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Introduction (français)

Introduction générale
Le théorème de dilatation d’Akcoglu [1, 2] affirme que pour tout 1 ă p ă `8, pour tout
espace mesuré pΣ, µq et pour toute contraction positive T : LppΣq Ñ LppΣq, il existe une
isométrie J : LppΣq Ñ LppΣ1q, il existe un isomorphisme isométrique U : LppΣ1q Ñ LppΣ1q

et il existe une contraction Q : LppΣ1q Ñ LppΣq tels que pour tout k ě 0 on a T k “ QUkJ .
Ce résultat est primordial dans de nombreux domaines des opérateurs sur Lp, par exemple
il est utile pour le calcul fonctionnel, en analyse harmonique ou dans la théorie ergodique.
Pour plus de détails, voir [8, 14, 31, 42, 44] ou [33, Section I].

Pendant les deux dernières décennies, la théorie des opérateurs et l’analyse har-
monique dans les espaces Lp non -commutatifs ont été étudiés et beaucoup de résultats
sur LppΣq, ont été transférés dans la cadre non-commutatif. Cependant le théorème
d’Akcoglu ne peut être étendu au cas non-commutatif. Plus précisément, si on prend
une algèbre de von Neumann N équipée d’une trace normale semi-finie fidèle τ , on dit
que pN, τq est une algèbre de von Neumann traciale. Pour tout 1 ă p ă `8, on
note LppNq l’espace Lp non-commutatif associé à pN, τq. On dit qu’une contraction
T : LppNq Ñ LppNq admet une p-dilatation isométrique s’il existe une autre algèbre de
von Neumann traciale pN , τ 1q, il existe une isométrie J : LppNq Ñ LppN q, il existe un
isomorphisme isométrique U : LppN q Ñ LppN q et une contraction Q : LppN q Ñ LppNq

tels que pour tout k ě 0 T k “ QUkJ .

LppN q
Uk

ÝÑ LppN q

J Ò Ó Q

LppNq
Tk

ÝÑ LppNq

Il est démontré dans [34] que certaines contractions positives T : LppNq Ñ LppNq

n’admettent pas de p-dilatation isométrique. Après que ce résultat a été publié, il est
devenu important d’exhiber des classes de contractions positives dans les espaces Lp non-
commutatifs qui admettent une p-dilatation isométrique. Pour des résultats de ce type,
on peut regarder par exemple dans [35, Chapters 8-10], [4, 5] ou [32]. En particulier,
dans l’article [4], C. Arhancet montre que tout multiplicateur de Schur Bpl2Zq Ñ Bpl2Zq

auto-adjoint, unitaire et positif est absolument dilatable, donc il admet une p-dilatation
isométrique (voir ci-dessous). Il démontre aussi que, pour tout groupe discret G, tout
multiplicateur de Fourier V NpGq Ñ V NpGq auto-adjoint, unitaire et complètement posi-
tif est absolument dilatable.

La notion d’absolument dilatable est la suivante. Soit pN, τq une algèbre de von
Neumann traciale et soit une contraction T : N Ñ N , on dit que T est absolument
dilatable (ou admet une dilatation absolue) s’il existe une autre algèbre de von Neumann
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traciale pN , τ 1q, il existe un ˚-homomorphisme préfaiblement continu, préservant la trace
et unitaire J : N Ñ N et un ˚-automorphisme préservant la trace U : N Ñ N tel que
pour tout k ě 0 T k “ EUkJ , où E : N Ñ N est l’espérance conditionnelle associée à J .

pN , τ 1q
Uk

ÝÑ pN , τ 1q

J Ò Ó E
pN, τq

Tk

ÝÑ pN, τq

(0.0.1)

Il s’avère que si T : N Ñ N est absolument dilatable, alors, pour tout 1 ă p ă `8,
T s’étend en une contraction positive admettant une p-dilatation isométrique (voir la
proposition 1.3.5). La notion de dilatation absolue apparaît implicitement dans [4, 5,
41, 28, 35]. Beaucoup de constructions de p-dilatations isométriques pour des classes
d’opérateurs de Lp proviennent de dilatations absolues. De plus les dilatations absolues
sont étroitement liées aux opérateurs factorisables [3, 28, 56].

Une autre propriété de dilatation est la notion de complètement p-dilatable. Elle
est analogue à la notion de p-dilatation isométrique mais J et Q sont des contractions
complètes et U est une isométrie complète inversible. De plus si T : N Ñ N est une di-
latation absolue, alors pour tout 1 ă p ă `8, T s’étend en une contraction complètement
p-dilatable sur LppNq (voir la proposition 1.3.8).

L’objet de cette thèse est l’étude des propriétés de dilatation de différentes classes
d’opérateurs. En particulier on regarde les multiplicateurs de Schur dans les parties 2,3,4
et les multiplicateurs de Fourier dans la partie 5. De plus, dans chacun cas on regarde
un dilatation jointe pour une famille finie de tels opérateurs. L’article [54] donne des
résultats dans ce cas.

Contenu de la thèse

La thèse commence avec toutes les définitions et propriétés nécessaires sur les multi-
plicateurs de Schur, les multiplicateurs de Fourier et les dilatations. D’abord, on se
focalisera sur les multiplicateurs de Schur. On prouvera que tout multiplicateur de Schur
mesurable, auto-adjoint, unitaire et positif est absolument dilatable. On caractérisera
alors le fait qu’un multiplicateur de Schur est absolument dilatable. Ensuite on démon-
trera une caractérisation pour les multiplicateurs de Schur unitaux, positifs et complète-
ment p-dilatable dans le cas de la dimension finie puis dans le cas discret. On finira par
étudier les multiplicateurs de Fourier. On prouvera que tout multiplicateur de Fourier
auto-adjoint, unitaire et complètement positif est absolument dilatable.

Première partie

L’objet de ce chapitre est de présenter les outils qui seront utilisés dans notre travail.
On présentera d’abord les espaces Lp non commutatifs. Ainsi, on travaillera avec une
algèbre de von Neumann équipée d’une trace normale semi-finie et fidèle. Les espaces
Lp non-commutatifs sont une généralisation des espaces LppΣq classiques où pΣ,FpΣq, µq

est un espace mesuré. On considérera aussi les algèbres de von Neumann à un poids. La
construction des espaces Lp à partir d’une algèbre de von Neumann à poids est fondée sur
le produit croisé. Les propriétés de ces espaces Lp à poids sont similaires au cas tracial.
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Dans cette partie on présentera aussi les différents types de dilatation cités précédem-
ment. Ensuite on donnera la définition des multiplicateurs de Schur et la définition des
multiplicateurs de Fourier ainsi que leur propriétés de base. On note BpL2pΣqq l’espace
des opérateurs bornés sur L2pΣq associé à un espace mesuré σ-fini pΣ, µq. L’étude des
multiplicateurs de Schur agissant sur BpL2pΣqq remonte au moins à Haagerup [26] et
Spronk [59]. Le papier de Haagerup-Musat [28] donne une caractérisation des multipli-
cateurs de Schur admettant une dilatation absolue dans le cas de la dimension finie. On
présentera trois types de multiplicateurs de Schur en fonction de le forme de l’espace
L2 considéré. La définition dans le cas mesurable est la suivante: soit pΣ, µq un espace
mesuré σ-fini, pour tout f P L2pΣ2q, on note Sf : L2pΣq Ñ L2pΣq l’opérateur borné défini
par

rSf phqspsq “

ż

Σ

fps, tqhptq dt, h P L2
pΣq.

L’opérateur Sf P S2pL2pΣqq est un opérateur de Hilbert-Schmidt. De plus, l’application
f ÞÑ Sf est un unitaire de L2pΣ2q dans S2pL2pΣqq.

Soit φ P L8pΣ2q, on définit Mφ : S
2pL2pΣqq Ñ S2pL2pΣqq par

MφpSf q “ Sφf , f P L2
pΣ2

q.

Cet opérateur est appelé opérateur de multiplication de Schur. De plus, s’il existe C ą 0
telle que

}MφpSq}BpL2pΣqq ď C}S}BpL2pΣqq, S P S2
pL2

pΣqq.

On dit que Mφ est un multiplicateur de Schur mesurable sur BpL2pΣqq (ou multiplicateur
de Schur borné).

Une autre famille classique d’opérateurs est la famille des multiplicateurs de Fourier
sur V NpGq où G est un groupe localement compact. Ce sujet a beaucoup d’applications
aux propriétés d’approximation d’algèbres d’opérateurs, en probabilités non-commutatives,
en information quantique, aux intégrales singulières ou aux opérateurs de Calderon-
Zygmund (voir [6, 24, 36, 37, 43, 47, 48]). On introduira les multiplicateurs de Fourier
dans le cas non unimodulaire puis dans le cas unimodulaire.

Soit G un groupe localement compact, on note λ : G Ñ BpL2pGqq la représentation
régulière à gauche de G. On définit l’algèbre de von Neumann associée au groupe G
par V NpGq “ λpGq2 Ă BpL2pGqq. On note ωG : V NpGq` ÝÑ r0;`8s le poids de
Plancherel sur V NpGq, qui est une trace dans le cas unimodulaire. On dit qu’un opérateur
préfaiblement continu T : V NpGq Ñ V NpGq est un multiplicateur de Fourier, s’il existe
une fonction continue bornée u : G Ñ C telle que pour tout s P G, T pλpsqq “ upsqλpsq.

La dernière partie de ce chapitre portera sur les espaces de Fock. Le but est de cet
espace est de construire une algèbre de von Neumann à partir d’un espace de Hilbert
réel.

Seconde partie

On a mentionné plus tôt l’article de C.Arhancet [4]. Il a prouvé que tout multiplicateur de
Schur auto-adjoint unitaire et positif de Bpℓ2Zq dans Bpℓ2Zq admet une dilatation absolue.
Son article repose sur une construction d’E. Ricard introduite dans [56]. L’objectif de
cette partie est de généraliser ce résultat aux multiplicateurs de Schur mesurables.
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Théorème (A). Soit Σ un espace mesuré σ-fini et soit φ P L8pΣ2q, on suppose que Mφ

est un multiplicateur de Schur auto-adjoint unitaire et positif sur BpL2pΣqq. Alors Mφ

est absolument dilatable.

On regardera aussi la version multi-variables du théorème précédent. On obtient le
théorème suivant:

Théorème (C). Soit φ1, . . . , φn P L8pΣ2q et supposons que les Mφi
sont des multipli-

cateurs de Schur auto-adjoints unitaires et positifs sur BpL2pΣqq. Alors il existe une
algèbre de von Neumann traciale pM, τq, un n-uple d’˚-homomorphismes préservant la
trace pU1, . . . , Unq qui commutent entre eux sur M et un homomorphisme injectif préser-
vant la trace et préfaiblement continu J : BpL2pΣqq Ñ M tels que pour tout ki P N0,
1 ď i ď n,

Mk1
φ1

¨ ¨ ¨Mkn
φn

“ EUk1
1 ¨ ¨ ¨Ukn

n J

où E :M Ñ BpL2pΣqq est l’espérance conditionnelle associée à J .

On a ainsi une condition suffisante pour un multiplicateur de Schur d’admettre une
dilatation absolue. L’idée de la prochaine partie est de retirer l’hypothèse auto-adjoint
du multiplicateur de Schur et de voir ce que l’on obtient.

Troisième partie

Le but de cette partie est d’établir une caractérisation pour les multiplicateurs de Schur
de BpL2pΣqq dans BpL2pΣqq absolument dilatables. On introduit dans cette partie une
nouvelle notion de dilatation. On dit qu’un opérateur T : N Ñ N admet une dilatation
absolue séparable si N a un prédual séparable et que T vérifie (0.0.1) avec un N possédant
un prédual séparable aussi.

On regarde déjà le cas discret. Pour tout n ě 1, on note Mn l’espace des matrices
de taille n ˆ n à coefficients complexes. Soit m “ tmijui,jě1 une famille de nombres
complexes. On rappelle que m est un multiplicateur de Schur borné s’il existe un (néces-
sairement unique) opérateur préfaiblement continu Mm : Bpℓ2q Ñ Bpℓ2q tel que pour
tout n ě 1 et pour tout raijs P Mn Ă Bpℓ2q Mm

`

raijs
˘

“ rmijaijs. On montrera que Mm

admet une dilatation absolue si et seulement si il existe une algèbre de von Neumann
traciale normalisée pN, τNq avec un prédual séparable et il existe une suite d’unitaires de
N pdkqkě1, tels que

mij “ τNpd˚
i djq, i, j ě 1. (0.0.2)

Dans ce cas, Mm admet en fait une dilatation absolue séparable, voir corollaire 3.5.2.
Dans le cas général, l’espace des familles bornées, dont les coefficients sont dans

une algèbre de von Neumann N qui a un prédual séparable, est remplacé par l’espace
L8
σ pΣ;Nq qui est l’ensemble des (classes de ) fonctions essentiellement bornées et w˚-

mesurables de Σ dans N . Ces espaces sont utilisés dans e.g [58, Theorem 1.22.13]. On a
l’identification L8

σ pΣ;Nq » L8pΣqbN , pour plus de détails voir la section 3.1.
A noter que dans le cas général, (0.0.2) est remplacée par (0.0.3).

Théorème. On suppose que pΣ, µq est séparable et soit φ P L8pΣ2q, les assertions suiv-
antes sont équivalentes:
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(i) la fonction φ est un multiplicateur de Schur borné et Mφ : BpL2pΣqq Ñ BpL2pΣqq

admet une dilatation absolue séparable;

(ii) il existe une algèbre de von Neumann traciale normalisée pN, τNq qui est à prédual
séparable et un unitaire d P L8

σ pΣ;Nq tels que

φps, tq “ τN
`

dpsq˚dptq
˘

, pour presque tout ps, tq P Σ2. (0.0.3)

On donnera une version du théorème précédent dans le cas des multiplicateurs de
Schur qui admettent une dilatation absolue (non nécessairement séparable). Cette version
est dans le langage des produits tensoriels.

Théorème. Soit φ P L8pΣ2q et soit e P L2pΣq tel que }e}2 “ 1, les assertions suivantes
sont équivalentes:

(i) la fonction φ est un multiplicateur de Schur et Mφ : BpL2pΣqq Ñ BpL2pΣqq est
absolument dilatable;

(ii) il existe une algèbre de von Neumann traciale normalisée pN, τNq agissant sur un
espace de Hilbert H, et un unitaire D P L8pΣqbBpHq tels que:

(ii)1 le produit p1t b D˚
s qp1s b Dtq est dans L8

s pΣqbL8
t pΣqbN et on a

φ “
“

IL8pΣ2qbτN
‰`

p1t b D˚
s qp1s b Dtq

˘

;

(ii)2 la trace de D˚pe b e b IHqD dans BpL2pΣqqbN est égale 1.

Quatrième partie

Dans la section 4.1, on considérera des propriétés de dilatation pour les multiplicateurs de
Schur, unitaires et positifs, sur les matrices. On prend TM :Mn Ñ Mn un multiplicateur
de Schur défini par TMpraijs1ďi,jďnq “ rmijaijs1ďi,jďn, pour toute matrice A “ raijs1ďi,jďn.
On suppose que TM est unitaire et positif. On prouvera que si TM (vu comme agissant
sur Spn) est complètement p-dilatable pour un certain 1 ă p ‰ 2 ă `8 alors il existe une
algèbre de von Neumann traciale normalisée pN, τq et il existe des unitaires v1, . . . , vn de
N tels que pour tout 1 ď i, j ď n,

mij “ τpv˚
i vjq.

En combinant ceci avec les résultats de [28], on en déduit que tout multiplicateur de Schur
TM comme précédemment est complètement p-dilatable pour un certain 1 ď p ‰ 2 ă `8

si et seulement si TM est absolument dilatable.
Dans la section 4.2, on étendra le théorème précédent aux multiplicateurs de Schur

sur Bpl2pIqq où I est une famille infinie d’indices. On obtiendra le théorème suivant:

Théorème. Soit TM un multiplicateur de Schur unitaire, positif et borné sur Bpl2pIqq,
les assertions suivantes sont équivalentes:

1. il existe 1 ă p ‰ 2 ă `8 tel que TM est complètement p-dilatable;

2. pour tout 1 ď p ă `8, TM est complètement p-dilatable;
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3. TM est absolument dilatable;

4. il existe une algèbre de von Neumann traciale normalisée pN, τq et il existe une
famille d’unitaires de N pviqiPI tel que pour tout i, j P I:

mij “ τpv˚
i vjq.

Dans la dernière section de ce chapitre, on considérera des familles finies de multipli-
cateurs de Schur qui sont simultanément absolument dilatable. On obtiendra que toute
famille finie de multiplicateurs de Schur est simultanément absolument dilatable si et
seulement si chaque multiplicateur de Schur est absolument dilatable.

Cinquième partie

L’objectif de cette partie est de prouver que tout multiplicateur de Fourier sur V NpGq

auto-adjoint, unitaire et complètement positif est absolument dilatable. On traitera deux
cas. Le premier: on supposera que G est un groupe unimodulaire. Dans un second temps
on retirera l’hypothèse unimodulaire. La démonstration est assez similaire dans les deux
cas. Cependant dans le cas non unimodulaire, on perd la propriété traciale du poids
de Plancherel. La notion de dilatation absolue doit ainsi être modifiée pour inclure les
espaces Lp à poids. Le théorème principal de cette partie est le suivant:

Théorème. Soit Tu : V NpGq Ñ V NpGq un multiplicateur de Fourier auto-adjoint,
unitaire et complètement positif, alors Tu est absolument dilatable.

Comme dans la deuxième partie, on généralisera le théorème précédent pour un n-
uple de multiplicateurs de Fourier auto-adjoints, unitaires et complètement positifs. On
établira donc le résultat suivant.

Théorème (D). Soit G un groupe localement compact et soient Tu1 , . . . , Tun des multi-
plicateurs de Fourier sur V NpGq auto-adjoints, unitaires et complètement positifs. Alors
il existe une algèbre de von Neumann traciale pM, τq, un n-uplet de ˚-automorphismes
sur M préservant la trace et commutant entre eux pU1, . . . , Unq et un ˚-homomorphisme
injectif, préservant la trace et préfaiblement continu J : V NpGq Ñ M tels que pour tout
ki P N0, 1 ď i ď n

T k1u1 ¨ ¨ ¨T knun “ EUk1
1 ¨ ¨ ¨Ukn

n J,

où E :M Ñ BpL2pΣqq est l’espérance conditionnelle associée à J .
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Cette thèse repose sur trois articles. La partie 2 et le début de la partie 5 viennent
de l’article:
‚ C.Duquet, Dilation properties of measurable Schur multipliers and Fourier multipliers,
Positivity. Volume 26, 2022, n.4, Paper No. 69.

La troisième partie est fondée sur l’article:
‚ C.Duquet and C.Le Merdy, A characterization of absolutely dilatable Schur Multipliers,
https://arxiv.org/abs/2303.08436, 2023.

Enfin la quatrième partie fera l’objet d’un article en cours d’écriture nommé Unital
positive Schur multipliers on Spn with a completely isometric dilation.
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Introduction

General introduction

Akcoglu’s dilation theorem [1, 2] asserts that for any 1 ă p ă 8, for any measure space
pΣ, µq and for any positive contraction T : LppΣq Ñ LppΣq, there exist another measure
space pΣ1, µ1q, an isometry J : LppΣq Ñ LppΣ1q, an isometric isomorphism U : LppΣ1q Ñ

LppΣ1q and a contraction Q : LppΣ1q Ñ LppΣq such that T k “ QUkJ for all integer k ě 0.
This result is of paramount importance in various topics concerning Lp-operators, such
as functional calculus, harmonic analysis and ergodic theory. For specific results, see
[8, 14, 31, 42, 44] as well as [33, Section I] and the references therein.

In the last two decades, operator theory and harmonic analysis on non-commutative
Lp-spaces gained a lot of interest and many classical results concerning LppΣq-spaces
have been transferred to the non-commutative setting. However Akcoglu’s theorem does
not extend to non-commutative Lp-spaces. More precisely, let N be a von Neumann
algebra equipped with a normal semi-finite faithful trace τ . In this situation, we say
that pN, τq is a tracial von Neumann algebra. Let 1 ă p ă 8 and let LppNq be the
associated non-commutative Lp-space. Let us say that a contraction T : LppNq Ñ LppNq

admits an isometric p-dilation if there exist another tracial von Neumann algebra pN , τ 1q,
an isometry J : LppNq Ñ LppN q, an isometric isomorphism U : LppN q Ñ LppN q and a
contraction Q : LppN q Ñ LppNq such that T k “ QUkJ for all integer k ě 0.

LppN q
Uk

ÝÑ LppN q

J Ò Ó Q

LppNq
Tk

ÝÑ LppNq

Then it was shown in [34] that not all positive contractions T : LppNq Ñ LppNq admit
an isometric p-dilation. After this negative result was published, it became important to
exhibit classes of positive contractions on non-commutative Lp-spaces which do admit an
isometric p-dilation. For results of this type, see for example [35, Chapters 8-10], [4, 5]
and [32]. More precisely, in the article [4], C. Arhancet proved that any self-adjoint unital
positive Schur multiplier Bpl2Zq Ñ Bpl2Zq is absolutely dilatable and that whenever G is
discrete group, any self-adjoint unital completely positive Fourier multiplier V NpGq Ñ

V NpGq is absolutely dilatable. Thus it admits an isometric p-dilation.
The notion of absolutely dilatable is the following. Consider pN, τq as above and

let T : N Ñ N be a contraction. We say that T is absolutely dilatable (or admits
an absolute dilation) if there exist another tracial von Neumann algebra pN , τ 1q, a w˚-
continuous trace preserving unital ˚-homomorphim J : N Ñ N and a trace preserving
˚-automomorphim U : N Ñ N such that T k “ EUkJ for all k ě 0, where E : N Ñ N is
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the conditional expectation associated with J .

pN , τ 1q
Uk

ÝÑ pN , τ 1q

J Ò Ó E
pN, τq

Tk

ÝÑ pN, τq

(0.0.4)

It turns out that if T : N Ñ N is absolutely dilatable, then for all 1 ă p ă 8, T extends
to a positive contraction on LppNq which admits an isometric p-dilation (see Proposi-
tion 1.3.5). Absolute dilations appear implicitly in [4, 5, 41, 28, 35] and many known
constructions of isometric p-dilations for specific classes of LppNq-operators arise from
absolute dilations. Also, absolute dilations are closely related to the so-called factorisable
operators [3, 28, 56].

Another related dilation property is the completely p-dilatable property. This notion
is analogue to the notion isometric p-dilation but J and Q are complete contractions and
U is a invertible complete isometry. In addition, if T : N Ñ N is absolutely dilatable,
then for all 1 ă p ă `8, T extends to a positive completely p-dilatable contraction on
LppNq (See Proposition 1.3.8).

The purpose of this thesis is to study dilation properties of different classes of oper-
ators. In particular we look at Schur multipliers in part 2,3,4 and Fourier multipliers in
part 5. In addition, we establish a multi-variable version in each case. In Article [54],
results about mutli-variables are proved.

Contents of the thesis
This thesis starts with all definitions and needed properties of Schur Multipliers, Fourier
Multipliers and Dilations. Firstly we will focus on Schur multipliers. We prove that
any self-adjoint unital positive measurable Schur multiplier admits a absolute dilation.
Then we characterize the fact that a measurable Schur multiplier is absolutely dilatable.
Next we prove a characterisation for unital, positive, completely p-dilatable Schur mul-
tipliers in the finite dimensional case and in the discrete case. In the last part, we study
Fourier multiplier. We will prove that any self-adjoint, unital, completely positive Fourier
multiplier is absolutely dilatable.

First part

This first chapter is devoted to all tools that we use in our work. Firstly we present
the classical non-commutative Lp-Spaces. In this case, we work with a von Neumann
algebra equipped with a normal semi-finite faithful trace. Non-commutative Lp-Spaces
are a generalisation of the Lp-spaces LppΣq where pΣ,FpΣq, µq a measure space. We also
consider von Neumann algebras equipped with a weight, and the non-commutative Lp-
spaces associated to them. The construction of these Lp-spaces is based on the crossed
product. Properties of these spaces are similar to the ones associated to traces.

In this part, we also present the different types of dilation previously mentioned.
Next we give definitions of Schur Multipliers and Fourier Multipliers. We also recall ba-
sic properties. The study of bounded Schur multipliers acting on BpL2pΣqq, the space of
bounded operators on the L2-space associated with a σ-finite measure space pΣ, µq goes
back at least to Haagerup [26] and Spronk [59]. Further the Haagerup-Musat paper [28]
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provides a characterization of absolutely dilatable Schur multipliers in the finite dimen-
sional setting. We present three types of Schur multipliers depending of the considered
L2 space. We recall the definition in measurable case. Let pΣ, µq be a σ-finite measure
space. For any f P L2pΣ2q, we let Sf : L2pΣq Ñ L2pΣq be the bounded operator defined
by

rSf phqspsq “

ż

Σ

fps, tqhptq dt, h P L2
pΣq.

We recall that Sf is a Hilbert-Schmidt operator, that is, Sf P S2pL2pΣqq. Further the
mapping f ÞÑ Sf is a unitary from L2pΣ2q onto S2pL2pΣqq.

Let φ P L8pΣ2q. We define Mφ : S
2pL2pΣqq Ñ S2pL2pΣqq by setting

MφpSf q “ Sφf , f P L2
pΣ2

q.

This operator is called a Schur multiplication operator. Furthermore there exists C ą 0
such that

}MφpSq}BpL2pΣqq ď C}S}BpL2pΣqq, S P S2
pL2

pΣqq.

We say that Mφ is a measurable Schur multiplier on BpL2pΣqq (or a bounded Schur
multiplier).

Another classical family of operators is the family of Fourier multipliers V NpGq Ñ

V NpGq where G is a locally compact group. This topic have a lot of applications
to approximation properties of operator algebras, to noncommutative probability and
quantum information and to singular integrals and Calderon-Zygmund operators. See
[6, 24, 36, 37, 43, 47, 48]. We introduce Fourier multipliers in two cases: in the non
unimodular case and in the unimodular case.

Let G be a locally compact group. We let V NpGq “ λpGq2 Ă BpL2pGqq be the group
von Neumann algebra of G where λ : G Ñ BpL2pGqq is the left regular representation of
G. We denote the Plancherel weight on V NpGq by ωG, which is a trace in the unimodular
case. We say that a w˚-continuous operator T : V NpGq Ñ V NpGq is a Fourier multiplier,
if there exists a bounded continuous function u : G Ñ C such that for all s P G,
T pλpsqq “ upsqλpsq.

The last part of this chapter is devoted to Fock Spaces. The purpose of this space is
to construct a von Neumann algebra from real Hilbert space.

Second part

We mentioned earlier the C.Arhancet article [4]. He proved that any self-adjoint unital
positive Schur multiplier from Bpℓ2Zq into Bpℓ2Zq admits an absolute dilation. This article
is base on a construction of E. Ricard in [56]. The purpose of the part is to generalize
this result to measurable Schur multipliers.

Theorem (A). Let Σ be a σ-finite measure space. Let φ P L8pΣ2q and assume that Mφ

is a self-adjoint, unital, positive Schur multiplier on BpL2pΣqq. Then Mφ is absolutely
dilatable.

We will look at the mutli-variable of the previous theorem. We obtain the following
theorem.
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Theorem (C). Let φ1, . . . , φn P L8pΣ2q and assume each Mφi
is a self-adjoint, unital,

positive Schur multiplier on BpL2pΣqq. Then there exist a tracial von Neumann algebra
pM, τq, a commuting n-tuple pU1, . . . , Unq of trace preserving ˚-automorphisms on M and
a w˚-continuous trace preserving one-to-one ˚-homomorphism J : BpL2pΣqq Ñ M such
that

Mk1
φ1

¨ ¨ ¨Mkn
φn

“ EUk1
1 ¨ ¨ ¨Ukn

n J

for all ki P N0, 1 ď i ď n, where E : M Ñ BpL2pΣqq is the conditional expectation
associated with J .

Thus we have a sufficient condition for a Schur multiplier to admit a absolute dilation.
The idea of next part is to remove the self-adjoint hypothesis and see what we can obtain.

Third part

The objective of this part is to establish a characterization of absolutely dilatable Schur
multipliers BpL2pΣqq Ñ BpL2pΣqq in the general case. We introduce a new notion of
dilation. We say that an operator T : N Ñ N admits a separable absolute dilation if N
has a separable predual and if T verifies (0.0.4) for some N with a separable predual.

Let us start with the discrete case. For any n ě 1, let Mn denote the space of n ˆ n
matrices with complex entries. Let m “ tmijui,jě1 be a family of complex numbers.
Recall that m is a bounded Schur multiplier if there exists a (necessarily unique) w˚-
continuous operator Mm : Bpℓ2q Ñ Bpℓ2q such that Mm

`

raijs
˘

“ rmijaijs for all n ě 1
and all raijs P Mn Ă Bpℓ2q. We show that Mm admits an absolute dilation if and only
if there exist a normalized tracial von Neumann algebra pN, τNq with separable predual
and a sequence pdkqkě1 of unitaries of N such that

mij “ τNpd˚
i djq, i, j ě 1. (0.0.5)

In this case, Mm actually admits a separable absolute dilation, see Corollary 3.5.2.
In the general separable case, spaces of bounded families with entries in a von Neu-

mann algebra N with a separable predual are replaced by spaces L8
σ pΣ;Nq consisting of

(classes of) w˚-measurable essentially bounded functions Σ Ñ N . These spaces are used
e.g. in [58, Theorem 1.22.13] and we have an identification L8

σ pΣ;Nq » L8pΣqbN , see
Section 3.1 for details and information.

Note that is this general case, (0.0.6) replaces (0.0.5).

Theorem. Assume that pΣ, µq is separable and let φ P L8pΣ2q. The following assertions
are equivalent.

(i) The function φ is a bounded Schur multiplier and Mφ : BpL2pΣqq Ñ BpL2pΣqq

admits a separable absolute dilation.

(ii) There exist a normalized tracial von Neumann algebra pN, τNq with a separable
predual and a unitary d P L8

σ pΣ;Nq such that

φps, tq “ τN
`

dpsq˚dptq
˘

, for a.e. ps, tq P Σ2. (0.0.6)
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We give a version of the previous theorem for Schur multipliers which admit a (not
necessarily separable) absolute dilation. This version is in the language of von Neumann
tensor products.

Theorem. Let φ P L8pΣ2q and let e P L2pΣq with }e}2 “ 1. The following assertions
are equivalent.

(i) The function φ is a bounded Schur multiplier and Mφ : BpL2pΣqq Ñ BpL2pΣqq is
absolutely dilatable.

(ii) There exist a normalized tracial von Neumann algebra pN, τNq acting on some
Hilbert space H, and a unitary D P L8pΣqbBpHq such that:

(ii)1 The product p1t b D˚
s qp1s b Dtq belongs to L8

s pΣqbL8
t pΣqbN and we have

φ “
“

IL8pΣ2qbτN
‰`

p1t b D˚
s qp1s b Dtq

˘

.

(ii)2 The trace of D˚pe b e b IHqD in BpL2pΣqqbN is equal to 1.

Fourth part

In Section 4.1, we consider dilation properties of unital positive Schur multipliers on
matrices. Let TM : Mn Ñ Mn be the Schur multiplier defined by TMpraijs1ďi,jďnq “

rmijaijs1ďi,jďn, for some A “ raijs1ďi,jďn in Mn. Assume that TM is unital and positive.
We prove that if TM (regarded as acting on Spn) is completely p-dilatable for some 1 ă

p ‰ 2 ă `8, then there exist a tracial normalised von Neumann algebra pN, τq and
unitaries v1, . . . , vn in N such that for all 1 ď i, j ď n,

mij “ τpv˚
i vjq.

By combining with results of [28], we deduce that any Schur multiplier TM as before is
completely p-dilatable for some 1 ď p ‰ 2 ă `8 if and only if TM is absolutely dilatable.

In Section 4.2, we extend the above result to Schur multipliers on Bpl2pIqq for any
infinite index set I. We obtain this theorem

Theorem. Let TM be a unital positive bounded Schur multiplier on Bpl2pIqq. The fol-
lowing assertions are equivalent:

1. there exists 1 ă p ‰ 2 ă `8 such that TM is completely p-dilatable;

2. for all 1 ď p ă `8, TM is completely p-dilatable;

3. TM is absolutely dilatable;

4. there exist a tracial normalised von Neumann algebra pN, τq and a family pviqiPI of
unitaries of N such that for all i, j P I:

mij “ τpv˚
i vjq.

In the last section of this chapter, we consider simultaneous absolute dilations for
finite families of Schur multipliers. We obtain that a finite family of Schur multipliers
is simultaneously absolutely dilatable if and only if each of these Schur multipliers is
absolutely dilatable.
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Fifth part

The purpose of the part is to prove that any self-adjoint, unital and completely positive
Fourier multiplier on V NpGq is absolutely dilatable. We will treat two different cases.
In the first one, we will suppose that G is unimodular locally group. In the second, we
remove the unimodular hypothesis. The proof of both cases is quite the same. However,
in the non unimodular case, we lose the tracial property of the Plancherel weight. We
have to change the notion of absolute dilation to include weighted Lp-spaces. The main
theorem is the following:

Theorem (B). Let Tu : V NpGq Ñ V NpGq be a self-adjoint, unital, completely positive
Fourier multiplier. Then Tu is absolutely dilatable.

As in the second part, we will generalize above Theorem for any n-tuple of either
Fourier multipliers satisfying the assumptions of Theorems B. We will establish the fol-
lowing result.

Theorem (D). Let G be a locally compact group and let Tu1 , . . . , Tun be self-adjoint,
unital, completely positive Fourier multipliers on V NpGq. Then there exist a tracial
von Neumann algebra pM, τq, a commuting n-tuple pU1, . . . , Unq of trace preserving ˚-
automorphisms on M and a w˚-continuous trace preserving one-to-one ˚-homomorphism
J : V NpGq Ñ M such that

T k1u1 ¨ ¨ ¨T knun “ EUk1
1 ¨ ¨ ¨Ukn

n J

for all ki P N0, 1 ď i ď n, where E : M Ñ BpL2pΣqq is the conditional expectation
associated with J .

This Thesis is based on three articles. Part 2 and Beginning of Part 5 comes from
Article:
‚ C.Duquet, Dilation properties of measurable Schur multipliers and Fourier multipliers,
Positivity. Volume 26, 2022, n.4, Paper No. 69.

The third part is based on Article:
‚ C.Duquet and C.Le Merdy, A characterization of absolutely dilatable Schur Multipliers,
https://arxiv.org/abs/2303.08436, 2023.

Finally the fourth part will be a future article named Unital positive Schur multipliers
on Spn with a completely isometric dilation.
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Chapter 1

Tools

1.1 Notation

For any Banach space X and any px, x˚q P X ˆ X˚, we let xx˚, xy denote the action of
x˚ on x. Whenever H is a Hilbert space, we let x¨, ¨yH denote the inner product on H,
that we assume linear in the first variable and anti-linear in the second variable.

1.2 Non-commutative Lp-spaces

1.2.1 Tracial Lp-spaces

LetN be a von Neumann algebra. We letN` denote its positive part and unless otherwise
stated, we let 1N denote its unit. If N is equiped with a normal semi-finite faithful trace
τN : N` Ñ r0,8s, we say that pN, τNq is a tracial von Neumann algebra. We further
say that pN, τNq is normalized if τNp1Nq “ 1. In this case, τN is finite and extends to a
normal tracial state on N .

Given any tracial von Neumann algebra pN, τNq acting on some Hilbert space H.
Let L0pN, τNq denote the ˚-algebra of all possibly unbounded operators on H which are
measurable respect to τN . Let x be a closed densely defined operator on H. We let
Dpxq Ă H denote the domain of x. If x is selfadjoint, then we let spxq : H Ñ H denote
the support of x, which is equal to the orthogonal projection whose range is Impxq. The
map τN extends naturally to a functional on the positive part of L0pN, τNq into r0,8s.
We still denote it by τN . Any x P L0pNq admits a (unique) polar decomposition x “ u|x|

with u P N and |x| P L0pNq. For 1 ď p ă `8, the noncommutative Lp-space associated
with pN, τNq is defined as

LppNq :“ tx P L0pNq : τNp|x|
p
q ă `8u.

This is a Banach space for the norm }x}p “
`

τp|x|pq
˘

1
p . In addition we recall that

LppN, τNq` “ LppN, τNq X L0pN, τNq` and for all elements x of LppN, τNq, x˚ belongs
to LppN, τNq. We further set L8pNq “ N . It turns out that N X LppN, τNq is dense in
LppN, τNq.

The trace τN is finite on L1pN, τNq X N` and extends to a functional on L1pN, τNq,
still denoted by τN . Let 1 ď p ă 8 and let p1 “

p
p´1

be its conjugate index. For any
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CHAPTER 1. TOOLS

x P LppN, τNq and any y P Lp
1

pN, τNq, the product xy belongs to L1pN, τNq and we have
a Hölder inequality |τNpxyq| ď }x}p}y}p1 . We further have an isometric isomorphism

LppN, τNq
˚

» Lp
1

pN, τNq,

for the duality pairing given by xy, xy “ τNpxyq for all x P LppN, τNq and y P Lp
1

pN, τNq.
In particular,

N » L1
pN, τNq

˚. (1.2.1)

The space L2pN, τNq is a Hilbert space, with inner product given by xx, yyL2pN,τN q “

τNpxy˚q for all x, y P L2pN, τNq.
Let H be a Hilbert space and let BpHq denote the von Neumann algebra of all

bounded operators on H. Let tr : BpHq` Ñ r0,8s denote the usual trace. Then for all
1 ď p ă 8, LppBpHq, trq is equal to the Schatten p-class SppHq. We note that S2pHq

coincides with the space of Hilbert-Schmidt operators on H. Let I be an index set. If
H “ l2pIq then we denote the Schatten p-class Sppl2pIqq by SpI for all 1 ď p ă 8.

The reader is referred to [62, Section V.2] for information on traces and to [52] and
[30, Section 4] for details on non-commutative Lp-spaces.

Lemma 1.2.1. Let pN, τq be a tracial von Neumann algebra, let x P L0pNq be a positive
element and let z P spxqNspxq such that xzx “ 0. Then z “ 0.

Proof. Changing N into spxqNspxq, we may assume that spxq “ 1. This means that
kerpsq “ t0u. Let z P N such that xzx “ 0. For any ξ P Dpxzxq, we have,

xzxpξq “ 0,

hence zxpξq “ 0. By density of Dpxzxq in Dpzxq, this implies that zx “ 0. We deduce
that xz˚ “ 0. Then arguing as above, we obtain that z˚ “ 0, and hence z “ 0.

Remark 1.2.2. Let (Σ,F , µ) be a σ-finite measure space. The space pL8pΣq,
ş

Σ
q is a

tracial von Neumann algebra. For any 1 ď p ď `8, the non-commutative Lp-space
LppL8pΣqq coincides with the usual LppΣq.

Let pN, τNq and pN1, τN1q be two tracial von Neumann algebras and let U : N Ñ N1 be
a positive map, that is, UpN`q Ă pN1q`. We say that U is trace preserving if τN1 ˝U “ τN
on N`. If U is a trace preserving ˚-homomorphism, then U is 1-1 (because τN is faithful)
and the following is well-known.

Lemma 1.2.3. Let pN, τq, pN1, τ
1q be two tracial von Neumann algebras and let T :

N Ñ N1 be a positive trace preserving contraction. Then for all 1 ď p ă 8, there
exists a necessarily unique contraction Tp : LppN, τq Ñ LppN1, τ

1q such that for all x P

N X LppN, τq, T pxq “ Tppxq.
If further T is a one-to-one ˚-homomorphism, then Tp is an isometry. Moreover Tp

is onto if T is onto.

We refer to [67, Theorem 2] for the last fact and to [39, Lemma 1.1] for complements.
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1.2. NON-COMMUTATIVE Lp-SPACES

1.2.2 Weighted Lp-spaces

In the sequel, we will mostly follow [27]. We call weighted von Neumann algebra any
pair pM,φq, where M is a von Neumann algebra acting on a Hilbert space H and φ
is a normal semi-finite faithful weight (n.s.f in short) on M . We denote the modular
automorphism group of the weight φ by σφ :“ pσφs qsPR (see [63, Section VIII.1]). We will
work on Haagerup non-commutative Lp-spaces. We denote the crossed product M ¸σσ R
of M by R with respect to the modular automorphism group σφ by R. R is the von
Neumann subalgebra of BpL2pR, Hqq generated by the operators πσφpxq, x P M , and
λpsq, s P R, defined by

pπσφpxqξqpsq :“ pσφs q
´1

pxqpξpsqq and pλpsqpξqqptq :“ ξpt ´ sq, s, t P R, ξ P L2
pR, Hq.

These operators satisfy the following commutation relation:

λpsqπσφpxqλpsq˚
“ πσφpσφs pxqq, x P M s P R.

For all s P R, we let wpsq be the unitary operator on L2pR, Hq defined by:

pwpsqξqptq :“ e´istξptq, ξ P L2
pR, Hq, t P R.

Following [63, Definition X.2.4], we denote by σ̂ : R Ñ AutpRq the dual action defined
by:

σ̂spxq :“ wpsqxwpsq˚, x P R s P R.

By [63, Theorem X.2.3], πσφpMq is exactly the fixed point algebra of R under σ̂:

πσφpMq “ tx P R ; σ̂spxq “ x, for all s P Ru . (1.2.2)

From now on, we identify M and πσφpMq Ă R. Let ψ be a normal semifinite weight on
M . We denote the dual weight on the crossed product R of ψ by ψ̂ (see [63, definition
X1.16]). By [25, Lemma 5.2 and Remark p.343], the crossed product R is semifinite and
there exists a unique normal semi-finite faithful trace τ on R such that

pDφ̂ : Dτqs “ λpsq, s P R, (1.2.3)

where pDφ̂ : Dτqs denotes the Radon-Nikodym cocycle of φ̂ with respect to τ (see [63,
Definition VIII.3.4]). In addition, by [25, Lemma 5.2], we have for all s P R,

τ ˝ σ̂s “ e´sτ.

We denote the Radon-Nikodym derivative of the dual weight ψ̂ respect to τ by hψ (see
[65, Definition II.3]). Then we have the following relation,

ψ̂pxq “ τphψxq, x P R`.

By [65, Proposition II.4], the map i : ψ Ñ hψ is a bijection from the set of all normal
semifinite weights on M onto the set of all positive selfadjoint operators affiliated with
R satisfying

σ̂sphψq “ e´shψ, s P R.
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We set Dφ :“ hφ. By Equality (1.2.3), we have for all s P R,

λpsq “ Dis
φ .

We let L0pR, τq be the ‹-algebra of all unbounded operators on L2pR, Hq which are
measurable respect to τ . Let 1 ď p ď `8, we define the Haagerup Lp-space associated
with pM,φq by

LppM,φq :“
!

x P L0pR, τq , σ̂φs pxq “ e´ s
px, @s P R

)

.

By (1.2.2), M and L8pM,φq coincide. The spaces LppM,φq are self-adjoint closed spaces
of L0pR, τq. We also have LppM,φq` “ LppM,φq X L0pR, τq`. By [65, Theorem II.7],
the restriction of i on pM˚q` induces a one to one mapping j : w Ñ hw from pM˚q` onto
L1pM,φq`. In addition the mapping j extends to a linear homeomorphism from M˚

onto L1pM,φq. For any x P L1pM,φq, we define the norm of x by }x}1 :“ }j´1pxq}M˚
.

Moreover, we define tr : L1pM,φq Ñ C by

trphwq “ wp1q , w P M˚.

This is a positive and contractive functional. Then for all h P L1pM,φq, }h}1 “ trp|h|q.
Let 1 ď p ă `8, if x “ u|x| is the polar decomposition of x P L0pR, τq, then by [65,
Proposition II.12], we have

x P LppM,φq ðñ u P M and |x| P LppM,φq ðñ u P M and |x|
p

P L1
pM,φq.

We set for all x P LppM,φq

}x}p “ }|x|
p
}

1
p

1 .

It defines a norm on LppM,φq. The spaces LppM,φq are Banach spaces.
Let 1 ď p, p1 ď `8, with 1

p
` 1

p1 “ 1, for all x P LppM,φq and for all y P Lp
1

pM,φq,
we have xy, yx P L1pM,φq and trpxyq “ trpyxq (see [65, Proposition II.21]). Moreover,
if 1 ď p ă `8, the bilinear from LppM,φq ˆ Lp

1

pM,φq Ñ C, px, yq ÞÑ trpxyq defines a
duality bracket which induces an isometric isomorphism

LppM,φq
˚

» Lp
1

pM,φq.

For the rest of this subsection, pM,φq and pM1, φ
1q are both weighted von Neumann

algebra. We define these three classical spaces:

PM
φ :“ tx P M`, φpxq ă `8u;

NM
φ :“ tx P M, φpx˚xq ă `8u;

MM
φ :“ spanty˚x : x, y P NM

φ u.

We recall some properties of these three spaces in the following lemma.

Lemma 1.2.4.

1. NM
φ is a left ideal of M ;

2. MM
φ is a ˚-subalgebra of M such that MM

φ XM` “ PM
φ and every element of MM

φ

is a linear combination of four elements of PM
φ ;
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3. MM
φ Ă NM

φ X
`

NM
φ

˘˚;

4. MM
φ is w˚-dense in M .

Proof. By [63, Definition VII.1.1 and Lemma VII.1.2], we have 1 and 2. By Definition
of MM

φ and 1, we deduce that MM
φ Ă NM

φ X
`

NM
φ

˘˚. The fourth one comes from the
semi-finite property of φ.

The weight φ can be extended to a functional on MM
φ . We still denote it by φ. We

give two properties relating MM
φ and D

1
2
φ (cf e.g. [27, end of the page 2130 and Remark

5.6]).

Lemma 1.2.5.

1. @x P MM
φ φpxq “ trpD

1
2
φxD

1
2
φq;

2. the space D
1
2p
φ MM

φ D
1
2p
φ is dense in LppM,φq.

We say that a positive operator T : pM,φq Ñ pM1, φ
1q between two weighted von

Neumann algebras is weight preserving, if for all x P M`XMM
φ , we have φ1pT pxqq “ φpxq.

Spaces NM
φ and MM

φ are stable by weight preserving ˚-homomorphisms.

Lemma 1.2.6. Let pM,φq and pM1, φ
1q be two weighted von Neumann algebras. Let

J : pM,φq Ñ pM1, φ
1q be a weight-preserving ˚-homomorphism. Then

1. m P NM
φ ñ Jpmq P NM1

φ1 ;

2. m P MM
φ ñ Jpmq P MM1

φ1 .

Proof. The proof is straightforward.

We recall the definition of the centralizer of a weight (cf [63, Definition VIII.2.1].

Mφ
c “ tx P M : σφs pxq “ x, @s P Ru.

This space is a von Neumann subalgebra of M and we have the following characterization
(cf [63, Theorem VIII.2.6]).

Theorem 1.2.7. Let a P M . The following assertions are equivalent:

1. a P Mφ
c ;

2. (a) aMM
φ Ă MM

φ and MM
φ a Ă MM

φ (a is a multiplier of MM
φ );

(b) φpazq “ φpzaq, z P MM
φ .

Theorem 1.2.8. Let pM,φq and pM1, φ
1q be two weighted von Neumann algebras. Let

U : pM,φq Ñ pM1, φ
1q be a weight preserving ˚-isomorphism. Then

UpMφ
c q Ă Mφ1

c
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Proof. Let x P Mφ
c . By Theorem 1.2.7, we just have to prove that for all y P MM1

φ1 ,
Upxqy P MM1

φ1 , yUpxq P MM1

φ1 and φ1pUpxqyq “ φ1pyUpxqq. Firstly we observe that
Upxqy “ UpxU´1pyqq. By Lemma 1.2.6 and Theorem 1.2.7, we deduce UpxU´1pyqq P

MM1

φ1 . Thus yUpxq P MM1

φ1 . Likewise Upxqy P MM1

φ1 . It remains to prove that φ1pUpxqyq “

φ1pyUpxqq. By weight preserving property of U , we obtain

φ1
pUpxqyq “ φ1

pUpxU´1
pyqqq “ φpxU´1

pyqq

We recall that U´1pyq P MM
φ and x P Mφ

c . By Theorem 1.2.7, the latter is equal to

φpU´1
pyqxq “ φ1

pUpU´1
pyqxqq “ φ1

pyUpxqq.

The result follows.

We need one more property. We say that an element x P M is entire if the function
s P R ÞÑ σspxq P M can be extended to a analytic function from C into M . We denote
the set of all entire elements of M by Ma (see [63, Definition VIII.2.2]). This space is
called the analytic part of M . Let

N8
φ :“ tx P Ma, σspxq P NM

φ X
`

NM
φ

˘˚ , for all s P Cu;

M8
φ :“ spanty˚x : x, y P N8

φ u.

By [23, end of p.46] and Lemma 1.2.4, N8
φ and M8

φ are ˚-subalgebras of M such that
N8
φ Ă NM

φ X
`

NM
φ

˘˚
XMa, M8

φ Ă MM
φ XN8

φ . Moreover there are both invariant under
tσs : s P Cu.

These two new spaces work like NM
φ and MM

φ in terms of density (cf [23, Theorem
2.4 and Proposition 2.11]).

Lemma 1.2.9.

1. N8
φ and M8

φ are w˚-dense in M ;

2. the space D
1
2p
φ M8

φD
1
2p
φ is dense in LppM,φq (1 ď p ă `8).

We state [23, Proposition 2.13] in our setting.

Lemma 1.2.10.

1. trpxD
1
2
φyD

1
2
φq “ φpσ i

2
pyqxq for all x P NM

φ and y P M8
φ ;

2. trpxD
1
2
φyD

1
2
φq “ φpxσ´ i

2
pyqq for all x P

`

NM
φ

˘˚ and y P M8
φ .

We give a version of Lemma 1.2.6 for M8
φ .

Lemma 1.2.11. Let pM,φq and pM1, φ
1q be two weighted von Neumann algebras. Let

J : pM,φq Ñ pM1, φ
1q be a weight preserving ˚-homomorphism such that

σφ
1

s pJpmqq “ Jpσφs pmqq s P R and m P M. (1.2.4)

Then
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1.2. NON-COMMUTATIVE Lp-SPACES

1. m P N8
φ ñ Jpmq P N8

φ1 ;

2. m P M8
φ ñ Jpmq P M8

φ1.

Proof. Let m P N8
φ Ă Ma. By (1.2.4) and linearity of J , we deduce that Jpmq P pM1qa.

Let s P C, we have that

φ1
pσφ

1

s pJpmqq
˚σφ

1

s pJpmqqq “ φ1
pJpσφs pmq

˚σφs pmqqq

“ φpσφs pmq
˚σφs pmqq ă `8

We obtain σφ
1

s pJpmqq P NM1
φ . With the same computation, we have also σφ

1

s pJpmqq P
`

NM1
φ

˘˚. Thus Jpmq P N8
φ1 .

By linearity of J , we deduce the second point.

Remark 1.2.12. 1. LppM,φq X LqpM,φq “ t0u if and only if p ‰ q.

2. LppM,φq is independent of φ up to an isometric isomorphism preserving the order
and modular structure of LppM,φq (see [65, p.59] for details).

3. If φ is tracial, then we have σφ “ id and

R “ M ¸σ R “ V NpRqbM “ L8
pRqbM.

The last equality is obtained via the Fourier transform. The trace τ becomes
ş

.etdt b φ. For any 1 ď p ă `8, we denote LppMq the Lp-space of Subsection
1.2.1. We have

LppM,φq “ tt ÞÑ e´ t
py : y P LppMqu “ e´ .

p b LppMq,

with }e´ t
p b y}LppM,φq “ }y}LppMq (see [30, Remark 8.16 and Example 9.11]).

1.2.3 Complete properties

We recall definitions of a complete contraction, a complete isometry and a completely
positive map.

For any n ě 1 and any 1 ď p ď 8, we identify LppMnpNqq with Spn b LppNq in the
usual way. Let T : LppMq Ñ LppNq be a linear map, where M and N are both tracial
von Neumann algebras. For any n ě 1, let Tn : LppMnpMqq Ñ LppMnpNqq be defined by

Tnpraijsq “ rT paijqs, raijs P LppMnpMqq.

We say that T is a complete contraction if for all n ě 1, }Tn}LppMnpMqqÑLppMnpNqq ď 1.
If T ˚ : Lp

1

pNq Ñ Lp
1

pMq denotes the adjoint of T and if T is a complete contraction,
then T ˚ is a complete contraction. This follows from the fact that for any n ě 1,
pT ˚qn “ pTnq˚. In the same way, T is called a complete isometry if for all n ě 1, Tn is
an isometry. We further say that T is completely positive if for all n ě 1, Tn is positive.

The previous definitions also work in the framework of weighted von Neumann alge-
bras.
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1.3 Dilation types
In the framework of tracial von Neumann algebras, the appropriate notion of dilation is
the following.

Definition 1.3.1. Let pN, τq be a tracial von Neumann algebra and let 1 ď p ă 8. We
say that an operator T : LppN, τq Ñ LppN, τq admits an isometric p-dilation if there
exist a tracial von Neumann algebra pN1, τ

1q, two contractions J : LppN, τq Ñ LppN1, τ
1q,

Q : LppN1, τ
1q Ñ LppN, τq and an invertible isometry U : LppN1, τ

1q Ñ LppN1, τ
1q, such

that for all k ě 0, T k “ QUkJ .

LppN1, τ
1q

Uk

ÝÑ LppN1, τ
1q

J Ò Ó Q

LppN, τq
Tk

ÝÑ LppN, τq

1.3.1 Absolute dilations

Definition 1.3.2. Let pN, τNq be a tracial von Neumann algebra. We say that an op-
erator T : N Ñ N is absolutely dilatable, or admits an absolute dilation, if there exist
another tracial von Neumann algebra pN1, τN1q, a w˚-continuous trace preserving unital
˚-homomorphism J : N Ñ N1 and a trace preserving ˚-automomorphism U : N1 Ñ N1

such that
T k “ J˚

1U
kJ, k ě 0. (1.3.1)

Here J1 : L1pN, τNq Ñ L1pN1, τN1q stands for the isometric extension of J and J˚
1 : N1 Ñ

N is defined using (1.2.1).
If N has a separable predual, we say that T : N Ñ N admits a separable absolute

dilation if the above property holds with some N1 with a separable predual.

pN1, τN1q
Uk

ÝÑ pN1, τN1q

J Ò Ó J˚
1

pN, τNq
Tk

ÝÑ pN, τNq

Remark 1.3.3. Here are a few comments about the above definition.
(1) Let J : N Ñ N1 be a trace preserving ˚-homomorphism. Then for all x P N and

all y P N X L1pN, τNq, we have

xx, yy “ τNpxyq “ τN1pJpxyqq “ τN1pJpxqJ1pyqq “ xJpxq, J1pyqy.

This implies that J˚
1 J “ IN , the identity operator on N . Hence the relation (1.3.1) for

k “ 0 is automatic. Thus (1.3.1) is significant for k ě 1 only. See Remark 3.4.4 for more
about this.

(2) If J : N Ñ N1 is a w˚-continuous trace preserving unital ˚-homomorphism, then
N can be regarded (through J) as a von Neumann subalgebra of N1 whose trace τN is
the restriction of τN1 . In this respect, J˚

1 : N1 Ñ N is the natural conditional expectation
onto N (see e.g. [62, Proposition V.2.36]). In particular, J˚

1 is positive, trace preserving
and unital. In the sequel, we call it the conditional expectation associated with J .

(3) If T : N Ñ N is absolutely dilatable, then T is necessarily positive, trace preserving
and unital. This follows from the factorization T “ J˚

1UJ and the previous paragraph.
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(4) Assume that pN, τNq is normalized. According to [28, Theorem 4.4], an operator
T : N Ñ N is factorisable with respect to τN , in the sense of [3], if and only if it is
absolutely dilatable and the tracial von Neumann algebra pN1, τN1q in Definition 1.3.2
can be chosen normalized. Thus, absolute dilatability should be regarded as a non-
normalized version of factorisability.

(5) A von Neumann algebra N has a separable predual if and only if there exists a
separable Hilbert space H such that N Ă BpHq as a von Neumann subalgebra.

By Remark (2) 1.3.3, we may rewrite Definition 1.3.2, as follows.

Definition 1.3.4. We say that an operator T : pN, τq Ñ pN, τq is absolutely dilatable
if there exist a tracial von Neumann algebra pN1, τ

1q, a w˚-continuous trace preserving
unital ˚-homomorphism J : pN, τq Ñ pN1, τ

1q and a trace preserving ˚-automorphism
U : pN1, τ

1q Ñ pN1, τ
1q such that

T k “ EUkJ, k ě 0, (1.3.2)

where E : N1 Ñ N is the the conditional expectation associated with J .

Proposition 1.3.5. Let T : N Ñ N be an absolutely dilatable operator and let 1 ď p ă 8.
Then the restriction of T to NXLppNq extends to a positive contraction Tp : LppN, τNq Ñ

LppN, τNq and the latter admits an isometric p-dilation.

Proof. Let pN1, τN1q, J and U as in Definition 1.3.2. Then Tp “ J˚
p1UpJp is a positive

contraction which coincides with T on N X LppNq. Furthermore, we have T kp “ J˚
p1Uk

p Jp
for all k ě 0. Since Jp and Up are isometries, we obtain that Tp admits an isometric
p-dilation.

1.3.2 Complete dilations

Now we define the completely p-dilatable property.

Definition 1.3.6. Let pN, τq be a tracial von Neumann algebra and let 1 ď p ă 8. We
say that an operator T : LppN, τq Ñ LppN, τq is completely p-dilatable if there exist a tra-
cial von Neumann algebra pN1, τ

1q, two complete contractions J : LppN, τq Ñ LppN1, τ
1q

and Q : LppN1, τ
1q Ñ LppN, τq, and an invertible complete isometry U : LppN1, τ

1q Ñ

LppN1, τ
1q, such that for all k ě 0, T k “ QUkJ .

If T : N Ñ N1 is a completely positive, trace preserving contraction and if we apply
Lemma 1.2.3 to Tn : MnpNq Ñ MnpN1q for all n ě 1, then we obtain the following
analogue of Lemma 1.2.3 for completely positive maps.

Lemma 1.3.7. Let pN, τq, pN1, τ
1q be two tracial von Neumann algebras and let T : N Ñ

N1 be a completely positive trace preserving contraction. Then for all 1 ď p ă 8, there
exists a necessarily unique complete contraction Tp : L

ppN, τq Ñ LppN1, τ
1q such that for

all x P N X LppN, τq, T pxq “ Tppxq.
If further T is a one-to-one ‹-homomorphism, then Tp is a complete isometry.

Assume that J : pN, τq Ñ pN1, τ
1q is a unital one-to-one trace preserving and w˚-

continuous ‹-homomorphism. Let J1 : L1pN, τq Ñ L1pN1, τ
1q be induced by J , according

to Lemma 1.3.7.
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If T satisfies Definition 1.3.2, then applying Lemma 1.3.7 we obtain that for all 1 ď p ă

8, J (resp. E) induces a complete contraction LppN, τq Ñ LppN1, τ
1q (resp. LppN1, τ

1q Ñ

LppN, τq) and that U induces an invertible complete isometry LppN1, τ
1q Ñ LppN1, τ

1q.
Moreover (1.3.2) holds true on Lp-spaces. We therefore obtain the following strengthening
of Proposition 1.3.5.

Proposition 1.3.8. If T : pN, τq Ñ pN, τq is absolutely dilatable, then for every 1 ď p ă

8, T induces a contraction Tp : L
ppN, τq Ñ LppN, τq and Tp is completely p-dilatable.

1.3.3 Absolute dilations on weighted von Neumann algebras

On weighted von Neumann algebras, the appropriate notion of dilation is the following.

Definition 1.3.9. Let pM,φq be a weighted von Neumann algebra and let 1 ď p ă 8.
We say that an operator T : LppM,φq Ñ LppM,φq admits an isometric p-dilation if
there exist a weighted von Neumann algebra pM1, φ

1q, two contractions J : LppM,φq Ñ

LppM1, φ
1q, Q : LppM1, φ

1q Ñ LppM,φq and an invertible isometry U : LppM1, φ
1q Ñ

LppM1, φ
1q, such that for all k ě 0, T k “ QUkJ .

Remark 1.3.10. We have two notions of isometric p-dilation but the framework is
different. In the tracial case, both definitions are possible but we will keep the definition
of Section 1.3.1.

For this subsection, pM,φq and pM1, φ
1q are both weighted von Neumann algebra.

We combine Remark 5.6 and Theorem 5.1 of [27] to obtain the following Theorem.

Theorem 1.3.11. Let T : pM,φq Ñ pM1, φ
1q be a weight-preserving completely posi-

tive operator then, for all 1 ď p ă `8, the map Tp : D
1
2p
φ xD

1
2p
φ ÞÑ D

1
2p

φ1 T pxqD
1
2p

φ1 from

D
1
2p
φ MM

φ D
1
2p
φ into D

1
2p

φ1 MM1

φ1 D
1
2p

φ1 extends into an operator from LppM,φq into LppM1, φ
1q

(denote again Tp) such that }Tp} ď }T }MÑM1.

We give also a generalised version of [27, Proposition 5.4]. This generalization was
communicated to me by Q. Xu.

Lemma 1.3.12. Let T : pM,φq Ñ pM1, φ
1q be a weight-preserving positive operator and

T1 be as in the previous theorem.

1. The map T ˚
1 : pM1, φ

1q Ñ pM,φq is positive.

2. If T is unital, then T ˚
1 is weight preserving.

As in the tracial case, we have the following result.

Lemma 1.3.13. Let π be a weight preserving, ˚-isomorphism from M onto M1; then for
any 1 ď p ă `8, the map πp : LppM,φq Ñ LppM1, φ

1q is isometric surjective.

Proof. For any x P MM
φ1 , we have;

πppπ
´1

qppD
1
2p

φ1 xD
1
2p

φ1 q “ πppD
1
2p
φ π

´1
pxqD

1
2p
φ q

“ D
1
2p

φ1 ππ
´1

pxqD
1
2p

φ1

“ D
1
2p

φ1 xD
1
2p

φ1
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Likewise, we have pπ´1qpπppD
1
2p
φ xD

1
2p
φ q “ D

1
2p
φ xD

1
2p
φ . By density and continuity, we obtain

pπ´1qpπp “ Id “ πppπ
´1qp and so pπpq

´1 “ pπ´1qp. Since πp and pπ´1qp are contractive,
this implies that πp is an isometry.

Definition 1.3.14. Let J : pM,φq Ñ pM1, φ
1q be a w˚-continuous, unital and weight

preserving ˚-homomorphism. We say that E is a conditional expectation associated with
J , if

1. E :M1 Ñ M is a contraction;

2. E ˝ J “ idM ;

3. φ ˝ E “ φ1.

We generalize part 2 of Remark 1.3.3.

Lemma 1.3.15. Assume that J : pM,φq Ñ pM1, φ
1q is a w˚-continuous, unital and

weight preserving ˚-homomorphism and verifies for any s P R

σφ
1

s ˝ J “ J ˝ σφs . (1.3.3)

Then there exists an unique conditional expectation associated with J which is equal to
J˚
1 .

Proof. By [63, Theorem IX.4.2], we have the existence and the uniqueness. It remains
to prove that J˚

1 is a conditional expectation associated with J .
We will prove the following three properties,

1. J˚
1 is a contraction;

2. for all x P M , J˚
1 pJpxqq “ x;

3. φ ˝ J˚
1 “ φ1.

J is a contraction. By Theorem 1.3.11, J˚
1 is a contraction too. Now we will prove 2. Let

x P MM
φ and y P M8

φ . J is a weight preserving ˚-homomorphism, thus Jpxq P MM1

φ1 . By
Lemma 1.2.11, we have also Jpyq P M8

φ1 . In the following everything is well-defined and
we have

A

J˚
1 pJpxqq, D

1
2
φyD

1
2
φ

E

“

A

Jpxq, J1

´

D
1
2
φyD

1
2
φ

¯E

“ trφ1

´

JpxqD
1
2

φ1JpyqD
1
2

φ1

¯

.

By 2 of Lemma 1.2.10, the latter is equal to

φ1
´

J pxqσφ
´ i

2

pJpyqq

¯

“ φ1
´

J
´

xσφ
´ i

2

pyq

¯¯

“ φ
´

xσφ
´ i

2

pyq

¯

Again, by 2 of Lemma 1.2.10, we obtain
A

J˚
1 pJpxqq, D

1
2
φyD

1
2
φ

E

“ trφ
´

xD
1
2
φyD

1
2
φ

¯

“

A

x,D
1
2
φyD

1
2
φ

E

.

By density of D
1
2
φM8

φD
1
2
φ in L1pMq, w˚-density of MM

φ in M and w˚-continuity of J
and J˚

1 , we deduce for all x P M , J˚
1 pJpxqq “ x. Last point comes from 2 of Lemma

1.3.12.
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Definition 1.3.16. We say that an operator T : pM,φq Ñ pM,φq is absolutely dilatable if
there exist a weighted von Neumann algebra pM1, φ

1q, a w˚-continuous weight preserving
unital ‹-homomorphism J : pM,φq Ñ pM1, φ

1q such that σφ1

. ˝ J “ J ˝ σφ. and a weight
preserving ‹-isomorphism U : pM1, φ

1q Ñ pM1, φ
1q such that

T k “ J˚
1U

kJ, k ě 0, (1.3.4)

Remark 1.3.17. 1. By Lemma 1.3.12, J˚
1 is a positive weight preserving operator.

2. If T is absolutely dilatable, then T is weight preserving. Indeed with the above
notation, (1.3.4) with k “ 1 yields T “ J˚

1UJ and J˚
1 is weight preserving.

3. If φ is tracial and T absolutely dilatable (with weight), we can obtain a tracial von
Neumann algebra for pM1, φ

1q. Indeed we can replace pM1, φ
1q by pMφ1

c , φ
1q which

is a tracial von Neumann algebra. Since σφ1

˝ J “ J ˝ σφ “ J , we deduce that
JpMq Ă Mφ1

c . Then we have J˚
1 from Mφ1

c onto M . We apply Theorem 1.2.8 as
U and U´1, thus UpMφ1

c q “ Mφ1

c . We obtain a trace preserving ˚-isomorphism
U 1 “ U

|Mφ1

c
: Mφ1

c Ñ Mφ1

c . The relation (1.3.1) sill holds.

Proposition 1.3.18. If T : pM,φq Ñ pM,φq is absolutely dilatable, then for every
1 ď p ă 8, T induces a contraction Tp : LppM,φq Ñ LppM,φq and Tp admits an
isometric p-dilation.
Proof. Let p P r1;`8r, the maps T , U , J˚

1 and J are positive and weight preserving.
According to Theorem 1.3.11, there exist Tp : LppMq Ñ LppMq, Up : LppM1q Ñ LppM1q,
pJ˚

1 qp : LppM1q Ñ LppMq and Jp : LppMq Ñ LppM1q. In addition, }pJ˚
1 qp} ď 1 and

}Jp} ď 1. By Lemma 1.3.13, Up is a surjective isometry. It remains to prove that for any
k P N:

T kp “ pJ˚
1 qpU

k
p Jp (1.3.5)

Let x P MM
φ , we have:

pJ˚
1 qpU

k
p Jp

ˆ

D
1
2p
φ xD

1
2p
φ

˙

“ pJ˚
1 qpU

k
p

ˆ

D
1
2p

φ1 JpxqD
1
2p

φ1

˙

“ pJ˚
1 qp

ˆ

D
1
2p

φ1 U
kJpxqD

1
2p

φ1

˙

“ D
1
2p
φ pJ˚

1 qUkJpxqD
1
2p
φ

“

ˆ

D
1
2p
φ T

k
pxqD

1
2p
φ

˙

“ T kp

ˆ

D
1
2p
φ xD

1
2p
φ

˙

.

By density of D
1
2p
φ MM

φ D
1
2p
φ in LppMq, (1.3.5) follows.

1.4 Schur multipliers
We will present Schur multipliers. There are really simple in the finite case and discrete
case. However the measurable Schur multipliers are more involved. We will describe
discrete Schur multipliers after the measurable Schur multipliers because some properties
are needed for the discrete case.
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1.4.1 Finite Schur multipliers

We denote by Mn the space of n ˆ n matrices with complex coefficients. Let M “

pmijq1ďi,jďn be an element of Mn. We denote by TM : Mn Ñ Mn the Schur multiplier
associated with M , defined by

TMprbijs1ďi,jďnq “ rmijbijs1ďi,jďn, rbijs1ďi,jďn P Mn.

We recall some links between TM and M . In the next theorem, the first point is in
[49, Theorem 3.7] and the second one is clear.

Theorem 1.4.1. Let M “ pmijq1ďi,jďn P Mn, then

1. TM is positive if and only if TM is completely positive if and only if M is positive
semi-definite.

2. TM is unital if and only if all diagonal entries of M are equal to 1.

1.4.2 Measurable Schur multipliers

This subsection is devoted to preliminaries on measurable Schur multipliers and charac-
terizations of some of their possible properties (positivity, unitality, etc.).

Let Σ be a σ-finite measure space with respect to a measure simply denoted by dt
and let X be a Banach space. For any 1 ď p ď `8, we let LppΣ, Xq denote the
classical Bochner space of strongly measurable functions f : Σ Ñ X (defined up to
almost everywhere zero functions) such that the norm function t ÞÑ }fptq} belongs to
LppΣq, equipped with }f}p “ }t ÞÑ }fptq}}LppΣq. (see [17, p. 49-50] for more explanations).
We will use the fact that if p is finite, then LppΣq b X is a dense subspace of LppΣ, Xq.
Furthermore if Y “ H is a Hilbert space, then the natural embedding of L2pΣq bH into
L2pΣ;Hq extends to a unitary identification

L2
pΣ;Hq » L2

pΣq
2
b H, (1.4.1)

where
2
b stands for the Hilbertian tensor product.

Throughout we let LpRpΣq denote the subset of real-valued functions in LppΣq.
We denote by Xb̂Y the projective tensor product of any two Banach spaces X and

Y (see [57]). We recall the isometric isomorphisms

L1
pΣ, Y q » L1

pΣqb̂Y and pL1
pΣqb̂Y q

˚
» BpL1

pΣq, Y ˚
q, (1.4.2)

see [57, example 2.19] and discussion p. 24 in the same book.
We recall that S2pL2pΣqq is the space of all Hilbert-Schmidt operators on L2pΣq. We

also recall that for any f P L2pΣ2q, we may define a bounded operator

Sf : L
2
pΣ2

q ÝÑ L2
pΣ2

q, Sf phq “

ż

Σ

fp¨, tqhptqdt, (1.4.3)

and that Sf is a Hilbert-Schmidt operator, that is, Sf P S2pL2pΣqq. Further the mapping
f ÞÑ Sf yields a unitary identification

L2
pΣ2

q » S2
pL2

pΣqq, (1.4.4)
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see e.g. [55, Theorem VI. 23].
For any x, y P L2pΣq, we consider x b y as an element of L2pΣ2q by writing px b

yqps, tq “ xpsqyptq for ps, tq P Σ2. Then using (1.4.3), we have

Sxbyphq “

¨

˝

ż

Σ

yptqhptqdt

˛

‚x, h P L2
pΣq.

Very often we will identify xb y and Sxby. Thus L2pΣq bL2pΣq is regarded as the space
of finite rank operators on L2pΣq. This extends to an isometric isomorphism

L2
pΣqb̂L2

pΣq » S1
pL2

pΣqq, (1.4.5)

where S1pL2pΣqq denotes the Banach space of trace class operators on L2pΣq.
Another useful result on the projective tensor product is the isometry L1pΣ1qb̂L1pΣ2q »

L1pΣ1 ˆ Σ2q.
For any φ P L8pΣ2q, we denote by Mφ : S2pL2pΣqq Ñ S2pL2pΣqq the operator defined

by
MφpSf q “ Sφf , f P L2

pΣ2
q. (1.4.6)

We say that Mφ (or simply φ) is a (measurable) Schur multiplier on BpL2pΣqq (or a
bounded Schur multiplier), if there exists C ą 0 such that

}MφpSq}BpL2pΣqq ď C}S}BpL2pΣqq, S P S2
pL2

pΣqq. (1.4.7)

It is plain that

}Mφ}BpS2pL2pΣqqq “ }φ}L8pΣ2q. (1.4.8)

In the sequel, we set qφps, tq “ φpt, sq for ps, tq P Σ2.

Lemma 1.4.2. Let φ P L8pΣ2q, the following assertions are equivalent:

1. φ is a Schur multiplier on BpL2pΣqq;

2. Mφ extends to a w˚-continuous operator M8
φ : BpL2pΣqq Ñ BpL2pΣqq;

3. Mφ restricts to a bounded operator M1
φ : S1pL2pΣqq Ñ S1pL2pΣqq;

4. Mφ extends to a bounded operator M0
φ : KpL2pΣqq Ñ KpL2pΣqq, where KpL2pΣqq

denotes the Banach space of compact operators on L2pΣq;

5. qφ verifies (3).

In this case, M1
qφ “

`

M0
φ

˘˚,
`

M1
qφ

˘˚
“ M8

φ and }M1
φ} “ }M1

qφ} “ }M8
φ } “ }M0

φ}.

Proof. The flip mapping
ř

xk b yk ÞÑ
ř

yk b xk extends to an isometric automorphism
ρ : L2pΣqb̂L2pΣq Ñ L2pΣqb̂L2pΣq. Using this notation and (1.4.5), it is easy to check
that

M
qφpSf q “ ρ

`

MφpSρpfqq
˘

, f P L2
pΣq b L2

pΣq,

provided that property 3 holds true. We easily deduce that 5 ô 3.
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Let tr denote the usual trace on BpL2pΣqq. We remark that S˚
f “ S

qf
, for any f P

L2pΣ2q. Hence the equality }Sf}2 “ }f}2 reads trpSfS
qf
q “

ş

ff .
By polarization, we obtain that for all f, h P L2pΣ2q,

tr
`

SfSg
˘

“

ż

Σ2

fps, tqgpt, sq dtds. (1.4.9)

Consequently,

tr pSφfShq “

ż

Σ2

φps, tqfps, tqhpt, sqdsdt “ tr pSfSqφhq , f, h P L2
pΣ2

q. (1.4.10)

This yields 4 ñ 5 ñ 2.
By definition, MφpS2pL2pΣqqq Ă S2pL2pΣqq Ă KpL2pΣqq, hence 1 ñ 4 follows from

the definition. This concludes the proof of the equivalence of the five properties. The
rest of the statement follows from the above arguments.

Schur multipliers as defined in this section go back at least to Haagerup [26] and
Spronk [59].

The following description of bounded Schur multipliers has a rather long history. In
the discrete case, Theorem 1.4.3 was stated by Paulsen in [49, Corolary 8.8] and by Pisier
in [50, Theorem 5.1], who refers himself to some earlier work of Grothendieck. For the
general case of this statement, we refer to Haagerup [26] and Spronk [59, Section 3.2].

In the next statement, x ¨ , ¨ yH stands for the inner product on some Hilbert space
H.

Theorem 1.4.3. Let φ P L8pΣ2q and let C ě 0. The function φ is a bounded Schur
multiplier and }M8

φ : BpL2pΣqq Ñ BpL2pΣqq} ď C if and only if there exist a Hilbert
space H and two functions α, β P L8pΣ;Hq such that }α}8}β}8 ď C and

φps, tq “ xαpsq , βptqyH a.e.-ps, tq P Σ2. (1.4.11)

In the rest of this subsection, we assume that φ P L8pΣ2q is a Schur multiplier on
BpL2pΣqq. The argument in the proof of Lemma 1.4.2 shows that the Hilbertian adjoint
of Mφ : S2pL2pΣqq Ñ S2pL2pΣqq is equal to Mφ. We can therefore characterize the
self-adjointness of a Schur multiplier as follows (see [7, proposition 4.2]).

Proposition 1.4.4. The operator Mφ : S2pL2pΣqq Ñ S2pL2pΣqq is self-adjoint if and
only if φ is real-valued.

As a complement to Theorem 1.4.3, we mention the following classical result on Schur
multipliers. We refer to Subsection 1.2.3 for the notion of complete positively.

Theorem 1.4.5. The following are equivalent:

1. Mφ is positive;

2. Mφ is completely positive;

3. there exist a Hilbert space H and a function α P L8pΣ, Hq such that

φps, tq “ xαpsq, αptqyH a.e. on Σ ˆ Σ. (1.4.12)
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This theorem can be proved in two steps. The first one consists in proving it in
the finite dimensional case. This is done e.g. in [49, theorem 3.7]. The second step
consists in approximating from the finite dimensional case. In [43, Theorem 1.7], the
authors prove Theorem 1.4.3 using the finite dimensional case. Their argument shows
as well that Theorem 1.4.5 can be deduced from the finite dimensional case. Our work
in Subsection 2.2 will provide a direct proof of Theorem 1.4.5 (see the proof of Lemma
2.2.3, in particular (2.2.2)).

The following result is apparently new.

Theorem 1.4.6. Let H and α, β P L8pΣ, Hq such that (1.4.11) holds true. Then

M8
φ is unital ðñ xαptq, βptqyH “ 1 a.e. on Σ.

Proof. By linearity and density, we have:

M8
φ pIq “ I ðñ @f, h, P L2

pΣq,
@

M8
φ pIq, f b h

D

“ xI, f b hy

Hence by Lemma 1.4.2,

M8
φ pIq “ I ðñ @f, h P L2

pΣq,
@

I,M1
qφpf b hq

D

“ xI, f b hy

ðñ @f, h P L2
pΣq, tr

`

M1
qφpf b hq

˘

“

ż

Σ

fptqhptqdt.

We can suppose that H separable (and also that dimpHq is infinite), thanks to Pettis’s
measurability theorem (see [17, Theorem 2 p.42]). Thus there exists a Hilbertian basis
penqně1 of H. We denote, for all n, αnpsq “ xαpsq, enyH and βnptq “ xen, βptqyH for a.e.
s P Σ and t P Σ. We have

xαpsq, βptqyH “
ÿ

n

αnpsqβnptq a.e. on Σ ˆ Σ.

Let f, h P L2pΣq, we will prove that:

8
ÿ

n“1

}αnh}
2
2 ă 8 and

8
ÿ

n“1

}βnf}
2
2 ă 8. (1.4.13)

First,

8
ÿ

n“1

}αnh}
2
2 “

8
ÿ

n“1

ż

Σ

|αnpsq|
2
|hpsq|

2ds “

ż

Σ

8
ÿ

n“1

|αnpsq|
2
|hpsq|

2ds

“

ż

Σ

}αpsq}
2
H |hpsq|

2ds ď }α}
2
8}h}

2
2 ă 8.

Similarly, we have
ř

}βnf}22 ă 8. By the Cauchy-Schwarz inequality, we deduce

8
ÿ

n“1

ż

Σ

|αnptq||hptq||βnptq||fptq|dt ă 8. (1.4.14)
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Moreover using (1.4.13) again, and (1.4.5), we may consider
8
ř

n“1

βnf b αnh in S1pL2pΣqq

and we have

tr

˜

8
ÿ

n“1

βnf b αnh

¸

“

8
ÿ

n“1

tr pβnf b αnhq

“

8
ÿ

n“1

ż

Σ

αnptqhptqβnptqfptqdt

“

ż

Σ

8
ÿ

n“1

αnptqhptqβnptqfptqdt, by (1.4.14),

“

ż

Σ

xαptq, βptqyHfptqhptqdt.

Let us now show that

M1
qφpSfbhq “

8
ÿ

n“1

βnf b αnh.

Let v1, v2 P L2pΣq. According to (1.4.13), we have
ÿ

n

ż

Σ2

|αnptqhptqv1ptqβnpsqfpsqv2psq|dtds ă `8. (1.4.15)

Then we have (using the usual duality pairing x ¨ , ¨ y between L2pΣq and itself)

xM1
qφpf b hqv1, v2y “ xS

qφpfbhqv1, v2y

“

ż

Σ2

φpt, sqfpsqhptqv1ptqv2psqdtds

“

ż

Σ2

xαptq, βpsqyHfpsqhptqv1ptqv2psqdtds

“

ż

Σ2

8
ÿ

n“1

αnptqβnpsqfpsqhptqv1ptqv2psqdtds

“

8
ÿ

n“1

ż

Σ2

αnptqβnpsqfpsqhptqv1ptqv2psqdtds, by (1.4.15),

“

8
ÿ

n“1

xαnh, v1yxβnf, v2y

“

C˜

8
ÿ

n“1

βnf b αnh

¸

v1, v2

G

This proves the announced identity. We deduce that

trpM1
qφpSfbhqq “

ż

Σ

fptqhptq xαptq, βptqyH dt.

Finally,

M8
φ is unital ðñ @f, h P L2

pΣq,
ż

Σ

fptqhptq xαptq, βptqyH dt “

ż

Σ

fptqhptqdt

ðñ xαptq, βptqyH “ 1 a.e. on Σ.
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1.4.3 Discrete Schur multipliers

Let I be an index set and let MI denote the space of IˆI matrices with complex entries.
We let peiqiPI denote the canonical basis of ℓ2pIq. For any γ P Bpℓ2pIqq, for all pi, jq P I2

we let γi,j :“ xγpejq, eiy. Then we regard Bpℓ2pIqq Ă MI . Given any M “ pmijqi,jPI P

MI , the Schur multiplier on Bpℓ2pIqq associated with M is the unbounded operator TM
whose domain DpTMq is the space of all A “ paijqi,jPI in Bpℓ2pIqq such that TMpAq :“
pmijaijqi,jPI belongs to Bpℓ2pIqq. If DpTMq “ Bpℓ2pIqq, then TM : Bpℓ2pIqq Ñ Bpℓ2pIqq is
a bounded Schur multiplier on Bpℓ2pIqq. By Lemma, TM restricts to a bounded operator
TM : S1

I Ñ S1
I . Then it is still true for any 1 ď p ă `8 and we let TM : SpI Ñ SpI .

For the rest of this subsection, we assume that TM associated with M P MI is a
bounded Schur multiplier on Bpℓ2pIqq. We recall classical properties. By Lemma 1.4.2,
TM is w˚-continuous. Then TM is positive (resp. completely positive) if and only if for
all finite set F Ă I, pTMq|Bpℓ2pF qq : Bpℓ2pF qq Ñ Bpℓ2pF qq is positive (resp. completely
positive). Thus the following is a direct consequence of Theorem 1.4.1.

Theorem 1.4.7.

1. TM is positive if and only if TM is completely positive if and only if for all finite
set F Ă I, the matrix pmijqi,jPF is positive semi-definite.

2. TM is unital if and only if for all i P I, mii “ 1.

1.5 Fourier multipliers on V NpGq

This section provides some background on the group von Neumann algebra of a locally
compact group and on Fourier multipliers.

1.5.1 General case (weighted von Neumann algebras)

Let G be a locally compact group and let ∆ be its modular function. Let λ : G Ñ

BpL2pGqq be the left regular representation of G, that is,
“

λpsqf
‰

ptq “ fps´1tq for any
f P L2pGq and s, t P G. We let V NpGq “ λpGq2 Ă BpL2pGqq be the group von Neumann
algebra of G. We denote by

ωG : V NpGq` ÝÑ r0;`8s

the Plancherel weight on V NpGq (see [63, Definition VII.3.2]) and we denote by σGs the
modular automorphism group of ωG.

We denote by λ : L1pGq Ñ V NpGq Ă BpL2pGqq the mapping defined by λpfq “
ş

G
fpsqλpsqds. (The use of the same notation λ for these two maps should not create any

confusion.) The above integral is defined in the strong sense. Indeed, for any f1 P L1pGq

and f2 P L2pGq, rλpf1qspf2q “ f1 ˚ f2, where

pf1 ˚ f2qptq “

ż

G

f1psqf2ps
´1tqds, t P G.

We recall that for any f1, f2 P L2pGq, the above formula defines a function f1˚f2 P C0pGq.
For any f P L1pGq, we define f˚ P L1pGq by

f˚
ptq “ ∆t´1fpt´1q, t P G.
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Lemma 1.5.1. Let f, h P L1pGq X L2pGq. We have:

1. λpfq, λphq P N V NpGq
ωG ;

2. λpfq˚λphq “ λpf˚ ˚ hq;

3. λpfq˚λphq P MV NpGq
ωG and

ωGpλpfq
˚λphqq “

ż

G

fpsqhpsqds “ pf˚
˚ hqpeq,

where e denotes the unit of G.

Proof. See [60, 18.17 (5)] .

It is plain that the ˚-subalgebra λpL1pGqq is w˚-dense in V NpGq. Let KpGq Ă C0pGq

be the ˚-subalgebra of all continuous functions from G into C with compact support.
Then λpKpGqq is w˚-dense in V NpGq. (See [22, 3.12] or [21]). In addition, λpKpGqq is a
subset of MV NpGq

ωG .
We say that a w˚-continuous operator T : V NpGq Ñ V NpGq is a Fourier multiplier,

if there exists a bounded continuous function u : G Ñ C such that for all s P G,
T pλpsqq “ upsqλpsq. In this case, u is necessarily unique, we write T “ Tu and u is called
the symbol of Tu. In addition, we have

Tupλpfqq “ λpufq, f P L1
pGq.

We say that an operator T : V NpGq Ñ V NpGq is self-adjoint if

ωGpT pxqy˚
q “ ωGpxT pyq

˚
q, x, y P MV NpGq

ωG
.

We recall that a function u : G Ñ C is called positive definite if, for all n ě 1, for all
t1, . . . , tn P G and for all z1, . . . , zn P C, we have

n
ÿ

i,j“1

upt´1
i tjqzizj ě 0.

As in Section 1.4.2 on measurable Schur Multipliers, we relate the properties of a Fourier
multiplier Tu to its symbol u.

Theorem 1.5.2. Let u : G Ñ C be the symbol of a Fourier multiplier Tu : V NpGq Ñ

V NpGq.

1. Tu is completely positive if and only if u is positive definite;

2. the map Tu is unital if and only if upeq “ 1;

3. the map Tu is self-adjoint if and only if u is real valued.

The first point is [16, Proposition 4.2]. The other two ones are just computing. We
recall that unlike for Schur Multiplier, there exist positive Fourier multipliers which are
not completely positive, see [16, Corollary 4.8]. Similarly, a bounded Fourier multiplier
is not necessarily completely bounded [9].
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1.5.2 Unimodular case

If we add the unimodular hypothesis, things are easier. Since ∆ “ 1, we have for any

f P L1pGq, f˚ “
_

f where
_

f P L1pGq is defined by
_

fptq “ fpt´1
q, t P G

The most important property is that the Plancherel weight is a trace. We do not need
the weight theory in this case. The space MV NpGq

ωG will be replaced by L1pV NpGqq. Then
Lemma 1.5.1 becomes the following.

Lemma 1.5.3. Let f, h P L1pGq X L2pGq. We have:

1. λpfq˚λphq “ λpf˚ ˚ hq;

2. λpfq˚λphq P L1pV NpGqq and

ωGpλpfq
˚λphqq “

ż

G

fpsqhpsqds “ pf˚
˚ hqpeq,

where e denotes the unit of G.

Likewise, an operator T : V NpGq Ñ V NpGq is self-adjoint if

ωGpT pxqy˚
q “ ωGpxT pyq

˚
q, x, y P V NpGq X L1

pV NpGqq.

1.6 Antisymmetric Fock spaces and Fermions
We give some background on Fock spaces and Fermions. We refer to [10] and [11] for
more details and information. Let H be a real Hilbert space and we let HC denote its
complexification. For any integer n ě 1, we let ΛnpHCq denote the n-fold antisymmetric
space over HC, equipped with the inner product defined by

xh1 ^ ¨ ¨ ¨ ^ hn, k1 ^ ¨ ¨ ¨ ^ kny´1 “ det rxhi, kjyHCs , hi, kj P HC.

We also set Λ0pHCq “ C. The antisymmetric Fock space over HC is the Hilbertian direct
sum

F´1pHq “
à

ně0

ΛnpHCq.

We let Ω be a fixed unit element of Λ0pHCq.
For all e P H, we recall the creation operator lpeq : F´1pHq Ñ F´1pHq satisfying

lpeqΩ “ e and lpeqph1 ^ ¨ ¨ ¨ ^ hnq “ e ^ h1 ^ ¨ ¨ ¨ ^ hn for all h1, . . . , hn P HC. These
operators satisfy the following relation:

lpfq
˚lpeq ` lpeqlpfq

˚
“ xf, eyHIdF´1pHq, e, f P H. (1.6.1)

Let ωpeq : F´1pHq Ñ F´1pHq be the self-adjoint operator

ωpeq “ lpeq ` lpeq˚.
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It follows from (1.6.1) that

ωpeq2 “ }e}2HIdF´1pHq, e P H. (1.6.2)

By definition,
Γ´1pHq Ă BpF´1pHqq

is the von Neumann algebra generated by tωpeq; e P Hu. This is a finite von Neumann
algebra equipped with a trace τ defined by τpxq “ xxΩ,ΩyF´1pHq for all x P Γ´1pHq.
Clearly we have

τpωpeqωpfqq “ xe, fyH , e, f P H. (1.6.3)

The space Γ´1pHq is called the Fermion algebra over H.
Let H and K be two real Hilbert spaces and let T : H Ñ K be a contraction with

complexification TC : HC Ñ KC. There exists a necessarily unique linear contraction

F´1pT q : F´1pHq ÝÑ F´1pKq

such that F´1pT qΩ “ Ω and F´1pT qph1 ^ ¨ ¨ ¨ ^ hnq “ TCph1q ^ ¨ ¨ ¨ ^ TCphnq for all
h1, . . . , hn P HC. Next, there exists a necessarily unique normal, unital, completely
positive and trace preserving map

Γ´1pT q : Γ´1pHq ÝÑ Γ´1pKq

such that for every x P Γ´1pHq, we have:

pΓ´1pT qpxqqΩK “ F´1pT qpxΩq.

If further T : H Ñ K is a isometry (resp. an onto isometry), then Γ´1pT q is a one-to-one
˚-homomorphism (resp. a one-to-one ˚-isomomorphism).

In particular we have

rΓ´1pT qspωpeqq “ ωpT peqq, e P H. (1.6.4)

In the next lemma, we consider an integer k ě 1 and we let P2p2kq be the set of
2-partitions of the set t1, 2, . . . , 2ku. Then for any ν P P2p2kq, we let cpνq denote the
number of crossings of ν. We refer to [20] for details. According to Corollary 2.1 in the
latter paper, we have the following lemma, in which (2) is a straightforward consequence
of (1).

Lemma 1.6.1. Let pfiq
2k
i“1 be a family of H.

(1) We have

τpωpf1q ¨ ¨ ¨ωpf2kqq “
ÿ

νPP2p2kq

p´1q
cpνq

ź

pi,jqPν

xfi, fjyH .

(2) If for all 1 ď i ă j ď 2k such that j ‰ 2k ´ i ` 1, we have xfi, fjyH “ 0, then

τpωpf1q ¨ ¨ ¨ωpf2kqq “ xf1, f2kyH ¨ ¨ ¨ xfk, fk`1yH
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Chapter 2

Dilation properties of unital self-adjoint
positive measurable Schur multipliers

All definitions of Schur multipliers and dilation properties are in Subsection 1.4.2 respec-
tively in Subsection 1.3.1. The main result of this chapter is the following.

Theorem (A). Let Σ be a σ-finite measure space. Let φ P L8pΣ2q and assume that Mφ

is a self-adjoint, unital, positive Schur multiplier on BpL2pΣqq. Then Mφ is absolutely
dilatable.

We will also give an multi-variable version.

Theorem (C). Let φ1, . . . , φn P L8pΣ2q and assume each Mφi
is a self-adjoint, unital,

positive Schur multiplier on BpL2pΣqq. Then there exist a tracial von Neumann algebra
pM, τq, a commuting n-tuple pU1, . . . , Unq of trace preserving ˚-automorphisms on M and
a w˚-continuous trace preserving one-to-one ˚-homomorphism J : BpL2pΣqq Ñ M such
that

Mk1
φ1

¨ ¨ ¨Mkn
φn

“ EUk1
1 ¨ ¨ ¨Ukn

n J

for all ki P N0, 1 ď i ď n, where E : M Ñ BpL2pΣqq is the conditional expectation
associated with J .

2.1 Preliminaries and Lpσ-spaces
Let N be a von Neumann algebra. We recall that the product is separately w˚-continuous
on N . More precisely, for any y P N and η P N˚, the map z ÞÑ xyz, ηy from N into C is
continuous. We let ηy P N˚ such that xyz, ηy “ xz, ηyy for all z P N . Likewise, the map
z ÞÑ xzy, ηy from N to C is continuous and we let yη P N˚ such that xzy, ηy “ xz, yηy for
all z P N .

We now turn to a dual variant of the Bochner spaces LppΣ, Nq. Bochner spaces are
already introduced in Subsection 1.4.2. We mostly follow [29], to which we refer for more
references and details. We say that a function f : Σ Ñ N is w˚-measurable if, for all
η P N˚, the function t ÞÑ xfptq, ηy is measurable. Fix some 1 ă q ď 8. We recall that
every order bounded subset of LqRpΣq has a supremum in LqRpΣq, denoted by Lq ´ sup.
We define

LqσpΣ, Nq :“

"

f : Σ Ñ N w˚-measurable ; xf, ηy P LqpΣq @η P N˚

and t|xf, ηy| : }η} ď 1u is order bounded in LqRpΣq

*

.
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We define, for all f P LqσpΣ, Nq, the semi-norm

}f}Lq “
›

›Lq ´ supt|xf, ηy| : }η} ď 1u
›

›

LqpΣq
.

The kernel of this semi-norm is

Nσ :“ tf P LqσpΣ, Nq : @η P N˚, xf, ηy “ 0 a.e.u.

We set LqσpΣ, Nq “ LqσpΣ, Nq{Nσ. This is a Banach space for the resulting norm, which
we simply denote by }.}q. We note that LqpΣ, Nq Ă LqσpΣ, Nq isometrically.

Let 1 ď p ď 8 such that
1

p
`

1

q
“ 1. For any h P LppΣ, N˚q and f P LqσpΣ, Nq, the

function t ÞÑ xfptq, hptqy belongs to L1pRq and satisfies
ż

Σ

|xfptq, hptqy|dt ď }h}p}f}q. (2.1.1)

This allows to define

xf, hy “

ż

Σ

xfptq, hptqydt, h P LppΣ, N˚q, f P LqσpΣ, Nq. (2.1.2)

Theorem 2.1.1. Let 1 ď p ă 8 and 1 ă q ď 8 such that
1

p
`

1

q
“ 1. Then the duality

pairing (2.1.2) extends to an isometric isomorphism

LppΣ, N˚q
˚

» LqσpΣ, Nq.

This theorem is due to Bukhvalov, see [12, Theorem 4.1], [13, Theorem 0.1]. We recall
that LqpΣq b N is w˚-dense in LqσpΣ, Nq.

We have isometric identifications

L8
pΣqbN

piiq
» L8

σ pΣ, Nq
piq
» BpL1

pΣq, Nq, (2.1.3)

where L8pΣqbN denotes the von Neumann tensor product of L8pΣq and N . The identifi-
cation (i) follows from (1.4.2) and Theorem 2.1.1. More explicitly, for any F P L8

σ pΣ, Nq,
the associated operator T P BpL1pΣq, Nq provided by (i) is given by

@h P L1
pΣq, @η P N˚, xT phq, ηy “

ż

Σ

xF ptq, ηyhptqdt. (2.1.4)

The identification (ii) is proved in [58]. It is a combination of [58, Definition 1.22.10] and
[58, Proposition 1.22.12].

Concerning L8pΣqbN , we mention that if N is equipped with a n.s.f. trace τ , then we
equip L8pΣqbN with the unique n.s.f. trace τ̃ “

ş

¨ bτ such that τ̃phbxq “ τpxq
ş

Σ
hptqdt

for all h P L8pΣq` and x P N`. Then for all 1 ď p ă 8,

LppL8
pΣqbN, τ̃q » LppΣ, LppN, τqq. (2.1.5)

Indeed let
E “ span

␣

χE : E measurable, |E| ă 8
(

. (2.1.6)

Then EbpNXL1pNqq is both dense in LppL8bN, τ̃q and in LppΣ, LppNqq, and the norms
of LppL8bN, τ̃q and LppΣ, LppNqq coincide on this subspace.
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Lemma 2.1.2. Let V : N1 Ñ N2 be a w˚-continuous operator, where N1 and N2 are two
von Neumann algebras. Then the map V˝ : L8

σ pΣ, N1q Ñ L8
σ pΣ, N2q given for all F P

L8
σ pΣ, N1q by V˝pF q “ V ˝ F is well-defined and w˚-continuous. Moreover, }V˝} “ }V }.

Proof. The operator V has a pre-adjoint V˚ : N2˚ Ñ N1˚. It is plain that IdL1pΣq bV˚ ex-
tends to a bounded map IdL1pΣqbV˚ : L1pΣ, N2˚q Ñ L1pΣ, N1˚q, with norm }IdL1pΣqbV˚} “

}V˚}. Then using Theorem 2.1.1, V˝ coincides with
`

IdL1pΣqbV˚

˘˚.

The product of two N -valued measurable functions is measurable. However the prod-
uct of two N -valued w˚-measurable functions is not necessarily w˚-measurable. We need
the following to circumvent this difficulty.

Lemma 2.1.3. Let T1 P BpL1pΣq;Nq and T2 P BpL1pΣq;Nq. Then there exists a unique
P P BpL1pΣ2q, Nq such that

P ph1 b h2q “ T1ph1qT2ph2q, h1, h2 P L1
pΣq.

Proof. We define Q : ph1, h2q ÞÑ T1ph1qT2ph2q from L1pΣq ˆ L1pΣq into N . This is a
bounded bilinear map, with }Q} ď }T1}}T2}. Hence there exists a bounded linear map
P : L1pΣqb̂L1pΣq Ñ N such that for all h1, h2 P L1pΣq, P ph1 b h2q “ T1ph1qT2ph2q.
Using L1pΣqb̂L1pΣq » L1pΣ2q, this yields the result.

Let φ1, φ2 P L8
σ pΣ, Nq. Let T1, T2 P BpL1pΣq;Nq be the representatives of φ1, and

φ2, respectively, through the identification (2.1.3), (i). We let

˜φ1 ˆ φ2 P L8
σ pΣ2, Nq (2.1.7)

be the representative of the operator P P BpL1pΣ2q, Nq given by Lemma 2.1.3. Thus for
all h1, h2 P L1pΣq and η P N˚,

xT1ph1qT2ph2q, ηy “

ż

Σ2

x ˜φ1 ˆ φ2ps, tq, ηyh1psqh2ptqdtds. (2.1.8)

Remark 2.1.4. When φ1, φ2 P L8pΣ, Nq, the product ˜φ1 ˆ φ2 is simply given by
φ1 ˜̂φ2ps, tq “ φ1psqφ2ptq, since φ1, φ2 are both measurable (see Section 3.1 for more
details on this case).

Lemma 2.1.5. There exists a unique w˚-continuous contraction Γ : L2
σpΣ2, Nq Ñ BpL2pΣqqbN

such that for all θ P L2pΣ2q and for all y P N , Γpθ b yq “ Sθ b y.

Proof. Recall that L2
σpΣ2, Nq “ L2pΣ2, N˚q˚, by Theorem 2.1.1. Let |}.}| denote the norm

on S1pL2pΣqq b N˚ induced by pBpL2pΣqqbNq˚. Recall E Ă L2pΣq defined by (2.1.6).
Then under the identification (1.4.5), L2pΣq b L2pΣq b N˚ is dense in pBpL2pΣqqbNq˚,
hence E b E b N˚ is dense in pBpL2pΣqqbNq˚.

Let L : E b E bN˚ Ñ L2pΣ2, N˚q be the linear mapping such that for all u, v P E and
η P N˚,

“

Lpu b v b ηq
‰

ps, tq “ upsqvptqη, ps, tq P Σ2.

Let Φ P E b E b N˚. It can be written as Φ “
M
ř

i,j“1

χEi
b χFj

b ηij, where M ě 1 is

an integer, E1, . . . EM are pairwise disjoint elements such that 0 ă |Ei| ă 8 for all i,
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F1, . . . FM are pairwise disjoint elements such that 0 ă |Fj| ă 8 for all j, and ηij P N˚.
We define, for all i, j “ 1, . . . ,M , zij “ |Ei|

1
2 |Fj|

1
2ηij P N˚. By classical duality, there

exists a family pmijq1ďi,jďM Ă N such that
˜

M
ÿ

i,j“1

}zij}
2

¸
1
2

“

M
ÿ

i,j“1

xzij,mijy and
M
ÿ

i,j“1

}mij}
2

ď 1.

Thanks to the disjointness of the Ei and of the Fj, we have

}LpΦq}
2
L2pΣ2,N˚q “

ÿ

ij

}ηij}
2
|Ei||Fj| “

ÿ

i,j

}zij}
2. (2.1.9)

We now define

Ψ “

M
ÿ

i,j“1

χEi

|Ei|
1
2

b
χFj

|Fj|
1
2

b mij P L2
pΣq b L2

pΣq b N Ă BpL2
pΣqqbN.

We have
xΦ,Ψy “

ÿ

i,j

xzij,mijy “
ÿ

i,j

}zij}
2

“ }LpΦq}L2pΣ2,N˚q,

by (2.1.9). Hence
}LpΦq}L2pΣ2,N˚q ď }Ψ}BpL2pΣqqbN |}Φ}|.

We will prove below that
}Ψ}BpL2pΣqqbN ď 1. (2.1.10)

Taking this for granted, we obtain that L extends to a contraction (still denoted by)

L :
`

BpL2
pΣqqbN

˘

˚
ÝÑ L2

pΣ2, N˚q.

Its adjoint Γ “ L˚ is a w˚-continuous contraction from L2
σpΣ2, Nq into BpL2pΣqqbN and

it is easy to check that Γpθ b yq “ Sθ b y for all θ P L2pΣ2q and y P N . This proves the
existence result. The uniqueness comes from the w˚-continuity of Γ and the w˚-density
of L2pΣ2q b N .

It therefore remains to check (2.1.10). Let K be a Hilbert space such that N Ă BpKq

as a von Neumann algebra. Then

BpL2
pΣqqbN Ă BpL2

pΣqqbBpKq » BpL2
pΣ, Kqq.

Let ξ, ζ P L2pΣ, Kq. Then

xΨpξq, ζy “

M
ÿ

i,j“1

1

|Ei|
1
2 |Fj|

1
2

ż

EiˆFj

xmijpξptqq, ζpsqydtds.

Hence by Cauchy-Schwarz,

|xΨpξq, ζy| ď

M
ÿ

i,j“1

1

|Ei|
1
2 |Fj|

1
2

}mij}

´

ż

Ei

}ξptq}dt
¯´

ż

Fj

}ζpsq}ds
¯

ď

ˆ M
ÿ

i,j“1

}mij}
2

˙
1
2
ˆ M
ÿ

i,j“1

1

|Ei||Fj|

´

ż

Ei

}ξptq}dt
¯2´

ż

Fj

}ζpsqq}ds
¯2
˙

1
2

“

ˆ M
ÿ

i,j“1

}mij}
2

˙
1
2
ˆM
ÿ

i

1

|Ei|

´

ż

Ei

}ξptq}dt
¯2
˙

1
2
ˆ M
ÿ

j“1

1

|Fj|

´

ż

Fj

}ζpsqq}ds
¯2
˙

1
2

.
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By Cauchy-Schwarz again we have

1

|Ei|

´

ż

Ei

}ξptq}dt
¯2

ď

ż

Ei

}ξptq}
2dt and

1

|Fj|

´

ż

Fj

}ζpsq}dt
¯2

ď

ż

Fj

}ζpsq}
2ds

for all i, j “ 1, . . . ,M . We derive

|xΨpξq, ζy| ď

ˆ
ż

Σ

}ξptq}
2dt

˙
1
2
ˆ
ż

Σ

}ζpsq}
2ds

˙
1
2

,

which proves (2.1.10).

2.2 Proof of Theorem (A)
The goal of the section is to prove Theorem (A), stated at the beginning of this chapter.

Throughout we let Σ be a σ-finite measure space, and we let φ P L8pΣ2q such that
Mφ is a self-adjoint, unital, positive Schur multiplier on BpL2pΣqq. We define a bilinear,
symmetric map V : L1

RpΣq ˆ L1
RpΣq Ñ R by

V pf, hq “

ż

Σ2

φps, tqhptqfpsqdtds, pf, hq P L1
RpΣq ˆ L1

RpΣq.

We claim that V is positive. To prove it, fix some f P L1
RpΣq X L2

RpΣq. For all E Ă Σ
such that |E| ă 8, we have χE b χE ě 0. Hence by the positivity of Mφ, we have

xrMφpχE b χEqspfq, fy ě 0.

Equivalently,
ż

EˆE

φps, tqfptqfpsqdtds ě 0.

Passing to the supremum over E, we deduce
ż

ΣˆΣ

φps, tqfptqfpsqdtds ě 0.

Since L1
RpΣq X L2

RpΣq is dense in L1
RpΣq, this proves the claim.

Let KV Ă L1
RpΣq be the kernel of the seminorm V pf, fq

1
2 . Equipped with the resulting

norm, the quotient L1
RpΣq{KV is a real pre-Hilbert space. We let H denote its completion.

This is a real Hilbert space. Let N denote the tracial von Neumann algebra pΓ´1pHq; τq

(see Section 1.6).
In the sequel, wherever h P L1

RpΣq, we let 9h P H denote its class. We let T : L1pΣq Ñ

N be the unique linear map such that for all h P L1
RpΣq,

T phq “ ωp 9hq.

We let F P L8
σ pΣ, Nq and d0 P L8pΣqbN be associated with T P BpL1pΣq, Nq through

the identifications BpL1pΣq, Nq » L8
σ pΣ, Nq and BpL1pΣq, Nq » L8pΣqbN provided by

(2.1.3).
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Lemma 2.2.1. We have }T } ď 1, }F } ď 1 and }d0} ď 1.

Proof. We recall that Mφ is positive and unital. By the Russo-Dye Theorem, this implies
that }M8

φ } “ 1. It follows from Lemma 1.4.2 that }M1
φ} “ 1. Hence by interpolation, we

have }Mφ : S2pL2pΣqq Ñ S2pL2pΣqq} ď 1. Consequently, }φ}8 ď 1 thanks to (1.4.8).
For all f P L1

RpΣq, we have

} 9f}
2
H “

ż

Σ2

φps, tqfptqfpsqdtds ď }φ}8}f}
2
1 ď }f}

2
1.

So we have, thanks to (1.6.2),

}ωp 9fq} “ } 9f}H ď }f}1. (2.2.1)

Consider h “
n
ř

i“1

αiχEi
, where E1, . . . En are pairwise disjoint elements of finite measure

and α1, . . . , αn P C. Then we have }h}1 “
ř

|αi||Ei|. On the other hand,

T phq “
ÿ

αiT pχEi
q “

ÿ

αiw p 9χEi
q .

Hence

}T phq}1 ď
ÿ

|αi| }w p 9χEi
q} ď

ÿ

|αi|}χEi
}1 “

ÿ

|αi||Ei| “ }h}1,

by (2.2.1). This shows that }T } ď 1, and hence }F } ď 1 and }d0} ď 1.

The following lemma provides a link between F and φ.

Lemma 2.2.2. For almost every ps, tq P Σ2, τp ˜F ˆ F ps, tqq “ φps, tq.

Proof. We use the equation (2.1.8) with η “ τ . We obtain for all f, h P L1
RpΣq,

ż

Σ2

τp ˜F ˆ F ps, tqqfpsqhptqdtds “ τpT pfqT phqq

“ τpωp 9fqωp 9hqq

“

ż

Σ2

φps, tqfpsqhptqdtds,

by (1.6.3). The expected equality follows at once.

Lemma 2.2.3. We have d˚
0 “ d0 and d20 “ 1.

Proof. We let τ̃ “
ş

¨ bτ denote the usual trace on L8pΣqbN . For any f P L1
RpΣq and

η P N˚ » L1pNq, we have

xd˚
0 , f b ηy “ τ̃pd˚

0pf b ηqq “ τ̃pd0pf b η˚qq

“ τpT pfqη˚q “ τpwp 9fqη˚q

“ τpwp 9fqηq “ τpT pfqηq “ xd0, f b ηy.

By linearity and density, this implies that d˚
0 “ d0.
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By assumption, pΣ, µq is σ-finite. Thus there exists a positive function v P L1pΣq such
that }v}1 “ 1. Changing dµ into vdµ, we may therefore assume that µ is a probability
measure. Since τ is normalized, the trace τ̃ is normalized as well.

Let j : N Ñ L2pNq be the natural embedding and let T2 “ j ˝ T : L1pΣq Ñ L2pNq.
Since L2pNq is a Hilbert space, it has the Radon-Nikodym property (see [17, corollary
IV.1.4]). Hence there exists γ P L8pΣ, L2pNqq such that for all h P L1pΣq:

T2phq “

ż

Σ

hptqγptqdt.

For any f, h P L1
RpΣq, we have

ż

Σ2

φps, tqfpsqhptqdtds “ τpωp 9fqωp 9hqq, by p1.6.3q,

“ τpωp 9fqωp 9hq
˚
q

“ xjpωp 9fqq, jpωp 9hqqyL2pNq

“ xT2pfq, T2phqyL2pNq

“

B
ż

Σ

fpsqγpsqds,

ż

Σ

hptqγptqdt

F

L2pNq

“

ż

Σ2

xγpsq, γptqyL2pNqfpsqhptqdtds.

This implies that for almost every ps, tq P Σ2,

xγpsq, γptqyL2pNq “ φps, tq. (2.2.2)

We obtained a factorization of φ as in Theorem 1.4.3, with α “ β “ γ. Now we can use
Theorem 1.4.6 and we obtain that for almost every t P Σ,

xγptq, γptqyL2pNq “ 1

Since the measure on Σ is normalized, this yields
ż

Σ

}γptq}
2
L2pNqdt “ 1.

Since L8pΣqbN is normalized we have, using (2.1.5), a contractive inclusion

L8
pΣqbN Ă L2

pΣ, L2
pNqq.

By construction, γ P L2pΣ, L2pNqq corresponds to d0. Thus we have proved that

τ̃pd˚
0d0q “ 1.

Since τ̃ is normalized, this shows that τ̃p1´d˚
0d0q “ 0. However by Lemma 2.2.1, }d0} ď 1

hence 1 ´ d˚
0d0 ě 0. Since τ̃ is faithful, we deduce that 1 ´ d˚

0d0 “ 0, that is, d20 “ 1.

Remark 2.2.4. The identity (2.2.2) provides a new proof of Theorem 1.4.5.
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We are now ready to introduce the maps U, J providing the absolute dilation of Mφ.
We let N8 denote the infinite von Neumann tensor product bZN and we let τ8 denote
the normal faithful finite trace on N8 (see [64]). We set

F8
“ ¨ ¨ ¨ b 1N b F b 1N ¨ ¨ ¨ P L8

σ pΣ, N8
q,

where F is in 0 position. We denote by T8 P BpL1pΣq, N8q the element associated
with F8 through the identification between L8

σ pΣ, N8q and BpL1pΣq, N8q. We also let
d P L8pΣqbN8 be associated with F8 through the identification between L8

σ pΣ, N8q

and L8pΣqbN8. We know from above that

}d}8 ď 1, d˚
“ d and d2 “ 1.

In the sequel, we regard L8pΣq as a von Neumann subalgebra of BpL2pΣqq by identifying
any ϕ P L8pΣq with the multiplication operator, h ÞÑ ϕh for h P L2pΣq. Thus we have

L8
σ pΣ, N8

q » L8
pΣqbN8

Ă BpL2
pΣqqbN8.

We will see d as an element of BpL2pΣqqbN8.
We recall that tr denotes the trace on BpL2pΣqq, we let M “ BpL2pΣqqbN8 and we

let τM “ tr bτ8 be the natural semifinite normal faithful trace on M. We define

J : BpL2
pΣqq ÝÑ BpL2

pΣqqbN8, Jpxq “ x b 1N8 .

This is a w˚-continuous trace preserving one-to-one ˚-homomorphism. We let E : M Ñ

BpL2pΣqq denote the conditional expectation associated with J .
We introduce the right shift S : N8 Ñ N8. This is a normal, trace preserving

˚-automorphism such that for all pxnqnPZ Ă N ,

Sp¨ ¨ ¨ b x0 b x1 b x2 b ¨ ¨ ¨ q “ ¨ ¨ ¨ b x´1 b x0 b x1 b ¨ ¨ ¨ .

We define
U : BpL2

pΣqqbN8
ÝÑ BpL2

pΣqqbN8

by
Upyq “ dppId b Sqpyqqd, y P BpL2

pΣqqbN8.

Since d is a self-adoint symmetry, U is a normal, trace preserving ˚-automorphism.
We apply Lemma 2.1.5 with N8 and we let

Γ : L2
σpΣ2, N8

q ÝÑ BpL2
pΣqqbN8

be the resulting w˚-continuous contraction.

Lemma 2.2.5. The mapping R : L2
σpΣ2, N8q Ñ L2

σpΣ, N8q defined by RpF q “ S ˝ F is
w˚- continuous. In addition, we have

pId b SqΓ “ ΓR. (2.2.3)

Proof. We apply Lemma 2.1.2 with V “ S to prove the first point. For all θ P L2pΣq,
and y P N8, we have

pId b SqΓpθ b yq “ Sθ b Spyq “ Γpθ b Spyqq “ ΓpRpθ b yqq.

We deduce the equality pId b SqΓ “ ΓR on L2
σpΣ2, N8q, by linearity, w˚-continuity of

the maps and w˚-density of L2pΣ2q b N8 in L2
σpΣ2, N8q.
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For any k P N we set Nk “

k times
hkkkkkikkkkkj

Nb ¨ ¨ ¨ bN . Then we let Lk : Nk Ñ N8 be the unique
w˚-continuous ˚-homomorphism such that:

Lkpz1 b ¨ ¨ ¨ b zkq “ ¨ ¨ ¨ b 1N b z1 b ¨ ¨ ¨ b zk b 1N ¨ ¨ ¨ , z1, . . . , zk P N,

where zj is at position j for all 1 ď j ď k. For the rest of the chapter, we identify Nk

with its image LkpNkq.

Lemma 2.2.6.

1. Let f P L8
σ pΣ, Nq, k P N, and let A : L8

σ pΣ, Nkq Ñ L8
σ pΣ, N8q be defined by

Apgq “ ¨ ¨ ¨ 1N b 1Nb f b g b 1N ¨ ¨ ¨

Ò Ò

1 k ` 1

Then A is w˚-continuous.

2. Let Ψ P L8
σ pΣ, N8q and let B : L8

σ pΣ, N8q Ñ L8
σ pΣ2, N8q be defined by

BpΦq “ ˜Φ ˆ Ψ.

Then B is w˚-continuous.

Proof. In the definition of A, the 1N play no role. So we may consider A : L8
σ pΣ, Nkq Ñ

L8
σ pΣ, NbNkq such that Aphq “ f b h, instead of the map given in the statement. To

prove that A is w˚-continuous, it suffices to show that for any bounded net phiq which
converges to h in the w˚-topology of L8

σ pΣ, Nkq and for any V P pL8
σ pΣ, NbNkqq˚ “

L1pΣ, pNbNkq˚q, we have

xAphiq, V y Ñ xAphq, V y. (2.2.4)

We know that L1pΣqbN˚ bNk
˚ is dense in L1pΣ, pNbNkqq˚ (see the beginning of Section

1.4.2). Let phiq Ă L8
σ pΣ, Nkq be a bounded net which w˚-converges to h. Then for all

v P L1pΣq and µ P Nk
˚ , we have:

xhi, v b µy Ñ xh, v b µy (2.2.5)

We note that for all η P N˚, µ P Nk
˚ and l P L1pΣq:

xAphiq, l b η b µy “

ż

Σ

lptqxfptq, ηyxhiptq, µydt.

Using (2.2.5) with vptq “ lptqxfptq, ηy, we derive

xAphiq, l b η b µy Ñ xAphq, l b η b µy.

By linearity and density, and by the boundedness of phiq, we obtain (2.2.4).
Now we prove the w˚- continuity of B. We let

B̃ : BpL1
pΣq, N8

q Ñ BpL1
pΣ2

q, N8
q
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be the operator corresponding toB if we use the identificationsBpL1pΣq;N8q “ L8
σ pΣ, N8q

and BpL1pΣ2q;N8q “ L8
σ pΣ2, N8q. We will prove that B̃ is w˚-continuous. Let S P

BpL1pΣq;N8q be corresponding to Ψ. Then for all T P BpL1pΣq, N8q and for all
f, h P L1pΣq, we have

B̃pT qpf b hq “ T pfqSphq

We know that L1pΣq b L1pΣq b N8
˚ is dense in L1pΣ2;N8

˚ q “ BpL1pΣ2q;N8q˚. For all
f, h P L1pΣq and η P N8

˚ , we have

xB̃pT q, f b h b ηy “ xT pfqSphq, ηy “ xT pfq, Sphqηy “ xT, f b Sphqηy. (2.2.6)

Let pTiq Ă BpL1pΣq;N8q be a bounded net which converges to T P BpL1pΣq;N8q in the
w˚-topology. We have:

xTi, f b Sphqηy Ñ xT, f b Sphqηy

We therefore obtain, thanks to (2.2.6), that

xB̃pTiq, f b h b ηy Ñ xB̃pT q, f b h b ηy.

By linearity, by density and by the boundedness of pTiq, we obtain that for all V P

L1pΣ, N8
˚ q:

xB̃pTiq, V y Ñ xB̃pT q, V y.

This shows the w˚-continuity of B̃, and hence that of B.

Remark 2.2.7. Let Ψ P L8
σ pΣ, N8q, θ P L2pΣ2q and y P N8. We deduce from the

previous lemma the w˚-continuity of the map Φ ÞÑ θp ˜Φ ˆ Ψqy from L8
σ pΣ, N8q into

L2
σpΣ2, N8q.

The following lemma explains how to swap d and Γ.

Lemma 2.2.8. For all θ P L2pΣ2q and for all y “ ¨ ¨ ¨ b y´1 b 1N b y1 ¨ ¨ ¨ P N8, we have:

dΓpθ b yqd “ Γ
´

ps, tq ÞÑ θps, tqr¨ ¨ ¨ b y´1 b ˜F ˆ F ps, tq b y1 b ¨ ¨ ¨ s

¯

(2.2.7)

Proof. Recall E given by (2.1.6). Instead of d, we first consider approximations by fnite
sums

ϕ “
ÿ

i

χEi
b ¨ ¨ ¨ b 1N b mi b 1N b ¨ ¨ ¨ P E b N8

and

ϕ1
“
ÿ

j

χE1
j

b ¨ ¨ ¨ b 1N b m1
j b 1N b ¨ ¨ ¨ P E b N8.
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We have:

ϕΓpθ b yqϕ1
“ ϕpSθ b yqϕ1

“
ÿ

i,j

χEi
.Sθ.χE1

j
b ¨ ¨ ¨ b y´1 b mim

1
j b y1 b ¨ ¨ ¨

“
ÿ

i,j

Γ
´

ps, tq ÞÑ χEi
psqθps, tqχE1

j
ptqr¨ ¨ ¨ b y´1 b mim

1
j b y1 b ¨ ¨ ¨ s

¯

“ Γ

˜

ps, tq ÞÑ θps, tq
”

¨ ¨ ¨ b y´1 b

´

ÿ

i

χEi
psqmi

¯´

ÿ

j

χE1
j
ptqm1

j

¯

b y1 b ¨ ¨ ¨

ı

¸

“ Γ pps, tq ÞÑ θps, tqϕpsqϕ1
ptqyq .

Here ϕ and ϕ1 are measurable, hence we have ϕpsqϕ1ptq “ ˜ϕ ˆ ϕ1ps, tq, by Remark 2.1.4.
Hence the preceding equality gives:

ϕΓpθ b yqϕ1
“ Γ

`

ps, tq ÞÑ θps, tq ˜ϕ ˆ ϕ1ps, tqy
˘

In this identity, the maps ϕ and ϕ1 are regarded as elements of BpL2pΣqqbN8 on the left
hand-side, and as elements of L8pΣ, N8q on the right hand-side. Using the facts that
E bN8 is w˚-dense in L8

σ pΣ, N8q, that Γ is w˚- continuous, as well as Lemma 2.2.6 and
Remark 2.2.7, we deduce that

ϕΓpθ b yqd “ Γ pps, tq ÞÑ θps, tqpϕ ˜̂F8
qps, tqyq

and then

dΓpθ b yqd “ Γ
´

ps, tq ÞÑ θps, tqp ˜F8 ˆ F8qps, tqy
¯

.

The last thing to observe is that F8 ˜̂F8 “ ¨ ¨ ¨ b 1N b F ˜̂F b 1N b ¨ ¨ ¨ . The latter is
true by the uniqueness of the construction.

Remark 2.2.9. The reader not familiar with the approximation techniques used to
establish Lemma 2.2.10 should first look at the finite-dimensional case to gain intuition
on this proof. We provide this finite-dimensional proof for convenience. Thus, we now
assume that Σ “ t1, . . . , nu for some integer n ě 1, so that L8pΣq “ ℓ8

n , L2pΣq “ ℓ2n,
BpL2pΣqq “ Mn. Then F P ℓnpNq is written as F “ pF1, . . . , Fnq, where each Fk P N is
a unitary, and φ “ rφpi, jqs1ďi,jďn is given by Lemma 2.2.2 by

φpi, jq “ τNpF ˚
i Fjq, 1 ď i, j ď n.

Write u “ pu1, . . . , unq P ℓ2n and similarly for v, a, b. Then in the spaceBpL2pΣqqbN8 “

MnpN8q, we have u b v b 18 “ ruivj¨ 18s. Hence Spu b v b 18q “ pu b v b 18q, hence

UJpSubvq “ Upu b v b 18q “ dpu b v b 18qd.

By Lemma 2.2.8, we obtain

dpu b v b 18qd “
“

uivjp¨ ¨ ¨ 1 b F ˚
i Fj b 1 ¨ ¨ ¨ q

‰

,
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where the F ˚
i Fj are in position 0. Next,

S
`

Upu b v b 18q
˘

“
“

uivjp¨ ¨ ¨ 1 b 1 b F ˚
i Fj b 1 ¨ ¨ ¨ q

‰

,

where the F ˚
i Fj are in position 1 and

U2
pu b v b 18q “

“

uivjp¨ ¨ ¨ 1 b F ˚
i Fj b F ˚

i Fj b 1 ¨ ¨ ¨ q
‰

,

where the F ˚
i Fj appear in positions 0 and 1. By induction, we find that for all k ě 0,

Uk
pu b v b 18q “

“

uivjp¨ ¨ ¨ 1 b F ˚
i Fj b F ˚

i Fj b ¨ ¨ ¨ b F ˚
i Fj b 1 ¨ ¨ ¨ q

‰

,

where the F ˚
i Fj appear in positions 0, 1, . . . k ´ 1, which is the requested identity (2.2.8)

in this context.

Lemma 2.2.10. For all f, h P L2pΣq, and for all integer k ě 0, we have:

UkJpSfbhq “ Γ
´

ps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b 1Nb F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b1N b ¨ ¨ ¨ s

¯

.

Ò Ò

0 pk ´ 1q

(2.2.8)

Proof. We prove this lemma by induction. The result is true for k “ 0 since

JpSfbhq “ Sfbh b ¨ ¨ ¨ b 1N b ¨ ¨ ¨

“ Γppf b hq b 1N8q

“ Γ
`

ps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b 1N b ¨ ¨ ¨ s
˘

.

We now suppose that the result holds true for some k ě 0. By the w˚-density of L8pΣ2qb

N into L8
σ pΣ2, Nq, we may write

ps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b 1N b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ s

“
w˚

lim
i

ÿ

j finite

θij b ¨ ¨ ¨ b 1N b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b 1N b ¨ ¨ ¨ ,

where θij P L8pΣ2q and ml
i,j P N for all i, j, l. We have:

Uk`1
pJpSfbhqq “ UpUkJpSfbhqq

“ UpΓpps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b 1N b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ sq

“ U

˜

Γ

˜

w˚

lim
i

ÿ

j finite

θij b ¨ ¨ ¨ b 1N b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b 1N b ¨ ¨ ¨

¸¸

“
w˚

lim
i

ÿ

j finite

U
`

Γ
`

θij b ¨ ¨ ¨ b 1N b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b 1N b ¨ ¨ ¨
˘˘

.
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By w˚-continuity of Γ and U ,

“
w˚

lim
i

ÿ

j finite

d
`

ppId b SqpΓpθij b ¨ ¨ ¨ b 1N b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b 1N b ¨ ¨ ¨ qq
˘

d

“
w˚

lim
i

ÿ

j finite

dpΓpθij b Sp¨ ¨ ¨ b 1N b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b 1N b ¨ ¨ ¨ qqqd.

By Lemma 2.2.8, the latter is equal to

w˚

lim
i

ř

j

Γ
`

ps, tq ÞÑ θijps, tqr¨ ¨ ¨ b 1Nb F ˜̂F ps, tq bm0
i,j b ¨ ¨ ¨ b mk´1

i,j b1N b ¨ ¨ ¨ s
˘

Ò Ò

0 k

By Lemma 2.2.6, (1), and the w˚-continuity of Γ, this is equal to

Γ
`

ps, tq ÞÑ r¨ ¨ ¨ b F ˜̂F ps, tq b

´ w˚

lim
i

ř

j finite θ
i
jps, tqm

0
i,j b ¨ ¨ ¨ b mk´1

i,j

¯

b 1N ¨ ¨ ¨ s
˘

Ò Ò

0 k ` 1

We let ψ P L2
σpΣ, N8q be defined by

ψps, tq “ ¨ ¨ ¨ b F ˜̂F ps, tq b

´ w˚

lim
i

ÿ

j finite

θijps, tqm
0
i,j b ¨ ¨ ¨ b mk´1

i,j

¯

b 1N ¨ ¨ ¨ .

Then we have obtained that

Uk`1
pJpSfbhqq “ Γpψq

Recall the mapping R : L2pΣ2, N8q Ñ L2pΣ2, N8q from Lemma 2.2.5. Then we have

ψ “ r¨ ¨ ¨ b F ˜̂F b

˜

w˚

lim
i

ÿ

j finite

θijm
0
i,j b ¨ ¨ ¨ b mk´1

i,j

¸

b 1N ¨ ¨ ¨ s.

“ r¨ ¨ ¨ b F ˜̂F b1N ¨ ¨ ¨ s
w˚

lim
i

ř

j finite
θijr¨ ¨ ¨ b 1N bm0

i,j b ¨ ¨ ¨ b mk´1
i,j b ¨ ¨ ¨ s.

Ò Ò Ò

0 0 k

“ r¨ ¨ ¨ b F ˜̂F b1N ¨ ¨ ¨ s
w˚

lim
i

pRp
ř

j finite
θijr¨ ¨ ¨ b m0

i,j b ¨ ¨ ¨ b mk´1
i,j b ¨ ¨ ¨ sqq

Ò Ò Ò

0 0 pk ´ 1q
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By the w˚- continuity of R,

“ r¨ ¨ ¨ b F ˜̂F b 1N ¨ ¨ ¨ sR

˜

w˚

lim
i

ÿ

j finite

θijr¨ ¨ ¨ b m0
i,j b ¨ ¨ ¨ b mk´1

i,j b ¨ ¨ ¨ s

¸

“ r¨ ¨ ¨ b F ˜̂F b1N ¨ ¨ ¨ spf b hqr¨ ¨ ¨ b 1N bF ˜̂F b ¨ ¨ ¨ b F ˜̂F b ¨ ¨ ¨ s

Ò Ò Ò

0 0 k

“ f b hr¨ ¨ ¨ b 1Nb F ˜̂F b ¨ ¨ ¨ b F ˜̂F b1N b ¨ ¨ ¨ sq.
Ò Ò

0 k

We obtain the result for k ` 1. This proves the lemma.

We now conclude the proof of Theorem (A) by proving

pM8
φ q

k
“ EUkJ, k ě 0. (2.2.9)

By linearity, density and duality, it suffices to prove that for all f, h P L2pΣq and for
all u, v P L2pΣq, we have

@

EUkJpSfbhq, u b v
D

“
@

Mk
φpSfbhq, u b v

D

. (2.2.10)

Let γ :
`

BpL2pΣqqbN8
˘

˚
Ñ L2pΣ2, N8

˚ q such that γ˚ “ Γ. We write
@

EUkJpSfbhq, u b v
D

“
@

UkJpSfbhq, J1pu b vq
D

.

By lemma 2.2.10, the latter is equal to

“ xΓpps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ sq, J1pu b vqy

“ xps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ s, γpJ1pu b vqqy

“
@

ps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ s, γpu b v b 1N8
˚

q
D

“
@

ps, tq ÞÑ fpsqhptqr¨ ¨ ¨ b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ s, ps, tq ÞÑ upsqvptq1N8
˚

q
D

“

ż

Σ2

@

fpsqhptqr¨ ¨ ¨ b F ˜̂F ps, tq b ¨ ¨ ¨ b F ˜̂F ps, tq b 1N b ¨ ¨ ¨ s, upsqvptq1N8
˚

q
D

dsdt.

Consequently,
@

EUkJpSfbhq, u b v
D

“

ż

Σ2

fpsqhptqupsqvptqxF ˜̂F ps, tq, 1N˚
y
kdsdt

“

ż

Σ2

fpsqhptqupsqvptqτpF ˜̂F ps, tqq
kdsdt

“

ż

Σ2

fpsqhptqupsqvptqφps, tqkdsdt, by Lemma 2.2.2

“
@

Mk
φpSfbhq, u b v

D

This shows (2.2.10) and concludes the proof.
By Proposition 1.3.5, we have the following explicit consequence of Theorem (A).

Theorem 2.2.11. Let Σ be a σ-finite measure space. Let Mφ is a self-adjoint, unital,
positive Schur multiplier on BpL2pΣqq. Then for all 1 ď p ă 8, the map pMφqp :
SppL2pΣqq Ñ SppL2pΣqq is dilatable.
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2.3. MULTI-VARIABLE VERSION

2.3 Multi-variable Version
The purpose of this section is to prove Theorem (C); then we will state a consequence
(Theorem 2.3.2).

Theorem (C). Let φ1, . . . , φn P L8pΣ2q and assume each Mφi
is a self-adjoint, unital,

positive Schur multiplier on BpL2pΣqq. Then there exist a tracial von Neumann algebra
pM, τq, a commuting n-tuple pU1, . . . , Unq of trace preserving ˚-automorphisms on M and
a w˚-continuous trace preserving one-to-one ˚-homomorphism J : BpL2pΣqq Ñ M such
that

Mk1
φ1

¨ ¨ ¨Mkn
φn

“ EUk1
1 ¨ ¨ ¨Ukn

n J

for all ki P N0, 1 ď i ď n, where E : M Ñ BpL2pΣqq is the conditional expectation
associated with J .

The approach is similar to the one in [54], where the discrete case was considered.
Since many arguments are similar to the ones in Section 2.2 we will not write all the
details.

To make the presentation simpler, we only consider the case n “ 2. The arguments for
the general case are similar. So we consider φ1, φ2 P L8pΣ2q and we assume thatMφ1 ,Mφ2

are self-adjoint unital positive Schur multipliers on BpL2pΣqq. We let H1, respectively
H2, denote the real Hilbert space associated to φ1, respectively φ2, as at the beginning of
Section 2.2. Then we consider the tracial von Neumann algebras pN1, τ1q :“ pΓ´1pH1q, τ1q

and pN2, τ2q :“ pΓ´1pH2q, τ2q, and we define

pN, τq :“ pN1bN2, τ1bτ2q.

Next we let T1 P BpL1pΣq, N1q and T2 P BpL1pΣq, N2q, be the unique linear maps such
that

T1phq “ ω1p 9hq and T2phq “ ω2p 9hq, h P L1
RpΣq.

For i “ 1, 2, we let Fi P L8
σ pΣ, Niq be associated to Ti. In addition we define Tb

1 and Tb
2

in BpL1pΣq, Nq by

Tb
1 phq “ T1phq b 1N2 and Tb

2 phq “ 1N1 b T2phq, h P L1
pΣq.

As in Section 2.2, we consider the infinite tensor product N8, and we now let T8
1 and

T8
2 in BpL1pΣq, N8q be the natural extensions of Tb

1 and Tb
2 , respectively. Finally

we let F8
1 and F8

2 in L8
σ pΣ, N8q be corresponding to T8

1 and T8
2 , respectively, in the

identification BpL1pΣq, N8q » L8
σ pΣ, N8q. Likewise we let d1 and d2 in L8pΣqbN8 be

corresponding to T8
1 and T8

2 , respectively. It follows from Section 2.2 that d1, d2 are
self-adjoint symmetries. Moreover d1 and d2 commute, by construction.

We consider the shifts S1,S2 on N8 such that

S1p¨ ¨ ¨ b px0 b y0q b px1 b y1q b ¨ ¨ ¨ q :“ ¨ ¨ ¨ b px´1 b y0q b px0 b y1q b ¨ ¨ ¨

and

S2p¨ ¨ ¨ b px0 b y0q b px1 b y1q b ¨ ¨ ¨ q :“ ¨ ¨ ¨ b px0 b y´1q b px1 b y0q b ¨ ¨ ¨

55



CHAPTER 2. DILATION PROPERTIES OF UNITAL SELF-ADJOINT POSITIVE
MEASURABLE SCHUR MULTIPLIERS

We set M :“ BpL2pΣqqbN8 and we let J : BpL2pΣqq Ñ M be defined by Jpxq “ xb

1N8 . This is a trace preserving one-to-one ˚-homomorphism. We let E :M Ñ BpL2pΣqq

denote the conditional expectation associated with J .
For i “ 1, 2, we define a trace preserving ˚-automorphism Ui :M Ñ M by

Uipyq “ dippId b Sipyqqdi.

Let us now prove that U1 and U2 commute. We already have d1d2 “ d2d1. We remark
that d1 P BpL2pΣqqbN8

1 b1 and d2 P BpL2pΣqqb1bN8
2 . On the other hand, We can see

IdbS1 (respectively IdbS2) as being the same as IdbSbId (respectively Idb IdbS).
Further we have Id b S1pd2q “ d2 and Id b S2pd1q “ d1. Hence for any x P M , we have

U1U2pxq “ d1pId b S1pd2pId b S2pxqqd2qd1

“ d1pId b S1pd2qId b S1pId b S2pxqqId b S1pd2qd1

“ d1d2Id b S1pId b S2pxqqd2d1

“ d2d1Id b S2pId b S1pxqqd1d2

Ó same computation
“ U2U1pxq.

This proves the commutation property.
We now apply Lemma 2.1.5 and we let

Γ : L2
σpΣ2, N8

q ÝÑ BpL2
pΣqqbN8

be the resulting w˚-continuous contraction. Applying the argument in the proof of
Lemma 2.2.8, we have:

Lemma 2.3.1.

1. For all θ P L2pΣ2q and for all y “ ¨ ¨ ¨ b y´1 b p1N1 b y20q b y1 ¨ ¨ ¨ P N8,

d1Γpθ b yqd1 “ Γ
´

ps, tq ÞÑ θps, tqr¨ ¨ ¨ b y´1 b p ˜F1 ˆ F1ps, tq b y20q b y1 b ¨ ¨ ¨ s

¯

2. For all θ P L2pΣq and for all y “ ¨ ¨ ¨ b y´1 b py10 b 1N2q b y1 ¨ ¨ ¨ P N8:

d2Γpθ b yqd2 “ Γ
´

ps, tq ÞÑ θps, tqr¨ ¨ ¨ b y´1 b py10 b ˜F2 ˆ F2ps, tqq b y1 b ¨ ¨ ¨ s

¯

This is all that we need. Indeed, using this lemma and computations similar to the
ones in the last part of Section 2.2, we obtain that for all integers k, l ě 0 and for all
f, h P L2pΣq, we have

EUk
1U

l
2JpSfbhq “ Mk

φ1
M l

φ2
pSfbhq.

The full statement of Theorem (C) follows at once.
We finally mention that applying Lemma 1.2.3, we obtain the following consequence.

Theorem 2.3.2. Let φ1, . . . , φn P L8pΣ2q and assume each Mφi
is a self-adjoint, unital,

positive Schur multiplier on BpL2pΣqq. Then, for all 1 ď p ă 8, there exist a tracial von
Neumann algebra pM, τq, a commuting n-tuple pU1, . . . , Unq of surjective isometries on
LppMq, and two contractions J : SppL2pΣqq Ñ LppMq and Q : LppMq Ñ SppL2pΣqq such
that for all k1, . . . , kn in N0,

Mk1
φ1

¨ ¨ ¨Mkn
φn

“ QUk1
1 ¨ ¨ ¨Ukn

n J on SppL2
pΣqq.
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Chapter 3

A characterization of absolutely
dilatable measurable Schur multipliers

In the sequel, we say that pΣ, µq is separable when the Hilbert space L2pΣq is separable.
In this chapter, we will prove the following theorem. After that, we will look at the
non-separable case.

Theorem 3.0.1. Assume that pΣ, µq is separable and let φ P L8pΣ2q. The following
assertions are equivalent.

(i) The function φ is a bounded Schur multiplier and Mφ : BpL2pΣqq Ñ BpL2pΣqq

admits a separable absolute dilation.

(ii) There exist a normalized tracial von Neumann algebra pN, τNq with a separable
predual and a unitary d P L8

σ pΣ;Nq such that

φps, tq “ τN
`

dpsq˚dptq
˘

, for a.e. ps, tq P Σ2. (3.0.1)

3.1 L8
σ -spaces and normal tensor products

Let pΣ, µq be a σ-finite measure space. For any 1 ď p ď 8, we simply let LppΣq denote
the associated Lp-space LppΣ, µq. In integration formulas, dµptq will be abbreviated to
dt.

Let X be a separable Banach space. We say that a function d : Σ Ñ X˚ is w˚-
measurable if for all x P X, the scalar function t ÞÑ xdptq, xy is measurable on Σ. The
latter function is denoted by xd, xy for simplicity. If d : Σ Ñ X˚ is w˚-measurable, then
the norm function t ÞÑ }dptq} is measurable on Σ. Indeed if pxnqně1 is a dense sequence
in the unit ball of X, then }dp ¨ q} “ supn |xd, xny|. We let L8

σ pΣ;X˚q denote the space of
all w˚-measurable functions d : Σ Ñ X˚, defined up to almost everywhere zero functions,
such that }dp ¨ q} is essentially bounded (in this case, we simply say that d is essentially
bounded). This is a Banach space for the norm

}d}8 :“
›

›}dp ¨ q}
›

›

L8pΣq
.
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Let F P L1pΣ;Xq and let d P L8
σ pΣ;X˚q. Using the fact that L1pΣq b X is dense in

L1pΣ;Xq, it is easy to see that the function t ÞÑ xdptq, F ptqy is integrable and that

xd, F y :“

ż

Σ

xdptq, F ptqy dt (3.1.1)

satisfies |xd, F y| ď }F }1}d}8. Consequently, (3.1.1) defines a duality pairing between
L1pΣ;Xq and L8

σ pΣ;X˚q. It turns out that (3.1.1) extends to an isometric isomorphism

L8
σ pΣ;X˚

q » L1
pΣ;Xq

˚. (3.1.2)

This result is known as the Dunford-Pettis theorem [18, Theorem 2.1.6]. See [15, Theorem
11] for a simple proof.

It is clear that
L8

pΣ;X˚
q Ă L8

σ pΣ;X˚
q

According to [17, Theorem IV.1.1], this inclusion is an equality if and only if X˚ has the
so-called Radon-Nikodym property. We will use the fact that Hilbert spaces have this
property [17, Corollary IV.14]. Thus, for any separable Hilbert space H, we have

L8
pΣ;Hq “ L8

σ pΣ;Hq. (3.1.3)

Note that more generally, all reflexive Banach spaces have the Radon-Nikodym property.
See [17, Section VII.7] for more information.

Let Z Ă X˚ be any w˚-closed subspace. Then Z has a natural predual, equal to the
quotient space X{ZK, and the latter is separable. This allows to define L8

σ pΣ;Zq. It is
clear that

L8
σ pΣ;Zq Ă L8

σ pΣ;X˚
q

isometrically. Furthermore, L1pΣ;ZKq Ă L1pΣ;Xq isometrically and under the identifi-
cation (3.1.2), we have

L8
σ pΣ;Zq “ L1

pΣ;ZKq
K. (3.1.4)

In the separating case, the above construction and the construction in Section 2.1 of
LσpΣ, X˚q give the same space. It follows from this lemma.

Lemma 3.1.1. Let X be a separable Banach space. For any w˚-measurable function
d : Σ Ñ X˚, We have,

}t ÞÑ }dptq}}8 “
›

›L8
´ supt|xd, xy| : x P X, }x} ď 1u

›

›

L8pΣq

Proof. We let c “ }t ÞÑ }dptq}}8. We let pxnqně1 be a dense sequence in the unit ball of
X. Then

}t ÞÑ }dptq}}8 “ } sup
n

|xd, xny|}8 ď
›

›L8
´ supt|xd, xy| : x P X, }x} ď 1u

›

›

L8pΣq
.

Now we will prove that
›

›L8
´ supt|xd, xy| : x P X, }x} ď 1u

›

›

L8pΣq
ď c.
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Let x P X, such that }x} ď 1 and let f P L1pΣq. There exists a sub-sequence px1
nqně1 of

pxnqně1, such that x1
n Ñ x. We have for all n P N,

ˇ

ˇ

ˇ

ˇ

ż

Σ

fptqxdptq, x1
nydt

ˇ

ˇ

ˇ

ˇ

ď c}f}1. (3.1.5)

Using (2.1.1), we obtain,
ˇ

ˇ

ˇ

ˇ

ż

Σ

fptqxdptq, xydt

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

Σ

fptqxdptq, x1
nydt

ˇ

ˇ

ˇ

ˇ

. (3.1.6)

By 3.1.6 and 3.1.5, we have
ˇ

ˇ

ˇ

ˇ

ż

Σ

fptqxdptq, xydt

ˇ

ˇ

ˇ

ˇ

ď c}f}1.

Consequently,
}xdptq, xy}8 ď c.

Finally, we obtain the other inequality. So the equality between }t ÞÑ }dptq}}8 and
›

›L8 ´ supt|xd, xy| : x P X, }x} ď 1u
›

›

L8pΣq
holds.

Given any von Neumann algebras N1, N2, we let N1bN2 denote their normal tensor
product. We will assume that the reader is familiar with the normal tensor product and
its basic properties, for which we refer either to [62, Section IV.5] (where it is called the
W ˚-tensor product) or to [40, Section 11.2], see also [58, Section 1.22]. We recall a few
facts that can be found in the latter references.

First assume that N1 Ă BpH1q and N2 Ă BpH2q as von Neumann subalgebras, for
some Hilbert spaces H1, H2. Then

N1bN2 Ă BpH1qbBpH2q » BpH1

2
b H2q.

More precisely, if we regard N1 bN2 Ă BpH1

2
b H2q in the usual way, then N1bN2 is the

w˚-closure of N1 b N2 in BpH1

2
b H2q.

Second, consider η1 P N1˚ and η2 P N2˚. Let IN1 (resp. IN2) denote the identity
operator on N1 (resp. N2). Then the tensor map η1 b IN2 : N1 b N2 Ñ N2 uniquely
extends to a w˚-continuous operator η1bIN2 : N1bN2 Ñ N2. Likewise, the tensor map
IN1 b η2 uniquely extends to a w˚-continuous operator IN1bη2 : N1bN2 Ñ N1. Further
η1 b η2 uniquely extends to a w˚-continuous functional on N1bN2. We still denote this
extension by η1 b η2. It is plain that

η1 b η2 “ η1 ˝ pIN1bη2q “ η2 ˝ pη1bIN2q.

Third, the above definition of η1 b η2 P pN1bN2q˚ yields a natural embedding

N1˚ b N2˚ Ă pN1bN2q˚. (3.1.7)

Remark 3.1.2. The operators η1bIN2 and IN1bη2 considered above are usually called
the slice maps associated with η1 and η2, respectively.
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Assume N1 Ă BpH1q and N2 Ă BpH2q as above and let w P BpH1qbBpH2q. Then
w P N1bN2 if and only if

`

IBpH1qbη2
˘

pwq P N1 and
`

η1bIBpH2q

˘

pwq P N2,

for all η1 P BpH1q˚ and all η2 P BpH2q˚. This is the so-called slice map property of
von Neumann algebras, see [66]. In this chapter, we will use this property only when
N2 “ BpH2q, in which case the proof is simple (see e.g. [19, Theorem 2.4] and its proof).

We conclude this section with a natural connection between L8
σ -spaces and normal

tensor products.

Lemma 3.1.3. Let N be a von Neumann algebra with a separable predual.

(1) For any c, d P L8
σ pΣ;Nq, the functions t ÞÑ cptqdptq and t ÞÑ dptq˚ are w˚-

measurable. Furthermore, L8
σ pΣ;Nq is a von Neumann algebra for the pointwise

product and the pointwise involution.

(2) The natural embedding of L8pΣq b N into L8
σ pΣ;Nq extends to a von Neumann

algebra identification
L8
σ pΣ;Nq » L8

pΣqbN. (3.1.8)

Proof. This follows from [58, Theorem 1.22.13] and its proof.

In the sequel, we write
d „ D

if d P L8
σ pΣ;Nq and D P L8pΣqbN are corresponding to each other under the identifi-

cation (3.1.8).

Remark 3.1.4. It is plain that for any d P L8
σ pΣ;Nq and D P L8pΣqbN , we have d „ D

if and only if
ż

Σ

fptqxdptq, ηy dt “ rf b ηspDq

for all f P L1pΣq and all η P N˚.

Lemma 3.1.5. Assume that N has a separable predual, let d P L8
σ pΣ;Nq and let D P

L8pΣqbN such that d „ D. Then for all x P N , we have

xd „ p1 b xqD,

where xd P L8
σ pΣ;Nq is defined by pxdqptq “ xdptq, and 1 “ 1L8pΣq.

Proof. This readily follows from Lemma 3.1.3, using the constant function cptq “ x.

As a complement to Lemma 3.1.3, we note that the natural embedding of L8pΣq b

L8pΣq into L8pΣ2q extends to a von Neumann algebra identification

L8
pΣ2

q » L8
pΣqbL8

pΣq. (3.1.9)

Indeed, the embedding of L1pΣqbL1pΣq into L1pΣ2q extends to an isometric identification
L1pΣ;L1pΣqq » L1pΣ2q, by Fubini’s theorem. Hence (3.1.9) follows from [58, 1.22.10–
1.22.12].
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Remark 3.1.6. We finally recall the following classical fact, for which we refer to [62,
Proposition V.2.14]. Let pN, τNq be any tracial von Neumann algebra. Let I be an index
set and let peiqiPI denote the standard Hilbertian basis of ℓ2I . Then tr b τN uniquely
extends to a normal semi-finite faithful trace

trbτN : pBpℓ2IqbNq` ÝÑ r0,8s,

which can be described as follows. Any z P Bpℓ2IqbN may be naturally regarded as an
infinite matrix rzijspi,jqPI2 with entries zij P N . If z is positive, then each zii is positive
and we have

“

trbτN
‰

pzq “
ÿ

iPI

τNpziiq.

3.2 Notation and Remark

Given any u, v P L2pΣq, we regard u b v as an element of L2pΣ2q using the convention
pub vqps, tq “ uptqvpsq, for ps, tq P Σ2. We warn the reader, it is not the same convention
as the subsection 1.4.2. In the sequel, the operator Subv will be abusively denoted by
ub v. In other words, we use the notation ub v to also denote the element of BpL2pΣqq

defined by

ru b vsphq “

´

ż

Σ

uptqhptq dt
¯

v, h P L2
pΣq.

Recall that we let tr denote the usual trace on BpL2pΣqq. Let φ P L8pΣ2q. Applying
(1.4.9), we obtain that for all u, v, a, b P L2pΣq, we have

tr
´

“

Mφpu b vq
‰“

a b b
‰

¯

“

ż

Σ2

φps, tquptqvpsqapsqbptq dtds. (3.2.1)

In the sequel, we keep the notation

Mφ : BpL2
pΣqq ÝÑ BpL2

pΣqq

to denote M8
φ of theorem 1.4.2.

Recall that pΣ, µq is called separable if L2pΣq is separable. For any 1 ď p ă 8, this
is equivalent to the separability of LppΣq.

Remark 3.2.1. Assume that pΣ, µq is separable, let φ P L8pΣ2q and assume that φ
satisfies the assertion (ii) of Theorem 3.0.1. Since pN, τNq is normalized, we have a
contractive embedding κ : N Ñ L2pN, τNq. Let α :“ κ ˝ d P L8

σ pΣ;L2pN, τNqq. Then
}α}8 ď 1. According to (3.1.3), α actually belongs to L8pΣ;L2pN, τNqq. Moreover for
almost every ps, tq P Σ2, we have

τN
`

dpsq˚dptq
˘

“
@

αptq
ˇ

ˇαpsq
D

L2pN,τN q
.

Hence φ satisfies (1.4.12), by (3.0.1). Thus, (3.0.1) should be regarded as a strengthening
of the factorization (1.4.12). In this respect, Theorem 3.0.1 says that this strengthened
factorization property characterizes Schur multipliers with a separable absolute dilation.
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3.3 Preparatory results
Throughout we fix a σ-finite measure space pΣ, µq. For any θ P L8pΣq, let Rθ P BpL2pΣqq

be the pointwise multiplication operator defined by Rθphq “ θh for all h P L2pΣq. Since
θ ÞÑ Rθ is a w˚-continuous 1-1 ˚-homomorphism, we may identify L8pΣq with tRθ : θ P

L8pΣqu. Using this identification, we will henceforth regard L8pΣq as a von Neumann
subalgebra of BpL2pΣqq, and simply write

L8
pΣq Ă BpL2

pΣqq. (3.3.1)

We recall that L8pΣq is equal to its commutant. That is, an operator T P BpL2pΣqq is
of the form Rθ0 for some θ0 P L8pΣq if and only if TRθ “ RθT for all θ P L8pΣq, that is,
T pθhq “ θT phq for all θ P L8pΣq and all h P L2pΣq.

For any measurable set E Ă Σ, we let χE denote the indicator function of E. Note
that χE belongs to L2pΣq if E has finite measure.

Lemma 3.3.1. Let T P BpL2pΣqq. Then T belongs to L8pΣq (in the above sense) if and
only if T pχEq “ χET pχEq for all measurable E Ă Σ with finite measure.

Proof. The ‘only if’ part is obvious. To prove the ‘if part’, let A be the collection of all
measurable sets E Ă Σ with finite measure and let

E “ Span
␣

χE : E P A
(

.

We assume that T pχEq “ χET pχEq for all E P A . This readily implies that T pχEq “

χE1T pχEq for all E,E 1 P A with E Ă E 1.
Let E,F P A . Since χEχF “ χEXF and E X F Ă E, it follows from above that we

have χET pχEχF q “ T pχEχF q. Let Ec be the complement of E. Since χEcχF “ χEcXF ,
we have T pχEcχF q “ χEcXFT pχEcχF q, hence χET pχEcχF q “ 0. Writing a decomposition
T pχF q “ T pχEχF q ` T pχEcχF q, we deduce that

T pχEχF q “ χET pχF q. (3.3.2)

By linearity, the identity (3.3.2) implies that T pθhq “ θT phq for all θ, h P E . Since
E is dense in L2pΣq, we deduce that T pθhq “ θT phq for all h P L2pΣq and all θ P E .
Further E is w˚-dense in L8pΣq. If pθιqι is a net of E converging to some θ P L8pΣq

in the w˚-topology, then for all h P L2pΣq, θιh Ñ θh weakly in L2pΣq. We deduce
that T pθιhq Ñ T pθhq and θιT phq Ñ θT phq weakly in L2pΣq. Consequently, we have
T pθhq “ θT phq for all h P L2pΣq and all θ P L8pΣq. According to the discussion after
(3.3.1), T is therefore a multiplication operator, that is, an element of L8pΣq.

In the sequel we write L8
s pΣqbL8

t pΣq instead of L8pΣqbL8pΣq to indicate that the
variable in the first factor is denoted by s P Σ and the variable in the second factor is
denoted by t P Σ. In accordance with this convention, we re-write (3.1.9) as

L8
pΣ2

q » L8
s pΣqbL8

t pΣq. (3.3.3)

Let N be a von Neumann algebra and let

Z “ L8
pΣ2

qbN “ L8
s pΣqbL8

t pΣqbN.
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We let 1t (resp. 1s) denote the constant function 1 in L8
t pΣq (resp. L8

s pΣq). Consider D
and C in L8pΣqbN . We let

1s b Dt P Z (3.3.4)

be obtained from D by identifying L8pΣqbN with 1s bL8
t pΣqbN Ă Z in the natural

way. Likewise, we let
1t b Cs P Z (3.3.5)

be obtained from C by identifying L8pΣqbN with L8
s pΣqb 1t bN Ă Z.

Lemma 3.3.2. Assume that N has a separable predual. Let C,D as above and let
c, d P L8

σ pΣ;Nq such that c „ C and d „ D. Then the function c ˜̂d : Σ2 Ñ N defined by

pc ˜̂dqps, tq “ cpsqdptq, ps, tq P Σ2, (3.3.6)

is w˚-measurable, hence belongs to L8
σ pΣ2;Nq. Moreover we have

c ˜̂d „ p1t b Csqp1s b Dtq. (3.3.7)

Proof. Let η P N˚. For any δ P N , let ηδ P N˚ be defined by xa, ηδy “ xδa, ηy for all
a P N . This is well-defined since the product on N is separately w˚-continuous. Similarly,
δη P N˚ is defined by xa, δηy “ xaδ, ηy.

Writing xδ, dptqηy “ xdptq, ηδy for any δ P N , we see that the function t ÞÑ dptqη is
weakly measurable from Σ to N˚. Hence it is measurable, by the separability assumption
and [17, Theorem II. 1.2]. The function t ÞÑ dptqη is therefore an almost everywhere
limit of a sequence pwnqně1 of L8

t pΣq b N˚. Since c is w˚-measurable, the function
ps, tq ÞÑ xcpsq, wnptqy is measurable for any n ě 1. We deduce that ps, tq ÞÑ xcpsq, dptqηy “

xcpsqdptq, ηy is measurable. This shows that c ˜̂d is w˚-measurable. It is clear that c ˜̂d
is essentially bounded. Thus, we obtain that c ˜̂d P L8

σ pΣ2;Nq.
Set ∆ “ p1t b Csqp1s b Dtq in this proof. We introduce

m “

ż

Σ

fpsqcpsq ds P N,

this integral being defined in the w˚-topology. Consider the slice map

rf :“ fbIL8
t pΣqbN : Z ÝÑ L8

pΣqbN.

For any u, v P L8pΣq and any a, b P N , we have pu b 1 b aqp1 b v b bq “ pu b v b abq in
Z, hence

rf
`

pu b 1 b aqp1 b v b bq
˘

“

´

ż

Σ

fu
¯

v b ab “

´

1 b

´

ż

Σ

fpsqupsqa ds
¯¯

pv b bq.

By linearity, this implies that if C and D belong to the algebraic tensor product L8pΣqb

N , we have
rfp∆q “ p1 b mqD. (3.3.8)

If pCιqι is a net of L8pΣqbN converging to C in the w˚-topology of L8pΣqbN and if
cι P L8

σ pΣ;Nq are such that cι „ Cι, then
ş

Σ
fpsqcιpsq ds converges to m in the w˚-

topology of N . Since the product on von Neumann algebras is separately w˚-continuous
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and rf is w˚-continuous, we deduce that the identity (3.3.8) actually holds in the general
case. Consequently,

rf b g b ηsp∆q “ rg b ηs
`

p1 b mqD
˘

.

Since d „ D, Lemma 3.1.5 and the ‘only if’ part of Remark 3.1.4 ensure that

rg b ηs
`

p1 b mqD
˘

“

ż

Σ

gptqxmdptq, ηy dt.

Writing

xmdptq, ηy “ xm, dptqηy “

ż

Σ

fpsqxcpsq, dptqηy ds “

ż

Σ

fpsqxcpsqdptq, ηy ds,

and using the measurability of xc ˜̂d, ηy, we deduce that

rf b g b ηsp∆q “

ż

Σ2

gptqfpsq
@

cpsqdptq, η
D

dsdt.

Applying the ‘if’ part of Remark 3.1.4, we deduce (3.3.7).

Let H1, H2 be two Hilbert spaces and let H1

2
‘ H2 denote their Hilbertian direct sum.

Let BpH1, H2q denote the Banach space of all bounded operators from H1 into H2. Any

W P BpH1

2
‘ H2q can be naturally written as a 2 ˆ 2 matrix

W “

ˆ

W11 W12

W21 W22

˙

with Wij P BpHj, Hiq for all pi, jq P t1, 2u2. Thus, we may regard

BpH1, H2q Ă BpH1

2
‘ H2q (3.3.9)

as a closed subspace. Note that BpH1, H2q is actually a w˚-closed subspace of BpH1

2
‘

H2q, hence a dual space. If H1, H2 are separable, then the predual of BpH1, H2q is
separable as well.

For any von Neumann algebra N0, we let N0bBpH1, H2q denote the w˚-closure of the

algebraic tensor product N0 b BpH1, H2q into N0bBpH1

2
‘ H2q. For any

D P N0bBpH1, H2q and C P N0bBpH2, H1q,

the product of D and C in the von Neumann algebra N0bBpH1

2
‘ H2q yields

CD P N0bBpH1q.

Let K be another Hilbert space and let H “ H1

2
‘ H2. We note that the identification

BpK
2
b Hq » BpKqbBpHq reduces to a w˚-homeomorphic and isometric identification

BpK
2
b H1, K

2
b H2q » BpKqbBpH1, H2q. (3.3.10)
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Part (2) of Lemma 3.1.3 extends to the case when N is replaced by BpH1, H2q. More
precisely, if H1, H2 are separable, then the natural embedding of L8pΣq bBpH1, H2q into
L8
σ pΣ;BpH1, H2qq extends to a w˚-homeomorphic and isometric identification

L8
σ pΣ;BpH1, H2qq » L8

pΣqbBpH1, H2q. (3.3.11)

To prove it, apply Lemma 3.1.3 with N “ BpH1

2
‘ H2q and use the embedding (3.3.9).

For any D P L8pΣqbBpH1, H2q, we may associate, similarly to what is done before
Lemma 3.3.2,

1s b Dt P L8
s pΣqbL8

t pΣqbBpH1, H2q

by identifying L8pΣqbBpH1, H2q with 1s bL8
t pΣqbBpH1, H2q.

Similarly, for any C P L8pΣqbBpH2, H1q, we may associate

1t b Cs P L8
s pΣqbL8

t pΣqbBpH2, H1q.

by identifying L8pΣqbBpH2, H1q with L8
s pΣqb1tbBpH2, H1q.

Lemma 3.3.3. Let D,C as above and recall from (3.3.1) that they may be regarded
as elements of BpL2pΣqqbBpH1, H2q and BpL2pΣqqbBpH2, H1q, respectively. Let N1 Ă

BpH1q be a von Neumann subalgebra. The following assertions are equivalent.

(i) For all u, v P L2pΣq, Cpu b v b IH2qD belongs to BpL2pΣqqbN1.

(ii) The product p1t b Csqp1s b Dtq belongs to L8
s pΣqbL8

t pΣqbN1.

Proof. Let u, v, a, b P L2pΣq. Consider a b b as an element of S1pL2pΣqq and let pa b

bqbI be the associated slice map BpL2pΣqqbBpH1q Ñ BpH1q. Likewise, regard av b

bu as an element of L1
spΣq b L1

t pΣq and let pav b buqbI be the associated slice map
L8
s pΣqbL8

t pΣqbBpH1q Ñ BpH1q. We claim that
“

pa b bqbI
‰`

Cpu b v b IH2qD
˘

“
“

pav b buqbI
‰`

p1t b Csqp1s b Dtq
˘

. (3.3.12)

To prove this, assume first that D P L8pΣq b BpH1, H2q and C P L8pΣq b BpH2, H1q.
Thus,

D “
ÿ

j

fj b Tj and C “
ÿ

i

gi b Si

for some finite families pfjqj in L8pΣq, pTjqj in BpH1, H2q, pgiqi in L8pΣq and pSiqi in
BpH2, H1q.

Recall from (3.3.1) that each fj (resp. gi) is identified with the pointwise multiplica-
tion by fj (resp. gi). Then an elementary calculation yields gipu b vqfj “ pufjq b pvgiq
in BpL2pΣqq. Consequently,

Cpu b v b IH2qD “
ÿ

i,j

pufjq b pvgiq b SiTj.

Hence, the left handside of (3.3.12) is
“

pa b bqbI
‰`

Cpu b v b IH2qD
˘

“
ÿ

i,j

tr
`

pa b bqrpufjq b pvgiqs
˘

SiTj

“
ÿ

i,j

´

ż

Σ

avgi

¯´

ż

Σ

bufj

¯

SiTj.
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To compute the right handside of (3.3.12), write

p1t b Csqp1s b Dtq “

´

ÿ

i

gi b 1 b Si

¯´

ÿ

j

1 b fj b Tj

¯

“
ÿ

i,j

gi b fj b SiTj.

This implies

“

pav b buqbI
‰`

p1t b Csqp1s b Dtq
˘

“
ÿ

i,j

´

ż

Σ

avgi

¯´

ż

Σ

bufj

¯

SiTj,

and (3.3.12) follows. Now since the product on von Neumann algebras is separately
w˚-continuous, the above special case implies that (3.3.12) holds true in the general case.

We now prove the equivalence. Assume (i) and let h, k P L1pΣq. There exist u, v, a, b P

L2pΣq such that h “ av and k “ bu. Since CpubvbIH2qD belongs toBpL2pΣqqbN1, it fol-
lows from (3.3.12) that

“

phbkqbI
‰`

p1tbCsqp1sbDtq
˘

belongs toN1. Since L1pΣqsbL
1
t pΣq

is dense in pL8
s pΣqbL8

t pΣqq˚, we deduce that p1t b Csqp1s b Dtq P L8
s pΣqbL8

t pΣqbN1

by applying the slice map property (see Remark 3.1.2).
Conversely, assume (ii) and fix u, v P L2pΣq. Since p1tbCsqp1sbDtq P L8

s pΣqbL8
t pΣqbN1,

it follows from (3.3.12) that
“

pa b bqbI
‰`

Cpu b v b IH2qD
˘

belongs to N1 for all a, b P

L2pΣq. Since L2pΣq b L2pΣq is dense in BpL2pΣqq˚, we deduce that Cpu b v b IH2qD P

BpL2pΣqqbN1 by applying again the slice map property.

3.4 Proof of Theorem 3.0.1

3.4.1 Proof of “piq ñ piiq"

We let φ P L8pΣ2q and we assume that φ satisfies the assertion (i) of Theorem 3.0.1.
Applying (1.3.1) with k “ 1, we obtain a tracial von Neumann algebra pM, τMq with a

separable predual, a trace preserving unital w˚-continuous ˚-homomorphism J : BpL2pΣqq Ñ

M and a trace preserving ˚-automorphism U : M Ñ M such that

Mφ “ J˚
1UJ. (3.4.1)

We fix a Hilbertian basis peiqiPI of L2pΣq and we define Eij “ ej b ei P BpL2pΣqq for all
pi, jq P I2. Since J is a unital w˚-continuous ˚-homomorphism, tJpEijq : pi, jq P I2u is a
system of matrix units of M (in the sense of [62, Definition IV.1.7]). Fix k0 P I and set
q “ JpEk0k0q. This is a projection of M. According to [62, Proposition IV.1.8] and its
proof,

mij :“ JpEk0iqmJpEjk0q

belongs to qMq for all m P M and all pi, jq P I2, and the mapping

ρ : M ÝÑ BpL2
pΣqqbpqMqq, ρpmq “

ÿ

pi,jqPI2

Eij b mij,

is a ˚-isomorphism. (Here the summation is taken in the w˚-topology of M.) The re-
striction of τM to qMq is semi-finite, let us call it τ1. Equip BpL2pΣqqbpqMqq with
trbτ1, see Remark 3.1.6. Then ρ is trace preserving. To check this, observe that
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JpEik0qJpEk0iq “ JpEiiq for all i P I and that
ř

iPI JpEiiq “ 1M. Hence for any m P M`,
each mii belongs to pqMqq` and we have

ptrbτ1q
`

ρpmq
˘

“
ÿ

iPI

τM
`

JpEk0iqmJpEik0q
˘

“
ÿ

iPI

τM
`

JpEiiqm
˘

“ τM

´´

ÿ

iPI

JpEiiq
¯

m
¯

“ τMpmq.

It is plain that ρ
`

JpEijq
˘

“ Eijbq for all pi, jq P I2. Since J is w˚-continuous, this implies
that ρ ˝ Jpzq “ z b q, for all z P BpL2pΣqq. Since both J and ρ are trace preserving, this
implies that τ1pqq “ 1.

With N1 “ qMq, it follows from above that changing J into ρ ˝ J and changing U
into ρ ˝ U ˝ ρ´1, we may assume that

M “ BpL2
pΣqqbN1,

for some normalized tracial von Neumann algebra pN1, τ1q, and

Jpzq “ z b 1N1 , z P BpL2
pΣqq. (3.4.2)

Moreover N1 has a separable predual.
We fix a Hilbert space H1 such that N1 Ă BpH1q as a von Neumann subalgebra.

We may assume that H1 is separable, see Remark 1.3.3, (5). By (1.4.1), we have
BpL2pΣqqbBpH1q » BpL2pΣ;H1qq. Hence M Ă BpL2pΣ;H1qq as a von Neumann subal-
gebra. We use again [62, Proposition IV.1.8] and its proof as follows. We note that since
U is a unital w˚-continuous ˚-homomorphism, tUpEij b 1N1q : pi, jq P I2u is a system of
matrix units of M. Then we set

q0 “ UpEk0k0 b 1N1q, H2 “ q0
`

L2
pΣ;H1q

˘

and N2 “ q0Mq0,

and we equip the latter von Neumann algebra with the restriction of the trace of M.
We let τ2 denote this trace on N2. Then arguing as above, we find a trace preserving
˚-isomorphism

π : BpL2
pΣqqbN1 ÝÑ BpL2

pΣqqbN2 (3.4.3)

such that π ˝Upzb1N1q “ zb1N2 for all z P BpL2pΣqq. We deduce that τ2 is normalized.
Moreover, N2 Ă BpH2q as a von Neumann subalgebra, and H2 is separable.

Regard BpL2pΣqqbN1 Ă BpL2pΣ;H1qq as above and BpL2pΣqqbN2 Ă BpL2pΣ;H2qq

similarly. Then the argument in the proof of [62, Proposition IV.1.8] actually shows the
existence of a unitary operator

D : L2
pΣ;H1q ÝÑ L2

pΣ;H2q

such that
πpRq “ DRD˚, R P BpL2

pΣqqbN1. (3.4.4)

This implies that

Upz b 1N1q “ D˚
pz b 1N2qD, z P BpL2

pΣqq. (3.4.5)
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We shall now use properties of Schur multipliers. Note that 1N1 “ IH1 P L1pN1, τ1q

and recall the embedding S1pL2pΣqqbL1pN1, τ1q Ă M˚ from (3.1.7). The relation (3.4.1)
and the identity (3.4.2) imply that for all u, v, a, b P L2pΣq, we have

@

Upu b v b IH1q, a b b b IH1

D

M,M˚
“ tr

´

“

Mφpu b vq
‰“

a b b
‰

¯

. (3.4.6)

Note the right handside can be expressed by (3.2.1).
According to (3.3.10), we regard D as an element of BpL2pΣqqbBpH1, H2q.

Lemma 3.4.1. Under the representation (3.3.1), we have

D P L8
pΣqbBpH1, H2q.

Proof. Let E,F Ă Σ be measurable sets of finite measure. Consider

VE,F “ pχF b χF b IH2qDpχE b χE b IH1q P BpL2
pΣqqbBpH1, H2q.

Since pχF b χF b IH2q is a self-adjoint projection, we have

V ˚
E,FVE,F “ pχE b χE b IH1qD˚

pχF b χF b IH2qDpχE b χE b IH1q.

We regard this product as an element of BpL2pΣqqbBpH1q. According to (3.4.5),

D˚
pχF b χF b IH2qD “ UpχF b χF b IH1q

belongs to BpL2pΣqqbN1. Hence V ˚
E,FVE,F actually belongs to BpL2pΣqqbN1. Moreover

using (3.4.6) and (3.2.1), we have

ptrbτ1q
`

V ˚
E,FVE,F

˘

“ ptrbτ1q
´

“

UpχF b χF b IH1q
‰“

χE b χE b IH1

‰

¯

“
@

UpχF b χF b IH1q, χE b χE b IH1

D

M,M˚

“ tr
´

“

MφpχF b χF q
‰“

χE b χE
‰

¯

“

ż

Σ2

φps, tqχF ptqχF psqχEpsqχEptq dtds.

Consequently, ptrbτ1q
`

V ˚
E,FVE,F

˘

“ 0 if E and F are disjoint. Hence VE,F “ 0 if E and
F are disjoint.

For any η P BpH1, H2q˚, set Dη “ pIBpL2qbηqpDq P BpL2pΣqq. For all z P BpL2pΣqq

and w P BpH1, H2q, we have

pIBpL2q b ηq
“

pχF b χF b IH2qpz b wqpχE b χE b IH1q
‰

“ pIBpL2q b ηq
“

pχF b χF qzpχE b χEq b w
‰

“ ηpwqpχF b χF qzpχE b χEq

“ pχF b χF q
“

pIBpL2q b ηqpz b wq
‰

pχE b χEq.

Approximating D by elements of the algebraic tensor product BpL2pΣqq bBpH1, H2q, we
deduce that

pIBpL2qbηqpVE,F q “ pχF b χF qDηpχE b χEq.
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Hence
pχF b χF qDηpχE b χEq “ 0

if E and F are disjoint. Since

pχF b χF qDηpχE b χEq “

´

ż

Σ

DηpχEqχF

¯

χE b χF ,

this implies that
ż

Σ

DηpχEqχF “ 0

if E and F are disjoint. We deduce that DηpχEq has support in E whenever E Ă Σ is a
measurable set of finite measure. Applying Lemma 3.3.1, we obtain that Dη P L8pΣq for
all η P BpH1, H2q˚. The result therefore follows from the slice map property (see Remark
3.1.2).

Lemma 3.4.2. The product p1t b D˚
s qp1s b Dtq belongs to L8

s pΣqbL8
t pΣqbN1.

Proof. For all u, v P L2pΣq, we have D˚pubvbIH2qD “ π´1pubvbIH2q, by (3.4.4), and
the latter belongs to BpL2pΣqqbN1. The result therefore follows from Lemma 3.3.3.

Lemma 3.4.3. In the space L8pΣ2q, we have

φ “
“

IL8pΣ2qbτ1
‰`

p1t b D˚
s qp1s b Dtq

˘

. (3.4.7)

Proof. Let rφ P L8pΣ2q be equal to the right handside of (3.4.7). Let a, b, u, v P L2pΣq.
By (3.2.1), (3.4.6), (3.4.5) and (3.3.12), we have

ż

Σ2

φps, tquptqvpsqapsqbptq dtds “
@

Upu b v b IH1q, a b b b IH1

D

“
@

D˚
pu b v b 1N2qD, a b b b 1N1

D

“ τ1

´

“

a b bbI
‰`

D˚
pu b v b 1N2qD

˘

¯

“ τ1

´

“

av b bubI
‰`

p1t b D˚
s qp1s b Dtq

˘

¯

“
“

av b bu b τ1
‰`

p1t b D˚
s qp1s b Dtq

˘

“

ż

Σ2

rφps, tqapsqvpsqbptquptq dtds.

Consequently,
ż

Σ2

φps, tqfpsqgptq dtds “

ż

Σ2

rφps, tqfpsqgptq dtds

for all f, g P L1pΣq. The result follows.

We can now prove the assertion (ii) of Theorem 3.0.1. Recall that H1 and H2 are
separable. Let d P L8

σ pΣ;BpH1, H2qq be associated with D in the identification (3.3.11).
By Lemmas 3.3.2 and 3.4.2, we have d˚ ˜̂d „ p1t b D˚

s qp1s b Dtq and

d˚ ˜̂d P L8
σ pΣ;N1q. (3.4.8)
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Further for any f, g P L1pΣq, it follows from (3.4.7) and Remark 3.1.4 that
ż

Σ2

fpsqgptqφps, tq dtds “ rf b g b τ1s
`

p1t b D˚
s qp1s b Dtq

˘

“

ż

Σ2

fpsqgptqτ1
`

dpsq˚dptq
˘

dtds.

This implies that

φps, tq “ τ1
`

dpsq˚dptq
˘

, for a.e. ps, tq P Σ2. (3.4.9)

.
Recall that as an operator from L2pΣ;H1q to L2pΣ;H2q, D is a unitary. Hence we

both have D˚D “ 1L8pΣq b IH1 and DD˚ “ 1L8pΣq b IH2 . By Lemma 3.1.3, this implies
that dpsq˚dpsq “ 1H1 and dpsqdpsq˚ “ IH2 for almost every s P Σ. Changing the values
of d on a null subset of Σ, we can henceforth assume that for all s P Σ, dpsq : H1 Ñ H2

is a unitary.
Consider the pre-annihilator N1K Ă BpH1q˚. It follows from (3.4.8) that for all

f, g P L1pΣq and for all η P N1K, we have
ż

Σ2

fpsqgptqxdpsq˚dptq, ηy dtds “ 0.

Since pΣ, µq is separable, L1pΣq is separable. Also, BpH1q˚ is separable, hence N1K is
separable. Let pgkqkě1 and pηnqně1 be dense sequences of L1pΣq and N1K, respectively.
It follows from above that for all n,m ě 1,

ş

Σ
gkptqxdpsq˚dptq, ηny dt “ 0 for almost every

s P Σ. Consequently, there exists s0 P Σ such that
ż

Σ

gkptqxdps0q
˚dptq, ηny dt “ 0 (3.4.10)

for all n,m ě 1.
Define rd : Σ Ñ BpH1q by rdptq “ dps0q

˚dptq. Clearly rd is w˚-measurable and essentially
bounded. Since dps0q is a unitary, we have rdptq˚

rdptq “ dptq˚dptq “ IH1 for almost every
t P Σ. Hence as an element of L8

σ pΣ, BpH1qq, rd is a unitary. According to (3.4.10), rd
belongs to the annihilator of

Spantgk b ηn : k, n ě 1u Ă L1
pΣ;BpH1q˚q.

Since tgk b ηn : k, n ě 1u is dense in L1pΣ;N1Kq, this implies that rd belongs to
L1pΣ;N1KqK. By (3.1.4), this means that rd P L8

σ pΣ, N1q.
Finally, using again the fact that dps0q is a unitary, we deduce from (3.4.9) that

φps, tq “ τ1
`

rdpsq˚
rdptq

˘

for almost every ps, tq P Σ2. Hence the assertion (ii) of Theorem
3.0.1 is satisfied, with N “ N1 and rd instead of d.

3.4.2 Proof of “piiq ñ piq"

Assume that φ P L8pΣ2q satisfies the assertion (ii) of Theorem 3.0.1, for some normalized
tracial von Neumann algebra pN, τNq with a separable predual and some unitary d P

L8
σ pΣ;Nq.
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Since τN : N Ñ C is a faithful state, we may define

N8
“ b

Z
N,

the infinite tensor product of pN, τNq over the index set Z, as considered in [64, Definition
XIV.1.6]. The associated state τ8 :“ bZ τN on N8 is a normal faithful tracial state.
Thus, pN8, τ8q is a normalized tracial von Neumann algebra. We let

M “ BpL2
pΣqqbN8,

equipped with its natural trace (see Remark 3.1.6). The von Neumann algebra N8 has
a separable predual, hence M has a separable predual.

Let 18 denote the unit of N8 and let J : BpL2pΣqq Ñ M be the w˚-continuous trace
preserving unital ˚-homomorphism defined by

Jpzq “ z b 18, z P BpL2
pΣqq.

We are now going to construct a trace preserving ˚-automorphism U : M Ñ M such
that T “ Mφ satisfies (1.3.1).

Let 1 denote the unit of N . For any integer m ě 1 and for any finite family pxkqmk“´m

in N , set

b
k
xk “ ¨ ¨ ¨ 1 b 1 b x´m b ¨ ¨ ¨ b x0 b x1 b . . . b xm b 1 b 1 ¨ ¨ ¨ ,

where each xk is in position k. Let σ : N8 Ñ N8 be the ˚-automorphism such that

σ
`

b
k
xk
˘

“ b
k
xk´1

for all finite families pxkqk in N . It is plain that σ is trace preserving. We set

S “ IBpL2pΣqqbσ : M ÝÑ M.

Consider N` “ bkě1N and N´ “ bkď´1N , so that we can write

N8
“ N´bNbN`.

This allows us to write
M “ N´b

`

BpL2
pΣqqbN

˘

bN`. (3.4.11)

Let D P L8pΣqbN such that d „ D and recall that L8pΣqbN Ă BpL2pΣqqbN , by
(3.3.1). Thus we may define

γ : BpL2
pΣqqbN ÝÑ BpL2

pΣqqbN, γpyq “ D˚yD.

Since D is a unitary, γ is a trace preserving ˚-automorphism. Owing to the decomposition
(3.4.11), we can define

Γ “ IN´
bγbIN`

: M ÝÑ M.

Now we set
U “ Γ ˝ S.

By construction, U : M Ñ M is a trace preserving ˚-automorphism.
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Let u, v, a, b P L2pΣq. On the one hand, by a simple induction argument, it follows
from (3.2.1) that for all k ě 0, we have

tr
´

“

Mk
φpu b vq

‰“

a b b
‰

¯

“

ż

Σ2

φps, tqkuptqvpsqapsqbptq dtds.

On the other hand, using (3.0.1), it follows from the arguments in the proof of Lemma
2.2.10 and in the proof of Theorem (A) of Chapter 2 coming right after it, that for all
k ě 0, we have

xUk
pu b v b 18q, a b b b 18yM,M˚

“

ż

Σ2

φps, tqkuptqvpsqapsqbptq dtds. (3.4.12)

According to the definition of J , these identities imply that

xJ˚
1U

kJpu b vq, a b by “ xMk
φpu b vq, a b by.

Since the linear span of all u b v as above is w˚-dense in BpL2pΣqq, the linear span of
all ab b as above is dense in S1pL2pΣqq and J, U and Mφ are w˚-continuous, this implies
that T “ Mφ satisfies (1.3.1).

3.4.3 Two remarks

Remark 3.4.4. In the proof of the implication “piq ñ piiq” in Theorem 3.0.1, we use
the identity (1.3.1) only with k “ 1. Consequently, the assertions (i) and (ii) in Theorem
3.0.1 are also equivalent to:

(i)’ There exist a tracial von Neumann algebra pM, τMq with a separable predual, a
w˚-continuous trace preserving unital ˚-homomorphim J : BpL2pΣqq Ñ M and a
trace preserving ˚-automomorphim U : M Ñ M such that Mφ “ J˚

1UJ.

Remark 3.4.5. Let φ P L8pΣ2q. It follows from the proof of Theorem (A) of Chap-
ter 2 that if pΣ, µq is separable, then any positive unital self-adjoint Mφ : BpL2pΣqq Ñ

BpL2pΣqq admits a separable absolute dilation.

3.5 The non separable case
We recall some issues of the non separable case, see Section 2.1 for more details. Let
pΣ, µq be a σ-finite measure space. If X is a non separable Banach space, it is still
possible to define a space L8

σ pΣ;X˚q of classes of w˚-measurable functions Σ Ñ X˚ in
such a way that L1pΣ;Xq˚ » L8

σ pΣ;X˚q isometrically, see [12, 13]. However these spaces
are delicate to define and to use, because if d : Σ Ñ X˚ is a w˚-measurable function, then
the norm function t ÞÑ }dptq} may not be measurable. Further given a von Neumann
algebra N and w˚-measurable functions c, d : Σ Ñ N , the function c ˜̂d : Σ2 Ñ N defined
by (3.3.6) is likely to be non measurable. For these reasons, it seems to be out of reach
to extend Theorem 3.0.1 verbatim to the non separable case.

In this general setting, we will content ourselves with a version of Theorem 3.0.1
stated in the language of von Neumann tensor products. In the next statement, we use
some notations introduced in Section 3.3, see in particular (3.3.4) and (3.3.5). The most
important implication here is “(i) ñ (ii)1", which extends the implication “(i) ñ (ii)" of
Theorem 3.0.1 to the non separable case.
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Theorem 3.5.1. Let φ P L8pΣ2q and let e P L2pΣq with }e}2 “ 1. The following
assertions are equivalent.

(i) The function φ is a bounded Schur multiplier and Mφ : BpL2pΣqq Ñ BpL2pΣqq is
absolutely dilatable.

(ii) There exist a normalized tracial von Neumann algebra pN, τNq acting on some
Hilbert space H, and a unitary D P L8pΣqbBpHq such that:

(ii)1 The product p1t b D˚
s qp1s b Dtq belongs to L8

s pΣqbL8
t pΣqbN and under the

identification (3.3.3), we have

φ “
“

IL8pΣ2qbτN
‰`

p1t b D˚
s qp1s b Dtq

˘

. (3.5.1)

(ii)2 The trace of D˚pe b e b IHqD in BpL2pΣqqbN is equal to 1.

Proof. piq ñ piiq: Assume (i) and apply the construction devised in Subsection 3.4.1.
Note that until Lemma 3.4.3, this construction does not use separability. Recall from
Lemma 3.4.1 that we are working with a unitary D P L8pΣqbBpH1, H2q. Let K be

a (large enough) Hilbert space such that H1

2
b K is isomorphic to H2

2
b K and let

W : H1

2
b K Ñ H2

2
b K be a unitary. We define

rD “ rIL8pΣqbW
˚
spD b IKq P L8

pΣqbBpH1

2
b Kq,

where D b IK is regarded as an element of L8pΣqbBpH1

2
b K,H2

2
b Kq. Clearly rD is a

unitary. We will now check that the assertion (ii) of Theorem 3.5.1 is satisfied with the

Hilbert space H “ H1

2
b K, the von Neumann algebra

N “ N1 b IK Ă BpHq,

the tracial state τN on N defined by τNpx b IKq “ τ1pxq for all x P N1 and the unitary
rD in place of D.

First we have p1sb rD˚
s qp1sb rDtq “ p1sbD˚

s qp1sbDtqbIK , because WW ˚ “ IH2 bIK .
Hence by Lemma 3.4.2, the product p1s b rD˚

s qp1s b rDtq belongs to L8
s pΣqbL8

t pΣqbN .
Moreover we have

“

IL8pΣ2qbτN
‰`

p1t b rD˚
s qp1s b rDtq

˘

“
“

IL8pΣ2qbτN1

‰`

p1t b D˚
s qp1s b Dtq

˘

.

Applying Lemma 3.4.3, we deduce that the assertion (ii)1 is satisfied.
Next we note, using again WW ˚ “ IH2 b IK , that

rD˚
pe b e b IHq rD “ D˚

pe b e b IH2qD b IK “ π´1
pe b e b 1N2q b IK ,

where π comes from (3.4.3). Since π is trace preserving, the trace of rD˚peb eb IHq rD in
BpL2pΣqqbN is equal to the trace of eb eb 1N2 in BpL2pΣqqbN2. The latter is equal to
1 (recall that τ2 is normalized). Hence the assertion (ii)2 is satisfied.

piiq ñ piq: Assume (ii) and consider the ˚-automorphism

π : BpL2
pΣqqbBpHq ÝÑ BpL2

pΣqqbBpHq, πpyq “ DyD˚.
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Let B “ π
`

BpL2pΣqqbN
˘

. This a von Neumann subalgebra of BpL2pΣqqbBpHq. We
equip it with the trace τB “ ptrbτNq ˝ π´1, so that the restriction BpL2pΣqqbN Ñ B of
π is trace preserving by nature.

For any u, v P L2pΣq, D˚pu b v b IHqD belongs to BpL2pΣqqbN , by the assumption
(ii)1 and Lemma 3.3.3. (Note that this is the reason why it makes sense to consider
D˚pe b e b IHqD as an element of BpL2pΣqqbN in (ii)2.) Since D is a unitary, we have
ub v b IH “ πpD˚pub v b IHqDq, hence ub v b IH belongs to B. Since the linear span
of all the u b v as above is w˚-dense in BpL2pΣqq, we deduce that

BpL2
pΣqq b IH Ă B Ă BpL2

pΣqqbBpHq.

Let tEij : pi, jq P I2u be a system of matrix units in BpL2pΣqq. Then it follows from
above that tEij b IH : pi, jq P I2u is a system of matrix units in B. Using again [62,
Proposition IV.1.8] and its proof, we obtain the existence of a von Neumann subalgebra
N Ă BpHq such that B “ BpL2pΣqqbN . According to the assumption (ii)2 and the
definition of τB, we have

τBpe b e b 1N q “ ptrbτNq
`

D˚
pe b e b IHqD

˘

“ 1.

This implies that τN : m ÞÑ τBpeb ebmq is a well-defined tracial state on N . A classical
uniqueness argument shows that τB “ trbτN .

We can now adapt the proof given in Subsection 3.4.2, as follows. We set

N´ “ b
kď´1

N and N` “ b
kě1

N.

More precisely, N´ is the infinite tensor product of pN , τN q over the index set t´1,´2, . . .u
whereas N` is the infinite tensor product of pN, τNq over the index set t1, 2, . . .u. Then
we define

M “ BpL2
pΣqqbN´bNbNbN`,

that we equip with its natural trace. We define J : BpL2pΣqq Ñ M by Jpzq “ z b 1,
where 1 is the unit of N´bNbNbN`. We set

M1 “ N´b
`

BpL2
pΣqqbN

˘

bNbN` and M2 “ N´bNb
`

BpL2
pΣqqbN

˘

bN`,

and we let κ1 : M Ñ M1 and κ2 : M Ñ M2 be the canonical ˚-automorphisms. We let
σ´ : N´ Ñ N´bN be the ˚-isomorphism such that

σ´

´

b
kď´1

xk

¯

“

´

b
kď´1

xk´1

¯

b x´1,

for all finite families pxkqkď´1 in N . Likewise, we let σ` : NbN` Ñ N` be the ˚-
isomorphism such that

σ`

´

x0 b

´

b
kě1

xk

¯¯

“ b
kě1

xk´1,

for all finite families pxkqkě0 in N . These two ˚-isomorphisms are trace preserving.
It follows from the construction of N that we may define a ˚-isomorphism

γ : BpL2
pΣqqbN ÝÑ BpL2

pΣqqbN, γpyq “ D˚yD.

This is the inverse of the restriction of π to BpL2pΣqqbN , hence it is trace preserving.
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Finally, we define U : M Ñ M by

U “ κ´1
2 ˝

`

σ´bγbσ`

˘

˝ κ1.

Then U is a trace preserving ˚-automorphism. Next arguing again as in Chapter 2, we
obtain that (3.4.12) holds true for all u, v, a, b P L2pΣq. As in Subsection 3.4.2, we deduce
that T “ Mφ satisfies (1.3.1).

We now focus on the discrete case, that is Σ “ N˚
“ t1, 2, . . .u. An element of L8pΣ2q

is just a bounded family m “ tmijui,jě1 of complex numbers. Then m is a bounded Schur
multiplier if and only if there exists a constant C ě 0 such that for all n ě 1 and all
raijs1ďi,jďn P Mn,

›

›rmijaijs
›

›

Mn
ď C

›

›raijs
›

›

Mn
.

Moreover for any von Neumann algebra N , we may identify L8pΣqbN with ℓ8pNq,
the space of all bounded sequences with entries in N . Likewise, L8pΣqbL8pΣqbN »

ℓ8
N˚ˆN˚pNq. If D “ pdkqkě1 P ℓ8pNq, then D is a unitary if and only if dk is a unitary for

all k ě 1. Moreover, the product p1j b D˚
i qp1i b Djq coincides with the doubly indexed

sequence pd˚
i djqi,jě1.

Corollary 3.5.2. For any bounded family m “ tmijui,jě1 of complex numbers, the fol-
lowing assertions are equivalent.

(i) The family m is a bounded Schur multiplier and Tm : Bpℓ2q Ñ Bpℓ2q is absolutely
dilatable.

(ii) There exist a normalized tracial von Neumann algebra pN, τNq and a sequence
pdkqkě1 of unitaries of N such that

mij “ τN
`

d˚
i dj

˘

, i, j ě 1.

(iii) The family m is a bounded Schur multiplier and Tm : Bpℓ2q Ñ Bpℓ2q admits a
separable absolute dilation.

(iv) There exist a normalized tracial von Neumann algebra pN, τNq with a separable
predual and a sequence pdkqkě1 of unitaries of N such that

mij “ τN
`

d˚
i dj

˘

, i, j ě 1.

Proof. The implication “(iv) ñ (iii)" follows from Theorem 3.0.1 and “(iii) ñ (i)" is obvi-
ous. So we only need to prove (i) ñ (ii) ñ (iv).

Assume (i) and apply Theorem 3.5.1 to m. We find a normalized tracial von Neumann
algebra pN, τNq acting on some H and a sequence pdkqkě1 of unitaries of BpHq such that
d˚
i dj P N and mij “ τN

`

d˚
i dj

˘

for all i, j ě 1. Set d1
k “ d˚

1dk, k ě 1. The d1
k are unitaries

of N and d1˚
i d

1
j “ d˚

i dj for all i, j ě 1. Hence mij “ τN
`

d1˚
i d

1
j

˘

, for all i, j ě 1. This proves
(ii).

Assume (ii) and let rN Ă N be the von Neumann subalgebra generated by pdkqkě1.
Then rN admits a sequence panqně1 such that V :“ Spantan : n ě 1u is w˚-dense in rN .
Let τ

rN be the restriction of τN to rN and recall that we have a contractive embedding
rN Ă L1p rN, τ

rNq. If b P rN is such that τ
rNpanbq “ 0 for all n ě 1, then as an element
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of L1p rN, τ
rNq, b belongs to VK. Hence b “ 0. In turn, this shows that V is dense in

L1p rN, τ
rNq. Thus, rN has a separable predual. Consequently, (iv) holds true, with rN in

place of N .

Remark 3.5.3. In the finite dimensional case, we find similarly that the Schur multiplier
operator Tm : Mn Ñ Mn associated with a family m “ tmiju1ďi,jďn admits a separable
absolute dilation if and only if it admits an absolute dilation, if and only if there exist
a normalized tracial von Neumann algebra pN, τNq and unitaries d1, . . . , dn in N such
that mij “ τN

`

d˚
i dj

˘

for all 1 ď i, j ď n. The latter equivalence result is implicit in [28].
Indeed it follows from Proposition 2.8 and Theorem 4.4 in this reference.

Taking this equivalence into account, [28, Example 3.2] exhibits a positive unital
Schur multiplier M4 Ñ M4 which is not absolutely dilatable.

We also mention that there are plenty of absolutely dilatable Schur multiplier oper-
ators Tm : Mn Ñ Mn such that m is not real valued. For example, it follows from above
that for any complex number ω with |ω| “ 1, the operator Tm : M2 Ñ M2 associated with

m “

„

1 ω
ω 1

ȷ

is absolutely dilatable.
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Chapter 4

Characterisation of discrete unital
positive Schur multipliers with a
completely isometric dilation

All backgrounds are introduced in Section Tools or during the chapter. The two main
theorems of this chapter are 4.1.9 for the finite dimensional case and Theorem 4.2.1 for
the discrete case. We also give a characterisation for the multivariable case.

4.1 Finite Schur multipliers
In the following, we denote by Mn the space of nˆ n matrices with complex coefficients.
Let trn be the usual trace onMn. Unless otherwise stated we will considerMn as equipped
with the normalized trace τn :“ 1

n
trn.

Remark 4.1.1. The two traces τn and trn are needed in the following. We warn the
reader to be careful. It can be confusing.

We recall the following definition from [62, Definition 4.1.7].

Definition 4.1.2. Let I be an index set. A family twij : i, j P Iu of elements in a von
Neumann algebra N is called a set of matrix units if

1. For all i, j P I, w˚
ij “ wji;

2. For all i, j, k, l P I, wijwkl “ δjkwil;

3.
ř

iPI wii “ 1 in the strong topology.

We give an alternative version of [62, Theorem 4.1.8]. In the sequel we let eij, 1 ď

i, j ď n, denote the standard matrix units of Mn.

Theorem 4.1.3. Let pN, τq be a tracial von Neumann algebra. Suppose that twij : 1 ď

i, j ď nu is a set of matrix units in N . Let e “ w11 and let N1 “ eNe be equipped
with the restriction τ1 of τ to N1. Then the following mapping is a trace preserving
‹-isomorphism:

ρ : N Ñ pMn, trnq b pN1, τ1q, x ÞÑ
ÿ

1ďi,jďn

eij b w1ixwj1.
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Proof. See [46, Lemma 2.2] and its proof.

We refer to [28, lemma 2.1] for the following lemma.

Lemma 4.1.4. Let P be a von Neumann algebra, let n ě 1 be an integer and let tfij :
1 ď i, j ď nu and tgij : 1 ď i, j ď nu be two sets of matrix units in P . Then there exists

an unitary u P P such that:

ufiju
˚

“ gij, 1 ď i, j ď n.

We recall a classical duality result and we give a proof for the sake of completeness.

Lemma 4.1.5. Let 1 ă p, q ă `8 such that 1
p

` 1
q

“ 1, and let pN, τq be a tracial von
Neumann algebra. For all x P LppNqzt0u, there exists a unique y P LqpNq such that
}y}q “ 1 and τpxyq “ }x}p. (This element is called the norming functional of x.)

Assume that }x}p “ 1 and write the polar decomposition of x as x “ u|x|. Then the
norming functional y of x satisfies

y “ |x|
p´1u˚ and |y| “ u|x|

p´1u˚. (4.1.1)

Moreover, its polar decomposition is y “ u˚|y|.

Proof. The first part of the statement means that LppNq is smooth. This well-known
fact follows e.g. from [53, Corollary 5.2].

For the second part, assume that }x}p “ 1 and set y “ |x|p´1u˚. Then we have
y˚ “ u|x|p´1 and yx “ |x|p. This implies that τpyxq “ }x}pp “ 1 and }y}pq “ τp|x|pq “ 1.
Hence y is the norming functional of x.

We will now prove that |y| “ u|x|p´1u˚ and y “ u˚|y|. We have,

pu|x|
p´1u˚

q
2

“ u|x|
p´1u˚u|x|

p´1u˚
“ u|x|

2pp´1qu˚
“ y˚y.

So we obtain |y| “ u|x|p´1u˚. We deduce that

u˚
|y| “ u˚u|x|

p´1u˚
“ |x|

p´1u˚
“ y.

For the polar decomposition, it remains to show that Imp|y|qK Ă keru˚. We have
Imp|y|qK “ kerp|y|q “ kerpyq. Let h be an element of Imp|y|qK, then |x|p´1u˚phq “

yphq “ 0, and so u˚phq P kerp|x|p´1q “ kerp|x|q. Moreover u˚phq P Impu˚q Ă kerp|x|qK.
Consequently, u˚phq “ 0, and hence h belongs to kerpu˚q.

The next definition is from [28, Definition 1.3].

Definition 4.1.6. Let pN, τq be a tracial von Neumann algebra and assume that τ is nor-
malised. We say that T : pN, τq Ñ pN, τq is factorisable if there exist another tracial nor-
malised von Neumann algebra pN , τ 1q and two unital trace-preserving ‹-homomorphisms
rJ, J : pN, τq Ñ pN , τ 1q such that T “ rJ˚

1 J .

By Theorem 1.4.1, a Schur multiplier TM is positive and unital if and only if M is a
positive semi-definite complex matrix having all diagonal entries equal to 1.

The following two theorems are [28, Proposition 2.8] and [28, Theorem 4.4], respec-
tively.
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Theorem 4.1.7. Let M “ pmijq1ďi,jďn be a positive semi-definite complex matrix having
all diagonal entries equal to 1. Then the Schur multiplier TM associated with M is
factorisable if and only if there exist a tracial normalised von Neumann algebra pN, τq

and an n-tuple pv1, . . . , vnq of unitaries of N such that for all 1 ď i, j ď n:

mij “ τpv˚
i vjq.

Theorem 4.1.8. Let pN, τq be a normalized tracial von Neumann algebra. Then T :
N Ñ N is factorisable if and only if T is absolutely dilatable.

The main result of this section is the equivalence 1 ô 5 of the next theorem. The
other equivalences in this theorem are already known.

Theorem 4.1.9. Let M “ pmijq1ďi,jďn be a positive semi-definite complex matrix having
all diagonal entries equal to 1. The following assertions are equivalent:

1. there exists 1 ă p ‰ 2 ă `8 such that TM : Spn Ñ Spn is completely p-dilatable;

2. for all 1 ď p ă `8, TM : Spn Ñ Spn is completely p-dilatable;

3. TM is absolutely dilatable;

4. TM is factorisable;

5. there exist a tracial normalised von Neumann algebra pN, τNq and an n-tuple pv1, . . . , vnq

of unitaries of N such that for all 1 ď i, j ď n:

mij “ τpv˚
i vjq.

Proof. Using Theorem 4.1.8 and Theorem 4.1.7, we obtain the equivalences 3 ô 4 ô 5.
The implications 3 ñ 2 ñ 1 follow from Proposition 1.3.8. It therefore remains to prove
that 1 implies 5.

Let 1 ă p ‰ 2 ă `8 and suppose that TM : Spn Ñ Spn is completely p-dilatable. Let
1 ă q ă 8 such that 1

p
` 1

q
“ 1. There exist a tracial von Neumann algebra pN, τNq, two

complete contractions J : Spn Ñ LppNq and Q : LppNq Ñ Spn and an invertible complete
isometry U : LppNq Ñ LppNq such that for all k P N:

T kM “ QUkJ. (4.1.2)

We set V “ UJ : Spn Ñ LppNq and J 1 :“ Q˚ : Sqn Ñ LqpNq. Applying (4.1.2) with
k “ 1, we obtain that

TM “ pJ 1
q

˚V. (4.1.3)

Next applying (4.1.2) with k “ 0, we obtain that QJ “ Id. Since Q, J are complete
contractions, this implies that J is a complete isometry. Likewise, J˚Q˚ “ Id, hence Q˚

is a complete isometry. Consequently V and J 1 are both complete isometries.
Firstly, we will show that we can suppose that J 1 and V are positive. Since p ‰ 2,

Yeadon’s Theorem describing Lp-isometries applies to J 1 and V . More precisely, by [38,
Proposition 3.2], there exist partial isometries W1,W2 P N , positive operators B1, B2
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affiliated with N and ‹-homomorphisms J1 : Mn Ñ N and J2 : Mn Ñ N such that for
all x P Mn, and i “ 1, 2,

Bi commute with Jipxq,

τnpxq “ τNpBp
1J1pxqq “ τNpBq

2J2pxqq,

V pxq “ W1B1J1pxq and J 1
pxq “ W2B2J2pxq,

W ˚
i Wi “ spBiq “ Jip1q.

Note that since the domain space of V has a finite trace, we actually have that B1 “ |V p1q|

belongs to LppNq and the polar decomposition of V p1q is W1B1. Likewise B2 “ |J 1p1q|

belongs to LqpNq and the polar decomposition of J 1p1q is W2B2.
It follows from (4.1.3) that for all x P Spn and y P Sqn, we have

τnpTMpxqyq “ τNpV pxqJ 1
pyqq. (4.1.4)

By Theorem 1.4.1, the operator TM is unital. Hence if we take x “ y “ 1 in the last
formula, we obtain

1 “ τnp1q “ xW1B1,W2B2y.

In addition, we have }W1B1}p “ }V p1q}p “ 1 and }W2B2}q “ }J 1p1q}q “ 1. According
to Lemma 4.1.5, we deduce that W2B2 “ Bp´1

1 W ˚
1 and B2 “ W1B

p´1
1 W ˚

1 . Moreover by
the uniqueness of the polar decomposition of J 1p1q, which is both W2B2 and W ˚

1 B2, we
obtain that W1 “ W ˚

2 . We define Ṽ : Spn Ñ LppNq and J̃ 1 : Sqn Ñ LqpNq by setting

Ṽ pxq :“ B1J1pxq and J̃ 1pyq :“ Bp´1
1 W ˚

1 J2pyqW1.

for all x P Spn and y P Sqn. Note that we both have Ṽ p.q “ W ˚
1 V p.q and V p.q “ W1Ṽ p.q.

This implies that }Ṽ pxq}p ď }V pxq}p and }V pxq}p ď }Ṽ pxq}p for all x P Spn. Then we
have }V pxq}p “ }Ṽ pxq}p for all x P Spn. Hence Ṽ is an isometry. We may show as well
that Ṽ is a complete isometry. Since J1 and B1 commute, the operator Ṽ is positive.

Let us prove that J̃ 1 is also a positive complete isometry. We first note that Bp´1
1 and

W ˚
1 J2pyqW1 commute for all y P Mn. Indeed, given any y P Mn, we have

Bp´1
1 W ˚

1 J2pyqW1 “ W2B2J2pyqW1 “ W2J2pyqB2W1 “ W2J2pyqW ˚
2W2B2W1

“ W2J2pyqW ˚
2 B

p´1
1 W ˚

1W1 “ W2J2pyqW ˚
2 B

p´1
1 “ W ˚

1 J2pyqW1B
p´1
1 ,

which proves the commutation property. SinceBp´1
1 and J2pyq are positive, if y is positive,

the latter implies that J̃ 1 is positive.
We now prove that W ˚

1 J2p.qW1 is multiplicative. Let x, y P Mn. Since W ˚
1 “ W2, we

have

W ˚
1 J2pxyqW1 “ W ˚

1 J2pxqJ2pyqW1 “ W ˚
1 J2pxqW ˚

2W2J2pyqW1 “ W ˚
1 J2pxqW1W

˚
1 J2pyqW1,

which proves the result. Consequently, W ˚
1 J2p.qW1 :Mn Ñ N is a ‹-homomorphism.

In addition we have, for all y P Mn,

τnpyq “ τN pBq
2J2pyqq

“ τN

´

`

W1pB
p´1
1 qW ˚

1

˘q
J2pyq

¯

“ τN

´

W1pB
p´1q

1 q
qW ˚

1 J2pyq

¯

“ τN
`

pBp´1
1 q

qW ˚
1 J2pyqW1

˘

.
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We also have

W ˚
1 J2p1qW1 “ W ˚

1W
˚
2W2W1 “ W ˚

1W1W
˚
1W1 “ spB1qspB1q “ spB1q.

By the characterisation of positive complete isometries (see [38, Theorem 3.1] and [38,
Proposition 3.2]), we deduce that the operator J̃ 1 is an positive complete isometry.

We now check that TM “ J̃ 1
˚
Ṽ . Let x, y P Mn,

τnpJ̃ 1
˚
Ṽ pxqyq “ τNpṼ pxqJ̃ 1pyqq “ τNpB1J1pxqBp´1

1 W ˚
1 J2pyqW1q

“ τNpW1B1J1pxqW2B2J2pyqq “ τNpV pxqJ 1
pyqq

“ τnpTMpxqyq,

by (4.1.4).
It follows from above that we may now suppose that J 1 and V are positive. Once

again we use the Yeadon decomposition for the complete isometries of J 1 and V . In
the positive case, we can remove the partial isometry in the Yeadon decomposition. We
therefore obtain that there exist two positive operators B1 P LppNq and B2 P LqpNq as
well as two ‹-homomorphisms J1 : Mn Ñ N and J2 : Mn Ñ N such that for all x P Mn,
and i “ 1, 2,

Bi commutes with Jipxq, (4.1.5)
τnpxq “ τNpBp

1J1pxqq “ τNpBq
2J2pxqq, (4.1.6)

V pxq “ B1J1pxq and J 1
pxq “ B2J2pxq, (4.1.7)

spBiq “ Jip1q. (4.1.8)

Argunig as above, we obtain that 1 “ τNpB1B2q from which we deduce that

B2 “ Bp´1
1 .

We set B :“ Bp
1 “ Bq

2, this is an element of L1pNq. Thanks to (4.1.5), B commutes
with J1pxq and J2pxq for all x P Mn.

Consider the projection v :“ J1p1q. Then we have

v :“ J1p1q “ spB1q “ spBq “ spB2q “ J2p1q.

We define M :“ vNv, and we equip this von Neumann algebra with the trace τM “ τN |M .
The ‹-homomorphisms J1, J2 are valued in M. Henceforth we consider J1 : Mn Ñ M
and J2 :Mn Ñ M, they are now unital ‹-homomorphisms. We set

fij “ J1peijq and gij “ J1peijq, 1 ď i, j ď n.

Then tfij : 1 ď i, j ď nu and tgij : 1 ď i, j ď nu are two sets of matrix units. By
Lemma 4.1.4, there exists a unitary u1 P M such that

u1fiju
˚
1 “ gij, 1 ď i, j ď n. (4.1.9)

We set wi :“ gi1 “ J2pei1q for all 1 ď i ď n. We set N “ w1Mw1 and we equip it with
τN :“ τM|N . We define

ρ : M Ñ pMn, trnq b pN , τN q, x ÞÑ

n
ÿ

i,j“1

eij b w˚
i xwj.
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According to Theorem 4.1.3, ρ is a trace preserving ‹-isomorphism. By Lemma 1.3.7
we extend ρ to an isometry from LppMq into LppMn b N q “ Spn b LppN q, that we still
denote by ρ.

We note that for all x P Mn,

ρpJ2pxqq “ x b 1N .

Indeed, for all x “
řn
i,j“1 αijeij P Mn we have;

ρpJ2pxqq “

n
ÿ

i,j“1

αijρpJ2peijqq

“

n
ÿ

i,j“1

αijρpgijq

“

n
ÿ

i,j“1

αij

n
ÿ

k,l“1

ekl b w˚
kgijwl

“

n
ÿ

i,j“1

αij

n
ÿ

k,l“1

ekl b g1kgijgl1

“

n
ÿ

i,j“1

αijeij b g11

“ x b 1N .

Since ρ is an unital ‹-homomorphism, u :“ ρpu1q P Mn b N is also a unitary. Thanks to
property (4.1.9), we have ρpJ1pxqq “ ρpu˚

1J2pxqu1q, for all x P Mn. So we obtain that for
all x P Mn,

ρpJ1pxqq “ u˚
px b 1N qu.

Let us use the commutation of B with J2. For all x P Mn, we have

ρpBqpx b 1N q “ ρpBJ2pxqq “ ρpJ2pxqBq “ px b 1N qρpBq.

This implies that ρpBq “ 1 b b11, for some b11 P LppN q. Since τMpBq “ 1 and ρ is trace
preserving, we have

τN pb11q “
1

n
.

Let z P Mn b N such that ρpBq
1
2 zρpBq

1
2 “ 0. Since ρ is a bijective homomorphism,

we have B
1
2ρ´1pzqB

1
2 “ 0. By Lemma 1.2.1, we obtain that ρ´1pzq “ 0. Finally, we have

z “ 0. We summarize this by writing that for all z P Mn b N ,
␣

ρpBq
1
2 zρpBq

1
2 “ 0

(

ñ z “ 0. (4.1.10)

We write u “
řn
i,j“1 eij b uij, with uij P N . Let x P Spn and y P Sqn. Owing to the

commutation of B and J2pxq, we have:

xB2J2pyq, B1J1pxqy “ τNpBp´1
1 J2pyqB1J1pxqq “ τNpBJ2pyqJ1pxqq.

By (4.1.4), this implies that

τnpyTMpxqq “ τNpBJ2pyqJ1pxqq. (4.1.11)
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We take y “ ekk and x “ ell with 1 ď k ‰ l ď n. We deduce from above that

0 “ mllτnpekkellq “ τnpekkTMpellqq “ τNpBJ2pekkqJ1pellqq

Since BJ2pekkqJ1pellq P M and J2pekkq
2 “ J2pekkq, this implies

0 “ τMpBJ2pekkqJ1pellqq

“ τMpBJ2pekkqJ2pekkqJ1pellqq

“ τMpJ2pekkqBJ2pekkqJ1pellqq

“ τMpBJ2pekkqJ1pellqJ2pekkqq

“ τMnbN pρpBJ2pekkqJ1pellqJ2pekkqqq

“ τMnbN pρpBqρpJ2pekkqqρpJ1pellqqρpJ2pekkqqq.

Replacing ρpJ2pekkqq by ekk b 1N , ρpJ1pellqq by u˚pell b 1N qu and u˚ by
řn
i,j“1 eji b u˚

ij,
respectively, we deduce that

0 “ τMnbN

˜

ρpBqpekk b 1N q

n
ÿ

i,j“1

peji b u˚
ijqpell b 1N qupekk b 1N q

¸

“

n
ÿ

i,j“1

τMnbN
`

ρpBqpekkejiell b u˚
ijqupekk b 1N q

˘

“ τMnbN pρpBqpekl b u˚
lkqupekk b 1N qq .

Next, replacing u by
řn
i,j“1 eij b uij, we deduce that

0 “ τMnbN

˜

ρpBqpekl b u˚
lkq

n
ÿ

i,j“1

peij b uijqpekk b 1N q

¸

“

n
ÿ

i,j“1

τMnbN pρpBqpekleijekk b u˚
lkuijqq

“ τMnbN pρpBqpekk b u˚
lku

˚
lkqq

“ τMnbN pρpBqpekk b u˚
lkqpekk b ulkqq

“ τMnbN

´

ρpBq
1
2 pekk b u˚

lkqpekk b ulkqρpBq
1
2

¯

.

Since ρpBq
1
2 pekk b u˚

lkqpekk b ulkqρpBq
1
2 is positive and the trace τMnbN is faithful, we

deduce that ρpBq
1
2 pekkbu˚

lkqpekkbulkqρpBq
1
2 “ 0 for all k ‰ l. According to (4.1.10), this

implies that pekk b u˚
lkqpekk b ulkq “ 0, hence ekk b ulk “ 0. Finally for all 1 ď k ‰ l ď n,

we have ulk “ 0. Therefore, the element u has the form
řn
i“1 eii b uii. We set ui :“ uii,

for 1 ď i ď n. Then each ui is a unitary.
We will use the commutation property of B and J1. For all x P Mn, we have

ρpBqu˚
px b 1N qu “ ρpBJ1pxqq “ ρpJ1pxqBq “ u˚

px b 1N quρpBq.
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Consider any 1 ď k, l ď n. We have

ρpBqu˚
pekl b 1N qu “ ρpBq

˜

n
ÿ

i“1

eii b u˚
i

¸

pekl b 1N q

˜

n
ÿ

j“1

ejj b uj

¸

“

n
ÿ

i,j“1

ρpBqeiieklejj b u˚
i uj “ ρpBqekl b u˚

kul

“ ekl b b11u
˚
kul.

In the same way,
u˚

px b 1N quρpBq “ ekl b u˚
kulb11.

We therefore deduce from above that

u˚
kulb11 “ b11u

˚
kul, 1 ď k, l ď n.

Thus for all 1 ď k, l ď n, we have ulb11u˚
l “ ukb11u

˚
k. Hence ukb11u˚

k “ u1b11u
˚
1 for all

1 ď k ď n.
We will now relate mij, b11 and uk. For any 1 ď k, l ď n, we have

mkl “ mklnτnpelkeklq “ nτnpelkTMpeklqq.

By (4.1.11), this implies

mkl “ nτNpBJ2pelkqJ1peklqq “ nτMpBJ2pelkqJ1peklqq

“ nτMnbN pρpBqρpJ2pelkqqρpJ1peklqqq

“ nτMnbN pρpBqpelk b 1N qu˚
pekl b 1N quq

“ nτMnbN

˜

ρpBqpelk b 1N q

˜

n
ÿ

i“1

peii b u˚
i q

¸

pekl b 1N q

˜

n
ÿ

j“1

pejj b ujq

¸¸

“ nτMnbN pρpBqpelk b 1N qpekl b u˚
kulqq

“ nτMnbN pρpBqpell b u˚
kulqq

“ nτMnbN pell b b11u
˚
kulqq

“ nτN pb11u
˚
kulqq.

We set b “ nu1b11u
˚
1 and vi “ uiu

˚
1 , for all 1 ď i ď n. By construction, b P L1pN q

and b is positive. Moreover τN pbq “ 1. Furthermore, v1, . . . , vn are unitaries. For any
1 ď i ď n, we have

v˚
i bvi “ nu1u

˚
i u1b11u

˚
1uiu

˚
1 “ nu1u

˚
i uib11u

˚
i uiu

˚
1 “ nu1b11u

˚
1 “ b.

Thus, b commutes with all the vi. In addition, we obtain that for all y P N ,

b
1
2yb

1
2 “ 0 ñ nu1b

1
2
11u

˚
1ynu1b

1
2
11u

˚
1 “ 0 ñ b11u

˚
1yu1b11 “ 0 ñ u˚

1yu1 “ 0 ñ y “ 0,

by (4.1.10). Finally for any 1 ď k, l ď n, we have,

τN pbv˚
kvlq “ nτN pu1b11u

˚
1u1u

˚
kulu

˚
1q “ nτN pb11u

˚
kulq “ mkl.
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Let us summarize the situation. We have obtained a tracial von Neumann algebra
pN , τ 1q, a positive b P L1pN q with τ 1pbq “ 1, and unitaries v1, . . . , vn P N such that

@ 1 ď i, j ď n, bvi “ vib, mij “ τpbv˚
i vjq and @y P N , b

1
2yb

1
2 “ 0 ñ y “ 0.

Let Ñ be the von Neumann algebra generated by v1, . . . , vn and let τÑ : Ñ Ñ C be
defined by

τÑpxq “ τ 1
pbxq.

Then τÑ is a normal state. Since b commutes with all the vi, it commutes with all the
elements of Ñ . Hence for all x, y P Ñ , we have

τÑpxyq “ τ 1
pbxyq “ τ 1

pxbyq “ τ 1
pbyxq “ τÑpyxq.

That is, τÑ is a trace. Let x P Ñ`, such that τÑpxq “ 0. Then we have,

0 “ τÑpxq “ τ 1
pbxq “ τ 1

pb
1
2xb

1
2 q.

Since τ 1 is faithful, we obtain that b
1
2xb

1
2 “ 0. By the above property of b, we deduce

that x “ 0. Hence τÑ is faithful. Thus pÑ , τÑq is a tracial normalized von Neumann
algebra. In addition pv1, . . . , vnq are unitaries of Ñ and verify for all 1 ď i, j ď n,

mij “ τpbv˚
i vjq “ τÑpv˚

i vjq.

This shows property 5 in Theorem 4.1.9.

Remark 4.1.10. Consider TM : Spn Ñ Spn as in Theorem 4.1.9 and for any 1 ď p ă 8, let
us say that TM is completely positively p-dilatable if there exist a tracial von Neumann
algebra pN, τq, two completely positive and completely contrative maps J : Spn Ñ LppNq

and Q : LppNq Ñ Spn, and an invertible completely positive isometry U : LppNq Ñ LppNq

such that T kM “ QUkJ for all k ě 0. Then the five conditions of Theorem 4.1.9 are also
equivalent to:

1’. there exists 1 ă p ă 8 such that TM is completely positively p-dilatable.

Note that the case p “ 2 is admissible in this assertion.
To prove this, it suffices to observe that if TM is completely positively p-dilatable

for some 1 ď p ă 8, then (4.1.3) holds true for some completely positive isometries
V : Spn Ñ LppNq and J 1 : Sqn Ñ LqpNq (here, 1

p
` 1

q
“ 1). Furthemore, V and J 1 admit

a Yeadon type factorization as in (4.1.5)-(4.1.6)-(4.1.7)-(4.1.8), see [45, Remark 5.2 and
Theorem 4.2]. Therefore, the proof of Theorem 4.1.9 shows as well that 11 ñ 5. Moreover
the proof of Proppsition 1.3.8 shows that 5 ñ 11.

According to [34], there exists a completely positive contraction u : Spn Ñ Spn which
is not completely p-dilatable. The proofs of this result given in [34] do not provide any
information on n. However we note that [28, Example 3.2] provides a unital completely
positive Schur multiplier TM : M4 Ñ M4 which is not factorisable. Applying Theorem
4.1.9, we deduce that for all 1 ă p ‰ 2 ă `8, TM : Sp4 Ñ Sp4 is not completely p-dilatable.
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4.2 Discrete Schur multipliers
Let I be an index set and let MI denote the space of the I ˆ I matrices with complex
entries. We assume that TM associated with M P MI is a bounded Schur multiplier on
Bpl2pIqq.

We will generalize Theorem 4.1.9 to the present setting of discrete Schur multipliers.
In the following, we simply say TM is completely p-dilatable if TM : SpI Ñ SpI is completely
p-dilatable.

Theorem 4.2.1. Let TM be a unital positive Schur multiplier. The following assertions
are equivalent:

1. there exists 1 ă p ‰ 2 ă `8 such that TM is completely p-dilatable;

2. for all 1 ď p ă `8, TM is completely p-dilatable;

3. TM is absolutely dilatable;

4. there exist a tracial normalised von Neumann algebra pN, τq and a family pviqiPI of
unitaries of N such that for all i, j P I:

mij “ τpv˚
i vjq.

Proof. The implications 3 ñ 2 ñ 1 are clear. The implication 4 ñ 3 is proved implicitly
in [4, Proof of Theorem 4.2]. It remains to show 1 ñ 4.

Let 1 ă p ‰ 2 ă `8 and suppose that TM : SpI Ñ SpI is a completely p-dilatable.
There exist a tracial von Neumann algebra pM, τMq, two complete contractions J : SpI Ñ

LppMq and Q : LppMq Ñ SpI , as well as an inverible complete isometry U on LppMq,
such that for all k ě 0, T k “ QUkJ . Let 1 ă q ă 8 such that 1

p
` 1

q
“ 1 and set

J 1 :“ Q˚ : SqI Ñ LqpMq. By the equality T k “ QUkJ for k “ 0, we see (as in the proof
of Theorem 4.1.9) that J and J 1 are two complete isometries.

For any finite subset F Ă I, we let TM,F : SpF Ñ SpF denote the restriction of TM , that
is, TM,F ppaijqi,jPF q “ pmijaijqi,jPF . We consider JF “ J|Sp

F
and J 1

F “ J 1
|Sq

F
. It is clear that

on SpF , we have T kM,F “ pJ 1
F q˚UkJF for all k ě 0. Hence TM,F is completely p-dilatable.

In the finite dimensional case, we have Theorem 4.1.9 at our disposal. We use it and
we obtain that there exist a von Neumann algebra MF equipped with a normal faithful
normalized trace τMF

and unitaries pdi,F qiPF of MF such that for all i, j P F ,

mij “ τMF
pd˚
i,Fdj,F q.

We recall the following ultraproduct construction, see [51, Section 11.5] for details.
Let F be a non trivial ultrafilter on the index set tF Ă I finiteu. Let B be the C˚-algebra
defined by

B “

#

x “ pxF q P
ź

FĂI finite

MF | sup
FĂI finite

}xF }MF
ă `8

+

.

Let fF P B˚ be the tracial state defined for all x “ pxF q P B by

fFpxq “ lim
F
τMF

pxF q.
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Let HF be the Hilbert space associated with the tracial state fF in the GNS construction.
Let L : B Ñ BpHFq be the ‹-homomorphism induced by left multiplication. Consider
the ideal IF of B defined by

IF :“ tx P B |fFpx˚xq “ 0u .

Since fF is a trace, we have IF “ kerpLq. Let B{IF denote the resulting quotient
C˚-algebra and let q : B Ñ B{IF be the quotient map. Then we have a one-to-one
‹-homomorphism LF : B{IF Ñ BpHFq and a faithful normalized trace τF : B{IF Ñ C
such that

LF ˝ q “ L and τF ˝ q “ fF .

A remarkable result is that

MF :“ LFpB{IFq Ă BpHFq

is a von Neumann algebra and ρF :“ τF ˝ L´1
F :MF Ñ C is normal. Thus, pMF , ρFq is a

tracial normalised von Neumann algebra.
For all i P I, we define di :“ LFpqppdi,F qFĂI finiteqq “ Lppdi,F qFĂI finiteq. The di are

well-defined because all di,F are unitaries, hence }di,F } “ 1. Since L is unital, di is a
unitary for all i P I. It remains to prove the formula mij “ ρFpd˚

i djq. Given any i, j P I,
we have

d˚
i dj “ LF

`

q
`

pd˚
i,Fdj,F qF

˘˘

,

hence

ρFpd˚
i djq “ τF

`

q
`

pd˚
i,Fdj,F qF

˘˘

“ fF
`

pd˚
i,Fdj,F qF

˘

“ lim
F
τMF

`

d˚
i,Fdj,F

˘

“ mij.

The equivalence 3 ô 4 in Theorem 4.2.1 provides a new proof of Equivalence piq ô piiq
of Corollary 3.5.2.

Remark 4.2.2. Following [56, page 4367], consider the normal faithful state on Bpl2q

with density equal to the diagonal operatorD “
ř

iě1

λieibei, where peiqiě1 is the canonical

basis of l2, λi ą 0 for all i ě 1 and
ř

iě1

λi “ 1.

We say that TM is pD,Dq-factorisable if TM is factorisable in the sense of [28, Defini-
tion 1.3]. According to [28, Theorem 4.4], the equivalent conditions of Theorem 4.2.1 in
the case I “ N are also equivalent to “TM is pD,Dq-factorisable".

Remark 4.2.3. As in Remark 4.1.10, we can observe that the equivalent conditions of
Theorem 4.2.1 are also equivalent to:

1’ there exists 1 ď p ă 8 such that TM is completely positively p-dilatable.
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4.3 Multivariable case
In this last section, we introduce the notion of simultaneous absolute dilation for a com-
muting finite family of operators and consider the special case of Schur multipliers. Note
that all bounded Schur multipliers are commuting.

Definition 4.3.1.

(a) Let pN, τq be a tracial von Neumann algebra. We say that a commuting family
pT1, . . . , Tnq of operators Tl : pN, τq Ñ pN, τq is simultaneously absolutely dilatable if
there exist a tracial von Neumann algebra pN , τ 1q, a commuting n-tuple pU1, . . . , Unq

of trace preserving ‹-automorphisms on N and a unital one-to-one trace preserving
and w˚-continuous ‹-homomorphism J : N Ñ N such that

T k11 ¨ ¨ ¨T knn “ EUk1
1 ¨ ¨ ¨Ukn

n J

for all kl ě 0, 1 ď l ď n, where E : N Ñ N is the conditional expectation associated
with J .

(b) Let 1 ď p ă `8 and let pN, τq be a tracial von Neumann algebra. We say that
a commuting family pT1, . . . , Tnq of operators Tl : LppNq Ñ LppNq is simultane-
ously completely p-dilatable, if there exist a tracial von Neumann algebra pN , τq,
a commuting n-tuple pU1, . . . , Unq of invertible complete isometries on LppN q and
two complete contractions J : LppNq Ñ LppN q and Q : LppN q Ñ LppNq such that

T k11 ¨ ¨ ¨T knn “ QUk1
1 ¨ ¨ ¨Ukn

n J on LppNq

for all kl ě 0, 1 ď l ď n.

As in the case of one operator (see Proposition 1.3.8), we see that a simultaneously
absolutely dilatable family is simultaneously completely p-dilatable.

Theorem 4.3.2. Let I be an index set and for any 1 ď l ď n, let M l “ pml
ijqi,jPI P MI

such that TMl
: Bpl2pIqq Ñ Bpl2pIqq is a unital positive bounded Schur multiplier. The

following assertions are equivalent:

1. the family pTM lqnl“1 is simultaneously absolutely dilatable;

2. each TM l is absolutely dilatable.

Proof. Implication 1 ñ 2 is clear. Conversely, we suppose that each TM l is absolutely
dilatable and we use Theorem 4.2.1. Thus for all 1 ď l ď n, there exist a tracial von
Neumann algebra pN l, τ lq, unitaries of N puljq such that for all i, j P I:

ml
ij “ τ l

´

`

uli
˘˚
ulj

¯

.

We denote the infinite von Neumann tensor product bZN by N8 and we let τ8

denote the normal faithful finite trace on N8 (see [64]). We denote the unit of N8 by
18.

We let pN, τNq “ pN1b ¨ ¨ ¨ bNn, τ 1b ¨ ¨ ¨ bτnq and N “ Bpl2pIqqbN8. We consider
the standard n.s.f trace τN :“ trIbτ8

N on N . We set for all j P I, the map ejj : l
2pIq Ñ
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l2pIq such that for all x “ pxiqiPI P l2pIq, ejjpxq “ p. . . , 0, xj, 0, . . . q where xj is in the j
position.

We let for all 1 ď l ď n,

ul “
ř

jPI ejj b ¨ ¨ ¨ 1N b 1Nb 1N1 b ¨ ¨ ¨ b 1N l´1 b ulj b 1N l`1 b ¨ ¨ ¨ b 1Nn
looooooooooooooooooooooooooomooooooooooooooooooooooooooon

b1N ¨ ¨ ¨

0

where the summation is taken in w˚-topology of N .
The element ul is unitary because all ulj are unitaries. We introduce the right shift

S : N8 Ñ N8. This is a normal, trace preserving ‹-automorphism such that for all
pxnqnPZ Ă N ,

Sp¨ ¨ ¨ b x0 b x1 b x2 b ¨ ¨ ¨ q “ ¨ ¨ ¨ b x´1 b x0 b x1 b ¨ ¨ ¨ .

we let the following mappings:

J : Bpl2pIqq Ñ N x ÞÑ x b 18

Ul : N Ñ N y ÞÑ pulq˚
ppId b Sqpyqqul.

We remark that E “ idb τ8
N is the normal faithful canonical conditional expectation

associated with J and it preserves the trace. In addition J is a ‹-homomorphism which
is trace preserving and the Ul are ‹-isomorphisms which are trace preserving. All Ul are
commuting to each other. With the same computation in [54, Proof of Theorem 1.9], we
obtain T k1M1

¨ ¨ ¨T knMn
“ EUk1

1 ¨ ¨ ¨Ukn
n J , for all kl P N0, 1 ď l ď n.
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Chapter 5

Absolute dilations of Fourier
multipliers

In this chapter, we will prove that any self-adjoint, positive, unital Fourier multipliers
admits an absolute dilation. We will treat the unimodular and the non-unimodular cases
separately.

5.1 Unimodular case
The aim of this section is to prove the following theorem. All background on V NpGq

was introduced in Section 1.5. We will use the notation introduced in there.

Theorem (B). Let Tu : V NpGq Ñ V NpGq be a self-adjoint, unital, completely positive
Fourier multiplier. Then Tu is absolutely dilatable.

We adapt the construction of [4] to our general setting. We assume that Tu :
V NpGq Ñ V NpGq is a completely positive, self-adjoint unital Fourier multiplier as-
sociated with a bounded continuous function u : G Ñ C. Let Θ : ℓ1RpGq ˆ ℓ1RpGq Ñ R be
the bilinear symmetric map defined by

Θ : pf, hq ÞÑ
ÿ

GˆG

upt´1sqfptqhpsq.

This is well-defined, because u is bounded, and Θ is positive by Theorem 1.5.2, (1).
Let KΘ Ă ℓ1RpGq be the kernel of the seminorm Θpf, fq

1
2 and let Hu be the completion

of ℓ1RpGq{KΘ for the norm induced by Θpf, fq
1
2 . We denote by H the real Hilbert space

Hu

2
b ℓ2RpZq, to which we associate the tracial von Neumann algebra (Γ´1pHq, τq (See

Section 1.6 for all details). Furthermore we let H :“ F1pHq and we recall that by
construction, Γ´1pHq Ă BpHq.

In the sequel, we let 9f P Hu denote the class of any f P ℓ1RpGq.

Lemma 5.1.1. For any t P G, the map θt : 9f ÞÑ

9hkkkkkkikkkkkkj

s ÞÑ fpt´1sq is an isometry from Hu

onto Hu.

Proof. This follows from the following equality. For all f, h P ℓ1pGq, we have:
ÿ

GˆG

ups1´1sqfptsqhpts1
q “

ÿ

GˆG

ups1´1sqfpsqhps1
q.
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For all t P G, the map θt b Idℓ2RpZq extends to an onto isometry on H. We denote this

application by θt
2
b Idℓ2RpZq. We obtain for all t P G, the map Γ´1pθt

2
b Idℓ2RpZqq is a trace

preserving ˚-automorphism.
We define a homomorphism

α : G Ñ AutpΓ´1pHqq, αptq “ Γ´1pθt
2
b Idℓ2RpZqq.

For any t P G we let δt P ℓ1RpGq be defined by δtptq “ 1 and δtpsq “ 0 if s “ t.
According to (1.6.4), we have

αptq
`

ωp 9δs b zq
˘

“ ωp 9δts b zq, t, s P G, z P l2RpZq. (5.1.1)

We consider below continuity of α in the sense of [63, Definition X.1.1] and [63,
Proposition X.1.2].

Lemma 5.1.2. The map α : G Ñ AutpΓ´1pHqq is point-w˚-continuous, i.e for all m P

Γ´1pHq and for all η P Γ´1pHq˚, the map t ÞÑ xαptqpmq, ηyΓ´1pHq,Γ´1pHq˚
is continuous.

Proof. Firstly we prove the continuity of the map

t ÞÑ xαptqpωp 9δs1 b h1q ¨ ¨ ¨ωp 9δsn b hnqq, ωp 9δv1 b k1q ¨ ¨ ¨ωp 9δvn b knqy,

for arbitrary s1, . . . , sn, v1, . . . , vn P G and h1, . . . , hn, k1, . . . , kn P l2Z.
For all t P G we have, by (5.1.1) and Lemma 1.6.1,

xαptqpωp 9δs1 b h1q ¨ ¨ ¨ωp 9δsn b hnqq, ωp 9δv1 b k1q ¨ ¨ ¨ωp 9δvn b knqy

“ xαptqpωp 9δs1 b h1qq ¨ ¨ ¨αptqpωp 9δsn b hnqq, ωp 9δv1 b k1q ¨ ¨ ¨ωp 9δvn b knqy

“ xpωp 9δts1 b h1qq ¨ ¨ ¨ pωp 9δtsn b hnqq, ωp 9δv1 b k1q ¨ ¨ ¨ωp 9δvn b knqy

“ τ
`

ωp 9δts1 b h1q ¨ ¨ ¨ωp 9δtsn b hnqωp 9δv1 b k1q ¨ ¨ ¨ωp 9δvn b knq
˘

“
ÿ

νPP2p2nq

p´1q
cpνq

ź

i,jPν

x 9δti ,
9δtjyHuxli, ljyl2Z ,

where ti “

"

tsi if i ď n
vi´n if i ą n

and li “

"

hi if i ď n
ki´n if i ą n

.

We have x 9δtsi ,
9δvjyHu “ upptsiq

´1vjq, and u is continuous. Hence we obtain the ex-
pected continuity.

Next we note that by the density of spantωp.qωp.q ¨ ¨ ¨ωp.qu in L2pΓ´1pHqq, this implies
continuity of the map t ÞÑ xαptqa, by for all a, b P L2pΓ´1pHqq. Finally let m P Γ´1pHq

and let η P Γ´1pHq˚ “ L1pΓ´1pHqq. We may write η “ ab, with a, b P L2pΓ´1pHqq. Then

xαptqm, ηy “ xαptqm, aby “ xαptqma, by.

The continuity of t ÞÑ xαptqm, ηy follows.
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We recall some background about the crossed product Γ´1pHq ¸α G associated with
α. Define, for all m P Γ´1pHq,

παpmq : ξ P L2
pG,Hq ÞÑ αp.q´1

pmqpξqp.q P L2
pG,Hq.

Then πα is a 1-1 ˚-homomorphism from Γ´1pHq into BpL2pG,Hqq. We note in pass-
ing that for every m P Γ´1pHq the map s ÞÑ αps´1qpmq is a element of the space
L8
σ pG,BpHqq. By definition,

Γ´1pHq ¸α G :“ V N
␣

tπαpmq; m P Γ´1pHqu, txbIH : x P V NpGquu Ă BpL2
pG,Hqq.

We define
J : V NpGq ÝÑ Γ´1pHq ¸α G, Jpxq “ xbIH . (5.1.2)

This w˚-continuous one-to-one ˚-homomorphism is the one to be used in Theorem (B).
The following is a classical fact.

Lemma 5.1.3. For any x P Γ´1pHq and t P G,

Jpλptqqπαpxq “ παpαptqpxqqJpλptqq.

This following will be applied a few times in this chapter.

Theorem 5.1.4. Let φ and ψ two n.s.f. traces on a von Neumann algebra M. Assume
that there exists a w˚-dense ˚-subalgebra B of M such that B Ă L2pM, φq and for all
y P B,

ψpy˚yq “ φpy˚yq.

Then φ “ ψ.

Proof. It is a special case of the Pedersen-Takesaki theorem, see [60, §6.2].

We let τM denote the dual weight of τ on M “ Γ´1pHq ¸α G, for which we refer to
[63, p. 61, p. 248-249]. The action α considered in the present chapter is trace preserving
hence the n.s.f. weight τM is actually a trace. Indeed it follows from in [63, Theorem
X.1.17] that the modular group of τM acts trivially on πpMq and on JpV NpGqq.

We now recall a construction which is a slight variant of the one given in [63, Sec-
tion X]. Let KpG,Γ´1pHqq be the vector space of all compactly supported σ-strongly*-
continuous Γ´1pHq-valued functions on G. For all F, F 1 P KpG,Γ´1pHqq, we define
F ˚ F 1 P KpG,Γ´1pHqq and F 7 P KpG,Γ´1pHqq by

F ˚ F 1
ptq “

ż

G

F ps´1
qα´1

psqpF 1
pstqqds and F 7

ptq “ αptqpF pt´1
q

˚
q.

Then for any F P KpG,Γ´1pHqq, we define TαF P Γ´1pHq ¸α G by

@η P pΓ´1pHq ¸α Gq˚, xTαF , ηy “

ż

G

xπαpF ptqqJpλptqq, ηydt.

We let B Ă Γ´1pHq ¸α G denote the set of all TαF , for F P KpG,Γ´1pHqq.
Following [63, Lemma X.1.8] or [60, 19.8], we have the following two results.
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Lemma 5.1.5. For all F, F1, F2 P KpG,Γ´1pHqq,

pTαF q
˚

“ TαF 7 and TαF1
TαF2

“ TαF1˚F2

Lemma 5.1.6.

1. The set B is a ˚-subalgebra and it is w˚- dense in Γ´1pHq ¸α G;

2. For all F P KpG,Γ´1pHqq, we have Tα
F 7˚F

ě 0.

3. Let e be the unit of G. If F P KpG,Γ´1pHqq is such that TαF ě 0, then:

τMpTαF q “ τpF peqq.

We now prove a property necessary to apply Definition 1.3.4.

Lemma 5.1.7. The map J defined by (5.1.2) is trace preserving, that is,

τM ˝ J “ ωG.

Proof. Firstly we remark that for all f P KpGq, Tαf˚˚fb1 “ Jpλpf˚ ˚ fqq. Using Lemma
1.5.3, it follows that

τMpJpλpfq
˚λpfqqq “ τMpJpλpf˚

˚ fqqq “ τMpTαf˚˚fb1qq.

According to Lemma 5.1.6, we have

τMpTαf˚˚fb1q “ τpf˚
˚ f b 1peqq “ τp1qf˚

˚ fpeq “ ωGpλpfq
˚λpfqq.

Consequently,

τMpJpλpfq
˚λpfqqq “ ωGpλpfq

˚λpfqq.

The result follows by applying Theorem 5.1.4 to ωG and the n.s.f. trace τM ˝ J .

We now establish a link between the trace τM on M “ Γ´1pHq ¸α G, the Plancherel
trace ωG and the trace τ on Γ´1pHq.

Proposition 5.1.8. For any x P Γ´1pHq and m P V NpGq X L1pV NpGqq, παpxqJpmq

belongs to M X L1pMq and we have

τMpπαpxqJpmqq “ ωGpmqτpxq.

We first establish the above result in a special case.

Lemma 5.1.9. Let x P Γ´1pHq and f P KpGq. We have:

τMpπαpx˚xqJpλpfq
˚λpfqqq “ τpx˚xqωGpλpfq

˚λpfqq.

94



5.1. UNIMODULAR CASE

Proof. We have by the tracial property of τM :

τMpπαpx˚xqJpλpfqλpfq
˚
qq “ τMpπαpxq

˚παpxqJpλpfqqJpλpfqq
˚
q

“ τMp παpxqJpλpfqqpπαpxqJpλpfqqq
˚

loooooooooooooooooomoooooooooooooooooon

q

ě 0.

We observe that Tαfbx “ παpxqJpλpfqq and pf b xq ˚ pf b xq7 “ f ˚ f˚p.qxαp.qpx˚q. Then
we have, using Lemmas 1.5.3, 5.1.5 and 5.1.6,

τMpπαpx˚xqJpλpfqλpfq
˚
qq “ τMpTαfbxpTαfbxq

˚
q

“ τMpTα
pfbxq˚pfbxq7q

“ τMpTαf˚f˚p.qxαp.qpx˚qq

“ τpf ˚ f˚
peq b xαpeqpx˚

qq

“ f ˚ f˚
peqτpxx˚

q

“ ωGpλpfqλpfq
˚
qτpx˚xq.

We obtain the result by changing f into f˚.

Proof of Proposition 5.1.8. For any m P V NpGq X L1pV NpGqq, Jpmq P M X L1pMq, by
Lemma 5.1.7. Hence παpxqJpmq belongs to M X L1pMq for any x P Γ´1pHq.

We fix x P Γ´1pHq and we may assume that x ‰ 0. We define a n.s.f. trace Φx on
V NpGq by

Φxpmq “ τM

ˆ

παpx˚xq

τpx˚xq
Jpmq

˙

, m P V NpGq`.

The faithful property comes from the faithful property of τM and the computation in
the beginning of Proof of Lemma 5.1.9. By Lemma 5.1.9, Φx coincides with ωG on
tλpfq˚λpfq : f P KpGqu. Applying Theorem 5.1.4, we deduce that Φx “ ωG. Thus we
have

τMpπαpx˚xqJpmqq “ τpx˚xqωGpmq, x P Γ´1pHq, m P V NpGq`.

By polarization, the result follows at once.

As in Section 2.2 on Schur multipliers, J induces J1 : L1pV NpGqq Ñ L1pΓ´1pHq¸αGq

and we denote by E “ J˚
1 : Γ´1pHq¸αG Ñ V NpGq the conditional expectation associated

with J .

Lemma 5.1.10. For any x P Γ´1pHq and t P G, we have:

EpπαpxqJpλptqqq “ τpxqλptq.

Proof. Let η P V NpGq X L1pV NpGqq. Using Proposition 5.1.8, we have:

xEpπαpxqJpλptqqq, ηyV NpGq,L1pV NpGqq “ xπαpxqJpλptqq, J1pηqyM,L1pMq

“ xπαpxqλptqbIH , ηbIHyM,L1pMq

“ τMpπαpxqpλptqηbIHqq

“ τMpπαpxqJpλptqηqq

“ ωGpλptqηqτpxq.

Since V NpGq X L1pV NpGqq is dense in L1pV NpGqq, this yields the result.
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Let ρ P Bpl2Zq be the shift operator, ρ
`

panqn
˘

“
`

pan`1qn
˘

. This is a unitary hence

ρ1 :“ Γ´1pId
2
bρq is a normal completely positive, trace preserving automorphism. Further

we have

ρ1
pωpxqq “ ωpId

2
b ρpxqq, x P Γ´1pHq, (5.1.3)

by (1.6.4). It follows that for any t P G, we have:

αptqρ1
“ ρ1αptq.

Theorem 5.1.11. There exists a (necessarily unique) automorphism ρ̃ : Γ´1pHq¸αG Ñ

Γ´1pHq ¸α G such that:

1. ρ̃ is trace preserving;

2. for all x P Γ´1pHq, ρ̃pπαpxqq “ παpρ1pxqq;

3. for all t P G, ρ̃pJpλptqqq “ Jpλptqq.

Proof. We apply [61, Theorem 4.4.4 p. 149]. It provides all the expected properties
except the fact that ρ̃ is trace preserving. Let us check this.

Let F P KpG,Γ´1pHqq. We observe that for all t P G:

ρ1
pF 7

˚ F ptqq “ ρ1

ˆ
ż

G

α´1
psqpF psq˚

qα´1
psqpF ptsqqds

˙

“

ż

G

α´1
psqppρ1

pF psqqq
˚
qα´1

psqpρ1
pF ptsqqds.

The map ρ1 is a automorphism and α and ρ1 commute, hence we have:

ρ1
pF 7

˚ F ptqq “ pρ1
˝ F q

7
˚ pρ1

˝ F qptq

We have for all η P pΓ´1pHq ¸α Gq˚:

xρ̃ppTαF q
˚TαF q, ηy “

ż

G

xρ̃pπαpF 7
˚ F qptqqρ̃pJpλptqq, ηydt

“

ż

G

xπαpρ1
pF 7

˚ F ptqqJpλptqq, ηydt

“

ż

G

@

παppρ1
˝ F q

7
˚ pρ1

˝ F qptqqJpλptqq, η
D

dt

“ xpTαρ1˝F q
˚Tαρ1˝F , ηy.

Hence ρ̃ppTαF q˚TαF q “ pTαρ1˝F q˚Tαρ1˝F . Computing the trace, we have:

τMpρ̃ppTαF q
˚TαF qq “ τMppTαρ1˝F q

˚Tαρ1˝F q

“ τppρ1
˝ F q

˚
pρ1

˝ F qpeqq

“ τpρ1
pF 7

˚ F peqqq

“ τpF 7
˚ F qpeqq

“ τMppTαF q
˚TαF q.

Using the w˚-density of B and Theorem 5.1.4, we obtain the equality τM ˝ ρ̃ “ τM .
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In the sequel we let pεkqkPZ denote the standard basis of l2Z.

Lemma 5.1.12. Let d “ παpωp 9δe b ε0qq P Γ´1pHq ¸α G, where e is the unit of G. Then
d˚ “ d and d2 “ 1.

Proof. It is clear that d˚ “ d. Next observe that since Tu is unital, we have upeq “ 1
hence

} 9δe b ε0}H “ } 9δe}Hu “ upeq
1
2 “ 1.

Consequently, d2 “ 1 by (1.6.2).

We define

U : Γ´1pHq ¸α G ÝÑ Γ´1pHq ¸α G, Upxq “ d˚ρ̃pxqd.

It follows from above that this is trace preserving automorphism.

Lemma 5.1.13. For all k P N0, for all t P G, we have:

Uk
pJpλptqqq “

παpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εk´1qωp 9δt b εk´1q ¨ ¨ ¨ωp 9δt b ε1qωp 9δt b ε0qqJpλptqq.

Proof. We prove the lemma by induction. The case k “ 0 is easy. Let k P N0 and assume
that the result true for k. We remark that for all t P G and x P Γ´1pHq:

UpπαpxqJpλptqqq “ παpωp 9δe b ε0qqπαpρ1
pxqqJpλptqqπαpωpp 9δe b ε0qqq.

Hence for any t P G we have:

Uk`1
pJpλptqqq

“ Upπαpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εk´1qωp 9δt b εk´1q ¨ ¨ ¨ωp 9δt b ε1qωp 9δt b ε0qqJpλptqq

“ παpωp 9δe b ε0qqπαpρ1
pωp 9δe b ε0q ¨ ¨ ¨ωp 9δt b ε0qqqJpλptqqπαpωp 9δe b ε0qq.

By (5.1.3), this is equal to

παpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εkqωp 9δt b εkq ¨ ¨ ¨ωp 9δt b ε1qqqJpλptqqπαpωp 9δe b ε0qq.

By lemma 5.1.3, the latter is equal to

παpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εkqωp 9δt b εkq ¨ ¨ ¨ωp 9δt b ε1qqqπαpωp 9δt b ε0qqJpλptqq

“ παpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εkqωp 9δt b εkq ¨ ¨ ¨ωp 9δt b ε1qωp 9δt b ε0qqJpλptqq.

This proves the lemma.

We conclude the proof of Theorem (B) by showing:

EUkJ “ T ku , k ě 0.

It suffices to prove that for all t P G, EUkJpλptqq “ T kpλptqq. To check this, fix t P G

and k P N0 and for all i P r|1; 2k|s, consider fi “

"

9δe b εi´1 If 1 ď i ď k
9δt b ε2k´i If k ` 1 ď i ď 2k

.
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Then xfi, f2k´i`1y´1 “ uptq and for all 1 ď i ă j ď 2k such that j ‰ 2k ´ i ` 1,
xfi, fjyH “ 0.

We have according to Lemma 5.1.13 :

EUkJpλptqq “ Epπαpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δt b ε1qωp 9δt b ε0qqJpλptqqq.

Using Lemma 5.1.10, this is equal to

τpωp 9δe b ε0qωp 9δe b ε1q ¨ ¨ ¨ωp 9δe b εk´1qωp 9δt b εk´1q ¨ ¨ ¨ωp 9δt b ε1qωp 9δt b ε0qqλptq

“ τpωpf1q ¨ ¨ ¨ωpf2kqqλptq “ xf1, f2kyH ¨ ¨ ¨ xfk, fk`1yHλptq.

We derive, using lemma 1.6.1, that

EUkJpλptqq “ uptqkλptq “ T ku pλptqq,

which concludes the proof.
By Proposition 1.3.5, we have the following explicit consequence of Theorem (B).

Theorem 5.1.14. Let G be a unimodular locally compact group. Let T : V NpGq Ñ

V NpGq is a self-adjoint, unital, completely positive Fourier multiplier. Then for all
1 ď p ă 8, the map Tp : LppV NpGqq Ñ LppV NpGqq is dilatable.

5.2 Non-unimodular case (weighted von Neumann al-
gebras)

In this section, we will prove, the following theorem.

Theorem (B’). Let G be a locally compact group, let Tu : V NpGq Ñ V NpGq be a self-
adjoint, unital, completely positive Fourier multiplier. Then Tu is absolutely dilatable.

We follow the proof of theorem (B). The construction does not use unimodular hy-
pothesis until Theorem 5.1.3. In general case, Lemma 5.1.4 becomes the following.

Theorem 5.2.1. Let φ and ψ two n.s.f. weights on a von Neumann algebra M . Assume
that there exists a w˚-dense ˚-subalgebra B of M such that B Ă Mφ, σφ-invariant and
for all y P B, s P R,

ψpy˚yq “ φpy˚yq and ψ ˝ σφs “ ψ.

Then φ “ ψ.

Proof. See §6.2 in [60].

We denote the dual weight of τ on M “ Γ´1pHq ¸
α
G by τM , (cf [63, pages 248-249

and page 61]) and we denote the modular automorphism group of the dual weight τM
by στMs . The construction of TαF is the same in general setting. The difference is the
definition of F 7. It becomes for all F P KpG,Γ´1pHqq.

F 7
P KpG,Γ´1pHqq and F 7

ptq “ ∆t´1αptqpF pt´1
q

˚
q t P G.

The two lemmas 5.1.5 and 5.1.6 still hold true with the above definition.
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5.2. NON-UNIMODULAR CASE (WEIGHTED VON NEUMANN ALGEBRAS)

Lemma 5.2.2. The map J : V NpGq Ñ Γ´1pHq defined by Jpxq “ xbIH is weight
preserving and for any s P R,

στMs ˝ J “ J ˝ σωG
s

We have for all x P Γ´1pHq and for all s P R, στMs pπαpxqq “ παpxq. Hence

παpxq P tx P Γ´1pHq ¸α G; σ
τM
s pxq “ x, @ s P Ru the centralizer of τM .

Remark 5.2.3.

1. By Theorem 1.2.7, for all x P Γ´1pHq, we have for all z P MM
τM

, zπαpxq P MM
τM

,
παpxqz P MM

τM
and τMpπαpxqzq “ τMpzπαpxqq.

2. By Lemma 1.2.11, for any m P MV NpGq
ωG , Jpmq belongs to P MM

τM
. Then παpxqJpmq

belongs to MM
τM

for any x P Γ´1pHq.

The following is an analogue of Proposition 5.1.8.

Proposition 5.2.4. For any x P Γ´1pHq and m P MV NpGq
ωG , we have

τMpπαpxqJpmqq “ ωGpmqτpxq.

We prove the following result before the proof of the above proposition.

Lemma 5.2.5. Let x P Γ´1pHq and f P KpGq. We have:

τMpπαpx˚xqJpλpfq
˚λpfqq “ τpx˚xqωGpλpfq

˚λpfqq.

Proof. By Remark 5.2.3 we have,

τMpπαpx˚xqJpλpfqλpfq
˚
qq “ τMpπαpxq

˚παpxqJpλpfqqJpλpfqq
˚
q

“ τMpπαpxqJpλpfqqJpλpfqq
˚παpxq

˚
q

“ τMp παpxqJpλpfqqpπαpxqJpλpfqqq
˚

loooooooooooooooooomoooooooooooooooooon

q

ě 0.

We recall that Tαfbx “ παpxqJpλpfqq and pf b xq ˚ pf b xq7 “ f ˚ f˚p.qxαp.qpx˚q. Then
we obtain, using Lemmas 1.5.1, 5.1.5 and 5.1.6,

τMpπαpx˚xqJpλpfqλpfq
˚
qq “ τMpTαfbxpTαfbxq

˚
q

“ τMpTα
pfbxq˚pfbxq7q

“ τMpTαf˚f˚p.qxαp.qpx˚qq

“ τpf ˚ f˚
peqxαpeqpx˚

qq

“ f ˚ f˚
peqτpxx˚

q

“ ωGpλpfqλpfq
˚
qτpx˚xq.

The result follows by changing f into f˚.
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Proof of Proposition 5.2.4. We fix x P Γ´1pHq and we may assume that x ‰ 0. We define
a normal weight Φx on V NpGq by

Φxpmq “ τM

ˆ

παpx˚xq

τpx˚xq
Jpmq

˙

, m P MV NpGq
ωG

.

The map Φx is well defined by Remark 5.2.3. By faithfulness of τM and the computation
in the beginning of Proof of Lemma 5.2.5, the weight Φx is faithful. By Lemma 5.2.5, Φx

coincides with ωG on tλpfq˚λpfq : f P KpGqu. We observe that λpKpGqq Ă MV NpGq
ωG is

σ-invariant and w˚-dense in V NpGq. Then Φx is semi-finite. Let m P MV NpGq
ωG , we have

for all s P R,

ΦxpσωG
s pmqq “ τM

ˆ

παpx˚xq

τpx˚xq
JpσωG

s pmqq

˙

“ τM

ˆ

παpx˚xq

τpx˚xq
στMs pJpmqq

˙

“ τM

ˆ

στMs

ˆ

παpx˚xq

τpx˚xq
Jpmq

˙˙

“ τM

ˆ

παpx˚xq

τpx˚xq
Jpmq

˙

“ Φxpmq

Applying Theorem 5.2.1, we deduce that Φx “ ωG. Then we obtain

τMpπαpx˚xqJpmqq “ τpx˚xqωGpmq, x P Γ´1pHq, m P MV NpGq
ωG

.

By polarization, the result follows.

We see V NpGq as a subset of Γ´1pHq ¸α G and we have στMs pV NpGqq Ă V NpGq

according to lemma 5.2.2.

Proposition 5.2.6. For any x P Γ´1pHq, m P MV NpGq
ωG and F P KpG,Γ´1pHqq, we have:

1. J˚
1 pπαpxqJpmqq “ τpxqm;

2. J˚
1 pTαF q “

ş

G
τpF psqqλpsqds “ λpτ ˝ F q;

Proof. Let η P M8
ωG

and let m P MV NpGq
ωG . By Lemma 1.2.11 and Remark 5.2.3, we

obtain Jpηq P M8
τM

and παpxqJpmq P MM
τM

. We have

A

J˚
1 pπαpxqJpmqq, D

1
2
ωGηD

1
2
ωG

E

“

A

παpxqJpmq, J1

´

D
1
2
ωGηD

1
2
ωG

¯E

“

A

παpxqJpmq, D
1
2
τMJpηqD

1
2
τM

E

“ trτM
´

παpxqJpmqD
1
2
τMJpηqD

1
2
τM

¯

.
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By 2 of Lemma 1.2.10, we have

A

J˚
1 pπαpxqJpmqq, D

1
2
ωGηD

1
2
ωG

E

“ τM

´

παpxqJpmqστM
´ i

2

pJpηqq

¯

“ τM

´

παpxqJpmσωG

´ i
2

pηqq

¯

.

By Proposition 5.2.4, the latter is equal to,

τpxqωG

´

mσωG

´ i
2

pηq

¯

“ τpxqtrωG

´

mD
1
2
ωGηD

1
2
ωG

¯

“ xτpxqm,D
1
2
ωGηD

1
2
ωGy.

We used again 2 of Lemma 1.2.10 with ωG. By density ofD
1
2
ωGM8

ωG
D

1
2
ωG in L1pV NpGq, ωGq

and duality, we obtain the first point.
For the second one, we remark that for any x P Γ´1pHq and f P KpGq we have

λpfq P MV NpGq
ωG . By the first point, we deduce that

J˚
1 pTαfbxq “ J˚

1 pπαpxqJpλpfqq “ τpxqλpfq “

ż

G

τppf b xqpsqqλpsqds.

By linearity we have the previous equality for any finite combination:

J˚
1

´

TαřN
i“1 fibxi

¯

“ J˚
1

˜

N
ÿ

i“1

Tαfibxi

¸

“

ż

G

τ

˜

N
ÿ

i“1

pfi b xiqpsq

¸

λpsqds

Finally by w˚- density of K b Γ´1pHq in KpG,Γ´1pHqq and w˚-continuity J˚
1 and τ , we

obtain the equality J˚
1 pTαF q “

ş

G
τpF psqqλpsqds “ λpτ ˝ F q.

We let ρ1 :“ Γ´1pId
2
b ρq the same normal completely positive, trace preserving

automorphism than in the previous section. Then ρ1 also verifies (5.1.3) and commutes
with α.

Theorem 5.2.7. There exists a (necessarily unique) automorphism ρ̃ : Γ´1pHq ¸
α
G Ñ

Γ´1pHq ¸
α
G such that:

1. ρ̃ is weight preserving;

2. for all x P Γ´1pHq, ρ̃pπαpxqq “ παpρ1pxqq;

3. for all t P G, ρ̃pJpλptqqq “ Jpλptqq.

Proof. Theorem 4.4.4 p.149 in [61] gives all the properties except the fact that ρ̃ is weight
preserving. We will apply Theorem 5.2.1. We just have to prove that στMs pBq Ă B and
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τM ˝ ρ̃ ˝ στMs “ τM ˝ ρ̃. The rest is done in the proof of Theorem 5.1.11. For any
F P KpG,Γ´1pHqq, by [63, Theorem X.1.17], we have

στMt pTαF q “ στMt

ˆ
ż

G

παpF psqqJpλpsqqds

˙

“

ż

G

στMt pπαpF psqqqστMt pJpλpsqqqds

“

ż

G

παpF psqq∆it
s pJpλpsqqqds

“

ż

G

παp∆it
s F psqqpJpλpsqqqds

“ Tα∆it
. F

Hence στMs pBq Ă B.
In addition,

τM ρ̃σ
τM
t pTαF q “ τM ρ̃pTα∆it

. F
q

“ τMpTαρ1˝∆it
. F

q

“ τMpTα∆it
. ρ

1˝F qq

“ τMσ
τM
t pTαρ1˝F qq

“ τMpTαρ1˝F qq

“ τM ρ̃pTαF qq

By density, we have τM ρ̃στMs “ τM ρ̃. Using the w˚-density of B and Theorem 5.2.1, we
obtain the equality τM ˝ ρ̃ “ τM .

During the proof, we show that στMs ρ̃ “ ρ̃στMs . We define U : Γ´1pHq ¸
α
G ÝÑ

Γ´1pHq ¸
α
G as in Section 5.1. U have all the expected properties. We give an analogue

of Lemma 5.1.13.

Lemma 5.2.8. For all k P N0, for all f P KpGq, we have:

Uk
pJpλpfqqq “

ż

G

παpωp 9δe b ε0qωp 9δe b ε1q . . . ωp 9δe b εk´1qωp 9δs b εk´1q . . . ωp 9δs b ε1qωp 9δs b ε0qqfpsq b 1qJpλpsqqds.

“ Tα
ωp 9δebε0qωp 9δebε1q...ωp 9δebεk´1qωp 9δ.bεk´1q...ωp 9δ.bε1qωp 9δ.bε0qqfp.qb1

It remains to show that:

pJ1q
˚UkJ “ T ku , k ě 0.

The proof is quietly the same as at the end of Section 5.1.

5.3 Multi-variable Version
This section is devoted to multi-variable version of Theorem (B).
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Theorem (D). Let G be a unimodular locally compact group and let Tu1 , . . . , Tun be
self-adjoint, unital, completely positive Fourier multipliers on V NpGq. Then there ex-
ist a tracial von Neumann algebra pM, τq, a commuting n-tuple pU1, . . . , Unq of trace
preserving ˚-automorphisms on M and a w˚-continuous trace preserving one-to-one ˚-
homomorphism J : V NpGq Ñ M such that

T k1u1 ¨ ¨ ¨T knun “ pJ1q
˚Uk1

1 ¨ ¨ ¨Ukn
n J

for all ki P N0, 1 ď i ď n, where pJ1q
˚ : M Ñ BpL2pΣqq is the conditional expectation

associated with J .

Proof. As in the case of Theorem (C) (from the Chapter 2) we only treat the case n “ 2.
So we consider two self-adjoint, unital, completely positive Fourier multipliers Tu1 , Tu2
on V NpGq. As we did at the beginning of Section 5.1, we create real Hilbert spaces Hu1 ,

Hu2 , H1 “ Hu1

2
b ℓ2RpZq, H2 “ Hu2

2
b ℓ2RpZq, as well as the tracial von Neumann algebras

pΓ´1pH1q, τ1q and pΓ´1pH2q, τ2q. Futher we consider the resulting tracial von Neumann
algebra

Γ´1pH1qbΓ´1pH2q Ă BpHq.

Next for any t P G, we consider, for i “ 1, 2, the onto isometry θit on Hui given by

θitp
9fq :

9hkkkkkkikkkkkkj

s ÞÑ fpt´1sq,

and the trace preserving ˚-automorphism

Γ´1pθ
i
g

2
b Idℓ2RpZqq : Γ´1pHiq ÝÑ Γ´1pHiq.

Then we define
α : G ÝÑ AutpΓ´1pH1qbΓ´1pH2qq

by

αptq “ Γ´1pθ
1
t

2
b Idℓ2RpZqqbΓ´1pθ2t

2
b Idℓ2RpZqq, t P G.

This is a homomorphism, and this homomorphism is point-w˚-continuous (in the sense
of lemma 5.1.2), by an argument similar to the one used in Section 5.1. This gives rise
to the crossed product

M “ Γ´1pH1qbΓ´1pH2q ¸α G.

As in Section 5.1, we see that the dual weight on this crossed product is a trace. We let

πα : Γ´1pH1qbΓ´1pH2q ÝÑ M and J : V NpGq ÝÑ M

be the canonical embeddings. The latter is a w˚-continuous trace preserving one-to-
one ˚-homomorphism. We let E : M Ñ BpL2pΣqq denote the conditional expectation
associated with J .

Let ρ be the shift operator on l2Z, as in Section 5.1. Then we may define completely
positive, unital, trace preserving ˚-automorphisms :

ρ1
1 :“ Γ´1pIdHu1

b ρqbId and ρ1
2 :“ IdbΓ´1pIdHu2

b ρq.
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It is plain that they commute. In addition, for all t P G and i “ 1, 2, we have αptqρ1
i “

ρ1
iαptq. Now thanks to [61, Theorem 4.4.4 p. 149], we may obtain ρ̃1 and ρ̃2 as in Theorem

5.1.11. Then we have, for all x P H1 and y P H2,

ρ1
1pω1pxq b yq “ ω1pId

2
b ρpxqq b y and ρ1

1pω1pxq b yq “ x b ω2pId
2
b ρpyqq.

We now introduce the two self-adjoint symmetries

d1 “ παpω1p
9δe b ϵ0q b 1q and d2 “ παp1 b ω2p

9δe b ϵ0qq.

Then for all t P G, we have

αptqpω1p
9δe b ϵ0q b 1q “ ω1p

9δt b ϵ0q b 1 and αptqp1 b ω2p
9δe b ϵ0qq “ 1 b ω2p

9δt b ϵ0q.

Finally we define the trace preserving ˚-automorphisms U1, U2 on Γ´1pH1qbΓ´1pH2q¸αG
by

Ui : x ÞÑ d˚
i ρ̃ipxqdi.

We claim that U1 and U2 commute.
To check this, we first remark that:

d1d2 “ παpω1p 9δe b ϵ0q b 1qπαp1 b ω2p
9δe b ϵ0qq

“ παppω1p 9δe b ϵ0q b 1qp1 b ω2p
9δe b ϵ0qqq

“ παpp1 b ω2p 9δe b ϵ0qqpω1p
9δe b ϵ0q b 1qq

“ d2d1.

Second, for all x P Γ´1pH1qbΓ´1pH2q, we have

ρ̃1ρ̃2pπαpxqq “ παpρ1
1ρ

1
2pxqq “ παpρ1

2ρ
1
1pxqq “ ρ̃2ρ̃1pπαpxqq,

and for all t P G, we have

ρ̃1ρ̃2pJpλptqqq “ Jpλptqq “ ρ̃2ρ̃1pJpλptqqq.

We deduce that ρ̃1 and ρ̃2 commuting. For all x P Γ´1pH1qbΓ´1pH2q ¸α G, we obtain:

U1pU2pxqq “ U1pd2ρ̃2pxqd2q

“ d1ρ̃1pd2ρ̃2pxqd2qd1

“ d1ρ̃1pd2qρ̃1pρ̃2pxqqρ̃1pd2qd1

“ d1ρ̃1pπαp1 b ω2p
9δe b ϵ0qqqρ̃2pρ̃1pxqqρ̃1pπαp1 b ω2p

9δe b ϵ0qqqd1

“ d1παpρ1
1p1 b ω2p

9δe b ϵ0qqqρ̃2pρ̃1pxqqπαpρ1
p1 b ω2p

9δe b ϵ0qqqd1

“ d1παp1 b ω2p
9δe b ϵ0qqρ̃2pρ̃1pxqqπαp1 b ω2p

9δe b ϵ0qqd1

“ d1d2ρ̃2pρ̃1pxqqd2d1

“ d2d1ρ̃2pρ̃1pxqqd1d2
... same computation
“ U2pU1pxqq

With this commutation property in hands, the proof of Theorem (D) is obtained by
arguments similar to the ones in Section 5.1.
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As the end of Section 5.1, we mention that applying Lemma 1.2.3, we obtain the
following consequence of Theorem (D).

Theorem 5.3.1. Let G be a unimodular locally compact group and let Tu1 , . . . , Tun be self-
adjoint, unital, completely positive Fourier multipliers on V NpGq. Then for all 1 ď p ă

8, there exist a tracial von Neumann algebra pM, τq, a commuting n-tuple pU1, . . . , Unq

of surjective isometries on LppMq, and two contractions J : LppV NpGqq Ñ LppMq and
Q : LppMq Ñ LppV NpGqq such that for all k1, . . . , kn P N0,

T k1u1 ¨ ¨ ¨T knun “ QUk1
1 ¨ ¨ ¨Ukn

n J on LppV NpGqq.

With the same arguments, we can obtain Theorem (D) in the non-unimodular case.

Theorem (D’). Let G be a locally compact group and let Tu1 , . . . , Tun be self-adjoint,
unital, completely positive Fourier multipliers on V NpGq. Then there exist a weighted
von Neumann algebra pM, τq, a commuting n-tuple pU1, . . . , Unq of weight preserving ˚-
automorphisms on M and a w˚-continuous weight preserving one-to-one ˚-homomorphism
J : V NpGq Ñ M such that

T k1u1 ¨ ¨ ¨T knun “ pJ1q
˚Uk1

1 ¨ ¨ ¨Ukn
n J

for all ki P N0, 1 ď i ď n, where pJ1q
˚ : M Ñ BpL2pΣqq is the conditional expectation

associated with J .
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Titre : Propriétés de Dilatation des Multiplicateurs de Schur et des Multiplicateurs de
Fourier.
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Résumé : Soit N une algèbre de von Neumann équipée d’une trace normale semi-finie fidèle
(n.s.f) et soit T : N Ñ N une contraction, on dit que T est absolument dilatable s’il existe
une autre algèbre de von Neumann équipée d’une trace n.s.f, un ˚-homomorphisme w˚-continu
préservant la trace et unitaire J : N Ñ N et un ˚-automorphisme préservant la trace U : N Ñ N
tel que pour tout k P N, T k “ EUkJ où E : N Ñ N est l’espérance conditionnelle associée à J .
Soit pΣ, µq un espace mesuré σ-fini, nous prouvons que tout multiplicateur de Schur unitaire,
positif, auto-adjoint et borné sur BpL2pΣqq est absolument dilatable. De même, nous obtenons
que tout multiplicateur de Fourier sur V NpGq, unitaire, complètement positif, auto-adjoint est
aussi absolument dilatable, où G est un groupe localement compact. De plus, nous établissons
une version multi-variable de ces résultats. Ensuite, nous caractérisons les fonctions φ P L8pΣ2q

induisant un multiplicateur de Schur borné Mφ : BpL2pΣqq Ñ BpL2pΣqq qui est absolument
dilatable. Nous montrons aussi une nouvelle caractérisation pour les multiplicateurs de Schur
Spn Ñ Spn positifs et unitaires qui admettent une dilatation en une isométrie complète inversible
sur un espace Lp non-commutatif avec 1 ă p ‰ 2 ă `8. Ensuite, nous traitons le cas de la
dimension infinie.

Title : Dilation Properties of Schur and Fourier Multipliers.

Keywords : Dilation, Schur multipliers, Fourier multipliers, Non commutative Lp-spaces.

Abstract : Let N be a von Neumann algebra equipped with a normal semi-finite faithful trace
(nsf trace in short) and let T : N Ñ N be a contraction. We say that T is absolutely dilatable
if there exist another von Neumann algebra N equipped with a nsf trace, a w˚-continuous
trace preserving unital ˚-homomorphim J : N Ñ N and a trace preserving ˚-automomorphim
U : N Ñ N such that T k “ EUkJ for all integer k ě 0, where E : N Ñ N is the condi-
tional expectation associated with J . Given a σ-finite measure space pΣ, µq, we prove that any
self-adjoint, unital, positive measurable bounded Schur multiplier on BpL2pΣqq is absolutely
dilatable. We obtain a similar result for self-adjoint, unital, completely positive Fourier multi-
plier on V NpGq, when G is a locally compact group. Furthermore, we establish multi-variable
versions of these results. In addition we characterize bounded Schur multipliers φ P L8pΣ2q

such that the Schur multiplication operator Mφ : BpL2pΣqq Ñ BpL2pΣqq is absolutely dilatable.
Moreover we prove new characterizations of unital positive Schur multipliers Spn Ñ Spn which can
be dilated into an invertible complete isometry acting on a non-commutative Lp-space where
1 ă p “ 2 ă 8 and Spn be the Schatten von Neumann class over n ˆ n matrices. Then we
investigate the infinite dimensional case.
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