), a
different classical limit is reached, which also features logarithmic OE growth with
a prefactor close to 1/4 stemming from a ‘Symmetric Inclusion Process’ [36, 64].

7.8 Conclusion

We showed that in a dissipative system possessing a U(1) conservation law the
operator entanglement grows logarithmically at long times. We pinpointed the
mechanism that leads to this logarithmic growth, and identified its prefactor with
the [possibly anomalous] exponent characterizing the fluctuations of the charge as-
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sociated with the U(1) symmetry. Our results and methods are of general interest
to studies of imperfect quantum computation and quantum simulation platforms,
currently pushing into a regime where they may offer a quantum advantage. The
entanglement entropy dynamics we study here connects directly to similar results
obtained for discrete quantum circuit models [28, 32, 80, 81], or to other dissipa-
tive simulation methods such as quantum trajectories [82, 83]. An understanding
of the destructive processes of the environment on dynamics are essential, and
the interplay between dissipation and coherent couplings can lead to interesting
physics or state engineering (e.g. [84–87]). In the future, it will be interesting to
investigate how the presence of more complex symmetries such as SU(N) impacts
entanglement dynamics.
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Appendix

In Sec. 7.A, we provide details on the numerical convergence. In Sec. 7.B, we
discuss a breaking of magnetization conservation on different levels. In Sec. 7.C
we show numerical results on the parameter dependence of the short time peaks
of the OE. In Sec. 7.D, we discuss the perturbative estimate for the offset of the
operator entanglement. In Sec. 7.E, we identify the strong dephasing limits of the
Fermi-Hubbard model, and of the Bose-Hubbard model, which are instrumental
for explaining the prefactors of the logarithmic growth of the OE observed in the
main text.

7.A Details on numerical convergence

For solving the time-evolution with the iTEBD algorithm [49, 58] we make use of
a Trotter decomposition of the matrix exponential of the super-operator governing
the full dissipative dynamics [55]. In order to reach long time-scales, we implement
4-th order decomposition [59], which allowed for time-step converged results even
up to step sizes of ∆t = 1/(2J) [see Fig. 7.4(a)]. ∆t signifies the full time step,
which is composed of individual gates with time-steps of length ∆t/12 and ∆t/6.
In particular, we use the method

(1)T (1)(1)T (−2)(1)T (1)T (1)T (1)T (1)(1)T (1)(1)(1)(1)(−2)T (1)(1)T (1) . (7.9)

Throughout the paper we only show simulations up to times until which the re-
sults are converged in the MPO bond dimension χ, defined in the truncated MPO

Figure 7.4: (a) Convergence in the time-step ∆t (in units 1/J) for γ = J/4,
Jz = −J , χ = 1024. (b) Convergence in χ for γ = J/4, Jz = −J , ∆tJ = 0.5. (c)
Convergence in χ for γ = J/8, Jz = −J , ∆tJ = 0.1

90



Chapter 7. Publication: The Rise and Fall, and Slow Rise Again, of Operator
Entanglement under dephasing

decomposition in Eq. (5). In practice, we ran simulations repeatedly, doubling
bond dimensions in the different runs until lines become visually indistinguish-
able. We varied the bond dimension in the range χ = 128, 256, 512, 1024, 2048.
Note that e.g. for χ = 1024, a maximum possible entropy of SOP ≤ log2(χ) = 10
is theoretically supported. Naturally, the evolution producing the largest OE re-
quired the largest values of χ. The convergence plots in Fig. 7.4(b) and Fig. 7.4(c)
demonstrate this procedure for “worst-case” scenarios (i.e. the data with the largest
OE values and for long times). We choose the data from Fig. 1(d) with γ = J/4,
simulated up to long times, and the data for Fig. 3(a) with Jz/J = −1 and
γ = J/8, which reached the largest values in the short time peak SOP ∼ 6.

In particular, the following parameters have been used for the figures in the
main text:

Figure −Jz/J γ/J χ ∆tJ
Fig. 1(c) 1 0.25 512 0.2
Fig. 1(c) 1 ≥ 0.5 256 0.1/0.2

Fig. 1(d)(short times) 1 ≤ 1 1024 0.1/0.2
Fig. 1(d)(short times) 1 > 1 256 0.1/0.2
Fig. 1(d)(long times) 1 all 512 0.5

Fig. 1(e) all all 256 0.2
Fig. 2(a)/S3(b) 1 0.25 2048 0.5
Fig. 2(a)/S3(b) 1 0.5, 1 1024 0.5
Fig. 2(a)/S3(b) 1 2, 4 512 0.5
Fig. 2(a)/S3(b) all 1 1024 0.5

Fig. 2(b) 1 0.5 512 0.5
Fig. 2(c) 1 all 512 0.5
Fig. 2(d) 1 0.5 1024 0.1
Fig. 3(a) all — 512 0.5
Fig. 3(b) all — 256 0.5
Fig. S3(a) all 0.125 1024 0.1
Fig. S3(a) all ≥ 0.25 512 0.1/0.2

Whenever two ∆t values are given, different ∆ts were used for different parameters
for historic reasons, but are clearly converged in either case.

7.B Breaking magnetization conservation

In this section, we give a few more examples without magnetization conservation.
First, we discuss fully polarized states that are tilted at an angle θ,

⊗
n exp[iθσ̂

(x)
n ] |↓⟩n.

For 0 < θ < π, these states are not eigenstates of Ŝz. We find that after the initial
growth, the OE decays to zero, just like for the initial tilted Néel state. For the
special cases θ = 0(π), the state |· · · ↓↓↓ · · ·⟩ (|· · · ↑↑↑ · · ·⟩) is an eigenstate of the
Liouvillian, and thus the OE remains zero at all times.

If magnetization conservation is broken on the level of the Liouvillian, we find
a similar rise and fall of OE, which remains zero at long times [see Fig. 7.5(b)].
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Figure 7.5: Rise and fall of operator entanglement without magnetization conser-
vation. (a) We consider the XXZ model with dephasing, as in the main text, for
Jz = −J , γ = J/2. The initial state is a fully polarized state

⊗
n exp[iθσ̂

(x)
n ] |↓⟩n,

which are not and eigenstate of Ŝz (except for θ = 0). (b) We consider the XXZ
model with Jz = −J for a Néel initial state as in the main text. Instead of dephas-
ing, we consider non-conserving dissipationD±

n ρ̂ = γ/2(2σ̂±
n ρ̂σ

∓
n−σ̂∓

n σ̂
±
n ρ̂−ρ̂σ̂∓

n σ̂
±
n ),

and for various rates γ. Simulations for χ = 128, ∆tJ = 0.1

For the case of both an incoherent pump and and decay at rate γ, after the initial
rise and fall, we expect the steady state to be the (trivial) infinite temperature
state with SOP = 0.

7.C Short-time peak heights

Figure 7.6: (a) Short-time peak-height of SOP as a function of 1/γ for different Jz.
(b) Offset S0 (extracted from fits as in Fig. 2 in the main manuscript) as a function
of the inverse tangent time 1/(t0J). Blue lines (top) indicate variable γ at fixed
Jz = −J , red lines (bottom) indicate variable Jz at fixed γ. Results converged for
(a) ∆tJ = 0.1 and (b) ∆tJ = 0.5, and different values of χ = 512, 1024, 2048

Whether a state can be efficiently approximated by an MPO is determined
by the OE of that state, which has a local maximum at short times. Thus, until
not too long times, the approximability of the dynamics is determined by the
value at this maximum Speak. This value is shown in Fig. 7.6(a) as a function of
the dephasing rate γ and the interaction strength Jz. We find that generally the
peak-height grows as Speak ∼ 1/γ for small γ. Interestingly, Speak decreases when
increasing the spin interaction strength |Jz|. As a consequence, the dynamics
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under strong dephasing can always be simulated, while for small dephasing the
dynamics can only be simulated in the presence of strong interactions (large |Jz|).

7.D OE offset scaling

Whether a state can be efficiently approximated by an MPO is determined by the
OE of that state, which is at long times dominated by the logarithmic growth
SOP = log2(tJ)/4 + S0. Since logarithmic growth is very slow, the offset is also
important. We find that the offset S0 decreases with increasing |Jz| or γ [see
Fig. 7.6(b)] when extrapolating to t0 → ∞. The approximately equal spacing of
lines in a regime of large γ (when doubling γ) indicates a scaling of S0 ∼ log2(1/γ)
in this regime. This is confirmed by the perturbative argument given below, which
leads to S0 = log2(J/2

√
4γ2 + J2

z )/4 +O(1).
In the analytical model, the offsets are given by the time scale of the transfer, as

the multiplicative transfer rate under the logarithm becomes an additive constant
(see below). Cai and Barthel have computed the transfer rates perturbatively for
small J ≪ γ, as discussed in the following [38].

We start by writing the evolution operator as a sum L = L0 + L1 with L0 =
−i[Ĥ0, ·] +

∑
i L[i] and L1 = −i[Ĥ1, ·]. Here, the Hamiltonian is separated into

interaction Ĥ0 = Jz/4
∑

i σ̂
z
i σ̂

z
i+1 and Ĥ1 = J/2

∑
i

(
σ̂+
i σ̂

−
i+1 + σ̂−

i σ̂
+
i+1

)
. In the

limit of strong dissipation, we can then consider perturbation theory for small L1.
The eigenstates of L0 are product states in the z eigenbasis. Of these eigen-

states, only those without off-diagonal correlations do not decay. Perturbative
coupling between the states can be computed by [see also Eq. (7.22) in Sec. 7.E]

Leff = L0 − PL1(L0)
−1L1P , (7.10)

where P projects into the L0 eigenstates with zero decay rate.
According to Ref. [38], the transfer rate between sites i and (i+1) depends on

the state of the neighboring sites (i− 1) and (i+ 2). Thus, focussing only on the
two central spins, the transfer rates can be read from the prefactors of

Li,(i+1)
eff |· · · ↑↑↓↑ · · ·⟩ ⟨· · · ↑↑↓↑ · · ·| = J2

4γ

(
|· · · ↑↓↑↑ · · ·⟩ ⟨· · · ↑↓↑↑ · · ·| − (7.11)

|· · · ↑↑↓↑ · · ·⟩ ⟨· · · ↑↑↓↑ · · ·|
)
, (7.12)

Li,(i+1)
eff |· · · ↑↑↓↓ · · ·⟩ ⟨· · · ↑↑↓↓ · · ·| = J2γ

4γ2 + J2
z

(
|· · · ↑↓↑↓ · · ·⟩ ⟨· · · ↑↓↑↓ · · ·| −

(7.13)
|· · · ↑↑↓↓ · · ·⟩ ⟨· · · ↑↑↓↓ · · ·|

)
. (7.14)

All other possibilities can be obtained by permuting bras and kets, up and down,
and reading states from right to left. Here, Li,(i+1)

eff indicates that only the effective
Liouvillian acting on site i and i+ 1 is given, i.e. Leff =

∑
i L

i,(i+1)
eff .

Since both scenarios are combinatorically equally likely for randomly arranged
spins, we compute an effective transfer rate r by taking the geometric average,
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which yields

r =
J2

2
√
4γ2 + J2

z

. (7.15)

From this, we can compute the parameter scaling of S0 using S(t) = log2(rt)/4+
O(1) = log2(Jt)/4 + log2(r/J)/4 +O(1) as

S0 =
1

4
log2

[
J

2
√

4γ2 + J2
z

]
+O(1) . (7.16)

7.E Strong dephasing limits of the Fermi-Hubbard
model and of the Bose-Hubbard model

7.E.1 Strong dephasing limit of the Fermi-Hubbard model:
two decoupled Symmetric Exclusion processes

We define the Fermi-Hubbard Hamiltonian as

Ĥ = −J
N∑

j=1

[ĉ†↑j+1ĉ↑j + h.c. + ĉ†↓j+1ĉ↓j + h.c.] + U
N∑

j=1

ĉ†↑j ĉ↑j ĉ
†
↓j ĉ↓j, (7.17)

where ĉ†↑j (resp. ĉ†↓j) is the creation operator of a fermion with spin up (resp.
down) on site j. We consider the strong dephasing limit of the Lindblad equation

d

dt
ρ̂ = −i[Ĥ, ρ̂] + γ

N∑

j=1

D[ĉ†↑j ĉ↑j](ρ̂) + γ

N∑

j=1

D[ĉ†↓j ĉ↓j](ρ̂), (7.18)

where D[Â](ρ) = Âρ̂Â† − 1
2
{Â†Â, ρ̂}. For our purposes, it is more convenient to

write this equation in vectorized form: we vectorize the density matrix ρ̂ → |ρ⟩
—we write the 4N × 4N matrix ρ̂ as a 42N -vector |ρ⟩—, and write its evolution as

d

dt
|ρ⟩ = γ

(
L0 |ρ⟩+

1

γ
L1 |ρ⟩

)
(7.19)

where L0 contains the dissipative part of Eq. (7.18), and L1 contains the unitary
part in (7.18). [Here, contrary to what is done in Ref. [38] and in Sec. 7.D, we
do not treat the diagonal and non-diagonal parts of the Hamiltonian differently.
Here L1 corresponds to −i[H, ·] where H is the whole Hamiltonian, including its
diagonal part.] Let τ = γt, then

d

dτ
|ρ⟩ = L0 |ρ⟩+

1

γ
L1 |ρ⟩ , (7.20)
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and the solution of that equation for some arbitrary initial condition |ρ0⟩ can be
expanded to second order in 1/γ,

|ρ(τ)⟩ = exp

(
τL0 +

τ

γ
L1

)
|ρ0⟩

= eτL0 |ρ0⟩+
1

γ

∫ τ

0

dτ1e
(τ−τ1)L0L1e

τ1L0 |ρ0⟩

+
1

γ2

∫ τ

0

dτ1

∫ τ1

0

dτ2e
(τ−τ1)L0L1e

(τ1−τ2)L0L1e
τ2L0 |ρ0⟩+ . . . (7.21)

Importantly, the subspace of density matrices ρ that satisfy L0 |ρ⟩ = 0 is precisely
the one of matrices that are diagonal in the computational basis. Let us call P
the projector onto that subspace, and P⊥ = 1−P its orthogonal projector. Then
for τ ≫ 1 we can replace eτL0 with P . This leads to

|ρ(τ)⟩ ≃ P |ρ0⟩+
τ

γ
PL1P |ρ0⟩+

τ 2

2γ2
PL1PL1P |ρ0⟩

+
1

γ2

∫ τ

0

dτ2(τ − τ2)PL1P⊥eτ2L0P⊥L1P |ρ0⟩+ . . .

≃ exp

(
τ

γ
PL1P

)
P |ρ0⟩+ PL1P⊥

(
τ

γ2

∫ ∞

0

dτ2e
τ2L0

)
P⊥L1P |ρ0⟩+ . . .

≃ exp

(
τ

γ
PL1P

)
P |ρ0⟩+

τ

γ2
PL1P⊥ (−L⊥

0

)−1P⊥L1P |ρ0⟩+ . . . ,

where L⊥
0 is the restriction of L0 to the subspace orthogonal to its kernel, and(

L⊥
0

)−1 is its inverse on that subspace. Finally, one notes that PL1P = 0, since
L1 acts on the density matrix ρ as −i[H, ρ]. Thus, the result of second-order
perturbation theory is that, in the strong dephasing limit, the density matrix
remains diagonal on long times scales, |ρ(t)⟩ ≃ P |ρ(t)⟩. The slow evolution of the
diagonal part |ρdiag(t)⟩ := P |ρ(t)⟩ is given by

d

dt
|ρdiag(t)⟩ = −

1

γ
PL1P⊥ (L⊥

0

)−1P⊥L1P |ρdiag(t)⟩ . (7.22)

This equation has been obtained for the XXZ chain by Cai and Barthel [38] and
also for other models, including models of bosons, by Bernard, Jin and Shpiel-
berg [64]. Let us now apply it to the Fermi-Hubbard model (7.17). The key
observation is that the interacting term U

∑N
j=1 ĉ

†
↑j ĉ↑j ĉ

†
↓j ĉ↓j in the Hamiltonian

(7.17) acts diagonally in the computational basis, so it does not contribute to the
term − 1

γ
PL1P⊥ (L⊥

0

)−1P⊥L1P in Eq. (7.22). Therefore, in the strong dephasing
limit, the spin components ↑ and ↓ simply decouple, and each spin component
follows its own strong-dephasing dynamics. One can then simply set U = 0 in the
Hamiltonian (7.17) which splits into two independent models of non-interacting
fermions, one for each spin component. Consequently, the strong-dephasing limit
of the Fermi-Hubbard model consists of two decoupled Symmetric Exclusion Pro-
cesses, one for the spins ↑, the other for the spins ↓, as claimed in the main text.
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7.E.2 Strong dephasing limit of the Bose-Hubbard model:
a Symmetric ‘Inclusion’ Process

We define the Bose-Hubbard Hamiltonian as

Ĥ = −J
N∑

j=1

[b̂†j+1b̂j + h.c.] +
U

2

N∑

j=1

b̂†j b̂j(b̂
†
j b̂j − 1) (7.23)

and the Lindlblad equation with dephasing takes the form (see e.g. Ref. [48])

d

dt
ρ = −i[Ĥ, ρ̂] + γ

N∑

j=1

D[b̂†j b̂j](ρ̂). (7.24)

Like for the XXZ chain and for the Fermi-Hubbard model, the strong dephasing
limit can be analyzed in second-order perturbation theory [38, 64]. The general
formula (7.22), where γL0 is the dissipative part of the Lindblad equation and
L1 is the unitary part, applies also to the Bose-Hubbard model. As in the Fermi-
Hubbard case, the interaction term U

2

∑N
j=1 b̂

†
j b̂j(b̂

†
j b̂j−1) in the Hamiltonian (7.23)

acts diagonally in the single-site Fock basis. Consequently, it does not contribute to
the term− 1

γ
PL1P⊥ (L⊥

0

)−1P⊥L1P . At strong dephasing the Hubbard interaction
is irrelevant, and the model can be analyzed simply by setting U = 0. The resulting
model of non-interacting bosons with dephasing has been analyzed in Ref. [64].
For the convenience of the reader, here we briefly sketch a simple derivation of
that strong-dephasing limit.

For notational simplicity, we focus on N = 2 two sites only, and label the
basis states as |n1n2⟩ where n1, n2 ∈ N are the number of bosons on site 1 and 2.
Diagonal density matrices are of the form

ρdiag =
∑

n1,n2

p(n1, n2) |n1n2⟩ ⟨n1n2| . (7.25)

Under strong dephasing, the effective dynamics within the space of diagonal den-
sity matrices must be a classical stochastic process for the probability distribution
p(n1, n2). The goal is to determine the rates that define the classical master equa-
tion of that process.

We proceed step by step to compute the r.h.s of Eq. (7.22). First, L1P |ρdiag⟩ =
L1 |ρdiag⟩ is the vectorized form of

−i
[
Ĥ, ρdiag

]
= −i

[
H,
∑

n1,n2

p(n1, n2) |n1n2⟩ ⟨n1n2|
]

= iJ
∑

n1,n2

p(n1, n2)
(√

(n1 + 1)n2 |n1 + 1, n2 − 1⟩ ⟨n1n2|

+
√
n1(n2 + 1) |n1 − 1, n2 + 1⟩ ⟨n1n2|

−
√
(n1 + 1)n2 |n1, n2⟩ ⟨n1 + 1n2 − 1|

+
√
n1(n2 + 1) |n1, n2⟩ ⟨n1 − 1, n2 + 1|

)
,
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which we write as

L1 |ρdiag⟩ = iJ
∑

n1,n2

p(n1, n2)
(√

(n1 + 1)n2 |n1 + 1, n2 − 1⟩ ⟨n1n2|

+
√
n1(n2 + 1) |n1 − 1, n2 + 1⟩ |n1n2⟩

−
√

(n1 + 1)n2 |n1, n2⟩ ⟨n1 + 1n2 − 1|+
√
n1(n2 + 1) |n1, n2⟩ |n1 − 1, n2 + 1⟩

)
.

Second, we observe that L[b̂†1b̂1] |n1 ± 1, n′
2⟩ |n1, n2⟩ = (n1±1)n1− (n1±1)2+n2

1

2
= −1

2
.

Then

(L⊥
0 )

−1P⊥L1P |ρdiag⟩ =
−iJ
2γ

∑

n1,n2

p(n1, n2)
(√

(n1 + 1)n2 |n1 + 1, n2 − 1⟩ |n1n2⟩

+
√
n1(n2 + 1) |n1 − 1, n2 + 1⟩ |n1n2⟩

−
√

(n1 + 1)n2 |n1, n2⟩ |n1 + 1n2 − 1⟩
+
√
n1(n2 + 1) |n1, n2⟩ |n1 − 1, n2 + 1⟩

)
.

Applying again the vectorized form of −i[Ĥ, .], and projecting onto diagonal con-
figurations, one arrives at

−PL1P⊥(L⊥
0 )

−1P⊥L1P |ρdiag⟩ =
J2

2γ

∑

n1,n2

p(n1, n2)

(√
(n1 + 1)n2

2
(|n1 + 1, n2 − 1⟩ |n1 + 1n2 − 1⟩ − |n1, n2⟩ |n1n2⟩)

+
√
n1(n2 + 1)

2
(|n1 − 1, n2 + 1⟩ |n1 − 1n2 + 1⟩ − |n1, n2⟩ |n1n2⟩)

+
√
(n1 + 1)n2

2
(|n1 + 1, n2 − 1⟩ |n1 + 1n2 − 1⟩ − |n1, n2⟩ |n1n2⟩)

+
√
n1(n2 + 1)

2
(|n1 − 1, n2 + 1⟩ |n1 − 1, n2 + 1⟩ − |n1, n2⟩ |n1, n2⟩)

)
.

In conclusion, the classical master equation obeyed by the probability distribution
p(n1, n2) is

d

dt
p(n1, n2) =

J2

γ
n1(n2 + 1)[p(n1 − 1, n2 + 1)− p(n1, n2)]

+
J2

γ
(n1 + 1)n2[p(n1 + 1, n2 − 1)− p(n1, n2)]. (7.26)

This result generalizes straightforwardly to the case with more sites, N > 2, i.e.

d

dt
p(n1, n2, . . . , nN) =

J2

γ

∑

i

ni[(ni−1 + 1)p(. . . , ni−1 + 1, ni − 1, . . . ) (7.27)

+ (ni+1 + 1)p(. . . , ni − 1, ni+1 + 1, . . . )

− (ni−1 + ni+1 + 2)p(. . . , ni, ni+1, . . . )]. (7.28)
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Figure 7.7: Fit for the variance growth for the Symmetric Inclusion Process. The
blue crosses are determined by a Monte Carlo simulation of Eq. (7.27) with 5000
trajectories. The grey dashed line is a power law fit to the numerical data.

What is interesting about the master equation (7.27) is that it is very different
from the one of non-interacting particles undergoing a random walk, which would
rather be of the form

d

dt
p(n1, n2, . . . , nN) ∝

∑

i

ni[p(. . . , ni − 1, ni+1 + 1, . . . )

+p(. . . , ni−1 + 1, ni − 1, . . . )− 2p(. . . , ni−1, ni, ni+1, . . . )].

Interestingly, the resulting classical dynamics exhibits a signature of bosonic bunch-
ing in the original quantum model. The classical stochastic process defined by
Eq. (7.27) belongs to a class of models known as ‘Symmetric Inclusion Processes’
in the statistical physics literature, see e.g. Refs. [89, 90].

In order to determine the dynamics of number fluctuations in the model de-
scribed by Eq. (7.27), we numerically compute nsamples = 5000 different sample
trajectories for a chain of length L = 100. Fig. 7.7 shows the time trace of the
variance of the number of particles in the left half of the chain var(NL) [corrected
by nsamples/(nsamples−1)]. We compute the error of the variance using the jackknife
method [91] by separating the data into M = 500 bins with 10 trajectories each.
Then, we compute the variances vm for all possible subsets of M − 1 different bins
(i.e. deleting 1 bin for each subset). Finally, we compute the error from these
variances as

error[var(NL)] =

√
M − 1

M

∑

m

[vm − var(NL)]
2 . (7.29)

We use LsqFit.jl to fit the numerical data with a power law of the form
var(NL) = a × (t/τ)b, and find a ≈ 0.49 and b = 0.53, close to b = 1/2. We find
that this fit describes the data well, as shown in Fig. 7.7. Here, τ = γ/J2 is the
characteristic time scale of the dynamics.

If we thus assume that NL is Gaussian distributed with standard deviation δ ∼
(t/τ)b/2, we can use Eq. (7) of the main text to compute Snum(t) = log2[(t/τ)

b/2]+
O(1), close to log2(t/τ)/4 + const. used in the main text.
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Chapter 8

Publication: Comparing bipartite
entropy growth in open-system
matrix product simulation methods

The following chapter is a reprint of a work comparing the bipartite entropy growth
in open-system using matrix product simulation methods, which was published in
Phys. Rev. A 108, 012616 [1]. In this work we have done a thorough comparison
of bipartite entropy growth in open-systems using two different methods: MPDO
and QT+MPS. Under the types of dissipation that we considered, we give a thor-
ough comparison of bipartite entropy growth, using the XXZ model. In general we
found significant advantages of the MPDO approach over the QT+MPS method
such as a better growth scaling of bipartite entropy growth at long times, and also
an easier exploitation of higher order Trotter decompositions and translational
invariance, allowing for larger time steps and system sizes.

This chapter is organised as follows: In Section 8.1 we introduce some of the
motivations to study bipartite entropy growth in the context of many-body quan-
tum systems and the two approaches that we use to study it. In Section 8.2
we introduce the XXZ model, which is the Hamiltonian that we use throughout
this paper, as well as the initial state and the two different types of dissipation
that we use: spontaneous emission/absorption and dephasing. In Section 8.3 we
explain the two measures for bipartite entropy that we use: Operator Entangle-
ment and Trajectory Entanglement, along with the correspondent matrix product
decompositions that they are associated with. In Section 8.4 we present numeri-
cal comparison of bipartite entropy growth between MPDO and QT+MPS under
spontaneous emission/absorption and under dephasing. In Section 8.5 we present
some details regarding the numerical methods that we employ along with analyti-
cal results for the case of spontaneous emission/absorption. Finally in Section 8.6
we give some outlooks and a conclusion.
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Chapter 8. Publication: Comparing bipartite entropy growth in open-system
matrix product simulation methods

8.1 Introduction

In recent years, experimental developments have made it possible to analyze and
control almost fully coherent quantum many-body dynamics [2], in particular for
effective spin-1/2 models, e.g. with trapped ultracold atoms or molecules in op-
tical lattices [3, 4], Rydberg excitations [5–8], or ion traps [9]. The possibility
of controlled quantum simulations on such platforms promises various practical
applications that may lead to a quantum advantage compared to classical simula-
tions [10].

The study of entanglement in many-body models has been a long-standing
theory quest [11, 12], especially its growth dynamics (e.g. [13–15]). The study
of entanglement is of practical interest in one dimension (1D), where the growth
of the bipartite entanglement entropy S (see Sec. 8.3 for definitions) is directly
connected to the question whether dynamics can be efficiently simulated on a
classical computer. This connection is made via the concept of matrix product
states (MPS) [16–20]. An MPS is a numerical decomposition of a many-body
state vector into a product of χ × χ matrices, where the entries of the matrices
are local kets. For such a representation, the bipartite entanglement entropy is
limited to max[S] = log2(χ). Consequently, to represent a physical state |ψ(t)⟩
with entanglement entropy S(t) as MPS over time, the matrix size (or “bond
dimension”) has to grow at least as χ ∝ 2S(t). An evolution where S increases
faster than logarithmic can therefore be considered computationally inefficient.

Every experiment features at least small couplings to the environment, and
should therefore be treated as an open quantum system described by a density
matrix ρ̂. Then, the definition of entanglement needs to be adapted: A bipartition
of the open system is effectively a tripartition of a larger (closed) system, with
the environment acting as third party, and bipartite entropies do not necessarily
indicate entanglement. However, analogously to MPSs for pure states, also a ma-
trix product decomposition of the density matrix can be defined, known as density
matrix product density operator (MPDO) [21–25]. Equivalently to the pure state
case, the so-called operator space entanglement entropy, or simply “operator en-
tanglement” (OE) [26–37] is linked to the efficiency of this MPDO representation.

Alternatively, the density matrix can be non-uniquely decomposed as a sta-
tistical mixture of pure states [see Fig. 8.1(a) for a sketch]. Each pure state can
then be expressed as an MPS, and the efficiency of such a representation is deter-
mined by the bipartite entanglement entropies in the individual states. In order to
compute time evolution, pure state trajectories can be stochastically evolved with
a technique known as quantum Monte-Carlo wavefunction method or quantum
trajectories (QT) [38–40]. This approach has been successfully applied in many
simulations with MPS [25, 41]. We denote it as QT+MPS, and the average bi-
partite entropy of the trajectories as “trajectory entanglement” (TE). In general,
due to the smaller local state space, a QT+MPS approach seems favorable com-
pared to an MPDO, in particular for computations where only small numbers of
trajectories are required for statistical convergence (e.g. for computing evolution
of simple local observables). However, a decreased entropy scaling could make the
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<latexit sha1_base64="2IvuYzvA0jRi1evWI2LtxyRQglg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1I7kLQ=</latexit>

(b)

<latexit sha1_base64="YqVpf7jcSR55ZRJzWquXGGGCygU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0FZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBTwZC1</latexit>

(c)

<latexit sha1_base64="40qbks7OIJLzGMs0VQjABuuuMLU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC3xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1VHkLY=</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="3FSpy48vlvL0j1VqmHYDna2n8Mg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBexeMug==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

7

<latexit sha1_base64="to5Xc3WGpFXDpddsUU6O5apED+4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlXs/jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhbOMwQ==</latexit>

7

<latexit sha1_base64="to5Xc3WGpFXDpddsUU6O5apED+4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp619Wb5nWlXs/jKMIZnMMleFCDOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhbOMwQ==</latexit>

8

<latexit sha1_base64="kMQV4DUrDYuqaxGNL3jjO+srMI4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+dxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhzeMwg==</latexit>

8

<latexit sha1_base64="kMQV4DUrDYuqaxGNL3jjO+srMI4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+dxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhzeMwg==</latexit>

tJ

<latexit sha1_base64="HoXoTRnBQklBhGWdIFhtXVI+JkA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF/FUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWesC7frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9WrVy/tapV7P4yjCCZzCOXhwBXW4hQY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH3e2jVI=</latexit>

tJ

<latexit sha1_base64="HoXoTRnBQklBhGWdIFhtXVI+JkA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF/FUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWesC7frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9WrVy/tapV7P4yjCCZzCOXhwBXW4hQY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH3e2jVI=</latexit>

S
O

P

<latexit sha1_base64="dD9Py1JXCoQM1J6isPZsshfLcjA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxZsV7Qe0oWy2m3bpZhN3J8US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8w8PxZco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1FGiKGvQSESq7RPNBJesgRwFa8eKkdAXrOWPrqd+a8yU5pF8wEnMvJAMJA84JWgk776XdpE9YXpbz7JeueJUnRnsZeLmpAI56r3yV7cf0SRkEqkgWndcJ0YvJQo5FSwrdRPNYkJHZMA6hkoSMu2ls6Mz+8QofTuIlCmJ9kz9PZGSUOtJ6JvOkOBQL3pT8T+vk2Bw5aVcxgkySeeLgkTYGNnTBOw+V4yimBhCqOLmVpsOiSIUTU4lE4K7+PIyaZ5V3fPqxd15pVbL4yjCERzDKbhwCTW4gTo0gMIjPMMrvFlj68V6tz7mrQUrnzmEP7A+fwA2GZJk</latexit>

S
Q

T

<latexit sha1_base64="gBaN0AKQrm+wiTrCtP4QImFRTwQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUmkosuCG5ct9gVtCJPppB06yYSZG7GEuPFX3LhQxK1/4c6/cdJmoa0HBg7n3MOde/yYMwW2/W2srK6tb2yWtsrbO7t7++bBYUeJRBLaJoIL2fOxopxFtA0MOO3FkuLQ57TrT25yv3tPpWIiasE0pm6IRxELGMGgJc88Hght5+n0LvPSAdAHSJutLPPMil21Z7CWiVOQCirQ8MyvwVCQJKQREI6V6jt2DG6KJTDCaVYeJIrGmEzwiPY1jXBIlZvOLsisM60MrUBI/SKwZurvRIpDpaahrydDDGO16OXif14/geDaTVkUJ0AjMl8UJNwCYeV1WEMmKQE+1QQTyfRfLTLGEhPQpZV1Cc7iycukc1F1atXLZq1Srxd1lNAJOkXnyEFXqI5uUQO1EUGP6Bm9ojfjyXgx3o2P+eiKUWSO0B8Ynz/Kz5fB</latexit>

� = 2L

<latexit sha1_base64="cL5MtA5UrIXRSdNlyztMuHoYO3c=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhCswl2IaCMEbCwsIpgPTM6wt9kkS/b2jt05IRz5FzYWitj6b+z8N26SKzTxwcDjvRlm5gWxFAZd99tZWV1b39jMbeW3d3b39gsHhw0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh66jefuDYiUvc4jrkf0oESfcEoWumhw4aCXJHy4223UHRL7gxkmXgZKUKGWrfw1elFLAm5QiapMW3PjdFPqUbBJJ/kO4nhMWUjOuBtSxUNufHT2cUTcmqVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/9FOh4gS5YvNF/UQSjMj0fdITmjOUY0so08LeStiQasrQhpS3IXiLLy+TRrnkVUrnd5VitZLFkYNjOIEz8OACqnADNagDAwXP8ApvjnFenHfnY9664mQzR/AHzucP8s6PwQ==</latexit>

L = 3

<latexit sha1_base64="aDlOhhlbstqDX6TFvaBdlz++LyU=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe40oo0QsLGwiOAlgeQIe5u9ZMne3rE7J4SQ32BjoYitP8jOf+MmuUKjDwYe780wMy9MpTDoul9OYWV1bX2juFna2t7Z3SvvHzRNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4ehm5rceuTYiUQ84TnkQ04ESkWAUreTfkWty3itX3Ko7B/lLvJxUIEejV/7s9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzY6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxz0heaM5RjSyjTwt5K2JBqytDmU7IheMsv/yXNs6pXq17c1yr1Wh5HEY7gGE7Bg0uowy00wAcGAp7gBV4d5Tw7b877orXg5DOH8AvOxzdCj42i</latexit>

L = 4

<latexit sha1_base64="tsKhOZ13OcHBwcRjUJIlK0Mupxg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkoheh4MWDhwqmLbShbLabdulmN+xuhBL6G7x4UMSrP8ib/8Ztm4O2Phh4vDfDzLwo5Uwb1/12SmvrG5tb5e3Kzu7e/kH18KilZaYIDYjkUnUirClnggaGGU47qaI4iThtR+Pbmd9+okozKR7NJKVhgoeCxYxgY6XgHt0gv1+tuXV3DrRKvILUoECzX/3qDSTJEioM4VjrruemJsyxMoxwOq30Mk1TTMZ4SLuWCpxQHebzY6fozCoDFEtlSxg0V39P5DjRepJEtjPBZqSXvZn4n9fNTHwd5kykmaGCLBbFGUdGotnnaMAUJYZPLMFEMXsrIiOsMDE2n4oNwVt+eZW0LuqeX7988GsNv4ijDCdwCufgwRU04A6aEAABBs/wCm+OcF6cd+dj0Vpyiplj+APn8wdEE42j</latexit>

L = 5

<latexit sha1_base64="mt9Dq8E87c78MJn25FLhhLl/IyQ=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0kaCMEbCwsInhJIDnC3mYvWbK3d+zOCSHkN9hYKGLrD7Lz37hJrtDEBwOP92aYmRemUhh03W9nbX1jc2u7sFPc3ds/OCwdHTdNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh25reeuDYiUY84TnkQ04ESkWAUreTfkxtS65XKbsWdg6wSLydlyNHolb66/YRlMVfIJDWm47kpBhOqUTDJp8VuZnhK2YgOeMdSRWNugsn82Ck5t0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjK6DiVBphlyxxaIokwQTMvuc9IXmDOXYEsq0sLcSNqSaMrT5FG0I3vLLq6R5WfGqldpDtVyv5nEU4BTO4AI8uII63EEDfGAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFFl42k</latexit>

L = 6

<latexit sha1_base64="PLe4Uw+SjXj1RV8Ucc/V5JOPwec=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV2Jj4sQ8OLBQwTzgGQJs5PZZMjs7DLTK4Ql3+DFgyJe/SBv/o2TZA+aWNBQVHXT3RUkUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbqd964tqIWD3iOOF+RAdKhIJRtFLjntyQy16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezYyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2c9IXmDOXYEsq0sLcSNqSaMrT5FG0I3uLLy6R5XvGqlYuHarlWzeMowDGcwBl4cAU1uIM6NICBgGd4hTdHOS/Ou/Mxb11x8pkj+APn8wdHG42l</latexit>

L = 7

<latexit sha1_base64="aoELux0wXLOZwoJZybztMGMH9J8=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp1EYiMEbCwsInhJIDnC3mYvWbK3d+zOCSHkN9hYKGLrD7Lz37hJrtDEBwOP92aYmRemUhh03W9nbX1jc2u7sFPc3ds/OCwdHTdNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh25reeuDYiUY84TnkQ04ESkWAUreTfkxtS65XKbsWdg6wSLydlyNHolb66/YRlMVfIJDWm47kpBhOqUTDJp8VuZnhK2YgOeMdSRWNugsn82Ck5t0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjK6DiVBphlyxxaIokwQTMvuc9IXmDOXYEsq0sLcSNqSaMrT5FG0I3vLLq6R5WfGqlauHarlezeMowCmcwQV4UIM63EEDfGAg4Ble4c1Rzovz7nwsWtecfOYE/sD5/AFIn42m</latexit>

<latexit sha1_base64="2DBSoqxifKr+3FQNCdSn8DZt2tc=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYhAEIexKUI9BL16EBPOCZAmzk95kyOzsOtMbDEu+w4sHRbz6Md78GyePgyYWNBRV3XR3+bHgGh3n21pZXVvf2MxsZbd3dvf2cweHdR0likGNRSJSTZ9qEFxCDTkKaMYKaOgLaPiD24nfGILSPJJVHMXghbQnecAZRSN5bYQnTCvV8/vyw7iTyzsFZwp7mbhzkidzlDu5r3Y3YkkIEpmgWrdcJ0YvpQo5EzDOthMNMWUD2oOWoZKGoL10evTYPjVK1w4iZUqiPVV/T6Q01HoU+qYzpNjXi95E/M9rJRhceymXcYIg2WxRkAgbI3uSgN3lChiKkSGUKW5utVmfKsrQ5JQ1IbiLLy+T+kXBvSwUK8V86WYeR4YckxNyRlxyRUrkjpRJjTDySJ7JK3mzhtaL9W59zFpXrPnMEfkD6/MHZmmR3g==</latexit>
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MPDO

Figure 8.1: Overview — (a) Schematics of different numerical approaches for sim-
ulating master equation dynamics: i) decomposition of the density matrix into a
matrix product density operator (MPDO); ii) unravelling of the density matrix
into matrix product state (MPS) quantum trajectories. MPDO and MPS bond di-
mensions, χ, limit operator entanglement (OE, SOP) and trajectory entanglement
(TE, SQT), respectively (see text). (b/c) Evolution of OE and TE for a simulation
of the master equation (8.3) with an initial Néel state. Results are shown in a
small dissipation limit (γ± = 0.01J , γz = 0), and entropies are computed for a
splitting at the center (averaged over 11 center bonds for QT+MPS). Different
lines correspond to simulations with increasingly large bond dimensions χ = 2L

and L = 3, . . . , 7, horizontal dashed lines indicate the entropy limits log2(χ). Sta-
tistical error bars are within the linewidths [N = 40, for QT+MPS: Nt = 400].
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MPDO approach fundamentally more efficient since it can significantly relax the
requirements on bond dimensions χ [42].

The answer to the question about the relative performance of the two differ-
ent approaches depends on the model Hamiltonian, the initial state, the nature
of dissipation, and the observable of interest. Which of the two approaches is
preferable was analyzed for several specific setups in previous works, e.g.: for a
Bose-Hubbard model subjected to dephasing [43]; for disordered fermionic hopping
models with particle loss and dephasing [44], and for computations of two-time
correlations in an XXZ model with spontaneous emission or dephasing [45]. For
the Bose-Hubbard model discussed in [43] calculations were limited to relatively
small systems up to 20 sites, which led to a saturation of both OE and TE to rela-
tively small constant values quickly, with the averaged TE staying below the OE.
For such scenarios it was argued that the QT+MPS approach is favorable, except
for limits of large dephasing rates. In the latter case QT suffers from extremely
small time-step requirements. In contrast, for the disordered fermionic model in
Ref. [44], the disorder leads to a strong suppression of both TE and OE. In this
setup it was then argued that an MPDO approach is more efficient. In Ref. [45] a
thorough comparison led to the conclusion that for the computation of two-time
correlations the magnitude of the dephasing rates is the crucial factor that deter-
mines which approach is favorable, related to the small time-step problem in the
QT method. It was furthermore pointed out that the initial state plays a very
important role, since already the compression of an initially entangled state into
the MPDO form can be very costly, rendering the approach impractical.

In addition to the previous works, here we now perform a systematic compar-
ison of OE and TE scaling behavior at long times in sufficiently large systems.
We focus on the generic XXZ model with spontaneous emission/absorption and
dephasing for a simple initial product Néel state. Our simulations reveal that
OE and TE exhibit a strikingly different scaling. Recent work in Ref. [46] com-
pared the TE scaling for different master equation unravelling strategies. It was
found that when using a homodyne measurement unravelling [47], the TE scaling
can fundamentally change (from volume to area law), depending on homodyne
measurement parameters. Consequently an entanglement optimized trajectory
method can exploit this [46]. It was shown that entanglement can thereby be re-
duced compared to the commonly used number measurement method (exhibiting
also area law behavior). It is now also important to compare TE scaling laws with
those of OE, which is the main objective of this work.

In this paper we consider a generic XXZ model with different types of noise,
and compare MPDO simulations with QT+MPS (number measurement scheme).
While for small noise rates and sufficiently short times TE seems to be generally
smaller than OE [see Fig. 8.1(b) and (c)], ultimately, we find that for larger rates
and sufficiently long times, the MPDO approach has fundamental advantages com-
pared to the QT+MPS ansatz in terms of the entropy scaling: The OE growth
is significantly reduced (at times longer than the inverse rate of dissipation). In
the case of spontaneous emission and absorption the OE vanishes, while the TE
exhibits a growth and approaches a constant for large dissipation rates and long
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times. This implies that here QT+MPS produces fundamentally inefficient repre-
sentations with entangled trajectory states. We derive an analytical value for the
constant TE in a large dissipation limit. We find a similar scenario for dephasing:
Here, OE scales logarithmically with time (as long as magnetization conservation
is not broken) [48, 49], while TE increases as a power law. In addition to the
fundamentally different entropy scaling, we also point out several practical dif-
ferences in the implementation of both methods that make the MPDO approach
more attractive. The latter allows e.g. to implement higher-order Trotter decom-
position and to exploit translational invariance easily. We also point out that for
the correct choice of basis, MPDO elements can be made real.

This paper is organized as follows: In Sec. 8.2 we introduce our XXZ and noise
models. In Sec. 8.3 we review the bipartite entropies associated to MPDO and
QT+MPS, respectively. We compare the two approaches for the different noise
models in Sec. 8.4.1 for spontaneous emission an absorption and in Sec. 8.4.2 for
dephasing, respectively. In Sec. 8.5 we provide technical details on our numerical
methods and analytical calculations. Finally, we provide a conclusion and an
outlook in Section 8.6.

8.2 Model

In this work we consider a 1D spin-1/2 XXZ chain with Hamiltonian (ℏ ≡ 1
throughout this paper)

ĤXXZ =
N−1∑

i=1

J

4

[
− (σ̂x

i σ̂
x
i+1 + σ̂y

i σ̂
y
i+1) + σ̂z

i σ̂
z
i+1

]
. (8.1)

Here, N is the number of spins, σ̂x,y,z
i denote standard Pauli matrices defined in a

local basis |↓, ↑⟩i, and J is the nearest neighbor spin-coupling strength. For finite
system size calculations we consider open boundary conditions. Note that in the
main text we consider a fixed anisotropy in the XXZ model. However, we point
out that the OE and TE exhibits interesting opposite behavior as function of the
ZZ interaction, see Appendix 8.B.

Starting in a pure Néel product state,

ρ̂(t = 0) =

N/2⊗

i=1

|↑⟩2i−1 |↓⟩2i ⟨↑|2i−1 ⟨↓|2i , (8.2)

we will consider open system dynamics under a Lindblad master equation, i.e. for
a chain being coupled to a Markovian environment [40]

d

dt
ρ̂ = −i[ĤXXZ, ρ̂] +

∑

η

D[L̂η]ρ̂. (8.3)

Here, our dissipative channels are given by super-operators

D[L̂η]ρ̂ = L̂ηρ̂L̂
†
η −

1

2
{L̂†

ηL̂η, ρ̂}, (8.4)
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which are defined by the Lindblad jump operators L̂η. The curly bracket denotes
the anti-commutator. Alternatively the master equation can be written in the
form

d

dt
ρ̂ = −i

(
Ĥeff ρ̂− ρ̂Ĥ†

eff

)
+
∑

η

L̂ηρ̂L̂
†
η (8.5)

with the effective Hamiltonian Ĥeff = ĤXXZ+ Ĥnh with non-hermitian part Ĥnh =
−i∑η L̂

†
ηL̂η/2. In the following we will consider two noise models:

Spontaneous emission and absorption – In the first scenario we consider
local incoherent transitions between the two states |↑⟩i ↔ |↓⟩i, defined respectively
by the two jump operators for spin i:

L̂+
i =
√
γ+σ̂

+
i (8.6a)

L̂−
i =
√
γ−σ̂

−
i . (8.6b)

Spontaneous emission |↑⟩i → |↓⟩i occurs for example naturally for atomic two-level
systems coupled the electron-magnetic vacuum. For optical transition frequencies,
spontaneous absorption |↓⟩i → |↑⟩i is typically negligible, can however be engi-
neered e.g. by using a laser drive to a highly excited state that quickly relaxes to
|↑⟩i [50]. Here, we will mostly focus on the scenario where γ+ = γ−. This sce-
nario conserves the mean magnetization of the initial Néel state, i.e. at all times
Tr
(
Ŝzρ̂
)

= 0 with Ŝz =
∑

i σ̂
z
i , which implies that the state explores a large

Hilbert space throughout the evolution. Note that, in contrast, for the maximally
imbalanced cases γ+ = 0 < γ− or γ− = 0 < γ+, the system relaxes to trivial steady
states

⊗
i |↓⟩i or

⊗
i |↑⟩i, respectively.

Dephasing – As a second noise model we consider an interaction with the
environment that leads to dephasing, a loss of a definite phase relation between
the two spin-states. Such a mechanism occurs when the environment effectively
measures the spin-states without changing them. For example, for a spin-model
realized with hard-core bosons in an optical lattice, such a process can be the
dominant dissipative mechanism, due to atoms spontaneously absorbing and re-
emitting light from the lattice lasers [51]. In XXZ models, dephasing noise has
been shown to be important [52], with further connections to Tomonaga-Luttinger
liquids [53, 54]. In the master equation, we describe dephasing by the local jump
operators

L̂z
i =
√
γzσ̂

z
i . (8.7)

Note that for dephasing, the magnetization is associated with a strong symme-
try, i.e. it commutes with the Hamiltonian and all Lindblad operators [Ĥ, Ŝz] =
[L̂η, Ŝ

z] = 0. As a consequence, the state remains restricted to a single symme-
try sector, here given by magnetization Sz = 0. This can be exploited to make
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numerical (MPS) simulations more efficient, and can lead to fundamentally in-
teresting many-body physics [55–60]. A direct consequence of the magnetization
conservation is a long-time logarithmic growth of OE [48].

8.3 Matrix Product Decomposition and bipartite
entropy

In order to exactly represent the 2N × 2N -dimensional density matrix of our sys-
tem, in principle (4N − 1) real numbers are needed. Because of the exponential
dependence on N , exact diagonalization approaches become thus intractable even
for moderately large N ≳ 15. However, if the entanglement between different
subsystems is not too large, the density matrix may be efficiently represented as a
matrix product decomposition. For pure states, this decomposition is well known
as a matrix product state (MPS). The MPS concept can be generalized to mixed
states in several ways, and the appropriate measure of entanglement depends on
the choice of decomposition. Below, we introduce two different decompositions
and the respective relevant bipartite entropies [for a sketch, see Fig. 8.1(a)].

8.3.1 Operator entanglement (OE)

First we consider a direct matrix product form of ρ̂ written as an MPDO as
illustrated on the left hand side of Fig. 8.1(a) [21–25]. For a concise description,
we further combine the two physical indices on each site into a joint index to
“vectorize” ρ̂ and write

ρ̂ =
∑

{in}

χ∑

{an}

∏

n

R[n] in
anan+1

λ[n],ρan

⊗

n

êin . (8.8)

The R[n] in
anan+1 are three-dimensional tensors and the λ[n],ρan are vectors of normalized

Schmidt values [
∑

an
(λ

[n],ρ
an )2 = 1]. As common in matrix product decompositions,

only the χ largest Schmidt values are retained to obtain an approximate repre-
sentation of ρ̂ [21, 22]. The basis operators êin need to be chosen orthonormal,
Tr(êiêj) = δij. A commonly used choice is a straightforward linearization with
ê1 = |0⟩ ⟨0|, ê2 = |0⟩ ⟨1|, ê3 = |1⟩ ⟨0|, and ê4 = |1⟩ ⟨1|. This choice has the dis-
advantage that the basis operators are not Hermitian, and as a consequence the
entries of the R tensors are generally complex. We point out that instead one can
also keep the tensors real by choosing e.g. the hermitian generalized Gell-Mann
matrices [61] as basis operators, which for local physical dimension 2 are related
to the Pauli matrices as

ê1 =
1√
2

1 ê2 =
1√
2
σ̂x

ê3 =
1√
2
σ̂y ê4 =

1√
2
σ̂z. (8.9)
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Having to deal with only real numbers can be a practical advantage in terms of
memory and run time. However, this basis may prevent implementations of algo-
rithms that exploit conservation of magnetization in the XXZ model. The Pauli
matrix basis has e.g. also been employed in tensor network simulations in [62].
Alternatively a density matrix product operator matrix can also be defined in a
locally purified form [23], which has the advantage of retaining the positivity of
the density matrix after bond dimension truncation.

Analogous to pure state MPS decompositions, the required bond dimension
χ necessary to faithfully represent a state can be connected to the entropy in a
bipartition of the chain [17, 24]. In the case of density matrices, this leads to the
definition of OE

S
(n)
OP = −

∑

an

(
λ[n],ρan

)2
log2

(
λ[n],ρan

)2
. (8.10)

Since the OE can be generally largest in the center of the chain, we only consider
SOP ≡ S

(N/2)
OP . It is important to point out that for mixed states, SOP is not

necessarily a genuine measure of entanglement. However, it remains a crucial
quantity linked to the efficiency of the decomposition (8.8), since for a truncation
to bond dimension χ, the OE is limited to values SOP ≤ log2(χ).

For our model in the thermodynamic limit N →∞, the density matrix remains
invariant with respect to translations by two lattice sites. Numerical simulations
can exploit this symmetry to effectively simulate infinite chains using an iTEBD
algorithm with proper re-orthogonalization [22, 48]. Except for Fig. 8.1, in this
paper we make use of this and all MPDO simulations will be for N =∞.

In Fig. 8.1(b) we show an example evolution of the OE dynamics in a weak-
dissipation limit (N = 40, γ± = 0.01J , γz = 0). For times at which Hamiltonian
dynamics dominates (tJ ≪ 1/γ±) the OE initially exhibits a quick linear growth,
such that the simulation quickly saturates to the maximum possible OE imposed
by the finite bond dimension, SOP ≤ log2(χ) (horizontal dashed lines). For exam-
ple, for χ = 128, a faithful simulation of the dynamics with the representation of
Eq. (8.8) is only possible up to times of tJ ∼ 3. For small dissipation, MPDO
simulations thus become numerically inefficient quickly.

8.3.2 Trajectory entanglement (TE)

Alternatively, the density matrix ρ̂ can be decomposed into a statistical mixture of
pure states as sketched on the right hand side of Fig. 8.1(a). For example, a quan-
tum trajectory evolution algorithm (see Sec. 8.5.2) produces an approximation of
ρ̂ of the form:

ρ̂ ≈ 1

Nt

Nt∑

τ=1

|ψτ ⟩ ⟨ψτ | . (8.11)
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Figure 8.2: Strong spontaneous emission/absorption— (a/b) Time-evolution of
SOP (a) and SQT (b) for various rates of γ/J = 2, 2.5, 3, 3.5 (blue solid lines,
color from light to dark). SOP exhibits a clear rise and fall behavior, whereas
SQT quickly reaches a constant plateau value. Statistical error bars are barely
visible in (b). Horizontal dashed lines in (b) correspond to the analytical estimate
from Eq. (8.33). (c) Dynamics of Sτ

QT for several individual trajectories. Here,
γ/J = 2, and SQT is shown as solid yellow line. [For MPDO: N = ∞, χ = 512;
for QT+MPS: N = 40, χ = 32, Nt = 2000].

Each of theNt states |ψτ ⟩ can then be decomposed as an ordinary MPS in canonical
form [16]:

|ψτ ⟩ =
∑

{in}

χ∑

{an}

∏

n

Γ[n] in
anan+1

λ[n],τan

⊗

n

|in⟩ . (8.12)

As in Eq. (8.8), the Γ
[n] in
anan+1 are three-dimensional tensors and the λ[n],τ are real-

valued Schmidt vectors, which are truncated at a maximum bond dimension χ.
|in = 1, 2⟩ = |↓, ↑⟩n describes the local physical basis of spin n.

Analogous to pure state MPS, the amount of bipartite entanglement in each
trajectory for a bond n is quantified by von Neumann entropy

S
τ(n)
QT = −

∑

an

(
λ[n],τan

)2
log2

(
λ[n],τan

)2
, (8.13)

and we will compute it around the center of the chain, averaging over 11 center
sites to reduce the standard deviation (see Appendix Fig. 8.9). The MPS de-
composition of Eq. (8.12) implies that Sτ

QT ≤ log2(χ). We now define trajectory
entanglement (TE) as the average entanglement over all trajectories

SQT = lim
Nt→∞

1

Nt

Nt∑

τ=1

Sτ
QT. (8.14)

Importantly, just like OE, for mixed states TE is not necessarily a genuine measure
of quantum entanglement, but it is still linked to the efficiency of the QT+MPS
simulation. In addition to TE we will also analyze fluctuations of the TE, by
computing TE sample standard deviations,

σSQT
=

√
1

Nt − 1

∑

τ

(
Sτ
QT − SQT

)2
. (8.15)
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matrix product simulation methods

As error bars we use the sample standard error of the mean, ϵ = σSQT
/
√
Nt. Note

that the individual trajectories are not translation invariant, such that we cannot
use an infinite MPS method to work in the thermodynamic limit.

In Fig. 8.1(c) we show an example evolution of the TE for the same setup as
in in Fig. 8.1(b), i.e. in the weak-dissipation limit [N = 40, γ± = 0.01J , γz = 0].
Here we used Nt = 400, and the entropy is averaged over 11 bonds in the center
(see Appendix 8.A for a discussion on this bond-averaging). Like the OE, the TE
increases approximately linearly at short times, and then saturates to a plateau
value (horizontal dashed line) imposed by χ. However, the TE increases only half
as fast as the OE in Fig. 8.1(b) due to the local dimension only being half the size.
Therefore, with QT+MPS we can faithfully simulate dynamics up to twice the
simulation time, tJ ∼ 6. Thus, for small dissipation rates it seems evident that
QT+MPS is preferable over MPDO. Not only is the local state space smaller, but
also the bipartite entropy growth is reduced. However, below we will see that the
situation changes drastically for larger dissipation rates.

8.4 Comparing MPDO and QT+MPS

We now systematically compare entropy growth in MPDO and QT+MPS simu-
lations also for larger-noise cases. We start by pointing out some practical ad-
vantages of the MPDO approach. As discussed in previous work [43], quantum
trajectory approaches are best suited for small dissipation rates, since the most
common implementation is first order in the time step γ∆t, where only one jump
can happen per time step per decay channel. Extensions to higher orders [63]
are cumbersome to implement for many-body systems with many decay channels.
As a consequence, for large dissipation rates, time steps get prohibitively small.
In contrast, the MPDO approach relies on a Trotter expansion for which well es-
tablished higher order methods exist [64] (e.g. here we use a 4th order method,
see Appendix 8.A). In addition, individual trajectories can break symmetries that
are present in the full density matrix, such as translation invariance in the case
considered here. The latter can be used to significantly boost the efficiency of
the MPDO simulations [22, 48]. Finally, the stochastic nature of trajectories only
allows to resolve observables with some noise for a fixed number of trajectories Nt.
Thus, to accurately determine the absolute magnitude of an observable A requires
a large number of trajectories Nt ≫ σ2

A/A
2 [65], where A and σ2

A are the average
and variance of the observable A.

Besides those practical considerations, the most important difference between
both methods is the growth of the corresponding bipartite entropy, OE for MPDO
and TE for QT+MPS, since the simulation complexity scales exponentially with
entropy. In Sec. 8.4.1 and Sec. 8.4.2 we analyze the entropy dynamics in the
presence of spontaneous emission/absorption and dephasing, respectively. For
QT+MPS not only the averaged entanglement of trajectories, but also the varia-
tions of entanglement are important, which we discuss in Sec. 8.4.3.
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8.4. Comparing MPDO and QT+MPS

8.4.1 Spontaneous emission/absorption

In this section we consider spontaneous emission and absorption, i.e. dynamics
with Lindblad operators of Eqs. (8.6a) and (8.6b) for γ− = γ+ ≡ γ. In Fig. 8.2 we
start by considering a large dissipation scenario with γ > J .

In Fig. 8.2(a), we observe that the OE dynamics is initially (at times t≪ γ−1)
exhibiting a quick build-up, which can be attributed to dominating Hamiltonian
dynamics in this short-time limit. Approximating the state at short times as a
pure state, ρ̂(t) ≈ |ψt⟩ ⟨ψt| with |ψt⟩ = e−iĤt |ψ0⟩, it becomes obvious that the OE
growth is twice as fast as the entanglement entropy growth in |ψt⟩ (see e.g. [30]).
The latter dominates the short-time dynamics of the TE in Fig. 8.2(b). At times
t ≳ γ−1, however, the initial coherence is quickly destroyed by the dissipation,
and the OE decreases creating a well-known “rise and fall” behavior [66, 67]. The
long-time value of SOP = 0 can be understood, as the overall entropy increase
with time pushes the system towards a trivial maximum entropy state ρ̂ ∝ 1 with
SOP = 0.

Fig. 8.2(b) shows the evolution of SQT for the same parameters. Again, at
times t ≪ γ−1 there is an initial rise, but at longer times, in contrast to SOP,
rather than going to zero, SQT reaches a plateau with a value depending on γ.
This implies that at sufficiently long times SOP < SQT. This means that the
density matrix is then decomposed as statistical mixture (8.11) of trajectories
with (on average) finite entanglement. QT+MPS therefore produces an inefficient
state representation of the trivial density matrix ρ̂ ∝ 1 and therefore requires bond
dimensions χ > 1, in contrast to the MPDO approach.

To better understand the origin of the plateau value of SQT in the large dis-
sipation case, in Fig. 8.2(c) we show Sτ

QT for a few individual trajectories. It is
striking that in this regime, nearly every quantum jumps leads to a reset of the
entanglement to zero. More precisely, there are three dominating scenarios that
can be identified in the evolution of Sτ

QT. After an initial rise: i) Sτ
QT drops to

zero followed by a rise; ii) Sτ
QT drops to zero and remains at zero; iii) Sτ

QT jumps
to one. All of these scenarios can be understood analytically from a simple model:

Consider a system of just two neighboring spins initially in the state |↓↑⟩. At
sufficiently short times, Hamiltonian dynamics evolves the system into a state
∝ (|↓↑⟩ + δ |↑↓⟩) with some small amplitude |δ| ≪ 1. This state features finite
Sτ
QT > 0, which however will be immediately destroyed by a quantum jump of

the form (8.6a) or (8.6b). Post-jump states are then either |↓↑⟩ or |↑↓⟩ [rare cases
with probability of order O(δ2)], which both will start to build-up entanglement
again [scenario i)], or more likely [with probability of O(1)] they will be |↓↓⟩ or
|↑↑⟩, for which Hamiltonian (8.1) does not induce entanglement [scenario ii)] until
the next quantum jump. Note that although for the two-spin case discussed here
technically only scenario ii) is relevant, other relevant cases enter when more than
two sites are involved. For example, to understand scenario iii), it is crucial to
consider an effective block of four neighboring spins (see Sec. 8.5.3). Taking this
into account allows us to derive an analytical result including terms up to order
O(J2/γ2) for the plateau value, which is given in Eq. (8.33). These analytical
estimates are shown as horizontal dashed lines in Fig. 8.2(b), and fit the numerical
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Chapter 8. Publication: Comparing bipartite entropy growth in open-system
matrix product simulation methods
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Figure 8.3: Intermediate spontaneous emission/absorption rates — (a/b) Time-
evolution of SOP (a) and SQT (b) for various rates of γ/J = 0.1, 0.3, 0.5, 0.7 (blue
solid lines, color from light to dark). SOP exhibits a clear rise and fall behavior,
whereas, for the smallest values of γ, SQT follows a continuous increase that de-
creases with the increase of γ until reaching a plateau around values of γ/J ≥ 0.5.
Statistical error bars are barely visible in (b). [χ = 256; for MPDO: N = ∞, for
QT+MPS: N = 40, Nt = 500].

result especially especially well for large γ. The fact that Sτ
QT can also jump to

one emphasizes again the importance of also considering the strong fluctuations
of TE in QT+MPS, which we will analyze in more detail in Sec. 8.4.3.

For intermediate dissipation rates γ ≲ J , the relevant physics cannot be de-
scribed by simple few-spin arguments anymore. In this case we find that SQT

in QT+MPS simulations starts to exhibit a steady growth on the time-scale of
multiple spin-exchange interactions tJ ∼ 10 for γ ≲ 0.3J [see Fig. 8.3(b)]. Im-
portantly, as expected, the evolution of SOP still exhibits the usual rise and fall
behavior [see Fig. 8.3(b)]. Taking the example of γ = 0.1J in Fig. 8.3, this implies
that SQT overcomes the equivalent SOP (after the fall) already for tJ ∼ 6, and
SQT continues to grow. It eventually also surpasses the peak value of SOP. Here,
for γ = 0.1J we observe a continuous growth of SQT on our whole simulation
time-scale. While from our simulations there is no definite proof that this growth
would continue for χ → ∞ and N → ∞, the results are e.g. in line with recent
predictions for entanglement transitions in measured systems for similar fermionic
hopping and spin models [68, 69]. However, in this context it is interesting to
emphasize that also in a case where SQT keeps growing (e.g. for γ = 0.1 and the
range 4 ≲ tJ ≤ 12), the OE is already decaying towards zero.

Finally, in Fig. 8.4 we also show the effect of the experimentally more relevant
scenario of imbalanced emission and absorption rates, γ− ̸= γ+. In MPDO simula-
tions we generally find that dynamics exhibits a robust rise and fall behavior with
the maximum OE simply depending on the overall amount of dissipation, γ−+γ+
[Fig. 8.4(a)]. Similarly, the plateau value found for SQT decreases with increasing
γ+ when γ− = J fixed [Fig. 8.4(b)]. Only for values very close to γ+ ≈ 0, the
quantum jumps start to remove almost all excitations from the system. Therefore,
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Figure 8.4: Imbalanced γ− ̸= γ+— Time-evolution of entropies with fixed γ− = J
and γ+/J = 0, 0.5, 1, 1.5 (blue solid lines, color from light to dark). (a) For SOP the
rise and fall behaviour persists and the peak OE only decreases with γ+. (b) For
SQT the plateau height generally decreases with γ+. Only for γ+/J = 0, SQT → 0.
[For MPDO: N =∞, χ = 256; for QT+MPS: χ = 64, Nt = 800].

SQT only vanishes in the long time limit for γ+ = 0, when the system evolves into
the trivial product steady state

⊗
i |↓⟩i.

8.4.2 Dephasing

In this section we consider dephasing as noise model, i.e. dynamics with Lindblad
operators of the form (8.7). Fig. 8.5 summarizes our findings.

Fig. 8.5(a) reproduces the evolution of SOP from Ref. [48]. It is shown that,
after the rise and fall the OE exhibits a slow universal logarithmic increase as
log2(tJ)/4 (see inset for the long-time evolution on a lin-log scale). In Ref. [48] it
is shown that this growth can be traced back to a classical stochastic sub-diffusion
process of symmetry blocks in the density matrix, and is inherent to the master
equation and the initial state being U(1) symmetric.

In contrast, in Fig. 8.5(b) we now also analyze the corresponding evolution
of SQT in a QT+MPS simulation for identical parameters as in panel (a). It is
striking that no rise and fall behavior is present, instead SQT grows continuously
while the absolute values are decreased with increasing dephasing rate γz.

The inset in Fig. 8.5(b) shows a small number of individual trajectories. In
contrast to Fig. 8.2(c), here quantum jumps do not lead to discontinuous dynamics,
i.e. they do not reset Sτ

QT to zero. This can be again rationalized from a simple two-
spin argument in the short-time limit. Considering the short-time approximation
to the state, being ∝ (|↓↑⟩+δ |↑↓⟩), it is clear that a unitary quantum jump of the
form (8.7) leads to a state with flipped relative phase ∝ (|↓↑⟩±δ |↑↓⟩), but cannot
quench entanglement. Here, entanglement growth must be explained by a more
complex interplay between Hamiltonian and Lindbladian dynamics, reflected in
the continuous variation of individual trajectories in the inset.

Comparing OE evolution in Fig. 8.5(a) with TE evolution in Fig. 8.5(b), an
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(a)

<latexit sha1_base64="2IvuYzvA0jRi1evWI2LtxyRQglg=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2xs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52WvUr64qxSrN1kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1I7kLQ=</latexit>

(b)

<latexit sha1_base64="YqVpf7jcSR55ZRJzWquXGGGCygU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BETxGMA9MljA76SRDZmeXmV4xLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0FZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBTwZC1</latexit>

<latexit sha1_base64="0GQr0sNbLGF6eg+NiFaXSzgFoMo=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1S2kLQ=</latexit>

(c) (d)

<latexit sha1_base64="YPNZWeP32wYw95rCY6VCLX9vhcs=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS0WPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51W3Vr24q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1XmkLQ=</latexit>

S
O

P

<latexit sha1_base64="BtunKD5HrySYEsNVFFsXl8KiEJA=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBBG9WtB/QhrLZTtulm03cnRRLyO/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/EhwjY7zbeVWVtfWN/Kbha3tnd294v5BQ4exYlBnoQhVy6caBJdQR44CWpECGvgCmv7oauo3x6A0D+UDTiLwAjqQvM8ZRSN5992kg/CEyW0tTbvFklN2ZrCXiZuREslQ6xa/Or2QxQFIZIJq3XadCL2EKuRMQFroxBoiykZ0AG1DJQ1Ae8ns6NQ+MUrP7ofKlER7pv6eSGig9STwTWdAcagXvan4n9eOsX/pJVxGMYJk80X9WNgY2tME7B5XwFBMDKFMcXOrzYZUUYYmp4IJwV18eZk0zspupXx+VylVr7M48uSIHJNT4pILUiU3pEbqhJFH8kxeyZs1tl6sd+tj3pqzsplD8gfW5w83mpJp</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

S
Q

T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit> S
Q

T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit>

S
Q

T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit>

3

<latexit sha1_base64="qSdVbWNqjUSW1TL3Rb0g828GmV4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRI8BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqV8Va+UqndZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYEkjMI=</latexit>

�z/J =

<latexit sha1_base64="4jNHhNUifj5hwqmYIjsMoKJqkOI=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KRS9CQQ/iqYL9gHYps2m2DU2ya5It1KW/w4sHRbz6Y7z5b0zbPWj1wcDjvRlm5gUxZ9q47peTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoBaMqZpHXDDKetWFEQAafNYHg19ZsjqjSL5L0Zx9QX0JcsZASMlfxOH4SA7uPJLb7E3WLJLbsz4L/Ey0gJZah1i5+dXkQSQaUhHLRue25s/BSUYYTTSaGTaBoDGUKfti2VIKj209nRE3xklR4OI2VLGjxTf06kILQei8B2CjADvehNxf+8dmLCCz9lMk4MlWS+KEw4NhGeJoB7TFFi+NgSIIrZWzEZgAJibE4FG4K3+PJf0jgte5Xy2V2lVL3O4sijA3SIjpGHzlEV3aAaqiOCHtATekGvzsh5dt6c93lrzslm9tEvOB/fYg2RNA==</latexit>

1/4

<latexit sha1_base64="JNTCskSvdorlEveyzx4x2Qi8dxI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU02koseCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp3jur9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1XvVq1Yu7WqV+k8dRhCM4hlPw4BLqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj29eRY02</latexit>

1/2

<latexit sha1_base64="ao2A6WxfcAshO08fp3f7/FpRRSs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6GiB4DevAY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlB++i0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLV/eV0u12yyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AWz2NNA==</latexit>

1

<latexit sha1_base64="YV9ZhasAYxeR2smoR8st4lykzWk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fc+Mvw==</latexit>

2

<latexit sha1_base64="ReKsxuUSYXk5XtwSzo/Zvsi4iYc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiB4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjUq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXKXrV81aiWandZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX9TjMA=</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

8

<latexit sha1_base64="RHNssKtxC4HiWNyDIjofWqTur08=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxBwDInhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gt3O//YRK81g+mEmCfkSHkoecUWOlRrVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtbssjjycwTlcggc3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIi4jMc=</latexit>

8

<latexit sha1_base64="RHNssKtxC4HiWNyDIjofWqTur08=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxBwDInhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gt3O//YRK81g+mEmCfkSHkoecUWOlRrVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtbssjjycwTlcggc3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIi4jMc=</latexit>

10�1

<latexit sha1_base64="eJbmgszAt6tgA8/T9gVFzs+0c1I=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0WNBBI8V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip5bmP2bk36ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdK8qHjVyuV9tVy7zeMowDGcwBl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8+6I7g</latexit>

10�1

<latexit sha1_base64="eJbmgszAt6tgA8/T9gVFzs+0c1I=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0WNBBI8V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip5bmP2bk36ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiEijYEb/HlZdK8qHjVyuV9tVy7zeMowDGcwBl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8+6I7g</latexit>

8

<latexit sha1_base64="RHNssKtxC4HiWNyDIjofWqTur08=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKxBwDInhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gt3O//YRK81g+mEmCfkSHkoecUWOlRrVfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldlr1K+blRKtbssjjycwTlcggc3UIN7qEMTGCA8wyu8OY/Oi/PufCxbc042cwp/4Hz+AIi4jMc=</latexit>

10�2

<latexit sha1_base64="0mKp2jvdjtNlz77a+EwHO48jFdw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbInoMiOAxgnlAsobZySQZMju7zPQKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrW9sbuW3Czu7e/sHxcOjpokSzXiDRTLS7YAaLoXiDRQoeTvWnIaB5K1gfDPzW09cGxGpB5zE3A/pUImBYBSt1PLcx/SiMu0VS27ZnYOsEi8jJchQ7xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSrJS9avnyvlqq3WZx5OEETuEcPLiCGtxBHRrAYAzP8ApvTuy8OO/Ox6I152Qzx/AHzucPQG2O4Q==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

40

<latexit sha1_base64="zuPacvOzZsCIT56NG/9NyczUMQA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18r5Wqd/mcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/CAjP0=</latexit>

100

<latexit sha1_base64="6e3YMppOcY4kSM2XhuosPgkB+bA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCCB4r2A9o15JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ3FuNvr7Cyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoeuq3npg2XMl7O05YEJOB5BGnxDqp6eOHDE965Qqu4hnQMvFzUoEc9V75q9tXNI2ZtFQQYzo+TmyQEW05FWxS6qaGJYSOyIB1HJUkZibIZtdO0IlT+ihS2pW0aKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roKsi4TFLLJJ0vilKBrELT11Gfa0atGDtCqObuVkSHRBNqXUAlF4K/+PIyaZ5V/fPqxd15pXaTx1GEIziGU/DhEmpwC3VoAIVHeIZXePOU9+K9ex/z1oKXzxzCH3ifP9Kejqg=</latexit>

1.0

<latexit sha1_base64="gx6Kwr8ZEsEQ4R2sWK5Tko6HAVU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+96/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+pfu1f1lrV4v4ijDCZzCOfhwDXW4gwY0gcEQnuEV3hzpvDjvzseiteQUM8fwB87nD1V8jS0=</latexit>

0.8

<latexit sha1_base64="D6bnh1+KlJ4ma84vyN7I84knuDU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwa3WB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wvb6vVRqNPI4inME5XIIHN9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gBgFo00</latexit>

↵<latexit sha1_base64="2OQgY4A9nKgVYbmiCgblhf/9jF4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48RzAOSJfROZpMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbERomuGQNy61g7VQzTCLBWtHodua3npg2XMkHO05ZmOBA8phTtE5qdlGkQ+yVK37Vn4OskiAnFchR75W/un1Fs4RJSwUa0wn81IYT1JZTwaalbmZYinSEA9ZxVGLCTDiZXzslZ07pk1hpV9KSufp7YoKJMeMkcp0J2qFZ9mbif14ns/FNOOEyzSyTdLEozgSxisxeJ32uGbVi7AhSzd2thA5RI7UuoJILIVh+eZU0L6rBZfXq/rJSq+VxFOEETuEcAriGGtxBHRpA4RGe4RXePOW9eO/ex6K14OUzx/AH3ucPjX+PHg==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

�z/J

<latexit sha1_base64="z3PM/vzBfwJ0ocjs1Z1M/7B/iqM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKe5KRI8BL+IpgnlgsoTeySQZMjO7zMwKcclfePGgiFf/xpt/4yTZgyYWNBRV3XR3hTFn2njet5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWiFqypmkdcMMp61YURQhp81wdD31m49UaRbJezOOaSBwIFmfETRWeugMUAjsPp3ddoslr+zN4C4TPyMlyFDrFr86vYgkgkpDOGrd9r3YBCkqwwink0In0TRGMsIBbVsqUVAdpLOLJ+6JVXpuP1K2pHFn6u+JFIXWYxHaToFmqBe9qfif105M/ypImYwTQyWZL+on3DWRO33f7TFFieFjS5AoZm91yRAVEmNDKtgQ/MWXl0njvOxXyhd3lVK1msWRhyM4hlPw4RKqcAM1qAMBCc/wCm+Odl6cd+dj3ppzsplD+APn8wco3pCV</latexit>

2

<latexit sha1_base64="NxpwMWpeSNvruhJZiufdMrSubIU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLdrJXr9TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBfh+MvA==</latexit>

log2(tJ) ⇠

<latexit sha1_base64="ETOY3dAEzfcs8OQSKpP20r3WnQU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilJqeiy6EZcVbAPaEKYTCft0MmDmRuxhIK/4saFIm79Dnf+jdM2C209cOFwzr3ce4+fCK7Asr6Nwsrq2vpGcbO0tb2zu2fuH7RVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8UfXU7/zwKTicXQP44S5IRlEPOCUgJY888gB9giZiAcTr1aB2zPsKB56ZtmqWjPgZWLnpIxyND3zy+nHNA1ZBFQQpXq2lYCbEQmcCjYpOaliCaEjMmA9TSMSMuVms/Mn+FQrfRzEUlcEeKb+nshIqNQ49HVnSGCoFr2p+J/XSyG4dDMeJSmwiM4XBanAEONpFrjPJaMgxpoQKrm+FdMhkYSCTqykQ7AXX14m7VrVrlfP7+rlxlUeRxEdoxNUQTa6QA10g5qohSjK0DN6RW/Gk/FivBsf89aCkc8coj8wPn8AoO6VRQ==</latexit>

1.6

<latexit sha1_base64="9JybNI0XSNqvCAndJichwV5Qwg4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadmV+DgGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHnz3qleueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGN0EE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWr7uV9tVKr5XEU4QRO4Rx8uIYa3EEdGsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdelI0z</latexit>

0

<latexit sha1_base64="3FSpy48vlvL0j1VqmHYDna2n8Mg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBexeMug==</latexit>

0

<latexit sha1_base64="3FSpy48vlvL0j1VqmHYDna2n8Mg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WvW6WavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBexeMug==</latexit>

tJ

<latexit sha1_base64="HoXoTRnBQklBhGWdIFhtXVI+JkA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF/FUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWesC7frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9WrVy/tapV7P4yjCCZzCOXhwBXW4hQY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH3e2jVI=</latexit>

8

<latexit sha1_base64="kMQV4DUrDYuqaxGNL3jjO+srMI4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+dxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHhzeMwg==</latexit>

<latexit sha1_base64="2flNBvUFxLxJKjPCeajU6TL0u6k=">AAAB/XicbVDJTsMwEHVYS9nCcuNiUSFxqhLEdqzgwrEV3aQ2RI7rtFadRfYEUaKIX+HCAYS48h/c+BvcNgdoedJont6bkcfPiwVXYFnfxsLi0vLKamGtuL6xubVt7uw2VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKG12O/dc+k4lFYh1HMnID0Q+5zSkBLrrl/e5d2gSSZqxt7gLRWzzLXLFllawI8T+yclFCOqmt+dXsRTQIWAhVEqY5txeCkRAKngmXFbqJYTOiQ9FlH05AETDnp5PoMH2mlh/1I6goBT9TfGykJlBoFnp4MCAzUrDcW//M6CfiXTsrDOAEW0ulDfiIwRHgcBe5xySiIkSaESq5vxXRAJKGgAyvqEOzZL8+T5knZPi+f1U5Llas8jgI6QIfoGNnoAlXQDaqiBqLoET2jV/RmPBkvxrvxMR1dMPKdPfQHxucPcNyV4Q==</latexit> S
⌧ Q

T
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<latexit sha1_base64="95XWinQ3Nay5p9zCOpjKqTQErs8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj1JwYvHCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSZ77eDkoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVH1atX6fa3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPEKaNmA==</latexit>

tJ

<latexit sha1_base64="S9WDcCj+Jo0ZQbiRiid5EXrPwfc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvIinKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00gPe9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5tdOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6dukLzRnKMeWUKaFvZWwIdWUoQ2nZEPwFl9eJs2zqndevbg/r9Su8ziKcATHcAoeXEINbqEODWAQwjO8wpszcl6cd+dj3lpw8plD+APn8wd3HI1Q</latexit>

3

<latexit sha1_base64="T99hWokzRJOqWWiYGCkirl4gLeo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRE8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlq3qlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD38JjLs=</latexit>

1

<latexit sha1_base64="tJjnSnP1uwXu25U1aAmRMEvdwQg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHwBjLk=</latexit>

0

<latexit sha1_base64="8vMxq1NItTqs5kU+e9iXPp6b4rY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWarr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9bNYq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHp9jLg=</latexit>

⇠ log2(tJ)/4

<latexit sha1_base64="sMKf46vm7P1Y0BjXvDiytGlQiA4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KRVdScGNuKpgH9CEMJlO26GTBzM3YgnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d57/FhwBZb1ZRSWlldW14rrpY3Nre0dc3evraJEUtaikYhk1yeKCR6yFnAQrBtLRgJfsI4/vpr6nXsmFY/CO5jEzA3IMOQDTgloyTMPHMUD7AB7gFREw8yrVeDm5LTumWWras2A/xI7J2WUo+mZn04/oknAQqCCKNWzrRjclEjgVLCs5CSKxYSOyZD1NA1JwJSbzh7I8LFW+ngQSV0h4Jn6cyIlgVKTwNedAYGRWvSm4n9eL4HBhZvyME6AhXS+aJAIDBGepoH7XDIKYqIJoZLrWzEdEUko6MxKOgR78eW/pF2r2vXq2W293LjM4yiiQ3SEKshG56iBrlETtRBFGXpCL+jVeDSejTfjfd5aMPKZffQLxsc3j2qVuA==</latexit>

S
O

P

<latexit sha1_base64="dD9Py1JXCoQM1J6isPZsshfLcjA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxZsV7Qe0oWy2m3bpZhN3J8US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8w8PxZco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1FGiKGvQSESq7RPNBJesgRwFa8eKkdAXrOWPrqd+a8yU5pF8wEnMvJAMJA84JWgk776XdpE9YXpbz7JeueJUnRnsZeLmpAI56r3yV7cf0SRkEqkgWndcJ0YvJQo5FSwrdRPNYkJHZMA6hkoSMu2ls6Mz+8QofTuIlCmJ9kz9PZGSUOtJ6JvOkOBQL3pT8T+vk2Bw5aVcxgkySeeLgkTYGNnTBOw+V4yimBhCqOLmVpsOiSIUTU4lE4K7+PIyaZ5V3fPqxd15pVbL4yjCERzDKbhwCTW4gTo0gMIjPMMrvFlj68V6tz7mrQUrnzmEP7A+fwA2GZJk</latexit>

<latexit sha1_base64="dtZn9D7xERSx2AuC3vnIA/3W5Jc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHbF1zHoxWME84BkDbOT3mTI7OwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WDGSXoR7QvecgZNVZqeu5jduqNu6WyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9Nzx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NrPuExSg5LNFoWpICYmk99JjytkRowsoUxxeythA6ooMzahog3Bm395kTTOKt5l5eL+vFy9yeMowCEcwQl4cAVVuIMa1IHBEJ7hFd6cxHlx3p2PWeuSk88cwB84nz8+qY7f</latexit>

10�1

Figure 8.5: Dephasing— Time-evolution of entropies for γz/J = 0.25, 0.5, 1, 2
(blue solid lines, color from light to dark). (a) Rise and fall of the OE, and
universal logarithmic long-time growth, SOP = 1

4
log2(tJ) + const. (inset: log-lin

scale). Reproducing results in Ref. [48]. (b) In contrast, SQT growth steadily in
QT+MPS simulations. The inset shows Sτ

QT for several trajectories and γz = 2J .
(c) Sτ

QT on a lin-log scale, demonstrating super-logarithmic growth in contrast
to SOP in panel (a). (d) SQT on a log-log scale. Solid yellow line: γz = 0. Thin
dashed lines show power law fits SQT ∝ tα. Fitting range is chosen to best fit α = 0
(linear increase) for γz = 0, 1.1 < tJ < 3.9. Inset: Fitted power-law exponent as
function of γz. [For MPDO: N = ∞, χ = 512; for QT+MPS: N = 40, χ = 256,
Nt = 400].

important fact to point out is that TE growth is significantly faster for time-scales
t ≳ 1/γz. In Fig. 8.5(c) we plot SQT on a log-lin scale, to clearly demonstrate a
super-logarithmic increase. This implies that for tJ ≳ 1/γz, TE quickly becomes
larger than OE in MPDO simulations.

In Fig. 8.5(d) we plot SQT on a log-log scale and find that the growth of TE at
intermediate time scales (of a few tunneling processes J−1) resembles a power law
SQT ∝ ctα with α barely depending on γz. To obtain an estimate of α we perform
a power-law fit in the window 1.1 < tJ < 3.9 (dashed lines). This time window is
chosen to avoid on the one hand short-time physics, and on the other hand finite
size effects at long times. As criterion for a good fitting range we chose the range
where the fit reproduces the expected exponent α = 1 (linear increase) with the
smallest possible error in the case of γz = 0. The γz = 0 simulation is shown as
solid yellow line in Fig. 8.5(d). The inset in Fig. 8.5(d) shows the fitted values for
α as function of γz. Remarkably, for γz ≳ 0.5J we observe a quite robust value
of α ≈ 0.8. It has to be emphasized, however, that this finding is restricted to a
transient time-range due to the relatively small system size (N = 40) accessible in
our simulation. We therefore do not draw conclusions about whether this effect
persists universally over extended time scales. It would be an interesting prospect
to investigate this closer in the future in larger systems and for longer times.

8.4.3 Trajectory entanglement fluctuations in QT+MPS

In this section we finally also show results on the variations of the entanglement
entropy in individual trajectories of our QT+MPS simulations. In Fig. 8.6(a)
and Fig. 8.6(b) we plot the sample standard deviation, σSQT

, for the data of our
previous simulations with spontaneous emission/absorption and for dephasing, re-
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8.5. Details on numerical and analytical calculations

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

tJ

<latexit sha1_base64="ZpT4VBeFBNXi9PF8UbfRF7Y0RUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBg+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF50Y1Z</latexit>

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

�/J =

<latexit sha1_base64="1XYyM+7D0ejXzMtPXP/IXdh4UPg=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU92Vil6EggfFUwX7AdulZNO0DU2yS5IVytKf4cWDIl79Nd78N2bbPWjrg4HHezPMzAtjzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1o6ShShTRLxSHVCrClnkjYNM5x2YkWxCDlth+ObzG8/UaVZJB/NJKaBwEPJBoxgYyW/O8RC4LN7dF3qlStu1Z0BLRMvJxXI0eiVv7r9iCSCSkM41tr33NgEKVaGEU6npW6iaYzJGA+pb6nEguognZ08RSdW6aNBpGxJg2bq74kUC60nIrSdApuRXvQy8T/PT8zgKkiZjBNDJZkvGiQcmQhl/6M+U5QYPrEEE8XsrYiMsMLE2JSyELzFl5dJ67zq1aoXD7VK/TaPowhHcAyn4MEl1OEOGtAEAhE8wyu8OcZ5cd6dj3lrwclnDuEPnM8fpU6QNA==</latexit>

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
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Figure 8.6: Standard deviation of TE — Time-evolution of sample standard devi-
ations of the TE. (a) With spontaneous emission and absorption for both strong
and weak dissipation rates γ/J = 3.5, 2.0, 0.5, 0.1 (blue solid lines, color from
light to dark) [χ = 32 and Nt = 2000]. (b) With dephasing for various rates
γz/J = 0.25, 0.5, 1, 2 (orange solid lines, color from light to dark) [χ = 256 and
Nt = 400]. In both cases, the growth of SQT is correlated with a growth of its
standard deviation σSQT

over time [in comparison with Figs. 8.2(b), 8.3(a), 8.5(b)].

spectively. There, an important insight is that the growth of SQT is also correlated
with the growth of its standard deviation σSQT

. In cases where SQT reaches a con-
stant value quickly, e.g. for γ ≳ 2.0 [see Fig. 8.2(b)], also σSQT

saturates quickly in
Fig. 8.6(a). In contrast, in all other cases where SQT shows a persistent growth on
our simulation time-scales, i.e. for γ/J ≲ 0.3 [see Fig. 8.3(b)] and for all consid-
ered values of 0.25 ≤ γz/J ≤ 2 [see Fig. 8.5(b)], also the standard deviation σSQT

increases over time. Since the bond dimensions need to be chosen large enough
to include “worst-case” trajectories with entropies ∼ Sτ

QT + σSQT
, the presence of

an increasing standard deviation implies that bond dimensions should be much
larger than expected from the averaged entropy SQT only.

8.5 Details on numerical and analytical calcula-
tions

In this section we provide and discuss some technical details of our MPDO and
QT+MPS algorithms and provide the analytical calculation for the plateau values
observed in Fig. 8.2.

8.5.1 MPDO Simulations

Equations of motion for our MPDO decomposition in (8.8) can be easily derived
and depend on the choice of the basis matrices êin . Inserting a general many-body
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density matrix expansion in the chosen basis,

ρ̂ =
∑

i1,i2,...,iN

ri1,i2,...,iN êi1 êi2 . . . êiN , (8.16)

into the master equation (8.3), leads to an evolution equation which only depends
on nearest neighbor terms for the vectorized density matrix elements, i.e.

d

dt
ri1,i2,...,iN =

∑

kn,kn+1

(
A

kn,kn+1

in,in+1

)
ri1,...,kn,kn+1...,iN , (8.17)

for sites n and n+ 1.
The relevant super-operator two-site gates Akn,kn+1

in,in+1
include Hamiltonian and

Lindblad terms. Explicitly, in the bulk of the chain,

A
kn,kn+1

in,in+1
= H

kn,kn+1

in,in+1
+

1

2

(
Lkn
in
δ
kn+1

in+1
+ δknin L

kn+1

in+1

)
, (8.18)

with, δknin being Kronecker deltas. The Hamiltonian/Lindblad super-operator ex-
pansions Hkn,kn+1

in,in+1
and Lkn

in
can be easily computed numerically: From the XXZ

Hamiltonian (8.1), ĤXXZ ≡
∑N−1

n=1 Ĥin,in+1 via

H
kn,kn+1

in,in+1
= tr

[
êin êin+1

(
−i[Ĥin,in+1 , êkn êkn+1 ]

)]
, (8.19)

and for the Lindblad terms via

Lkn
in

= 2 tr
{
êinL̂ηêknL̂

†
η

}

− tr
{
êinL̂ηêkn

}
− tr

{
êin êknL̂η

}
(8.20)

with the corresponding jump operators L̂η from Eqs. (8.6b), (8.6a), or (8.7).
We compute the two-site superoperator gates (8.18) and apply them to the

MPDO decomposition (8.8) using a standard TEBD [16] algorithm. As common,
we can use conservation laws to significantly speed up gate applications by exploit-
ing the block-diagonal form of the super-operator gates Akn,kn+1

in,in+1
. For dephasing

this is enabled by the fact that the gates commute with the expansion of the super-
operator for the total magnetization, Ŝzρ̂. It is interesting to point-out that even
for spontaneous emission/absorption the gates commute with a super-operator of
the form [ρ̂, Ŝz], which can be exploited.

We also exploit translational invariance of our model to simulate dynamics
using an iTEBD algorithm, in which case due to the non-hermitian nature of the
super-operator gates we resort to the re-orthogonalization scheme presented in [22].
We also emphasize again that numerical truncation errors in the TEBD step lead
to a loss of positivity of the density matrix. This can in principle be avoided by
using a locally purified representation of the density matrix as proposed in [23].
In practice however, since we always operate in a regime of negligible truncation
(results are converged in χ, see Appendix 8.A), we do not find the loss of positivity
to be a numerical problem.
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8.5.2 Quantum Trajectories

For our QT+MPS simulations we use a variation of a standard quantum trajec-
tory (QT) method [38–40], also known as quantum Monte-Carlo wavefunction
method, quantum jump approach, or simulated number measurement unravel-
ling [25, 41, 46]. In its original formulation a trajectory |ψτ (∆t)⟩ is evolved with
the non-hermitian effective Hamiltonian, Ĥeff , over a time ∆t, and a Lindblad jump
operator is randomly applied with a probability proportional to 1−∥ |ψτ (∆t)⟩ ∥2,
followed by a renormalization. The specific Lindblad operator L̂η0 for a decay
channel η0 is chosen with probability ∝ ⟨ψτ (t)| L̂†

η0
L̂η0 |ψτ (t)⟩.

In this original formulation, the method suffers from the inherent problem that
the equivalence of the master equation relies on a first-order Euler argument [41]
and thus requires small time-step sizes ∆t. This problem can be partly ameliorated
by an alternative formulation of QT, in which quantum jump times are numerically
pre-calculated from the decay-dynamics of the norm, such that the system can be
evolved to the quantum jump time with an arbitrarily high order method [39, 41].

We make use of this idea, but in our case also exploit the fact that the non-
hermitian part of our effective Hamiltonian has a particularly simple form:

Ĥnh = − i

2

∑

η

L̂†
ηL̂η = −

iNγ

2
1 (8.21)

for both spontaneous emission/absorption with equal rate, γ = γ±, and for dephas-
ing with γ = γz. Trivially, this also implies [ĤXXZ, Ĥnh] = 0. The time-dependent
decay of squared norm thus follows

∥ |ψτ (t)⟩ ∥2 = ⟨ψτ (t = 0)| e−2iĤnht |ψτ (t = 0)⟩ ,
= e−Nγt. (8.22)

This implies that the time for a jump j+1, tj+1, can be easily pre-calculated [45],
e.g. for a random threshold value 0 ≤ rj+1 ≤ 1 with: tj+1 = tj − ln(rj+1)/Nγ.

It is important to point out, however, that also this approach fundamentally
suffers from the issue that the difference between two consecutive jumps is (tj+1−
tj) ∝ 1/Nγ. Thus the selected time-step for the time-evolution is on average
limited by ∆t ∼ 1/Nγ and has to decrease with system size N . This strongly
limits the applicability of the method for large N .

For large N , a way around this problem can be found in cases where jump
operators commute, [L̂η, L̂µ] = 0 for η ̸= µ. Then, multiple quantum jumps can be
applied within a single time-step. Therefore one can first evolve |ψτ ⟩ with only the
hermitian Hamiltonian ĤXXZ, and then conditionally apply quantum jumps after
non-hermitian Hamiltonian dynamics for individual decay channels η, −iL̂†

ηL̂η/2,
as e.g. described in [46]. While this scheme still leads to a first-order method,
the method then only introduces time-step errors of order O((∆tγ)2) [instead of
O((∆tNγ)2)]. For higher order integration schemes one should resort to schemes
as presented in [63], which are however cumbersome to implement in case of a
large amount of decay channels.
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8.5.3 Analytical Formula for plateau

In this section, we develop a further understanding of the plateau value of SQT

observed in quantum trajectory simulations with spontaneous emission/absorption
at sufficiently long times. Our reasoning is based on simple analytical arguments
using blocks of just a few spins.

We start by considering only two spins, N = 2. In a many-body system, these
two spins may represent the spins adjacent to the bipartite splitting in the center
of the chain. In a regime of sufficiently large dissipation (such that entanglement
cannot build up over distances larger than two spins), the overall entanglement
will thus be dominated by the entanglement entropy of one of the two single spins.
For two spins, there are four distinct possible initial states {|↑↑⟩ , |↓↓⟩ , |↑↓⟩ , |↓↑⟩}.
The states {|↑↑⟩ , |↓↓⟩} are left unchanged by the dynamics under Hamiltonian
(8.1), which implies that the entanglement entropy remains strictly zero in this
case. In contrast, the initial “Néel states”, |ϕ1⟩ ≡ |↑↓⟩ and |ϕ2⟩ ≡ |↓↑⟩ evolve under
Hamiltonian (8.1). Starting e.g. |ϕ1⟩ the state at time t is:

|ψ(t)⟩ = 1√
2

(
e−iE−t |E−⟩+ e−iE+t |E+⟩

)
, (8.23)

with E± = −J/4± J/2 two eigenvalues of (8.1) for N = 2 and the corresponding
two eigenstates are |E±⟩ = (|ϕ1⟩ ∓ |ϕ2⟩) /

√
2. Then, the reduced density matrix

for the single spin of state (8.23) evolves according to

ρ1(t) = cos2(tJ/2) |↑⟩ ⟨↑|+ sin2(tJ/2) |↓⟩ ⟨↓| , (8.24)

which leads to the single-spin entanglement entropy evolution

S1(t) =− cos2(tJ/2) log2(cos
2(tJ/2))

− sin2(tJ/2) log2(sin
2(tJ/2)). (8.25)

A quantum jump event can happen after a certain time t with a probabil-
ity given by Eq. (8.22). Hence, the probability distribution function for a jump
occurring on any of the two sites is given by an exponential distribution of the
form

f2(t) = 2γe−2tγ, (8.26)

with γ = γ+ = γ−, and a mean time between jumps of τ̄ = 1/2γ. Impor-
tantly, from the jump operators (8.6), we readily see that for N = 2 a quan-
tum jump will systematically collapse |ψ(t)⟩ into one of the initial product states
{|↑↑⟩ , |↓↓⟩ , |↑↓⟩ , |↓↑⟩}, resetting the entanglement entropy to zero. As argued al-
ready in Sec. 8.4.1, starting in a state |ϕ1⟩ or |ϕ2⟩, for jumps at a short time of
∼ 1/2γ, the collapsed state will almost always be |↓↓⟩ or |↑↑⟩. Vice versa, on
average after a time of 1/2γ the states |↓↓⟩ and |↑↑⟩ will collapse into |ϕ1⟩ or |ϕ2⟩.
Thus on average we can assume that in a steady-state situation and large γ, all
four states are equally probable. Therefore, using a short-time expansion of (8.25)
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and keeping terms of order O(J2/γ2), we can derive

S
2−site
QT =

1

2

∫ ∞

0

S(t)fJ(t) dt (8.27)

≈ 1

2

γJ2

2 ln(2)

∫ ∞

0

t2e−2γt
[
1− ln((Jt/2)2)

]
dt (8.28)

=
J2

16γ2 ln(2)

[
2(E − 1) + ln

(
(γ216)/J2

)]
, (8.29)

where E is the Euler-Mascheroni constant. The 1/2 in (8.27) stems from the fact
that only half of the states contribute to the entropy growth.

While this result gets close to the long-time TE in Fig. 8.2(b), we did not find
a perfect match with the numerical solution in the large γ limit. We attribute this
to the fact that there are additional contributions of order O(J2/γ2) coming from
rare jump events in a 4-spin block that collapse to states with TE one, as seen
e.g. in Fig. 8.2(c). To illustrate how such a scenario can arise: Consider an initial
state of the form |↓⟩ |ϕ1⟩ |↑⟩. At short times t≪ 1/J the state is approximated by

|ϕ′⟩ ≈ |↓↑↓↑⟩ − i
tJ

2
(|↑↓↓↑⟩+ |↓↓↑↑⟩+ |↓↑↑↓⟩). (8.30)

Denoting the probability for a jump on spin i by pi,± ∝ ⟨ϕ′| σ̂∓
i σ̂

±
i |ϕ′⟩, the proba-

bility for a jump with σ̂+
2 (on the second spin) is p2,+ ∝ J2/γ2. However, the state

after this jump will be given by:

σ̂+
2 |ϕ′⟩ ∝ (|↑↑↓↑⟩+ |↓↑↑↑⟩). (8.31)

This is an entangled state between blocks of sites (1, 2) and (3, 4) with entropy
one. Since such a state will remain robust on a 1/γ time-scale, overall such a
processes will give another contribution to the plateau value of the TE of order
O(J2/γ2). Note that the identical argument holds for a jump with σ̂−

3 , and for
jumps with σ̂−

2 and σ̂+
3 if we would consider the initial Néel state |↑⟩ |ϕ2⟩ |↓⟩.

Using this, we can now roughly estimate the correction due to such processes
in steady state. We consider again jumps on the two central spins and focus on
the initial state |↓⟩ |ϕ1⟩ |↑⟩. Up to quadratic order in t, p2,+(t) ≈ t2J2/4 [after
using state (8.30) and normalizing with four possible jump probabilities p2,3,±].
This then leads to a correction term of

S
corr

QT =
1

4

∫ ∞

0

t2J2

4
f2(t) dt =

J2

32γ2
(8.32)

Here, the factor 1/4 comes from the fact that we assume that in steady-state a
Néel state configuration in the 4-site block has the probability of 1/8, and the
fact that we have two possible “entangling jumps” per Néel state. Summing the
contributions from Eq. (8.29) and (8.32) we arrive at our final estimate for the
plateau value of

SQT =
J2

16γ2 ln(2)

[
2(E − 1) + ln

(
(γ216)/J2

)]
+

J2

32γ2
. (8.33)

This estimate provides an excellent estimation for the numerical results in the
large γ limit as shown in Fig. 8.2(b).
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8.6 Conclusion and Outlook

Here, we made a systematic comparison between two approaches to numerical
simulations of open quantum many-body dynamics with matrix product decom-
positions. We denote them: i) MPDO (evolving full matrix product density opera-
tors); and ii) QT+MPS (“number measurement unravelling” of the density matrix
into MPS trajectories). In our study we focused on a comparison of bipartite
entropy growth dynamics in the two methods: operator entanglement (OE) for
the MPDO approach, and trajectory entanglement (TE) for QT+MPS. For both
methods these entropies are fundamentally linked to the respective numerical effi-
ciency of the state representation. We compared the entropy growth behavior for
two types of single-spin dissipative mechanisms: spontaneous emission/absorption
and dephasing.

On a technical level, we discussed several details of both numerical approaches
and highlight several advantages of the MPDO method compared to QT+MPS.
It allows for: i) Easier implementation of high-order Trotter decompositions (thus
larger time-steps); ii) easier exploitation of translational invariance; and iii) a
real-valued representation of the tensors in the matrix product decomposition.

On a fundamental level, our most important insight is that for time-scales
≳ 1/γ (with dissipative rates γ), the growth of OE is generally slower than that
of TE. For spontaneous emission/absorption OE generally vanishes at long times.
In contrast, we find that TE grows on our simulable time-scales for small γ, and
approaches a constant value quickly for large γ (for which we found an analytical
estimate). For dephasing, OE grows only logarithmically [48], while TE (and also
its sample standard deviation) grows as a power-law. For our (number measure-
ment) unravelling, we found a robust growth exponent of ∼ 0.8 for sufficiently
large dephasing rates. In both cases our results imply that at sufficiently long
times, MPDO matrices become a numerically significantly more efficient state
representation compared to the ones obtained from QT+MPS. In other words,
the standard QT approach produces a statistical mixture of entangled trajectories
that can classically be less inefficiently represented than the whole density matrix.

Our simulations make use of a simple initial product state. In the future
it would be interesting to also include more complex entangled initial states for
systematic studies, which have e.g. led to a clearly decreased efficiency of the
MPDO approach in [45].

Furthermore, another interesting prospect would be to study in depth the vari-
ations of TE growth under different types of environmental measurement schemes
(e.g. homodyne measurement unravelings [46]). The dynamics of trajectory re-
solved entanglement in continuously monitored open systems has been a very re-
cent topic of study in the context of “measurement-induced phase transitions” [68–
73]. It is an interesting future prospect to investigate whether the scaling behavior
that we observed here (e.g. the robust power-law behavior for dephasing) is a fea-
ture of the most commonly used number measurement unraveling, or if it also
holds for different unravelling schemes.
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Appendix

8.A Details on numerical convergence

In this appendix we present details on the numerical convergence for the results
presented in the main text. We discuss: Convergence in the matrix product bond
dimension χ, convergence in the time-step sizes, and our bond-averaging procedure
that we use in QT+MPS. Throughout the main text we only show results that
are converged in both χ and times-step sizes.

8.A.1 Bond dimension convergence

In order to make sure that our simulations are converged in the bond dimen-
sion χ for both representations [MPDO and QT+MPS defined in Eqs. (8.8) and
(8.12), respectively], we repeat our simulations while doubling χ for each run un-
til lines become visually indistinguishable. All parameters used for the figures in
the main text are summarized in Tables 8.1 and 8.2 below. For spontaneous emis-
sion/absorption we varied the bond dimension in the range χ = 32, 64, 128, 256 and
for dephasing in the range χ = 64, 128, 256, 512. The convergence plots in Fig. 8.7
demonstrate this procedure for the scenario where OE and TE grow largest (i.e. for
cases where the largest χ values are necessary). We choose the parameters from
Fig. 8.3 (a) and (b) for MPDO and QT+MPS with γ = 0.1 simulated up to times
tJ = 12. In the case of MPDO, the OE reaches a peak of value SOP ≈ 3.5, while
in the case of QT+MPS, as explained in section 8.4.1, the dissipation γ shows a
continuous increase reaching a value of SQT ≈ 3.5 around times tJ = 12. Note
that for χ = 256, fundamentally an entropy of log2(256) = 8 could be supported,
and in practice we observe convergence for χ ≳ 128 in both cases. For dephasing,
to reach convergence of χ we choose parameters from Fig. 8.5 (a) and (b), for
MPDO and QT+MPS respectively, with γz/J = 0.25. In the case of MPDO the
OE reaches its highest value in the short-time peak SOP ≈ 3.0, and convergence
is clearly reached for χ ≳ 256. For QT+MPS, just as in the case of weak sponta-
neous emission/absorption the TE shows a continuous growth reaching a value of
SQT ≈ 3.0 around tJ = 8, and convergence is already reached for χ ≳ 64.

8.A.2 Time-step convergence

To check convergence in time-step size ∆t, we also run simulations repeatedly,
decreasing ∆t until lines become visually indistinguishable. To demonstrate this,
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<latexit sha1_base64="VZYN1XzMtIe6N8Fq0b7CdVwQBMc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51X3olq7q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1Y8kLU=</latexit>

(d)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

<latexit sha1_base64="0GQr0sNbLGF6eg+NiFaXSzgFoMo=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1S2kLQ=</latexit>

(c)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5
<latexit sha1_base64="hyLvgvVNPBIsAcBNUs/z5myfqYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXtsxMkN6ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHqX1dpDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx80HI7W</latexit>� =

<latexit sha1_base64="hJtRFzd92sEokDaT4OWCGoaseNg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHaRqEeiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1Fjp4aLSK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVsndZrt5XS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AHxcoz8</latexit>

32
<latexit sha1_base64="HWq+8c4oE/3bR2oimitec5WzvaI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KomU6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFX7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtC4rXq1Sva+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/kJjQE=</latexit>

64
<latexit sha1_base64="bTzJAjKD92BbJaSj3sAqzetKdaI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY5ELx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSg1ep9Yslt+wuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCWv+lMskNSjZclGYCmJiMv+bDLhCZsTEEsoUt7cSNqKKMmPTKdgQvNWX10mrUvauytX7aql+k8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx9ooI08</latexit>

128
<latexit sha1_base64="wsEFBnZB63Sooq+ImReWiCectZQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIncE0ZJoY4lRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGNzO/9cS1EbF6wHHC/YgOlAgFo2il+8pFrVcsuWV3DrJKvIyUIEOjV/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LHStmrlat31VL9OosjDydwCufgwSXU4RYa0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9rrY0+</latexit>

256 S
O

P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="2RTiuSpx4d/wNQTKiHZuiwrh7dA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+/vjPs=</latexit>

40

<latexit sha1_base64="19D5pi/bNJBZ/k1A6ImcsrHJ2rQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadnV+DgGvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Hbqt56o0iyWj2ac0EDggWQRI9hY6eHcveiVK57rzYCWiZ+TCuSo98pf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskID2jHUokF1UE2O3WCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNdF1kDGZpIZKMl8UpRyZGE3/Rn2mKDF8bAkmitlbERlihYmx6ZRsCP7iy8ukeeb6l271vlqp3eRxFOEIjuEUfLiCGtxBHRpAYADP8ApvDndenHfnY95acPKZQ/gD5/MHYQyNNw==</latexit>

3.5

S
Q

T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit>

<latexit sha1_base64="RXQ1IheF3d9kuYyx+yQ7nacxxGI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xu1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2rehfV+l290rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+5ojPo=</latexit>

12

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3<latexit sha1_base64="hyLvgvVNPBIsAcBNUs/z5myfqYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXtsxMkN6ZcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHqX1dpDrVK/zeMowgmcwjl4cAV1uIcGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx80HI7W</latexit>� =

<latexit sha1_base64="HWq+8c4oE/3bR2oimitec5WzvaI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KomU6rHoxWMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6qFX7pbJbcecgq8TLSRlyNPqlr94gZmmE0jBBte56bmL8jCrDmcBpsZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpyiDcFbfnmVtC4rXq1Sva+W6zd5HAU4hTO4AA+uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzB/kJjQE=</latexit>

64
<latexit sha1_base64="bTzJAjKD92BbJaSj3sAqzetKdaI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY5ELx4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLHSg1ep9Yslt+wuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCWv+lMskNSjZclGYCmJiMv+bDLhCZsTEEsoUt7cSNqKKMmPTKdgQvNWX10mrUvauytX7aql+k8WRhzM4h0vw4BrqcAcNaAKDITzDK7w5wnlx3p2PZWvOyWZO4Q+czx9ooI08</latexit>

128
<latexit sha1_base64="wsEFBnZB63Sooq+ImReWiCectZQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzGxIncE0ZJoY4lRhAQuZG/Zgw17e5fdORNC+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh49mjjVjDdZLGPdDqjhUijeRIGStxPNaRRI3gpGNzO/9cS1EbF6wHHC/YgOlAgFo2il+8pFrVcsuWV3DrJKvIyUIEOjV/zq9mOWRlwhk9SYjucm6E+oRsEknxa6qeEJZSM64B1LFY248SfzU6fkzCp9EsbalkIyV39PTGhkzDgKbGdEcWiWvZn4n9dJMbzyJ0IlKXLFFovCVBKMyexv0heaM5RjSyjTwt5K2JBqytCmU7AheMsvr5LHStmrlat31VL9OosjDydwCufgwSXU4RYa0AQGA3iGV3hzpPPivDsfi9ack80cwx84nz9rrY0+</latexit>

256
<latexit sha1_base64="S5pKkIQhDVZAMVoUUCDvvRF9Iz0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHi68Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7LFfvq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AZBuNOQ==</latexit>

512

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

80

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
Q

T

<latexit sha1_base64="lLwJ5OmK4ZlIGWjl0N1RcXu55Ok=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiFV0WRHDZYl/QhDCZTtqhkwczN2IJceOvuHGhiFv/wp1/46TNQlsPDBzOuYc793gxZxJM81srrayurW+UNytb2zu7e/r+QVdGiSC0QyIeib6HJeUspB1gwGk/FhQHHqc9b3Kd+717KiSLwjZMY+oEeBQynxEMSnL1IztSdp5O7zI3tYE+QNpqZ5mrV82aOYOxTKyCVFGBpqt/2cOIJAENgXAs5cAyY3BSLIARTrOKnUgaYzLBIzpQNMQBlU46uyAzTpUyNPxIqBeCMVN/J1IcSDkNPDUZYBjLRS8X//MGCfhXTsrCOAEakvkiP+EGREZehzFkghLgU0UwEUz91SBjLDABVVpFlWAtnrxMuuc1q167aNWrjZuijjI6RifoDFnoEjXQLWqiDiLoET2jV/SmPWkv2rv2MR8taUXmEP2B9vkDzFCXxg==</latexit>

Figure 8.7: Convergence in χ — For (a/b) we consider spontaneous emis-
sion/absorption with a rate γ/J = 0.1 for different values of χ = 32, 64, 128, 256.
We notice that a value of χ = 128 suffices for convergence at all times for SOP and
for SQT it suffices until tJ ≈ 12 . For (c/d) we consider dephasing with a rate
γz/J = 0.25 for different values of χ = 64, 128, 256, 512. In this case a value of
χ = 256 suffices at least until tJ = 40 for the case of SOP. For the case of SQT, at
least until tJ = 8, a value of χ = 64 is enough to reach convergence [for MPDO:
N =∞, for QT+MPS: N = 40, Nt = 500 (a/b), Nt = 400 (c/d)].

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
O

P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

(b)

<latexit sha1_base64="Pp13ScXuRuvw8z4+7IULLDcchMA=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVoKzibdQtEtuzPQZeJlpEgy1LqFr04v4kkICrlkxrQ9N0Y/ZRoFlzDJdxIDMeMjNoC2pYqFYPx0dvGEnlqlR/uRtqWQztTfEykLjRmHge0MGQ7NojcV//PaCfav/FSoOEFQfL6on0iKEZ2+T3tCA0c5toRxLeytlA+ZZhxtSHkbgrf48jJpnJe9SvnirlKs3mRx5MgxOSEl4pFLUiW3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gBTdJC0</latexit>

(a)

<latexit sha1_base64="j2zpxvF/clWP/Ka8Plnl2uSfUCQ=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVpiZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBR7pCz</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="VZYN1XzMtIe6N8Fq0b7CdVwQBMc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51X3olq7q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1Y8kLU=</latexit>

(d)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

1

<latexit sha1_base64="mYi+q0lk7vpEv2KTDnTvT9mbmdo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz1WsR/QhrLZTtqlm03Y3Qil9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm8xvP6HSPJaPZpKgH9Gh5CFn1FjpwSv1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4U6oMZwJnpV6qMaFsTIfYtVTSCLU/nV86I2dWGZAwVrakIXP198SURlpPosB2RtSM9LKXif953dSE1/6UyyQ1KNliUZgKYmKSvU0GXCEzYmIJZYrbWwkbUUWZseFkIXjLL6+S1kXVq1Uv72uV+m0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALLzjNY=</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0.005

<latexit sha1_base64="XAFeHCqVd4fPk4wicdxSVHw+jio=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFj0WRPBYwW0L7VKyabYNTbJLkhXK0t/gxYMiXv1B3vw3Zts9aOuDkMd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9POjpOFaE+iXmseiHWlDNJfcMMp71EUSxCTrvh9Db3u09UaRbLRzNLaCDwWLKIEWys5Lt1120Oq7X8z4HWiVeQGhRoD6tfg1FMUkGlIRxr3ffcxAQZVoYRTueVQappgskUj2nfUokF1UG2WHaOLqwyQlGs7JMGLdTfHRkWWs9EaCsFNhO96uXif14/NdFNkDGZpIZKshwUpRyZGOWXoxFTlBg+swQTxeyuiEywwsTYfCo2BG/15HXSuap7jXrzoVFr3RVxlOEMzuESPLiGFtxDG3wgwOAZXuHNkc6L8+58LEtLTtFzCn/gfP4AObiNqg==</latexit>

0.01

<latexit sha1_base64="J/Nhgh/HloqsLOQsv+bhOQqX9Rc=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWZE0WVBBJcV7APaoWTSTBuaZIYkI5Shv+DGhSJu/SF3/o2ZdhbaeiDkcM693HtPmAhurOd9o9La+sbmVnm7srO7t39QPTxqmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObnO/88S04bF6tNOEBZKMFI84JTaXvLrnD6o1982BV4lfkBoUaA6qX/1hTFPJlKWCGNPzvcQGGdGWU8FmlX5qWELohIxYz1FFJDNBNt91hs+cMsRRrN1TFs/V3x0ZkcZMZegqJbFjs+zl4n9eL7XRTZBxlaSWKboYFKUC2xjnh+Mh14xaMXWEUM3drpiOiSbUungqLgR/+eRV0r6o+5f1q4fLWuOuiKMMJ3AK5+DDNTTgHprQAgpjeIZXeEMSvaB39LEoLaGi5xj+AH3+AMUxjWw=</latexit>

0.05

<latexit sha1_base64="1AZKeRnaQRn2FwRDK6Djsn7yqHE=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxIiy4LIrisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MTGehrQdCDufcy733BDFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2W3m956o0iySj2YeU1/giWQhI9hkklt3m6NqzX450DrxClKDAu1R9Ws4jkgiqDSEY60HnhsbP8XKMMLpojJMNI0xmeEJHVgqsaDaT/NdF+jCKmMURso+aVCu/u5IsdB6LgJbKbCZ6lUvE//zBokJb/yUyTgxVJLloDDhyEQoOxyNmaLE8LklmChmd0VkihUmxsZTsSF4qyevk+5V3WvUmw+NWuuuiKMMZ3AOl+DBNbTgHtrQAQJTeIZXeHOE8+K8Ox/L0pJT9JzCHzifP8tBjXA=</latexit>

0.1

<latexit sha1_base64="SJf3UiGm7nCo3+0CbNOAxkgZKig=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikoseCCB4r2g9oQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHjUNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+64lrIxL1iOOUBzEdKBEJRtFKD57r98oVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7VvbyvVmq3eRxFOIFTOAcfrqAGd1CHBjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFW+40y</latexit>

�tJ =

<latexit sha1_base64="vEi0Bye3mPCFuFXFAZtwReB2oq8=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKRC9CQAXxFME8IFnC7KQ3GTL7cKY3EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v63cyura+kZ+s7C1vbO7V9w/aOgoURzqPJKRanlMgxQh1FGghFasgAWehKY3vJ76zREoLaLwEccxuAHrh8IXnKGR3M4NSGQU6T29ot1iyS7bM9Bl4mSkRDLUusWvTi/iSQAhcsm0bjt2jG7KFAouYVLoJBpixoesD21DQxaAdtPZ0RN6YpQe9SNlKkQ6U39PpCzQehx4pjNgONCL3lT8z2sn6F+6qQjjBCHk80V+IilGdJoA7QkFHOXYEMaVMLdSPmCKcTQ5FUwIzuLLy6RxVnYq5fOHSql6m8WRJ0fkmJwSh1yQKrkjNVInnDyRZ/JK3qyR9WK9Wx/z1pyVzRySP7A+fwC6GZDI</latexit>

<latexit sha1_base64="uWTpm4Z4rjsmHcBF82MAL6qpM6U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsW+4Imhsl02g6dPJi5kZaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r3HjwVXYFnfRmFjc2t7p7hb2ts/ODwyj8sdFSWSsjaNRCR7PlFM8JC1gYNgvVgyEviCdf3J3dzvPjGpeBS2YBYzNyCjkA85JaAlzyw/PDpAEi91gE0hbbayzDMrVtVaAK8TOycVlKPhmV/OIKJJwEKggijVt60Y3JRI4FSwrOQkisWETsiI9TUNScCUmy5uz/C5VgZ4GEldIeCF+nsiJYFSs8DXnQGBsVr15uJ/Xj+B4Y2b8jBOgIV0uWiYCAwRngeBB1wyCmKmCaGS61sxHRNJKOi4SjoEe/XlddK5rNpX1VqzVqnf5nEU0Sk6QxfIRteoju5RA7URRVP0jF7Rm5EZL8a78bFsLRj5zAn6A+PzB50xlNQ=</latexit> S
⌧ Q

T

<latexit sha1_base64="uWTpm4Z4rjsmHcBF82MAL6qpM6U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsW+4Imhsl02g6dPJi5kZaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r3HjwVXYFnfRmFjc2t7p7hb2ts/ODwyj8sdFSWSsjaNRCR7PlFM8JC1gYNgvVgyEviCdf3J3dzvPjGpeBS2YBYzNyCjkA85JaAlzyw/PDpAEi91gE0hbbayzDMrVtVaAK8TOycVlKPhmV/OIKJJwEKggijVt60Y3JRI4FSwrOQkisWETsiI9TUNScCUmy5uz/C5VgZ4GEldIeCF+nsiJYFSs8DXnQGBsVr15uJ/Xj+B4Y2b8jBOgIV0uWiYCAwRngeBB1wyCmKmCaGS61sxHRNJKOi4SjoEe/XlddK5rNpX1VqzVqnf5nEU0Sk6QxfIRteoju5RA7URRVP0jF7Rm5EZL8a78bFsLRj5zAn6A+PzB50xlNQ=</latexit> S
⌧ Q

T

1

<latexit sha1_base64="mYi+q0lk7vpEv2KTDnTvT9mbmdo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCBz1WsR/QhrLZTtqlm03Y3Qil9B948aCIV/+RN/+NmzYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm8xvP6HSPJaPZpKgH9Gh5CFn1FjpwSv1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4U6oMZwJnpV6qMaFsTIfYtVTSCLU/nV86I2dWGZAwVrakIXP198SURlpPosB2RtSM9LKXif953dSE1/6UyyQ1KNliUZgKYmKSvU0GXCEzYmIJZYrbWwkbUUWZseFkIXjLL6+S1kXVq1Uv72uV+m0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+ALLzjNY=</latexit>

<latexit sha1_base64="CdAdX6FIntcZg6Fe7Vuzdy4Qk7k=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxIfSyLblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyya27l8NqzX450CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nd5+jMKiMURso+aVCu/u5IsdB6JgJbKbCZ6GUvE//z+okJb/yUyTgxVJLFoDDhyEQoOxyNmKLE8JklmChmd0VkghUmxsZTsSF4yyevks5F3buqNx4ateZtEUcZTuAUzsGDa2jCPbSgDQQm8Ayv8OYI58V5dz4WpSWn6DmGP3A+fwDKsI1u</latexit>

0.05
<latexit sha1_base64="CdAdX6FIntcZg6Fe7Vuzdy4Qk7k=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxIfSyLblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwyya27l8NqzX450CrxClKDAq1h9WswikgiqDSEY637nhsbP8XKMMLpvDJINI0xmeIx7VsqsaDaT/Nd5+jMKiMURso+aVCu/u5IsdB6JgJbKbCZ6GUvE//z+okJb/yUyTgxVJLFoDDhyEQoOxyNmKLE8JklmChmd0VkghUmxsZTsSF4yyevks5F3buqNx4ateZtEUcZTuAUzsGDa2jCPbSgDQQm8Ayv8OYI58V5dz4WpSWn6DmGP3A+fwDKsI1u</latexit>

0.05

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

S
O

P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

<latexit sha1_base64="0GQr0sNbLGF6eg+NiFaXSzgFoMo=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1S2kLQ=</latexit>

(c)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

<latexit sha1_base64="2HCahuiS0a0mpPhoOxSxmbs1X9c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle9+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdZdI0y</latexit>

1.2

<latexit sha1_base64="j1Q/MUq1a2H7zj3bEvtg5bdp1OY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVUj0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEraF1WvXq3d1yqNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AEjCNnQ==</latexit>

103

�tJ =

<latexit sha1_base64="vEi0Bye3mPCFuFXFAZtwReB2oq8=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexKRC9CQAXxFME8IFnC7KQ3GTL7cKY3EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v63cyura+kZ+s7C1vbO7V9w/aOgoURzqPJKRanlMgxQh1FGghFasgAWehKY3vJ76zREoLaLwEccxuAHrh8IXnKGR3M4NSGQU6T29ot1iyS7bM9Bl4mSkRDLUusWvTi/iSQAhcsm0bjt2jG7KFAouYVLoJBpixoesD21DQxaAdtPZ0RN6YpQe9SNlKkQ6U39PpCzQehx4pjNgONCL3lT8z2sn6F+6qQjjBCHk80V+IilGdJoA7QkFHOXYEMaVMLdSPmCKcTQ5FUwIzuLLy6RxVnYq5fOHSql6m8WRJ0fkmJwSh1yQKrkjNVInnDyRZ/JK3qyR9WK9Wx/z1pyVzRySP7A+fwC6GZDI</latexit>

<latexit sha1_base64="kD2zMeaXoJMYdKaCxT4v9rnESno=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hK/TgWvXisYGuhDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Gk9vcf3yiSrNYPphpQgOBR5JFjGCTS55bvxhUa57rzYFWiV+QGhRoDapf/WFMUkGlIRxr3fO9xAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgr/88irp1F3/0m3cN2rNmyKOMpzAKZyDD1fQhDtoQRsIjOEZXuHNEc6L8+58LFpLTjFzDH/gfP4AzbqNcA==</latexit>

0.25

<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>
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Figure 8.8: Time-step convergence — For (a/b) we consider spontaneous emis-
sion/absorption with a large rate γ/J = 3.5. In the case of SOP a value of
∆t = 0.1/J already clearly suffices. In our QT+MPS methods Trotter time-
steps (h) are adaptive with h ≤ ∆t to resolve jumps. However results also agree
when ∆t becomes smaller than the inter-jump times (see text). For (c/d) we con-
sider dephasing with a rate γz/J =2. In the case of SOP a time-step ∆tJ = 2 is
already clearly enough due to a 4-th order Trotter decomposition used in our code
[χ = 512; for MPDO N =∞; for QT+MPS N = 40].

in Fig. 8.8 we consider again “worst-case” scenarios with simulations for the largest
rates γ and γz used in the main text (which generally require the smallest ∆t).
For all simulations in Fig. 8.8 we use χ = 512 such that the results are clearly con-
verged in χ. For the case of spontaneous emission/absorption we use parameters
from Fig 8.2 (a) and (b) with γ = 3.5J for MPDO and QT+MPS, respectively.
Here, for QT+MPS we show results for a single trajectory, but averaged over
the 11 center bonds such that rapid jumps are still visible. For dephasing we
use parameters from Fig. 8.5 (a) and (b) with γz = 2J . In our QT+MPS algo-
rithm we pre-calculate quantum jump times analytically and therefore the true
time-step used in the Trotter decomposition gates, h is adaptive and therefore
h ≤ ∆t. For spontaneous emission/absorption (MPDO and QT+MPS) as well
as for dephasing in QT+MPS [i.e. in all panels Fig. 8.8(a-c)] we vary ∆t in the
range ∆tJ = 0.1, 0.05, 0.01, 0.005, and only for dephasing and MPDO simulations
[Fig. 8.8(d)] we also demonstrate convergence for very large steps in the range
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Figure γ+/J γ−/J γz/J
Fig. 1(b) 0.01 0.01 0
Fig. 1(c) 0.01 0.01 0
Fig. 2(a) 2, 2.5, 3, 3.5 γ+/J 0
Fig. 2(b) 2, 2.5, 3, 3.5 γ+/J 0
Fig. 2(c) 2 2 0
Fig. 3(a) 0.1, 0.3, 0.5, 0.7 γ+/J 0
Fig. 3(b) 0.1, 0.3, 0.5, 0.7 γ+/J 0
Fig. 4(a) 0, 0.5, 1, 1.5 1 0
Fig. 4(b) 0, 0.5, 1, 1.5 1 0
Fig. 5(a) 0 0 0.25, 0.5, 1,2

Fig. 5(a) (inset) 0 0 0.25, 0.5, 1,2
Fig. 5(b) 0 0 0.25, 0.5, 1,2
Fig. 5(c) 0 0 0.25, 0.5, 1,2
Fig. 5(d) 0 0 0.25, 0.5, 1,2

Fig. 5(d) (inset) 0 0 [0.25 : 0.25 : 2]
Fig. 6(a) 0.1, 0.5, 2, 3.5 γ+/J 0
Fig. 6(b) 0 0 0.25, 0.5, 1,2
Fig. S1(a) 0.1 0.1 0
Fig. S1(b) 0.1 0.1 0
Fig. S1(c) 0 0 0.25
Fig. S1(d) 0 0 0.25
Fig. S2(a) 3.5 3.5 0
Fig. S2(b) 3.5 3.5 0
Fig. S2(c) 0 0 2
Fig. S2(d) 0 0 2

Fig. S3(a)/(c) 0 0 2.0
Fig. S3(b)/(d) 3.5 3.5 0

Table 8.1: The numerical values for the dissipations γ+/J , γ−/J , and γz used for
all figures in this paper.

∆tJ = 2.0, 1.0, 0.5, 0.25. The very large values of ∆t in MPDO are enabled by
the fact that here we can easily incorporate a 4-th order Trotter decomposition
for the matrix exponential of the master-equation super-operator. In particular,
we use the following decomposition from [64]:

(1)T (1)(1)T (−2)(1)T (1)T (1)T (1)T (1)(1)T (1)(1)(1)(1)(−2)T (1)(1)T (1), (8.34)

where the notation “(n)(T )” denotes a (transposed) sweep of two-spin super-operator
gates with time-step n∆t/12. This allows us to observe convergence even for
∆t = 2J in Fig. 8.8(d). Also in Fig. 8.8(a) the time-step size ∆t ≈ 0.1 is already
clearly sufficient. For QT+MPS in Fig. 8.8(b) and (c) the mean times between
jumps are on the order of 1/Nγ ∼ 0.007/J and ∼ 0.01/J , respectively. Because
of our adaptive time-step algorithm, the Trotter time-step h is on the order of
those small values, and therefore a 2nd order decomposition is sufficient. Here
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8.A. Details on numerical convergence

Figure χ ∆tJ Nt

Fig. 1(b) 8,16,32,64,128 0.1 —
Fig. 1(c) 8,16,32,64,128 0.01 400
Fig. 2(a) 512 0.01 —
Fig. 2(b) 32 0.01 2000
Fig. 2(c) 32 0.01 10
Fig. 3(a) 256 0.1 —
Fig. 3(b) 256 0.2 500
Fig. 4(a) 256 0.05 —
Fig. 4(b) 64 0.005 800
Fig. 5(a) 512 0.1 —

Fig. 5(a) (inset) 1024 0.1, 1.0 —
Fig. 5(b) 256 0.1 400
Fig. 5(c) 256 0.1 400
Fig. 5(d) 256 0.1 400

Fig. 5(d) (inset) 256 0.1 400
Fig. 6(a) 32 0.01 2000
Fig. 6(b) 256 0.1 400
Fig. S1(a) 32, 64, 128, 256 0.1 —
Fig. S1(b) 32, 64, 128, 256 0.2 500
Fig. S1(c) 64, 128, 256, 512 0.2 —
Fig. S1(d) 64, 128, 256, 512 0.2 400
Fig. S2(a) 256 0.1, 0.05, 0.01, 0.005 —
Fig. S2(b) 256 0.1, 0.05, 0.01, 0.005 1
Fig. S2(c) 256 0.1, 0.05, 0.01, 0.005 —
Fig. S2(d) 256 0.1, 0.05, 0.01, 0.005 1

Fig. S3(a)/(c) 256 0.1 400
Fig. S3(b)/(d) 64 0.1 2000

Table 8.2: The numerical values of χ, ∆t, and Nt used for all figures in this paper.
Whenever two ∆t values are given, different ∆ts were used for different parameters
for historic reasons, but are clearly converged in either case.

we use the decomposition (1)(1)T , where (1)(T ) [64] denotes a (transposed) sweep
with time-step of h/2 in the non-hermitian two site gates. To show that this is
sufficient we demonstrate that results are indistinguishable for ∆tJ = 0.01 and
∆tJ = 0.005, where the latter is smaller than the mean inter-jump times in both
cases. All time-step sizes used for the figures in the main text are also summarized
in Table 8.2 below.

8.A.3 Bond averaging

In Fig. 8.9, we verify that we can use bond averaging to reduce the sample stan-
dard error of the mean in the TE of QT+MPS simulations. In our system with
N = 40 we generally average the entropies over the 5 bonds neighboring the center
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<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0 <latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="o2hvLYVsBn1LjhLmQoNUQGSR9wI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJbY2aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1GqkLI=</latexit>

(a)
<latexit sha1_base64="0GQr0sNbLGF6eg+NiFaXSzgFoMo=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1S2kLQ=</latexit>

(c)

<latexit sha1_base64="Fc42IHnujuV+H9CXIjPK/gzlHGk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiRV0W3bhssS9oQphMJ+3QyYOZG7GEuPFX3LhQxK1/4c6/cdJmoa0HBg7n3MOde7yYMwmm+a2VVlbX1jfKm5Wt7Z3dPX3/oCujRBDaIRGPRN/DknIW0g4w4LQfC4oDj9OeN7nJ/d49FZJFYRumMXUCPAqZzwgGJbn6kR0pO0+nd5mb2kAfIG21s8zVq2bNnMFYJlZBqqhA09W/7GFEkoCGQDiWcmCZMTgpFsAIp1nFTiSNMZngER0oGuKASiedXZAZp0oZGn4k1AvBmKm/EykOpJwGnpoMMIzlopeL/3mDBPwrJ2VhnAANyXyRn3ADIiOvwxgyQQnwqSKYCKb+apAxFpiAKq2iSrAWT14m3fOadVGrt+rVxnVRRxkdoxN0hix0iRroFjVRBxH0iJ7RK3rTnrQX7V37mI+WtCJziP5A+/wBy7+XxA==</latexit> S
Q

T

<latexit sha1_base64="VZYN1XzMtIe6N8Fq0b7CdVwQBMc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51X3olq7q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1Y8kLU=</latexit>

(d)

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0 <latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="+Ut9sqvjAWv9B9ydcKbrsgVfHvw=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJaCs0m3UHTL7gx0mXgZKZIMtW7hq9OLeBKCQi6ZMW3PjdFPmUbBJUzyncRAzPiIDaBtqWIhGD+dXTyhp1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUt6G4C2+vEwa52Xvoly5qxSr11kcOXJMTkiJeOSSVMktqZE64USRZ/JK3hzjvDjvzse8dcXJZo7IHzifP1MwkLM=</latexit>

(b)

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="uWTpm4Z4rjsmHcBF82MAL6qpM6U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsW+4Imhsl02g6dPJi5kZaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r3HjwVXYFnfRmFjc2t7p7hb2ts/ODwyj8sdFSWSsjaNRCR7PlFM8JC1gYNgvVgyEviCdf3J3dzvPjGpeBS2YBYzNyCjkA85JaAlzyw/PDpAEi91gE0hbbayzDMrVtVaAK8TOycVlKPhmV/OIKJJwEKggijVt60Y3JRI4FSwrOQkisWETsiI9TUNScCUmy5uz/C5VgZ4GEldIeCF+nsiJYFSs8DXnQGBsVr15uJ/Xj+B4Y2b8jBOgIV0uWiYCAwRngeBB1wyCmKmCaGS61sxHRNJKOi4SjoEe/XlddK5rNpX1VqzVqnf5nEU0Sk6QxfIRteoju5RA7URRVP0jF7Rm5EZL8a78bFsLRj5zAn6A+PzB50xlNQ=</latexit> S
⌧ Q

T

<latexit sha1_base64="Fc42IHnujuV+H9CXIjPK/gzlHGk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiRV0W3bhssS9oQphMJ+3QyYOZG7GEuPFX3LhQxK1/4c6/cdJmoa0HBg7n3MOde7yYMwmm+a2VVlbX1jfKm5Wt7Z3dPX3/oCujRBDaIRGPRN/DknIW0g4w4LQfC4oDj9OeN7nJ/d49FZJFYRumMXUCPAqZzwgGJbn6kR0pO0+nd5mb2kAfIG21s8zVq2bNnMFYJlZBqqhA09W/7GFEkoCGQDiWcmCZMTgpFsAIp1nFTiSNMZngER0oGuKASiedXZAZp0oZGn4k1AvBmKm/EykOpJwGnpoMMIzlopeL/3mDBPwrJ2VhnAANyXyRn3ADIiOvwxgyQQnwqSKYCKb+apAxFpiAKq2iSrAWT14m3fOadVGrt+rVxnVRRxkdoxN0hix0iRroFjVRBxH0iJ7RK3rTnrQX7V37mI+WtCJziP5A+/wBy7+XxA==</latexit> S
Q

T

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="JTU6VNVO+AUgZL3VYkLKjNknuAA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB9+t9soVz/XmIKvEz0kFctR75a9uP2FZzBUySY3p+F6KwYRqFEzyaambGZ5SNqID3rFU0ZibYDI/dUrOrNInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuH7Vvby/rNRu8jiKcAKncA4+XEEN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNfhI02</latexit>

1.6

<latexit sha1_base64="uBS7FhFXB/AdfOf5P0MklXP/on4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZqBpMuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXP/Kvby/rNRu8jiKcAKncA4+XEMN7qAODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNhBo03</latexit>

0.8

<latexit sha1_base64="uWTpm4Z4rjsmHcBF82MAL6qpM6U=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1GXRjcsW+4Imhsl02g6dPJi5kZaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r3HjwVXYFnfRmFjc2t7p7hb2ts/ODwyj8sdFSWSsjaNRCR7PlFM8JC1gYNgvVgyEviCdf3J3dzvPjGpeBS2YBYzNyCjkA85JaAlzyw/PDpAEi91gE0hbbayzDMrVtVaAK8TOycVlKPhmV/OIKJJwEKggijVt60Y3JRI4FSwrOQkisWETsiI9TUNScCUmy5uz/C5VgZ4GEldIeCF+nsiJYFSs8DXnQGBsVr15uJ/Xj+B4Y2b8jBOgIV0uWiYCAwRngeBB1wyCmKmCaGS61sxHRNJKOi4SjoEe/XlddK5rNpX1VqzVqnf5nEU0Sk6QxfIRteoju5RA7URRVP0jF7Rm5EZL8a78bFsLRj5zAn6A+PzB50xlNQ=</latexit> S
⌧ Q

T

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="kaK9D4+rt09GExykG8t19kgVqY0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi3iqYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPeBdr1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9mlE3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMqCRFrth8UZhKgjGZvk36QnOGcmwJZVrYWwkbUk0Z2nBKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYhPMMrvDkj58V5dz7mrQUnnzmEP3A+fwB4po1V</latexit>

tJ

<latexit sha1_base64="c2uqPy/7KBfFYaT39QE11Smdrk0=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYdGrXVbxFGGMziHS/DgBlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH888jXE=</latexit>

0.08

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="Fc42IHnujuV+H9CXIjPK/gzlHGk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiRV0W3bhssS9oQphMJ+3QyYOZG7GEuPFX3LhQxK1/4c6/cdJmoa0HBg7n3MOde7yYMwmm+a2VVlbX1jfKm5Wt7Z3dPX3/oCujRBDaIRGPRN/DknIW0g4w4LQfC4oDj9OeN7nJ/d49FZJFYRumMXUCPAqZzwgGJbn6kR0pO0+nd5mb2kAfIG21s8zVq2bNnMFYJlZBqqhA09W/7GFEkoCGQDiWcmCZMTgpFsAIp1nFTiSNMZngER0oGuKASiedXZAZp0oZGn4k1AvBmKm/EykOpJwGnpoMMIzlopeL/3mDBPwrJ2VhnAANyXyRn3ADIiOvwxgyQQnwqSKYCKb+apAxFpiAKq2iSrAWT14m3fOadVGrt+rVxnVRRxkdoxN0hix0iRroFjVRBxH0iJ7RK3rTnrQX7V37mI+WtCJziP5A+/wBy7+XxA==</latexit> S
Q

T

<latexit sha1_base64="2HCahuiS0a0mpPhoOxSxmbs1X9c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle9+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdZdI0y</latexit>

1.2

<latexit sha1_base64="Fc42IHnujuV+H9CXIjPK/gzlHGk=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkoiRV0W3bhssS9oQphMJ+3QyYOZG7GEuPFX3LhQxK1/4c6/cdJmoa0HBg7n3MOde7yYMwmm+a2VVlbX1jfKm5Wt7Z3dPX3/oCujRBDaIRGPRN/DknIW0g4w4LQfC4oDj9OeN7nJ/d49FZJFYRumMXUCPAqZzwgGJbn6kR0pO0+nd5mb2kAfIG21s8zVq2bNnMFYJlZBqqhA09W/7GFEkoCGQDiWcmCZMTgpFsAIp1nFTiSNMZngER0oGuKASiedXZAZp0oZGn4k1AvBmKm/EykOpJwGnpoMMIzlopeL/3mDBPwrJ2VhnAANyXyRn3ADIiOvwxgyQQnwqSKYCKb+apAxFpiAKq2iSrAWT14m3fOadVGrt+rVxnVRRxkdoxN0hix0iRroFjVRBxH0iJ7RK3rTnrQX7V37mI+WtCJziP5A+/wBy7+XxA==</latexit> S
Q

T

<latexit sha1_base64="2HCahuiS0a0mpPhoOxSxmbs1X9c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUY9FLx4r2lpoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoajm5n/+IRK80Q+mHGKQUwHkkecUWOle9+t9soVz/XmIKvEz0kFcjR65a9uP2FZjNIwQbXu+F5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRFfBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV0mr6voXbu2uVqlf53EU4QRO4Rx8uIQ63EIDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wdZdI0y</latexit>

1.2

<latexit sha1_base64="qJI6sMvikNTDoZvjVdKHijtbMiQ=">AAAB/XicbVDJTsMwFHTKVsoWlhsXiwqJU5UgtmNVLhyLRBepjSrHcVqrjhPZL4gSVfwKFw4gxJX/4Mbf4LY5QMtIlkYz8+zn8RPBNTjOt1VYWl5ZXSuulzY2t7Z37N29po5TRVmDxiJWbZ9oJrhkDeAgWDtRjES+YC1/eD3xW/dMaR7LOxglzItIX/KQUwJG6tkHXWAPkNViGWBigqTPgnHPLjsVZwq8SNyclFGOes/+6gYxTSMmgQqidcd1EvAyooBTwcalbqpZQujQ3N4xVJKIaS+bbj/Gx0YJcBgrcyTgqfp7IiOR1qPIN8mIwEDPexPxP6+TQnjlZVwmKTBJZw+FqcAQ40kVOOCKURAjQwhV3OyK6YAoQsEUVjIluPNfXiTN04p7UTm/PStXa3kdRXSIjtAJctElqqIbVEcNRNEjekav6M16sl6sd+tjFi1Y+cw++gPr8wfPQJV4</latexit>

Bond averaged
<latexit sha1_base64="8oyfBsVxuLpNusBvqMuo3TD8Kss=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUR8LYvduKxgH9CGMpnctEMnkzAzkZaQX3HjQhG3/og7/8Zpm4W2HrhwOOfemXuPn3CmtON8W2vrG5tb26Wd8u7e/sGhfVRpqziVFFo05rHs+kQBZwJammkO3UQCiXwOHX/cmPmdJ5CKxeJRTxPwIjIULGSUaCMN7Epfw0RnDRAaJPZjEeQDu+rUnDnwKnELUkUFmgP7qx/ENI3MG5QTpXquk2gvI1IzyiEv91MFCaFjMoSeoYJEoLxsvnuOz4wS4DCWpoTGc/X3REYipaaRbzojokdq2ZuJ/3m9VIe3XsZEkmoQdPFRmHKsYzwLAgdMAtV8agihkpldMR0RSagJQpVNCO7yyaukfVFzr2tXD5fV+l0RRwmdoFN0jlx0g+roHjVRC1E0Qc/oFb1ZufVivVsfi9Y1q5g5Rn9gff4AVxmUpg==</latexit>

Center bond

Figure 8.9: Reduction of standard error of the mean through bond averaging —
(a/b) Trajectory averaged entropies SQT for the 11 central bonds (bond 16 to 26
from light to dark) for dephasing (a) and for spontaneous emission/absorption
(b). The insets also show the entropy for the 11 bonds for a single trajectory.
(c/d) Comparing the trajectory averaged entropy SQT for the center bond with
the one averaged over the 11 center bonds. [for dephasing: γz/J = 2.0, χ = 256,
and Nt = 400; for spontaneous emission/absorption: γ/J = 3.5, χ = 64, and
Nt = 2000].

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

<latexit sha1_base64="qjx5Wi/1Ezam6+aUF3Y4Q+9B0Xg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpias+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql2m0WRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIgnjMU=</latexit>

8

<latexit sha1_base64="VZYN1XzMtIe6N8Fq0b7CdVwQBMc=">AAAB8XicbVBNS8NAEN34WetX1aOXYBHqpSRS1GPRi8cK9gPbUDabSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTX6Djf1srq2vrGZmGruL2zu7dfOjhs6ThVDJosFrHq+FSD4BKayFFAJ1FAI19A2x/dTP32IyjNY3mP4wS8iA4kDzmjaKSHHsITZpXgbNIvlZ2qM4O9TNyclEmORr/01QtilkYgkQmqddd1EvQyqpAzAZNiL9WQUDaiA+gaKmkE2stmF0/sU6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDKy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUtGE4C6+vExa51X3olq7q5Xr13kcBXJMTkiFuOSS1MktaZAmYUSSZ/JK3ixtvVjv1se8dcXKZ47IH1ifP1Y8kLU=</latexit>

(d)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

tJ

<latexit sha1_base64="JolP15dwfsAdKLo9kxpPvIMDL1U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBBPFUxX5AG8pmu2mXbjZhdyKU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W09cGxGrRxwn3I/oQIlQMIpWesC7XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NLJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZUEmKXLH5ojCVBGMyfZv0heYM5dgSyrSwtxI2pJoytOGUbAje4svLpHlW9c6rF/fnldpNHkcRjuAYTsGDS6jBLdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gB5N41X</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

0

<latexit sha1_base64="9i4vQXOwXHNpW65ecLvJHXyBHdM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKTbdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffJiMvw==</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

<latexit sha1_base64="0GQr0sNbLGF6eg+NiFaXSzgFoMo=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAcmS5iddJIhs7PLTK8YlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6mfrNR9BGROoexzH4IRso0RecoZUeOghPmJb42aRbKLpldwa6TLyMFEmGWrfw1elFPAlBIZfMmLbnxuinTKPgEib5TmIgZnzEBtC2VLEQjJ/OLp7QU6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6VnwoVJwiKzxf1E0kxotP3aU9o4CjHljCuhb2V8iHTjKMNKW9D8BZfXiaN87J3Ua7cVYrV6yyOHDkmJ6REPHJJquSW1EidcKLIM3klb45xXpx352PeuuJkM0fkD5zPH1S2kLQ=</latexit>

(c)

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
O

P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

tJ

<latexit sha1_base64="tt6Pdbw3U1y6JxFqBPDcnyi062M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNBD+Kpiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hrqt564NiJWjzhOuB/RgRKhYBSt9IB3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AF46o1W</latexit>

(a)

<latexit sha1_base64="j2zpxvF/clWP/Ka8Plnl2uSfUCQ=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJexKRI8BPXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoeuo3H0EbEal7HMfgh2ygRF9whlZ66CA8YVpiZ5NuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3hCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pLwNwVt8eZk0zstepXxxVylWb7I4cuSYnJAS8cglqZJbUiN1wokiz+SVvDnGeXHenY9564qTzRyRP3A+fwBR7pCz</latexit>

1

<latexit sha1_base64="YV9ZhasAYxeR2smoR8st4lykzWk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fc+Mvw==</latexit>

<latexit sha1_base64="8zr4QMrJpWmocvWy3jgcr6lZP8U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68NyLbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdceo00</latexit>

0.5

<latexit sha1_base64="jQaosVPNqeQrQ0x3q9XnSIkww6s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+ncLK6tr6RnGztLW9s7tX3j9o6CRTDOssEYlqhVSj4BLrhhuBrVQhjUOBzXB4O/WbT6g0T+SjGaUYxLQvecQZNVZ68N2Lbrniud4MZJn4OalAjlq3/NXpJSyLURomqNZt30tNMKbKcCZwUupkGlPKhrSPbUsljVEH49mpE3JilR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6DoYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6JRuCv/jyMmmcuf6le35/Xqne5HEU4QiO4RR8uIIq3EEN6sCgD8/wCm+OcF6cd+dj3lpw8plD+APn8wdeAI01</latexit>

1.5

<latexit sha1_base64="9o2884wST+Vqz79WL/pggOA6hLo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUS9CUQ/iqYL9gO1Ssmm2Dc0mSzIrlKU/w4sHRbz6a7z5b0zbPWj1wcDjvRlm5oWJ4AZc98spLC2vrK4V10sbm1vbO+XdvZZRqaasSZVQuhMSwwSXrAkcBOskmpE4FKwdjq6nfvuRacOVfIBxwoKYDCSPOCVgJb97wwSQkzt8iXvlilt1Z8B/iZeTCsrR6JU/u31F05hJoIIY43tuAkFGNHAq2KTUTQ1LCB2RAfMtlSRmJshmJ0/wkVX6OFLalgQ8U39OZCQ2ZhyHtjMmMDSL3lT8z/NTiC6CjMskBSbpfFGUCgwKT//Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/jyX9I6rXpn1dp9rVK/yuMoogN0iI6Rh85RHd2iBmoiihR6Qi/o1QHn2Xlz3uetBSef2Ue/4Hx8A56fkC0=</latexit>

�/J =

S
O

P

<latexit sha1_base64="HPeC1aqm30mFo7d9nxmxiNorsEg=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0WNBD96saD+gDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbm+ZHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dhg5jxaDOQhGqlk81CC6hjhwFtCIFNPAFNP3R1dRvjkFpHsoHnETgBXQgeZ8zikby7rtJB+EJk9tamnaLJafszGAvEzcjJZKh1i1+dXohiwOQyATVuu06EXoJVciZgLTQiTVElI3oANqGShqA9pLZ0al9YpSe3Q+VKYn2TP09kdBA60ngm86A4lAvelPxP68dY//SS7iMYgTJ5ov6sbAxtKcJ2D2ugKGYGEKZ4uZWmw2pogxNTgUTgrv48jJpnJXdSvn8rlKqXmdx5MkROSanxCUXpEpuSI3UCSOP5Jm8kjdrbL1Y79bHvDVnZTOH5A+szx83TZJo</latexit>

<latexit sha1_base64="14KXdd/pIGYqEzJcuUBzzmh2Pb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t39QPjxqmiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gpHtzO/9cS1EYl6xHHKg5gOlIgEo2ilB8/1e+WK53pzkFXi56QCOeq98le3n7As5gqZpMZ0fC/FYEI1Cib5tNTNDE8pG9EB71iqaMxNMJmfOiVnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0XUwESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadkg3BX355lTQvXP/Srd5XK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gBWao0w</latexit>

0.1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2 0

<latexit sha1_base64="An5gB6ecKaM3NJ1h8Yfruz4kmTk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Uvm7VK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fEuMvg==</latexit>

S
Q

T
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2.5

Figure 8.10: Effects of ZZ spin-spin interaction ∆ — For (a/b) we consider
dephasing with a rate γz/J = 0.5. For (c/d) we consider spontaneous emis-
sion/absorption with a rate γ/J = 3.5. In both cases we consider different values
of ∆/J = 0.5, 1, 1.5. [for MPDO: N = ∞, for dephasing we use χ = 1024, for
spontaneous emission/absoption we use χ = 512; for QT+MPS: N = 40, for
dephasing Nt = 500, χ = 1024, for spontaneous emission/absortion Nt = 2000,
χ = 256]

bond, i.e., denoting the center bond as bond 21, we average over all bonds from
16 to 26. In Fig. 8.9(a) and (b) we show the trajectory averaged entropy SQT for
dephasing (a) and spontaneous emission/absorption (b) for each of these bonds.
Within statistical fluctuations given by the error bars (sample standard error of
the mean) all entropies show similar behavior (the insets show variations for a
single trajectory Sτ

QT, naturally exhibiting large fluctuations). This implies that
the bond averaged entropy also agrees with the one of the center site, only with
reduced error bars despite using the same number of trajectories. This is demon-
strated in Fig. 8.9(c) and (d) for dephasing and spontaneous emission/absorption,
respectively.
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8.B Effects of ZZ spin-spin interaction

Here we consider an XXZ Hamiltonian, but with variable ZZ spin-spin interactions,
∆, in the Hamiltonian:

ĤXXZ =
N−1∑

i=1

[
− J

4
(σ̂x

i σ̂
x
i+1 + σ̂y

i σ̂
y
i+1) +

∆

4
σ̂z
i σ̂

z
i+1

]
. (8.35)

We confirmed that a change of the sign ∆ = +J ↔ ∆ = −J does not have any
effect on the TE/OE evolution. Simulation results for different magnitudes |∆|
are shown in Fig. 8.10. We point out the interesting fact that with increasing
∆ the OE and the TE depend on ∆ in opposite ways. While the OE decreases
with increasing interaction strength [Fig. 8.10(a)] (as also pointed out in the sup-
plementary material of [48]), the TE increases with ∆. For the cases of large
spontaneous/emission absorption, in contrast, the TE and OE remains essentially
unchanged [Fig. 8.10(c/d)].
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Chapter 9

Conclusion

In this thesis, I have explored the dynamics of entanglement entropy in open
spin systems using two distinct approaches: Quantum Trajectories +Matrix Prod-
uct States (QT+MPS) and Matrix Product Density Operator (MPDO). Our fo-
cus centered on studying two different quantities: Operator Entanglement (OE)
and Trajectory Entanglement (TE). By investigating both of these quantities, we
gained valuable insights into the computational complexity of simulating many-
body open quantum systems with matrix-product methods. In the case of the
MPDO approach, we demonstrated that in a dissipative system possessing a U(1)
conservation law, the OE grows logarithmically over extended periods. We iden-
tified the prefactor and provided a comprehensive analytical description of the
effect, which stems from the interplay of number conservation. For QT+MPS, we
studied the dynamics under various dissipation cases and, by conducting a thor-
ough comparison with the MPDO method, we discovered that the OE generally
scales more favorably with time, making the MPDO approach fundamentally more
efficient than QT+MPS.

Despite QT+MPS generally displaying poorer scaling in entanglement entropy
than MPDO, it’s worth noting that it remains a method capable of revealing
interesting insights into open many-body dynamics by treating the interaction
with the environment as a continuous measurement process. Furthermore, recent
advances in the implementation of the method have made it possible to minimize
the expected entanglement in the many-body quantum state, thereby reducing the
computational cost of the matrix product state representation of each trajectory
[1]. This enables simulations with larger systems over extended periods, making
further exploration of this method promising. In the future, it would be intriguing
to conduct an in-depth study of the variations in Trajectory Entanglement growth
under different types of environmental measurement schemes. As for the OE, an
interesting prospect would be to investigate how the presence of more complex
symmetries such as SU(N) impacts its dynamics.

Given the crucial role that entanglement entropy plays in simulating quantum
systems through tensor network methods, the study of its dynamics is broadly
relevant to studies of imperfect quantum computation and quantum simulation
platforms. These platforms are currently advancing into a regime where they
may offer a quantum advantage. Another significant incentive for studying the
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dynamics of open quantum many-body systems, and particularly understanding
the destructive processes of the environment on dynamics, is that the interplay
between dissipation and coherent couplings can lead to intriguing physics or state
engineering [2–5].

A natural extension of the work presented in this thesis is to simulate the
dynamics of 2D models. While tensor networks are generally less efficient in 2D
settings, recent advancements have yielded promising results, approaching the
limits of state-of-the-art quantum simulators’ capabilities [6, 7]. It is clear that
the performance and capabilities of quantum simulators will continue to improve,
making it crucial to evaluate the point at which classical methods can still compete.
This competition is vital as it could drive advancements in simulating quantum
systems and offer new insights into the nature of entanglement and quantum
many-body systems.

Without a doubt, quantum science is advancing rapidly, and its results could
bring about disruptive technologies. However, the development of classical meth-
ods is equally crucial for gaining clarity regarding the current limits of simulation
and identifying which physical scenarios offer a more likely path to achieve a quan-
tum advantage. In the meantime, as new claims for quantum supremacy emerge
[8, 9], careful analysis will be required to determine when this point has indeed
been achieved.
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Résumé  : Cette thèse vise à développer une compréhension théorique plus approfondie de la 
dynamique de l'entropie d'intrication dans les systèmes de spins ouverts, et d'étudier les implications 
en termes de simulation classique de systèmes de spins ouverts à plusieurs corps par des méthodes de 
réseaux de tenseurs. Deux résultats principaux sont présentés dans cette thèse. L'une est une étude 
de la dynamique de croissance de l'intrication de l'opérateur dans une chaîne de spin ouverte avec 
déphasage, qui présente une croissance logarithmique à long terme. Une telle croissance logarithmique 
permet une simulation pendant de longues périodes avec la méthode Matrix Product Density 
Operator, et une compréhension analytique complète de l'effet en est dérivée. La seconde est une 
comparaison approfondie entre l'enchevêtrement d'opérateur et l'enchevêtrement de trajectoire où 
nous avons constaté que, dans la plupart des cas, l'enchevêtrement de trajectoire présente une 
croissance plus rapide pendant de longues périodes, ce qui rend l'approche de l'opérateur de densité 
de produit matriciel fondamentalement plus efficace qu'un dénouement de trajectoire quantique où 
chaque trajectoire est représentée comme un état de produit matriciel. 

Mots-clés : Intrication quantique, Systèmes Quantiques Ouverts, Etats de Produits Matrices, 
Dynamique Quantique à Plusieurs Corps, Trajectoires Quantiques. 

Abstract: This thesis aims to develop a deeper theoretical understanding of entanglement entropy 
dynamics in open spin systems, and study the implications in terms of the classical simulation of 
many-body open spin systems through tensor network methods. There are two main results presented 
in this thesis. One is a study of Operator Entanglement growth dynamics in an open spin-chain with 
dephasing, which is found to exhibit a logarithmic growth at long times. Such logarithmic growth 
enables simulation for long times with the Matrix Product Density Operator method, and a full 
analytical understanding of the effect is derived. The second one is a thorough comparison between 
Operator Entanglement and Trajectory Entanglement where we found that, in most cases, Trajectory 
Entanglement exhibits a faster growth for long times, making the Matrix Product Density Operator 
approach fundamentally more efficient than a quantum trajectory unravel where each trajectory is 
represented as a Matrix Product State.  

Keywords: Entanglement, Open Quantum Systems, Matrix Product States, Many-body quantum 
dynamics, Quantum Trajectories.
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