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RESUME GENERAL

Le travail faisant 'objet de cette thése s’inscrit dans le domaine de I’étude des méthodes numériques pour les équa-
tions aux dérivées partielles et porte une attention particuliére aux schémas de Boltzmann sur réseau. Cette classe
de schémas est utilisée depuis la fin des années ’80, en particulier en mécanique des fluides, et se caractérise par
sa grande rapidité. Cependant, les méthodes de Boltzmann sur réseau sont trés gourmandes en termes d’espace
mémoire et concues pour des maillages Cartésiens uniformes. De plus, nous manquons d’outils théoriques géné-
raux qui permettent d’en analyser la consistance, la stabilité et enfin la convergence. Le travail de thése s’articule
autour de deux axes principaux. Le premier consiste a proposer une stratégie permettant d’appliquer les méthodes
de Boltzmann sur réseau a des grilles de calcul non-uniformes adaptées dynamiquement en temps, afin de réduire
le cotit de calcul et de stockage. Le fait de pouvoir contréler 'erreur commise et d’étre en mesure d’employer
la méthode quel que soit le schéma de Boltzmann sous-jacent sont des contraintes supplémentaires a prendre
en compte. Pour cela, nous proposons d’adapter dynamiquement le réseau ainsi que d’ajuster toute méthode de
Boltzmann a des maillages non-uniformes en nous appuyant sur la multirésolution. Cela a permis de proposer
un cadre innovant pour des maillages mobiles en respectant les contraintes posées. Ensuite, nous démontrons
que la méthode proposée présente d’excellentes propriétés en termes de perturbations introduites sur le schéma
originel et qu’elle permet ainsi de réduire les phénomeénes parasites liés aux maillages adaptés. L’implémentation
de cette procédure dans un logiciel ouvert, permettant de représenter et gérer des grilles adaptées par différentes
approches dans un cadre unifié et innovant, est ensuite abordée. Le second axe de recherche consiste a donner un
cadre mathématiquement rigoureux aux méthodes de Boltzmann sur réseau, lié en particulier a leur consistance
vis-a-vis des EDPs visées, leur stabilité et donc leur convergence. Pour cela, nous proposons une procédure, basée
sur des résultats d’algébre, pour éliminer les moments non-conservés de n’importe quel schéma de Boltzmann sur
réseau, en le transformant en un schéma aux différences finies multi-pas sur les moments conservés. Les notions
de consistance et stabilité pertinentes pour les méthodes de Boltzmann sur réseau sont donc celles des schémas
aux différences finies. En particulier, tous les résultats concernant ces derniers, entre autres le théoreme de Lax, se
transpose naturellement aux schémas de Boltzmann sur réseau. Une étape ultérieure consiste a étudier la consis-
tance et la stabilité directement sur le schéma de départ sans devoir calculer sa méthode aux différences finies
“correspondante”. Cela permet d’en obtenir les équations modifiées et de montrer le bien-fondé des analyses de
stabilité a la von Neumann couramment utilisées au sein de la communauté. Ce nouveau cadre théorique permet
aussi d’étudier I'influence de 'initialisation des méthodes sur le résultat des simulations ainsi que d’entamer des
études préliminaires sur la monotonie des schémas de Boltzmann sur réseau et sur leurs conditions aux limites,

qui constituent des ouvertures pour des travaux futurs.






GENERAL ABSTRACT

The work presented in this thesis falls within the field tackling the analysis of numerical methods for Partial
Differential Equations and pays particular attention to lattice Boltzmann schemes. This class of schemes has been
used since the end of the 1980s, particularly in fluid mechanics, and is characterised by its great computational
efficiency. However, lattice Boltzmann methods are very demanding in terms of memory space and are designed
for uniform Cartesian meshes. Moreover, we lack general theoretical tools allowing us to analyse their consistency,
stability and finally convergence. The work of the thesis is articulated around two main axes. The first one consists
in proposing a strategy to apply lattice Boltzmann methods to non-uniform grids being adapted in time, in order
to reduce the computing and storage costs. The ability to control the error and to be able to use the same approach
irrespective of the underlying lattice Boltzmann scheme are additional constraints to be taken into account. To
this end, we propose to dynamically adapt the lattice as well as to adjust any Boltzmann method to non-uniform
meshes by relying on multiresolution analysis. This allows us to propose an innovative framework for moving
meshes while respecting the posed constraints. Then, we demonstrate that the proposed method has excellent
properties in terms of the perturbations of the original scheme and that it thus allows to reduce the spurious
phenomena linked to the adapted meshes. The implementation of this procedure in an open-source software,
allowing to represent and manage adapted grids by different approaches in a unified and innovative framework, is
then addressed. The second line of research consists in giving a mathematically rigorous framework to the lattice
Boltzmann methods, related in particular to their consistency with respect to the target PDEs, their stability, and
thus their convergence. For this purpose, we propose a procedure, based on algebraic results, to eliminate the non-
conserved moments of any lattice Boltzmann scheme, by recasting it into a multi-step Finite Difference scheme
on the conserved moments. The notions of consistency and stability relevant to lattice Boltzmann methods are
therefore those of Finite Difference schemes. In particular, all the results concerning the latter, among others the
Lax theorem, are naturally transposed to the lattice Boltzmann schemes. A further step consists in studying the
consistency and stability directly on the original scheme without having to calculate its “corresponding” Finite
Difference method. This allows us to obtain the modified equations and to show the validity of the von Neumann
stability analyses commonly used within the community. This new theoretical framework also makes it possible
to study the influence of the initialization of the methods on the result of the simulations as well as to initiate
preliminary studies on the monotonicity of lattice Boltzmann schemes and on their boundary conditions, which

constitute openings for future work.
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INTRODUCTION GENERALE

L’évolution d’un grand nombre de systémes physiques peut se modéliser a ’aide d’équations aux dérivées partielles
d’évolution (souvent abrégées par EDPs). Toutefois, exception faite pour un nombre assez limité d’EDPs en général
trés simples, ces équations ne peuvent pas étre résolues explicitement de maniére exacte. Méme si la détermination
de solutions explicites demeure hors de portée, il est tout de méme fondamental d’étudier ’existence, I'unicité et
la dépendance continue en les données des solutions de ces équations, donc in fine leur caractére bien posé au
sens de Hadamard. Cela est d’autant plus important que l'on cherchera a approcher la solution de ces EDPs par
des méthodes numériques, travaillant sur des discrétisations finies du domaine de définition de ces équations. En
effet, il est inutile d’envisager une méthode numérique approchant la solution d’un probléme qui est mal posé,
par exemple, lorsque sa solution n’est pas unique. Dans le domaine des méthodes numériques pour les EDPs,
I'un des principaux enjeux est de pouvoir simuler ces systémes d’équations par des méthodes a la fois rapides,
économes en espace de stockage et dont la convergence vers la solution inconnue—lorsque les pas de discrétisation
tendent vers zéro—puisse étre établie avec certitude. Pour cela, les méthodes de Boltzmann sur réseau—introduites
dans les travaux pionniers de [McNamara and Zanetti, 1988, Higuera and Jiménez, 1989, Higuera et al., 1989]—
s’offrent comme une alternative extrémement rapide aux méthodes traditionnelles (différences finies, volumes
finis, éléments finis, etc.), en particulier—mais pas seulement—pour la résolution d’équations issues de la mécanique
des fluides, comme les équations de Navier-Stokes incompressibles. Il s’agit, en effet, de méthodes explicites en
temps, mimant une dynamique mésoscopique basée sur un nombre réduit de vitesses discrétes, auxquelles des
densités de “particules” sont associées. A chaque étape de la méthode de Boltzmann sur réseau, ces “particules”
effectuent une étape de collision, ou relaxation locale, suivie d’une étape de transport selon leur vitesse respective.
La grande rapidité de la méthode vient donc de la localité de la collision, qui permet, entre autres, de paralléliser
aisément ces méthodes et du fait que les vitesses discretes sont choisies de telle sorte a ce que les particules restent
“attachées” au maillage discret au cours du temps. Le maillage spatial étant Cartésien uniforme, I’étape de transport
peut se résumer a un déplacement de pointeur vers une case mémoire, d’ou sa rapidité. Les champs d’application
des méthodes de Boltzmann sur réseau sont extrémement vastes. Sans prétention d’exhaustivité, nous citons la
mécanique des fluides avec des écoulements incompressibles [Chen and Doolen, 1998, Lallemand and Luo, 2000],
multi-phasiques (voir [Huang et al., 2015a] pour une vision d’ensemble), I’aéro-acoustique [Marié et al., 2009], la
magnéto-hydrodynamique [Chen et al., 1991, Martinez et al., 1994, Dellar, 2002, Dellar, 2013b, Baty et al., 2023]
et enfin les milieux poreux [Pan et al., 2006]. D’autres types d’équations traitées par la méthode de Boltzmann
sur réseau incluent ’équation de transport-diffusion [Zhang et al., 2019], les systémes hyperboliques de lois de
conservation [Graille, 2014, Dubois, 2014] et enfin I’équation de Schrédinger [Zhong et al., 2006]. Le Chapitre
1 vise a présenter les bases ainsi que les notations concernant les schémas de Boltzmann sur réseau, qui seront

nécessaires tout au long du manuscrit.

Cependant, les méthodes de Boltzmann sur réseau constituent d’une part une mine d’or et d’autre part une
forét vierge pour les analystes numériciens. En effet, un nombre trés important de questions a leur sujet restent
ouvertes. Avant d’étayer notre propos, nous remarquons que cela vient—a notre avis—de l'origine algorithmique
de la méthode de Boltzmann sur réseau : on congoit d’abord le schéma (trés performant et qui par ailleurs semble
donner une bonne solution) et—seulement dans un second temps—on se pose la question de quel jeu d’équations
il approche et de quelles sont ses propriétés. Cette origine algorithmique fait que les méthodes de Boltzmann sur
réseau utilisent plus d’inconnues que le probleme qu’elles visent a résoudre. Ainsi, les schémas de Boltzmann
sur réseau sont souvent intrinséquement “compliqués” du point de vue de leurs propriétés numériques. Nous

réfutons I'idée selon laquelle les méthodes de Boltzmann sur réseau marcheraient bien a approcher, par exemple,



FIGURE 0.1 : Simulation du bruit autour d’un train d’atterrissage en utilisant la méthode de Boltzmann sur réseau
avec douze niveaux de grille adaptée. Cela donne un maillage avec 2.28 milliards de cellules et permet une réduction
du temps de calcul d’un facteur 15. L’image représente les isolignes du champ de vorticité et le code couleur indique
la valeur du nombre de Mach. Courtesy of Michael Barad, Joseph Kocheemoolayil, NASA/Ames (Lattice Boltzmann
for Airframe Noise Predictions).

les équations de Navier-Stokes incompressibles, de par leur solide base physique, a savoir, I'équation de Boltzmann
[Kruger et al., 2017, Section 2.4]. Alors que—certes—elles peuvent se dériver algorithmiquement a partir d’une
version a vitesses discrétes de cette équation, ce qui donne, par ailleurs, leur grande rapidité, elles s’en éloignent
sans possibilité de retour a cause du nombre modeste de vitesses discrétes, qui n’est pas augmenté lors de I’étude de
convergence. Nous observons que les équations de Boltzmann a vitesse discréte [Broadwell, 1964, Gatignol, 1975,
Cabannes et al., 1980, Platkowski and Illner, 1988], tout en conservant qualitativement la structure de I’équation
de Boltzmann a vitesse continue, en particulier par des termes de collision non-linéaires quadratiques, n’ont pas
comme but d’approcher cette équation. Cette discussion sera approfondie au Chapitre 1.

L’objectif de cette thése est d’apporter des éléments de réponse a deux problématiques qui affectent les mé-

thodes de Boltzmann sur réseau, décrites dans ce qui suit.

1. La premiére difficulté est d’appliquer les méthodes de Boltzmann sur réseau a des grilles de calcul non-
uniformes. L’objectif d’une telle procédure est de réduire le cott de calcul et surtout de stockage en utili-
sant moins de ressources aux endroits de I'espace ol une résolution fine ne s’avére pas nécessaire. A titre
d’exemple, un schéma assez répandu pour traiter des problémes tridimensionnels, appelé D3Q,- (dans le ma-
nuscrit, on indiquera par D4Q,, tout schéma basé sur un réseau d-dimensionnel avec g vitesses discrétes,
en suivant la notation introduite dans [Qian et al., 1992]), nécessite la sauvegarde de vingt-sept quantités
a chaque point du maillage. Cela peut s’avérer prohibitif pour des simulations de taille réaliste avec des
milliards de cellules, cf. Figure 0.1, d’ou l'intérét a diminuer le nombre de mailles. Il ne s’agit donc pas d’une
préoccupation secondaire mais d’une nécessité de la part des industriels, voir la NASA [Kiris et al., 2018]
et CS Group (ProLB). Cependant, cette nécessité pratique ne doit pas obscurcir les enjeux associés du point
de vue de la qualité des solution numériques obtenues. Relever ces défis demande une approche mathé-
matique minutieuse permettant de contrdler 'erreur commise, ce qui n’est pas possible avec les approches
heuristiques employées jusqu’a présent, et de minimiser les phénoménes d’ondes parasites introduites par

l'adaptation de maillage.


https://www.nas.nasa.gov/SC17/demos/demo4.html
https://www.nas.nasa.gov/SC17/demos/demo4.html

2. La seconde difficulté concerne une compréhension mathématiquement rigoureuse des méthodes de Boltz-
mann sur réseau dans leur généralité. En particulier, un premier point qui reste a éclaircir est le fait que ces
méthodes approchent bien les EDPs visées, donc leur consistance. Une question qui s’ensuit naturellement
concerne I’étude de la résilience de ces schémas aux perturbations, donc de leur stabilité. La combinaison
de ces deux aspects peut ouvrir la voie a I’étude de la convergence des méthodes de Boltzmann sur réseau
vers la solution du probléme cible, permettant de garantir la bonne qualité des simulations numériques ob-
tenues. L’objectif ambitieux est donc de faire rentrer les méthodes de Boltzmann sur réseau—dans toute
leur généralité—dans le cadre disciplinaire propre a I’analyse numérique, utilisant les outils et concepts spé-
cifiques de cette discipline. Le but est de faire en sorte que les méthodes de Boltzmann sur réseau soient
finalement considérées comme des schémas numériques pour les EDPs. Cela permettrait d’impliquer une
communauté de chercheurs—disposant de puissants outils d’analyse mais jusqu’a présent plutot réticente
a aborder ce type de probleme—dans une redécouverte des schémas de Boltzmann. Cela est d’autant plus
intéressant que ces méthodes regorgent de questions fondamentales qui restent ouvertes et qui nécessitent
d’angles d’attaque nouveaux. Du point de vue des applications concretes des méthodes de Boltzmann sur
réseau, 'intérét est double. D’un cté, cela donnera des nouveaux outils d’analyse menant a la conception de
schémas avec des meilleures propriétés via-a-vis du modéle physique étudié. De I'autre coté, cela permettra
d’expliquer d’un point de vue fondamental un grand nombre de bonnes pratiques et le savoir-faire qui ont

été développés “sur le tas” au sein de la communauté d’utilisateurs de la méthode de Boltzmann sur réseau.

ADAPTATION DE MAILLAGE POUR LES METHODES DE BOLTZMANN SUR RESEAU

Renvoyant le lecteur a la partie du manuscrit dédiée a ce premier point pour y trouver un état de l'art plus déve-
loppé, nous dressons ici un bilan général des études préexistantes, afin de dégager les tendances générales au sein

de la communauté. Les deux directions de recherche que nous retrouvons sont les suivantes.

1. Une premiére consiste a utiliser un pas de temps local a chaque niveau de grille, ce qui demande d’adapter
la phase de collision des méthodes afin de préserver les paramétres physiques du probléme aux différentes
résolutions [Filippova and Hénel, 1998, Lin and Lai, 2000, Kandhai et al., 2000, Yu et al., 2002, Crouse
et al., 2003, Dupuis and Chopard, 2003, Rohde et al., 2006, Eitel-Amor et al., 2013, Feldhusen et al., 2016].
La plupart des travaux dans ce courant utilisent des maillages adaptés en espace mais figés en temps. Une
étude paradigmatique suivant cette approche, que nous analysons en détail, est celle de [Filippova and Hénel,
1998]. Les auteurs considerent un schéma D,Qq de type BGK avec trois moments conservés et un maillage
grossier sur tout le domaine, auquel se superposent des “patch” & un niveau plus fin, avec un ratio entier
n entre pas d’espace par rapport au maillage grossier. Ainsi, le maillage est construit en fonction d’une
connaissance préalable du probleme. Le parameétre de relaxation est ajusté entre maillage fin et grossier
dans le but d’obtenir le méme coefficient de viscosité aux différentes résolutions. L’algorithme numérique
se déroule en remettant d’abord a I’échelle la solution seulement sur les mailles grossiéres auxquelles des
cellules fines se superposent. Cela fait intervenir les valeurs a I’équilibre, le parametre de relaxation ainsi que
le ratio n. On effectue d’abord une itération (transport et collision) sur tout le maillage grossier, qui ramene
ici la solution au temps  + Afgrossier- Des interpolations espace-temps d’ordre deux et une formule—faisant
intervenir de nouveau les valeurs a I’équilibre, le parametre de relaxation ainsi que le ratio n—permettent
de construire la donnée aux bords des “patch” fins aux temps ¢, t + Atgy, ..., £+ (n— 1) Atg, afin d’effectuer n
itérations (transport et collision) sur ces cellules fines. Cela achéve un pas de I'algorithme. Cette approche
a permis de simuler des allées de von Karman et d’obtenir des valeurs pour les coefficients de drag, de lift et
du nombre de Strouhal proches de celles de référence. La seule criticité évoquée dans ce travail concerne le
fait que, a cause d’'une dépendance du parametre de relaxation en n, un nombre trop grand de niveaux de

grille peut rendre la méthode instable.

2. Une seconde tendance consiste a utiliser un pas de temps global, peu importe le niveau de grille, sans né-
cessité d’adapter la phase de collision [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016].

Les travaux suivant cette direction s’appuient sur des maillages adaptés dynamiquement en temps en utili-
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sant des critéres de raffinement propres au probléme étudié. Un travail représentatif de cette tendance est
celui de [Fakhari and Lee, 2014]. Les auteurs s’attaquent au schéma D,Qq de type MRT avec trois moments
conservés et considérent un maillage adapté en temps avec différents niveaux qui communiquent a I’aide
de cellules fantdomes. Les valeurs de la solution sur ces cellules sont mises a jour en utilisant des interpola-
tions. Le raffinement du maillage s’appuie sur trois critéres : un premier faisant intervenir la vorticité; un
deuxiéme basé sur la dérivée de la vorticité ; et enfin un troisiéme basé sur le ratio entre la norme du tenseur
des déformations et celle du tenseur de rotation. Le pas de temps est commun a tous les niveaux de grille,
sur lesquels une étape de collision est faite sans aucune modification et une étape de transport employant
un schéma de type Lax-Wendroff, discrétisant I’équation de transport associée a chaque vitesse discréte.
Cette approche est validée sur de nombreux cas test (vortex de Taylor-Green, cavité entrainée, allées de
von Karman, etc.) avec des résultats qui respectent les valeurs de référence. L’adaptation de maillage permet
d’obtenir des facteurs d’accélération du temps de simulation jusqu’a quatre pour certaines configurations.
En se comparant aux travaux dans l'esprit de [Filippova and Hénel, 1998], les auteurs de [Fakhari and Lee,
2014] signalent que I’absence d’interpolation temporelle—venant du choix d’un pas de temps global—permet
de se passer de remise a I’échelle de la solution et de préserver la précision de la méthode de Boltzmann sur

réseau.

Pour résumer, en ce qui concerne la premiere problématique abordée dans cette thése, les études disponibles en
littérature ont permis d’introduire des manieres d’adapter les schémas de Boltzmann sur réseau a des grilles non-
uniformes, utilisant soit des maillages fixés au début de la simulation [Filippova and Hanel, 1998, Lin and Lai, 2000,
Kandhai et al., 2000, Dupuis and Chopard, 2003, Rohde et al., 2006], soit des maillages adaptés dynamiquement
en temps avec des critéres prenant en compte le probleme considéré [Crouse et al., 2003, Eitel-Amor et al., 2013,
Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016, Feldhusen et al., 2016]. Cela permet d’obtenir
des gains remarquables en termes de temps de calcul et d’occupation de la mémoire. Cependant, nous observons
que les stratégies proposées jusqu’a présent sont rarement adaptatives en temps, ce qui empéche de suivre des
phénomeénes comme les ondes de choc. De surcroit, les approches disponibles ne permettent pas d’estimer et donc
controler I'erreur commise en adaptant le maillage. De plus, elles nécessitent—dans la grande majorité des cas—de
modifier profondément le schéma sous-jacent ainsi que de définir des critéres heuristiques ad hoc pour ’adaptation
de maillage, d’ou le manque de controle sur 'erreur commise. Parfois, pire encore, elles demandent de générer un
maillage fixe en se basant sur une connaissance d priori de ’écoulement étudié. Enfin, ’adaptation de grille est
le plus souvent la cause d’ondes parasites aux interfaces entre différentes résolutions [Gendre et al., 2017, Astoul

et al., 2021], ce qui pose des difficultés dans beaucoup d’applications, en particulier I’aéro-acoustique.

Ces limites justifient I’étude faisant 'objet de la Partie I de ce manuscrit.

Au Chapitre 2, la démarche consiste d’abord a proposer une approche d’adaptation de maillage dynamique en
temps basée sur la multirésolution adaptative [Harten, 1994], ce qui permet de suivre diverses structures—comme
les ondes de choc, de détente, etc.—présentes dans les solutions et de contréler 'erreur commise en adaptant la
grille de calcul. Ensuite, nous proposons une maniere de réécrire des schémas de Boltzmann sur réseau généraux—
toujours en utilisant la multirésolution—de facon a ce qu’ils puissent étre employés sur ces maillages adaptés en
faisant “comme si” nous pouvions dérouler le schéma a la résolution la plus fine, contrairement a ’approche de
[Fakhari and Lee, 2014], qui alimente les flux numériques du schéma au niveau le plus fin avec de I'information
au niveau de grille local. Tout le procédé étant basé sur la multirésolution, nous prouvons que I’erreur introduite
par les méthodes sur grilles adaptées comparée a celle “de référence” sur maillage uniforme est contrdlée. Cette
propriété se retrouve dans les nombreuses expériences numériques qui s’ensuivent, accompagnée d’une réduction
significative de la trace mémoire des méthodes de Boltzmann sur réseau. Cela montre aussi la généralité de notre
maniére de procéder, au-dela des spécificités du systéme considéré. Le contenu de ce chapitre a fait 'objet de deux
publications : [Bellotti et al., 2022d] concernant le cadre uni-dimensionnel et [Bellotti et al., 2022c] pour le cadre

multi-dimensionnel.
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Au Chapitre 3, nous étudions plus en profondeur la méthode proposée. Cela se fait en adaptant ’approche
par les équations équivalentes [Dubois, 2008], ce qui permet de caractériser a partir de quel ordre notre stratégie
perturbe le schéma de référence. Cela permet donc de montrer que le comportement de notre méthode est au
moins d’un ordre plus proche de celui du schéma de référence par rapport a la meilleure approche disponible
en littérature [Fakhari and Lee, 2014]. Le point crucial permettant d’obtenir cette “haute-fidelité” par rapport aux
approches existantes est de ne pas se borner a calculer les flux numériques au niveau de résolution le plus fin avec
des informations venant du niveau de grille local, mais d’employer en plus une reconstruction de la solution au
niveau le plus fin afin d’alimenter les flux. Nous montrons par ailleurs que cela a des retombées importantes sur
Pamplitude des ondes parasites aux sauts de niveau, qui se trouvent réduites de facon substantielle en utilisant
notre approche. Le contenu de ce chapitre a fait I'objet de deux publications [Bellotti et al., 2022b, Bellotti et al.,
2022a).

Au Chapitre 4, nous adaptons la technique d’analyse développée au chapitre précédent dans le contexte des
schémas de Boltzmann sur réseau afin d’analyser la précision des méthodes volumes finies adaptatives basées sur
la multirésolution. Cela permet de quantifier I'ordre de perturbation en fonction de la maniére de calculer les flux
numériques. Cette information est ensuite intégrée dans I’analyse d’erreur standard pour ce type d’approche et
fournit donc une information supplémentaire sur le comportement des schémas, en particulier, en ce qui concerne
les solutions réguilieres aux endroits du maillage qui ont été déraffinés.

Au-dela de leur conception théorique, nous avons eu besoin d'une implémentation sur ordinateur des méthodes
décrites dans la Partie I. Cela fait 'objet du travail présenté dans la Partie II.

Au Chapitre 5, nous présentons les traits saillants de la librairie C++ SAMURAI, qui permet d’aborder les
questions d’adaptation de maillage d’'un point de vue général, sans se cantonner a la multirésolution par volumes
faisant 'objet de cette thése. Pour cela, nous synthétisons tout maillage Cartésien non-uniforme en regroupant les
cellules niveau par niveau et selon leur connectivité spatiale, afin de représenter cela par des intervalles de nombres
entiers. Cela donne lieu a un encodage compressé du maillage qui permet d’introduire des opérations algébriques
sur les ensembles. Cela s’utilise pour sélectionner des sous-parties du maillage afin d’effectuer des opérations sur
celles-ci de maniere facile et transparente. Nous faisons un choix judicieux concernant la numérotation des cellules
a des fins de stockage, ce qui permet un accés mémoire optimisé. D’ailleurs, le stockage employé s’appuie sur la
librairie Xt ensor; afin d’écrire des expressions mathématiques sur les champs stockés associés au maillage en
toute simplicité et bénéficier de 1’évaluation “paresseuse” desdites expressions.

Au Chapitre 6, nous spécialisons SAMURAT afin d’adapter le maillage via la multirésolution et d’implémenter
la méthode de Boltzmann sur réseau adaptive correspondante. Cela se fait par une implémentation non-récursive
mais itérative, basée non pas sur des arbres de cellules mais sur différentes catégories de cellules. L’implémen-
tation des méthodes numériques concues durant la theése a fait Pobjet d’un travail qui s’étend sur trois années,
en interaction continue avec des développeurs experts, en particulier Loic Gouarin. Cela s’inscrit dans le cadre
de I'initiative HPC@Maths et a permis de fournir a un nombre croissant de chercheurs autour de I'initiative un
environnement répondant a leurs besoins concernant ’adaptation de maillage et la multirésolution. Un autre ob-
jectif @ moyen terme poursuivi au sein de l'initiative est d’intégrer I’adaptation de maillage de SAMURAT dans le
logiciel pyLBM, qui permet de représenter simplement des schémas de Boltzmann sur réseau généraux et de les

implémenter avec parallélisation par de la génération automatique de code.

CONSISTANCE, STABILITE ET CONVERGENCE DES METHODES DE BOLTZMANN SUR RESEAU

Concernant la seconde grande question abordée dans cette thése, nous mentionnons que des nombreuses procé-
dures d’analyse de consistance et de stabilité s’appuyant sur des arguments formels existent. Leur caractére formel
vient du fait qu’elles donnent des résultats en accord avec les simulations numériques sans se focaliser sur la ri-
gueur mathématique. Pour ce qui est de la consistance, on remarque I'approche “historique” appelée méthode de
Chapman-Enskog [Chen and Doolen, 1998, Qian and Zhou, 2000] ; les équations équivalentes [Dubois, 2008, Du-
bois, 2022] ; I'itération de Maxwell [Yong et al., 2016, Zhao and Yong, 2017] ; ainsi que les analyses asymptotiques
de [Junk and Yong, 2003, Junk et al., 2005, Junk and Yang, 2009]. Concernant I’analyse de stabilité, 'approche la

plus classique consiste a effectuer une analyse de von Neumann sur les schémas linéaires/linéarisés [Benzi et al.,
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1992, Sterling and Chen, 1996, Lallemand and Luo, 2000, Graille, 2014, Février, 2014], en vérifiant que les valeurs
propres de la matrice du schéma—écrite en utilisant la transformée de Fourier discréte—restent a 'intérieur de
cercle unité uniformément en le nombre d’onde. Ces questions feront I'objet d’un état de I'art spécifique dans la
Partie III. Au dela de ces travaux, nous essayons maintenant d’identifier deux grands mouvements au sein de la
communauté des chercheurs visant des analyses de la consistance et stabilité des schémas de Boltzmann sur réseau

avec les outils propres a ’analyse numérique.

1. Un premier angle d’attaque se base sur la formulation originelle des méthodes de Boltzmann sur réseau, dans
laquelle les moments conservés (d’intérét dans les EDPs étudiées) et les moments non-conservés (de nature
purement numérique) sont tous présents dans le schéma numérique [Junk and Yang, 2009, Junk and Yang,
2015, Caetano et al., 2023]. Le travail de [Caetano et al., 2023] est un exemple typique de cette tendance. Les
auteurs étudient la convergence du schéma D Q, vers la solution faible entropique d’une loi de conservation
scalaire. L’étude est menée dans un régime de sous-relaxation avec donnée initiale a I’équilibre. La premiere
étape clé consiste a prouver un principe du maximum pour le moment conservé et les distributions en vitesse.
Cela permet d’obtenir des estimations de la variation totale en temps et en espace, ainsi que de quantifier
I'écart du moment non-conservé par rapport a sa valeur a I’équilibre. In fine, en combinant ces arguments,
la convergence de la solution numérique vers une solution faible—non unique—de 'EDP visée est prouvée.
En s’appuyant sur des entropies cinétiques, les auteurs construisent des couples entropies-flux d’entropie
numériques et les inégalités d’entropie numériques associées. Une attention particuliére est prétée au fait
que ces entropies soient évaluées sur des grandeurs définies aprés collision, juste avant I’étape de transport.
Cela permet de prouver la convergence de la solution numérique vers la seule solution entropique de 'TEDP
pour la norme L!. Deux limites, clairement identifiées par les auteurs, sont le fait de ne pas pouvoir étudier

le régime de sur-relaxation ainsi que d’aborder I’étude de schémas avec davantage de vitesses discrétes.

2. Un second angle d’attaque procéde d’abord a la réécriture du schéma de Boltzmann sur réseau d’origine
sous la forme d’un schéma “correspondant”, dans lequel les moments conservés restent les seuls présents
[Ginzburg, 2009, Suga, 2010, Kuzmin et al., 2011, Lin et al., 2021, Dellacherie, 2014, Fu¢ik and Straka, 2021].
Le travail de [Dellacherie, 2014] est un bon exemple de cette fagon de procéder. L’auteur de cette publication
considére un schéma D;Q, linéaire. Le point central est un calcul algébrique, effectué en écrivant le schéma
numérique originel sur plusieurs pas de temps a différents points de '’espace, qui permet, en recombinant
ces expressions, d’éliminer le moment non-conservé. Cela s’achéve sur une réécriture du schéma sous la
forme d’'une méthode aux différences finies multi-pas sur le seul moment conservé. Par conséquent, cela
montre rigoureusement que le schéma est consistant avec 'EDP visée et on peut déterminer aisément les
conditions de stabilité L? et L. Enfin, le théoréme de Lax [Lax and Richtmyer, 1956] permet de conclure sur
la convergence du schéma—pourvu qu’il soit stable—vers les solutions réguliéres de 'EDP dans la norme
choisie. Une question importante qui reste ouverte est ici identifiée : tenter d’utiliser la méme approche pour
étudier des schémas de Boltzmann sur réseau plus compliqués ou qui approximent les solutions d’EDPs non-

linéaires.

Pour résumer, les travaux antérieurs ont démontré que certains schémas de Boltzmann sur réseau simples
(D1Q, [Dellacherie, 2014], D1Q3 [Suga, 2010, Lin et al., 2021] et D4Q,y,,; TRT [Ginzburg, 2009, Kuzmin et al.,
2011], en général avec un seul moment conservé) se réécrivent sous forme de schémas aux différences finies sur
le moment conservé, ce qui a permis d’éclairer sur les bonnes notions de consistance, stabilité et convergence
de ces méthodes. D’autres travaux [Junk and Yang, 2009, Junk and Yang, 2015, Caetano et al,, 2023] agissent
directement sur le schéma d’origine, parfois en le comparant [Caetano et al., 2023] aux schémas de relaxation [Jin
and Xin, 1995, Aregba-Driollet and Natalini, 2000]. Toutefois, la réécriture sous forme de différences finies ainsi
que l'interprétation comme schéma de relaxation ne s’appliquent qu’a des schémas trés simples et il n’est pas clair
que (et comment) cela puisse se généraliser a tout schéma de Boltzmann sur réseau. Enfin, les méthodes d’analyse
formelles mentionnées au début s’appliquent a une vaste gamme de schémas avec un important pouvoir prédictif,
mais n’ont pas été intégrées, pour le moment, dans un programme qui pourrait se résumer en “consistance et
stabilité impliquent convergence”.

Au dela des questions autour de la consistance et la stabilité des méthodes de Boltzmann sur réseau, il est

important de prendre en compte le réle de linitialisation des schémas ainsi que la présence d’'un domaine de
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calcul borné, qui demande donc a imposer des conditions aux limites. Pour ce qui est du premier point, I'initia-
lisation des méthodes de Boltzmann sur réseau peut se faire de maniére partiellement arbitraire car ces schémas
impliquent plus de variables de calcul que de données initiales dans le probléme visé. Méme si la facon la plus
répandue est d’initialiser les variables manquantes a 1’équilibre, différents travaux [Caiazzo, 2005, Van Leemput
et al., 2009, Huang et al., 2015b] ont proposé des analyses formelles visant a obtenir une compréhension plus
fine du comportement des schémas au démarrage en fonction du choix d’initialisation, qui n’est pas forcément a
P’équilibre. Ces questions sont trés importantes d’un point de vue pratique, en particulier afin de ne pas réduire
Pordre des méthodes a cause de mauvaises initialisations. Concernant les conditions aux limites, I'implémentation
pratique des méthodes de Boltzmann sur réseau demande a effectuer les calculs sur un réseau borné. Cela génere
un manque d’information lors de la phase de transport aux bords du domaine, qu’il faut combler en imposant une
condition aux limites, pour le moment de nature purement numérique. A cété de cela, ces conditions aux limites
numériques sur les fonctions de distributions peuvent étre employées pour imposer des conditions aux limites
physiques (inflow, no-slip, etc.) propres au systéeme d’EDPs approchées, exprimées uniquement sur les moments
conservés du probléme. Cet écart entre conditions aux limites purement numériques et physiques demeure une
difficulté majeure au sein de la communauté. De surcroit, les conditions aux limites peuvent introduire des phé-
noménes d’instabilité numérique qu’il faut arriver a comprendre et a maitriser. Il existe un trés vaste corpus de
travaux sur les conditions aux bords pour des problémes et schémas spécifiques, voir [Kriiger et al., 2017, Chapter
5]. Nous ne détaillerons pas ici toutes ces contributions. Nous mentionnons juste deux des approches assez répan-
dues. La premieére est appelée condition de “bounce-back” [Ginzbourg and Adler, 1994, Bouzidi et al., 2001, Dubois
et al., 2015] et consiste & combler 'information manquante concernant la distribution d’une vitesse venant de 1’ex-
térieur du domaine avec celle de la vitesse opposée. Cela permet—par exemple—d’imposer des conditions “no-slip”
sur le champ de vitesse sur des schémas D,Qq avec trois moments conservés. Une seconde condition trés utilisée
est appelée “anti-bounce-back” [Ginzburg et al., 2008a, Dubois et al., 2020b]. L’information manquante concer-
nant la distribution d’une vitesse venant de 'extérieur du domaine est remplacée par la valeur opposée de celle
de la vitesse opposée. Cela permet d’imposer—si utilisée sur un schéma D,Qq avec trois moments conservés—une
condition de Dirichlet sur le champ de pression, donc sur la densité. De maniére générale, nous manquons d’outils
d’analyse des conditions aux limites et cela a des répercussion pratiques importantes, premiérement en termes de
fidélité des conditions numériques aux conditions physiques que I’on aurait envie d’imposer et deuxiémement sur

la possibilité pratique d’utiliser certaines conditions, a cause de leur instabilité.

Ces questions ouvertes justifient notre étude faisant l'objet des Parties III et IV.

Au Chapitre 7,la démarche consiste a éliminer les moments non-conservés au sein de n’importe quelle méthode
de Boltzmann sur réseau a I’aide d’une structure algébrique d’anneau. En effet, ces moments ne sont pas présents
dans les EDPs visées. Cela est possible car le théoréme de Cayley-Hamilton s’applique aux matrices dont les
éléments appartiennent a un anneau commutatif. Une fois les moments non-conservés éliminés, nous restons avec
des schémas aux différences finies multi-pas sur les variables conservées, pour lesquels les notions de consistance,
stabilité et convergence sont classiques et un grand nombre de résultats sont déja disponibles en littérature. Le
contenu de ce chapitre est inclus dans Particle [Bellotti et al., 2022e].

Au Chapitre 8, nous étudions la consistance des schémas de Boltzmann sur réseau a 'aide des schémas aux
différences finies “correspondants”. Toutefois, cela s’opére sans écrire explicitement la méthode “correspondante”
pour le schéma de Boltzmann sur réseau considéré, mais en caractérisant de maniére suffisamment précise la
transformation du schéma originel vers le schéma sans les moments non-conservés. Cela est rendu possible par
les développements limités de la fonction déterminant et transposée de la comatrice d’une matrice donnée. Ainsi,
nous trouvons les équations modifiées de schémas généraux et nous corroborons également les résultats venant
de deux techniques formelles d’analyse [Dubois, 2022, Yong et al., 2016]. Le matériel de ce chapitre rentre dans
[Bellotti, 2023b].

Au Chapitre 9, nous relions la notion de stabilité a la von Neumann pour les schémas aux différences finies

multi-pas avec celle pour les schémas de Boltzmann linéarisés. Cette derniére est en effet la plus répandue au sein
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de la communauté des schémas de Boltzmann sur réseau. Ce lien est rendu possible—encore une fois—par le fait
d’avoir caractérisé la transformation du schéma de Boltzmann sur réseau vers le schéma aux différences finies
avec précision. Cela donne un caractére rigoureux a une procédure qui était—jusqu’a présent—utilisée de maniére
“intuitive”.

Au Chapitre 10, nous étudions la question de l'initialisation des schémas de Boltzmann sur réseau, qui a des
effets importants sur Pordre de convergence ainsi que sur la formation de couches limites en temps sur la solution
numérique. En effet, cette problématique se pose car les méthodes de Boltzmann sur réseau dans leur formulation
originelle présentent plus de variables a initialiser que celles présentes dans 'EDP approchée, alors qu'une fois
réécrites comme des schémas aux différences finies, ces schémas sont multi-pas et donc nécessitent des procédures
de démarrage. Pour ce faire, nous proposons une analyse basée sur les équations modifiées des schémas prés du
temps initial, permettant de garantir des initialisations préservant I’ordre des méthodes et d’éviter des oscillations

6

au début des simulations. De plus, en introduisant la notion d’“observabilité” d’un schéma de Boltzmann sur réseau,
nous identifions une classe de schémas pour lesquels I'initialisation est facile a étudier avec les outils introduits
dans ce travail. Le contenu de ce chapitre fait I’'objet d’une pré-publication [Bellotti, 2023a] soumise a une revue

a comité de lecture.

Au Chapitre 11, qui constitue un travail préliminaire concernant la stabilité non-linéaire et la monotonie des
schémas de Boltzmann sur réseau en utilisant les méthodes aux différences finies correspondantes, nous démon-
trons la convergence du schéma D;Q, vers la solution faible entropique d’une loi de conservation scalaire en ré-
gime de sur-relaxation avec donnée initiale a I’équilibre. L’étude est possible en travaillant sur le schéma aux diffé-
rences finies “correspondant”, en généralisant trivialement la notion de schéma monotone aux méthodes multi-pas.
On démontre ainsi un principe du maximum sur le moment conservé, des estimations sur la variation totale en
espace et en temps sur le moment conservé. En travaillant avec des couples entropie-flux d’entropie de Krushkov,
nous établissons une inégalité d’entropie discrete multi-pas, ce qui permet de conclure. La partie inachevée de ce
travail consisterait a étudier le régime de sous-relaxation via le schéma aux différences finies afin de retrouver
les résultats de [Caetano et al., 2023]. Certains points dans la preuve ont été établis mais d’autres restent ouverts.
On peut dire que les propriétés en sous-relaxation se basent fortement sur I'initialisation a 1’équilibre, qu’il faut
arriver a prendre en compte correctement, et remettent en cause I'universalité d’une généralisation triviale de la

monotonie aux méthodes multi-pas [Hundsdorfer et al., 2003].

Enfin, au Chapitre 12, nous entamons un travail préliminaire concernant la consistance et la stabilité des condi-
tions aux limites pour la méthode de Boltzmann sur réseau. On se concentre en particulier sur deux schémas uni-
dimensionnels—a savoir le D; Q, et D; Q;—qui peuvent se réécrire, méme au bord et pour les conditions aux limites
considérées, comme des schémas aux différences finies. Cela permet une analyse de consistance par développe-
ment de Taylor et de stabilité en suivant [Gustafsson et al., 1972]. Nous proposons aussi une procédure formelle
d’analyse de consistance basée sur I'itération de Maxwell [Yong et al., 2016], qui donne les mémes résultats que
le passage par le schéma aux différences finies “correspondant”. Cependant, 'approche passant par 1’élimination
des moments conservés demeure fortement limitée—lorsque des conditions au bord sont imposées—car nous man-
quons dans ce cas d’un résultat algébrique général jouant le méme role que le théoréme de Cayley-Hamilton dans
le cas d’'un domaine non borné/conditions périodiques. Cela peut se voir, méme sur les schémas les plus simples,

a partir des difficultés a éliminer les moments non-conservés pour des conditions aux limites quelconques.
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GENERAL INTRODUCTION

The evolution of a large number of physical systems can be modelled using evolution Partial Differential Equa-
tions (often abbreviated as PDEs). However, except for a fairly limited number of generally simple PDEs, these
equations cannot be solved explicitly in an exact manner. Even if the determination of explicit solutions remains
out of reach, it is still fundamental to study the existence, uniqueness, and continuous dependence in data of the
solutions of these equations, in short, their well-posed character in the Hadamard’s sense. This is all the more
important as we will try to approach the solution of these PDEs by numerical methods, working on finite dis-
crete determinations of the domain of definition of these equations. Indeed, it is useless to consider a numerical
method approaching the solution of a problem which is ill-posed, for example, when its solution is not unique.
In the field of numerical methods for PDEs, one of the main challenges is to be able to simulate these systems of
equations by methods that are both fast, economical in storage space, and which convergence to the unknown
solution—when the discretization steps tend to zero—can be established with certainty. For this purpose, lattice
Boltzmann methods—introduced in the pioneering work of [McNamara and Zanetti, 1988, Higuera and Jiménez,
1989, Higuera et al., 1989]—offer an extremely fast alternative to the traditional methods (Finite Differences, Finite
Volumes, Finite Elements, etc.), in particular—but not only—for the solution of equations from fluid mechanics,
such as the incompressible Navier-Stokes equations. These are, in fact, time-explicit methods, mimicking meso-
scopic dynamics based on a reduced number of discrete velocities, to which densities of “particles” are associated.
At each step of the lattice Boltzmann method, these “particles” undergo a collision step, or local relaxation, fol-
lowed by a transport step according to their respective velocity. The efficiency of the method is therefore due to
the locality of the collision, which allows, among other things, the easy parallelization of these methods, and to the
fact that the discrete velocities are chosen in such a way that the particles remain “attached” to the discrete mesh
over time. Since the spatial mesh is uniform, the transport step can be summarised as a pointer displacement to a
memory cell, hence its speed. The fields of application of lattice Boltzmann methods are extremely vast. Without
pretending to be exhaustive, we cite fluid mechanics with incompressible flows [Chen and Doolen, 1998, Lalle-
mand and Luo, 2000], multi-phase flows (see [Huang et al., 2015a] for an overview), aeroacoustics [Marié et al.,
2009], magnetohydrodynamics [Chen et al., 1991, Martinez et al., 1994, Dellar, 2002, Dellar, 2013b, Baty et al., 2023]
and finally, porous media [Pan et al., 2006]. Other types of equations treated by the lattice Boltzmann method
include the transport-diffusion equation [Zhang et al., 2019], hyperbolic systems of conservation laws [Graille,
2014, Dubois, 2014], and the Schrédinger equation [Zhong et al., 2006]. Chapter 1 aims at presenting the basis as

well as the notations concerning lattice Boltzmann schemes, which will be necessary throughout the manuscript.

However, lattice Boltzmann methods constitute—on the one hand—a gold mine and—on the other hand—a
virgin forest for numerical analysts. Indeed, a very large number of questions about them remain open. Before
elaborating on this, we note that this is due—in our opinion—to the algorithmic origin of the lattice Boltzmann
method: one first conceives of the scheme (which is very efficient and which, moreover, seems to give a good
solution) and—only in a second step—asks the question of which set of equations it approaches and what are its
properties. This algorithmic origin means that lattice Boltzmann methods use more unknowns than the problems
they aim at solving. Thus, lattice Boltzmann schemes are often inherently complicated in terms of their numerical
properties. We reject the idea that the lattice Boltzmann methods would work well to approximate, for example,
the incompressible Navier-Stokes equations, thanks to their strong physical basis, namely, the Boltzmann equation
quoted in [Kriiger et al., 2017, Section 2.4]. While—admittedly—they can be algorithmically derived from a discrete
velocity version of this equation, which gives, incidentally, their impressive performance, they depart from it

without any possibility of return because of the modest number of discrete velocities, which is not increased
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Figure o.2: Simulation of the noise around a landing gear using the lattice Boltzmann method on a grid with twelve
adapted grid levels. This results in a mesh with 2.28 billion cells and allows a reduction of the computation time by
a factor of 15. The image shows the contours of the vorticity field and the colour code indicates the Mach number
value. Courtesy of Michael Barad, Joseph Kocheemoolayil, NASA/Ames (Lattice Boltzmann for Airframe Noise
Predictions).

during the convergence study. We observe that discrete velocity Boltzmann equations [Broadwell, 1964, Gatignol,
1975, Cabannes et al., 1980, Platkowski and Illner, 1988], while keeping the qualitative structure of the continuous
velocity Boltzmann equation, notably by quadratic nonlinear collision terms, are not intended to convergence to
the solution of this latter equation. This discussion will be further developed in Chapter 1.

The aim of this PhD thesis is to provide answers to two problems that affect lattice Boltzmann methods,

described in the following.

1. The first challenge is to apply lattice Boltzmann methods to non-uniform computational grids. The objective
of such a procedure is to reduce the cost of calculation and especially of storage by using fewer resources in
places in space where a fine resolution is not necessary. As an example, a well-known scheme for dealing
with three-dimensional problems, known as D3Q,; (in what follows, a D4Q,, scheme will be based on a d-
dimensional lattice and will use g discrete velocities, following the notation in [Qian et al., 1992]), requires
the storage of twenty-seven quantities at each point of the mesh. This can be prohibitive for realistic-size
simulations with billions of cells, Figure 0.2, hence the interest in reducing the number of cells. It is therefore
not a secondary concern but a necessity on the part of the industry, see NASA [Kiris et al., 2018] and CS
Group (ProLB). However, this practical necessity should not obscure the associated issues from the point
of view of the quality of the numerical solutions. Meeting these challenges requires a careful mathematical
approach to control the error made, which is not possible with the heuristic approaches employed so far,

and to minimise the spurious wave phenomena introduced by mesh adaptation.

2. The second difficulty concerns a mathematically rigorous understanding of lattice Boltzmann methods in
their generality. In particular, a first point that remains to be clarified is the fact that these methods approach
well the target PDEs, thus their consistency. A question that naturally follows concerns the study of the
resilience of these schemes to perturbations, hence their stability. The combination of these two aspects
can open the way to the study of the convergence of lattice Boltzmann schemes towards the solution of

the target problem, making it possible to guarantee the good quality of the obtained numerical simulations.
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The ambitious objective is therefore to bring lattice Boltzmann methods—in all their generality—into the
disciplinary framework specific to numerical analysis, using the tools and concepts proper to this discipline.
The goal is to have lattice Boltzmann methods eventually considered as numerical schemes for PDEs. This
would foster the involvement of a community of researchers—who have powerful analysis tools but have
hitherto been rather reluctant to tackle this type of problem—in a rediscovery of lattice Boltzmann schemes.
This is all the more interesting as these methods are full of fundamental questions which remain open and
which require new angles of attack. From the point of view of concrete applications of lattice Boltzmann
methods, the interest is twofold. On the one hand, it will give new analysis tools leading to the design
of schemes with better properties with respect to the physical model of interest. On the other hand, it will
explain—from a fundamental point of view—a large number of good practices and know-how that have been

developed “on the job” within the community of users of lattice Boltzmann methods.

MESH ADAPTATION FOR LATTICE BOLTZMANN METHODS

Referring the reader to the part of the manuscript dedicated to this first point for a more developed state of the art,
we draw up here a general review of the existing studies, in order to identify general trends within the community.
The two research directions we find are the following.

1. A first direction is to use a local time step at each grid level, which requires adapting the collision phase of
the methods in order to preserve the physical parameters of the problem at the different grid resolutions
[Filippova and Hénel, 1998, Lin and Lai, 2000, Kandhai et al., 2000, Yu et al., 2002, Crouse et al., 2003, Dupuis
and Chopard, 2003, Rohde et al., 2006, Eitel-Amor et al., 2013, Feldhusen et al., 2016]. Most of the works
following this approach use spatially adapted but time-fixed meshes. A paradigmatic study following this
approach, which we analyse in detail, is that of [Filippova and Hénel, 1998]. The authors consider a BGK-
type scheme with three conserved moments and a coarse mesh over the whole domain, on which patches at a
finer level are superimposed, with an integer ratio n between space steps compared to the coarse mesh. Thus,
the mesh is constructed according to prior knowledge of the problem. The relaxation parameter is adjusted
between fine and coarse meshes in order to obtain the same viscosity coefficient at different resolutions. The
numerical algorithm proceeds by first rescaling the solution only to the coarse meshes with superimposed
fine cells. This involves the equilibrium values, the relaxation parameter and the n ratio. First, an iteration
(transport and collision) is performed on the whole coarse mesh, which in this case brings the solution
at time t+ Afcoarse. Second order space-time interpolations and a formula—again involving the values at
equilibrium, the relaxation parameter, and the ratio n—allow us to construct the data at the edges of the
fine patches at time ¢, t + Afgpe, ..., £ + (1 — 1) Atgye in order to perform n iterations (transport and collision)
on these fine cells. This completes one step of the algorithm. This approach has allowed the simulation of
the von Karman vortex street and to obtain values for the drag, lift and Strouhal number coefficients close
to those of the reference. The only criticism raised in this work concerns the fact that, due to a dependence

of the relaxation parameter in n, too many grid levels can make the method unstable.

2. A second trend is to use a global time step, regardless of the grid level, without the need to adapt the
collision phase [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016]. Works in this direction
rely on dynamically adapted meshes using refinement criteria specific to the problem under consideration.
A representative work of this tendency is that of [Fakhari and Lee, 2014]. The authors tackle the MRT
D,Qq scheme with three conserved moments and consider a dynamically adapted mesh with different levels
that communicate using ghost cells. The solution values on these cells are updated using interpolations.
The refinement of the mesh is based on three criteria: a first one involving the vorticity; a second one
based on the derivative of the vorticity; and finally a third one based on the ratio between the norm of
the strain tensor and the rotation tensor. The time step is common to all grid levels, on which a collision
step is made without any modification and a transport step employs Lax-Wendroff schemes, discretizing
the transport equation associated with each discrete velocity. This approach has been validated on many

test cases (Taylor-Green vortex, lid-driven flow, von Kdrman vortex street, etc.) with results in agreement
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with the reference values. Mesh adaptation allows for simulation time acceleration factors of up to four
for some configurations. Compared to works in the spirit of [Filippova and Hénel, 1998], the authors of
[Fakhari and Lee, 2014] point out that the absence of time interpolations—thanks to the choice of a global
time step—allows one to avoid scaling the solution and to preserve the accuracy of the lattice Boltzmann
method.

To summarize, with respect to the first problem addressed in this thesis, the available literature has introduced
ways of adapting lattice Boltzmann schemes to non-uniform grids, using either meshes fixed at the beginning of the
simulation [Filippova and Hénel, 1998, Lin and Lai, 2000, Kandhai et al., 2000, Dupuis and Chopard, 2003, Rohde
et al., 2006], or dynamically adapted meshes with criteria taking into account the considered problem [Crouse
et al., 2003, Eitel-Amor et al., 2013, Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016, Feldhusen
et al., 2016]. This results in remarkable gains in terms of computation time and memory occupation. However,
we observe that the strategies proposed so far are rarely time adaptive, which prevents the tracking of structures
such as shock waves. Moreover, the available approaches do not allow to estimate and thus control the error
committed by adapting the mesh. Moreover, they require—in the vast majority of cases—a profound modification
of the underlying scheme as well as the definition of heuristic criteria for mesh adaptation, hence the lack of
control over the error. Sometimes, even worse, they require the generation of a fixed mesh based on a priori
knowledge of the flow being studied. Finally, grid adaptation is most often the cause of spurious waves at the
interfaces between different resolutions [Gendre et al., 2017, Astoul et al.,, 2021], which pose difficulties in many

applications, particularly in aeroacoustics.

These limitations justify the study that is the subject of Part I of this manuscript.

In Chapter 2, the approach consists first in proposing a dynamic mesh adaptation strategy based on adaptive
multiresolution [Harten, 1994], which makes it possible to track various structures—such as shock waves, rarefac-
tion waves, etfc.—present in the solutions, and to control the error made by adapting the computational grid. Next,
we propose a way to write general lattice Boltzmann schemes—always using multiresolution—so that they can
be used on these adapted meshes by making “as if” we could utilize the scheme at the finest resolution, unlike
the approach by [Fakhari and Lee, 2014], which feeds the numerical fluxes of the scheme at the finest level with
information at the local grid level, Since the whole process is based on multiresolution, we prove that the error
introduced by the methods on adapted grids compared to the reference one on a uniform mesh is controlled. This
property is found in the numerous numerical experiments that follow, accompanied by a significant reduction in
the memory trace of the lattice Boltzmann methods. This also shows the generality of our way of proceeding,
beyond the peculiarities of the problem under consideration. The content of this chapter has been the subject of
two publications: [Bellotti et al., 2022d] concerning the one-dimensional framework and [Bellotti et al., 2022c] for
the multi-dimensional framework.

In Chapter 3, we study the proposed method in more depth. This is done by adapting the approach by equiva-
lent equations [Dubois, 2008], which makes it possible to characterize the order from which our strategy perturbs
the reference scheme. This shows that the behaviour of our method is at least one order closer to that of the
reference scheme than the best approach available in the literature [Fakhari and Lee, 2014]. The crucial point
allowing to obtain this high fidelity compared to existing approaches is not to solely compute the numerical flux
at the finest resolution level with information coming from the local grid level, but to employ a reconstruction of
the solution at the finest level in order to feed the fluxes. We also show that this has a significant impact on the
amplitude of spurious waves at level jumps, which are substantially reduced using our approach. The content of
this chapter makes up two publications: [Bellotti et al., 2022b, Bellotti et al., 2022a].

In Chapter 4, we adapt the analysis technique developed in the previous chapter in the context of lattice
Boltzmann schemes in order to analyse the accuracy of adaptive Finite Volume methods based on multiresolution.
This allows to quantify the order of perturbation as a function of the way numerical flows are computed. This

information is then integrated into the standard error analysis for this type of approach and therefore provides
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additional information on the behaviour of the schemes, in particular, with regard to smooth solutions where the
mesh has been coarsened.

Beyond their theoretical design, we needed a computer implementation of the methods described in Part 1.
This is the subject of the work presented in Part II.

In Chapter 5, we present the salient features of the C++ library SAMURATI, which allows us to tackle the
question of mesh adaptation from a general point of view, without restricting ourselves to the volume-based
multiresolution which is the subject of this thesis. To do this, we synthesise any non-uniform Cartesian mesh by
grouping the cells level-by-level and according to their spatial connectivity, in order to represent this by intervals of
integers. This results in a compressed encoding of the mesh which allows the introduction of algebraic operations
on sets. This is used to select sub-parts of the mesh in order to perform operations on them in an easy and
transparent way. We make a judicious choice concerning the numbering of cells for storage purposes, which
allows optimized memory access. Moreover, the employed storage relies on the xtensor library, in order to
write mathematical expressions on the stored fields associated with the mesh in all simplicity and to benefit from
the lazy evaluation of these expressions.

In Chapter 6, we specialise SAMURAI in adapting the mesh via multiresolution and we implement the cor-
responding adaptive lattice Boltzmann method. This is not done by a recurrent but rather using an iterative im-
plementation, based not on trees of cells but on different categories of cells. The implementation of the numerical
methods conceived during the thesis has been the subject of a work which extends over three years, in continuous
interaction with expert developers, in particular Loic Gouarin. This is part of the HPC@Maths project and has
provided a growing number of researchers around the project with an environment that meets their needs for
mesh adaptation and multiresolution. Another medium-term objective pursued within the project is to integrate
the mesh adaptation of SAMURAT into the software package pyLBM, which allows general lattice Boltzmann

schemes to be simply represented and implemented with parallelization through automatic code generation.

CONSISTENCY, STABILITY AND CONVERGENCE OF LATTICE BOLTZMANN METHODS

Concerning the second major issue addressed in this thesis, we mention that numerous consistency and stability
analysis procedures based on formal arguments exist. Their formal character comes from the fact that they give
results in agreement with numerical simulations without focusing on mathematical rigour. As far as consistency is
concerned, we note the “historical” approach called Chapman-Enskog expansion [Chen and Doolen, 1998, Qian and
Zhou, 2000]; the equivalent equations [Dubois, 2008, Dubois, 2022]; Maxwell iteration [Yong et al., 2016, Zhao and
Yong, 2017]; as well as the asymptotic analyses of [Junk and Yong, 2003, Junk et al., 2005, Junk and Yang, 2009].
Concerning the stability analysis, the most classical approach consists in carrying out a von Neumann analysis
on the linear/linearized schemes [Benzi et al.,, 1992, Sterling and Chen, 1996, Lallemand and Luo, 2000, Graille,
2014, Février, 2014], verifying that the eigenvalues of the matrix of the scheme—written using the discrete Fourier
transform—are inside the unit circle uniformly in the wave-number. These questions will be the subject of a
specific state of the art in Part IIIl. Beyond these works, we now try to identify two main movements within the
research community aiming at analyses of the consistency and stability of lattice Boltzmann schemes with the

tools proper to numerical analysis.

1. A first angle of attack is based on the original formulation of lattice Boltzmann methods, in which the
conserved moments (those of interest in the studied PDEs) and the non-conserved moments (of purely nu-
merical nature) are all present in the numerical scheme [Junk and Yang, 2009, Junk and Yang, 2015, Caetano
et al., 2023]. The work of [Caetano et al., 2023] is a typical example of this trend. The authors study the
convergence of the D1Q, scheme towards the entropic weak solution of a scalar conservation law. The study
is conducted in the under-relaxation regime with initial data at equilibrium. The first key step is to prove
a maximum principle for the conserved moment and velocity distributions. This provides estimates of the
total variation in time and space, as well as quantifications of the deviation of the non-conservative moment
from its value at equilibrium. In fine, by combining these arguments, the convergence of the numerical

solution to a weak—non-unique—solution of the target PDE is proved. Relying on kinetic entropies, the
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authors construct numerical entropy-entropy flux pairs and the associated entropy inequalities. Particular
attention is paid to the fact that these entropies are evaluated on quantities defined after the collision, just
before the stream step. This makes it possible to prove the convergence of the numerical solution to the
unique entropy solution of the PDE for the L! norm. Two limitations, clearly identified by the authors, are
the fact of not being able to study the over-relaxation regime as well as approaching the study of schemes

with more discrete velocities.

2. A second angle of attack proceeds first to the rewriting of the original lattice Boltzmann scheme under
the form of a “corresponding” scheme, in which only the conserved moments remain present [Ginzburg,
2009, Suga, 2010, Kuzmin et al,, 2011, Lin et al., 2021, Dellacherie, 2014, Fu¢ik and Straka, 2021]. The work
of [Dellacherie, 2014] is a good example of this way of proceeding. The author of this publication consid-
ers a linear D1Q, scheme. The central point is an algebraic calculation, carried out by writing the original
numerical scheme on several time steps at different points in space, which allows, by recombining these
expressions, to eliminate the non-conservative moment. This results in a rewriting of the scheme in the
form of a multi-step Finite Difference method on the single conserved moment. Consequently, this rigor-
ously shows that the scheme is consistent with the target PDE and we can easily determine the stability
conditions for the L? and L* norms. Finally, the Lax theorem [Lax and Richtmyer, 1956] allows to conclude
on the convergence of the scheme—provided that it is stable—to the regular solutions of the PDE in the
chosen norm. An important open question is identified here: how to use the same approach to study more

complicated lattice Boltzmann schemes or that approximate the solutions of nonlinear PDEs.

To summarize, previous works have shown that some simple lattice Boltzmann schemes (D1Q, [Dellacherie,
2014], D1Q3 [Suga, 2010, Lin et al.,, 2021] and D3Q,y,1 TRT [Ginzburg, 2009, Kuzmin et al., 2o11], typically with
only one conserved moment) can be re-written under the form of Finite Difference schemes on the conserved
moment, which has shed light on the correct notions of consistency, stability, and convergence of these methods.
Other works [Junk and Yang, 2009, Junk and Yang, 2015, Caetano et al., 2023] act directly on the original scheme,
sometimes by comparing it to relaxation schemes [Jin and Xin, 1995, Aregba-Driollet and Natalini, 2000]. However,
writing in Finite Difference form or interpreting schemes as a relaxation scheme only apply to very simple schemes
and it is not clear how this can be generalized to any lattice Boltzmann method. Finally, the methods of formal
analysis mentioned at the beginning apply to a wide range of schemes with significant predictive power but
have not been integrated, as yet, into a programme that could be summarised as “consistency and stability imply
convergence’.

Beyond the questions of consistency and stability of lattice Boltzmann methods, it is important to take the role
of the initialization of the schemes as well as the presence of a bounded computational domain, which therefore
requires boundary conditions to be enforced, into account. As for the first point, the initialization of the lattice
Boltzmann schemes can be done in a partially arbitrary way because these schemes involve more computational
variables than initial data in the problem at hand. Even though the most common way is to initialise the miss-
ing variables at equilibrium, various works [Caiazzo, 2005, Van Leemput et al., 2009, Huang et al., 2015b] have
proposed formal analyses aimed at obtaining a finer understanding of the behaviour of the schemes close to the
initial time as a function of the choice of initialisation, which is not necessarily at equilibrium. These issues are
very important from a practical point of view, in particular in order not to reduce the order of the methods due
to bad initializations. Concerning the boundary conditions, the practical implementation of the lattice Boltzmann
methods requires carrying out the calculations on a bounded grid. This leads to a lack of information during the
stream phase at the edges of the domain, which must be filled by imposing a boundary condition, for the moment
of a purely numerical nature. In addition, these numerical boundary conditions on the distribution functions can
be used to impose physical boundary conditions (inflow, no-slip, etc.) specific to the system of PDEs to approxi-
mate, expressed only on the conserved moments of the problem. This discrepancy between purely numerical and
physical boundary conditions remains a major difficulty within the community. Moreover, the boundary condi-
tions can introduce phenomena of numerical instability that must be understood and mastered. There is a very
large body of work on boundary conditions for specific problems and schemes, see [Kriiger et al., 2017, Chapter 5].
We will not detail here all these contributions. We just mention two of the most widespread approaches. The first

is called the “bounce-back” condition [Ginzbourg and Adler, 1994, Bouzidi et al., 2001, Dubois et al., 2015] and con-
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sists in filling the missing information concerning the distribution of a velocity coming from outside the domain
with that of the opposite velocity. This allows—for example—to impose no-slip conditions on the velocity field for
D2Qq schemes with three conserved moments. A second condition very much in use is called “anti-bounce-back”
[Ginzburg, 2005, Ginzburg et al., 2008a, Dubois et al., 2020b]. The missing information about the distribution for
a velocity coming from outside the domain is replaced by the opposite value of that of the opposite velocity. This
makes it possible to impose—if used on a D2,Qq scheme with three conserved moments—a Dirichlet condition on
the pressure field, thus on the density. Generally speaking, we lack tools for analysing boundary conditions and
this has important practical repercussions, firstly in terms of the fidelity of the numerical conditions to the phys-
ical conditions that we would like to impose and secondly on the practical possibility of using certain conditions,

because of their instability.

These open questions justify our study in Part Il and Part IV.

In Chapter 7, the approach consists in eliminating the non-conserved moments within any lattice Boltzmann
method using the algebraic properties of a commutative ring. Indeed, these moments are not present in the target
PDEs. This is possible because the Cayley-Hamilton theorem applies to matrices whose elements belong to a
commutative ring. Once the non-conservative moments have been eliminated, we are left with multi-step Finite
Difference schemes on the conserved variables, for which the notions of consistency, stability, and convergence
are classical and a large number of results are already available in the literature. The content of this chapter is
included in the article [Bellotti et al., 2022¢].

In Chapter 8, we study the consistency of lattice Boltzmann methods using the “corresponding” Finite Dif-
ference schemes. However, this is done without explicitly writing the corresponding method for the considered
lattice Boltzmann scheme down, but by characterizing in a sufficiently precise way the transformation from the
original scheme to the scheme without the non-conserved moments. This is made possible by the Taylor expan-
sions of the determinant and adjugate (also known as classical adjoint) matrix of a given matrix. Thus, we find the
modified equations for general schemes and we also corroborate the results coming from two formal techniques
of analysis [Dubois, 2022, Yong et al., 2016]. The material of this chapter is presented in [Bellotti, 2023b].

In Chapter 9, we relate the notion of stability d la von Neumann for multi-step Finite Difference schemes with
that for lattice Boltzmann schemes. The latter is indeed the most widespread within the community of lattice
Boltzmann methods. This link is made possible—again—by having characterized the transformation of the lattice
Boltzmann scheme to the Finite Difference scheme with precision. This gives a rigorous character to a procedure
that was previously used in an “intuitive” way.

In Chapter 10, we study the question of the initialization of lattice Boltzmann scheme, which has important
effects on the order of convergence as well as on the formation of time boundary layers on the numerical solu-
tion. Indeed, this problem arises because the lattice Boltzmann methods in their original formulation have more
variables to initialize than those present in the PDEs to approximate, while once written as Finite Difference
schemes, these schemes are multi-step and therefore require initialization routines. To this end, we propose an
analysis based on the modified equations of the schemes close to the initial time, allowing to secure initializations
preserving the order of the methods and to avoid oscillations at the beginning of the simulations. Moreover, by
introducing the notion of “observability” of a lattice Boltzmann scheme, we identify a class of schemes for which
the initialization is easy to study with the tools introduced in this work. The content of this chapter is the subject
of a preprint [Bellotti, 2023a] submitted to a peer-reviewed journal.

In Chapter 11, which constitutes preliminary work concerning the nonlinear stability and monotonicity of lat-
tice Boltzmann methods using the corresponding Finite Difference scheme, we demonstrate the convergence of the
D;Q, lattice Boltzmann scheme to the weak entropic solution of a scalar conservation law in the over-relaxation
regime with initial data at equilibrium. The study is possible by working on the “corresponding” Finite Differ-
ence scheme, trivially generalizing the notion of monotone scheme to multi-step methods. We thus demonstrate
a maximum principle on the conserved moment, estimates on the total variation in space and time on the con-

served moment. By working with Krushkov entropy-entropy flux pairs, we establish a multi-step discrete entropy
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inequality, which allows us to conclude. The unfinished part of this work would be to study the under-relaxation
regime via the Finite Difference scheme in order to recover the results by [Caetano et al., 2023]. Some points in
the proof have been established but others remain open. It can be said that the properties in the under-relaxation
regime heavily rely on the initialization at equilibrium, which must be correctly taken into account, and question
the universality of a trivial generalization of monotonicity to multi-step methods [Hundsdorfer et al., 2003].
Finally, in Chapter 12, we start a preliminary work concerning the consistency and stability of the boundary
conditions for lattice Boltzmann methods. In particular, we focus on two one-dimensional schemes—namely D;Q,
and D;Qs;—which can be written, even at the boundary for the boundary conditions at hand, as Finite Difference
schemes. This allows an analysis of consistency by Taylor expansions and of stability by following [Gustafsson
et al,, 1972]. We also propose a formal procedure for consistency analysis based on Maxwell iteration [Yong et al.,
2016], which gives the same results as the passage through the Finite Difference scheme. However, the approach via
the elimination of conserved moments remains highly limited—when boundary conditions are imposed—because
in this case we lack a general algebraic result playing the same role as the Cayley-Hamilton theorem in the case of
an unbounded domain/periodic conditions. This can be seen, even on the simplest schemes, from the difficulties

in eliminating non-conserved moments for general boundary conditions.
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CHAPTER 1

LATTICE BOLTZMANN METHODS

The aim of Chapter 1 is to provide a brief historical introduction as well as the fundamental notations concerning

lattice Boltzmann schemes. These shall be used throughout the entire manuscript.

1.1 BRIEF HISTORICAL INTRODUCTION

Lattice gas automata are the ancestors of the lattice Boltzmann schemes and have been used since the seventies
to study fluid flows. The automaton proposed by [Hardy et al., 1973] is based on a two-dimensional Cartesian
lattice where each site can be occupied by four populations of particles with corresponding velocity along the
Cartesian axes. At each node of the lattice, the presence/absence of a particle is represented by a binary variable.
At each iteration in the “life” of the automaton, particles move according to their velocity and collision rules are
proposed in the case where two particles collide head-on. Another model, based on hexagonal lattices, has been
later proposed by [Frisch et al., 1986] and features non-deterministic collision rules. An important drawback of
these automata in the simulation of equations such as the Navier-Stokes system is that macroscopic quantities are
retrieved by spatial average and are thus subjected to a strong statistical noise. Moreover, these models introduce

non-Galilean terms in the Navier-Stokes equations.

The birth of the actual lattice Boltzmann method [McNamara and Zanetti, 1988, Higuera and Jiménez, 1989,
Higuera et al., 1989] dates back to the substitution of Boolean variables—used to indicate the presence/absence of a
particle with given discrete velocity at a site of the lattice—with distribution densities. These distribution densities
are interpreted—in a manner germane to statistical physics—as probability densities relative to the presence of
particles at a given discrete velocities in the neighborhood of a site. At each time step of the method, particles
undergo a collision phase which is encoded in terms of distribution functions, followed by a free stream phase
according to their velocity. The collision operators are always linearized around equilibria and first feature a
unique relaxation time (BGK approximation) [Qian et al., 1992]. However, the introduction of multiple relaxation
times (MRT) has been rapidly proposed [D’Humieres, 1992]. A simple way of dealing with several relaxation
parameters is to introduce a change of basis on the distribution functions, yielding the so-called “moments”, and
rewrite the collision as a diagonal relaxation of the moments, each one with its relaxation time, towards their

respective equilibrium.

In this work, lattice Boltzmann methods (sometimes abridged by “LBM”) are seen as a class of numerical
schemes used to solve numerous problems in applied mathematics and fluid mechanics, coming under the form of
N € N* conservation laws. These methods are applied to uniform Cartesian time-space lattices. As any numerical
method for time-space equations, they rely on a particular link between the temporal and the spatial discretiza-
tions. Moreover, they stem from a finite family of discrete velocities, a local collision phase, and a linear stream
phase. We introduce lattice Boltzmann methods phenomenologically as given numerical algorithms. The schemes

that we consider in our work fall within the class of MRT schemes [D’Humiéres, 1992].
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Figure 1.1: Examples of common sets of discrete velocities.

1.2 TIME AND SPACE DISCRETIZATION

We consider the problem to be set on Ry x R where the dimension of the space is d = 1,2, 3. For the moment, we

do not deal with any boundary condition.

+ Time is uniformly discretized with step At > 0, thus considering a lattice A¢N.
« Space is uniformly discretized with step Ax > 0, thus considering a lattice AxZ<.
The so-called “lattice velocity” A > 0 is defined by

AXx
At

)

and has the dimension of a velocity. It represents the speed of propagation of information on the discrete lattice.
When the lattices are refined to analyze the convergence regime, time At and space Ax steps need to be linked
through a specific scaling At = A(Ax) where limg_g A(§) =0 and A > 0. Literature features two main scalings,

which are

« the “acoustic” scaling [Dubois, 2008, Graille, 2014, Caetano et al., 2023, Dubois, 2022], where A({) o &,
hence A remains fixed as Ax — 0. This means that even when reducing Ax, the speed of propagation of
information—i.e. A—remains finite.

« the “diffusive” scaling [Junk and Yang, 2015, Zhao and Yong, 2017, Zhang et al., 2019], where A() o &2

1

hence A x Ax™" as Ax — 0. This means that when reducing Ax, the speed of propagation of information—

i.e. A—becomes infinite.

The behavior of the scheme and the approximated equations are different according to the choice of scaling A,
which is not harmless as for Finite Difference schemes, see [Allaire, 2007, Remark 2.3.3]. Even if the acoustic
scaling shall be used in most of the manuscript, we sometimes consider the diffusive scaling. This shall be indicated

explicitly.

1.3 DISCRETE VELOCITIES AND PARTICLE DISTRIBUTION FUNCTIONS

As previously claimed, one important choice to be made when proposing a lattice Boltzmann scheme is the choice
of the set of g € N* discrete velocities. We shall indicate them by (&) jelLg] © R, These discrete velocities are
integer multiple of the lattice velocity A, thus for every j € [1, g], there exists ¢; € 7% such that & j = Acj. This
guarantees—as we shall see—that the “virtual particles” are stuck to dwell on the lattice AxZ¢ at each time-step of
the method. We observe that the family of discrete velocities is generally taken to be symmetric, in the sense that
for each discrete velocity, its opposite is also considered. This is dictated by isotropy arguments and is beneficial
when imposing boundary conditions but is not strictly needed. We denote the distribution density of particles
moving at velocity &; by f; = f;(z,x) for (¢,x) € AN x AxZ for every j € [1,4]. It is customary to call the
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schemes D4Q,, because they are set on a d-dimensional lattice and because they employ ¢ discrete velocities.

Figure 1.1 provides examples of sets of discrete velocities that we will consider.

1.4 NUMERICAL ALGORITHM: COLLIDE AND STREAM

As previously mentioned, any lattice Boltzmann scheme consists in a kinetic algorithm made up of two phases: a
local collision phase performed on each site of the lattice AxZ¢ and a stream phase where particles are exchanged
between different sites of the lattice. The solution undergoes these two phases to evolve from t € AtNto t+ At €
AtN.

1.4.1 COLLISION

The collision phase is a linear relaxation local to each site of the lattice. In the formalism by [D’Humiéres, 1992],
instead of writing it on f = (f},...,f,)", this phase is diagonalized using a change of basis called moment matrix
M € GL4(R). In this way, the collision is written on the moments m obtained by m = Mf. It reads

m*(t,x) = (I - S)m(t, x) + SmY(m; (£, x),...,my(Z, %)), xeAx7. (1.1)

We shall soon see why the first N moments, forming the variables of interest, are called “conserved moments”. We
list them before the non-conserved ones for the sake of notation. In what follows, the % indicates any post-collision

state (i.e. f* = M~'m* at each grid point). Let us introduce each term in (1.1).

+ The matrix I € GL4(R) is the identity matrix of size g.

+ The matrix § € M4(R) is the “relaxation matrix” containing the relaxation parameters, under the form
8 =diag(s1,..., SNy SN+1,---)Sq), (1.2)

where the relaxation parameters for the conserved moments s; € R for i € [1, N] and the ones relative to
the non-conserved moments s; €]0,2] for i € [N +1,q] are taken between zero and two [Higuera et al.,

1989, Benzi et al., 1992, Dubois, 2008] for reasons linked with stability.

« The moments at equilibrium m®d: RN — RY are possibly non-linear functions of the N conserved moments.
In order to guarantee that the first N moments are conserved through the collision phase, irrespective of

the values of sy,..., sy, the constraints
m?q(ml,...,mN):m,-, vie[1,N], (1.3)

must hold [Bouchut et al.,, 2000], hence guaranteeing m* = m; at any lattice point. Although it is often
customary [Février, 2014, Chapter 1] to consider sj,...,sy = 0 to show which moments are conserved at
a glance, having rank(S) = g — N, this is not compulsory and shall sometimes be avoided for the sake of

simplifying the discussion, cf. Chapter 8.
1.4.2 STREAM

Once the collision phase has been done, it is time to perform the stream/transport phase according to the choice
of discrete velocities at hand. This phase is non-local but linear and corresponds to a shift of the data along
the characteristics of each velocity field. Since the discrete velocities are multiple of the lattice velocity A, any
consistent discretization of the transport equation at these velocities ends up to be exact and given by the upwind
formulee

fi(t+ALx) =7 (1,x-&A0 =7 (1,x—¢jAx),  xeAxZ?, (14)

for j € [1,4]. Observe that information needed by (1.4) belongs to the lattice AxZ4 thanks to the fact that the

discrete velocities are multiple of the lattice velocity A.
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1.5 EXAMPLES

To make everything more concrete, we present some examples of lattice Boltzmann schemes that will be used in

the sequel.

151 D1Q,

The so-called D;Q, [Dellacherie, 2014, Graille, 2014] is probably the simplest lattice Boltzmann scheme. It is

obtained for d =1 taking two discrete velocities, thus g =2 and ¢; = 1 and ¢, = —1. The usual moment matrix is
1 1 o . . I 1
M= , or its dimensionless version M = .
A=A 1 -1

Usually, the dimensional matrix M is considered, especially under acoustic scaling. In the sequel of the work,
when we want to write the scheme to compare its behavior both under acoustic and diffusive scaling, we shall
use the dimensionless version. The reason is that under diffusive scaling, the entries of the dimensional matrix
M have different trends with respect to Ax, in particular M;;, M2 = O(1) and My, Moy = O(1/AX), whereas we

would like to have any entry fixed as Ax — 0.

Remark 1.5.1 (Dimensionless matrices). From now on, when we talk about dimensionless moment matrix, this

corresponds to take the dimensional moment matrix (where terms in 1) and set all A = 1.

Due to the limited number of degrees of freedom, the D;Q, scheme can be employed only with one conserved

4 correctly, to approximate the

moment N = 1. This allows to use this scheme, upon choosing the equilibrium mg
solution of a scalar conservation law (advection equation, Burgers equation, etc.) [Graille, 2014] under acoustic

scaling.

15.2 D1Qs

This scheme [Février, 2014, Dubois et al., 2020a] features d = 1 taking one additional zero velocity compared to
the D1Q, scheme. We consider three discrete velocities ¢ =3 and ¢; =0, ¢, =1 and c3 = —1. Several choices for

the moment matrix M can be considered. The first one is is

1 1 1
M=|0 A -A|. (15)
0 A% A%
Another possible moment matrix is
1 1 1
M=| 0o A -a|, (1.6)
S E

where rows are orthogonal with respect to the Euclidian scalar product of R®. Now that the scheme has a larger
number of degrees of freedom compared to the D;Q,, it can be used with one N =1 conserved moment to
approximate—under acoustic scaling—the solution of a scalar conservation law or with two N = 2 conserved

moments to handle—again under acoustic scaling—the solution of a wave equation or the shallow-water system.

153 D2Q,

Considering a two-dimensional setting, the D2Q, [Mohamad and Kuzmin, 2012, Février, 2014] is the simplest

scheme with symmetric discrete velocities. It is found considering g =4 and the discrete velocities

a=0,0% ©=0D, =105 ¢=0-D
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along with the moment matrix

AZ _AZ AZ _AZ

The scheme is usually employed with N = 1 conserved moment to approximate—under acoustic scaling—the
solution of a two-dimensional scalar conservation law. Another possibility [Février, 2014, Chapter 1] is to consider

discrete velocities which are not parallel to the axes but rather along the diagonals
=01, =L, ea=-L-DY  a=0,-1

yielding the so-called “twisted” scheme.

154 D2Qq

This is probably the most well-known two-dimensional d = 2 lattice Boltzmann scheme, at the point that some-
times the term “lattice Boltzmann scheme” is taken as a synonym of D2Qq. The scheme [Qian et al., 1992] comes

with g =9 and discrete velocities

¢ =(0,0)",
=0,05 =00 a=-L0% ¢=0-Df
=01,  o=-1,DY  g=(-1,-1DY) c=01,-D.

A vast variety [Février, 2014] of moment matrices M exists. We are not going to discuss the role of the different

choices for M and we shall stick with the one proposed by [Lallemand and Luo, 2000]:

1 1 1 1 1 1 1 1
0 A 0 -A 0 A -2 -2 A
0 0 A 0 -1 A A - -1

—4A% =A% =A% A2 =A% 2227 222 22% 222
M=| 0 -2A* o 273 0 p R R E
0 0 223 0 223 A% A3 a3 -8
40t —2A% —2A% —22% —22% At At At A
0 R E D L L | 0 0 0
0 0 0 0 0 A2 -2% A% A%

This scheme can be used with N =1 and ad hoc equilibria to simulate the advection-diffusion equation [Zhang
et al., 2019] and with N = 3 to simulate the incompressible Navier-Stokes equations [Lallemand and Luo, 2000,

Geier et al., 2006].

1.6 PARAMETERS TUNING IN THE LATTICE BOLTZMANN SCHEMES

We have presented lattice Boltzmann as a sort of “recipe” with a certain number of “ingredients”, without detail-
ing how to select them according to the problem to solve. In particular, the choice of scaling A, discrete velocities
(cj) je[La]’ moment matrix M, relaxation parameters Sy+1,...,S¢+1 and equilibria m®? influences what are the
PDEs which solution is approximated by the lattice Boltzmann scheme at hand. This topic is covered by the consis-
tency analyses proposed for the lattice Boltzmann schemes, see Chapter 8. Moreover, these choices—for numerous
free leverages are present—influence the stability of the lattice Boltzmann methods, ¢f. Chapter 9 and Chapter 11,
and must be tuned so that the discrete solution does not “explode” in time. Moreover, since any lattice Boltzmann
scheme involves more unknowns g than those of the PDEs to solve N, these schemes feature a certain degree of

arbitrariness especially as far as the initialization of the last ¢ — N non-conserved moments mp1(0,-),..., m4(0,-)
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is concerned, or more generally, for the initialization of the g distribution functions f; (0,),.. .,fq(O, -). This topic
is treated in Chapter 10. Finally, practical computations must take place on a bounded subset of AxZ%, due to the
finite size of the computer memory. This generates a lack of information when trying to implement the stream
phase (1.4) at the boundary of the computational domain. Therefore, there is a need to replace this lacking pieces
of information with something known, which boils down to enforce essentially numerical boundary conditions.
Besides, these numerical boundary conditions on the distribution functions have to be used to enforce the physical
boundary conditions pertaining to the continuous system to approximate, which are generally expressed on the N
conserved moments. This gap between numerical and physical boundary conditions constitute a stumbling block.

A preliminary study on this topic is presented in Chapter 12.

1.7 OUR STANDPOINT ON LATTICE BOLTZMANN METHODS

In this Chapter 1 and practically in the whole work, we have introduced lattice Boltzmann schemes from an
algorithmic standpoint, without trying to derive them [Kriiger et al., 2017, Chapter 1 and 3] from the continuous-
velocity Boltzmann equation. The reason is that—since the number of discrete velocities is small and kept fixed—
the link with the original continuous-velocity Boltzmann equation is very weak. Indeed, lattice Boltzmann meth-
ods are not discretizations of the continuous-velocity Boltzmann equation. They can still be recovered as dis-
cretizations of a finite-velocities Boltzmann equation, see [Dellar, 2013a]. Still, as for relaxation [Brenier, 1984,
Bouchut, 2004] and kinetic [Aregba-Driollet and Natalini, 2000] schemes, based on the so-called “relaxation sys-
tems” [Jin and Xin, 1995] (which are indeed discrete-velocities Boltzmann equations if written in the right basis)
associated with the system of N conservation law to address, we interpret the extension of the state space more as
a way of devising an efficient numerical scheme for the conservation laws than a way of approximating the solu-
tion of the “relaxation system”. Our approach to the numerical analysis of lattice Boltzmann schemes is uniquely
based on the algorithmic description of the methods, without seeing them as peculiar discretizations of an ex-
tended relaxation system. This is done—partly—to avoid the difficulties associated with the obligation to link
the relaxation time (often denoted € or 7) with the discretization parameter At and the relaxation parameters
SN+1,.--,Sq, and with the fact that lattice Boltzmann scheme need to split the collision and transport phase of the
finite-velocities Boltzmann equation. This is a choice specific to our work and secures general results on lattice
Boltzmann schemes. Still, we do believe that the point of view featuring finite-velocities Boltzmann equations

could be equally valuable, in the future, to elucidate the behavior of lattice Boltzmann methods.
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GENERAL INTRODUCTION

Lattice Boltzmann methods are widespread numerical methods to take a large number of physical phenomena
into account, which can feature a broad spectrum of spatial scales and behavior. However, they suffer from the
fact that they have originally been designed to work on uniform Cartesian grids, thus lacking flexibility from the
geometrical standpoint. Furthermore, they can be particularly demanding in terms of memory occupation, be-
cause the number of discrete velocities—and thus of variables to store—can grow steadfastly, especially when two
and three-dimensional problems are considered and more complex physics are taken into account. This calls for
strategies allowing to reduce the cost of lattice Boltzmann methods, in particular as far as the storage perspective

is concerned, while preserving the quality of the numerical solution and computational efficiency.

AIM AND STRUCTURE OF PART I

In order to provide an answer to these issues, the aim of Part I is to propose and study—on the one hand—a mesh
adaptation strategy, capable of reducing the memory footprint of numerical methods and—on the other hand—
adaptive lattice Boltzmann methods to be used on these meshes. The constraints that we impose on our way of
proceeding, the mesh adaptation strategy and the way of adapting lattice Boltzmann schemes, as well as several
numerical assessments are given in Chapter 2. We conduct a thorough investigation of the method and show that
our approach fully complies with the constraints. Then, the numerical strategy we have proposed is investigated
with additional detail in Chapter 3, to highlight that it allows to produce adaptive schemes that behave as much
as possible as the original lattice Boltzmann scheme. Moreover, our strategy allows us to cure certain issues that
typically affect lattice Boltzmann schemes on adaptive grids. Finally, in Chapter 4, we adapt the analysis that has

been used to study adaptive lattice Boltzmann scheme to tackle adaptive Finite Volume schemes as well.

PUBLISHED WORKS

The topics covered in Part I have led to the following publications in peer-reviewed journals.

« [Bellotti et al., 2022d] Bellotti, T., Gouarin, L., Graille, B., and Massot, M. (2022d). Multiresolution-based mesh
adaptation and error control for lattice Boltzmann methods with applications to hyperbolic conservation
laws. SIAM Journal on Scientific Computing, 44(4):A2599—-A2627.

This covers the one-dimensional case d =1 for the content of Chapter 2.

« [Bellotti et al., 2022c] Bellotti, T., Gouarin, L., Graille, B., and Massot, M. (2022c). Multidimensional fully
adaptive lattice Boltzmann methods with error control based on multiresolution analysis. Journal of Com-
putational Physics, 471:111670.

This covers the two/three-dimensional case d = 2,3 for the content of Chapter 2.

« [Bellotti et al., 2022b] Bellotti, T., Gouarin, L., Graille, B., and Massot, M. (2022b). High accuracy analysis
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CHAPTER 2

DYNAMIC GRID ADAPTATION BY MULTIRESOLUTION AND

ADAPTIVE LATTICE BOLTZMANN METHODS

GENERAL CONTEXT AND MOTIVATION

Steep fronts and shocks are omnipresent in natural phenomena across different disciplines: fluid mechanics, com-
bustion, atmospheric sciences, plasma physics, or biomedical engineering; see [Dumont et al., 2013, Descombes
et al., 2014, Duarte et al., 2015, Lecointre, 2022] and references therein. These systems are frequently modeled
through very diverse Partial Differential Equations (PDEs), ranging from hyperbolic systems of conservation laws
to hyperbolic-parabolic or parabolic systems. The solutions of these PDEs feature small areas where all the varia-
tion of the solution is concentrated—such as shocks—and a vast remaining part of the domain where the solution
varies smoothly or remains almost constant in large plateaux. An effective way of reducing the overall cost of
a numerical solver for PDEs consists in devising a strategy to dynamically adapt the spatial discretization to the
solution as time advances. This allows to perform fewer operations and limit the memory footprint of the method,
while preserving a proper resolution. This comes from the fact that in the areas where the solution varies gently,
one can sample the solution coarsely without giving up on the overall quality and accuracy. The discretization of
the PDEs can be conducted by relying on several methods. In this thesis, we focus on lattice Boltzmann schemes,
a class of widespread numerical methods, first introduced by [McNamara and Zanetti, 1988], see Chapter 1. We

aim at defining a numerical strategy which encompasses a very large class of lattice Boltzmann methods.

STATE OF THE ART

MESH ADAPTATION

Once a numerical method for the given PDEs is chosen, there exist several strategies for mesh adaptation, both
in terms of underlying data structure and refinement strategies. Such strategies can make a crucial difference
in terms of time-to-solution and allow scientists to strongly reduce computational cost or reach the solution of
large three-dimensional problems on standard machines. In terms of data structure, one can choose either patch-
based/block-based [Ray et al., 2007, Narechania et al., 2017] refinement and cell-based/multiresolution [Burstedde
etal., 2011, Cohen et al., 2003]. The first kind is generally easier to parallelize, while the second one is more optimal
in terms of compression rate. Beyond such choice, adapting the mesh relies on specific refinement/coarsening
criteria. There are several possibilities such as feature-based [Guittet et al., 2015], discretization errors [Naddei
et al., 2019], as well as a posteriori estimates [Wu et al., 1990, Alauzet et al., 2003], Richardson error evaluation
[Berger and Oliger, 1984], goal-oriented criteria relying on adjoint evaluation [Narechania et al., 2017], or even
optimal sparse sensing [Foti et al., 2020], to cite a few. Since our purpose is to tackle unsteady problems with
dynamically evolving meshes and to obtain error control, we focus on the so-called multiresolution approach.
With multiresolution analysis—stemming from the pioneer works of [Daubechies, 1988, Mallat, 1989, Cohen et al.,

1992]—the discrete solution is decomposed on a local wavelet basis and the corresponding coefficients provide a
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precise measure of the local smoothness of the solution, thus supplying essential information on the necessity of
refining or coarsening the mesh. The possibility of applying this mechanism to reduce the computational cost of
a numerical method has been later studied [Harten, 1994, Harten, 1995, Bihari and Harten, 1997] in the context of
Finite Volume methods for conservation laws. The principle is to employ multiresolution to reduce the number
of computations during the evaluation of the fluxes at the interfaces of each cell, claiming that they constitute
the majority of the computational cost. However, this approach still computes the solution on the full uniform
mesh. The possibilities offered by multiresolution have been further exploited by [Cohen et al., 2003], who have
developed fully adaptive schemes with solutions updated only on the reduced grid. Thus, multiresolution is not
only a way of computing a large number of fluxes more cheaply but also a manner to compute fewer of them. Both
these strategies ensure better time-performances than traditional approaches on uniform grids and precise control
on the perturbation error, unlike most of the adaptive mesh refinement (AMR) techniques. This strategy has been
lately used to tackle various kinds of problems with Finite Volume schemes. We mention parabolic conservation
laws by [Roussel et al., 2003], the compressible Navier-Stokes equations in [Bramkamp et al., 2004], the shallow
water equations by [Lamby et al., 2005], multicomponent flows in [Coquel et al., 2006], degenerate parabolic
equations by [Biirger et al.,, 2008], and finally the Euler system with a local time-stepping technique again by
[Coquel et al., 2010]. Furthermore, this technique has been included in later works to address more complex
problems, such as flames [Roussel and Schneider, 2005, Duarte et al., 2013, Descombes et al., 2014, Lecointre,
2022], or by coupling it with other numerical strategies. For this latter use, we mention the works of [Duarte
et al., 2012, Dumont et al., 2013, Duarte et al., 2015] and [N’Guessan et al., 2021]. Interestingly, even if comparisons
are a difficult task and the results should be interpreted with circumspection, the technique has been compared
with the AMR [Deiterding et al., 2016], yielding better compression rates. Though a whole body of literature
exists about pointwise multiresolution [Harten, 1993, Chiavassa and Donat, 2001, Forster, 2016, Soni et al., 2017],
we decided to focus on volumetric standpoint for multiresolution, because it yields straightforwardly conservative

methods.

ADAPTIVE LATTICE BOLTZMANN METHODS

Lattice Boltzmann strategies on adapted grids have been essentially developed on fixed grids which do not evolve in
time, in the spirit of [Filippova and Hinel, 1998], see [Lin and Lai, 2000, Kandhai et al., 2000, Yu et al., 2002, Dupuis
and Chopard, 2003], where more refined patches are placed according to an a priori knowledge of the flow. Such
fixed refinement zones yield difficulties in aeroacoustics resolution, related to the artificial transmission impedance
of the refinement interface [Gendre et al,, 2017, Feng et al., 2020, Horstmann, 2018], which generate spurious
reflected waves. Another strategy is to use an AMR approach with some heuristics to determine the need for
refinement in certain areas. In this class, we find the works of [Crouse et al., 2003], using the weighted magnitude
of the divergence of the velocity field as regularity indicator; [Eitel-Amor et al., 2013], employing a weighted
vorticity and the energy difference with respect to a free flow solution; [Fakhari and Lee, 2014, Fakhari and Lee,
2015], considering the magnitude of the vorticity and its derivative; [Fakhari et al., 2016] using the norm of the
gradient of the phase-field. Finally, [Feldhusen et al., 2016] use the magnitude of the gradient for the conserved
moments as a refinement criterion. These approaches are highly problem-dependent due to the need to devise
criteria adapted to the problem at hand and cannot guarantee control on the perturbation error. Due to the special
relation between space and time discretization on the uniform lattice, one should pay special attention to the way
of performing the time advancement. On this concern—besides the way of constructing the mesh—we can identify

two main trends:

+ Methods using local time steps for each level of refinement, thus needing spatial/temporal interpolations and
modifications of the collision phase. We can cite those acting on fixed grids [Filippova and Hénel, 1998, Lin
and Lai, 2000, Kandhai et al., 2000, Dupuis and Chopard, 2003, Rohde et al., 2006] with nested patches and
[Yu et al., 2002] with patches communicating only through edges. [Rohde et al., 2006] have employed the
previous approach utilizing volumes to enforce conservation: this is a feature that we retain in our work.
The same time stepping approach has been combined with AMR in [Crouse et al., 2003], [Eitel-Amor et al.,

2013], and [Feldhusen et al., 2016]. The advantage of this procedure is that it minimizes the number of
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time steps but the shortcomings are the need of an adaptation of the collision phase, with possibly singular
parameters, and the need of interpolation which calls for massive storage of the solution at the previous
time steps.

« Methods using a global time step given by the finest space step and no need to adapt the collision. This is
the strategy we shall employ in the work. We can cite [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari
et al., 2016]. In these contributions, the authors have utilized a Lax-Wendroff scheme for the stream phase
where the adaptation to the local level of refinement is done by modifying the local CFL number. The
collision remains untouched and performed locally. This method is simpler to implement, more flexible,
and needs less storage than a local time step approach. Still, this approach is used together with heuristic

refinement criteria which cannot ensure error control on the numerical solution.

AIMS AND STRUCTURE OF CHAPTER 2

The aim of Chapter 2 is to adopt a dynamic mesh adaptation strategy—in particular, multiresolution—and propose
a way of reshaping general lattice Boltzmann schemes to be used in this context. The proposed strategy should
fulfill the following requirements.

« It must ensure error control with respect to the original lattice Boltzmann scheme, since real applications

call for some guarantee on the effect of considering mesh adaptation.

« It must be dynamic in time, because we are interested in problems with shocks, which move as time advances
and should therefore be followed by the spatial discretization.

« It has to reduce memory occupation, knowing that lattice Boltzmann methods can be quite expensive from

the memory point of view, because of the large number g of discrete velocities.

« It has to be independent of the particular problem and scheme at hand. Indeed, lattice Boltzmann schemes
are used in very different contexts. The strategy must be capable of dealing with any multiple-relaxation-
times lattice Boltzmann method.

To pursue these ends, Chapter 2 is structured as follows. In Section 2.1, we introduce multiresolution from a
theoretical perspective, to understand its basic principles and interests, which go beyond the issues analyzed in this
thesis. A preliminary step to employ lattice Boltzmann schemes when adapting meshes with a volumetric point
of view is to recast them under a different form, as shown in Section 2.2. On this occasion, we detail the choice
of space and time discretizations. Section 2.3 shows how the numerical mesh is coarsened—that is—how cells are
eliminated, using multiresolution. This ensures to be able to control the error coming from compressing the mesh
by discarding cells. Still, the number of cells in the mesh cannot steadily decrease in time and the possibility of
refining has to be taken into account, see Section 2.4. Indeed, this allows to correctly anticipate the singularity
formation as well as the propagation of information in the numerical solution. Once the mesh adaptation strategy
has been fully detailed, we derive lattice Boltzmann schemes to be used on these moving grids, see Section 2.5. The
overall procedure ensures error control—cf. Section 2.6—between the solution of the original lattice Boltzmann and
its adaptive “alter ego”. Before testing the proposed strategy, in Section 2.7, we discuss how boundary conditions
are taken into account. We finish with a broad number of numerical tests presented in Section 2.8 and we conclude

in Section 2.9.
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2.1 THEORETICAL FRAMEWORK FOR MULTIRESOLUTION

Let us start by presenting the basic ideas behind multiresolution, which are deeply rooted in the wavelet theory.

2.1.1 A SIMPLE EXAMPLE: THE HAAR WAVELET TRANSFORM
Consider a one dimensional domain Q = [0, 1] paved with cells
Cre=2""k2""(k+1],

for ¢ = ¢ different levels of resolution and an admissible range of indices k € [0, N;[, where N := 2/ is the number
of cells for each level of resolution. Here, £ € N is the coarsest level of resolution. For this theoretical presentation,
consider a function f € L?([0, 1]), where (L?([0, 1), (-, ) 12((0,1)) is a Hilbert space if endowed with its standard scalar

product. Consider a piecewise constant approximation of the function f over the partition at order ¢, which reads

Ny-1
Polf10:= Y. (£,2°%1¢, Doy 22 1c, ().
k=0 .

::a;;[f]

Observe that Py[f] is nothing but the orthogonal projection of f onto the space V; of square integrable piecewise
constant functions over the cells Cy ;. Thanks to the dyadic structure of the cells and their interlocking across

levels, one can observe that the spaces are embedded in the sense that

VeGVen G SVeSVen G, (21)
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with this property being crucial for the following multiresolution analysis. So far, we have not emphasized the fact
that we have indeed implicitly selecting a bases for each space Vy, made up of normalized translated box functions

¢Po i given by
e =2"%1c,, =2%p" -~ h),

where ¢ = 11| is classically called the “scaling function” or the “box function”. These functions make up an or-
thonormal basis for the space V; because (¢¢ k., Pe,1n)12(0,1)) = Okn- We also introduce the so-called “approximation
coefficient” ¢z k[f1:= (f, Pe,0) 1201y =2 /2 ar [ f] at the scale 27¢ for the position 27 k. It can be proved that

U Ve = L2(0,1D), (2.2)
=14

where the closure is taken with respect to the norm induced by the scalar product of L2([0,1]). Furthermore, this
property implies that
lim || f=Pelfllz2go1) =0, (23)
{—+o00

using the projection theorem on a closed subset of a Hilbert space together with the density property (2.2). More
generally, assuming that f € LP([0,1]) for 1 < p < oo allows to deduce [Duarte, 2011, Chapter 3] that limy_. .|l f —
Po[f1llLro,17) = 0. Also, by virtue of the Heine-Cantor theorem, if f € C°([0,1]), thenlimy_ o | f=P[f1ll 1o(10,1)) =
0 as well. These are all nice property of convergence of the projections over spaces of piecewise constant functions,

but we still have to introduce the core of multiresolution analysis.

Using the nesting (2.1) and the (2.3), one comes to the telescopic expression

+00
F=Polf1+ Y. Pralf1—PelfD, (2.4)
= —
=L =:Q¢[/f]

where the equality holds in the sense of L?([0,1]). This is a multi-scale representation of the function f and
involves the functions which are the “details” Qy[f] of f at resolution 27, Intuitively, one can decompose f as
the sum of its projection over the coarsest level £ (i.e. over Vy) plus the details for each level £ > £. It can be easily

seen by splitting the associated integral that we have

1
ai,k[f] = E(“[H,Zk[f] + a[+1,2k+1[f])-

Therefore, in order to reconstruct Py, [f] from the knowledge of Py[f], the function Q[f] has to oscillate within
each cell Cy k. This suggests to introduce—besides the box function ¢—an oscillatory profile ¥ = Tjo,1/2{ — /2,11,
called “Haar wavelet” which shall be used as a basis to represent the details Q,[f]. Remark that the following
relations hold

Y(x) =¢p2x)-¢p2x-1), ¢(x) =p2x) +Pp(2x—-1), (2.5)

which also imply, by summation and subtraction
1 1
P2x) = §(¢>(x) +y(x), ¢p@2x—-1) = 5((/)(16) -y (x).

Analogously to the box function ¢, we introduce the normalized translated Haar wavelet given by v . := 2°/2y (2¢-

—k) so that it can be easily seen that
Ny-1
Qelf1= ). (Fwedizqonn Vek (2.6)
k:() ——
=:dy [ f]

where dy i[f] is the wavelet coefficient at the scale 27¢ at position 274k, Using the definition of the detail
Q¢[f], one can easily see that the functions Q[f] and P[f] are orthogonal for the L2([0,1]) scalar product:
(Qelf1, PelfD2(0,1)) = 0, which shows that Q,[f] is the orthogonal projection over the space W, which is the
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orthogonal complement of V, and moreover that the next space V4, is given by
Vo1 =V @J‘ Wy =Vy_; €BJ' We_y €BJ' Wp=... (2.7)

As a consequence, letting £ — +oo and selecting the minimum level £ = 0, one can show that {<p}u{wyk}[20‘keﬂo,mﬂ

is an orthonormal basis of L2([0, 1]) called the “Haar system”. One can easily prove the two-scale relations

1 1
Cos12klf1= E(C[,k[f] +dg k[fD), Cos12k+1[f1= E(Cl,k[f] —dprlfD,
1 1
coxlfl= ﬁ(céﬂ,zk[f] +cov1,2k1LfD), dorlfl) = E(C€+l,2k[f] = Ce1,2k+1 LDy

meaning that to recover the approximation at a finer level ¢ + 1, one needs both of the decompositions on the basis
generated by ¢ and v at level ¢. Quite the opposite, to pass from a finer level £ +1 to a coarser level ¢, only the

decomposition on ¢ is necessary. This gives that
Ny N,
Praalf1= ) coxlflpex+ ) derlflwe.
k=0 k=0

In fine, given a level £ = £, then we have the identity

N; Ny ?-1Np-1

Pylf1= ) 5 [f1g = D e L1+ Y Y deilflwe
k=0 k=0 (=0 k=0
— -
on “canonical basis” on wavget basis

where we can see the projection at level ¢ either on the canonical basis or on the wavelet basis. Therefore, there is
an isomorphism—called “fast wavelet transform”—between the coefficients (c?, il IDie [o,N5] O1 the canonical basis
and the ones (cék[f])k€ [o,N,[ plus (dka[f])ée[[g,?[[,ke[[o,Ng[[ on the wavelet basis.

Of course, a very similar decomposition can be proposed for the function f instead that its piecewise constant
projection at level ¢, called P7(f1. This reads, taking ¢ = 0 and the limit ¢ — +00, by the convergence of the
orthogonal projection in the L2([0,1]) space

+00 +oo Np—1

F=Polf1+ Y. Qelfl= Y., Y deilflyer=:4dlf]-y,
/=0 (=-1 k=0

merging (2.4) and (2.6) and using ¥_; = ¢ox. The wavelet transform is indeed an isometry because of the

Parseval’s identity

||f||L2([0,1]) = ||d[f] ll2,

thanks to the fact that L2([0, 1]) is a separable Hilbert space—thus isometrically isomorphic to #>—endowed with
an orthonormal basis. From this identity, we see that if we neglect small details, then the norm of the function
shall also be modified by a small amount. Moreover, the details decrease in ¢ according to the local regularity of
the function f. Assume that f € Cl(C[, k), then for every x € Cy i, there exist a point X = X(x) € Cy i such that
f(x) = f'(X)(x—27“k). We then have, since Cy1 2k < Cp x

lcov1,2kf11 = U 22 f(x)dx

Cri1,2k

f 22 @ (x -2 k)dx
Co+1,2k

f (x— 2-¢ k)dx
Crt1,2k

The same inequality holds for C¢4 2x+1. Using (2.5), we gain

012 ! -34/2 !
<2°\f ||L°°(Cg+1,2k) <2 If ”L°°(C[+1,2k)'

1
\dg i [f]] = ‘E(cm%m — Co41,2k+1 [f])' S22 ) ooy -

In the manuscript, the symbol < indicates the inequality < up to a multiplicative constant with no dependence
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unless specifically stated. This means that for local C! regularity, the details decrease with the level ¢ with a
specific rate 3/2. Moreover, one can show [Cohen et al., 1992] that if f € C*¥(Cy 1), then |dy ;[f]] < 2~ (a+1/ne
Finally notice that the Haar wavelet ¥ is such that (¢, ¥ 1) 20,1} = 0 for every constant ¢ € R, which means that
is is orthogonal to constant functions.

The limitations of the Haar wavelet are that it is only first-order accurate and it can be sub-optimal in dealing
with smooth functions f, due to the fact that the size of the support of ¥ is small, indeed contained in [0, 1]. For
these reasons, two solutions can be envisioned. The first one is to use compactly supported orthonormal wavelets
of higher order, see [Daubechies, 1988, Daubechies, 1992]. The other approach is the one of the bi-orthogonal
wavelets [Cohen et al., 1992, Lemarié-Rieusset, 1996], where the standard [2 orthogonality of the basis functions

is sacrificed in favor of other properties.

2.1.2 ORTHONORMAL WAVELETS

We present the case on the whole real line R. For a bounded domain €, the presentation is a little more involved,
see [Cohen et al., 2004]. We first give the definition of multiresolution analysis on L?(R) as given in [Mallat,

1989, Daubechies, 1992, Kelly et al., 1994]: a sequence (V) gen of closed subspaces of L?(R) satisfying the nesting
WweWic--cVpcVp ..,
such that

Uv=r*®, NV,=1{0}
leN feN

is a multiresolution analysis. Moreover, we assume that the following properties hold:

« Every space V; is a scaling of the central space Vj, that is

fev, o  fefyevy,  CleN.

« Invariance of the central space V under integer translations, i.e.

feW < ft=keW, kez.

+ There exists a scaling function ¢ € Vj such that (¢ i) rez Where ¢y = 2! 2(/)(2£ -—k) is an orthonormal
basis of V. This assumption can be weakened by requesting that (¢4 ) kez is just a Riesz basis of V, that is
that there exist two constants C, C > 0 such that for every ¢ = (ct) ez € £%(Z), then

<Clicll, and span(¢p(-—k)iez = Vo.
L2(R)

Cliclz=

Y ckp(-—k)

kezZ

This implied that any function in each V, has a unique representation on the Riesz basis at hand.

With this, we associate to each space Vj its orthogonal complement Wy in the next space V., thus analogously

to (2.7), such that V1 = V; @1 W,. The generalization of (2.5) is given by

dx) =) arp2x—k),
kez

for a compactly supported (ag) gz, called “mask”. Recall that the Haar wavelet was given by the choice ag = a; = 1.
Hence, the basis of each space V, shall be given by

1
Gk =—= ) arPrii12k+r
\/z rez
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and the wavelet ¥ shall be constructed by

v =Y brpx—k),  with  br=(-D*a_;.
kez
The orthonormality comes from the constraints Y ,cz @, ar2r = 0o for k € Z. This guarantees that w,; =
20! 21;/(2[ - —k) are an orthonormal basis of the space Wy, so that, as for the Haar wavelet

+00
f= Z (f, bo,1) 12w Po,k + Z Z (f,WZ,k)LZ(R)Wl,k-

kezZ (=0kezZ

The wavelets are generally built by imposing that a certain number of their moments M € N vanish: that is,
(fyWe k) 2@ = 0if f is a polynomial of degree at most M — 1. The constraints to ensure these vanishing moments

are

Y ar=2, Y ~D*k"ar =0, he [0, M].
keZ kezZ

The decay of the coefficients (f, ¢ )2® can be obtained with the following procedure. Using [DeVore and
Sharpley, 1984, Theorem 3.4], if f € WM'p(supp(ll/[,k)) with p € [1,00], there exists a polynomial 7 of degree at
most M —1 such that ||f—7'[||Lp(Supp(1//['k)) < |Supp(1l/[yk)|M|f|WM,p(Supp(w[yk)). Then, let 1/p+1/g=1

« The wavelet v is L9(R)-normalized, then by the Holder inequality

M
lfowedzw! =1 —myed el < If - mlr@lve o S Isupp@ e, l™ | flwms suppas, )

M
S2 |f|WM"D(SuPP(WZ,k))’

since |supp(y, )l <277

« The wavelet v is L?(R)-normalized, then by the Holder inequality applied to the functions |y, ;|9 and
Tsupp(y, ;) With exponents 2/q and its conjugate 2/(2 - g), we gain

2 1-q/2 —l(1-q/2
IIW,kIIZq(R)=fRIw,k(x)lqﬂsupp(w,k)(x)dxSIIWe,kIILz(R)ISUPP(W,k)I 92 g2t

hence ”w&k”L‘NR) 5 2—@(1/q—1/2) — 2—[(1/2—1/!))’ thus

—0(M+1/2—1/p)

(e el sIf—mlrelverlom S2 | 1w (supp(ye -

To sum up, the previous estimates indicate that the smoothness of the function f directly reverberates on the
decay of the coefficients of its wavelet decomposition. Therefore, this representation allows to test the regularity
of the encoded data. Similar estimates from and for wavelet coefficients exist for Besov spaces—see [Jaming and
Malinnikova, 2016] and references therein—which is unsurprising, for Besov spaces can be characterized using

dyadic decompositions of the frequency space in the realm of the Littlewood-Paley theory.

2.1.3 BI-ORTHOGONAL WAVELETS

We finish this theoretical introduction on bi-orthogonal wavelets, which are constructed over the pair (¢, (Z)) of

dual scaling functions which satisfy
P, PC— k) 2@ =0k,  ke€Z,
called “bi-orthogonality” which satisfy the generalization of (2.5)

dx) =) arp2x—k), dx) =) arp2x—k).

kez kez
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The wavelets are analogously defined by

vx) =Y byRx—k), @)=Y bhyx—k),
kezZ kez

where by = (~1)¥a,_ and by = (~1)¥@,_y, with the additional bi-orthogonality constraint

(Wl,k»u?r,p)[}([m = 6[r6kp-

This also reads Y. ez @r @12k = 20 ko for k € Z. In this way

Y frbe) ek

kez

is the non-orthogonal projection of f over a space V, and

Y (F e r@Wer
keZ

onto the non-orthogonal complement W, = Vp.1 N 17;. Then it is assumed that g . U (W¢ i) ren for k € Z forms a
Riesz basis of L?(R), hence also ¢ x U (¢ k) gen for k € Z has the same property. One therefore has

+00
=Y (oo zmbor+ . Y. L wed) 2ok

kez (=0kezZ
_ +o0
f=Y fidodzePor+ ). 2 (FL e r@Ver
kez (=0kez

The advantage of bi-orthogonal wavelets over orthogonal ones is that they guarantee a lot more flexibility—
meaning, they allow to span a wider range of possible constructions—still being able to have analogous decay

estimates. They also allow to construct symmetric wavelet functions.

Observe that we concentrate on wavelets sampling functions using the box function, yielding a volumetric
standpoint. This is the standard approach when employing a wavelet decomposition coupled with Finite Volume
methods and we adopt it as well in order to preserve conservation features. However, one has to be aware that
the point-wise standpoint also exists [Donoho, 1992, Harten, 1993, Chiavassa and Donat, 2001, Forster, 2016, Soni

et al., 2017], where the scaling function is indeed a Dirac mass and thus functions are sampled using point values.

2.2 LATTICE BOLTZMANN SCHEMES ON CONTROL VOLUMES

We propose a formulation of general Lattice Boltzmann schemes on control volumes, rather than points as nor-
mally considered (cf. Chapter 1). This choice is done in order to obtain methods preserving the conservation
properties of the original method on uniform lattices, even when performing mesh adaptation [Chen, 1998, Rossi
etal., 2005, Ubertini and Succi, 2005, Rohde et al., 2006]. Observe that it is most common to interpret the solutions
of a lattice Boltzmann scheme in terms of point values (¢f. Chapter 1) rather than averages on volumes [Dubois

and Lallemand, 2008, Caetano et al., 2023].

Consider to work on a bounded domain Q « R where the dimension of the space is d = 1,2, 3. For the sake of

presentation, we consider hyper-cubic domains of the form Q = [0,1]¢.

2.2.1 SPACE DISCRETIZATION: NESTED LATTICES

The spatial discretization of the domain Q is done [Harten, 1994, Milller, 2002, Cohen et al., 2003, Hovhannisyan
and Miller, 2010, Duarte, 2011] by considering a maximum (respectively, minimum) level of resolution 7eN
(respectively, £ € N) with £ = ¢ spanning from the finest to the lower resolution for the considered grid. For a

givenlevel € [[¢, Z]] we introduce its distance from the finest level ¢ indicated by A¢ := 7—2. Then, one considers
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=5

Figure 2.1: Example of nested grids for d = 2.

a hierarchy of nested univariate grids made up of cells

d
Coi:=[[ 127 ke, 27 (ko + 1)), (2.8)

a=1

for ¢ € [¢,¢] and admissible range of indices k € [0, N;[*, where N, := 2¢ indicates the number of cells allowed at
each level of resolution along each Cartesian direction. The center of a cell Cy . is given by x . := 27 (k +1/2).

These cells are nested and the union of the so-called “children” cells makes up the “parent” cell, i.e.

U Crs1,2k+6 = Cr ks where  2:=[0,1]%, (2.9)
dex

for k € [0, N,[? and ¢ € [¢, €], see also Figure 2.1. Although this nested structure can be seen in terms of trees
(binary trees for d = 1, quadtrees for d = 2 and eventually octrees for d = 3) and this point of view is widespread in
the literature [Burstedde et al., 2011], we shall not explicitly construct it in what follows to avoid their intrinsically
recursive nature, ¢f. Part 1. The edge length of each cell at level ¢ € [¢,/] is indicated by Ax, := 2~/ —so that
ICokla = 274¢ Moreover, due to its particular role (cf. Section 2.2.2), we indicate Ax = Ax? the length of the edge
at the finest level ¢.

2.2.2 TIME DISCRETIZATION: GLOBAL TIME-STEP

Having introduced a discretization of the space domain Q, we can now turn to the discretization of the time
domain. In any lattice Boltzmann scheme on a uniform lattice, the space-step Ax and time-step At are linked
through a specific scaling At = A(Ax) where limg_g A(§) =0 and A > 0, see Section 1.2. Now that several spatial
scales, spanned by ¢ € [¢,£], have been introduced, one can choose to utilize a global time-step across all grid
levels ¢ [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016], or to employ local time-steps for each
level of resolution [Filippova and Hénel, 1998, Rohde et al., 2006].

The latter strategy aims at keeping the speed of propagation of information (i.e., the ratio between local time-
step and space-step) constant throughout ¢ € [¢,¢]. Drawbacks are that this approach compels to modify the
collision phase of the method—introduced in Section 1.4.1—to recover the same numerical diffusion. Controlling
this numerical dissipation is crucial to model the fluid viscosity when using a D»Qq scheme with three conserved
moments [Lallemand and Luo, 2000] under acoustic scaling. Moreover, this approach needs to synchronize the
different levels with time interpolations and rescalings of the distribution functions.

To avoid these complications and to allow us to employ our approach regardless of the structure of the lattice
Boltzmann at hand (choice of moments, collision phase, etc.) and more importantly to secure error control, we
consider only one At = A(Ax) dictated by the finest spatial scale Ax corresponding to ¢, following [Fakhari and
Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016]. The notable advantages of this approach are that relaxation

parameters do not need to be scaled and thus one does not have to deal with singular values (unlike [Filippova and
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Hinel, 1998]) and multiple-relaxation-times are naturally handled. Furthermore, temporal interpolations across

grids are avoided and the solution at sub time-steps do not need to be stored.

2.2.3 TIME INTEGRATION

Since the numerical spatial grid is made up of volumes, we have to propose lattice Boltzmann schemes to work
on this kind of discretization. With space and time discretizations at hand, we can perform the first step to obtain
the reference (meaning at the finest level of resolution) lattice Boltzmann method on volumes.

Volumetric lattice Boltzmann schemes could be obtained [Rohde et al., 2006] by simply taking the point-wise
lattice Boltzmann scheme and apply it as if the point-wise distribution functions were averages on the correspond-
ing cell. Still, even if we do not rely much on the kinetic interpretation of lattice Boltzmann schemes—as we will
emphasize in Part [II—this can be the starting point of the derivation. Consider the discrete-velocity Boltzmann

equation [Broadwell, 1964, Platkowski and Illner, 1988, He et al., 1998] with multiple-relaxation-times
. . q . .
0[f](trx)+£j'vxf](tyx):_iji(fl_feq,l)(t)x)y je[[l»(ﬂ], (2'10)
i=1

where the matrix w € M 4(R) contains the reciprocal of the relaxation times. The discrete velocities (£ ;) jelLa] € R4
introduced in Section 1.3 can be chosen following the guidelines of [Kriiger et al., 2017, Section 3.4] Here, for the
sake of deriving a scheme, we forget about the fact that Q is bounded, hence x € R4 and k € Z4. Following [He

et al,, 1998, Dellar, 2003], we evaluate (2.10) on the characteristics of each discrete velocity and integrate in time

t+At

t+At . ; / ' '
ft ((3th+§j-fo])(S,x+Sfj)ds=—ijij; (= (s, x+ 5§ ds
i=1
= fl(t+ At x+AtE) — £ (t,x)

At 4 . ; . )
== Y wji((fP = YN+ At x+ At + (f = ) (1, %)),
i=1

for j €1, q], where the integral of the collision term is approximated using a trapezoidal rule. The method is kept
explicit by setting f/ = f/ + Az,‘/ZZ‘,?:1 a)j,-(fi — fe2%), yielding

oy oy q : .
Fla+ At x+At8) - /(6,0 = -At ) wji(f' = @x,  jellq].
i=1

We are left to rewrite the right-hand side otherwise. By construction ]" - [ =T+ At2w)(f — f¢9), hence (f —
Y = I+ At/12w)7 (f - f°9), providing

- ~ . At -1 -
f](t+At,x+AtEj)—f](t,x)=—At(w(l+?w) (f—feq))‘(t,x), jelLql. (2.11)
]
This is the semi-discretized numerical scheme. We now drop the tilde for the sake of notation.

2.2.4 SPATIAL AVERAGES

We take the average of (2.11) over any C; ;. at the finest level ¢ with k € 2%, knowing that at the very end, we look

for a scheme evolving cell averages.

; 1 ; At At -1
j Ndx — —— j - = _ feq
fla+Ax+Atg;)dx Al fl(t,x)dx = Al (w(I+ 5 w) / rF-f )(t,x)dx)]_,

d
Ax®Jex Gk Cox

with j € [1, g]. Performing a change of variable in the first integral, indicating averages with a bar and approxi-

mating the average of equilibria with the equilibria evaluated on the averages yields

—j _—j At
Fofe 1 +AD =T (0 - At(w([+ 7(»)

— _1 —_ .
T 7 (Fz0 —feq(fm(f)r---»f;j(t)))) . jelbal, (2.12)

J
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which is fully discrete in time and space, as the point-wise version of Chapter 1 was. Observe that when the
equilibria are non-linear functions of their arguments, the average of the equilibria does not equal the equilibria

computed on the averages.

2.2.5 NUMERICAL ALGORITHM: COLLIDE AND STREAM

To practically implement the scheme given by (2.12) to evolve the solution from time ¢ € AtNto t+ At € AtN, one

observes that we can separate a local collision phase and a non-local stream phase.

2.2.5.1 COLLISION

The collision phase reads
= At 1= At -1 1 _
Fr0 = (1-Ato(1+ 7w] )fﬁ(tnmw(n?w) FERD,. ).

The change of basis through the moment matrix M € GL4(R) is introduced to diagonalize Atw(I + At/2w)7},
yielding
-1 At -1 .
M Atw([—i— ?w) M =S =diag(s1,..., SN, SN+1,---) Sq)-
Moreover, one takes distributions at equilibrium that are functions only of the first N moments, being conserved,
where the moments are given by m = Mf and m®d = M f°4. This yields

m o (0) = (- S)img £ (6) + Sm (Mg 21, .. ,m?’i(t)), (2.13)

which is (1.1) applied to cell averages instead of point values.

2.2.5.2 STREAM

This is followed by the stream phase which reads
Zi i .
fZEﬂj(H-At) =750, jellq],

which again reads as (1.4) applied to cell averages instead of point values upon performing a change of indices:

= _gh* .

Rreran=F o, jelql (214)
This gives the lattice Boltzmann that we employ as “reference scheme” [Hovhannisyan and Miiller, 2010] on the
reference uniform finest grid, being the starting point to devise an adaptive scheme on moving grids. In what

follows, the operator associated with this scheme is denoted E, so that for any ¢ € AtN

_j Zj
(720 + A0 kegon g0 = B (77 epo o
jel1,q] je[1.4]

Observe that [Dubois and Lallemand, 2008] have proposed an interpretation of the point-wise lattice Boltzmann
scheme (1.1)/(1.4) in Chapter 1—and in particular its conserved moments—from the point of view of Finite Volume
schemes. This is achieved by constructing ad hoc control volumes which generally do not coincide with those—

namely (2.8)—for (2.13)/(2.14)

2.3 STATIC MESH ADAPTATION USING MULTIRESOLUTION

In Section 2.2, we have presented the volumetric lattice Boltzmann methods on a uniform grid and the framework
of nested dyadic grids, without saying how to locally adapt the latter. We here start to answer this question,

adapting grids using multiresolution applied to the numerical solution at each time step. This provides a measure of
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the local smoothness of the numerical solution, allowing to eliminate cells with error control. Since this procedure
is still static with respect to the time step ¢ € AN, we omit the time for the sake of clarity. Moreover, as long as

the index of the distribution j € [1, g] does not matter, we do not list it.

2.3.1 PRO_]ECTION AND PREDICTION OPERATORS

We define the projection and prediction operator, allowing to propagate information between different consecutive
levels of grid. These operators are respectively the equivalent of the restriction and prolongation operators in the

context of multigrid methods.

2.3.1.1 PROJECTION OPERATOR

- level ¢ +1

Y

level ¢

Figure 2.2: Illustration of the action of the projection operator in the context of d = 2. The cell average on the cell
at level ¢ is reconstructed by taking the average of the values on its four children at level £ + 1.

We start by the projection operator, which takes information at a certain level of resolution £+1 and transforms

it into information on a coarser level ¢ as illustrated in Figure 2.2.

Definition 2.3.1: Projection operator

Let ¢ € [£,¢]. The projection operator Py : R** — R taking data at level £ + 1, yielding data on level ¢ is
defined by
- - 1 -
for =Py ((friok+8)ses) = — Y fre10k46
2% §ex

for k € [0, N[

Given a cell, the projection operator is fully local and is the unique operator passing information from level
£+1 to ¢ exactly conserving the average [Cohen et al., 2003, Duarte, 2011]. This holds because it takes the average

of the values defined on children cells which are nested inside their parent, cf. (2.9).

2.3.1.2 PREDICTION OPERATOR

The prediction operator acts in the opposite direction, thus transforming information known on a coarse level
¢ to one on a finer level ¢+ 1. This is the crucial ingredient of multiresolution and it is not uniquely defined,
because there are infinite ways of reconstructing the lacking pieces of information “destroyed” by the projection
operator. In order to ensure the feasibility of the whole procedure and enforce conservation, which one expects

from a lattice Boltzmann method, some constraints [Cohen et al., 2003] have to be imposed.
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level ¢ +1

level ¢

Figure 2.3: Illustration of the action of the prediction operator in the context of d =2 for y = 1. We indicate the
absolute value of the weight for each cell in the prediction stencil. The parent cell (weight 1) is connected through
a continuous arrow, whereas neighbors along the axis (weight +1/8) with a dashed arrow and along the diagonals
(weight +1/64) with a dotted arrow.

Table 2.1: Coefficients used in the prediction operators obtained by polynomial centered reconstruction of the
datum. Taken from [Harten, 1994, (1.7a)], [Miiller, 2002, Table 2.1 and 2.2] [Duarte, 2011, Table 7.1].

Y V1 Y2 Vs Ya
o _ B _ -
1 -1/8 - - -
2 -11/64 3/128 - -
3 -201/1024 11/256 -5/1024 -
4 | —3461/16384 949/16384 —185/16384 35/32768

Definition 2.3.2: Prediction operator

Let ¢ € [¢,¢[. The prediction operator P, : R"*% — R?? taking data at level ¢, yielding guessed data on
level £ +1 (denoted by hats) is defined by

(For12646)8ex = Pa ((?/,a)aezv&k),

with k € [0, Ny [¢, fulfilling the following requirements.

« The operator is local, namely the predicted value on any cell Cy112x+5 for 6 € X depends on the
values on 1+ w cells at level ¢ in the neighborhood of the parent cell Cy k.

« The operator is consistent with the projection operator from Definition 2.3.1, namely

(PyoPa) ) =frk. (2.15)
——

The second point in Definition 2.3.2 guarantees that the up and down operations between levels conserve the
averages. For this reason, the parent cell necessarily belongs to the prediction stencil of its children (this is the 1
in 1+ w). Also observe that Definition 2.3.2 does not compel to consider linear operators, even if this is the choice
in many preceding works [Harten, 1994, Harten, 1995, Miiller, 2002, Cohen et al., 2003, Hovhannisyan and Miiller,
2010, Duarte, 2011, N'Guessan et al., 2021], to cite a few, and in this thesis. This choice has several advantages,
among which we mention the possibility of implementing the prediction operator efficiently, see Section 2.5.4.1
and [Cohen et al., 2003, Section 3.5]. Moreover, this choice shall also yield very important numerical properties

which will be thoroughly assessed in Chapter 3.

To provide these linear prediction operators, let y € N be the number of neighbors in each Cartesian direction
to be used by the prediction operator. We consider the prediction operators generated by polynomial centered
reconstructions (d = 1) and their generalizations (d > 1) by tensor product [Bihari and Harten, 1997]. This is

[Duarte, 2011, Section 7.1.2]
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« For d =1, we utilize

2 _ _ _ Y _ _
forrokes =fo+ (1D°QI(kiF), where QI(kifr):= Y voFriro—Foro), (2.16)

o=1

for § € £ =[[0,1], where the weights () ] are given on Table 2.1.

oefLy

« For d = 2, the idea is the same as for d =1 on the x and y axes plus a tensor product along the diagonals.

This gives

Frovonss =fop+ (=10 Q’f(kl;fe,(-,kz)) +(-1)% Qly(kz;fz,(kl,-)) — (~1)°1%02 Qg(k;fe), where
Y

Yi1-F ) -— 3 f f ¥
Q2 (ky f[) = Z Z WUHVJZ (f[,(k1+0'1,k2+(72) _f[,(kl—a'l,k2+0'2) - f[,(k1+0’1,k2—0’2) + f[,(kl—ﬂl,kg—ag))v (2'17)
0'12102:1

for 6 € X =[0,1]?. The way (2.17) acts is illustrated in Figure 2.3 for the important case y = 1.

« For d =3, the idea is the same as for d = 2 plus a tensor product along the three-dimensional diagonals.

frovokes =fop+ (=D Q},(kl;fl,(~,k2,k3)) +(-1)% Q}/(kz;f[,(kl,-,ks)) +(-1)% Qly(ks;fz,(kl,kz,-))
— (=12 02QY ((ky, k2); F i, k) = (D22 QY (K, k)i Fop (k) — (12203 QY (Ko, k)i Bty )
+ (=127 Q) (1, ), (2.18)

where

_ Y Y X
QUefN:=3 Y Y Vo Wo,Vo,

01210'2:10'3:1
X (ff.(k1+01,k2+U2,k3+U3) _ff,(kl—Ul,k2+Uz,k3+Us) _f[,(k1+01,k2—02,k3+<73) - f[,(k1+¢71,k2+(72,k3—03)

+ffy(k1—01yk2—02yk3+03) +f[y(k1—01yk2+02yk3—03) +f[y(k1+01,k2—02,k3—03) _ff,(k1—01,k2—02,k3—03))’

for6eX=1[0,1]°.

These operators satisfy the requirements highlighted in Definition 2.3.2, namely the locality and the consistency

with the projection operator.

Remark 2.3.1 (Maximum principle). When y > 0, these operators are not convex combinations of the data, so we
cannot expect any maximum principle on the predicted values to be preserved. This issue has been addressed in [Pan

et al., 2018], targeting specific applications in the context of Finite Volume methods.

We present the way these prediction operators are retrieved, because these procedures will be useful in Sec-
tion 2.5.3 and Chapter 3. As previously pointed out, the derivation starts from d = 1. Let £ € [[ﬁ,?[[ and k € Z, since
we do not care about boundaries. We consider a local reconstruction polynomial of degree 2y centered around
Coe.k

X— xg,k

() ZZY 7 )" (219)
T X) = T e— . 2.1
0k = 0,k Ax; 9

The coefficients (”?k)me[[o,zﬂ] c R are found by enforcing that the averages of the local reconstruction polynomial
on the 1+ 2y cells surrounding Cy ;. are exactly recovered ([Hovhannisyan and Miiller, 2010, Equation (4.1)] and
[Duarte, 2011, Equation (3.83)], analogously consider [Miller, 2002, Equation (2.35)]). This provides the following

constraints )

— W,k(X)dX=?z,k+5, for 6e€[-v,v]
Axy Cr k+s

and yields a system with matrix R € GLyy1(R) reading as

R(”Zlk) mef0,2y] = (¥€,k+6)5e I=v7]- (2.20)
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When the coefficients (”Zlk)me[[o,zy]] depending on (Fg,kw)l;e[[_%ﬂ] are found, the local reconstruction polynomial

is averaged on Cy.12k+s With 6 € X to obtain the predicted value:

1
7o k(x)dx.
Ax[‘*'l Cr1,2k+6

fé+1,2k+6 =

Example 2.3.1 (y = 1). To provide an easy example, consider y = 1. One obtains

1 -1 13/12 ~1/24 13/12 -1/24
R=|1 0 1/12|, whence R'=]|-1/2 0 1/2
1 1 13/12 1/2 -1 1/2

This provides the local reconstruction polynomial given by

1- 13- 1- 1- 1- X=Xk
T X)) =|-—Fpp1+—Fpr——F +|—=fpp_1+=f :
2,k (x) ( oa Gk1 T k= oo é,k+1) ( STek-1%3 z,k+1)( Ax, )
1- - 1- X—Xp k)2
+(§fl,k—1_ff,k+§f€,k+1)( Ax, ) . (2.21)
Taking its averages on the children of Cy . yields
a _ 1% _ _
foirok6 =for— (foee1 —fo k1) (2.22)

Thanks to the way of constructing the prediction operator, we have an accuracy result on polynomial functions.

Its proof directly comes from the previous development.

Proposition 2.3.1: Prediction accuracy

The prediction operator P, defined by (2.16) is accurate of order 2y + 1, that is, it is exact when f stems

from the averages of polynomials up to degree 2y. This reads

1 1 i 1 1
f x'dx = —f xdx + (—1)5 Z 1//(,(—[ xldx - — xhdx),
Axpr1 JCrir ka5 Axp Jeyy =1 Axp JCpjig Axp Jep -y

for h e [0,2y].

We observe that the accuracy result by Proposition 2.3.1 can be linked to the theory of wavelets in Section 2.1.

This shall be discussed in Section 2.3.2.

The multidimensional extension for d > 1 is conducted following the path of [Bihari and Harten, 1997] in a
tensor product fashion. It is useful to present it because it provides us with a formalism to conduct the analysis
in Chapter 3 for d > 1. Let us consider d = 2: one considers local reconstruction polynomials centered around
Cy r—called 7y i (x)—made up only by terms belonging to the product of one-dimensional local reconstruction
polynomials 7y k, (x1) and 7y i, (x2). This is

2y 2y

_ my,my (X1~ X0,k €1\ (X2 —Xp |+ €212
TeRx)= ) Y my n i :
m1:0m2:0 xé x[

It can be easily shown that—thanks to the tensor product structure—the system corresponding to (2.20) becomes

(R& RG] ™) 1y maefo2y] = Fekes8)se[—y ]t

with ® indicating the Kronecker product between matrices [Graham, 1981, Chapter 2]. A useful property of the
Kronecker product is that (R® R)"! = R™! ® R™!. Therefore we can inverse the tensor product by inverting each

of its terms, obtaining, as for d = 1, the prediction (2.17).
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2.3.2 DETAILS AND MULTIRESOLUTION TRANSFORM

Intuitively, the more the predicted value is close the actual value on the considered cell, the more we can assume
that the underlying function locally behaves like a polynomial of degree at most 2y, cf. Proposition 2.3.1. Quite
the opposite, if the function or its derivatives have abrupt spatial changes, the prediction operator will be less
suitable to correctly reconstruct the averages. This is precisely what is encoded in the details, which are a metric
to quantify the information loss introduced by the projection operator and which carry essential information on
the local regularity of the solution. Thus, they let us identify areas of the computation domain where the spatial

resolution can be reduced—hence the mesh compressed—without affecting the quality of the stored solution.

Definition 2.3.3: Details

The detail Eg,  on the cell Cy  is the difference between the actual value of the average and the predicted
value by P, on this cell, that is R
der:=fox—for (2.23)

for £ € [¢+1,¢] and k€ [0, N,[“.

Otherwise said, the detail is the difference between the actual average on a cell and the predicted value obtained
by the prediction operator fed with the result of the projection operator, ¢f. [Duarte, 2011, Equation (3.72)]. Details
on cells having the same parent (siblings) are redundant as a consequence of the consistency property (2.15) in

Definition 2.3.2. Hence, the following linear constraint holds

Z a[+l,2k+§ =0, le ngz[[r ke [0’ NZ IId' (2'24)
[ =02

For this reason, when d = 1, only one detail for two siblings is significant, because a[+1,2k = —a[+1,2k+1. When
d = 2, only three out of four details are significant. When d = 3, only seven out of eight details need to be
considered. This calls for the introduction of the set of significant details at each level V, < {(¢,k) : k€ [0, N[}
for ¢ € [¢ +1,¢], in which for each 2¢ siblings sharing the same parent, we eliminate one of them to avoid the
redundancy maintained by (2.24). To provide an example, when d = 1, we decide to keep only the even (left)
sibling, yielding

Ve={(,k) : ke[0,Ny] and k even} for Ce[¢+1,7].

Since the details are not defined for the minimum level ¢, we keep all the cells considering Vei={l,k) : ke
[[O,Ng [[d}. In this way, we have a one-to-one correspondence between data discretized on the finest level ? and
the data at the coarsest level £ plus the details at each level ¢ € [¢ + 1,?]] (cf Section 2.1), upon removing the
redundancy (2.24):
Mz — - —
f? _ (fﬁyd£+l!-'-rd?)) (2'25)
Mz
where f; = (F/ 1) e [o., [« for £ € [¢,4] and d; = (dg 1) ¢, kev, for € € [£+1,¢]. Ultimately, Mg, is nothing but a
change of basis which, by yielding the details, emphasized certain features of the data in terms of local smoothness.

Indeed, each side of (2.25) contains the same number of elements:

#(f;) = Ny =24,

_ _ l
#((f£)d£+1,rd?)) = N£+[Z€: l(zd[ _zd([_l)) = N£+ N?—Ngz N?
=0+

The previous multiresolution analysis can be linked [Hovhannisyan and Miiller, 2010, Theorem 2.1] to the
wavelet theory as follows, see also [Miiller, 2002, Chapter 2], [Cohen et al., 2003] and [Duarte, 2011, Part 1]. The
averages f of an underlying function f are defined using the “dual scaling function” b= Tc, . /1Cp,kla by taking
the duality product fg, =< QB&]J. Observe that the dual scaling function is normalized in ! [Cohen et al., 2003],

thus the conjugate space is L, contrarily to the L? setting for orthogonal wavelets, see Section 2.1. Since we
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Figure 2.4: Example of dual wavelet 15 19 for d = 1 using, from left to right, y =0,1 and 2.

have selected linear prediction operators, see (2.16), (2.17) and (2.18), we can claim that f[,k =Ys wa?[_lylk/zj 4o for

suitable weights which stencil and number depend on y. Hence by Definition 2.3.3
dose = (f o) - ;U/a (frbr-r,ikr2i+0) = W01,
where /¢ i is the “dual wavelet” being therefore given by
Vek=Pox— ;wtrﬁi)lfl,Lk/ZJﬂr-

For example, when d = 1, thus (2.16) is used, the dual wavelet is given by

Y
Vo =Pok—Po-r,1ki2) = D Vo lboo1,(ki2i+o — Po—1,1ki21-0)>
o=1

where the weights are given in Table 2.1. An example of dual wavelets is given in Figure 2.4. The exactness of the
prediction operator claimed in Proposition 2.3.1 can be now be reinterpreted in terms of vanishing moments for the
dual wavelet. Indeed, if f is a polynomial of degree at most 2y then (f, ¥, i) = 0, meaning that the corresponding
detail is zero. Otherwise said, the dual wavelet has 2y + 1 vanishing moments. We then see that more accurate
predictions, i.e. which dual wavelets have many vanishing moments, require large stencils and are thus more
costly and difficult to implement.

The fact of changing the basis under which data are stored has the following advantage. Details are a local
regularity indicator of the encoded function, as stated by the following result, see [Miiller, 2002, Corollary 2,

Section 2.5.3] and [Cohen et al., 2003, Equation (29)].

Proposition 2.3.2: Decay of the details

Assume that, for some ¢ € [¢ + 1,?]] and k € [0, N, [[d, the function f € WY (supp(¥,x)) for some smooth-
ness v = 0. Then, the following decay estimate for the details holds

q —¢min(v,2y+1
|d[,k| ,S 2 min(v,2y+ )|f|ijn(v,2y+l),oo(supp(u}&k)), (2.26)

where the constant depends only on vy, the width of the prediction stencil.

Proof. Consider that min(v,2y + 1) = 2y + 1 without loss of generality. We recall that both the dual scaling
function ¢y and the dual wavelet 1/, are L'-normalized, hence the conjugate exponent is p = co. Since
fe W27’+1'°°(supp(1h,k)), [DeVore and Sharpley, 1984, Theorem 3.4] shows that there exists a polynomial 7 of
degree at most 2y such that || f — 7T||Lw(supp(¢&k)) < |supp(1/7['k)I(ZY“)/d|f|W2y+1,OO(supp(,’,~,&k)), where the constant
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hidden behind the notation < depends only on y. We therefore have

ekl = KW o)) = K =0, W0 1) + 0, o) = I =70, W0 1) < If =700 oo tsupp e o) 1 W 2,k 11

~ Qy+1)/d —0(2y+1)
S Isupp@ e )17 | flwzreieosuppieen =2 1 lwartieo supp(ig 1)

where we use the property on the vanishing moments of the dual wavelet, cf. Proposition 2.3.1, the Holder in-
equality, the property of 7, and the fact that |supp(i¢ k)| < 274 (again, the constant depends only on y, thus

choice of prediction operator and thus of dual wavelet). O

Remark 2.3.2. Observing that in the considered case, the dual scaling function ¢, i and the dual wavelet ¢ i are
also normalized in every L9 norm, with different constants, [DeVore and Sharpley, 1984, Theorem 3.4] also guarantees

weaker bounds on the details like

q —¢min(v,2y+1
Idg el 272D £l i 240 (qupp (e 0)

for fe WY'P(supp(Wy k) for p € [1,+00]. Observe that similar estimations can be proposed using the more involved

Besov spaces instead of Sobolev spaces, see [Jaming and Malinnikova, 2016] and references therein.

The estimate (2.26) means that the details decrease with larger level ¢ if the regularity v is such that v > 0
(namely if the solution is more than bounded), according to the smoothness of the function. In this case, for
smooth function (i.e. when v = 2y + 1), it can be useful to increase y to achieve a faster decay of the details.
Quite the opposite, close to a jump discontinuity v = 0—the typical situation with problems involving shocks and
Riemann problems [LeVeque, 2002, Chapter 1], [Godlewski and Raviart, 2013, Chapter 1]—details have constant
magnitude throughout the levels. In this latter case, using high-order but expensive predictions with large vy is

not particularly useful, since this will not accelerate the decay of the details according to (2.26).

Remark 2.3.3 (Density functions versus moments). Since the Sobolev spaces WY are algebras, we can infer the
regularity of the distribution densities f from the expected regularity of the moments m (obtained by the application
of the matrix M), in particular the conserved ones. This is important because the conserved moments are eventually
the quantities we are interested in and which have corresponding continuous equations under the form of conservation

laws.

Looking at the decay estimate (2.26), we see that the multiresolution decomposition describes the local regu-
larity of the function essentially as the Fourier series describes the global smoothness of a periodic signal. Indeed,
let f € C™([0,1]) for some m €N and periodic, then [Stein and Shakarchi, 2011, Chapter 3]

1
=0o|—— nel”Z.
(Inl’”)'

1 .
'[ e—2mnxf(x)dx
0

where the role of the detail is taken by the amplitude of each mode in the decomposition and the number of
the harmonics 7 plays the role of 2¢. For multiresolution, the detail d/ ; measures the frequential content of the
encoded function at frequency 2¢ around the point 2~‘k.

In order numerically check that (2.26) is indeed sharp and can be used to predict the magnitude of details—even

when they are not available, cf. Section 2.4.2 —with good fidelity, we consider the case d =1, y =1 on a domain

Q =[-3,3]. The following functions with different smoothness are considered
@) flx)=e 207 e wooee(q), () fx)=0+x0)T_1,0x) + 1 -1)T1(x) € W2 (Q), (2.27)
3

- +
© f0)=vxTpx)+ Zxﬂu,s](x)ewl/z"”(m ) FO0= —2T1 (0 € WO Q)

1
2
We utilize the multiresolution transform and we monitor max; |Eg,k| relative to the cell where the homoge-
neous Sobolev norm is attained, thus maximal. We also study the ratio maxy |EM|/ maxy |H[+1,k|. We obtain
what is presented in Table 2.2, showing a very fine agreement with (2.26), meaning that we correctly recover

2min(v,2)/+1)

maxj |EM|/ maxj |Em,k| = , where v is the regularity of the datum. We remark that for the most reg-

ular function, the size of the details is limited by the choice of prediction operator (2y + 1 in this case), whereas
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Figure 2.5: Functions (2.27) to test the decay estimates for the details

Table 2.2: Empirical detail decay, measuring the maximum detail.

¢ @ ® © @
— maxkldg,kl — maxkldg,kl — maxkldg,kl — maxkldg,kl
Inan|dgyk\ —_— Inan|dgyk| —_— Inan|dgyk| —_— IIlan\dg,k| —_—
maxy |dg. 1kl maxy |dg.q,k] maxy |dg 1kl maxy |dg 1kl
16| 4.65e-13 - 3.81e-6 - 4.72€-4 - 1.25e-1 -
15| 3.72e-12 8.00 7.63e-6 2.00 6.57€-4 1.39 1.25€-1 1.00
14| 2.98e-11 8.00 1.53e-5 2.00 9.23e-4 1.41 1.25€-1 1.00
13| 2.38e-10 8.00 3.05e-5 2.00 1.30€-3 141 1.25€-1 1.00
12 1.91€-9 8.00 6.10e-5 2.00 1.84e-3 1.41 1.25€-1 1.00
11 1.52e-8 8.00 1.22€-4 2.00 2.60e-3 1.41 1.25e-1 1.00
10 1.22€-7 8.00 2.44€-4 2.00 3.68e-3 1.41 1.25€-1 1.00
9 9.75€-7 8.00 4.88e-4 2.00 5.21€-3 1.41 1.25e-1 1.00
8 7.79€-6 7.99 9.77€-4 2.00 7.37€-3 1.41 1.25€-1 1.00
7 6.22e-5 7.99 1.95€-3 2.00 1.04€-2 1.41 1.25€-1 1.00
6 4.90€e-4 7.88 3.91e-3 2.00 1.47€-2 1.41 1.26e-1 1.00
5 3.60e-3 7.35 7.81e-3 2.00 2.08e-2 1.41 1.27e-1 1.01
4 1.96e-2 5.43 1.56e-2 2.00 2.95€e-2 1.41 1.29e-1 1.02
3 1.26€-1 6.43 3.13e-2 2.00 4.17€e-2 1.41 1.33e-1 1.03
Theoretical 8 2 V2 1

for less regular choices, it is the regularity of the function which determines the decay ratio (when v =1,1/2 and
0, for (b), (c) and (d)). This confirm the reliability of (2.26), that we shall employ in Section 2.4.2.

2.3.3 TREES, GRADING AND RECONSTRUCTION OPERATOR

We define the notion of tree and the property of grading of such tree, which allows to implement the multiresolu-
tion transform in an optimal way [Cohen et al., 2003, Proposition 2.3]. Even if this is the theoretical background
in which the method lies, we shall never explicitly construct the tree structures in order to avoid their intrinsic

recursive nature. We introduce the set of all significant indices given by

In order to guarantee the feasibility of all the operations involved with the multiresolution and because it naturally
provides a multilevel covering of the domain Q, see Figure 2.6, we want that our structure represents a tree

according to the following definition.



2.3. Static mesh adaptation using multiresolution 57

Figure 2.6: Example for d = 2 of multilevel covering of the domain Q which can be interpreted in terms of trees.
Different colors represent different levels of resolution spanning ¢ € [£,¢]. In particular, £ =4 is in dark blue and

7 =8 is in white.

Definition 2.3.4: Tree

A set of indices A c V represents a tree if

+ Vg <A, ie. the coarsest level wholly belongs to the structure.
. If (¢,k) € A, then its 29 — 2 siblings belong to A as well.
« If (¢, k) € A is such that its 2¢ — 1 children are in A, then its parent (/—1, | k/2]) has the same property

as well.

In the case d = 1, Definition 2.3.4 simplifies—because 2¢ — 2 = 0—and just requests that

. VKCA

« If (¢,k) € A, then (¢ —1,|k/2]) € A, namely no orphan cell exists in the structure.

Given a tree A c V satisfying Definition 2.3.4, since we have discarded some cells in V to avoid detail redun-
dancy (2.24), we indicate R(A) the “complete tree”. This is the set of elements in A (detail cells) completed by their
siblings missed due to the construction of V, (non-detail cells). If in the case d = 1, we choose to consider only

the even (left) cells as detail cells, thus we obtain
RN =V,Ul{(l,k),(l,k+1) : (£,k) €N, for (e[l + 1,0}

Notice that A g R(A) ¢ V. We also introduce the set of leaves L(A) < A, which are the elements of A without child.
Adding the non-detail cells to L(A) in the usual fashion, we obtain the complete leaves S(A), which are depicted
in Figure 2.6. We have L(A) ; S(A) ¢ V. Again, for d =1, we have

SA) ={(¢, k) e LAMWIU{(£, k), (¢, k+1) : (¢,k) € L(A) with £ e [£+ 1,2]]}.

As observed by [Cohen et al., 2003], the cells (Cy k) (¢,k)esn) form a hybrid partition of the domain Q, meaning
that they are all pairwise disjoint and

Cox =S
(£,k)eS(A)
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Figure 2.7: Graded tree (left) versus non-graded tree (right) in the case d =1 for y = 1. The complete leaves S(A)
are marked with full lines whereas the remaining cells R(A) \ S(A) of the complete tree are rendered with dotted
lines.

Furthermore, [Cohen et al., 2003, Proposition 2.3] have shown that one can perform the multiresolution trans-
form in an optimal way if the resulting tree structure A is graded with respect to the stencil y of the prediction
operator P, (see Figure 2.7 and explication below). Still, observe that the lack of grading does not prevent one
from performing the multiresolution analysis [Cohen et al., 2003, Remark 2.4], because the notion of detail (cf.

Definition 2.3.3) and the decay estimates (cf. Proposition 2.3.2) are still available.

Definition 2.3.5: Grading

Let A €V be a tree according to Definition 2.3.4. Then, the tree A is said to be graded with respect to the
prediction operator P, if for every cell in R(A) \ V, the cells in its prediction stencil also belong to R(A).

Considering the prediction operators by (2.16), (2.17) and (2.18), this is equivalent to

If (0,k)€R(N)~V,, then (¢-1,1k/2]+8)eR(), for &e[-y,y]%

In the sequel, given a tree structure A according to Definition 2.3.4, the operation yielding the smallest graded
tree containing A shall be indicated by G(A). The grading property is important because it guarantees that we can

implement the isomorphism between
frdewesny —— o derdepery,) (2.28)

in an efficient manner. This means that it is equivalent to know averages on the complete leaves S(A) of a graded
tree A or to have averages on V at the coarsest level £ plus the details of A\ V, at levels £ € [£ + 1,¢] available.
In this work, we choose to store information on the complete leaves S(A).

Let now A c V be a graded tree and assume to know the averages on the complete leaves (?gyk)(gyk)gsm). From
this information, we can build the reconstruction on all cells at the finest level ¢, which shall be paramount to

construct adaptive numerical schemes:

f? = (fzk) ke HO’NﬂId , (2.29)
where the double hat represents the reconstruction operator. With this operator, the information, stored on the
complete leaves S(A), is propagated from coarse (at the local level of resolution of S(A)) to the finest level # by
means of level-by-level applications of the prediction operator P,, without adding the (unavailable) details. The
reconstruction operator yields reconstructions of the lacking information on (possibly) virtual cells at the finest

level using the values stored on the complete leaves S(A) at the local level of refinement.

2.3.4 MESH THRESHOLDING

The passage from one representation to the other illustrated on (2.28) is performed by the so-called “fast wavelet
transform”. Apart from this equivalence, the decomposition in terms of details is superior as far as we want to

probe the local regularity of the functions, ¢f. Proposition 2.3.2. This can be exploited to coarsen the computational
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mesh in areas where the solution is strongly regular, still being sure that we can reconstruct (2.29) information
with accuracy within a certain given tolerance 0 < € « 1. This is done, theoretically, by setting to zero the details
which are below a certain value. From the practical point of view, one really eliminates the corresponding cells

from the data structure at the end of the process.

Let A <V be a graded tree and (Fé, 1) (¢ esw) the datum defined on its leaves, for j € [1, g spanning all the
distribution functions associated with the discrete velocities. In order to yield a tree structure when performing
the mesh thresholding that we shall describe in a moment, we must treat detail cells having the same parent at

once. This is done by considering the same detail for all of them, see [Milller, 2002, Algorithm 4, Section 3.6]:
=i , =i
|d[+1,2k+6|oo = max|d[+1,2k+n|v (2.30)
e

for £ € [£,¢] and k € [0, N,[%. This becomes trivial when d = 1 since the details on two siblings have the same
modulus, as previously observed. The use of a L metric for the details naturally yields control in any other LP:
we shall mainly be interested in measuring L! errors. Other authors [Duarte, 2011, Equation (7.15)] consider the

L2 framework, with

. —7 1/2
7 _(o-d 7 2
|d[+1,2k+6|2 = (2 Z |d[+1,2k+7r| ) .
TEX

Observe that our L® estimation shall always be more restrictive than the L? one and indeed any L” one. Then,

the thresholding operator is constructed as

Te(A) =V, U {w, k) eA : max 1) oo > 64}, (2.31)

where €4,1,... €520 form a sequence of level-dependent non-negative thresholds to be defined. In this way, we
end up with a thresholded compressed mesh which is the same for every field spanned by j € [1, q] (cf. [Miiller,
2002, Equation (3.38)]) and is constructed by the most restrictive inequality on the details. We obtain [Cohen et al.,

2003, Equation (43) and (44)] and [Miiller, 2002, Theorem 6]

Proposition 2.3.3: Error control while thresholding

Let € > 0 be a threshold and consider a graded tree A < V according to Definition 2.3.5 with data known

on the complete leaves S(A). Consider the choice of level-wise thresholds €, given by
€p= 2-dAle lel+ 1,?]], (2.32)

where we recall that A¢ = £ — ¢. Consider the truncation operator Ty putting the details corresponding to

indices which are not in A to zero, and Ap := M;zl TaMp. Then for any p € [1,00] and j € [1,4]

177~ Agor:nF7ll o» = Cone, (2:33)

where the constant Cyr = Cyr (Y, p) > 0.

A similar estimate clearly holds when collecting all the distribution functions spanned by j € [1, g] together
and use any norm on RY. This result means that we can discard cells with small details still being able to reconstruct
at the finest level ¢ within a given precision controlled by e. The control naturally holds when p = 1, see [Miiller,
2002, Theorem 6, Section 5.2]. Moreover, it is also valid for p = co thanks to (2.30), see [Cohen et al., 2003,
(45)]- Indeed, it is also valid for any p € [[1,00] by interpolation [Cohen et al., 2003] as we have emphasized that
our L™ estimation is always be more restrictive than any L” control. The price to pay is a constant depending
on p because of the different normalization constants for the wavelets according to the chosen norm. Let us
comment on the choice of level-wise thresholds (2.32) in Proposition 2.3.3. The dependence on d comes from the
fact that in the proof, the number of discarded detail cells which are not in A is bounded from above by the crude
estimate #(V) = Ng = Zd?. The dependency on ¢ is coherent with the detail decay estimate (2.26), stating that if the

underlying function is slightly more than just bounded, the details shall decrease with ¢. For this reason, larger
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thresholds can be allowed for larger ¢.

2.4 DYNAMIC MESH EVOLUTION USING MULTIRESOLUTION

This thresholding procedure is just able to eliminate cells from the structure. Still, we also need to enlarge the
mesh because the systems we aim at approximating are time-dependent, so that we have to ensure that the mesh is
suitable to represent the solution at the next time step—which is unknown at the time the mesh is evolved—within
a certain accuracy [Cohen et al., 2003] or [Miiller, 2002, Hovhannisyan and Miiller, 2010] where this feature is
called “reliability”.

To achieve this, we observe that our schemes (2.13) and (2.14) feature two mechanisms (also see the works on

Finite Volume schemes [Miller, 2002, Section 4.1.2]), namely

« the propagation of information at finite speed via the stencil in the stream phase (2.14);

» and the non-linearity in the collision phase (2.13) which can yield a regularity loss even for smooth initial
data.

At each discrete time £ € AtN, we possess a solution defined on the complete leaves S(A(¢)) of the graded tree
A(#) € V. To compute the solution at the next time step ¢+ At € AtN, we need to ensure that the computational
lattice is refined enough so that an upper-bound similar to (2.33) still holds for the new solution. Of course, due
to the fact that at the moment of constructing the mesh, the new solution is still unknown, we have to devise a
heuristics to slightly enlarge the tree A(#) with the information known at time ¢ € AzN. The way of operating is

resumed as follows

Te He

A L T e HeoTiawy 2

GoHeoTe(A(D) =: A(t+AD), (2:34)
where the details used by H.—which we still have to define—and 7¢ (2.31) are those of the old solution, namely
(aé'k(t))(g,k)gl\m\vﬁ for j € [1, g]. In the previous expression, we have

« 7Te, the threshold operator (2.31), which eliminates superfluous cells. It can only merge fine cells on the tree

to yield coarser ones.

+ He, the enlargement operator, which breaks cells to form finer ones and is constructed to slightly enlarge

the structure in order to accommodate the slowly evolving solution at the new time ¢+ Af e AfN.

« G, is the grading operator, which can also refine cells.

The nonlinear dependency of these operators on the solution defined on S(A(#)) is not written explicitly for the

sake of keeping notation simple.

2.4.1 ADDITION OF NEIGHBORING CELLS

Since we expect propagation of information at finite speed via the stream phase (1.4)/(2.13) of the lattice Boltzmann
method, we want to ensure that this flux of information is correctly captured by the computational mesh. Inspired

by [Harten, 1994], we thus request that H, does the following:
If (0,k)€R(Te(A(D), then (£,k—cj)€RHcoTc(A(1), for je[l,q]. (2.35)

This means that, at each level of refinement, we add also the neighboring cells at the same level of refinement
according to the discrete velocities of the lattice Boltzmann scheme at hand. The formula stipulates that if a cell
at a certain level of refinement ¢ is kept in the structure, then we also keep some of its neighbors at the same
level ¢. The number of kept neighbors is determined by the largest shift associated with the discrete velocities of
the lattice Boltzmann scheme at hand. We observe that this procedure is inherent to hyperbolic equations where
it has originally been developed [Harten, 1994, Harten, 1995, Cohen et al., 2003] in the realm of Finite Volume

schemes. For parabolic problems, where the propagation is done at infinite speed, this procedure still guarantees
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that we are able to capture all the phenomena [N’Guessan et al., 2021], because the infinite velocity is intrinsic to
the continuous equations but lattice Boltzmann schemes are explicit (e.g. when using a D»Qq with three conserved
moments [Lallemand and Luo, 2000] to approximate the solution the incompressible Navier-Stokes equations),

thus behave “hyperbolically” because the speed of propagation is finite.

2.4.2 REFINEMENT BASED ON THE DETAILS

Besides adding neighbors according to the velocity stencil of the lattice Boltzmann scheme, we refine some cells
based on their detail in order to identify areas where gradients can steepen in time and blowup are likely to happen.
One must take into account that we need to utilize the available data to estimate what is going to happen due to

the non-linearity of the collision. We propose:

If (0,k)eRTA(D) with e[£+1,7] and max 1) (Dloo > 29*Fe,, (2.36)
jell.q
then (£+1,2k+08)€e R(HeoTe(A(1)) for O€Z,

where the parameter 1 = 0 has to be fixed according to the expected regularity of the solution, in a way that shall
be described in what follows. In this expression, the magnitude of the details between siblings is handled as in
(2.30). Remark that this refinement criterion acts on 2¢ siblings at once by refining all of them once the metric on
the details is large enough. This refinement criterion means that if the current cell is kept because its detail is not
small enough to coarsen it, but moreover the detail is quite large, then we have to refine such cell. This allows to
identify areas of the mesh where the solution is undergoing a decrease of smoothness. The rationale is based on
estimations such as those from Proposition 2.3.2 on details at time ¢ to estimate those (unavailable) at time ¢+ At.

The refinement criterion is devised as follows. Consider that fj (t+ At,x), which averages shall be (?é, K+
AD) . 1esa(t+Ar) is such that fI(z+At,-) € WY (supp(fy 1)) for some cell indexed by (£, k) € S(A(t)) and v =0,
indicating the local regularity of the unknown solution at the new time-step. Set i := min(v,2y + 1). Since this
solution is unknown at the stage at which we are utilizing H., we assume that the solution varies slowly from ¢
to t+ At, hence we infer ) _

7,1+ AD] = 1d7 (01 = 27 P11 (8, s qupp(ire 0

according to the detail decay estimate from Proposition 2.3.2, that we use as a sharp value according to the numer-
ical verification of Section 2.3.2 (cf. Table 2.2). Let 6 € Z: we find estimates for details which may not be available

in the structure at time ¢:

I g/ ~ o—(C+D) £j
|dl+1,2k+6(t+ Af)| = |d€+1,2k+6(t)| =2 “|f] (tr’)|Wﬁ,oo(supp(1p[+12k+5))
IS T
<2 |f (t) )lwu.oo(supp(u'/[‘k))r

where the last inequality comes from the nesting of the lattices (2.9). Therefore, we obtain the estimation, analo-

gous to [Duarte, 2011, Equation (3.106)]
=i G
7112648 (£ +AD = 27H]dy (2],

where something which is unknown (i.e. the left hand side) is estimated with something which is known (i.e.
the right hand side) since (¢, k) € S(A(#)). Looking at the way the truncation operator 7¢(A(f+ At)) has been
constructed, the cells Cyy 1 25+5 for 6 € £ would be kept if

max_|d7, 1 o (t+ A0l > €41 =2%,, yielding  max_[d) (0)leo > 2%*Fe,.
Jjeliq] jeln4]

Since the local regularity v of the solution at each time step is unknown, £ = min(v,2y+1) is a parameter of the
simulation to be set. [Miiller, 2002, (Equation 4.18)] proposes to take i = 2y + 1, whereas [Harten, 1994, Equation
(2.3)] suggests £ = 2y — 1. For the applications targeted by [Duarte, 2011, Equation (4.13)], t = —d is considered in
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order to refine by one level at each time a non-negligible detail is found, yielding rather greedy refinement criteria.
Still, in our work, we utilize changing choice for i according to the problem at hand, because we shall verify that
this choice has an important impact on the quality of the numerical simulations. For example, if one knows that
the solution of the problem has or shall develop a shock (v = 0), it is advisable to select u = 0 in order to ensure to
be able to refine a coarsened mesh if the shock is forming.

By proceeding at enlarging the computational mesh in this way by H., we assume that it is suitable to represent
the solution at the new time ¢ + At within a reasonable tolerance given by €. This assumption is often called
Harten’s heuristics [Harten, 1994, Cohen et al., 2003] or reliability condition [Hovhannisyan and Miiller, 2010] in

the world of Finite Volume schemes and in our setting reads

Assumptions 2.4.1: Harten’s heuristics

The tree T¢(A(?)) has been enlarged into a graded tree A(f+ At) = G oHe o Te(A(1)) such that

Hf;(f) = AA(t+At)f?(t) | = Cumre, HE%U) —Ap(t+an) Eﬁ;(t) | = Cumre,

where ||-|| is a norm for vectors of size g derived from the ||||o» for the chosen p € [1,00] and we recall

that E represents the action of the reference lattice Boltzmann scheme.

Remark that since ¢ is finite, it does not matter which norm we choose to pass from |-||sp for scalar solution
to vectors of size g. The first inequality in Assumptions 2.4.1 is naturally fulfilled using the fact that 7.(A(#)) c
A(t+At). The second inequality is potentially verified upon having enlarged the mesh using ., which has been
built considering how the reference scheme E acts on the solution. It basically means that the mesh is suitable for
well representing the solution obtained by applying the reference scheme to the adaptive solution at the previous
time step, reconstructed on the finest level. Observe that we do not rigorously prove that this assumption holds
for our refinement strategy H.. As for the Finite Volume scheme, the Harten’s approach that we have adopted to
construct H, has never proved to satisfy something like Assumptions 2.4.1 but is widely used in practice. The only
achievement in terms of reliability condition has been obtained in [Cohen et al., 2003, Hovhannisyan and Miller,
2010] for Finite Volume schemes dealing with scalar conservation laws, with a quite sophisticated refinement
strategy. Note that our formulation of the Harten heuristics Assumptions 2.4.1 is slightly different from the one in
[Cohen et al., 2003, Hovhannisyan and Miiller, 2010] because of the different order of the operations at each time
step of the algorithm. However, this does not make any difference, except when dealing with the initial datum,
because the order of the operations when time steps are concatenated is the same.

Once we have A(t+At), we adapt the solution from S(A(#)) to S(A(¢+At1)). In this process, if cells are coarsened,
we have to merge their data with the projection operator Py. On the other hand, when finer cells are added by H,
or G, the missing information is reconstructed using the prediction operator P,. We are left with the old solution

at time ¢ on the complete leaves of the new mesh S(A(f + At)), that is (?é,kUD(&k]eS(A(HAt)) for j€[1,4].

2.5 LATTICE BOLTZMANN METHODS ON ADAPTIVE GRIDS

Now that we have described how to adapt the computational mesh dynamically in time, we have to explain how
we adapt the lattice Boltzmann schemes of Section 2.2 to be utilized on these meshes. We construct three possible
lattice Boltzmann methods on adaptive grids using only information stored on the complete leaves of the adapted
tree S(A(f + At)). There are several possibilities because different ways of dealing with the collision phase (2.13)
exist. Each strategy feature a different tradeoff between efficiency and accuracy. Given a cell Cy x, we consider

the set By . of the indices of virtual cells at the finest level of refinement l covering Cy i, defined by
Byj:= k22 +6 : 60,22}

The idea is to do our best to operate “as if” the scheme were performed at the finest level £. This ensures a behavior
as close as possible to the reference scheme on the uniform mesh at finest level ¢ with the possibility of estimate

€rrors.
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2.5.1 RECONSTRUCTED COLLISION PHASE

We adapt the collision phase (2.13) by performing it as if we were at the finest level, using the reconstruction
operator and then projecting back on the leaves. This is analogous to one of the so-called “exact source recon-
struction” strategy to integrate source terms [Hovhannisyan and Miiller, 2010] for Finite Volume. This strategy
can be computationally expensive and is mostly of theoretical interest. We shall discuss this fact and introduce an
alternative approach in what follows. Let (¢, k) € S(A(t + At)), then for every k € By ;. we perform the collision at
the finest level £ using reconstructed information:

s (1) = (= S) (1) + Sm (7 (1), T (1),

Still, we finally aim at writing a fully adaptive scheme for the solution on the leaves S(A(¢+A¥)), hence we average

back using A¢ times the projection operator Py, obtaining

— I1-S 2 S A A
* - - - v eq (=1 =3
M k(0= Sam7 >, im0+ ST _ > m (sz(t),...,m?j(t))
kGB[yk kEBgyk
_ S eq (2 AN
T q
=(I-8S)my (1) + YN, _ BE m (m?j(t),...,mz%(t)), (2.37)
€Dy ke

where the linear first term gives back the average on Cy i thanks to the consistency of the prediction operator Pp,

cf. Definition 2.3.2.

We see that the strategy is expensive because the equilibria need to be evaluated on 29 cells at the finest level
after having applied the reconstruction operator. Quite the opposite, we would like to evaluate the equilibria only
#(S(A(t + Ap))) times as for the linear term (I — S)my ().

2.5.2 LEAVES COLLISION PHASE

For this reason, we introduce a different collision phase which equals (2.37) in the case of linear equilibria and
which do not need to reconstruct everything at the finest level. The idea is to directly use the data available on

the leaves S(A(t + A1) into the equilibria, that is, doing the approximation for every ke B,k
2 2N — —N
me‘l(mm(r),..., mm(t)) =m®(m,  (1),..., M, (D).

This approximation is exact only if the equilibrium functions are linear. Otherwise, we can only hope to have the
equality plus an error of the order of €. Thus, we obtain—using the consistency of the projection operator—the
collision phase

My (1) = (I = S)ifig (1) + Sm(T) 1 (1),...., W7 (D). (2.38)

This corresponds to the so-called “naive source computation” for source terms in Finite Volume schemes [Hov-
hannisyan and Miiller, 2010] or to the fact of using a prediction operator with y = 0 to build up the reconstruction

operator.

The collision strategy (2.38) is significantly cheaper than (2.37) because there is no need to reconstruct a piece-
wise constant representation of the solution on the full finest level ¢. Using (2.37) would rely on the recursive
nature of adaptive multiresolution and would yield an explosion of the complexity of the algorithm in most cases
where a high compression rate can be reached. This holds even when memoization techniques are employed to
reduce the number of evaluations due to the recursive structure of the reconstruction operator. In our case, mem-
oization consists in caching the values predicted/reconstructed on a given cell—indexed by its integer coordinate
and level—being able to directly recall them whenever needed by another computation. We verified both with 1D
and 2D tests that for the problems we analyzed, the use of collision operator on the mere complete leaves (2.38)

has a marginal impact on the accuracy of the adaptive method, see Section 2.8.1.3 for more details.
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2.5.3 PREDICT-AND-INTEGRATE COLLISION PHASE

We introduce an “interpolated” collision technique, which is inspired by the work by [Hovhannisyan and Miiller,
2010] concerning source terms in Finite Volume schemes. It aims at to reducing the computational cost of the

reconstructed collision still keeping very good accuracy.

Considering a cell Cy x, one considers the local reconstruction polynomials né k(t, -) for the distribution func-

tion  (f) for any j € [1, q]. The corresponding local reconstruction polynomials for the moments are constructed
by (,u} PLUD I "“Z (s Nt= M(n; LD .,n;’ s 1)), as usual, by the moment matrix M, where the local recon-
struction polynomials for the distribution functions n} MDD .,JTZ (1) are given as in (2.19). Then, we consider

the following approximation in the reconstructed collision (2.37)

2] ZN -
ZW 2, mS (g g (0., Mg (1) =

f meq(p}’k(t,x),...,p?’k(t,x))dx
k€8/k Crk

1Cokla
1
= 2dAl Z wrmeq(l‘}ﬂ,k(f,xr),...,#](Xk(t,xr)), (2.39)
—

where the last approximation employs a quadrature formula with a finite number of real weights (w,), and with
quadrature points (x;),. The idea of the first approximation is to replace the computation of the integral of a
piecewise constant function on Cy g, where the values are obtained by reconstruction operator, by the integral
of a function obtained using the local reconstruction polynomials. The procedure by (2.39) relies on the fact that
the solution is expected to locally behave like a low degree polynomial, which is transformed by the equilibria
into another non-linear function and hoping that the quadrature formula is accurate enough to approximate the
integral over the considered cell. We call this approach “predict-and-integrate” because the local reconstruction
polynomials correspond to construct the prediction operator P, cf. Section 2.3.1 and then we employ a quadrature

formula.

2.5.4 STREAM PHASE

Concerning the stream phase (2.14), the idea is again to reconstruct the post-collision distributions at the finest
level ¢ with the reconstruction operator, to stream as if we were on the finest level and then project on the leaves.
Consider to work with the discrete velocity j € [1, g]. Let (¢, k) € S(A(t+Ar)), then for every ke By, we perform

the stream at the finest level ¢ using reconstructed information:
—j _ ﬁj’*
f5z(t+AD = f?,E—c,- (0.

We then make A/ applications of the projection operator Py and use the consistency of the prediction operator
Py

zJ
ff,k(I+At) dA[ Z f[k C(t) ZdA[( Z f**(t)+ Z f Z f?E(t)
keBy keBy ke£/ keAJ‘
—f[k(l‘)+ dM( > f[E(f) > f?k(t)) (2.40)
keé’j ke.A]‘

where we have defined

g;,k:: (Bg,k—Cj)\Bé,k, .Aé'kiz Bgyk\(Bg’k—Cj),
where By ;. — w for w € Z% represents the element-wise subtraction of w.

The cells indexed by £ ;., .. render an incoming pseudo-flux in the cell C x, whereas those indexed by Aéy . vield
an outgoing one, see Figure 2.8. We observe that only the fluxes at the boundaries of the cell Cy j have to be esti-
mated using the reconstruction, which reduced the number of performed operation using mesh adaptation. More
precisely, we have that #(Eik) = #(Aé’k) ~ 2@=DAL  2dAl  The expressions for 5;:  and Aé’ . are particularly
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B~ B —cj)

X1 ¢, k) Bk Be i —cj Bex—¢j)\Be i

Figure 2.8: Example of the sets needed for the adaptive stream phase (2.40) for the d =2 case. We consider a leaf

Cy,k which in this example is at level £ = £ -3 and the dimensionless velocity is ¢; = (2,1)* for illustrative purpose.

simple for d =1 and read

sign(c)) =0, &, =A), =0, (2.41)
sign(c)) >0, &), ={k2" -6 :5¢e[Lej]), A}, =(k+D2% -5 : se[L¢]}, (2.42)
sign(c;) <0, Ez’k:{(k+1)2M—l+5 s 6 e [L eI Agkz{kZM—l+5 26 e [LlcI] (2.43)

Our way of proceeding to construct the adaptive stream phase mimics the approach by [Cohen et al., 2003]
performing the so-called “exact flux reconstruction” for Finite Volume schemes via the reconstruction operator.
It can be easily shown that our approach, devised through a different way of reasoning, is indeed a CTU (Corner
Transport Upwind method) Finite Volume discretization of the transport equation cf. (2.10) 8, f/ + & iV fi=0
associated with each discrete velocity, see [Colella, 1990] or [LeVeque, 2002, Chapter 20.2], with reconstruction
of a piece-wise constant representation of the solution at the finest level made possible by the multiresolution

analysis.

Conversely, the AMR approach from [Fakhari and Lee, 2014, Fakhari et al., 2016] relies on a Lax-Wendroff
scheme for the adaptive stream phase with direct evaluation on some ghost cells at the same level of resolution #.
This procedure—which we shall study in Section 3.1— is surely cheaper than (2.40) but cannot ensure any control
on the error because the mesh is generated by a heuristic criterion, which is not correlated to the way of locally

reconstructing the solution via a cascade of predictions.

Remark 2.5.1. Since the reconstruction operator utilizes P, until reaching available values stored on S(A(t + At)),
one might use a cheaper prediction (smaller y) to perform this operation, as hinted by [Cohen et al., 2003] with the
so-called “direct evaluation” (i.e. ¥ =0). Such approach is used in many works, but at the cost of the error control

provided by the multiresolution machinery.

It is important to observe that once we consider a cell Cy . adjacent to the boundary of the domain 0Q, some
virtual cell indexed by £ ; . could lie outside the domain. This calls for the enforcement of some boundary condition

as explained in Section 2.7.

2.5.4.1 NON-RECURSIVE RECONSTRUCTION OPERATOR: RECONSTRUCTION FLATTENING

To make computations feasible for large problems, we follow the idea of [Cohen et al., 2003, Equation (68)],
claiming that in the univariate case, the recursive application of a linear prediction operator P, can be condensed
into the computation of the powers of a given matrix at the beginning of the simulation, based on the assumption

that the fluxes of the Finite Volume method involve only adjacent cells. For d = 1 and y = 1, this reads—forgetting
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ok Ak _
H H (+4=¢
/+3
l+2
/+1
F k + 1 ¢
k-2 k-1 k k+1 k+2

Figure 2.9: Example of non-recursive implementation of the reconstruction operator for d = 1 and y =1 for the
velocity +A (dimensionless velocity +1). The cell on which one updates the solution is four level far from the
finest level and indexed by k. The green cell on top corresponds to the cell at the finest level £ giving the incoming
pseudo-flux for the cell k at level ¢, whereas that in blue corresponds to that of the outgoing one. The prediction
operator is progressively applied spanning the intermediate (non existing) cells in pale grey inside the green (resp.
blue) funnel, until reaching cells at the same level ¢ in black and grey.

about the fact that we deal with several distribution functions spanned by j € [1, g]

£ AC -

M7 ke 1/8 1 -1/8 0 fr 2

i?,kZM—l _ |- 1/8 0 fz,k—l (2.44)
£ 0 1/8 1 -1/8 f ' '

fe k25! O

: 0o -1/8 1 1/8 fo e

0,k200 41

forkeZand ¢ €[, ?]], where ¢ has to be thought as the local level of refinement of the mesh, i.e. the local level
of the leaves S(A(f+ At)). Clearly, this method works far from the boundary 6Q and in areas where the local
refinement level of the leaves is constant. Since for d > 1 we have constructed the prediction operator by tensor
product (cf: Section 2.3.1.2), the matrices involved in this framework shall just be the Kronecker product ® of that
for d =1 in (2.44) d-times with itself.

We start to describe the procedure for general d by selecting a complete leaf Cy ) and assuming—for the
moment—that it is surrounded by enough complete leaves of the same level. At the beginning of the numerical

simulation, we can once for all compute by recursion (or analytically as previously described), for any level ¢ €

[¢,¢] and discrete velocity j € [1,g], the set of shifts EJM c 7% and weights (Fi/ﬁ)&eEg[ < R such that the pseudo-
flux term in (2.40) is given by
2% 2j % T
Z' f%j(f) - Z féj(t) = Z Fi[',gfé,kﬂs(t)' (2'45)

Tecl Toe Al =J
kegﬂ,k ke.A[’k 8ezy,

This transforms the recursive left-hand side of (2.45) into a right-hand side made up of linear combinations of data
known on the leaves with previously computed weights, in analogy with (2.44). An illustration of such a process
in a one-dimensional setting is given in Figure 2.9. We might call this “recontruction flattening” because we have
“flattened” the cascade of prediction spanning several levels from the current ¢ to the finest £ solely to the level 2.

Quite the opposite, if the surrounding leaves at the same level are not enough (we could, for example, fall on
some ghost cell), we are not sure that the value we retrieve is accurate enough according to the multiresolution

analysis. Let us study this in more detail, considering 6 € E]A ¢~ There are two possibilities:

+ Cy r+6 is a complete leaf belonging to S(A(t + At)). Everything we retrieve is adequate, because multires-

olution allows us to employ this value in a recursion formula to reconstruct at finest level without adding
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any detail.

» Cyr+6 is not a complete leaf. There are two situations, thanks to the fact of having built a graded tree

according to Definition 2.3.5. One of these two cases requires particular care.

— It intersects a leaf at the coarser level £ —1. The value we retrieve is fine because multiresolution
guarantees that quantities computed by applying the prediction operator P, without adding details
are accurate enough within the tolerance if their respective cell is situated on top of a leaf.

— It intersects a leaf at the finer level £ + 1. This is the critical situation, because the retrieved value is
not accurate enough to be employed in reconstructions, according to the multiresolution analysis and

we have to add the proper detail information in order to preserve our target of error control.

To finish the section, let us comment on the complexity of our stream phase (2.40) using (2.45) compared to the
approach by [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016] which uses a Lax-Wendroff approx-
imation of the transport equation for each discrete velocity. We compare for d = 2 and y = 1. This approach—valid
when velocity stencils involve at most one neigboring cell in each Cartesian direction—has to recover 3 values of
the solution at the considered level ¢ in the direction spanned by the discrete velocity, multiply each of them by a
suitable weight and adding them up. Our approach (2.40) using (2.45) needs to recover at most 25 values—whatever
the discrete velocity c; satisfying max(|c; - e1],|c; - e2]) < 2 (spanning one or even two neighboring cells in each
Cartesian direction), thus for essentially any lattice Boltzmann scheme—multiply each of them by a weight and

then summing them. More generally, the number of values to recover and multiply by a weight is

+ . : . 2
(2 [max(lc] ezll,lc] ezl)]ﬂ) '

Even if this should be quantified precisely in terms of computational cost for a given problem, a given implemen-
tation and a given architecture, the complexity of the algorithms are sensibly at the same level. The gain comes
once considering that we can deal with a very large class of schemes achieving a control on the error, which is
not obtained by the AMR procedures. Furthemore, our adaptive method reproduces the behavior of the reference
method on the finest grid in terms of both error control and equivalent equations up to order three, instead of two

for the Lax-Wendroff approach, see Section 3.1.

2.6 ERROR CONTROL

The major interest of adaptive meshes generated by multiresolution is that we can recover a precise error control
on the perturbation (or additional) error between results on adaptive and uniform grids at the finest level /. In

this way, the perturbation introduced by adapting the grids can be mastered, in particular, via the threshold €.
—ref A —ref
Fixing a given ¢ norm for p € [[1,00], we aim at controlling the additional error IIfre 3 —f?(t) I, where e (1)

is the reference solution given by fref(t +Af) = Efref(t) and wholly defined at the finest level ¢ and ??(t) is the
solution of the adaptive method on the adaptive mesh which have been reconstructed at the finest level, see (2.29).
Here, |-|| the extension of the £” norm to vectors in R?. Both computations start from the same initial datum on
the finest grid, that is, A(0) = V.

2.6.1 ASSUMPTIONS

We introduce the natural assumptions to prove results concerning error control. They are the Harten’s heuristics
(Assumptions 2.4.1) and the continuity of the reference scheme. These assumptions are essentially the same than

the ones for Finite Volume schemes [Cohen et al., 2003, Hovhannisyan and Miiller, 2010].
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Assumptions 2.6.1: Continuity of the reference scheme

The reference scheme E is such that there exists a constant Cg = 1+ Cg with Cg = 0 such that
|Eu—Ev| < Cgllu-vll, vu,ve RN,

for the considered norm ||-||.

Remark 2.6.1. The following procedure can be easily adapted to the context where the continuity of the scheme is
measured using an ¢?-weighted norm as by [Junk and Yong, 2009]. It is sufficient to consider p = 2 and to observe
that the corresponding norm (measuring the properties pertaining to the multiresolution) can be bounded by the £?-

weighted norm.

2.6.2 ERROR BOUNDS AND THEIR PROOF

The essential idea to prove a result on the error control is to observe that the scheme (2.37) (or (2.38) for linear
equilibria) and (2.40) come back to utilize the reference scheme E at the finest level and then perform a truncation,
see [Cohen et al., 2003]. Thus we prove, replicating the path of [Cohen et al., 2003], the following statement,

which gives a control on the error introduced by the multiresolution lattice Boltzmann adaptive scheme.

Proposition 2.6.1: Additional error estimate

Under Assumptions 2.4.1 and Assumptions 2.6.1, with fi(t) being the reconstructed solution obtained using

the scheme (2.37) and (2.40), the additional error satisfies the following upper bounds:

+1, if Cg=0,

—ref 2
If () - f7(Dl < Cyre x = - -
1+(e“e"-1)/Cg, if Cg>0,

for t€ AtN.

Therefore, irrespective of the continuity constant Cg of the reference scheme, the additional error is bounded
linearly with €. According to the value of the constant Cg, we can prove that it accumulates either at most linearly
in time or exponentially. It is in general difficult to link the relaxation parameters with the constant and, according
to our experience, experiments frequently show a linear behavior even when we expect an exponential one, thus

the bound is not sharp.

Proof of Proposition 2.6.1. We start by observing that as stated in the proof of [Cohen et al., 2003, Proposition 4.2]
or in [Duarte, 2011, Equation (3.117)] we reconstruct at the finest level both for the collision (2.37) and the stream
phase (2.40)

(6 + A1) = ApeanEF(0), (2.46)

where ?7(1‘) is reconstructed from the data already adapted on A(f+ Af). Hence by triangle inequality
—ref A _ref A 2 2
IF° (1)~ F5()1l < 1EF (£ = AD) — Ef (¢ — An) || + | EF (£ = A1) — F5(0)]

~ . —ref 2 2 2
<(1+ CE)”f (r—Arp) —fz(l'—Af)” + ||Ef?(t—At) —AA(t)Ef?(t—At) I

J—— 2
<(1+CeIF (- A0~ F;(t- A+ Cage,

employing in this order Assumptions 2.6.1, (2.46), and Assumptions 2.4.1. We have to distinguish two cases and

apply the inequality recursively



2.7. Boundary conditions 69
- —ref 2 2
« Cg =0, thus ||fre ) -0l = ||f (t AN —f5(t—ADI+ Cyre = -+ < CMR(n + 1)e. Observe that the term

n+1 comes from the fact that ||f (0) E (0)l # 0, but we only have ||f (0) ?l (0)]l = Cumre by virtue of

Proposition 2.3.3.

« Cg > 0. We obtain, using (1 + Cg)" < e since Cg >0, that

—ref 2 2 n-l =~ i
e (- f[(t)||<(1+CE)||f (t AD) —f7(t= AN+ Cyre < - < Cwre Y (1+Cg)' + Cure
i=0
(1+Cp)" -1 eCen—1
<Cur|l+ ——=——|e< C\r|1+ ——|e.
Ce Ce

2.7 BOUNDARY CONDITIONS

We enforce boundary conditions—which are at the same time physical and numerical—by replacing lacking infor-
mation in the stream phase, which is the one which might look for information outside the domain. We do not
enter in a full discussion on the possible boundary conditions for lattice Boltzmann scheme, see [Kriiger et al.,
2017, Chapter 5]. Consider a cell Cy i touching the boundary of the domain 0€, so that |Cy j N 0Q|4-; >0 and an
index j € [1, g] such that the information comes from outside the domain, that is ¢ ;-1 <0 where n is the normal
vector to 6Q. For illustrative purpose we consider three types of boundary conditions which—for the reference
scheme—correspond to

7 (), (oth order extrapolation),
fj(t-i- At) = ?j’*(t), (bounce-back), (2.47)
—Fj'* (1), (anti-bounce-back),
where j is such that cj=—cjis the opposite discrete velocity. One can handle non-homogeneous conditions or

more intricate ones in the same way. Due to lacking pieces of information that we have isolated in the last term

of the following expression and that we note without the reconstruction sign, (2.40) is not well defined:

1 2% 1 —j,*
f“(t+m) [k(r)+2dM 'Z e - Y f”c(t) i > ).
ke&)  n[o.N;[? ke.AJY ke&) o[
(not weﬁ, defined)

Observe that having for reasonably small velocity stencils (all the stencils we consider in the work, namely those
implying at most two neighbors in each direction), Aé e ©Bok e [[O,Nz[[d, all the quantities appearing in the
outgoing pseudo-fluxes are known since they come from inside the domain. Using (2.47) and presenting the

“bounce-back” condition for the sake of presentation, we obtain

y 1 2j% 1 il
ke€] .no.Ng[“ ke Ay, ke(€ N [0.N7[D+e;
(well defined)

where now all sums imply quantities inside the domain Q. The distribution in the last sum can be evaluated in
two ways. The first one uses the usual reconstruction operator. The second one is using a direct evaluation, which
is a cheaper and easier alternative. We implement the latter method, which consists in taking the value directly

available on the ancestor cell present in S(A(f + A?)).
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2.8 NUMERICAL TESTS

In Section 2.8, we test our method in order to showcase that it indeed meets the requirements that we have
previously fixed in the Introduction of Chapter 2. For the one dimensional setting d = 1, we focus on

« Retrieving the theoretical error estimates.

+ Reduce the memory occupation.

« Test for many schemes and parameters, in order to show the generality of the approach.

« Study the influence of the collision strategy on the quality of the solution.
For the two and three dimensional settings d = 2,3, more emphasis is placed onto

« Retrieving the theoretical error estimates, in particular for a non-linear hyperbolic problem.

+ Use the approach with the most classical lattice Boltzmann scheme, namely the D2Qq scheme with three

conserved moments under acoustic scaling, and monitor macroscopic quantities (e.g. drag coefficient, etc.)

« The possibility of using the strategy in 3D to yield an extremely reduced memory footprint.

All the computations are done under acoustic scaling, thus when A > 0 remains fixed as Ax — 0 (i.e. £ — +00).
Unless otherwise stated, the test in Section 2.8 are carried using the “leaves collision” by (2.38). An exception to this
rule—where the “reconstructed collision” (2.37) is used to explain a pathological case—is explicitly highlighted. The
same will happen to compare “reconstructed collision” (2.37) , “leaves collision” (2.38) and “predict-and-integrate
collision” (2.39). Moreover, we consider the number of neighbors taken by the prediction operator P to be y =1,
except for some selected tests where y = 2 is also considered with explicit mention. Larger prediction stencils
entail larger costs of the multiresolution analysis and thus a larger overhead. However, since the decay of the
details is linked to y via (2.26), for very smooth solutions, it can be beneficial to increase y in order to achieve very
high compression factors. Quite the opposite, for solutions with shocks, the details do not decay with the level ¢
whatever v is. It is therefore not advisable to use large y in this situation, because this does not yield important

gains in the mesh compression compared to the larger overhead.

2.8.1 1D TESTS

2.8.1.1 METRICS AND SETTING

In Section 2.8.1, we focus on the following three aspects.

« The fulfillment of the theoretical estimate by Proposition 2.6.1. The errors are measured on the conserved
moments, which are the variables of interest for which exact solutions for the continuous problem can be
defined. The norm of choice is the £!-norm. We look at

EM = m™ (nAan) —mr M (A, e i= [m i (nAD) —%%(nAt) 1, (2.48)

8" = M (nAn) —mb(nAD | g1, (2.49)

for i € [1, N] spanning the conserved moments and n € [0, n7]] where nr € N is such that nyAr = T with
T > 0 the final time of the simulation. These metrics are respectively: E"", the error of the reference method
against the exact solution, called “reference discretization error”; e" the error of the adaptive method
against the exact solution, called “adaptive discretization error”; & Ln the difference between the adaptive

solution and the reference solution, called “perturbation error”.

As seen in Proposition 2.6.1, the perturbation error §°” ~ €. By the triangle inequality, we have that
e < EV 4 50,

An important aspect once utilizing multiresolution, linked with the choice of €, is not to perturb the reference

discretization error due to the perturbation error, that is having 5" < E"". This is independent of the fact
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that the reference scheme is convergent, namely E in_0as ¢ — +oo. Clearly, for convergent schemes, if
the user increases ¢, the threshold parameter € has to be decreased accordingly in order to avoid interference
with the convergence of the scheme, thus to have §" « E»" entailing e’ = E»".

+ The gain in terms of memory occupation and—at the very end—computational time induced by the use of

multiresolution. In Section 2.8.1, we use the compression rate

#(S(A(nAD))

Nz

CR":=100x|1—

also as a measure of computational efficiency, knowing that the real one is strongly dependent on the im-

plementation and data structure.

We also use the time-averaged compression rate given by

iz":”T#(S(A(nAt))

n=1

ACR"T:=100x|1—
Ny

In what we present next, the metric ACR"? is generally bounded from below by the compression factor
at the final time CR"? for the following reason. We mostly start from solutions with shocks, where very
high compression rates are achieved. Eventually, we obtain traveling shocks, contact discontinuities, and
rarefactions fans, thus having to put more and more cells and worsening the compression rate. Thus, the

compression rate at the final time clearly bounds the average compression rate from below.

« Compare different collision strategies, namely (2.37), (2.38) and (2.39), in terms of quality of the obtained

solution.

In Section 2.8.1, we consider € = le—4, £ =2 and 7= 9, except when these parameters are varied or otherwise
said. This value for € guarantees, for any considered test with reference scheme at level 7= 9, to achieve 6" «
E""_ Notice that ¢ determines which reference scheme we are relying on and building our adaptation strategy.

Differently, £ can be chosen freely by the user and determines the number of potential levels in the adaptive mesh.

2.8.1.2 DjQ, FOR ONE CONSERVATION LAW

We start with the simplest lattice Boltzmann scheme, with a first problem being linear and a second one that can

develop blowups and shocks.

2.8.1.2.1 The problem and the scheme We consider the approximation of the weak entropic solution [Serre, 1999]

of the initial-value problem for the scalar conservation law

O0:u+0x(p(u) =0, tef0,T], xeR,
(2.50)
u(0,x) = u°(x), X €R,

with a flux ¢ € C*°(R) and an initial datum u° € L*°(R). This problem is the advection equation with constant
velocity V for ¢(u) = Vu and the inviscid Burgers equation for ¢(u) = u?/2.

We use the D;Q, with N =1 introduced in Section 1.5.1, under acoustic scaling. With the theory of the equiva-
lent equations [Dubois, 2008], [Graille, 2014] has shown that this scheme is first order consistent in Ax with (2.50)

upon selecting m;q(ml) = ¢(my), with m; which will be an approximation of u, the solution of (2.50).

Remark 2.8.1 (Continuity constant of the scheme). Observe that in the case of advection equation, that is when
¢(u) =Vu for 0 <V < A (CFL condition), we can explicitly determine the continuity constant of the reference scheme
E for the L' norm, assuming to deal with periodic boundary conditions. Indeed, the continuity constant Cg =1 is the
induced L' norm of E, which thus reads

So SV

S: sV
cE:max{‘l____+_2+2_

21

SZV

2 21 21 2 21

N
-3
2

So SV }
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Table 2.3: Test cases for one scalar conservation law with choice of flux ¢, initial datum u°, expected regularity
WY of the solution, influencing the choice of regularity parameter i = min(v, 2y +1) for the refinement criterion
(cf Section 2.4.2) and final time T of the simulation.

Flux ¢ \ Initial datum u° \Type of solution\ v \ T \Test nb.
3 u°(x) = e 20 Strong C*®  |oo|o.q4| (I)
plu) = u U® (%) = Tyj<1/2(x) Weak L® |0 |o.4| (D)
2 u’(x) = (1+tanh(100x))/2 Strong C* oolo.4| (I)
ow =L U° (%) = Tyy<1/2(x) Weak L% 0|o7| @IV)
2 1 u2(x0) = (14 1) Teeo () + (1 — ) Ty (%) Weak L*® 0|13| (V)

{‘ S2 SzV S2 SzV } 1, lf 8252/(1+V//1),

—max{|l-—=—-—|+—=+—,1=
2 241 2 22 5L+ VIA =1, if s3>2/(1+V/A).
We shall consider five test cases as given in Table 2.3 and a computational domain Q = [-3,3]. We endow

the scheme with oth order extrapolation boundary conditions. We fix A = 1 and we consider different relaxation
parameters $y.

2.8.12.2 Results We first vary the threshold parameter € and monitor the the evolution of the perturbation
error 6177 as well as the compression factors CR"”, ACR"" at final time. Moreover, we fix € = 1e —4 as previously
claimed and we monitor the time evolution of 617, EL/gLn EL el and CR™, respectively the perturbation

error, the ratio of reference and perturbation error, the ratio of reference and adaptive error, the compression rate.

(I) The results are available in Figure 2.10. We observe that with this choice of € we successfully keep the
perturbation error §"* about 10 to 100 times smaller than the reference discretization error EV" at the chosen
level ¢, with important compression rates around 95% for the chosen e. We note the fairly correct linear
behavior in terms of €. The compression factor CR"7 and the average compression factor ACR"7 coincide
because the solution retains the same smoothness in time and is simply transported (plus the numerical
diffusion). The perturbation error increases linearly in time even when we can only prove an exponential
bound, cf. Proposition 2.6.1 and Remark 2.8.1, when s, > 8/7. Concerning the ratio Eb" /8L one should
remark that we have a boundary layer close to the initial time, tending to small values because we are
dealing with regular solutions. Indeed, many unrefined areas where the approximation made during the
stream phase generates, from the very beginning, an adaptive scheme which is quite different from the
reference scheme. Therefore, for small n, we have either 617 =~ EV" or maybe also § Lrn 5 EL7 Still, even
in this case, as long as the time grows, we are capable of largely outperform against the reference scheme,
yielding 61" « EV" for large n. For the choice of ¢ and threshold parameter ¢ we made, the ratio EV"/e'"

remains very close to one for any considered time.

(I) The results are given in Figure 2.11. The perturbation error of the adaptive method is about three orders
of magnitude smaller than the reference discretization error. Due to the presence of large plateaux, the
compression factor is really interesting for a large range of €, being always over 9o%. The trend of 517
as a function of € agrees with the theory. We see that ACR"7 is larger than CR"7 arguably because of the
numerical diffusion which accumulates in time and smears the shock. Again, the perturbation error Ln
increases linearly in time regardless of the choice of relaxation parameter s,. Looking at the ratio EV"/5%",
we observe a boundary layer close to the initial time with large values tending to +oo. This can be understood
by the fact that at the beginning, since working with Riemann problems, we have added enough security
cells around the shock with the refinement H, and the grading G—cf. (2.34)—in order to make the adaptive
scheme “degenerate” to the reference scheme, thus § Lrn « EL7 for small n. Finally, for the choice of ? and

threshold parameter € at hand, the ratio E1'"'/ e remains very close to one for any considered time.

(IIT) The results are in Figure 2.12. Again, we observe that this choice of € guarantees perturbation errors which
are between 5 and 50 times smaller than the discretization error of the reference method, still preserving

excellent compression rates. We again have ACR”T > CR"'T because of the formation of a rarefaction fan
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Figure 2.10: Test (I). First row: behavior of 5177 (left) and compression factors (right) at the final time T as functions
of the threshold e. Second row: behavior of 6" (left) and of E1"/5"" (right) as functions of the time. Third row:
behavior of /e (left) and the compression rate CR” (right) as functions of the time.
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Figure 2.11: Test (II). First row: behavior of 6" (left) and compression factors (right) at the final time T as
functions of the threshold €. Second row: behavior of 51" (left) and of EV"/8%" (right) as functions of the time.
Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.
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Figure 2.12: Test (IIT). First row: behavior of "7 (left) and compression factors (right) at the final time T as
functions of the threshold €. Second row: behavior of 51" (left) and of EV"*/§%" (right) as functions of the time.
Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.
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Figure 2.13: Test (IV). First row: behavior of §""7 (left) and compression factors (right) at the final time T as
functions of the threshold €. Second row: behavior of 51" (left) and of EV"/8%" (right) as functions of the time.
Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.
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Figure 2.14: Example of solution from the adaptive scheme for the test (IV), considering n = 358, s, = 1.5 and
€ = le —4 On the left, levels of the computational mesh. On the right, solution on the leaves of the tree.

(Iv)

as the simulation goes on. The behavior as € tends to zero is respected and the expected linear temporal
trend is obtained. The attentive reader could have observed the following fact: the compression rates tend to
stagnate as € — 0. The reason for that is the following (and applies to any context in which the situation shall
happen, also in what follows): consider the typical solution of most of the problems we consider, where only
shocks (and contact discontinuities) and rarefaction fans are present. Elsewhere, the solution is essentially
flat. Start from a very large threshold e: multiresolution does not put cells at the finest level of resolution ¢
because the threshold is really large. Then decrease e little by little: the finest resolution is reached on the
shock and in the less smooth zones of the rarefaction fans. By continuing decreasing €, the fans are also
refined (especially if here the solution is highly nonlinear). Nevertheless, at some time, the finest level 2
is reached everywhere where the solution is non-flat (shocks and fans) and eventually (for smaller €) there
is not so much room for improving the quality of the reconstruction by refining elsewhere, because here
the solution is totally flat (and indeed the details are perfectly equal to zero). This is why the compression
rate (almost) stagnates. Multiresolution can still diminish the error as expected by adding very few cells
thus with very little modifications of the compression rates. Of course, one expects CR"*T,ACR""T — 0 as
€ — 0, but in this case € should become really small, presumably below the machine-epsilon to observe the

convergence after the stagnation. For the ratio E'"/§", the same remarks as (I) apply.

The results are in Figure 2.13 and—for illustrative purpose—the numerical solution of the adaptive scheme is
shown in Figure 2.14. The adaptive method largely beats the traditional method by three orders of magnitude
when comparing the perturbation error to the error of the reference scheme, with less efficient compression
compared to (II) due to the formation of a rarefaction fan which—though straight-shaped—is refined by
multiresolution even away from the extremal kinks of the slopes because the D1Q, exhibits checkerboard
patterns in this area. Again, this causes the fact that ACR"T > CR"7. The estimate in € is sharply met and the
perturbation error increases linearly in time for every choice of relaxation parameter s,. Strong oscillations
due to the reference scheme are present close to the shock, especially when using a relaxation parameter
s2 > 1. For the ratio EV"/§%", the same remarks as (IT) apply. The compression rate CR” grows linearly in

time because the size of the rarefaction fan grows linearly in time as well.

The results are in Figure 2.15. This test provides a pathological and ad-hoc example where the reconstructed
collision (2.37) is needed instead of the leaves collision (2.38) to correctly retrieve the theoretical estimates
on the perturbation error §1" controlled by the threshold e. This is due to the fact that the solution is
piece-wise linear for every time—especially at initial time—and we know that the prediction operator with
Y =1 is exact (cf. Proposition 2.3.1) on each linear branch of the solution. Remark that the weak solution
blows up at time T* =1 and we take [z = 0 in order to be sure of correctly capture the jump in the solution
after this event. Moreover, the final time is taken to 7 = 1.3 to observe the blowup. Looking at Figure 2.15

three notable facts are to remark and arise from the particular way of fabricating the solution. The first is
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Figure 2.15: Test (V). First row: behavior of 6177 (left) and compression factors (right) at the final time T as
functions of the threshold €. Second row: behavior of 51" (left) and of EV"/8%" (right) as functions of the time.
Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.
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that the temporal trend of the perturbation error 5" changes at the blowup time T* = 1 (corresponding
to n* = 512). This is coherent with the fact that the solution changes its regularity from W to just L™
(consider the effect of the details given by Proposition 2.3.2), whereas the threshold € to which details are
compared whilst applying 7 and H, (cf. (2.34)) is kept fixed in time. Second, the ratio /5" shows a
time boundary layer close to n = 0, tending towards small values. This means that at the very beginning of
the simulation, the error of the reference scheme is comparable (or smaller) to that of the adaptive scheme,
as we already observed for case (I) and (III). This fact shall be explained in a moment and we will not come
to the same conclusions as for case (I) and (III) concerning the dominant causes of this phenomenon. Lastly,
we observe that after an initial decrease, 6" stagnates as ¢ decreases as well as the compression factor.
This is in contradiction with the theoretical estimates which give §""*7 < e. However, one should not forget
that we have used the “leaves collision” instead of the “reconstructed collision” and this test case has been

built on purpose to obtain this.

We now provide a full explanation for these remarks, as well as an additional test. Since the initial solution
is piece-wise linear, the multiresolution analysis 7¢ and the grading G put more and more cells close to
the kinks (located at x = —1,0, 1) as € decreases, until reaching a point where the prediction P, (and thus
the reconstruction) is exact and no more cell have to be added. As the reconstruction process pertains to
the advection phase, from a certain € and at the beginning of the simulation, the stream is exact: the same
as the reference scheme. This is false for the collision, because of the non-linearity of the collision phase
(generated by the non-linear flux ¢(u) = u?/2 pertaining to the Burgers equation). Along the sloped sides of
the hat (between [—1,0] and [0, 1]), the collision on the leaves adds, at the very beginning of the simulation,
an error which is the same for all the € smaller than a certain threshold—because the initial grid is indeed
the same—and which remains for the whole simulation, yielding the saturation. We have observed exactly
the same saturation as € decreases, outside the context of lattice Boltzmann schemes, just by compressing
the mesh by multiresolution based on the initial datum, performing the evaluation of the function ¢(u) on
the leaves and measuring the error compared to the evaluation of the function ¢(u) on the full mesh at the
finest level £.

To corroborate our observations, we use the reconstructed collision: in this case, we recover the right esti-
mate in €, see Figure 2.17. This happens because the reconstruction at the finest level is exact on the slopes
of the hat and thus the collision has been evaluated at the right resolution. Moreover, the behavior of the
initial boundary layer on the plot concerning the ratio E"'/§1" has been reversed, yielding large values
EY"/617 1 for small n. This is coherent with the other simulations with weak solutions (tests (II) and
(IV)), where at the beginning, the perturbation error 61" is largely negligible compared to E>" but is differ-
ent for what happened for the regular test (III), where we have checked, switching from the leaves collision
Figure 2.12 to the reconstructed collision Figure 2.16 does not change this initial boundary layer. Therefore,
we can claim that in the setting of test (V), the dominant phenomenon causing the initial boundary layer
is the leaves collision, and not a combination of stream phase and the collision phase (no matter how it is
done) as for test (III). Indeed, if we compare Figure 2.15 and Figure 2.17, we notice that the tangent to the
curve in the origin is way less steep in the latter case than in the former. On the other hand, for the test
(Il) in Figure 2.12 and Figure 2.16 the tangent to 6" close to n = 0 behaves gently both in the case of leaves
collision and reconstructed collision. In the case of test (V), in the case of leaves collision the perturbation
error 61" is about one order of magnitude larger than in the case of reconstructed collision. This is not the
case for test (IIl), where we have only a factor two between the errors using the leaves collision and the

reconstructed collision.

To conclude, we have devised a particular case where the “reconstructed collision” (2.37) is needed instead
of the “leaves collision” (2.38) to recover the theoretical estimates. Of course, this does not prevent us from
having very interesting ratios EV"*/§1" far from the initial time for both cases. In the vast majority of
the cases, the leaves collision is largely sufficient and does not prevent one from observing the theoretical

behavior.
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Figure 2.16: Test (III) repeated using the “reconstructed collision” (2.37). First row: behavior of 6”7 (left) and
compression factors (right) at the final time T as functions of the threshold €. Second row: behavior of 51" (left)
and of EV"*/8%" (right) as functions of the time. Third row: behavior of E""/e!" (left) and the compression rate
CR" (right) as functions of the time.
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Figure 2.17: Test (V) repeated using the “reconstructed collision” (2.37). First row: behavior of 61”7 (left) and
compression factors (right) at the final time T as functions of the threshold €. Second row: behavior of 5% (left)
and of EV"*/8V" (right) as functions of the time. Third row: behavior of E""/e"" (left) and the compression rate

CR" (right) as functions of the time.
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Figure 2.18: Test (I) using y = 2. First row: behavior of §1"*7 (left) and compression factors (right) at the final time
T as functions of the threshold €. Second row: behavior of §" (left) and of EV"/§%" (right) as functions of the
time. Third row: behavior of EV"/e!" (left) and the compression rate CR” (right) as functions of the time. The

superimposed transparent lines refer to y = 1 for comparison.
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Figure 2.19: Test (IT) using y = 2. First row: behavior of §1"*7 (left) and compression factors (right) at the final time
T as functions of the threshold €. Second row: behavior of §" (left) and of EV"/§1" (right) as functions of the
time. Third row: behavior of EV"*/e"" (left) and the compression rate CR” (right) as functions of the time. The

superimposed transparent lines refer to y = 1 for comparison.
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Figure 2.20: Test (IIl) using y = 2. First row: behavior of §1"*" (left) and compression factors (right) at the final
time T as functions of the threshold e. Second row: behavior of 6" (left) and of EV"/§"" (right) as functions of
the time. Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.
The superimposed transparent lines refer to y = 1 for comparison.
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Figure 2.21: Test (IV) using y = 2. First row: behavior of "7 (left) and compression factors (right) at the final
time T as functions of the threshold e. Second row: behavior of 6" (left) and of EV"/§"" (right) as functions of
the time. Third row: behavior of E1"/e!" (left) and the compression rate CR” (right) as functions of the time.

The superimposed transparent lines refer to y = 1 for comparison.
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Figure 2.22: Test (V) using y = 2. First row: behavior of §1"*7 (left) and compression factors (right) at the final time
T as functions of the threshold €. Second row: behavior of §" (left) and of EV"/§%" (right) as functions of the
time. Third row: behavior of EV"*/e!" (left) and the compression rate CR” (right) as functions of the time. The
superimposed transparent lines refer to y = 1 for comparison.
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We repeat the tests in order to provide the essential ideas about what happens when using multiresolution

with a more precise prediction operator P, namely for y = 2.

(I) Looking at Figure 2.18, we observe a smaller perturbation error 6”7 compared to y = 1, still following
the right trend in € and achieving better compression rates for the same values of €. This is the direct
consequence of having utilized a larger prediction stencil with a smooth solution, cf. Proposition 2.3.2. This
is very inherent to the specific setting of smooth solutions. The time behavior of § is linear with a smaller

constant, which thus confirms to depend on v, see Proposition 2.3.3 and Proposition 2.6.1.

(I) The performances shown in Figure 2.19 are comparable to those with y = 1 because the solution lacks of
smoothness: everything happens on the shock, where the details do not decay (cf. (2.26)) and therefore going
from y =1 to y = 2 produces essentially comparable outcomes. It is therefore not advisable to increase the

cost of the overall procedure in this case.

() The results are in Figure 2.20 and the conclusions are essentially the same as (II), because the exact solution—

though smooth—is very steep.
(IV) The results are in Figure 2.21 and the conclusions are essentially the same as (II).

(V) The results are in Figure 2.22 and the conclusions are essentially the same as (II). Moreover, we observe the

stagnation of 61”7 in € both for y = 1 and y = 2, as previously studied.

Overall, the choice of y = 2 is advisable, compared to y = 1, only for very smooth problems, where it produces a
significant gain. Otherwise, it does not yield major improvements of the quality of the solution and only generates
more expensive computations due to the larger prediction stencil, as well as a more involved implementation and
heavier meshes due to the grading constraint.

We can conclude that the adaptive scheme for a scalar conservation law guarantees an error control by a
threshold € and succeeds in keeping the perturbation error 6" way smaller than the discretization error EV" of
the reference scheme, especially when weak solutions are involved, for the selected maximum level ?. The “leaves

collision” does not impact these characteristics except in a specifically designed pathological case.

2.8.1.3 Dj1Q3 FOR THE VISCOUS BURGERS EQUATION: EFFECT OF THE COLLISION STRATEGY

We now make a small break and further study the influence of several collision strategy on the outcome of the
simulation. This will be the unique place in Section 2.8 where the computational mesh is not adapted in space and

as time goes on. In order to see some difference between collision strategy, the equilibria must be non-linear.

2.8.1.3.1 The problem and the scheme We consider the approximation of the solution of the viscous Burgers

equation with viscosity u > 0, given by

atu+6x(u2)—,u6xxu:0, tel0,T], xeR,

U0, x) = —L—ex (—X—z) xeR
’ - o 9 aure ) ’

Vanru

where £° > 0 is a parameter. The explicit solution is obtained by the Cole-Hopf transformation [Cole, 1951, Hopf,

1950] and is given by

4y fjo??] exp(—ﬁerf(\/;;t_to - t_ton))e_”zdn

t ff;fexp(—terf(\/;t_ﬁ— [—ﬁn))e‘nzdn,

u(t,x) =

and the integrals with weights e shall be approximated with Gauss-Hermite formuleewith 100 quadrature
points. We shall take either p = 5e —2 (large diffusion) or u = 5e — 3 (small diffusion)

The numerical scheme that we use is the D1Q; detailed in Section 1.5.2 using the choice of moments given by
(1.5) and N = 1. We take the moments at equilibrium mgq(ml) =(my)%/2 and

3 1 A
mgq(ml):(mgl) +4m, 32:(_+_IJ'

-1
5 4Ax) , (large diffusion),
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Table 2.4: Test for the viscous Burgers equation taking p = 5e — 2 (small diffusion).

Leaves collision (2.38) | Reconstructed collision (2.37) | Predict-and-integrate collision (2.39)

A£ Ecgoa Ec[t)a Dcoa Ecgoa Egoa Dcoa Eéa Ec[oa Dcoa

0 |1.23e-2 1.23€-2 0.00€+0 | 1.23e-2 1.23e-2  0.00€e+0 1.23e-2 1.23e-2 5.18e-8

1 |1.23e-2 123e-2 1.88e-7 |1.23e-2 1.23e-2 1.14e-7 1.23e-2 1.23e-2 1.27€-7

2 |1.23e-2 1.23e-2 9.34e-7 | 1.23e-2 1l.23e-2 5.70€-7 1.23e-2 1.23e-2 5.76e-7

3 | 123e-2 1.23e-2 3.89e-6 | 1.23e-2 1.23e-2 2.40e-6 1.23e-2 1.23e-2 2.41e-6

4 [123e-2 1.23e-2 157€-5 |1.23€-2 1.23€-2 9.78e-6 1.23€-2 1.23e-2 9.79e-6

5 |1.23e-2 1.23e-2 6.30e-5 | 1.23e-2 1.23€-2 4.06e-5 1.23e-2 1.23e-2 4.06e-5

6 |1.23e-2 1.23e-2 2.60e-4 |1.23e-2 1.23e-2 1.86e-4 1.23€-2 1.23e-2 1.86e-4

7 |122e-2 1.22e-2 118e-3 |l.22e-2 1l.23€-2 9.97e-4 1.22e-2 1.23e-2 9.98e-4

Table 2.5: Test for the viscous Burgers equation taking p = 5e — 3 (small diffusion).

Leaves collision (2.38) | Reconstructed collision (2.37) | Predict-and-integrate collision (2.39)
4 7 4 7 4 7

Al| Eon  Eba Deoa Eoon  Eboa Dcoa Ea  Eba Dcoa

o | 5.31e-3 5.31e-3 0.00e+0 | 5.31e-3 5.31e-3  0.00€+0 | 5.31e-3 5.31e-3 1.19e-6

1 | 5.31e-3 5.31e-3 3.47e-6 | 5.31e-3 5.31e-3 2.79e-6 5.31e-3 5.31e-3 3.02e-6

2 |5.31e-3 5.31e-3 2.34e-5 | 5.31e-3 5.31€-3 2.28e-5 5.31€-3 5.31€-3 2.29e-5

3 |5.28e-3 5.30e-3 1.41e-4 |5.28e-3 5.28¢e-3 1.43€-4 5.28e-3 5.28e-3 1.43€-4

4 |5.28e-3 5.31e-3 8.63e-4 |5.29€-3 5.27e-3 8.93e-4 5.29€-3 5.27€-3 8.93e-4

5 |5.92e-3 6.14e-3 6.08e-3 |5.75€-3 5.83e-3  5.73e-3 | 5.75€-3 5.84e-3 5.76€-3

6 |2.91e-2 3.36e-2 3.37e-2 |2.67e-2 3.1le-2 3.14€-2 2.67e-2 3.12e-2 3.15€-2

7 | 2.55e-1 2.45€-1  2.42e-1 | 2.37e-1 2.27e-1 2.23e-1 2.32e-1 2.22€-1 2.19€-1

eq (m1)3 1 AH ! . .
mg*(my) = 3 +my, Sp = > + el (small diffusion).
X

We consider a final time T =1, £° = 1 and a domain Q = [—3, 3]. We take lattice velocity A =4 and s3 = 1. According
to the discussion by [Boghosian et al., 2018], the scheme is in general not convergent towards the solution of
continuous equation, because s, — 0 as Ax — 0. Still, it can be used in an intermediate regime where Ax is not

too small, thus s; is sufficiently away from 0.

2.8.1.3.2 Results As announced, for this test, we simulate over a uniform coarse mesh at level ¢ (which will
be changed) with a reference maximum level ¢ = 11, without performing any mesh adaptation. We monitor
the following metrics on the conserved moment m; =~ u, which are all taken with respect to the L! norm and

normalized using the norm of the exact solution. They are considered at final time T.

. Egoa = |[u(T) —ﬁcoa’l(T)H[l (7))l g1, error of the adaptive scheme applied on the uniform coarse mesh

with respect to the exact solution measured at level £.

. Egoa = ||u(T) —%C;a‘l(T)II (D)l 1, error of the adaptive scheme applied on the uniform coarse mesh

with respect to the exact solution measured at level ¢, with the solution of the adaptive scheme built at £

using the reconstruction operator.
e Deoa = [metl(T) —ﬁ%oa'l(T)Ilﬂ/ I%(T)| »1, difference between the reference and adaptive scheme applied

on the uniform coarse mesh, where the adaptive datum has been reconstructed at finest level 7 in order to

compare it with the solution of the reference scheme.

We test using the leaves collision (2.38), the reconstructed collision (2.37) and the predict-and-integrate collision
(2-39). The latter is employed with a Gauss-Legendre quadrature of order five [Abramowitz and Stegun, 1964].
On the reference interval [-1,1], this corresponds to the quadrature points and weights (x, w1) = (—v/3/5,5/9),
(x2, w2) = (0,8/9) and (x3, w3) = (v/375,5/9).

The result in the case of large diffusion is given in Table 2.4. We observe that for this smooth solution, the
additional error Do, induced by the collision performed on the leaves is slightly larger (about 1.5 times) than
those for the reconstructed collision and the predict-and-integrate collision. Still, all the errors have the same
order of magnitude. On the other hand, the predict-and-integrate method behaves almost like the reconstructed
method except for A¢ where it does not have D¢o, = 0 because the method does not perfectly coincide with the
reference one. Regarding the case of small diffusion in Table 2.5, we obtain similar results, with the leaves collision

showing marginally larger additional errors. This test shows that this strategy can be regarded as reliable even for
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functions which do not behave polynomially, as the solution we considered, and which can present steep fronts.
If one desires a slightly more qualitative collision strategy without significantly increase the computational cost,
one may consider the predict-and-integrate strategy. Overall, the reconstructed collision, although guaranteeing
the most accurate results, is generally not a viable choice due to its cost and the fact that it provides performances

which are marginally better than the other cheaper strategies.

2.81.4 D1Q3/D1Qs5 FOR TWO CONSERVATION LAWS

We come back to a setting where dynamically adaptive meshes are used. We consider two schemes. Indeed, the
second one has an extended stencil, vising two neighboring cells for each direction. This tries to demonstrate that

the method works well for very generic lattice Boltzmann schemes.

2.8.1.4.1 The problem and the scheme We consider the approximation of the weak entropic solution of the initial-

value problem for the shallow water system

0:th+0y(hu) =0, tel0,T], x€ER,
0;(hu) +0,(hu?+ gh?/2) =0, tel0,T], xeR, (2.51)
(h, u)(0,x) = (h°, u°)(x), XeER,

where h represents the height of a fluid and u its horizontal velocity. The parameter g > 0 is the gravitational
acceleration exerted on the fluid and h°, u° € L*(R).

We use two different lattice Boltzmann schemes with N =2 conserved moments, under acoustic scaling:

+ A D;Q; introduced in Section 1.5.2 with moment matrix M given by (1.5). With the choice of moments at

equilibrium

(my)? . (my)?

€q —
My (my, my) = 2

’

the theory of the equivalent equations [Dubois, 2008] allows to show that this scheme is first order consis-
tent in Ax with (2.51), having m; = h and my = hu.

« AD;Q; featuring g =5 with ¢; =0, c; =1, c3 = -1, ¢4 =2 and ¢5 = —2 and moment matrix

1 1 1 1 1
0 A -1 212 =22
M=|0 A% A% 4A%> 4A?
0 A% -A3 8A%® -8A3
0 A* a* 16A* 167°

We select the moments at equilibrium as

(my)? N (my)?
2

e e 2 e 4
mg(my,my) = »omimL,me) =A%my, mgtmy,mg) = A% my.

Again, this scheme is first order consistent in Ax with (2.51), having m; = h and m; = hu.
As initial datum, we consider the Riemann problem given by
(7%, u®) (%) = (2,0)Tx<o (%) + (1,0) T2 (),

and the gravity to g = 1. The final time of the simulation is T = 0.2. We employ a computational domain Q = [-1,1]
and endow the schemes with oth order extrapolation boundary conditions. The lattice velocity is fixed to A =2

and we consider different relaxation parameters s3, fixing s4 = s5 = 1 for the D1 Q5 scheme.

2.8.1.4.2 Results We have:
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Figure 2.23: D1Q, for the shallow-water system. First row: behavior of 51”7 (left) and compression factors (right)
at the final time T as functions of the threshold €. Second row: behavior of 1" (left) and the compression rate
CR” (right) as functions of the time. Third row: behavior of EV"*/51" (left) and E>"/e"™ (right) as functions of
the time. For the sake of avoiding redundancy, the result are only for the first moment.
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Figure 2.24: D1 Qs for the shallow-water system. First row: behavior of 517 (left) and compression factors (right)
at the final time T as functions of the threshold €. Second row: behavior of " (left) and the compression rate
CR” (right) as functions of the time. Third row: behavior of EV"/§1" (left) and E»"*/e"" (right) as functions of
the time. For the sake of avoiding redundancy, the result are only for the first moment.
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Figure 2.25: Example of solution from the D Q5 adaptive scheme, considering n =300, s, =1.6 and € =le—4. On
the left, levels of the computational mesh. On the right, solution on the leaves of the tree.

+ For the D;Q scheme, the results are in Figure 2.23 concerning the first moment, for the sake of avoiding
redundancy. For both the conserved moments, the behavior of the perturbation error in time is supralinear,
being very small at the very beginning because the method adds enough security cells around the shock
and information propagates relatively slowly. Moreover, we remark that the perturbation error is larger for
smaller s3 due to the larger diffusivity of the numerical scheme. The perturbation error is between four
and six orders of magnitude smaller than the discretization error of the reference method, reaching very
interesting compression factors. The estimates for §"*7 for i € [1,2] in terms of € are correctly followed.
We observe the typical inequality ACR"T > CR".

» For the D; Q5 scheme, the results are in Figure 2.24 and the behavior of the numerical solution is sketched in
Figure 2.25. The time behavior of the perturbation error is again supralinear and now the difference between
different relaxation parameters is less evident. The ratio with the discretization error of the reference scheme
is between 10% and 108. The bound of §""*" for i € [1,2] in € is very well fulfilled. This example shows that
our adaptive strategy works really well even for schemes with an extended advection stencil.

2.8.1.5 Dng FOR THREE CONSERVATION LAWS

This test is constructed to check that our strategy works equally well with the so-called “vectorial schemes”.

2.8.1.5.1 The problem and the scheme We consider the approximation of the weak entropic solution of the initial-

value problem for the full Euler system

0:p+0x(pu) =0, tel0,T], XeR,
0,(pu) +0,(pu®+p) =0, te[0,T], xeR,
0+E+0x(Eu+pu) =0, telo,T], X €R,
(p,u, E)(0,x) = (p°, u’, E°)(x), xeR,

(2.52)

where p is the density of the fluid, u is the velocity of the flow, p is the pressure and E the total energy. The
pressure and the energy are linked by the pressure law which reads E = pu?/2+ p/ (Ygas — 1), where yg,s is the gas
constant. The initial data are such that p°, u°, E° € L°(R).

As numerical scheme, we employ a vectorial scheme [Graille, 2014, Dubois, 2014] under acoustic scaling, which
might be called Dng and seen as a juxtaposition of three independent D1Q, schemes with one conserved moment
for each scheme, cf. Section 1.5.1, coupled via their equilibria. This scheme adds the necessary numerical diffusion,
enhancing stability, and makes it easy to conserve the energy E with a used-defined pressure law. Another way of

seeing this scheme is to consider a D;Qg scheme with g =6 and N=3 withc; =1, co=-1,c3=1,c4=—-1,¢c5=1
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and cg = —1. The moment matrix is

1 1 0 0 0 O

0 0 1 1 0 O

0O 0 0 0 1 1

M=

A -2 0 0 0 O

0 0 A -2 0 O

0O 0 0 0 A -2

Selecting the moments at equilibrium as
eq eq (m 2)2
m, (Mg, mz, mg) = my, mg=(my, mz, m3) = —(3 ygas) + (Ygas — 1)mg,
mamg (my)®

Mg (my, Mz, m3) = Ygas —— - —(1 Yead) (7

1

[Dubois, 2008] allows to conclude [Graille, 2014] that this scheme is first order consistent in Ax with (2.52), having
my = p, my = pu and m3 = E.
As initial datum, we consider the Riemann problem associated with the well-known Sod shock problem [Sod,

1978], see [Toro, 2009, Chapter 4], given by
(p°, u’, E°)(x) = (1.000,0.000,2.500) Tx<( (x) + (0.125,0.000, 0.250) Ty=0 (x),

and we take yg,s = 1.4. The final time of the simulation is T = 0.4. We employ a computational domain Q = [-1, 1]
and endow all the schemes with oth order extrapolation boundary conditions. The lattice velocity is A = 3. We

take s4 = s5 = s, that is, the same relaxation parameter for each sub-scheme.

2.8.1.5.2 Results We monitor the same quantities as in Section 2.8.1.2. We have the results on Figure 2.26 and
Figure 2.27: the perturbation error behaves fairly linearly in time for every choice of relaxation parameter and
becomes smaller as s3 approaches two, due to the reduced numerical diffusion. We are capable of keeping the
perturbation error between three and four orders of magnitude smaller than the discretization error of the refer-
ence scheme for each of the conserved moments, for the chosen resolution ¢. The behavior in € is respected. This
shows that our strategy is well suited to handle the simulation of systems of conservation laws using vectorial

schemes.

2.8.2 2D AND 3D TESTS

We test on 2D/3D problems, which start to look like real problems in terms of size and are more involved in terms

of computational cost.

2.8.2.1 DZQZ FOR THREE CONSERVATION LAWS

2.8.2.11 The problem and the scheme We consider the approximation of the weak entropic solution of the initial-

value problem for the full Euler system

010+ 0y, (pu) +0y,(pv) =0, tel0,T], xeR?,
0¢(pu) + 0y, (pu? + p) + 0y, (ouv) =0, tel0,T], xeR?
0:(pv) + 0y, (ouv) + 0y, (pv? + p) =0, tel0,T], xeR? (2:53)
0(E +0y, (Eu+ pu) + 0y, (Ev+ pv) =0, tel0,T], xeR?
(0, u, v, E)(0,x) = (0°, u°, v°, E°) (x), xeR?,

where p is the density of the fluid, u is the velocity of the flow along the first axis and v along the second one, p

is the pressure and E the total energy. The pressure and the energy are linked by the pressure law which reads
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Figure 2.26: D Qg for the Euler system. First row: behavior of §>"*7 (left) and compression factors (right) at the
final time T as functions of the threshold e. Second row: behavior of §%” (left) and the compression rate CR”
(right) as functions of the time. Third row: behavior of E>"/§%" (left) and E>"/e>" (right) as functions of the
time. For the sake of avoiding redundancy, the result are only for the second moment.
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Figure 2.27: Example of solution from the Dng adaptive scheme, considering n =600, s3 =1.75 and € = 1e—3. On
the left, levels of the computational mesh. On the right, solution on the leaves of the tree.

E=pW?+v?*/2+pl (Ygas — 1), where Y is the gas constant. The initial data are such that p°, u°, v°, E° € L°(R).

As numerical scheme, we utilize a vectorial scheme under acoustic scaling, namely a D,Q3 made up of the
juxtaposition of four D»Q, with one conserved moment for each scheme, cf. Section 1.5.3, coupled through the

equilibria. They can also be seen as a D2Q, 4 scheme with g =16 and

¢j= (cos(g((j ~1) mod 4)),sin(%((j ~1) mod 4)))t, je[1,16],

where a mod b is the remainder of the integer division between a and b. The moment matrix is

1 1 1 1 0 o0 0 0 0 0 0 0 0 0 0 0 |
0o 0 0 o0 1 1 1 1 0 0 O O O 0 0 0
o 0o O o O o0 o0 o0 1 1 1 1 0 0 0 0
o o O o O o O O 0 O 0 0 1 1 1 1
A 0 -A 0 O O O 0O O O O O O 0 0 0
o A 0 -A 0 O O O O O 0O O 0O O 0 0
A2 A2 A2 A2 0 o 0 0 0 0 0 0 0 0 0 0
Mo|0 0 0 0 A 0 -A 0 O O O O O 0 0 O
o o O OoO O A O -A 0 O O O 0O O 0 o0
0 0 0 0 A% -A*2 22 -22 0 0 0 O 0O O 0 o0
o o O O O O 0O O A O -A O O O 0 0
o o O O O O O O 0 A 0O -A 0 O 0 O
0 0 0 0 0 0 0 0 A% A2 22 22 0 o0 0 0
o o O OoO O O O O O O 0 0 A O -A 0
o o O O O O O O O O O 0 0 A 0 -A
o o o o o O 0O O O O 0 0 A* -A2 A% -A?

We recall that m?q = m?q(ml, my, m3, my) for i € [5,16]. Selecting

mg! =my, mgl = mg, ms1=0,
(mp)* 1 (m3)? mams
=—(3 Yeas) ———— + 5 (1= Ygas) ——— + (Ygas = 1My, mg“—m—l, myg =0,
mzms (m3)2 1 (m 2)2
mi} = o my ——(3 Yeas) ——— + 5 (1 = Ygas) ———+ (ygas = Iy, mi3 =0,
eq _ mpmy 1 (my)* mz(ms) eq _ mgmy 1 (m3)®  mg(my)?
my, = Ygasm—l+ (1—7Ygas) (1 )2 W' m;s =7Yga sm—1 ( Ygas)( 2 W
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and mig =0, the scheme [Dubois, 2008] is first order consistent in Ax with (2.53), having m; = p, ma = pu, mg = pv

and my ~ E.

As initial datum, we take the Configuration 3 and 12 by [Lax and Liu, 1998], under the form

(olp Wp Vop Eor)y X1 >1/2,  x2>1/2,
o o o o (pO ruo )UD yEo )y x1<1/2, x2>1/2,
(%, u®, 0%, E%) () = ¢ L UL UL UL

(Ol Wi By x1<1/2, x2<1/2,

(ofpo Ui Vi Efp)y X1>1/2, X2 <1/2.

Moreover, we utilize ygas = 1.4. The final time of the simulation is T = 0.3 for Configuration 3 and T = 0.25 for

Configuration 12. We employ the computational domain Q = [0,1]? and endow all the schemes with oth order

extrapolation conditions at the boundary. For the examined configurations, we found that A =5 and s5 = s = 1.9,

§7 =510 = S13 = S16 = 1 and sg = 9 = §11 = S12 = S14 = S15 = 1.75 provide adequate performances and a reasonable

amount of numerical diffusion to keep simulations stable. We have also utilized the twisted scheme presented in

Section 1.5.3, see [Février, 2014, Chapter 1] obtaining similar behavior. We do not present such tests.

2.8.2.1.2 Results

+ General remarks. The structure of the solution and the local relative perturbation error concerning the
density field (i.e. m;) at final time for Configuration 3 are given in Figure 2.28; those for Configuration 12 are
given in Figure 2.29. In the former case, we remark that the four shocks, where all the conserved moments
are discontinuous, are well resolved and finely meshed, so that we can observe some hydrodynamic insta-
bilities [Liska and Wendroff, 2003] typical of such systems—despite the fact of using a low order scheme.
In the latter case, the two shocks propagating towards the upper-right corner are followed by the finest
discretization ¢ of the mesh, whereas we observe a coarsening of one level (for € = 5e — 3) close to the static
contact discontinuities. This phenomenon shall be clarified in a moment with a finer analysis. Overall, this
qualitative analysis allows us to conclude that the adaptive lattice Boltzmann scheme succeeds in reproduc-
ing the expected behavior of the solution [Lax and Liu, 1998, Liska and Wendroff, 2003] of the Euler system
and that the adaptive grid follows the shock structures propagating with finite velocity.

« Error control. The first important point is to verify that we control the perturbation error. We monitor the
relative perturbation error at final time T

i 6i,nT
EN=—g—
" (1) |
with i € [1, N] spanning the conserved moments and the normalization is performed using the reference
solution. The notation 6”7 is the one introduced in (2.49). According to Proposition 2.6.1, we would like to
observe an error control of the form

E'(T) <e, (2.54)

where the constant depends on the final time T and type of multiresolution y that one utilizes. Observe
that as we are computing the difference with the reference scheme, the solution of the latter depends on the

maximum level of resolution ¢. This should be taken into account when comparing results for different .

According to the results shown in Figure 2.30 and Figure 2.31 (we present only for i = 1), respectively for
Configuration 3 and 12, we verify that the upper bound (2.54) is verified for these test cases. This is in
agreement with the theoretical analysis Proposition 2.6.1 and holds for any choice of finest resolution 2
Besides corroborating the theoretical analysis in a multidimensional setting, this confirms that, as far as we
are dealing with hyperbolic problems, the enlargement strategy devised in Section 2.4 is capable of ensuring

that the adaptive mesh correctly follows the temporal evolution of the solution.

+ Memory occupation. The second important axis of analysis is the gain in terms of computational time

and memory impact thanks to the joint work of the adaptive scheme with multiresolution. The memory
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Figure 2.28: Configuration 3. Top € = 5e — 3, bottom € = le —3 and 1 = 0 (cf. (2.36)) for both. On the left, level ¢
(colored), contours of the density field m; (white) and velocity field (mz, m3)® (black). On the right: local relative
perturbation error on the density field m; of the adaptive method (reconstructed solution) with respect to the
reference method. Time T =0.3,{=2and ¢ =9.
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Figure 2.29: Configuration 12. Top € = 5e — 3, bottom € = le —3 and u = 0 (¢f: (2.36)) for both. On the left, level ¢
(colored), contours of the density field m; (white) and velocity field (mz, m3)® (black). On the right: local relative
perturbation error on the density field m; of the adaptive method (reconstructed solution) with respect to the
reference method. Time T =0.25, /=2 and ¢ =9.



2.8. Numerical tests 99

(=7
MemOR(t) MeshOR(t) EY(T)

7=9
0.6 1
0.4 -
0.0 0.2

Figure 2.30: Configuration 3 with £ =2 and i = 0 (cf. (2.36)). From top to bottom ¢ = 7,8 and 9. For the two plots
ontheleft: Me=1e—2, Mec=5¢-3, Mec=1e-3, Me=5e—-4, e=1le—4, €=>5e—5. The dashed black line
gives the slope €.
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Figure 2.31: Configuration 12 with £ = 2 and i = 0 (cf. (2.36)). From top to bottom ¢ = 7,8 and 9. For the two plots
ontheleft: Me=1e—2, Mec=5¢-3, Mec=1e-3, Me=5e—-4, e=1le—4, €=>5e—5. The dashed black line
gives the slope €.
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Figure 2.32: Coupling between the lattice Boltzmann scheme and the multiresolution to amplify the errors on the
contact discontinuities.

occupation rate and the mesh occupation rate at time ¢ = nAft are given by

MemOR(f) = #(total cells to encode A(#) in the data structure)

#(total cells to encode the uniform mesh at level ? in the data structure) '
#(S(A(D) 1- CR"

MeshOR(¢) = 00

e
Observe that MemOR(#) depends on our choice of implementation, see Part II. Occupation rates much

smaller than one are good and correspond to high compression rates.

Still looking at Figure 2.30 and Figure 2.31, we observe that the occupation rates, namely MemOR(?) and
MeshOR(#) become more interesting as one approaches larger maximum levels of resolution ¢. This is in
accordance with the intuition that since a fine sampling of the solution is needed only close to the shocks,
_ odl

the number of needed leaves shall grow in ¢ more slowly than Ng , also because shocks are (d — 1)-

dimensional entities.

As far as time is concerned, after an important initial growth guided by the refinement criterion #,, the trend
of the occupation rates eventually stabilizes, especially for Configuration 3, where the secondary structures
close to the hydrodynamic instabilities induced by the contact discontinuities do not grow too much in
size as time advances. For Configuration 12, the occupation rates grow linearly even close to the final time

because of the expanding curvilinear front linking the main shocks and the contact discontinuities.

Finally, the occupation rates are less interesting once we decrease €. In these tests, we deliberately used
unrealistically small € only aiming at showing convergence. We conclude that the choice of € should be the

result of an arbitration between a desired target error and performances.

» Coupling between multiresolution and lattice Boltzmann: the role of i in (2.36). As it has been
hinted while discussing Figure 2.29, we remark that the larger errors for Configuration 12 are situated
close to the static contact discontinuities. This also holds, but less spectacularly, for Configuration 3 in
the area where contact discontinuities are present causing the hydrodynamic instabilities to appear. This
is an interesting coupling phenomenon between the poor behavior of the reference scheme on the contact
discontinuities—which is inherent to this class of vectorial schemes [Graille, 2014]—and multiresolution.
Indeed, the reference scheme smears the contact discontinuities (decreases the magnitude of the details in
these areas) from the very beginning and then the multiresolution adaptation coarsens the mesh causing a

local accumulation of error in time. This pattern is schematized in Figure 2.32.

We also verified that the fact of performing the collision on the complete leaves (2.38) without reconstruction
(2.37), has a negligible impact on this particular phenomenon, even if the equilibrium functions are strongly

non-linear.
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1.9¢-5 0.00019 0.0019
-

Figure 2.33: Configuration 12. For all the simulations, time T'=0.25, £ =2 and = 9, € =0.001. On the left, level ¢
(colored), contours of the density field (white) and velocity field (black). On the right: local relative perturbation
error of the adaptive method with respect to the reference method. From top to bottom =0, 1 and 2.
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As Figure 2.29 and Figure 2.28 show, this problem is clearly alleviated by decreasing the threshold €, from
5e —3 to le —3. Still, it is more interesting to study how the regularity guess i for the solution used in the
refinement criterion (2.36) influences the behavior of the adaptive scheme. To study this for Configuration
12, we fixed € = 1e — 3 and varied g = 0,1 and 2, as shown in Figure 2.33. We observe that this parameter,
involved in the refinement process H,, does not affect the structures which are already well refined after
the coarsening process 7T, namely the shocks. Close to these structures, if we assume that (2.26) is sharp,
the details do not decrease with ¢ and thus precision is ensured if € is reasonably small. On the other hand,
we observe that a wise choice of 1 is effective in diminishing the coupling effect between the multiresolu-
tion and the lattice Boltzmann scheme in smearing contact discontinuities (consider that the color-scale is
logarithmic), without having to drastically reduce ¢, which would cause a degradation of the performance
of the algorithm. Since { represents the number of bounded derivatives of the expected solution of the
problem, the advice for solutions developing shocks and contact discontinuities (thus only L* solutions) is
to set = 0. This has proved to allow for a reduction of the artificial smearing of the contact discontinuities

by the numerical method.

2.8.2.2 D2Qg FOR THREE CONSERVATION LAWS

This is the most paradigmatic application of lattice Boltzmann.

2.8.2.21 The problem and the scheme We consider the problem of a viscous flow around an obstacle occupying

the open set © c R?, with flow supposed to be incompressible and being a Newtonian fluid:

Vi -u=0, te [0, T], xR\ 0,
Veu+Vut )
po@u+u-Vyu)+Vyp—Vy- | 20— | =0, tef0,T], xeR-\0,
2 (2:55)
u(0,x) = (u°,0)*, xeR2\ 0,
u(t,x) =0, telo,T], X €00,

where u = (u, v)t is the velocity of the flow, py the constant density, p is the Lagrange multiplier enforcing in-
compressibility and p > 0 is the dynamic viscosity. The initial velocity is along the first axis and equals u°. The

leading dimensionless quantity in this problem, determining the flow regime, is the Reynolds number

pou’y/ Jodx

U

Re=

It is well-known that for Re > 90, the flow passes from being fully laminar to a periodic regime where vortices
periodically shed. This phenomenon is known as von Karman vortex street.
As numerical scheme, we use the D»Qgq introduced in Section 1.5.4, under acoustic scaling, were we take N =3

and moments at equilibrium

3((m2)? + (m3)?)

mzq = —2/12m1 + mgq = —)Lzmg, mgq = —/lzmg,
m
eq_ 4 3A2((m2)%+(mg)?) eq_ (M) —(m3)? eq _ Mamg
m,=A"my — , mg' = —, my’ = ——. (2.56)
mi mj mi

The relaxation parameters are taken as s4 = s5 = s = 7 and sg = S9 Assuming to be in the low-Mach setting
|u°|/ A < 1, the equivalent equation analysis [Dubois, 2008], see [Février, 2014], gives consistency—upon neglect-

ing terms proportional to the cube of the velocity field—with the following system

00+ Vylou) = O(Ax?),

A2 AAx ( (1 1)(qu+qut) (1 1
sg 2 )

0, (pu) +Vy - (pu® u)+Vx(?p)—TVx- 2 - +p g—s—)(vx~u)l)=O(Ax2),

(2.57)
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being in a quasi-incompressible regime where m; = p = pg, m2 = pu and m3 = pv. In order to enforce the viscosity

1 3u !
Sg = (—+ H ) .
2 /lpoAx

by (2.55), one takes

Notice that the dissipation term is modeled using what is indeed numerical viscosity, being proportional to Ax
and which is thus asymptotically vanishing. Special care must be devoted to the representation of the obstacle
©. Usually, one employs bounce back boundary condition [Dubois et al., 2015] to enforce zero velocity on 60 and
there exist a vast specialized literature on this matter. However, in this work, we do not want to adapt the domain
and its discretization to fit 0© and so we proceed in the following way: we mesh the entire space Q2 = [0,2] x [0, 1]
without considering the obstacle and we apply the adaptive scheme as always. At the end of each time step, for
the leaves Cy i intersecting ©, we estimate |Cy j N ©|4 and we post-treat using

ICrkNOlg

fru(t+An) = —— M 'm®(m; = pg,my =0,m3 = 0) + (1 -

|C(,km®|d)—
ICrkla

for(t+AD),
ICokla *

following the direction of [Mohamad and Succi, 2009], called “equilibrium scheme” [Kriiger et al., 2017, (5.34)
Chapter 5]. For the external boundaries, we impose a bounce back boundary condition with the given velocity
(u°,0)t on the left, top and bottom boundary and a oth order extrapolation boundary condition on the outlet. We

take A =1, pp = 1 and all the parameters are set to obtain a Reynolds number Re = 1200.

2.8.2.2.2 Results Due to the important role of the viscosity in the whole domain and not only where the mesh is
more refined, we cannot compare the solution at each time frame because the von Karman instability is going to
develop at different times because its triggering is essentially of numerical origin. Thus, we analyze some integral
quantities [Eitel-Amor et al., 2013, Fakhari and Lee, 2015] like the drag coefficient Cp, the lift coefficient C; and
the Strouhal number St, given by:

2F; 2F, w\/ f@dx
— = c=—"2_ st=——
po(u)?y/ fodx

Cp=

po(u°)2\/ Jodx u

where F = (F}, F»)! is the total force acting on the obstacle ® and w is the shedding frequency of the vortices. The
shedding frequency is computed using the fast Fourier transform on the available lift coefficient. We are interested
in comparing these dimensionless quantities between the reference method on a uniform mesh and the adaptive
method on the evolving adaptive mesh, as well as the occupation rates introduced in Section 2.8.2.1.

We fix £ = 2 and we consider the set of maximum level/threshold (Z €)= (7,7.5e—4),(8,3.75e—4) and (9,1.75e—
4) and i = 1 for the mesh refinement. The reason why we have chosen to decrease € as ¢ increases shall be clear
in a moment.

In Figure 2.34, we observe an excellent agreement on the value of the integral quantities between the adaptive
method and the reference method. The discrepancies are obviously reduced as ¢ increases because of the variation
of the respective threshold parameter €. This comes from the fact that the most important contribution to these
quantities comes from the area around the obstacle ®, where the flow regime can be considered to be, to some
extent, highly inertial (or hyperbolic). For this kind of regime, previous works [Cohen et al., 2003] and the results
of Section 2.8.1 and Section 2.8.2.1 have shown that the Harten heuristics is respected with our choice of 7; and
He. The occupation rates are interesting and become better and better with ¢ as we also observed for the solution
of the Euler system in Section 2.8.2.1, despite the fact that we reduced the threshold parameter € as we increased ¢.
The initial growth of these rates followed by a decrease is due to some initial acoustic waves quickly propagating
radially in the domain which are eventually damped by the external boundary conditions and are inherent to the
lattice Boltzmann method and its way of treating boundary conditions. These waves do not affect computations
on a longer time scale. The values of the occupation rates stabilize after the complete onset of the instability
followed by the periodic regime. On the opposite side, far from the obstacle and close to the outlet, the regime can
be considered to be mostly diffusive (or parabolic) and here the Harten heuristics could be violated. The purpose

behind the division of the parameter € by two at each time we increased the maximum level £ was to try to follow
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Figure 2.34: On the left, time behavior of the drag and lift coefficient for the reference and the adaptive scheme
and on the right, mesh and memory occupation rates, for Re = 1200, £ =2 and g = 1. From top to bottom:
(Z, €)= (7,7.5e—4),(8,3.75e — 4) and (9,1.75e — 4). The drag coeflicient has been normalized with its average for
the reference scheme and the lift coefficient with the maximum for the reference scheme.
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the vortices until they reach the outlet.

As shown in Figure 2.35, Figure 2.36, Figure 2.37, this attempt of following the vortices until the outlet with the
finest resolution ¢ was only partially successful. More investigations are needed to clarify the role of the oth order
extrapolation boundary conditions coupled with the multiresolution procedure. This is not surprising by looking
at (2.26) and by concluding that the exact solution of the Navier-Stokes equations for this Reynolds number must
have more than only one bounded derivative (i.e. more than just bounded vorticity), because the details scale
of a factor larger than two at each change of level. This is related to the nature of the solution and we refer to
[N’guessan, 2020] for a detailed study of the use of multiresolution in order to solve the incompressible Navier-
Stokes equations. It is also worthwhile mentioning that the D,Qg scheme for the Navier-Stokes system under
acoustic scaling At < Ax is not converging for Ax — 0: therefore one should be really careful once comparing the
results for different Z as we did.

To conclude, this test shows that our method is effective when applied to parabolic problems solved with the
lattice Boltzmann method. This reflects on the excellent results concerning the integral quantities. The investi-
gations of the following Section 3.1 show that our adaptive method does not modify (for y = 1) the viscosity of
the flow, thus confirming once more that it is suitable to simulate the Navier-Stokes equations. Furthermore, the
method also preserves higher order terms and thus is less likely to modify the stability properties of the reference
scheme.

2.8.2.3 D3Qg FOR ONE CONSERVATION LAW
Since realistic problems are 3D, we propose a final demonstration with d = 3.

2.8.2.3.1 The problem and the scheme We consider the approximation of the solution of the initial-value problem
for the linear transport equation

Ou+0y, (Vi) + 0y, (Vau) + 0y, (Vau) =0,  r€[0,T], xeRS,

u(0,x) =1 X xeR3
©,%) ,/xf+x§+x§so.15( ), ’

where the scalar u is transported with velocity V = (V1, V5, V3)t.
As numerical scheme, we use a D3Qg scheme with N = 1—cf. [Feldhusen et al., 2016]—corresponding to the
choice of discrete velocities ¢; = (1,0,0)%, ¢, = (=1,0,0), ¢3 = (0,1,0)%, ¢4 = (0,—-1,0)t, ¢5 = (0,0,1)* and ¢5 =

(0,0, —1)t, and moment matrix

(1 1 1 1 1

A -A 0 0 0
0 0 A -1 0 0

M= ,

0 0 0 0 A -1

A2 A2 -2 A2 0 0

A2 A2 0 0 -1 -A?]

with moments at equilibrium
my(my) = Vimy, mg(my) = Vomy, my(my) = Vamy, mgt(m1) =0, mgt(my) =0.

The relaxation parameters are s, = s3 =54 = 1.4 and s5 =s¢ =1 with A = 1.

2.8.2.4 RESULTS

We carry on the simulation until T = 0.78125 with £ = 1,/ = 8, i = 2 and € = 1e—3. Some snapshots of the solutions
and the mesh at different time steps are provided in Figure 2.38: one can appreciate the significantly hollow mesh
produced by multiresolution. The time behavior of the occupation rates is presented in Figure 2.39, corresponding
to an excellent compression rate of around 97%. This shows that our method is capable of coping with this three

dimensional problem properly and to achieve really interesting occupation rates which are crucial to conduct large
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t=104.30

Figure 2.35: Snapshots of the solution of the adaptive scheme for Re = 1200, ¢ = 2, ¢=7,i=1and e=75e—4.
The colors represent the levels of the mesh and the white contours are that of the velocity modulus.
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t=8.37

t=14.34

Figure 2.36: Snapshots of the solution of the adaptive scheme for Re = 1200, £ =2, / =8, fi=1 and € = 3.75¢ — 4.
The colors represent the levels of the mesh and the white contours are that of the velocity modulus.
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t=7.19

t=13.48

Figure 2.37: Snapshots of the solution of the adaptive scheme for Re = 1200, ¢ = 2, = 9,u=1and e =1.875e—4.
The colors represent the levels of the mesh and the white contours are that of the velocity modulus.
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Figure 2.38: Snapshots at times ¢ = 0 (left) and ¢ = 0.3125 (right) of the solution of the adaptive scheme for the
3D advection equation. The domain has been cut so that the left half of each snapshots shows the value of the
conserved variable m; whereas the right half represents the structure of the mesh with the corresponding local
level of resolution.

0.06 m— MeshOR(t)
=== MemOR(t)

0.05

0.04

0.03 —
0.0 0.2 0.4 0.6 0.8

Figure 2.39: Temporal variation of the occupation rates for the adaptive scheme simulating the 3D advection
equation.
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simulations for 3D problems. Indeed, the full problem would have needed 256% ~ 16 millions cells, which is quite
demanding for a sequential code. Thanks to multiresolution, we have made the problem easily treatable with at
most 0.03 x 2562 ~ 50000 cells involved (for all sizes). This means that the adaptive mesh occupies 3% of its original
size, which is quite impressive and shows the interest of the method to be used in 3D problems, where limitations

imposed by the storage of data may become prohibitive.

2.9 CONCLUSIONS OF CHAPTER 2

In Chapter 2, we have first proposed a general form of lattice Boltzmann scheme on control volumes making up
a uniform mesh. Then, we have performed a mesh coarsening at each time step, using adaptive multiresolution
on the solution of the numerical scheme. Before finally adapting the mesh at hand, we have added a refinement
step. These two combined steps have ensured to dynamically adapt the grids as the simulations proceed. We have
devised lattice Boltzmann schemes based on the original scheme on uniform meshes to work on the mesh that has
previously been adapted. We have found—under appropriate assumptions—error bounds on the additional error
introduced by mesh adaptation and the adaptive lattice Boltzmann scheme. We have explained how to implement
boundary conditions. Finally, we have extensively tested our method on 1D/2D/3D problems.

The error estimates have been correctly retrieved in simulations, both for linear and non-linear problems
regardless of the space dimension. Moreover, the obtained memory compression rates are very good for problems
with shocks. The abundant tests have shown that the strategy works for very different lattice Boltzmann schemes
irrespective of the problem to solve. Moreover, tests have demonstrated that the so-called “leaves collision” yields
results with very good accuracy in most of the cases. Alternative collision strategies have been investigated,
yielding only marginally better performances in terms of error.

One point that is left for future investigations is the reshaping of the method to be used on complex geometries.
More importantly, the peculiar way of enforcing the physics on lattice Boltzmann schemes (e.g. the diffusion for the
D»Qq under acoustic scaling) calls for a more precise description of the perturbations introduced by the adaptive

method. This will be the topic of Section 3.1.






CHAPTER 3

FURTHER ANALYSES OF THE ADAPTIVE LATTICE
BOLTZMANN METHODS: FROM QUANTIFICATION OF THE
PERTURBATION ORDER THROUGH EQUIVALENT EQUATIONS

TO CONTROLLING REFLECTED WAVES

GENERAL CONTEXT AND MOTIVATION

In Chapter 2, we have introduced an adaptive lattice Boltzmann method relying on multiresolution and described
its behavior concentrating on the role of the threshold parameter €, which allows controlling the perturbation
error introduced by non-uniform meshes. Despite this control, much is left to be quantified concerning the per-
turbations on the target equations induced by this new lattice Boltzmann strategy. The question of determining
the equations approximated by the lattice Boltzmann method has to be discussed with particular care, especially
when one wants to introduce diffusion terms with a specific structure. Another important issue within the lat-
tice Boltzmann community—which is interesting to analyze for our adaptive lattice Boltzmann method—concerns
spurious reflected waves between cells when using adaptive meshes. This is particularly important in applications
such as aeroacoustics. It is known that a wave passing through a grid transition normally splits into two parts:
the first one propagating through the interface and the second one which is reflected back. The phenomenological

reason for this is the different acoustic impedance of two media made up of grids at different levels of refinement.

STATE OF THE ART

As far as the analysis of the perturbations on the target equations introduced by the adaptive method is concerned,
we are going to rely on the equivalent equations [Dubois, 2008], offering a formal procedure to analyze the
consistency of lattice Boltzmann methods relying on Taylor expansions of the stream phase. Many strategies,
both for the representation of an adaptive grid and for the construction of adaptive lattice Boltzmann methods
have been explored to alleviate the issue of spurious reflected waves, see [Horstmann, 2018] and [Lagrava, 2012]
for a review. There is no widespread consensus on a standard test case to analyze the issue of reflected waves:
we therefore consider a basic one-dimensional configuration and a two-dimensional acoustic pulse test case from

[Astoul et al., 2021, Gendre et al., 2017].

AIMS AND STRUCTURE OF CHAPTER 3

The aim of Chapter 3 is to clarify several numerical properties of the previously introduced adaptive lattice Boltz-

mann methods based on multiresolution. In particular:

+ Quantify the perturbation introduced by multiresolution on the behavior of the numerical scheme, knowing

that these perturbations could change the physical model approximated by the lattice Boltzmann scheme
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and one would like the adaptive scheme to behave as close as possible to the reference scheme it stems from.
This is the topic of Section 3.1.

+ Quantify the amplitude of the reflected spurious waves at the interface between different mesh resolutions,
knowing that this is a common problem when deploying lattice Boltzmann schemes on non-uniform grids.

This topic is treated in Section 3.2.
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3.1 QIJANTIFICATION OF THE PERTURBATION ERROR FOR THE MULTIRESOLUTION LATTICE BoLTZ-

MANN METHOD

A first topic to discuss is to characterise the order in the discretization parameter Ax until which our adaptive
method does not perturb the reference scheme. Eventually, the aim is to dispose of adaptive schemes behaving as
close as possible to the reference scheme. More precisely, the prediction operator P,, must be accurate enough
so that the adaptive method does not significantly alter the behavior of the numerical scheme performed on
the finest level of grid. Otherwise, large deviations from the behavior of the reference scheme are theoretically
expected and numerically observed. To this end, in Section 3.1.1, we develop an equivalent equation analysis for
the multiresolution lattice Boltzmann method. Here, we also recall the approach to the stream phase by [Fakhari
and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016] for comparison purpose. Based on this, comparisons
with the reference scheme are conducted in Section 3.1.2 for d = 1 and extended to d = 2 in Section 3.1.3. The

theoretical analysis is confirmed by numerical simulations in Section 3.1.4. Conclusions are drawn in Section 3.1.5.

3.1.1 EQIJIVALENT EQUATIONS FOR THE MULTIRESOLUTION LATTICE BOLTZMANN METHOD IN 1D

We introduce an equivalent equations [Dubois, 2008, Dubois, 2022] analysis of our method for d = 1, knowing
that this approach allows—on a fixed mesh—to find the actual behavior of the numerical scheme. This analysis
pertains to the way of performing the stream phase and does not take the different models for the collision phase
into account. Having left the collision phase untouched (2.38) and the time step being global across levels, this
phase does not have an impact on the equivalent equations of the scheme. This is rigorously justified as long as

the equilibria are linear functions of the conserved moments.

3.1.1.1 LOCALLY UNIFORM MESHES

We decide to conduct the analysis on uniform grids at some level of refinement ¢ € [¢, ¢]. The aim of considering
locally uniform meshes is to employ Taylor expansions to describe the behavior of the numerical schemes. The

analysis is still pertinent for adaptive meshes for the following reasons:

« Given a leaf Cy g such that (¢, k) € S(A(¢ + At)), it is surrounded by enough cells (both leaves or halo cells)

at the same level ¢ of refinement. Therefore, the mesh can be considered to be locally uniform [Cohen et al.,
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2003, Section 3.5.1 and Remark 3.4], which perfectly fits the local character of the analysis that we want to

develop.

» The theoretical analysis that we want to develop relies upon the assumption that the distributions are smooth
functions on the whole domain at any considered time. Thus, once one fixes a small but finite tolerance €
and the number of authorized level A¢ = ¢ — ¢ =0, letting ¢ increase (imagine £ — +oco, hence Ax — 0), at

some point, even the uniform mesh at level £ will allow to control errors by e, thanks to multiresolution.

3.1.1.2 LAX-WENDROFF STREAM PHASE

For the purpose of comparing to previous strategies in the literature, we also consider the stream scheme described
by [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016]. In our multiresolution framework, construct-
ing the adaptive stream phase (2.40) by using the reconstruction operator was dictated by the wish of recovering
a control on the perturbation error of the adaptive method. However, for methods based on the heuristic AMR,
difference approaches are indeed possible. The authors of [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari
et al., 2016] introduce a Lax-Wendroff stream phase for the D2Qq scheme, while the collision phase remains un-
changed, cf. (2.38). Consider the discrete velocity indexed by j € [1, ] and let (¢, k) € S(A(t+At)), then the stream

phase reads

i 1 1 1 1\
frrt+AD) = 1-x ék() pYvasy ZM f!k il ivvary Ly ] Fokere; (D, (31)

working for schemes where max e, 4l¢jlloo < 1, such as the D,Q, scheme of Section 1.5.3 and the D2Qq scheme

of Section 1.5.4. For d =1 and any scheme with max 1 Icj| <2, the Lax-Wendroff scheme reads

jellq

—j |Cj| |]| |C]| |C]| |C]|
frrt+AD)=|1-——= 7Y, !k() pyvasd Laibvvy flk sign(cp) (1) = pyvasy Liabvvi fz k+s1gn(c])(t) (3-2)

It can be seen that (3.2) is linked to the prediction operator P, and the local reconstruction polynomial (2.19) when
Y =1 (2.21) but is not a multiresolution scheme, because it is not built upon the reconstruction operator resulting

from the cascade of prediction operators. This is the meaning of the following result.

Proposition 3.1.1: Origin of (3.2)

Let d = 1, then the Lax-Wendroff stream (3.2) is obtained by approximating the terms in the pseudo-fluxes

from (2.40) with

Six o1 Jrx J J
f?,E(t)N Efcmn[’k(t,x)dx, k€5 UA[ k,

where Tl’ (t -) is the local reconstruction polynomial for f (t) for the cell Cy j taking y = 1, that is, given
by (2.21).

Proof. We do not list the time variable for the sake of notation. Consider k € 5 / Y Al

change of variable

1 .
Jx Al
— ) (x)dx =2
Ax \[Cf— Z,k( )

4k

o then, using (2.21) and a

2
2

——fzk 1+ f[k— f[k+1 X+ ——fek 1t 5 fZk+1
( 24 ) ( )

—ol Al+1
L zix giw 20 w=20 g =X+ 11287
NE T
2 0,k-17 "4,k 2 l,k+1 3

x=2¢ (xp =g, ) —-1/280+1

This gives
1 i 13-,
2 o _ 132, ~
Axfc,kn“(x)dx_( f[k 1+ i3 fz k+1) ( fek 1+ f[k+1)(x[k X¢,k)

1-j,* P 1
+(5F S f ) (2% G = 2 + =557 )
50k Tk [k+1 ( )t 5 e
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We consider different velocities. Negative velocities are studied by symmetry. Recall that (2.42) holds, hence
£l =tk2" -6 5eLej]l, A} =(k+D12* -5 : se[Lq]}, (3.3)

and we have to consider that

k=k2M -1, xpp-xe=-@C+2700, (34)
k=k2 -2, xpp-xpp=-@C+3x27002, (35)
R=G+12 -1, xpp-xe=@ 7 -2700, (36)
k=k+12% -2, xpp-xp=@ 7 -3x2702 (3.7)

« Let ¢j =1, hence the flux term in (2.40) is approximated by

Zj% Zj% 1 -jx 1 1 \=j* 1 1 \=j*
> o X fiem A 5(1 + zTg)f[,k—l - 5(1 - ZT[)fe,kw
Ee:‘fik EeA?k
using (3.4) and (3.6) into (3.3), yielding the claim.
« Let ¢; =2, then we obtain
Zj,* Zj,% 4 —j* 2 \=j*x 2 \=j*x
Y i X fixm ~oartek™ (1 + W)f[,k—l - (1 - W)f[,kﬂ’

Tecl Toe A
keé’ak ke.Ag‘k

using (3.4), (3.5), (3.6) and (3.7) into (3.3), proving the claim.

O

One might ask whether it could be possible to see (3.2) as a multiresolution scheme by using prediction oper-
ators P, different from (2.16) with y = 1. Concerning y = 0, (3.2) cannot be obtained from multiresolution because
the last term in the scheme involves the neighbor downwind in the direction of the discrete velocity, whereas
this prediction operator does not involve any neighboring cell, since y = 0. We could envision to use predic-
tion operators based on two values. These are employed, for example, in the point-wise multiresolution [Harten,
1993, Chiavassa and Donat, 2001, Forster, 2016, Soni et al., 2017] but are not suitable to be used with volumetric

representations. Considering a local reconstruction polynomial of degree one around Cy j

x—JC[,k)

0 1
TorX)=m,, +7 (
4k kT T Ay ,

and enforcing that its average yield the exact averages on Cy j.1, we obtain the prediction

(_i)ﬁ)?gyk,1+1(1—#)?&]”1, 0€EX.

f =1+
0+1,2k+6 2 2

The first issue with this operator is that it does not fulfill the consistency property in Definition 2.3.2: the average
of the predicted values on the siblings does not give back the value on the parent cell. Thus, it does not yield
a conservative multiresolution. Moreover, it cannot yield (3.2) when applied recursively, because otherwise this
formula would make use both of the neighbors k+1 and k +2. If we look for non-symmetric prediction operators,
they degenerate into the case y = 0.

This discussion emphasizes the fact that, for the Lax-Wendroff scheme (3.2), the reconstruction polynomial
for y = 1 is not used in a recursive manner to yield information at the finest level #, thus it does not generate a

multiresolution scheme. We shall study this in terms of impact on the quality of the approximation.

3.1.1.3 RECONSTRUCTION FLATTENING

In Section 2.5.4.1, we have observed that we can explicitly write the reconstruction in a non-recursive fashion, so

that all the computation can be written on the local grid level. Even if, in Section 2.5.4.1, this was essentially a way of
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k-2 k-1 k k+1 k+2

Figure 3.1: Example of flattening procedure for d = 1 with y =1 for a velocity ¢; = 2. The cells in blue correspond

to those belonging to £ ; « The prediction operator is recursively applied (arrows) until reaching the level we are
looking for, namely .

speeding up computations, we now observe that it allows to analyze the adaptive scheme as if we were on a uniform
mesh, fostering the possibility of employing Taylor expansions. In what follows, we assume that the discrete
velocities of the considered method imply at most two neighbors in each direction, this is max;cp; 47l¢jl < 2.
Thus, the analysis covers all the schemes that have been treated in the present work. However, the study can
be straightforwardly extended to larger stencils upon considering sums in the formula (3.8) to come spanning
larger sets of integers, in particualar |5] € [[0,2 [w-‘ |- The generalization to y = 2 is achieved in the same
manner, ¢f. Chapter 4.

Flattening the reconstruction operator means that—in the spirit of Section 2.5.4.1 and in particular (2.45)—we

are able to compute the set of weights (F’ 'A0.5)5¢[~2,2] © R such that (2.40) becomes

) t+An = Uﬂn+ (Z Qﬂﬂ > Uk“ﬂ Ukm+ Y, Z AMU;%m’ (38)
keS ke A} 7k

The formula (3.8) correspond to what is illustrated in Figure 3.1: we have condensed the computation of the total
pseudo-flux at the finest level £ as a weighted sum of values on five neighbors at the current level ¢.

It is important to observe that both the stream phase of the multiresolution scheme (2.40) and the Lax-Wendroff
scheme (3.2) can be put under the formalism introduced in (3.8). The fundamental advantage of this representation

is that we can develop (3.8) in Taylor series around the considered cell.

3.1.14 TAYLOR EXPANSION FOR ADAPTIVE SCHEMES

We do this by adopting a Finite Difference point of view [LeVeque, 2002, Chapter 8], thus (3.8) becomes

1
Fla+ At xe0) = 7 (4x00) + =57 5a7 Z 206 (8 X0 ers),

where we consider that the discrete solution f stems from the point-wise evaluation, at the cell centers xy , of an

underlying smooth function f. Expanding in time and space around (z, x¢ ), which is understood, we obtain

+0o Ath +00 zAf(h UAx .
Z —-0rf! = f’*+Z —( Z 5"F Ma)aféf]'* (3.9)
. +2 . ]
(1+ =~ Z Mé)ff’ +Ax( Z 5 Mé)axff'*+Ax2(2M_l Y 52Fim Opx fI*
5=-2

ZM 1 +2 )
Z 8 M5)a§fﬁ*+omx4).

+Ax3(
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Observe that the first term in (3.9) concerns the time step At. Still, since it is global across levels of resolution,
this part of the expansion does not depend on A¢. The aim is to compare (3.9) to an analogous one for the
reference scheme (that is, the scheme for ¢ = ), in order to study to which extent the adaptive scheme behaves—
uniformly in A¢—as the reference scheme. This concerns both the approximated equations and hopefully, the
stability conditions (which have to take the specific collision phase into account). Observe however that the
equivalent/modified equation have been used—under restrictive assumptions on the space stencil and limited to

one-step schemes—to asses the stability of Finite Difference methods [Warming and Hyett, 1974].

3.1.2 MAXIMAL MATCH ORDER BETWEEN ADAPTIVE AND REFERENCE SCHEMES

We determine until which order—as function of y (for y = 0,1) or when using the Lax-Wendroff stream (3.2)—the

equivalent equations agree with those for the reference method.

3.1.2.1 TARGET TAYLOR EXPANSION

To establish this comparison, the target Taylor expansion of the reference scheme (2.14) is obtained—as for the
adaptive scheme—considering that the discrete solution stems from the point-wise evaluation of a smooth function.
This provides

. - i
fj(t+At,xzk)=fJ (t'x?,k—cj)—f] (£, X7 1 = ¢jAX),

hence the Taylor expansion gives

2042 37 .3
oo A ph o too —(ciAx)! : . . cSAX ) cAx ,

hZ Wa?f] = hZ ]h—,aféf]’* = [I* = cjAxd fI* + = 5O~ < 5 a3 f*+oxh.  (3.10)
=0 . =0 .

This expansion (3.10)—once truncated—is the basic building block of the equivalent equations [Dubois, 2008,
Dubois, 2022], which are used to study the consistency and the numerical behavior of the reference lattice Boltz-

mann scheme. Each power of Ax has a different role in determining the behavior of the scheme, in particular:

« The O(Ax) term is what we might call an “inertial” term, because it yields inertial contributions in the

approximated model at leading order.

« The O(Ax?) term might be called “diffusive” terms since it result in dissipative contribution in the approx-
imated model, which appear to be proportional to Ax when an acoustic scaling is employed, making up

numerical diffusion.

« The O(Ax®) term might be called “dispersive” in analogy with Finite Difference methods. Its physical mean-
ing is less clear than for the other terms but it can have a non-negligible impact on the stability of the lattice

Boltzmann method.

In our analysis, we shall only be interested in the right hand side of (3.10) and (3.9) because their left hand
sides coincide at any order. This comes from the fact that our algorithm is based on a unique global time step
imposed by the finest level of resolution ¢. This holds whatever the scaling between space and time. Notice
that, for a given discrete velocity, the Courant number at finest level ?is lcjll1, whereas at a given level ¢, it
is provided by [Icjll1/ 2% Therefore, roughly speaking, after 284 time steps, information shall have traveled the
same distance that it would have traveled at finest level Z, namely the size of the current cell times ||¢;[1, that is
2Mi¢jlhAx = llejlh Axe.

3.1.2.2 MAXIMAL MATCH ORDERS

Comparing orders between the expansion (3.9) and the reference expansion (3.10), we introduce the definition of
“match” between numerical schemes. Since the equivalent equations describe the actual behavior of numerical
scheme, the higher the number of matched terms between reference and adaptive scheme, the closer they are

going to behave one compared to the other.
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Definition 3.1.1: Match

Let d = 1. We say that the adaptive stream phase (2.40)/(3.8) matches that of the reference scheme (2.14)

at order H € N* whenever

- (—cp)h
Z M§ =0, 25 M6 2AL(h-1)’ he[[l,H]],

for every level £ € [¢, €], thus for every AZ =0 and for every discrete velocity j € [1, q].

~

Having set Definition 3.1.1, we are able to study this property for the multiresolution scheme (2.40)/(3.8) with
Y = 0,1 and for the Lax-Wendroff scheme (3.2). We start by analyzing the simplest scheme, namely (2.40)/(3.8)
when y =0.

Proposition 3.1.2: Match for (>.11) and y =0

Let d =1,y =0 and A > 0. The weights (F/ 5)56[[ 2,2] © R in (3.8) for the multiresolution stream (2.40)
are given by

J . J ,
FA[ 0~ —lejl, FAZ —sign(c;) =lcjl,

and those not listed are equal to zero. Therefore, the adaptive stream phase matches that of the reference

scheme according to Definition 3.1.1 up to order H =1, that is

Z Ma =0, Z5A[6 =Cjc

7

Proof. For this choice of y =0, each application of the prediction operator P, acts by looking at the value on the
parent of the cell it predicts on. Overall, for a cell at the finest level ?, it returns the value on its ancestor at level

£. Consider c; > 0 for the sake of presentation. According to this discussion:
« For cj =1, having (3.3), the only reconstructions to estimate for (3.8) are

fix 2j, _zh*
MzM 1(” fk 10, f?,(k+1)2M—1(t) =fo (0,

hence the claim.

« For c¢j =2, we have also to consider

2j,% b Zjo _gh*
f?,kz“—z(t) =fr (1), f?,(k+1)2M—2m =fr (0,

giving the claim as well.

0 and F] O

The match up to order H =1 directly follows from the values of F Al—sign(c))"
i

A[

With the multiresolution scheme using y = 0, the diffusive term stemming at order O(Ax?) in (3.9) does not
match that of the target expansion in (3.10). This can be easily seen by taking c¢; = 1. Then 2000 5o =12 62F£ 05 =
220 1 for A¢ > 0. This has a major consequence on the applicability of the method based on y = 0, because it
correctly recovers the “inertial” terms but fails in correctly accounting for the “dissipative” terms, yielding a wrong
diffusion structure with respect to the equations targeted by the reference method. The well-known D2Qq scheme
for the incompressible Navier-Stokes system used in Section 2.8.2.2 is one possible example of lattice Boltzmann
scheme which would be deeply altered by picking y = 0.

We go on by considering the case y = 1, which has been thoroughly investigated in Chapter 2. We are going
to see that the limitations of y = 0 can be solved by considering a larger prediction stencils: indeed—for most of

the applications—employing y = 1 is sufficient.



120 Chapter 3. Further analyses of the adaptive lattice Boltzmann methods

Proposition 3.1.3: Match for (2.11) and y =1

Let d =1,y =1 and AZ > 0. The weights (F/ A, 6)56[[ 2,2] © R in (3.8) for the multiresolution stream (2.40)

are given by the recurrence relations

Fi; L] o -178 0 0o o Fi,_1,_2
Fi, . 2 958 0 -1/8 0| |Fy,,
Fim ] = Io 9/8 2 9/8 OJ IFi“O ,
Fiu 0 -1/8 0 9/8 2 Fi_l,_u
Fiiz l R e Fil—l,z
=P
where the initialization is given by Fg‘_ ~=1and F({,o = —1 and the remaining terms are equal to zero.

G
Therefore, the adaptive stream phase matches that of the reference scheme according to Definition 3.1.1 up

to order H = 3, that is

2 2p et ap c}
Z Aes = 2 8Fyp5=¢j) 25 M&_ZM’ 25 Am_ 2200°

Proof. In this proof, we omit the time t for the sake of readability. The initialization given in the claim trivially
yields the reference scheme. Assume to know the weights for the stream at level ¢ + 1, that is, for A¢ —1. The
trick is to observe that, under the assumption max;p; 4 l¢;| < 2, the total pseudo-flux on the parent cell equals

the sum of the total pseudo-fluxes on the children:

Zj,% 2% 2% 2% Zj,% 2%
L e X Trel X Grm X fz%)*( X i X i)

Tegd Te Al
ke&p ke Ay kegh—l 2k kEAi+1 2k keg{m 2k+1 keAzn 2k+1

Using the recurrence assumption, followed by a change of indices in the sums yield

Z' f**_ Z Z A! 1,6 é+12k+6 Z A[ 1,6 l+1 2k+1+6

E(—:S]‘ EeAék
Z A! 1,6 l+12k+6 Z M 1,6—1 €+12k+6_ Z AZ 1,6 €+12k+6’

where we need to use the prediction operator since we know that the local level of refinement is ¢ (and not £ + 1)

and we have set

j _
FMl -2 6=-2,
] j J
Fypr5=Farrs+tFaersor 0€0-12],
j _
VAR 6=3.

Using the expression for the prediction operator, namely (2.22), we obtain

2% Jirx 15/% 15/% jrx
Z e 15fz+1,2k+5 FM 1, z(fé,k—ﬁ§fe,k—2—§f/,k)+FM 1, 1(fék 1= sfrk-2t 5tk
15/* j 1 %
+F, 10(f€k+ fekl f€k+1) Ar 11(f fek 1t f€k+1)

il 17/%
+Fy,_ 12(f€k+1+ For = f€k+2) Ar 13(f€k+l f€k+ fék+2)

Substituting the original weights F A ¢-16 1O Fi ¢_1,6 Provides, after tedious computations, the final form of the
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recurrence relation, namely

+3 A . .
7 ch* _(_1gi h* j 9 i _1g e
ZZFMfl,&ff+l,2k+5 - ( BFAifl,—l)f/vk—z + 2FA€71,72 + 8FA£71,71 8FA571,1 f&k—l

9 i J opi |
H(3F L+ 2B 0+ 3P ek

8ia0-1,- ae-1,0 T80 11
_1pi 91 j F* _1pi i
+( BFA[—I,—1+BFA[—I,I+2FA[—1,2)f€,k+1+( 8FM—1,1)fé,k+z-

This provides the matrix P. The matching conditions are then proved by recurrence on A¢. For A¢ =0, they
trivially hold. Assume that they are true for A¢ —1, then

» For h =0, we have Y9-*2 Fi&é =2y0%=+2 Fi[_m =0 by recurrence assumption.
« For h=1, we have Zgig 6Fi['5 = Zgig 5Fil—l,6 = —cj by recurrence assumption.
- For h =2, we have ¥9-*2 52F£[,5 =1yo=+ 62F£I—1,5 = 2% by recurrence assumption.
« For h =3, we have Zngg 63Fi€,(5 = izngg 63F£[_1,6 = —% by recurrence assumption,
completing the proof. O
Once more, we cannot go further in matching the target expansion (3.10) because, for example, we obtain—
using the form of P—the expression Zngg 64Fi€,6 = 2F£(—1,—2 - Fif—l,—l - Fi[_l,l + ZFAI[_LZ, proving that the

match condition at fourth order cannot be satisfied. Proposition 3.1.3 means that the multiresolution method for
¥ =1 can be successfully employed in contexts where we want to control both the “inertial” and the “diffusive”
terms in the equivalent equations, like in the D2Qq scheme under acoustic scaling for the quasi-incompressible
Navier-Stokes system, cf. Section 2.8.2.2. Moreover, since we also match the target expansion according to Defi-
nition 3.1.1 at order h = 3, the achievement accomplished on the reference scheme at this order are also preserved
by the adaptive scheme. This is a highly desirable feature for scientists who have a good understanding of their
reference scheme and who would like to employ our adaptive strategy as a black-box. Even if we are performing
an asymptotic analysis in the limit of small space-steps Ax — 0, thus corresponding to a low-frequency study,
we conjecture that this feature yields lower discrepancies in terms of stability constraints, which need to take
the whole spectrum of frequencies and the collision phase at hand into consideration. We performed the whole
stability analysis (not presented in this dissertation) for the linear D1Q, and the choice y = 1 was indeed the one
yielding the least important discrepancies in terms of stability constraints compared to the reference scheme.

To conclude the one-dimensional analysis, we analyze the match for the Lax-Wendroff stream phase (3.2).

Proposition 3.1.4: Match for (3.2)

Let d =1 and A¢ > 0. The weights (Fi.[,(s)ée[[—Z,Z]] c R in (3.8) for the Lax-Wendroff stream (3.2) are given
by
po_ el el e g i
AZ,0 oAl Al,—sign(cj) 2 oAl ) Al sign(c) 2 Al
and the remaining ones are equal to zero. Therefore, the adaptive stream phase matches that of the refer-

ence scheme according to Definition 3.1.1 up to order H =2, that is

2 2 2o c?
)D Fyps=0 )D 0Fy,5==Cj» >0 Fyps= oAl
o=—2 6=-2

Proof. The expressions for the weights follow immediately from a direct inspection of (3.2). The match conditions

are obtained as usual by using the explicit expressions of the weights. O

However as expected from such a kind of scheme, the dispersive order, namely third-order, is not matched, be-

cause we obtain Zngg 63Fi 5="Cj # —c?/ 22A% This is not trivially evident when considering Proposition 3.1.1,

because the stream phase (3.2) is built using the same reconstruction polynomial as the multiresolution scheme
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(2.40) for y = 1. Still, what changes is that the multiresolution approach employs the reconstruction operator with
recursive application of the prediction operator P, until reaching the finest level ¢, whereas the Lax-Wendroff
scheme uses the local reconstruction polynomial at level £ only once to obtain fluxes which need to be computed
at the finest level /.

3.1.2.3 CONCLUSIONS

To summarize the findings of Section 3.1.1, we have seen that in the case of multiresolution scheme, the prediction
stencil y has to be taken large enough in order to match a sufficient number of desired orders according to Def-
inition 3.1.1. In particular, the number of matched orders is equal to 2y + 1, which is of course a consequence of
Proposition 2.3.1 concerning the accuracy of the prediction operator. Therefore, for most of the applications, y =0
is not enough, because it modifies the second-order terms which are frequently used to model diffusion phenom-
ena. Quite the opposite, y =1 is often sufficient for most of the applications and its reliability on the third-order
terms is an interesting “icing on the cake”. Finally, the Lax-Wendroff scheme (3.2), which is not a multiresolu-
tion scheme, matches sharply until order two as claimed in [Fakhari and Lee, 2015] without explicit proof, so it
successfully handles diffusive terms but can lead to different stability constraints and oscillatory behavior for the
scheme, due to its intrinsic dispersive nature. The reader might have noticed that we have done half of the work
compared to [Dubois, 2008, Dubois, 2022], because we perform only the Taylor expansion of the stream phase
(2.40) but we do not couple it with the collision phase (2.13) to recover the final expression for the equivalent PDEs
on the conserved moments. However, at least in the linear framework, since the collision phases (2.37) and (2.38)
keep (2.13) untouched and we have fully characterized the perturbation of the original lattice Boltzmann scheme,
which only affects the stream phase, the procedure by [Dubois, 2008, Dubois, 2022] can be easily implemented
for the time-space scaling at hand starting from (3.9) instead of (3.10). The computations for the matched terms

shall not be repeated since they are the same as for the reference scheme.

3.1.3 EXTENSION OF EQUIVALENT EQUATIONS IN 2D

So far, we have analyzed the adaptive schemes with the help of the equivalent equations once the reconstruction
flattening (3.8) is done. In Section 3.1.3, we show how the previous analysis can be extended to the multidimen-
sional case d = 2—which has been thoroughly analyzed and employed in Chapter 2—by exploiting the tensorial
product structure of the prediction operator P,. The conclusions we can draw are the same as for d = 1, namely
that the (2.40) for y = 0 perturbs starting from second-order, (2.40) for y = 1 does so from fourth-order and fi-
nally the Lax-Wendroff approach (3.2) perturbs from third-order. As in Section 3.1.1, the analysis holds as long as
max;e[,q] l€¢jlloo < 2. For the sake of presentation, we present the case d = 2.

The reference stream phase (2.14) rewritten in a Finite Difference fashion reads
j j % — pix
ff(t+At,xzk):ff (t,xzk_cj)—ff (£, %7 ;. — €jAx),

thus a Taylor expansion, assuming that we are allowed to commute partial derivatives along different axes by

virtue of the Schwarz theorem, gives

+oo Aph . t00 +00 (—¢;-e))M(=c;i-ep)2AxMth )

h j j 1 ke g,
Z h' at f] = Z Z h 'h | axiang] * (3'11)
h=0 '* h1=0hy=0 1-782:

. . sz ,
= 7" = Ax((cj- €1)0y, +(cj-€2)dy,) [/ + ERGE €1)203,3, +(€j - €1)(Cj - €2)0x,x, + (€j - €2)°0y,) [

3
x .
- (e €1)°03 +3(cj-e1)’(cj- )0y x,x, +3(cj - €1)(Cj- €)% 0x x,x, + (Cj - €2)°0%) f1* + O(AxY).

This expansion corresponds to (3.10) in the one-dimensional case. Concerning the adaptive stream phase, the

flattening is made possible by a set of weights (Fi[ 8)6e[-2,2]2 © R such that (2.40) reads

—j —j,x 1 i zh*
Fre(t+An =T/ 0+ G Y Fl,sfikes(. (3.12)
se[-2,2]2
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Observe that the weights (F; A, 6) sc[-2,2]2 for d =2 are not directly linked with their equivalents for d = 1. Never-
theless, the recurrence relations they satisfy are inherited from the one-dimensional case because of the construc-
tion of the prediction operator by tensor product. Considering (3.12) from a Finite Difference point of view and

expanding in Taylor series yields

+00 Ath +o00 +00 ZA/(hﬁ—hg Z)Axh1+h2( +2 +2

I M Y DYDY W L L 319

h=0 h1=0hy=0 01=—202=-2

(1o X S Flopa)

61=-262=-2

+2 +2 +2 +2
+Ax (

1 1 .
ZT[ Z Z 61 AL6y, 52)ax‘+(2T€ Z Z 62 A0S, 52)ax2)f]’*

61:—262 -

51——252 -
Ax -
2 (( Z Z 61 AC,51, 52) x1x1+2( Z Z 5162 F, AC,51,6 ) xx T ( Z Z 52 AC,51, 52) xez)f]'
01=—202=-2 61=—202=-2 01=—202=-2

+O(AXD).

Comparing (3.13) term-by-term with (3.11) gives the following.

Definition 3.1.2: Match

Let d = 2. We say that the adaptive stream phase (2.40)/(3.12) matches that of the reference scheme (2.14)

at order H € N* whenever

+2 42 +2 42 (_c]..el)hl (—¢j- L

Y Fl =0, Y Y &hslF hy+h€[1,H]. (314)
Al,61,0, ’ M& 6 _ ’ )
Py Sombt 1,02 i St 1,02 zAl(h1+hg 2)

for every level £ € [¢,¢], thus for every A¢ =0 and for every discrete velocity j € [1, q].

We focus on the multiresolution stream with y = 1, which is indeed the interesting case, as we have observed

ford =1.

Proposition 3.1.5: Match for (2.14) and y =1

Let d =2 and y = 1. The adaptive stream phase matches that of the reference according to Definition 3.1.2
up to order H =3.

Proof. The idea of the proof is to re-use the computations of Proposition 3.1.3, thanks to the construction of the
prediction operator P, by tensor product. We gather the weights with the following ordering, spanning first the

first axis and then the second:

J J J J J 25
(M IPYRYS VAR B TRITIY VP SPTY o VAP SR TIITY ) VP SR ERTS FMzz) eR™.

Inside this vector F/ A0 the coefficient F’ N0,51.6,

matrices are allowed to take relative integer values around zero (i.e. the central row/column of P) for notation

has place 562 + 01, where in the proof, indices for vectors and

purpose. We obtain the recurrence relation

=(P®P)F M I (3.15)

Thanks to the structure of the Kronecker product, we have (P ® P)pq = P\p/5],14/5 Pp mod 5,4 mod 5. We use the

following Lemma, directly derived from Proposition 3.1.3.

Let g € [-2,2], then Zgig 8"Ps, =2'""4g" for h e [0,3], with the notation according to which 0° = 1.
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Proof. The claim follows by direct inspection of the columns of P. O

We continue the proof by recurrence over A¢. The claim trivially holds for A¢ = 0. Consider now h1, h, € [1,3]
and assume that the claim holds for A¢ — 1, that is

_(—cj-e)(-¢j e

+2
h chy
$ 5 ool
Al-1,61,0 Al—1)(hi+hy—-2
Py Sl 102 2( )(h1+h2—-2)

We then have

12 42
hl I’lz ] hl 2

Y Y 00 Fresi6,= Z Z 00, ZP52,W5J 2P5,,(r mod 5)- 2FM 1,(r mod 5)-2,[r/5]-2

51=—28,=-2 1_—252_—2

+2
h
Z AC-1,(r mod 5)-2,|r/5]-2 Z 6 P51,(r mod 5)— 2)( Z 622P62,|.r/5j—2
o1=-2 Op=—2

Z AC-1,(r mod 5)-2,1r/5]-2 * 2! ((r mod 5) =2)" x 217" (Ur/5) - 2)"

42 42 —ci-en)M(=c; e
1 E 5h15h2FJ (ccj-e)(=¢;-e)
5 . ) Al-1 51,52 2A€(h1+h2—2)
1==262=—

= 2h1+h2—2

In this chain of equalities, we have used (3.15) for the first identity; a rearrangement for the second one; Lemma 3.1.1
for the third equality; a change of indices for the the fourth and finally the recurrence assumption. For the first
equality in (3.14), again it is trivially satisfied for A¢ = 0. Assume that it is true for A¢ — 1, then we have—with the

same computation:

+2 +2

Fl -
Z A,61,02 =4 Z Z Aé 1,601,602 0
61:—252: 1——262—
by recurrence assumption, completing the proof. O

Remark 3.1.1 (Higher order matching for mixed terms). It is interesting to observe that thanks to the construction of
the prediction operator by tensor product, the stream phase (2.40) withy = 1 matches the reference scheme until order
six for crossed terms between the axes, since in the proof of Proposition 3.1.5, we considered hy, hy € [1,3]), whereas
Definition 3.1.2 only requests hy + hy € [1,3]. Still, pure directional terms are not matched above order three as in the

d =1 case.

To summarize, Proposition 3.1.5 shows how to generalize the study of the adaptive scheme when d = 2, to
recover the same results than the study for d = 1 by taking advantage of the tensor product structure. Again, for

most of the applications, one needs to consider y = 1.

3.1.4 NUMERICAL TESTS

In the previous discussion, the Taylor expansions we have performed were formal and valid for smooth solutions
in the limit of small Ax, for any considered level £ € [¢, £]. The aim of the following numerical tests is to assess the
previous approach by showing that it provides a useful tool to a priori study the behavior of the adaptive scheme.
We shall observe that the result from the actual numerical simulations adhere to the formal expansions we have

detailed in Section 3.1.1 and Section 3.1.3.

3.1.4.1 TEST CASES AND METRICS

Let us start by consider a series of test cases, associated configurations and error indicators. We test on uniform
meshes which are coarsened until reaching the lowest authorized level ¢, where the adaptive scheme is utilized.
Indeed, the main focus of this work is not to evaluate the quality of the grid adaptation with respect to the pa-
rameter €, which has been the subject of Chapter 2. Besides the fact that this new setting is relevant according to

Section 3.1.1.1 and because the match properties defined in Definition 3.1.1 and Definition 3.1.2 hold uniformly in
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Table 3.1: Summary of the test cases for the analysis of the stream phase without use of mesh adaptation.

d Equation ‘ Ref. scheme Configuration ‘ Test nb.

1 Linear advection eq. D;Q, Section 1.5.1 | Fixed ?—{, increasing 2| (1), Section 3.1.4.2
0;u+0,Vu)=0
Linear advection-diffusion eq.|D; Q4 Section 1.5.2 | Fixed e, decreasing 0 (I), Section 3.1.4.3
0iu+0x(Vu) —ubxxu=0

1 Viscous Burgers eq. D1Qg Section 1.5.2| Fixed e, decreasing ¢ | (W), Section 3.1.4.4
O +0x(U?/2) — =0
2 | Linear advection-diffusion eq. | D2Qq Section 1.5.4| Fixed e, decreasing 0 (IV), Section 3.1.4.5
0iu+Vy - (Vu)—puAyu=0

[

A/, it also provides a worst case scenario to undoubtedly prove the resilience of our numerical strategy. This could
be the case when one performs mesh adaptation yet selecting a very large threshold e, so to that the smoothness
of the solution allows to coarsen the grid everywhere. As a matter of fact, similar scenarios can also take place
when the mesh is updated using some stiff numerical solution (for example a phase-field variable as in [Fakhari
et al., 2016]) but we still want to achieve a good accuracy in the coarsely meshed areas for the non-stiff variables
(for example the velocity field in the incompressible Navier-Stokes system [N'Guessan et al., 2021]).

In these tests, the leaves collision given by (2.38) is used. The summary of the four configurations that we
test is given on Table 3.1: they include both the 1D and the 2D framework with linear and non-linear equations.
Observe that we utilize all the numerical schemes under acoustic scaling between space and time. Yet, the previous
study fits other scalings because it only pertains to the spatial part, whereas the time step is dictated by the finest
resolution. All the schemes have only one conserved variable, i.e. N = 1, but all the previous study is independent
of the number of conserved variables, since it pertains to the stream phase of the method. We are not interested
in boundary condition, thus we enforce oth order extrapolation boundary conditions for any test case.

When the reference scheme is expected to converge to the solution of the listed equation as ¢ — +oco, we
consider a fixed number of coarsening steps ¢ — £ and we increase the maximal level ¢ to experimentally observe
convergence. On the other hand, when the reference scheme is not convergent to the solution of the target
equation under the scaling at hand, the maximum level / is fixed and the number of coarsenings Af = (—0is
increased. The first kind of situation aims at evaluating the possible “interference” of the adaptive strategy with
the order of convergence of the reference scheme and precisely show that the theoretical analysis allows to study
such a phenomenon. On the other hand, the second kind of setting aims at quantifying the effect of the adaptive
scheme compared to the error of the reference scheme and shows that the previous analysis allows to construct a
comparative evaluation of the various methods.

We monitor the following metrics on the conserved moment, which are all taken with respect to the L' norm

and normalized using the norm of the exact solution. They are considered at final time T.

o Epr, error of the reference scheme with respect to the exact solution of the problem. It is intrinsic to the
numerical method and, depending on the specific scheme, the target model and the scaling between space

and time discretization, it can converge or not as Ax — 0.
4 . . .
« Eca, error of the adaptive scheme with respect to the exact solution measured at level £.

« EY ., error of the adaptive scheme with respect to the exact solution measured at level ¢, with the solution

of the adaptive scheme built at ¢ using the reconstruction operator.

+ Deoa, difference between the reference and adaptive scheme, where the adaptive datum has been recon-
structed at finest level ¢ in order to compare it with the solution of the reference scheme. It is converging
as Al — 0.

The objective is to keep Dcoq << Eyef regardless of the fact that E..¢ converges, so that the error of the adaptive
scheme is largely dominated by that of the reference scheme. By the triangle inequality, the following control
on the error of the adaptive method holds Efoa < Eief + Deoa: the error of the adaptive method is the result of

two contributions, the error of the reference scheme (which in principle cannot be alleviated) and the difference

between the behavior of the adaptive and the reference scheme (to be alleviated by increasing ).
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Table 3.2: Test (I) for the 1D linear advection equation taking A¢ =2 and s, = 1. Numerical convergence rates are
reported between parenthesis.

(2.40) withy =0 (2.40) withy =1 Lax-Wendroff (3.2)
4 7 4 7 7 7
Eref Ecoa Ec[oa Decoa Ecoa Egoa Deoa Ecoa Egoa Deoa
1.20€+0 1.21€+0 1.09e+0 8.92e-1 8.41e-1 1.06e+0 8.31e-1 8.58¢e-1 1.07e+0 8.40€e-1

1.01e+0 (0.25) | 1.43e+0 1.41e+0 7.04e-1(0.34) | 1.07e+0 116e+0 2.30e-1(1.85) [ 1.13e+0 1.23e+0 3.95¢-1(1.09)
7.93e-1(0.35) | 1.24e+0 1.29e+0 6.73e-1(0.06) | 9.27e-1  8.89e-1 1.12e-1(1.04) | 9.55e-1 9.26e-1 2.66e-1(0.57)
5.67e-1(0.48) | 1.08e+0 1.09e+0 6.22e-1(0.11) | 6.21e-1 6.07e-1 5.02e-2 (1.16) | 6.19e-1  6.11e-1  1.48e-1(0.84)
3.71e-1 (0.61) | 8.68e-1 8.66e-1 5.41e-1(0.20) | 3.86e-1 3.83e-1 1.67e-2 (159) | 3.81e-1 3.80e-1 7.16€-2 (1.05)
2.22e-1(0.74) | 6.37€-1  6.37e-1 4.31e-1(0.33) | 2.26e-1 2.25e-1 4.02e-3 (2.05) | 2.24e-1 2.24e-1 2.88e-2 (1.31)
1.24e-1(0.84) | 4.29e-1  4.29e-1 3.09e-1(0.48) | 1.25e-1 1.25e-1 7.26e-4 (2.47) | 1.25e-1 1.24e-1  9.79e-3 (1.56)
10 6.61e-2 (0.91) | 2.64e-1 2.64e-1 1.99e-1(0.64) | 6.62e-2 6.62e-2 1.04e-4 (2.80) | 6.62e-2 6.61e-2  2.93e-3 (1.74)
11 3.42e-2(0.95) | 1L51e-1  151e-1  117e-1(0.77) | 3.42e-2 3.42e-2 1.24e-5(3.06) | 3.42e-2 3.42e-2 8.10e-4 (1.86)
12 174e-2(0.97) | 8.13e-2 8.13e-2 6.39e-2 (0.87) | 1.74e-2  1.74e-2  2.27e-6 (2.46) | 1.74e-2 1.74e-2  2.13e-4 (1.92)
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Table 3.3: Test (I) for the 1D linear advection equation taking A¢ =2 and s, = 2. Numerical convergence rates are
reported between parenthesis.

(2.40) withy =0 (2.40) withy =1 Lax-Wendroff (3.2)
4 4 4
Eref Ecoa Ec[oa Dcoa Ecoa Egoa Deoa Ecoa Ec[oa Deoa
1.27€+0 1.15e+0 1.08e+0 9.96e-1 9.20e-1 1.09e+0 8.29e-1 8.56e-1 1.08e+0 9.70e-1

7.53e-1(0.75) | 1.37e+0 1.37e+0 1.07€+0 (-0.10) | 9.20e-1 1.09e+0 8.29e-1(0.00) | 1.22e+0 1.36e+0 9.59¢e-1( 0.02)
2.03e-1(1.89) | 1.20e+0 1.23e+0 1.20e+0 (-0.16) | 7.54e-1 7.09e-1 6.64€e-1(0.32) | .09e+0 1.07e+0 9.85e-1(-0.04)
5.06e-2 (2.01) | 1.01e+0 1.02e+0 1.02e+0 (0.24) | 3.00e-1 3.05e-1 2.96e-1(1.17) | 6.13e-1 6.09e-1  5.84e-1(0.75)
1.27€-2 (2.00) | 7.91e-1 7.92e-1  7.91e-1(0.36) |7.48e-2 7.27e-2 6.98e-2 (2.09) | 2.23e-1 2.22e-1  2.11e-1(1.47)

3.17e-3 (2.00) | 5.67e-1 5.67e-1 5.67e-1(0.48) | 1.17e-2 112e-2 1.03e-2 (2.77) | 5.99e-2 5.98e-2  5.67€-2 (1.90)
7.92e-4 (2.00) | 3.71e-1  3.71e-1  3.71e-1(0.61) | 1.68e-3 1.54e-3 1.25€-3(3.03) | 1.52e-2 152e-2  1.44e-2 (1.98)
1.98e-4 (2.00) | 2.22e-1 2.22e-1 2.22e-1(0.74) | 2.75€-4 2.45€-4 1.41e-4 (3.15) | 3.80e-3 3.80e-3 3.60e-3 (2.00)
4.956-5 (2.00) | 1.24e-1  1.24e-1  1.24e-1(0.84) | 5.57€-5 5.09e-5 1.46e-5(3.27) | 9.49e-4 9.49e-4 9.00e-4 (2.00)
1.24€-5 (2.00) | 6.61e-2 6.61e-2  6.61e-2 (0.91) | 1.29e-5 1.23e-5 2.34€-6 (2.64) | 2.37e-4 2.37e-4 2.25e-4 (2.00)
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3.1.4.2 D;Q, FOR THE LINEAR ADVECTION EQUATION

The aim of this test case is to check our analysis in a case where, on the one hand, we know that the reference
scheme converges as Ax — 0 because the relaxation parameter is taken independent from Ax because no viscous
effect need to be modeled and, on the other hand, the equilibria are linear thus the collision strategy does not
alter the quality of the method. We expect that all the tested methods match enough terms in order to preserve
the convergence of the reference method. However, two interwoven phenomena can take place. The first is a
modification of the convergence rate because of D.o,. Second, at some point, the term Do, can become non-

negligible with respect to Ejr.

3.1.4.2.1 The problem and the scheme The target problem is the linear advection equation with constant velocity
V € R with exact solution

u(t, x)

(x-V?
2 ) (3.16)

1
ex
NZE s p( 4pr°

In this test, we shall use a final time T =1, > =1 and p = 5e — 3, giving the initial spreading of the Gaussian, and

V =1/2. The numerical scheme is the D;Q, detailed in Section 2.8.1.2 on a bounded domain Q = [-3, 3]. It has been
theoretically shown [Dellacherie, 2014], conditionally in the L norm and unconditionally in the L? norm that the
scheme converges—under the CFL condition |V|/A < 1—linearly towards the solution (3.16) when the relaxation
parameter s, €]0,2[ and quadratically for s, =2 when Ax — 0. In this test, we take the lattice velocity as 1 = 1.

3.1.4.2.2 Results and discussion The test is conducted fixing the difference between the maximum level ? and
the minimum level £, at which we perform the computation, either at A¢ =2 or A¢ = 6 for two different relaxation
parameters, namely s, = 1 and s, = 2. We progressively increase the maximum level ¢ to observe the convergence
of the reference scheme towards the solution and to study how the adaptive schemes behave in such a situation.

The results are provided in Table 3.2 and Table 3.3 for A¢ =2 and in Table 3.4 and Table 3.5 for A¢ = 6. In all of
them, we observe the expected behavior of the reference scheme, converging linearly for s, = 1 and quadratically
for sp =2. The errors are also presented differently in Figure 3.2 and Figure 3.3. Let us comment on the behavior
of each adaptive strategy:
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Table 3.4: Test (I) for the 1D linear advection equation taking A¢ = 6 and s, = 1. Numerical convergence rates are
reported between parenthesis.

(2.40) withy =0 (2.40) withy =1 Lax-Wendroff (3.2)
= 7 7 7 7 7 7
¢ Eref Ecoa Ec[oa Dcoa Ecoa Ec[()a Decoa Ecoa Ec[oa Decoa
7 3.71e-1 1.20e+0 1.08e+0 1.05e+0 7.52e-1 1.07€+0 1.00€+0 122e+0 114e+0 1.08e+0
8 2.22e-1(0.74) | 1.44e+0 1.41e+0 1.31e+0 (-0.32) | LO3e+0 1.28e+0 1.09e+0 (-0.12) | 1.83e+0 1.95e+0 1.79€+0 (-0.73)
9 1.24e-1(0.84) | 1.25e+0 1.30e+0 1.23e+0 (0.10) | 7.71e-1  7.37e-1  6.23e-1(0.81) | 1.62e+0 1.65e+0 1.55e+0 (0.21)
10 6.61e-2 (0.91) | L10e+0 111e+0 106e+0 (0.21) | 2.12e-1 2.03e-1  153e-1(2.03) | 7.59e-1  7.61e-1  7.13e-1(1.12)
11 3.42e-2 (0.95) | 8.88e-1 8.85e-1  8.58e-1(0.30) | 4.71e-2 4.47e-2  1.89e-2 (3.01) | 2.34e-1 2.33e-1  2.18e-1(1.71)
12 174e-2(0.97) | 6.57e-1  6.57e-1  6.41e-1(0.42) | 1.90e-2 1.80e-2 1.94e-3(3.28) | 6.17e-2  6.16e-2  5.79e-2 (1.91)

Table 3.5: Test (I) for the 1D linear advection equation taking A¢ = 6 and s, = 2. Numerical convergence rates are
reported between parenthesis.

(2.40) with y =0 (2.40) withy =1 Lax-Wendroff (3.2)
= 7 7 7 7 7 7
4 Eref Ecoa Egoa Dcoa Ecoa Ecloa Dcoa Ecoa Egoa Decoa
7 127€-2 1.20e+0 1.08e+0 1.08e+0 7.47€-1 1.07€+0 1.07€+0 1.22e+0 114e+0 1.14e+0
8 3.17e-3(2.00) | 1.44e+0 1.41e+0 1.41e+0 (-0.38) | 1.05e+0 1.31e+0 1.31e+0 (-0.29) | 1.86e+0 1.98e+0 1.98e+0 (-0.80)
9 7.92e-4 (2.00) | 1.25e+0 1.30e+0 1.30e+0 (0.12) | 7.84e-1 7.65e-1 7.65€-1(0.77) |1.68e+0 1.72e+0 1.72e+0 (0.20)
10 1.98e-4 (2.00) | 1.10e+0 110e+0 1.10e+0 (0.23) | 2.00e-1 1.94e-1  1.94e-1(1.98) | 8.05e-1 8.07e-1  8.07e-1(1.09)
11 4.95¢-5(2.00) | 8.84e-1 8.82e-1 8.82e-1(0.32) | 2.33e-2 2.22e-2  2.22e-2(3.13) | 2.41e-1  2.41e-1  2.41e-1(1.74)
12 1.24e-5(2.00) | 6.53e-1 6.53e-1  6.53e-1(0.43) | 2.57e-3 2.12e-3  2.12e-3(3.39) | 6.09e-2 6.11e-2  6.11e-2 (1.98)

w4
1071 .
10—2 .
1073 -
1074 4 _
—
— Erer _ o LW B,
ce 7=0: gl —o— LW : Dcoa
1072 5 —.— 7 =0: DcLooaa Linear
— =f= Quadratic
.e Y=1: EC/M == Cubic
—— 1=1: Dcoa
T T T
1073 1072 10~!

Az

Figure 3.2: Test (I) for the 1D linear advection equation taking A =2 and s, = 1. As expected, Doy = O(Ax) for

¥ =0, Deoa = O(AX®) for y = 1 and Deoa = O(AX?) for Lax-Wendroff. All EY,

coa

= O(AXx).
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Figure 3.3: Test (I) for the 1D linear advection equation taking A¢ =2 and s, = 2. As expected, Dcoa = O(Ax) for
¥=0, Deoa = O(AX®) for y = 1 and Doy = O(AX?) for Lax-Wendroff. All E, = O(Ax).

« Multiresolution scheme (2.40) for y = 0. In the case where the reference method is first-order convergent

(s2 = 1), we observe that Ef

oa 18 also first-order convergent but, especially for A¢ =6, D.,, dominates against

E,cr, which is the reason why the green full line and the green dashed lines are not superposed in Figure 3.2.
Moreover, this is the reason why for s, = 2, despite the fact that E;f converges quadratically, E , converges

only linearly due to the limitations imposed by the convergence ratio of D¢oa.

+ Multiresolution scheme (2.40) for y = 1. We observe that in any case the convergence rate of D¢, is third-

order. Therefore, we always obtain the same convergence rate of E. for EZ .

« Lax-Wendroff scheme (3.2). Since the convergence rate of Do, is second-order, we always observe no alter-

ation of the convergence rate of the reference scheme by the adaptive method.

Finally, observe that for any method the convergence rates of Do, are erratic for small £ presumably be-
cause Taylor expansions are not fully legitimate for coarse resolutions. These numerical experiments confirm the
theoretical study and show that the adaptive method should match enough terms to avoid alterations of the con-
vergence rates of the reference scheme. In particular, if the reference method converges at order H, the adaptive
stream phase must match at least at order H as well, according to Definition 3.1.1.

In this particular case, we propose the outcome of the equivalent equation analysis by [Dubois, 2008] for

illustrative purpose. For the reference scheme, we obtain

1 1 & Ax? V v?
6;m1+V0xm1:)LAx(S—Z—E)(I—ﬁ)Oxxml— 6 I(l—ﬁ)aiml
M1 1 &
1; (S——E)(I—F)Oiml+O(Ax4)
2

« Multiresolution scheme (2.40) for ¥ = 0. We obtain the modified equation:

1 1 L ae 11 v? 1 2
orm +Vo,m =AAx 5(2 -1+ %73 l_ﬁ Oxxm + O(Ax).
2

We see that the fact of increasing the level jump A¢ adds numerical diffusion, proportionally to 22¢ Ax = Ax,.
This was predicted by the previous theory.
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+ Multiresolution scheme (2.40) for y = 1. It is possible to compute the powers of the matrix P given in

Proposition 3.1.3 using symbolic computations. This yields the following weights for the velocity indexed

by j=1:
272A€ 272A€
Frp o= =5 (-3x 2MAr-2221 4 2), Ry, =- s (3% 280AL —3x 280 - p2A0F2 4 ),
Y ’ y
Fypo= T(—3M+2ZA T2_g)-28,
—2A0 2—2A€
Frpp= B 2MAL+3x 2 2221y Ry = TR 28 N0 - 2280 4 9,

By this, we come to the equivalent equation of the scheme, which reads

1 1 V2 AAX2V V2
Otml + Vaxml ZAAX(S—Z - E)(l - F)axxml - TE(I - ﬁ)aiml
AAXE

+—((2M(1 —3A0)-1) +2(l - l)(1 - V—4))04m1 +O0(AxY
24 5 2 A4))E ’

We observe that the perturbation in A¢ appears only at third order with a bi-Laplacian term, as predicted.

+ Lax-Wendroff scheme (3.2). We obtain the equivalent equation

1 1 V2 AAX* V V2
o;m' +Vo,m' =/1Ax(— - —)(1 - —)a m' - ——( 228 1)+ (1— —))a3m1 +0(Ax%).
t X 55 2 12 xx 6 A ( ) 12 X ( )
We observe that the perturbation due to A€ appears at second order, increasing the dispersion on the scheme,

as predicted.

3.1.4.3 D1Q3 FOR THE LINEAR ADVECTION-DIFFUSION EQUATION

In this test case, the reference method is no longer convergent under acoustic scaling because the diffusion term
arises as numerical diffusion—thus asymptotically vanishes—and the relaxation parameters are adjusted to recover
the right diffusion terms but would asymptotically reach forbidden values, see [Boghosian et al., 2018]. Despite this
lack of convergence, the aim of the simulations is to show that the adaptive scheme for y = 0 is not accurate enough
to reproduce the physics of the reference algorithm. Moreover, we shall observe that the Lax-Wendroff scheme
correctly accounts for the diffusion terms but can introduce spurious oscillations due to the lack of matching of

the third-order terms. This is not the case for the multiresolution scheme with y = 1.

3.1.4.3.1 The problem and the scheme The target problem is the linear advection-diffusion equation with constant

velocity V € R and diffusion coefficient p > 0, with exact solution

(x—-V1?

1
VATt + 1) eXp(_4u(t° +1)

The parameters of the problem are the same as Section 3.1.4.2. The numerical scheme that we employ is the D;Q4

u(t,x) = . (3.17)

detailed in Section 1.5.2 using the choice of moments given by (1.5) on a bounded domain Q = [-3,3]. We take 1 =1
and—in order to obtain the right transport velocity and diffusivity—the equilibria are taken as mgq(ml) =Vm; and

mgq(ml) = m; with relaxation parameters s3 = 1 and

s _(1+L)_1
272 Aaxa—vyy)

According to the discussion by [Boghosian et al., 2018], the scheme is in general not convergent towards the
solution of the advection-diffusion equation, because s, — 0 as Ax — 0. Still, it can be used in an intermediate

regime where Ax is not too small, thus s is sufficiently away from 0.
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Table 3.6: Test (II) for the 1D linear advection-diffusion equation taking ¢ = 11 and performing the computation

using a mesh at level ¢ as indicated.
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(2.40) withy =0

(2.40) withy =1

Lax-Wendroff (3.2)

>
BN

4
Ecoa

0
Ecoa

Dcoa

4
Ecoa

0
Ecoa

Dcoa

4
Ecoa

4
Ecoa

Dcoa

N oG W N = O

1.94e-2
2.30€e-2
4.68e-2
9.92e-2
1.91e-1
3.33e-1
5.25€-1
7.51€-1

1.94€-2
2.30€e-2
4.68e-2
9.92e-2
1.91e-1
3.33€-1
5.24€-1
7-47€-1

0.00e+0
1.55€-2
4.52€-2
9-94€-2
1.92e-1
3.34€-1
5.26e-1
7.48€-1

1.94e-2
1.94€-2
1.94€-2
1.94€-2
1.94€-2
1.93e-2
1.84€-2
1.10e-2

1.94€-2 0.00€+0

1.94€-2
1.94€-2
1.94€-2
1.94€-2
1.93e-2
1.84e-2
1.07e-2

7.88e-7
3.41€-6
1.31e-5
5-40€-5
2.78e-4
1.74€-3
1.89e-2

1.94€-2
1.94e-2
1.92e-2
1.87e-2
1.65e-2
8.18e-3
3.11€-2
1.93e-1

1.94€-2
1.94e-2
1.92e-2
1.87e-2
1.65€-2
8.32e-3
3.16e-2
1.96e-1

0.00e+0

3.63e-5
1.82e-4
7-63e-4
3.09e-3
1.24€-2
5.03e-2
2.15€e-1
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Figure 3.4: Test (II) for the 1D linear advection-diffusion equation. Solution at final time T shown on a sector
of the domain for different A¢ and stream schemes. We observe the unmatched dissipation for y = 0, excellent
agreement for y = 1 and good agreement with spurious oscillations for Lax-Wendroff.

3.1.4.3

2 Results and discussion  Since we are no longer interested in convergence, we take a fixed maximum level

¢ =11 and we vary the minimum level £ at which we perform computations. The results are given on Table 3.6

and the solution at final time T for some A/ is shown in Figure 3.4. We remark that:

Multiresolution scheme (2.40) for y = 0. The inertial term pertaining to the advection velocity V is correctly
represented in accordance with Proposition 3.1.2 for any A/, because the packet is transported at the right
velocity until reaching the point x = 1. Nevertheless, the dissipative term is not correct because we have an
excess of numerical diffusion as long as A¢ grows. This was predicted by the theoretical framework. Even
if the dispersive term is not matched either, this does not affect the stability of the method because of the
large amount of available numerical diffusion. As expected, Do, is not negligible compared to E.f for any
Al=1.

Multiresolution scheme (2.40) for y = 1. We observe that both the inertial and dissipative terms are correctly
represented. Moreover, according to our intuition, since the dispersive terms are untouched compared to the
target expansion, cf. Proposition 3.1.3, the adaptive method remains stable and does not produce spurious
oscillations when the reference method is stable. Looking at the errors more carefully, we see that the

additional error D, is negligible compared to E.f for A¢ <6 or 7.
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Table 3.7: Test (III) for the 1D viscous Burgers equation taking ¢ = 11 and p = 5e—2 (small diffusion) and performing
the computation using a mesh at level £ as indicated.
(2.40) Vzith =0 (2.40) \Xith y=1 Lax—Werldroff (3.2)

4 4 4
Ecoa Egoa Deoa Ecoa Egoa Deoa Ecoa Ecloa Decoa

>
BN

1.94€-2 1.94e-2 0.00€+0 | 1.94e-2 1.94e-2 0.00€+0 | 1.94e-2 1.94€-2 0.00e+0
2.30€-2 2.30€-2  155e-2 | 1.94e-2 1.94e-2 7.88e-7 | 1.94e-2 1.94e-2 3.63e-5
4.68e-2 4.68e-2  4.52e-2 |1.94e-2 1.94€-2 3.41e-6 |1.92e-2 1.92e-2 1.82e-4
9.92e-2 9.92e-2 9.94e-2 |1l94e-2 1.94e-2 131e-5 |1.87e-2 1.87e-2 7.63e-4
1.91e-1 1.9le-1 192e-1 |1.94e-2 1.94e-2 5.40e-5 | 1.65e-2 1.65e-2 3.09e-3
3.33e-1 3.33e-1 3.34e-1 | 1.93e-2 1.93e-2 2.78e-4 | 8.18e-3 8.32e-3 1.24e-2
5.25e-1 5.24e-1 5.26e-1 |1.84e-2 1.84e-2 174e-3 | 3.11€e-2 3.16e-2 5.03e-2
7.51e-1  7.47e-1 7.48e-1 | 110e-2 1.07e-2 189e-2 | 1.93e-1 1.96e-1  2.15e-1

N U R W N = O

« Lax-Wendroff scheme (3.2). This scheme correctly matches the inertial and dissipative phenomena. Nev-
ertheless, as A¢ grows, we observe the formation of spurious oscillations and the packet is not perfectly
centered at x = 1. This is presumably due to the modification of the third-order dispersion as theoretically
observed. For the tested case, this is not enough to induce instabilities. This shows that this adaptive method
can be subjected to instabilities even when the reference method is stable because of the modification of the

dispersion. The additional error Do, is negligible compared to E,.f for A¢ <3 or 4.

Once again, the theoretical analysis is fully corroborated by the numerical behavior of the schemes and show that,

even in this quite simple framework, the multiresolution schemes for y = 1 are the most reliable ones.

3.1.4.4 D1Q3 FOR THE VISCOUS BURGERS EQUATION

We now turn to a non-linear problem. In this case, the choice of model for the collision phase between (2.38) and
(2.37) is no longer negligible. For the moment, we aim at proving that our previous analysis is still meaningful in
this context upon verification of the smoothness assumption. Indeed, we see that in the case of singularities the
previous analysis is no longer well-grounded due to the lack of smoothness and we thus understand the strong

interest of dynamic mesh adaptation using multiresolution.

3.1.4.4.1 The problem and the scheme We consider the solution of the viscous Burgers equation with viscosity p,
given by
+00 L2 — [ Ltp))e 7
. m N exp( 4Merf( rd ton))e dn
u(t,x) =/ — ,
t oo _n2
. exp(—terf( \/4x#_to - [—ﬁn))e " dn

where the solution has been obtained following [Landajuela, 2011] and the integrals with weights e shall be
approximated with Gauss-Hermite formuleewith 100 quadrature points. We consider a final time T'=1, > =1 and
either 1 = 5e —2 (large diffusion) or i = 5e — 3 (small diffusion). On the domain Q = [-3,3], we use the same D1Q;
as Section 3.1.4.3 with lattice velocity A =4 and mzq(ml) = (m1)?/2 and s3 = 1 with

(m1)® 1 Ap)™ .
mgq(ml) = +4m,, S2 = (E + ﬁ) , (large diffusion),
3 1 A -1
mgq(mﬂ = (m1) +my, S2= (5 + A_I;) , (small diffusion).

3.1.4.4.2 Results and discussion We first perform the same kind of test as Section 3.1.4.3 and the results are on

Table 3.7, Table 3.8, Figure 3.5 and Figure 3.6. We point out the following facts:

+ Multiresolution scheme (2.40) for y = 0. In the case of large diffusion, we see that the method adds much
numerical diffusion yielding unreliable results. On the other hand, for the small diffusion, the result seems
good from a graphic point of view because of the secondary role of diffusion on the shape of the solution.
However, the discrepancies from the reference scheme are important in both cases. Compared to the other
strategies, the difference with respect to the reference algorithm is larger, as expected: starting from A¢ =3

(for large diffusion) and A€ = 2 (for small diffusion), the term A¢ can no longer be neglected.
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Figure 3.5: Test (III) for the 1D viscous Burgers equation with p = 5e — 2 (large diffusion). Solution at final time T
shown on a sector of the domain for different AZ and stream schemes. We remark the wrong diffusivity for y =0
and reliable results for y = 1 and Lax-Wendroff. Exact solution plotted with a black solid line.
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Figure 3.6: Test (II) for the 1D viscous Burgers equation with p = 5e — 3 (small diffusion). Solution at final time T
shown on a sector of the domain for different AZ and stream schemes. We remark the wrong diffusivity for y =0
and reliable results for y = 1 and Lax-Wendroff. Exact solution plotted with a black solid line.
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Table 3.8: Test (III) for the 1D viscous Burgers equation taking ¢ = 11 and p = 5e—3 (small diffusion) and performing
the computation using a mesh at level £ as indicated.
(2.40) Vzith =0 (2.40) \Xith y=1 Lax—Werldroff (3.2)

4 4 4
Ecoa Egoa Deoa Ecoa Ec[()a Deoa Ecoa Ecloa Decoa

>
BN

1.94€-2 1.94e-2 0.00€+0 | 1.94e-2 1.94e-2 0.00€+0 | 1.94e-2 1.94€-2 0.00e+0
2.30e-2 2.30€-2  155e-2 |1.94e-2 1.94e-2 7.88e-7 |1.94e-2 1.94e-2 3.63e-5
4.68e-2 4.68e-2  4.52e-2 |1.94e-2 1.94€-2 3.41e-6 |1.92e-2 1.92e-2 1.82e-4
9.92e-2 9.92e-2 9.94e-2 |1l94e-2 1.94e-2 131e-5 |1.87e-2 1.87e-2 7.63e-4
1.91e-1 1.9le-1 192e-1 |1.94e-2 1.94e-2 5.40e-5 | 1.65e-2 1.65e-2 3.09e-3
3.33e-1 3.33e-1 3.34e-1 | 1.93e-2 1.93e-2 2.78e-4 | 8.18e-3 8.32e-3 1.24e-2
5.25e-1 5.24e-1 5.26e-1 |1.84e-2 1.84e-2 174e-3 | 3.11€e-2 3.16e-2 5.03e-2
7.51e-1  7.47e-1 7.48e-1 | 110e-2 1.07e-2 189e-2 | 1.93e-1 1.96e-1  2.15e-1

N U R W N = O

+ Multiresolution scheme (2.40) for y = 1. The plots of the solution show that it agrees well with the expected
one. We can notice a slight crushing of the solution for the large diffusion which can be considered a fourth
order effect. In the case of small diffusion, despite the fact that the reference scheme does not oscillate close
to the steep zone of the solution, we see that the adaptive method does so for large AZ. This cannot be due to
third-order terms, since they are matched, so one may argue that these are fifth-order effects (not likely) or
the consequence of the fact that we are no longer allowed to perform Taylor expansions either because the
spatial step is too large or because the solution is not smooth enough. Indeed, as already said, this is the proof
that using a fixed coarsened mesh is not a good approach to deal with moving singularities. This context
calls for dynamically adapted meshes and error control. Still, the difference with the reference scheme is
minimized for this choice of reconstruction and the impact of the adaptive scheme can be neglected for any
A/ for the large diffusion and until A¢ for the small diffusion.

« Lax-Wendroff scheme (3.2). The result for the large diffusion seems reliable, even if the method slightly
“overshoots” the exact solution presumably due to the third-order mismatch. On the other hand, the test
with small diffusion clearly shows that the method perturbs the dispersive terms at third order, inducing
oscillations near the kinky zones of the solution. Compared to the reference solution, the behavior of the
Lax-Wendroff scheme is situated half-way between those for y =0 and y =1, as expected. in particular, the

impact of the adaptive stream is negligible until A¢ =7 (for large diffusion) and A¢ = 3 (for small diffusion).

For each stream strategy, we see that Do, stops to be negligible compared E,.r earlier for the small diffusion
than for the large. This is coherent with the fact that the solution develops more high-frequency modes. Moreover,
one limiting factor of the theoretical analysis are the implicit smoothness assumptions on the solutions. In the
case where the solution is close to singular and especially for large A¢, the behavior of the numerical scheme on
a uniform coarsened mesh deviates from the theoretical predictions because the smoothness assumption is not
valid. From a multiresolution perspective, the lack of smoothness translates into the fact that the details of the

solution at the finest level ¢ are not small close to the blowup.

3.1.4.5 D2Qq FOR THE LINEAR ADVECTION-DIFFUSION EQUATION
To corroborate the extension of the previous analysis to the multidimensional setting done in Section 3.1.3. We

selected a quite “rich” numerical model in terms of degrees of freedom to show the generality of our analysis.

3.1.4.5.1 The problem and the scheme We consider the linear advection-diffusion equation with constant velocity

V € R? and diffusion coefficient y > 0, with exact solution

(318)

lx—Vel3
u(t,x) = 2).

1
VATU(te + 1) eXp(_ 4u(t® +1)

In the test, we employ T =1/2, t°=1, V = (1/2,1/2) and p = 5e — 3. The numerical scheme that we employ is the
D,Q, introduced in Section 1.5.4 with domain Q = [~1/2,1]? and equilibria based on the second-order expansion
of the Maxwellian [Fakhari et al., 2016]

e e € 2 2 € 2
my’ = Vimy, mg' = Vomy, myt = (222 +3IVImy,  mgl=-A*Vimy,
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Table 3.9: Test (IV) for the 2D linear advection-diffusion equation taking ¢ = 9 and performing the computation
using a mesh at level ¢ as indicated.

(2.40) withy =0 (2.40) withy =1 Lax-Wendroff (3.2)
4 7 4 7 4 7
Ecoa Egoa Deoa Ecoa Egoa Dcoa Ecoa Ec[oa Dcoa

>
BN

4.86e-2 4.86e-2 0.00e+0 | 4.86e-2 4.86e-2 0.00e+0 | 4.86e-2 4.86e-2 0.00e+0
4.61e-2  4.61e-2  2.79e-2 | 4.86e-2 4.86e-2 9.42e-5 | 4.80e-2 4.80e-2  8.20e-4
7.60€-2 7.58e-2 8.06e-2 | 4.86e-2 4.87e-2 3.89e-4 | 4.55€-2 4.56e-2 4.09e-3
1.65e-1 1.64e-1 1.75e-1 | 4.83e-2 4.87e-2 1.62e-3 | 3.66e-2 3.71e-2  1.71€-2
3.19e-1  3.16e-1  3.29e-1 | 4.64e-2 4.82e-2  7.49e-3 | 3.69e-2 4.01e-2 6.90e-2
5.47e-1 5.38e-1 5.51e-1 | 3.69e-2 4.99e-2 4.94e-2 | 2.27e-1 2.39e-1  2.82e-1
8.22e-1 8.16e-1 8.26e-1 | 4.44€-1 4.74e-1 5.14€-1 | 9.29e-1 1.00€+0 1.04€+0

AU W N = O

e 2 € 4 2 2 € 2 2 € 2772
mgl=-2Vomy,  mSt=@AP 43| VIDmM,  mgl=(VF-Vi)my, mgl = VEVimy.

We take s4 = 55 = §¢ = $7 = Sg = sg = 1 and

to enforce the diffusivity, along with 1 =1.

3.1.4.5.2  Results and discussion We perform the same kind of test than for the unidimensional problem in Sec-
tion 3.1.4.3 , by taking ¢ and using different minimum levels £. The full results are on Table 3.9 and some plots of

the solution in Figure 3.7 and Figure 3.8. We observe the following facts:

« Multiresolution scheme (2.40) for y = 0. As one expects, the diffusion term is not correctly handled. This
results in a non-negligible additional error Do, in Table 3.9 and Figure 3.8 clearly shows that the packet is
crushed way too rapidly. It is also interesting to notice that since the most important contribution to Dco,
is an additional isotropic diffusion, the structure of D, (see the white contours on Figure 3.7) is essentially

isotropic.

« Multiresolution scheme (2.40) for ¥ = 1. On the other hand, this method successfully copes with the diffusion
phenomena, being able to have a negligible Do, until A¢ = 5. Figure 3.8 shows a very good agreement with
the expected solution and Figure 3.7 shows that the discrepancies from the reference scheme are essentially
isotropic, since made up essentially of fourth-order terms which turn out to be isotropic, with additional

rapidly oscillatory terms when A/ increases. This creates the dense amount of contours we can observe.

« Lax-Wendroff scheme (3.2). Again as expected, the method does not alter the diffusion terms but D, starts
to be a dominant term earlier than for y = 1, namely around A¢ = 3. This can be also understood when
looking at Figure 3.8, where one clearly notices the alteration of the third order terms which induces a
dispersive effect. This can also be seen on Figure 3.7, where the dispersive effect shows to be non-isotropic
and linked with the propagation of the packet in space at finite velocity. Once AZ increases, we still observe,

though way less intensely than for y = 1, the development of high-frequency components of Dcg,.

3..5 CONCLUSIONS

In Section 3.1, we have shown how to apply the classical analysis based on the equivalent equations introduced
[Dubois, 2008] to the adaptive lattice Boltzmann schemes based on multiresolution. This has relied upon the
so-called “reconstruction flattening” procedure. Therefore, we have been able to analyze the consistency of these
methods with the target equations as for standard lattice Boltzmann methods and to find the maximal order of
compliance of the adaptive scheme with the desired physics. In particular, our analysis has shown that the scheme
based on y = 0 is not accurate enough to handle the typical applications for which lattice Boltzmann schemes
are designed, namely the simulation of models involving both transport and diffusion terms. The Lax-Wendroff
scheme by [Fakhari and Lee, 2014] provides the minimal setting to utilize the most common lattice Boltzmann
algorithms but it can yield unpredictable behavior of dispersive nature, which can threaten the stability of the

method. The multiresolution scheme for y = 1 proves to be the most reliable of the schemes we have analyzed,
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Figure 3.7: Test (IV) for the 2D linear advection-diffusion equation. Spatial patterns of Do, at final time T for
different A¢ and stream schemes. The color scale is logarithmic. Ten contours are shown. Notice the isotropic
behavior for y = 0, 1, whereas D, is highly anisotropic for Lax-Wendroff because of the alteration of the dispersive
term.

LBM-MR - ~=0 LBM-MR - ~=1 Lax-Wendroff

Figure 3.8: Test (IV) for the 2D linear advection-diffusion equation. Solution on a diagonal cut at final time T
shown on a sector of the domain for different AZ and stream schemes. We observe the unmatched dissipation for
Y =0, excellent agreement for y =1 and good agreement with spurious oscillations for Lax-Wendroff.
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both in terms of consistency and (quite likely) stability. The analysis is valid for locally smooth solutions. This
assumption is always met on grids adapted via multiresolution because it guarantees a certain level of regularity
of the solution at the local grid level. Our analysis has been validated using numerical simulations to solve scalar
conservation laws, both linear and non-linear, in 1D and 2D, showing excellent agreement between the empirical
behavior of the schemes and our asymptotic analysis. Moreover, we compared the outcome of our method against
that of well-known works in literature [Fakhari and Lee, 2014, Fakhari and Lee, 2015, Fakhari et al., 2016], showing
that, even if for a slightly larger computational cost, our method for y = 1 is consistently more reliable. Finally,
let us mention the fact that in Section 3.1, we have worked on uniform grids to reproduce the local environment
around a given cell on general dynamically adaptive grids for smooth solutions. However, within this framework,
travelling waves or shock waves leading to a lower level of regularity usually remain propagated at the finest level
of mesh and thus never experience going through level jumps. However, when the mesh is fixed in advance and
a level jump is present, the solution obtained with lattice Boltzmann methods is known to experience artificial
reflections. The formalism proposed in Section 3.1 allows to tackle this issue as well—but requires a somewhat

different setting—which we will study in Section 3.2.

3.2 Q_UANTIFICATION OF THE AMPLITUDE OF REFLECTED WAVES AT MESH JUMPS

The next important issue that we focus on concerns the proper treatment of acoustic waves passing through a
level jump of an adapted grid. These jumps usually yield spurious effects, in particular reflected waves. We here

try to quantify the amplitude of these waves.

3.2.1 1D SETTING

3.2.1.1 TARGET EQUATIONS, NUMERICAL SCHEME AND CONFIGURATION

The target equation that we consider is the linear wave equation with velocity V > 0 on the whole real line:

0;u+0,v=0, tel0,T], X €R,
0 u—V20,,u=0, tef0,T], xeR,
0;v+V?%0,u=0, tef0,T], xeR,
u(0,x) = u°(x), XeR, < (3-19)
u(0,x) = u°(x), X €R,
0;u(0,x)=0, xeR,
v(0,x) =0, x€R,

which has been recast using standard computations under the form of first order system of two conservation laws
for simulating it. The simplest lattice Boltzmann scheme to handle such equation—yet yielding the difficulties
of more sophisticated ones—is the D1Q3 scheme from Section 1.5.2 with moment matrix given by (1.5), with two
conserved moments N = 2, which has also been employed in Section 2.8.1.4. The scheme is employed under
acoustic scaling and its consistency with the target problem (3.19) is provided taking mgq(ml) = V?m;, whence
m1 = u and my = v. For the illustration, we shall take T = 1.5625, V = 1/2 and initial datum u°(x) = exp(—100(x —
3/2)2) for the continuous system and lattice velocity A = 1 with s3 = 1.7 for the numerical scheme.

We take a domain Q = [0,3] which is paved using cells C; i with ¢ € [£,¢] and k € [0,3N;[. The domain
is separated into two parts Qe = [0,2] and Quighy = [2,3], so that Q = Queft U Qujgne. We consider the following

numerical solutions:

« M"™! the first conserved moment of the scheme obtained by the spatial discretization on Figure 3.9. The
fixed mesh computational is obtained by meshing the left subdomain Qs finely at the maximum level ?
and the right subdomain Qg1 coarsely with level £ < ¢. We shall vary the level gap A¢. This is the d = 1

equivalent of the configuration presented in [Lagrava, 2012, Chapter 4].

m™"! the first conserved moment of the reference scheme applied on the uniform mesh at finest level 2.

« MmO the first conserved moment of the scheme applied on the uniform mesh at the coarsest level £.
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Figure 3.9: Example of domain Q = Qjefy U Qyight With Quefy = [0, 2] finely meshed (green full line) and Quign = [2,3]
coarsely meshed (blue full line). Dashed lines represent ghost cells, where the solution needs to be updated to
deploy the adaptive scheme.

For the purpose of normalizing, we use the norm of the exact solution [|%(#) [, = u(t,-)ll;1, which is conserved

in time, and we measure

mtt () - ()|

e = Ol
It (6wl I () (]
Feoarse 3= o, Peoweel = T w0l
P () (0 I 0 - Ol
Bromp (0= 5, Drump(£) 1= Ol '
I@EP (1)~ ()1

: Cpp ey 1!

Djump—reﬂ(t) = (3-20)

lw(®)
Here, we use the reconstruction operator—cf. (2.29)—to compare data at the finest level ¢ also for schemes which
are executed on coarsened meshes. Let us comment on these errors. E.f is the error of the reference scheme.
Ecoarse is the error of the scheme on the coarse mesh and Dcoayse is its perturbation error, that is, the difference
of its solution from the reference one. Ejump is the error of the scheme on the mesh with a jump and Djum, is
its perturbation error, that is, the difference of its solution from the reference one. We measure the amplitude of
the reflected by Djump-refi, which is nothing Djump restricted on the left subdomain Qef;, since the support of the

initial datum is essentially contained in Qjs, which is finely meshed.

3.2.1.2 THEORETICAL RESULT ON THE AMPLITUDE OF THE REFLECTED WAVE

We introduce measure of the errors and the reflected wave and prove that for y = 1, the amplitude of the reflected

wave is O(Ax%).

Proposition 3.2.1

Assume that the solution of (3.19) and the numerical solution of the scheme are smooth for any time

between [0, T'], then for the adaptive scheme using (2.40) with y = 1, we have

Djump-reﬂ(T) = O(Ax4)

Proof. The idea of the proof is to use Proposition 3.1.3 and estimate the local errors in time, which add up as in
the proof of the Lax equivalence theorem [Allaire, 2007]. Let us consider the following indices for the cells close
to the level jump. We denote Kiefr the last cell in Qjef at level ¢. Then, %right is the first ghost cell in Qujgp; at
level ¢. Finally, Ky,
the numerical solution stems from the pointwise evaluation of a smooth function defined everywhere. Therefore,

the first cell in Qg at level £. Thanks to the smoothness assumption, we consider that
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Proposition 3.1.3 provides that

. ef,
)= e xp, )+ O =T

Zjump, j

O (1) + O(Ax™),

jump, j
(t) f (t xé krl ht

for every time ¢ € AN and j € [1,3]. By the linearity of the collision phase, we deduce the follow post-collisional
identity up to O(Ax*) terms
£,J,
e =52 (1 + 0axh).
»Kright

rxght
The update of the ghost cell C; 7 N is done by a linear combination of values between which we also find the
2 Krig
average on Cp, Eighe? which entails
—jump, j,* —ref, j,* 4
P N=f--" ()+0(Ax".
[vkright ( ) [vkright( ) ( )

We concentrate on j = 2, indexing the negatively moving velocity. Since the left subdomain is at the finest level

we have )
* ,2,%
l, P2t 1 AD) _f 2PN =1, ot (t)+O(Ax4)
£5 refr21g*
?E, (£+A¥) _f?E ht( 1),

therefore, computing the first conserved moment and taking the difference, we deduce that

—jump,1 —ref,1 4
m__" (H)—m-2" (8)|=O(Ax").
0 ket 0, Kiefy

The CFL condition at the finest resolution ¢ imposes that information—thus errors—propagate of one cell for one

time step. With a constant C > 0 carrying the normalization in the definition of Djymp-refl, We have

cells in Qe not at the jump

Djumpren(T) =C| Y. Ax|—”““p L) -t 1(t)| A [T (1) - ! m|)
0, ket [ Kieft
ke[[o Kiege
1 5 T s AT 5 .
=sC EDjump»reﬂ(T—At)‘f'O(Ax NEEE A_ O(Ax®) = == 0(Ax°) = O(Ax™).
Ax

O

Observe that this result would be Djump-re (T) = O(Ax?) for y = 0, by virtue of Proposition 3.1.2 and Djump-reft(T) =
O(Ax?) for Lax-Wendroff (3.2), by virtue of Proposition 3.1.4.

3.2.1.3 NUMERICAL SIMULATION

We compare the results for (2.40) with y = 1, the Lax-Wendroff stream (3.2): Table 3.10 and Table 3.11 provide the
outcomes of the computations. Commenting on Table 3.10, we see that the reference scheme converges linearly
Eet(T) = O(Ax) once refining as expected from the analysis by the equivalent equations [Dubois, 2008]. The error
Ecoarse (T) < Eyef(T) + Deoarse (T) = O(Ax) + O(Ax®) = O(Ax) converges linearly as well because the perturbation
error Deoarse (T) = O(AX®) does not influence the overall convergence. The same behavior is observed for the mesh
with jump, namely for Ejump (T) and Djump (T). Very interestingly Djump (T) = Deoarse (T): counter-intuitively this is
a priori not guaranteed due to the possible formation of waves reflected at the jump, even though only a part of the
domain is coarsened. This gives a first indication about the fact that the reflected waves are perfectly mastered.
The second indication comes from Djymp-refi(T) = O(Ax*). This means that with our method, we are able to
decrease the amplitude of the reflected waves with fourth-order convergence in the space step, in accordance with
Proposition 3.2.1. The supra-convergence compared to Djymp(T) comes from the fact that at each time step, the
reflected wave is generated only on the cell of Qyigp at level £ next to the interface, so that it eventually propagates
to the left inside the fine medium without additional amplification of the error. Observe that the convergence rates
worsen for large A¢ and for small ¢ due to the fact that we are no longer allowed to perform the Taylor expansions
needed by Proposition 3.2.1, which are done at the current level of resolution ¢. Indeed, in this case, one can no
longer claim that 28 A x is O(Ax). The same conclusions can be drawn for the Lax-Wendroff scheme (3.2) looking

at Table 3.11, with one order less in Ax, as predicted.
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Table 3.10: Results for the transition between fine and coarse mesh and (2.40) with y = 1 as stream phase. Numerical
convergence rates are reported between parenthesis.

~|

‘ Eref(T)

Ecoarse (T)

Dcoarse (T)

Ejump (T)

Djump(T)

Djumpfreﬂ (1

Al=1

7 | 7.30E-02

8 | 3.78E-02 (0.95)
9 | 1.92E-02 (0.98)
10 | 9.70E-03 (0.99)
11 | 4.87E-03 (0.99)
12 | 2.44E-03 (1.00)
13 | 1.22E-03 (1.00)

8.19E-02

3.89E-02 (1.07)
1.93E-02 (1.01)
9.70E-03 (0.99)
4.87E-03 (0.99)
2.44E-03 (1.00)
1.22E-03 (1.00)

1.30E-02

1.86E-03 (2.81)
2.28E-04 (3.03)
2.49E-05 (3.20)
3.67E-06 (2.76)
1.08E-06 (1.77)
3.11E-07 (1.79)

7.49E-02

3.80E-02 (0.98)
1.93E-02 (0.98)
9.71E-03 (0.99)
4.87E-03 (0.99)
2.44E-03 (1.00)
1.22E-03 (1.00)

2.64E-03

3.84E-04 (2.78)
5.19E-05 (2.89)
6.75E-06 (2.94)
8.65E-07 (2.96)
1.11E-07 (2.96)
1.44E-08 (2.95)

1.27E-05

8.90E-07 (3.83)
5.95E-08 (3.90)
3.86E-09 (3.95)
2.46E-10 (3.97)
1.55E-11 (3.99)
9.76E-13 (3.99)

A=2

7 | 7.30E-02

8 | 3.78E-02 (0.95)
9 | 1.92E-02 (0.97)
10 | 9.70E-03 (0.99)
11 | 4.87E-03 (0.99)
12 | 2.44E-03 (1.00)
13 | 1.22E-03 (1.00)

1.61E-01

5.00E-02 (1.68)
2.06E-02 (1.28)
9.82E-03 (1.07)
4.87E-03 (1.01)
2.44E-03 (1.00)
1.22E-03 (1.00)

9.47E-02

1.68E-02 (2.50)
2.24E-03 (2.90)
2.63E-04 (3.09)
2.78E-05 (3.24)
4.67E-06 (2.57)
1.39E-06 (1.75)

9.22E-02

4.04E-02 (1.19)
1.96E-02 (1.05)
9.74E-03 (1.01)
4.88E-03 (1.00)
2.44E-03 (1.00)
1.22E-03 (1.00)

2.21E-02

3.50E-03 (2.66)
4.71E-04 (2.89)
6.07E-05 (2.96)
7.70E-06 (2.98)
9.70E-07 (2.99)
1.22E-07 (2.99)

4.84E-04

3.10E-05 (3.96)
2.03E-06 (3.94)
1.31E-07 (3.96)
8.32E-09 (3.97)
5.25E-10 (3.99)
3.30E-11 (3.99)

AC=3

7 | 7.30E-02

8 | 3.78E-02 (0.95)
9 | 1.92E-02 (0.97)
10 | 9.70E-03 (0.99)
11 | 4.87E-03 (0.99)
12 | 2.44E-03 (1.00)
13 | 1.22E-03 (1.00)

4.33E-01

1.25E-01 (1.79)
3.02E-02 (2.05)
1.07E-02 (1.49)
4.94E-03 (1.12)
2.44E-03 (1.02)
1.22E-03 (1.00)

3.62E-01

9.31E-02 (1.96)
1.45E-02 (2.68)
1.80E-03 (3.01)
1.99E-04 (3.18)
2.13E-05 (3.23)
5.23E-06 (2.03)

1.83E-01

5.79E-02 (1.66)
2.16E-02 (1.42)
9.98E-03 (1.12)
4.91E-03 (1.02)
2.45E-03 (1.00)
1.22E-03 (1.00)

1.12E-01

2.26E-02 (2.31)
3.12E-03 (2.86)
3.97E-04 (2.98)
4.96E-05 (3.00)
6.19E-06 (3.00)
7-74E-07 (3.00)

9.81E-03

7.10E-04 (3.79)
4.13E-05 (4.10)
2.64E-06 (3.97)
1.68E-07 (3.97)
1.06E-08 (3.99)
6.66E-10 (3.99)

A=14

7 | 7.30E-02

8 | 3.78E-02 (0.95)
9 | 1.92E-02 (0.97)
10 | 9.70E-03 (0.99)
11 | 4.87E-03 (0.99)
12 | 2.44E-03 (1.00)
13 | 1.22E-03 (1.00)

9.10E-01

4.24E-01 (1.10)
9.69E-02 (2.13)
1.78E-02 (2.44)
5.47E-03 (1.71)
2.45E-03 (1.16)
1.21E-03 (1.02)

8.43E-o01

3.88E-01 (1.12)
8.24E-02 (2.24)
1.08E-02 (2.93)
1.21E-03 (3.15)
1.25E-04 (3.27)
1.98E-05 (2.66)

4.00E-01

1.57E-01 (1.35)
3.74E-02 (2.07)
1.16E-02 (1.69)
5.08E-03 (1.20)
2.47E-03 (1.04)
1.23E-03 (1.01)

3.29E-01

1.20E-01 (1.45)
2.02E-02 (2.58)
2.42E-03 (3.06)
2.89E-04 (3.07)
3.51E-05 (3.04)
4.34E-06 (3.02)

6.02E-02

1.43E-02 (2.07)
8.21E-04 (4.13)
4.42E-05 (4.22)
2.85E-06 (3.95)
1.83E-07 (3.97)
1.15E-08 (3.99)

AC=5

7 | 7.30E-02

8 | 3.78E-02 (0.95)
9 | 1.92E-02 (0.97)
10 | 9.70E-03 (0.99)
11 | 4.87E-03 (0.99)
12 | 2.44E-03 (1.00)
13 | 1.22E-03 (1.00)

1.24E+00

9.30E-01 (0.41)
4.51E-01 (1.04)
8.05E-02 (2.49)
1.06E-02 (2.93)
2.68E-03 (1.98)
1.18E-03 (1.18)

1.20E+00

8.96E-01 (0.42)
4.34E-01 (1.05)
7.44E-02 (2.54)
7.74E-03 (3.27)
7.52E-04 (3.36)
8.06E-05 (3.22)

6.46E-01

3.88E-01 (0.74)
1.45E-01 (1.42)
2.58E-02 (2.49)
6.32E-03 (2.03)
2.58E-03 (1.29)
1.24E-03 (1.06)

5.82E-01

3.50E-01(0.73)
1.27E-01 (1.47)
1.78E-02 (2.83)
1.80E-03 (3.31)
2.00E-04 (3.18)
2.35E-05 (3.08)

1.22E-01

7.35E-02 (0.73)
1.86E-02 (1.98)
8.87E-04 (4.39)
4.31E-05 (4.36)
2.84E-06 (3.93)
1.86E-07 (3.93)

We also compare the solutions qualitatively including the method with local time step—which we do not de-

scribe in the manuscript—by [Rohde et al., 2006], see Figure 3.10. We see that the approach [Rohde et al., 2006],

where local time-stepping is used, yields quite large reflected waves. This waves are one order of magnitude larger

than for the Lax-Wendroff scheme (3.2) and two orders of magnitude larger than our approach (3.2) with y = 1.

However, the local time-stepping prevents us from applying the same theoretical study to this scheme. Master-

ing reflected waves at a high order of accuracy is important when our technique is extended to typical multidi-

mensional applications. When simulating the incompressible Navier-Stokes equations via a quasi-incompressible

D,Qq scheme, cf. Section 2.8.2.2, spurious acoustic waves are of order O(Ax?), thus controlling their reflection at

order O(Ax*) is a highly desirable feature of the scheme.

3.2.2 2D SETTING

3.2.2.1 CONFIGURATION AND NUMERICAL SCHEME

The target equation we consider is quasi incompressible Navier-Stokes system (2.57), simulated with the D2Qq

scheme utilized in Section 2.8.2.2. The final time of the simulation is T = 100 in dimensionless time, the reference

density po = 1 and viscosity u = 1.5e—5. We consider the problem of the acoustic pulse presented in [Gendre et al.,

2017, Astoul et al., 2021], whence the initial data are

p(0,x) = po(1+6pp(x)),

with

8po(x) = gexp(—alxll3),

and

u(0,x) =0,
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Table 3.11: Results for the transition between fine and coarse mesh and Lax-Wendroff (3.2) as stream phase. Nu-
merical convergence rates are reported between parenthesis.

~|

‘ Eper(T) Ecoarse (T) Dcoarse (T) Ejump (T) Djump (T) Djumpfreﬂ (1)
Al=1
7 | 7.30E-02 1.25E-01 7.93E-02 8.17E-02 1.48E-02 1.84E-04
8 | 3.78E-02 (0.95) 4.62E-02 (1.43)  2.26E-02 (1.81)  3.95E-02 (1.05) 4.12E-03 (1.85) 2.37E-05 (2.95)
9 | 1.92E-02 (0.98) 2.05E-02 (117)  6.00E-03 (1.91) 1.96E-02 (1.01) 1.09E-03 (1.92) 3.08E-06 (2.95)
10 | 9.70E-03 (0.99) 9.91E-03 (1.05)  1.54E-03 (1.96) 9.78E-03 (1.00) 2.79E-04 (1.96) 3.95E-07 (2.96)
11 | 4.87E-03 (0.99) 4.91E-03 (1.01)  3.92E-04 (1.98) 4.89E-03 (1.00) 7.07E-05 (1.98) 5.00E-08 (2.98)
12 | 2.44E-03 (1.00) 2.45E-03 (1.00) 9.87E-05 (1.99) 2.45E-03 (1.00) 1.78E-05(1.99) 6.30E-09 (2.99)
13 | 1.22E-03 (1.00) 1.22E-03 (1.00)  2.48E-05(1.99) 1.22E-03 (1.00) 4.46E-06 (2.00) 7.90E-10 (2.99)
Al=2
7 | 7.30E-02 4.14E-01 3.60E-01 1.36E-01 7.42E-02 3.19E-03
8 | 3.78E-02 (0.95) 1.28E-01(1.70)  111E-01(1.70)  5.14E-02 (1.40) 2.09E-02 (1.83) 2.47E-04 (3.69)
9 | 1.92E-02 (0.97) 3.70E-02 (1.79)  2.99E-02 (1.89)  2.19E-02 (1.23) 5.49E-03 (1.93) 2.99E-05 (3.04)
10 | 9.70E-03 (0.99) 1.25E-02 (1.57)  7.72E-03 (1.95) 1.02E-02 (110) 1.40E-03 (1.97) 3.79E-06 (2.98)
11 | 4.87E-03 (0.99) 5.29E-03 (1.24)  1.96E-03 (1.98)  4.98E-03 (1.04) 3.54E-04 (1.98) 4.79E-07 (2.98)
12 | 2.44E-03 (1.00) 2.51E-03 (1.08) 4.94E-04 (1.99) 2.47E-03 (1.01) 8.90E-05(1.99) 6.03E-08 (2.99)
13 | 1.22E-03 (1.00) 1.23E-03 (1.02) 1.24E-04 (1.99) 1.23E-03 (1.01) 2.23E-05 (2.00) 7.56E-09 (2.99)
Al=3
7 | 7.30E-02 1.04E+00 9.78E-01 2.98E-01 2.28E-01 3.28E-02
8 | 3.78E-02 (0.95) 4.57E-01(1.19)  4.31E-01(1.18)  1.20E-01(1.31) 8.99E-02 (1.34) 4.53E-03 (2.85)
9 | 1.92E-02 (0.97) 1.31E-01(1.81)  1.23E-01(1.80) 3.67E-02 (1.71) 2.34E-02 (1.94) 2.50E-04 (4.18)
10 | 9.70E-03 (0.99) 3.46E-02 (1.92)  3.23E-02 (1.93) 1.33E-02 (1.47) 5.94E-03 (1.98) 2.95E-05 (3.08)
11 | 4.87E-03 (0.99) 9.62E-03 (1.85)  8.23E-03 (1.98)  5.55E-03 (1.26) 1.50E-03 (1.99) 3.73E-06 (2.98)
12 | 2.44E-03 (1.00) 3.18E-03 (1.60) 2.07E-03 (1.99)  2.57E-03 (1.11) 3.75E-04 (2.00) 4.72E-07 (2.98)
13 | 1.22E-03 (1.00) 1.33E-03 (1.26)  5.20E-04 (1.99) 1.25E-03 (1.04) 9.38E-05 (2.00) 5.93E-08 (2.99)
AC=4
7 | 7.30E-02 1.71E+00 1.66E+00 5.07E-01 4.39E-01 9.51E-02
8 | 3.78E-02 (0.95) 1.15E+00 (0.57) 1.12E+00 (0.57) 2.90E-01(0.81) 2.54E-01(0.79) 3.96E-02 (1.26)
9 | 1.92E-02 (0.97) 4.84E-01(1.25) 4.71E-01(1.25)  1.14E-01(1.34) 9.93E-02 (1.36) 5.53E-03 (2.84)
10 | 9.70E-03 (0.99) 1.32E-01(1.87)  1.29E-01(1.87) 3.06E-02 (1.90) 2.45E-02 (2.02) 2.38E-04 (4.54)
11 | 4.87E-03 (0.99) 3.40E-02 (1.96)  3.32E-02 (1.96) 9.27E-03 (1.72) 6.11E-03 (2.00)  2.71E-05 (3.13)
12 | 2.44E-03 (1.00) 8.80E-03(1.95) 8.39E-03(1.99) 3.33E-03 (1.48) 1.52E-03 (2.00) 3.43E-06 (2.98)
13 | 1.22E-03 (1.00)  2.43E-03 (1.86)  2.11E-03(1.99) 1.39E-03 (1.26) 3.81E-04 (2.00) 4.39E-07 (2.97)
AC=5
7 | 7.30E-02 1.46E+00 1.43E+00 6.73E-01 6.13E-01 1.42E-01
8 | 3.78E-02 (0.95) 1.81E+00 (-0.31) 1.78E+00 (-0.32) 4.97E-01(0.44) 4.62E-01(0.41) 1.03E-01(0.46)
9 | 1.92E-02 (0.97) 1.22E+00 (0.56) 1.21E+00 (0.56) 2.86E-01(0.80) 2.68E-01(0.78) 4.36E-02 (1.25)
10 | 9.70E-03 (0.99) 4.99E-01 (1.29)  4.93E-01(1.29)  1.12E-01(1.36) 1.04E-01(1.36) 6.15E-03 (2.82)
11 | 4.87E-03 (0.99) 1.33E-01(1.91)  1.32E-01(1.90) 2.79E-02 (2.00) 2.50E-02 (2.06) 2.26E-04 (4.77)
12 | 2.44E-03 (1.00) 3.39E-02 (1.97) 3.36E-02(1.97) 7.60E-03 (1.88) 6.17E-03 (2.02) 2.49E-05 (3.18)
13 | 1.22E-03 (1.00) 8.57E-03 (1.98)  8.44E-03 (1.99) 2.32E-03 (1.71) 1.53E-03 (2.01) 3.11E-06 (3.00)

Table 3.12: Results for the acoustic pulse problem by [Gendre et al., 2017] using (2.40) with y = 1.

v ‘ Eref(T)  Ecoarse(T) Dcoarse(T) Ejump(T) Djump(T] Djumpfreﬂ(T]
6 | 1.48E-02 5.28E-02  4.82E-02  1.93E-02 9.19E-03 1.54E-04
7 | 452E-03 9.50E-03  6.66E-03 5.16E-03 1.49E-03 1.64E-05
8 |3.07E-03 3.50E-03  8.79E-04 3.15E-03 2.77E-04 2.76E-06

with the particular choice 0 = 1e —3 and a = 100 x log(2). Observe that we utilize a small viscosity, hence, in the

inviscid limit p — 0, the exact solution of (2.57) in terms of density is given by p(¢,x) = po(1 +dp(¢,x)) with

o +00 _n2 A ”I)
dp(t,x)=— — — dn,
p(t,x) 2 fo eXp( i )COS( Ve Jo(lxll2m)ndn
where Jj is the zero order Bessel function of first kind. This solution is obtained by means of the Henkel transform.
The approximation of this integral is done by using a Gauss-Laguerre approximation with one hundred points.
The configuration is taken from [Gendre et al., 2017] and based on a spatial domain Q = [~1,1]? with a central
band in the first direction [—12/32,13/32] x [—1, 1] refined at the maximum resolution 7 and the rest of the domain

at level £ = ¢ —1, see Figure 3.11.

3.2.2.2 NUMERICAL SIMULATION

An example of result on the cells along the line at x, = 0 is given in Figure 3.12 for the maximum resolution of £. We
observe an excellent match between our result and the theoretical solution. For a more quantitative assessment,
see Table 3.12, we repeat the test for different maximum resolutions £ measuring different errors and differences in

the L' norm (and not in the L? norm as in the literature). These are defined by (3.20) as for the test in Section 3.2.1,
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Figure 3.10: Results of the simulation on the mesh with jump (whole domain on the left, magnification on [1.6,1.9]
and on the y axis on the right). Initial solution in pale orange and solution at final time T in green (left subdomain)
and blue (right subdomain). On the first row, we use our multiresolution scheme (2.40) with y = 1. On the second
row, we use the Lax-Wendroff scheme (3.2) by [Fakhari and Lee, 2014]. On the third row, the scheme with local
time-stepping by [Rohde et al., 2006]. The simulation uses £ = 10 and A = 3.
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Figure 3.11: Configuration for the simulation of the acoustic pulse problem by [Gendre et al., 2017].
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Figure 3.12: Acoustic pulse problem by [Gendre et al., 2017] using (2.40) with y = 1 with £ = 7. We display the
solution on the cut x, = 0 at the dimensionless time 7 = 10 (left) and dimensionless final time T = 100. We compare
with the analytical solution (blue), the reference solution for the scheme at the uniform finest level ¢ (green) and
the adaptive solution with the mesh with level jump (orange).
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Figure 3.13: Acoustic pulse problem by [Gendre et al., 2017] using (2.40) withy = 1 with ¢ = 7. We display [m
mrebl|/ il _ el |l g at the final time T to show the reflected wave on the subdomain [0,13/32] x [—1,1].
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by changing considering that the sum to yield Djump-refl i done in the central refined band [-12/32,13/32] x [-1,1]
in order to measure the amplitude of the reflected wave. Though we do not precisely obtain a second-order slope
as in [Gendre et al., 2017] (remark that we do not use the same 3D scheme, not the same norm and the discrete
resolutions are not the same), we observe the convergence of all the quantities as £ increases. Observe that for any
proposed resolution, we succeed in keeping the amplitude of the reflected wave two orders of magnitude smaller
than the error of the reference scheme with respect to the exact solution. In order to provide a snapshot showing
the spatial structure of the reflected wave as in [Astoul et al., 2021], we show the difference between the solution
for the reference scheme on the uniform lattice and that on the lattice with a jump described before, see Figure 3.13.

We see that the overall discrepancy decreases with £ as we have already seen in Table 3.12.

3.2.3 CONCLUSIONS

In Section 3.2, we have used the results on the perturbation error given in Section 3.1 to conclude that in case of
a fixed mesh jump, the amplitude of the spuriously reflected waves for the adaptive lattice Boltzmann based on
multiresolution with y = 1 is of order O(Ax*). This fact is numerically verified and compared to the performance
of other approaches available in the literature [Fakhari and Lee, 2014] and [Rohde et al., 2006], showing that our
method outperforms these traditional approaches. It is worthwhile observing that the original adaptive method—
cf. Chapter 2— was conceived to be used with dynamically adapted meshes which automatically follow waves
and fronts with finer discretizations once their lack of regularity justifies the depart from a coarse uniform mesh.
Thus, in this case, we even do not expect the O(Ax*) perturbation because fronts never cross level jumps but are

precisely and successfully “chased” by the fine discretization.

3.3 CONCLUSIONS OF CHAPTER 3

In Chapter 3, we have investigated several additional numerical properties of the strategy introduced in Chapter 2.
First, we have quantified the perturbation introduced by the adaptive lattice Boltzmann scheme using an equivalent
equation analysis. We have evaluated the amplitude of reflected waves originated at the mesh jumps by our method

and concurrent strategies.






CHAPTER 4

QUANTIFICATION OF THE PERTURBATION ERROR FOR

MULTIRESOLUTION FINITE VOLUME SCHEMES

GENERAL CONTEXT AND MOTIVATION

Multiresolution [Mallat, 1989, Cohen et al., 2003] offers, on the one hand, an efficient way of compressing meshes
while keeping the error on the information stored on the grid controlled by a threshold parameter €. On the
other hand, it offers a tool to devise adaptive numerical methods, such as Finite Volume, to be utilized on meshes
being dynamically adapted in time, still controlling the additional error compared to the reference scheme on the
uniform mesh at the finest level of available resolution [Cohen et al., 2003, Bramkamp et al., 2004, Roussel and

Schneider, 2005, Dumont et al., 2013, Duarte et al., 2013, Duarte et al., 2015].

STATE OF THE ART

Error control is a central feature of multiresolution. Therefore, in [Cohen et al., 2003], the perturbation introduced
by the adaptive scheme based on multiresolution is quantified in terms of the threshold parameter in the case of
exact local flux reconstruction. The study is extended [Hovhannisyan and Miiller, 2010] to approximate flux
reconstruction strategies. However, no study concerning the local truncation error, when fluxes are computed
with the exact local flux reconstruction or, even worse, with the so-called “direct evaluation” [Cohen et al., 2003]
is provided. The local truncation error has to be estimated using the modified equations [Warming and Hyett,
1974, Carpentier et al.,, 1997] of the scheme. The control of the additional error by the threshold ¢ [Cohen et al.,
2003, Hovhannisyan and Miiller, 2010] is interesting because it holds regardless of the smoothness of the solution,
thus also when shocks and kinks are present. However, in the areas where the solution is smooth and thus can be
developed in Taylor series, it is possible to analyze the additional error in more detail and with different techniques.
In this zone, adaptive multiresolution adopts a coarse mesh thanks to the smoothness of the solution. A first step
in this direction has been introduced in Chapter 3 in the context of lattice Boltzmann schemes. Since in these
methods, the only step influenced by multiresolution is the transport phase, corresponding to upwind schemes

for each discrete velocity, the analysis was essentially carried out for upwind Finite Volume schemes.

AIMS AND STRUCTURE OF CHAPTER 4

Here, the plan is to apply the ideas of the perturbation analysis introduced for lattice Boltzmann schemes in
Section 3.1 to the traditional methods employed with multiresolution, namely the Finite Volume schemes [Cohen
etal., 2003]. This allows to quantify at which order the reference scheme is perturbed as function of the prediction
operator used to compute the numerical fluxes. We also aim at integrating this information in the error analysis
for these methods in order to provide a more precise description of the behavior of the scheme.

To this end, Chapter 4 is structured as follows. In Section 4.1, we introduce the target problem and the basic

needed formalism for Finite Volume schemes as well as the computation of their modified equations. Then, Sec-
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tion 4.2 recalls—without too much details, see Chapter 2—how the numerical mesh is adapted and explains how
Finite Volume schemes cope with this context. We introduce a modified equation analysis for the adaptive scheme
written on the leaves of the adaptive tree structure, see Section 4.3. In Section 4.4, the modified equations are easily
rewritten on the finest level of resolution, which is the ideal setting to compare errors and fosters the recovery of
error estimates featuring information from the modified equations, as detailed in Section 4.5. Section 4.6 presents

several numerical tests to corroborate the theoretical findings and conclusions are drawn in Section 4.7.
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4.1 TARGET PROBLEM, DISCRETIZATION, FINITE VOLUME SCHEMES AND THEIR MODIFIED EQUA-
TION

4.1.1 TARGET PROBLEM

In Chapter 4, we are concerned with the numerical solution of the Cauchy problem associated with the linear

scalar conservation law

Oru(t,x)+Voyu(t,x)=0, (t,x) eRy xR, (4.1)
u(0,x) = u°(x), x€eR, (4.2)

where V is the transport velocity, taken V > 0 without loss of generality. We limit our study to a linear framework
for the sake of simplicity. Still, the study can be extended to a non-linear setting by considering Lipschitz con-
tinuous fluxes for the conservation law [Hovhannisyan and Miiller, 2010]. However, one must be careful because
non-linear equations can decrease the smoothness of the solution even for smooth initial data, thus putting the
analysis by the modified equations out of its framework of applicability. This setting would call for the studies by
[Cohen et al., 2003, Hovhannisyan and Miiller, 2010] which focus on controlling the additional error by the thresh-
old e. The extension to 2D/3D problems is straightforward and done by tensorization [Bihari and Harten, 1997].

This case has been considered for lattice Boltzmann schemes—cf. Section 3.1.3—and yields analogous conclusions.



4.1. Target problem, discretization, Finite Volume schemes and their modified equation 147

4.1.2 TIME AND SPACE DISCRETIZATION

The time and space discretization follows exactly the same principles as Section 2.2. Moreover, we consider an
acoustic scaling between space and time, where Ax/At = A1 > 0 is kept fixed while Ax — 0. Therefore, Ax is utilized

as the driving discretization parameter.

4.1.3 FINITE VOLUME SCHEMES
We define the Finite Volume schemes we shall work with as

At
FEt+AD =5 (1) - (cb(vml,z(t)) OET57_ (1)), (4:3)

where we utilize the same linear numerical flux for the left and the right flux in order to enforce conservativity,
thus

a
P07 1) = Vaza‘l’av?,%m’ POy 1) =V Z PaViTitiar (4-4)

for some flux coefficients (Pq) ge[q,7] © R determining the particular numerical scheme at hand. We shall indicate
by E the operator associated with the reference scheme, so that v(z+At) = Ev(?).

Remark 4.1.1. Though we consider schemes under the form (4.3), the study that we shall develop accomodates
discretizations based on the method-of-lines without difficulty, since the perturbation introduced by multiresolution

uniquely pertains to the error in space, whereas the time step is global.
Let us provide three examples of schemes that shall be used throughout the entire Chapter 4.
Example 4.1.1 (Upwind scheme). The upwind scheme is such that a =a = -1 and ¢_; = 1.

Example 4.1.2 (Lax-Wendroff scheme). The Lax-Wendroff scheme is such thata = -1, a =0 andp_; = (1+V/A)/2,
Bo=(01-VIN/2.

Example 4.1.3 (OS-3, [Daru and Tenaud, 2004]). The OS-3 scheme is such that @ = -2, @ =0 and ¢_p = —(1 -
V2IA%)16,p_1=1-(1=VIA/2+(1-V2/A?)/3 and o= 1-VIA) 12— (1~-V?/A?)/6.

4.1.4 MODIFIED EQUATIONS

We can now recall how the modified equations of the reference scheme (4.3) are classically found. The total flux,

ignoring the time indices, reads

V7502 "V =V L 0aCgkian ~ Yok (45)

The analysis of the modified equation, as far as the numerical flux is concerned, is obtained by applying the scheme
to a smooth function u—which is not necessarily the solution of the target PDE—evaluated at the cell centers x; ¢

and then performing Taylor expansions. Applying this procedure to (4.5) provides

+00 Ax +o0 Ax

VZ o Z ¢a((a+1) -a ))u(x! ©= (VZ —0% Z Pa (@) |t x7), (4.6)

where we have introduced the forward finite difference operator A[f1(r) := f(r+1)— f(r), that we shall extensively

employ in what follows as a shorthand. Coming back to the previous examples, we have

Example 4.1.4 (Upwind scheme). For the upwind scheme a=a aA[-h](a) = (=1h*1 forh=1.

a=a

Example 4.1.5 (Lax-Wendroff scheme). For the Lax-Wendroff scheme gzg <Al (@) = A+ (=DM Y 2-viaa-
D" /2 for h=1.
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Example 4.1.6 (0S-3). For the OS-3 scheme Y925 ¢po Al (@) = (1 - V2/AH) 2" -1~ /6 + (1-(1-V/N)/2+
(1-V2IAH13) (1) + 1 -VIN /12— Q- V2% /6.

Applying the scheme (4.3) to a smooth function of space and time and carrying out the Taylor expansions in
the two variables around the center of the cell gives

o +00 A h-1 1 a
dpult,xz )+ V( > %A[-](a))axu(r,xz,c) =-y xh, M_la?— VoL Y. paAL 1@ |ult,xg ). (a7)
a=a h=2 : a=a

The scheme is consistent with (4.1) upon having zgzg «Al]1(a) = 1, which is the case for all the schemes consid-
ered here. Re-injecting the equation truncated at pre;ious orders into itself to eliminate the temporal derivatives
on the right hand side of (4.7) yields the modified equation [Warming and Hyett, 1974, Equation (1.7)]. Practically
this can be performed as in [Carpentier et al., 1997] or using the Cauchy-Kowalewski procedure [Harten et al.,

1987]. We write these equations as

+00
o0 ult, x?,E) + Vo, ult, x?,E) = Z Axh_lahdfgu(t, x?,E)’ (4.8)
h=2

for some coefficients (03,) ,>1 < R. Then we have the order of the reference scheme, also being the order of the local
truncation error, defined by 8 := min{h : o}, # 0} = 1. By the Lax theorem [Allaire, 2007], if the scheme is stable
with respect to a chosen norm |||, then, for smooth solutions, the convergence rate is given by IIﬁ?(t) v <
CrertAX?, where uy is the discretization by averages on the cells at finest level of resolution ? of the exact solution

to (4.1) and Cief = Cref((pg)» A, V) depends on the numerical scheme at hand.
Example 4.1.7 (Upwind scheme). For the upwind scheme, (4.8) reads
AxV
Oiu+Vogu= %(1—V//1)axxu+omx2), hence 6 =1.

Example 4.1.8 (Lax-Wendroff scheme). For the Lax-Wendroff scheme, (4.8) reads

Ax2V

O+ Vou=— A-V#AH3u+0x®),  hence  H=2.

Example 4.1.9 (OS-3). For the OS-3 scheme, (4.8) reads

Axd
24

14
O+ Voyu= (=V3IA3+2V2 /A2 + VIA-2)0%u+0O(Ax*),  hence  6=3.

4.2 ADAPTIVE FINITE VOLUME SCHEMES

4.2.1 ALGORITHM

The ingredients to perform the multiresolution transform allowing for the computation of the details as well as
for the mesh thresholding are exactly the same as in Section 2.3. However, compared to Section 2.4, the order of
the application of the enlargement operator . and the thresholding operator 7, is classically slightly different
for Finite Volume. This does not create any difference with the way of proceeding of Section 2.4 except at the first
time step. Following [Cohen et al., 2003, Section 3.3], given a tree structure A(#) and the solution reconstructed
at the finest level %7(0, we store the solution on the leaves of A(?), which is (W x(£)) ¢, esa()- A step of the
scheme works as follows.

1. Refinement. A new graded tree A(f+At) = (G oH¢)(A(1)) is built following [Cohen et al., 2003, Hovhan-
nisyan and Miiller, 2010] and essentially the criteria of Section 2.4.2 based on the details of Wy, (£)) 2, k)esA (1)
with procedure that might be take the size of the stencil of the Finite Volume scheme into account [Harten,

1995]. After this step, the solution at the previous time ¢ is adapted on the new mesh encoded by A(z+At)
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and actually stored as (Wg k(1)) 4 yes(A(r+ar)- Lhis reads, on the reconstructed solution

= AR r+anWp(D)-

El»
S|

-

=

2. Evolution. The adapting scheme transforming (We (1) s pesi+ar) into the solution at the new time

W,k (E+AD) (g pesi+an) reads
_ _ At (= -
Wf,k(t+ At) = Wf,k(t) - A_x[(q)(W?YZA[(k‘*'U"’l/Z(t)) - CD(W?,ZA[k—l/Z(t)))’ (49)

where the double hat operator denotes the reconstruction operator (2.29). The quantities involved in the
computation of the fluxes are in general not available but need to be reconstructed from those of S(A(z +
A1) (plus some ghost cells). After applylng (4.9), the multlresolutlon transform can be used to recover
the reconstruction at the finest level w[(t + At). We indicate w[(t +At) = EA(HM)W[(I) where EA(HM)
averages the old solution reconstructed at the finest level on the leaves S(A(t + At)), applies (4.9) and then
reconstructs it at the finest level using the multiresolution transform.

3. Coarsening. We take the thresholded tree A(t+ Af) = To(A(t+ A1) as illustrated in Section 2.3 and where
the details are computed using Wy (£ + AD) 4 jyesA+arn)- With this, the solution is adapted on the new
tree, becoming (Wy (t + A?)) ¢, kesa+ar)- This reads, on the reconstructed solution

Wt +AL) = Ap(reanWs(t +AD).

Overall, one step of the algorithm can be written as %ﬂt +AD = Apxa+anExaan A;\(Hm)ﬁ;(t). Let us comment
once again on the difference between A(f+ Af) and A(f+ Af). When constructing A(f+ At), the adaptive mesh is
enlarged using some criteria to anticipate the possible blowups of the solution which are to expect for non-linear
conservation laws. This ensures the so-called Harten heuristics (or reliability condition), ¢f. Assumptions 2.4.1,
which roughly states that S(A(t+A1)) is constructed such that the error estimates by € are guaranteed both for the
solution at time ¢ (known when A(z+A¢) is constructed) and at time £+ At (unknown when the mesh refinement
is implemented). This rewrites as A(¢+Af)  A(r+A¢). For a detailed discussion of the way of enlarging the mesh

in connection with the fulfillment of the Harten heuristic, the interested reader can consult [Cohen et al., 2003].

4.2.2 RECONSTRUCTION OPERATOR AND ADAPTIVE SCHEME

For the computations of the fluxes in the adaptive scheme (4.9), we consider a reconstruction operator (2.29) which
might be constructed with a different prediction operator Definition 2.3.2 than the one to adapt the mesh. Let us
say that it is generated by the recursive application of the prediction operator P, taking 7 instead of y until
reaching information stored at the level £. When 7 = v, the procedure is called “exact local flux reconstruction”
[Cohen et al., 2003]. When ¥ = 0 but y > 0, the approach is called “direct evaluation” [Cohen et al., 2003] or “naive
evaluation’ [Hovhannisyan and Miiller, 2010]. The choice of y influences the computational cost of the method
(the larger 7, the higher the cost) but also the quality of the numerical scheme, as we shall highlight in this Chapter.

To recover an adaptive scheme, we write the following scheme at the finest level of resolution, for any k €
[0, N[

At . .
2+ AD) =5 (1) - (@(WMH,z(t)) Oy, (1), with O, ,):= VZ(/)W (4.10)

which is extremely similar to (4.3) and where the reconstruction of the fluxes is performed using the data on
S(A(t + A1), which are nothing but the projection of W;(t) over S(A(t + Atr)). This is what makes this scheme
different from E. We shall indicate it by E;\([ +Ap- Observe that this is the Harten’s scheme [Harten, 1995] when

Y = v and the solution at the previous time step has not undergone any thresholding, see [Cohen et al., 2003,
Equation (59)].
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Let now (¢, k) € S(A(t+A1)). Taking the projection of (4.10) for k € [22¢k,22¢ (k+1)[ on the leaf in S(A(t+At))

yields the multiresolution scheme (4.9), which reads

_ _ At A el
Wé,k(t'i_ At) = Wf,k(t) - Ax[ (q)(W?,ZA[(k+1)+1/2(t)) _q)(W?,ZA[k—I/Z(t)))’
A a A
with  OWyg,00,_1/0) =V ) PaWypnrp,qr (411)
a=a

observing that the fluxes inside the cell simplify because they sum up in a telescopic fashion. Of course, some
information is loss between (4.10) and (4.11) because of the averaging procedure. Therefore, there are two different
schemes we can consider for the computation of the modified equations, the first being transformed into the

second by means of an average on the leaves:

+ (4.10), which is better suited to integrate the modified equations into the error analysis, as done in Section 4.4.

+ (4.11), being the scheme we actually deploy. Its modified equations are studied in Section 4.3.

Still, the gap between the analyses for the two schemes is easily bridged by means of a scale relation, see Lemma 4.4.1

and the modified equations for the two approaches are shown to be the same at any order.

4.3 MAXIMAL MATCH ORDER BETWEEN ADAPTIVE SCHEME ON THE LEAVES AND REFERENCE

SCHEME

The scheme given by (4.9) is practically the one which is applied to the solution defined on the leaves. It is therefore
natural to start analyzing the modified equation for this scheme. However, this is only a preliminary yet useful step
to perform a rigorous error analysis to be merged with the one concerning the mesh adaptation phase, because
errors need to be estimated on the uniform mesh at the finest level of resolution ¢. We shall deal with this point

in Section 4.4.

4.3.1 RECONSTRUCTION FLATTENING

As in Section 3.1.1.3, we observe that the action of the reconstruction operator employed in the fluxes can be
“flattened” and rewritten on the local level of resolution. Consider a leaf (¢,k) € S(A(t + Af)). Thanks to the

linearity of the prediction operator P,, we have that
2 _ Al —
WE oM ke = %«Fﬁ mod 22¢,gW O, k+18/25 |+

where a mod b denotes the reminder of the integer division between a and b. Remark that the cells Cy g in this
formula either belong to S (A(t+ A1) or are some ghost cells that have to be correctly updated. Observe that k +
|6/22¢] is the indices of the parent cell at level £ of the cell (¢,22¢ k+8). On the other hand, (§ mod 22¢) € [0,22/]
determines the number of the cell (¢,22 k + 6) in the list of the siblings. This form of operator comes from the
invariance properties in terms of scaling and shift of multiresolution. The weights (F%) p <R for any r € [0, 28]
are compactly supported and the size of the support, depending on 7, is given by max{|f| : FrA,g # 0} < 27 for
every AZ. One can easily see that the bound is attained for A¢ large enough. We obtain

A A a
Z al _ Al p—
PWZ 28 (ka1 41/2) = PWGpa0k_1/2) = V@Za% m;zF“ mod zA’,ﬁ(Wé,k+La/zAfJ+ﬁ+1 =W ket ar28f)+)-
—a =2
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4.3.2 MODIFIED EQUATIONS OF THE ADAPTIVE SCHEME ON THE LEAVES

The expansion of this flux in Taylor series reads

+00 Ax
v hzl — 5 Z g2V I,BIZZAF%H od 200 gAL1(L@12 ] + B fu(t, xg ), (4.12)
=2

and has to be compared with (4.6), the expansion of the reference scheme (4.3). Observe that for the moment the
comparison is merely formal as in Section 3.1 since the smooth function u is not evaluated at the same points,
because cell centers do not coincide between levels, due to the volumetric standpoint. The claim is that (in Sec-
tion 3.1 we did it essentially for the upwind scheme) these two terms are equal up to order 27 + 1 regardless of the

choice of flux coefficients (¢q) 4¢ [aa] thus for any scheme written under the form (4.3).

4.3.3 MAXIMAL MATCH ORDERS

Theorem 4.3.1

The modified equations of the reference Finite Volume scheme (4.3) and the one of the adaptive Finite

Volume scheme (4.9) are the same up to order 2y + 1 included. In other words

MM F pAL s A28+ B = AL @),
IBl=2y ’

for every A¢ =0, for every a € Z and for every he [1,27+1].

Proof. The proof proceeds by weak induction on the level difference AZ.

« A¢ = 0. In this case, we have F = 0r,00p,0, therefore 20l (h— 1)Z|ﬁ| <2j al;nod o0 ﬁA[-h](La/ZMJ +B) =
Xipi<2 Fy gAl "M+ B) = Al"(@) for @ € Z and for every h e [1,27 +1].
« We assume that the claim holds for A¢ —1 >0, that is

2BV N e v ALl 287 + B = AL (@), (4.13)
|Bl=2y

for every a € Z and for every h € [[1,27+1]. We now want to show that this implies the same for A¢. Notice
that, thanks to the invariance of multiresolution by spatial shift, we can consider a € [0,22¢[, without loss
of generality, thus the claim becomes 20¢(h=1) Z|ﬁ| 2 FM Al 1(8) = A" (@) for every a € [[O,ZM[[ and for
every h € [1,27 + 1]. Using the prediction operator gives

5 S EM g Z|ﬁ|szyF§$_lﬂé+1,zk+p ae0,2571],
0,20 + _ . _

ra” 1BlI<2 ﬁ Z|ﬁ|szyF§f2Alg_lﬁué+1,2k+ﬁ+1 ae [25071, 25

Iﬁlzz FA,; (ue ke [pr2) + (1P Z 1//6(Wk+Lﬁ/2J+6—ue k+| /2] 5)) ae[0,2271,
<2y
y FA[ (-1 B+ IZ ( ), € 2A[—1 ZAZ

iy w21 Ug kv [(B+1)2) T (1) Yo (U g | (Br1)/2]+6 — Yo k+ | (B+1)12] -6 ae[ 25,
<2y

where the weights are given in Table 2.1. Let us treat the first case, when a € [0,22¢~![. Comparing term by
term we obtain the recurrence relation for the coefficients F ‘%. Since the matrices we consider shall be of

odd dimension, we allow to consider relative indices with respect to the central column/row. The relation
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reads
[ AL AC-1 ]
Fa,72}7 Fa,fsz
Al Al-1
Fa,—l Fa,—l
— — 2§-1 217 727 -
FRo | = wlwlLy|Ly| - |7 L g L ) | Fobt |,

Al ~ AC-1

Fa‘1 =P Fa,l
Al AC-1
a,2y Fa,2)7 )

where ¥ = (=¢/3,...,—¢1, Ly1,...,¥3,0,...,0 e R*T  and @ = (yy,..., 91, 1, —y1,...,—94,0,...,0)F € RZT+!
with the lower shift matrix L which is such that L;j = §; j11. For example, we have

1/8 -1/8 0 0 0
1 1 1/8 -1/8 0
7=1, P=|-1/8 1/8 1 1 1/8 |,
0 0 -1/8 1/8 1
0 0 0 0 -1/8
or
-3/128  3/128 0 0 0 0 0 0 0
11/64 -11/64 -3/128 3/128 0 0 0 0 0
1 1 11/64 -11/64 -3/128 3/128 0 0 0
-11/64  11/64 1 1 11/64  -11/64 -3/128  3/128 0
7=2, P=|3/128 -3/128 -11/64 11/64 1 1 11/64  -11/64 -3/128].
0 0 3/128  -3/128 -11/64  11/64 1 1 11/64
0 0 0 0 3/128  -3/128 -11/64  11/64 1
0 0 0 0 0 0 3/128  -3/128 -11/64
0 0 0 0 0 0 0 0 3/128

Hence we have

2Al(h-1) Z Fi%A[‘h](ﬂ):zA[(h—l) Z Z PﬁrFil;—lA['h](ﬁ)
|Bl<2y |Bl=27|r|<2y

= 2MB-D Y EACL S p AL ().
Ir|<2f |Bl1=27

We observe that A[-h](ﬁ) =B+ Dh- ﬁh = hfé3+1 x"1dx, whence

B+1
28D N FRSALMB) =280V Y Rt Y Py x"dx
1B1=2 Irl<2y 1B1=2 B

r+l
S I Wl L P S o P TORINEI )
Irl=2y r Irls2f

where the second inequality comes from the special relation between the columns of P and the prediction
operator and from the accuracy of the prediction operator, see Proposition 2.3.1, plus a change of variable
in the integral. The last equality comes from the induction hypothesis (4.13).

Concerning the case where a € [22/~1, 227 again comparing term by term we obtain

t
A pAl AL DAL . pAL
(Fa,—zy’ ’Fa,—l’Fa,O’Fa,l’ ’Fa,z?)
t
_ pat [ pAf-1 L pAl-1 Al-1 AC-1 L pAr-1
=P (Fa_zAifly_z)”,' ’Fa_zAffl,_l’Fa_zAifl,o’ a—ZM*I,l’ 4 a_zA[—l’Z?) ’

where P = (y|Ly|Ly|---|L¥'w|L?Ty) is also the transpose of P along the anti-diagonal. Analogous
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computations yield

2A0(h=1) IﬁIZ EpGALM(p) =240 | |Zz FYb A+ =AM (@),
<2y r|s2y

again using the induction hypothesis (4.13). As a matter of fact, by invariance, we could have carried out
the proof only for a € [0,22¢71[.

This achieves the proof. O

This result establishes at which order the modified equations of the reference scheme are perturbed by the
introduction of the adaptive scheme. However, it does not characterize the terms in the modified equations of
(4.9) above order 2y + 1 in Ax. For accessing these contributions (in practice, we have to compute the powers of
P and P®), symbolic computations are necessary to find them as function of A¢. We provide them for the three

examples, which are obtained using symbolic computation relying on sympy.

Example 4.3.1 (Upwind scheme). We obtain, for A¢ €N

AxV 1%
atu+vaxu=%((ZM—I)OMWO(M%, for =0,

AxV v Ax?V V2
0;u+Voyu= T(l - I)axxu— T(l - ﬁ)aiu
A3V

+

V3

l 4 o
(—SAZZZA +2280 F)a;*cu +0(Axh,  for 7=1.
Example 4.3.2 (Lax-Wendroff scheme). We obtain, for A¢ €N

AxV?
Otu+V6xu=gT(ZA[—l)axxu+O(Ax2), for =0,

Ax3V2
24

V2

6tu+ Vaxu=— AZ

AxZV( V2

1—ﬁ)a§;u+ (—3M22A"+2W— )a§u+omx4), for §=1.

Example 4.3.3 (OS-3 scheme). We obtain, for A¢ e N*

AxV v? 1% 1% .

O+ Voyu= T(—zMﬁ +3x ZME +2M—3%)6xxu+ O(Ax?), for §=0,
AXPV

Oru+Voyu=

14 14 V2 V3
—3A022R — 1 02R0 — 42 x 2?A0 % 2?A —)64u+ o@xY, for §=1.
A A A2 73 |Oxu+ OB, for 7
The fact that the first equation is not the modified equation of the reference scheme when A¢ = 0 is perfectly fine since
the reference scheme visits two neighbors in the upwind direction, whereas the multiresolution scheme for ¥ = 0 visits

only one neighbor in the upwind direction when A¢ > 0.

Remark 4.3.1 (Spectrum of P). In the case ¥ = 1, the matrix P is not diagonalizable (the algebraic multiplicity of
the eigenvalue 1/2 is two) but can only be decomposed under the Jordan normal form. The eigenvalues are all real.
This creates the linear terms in A¢ that we see in the previous modified equations. If we take ¥ = 2, one can check
that expressions for the coefficients do not contain linear terms in A¢, because the matrix P is diagonalizable with real
eigenvalues. For ¥ = 3, the matrix P is diagonalizable but has also complex eigenvalues. Generally speaking, there
seems to be no precise regular pattern concerning the spectrum of P as y increases and thus the possibility of easily

compute its powers.

4.4 MAXIMAL MATCH ORDER BETWEEN ADAPTIVE SCHEME AT THE FINEST LEVEL AND REFERENCE

SCHEME

As previously pointed out, though one practically employs (4.9) to evolve the solution, the error analysis must be

performed on a uniform mesh at the finest level £ because the adaptive mesh moves with time. We now adapt the
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result of Theorem 4.3.1—which concerns (4.9)—to (4.10) in order to perform the analysis at the finest level.

4.4.1 MODIFIED EQUATIONS OF THE ADAPTIVE SCHEME AT THE FINEST LEVEL

Let ¢ € [¢,¢] and k € [0, N;[. We use the projection operator A/ times in the reconstruction operator to yield the
datum used in the fluxes, i.e. the one on the leaves S(A(f + At)).

2801
Al —AC Al —
T D Fymod an¢ BV k15728045 =2 2 F5med 200 )> W7 288 k4 20 (15720 |4 By 1
|Bl=2y |Bl=2y r=0

W

for § € Z. With a change of indices, this reads, for any k € [0, N[

2001

= —Al AL -
w =2 \mzz Fy mod 26, ZO W k+250 (16725 [+ )+
< r=

We now consider (4.10), where the fluxes are modified by the reconstruction and computed solely using data on
S(A(t+ AD). For this scheme, considering that the cells of S (At +AD) underneath (¢, k) are at level ¢ , we obtain

n n
(—[ k+1/2 (—lk 1/2
20
$a Y Fyl L (@ Wit
alﬁl s a mod 25¢,8 lk+2M(La/2MJ+ﬁ)+r+1 [,k+2M(La/2MJ+ﬁ)+r ’
<

|4
P

\QMQ‘

therefore its expansion in Taylor series to be compared with (4.12) and eventually with (4.6) reads

+too A 20
Z < o Z(baz MY F g X ALM@AM (L2 )+ ) + 1) |ult, x5 7). (4.14)

a mo

1Bl<2y

Notice that now the centers of the cells now coincide between (4.14) and (4.6), because we are comparing everything

at the finest level ¢ of resolution.

4.4.2 MODIFIED EQUATION AT THE FINEST LEVEL VS ON THE LEAVES

We prove, using a scale relation, that the modified equations for the adaptive scheme at the finest level, i.e. (4.14),

and the one on the leaves (4.12) are the same at any order.

The modified equations of the adaptive Finite Volume scheme (4.9) and the Harten-like Finite Volume

scheme (4.10) coincide at any order, namely

281
> ALMEM (a2 + By + 1) =2 AL (las22 ) + B,
r=0

for A¢eN, heN,aeZand feZ.

Proof. The thesis can be restated as

281
Y AMEeAMp+r =2 A (p), (4.15)

r=0

for A¢ €N, heN and p € Z, which is true by telescopic sum

200 _q oAl _q

Z A[-h](ZA(p+ r) = Z ((ZA[p+ r+ l)h (2A1p+ r)h) — ((2A4p+2AZ)h _ (ZA[p)h) — ZhA[A[ﬁ](p).
r=0
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4.4.3 MAXIMAL MATCH ORDERS

We deduce, as a Corollary of Theorem 4.3.1, that the modified equations are the same (match) until order 27 + 1.

Corollary 4.4.1

The modified equation of the reference Finite Volume scheme (4.3) and the one of the Harten-like Finite

Volume scheme (4.10) are the same up to order 2y + 1 included. In other words
2801

278 Y P iy 2 ALME@M (@2 + f+ 1) = AL"(@),
1Bl<27 =0

for every A¢ = 0, for every a € Z and for every h e [1,27 +1].

Proof. This immediately follows from Theorem 4.3.1 and Lemma 4.4.1 applied until order 2y + 1. O

4.5 ERROR ESTIMATE

We prove an error estimate that implies the choice . We can now use Corollary 4.4.1 to control the perturbation
error introduced by the adaptive method. This is summarized in the following result.

Theorem 4.5.1

Assume that

« The reference scheme satisfies the restricted stability condition [|E|| < 1, where ||| - || is the induced

norm by the norm ||| at hand.

« The Harten-like scheme satisfies the restricted stability condition IIIEAIII <1 for any A.

Then, for smooth solution, in the limit Ax — 0 (i.e. ?— +00) and for A¢ = 7- £ kept fixed, we have the
error estimate 1
IV (t) Wz ()] < (Ctrsz)AH—l + CMR—€) ,
Ax

where Cy = Cyr(¢ = £, (o) o, 1, 7, V) and Cur = Cvr (€ = £, (Pa)as A, 7,7, V). Hence also

2 ; A
(1) — w5 (0)|| < (crefoG + Cu AT 4 CMR—E) r.
Ax

Let us start by discussing the assumption that we have placed in the statement of Theorem 4.5.1:

« The restricted stability condition [|E|| < 1 could be replaced by a milder condition [|E|| < 1+ CAt for some
constant C = 0, see [Cohen et al., 2003, Equation (69)] and [Hovhannisyan and Miiller, 2010, Equation (A2)].
This would not change the result. The technical assumption |||EA||| <1 is harder to relax and also difficult to

check in practice.

» The fact of considering smooth solutions comes from the fact that we want to apply the analysis of the
modified equations to obtain the convergence rates, in the spirit of the Lax theorem [Allaire, 2007]. For the

same reason, we take Ax — 0 (or £ — +00).

« The distance between maximum and minimum level A¢ = ¢ — £ has to be fixed, because otherwise the con-

stant Cy; potentially explodes and dominates Ax*/*! when Ax — 0. This would prevent us from comparing
orders. Moreover, this is also reasonable from the standpoint of actual computations, where we refine the

mesh to achieve convergence (or nearly so) keeping the number of different available grid levels fixed. Still,
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we shall also perform numerical demonstration without fixing A¢ = £ — ¢ to show that the modified equa-

tions that we have previously developed provide important information on the behavior of |[v(¢) — W;(t) II.
We continue by commenting the thesis of Theorem 4.5.1:

« The error estimate contains three contributions: the discretization error of the reference scheme, the per-
turbation error between the reference and the adaptive scheme, and the thresholding error coming from the

multiresolution used to update the mesh.

« The constant Cy; generally grows exponentially with A¢ = ¢ — £, sometimes also involving linear terms, i.e.

¥ = 1. Assume that for the choice of A¢ at hand, we have Ci; ~ Cef, then we have the following cases:

— 0 <27 +1. This is for example the case of ¥ = 1 using the upwind scheme 6 = 1. The error of the
reference scheme dominates the perturbation introduced by the adaptive scheme [[u;(T) _%?(T) I <
(CrefoG + CMRAixe) T, where if the final time horizon T. In accordance with [Cohen et al., 2003], we
would like to have a thresholding error of the same order as the reference error, thus € ~ AxP*1. This
is the same result as [Hovhannisyan and Miiller, 2010, Corollary 5.2]. Observe that even if C, could be
very large since depending exponentially on A/, we can always take Ax small enough to say that this
term is dominated by C.osTAxY. This setting can be preferred because the good properties (namely
the high order ) are preserved.

— 0 =2y +1. This is for example the case of ¥ = 0 using the upwind scheme 6 = 1. The error of
the reference scheme and the perturbation order are comparable. This is the regime where inter-
esting coupling phenomena between the poor behavior of the reference numerical scheme (for ex-
ample, numerical dissipation) and the mesh adaptation via multiresolution are possible. We have
IIE?(T) —%?(T) I < ((Crer+ Ctr)Axt9 + CMRAixe) T. The same conclusions hold for € but one might need
a more precise discussion of the relative weight between Cer and Ci,.

— 0 >2y+1. This is for example the case of ¥ = 0 using the Lax-Wendroff scheme or the OS-3 scheme:
0 =2 or 0 = 3. The perturbation introduced by the adaptive scheme dominates the error of the reference
scheme. Therefore, multiresolution introduces a huge perturbation that yields a different convergence
rate. We have ||u;(T) —%7(T) | < (CAX?*T+! + Cygr ﬁe) T, thus one has to take € ~ Ax27*2, This is the
setting presented in [Duarte, 2011], where a control of the total error essentially by € is acceptable in

spite of the perturbation concerning the truncation error.

« Taking € = 0, we find the error bound of the reference scheme because the adaptive mesh will always be the

uniform one at the finest level, thus the scheme degenerate into the reference scheme.

Proof of Theorem 4.5.1. The proof proceeds analogously to the ones of [Cohen et al., 2003, Proposition 4.2] and
[Hovhannisyan and Miiller, 2010, Theorem 5.1]. The major difference is that we do not need to assume the Harten
heuristics [Cohen et al., 2003] or the reliability condition [Hovhannisyan and Miiller, 2010]. Before proceeding,
let us recall that E is the reference scheme (4.3), Ej, is the adaptive scheme on the leaves (4.9) and Ef\(t) is the
Harten-like scheme (4.10).

called aj, in [Cohen et al., 2003]
(- W5 = IEVZ(t— A — ArwEfy Ax (Wt — ADI < IEV,(t — A1) - Ewz(t — AD)]|

+IEw; (1 - At —Ex n Aj W7 (1 = ADl +l| ExnAx Wit — A0 — AN Ex(pn AR (n W7t — AD)l

called ¢, in [C(;lrwn et al., 2003] called t,, in [Cohen et al., 2003]
< |Ev;(t— A - Ewg(t — A + |Ew5(1 — A1) — Ex (s W5 (1 —ADI + |E5 (W5 (2 — AD) — B () AR (n W7 (£ — AD)|
+ Iy Ai (W (£~ A1 — Ex (A yW(t = ADI + I1E (5 Ay W — A — ApnE oy Ay W (£~ A1

< [Vt = A) —Wip(t = A+ CuAEAXPT 4 Clipe + Cope + Chige.
In this order, the terms are controlled by stability of the reference scheme; by truncation error, providing Ax*/*+1,
with constant C; (A(1), (Pa)a, A, 7, V); by stability condition of the Harten-like scheme and error control for the
multiresolution with constant CI{AR (y); by the fact that Ej ;) is obtained by E;\( n averaging on the leaves followed
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by a reconstruction, thus yielding a constant CfAR(f\(t), (ba)ar A, 7,7, V); by error control for the multiresolution
with constant CI{ARQ/).
We would like to find constants independent of the particular tree A(f) and thus of the time and the solution

used to update the mesh. This is done by taking
Ceell = ,(P2) ar 1T, V) = sup{Cie (A, (), 1,7, V) = A is a tree with levels £ € [£, 7]}

Since the truncation errors generally grow with A/, normally Ci; = Cir(A¢, (Pa)a, A, 7, V), where Ay is the tree
corresponding to a uniform mesh at level £, that is Ay = {(£,k) : k € [0, Ng[}. We use the same procedure to deal

with CI%,[R, thus gathering all the constants gives Then |v(f) —W;(t) I <lvz(t—-AD —W?(t —AD| + CALAXT 1 4
Cwmre, thus iterating concludes the proof. O

4.6 NUMERICAL TESTS

Before concluding, we would like to check that information provided by the modified equation that we have
previously derived describes the actual behavior of the adaptive numerical schemes. Contrarily to Section 3.1, we

really employ adaptive meshes which move in time.

4.6.1 CONVERGENCE STUDY

We consider the domain Q = [-2,2] and a final time for the simulation T = 1/2. The transport velocity is set to
V =1 and the Courant number is A = 2. The initial datum is u°(x) = exp(1/ (x2 = 1))1j-1,1)(x), which is infinitely
continuously differentiable with compact support. Multiresolution for adapting the computational mesh takes
€ =1e—3andy = 1. This choice of threshold has to be compared with the initial datum since at the beginning of the
simulation Ia[,k(t =0)| S 2_3[|M°IW3,OO([R) ~186.4 x 273 ¢f. Proposition 2.3.2. We therefore deduce that the actual
level of the mesh in the zones where the previous W3®_semi-norm is attained is ¢ = (Z— log2(1073/186.4))/4.
This means that starting from ? between 5 and 6, there will be no zone in the initial mesh to be refined at the finest
level. The reader can verify that this is actually the case when numerical results are presented.

We employ the upwind, the Lax-Wendroff and OS-3 as reference schemes, adapted using ¥ =0 and y = 1. We
indicate ?“d the maximum level of resolution present in the mesh at the end of the numerical simulation, since
as previously discussed when introducing the choice of €, the adaptive mesh does not necessarily reach the finest
level and we employ a fully adaptive method, so the solution does not need to be encoded up to level £. We

consider the following L! quantities, computed at the final time of the simulation:

o Eor= IIE?(T) —V(T)lls1, the error of the reference scheme. We expect Ejef ~ AxY.

. Efdap = IIﬁ?(T) —%?(T)II o1, the error of the adaptive scheme. It depends on the scheme, £, ?, the way of

computing the fluxes ¥, y and €.

* Dadap = [Iv(T) —W?(T) | o1, difference between reference and adaptive solution. It has the same dependencies

as Efdap‘ We expect the bound Dadap S CuAx?T*1 4 CMR%.

. Dadap, estimator of D,q,p based on the local truncation error from the modified equations. The modified

equation for the adaptive scheme at distance A¢ from the finest level being

+00
Oru+Vogu=)_ Axh_laﬁéafg u,
h=2

we have shown in Theorem 4.3.1 and Corollary 4.4.1 that O'%[ is independent of AZ for h e 2,27 +1]. Let
us emphasize that the derivative 6§Y+2 cannot be accurately estimated using the multiresolution transform
used for the mesh adaptation because this derivative is not controlled by the procedure (it is indeed the first

one not being controlled) and would yield extremely noisy results. For this reasons, we shall utilize the exact
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solution of the problem instead. We set

28
5 —— Al 2942 A27+2
Dadap-— Z~ |0'277+2_0'2)7+2| Z Ax 0% u(Tyx?,2A€k+r)|y
(4,k)eS(A(T)) r=0

which is a sort of L estimation of the truncation error. Observe that the following bias are present in such

estimator:

— It neglects the influence of the mesh adaptation at each step via e. However, this contribution is fre-

quently over-estimated, because the estimations bound all the non-significant (small) details—which
make up the mesh adaptation error—by the threshold € but these details are very often way smaller
than the threshold [Cohen et al., 2003].

It considers that the adaptive mesh does not change in time, but only translates at velocity V. This is
essentially true if the scheme is of relatively high order, so that the numerical solution is very close to
the exact solution.

It uses the 27 +2 derivative of the exact solution, instead of that of the numerical solution of the scheme.
We could use an estimation with Finite Differences on the solution reconstructed at the finest level.
However, in the case where the y =y the computations are—as previously observed—extremely noisy
and inaccurate, thus unreliable. We therefore decided to estimate using the analytic solution, because

ultimately the role of this term is just to provide a sort of “weighting measure” in the integral.

We shall be interested in the numerical order of convergence of Dadap> because we neglect fixed constants.

According to the modified equations that we have previously provided for the three schemes at hand, we

consider

— Upwind and Lax-Wendroff scheme

Al 5=
IUM Gyl = [25¢ -1], for 7=0,
27+2 Y - N
" |-3A02280 12280 1), for =1
— 0S-3 scheme
N 2“(—‘;—f+2%+1)—3%, for =0,
|0-277+2 - 02}7+2| = )

@*0-1) 2%+%—2)—3A[22M%, for p=1

. B

coa’

. . . —end
error of an adaptive scheme using a uniform mesh of level ¢ .

+ Deoa, difference between the solution of the reference scheme and the solution of an adaptive scheme using

—end
a uniform mesh at level ¢ .

Table 4.1: Upwind. Errors for ¥ = 0. Minimum level £ fixed.

For the upwind scheme, fixing ¢ = 2, we obtain the result in Table 4.1 for ¥ = 0. The reference scheme gives
the expected order 6 = 1. Very early, the fact that the level jump with respect to ¢ in the mesh increases, due to

i ?end Aiend E,ef [order] Efdap [order] Dadap [order] order Dadap Egoa [order] Dcoa [order]

2 4 4 o 2.18E-02 [—-]  2.23E-02 [—-] 4.55E-04 [—-] 2.18E-02 [—]  0.00E+00 [—]
2 5 5 o 1.16E-02 [0.91] 2.02E-02 [0.14] 8.67E-03 [-4.25] 1.16E-02 [0.91]  0.00E+00 [—]
2 6 5 1 6.01E-03 [0.95] 2.22E-02 [-0.14] 1.62E-02 [-0.91] -1.07 1.69E-02 [-0.54] 1.09E-02 [—-]

2 7 6 1 3.06E-03 [0.97] 1.93E-02 [0.20] 1.63E-02 [0.00] 0.04 8.85E-03 [0.93]  5.81E-03 [0.91]
2 8 6 2 1.54E-03 [0.99] 1.63E-02 [0.24] 1.48E-02 [0.14] 0.27 1.02E-02 [-0.21] 8.71E-03 [-0.58]
2 9 6 3 7.76E-04 [0.99] 1.54E-02 [0.08] 1.47E-02 [0.01] 0.02 1.09E-02 [-0.09] 1.02E-02 [-0.22]
2 10 6 4 3.89E-04 [1.00] 1.36E-02 [0.18] 1.32E-02 [0.15] 0.06 1.13E-02 [-0.04] 1.09E-02 [-0.10]
2 1 7 4 1.95E-04 [1.00] 1.05E-02 [0.38] 1.03E-02 [0.36] 0.53 5.83E-03 [0.95] 5.63E-03 [0.95]
2 12 7 5 9.74E-05 [1.00] 8.89E-03 [0.23] 8.79E-03 [0.22] 0.20 5.92E-03 [-0.02] 5.82E-03 [-0.05]
2 13 7 6 4.87E-05 [1.00] 7.83E-03 [0.18]  7.78E-03 [0.18] 0.19 5.96E-03 [-0.01] 5.91E-03 [-0.02]
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the regularity of the solutif)n, the fact that € is fixed and 2§ + 1 = 1, gives that Dygap > Eref, thus Ezdap ~ Dadap-
The numerical order for E, and D,g,p is not clear, since the actual error is expected to behave way differently
adap p

than the upper bound from Theorem 4.5.1, assuming that the /- £ is fixed. Still, we see that we can use Dadap to
understand the trend of D,gap, observing small discrepancies between the numerical orders. This validates the use
of the modified equations to understand the behavior of the truncation error of the adaptive method. Concerning
El

d
coa and Do, We see that we obtain the expected linear rate in Ax uniquely when A?™™ does not change when

increasing ¢ by one. We also see that E¢ ~ Ef dap

the cells at the finest level of resolution attained in the adaptive mesh explains most of the overall error. Moreover,

and Dcoa ~ Dadap, Which means that the local error coming from

the effect of the thresholding € is moderate in the considered setting.

Table 4.2: Upwind. Errors for ¥ = 1. Minimum level ¢ fixed.

i ?end Aéend Ef dap [order]  Dggap [order] order Dadap EL, [order] Deoa [order]

2 4 4 o 2.18E-02 [—-] 3.51E-05 [—-] 2.18E-02 [—]  0.00E+00 [—]
2 5 5 o 1.16E-02 [0.91]  8.98E-05 [-1.35] -0.91 1.16E-02 [0.91] 0.00E+00 [—-]
2 6 5 1 6.12E-03 [0.93] 2.50E-04 [-1.48] -4.08 6.12E-03 [0.92]  2.11E-04 [—]

2 7 6 1 3.11E-03 [0.98]  1.21E-04 [1.04] 2.44 3.07E-03 [0.99] 3.96E-05 [2.41]
2 8 6 2 1.58E-03 [0.98] 8.34E-05 [0.54] 0.26 1.57E-03 [0.97] 5.88E-05 [-0.57]
2 9 6 3 8.03E-04 [0.97] 6.17E-05 [0.44] 0.44 8.03E-04 [0.96] 5.89E-05 [0.00]
2 10 7 3 4.06E-04 [0.98] 3.29E-05 [0.91] 1.88 3.91E-04 [1.04] 8.61E-06 [2.78]
2 11 7 4 2.01E-04 [1.01]  1.63E-05 [1.01] 1.22 1.97E-04 [0.99] 6.85E-06 [0.33]
2 12 7 5 1.01E-04 [1.00] 8.66E-06 [0.92] 1.01 9.94E-05 [0.99] 5.28E-06 [0.38]
2 13 8 5 5.11E-05 [0.98]  5.33E-06 [0.70] 1.03 4.89E-05 [1.03]  6.10E-07 [3.11]

For 7 = 1, the results are given in Table 4.2. Compared to the case ¥ = 0, we observe that the adaptive mesh
is often refined more finely, which is probably due to the reduced numerical dissipation (only the one due to the
reference upwind scheme). Since now Dggap << Eref, thanks to the fact that we have 2§ +1 =3 > 1, we have that

‘
Eadap N
linear in Ax, especially for large . It can be explained by the following way of reasoning. For A¢ > 1, which is the

~ Eref, which also shows that the role played by € is marginal. The trend for D,q, seems to be essentially

case when we increase ¢ in the test case, we have Iaf[ - 02| ~ A022MY - Assume that when we increase ¢ by one,

—end A?endZZA?end A A?end
we also increase A/ by one, then we can estimate the convergence rate by —— — o =2-5—~2,
(&l
(A +1)2207 T+ DA X3 /8 AL +1

thus resulting in the linear rate. This again shows that the analysis with the modified equations provides a good

insight into the actual behavior of the scheme. The trend for ﬁadap is similar to the one of D, except for some

. . . . . —end
tests, where some discrepancies appear. Finally, looking at Dc.,, we see that in the cases where A?™" does not

change when ¢ increases, we observe third-order convergence in Ax, since 2y +1=3.

Table 4.3: Upwind. Errors for § = 0. Having ¢ — £ = 3 fixed.

i ?end A?end Ef dap [order]  Dgygqp [order] order badap Efoa [order] D¢oa [order]

1 4 4 o 2.23E-02 [—]  4.55E-04 [—] 2.18E-02 [—]  0.00E+00 [—-]
2 5 5 o 2.02E-02 [0.14] 8.67E-03 [-4.25] 1.16E-02 [0.91]  0.00E+00 [—-]
3 6 5 1 2.22E-02 [-0.14] 1.62E-02 [-0.91] -1.07 1.69E-02 [-0.54] 1.09E-02 [—-]

4 7 6 1 2.13E-02 [0.06] 1.82E-02 [-0.17] -0.03 8.85E-03 [0.93]  5.81E-03 [0.91]
5 8 6 2 1.57E-02 [0.44] 1.41E-02 [0.37] 0.44 1.02E-02 [-0.21] 8.71E-03 [-0.58]
6 9 6 3 1.07E-02 [0.55]  9.95E-03 [0.51] 0.45 1.09E-02 [-0.09] 1.02E-02 [-0.22]
7 10 7 3 5.64E-03 [0.92] 5.26E-03 [0.92] 1.00 5.64E-03 [0.95] 5.26E-03 [0.95]
8 11 8 3 2.87E-03 [0.97] 2.68E-03 [0.97] 1.00 2.87E-03 [0.97]  2.68E-03 [0.97]
9 12 9 3 | 145E-03 [0.99] 1.35E-03 [0.99] 1.00 1.45E-03 [0.99]  1.35E-03 [0.99]
10 13 10 3 | 7.28E-04 [0.99] 6.79E-04 [0.99] 1.00 7.28E-04 [0.99]  6.79E-04 [0.99]

We now repeat the same test for = 0 but we fix £ — £ = 3. The result are given in Table 4.3. We see that

3
Eadap

due to the fact that for large A¢ the adaptive computational mesh is indeed a uniform mesh at level ¢ -3, fact

> Erer since Dydap > Erer but except at the very beginning, we observe the right convergence rate. This is

which is also confirmed by looking at EZ,, and Dc,. In this case, we perfectly fall into the framework where the
bounds from Theorem 4.5.1 (and Section 3.1) give the trend of the actual errors, also with no error coming from
the mesh adaptation because the mesh does not evolve since it remains uniform at some coarse level of resolution.

We observe that also for small £, the order of f)adap yields very good results.
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For the case ¥ = 1 with fixed = ¢ =3, see Table 4.4, the results are comparable with those of Table 4.3, with
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Table 4.4: Upwind. Errors for § = 1. Having ¢ — £ = 3 fixed.

the fact that now 2y + 1 = 3, thus orders are different.

Table 4.5: Lax-Wendroff. Errors for ¥ = 0. Minimum level ¢ fixed.

i Zend A?end Ef dap [order] Dadap [order] order Dadap Efoa [order] Dcoa [order]

1 4 4 o 2.18E-02 [—]  3.46E-05 [—] 2.18E-02 [—-]  0.00E+00 [—-]
2 5 5 o 1.16E-02 [0.91] 8.98E-05 [-1.37] -0.91 1.16E-02 [0.91]  0.00E+00 [—]
3 6 5 1 6.12E-03 [0.93] 2.50E-04 [-1.48] -4.08 6.12E-03 [0.92]  2.11E-04 [—]

4 7 6 1 3.10E-03 [0.98] 1.21E-04 [1.04] 2.44 3.07E-03 [0.99]  3.96E-05 [2.41]
5 8 6 2 1.58E-03 [0.98] 7.60E-05 [0.67] 0.31 1.57E-03 [0.97] 5.88E-05 [-0.57]
6 9 6 3 7.99E-04 [0.98] 5.23E-05 [0.54] 0.51 8.03E-04 [0.96] 5.89E-05 [0.00]
7 10 7 3 3.91E-04 [1.03] 8.61E-06 [2.60] 3.00 3.91E-04 [1.04] 8.61E-06 [2.78]
8 u 8 3 1.95E-04 [1.01]  1.19E-06 [2.85] 3.00 1.95E-04 [1.01]  1.19E-06 [2.85]
9 12 9 3 9.74E-05 [1.00]  1.58E-07 [2.92] 3.00 9.74E-05 [1.00] 1.58E-07 [2.92]
10 13 10 3 4.87E-05 [1.00] 2.03E-08 [2.96] 3.00 4.87E-05 [1.00]  2.03E-08 [2.96]

i ?end Aiend E,ef [order] E: dap [order] Dadap [order] order badap Efoa [order] Dcoa [order]
2 4 4 o 6.52E-03 [—-] 7.16E-03 [—-] 8.01E-04 [—-] 6.52E-03 [—-]  0.00E+00 [—-]
2 5 5 o 1.95E-03 [1.74]  6.68E-03 [0.10] 4.88E-03 [-2.61] 1.95E-03 [1.74]  0.00E+00 [—]
2 6 6 o 5.49E-04 [1.83] 7.70E-03 [-0.20] 7.35E-03 [-0.59] -0.74 5.49E-04 [1.83] 0.00E+00 [—-]
2 7 6 1 1.41E-04 [1.96]  8.31E-03 [-0.11] 8.30E-03 [-0.18] -0.25 3.10E-03 [-2.50]  3.10E-03 [—-]
2 8 6 2 3.45E-05 [2.03] 7.78E-03 [0.09] 7.78E-03 [0.09] 0.22 4.57E-03 [-0.56] 4.57E-03 [-0.56]
2 9 7 2 8.53E-06 [2.02] 7.61E-03 [0.03] 7.61E-03 [0.03] 0.01 2.31E-03 [0.98]  2.31E-03 [0.98]
2 10 7 3 2.13E-06 [2.00] 6.61E-03 [0.20]  6.61E-03 [0.20] 0.11 2.69E-03 [-0.22] 2.69E-03
2 1 7 4 5.31E-07 [2.00] 5.22E-03 [0.34] 5.22E-03 [0.34] 0.54 2.87E-03 [-0.10] 2.87E-03
2 12 7 5 1.33E-07 [2.00]  4.52E-03 [0.21]  4.52E-03 [0.21] 0.16 2.97E-03 [-0.05] 2.97E-03
2 13 8 5 3.32E-08 [2.00] 4.05E-03 [0.16] 4.05E-03 [0.16] 0.16 1.50E-03 [0.99] 1.50E-03 [0.99]
Table 4.6: Lax-Wendroff. Errors for ¥ = 1. Minimum level ¢ fixed.

i ?end A?end Ef dap [order]  Dygap [order] order Dadap EL, [order] Deoa [order]

2 4 4 o 6.53E-03 [—]  3.74E-o05 [—] 6.52E-03 [—] 0.00E+00 [—-]

2 5 5 o 1.98E-03 [1.72]  7.18E-05 [-0.94] -1.28 1.95E-03 [1.74] 0.00E+00 [—-]

2 6 6 o 5.97E-04 [1.73] 1.71E-04 [-1.25] -1.87 5.49E-04 [1.83] 0.00E+00 [—-]

2 7 6 1 2.00E-04 [1.58] 1.09E-04 [0.65] 0.50 1.59E-04 [1.78]  4.96E-o05 [—-]

2 8 6 2 9.99E-05 [1.00] 8.31E-05 [0.39] 0.31 7.75E-05 [1.04] 5.89E-05 [-0.25]

2 9 7 2 4.95E-05 [1.01]  4.63E-05 [0.84] 0.74 1.26E-05 [2.62]  7.27E-06 [3.02]

2 10 7 3 2.76E-05 [0.84] 2.76E-05 [0.74] 1.64 7.12E-06 [0.82]  6.27E-06 [0.21]

2 11 7 4 1.39E-05 [0.99]  1.38E-05 [1.01] 1.25 5.27E-06 [0.44] 5.07E-06 [0.31]

2 12 7 5 7.98E-06 [0.80] 7.92E-06 [0.80] 0.98 4.39E-06 [0.26] 4.33E-06 [0.23]

2 13 8 5 | 4.72E-06 [0.76] 4.72E-06 [0.75] 0.98 4.07E-07 [3.43] 3.96E-07 [3.45]

We repeat the same tests for the Lax-Wendroff scheme using y = 0, see Table 4.5, and 7 = 1, see Table 4.6,
testing for fixed £. The results allow to draw the same conclusions as the test for the upwind scheme. However,

due to 0 = 2, we observe that rapidly Dydap > Erer, hence driving the evolution of E: dap* This is due to the fact that

€ is kept fixed when reducing the step size, which both adds error from the truncation error (see AZe“d increasing)
and from the thresholding of the mesh.

We therefore perform the same test with 7 = 1 but varying € as ¢ increases. In particular, we test € ~ Ax and
€ ~ Ax3, as previously suggested. The results are given in Table 4.7 and indeed show better convergence rates
for Dygap and thus less severe perturbations. In particular, for the choice € ~ Ax3, we see that Dagap << Eref, thus
N

Repeating the same test for OS-3 with fixed €, see Table 4.8 and Table 4.9, we obtain results comparable to

~ Ef. Once again, Dadap is a robust estimator of D,dap.

the ones for the Lax-Wendroff scheme. Again, this calls for the reduction of € with Ax in order to preserve the
accuracy of the reference scheme, now with 6 = 3.

Hence, taking § = 1, we vary € ~ Ax and € ~ Ax*, see Table 4.10. The first choice is not enough to preserve the
order of the method, as one could expect, since rapidly D,dap > Erer. On the other hand, we see that the second

choice guarantees to preserve the order of convergence. It must be noted that reducing € according to the space
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Table 4.7: Lax-Wendroff. Errors for ¥ = 1. Minimum level £ fixed. The threshold € decreases with Ax (first half of

the table) and with Ax® (second half of the table).

end

—end

€ 0 07 Al Efdap [order] Dadap [order] order Eadap Egoa [order] Dgoa [order]
4.00E-04 2 4 4 o 6.64E-03 [—-]  3.29E-04 [—-] 6.52E-03 [—-]  0.00E+00 [—-]
2.00E-04 2 5 5 o 2.00E-03 [1.73]  1.61E-04 [1.03] 0.06 1.95E-03 [1.74] 0.00E+00 [—-]
100E-04 2 6 6 o 5.97E-04 [1.75] 1.71E-04 [-0.09] -0.56 5.49E-04 [1.83] 0.00E+00 [—-]
5.00E-05 2 7 6 1 1.76E-04 [1.76]  7.48E-05 [1.19] 0.85 1.59E-04 [1.78]  4.96E-05 [—]
250E-05 2 8 7 1 4.36E-05 [2.01]  2.82E-05 [1.41] 154 3.61E-05 [2.14]  6.37E-06 [2.96]
125E-05 2 9 7 2 153E-05 [1.51]  1.05E-05 [1.42] 142 1.26E-05 [1.52] 7.27E-06 [-0.19]
6.25E-06 2 10 8 2 4.15E-06 [1.89]  3.50E-06 [1.59] 156 2.41E-06 [2.38] 8.81E-07 [3.04]
313E-06 2 11 8 3 1.46E-06 [1.51]  1.23E-06 [1.50] 1.76 9.71E-07 [1.31]  7.16E-07 [0.30]
156E-06 2 12 9 3 4.92E-07 [157]  4.65E-07 [1.41] 1.64 1.66E-07 [2.54] 8.57E-08 [3.06]
7.81E-07 2 13 9 4 1.45E-07 [1.77]  1.34E-07 [1.80] 1.84 7.29E-08 [1.19]  6.05E-08 [0.50]
6.40E-03 2 4 3 1 125E-02 [—-]  8.1E-03 [—] 117E-02 [—-]  7.42E-03 [—]
800E-04 2 5 4 1 3.23E-03 [1.95]  2.07E-03 [1.97] 2.84 3.00E-03 [1.97] 1.81E-03 [2.04]
100E-04 2 6 6 o 5.97E-04 [2.44] 1.71E-04 [3.60] 5.03 5.49E-04 [2.45] 0.00E+00 [—-]
125E-05 2 7 7 o 1.42E-04 [2.07] 2.22E-05 [2.95] 2.69 1.41E-04 [1.96] 0.00E+00 [—-]
156E-06 2 8 8 o 3.41E-05 [2.06]  3.34E-06 [2.73] 2.71 3.45E-05 [2.03] 0.00E+00 [—-]
195E-07 2 9 9 o 8.41E-06 [2.02] 5.31E-07 [2.65] 2.68 8.53E-06 [2.02] 0.00E+00 [—]
2.44E-08 2 10 10 o | 2.10E-06 [2.00] 9.01E-08 [2.56] 2.91 2.13E-06 [2.00] 0.00E+00 [—]
305E-09 2 1 1 o | 5.25E-07 [2.00] 1.46E-08 [2.63] 2.83 5.31E-07 [2.00] 0.00E+00 [—-]
3.81E-10 2 12 12 o 1.32E-07 [2.00]  2.25E-09 [2.69] 2.74 1.33E-07 [2.00] 0.00E+00 [—-]
477E-1 2 13 13 o | 3.29E-08 [2.00] 4.63E-10 [2.28] 2.92 3.32E-08 [2.00] 0.00E+00 [—-]
Table 4.8: OS-3. Errors for ¥ = 0. Minimum level ¢ fixed.
i ?end Aiend E,f [order] Efdap [order] Dadap [order] order f)adap Efoa [order] Dcoa [order]
2 4 4 o 2.31E-03 [—-]  2.58E-03[—]  3.16E-04 [—-] 2.31E-03 [—-]  0.00E+00 [—]
2 5 5 o 4.77E-04 [2.28] 8.71E-03 [-1.76] 8.29E-03 [-4.71] 4.77E-04 [2.28]  0.00E+00 [—]
2 6 6 o 8.07E-05 [2.56] 1.21E-02 [-0.48] 1.21E-02 [-0.54] -0.60 8.07E-05 [2.56]  0.00E+00 [—-]
2 7 6 1 1.14E-05 [2.82] 1.38E-02 [-0.18] 1.38E-02 [-0.19] -0.45 6.01E-03 [-6.22]  6.01E-03 [—-]
2 8 6 2 1.50E-06 [2.93] 1.21E-02 [0.18]  1.21E-02 [0.18] 0.33 7.45E-03 [-0.31]  7.45E-03 [-0.31]
2 9 7 2 1.88E-07 [2.99] 1.14E-02 [0.09] 1.14E-02 [0.09] 0.03 3.81E-03 [0.97]  3.81E-03 [0.97]
2 10 7 3 2.35E-08 [3.00] 9.92E-03 [0.20] 9.92E-03 [0.20] 0.17 4.18E-03 [-0.13]  4.18E-03 [-0.13]
2 17 4 | 2.94E-09 [3.00] 7.85E-03[0.34] 7.85E-03 [0.34] 0.53 4.36E-03 [-0.06] 4.36E-03 [-0.06]
2 12 7 5 3.67E-10 [3.00] 6.76E-03 [0.22] 6.76E-03 [0.22] 0.12 4.46E-03 [-0.03] 4.46E-03 [-0.03]
2 13 8 5 4.59E-11 [3.00]  5.95E-03 [0.18] 5.95E-03 [0.18] 0.19 2.26E-03 [0.98]  2.26E-03 [0.98]
Table 4.9: OS-3. Errors for ¥ = 1. Minimum level ¢ fixed.
i ?end Aiend E:d D [order] Dadap [order] order ﬁadap Efoa [order] Dcoa [order]
2 4 4 o 2.35E-03 [—-] 5.19E-05 [—-] 2.31E-03 [—-]  0.00E+00 [—-]
2 5 5 o 5.67E-04 [2.05] 9.92E-05 [-0.94] -1.28 4.77E-04 [2.28] 0.00E+00 [—-]
2 6 6 o 2.95E-04 [0.94] 2.20E-04 [-1.15] -1.30 8.07E-05 [2.56] 0.00E+00 [—-]
2 7 6 1 1.66E-04 [0.83] 1.56E-04 [0.50] 0.13 9.24E-05 [-0.19]  8.12E-05 [—-]
2 8 6 2 1.02E-04 [0.70] 1.01E-04 [0.62] 0.55 7.87E-05 [0.23]  7.73E-05 [0.07]
2 9 7 2 4.90E-05 [1.06] 4.89E-05 [1.05] 1.15 1.06E-05 [2.89] 1.05E-05 [2.89]
2 10 7 3 3.01E-05 [0.70] 3.01E-05 [0.70] 1.44 7.86E-06 [0.44] 7.84E-06 [0.42]
2 1 7 4 1.47E-05 [1.03]  1.47E-05 [1.03] 1.28 5.80E-06 [0.44] 5.79E-06 [0.44]
2 12 7 5 8.07E-06 [0.87] 8.07E-06 [0.87] 1.03 4.56E-06 [0.35] 4.56E-06 [0.35]
2 13 8 5 | 4.88E-06 [0.73] 4.88E-06 [0.73] 1.05 4.44E-07 [3.36]  4.44E-07 [3.36]

steps has two effects. On one hand, it makes the thresholding error (proportional to €) of the same order than the

error of the reference scheme. On the other hand, it makes the truncation error of the adaptive scheme smaller

because of the presence of more refined meshes.

4.6.2

COUPLING IN TIME

We finally want to check if the modified equations allow to understand the coupling effect between poor behavior

of the multiresolution Finite Volume scheme (which hence deflates the details of the solution by a smoothing

effect) and the thresholding 7¢. Let us consider the framework of the upwind scheme, hence 6 =1 and use y =1
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Table 4.10: OS-3. Errors for ¥ = 1. Minimum level ¢ fixed. The threshold ¢ decreases with Ax (first half of the
table) and with Ax* (second half of the table).

—end end

€ Y Al E, dap [order] Dadap [order]  order ﬁadap Efoa [order] Dcoa [order]

4.00E-04 2 4 4 o 2.74E-03 [—]  4.71E-04 [—-] 2.31E-03 [—-]  0.00E+00 [—-]
2.00E-04 2 5 5 o 6.32E-04 [2.11]  1.74F-04 [1.44] 0.59 4.77E-04 [2.28] 0.00E+00 [—]
100E-04 2 6 6 o 2.95E-04 [1.10] 2.20E-04 [-0.34] -0.12 8.07E-05 [2.56] 0.00E+00 [—-]
5.00E-05 2 7 6 1 117E-04 [1.33] 1.06E-04 [1.05] 0.44 9.24E-05 [-0.19]  8.12E-05 [—-]

250E-05 2 8 7 1 3.59E-05 [1.71]  3.46E-05 [1.62] 2.08 1.30E-05 [2.82]  1.16E-05 [2.81]
125E-05 2 9 7 2 1.43E-05 [1.33]  1.41E-05 [1.29] 112 1.06E-05 [0.29] 1.05E-05 [0.14]
6.25E-06 2 10 8 2 4.20E-06 [1.77]  4.18E-06 [1.76] 1.68 1.35E-06 [2.97] 1.33E-06 [2.97]
313E-06 2 11 8 3 1.48E-06 [1.51]  1.47E-06 [1.50] 1.81 9.52E-07 [0.51]  9.49E-07 [0.49]
156E-06 2 12 9 3 5.13E-07 [1.53]  5.13E-07 [1.52] 1.68 1.16E-07 [3.03]  1.16E-07 [3.03]
7.81E-07 2 13 9 4 1.49E-07 [1.79]  1.49E-07 [1.79] 1.91 7.55E-08 [0.62]  7.54E-08 [0.62]
256E-02 2 4 2 2 3.68E-02 [—]  3.63E-02 [—-] 3.68E-02 [—]  3.63E-02 [—]

160E-03 2 5 4 1 3.14E-03 [3.55]  2.75E-03 [3.72] 5.63 2.65E-03 [3.80] 2.26E-03 [4.00]
1.00E-04 2 6 6 o 2.95E-04 [3.41] 2.20E-04 [3.64] 5.59 8.07E-05 [5.04] 0.00E+00 [—-]
6.25E-06 2 7 7 o 2.35E-05 [3.65] 1.30E-05 [4.08] 4.10 1.14E-05 [2.82] 0.00E+00 [—]
3.91E-07 2 8 8 o 2.30E-06 [3.35] 8.57E-07 [3.93] 3.77 1.50E-06 [2.93] 0.00E+00 [—-]
2.44E-08 2 9 9 o 2.47E-07 [3.22]  6.26E-08 [3.77] 3.68 1.88E-07 [2.99] 0.00E+00 [—-]
1.53E-09 2 10 10 o 2.82E-08 [3.13] 5.03E-09 [3.64] 3.36 2.35E-08 [3.00] 0.00E+00 [—]
954E-11 2 11 1 o 4.38E-09 [2.69] 1.47E-09 [1.77] 3.77 2.94E-09 [3.00] 0.00E+00 [—-]
596E-12 2 12 12 o 4.48E-10 [3.29]  8.31E-11 [4.15] 3.98 3.67E-10 [3.00] 0.00E+00 [—-]
3.73E-13 2 13 13 o 5.09E-11 [3.14]  5.19E-12 [4.00] 3.90 4.59E-11 [3.00] 0.00E+00 [—-]

with ¥ = 0, thus the modified equation contains a perturbed dissipation term. We have that for a function

I _2iua 3 1 (G-32, [3B-VE) _,
X)=——e , th oo = ||0 o@ = —€ ——a
Palx) Vira en [Palwscom) = 103 PallLom) 2 -

=C3=0.13765

Considering that the solution of the numerical scheme satisfies, up to second-order, the modified equation

Oru+Voyu—Ax— (ZM——)Gxxu 0.

_,_/

_ Al
=0,

1

Y= e~* 149 Ascume that at the initial time, the maximum level is

The initial profile to be considered is u°(x) =
attained (thanks to the choice of €).

« A?¢ =0. The solution of the modified equation would be, if the mesh were uniform

(x—-Vi1?
4po(r)

u(t,x) = ), uo(t)=1<+agt.

1
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The level jump time fo—at which all the cells at level £ cease to exist—can be estimated by
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the time at which the W3 semi-norm of the exact solution of the modified equation falls below the thresh-
old e. The fact that £y > 0 corresponds to the fact that the choice of k¥ and € were such that the finest level
¢ was reached when multiresolution is used on the initial datum. The solution at the jump time #, shall be

the initial datum of another heat equation with a different diffusion coefficient.

« Al =1. Again, for t > fy, we have, if we were on a uniform mesh

u(t, x) = = o (to) + o (£ — to).

—Vi)?
x )), 1 (0)

4 (1)
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The level jump time #; can be estimated by

Ca273¢-1 ¢ 1 /Ca
3—22—, hence t1=f0+—1(—3,—[10(t0)).
pa(ty) 2 05\ (e/2)1/223(0-1)/2
Hence for general A¢ = 1, we have
1 v C
Al 3
1) = _1(tap—1) + t—1tre-1), Ine = thp—1+ — — - _1(tap-1) |-
Bae(®) = pag-1(ac-1) + 05" (E = 1tar-1) A= tar-1 a?i((g/zM)I/Zﬁ(fM)/Z Hae-1(tae 1))

Otherwise said

20+1 VG322
tar = tar—1 + — — par—1(tar-1) |-
A= Tag-1 V(ZM—V/A)(EI/ZZSM Hae-1(tar 1))

Table 4.11: Jump times for the upwind scheme using 7 = 0.

Al ‘ Theoretical tpy Measured tn, Relative error

1 1.73858 1.67041 -3,92%
2 5.52517 4-4375 19,69 %
3 12.0165 10.8066 -10,07 %

We consider k =5e—4, V =1, 1 =2, ¢ = 1.5e — 4 for the simulation. The results are given in Table 4.11, showing
good agreement between the theoretical jump times computed using the modified equations and the one by the
numerical simulation. This shows that the actual behavior of the numerical solution is well represented by the

modified equation.

4.7 CONCLUSIONS OF CHAPTER 4

In Chapter 4, we have briefly recalled of adaptive Finite Volume schemes based on multiresolution are constructed.
Then, we have performed a modified equation analysis—analogously to Section 3.1—taking advantage of the “re-
construction flattening” both at the level of the leaves in the adaptive tree and on the finest level. This shows that
the perturbations with respect to the reference scheme start from order 27 +2 in the space step Ax, where ¥ is the
number of neighbors considered by the prediction operator used for the computation of the fluxes in the adaptive
numerical method. This result is integrated into the error analysis besides the classical estimate as function of the
threshold e. Numerical examples show that the modified equations—despite the difficulties linked with the fact
that we have to introduce rough upper bounds on the effect of the moving adaptive mesh—provide an additional
insight into the behavior of the adaptive multiresolution Finite Volume schemes.






SUMMARY AND PERSPECTIVES OF PART |

In Part I, we have first introduced a mesh adaptation strategy and a way of utilizing lattice Boltzmann schemes
on adaptive grids, see Chapter 2. The proposed strategy meets the requirements that we have defined at the very
beginning, that is, it ensures error control; it evolves the mesh dynamically in time; it reduces the memory footprint
of the schemes and finally it is independent of the specific problem at hand. Additional important numerical
properties of the proposed strategy—going beyond the requested constraints—have been investigated in Chapter 3.
It turns out that our approach ensures that the adaptive scheme behaves like the original scheme at high order in
the discretization parameter and that this ensures to strongly reduce wave reflections at mesh jumps, which are a
stumbling block for numerical methods on adaptive meshes. Finally, in Chapter 4, we have adapted the tool used
for the analysis of the adaptive lattice Boltzmann schemes to study adaptive Finite Volume schemes.

An important topic which has been left from the discussion of Part I concerns the actual implementation of
the proposed numerical strategy. The objective is to implement the methods of Part I in a wider and more general
library which could be reused for other applications. This is the topic covered in Part II.
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GENERAL INTRODUCTION

In Part I, we have introduced and tested novel adaptive lattice Boltzmann schemes based on multiresolution. How-
ever, very little has been said about the actual implementation to conduct the numerical simulations. Still, a well-
designed and structured code is of the foremost importance both to achieve a real speed-up in the computations

and to be able to easily implement new and general numerical schemes.

AIM AND STRUCTURE OF PART II

The aim of Part Il is to provide the main traits of the implementation used to perform the numerical tests in Part L.
To this end, Chapter 5 describes the core data structure and the operations to represent and handle Cartesian
adaptive grids, which yield the code SAMURAT' (Structured Adaptive Mesh and Multiresolution based on Algebra
of Intervals). Once this general framework—which will be useful for our team and collaborators beyond the scope
of this thesis—we showcase how we “specialize” SAMURATI—see Chapter 6—to implement mesh adaptation by

multiresolution and adaptive lattice Boltzmann schemes as presented in Chapter 2.

COLLABORATIONS

The code SAMURALT is the result of a joint collaboration with H. Leclerc, who wrote a first implementation of
the data structure SAMURALT relies on. This work has been carried on by L. Gouarin—now principal developer of
SAMURAI—with whom I have strongly interacted during the whole duration of my thesis and to whom I credit
a fundamental role in the material presented in Part II

!Can be found on: https://github.com/hpc-maths/samurai


https://github.com/hpc-maths/samurai




CHAPTER 5

SAMURAI: A GENERAL INTERVAL-BASED DATA STRUCTURE

GENERAL CONTEXT AND MOTIVATION

Numerical simulations of real phenomena often feature areas where the numerical solution presents intricate dy-
namics and rapid variations and thus need to be carefully followed by a fine discretization to capture the actual
physics of the problem. This calls for mesh adaptation, aiming at reducing the computational cost and memory oc-
cupation where the solution is smooth, still allowing for massive refinement where the solution shows concerning

and complex behavior.

STATE OF THE ART

Many codes for performing mesh adaptation with different objectives and design criteria exist. It is thus difficult
to provide a general and complete overview of all the available approaches. One code, allowing to adapt meshes
using AMR with a patch-based standpoint, is SAMRAT [Wissink, 2001]. Another code to handle patch-based AMR
is AMReX [Zhang et al., 2021]. The successful code p4est [Burstedde et al., 2011] allows to use cell-based AMR
in the context of forests of quad/oc-trees, using a space-filling curve (or z-curve) for indexing purpose. Codes like
CanoP [Drui, 2017, Wargnier, 2019] rely on p4est for mesh adaptation and allow to implement Finite Volume
schemes for various applications benefitting from the speed-up secured by mesh adaptation. As far as adaptation
using multiresolution is concerned, one can refer to the thorough discussion of efficient implementations and
parallelizations by [Brix et al., 2011] and to the codes MBARETE [Duarte, 2011, Descombes et al., 2017] or WABBIT

[Engels et al., 2021].

AIMS AND STRUCTURE OF CHAPTER §

Considering the heterogeneity and the specialization of the codes available in the literature, the purpose of Chap-
ter 5 is to present SAMURATI, which aims at being a framework—written essentially using the C++ language—for
handling adaptive meshes beyond the scope of this thesis, featuring codes to be reused for other applications.
Chapter 5 is structured as follows. In Section 5.1, we state the design principles of SAMURAT to make it suitable
to the vastest possible range of applications. Complying with these principles, the core of SAMURATI—namely
intervals of relative integers—are discussed in Section 5.2. The storage of data on adaptive mesh is rapidly tackled
in Section 5.3. The algebra of set and the corresponding operators between sets of cell are another important part
of SAMURAI, presented in Section 5.4. Efficiency tests on the data structure are presented in Section 5.5. The

conclusions and perspectives are drawn in Section 5.6.
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5.1 CRITERIA AND DESIGN PRINCIPLES

We start by defining the essential criteria guiding us in the definition of the data structure and the library built

upon and used to handle multi-level Cartesian grids. These are:

. Generality and flexibility, being capable of handling both grids made up of points and control volumes.

Moreover, the structure has to be suitable to implement various mesh adaptation strategies, such as patch-

based AMR, cell-based AMR and multiresolution based both on points and volumes.

. Maximize data contiguity for the stored values. This is of paramount importance when numerical schemes

have to access data.

. Ease the writing of operators, both used to perform mesh adaptation/related operations and to implement

numerical schemes.

More in detail, the previous constraints inspire a certain number of design principles.

5.2

Compress the mesh according to the level-wise spatial connectivity along each Cartesian axis. Practically,
this signifies that large patches of contiguous cells/points at the same level of resolution shall be gathered

as far as their representation in memory is concerned.

Achieve fast look-up for a cell into the structure, especially for parents and neighbors. This is particularly

useful when utilizing numerical schemes on the hybrid mesh.

Maximize the memory contiguity of the stored data to allow for caching and vectorization, contrarily to the

approach by the z-curve.
Facilitate inter-level operations which are common in many numerical techniques.
Allow for a time evolution of the hybrid mesh efficiently.

Give the possibility of writing numerical schemes in a transparent way as if one were on a uniform mesh.

INTERVAL-BASED DATA STRUCTURE

The major point towards achieving an efficient representation of the connectivity and to compress the grid accord-

ing to this feature is to consider blocks of contiguous cells along each axis, grouping them level-by-level. The data

structure to represent a hybrid partition of the domain Q—namely the complete leaves S(A) (cf. Section 2.3.3)—or

any other set of cells (in the whole Chapter 5, we shall use Figure 5.1 as example) can be summarized as, for d =3

a list for each level Z € [[¢, ?]]
containing a list of intervals along the z direction,
pointing to lists of intervals along the y direction,

pointing to lists of intervals along the x direction.
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Figure 5.1: Example of hybrid set of cells, in particular S(A), for d = 2.

It is worthwhile observing that thanks to the nested structure of this implementation as far as Cartesian directions
are concerned, it can be extended to an arbitrary number d of axes. Moreover, the first Cartesian axis—which is the
x axis and is always present regardless of the dimension d—constitutes the end-point of every recursive procedure.
Still, this is a choice that we adopted and different ways of operating are equally possible.

The whole construction has been deeply inspired by one of the most successful representations for sparse
matrices, namely the CSR (Compressed Sparse Row) format [Tinney and Walker, 1967, Davis, 2006]. We shall try

to compare our approach with this one as much as possible.

5.2.1 INTERVALS

The basic data structure in our implementation is the one-dimensional interval of relative integers Z—which shall

be used along each axis x, y and z—under the form
I = [kstart, kend[| @ offset : step. (5.1)

An interval I is defined by its start value kstqrt € Z and end value kepg € Z (not included). These attributes are going
to vary in the authorized set of values according to the considered level of resolution ¢. Two additional attributes

are considered, namely

» the offset € Z, which role is going to be clarified soon and differs according to the fact that the considered

interval pertains to the x direction or the y and z ones;

« the step € N*, which represents the length of the steps used when navigating through the cells of the interval
L

Observe that—in our implementation—the level of resolution ¢ is not stored in the interval I itself but is determined

by the structure gathering them together level-by-level. For any interval I given by (5.1), we will indicate

start(]) = Kstart, end(I) = kepg.
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Let us stress once more that the indices of an interval cannot make sense when detached from the corresponding

level of resolution.

5.2.2 CellList: CONDENSATION ALONG THE X AXIS

We here present how to compress the representation of a level-heterogeneous set of cells—such as S(A)—level-
by-level, by recognizing contiguous cells along the x axis, which are going to form a unique interval. At the end,
the structure Cel1List is nothing else than a series of maps, one for each level, containing a list of intervals
which have been “condensed” according to the spatial connectivity along x. In Section 5.2.2 and Algorithm 1, we
forget about offset and step since they do not play any role in the procedure. The process to achieve such result is
presented in Algorithm 1, which takes a set of cells, for example S(A) , as input and returns as much maps as the
number of levels, each one using tuples of size d — 1 as keys and lists of intervals as values. Though we present
it for d = 3, thanks to the intrinsic independence of the algorithm from the size d —1 of the key of the maps, it

naturally works for any spatial dimension d, with the notable case of a unique null key for d = 1.

Algorithm 1 Condensation along x

Input: S(A).
for /€ M, ¢ ]] do > Navigate through levels
Map, ={}.
for k; € admissible range do > Navigate through admissible z-coordinates
for k) € admissible range do > Navigate through admissible y-coordinates
Lan= (). B> List of intervals to fill at these ky and k
Iy =9. > Current interval to build at this ky and k
for ky € admissible range with (¢, k) € S(A) do > Navigate through S(A) following the x-axis
if Iy = @ then D> Starting to fill at these ky and k;
‘ Teurr = [[kx Sk + IH. > The current interval is this cell
else > We have already filled something at these ky and k
if ky =end(Ioy) then > New contiguous cell along x
‘ end(Ieyrr) = end(Leyrr) + 1. > Add this cell to the current interval
else > The contiguity chain along x is broken
Append Ioyr to Lgy. > Store the old interval
Tour = [[kx Sk + lﬂ. > The current interval is this cell
end if
end if
end for
Append Ioyr to L. > Store the old interval
Add Lgj to Map, [(ky, k2)]. B> Finished to scan for these ky and k;
end for
end for
end for

Output: Map,,...,Mapy.

In order to practically provide an example of the computation carried by Algorithm 1, we apply the algorithm

to set of cells presented on Figure 5.1. The outcome is illustrated in Figure 5.2 and also reads:

Map, [(0)] = ([0,4]), Map, [(1)] = ([0,1[, [3,4]),
Map,[(2)] =([0,1[,[3,4D), Map,[(3)] =([0,4]),
Map,[(2)] = ([2,6]), Map,[(3)] = ([2,6]),
Map,[(4)] = ([2,4[, [5,6[), Map;((5)] = ([2,6]),
Map,[(6)] = ([6,8]), Map;[(7)] = ([6,7]),
Map,[(8)] = ([8,10]), Map,[(9)] = ([8,10]),

Map,[(14)] = ([14,16]), Map, [(15)] = ([14, 16]).
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Figure 5.2: Example of reduction to intervals along the x axis on the example of Figure 5.1 using Algorithm 1.

To make the link with the CSR format for sparse matrices, the condensed intervals along x are the elements of the
column indices vector where contiguous columns with non-zero entries at the same row are merged together. In
this type of storage, one also needs the vector of row indices: the construction of its analogous for Cartesian meshes

as well as the condensation of contiguous cell along the remaining axis is the topic of the following Section 5.2.3.

5.2.3 CellArray: CONDENSATION ALONG THE OTHER AXES

We now explain how the condensation based on contiguity is done along the other axes—which are present when-
ever d > 1. This is the exact analogous of the need for a row indices vector in the CSR storage for sparse matrices.
This yields a structure called Cel1Array, or compressed multi-axes representation. The issue is solved using

the offset of each interval pertaining to y, z, etc. as well as a series of vectors
Ly-ptr, LZ—ptr, s

for ¢ € [¢,¢], being the analogous of the row indices vectors for matrices in the CSR storage format. This allows,

at the end of the day, to recompose the multidimensional geometry of the set of cells.

The way of proceeding is detailed in Algorithm 2, where it is interesting to observe that the size of each vector
Ly -ptr the number of keys in Map, plus one. In the CSR storage, the size of the row indices vector is M +1 where
M is the number of rows of the considered matrix. Therefore, we see that there is a correspondence between each

element of Map, for the Cartesian grid and a row of a matrix.

At the end of the process, always taking the examples of the complete leaves S(A), this set of cells have been

transformed to an equivalent compact representation as follows:

Xx axis L’lf

_ yaxis Lz and Lj-ptr _
SN c{l,k) : e, 0]y S ) for ¢[¢,7]. (5.2)
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Algorithm 2 Condensation along the remaining axes

Input: Mapy,...,Mapy.
for (€ [¢,¢] do
| L)=0).
if Map, # ¢ then
Icurr =@.
L}f—ptrz ,...,...)
#(Map,)+1 elements
r=1.
for k, € Map, do
if Iy = @ then
| Toure = [ky, ky + 1] @ LE-ptr(r] - k.
else
‘ if ky = end(leurr) then
‘ end(Ieyrr) = end(Leyr) + 1.
else
‘ Append Iy to L; .
‘ ‘ ‘ ‘ ‘ Teurr = [ky, ky +1[ @ Ly-ptr(r] - ky.
‘ end if
end if

\ r=r+1.
end for
Append Iy to L; .
‘ end if
end for
Output: LZ Jeees L% and Ly-ptr,..., L%—ptr.

L’lf-ptr[r +1] = L)(f-ptr[r] +# of x intervals in Map,[(ky)].

> We start from the output of Algorithm 1
> Navigate through levels
B> The list of intervals in the y starts empty

> If there are cells in the x direction for the level

> Current interval to construct along y

> Navigating through the keys of Map,
> Starting to fill an interval

> The interval is already formed

> New contiguous cell along y

> Add this cell to the current interval
> There is no contiguity in y

> Store the old interval

> The current interval is a cell

> Update the vector of offsets

Here, each list of intervals along the x axis L} has been simply created from Map,. The list of intervals along

the other axes are denoted by L?, .... For the y-axis, we write Ly-ptr to indicate that it is used to point towards

. : X
intervals along x, namely in L 7

5.2.4 ROLE OF THE OFFSET

We now explain more in detail the role of the offset, which is two-fold and depends on the fact that the associated

interval pertains the x-axis or one of the remaining axes y, z, ....

« In the first case, offset is used to recover the index of the stored data for the given interval. They are

stored in a linear structure according to the principle of utilizing contiguous memory emplacements for

cells belonging to the same interval and for intervals belonging to the same level of resolution. The idea

behind this numbering strategy is illustrated in Figure 5.3. We start numbering from the coarsestlevel £ up to

finest level ?, navigating for fixed y and z indices in the direction of x. Then, the offset is constructed in the

following way: for the cells of an interval I = [kstart, kend| @ offset : step, the positions of the corresponding

fields in the linear memory structure are in the interval [kstart + offset, keng + offset][.

« In the second case, the offsets are used to construct “pointers” between list of intervals on different Cartesian

axes (link x with y, y with z, etc.) as done by Algorithm 2. Given an interval I € LY, the corresponding offset

stored with I gives, for every cell making up the interval k) € [start(I),end(I)[, the indices Tk, = ky + offset.

Therefore, the intervals along the x-axis crossing those in I on the y-axis are given by the elements in L

indexed between L}f-ptr[rky] and L)lf-ptr[rky + 1], the latter not included.

The illustrate on Figure 5.2, we obtain, for levels £ =2 and £ =4

Ly = ([0,4[. [0,1[, [3,4. [0,1[, [3,4[, [0,3,

LY =([0,4[ @0),

Li-ptr=(0,1,3,5,6),
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Figure 5.3: Example of indices for the data defined on each cell from Figure 5.1 in the linear structure used for
storage. We start assigning from the coarsest level £ to the finest level ¢ and navigating along the x direction.

L =([8,10[,[8,10[, [14,16[,[14,16]), L] =([8,10[ @ —8,[14,16] @ —12),  Li-ptr=(0,1,3,5,6).

5.3 Xtensor: A LINEAR DATA STRUCTURE FOR STORAGE

In Section 5.2.4, we have explained how the intervals are linked to the indices in the linear structure used to store
fields defined of sets of cells. However, we have not specified the specific choice of linear structure that we use.
We employ the C++ library xt ensor, in order to take advantage of lazy evaluations of expressions and to easily
write code as we were using the numpy package in Python. This will allow to access a given field simply by
specifying the level of the corresponding cell ¢ as well as its indices k without having to care about the actual

access in memory. For example, when d =2

field(level, idx x, idx_y) = xt::pow(field(level, idx_x, idx_y), 2);

takes the field at level 1evel with indices 1dx_x (this can be a whole interval of cells) and 1dx_y and raises

it to square, element-by-element, with lazy evaluation.

5.4 ALGEBRA OF SETS

Apart from the compression achieved by considering intervals of contiguous cells, another important advantage
of the representation introduced in Section 5.2 is that it allows to perform geometrical operations between groups
of cells, even between different levels, as operations on the corresponding sets of intervals. These operations
can be used—for example—to select certain groups of cells (e.g. ghost cells, neighbors, parents, cells closed to
the boundary, cells next to a level jump, etc.) to perform modifications on the meshes and access or modify the
data stored on them. To this end, SAMURATI features what we call an “algebra of sets”. To justify this even
more—from the perspective of mesh compression—think about an adaptive mesh made up of patches of cells
where computations are performed, surrounded by ghost cells which are employed to perform data exchanges
between levels. The spatial contiguity of ghost cells alone is weak, but very good compression factors, thanks to
the contiguity, can be achieved by gathering them with the cells. Still, one would be able to quickly and simply


https://xtensor.readthedocs.io
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recover the ghost cells alone: this is possible with the algebra of sets.
In order to pass from sets of intervals to actual cells, we introduce, for a given set of indices Ac {(¢,k) : £ €
[¢, €]}, the corresponding cells C(A) given by:

cCN:= U Crp
(¢, k)eN

where the cells Cy ;. have been defined in (2.8). It should be kept in mind that A is stored as represented in the
right part of (5.2). For example, if A represents a tree, then C(S(A)) = Q, that is, the complete leaves of the tree
pave the whole domain Q. We present the operations using volumes, but they can be employed with points by

charging them with Dirac measures on points instead of on volumes.

5.4.1 OPERATORS

We introduce the most important operators that we have implemented in SAMURAL. It is possible and easy to
create new operators according to the user’s need. To illustrate them—since they are often binary operators—

consider two sets of cells
Ay {4y, )}, Az c{(l2, )},
respectively at level £; € [£,¢] and ¢, € [£,¢], not necessarily equal. We introduce:

+ The projection of the set A; on a target level /5, that we indicate by Py, (A1). This operation yields the
set of dyadic cells at level £, with minimal d-dimensional Lebesgue measure containing the volume C(A;)

corresponding to the set A;. This can be written as:
Pe, (A1) =argmin{|C(A)lg : Ac{(l2,k)} and C(A)<cC(AD}

As long as ¢, = ¢1, due to the nesting, the projection presented above is simply given by the formula
Py, (A1) = {(€2,2270k) . (1,k) € Ay}, so that IC(Pg, (A1))g = IC(A1)lg. Otherwise, in the general con-
text, |[C(Pg,(A1))lg = IC(A1)lg: the Lebesgue measure of the projected cells is larger than the one of the
original cells. In the C++ implementation, the projection operator is encoded by .on(level_2), where
level_ 2 stands for /,.

+ The union A; U A of two sets A and Ay, given by
ArUAp ={(max(f1,£2),k) : Cpi€CPmax,,e,) (A1) UC(Pmaxe,,e,) (A2))}

This represents the cells belonging either to the projection of A; or A, on the level max(¢;,¢>). Since the
operator involves a projection, we have that |C(A; U A2)lg = IC(A1)lg +IC(A2)lg if IC(A)) NC(A2)lg=0. In
the C++ implementation, this operation is denoted by union_(set_1, set_2).

« The intersection A} M Ay of two sets A; and Ay, given by

AN Ay ={max(¢1,0>),k) : Cp€CPmaxe,e2) (A1) NC(Pmax(e;,e0) (A2))}

This is made up of cells belonging both to the projection of A; and A, on the level max(¢;, £»). In the C++
implementation, this operation is denoted by intersection(set_1, set_2).

+ The difference A > A, of two sets A; and Ay, given by
ArD> Ay ={max(¢1,£2),k) : Crk€CPmaxe,,e5) (A1) N\ C(Pmax(e,,0,) (A2}

This yields the cells belonging to the projection of A; but not to that of Ay on the level max(¢1,¢5). In the
C++ implementation, this operation is denoted by difference(set_1, set_2).
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Figure 5.4: Example of operators on two sets A; (green) and Ay (blue) for d = 1. The results of the operations are
provided in red.

« The translation T¢(A;) of the set Aj by a given integer stencil s € Z%, given by
Ts(A) ={l,k+s) : (£1,k) €M}

In the C++ implementation, this operator can be called using translate(set, stencil).

An example of the way of acting of these operations is given in Figure 5.4 for the 1D case d = 1. Here, one can

notice what we have pointed out concerning the Lebesgue measure of the outcomes of these operators.

5.4.2 IMPLEMENTATION

We explain on an example how these operators are practically implemented. We consider the intersection of two

sets for d = 1, which are written as lists of intervals A; and Ay. This is present in Algorithm 3.

5.5 PERFORMANCE TESTS

The test we present here aims at evaluating the compression rate obtained using the approach of SAMURAT
compared to p4est [Burstedde et al., 2011]. To this end, we create a hybrid cover of the square Q = [0,1]2
obtained in the following way. We start with a mesh where the upper-right and lower-left sectors of Q correspond
to one cell each at level £ = 1, whereas the upper-left and lower-right parts contain four cells each at level ¢ = 2.
Then, we iteratively refine ? — 2 times whenever the lower corner of a cell has x coordinate smaller than 1/4 or
both the x and y coordinates are equal to 3/4. An example for £ =9 is given in Figure 5.5.

We measure the size occupied by the representation of such mesh between SAMURAT and p4est, see Fig-
ure 5.6. Here, cells are the leaves of the underlying tree which are the actual cells of the mesh, whereas
all_cells also include auxiliary cells like ghosts, etc., see Chapter 6. For SAMURAT, we observe that increas-
ing ¢, thus the number of cells to store (proportionally to 2“'?), the memory footprint per cell decreases, thanks
to the storage relying on spatial connectivity. Indeed, the mesh occupies memory proportionally to 2(d-1¢, Quite
the opposite, for p4est, since such rationale is not present in the design of the data structure, the cost per cell
remains constant and the occupation rate trends like 29¢_ For the very same reason, SAMURAT achieves increas-
ingly better compression rates compared to p4est as the size of the problem increases, with memory space taken

used by the mesh representation being between 100 and 1000 times smaller than for p4est.
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10° 5

107 4

10° 4

Figure 5.6:

—o— # of cells
—e— SAMURAI: cells (bytes) -~ 2f
—e— SAMURAI: all_cells (bytes) === ~ 220

10° 5

10° 5

pdest: all_cells (bytes)

11 12 13 14

Comparison in terms of memory occupation between SAMURAT and p4est



5.6. Conclusions 181

Algorithm 3 Intersection operator implementation

Input: Lists of intervals A; and A».

L=() > List of intersection intervals
i1 =0, ky = start(Aq[i1]). > Indices of the first interval in the list A1
i =0, ky = start(Az[i2]). > Indices of the first interval in the list As
scan = min(ky, k). D> We start by the smallest indices
sentinel = max(end(A;[—1]),end(A2[—1])) + 1. > We certainly finish at the largest indices (numpy notation)
I=9. > Current interval to fill

inside_interval = false
while scan < sentinel do

if scan € A;[i;] and scan € Ay[iy] and !inside_interval then > We are in the intersection and starting
inside_interval = true > Flag to know that we started a new interval
start(]) = scan D> Setting the start of the interval
end if
if scan ¢ A[i;] or scan ¢ A,[is] and inside_interval then > Exiting from an intersection
inside_interval = false
end(I) = scan > Close the interval
Append I to L > Add to the output list
I1=¢ > We start again with an empty interval
end if
increment(iy, k1, A1, sentinel) > Implemented in Algorithm 4
increment(is, ko, A2, sentinel)
scan = min(ky, k») > The current indices is the minimum between indices for each set
end while
Output: L.

Algorithm 4 Increment implementation

Input: i, k, A and sentinel.

if 37 such that k = end(A[{]) then > The current indices k is on the end of some interval in the set A
i=i+1 > Go to the next interval
if i > #(A) then > Going beyond length

‘ sentinel = k
else

‘ k = start(A[i]) > We go to the start of the next interval
end if

end if

if 37 such that k = start(A[{]) then > The current indices k is on the start of some interval in the set A

‘ k=end(A[i]) > We go to the end of the current interval
end if

5.6 CONCLUSIONS

In Chapter 5, we have introduced a data structure based on integer intervals that allows to represent multi-level
Cartesian meshes in a compact fashion. As showcased, our way of compressing the mesh allows for impressive
compression rates compared to libraries such as p4est. Moreover, we introduced operators between groups
of cells which allows to operate on certain elements of the mesh. An issue that deserves attention for future
investigations and which is currently under scrutiny concerns the parallelization and the distribution of the data
structure. This point is of the foremost importance to take advantage of modern computer architectures. Beyond
the implementation of the methods presented in this thesis, see Chapter 6, SAMURAT is used in a large panel
of applications—which development is still an ongoing work—by collaborators. Applications range from solving

linear systems stemming from the Poisson equation to the solution of the incompressible Navier-Stokes system.






CHAPTERG6

MULTIRESOLUTION AND ADAPTIVE LATTICE BOLTZMANN

SCHEMES IMPLEMENTATION

AIMS AND STRUCTURE OF CHAPTER 6

The aim of Chapter 6 is to present our implementation—within SAMURAI—of the mesh adaptation based on
multiresolution introduced in Section 2.3 and Section 2.4 and concerning the adaptive lattice Boltzmann schemes
of Section 2.5, with the optimizations explained in Section 2.5.4.1. To this end, Chapter 6 is structured as follows.
In order to avoid encoding the adaptive mesh as a tree structure, we introduce, in Section 6.1, several categories of
cells. These are used in Section 6.2 to implement mesh adaptation by multiresolution as presented in Section 2.3 and
Section 2.4. Once the adaptive mesh is available, we illustrate—cf. Section 6.3—how the adaptive lattice Boltzmann
schemes of Section 2.5 are implemented within SAMURAT and we devote particular care to the issues concerning
an optimized implementation of the reconstruction operator via its flattening (see Section 2.5.4.1). We conclude
in Section 6.4. Since—besides technicalities which however do not prevent to understand the main ideas—the
implementation has been kept user-friendly and high-level as much as possible, we will complement Chapter 6

with real C++ code.
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6.1 CELL CATEGORIES AND ITERATIVE IMPLEMENTATION

We have already pointed out the fact that for a given hybrid mesh of the domain, we do not store the associated
graded tree. Instead, we use a dedicated data structure based on different categories of cells and an iterative

computation of the details (and thus of the multiresolution transform). Hence, mesh adaptation is performed by
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proj_cells A v
/-1
_— -2
—_———— -3
cells

Figure 6.1: [llustration of what the proj_cells (in red) are, once the leaves cells (in black) are given, for a
prediction operator considering one neighbor y =1.

successive passes in an iterative way. The categories that we consider to perform multiresolution are:

cells
cells_and_ghosts
i{proj_cells

all cells

(overleaves)

where the last category is not used in the adaptation process but uniquely to deploy the numerical scheme. Even-
tually, this category could be eliminated with a more optimized implementation. For the other ones, cells
represent the complete leaves S(A) of the adaptive tree A, which make up the hybrid partition of the domain Q
and on which we evolve the numerical solution. cells_and_ghosts is obtained by adding ghost cells level-
by-level. proj_cells is made up of the cells at level £ — 1 which are needed to compute the prediction on the
cells atlevel ¢, excluding cells at level £ — 1. This means that it is made up of the projection of cells one
level below plus the neighbors needed by the prediction operator P,, except when they intersect other cells.
An example is provided in Figure 6.1. al1_cells gathers all the previous categories together.

6.2 MESH ADAPTATION

The mesh adaptation process is entirely based on a field called tag, which indicates the destiny of each cell inside

the mesh. The possible logical values for tag are the following

keep - 1

coarsen <«

refine H

© s

enlarge -

A cell tagged with keep shall be kept as it is in the refinement process. Quite the opposite, if the coarsen tag
is applied, the cell will be coarsened. When refine is used, the cell will be refined. Finally, the enlarge tagis
used to add neighboring cells, which shall be created at the end of the process. The integers corresponding to each
flag are chosen to enforce a certain priority between tags: refine has priority over keep, which has priority
over coarsen. This allows to recombine tags in a bit-wise fashion ensuring that we consider the most restrictive
condition. The C++ code performing the mesh adaptation as well as the update of the solution field—which we

use as “starting point” to explain the code in more detail—reads as follows.
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template <class TField, class Func>
void Adapt<TField, Func>::operator () (double eps, double regularity)
{

auto & mesh = m_field.mesh() ;

std::size_t min_level = mesh.min_level();

std::size_t max_level = mesh.max_level();

mesh_t mesh_old = mesh;
field type field old(m_field.name(), mesh_old);
field old.array() = m_field.array();
for (std::size_t i = o; 1 < max_level — min_level; ++i)
{

m_detail.resize();

m_tag.resize();

m_tag.fill(o);

if (harten(i, eps, regularity, field old))

break ;

Besides the self-explanatory nature of this code, we emphasize the fact that eps on Line 16 is the threshold
parameter €, whereas regularity is nothing but the value of v where the solution of the problem is assumed
to be of regularity W"°. Then, the function harten implemented as follows.

bool Adapt<TField, Func>::harten(std::size_t ite, double eps, double regularity, field type& field old)

auto & mesh = m_field.mesh() ;
std::size_t min_level = mesh.min_level(), max_level = mesh.max_level();
for_each_cell(mesh[mesh_id_t::cells], [&](auto &cell)
{
m_tag[cell] = static_cast <int >(CellFlag::Kkeep);
1
for (std::size_t level = ((min_level > o)? min_level — 1: o); level < max_level - ite; ++level)
{
auto subset = intersection(mesh[mesh_id_t::all_cells][level],
mesh[mesh_id_t::cells][level + 1])
.on(level);
subset .apply_op(compute_detail(m_detail, m_field)); Implemented in Section 6.2.1

for (std::size_t level = min_level; level <= max_level - ite; ++level)

double exponent = dim « (max_level - level);

double eps_1 = std::pow(2., —exponent) « eps;

double regularity to_use = std::min(regularity, 3.0) + dim;

auto subset_1 = intersection(mesh[mesh_id_t::cells][level],

mesh[mesh_id_t::all_cells][level-1])
.on(level-1);

// Coarsening implemented in Section 6.2.2

subset_1.apply_op(to_coarsen_mr(m_detail, m_tag, eps_l, min_level));
Refinement implemented in Section 6.2.3

subset_1.apply op(to_refine mr(m_detail, m_tag, (pow(z.o0, regularity to _use)) « eps_1l, max_level))

for (std::size_t level = min_level; level <= max_level - ite; ++level)

auto subset_2 = intersection(mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::cells][level]);

auto subset_3 = intersection(mesh[mesh_id t::cells_and_ghosts][level],
mesh[mesh_id_t::cells_and ghosts][level])

subset_2.apply op(enlarge(m_tag)); Refinement implemented in Section 6.2.3

subset_2.apply_op(keep_around_refine(m_tag)) ;

subset_3.apply op(tag_to_keep<o=>(m_tag, CellFlag::enlarge));

Coarsening grading procedure, implemented in Section 6.2.4
for (std::size_t level = max_level; level > o; —--level)
{
auto keep_subset = intersection(mesh[mesh id t::cells][level],
mesh[mesh_id_t::all_cells][level - 1])
.on(level - 1);

keep_subset.apply_op(coarsen_compatibility(m_tag));

xt::xtensor_ fixed<int, xt::xshape<dim>> stencil;
for (std::size_t d = o; d < dim; ++d)
{
stencil.fill(o);
int grad width = static_cast <int >(mesh_t::config::graduation_width) ;
for (int s = -grad_width; s <= grad width; ++s)
{
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if (s != o)
{
stencil[d] = s;
auto subset = intersection(mesh[mesh_id_t::cells][level],
translate(mesh[mesh _id t::cells][level - 1],stencil))
.on(level - 1);
subset.apply_op(balance_2tol(m_tag, stencil));

Refinement grading procedure, implemented in Section 6.2.4

(std::size_t level = max_level; level > min_level; —-level)

auto subset_1 = intersection(mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::cells][level]);
subset_1.apply op(extend(m_tag));

static_nested_loop<dim, -1, 2>(
[&](auto stencil) {
auto subset = intersection(translate(mesh[mesh_id_t::cells][level], stencil),
mesh[mesh_id_t::cells][level-1]).on(level);
subset .apply_op(refinement_compatibility(m_tag));
P s
(std::size_t level = max_level; level > o; ——level)
auto keep_subset = intersection(mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::all_cells][level - 1])
.on(level - 1);
keep_subset.apply_op(coarsen\_compatibility(m_tag));
(update_field mr(m_field, field old, m_tag)) // Implemented in Section6.2.5

return true;

urn false;

Let us comment on the most important parts of the previous long code.

On Line 5, the for_each_cell executes what follows on every cell belonging to the category cells
that has been specified. In particular, we see on Line 7 that every cell is—at the beginning of the process and

until further modification—kept in the structure.

Since we store the solution on the complete leaves, the first operation to perform is the computation of
the details on them, in order to start the coarsening/refinement process. This is done on Line 15, where
compute_detail (see Section 6.2.1 for its implementation) is applied to the leaves projected on the
coarser level, in order to access siblings with their identifier (¢ + 1,2k + §) with 6 € Z, where the role of ¢
is taken by 1evel. Observe on Line 10 that since, at each loop in the refinement process, we exclude the
finest level considered so far (cf. 1te), we consider less and less levels to span as the computation goes on.

Otherwise said, the emerged levels are progressively no longer taken into account.

Then, we proceed to coarsen cells according to (2.31). On Lines 20 and 21 the level-wise threshold €, given by
(2.32) is computed. The operator to_coarsen_mr (c¢f. Line 27, see Section 6.2.2 for its implementation)

is then applied to the leaves projected on the coarser level and uses the details computed right before.

The coarsening is followed by the refinement by #.. The refinement based on the details—cf. (2.36)—
is performed on Line 29. Using regularity, which is v in the regularity WY of the solution, the
refinement process is based on f = min(v, 2y +1) in (2.36) (y = 1 in the code). The other refinement criterion

(2.35) is applied on Line 38 and its implementation is detailed in Section 6.2.3.

The last step before the actual modification of the mesh is the grading represented by G. We start by enforc-
ing a certain coherence between tags and mesh structure for the cells where the tag is coarsen on Line
50, with the operator coarsen_compatibility.

Now that all the operations to obtain a new tag field representing the updated mesh are performed, the

actual modification of the mesh and the numerical solution defined on it are performed on Line 95. Here,

the procedure returns true if no modification has been done and the process can thus be stopped.
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The implementation of compute_detail to obtain the details for the case d =1 and d = 2 is presented in the

following code.

1 // 1D
2 template<class T, std::size_t order= T::mesh_t::config::prediction_order>
3 inline void operator () (Dim<i>, T &detail, const T &field) const
4 |
5 auto gqs_i = xt::eval(Qs_i<order>(field, level, 1i));
6 detail(level+1, 2+i) = field(level+1, 2+i) — (field(level, i) + gs_i);
7 detail(level+1, 2+i+1) = field(level+1, 2+i+1) - (field(level, i) — gs_i);
8}
9
10 2D
1 template<class T, std::size_t order= T::mesh_t::config::prediction_order>
12 inline void operator () (Dim<z>, T &detail, const T &field) const
13
14 auto gqs_i = Qs_i<order>(field, level, i, j);
15 auto gqs_j = Qs_j<order>(field, level, i, j);
16 auto gs_ij = Qs_ij<order>(field, level, i, j);
17
18 detail(level+1, 2+i, 2+j) = field(level+1, 2+1i, 2+j) — (field(level, i, j)+qs_i+qgs_j—-qgs_ij);
19 detail(level+1, 2+i+1, 2+j) = field(level+1, 2+i+1, 2+j) — (field(level, i, j) — gs_i+qs_j+qs_ij);
20 detail(level+1, 2+i, 2+j+1) = field(level+1, 2+i, 2+j+1) — (field(level, i, j)+qs_i-qs_j+qs_ij);
21 detail(level+1, 2+i+1, 2+j+1) = field(level+1, 2xi+1, 2+j+1) — (field(level, i, j)-qgs_i-gs_j-qs_ij);
22 }
We observe that when calling compute_detail on a set of cells, the level of the cells as well as the indices
are automatically available and used in the previous code. Moreover, the fact that field is a vector with several
(q) components is automatically handled. The quantity Qs_i<ordexr> on Line 5 just gives Q}/(k; fo) from (2.16),
with order playing the role of the number of neighbors y in the prediction operator.
6.2.2 MESH COARSENING
Once the details are available, we can implement the function to_coarsen_mr that does what 7¢ indicates.
We present the implementation in the case d = 2.
1 template<class T1, class T2>
2 inline void operator () (Dim<2>, const T1& detail, T2 &tag, double eps, std::size_t min_lev) const
3 {
4 std::size_t fine_level = level + 1;
5 if (fine_level > min_lev)
6 {
7 if (size == 1) Scalar field
8 {
9 auto mask = (xt::abs(detail(fine_level, 2+i , 2+j)) < eps) and
10 (xt::abs(detail(fine_level, 2+i+1, 2+j)) < eps) and
1 (xt::abs(detail(fine_level, 2+i , 2+«j+1)) < eps) and
12 (xt::abs(detail(fine_level, 2+i+1, 2+¢j+1)) < eps);
13
14 xt::masked_view(tag(fine_ level, 2«i 2+j), mask) = static_cast <int >(CellFlag::coarsen);
15 xt ::masked_view(tag(fine level, 2«i+1, 2+j), mask) = static_cast <int >(CellFlag::coarsen);
16 xt ::masked_view(tag(fine level, 2«i , 2+j+1), mask) = static_cast<int >(CellFlag::coarsen) ;
17 xt ::masked_view(tag(fine level, 2«i+1, 2+j+1), mask) = static_cast<int >(CellFlag::coarsen) ;
18 }
19 else // Vectorial field
20 {
21 auto mask = xt::sum((xt::abs(detail(fine_ level, 2«i 2+#j)) < eps) and
22 (xt::abs(detail(fine_level, 2+i+1, 2+j)) < eps) and
23 (xt::abs(detail(fine_level, 2«1 , 2xj+1)) < eps) and
24 (xt::abs(detail(fine_level, 2+«i+1, 2+j+1)) < eps), {1}) > (size-1);
25
26 xt ::masked_view(tag(fine_level, 2:i , 2+j), mask) = static_cast <int >(CellFlag::coarsen);
27 xt::masked_view(tag(fine_level, 2+i+1, 2+j), mask) = static_cast <int >(CellFlag::coarsen);
28 xt::masked view(tag(fine_ level, 2+i , 2+j+1), mask) = static_cast <int >(CellFlag::coarsen);
29 xt::masked_view(tag(fine_level, 2«i+1, 2+j+1), mask) = static_cast <int >(CellFlag::coarsen);
30 }
31 }
32}

In this code, we first create a mask which detects the cells on which the coarsening criterion (2.31), i.e. where the
detail of all (four) siblings is below the level-wise threshold €,. Then, over the cells indexed by this mask, we put
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the tag field, which shall be used to perform mesh adaptation, to coarsen.

6.2.3 MESH REFINEMENT

Once the mesh coarsening is done, the refinement procedure H, needs to be implemented as well. The first phase is
the refinement based on the details following (2.36), which is the aim of to_refine_mr, which is implemented
in the following code for d = 1.

template <class T1, class T2>
inline void operator () (Dim<1>, const T1& detail, T2 &tag, double eps, std::size_t max_level) const
{

constexpr auto size = Tl::size;

std::size_t fine_level = level + 1;

if (fine_level < max_level)
{
if (size == 1) Scalar field
{
auto mask = ((xt::abs(detail(fine_level, 2:i))) > eps) or
((xt::abs(detail(fine_level, 2+i+1))) > eps);
xt::masked _view(tag(fine_level, 2+«i ), mask) = static_cast <int >(CellFlag::refine);
xt ::masked_view(tag(fine level, 2«i+1), mask) = static_cast <int >(CellFlag::refine);
}
else Vectorial field
{
auto mask = xt::sum(((xt::abs(detail(fine_level, 2«i ))) > eps) or
((xt::abs(detail(fine_level, 2«i+1))) > eps), {1}) > o;
xt ::masked_view(tag(fine_level, 2+i ), mask) = static_cast <int >(CellFlag::refine);
xt::masked _view(tag(fine_level, 2+i+1), mask) = static_cast <int >(CellFlag::refine);

On Line 12, we detect siblings which detail exceeds 2ﬁ+d€g (observe that when this function is called, eps here
equals this value and not €/). Then, the corresponding cells are tagged as to ref ine. To summarize, at this stage,
the tag has been modified as follows:

refine, if maxjeul,qﬂIaé,k(t)|€[2ﬁ+d€g,+oo[,
tagsk =1 keep, if  max;ep g 1d7,.(0)] € leg, 27 e,

coarsen, if maX;e[y ¢ |E§,k(n| € [0,el.

The second phase is the refinement based on (2.35), using the function enlarge. Its implementation for d =1 is

simply given by:
template <class T>
inline void operator () (Dim<1>, T &cell_flag) const
{
auto keep mask = cell flag(level, i) & static_cast <int >(CellFlag::keep);
for (int ii = -1; i1 < 2; ++ii)
xt ::masked_view(cell flag(level, i + ii), keep mask) |= static_cast <int >(CellFlag::enlarge);

Here, the neighboring cells to those which are to keep are set to enlarge and shall eventually be kept as well

in the data structure.

6.2.4 GRADING

The last step before actually modify the mesh is the grading G procedure. The first building block of this is the
coarsen_compatibility operation, which reads, for d = 1:

template <class T>
inline void operator()(Dim<i>, T &field) const
{
xt ::xtensor<bool, 1> mask =
(field(level + 1, 2 = i) & static_cast <int >(CellFlag::keep)) |
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(field(level + 1, 2 « i + 1) & static_cast <int >(CellFlag::keep));

xt ::masked_view(field(level + 1, 2 = i), mask) |= static_cast <int >(CellFlag::keep);
xt::masked _view(field(level + 1, 2 « i + 1), mask) |= static_cast <int >(CellFlag::Kkeep);
xt::masked view(field(level, i), mask) |= static_cast <int >(CellFlag::keep);

mask = (field(level + 1, 2 » 1) & static_cast <int >(CellFlag::coarsen)) &

(field(level + 1, 2 +« i + 1) & static_cast <int >(CellFlag::coarsen));
xt ::masked_view(field(level + 1, 2 » i), !mask) &= ~static_cast <int >(CellFlag::coarsen) ;
xt ::masked_view(field(level + 1, 2 = i + 1), !mask) &= ~static_cast <int >(CellFlag::coarsen);
xt::masked_view(field(level, i), mask) |= static_cast <int >(CellFlag::keep);

If one of two siblings are to keep, then the mask will be true for both. Thus, both shall be kept. Moreover, their
parent is also to keep. Then, if both siblings are to coarsen (one over two is not enough), the cells are coarsened
and the parent cell is kept. If the opposite happens (one of the two siblings is not to coarsen), both are kept. This
is followed by balance_2to1_op (here presented for d = 2):

template <class T, class stencil_ t>
inline void operator()(Dim<2>, T &cell flag, const stencil t &stencil) const
{

cell flag(level, i - stencil[o], j — stencil[1])

|= (cell_flag(level, i, j) &static_cast <int >(samurai::CellFlag::Kkeep));

The idea here is that if a neighboring cell of the current cell is set to keep, it is the parent of some cells which
have flagged it to keep. This implies that—in order to yield a graded mesh—the current cell needs to be kept as
well. Then, we implemented the extend function, which for d =1 reads:

template <class T>
inline void operator()(Dim<1>, T &tag) const
{
auto refine_mask = tag(level, i) & static_cast <int >(samurai::CellFlag::refine);
for (int ii = -1; ii < 2; ++ii)
{
xt ::masked_view(tag(level, i + ii), refine mask) |= static_cast <int> (samurai::CellFlag::keep);

}

The aim of this is to enforce that if we refine a cell, we cannot coarsen its neighboring cell, because otherwise we

would loose the grading property. Finally, one has refinement_compatibility:

template <class T>
inline void operator()(Dim<1>, T &tag) const
{
auto i_even = i.even_elements();
if (i_even.is_valid())
{
auto mask = tag(level, i_even) & static_cast <int >(CellFlag::keep);
xt::masked view(tag(level-1, i_even>>1), mask) |= static_cast <int >(CellFlag::refine);
}
auto i_odd = i.odd_elements() ;
if (i_odd.is_valid())
{
auto mask = tag(level, i_odd) & static_cast <int >(CellFlag::keep);
xt ::masked_view(tag(level-1, i_odd>>1), mask) |= static_cast <int >(CellFlag::refine);

This rationale behind this is the following. If a cell is set to refine, this comes from the fact that its neighbor is
to keep. This means that the parent of this neighbor needs to be refined.

6.2.5 MESH AND FIELD UPDATE

Once the tag field is ready, it is used to create the new mesh as well as to adapt the numerical solution on the
new mesh. This is what is implemented in update_field_mr, which C++ code reads as follows.

auto & mesh = field.mesh();
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for_each_interval(mesh[mesh_id_t::cells], [&](std::size_t level, const auto& interval, const auto& index)
{
for (auto i=interval.start; i<interval.end; ++i)
{
if ( tag[i + interval.index] & static_cast <int >(CellFlag::refine))
{
static_nested_loop<dim-1, o, 2>([&](auto& stencil)
{
auto new_index = 2+index + stencil;
cl[level + 1][new_index].add_interval ({2+1i, 2«1 + 2});
K
}
else if ( tag[i + interval.index] & static_cast <int >(CellFlag::keep))
{
cl[level][index].add_point(i);
}
else
{
cl[level - 1][index >> 1].add_point(i >> 1);

}
b

mesh_t new_mesh = {cl, mesh.min_level() , mesh.max_level() };
if (mesh == new_mesh)
return true;

Field new_field("new_f", new_mesh);
new_field.fill(o);

for(std::size_t level = min_level; level <= max_level; ++level)
{
auto set = intersection(mesh[mesh_id_t::cells][level],
new_mesh[mesh_id_t::cells][level]);
set.apply_op(copy(new_field, field));
}

for(std::size_t level = min_level + 1; level <= max_level; ++level)
{
auto set_coarsen = samurai::intersection(mesh[mesh_id_t::cells][level],
new_mesh[mesh_id_t::cells][level-1])
.on(level - 1);
set_coarsen.apply op(projection(new_field, field));
auto set_refine = intersection(new_mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::cells][level-1])
.on(level - 1);
set_refine.apply op(prediction<pred order, true >(new_field, field));

}

auto old_mesh = old_field.mesh() ;
for (std::size_t level = min_level; level <= max_level; ++level)
{
auto subset = intersection(intersection(old_mesh[mesh_id_t::cells][level],
difference(new_mesh[mesh_id_t::cells][level], mes[mesh_id_t::cells][level])),
mesh[mesh_id_t::cells][level-1]).on(level);

subset .apply op(copy(new_field, old field));
}

field.mesh_ptr()->swap(new_mesh) ;
old_field.mesh_ptr()->swap(new_mesh) ;
std::swap(field.array(), new_field.array());
std::swap(old_field.array(), new_field.array());

return false;

Line 1 recovers the current mesh directly from the solution field, which contains a pointer to the mesh it is asso-

ciated with.

« The first step is to create the new mesh according to the tag field. The for_each_interval com-
mand on Line 3 allows to cycle over all the intervals of category cells that has been specified. The
interval is broken into its subcells on Line 5 and—if a cell is tagged to refine (cf. Line 7)—its children
are added to the CellList of the new mesh to create, ¢f. Line 12. In this part, we take advantage of
astatic_nested_loop on Line 9 in order to write a code working irrespective of the choice of d.
When a cell is flagged as keep, see Line 15, it is added to the Cel11List. Otherwise, the cell at a coarser
level is added. The new mesh is created on Line 26 and if nothing is done, the whole procedure returns
true to indicate that everything in the process can stop here. In particular, a new mesh where the cells of
category cells are those in the Cel1List named cl is created.
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Figure 6.2: llustration of what the overleaves (in red) are, once the leaves cel1s (in black) are given.

« A second step is to adapt the solution to the new mesh. The new field is created on Line 30. For the cells
which were present both in the old and new mesh, ¢f Line 36, data are just copied, see Line 37. For the
cells which have been coarsened, cf. Line 44, the projection operator Py is applied on Line 45 to yield the
average of the siblings on the old mesh over the parent on the new mesh. Finally, for the cells that have

been refined, cf. Line 48, the prediction operator P, is used to construct lacking information, see Line 49.

The process terminates by swapping the pointers to the mesh structure and to the linear structure for the storage

of the numerical solution on the mesh.

6.3 LEVEL JUMPS, RECONSTRUCTION FLATTENING AND LATTICE BOLTZMANN SCHEMES

We explain how we solve—with a suboptimal choice—the issue exposed in Section 2.5.4.1 concerning an efficient
non-recursive implementation of the reconstruction operator. Troubles come when the cells needed by the re-
construction flattening at some level are beneath cells of finer level, thus the value of the solution they carry is
not accurate enough. The solution that we have envisioned—thanks to the grading of the tree associated with the
mesh—consists in performing the stream computation a finer level £+1 instead of ¢ (except when ¢ = ¢), using the
reconstruction flattening carelessly because we know that information is accurate enough, and then projecting on
the leaves. The result is the same, except for the fact that the computations use reliable information within the
tolerance €, because the projection simplifies inter-cell fluxes between couples of cells. This process is where the
overleaves—which are illustrated using Figure 6.2—come into play.

6.3.1 OVERLEAVES

Recall that the overleaves do not take part in the process of mesh adaptation and the values stored on them
could be not up-to-date. Therefore, before applying the numerical scheme, the values stored on the overleaves

are updated with the following procedure.

for (std::size_t level = min_level + 1; level <= max_level; ++level)
{
auto overleaves to predict = difference(difference(mesh[mesh_id t::overleaves][level],
mesh[mesh_id_t::cells_and_ghosts[level]) ,
mesh[mesh_id_t::proj_cells][level]);

overleaves_to_predict.apply_op(prediction<i, false >(field));

In this code, the only overleaves on which the solution is allegedly not up-to-date (cf. Line 5) are those which
are neither cells_and_ghosts nor proj_cells cells, which have been previously updated. On these
overleaves, the solution is updated using the prediction operator (in this code, with y = 1), see Line 7.
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6.3.2 RECONSTRUCTION FLATTENING

We provide the example for a D1Q, scheme where we need to compute the flattening coefficients (F i 0.8)se= . and

shifts Eig—see Section 2.5.4.1 and (2.45)—for g = 2 discrete velocities

1 template<class coord_index_t>

2 auto compute_reconstruction(std::size_t min_level, std::size_t max_level)

3 {

4 coord_index_t i = o;

5 std::vector<std::vector<reconstruction_map<coord_index_t>>> data(max_level-min_level+1);
6

7 for (std::size_t dl=o; dl<max_level-min_level+1; ++dl)

8 {

9 int size = (1<<dl);

10 data[dl].resize(2);

11

12 data[dl][o] = reconstruction(dl, issize - 1) - reconstruction(dl, (i+1)«size - 1);
13 data[dl][1] = reconstruction(dl, (i+1)+size) — reconstruction(dl, issize);

14 }

15 return data;

The computation of the weights and shifts for the positive velocity is on Line 12, whereas the ones for the negative
velocity is done on Line 13. We construct a vector with double indices where the first one concerns A¢ and the
second one the discrete velocity to consider. The fact of writing Line 4 means that we center the computation of
the flattening coefficients around the current cell, considering the pseudo-fluxes at its interfaces. reconstruc-

tion is implemented recursively—for y = 1—as:

1 template<class index_t>

2 auto reconstruction(std::size_t dl, const index_t &i, bool reset=false)

3 {

4 static std::map<std::tuple<std::size_t, index t>, reconstruction_map<index_t>> values;
5 if (reset)

6 values.clear() ;

7 if (dl == o)

8 return reconstruction map<index_t>{i};

9

10 auto iter = values.find({dl, i});

1 if (iter == values.end())

12 {

13 auto ig = i >> 13

14 double d_x = (1 & 1)? —-1./8: 1./8;

15

16 return values[{dl, i}] = reconstruction(dl-i, ig) - d_x«(reconstruction(dl-i, ig+1)
17 -reconstruction(dl-1, ig-1));
18 }

19 else

20 return iter->second;

The map that we create link couples of level jump and shifts looking for neighboring cells to the weights. Observe
that at the finest level, thus for A¢ = 0, see Line 8, we put the coefficient to one by default. Otherwise, see Line 11, if
the weights and the shifts do not have been computed, we apply the prediction operator P, . Before the simulation

and once for all, the reconstruction coefficients and shifts are computed and stored using:

auto rec_coeff = compute_reconstruction<coord index_t>(min_level, max_level);

for the given minimum and maximum level that the user has specified for the numerical simulation at hand.

6.3.3 LATTICE BOLTZMANN SCHEMES

In order to illustrate how the adaptive lattice Boltzmann is finally implemented using the overleaves, we use
the D;Q, as example. On the one hand, the collision phase is done on the complete leaves of the adaptive tree,

that is on the cells.

1 for (std::size_t level = min_level; level <= max_level; ++level) {
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auto leaves = samurai::intersection(mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::cells][level]);
leaves([&](auto &interval, auto) {
auto k = interval;

auto ml = xt::eval( f(o, level, k) + f(1, level, k));
auto m2 = xt::eval(lambda«(f(o, level, k) — f(1, level, k)));
auto m2 = (1 — S2) « m2 + s2«e2sml;

f_star(o, level, k) = o.5+ml+o0.5/lamba«m2;

f_star(i1, level, k) = o.5:ml-o0.5/lamba«m2;

1
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For every level between £ and , cf. Line 1, we perform the collision on the complete leaves of the adaptive tree,

cf- Line 3. This is done by first changing the basis through M, cf. Line 7, colliding for the non-conserved moment,

cf. Line 8 and eventually apply M~!, see Line 10. On the other hand, the stream phase is encoded as follows.

auto h_ovrlvs = samurai::make_field<double, 2>("help f", mesh);
h_ovrlvs.fill(o.);

for (std::size_t level = o; level <= max_level; ++level)

{

if (level == max_level) ({

for_each_interval (mesh[mesh_id_t::cells], [&](std::size_t level, const auto& interval, const auto&)

{
auto k = interval;
f(o, max_level, k) = xt::eval(f_star(o, max_level, k - 1));
f(1, max_level, k) = xt::eval(f_star(i1, max_level, k + 1));
e
}
else {
std::size_t dlpl = max_level — (level + 1);
double coeff = 1. / (1 << dlpl);

auto overleaves = samurai::intersection(mesh[mesh_id_t::cells][level],
mesh[mesh_id_t::cells][level]).on(level + 1);

overleaves([&](auto &interval, auto) {
auto k = interval;
auto fp = xt::eval(f_star(o, level + 1, k));
auto fm = xt::eval(f_star(i, level + 1, k));
for (auto &c: rec_coeff[j][o].coeff)
{
coord_index_t stencil = c.first;
double weight = c.second;
fp += coeff « weight + f star(o, level + 1, k + stencil);
}
for (auto &c: pred_coeff[j][1].coeff)
{
coord_index_t stencil = c.first;
double weight = c.second;
fm += coeff « weight « f star(:, level + 1, k + stencil);
}
h _ovrlvs(o, level + 1, k) = fp;
h_ovrlvs(i, level + 1, k) = fm;

for_each_interval(mesh[mesh_id_t::cells], [&](std::size_t level, const auto& interval, const auto&)

auto k = interval;
f(o, level, k) = xt::eval(o.5+(h_ovrlvs(o, level + 1, 2+«k) + h_ovrlvs(o, level + 1,
f(1, level, k) = xt::eval(o.5+«(h_ovrlvs(i, level + 1, 2«k) + h_ovrlvs(i, level + 1,

2+K + 1)));
2+k + 1)));

On Line 1, we create a field that we shall use to average the solution back from the overleaves to the leaves. If

the current level of resolution the finest one ?, see Line 6, the reference scheme is applied, cf. Line 11. If the cells

are not at the finest level, see Line 14, the overleaves need to be used. They are nothing else than cells

projected at a finer level, see Line 19. Here, we use the flattened coefficients that have been previously computed,

see for example Line 29, as we were performing the numerical scheme at a level ¢ + 1, updating the solution on

the overleaves. Eventually, since the solution has to be updated on the complete leaves cel1s, the solution

obtained on the overaleaves is averaged back on the cel1s underneath, see Line 44.



194 Chapter 6. Multiresolution and adaptive lattice Boltzmann schemes implementation

6.4 CONCLUSIONS

In Chapter 6, we have presented how multiresolution is implemented using SAMURAT and how we cope with the
efficient implementation of the reconstruction operator, which is used in the adaptive lattice Boltzmann schemes
presented before. The material of Chapter 6 is only a specific and partial demonstration of the possibilities of-
fered by SAMURATI: for more information, the interested reader can consult the documentation https://hpc-math-
samurai.readthedocs.io. Concerning the perspectives of this work, the code parallelization is surely one of the
most interesting topics to be studied in forthcoming contributions. Also, as GPUs have proved to be extremely ef-
ficient supports for lattice Boltzmann computations, a future axis of research concerns the implementation of these
schemes, within SAMURAT, on this type of architecture. It should be noted that a large body of literature exists on
parallel [Axner et al., 2008, Mazzeo and Coveney, 2008, Vidal et al., 2010] and GPU implementations [Bernaschi
et al., 2010, Tomczak and Szafran, 2019] of the lattice Boltzmann method on complex geometries. Therefore, all
future effort in this direction has to take these previous works into account. We also stress that we adopted a sub-
optimal strategy using the overleaves which—though only needed for the computation of the pseudo-fluxes
for the adaptive scheme—are permanently present in the data structure. A next step in the code optimization
would be to find a more efficient way of evolving the solution using reliable data without having to use these
overleaves.


https://hpc-math-samurai.readthedocs.io
https://hpc-math-samurai.readthedocs.io
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GENERAL INTRODUCTION

As seen in Chapter 1, lattice Boltzmann methods act in a kinetic fashion by employing a certain number of discrete
velocities, larger than the number of macroscopic equations to be solved. The scheme proceeds via two distinct
steps. The first one is a local non-linear collision phase on each site of the mesh, followed by a lattice-constrained
transport, which is inherently linear. The local nature of the collision phase makes the method embarrassingly
parallel and the fact that the “particles” are constrained to dwell on the lattice allows to implement the stream
phase as a pointer shift in memory. This results in a very efficient numerical method capable of reaching problems
of important size in terms of computational and memory cost. To our understanding, the highest price to pay
for this highly efficient implementation of the method is the lack of a unified convergence theory—which would
allow understanding why the overall procedure works well at approximating the solution of the target problem.
Rigorous proofs of convergence have been possible only for either very simple schemes or featuring some very
specific structure. This is essentially due to the fact that—the standpoint of the lattice Boltzmann schemes being
kinetic—the number of discrete velocities g is larger than the number of equations to solve N. The lack of a unified
convergence theory comes from the fact that we do not have precise notions of consistency and stability for lattice
Boltzmann schemes. In the spirit of the Lax theorem for Finite Difference schemes, consistency, and stability allow

to show convergence but are generally easier to check than this latter property.

AIM AND STRUCTURE OF PART III

The aim of Part III is to introduce rigorous notions of consistency and stability for lattice Boltzmann schemes,
which allow us to analyze their convergence towards the solution of a given problem. Otherwise said, Part III
has the ambitious target of shifting lattice Boltzmann back to the realm of numerical analysis. It is structured as
follows. In Chapter 7, we eliminate the non-conserved moments from the lattice Boltzmann schemes at the fully
discrete level, in order to recast the method into the form of multi-step Finite Difference schemes on the conserved
moments only. This allows to keep only the N variables of interest for the conservation laws to solve and allows
to forget about the lattice Boltzmann methods being discretizations of mesoscopic equations. The notions of
consistency and stability are therefore naturally inherited from those of multi-step Finite Difference schemes.
Once these notions are established, we aim at studying them on the original lattice Boltzmann scheme without
having to explicitly perform the transformation towards the Finite Difference schemes. From this standpoint,
consistency is studied in Chapter 8, whereas linear L? stability is analyzed in Chapter . Finally, Chapter 10
deals with the study of the initialisation of lattice Boltzmann schemes, taking into account that they feature more

unknowns ¢ than the initial data at our disposal, namely N.

PUBLISHED WORKS

The content of Part III has led to the following publications in peer-reviewed journals.

« [Bellotti et al., 2022¢] Bellotti, T., Graille, B., and Massot, M. (2022€). Finite difference formulation of any
lattice Boltzmann scheme. Numerische Mathematik, 152:1—40.

This covers the content of Chapter 7 and part of Chapter .

« [Bellotti, 2023b] Bellotti, T. (2023b). Truncation errors and modified equations for the lattice Boltzmann
method via the corresponding Finite Difference schemes. ESAIM: Mathematical Modelling and Numerical
Analysis, 57(3):1225-1255.

This spans the content of Chapter 8.

« [Bellotti, 2023a] Bellotti, T. (2023a). Initialisation from lattice Boltzmann to multi-step Finite Difference
methods: modified equations and discrete observability. Submitted, see https://hal.science/hal-03989355.

This preprint covers the content of Chapter 10.
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CHAPTER 7

ELIMINATION OF THE NON-CONSERVED MOMENTS:

CORRESPONDING FINITE DIFFERENCE SCHEMES

GENERAL CONTEXT AND MOTIVATION

As previously pointed out—from our standpoint—the elimination of the non-conserved moments in the lattice
Boltzmann schemes is the keystone to be able to perform rigorous numerical analysis on this class of numerical
methods. Non-conserved moments, while playing a key role in the construction of the numerical algorithm,
as in relaxation schemes, do not have a counterpart in the system of equations to be solved at the continuous

macroscopic level.

STATE OF THE ART

In the past, some authors have noticed that for some particular lattice Boltzmann schemes, one has a corresponding
(sometimes called “equivalent”) Finite Difference formulation on the conserved variables. Despite this, no general
theory has been formulated. For instance: in [Suga, 2010], the author derives—by direct computations—a three-
stages Finite Difference scheme from D Q5 scheme with one conserved moment, limiting the discussion to a linear
framework with one relaxation parameter. Similarly, Dellacherie [Dellacherie, 2014] derives a three-stages (two-
steps) Finite Difference scheme for the D;Q, lattice Boltzmann scheme with one conserved moment. Again, this
is limited to one spatial dimension and to a linear framework. A higher level of generality has been reached by the
works of Ginzburg and collaborators, see [Ginzburg, 2009] for a recap. They succeeded, using a link formalism, in
writing a class of Lattice Boltzmann schemes as Finite Difference schemes [d’Humiéres and Ginzburg, 2009]. With
their highly constrained link structure to be enforced, the resulting Finite Difference scheme with three stages is
valid regardless of the spatial dimension and the choice of discrete velocities. The limitation is that the structure of
the scheme is heavily constrained: the evolution equation of the moving particles can depend on the distribution
of the rest particles only via the conserved moments the equilibria depend upon and the schemes must be two-
relaxation-times models with collision operator shaped by the link structure and “magic parameter” equal to one-
fourth for every link. Even if [Ginzburg, 2009] explicitly provides the expression of the Finite Difference scheme
only for one conserved moment, the proposed procedure works for any number of conserved moments. This is
made possible by showing that each distribution function at the new time ¢+ At can be written as a function of
itself at time £ — At (two steps before) plus known terms depending on the equilibria. The difficulty in establishing
a result for more general schemes comes from the coupling between spatial operators and time shifts. Finally, the
authors of [Lin et al., 2021] have performed essentially the same computation as [Suga, 2010] on a D; Q3 with one
conserved moment and multiple relaxation parameters. We must mention that during the thesis, an interesting
work by [Fucik and Straka, 2021] has been published covering the very same subject and essentially coming to the
main result of Chapter 7. Their focus is different than ours since they adopt a purely algorithmic approach rather
than a precise algebraic characterization of lattice Boltzmann schemes. We actually provide more insight into the

bound on the number of time steps of the corresponding Finite Difference scheme and our formalism, based on
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polynomials, aims at providing a direct link with the classical tools for consistency—cf. Chapter 8—and for the
stability analysis—cf. Chapter 9. In [Fucik and Straka, 2021], the authors rely on a decomposition of the scheme
using an hollow matrix (matrix with zero entries on the diagonal) yielding an equivalent form of the scheme with
the diagonal non-equilibrium part, after a finite number of steps of their algorithm. However, to the best of our
understanding, the origin of such algorithm is not fully clear. In their work, the spatial shifts of data introduced
by the stream phase are taken into account using a rather cumbersome system of indices, whereas we rely on an

simpler algebraic characterization of the stream phase.

AIMS AND STRUCTURE OF CHAPTER 7

The aim of Chapter 7 is to do—for general schemes and relying on a classical algebraic framework—what the pre-
viously cited works did for specific ones: eliminate the non-conserved moments from lattice Boltzmann schemes
in order to obtain multi-step Finite Difference schemes on the conserved moments only. To this end, Chapter 7 is
structured as follows. Section 7.1 proposes some introductory examples to understand the process of elimination
of the non-conserved moments on specific schemes. This allows to understand the basic way of proceeding. Then,
Section 7.2 discusses the analogous of the elimination of the non-conserved moments on linear systems of Ordi-
nary Differential Equations (ODEs), in order to clarify which theorem and assumptions are needed to do the same
on lattice Boltzmann schemes in full generality. The theorem to employ is indeed the celebrated Cayley-Hamilton
theorem on commutative rings, which is introduced and discussed in Section 7.3. Therefore, the objective of Sec-
tion 7.4 is to construct a specific commutative ring to represent the lattice Boltzmann schemes. In the pivotal
Section 7.5, we use the Cayley-Hamilton theorem to eliminate the non-conserved moments from any lattice Boltz-
mann scheme, yielding what we call “corresponding Finite Difference schemes”, which are multi-step. Section 7.6
is devoted to analyze the number of steps in the corresponding Finite Difference schemes more closely, taking
the opportunity to present examples and possible simplifications of the problem. In Section 7.7, we observe that
having recast the evolution of the discrete solution for the conserved moments as multi-step Finite Difference
schemes, the concepts of consistency and stability are directly inherited from those for these latter schemes. This
allows to construct a convergence theory like the one from the Lax theorem [Lax and Richtmyer, 1956]. Other
results on Finite Difference schemes can be used as well. This is illustrated with the help of a particular lattice

Boltzmann scheme. We eventually conclude and bridge with the forthcoming Chapters in Section 7.8.
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7.1 FIRST EXAMPLES

We start with simple one-dimensional examples with few discrete velocities, generalizing the computations by
[Dellacherie, 2014]. This is done in order to understand which kind of algebraic manipulations on the scheme are

needed to eliminate the non-conserved moments.

7.1.1 DjQ, SCHEME WITH ONE CONSERVED MOMENT

We consider the scheme introduced in Section 1.5.1. It can be recast on the moments in the form, where € AtN
and x € AxZ4:

$2
o (M2(t, x— Ax) —ma(t, x + Ax)) (7.1)

$2 eq eq
+ a(m2 (my (£, x—Ax)) —m, (M1 (£, x + Ax))),

1
my(t+At, x) = E(ml(t,x—Ax)+m1(t,x+Ax))+

1—82

mg(t+At,x):%(ml(t,x—Ax)—ml(t,x+Ax))+ (ma(t, x —Ax)+mo(t, x+Ax)) (7.2)

+ %(mgq(ml(t,x— Ax) + mSd(my (£, x + Ax))).

The first equation (7.1) concerns the conserved moment, whereas the second one (7.2) gives the evolution of the
non-conserved moment. The aim is to eliminate the non-conserved moment m; from (7.1). To do so, consider (7.2)
at the shifted time ¢ — At and at points x + Ax:

1—82

A
my(t,x—Ax) = E(ml(t—At,x—ZAx) -my(t—AtLx))+ (ma(t—At,x—2Ax) +my(t—At, X))

N
+ Ez(mzq(ml(t—At,x—ZAx)) +myd(my (£ - At, x))).

1-5o

A
my(f, x+Ax) = E(ml(t—At,x) -mi(t—At, x+2Ax)) + (ma(t— AL x)+ma(f—At,x+2Ax))

N
+ ?Z(mgq(ml(t— At, %)+ my(my (£ — At, x +2AX))).

Taking the difference of these two equations gives

A
mo(t,x—Ax)—my(t,x+Ax) = E(ml(t—At,x—ZAx) =2mi(t—At,x)+mi(t—At,x+2Ax))

232 (Mo (£ — AL, x —2A%) — Mo (£ — AL, x +2A%))

+

+ %(mgq(ml(t— At,x—2Ax)) — myd(my (£ — At, x+2A%)).  (7.3)

In this equality, m is still present. Consider (7.1) at the previous time step ¢ — At and at the points x + Ax of the
lattice. This gives

1—32
21
+ Zs—i(mgq(ml(t— At,x = 2A%)) — my (M1 (£ — At, X))).

1
mi(t,x—Ax) = E(ml(t—At,x—ZAx) +my(t—Atx)+ (ma(t—At,x—2Ax) —my(t— At x))

1-s
2/12 (Mo (£ = At, X) —my(f — AL, x + 2A%))

1
mi(t,x+Ax) = E(ml(t—At,x)+m1(t—At,x+2Ax))+

+ Zs_i(mgq(ml(t— At, X)) = myd(my (£ = At, x +2Ax))).
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Summing these two equations provides

1
mi(t,x—Ax)+my(t,x+Ax) = E(ml(t—At,x—ZAx)+2m1(t—At,x)+m1(t—At,x+2Ax))

N
Z (Mo (£ — At x —2A%) — Mo (£ — AL, x +2AX))

)

$2 eq eq
+ ﬁ(m2 (my(t—At,x—2Ax)) —m, (M1 (t — At, x +2Ax))).

In this expression, we isolate the term that we wish to eliminate from (7.3). This reads

282 (Mo (t—At,x —2Ax) —ma(t— AL, x +2Ax)) = A(m1(t, x — Ax) + mi(t, x + Ax))

A
—E(ml(t—At,x—ZAx)+2m1(t—At,x)+m1(t—At,x+2Ax))

- %(mgq(ml(t— At, x = 2Ax)) — my (M (£ = At, X +2Ax))),
which put into (7.3) yields
my(t,x—Ax) —my(t,x+Ax) = Am1(t, x — Ax) + mi(t, x + Ax)) —2Am7 (£ — AL, x). (7.4)
Inserting into (7.1) leads to

my(t+At,x) = %(Z—SZ)(ml(t,x—Ax) +my(f, x+Ax)) — (1= s2)my (£ — At, X) (7:5)

$2 eq eq
+ ﬁ(m2 (my (£, x — Ax)) — m, (M (£, x + Ax))),

which is a Finite Difference scheme solely on the conserved moment m; linking three time stages ¢+ At, ¢ and
t — At. The scheme by (7.5) is the same found in [Dellacherie, 2014] under the assumption that mgq is a linear

function of m;. This scheme can be interpreted as follows:

« For s €]0,1], this is a convex combination (indeed, a 8-scheme) of the scheme
my(t+At,x)=my(t, x—Ax)+my(f,x +Ax) —mi(t— At x),

for s, = 0, which is consistent with the wave equation with wave velocities +A, and the Lax-Friedrichs

scheme
1 1
My (E+ALX) = Z(ma (6, X = Ax) +m (£, X +A%) + ﬁ(mgq(ml(t,x—Ax)) - myl(my (¢, x + Ax))),

for s, = 1.

« For s, €]1,2], this is a convex combination of a Lax-Friedrichs scheme (s = 1) and a leap-frog scheme (s, = 2)

mi(£+ Az, x) =my(r— A, x) + %(mgq(ml(t,x—Ax)) — my (1 (7, x + Ax))).

7.1.2  D1Q3 SCHEME WITH TWO CONSERVED MOMENTS

We consider the scheme introduced in Section 1.5.2 with moment matrix M given by (1.5) and two conserved
moments, namely N = 2. For the sake of presentation, we assume that mgq depends only on mj. This assumption

aims only at dealing with shorter formulee. Letting ¢ € AtN and x € AxZ?, the scheme on the moments reads

1
my (f+At,x) =mq (¢, x)+ ﬁ(mg(t,x—Ax) —my(t, x+Ax))

1-s
o (M3t~ Ax) = 2ms (1, 2) + M3 (£, 3 + Ax))
+ ﬁ(mgq(ml(t,x— Ax)) —2mgt(my (£, X)) + mgt(m (1, x + Ax))), (7.6)

272
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for the first conserved moment my, and

S
2/13 (M3 (£, x — Ax) — m3(, x + Ax))

+;—;(mgq(ml(t,x—Ax))—mgq(ml(t,x+Ax))), (7.7)

1
my(t+At,x) = E(mg(t,x—Ax) +mo(t,x+AXx))+

for the second conserved moment my. Finally, for the non-conserved moment ms, we have

1—83

A
ms3(f+At,x) = E(mz(t,x—Ax) —my(t, x+Ax))+ (m3(t,x —Ax) +m3(t,x+Ax))

+sz—g(mgq(ml(t,x—Ax))+mgq(ml(t,x+Ax))). (7.8)

The aim is to eliminate mz both from (7.6) and (7.7). Still, we do not want to eliminate m, from (7.6) and m; from
(7.7) because both these moments are conserved and should therefore remain in the final system. Looking at (7.7)
compared to (7.1) and at (7.8) compared to (7.2), the Finite Difference scheme on m;, can be found by exactly the

same computation as Section 7.1.1 and reads
1
mo (f+ At,x) = 5(2—53)(m2(t,x—Ax) +my(t,x+Ax))— (1 —s3)ma(f—At, x)
S
+ ﬁ(mgq(ml(t,x—Axn — m53(my (¢, x + Ax))).

The computation of the Finite Difference scheme for m; needs to be done differently. Consider (7.8) at the previous

time ¢ — At and on the points x — Ax, x and x + Ax:

1-s3

A
m3(f,x—Ax) = E(mg(t—At,x—ZAx) —ma(t—At,x)) + (m3(f—At,x—2Ax) + m3(t—At, x))

+ S—;(mgq(ml(t— At,x = 2Ax)) + mg(my (- AL, x)).  (7.9)

1—83

A
ms(t,x) = E(mg(t—At,x—Ax)—mg(t—At,x+Ax))+ (m3(t—At,x—Ax)+m3(t—At,x+Ax))

$3 eq eq
+E(m3 (M1 (t=Atf,x—AX)) + mg*(my (£ - At,x +Ax))). (7.10)

1-s3

A
ms(t,x+Ax) = E(mz(t—At,x) —my(t—At,x+2AXx))+ (mg(t—At,x) + mg(t—At, x+2AXx))

3 eq eq
+E(m3 (m1(£=ALx) +my (M (2 - AL, x+2Ax))).  (7.11)

Considering (7.9) — 2(7.10) + (7.11) (making us think of the three-points scheme for the Laplace operator) provides

ms3(f, x —Ax) —2m3(t, x) + mg(t, x+ Ax)
A
= E(mg(t—AI,x—ZAx) —2my(t—ALx—AXx)+2my(t—At,x+Ax) —mo(f—At,x+2AX))

1—83
+

(m3(t—At,x—2Ax) —2m3(t—At,x—Ax)+2m3(t — At, x)

—2m3(t—At,x+Ax) +ms(t—At,x+2AXx))
+ Sf(mgq(ml(t—m,x—zm)) —2mgl(my (£ = At, x — Ax)) +2mg  (my (£ — At, x))
—2mgl(my (£ = At, x+ Ax)) + mg(my (£ — At x + 2Ax%))).  (7.12)

We still have to handle the third and fourth lines out of the previous expression. To do this, consider (7.6) at time

step £ — At at points x £ Ax, giving
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1
my(t,x—Ax)=my(t—Af,x—Ax) + ﬁ(mz(t—Al‘JX—ZAx) —ma(t-AtL,x)
+ 2_123‘(m3(t—At,x—2Ax) —2ma(t = At, x = Ax) + m3(£ — At, X))

$3 eq eq eq
+W(m3 (m1(t—At,x—2Ax)) —2mg (M1 (¢t — At, x — AX)) + my " (my (£ — A, X)),

1
mi(t,x+Ax)=mi(t—At, x+Ax)+ ﬁ(mg(t—At,x)—mg(t—At,x+2Ax))

1-s3

+ 12 (mg(t—At,x)—2m3(t—Atf,x+Ax) +m3(t—At,x+2AXx))

S3 eq eq eq
+W(m3 (ml(t—At,x))—Zm3 (ml(t—At,x+Ax))+m3 (my(t—At, x +2AXx))).

Summing this two equations gives

mi(t, x—Ax)+m(5, x+Ax) =mi(t—ALx—Ax)+mi(t—At, x+Ax)

1
+ﬁ(mg(t—At,x—ZAx)—mz(t—At,x+2Ax))

+

S
/123 (m3(t = At x—2Ax) = 2m3(t—At,x — Ax) +2m3(f — AL, x) = 2m3(t — At, x + Ax) + m3(t — At, x + 2Ax))
+ ;%(mgq(m(t—At,x—ZAx)) —ngq(mﬂt—At,x—Ax)) +2m§q(m1(t—At,x))

—2mgl(my (- At, x + Ax)) + mg(my (£ — At, X+ 2A%))),

hence isolating the term in ms to eliminate in (7.12):

— §
Tg(mg(t—At,x—ZAx) —2mg(t—At,x—Ax)+2m3(t—At,x)—2m3(t— At x
+AX)+m3(f— AL, x+2Ax) = A2(m1 (¢, x — Ax) + my (£, x+ Ax)) — A2(m1 (£ = AL, x — Ax) + m1(t — AL, x + Ax))
A S3  eq eq
—E(mg(t—At,x—ZAx)—mg(t—At,x—i-ZAx))—E(m3 (ml(t—At,x—ZAx))—2m3 (my(t—At,x—AXx))

+2mgl(my (1 — At, x)) = 2mg (m (= A, x + Ax)) + mg* (my (£ — A, x + 2AX))),

which—plugged in (7.12)—gives

ms3(t,x—Ax) —2ms(t,x) + m3(t, x+Ax) = )Lz(ml(t,x—Ax) +my(,x+Ax))

—A2(m1(t= AL, x—Ax) +my(t — A, x + Ax)) — Ama(t — At x — Ax) — ma (£ — At, X + Ax)). (7.13)

Inserting this equation into (7.6) renders the Finite Difference scheme for the conserved moment m;:

my (t+At,x) =my(t,x)

1-s3

1-s
+ (M1 (£, x — Ax) +my (£, x +Ax)) — T3(m1(t—At,x—Ax)+m1(t—At,x+Ax))

1-s
+ ﬁ(mz(t,x—Ax) —mo(t, x+Ax)) — Ws(mg(t—At,x—Ax) —my(t—At, x+AXx))
83

o0 (m3(my (£, x = Ax)) = 2mg (M1 (2, X)) + mg (M (2, X+ Ax))).  (7.14)

We recall the Finite Difference scheme for my:
1
my(t+ At,x) = 5(2 —53)(Ma(t,x —Ax) + mo(f, x+Ax)) — (1 —s3)ma(f — At, x)

(7.15)

$3 eq eq
+ ﬁ(m3 (my (£, x — Ax)) — mg~(my (¢, x + Ax))).

To summarize, the key of these computations yielding (7.5) and (7.14)/(7.15) is to rewrite the scheme at different
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time steps and at different points of the lattice and recombine the equations in order to get rid of the non-conserved
moments. This is possible because the scheme is time-space invariant, so to speak, each point of the discrete lattice
AtNx AxZ? “sees” the same numerical scheme as the other points.

7.2 ELIMINATION OF “NON-CONSERVED” MOMENTS ON ODEs

We now would like to perform the operations in the examples of Section 7.1 in full generality—that is—for any
lattice Boltzmann scheme. To understand what is needed, the simple framework of linear systems of ODE:s is
quite helpful. On these systems, we can indeed perform an operation closely related to the elimination of the

non-conserved moments.

Consider a system of linear ODEs of size g € N* made up of a matrix A€ M ;(R):

Y =Ay), t=0,

(7.16)
y(0) =y°eR9.

We could equally take the matrix with entries on any field, for example, A € M ;(C). This system is the analogue
of the lattice Boltzmann scheme, in the sense that its state space is of dimension g and it features a first-order time
derivative, as lattice Boltzmann scheme are one-step schemes. Two operations can be devised to and from (7.16)

as in what follows.

+ Transforming a single ODE of high order
! (k)
Yy (1) =0 (7.17)
k=0

with ¢4 =1 into a system of first order equations like (7.16) by considering A to be the companion matrix of
the polynomial associated with equation (7.17), namely

[—c;1 1 - 0 0
A=] ¢, 0 -~ 1 0|
-1 0 e 0

—co 0O - 0 0

is a current practice, which unsurprisingly makes the problem more handy from the computational stand-

point, i.e. to apply a numerical scheme to perform its time integration.

Example 7.2.1. Consider the model for the one-dimensional linear harmonic oscillator y + X y1 = 0 for a mass

m >0 linked to a spring of constant x = 0. The associated system reads

! 0
y}]m= . yl]m.
) “m 9] ()2

=A

+ Though being the analogous of what we aim at doing of lattice Boltzmann schemes, the other way around,
namely passing from a system of first order (7.16) to a single equation of higher order (7.17), seems to be
seldom considered. We proceed as in [Cull et al., 2005]: iterating, we have that y® = A¥y for k € [0, g]. Let
(¢k)ke[o,q) © R be g +1 reals coefficients. We then form

q q
3 ey = (Z ckAk)y. (718)
k=0 k=0
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Taking (ck) kefo,q] to be the coefficients of the characteristic polynomial of A, namely det(XI—-A) = Z,’iig X k.
by virtue of the Cayley-Hamilton theorem, the right hand side of (7.18) vanishes. We thus deduce the corre-
sponding equation on the first variable y; (playing the role of the conserved moment in the lattice Boltzmann
scheme), given by

YilayPm=0,  t>0,

y1(0) = (A%y°)y,
. (7.19)

AP0 = (a1 1y,

This provides a systematic way of performing the transformation without having to rely on hand compu-
tations and substitutions. It therefore tells us that we have to recast and understand the lattice Boltzmann

schemes under a form which is suitable to apply a generalization of the Cayley-Hamilton theorem.

Example 7.2.2. To give an example, consider the matrix

A= ) with det(XT-Ap) =X3-3X%>-2X+1.

—
N N =
S =

/1

The corresponding ODE of higher order (7.17) on the first variable y, therefore reads y' —3y) —=2y; +y1 =0.

7.3 THE CAYLEY-HAMILTON THEOREM ON COMMUTATIVE RINGS

Commutative rings are one general algebraic structure on which the Cayley-Hamilton theorem holds. It shall turn
out that we can construct a commutative ring to represent our lattice Boltzmann schemes. We here present the
Cayley-Hamilton theorem for commutative rings and an algorithm which allows to compute the characteristic
polynomial quite rapidly.

Let R be a generic commutative ring. We shall here consider matrices with entries belonging to R [Brewer
et al., 1986, Dummit and Foote, 2004] instead of fields such as R and C. Still, the characteristic polynomial can be

defined in a similar way:

Definition 7.3.1: Characteristic polynomial

Let R be a commutative ring and C € M ;(R). The characteristic polynomial of C is defined by det(X1I -
O e RIX].

Algorithm 5 Faddeev-Leverrier algorithm for the computation of the characteristic polynomial of a square matrix
on a commutative ring R.

Input: Ce M, (R).

SetD=C
for ke [1,q] do
if k> 1 then
‘ Compute D =C(D +cg_g411)
‘ end if
‘ Compute c;_f = —tr(kD)
end for

Output: the coefficients (cg) kefo.q] © R of the characteristic polynomial det(XI—C) = Z,’iig cr X k.

The naive computation of the characteristic polynomial det(XI — C) using its Definition 7.3.1 via the deter-
minant could be computationally expensive, especially when dealing with symbolic computations like it shall
be in our case. For this reason, we employ the Faddeev-Leverrier algorithm [Hou, 1998] which is of polynomial
complexity, generally lower than that of the pivot method. The process is detailed in Algorithm 5 and only uses

matrix-matrix multiplications and the computation of the trace, denoted by tr(-).
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Remark 7.3.1. The algorithm proposed by [Fucik and Straka, 2021] heavily relies on the computation of the traces of
matrices and therefore looks quite similar to Algorithm 5. We hence conjecture that their proof concerning the fact that
their algorithm terminates within a finite number of steps is an alternative proof of the Cayley-Hamilton Theorem 7.3.1

that we are going to state in a moment.

As previously pointed out, the Cayley-Hamilton theorem for matrices over a commutative ring [Brewer et al.,
1986], is a central result to be used with lattice Boltzmann schemes in order to eliminate the non-conserved mo-

ments. It generalizes the same result holding for matrices on fields, utilized in Section 7.2.

Theorem 7.3.1: Cayley-Hamilton

Let R be a commutative ring and C € M4(R). Then det(XT - C) is a monic polynomial in the ring R[X]
in the indeterminate X in the form

det(XI-C)=XT+cg1 X7 4+ 1 X +co,

with (¢k)ge[o,q) R such that
C74c4u1C7 4+ C+col = 0.

This result states that any square matrix with entries in a commutative ring verifies its characteristic equation.
Having characterized the algebraic structure that allows to obtain a quite general form of the Cayley-Hamilton

Theorem 7.3.1, we now turn to a specific commutative ring R.

7.4 CONSTRUCTION OF A SUITABLE COMMUTATIVE RING

We construct a commutative ring to encode the lattice Boltzmann scheme and then apply Theorem 7.3.1. We start
by presenting the original way of conceiving the ring. Then, we observe that there are different points of view
that can be adopted to interpret it. Here, the time variable does not play any role thus it is not listed.

We start by the following.

Definition 7.4.1: Lattice functions and linear maps on them

We define the space of lattice functions
F:= {f such that f : AxZ¢ — R},

Moreover, we consider L(F,F), the space of linear maps from F to F.

We also observe that £(F,F) has the following property.

Proposition 7.4.1

(L(F,F),+,0), where + is the sum and o the composition of linear maps, is a commutative ring.

We continue by recalling that the stream phase (1.4) implies discrete velocities (¢}) je[1,4] © 7% The idea is

then to associate an operator to each of them.

Definition 7.4.2: Shift operators in space

Let z € Z%. Then the associated shift operator on the lattice Ax 79, denoted tz, is defined in the following

way. Let f € F be any function defined on the space lattice, then the action of t is given by
tHx) =fx—2zAx),  VxeAxz?

We also introduce the set of shift operators T:={t; : z€ 7% = 79 where = indicates that two structures

are isomorphic.
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The shift operators yield information sought in the upwind direction with respect to the considered velocity.

The action of the composition of £(F,F) between shifts is directly inherited from the sum in Z%:

Lemma 7.4.1: Product of shift operators in space

The composition o of L(F,F) is internal to T < L(F,F), indeed

tzotw = tzew, Vz,we 7%

Henceforth, the product o is understood whenever no ambiguity is possible. This operation provides an alge-

braic structure to the shifts, directly inherited from that of 74,

Proposition 7.4.2: Group of shift operators in space

(T, o) forms a commutative (Abelian) group.

Proof. Thanks to Proposition 7.4.1, the property follows from the fact that o is internal to T. Alternatively, we
have constructed an isomorphism between (T,0) and (Z%, +). The latter is an Abelian group, which achieves the

proof. 0

Remark 7.4.1 (Generators of T). Upon introducing the generating displacements along each Cartesian axis, given
by xq = te, for any a € [1,d], where e, is the a-th vector of the canonical basis, we observe that there is only “one

movement” in each direction which generated the shifts T:
T= <{X1r-- -)Xd}>r

where (-) is the customary notation for the generating set of a group. We remark that the fact that T is finitely-
generated since d is finite—though interesting—is not mandatory to state the results to come. The statement from

Proposition 7.4.2 is finally what one really needs.

If the lattice Boltzmann schemes were made only of the stream phase (1.4), the algebraic structure (T, o) would
be enough to describe them. Still, since also the collision phase (1.1) has to be taken into account, we have to add
one more binary operation, which is non-internal to T. This yields the cornerstone of Chapter 7, namely the set
of Finite Difference operators in space, which are finite combinations of weighted shifts operators via a sum. It is

defined as follows, see [Milies et al., 2002, Chapter 3].

Definition 7.4.3: Finite Difference operators in space

The set of Finite Difference operators on the space lattice AxZ? is defined as

D:=RT = {Z att, where {at}ieT <R is compactly supported} c L(F,F), (7.20)
teT

the group ring (or group algebra) of T over R. The “sum” +: D x D — D and the “product” o: D xD — D of

two elements are defined by

(Z att)+(z ﬁhh) =) (ac+Polt, (Z att)o(z ﬁhh) = Y (at+PBp)toh).

teT heT teT teT heT t,heT

Furthermore, the product of o € R with an element of D is given by

O’(Z att) =) (oayt.

teT teT

With the two binary operations, D behaves like Z and almost like R and C as well, as stated by the following

result, see [Milies et al., 2002].
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Proposition 7.4.3: Ring of Finite Difference operators in space

(D, +,0) is a commutative ring.

Hence, we see that we can apply Theorem 7.3.1 with ring R = D. Before going on with this idea, let us stress
some features of D.

Remark 7.4.2 (D, +,0) isnot a field). Observe that (D, +,0) is not a field, since not every element D has multiplicative
inverse. As an example, consider the centered approximation of the first derivative for d = 1, which is (t_; —t1)/(2Ax)
and refer to the notion of indefinite sum in the calculus of Finite Difference [Milne-Thomson, 1933, Miller, 1960]. The
elements having inverse are called “units” and divide all the other elements for D. It can be easily seen that the units
are the product of a non-zero real number and a shift in T. Indeed (at;)™' = (1/a)t_, for any @ € R~ {0} and z € Z%.
Observe also that the reals R can be identified with the sub-ring R= {aty : a €R}.

Remark 7.4.3 (D is more than a commutative ring). By Definition 7.4.3, since R is commutative, D can be also seen
as an algebra over R. It is also an Hopf algebra over R since R is a field. Moreover, D can be viewed as a free module
where the scalars belong to R and the basis is formed by the elements of the group T. It can also be easily shown that

D is a unique factorization domain (UFD), which encompass but are not limited to commutative rings.

Remark 7.4.4 (Alternative constructions of D). Even if we have presented our way of constructing D, different
derivations and interpretations are possible. Let us analyze some of them.

e Following [Cheng, 2003, Chapter 2], we could see functions on the lattice AxZ% as sequences and Finite Dif-
ference operators as sequences with compact support, whence the “compactly supported” in (7.20). By doing so,
the product o can be seen as a convolution between compactly supported sequences and the action of a Finite

Difference operator on a function as the convolution of a finitely supported sequence with a generic sequence.

* D can be isomorphically identified with the ring of multivariate Laurent polynomials with real coefficients in
the indeterminates x1,...,X4, that is

D =RIxi,x; ..o xar x5,

which shall be endowed with the standard sum and product of polynomials. This automatically implies that D is
a unique factorization domain. This identification can somehow be interpreted as the historical starting point of
umbral calculus [Roman, 2005], also known as calculus of Finite Difference [Miller, 1960]: allow to interchange

indices in sequences (operators or functions on the lattice AxZ? ) with exponents (in polynomials). In this case,

Zd

foranyze 79, we can seet, = x? using the multi-index notation where x = (x1,...,Xq) and thus x* = xfl X

e Finally, the same construction can be done by considering the discrete Fourier transform, using the standard
product and sum in C, see Section 7.7.

It is useful to define the conjugate operator of an operator d = Y7 att € D, denoted by d as d := Y et art ™! €
D. By interpreting D as a ring of Laurent polynomials, that is d = d(x), we obtain d = d(x) = d(x"!). When one
uses the interpretation using the Fourier transform, one relies on the conjugation over complex numbers. The

conjugate operator allows to define symmetric and anti-symmetric parts for any operator in D.

Definition 7.4.4: Symmetric and anti-symmetric parts

Let d € D, then we define | |
&m=5w+&, Nm:EM—a,

where S(d) is called symmetric part of d and A(d) is called anti-symmetric part of d.

As usual, the symmetric part is the conjugate of itself and the anti-symmetric is the anti-conjugate of itself.
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7.5 CORRESPONDING FINITE DIFFERENCE SCHEMES

Using the commutative ring D and Theorem 7.3.1, we can now rewrite any lattice Boltzmann scheme as a multi-step
Finite Difference scheme, in order to algebraically and exactly eliminate the non-conserved moments.
In order to rewrite the lattice Boltzmann in a form similar to (7.16), we can take advantage of the operators in T

to rewrite the stream phase (1.4) as (from now on, we do not use parenthesis when an operator acts on a function)
f(t+A1,x) =diag(te,,..., te, )F*(5,x),  te€ArN, xeAxz?

Here, the matrix belongs to M;(D) which forms a non-commutative ring (as for real matrices) under the usual
operations. This can be recast on the moments [Dubois, 2022, Farag et al., 2021]—in a non-diagonal form—by
introducing T := Mdiag(t,, ..., te, )M e M ¢(D), representing the stream phase on the moments. Merging with
the collision phase (1.1), we obtain a monolithic scheme given by

m(t+ At, x) = Am(z,x) + Bm®(z, x), reAtN, xeAxZz4, (7.21)
where we have introduced A :=T(I-8) € M(D) and B := TS € M;(D) and we employ the shorthand
meq(trx) = meq(ml(t)x)r---)mN(t)x))r

to indicate the moments at equilibrium evaluated on the current solution, in a particular on the conserved mo-
ments. In the rest of Chapter 7, the point of the lattice x € AxZ¢ shall generally be dropped for the sake of

readability. We observe several things.

Remark 7.5.1 (Eigenvalues of A). The operators (tc;) jc[1,4) © T < D are the eigenvalues of the matrix T. However,
they are not the eigenvalues of the matrix A (or B). Indeed, it is in general false that these eigenvalues belong to
the ring of Finite Difference operators D. This is analogous to the concept of “pseudo-scheme’, see [Strikwerda, 2004,
Section 10.6], because these eigenvalues do not represent Finite Difference operators but essentially act like them. Their

action is easily defined using the Fourier transform, see Section 7.7.

Remark 7.5.2 (Control systems). It is interesting to interpret the lattice Boltzmann scheme under the form (7.21) as
discrete-time linear control system with matrices on a commutative ring [Brewer et al., 1986]. This will be especially
useful in Chapter 10. The moments m are the state of the system evolving through the matrix A, whereas the equilibria

are the control via B being a non-linear feedback observing only a part of the state, namely the conserved moments.

Finally, observe that the only parts of (7.21) where the non-conserved moments mpy,1,...,my are present are
the left hand side and the term multiplied by A. The term with B is fine since it contains only terms depending
on the conserved moments, which we finally aim at keeping.

Before proceeding, we showcase the matrices T, A and B for the examples of Section 7.1 and more.
Example 7.5.1 (D1Q, scheme). Concerning the example of Section 7.1.1, we obtain that

Stx) 1A
AA(x1)  S(xp)

1-sDSe)  52Am)
(1-sDAAG) (1 -52)S(x1)

Sls(Xl) sTzA(Xl)
81/1A(X1) SgS(Xl)

’ )

Here, we recall that we have symmetric S(x) = (x; +x1’1)/2 and anti-symmetric part A(x;) = (x; —x;l)/2 of xi.
Example 7.5.2 (D1Q; scheme). Concerning the example of Section 7.1.2, we have

FAKD 7256 = 1)
Stx1) FAC) |,
AA(x1) S(x1)

_l
1
o O =

and A and B accordingly.
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Example 7.5.3 (D1Q3 scheme). Consider the scheme introduced in Section 1.5.2 with moment matrix M given by
(1.6). Then we have
3@Se)+1)  FAGD) 5z -1
T=| ZAx) Sx1) A |,
25x)-1) AAKD)  H(S6)+2)

and A and B accordingly.

7.5.1 ONE CONSERVED MOMENT

AtN

maXje[1,q]1¢;!

t+ At

Atmost g+1

t—2At

t—3At

Axz9

x—2Ax X X+ 2Ax

x—-3Ax x—Ax x+Ax x+3Ax

Figure 7.1: Maximal space-time domain of dependence of the corresponding Finite Difference scheme for N =1
(full black points inside the grey area) by virtue of Proposition 7.5.1 in the case of d = 1. The maximal space-time
slopes are determined by the maximal shift of the considered scheme whereas the number of involved time-steps
is at most g + 1.

We first analyze the case of one conserved moment, namely N = 1, to keep the presentation as simple as
possible and because it conveys the core idea. We shall eventually deal with N > 1—which gives some additional
difficulties—once the principles are established. The following result encompasses the findings from [Suga, 2010,

Dellacherie, 2014].

Proposition 7.5.1: Corresponding Finite Difference scheme for N =1

Consider N = 1. Then the lattice Boltzmann scheme given by (7.21) corresponds to a multi-step explicit

Finite Difference scheme on the conserved moment m; under the form

q-1 q-1/ k
mi(t+At,x) ==Y cemi(t+1—g+k)At,x)+ (Z (Z cq+,_kAr)Bmeq(t—kAt,x) , (7.22)
k=0 k=0\r=0 1

for all r € At[g—1,+o0[ and for all x € AxZ%, where (Ck)ke[[o,q]] c D are the coefficients of det(XI—A) =
Zizg cx X, the characteristic polynomial of A.

This result means that the conserved moment satisfies an explicit multi-step Finite Difference scheme with at
most g steps, thus involving g+1 discrete time instants, cf. Figure 7.1. The maximal size of spatial influence at each
past time step can be deduced by looking at Algorithm 5, derived from the Newton’s identities. It is interesting

to observe that also the non-conserved moments satisfy a Finite Difference numerical scheme, see the following
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proof. However, these schemes would depend on the conserved moment via the equilibria and are therefore not

independent from the rest of the system.

Proof of Proposition 7.5.1. Consider any k € N and let t € At[k—1,+o0[. Applying (7.21) recursively, we obtain
k-1
m(t+An) =Afm@ - (k-1DAD+ Y ATBm®i(s-rAn).
r=0
We denote 7:=t — (k—1)At, obtaining
k-1
m(i+kAD) = A*m(DH + Y. ATBm®(i+ (k—1-r)AD),
r=0

which holds true, in particular, for any k € [0, g]. We can then consider the coefficients (cy) ke[o,q] € D of the
characteristic polynomial det(XI—A) = Zﬁg cxX* and write

q q q k-1
Y ckm(i+kAt) = (Z ckAk)m(i) +) cp ) A'Bm®I(i+ (k—1-r)Ap). (7.23)
k=0 k=0 k=0 r=0

Applying the Cayley-Hamilton Theorem 7.3.1, thanks to Proposition 7.4.3, gives lezg cxA¥ = 0. Using the monicity
of the characteristic polynomial and changing time indices by setting 7+ gAt = ¢+ At gives

q-1 q k-1
m(t+AD==) cem(t+(1-g+kAD+ ) cp d ABm(t+ (k—g—r)Ar).
k=0 k=0 r=0

Observe that the last sum can start from k = 1. Performing a change of indices in the last double sum yields

q-1 q-1¢ k
mE+AD=-) cm(t+(1-qg+kAn+ Z(Z cq+r_kAr)Bmeq(t—kAt). (7.24)
k=0 k=0\r=0
The proof is achieved by selecting the first component in (7.24). O

Comparing (7.21) and (7.22)/(7.24) and looking at the proof of Proposition 7.5.1, we notice that we have somehow
performed a sort of “diagonalization” of the matrix A to obtain something diagonal in the moments m. We talk
about a “sort of” because we have observed—cf. Remark 7.5.1—that the eigenvalues of A do not generally belong

to D and there is no notion of change of basis in this framework.

Remark 7.5.3 (The fate of my,...,m; ). Remark that the non-conserved moments my,...,mg are no longer defined
and they cannot be recovered from (7.22), because we have selected the first line in (7.24). Still, there is a residual

“shadow” of their presence, namely the multi-step nature of the Finite Difference scheme (7.22).

Remark 7.5.4 (Meaning of “corresponding”). The word “corresponding” in Proposition 7.5.1 means that the original
lattice Boltzmann scheme and the corresponding Finite Difference scheme issue the same discrete dynamics of the
conserved moment my. This means that if one takes the initialization into account, cf. Chapter 10, the solutions will

always be equal up to machine precision.

Example 7.5.4 (D1Q, scheme). Coming back to Example 7.5.1, we have that

det(XI—A) = X2 — (2 — 51— 5)SEx1) X + (1 - 51) (1 = 52) (Sx1)* = Alx)?),
—_—
=1

s1S(x1)  FAKX)

k
k=0, _ ArB) =ell
for (rgbcqwk ° SsIAAKXD)  $25(x1)

1,

= (sIS(xl),%A(xl) ,

-B
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|

=(s1(s2—-1),0).

1-s)St)  52A)

k
k=1, ~—A'B| = t(—z- - I
for (;oc‘“ £ )1,. AC@zn 0D A (- s)Sk)

=C

=A
y s150a)  FAK)
S1AA(x1)  $2S(x1)+

s

~~

=B
yielding, thanks to (1.3), the corresponding Finite Difference scheme by (7.22)

m1 (£ + A1) = (2 - 52)Sx1)m1 () — (1= s2)my (£ — AI)+—A(X1)m2q(I),

which is exactly the previously computed (7.5), which has been obtained by direct computations.

Example 7.5.5 (D1Q; with N =1). Consider the scheme in Example 7.5.3. As the reader might have noticed from
the previous Example 7.5.4, the terms containing s1, which does not influence the lattice Boltzmann scheme, simplify
when computing the corresponding Finite Difference scheme, as we shall rigorously demonstrate in Section 8.2. It is

therefore harmless but useful to have less terms when writing down the equation, to assume that sy = 0. With this:

det(XT—A) = X3 + (—ZS(xl) 1+ 55(x) + %(S(xl) +2))X2

1) 8283

5
+(1+2560) = 52(S 1) + 1) - ?(S(xl) +— (Se+ 5 ))X—(l—sz)(l—sg),

and

. 0 2Ax) 3,12 S -1
for k=0, (Z Cq+r_kArB) =eiI[0 5S(x) A(Xl) - ( AA(Xl), (S(Xl) ))
r=0 L 0 AsA(X1) %(S(Xl) +2)

-B

k
for k=1, (Zcq+,_kA B) ( 25(x1)—1+s25(x1)+—(S(x1)+2))
r=0

é(zS(xl)+1) E2AK)  RSx)-1)
+| ZAx) (1 - 52)S6x1) B A))
2260q) -1 Ml-s)AK)  52(S00)+2)

-A
0 SAGD)  F(S00)-D
-1
[0 S0 SAK) =0,SZ(S; Lo, & 3;;)3(5( - ))
0 AuAG)  $500)+2

=B

k
ork=2, Corr_kA'B| =éet
q 1

r=0

1,

(1+2500) = s2S6) + 1= Z2 (S0 + 2 )+ =22 Sy + 1)) 1

-

=C
s 32Sta) +1) =2 A(x)) 3/12 3(S(x1)—1)
+(—25(x1)—1+s25(x1)+gg‘(S(xl)Jrz)) %A(Xﬂ (1 - 5)S(x1) 1- S3A(x1)
) 22(50x)~ 1) A(1— s)A(1) 1;3 (S6x1)+2)

=Cy

-A
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0 ZAx) 2 (Ski)-1)
+A% 10 $S(x)) BAx) | =00,0,0),
0 As2Axy) 33—3(5(X1) +2)

=B

where the terms in A? are quite involved to be written in the previous formula. They read, for example

1
(A2)11 = 2(1+2506)) + (1= S6) + 5 (=3 +45(x1) = S63),

(A2), = l(A(xz) 3% 0021 B oapg) A6 + ZAGE) + 22 (CaAm) + A
2 1 2 1 6 1 2 1 6 1 ’
and
1 S2 3 S283 s
(A?)13= W(—l +S06¢) + 54 -S06é)) + E(9—25(><1) —75(%) + — (-2 +S0)) + E(_3+ZS(X1) +S(x§))).

This boils down to the corresponding Finite Difference scheme which reads

my(t+Af) = (2S(x1) +1-550) - %(S(xl) +2))m1(t)

28 S3
3

5 1 1
+ (—1 —2S(x)) + $2(S(xq) + 1) + %(S(xl) + 3) - (S(xl) + 5))ml(t—m) +(1=52)(1 = s3)my (£ = 2A0)

s3(s3—1) (I-$2)83 S(x

2
+ TA(xl)qu(t) + T

Ax)myl(r— A + ;%(S(xl) - Dmg() + D-Dmil(e-An.  (7.25)
Remark 7.5.5 (Memory occupation). Before dealing with several conserved moments, namely N > 1, let us point
out that compared to the original lattice Boltzmann scheme, where either f € R7 or m € RY at time t has to be stored
at each node of the mesh AxZ% to evolve the solution, if we consider the Finite Difference formulation (7.22), we store
onlymy but at discrete times t, t—At, ..., t—(g—1)At. Moreover, if we take, in Example 7.5.3, s3 = 1, the third moment
relaxes at its equilibrium which totally determines it at each time step as function of the conserved moment. In this
case, in the original lattice Boltzmann scheme, one could only store my and my at the previous time at each node of
AxZ%. In the same fashion, (7.25) would involve only my at time t and t— At, hence again, two variables per node.
This means that the Finite Difference formulation does not allow, in general, to save memory compared to the original

lattice Boltzmann method.

Remark 7.5.6 (Time-space dependent schemes). One could think of allowing M = M(t,x) and/or S = S(t,x) to
depend on the time and space variables. This would imply to consider weights in Definition 7.4.3 made up of functions
instead of real numbers. However in this case, D would no longer be commutative because the multiplication by a
function does not commute with the shifts, see [Rota et al., 1973, “shift invariance”]. For example, take z € 7% and a
function g: Ax 79 - R, then

(tz o (gte))f (x) = g(x — zAX)f (x — zAX), ((gto) ot )f (x) = g(x)f (x — zAx), VxeAxZ?,

for any function f : AxZ% — R. The right hand sides are not equal in general, except when g is constant, which comes
back to the setting on Definition 7.4.3.

7.5.2 SEVERAL CONSERVED MOMENTS

Let us consider the case of several conserved moments, that is, N > 1. In this Section 7.5.2, we first observe on
an example that it is not indicated to proceed exactly like for N = 1, for several reasons. Then, we introduce a
decomposition of the scheme matrix A in order to avoid these shortcomings by treating each conserved moment
differently from the others. Finally, we use this new way of writing the scheme as for N = 1, namely invoking the
Cayley-Hamilton Theorem 7.3.1.

The first path that we might try to follow is to restart from (7.24) in the proof of Proposition 7.5.1 and to select

the i-th line in this identity with i € [1, N] spanning the conserved moments. Let us do this on the example of
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Section 7.1.2.

Example 7.5.6 (D1Q; with N = 2). Consider the scheme in Section 7.1.2 for N = 2 and let us focus on the first moment

my, that is, consider i = 1. We obtain

det(XT—A) = X3+ (=1-25(x7) + 51 + $25(x7) + $35(x1)) X?
+(1+2S0¢1) —251S(x1) — $2(S(x1) + 1) = 53(S(x1) + 1) + 5152S(x1) + 1835 (x1) + $253) X
—(1=-s51)(1-s2)1-s3),

and

for k=0, (Z cqﬂka’B)1 = (sl,s—zA((xl)),%(S(xl) -1,

r=0 A
k $2 s3(1—s2)

for k=1, (Z Cq+r—kArB) = (Sl(—2+82+S3)S(X1),I(—1+53)A(X1),T(5(X1)—1) ,
r=0 1,

k
for k=2, (Zcq+r_kA’B) = (5101 - $)(1 - 53),0,0).

This would yield the Finite Difference scheme

my(t+Af) = (1+25(x1) — $25(x1) — $35(x1))m ()
+(-1 —ZS(Xl) + Sg(S(Xl) +1)+ Sg(S(Xl) +1)—S2s3)mi(t—At)+(1—52)(1—s3)m;(t—2A¢1)

+ s—jA((xl))mz(t) + %2(—1 + 53)A(x)ma (£ — A1)

1- e
%(S(xl)—l)m;l(t—m). (7.26)

S3 S3
+ﬁ(5(x1)—1)m§q(t)+ 7
Looking at (7.26), we notice the following issues:

1. The scheme (7.26) does not coincide with (7.14) found by hand computations, even when s, = 0. This demon-
strates that this procedure does not yield the same results that one “manually” obtains by trying to eliminate

one conserved moment at each time without touching the remaining ones.

2. The scheme (7.26) depends on s, which is the fictitious relaxation parameter for the second conserved
moment my. We observed that for the original lattice Boltzmann scheme, thanks to (1.3), the scheme does
not depend on the sy,..., sy associated to the conserved moments. The issue is that—quite the opposite—the

corresponding Finite Difference scheme found in this way depends on this choice.

3. Applying the scheme (7.26) to smooth functions m; = m; (¢, x) and my = my(¢, x) with (¢, x) € R x R instead
of the lattice functions m; and my, we can study the consistency by performing Taylor expansions. Under

acoustic scaling, that is, fixing the lattice velocity A as Ax — 0, this yields
$283(0:my +0,my) = O(Ax).

When s, # 0 (again observe that we should not have this dependence), the scheme is consistent with the
first equation in (2.51), which would allow to conclude that this scheme is suitable to simulate the kind of
system investigated in Section 2.8.1.4. However, when s, = 0, which is often taken, see [Février, 2014], the

expansions have to be carried further in Ax and we obtain
§3(011m1 — 0 (Mg (m1))) = O(Ax).

What is the origin of this equation with second-order time derivative? The equations with which the original

lattice Boltzmann scheme is consistent, using the analysis by [Dubois, 2008] are

d;my +0xmy = O(Ax), (7.27)
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) +5x(m§q(m1)) = O(Ax). (7.28)

Formally taking 6,(7.27) and inserting (7.28) to get rid of 0, m3, one obtains the equation 0, m; —dxx(mgq(ml)) =
O(Ax). This is the wave equation associated with the original system (7.27)/(7.28) of conservation laws.
However, we would like to obtain corresponding Finite Difference schemes which, regardless of the number

of conserved moments N, are consistent with systems of PDEs which are first-order in time, like (7.27)/(7.28).

The previous remarks motivate to follow a different path. The idea is to do what we performed on Section 7.1.2,
that is, select a conserved moment and consider the other conserved moments as “slave” variables as the equilibria
have been until so far, because they imply variables that we eventually want to keep in the Finite Difference
formulation. Otherwise said, we do not want the other conserved moments to participate to the elimination of the
non-conserved ones by means of the characteristic polynomial of some matrix. In particular, we utilize different
polynomials for different conserved moments to obtain the Finite Difference schemes. To formalize this concept,
for any square matrix C € M;(R) on a commutative ring R, we consider C;:= (X;c;e; ® €;)C(L;cse; ® e;) for
any I < [1, g], being the matrix obtained by C where only the rows and the columns of indices in I are kept and
the remaining ones are set to zero. We also consider the matrix C[I] € My (R) obtained by keeping only the

rows and the columns indexed by I. A useful Corollary of Theorem 7.3.1 is the following

Corollary 7.5.1

Let R be a commutative ring, C € M (R) and I < [1, g], then one has
det(XI, - Cp) = X7 *Ddet(X Iy — CL1)).

Moreover, the polynomial det(X Iy — C[I]) is annihilated by Cj.

Proof. The first part of the Corollary comes from the Laplace formula for the determinant. The second one comes
from Theorem 7.3.1 applied to Cj. O

This means that the characteristic polynomial of Cj is directly linked to that of the smaller matrix C[I], which
is thus faster to compute, and that the latter is an annihilator for the first matrix. Coming back to lattice Boltzmann

schemes, for any conserved moment indexed by i € [1, N], we introduce the matrices
Al :A{i}UIIN+1'qH’ A;):A_Al. (7.29)

Notice that we have formed an additive decomposition A = A; +A?, which is of course not the only possible one, cf.
Section 9.3. The idea is to “save” the moments other than the i-th into A} and exclude them from the computation
of the characteristic polynomial, essentially like B, which was excluded as well. With these notations, we have

generated a family of problems of the same structure as (7.21) which read
m(t+Af) = A;m(1) + Aim(1) + Bm®i(r). (7.30)

It is important to point out that the term in A;m inside (7.30) does not involve any conserved moment other than
the i-th. Conversely, the term A?m does not involve any function except the conserved moments other than the

i-th. Then, the corresponding Finite Difference schemes come under the form stated by the following Proposition.

Proposition 7.5.2: Corresponding Finite Difference scheme for N =1

Consider N = 1. Then the lattice Boltzmann scheme given by (7.21) or (7.30) corresponds to a family of

multi-step explicit Finite Difference scheme on the conserved moment my, ..., my. Thisis, forany i € [[1, N]

q-N q-N/ k
m;(t+AL,x)=— ) ¢ emi(t+(N—q+ kAL, x) + ( > (Z Cin-N+g+r—kA] [ATm(f — kAL, x) (7.31)
k=0 k=0 \r=0 i




7.5. Corresponding Finite Difference schemes 215

q-N k
#( (3 cineqer-iAT|Bmtice - katn)
k=0 \r=0 i

for all t € At[q— N,+oo[ and for all x € AxZ%, where A; := Ajju[n+1,q) and A := A-A;, with
(Ci, ) kefo,g+1-n] < D are the coefficients of det(XT-A;) = xN-1 ZzigH_N

nomial of A;.

¢; kX, the characteristic poly-

Proof. The proof is analogous to the one of Proposition 7.5.1, taking advantage of Corollary 7.5.1. O
moments .
Proposition 7.5.2
A
LBM
Corr. FD
4 size time stencil !
N

» size space stencil
max;|c;l (g - N+ 1)max;|cjl

Figure 7.2: Comparison between lattice Boltzmann scheme (circle) and corresponding Finite Difference schemes
(square) in terms of involved moments (respectively g and N), number of time steps (respectively 1 and g— N +1)
and size of the maximal spatial stencil (respectively max;|c;j| and (g — N) max; chl).

Proposition 7.5.2 states that for each conserved moment, the corresponding Finite Difference scheme has at
most g— N +1 steps, thus involves g— N +2 discrete times, see Figure 7.2. This result encompasses and generalizes
Proposition 7.5.1. Observe that—at this stage—it is not totally clear whether the term featuring A$ in (7.31) depends
only on the conserved moments m, with r € [1, N] \ {i} or mistakenly depends on the non-conserved moments
My1,..., Mg that we aim at eliminating. To see that this is indeed the case, namely this term depends only on the
conserved moments, consider the example of g = 4 and three conserved moments N = 3. Then we would have,

for the first moment

* 0 0 x 0 %= 0
0 0 0 O * ok Kk K
Al = » AT = ’
0 0 0 O *x Kk kX%
* 0 0 =% 0  x 0
where the starred * entries might be non-zero. We then obtain
* 0 0 % * 0 0 % * 0 0 =%
, [0 0 0 0 0 00O 0 0 0 O
A1 — X eoe X —
0 0 0 O 0 0 0 O 0 0 0 O
* 0 0 % * 0 0 % * 0 0 %

~
r times
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i

where we see that the first row—which we are eventually interested in—involves uniquely terms in the remaining

Therefore, we have

k
rp©
2 C11-N+g+r-kAT AT =
r=0

* © o X%
o o o o
o o o o
* © O *
S X X O
L . S o
L . S o
S X x* O
o o o o
* © o X%
*x © o X%
o o o o

conserved moments indexed by i = 2,3. This point shall discussed again in Section 9.3.

Example 7.5.7 (D1Q3 with N =2). We come back to Example 7.5.6. Let us start by the first moment i = 1. We obtain

det(XTI - Al) = X3 +(-1- S(Xl) + 81+ SgS(Xl))Xz + (S(Xl) - slS(xl) - SgS(Xl) + 51535(X1))X,

where
LaeSx)+1) 0 58Sk -1) 0 S2AM) 0
A = 0 0 0 , A= [2OAGG) (1-s)Ska) BRAGD |,
2
21 (é—&) Sx)-1) 0 1_3_53»(5()(1) +2) 0 A1 - s2)A(x1) 0
along with
k Fro 1-so
for k=0, (Z Cl,l—N+q+r—kA1A1) = (0, N A(xl),O),
r=0 L
k s s
(Z C1,17N+q+r—kA;B) = (51; _ZA(XI)’ _S(S(Xl) - 1)),
r=0 1 A A
and
k —1+ 8+ 53— 825
for k=1, (Z Cl,l—N+q+r—kA;AT) = (0, %A(Xl)»o)’
r=0 1

(=1+s3)

- A1), 0),

k
s
(Z Cl,l—N+q+r—kA{B) = (81(53 - 1)S(x1), 2
r=0 1,

yielding the corresponding Finite Difference scheme
1 1-s
my (£ +Af) = (1+S50x1) = $350x1))my (1) — (1 = s3)S(x1)my (£ — Ax) + ZA(Xl)mz(f) - TsA(Xl)mz(t— Ar)
s
+ 2380 = Dm3 (),
which coincides with (7.14). Going on with the second conserved moment i = 2, one obtains
det(XI— A2) = X3 + (—ZS(Xl) + SgS(Xl) + SgS(Xl))XZ +(1-8y—83+85283)X,

with

k k

N

for k=0, (Z C2,1—N+q+r—kA£Ag) =(0,0,0), (Z C2,1—N+q+r7kA£ B) = (0, 525(x1), TsA(Xl))y
r=0 2, r=0 2,

k k
for k = ]., (Z C2,17N+q+r7kA£Ag) = (0,0,0)y (Z C2,17N+q+r7kA£ B) = (0, 52 (33 - 1),0)r
r=0 2, r=0 2,

yielding the corresponding Finite Difference scheme
s
ma(t+At1) = (2 - 53)Sx1)ma (1) — (1 - s3)ma (£ — Af) + fA(xl)mgq(t),

which coincides with (7.15). We observe that, thanks to this procedure, we have eliminated the non-conserved moment
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ms, obtaining schemes that do not depend on s, and s, as desired, and which are—under the scaling assumption that

we have previously taken into account—consistent with the expected PDEs (7.27)/(7.28).

7.6 NUMBER OF TIME-STEPS

Now that the main results Proposition 7.5.1 and Proposition 7.5.2 have been stated and proved, we can analyze
and comment some particular cases. In particular, we discuss possible simplifications and schemes with less time
steps in the process of elimination of non-conserved moments, since there exist cases in the literature where this
takes place and we would like to account for them.

To illustrate some basic peculiarities and mechanisms that easily transpose to lattice Boltzmann schemes, we

introduce the following matrices extending the discussion of Section 7.2:

1 1 1 1 1 1 1 1 0 1 0 1
Ai=|1 2 1, Ag=10 2 0f, Am=11 2 0}, Av=10 -2 0
1 2 0 0 0 2 1 2 1 0o 0 2

+ Aj has been treated in Example 7.2.2 and it is a standard application of the result presented hitherto.

« For Ay, the characteristic polynomial is det(XI— Ay) = X 3_5X%2+8X-4, corresponding to the higher order
equation y"’' —5y" +8y'—4y = 0. However, contrarily to Ay, the characteristic polynomial det(X I — Ay) does
not coincide with the minimal polynomial p4, = X? —3X + 2. Thus in this case, we could use the latter to
obtain (7.19) having y"” -3y’ + 2y = 0 This phenomenon is studied in Section 7.6.1. It indicates that we can
achieve a more compact corresponding ODE by using the annihilating polynomial of smallest degree on

every variable. This does not change the core of the strategy.

« For Apy, we obtain det(XT — App) = X3 —4X? +4X — 1, corresponding to y"' —4y" +4y' — y = 0. However,
by inspecting Ay , one notices that the first two equations do not depend on the last variable y3. For this
reason, we could have considered the matrix Am[{1,2}] obtained from Ay by removing the last row and
column. In this case det(X I — Aql[{1,2}]) = X> —3X +1, corresponding to the equation y” -3y’ +y = 0. This
kind of situation for lattice Boltzmann schemes is investigated in Section 7.6.2. It is interesting to observe
once more that det(X I, — Ayy[{1, 2}]) divides det(X I— Ayy). This shows that an initial inspection of the matrix
can yield a reduction of the size of the problem that can be achieved by a simple trimming operation, which

eliminates some variable from the problem but treats the remaining ones as usual.

« Finally, consider Ayy. In this case the characteristic polynomial and the minimal polynomial coincide
det(XT - Ary) = X3 — X? —4X + 4, corresponding to the equation y”' — y” — 4y’ + 4y = 0. However, if we
take the polynomial W 4, = X* —3X +2 such that ¥ 4, divides det(XI - Ary) and such that—with a slight

abuse of notation

0 0 O
Yay(Arv) =10 12 0f,
0 0 O

we see that it annihilates the first row, thus can be used instead of the other polynomials to yield (7.19). This
gives y" =3y +2y = 0. The question is elucidated for lattice Boltzmann schemes in Section 7.6.3 and shows
that asking for the annihilation of the whole matrix is too much to achieve a restatement of the equation
focusing only on the first variable. This strategy is different from the previous one because not all the lines

of the matrix are treated in the same way.

Let us transpose these observations to actual lattice Boltzmann schemes. A question which might arise con-
cerns the possibility of performing better than the characteristic polynomial, in terms of number of steps in the
corresponding Finite Difference scheme. There are cases, which seem quite rare according to our experience (we
succeeded in finding only one special case where this happens, presented in the forthcoming pages), where the
answer is positive (see Section 7.6.3 and the example therein). The conclusion that we are going to draw is the

following: we cannot currently envision a systematic way of guaranteeing the minimality of the Finite Difference
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scheme. This phenomenon has also been evoked by [Fuc¢ik and Straka, 2021] and our finding agrees with this

work.

7.6.1 MINIMAL REDUCTION IN TERMS OF TIME-STEPS

The first idea to obtain a simpler scheme is to use the minimal polynomial of A (or its submatrices, if needed) as

done for Ay in the previous discussion.

Definition 7.6.1: Minimal polynomial

Let R be a commutative ring and C € M, (R). We define the minimal polynomial of C, denoted uc as
being the monic polynomial in R[X] of smallest degree, thus in the form

d d -1
pic = X9BHO 4 queg(uo)—1 XWEHO T 4o 4 q1 X +qp,
with (a1 kefo,deg(uc)] R such that

CUBHO) 4 queg(u)—1 CIEH ! 4.+ qC+qol =0.

The characteristic and the minimal polynomial for problems set of a commutative ring are linked by a divisi-

bility property. The proof of this result is standard.

Lemma 7.6.1: Characteristic vs. minimal polynomial

Let R be a commutative ring and C € M (R), then uc by Definition 7.6.1 divides the characteristic poly-
nomial det(X I — C) by Definition 7.3.1. Therefore, we also have deg(uc) < deg(det(XI—C)).

Unfortunately, the minimal polynomial cannot be mechanically computed by something like Algorithm 5 as for
the characteristic polynomial, nor it allows to deduce some information on the Finite Difference scheme without
explicitly computing it, since it does not stem from the determinant function with its peculiarities. The same
reduction of Proposition 7.5.1 with deg(ua) instead of g and qy. instead of ci is possible. It can be observed that
for Example 7.5.4 and Example 7.5.5, the minimal and the characteristic polynomial of the matrix A coincide. An
example of lattice Boltzmann scheme where the minimal polynomial does not match the characteristic polynomial
is provided in Chapter 9 with Section 9.4. However, we cannot present the example here because this would need
to introduce an ad hoc way of proceeding based on the transfer of terms between the matrices A and B, which is

different from the general path presented before.
7.6.2 RELAXATION ON THE EQUILIBRIUM
Secondly, a more careful look at relaxation matrix § allows us to write it as

S:diag(Sl,...,SN,SN+1,...,SN+Q,1,...,1),
—— P

-~
conserved non conserved

where s; €]0,2] \ {1} for i € [N + 1, N + Q] for some Q € N, whereas the last ¢ — Q — N relaxation parameters are
equal to one, meaning that the corresponding moments exactly relax on their respective equilibrium. Without
loss of generality, we have decided to put them at the end of S. The fact of considering some relaxation rates
equal to one is used in the so-called “regularization” models [Ladd, 1994]. We observe that the idea of setting
non-conserved moments to equilibrium dates back to the age lattice gas automata, see [Sword, 1956]. In [Coreixas
et al., 2019] and references therein, it is shown that “regularization” models enhance the stability features of the
schemes.

In terms of matrix structure, the consequence is that the last g—Q— N columns of A are zero, analogously to A
in the examples concerning ODEs. We can therefore employ the following decomposition of A: A=Ay n, o] +

A, similarly to (7.29). We shall consider the characteristic polynomial of A[[1, N+ Q]] (if N = 1, otherwise the
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characteristic polynomials of its submatrices), whereas we know that the second matrix A does not involve the
last g — Q — N moments (indeed, non conserved) because the corresponding columns are zero. In particular, by
Corollary 7.5.1, we have that det(XI, — A) = X972 Ndet(XInq — A[[1, N + Q]]). Therefore, Proposition 7.5.1 and
Proposition 7.5.2 are still valid using N + Q instead of g and one can use the matrix A[[1, N + Q]] instead of A
for the computation of the polynomial. The corresponding Finite Difference scheme for each conserved moment

shall therefore have at most Q + 1 steps instead of g + 1.

Example 7.6.1. Coming back to the setting of Example 7.5.3, assume that we consider s, # 1 and s3 = 1, hence having
Q = 1. Following the procedure described before, we obtain

det(XI — A[{1,2}]) = X2 + (—2S(x1) 1455k + %(S(xl) +2))X
5 1, 25 1
+ (1 +250¢) = 52(S(x) + 1) — g(S(xl) + g) + ?(S(xl) + 5))

yielding the corresponding Finite Difference scheme

1
m(t+A7) = (2S(x1) +1-5:50a) =~ 2 (S0a) +2))m1(t)

2s

5 1 ,
+ (—1 —2S(x1) + 55(S(x)) + 1) + g(S(xl) + g) =

1 S$2
(S(xl) + 5))ml(t— AD+ ZAC)mE (1)

1 e (1 - 52)
+ oz Sk = Dm0+ ——3

(Sex) - Dm3t (- AD).  (7.32)
Unsurprisingly, this is (7.25) setting s3 = 1, but is obtained by treating a smaller problem.

Observe that the fact of taking all the relaxation rates equal to one, relaxing on the equilibria, is the core
mechanism of the relaxation schemes [Bouchut, 2004], where relaxation variables are merely useful for the sake of
the computational scheme. In this case, there is nothing to do since the original lattice Boltzmann scheme is already
in the form of a Finite Difference scheme on the conserved moments. Our way of proposing a corresponding Finite

Difference scheme using characteristic polynomials is flawlessly compatible with this setting.

7.6.3 A DIFFERENT ELIMINATION STRATEGY

The third idea is to proceed as for Ay, namely looking for a polynomial which does not annihilate the whole
matrix A. To simplify the presentation, we limit ourselves to N = 1, namely one conserved moment. We introduce
this strategy to account for previous results on the subject [Ginzburg, 2009, d’ Humieres and Ginzburg, 2009].
Nevertheless, we shall justify its limited interest at the end of Section 7.6.3. The motivation of developing this idea

has come from the following Example 7.6.2.

Example 7.6.2 (Link D;Q, ., two-relaxation-times schemes with magic parameters equal to 1/4). Consider the
schemes introduced in [Ginzburg, 2009, d’Humiéres and Ginzburg, 2009], where for any spatial dimension d and
considering q = 1+ 2W with W € N*, which is the number of the so-called “links”. The discrete velocities should be
the opposite one of the other along each link, thus are such that

¢ =0, Cor =—Cor11, re[1,w],

but no further constraint has to be enforced on their choice. The moment matrix M is taken to be

1 1 1 1
0| 12 -2
0| A% 22
M= . e Miaw®),
0 A=A
[ 0 A2 22
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where empty block blocks indicate null blocks of suitable size. Finally, one has to ensure the all the so-called “magic

parameters” are equal to 1/4 for each link, which translates into our relaxation parameters to be
S2r =3, SZV+1=2_SJ rE[[IJW]])

with s €]0,2] given. Finally, one considers that one moment is conserved: N = 1. The claim in [Ginzburg, zo09] is that

the corresponding Finite Difference scheme is the two-steps scheme

Z (Slte,) — Dmol, (). (7.33)

r=1

w
Myt +AD = (2= )my(6) +(s—1)my (£ — AL + % Y Alte, )m5i(n) s 28

r=1

A2

This is claimed to be true regardless of the choice of d and W. By direct inspection of the corresponding Finite Difference
scheme (7.33), we can say that this reduction has been achieved using the polynomial ¥ p = X? + (s —2)X + (1 —s).
However, it can be easily shown that ¥ p does not annihilate the whole matrix A as the minimal and the characteristic

polynomial do, but solely its first row. With the usual slight abuse of notation, this reads

0O --- 0
*  eer %

Ya=|. . ], (7.34)
o %

where the starred % entries belonging to D are not necessarily zero.

We define the polynomial annihilating all the first row of the matrix A, except the very first element, which

corresponds to the conserved moment m; that we ultimately want to keep.

Definition 7.6.2: Minimal polynomial annihilating most of the first row of A

We indicate by W5 € D[X], which we might call “minimal polynomial annihilating most of the first row”

of A, the monic polynomial of smallest degree, thus under the form
Wa = X9ETD 45y 1 XOETAT 4t By X+ o,

such that
(Adeg(“PA) + 5deg(‘~I’A)—lAdeg(q}A)_l teeet ﬁlA ar ﬁOI) 1j =0, ] € [[2, CI]]

By seeing the coefficients of this unknown polynomial as the unknowns of a linear system, the problem of
finding W can be rewritten in terms of matrices, similarly to what has to be done for computing the minimal
polynomial, because it is not explicitly defined by a determinant via Definition 7.3.1. Consider the system of

variable size

(A - (AT 1)12 —(Arhz
: , (7.35)

A)1,0+1 - (AT 1)1Q+1 —(AT )1Q+1

and try to find the smallest r € [[1,deg(ua)], which shall therefore be r = deg(¥ a) such that the previous system
has a solution. It should be observed that the zero order coefficient py remains free. This under-determination
comes from the fact that we do not request that ¥z annihilates the whole first row of A. With this, we can proceed

as for Proposition 7.5.1 and obtain the following result.

Proposition 7.6.1: Corresponding Finite Difference scheme for N =1

Consider N = 1. Then the lattice Boltzmann scheme given by (7.21) corresponds to a multi-step explicit

Finite Difference scheme on the conserved moment m; under the form

deg(¥Pa)-1 ~
mi(t+ALx)=— Y prmi(t+(1—deg(Pa) + k)AL, x)
k=1
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deg(¥p) _ deg(Pa)-1/ k
+ ,5,(Ar)uml(t+(1—deg(\PA))At,x)+( > (Z Paeg(p)+r—kA” |[BM(t—kAL,x) |
r=1 k=0 r=0 1

for all t € Af[deg(Pp) — 1, +oo] and for all x € AxZ%, where (PK) ke[o0,deg#p)] < D are the coefficients of
¥ 5 from Definition 7.6.2.

Proof. By Definition 7.6.2, we have that

deg(¥p)
Po+ Y. Br(AD11,0,...,0].

r=1

deg(¥p) v
k=0 1,

Restarting from the proof of Proposition 7.5.1, in particular from (7.23) where cj are changed into py and q is

changed into deg(¥ a) and selecting the first row

deg(Pp) ~ deg(Pa)-1
Y pemi(F+kAD =my(F+deg(PA)AD+ Y Pprmi(F+kAD) +pomy (D)
k=0 k=1
deg(¥p) deg(Pp) (k-1
=( > f)kAkm(f)) + ) ﬁk(ZA’Bmeq(f+(k—1—r)At))
k=0 1 k=1 r=0 1
deg(¥a) _ deg¥a) (k-1 }
=(po+ D 6r(A’)u)m1(t)+ > 6k(ZAereq(t+(k—1—r)At)).
r=1 k=1 r=0 1

The term pom; (7) simplifies on both sides of the identity, hence we are left with

~ ~ deg(¥a)-1 3 deg(Ppa) B
mi(f+deg(Pp)A)=— > pemi(F+kAD+ Y Br(A)11mi(D)
k=1 r=1
deg(¥a) (k-1
+ Y Pr| Y ABMY(I+(k—1-1AD]| . (7.36)
k=1 r=0 1
The usual change of indices gives the claim. O

We see that we do not need the value of py to obtain the corresponding Finite Difference scheme, neither to
perform the computation using A, nor to deal with the equilibria through B. Looking at the first two terms on the

right hand side of (7.36), it is natural to consider the free value of g to be
deg(¥p)
Po=— 2 Br(ADn.
r=1
We also define

r=deg(¥a) ~

'3161 if ke Hl,deg(\ijA)]],
Pr =
-Xo pr(A")11, if k=0.

This generates a polynomial, which is indeed ¥ but with a precise choice of y. We will soon give a precise

characterization of this particular polynomial.

Definition 7.6.3: Minimal polynomial annihilating the first row of A

We indicate by W a € D[X], which we might call “minimal polynomial annihilating the first row” of A, the

monic polynomial of smallest degree, thus under the form

deg(¥ deg(¥p)-1
Wa = X9EEA) 4 piepapn) 1 XOEEAT 4oy X 4y,
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such that
(Adeg(‘I’A) + pdeg(‘-}’A)—lAdeg(\PA)_l +...+p1A+pOI)lj =0, ] € [[l,q]] (737)

Compared to Definition 7.6.2, we are just asking the property to hold also for the very first element of the first
row, namely for j = 1. This polynomial is ¥ 5 for a particular choice of py. It has been deduced from the reduction

of the lattice Boltzmann scheme.

The polynomial given by
deg(¥ deg(¥p)-1 ey
Wp = XOBEA) 4 B XETA T 5 X B0 - ) Br(ADn,
r=1

where (r)k)ke[[o,deg(\PA)]] c D are the coefficients of W 5 from Definition 7.6.2 fulfills Definition 7.6.3.

Proof. We are only left to check (7.37) for j =1. O

So in order to reduce the lattice Boltzmann scheme to a Finite Difference scheme using the new strategy,
considering a ¥ p from Definition 7.6.2 or the W 5 from Definition 7.6.3 is exactly the same thing. Moreover, the
W (but not a general Wp) can be linked to the minimal polynomial, essentially as the minimal polynomial is

linked to the characteristic one, namely by divisibility.

Lemma 7.6.3: Minimal polynomial annihilating most of the first row of A vs. minimal polyno-

mial

Let ua € D[X] be the minimal polynomial of A according to Definition 7.6.1, then W p according to Defini-
tion 7.6.3 exists and divides the minimal polynomial ua. Moreover, deg(¥a) = deg(‘i’A) < deg(ua)-

Proof. The proof proceeds like the standard one of Lemma 7.6.1. One considers the Euclidian division between up

and W p: there exist Q,R € D[X], respectively a quotient and a reminder such that
pa=Q¥a+R,

with either 0 < deg(R) < deg(¥a) or deg(R) = 0 (constant reminder polynomial). Assume that R # 0, then we have,
for every j € [1, g] and with the usual slight abuse of notation

(A (A)1j = QA1 (PA (A1 +(R(A), thus (R(AN; =0. (7-38)
=0 =0

This means that R fulfills the requested property by Definition 7.6.3, contradicting the minimality of ¥ p in terms
of degree. Thus necessarily deg(R) = 0 so that this polynomial is constant. However, a constant polynomial cannot

fulfill (7.38), except when R =0, concluding the proof. O

Relying on the discussion that we have conducted so far, we can revisit Example 7.6.2.

Example 7.6.3 (Link D;Q,y,; two-relaxation-times schemes with magic parameters equal to 1/4). For the scheme

introduced in Example 7.6.2, we have

! %A(tq) Sﬂ;zl(s(tcz) —D-- %A(tczw) s,{_Zl(S(tczW) -1) |
(1-9)S(te,) S Ate,)

AQ-9)A(te,)  (s—1)S(te,)
A= |— ) € Miow (D),

0 (1 - S)S(t02w) %A(tc‘zw)
A1 =9)Alte,,)  (s—1)S(te,y,)
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We look for the polynomial ¥ o (X) = X?+p1 X +po annihilating the first row of A except the very first entry, according
to Definition 7.6.2. We have shown that this boils down to solving (7.35), which reads

SiAte) ] [ LA,
135S (te,) - 1) =989 (S(te,) - 1)
: 51| = :

22 Ate) — =R At,, )
— L2 (S(tey) — 1| | =929 (St ) — 1) |

The equations have the same structure for every block of two equations: thus we can find a solution by studying each

block if it turns out that the solution does not depend on the block indices. Let r € [1, W], then we solve

EA(tQ,)rn = - =9I Ae,,),
L5 (Ste,) - D1 = =922 (S(te,,) - 1).

The solution is clearly given by p1 = (s —2). Since (A2)11 =1, we obtain pg = (2— ) —1=1-s, which finally yields
Y(X)=X?+(s=2)X+(1-29).

This approach correctly recovers the result from [Ginzburg, 2009] following a different path. However, to
our understanding, this new strategy is of moderate interest since it relies on an ad hoc and problem-dependent
procedure illustrated by Example 7.6.3 which can be practically exploited only for highly constrained systems or
for schemes of modest size (small g and/or Q). Moreover, for general schemes, it yields the same result as Propo-
sition 7.5.1 using the characteristic polynomial (take Example 7.5.3 for instance) but passing from an inefficient
approach to the computation of the polynomial instead of using the more efficient Algorithm 5. More precisely,
it is advisable to utilize Algorithm 5—which cost is polynomial in the size of the matrix—instead of progressively
construct the systems (7.35), try to find the minimum size with the desired property and then realizing that we
found to be equal to g and thus the corresponding polynomial is the characteristic polynomial. This situation will

come back to the surface in Chapter 10, when studying the issue of initialisation for lattice Boltzmann schemes.

7.7 CONSISTENCY, STABILITY AND CONVERGENCE DEDUCED FROM THE CORRESPONDING FINITE

DIFFERENCE SCHEME: THE EXAMPLE OF THE D1Q3; SCHEME

Since thanks to Proposition 7.5.1 and Proposition 7.5.2, we have recast the evolution of the discrete solution pertain-
ing to the conserved moments as multi-step Finite Difference schemes, we observe that the concepts of consistency
and stability are directly inherited from those for multi-step Finite Difference schemes. This allows to construct a
convergence theory like the one from the Lax theorem. Moreover, other results on Finite Difference schemes can

be used.

The aim of Section 7.7 is to provide an illustration of this by considering the D1Q; scheme introduced in
Example 7.5.3, deriving stability conditions, convergence theorems according to the smoothness of the initial
datum and provide numerical illustrations. We recall that the moment matrix M for this scheme is the one given
by (1.6) and reads

11 1
M=1] 0 A=A
o R b

We shall consider s3 =1, hence Q =1 (provided that s, # 1), in order to simplify the analysis by dealing with less

free parameters. The target problem is the the linear advection equation at velocity V > 0, which reads

o;u+Vo,u=0, tel0,T], xeR,
(739)
u(0,x) = u°(x), x€R.
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We shall consider an acoustic scaling with A > 0 fixed, so that m; approximates u and we shall take mgq(ml) =Vm
and mgq(ml) =xm; for some free parameter x € R.

Since the problem we consider is now linear, the Fourier transform is a useful and powerful tool to analyze
numerical schemes [Strikwerda, 2004, Chapter 2]. Let us introduce it. Consider F : 1 (Ax7% N 2 (Ax79) —
L2([-7/Ax, 7w/ Ax]?), called “Fourier transform”, defined as follows. Let f € £1(AxZ%) n ¢2(AxZ?), then
T 7 ]d

FIf1¢) = “Ax Ax

Z Axe 4 (x), ée [

a2
@M% yenxza

Sometimes, we will indicate the Fourier transform of a lattice function using a hat. We assume that the regularity
assumptions shall hold for any function of which we consider the Fourier transform. The Fourier transform is
extended to less regular entities by density arguments. The interest of the Fourier transform lies in the fact that
it is an isometry between 22(AxZ% and L2([-7t/Ax, 7w/ Ax]%), thanks to the Parseval’s identity [Strikwerda, 2004,
Chapter 2] and that it allows to represent the action of operators acting via the convolution product (also called
filters) like the Finite Difference operators D as a multiplication on C, see Remark 7.4.4. We can therefore represent

any shift operator in the Fourier space.

Lemma 7.7.1: Shift operators in space: Fourier version

Let z€ 7% and f € £} (AxZ%) n 2 (Ax Z%), then
_ ,—iAxz§ X w d
Fltf1&) =e FIf1(&), ée [ Ax’ Ax]

Therefore, the representation of the shift operator t, in the Fourier space is t, = e 2% and acts multi-

plicatively.

Proof. Let f: AxZ% — R with f € £1(AxZ%) n ¢?(AxZ%). We have, for every frequency & € [-/Ax,m/Ax]% and

using a change of variable

> Axe *¢f(x—zAx) =
xeAxz4

Z Axe—i(x+zAx)-£{:(x) — e_isz{]:[f](f).

xeAxzd

&) = —— _
Fltzf1(&) PISYIE 2m)di2

The rewrite of T and D in the Fourier space is then done in the straightforward manner, namely
Ti={e % . ze 7%, D:=RT,

where the sum and the products are the standard ones on C. All that has been said on D holds for the new repre-
sentation in the Fourier space D. Indeed, for any d = Y T att € D, we indicate d:=Yie1arteDits representative
in the Fourier space. Considering a matrix C € M (D), its Fourier representation Ce /\/lq(lj) is obtained by taking

the entry-wise Fourier transform of C. Furthermore, we have that

q F R q
detXI-A) =Y xk, = detxI-A)=Y & x5
k=0 F k=0

where (cg) ke[0,q] © D and (&) ke[o,q] © D are their Fourier representation.

For any multi-step scalar linear Finite Difference scheme, which we can write under the form

q
> Pg-kmit+(1-k)AD =0, (7.40)
k=0

where (@) re[o,4] < D, one can introduce an amplification polynomial [Strikwerda, 2004, Chapter 4], which can
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be written either in the primal space or—more often—in the Fourier space. This is

q q
o= Xk, b= prxk. (7.41)
k=0 k=0

We shall often write ®(@, X), where the wave-number is 0 := Ax € [-7,7]¢ to emphasize the dependency of the
amplification polynomial on it, through ¢; = @4 (@). Observe that since C is an algebraically closed field, then
the amplification polynomial ®(@, X) has g complex roots depending continuously on the wave-number @, which
we shall denote g = g (EAX) = g4 (@) for k € [1,g]. These roots do not generally belong to D, see Remark 7.5.1.
Still, they behave essentially like Finite Difference operators and are thus often called “pseudo-schemes”. Like
pseudo-differential operators, they are readily defined by means of the Fourier transform. For the D;1Q; scheme
at hand, the amplification polynomial reads, see (7.32)

K

2+ﬁ+(1

1-5 K

AZ

. 1
b, x) = X%+ (§

X 1)+1(5 K+Ss)c0s(9)+iszvsin(9))x+
A2 3 Az )

)cos(@)).

7.7.1  CONSISTENCY

Consistency and thus modified equations for the lattice Boltzmann scheme at hand can be found by applying the
corresponding Finite Difference scheme (7.32) to a smooth function m; defined on R x R which equals the discrete
solution my at the grid points of AtNx Ax Z%. This is followed by Taylor expansions. We shall see that consistency
can also be studied using Fourier analysis, see [Strikwerda, 2004, Chapter 3]. We have

Ax Ax? Ax? (5
(1 + Ta[ + Wan + O(Ax?’))ml = (2 — 8+ T(g - Sz)axx + O(A.XA))I’HI
Ax? A Ax? 1%
+ (—1 +5— Txu )0 + O(Ax4)](1 - Txa, + %an + O(Axs))ml + SZT(—Axax + O my
K (Ax? (1-s2)x (Ax? Ax Ax?
+ W(Taxx + O(Ax4)) + TZZ(TOXX + O(Ax4))(1 - TO; + Wa” + O(Axg))ml.

After some algebra and truncating at the third order

2

Ax X
m1+76,m1+manm1+O(Ax3)
Ax(l—s) Axs,V Ax%(s,—1) Ax%(2 - sy) K
=m1+Tzatm1— /12 0,ymq + 2;2 6nm1+—2(2+ ﬁ)axxm1+O(Ax3),

hence at leading order
0:myp +Vo,mp = O(Ax).

Formally, we also have 0;,m; = V20,,mj + O(Ax), hence we can eliminate time derivatives higher than at first
order, see [Warming and Hyett, 1974, Carpentier et al., 1997] to obtain the modified equation
1 1y1 Ky V? )

0y + Vo, my — AAx(g - 5)(5(2 + ﬁ) - ﬁ)axxml - 0(AxY). (7.42)
In what follows, we shall consider that V and A are fixed. One can make the numerical diffusion vanish—and
thus the scheme being second-order accurate with (7.39)—if s» = 2, which is a staple of lattice Boltzmann schemes
[Dubois, 2008, Graille, 2014, Junk and Rheinlander, 2008, Simonis et al., 2020], or by having x/A? = -2 +3V?2/A?
for any s, €]0,2].

In order to precisely quantify the regularity requirements on the initial datum u° to achieve the full order of
convergence, see [Strikwerda, 2004, Chapter 10], we take advantage of the Fourier transform and of the amplifi-

cation polynomial. Taking the Fourier transform of (7.39) in space, we obtain the equation
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for ¢ € R. With this, we have, see [Strikwerda, 2004, Theorem 10.6.1]:

Theorem 7.7.1: Accuracy

If a multi-step Finite Difference scheme (7.40) is accurate of order H as an approximation of (7.39), then
there is a unique root g; = §;(0) (we index it by one for the sake of simplicity) of its amplification polyno-

mial (7.41), defined for |6| < 6 for some positive 6y such that
81(EAX) = 1+A14(8) + O(AXD),
as Ax — 0. Moreover, there exists a non-negative integer p such that

eALad) _ 81(EAX)

< CcAxP @ + &P,
o xTA+I1ED

In this case, the scheme is said to be accurate of order [H, p].

Observe that in general (but exceptions might exist) p = H + 1. In particular, we shall see that p fixes the
minimal required Sobolev regularity of the initial datum u°. The root §; is the one concerning the consistency
of the scheme (physical eigenvalue), whereas the remaining g»,...,8, are only numerical eigenvalues and only
influence stability, without playing any physical role. For any scheme being consistent with an equation such as
(7.39), with first order derivative in time, there is always one root g; such that g;(0) = 1, see [Strikwerda, 2004,

Chapter 4.2].

Proposition 7.7.1: Accuracy

The corresponding Finite Difference scheme to the lattice Boltzmann scheme in Example 7.5.3 with s3 =1

has the following accuracies according to Theorem 7.7.1.

. If 55 €]0,2[ and x/A? # -2 +3V?/A?, then [H, p] = [1,2]
« If 5, €]0,2[ and x/A? = =2 +3V?/A? or s, = 2 and any k/A?, then [H, p] = [2,3].

Proof. For the scheme at hand, g is obtained as the root obtained by the formula for the solution of a quadratic

equation by adding the square root of the discriminant. We have

« Let 5, €]0,2[ and x /A% # =2+ 3V?2/ A2, this means that the order of accuracy is H = 1. We look for p. In the
limit of |0] <« 1, we have that

. o2 iVsp,, (5 « 6? 3 1 K)o :
O,X)=X +(—2+ N 9+(§+W—SZ)?+O(9) +X+(1-s3) 1+E _1+ﬁ 0°+0(6°)|.

With the help of symbolic computations, we obtain that

iv (1 1 K 1 V?
810 =1-—0+|—=|——=||2+ = ——1|—=|6%+ 06. .
£1(0) 2 +( 3(52 2)( +/12)+(s2 )/12 +0(0%) (7.43)
Having §(&) = —iV¢, we have that in the limit of small frequencies exp(Atg({)) =1 - %EAx - ‘/{—22 (EAZX)Z

O(((Ax)3), hence

eALa©) _ 81(EAX)
At

1 1\(1 k) V%), )
=1 (5—5)(5(24-?)—?)6 Ax+ O(Ax7)

(53665

where the passage from the first to the second line is obtained by adding a positive quantity to the right

) Ax(1+E1%) + 0(Ax?),

hand side of the equality. From this, we deduce that the accuracy is [H, p] = [1,2].
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« Let s =2 and « be free. The expansion need to be carried one order further. Then in the limit of small

wave-numbers

g10)=1-—0- +—

iV V_Zﬁ iV(
A A2 2 22

k)03 A

Using the fact that exp(Atg (&) =1- %fo A + %3 ©ax? +O((EAX)Y), we obtain

A2 2 6
AtgG(E) _ 5 2
e g1¢Ax)| V]|V 1( K) 2 3 3
= e T S+ = | [ A% +1E3) + 0(axD),
A, 5 |7z "3\t gz )|AY A+ K +0x)
whence the accuracy [H, p] = [2,3].
« Let k/A%2 = —-2+3V2/12% and s, €]0,2[ be free. We obtain
iv._ Vv2e? iv(3 3V2(1 03
610)=1-—0-——+—|=—2-"—|——1||=+0@Y,
&i1® A A2 /I(SZ A2 (Sz ))6 o0
hence ;
MO — g, EAx)| _IVI|(3 V2
- ool —||==2|l1-=||aX®a +1&P) + 0oAxD).
At 5 (32 )( /12) x“(1+1617) + O(Ax”)
Again, the accuracy is [H, p] = [2,3]. Moreover, the scheme could become of accuracy [H, p] = [3,4] for

sp = 3/2. However, the scheme would not be stable for this choice, as we shall see, thus is practically

unusable.

7.7.2  STABILITY

The second ingredient to achieve the convergence of the numerical scheme—in the spirit of the Lax theorem
[Strikwerda, 2004, Theorem 10.5.1]—is its stability. A scheme such as (7.40) is stable (notice that it might be
conditionally stable upon the choice of time-space scaling, etc.) if for any final time T > 0, there exist a constant

Cr such that
q-1
||m1(l‘)||SCTleml(kAt)ll, (7.44)
k=0

for a given norm, at every t € [, nt]At. Notice that (7.44) has to hold independently of the choice of initialization
m1(0),...,m1((g—1)At) and of At, and must particularly hold when At — 0, whence the number of considered steps
nr to reach T grows to infinity. As natural in the linear setting, we shall utilize the 22 norm |- 22 (the weighting
by Ax is understood), for which [Strikwerda, 2004, Theorem 4.2.1] provides an explicit characterization, which

assumptions fit the framework of the current example.

For this choice of norm, studying the roots of polynomials, in particular the amplification polynomial, is es-

sential. We thus introduce the following Definition.

Definition 7.7.1: Schur and simple von Neumann polynomials

A polynomial with complex coefficients is said to be a Schur polynomial if all its roots are strictly inside
the unit circle. If all the roots are inside the unit circle and those on the unit circle are simple, then the

polynomial is said to be a simple von Neumann polynomial.

For they characterise the stability with respect to the |-||,2 norm, we will particularly focus on simple von
Neumann polynomials. The following iterative procedure by [Miller, 1971], which is recalled in [Strikwerda, 2004,
Chapter 4] and later used—for example—by [Ginzburg, 2009, Lin et al., 2021, Barsukow and Abgrall, 2023] allows

to check whether a polynomial is a simple von Neumann polynomial.
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Figure 7.3: Stability region for Example 7.5.3 according to Theorem 7.7.3 with s3 = 1 (in black), obtained nu-
merically, as function of s, and x/A?, considering A = 1 and V = 1/2. The black dashed line corresponds to
k/A? = =2 +3V?/A2, for which the numerical diffusivity vanishes. The right image is a magnification of the left
one close to s =1.2.

Theorem 7.7.2: Criteria for simple von Neumann polynomials

A polynomial ®, € C[X] of degree r is a simple von Neumann polynomial if and only if either
1 9,0 < I(in(O)I and ®,_; isa simple von Neumann polynomial, or
2. ®,_; is identically zero and dx®, is Schur polynomial,

where we indicate

OF (0)D,(X) - D, (0)D} (X)
= .

oXX)=X"d,(X ), and P (X)=

7

As previously claimed, stability can be reduced to checking that the amplification polynomial is a simple von

Neumann one. For this, we consider [Strikwerda, 2004, Theorem 4.2.1].

Theorem 7.7.3: Restricted von Neumann stability

If the amplification polynomial ®(@, X) is explicitly independent of At and Ax, then the necessary and
sufficient condition for stability of the multi-step scalar linear Finite Difference scheme (7.40), i.e. (7.44),
for the £ norm is that ®(@, X) is a simple von Neumann polynomial for every wave-number.

Otherwise said, all the roots g (@) for k € [1,q] of d(0, X) given by (7.41) must satisfy the following
conditions:

1 |gx(@)| <1 for every O € [—7,7]9.

2. If |g1(@)] =1 for some 0 € [—, 714, then £ () is a simple root.

Under the first condition, the Finite Difference scheme (7.40) is said to be stable in the sense of von Neumann

with restricted condition.

~

We now turn to the D1Q5 at hand and employ the previous results. Since we shall use the method with lattice
velocity A =1 with advection velocity V = 1/2, we numerically check the stability according to Theorem 7.7.3, see
Figure 7.3. We observe that:

« The upper bound in the ratio % is always at % =1, even when changing V.

« The smaller | V|, the larger the stability region, as expected, because the scheme becomes more diffusive.



7.7. Consistency, stability and convergence deduced from the corresponding Finite Difference scheme: the example of
the D1Q3 scheme 229

0.0 === ﬂ
7 — —

—0.5

0.25 1

0.00 1

—0.25 A

—0.50 1

Figure 7.4: Plot of the function of w = cos (f) in inequality (7.47) for A =1 and V = 1/2 for different x.

« Close to s =1, the lower bound on % stays constant, whereas when increasing sy, it increases in a contin-

uous fashion.

We can then use Theorem 7.7.2 to find more explicit conditions, even still not completely satisfying.

Proposition 7.7.2: Necessary and sufficient conditions for stability

The corresponding Finite Difference scheme to the lattice Boltzmann scheme in Example 7.5.3 with s3 =1

is stable in the ¢ sense according to Theorem 7.7.3 if and only if

h 2+ V2<K<1 1 1( 3 +1)<K<1( 3 1) ( )
when P P Y TIPS Eal i) FT R e
when %>1, also 0<s;<2, and (7.46)
max S§V2(1+ )1 +Q( ))2+1(2—s)(2+£)(1—9( ))2((2—3)(2+£)(1— )
wel-11] A2 @ W rgleT A2 @ 2 A2 @
-6(1+Qw))| =0, (7.47)

with Q(cos(@)) := (1 - $2) (2 +x /A% + (1 —x/A%) cos(8))/3.

Observe that in principle all the constraints (7.45), (7.46) and (7.47) are not necessarily independent. Indeed,
we see that plotting the function of cos(f) minimized in (7.47), when we violate the upper bound in the first
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Figure 7.5: Validity region of the inequality (7.47), obtained numerically, as function of s, and x/A?, considering
A=1and V =1/2. The black dashed line corresponds to k/A? = =2 +3V?/A?, for which the numerical diffusivity
vanishes. The right image is a magnification of the left one close to s, =1.2.

constraint out of (7.45), the maximum (of a linear decreasing function) violates the inequality and is located at
cos(@) = —1 (high frequencies), which shows that as previously remarked, (7.45) and (7.47) are not independent.
Then, decreasing x/ A2, a local maximum starts to form inside [-1,1] and typically yields stability. However,
the behavior is different when s, is close to one and when it is way larger than one. For s, close to one (i.e.
sy = 1.1), once decreasing x/A?, a local maximum forms inside [-1,1]. Still, the function in (7.47) always remain
negative, yielding stability. At some moment, the maximum is reached for cos(f) = 1 (low frequency, thus the
fact that this constraint corresponds to having positive numerical dissipation) and and decreasing x/A? once more
yields instability, because (indeed) it violates the lower bound in (7.45). Again, the constraints show not to be
independent. Quite the opposite, for s, away from one (i.e. s, = 1.4,1.6 and 1.8), once the local maximum is inside
[-1,1], it never exits from this compact set when decreasing x/A?, until it violates the inequality. This explains
the different behavior of the lower bound for x/A? in Figure 7.3 according to the choice of s,. The maximum can
be reached either on the boundary of [-1,1] (in particular at 1, i.e. low frequencies) (for s, < 1.18 approximately)
yielding the flat profile close to s, = 1, or inside this compact set (for s, > 1.18), giving the tightening shape as
s2 increases towards s, = 2, due to frequencies in between low and high. Overall, the constraint (7.47) seems to
encompass all the remaining ones, namely (7.45) and (7.46), which is empirically confirmed by Figure 7.5, compared
to Figure 7.3: the whole stability domain is the one represented by (7.47).

Proof of Proposition 7.7.2. First, observe that coherently with [Warming and Hyett, 1974]—even if our setting can-
not allow to deduce (quite the opposite, this is false) that having positive dissipation in the small wave-number
limit is necessary and sufficient to achieve stability—a necessary condition is the positivity of numerical dissipa-
tion. This comes from the low wave-number expansion (7.43) of the consistency eigenvalue, which leads in the
limit of 0] <« 1

1 1)\(1 k) V2
510 =1-2|—-=|[=|2+ = |- =5 |6*+ 016>,
BOF =1-2(2- -3 52+ 53] - 3z o> + 0"

which imposes

K 3v?2

1z =-2+ 2 (7.48)
because otherwise the eigenvalue g (9) would be initial increasing in modulus for small wave-numbers, thus being
of modulus strictly larger than one in a neighborhood of 8 = 0. In order to find other conditions for stability, we

start from the amplification polynomial ®, in an iterative fashion as prescribed by Theorem 7.7.2:

u 2 (1 x 1 K iS5V o,
O,0,X)=X +(§ ﬁ_l +§ —5—ﬁ+352 cos(9)+Tsm(0)

X+1_32(2+K+(1 K) (9))
3 1z 1z cos(0) .
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We introduce

&30, X) = X20,0,X )
1-$ K

= 3 (2+ﬁ+

74
sin(@) | X + 1.

1- %) cos(0) | X%+

1(«x 1 K
5 ?—1 +§ —5—ﬁ+332 COS(G)—

We obtain

A 1-s5 K K A
B,(0,0) = 32(2+ﬁ+(1—ﬁ)c03(9)), X (6,0)=1.

The first condition to check is

R o 1-s,)2 K
@xamﬁ—@gamﬁ=i7fl(

2
2+ﬁ+ (1 Az)cos(Q)) -1<0, (7.49)
for every 0 € [-m,7]. (7.49) is a quadratic inequality in the unknown cos(8) € [-1,1] with positive coefficient for
the second-order term. This means that the maximum of the left hand side is reached on the boundary of [-1,1].

Let us determine which point on the boundary is maximal: we study

_ 2 2
M(2+£+(1—%)cos<9)) —1] —(1-s5)%-1

2
9 A 0-0
(1-s)? K 2 (1-s2)2 K
T(z FHl (I—A—)COS(Q)) = 3 (1+ﬁ)_1'
O=+n
which becomes, for sy #1
K ) ) ] V2 ok
-2< 2z <1, thus with the previous constraint -2+ SYa < 2z <1,

hence we study the maximum for cos(0) = —1, yielding
1( 3 +1)<K<1( 3 1)
2ll-sl " )7 227 2\1-551 )

K . . . K
<=2 or —>1, thus with the previous constraint —>1,

22 A2 A2

we study the maximum for cos(f) = 1, giving s, €]0,2]. We are ready to compute ®; which is given, after long

Otherwise, for

computations, by
&0, Xx)=01- Q(cos(@)) X - (1 —Q(cos@))?) + %(2 —$7) (2 + %) (1-cos(0))(1 —Q(cos(d)))
+ % sin(6) (1 + Q(cos())),

where we have defined

1-5 K
Q(cos(0)) := 3 (2 + FHl + (1 B ) cos(@))

Requesting that @ is simple von Neumann polynomial reads, by computing the square of the modulus of its
unique root and using the fact that sin?(#) = 1 - cos?(6) = (1 + cos(8))(1 - cos(6)).

2v2
> 5 (1—cos(@))(1+cos(@))(1+Q(cos@)))? + l(2—52) (2+—) (1-cos(0))?(1 — Q(cos(0)))?

——(2—32)(2+ )(1 cos(0)) (1 — Q(cos(@)))(1 - Q(cos(@)?) <0,

which gives, after simplifications



232 Chapter 7. Elimination of the non-conserved moments: corresponding Finite Difference schemes

2172
s5V

A2

(1+ cos(@) (1 +Q(cos(@)))? + %(2 - $2)

K
2+ﬁ

1- Q(cos(@)))z((z - sz)(z + %) (1-cos(6))

—-6(1+Q(cos(@))) | =<o0.

This is a third-order polynomial inequality in cos(0) € [-1,1]. Unfortunately, the left hand side sometimes reaches
its maximum value on the boundary of [—1,1] and sometimes inside, making it difficult to provide more explicit
conditions, apart from

s2y2

1 K K
Jmax 2/12 (1+w)(1+Q(w))2+5(2—52)(2+?)(1—Q(w))2((2—52)(2+ﬁ)(l—w)—6(1+Q(a))) <0.

O

We can also write more handy necessary conditions, which empirically turn out to be also necessary in the

cases that we analyzed.

Proposition 7.7.3: Sufficient conditions for stability

The corresponding Finite Difference scheme to the lattice Boltzmann scheme in Example 7.5.3 with s3 =1

is stable in the #? sense according to Theorem 7.7.3 if

M<1 0<s<2 —2+y<£<1 and
AT - A2 a2
s3V* 2,1 K 2 K
w?[l—ai’,(l] P (1+w)1+Q(w)) +§(2—sz)(2+ﬁ)(1—ﬂ(w)) ((2—52)(2+F)(1—w)

-6(1+ Q(w))) <0, (7.50)

with Q(cos(@)) := (1 — $2) 2+ x/A% + (1 —x/A1%) cos(0))/3.

The first condition in (7.50) is the standard CFL condition. The second one is the standard bound on the
relaxation parameters for a lattice Boltzmann scheme and finally the third condition selects an interval for x/A?

between positive dissipation (lower bound) and an upper bound pertaining to high frequencies.

Proof of Proposition 7.7.3. (7.48) is found as in the proof of Proposition 7.7.2. Then, the quadratic inequality (7.49) is
studied at the extremal values for cos(f) = +1 regardless of which one is the actual maximum, hence the sufficient

character.

« Considering (7.49) for 8 = 0, hence for cos(f) = 1, corresponding to a low frequency stability, we obtain
(1-s2)%2—1<0, which gives
S2 €]0,2][.

« Considering (7.49) for 6 = +7, hence for cos(d) = —1, corresponding to a high frequency stability, we gain

A-s)%(. 2K)\* 1({ 3 x 1({ 3
1+—]| —-1<0, hence - = +1ll<—=< - —1|.
9 A2 2\|1 -5, A2 2\1-s]

Of course we assume s, # 1, otherwise everything is trivial. For the lower bound on x/A?, we observe that
3/|1 - sp| = 3, hence the bound is necessarily satisfied under the condition x/A? > —2. Still, this condition is
redundant since we have assumed that (7.48) holds. Going to the upper bound, again because 3/|1 — s2| = 3,
we can fulfill it by checking that

K
< 1, (7.51)

which is a non-trivial condition. Observe that in order to have some room for the ration x/A? according to
(7.48) and (7.51), the CFL condition |V|/A < 1 must hold.

The last part of the proof of Proposition 7.7.2 remains the same. O



7.7. Consistency, stability and convergence deduced from the corresponding Finite Difference scheme: the example of
the D1Q3 scheme 233

7.7.3 CONVERGENCE AND NUMERICAL EXPERIMENTS

Using well-known results on multi-step Finite Difference scheme, one obtains the following convergence result
for the original lattice Boltzmann scheme that we consider in Section 7.7. The aim is not to state and prove the
most general result, yet the one which can be easily deduced from well-established ones without additional effort,

see [Strikwerda, 2004].

Proposition 7.7.4: Convergence

Consider the lattice Boltzmann scheme in Example 7.5.3 with s3 = 1 for a choice of (4, V,x, s») rendering
a 2 stable scheme, as discussed in Proposition 7.7.2 and Proposition 7.7.3. The scheme is initialized with

the point values of u° and at equilibrium. Then

« For s €]0,2[ and x/A% # -2 +3V2/A2, namely the corresponding Finite Difference is accurate at
order [H, p] =[1,2].

- If u° € H2(R) = HP(R), the convergence of the lattice Boltzmann scheme towards the solution

of (7.39) is linear:
lu(t,AxZ) —my (D)l ;2 < CAXI| U 2wy t€[0,nr]At,

where u(f, AxZ) stands for the exact solution of (7.39) evaluated at the lattice points.

— If u®° € H? (R) for every 0 < 0 <2 = p and there exists a constant C(u®) such that | u° | 7o @) <
Cw®)/ V0o — 0, and whenever oy < 1+, assume that the initial datum u° is a piece-wise differ-
entiable function except at a finite number of jump discontinuities xj, ..., x; such that

fu K(Iu°(x)|2+Idxu°(x)|2)dx<+oo, (7.52)
X|>

for K > max(|x;1, |x[). The convergence of the lattice Boltzmann scheme towards the solution

of (7.39) is done with a reduced rate:
lu(t, AxZ) = m1 (Dl 2 < CAx"2\/IIn(Ax)|C(w°),  re[0,nr]At.

. For s, €]0,2[ and x/A? = =2 +3V?/A? or s, = 2 and any x/A?, namely the corresponding Finite

Difference is accurate at order [H, p] = [2,3].

- If u® € H3(R) = HP(R), the convergence of the lattice Boltzmann scheme towards the solution

of (7.39) is quadratic:
lut,AxZ) = m1(Dll 2 < CAX* | Wl sy, te€ [0, nr]AL.

- If u® € H° (R) for every 0 < 0 < 3 = p and there exists a constant C(u®) such that | u° | o @) <
Cw®)/ V00— 0, and whenever 0 < 1+, assume that the initial datum u° is a piece-wise differ-
entiable function except at a finite number of jump discontinuities x;,...,x, satisfying (7.52),
the convergence of the lattice Boltzmann scheme towards the solution of (7.39) is done with a

reduced rate:
lu(t,AxZ)—mi(0)ll,2 < CAx*7°3\/|In(Ax)|IC(u°),  te[0,nr]At.

The constants C have the following dependencies: C = C(T, A, V,x, $p).

Remark 7.7.1 (Assumptions in Proposition 7.7.4). The assumption concerning the existence of the constant C(u°)
comes by the fact that we want to use the result for u® € H°°~(R) and not in H°°(R). However, the price to pay is
the factor v/|In(Ax)| in the estimation. Observe that—as pointed out in [Strikwerda, zoo4, Chapter 10.3]—the factor
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VIIn(Ax)| is rarely observed throughout numerical simulations. The technical assumption on the jump discontinuities
and (7.52) means that u° is in H' outside the compact set containing the discontinuities. It is used in order to define the
pointwise evaluation of the initial datum and the exact solution when they are less than H'(R) < C°(R) (see [Brézis,
zo11, Theorem 9.1z and Remark 11]). Observe that analogous convergence rates can be deduced following the techniques
by [Courteés, 2017, Chapter z], using initial data being the averages of u° and comparing to the averages of the exact

solution. The same convergence rates can also be obtained using estimates within Besov spaces, see [Brenner et al.,

1975].

Proof of Proposition 7.7.4. This proof relies on well-known results which are reused. Since, according to Proposi-
tion 7.7.1, the corresponding multi-step Finite Difference scheme can be up to [H, p] = [2,3] accurate and At o Ax,
according to [Strikwerda, 2004, Theorem 10.6.2], it must be initialized with an initialization scheme of order at
least H =1 in order not to lower its order. This is achieved, as we shall explain in Chapter 10, by taking the initial
datum at equilibrium.

In the regular case where u° € HP(R), we simply apply the generalization of [Strikwerda, 2004, Theorem
10.1.4] to multi-step schemes, since the assumption that p > 1/2 and H < p is always fulfilled for our scheme,
see Proposition 7.7.1. For non-smooth initial data, we just apply [Strikwerda, 2004, Corollary 10.3.2], with the
assumption on the jump discontinuities and the technical assumption (7.52) in order to apply [Strikwerda, 2004,

Corollary 10.3.3]. O]

:_._52:1.0 - So = 1.7 - _1-
{ o= 55 = 1.2 59 =1.9 »% 10 3
10—2 E
10—3 3
10—4 E
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(c) (d)
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103 107% 5
10—4 - 1077 +
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Figure 7.6: x/ A% =0.8. Error || u(T,AxZ)—m1 (D) 2 atfinal time T error between the solution (conserved moment)
of lattice Boltzmann scheme and the exact solution, for different initial data (a), (b), (c) and (d) and different
relaxation parameters s,.
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Figure 7.7: x/A% = =1.25. Error |u(T,AxZ) - m1(T)ll 2 at final time T: error between the solution (conserved
moment) of lattice Boltzmann scheme and the exact solution, for different initial data (a), (b), (c) and (d) and
different relaxation parameters s,.

We now corroborate Proposition 7.7.4 with numerical simulations, which are carried, for the sake of the nu-
merical implementation, on the bounded domain Q = [-1,1] enforcing periodic boundary conditions. The final
simulation time is T = 1/2 and A = 1, fixing V = 1/2. We stress the fact that we employ the lattice Boltzmann
scheme and not its corresponding Finite Difference scheme. The conserved moment is initialized using the point
values of the initial condition. The non-conserved data are initialized at equilibrium. Guided by the considerations
from Proposition 7.7.4 in terms of regularity, we take different initial functions with various smoothness, inspired

by [Strikwerda, 2004, Courtes, 2017].

(a) u®(x) = To,1/21(1x]) € H(R), forany o<og=1/2. (7.53)
(b) u®(x) = (1-2[x1) 00,1721 (|1x]) € H? (R), forany o<og=3/2. (7.54)
©  u’(x)=cos’(@x)Tj01/2 (x]) € H (R), forany o <og=5/2. (7.55)
(d) u®(x) = exp(—1/(1 = 12x1*) 10,1721 (|x]) € CP R). (7.56)

This data obey the assumptions of Proposition 7.7.4. The numerical convergence for the case x/A% = 0.8 is given
on Figure 7.6. According to Figure 7.3 and Proposition 7.7.2, we expect stability for every choice of s,. Thus, the
empirical convergence rates are in excellent agreement with Proposition 7.7.4. The error constant is smaller for

larger sy, since for this choice, less numerical diffusion is present.

Concerning the case x/A? = —1.25 presented on Figure 7.7, we had to utilize relaxation parameters s, close to

one in order to remain in the stability region as prescribed by Figure 7.3 and Proposition 7.7.2. As far as the scheme
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stays stable, for s, < 1.15, we observe the expected convergence rates according to Proposition 7.7.4. Nevertheless,
looking at the right image in Figure 7.3, we see that s, = 1.2 is not in the stability region. This is why we observe, in
(a) from Figure 7.3, thus for the less smooth solution, that the scheme is not convergent. The instability originates
from high-frequency modes which are abundant in the test case (a). This is the empirical evidence that the Lax-
Richtmyer theorem [Lax and Richtmyer, 1956] holds for lattice Boltzmann schemes: an unstable scheme cannot be

convergent.

7.8 CONCLUSIONS OF CHAPTER 7

In this Chapter 7, we have eliminated the non-conserved moments from any lattice Boltzmann scheme at hand, at
a fully discrete level. This was dictated by the fact that these quantities do not have a continuous analogue in the
problem to solve and thus complicate the task of defining consistency and stability, thus deducing convergence.
To this end, we have introduced a suitable commutative ring to represent lattice Boltzmann schemes, which allows
to apply the Cayley-Hamilton theorem and recast the scheme, as far as the discrete dynamics of the conserved
moments is concerned, as multi-step Finite Difference schemes solely on these variables. However, it is important
to emphasize that viewing lattice Boltzmann schemes as Finite Difference scheme must be seen as a tool for
theoretical analysis and not as the right way of implementing them. For example, the original formulation of the
lattice Boltzmann schemes is highly suitable for parallelization and the implementation of the stream phase can be
strongly optimized. On the other hand, its Finite Difference counterpart cannot easily handle these optimizations,
showing that the original formulation of the lattice Boltzmann schemes is the right choice when implementation
is concerned. Indeed, the original lattice Boltzmann can be seen as a strongly optimized implementation of the
corresponding Finite Difference scheme introduced in Chapter 7. The result from Proposition 7.5.2 acts as a one-

way mathematical transform in the following manner:

lattice Boltzmann scheme corresponding Finite Difference scheme
*
* *x K * ok
a: . ) i . . N

size of the ¢ : e —— : : . . size of the

state space : Proposition 7.5.2 o ’ ) state space
* L. . SEREEEIES S ¢
* —

| 7 ] q—N+1: # time steps (at most)

1: # time steps

Observe that the result from Proposition 7.5.2 is essentially a way of dealing with time in a different way: the
number of variables is reduced at the price of adding time steps. Otherwise said, the role of Proposition 7.5.2 is to
“flip” the previous matrices, “exchanging” non-conserved moments relaxing away from their equilibrium for time
steps.

Therefore, the lattice Boltzmann schemes inherit the notions of consistency with respect to a given problem
and stability from the theory of multi-step Finite Difference schemes. These two notions are crucial to deduce the
convergence of the schemes. In particular, one can easily deduce—in a linear setting—the Lax-Richtmyer theorem
[Lax and Richtmyer, 1956, Strikwerda, 2004]. We showcased that for a linear D;Qj, considering the ¢2 norm, we
can study the consistency of the scheme and provide stability conditions as well as precise convergence orders
according to the regularity of the initial datum, just by reusing known results on Finite Difference schemes.

However, this was done by explicitly writing down the corresponding Finite Difference scheme for the D;Q;
at hand and might become cumbersome for more complicated schemes, as predicted in [Junk and Yang, 2015].
Then, the question we are left to answer is whether the one-way transform by Proposition 7.5.2 is sufficiently
well-characterized in order to perform the consistency—cf. Chapter 8—and stability—cf. Chapter g—analyses on
the original lattice Boltzmann scheme without explicitly computing the corresponding Finite Difference scheme,

yet benefitting from the rigorous setting of Finite Difference schemes.



CHAPTER 8

CONSISTENCY AND MODIFIED EQUATIONS

GENERAL CONTEXT AND MOTIVATION

Consistency is the first cornerstone to deduce the convergence of a numerical scheme. Indeed, the numerical
solution of a scheme which is non-consistent with the equations at hand shall hardly converge to the solution of the
latter. Still, numerical methods are intrinsically different from the equations they aim at solving, because: “Finite
difference approximations have a more complicated “physics” than the equations they are designed to simulate.
The irony is no paradox, however, for finite differences are used not because the numbers they generate have
simple properties, but because those numbers are simple to compute”, see [ Trefethen, 1996, Chapter 5]. The method
of the modified equations [Warming and Hyett, 1974] and [Gustafsson et al., 1995, Strikwerda, 2004, Carpentier
et al., 1997] has proved to be a valuable tool to describe such “complicated physics”. Concerning lattice Boltzmann
schemes, consistency is not an obvious matter and the question boils down to studying towards which solution
they converge. We have observed that this can be done by relying on the corresponding Finite Difference schemes.
However, we would like to be able to do this without computing them explicitly for the lattice Boltzmann method
at hand.

STATE OF THE ART

The standpoint of the lattice Boltzmann schemes being kinetic [Simonis et al., 2020]—the number of discrete ve-
locities is larger than the number of macroscopic equations. Therefore, the formal analyses for lattice Boltzmann
schemes available in the literature try to bridge the gap between a kinetic and a macroscopic point of view by
essentially relying on the quasi-equilibrium of the non-conserved variables. In particular, as far as the consistency
with the macroscopic equations and the modified equations are concerned in the limit of small discretization pa-
rameters, two main approaches are at our disposal. The first one is based on the Chapman-Enskog expansion
[Chapman and Cowling, 1990, Huang, 1987] from statistical mechanics, shaped to the context of lattice Boltz-
mann schemes, see for example [Chen and Doolen, 1998, Qian and Zhou, 2000]. The second approach features
the so-called equivalent equations introduced by Dubois [Dubois, 2008, Dubois, 2022], consisting in performing a
Taylor expansion of the scheme both for the conserved and non-conserved moments and progressively re-inject
the developments order-by-order. This approach has proved to yield information in accordance with the numerical
simulations, see [Dubois and Lallemand, 2009, Dubois and Lallemand, 2011]. Despite their proven empirical relia-
bility and the fact that they yield the same results at the dominant orders (see [Dubois, 2019] for instance) these two
strategies are both formal, especially for the computation of the truncation errors. Indeed, the Chapman-Enskog
expansion relies on the introduction of two time variables with different scalings which are not present in the
discrete lattice Boltzmann scheme. Moreover, in this approach and in the method of the equivalent equations, the
values of the non-conserved variables are assumed to stem from the point-wise discretization of smooth functions,
whose existence and smoothness cannot be guaranteed because they are absent from the target PDEs. Other ap-
proaches known in the literature are the asymptotic analysis under parabolic scaling deployed in [Junk and Yong,

2003, Junk et al., 2005, Junk and Yang, 2009] as well as the Maxwell iteration method [Yong et al., 2016, Zhao and
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Figure 8.1: Different paths to recover the macroscopic equations and the modified equations. The formal ap-
proaches available in the literature [Chen and Doolen, 1998, Qian and Zhou, 2000, Dubois, 2008, Dubois,
2022, Yong et al., 2016] rely on the path marked with dashed arrows. They perform Taylor expansions for small
discretization parameters and then utilize the quasi-equilibrium of the non-conserved moments to get rid of them.
Our way of proceeding is marked with full arrows: we eliminate exactly the non-conserved moments at the dis-
crete level as in Chapter 7 and we perform the usual analyses for Finite Difference schemes as in [Strikwerda,
2004, Allaire, 2007, Warming and Hyett, 1974, Carpentier et al., 1997].

Yong, 2017], which shares strong bonds with the equivalent equations method presented before. The previous list
of formal analysis techniques does not aim at being exhaustive (the interested reader can refer to [Kriiger et al.,
2017]) and one should be aware that, despite efforts in this direction [Caiazzo et al., 2009], there is no consensus
on which is the right method to use [Kriiger et al., 2017]. A staple of all the previously mentioned approaches is
that the expansion for the discretization parameters (time and space steps) tending to zero is performed on the
kinetic numerical scheme, where both conserved and non-conserved variables are present. Eventually, the non-
conserved variables are formally eliminated from the continuous formulation by scaling arguments, so to speak,

using quasi-equilibrium. This corresponds to following the diagonal path on Figure 8.1.

AIMS AND STRUCTURE OF CHAPTER 8

To overcome the formal character of these approaches, in this Chapter 8, we develop the other path, namely the
top-down movement followed by the left-right one on Figure 8.1. In particular, in order to fill the hollow between
lattice Boltzmann schemes and traditional approaches known to numerical analysts, such as Finite Difference
schemes, we have introduced—cf. Chapter 7—a formalism to recast any lattice Boltzmann scheme, regardless of
its linearity, as a multi-step Finite Difference scheme solely on the conserved moments. This way of writing the
scheme should be seen as a sort of one-way mathematical transform to pass from a kinetic standpoint to a macro-
scopic one in a purely discrete setting. The elimination of the non-conserved moments is carried out exactly on
the discrete formulation by algebraic devices, thus independently from the time-space scaling. The price to pay
for the non-conserved moments which do not relax exactly to their equilibrium value is the multi-step nature of
the Finite Difference scheme. In Chapter 7 it has been crucial to be able to provide, thanks to a systematic mathe-
matical approach, a precise description of the main ingredient needed to reduce the lattice Boltzmann scheme to
a Finite Difference scheme, namely the characteristic polynomial of matrices of Finite Difference operators. We
are therefore allowed to utilize this characteristic polynomial as a tool satisfying certain properties alone from
the particular underlying lattice Boltzmann scheme. Quite the opposite, using the algorithm proposed by [Fucik
and Straka, 2021], one is compelled to explicitly write down the corresponding Finite Difference scheme in order
to perform the Taylor expansions to recover the target PDEs. In our case, the mathematical understanding that
we a priori have on the corresponding (macroscopic) Finite Difference schemes, regardless of the (kinetic) lattice
Boltzmann scheme they stand for, allows the following theoretical discussion. The theory of Finite Difference

schemes features two important notions. One is the concept of truncation error ([Gustafsson et al., 1995, Defini-



239

tion 5.1.3] or [Allaire, 2007, Definition 2.2.4]), which is rigorous and is the basic ingredient to prove the celebrated
Lax-Richtmyer equivalence theorem [Lax and Richtmyer, 1956]. The computations of the truncation error are per-
fectly justified because of the existence and smoothness results on the target PDEs (e.g. transport equation with
smooth initial datum, Burgers equation with smooth non-decreasing initial datum, etc.). The second one is the
concept of modified equation [Warming and Hyett, 1974, Carpentier et al., 1997], which is formal. The modified
equations are those which the numerical scheme is “more consistent” with, compared to the target PDEs, and thus
they yield essential but formal information on the behavior of the scheme. The modified equations cannot be fully
justified even for Finite Difference schemes because they assume that smooth functions which equal the discrete

solution of the scheme at the grid points exist.

The aim of Chapter 8 is to demonstrate results on consistency and modified equation for general lattice Boltz-
mann schemes thanks to the Finite Difference schemes without explicit computation of these ones. This allows
to benefit from the rigorous framework of Finite Difference without the associated cost of an explicit computa-
tion. Moreover, we would like to validate the existing approaches to the consistency analysis, since they were
only formal hitherto. Pursuing these objectives, Chapter 8 is structured as follows. In Section 8.1, the results of
Section 7.5 are stated in a slightly different manner, facilitating the following analysis, thanks to the introduction
of shift operators in time. Another important point which eases the computations is discussed in Section 8.2: the
independence of the corresponding Finite Difference from the choice of relaxation parameters for the conserved
moments, which allows to consider arbitrary values to our convenience. The main results of the consistency
analysis are given in Section 8.3: under acoustic and diffusive scaling between time and space discretizations, we
rigorously find the expression of the target PDEs approximated by any scheme and the associated truncation error.
For the acoustic scaling, we also write the formal modified equations up to order two. Since the proof of these
results is quite long, it is provided in the separate Section 8.4. Section 8.5 is devoted to hinting the links with some
available approaches to find the modified equations of lattice Boltzmann schemes. Under acoustic scaling, the
modified equations we obtain are the same as the ones by [Dubois, 2022] until second order. Moreover, rewriting
the Maxwell iteration [Yong et al., 2016, Zhao and Yong, 2017] for general lattice Boltzmann schemes, allows us to
show that both for the acoustic and diffusive scaling, the modified equations obtained through the corresponding
Finite Difference scheme are the same as the ones from the Maxwell iteration at any order. Conclusions are drawn
in Section 8.6.

Let us finally observe that our derivation of the truncation errors is rigorous—as the ones for Finite Difference
schemes—and the formal modified equations rely on less unjustified assumptions than the existing approaches, for
two main reasons. The first one is that Taylor expansions are applied to the conserved moments only, which also
appear in the macroscopic equations. Therefore, one only postulates that the discrete conserved moments stem
from the point-wise evaluation of smooth functions. The second one is that we solely rely on the link between

time and space steps as the lattices are refined and which must be specified for any time-space numerical method.
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8.1 MORE COMPACT FORM OF CORRESPONDING FINITE DIFFERENCE SCHEMES

Although the asymptotic analysis we shall develop can be carried on the formulations from Proposition 7.5.1
and Proposition 7.5.2, we propose a different formalism based on shift operators in time. Having utilized both
approaches, the advantage of this new standpoint—which shall be adopted in Chapter 8 and in the forthcoming
material—is to easily deal with the asymptotic analysis of the coefficients of the characteristic polynomial and—
more importantly—of the powers of the matrix A on the right hand side of (7.22) or (7.31). In particular, this allows
for the straightforward generalization of the procedure above second-order. Furthermore, the links with other
asymptotic analysis of lattice Boltzmann schemes from the literature—which we shall develop in Section 8.5—

become noticeably more transparent. To this end, we introduce the following Definition.

Definition 8.1.1: Shift operator in time

Let f : AtN — R be any function defined on the time lattice, then the time shift operator z acts as

@) (®) =f(t +Ap), Ve AtN.

With this, the scheme (7.21) can be recast under the fully-operatorial form:
zI - A)m(t,x) = Bm®(z, %), teAtN,  xeAxZ% (8.1)

which corresponds to taking the Z-transform [Jury, 1964] of the scheme in the variable z. Here, the inverse of
the resolvent associated with A, namely zI - A € M;(R[z] ®g D), where indeed R[z] ®r D = Rz, xl,xil, . .,xd,x;ll],
with ®g indicating the tensor product of R-algebras (see [Lang, 2002, Chapter 16] or [Kassel, 1995, Chapter 2]),
forms a commutative ring. In the sequel, we shall drop the time and the space variables when not strictly needed
for the sake of readability, because the system given by (8.1) is intrinsically time and space invariant thanks to
the fact that the moment matrix M and the relaxation matrix S are assumed to be independent from the time and
space variables, cf. Remark 7.5.6, and since we work on an unbounded domain, without considering the initial
conditions.

We then have the equivalent of Proposition 7.5.1:

Proposition 8.1.1: Corresponding Finite Difference scheme for N =1

Consider N = 1. Then the lattice Boltzmann scheme given by (7.21) or (8.1) corresponds to a multi-step

explicit (macroscopic) Finite Difference scheme on the conserved moment m; under the form
det(zI - A)m, = (adj(zI - A)Bm®9) , (8.2)

where adj(-) indicates the adjugate matrix,” also known as classical adjoint, which is the transpose of the
cofactor matrix [Horn and Johnson, 2012].
Up to a temporal shift of the whole scheme, the corresponding multi-step explicit Finite Difference scheme

by (8.2) equals the one from (7.22).

1t is worthwhile observing that the determinant and the adjugate matrix are defined for any square matrix with elements in a
commutative ring.

Proof. The proof can be done starting from Proposition 7.5.1. Alternatively, using the fundamental relation between
adjugate and determinant, see [Horn and Johnson, 2012, Chapter o], which is a consequence of the Laplace formula,

we have that for any C € M;(R) where R is any commutative ring

Cadj(C) = adj(C)C =det(C) 1. (8.3)
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Hence, multiplying (8.1) by adj(zI—A) yields det(zI-A)m = adj(zI-A)Bm®4. Selecting the first row gives (8.2). [

Remark 8.1.1 (From kinetic to macroscopic). We observe the following facts:

e The procedure can be reversed—when keeping all the lines in det(zI — A)m = adj(zI — A)Bm®l—using a multi-
plication by zI — A and then dividing by the polynomial det(zI — A). In this way, one comes back to the lattice
Boltzmann scheme by (8.1). This can be done as long as one does not select and store only the first row as in
(8.2). Contrarily, if this selection is performed, the irreversible passage from the kinetic to the macroscopic for-
mulation is accomplished. The non-conserved moments my,...,my are no longer defined and they cannot be
recovered from (8.2). This fact has been observed by [Dellacherie, 2014]: the same macroscopic Finite Difference
scheme can correspond to distinct lattice Boltzmann schemes which can have different evolution equations for
the non-conserved moments my, ..., my. This is not surprising, since for a given monic polynomial, one can find

an infinite number of matrices of which it is the characteristic polynomial.

e Though—as previously emphasized—the non-conserved moments are no longer present in the macroscopic Finite
Difference scheme by (8.2), there is a residual shadow of their presence, namely the multi-step nature of the
Finite Difference scheme, see Figure 7.2. In particular, each non-conserved moment m; relaxing away from the
equilibrium, namely with s; # 1, for i € [2, q], adds a time step to the corresponding Finite Difference scheme

solely acting on the conserved moment mj.

Remark 8.1.2 (Adjugate and characteristic polynomial). A time shift and a change of variable in (7.22) allows to
express adj(zI — A) as a polynomial in z of degree g —1 computed from the characteristic polynomial. This relation is

indeed classical and reads

q-1(q-1-k q
adjzI-A)=)_ ( Y ck+,+1Ar)zk, where detzI-A)=)_ crzk.
k=0\ r=0 k=0

The time shift operator z has just trivially taken the place of the general indeterminate of polynomials X.

In the same way, we can restate and prove Proposition 7.5.2 using the new formalism.

Proposition 8.1.2: Corresponding Finite Difference scheme for N =1

Consider N = 1. Then the lattice Boltzmann scheme given by (7.21) or (8.1) corresponds to a family of
multi-step explicit (macroscopic) Finite Difference schemes on the conserved moments my,...,my. This
is, for any i € [[1, N]

det(zI - A;j)m; = (adj(zI - A;)A{m)., + (adj(zI - A;)Bm®9),, (8.4)
where A; = Agj n+1,4] and A7 = A—A; by (7.29). Up to a temporal shift of the whole scheme, the

corresponding multi-step explicit Finite Difference scheme by (8.4) equals the one from (7.31).

. v

We could call the form of Finite Difference scheme from Proposition 7.5.2 and Proposition 8.1.2 “canonical”
since we shall prove in Section 8.2 that it guarantees that the Finite Difference schemes do not depend on the
choice of relaxation parameters for the conserved variables, which do not play any role in the original lattice

Boltzmann scheme either, as previously discussed.

Remark 8.1.3 (Lack of scaling assumption). The results in Proposition 7.5.1, Proposition 8.1.1, Proposition 7.5.2 and
Proposition 8.1.2 are fully discrete and do not make any assumption on the particular scaling between the time-step
At and the space-step Ax.

The previous Remark 8.1.3 signifies that the corresponding Finite Difference schemes can be utilized to assess
the consistency of the underlying lattice Boltzmann scheme with respect to the macroscopic equations for any

particular scaling between time and space discretizations, as we will showcase in Section 8.3.
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8.2 INDEPENDENCE OF THE CHOICE OF RELAXATION PARAMETERS FOR THE CONSERVED MO-

MENTS

In Chapter 1, we have observed that the choice of relaxation parameters for the conserved moments, namely
$1,.-., SN, does not change the lattice Boltzmann scheme (1.1). However, it could be argued that different choices
for s1,..., sy can affect the formulations of the corresponding Finite Difference schemes resulting from Proposi-
tion 8.1.2. We now show that, as one could hope, this is not the case for the Finite Difference schemes given by
Proposition 8.1.2. To do this, we need the following result concerning the determinant of matrices under rank-
one updates, whose proof is analogous to that in [Ding and Zhou, 2007] and plays an important role in several

theoretical developments in Chapter 8, Chapter 9, and Chapter 10.

Lemma 8.2.1: Matrix determinant

Let R be a commutative ring, C € M4(R) and u,v € R, then det(C+u®v) = det(C) + vtadj(C)u.

We have the following result.

Proposition 8.2.1: Independence of the corresponding Finite Difference schemes on the values

ofsl,....sN

The multi-step explicit macroscopic Finite Difference schemes given by (8.4) in Proposition 8.1.2 do not

depend on the choice of sy,..., sy, the relaxation parameters of the conserved moments.

Proof. Fix the indices of the conserved moment i € [[1, N]. Let us decompose B, the part of the lattice Boltzmann
scheme dealing with the equilibria, as follows: B =b; ® e; + B|;,_, where b; = B.; is the i-th column of B. On the
one hand, the dependency of B on the choice of s; is now fully contained in b;. On the other hand B|s,_, does not
depend on it. The Finite Difference scheme from Proposition 8.1.2 can be therefore recast, upon rearranging and

using well-known properties of the external product ®, as
(det(zI - A;) - efadj(zI — Aj)b;) m; = (adj(z] - Aj)ASm), + (adj(z] — A;)Bl5,—om*), . (8.5)

The left hand side does not depend on s; for j € [1, N] ~ {i} by construction of A; and b;. On the other hand, the
right hand side does not depend on s; for j € [1, N] \ {i}, because (A3). ; + (Bls,=0). j = (A‘i’lsj:o).,j, where we have
used (1.1) and (1.3). We are left to discuss the possible dependency of (8.5) on s;. By Lemma 8.2.1, we deduce that

(8.5) now reads
det(zI - (A; +b; ® e;))m; = (adjzI - A))Am), + (adj(zI — A;)Bl5,=om*Y);. (8.6)

Observe that A; +b; ® e; = A;|s,=0, thus the left hand side of (8.6) does not not depend on s;. The right hand side
of (8.6) is independent of s; because A? does not depend on it and since the i-th row of adj(zI - A;)—the transpose
of the cofactor matrix of zI — A;—cannot depend on s;, because only the i-th column of zI — A; depends on s;.

This concludes the proof. O

We have thus shown that the Finite Difference schemes from Proposition 8.1.2 are the same regardless of the
choice of relaxation parameters for the conserved moments and so that we are allowed to take them equal to zero
or any other value of specific convenience without loss of generality. In particular, the choice of taking s; = 0
for i € [1, N]—cf. [Février, 2014]—offers interesting simplifications in the computations to come, in a way that
shall be clearer by looking at the details. Moreover, this choice has the advantage of showing which moments are

conserved at a glance.
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8.3 TARGET EQUATIONS, TRUNCATION ERRORS AND MODIFIED EQUATIONS

Everything is in place to start the standard consistency analysis [Strikwerda, 2004, Allaire, 2007] and computation
of the modified equations [Warming and Hyett, 1974, Carpentier et al., 1997] of Finite Difference schemes. We stress

the fact that we aim at studying these features for (8.2) and (8.4) without explicitly writing these schemes down.

8.3.1 ASSUMPTIONS, NOTATIONS AND SCALINGS

We start from the assumptions allowing us to identify each term once developing in formal power series of Ax, i.e.
performing Taylor expansions. Observe that for any time-space numerical scheme at hand, the time step At and
the space step Ax are linked (scaling) when the grids are refined. Therefore, we decide to take Ax as discretization

parameter tending to zero. Specific bonds between these two parameters will be given in the following pages.

Assumptions 8.3.1: General assumptions

Assume that the change of basis M and the relaxation matrix S do not depend on Ax.

We also introduce the spaces of differential operators which shall be obtained by taking the limit Ax — 0 as
well as other tightly associated concepts.

Definition 8.3.1: Time-space differential operators and related concepts

We define.

« The commutative ring of time-space differential operators:

D:: R[at] ®RR[6XIJ"'IaXd] = R[at:axl;---yaxd]

« We consider the commutative ring of formal power series [Niven, 1969, Monforte and Kauers, 2013]
S :=D[Ax].

« Forany 6 = ZZ;"’O Ax"6M € S, we indicate § = O(Ax") for some ho e Nif 6™ =0 for he [0, ho—1]
and 6 # 0. The integer h. is called “order” of the formal power series 8, see [Roman, 2005, Chapter
1].

« Finally, let d € R[z] ®g D and § € S, then we indicate d = §, called “asymptotic equivalence” of d and
8, if for any smooth function of the time and space variables f: R x R — R, we have

+00
AN =Y Ax"GP %),  V,xeRxRY  as  Ax—0.
h=0

This definition is made possible by the embedding AtN x AxZ% c R, x R? c R x RY.

The previous O(-) notation and the notion of asymptotic equivalence are effortlessly extended to vectors and
matrices in an entry-wise fashion. It shall be common and harmless not to distinguish between /\/lq(S) and
My (D) [Ax].

The momentum-velocity operator matrix G € M;(D), introduced by [Dubois, 2022] with slightly different
notations, is defined as follows. It is indeed closely linked to the moment-stream matrix T € M ;(D) that we have

previously introduced in Section 7.5.

Definition 8.3.2: Momentum-velocity operator matrix

The momentum-velocity operator matrix made up of first-order differential operators in space is given by

G:=M )_ diag(c{‘,...,c;‘)agM_l€Mq(D), (8.7)

n|=1

where the multi-index notation is employed.
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This momentum-velocity operator matrix can be partitioned in four blocks with different meanings according
to the different nature (conserved or not) of the corresponding moments, as for [Dubois, 2022, Equation (8)].

As previously announced, one needs to specify the used scaling between Af and Ax in order to perform the
consistency analysis and also to recover the modified equations. We start by the acoustic scaling, see for example

[Dubois, 2008, Dubois, 2022, Yong et al., 2016], where Af o< Ax.

Assumptions 8.3.2: Acoustic scaling

The assumptions when considering schemes with the acoustic scaling are:

1. A >0 is a fixed real number as Ax — 0.

2. The moments at equilibrium m®! are fixed as Ax — 0.

For the diffusive scaling, see [Zhao and Yong, 2017, Zhang et al., 2019], where Af Ax2, we have:

Assumptions 8.3.3: Diffusive scaling

The assumptions when considering schemes with the diffusive scaling are:

1. A= pu/Ax where > 0 is a fixed real number as Ax — 0.

gij =0fori,je [[I,N]].

»

msd = Axnﬁ?q where qu are fixed, forie Q:={j e [1,4] : Gy # 0 for some £ € [1, N]}, as Ax — 0.

1

> @

m?q for i ¢ Q) are fixed as Ax — 0.

Remark 8.3.1 (Need for assumptions). These assumptions are needed to state the general results to come. However,
there are examples in the literature [Boghosian et al., 2018] where they are violated, in particular because the relaxation
parameters depend on Ax. This does not prevent from writing the corresponding Finite Difference schemes (8.2) or
(8.4) for the lattice Boltzmann scheme at hand and then recover their modified equations, but introduces a difficulty

to directly obtain the modified equations without explicitly write (8.2) or (8.4) down.

8.3.2 THEOREMS

We are now ready to state and then prove the main results of Chapter 8. The Taylor expansions are applied to
the solution of the corresponding Finite Difference schemes, where non-conserved moments have been removed

yielding purely macroscopic discrete equations.

Theorem 8.3.1: Consistency under acoustic scaling

Under Assumptions 8.3.1, Assumptions 8.3.2 and in the limit Ax — 0, the corresponding macroscopic Finite
Difference schemes given by Proposition 8.1.1 or Proposition 8.1.2 are consistent with the target PDEs

N q
0mi+AY Gijmj+A Y. Gijm:(m,...,mn) =0, (8.8)
j=1

j=N+1 .

for i € [1, N]. For smooth solutions 1, ..., iy : Ry x R — R of (8.8), the truncation error is given by

4 0
Ti=AAx ) (———)Q,](Zgﬂm;+ Z Gjem (my, ..., my)

j=N+1\5j £=N+1
1N dm

__ Z d_nw(ml, o MN)Y1,e (M, ..., MN) +O(Ax2)r

where vy ;(y,..., My) := AZ;;ngijﬁ’Lj + AZ;:ZH g,-jm‘;q(ml,..., mpy). Therefore, the modified equa-

tions up to second order read
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q 1 1 N q
0:mi+y1i(my,...,my)—AAX Y (;_E)gij(zgj[ml"‘ Y. Giemi(my,...,my)
j j

Jj=N+1 /=1 /=N+1
1 N dm;q >
_1 Z TI(mlr---)mN)Yl,[(mlr---)mN) :O(Ax )
/=1

The first term in y; ; represents the derivatives of fluxes of the conserved variables, which are necessarily
linear, while the second one represents the derivatives of the fluxes given by the equilibria of the non-conserved
moments, which can be non-linear. In the numerical diffusion terms, the so-called Hénon’s parameters [Hénon,
1987] of type 1/sj —1/2 appear. These terms are proportional to Ax. This is not surprising, since the only way of
having a stable explicit Finite Difference scheme to simulate the heat equation is to consider a diffusion coefficient
proportional to Ax under acoustic scaling or equivalently to take a diffusive scaling with fixed diffusion coefficient,
in order to constrain the speed of propagation of information to remain finite in the limit Ax — 0, see for instance
[Strikwerda, 2004, Theorem 6.3.1].

Let us provide two examples for specific lattice Boltzmann schemes taken from the literature and employed

with the acoustic scaling.

Example 8.3.1 (D1Q; with one conserved moment - acoustic scaling). We consider the D1Q scheme presented in

Section 1.5.2 with moment matrix given by (1.6) under dimensionless form and N = 1. We obtain

0 0x, 0
=2 1
g= 30x1 0 3ax1
0 Ox, 0

Theorem 8.3.1 immediately gives the modified equation for the acoustic scaling, which reads

dmj(my)

am 0x, My (m1) | = O(AX?).

1 1 2 1
0rmy + Aaxl m;q(ml) - /lAX(g - z)axl (gaxl my + gaxl mgq(ml) _

Unsurprisingly, this coincides with (7.42) when selecting linear equilibria, upon considering that we have taken a

dimensionless moment matrix.

Example 8.3.2 (D2Qg with three conserved moments - acoustic scaling). We consider the D,Qq scheme presented

in Section 1.5.4 with N =3 and dimensionless moment matrix M, hence

0 0y Oy 0 0 0 0 0 0
%0, O 0 +0x, 0 0 10y, 0y,
£0,, © 0 0y, O 0 0 —30y, Oy
0 0y Oy 0 0y, O, O 0 0
G=| o0 0 0 30y, O 0 30y —0x Oy,
0 0 0 10y, O 0 30y, Ox Ox
0 0 0 0 0y, 0y, O
0 10y -30x, O —30y 30y, O
0 %0, 30, 0 10, 10, O

The equilibria defining the modified equations under acoustic scaling at second-order are taken as those in Sec-
tion 2.8.2.2, with the exception that in (2.56), the lattice velocity is set to A = 1. Observe that m;q do not need to
be specified for this order of the analysis. It is well-known [Février, zo14, Dubois, zoz2z] that the O(Ax) terms for the
second and third modified equations contain spurious third-order contributions in my, ms. We shall neglect these terms
considering that they are small (low-speed flow). Furthermore, we consider that my varies slowly as far as the O(Ax)
term is concerned, thus we neglect its derivatives. Moreover, we take sq = sg, see [Lallemand and Luo, 2000, Dubois,

202z]. Under these assumptions, the modified equations from Theorem 8.3.1 read

01 my + 0y, Ty + 0y, 3 = O(AX?),
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2 2 —

atm2+axl( 2+—m1)+ax2 M2M3)
1 my

A 1 1\, _ (1 1 _ _ 1 1 _ _
- gAx(ax1 (2(3—8 - 5)% o + (a - s_g)(axl M + 05, ITZ3)) +6"2((s_8 - 5)(6x2 My + 0y, n’Z3))) = 0(Ax?),

Ty i3 ms A2

atm3+axl(—)+axZ —3+—m1)
nmy my 3

A 1 1 _ —
L[ o]

2(l - l)ameg + (l - l)(axlmz + axﬁs))) =0(Ax?),
sg 2 Sy Sg

where we have used my := Amy and ms := Amg. The first equation enforces the conservation of the density m; in
the Euler system, discretized with a second-order scheme. The momentum along the first axis (respectively, second)
is my (respectively, ms). The second equation represents—at leading order—the conservation of momentum along the
first axis in the Euler system. The pressure law is linear and prescribes that the pressure is equal to A>my /3, hence
the speed of the sound is A/\/3. The numerical diffusion at order O(Ax) is what makes up the terms that are usually
recognized (except for the previously described pressure) as the stress tensor from the Navier-Stokes system. Recalling
that we have assumed slow variations of my (weakly compressible flow), we have a first bulk viscosity (also known as
shear or dynamic viscosity) which equals p1 = AAx(1/sg —1/2)my /3 (not linked (1 in Assumptions 8.3.3) and a second
bulk viscosity (also known as volume viscosity) given by xk = AAx(3(1/s4 —1/2) — (1/s3 —1/2))my /9. Hence, for this
kind of system, the viscosity is modeled using numerical diffusion and is proportional to Ax, thus vanishing when

going towards convergence. The same remarks hold for the last equation.

Theorem 8.3.2: Consistency under diffusive scaling

Under Assumptions &.3.1, Assumptions 8.3.3 and in the limit Ax — 0, the corresponding macroscopic Finite

Difference schemes given by Proposition 8.1.1 or Proposition 8.1.2 are consistent with the target PDEs

q
Qe+ Y, Gij (..., my)

j=N+1
je
q 1 1 N ~ q s ~
—#.% l(s_j—é)gij(;lgjlmf‘*‘[]z\’: lgjzm[ (my,...,myn)|=0, (8.9)
J= + = =N+

0¢0)

for i € [1,N]. For smooth solutions iy, ..., /iy : Ry x R — R of (8.9), the truncation error is given by
7; = O(AXx).

We can a posteriori explain the meaning of some Assumptions 8.3.3 which were less clear before stating The-
orem 8.3.2. The second assumption avoids to deal with terms which shall naturally appear at order O(Ax) but
which, since pertaining to the conserved moments, cannot be transformed into terms O(Ax?). Quite the opposite,
the third assumption allows to rise to O(Ax?) those terms which contributed to the leading order in Theorem 8.3.1.
This is achieved by a rescaling of the equilibria using 1. We therefore see that lattice Boltzmann schemes can
be used to simulate non-linear transport/diffusion equations when using a diffusive scaling.

We also give two examples for specific lattice Boltzmann schemes considered under diffusive scaling. In order

to reuse the scheme of Example 8.3.1 and Example 8.3.2, we have considered dimensionless moment matrices.

Example 8.3.3 (D1Q; with one conserved moment - diffusive scaling). We come back to the setting of Exam-
ple 8.3.1 except that we consider a diffusive scaling. Thus we have to take qu(ml) = Axnﬁzq(ml) to comply with
Assumptions 8.3.3. This yields the modified equation

1 1 2 1
0;my + 0y, r?z;_q(ml) - u(g - E)axl (gaxl my + gan mgq(ml) = 0(Ax).
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. . . A € . . . .
The scheme allows to simulate non-linear transport phenomena using m2q as well as linear and non-linear diffusion
q

using mg .
Example 8.3.4 (D2Qq with one conserved moment - diffusive scaling). We consider the same scheme as Exam-
ple 8.3.2 except for the fact that only one conserved moment N =1 is present and that the equilibria are general, with
mgq(ml) = Axﬁ’t;q(ml) and mgq(ml) = Axnﬁgq(ml), to fulfill Assumptions 8.3.3. This is the setting introduced in
[Zhang et al., z019]. The modified equation reads

. . 2ufl1 1 2ufl1 1
6tm1+u6xlm§q(m1)+y6me§q(m1)—?(g—E)axlxlml—?(g—z)ém,@ml
pfl 1 1 1 p((l 1 1 1
_g((g_g)axlxl"" 8_3_5 ax2x2 mzq(ml)—g S_Z_E 0x1x1_ g_g axZXZ mgq(ml)
1 1
-pl=+=- 1)axm mgl(my) = O(Ax).
S2 S3

Therefore, the scheme allows to simulate non-linear transport phenomena using m;q and rhgq as well as linear and
q

non-linear diffusion with crossed terms via mZ s mgq and m;q.

In Chapter 8, we have deliberately neglected the behavior of the schemes close to the initial time ¢ = 0. It is
dictated by the choice of initial datum for the non-conserved moments, which is not unique for lattice Boltzmann
schemes since g > N but one only knows the N conserved moments at ¢ = 0, being the initial datum of the target
PDEs to be solved. This topic and its effects shall be discussed in Chapter 10.

Let us sketch the main ideas of the proofs of Theorem 8.3.1 and Theorem 8.3.2:

« The result of Proposition 7.5.2 has allowed to eliminate the non-conserved moments from the discrete
scheme, thus has completed the step represented by a vertical arrow in Figure 8.1. Contrarily to the ex-
isting approaches, we do not need to (and we cannot, see Remark 8.1.1) estimate the Taylor expansions of

the non-conserved moments.

« We benefit from the clever formulation from Proposition 8.1.2 instead of that of Proposition 7.5.2. Indeed,

considering (I — A; = zI — A;, we are allowed to write, for every i € [[1, N]
det((T-A)m; = (adj({ I - A) ATm), + (adj({ T - A)Bm®),,

obtained applying the scheme to smooth functions my,...,my : Ry x R — R and by replacing matrices with
entries in the ring R(z] ®g D of discrete operators by their asymptotic equivalents in the ring S. Here,
for example, det((T—.A;) € S, and the expression perfectly makes sense because the determinant and the
adjugate are well-defined polynomial functions of any square matrix on a commutative ring, like S. Since
the determinant and the adjugate are non-linear functions and thus mix different orders in the expansion
(I- A;, if we want to recover a closed-form result at a given order of accuracy, we are compelled to utilize
the Taylor expansions of the determinant and the adjugate. However, these expansions are well-known and

can be computed at any order of accuracy.

Quite the opposite, if we want to exploit the formulation stated in Proposition 7.5.2, we should characterize
the asymptotic equivalents of any coefficient of the characteristic polynomial of A; and then combine them
with the asymptotic equivalents of the time shifts z alone and the terms on the right hand side of (7.31).
Though this is actually feasible and we firstly did it, the computations are extremely involved' and very

hard to generalize above second-order.

This justifies the use of the formulation from Proposition 8.1.2 to achieve the step denoted by an horizontal

arrow in Figure 8.1.

'Probably, a deeper mastery of the elementary symmetric polynomials, the Newton’s identities, the Bell polynomials and the Feddeev-
Leverrier algorithm could simplify the reasoning.
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8.4 PROOFS OF THE RESULTS IN SECTION 8.3

The vast majority of rest of this work is devoted to the detailed proof of Theorem 8.3.1 for the scalar case N = 1.
This choice has been adopted to keep the presentation and the involved notations as simple as possible. The idea
behind the generalization to N > 1 is eventually given in Section 8.4.2 and is straightforward except for the more
involved notations. The proof of Theorem 8.3.2 follows exactly the same path of Theorem 8.3.1 and is therefore

omitted.

8.41 ONE CONSERVED MOMENT

Let us start by finding, for each shift operator from Definition 7.4.2, its asymptotically equivalent formal power

series in Ax, see for instance [Yong et al., 2016, Dubois, 2022]. This is formalized by the following Lemma.

Lemma 8.4.1: Series expansion of a shift operator in space

Let z € Z%, then the associated shift operator in space t, € T is asymptotically equivalent, in the limit of

Ax — 0, to the formal power series of differential operators of the form

(=Ax)lnizn

tz:Z

' v eS.
[n]=0 n

Proof. Let f :R% — R be a smooth function of the spatial variable. Then performing a Taylor expansion for Ax — 0

yields
(—Ax)nizn

o Mfx),  xeR4,

tNx) =flx—2zAx)= )

In|=0

O

The extension of Lemma 8.4.1 to any Finite Difference operator in D according to Definition 7.4.3 is done
by linearity. With this in mind, recalling the definition of T € M (D), the moments-stream matrix and using
Assumptions 8.3.1, we have that

—Ax)nl
T = Mdiag(te,, .., te )M =M Y 20

——diag (el ) OR M =T € My (S). (8.10)
In|=0 .

Accordingly, we introduce A := T (I - 8) € M4(S) and B:=T S € M4(S) such that A= A and 1B = B. The tight
bond between the momentum-velocity operator matrix G € M 4(D) from [Dubois, 2022] and our moments-stream

matrix T € M;(D) and its asymptotic equivalent matrix 7 € M4(S) is given by the following Lemma.

Lemma 8.4.2: Link between G and 7

For any order & € N, the matrix T e M4(D) is linked to G € M4(D) by

aw_ =DP
T =—-g"

Moreover, using the Assumptions 8.3.1, we also have

g _ D" aw_ D"y
A —Tg (I-29), B —Tg S.

Proof. By [Dubois, 2022, Equation (21)] or by direct comparison of (8.10) with (8.7), we have that T = T =
exp(—AxG). The expansion of the exponential function yields the result. Using Assumptions 8.3.1, one obtains

that I— S and S do not perturb the orders of the expansion. O
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As far as the time variable is concerned, we can complete by the development of the time shift operator z in

order to provide the overall expansion of the inverse of the resolvent zI — A € M;(R(z] ®g D).

Lemma 8.4.3: Expansion of the inverse of the resolvent of A

Under Assumptions 8.3.1, Assumptions 8.3.2 and in the limit of Ax — 0, the inverse of the resolvent zI-A €
M (R[z] ®g D) is asymptotically equivalent to {I—.A € M4(S), where

1-A=cr-A= 5 A (L "ghI-s
zZI-A={I- _h;ofﬁt -(-D"G"I-S§)
1 Ax* (1
= S+Ax(zat1+g(1—3)) + Tx (ﬁattl—gm— ) |+0nxd). (8.12)
Proof. The standard Taylor expansion of z, using the assumption on the acoustic scaling, gives the claim. O

The consistency analysis of the Finite Difference schemes from Proposition 8.1.2 bis could be carried on infinite

formal power series of differential operators S on the formulation
det((T-A)m; = (adj({ I - A)ATm), + (adj({ T - A)Bm®),, (8.12)

for each i € [[1, N], because the determinant and the adjugate perfectly make sense for any square matrix on a
commutative ring, like S. However, in order to prove Theorem 8.3.1, where formal power series are truncated at
a certain order, we shall need (8.11) from Lemma 8.4.3 as well as the Taylor expansions of the determinant and the
adjugate matrix around a given matrix. Indeed, these are non-linear functions and thus mix different orders in the
expansions {I—.A e M4(S).

8.4.1.1 DETERMINANT

We start by studying the expansion of the determinant up to second-order in the perturbation. For this, we need

to characterize its derivatives. The expansion can be carried at higher order by employing the very same strategy.

Lemma 8.4.4: Derivatives and expansion of the determinant function

Let C € GL4(R) and D, £ € M 4(R), where R is a commutative ring. Then the determinant function

det: M4;(R) =R

C — det(C),
has the following derivatives.
De¢ (det(C)) (D) = det(C)tr(C™ D), (8.13)
Dec (det(C)) (D)(€) = det(C) (tr(C ' E)r(C™ D) -tr(CIECTI D)), (8.14)

The identity (8.13) is the celebrated and profound “Jacobi formula”. Moreover, the second-order Taylor

expansion of the determinant function reads
1
det(C + D) = det(C) + D¢ (det(C)) (D) + EDCC (det(C)) (D)(D) + O(ID*),

where the derivatives are given by (8.13) and (8.14).

Proof. The Jacobi formula (8.13) is a standard result, see [Horn and Johnson, 2012, Chapter o] or [Zwillinger, 2018,

Chapter 5]. Let us prove (8.14).

Dec (det(C)) (D)(€) := D¢ (De (det(C)) (D)) (€) = D¢ (det(C)tr(C D)) (€),
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=D (det(C)) (E)tr(C™' D) + det(C)D¢ (tr(C™ D)) (£),
= det(O)tr(C 1 E)r(CTID) + det(@)tr (D¢ (C™'D) (£)),
=det(@)tr(C ' E)tr(CT D) - det(C)tr(C'ECTI D),

where we have used, in this order, the product rule for derivatives, the Jacobi formula (8.13), the linearity of the
trace and the fact that D¢ (C‘l) (D)=-C~1DC!, see [Zwillinger, 2018, Chapter 5]. O

Remark 8.4.1 (On the invertibility assumption). There exists a form of the Jacobi formula (8.13) for general C €
M4 (R) without assuming invertibility, under the form D¢ (det(C)) (D) = tr(adj(C)D). This is equivalent to (8.13),
since (8.3) holds. Nevertheless, we decided to state Lemma 8.4.4 using the invertibility assumption. This is done, as we
shall see, without loss of generality by taking advantage of some invertible approximation of real matrices and allows
to easily find the formulee for higher order derivatives and expansions via basic differential calculus, as illustrated in

the previous proof.

In the sequel, we shall take R =S and C = § € GL4(R) < GL4(S) and D = O(Ax) € M4(S). To simplify the
computations and relying on the findings of Section 8.2, we can consider S singular by having s; = 0. To avoid
the difficulties linked with singular matrices, in the spirit of Remark 8.4.1, we take advantage of the fact that the
derivatives of the determinant (and the determinant itself) around C are smooth (indeed, polynomial) functions
of C. Thus, we introduce the non-singular approximation S where s; # 0, which is such that § — S|5,=p as s — 0
for any matricial topology.

We are now ready to use the expansion given by Lemma 8.4.3 into the terms from Lemma 8.4.4 to find the
leading order terms of the left hand side of (8.2), namely of det({I —.A) € S. This is nothing but computing the
Taylor series of composite functions (see the Faa di Bruno’s formule[Johnson, 2002]) or the composition of formal

series

det(( I - .A) = det(S) + AxDg (det(8)) (¢ I - AN
1
+Ax*(Ds (det(8)) ((T-.A)P) + 5Dss (det(8)) (€T~ A CT-A4M) +0nx®).

Since the product of the relaxation parameters for the non-conserved moments is a quantity which shall frequently

appear in the computations to come, we fix a special notation for it, namely setting IT:= Hij si #0.

« One clearly has det(S) = 111, because the matrix § is diagonal. Thus, the Taylor expansion of det({I —.4)
does not contain zero-order terms if s; = 0.

+ Let C = S € GLy(R)  GL4(S) and D = Ax(10,1+G(I-8) + 22 (%anl—gzu— S)) +0(Ax%) € My(S)
from Lemma 8.4.3. Using (8.13) from Lemma 8.4.4 and performing elementary computations, we have

1 911
De (det(C)) (D) = Axl’[(zat +U-s)Gn+5 Y ?(Iat +(1- si)gi,-)) +0(AX®) (8.15)
i=2°1
Ax?
t= (Azatt S1)gng11—(1—81)Zgwgeﬁ'slz ( O — (1~ Sl)zgzegh))
i=2 Si

We keep this expression without taking the limit in sy, for future use. Taking the limit for s; — 0 yields the
derivative around the singular matrix S|s - instead of § € GL;(R) for s; #0.

2

1
lim De (det(C)) (D) = Axn(za, + gu) +— (/120” G161 — Z ngn) +0(Ax%). (8.16)
-

2

This gives all the first-order term and part of the second-order term in the series det(( I —.A).
+ Let C = S € GL4(R) < GL4(S) and D = Ax(%6t1+g(I—S)) +0(Ax?) € M4(S) from Lemma 8.4.3. Using

(8.14) from Lemma 8.4.4, we have, after some algebra

2‘7: sl( 0+~ Sl)gii)

1
Dee @et(€) (D)D) = 2+°11(2(10:+ 1 =511
i=2°1
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q 2
+51(Z ( 0:+(1- Sz)gii)) —2(1—51)2(——1)Q1z911 SIZ (/la[+(1_5i)gil-)2

i=2§ i
-8 Z Z (s— —1) (i —1)@[9[,) +0(Ax%).  (8.17)
=

Once more, we take the limit for s; — 0 in order to find the desired result on the remaining second-order
terms in the development det({ I —.A)

91 1_4(1
hchc(det(C))(D)('D) 2AX H(/lzanz += guatz +—6t2(——1)g,~,~
2 S¢ A i=2\Si

+Gu Zz (s—l_ - 1) G- f (é - 1)gwgm) o). (818)

(=2

Putting (8.16) and (8.18) together in Lemma 8.4.4, with expansion around S, allows to write det({I—.4) up to third
order. This is

. 1 9 1 q(1
Slfir})det((I—A)zAxn( 0i+Gn )+ Ax? H(/lz( ézz [)atﬁ ~G110; Z +/16tlzz(s )Q”
1 q(1 q
--616n- Z(___)glig[1+gll > (——1) gu)+o(Ax ). (8.19)
2 =\S¢ 2 =2

8.4.1.2 ADJUGATE

We now switch to the formal power series of the adjugate function of the inverse of the resolvent, in order to deal
with the right hand side of the corresponding Finite Difference scheme given by (8.2). Let us start by characterizing

its derivatives.

Lemma 8.4.5: Derivatives and expansion of the adjugate function

Let C € GL4(R) and D, £ € M 4(R), where R is a commutative ring. Then the adjugate function

adj: My(R) — M4(R)
C— adj(C),

has the following derivatives.

D¢ (adj(©)) (D) = det(C) (r(C'D)I-C'D)C!, (8.20)
Dec (adj(€)) (D)(E) = det(C)((tr(C_IS)tr(C_l’D) -trc'eCc'Dy)Cc!
+C (ECcT'D+DCE —tr(C’lg)’D—tr(C’l’D)g)C’l). (8.21)

Moreover, the second-order Taylor expansion of the adjugate function reads
1
adj(C + D) = adj(C) + D¢ (adj(C)) (D) + EDCC (adj(©)) (D)D) + OUIDI),

where the derivatives are given by (8.20) and (8.21).

Proof. Since (8.3) holds and C is invertible, we have that adj(C) = det(C)CL. Therefore

D¢ (adj(C)) (D) = D¢ (det(C)C ™) (D) = D¢ (det(C)) (D)C ! +det(C)D¢ (C71) (D),
=det(@)tr(C'D)C! -det(©)C'DC,
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where we have used the rule for the derivative of a product, the Jacobi formula (8.13) and the identity D¢ (C’l) (D) =
—C1'DC!. For the second derivative, we have

Decc (adj(©)) (D)(€) :=D¢ (D¢ (adj(€)) (D)) (£) =D¢ (det(©€) (tr(C'DYI-C™'D)C7) (),
=D (det(C)) (€) (tr(C'D)I-C7'D)C7! +det(C)D¢ ((trC "D I-C'D)C ) (&),
=det(@)tr(CT1E) (r(C'DYI-C ' D) C 7! +det(C)De (rC D) I-C7'D) (E)C!
+det(C) (tr(C'DYI-C'D)D¢ (C7Y) (&),
=det(@)tr(CT E) (tr(C'D)I-C'D)C7 +det(C) (tr (De (C™1) (E)DP)I-De (C7Y) E)D)C!
—det(©) (r(C'D)I-C"'D)ClECT,
=det(@)tr(CT1E) (r(C ' DYI-C7'D)C ! —det(©) (tr(C'ECTID)I-C'ECTID)C!
—det(€) (r(C'DY)I-C"'D)ClECT,

where we have used the rule for the derivative of a product, the Jacobi formula (8.13), the linearity of the derivative
and the trace and the identity D¢ (C™!) (D) = —C~'DC~!. Upon rearrangement, this yields the result. O

Remark 8.4.2. We observe that, looking at (8.20) and (8.21) compared to (8.13) and (8.14), we have that

D¢ (adj(€)) (D) = D¢ (det(C)) (D)C ™! —det(C)C'DC!,
Dcc (adj(C)) (D)(E) = D¢ (det(C)) (D)(E)C ™ +det@)CHEC'D+DCIE-tr(C ED-tr(C ' D)E)CT.

This implies that we can reuse the computations we did for the determinant in the current treatment of the adjugate, as

far as the first terms on the right hand sides are concerned. However, one must be careful that now they are multiplied

by C™L.

If we had stopped the developments at first order, we could have used the first-order perturbation theory
of the adjugate matrix as provided by [Stewart, 1998, Theorem 2.1]. However, to the best of our knowledge, no
second-order perturbation theory for this matrix is available in the literature, thus we have been compelled to
independently develop it using differential calculus. Lemma 8.4.5 is thus a generalization of the results from
[Stewart, 1998] and can therefore be used—beyond the application presented in this contribution—by researchers
needing a second-order perturbation theory for the adjugate matrix.

Since we are ultimately interested, as one can notice from (8.2), in multiplying the formal power series adj({I—
A e M4(S) by B € M4(S) in a Cauchy-like fashion (the standard product of formal power series) and select the

first row, we perform the computations only for the first row of adj({I - .A).

+ Using the definition of the adjugate matrix in combination with the Laplace formula or using the explicit

formula for the adjugate of an upper triangular matrix, see [Horn and Johnson, 2012], we have

s s
adj(8) = Hdiag(l, L —1), thus  lim adj($) = Te; ® ey.
S$2 Sq s1—0
Hence, contrarily to the determinant, the zero-order term in adj({ I —.A) is not zero for s; = 0 but a singular

one-rank diagonal matrix.

- Let C = S € GLy(R) © GLy(S) and D = Ax(13,1+G(I-8)) + 2L (/126”1 G2(I- S)) +0(AX3) € My(S)
from Lemma 8.4.3. We utilize the previous computations from (8.15), as suggested in Remark 8.4.2, into
(8.20).

D¢ (adj(©)) (D) = (Axﬂ(;t@r +(1-5)G11 + 581 Z ()L@r +(1- Si)gii))

i=2 Si

Ax? 3
+=-1 (Azan (- sl)gugu—(l—sl)ZQM%HIZ ( Ort - ‘S")Zg"”g’i)))
i=2 Si /=1

11 1 11 1
xdlag(— — ...,—)—diag(—,—,...,S—)’Ddiag(—,—,...,— +0(AX>).
q

S1 S Sq S1 S Sq
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In this case, we do not even have to take the limit for s; — 0, since all the terms in s; cancel. Therefore, for

the very first component, we get

1.4 1 41
(Dc (ad_](C)) (D))ll :AXH(Za[Z _+Z __l)gii)
=25 i=2\Si
Ax q 1 q
+— ( 5011 ) 7_2(__1) Zgwgh)‘*‘o(Ax ). (8.22)
(=2 i=2

Now consider j € [2, g], then

1 Ax® (1 q
(Dc (adj(©) (D)), ; = —Axl‘l(? - 1)91,- + TXH(S— - 1)(91191,- +3GueGrj |+ O™, (8.23)
(=2

J J

This gives all the first-order terms on the first row of adj({I —.A4) and part of the second-order terms.

« Let C=S€GLy(R) © GL;(S) and D = Ax (10,1 +G(I - 8)) + O(Ax?) € M 4(S) from Lemma 8.4.3. We reuse

computations from (8.17) as well as (8.21).

1

N

q
Dcc(adj(C))(D)(D)=(Ax2H(( 0+(1=s1Gu) 3, (700+ =50

Se

a1 2 q.(1 1 2
+s1(Z (zor+a- sl)gn)) ~201-5) Z(—— )gwga a9y - > (§00+a-5005)
Gi

i=2 Si i=2S i
1 1
-5 Z Z (——1) (——1) ggh))dlag(— — ,—)
i=20=2 5182’ Sq
C#£i
11 . ) 1 1 5
+2sIldiag| —, —, ... DS " D-tr(SD)D dlag ., — |+ O0(Ax>).
S1 32 Sq 82 Sq

Then we have, for the first matrix entry

1

91,1 2 q
(Dcc(adj(C))(’D)(’D))H=Ax2H((Z—(Zaz+(1—si)gii)) -2 2( 6t+(1—sl)9”)

i=2 Si i=2 S;

911 9 (1
-y (— - 1) Y (— - 1)gwgm) +0(Ax%), (8.24)
i=2 Si ?;2 Se

independent from s;. For j € [2, ]

1 1 1 9.1
(Dec (adj(©)) (D)D), ; = 2Ax21'l(— - 1)(s—glj(zat +(1- s,-)g,-j) +) (5 - 1)glega

v =
j
—9112 ( Or+(1- Sz)gii))+O(Ax3). (8.25)
i=2 Si

Using (8.22) and (8.24), we have that the first entry on the first row of adj({I - .A) is

_ , 1. 41 41 Ax? 1 4
Slf%(adj(fl—A))ll=H+Axn(iatz—[ Z(——l)gu) — ( anZ——Z(——l)Zglzgel

= S0 i\ 2 =250 iz
q 2 4911 q 1 (1 3
Z ( 0;+(1—- sl)g,-,-)) Z_z( 0r+(1- S;)gu) Z(——l)Z(——l)ngii +O(Ax”). (8.26)
— i=2 S} A j=2\ Si ?;2 S¢
1

Using (8.23) and (8.25), for any j € [2, q], we write

_ _ 1 Ax* (1 g
llm(adJ(CI—A)hj=—AXH(——1)QU+—H(——l)(911g1j+Zgwgéj gl]( Or+(1- S])gjj)
510 Sj 2 Sj =

J J
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701 9101
+2)° (— - I)ng/j -2G1; ). —(—0x +1- Si)gii)) +0(AX).  (8.27)
=2\ S¢ i=2 Si A
l#]

In general, we have written, for the first row, the leading terms in adj({I —.4). We shall take its product with B.

Thus, one has

adj(I- B =adji(I- A)VB? +Ax(adj(I- AP BY +adj1-.4)VB?)
+Ax* (adj¢ T - A YB? +adi(1- AYBY +adj(1- APB?) + 0(Ax*), (8.28)

generating products of terms in the fashion of the Cauchy product. This completes the preliminary results needed

to prove Theorem 8.3.1.

8.4.1.3 OVERALL COMPUTATION

We now put all the previous calculations together to prove Theorem 8.3.1. As previously pointed out, we can
assume, without loss of generality, that s; = 0, passing to the limit. This allows to deal with simpler expressions

with less terms.

8.4.1.3.1 First-order equations To find the target PDE, it is sufficient to truncate all the formal power series at
O(Ax?). In particular, using the fact that the first column of B is zero for s; = 0, we have that limg,_¢(adj({I -
A)B)1; = 0. Observe that if the relaxation parameter corresponding to the conserved moment were not equal to
zero, we would have (adj({I —.4)B)1; = O(1). Still the matrix § would not be singular, thus we would have some
non vanishing zero-order term in det({ I — .A) to compensate the one from the adjugate.

For any j € [2, q], using (8.27), Lemma 8.4.2 and (8.28), entails

lim (adj(¢ T~ A)B)y; = lim Ax ((adj CI-A9BY), +(adji¢1-AVBY), J.) +0(Ax?)
S1— S1—

= —AxIIGy j + O(AX?).

From (8.19), we obtain
1
lim det((I—.A) = Axl'[(—at + gu) +0(Ax?),
51—0 A

thus we obtain the modified equation (whatever the choice of s; € R)
I ! eq 2
AXI 0ﬂ’ﬂ1+lg11m1 +/1];291]m] = 0O(Ax"),

giving the desired result for N = 1 upon dividing by the constant I1. We explicitly see the target PDE. Observe that
the term IT is never present in the computations by [Dubois, 2022] because they are done on the original lattice
Boltzmann scheme (8.1) which has only one time step. For instance, in [Dubois, 2022], the multi-step nature of the
problem, generated by the non-conserved moments relaxing away from the equilibrium, is damped at the very
beginning of the procedure by performing the Taylor expansions of the scheme on the non-conserved variables
and then plugging them into the expansions for the conserved moments.

Before clarifying the terms at the next order in the modified equation (for any m;) or equivalently, finding
the precise expression of the truncation error (for m; = 1) solution of the target PDE), let us utilize the previous
equation to get rid of the time derivatives in the second order terms. This can be rigorously done if m; = 71}, where
my is the smooth solution of the target PDE and yields the truncation error. For any m,, this is formal because
one assumes that differentiation preserves the asymptotic relations from the symbol O(-). This process constitutes
the policy by [Dubois, 2008, Dubois, 2022] and is common to all the approaches (Chapman-Enskog, equivalent
equation, Maxwell iteration, etc.) in order to find the value of the diffusion coefficients from the second-order
terms. Moreover, this is classical for Finite Difference schemes, see [Warming and Hyett, 1974, Carpentier et al.,
1997, Durran, 2013]. Very importantly, this is the reason why we can totally neglect to specify around which time

we perform the Taylor expansions (this is not a priori trivial because schemes are multi-step). Notice that in this
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case, where N =1, v, is a scalar, here denoted y; for brevity.

q
oymy =—-AG 1 m;— A Z gljmjiq + O(Ax) = —y1 + O(Ax), (8.29)
j=2
dm*4 dmcd q eq
eq _ " - _ s - _
0ymtd= am 0rmy = am (Aguml +/1j;g1]mj +O(Ax) = am 71+ O(Ax), (8.30)
d eq d eq
0rrmy = —0; Aguml +A Z gljmj ) + O(Ax) = —Aguatml -A Z gljatmj + O(Ax), (8.31)
j=2 j=2
dmeq dm*t
—/1911)’14%2 g1] y1+O(Ax) A*G11Giimi+A%Gn Z gl]m] +/12 Gij dm] Y1+O(Ax). (8.32)
1

These formal equalities are obtained by taking advantage either of the chain rule, since the moments at equilib-
rium are functions of the conserved moments, or of the re-injection of (8.29) by assuming that the differentiation
preserves the asymptotic relations from the symbol O(:). These equalities become rigorous and lack of the O(Ax)
term if m; = i, the smooth solution of the target PDE.

8.4.1.3.2 Second-order equations We can now go to the computation of the truncation error in Theorem 8.3.1,
which is more involved due to the presence of more terms to estimate. To make the link with the findings of
[Dubois, 2022], the increased complexity comes from the more intricate and entangled block structure of G2. We
have to treat the second-order term in (8.28), made up of three products. For any j € [2, ] (once again, the first

component vanishes for s; = 0)

+ Using Lemma 8.4.2 and the zero-order expansion of the adjugate gives
; : (OPe) ST 3
lim (adjI-.A)"B"Y),. = — guglj"'zgwglj .
s1~0 J 2 /=2
+ Using Lemma 8.4.2 with (8.26) and (8.27)

1 1 911
lim (adj¢7 - AVBY), ;= —s;11 ( guarZ 9 2(5—1)984—2(5—1)914%)-

r=2% (=2 (=2

+ Using Lemma 8.4.2 and (8.27)

1 (1 1 1
gfin(adj((l APBOY, —H(I—Sj)(zgllglj+;_2(§—E)glﬂglj_ S_j_l)gljgjj
1 1 9101
+s_jglf(IO”(l_sf)g”)_g”izzzs_,-(iaﬁ(l_s")g”))'

Summing these three contributions and after some straightforward but tedious computations, the second-order
term in (8.28) is given by

slliglo((adj((I—A)B)(Z))lj= ( 91191]+Z(———)gwgz1 (1+ )Ql,at—guz(——l)gu)
e#

J

Hence, using (8.30) to get rid of the time derivative of the equilibria, we have

e (1 1
hmZ (adj¢I-A)B)?), ; Z( GuGiym’+ y ;—E)gwgwm
(=2
1 q dmeq
+Z(1 Z )gljd Yi— gl]Z(__l)gNm )+O(Ax)-
=2
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Notice that in this result, a reminder of order O(Ax) appears. Once again, if m; = /1), this reminder is not present
and we would find part of the truncation error. Once more, using (8.29) and (8.32) to eliminate the time derivatives

in the second-order terms from (8.19) gives

1(1 &
lim (det(( I —.A)® =n(—(- )a 9,y —
Jim (de CI1-A)“m P 2+[Z:25 e+ — gn [Zz 5 +/112§

(l - l)gllalml

Si

701
- 1gugnml -3 (— - l)glégélml +011 Z (— - 1) giiml)
2 1=o\S¢ 2 i=2 \Si
eq

a1 q eq 1 de
;S—)(gugnml+gu]§égum}- +zgg1jd_’nl7/l)

l\JI’—'

q q q
_gll(gllml +) gljm(;-q) > si_ (Z(s_ - l)g”)(gllml + Z Gijm )
j=2

=20 \ij=2 j=2
1 9(1
-=GnuGum -y [|—-= gwgmml +011 Z —=1|Giim |+ O(Ax).
2 r=2\S¢ i=2\Si
With this, after simplifications, we obtain the remaining term to master the second-order contributions in the
modified equation of the Finite Differencescheme (8.2).

q
(det@I - AN my — } (@dj¢I-A)B)?), ;m?
j=2
! 141 1y, dm)
a2 Yougme B (L Hmt- L5 (Lo o) cosn
Si ¢ A S dm

j=2 j=20=2 j=2\Sj

To wrap up, these computations yield, together with the ones from Section 8.4.1.3.1, the expected result for N =1,
which reads

€q

dm
eq 1
/l(atm1+)/1 AAXZ(———)glj(g]1m1+Zg]gméq__ Yl)):O(Axs),
o\s) A dm

and thus proves Theorem 8.3.1.

8.4.2 KEY IDEAS FOR THE EXTENSION TO SEVERAL CONSERVED MOMENTS

Here, we sketch the demonstration of Theorem 8.3.1 for any N = 1. For the sake of providing a quick and effective
presentation of this matter, we limit ourselves to first-order in Ax. Select a conserved moment, which shall be
indexed by i € [[1, N].

Remark 8.4.3. The operation selecting rows and columns to yield A; and A from Proposition 8.1.2 does not change
the orders of the expansions. This is, let C € M ;(R[z] ®g D) and C = Zzzgo" Axhe® e My4(S) such that C=C and
I<[1,q] a set of indices, then

+00
= (Z AxhC(h)) Z Ax (C(h)) )
h=0 1 h=0
Thus we have the analogous of Lemma 8.4.3, where zI - A; = {I - A; , with

+00 Ayl W il h
a-A= ¥ S (ot ' (gha-s)

{i}uﬂN+1,q]) '
The first two term in the expansion of the inverse of the resolvent are

CI-A)© =diag(1,...,1,5:,1,..., 1, SN+1,---, Sq)-

In the spirit of Remark 8.4.1, for the case s; =0, we introduce a regularization with s; # 0 and then we pass to the
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limit. Moreover

0 0 0 0---0 0 0
0---0 0 0---0 0 0
0---0/ (1-5)Gi; [0---0| (A-sn+DGivsn - (1=59Giq

((I_A,)(l)_la ., 0---0 0 0---0 0 0

1 _A, t

0---0 0 0---0 0 0
0+ 0{(1=$)GN+1)i|0 -+ 0|1 = sn+ DG v+ (v+1) - (1= 57)G(N+1)g
0---0] (1-5)Gg [0--0| (A=sn+DGgv+n - (1=359Gqq

We thus have

« As for the case N =1 treated in detail, we have that lim,_.odet(((I - .A;)®) = 0. Using the formula for the

adjugate of an upper triangular matrix, see [Horn and Johnson, 2012], we have limg, _oadj(((T - ANO) =

l=q

Ile; ® e;, where in Section 8.4.2 IT:=][,_ ., Se-

« Taking C = ({I-.A)® € GL;([R) = GL4(S) and D = Ax((I-.A) + O(Ax?) € M4(S) in the Jacobi formula

(8.13)
lim D¢ (det(C)) (D)
Si—
. si(N-1) 1 11
= ‘9111£H>OAXH Tat + Zat + (1 — Si)gl’i + [:%4_1 g(zat + (1 - S[)g[[)) + O(sz)

1
= AxH(Zat + gii) +0(AxXY).

To handle the term with the adjugate, observe that the first-order term is made up of the terms
@dji¢I-ANANY = @di¢T- AN QAN + (@dj T - AP (AND©, (8.33)

and in particular, we are interested in the i-th line of this matrix. Because of the fact that (.A‘l?)(o) = diag(1 -
S1y.-0,1—58;-1,0,1 = 8j41,...,1 = 5n,0,...,0), the i-th line of the second term on the right hand side of (8.33)
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is zero, thus we do not have do study it. For the remaining term, it can be easily seen that

un - G-y | G | Gy - Giv || Giveny 0 Gig

Gi-n1 - Ga-16-1 |96-0i| Gi-Da+D - G- |G-+ Gi-1g

gin - Gia- 0 Gii+n  Uin o - 0
o) Gt - Gu+ni-0 [96+i| G+ - Garnn ||Garnwn - Glirg
AW =—a-s| , R A
gn1 o GnG-D | 9ni | NG+ ONN || vy ONg
Gwv+n1--Gv+ni-n| 0 |Gw+ni+n -GN 0 e 0
Gn - Ggi-y 0 Ggivy - Ggn 0 - 0

thus we deduce that

((adjCT-Ap.ADD),
=-M(A-s0Gi1,-.., 1= $i-1)Gii-1),0, 1 = $i+1)Gi(i+1),---» 1 = s8)Gin, 0, ..., 0).

Dealing with the zero and first order term in adj({ I-.A;) B works the same than N = 1, thus we do not repeat
it. Moreover, these terms allow for the compensation of the dependence on the choice of the relaxation

parameter of the other conserved moments si,:--, sj_1, Si+1,..., Sy in the previous equation, thanks to (1.3).

Putting all the previously discussed facts together into the truncated (8.12) yields

I N q
sz 6tml~+/1g,-,'mi+itzg,-jmj+)t Z gijm;q =O(Ax2),
j=1 j=N+1
j#i
which is the result from Theorem 8.3.1 for N =1 at dominant order. The next order is demonstrated in the same

way.

8.5 LINKS WITH THE EXISTING APPROACHES

To finish Chapter 8, we briefly sketch the links with previous works on the target PDEs and modified equations
like [Yong et al., 2016] and [Dubois, 2008, Dubois, 2022].

8.5.1 EQUIVALENT EQUATIONS [DUBOIS, 2008, DUBOIS, 2022]

Our result Theorem 8.3.1 coincides with the analogous result in [Dubois, 2022, Proposition 5] up to second or-
der. The substantial difference is that we apply the Taylor expansions to the solution of the corresponding Finite
Difference scheme given by Proposition 8.1.2, where non-conserved moments have been removed. We therefore
reasonably conjecture that the obtained macroscopic equations coincide at any order. The mathematical justifica-

tion of this conjecture shall be the object of future investigations.

The quasi-equilibrium, which is extensively used in [Dubois, 2022] can be somehow recovered in our previous

discussion. Let N =1 to fix ideas. In the proof of Proposition 8.1.1, nothing prevents us from selecting, instead of
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the first row, the i € [2, g] row, corresponding to a non-conserved moment. This is
det(zI - A)m; = (adj(zI - A)Bm®9),. (8.34)

Let us stress that even if this could seem to be a viable Finite Difference scheme for the non-conserved variable
mj, it is not independent from the conserved moment m; the equilibria depend on and furthermore, this formula-
tion certainly depends on the choice of s, the relaxation parameter of the conserved moment. This is somehow
unwanted since s) is in fine not present in the original lattice Boltzmann scheme. From the computations of
Section 8.4, we see that

S1
B R

detCI-A) = 5111+ O(Ax), adj((I—A):Hdiag(l,%,.. )+O(Ax), B=S8+0(Ax).
2

Sq

Using the asymptotic equivalents truncated at leading order in (8.34) thus provides
sillm; + O(Ax) = s;TIm;*+ O(Ax),  hencealso  m;=m;?+O0(Ax),

provided that s; # 0. This is the quasi-equilibrium of the non-conserved moments, which is re-injected in the
lattice Boltzmann schemes to eliminate them in the procedure by [Dubois, 2022]. The previous procedure is
formal because there is no guarantee that the discrete non-conserved moments m; for i € [2, g] in the scheme can

be replaced by the point-wise values of a smooth function m;, which existence is not guaranteed.

8.5.2 MAXWELL ITERATION [YONG ET AL., 2016

In [Yong et al., 2016], the computations have been carried only for the D»Qg scheme by [Lallemand and Luo, 2000]
with N =3, which we have presented in Example 8.3.2. In this part of our work, we are first going to develop the
computations until third-order for any lattice Boltzmann scheme under acoustic scaling, i.e. Assumptions 8.3.2.
Then, we are going to demonstrate that the modified equations obtained by the Maxwell iteration [Yong et al.,
2016] and the one from the corresponding Finite Difference schemes are the same at any order, regardless of the
time-space scaling. Here in Section 8.5.2, it is crucial to assume that § € GL4(R). Observe that this assumption
ensures that det({I —.A) is a unit in the ring S or equivalently that (I — .4 belongs to GLq(S). The Maxwell
iteration [Yong et al., 2016] is constructed recursively by

m = meq,

mt = me- s (T -pmcY, k=1,

thus it can be written, via a simple computation, at step k€ N as

k _
mt = (Z -S7'¢T - I))h)m"q, (835)
h=0

where the quasi-equilibrium is encoded in the choice m!”! = m®1 and where we have taken, as for (8.10)

T.= Mdiag(tc,,..., t,)M ' = Mdiag(t_c,,...,t—c, )M "
Axnl —

W T A o =TS

In|=0 .

It is easy to see that 7T = 7T = I and moreover, in analogy with Lemma 8.4.3

2

—_ 1 Ax? (1 2
(T-1= Ax(zatl+ g) + —x(ﬁann 2G0:+ gz) + 0. (8.36)
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The Maxwell iteration works by assuming that m = m® + O(AxkH). Taking k =1 in (8.35) and using (8.36), we
have

1
m=md— S‘le(Xatl + g)meq +O(AX?).

Let i € [1, N], then taking advantage of (1.3)
1(1 N / eq 2
mi=m;—Ax— —6tmi+zg,’jmj+ Z Qljmj + O(Ax"),
si\A j=1 j=N+1

which upon division, is the same result than Theorem 8.3.1. Going up to order two considering k = 2, we have

1
m=mc—- S_le(16t1+ g)meq

2
Asz” (% @S '-Dnd,+ %(s*lg +G68'-G)o,+ges ! - I)g)meq +O(AXY).

Once more, selecting the i-th row provides

11 eq
- +— - l)gl]atmj

1(1 1 1(1(1 1 14
mi=m;—Ax—|=0,m; + —y1; |[+Ax* — | — = = = |0, m; +
i i ‘(/1 tm; AYI,I) S( ( )tt i Z s

Si \A2\s; 2 A’j:l

9 49 (1 1
+ Z Z(— - —)gi[ggjmj.q +O(Ax3).
imisi\se 2

Using relations analogous to (8.29), (8.30) and (8.32) for N = 1, formally obtained by differentiating the result at

the previous order , we finally obtain, after tedious but elementary computations

Ax (1 1 N d eq 1 i
mi=m;i = o= Ormi+y1,i—AAX ) (——E)Qij(zgjeme+ > Gjem, _ZZ YM))
=1 ¢

i j=N+1\5j

+O0(AXD),

which coincides with the result from Theorem 8.3.1. Therefore, up to order two, our approach yields results

consistent with those from the procedure by [Yong et al., 2016].

To demonstrate that we recover the same result at any order for any scaling between time and space discretiza-
tions, let us assume N = 1. Then we have, using that § € GL4(R), TT =TT =1, the rule for the inverse of a

product of matrix and the identity relative to geometric series in the context of formal power series, that

0=detI- Am-adj(I- ABmI=det(I-A) (m-(I-TU- S))_I’TSmeq),
= det((T—.A) (m —STCI-TU- S)))_lmeq) = detCI-.A) (m —A+SVCT - I))_lmeq) ,

= det(cI—A)(m— (f(—s*((’l_'— 1))’“)meq) = det((I—A)(m— lim m[k]).
=0 k—+00
Therefore the expansion of the Finite Difference scheme from Proposition 8.1.1 and the non-truncated Maxwell
iteration method on the lattice Boltzmann scheme coincide up to a multiplication by a formal power series of
time-space differential operators, i.e. det((I—.A) € S. A priori, the resulting modified equations are not the same,
but since det(( I —.A) = det(S) + O(Ax) = s;I1+ O(Ax), thus we “pay” only a constant factor we can divide by at
dominant order, the modified equations at leading order are the same. Then, at each order, the result must be the
same because we re-inject, in a recursive fashion, the solution truncated at the previous order to eliminate the
higher-order time derivatives, see for instance (8.30) and (8.32). The fact that the modified equations recovered
by the Maxwell iteration are the same than the ones from the corresponding Finite Difference scheme at any
order provides an a posteriori justification of the Maxwell iteration. We also emphasize that using the Maxwell

iteration to compute these equations is generally less involved in terms of computations than doing the same on
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the corresponding Finite Difference schemes.

8.6 CONCLUSIONS OF CHAPTER 8

In Chapter 8, we have rigorously derived the target PDEs for any lattice Boltzmann scheme under acoustic and
diffusive scalings by restating it as a multi-step macroscopic Finite Difference scheme on the conserved moments.
Moreover, the modified equations—which the schemes are “more consistent” with—have been found up to second
order. These findings allow to utilize—upon studying the stability of the lattice Boltzmann scheme at hand—cf.
Chapter 9—the Lax equivalence theorem [Lax and Richtmyer, 1956] to conclude on its convergence and order
of convergence towards the solution of the target PDEs. Since the passage from the kinetic to the macroscopic
standpoint is fully discrete, our analysis can handle any type of time-space scaling and be pushed forward to
reach higher orders in the discretization parameters. Contrarily to the existing techniques, the quasi-equilibrium
of the non-conserved moments in the limit of small discretization parameters or the introduction of several time
scales in the problem are not the keys to eliminate the non-conserved variables from the macroscopic equations.
The obtained results confirm, going beyond empirical evidence, that the formal Taylor expansion by [Dubois,
2008, Dubois, 2022] and the Maxwell iteration by [Yong et al., 2016] are well-grounded from the perspective of
numerical analysts and traditional numerical methods for PDEs, such as Finite Difference. In particular, we have
extended the Maxwell iteration [Yong et al., 2016] to any lattice Boltzmann scheme and shown that the modified
equations found by this procedure are the same than the ones from the corresponding Finite Difference schemes,
at any order. The general results that we have presented allow to immediately recover the modified equations
without need for computing the corresponding Finite Difference schemes, which would be time consuming. This
allows—for example—to easily consider families of schemes depending on some parameters and investigate the
dependence of the modified equations on these factors.

An improvement of the present work could be the establishment of the equivalence between different analyses
[Chen and Doolen, 1998, Qian and Zhou, 2000, Dubois, 2008, Dubois, 2022, Junk and Yong, 2003, Junk et al.,
2005, Junk and Yang, 2009] for higher orders and ideally for any order. Even if more involved from the standpoint
of computations, the extension can be easily done by considering derivatives of higher order for the determinant
and adjugate functions, in the spirit of Lemma 8.4.4 and Lemma 8.4.5. In this work, all the computations have been

done by hand but one could envision to seek some help from symbolic computations.






CHAPTER 9

STABILITY

GENERAL CONTEXT AND MOTIVATION

Stability is the second fundamental piece to achieve convergence for a numerical scheme. In fact, the Lax-
Richtmyer theorem [Lax and Richtmyer, 1956] states that for linear Finite Difference schemes, when the solution
of the target problem is smooth, consistency and stability are necessary and sufficient to obtain convergence.
However, even if the stability of lattice Boltzmann has been studied for a long time, it remains problematic due to

the lack of a well-established link with convergence and the complexity of the schemes.

STATE OF THE ART

« The historical way of analyzing the stability of lattice Boltzmann methods is the L? analysis a la von Neu-
mann, see [Benzi et al., 1992, Sterling and Chen, 1996, Lallemand and Luo, 2000, Graille, 2014, Février, 2014]
to cite a few. The procedure relies on a linearization of the problem around an equilibrium state (for exam-
ple, a base flow, or zero velocity [Benzi et al., 1992]), followed by the rewrite of the scheme using the Fourier
transform and the study of the spectrum of the associated matrix. In particular, one checks that the modulus
of the eigenvalues is smaller than one for any wave-number. The main limitations of this approach are the
fact that it works only for linear problems and finding explicit stability constraints is difficult, especially
when the number of discrete velocities g is large. Nevertheless, this remains the most common approach,

at least for a numerical study of the stability regions.

- A more recent approach is built around a weighted L? stability analysis, see [Banda et al., 2006, Junk and
Yong, 2009, Rheinlénder, 2010] and applications to specific schemes [Junk and Yang, 2009, Junk and Yang,
2015]. The idea behind this approach is to decouple collision and stream, because the main difficulty in the
analysis is the fact that they are not diagonal in the same basis. The key is to find a matrix which determines
aweighted L? norm such that the stream phase remains an isometry and the collision phase be a contraction.
More precisely, the matrix is picked in order to diagonalize the collision phase. In this way, one can evaluate
the norm of their product by the one of each phase separately and conclude on the stability. Again, this
notion of stability is intrinsically linear and does not take into account the joint role of collision and stream,
which individual norm might be larger than one but the product of which may have a norm smaller than

one, ensuring overall stability.

« Finally, even more recent developments are linked with the L* stability, monotonicity, and related concepts,
see [Dellacherie, 2014, Graille, 2014, Caetano et al., 2023, Dubois et al., 2020a]. In particular—while the
other contribution still deal with a linear framework—the analysis by [Caetano et al., 2023] studies the
D;Q, from the perspective of monotonicity, like for Finite Volume schemes [Godlewski and Raviart, 2013],
identifying an invariant compact set under suitable conditions and showing that this L* stability leads to
entropy inequalities and convergence towards the weak-entropic solution of a scalar conservation law. The
limitation of this approach is that it works for very simple schemes: it is difficult to generalize it even to

a D;Qg. Over-relaxation regimes, when the relaxation parameters is larger than one, are also stumbling
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blocks and the sets of parameters where the scheme still possesses a maximum principle are missed by this

theoretical analysis.

AIM AND STRUCTURE OF CHAPTER 9

The aim of Chapter g is to relate the L? linear stability analysis a la von Neumann for lattice Boltzmann scheme,
which is a rather heuristic approach, to the von Neumann stability analysis for Finite Difference scheme, see
standard textbooks such as [Strikwerda, 2004, Gustafsson et al., 1995]. This allows us to justify the full legitimacy
of the analysis on the original lattice Boltzmann scheme thanks to the corresponding Finite Difference schemes.
Moreover, the aim is to avoid having to write the corresponding Finite Difference scheme, but once more rely on
the a priori knowledge of it in order to perform the stability analyses on the original lattice Boltzmann scheme. In

particular:

« For one conserved moment, namely N = 1, we demonstrate that the notion of von Neumann linear stability
for a lattice Boltzmann scheme is perfectly equivalent to the one for its corresponding Finite Difference

scheme given by Proposition 8.1.1.

» For several conserved moments, namely N > 1, the stability of the corresponding Finite Difference scheme
given by Proposition 8.1.2 implies the stability of the original lattice Boltzmann scheme. The converse cannot

be proved in full generality.

Chapter ¢ is structured as follows. In Section 9.1, we introduce the linearization of the lattice Boltzmann scheme
and the definition of von Neumann stability. We also explain why the spectrum of the scheme matrix plays, instead
of its norm, a central role in the stability analysis. Then, in Section 9.2, we discuss the case of one conserved mo-
ment N =1 by showing that the amplification polynomial of the corresponding Finite Difference scheme coincides
with the characteristic polynomial of the scheme matrix of the lattice Boltzmann scheme. Therefore, the equiva-
lence between stability definitions is automatically deduced. Then, we demonstrate that the transformation of the
lattice Boltzmann scheme into a Finite Difference scheme is unique. In Section 9.3, we discuss the case of N > 1.
We first introduce the needed construction of the von Neumann stability analysis for Finite Difference schemes
dealing with systems of N equations. Then, we discuss the lack of uniqueness concerning the transformation of
the lattice Boltzmann scheme into Finite Difference schemes. For the choice of corresponding Finite Difference
scheme by Proposition 8.1.2, we clarify the link between the stability of the original lattice Boltzmann scheme and
this scheme. Finally, in Section 9.4, which does not deal with stability, we use the previously described lack of
uniqueness concerning the transformation of the lattice Boltzmann scheme into Finite Difference schemes when
N > 1 to recover the results from [Ginzburg, 2009] concerning the link D;Q,,,; with two-relaxation-times and
magic parameters equal to 1/4, which has already been studied in Section 7.6.3 and Example 7.6.2 solely for N = 1.
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9.1. Linearization, von Neumann stability and role of the spectrum 265

9.1 LINEARIZATION, VON NEUMANN STABILITY AND ROLE OF THE SPECTRUM

9.1.1 LINEARIZATION AND VON NEUMANN STABILITY

As previously pointed out, the von Neumann stability analysis, see [Benzi et al., 1992, Sterling and Chen, 1996,
Lallemand and Luo, 2000], is quite likely the most employed notion of stability for lattice Boltzmann schemes. It
consists in the linearization of the problem around an equilibrium state, followed by the rewrite of the scheme
using the Fourier transform and the study of the spectrum of the derived matrix. Considering a linear or linearized
lattice Boltzmann boils down to assuming that there exist vectors €; € R7 for i € [1, N] such that the equilibria are

given by

N
meq(ml,...,mN):(Zei®e,~)m. (9.1)
i=1

Hence, the lattice Boltzmann scheme (7.21) becomes

N
m(t+At)=(A+BZe,-®e,-)m(t), (9-2)
i=1
[ —
=E

so that the action of the numerical scheme is wholly encoded in a scheme matrix E € M4(D). Then, the von

Neumann stability can be resumed in the following Definition [Février, 2014, Equation (1.57)]:

Definition 9.1.1: Von Neumann stability of a lattice Boltzmann scheme

Consider a linear or linearized lattice Boltzmann scheme, which therefore can be put under the form (9.2).
We say that it is stable in the von Neumann sense if, for every 6 € (-7, m]9, every gi(0) € sp(E(B)) for

k€1, q], where sp() indicates the spectrum of a matrix, is such that:

18k(@)] < 1.

9.1.2 THE ROLE OF THE SPECTRUM

The question which might be risen concerns the fact that in Definition 9.1.1, one looks at the spectrum of the
matrix E instead of at its I2 norm |||I§|||2, trying to establish the property |||E|||2 < 1. To understand this, consider
the D1Q, scheme of Section 7.1.1 in its linear version, with relaxation on the equilibrium s, = 1 and lattice velocity
A =1, with “perfect” CFL condition €; - e2/A = 1. The corresponding Finite Difference scheme is trivially given by
a shift of the datum, namely

my(t+ At,x) =my(t,x—Ax),

which is trivially stable, especially in the #?-norm, since the associated amplification factor e~? in the Fourier

space lies on the unit circle: the scheme is an isometry. The amplification matrix of the lattice Boltzmann scheme
in Fourier reads
e 0

EO)=| .
() e—le 0

, hence E*©0)E®©) = H i] ,
where * indicates the conjugate transpose of a complex matrix. Clearly sp(E(H)) ={e"'% 0}, hence the scheme is

stable according to Definition 9.1.1, but

IE@I,= max  l]ol=v2>1. (9-3)
agesp(E* (0)E(9))

This means that the scheme operator E is not contractive for the L? norm. By considering the generalization of
the stability inequality (7.44) to vectorial problems of size g but only with one time step, like the original lattice

Boltzmann schemes are, the definition of stability—for a norm at hand—becomes [Strikwerda, 2004, Equation
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(7.1.3)]: for any final time T > 0, there exists Cy such that
NE"*l < Cr, (9-4)

for every t € [1, nr]At, regardless of the value of At (which indeed goes to zero). This shows that stability has to
do with the power boundedness property of the matrix E [Trefethen, 1996, Chapter 4], [LeVeque and Trefethen,
1984, Strikwerda and Wade, 1994, Kraaijevanger, 1994]. In our case, thanks to the Parseval equality, it reads

sup sup [IE@) "2, < Cr.
te[L,nr]At Oel-m,m]

However, the submultiplicativity of the norm does not allow to conclude, due to (9.3), since
IE®)""211l, < NE@)I15'4" = 2140,

for every t € [1,nr]At, where the right hand side goes to infinity for small A¢. This confirms that one cannot
deduce stability from the value of |||E(9)I||2, and that is why the lattice Boltzmann community avoids doing so.
The right notion to use is power boundedness, which is however difficult to check in general but linked to the

spectrum of E rather than to its L% norm. In our case, it can be easily checked, since

e—il’/At@ 0

E@)7 = ,  hence  IE@"*l,=v2=Cr=C,

e—il‘/Ate 0

and deducing that the scheme is stable. To our understanding, the misleading indications given by the norm
IE@©) ll2 come from the fact that the lattice Boltzmann scheme enlarges the size of the state space from N to g, with
the presence of intrinsically numerical—yet nonphysical—unknowns. Moreover, the matrices E are practically

never symmetric when solving hyperbolic equations, creating a gap between spectral norms and spectral radii.

9.2 ONE CONSERVED MOMENT

Let us start by studying the case N = 1. We recall that—in this setting—we are going to show that the notion of
von Neumann linear stability for a lattice Boltzmann scheme is totally equivalent to the one for its corresponding
Finite Difference scheme.

9.2.1 STABILITY

The fundamental result is the following.

Proposition 9.2.1: Amplification polynomial

Consider N =1 and a linear or linearized lattice Boltzmann scheme under the form (9.2). The amplification
polynomial of the corresponding Finite Difference scheme given by Proposition 8.1.1, denoted by ®, see

(7.41), equals the characteristic polynomial of E, that is

&(0,2) = det(zI - E9)).

Thus, any property on the spectrum of the scheme matrix E for the lattice Boltzmann scheme shall find an exact
counterpart in the roots of the amplification polynomial of its corresponding Finite Difference scheme. Observe
that operating in the primal space—by considering E—or in the Fourier space—taking E—is exactly the same thing.

The meaning of Proposition 9.2.1 can be explained by the following diagram:
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det(zI-A)

LBM(7.21) ———— Corr. FD Proposition 8.1.1
Linearity Linearity
assumption assumption
(9.1) (9.1)
det(zI-E)

Linear LBM (9.2) —————— Corr. Linear FD

The corresponding Finite Difference scheme will be the same if we first compute it through Proposition 8.1.1
without linearity assumption and then we finally assume that the equilibria are linear (9.1) (right-down movement);
or if we first rewrite the lattice Boltzmann with the scheme matrix E and (9.2), assuming from the very beginning

the it is linear and then use its determinant to get rid of the non-conserved moments.

Proof of Proposition 9.2.1. By looking at the corresponding Finite Difference scheme in Proposition 8.1.1 given by
(8.2), we obtain that

(D(z)ml = det(zI— A)m1 — (adj(zI— A)BmEq)l = det(zI— A)ml - (adj(zI— A)B€1 ® el)uml,
where the second equality is obtained by assuming linearity of the equilibria (9.1). This entails
O(z) =det(zI-A) - e&adj(zI— A)Be;®e; =det(zI-A—€1®ep) =det(zI - E),

using Lemma 8.2.1 to achieve the second equality. O

Since the Finite Difference scheme and the original lattice Boltzmann scheme share exactly the same spectrum,
according to Proposition 9.2.1, any definition of stability based on it shall be perfectly the same for the two entities.
Let us therefore discuss them.

If we want to make Definition 9.1.1 more accurate, in order to perfectly match Theorem 7.7.3 taken from [Strik-
werda, 2004], we have:

Definition 9.2.1: Restricted von Neumann stability for lattice Boltzmann

Consider a linear or linearized lattice Boltzmann scheme, which therefore can be put under the form (9.2).
We say that it is stable in the von Neumann sense (with restricted condition) if, for every 8 € [-m, 7],
every 8,(0) € sp(E(G)) for k€ [1, ], is such that:

1 1gk(@)] = 1.

2. If g1 ()] = 1, then &(0) is a simple eigenvalue of E(B).

Usually—within the lattice Boltzmann community—only the first condition in Definition 9.2.1is actually checked,
see [Février, 2014, Equation (1.57) and Remark 1.4.4] and Definition 9.1.1. We added the second condition in order to
be more precise on the subtle question of multiple eigenvalues, by bringing this definition closer to Theorem 7.7.3.
This subtlety arises when considering multi-step schemes. Still, this question is not harmless since for instance
the D;Q, scheme rewrites as a leap-frog scheme if the relaxation parameter is equal to two. This very Finite Dif-
ference scheme can suffer from linear growth of the solution due to this issue, see [Strikwerda, 2004, Chapter 4].
What is very appealing is that Definition 9.2.1 offers, thanks to Theorem 7.7.3, necessary and sufficient conditions
in the case N = 1, when the scheme does not depend on the time and space steps, which shall not be the case when
N>1.

We observe that when the corresponding Finite Difference scheme depends explicitly on At or Ax, one can

still have a necessary and sufficient condition by taking this into account:

Theorem 9.2.1: Von Neumann stability

Let N = 1. If the amplification polynomial ®(8,z) depends on At and Ax, then the necessary and sufficient
conditions for stability of the multi-step scalar linear Finite Difference scheme—cf. Proposition 8.1.1—for
the £2 norm is that all the roots g (8) for k € [1, g of ®(8,2) satisfy the following conditions.

1. There is a constant @ > 0 such that [§(0)| < 1+ aAt.
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2. There are constants co, c; > 0 such that if ¢y < |§x(0)| < 1+ aAt, then §4(0) is a simple root, and for
any other root g, (0), the relation
1§x(0) -8 0) = c,

holds for At and Ax small enough.

. 7

This result is [Strikwerda, 2004, Theorem 4.2.2] and states that we still have stability if the eigenvalues are
slightly larger than one in modulus but ...how larger: proportionally to At. Moreover, one needs to have simple
roots which are sufficiently “spaced”.

As previously discussed, Proposition 9.2.1 readily gives a Corollary, stating that in the case N = 1, the stability
of the lattice Boltzmann scheme according to Definition 9.2.1 is equivalent to the von Neumann stability of its
corresponding Finite Difference scheme—given by Proposition 8.1.1—according to the definition of stability given

in Theorem 7.7.3.

Corollary 9.2.1: Equivalence between stabilities

Consider N =1 and a linear lattice Boltzmann scheme under the form (9.2). The lattice Boltzmann scheme
is stable in the von Neumann sense according to Definition 9.2.1 if and only if its corresponding Finite
Difference scheme given by Proposition 8.1.1 is von Neumann stable according to Theorem 7.7.3. More

schematically

Stable lattice Boltzmann scheme = Stable corresponding Finite Difference scheme.

In terms of spectrum

{roots of ®(0,2)} = sp(E(B)).

This confirms that the usual notion of stability for lattice Boltzmann is the right one and finds a direct analogue

in the theory of Finite Difference schemes.

9.2.2 UNIQUENESS OF THE CORRESPONDING FINITE DIFFERENCE SCHEME

Something that we have left when we stated and proved Proposition 7.5.1 and Proposition 8.1.1 was whether the
Finite Difference that they provide is unique in some sense. We now try to answer this question for N = 1.

The matrix-determinant Lemma 8.2.1 actually provides the way of transferring information—as far as (8.2) is
concerned—from the term in the determinant (used to eliminate the non-conserved moments) and the term with

the adjugate (treated as “slave” part). Consider an additive decomposition of A analogous to (7.29), under the form
A= (A—d®e1)+d®e1,

for whatever d € DY, where A—d® e plays the role of A; and d® e; the one of A in (7.29). In this way, we “save”
the term d ® e, which is harmless, because it depends solely on the conserved moment that we eventually want

to keep. One thus writes the lattice Boltzmann scheme as
(zI-A+d®e;)m=dm; + Bm®d. (9.5)
Multiplying by adj(zI — A+d ® e;), using (8.3) and selecting the first row provides, as usual
detzI-A+d®e;)m; = (adjzI-A+d®e)d)m; + (adjzI - A+d ® e;)Bm®Y);. (9.6)

At first sight, it seems that we have constructed another Finite Difference scheme (9.6) which is a priori different
from (8.2). Let us show that the schemes are indeed equal. By construction of the adjugate matrix as the transpose

of the cofactor matrix, perturbing the first column does not impact the first row of the adjugate, that is

adjzI-A+d®ep);,. =adjizl -A),.,
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providing

det(zI - A+d® e;)m; = (adj(zI — A)d)1m; + (adj(zI — A)Bm*®Y);
=det(zI - A+d®e;)m; —det(zI — A)m; + (adj(zI — A)Bm®9),,

using the matrix-determinant Lemma 8.2.1 to pass from the first to the second line. We have then obtained
det(zI - A)m; = (adj(zI — A)Bm®Y),,

coinciding with (8.2), as claimed. This shows that in the scalar case N = 1, no matter how we eliminate the non-
conserved moments by “saving” some information concerning the conserved moment m; on the right hand side
of (9.5), the corresponding Finite Difference scheme will always be the same. This is unfortunately false—as we
shall demonstrate—when we deal with several conserved moments N > 1. To sum up, for N = 1, no matter when
the linearity assumption (9.1) is done and which matrix is used to eliminate the non-conserved variables: the

corresponding Finite Difference scheme shall always be the same.

9.3 SEVERAL CONSERVED MOMENTS

We now consider N > 1, namely there are several conserved moments in the scheme at hand. For N > 1, the
situation is different from N = 1: there exists a plethora of ways of proposing corresponding Finite Difference
schemes. Still, for our way of proceeding, cf. Proposition 8.1.2, we can show that the stability of the corresponding

Finite Difference implies that of the lattice Boltzmann scheme.

9.3.1 VON NEUMANN STABILITY FOR FINITE DIFFERENCE SCHEME FOR SYSTEMS

In order to define a notion of ¢2 stability for multi-step Finite Difference scheme with several unknowns, we
follow and adapt the construction presented in [Gustafsson et al., 1995, Chapter 5]. Analogously to (7.40), the
Finite Difference scheme that we obtain by applying Proposition 8.1.2 and eventually assuming that the equilibria
are linear, see (9.1), reads

m
q-N+1 1

Y eZ| | =0, (9.7)
k=0
my

where (@) iefo,g-n+1] © Mn (D) are matrices of spatial Finite Difference operators. Observe that since all our
schemes are explicit, we have that ¢, n.1 = Iy. Having eliminated the non-conserved moments my.1,...,mg,
in this Section 9.3, we indicate m = (my,...,mp)t, the vector of conserved moments which are kept in Proposi-

tion 8.1.2.

Example 9.3.1 (D; Q3 with N = 2). Consider the corresponding Finite Difference scheme in Example 7.5.6. Take linear

equilibria which allow to simulate the wave equation at velocity V under acoustic scaling, that is

0
e1=|01, € =11
v? 0
We obtain
“1-(1-s)Sea) - S SH) -1 —1AK) (1-s53)Skx)  S5AX)
p2=5L, 1= 5312 o= )
- AK) —(2—153)S(x1) 0 1-s3

As customary with multi-step schemes, we consider an extended variable spanning the discrete solution on
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several time steps. Following [Gustafsson et al., 1995, Equation (5.1.3)], we set

[ mi(t+(g-N+1A?) ]
mpy(f+(g— N+ 1)At)

m():= @9 N m,- m)t () = ' :

m1 (1)

my () ]
thus we can recast (9.7) under a one-step form which reads
~PgN P2 @1 —¢o
Iy Oy Oy Oy
zim = Qm, where Q= : : : © | e M-~ (D),
Oy Iy Oy Oy
On o On Iy (N

is a block companion matrix. In order to introduce a metric for m, one construct a norm in time which is nothing

but the 2-norm on the g — N + 1 discrete times spanned inside m, that is

G-N+1 1/2

Im@l= Y Ime+kAnlZ,| . (98)
k=0

As previously highlighted, the definition of stability has to do with power boundedness, like it was the case for
(9-4) in the case N = 1. This is expressed by [Gustafsson et al., 1995, Definition 5.1.1]:

Definition 9.3.1: L? stability

The schemes (9.7) are said to be stable if (at least for Ax small enough), there exist constants K and a such
that
QYA < Ke®, (9-9)

for ¢t € AN, regardless of the value of A¢, where the norm ||-|| is the one induced by (9.8).

Remark 9.3.1 (Finite time horizon or not). This seems slightly different from the definition of stability (9.4) which
has been previously given [Strikwerda, 2004]. It reads: the schemes (9.7) are said to be stable if (at least for Ax small
enough), for every final time T > 0, there exists Ct such that

QA < cr, (9.10)

for every t € [1, ny] At, regardless of the value of At. In (9.9) one allows any time t € AtN (no fixed final time T) but
with the upper bound on the right hand side depending on t exponentially. In fine, the definitions are equivalent even
when we use the scheme to approximate equations with exponentially growing solutions such as 0;u + 0xu = u. For
this kind of problem, allowing exponential growth like in (9.9) or the constant Cr in (9.10) to depend on the final time

horizon T is needed because the solution of the target equation grows exponentially in time.

Since the schemes have constant coefficients, one can consider the problem in the Fourier space and thanks to

the Parseval identity, one can prove [Gustafsson et al., 1995, Theorem 5.2.1]:
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Theorem 9.3.1: L? stability with Fourier

The schemes (9.7) are stable according to Definition 9.3.1 if and only if (at least for Ax small enough)
1Q©)"*ll, < Ke,

for every t € AtN, regardless of the value of At and for every wave-number 6 € [—7, 9.

Remark 9.3.2 (Finite time horizon or not). As previously pointed out, we could also write the previous result as: the

schemes (9.7) are stable according to Definition 9.3.1 if and only if (at least for Ax small enough), for any T >0

Q@ "2, < Cr,

for every t € [1,nr]|At, regardless of the value of At and for every wave-number 0 € [—m,m]%.
However, these conditions are often difficult to check when N > 1 and the number of steps g — N+ 1 grows.
Thus, we look for a necessary condition which is easier to check, which yields the so-called von Neumann condi-

tion, given by [Gustafsson et al., 1995, Theorem 5.2.2]

Theorem 9.3.2: von Neumann stability

A necessary condition for the schemes (9.7) to be stable according to Definition 9.3.1 is that that any of the
N(q— N +1) eigenvalues §;(6) € sp(Q(8)) for k € [1, N(g— N +1)] of Q(8) satisfies (at least for Ax small
enough)

lgr@)<e™,  Oel-m,m

This is called von Neumann condition.

Remark 9.3.3 (Restricted conditions). Observe that in the limit of small At

alt

1Ex (@) < e <1+ aAr,

which is thus the general Neumann condition, cf. Theorem 9.2.1. When the scheme is independent of At, we recover

the well-known restricted condition |83 (0)| < 1, cf. Theorem 7.7.3.

Very often, especially for schemes which are both multi-step and with several variables, we cannot do better
than this. Cases where the von Neumann condition is also sufficient are illustrated in [Gustafsson et al., 1995,
Chapter 5]. When At and Ax are fixed, the conditions to have power boundedness are those in Theorem 7.7.3, but
they need to be checked uniformly in At and Ax in order to be sufficient conditions, whence the assumption at
the beginning of Theorem 7.7.3, which could now read as: Q() explicitly independent of At and Ax. However, as
claimed in [Strikwerda, 2004, Chapter 7], for N > 1, there is no good equivalent of Theorem 7.7.3 providing both
necessary and sufficient conditions.

Let us go on. When the schemes are genuinely multi-step as in our case, it is better to work on the original
scheme instead than on the companion matrix Q(@). This can be done by the following lemma, see [Gustafsson

et al.,, 1995, Lemma 5.2.2]:

Lemma 9.3.1: Characteristic equation

Introduce the matricial amplification polynomial, analogous to (7.41) for the case N = 1:
. q-N+1 .
®0,2:= Y ¢r@)zF e MyD)I[],
k=0

with coefficients given by (9.7). The eigenvalues of the companion matrix Q(6) are the roots of the char-
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acteristic equation
det(®(6,2)) =0, (9-1)

{roots of det(d(8,2))} = sp(Q(B)).

9.3.2 LACK OF UNIQUENESS OF THE CORRESPONDING FINITE DIFFERENCE SCHEME

Before bridging with the stability of the original lattice Boltzmann scheme, we need to spend some time on dis-
cussing the following fact. When N > 1, we lack uniqueness in the corresponding schemes and even the stage at
which we assume linearity during the process of elimination of the non-conserved moments matters. Quite the
opposite, in the case N = 1, we have observed that supposing that the scheme is linear at the very beginning or
doing it at the very end of the elimination of the non-conserved moments gives the same outcome, thanks to the
matrix-determinant Lemma 8.2.1. For the same reason, the corresponding Finite Difference scheme is the same if
one additively splits the matrix A to put part of the dependence on the conserved moment in a sort of equilibrium
term. Unfortunately, both of these claims are false for N > 1.

As far as the instant when we assume that (9.1) holds is concerned, we observe the following fact. Since the
equilibria depend in general on several conserved variables, assuming linearity from the very beginning does not
yield the same result as Proposition 8.1.2. To see this, take Example 9.3.1, where the third equilibrium depends only
on the first conserved variable.

If we do not assume from the very beginning that the scheme is linear, we have proposed different additive
splittings for the matrix A, see Section 7.5.2, which are essentially different ways of “saving” some piece of infor-
mation on the conserved moments that shall be multiplied by the adjugate matrix. Even in Section 7.5.2, we were

already aware of this lack of uniqueness. All the splittings that we have envisioned fall into the following class:

Definition 9.3.2: Admissible additive matrix splitting

For every conserved moment spanned by i € [1, N]|, we say that the additive matrix splitting
A=A;+A?,

is admissible if
(adj(zI; —ADA?);j =0, for je[N+1,4].

This means that with an admissible splitting, one has successfully eliminated the non-conserved moments,
whence the fact of looking for j € [N+ 1, g]. Under any admissible splitting, the corresponding Finite Difference
scheme reads

det(zI; — Aj)m; — (adj(zI; — A;))Aim); — (adj(zI; — A;)Bm®Y); =0, (9.12)

for i € [[1, N]. Hitherto, we have analyzed two splittings. We add a third one for the sake of simplifying the proofs

to come. They are:

« The trivial (naive) splitting that we have considered in Example 7.5.6, where
A;=A, (9.13)
for every i € [1, N].
» The splitting

0, if either r € [1, N] ~{i} or p € [1, N] ~ {i},
Ai=AuuNeLg) where thus Adrp A stherwise (9:14)
rp» )
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for i € [1, N], which is the one that we recommended in Proposition 8.1.2. It can be easily shown that this

splitting is admissible.

» The splitting
A; =Axc, with Anc = [0gx11+10gx1| A N1l 1A 4], (9.15)
for i € [1, N]. Here, “NC” stands for “non-conserved”. This splitting does the same thing for every conserved
moments and is (trivially) admissible. The idea of this splitting is to keep uniquely the non-conserved

moments—that shall be eliminated—in the first part A; of the scheme.

Example 9.3.2. Consider again the D1Q; with N = 2 introduced in Example 9.3.1. We can obtain different corre-

sponding Finite Difference schemes. In particular:

e If we assume linearity from the very beginning and we do not save anything to be multiplied by the adjugate
term, we obtain two schemes for m; and my which are identical. The difference between them shall only arise
from the different initializations they undergo, which is however not the topic of Chapter 9. We obtain the
characteristic equation (9.11) given by

det[det(zI5 — E) 5] = det(zI; — E)?

V2
- (23 + (—1 — (1= s53)S0x)) + SZT(S(xl) - 1))z2 + (1 s34 (2— 53)S(x)) — %(S(xl) —2))z

2
—(1—53)) =0. (9.16)

« If we use the naive way of obtaining the Finite Difference scheme presented in Section 7.1.2, without linearity
assumption from the very beginning, which also boils down to utilizing the splitting (9.13), we have what follows.
We have already seen that the result a priori depends on the choice of si,s,, cf. Example 7.5.6. We consider

1, 82 = 0 to provide the result, which reads

det(zI; — E) 0

t = det(zl3 - A)det(zIs — E .
) adjzl - A)Be)s detzls—Ay| - (E T Al - (9.17)

=(@z-1)Z* -2 -53)S(x1)z+ (1 — s3))det(zls —E) =0,

where the way of writing the first entry det(zI3 — E) comes from the matrix-determinant Lemma 8.2.1.

« Using the corresponding Finite Difference scheme according to Proposition 8.1.2—i.e. one uses the splitting (9.14)—

the characteristic equation reads

g |7 (P10 0500 - S - D)+ G- jAGDz+ A
-3 Alx1)z 22— (2- 53)S(x1)z+ (1 - $3)
=2%(z— (1 - 53)S(x1))det(zI3 — E) = 0. (9.18)

The non-trivial roots of the characteristic equations for the different approaches are compared in Figure 9.1. Two
eigenvalues of (9.16) are the physical ones, whereas the remaining one is numerical and only influences the stability
of the method. As made explicit by the explicit expressions of (9.17) and (9.18), they share all the eigenvalues of (9.16),
plus other fictitiously created ones which still remain stable, see Figure 9.1.

We have introduced (9.15) because this splitting is independent of the moment indices i € [1, N]. However,
we are going to show that the corresponding Finite Difference schemes obtained by this splitting are the same as
those obtained by (9.14) used in Proposition 8.1.2. A first step in this direction is to control the adjugate term, as

given in:
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(9.16) (9.17) (9-18)
1.0 4 1.0 4 1.0 4
wn
z 0.8 -
=
2 0.9 0.9 1
= 0.6 -
()
z
s 044 °
Z 0.8+ o 0.8 - R . R
éo ° ° ° 0.2 1 °
[ ] [ ] [ ]
0.7 - 0.7 | = 0.0
0 2 0 2 0 2
0 0 0

Figure 9.1: Modulus of the roots of different characteristic equations (9.16), (9.17) and (9.18) as function of the wave-
number 0 € [0, 7] for some corresponding Finite Difference to the linear D;Q; with A =1, V =1/2 and s3 = 1.7.

Let i € [1, N]. The following identity holds:

adj(zI; - A{i}u[[N+1,q}])iw =adj(zI; — Anc)i,- (9.19)

Proof. Let i € [1, N]. We have to compare the following adjugates

z - 0 0 0 - 0 0 0
0 0 - 0 0 0
z—A; |0 - 0 —AiN+1) - —Aig
0 --- 0 0 7z e 0 0 0
adjzly = Agung) =adj [ . . : CoL : . : ,
0 - 0 0 0 - z 0 0
0 -+ O0|-Axspi |0 -+ O z=Awrnywv+n - —Awing
0 - 0| -Agy 0 - 0 ~Ag+) e 2=Agg
and
z - 0l0lo0 -+ 0 —A1vi) -Ag
0 --- z|lolo --- 0 “Ag-yven —Ad-ng
0 --- 0 —Ai+1) - —Aig
0]z -+ 0| —Agnpw+n - —Ag+ng
adj(ZIq —Anc) = adj . .
0 - 0/lolo - 2z —AN®V+D e —Anyg
0 - 0[0]|0 -+ 0| z-Aw+nw+n - —Aw+ng
0 --- 0/lolo --- 0 ~Agn+1) e z=Agg |




9.3. Several conserved moments

We study each case
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« We have, for the diagonal entry associated with the i-th moment:

zIn

\ ON-1)x(g-N)

adj(zly — Ayyu[n+1,q))ii = det

0¢g-N)x(N-1) ‘

’

C@
| D
0g-n=v-1 | C@ |’

zIn

adj (zlg - Anc)i; = det

hence the two quantities are equal, thanks to the formula for the determinant of block-triangular matrices.

« Let j € [1, N] \ {i}. By direct inspection, we see that adj(zl,; - A{i}u[[N+1,q]])ij =0, since it comes from the

determinant of a singular matrix which j-th column is zero. The analogous reason gives adj(zI;—Anc);;j =0,

hence the thesis.

« Let je [N+1,4].

zli 0i-1yx(N-i) | Ol-1)x(g-N)
01— 0 i -A;
adj(zl; — Ay )ij =det el Gl LAN=1) LNHLq
q {BJU[N+1,q]/ ]
O(N-i)x(i-1) zIn-; O(N-i)x (g-N)
0g-N-1)x(i-1) | Og-N-Dx-1) Ci
Ocv—i) | —Ainsieg A
. i N- -A;i N1
=z""1det zIn-; ‘ ON-1)x(g-N) = (DN N et lC(iz)q
0(g—N-1)x(N-i) ‘ C

where C(z) depends on the choice of j and for the second equality, we have used the formula for the deter-

minant of a block diagonal matrix and for the third one, we have performed several Laplace developments

on the cofactor (2,1).

zl; 0G-)x(N-i) | —ALi-1,N+1g
01x(i- 0 _i -A;
adj(zI; — Anc)ij = det el Gt LN=D LN+1q
ON-i)x(i-1) zIn-; —Aii1..NNt1-q
0(g-N-1x(i-1) | Og-N-1)x(N-i) C
01x(N-i) —AiNi1q A
. oA —R{N+1.-
=z""det zIn_; —Ait1.-N,N+1-q = (NN et [E(;q]
0(g-N-1)x(N-1) C2

with the same way of proceeding, thus yielding the claim.

This achieves the proof.

O

With this result, we are done in showing that the corresponding Finite Difference scheme is the same for (9.14)

and (9.15), as far as the equilibrium term (adj(zI; —A;)Bm®%); in (9.12) is concerned. Let us deal with the remaining

one. The following result does not indeed assume any particular additive splitting for the matrix A.

Let i € [1,N] and A;, A? fulfilling Definition 9.3.2. The following identity holds

det(zl, — A1, —adj(zl; — A)AS = adjzl; - A;)(zI; - A).

(9-20)

Proof. Using the fundamental identity for the adjugate matrix (8.3), we obtain

det(qu - Ai)Iq - adj(qu - Al)A<l> =

det(qu - Ai)Iq - adj(qu - Al)(A;> +ZIq -A; —ZIq +A;)
—adj(zly; - A)(AS —zI, + A)) = adj(zI; — A) (21, + A).
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O

All this together finally gives the claimed result.
Proposition 9.3.1: Equivalence of splitting (9.11) and (9.15)
The corresponding Finite Difference schemes (9.12) obtained for the splitting (9.14) and for (9.15) are the

same, that is

det(zI,; - A{i}uﬂN+l,qﬂ)mi
= (adj(@ly = Ao 1,q)) (A = Agune,g) i — @dj @Iy = Ay [ne1,q) BM™Di
= det(zI; — Anc)m; — (adj(zI; — Anc) (A — Axc)m); — (adj(zI; — Anc)Bm®9);,

for every i € [1, N].

Proof. We use all the previous results

det(zly = Ajone,gPMi—@dizlg = Agyunet,g) (A = Aguine g™ — @djzlg = Ao ne,g) Bm™i
02 (adj(z1, - Auine,g)) @lg—Am); — (adjzly — Ay n1,q)) BM™Di
029) (adj(zI; — Anc) (zl; — A)m); — (adj(zI; — Anc)Bm®9);

020 det(zly — AncIm; — (adj(zl5 = Anc) (A = Ay [ne,q) M) — (adj (215 — Anc)Bm™);.

O

Hence, we can study the corresponding Finite Difference schemes given by Proposition 8.1.2 using the splitting

(9.15). This is in general more handy to do.

9.3.3 STABILITY

We are now ready to bridge between lattice Boltzmann schemes and Finite Difference schemes when N > 1 in
terms of stability. We form the characteristic equation (9.11) (in the primal space) for the schemes given by Propo-

sition 8.1.2, which reads
det(®(z)) := det(det(zI; — Anc) Iy — (adj(zl; — Anc) (E — Anc))1-N,1.-N) =0, (9.21)

thanks to Proposition 9.3.1.

Proposition 9.3.2: Spectral inclusion

The polynomial det(zI,; — E) divides det(®(z)) by (9.21). More explicitly

det(®(2)) = det(zI, — Anc)" ' det(zI, — E).

Passing to the Fourier space, this means that all the zeros in det(zI; - E(G)) are also present in det(®(0,2)).

This is crucial to bridge between different definitions of stability.

Proof of Proposition 9.3.2. Using the fundamental identity of the adjugate (8.3), we have

det(zlq - ANc)Iq - adj(ZIq —Anc)(E-Axe) = det(zlq - ANc)Iq - adj(ZIq - ANc)(ZIq —Anc — zl,+ E)
= adj(ZIq - ANC)(ZIq -B),

hence
det(®(2)) = det((adj(zI; — Anc)(zI; — E))1..n,1.-N)-
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We cannot directly use the formula for the determinant of a product since after the matrix multiplication in the
previous expression, the resulting matrix is trimmed by taking the left upper sub-matrix of size N. Thanks to the

structure of adj(zI; — Anc) and E, we obtain

C ONx(g—
adj(zI; — Anc)(E-Anc) = ‘ Nx(g=1

’

D \ 0(g-N)x(g-N)

hence

ONx(g-N)
det(qu - ANC)Iq—N

adj(zI; — Anc)(zl; —E) =

Therefore, using [Horn and Johnson, 2012, Equation (0.8.5.8)] which gives an explicit expression for the determi-

nant of an adjugate matrix as function of the determinant itself and the size of the matrix, we have:

det(adj(zl; — Anc) zI, — E)) = det(adj(zI, — Anc))det(zI, — E) = det(zI, — Anc) ¥ det(zI, — E)
=det(zI; — Anc) T Vdet(C).

This entails
det(®(2)) = det(C) = det(zI, — Anc)™ 'det(zl, — E),

yielding the divisibility property and an explicit expression for the divisor. O

Concerning the additional eigenvalues—observed in Example 9.3.2 and Figure 9.1 for a specific scheme—that are
generated when considering the corresponding Finite Difference scheme in lieu of the original lattice Boltzmann

scheme and contained in det(zl, - Anc)V L, we have
det(zl; — Anc)V 7t =2V Vdet(zly-y — Ans1gn+1q) =2 NV det(@I - N — Eng1g,N+1-9),

using the fact that the last g — N columns of BZ?:{V €; ® e; in (9.2) are zero. They are almost the eigenvalues of
E but this matrix is trimmed, thus it is hard to explicitly characterize them. We could try to gain some control on

these additional eigenvalues by showing that

det(zl; n - EN+1~--q,N+1--~q(0))y

is a simple von Neumann polynomial, cf. Definition 7.7.1. If we would like to use Theorem 7.7.2, we have to compare

with the polynomial

29 Ndet@ ' Iy-N —Ent1-gN+1.-(0) = detUyn —2EX 1 g vi1.(6)),

where we used the fact that the determinant is a multi-linear function. According to Theorem 7.7.2, we would

enforce
. . . q
|detzIj-N — Ens1og,N+1-g(0))]2=0 = |det(En1...q,N+1--g(0))] = |det(T N1 N1 (@) [T 11-sil
i=N+1

< |det(Ty-n—=ZEx 1.y no1qO@)lz=0 = |det(Ty_ )| = 1.

The issue is that, even if we easily have that (indeed Tisa unitary matrix)

|det(T ()| = |det(M)] ldet(M )| =1,

q
j=1

we cannot straightforwardly conclude that Idet('i'NH...q, N+1-q@)] = 1 as well, even if this is true for Exam-

ple 9.3.2. If we assume that this latter equality holds, a necessary condition (besides the second possible condition
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in Theorem 7.7.2) to control the remaining eigenvalues is to have

q

[T n-sil<y,
i=N+1
which tells us that selecting relaxation parameters in ]0,2[ goes in the right direction of allowing to control the
additional eigenvalues created by the fact of recasting the scheme as Finite Difference. We were however not
capable of exploiting Theorem 7.7.2 any further. It is extremely difficult to deal with the eigenvalues of A in full
generality because there is no simple relation for the eigenvalues of the product of a matrix and a diagonal matrix.

We can finish on the following link between different stabilities.

Corollary 9.3.1: Link between stabilities

Consider N > 1 and a linear lattice Boltzmann scheme under the form (9.2). If the corresponding Finite
Difference schemes by Proposition 8.1.2 are stable (necessary condition) for the von Neumann condition by
Theorem 9.3.2 with a = 0, then the original lattice Boltzmann scheme is stable according to von Neumann,

see Definition 9.1.1. More schematically
Stable corresponding Finite Difference schemes — Stable lattice Boltzmann scheme.
In terms of spectrum

{roots of det(®(8,2))} = sp(E(8)) U {roots of det(zly—n — Ens1..q,N+1--())} U{0}.

9.4 BACK TO THE LINK D;Q,}/,; TWO-RELAXATION-TIMES SCHEMES WITH MAGIC PARAMETERS

EQUAL TO 1/4 FOR N > 1

In the present Section 9.4, we no longer assume that the equilibria are linear, i.e. that (9.1) holds. In Section 7.6.3
and in particular in Example 7.6.2, we have shown how to handle any link D;Q,,,; two-relaxation-times scheme
with magic parameters equal to 1/4 in the case N =1 in order to obtain a corresponding Finite Difference scheme
with only two steps. We now illustrate how to obtain the same in the case N > 1, which was not possible before
since Wp does not entirely cancel the matrix A, see (7.34). This will show that the Finite Difference schemes
obtained in [Ginzburg, 2009] for N > 1 fit in our theory.

In order to obtain this, we have to take advantage of the fact that the corresponding Finite Difference scheme
for N > 1 is not unique, cf. Section 9.3.2, thus a wisely chosen splitting according to Definition 9.3.2 can make
the difference between obtaining the desired two-steps schemes or generic (g — N + 1)-steps schemes by Propo-
sition 7.5.2. However, the fact that the moment matrix M that we have considered does not define the conserved
moments—except the first one—i.e. holds only for i = 1, is a difficulty to address.

The idea orally suggested by I. Ginzburg is to take advantage of the fact that—since (1.3) holds for i = 1—we
have m;q =mj, and we can take the fictitious relaxation parameter of the first conserved moment to be equal to
the ones of the moments with odd indices (the symmetric ones), which are sp,+1 =2 —s for r € [1, W]. This boils

down to consider the splitting

[ s-1| PAty)  H6e)-D || FAley) 5 Slte,)-D
(1-$)S(tc,) S A(te,)

AQ-9)A(te,)  (s—1)S(te,)
A;= _ ) , Al =(2-se ®e,

0 (1-$)S(teyy) I Alteyy)
A1 = 9A(tey,)  (s—DS(tey,)

(9.22)
for every i € [1,q], according to Definition 9.3.2, and not only for every i € [1, N], because the moments mj,
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.my generated by the matrix M that we have selected are not the conserved ones. This splitting of the matrix

A is clearly admissible by the particular form of A{. It is straightforward to observe that A2 (s —1)2I for every

i € [1, q], which means that we have found the minimal polynomial of the matrix A; which s up, (z) = 22— (s—1)2.

This polynomial does the job for every moment since it cancels the whole matrix A;, contrarily to W a which just
cancels the first row of A.

The corresponding Finite Difference schemes obtained using pa, are given by an expression similar to (7.31),

where we utilize the coefficients of ua, instead of those of the characteristic polynomial of A;, where A; and AY

are given by (9.22), and g — N is replaced by deg(ua,) — 1 = 1. This reads, again using miq =m

deg(ua;)-1
mit+AD=— ) qiem(t+(1—-deg(ua,) + k)AL
k=0
deg(ua,)-1, i
+ ) (E:qugwMwakA;(B-FA?Nnm(ﬁ—kAﬂ
k=0 r=0 i

fori€[1,q], where q;o=—(s— 1)%,q;1 =0,and q;» = 1. For i = 1, after some computations, we obtain the scheme

w
ml(t+At):(2—s)m1(t)+(s—1)m1(t—At)+%ZA(tCZ,)mzq(m—Z(S(tcz, —Dmyl (B, (9.23)
r=1

which unsurprisingly is (7.33), since this strategy encompasses the case N =1 and we have observed that unique-
ness of the corresponding Finite Difference scheme—upon considering the same reduction strategy based either on
the charactertistic polynomial or on the minimal polynomial—holds. The Finite Difference schemes for the other
conserved moments are the new feature coming from the special additive splitting of A at hand. For r € [1, W],

analogous computations give the schemes for the antisymmetric moments for each block, which are:
2-
Moy (£ +A8) = (s— 1)2ma, (£ = At) + 5S(te, )Mo () + —— 1 A(th,)erH(t) + (1= s)my (£ — A1), (9-24)
For r € [1, W], the schemes for the symmetric moments for each block are:
Moy+1(E+AL) =(s— 1) moy+1(F— At)+)LsA(t62,)m2q(t)+(2—s)S(t62,)m2r+1(t)+(s 12— s)m2r+l(t At).

These schemes are—using our notations—the same as (2.46) in [Ginzburg, 2009]. The number N —1 of conserved
moments remaining after the first one is equal to d and these moments are not the antisymmetric moments my;

for r € [1, W] for each link, but rather the components of the momentum vector given by

q w
a:= 2 §ifj= 2 carmar.
j=1 r=1

Exceptionnally, as we have already pointed out, their conservation constraints are not written in the basis given
by the moment matrix M and thus by (1.3), but rather by Zr 1 Czrer = q. Taking all this into account, the
corresponding Finite Difference scheme for the remaining d conserved moments q (i.e. the momentum) is obtained

by taking ZZ}/V ¢2r ¥ (9.24) and using the conservation constraints, yielding

=q(t-Af)

w
q(r+A0) = (s—1)°q(t—AD +5 Y €2rS(te,, )Mo (1) + T Z C2rAlte, )My, () + (1) Z Cormyy (£ —At)

r=1 r=1 r=1
w
=(1-9)q(t—AD+5 Y. €2rS(te, IMon (D) + T Z c2rAlte, )myL, | (2). (9.25)
r=1 r=1

The corresponding Finite Difference scheme (9.23) and (9.25) can also be recovered by a more “kinetic” stand-
point by using the distribution functions f; for j € [1, q], which is arguably more handy than using moments. One

step of the scheme written on the distribution functions reads
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A
fi | [ s—1 0 0 0 0 fy
fa 0 0 (s—Dtg, fa
f3 0 (s—Dt_g, 0 f3
(t+AD) = (1)
fow 0 0 (s—Dteyy fow
| fow+1 ] 0 (s=Dt_g,yy 0 | [faw+1
[ 25 0 0 0 0 1] 7% ]
0 te, (1-9)te, f,d
(I-Ste t fy!
+ (1).
tew (1= S)teuy f;I(}V
eq
0 (I=98)tcy teow 1 fow ]
Applying the scheme one more time gives:
[ 2-5 0 0 0 0
th (1 - S)tCZ
, 0 | (U-9tye tg
f(t+AD) =(s—1)F(t—AD+ fe9() (9.26)
tew (1-9)te,y,
| (1- S)t—c‘zw t-cw
[ (s—1)(2-5) 0 0 0 0
0 —(s-1?  s-1
0 s—=1  —(s-1?
fe(r—An).
—(s-1?  s-1
s=1 —(s-1)?

Let us observe two facts. The first is that we directly see that the dependency on f has been diagonalized by
going two time steps in the past: the distribution function of each population depends only on itself two steps
before plus some terms depending on the conserved quantities. This is the analogous of having found the minimal
polynomial Ua;(2) = 7% — (s — 1)? of A;, because the minimal polynomial is invariant under change of basis and
one can easily check that A= M~'A; M for every i € [1, g]. The second fact is that any linear combination of the
rows of (9.26) gives a sort of Finite Difference scheme on this combination, thus in particular when this yields a
conserved moment. Before writing the corresponding Finite Difference scheme on the conserved moments, we

recall that

1 1
0 - 0 -
1 1
21 212
_1 1
_ 2 2A2
M=
1 L
21 2A2
_1 1
21 2A2

Considering that m; = Z;:’f ; and using the fact that miq = mj, we obtain that

1 ¥ .
m1(£+A0 = (5= D?m (t= A0+ @2 - 9)mi(0) - = ;mz(rlﬂ(t))
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W 1 1 1 1
1 e (- Lm
+r§=1t02,(mm2,(t)+2 M, (0)+ (1= 9)] M 0+ 50 m2r+1(t)))

A mes 1 1 o 1
+ Z t_Q,(—Z H0)+ om0+ (1 S)(Z/l 0+ m2r+1(t)))
+s=D@=s)(mi-An- X Z mSd | (1— At))——(s—l)2 Z mip (1= A0+ 55 L s-1) Z mSd | (t—AD).
After simplifying some terms and using the symmetric and antisymmetric parts of the shift operators associated
with each pair of discrete velocities, we obtain (9.23) as expected. For the other conserved moments, taking q =
/IZ;.Z’ cjfj, we obtain

q(t+A1) = (s—1)%q(t—Ad)

4 1 o 1 L 1
#A Y earte (57 m500+ ML 0+ (=)= i+ S o))

w 1 e 1
—A;cm_q,((l—s)(u map (0 + 52 2,H(t)) THOEE L 0)

M=

#AY eor(-(s-1) (—mzq(t A+ o s (- AB)+(s- 1)(—im2q(t M)+ o s (- A))

21

r

M%i

HICHE (s—1)(i/lm2q(r A+ 3 L - D)+ (5= 1) (—imzq(t A+ 3 md, (- An)).

21

r 1

Simplifications yield
=q(t-A1)

w
q(r+AD = (s—1)°q(t—AD +(s—57) Y cormyi(t—AD)

r=1

+A Z cZ,( “t, Myl (1) +2

2—
i te S (04 St mil0) - =t o, mil, (1),

which becomes (9.25) as expected.

9.5 CONCLUSIONS OF CHAPTER 9

In Chapter 9, we have shown that in the case of one conserved moment N = 1, the transformation to the cor-
responding Finite Difference scheme is unique and that the von Neumann stability of the original lattice Boltz-
mann scheme is totally equivalent to the von Neumann stability of the corresponding Finite Difference scheme.
For several conserved moments N > 1, the corresponding Finite Difference scheme is no longer unique. For the
one that we have proposed in Section 7.5—cf. Proposition 7.5.2—we show that the von Neumann stability of the
corresponding Finite Difference scheme (which gives only necessary conditions in this context) implies the von
Neumann stability of the original lattice Boltzmann scheme. The lack of uniqueness in the case N > 1 gives enough
latitude to propose a different approach that encompasses the corresponding Finite Difference schemes found in
[Ginzburg, 2009].

A future perspective of work is to use the corresponding Finite Difference scheme to analyze the stability with
respect to other norms than the L? and to clarify the link with the weighted stability that has been discussed in
the state of the art at the beginning of Chapter .






CHAPTER 10

INITIALISATION

GENERAL CONTEXT AND MOTIVATION

Numerical analysis features two notable frameworks where the knowledge of the initial state for numerical
schemes is incomplete: one-step extended state-space methods (e.g. kinetic schemes, gas-kinetic schemes, etc.)
and multi-step methods. On the one hand, lattice Boltzmann schemes have historically been considered in the
realm of the one-step extended state-space methods [Kuznik et al., 2013]. From this standpoint, they have previ-
ously been compared [Graille, 2014, Simonis et al., 2020] to approximations of systems of conservation laws taking
the form of relaxation systems a la Jin-Xin [Jin and Xin, 1995] and interpreted as peculiar discretisations of these
systems when collision and transport terms are split and the relaxation time tends to zero proportionally to the
time step. Both in the relaxation systems and the lattice Boltzmann schemes, conserved and non-conserved quan-
tities are present at the same time but only conserved ones appear in the original system of conservation laws at
hand. Although the initialisation of the non-conserved quantities remains free in principle, it has important reper-
cussions on the behaviour of the solution—such as the formation of time boundary layers—both for the relaxation
systems and the lattice Boltzmann schemes. On the other hand, in Chapter 7, lattice Boltzmann schemes have
been thought and recast—as far as the evolution of the conserved quantities of interest is concerned—as multi-
step Finite Difference schemes. Unsurprisingly, multi-step schemes both for Ordinary [Hundsdorfer and Ruuth,
2006, Hundsdorfer et al., 2003] and Partial Differential Equations [Gustafsson et al., 1995, Strikwerda, 2004] need
to be properly initialised by some starting procedure with desired features, for example, consistency. When lattice
Boltzmann schemes are seen in their original formulation, where conserved and non-conserved moments mingle,
the initialisation of the non-conserved moments can be freely devised. Once the lattice Boltzmann schemes are
recast as corresponding multi-step Finite Difference schemes solely on the conserved moments, cf. Chapter 7, the
choice of initialisation for the conserved and non-conserved moments determines what the initialisation schemes

feeding the corresponding bulk Finite Difference scheme at the beginning of the simulation are.

The previous discussion highlights that for numerical methods such as lattice Boltzmann schemes, the infor-
mation gap between initial conditions for the target system of N conservation laws and the numerical method
featuring g variables must be filled and thus the issue of providing decision tools to this end clearly manifests.
Furthermore, one must be careful when comparing numerical schemes to the continuous problem they aim at
approximating, because of the “more complicated physics” than the equations they are meant to simulate. The
method of the modified equation is a valuable tool to describe this gap between numerical schemes and continuous

equations and shall therefore be used to investigate the role of the initial conditions.

STATE OF THE ART

In the framework of lattice Boltzmann schemes, previous efforts [Van Leemput et al., 2009] (under acoustic scal-
ing), [Caiazzo, 2005, Junk and Yang, 2015, Huang et al., 2015b] (under diffusive scaling) have provided the first
guidelines to establish the initial conditions, relying on asymptotic expansions both on the conserved and non-

conserved variables. One aim of these studies has been to suppress initial oscillating boundary layers being part
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of the “more complicated physics” of the discrete numerical method evoked in [Trefethen, 1996], which are how-
ever absent in the solution of the target conservation law. Moreover, since lattice Boltzmann schemes (respec-
tively, their corresponding Finite Difference schemes) feature non-physical moments (respectively, parasitic mod-
es/eigenvalues), these terms play a role in the consistency of the initialisation routines—contrarily to what happens
in the bulk—creating a rich yet complex dynamics. Even if the techniques introduced in these works guarantee the
elimination of the initial oscillating boundary phenomena, no precise quantitative analysis of their inner structure
has been presented. Moreover, since the non-conserved moments do not have an analogue in the continuous prob-
lem, these procedures are—despite the fact of providing good indications—intrinsically formal. Finally, these works
have only addressed the initialisation of specific lattice Boltzmann schemes, namely the D;Q, for [Van Leemput

et al,, 2009], the D;Q, and D; Qs for [Junk and Yang, 2015] and the D2Qq for [Caiazzo, 2005, Huang et al., 2015b].

AIM AND STRUCTURE OF CHAPTER 10

Inspired by the open questions left by previous works in the literature, Chapter 10 aims at proposing a first general
study on the initialisation of lattice Boltzmann schemes. The pivotal tool that we introduce is a modified equation
analysis for the initial conditions/starting schemes and provides explicit constraints for general lattice Boltzmann
schemes guaranteeing a sufficient order of consistency of the initialisation schemes to avoid order reduction of
the overall method. The modified equations are obtained by considering that the choice of initial data shapes
the starting schemes on the conserved variables of interest. Since the non-conserved moments are eliminated, the
analyses we perform rely on less formal assumptions than the ones available in the literature. Pushing this tool one
order further in the discretisation parameter, we meticulously describe the internal structure of the initial oscillat-
ing boundary layers, caused by incompatible numerical features—in particular, dissipation—between initialisation
and bulk schemes. Previous works [Van Leemput et al., 2009] have certified the existence of these oscillations in
numerical simulations without a thorough study of their structure. Let us insist once again on the fact that the
dissipation of the physical mode for the initialisation schemes is driven both by the physical and parasitic eigen-
values of the bulk Finite Difference scheme. Another novelty in our work is the characterisation—by seeing lattice
Boltzmann methods as dynamical systems on a commutative ring and exploiting the concept of observability—
of a vast well-known class of lattice Boltzmann schemes (that has been already identified in Section 7.6.3) with
a reduced number of initialisation schemes, irrespective of the number of non-conserved moments. The initial
motivation to introduce the concept of observability is—for this class of schemes—to successfully determine the
constraints needed to eliminate initial oscillating boundary layers due to the dissipation mismatch.

Chapter 10 is structured as follows. Section 10.1 fixes the target continuous problem of interest and recalls the
basic needed elements concerning lattice Boltzmann scheme and corresponding Finite Difference schemes. This
last point characterises the number of needed initialisation schemes. In Section 10.2, we introduce the modified
equation analysis of these starting schemes and find the constraints under which they are consistent with the
same equation as the bulk Finite Difference scheme. The examples and numerical simulations of Section 10.3 are
introduced to corroborate the theoretical findings of Section 10.2 and—pushing the computation of the modified
equations of the starting schemes one order further—we describe the internal structure of the initial oscillating
boundary layers. One particular scheme stimulates the discussion of the following Section 10.4, where we re-
evaluate the number of initialisation schemes at the discrete level more closely, thanks to the introduction of the
notion of observability for the lattice Boltzmann schemes. This allows us to clearly identify and study a category
of schemes for which the study of the initial conditions is greatly simplified and thus the constraints to avoid

initial oscillating boundary layers can be easily established. We conclude in Section 10.5.
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10.1 TARGET PROBLEM, LATTICE BOLTZMANN AND CORRESPONDING FINITE DIFFERENCE SCHEMES

10.1.1 TARGET PROBLEM

We consider lattice Boltzmann schemes with one conserved moment, for the sake of keeping the discussion and
the notations simple and essential. The extension to several conserved moments can be envisioned in the spirit of
Chapter 7 and Chapter 8. However, one has to be conscious of the specificity of N > 1, described in Chapter 9. We
particularly concentrate on the widely adopted acoustic scaling [Dubois, 2022] between time and space steps. The
diffusive scaling [Zhao and Yong, 2017, Zhang et al., 2019] is succinctly discussed with the very same techniques at
the end of Section 10.4. Moreover, we consider linear schemes [Van Leemput et al., 2009], hence the equilibria for
the non-conserved moments are linear functions of the conserved one, see (9.1). The lattice Boltzmann schemes

we focus on aim at approximating the solution of the following linear Cauchy problem
{ Oult,x)+V-Veu(t,x)=0,  (t,x) €R, xRY, (10.1)
u(0,x) = u°(x), xeR?, (10.2)
with velocity V € R? and initial datum u° which is a smooth function defined everywhere in R%. In this work,

we only consider, contrarily to [Van Leemput et al., 2009], explicit initialisations, to keep the presentation simple.

However, the analysis of implicit initialisations can be done with the same techniques.

10.1.2 LATTICE BOLTZMANN SCHEMES

We consider the schemes introduced in Chapter 1 with one conserved moment N = 1 and linear equilibria (9.1). For
the sake of notations, we shall indicate the only equilibrium vector €; simply by €, since no ambiguity is possible.
Therefore

m®i(m;) =e®em,

with €; =1, cf. (1.3).
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Algorithm 6 Lattice Boltzmann scheme.

« Given m(0,x) € RY for every x € AxZ%.
« ForneN
— Collision. Using the collision matrix K := I - S(I —€®e;) (¢f- [Dubois and Lallemand, 2009, Equation

(20))]), it reads
m* (nAt,x) = Km(nAt, x), xeAxZ. (10.3)

The post-collision distribution densities are recovered by f*(nAt,x) = M “Im*(nAt, x) on every point
x € AxZ? of the lattice.
— Transport, which reads

fi((n+ DALX) =7 (nAt,x—Axc)),  xeAxZ? je[lq]. (10.4)

The moments at the new time step are obtained by m((n + 1)At,x) = Mf((n + 1)At,x) on every point
xeAx7Z4.

The lattice Boltzmann scheme then reads as in Algorithm 6. For future use—analogously to Section 7.6.2—we
introduce the number Q of non-conserved moments which do not relax to their equilibrium value during the
collision phase (10.3):

Q:=#{s;#1 : i€[2,q]}€[0,9]. (10.5)

Roughly speaking, the larger Q, the stronger the “entanglement” between moments in the scheme. Remark that,
since the corresponding column in K is zero, there is even no need to specify the initial value m;(0,-) when s; =1,
for i € [2, g]). This comes from the fact that the post-collisional value of these moments is entirely determined by

their value at equilibrium.

10.1.3 CORRESPONDING FINITE DIFFERENCE SCHEME IN THE BULK

Using Proposition 7.5.1 and the observations presented in Section 9.2 concerning the uniqueness of the correspond-
ing Finite Difference scheme in the scalar case, we have that the discrete dynamics of the conserved moment m;
computed by Algorithm 6—away from the initial time—is the one of the corresponding Finite Difference scheme

under the form

q
29*1=4det(z1 — E)ym; (¢, x) = Z (pkzk+Q+1_‘7m1(t, x)=0, (t,x) € AtN x AxZ%, (10.6)
k=0
where (@) re[o,4] © D are the coefficients of the characteristic polynomial det(zI - E) = Zzig ¢rz* of E, which is
also the amplification polynomial (7.41). One can easily see that ¢ = 0 for k € [0, g— Q—2], whence the important
role played by Q. Furthermore, since the characteristic polynomial is monic, i.e. ¢4 = 1, the scheme is explicit,
thus can be recast into
g-1
mi(tx)=— Y @2 my (1 x), (t,%) € At[Q, +oo] x AxZ4.
k=g-Q-1

We call this scheme corresponding bulk Finite Difference scheme acting on the bulk time steps [Q, +oo[, which is
amulti-step scheme with Q+2 stages. We remark the need for initialisation data through Q initialisation schemes,

that we shall analyze in what follows.

10.1.4 INITIALISATION SCHEMES

The initialisation schemes—the outcome of which eventually “nourishes” the bulk Finite Difference scheme—are

determined by the choice of initial datum m(0,-). They are:

mi(nAt,x) = (E"m)(0,x), ne[l,Q], xeAxz4



10.1. Target problem, lattice Boltzmann and corresponding Finite Difference schemes 287

The formulation we have proposed is provided in an abstract yet general form. In order to make the link with
well-known lattice Boltzmann schemes and illustrate our purpose, let us introduce the following example. More

of them are provided in Section 10.3 and Section 10.4.

Example 10.1.1 (D1Q,). Consider the D1Q, that we already analyzed in Example 7.5.1 with moment matrix taken

in its dimensionless form. This gives

1 1 A 1
= Therefore T = Sea) G , and K= 0 .
- Alx)  Sx) $262 1-$2
The bulk Finite Difference scheme comes reads
my((n+1)At, x) = (2 - 52)S(x1) + s262A(x1))m1 (AL, X) + (52 — 1)my ((n - 1)AtL, x), (10.7)

for n€ [Q,+oo[ and x € AxZ. This is a Lax-Friedrichs scheme when s, = 1 —which is first-order consistent with the
transport equation at velocity Aex—and a leap-frog scheme when s, = 2, which is second-order consistent. Thus, to
approximate the solution of (10.1) by my = u, the choice of equilibrium is e, = V/A. The bulk Finite Difference scheme

(10.7) is multi-step with Q =1 when s, # 1: in this case, one needs to specify one initialisation scheme, which is
m1(At,x) = (S(x1) + $2€2A(x1))m1 (0, x) + (1 = 52) A(x1)m2 (0, x), x€AxZ.

We see that both the choice of the conserved moment m1(0,-) and the non-conserved moment my(0,-) with respect to

u°® determine the initial scheme. Unsurprisingly, this scheme coincides with the bulk scheme when s, = 1.

10.1.5 OVERALL SCHEME

The bulk Finite Difference scheme supplemented by the initialisation schemes reads as in Algorithm 7. We stress

Algorithm 7 Corresponding Finite Difference scheme.

+ Given m(0, x) for every x € Ax z4.

- Initialisation schemes. For n € [[1,Q]

mi(nALx) = (E"m),(0,x),  xeAxZ%. (10.8)

+ Corresponding bulk Finite Difference scheme. For n € [Q, +oo[

g-1
mi((n+ DALY =— Y. @emi((n+k+1-q@Atx), xeAxz’. (10.9)
k=g-Q-1

once more that Algorithm 7 is the corresponding scheme of Algorithm 6 in the sense that they issue the same
discrete dynamics of the conserved moment m; approximating u, see Figure 10.1. Of course, the non-conserved
moments my,...,m, have been eliminated, at the price of handling a multi-step Finite Difference scheme. They
still remain in the initialisation (cf. Example 10.1.1), giving a first intuition of why we claimed that non-physical

modes—associated with non-conserved moments—play a role in this topic.

Remark 10.1.1. It is worthwhile observing that even if the initialisation schemes (10.8) are considered here close to
the initial time, i.e. for n € [1,Q], feeding the bulk Finite Difference scheme (10.9), they also represent the action of
the lattice Boltzmann scheme through its evolution operator E away from the initial time, that is, when n > Q. In the

sequel, we shall employ the following nomenclature:

* “initialisation schemes’, to indicate (10.8) for n € [1,Q];

* “starting schemes’, to indicate (10.8) for any n € N*.
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Initialization Bulk
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Figure 10.1: Illustration of the way of working of the lattice Boltzmann scheme (bottom) and the bulk Finite
Difference scheme (top). The former acts both on the conserved (light violet) and the non-conserved (dark violet)
moments. The latter implies only the conserved moment, drawn in light violet in the initialisation layer and in red
in the bulk. Remark that to compute the conserved moment for the bulk Finite Difference scheme at time (Q+2)Af,
one can either rely on the information at time (Q + 1)A¢ in light violet (from the lattice Boltzmann scheme) or on
the one in red (from the Finite Difference scheme), as highlighted by the symbol . This holds because these
quantities are equal for any time step in the bulk for they stem from a common initialisation process. Partial
transparency is used to denote the initialisation steps.

Hence, the initialisation schemes are a proper subset of the starting schemes. Indeed, in Section 10.2 and Section 10.3,
we shall also consider the behaviour of (10.8) for n > Q, aiming at analysing the agreement between the behaviour of
the numerical schemes inside the initial layer and the one purely in the bulk. This idea of matching is reminiscent of
the singularly perturbed dynamical systems, see [O’Malley, 1991, Bender et al., 1999].

10.2 MODIFIED EQUATION ANALYSIS OF THE INITIAL CONDITIONS UNDER ACOUSTIC SCALING

In this part of the work, we propose a modified equation analysis for the initialisation schemes, since this procedure
gives the equations which carefully describe the real dynamics of the schemes at the desired order of accuracy.
The study of the consistency of the initialisation schemes is crucial especially when one wants to reach high-
order accuracy. For the overall method, [Strikwerda, 2004, Theorem 10.6.2] states that, under acoustic scaling,
if the initialisation of a multi-step scheme is obtained using schemes of accuracy H —1 in Ax, where H is the
accuracy of the multi-step scheme without accounting for the initialisation, then for smooth initial data, the order

of accuracy of the multi-step scheme accounting for the initialisation remains H.

10.2.1 RECAP ON THE MODIFIED EQUATION IN THE BULK

The consistency of the bulk Finite Difference scheme (10.9) has been described in Theorem 8.3.1. We adapt it to

the linear setting and since there is only one conserved moment, we use a generic function ¢ instead of m;.

To perform the consistency analysis of the schemes via the modified equation [Warming and Hyett, 1974, Strik-
werda, 2004, Gustafsson et al., 1995], one practical way of proceeding is to deploy the scheme on smooth func-
tions over R x R? instead of on grid functions defined over AtNx AxZ%, and use truncated asymptotic equivalents
according to Definition 8.3.1. The scaling assumptions the whole Section 10.2 will rely on are—unless further
notice—that M, S and € are independent of Ax as Ax — 0. Recall the definition of G given in (8.7).
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Theorem 10.2.1: Modified equation of the bulk scheme

Under acoustic scaling, that is, when the lattice velocity A > 0 is fixed as Ax — 0, the modified equation
for the bulk Finite Difference scheme (10.9) is given by

q
0p(t,x) + /1(911 +y glrer)(,b(tr x) (10.10)
r=2
9.1 1 q q 5
—A8xY (<= 5)Gu(Gn+ Y Girer = (G + 3. GurerJes)o(t,0) = 0ax?),
im'Si 2 r=2 r=2

for (¢,x) € R, x R4,

Comparing (10.10) and (10.1), the consistency with the equation of the Cauchy problem shall be enforced select-
ing the components of the lattice Boltzmann scheme such that A(Gy; +Z;i§’ Gir€r) = V-Vy. Since we shall employ
the expression “at order O(Ax")” in the following discussion, let us specify what we mean, by taking advantage of
the claim from Theorem 10.2.1. The terms 0; and A(Gq; +Zzg Gir€r) appear at order O(Ax) when the actual proof
of Theorem 10.2.1 is done, cf. Section 8.4, thus we call them “O(Ax) terms”. Then, these terms appear at leading
order in (10.10) because all the O(1) terms simplify on both sides of the equation. The remaining term O(Ax) in

(10.10) originally shows at order O(Ax?) and is made up of numerical diffusion.

10.2.2 LINKING THE DISCRETE INITIAL DATUM WITH THE ONE OF THE CONTINUOUS CAUCHY PROBLEM

We now adapt the same techniques to concentrate on the role of the initial data. From the initial datum of the
Cauchy problem u°, we consider its point-wise discretisation with a lattice function m§ such that m§(x) = u°(x)
for x € AxZ?. Coherently with the fact of considering a linear problem and because the equilibria of the non-

conserved moments are linear functions of the conserved one through €, a linear initialisation reads
m(0, x) = wmj (x), xeAxZ%, (10.11)

where w can be chosen in two different fashions.

« If w € R7 is considered, we obtain what we call “local initialisation”. However, in order to gain more

freedom on the initialisation and achieve desired numerical properties, another choice is possible.

« If we D7 is considered, we obtain the “prepared initialisation”, where we allow for an initial rearrange-
ment of the information issued from the initial datum of the Cauchy problem between neighboring sites of
the lattice.

It can be observed that the local initialisation is only a particular case of prepared initialisation using constant
polynomials, since R is a sub-ring of D. By allowing w; € D, we also permit to perform a preliminary modification
of the point-wise discretisation of the initial datum (10.2) of the Cauchy problem, which can also be interpreted
as an initial filtering of the datum, before assigning it to m;. For example, when d = 1, considering w; = S(x;)
yields m; (0, x) = (u°(x — Ax) + u°(x + Ax))/2 for every x € AxZ. Observe that the following developments can be
easily adapted to deal with implicit initialisations [Van Leemput et al., 2009] of the form w;m;(0,x) = b;mJ(x)
with b; e D for i € 1, g].

10.2.3 MODIFIED EQUATIONS FOR THE INITIALISATION SCHEMES: LOCAL INITIALISATION

Let us now compute the modified equations for the starting schemes when a local initialisation is considered. In
the general framework, we shall stop at order O(Ax) for two reasons. The first one is that we are not aware of any
stable lattice Boltzmann scheme which—under acoustic scaling—would be third-order consistent in the bulk with
the target equation (10.1) and therefore would call for second-order accurate initialisation schemes. Second, the
expressions for higher order terms are excessively involved to be written down in a convenient form as functions

of n € [1,Q] for general schemes and possibly large values of Q. Again, this is due to the role played by the
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non-physical eigenvalues of E. Still, one more order in the expansion shall be needed to analyze the smooth
initialisation proposed by [Van Leemput et al., 2009, Junk and Yang, 2015], as we shall do in Section 10.3 for some

particularly simple yet instructive examples and for a more general class of schemes in Section 10.4.

Proposition 10.2.1: Modified equation of the starting schemes with local initialisation

Under acoustic scaling, that is, when A > 0 is fixed as Ax — 0, considering a local initialisation, i.e. w € R9,

the modified equations for the starting schemes are, for any n e N*
Ax 2
¢(0,x) + nTat(p(O,x) + O(Ax%) (10.12)

q 1 q n—1
=w1¢(0,x) - nAx(gnwl +Y Gipwp + - Y Ginlepwr —wp) Y nn_r(sb))q)(o,x) +0(AxY),
b=2 b=2 r=0

for x e R?, where 7,(X)=1—(1—X)" for r e N.

Proof. We start by describing the particular structure of the powers of collision matrix K. It is straightforward to

see that we obtain an upper-triangular matrix with

1 0 0 0
Tr(s2)e2  (1—sp)" 0
7y (s3)€ 0 1-s3)" . :
K = riss)es ( 3) , reN*, (10.13)
7, (S4)eq 0 0 R :
: : : . . 0
|77 (Sq)€q 0 0 - 0 (1—sq)r‘

where the polynomials 77, are defined recursively as 7y (X) := 0 and 77,41 (X) := X+(1-X) 7 (X) for r € N. Therefore
mr(X)=1-(1-X)" for r € N. The starting schemes read

z"m1(0,x) = (E"w)1mJ(x), neN*, xeAxz?. (10.14)

Concerning the time shifts on the left hand side of (10.14), we have z" = exp(nAx/Ad;) = 1+ nAx/Ad; + O(Ax?) for
n € N. For the right hand side of (10.14), we have that E =< € = T K where T = T =exp(-AxG) = I-AxG + O(Ax?),

see Lemma 8.4.2, and for n e N*

E"=(E9+axeY +0(AxH)"
=(EO)r 4 AxZ{permutations of £ (n—1 times) and £V (once)} + O(Ax?)

r=n-1

— (8(0))n+sz:zgﬂ(8(0))r8(1)(5(0))n—1—r +O(Ax2) = K" _Aer:O KrgKn—r + O(sz), (10.15)

where we use the fact that £/ = TWK for h € N. Plugging into (10.14), employing a smooth function ¢ instead

of mj and m] and using the fact that the initialisation is local, we have for n e N*
Ax 2 n = r n-r 2 d
$(0,2) + n==0,p(0,%) + 0(Ax") = (K"W)1p(0,%) - Ax( Y K'GK w)l(/)(O,x) +0(Ax?),  xeRY.
r=0
We have that (K"w)1¢(0, x) = w; (0, x) thanks to (10.13) and for j € [1, 4]
q 4 q
(K'GK" )= Y (KN1pGpp(K" pj= ) Gip(K" ")pj
p=1b=1 b=1

q
=Gud1j+ Y Gipnr(spepdij+ (L —sp)" " 8p)).
b=2
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Behavior from the modified equations of the initialisation schemes.

Behavior from the modified

( / equations of the starting schemes.

Behavior from the
2 90000 ...
0(Ax%) ¢ modified equation of

the corresponding bulk
/ Finite Difference scheme.
O(Ax) -1 ® @ @ 6 0 0 0 00 0@

ol - ® & 0 & 6000 00 0

Figure 10.2: Example of behaviour of the inner expansion (dots, concerning the starting schemes) and the outer
expansion (dashed lines, relative to the bulk Finite Difference scheme) at different orders in Ax for Ax — 0.

Therefore for n € N*

n-1 q n-1
Y (K'GK" W)y =nGuwi+ Y Gip ) (Tn-r(splep+ (1—5p)" " wp)
r=0 b=2 r=0
q 1 4 n-1
= n(gqu + ) Gipwp+— ) Giplepwi —wp) Y ﬂn—r(sb))»
b=2 1 p=2 r=0

where we have used that by the definition of 7., (n— Z;z(’)”l Tn_r(sp))/ Zgig’l(l —sp)" " =1 for every ne N*,
yielding the claim. O

With Proposition 10.2.1, we can now compare the modified equation for the bulk Finite Difference scheme and
the modified equations of the starting schemes, so respectively the dashed lines and the dots in Figure 10.2 at order
0(1) and O(Ax).

10.2.4 CONSISTENCY OF THE INITIALISATION SCHEMES: LOCAL INITIALISATION

The agreement between the terms at these two orders takes place under the following conditions.

Corollary 10.2.1: Consistency of the starting schemes with local initialisation

Under acoustic scaling, that is, when A > 0 is fixed as Ax — 0, considering a local initialisation, i.e. w € RY,

under the conditions

wy =1, (10.16)

for be[2,q], if Gip#0, then wj=¢p, (10.17)

where € are the equilibrium coefficients, the starting schemes are consistent with the modified equation
(10.10) of the bulk Finite Difference scheme at order O(Ax). Moreover, the initial datum feeding the bulk
Finite Difference scheme and the starting schemes is consistent with the initial datum (10.2) of the Cauchy

problem.

The first condition (10.16) implies that the initial datum for m, used both by the starting schemes and the bulk
Finite Difference scheme, is left untouched compared to the one of the Cauchy problem. The second condition
(10.17) is expected: for the non-conserved moments involved in the modified equation (10.10) at leading order, we

need to consider the initial datum at equilibrium. It is also to observe that this requirement does not a priori fix
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all the initialisation parameters, contrarily to Example 10.1.1, because some of them can affect only higher orders

in the developments, i.e. Gi;, = 0 for some b€ [1, q].

Proof of Corollary 10.2.1. The proof proceeds order-by-order in Ax.

« O(1). This order indicates that the initial datum for the conserved moment has to be consistent with the one

of the Cauchy problem (10.2). From Proposition 10.2.1, it reads
$(0,%) =w;1 (0, x) + O(Ax), neN*, xeR% (10.18)

hence we enforce wy = 1. Remark that (10.18) is satisfied both for n € [1,Q] and for n > Q, that is, both for

initialisation schemes and starting schemes. This condition being fulfilled, the next order to check is

q 1 4 n-1
0:4(0,x) + /1(911 + ) Grpwp + - Y Giplep—wp) Y nn_r(sb)) =0(Ax), neN*, xeR? (10.19)
b=2 b=2 r=0

« O(Ax). Evaluating the bulk modified equation (10.10) at time ¢ =0 gives

q
0:p(0,x)+ A(G11 + Y. Grpe)$p(0,x) =0Ax),  xeRY, (10.20)
b=2

and trying to match each term with (10.19) yields the condition

for be[2,q], if Gip#0, then wp=¢p.

10.2.5 MODIFIED EQUATIONS FOR THE INITIALISATION SCHEMES: PREPARED INITIALISATION

Now that the principles concerning the computation of modified equations for the starting schemes and the way
of matching terms with the modified equation of the bulk Finite Difference scheme are clarified, we can tackle the

case of prepared initialisations.

Proposition 10.2.2: Modified equation of the starting schemes with prepared initialisation

Under acoustic scaling, that is, when A > 0 is fixed as Ax — 0, considering a prepared initialisation, i.e.

w € D9, which can be put under the form
Wi =Y wiex, i€[L,4q], (10.21)
(4

where the sequences of coefficients (w;.)e < R are compactly supported, the modified equations for the

starting schemes are, for any 7 € N* and x € R?
Ax 2 0)
$(0,x) + nTatgb(O, xX)+O(Ax") = w; " $(0,x)
0, v o, 1y o _, 0,5 1w 2
- nAx(guw1 +) G, + - Y Gplepwy” —wy") Y Tp—r(sp) = —) )cb(O,x) +0(Ax%),
b=2 b=2 r=0

where

0 =Y wie, oV==Y (Z w,-,ee“)a;, ie[1,q],
(4

|n|:1 [4

and such that w; = wE.O) + Axwgl) +OAx)and 7, (X)=1-(1-X)" for reN.
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Proof. The asymptotic equivalent of the initialisation w reads

Wi=wi=) Wie—Ax ) (Z wi_ee“)6;+O(Ax2), ie[1,q].
¢ =1 ¢
Using the Cauchy product between formal series, we have E"w = £"w = (€") OO 4 Ax((EM D@ +(£m)O V)4
O(Ax?) for n € N*. The O(Ax) term in the previous expansion is made up of two contributions. The first one is
(EMWY @ and is not influenced by the “prepared” character of the initialisation, because it was also present for
the local initialisation. The second one is inherent to the prepared initialisation. The result comes from the very

same computations as Proposition 10.2.1. O

10.2.6 CONSISTENCY OF THE INITIALISATION SCHEMES: PREPARED INITIALISATION

Corollary 10.2.2: Consistency of the starting schemes with prepared initialisation

Under acoustic scaling, that is, when A > 0 is fixed as Ax — 0, considering a prepared initialisation, i.e.

w € DY, with (10.21), under the conditions

Y wie=1, (10.22)
4

forevery n|=1, ) wjce" =0, (10.23)
[4

for be[2,q], if Gp#0, then ) wpe=¢p, (10.24)
4

the starting schemes are consistent with the modified equation (10.10) of the bulk Finite Difference scheme

at order O(Ax). Moreover, the initial datum feeding the bulk Finite Difference scheme and the starting

schemes is consistent with the initial datum (10.2) of the Cauchy problem up to order O(Ax?).

Condition (10.22) is the analogue of (10.16). However, since the initialisation of the conserved moment can
also be prepared, an additional condition (10.23) has to be taken into account. This guarantees, in particular, that
the initial datum of the Cauchy problem used for m; is not perturbed by some drift term at order O(Ax). This is
useful because of the multi-step nature of the bulk Finite Difference scheme (10.9), which shall also be fed with
(10.11). Finally, (10.24) has to be compared with (10.17). This condition maintains that the non-conserved moments

participating to the consistency at leading order have to be chosen—at leading order—at equilibrium.

Proof of Corollary 10.2.2. Proceeding order-by-order in Ax, we obtain:

« O(1). The dominant order in the analogous of (10.12). Hence the consistency with the datum of the Cauchy

problem reads ¥ = ¥ o wy ¢ = 1.

« O(Ax). We see that now, there is the additional term associated with w(ll) corresponding to a drift term in
the initialisation of the conserved moment. In general, we now have wider possibilities in terms of how
initialise, still remaining consistent with the modified equation of the bulk Finite Difference scheme at the

desired order, at least for the initialisation schemes (i.e. n € [1, Q]). Indeed, it is sufficient to enforce that

q 1 4 n-1 1 q
0 0 1
G+ Y Gl + =3 Gipler—o\") Y mur(sp) - =’ =G+ Y. Gipep.
b=2 np=2 r=0 n b=2

Occasionally, for some n € [1,Q], the previous inequality can be satisfied even if w;l) # 0, see examples in
Section 10.3. However, we are interested in enforcing it for every for every n € N*—that is—for all starting
schemes. This comes, as previously claimed, from the multi-step nature of the bulk Finite Difference scheme:
we have to ensure that the order of consistency with the initial datum (10.2) of the Cauchy problem is high

enough not to lower the overall order of the method. Hence, suppressing the drift term for the conserved
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moment, thus enforcing w(ll) =0, we have

for every [n|=1, Zwl,eenzo, and for be[2,q], if Gip#0, then Zwb,ezeh.
4 4

10.2.7 INITIALISATION SCHEMES VERSUS STARTING SCHEMES

Before proceeding to some numerical illustrations, we point out important facts concerning the match of terms

between the bulk Finite Difference scheme and the initialisation schemes/starting schemes.

Proposition 10.2.3: Control on the initialisation schemes leads control on the starting schemes

Let H e N*. Assume that

« »”=1and wgh) =0 for he[1, HJ.
« The modified equations of the initialisation schemes ((10.8) for n € [[1, Q]) match the one of the bulk
Finite Difference scheme (10.9) at any order h € [1, H].

Then, the modified equations of the starting schemes ((10.8) for n > Q) match the one of the bulk Finite
Difference scheme (10.9) at any order h € [1, H].

Proposition 10.2.3 does not provide indications on how to equate the order at h € [1, H]—i.e. how to fulfill
its assumptions— contrarily to what Corollary 10.2.1 and Corollary 10.2.2 do for H = 1. Again, this is due to
the fact that the general expression of the asymptotic expansion of (E"w); can quickly become messy as the
considered order increases. Still, Proposition 10.2.3 claims that if one is able to match the modified equation of
the initialisation schemes with the one of the bulk Finite Difference scheme until a given order H (as we shall do
for specific schemes in Section 10.3 and Section 10.4 with H = 2), then this guarantees the same property on the
starting schemes. Otherwise said—referring to Figure 10.2—if one is able to ensure that the terms represented by
the dots lie on the corresponding dashed line for 7 € [1,Q], then one will be sure that these dots will lie on the
very same line for any n € N*. This result seems intuitively reasonable by virtue of the Cayley-Hamilton theorem,

which allows to recast any power E” for n = Q as combination of I,E, ..., EQL,

Proof of Proposition 10.2.3. Let us consider d = 1 for the sake of notation: for d > 1, the multi-index notation
would suffice. Consider a one-step linear Finite Difference scheme on the lattice function u, under the form
zu(t, x) = gyu(t, x) for (t,x) € AtN x AxZ, where g; € D. This can rewritten using the Fourier transform in space,
that is

z0(t,0) = g1(0)a(t,9), (t,0) € AtN x [—7, 7). (10.25)

The frequency-dependent eigenvalue g; () € C shall be a Laurent polynomial in the indeterminate e’® and encodes
both the stability features of the method, for every 0 € [-m, 7] and the consistency features, in the low-frequency
limit |6] <« 1. In particular, to be consistent with an equation of the form (10.1) with a first-order derivative in time,
one can easily see that

£:0)=1+0(0) in the limit |0] <« 1. (10.26)

Applying the scheme (10.25) n € N* times provides a sort of multi-step scheme which we shall compare to the
starting schemes (10.8)
Z*0(t,0) = §,(0)"0(¢,0), (¢t,0) € AtN x [—7, 7], (10.27)

with associated amplification polynomial
n—1 n

D0,2)=2"-810)" = z-8:0) Y. £10) 2" = -0 [| 2~ & ©0)), (10.28)
r=0 r=2
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having roots & = g1 and g»,..., &, (recall that C is an algebraically closed field). By differentiating the amplification
polynomial (10.28) using the rule for the derivative of a product, we get

dd(, noo nono
((1 N [1@-&©)+z-8.10) ) [[ @-&p0).
z r=2 r=2p=2
p#r

Taking z = 1 in the limit |6| < 1 gives 0 # n = H;zf(l—éﬁo)) thanks to (10.26), where ér(H) = §£0)+O(|9|), thus all the
other eigenvalues ég, e én are not equal to one for small frequencies and thus are not linked with consistency, but
are merely numerical eigenvalues. The only which matters is g, = g1, thus the scheme (10.27) with amplification
polynomial (10.28) has the same modified equations as (10.25). An alternative way of seeing this is to use the
approach from the proof of [Carpentier et al., 1997, Proposition 1] , which aims at automatically handling the
“reinjection” of previous orders in the expansions to eliminate time derivatives above first order. Inserting the
asymptotic equivalent exp(nAtd;) = z" into (10.27) using a smooth “test” function ¢ gives exp(nAtd,)p(t,&) =
g1(EAX)"P(1,¢) for (t,€) € Ry x R, which means that if we do not want ¢ to trivially vanish, we must enforce the
formal identity exp(nAtd;) = §1(EAx)". Since the exponential is bijective close to zero (here we are considering
the limit |[Ax| < 1), we can take the logarithm to yield:

log(g1({Ax)),

which is thus independent of n.

Differently, a (Q + 2)-stages Finite Difference scheme, like the bulk Finite Difference scheme (10.9), has associ-

ated amplification polynomial

R 1 R Q Q+1
®(EAx,2):= Wdet(zl —E@EA) =29+ Y Prigo0-1EA0Z" = [] -8 (EAX). (10.29)
k=0 r=1

Out of the roots in (10.29), we shall number the (unique) eigenvalue providing the modified equation (10.10), i.e.
such that (10.26) holds, by g1, see Theorem 7.7.1. This is the amplification factor of the so-called “pseudo-scheme”
[Strikwerda, 2004, Chapter 10]. It is not associated with a Finite Difference operator, thus it is not a Laurent
polynomial in the indeterminate e” 9 (recall Remark 7.5.1 on the eigenvalues of matrices with entries in D or f)).
Still, it behaves essentially as a Finite Difference scheme. Furthermore, the higher-order terms in the modified
equation of the bulk Finite Difference scheme stem from g1 (§Ax) = 1+ Y= @Ax"g" + 0(¢Aax|"*!) in the limit

|éAx| < 1. The initialisation schemes read

21 (0,EAx) = (E(EAX)"W(EAX)), rﬁi(fo), nef1,Q], (10.30)

:;g[n] (EAX)

0 _
=

with ¢ € [-m/Ax,m/Ax]. Using the assumption that w 1, the proof of Proposition 10.2.2 naturally entails that

g (EAx) = 1+ O(IEAx]) for [EAx] < 1. Comparing (10.27) and (10.30), we cannot employ the same trick without

a deeper discussion. We have respectively

= oos LA
0; = 1~ log(g1(Ax) and 0; = —~—log(g" (¢Ax), ne[1,Q],

where the first equation comes from the modified equation of the bulk Finite Difference scheme and the second
one from (10.30). Since the initialisation schemes and the bulk Finite Difference scheme have the same modified
equations up to order H, then we have, in the limit |{Ax| <« 1

nlog(g1 (EAX) = log(g1 (EAX)™) =log@"™ (EAx)) + O(EAXIT),  ne[1,Q],

hence we deduce that g™ (§Ax) = g (EAx) + O(1EAX|TTHY) for n e [1,Q]. To finish the proof, we now consider (10.8)
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forn=Q+1
Q+1 » 2 N k o
29 01(0,EAX) = = ) Preg-0-1(EAX)Z M1 (0,EAX) (10.31)
k=0
= (EEA0 I W(EAX)) M3 (EAX). (10.32)
:;g[QJrvl] (EAx)

We compute the modified equation of (10.32), yielding the thesis, by using (10.31). We have

k-1 EAXZE M1 (0,EAX) — P g1 (EAX)W; (EAX)MS (EAX)

Mo
RSNy

2%, (0,¢Ax) = -

T
A

krg-0-1EANEM EADIMI EAX) - P g1 €A (EAX)MS (EAX).

Mo
<

=~
Il
—

In the limit [{Ax| < 1, we have Wy (EAx) = 1+ O(IEAx|H*1) and g1 (EAx) = g1 (EAX)" + O(1EAXI M) for ne [1,Q],
thanks to the assumption on w; and to the previous computations. In the limit [{Ax| <« 1, we have to consider the

amplification polynomial
3 1 d k H+1 1 1 H+1
DEAX, D) =29+ Y Prsgoo-1EANE EANF + O(EAXTH) =201 — g (EA0) T + O(EAX T,
k=0

using the fact that g, is a root of (10.29). We are therefore, up to terms O(|éAx|*1), in the same setting as (10.27)

and (10.28), hence with the usual trick, we gain

+1 A
0;= %A—xlog(éﬂ&xn +0(EAx| T,
hence also that g9+t (EAx) = g1 (EAX) Q! + O(1EAX|THY). This concludes the proof. The case n > Q +1 is done

analogously. O

A second result states that there is little interest in considering the formal limit n — +oo in the modified

equations of the starting schemes.

Proposition 10.2.4: Long-time behavior: limits for n — +co

Assume that the scheme is stable according to Theorem 7.7.3, meaning that the roots of the amplification
polynomial zQ+1-4det(zI — E) fulfill Theorem 7.7.3. Then:

« If |1 -s;]<1fori€[2,q], or equivalently s; €]0,2 for i € [2, q], then the modified equations of the
starting schemes in the formal long-time limit n — +oo coincide at any order with the one of the

bulk Finite Difference scheme.

. Ifit exists i € [2, g] such that [1— s7| =1, thus equivalently s; = 2. Let H € N*. Provided that a)gh) =0
for h € [1, H] and the Q modified equations of the initialisation schemes coincide with the one of the
bulk Finite Difference scheme at any order & € [[1, H], then the modified equations of the starting
schemes in the formal long-time limit 7 — +oo coincide at any order h € [1, H + 1] with the one of

the bulk Finite Difference scheme.

This means that the effect of the initialisation decays, provided that the initial filtering on the datum (10.2)
preserves the initial datum at leading order and that either the parasitic modes damp out in time, or if the par-
asitic modes are oscillatory, the initialisation schemes are accurate enough. The situation is the one depicted in
Figure 10.2, where the dots asymptotically reach the dashed lines. Let us point out that the assumption concerning
stability may not be optimal, in the sense that we can find unstable schemes (for example, violating the CFL condi-
tion, but not having relaxation parameters exceeding 2) for which the modified equations of the starting schemes

asymptotically reach those of the bulk Finite Difference scheme. However, this schemes are practically useless.



10.2. Modified equation analysis of the initial conditions under acoustic scaling 297

Proof of Proposition 10.2.4. Before proceeding, let us insist on the fact that the Cayley-Hamilton theorem entails
that the amplification factors of the starting schemes which are not initialisation schemes can be computed in two
ways, which read g™ = e}IAE"W = e}Q"iQ[@[Q],...,g[l],\fvl]t, for n= Q+1. In this expression, Q is the companion
matrix associated with the amplification polynomial z0*1~9det(zI — E).

Let us formulate a preliminary remark: we consider formal series in the limit |{Ax| « 1. Therefore, the possibil-
ity of diagonalise Q(¢Ax) in this limit—or alternatively being obliged to deal with a true Jordan canonical form—is
determined by Q(0), i.e. the leading-order term in the formal series. We assume—without loss of generality—that
all g,(0) for r € [1,Q + 1] are simple, even those strictly inside the unit circle, so that we can diagonalise the com-
panion matrix in the desired limit. If this does not hold, for example for a SRT (or BGK) scheme, one can easily go
through the same proof using the well-known expression for the powers of Jordan blocks.

Let us start the proof. Let V = V(£Ax) be the Vandermonde matrix associated with g1 =81(AX),...,80+1 =
go+1({Ax), the roots of 2Q+1-ddet(zI — E). Tt is well-known that this Vandermonde matrix diagonalises the com-
panion matrix Q(&Ax), thus for n = Q+1

gleax) = et QEan™ Qg ¢Aax), ..., gMEAx, Wi Eax (10.33)
= eV (EAX)diag(§1 (€A, 801 EAX) AV EAX) V€ Ax),..., g1 (EAX), Wy (EAXE.

The idea of the proof is that the amplification factors associated with the initialisation schemes form an approxi-
mation of the eigenvector of Q(¢Ax) relative to the consistency eigenvalue §;, so that the power iteration (10.33)
converges for n — +oo up to some order. Up to a re-ordering of the non-conserved moments—in order to start with
those which do not relax on the equilibrium, for notational ease—the lower-triangular structure of the collision
matrix K entails that §,(0) =1 — s, for r € [2,Q + 1]. Moreover, we have that §;(0) = 1.

« Using the assumption on the relaxation parameters, we have |, (0)| <1 for r € [2,Q+1]. Using the assump-
tion wio) =1 (i.e. W (EAx) = 1+ O(|éAx])), Proposition 10.2.2 provides g (€Ax) = 1+ O(|EAx]) for r € [1,Q].
Therefore

'Y €Ax),..., 8" €A, W1 (EAD] = [81€ANC,..., £1(EAX), 1]+ O(IEAX),

which means that the amplification factors of the initialisation schemes are the eigenvector of Q(¢Ax) as-

sociated with g; ((Ax) at leading order. Back in (10.33), this gives that

g (EAx) = etV (EAX)diag(g (EAX)"2,..., 80+1(EAX) ) (1 + O(EAX])
= et V(EAx)diag(g) (EAN)" (1 + O(1EAXD), 82 (EAX) " COUEAXD), ..., Eo+1 (EAX) " R0(IEAX])
= £1(EAD (1 + O(EAXD) + 82 (EAX)"OUEAX) + -+ + o1 (EAX) "OEAXD),

where it is important to observe that the O(|¢Ax|)-terms are independent of n. Considering that [g,(0)| <1

for r € [2,Q + 1], we deduce that lim_., o8, (EAX)" =0 for r € [2,Q + 1]. Of course, convergence can be

slow for high orders in the formal series. This entails that we have
g (EAx) = g1 (A" (1+ " (EAx)),
where the residual ?" (£Ax) = O(|EAx]) is such that it converges to a fixed formal series for n — +oo. The

usual trick provides

n—+oo

. A1 A . ! . A .
lim 0,=— lim — log("™ (¢Ax) = A—x(log(glmxn +,lim —log(l + Pl (EAx)) = 1 108(@1(cAX).

+ Observe that thanks to the stability assumption, there can be only one relaxation parameter s; = 2. Oth-
erwise, there would be a multiple eigenvalue on the unit circle for éAx = 0, contradicting the stability
assumption whilst generating linear instabilities. Up to a rearrangement of the moments, we have i = 2. By

the assumptions on w; and the initialisation schemes, we deduce that

8'Y¢Ax),...,.gMEAX), W1 (EAX)] = 81 (AN Y, ..., 81 (EAX), 1]+ O(IEAXTHY),
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which means that the amplification factors of the initialisation schemes are the eigenvector of Q(f Ax) as-
sociated with g; ((Ax) up to order O(IEAx|T+]y, Into (10.33), this yields

g (EAx) = etV (A diag(@) €A 2, 82600, ... B0+1 (€A™ (e + O(EAXITHY)
= 81(EAX) (1 + OUEAXI T ) + 82 (EAD " OUEAXTHY) + - + 8011 (EAX) O(EAXI YY),

where all the O(|EAx|T+1)-terms are independent of n. Due to the fact that g,(0) =1 - s, = —1, the formal
series §2({Ax)™ contains terms that can oscillate by featuring expressions involving (—1)", and the term at
order h € [[0,+00[ grows with n at most as a polynomial of degree h in n. We indicate this fact using the
notation g, (EAx)" = ZZ;;"’O O(n™ (EAx)". Therefore

+00
g2@EAn"00EAxTTY = Y oA,
h=H+1
As previously acknowledged, since |g,(0)| <1 for r € [3,Q + 1], we deduce that lim ;..o & ((Ax)" = 0 for
r € [3,Q +1]. This ensures that

+00
g["](éAx):gl(fo)"(l+ Y O(nh_H_l)(EAx)h).
h=H+1

Utilising the usual trick, we have

lim 0=~ lim “lo (A[”J(EAx)):i(lo @A) + lim ~lo (1+ ) o' Ean™))
¢=7 ,lim —log(g 15 (o8 Jim_—log

n—t+oo h=H+1

+oo +00
log(@: (EAx)+ lim ~ 3" O(nh*Hfl)(éAx)h)=Aix(log(gl(fomngm Y om" T Eaxn")

Ax( np=H+1 *O p=H+1

A +00
= Ax (log(él (EAx)) + nlﬁirJ{l@(O(n’H(fo)HJrl + h:%ﬂ o(nh*H*Z)(gAx)h))

_ A . - = h—H-2 h
= Ax(log(gl(mx))+ngglooh:§+20(n €A™,

achieving the demonstration.

10.2.8 CONCLUSIONS

In Section 10.2, we have proposed a way of linking the initial datum of the lattice Boltzmann scheme m(0,-) to
the initial datum u° of the Cauchy problem (10.2). This allowed us to propose a modified equation analysis of the
initialisation phase—see Proposition 10.2.1 and Proposition 10.2.2—making the study of the real behaviour of the
numerical schemes possible and find the constraints—see Corollary 10.2.1 and Corollary 10.2.2—under which the
initialisation schemes are consistent with the same equation (10.1) as the bulk scheme, preventing from having
order reductions. We have also stressed that controlling the behaviour of the scheme inside the initialisation layer
implies a control on the numerical scheme eventually in time (Proposition 10.2.3). The general computations have
been done until order O(Ax) but can be carried further to O(Ax?) and above for specific schemes, as in Section 10.3
and Section 10.4. This provides additional information on other features of the schemes close to the beginning of

the simulation, such as dissipation and dispersion.

10.3 EXAMPLES AND NUMERICAL SIMULATIONS

Section 10.3 first aims at checking the previously introduced theory concerning consistency on actual numerical

simulations on the D1 Q, (c¢f- Example 10.1.1). Moreover, the computations of the modified equation shall be pushed
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one order further providing the dissipation of the starting schemes, the impact of which is precisely quantified on
the numerical experiments for a D1Q, and D;Q4 scheme. Finally, the example of D; Q3 scheme paves the way for
the general discussion of Section 10.4 concerning a more precise counting of the number of initialisation schemes—
based on the observations in Section 7.6.3—with important consequences on the dissipation of the numerical

schemes.

10.3.1 D1Q, SCHEME

Consider the scheme from Example 10.1.1. The modified equation of the bulk Finite Difference scheme reads as in

[Graille, 2014] and Theorem 10.2.1

0,1, X) + Ae2dx (1, X) — AAx(é - %)(1 — )0 p(£,X) = O(AXD),  (f,x)€R, xR, (10.34)
thus to be consistent with the Cauchy problem (10.1), one takes €, = V/A. For s, < 2, the bulk Finite Difference
scheme is first-order accurate, thus initialisation schemes which are non-consistent with the target conservation
law—i.e. indeed violating (10.17) or (10.24)—do not degrade the order of convergence. For s, = 2, the bulk Finite
Difference scheme is second-order accurate, thus consistent initialisation schemes are needed, i.e. verifying (10.17)
or (10.24). Observe that the scheme is L? stable according to the conditions of Theorem 7.7.3 are met) under the

conditions ([Graille, 2014] and Appendix A.1)

|€2|S 1! if 2 €]0r2[r
2 €]0,2], and (10.35)
lea] < 1, if sp=2.

The conditions delimited by brackets are the Courant-Friedrichs-Lewy (CFL) condition, which is known to be
strict for the leap-frog scheme.

We consider five different choices of initialisation schemes. They are designed to showcase different facets of
the previous theoretical discussion. More precisely, the first initialisation is the one where all data are taken at
equilibrium, which is likely the most common way of initializing lattice Boltzmann schemes [Graille, 2014, Caetano
et al., 2023]. The second and the third initialisations both render a forward centered scheme as initialisation
scheme, which would be unstable if used as bulk scheme. Still, these two initialisations yield different outcomes for
the associated numerical simulations and our theory accounts for this phenomenon. The fourth initialisation aims
at obtaining a Lax-Wendroff initialisation scheme, which allows to study the effect of a second-order initialisation

scheme. Finally, the fifth initialisation is inspired by works from the literature [Van Leemput et al., 2009].

+ Lax-Friedrichs scheme (LF), a first-order consistent scheme which we shall obtain using the local initial-
isation

wi =1, Wy = €3. (10.36)

Except when s, = 1 (where Q = 0), the dissipation of the bulk Finite Difference scheme is not matched by

the one of the Lax-Friedrichs scheme.

« Forward centered scheme (FC). This is a first-order consistent scheme which is unstable even under CFL
condition (10.35) if used as bulk scheme, due to its negative dissipation. Still, it is perfectly suitable for the
initialisation of the method (see [Strikwerda, 2004, Chapter 10]). Its diffusivity shall not match the one of the
bulk Finite Difference scheme, see (10.34). This initialisation scheme cannot stem from a local initialisation,
i.e. wi,wy € R, since the only first-order consistent initialisation scheme that can be obtained in this way
is the Lax-Friedrichs scheme (10.36). We could unsuccessfully try to generate it by a local initialisation of
the conserved moment, that is w; = 1 and prepared initialisation of the non-conserved one, thus w, € D.
Considering—see Appendix A.2 for the details—a prepared initialisation for both moments, thus wy,w; € D,
several choices are possible to recover this scheme. One is

1 _1xse €2

Wy,+1 = 7 Wa+1 =+ —"7"—
2’ 2(1-sy)’

(10.37)
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Table 10.1: Expected order of convergence in Ax for the D;Q, scheme.

Test ‘ Bulk scheme 1st order (0 < sp < 2) ‘ Bulk scheme 2nd order (s, =2)

(@) - (7:53) order 1/4 order 1/3
(b) - (7.54) order 3/4 order 1
(c) - (7:55) order 1 order 5/3
(d) - (7:56) order 1 order 2

and agrees with (10.22), (10.23) and (10.24). Another possible choice to obtain the desired scheme would be

€2(1 % s0€9) _l1tsen

W2,+1 =

215 i+ +—2(1_82). (10.38)

) w2,i2 =

€2 1
Wi,+2 = iE 5

) wl,il =

However, this initialisation yields only (10.22) but does not fulfill either (10.23) or (10.24). This means that
in this case m is initialized as a first-order perturbation of the datum of the Cauchy problem (10.2) and that

my is not initialized at equilibrium at leading order.

Lax-Wendroff scheme (LW). This is a second-order consistent scheme with no dissipation, thus matches

the diffusivity of the bulk Finite Difference scheme when s, = 2. Remark that since the bulk scheme is at

most second-order accurate, it is somehow excessive to initialize with a scheme of the same order. Following

an analogous procedure to the centered forward scheme, one possible initialisation is wi,w; € D with
1-¢€3 (1 xse)(1-€3) €2(1— $2€3)

2 2
Wi,+1 = , Wi0=€5,, W2+1=+ , W20= ) (10.39)
2 2(1-s2) 1-s

according to (10.21), which respects (10.22), (10.23) and (10.24). Again, it is also possible to generate initiali-

sations yielding this scheme which do not fulfill (10.23) and (10.24).

Smooth initialisation inspired by [Van Leemput et al., 2009] (RE1). The idea of this initialisation is to
make the most of the terms in the modified equation of the initialisation schemes and that of the bulk Finite
Difference scheme to match, if possible, without modification the conserved moment, that is w; € R. In
particular, in our case, this allows to match the numerical diffusion coefficient between the two schemes for
every $» €]0,2], as we shall see. We adapt Equation (13) from [Van Leemput et al., 2009] by discretising the

continuous derivative by a second-order centered formula, having

2
1-€5

wi=1 and wpeD, where w41 =4% , Wo o = €2, (10.40)

282

according to (10.21). This initialisation fulfills (10.22), (10.23) and (10.24).

10.3.1.1 STUDY OF THE CONVERGENCE ORDER

To empirically analyze the preservation of the order of the bulk Finite Difference scheme, we consider the fol-

lowing initial data with different smoothness, namely (7.53), (7.54), (7.55) and (7.56) that we have already used in

Section 7.7.3. As common in the linear framework, we monitor the £2 errors. We simulate for A =1,e, = V/A=1/2

with final time T =1/2 and on a bounded domain Q = [-1,1] with periodic boundary conditions.

We expect the scheme to be convergent following the orders given in Table 10.1 [Strikwerda, 2004, Chapter

10] and Section 7.7.3 and observe orders exceeding one provided that both following conditions are met:

1. the initialisation scheme is at least first-order consistent with the Cauchy problem (10.1);

1

2. the initial filter on the initial datum w is such that w;’ = 0, meaning that it perturbs from O(Ax?) or for

higher orders.

The results are in agreement with the theory. We just present few of them for the sake of avoiding redundancy,

in particular, those concerning the forward centered initialisation schemes (10.37) and (10.38) given in Figure 10.3.

As expected, despite the fact that the obtained initialisation scheme is the same, (10.38) pollutes the initial datum
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Initialisation (10.37)
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Figure 10.3: £? errors at the final time T for two forward centered initialisations (10.37) (top) and (10.38) (bottom).
Since the letter irremediably perturbs the conserved moment feeding the bulk Finite Difference scheme, the orders

of convergence above one are lowered.
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with respect to the one from the Cauchy problem (10.2) due to a first-order term wgl) # 0. Hence, even for sy =2,
the order of convergence is lowered. We shall reinterpret why (10.38) yields a poor behaviour.

10.3.1.2 STUDY OF THE TIME SMOOTHNESS OF THE NUMERICAL SOLUTION

0.04 4 ¢ rF i CRO init. 0.04 4 e CR1 init. e REL1 init. N
FC init. s REI1 init. %
LW init. o o
L] °
0.02 1 0.02 - .
0.00 0.00 \/\ % . ‘
® °
—0.02 1 ~0.02 - NS
o
T T T T T T
0 1 2 0 1 2
t t

Figure 10.4: Test for the smoothness in time close to ¢ = 0 for s, = 1.99: difference between exact and numerical
solution at the eighth lattice point.

T
0.04 © D1Q2 (LF init) Leap-Frog (LW init.)
: e DI1Q2 (FC init.) we== D1Q2 (RE1 init.)
e D1Q2 (LW init.)

0.02 A

0.00 A

—0.02 +

Figure 10.5: Test for the smoothness in time close to ¢ = 0 for s, = 2: difference between exact and numerical

solution at the eighth lattice point. Compared to Figure 10.4, CRo and CR1 from [Van Leemput et al., 2009] cannot
be used.

We have observed that the only proposed initialisation matching the dissipation of the bulk scheme for ev-
ery sz €]0,2] is the one given by (10.40). To confirm that this is the origin of its good performances in term of
time smoothness of the discrete solution close to the initial time, we repeat the numerical experiment found in
[Van Leemput et al., 2009]. The simulation is carried on the periodic domain Q = [0, 1] discretized with Ax = 1/30,
s2=1.99, 1 =1 and €, = V/A = 0.66. The initial datum of the Cauchy problem is ©°(x) = cos(2mx).

We initialize using the Lax-Friedrichs initialisation (10.36) (coinciding with what [Van Leemput et al., 2009]
calls REo scheme), the forward centered initialisation (10.37), the Lax-Wendroff initialisation (10.39), the RE1 ini-
tialisation (10.40) and the implicit initialisations CRo and CR1 proposed in [Van Leemput et al., 2009], which are
not detailed here. We measure the difference between the exact solution and the approximate solution at the eighth
cell of the lattice. The results are given in Figure 10.4 and are in accordance with the previous analysis as well as
the computations in [Van Leemput et al., 2009]. Indeed, since the dissipation of the bulk Finite Difference scheme
is almost zero for s, = 1.99, the Lax-Wendroff scheme is supposed to almost match this dissipation. However here,

the same phenomenon that took place in Section 10.3.1.1 at leading order for the forward centered initialisation
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between (10.37) and (10.38), due to the introduction of a first-order perturbation on the conserved moment, now
takes place for (10.39), because it introduces a second-order perturbation on the conserved moment m; feeding
the multi-step bulk Finite Difference scheme (10.9), namely w(lz) #0. Taking s = 2, hence no dissipation from the
bulk scheme, we obtain the result in Figure 10.5, which is not different from the previous one (notice that here the
implicit initialisation RE1 cannot be utilized). In this Figure, we have also repeated the simulation using a leap-
frog scheme (coinciding with the bulk Finite Difference scheme) initialized with a Lax-Wendroff scheme, which

conversely leads the expected smoothness, since we do not have to filter the initial datum of the Cauchy problem.

10.3.1.3 THEORETICAL ANALYSIS USING THE MODIFIED EQUATIONS

Let us proceed to a more quantitative study of what can be observed in Figure 10.4 and Figure 10.5. To this end, we
push the computation of the modified equation of the starting schemes for n € N* to order O(Ax?). To complete

the previous computations, we are left to consider

EMH® = ) {per. of EQ (n-1tm.) and £? (once)} + ) {per. of E9 (n-21tm.) and EW (twice)}

:Zr =1 gO)r @) gOyn-1- r+zr n-2 P:g—Z—V(g(O))rS(l)(8(0))p8(1)(£(0))n—2—r—p
p= )

where € = E with E being the scheme matrix. Using the matrix from the particular D1Q, scheme, we obtain for
every neN*

(8” @ _ ( Zr n— ZZp n—1- r(l—SZ)p
+E YN PT (F (= )Ty p(52) + (L= ST 17— p(92)) )0y

and
n-2n-2-r

EMF =) Y A-)"TPrpa(s2)0x
r=0 p=0

where we recall that 7,(X) =1— (1 - X)" for r € N. With the usual procedure, we obtain for n € N* and x € R
3,0, %) — ((5”)‘” +EMYoP + 0 )p0,x
+ n—ﬁn¢(0 x) - ((5”)<2> +(EMG ol +(EMHPo? +EMY oM +w(12))¢>(0,x) = 0(Ax%).

« Lax-Friedrichs (10.36).

Proposition 10.3.1: Modified equations for the starting schemes under (

Under acoustic scaling, the modified equations for the starting schemes for the Lax-Friedrichs ini-

tilisation given by (10.36) are, for n e N*

n-1
9,(0, x)+/1€26x(p(0,x)—/le(% +y (1—%)(1_SZ)r)(l_eg)axx<p(o,x) —0(x),  xeR. (10.41)
r=1

Proof. This initialisation fulfils the requirements by Corollary 10.2.2, which leads to

0,0, x) + Ae20xp(0, X) + n—amp(o X- ((5")(2) + (8”)‘122’62)¢(0,x) = 0(AxY), (10.42)

for n € N* and x € R. Using the previous order to get rid of the second-order time derivative d;; [Warming

and Hyett, 1974, Carpentier et al., 1997, Dubois, 2008, Dubois, 2022] boils down to

3:6(0, %) + Ae20p(0, x) — AAx(—gegaxx ((8”)(2) +(EMGes) )00, = 0(ax),
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\\ n =1 n=6 =—— n=11 =—— n=16
n =2 n =7 — =12 — =17
2 4 n =3 n =8 — =13 — =18
n =4 n =9 — =14 — =19
n =5 n =1 — =15 = = Bulk
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52

Figure 10.6: Plot of the polynomial 1/2+ Y=~} (1 - r/n)(1 - s,)" appearing in (10.41) for different n compared to
1/s2 —1/2 (bulk).

for n e N* and x € R. We are left to deal with the diffusion term, for n € N*

) ) n n-2n—-1-r —-2n-2—
EMP +(EMYe, —(§+Z Y A-s)P+€ Z Z (s§+sz(1—sz)nn_z_r_,,(sz)
r=0 p=1 r=0 p=0

(1= )7 (52) 1y p(82) + (1 — )17~ Pnp+1(s2)))axx.

Using the expression for 7, to handle the last term shows that

) 9 -1 (n n-1
EMR +(EMPe, = ( + Z (n-r)(1-s)" +e(~ 7 L (n=n-)")Jous,
r=1
for n e N*. Plugging into the expansion (10.42) provides
1 (= r r 2 2 *
0,0, x) + Ae20xp(0, x) — )LAx(E +Y (1 - ;)(1 —5) )(1 —€2)05x(0,X) = O(AX?),  neN,
r=1
for x e R. O

This proves once more that the origin of the initial boundary layer is the mismatch in the dissipation coeffi-
cient of the scheme, see Figure 10.6. Of course, it must be kept in mind that these expansions are meaningful
as long as nAt « 1, this is, for small times. However, from the simulations and Figure 10.6, we see that the
boundary layer damps in time, since the dissipation coefficient in (10.41) converges to the bulk one in (10.34)

by taking the formal limit 1 — +o0:

N _ 1 (1-s)™ (-5 (Q-s)y 1 1
n1—1>IPOO( +Z(1__)(1_82) )_ IIIPOO(EJ’- nsg - ns% + 52 )_S_Z_E’

unsurprisingly by virtue of Proposition 10.2.4. We see that—as previously claimed—this formal limit holds
regardless of the fulfilment of the CFL condition. However, it strongly depends on the fact that s, < 2,

otherwise, it would not hold and it would exponentially diverge. We can also study the behaviour for s, = 2:

n-1

lim 1+ Z(l——)(l—sz)

Sz~27

-2
+Y [1-=]-n=—>=
r=1 n 4n 1/(2n), for n odd,

NI'—'

1-(-D" {0, for n even,

for n € N*. This explains why the errors in Figure 10.4 and Figure 10.5 are close to the ones of RE1 (10.40)
(up to high order contributions) for even time steps. On the one hand, for n even, the dissipation of the
bulk Finite Difference scheme is matched by the starting schemes, producing good agreement. On the other
hand, for n odd, the dissipation is strictly positive, though decreasing linearly with n, creating the jumping

behaviour of the errors. This suggests that the damping of the initial boundary layer should be proportional
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to 7! and explains the discrepancies with respect to RE1 (10.40) for the odd time steps. Finally, observe that
this decoupling—even as far as the dissipation is concerned—between even and odd time steps for s, =2 is

expected since the bulk Finite Difference scheme is a leap-frog.

« Forward centered scheme (10.37).

Proposition 10.3.2: Modified equations for the starting schemes under (

Under acoustic scaling, the modified equations for the starting schemes for the forward centered

initilisation given by (10.37) are, for n e N*
0:(0, x) + Ae20(0, x) + O(AX?) (10.43)

n-1

- /le((% + lg(l - %)(1 - sz)f)u —€2)+ %(1 - ;0(1 - sz)’))axx¢(o,x) =0,

with x € R.

Proof. This scheme fulfills the conditions of Corollary 10.2.2, hence for n € N*

n 1
0,40, %) + Ae20x (0, X) —AAx(—Eegaxx + ;((S”)(ﬁ) +EM ey + (€MDl +w(12)))(,b(0,x) = 0(AxY),
for x € R, where only the terms wg) =1/(1-s$2)0y and a)gz) = 1/20yy introduce discrepancies from the Lax-

Friedrichs initialisation (10.36). Using (10.44) we obtain for n € N* and x e R

0:(0,x) + Ae20,¢h(0, x)

n-1

Y (1-5)7) )00, ) = O(AX?).

_AAx(G + rf(l - La-s)a-eh+ %(1 -2},
r=1 r=

Again, according to Proposition 10.2.4, the bulk viscosity coefficient is asymptotically reached, since

n-1

Y (1-5)))= (é -5)a-é.

lim ((% +§(1 - %)(1 )| -ed)+ %(1 2%,

n—+oo

Concerning the behaviour close to s = 2, we have

lim ((% +ng(1— %)(1 )| a-e)+ ﬁ@—znf(l -s2)"))

Sp—27

=i
1-(=D" 5 (D" 1/(2n), for n even,
= a-H+ -
4n 2n —€5/(2n), for n odd,

for n € N*. We observe that the even steps of starting schemes have the same diffusivity as the odd steps
for the Lax-Friedrichs initialisation (10.36), whereas the odd ones have negative diffusivity, which remains
from having an initialisation scheme with negative dissipation, coupled with the fact that the bulk Finite
Difference scheme is a leap-frog scheme. The question which might be risen is on how the overall scheme
can remain stable. In terms of Finite Differences, the choice of initial datum only changes the spectrum of
the data feeding the bulk Finite Difference scheme, which is stable under (10.35), for every initial datum.
Concerning the previous computation, we have that under the CFL condition —e%/(Zn) > —1/(2n), hence
steps with negative dissipation are compensated by steps with sufficiently positive dissipation, yielding an
overall stable scheme.

« Forward centered scheme (10.38). For this scheme, it is useless to analyze until second order because we
know that issues start at O(Ax), see Section 10.3.1.1.
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Proposition 10.3.3: Modified equations for the starting schemes under (

Under acoustic scaling, the modified equations for the starting schemes for the forward centered

initilisation given by (10.38) are, for n € N*

n-1
0:p(0,x) + ey 1+ %(1 - Y (1-)"))oxp0,0 = 08w,  xeR.
r=0

Proof. We have

0:(0,x) ~ %((8")(111) +EMRoP +0)p0,0=00x),  neN', xeR

where in this case wg)) =—(1+s2)/(1—$2)ex and w(ll) = —2€20y. Recalling that
) _ e mM _ N yner .
(EM =—€2 ) Tnr(52)0x, EM == (1-s)" 0y, neN*, (10.44)
r=0 r=0
yields
n-1
EMY +EMRY +ol) = —er(n+2(1- Y -s7))or,  nen,
r=0
thus

n-1
6t¢(0,x)+/162(1+%(1—Z(l—sz)r))ax(p(o,x)=O(Ax), neN*, xeR.
r=0
O

Unsurprisingly, the initialisation scheme is consistent (n = 1), but the general starting schemes (n > 1) are
not. This does not prevent the overall scheme to converge, since w(lo) =1 but only at first-order even when

52 =2, see Figure 10.3. Following Proposition 10.2.4

n—+oo

lim (1+ %(1 —g(l —sz)r)) =1

- Lax-Wendroff (10.39).

Proposition 10.3.4: Modified equations for the starting schemes under (

Under acoustic scaling, the modified equations for the starting schemes for the Lax-Wendroff initil-

isation given by (10.39) are, for n € N*
0:(0, ) + Ae20p(0, x) + O(Ax?) (10.45)

- AAxG + nill(l - %)(1 _s) %(1 —2'12_:(1 - sz)’))(l — €2)0x(0,x) =0,
= r=

for x e R.

Proof. The computation is similar to the previous ones, taking into account that the only terms to change

are a)g) =(1- e%)/(l —$2)0, and wﬁZ) =(1- 65)/20“. This provides the modified equations. O

As expected, the dissipation coefficients tend to the one of the bulk scheme for n — +oco and for s, =2, we

find
S r 1 n-1 1+ (-D" 1/(2n), for n even,
lim S+ Y (1-2)a-s)"+ —(1-2 ¥ 1-s)'))0-eh) = — —=
n—27\2 = n 2n = 4n 0, for n odd,
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for n € N*. This is the opposite situation compared to the Lax-Friedrichs initialisation (10.36) and again
justifies the jumping behaviour compared to RE1 (10.40), see Figure 10.4 and Figure 10.5. Moreover, we
further understand why we still observe the boundary layer: even if the initialisation scheme matches the
zero diffusivity of the bulk scheme, the second-order modification w(IZ) # 0 we have imposed on the initial

datum to obtain such initialisation scheme reverberates over the following (even) time steps.

Smooth initialisation RE1 (10.40).

Proposition 10.3.5: Modified equations for the starting schemes under (

Under acoustic scaling, the modified equations for the starting schemes for the smooth initilisation
RE1 given by (10.40) are, for n e N*

0,0, x) + Ae2dx (0, X) — ;LAx( L

- %)(1 ~€2)0,xh(0,1) = O(AXD),  xeR.
2

Proof. This scheme fulfills Corollary 10.2.2 and we have for n € N* and x e R

3,(0, ) + Ae20x (0, X) — AAx(—geﬁa” + %((5”)521) +(EMPey + (8”)(112)(1)(21)))(/)(0, 0 = 0(Ax?),

1 _
5 =

where only w - —6%)/ 520y introduces differences compared to the Lax-Friedrichs initialisation (10.36).

We therefore obtain for n € N* and x e R

n-1 1 n
0,0, X) + €20x(0, ) —)LAx( -y (1 - %)(1 - Y- Sz)r)(l —€2)0,x$(0,x) = O(AX?). (10.46)
r=1 r=1

N | =

One can easily show by induction that

1 = 1 & 11
_— 1-—|1-5)"+— ) Q=-85) =— -, neN*,
2 ;( n) ns; ,;1 sy 2
yielding the same modified equation as the bulk Finite Difference scheme. O

This explains, once more, the smooth behaviour observed in Figure 10.4 and Figure 10.5 and also shows an

actual application of Proposition 10.2.3 for H = 2.
10.3.2 D;Q3 SCHEME

The previous case of D;Q, scheme suggests that particular care must be adopted when prepared initialisations
for the conserved moment m; are used (i.e. w; € D). Therefore, in what follows, we treat only local initialisations
for any moment. We are now interested in equating the dissipation of the initialisation schemes with the one of
the bulk scheme for a richer scheme: the D; Q5. In particular, we look for a full characterisation of the conditions
under which wj,wy, w3 € R yield initialisation schemes with the same dissipation as the bulk Finite Difference

scheme.

10.3.2.1 DESCRIPTION OF THE SCHEME

We consider the D; Qg scheme in Section 1.5.2 with moment matrix M given by (1.6) in dimensionless form. This

provides
32Sea)+1)  AG)  5(S0) —1) 10 0
T= %A(Xl) S(x1) %A(xl) , K=|se 1-s 0
£ -1 Ay 3(Sx)+2) s3e3 0 1-s3

The modified equation of the bulk Finite Difference scheme from Theorem 10.2.1 is

0,p(t, %) + Ae20d(t, x) — AAx(sl - %)(% —e2+ %)axxgb(t, 0=00x%), (xR, xR (10.47)
2
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To have a stable bulk method in the L? metric, the dissipation coefficient must not be negative, hence €3 < -2 +3€§
is forbidden, because the modulus of the “consistency” (or “physical”) eigenvalue would initially increase above
one for small wave-numbers, causing the bulk Finite Difference scheme to be unstable. Sufficient conditions are
more involved to determine but can be checked numerically, ¢f. Section 7.7.3. Observe that the (10.47) does not
depend on the choice of s3. To obtain consistency with (10.1), we have to enforce e, = V/A. Furthermore, two
leverages are available to make the bulk Finite Difference scheme second-order consistent with the (10.1), namely

taking s, =2 or s, €]0,2] and €3 = —2 + 3€5.

10.3.2.2 CONDITIONS TO ACHIEVE TIME SMOOTHNESS OF THE NUMERICAL SOLUTION

Assuming that s, s3 # 1, we have that Q = 2, thus two initialisation schemes are to consider. Their modified
equations, computed with the previous techniques and considering local initialisations following the conditions

by Corollary 10.2.1 - i.e. w; =1 and wy = € are as follows.

- First initialisation scheme: (10.8) for n=1

2
€5 s3e3 (1—s3)ws

3,0, x) + Ae20xp(0, x) — AAx(% — - )aqub(o, 0=00Ax%, xeR (1048

This scheme makes sense as initialisation scheme unless both s, = s3 =1 (i.e. Q = 0), where we observe that
the diffusion coefficient in (10.48) becomes equal to the one from (10.47). In this case, the choice of wj is

unimportant, as expected.
- Second initialisation scheme: (10.8) for n =2

0+ (0, x) + Ae20,¢p(0, x)

2-s2) (2-2€ 5s5-25-s)es (1= 53)(4 =25 = s5)ws
3 2 12 12

- /mx( )axxcp(o, 0 =00AxY), (10.49)

for x € R. In the case where both s; = s3 =1 (Q = 0), we have the previously described situation. Taking
s2 #1 and s3 =1 (Q = 1), we obtain the modified equation of the first starting scheme which is not an

initialisation scheme

1 1y2 , e o,
0,0, x) + A2 (0, X) — /mxsz(5 - 5)(5 —e2+ E)axﬂp(o,x) —0(AxY),  xeR,
which equals (10.47) up to the multiplication of the diffusion coefficient by s,. This discrepancy is the
remaining contribution of the initialisation on the evolution of the solution, as we have already observed

for the D1Q, in Section 10.3.1 for all initialisation except (10.40). Taking s, =1 and s3 # 1 (Q = 1), we have

s3(3—s3)€3 N (I-53)(2—s3)ws
12 12

2
0,(0, x) + Ae20xh(0, X) — AAx(% - %2 + )axx¢(o,x) — 0(AxD),

for x € R, which is utterly different from (10.47): the choice of initialisation w3 and the relaxation parameter

s3 influence the diffusivity, contrarily to (10.47).

Remark 10.3.1. The previous discussion again confirms that, for starting schemes which are not initialisation schemes,
the choice of initialisations and relaxation parameters can change the modified equations compared to the bulk Finite
Difference scheme and thus the dynamics of the method close to the beginning of the simulation. Moreover, even some
parameters that do not influence the modified equation of the bulk Finite Difference scheme at a given order (see s3 in

this example) impact the modified equations of the starting schemes.

According to Proposition 10.2.3, it is enough to study the order O(Ax?) for the initialisation schemes to deduce

the modified equations for any starting scheme. In order to match the diffusivity in both initialisation scheme, we
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Table 10.2: Different choices of parameters for the D; Q3 scheme ensuring match at order O(Ax?) between initial-
isation schemes and bulk Finite Difference scheme.

Factors controlling dissipation | Leverages to obtain compatible dissipation
s3=1, any ws (a)
s2=1 €3> —2+3¢€2
§ ° 2 S3#1, w3 =¢€3 (b)
€3> —2+3¢5 s3=2— 52, W3 = (2(=2+3€3) + (52 — 2)€3) /52 | ()
So#1 s3=1, Wi d
2 # €3 = —2+3¢2 3=1,any ws (d)
Sg# 1, w3 =¢€3 (e)
set the following system
2
1_ % | s3e3 , (1-s3)ws (1L _1)(2_,2_ ¢
37 2%t% t6 —(5‘5)(§—€z+§)» (10.50)
@-sp) | (272065  s53(5-25p-s3)e3 , (I-s)d=2sp-s9ws _ (1 _1\(2_ .2, € '
3 t—2 F 12 + 12 =l 23 t3)

We have to interpret €; as fixed by the target problem and €3 as well as s, by the choice of numerical dissipation of
the bulk Finite Difference scheme, i.e. the right hand sides in (10.50). Therefore, the unknowns (or the leverages)
are s3 and ws, forming a non-linear system. Eliminating ws from the second equation in (10.50) using the first one
yields—following some algebra—the equation for s3:

€3 €3

(1—82)(§ —€§+§)83 = (2—52)(1—52)(3 —e§+ E)

We have different cases to discuss which are summarized in Table 10.2.

« so = 1. Then the equation is trivially satisfied for any choice of s3. Enforcing the choice of s, =1 in the first
equation of (10.50) yields (1 — s3) (w3 —€3) = 0. This equation is trivially satisfied for s3 = 1. If s3 # 1, then we

must initialize at equilibrium, that is, consider w3 = €3.

« 52 # 1. Then the equation for s3 reads (2/3 —e;ﬁ_’ +€e3/3)s3=(2-152)(2/3 —e% +€3/3). We distinguish two cases
- €3>-2+ 36‘%. In this case, we have to enforce
s3=2-—15,. (10.51)

This is very interesting because it corresponds to the choice of “magic parameter” [d’Humiéres and
Ginzburg, 2009, Kuzmin et al., 2011] equal to 1/4, c¢f. Example 7.6.2. Using this choice of s3 into the

first equation from (10.50), we obtain that w3 has to be taken as

1 2
wa = (2(=2 +3€3) + (s2 — 2)e3). (10.52)

Remark that in this case, the only way of making the bulk scheme to be of second-order is to take
s2 = 2. This results in s3 = 0, which means that one more moment is conserved by the scheme. Still,

the equilibria do not depend on it. Moreover, the initialisation has to be wz = -2 + 36% £ €3.

In Section 7.6.3 we have found that the choice (10.52) could yield a bulk Finite Difference scheme
with three stages instead of four. As far as the stability—cf. Theorem 7.7.3—under this condition is

concerned, the analytical conditions in this case are

leal <1, —2+3e2<e3<1, if s €]0,2],
$,€]0,2],  and 2
|€2|<1, if S$o =2,

see Appendix A.3, where in -2 + 365 < €3 < 1, the left constraint enforces non-negative dissipation

(stability for small wave-numbers) whereas the right one concerns large wave-numbers.
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Figure 10.7: Left: test for smoothness in time close to ¢ = 0 for the case (a) in Table 10.2: difference between
exact and numerical solution at the eighth lattice point. As expected, regardless of the choice on w3, the profile is
smooth. Right: diffusion coefficient (factor in front of —AAx0,) in the modified equations for different n.

(b) (b)
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Figure 10.8: Left: test for smoothness in time close to ¢ = 0 for the case (b) in Table 10.2 (w3 = —0.6932) or violating
this condition (w3 = 10): difference between exact and numerical solution at the eighth lattice point. We observe
radical differences in the profiles but the smoothness is not affected. Right: diffusion coefficient (factor in front of
—AAx0yy) in the modified equations for different n.

- €3 = —2+3¢5. The equation is trivially true. Considering the first equation in (10.50) once more, we
obtain (1 — s3)(ws +2 — 36%) =0. If s3 = 1, this equation is satisfied regardless of the choice of ws. If

s3 # 1, then the initialisation should be w3 = -2 + 36% =€3.

10.3.2.3 STUDY OF THE TIME SMOOTHNESS OF THE NUMERICAL SOLUTION

We repeat the numerical experiment by [Van Leemput et al., 2009] introduced in Section 10.3.1.2. Only L? stable
configurations are considered. As long as the dissipation of the bulk Finite Difference scheme is large, time os-
cillations are damped and thus cannot be observed even if the diffusivities of the bulk Finite Difference scheme

and the initialisation schemes are not the same. We therefore look for situations where the numerical diffusion is

small or zero.

e Sp=1,€3=-2+ 36%, no dissipation, and s3 = 1. This is the framework of (a) (c¢f. Table 10.2), where we
can consider arbitrary ws. This case is trivial because Q = 0. We see in Figure 10.7 that the profile remains

smooth no matter the choice of ws, as predicted by the theory.

e S$5=1,e3=-2 +3€§, no dissipation, and s3 = 1.2, close to one for stability reasons. Thus we are in the setting

of (b). In Figure 10.8, we see that the choice of w3 changes the outcome, even if the time smoothness seems
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Figure 10.9: Left: test for smoothness in time close to ¢ = 0 for the case (c) in Table 10.2: difference between
exact and numerical solution at the eighth lattice point. The cases where s3 = 0.01 violate the magic relation
(10.51) 2 + s3 = 2 with minor influences on the spurious oscillation, whereas w3 = 0 violates (10.52), with more
tendency towards an initial boundary layer. Right: diffusion coefficient (factor in front of —AAx0,) in the modified
equations for different n.

to be preserved in both cases. To explain this, on the one hand, we have to take into account that since we
are compelled to take s3 close to one, we are not far from the previous case. On the other hand, even when
the dissipation is not matched, it does not oscillate between time steps, unlike many initialisations for the
D;Q, scheme in Section 10.3.1. This is confirmed by the right image in Figure 10.8: the diffusivity behaves
smoothly in 7 and tends monotonically and quite rapidly to the bulk vanishing one.

« 52 = 1.99, almost zero dissipation. We test (c), since (d) and (e) cannot be considered for stability reasons.
In Figure 10.9, we observe that violating the magic relation (10.51) still enforcing (10.52) does not produce
large spurious oscillations, likely because this has limited effects on the diffusion coefficient. Quite the
opposite, violating (10.52) both with and without (10.51) produces an initial oscillating boundary layer. This
is corroborated by the right image in Figure 10.9, where the reason for the observed oscillations is the highly

non-smooth behaviour of the diffusion coefficient in n, as a result of having taken s, = 2.

10.3.3 CONCLUSIONS

In Section 10.3, we have observed in practice that the conditions to obtain consistent starting schemes found
in Section 10.2 preserve second-order convergence when the bulk scheme is second-order consistent. Using an
additional order for the modified equations introduced in Section 10.2, we obtain an extremely precise description
of the behaviour of the D1Q, close to the initial time, according to the initialisation at hand. The same has been
done for a D1 Qg scheme. Finally, discussing the conditions to have the same dissipation between initialisation and
bulk schemes for the D; Q5 has made the magic relations (10.51) known in the literature [d’Humiéres and Ginzburg,
2009, Kuzmin et al., 2011] turn up once more, cf. Section 7.6.3. The investigation of these relations is central in the

following Section 10.4.

10.4 A MORE PRECISE EVALUATION OF THE NUMBER OF INITIALISATION SCHEMES

In Section 10.2, we have observed that describing the behaviour of general lattice Boltzmann schemes close to
the initial time above O(Ax) order—using the modified equations—seems out of reach. The question which we
try to answer here—inspired by the findings on the D; Q5 in Section 10.3.2—concerns the existence of vast classes
of lattice Boltzmann schemes for which a detailed description of the behaviour of the initialisation schemes is
indeed possible. The idea is to investigate the possibility of having, from a purely algebraic standpoint, a very

small number of initialisation schemes to be considered. For example, this would allow to avoid dealing—when
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trying to have the same dissipation coefficient between initialisation and bulk—with large non-linear systems
such as (10.50), where the number and the complexity of equations grow with Q. The conditions to control the
initialisation until a certain order in Ax could be simpler thanks to the fact that we have a small number of
initialisation steps. In this way, if something similar to Proposition 10.2.3 was valid, we could conclude that this

control is enough to master the dynamics of the scheme at the considered orders eventually in time.

10.4.1 LATTICE BOLTZMANN SCHEMES AS DYNAMICAL SYSTEMS AND OBSERVABILITY

A preliminary step in this direction is to consider any lattice Boltzmann scheme Algorithm 6 as a linear time-

invariant discrete-time system

zm(r,x) = Em(s, x), (t,x) € AtN x AxZ9,

m(0,x)  given for x€ AxZ¢,

where the output is y = Cm with matrix C of appropriate dimension. Since, from the very beginning of the paper,

we are solely interested in the conserved moment m;, we select C = e{ e R9. As we already pointed out, see (10.8)
y(nAt,x) =mi(nAt,x) = (E"m); (0, x) = CE"m(0, x), neN, xeAxz4
thus we introduce the observability matrix of the system

C

CE
Q=] . |[eM,uD.

CE4-!

If the system were set on a field (eg. @ € My4(R) or @ € M4(C)), it would be customary to call the system
“observable” if and only if rank(Q) = g. This would mean that we could reconstruct the initial data m(0) from
the observation of y = m; at times n € [0, g — 1]. Quite the opposite, in our case, since the non-zero entries of Q
are in general not invertible (for d = 1, the symmetric S(x;) and anti-symmetric part A(x;) of the basic shift are

examples of this), we cannot proceed in the same way, because the observability matrix Q can never be a unit.

For systems over commutative rings, different definition of observability are available in the literature: we list

a few of them in the following Definition.

Definition 10.4.1: Observability for systems on rings

The system is said to be
« “observable” according to [Brewer et al., 1986, Theorem 2.6], if the application represented by the
left action of Q is injective.
+ “observable” according to [Fliess and Mounier, 1998], if Q has left inverse.

« “hyper-observable” according to [Fliess and Mounier, 1998], if the unobservable sub-space N :=

ker(Q)— where operators act on lattice functions”—is trivial: A" = {0}.

4QObserve that the kernel is the left null space: indeed the left action of elements in D can operate both on lattice function and
operators in D, whereas the right action is reserved for operators in D.

Furthermore, [Brewer et al., 1986, Theorem 2.6] gives the following criterion to check observability.

Theorem 10.4.1: Observability criterion

The system is “observable” according to [Brewer et al.,, 1986] if and only if the ideal of D generated by
det(Q) is such that its annihilator is zero.
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Figure 10.10: L2 norm of the conserved moment as function of the time for the D;Q, scheme choosing A =1,
€2 = 1/2 and sp = 1.8. The test is performed for different initial data (both observable and unobservable) with
different Ax.

We also define the “observability index” 0 < Q + 1 mimicking the definition for systems over fields as

C
CE
0::maerank(Qr), where Q,:= ) € M;xq(D),
re N
CEr—l

and rank(-) stands for the row rank of a matrix over a ring according to [Blyth, 2018, Definition 10.6].

Example 10.4.1. Considering Example 10.1.1 treated in Section 10.3.1, we have that

1 0
Q- :
S1) + s262A0x1) (1= $2)A(x1)

henceo=Q+1=2ifs; #1 ando=Q+1=1if s, =1. When s, = 1, we have the unobservable subspace N =
{(0,m2)t : for arbitrary my = my(x) lattice function}, which adheres to the intuition that we cannot know the non-
conserved moment my by looking at the conserved moment my if the relaxation is made on the equilibrium, regardless
of the structure of my. When sy # 1, we have N = {(0,m)* : for any my = my(x) lattice function such that A(x;)my =
0}. We see that the unobservable sub-space is non-trivial even when o = q = 2, contrarily to the case of systems with
matrix E and Q with entries in a field. The unobservable states are those in which the first component is zero and the
discrete derivative A(x1) of the second component is zero everywhere, for example because the second component is
constant or takes one given value on all even point and another one on all odd point.

To numerically check the structure of N for this scheme, we consider two sets of initial data

1+3(-1)7

(@ m1(0,)) =0, m2(0,ij):+’
(b))  mi(0,)=0 m2 (0 'A)—i (_ 1 )
1W,*) =Y, 2, JAX) = loexp 1_(4(ij_1/2))2 X

The first datum (a) lies in N whereas the second one (b) does not. Observe that both data do not adhere to the guidelines
to choose initial data according to the analysis in Section 10.2: they are uniquely selected for the current test. We shall
take j € [0, Ny — 1] in the simulations and Ax = 1/ Ny. Periodic boundary conditions are enforced. The results of the
simulation given in Figure 10.10 confirm the theory. The unobservable initial datum (a) yields zero conserved (observed)
moment for any time step, whereas the observable one (b) does not, even if the conserved moment is initialized as zero
everywhere. For the observable datum (b), we see that the solution converges linearly in Ax to the exact solution of
the Cauchy problem, meaning the identically zero solution.
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We finally comment on the notions from Definition 10.4.1.

o det(Q) = (1 —s2)A(xy), thus the ideal to consider (cf. Theorem 10.4.1) is {d(1 —s2)A(x1) : d € D}. On the one
hand, if s, = 1, then any operator in D multiplied at the left of any element of the ideal is an annihilator, thus
the system is not observable according to [Brewer et al., 1986]. On the other hand, if s, # 1, then the only element

annihilating any element of the ideal is zero, thus the system is observable according to [Brewer et al., 1986].

e For any s», we see that Q does not admit left inverse, therefore it is not observable according to [Fliess and

Mounier, 1998].

» For any sy, the system is not hyper-observable according to [Fliess and Mounier, 1998] due to the non-trivial /.

For these reasons, we infer that the observability according to [Brewer et al., 1986] is the one more closely adhering—

between those issued from Definition 10.4.1—to our definition of observability index o.

10.4.2 REDUCED NUMBER OF INITIALISATION SCHEMES FOR NON-OBSERVABLE SYSTEMS
Following the discussion in Section 7.6.3 and in particular (7.35), we can introduce p, € D° such that
p,Q, = —-CE°. (10.53)

The solution of this problem exists thanks to the definition of the observability index 0. We then introduce the
monic polynomial, in the spirit of Definition 7.6.3 and Lemma 7.6.2 (keep in mind that the indices in vectors like

p, start from one)
o

V,@2):=2+ ) po,kzk_l, (10.54)
k=1

which by construction (10.53) annihilates the first row of E, since C = e}. Moreover, we have shown in Lemma 7.6.3
(just apply the matrix-determinant Lemma 8.2.1 to conclude) that ¥, (z) divides det(zI —E), whence if 0 = Q+1, we
naturally have W, (z) = z*1~9det(zI — E). We therefore obtain the following corresponding bulk Finite Difference
scheme based on ¥, given by Algorithm 8, coinciding with Algorithm 7 when 0 =Q +1.

Algorithm 8 Corresponding Finite Difference scheme based on ¥,,.

« Given m(0, x) for every x € Ax z4.

- Initialisation schemes. For n€ [1,0-1]

m1(nAt,x) = CE"m(0, x), xeAxZ9. (10.55)

+ Corresponding bulk Finite Difference scheme. For n e [o—1,+o0[

q-1
mi((n+1)At,x) =— Z Pootk+1-gM1((n+k+1-q)At, x), xeAxZ9. (10.56)
k=q-o

The lack of observability is indeed the reason why, as previously seen in Section 10.3.2, one can find a bulk
Finite Difference scheme with less time steps than what is prescribed by the characteristic polynomial of E. From
a different perspective, this is the so-called “pole-zero cancellation” in the transfer function—see for example
[Astrém and Murray, 2008, Chapter 8.3] or in [Hendricks et al., 2008, Chapter 3.9]—from control theory. In our

framework, the transfer function is

control by equil.
e e
adj(zI - A)Be
det(zI-A)
[ —

state

H@z)=C =C(zI-A)"'Be,

where we recall that A=T(I—-8) and B=TS, cf. Section 7.5.
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Example 10.4.2. We come back to the scheme of Section 10.3.2 where we have selected the choice of magic parameter
equal to 1/4, that is sy + s3 = 2. We also assume that s, # 1 to keep things non-trivial. In this case, it can be seen that
0 =2 < 3, whereas Q + 1 = 3. Moreover, we obtain

detzI-E)=(z+ (1 -52))¥2(2),

with W (z) =22 + (= $262A(x1) + %(sz -2)(25(x1) +1) + %63(32 —2)(S(x1) =)z + (1= s2),
(z+ (1= $2))(s262A0x1) + %63 (2-52)(S(x1) - 1))z
z+(1-5)) 2+ %(Sz -2)(2S(x1) + Dz+(1-$)

or equivalently H(z) =

called ¥ p(2) in Section 7.6.3

The Finite Difference scheme coming from ¥, (z) becomes a leap-frog scheme for s, = 2. Otherwise, it is a centered
discretisation with a certain amount of numerical dissipation. A first question which might arise concerns the modified
equation for the bulk Finite Difference scheme obtained using det(zI — E), see Algorithm 7, versus those obtained by
Y, (2), see Algorithm 8. The answer is that they are same at any order because the eigenvalue (s, —1) does not contribute
to the consistency (being constant through wave-numbers and thus being a mere numerical eigenvalue) and it can be
easily checked that W, (z) yields the same modified equation, since it contains the consistency eigenvalue [Strikwerda,
2004]. As far as stability is concerned, the stability constraints for the two bulk Finite Difference schemes are the same
because |s; — 1| < 1 for s, €]0,2[. The stability conditions are analytically computed in Appendix A.3. The case sp =2
might produce instabilities because of the presence of multiple roots of det(zI — E) on the unit circle. However, in this
case, there is an additional conserved moment ms and we know that the von Neumann condition for systems is that
no root is outside the unit circle, but this is only necessary for stability, see Theorem 9.3.2. Therefore, the presence of
multiple eigenvalues on the unit circle (and in particular those concerning consistency which are now more than one)
cannot allow to deduce that the scheme is unstable.

Concerning the notion of observability by [Brewer et al., 1986], we have that det(€2) = 0, hence the system is not
observable, according to Theorem 10.4.1. If we want to characterize the unobservable sub-space, we have that, since
sp #1, it is given by

N ={(0, mg,mg)t . for any my = ma(x), mg = m3(x) lattice fnct. such that A(x;)my = %(S(xl) —1)mgs}.

Recall that A(xq) = (x1 —x1 " 1/2 and S(x1) — 1 = (x1 — 2 +x; 1) /2, which means that the initial states belonging to N
are those with zero first moment everywhere and such that the centered approximation of the first derivative of the
second moment is proportional—with ratio 1/3—to the centered approximation of the second derivative of the third
moment, at any point of the lattice.

The numerical verification of the expression found for N can be done as follows. We select
mi(0,)=0,  m(0,jAx)=j,  ms(0,jAx)=-3j%,

which thus belongs to N'. We discretize with j € [0,100[ using periodic boundary conditions. These boundary con-
ditions are incompatible with the data, but we shall observe the outcome way inside the computational domain. The
result of the simulation is proposed in Figure 10.11. For the choice where s3 = 2 — s, thus for which the initial datum
belongs to N, we see that away from the boundary, the conserved moment remains zero (up to machine precision).
When s3 # 