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Préliminaires

Ce chapitre est une traduction de l'introduction faite au Chapitre 1.

Le sujet principal de ma these, comme annoncé dans le titre, est la robustesse des pavages (généralement
choisis au hasard, mais pas nécessairement uniformément distribués) aux perturbations aléatoires. Ici, les
notions de robustesse et de perturbations sont volontairement vaguement définies, et prendront des significations
formelles différentes selon le contexte. Le dernier ingrédient clé, la complexité, peut étre compris de différentes
manieres. Tout d’abord, de fagon informelle, il fait référence aux structures hiérarchiques apériodiques complexes
qu’on retrouve dans la plupart des pavages que j’étudierai. Deuxiemement, il peut étre compris comme une
complexité computationnelle, soit des ensembles de pavages aléatoires que j’introduirai, soit de la notion méme
de stabilité en tant que probleme de décision.

La saveur générale de mon travail dans ce manuscrit est donc un entrelacs de physique statistique, de
complexité computationnelle et de théorie ergodique, qui repose sur des éléments de dynamique symbolique. Je
commencerai par donner un apercu général de la bibliographie existante sur des sujets liés, puis j'exposerai la
structure de mon travail dans les chapitres suivants.

I. Contexte

I.i. Structures complexes dans les pavages apériodiques

Dans ce contexte, un pavage est constitué de tuiles carrées alignées sur la grille Z¢, avec des « régles locales » qui
déterminent quelles tuiles sont autorisées les unes a coté des autres, a I'instar de pieces de puzzle. Formellement,
lorsque le nombre de tuiles différentes (qui formeront un alphabet) et de telles regles (les motifs interdits) est
fini, ’ensemble des pavages correspondants est appelé un sous-décalage de type fini, un SFT (pour Subshift of
Finite Type en anglais).

En particulier, si chaque tuile utilise une couleur sur chaque bord, et que I'on exige de deux tuiles voisines
qu’elles aient la méme couleur sur leur bord en commun, on obtient le formalisme des tuiles de Wang, illustré dans
la Figure 1.1. Ce formalisme a été introduit par Wang en 1961 | ], en conjecturant que tout jeu de tuiles
qui pave le plan doit admettre une configuration périodique. En 1966 | ], son doctorant Berger a prouvé que
la conjecture était fausse en exhibant un jeu de tuiles apériodique utilisant un tres grand nombre de tuiles, et a
également prouvé que la question de la pavabilité du plan est algorithmiquement indécidable. Ce résultat a été
rapidement amélioré par Robinson [ ], qui a diminué le nombre total de tuiles de Wang dans l'alphabet de
plusieurs milliers a quelques dizaines (de 20426 a 56 pour étre précis). Ce processus d’optimisation s’est poursuivi
jusqu’a la derniére décennie, ot Jeandel et Rao | ] ont prouvé que tout jeu de tuiles de Wang qui couvre le
plan en utilisant dix tuiles ou moins doit contenir une configuration périodique, et ont présenté un jeu de tuiles
apériodiques avec onze tuiles (illustré en Figure 1.1). La plupart de ces jeux de tuiles apériodiques reposent
sur une structure autosimilaire hiérarchique (y compris le pavage de Jeandel-Rao | ], ou la construction
de Labbé & 19 tuiles de Wang | ]), & une exception notable pres : le pavage de Kari-Culik | ] est
prouvé apériodique, et simule une transformation continue sur les nombres réels induisant des trajectoires
apériodiques, mais avec une entropie positive donc sans structure auto-similaire [ ]. L’un des points les
plus remarquables de ces constructions est que les structures apériodiques complexes peuvent émerger de régles
locales trés simples.

Une problématique liée est celle des pavages géométriques, ot chaque tuile a une forme (généralement
polygonale), et ot un pavage admissible du plan est entiérement constitué de tuiles dont les intérieurs ne



s’intersectent pas (c’est d’ailleurs ainsi que se comportent les pieces de puzzle en réalité). Notamment, les bords
des tuiles de Wang peuvent étre transformés en formes géométriques qui encodent les régles locales entre les tuiles
voisines, ce cadre généralise donc le précédent. Dans certaines situations, les formes des tuiles les forceront a
s’aligner sur une grille périodique (comme Z? pour les dominos, ou le réseau triangulaire pour les dimeéres), alors
que dans d’autres cas, il n’y a pas de réseau sous-jacent (comme pour le pavage de Penrose). Dans ce contexte,
la question de l’existence d’une monotuile apériodique a récemment regu une réponse positive | | en
utilisant de nouvelles idées élégantes, prouvant une fois de plus que des structures complexes peuvent émerger
d’une unique forme simple.

Méme en utilisant une grille carrée, comme nous allons le voir, de nombreux comportements hautement
complexes peuvent se produire, en particulier lorsque des perturbations aléatoires sont introduites dans le
modele. En fonction du chapitre, je considérerai deux sources principales de perturbations aléatoires : les
perturbations indépendantes localisées, plus proches de la philosophie de la théorie de I'information, et les
mesures de Gibbs, qui correspondent a une approche de physique statistique. Dans les deux cas, cependant, ces
perturbations doivent étre comprises comme une faible probabilité d’ignorer une regle locale, d’avoir des tuiles
mal assorties. Par conséquent, la robustesse fait référence au fait qu'un pavage perturbé aléatoire est proche
d’une mesure sur les pavages sans erreurs (dont le SF'T est le support), par rapport & une certaine propriété ou
dans une certaine topologie. Dans un cas, nous verrons qu’'une question de robustesse utilisant des perturbations
localisées est indécidable, qu’un algorithme ne peut pas dire si un jeu de tuiles induit un systéme stable. Dans
I’autre cas, en utilisant des perturbations thermodynamiques, nous verrons une classe de jeux de tuiles induisant
des systémes chaotiques, ou la complexité réside dans la structure de ’ensemble des mesures limites.

1.ii. Physique statistique, quasicristaux et chaos

L’une des principales motivations pour ’étude de ces structures apériodiques a été la découverte par les chimistes
Shechtman et al. en 1984 [ | des quasi-cristauz, des matériaux hautement structurés dont les propriétés
sont similaires a celles des cristaux, mais avec des preuves empiriques d’une symétrie d’ordre dix incompatible
avec les réseaux périodiques connus. Ces matériaux ont d’abord été obtenus en laboratoire, mais ont depuis été
découverts a 1’état naturel dans certains sites météoritiques | ].

Les liens entre la physique statistique et la dynamique symbolique étaient déja connus a I’époque, les tuiles
pouvant représenter des arrangements d’atomes, avec les motifs interdits modélisant les contraintes sur la
maniére dont ces atomes peuvent s’assembler (en utilisant des interactions énergétiques a portée finie entre
les particules [ ]). Cependant, a I’époque, il n’y avait pas de résultats concernant les structures apériodiques
permettant d’expliquer théoriquement comment les quasi-cristaux peuvent se former, notamment en présence
de bruit et d’imperfections.

En général, ces structures (périodiques ou apériodiques) émergent lors du refroidissement des matériaux.
L’exemple historique le plus notable est le modéle (Lenz-)Ising | |, avec une transition de phase d’une phase
désordonnée a haute température a une phase magnétisée a basse température, établie dans le cas bidimensionnel
par Peierls [ ], qui correspond a la transition de la phase paramagnétique a la phase ferromagnétique dans
les matériaux réels. En ce qui concerne la robustesse des structures apériodiques, Migkisz a utilisé une variante
du pavage de Robinson pour prouver la présence d’une phase ordonnée dans un modele bidimensionnel avec
des interactions a portée finie, avec des comportements périodiques a des échelles de plus en plus grandes dans
la structure autosimilaire & mesure que la température décroit | , , ]. A la méme époque, il a
contribué & un un modele tridimensionnel avec des interactions & portée infinie qui, a des températures basses
mais positives, impose la suite apériodique de Thue-Morse le long d’une direction | ].

Parfois, la complexité ne réside pas seulement dans les structures asymptotiques, mais aussi dans la facon
dont le systéme converge vers elles lorsque la température diminue. Plus précisément, la dépendance chaotique en
la température fait référence au phénomene de non-convergence des mesures de Gibbs, aux variations volatiles de
I’état macroscopique du systéme lorsque la température s’approche d’une certaine valeur. On peut par exemple
imaginer une solution chimique dont la couleur alternerait entre le bleu et le rouge lorsque sa température
s’approche du point de congélation, sans jamais se stabiliser. La possibilité d’'un tel comportement a été
mathématiquement démontrée dans un certain nombre de modeles de pavages aléatoires.

Historiquement, le premier exemple de modele avec une dépendance chaotique en la température au voisinage
de 0 a été découvert par van Enter et Ruszel | ]. Leur modele consistait en des interactions a portée finie,
mais basées sur un systéme de spins continus (& valeurs sur le cercle unité et pas seulement dans un alphabet
fini) en utilisant un potentiel avec une paire de puits infiniment imbriqués 'un dans l'autre. Ils ont montré que,



lorsque la température décroit vers 0, les mesures de Gibbs subissent une suite infinie de transitions de phase,
alternant entre des états ferromagnétiques et antiferromagnétiques.

Le second exemple, qui est la principale inspiration du Chapitre 5, est di & Chazottes et Hochman [ ]
1l s’agit d’un modele unidimensionnel avec des spins discrets (i.e. 'alphabet binaire {0,1}) et & portée infinie
mais décroissance exponentielle (i.e. un potentiel Lipschitzien) pour lequel les mesures de Gibbs invariantes ne
convergent pas & basse température. Avec un argument de dynamique symbolique multidimensionnelle | 1,
ils ont pu « simuler » leur modéle unidimensionnel & portée infinie dans un SFT tridimensionnel, obtenant
ainsi un modele avec un alphabet fini et des interactions a portée finie pour lequel les mesures de Gibbs
invariantes ne convergent pas lorsque la température décroit vers 0. Cette construction a ensuite été adaptée
aux modeles bidimensionnels | ) | en utilisant de nouvelles méthodes de simulation | ) ]
D’autres résultats similaires de dépendance chaotique ou sensible a la température ont été obtenus ces dernieres
années | ) ) ]

En utilisant précautionneusement les mémes outils thermodynamiques que Chazottes et Hochman, ainsi que
des résultats de simulation plus traditionnels, mes co-auteurs et moi-méme avons pu obtenir une caractérisation
des ensembles limites pour les systémes uniformément chaotiques (pour lesquels le comportement ne dépend
pas de la trajectoire) en fonction de leur complexité computationnelle | l.

L.iii. Complexité computationnelle des problemes de pavages

Les machines de Turing [ | sont un cadre de travail naturel pour étudier formellement des questions de
calculabilité. Certains problémes peuvent étre résolus par un ordinateur en temps fini, auquel cas ’approche
naturelle consiste a étudier la complexité temporelle de la tache. Cependant, certains problemes ne peuvent tout
simplement pas étre résolus en temps fini, auquel cas on les qualifie d’indécidables. La hiérarchie arithmétique
est apparue comme un moyen de classifier la complexité relative de ces tdches indécidables. Notamment, le
premier échelon de cette hiérarchie correspond au probléme de ’arrét, qui consiste a savoir si un calcul donné
se terminera en temps fini ou non.

Les interactions entre les systémes dynamiques et des questions de calculabilité ne sont pas nouvelles, et
datent pratiquement des premiers balbutiements de la dynamique symbolique. En effet, I’'une des principales
caractéristiques des pavages de Berger et Robinson était leur capacité a simuler des machines de Turing,
établissant ainsi 'indécidabilité du probleme domino, qui consiste & savoir si un jeu de tuiles donné peut
paver le plan, en ’assimilant au probléme de l'arrét | , ].

Ces interactions ont été largement étudiées au cours de la derniére décennie. En particulier, les valeurs que
peuvent prendre certains invariants de conjugaison ont été caractérisées, comme les entropies (dimensionnelles)

possibles | , ], les périodes possibles [ ], les ensembles p-limite [ ], certaines classes de
SFT | ], les ensembles de mesures limite des automates cellulaires itérés sur une mesure initiale | 1,
les ensembles limite génériques d’automates cellulaires | ].. Une autre facon de mettre en évidence la

complexité des pavages consiste a situer la complexité de problémes indécidables apparentés dans la hiérarchie
arithmétique (ou analytique). Dans la hiérarchie arithmétique, le probléme du domino est IT;-complet | 1,

le probléme de conjugaison est Xj-complet et le probléme de factorisation est X3-complet | ].. En ce qui
concerne la hiérarchie analytique, décider si un pavage a une entropie topologique complétement positive ou non
est I1}-complet [ ], en dimension d > 4 le probléme du domino apériodique is IT{-complete | ]... Pour

obtenir ces résultats, les preuves impliquent toujours I’encodage et la simulation de machines de Turing dans
des structures hiérarchiques autosimilaires (et apériodiques). Une direction apparentée notable a ainsi été la
possibilité de simuler des systemes complezes unidimensionnels en utilisant des regles plus simples en dimensions
supérieures [ , , ]

Par conséquent, la quéte de comportements robustes est naturelle dans le contexte des pavages considérés
comme des modeles de calcul, ot 'on voudrait idéalement que les calculs survivent en présence d’une certaine
quantité de bruit. De tels systémes robustes ont déja été étudiés dans le cas des automates cellulaires | 1,

des machines de Turing | | ou méme d’autres pavages simulants (i.e. capables de simuler des modeles
de caleul) | ]. Dans d’autres cas, comme pour les simulations via des transformations calculables sur
les nombres réels | ], les mesures limites ne sont pas calculables, mais I'introduction d’une quantité

quelconque de bruit provoque un effondrement de la complexité, auquel cas les mesures limites du systéme
perturbé deviennent calculables. En suivant une philosophie similaire, les jeux de tuiles simulants étudiés au
Chapitre 4 seront « stabilisés » a des échelles de plus en plus grandes de leur structure autosimilaire & mesure
que la quantité de bruit diminue | |, fournissant ainsi des calculs fiables & des horizons temporels de



plus en plus lointains. Ce résultat a ensuite permis de prouver que la notion correspondante de stabilité est
indécidable [ ].

Quelques résultats existent sur les interactions entre la physique statistique et la calculabilité, notamment a
propos de la calculabilité de la fonction de pression sur certaines classes de sous-shifts unidimensionnels | ,

], ou de certains invariants thermodynamiques comme Pentropie résiduelle | ], mais cette interface
représente encore un domaine peu exploré dans I’ensemble.

II. Structure du manuscrit

Les prochains chapitres constituent une introduction au cadre existant et au folklore sur lesquels mon travail est
basé. Dans le Chapitre 2, j'introduirai des idées de base sur la dynamique symbolique, la théorie ergodique, et
j’étudierai plusieurs variantes du pavage de Robinson. Dans le Chapitre 3, en partant des machines de Turing,
je détaillerai certains aspects clés de la calculabilité tels que les pavages simulants, la hiérarchie arithmétique
et 'analyse calculable. Le formalisme thermodynamique sera introduit au sein du Chapitre 5, lorsque le besoin
s’en fera sentir.

Pendant ma these, j’ai exploré deux directions principales, en utilisant deux types de perturbations aléatoires
et deux notions de robustesse. Chaque axe fera ’objet d’une attention particuliére dans un chapitre dédié.

Dans le Chapitre 4, je considererai principalement des bruits indépendants, avec une fréquence d’erreurs e,
et je comparerai des pavages (aléatoires) dans la topologie de Besicovitch, qui quantifie la fréquence de leurs
différences. Cette topologie est forte, donc dans ce contexte, la robustesse doit étre comprise globalement, on
cherche a savoir si oui ou non le systéme converge lorsque la fréquence des erreurs tend vers 0. D’abord, en
suivant les traces de mon premier article publié | |, je prouverai qu’une variante du pavage de Robinson est
stable. Ensuite, en suivant les traces d’un article exploratoire | ] et de mon deuxiéme article publié | 1,
j’utiliserai ce pavage simulant comme fondation pour prouver que cette notion de stabilité est indécidable, située
entre Ils et II4 dans la hiérarchie arithmétique.

Le Chapitre 5 mettra le projecteur sur le formalisme thermodynamique pour les perturbations aléatoires,
et sur la topologie faible-* pour comparer les mesures. En raison de sa nature plus faible, cette topologie n’est
pas adaptée a I'étude de la méme notion de stabilité (le cas échéant, tous les modeles seraient stables), c’est
pourquoi la notion de robustesse étudiée dans ce chapitre est celle de la chaoticité des trajectoires de mesures
perturbées, lorsque la température (et donc la fréquence des erreurs) tend vers 0. En suivant les traces de
l'article correspondant | ], j’établirai d’abord une borne supérieure Il; sur la complexité de l'ensemble
d’accumulation (contenant toutes les valeurs d’adhérence a température 0 le long de toutes les trajectoires de
mesures de Gibbs) dans le cas de modeéles uniformes (lorsque l'ensemble d’accumulation est le méme quelle
que soit la trajectoire) avec des interactions calculables et a portée finie. Ensuite, & laide d’un jeu de tuiles
simulant soigneusement congu, je prouverai que tout ensemble connexe Il-calculable de mesures de probabilité
peut &tre réalisé comme un ensemble d’accumulation (& homéomorphisme affine calculable prés), en utilisant
des interactions bidimensionnelles & portée finie.

Enfin, dans le Chapitre 6, je parlerai de certains points laissés en suspens dans les chapitres précédents et
de perspectives ouvertes qui n’auraient pas leur place ailleurs.
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CHAPTER ].

Introduction

The main topic of my PhD, as announced in the title, is the robustness of tilings (usually chosen at random, but
not necessarily uniformly distributed) to random perturbations. Here, both the notions of robustness and of
perturbations are purposely loosely defined, and will take different formal meanings depending on the context.
The last key ingredient, complexity, can be understood in various ways. First, informally, it refers to the complex
aperiodic hierarchical structures embedded in most of the tilings I will study. Second, it can be here understood
as the computational complexity, either of the sets of random tilings I will introduce or of the notion of stability
as a decision problem.

The general flavour of my work in this manuscript is thus a mix of statistical physics, computational
complexity and ergodic theory, thrown onto a base layer of symbolic dynamics. I will first give a broad overview
of the literature on related topics, and then discuss the structure of my work in the following chapters.

1.1 Context

1.1.1 Complex Structures in Aperiodic Tilings

In this context, a tiling is made of square tiles aligned on a grid Z¢, with “local rules” that determine which
tiles are allowed next to each other, like puzzle pieces. Formally, when the number of different tiles (that will
form an alphabet) and of such rules (i.e. forbidden patterns) is finite, the set of corresponding tilings is called a

Subshift of Finite Type, an SFT.

Al
yéb

Figure 1.1: Jeandel-Rao set of eleven Wang tiles inducing only aperiodic tilings,
using four colours for the interfaces.

In particular, if each tile uses one colour on each side, and we want neighbouring tiles to use the same
colour on their common interface, then we obtain the formalism of Wang tiles, illustrated in Figure 1.1. This

13
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formalism was introduced by Wang in 1961 | ], while conjecturing that any tileset that tiles the plane
must admit a periodic configuration. In 1966 | ], his PhD student Berger proved the conjecture wrong by
exhibiting an aperiodic tileset using a very large number of tiles, and also proved that this question of tileability
of the plane cannot be decided by an algorithm. This result was quickly improved by Robinson [ 1,
who brought down the total number of Wang tiles from several thousands to dozens (from 20426 to 56 to
be precise). This optimisation process was settled during the last decade, by Jeandel and Rao | ], who
proved that any Wang tileset that tiles the plane using ten tiles or less must contain a periodic configuration,
and exhibited an aperiodic tileset with eleven tiles, shown in Figure 1.1. Most such aperiodic tilesets rely on
a hierarchical self-similar structure (including the Jeandel-Rao tiling | ], and Labbé’s construction using
19 Wang tiles | 1), with one notable exception: the Kari-Culik tiling | ] is proven to be aperiodic,
and simulates a continuous transformation on real numbers inducing aperiodic trajectories, but with positive
entropy so without a self-similar structure | ]. One of the most notable parts of these constructions is
that the highly compler aperiodic structures can emerge from really simple local rules.

A related framework is that of geometric tilings, where each prototile has a (usually polygonal) shape, and
a valid tiling of the plane is entirely covered by prototiles with non-overlapping interiors (which is incidentally
how real-life puzzle pieces behave). Notably, the borders of Wang tiles can be turned into geometric shapes
that enforce the local rules between neighbouring tiles, so this framework generalises the previous one. In some
situations, the shapes of the prototiles will force them to align on a periodic grid (like Z? for dominos, or the
triangle lattice for dimers), while in other cases there is no underlying lattice (such as for the Penrose tiling). In
this context, the question of existence of an aperiodic monotile was recently positively settled | | using
some new elegant ideas, proving once again that complex structures can arise from even one single simple shape.

Even when using a square grid, as we will see, many highly complex behaviours can occur, in particular when
random perturbations are thrown into the mix. Depending on the chapter, I will consider two main sources of
random perturbations: localised independent ones, closer to the philosophy of information theory, and Gibbs
measures, that fit a statistical physics approach. In both cases, though, these perturbations are to be understood
as a low probability of breaking a local rule, of having mismatched tiles. Consequently, robustness refers to the
fact that a random perturbed tiling is close to a measure on tilings without mistakes (i.e. supported by the
SFT), with respect to some property or in some topology. In one case, we will see that a question of robustness
using localised perturbations is undecidable, that an algorithm cannot tell if a tileset induces a stable system. In
the other case, using thermodynamic perturbations, we will exhibit a class of tilesets inducing chaotic systems,
where the complexity lies in the structure of the set of limit measures.

1.1.2 Statistical Physics, Quasicrystals and Chaos

One major motivation for the study of such aperiodic structures was the discovery by the chemists Shechtman
et al. in 1984 | ] of quasicrystals, highly structured materials with properties similar to those of crystals,
but with empirical evidence for a complex tenfold symmetry incompatible with known periodic lattices. Such
materials were initially obtained in lab conditions, but have since then been found naturally occurring in some
meteoritic sites | ].

Links between statistical physics and symbolic dynamics were already known at the time, with the tiles
representing atom clusters, and forbidden patterns modelling constraints on the way these atoms can fit together
(e.g. using finite range energetic interactions between them | ). However, at the time, there were no results
related to aperiodic structures to better explain how quasicrystals may form, notably in the presence of noise
and imperfections.

Usually, such structures (either periodic or aperiodic) emerge when cooling down materials. The most
notable example historically is the (Lenz-)Ising model | ], with a phase transition from the disordered
high-temperature phase to the magnetised low-temperature phase established in the two-dimensional case by
Peierls | ], which corresponds to the transition from the paramagnetic to the ferromagnetic phase in real-life
materials. Regarding the robustness of aperiodic structures, Migkisz used a variant of the Robinson tiling
to prove the presence of an ordered phase in a two-dimensional model with finite-range interactions, with
periodic behaviours at increasingly larger scales in the self-similar structure as the temperature decreases | ,

, ].  Around the same time, he contributed to a three-dimensional model with infinite-range
interactions which, at low but positive temperature, enforces the aperiodic Thue-Morse sequence along one
direction | ]

In some situations, complexity lies not just in the limit structures, but also in the way the system converges to
them as the temperature decreases. More precisely, chaotic dependence on temperature refers to the phenomenon
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of divergence of Gibbs measures, of volatile variations in the macroscopic state of the system as the temperature
approaches a certain value. One may for instance picture a chemical solution whose colour keeps alternating
between blue and red as its temperature nears a freezing point. The possibility of such a behaviour has been
mathematically demonstrated in a number of lattice models.

The first example of a model with chaotic temperature dependence near zero temperature was found by
van Enter and Ruszel [ ]. Their model consisted of finite-range interactions, but on a continuous spins
system (taking values from the unit circle and not just a finite alphabet) using a potential with a pair of
infinitely nested wells. They showed that, as the temperature goes to zero, the Gibbs measures undergo an
infinite sequence of phase transitions, alternating between ferromagnetic and antiferromagnetic states.

The second example, which is the main inspiration for Chapter 5, is due to Chazottes and Hochman | ]
They constructed a one-dimensional model with discrete spins (in the binary alphabet {0, 1}) and infinite-range
but exponentially decaying interactions (i.e. a Lipschitz-continuous potential) for which the shift-invariant
Gibbs measures don’t converge at low temperatures. Using a technique from multidimensional symbolic
dynamics | |, they were able to “simulate” their long-range one-dimensional model with a three-dimensional
model, thus obtaining a model with a finite alphabet and finite-range interactions for which the invariant Gibbs
measures do not converge. This construction was then adapted to two-dimensional models [ , ]
using new simulation methods [ , ].  Other similar results of chaotic or sensitive dependence on
temperature were given in recent years | , , ]

By carefully using the same thermodynamic tools as Chazottes and Hochman, along with more traditional
simulation results, my co-authors and I were able to obtain a characterisation of the limit sets of uniformly
chaotic systems (for which the behaviour doesn’t depend on the trajectory) depending on their computational
complexity | ].

1.1.3 Computational Complexity of Tiling Problems

Turing machines | | are in many ways the default framework for formal computability questions. Some
problems can be solved by a computer in finite time, in which case the natural approach is to study the time
complexity of the task. However, some problems simply cannot be solved in finite time, which we call undecidable.
The arithmetical hierarchy emerged as a way to classify the relative complexity of such undecidable tasks.
Notably, the first ladder of this hierarchy corresponds to the halting problem, of whether a given computation
will end in finite time or not.

The interactions between dynamical systems and computability are not new, and were practically baked into
symbolic dynamics from the start. Indeed, one of the main features of Berger and Robinson’s hierarchical tilesets
was their ability to simulate Turing machines, thus establishing the undecidability of the domino problem, i.e.
, Rob71].

These links have been widely studied in the last decade. Notably, the values that can be taken by some

whether a given tileset tiles the plane, by equating it with the halting problem |

conjugacy invariants have been characterised, such as the possible (dimension) entropies [ , ], the
possible periods [ ], the p-limit sets | ], some classes of SFTs | ], the sets of limit measures
of cellular automata iterated on an initial measure | ], the generic limit sets of cellular automata | 1,

etc. Another way to highlight the complexity of tilings has been to locate the complexity of related undecidable
problems in the arithmetical (or analytical) hierarchy. Regarding the arithmetical hierarchy, the domino problem
is II;-complete | ], the conjugacy problem is Xj-complete and the factorisation problem is X3-complete
[ ], etc. Regarding the analytical hierarchy, deciding whether a tiling has a completely positive topological
entropy or not is IT{-complete | ], in dimension d > 4 the aperiodic domino problem is ITi-complete | 1,
etc. To obtain all these results, the proofs always involve the embedding of Turing machines into complex
hierarchical self-similar (and aperiodic) structures. A related direction of significant interest has thus been
the possibility of simulating one-dimensional complez systems using simpler rules in higher dimensions [
) :I'

Hence, the possibility of robust behaviours is natural in the context of tilings seen as a model of computation,

)

where we ideally want the computations to survive in the presence of some amount of noise. Such robust
systems were already studied in the case of cellular automata | ], Turing machines | ] or even other
simulating tilings | ]. In other cases, such as simulations through computable transformations on real
numbers | ], the limit measures are non-computable, but the introduction of any amount of noise causes
a collapse of the complexity and the limit measures become computable. Following a similar philosophy, the
simulating tilesets studied in Chapter 4 will be “stabilised” at increasingly large scales of their self-similar
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structure as the amount of noise decreases | ], thus providing reliable computations at increasingly large
time horizons. This in turn allowed to prove that the corresponding notion of stability is undecidable [ ].
A few existing results concern the interactions between statistical physics and computability, such as the

computability of the pressure function on some classes of one-dimensional subshifts | , ], or of some
thermodynamic invariants like the residual entropy | |, but this intersection still represents a budding field
overall.

1.2 Structure of the Dissertation

The following two chapters are an introduction to the existing framework and folklore on which my work
is based. In Chapter 2, I will introduce basic ideas about symbolic dynamics, ergodic theory, and discuss
several variants of the Robinson tiling. In Chapter 3, starting from Turing machines, I will detail some key
aspects of computability such as simulating tilesets, the arithmetical hierarchy and computable analysis. The
thermodynamic formalism will be introduced within Chapter 5 as the need arises.

During my PhD, I have explored two main directions, using different kinds of random perturbations and
different notions of robustness. Each will be the focal point of its own chapter.

In Chapter 4, I will mostly use independent noises with a frequency e of mistakes, and compare (random)
tilings using the Besicovitch topology, that quantifies the frequency of their differences. This topology is strong,
so in this context, robustness is to be understood globally, we are trying to know whether the system converges

at all as the frequency of mistakes goes to 0. First, following the tracks of my first published article | I, I
prove that a variant of the Robinson tiling is stable. Then, following the tracks of an exploratory paper [ ]
and my second published article [ ], T use this simulating tiling as the bedrock to prove that this notion

of stability is undecidable, located between Il and Il in the arithmetical hierarchy.

In Chapter 5, I move onto the thermodynamic formalism for the random perturbations, and the weak-x
topology to compare measures. Due to its weaker nature, this topology is ill-fitted to study the same notion
of stability (everything would be stable here), so the notion of robustness studied in this chapter is that of
chaoticity (or stability) of the cooling trajectories, as the temperature (and thus the frequency of mistakes)
goes to 0. Following the tracks of the corresponding article | |, I first prove a II; upper bound on the
complexity of the set of ground states (i.e. the set of all accumulation points of all cooling trajectories) in the
case of uniform models (when the accumulation set is the same regardless of the trajectory) with computable
finite-range interactions. Then, using a carefully crafted simulating tileset, I prove that any connected Il5 set
of probability measures can be realised as a set of ground states (up to a computable affine homeomorphism),
using two-dimensional finite-range interactions.

Lastly, in Chapter 6, I discuss some loose ends and open perspectives from the previous chapters that
wouldn’t fit well anywhere else.
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CHAPTER 2

On Symbolic Dynamics

The objective of this chapter is to provide a mostly self-contained introduction to symbolic dynamics, and how
it relates to ergodic theory for group actions in particular. The following sections can roughly be grouped in
three themes.

In the broadest sense, symbolic dynamics can be seen the study of discrete dynamical systems within a
(full) shift space, where configurations are labellings of a lattice G, with the canonical shift action G ~ A%
by translation. I will thus introduce the basic notions relating to symbolic spaces in Section 2.1. Some special
attention will be given to the notions of periodicity (Section 2.2) and conjugacy (Section 2.3), both of which
will play a role in Chapter 4. Then, the related notion of invariant measures will follow in Section 2.4, with
the well-known weak-* topology. These sections are heavily inspired by the book by Lind and Marcus | 1,
which provides a broad study of symbolic dynamics for the case of the lattice G = Z. However, as I will need
more general notions on G' = Z¢ later on, I chose here to introduce the formalism for a general group G. Readers
interested in two-dimensional tilings may also refer to the book by Griinbaum and Shephard | ].

After this, I move onto ergodic theory, which provides a practical toolset to study these invariant measures.
The broader framework for ergodic theory is that of amenable groups, for which interested readers may refer
to [ , Chapter 6] of Krengel’s book, among other references | , ]. In Section 2.5, T introduce the
main results for G = Z% instead, following | , Chapter 2] of Keller’s book (which focuses on the semigroup
action of IN? but translates almost verbatim for the group Z<). Then, using these tools, I will introduce another
stronger topology on measures, notably discussed in the book by Glasner [ ], which will be central in
Chapter 4.

I conclude the chapter with Section 2.7, which provides an extended overview of an example of subshift (or
rather several related subshifts), that of the Robinson tiling [ ]. Notably, this tiling exhibits a self-similar
hierarchical aperiodic structure, which allows it to simulate other tilings within itself. We will also see how this
aperiodic tiling, and a variant thereof, relate to periodicity.

2.1 Shift Spaces

Definition 2.1 (Full Shift). Let (G, +) be a discrete (finite or) countable group, and A a finite alphabet. The
full shift corresponds to the natural group action G A A%, such that (o9 (W)}, = Wh—g-

When there is no ambiguity on the group used (e.g. G = Z< in most of the rest of this dissertation), we will
denote this space Q4 = A°. |

Definition 2.2 (Cylinder Set). Let p € A! be a pattern on a finite window I € G. We define the cylinder
set [p] = {w € Qa,ws; = p}. The family ([p])I@G’peAI constitutes a countable base of open sets for the product
(discrete) topology on 4. Notice that cylinder sets are actually clopen (i.e. both open and closed). |

The most studied and understood structure for symbolic dynamics is the case of the lattice G = Z¢, and in
particular the one-dimensional case G = Z (the definition can also be adapted for semigroups such as G = IN).
However, in the last decade, some studies have shown active interest in SFTs on various other structures [ ,

], such as free groups | | or Baumslag-Solitar groups | , , ]. While my work in later
chapters focuses on the lattice Z¢, some questions may naturally translate to the broader framework, such as the
stability of periodic SFTs in Chapter 4 that may translate to other groups where similar percolation arguments
hold.
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22 CHAPTER 2. ON SYMBOLIC DYNAMICS

Definition 2.3 (Subshift). A subshift X of {24 is a closed subset stable under the shift action of G. Let F be
a collection of forbidden patterns, i.e. elements p € A! defined on finite windows I(p) € G. We can then define
the induced subshift X+ as

X]: = {w S QA,VpE ]:7vg S G,O’g(OJ)[(p) #p} )

i.e. the set of configurations that contain no translation of any forbidden pattern (with w; denoting the restriction
of the configuration w to the window I). ]

For a simple example, consider the one-dimensional case (i.e. G = Z), on the binary alphabet A = {0,1},
with F = {10}. For any configuration w € Xz, we have only 0 symbols up to a rank, and only 1 after that rank
(which may be a position k € Z but also +00). The effect of the shift action on Xr is graphically illustrated in
Figure 2.1.

2(y) = -
Hw) =

w =

g
g

o O O
o O O

00 11
o111
111 1

e

Figure 2.1: Effect of the shift action on w € ¢ 13.

To avoid repeating “up to translation” on and on and on, when convenient, we may treat shifted windows
I + g as the window I itself, and thus identify the congruent patterns in the sets A’*9 and A’. In particular,
following this logic, X is simply the set of configurations that contain no forbidden pattern from F.

Remark 2.4 (Wang Tiles). There is a distinction to be made between the tiles (i.e. the alphabet A), the tileset
(i.e. the alphabet A with a given set of local rules/forbidden patterns F), and the tilings (i.e. the configurations
in Q4 that may or may not abide by given rules).

While the distinction between the tileset (A, F) and the induced space of tilings Xz C Q4 is impossible
to erase as it relates deeply to how simple rules can induce complex structures (see Section 2.7 for example),
the distinction between the tiles and the tileset is less rigid, in particular when the alphabet A itself has some
added structure that intuitively induces local rules.

This is notably the case of Wang tiles on G = Z?2, where we have a set of colours C, and A C C* (with one
colour for each cardinal direction). Naturally, in this context, we want matching North-South and East-West
interfaces:

F = {(Z) € A% North(a) # South(b) € C’} U {(ab) € A* East(a) # West(b) € C} .

An example of Wang tileset can be seen in Figure 1.1. In such contexts, we may thus simply define the alphabet,
the set of tiles, and deduce the local rules, the tileset, from it. Hence, we will mostly indiscriminately consider
the two notions when appropriate. |

Definition 2.5 (Admissible Patterns). Let z € A be a pattern on a (not necessarily finite) window I(x) C G,
and F a family of forbidden patterns. We say that « is locally admissible (with respect to F) if it contains no
forbidden pattern p € F (i.e. 09(x) () # p for any g € G such that I(p) +g C I(x)).

We say that x is globally admissible (with respect to a subshift X) if x = w; for some w € X, and we will
denote L;(X) the set of globally admissible words in A?, which we will also call the language of X. |

Remark 2.6. Naturally, globally admissible patterns of X are also locally admissible for F. However, the
converse is not true. For example, consider A = {0,1}, G = Z and let F = {01,10,11}. These forbidden
patterns tell us that the symbol 1 cannot be encountered next to either a 0 or a 1 (i.e. the whole alphabet), so
Xr ={0%} is a singleton, and 0 is the only globally admissible pattern on the window {0} € Z. However, all
by itself, the symbol 1 contains no forbidden pair from F, so it is still locally admissible. ]

Lemma 2.7. Let X C Q4 be a subshift. Then there exists a countable set F such that X = X .

Proof. Let Pe(G) be the family of finite subsets of G. As G is countable, so is Pe(G). For I € Pe(G), as Al
is finite, so is the complementary set L;(X)¢ of the language on I. Thus, consider the following countable set:

F= | Lix)r.
IePe(G)
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Naturally, by definition of F, we have the inclusion X C X . Now, let I,, be an increasing sequence of finite
sets, such that G = (JI,,. If w € Xz, then wy, € Ly, (X) necessarily, so we have an element w,, € X that
matches w on I,. Then, in the product discrete topology, we have w,, — w, and X is closed, so w € X, which
concludes the proof. O

If there is a finite set of forbidden patterns F, then X is a Subshift of Finite Type (which will be shortened
as SFT in the rest of this dissertation). In particular, the full shift Q 4 itself is the SF'T without any forbidden
patterns, where F = (). More broadly, if there exists a recursively enumerable set F (see Chapter 3 for a proper
definition of what it means for a set to be enumerable by a Turing machine) such that X = Xz, then X is said
to be effective.

Usually, in the one-dimensional case G = Z, SFTs have a simple automatic structure that allows for a
complete characterisation of their properties and behaviours. This will be the case here, both in Chapter 4
where we will obtain a decidable characterisation of stability in the one-dimensional case and Chapter 5 where
one-dimensional finite-range potentials cannot induce a chaotic model.

2.2 Periodicity

In Chapter 4, I will often refer to the notion of periodicity of configurations or subshifts. While this notion
makes some amount of intuitive sense, some of the related results are not obvious, hence the need for a formal
introduction.

Definition 2.8 (Periodic and Aperiodic Configurations). The configuration w € 4 is said to be (strongly)
periodic iff its orbit {o9(z),g € G} for the shift action is finite. Conversely, w € Q4 is said to be (strongly)
aperiodic iff there is no g € G such that 09 (w) = w. |

The finite orbit of a periodic configuration is in particular an SFT.

Proposition 2.9 (Adapted from | , Theorem 3.8]). Let G = Z%, and X a subshift (not necessarily of
finite type a priori). The following properties are equivalent:

1. X is a finite set,
2. every element w € X is periodic,

3. there is a window I,, := [0,n — 1]¢ such that any element w € X is a labelling of I,, repeated periodically
in each direction (i.e. it is invariant under the action of the subgroup (nZ)?).

Proof. The implication (1 = 2) follows from the fact that the orbit of w is included in X, thus finite too.
Likewise, the implication (3 = 1) directly follows from the fact that the set A" is finite.

For (1&2 = 3), consider first some periodic element w € X. Because its shift orbit is finite, it means that
in each direction of the canonical base (e;), .,  of Z? we have some integer n;(w) such that "¢ (w) = w. In
particular, by taking the least common multiple n(w) = lem (ny,...,n4), then w is invariant under (n(w)Z)%.
As X itself is finite, we can then consider n = lem (n(w),w € X), such that any element w € X is invariant
under (nZ)?.

Finally, let’s prove (2 = 1) by contradiction. Assume X is infinite, but only contains periodic elements. As
the set of tilings invariant under (nZ)? is finite (each tiling corresponds to a pattern in A’), X must contain
periodic configurations with arbitrarily large minimal periods (i.e. n such that w is invariant under (nZ)? but
not invariant under (mZ)? for m < n). Let a sequence wy with minimal periods n(k) — co. Up to extraction,
by compactness of X, assume wp — w € X. As w must be periodic, it is invariant under (nZ)¢ for some
n € N (even though the elements wy are not after a rank), and we identify it to z = w;, € Al». By definition
of the product discrete topology on 24, we must have a maximal window I, () Where w matches wy, with
q(k) — oco. What’s more, when n(k) > n (thus in particular wy # w), we have a finite upper bound on ¢(k),
which we now assume is maximal. On the (top or right) boundary of I s q(k), we must then have a translation
of I,, that doesn’t contain the pattern x. We define wj, as the translation of wy, that brings this mismatching
block inside the actual window I,,. Up to extraction, w} — w’ € X. On one hand, inside ] — oo, —1]%, w’ and w
coincide, which implies w = w’ as they are both periodic. On the other hand, we know that w}n # wy
contradiction. O

hence a

n?
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Remark 2.10. A naive compactness argument would be insufficient to prove (2 = 1) here, as we can have a
sequence (wy), with minimal periods n(k) — oo, that still converges to a periodic tiling. |

In particular, by simply enumerating the (finitely many) labellings of I,,11 that do not occur in any element
of X (i.e. the complementary of the language Ly, ., (X) in A/"+1), we obtain F such that X = Xz, i.e. X is
an SFT. We will call such SFTs periodic.

Remark 2.11. The reason why we must use the window I,, 1 instead of I, is not immediately obvious. We in
fact need this extra margin to add some redundancy in the patterns, which relates to the notion of reconstruction
function which we will detail in greater depth in Chapter 4.

For now, let’s just prove that using I,, wouldn’t work with a counter-example on G = Z. Let A = {x,0,1},
and X = {(x1)°°, (1), (x0)°°, (0x)>°}. This set is the union of two 2-periodic orbits, so n = 2 is a good
window in the previous proposition. However, with F := Ly, (X)¢ = {*%,00,11,01,10}, we obtain an infinite
SFT Xz = {(x0]x1)°°, (0x|1%)°°} instead. In other words, a configuration in X encodes one single bit in {0, 1}
repeated infinitely, but the patterns in F are too small so each bit of X can be chosen freely instead. ]

Lemma 2.12. Let G = 7%, X7 an SFT and assume X contains an element w that is not (strongly) aperiodic.
Then it contains a (strongly) periodic element.

Proof. As Xr is an SFT, we suppose F is a finite set. Up to translation of each forbidden pattern to embed
them in the north-eastern quarter plane, let a window size r such that I(p) C I,. for any p € F.

Let w € X7 be a non-aperiodic configuration, with a non-zero vector k = (ki, ko) € Z? such that o*(w) = w.
Without loss of generality, we may assume that ko > r — 1.

Consider the sliding window (I +ie1),., with I = [0,7 4k — 1] x [0,k2 —1]. On each such window,
in w, we observe a pattern in the finite set A!, hence the existence of distinct positions i < j such that
Witie; = Witje, (We can even require disjoint windows, d.e. £ :=j —i > k; + 7). Let p = wy the restriction on
the rectangle J = [i,j — 1] x [0,ks — 1]. As Z2 = Uz,yyezz (J + zler + yk), define o’ by using the pattern p
on every shifted window. By construction, w and w’ always match in the union of rectangles |—|y€Z (J' + yk)
with J = [i,j + ki +r — 1] x [0, ks — 1].

By (strong) periodicity of w’, to prove that w’ € X, we just need to check for forbidden patterns inside
windows I,. + k" with ¥’ € J. Now, we always have either I, + k' C J'U(J' + k) or I, + k' + ey C J U (J' + k),
where it matches w € Xz, so the window I,. + k" of w’ is globally admissible in any case. In conclusion, we have
a (strongly) periodic configuration w’ € X . O

The same argument, in a simpler way, can be used to prove that any non-empty one-dimensional SF'T (on
G = Z) must contain a periodic configuration. However, in the higher-dimensional case, it is known [ ,
, | that there exists SFTs that contain only (strongly) aperiodic configurations. This is the case
of the Robinson tiling in particular, which we will introduce at the end of the current chapter, and whose
hierarchical aperiodic structure will allow us to perform complex tasks in the next chapters.

Even though there is a spectrum of “degrees” of (a)periodicity in the general case, for the lattice Z? which is
my main interest here, an SFT must either contain only aperiodic configurations or include at least one periodic
element. Hence, for most of the rest of this dissertation, we will consider SFTs that are either aperiodic (i.e.
all their elements are (strongly) aperiodic) or periodic (i.e. finite) and forget about the other less structured
behaviours in-between.

2.3 Conjugacy

Another standard notion we refer to in Chapter 4, and need to introduce beforehand, is that of conjugate
subshifts.

Definition 2.13 (Morphism). Let X C Q4 and Y C Qp be two subshifts, defined using the same group G.
A morphism is a continuous map 0 : X — Y that commutes with the shift action (i.e. 8 0 09 = 9 0 0 for any
g € Q). [ ]

One natural way of defining morphisms is to use a cellular automaton (sometimes called a sliding block code).
By this, we mean that we let a map 6 : A’ — B on a finite window I € G, and extend it as 0 : Q4 — Qg so
that O(w)y = 0 (wrtg)-
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Proposition 2.14 (Adapted from | , Theorem 3.4]). Any morphism 6 : X — Y is the restriction to X of
a cellular automaton 0 : Qa4 — Qg.

Proof. For each letter b € B = B1%}, we have a corresponding cylinder set [b], so that Qp = | |, z[b]. It follows
that we have a partition X = | |, Uy made of clopen sets U, = 6~*([b]).

Let J,, an increasing sequence of finite windows such that |JJ, = G. Let us prove that, for n large enough,
the partition ([p])pcasm of X is a refinement of (Up),.z. If that is not the case, then we have a sequence
of patterns p,, € A" such that each [p,] (here a non-empty subset of X) intersects two sets of (Up),c5. By
compactness of X, up to extraction, we have (), [pn] = {w}, and two letters b,b" € B such that w, € [p,|NU; # 0
and w), € [p,] N Uy # 0. By continuity of 6, as w, — w and 6 (w,,) € [b], it follows that §(w)o = b. The same
argument with the sequence (w!,) gives 6(w)o = b’ instead, thus a contradiction.

Now, let n such that ([p])pe.a7» is a refinement of (Uy),. 5. For any p € A”’», there is a unique b(p) € B such
that [p] C Uy (if [p] = 0 in X, we may simply arbitrarily chose a value for b(p)). This map p € A/ — b(p) € B
naturally extends as a cellular automaton 6, and it is easy to check that when w € X, f(w) = §(w). O

Hence, we may indiscriminately identify morphisms, cellular automata and “local” maps A — B later on.
So far, we have only introduced morphisms that do a one-way trip. In this context, a conjugacy is expectedly
an isomorphism of subshifts, that goes back-and-forth:

Definition 2.15 (Conjugacy). A conjugacy 6 : X — Y is a bijective morphism. Note that, by compactness of
the shift spaces, 6 is then a homeomorphism, so #~! is a morphism (of subshifts) too. |

Naturally, we say that two subshifts are conjugate if there exists a conjugacy between them.

Remark 2.16. Let a morphism 6 : X — Y induced by 6 : Al — B. In-between these two scales, we can also
denote 0(p) € B’ the image of a pattern p € A/*7/. Then, for any window J € G, we have 0 (L4 7(X)) C L;(Y).
What’s more, the morphism is a conjugacy, then this inclusion is an equality.

Indeed, for any p € Ly ;(X), we have w € X such that wy,; = p, thus p = 0 (wr1y) = O(w); € Ly (V) as
f(w) € Y (and the equality follows from the surjectivity of # : X — Y for a conjugacy). |

Proposition 2.17. Let X and Y be conjugate subshifts. If X is an SFT, then so must be Y.

Proof. Let 0 : X — Y be a conjugacy, with 6 : AT — B and -1 : B/ — A corresponding cellular automata.
Without loss of generality, up to enlarging the windows I and J, suppose that X = X has forbidden patterns
FC Al and 0g € INJ (so that g € J+ I + g for any g € G).

Define the set of forbidden patterns 7' = L;,;(Y)¢ C B/*{. We want to prove that Y = Xz . Naturally,
the inclusion Y C Xz holds because, for any g € G, w144 € Lyy1(Y).

Now, consider w € Xz, and let w’ = #o00~1(w). First, notice that w’ € Y, because —1(w) € X. Indeed, for
any window I + g we have 0=1(w);4y = 0= (wyir4g) and wyyrsg € Lyir(Y) (i.e. the complementary set of
F') so following the previous remark 01 (w)r4, € Lr(X) (itself a subset of the complementary of F). Second,
w' = w. Indeed, let g € G and w? € Y such that w§+l+g =Wititg € Lip1(Y). Asge J+1+g¢:

wyg=wl=006"" (wg)gzgop(w§+l+g) =000 (Wyi1eg) :goj(w)g:w;.

Finally, w = w’ € Y, so we have indeed Y = Xz an SFT. O

We will say that the property of “being an SFT” is a conjugacy invariant. Other known invariant properties,
that characterise the dynamical behaviour of the subshift, include unique ergodicity (introduced in Section 2.5),
minimality (briefly discussed in Section 2.7), transitivity (i.e. the existence of a dense orbit), etc. In a similar
fashion, some numerical characteristics of a subshift are conjugacy invariants, which allow us to prove that two
subshifts are not conjugate. This includes the period of periodic subshifts, the entropy (which will play an
important role in Chapter 5), the entropic dimension (which allows us to distinguish zero-entropy systems), etc.
In particular, in Chapter 4, we will see that the notion of stable SFTs we introduce, which a priori depends on
the choice of forbidden patterns F, is a conjugacy invariant, hence characterises the SFT itself.
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2.4 Measures on Shift Spaces

Now that the general context for subshifts is introduced, we can formally introduce invariant measures, which
will allow us to study the average and/or typical properties of the tilings in these spaces.

Definition 2.18 (Weak-x Topology). Let M(X) be the set of probability measures on a subshift X. We define
the weak-x topology as the minimal topology such that p — p([p]) is a continuous function for any pattern
pe Al with I € G.

For any increasing sequence J, of finite windows such that |JJ, = G, we can define a (non-canonical)
distance d*(u,v) = 3, e T > peasn [1([p]) — v([p])| that induces the weak-+ topology. ]

Because the weak-x topology only looks at what happens 