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Résumé

Nous étudions les algorithmes adaptatifs de descente de gradient par dynamique de Langevin
(SGLD) pour résoudre des problemes d’optimisation et d’inférence. Les algorithmes SGLD
consistent en une descente de gradient avec ajout de bruit exogene dans le but d’échapper aux
minima locaux et aux points selle. Contrairement a ’équation différentielle stochastique (EDS)
de Langevin classique, nous nous concentrons sur le cas ou le bruit exogene est adaptatif i.e. non
constant et dépend de la position de la procédure, donnant une convergence plus rapide que les
algorithmes non adaptatifs. Bien que le cas constant ait été largement étudié, peu d’attention a
été portée jusqu’a présent au cas général et la littérature manque d’un résultat théorique général
de convergence.

Dans une premiere partie, nous prouvons la convergence de ces algorithmes pour la distance
de Wasserstein L! et pour la distance de la variation totale, & la fois pour 'EDS continue et pour
I’algorithme discret avec des mesures de gradient bruitées. Nous nous intéressons également aux
algorithmes de Langevin-recuit simulé, ou le bruit décroit lentement vers zéro au cours du temps
a une vitesse appropriée. Nous investiguons aussi le cadre "dégénéré" i.e. ou la matrice Hessienne
en le minimum n’est pas définie positive, un aspect qui a été mis de co6té par la littérature.

Dans une seconde partie nous appliquons les algorithmes SGLD & des problémes d’optimisation
et d’inférence apparaissant en apprentissage machine et en probabilités numériques et nous com-
parons les performances de divers algorithmes de Langevin préconditionnés (adaptatifs) avec
leurs équivalents respectifs non-Langevin. Nous observons que les algorithmes de Langevin
améliorent la procédure d’entrainement pour des réseaux de neurones artificiels tres profonds
et que plus le réseau est profond, plus les gains apportés par les algorithmes de Langevin sont
importants. Suivant cette heuristique nous introduisons une nouvelle variante des algorithmes
de Langevin appelée "Langevin par couches', qui ajoute du bruit de Langevin sur seulement
les couches les plus profondes du réseaux. Nous montrons les avantages des algorithmes de
Langevin et de Langevin par couches pour I'entrainement d’architectures profondes en recon-
naissance d’image (ResNet, DenseNet) et en controle stochastique (réseaux Markoviens).

Une derniere partie est consacrée a la simulation numérique de processus stochastiques. Nous
démontrons des bornes pour la distance en variation totale entre une EDS et son schéma d’Euler-
Maruyama en temps court, en utilisant une extrapolation de Richardson-Romberg pondérée.
Ce résultat est crucial pour ’analyse de la convergence en variation totale des algorithmes
de Langevin mentionnés ci-dessus. En utilisant ’analyse trajectorielle, nous étudions le taux
d’erreur faible du schéma d’Euler-Maruyama pour les équations de Volterra stochastiques (EVSs),
qui sont des équations différentielles stochastiques non Markoviennes avec un noyau de mémoire,
tout en gardant a l’esprit le cas des modeles a volatilité rugueuse. Enfin, nous donnons des for-
mules et des méthodes de simulation pour le mouvement Brownien réfléchi ou arrété dans un
cone en deux dimensions.

Mots clé— Optimisation Stochastique, Descente de Gradient, Equation de Langevin, Dy-
namique de Langevin, Recuit Simulé, Apprentissage Machine, Apprentissage Profond, Réseaux
de Neurones, Schéma d’Euler-Maruyama, Mesures de Gibbs, Contrdle Stochastique, Méthodes
de Monte Carlo, Méthodes MCMC.
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Abstract

This thesis focuses on adaptive Stochastic Gradient Langevin Dynamics (SGLD) algorithms to
solve optimization and Bayesian inference problems. SGLD algorithms consist in a stochastic
gradient descent with exogenous noise added in order to escape local minima and saddle points.
Contrary to the classic Langevin Stochastic Differential Equation (SDE), we study the case where
the exogenous noise is adaptive i.e. not constant but depends on the position of the procedure,
then yielding a convergence faster than non-adaptive algorithms. Although the constant case
has been extensively studied, little attention has been paid so far to the general case and the
literature lacks of a general theoretical convergence result.

In a first part we prove the convergence of SGLD algorithms for the L'-Wasserstein distance
and for the Total Variation distance for both the continuous stochastic differential equation and
the discrete algorithm with noisy gradient measurements. We also study Langevin-simulated
annealing algorithms, where the noise is slowly decreased to zero at an appropriate rate with
time. We investigate degenerate settings as well i.e. when the Hessian matrix at the minimum
is not definite, which is an aspect that had been put aside by the literature.

In a second part we apply SGLD algorithms to optimization and inference problems arising
in Machine Learning and in Numerical Probability and we compare the performances of vari-
ous preconditioned (adaptive) Langevin algorithms with their non-Langevin counterparts. We
observe that Langevin algorithms improve the training procedure for very deep artificial neural
networks and that the deeper a network is, the greater are the gains brought by Langevin al-
gorithms. Following these heuristics, we introduce a new variant of Langevin algorithms called
Layer Langevin, which adds Langevin noise only to the deepest layers of the network. We show
the benefits of Langevin and Layer Langevin algorithms for the training of very deep architec-
tures in image recognition (ResNet, DenseNet) and in stochastic optimal control (Markovian
networks).

A last part is devoted to the numerical simulation of stochastic processes. We give bounds
for the Total Variation distance between an SDE and its Euler-Maruyama scheme in small time,
using a weighted multi-level Richardson-Romberg extrapolation. This result is crucial for the
analysis of convergence in Total Variation of the above Langevin algorithms. Using path-wise
analysis, we study the weak error rate for the Euler-Maruyama scheme for Stochastic Volterra
Equations (SVEs) which are non-Markovian stochastic differential equations with memory ker-
nel, while keeping in mind the case of rough volatility models. Lastly, we give density formulae
and simulation methods for the reflected and stopped Brownian motion in a two-dimensional
wedge.

Keywords— Stochastic Optimization, Gradient Descent, Langevin Equation, Langevin Dynam-
ics, Simulated Annealing, Machine Learning, Deep Learning, Neural Networks, Euler-Maruyama
Scheme, Gibbs Measures, Bayesian Inference, Stochastic Optimal Control, Monte Carlo Meth-
ods, MCMC Methods.
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Notations

We give the notations that are commonly used throughout this thesis.

« We endow the space R? with the canonical Euclidean norm denoted by | - | and we denote
(-,-) the associated canonical inner product. For = € R? and for R > 0, we denote
B(z,R) ={y € R?: |y —z| < R}.

 For z, y € R? we denote (z,y) = {uzr+(1—u)y, u € [0,1]} the geometric segment between
x and y.

o For a,b € N we denote M, ,(R) the set of a x b matrices with real coefficients. If a = b
we sometimes use the notation M,(R) = M, .(R).

« For u,v € R? we denote by u * v, or sometimes by u ® v, the element-wise product (Schur
product) i.e. u*v = [u;v;]1<i<q. Similarly we define u @ v = [u;/vi]1<i<a-

e Foru e R% and v € R® we denote by u®uv the tensor product with a®b = [aibjli<i<dy1<j<ds-

e Fordi,...,d, € N we define R @ ... ® R% the set of tensors of order  with dimensions
di,...,d, i.e. tensors of the form (wz‘h.‘.,z‘r)1§i1§d1,..‘,1§irgdr-

o For M € (R)®* we denote by ||M]| its operator norm, i.e. ||M]| = SUpPy,eraxk, |uj=1 M - u.
If M :RY — (RH)®k we denote || M||oo = sup,egra ||M(2)]-

o For u € R? we denote diag(u) € My(R) the diagonal matrix with diagonal u.

« For (A,d4) and (B,dp) two metric spaces, typically A = R% and B = R% endowed with
the Euclidean distance, we denote C¥(A, B) the set of functions f : A — B being k times
differentiable with continuous k! derivative. If there is no ambiguity, we simply write

feck.

o For (A,dy4) and (B, dp) two metric spaces, we say that f : A — Bis coercive if dg(f(z),0) —
oo as d(x,0) — oo uniformly. For normed spaces, we can rewrite | f(z)| — oo as |z| — oo.

e We denote Cf the set of functions in C* being bounded with bounded partial derivatives
up to order k; we denote Cf the set of functions in C¥ with bounded partial derivatives up
to order k but that are not necessarily bounded themselves.

o If f: RN — R is Lipschitz continuous, we denote by [ flLip its Lipschitz constant.
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o For f:R% — R% being C*, for 1 < j < k we denote by V/f : R — R% @ (R™)%7 its
derivative tensor of order j given by

Vif= ( & fi

0 i1 0 i/ 1<ig<da, 1<i1,...,ij<d1

o For f:R? — R such that minga f exists, we denote

argmin(f) = {x eR?: f(z)= r%idnf} .
o For f,g : RY — R and z( in R, we write f(z) ~ g(z) as  — o meaning f(z) =
g(x) +o(g(x)) as = — xo.

o If u, and v, are two real-valued sequences, we write u, < v, meaning that u, = O(v,)

and v, = O(uy).
o For a random vector X, we denote by [X] its law.

e We denote the total variation distance between two probability distributions 7; and 7o on
R
drv (71, T2) = 2SUP gepor(re) |T1(A) — T2(A)]-

We have as well
dpy (1, ) = sup {/dfdm — /d fdm : f:R?— [—1,1] measurable}.
R R

Moreover, we recall that if 1 and w9 admit densities with respect to some measure reference

A, then
dmy  dmg

dX dX

dpy(m, me) = /Rd

o We denote the LP-Wasserstein distance between two distributions 7; and w9 on R%:

1/p
W, (1, ) = inf { (/d | — y|Pm(de, dy)) e 77(7r1,7r2)} ,
R

where P (71, m2) stands for the set of probability distributions on (R%x R?, Bor(R?)®?) with
respective marginal laws m; and 7. For p = 1, let us recall the Kantorovich-Rubinstein
representation of the Wasserstein distance of order 1 [Vil09, Equation (6.3)]:

Wi (11, m2) = sup {/Rd f(x)(m —me)(dx) : f: R — R, [flup = 1}. (0.0.1)
« For some distance D on the set of probability distributions on R? and for X and Y two
R9-valued random vectors, we denote without ambiguity D(X,Y) = D([X],[Y]).
« For z € R%, we denote by 6, the Dirac mass at z.

o We generally consider (2, F,P, (F;)t>0) a filtered probability space satisfying the usual
conditions.

o We denote by ReLU or (-)4 the ReLU function: ReLU(z) = (z)+ = max(0, z).
o For u, v € R, we define u mod(v) = u —v|u/v].

o We often use the notation C' and ¢ to denote positive constants, which may change from
line to line.



Chapter

Introduction

Stochastic algorithms are a powerful tool to solve complex optimization and inference problems,
where the state space is not explored deterministically but randomly. Stochastic algorithms
have recently known a renewed interest, especially from the Machine Learning community; new
research aims at reworking, modifying the existing stochastic algorithms in order to make them
more efficient and to accelerate their convergence speed.

1.1 Stochastic algorithms

1.1.1 Stochastic gradient descent and the Robbins-Siegmund lemma
Let V : R? — R and let us consider the following optimization problem with no constraint:

Minimize V(x). (1.1.1)
x€R4
We assume that the dimension d is large so that this optimization problem is complex to solve.
We generally make the following assumptions on the function V: V is C!, coercive i.e. V(z) —
+o0 as || — 400, which implies in particular that min(V') exists. The stochastic gradient
descent (SGD) algorithm is a gradient descent with noise:

XoeRY,  Xpp1 = Xn— st (VV(XR) + Cag1) s (1.1.2)

where (,) is a positive sequence of steps which can be constant or decreasing to 0 and (¢,) is a
sequence of noise corresponding to noisy observations of the true gradient VV'(X,,). Illustrations
of the gradient descent are given in Figures [I.1] and we hope that for large enough n, X,
will be close to argmin(V'). A classical setting is where VV(X,,) is measured with no bias i.e.
there exist a random variable Z with values in R? and a function v : R? x R? — R such that

Ve € RY, Ev(x, Z)] = V(z) and E[dyv(z, Z)] = VV (z). (1.1.3)
The stochastic gradient algorithm then becomes:

Xnt+1 = Xn — Yn+1020(xn, Znt1), (1.1.4)

where (Z,,) is i.i.d. and where Z; ~ Z. The noise sequence ( is then a sequence of increments
of a martingale i.e. for all n € N, E[¢,,11|Xo, ..., Xs] = 0.

Stochastic algorithms were introduced by Robbins and Monro in [RM51] in 1951. The
Robbins-Siegmund Lemma [RST1] guarantees the convergence of the stochastic gradient algo-
rithm under some conditions.
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[ |
Zo x*

Figure 1.1: Gradient descent algorithm.

Lemma 1.1.1 (Robbins-Siegmund Lemma). Let h : RY — RY and let H : R x R — R? be
such that

Ve € RY EB[H(z,Z)] = h(x).

Assume that there exists a C' function V : R — RT such that VV is Lipschitz-continuous and
IVV|?2 < C(1+V) for some constant C > 0. Assume furthermore that (VV,h) >0 and that

Ve € RY, ||H(x, Z)|3 < C(1+ V(z)).

Let (v,) be a sequence of positive real numbers such that

oo o0
Z% = 400, Z’yﬁ < +o00.
n=1 n=1
Then the sequence (X,,) defined by
Xot1=Xp — Y1 H(Xp, Zny1)
satisfies:
1. X,, — X,,_1 — 0 almost surely and in L* as n — oo.
2. The sequence (E[V(Xy)]), o @ bounded.
3. V(X,,) converges almost surely.
4o Y ons1 W{VV, h)(Xn-1) < +00 almost surely.
5. The 2martingale sequence (3 p_1 v(H(Xk—1,Z) — h(Xk—1)) converges almost surely and
in L*(P).

1.1.2 Classic examples of stochastic optimization problems

We now give classic examples where such optimization problems arise.

4
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e 5SGDO0.05
e Adam 0.05

® RMSprop 0.02
® Adadelta 10.
e Adagrad 0.1

[TITTTTT

0517 e Adagrad 0.1 \
e
0.0 YTk :

1.5
e SGD 0.05 )

o e Adam 0.05
e RMSprop 0.02 3
e Adadelta 10. =

—3

Figure 1.2: Example of gradient descent in R? with different gradient descent algorithms for the
function V(z,y) = — sin(z?) cos(3y?)e ¥ — e~(@¥)? with two global minima next to (0,0).
For each gradient descent method we indicate its learning rate in the legend.
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1.1.2.1 Machine Learning and regression

Let us consider data samples u; € R%n and y; € Réout for 1 < ¢ < M associated to a regression
problem, where (u;) are the inputs and (y;) are the outputs. That is, we look for a function
¥ : R%n — Rout which fits to the data i.e.

V1<i< M, ¥(u) = y;.

In other words, the objective is to extract a model from the empirical data. We look for a function
v in a family of functions parametrized by a finite-dimension parameter: {1, = € R%}. For a
loss function L : R%ut — R* which measures the error between the prediction 9, (u;) and the
true data y;, the regression problem then becomes the minimization of the average loss over the
dataset and can be written as the following optimization problem:

M
Minimize V(x) i= % ; Lo () — 4. (1.1.5)

Examples of parametrization:

o Least-square regression: Let us write z = (0,1) € M, a, (R) x R%u 50 that 1, is the
affine function g,y (u) = 0 - u+ ¢ and L is the quadratic loss i.e. L(w) = (1/2)[w]*.

o Logistic regression: Let us assume that y; € {£1} are labels associated to a binary classi-
fication problem and that u; € R¢. Then the problems becomes

o 1 & il

Ml;lelﬂr&lze V(z) = i ;log (1 + e ¥ >) .

o Fully connected artificial Neural Networks: Let ¢ : R — R be a non-linear function. The
function ¢ is generally chosen to be a sigmoid-type or a ReLU-type function, see Figure
Let K + 1, K € N, be the number of layers of the neural network and for £k =0, ...,
K let di, € N be the size of the kP layer with dy = dj, and dg = doy. For k=1,... K,
u € R%-1 and for 0, € Mg, 4, (R) and ¢, € R% we define the vector in R%:

POk, (U) = [(10([0/6 S U+ Lk]i)]lgigdk’
i.e. the scalar function ¢ is applied to the vector 0 - u + ¢ coordinate by coordinate. Let
us write z = (01, t1,...,0K, LK), then the output of the neural network is
ww(u) =0k - (9091(—1&1(—1 O 0Ph (u)> t UK.

An illustration of a fully connected neural network is given in Figure Neural networks
are known for their ability to approximate a wide range of non-linear functions in high
dimension and to fit to many non-linear regression tasks [Cyb89, [LBHI15].

The gradient descent algorithm for ([1.1.5)) then becomes

M
Xt = X = LS 0,000 () - VL () = 92).
i=1

However, if the number of samples M is large then computing VV exactly at each iteration is
costly. We instead replace this algorithm by a stochastic gradient algorithm: at each iteration n

let i, € {1,..., M} be a random index chosen uniformly at random and the iteration becomes
Knt1 = Xn = %&sz (uinﬂ) - VL(tq (uin+l) - yin+1)' (1.1.6)
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Hidden Hidden Output

Tnput layer 1 layer 2 layer
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Figure 1.3: Scheme of a fully connected neural network with 3 layers (2 hidden layers) and with
output in R2.
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Figure 1.4: The Sigmoid and ReLU functions
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Figure 1.5: Loss and valuation loss during the training of a neural network with two hidden
layers with 64 units each and ReLLU activation for the prediction of fuel efficiency on the Auto
MPG dataset [Qui93| using stochastic gradient descent.
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As a more stable version of (1.1.6) and still computationally efficient, the gradient can be
estimated by an average over a small batch of data:

Xupr = Xn = 7 37 o) - VL () — 1)
batch i€Tna1

where Z,, 11 is a subset of {1,..., M} of size Npatch taken uniformly at random with Npagen << M.
An example of neural network training is given in Figure [I.5

1.1.2.2 Computation of quantiles and Value at Risk

Let Z be a random variable taking its values in R and such that E|Z| < oo. For a € [0, 1], let
go be the quantile of order «, i.e.

o = inf{u e R:P(Z <u) > a}.

In the Mathematical Finance community, the quantile g, is called Value at Risk (VaR) and is
widely used with « close to 1 as a risk measure for risk management [Jor96|]. Following [UROI]
we have the characterization

1
do = argmin E [:c +—(Z - x)J =: argminE[v(z, Z)].
z€R 1 - z€R

To compute q,, one may apply a gradient descent algorithm however computing exactly the
expectation may be impossible. Instead the stochastic gradient algorithm reads

Xnt1=Xn — sl { —af/(l—a) if X;, < Zpqiq,

where (Z,,) is an i.i.d. sequence and where Z; ~ Z. The Conditional Value at Risk (CVaR) is
then defined as
E[Z|Z > Qa] = E[v(ga, Z)]

and can be directly estimated by the online computation [BFP09]:

1 & .

o Z Yev( Xk, Z) with Ty =1 4+ ... + .
" k=1

1.1.2.3 Stochastic optimal control

Let us consider the following stochastic control problem associated to an SDE in continuous
time:

T
min J(u) i= E l/ G(t,Y,")dt + F(YH)] (1.1.7)
u 0
QY = bV, ug)dt + o (Y u)dWy, ¢ € [0,T] (1.1.8)

where b : R% x R% — R g : RO x RB — My, 4,(R), W is a R%-valued Brownian motion
and u is a R%-valued continuous adapted process, T > 0, G : RT x R — R and F : R — R.

Stochastic control problems are usually solved using specific strategies, such as Forward-
Backward SDEs (FBSDEs) [PW99], or by solving Hamilton-Jacobi-Bellman (HJB) optimality
conditions [Bel57] through Partial Differential Equation (PDE) methods or by stochastic dy-
namic programming [KDO1]. Such problems can also be solved using Neural Networks calibrated

8
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by SGD techniques [GMO05, [HE16, WLP*19, [CL21, BHLP22]. More specifically, we proceed as
follows. We approximate the control u as the output of a (fully connected) neural network

up = up(t, Yy") (1.1.9)

where ug is a neural function with finite-dimensional parameter # € R%. Since (1.1.8)) defines a
Markovian process, we can assume that u; depends only on ¢ and on Y," instead of ¢ and the
whole previous trajectory (Y*)sejo,q- We consider a subdivision of [0, T7:

s

O=to<ti < --<ty=T (1.1.10)

and approximate ([1.1.7)) by the time discretized model

N—-1
o J(ug) := ’;) (tk1 — )G (te1, Y, ) + F(Y)), (1.1.11)
Yo =Y+ (e — )bV ue(te, Vi) + Verr — o (Vi ug (b, Vi), (1.1.12)
&~ N0, L), (1.1.13)

For every # € R%, Vy.J can be computed by automatic differentiation, where the gradient w.r.t.
to 6 is tracked all along the trajectories through the recursive dynamics of the Euler scheme
(1.1.12) [GGO5) [Gil07]. Then the SGD algorithms reads

Ont1 = O — Y1V (ug,, (EF)1<k<n) (1.1.14)

where (£')1<k<nNnen is an array of ii.d. random vectors N (0, Ig,)-distributed, (yn)nen is a
non-increasing positive step sequence and where we wrote the dependence of J in (£7).

1.1.2.4 Variance reduction in Monte Carlo simulation

In Monte Carlo simulation, we aim to estimate E[p(Z)] where Z is a random vector taking its
values in R%, ¢ : R? — R and such that E|p(Z)|? < oo, using the estimator & M, ¢(Z;) where
M € N is large and Z; are i.i.d. with Z; ~ Z. Variation reduction techniques help to estimate
E[¢(Z)] with smaller variance, yielding tighter confidence intervals.

More specifically, let us consider variance reduction by unconstrained recursive importance
sampling as introduced in [Aro04] and [LPI10]. Let us assume that Z ~ N(0,1;). For example,
for a Call option on a basket of risky assets driven by a multi-dimensional Black-Scholes model

— K) i
+

where r, T, K € Rt, 0 € My(R) is definite positive definite symmetric and sg, a € (0, s9)¢ and
Z=(2Y,...,2%.
For # € R% we have

1 |22 1 —lo|2 2
u— P— <97'Z>
E[e(2)] z )d/2 /d p(z)e” 2 dz = G )d/2 /d o(z+0)e 2 e 2dz

E[ (Z +0)e—2 Z>] (1.1.15)

j=1

d d g2 d
= Zaisgexp r—Z% T+\/TZJZ‘J'Z]
i=1 j=1

and

Var {‘p(z +O)e _<0’Z>] =E |¢*(Z +0)e P 202] _ g {w(z 4 h)e T
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=E [¢*(Z + 0)e” 20| _Elp(2)].
The objective is to solve the minimization problem

Minimize V (§) :== E [ch(z + e)e—|9|2—2<0,2>} ) W( Z)e_<97Z>+|9‘2/2]
feRrd

so that to estimate E[¢(Z)] by Monte Carlo simulation using ([1.1.15) with a smaller variance.
The (naive) stochastic gradient algorithm writes

9n+1 = ‘9n - 'Yn—&—l(PQ(Zn—H)€_<9mzn+l>+|0n‘2/2(9n - Zn+1)' (1'1'16)

However (1.1.16)) suffers from instability and explosion because of the factors of exponential
growth. This algorithm is improved in [LPI0] using the following new representation of the
gradient:

VV(0) =E[p*(Z - 0)(20 — Z)].
1.1.2.5 Optimal quantization

Vector quantization consists in mapping input values from a large (or continuous) set to output
values in a (finite) smaller set. It and was originally introduced for data compression [L1082] and
is now more widely used in Machine Learning for unsupervised learning and clustering analysis,
in numerical probability for (conditional) expectation computation and option pricing.

More specifically, for p some probability distribution in L?(R?) and for fixed K € N, the
optimal quantization problem reads

min V(z) = ;/R min_[¢ — *[u(d). (1.1.17)

z=(z1,...,.zK)e(RK
Then defining the Voronoi partition of R?:
Vk(xla"'VrK) = {geRq’ V1 S]SKv ’g_xk| < \f—x”}, 1 SkSKv

we have
1& :
0uV(@) =0y > [ fe-alPud) = [ (@~ Ould) = Byop[Lyev, (@ ~ V)]
2 5 V@) V()
and the corresponding SGD algorithm, also called Competitive Learning Vector Quantization
(CLVQ) in this case, reads with X,, = (X},..., XX) € (R))X and Y,, ~ p and iid :
X1 = Xn = i1 [y, evix) (X = Yar)] | cpe e (1.1.18)

An example of optimal quantization using the CLV(Q algorithm is given in Figure [1.6
We refer to [Paglh], Section 3.2] for more details about the CLVQ algorithm.

1.1.3 Stochastic processes and the Euler-Maruyama scheme
1.1.3.1 Stochastic differential equations

Let us consider a general SDE having its values in R%:

10
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2.0 1.0

15
0.8

1.0
0.5 0.6

0.0
_05 0.4

-1.0
0.2

-15
-2.0 0.0

-20 -15 -1.0 -0.5

Figure 1.6: Example of optimal quantization in R? where s is the unweighted Gaussian mixture
with component distributions N (yx, (1/4)12), 1 < k < 5, yx = (cos(2kn/5),sin(2kn/5)) and
where the number of quantizers is K = 5. We plot the density of u, the points yi in blue,
the centroids z* given by the CLVQ algorithm in red and the frontiers of the Voronoi partition
(Vk)1§k§5 in red.

where W is a standard R%-valued Brownian motion and Xy and W are both defined on some
probability space (€2,.4,P). A method of approximate numerical simulation of X7 for fixed
time horizon T" > 0 is the so-called Euler-Maruyama scheme which is the following time-discrete
recursive algorithm:

Xo=Xo, Xpi1 =X+ hb(X,) 4+ h260(X0)Upsp1, Up ~N(0,1) iid. (1.1.20)

with h = T/N, N € N and X7 is approximated by Xy. This scheme is used in particular for
Monte Carlo estimation of expectations where for some f: RY — R, E[f(X7)] is approximated
by the empirical mean M~ Z - f (X N ) where X](\?) are M independent simulations following
m Conversely, some discrete stochastic algorithms can be seen as the discretization of
some SDE, as seen in the following sections.

In order to evaluate the quality of the approximation Xy as N — oo, we use strong error
and weak error bounds. The strong error is defined for p > 1 as the L? norm

_ 1/ _
(BIXy - Xr") ™ = 1Xn - X7l

Bounds on the strong error are obtained as follows. Assuming for example that b and o are
bounded and Lipschitz-continuous and writing Xy = Y7 with

dY; = b(Y)dt + o(Y;)dWs, Yo = Xo

where t = h|t/h], for p > 2 and ¢ € [0,T] we have

+
p

1= Xl < | [ 00 - svnas]| + | [0 —pxas

p

11
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+ +

p

t t
< Wi [ 1% = Xallds + [ 12 = Vills)

[ o) —oam| +| [ - oxpam,
0 0

p

1/2
),

where we used the Burkholder-Davis-Gundy and the regular and generalized Minkowski inequali-
ties. But using the expression of the law of Y conditionally to Yy, we have || Yy —Y ||, < C(s—s)'/?
so that with ¢y := sup,cpoq [|Ys — Xsllp we get

. 1/2 ¢
+ CEP o], ( ‘/0 IV, — X,|2ds|  + ’/0 IYs = Yil[pds

t t
ot < [lLip /0 pads + CEC o] /O o2ds)2 4 CnV?

but we have for every a > 0:

t 1/2 t 12 o 1t
2 1/2 = _
</0 gosds) < @ (/0 gosds> < 2<ps+ 2a/0 wsds

and taking o = CEDG[U]Lip yields

t
o1 <C [ puds+ ORI,
0

where C is a constant depending on p, T', |||, [b]Lip, ||0]|co and [b]rip. By the Gronwall Lemma
we obtain @7 < Ch'/2 for p > 2; for € [1,2) the result still holds remarking that || - ||, < || - ||a-
Then the strong error || Xy — X7|| = ||Y7 — X7 ||, is of order N™1/2 as N — 0.

The weak error measures the error between the respective laws of X7 and Xy, denoted [ X7]
and [Xy] respectively, and is generally defined as the total variation distance:

dTV([XNL [XT]) = QSupAeg(Rd) UP’(XN S A) — P(XT S A)‘,

or as the LP-Wasserstein distance:
_ 1/p _
Wp(Lw) D)) =t 3 ([ o= yPr(dady)) 7€ PN X

where P([Xy], [X7]) stands for the set of probability distributions on (R? x R?, B(RY)®?) with
respective marginal distributions [Xy] and [X7], or as

sup {E[f (Xn)] — E[f(X7)], f € Af

where A is some class of Borel functions from R? to R; this last case corresponds to the total
variation distance for A being the set of Borel measurable functions bounded by 1, and to the
L'-Wasserstein distance for A being the set of Lipschitz-continuous functions with Lipschitz
constant no greater than 1, according to the Monge-Kantorovich duality for Wj.

The weak error is generally much more difficult to analyse than the strong error. For the
LP-Wasserstein distance, the weak error can be directly bounded by the LP-strong error, however
better bounds can be obtained. Talay and Tubaro [TT90] and Bally and Talay [BT96] proved
that the weak error is in general of order N~1, against the order N~/2 for the strong error, thus
showing that the weak error fundamentally differs from the strong error and generally converges
faster.
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1.1. Stochastic algorithms

1.1.3.2 Stochastic Volterra equations

Let us consider (continuous) stochastic Volterra processes in R? i.e. which writes
t t
X, = X, +/ Ky (t, $)b(X,)ds +/ Ko(t, s)o(Xs)dW,, te[0,T), (1.1.21)
0 0

where (W,) is a standard Brownian motion in R%, where
b:RT 5 RY, Ky [0,T]? > Mgy (R), 0 :RY— Mg, 0,(R), Ko:[0,T]> = Mg (R),

and where q1,¢2,q3 € N. Stochastic Volterra equations (SVE) have been introduced for mod-
elling in population dynamics, biology and physics [GLS90, Moh9§|, in order to generalize
modelling to non-Markovian stochastic systems with some memory effect. They have been
mathematically studied since [BM80] and [Pro85]. SVEs have recently attracted much atten-
tion in the mathematical finance community in the context of rough volatility modelling i.e.
with Ky(t,s) = Ky(t,s) = (t — s)#~1/2 for some H € (0,1/2), yielding less regular trajec-
tories than for classic SDEs because of the singularity of the kernel for s = ¢, and which
are more able to reproduce some features of asset prices for small H, typically H ~ 0.1
[ALV07, I(GJRI8, EEFR1S, [JR20, Fukl7, [Fuk21]. We recall that a rough stochastic volatil-
ity model is a special case of a singular two-dimensional SVE, where the first process is an asset
price satisfying
dS; = S;\/V,dB,

for some Brownian motion B and where the second process (V}) is the volatility satisfying some
rough stochastic equation, then giving for the joint process 2 x 2 matrix kernels K; and
K> being diagonal and constant on their first coordinate.

An approximation of the solution of is given by the Euler-Maruyama scheme for
SVEs:

Knir = Xo+ b S Ka((n -+ Dby jR(T) + B2 S Kol(n -+ D, j)o(K5) (W, — W)

J
Jj=0 J=0
with h = T/N, N € N and X7 is approximated by Xy.
The strong order of convergence of the Euler-Maruyama scheme for a rough SVE with
parameter H is known to be N~ in general, which is very slow for small H € (0,1/2). The weak
order rate is still an open problem, see [BHT22, BFN22, |Gas23, [FSW22| for recent advances.

1.1.4 Bayesian inference and sampling from probability measures

Stochastic algorithms are also used for sampling from a probability measure.

In Bayesian inference, we consider a family of probability distributions on R% parametrized
by a finite-dimensional parameter {p(u|x)du : = € R?} and a prior distribution on the parameter
po(x)dz. Assuming that the observations ui, ..., up are i.i.d. and follow the distribution
p(u|z)du conditionally to the value of the parameter z, the posterior probability on = € R?
knowing the observations has density proportional to po(x)p(ui|z)...p(ups|z). Defining

V(x) := —log(po(z)p(uilx) ... p(unlz)) = —log(po(w)) — log(p(ui|z)) — - - - — log(p(unr|z))
=:Vo(x) + Vi(z) + - + Va(),

then the posterior parameter X has a law of density proportional to e~V In this context,

Bayesian inference requires sampling from a probability measure which is defined from a large
amount of data if M is large.

13



Chapter 1. Introduction

Given a probability measure v, Markov Chain Monte Carlo (MCMC) methods build an ex-
plicit Markov chain (X,,) admitting v as its invariant measure, allowing to approximatively sam-
ple from v. The Metropolis-Hastings algorithm was introduced by Metropolis in 1953 [MRR 53]
and extended by Hastings in 1970 [Has70]. Given a probability density v and a parametrized
Markov kernel chosen by the user Q(z,dy) on R?, the Markov chain X on R? is defined recur-
sively by:

« Sample X, from Q(X,,dy).

o Xn4+1 = Xn41 with acceptance probability

min (1 V(Xn+1)Q(Xn+~laXn)>
’ V(Xn)Q(Xan+1)

and X, 1 = X,, otherwise

so that the probability measure with density v is the unique invariant distribution of X. One
advantage of this algorithm is that it does not require to compute the normalization constant
of the density v nor the one of the kernel Q.

Lamberton and Pages introduced in 2002 the method of sampling from a probability measure
by solving SDEs [LP02]. That is, assuming that the SDE

dX; = b(Xt)dt + O'(Xt)th (1122)

taking its values in R? is ergodic with invariant measure v, then considering the Euler-Maruyama
scheme with decreasing steps

Xni1 = Xn + Yns10(X0) + VAn10( X)) U1, U, ~N(0,1y) iid., (1.1.23)

the measure v is estimated by the weighted average of Dirac measures

1 n
Vni= > W%, Tn=m+...+Mm (1.1.24)
I'n k=1

[LP02] shows that for a general mean-reverting diffusion (1.1.22)), the averaged Euler scheme
of an ergodic diffusion converges to the invariant probability measure of the diffusion. More
precisely:

Theorem 1.1.2. Assume that there exists a C*> and coercive Lyapunov function V : R —
[V*,00) such that V2V is bounded and

|VV|2 + |b|2 <V, ||a(:c)aT(x)H =o(V(x)) as|z| = oo, (1.1.25)
Ja >0, R, (VV,b) < —aV + 5, (1.1.26)

and that (1.1.22) admits a unique invariant measure v. Then for every f : R — R being
continuous with f(z) = o(V¥(z)) for some k € N, then vy,(f) — v(f) as n — .

This method of simulation with respect to some probability measure fundamentally differs
from using the Euler-Maruyama scheme for solving SDEs at fixed time horizon T' > 0. It was
then specifically analysed and extended in a series of papers, among them [LP03) [Lem05] [PP09,
LP12, [DM17, PR20].

14



1.2. Langevin equation and Langevin algorithms

More recently, [PP23] gives convergence rates for the law of X, itself in the algorithm (T.1.23)
for the L'-Wasserstein distance and the total variation distance. Assuming furthermore that o is
bounded and elliptic and that b is Lipschitz-continuous and the following confluence assumption:

Ve, y € RY Wi ([XF], [X}]) < Clz — yle™*, (1.1.27)

which is fulfilled in particular if the uniform dissipative assumption outside some compact set is
satisfied:

Jag >0, IR>0, Vr,yeB(0,R), (b(z)—by),z—y) < —alz—y|* (1.1.28)
the authors obtain a convergence speed at rate "almost" ~,, which reads:

Wi([X3],v) < Cnllog(m)|9(z), (1.1.29)
Ve >0, 3C > 0, dry([X}],v) < Conyy~"0(2), (1.1.30)
I(z) = (14 |z|) A V3(2).

The strategy of proof relies on a domino strategy (telescopic sum) inspired by proofs of weak er-
ror expansion of discretization schemes of diffusion processes, see [TT90, BT96]. For a function
f : R — R being either Lipschitz-continuous (for the L'-Wasserstein distance) or measur-
able bounded (for the total variation distance), the domino strategy consists in a step-by-step
decomposition of the weak error to produce an upper bound as follows:

Ef(X5) —Ef(XF,)| =[Py, 00 Py, f(z) — P, f(2)]

o 0Py  o(Py, — P,)oPr, 1 f(z)

M=

i

1

M=

< ‘p"/lo”'opwg—l O(P% _P’Yk)oPFn*ka(x) ) (1'1-31)

k

I
—

where P and P are the transition kernels associated to X and X respectively. Then three terms
appear:

o The time discretization error, for large k, corresponding to the error between X and X
with small time horizon and where the error is controlled by classic weak and strong bounds
on the error of the Euler-Maruyama scheme.

e The first ergodic error, for small k, corresponding to the error between )_{ and X with
large time horizon. In this case, the ergodic properties of X also apply to X.

e The second ergodic error, corresponding to the distance between X and its invariant mea-
sure v.

The case of the total variation distance is more difficult to deal with than the case of the L'-
Wasserstein distance, since dpy([X[],[X[]) is in general difficult to bound for small ¢ > 0.
Instead, [PP23] relies on Malliavin bounds using regularization properties of the semi-group.

1.2 Langevin equation and Langevin algorithms

1.2.1 The Langevin Equation

If the function V' to be minimized in (I.1.1]) is not convex, the gradient descent algorithm can
be trapped into a local minimum which is not the global minimum, see Figure Moreover,
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Figure 1.7: Example of trap for the gradient descent.

saddle points of V' may slow down the convergence of the algorithm [DPG™14]. The stochastic
gradient descent , adding a noise to the classic gradient descent, helps escaping from such
traps [Laz92, BD96]. Another possibility is to add an exogenous noise to the gradient descent,
which also adds regularization and stability to the algorithm. Considering and adding a
white noise yields:

Xn-i—l = Xn — Yn+1 (VV(Xn) + Cn—i—l) + O'\/’Yn—i-lUn—&-l; (1.2.1)

where (Up,) is i.id, Uy ~ N(0,1;) and 0 > 0. Let us point out the fundamental difference
between the noise 7,+1(,+1 associated to the stochastic approximation of the gradient and the
exogenous white noise /9, +1Un+1, in particular since v, — 0 the first one is of order -, and
the second one of order ,/7;,. This algorithm, called Stochastic Gradient Langevin Dynamics
(SGLD) was introduced by Welling and Teh in [WT1I]. Langevin algorithms as (1.2.1) are
inspired by stochastic analysis and stochastic differential equations. Indeed, the continuous

version of ((1.2.1)) is
dXt = —VV(Xt)dt + O'th, (122)

where W is a standard d-dimensional Brownian motion. Equation was introduced by
Langevin in 1908 |[Lan08] to model the random movement of a particle in a fluid colliding with
the other particles. Assuming that exp(—2V/0?) € L*(R?) and denoting V* := minga V, the
Langevin equation admits an invariant measure which is the Gibbs measure given by the
density

-1

Ve (dx) := Ue_Z(V(’”)_V*)/"de with Z, := </ e_Q(V(I)_V*)/"Qd:c) . (1.2.3)
R

d

Indeed, for g : R* — R being C? with compact support, a quick calculation shows that

d

SELLO0] = 5 [ EalgCX0ledn) = [ Loavalds)

2
= Zo’ /d ( - VV(.'E) . Vg(m) + %Ag(g{j))e—2(v(m)_‘/*)/a'2dx
R

= Z“/d v - (vg(x)e%(v(m)fv*)/f)dx =0, (1.2.4)
R
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1.2. Langevin equation and Langevin algorithms

where we used an integration by parts formula to get the last line, where £ is the infinitesimal
generator associated to and V- denotes the divergence operator.

Moreover, for small o, the measure v, is concentrated around the set argmin(V). The
following proposition makes this last statement precise.

Proposition 1.2.1. Let V : R — R be a Borel function such that
V*i=essinf(V) = inf{y : A\{V <y} >0} > —o0.
Assume also that eV € L' (RY) where \q denotes the Lebesque measure on RY. Then

Ve >0, v,({V>V*4+¢e}) =0 aso — 0.

Then if (X;) defined in is ergodic, solving (1.2.1]) or ([1.2.2) for small o and large ¢
guarantees that X is close to argmin(V') in some sense.

More precisely, convergence rates of Gibbs measures were studied by Hwang in 1980 [Hwa80].
Assuming that argmin(V) = {%,..., 2%} is finite and that each V2V (%), 1 < i < r, is positive
definite then v, weakly converges to a mixture of Dirac measures at the x}’s at rate o.

[HRSS21] gives another heuristic for the Langevin equation and shows that some non-convex
optimization problems can be seen as convex optimization problems when considering functionals
defined on the infinite-dimensional space of probability measures on R?. The Brownian noise
then appears as an entropic regularization term over the space of measures.

In the setting of Bayesian inference as presented in Section m, [DM17, BDMS19, [DM19,
MMS20] study the method to sample from some target distribution v defined on R? from the
Langevin equation with constant noise coefficient o € R [WTT11]. Indeed, assuming that
v has positive probability density 2 — v(x), then v is the invariant measure of with

o? o2 Vu(x
Vix) = -5 log(v(x)), VV(z)= _ZVV(:(L’))

(1.2.5)

[DM17, DMT9] give bounds for the total variation distance and the L2-Wasserstein distance
between the discrete algorithm X, in and the target distribution v. [MMS20] focuses
on the scheme with constant step size v, = v > 0 and analyses the resulting asymptotic bias,
giving bounds for the L' and L2-Wasserstein distances. As this is generally the case for MCMC
methods, this method only requires the knowledge of the density of v up to some normalization
constant.

These results are valid only for constant coefficient o. In the additive setting, the exact
diffusion and its Euler scheme are linked through the Girsanov formula so that the error is
bounded using the Pinsker inequality [PP23, Appendix B]. However, this strategy cannot be
applied to the multiplicative noise case, which turns out to be more demanding. [PP23], which
focuses on sampling from some distribution using , appears as an extension of [DM17]
to the case where ¢ is not constant.

1.2.2 Adaptive Langevin algorithms

Choosing in and a constant noise coefficient ¢ > 0, yielding an homogeneous
and isotropic white noise cdW; may not be relevant in general. Indeed, the components of the
gradient VV (X;) may widely vary or may be correlated. To accelerate the convergence of X;
to its invariant distribution, we rework by allowing o to depend on the position X,
leading to devise an adaptive Langevin algorithm. Allowing o to be adaptive highly extends
the range of applications of Langevin algorithms. The case where ¢ is not constant is called

17
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the "multiplicative case" whereas the case where o is constant is called the ’additive case". A
general heuristic is the so-called Newton method, which consists in considering o = (V2V)~!
and thus adding more noise in the directions where the gradient of V' slowly varies in order to
accelerate the exploration of the state space. However the exact computation of o = (V2V)~!
is cumbersome because

e In high-dimensional optimization problems where the dimension d is large, the Hessian
matrix has size d x d which is too large for both computation time and memory size.

e It becomes necessary to compute second-order derivatives whereas we only need to compute
first-order derivatives for "classic" SGLD

o As the size d x d of the Hessian matrix is large, computing its inverse is also costly.

[DAVB15] adapted the well-known Newton method, which consists in considering o =
(V2V)~1 to SGLD. Since the size of the Hessian matrix may be too large in practice, be-
cause inverting it is computationally costly and because the Hessian matrix may not be positive
in every point, it is suggested to consider instead |diag((V2V))?|~!. However, computing high-
order derivatives may be cumbersome; [SBCR16] adapts the quasi-Newton method [NWO06] to
approximate the Hessian matrix to SGLD, yielding the Stochastic Quasi-Newton Langevin al-
gorithm.

[DHST1] and [LCCC16] give algorithms where the choice for o is o ~ diag ((AI4+[|0;V |]1<i<a) ™),
where A > 0 guarantees numerical stability. The idea of using geometry has been explored in
[PT13], where 02 defines the local curvature of a Riemannian manifold, giving the Stochas-
tic Gradient Riemaniann Langevin Dynamics algorithm where o is equal to Z, 2 where I, is
the Fisher information matrix, or to some other choices (see [PT13, Table 1]) as Z, may be
intractable. [MCF15] extends the previous algorithm to Hamiltonian Monte Carlo methods,
where a momentum variable is added in order to take into account the "inertia" of the trajec-
tory [Nea96, DMS20], yielding the Stochastic Gradient Riemannian Hamiltonian Monte Carlo
method.

Allowing the matrix o to depend on the position yields a faster convergence; we refer to the
previous references where the simulations prove that the new methods greatly improve classical
stochastic gradients algorithms. In particular, we refer to the simulations [SBCRI16l Figure 2],
[PT13, Figure 2] and [MCF15, Figure 3] where the some of the above different methods are
compared.

As presented in [MCF15] and [LCCCI6, Equation (3)] and formally demonstrated in [PP23,
Proposition 2.6], if o is not constant then we need to add a correction term to the drift so that
the Gibbs measure v, remains the invariant measure.

Proposition 1.2.2. Let a > 0 and let (X;) denote the solution to the R%-valued SDE in R?
dX; = b(Xy)dt + ao(Xy)dWy,  Xo L W. (1.2.6)
Assume that V2V is bounded, e~2V/a* ¢ LY(R%), o is C' and uniformly elliptic i.e.
J o9 >0, Vz € RY, U(:):)UT(x) > oy,

and bounded with bounded partial derivatives. If the drift b satisfies

b(z) = —(00"VV)(z) + d®

d
> 5]'(00T)(x)ij] : (1.2.7)
j=1

1<i<d

then the distribution v, defined in (1.2.3) is the unique invariant distribution of the above Brow-
nian diffusion.
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1.2. Langevin equation and Langevin algorithms

Defining the correction term Y (x) := | ;l:l 9;(c0")(x)i5]1<i<d which reduces to zero in the
additive case, the discrete algorithm corresponding to the continuous SDE (|1.2.6|) reads

Xnp1 =Xy — 7k+1UUT (VV(Xn) + Cn-‘,—l) + a2')/n+1T(Xn) + a./ 'Yn—f—lU(Xn)Un—&-lv (128)

where (U,)p>1 is i.i.d. and N(0, I;)-distributed.

Let us provide a simple example of how the above extension to non constant diffusion coef-
ficients for Langevin simulation can be used, see [PP23| Section 2.4]. We consider the pseudo-
Cauchy distribution on R? with exponent x > 0 defined by

Cy

. (dzr) = AT 22

dz = Cre™V@dz  with  V(z) = (d+ &) log(1 + 2?) + 1.
Then using Proposition with o = I, the distribution 7 is the invariant distribution of the
one-dimensional Brownian diffusion

Y,

dyy = —(d+ K)TIYP
t

dt + dW.

However, we have in this case |b(z)| — 0 as |z| — oo, suggesting that the convergence to 7, is
slow. On the other hand, using Proposition with o(x) = (1 + |z|?)'/21,, the measure 7, is
also the invariant distribution of the Brownian diffusion

dX; = —(d+ K — 1) Xydt + /1 + | X |2 dW;

where the drift satisfies

(b(z) = b(y).x —y) = —(k = L+ d/2)|lz — y[

so that Assumption (1.1.28)) is satisfied for k > 1 — d/2, suggesting that the convergence to
is fast. For more details in particular concerning mean-reverting diffusions we refer to [PP23,
Section 2.4].

1.2.3 Langevin-Simulated anneling equation

Considering with invariant measure v, defined in and since v, is concentrated
around argmin (V") for small o (Proposition , a method for minimizing V' is to solve
while making the drift coefficient decrease to zero along time, leading to the Langevin-simulated
annealing equation:

dXt = —VV(Xt) + (I(t)O'th, (129)

where X; is R%valued, o > 0 and a : Rt — R* is decreasing and a(t) — 0 as t — co. Equation
is a non-homogeneous Markov SDE; for every t € R™ we can still define the "instanta-
neous' invariant measure as the invariant measure of the corresponding time-homogeneous SDE
when freezing the time dependent coefficient a(t). In our case it is the measure v,),. The
Langevin-simulated annealing equation shares indeed its heuristic with the original simulated
annealing algorithm [KGV83, vLA8T|, which builds a Markov chain from the Gibbs measure v,
using the Metropolis-Hastings algorithm [MRR' 53] and where the parameter o, interpreted as
a temperature, slowly decreases to zero over the iterations. In Statistical Physics, the parameter
sequence (a(t)o) is interpreted as the square root of the system temperature. At the beginning
of the algorithm, the temperature is high, allowing to explore the state space more efficiently
to the detriment of the optimization procedure; at the end the temperature is low allowing to
focus on the minima of V.
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In [CHSR7, Roy89] is shown that choosing a(t) = Alog™/?(t) for some A > 0 in
guarantees the convergence of X; to v* defined as the limit measure of (v,) as a — 0, v* being
supported by argmin(V'). [Mic92] proves again the convergence of the SDE using free energies
inequalities. These studies deeply rely on some Poincaré and log-Sobolev inequalities and require
the following assumptions on the potential function:

lim V(z) = 1|iin IVV(z)| =00 and VzeRY AV(z)<C+|VV(x)?
xr o0

|z|—o00 \

More specifically, taking o = 1 in (1.2.9) and defining the Kullback-Liebler divergence (or free

energy):
L
Fi =i, (Xillva) = [ s ( u (@) %) p(t, z)de, (1.2.10)

where p(t,z) is the density of X; at z € R? (see [Fri64, Chapter 9, Theorem 7]) and follows the
Fokker-Planck equation:

op(t,z) = V- (VV(2)p(t, ) + %aQ(t)Ap(t,:v), (1.2.11)

using the expression of O;p(t,z) in (1.2.11)), the explicit expression of the density Va(t) () and
the integration by parts formula, we obtain

2
p(t,z)
Va(t) (1’)

47, 2 da?
Yo (*) /R V(@) (vagey () —plt, 7)) — 20%(1) / V(o) (@)daz. (1.2.12)

dt dt Rd

We then use a logarithmic Sobolev inequality:

[, 2108y < € [ IV iPdvy + ([ Pavgy Jtog ([ Pavay) (1213

with
f(.’E) = p(ta x)/ya(t)(l‘)
so that
2
p(t, z) p(t, z) p(t, x) _
—202(t) /]Rd \Y m Va@)(2)dr < —C /Rd e log (Va(t)(ﬂf)) Va@)(2)dr = —CT.

On the other hand,
oo V(@) Wa(e) (2) = Pt 2))de = vo (V) — BV (X))
can be bounded independently of ¢ using classic bounds on the growth of the potential, see
for example [PP23| Proposition A.1]. Then (1.2.12)) gives a bound on dJ;/dt and solving the
differential inequation with a(t) = Alog™"/?(t) yields the convergence of J; to 0.

[Zit08] proves that the convergence still holds under weaker assumptions, in particular where
the gradient of the potential is not coercive, using weak Poincaré inequalities. In [GM91] is
proved the convergence of the associated stochastic gradient descent algorithm.

1.3 Contributions of the thesis

Our research results and articles are available on my personal research website at the address:
https://perso.lpsm.paris/~pbras/.

Our code for simulations along with Jupyter notebooks are available on my GitHub page at the
address:
https://github.com/Bras-P.
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1.3. Contributions of the thesis

1.3.1 Convergence of Langevin-Simulated annealing algorithms

1.3.1.1 Convergence of the adaptive Langevin equation and its Euler-Maruyama
scheme for the L'-Wasserstein distance and in total variation

In Chapters[2land [3] we prove the convergence and give convergence rates for Langevin-simulated
annealing algorithms with multiplicative noise i.e. for the SDE and its associated Euler-
Maruyama scheme where the coefficient of the exogenous noise (a(t)) decreases to 0 as
t — 0o. The target measure denoted v* is defined as the limit measure of v, as a — 0 and the
rates of convergence are given for the L'-Wasserstein distance and the total variation distance.
We make assumptions on V and ¢ similar to those in [PP23], in particular that |VV|?> < CV,
V'V is Lipschitz continuous and ¢ is bounded with bounded derivatives. We also assume that
argmin(V) is finite and that for every x* € argmin(V), either V2V (2*) is definite positive or z*
is a strict polynomial minimum.

We adopt a domino strategy (see and the description following) and use methods
described in Section and in Section however we need to adapt the strategy to non-
homogeneous Markov diffusion processes with evanescent ellipticity, since the diffusion coeflicient
of the SDE depends on the time t and its ellipticity fades away as t — co. We prove that choosing
a coefficient (a(t)) of order log™'/2(t) is a sufficient - and generally necessary - condition for
convergence. We give a convergence rate for Wi ([Xy], v*) which turns out to be somehow limited
by Wi (va(s), v*) which is of order a(t) ~ log~1/2(t) under the assumption that V2V is positive
definite at every point of argmin(V'). Still we establish sharper bounds for the convergence of
Wi (X, Var)):

Wh ([ X7, v*) + Wl([X]f,O(t)], v*) < Cmax(1 + |zo|, VZ(z0))a(t),
Wl([XfO]v Va(t)) + Wl([ij\TO(t)]a Va(t)) < Cq max(l + ‘.’L'()’, V2(x0))tia

for every a € (0,1) with N(¢t) = min{k € N, I'y41 > t}, see Theorems and
For the total variation distance, we obtain for every a € (0,1):

dTV([Xi:EO], Va(t)) < C’aec10%1/2(t)(1+|x0|)t_0‘, (1.3'1)
drv ([X35): Va(ey) < Ca (log"/?(t) max(V2(wo), 1 + wo| jt~ + €108 *(O1Holy /4%, U8 )
(1.3.2)

with A defined by a(t) = Alog™"/?(e + t), see Theorem

These results have been submitted as two separate articles as joints work with Gilles Pages:

e The analysis of the convergence for the L'-Wasserstein distance, entitled Convergence
of Langevin-Simulated Annealing algorithms with multiplicative noise and accepted for
publication in Mathematics of Computation,

e The analysis of the convergence for the total variation distance, entitled Convergence of
Langevin-Simulated Annealing algorithms with multiplicative noise I1I: Total Variation and
which has been published in Monte Carlo Methods and Applications.

1.3.1.2 Convergence rates of Gibbs measures

In order to analyse the rate of convergence of Langevin algorithms, for ® some distance on
P(RY), let us write

|, va) + D (v, ) if a > 0 is constant,

]7 I/a(t)) + Q(Va(t)y V*) lf a iS decreasing to 0 (133)

* 9([Xt
o <{ S
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The second term in this inequality D (v,,v*) corresponds to the bias term. It measures the
distance between the invariant distribution v* and its approximation using a Gibbs measure v,
and converges to 0 as a — 0. Consequently we also need to investigate the order of ®(v,, v*) for
small a > 0. It is known that if argmin (V') is finite and if for every z* € argmin(V'), V2V (z*) is
definite positive then v, converges weakly to v* which is a weighted sum of Dirac masses where
each weight is proportional to det™'/2(V2V (2*)) and the rate of convergence is of order a as
a — 0 [Hwa80]. However, there are few results available when V2V (2*) is not positive definite
for some z* € argmin(V'). Assuming argmin(V') = {z*} for simplifying notations, [AH10] gives a
convergence rate under the condition that there exists a function g : R? — R with e79 € L'(R9)
and aq, ..., ag € (0,400) such that

Vh € RY, 2 [V + (@ h......a%he) = V()] — g(h.... ha) (1.3.4)
In Chapter [4| we give conditions on V such that is fulfilled and then elucidate the expres-
sion of g depending on V' and its successive derivatives at z*. Instead of positive definiteness
we assume z* is a strictly polynomial minimum of V ie. V — V(z*) is bounded below in a
neighbourhood of z* by some non-negative polynomial function null only at z*. Under some
assumptions, we give an algorithm to identify o = (ay,...,aq) € R?, an orthogonal transfor-
mation B and g : R? — R a polynomial function which is not constant in any of its variables,
depending on the successive derivatives of V' such that

Vh € RY, 2(‘/(3?* + B (a®*h)) —V(z¥)) — g(h)

a—0

where a® is the vector (a!,...,a%) and * denotes the Schur product between two vectors i.e.

for u,v € R w+v = (u1vy,...,uqvqg). Then we obtain the following central limit theorem:

a % (B71- (Y, —z%)) = Y inlaw

where Yo ~ v 55 and ¥ ~ e~ 9Wdy. We refer to Theorems and

Although the case where V2V (z*) is not positive definite may seem singular and mostly of
theoretical interest at first sight, it can actually occur in practice as pointed out by eminent
Machine Learning researchers, among them L. Bottou and Y. LeCun [SBLI6, ISEUT17], for
high-dimensional and over-parametrized optimization and inference problems, especially for the
calibration of artificial neural networks.

These results have been published as the following article: Pierre Bras. Convergence rates
of Gibbs measures with degenerate minimum. Bernoulli, 28(4):2431 — 2458, 2022.

1.3.2 Adaptive Langevin algorithms for deep Neural Networks

1.3.2.1 SGLD algorithms for deep neural networks, Layer Langevin algorithm,
application to image classification

In Chapter [5| we implement and run simulations to evaluate the performances of SGLD algo-
rithms described in Section with different choice for the function o on various problems
coming from Machine Learning: regression, classification, image recognition, time series analysis
etc. In particular we analyse the benefits of adding Gaussian noise during the training in com-
parison with the non-Langevin counterpart algorithms. More precisely, popular preconditioned
stochastic gradient methods in Machine Learning such as RMSprop [TH12|, Adam and Adamax
[KB15] and Adadelta [Zeil2] generally writes in a non-Langevin setting

Xn+1 =Xp — ’Yn-i—an—I—l *On+1 (135)
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Figure 1.8: Architecture of the VGG-16 network for an input image of size 224 x 224.

where g,, 41 is an estimation of the gradient VV'(X,,) and P, 11 is some preconditioner rule, while
similarly to ((1.2.8]), the corresponding Langevin counterpart method writes

d
Xnt1 = Xp — M1 Pos1 - gn1 + a’yn+1/\/(0 Pay1) + a’? Tn+1 Z Poii(X, z]hgigd' (1.3.6)

In Chapter [6| we proceed to a side by side comparison of (]ml) and ([1.3.6) for different choices
of stochastic gradient methods. As it was noted in [NVL™15, [Anil9], adding gradient noise
can in fact improve the learning for very deep neural networks. Indeed, the noise provides
regularization and allows to escape from traps for the gradient descent such as local minima or
saddle points ﬂm Moreover, the deeper the neural network is, the more non-linear it
is, thus increasing the number of such traps. Many advances in supervised learning were made
possible using very deep neural networks, which are able to tackle much more difficult problems

than shallow ones [KSH12, MPCB14, [LBH15], in particular as it comes to image classification,
involving very deep convolutional architectures [SLJT15, [SZ15, [HZRS16, HLVDMWI17]. An

example of deep convolution architecture is given in Figure [I.8]

Still, as a price to be paid, deep neural networks are considerably more difficult to train
[GB10, DPG*14]. To cope with this issue, highway networks [SGSI15] and residual networks
[HZRS16] were introduced. Their many successive layers behaves either as a dense layer or
as the identity function, allowing the gradient information to propagate trough the successive
layers.

We compare the benefits of preconditioned Langevin algorithms [LCCCI16] for various archi-
tectures and for various depths of neural networks and we observe that the deeper the network is,
the greater are the gains provided by Langevin algorithms. Based on this heuristic and since the
most important non-linearities of the network are contained in the deepest layers, we introduce
a new optimization method that we call Layer Langevin algorithm, which consists in training
the network by adding Langevin noise only to the training of some weights and not to the other
weights. That is, the stochastic gradient method described in becomes

X = X0 v [Past - gna1]” + Liegamy AN (0, Poir)]®

d .
+ ]lieja27n+1[z 0 Ppi1(X0)ij] (Z), 1<i<d
j=1
for some J subset of {1,...,d}. In particular, we choose J to be the set of indexes of the weights

of the k first (deepest) layers for some integer k. We refer to Section We then highlight
the possibilities of training acceleration using Langevin and Layer Langevin methods on deep

residual [HHZRS16] and dense convolutional networks [HLVDMW17] for image classification.
We give an implementation of Langevin and Layer Langevin algorithms in TensorFlow as
instances of the base class tf.keras.optimizers. Optimizers. These optimizers are directly
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A + A + A + L\

Figure 1.9: Depth of Markovian neural networks. The control u acts on Y, , which itself acts
on Yy 1, Yiisy -+ s Yiy, hence the depth of the network.

usable as the Python package langevin_optimizers, which is downloadable from the GitHub
repository https://github.com/Bras-P/langevin-for-stochastic-control and with the
command

$ pip install git+https://github.com/Bras-P/langevin-for-stochastic-
control.git

These results have been presented at the International Neural Network Society Workshop
on Deep Learning Innovations and Applications (INNS DLIA), part of the Machine Learning
conference International Joint Conference on Neural Networks IJCNN 2023, and will be pub-
lished in the first edition of the INNS workshop series in Procedia Computer Science as Langevin
algorithms for very deep Neural Networks with application to image classification.

1.3.2.2 Langevin algorithms for deep stochastic control

In Chapter [7] we evaluate the benefits of Langevin algorithms on solving stochastic optimal
control problems using neural networks as described in Section Indeed, if the control is
parametrized by a neural network and if it is applied at many discretization time steps, then
the stochastic control problem reads as the training of a very deep neural network, see Figure
.0

As in Section we compare preconditioned Langevin algorithms with their respective
non-Langevin counterparts for solving various stochastic optimal control problems: fishing quo-
tas [LPP23], deep hedging of financial options [BGTW19], oil drilling and resource management
IGGKL21], and we show that Langevin and Layer Langevin optimizers can significantly improve
the training procedure.

These results have been presented at the Machine Learning conference International Joint
Conference on Neural Networks IJCNN 2023 and are published in the conference proceedings
as a joint work with Gilles Pages and under the title Langevin algorithms for Markovian Neural
Networks and Deep Stochastic Control.

1.3.3 Simulation of stochastic processes and discretization schemes

1.3.3.1 Total variation convergence of the Euler-Maruyama scheme in small time

For the total variation bound in (1.3.2]), while implementing the domino strategy described
in Section [[.1.4] we need to establish a bound for the total variation between an SDE and its
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one-step Euler-Maruyama scheme in small time i.e. a bound for dpv([X7¥], [XF]) where
XF =, dX;=0bX)dt+o(X))dW,, X;=x+tb(z)+ o(x)W;

where b and o are general Lipschitz continuous coefficients here. Indeed, the difficulty of the
total variation distance in small time is the following: considering its representation formula and
comparing it with the L'-Wasserstein distance, if = and y € R? are close to each other and if
f:R?Y — R is Lipschitz continuous, then we can bound |f(z) — f(y)| by [f]Lip|z — y|; whereas
if f is simply measurable and bounded, then we cannot directly bound |f(z) — f(y)| in terms
of |x — y|. Previous results in the literature only focus on total variation bounds for fixed time
horizon T' > 0 [BT96|, IGLOg].
In Chapter [8, we show more generally that for two SDEs in R? starting at the same point:

X% =z eRY, dXT = by (XT)dt 4 o1 (XT)dW;,
Yy =, dY;" = by(Y;")dt + o2(Y;")dWy

and assuming that for i = 1,2, g; € Cb2 and is elliptic and b € C! with bounded derivatives, we
obtain

dry ([XF], [Yf]) < C(E2 + |01 — 02|(2))¥3 + Cecl** /2, (1.3.7)

see Theorem [8:2.1] This bound relies on the following result for » = 1 which links the total
variation distance with the L!'-Wasserstein distance provided that the laws of X and Y are
regular enough:

Theorem 1.3.1. Let Z1 and Zy be two random wvectors in Ll(Rd) and admitting densities p1
and ps respectively with respect to the Lebesgque measure. Assume furthermore that py and po
are C*" with r € N and that V¥Fp; € LY(R?) fori=1,2 and k= 1,...,2r. Then we have

1/(2r+1)
) (1.3.8)

drv(Z1, Z2) < CagWi(Z1, Z)* O ( L, (9@l + 192 p2(6)1) d

where the constant Cq, depends only on d and on r.

In the case of SDEs, the densities of Xj* and Y;* can be expressed as the solution a Fokker-
Planck partial differential equation and we rely on Aronson bounds [Fri64] to control their
regularity.

We furthermore extend ([1.3.7): assuming that o € CZ" we prove that

Aoy ([X7], [Y7]) < CY2 + o1 — o] (@) @D 4 el 12, (1.3.9)

see Theorem For r > 2, we use a multi-step Richardson-Romberg extrapolation [RG11,
LP17] which is a method imported from numerical analysis and which builds a Taylor expansion
with null coefficients up to some high order.

These results have been published as: Pierre Bras, Gilles Pages, and Fabien Panloup. Total

variation distance between two diffusions in small time with unbounded drift: application to the
Euler-Maruyama scheme. FElectronic Journal of Probability, 27:1-19, 2022.

1.3.3.2 Weak error rates for numerical schemes of Stochastic Volterra Equations
with application to stochastic volatility models and option pricing under
path-dependent volatility

As a further research on convergence of Euler-Maruyama schemes for SDEs, in Chapter [9] we
study the rate of weak convergence of numerical schemes for Stochastic Volterra Equations as
described in Section [1.1.3.2} that is for f : R? — R being smooth we give bounds on

E[f(X~)] — E[f(X7)]- (1.3.10)
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A first bound on the weak error can be obtained from bounds on the strong error, however this
is sub-optimal in general. For example, for Stochastic Differential Equations (SDE) the strong
error is of order O(1/v/N) but the weak error is of order O(1/N). Such bounds get even worse in
the case of SVE with fractional kernel, giving a weak error bounded by the strong error which is
order O(N—1), where H € (0,1/2) is the Hurst parameter of the fractional kernel and is small
(H ~ 0.1) in many financial applications. In [RTY21] are given bounds for the weak error for
the multi-level Euler-Maruyama scheme, however the authors only assume that the weak error is
bounded by the strong error (see [RTY21), Section 2.3]), which is largely suboptimal in general.
In [Gas23] are given weak error rates from some rough volatility models and are proved to be
of order O(N —(3H+1/ 2)“), yielding significantly better bounds in the case where H is close to
0. However the results are valid only for some special cases (semilinear or cubic test function),
hinting that obtaining general results for fractional processes is difficult.

As a first step, we focus on the regular case i.e. where Ky and K are defined and continuous
on [0,T])%2. Developing a domino strategy that we adapt to the path-dependent case
and using pathwise derivatives of path-dependent functionals [VZ19 [Dup19|, we prove that the
convergence rate of is of order O(1/N) in the non-singular case and where N is the
number of steps in the Euler-Maruyama scheme, see Theorem thus giving a convergence
rate similar to the Markovian SDE case.

These results are a joint work with Masaaki Fukasawa and have been submitted to SIAM
Journal on Financial Mathematics (SIFIN) and are currently in revision for possible publication.
The analysis of the singular rough case from adapting from the regular case is a work in progress.

1.3.3.3 Simulation of reflected Brownian motion on two dimensional wedges

In Chapter [10| we study the Brownian motion W in R? which is reflected or stopped on a wedge,
i.e. the subset of R? defined as

D = {(rcos(#),rsin(d)), r >0, 6 € [0,a]}

for some « € (0, 27) [Tye85| Met10] Pil14].
We prove the following density formula for the reflected Brownian motion X starting at
x = (rgcos(y),rosin(bp)):

. 2r g (1 rro > rTro nmd nmly
P (Xtedy)zae 2t 510 = —i—ZIm/a e coS o cos . drdf

n=1
(1.3.11)

where I, a > 0, stands for the modified Bessel function of the first kind, see Theorem
Unfortunately, this formula involves oscillating infinite sums of Bessel functions that are hardly
usable for simulation purposes. Instead of directly computing these sums, we propose an alter-
native simulation method which uses an extension of the reflection principle in two dimensions
for a particular type of wedges with angle w/m, m € N in Sections [10.5.2] and [10.5.3] As a
first step, we obtain a simulation method for E[f(Wra,)] where 7 stands for the first time the
process W touches the boundary of the wedge D. Applying the methodology for the stopped
process recursively one obtains an algorithm for the reflected process X. We then extend these
methods to the simulation of the reflection on D of the process Z with dZ; = b(Z;)dt + dW, for
some drift coefficient b.

The reflected Brownian motion and more generally reflected processes have applications in
finance (for example, in stochastic models where the process, which can model an interest rates,
is constrained to be non-negative [Ha09| or has other constraints like barriers such as in [IKP13]);
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in queueing models [GNRS6], etc. Considering the particular case of a wedge may open the way
to new simulation algorithms for reflected processes adapted to non-smooth domains with corner
points.

These results have been published as the following article: Pierre Bras and Arturo Kohatsu-
Higa. Simulation of reflected Brownian motion on two dimensional wedges. Stochastic Processes
and their Applications, 156:349-378, 2023.
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Chapter

Convergence of Langevin-Simulated
Annealing algorithms with multiplicative
noise for the L'-Wasserstein distance

The results presented in this chapter have been accepted for publication in Math-
ematics of Computation as a joint work with Gilles Pages. An arXiv preprint is
available [BP21].

Abstract

We study the convergence of Langevin-Simulated Annealing type algorithms with
multiplicative noise, i.e. for V : R4 — R a potential function to minimize, we
consider the stochastic differential equation dY; = —oo " VV (Y;)dt +a(t)o(Yy)dW; +
a(t)®Y(Y;)dt, where (W) is a Brownian motion, where o : RY — My(R) is an
adaptive (multiplicative) noise, where a : Rt — R is a function decreasing to 0 and
where T is a correction term. This setting can be applied to optimization problems
arising in Machine Learning; allowing o to depend on the position brings faster
convergence in comparison with the classical Langevin equation dY; = —VV(Y;)dt+
odW;. The case where o is a constant matrix has been extensively studied however
little attention has been paid to the general case. We prove the convergence for
the L'-Wasserstein distance of Y; and of the associated Euler scheme Y; to some
measure v* which is supported by argmin(V') and give rates of convergence to the
instantaneous Gibbs measure v,y of density o exp(—2V (z)/a(t)?). To do so, we
first consider the case where a is a piecewise constant function. We find again
the classical schedule a(t) = Alog™"/?(t). We then prove the convergence for the
general case by giving bounds for the Wasserstein distance to the stepwise constant
case using ergodicity properties.

Keywords— Stochastic Optimization, Langevin Equation, Simulated Annealing,
Neural Networks.



Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

2.1 Introduction

Langevin-based algorithms are used to solve optimization problems in high dimension and have
gained much interest in relation with Machine Learning [WTT11, MCF15, LCCC16, DM17]. The
Langevin equation is a Stochastic Differential Equation (SDE) which consists in a gradient
descent with noise. More precisely, let V : R — RT be a coercive potential function, then the
associated Langevin equation reads

dX; = —VV(X})dt + odWy, t > 0,

where (W) is a d-dimensional Brownian motion and where o > 0. Under standard assumptions,
the invariant measure of this SDE is the Gibbs measure of density proportional to e =2V (*)/ o® and
for small enough o, this measure concentrates around argmin(V'), see [Dall7] and Chapter
Adding a small noise to the gradient descent allows to explore the space and to escape from traps
such as local minima or saddle points appearing in non-convex optimization problems [Laz92,
DPG™14, [HRSS21]. This noise may also be interpreted as coming from the approximation
of the gradient in stochastic gradient descent algorithms. Such methods have been recently
brought up to light again with Stochastic Gradient Langevin Dynamics (SGLD) algorithms
[WT11l, LCCCI6], especially for the deep learning and the calibration of large artificial neural
networks, which is a high-dimensional non-convex optimization problem.

The Langevin-simulated annealing SDE is the Langevin equation where the noise parameter
is slowly decreasing to 0, namely

dX, = —VV(X,)dt + a(t)odW,, t > 0, (2.1.1)

where a : RT — R is non-increasing and converges to 0. The idea is that the "instantaneous'
invariant measure v,(;), which is the Gibbs measure of density o exp(—2V (x)/(a(t)*c?)) con-
verges itself to argmin(V’). This method indeed shares similarities with the original simulated
annealing algorithm [vLLA87|], which builds a Markov chain from the Gibbs measure using the
Metropolis-Hastings algorithm and where the parameter o, interpreted as a temperature, slowly
decreases to zero over the iterations.

In [CHSR7, Roy89] is shown that choosing a(t) = Alog™/?(t) for some A > 0 in
guarantees the convergence of X; to v* defined as the limit measure of (v,)) as t — oo and
which is supported by argmin(V'). [Mic92] proves again the convergence of the SDE using free
energies inequalities. These studies deeply rely on some Poincaré and log-Sobolev inequalities
and require the following assumptions on the potential function:

lim V(z)= lim |[VV(z)|=00 and VzeR?Y AV(z) <C+ |VV(z)P.
[Zit08] proves that the convergence still holds under weaker assumptions, in particular where the
gradient of the potential is not coercive, using weak Poincaré inequalities. In [GMO91] is proved
the convergence of the associated stochastic gradient descent algorithm.

All these results are established in the so-called additive case, i.e. they highly rely on the fact
that o is constant, whereas little attention has been paid to the multiplicative case, i.e. where
o : R? — My(R) is not constant and depends on X;. Allowing o to be adaptive and to depend on
the position highly extends the range of applications of Langevin algorithms and such adaptive
algorithms are already widely used by practitioners and prove to be faster than non-adaptive
algorithms and competitive with standard non-Langevin algorithms or even faster. See Section
where various specifications for o(x) that can be found in the Stochastic Optimization
literature are briefly presented, and Section where we show results of simulations of the
training of an artificial neural network for various choices of o. However, to our knowledge,
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a general result of convergence for Langevin algorithms with multiplicative noise is yet to be
proved. [PP23| Proposition 2.6] gives a general formula on b and o so that the associated
Gibbs measure is still the invariant measure of the SDE dX; = b(X;)dt + o(X;)dW;; a simple
example of acceleration of convergence using non-constant o is then given in [PP23| Section
2.4]. More generally, [MCE15| gives a characterization of any SGMCMC (Stochastic Gradient
Markov Chain Monte Carlo) algorithm with multiplicative noise and with the corresponding
Gibbs measure as a target. In practice, the matrix o is often chosen so that oo " ~ (V2V)~! but
approximations are needed because of the high dimensions of the matrix (e.g. only considering
diagonal matrices). Still, our results hold also for non-diagonal o, which opens the way to
algorithms with such o.

In this paper, we consider the following SDE:

dY; = —(oo ' VV)(Y1)dt + a(t)o(Yy)dWy + | a®(t) | D 9i(o0")(Ya)i dt (212
J=1 1<i<d
A

a(t) NG (2.1.3)
where the expression of the drift comes from [PP23] Proposition 2.6] and where the second drift
term is interpreted as a correction term so that v, is still the "instantaneous" invariant measure
and satisfying —b, v + (1/2)V - (a(t)ov) = 0 for every t, where b, denotes the associated drift.
This last term boils down to 0 if ¢ is constant. The aim of this paper is to prove the convergence
for the L!-Wasserstein distance of the law of Y; to v* in the setting adopted in [PP23], assuming
in particular the convex uniformity of the potential outside a compact set and the ellipticity and
the boundedness of o. We also prove the convergence of the corresponding Euler-Maruyama
scheme with decreasing steps and with noisy measurements of the gradient arising from mini-
batch sampling. In this paper we use Markov models along with stochastic calculus to study
the convergence of adaptive Langevin algorithms as a first theoretical study, however in practice
these algorithms often include history /momentum effects with time-exponential average, and do
not solely depend on Y; as assumed in . We refer to Section for precise definitions of
some popular gradient algorithms.

Considering the convex condition outside a compact set is in fact quite different from the
convex setting and turns out to be more demanding. This setting often appears in optimization
problems (see Section, where a characteristic set - the compact set - contains the interesting
features of the model with traps such as local minima, and where outside of this set the loss
function is coercive and convex. We give classic examples of neural networks where this setting
applies.

We adopt a domino strategy like in [PP23|, inspired by proofs of weak error expansion of
discretization schemes of diffusion processes [TT90, BT96]. In [PP23] is proved the convergence
of the Euler-Maruyama scheme X with decreasing steps (7,,) of an ergodic and homogeneous
SDE X with non constant o, to the invariant measure of X; the additive case was tackled in
[DM17, BDMS19, DM19] and in [MMS20] for the constant step case. It then appears that the
multiplicative case is more demanding than the additive case. For a function f : R® — R, the
domino strategy consists in a step-by-step decomposition of the weak error to produce an upper
bound as follows:

Ef(XF,) —Ef(XE, )| =[Py 00 Py f(z) = P, f(2)]

: (2.1.4)
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where P and P are the transition kernels associated to X and X respectively and where T'), =
Y1 + -+ 4+ Yn. Then two terms appear: first the "error" term, for large k, where the error is
controlled by classic weak and strong bounds on the error of an Euler-Maruyama scheme, and
the "ergodic" term, for small k, where the ergodicity of X is used.

However, we cannot directly apply this strategy of proof to our problem since we consider
a non homogeneous SDE Y, so we proceed as follows: we consider instead the SDE X where
the coefficient a(t) is non-increasing and piecewise constant and where the successive plateaux
[Th,—1,T,) of a are increasingly larger time intervals. On each plateau we obtain a homogeneous
and uniformly elliptic SDE with an invariant Gibbs distribution v,, where a, is the constant
value of a on [T},—1,T},), to which a domino strategy can be applied. This ellipticity fades with
time since a, goes to 0 and we need to carefully control its impact on the way the diffusion
X gets close to its "instantaneous" invariant Gibbs distribution v,,. To this end we have to
refine several one step weak error results from [PP23|] and ergodic bounds from [Wan20|, which
extends the ergodic contraction bounds from [Ebel6] to the multiplicative case. Doing so we
derive by induction an upper-bound for the distance between X; and v* after each plateau and
prove that a coefficient (a(t)) of order log~'/2(t) is a sufficient and generally necessary condition
for convergence. Using this result, we then prove the convergence of Y; and its Euler-Maruyama
scheme Y} by bounding the distance between X; and Y; and X; and Y;. We need to split
the problem into the cases where (a(t)) is piecewise constant and where (a(t)) is continuously
decaying and then use careful weak error comparisons to prove the convergence in the second
case, as we cannot use ergodic properties for the non-homogeneous processes at first sight. We
also consider the "Stochastic Gradient case' i.e. where the true gradient cannot be computed
exactly and where a noise, which is a sequence of increments of a martingale, is added to the
gradient. This case was treated in [GM9I] in the additive setting. The process X is used as a
tool for the proof of the convergence of Y;, however the convergence of X; to v* also has its own
interest since the "plateau" method is also used by practitioners.

We also establish a convergence rate which is somehow limited by Wi (v, v*), which is of
order a(t) under the assumption that argmin(V) is finite and that V2V is positive definite at
every element of argmin(V'), thus giving the same convergence rate as in the additive case and
with the same rate for the annealing schedule (a(t)), see Remarks and If argmin(V)
is still finite but if V2V is not positive definite at every element of argmin(V'), but if we assume
instead that all the elements of argmin(V') are strictly polynomial minima, then the rate is of
order a(t)? for some § € (0,1), see Chapter 4. We pay particular attention to the non-definite
case, since it was pointed out in [SBLI6, [SEUT17] that for some optimization problems arising
in Machine Learning, the Hessian of the loss function at the end of the training tends to be
extremely singular. Indeed, as the dimension of the parameter which is used to minimize the
loss function is large and as the neural network can be over-parametrized, many eigenvalues
of the Hessian matrix are close to zero. However, this subject is still new in the Stochastic
Optimization literature and needs more theoretical background.

Still we give sharper bounds on the rate of convergence of the L!-Wasserstein distance
between X or Y and v, as in practice the optimization procedure stops at some (large) ¢ and
the target distribution is actually v, instead of v*.

In a next paper, we shall prove the convergence in total variation distance. In this last case,
the domino strategy is more complex to implement and requires regularization lemmas, as in
[PP23] which studies the convergence for both distances.

The article is organized as follows. In Section[2.2]we first give the setting and assumptions of
the problem we consider. This setting is taken from [PP23]. We then state our main results of
convergence as well as convergence rates. In Section 2.3 we show how this setting applies to some
classic optimization problems arising in Machine Learning and present several general choices
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for o that are used in practice. In Section [2.4] we consider the case where the coefficient a is
constant and give convergence rates to the invariant measure taking into account the ellipticity
parameter. We also give preliminary lemmas for the rate of convergence of v,, to v*. In Section
[2.5] we prove the convergence of the solution of the SDE where a is piecewise constant, by
"plateaux". Using the dependence in a of the rate of convergence to the invariant measure in the
ergodic case we prove the convergence to argmin(V'). In Section we prove the convergence
of the SDE in the case where a is not by plateau but is continuously decreasing. This is done by
bounding the Wasserstein distance with the "plateau" case and revisiting the lemmas for strong
and weak errors from [PP23]. In Section and Section we also prove the convergence for
the corresponding Euler-Maruyama schemes. The proofs actually follow the same strategy as
the previous one. In Section @ we present experiments of training of neural networks using
various specifications for o; the algorithms with multiplicative ¢ prove to be faster than the
algorithm with constant o.

NOTATIONS

In addition to the notations given from page [1|, we use the notation C' to denote a positive
real constant, which may change from line to line. The constant C' depends on the parameters
of the problem: the coefficients of the SDE, the choice of A in a(t) = Alogfl/z(t), the upper
bound % on the decreasing steps, but C does not depend on ¢ nor x.

2.2 Assumptions and main results

2.2.1 Assumptions

Let V : RY — (0,+0c) be a C? potential function such that V is coercive and
(z = |z2e 2@/ ¢ LY(RY) for some A > 0. (2.2.1)
Then V admits a minimum on R%. Moreover, let us assume that

V* = r%%inv >0, argmin(V) = {2f,...,25.}, Vi=1,...,m* V*V(z}) >0,
(2.2.2, Hyr1)

i.e. minga V is attained at a finite number m* of points and in each point the Hessian matrix is
positive definite. We then define for a € (0, A] the Gibbs measure v, of density :

-1

Ve (dx) = Zae_2(v(:”)_v*)/“2dx, Z, = (/ 6_2(V($)_V*)/“2d:p> (2.2.3)
R

d

We use the previous normalization for v, and Z, however we emphasize that computing the den-
sity v, () does not require the knowledge of V* since we could write v,(dz) = Z, exp(—2V (z)/a?)dz
with the appropriate normalization constant Z,. Following [Hwa80, Theorem 2.1], the measure
v, converges weakly to v* as a — 0, where v* is the weighted sum of Dirac measures:

-1

& —-1/2 = -1/2
=1 (det VQV(x§)) / > <det v2V(;p;)) / Ot (2.2.4)
j=1 i=1
We consider the following Langevin SDE in R%:
Yy? =@ € RY, (2.2.5)
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

dY" = ba(y (Y")dt + a(t)o (V") dWr,

where, for a > 0, the drift b, is given by

bo(z) = —(00 'VV)(z) + a®

d
Z 0; (O’O’T>ij(l’)] = —(00'VV)(x) +a*T(z), (2.2.6)

1<i<d

where W is a standard R?%valued Brownian motion defined on some rich enough probability
space (22, A,P), where o : R? = My(R) is C? and

alt) = —2 (2.2.7)

VNog(t + e)

where A is defined in (2.2.1)) and with log(e) = 1. This equation corresponds to a gradient
descent on the potential V' with preconditioning ¢ and multiplicative noise; the second term in
the drift (2.2.6) is a correction term (see [PP23, Proposition 2.6]) which is zero for constant o.

We make the following assumptions on the potential V:

lim V(z) = +oo, |[VV|?<CV and sup ||V?V(z)|| < +oo, (2.2.8, Hy2)

|z =00 zcR4
which implies in particular that V has at most a quadratic growth. Let us also assume that
o is bounded and Lipschitz continuous, V2o is bounded, V(O‘O‘T)VV is bounded, (2.2.9, H,)
and that ¢ is uniformly elliptic, i.e.

Joo > 0, Yz € R, (00" )(z) > 021y (2.2.10)

Assumptions (2.2.8, Hyol) and (2.2.9, H,|) imply that T is also bounded and Lipschitz continuous
and that b, is Lipschitz continuous uniformly in a € [0, A]. Let the minimal constant [b]ri, be
such that:

Va € [0, A], by is [b]rip-Lipschitz continuous.

We make the non-uniform dissipative (or convexity) assumption outside of a compact set:
there exists ag > 0 and Ry > 0 such that

Va,y € B(0, Ro)¢, <(0’UTVV) (x) — (JUTVV) (y), z— y> > aglz — y[2 (2.2.11, Hy)

Taking y € B(0, Ry)® fixed, letting |z| — oco and using the boundedness of o, (2.2.11, H.¢|)
implies that |VV| is coercive. Using (2.2.8, Hy2|) and the boundedness of o, there exists C > 0
(depending on A) such that:

Va € [0, 4], 1+ |ba(z)| < CVY2(z).

Let (7yn)n>1 be a non-increasing sequence of varying positive steps. We define I';, := v +
-+« + 7y, and for t > 0:

N(t) :=min{k >0: T'xy1 >t} =max{k>0: Ty <t}
We make the classical assumptions on the step sequence, namely

Yn 4 0, Z Yo = 400 and Z 72 < 400 (2.2.12, Hq1)

n>1 n>1
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and we also assume that

w = lim sup M < o0. (2.2.13, Hy2)

n—00 Tn+1
For example, if 7, = 71 /n® with a € (1/2,1) then w = 0; if v, = 1 /n then w = ;.

In Stochastic Gradient algorithms, the true gradient is estimated using mini-batches of ran-
domly selected training data, which introduces noise in the gradient estimates. This noise is
modelled by a zero-mean random vector (, which law only depends on the current position.
That is, let us consider a family of random fields ((n(%)),era nen such that for every n € N,
(w,z) € 2 x R+ (,(2,w) is measurable and for all x € R%, the law of ¢, (x) only depends on
x and ((,(x))nen is an ii.d. sequence independent of W. We make the following assumptions:

Ve e RY Vp>1, B[¢(z)] =0 and E[¢(x)]F] < Cpr/Q(x). (2.2.14)
We then consider the Euler-Maruyama scheme with decreasing steps associated to (Y;):
+a(Tn)o (V) (Wr,p, — W),
We extend Y.*0 on RT by considering its genuine continuous interpolation:
Vt € [Dn,Dugr), V0 = Vi + (¢ = D) (baqr (V) + a1 (VED)) (2.2.16)
+ a(I’n)a(Ylf":)(Wt - Wr,).

Assumption (2.2.11, H.¢|) along with the fact that b, is Lipschitz-continuous guarantee the no-
explosion of the above processes and numerical schemes [Tal90] [LP02], see also Lemmas m

and 2.7.1]

2.2.2 Main results

We now state our main results.

Theorem 2.2.1. (a) LetY be defined in (2.2.5)). Assume (2.2.2, Hy1)), (2.2.8, Hy2)), (2.2.9, H,)),
@210) and @211, H.f)). If A is large enough, then for every xo € R?,

Wi ([Y°],v*) — 0.

t—00
More precisely, for every t > 0:
Wi ([Y;°],v*) < Cmax(1 + |z, V(z0))a(t)
and for every a € (0,1) we have

Wi([Y{™], Vo)) < Cmax(1 + [xol, V(20))t ™.

(b) Let Y be defined in (2.2.15). Assume [2.2.2, Hv1), (2.2.8, Hy)), [2.2.9, H,), (2.2.10)
and (2.2.11, Hcs). Assume furthermore (2.2.12, H-1|) and (2.2.13, H o)), that V' is C3 with

V3V < CVY? and that o is C3 with | V3 (oo 1)|| < CVY/2. If A is large enough then for
every xo € R,

Wi([Y;"],v") — 0.

t—o00
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

More precisely, for every t > 0:

W ([Y;™],v*) < Cmax(1 + |aol, V*(z0))a(t),
and for every a € (0,1) we have

W[V, Vary) < Cmax (1 + |ao|, VZ(x0))t >

Remark 2.2.2. In particular, if argmin V' = {z*} is reduced to a point, we can rewrite the
conclusions of Theorem as ||V} — 2*||1 — 0 and ||Y;"° — 2*||; — 0 respectively and so on.

2.2.3 The degenerate case

In this subsection we consider the case where some of the V2V (x¥)’s may be not definite positive
but where the z}’s are strictly polynomial minima, i.e. is V(z) — V(z}) is bounded below in a
neighbourhood of z by a non-negative polynomial function null only in z}. This case can be
treated in a similar way using the change of variable given in Chapter [

First, let us restate the results from Theorem[4.3.3] To simplify, let us assume that argmin (V')
is reduced to a point.

Theorem 2.2.3. Assume that V is C? with p > 2, is coercive, that argmin(V) = {x*}, that
e~ ¢ LYR?) for some A > 0 and that x* is a strictly polynomial minimum of order 2p i.e. p
s the smallest integer such that

2p
1
Ir >0, Vh e B(0,r)\ {0}, Y Hv’ﬁ/(gc*) - h®k > 0.
k=2""

Assume also the technical hypothesis (4.3.4]) if p > 5. Then there exist B € O4(R), a1, ..., aq €
{1/2,...,1/(2p)} and a polynomial function g : R* — R which is not constant in any of its
variables such that

1
Vh € RY, ;[V(x* + B (s%hy,...,s%hy)) — V(z*)] — g(h).

s—0

Moreover assume that g is coercive. Then if Zs ~ v /5,

Sal ) ) Sad

<(B—1 (Zs —x*) (B~ (Zs - x*))d> Ze 7 ass—0,

where Z has density proportional to exp(—g).

Theorem 2.2.4. Let us make the same assumptions as in Theorem [2.2.5 and assume that

V* > 0. Assume furthermore (2.2.8, Hy2l), (2.2.9, H,)), (2.2.10) and (2.2.11, H.¢). Assume
furthermore (2.2.12, H.a)) and (2.2.13, H,9)), that V is C* with |[V*V|| < CV'/Z and that o is

C3 with V3 (oo 1| < CVY/2. Let us denote amiy := min(ay, . .., aq). Then for every a € (0,1)
we have

Wl([ﬁm]a Va@r)) < Cmax(1 + |zol, V(w0))t™ 7,
Wi ([Y;™], va@ry) < Cmax(1 + |zol, V(xo))t ™,
Wl([yfo]’ V*) < Cmax(l + ‘:L‘O|, V(xo))a t)2amin7
Wi ([770], %) < C'max(1 + |zo|, V(x0))a(t)2mn

The proof is given in the Supplementary Material.
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2.3 Application to optimization problems

2.3.1 Potential function associated to a Neural Regression Problem

The setting described in Section [2.2] can first be applied to convex optimization problems where
the potential function V has a quadratic growth as |z| — oo. Classical examples are least-squares
regression and logistic regression with quadratic regularization, that is:

min i %log(l + e_”"<“i’””>) + é|9L’|2
zcRd M Pt 2 ’

where v; € {—1,+1} and u; € R? are the data samples associated with a binary classification
problem and where A > 0 is the regularization parameter.

We now consider a scalar regression problem with a fully connected neural network with
quadratic regularization. Let ¢ : R — R be the sigmoid function. To simplify the proofs, we
may consider instead a smooth function approximating the sigmoid function such that ¢’ has
compact support. Let K € N be the number of layers and for £ = 1, ..., K, let d;, € N be
the size of the k' layer with dg = 1. For u € R%-1 and for § € Mg, d,_,(R), we define
wo(u) := [¢([0 - u]i)]1<i<d, - The output of the neural network is

P R0 5 RIFAR-1 5 RI0 R
P(br,....0k,u) =19(0,u) =g, 0...0pp (u).
Let u; € R% and v; € R be the data samples for 1 < ¢ < M. The objective is

1 M

minimize V() : (Y(01,. .., 0r,u5) — vi)* + %|9|2,

01,05 oM Pt

where 6§ = (01, ...,0k) and where A > 0.

Proposition 2.3.1. Consider a neural network with a single layer : ¥(0,u) = p((0,u)). Assume
that the data v and v are bounded, that u admits a continuous density and ¢’ has bounded support

in R. Then V satisfies (2.2.8, Hyo|) and for some Ry, ag > 0,
Vz, y € B(0,Ro)¢, (VV(z) — VV(y),z —y) > aglz — y|? (2.3.1)

Proof. Let us define the measure Q on R% xR associated to the data, i.e. Q = (1/M) i]\il Oy v -
Note that ¢, ¢’ and ¢” are bounded. The function 1) is bounded so

2V () = /(gp((@,u)) — 0)2Q(du, dv) + NI ~ N2 as 0] = oo,
so V is coercive. Moreover, we have
VV = [ wd (0D (10, w) — 0)Q(du, o) + X6
so VV(0) ~ M\ as |0] — oo and |[VV|?> < CV. Then, let us assume that the support of

¢’ is included in [—R, R], that u has its values in B(0,R) and v in [—R, R]. Then the set
{u € B(0, R), |(f,u)| < R} has Lebesgue measure no larger than C/|6| so

V2 [tett0.0) - vP @, o

so outside the compact set {|0] < 2C/\}, we have |[V2V|| > \/2 which guarantees (2.3.1). O

< C/l6],
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This proposition can be extended to the case where ¢ is of sigmoid type, with fast de-
cay of ¢/ as +0o. However, we cannot directly extend this proposition to multi-layers neural
networks. Nevertheless, if we consider that the training stops if a parameter becomes too
large and if we replace (0, u) by ¥(¢(0),u) where ¢ : R — R is a smooth approximation of
z +— min(z, R)1;>0 + max(z, —R)1z<0 where R > 0 is large and where ¢ is applied in order
to avoid over-fitting coordinate by coordinate then the resulting potential V' with quadratic

regularization satisfies (2.2.8, Hyo|) and (2.3.1)).

2.3.2 Practitioner’s corner: choices for o

In this section we briefly present general choices for the non-constant matrix ¢ that are often
used in the Stochastic Optimization and Machine Learning literature.

[WT11] introduced the Stochastic Gradient Langevin Dynamics (SGLD) with constant pre-
conditioner matrix o. [DdVBI15] adapted the well-known Newton method, which consists in
considering oo ' = (V2V)™!, to SGLD. Since the size of the Hessian matrix may be too large in
practice, because inverting it is computationally costly and because the Hessian matrix may not
be positive in every point, it is suggested to consider instead |diag((V2V))?|~/2. However, com-
puting high-order derivatives may be cumbersome; [SBCR16] adapts the quasi-Newton method
INWO06] to approximate the Hessian matrix to SGLD, yielding the Stochastic Quasi-Newton
Langevin algorithm.

[DHS11] and [LCCCI6] give algorithms where the choice for o is o ~ diag((A + |[VV|)71),
where A > 0 guarantees numerical stability. The idea of using geometry has been explored in
[PT13], where 02 defines the local curvature of a Riemannian manifold, giving the Stochas-
tic Gradient Riemaniann Langevin Dynamics algorithm where o is equal to Z 2 where I, is
the Fisher information matrix, or to some other choices (see [PT13l Table 1]) as Z, may be
intractable. [MCE15] extends the previous algorithm to Hamiltonian Monte Carlo methods,
where a momentum variable is added in order to take into account the "inertia" of the trajec-
tory [Nea96, DMS20], yielding the Stochastic Gradient Riemannian Hamiltonian Monte Carlo
method.

Allowing the matrix ¢ to depend on the position yields a faster convergence; we refer to the
previous references where various simulations confirm that these new methods greatly improve
classical stochastic gradients algorithms. In particular, we refer to the simulations [SBCR1G,
Figure 2], [PT13] Figure 2] and [MCF15, Figure 3] where the different methods based on mul-
tiplicative noise are compared.

In popular choices for o like RMSprop [LCCCI6] and Adam [KB15], the order of growth of
o is roughly

o(x) = diag (m(n2 + U () "),

with 71,12 > 0 and U(z) = VV (2)*? where * denotes the component-wise product. Then o is
bounded and we have VU = 2VV % V2V and

Vo = —(m/2) (e +U) "/« YV « V2V,

where the shapes of the tensors are broadcast with x if the orders are different. We obtain then
that Vo is bounded. Moreover

V(oo) - VV =~ (2 + U)>/2 5« VV « V2V) - VV
is also bounded. Moreover
V20 = ((5/4)m (2 + U)" 4+ TV £ V2V) @5 (VV = V2V)
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2.4. Langevin equation with constant time coefficient

— (1/2)m (2 + U) Y H(V2V 22 L VV % V3V)

with the rule a ®2 b = (ai;bir)iji, so that V20 is also bounded. Thus the assumptions on the
growth of o and on its derivatives (2.2.9, H,|) are satisfied.

In practice, the annealing schedule (a(t)) converges slowly to 0 and practitioners often use
adaptive Langevin algorithms with a being constant or decreasing on a few plateau values
instead. At the end of the optimization procedure, the coefficient a(t) may thus not be zero,
yielding a convergence to the Gibbs measure v, which still gives a good approximation of
argmin (V) if a(t) is small enough and the theoretical bounds we give for the "plateau" case (see
Theorems and can still be applied for fixed t € R. Moreover, adding small Langevin
noise can improve the learning procedure in comparison with non-Langevin gradient descent
algorithms, even if a is taken constant [LCCCI6].

2.4 Langevin equation with constant time coefficient

In this section, we consider the following R%valued homogeneous SDE:
X =z eRY  dXF =b(XF)dt + ac(XF)dW;, (2.4.1)

with a € (0, A] and where b, is defined in (2.2.6). The drift is specified in such a way that
the Gibbs measure v, defined in (2.2.3)) is the unique invariant distribution of (X}") (see [PP23]
Proposition 2.6]).

2.4.1 Exponential contraction property

We now prove contraction properties of the SDE ([2.4.1)) under the uniform convex setting on the
whole R? or outside a compact set (2.2.11, Hcf)). If the uniform dissipative assumption holds on
R? then we have the following contraction property.

Proposition 2.4.1. Let Z be the solution of
Z8 =z € RY  dZF = b2 (Z8)dt + oZ(ZF)dWy,

where the coefficients b% and o% are (globally) Lipschitz continuous. Assume the uniform con-
vexity i.e. there exists o > 0 such that

va,y € RY, (b7 (2) — b7 (y), = —y) + %Ilaz(x) —a?()|? < —alz —y|*. (2.4.2)

Then:
Va,y € R Wi ((Z7],120)) < Cla — yle .

Proof. By the It6 lemma, ¢ -+ €22 | ZF — ZY|? is a super-martingale, so
E|Z7 = 2} < e e —yl?,
which yields the desired result. O

This proposition can be applied to X under the assumption

2
a
v,y € RY, (ba() = ba(y), @ —y) + T llo(@) — o) < —alz —yf,
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which may be hard to check because of the dependence in a. In [PP23, Corollary 2.5] is
proved that this contraction property is still true under uniform convexity outside a compact
set using bounds from [Wan20]. [Wan20, Theorem 2.6] relies on explicit couplings
of [X}] and [X}] by reflection. Such reflection couplings were introduced in [Ebel@] for the
additive case 0 = I; and were extended to the multiplicative case in [Wan20]. In the following
theorem we make explicit the dependence in a.

Theorem 2.4.2. Under the assumption ,
(a) For every x, y € RY,
Wi ([X7], (X)) < CeP/ |z —yleret, o= em @/ (2.4.3, Pey)
where the constants C, Cy, Cy do not depend on a.

(b) For every x € R?,

W ([XF],va) < CeCY% e Pat W, (6,4, 1), (2.4.4)

Proof. (a) We refine the proof of [Wan20, Theorem 2.6] to enhance the dependence of the
constants in the parameter a. First we remark as in [PP23| Section 4.5] in the proof of Corollary
2.5, that Assumption (2.17) of [Wan20], stating that there exist constants K;, K2 and ro > 0

such that, with ¢ := /o0 T — 0214,

a? a(o(x) —o(y) " (z —y)|?
(o) - ot - AT LI 0 <)o
< ((K1 + Ko)jpy<ry — Kg) lz—y|%, z, y e RY, (2.4.5)

is true, since a € (0, A] and oo bounded, as soon as there exist positive constants K, 1, fg and
R; such that

Va,y € Rdﬂ <ba(x) - ba(y)v L= y> < §1]1|x—y|SR1 - §2|3§' - y|27
which is, up to changing the positive constants, equivalent to
Va,y € Rd? <b0((£) - bo(y),:c - y> < El]lkrfy\glﬁ - Eﬂx - y|27

which is in turn equivalent to (2.2.11, H.¢)). Then we repeat the argument leading to (4.3) in
[Wan20]. We reformulate the assumption of ellipticity (2.2.10) as:

dXy = by(Xy)dt + a(a(X)dW} + godW?),

where ¢ > 0 and where (W) and (W?) are two independent Brownian motions in R? (which
can be expressed in terms of W). For x # y, let X* be the solution of this SDE with Xy = =
and let Y solve the following coupled SDE for Yy =y :

XE Y dWR)(XF -Y!
dYy = by (YY)dt + ag (Y))dW} + acg (de—2< LG t)>.

| XP =Y

The process YV is in fact defined by orthogonally symmetrizing the component of the noise in
W2 w.rt. XF —Y/ at every instant t. This SDE has a unique solution up to the coupling time

Tpy:=inf{t >0: X} =Y/"},
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and for t > T,, we set Y = X7. Then Y? has the same distribution as X¥ i.e. is a weak
solution of (2.4.1)) with starting value y and it follows from (2.4.5) and from the Itc formula
applied to | X* — Y¥| that for every 0 <u <t < Ty,
t
7YY~ XY < MMyt [ (KL vy, — Ko) X2V ds,
u

where

M — /t a(200dW?2 + (0(X,) — a(Y¥))dW}, XF — YY)
" Jo Xz — VY|

is a true Brownian martingale with bracket process satisfying
(M); > 4a’clt. (2.4.6)

We now set, still like in the proof of (4.3) in [Wan20],

=|X7-YY and ppi=ep+1-— e_Npt,

where

N := 2 5(K1+ K2) and g := Ne Vo,

Then we have :

2N? K+ K,
> )
r(eeNT+ N) = a?c}

epr <pr < (N +¢e)p, and Vre|[0,rg),
Then using we derive for all 0 <u <t < T,
t
ﬁt _ﬁu S / (5 + Ne_Nps)dMs
u
t IN2a202
—Nps _ _ ~Z0
+/le (€+N€ ) <(K1 +K2)]IPSSTO K2 ps(geNps +N) deS

_ ~ t _ ~ t
Mt—Mu—Kg/ (E+N€7Nps)psd3SMt—Mu—EKQ/ psds

<
- - Ky [t
< M;— M, — ds.
= t u N +e 5 Psas
So that we have
Elp: — pu] = E[(pt — pu) i<t ,] < N+5/ Epsds,
so that i X
_ ENQ _
—E < — E
GEIR) <~ 2B
and then p
_ _ ,672t
Eps < poe N+
Noting that pp < (N + ¢)|x — y|, we have
EKQt
Ep; < I:r —yle” ¥
so that
N +¢ *02/“215

eK.
Wi ([X7],[XY)) < & — yle Tt < 0OV g — ylem
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(b) As v, is the invariant distribution of the diffusion (2.4.1)), using (2.4.3, P.¢|) we have

Wi (X7 va) = [ W1 (X2, X)) valdy) < CeO Vvt [ o — ylun(ay)

< CeC1/a2€—patW1 (5967 Va)'

2.4.2 Time schedule and Wasserstein distance between Gibbs measures

For C(7y > 0 and for 8 > 0, let us define the time schedule that will be used for the plateau
SDE in the next section:
T, := C(pyn' 7, (2.4.7)

and by a slight abuse of notation we define

A

ap == a(1l,) = ————= and = = e~ C2/an, 248
n (T) Tog (T + ©) Pn = Pay ( )

Lemma 2.4.3. The sequence a, = Alog™/?(T,, + e) satisfies
0 < ap — ani1 = (nlog®?(n))~". (2.4.9)

Proof. One straightforwardly checks that

d A
Ap — Qp+41 ~ — 5
i dn \/log(C(T)nH/B +e)
A(1+p) 1

~

a 2log3/2(C(T)n1+5+e) (n + e/(C’(T)nﬂ)) " nlog®?(n)’

O

We prove the following result that will be useful to study the convergence of the plateau
SDE.

Proposition 2.4.4. Let v,, a € (0, A] be the Gibbs measure defined in (2.2.3). Assume that V
is coercive, that (z — |z|2e=2V®/4%) ¢ LY(RY) and [2.2.2, Hy1)). Then for n € N,
C

W1 (Vay s Vayq) < ———5—-
i ) nlog®?(n)

Moreover, for every s, t € [any1,an], we have

C

Wi(vs, 1) < —————.
1(ve, 1) nlog®?(n)

The proof of this proposition is given in the Supplementary Material. It relies on the following
lemma.

Lemma 2.4.5. Let 1 and v be two probability distributions on R% with densities f and g re-
spectively with finite moments of order p. Assume that there exists M > 1 such that f < Mg.
Then

1 -
Wyl v)P < EIX —YIP — — X - XP",
where X and X ~ w, Y ~vand X, X and Y are mutually independent.
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2.5. Plateau case

Proof. We define a coupling on p and v inspired from the acceptance rejection sampling as
follows. Let X ~ pu, Y ~ v, U ~U([0,1]) and X, Y, U are independent, and let

X' = YU < f(V)/(Mg(Y))} + XU{U > f(¥)/(Mg(¥))}.
Then adapting the proof of the acceptance rejection method, X’ ~ y and we have:
X' = ¥ = BIY — XPLU > J()/(g()}
= [t ([ 1t f(y)/(Mg(y))}du) F(@)g(y)dady
= [ 0= A @y — 7 [y 2l @) o) dady

1
=E|X -Y|]P - =E|X — X°.
X —YP - E|X - X]

Lemma 2.4.6. We have
Wi (va,,,v*) < Cay,. (2.4.10)

Proof. First let us prove that W (vg,v*) — 0 as a — 0. By Proposition and using that
ZnZQ(n 10g3/2(n))—1 < o0,

(va,) is a Cauchy sequence in (L'(R%),W;) so converges to some limit measure 7. But (v, )
also weakly converges to v, so 7 = v*. Moreover, W (v,,,, v*) is bounded by the tail of the above
series, which is of order log™'/?(n). O

Remark 2.4.7. Considering v,(dz) = Z, exp(—2|z|?/a®)dz with V(z) = |z|? gives
Wi (Ve,v*) = E|Z, — 0] = (a/2)E|N(0, I4)]

with Z, ~ v,, showing that we cannot get better convergence rates in Lemma [2.4.6] in general.

2.5 Plateau case

We define (X;) as the solution the following SDE where the coefficients piecewisely depend on
the time; X is then said to be "by plateaux":

X0 =x0, dX[° =bgy, (X{)dt + app10(XF)dWy,  t € [Th, Trqa), (2.5.1)

where b, is defined in (2.2.6)), (T},) is defined in (2.4.7)) and (a,) is defined in (2.4.8]). We first

prove the convergence of (X;) using ergodic properties of the corresponding SDE on each plateau
[Ty, Trt1]). We note that although the coefficients are not continuous, the process (X;°) is well
defined as it is the continuous concatenation of the solutions of the equations on the intervals
[Tk, Ty+1]. More generally, we define (X;”") as the solution of

X(ﬂ]&n =z, dth’n =) (Xf’n)dt + ak+1a(Xf’n)th, te [Tk — T, Thy1 — Tn], k>n,

A1

ie. (X™) has the law of (X7, 4¢)¢>0 conditionally to Xp,, = 2. We have X¥ = X7
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

Theorem 2.5.1. Let X be defined in (2.5.1). If

A> max (\/(1 TN+ ﬁ)q) , (2.5.2)
where Cy and Co are given in (2.4.3, P.s), then for every xo € R%:
xo *
WX ) = 0.

More precisely, for t > 0 we have:
(1) Wi([X{°],v") < Ca(t) (L + |zo),

(i) for all C" < C(ry, for all large enough n > n(CET))’

W1([X§32], va,) < Cn—1+(ﬂ+1)01/AQe_(C/)1702/A2(ﬂ+1)n57(6+1>02/A2(1 + o)),

C(1 + |zo)
(B+1)"1-C1/A? log3/2(t) '

(”’7') WI([thO]a Va(t)) < ;

Proof. For fixed z € R? and using Theorem we have:
Wl([X;;LZI*TnL Van+1) S CeCI/ai+16_pan+1 (Tn+1_Tn)Wl(6x7 VanJrl)'

So integrating x with respect to the law of X;ig (and using the existence of the optimal coupling,
see for example [Wan12, Proposition 1.3]) yields:

Wl([X%’g_,_l]v Van+1) < 0601/a31+1 e Pant1 (Tn41—T») (Wl([X%g], Van) + Wl(Van, l/an+1)) . (2.5.3)
Iterating this relation yields

Wl([X%SHL Vaps1) < Pt tWi(Vans Vanin) + tinst oW1 (Va1 Vay,) + -
+ o1 WL (Vags Vay ) + Bt W1 (0 Vay )- (2.5.4)

where
Un = Cecl/ll%e_pan (Tn—Tnfl) — C(Tn + 6)01/A2€_(Tn+e)_02/A2(Tn—Tnfl)
< C(Crn* + e)Cl/A2e‘(C<T>”B“+e)’CQ/AQC<T) (B+1)(n—1)#

< Op(BHDC/A% =(C)1=C2/ A2 (B 1A= (B 0o/ 47 (2.5.5)

where we have used (2.4.7) and where the last inequality holds for large enough n. Note that
{1 is bounded by a sequence in the form of n’ exp(—Ln") = o(n*) for every £ > 0. Owing to

(2-5.2)), we have 8 — (84 1)Cy/A% > 0.

On the other hand, if Z ~ v, then Wi (94, va,) = Elxo — Z| < |zo| + E|Z]|. Plugging this
into (2.5.4)) and using that p, — 0 so is bounded and smaller than 1 for n large enough and
then (pn—1 - pk)1<k<n—1 is bounded ; using Propositionand that 3, (nlog®?(n))~! < oo
yields

Wi([X7,

n+1

]7 Van+1) < ,Ufn—i-lwl (Van7 Van+1) + Cl'Ln"l_l/’Ln (Wl(yan—pyan) +oeee
+ Wi (Vags Var ) + Clin+1 0 W1 (005 Vay)
< 1 W1 (Vay, s Vanyr) + Clingipin + Cpin1pn (1 + |z0])
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2.6. Continuously decreasing case

Hn+1
<C——FF—
~ nlog®?(n)

where we used that y, = oW1 (va,, Va,,,))- Then using Lemma we have

(1 +|zo|) £ Clingrans1(1+ |xo),

Wl([Xa:O ]7’/*) < Wl([X;C“2+1]7 Van+1) + Wl(yam-lv’/*) < Can(l + |x0|)7

Toi1
where we used once again p, — 0.
Now, let us prove that Wy ([X[°],v*) — 0 as t — oco. For t € [0,T,,+1 — T),) we integrate
with respect to the law of X7, giving
WX, ), Van 1) < CeCr%mtrePeanit Wy ((X20), v, )
< Pt (Wi (X352, V) + Wi (Vas Vg 11))

< CEOIQ;ilwl (Van7 z/an+1)(1 + |£L'0|)
C(1 + |mol)

< G P 0g () (2.5.6)

Now, for ¢ > 0, let n be such that t € [T},, Tpy1). Then (n + 1) > tY/(#+1) and

Wi ([XE0L vary) < Wi(XE) Vans) + Wi(Van s Vagr)
< t(ﬁﬂ)c;g: Af(f('))gg i (2.5.7)
where we used the second claim of Proposition
Furthermore owing to we have (8 + 1)C1/A% < 1, so that
Wi (X7 o) v™) SW(IXT 1) Vansn) + Wi (Vag, V) < Can(1 + [o]).

O

Remark 2.5.2. We find again the classic schedule a(t) of order log~'/2(t). If for example we
choose instead a,, = log(T},)~(179)/2 for some & > 0, then we obtain

Ci N, i4e  Tp— Ti—
log(i1 -+ - pin) = nlog(C) + yEl kzllog (Th) = W-

£ 2
Hence, as T,, — T),_1 = O(Trlzog (Tn)Ca/4 ), f1 - - - fin, does not converge to 0 whatever the value of

A >0 is.

2.6 Continuously decreasing case

We now consider (Y;) solution to (2.2.5)) i.e. the Langevin equation where the time coefficient a(t)
before ¢ is continuously decreasing. More generally, since Y is solution to a non-homogeneous
SDE, we define for every = € R% and for every fixed u > 0:

}/Ozfu =z, d}/tg,vu = ba(t+u) (}/t:fu)dt + a’(t + U)U(Y;‘jﬂu)th? (261)

so that Y* = Y. We define the kernel associated to Y between the times ¢ and ¢ + u as Pt%/u
such that for all f : R? — RT measurable, P} f(x) = E[f(Y{%,)]- We also consider X as defined

in (2.5.1) and its associated kernel denoted as ;" such that for every f : R? — RT measurable,
P" f(x) = E[f(X;"™)]. In this section we prove the convergence of (Y;) by giving bounds on
Wi (Y*, X{) and using Theorem [2.5.1]
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

2.6.1 Boundedness of the potential

Lemma 2.6.1. Let p > 0. Then there exists C > 0 such that for every n > 0, for every u > 0
and for every x € R%:

sup EVP(X}"") < CVP(z) and supEVP(YS,) < CVP(x).

£>0 >0
Proof. By the Ito Lemma, we have for kK > n and for t € [Ty, — T),, Ti+1 — T):
dVP(X{™) = pVV (X" T VP X a0 (X AW,
+pVV(XP™) T VPTHXT™) (—oo T (XPTVV(XT) + afy YT ) dt
+ 5 (VPPN + (- DIVVXETP VP ) af oo T (X
Using the facts that (az), Y, o, V2V are bounded, that |[VV| < CV'/2 and that V, |VV]| are

coercive and oo " > 021, there exists R > 0 such that if | X;"| > R then the coefficient of dt
in the last equation is bounded above by

pVPIvv (XM (fgg(Xf’”)VV(Xf’”) + C) +OVPH XM |o||2, <0,

so that
E[VP(X;"™)] < max | sup VP(2),VP(z) | .
2I<R
The proof is the same for Y, replacing ax.1 by a(t). O

2.6.2 Strong and weak error bounds

In this subsection we adapt the proofs to bound weak and strong errors from [PP23] while paying
attention to the dependence in a,,.

Lemma 2.6.2. Let p > 1 and let ¥ > 0. There exists C > 0 such that for allmn >0, u, t > 0
such that u € [Ty, Tp41], u+1t € [Ty, Thi1] and t <7,

Hth’n - qu“p < C\/?E(an - an+1)-

Proof. We first consider the case p > 2. Noting that a, 1 < a(u+ s) < a,, for all s € [0,¢] and
using Lemma, [2.11.1) in the Appendix, with in mind that b, = by + a®>Y, we have

t
X" = V2l < | [ s () = bagur (V)

p

| [@nnotezm — atu+ spovzam,

p

t t
< Bluip [ 11X = Villpds + [ 11020 TOXE) = aluc+ 90V lpds

t 1/2 t
4 P annloluy ([ X" Vi Bds) 4| [ o(vE) (@i — aturs)aw,

p

t t
< By [ 11X = Yillpds + 1ol = a2 )t 4+ a2 [Ty | 157 = Yl

. 1/2
+CPP oy ([ 1657 = YaulRds) 4 lollcl WallpV(en — ansa),
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2.6. Continuously decreasing case

where we used the generalized Minkowski inequality. Set ¢(t) := supg<<; [| X5 — Y5, ||, and
Y(t) := || T|oo(a? — a2 )t +||o||oo]|Wi|lpV/t(an — ant1). Both functions are non-decreasing and

t
(1) < (8) + (Pap + a2 [Thus) [ 1X27 = ¥ s

t 1/2
+ Ol ([ 1X57 = Vi lRas)

Moreover, for every n > 0:

(/OtSD(S)QdS)l/Q < MW < ggo(t) + 2177 /Ot@(s)ds.

—1
Taking n = (CEDGanH[U]Lip) yields:

t
@(t) < 20() + (2Wb]uip + 20741 [Yrip + (CPPans[o)1sp)?) /0 o (s)ds.
So the Gronwall Lemma yields for every ¢ € [0, 7]

o(t) < 26(2[b]Lip+2a%+1[T]Lip+(c;l]73DGan+1[U]Lip)z):)’q/}(t)’

which completes the proof for p > 2, noting that a2 — Q%H < 2an(an — apt1) = o(an — apg1)-
If p € [1,2), the inequality is still true remarking that || - ||, < || - [2- O

Lemma 2.6.3. Let p > 1 and let ¥ > 0. There exists a real constant C > 0 such that for all
n >0,
vt € [0,3], [| X7 —all, < OV (2)Vi.

Proof. We perform a proof similar to the proof of Lemma For p > 2 we have

_l’_

t
/ 10 (XE™)ds
P 0

t
10" = ally < | [ b, (X2

p

t
< a1, ()] + Allolloo Wl VE + [b]Lip/O |X5 — l[pds

t 1/2
+ Alo]LpCEPS < /0 X — x||§ds) .

From here we use the Gronwall Lemma as in the proof of Lemma [2.6.2] For p € [1,2), we have
- llp < - lo- O

Proposition 2.6.4. Let 7 > 0. There exists C > 0 such that for every g : R — R being C?, for
every v € (0,%], every n > 0 and every u > 0 such that u € [T),, Tp+1] and w +~y € [Ty, Th+1):

)

E [9(v5)] —E [9(X5™)]| | < Ov(an = ani1) @y (a)

’ V1/2($)
2

sup  ||V2g(€)]|
fE(z,X,f’n)

sup  |[V2g(&)]]
gE(X'?’an'yz,u)

with ®4(z) = max (|V9(5U)|,

Proof. By the second order Taylor formula, for every y, z € R%:
1
9(:) = 9(0) = (Vo)== )+ [ (1= 9)V2g(oz + (1 = s)y)ds(z —1)°2
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

Applying this expansion with y = X3" and 2z = Y7, yields:
Elg(Y],) — g(XT")] = (Vg (@)[E[YT, — XT"]) + E[(Vg(XT") = Vg(x), YT, — XT")]
1
+ /0 (1 9B [V2g(sY7, + (1 )XI™)(VE, - X3N] ds. (26.2)

The first term is bounded by [Vg(z)| - [E[Y, — X5™]|, with

Y
B, — X5 = [B | [ utoran (V) = Butoro (657
i
B | [ g (X2 = by (X378 |
Y
< Clblup(an = anin) | Vods +[[Tl| (a3 = a241) < C1(an = aupa),

where we used Lemma Using Lemma and Lemma [2.6.2] again, the second term in
the right hand side of (2.6.2)) is bounded by

c VAV (@) — an).

2

sup [[V2g(¢)|
ce(x,X3™)

Using Lemma the third term is bounded by

sup —|[V2g(9)|

1
§Cv(an - an+1)2
ce(Xymye,)

2

O
Proposition 2.6.5. Let T, 7 > 0. There exists C' > 0 such that for every Lipschitz continuous

function f: R — R and every t € (0,T], for alln >0, for all v < 7 and every u € [T}, Tp41]
such that u+t+ v € [Ty, Tht1],

B[R (V7)) - [PEAXM]] < Canti(an = ansn) [flupyt™ 2V (@)

Proof. We apply Proposition m to gy = PtX’" f with t > 0. Following [PP23| Proposition
3.2(b)] while paying attention to the dependence in the ellipticity parameter a, we have
2)

sup  V3(¢)
EE(XTMYTL)

V2 (2)
2

sup  VI/2(¢)

Oy, () < C[flLipan i1t/ ? max [ VV/2(z),
ce(x,X3™)

But following (2.2.8, Hy ), VV/Vl/2 is bounded so V1/2 is Lipschitz continuous and then

sup  V/3(¢)

< HV1/2(5L‘) + [Vl/Q]Lip|X$’n B x‘H2 < CVl/Q(x)
ge(@, X

2

sup V(¢

\ < Hvl/Q(SL‘) + [V1/2]Lip maX(|X§vn — x|, |Y7$u — m|)H2 < CVl/Q(x),
gE(X,?’TL’Y%u)

2

where we used Lemmas 2.6.3] and [2.6.21 We thus obtain the desired result. O
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2.6. Continuously decreasing case

Y Tn+1 =T

Figure 2.1: Intervals for the domino strategy.

2.6.3 Proof of Theorem (a)

More precisely, we prove that for all g > 0, if

A> max <\/(ﬁ )20 + Co),\ (1 + 51)(]2> , (2.6.3)

then

Cmax(1+ |z, V(z0))
o
WilYe?] vaw) < log®/?(t)t(1+8) 71 = (2C1+C2) /A%

Proof. We apply the domino strategy (2.1.4)). Let us fix T € (0,71) and v € (0,71 — T). Here
v is not linked to any Euler-Maruyama scheme but is an auxiliary tool for the proof. Let
n >0 and let f: R? — R be Lipschitz continuous. We divide the two intervals [T},, Ty, 41 — T
and [T),4+1 — T, Ty+1] into smaller intervals of size v (see Figure and for z € R% using the
semi-group property of PX" on [T},, T},11) we write:

‘Ef an”:bfl Ty ) Ef(Yj?n+17Tn,Tn>
[(Tny1=Tn=T) /7]

Xn
< > ’P(i—l)v,Tn o (PY g sh-1yy — B3 ") o Pl g ,wf(:v)‘
f—1
[(Th+1—Tn)/v]-1 y v o X,
+ > ‘P(k:—l)'y,Tn o Py 1y h—1)y — P ") o P gy S (@ )’

ki\_(an‘»l_Tn_T)/’YJ"Fl
Y X,n
P 1T -1 © (o (T 1T mod T (LT 1T /)1 = Prg (T 1T ymoan)f (@)]

=:(a) + (b) + (¢).

The term (a) is the "ergodic term", for which the exponential contraction from Theorem
can be exploited. The terms (b) and (c) are the "error terms" where we bound the error on
intervals of length no larger than 7. The term (c¢) is a remainder term due to the fact that
Th+1 — Ty, is generally not a multiple of ~.

e Term (a) : It follows from Theorem and Lemma that
X
‘(PfTﬁ(k 1) —PMoPp oy ()]
= [EP, n+1 et ) ~EPE 1 kg (Y5, k1))

C n Tn _Tn_k kl
< CeCrantiempni(Tnn LBl XS" = Yo ool
—2
< CeCronpremprtt Tt =Tk [ 1, A (an — apy1)
Integrating with respect to P(},;l) 4T and summing up yields

e_pn+1T _ e_Pn+1 (Tn+1_Tn)

2
(CL) < Cecla"“'l[f]Lip\/j}’(an — an+1) i 1
2
< Cecla"'H [f]Lipﬁ(an - an-l—l)(’)’pn—&-l)il
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

e Term (b): Applying Proposition yields:

7 V(x).

X, -
(B sty = B3 0 Py gy @) < Oy (an = anin) U ip e
n n

Integrating with respect to Pg,;l) VT and using Lemma which guarantees that P&;,l) Viz) <

CV(x) and summing with respect to k implies

V5 Ln

[T/~]
(b) < Cap?(an — ans) LYV (z) Y (k7)1 < Cap?(an — angd)[flupT?V (2).
k=1
e Term (c): Noting that v + (T+1 — T5,) mod(y) < 27, Lemma yields

(©) < ClfILipvy(an — ani1).
Now we sum up the terms (a), (b) and (¢). Since 7 is constant we have:

-2
< CeC1nta (an — an-i-l)pr_LJlrl[f]LipV(x)?

EF(XE" r) —BF(YE,, _1,1,)
so that for all z € R?,

—2
WIIXT" ) YVE L or ) < Ce1 (an = ans1)pp V(). (2.6.4)

Temporarily setting x,, := X7 and y, := Y%, we derive

Wi(Xzy L Y D) = Wai(Xg ) L Y2 —r )
<Wi(IXg ) LX) W (X L YE )

Tn+1 Tn+1
< CeOrtmrempen T =Tow, (X701, [V0]) + CeT1 (an — ans1)ppt BV (VE0),

where we used Theorem [2.4.2| and (2.6.4]). We then apply Lemma which guarantees that
(EV(Y7"))n is bounded by C'V(z¢). Let us denote

Ap 1= Cecla’_‘2(an—1 —an)py = CB(ClJrCQ)a;z(an—l — an).

Owing to (2.6.3) we have \,, — 0. Iterating this relation and using (u,,) defined in (2.5.5)) yields
like in the proof of Theorem [2.5.1

W ([X72

n

GBI S OV(@o) (Ang1 + Hnt1An + Bt An—1 + -+ Hng1 - p2A1)
< CV(xO) ()‘n+1 + Un+1 ()\n 4+ 4 )\1))
< OV(zo) (Mgt + npiny) -

But following (2.5.5) one checks that ny,+1 = 0o(An41) so that

CV(xo)
log®?(n + 1) (n + 1)1-(F+D(C1+C2)/A2

Moreover, owing to (2.6.3) and combining with Theorem we get

Cmax(1+ |zo|, V(zo))
x0 o o o
Wl([YTn ]’ Van) < Wl([YTn]7 [XTn]) + Wl([XT.,LL Van) < log3/2 (n)nl_(ﬁ+1)(cl+02)/A2

Wr([XT

n+1

]7 [Yxo ]) < CV($0))\n+1 <

Tn+1
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2.7. Continuously decreasing case : the Euler-Maruyama scheme

a(t) —— Non plateau case
| —— Plateau case

t
Ty 15 T3 T}

Figure 2.2: Decreasing of the noise coefficient a for the plateau and non plateau cases.

and as the right hand side of these inequalities is in o(a,), we derive
Wi(IY7, 1, v") < WiI(IYE]L X)) + Wai(IX7)],v7) < Can max(1 + [z, V(20))-
e Convergence for ¢ — oo : Now let us prove that Wi ([Y;"°],v*) — 0 as t — oco. As
before, let T' > 0. For ¢t > T, then we perform the same domino strategy where we replace 1,11

by T,, +t and we consider the intervals [T},,T,, +t —T] and [T}, +t — T, T, + t]. For t < T then
we only consider the terms (b) and (c) and we replace T by t in (b). Doing so we obtain

,m T a2 —
WX, [V, ]) < Ce“rnii(ag — anga)pri V().
So that, as before:

—2 -2
WI(XF ). [YER ) < OO W (X (VD) + O (an — ansn ) V (o)
CV(%‘())
< .
= 10g3/2(n)nl—(ﬁ+1)(201+02)/A2

Owing to (2.6.3) we have 1 — (8 + 1)(2C + C3)/A? > 1, so that, using (2.5.6)),

T T T x Cmax(l + ‘.f()‘, V(xﬂ))
Wl([YTT?+t]> Van+1) < Wl([YT:th]» [XT2+t]) + Wl([XTEth]’ Van+1) < log3/2(n)nl_(5+1)(201+02)/’42'

We then prove the bound for Wi ([Y;*], v4(;)) the same way as for (2.5.7), using the second claim

of Proposition
]

2.7 Continuously decreasing case : the Euler-Maruyama scheme

We now consider (Y;,) to be the Euler-Maruyama scheme of (Y;) with steps (7,) defined in
(2.2.15) and we also consider its genuine interpolation defined in (2.2.16). In this section we
prove the convergence of (Y;) by giving bounds on Wi (Y;*, Xi’) and using Theorem As
with (2.6.1]), we define more generally for every n > 0, (thpn)tzo, first at times I'y — [, k > n,
by

Yo, =, Yf:ﬂkﬂfrn,rn =Y¥ .1, + Ve (ba(Fk)(Yrg‘Ckan,Fn) + Ck+1(?ﬂfrn,rn))
+ (Z(Fk)U(?ﬁk_rmrn)(WFk_'_l - er),

then at every time ¢ b_y the ‘genuine interpolation on the intervails (Cg =Tn,Thp1 — Tn))i>n as
before. In particular Y* = Y. Still more generally, we define Y;", where u € (Ty,Tpy1) as

[ e teu(@) + Gun (@) + o @) (W~ W) it € [u, Tyl
YO,u =z, th,u = — Ylﬂln+1,u,u 5
t—(Tny1—u),l'npr ift>Tny.
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

Forn, k >0, for u € [Ty, T'x11) and v € [0, 11 —ul, let Pfu be the transition kernel associated
to Y., between the times 0 and v i.e. for all f: R? — RT measurable, PY f(x) = E[f(l_ﬁfu)]

2.7.1 Boundedness of the potential

Lemma 2.7.1. Let p > 1/2. There exists a constant C' > 0 such that for every k > 0, for every
u € [Ty, Txy1) and for every x € R%:

sup EVP(YI?"_MU) < CVP(z).
n>k+1

Proof. We rework the proof of Lemma 2(b) in [LP02]. Let us assume directly that u = T'.
To simplify the notations, we define ¥, = Yfg‘ﬁn—Fk,Fk for n > k and AYpt1 := Yn+1 — Yn- The
Taylor formula applied to V? between y, and ¥,1 yields for some &,11 € (Un, Yn+1) and with
V2(VP) = p(VPIV2V + (p — VP2V VVVT):

_ ~ _ _ ~ 1 _

VE(ns1) = VE(Gn) +2VP YV (Gn), Alingr) + 5 VAV (Ensr) - (A1)
= Vp(gn) + pvpilvv(gn)T : ( - %HUUT(%)VV(%) + 7n+1a2(rn)r(§n)
_ _ 1 ~
+ Mnt1Gn+1(Yn) + \/’Yn-i—la(rn)a(yn)Un—i—l) + §V2(Vp)(§n+1) : (Ayn+1)®2,

where Up,1+1 ~ N (0, I;). Moreover using ([2.2.8, Hy2l), V'V is Lipschitz continuous so
E[SupZE(gn»gnJrl) V1/2(2)|§17 o 7gn:|
<VY2@) + [VVILipBlGnr1 = Gallins - 5a) < CVY2(30), (2.7.1)

and in particular
E[[V(VP) &) |1, - - -+ Fu] < CIVAVP) (@)
Moreover using that V2V is bounded and that [VV| < CV'/2 we have

IV2(VP) (@) | < CIVPTIV2Y + VE2VV IV ()| < V(7).

Then using the facts that a, T, o, V2V are bounded and that v2 = o(v,), that V, VV are
coercive and oo | > ¢2I; and (2.2.14)), there exists R > 0 and N € N such that if |g,| > R and
n > N then

E[VP(Unt1) = VP(Un)|y1; - - - Un]
<PVPIVY ()" - (<0108 00) VV (G) + Cnc )
+ IV @I - (oA IV @)+ Co2 4+ Cr2 V(@) + Cru BIN(O, L))

< Cod VP G) [[VV @)= [VV @)l + 1) + 3 (V@) + 1) + 1] < 0.

On the other side, if |y,| < R then
E[[VP(Gnt1) = VP@)I|Y1, - - -, Un] < Congr suppg<p VP (2).
Moreover for n € {k,..., N} using we have
E[VP@n+1) = VEGn)l51, - - Gn] < CVP(n)

so that
SUPp<p<n i1 E[VP(§n)] < CNFVP(2).

Finally we obtain

sup,, >, E[V?(yn)] < CVP(x).
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2.7. Continuously decreasing case : the Euler-Maruyama scheme

2.7.2 Strong and weak error bounds for the Euler-Maruyama scheme

Lemma 2.7.2. Let p > 1. There exists C > 0 such that for every n, k > 0, for every
u € [k, T'kt1) and every t > 0 such that u € [Ty, Tpt1], t < Tpyp1 —u and u+t € [T, Tht1],

X7 = Yillp < € (V@) + Vilan — ans1))
Proof. As in the proof of Lemma if p > 2 we have
z,n Y, ¢ 2 2
12" = Vel < Bluip [ (X" = slyds + [T el — a2 )
t
@ [Thip [ 11X = alluds + G @)t
¢ 1/2
4 CPPa oy ([ 1XE" alids) -+ ol sl W3 lpVEan — ansa).
Plugging Lemma and (|2.2.14)) into this inequality yields:
X5 = Yiullp < OV (@)t + || Yoo (af, — apy i1t + CV (@)t + CVE(an — anta),

which completes the proof for p > 2. If p € [1,2), we remark that || - ||, < | - ||2- O

Proposition 2.7.3. For every g : R? — R being C3, for everyn, k > 0 and every u € [Ty, Tiy1)
such that u € [T, Tyt1], ¥ < Tgy1 —uw and u+ 7y € [Ty, Tny1):

E l9(V5)] — B [g(X5M)] | < CVY2(@) (V@) 4+ 7(an = ani1) ) @ga (@)
+ CV(x) (V1/2(x)72 + 7% (an — an+1)> Dy o(x),

with
Oy 1(z) = max | [Vg(a)], |[V?g(2)]], sup [Vl |,
e(XTM V) )
Dyo(z)=| sup (V2] -
ge(waxfcyc’n) 4

The proof is given in the Supplementary Material.
Proposition 2.7.4. Let T > 0. There exists C > 0 such that for every Lipschitz continuous

function f and every t € (0,T], for all n, k > 0, for all u € [Ty, Txy1), for all v such that
Iy € [Tn’Tn+1]; Y<Tg41—uandu+t+vye [TnyTnJrl]z

[ [Py — B[R
< OlfLipV3(z) - (aﬁrlfl/z (’Y2 + (ap — an+1)7) +a, 3t (72 + 3% (ay, — an+1))) .
Proof. The proof is the same as for Proposition [2.6.5] O
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

2.7.3 Proof of Theorem [2.2.1}.(b)

More precisely, we prove that for all 8 > 0, if

A > max <\/(5 10+ o), /(1 + 51)02) , (2.7.2)

then

Cmax (1 + |zol, V2(930))

WY va) < —p—aeon /2

Proof. We apply the same domino strategy as in Section Let n > 0 and let f: R — R be
Lipschitz continuous. Let us denote

Y= TN — T S vy and Y= Togn = T,y < UN(@) 41

For x € R% we write:
BFXE" )~ BF(VE,, 1, 1,)

N(Tni1—T)

¥ % % % Xy - pXan
+ Z ’PA/i"it,Tn © P’YN(Tn)+21FN(Tn)+1 or ol i, (P%,qu - )o PTn+1*ka(x)’
k=N (Tp)+2

S ‘(Pgnit,Tn - P)l(lilr:) © PXJL f(x)‘

Y ¥ Tnt1-UN(Tp)+1

N(Tpi1)—1 ) ) . _
% \% v 1% Xn X,n
+ Z ‘PVH“VTn © P’YN(Tn)+27FN(Tn)+1 © © P’Yk—lark—2 © (P%Fk—1 B ch )o PTn+1_ka($)‘
k=N (Tp1—T)+1
Yy Yy Y
+ ’P'lethnOP’YN(Tn)+2vFN(Tn)+1 © © YN (Tp 1)1 LN (T 4 1) —2
Y X.n
o (P — P T
( YHIN (T 1) TN (T 1) -1 VEnd+7N(Tn+1))f( )

=: (™) + (a) + (b) + (c™9).
e Term (a): we have

) .
(P)ry, — By o P f(a)]

_ Y X,n X,n X,n X,n X,n
=[Py r 0 Prjy o PTn+1—Fk—T/2f($) =Py norjy e PTn+1—Fk—T/2f(x)’

X,n - X, =
< ‘EPTnﬂ—Fk—T/?(Hi) N EPTnfl—Fk_T/Q(‘_‘i)’

< CeluntremprntTun1=Te=T/2)[f], . E|=2 — B3|,

_ = . X" n v T .
where 27 and Zj are any random vectors with laws [X ok ] and XT;’E ot ] respectively

x,mn
T/2

and where we used Theorem [2.4.2] to get the last inequality. Thus, it follows from the definition
of the Wasserstein distance that

Y n Xn
(Pry = P o PRt p f(2))]

x,n

-2 _ X" Y?® T, T
< Cecan+1e pn+1(Tnt1 Fk)[f]Lipwl (XT/VQIC 7XT75 k-1 )

On the other hand, the Kantorovich-Rubinstein representation of the L'-Wasserstein distance
(see [Vil09, Equation (6.3)]) reads

X" n Y«,w PR X5 n ?f T
ip=—

56



2.7. Continuously decreasing case : the Euler-Maruyama scheme

X, , X, \/
- [ ]sup 1E [PT/gg(X;Ukn) o PT/;Lg(YWJ;c,Fk—l)] )
glLip=

It follows from Proposition and using [g]rip = 1 that

X, , X, Y, —
E [Py g(X5m) = Prsa(Ve r, )] < Cazd (3 + (an — ans)n) V2(@),
so that

_ X,
’(Pvi;rkﬂ B P’iz?n) °© PTnfl—ka(x)’

-2
< CeClan+1e—Pn+1(Tn+1—Fk)[f]Lipa;il (7]3 + (an — an+1)’yk) V2 (HJ)

Finally, integrating with respect to P’yi“it,Tn o P’YN(Tn)+2uFN(Tn)+1 o---obPy b

yields:

Y Y
‘P,Yinit,Tn o P ks

Y Y X,n X,n
NI 2 DN Ty 41 © 77 C P’kahrka o (P Pr—1 P’Yk )o PTn+1_Fk:f($)‘

—2
< 0601an+1 e_pn+l(Tn+l—Fk)[f]Lipa;j’_l (’yg + (an - an+1)w§>

2y
. sup EV*(Yiui.p,_p )
<£>N(Tn)+1 YL =I N () +1:In

—2
< Ceclan+1e_Pn+1(Tn+1—Fk)[f]Lipa;il (’y,% + (an — an—&-l)’)/k) V2 (x),

where we used Lemma Now, summing up over k yields:

72 N(Tps1—T)
(a) < Cap e mie T [fl V3 @) D7 ((an = ano1) + ) el 10
k=N (T )+2
. N(Tpir—T)
< Cap e tmite i T [ flr ((an — an1) +yner)) Vi) D>, qpefriile
k=N (T,)+2

3 Cia 2 T 9 Tonp1—T
< Cayyye e rrtintt [ flr ((an — an—1) + v()V (x)/ efr 1t dy,

—2

< Ca;ﬁlecmwl [fILip((an — an—1) + ’YN(Tn))VQ(x)Pr_L}rl

—2
< Ca;ileclanﬂ [f]Lip(an — anfl)VQ(x)p;-sl—lv

where we used that (e’+17%), 1~o is bounded and Lemma [2.11.3| in the last inequality. We
obtain likewise

.. -2
(M) < CeCronsre=prarTnmr=Tu) 11063 (ay, — n 1) YN (T 41V ().

e Term (b): Applying Proposition yields:

(0) < Cay?y (Wt —1) + VAN 1) (@0 — ns1))

N(Tpi1)—1 o
: [f]LipVQ(:L‘) Z —_—
k=N(Tp41-T)+1 Tnir — Tk
N(Tn-‘rl)*l Vi
+ Ca’;?rl (F)/N(Tn-‘-l—T) + (an - an+1)) [f]LipV2 (-TU) Z - ————

k=N (Tps1—T)+1 V Tnir =T
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Chapter 2. Convergence of Langevin-Simulated Annealing algorithms

< Ca:l‘?‘l <7N(Tn+1—T) + \/m(an - an+1))

Tnt1=IN (T 41) 1
V2 (x / ——du
[f]LlP ( ) Toir—T Thi1 —u
Tr 1 =N (Tp 1) 1
s e 0 [ Ly
+Ca, iy (7N(Tn+1 7+ (an an+1)) [fLipV* () Top1 T VTt —u U

< Cay?, (’YN(THrT) + VAN (Ta—1) (@0 — an+1)) [fILip V() log(1/vN(Ts1))
+ C’a;il(an - an+1)[f]LipV2(a7)‘
Using Lemma [2.11.4] in Appendix,
VIN T -1) 1081/ YN (T, 1)) < CVAN(Tos) 1081/ N (T 41)) — O
and using Lemma [2.11.3] we also have
YN (Ti1—T) 108(L/IN(T011)) < CVN(THI) = 0( —H ) o(an — any1)
where 3’ > 0 for small enough . So that
(b) < Cayy(an — ant1)[fluipV*(2).
e Term (c®"d): Using Lemma and e < YN(Tia)+1 < YN(T,) Yields:

(P, — Pl )f ()]

ety N (T, L) N (T -1 ’Ye"d+’YN(Tn+1)
< Clfluip (\/’YN(Tn)(an —ant1) + 'YN(Tn)> V1/2(37)‘

v ..o PY

Then we integrate with respect to PY, init T, P%](TH)HIMTH>+1 o oP%_th_2

27T
e So we have finally that [Ef(X7", _7) - Ef(Yf 1, 7,)| is bounded by

and apply Lemma

Can+1[f]Lip(an — apy1)e Cla"“ﬂ 1V2( ),

which implies that, for every = € R,

: Y Cra,?y —
WX g L YE 1, m]) < Canly(an — apgn)e@ O p VA ().

We integrate this inequality with respect to the laws of X%S and 177957? and obtain, temporarily
setting x,, := X7° and gy, := }77’57?,

Wi([X7, 1 Ve D) = WX L IYE o))

< Wl([ %“Z’ﬁ—Tn] [XyZ;l Tn]) + Wl([X%mH T ] [ngnﬂ—Tn,Tn])

< CeC1nt1 e*pnﬂ(Tn+rTn))/\)1([XTn]7 [Yﬁ?]) + CaT_H_l(an — an+1)ecla;i1p_llEv2(Y$0)

< CeOrmniremren =W, (X1, [V0]) + Cary(an — ansr)e” i it V(o)

= Mn+1W1([XII“2]7 [YI:E:]) + Un—HVQ(xO)?

where p, is defined in (2.5.5) and where we used again Lemma We use Lemma [2.4.3
to bound (a, — an+1) and owing to (2.7.2) we have v, — 0, so is bounded. We iterate this
inequality and obtain

Wi((X72, 1 Y72, ]) < CV?(xO) (Un+1 + fnt1Vn + B 1 finUn—1 + -+ fing1 - - - H201)

Ty YT
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2.8. Convergence of the Kuler-Maruyama scheme with plateau

< CV*(20) (Ung1 + Cngingr) -
But following ([2.5.5) we have nu,, = O(v,) so that

CV2 (o)
(n 1 D) C)/ A

Moreover, owing to (2.7.2) and combining with Theorem we get

Wi([X7° ], [Yffﬂ]) < CV2(x0) g1 <

Tn+1

— — . z Cmax (1 + |zg|, V3(z
WA(IF0], ve,) < WHIVEEL, LKD) + W (X530 v,) < L2 ool Vo)

and

Wi(IYZ0),v*) < Wi([Yg?] [XE)) + Wa(IX70),v*) < Capmax(1 + |zol, V2(20))-

Finally, to prove that Wi ([Y;*°],v*) — 0 as t — oo, we conclude as in the end of Section
12.0.0)
O

2.8 Convergence of the Euler-Maruyama scheme with plateau

In this section, we consider the Euler-Maruyama scheme for (X;), that is

X(C)UO = Xo, XIO

Trya

= Xl"k + '7k+1ban+1 (XFk) + an+la(XFk)(WFk+1 - er)

for k € {N(T},),..., N(Th41) —1}. We also define as in Section [2.7|the genuine time-continuous
scheme and the Euler-Maruyama scheme for (X;""); so that X*00 = X?.

Although we already proved the convergence of the Euler-Maruyama scheme for (Y;), we
shall also prove the convergence of the present scheme, since this algorithm is also used by
practitioners within the framework of batch methods.

Theorem 2.8.1. Assume (2.2.2, Hy1)), (2.2.8, Hyal), (2.2.9, Ho)), (2.2.10) and (2.2.11, H.4).

Assume furthermore (2.2.12, H.1)) and (2.2.13, H2)), that V is C? with |V3V| < CVY2 and
that o is C> with ||V3(ooT)|| < CVY2. Then for large enough A > 0 and for every xo € R?,

Wl(XfO, V*) — 0.

t—o00

The proof of this theorem is given in the Supplementary Material.

2.9 Experiments

In this section, we compare the performances of adaptive Langevin-Simulated Annealing al-
gorithms versus vanilla SGLD, that is the Langevin algorithm with constant (additive) aﬂ
We train an artificial neural network on the MNIST dataset [LBBH9§|, which is composed of
grayscale images of size 28 x 28 of handwritten digits (from 0 to 9). The goal is to recognize
the handwritten digit and to classify the images. 60000 images are used for training and 10000
images are used for test.

As done by practitioners in general, we do not include the correction term T in the Langevin
optimizers as computing second-order derivatives highly increases the training time. Moreover

LOur code is available at https://github.com/Bras-P/langevin-simulated-annealing.
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0.08 [ T T T T | .\ — T ____‘_‘
5 e Siaieinie. S g ... h
= 0.96 | .
g -~ SGLD
= 0.94 | @+ L-RMSprop
S 092) -4+~ L-Adam
. -~ L-Adadelta
0 9 10 11
sl -~ SGLD |
n @+ L-RMSprop
9 -4- L-Adam
.g 02l -m- L-Adadelta
=
. | B0 A )
0 9 10 11

Figure 2.3: Performance of preconditioned Langevin algorithms compared with vanilla SGLD
on the MNIST dataset. The values of the hyperparameters are a(n) = Alog™"?(cin + e) with
A = 21073 and where cyn = 1 after 5 epochs; v, = y1/(1 + can) where can = 1 after 5 epochs
and where for SGLD, v; = 0.001 for L-RMSprop and L-Adam and v1 = 0.1 for L-Adadelta.

Preconditioner SGLD  L-RMSprop L-Adam L-Adadelta
Best accuracy 95,24 % 96,94 % 97,60 % 97,63 %

Table 2.1: Best accuracy performance on the MNIST test set after 10 epochs.

the time step coefficient of Y is a2+, with a, < 1 and 7, < 1, in comparison with 7, for the
gradient and an'y,ll/ ? for the Gaussian noise. We refer to Chapter [5| for more details.

We consider a feedforward neural network with two hidden dense layers with 128 units each
and with ReLU activation. For the adaptive Langevin algorithms, we choose the function o
as a diagonal matrix which is the square root of the preconditioner in RMSprop [LCCCI6|, in
Adam [KB15] and in Adadelta [Zeil2] respectively (see also Section , giving L-RMSprop,
L-Adam and L-Adadelta respectively. The results are given in Figure 2.3 and in Table 2:1]

As pointed out in the literature (see the references Sec‘cion7 the preconditioned Langevin
algorithms show significant improvement compared with the vanilla SGLD algorithm. The con-
vergence is faster and they achieve a lower error on the test set. We also display the value of
the loss function on the train set during the training to show that the better performances of
the preconditioned algorithms are not due to some overfitting effect.

We also compare preconditioned Langevin algorithms with their respective non-Langevin
counterpart. For shallow neural networks, adding an exogenous noise does not seem to improve
significantly the performances of the optimization algorithm. However, for deep neural networks,
which are highly non-linear and which loss function has many local minima, the Langevin version
is competitive with the currently widely used non-Langevin algorithms and can even lead to
improvement. The results are given in Figure where we used a deep neural network with 20
hidden layers with 32 units each and with ReLLU activation.

In order to understand how sensitive are these methods to poor initialization, we run an
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1 | | | | 1 | | | | |
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Figure 2.4: Side-by-side comparison of optimization algorithms with their respective Langevin
counterparts for the training of a deep neural network on the MNIST dataset. We display the
performance of SGD for reference. The values of the hyperparameters are a(n) = Alog_1/2(01n+
e) with A = 1.1073 for L-Adam and A = 5.10~* for L-RMSprop and where cin = 1 after 5
epochs; v, = v1/(1 + can) where can = 1 after 5 epochs and where v1 = 0.01 for SGLD and
~v1 = 0.001 for the others.

1
5 08| i
z
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f 04} .
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Epochs x10

Figure 2.5: Performance of the Adam optimizer compared with its Langevin version at the
beginning of the training of a deep neural network on the MNIST dataset with poor initialization.
We record the accuracy on the test set 10 times per epoch.

experiment on the previous deep neural network where all the weights are initialized to zero,
as in [NVLT15, Section 4.1]. We plot the accuracy on the test set in Figure We observe
that the non-Langevin optimizer needs some time before escaping from the neighbourhood of
the initial point whereas in its Langevin version, the Gaussian noise is effective to rapidly escape
from highly degenerated saddle points of the loss.

2.10 Conclusion and perspectives of future work

We proved the convergence of adaptive Langevin-Simulated annealing algorithms using both
ergodic properties and weak error analysis, which fills a gap between the theory, which focused
on the additive case, and the practice, where adaptive algorithm are commonly used to obtain
faster convergence rates. Dealing with non constant diffusion coefficient o makes the study more
difficult as we need to rely on fine stochastic analysis. We finally obtained the same annealing
schedule in log~'/2(¢) as in the additive case.

Future work would include relaxation of the assumptions on the coefficients of the SDE, in
particular on the growth the potential V' at infinity, as it is done for the additive case in [MEFT21].
Another perspective would include weak error analysis of the corresponding projected Langevin-
Simulated Annealing algorithm for optimization under constraint. We refer to [BEL15, Lam21]
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where W;-contraction properties from [Ebel6, Wan20] are also used in an additive noise setting,
but the multiplicative case is yet to be addressed by the literature.

2.11 Appendix

Lemma 2.11.1. Let Z and Z be two continuous diffusion processes. Then for allt > 0 and for

allp > 2:
t ~ 1/2
|| < BP0, ( [z Zsuids) ,
p

where CZ],BDG is a constant which only depends on p.

[z~ o(2)
0

Proof. 1t follows from the generalized Minkowski and the Burkholder-Davis-Gundy inequalities

that
¢ _
‘ / \Z, — Z,[2ds
0 p/2

t ~ 1/2
< CBPS o]y, ( [z~ anids)

a 1/2
BD

S Cp [U]Lip
p

[z~ a(Zpaw.

O]

We now give some results on the step sequence (7,) associated to the Euler-Maruyama
scheme. Let us recall that the sequence (7},) is defined in (2.4.7)).

Lemma 2.11.2. Let (u,) be a positive and non-increasing sequence such that >, u, < 00.
Then u, = o(n™1).

Proof. We have Nugoy < ZiﬁN u, — 0 as N — oo. O]

Lemma 2.11.3. We have
YN(T,) = © (nf(HB)) . (2.11.1)

Proof. Using the previous lemma, v, = o(n~/?) so that T',, = o(n'/?) and then 2% = o(N(x))
as  — oo and then yy(7,) =0 (N(Tn)*1/2) =0 (n,(1+5)) . O

Lemma 2.11.4. The sequence (YN(T,,,—T)/YN(Tps1)) 5 bounded.

Proof. Using (2.2.13, Hs)), we have for @’ > @ and for large enough k, (7% — yit1)/7i < @'
so that vk /vk+1 < 1+ @'vyk41 and then

-1

YN(Tpi1-T)) NiTi2)=1 NTnt1)
log | 2=V ) = lo < ) <C
8 < ) Z & Vk+1 Z Tk

YN(Tp41) E=N(Tn+1-T) k=N(Tn)

=C (FN(Tn-H) - FN(Tn—Q-l*T)) < C( n+l — (Tn-i-l - T))
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2.12 Supplementary Material

2.12.1 Proof of Proposition
Proof. We have

Vans (%) _ Zanss —o(vi@)-v*)a;2—an®) < Lo _ p
Van(x) Zan Zan

We now consider (P;)i1<i<m* a partition of R? such that for all 4, x; € H Let us prove that for
all 1 < i <m*,

-1._ —2(V(z)—V™*)/a? o 0 —z V2V (2)z
Z,it /Rde L1yepdx oy /Rde dx. (2.12.1)
Let r > 0 ; let us consider YZ defined as

Son ) Vi) if x € B(z},r)

Vilw) = { |z — xf|2 + V*  otherwise.

We also define 2;21 = Jga e_Q(Q(x)_V*)/GZ]lxepidx. Then, owing to V* > 0 and (2.2.8, Hy2)),
Ve e RY, Clo — a2} 2 < Vi(z) = V* < C'|lz — af? (2.12.2)
and then

~_ _ > *\__1/* T2 *
1 :ad/ o—2Viaz+a})-V*)/a> Lyca 1(panyde ~ ad/ e VAV (e gy
’ Rd Rd

a—0

where we get the equivalence by dominated convergence ; the domination comes from ([2.12.2]).
Then

z 1oz l= e 2V@)-VI/at Y dy — / e 2Vi@=V/aP Y b dy = 1) — I,
’ B(xr,r)

o B(z},r)°
I = ad/ e AP o adr < ad/ e~ 2Py — o(ad) = 0 (Z271) .
2 B(0,r/a)° vea P =T B0 /a)e (@) ( ‘“>
Moreover using Proposition we have Z, ;11 — 0 as a — 0, so that
z =2 +o(2.]) +o(2.)) ~ 2.0,

which proves (2.12.1)) and then

—1 ~ d —.Z‘TVQV *)$
Z,t ~oa Z/ dx. (2.12.3)
We now prove that
Z.l = 2.0, < Cai(an — any). (2.12.4)

Indeed, by convexity we have for all z € R

1 1

< (an - an+1)

(In+1 (0799

6727:/(1,21 _ —2z/an+1 < 2672z/a312 < 4ef2z/a%

(2.12.5)

2 2
an an—i—l
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and then
1 1 _ . d —2(V(any1rz+z)—V*)/a2
Zaml Zan+1, —an_H/R (@ (V(anyrz+x}) )/a ]latea;}rl(Pi—zi*)
—2(V(an+1m+:v*) V*)/an
+11 €zl (Pimat ))dac
* *
d—1 - —2(V(an1z+af)—V*) /a2 Vi(aniz +x7) =V
< day 5 (an anH)/Rde Q%H ]lxean+1(P —z* )dIL‘.
=13
Let us also define
-~ 1/ * *
oo [ o2Viannatan)-vhy/az Vilannz +2f) =V
Ig = /Rde CL?L_H ]leanJrl(P " )d.I'

Then I3 converges by dominated convergence and |I3 — f3| is bounded by

2

‘ / (672(V(an+1x+x;)7V*)/a% Vianpiz + o) -V~
R4 Ant1

6*2(‘71'(an+133+:t;‘)7V*)/a% V;(an-i-ll’ + $:) - V*)]l

a7 rea i (Poap ™
< a;i12/ e_Q(V(x)_V*)/a%(V(m) - V*)]lxePidm
B(z},r)°
—l—/ 6_2(%(an+1x+$;)_v*)/a%V,»(an+1$2+iﬁf) - vea-l (P—z)dT
(0 r/an+1) an+1 n4+1\" 1 i

The second integral converges to 0 by dominated convergence by similar arguments as for Is.
Moreover we have for every x € B(z},7)°N P;, V(z) — V* > ¢ for some £ > 0 and then for n
such that a, < A/v/2:

a;if2 /13(93.* r)e e—Z(V(m)—V*)/aEL(V(x) — V) lsepdx
< Ca,ty / e 2VEVI/ 0y — 0¥ Mlyepda
B(z¥,r)c
< Cafyteslh | oy & VR e P
<Can+1 e~e/an /Rd —2(V(2)-V7) /A2]$ z¥|?dx rd 0,

where we used that (z — |z|2e"2V(®)-V)/4%) ¢ L1(RY). Then we obtain that I3 converges to

I3, which proves (2.12.4). Then we have

—1_ =1
i BB gt
an an nlog(n

On the other hand, if X ~ v, X ~ Vaniis Y ~ Vg, and X, X and Y are mutually independent
then

[E|X - Y| -E|X - X||
:‘ n+1Zanan+IZan+l Z //Gn+1|l‘—y|€ V(any1z+xy)—V*)/a2
i,j=1
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) 6—2(V(an+1y+rf)—V*)/a% -1 1 1 _

z€a, (Pi—x}) " y€a, , (Pj—a})

dxdy

m*
— *\_\/* 2
—(al124,,,) > / / i |z — yle 2V (annzte) =V al

t,j=1

e AV ey )V e dudy)

acEa;Jlrl(Pi—wf)]lyEa;}rl(Pj—x;.‘)
m*
_2d+1 —2(V(apt1z+zxr)=V* a?
2, [ oyt vt
t,j=1
_ *\_\/* 2 _ *\ _{/* 2
. ‘Zane 2(V(antry+a)=V*)/a;, _ Zapin€ 2(V(ap1y+xy)—V*)/aZ

' ]lrea;_}_l(Pi—a:;)]lyEa;_}_l(Pj—x:)dxdy
m*
2d 2 —2(V(an *\_1/*) /g2
S an+1 (an+lzan+1> Z // |ﬂ7 — y‘e ( (a +13?+£I,‘1) )/an+1
i,j=1
_ ‘6—2(V(an+1y+x;)—v*)/a3 _ o2V anpryta})=V*)/az 1| 1 )

)dacdy

— 1 _
ann+1(Pifxf) yEanJrl(ij:L‘:

m*
) 3 / / = yle— 2V @nra+al) =V /a% 4y =2V (ansaytel) =V faf
ij=1

2d 2
+_an+1(an+12%n+1

Zan

1-— 1

1

:cea;_lH(Pi—m:) yEQJiI(Pj—m:)dmdy'

An+1

So using ([2.12.5)), dominated convergence as for the proof of (2.12.3)), (2.12.3) itself with (2.4.9)
and the bound for 1 — Z,, /2, ., =1 — M, we have

n+1

lim sup {n 10g3/2(n) ‘E‘X —Y|-E|X - X‘H

n—oo

<C Z // |z — y\e_xTwV(“:)xe_yTVZV(If)y (1 + yTV2V(wf)y) dzdy.
i=1

So that using Lemma and the fact that E|X — X| is of order a,, we have

1 -
Wi(Vay Vanys) < EIX = Y| = ——EIX - X|
n

C

<E|X -Y|-E|X - X|+ S —
| | - E| | o2 (n)

E|X - X| <

C
nlog(n)

The proof for the second claim is similar. O

2.12.2 Proof of Proposition m

Proof. As in the proof of [PP23| Proposition 3.5], we split |E[g()7fu)] —E [g(XZf")] | into four
terms A, As, A3 and Ay, that is, by the Taylor formula, for every y, z € R%,

9(2) —9(y) = (Va(y)lz —y) + /01(1 —u)V?g (uz + (1 — u)y) du(z — y)*>.
For a given x € R, it follows that
9(2) = g(y) = (Vg()|z —y) + (Vyg(y) — Vg(z)|z — y)
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- /01(1 —u)V?g (uz + (1 —u)y) (z — y)**du
= (Vy(z)|z — y) + (VZg(z)(y — z)|z — y)

1
+ [ 1= 0)Vgluy + (1 - wa)(y - )%z~ y)du
0

1
+ [ =) (st (1 - wy) du(z - )
0

Applying this expansion with y = X3" and z = Y7, , this yields:

E[g(V2,) — g(X2™)] = (Vg(a) B[V, — X2") + E [(V2g(a) (X2" — 2)|V, — X2™)]

=:A1 =:Ag

1 _
+E [/ (1-— u)V3g(uX;”’” + (1 —u)z) (X" - x)®2(Y,jfu - Xﬁ’")du}
0

—:Ag

! 2 Y z,n T z,n\®2
+ [ =B [V (¥, + (= u)X5") (V= X5 du,

—:Ay

e Term A;: The term A; is bounded by |Vg(x)| - |E[}7fu — X5"|, with

_ Y Y
BV, — X5 =B | [ bugu @) = ba (X3)ds| + B | [ buguy (X7) = b (657
=: A1 + Ajo.

We have [A1z| < 4[| T]|oo(a — a2, ) and

Y o[s 1
Aul =| [ [7B Vb (X)) (XE) + 5 Vb (X007 (™) o

< CH? sup E[VY2(X2M)] < OV (x),
v€[0,7]

where we used that |Vb,| < C and ||V2by|| < CV1/2 because we assumed | V3V|| < CVY/? and
IV3 (o0 1|l < CVI/2.

e Term As: We have:

[ A2l < >0 1059 (@)IE[(X™ — 2)i(X5™ = V)l

1<ij<d
and we have
E[(X5" — ) XJ" = Y7,)5] = E[(X5" = Y7,)i(X5" = Y7,)5] + BV, — 2)i(X5" = YT,);0.
Using Lemma the first term of the right-hand side is bounded by C(VY/2(z)y + \/¥(a, —

an+1))? and in the second term we write (Y,Y”fu —x); = <7ba(u) (@) + yCht1(x) + a(u)a(z)WOi
and we have

E[(Yba(w) (@) + 1Ghr1 (@) (X5 = V)51 AV (@) (V2 (@)y + vAlan — ans1))

and using that the increments of ( and W are independent,
[E[(a(w)o(z)W5); (vCr+1(2))s]| = 0
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and using the Ito isometry:

E{(awo@W,), ([ G () = bays () + b 0) = by ()
+ [ (ana0(X2™) = aniao(@) + auiro(a) - a(wota)ai); )|

,
< C[b]Lip/O WA ll2[| X" = z[l2ds + Clap — ap ) [[Wa[17]| Tl

+C

d Y
> | Bl (@) (o (X5") = 0,0 (2)ds| + Clan — ans EIW
k=1
< CV1/2($)72 + Clan — an+1)'73/2 + CV1/2(5U)’72 + Clan — an+1)7,

where we used an argument similar to A;; to bound the third term, using that Vo and V2o are
bounded.

e Term Ajs: Using the three fold Cauchy-Schwarz inequality, Lemma|2.6.3|and Lemma [2.7.2
Ajs is bounded by

Cll sup |[VPg(9)l

£€(z, X5™)

Viayy (V@) + vAlan = ant1)) -
4
e Term A4: Using Lemma Ay is bounded by

sup  |[V2g(&)]]

2
C (V2(@)y + vA(an — ant1))
EE(XT™ V)

2

2.12.3 Proof of Theorem m

Proof. We remark that according to Proposition for all & > 0 we have e € L'(R%). We
first prove that
C

, 2.12.6
nlogl‘*""min (n) ( )

Wl (Van7 Van+1) <

so that (W1 (Va,, Va,,,)) is still a converging Bertrand series. To do so, we directly adapt the
proof of Proposition replacing the change of variables in the integrals in ax by the change
of variables in B - (a?*'x1,...,a*Yx4). Still using (2.12.5)), we successively obtain

Zt ~ a2a1+"'+2ad/ e 29() gy
a—0 R4

z 1zl < 4ai‘ffl+"'+2ad_1(an — apt1) /]Rd e~29@) g(z)dx

an an+4+1 —
C
1-M;1<
nlog(n)
B C 2Qmin
[ElX - Y| - E|X - %[ < 2l
nlog(n)

Then, using (2.12.6]) we prove that Wi (v, v*) < Ca2®min the same way as in Lemma m
The next parts of the proof are the same as for the definite positive case. O
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2.12.4 Proof of Theorem m

To prove Theorem we proceed as for the proof of Theorem [2.2.1]

In the following, for v > 0 we denote by (X;""7),c[0,) the Euler-Maruyama scheme over
one step with coefficient a,11. We first recall [PP23] Lemma 3.4(b), Proposition 3.5(a)] giving
bounds for the weak and strong errors for the one-step Euler-Maruyama scheme, which do not
depend on the ellipticity parameter a,,.

Lemma 2.12.1. Let p > 1 and let ¥ > 0. There exists C' > 0 such that for every n > 0, for
every v € (0,7] and every t € [0,7]:

X" = XE), < VA (@)t
Proposition 2.12.2. Let ¥ > 0. Then for every g : R* — R being C> and for every 0 < v <

v <A
E [9(x3m7)| —E [g(X3™)]| < OV ()74 (),
where
Dy (x) = max | [Vg(z)|,[|V?g(z)]], sup V29| || sup  [IV39(OII|] |-
ge(xzm Xz ge@XTT) "

Proposition 2.12.3. Let T, 4 > 0. Then for every Lipschitz continuous function f : R¢ — R,
for every n > 0 and every t € (0,T) and every 0 <y <+ < 7:

B[] =B [Pf(x2m)]| < Cap®lflupr VA (@).

Proof. The proof is the same as in [PP23, Proposition 3.6]. When applying [PP23, Proposition
3.2(b)], we remark that the lowest exponent of gq is —3. O

Moreover, by the same proof as in Lemma we get
SUD >t 1 EVP(le;;l_Fk) < CVP(x).
We now prove Theorem

Proof. Let us write:
Wi ([X70],v%) < WXL [X3]) + Wa([X ] v).
Temporarily setting z,, := )_(gﬁ: and x, := X7°, we have
Wi(IX70, 1 1X70, D) = WalXg s ) X7 )
<WIXT ) X o D)+ WX X D),
and we find a bound on the first term using the same proof as in [PP23], Section 4.2]. For
z € RY, we split Ef(X7), _7,) —Ef(X7" | _7,)| into three terms (a), (b) and (c). We however

pay attention to the dependence in a, when applying Lemma [2.12.1] Proposition [2.12.3| and
Theorem [2.4.21 We then have:

(c) < C[f]Lip’YN(Tn)Vl/Q(x),

THI’VIOO)

(b) < Ca;iﬂN(Tn) log <
IN(T)
—2
(a) < Cat eV (@) yn(r, ) puts

Then we establish a recursive relation and prove the convergence as in the proof of Theorem

22T
O
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Chapter

Convergence of Langevin-Simulated
Annealing algorithms with multiplicative
noise II: Total Variation

The results presented in this chapter have been published in Monte Carlo Methods
and Applications as a joint work with Gilles Pages [BP23al.

Abstract

We study the convergence of Langevin-Simulated Annealing type algorithms with
multiplicative noise, i.e. for V : R? — R a potential function to minimize, we
consider the stochastic differential equation dY; = —oo ' VV (V;)dt +a(t)o (Y;)dW; +
a(t)?Y(Y;)dt, where (W;) is a Brownian motion, where o : R? — My(R) is an
adaptive (multiplicative) noise, where a : RT — R™ is a function decreasing to 0
and where T is a correction term. Allowing o to depend on the position brings faster
convergence in comparison with the classical Langevin equation dY; = —VV (Y;)dt +
odW;. In a previous paper we established the convergence in L'-Wasserstein distance
of Y; and of its associated Euler scheme Y; to argmin(V) with the classical schedule
a(t)=A log_l/ 2(t). In the present paper we prove the convergence in total variation
distance. The total variation case appears more demanding to deal with and requires
regularization lemmas.

Keywords— Stochastic Optimization, Langevin Equation, Simulated Annealing,
Neural Networks.

3.1 Introduction

Langevin-based algorithms are used to solve optimization problems in high dimension and have
gained much interest in relation with Machine Learning. The Langevin equation is a Stochastic
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Chapter 3. Convergence of Langevin-Simulated Annealing algorithms

Differential Equation (SDE) which consists in a gradient descent with noise. More precisely, let
V :R% — Rt be a coercive potential function, then the associated Langevin equation reads

dXt = —VV(Xt)dt + O'th, t> 0,

where (W;) is a d-dimensional Brownian motion and where o > 0. Under standard assumptions,
the invariant measure of this SDE is the Gibbs measure v,2 of density proportional to e 2" (*)/ o?
and for small enough o, this measure concentrates around argmin(V") see [Dall7] and Chapter
Al Adding a small noise to the gradient descent allows to explore the space and to escape from
traps such as local minima or saddle points appearing in non-convex optimization problems
[Laz92, DPG™14]. Such methods have been recently brought up to light again with Stochastic
Gradient Langevin Dynamics (SGLD) algorithms [WT11l, [LCCCI6|, especially for the deep
learning and the calibration of large artificial neural networks.

The Langevin-simulated annealing SDE is the Langevin equation where the noise parameter
is slowly decreasing to 0, namely

dX; = —VV(Xy)dt + a(t)cdWy, t >0, (3.1.1)

where a : Rt — R is non-increasing and converges to 0. The idea is that the "instantaneous" in-
variant measure Vg (;), which is the Gibbs measure of density oc exp(—2V (z)/ (a(t)?0?)) converges
itself to argmin(V'). Although the additive case i.e. where o is constant has been extensively
studied (see for example [DMI17, [DM19]), little attention has been paid to the multiplicative
case i.e. where o : RY — M4(R) depends on X;.

The objective of the present paper is to study the convergence in total variation of the
Langevin-Simulated annealing SDE, i.e. (3.1.1)) with non-constant . Following [PP23| Propo-
sition 2.6], we need to add a correction term in the drift, giving

dY; = — (o0 " VV)(Yy)dt + a(t)o(Y;)dW; + (a2(t) [Zd: (0o ") (Y2)s
j=1

) dt,  (3.1.2)
1<i<d
A

a(t) = N (3.1.3)
so that v, is still the the "instantaneous" invariant measure. We also study the convergence of
its Euler-Maruyama scheme Y; with decreasing steps and with noisy gradient estimates coming
from stochastic gradient algorithms. We assume in particular the convex uniformity of the
potential V' outside a compact set (but we do not assume that the potential is convex) and the
ellipticity and the boundedness of o.

We studied this SDE and proved the convergence in L'-Wasserstein distance of Y and Y
to v* which is the limit measure of v, as a — 0, in a previous chapter, see Chapter More
precisely, we proved that Wi (Y;,v*) is of order a(t) as t — oo and that Wi (Y}, v(a())) is of
order t~% for every a € (0,1). For more details, we refer to the introduction of Chapter 2| In
particular, for applications to optimization problems arising in Stochastic Optimization and in
Machine Learning and for choices of o : R? — M4(R) used by practitioners, we refer to Section
23l

The proof for the total variation distance case relies on the same strategy developed in
Chapter We first introduce the process X where the coefficient (a(t)) is "by plateaux"
i.e. non-increasing and piecewise constant on time intervals [T},, T}, +1]. Then we give bounds
on dry(Xy,Y;) using a domino strategy . However the main difference with the L!-
Wasserstein distance concerns the total variation distance between X and Y in small time as in
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general, it is more difficult to give bounds in small time for the total variation distance between
two processes with close coefficients. Indeed, considering the functional characterization and
comparing it with the L'-Wasserstein distance, if z and y € R? are close to each other and if
f R — R is Lipschitz-continuous, then we can bound |f(z) — f(y)| by [flLiplz — y|; however
if f is measurable bounded, then we cannot directly bound |f(z) — f(y)| in terms of |x — y|.
Instead, the common strategy of proof in the literature is to use Malliavin calculus in order to
perform an integration by parts and to use bounds on the derivatives of the density. In this
context, [PP23] relies on a highly technical Malliavin approach inducing a "regularization from
the past" (see [PP23| Theorem 3.7 and Appendix BJ).

We give bounds in small time relying on Chapter [§] and we adapt some of the proofs to
the non-homogeneous Markovian setting. These bounds rely on estimates of the density of the
solutions to SDE’s and their derivatives [Fri64]. The strategy of proof is the following: we first
reduce to the null drift case using a Girsanov change of measure. Then we introduce an artificial
regularization in order to perform a Malliavin-type integration by parts and we use Aronson’s
bounds on the density and its derivatives; we need to pay attention to the dependency in the
parameter a, controlling the ellipticity of the SDE and which converges to 0, of the constants
that appear in the Aronson bounds. Moreover, we rely on [DMR18] to give bounds on the total
variation between two Gaussian laws.

Contrary to the L'-Wasserstein distance, we do not prove the convergence as t — oo of Y;
and Y; to v* since in most of the cases, v* is supported by a finite number of points and then if
Y; has a density then dpv(Y:, v*) = 2. Instead, we prove the convergence in total variation of Y;
and Y; to their "instantaneous invariant measure" Vq(+) Which itself converges to v* (in law, for
the L'-Wasserstein distance etc, see for example [Hwa80, Theorem 2.1] and Lemma and
we give bounds on dry (Y, v4(+)) and on dry (Y3, Va(t)) @s t — 00.

The paper is organized as follows. In Section [3:2] we give the setting and assumptions of
the problem we consider and state our main results of convergence with convergence rates.
This setting is the same as in Chapter 2] In Section [3.3] we establish bounds in small time
for dpv(Xy,Y;) and for dpy(X;,Y;), inspired from Chapter In Section we prove the
convergence of the plateaux SDE X using exponential contraction properties. Using this con-
vergence, the convergences of dv(Yy, v4()) and dry (Y7, Va(t)) are proved in Section and
respectively. In section we compare additive and multiplicative Langevin algorithms on a
numerical optimization problem and we give numerical evidence that multiplicative Langevin
algorithms improve the optimization procedure.

We use the notations defined from page

3.2 Assumptions and main results

3.2.1 Assumptions

Let us briefly recall the setting adopted in Chapter |2l Let V : R? — (0, +00) be a C? potential
function such that V' is coercive and

(x — \x!Qe_zv(x)/A2) e LY(R?) for some A > 0. (3.2.1)
Then V admits a minimum on R%. Moreover, let us assume that
V*:=minV >0, argmin(V)={zf,...,25.}, Vi=1,...,m* V>V (z}) >0,

R4
(3.2.2, Hy1)
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i.e. minpa V is attained at a finite number m* of points and at each point the Hessian matrix is
positive definite. We then define for a € (0, A] the Gibbs measure v, of density :

—1
eQ(V@)V*)/anJ;) (3.2.3)

d

Va(dz) = Zpe 2V@-V)/a gy ( /
R

Following [Hwa8(), Theorem 2.1], the measure v, converges weakly to v* as a — 0, where v* is
the weighted sum of Dirac measures:

\ -
V= (Z (det VQV(J:;))”2> > (det V2V(azl*))71/2 Os (3.2.4)
j=1 i=1

Following Lemma v, also converges to v* as a — 0 for the L'-Wasserstein distance.
We consider the following Langevin SDE in R%:

Yyt =20 € RY, AV = by (Yi)dt + a(t)o (Y)W, (3.2.5)

where, for a > 0, the drift b, is given by

bo(z) = —(00 "VV)(z) + o

d
Z 0; (O’O’T)ij(l’)] = —(o0 ' VV)(z) + a®Y(x), (3.2.6)
J=1 1<i<d

where W is a standard R%valued Brownian motion defined on a probability space (Q,.4,P),

where o : R — My4(R) is C? and

aft) = ——2 (3.2.7)

V1og(t +e)

where A is defined in (3.2.1) and with log(e) = 1. This equation corresponds to a gradient
descent on the potential V' with preconditioning ¢ and multiplicative noise ; the second term in
the drift (3.2.6) is a correction term (see [PP23, Proposition 2.6]) which is zero for constant o.

We make the following assumptions on the potential V':

\VV]Q < CV and supd HV2V(QS)H < 400, (3.2.8, Hy2)
z€R

which implies in particular that V has at most a quadratic growth. Let us also assume that
o is bounded and Lipschitz-continuous, V2o is bounded, V(UUT)VV is bounded, (3.2.9, H,)
and that ¢ is uniformly elliptic, i.e.

Joo > 0, Yz € R, (00" )(z) > 021, (3.2.10)

Assumptions (3.2.8, Hy9l) and (3.2.9, H,|) imply that Y is also bounded and Lipschitz-continuous
and that b, is Lipschitz-continuous uniformly in a € [0, A]. Let the minimal constant [b]ri, be
such that:

Va € [0, A], by is [b]rip-Lipschitz continuous. (3.2.11)

We make the non-uniform dissipative (or convexity) assumption outside of a compact set:
there exists ag > 0 and Ry > 0 such that

Va,y € B(0, Rp)¢, <(UUTVV) (x) — (O'O'TVV> (y), = — y> > aplz — y|* (3.2.12, Hcy)
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Taking y € B(0, Rp)¢ fixed, letting |x| — oo and using the boundedness of o, (3.2.12, H.¢|
implies that |VV| is coercive. Using (3.2.8, Hy2|) and the boundedness of o, there exists C' > 0
(depending on A) such that:

Va € [0, 4], 1+ |ba(z)| < CV2().

Let (7yn)n>1 be a non-increasing sequence of varying positive steps. We define I';, := v +
-+ 4+, and for t > 0:

N(t) :==min{k > 0: I'y41 >t} =max{k >0: Ty <t}. (3.2.13)
We make the classical assumptions on the step sequence, namely
Vb0, > wm=+c0 and »_ 72 < +o0 (3.2.14, H1)
n>1 n>1

and we also assume that

@ := lim sup w < 0. (3.2.15, H2)
n—oo Tn+1

For example, if v, = v1/n" with n € (1/2,1) then @ = 0; if v, = 71 /n then w = ;.

In stochastic gradient algorithms, the true gradient is measured with a zero-mean noise (,
which law only depends on the current position. That is, let us consider a family of random
fields (n(2))perd nen Such that for every n € N, (w,z) € Q x R? — (,(z,w) is measurable
and for all 2 € R?, the law of (,(z) only depends on x and ((,(2))nen is an ii.d. sequence
independent of W. We make the following assumptions:

Ve eRY, Vp>1, E[¢i(x)] =0 and E[|¢i(x)]P] < Cpr/Q(x). (3.2.16)
We then consider the Euler-Maruyama scheme with decreasing steps associated to (Y;):
Y()xo =z, ?ff::“ = }71“” + Yn+1 (ba(Fn)(YI?:) + Cnt1 (Ygf)) + a(Fn)a(Yﬁf)(anH - Wr,),
(3.2.17)

We extend Y0 on R by considering its genuine continuous interpolation:

vt € [, Inga), }_/txo = YIZ‘E: +(t—Ty) (ba(Fn)(YI‘x:) + CnJrl(}_/lg::)) - a(rn)U(YI?:)(Wt - WFn)'
(3.2.18)

3.2.2 Main results

Theorem 3.2.1. (a) LetY be defined in (3.2.5)). Assume (3.2.2, Hy1l), (3.2.8, Hy2)), (3.2.9, H,)),
(3.2.10) and (3.2.12, H.¢). Then, for every a € (0,1), if A is large enough, then for every

zo € R? and for every t > 0:

dTV (Y;mo, Va(t)) < C(EC 10g(t)(1+|x0|2)t7a. (3.2.19)

(b) LetY be defined in (3.217). Assume [3:2:2, Hy1). (328, Hv3), (3:2:9, 7). (3:2.10) and
3.2.12, H.f). Assume furthermore that o € CI?T. Assume furthermore (3.2.14, H.1) and
3.2.15, Hyl), that V is C® with ||V3V| < CVY? and that o is C* with |[V3(oo )| <
CVY2. Then, for every a € (0,1), if A is large enough, then for every xo € R? and for
every t > 0:

o (57 ) € (g 20y [V, ] £+ VD@12
(3.2.20)
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Remark 3.2.2. Depending on the step sequence (7,), we can compare the two terms arising in
the right-hand side of ([3.2.20]). For example, if v, = y1n~" for some n € (1/2,1], then

C

o Ifn=1, then vy =< € t and the first term is the dominating term.

e Ifne (1/2, 1) then IN(Ct) = (Ct)"’]/(l—n)'

3.2.3 Extensions and interpolations of the processes

Let us define the following processes that will be used as auxiliary tools in the proofs.
e We define (X}) as the solution the following SDE where the coefficients piecewisely depend
on the time; X is then said to be "by plateaux":

X(G)UO = xg, dXzEO =b (Xfo)dt+ak+1J(Xfo)th, t e [Tk,TkJrl], (3221)

AR41

where b, is defined in (3.2.6) and the time schedule (T},) is defined by
T, == Ciryn'*7, (3.2.22)
where Cpy >0, 8 > 0 and a, := a(T;,). More generally, we define (X;") as the solution of

(Xf’n)dt + ak+1a(Xf’")th, tc [Tk — T, Thy1 — Tn], k>n,

(3.2.23)
i.e. (X;") has the conditional law of (Xr,4+)t>0 given X7, = x. We have X7 = XY, The
Markov transition kernel associated to X" denoted PtX’” reads on Borel functions f : R? — R¥,
P () = BIF(X!™),

e Considering now the original SDE (3.2.5), we also define for every z € R? and every fixed
u > 0:

XPM =g, dXP" =)

Ak+1

Yba,:u =7, dYVt,Iu = ba(t+u) (}qu)dt + (I(t + U)J(Y;fu)dwta (3224)

so that Y* = Ymo We define the Markov transition kernel associated to Y between the times ¢
and ¢ + u by P, such that for all Borel functions f : R* — RT, P}, f(x) = E[f(Y}%,)].

e Considering finally (3.2.17)) and (3.2.18)), we define for every n > 0, (}7&”)@0, first at times
Fk_PTM ana by

Yo, =, ?rxkﬂfrn,rn =Y¥ p,r, + ke (ba(Fk)(YIg‘Ckan,Fn) + CkJrl(YI:‘Ek—Fn,Fn))

+a(Te)o(YE 1) (Wry,, — Wry), (3.2.25)

then at every time ¢ by the genuine interpolation on the intervals ([I'y — I'n,Tgy1 — I'n))g>n as
before. In particular Y* = Y. Still more generally, we define Y;%, where u € (I'y,T'41) as

_Y®
Fn_;'_lfu,u

t—(Tnt1—u),Inta if t > Thpiq.

_ _ { x4+ t(bo(x) + Cuy1 (7)) + a?(w)o(z) (W, — Wr,)  if t € [u, D]
Yzfu =, }/t?ju =

For n, k > 0, for u € [I'y,T'x41) and v € [0,Tk11 — ul, let qu be the Markov transition
kernel associated to Y.yu between the times 0 and v i.e. for all Borel functions f : R? — R¥,

PY, f(z) = E[f(VZ,)].
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3.3 Bounds in total variation for small ¢

In this section we give bounds for the total variation distance between the processes X, Y and Y.
Although such bounds are straightforward for LP-distances, they are more difficult to establish
for dpy. To this end we adopt a strategy similar to Chapter

For z € R? and for a € R* we define the "cut’ drift 5% : R? — RY which is the drift b,
which is null outside a compact set centred on x. More precisely, we choose R > 0 and we
consider a C* decreasing function ¢ : RT — R* such that 1 = 1 on [0, R?] and ¥ = 0 on
[((R+1)%,00) and we define b2 () := by (y)¥(Jy — x|?), so that |b?| is bounded by C(1 + |z|) since
bq is Lipschitz-continuous.

For o : R? — My4(R), we denote the martingale:

M(o)s =z, dM(o)f =oc(M(o)f)dW; (3.3.1)
with its associated one-step Euler-Maruyama scheme:
M(0)? =z + o(x)W,. (3.3.2)
Lemma 3.3.1. Let Z be solution of the following SDE:
4Z§ = u(t)or, (Z7)dWs,

where u : RY — (0,00) is C' and bounded. Then (Z;) ~ (M (o) p-1)()), where F RT — RT is
solution of the differential equation

FO) =0, F()= 50

and where F(=Y denotes the (continuous) inverse function of F.

Proof. First, F' is well defined and is strictly increasing with F(t) — oo as t — oo since u is
bounded, so that F(-1 : RT — R* is well defined as well. We have

d(Z) = wlF ()0, (ZEw)d (Wra ) = F'©)Y2u(F(1)0,(Z5)dW: = 0, (Zi) )dW.
where W is the Brownian motion defined by W; = fg(F’(s))*ldeF(s). O

3.3.1 Total variation bound in small time for the Euler-Maruyama scheme

Proposition 3.3.2. Assume that o € Cl?r. There exists C' > 0 such that for every n, k > 0, for
everyu € [k, Tki1) and everyt > 0 such that u € [T, Ty41], t < Tpy1—u and u+t € [T, Try1],

drv (X" V) < CeComnt (WH)yr/Cr41) | 00=2(q,, — anps). (3.3.3)

Proof. We apply a strategy of proof similar to Theorem [8:2.2] However we need to pay attention
to the dependency of the constants in the bounds in (a,). Let us write

dry(XP" V) < dev(XP" XE™) + dov (X", Z07) + dev (20", ZE™)
+dov (27" X + dev (XY, (3.3.4)
where
X" =z, dAXP" =02 (XPM)dt + ans10(XPT) AW,

Gn+1
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Zy" =z, dZ" = apy10(Z7")dWh,

Zy"t=x, Z" =x+ appr0(x)Wh

e Using Lemma [8.3.3, we have
drv(X{, XP") < O+ |,

where the constant C' does not depend on n.
o We use [QZ04, Theorem 2.4] and we rework the bound from Lemma to make explicit
the dependency in a,. Reworking Lemma [8.3.5] we have for ¢ > 1:
E [sup,eio g [UF"] < CeCurmiaC1e), (335)

Ug,n _ 1’ dU;c,n — a—l st,n <O—1(ch,n)l~)z (Zoc,n)’ dWs> .

n+1 an4+1\“s

oreover, following Lemma |3.3.1f we have )~ o)y where the process o)t
M following L 3.3.1 h zo" M(o)% (1) h h M

does not depend on n and where F(~V(t) = a2 t. Thus following [Fri64, Chapter 9, Theorem
7] (also see Theorem for the application to SDE’s) and since o € C? we have

C ely—al?
|vmpM(a)(tanay)| < We ly—al*/t (3.3.6)

and then

Ca 4 —2 2 Ca; 4D 2
|Vmpz(t,x7y)| — ‘prM(a) (a%+1t7x7y)’ < ﬁe—canJrﬁy—I‘ /t < ﬁe_c‘y—ﬂ /t'

Then using Lemma, with the adapted bound on U¥™ (3.3.5)) along with [QZ04, Theorem
2.4], we obtain

drv (X5, Z87) < CeConi(WHal)1/2, (3.3.7)

The same way, we obtain

dTV(Zthv thx,n) < C€Ca;{1(1+|z|2)t1/2.

e Following Lemma [3.3.1, we have (Z,") ~ (M(0)*, ) and (Z") ~ (]\_4(0)2*’2 ;) where
— n+1 n+1
both processes M (o) and M (o) do not depend on n. We then use Theorem to get

dTV(M(U)tx7 M(o’)f) < C@C‘x|2t7“/(27‘+1)
which implies

dTV(Z;D’n; Ztﬂ%n) < C€C|Jz\2ai71§27“+1)tr/(27"+1) < CeC|x|2tr/(2r+1).

e Let us now investigate dry(X;”",V/%,). Conditionally to ((z), both random vectors are
Gaussian vectors with

X"~ N (2 4 by (2), a2 ato0” (@), Vi ~ N (24 thg (@) + 6(2), a*(u)too " () .
Then, conditionally to ((x) we have
drv (X", YE,)
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<dpv (./\/' (l’ +tba,,, (2), aiﬂtaaT(:n)) N (x + thau) () + t((z), aletJaT(:r)))
+dry (N (a: + tha(u (x) + t(2), ai_HtaUT(x)) N (x + thaw () + t(2), az(u)taaT(x)»

=: D1+ D>.
We then refer to [DMR18] which gives bounds on the total variation between two Gaussian laws,
first in the case d > 1. Using [DMRI18| Theorem 1.1] with A\; = -+ = A\g = (a(u)? —aZ 1) /a2 4,
we have

20,0\ 2
Dy <C (W) < Ca;l(an — apt1)-
an—l—l

Using [DMR18, Theorem 1.2], since the p;’s are bounded independently of n and since for every
y R, yToo " (x)y > of|y|?, we have

Dy < CVtag iy (1+¢(@)]?).
Now, integrating over the law of ((x) and using that E|{(z)| < CV(z), we obtain
dry (X", Vi) < Capt(an — ant1) + CVEHL+ V2 (2)).
In the case d = 1, we use [DMRI18, Theorem 1.3] and obtain the same bounds.
e Conclusion: Considering , we get
dTV(Xtm’na)—/}fcu) <C(1+ \xlz)t—i— CeCnir (1) 41/2 + OeClalyr/(2r+1)
+ Ca, an — ans1) + CVEL+ V()

-1 2 -
< CeConir (It |2 yr/(2r+1) Canl(an — ny1)-

3.3.2 Total variation bound in small time for the continuous SDE

Proposition 3.3.3. Assume that o € CI?T and let ¥ > 0. There exists C' > 0 such that for all
e>0,n>0,u, t >0 such that u € [T),, Tpy1], u+t € [Ty, Tri1] and t <7,

Ay (XP",YyE,) < CeConts 41172 4 0 () (g(u) — apyqq) 27 4D, (3.3.8)
Proof. We have
Aoy (X", YE,) < doy(XP", XP™) + dov (X7, 20°7) + dov (20", Z1,)
+drv(ZE,, V) + dev(Y, Vi) (3.3.9)

where

AXT" =02 (XPM)dt + an1o(XP™)dWE,
dZy" = app10(Z0")dWy,
dZ}, = a(u + t)o(Z},)dWy,
dYE, = b2y (V) dt + a(u + ) (YE,) AW,
Using Lemma [8.3.3, we have

dTV(th’na th’n) + dTV(f/t?u7Y;‘/,zu) < C(l + ‘$|2)t
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Using (3.3.7) again, we have
drv (X", Z7™) < OeCtnir(1F|21*)1/2.

Moreover, using [QZ04, Theorem 2.4] (with an immediate adaptation to the non-homogeneous
case) and establishing the same bounds as in Lemma we also have

drv(Z,, Vi) < CeCani a2, (3.3.10)

We now turn to dpy(Z;", qu) Using Lemma as in (3.3.6) we have

—(d+r)
2 2 2 a,1q |2
’vyrpz (t,z,y)| = ’vyrpM(o) (an+1t7$7y)’ < Ct(?lir)ﬂ cle=ul/e,

To bound p we use the change of time F satisfying F'(t) = a"2(u+ F(t)) so that

ay’t < F(t) <ap?t and a2, t < FOU(#) < a?t

and then (@)
2r _ 2r -1 anJrl —clz—y|?/t
V2,0, )| = [V Dy (FD (1), )| < Ol el

We prove as in Lemma that
128" = Zi < Cla(u) = agg)t'?
and then using Theorem [8.2.7 we get
dry(Z5™, thu) < Ca;(rdlw) (a(u) — an+1)2r/(2r+1)'
e Conclusion: considering , we get
dpv (X", Y5,) <O+ |lz|?)t + CeCnpr(I+z*)y1/2 | Ca;frdl”) (a(t) — ansq)2/Cr D).
O

Remark 3.3.4. As in Theorem we could improve the dependency in |x| in and
, at the expanse of further assumptions on V. However it would require to track the
dependency in the ellipticity (in a,) in the bounds proved in [MPZ21], which rely on Malliavin
calculus. We believe that it would considerably increase the length and the technicality of the
present article, while bringing no significant improvement to our final results.

3.4 Convergence of the plateau SDE X; in total variation

In this section, we prove the convergence of the plateau SDE (X;) defined in (3.2.21)).

3.4.1 Exponential contraction in total variation

We first show that the property of exponential contraction that holds for the L'-Wasserstein
distance under the setting described in Section (see Theorem [2.4.2)) also holds for the total
variation distance.
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Theorem 3.4.1. Let X be the solution to
X§ =z, dX{ =by(X])dt + ao(X])dWy, (3.4.1)

with a € (0, A] and where b, is defined in (3.2.6), so that v, defined in (3.2.3) is the unique
invariant distribution of X ([PP23, Proposition 2.6]). Let ty € (0,1]. Under the assumption

B2.12, Hof),

(a) For every x, y € R and for every t > to we have
dry(X7, XP) < Ca™leC/ @ empelp — gyl p, = ™2/ (3.4.2)
(b) For every x € RY and for every t >ty we have

drv(XY,va) < Ca_lecl/GZe_p“tua(\x — ). (3.4.3)

Proof. (a) Following Theorem we have
Ve, y € R, Wy (XF, XY) < C’ecl/“2]x — yle~Pat,
Let t >ty and let f : R* — R a Borel bounded function. Then
E[f (X)) - E[f(XP)] = E[Py f(X{4,)] — B[P £(X74,)],

where PX denotes the kernel associated to X. But using [PP23, Proposition 3.1] we have for
every z1 and zo € Rd,

Py f(z2) = Py f(21) = (VP f(§), 22 — 1)
- tloE [f(Xf) </Ot0(a_la_1(X§)Y§)TdWs, 2 — z1>} ,
where & € (21, 22) and (Y$)s>0 denotes the tangent process of (X§), i.e.
YE =1y dYE = Vb (X§)YEds + aVa(XEYE @ dW,. (3.4.4)
Since Vo and Vb, are bounded (uniformly in a), we have
SUPg¢ecRrd se(0,t0] E|YE[]5 < +oo,
where the bound does not depend on a. So that

P f(z2) = P f(21) < C||flloolz2 — 22la™"  sup  E[YEl2,
€ERY,5€[0,t0)]

and then [P flrip < Ca™| fllso. Then we obtain
drv(XF, XY) < Ca Wi (XE ., XPy,) < Ca™teCr/@ ety —y).
(b) As v, is the invariant distribution of the diffusion (3.4.1)) we have

drv (XF,va) < [ dov (X, XP) valdy) < CeO et [ o~ ylua(dy)
R R

< Cecl/a2€_patl/a(|x =)
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3.4.2 Convergence of the plateau SDE

Let (T},) be the time schedule defined in (3.2.22)) and by a slight abuse of notation we define
A 2
an :=a(1,) = ——=————= and = = ¢ C2/n, 3.4.5
n ( ’n) lOg(Tn + 6) pn pan ( )
We recal Lemma [2.4.3]
0 < an — any1 = (nlog®?(n))~". (3.4.6)
Proposition 3.4.2. Let v,, a € (0, A], be the Gibbs measure defined in (3.2.3). Assume that V
is coercive, that (z — |z|2e~2V@/A%) ¢ LY(RY) and [3.2.2, Hy1l). Then for n > 2,
C

TV(WM7M%+1)_,n1 (n) ( )
MO?GO’U@I, for every s, t e [an+1,an], we hcwe
dry( ) < ¢ (3.4.8)
Vg, U, . S
T syVt) > nl (n)

The proof is given in the Appendix
We now prove the convergence of the SDE "by plateaux" for the total variation distance.

Theorem 3.4.3. Let X be the process defined in (3.2.21) and (3.2.23)). Let ty be defined as
in Theorem m If A > max(y/(1+ B~1)Ca, /(1 + B)C1) where Cy and Cy are defined in

, then for all zg € R% and for all C’éT) < C(r), for all large enough n > n(CET)), on the

time schedule (T,,) we have

drv(X72,va,) < Cay ' n™ DA exp (Ol ) A (8 4 1n PN/ (14 Ja )
(3.4.9)
and for every t € R\ (U,>1[Tn, Tn + to]) we have

C(1+ |xol)
tA+8) 1 =C1/A2% Jog(t +¢)

Proof. For fixed x € R? and using Theorem we have for every bounded Borel function
f:R? 5 R,

ELf(XE", 1)) = Elf(Zan.t)] < Cagly e/ nriemPonis Tt =T)| f| Bl — Z,

drv(X{°, Vary) <

(3.4.10)

n+1 ”
where Z,,, ., ~ Vq, ., Now integrating x with respect to the law of X%S yields
_ 2 _
dTv(X%ZH, I/anﬂ) < Canile(h/anﬂe Pap 1 (Tat1=Tn) (W1 (X%?, Va, ) + Wi (V,Mle , Van))
a;—il-llun-i-l
nlog®?(n)
Mn e ecl/a’i+1e_pan+1 (T”I?Ll_T”) (3411)
where we used Theorem and Proposition We use the bound on p, given by ([2.5.5)).
Then to bound dry (X[, vg,, ., ) for any t € (T,,+to, T,+1), we apply Theorem (3.4.1]) on the time

interval [T,,,¢] which length is not smaller than ¢y and we conclude as in the proof of Theorem

2.511 O

(1 + |zol),

Remark 3.4.4. The condition that ¢ does not belong in any interval [T},,T;, + to] is a technical
condition which is specific to our strategy of proof. However this condition is not a problem for
the convergence of Y; and Y; since for these two processes, the time schedule (T},) is only a tool
for the proof.
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3.5 Convergence of Y; in total variation

We now consider (Y;) as defined in (3.2.5)) with extended definition (3.2.24)).

3.5.1 Preliminary lemmas

Lemma 3.5.1. Let A € RT. There exists C > 0 such that for every n > 0, u > 0 and every
r € R%:
sup E [eMXf'n‘Q} < oM’ and sup E [eMqu'Q} < ceMel, (3.5.1)
>0 >0

Sketch of proof. By 1to’s Lemma, we have for k > n and for ¢t € [Ty, — T}, Tr1 — T1):

d (eA\Xf’"P) _ )\e)\|X?"‘2 (2<th,n,dX£t,n> + d<Xx,n>t) + 2/\2’Xta:,n’26A\Xfa"|2d<Xx,n>t
= AP ( — 2(00 VV(X™), XPMYdt + 202, (XE" 0 (XE™))dt

+ 2001 (X, 0 (X AWL) + a2y Tr(oo T (X)) dt)

z,n |2
+ 222X

ap (X" Too T (X X" dt
the "dominating" term is —(oo ' VV(X[™), X;"")dt which makes E[eMX: "] decrease. Using

assumption (3.2.12, H,.s)), we have for | X;""| large enough,
—(oa TVV(X{™), Xi") < —Cogaol X"

Moreover, using the facts that T and o are bounded, that a, — 0, that |[VV| < CV'/2 and
that oo > 031y, for large enough | X;"| and large enough n, the coefficient in dt in the last
equation is negative. We deal with the cases where | X;""| is not large enough or where n is not
large enough the same way as in the proof of Lemma [2.6.T] and Lemma[2.7.1] where more details
can be found.

The proof is the same for Y, replacing ax11 by a(u + t). O

Proposition 3.5.2. Let T, ¥ > 0. There exists C > 0 such that for every Borel bounded
function f : R — R and every t € (0,T], for all n > 0, for all v < 7 such that u € [T},, Ty 41]
and u+t+y € [Ty, Th+1],

[ [P p vy —E[BX X5 | < Catilan — ans)| floert ™ V@) (352)

Proof. We apply Proposition m to gt = PtX’" f with ¢ > 0. Following [PP23, Proposition
3.2(b)], we have
2)
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V2 (2)
2

sup  V2(¢)
fe(z,X3™)

sup  V2(¢)
EE(XT™YE,)

1 y,u

g, (2) < O fllocarZyt™" max (Vm(ﬂﬁ),

We conclude as in the proof of Proposition [2.6.5
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3.5.2 Proof of Theorem (3.2.1{(a)

More precisely, we prove that for all g > 0, if

A> max <\/<5 1)+ Co), [T+ 5—1)02) , (3.5.3)

then
C'eCVog(t)(1+]xo|?)

drv (Y?O’ Va(t)) < +(1+B)~T=(2C1 +C2) /A2 (354)

Proof. We follow the proof of Theorem b) in Section based on a domino strategy
with respect to some decreasing step sequence (), even though Y is not an Euler-Maruyama
scheme. In this case, the step sequence (7,) is only a tool for the proof. This way we can choose
freely the sequence (7,) in this section. We use Theorem in place of Theorem and
Proposition in place of Proposition m For f : R — R bounded measurable and for
z € R? we write

T,n T Y X,n X,n
‘Ef(XTn+17Tn) - Ef(YTn+1—Tn,Tn) S ‘(P’yinit,Tn - P'yiﬂit) © PTn+1_FN(Tn)+1 f(l')‘
N(Tni1—T)
Y Y Y 1% X.n Xn
+ Z ’P’Yi““,Tn © P’YN(Tn)+2,FN(T")+1 0 P’kalyr‘k72 © (P'kark—l N P’Yk )o PTn+1_Fk; f(l‘)‘
k=N (Tp)+2
N(Tps1)—1
Y Y Y Y X,n X,n
+ Z ‘P’Y‘“‘t7Tn © P’YN(Tn)+27FN(Tn)+1 © © P%—lfk—2 © (P"/kark—l - P"/k ) °© PTn+1*ka(x)‘
k=N (Tp41-T)+1
Y Y Y
+ ‘P'Yimt»TnOP'YN(Tn)+2:FN(Tn)+1O o P'YN(Tn+1)717FN(Tn+1)72
Y Xn
o(P — P T
( YPUYN (T, 4 ) LN (T 1) -1 ”/e“dﬂN(Tnm)f( )

=1 (") + (a) + (b) + (¢,
where

Y =T — Tn S vmy+1 and Y™ =Ty — Dnmay) S INTwpn)+1-

Then we have

» N(Tpy1-T)
(a) < Cap e mine Tt || fl V (2)(an — ant1) D elr+ile
k=N (Tp)+2

-2
< Cay,? e flloo(an — ant1)V(@)pp .
We obtain likewise

(") < Caydye P T =T flloo(an — ans1)yn(n,) V(@)-

Applying Proposition [3.5.2] yields

N(Tni1)—1

a Tk
(1) < Cap2y(an —an) V(@) >
k=N(Tp1—-T)+1 = "1 F

< Cap 2y (an — an1)|| fllooV () log(L/ AN (1, 1))-
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Applying Proposition with » = 1 along with Lemma yields

(cend) < CHfHoo (eC’a;_‘l_l(lﬂx\?)fyl/? a—(d-‘rl)

N+ @t 0T = W) — ani1) 7).

But we have

da
(T 1=YN(Tozr)) = 1 = (T 1=YN(Tr1)) — W(Tht1) < Ca(Tn—H) YN (Tps1)

< C’YN(TnH) '

Tn+1

We now choose v, = vin~2/3 so that YN(T,) = n~2 and then
(Cend) < CeCa;lLl(l—l—\a;P)n—l.
This way we obtain for every z € R%:

_ -1 2
EFXE" )~ EFYE g2 < Ollf oo €515 (an — anaa)V (@) py Ly Comia W),

=Un+1

(3.5.5)

We integrate this inequality with respect to the laws of er,io and Yr_,gfo and obtain, temporarily
setting x, := X7° and y,, := Y;” and using Lemma and Lemma

drv(X70, Y72, ) S dev(X g XP00 g ) dov (X2 Y2 g 7))

—92 _ o -1 2
< Canilecmnﬂe prt1(Tnt1=Tn) dTV(X%Z,Yﬁ’) + Cvn+1ecan+1(1+|‘”0| )7

! _ —1 =Wn41
1= Bt "

where p,, is defined in (3.4.11)). Iterating this inequality yields
dTV(XTO+17Y’1§T?+1) < C(wn+1 + ,UJ/n_i_lwn +---+ ,U%_t,_l te ,Ulgwl) < Cwn+1>

where we used, since A satisfies (3.5.3)), that u/, = O(e=“"") for some 1 > 0 (see (2.5.5)) and
that wy, is bounded as it converges to 0. Moreover using Theorem [3.4.3] we have

CeCV/ 108 (1+]z0[2)

dTV( T, 7Van) < dTv(X;S, Yﬁ?) + dTv(X;wg, Van) < T (B (Ci 1 Ca)jA (3.5.6)

Finally, let us bound dry (X0, Y;™) for any t € [Ty, Tyi1]. If t € [Ty, + to, Ty+1] then we can
apply Theorem and we proceed as in the end of Section [2.6.3] If t € [T;,, Ty, + to], then we
consider another shlfted time schedule T}, := C(T)nHB + 2ty such that

o) o0 _ _
U, Tn + to] 0 [T, Tn + to] = @
=0 =0

Making use of the new time schedule we obtain as before a bound on drv(Y;™, v4()) for every
t ¢ UXo[Tn, Tn + to]. Since the time schedules (7},) and (7},) are only tools for the proof of
convergence of Y;, we then obtain a bound on drv (Y%, v () for every t € RT. O

3.6 Convergence of the Euler-Maruyama scheme in total varia-
tion

We now consider (Y;,) as in (3.2.17) with extended definition (3.2.25).
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Chapter 3. Convergence of Langevin-Simulated Annealing algorithms

3.6.1 Preliminary lemmas
Lemma 3.6.1. Let A € RT. There exists a constant C > 0 such that for every k > 0, for every
u € [Ty, Try1) and for every x € R%:

sup E {e,\\y&_wq < ceMel, (3.6.1)
n>k+1

Proof. The prove is the same as for Lemma, For the adaptation to discrete time, we refer
to the proof of Lemma [2.7.1] m

Proposition 3.6.2. Let T > 0. There exists C > 0 such that for every Lipschitz continuous
function f and every t € (0,T], for alln >0, for all v such that Ty € [Ty, Tnt1], ¥ < Ye+1 and
Fk + t + Y € [Tna Tn+1]7

E [Pf(Ver,)] - E[Prcxsm)|

< O floV?(@) (02187 (VP (@(0k)=an11)7) + 0t ™2 (4249*2(@(Th) = ans1)) ) -
(3.6.2)

Proof. The proof is the same as the proof of Proposition [3.5.2] using Proposition We also
remark that we can directly improve the bound in (a, — an+1) into (a(T'x) — ant1)- O

3.6.2 Proof of Theorem (3.2.1(b)

More precisely, we prove that for all 8 > 0, if o € CZ" and if

A > max <\/(ﬁ +1)(201 + Ca), /(1 + 51)02> (3.6.3)
and if A is large enough so that
n(ﬁ-‘rl)Cl/AQ,y;V/((,I%:;‘l) n?o O, (364)

then

- logl/2 2 1 .
doy (V70, vaey) < C ( og/*(t) max [V* (o), 1 + |zol] 4 OVIORD (Lm0 )4Cr /A2 1) (2 +1)> ‘

t(B+1)71—=(2C1+C2) /A2
(3.6.5)

Proof. We still follow the proof of Theorem in Section based on a domino strategy,
using Theorem [3.4.1]in place of Theorem[2.4.2|and Proposition[3.6.2]in place of Proposition|[2.7.4
Let n >0, f01-r f : R? — R bounded measurable, we split [Ef(X7" 5 ) —Ef(Yf  _z 1) into
four terms (™), (a), (b), (c"9).

Using Theorem [3.4.1] Lemma [2.7.1] and Proposition [3.6.2] we get as in Section [2.7.3

—2
(a) < Ca,;jﬁlecla"“ I1f oo (an, — an—i—l)VQ(v’U)Pq;-sl-l'

. —2
(Clmt) < Ca;jl_1601an+le—Pn(Tn+1—Tn) ”f”oo(an _ an+l)’7N(Tn)+1V2($)'

Using Proposition [3.6.2| and Lemma [2.7.1] we obtain

N(Tpy1)-1
_ Vi
(b) < Ca,}y (’YN(TnH—T)JF\/’YN(TnH—T)(an—an+1)) £ llocV?(2) > (Toni—T7)P
k=N(Tps1-T)+1 V- HLT 1k
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3.7. Experiments

N(Tp41)-1 N(Tp41)-1

+Cay?, ( 3 IN(Ta =1V 5 %(a(Fk)—anﬂ)) TIRE)

k=N (Tp1—T)+1 Tt =T k=N (Tpp1-T)+1 Tnsr =T

But we remark that

da C(Fk; - Tn+1)
a(l'y) — aps1 = a(l'y) — a(Ty, < C—(Ty (I =T, <
(Tk) = any1 = a(lx) — a(Tny1) (Tns1) - Tk = Toga) T 108" (The)

dt

and then

(b) < Ca_31 (r)/N(T 1 n m(an—an+l)) HfHooVQ(.TJ) /Tn+1—'YN(Tn+1) diu
>~ n-+ n+1 n+1 Tpi1—T (Tn+1_u)3/2

/Tn+1—7N(Tn+1) du n 1 /T”H_"’N(Tnﬂ)
Tos1-T Thi1i—u  Thy

+ Car_LJer <7N(Tn+1T) du) HfHoon(x)

Tyt —T
< Capty (Wt —1) + VINT 1) (@0 — ans)) [f oo V2@ Vx (0
+Ca;?y (7N(Tn+1)’ log(YN(T))| + Tn_+11> £l V()
< Carty (Wi + (@n = anin)) [ FloV2(@):
Applying Proposition along with Lemma yields

n a” ! z|2) r/(2r _
(™) < Cllflloo (e DTN 4+ 072(an — ani))

We finally obtain for every z € R%:

’Ef(X;:,::il—Tn)_Ef(Y%n+1—Tn,Tn) ‘

_ Cia=2 _ Ca~?! 2 2r+1
< Ol flloc (a5 11519051 (an— i 41) V(@) gy 1y e (H) QL

The same way as in Section we get

drv(Y7?, | Vania)

B L 3 1 2 2t
<C (anilecwnﬂ(an—an_;_l) max {VQ(xo), 1+ ‘:U()” anlrl + eCnia (I+|zo ),Y}"V/((TZL)))

and, for ¢ € [T}, Tp11],

Aoy (Y, vaqe))

—2 2 —1
< CeP1nta (a;ilecla"“ (an—an+1) max [V2(l‘0)a 1+ \:Uo” Pﬁi1+ecan+1(H‘xo‘z)’ﬁv/((;:ll))) .

0

3.7 Experiments

In this section, we compare the performances of adaptive Langevin-Simulated Annealing algo-
rithms versus vanilla SGLD, that is the Langevin algorithm with constant (additive) aﬂ We
train an artificial neural network on the CIFAR-10 dataset [KH09], which is composed of RGB
images of size 32 x 32 belonging to ten different classes: airplanes, cars, birds, cats, deer, dogs,
frogs, horses, ships, and trucks. 50000 images are used for training and 10000 images are used

'An implementation of Langevin optimizers in TensorFlow is available at https://github.com/Bras-P/
deep-layer-langevin.
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Figure 3.1: Comparison of Langevin optimizers for the training of ResNet20 on the CIFAR-10
dataset. Batch size is 512. The schedules are v, = 71 /(1 + con) where 73 = 5e—3 and c¢on =1
after n = 20 epochs, and a, = Alogfl/Q(con + e) where A =5e—3.

for test. We use the architecture ResNet20 [HZRS16] with initial width parameter 8. We con-
sider the Adam [KB15] and the RMSprop [THI12| preconditioners for the adaptive Langevin
algorithms, giving L-Adam and L-RMSprop respectively. The results are given in Figure [3.1

As pointed out in the literature [LCCCI16], the preconditioned Langevin algorithms show
significant improvement compared with the vanilla SGLD algorithm. The convergence is faster
and they achieve a lower error on the test set. We also display the value of the loss function
on the train set during the training to show that the better performances of the preconditioned
algorithms are not due to some overfitting effect.

3.8 Appendix

3.8.1 Proof of Proposition m

Proof. We use the characterization of the total variation distance as the L!'-distance between
the densities, which reads

dTV(Vanayan+1) = /Rd

—2(V(2)=V*)/a3 4

Z, e 2V(@)=V*)/a} _ =

An+1

e dx

< Zan+1 /Rd 6—2(V(I)—V*)/a% o e—Q(V(x)—V*)/athl dr + ‘Zan _ Zan+1‘ /Rd G_Z(V(I)_V*)/a%dx
= ZanJrla;lH-l/ e_Q(V(a"“x)_V*)/a% — 672(‘/(“"“"”)*‘/*)/“3#1 dzx
R4
Flio Bz, o / o2V (@) V) a2 g
Zan+1 ot R4

Using (2.12.3) and (2.12.5)), the first term is bounded by

*
Ca'n, — Ap+1 / 6—2(V(an+1y)—V*)/a% V(CLn—i—lZ) -V da < Can — Qn+1
an R4 ay Qn
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3.8. Appendix

because the integral converges by dominated convergence as for the proof of (2.12.3). Using
(2.12.3) and (2.12.4), the second term is bounded by C(nlog(n))~* . O
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Chapter

Convergence rates of Gibbs measures with
degenerate minimum

This chapter corresponds to the article [Bra22] published in Bernoulli.

Abstract

We study convergence rates of Gibbs measures, with density proportional to e ~/(*)/t,
as t — 0 where f : R — R admits a unique global minimum at z*. We focus
on the case where the Hessian is not definite at #*. We assume instead that the
minimum is strictly polynomial and give a higher order nested expansion of f at
x*, which depends on every coordinate. We give an algorithm yielding such an
expansion if the polynomial order of x* is no more than 8, in connection with
Hilbert’s 17*" problem. However, we prove that the case where the order is 10
or higher is fundamentally different and that further assumptions are needed. We
then give the rate of convergence of Gibbs measures using this expansion. Finally

we adapt our results to the multiple well case.

4.1 Introduction

Gibbs measures and their convergence properties are often used in stochastic optimization to
minimize a function defined on R%. That is, let f : R? — R be a measurable function and let
z* € R? be such that f admits a global minimum at 2*. It is well known [Hwa80] that under
standard assumptions, the associated Gibbs measure with density proportional to e~/ @)/t for
t > 0, converges weakly to the Dirac mass at z*, §,+, when ¢t — 0. The Langevin equation
dXs = =V f(Xs)ds + cdWs consists in a gradient descent with Gaussian noise. For o = V2t,
its invariant measure 7; has a density proportional to e=f(®#)/t (see for example [Khal2], Lemma
4.16), so for small ¢t we can expect it to converge to argmin(f) [Dall7] [BV22]. The simulated
annealing algorithm [vILA8T7] builds a Markov chain from the Gibbs measure where the parameter
t converges to zero over the iterations. This idea is also used in [GM91], giving a stochastic
gradient descent algorithm where the noise is gradually decreased to zero. Adding a small
noise to the gradient descent allows to explore the space and to escape from traps such as local
minima and saddle points which appear in non-convex optimization problems [Laz92] [DPG™14].
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

Such methods have been recently brought up to light again with SGLD (Stochastic Gradient
Langevin Dynamics) algorithms [WTT11] [LCCC16], especially for Machine Learning and training
of artificial neural networks, which is a high-dimensional non-convex optimization problem.

The rates of convergence of Gibbs measures have been studied in [Hwa80|, [Hwa81] and
[AHI0] under differentiability assumptions on f. It turns out to be of order t'/? as soon as the
Hessian matrix V2 f(2*) is positive definite. Furthermore, in the multiple well case i.e. if the
minimum of f is attained at finitely many points =}, ..., 2}, [Hwa80] proves that the limit
distribution is a sum of Dirac masses d,+ with coeflicients proportional to det(V2f(xF))~1/? as
soon as all the Hessian matrices are positive definite. If such is not the case, we can conjecture
that the limit distribution is concentrated around the x} where the degeneracy is of the highest
order.

The aim of this paper is to provide a rate of convergence in this degenerate setting, i.e.
when 2* is still a strict global minimum but V2f(2*) is no longer definite, which extends the
range of applications of Gibbs measure-based algorithms, especially SGLD algorithms, where
positive definiteness is generally assumed in the literature. In particular, our results are useful for
establishing bounds for the bias made when §,« is approximated by 7 in Langevin algorithms.

As pointed out by eminent Machine Learning researchers, among them L. Bottou and Y.
LeCun, in [SBLI6] and [SEUT17|, for some classification problems using neural networks, the
Hessian of the loss function at the end of the training tends out to be extremely singular.
Indeed, as the dimension of the parameter which is used to minimize the loss function is large
and as the neural network can be over-parametrized, many eigenvalues of the Hessian matrix
are close to zero. 'Therefore, a lot of methodology that assumes non-singular Hessian cannot
be applied without an appropriate modification" [SBL16]. However, this subject is still new
in the Stochastic Optimization literature and needs more theoretical funding. Thus, studying
the case of a degenerate minimum helps establishing theoretically the convergence of Langevin
algorithms in these cases, as in Chapter [2| where is established the convergence of Langevin-
simulated annealing algorithms in the multiplicative case i.e. the diffusion has a noise coefficient
o depending on the position and slowly decreases with time ; the case where the minimum is
degenerate is then dealt with using the results of the present article. Furthermore following
Section [2.2.3] it is not needed to know beforehand the degree of degeneracy of the minimum in
order to establish the convergence to the minimum, however knowing the degree of degeneracy
additionally gives the precise rate of convergence of such Langevin algorithms.

A general framework is given in [AH10], which provides rates of convergence based on dom-
inated convergence. However a strong and rather technical assumption on f is needed and
checking it seems, to some extent, more demanding than proving the result. To be more precise,
the assumption reads as follows: there exists a function g : R? — R with e™9 € L'(R?) and
at, ..., ag € (0,400) such that

Vh € RY, % F@* + (™ ke, #7ha) = F@*)] =2 g(has - ha). (4.1.1)

Our objective is to give conditions on f such that is fulfilled and then to elucidate the
expression of g depending on f and its derivatives by studying the behaviour of f at x* in every
direction. In particular, we detail the different cases that can occur. Doing so we can apply the
results from [AH10] yielding the convergence rate of the corresponding Gibbs measures. The
orders aq, ..., ag must be chosen carefully and not too large, as the function g needs to depend
on every of its variables hq, ..., hq, which is a necessary condition for e™9 to be integrable. We
also extend our results to the multiple well case.

We generally assume f to be coercive, i.e. f(z) — 400 as ||z|| = 400, C? in a neigh-
bourhood of z* for some p € N and we assume that the minimum is polynomial strict, i.e.
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4.1. Introduction

the function f is bounded below in a neighbourhood of z* by some non-negative polynomial
function, null only at x*. Thus we can apply a multi-dimensional Taylor expansion to f at z*,
where the successive derivatives of f : R? — R are seen as symmetric tensors of R, The idea is
then to consider the successive subspaces where the derivatives of f are null up to some order ;
using that the Taylor expansion of f(z*+h)— f(x*) is non-negative, some cross derivative terms
are null. However a difficulty arises at orders 6 and higher, as the set where the derivatives of f
are null up to some order is no longer a vector subspace in general. This difficulty is linked with
Hilbert’s 17" problem [HiI88], stating that a non-negative multivariate polynomial cannot be
written as the sum of squares of polynomials in general. We thus need to change the definition
of the subspaces we consider. Following this, we give a recursive algorithm yielding an adapted
decomposition of R? into vector subspaces and a function g satisfying up to a change of
basis, giving a canonical higher order nested decomposition of f at 2* in degenerate cases. An
interesting fact is that the case where the polynomial order of * is 10 or higher fundamentally
differs from those of orders 2, 4, 6 and 8, owing to the presence of even cross terms which
may be not null. The algorithm we provide works at the orders 10 or higher only under the
assumption that all such even cross terms are null. In general, it is more difficult to get a general
expression of g for the orders 10 and higher. We then apply our results to [AH10], where we
give conditions such that the hypotheses of [AH10], especially , are satisfied so as to infer
rates of convergence of Gibbs measures in the degenerate case where V2 f(2*) is not necessarily
positive definite. The function g given by our algorithm is a non-negative polynomial function
and non-constant in any of its variables, however it needs to be assumed to be coercive to be
applied to [AHI0]. We study the case where g is not coercive and give a method to deal with
simple generic non-coercive cases, where our algorithm seems to be a first step to a more general
procedure. However, we do not give a general method in this case.

Our results are applied to Gibbs measures but they can also be applied to more general
contexts, as we give a canonical higher order nested expansion of f at a minimum, in the case
where some derivatives are degenerate.

For general properties of symmetric tensors we refer to [CGLMO0§|. In the framework of
stochastic approximation, [FP99] Section 3.1 introduced the notion of strict polynomial local
extremum and investigated their properties as higher order "noisy traps".

The paper is organized as follows. In Section [4.3] we recall convergence properties of Gibbs
measures and revisit the main theorem from [AHI10]. This theorem requires, as an hypothesis,
to find an expansion of f at its global minimum ; we properly state this problem in Section [£.3.2]
under the assumption of strict polynomial minimum. In Section [£.3:3] we state our main result
for both single well and multiple well cases, as well as our algorithm. In Section |4.4] we detail
the expansion of f at its minimum for each order and provide the proof. We give the general
expression of the canonical higher order nested expansion at any order in Section where
we distinguish the orders 10 and higher from the lower ones. We then provide the proof for each
order 2, 4, 6 and 8 in Sections [4.4.3], f.4.4], [4.4.6] and [£.4.7] respectively. We need to prove that,
with the exponents aq, ..., ag we specify, the convergence in holds ; we do so by proving
that, using the non-negativity of the Taylor expansion, some cross derivative terms are zero.
Because of Hilbert’s 17" problem, we need to distinguish the orders 6 and 8 from the orders 2
and 4, as emphasized in Section For orders 10 and higher, such terms are not necessarily
zero and must then be assumed to be zero. In Section we give a counter-example if this
assumption is not satisfied before proving the result. In Section [£.4.9] we prove that for every
order the resulting function g is constant in none of its variables and that the convergence in
is uniform on every compact set. In Section we study the case where the function
g is not coercive and give a method to deal with the simple generic case. In Section we prove
our main theorems stated in Section [4.3.3] using the expansion of f established in Section [4.4
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In Section we deal with a "flat" example where all the derivatives in the local minimum are
zero and where we cannot apply our main theorems. In Section [4.7] we give a practical example
of a function f arising from an optimization problem with non definite Hessian matrix at the
minimum and we numerically compute high order derivatives.

4.2 Definitions and notations

We give a brief list of notations that are used throughout the paper.

We endow R? with its canonical basis (e1, ..., eq4) and the Euclidean norm denoted by || - ||.
For 2 € R? and r > 0 we denote by B(x,r) the Euclidean ball of R? of center z and radius 7.
For E a vector subspace of R¢, we denote by Dg - R? — E the orthogonal projection on E. For
a decomposition of R% into orthogonal subspaces, R = B @ --- & E,, we say that an orthogonal
transformation B € O4(R) is adapted to this decomposition if for all j € {1,...,p},

Vi € {dlm(El) + .-+ dim(Ej_l) + 1, .. ,dim(El) + -+ dim(Ej)}, B - e; € Ej.
For a, b € R?% we denote by a * b the element-wise product, i.e.

Vie{l,...,d}, (axb); = a;b;.

For v', ..., v¥ vectors in R% and T a tensor of order k of R%, we denote the tensor product
T-(w'®---@%) = Z El...ikvl-ll...vfk.
0150 €{1,...,d}
More generally, if j < k and v', ..., v/ are j vectors in RY, then T - (v! ® --- ® v7) is a tensor

of order k — j such that:

1 7. R 1 J
T -(0'® @), 0 = Z Ty Vi - - - 0},
i1,..,05€{1,...,d}

For h € R?%, h®* denotes the tensor of order k such that
h®k - (hll ce hik)h,,..,ikE{l,...,d}'

For a function f € CP (Rd, R), we denote V¥ f(x) the differential of order k < p of f at x, as
V¥ f(z) is the tensor of order k defined by:

8a?i1 ce 8xik

>i17i27-"7ik6{17"'7d}

By Schwarz’s theorem, this tensor is symmetric, i.e. for all permutation o € Gy,

O fx) ()

8952-0(1) s 8xia(k) 8952-1 e 8.7}%

We recall the Taylor-Young formula in any dimension, and the Newton multinomial formula.

Theorem 4.2.1 (Taylor-Young formula). Let f: R? — R be CP and let x € R?. Then:
~ 1y ok
- S = : Po(1).
o h) =) 3 V@)K ol
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We denote by (; k ) the p-nomial coefficient, defined as:

7iP
o\ K
inyeip) il )

Theorem 4.2.2 (Newton multinomial formula). Let hy, ..., h, € R?, then
k . ‘
(hythat o+ h)™ = % ( ,)h?“@.-@hg%. (4.2.1)
i1,...,ip6{0,...,k} KA 1’}7
i14-+ip=k

For T a tensor of order k, we say that T is non-negative (resp. positive) if
Vh e RY, T -h®*F >0 (resp. T - h®* > 0). (4.2.2)

We denote L'(RY) the set of measurable functions f : R? — R that are integrable with respect
to the Lebesgue measure on RY. We denote by A4 the Lebesgue measure on R%. For f : RY — R

-1
such that e~/ € LY(RY), we define for t > 0, Cy := (fRd €_f/t) and m; the Gibbs measure
m(x)dx == Cre= 1@/ gy

For a family of random variables (Y;).c(,1) and Y a random variable, we write Y} %) Y meaning
) —
that (Y;) weakly converges to Y.
We give the following definition of a strict polynomial local minimum of f:

Definition 4.2.3. Let f : R? = R be C% for p € N and let z* be a local minimum of f. We
say that f has a strict polynomial local minimum at x* of order 2p if p is the smallest integer
such that:

2p
1
Ir >0, Yhe B0,r)\ {0}, > yka(x*) Ch®F > 0. (4.2.3)
k=2"""

Remarks :

1. A local minimum z* of f is not necessarily strictly polynomial, for example, f : = —
e~ 1217 and 2% = 0.

2. If x* is polynomial strict, then the order is necessarily even, because if £* is not polynomial
strict of order 2/ for some [ € N, then we have h,, — 0 such that the Taylor expansion in
hy up to order 2[ is zero ; by the minimum condition, the Taylor expansion in h, up to
order 2 4+ 1 must be non-negative, so we also have V21 f(z*) - h®2+1 = 0.

For f : R? — R such that minga(f) exists, we denote by argmin(f) the arguments of the
minima of f, i.e.

Rd

argmin(f) = {:C eRY: flx)= mln(f)}

Without ambiguity, we write "minimum" or "local minimum" to designate f(z*) as well as x*.
Finally, we define, for 2* € R¢ and p € N:

p(2*) = {f e C?RYR) : f admits a local minimum at x*} .
Ay (x*) = { feC®RYR): f admits a strict polynomial local minimum at z* of order Qp} :
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4.3 Convergence of Gibbs measures

4.3.1 Properties of Gibbs measures

Let us consider a Borel function f : R? — R with e=/ € L'(R?). We study the asymptotic
behaviour of the probability measures of density for ¢ € (0, 00):

me(x)dr = Cre™ 52 4

when t — 0. When ¢t is small, the measure m; tends to the set argmin(f). The following
proposition makes this statement precise.

Proposition 4.3.1. Let f : R — R be a Borel function such that

[ i=essinf(f) = inf{y : N\g{f <y} >0} > —o0,

and e~ € LY(RY). Then
ve >0, m({f = f"+e}) = 0.

Proof. As f* > —oo, we may assume without loss of generality that f* = 0 by replacing f by

f— f*. Let e > 0. It follows from the assumptions that f > 0 Ag-a.e. and \g{f < e} > 0 for
every € > 0. As e” f € L' (R%), we have

Aalf <e/3} < e/ /d e Td\g < +oo.
R

Moreover by dominated convergence, it is clear that

Crl L Aa{f =0} < +o0.

We have 3
e\
Cy < </ e_tdx> < |e s \lf <)
f<e/3 3
—_————
>0
Then
1) /3 [oo e IOy /310t
TS 2 € ZC/ et dr < =€ < B,
t{f > ¢} t f>e - )\d{fﬁ%} _)\d{fS%} =0

f(x) e f(x)
because if f(z) > ¢, thene™ ¢ < 67%677, and where we used that Cg_tl < C’l_l ift<1/3 O

Now, let us assume that f : R? — R is continuous, e~/ € L'(R%) and f admits a unique
global minimum at z* so that argmin(f) = {z*}. In [AHI0] is proved the weak convergence of
7 to 0+ and a rate of convergence depending on the behaviour of f(z* + h) — f(z*) for small
enough h. Let us recall this result in detail.

Theorem 4.3.2 (Athreya-Hwang, 2010). Let f : R — R be a Borel function and let x* € R?
such that :

1. e e LY(RY).
2. For all 6 >0, inf{f(z) — f(z*), ||z —x*|| > 0} > 0.
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4.3. Convergence of Gibbs measures

3. There exist ay, ..., ag > 0 such that for all (hy,...,hg) € RY,

S (%, 14h) — ]y (b, ha) € R

t—

7f(:c*+(ta1 hyyeeny talihd))ff(:l;*)
sup e t dhi...dhg < oo.
R4 0<t<1

For 0 <t <1, let Xy be a random vector with distribution w. Then e 9 € Ll(Rd) and

((Xt — ") (X —2%)a

o geeey o

) Lo X ast—0 (4.3.1)

where the distribution of X has a density proportional to e=9(@1Td)
Remark: Hypothesis 2. is verified as soon as f is continuous, coercive (i.e. f(x) — 400 when
||z|]| = +00) and that argmin(f) = {0}.

To study the rate of convergence of the measure 7y when t — 0 using Theorem we
need to identify a1,..., a4 and g such that the condition (4.3.1) holds, up to a possible change
of basis. Since z* is a local minimum, the Hessian V2 f(z*) is positive semi-definite. Moreover,

if V2 f(z*) is positive definite, then choosing a; = -+ = ag = %, we have:
LT+ 0R) — J@)] s AT V) b= gl)
t t—0 2 ' '

And using an orthogonal change of variable:
d
/ e 9@ gy = / e_%zizlﬁiy?dyl cdyg < oo,
Rd Rd

where the eigenvalues j3; are positive. However, if V2 f(z*) is not positive definite, then some of
the B; are zero and the integral does not converge.

4.3.2 Statement of the problem

We still consider the function f : R? — R and assume that f € ay(z*) for some z* € R? and
some integer p > 1. Then our objective is to find a3 > -+ > a4 € (0,+00) and an orthogonal
transformation B € O4(R) such that:

1
Vh € RY, - [f(@* + B (t*xh)) = f(a")] — g(ha,..., ha), (4.3.2)
—
where t* denotes the vector (t*1,...,t%) and where g : R? — R is a measurable function which is
not constant in any hi, ..., hg,i.e. foralli € {1,...,d}, thereexist hy, ..., hi—1, hit1, ..., hg €
R? such that
hi — g(h1,...,hq) is not constant. (4.3.3)
Then we say that oy, ..., ag, B and g are a solution of the problem (4.3.2)). The hypothesis
that ¢ is not constant in any of its variables is important ; otherwise, we could simply take
a1 = -+ = ag = 1 and obtain, by the first order condition:
St b)) = F)] 30
r 1.+ ha - 0
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

4.3.3 Main results : rate of convergence of Gibbs measures
4.3.3.1 Single well case
Theorem 4.3.3 (Single well case). Let f : RY — R be C? with p € N and let 2* € R? such that:
1. f is coercive, i.e. f(x) — 400 when ||z|| — +o0.
2. argmin(f) = x*.
3. f € ay(zr).
4. e=f € LY(RY).
Let (Ex)k, ()i, B and g to be defined as in Algorithm stated right after, so that for all h € R?,

[f (" + B - (% x h)) — f(a")] — g(h),

t—0

S

and where g is not constant in any of its variables. Moreover, assume that g is coercive and the
following technical hypothesis if p > 5:

Vh € R, V(i ... ip) €{0,2,--,2p}?, (4.3.4)

%1 ot ;—;’9 <1 = Vi) p, (WP - @p, ()% =0.

Then the conclusion of Theorem [{.3.9 holds, with:

tal? 7tad

1 1 y
( >*(Bl'(Xt—x*))i>X as t — 0,

where X has a density proportional to e 9.
Algorithm 1. Let f € </ (z*) for p € N.

1. Define (Fj)o<k<p—1 recursively as:

Fy=R?
F, = {h € Fp_q: YR € Fi_q, V2kf($*) -h® p/®2%k—1 — O}

2. For 1 < k < p — 1, define the subspace E} as the orthogonal complement of F} in Fj_1.
By abuse of notation, define F, := F},_1.

3. Define B € O4(R) as an orthogonal transformation adapted to the decomposition
RI=F & - ©FE,.
4. Define for 1 <i </ d,

1
Q= % for i € {dim(Ey)+--- +dim(Ej_1) +1,...,dim(Ey) + - -+ dim(E;)}. (4.3.5)

5. Define g : R — R as

2p
1 k * % 7
g(h) = Zg > <Z . >ka(x )-pp, (B-h)*"®---@p, (B-h)*". (4.3.6)
k=2"" iy, ipe{0,. k) NP
i1+ip=k
Dt 2=
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4.3. Convergence of Gibbs measures

Remarks :
1. The function g is not unique, as we can choose any base B adapted to the decomposition
Ré{=FE @ @ E,.

2. The case p > 5 is fundamentally different from the case p < 4, since Algorithm [I] may fail
to provide such (Eg)g, (a;)i, B and g if the technical hypothesis (4.3.4)) is not fulfilled, as
explained in Section This yields fewer results for the case p > 5.

3. For p € {1,2,3,4}, the detail the expression of g in (4.4.7)), (4.4.8), (4.4.10) and (4.4.13])
respectively.

4. The function g has the following general properties : g is a non-negative polynomial of
order 2p; g(0) = 0 and Vg(0) = 0.

5. The condition on g to be coercive may seem not natural. We give more details about the
case where g is not coercive in Section [£.4.10]and give a way to deal with the simple generic
case of non-coercivity. However dealing with the general case where g is not coercive goes
beyond the scope of our work.

6. The hypothesis that g is coercive is a necessary condition for e™9 € L'(R%). We actually
prove in Proposition that it is a sufficient condition.

Practical aspect: How to check the technical hypothesis : Let us define T}, :=
Vkf(z*) for k < 2p and T, := {(i1,...,4p) € {0,2,...,2p}? : i1/2+ -+ +1i,/(2p) < 1}.

We first apply Algorithm We perform the change of basis given by B; then the new
derivative tensor after change of coordinates is given by (B')®¥ . Ty. To simplify the notations,
let us assume that B = I;. For every (i1,...,%,) € Z, we check the condition as follows.
Let k := i1 +---+ip. The function h — T -pg, (h)®" ®---@pg, (h)®™ is a polynomial function,
so we need to check that all of its coefficient are null. Let us define the sets of indexes:

Ip:={iy+ - +ip1 + 1,00 + -+ g}, L<t<p,
Ly:= {dim(El)+~~-+dim(Eg_1)—f—l,...,dim(El)+"'+dim(Eg)}, 1 SESP

Having in mind that B = I; so that for all h € R, 1 < m < pand 1 < j < d, we have
[P, (h)]j = hj if j € Ly, and 0 otherwise. Then we have

p
Ty pp, (W @ @p, W% = > [Ljyeg [T 11 s, (W]
jl,...,jke{l,‘..,d} m=1/0€l,,

k
= Z [Tk]j17~~~,jk H hjz'

(1) ELSE oo x Ly =1

Moreover, having in mind that the tensor T} is a symmetric tensor, we deduce that the condition

(4.3.4)) is satisfied if and only if
V(’il, S ip) € Ip: V(jl, cee 7ji1+~~+ip) € Lil XKoeee X L;;pa [Til-‘r"'-‘rip]jl,~~~,jil+m+ip =0.

Practical aspect: If the function f is analytically known, then the derivative tensors can be
computed analytically, in particular using automatic differentiation. If the function f is not
analytically known, in particular if f is known only at some points, then the present article
gives possible convergence rates of Gibbs-based minimization algorithms and proves that the
convergence rate is still polynomial under the assumption that the minimum is strictly polyno-
mial. Degenerate cases yield a different behaviour that can be empirically detected; the order
of degeneracy can be estimated as well.
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

4.3.3.2 Multiple well case

Still following [AH10], we study the multiple well case, i.e. the global minimum is attained in
a finite number of points in RY, say {z%,...,2%} for some m € N. In this case, the limiting
measure of m; will have its support in {z7,...,z} }, with different weights.

Theorem 4.3.4 (Athreya-Hwang, 2010). Let f : R? — R be a Borel function, let f* € R and
let x%, ...,z% € RY such that :

1. e/ e LY(RY).
2. For all 6 >0, inf{f(z) — f*, |lx —af|| >, 1 <i<m}>0.

3. There exist (aj)i1<i<m such that for all i, j, c;; > 0 and for all i:
1<j<d

1 | N X
;[f(aﬁ*‘ (t%lhla' st mhd)) - f ] ;)) gi(hla'- -ahd) S [07 OO)

4. Forallie{1,...,m},

sup e t dhi...dhg < 0.

/ f(@f+(tY1hy,.. t%idhg))—f*
R4 0<t<1

Then, let o := minj<;<m {Z?:l aij} and let J := {z e{l,...,m}: Z;l:l Qg = a}. For 0 <
t <1, let Xy be a random vector with distribution my. Then:

X, % ! o / e 9@ g . Oz
120 3 ey Jrae 9\ dx {7 JRd

Theorem 4.3.5 (Multiple well case). Let f : R? — R be C% for p € N, let f* € R and let
Y, ...,xp € R? such that:

1. f is coercive i.e. f(x) — 400 when ||x|| — +oo.

2. argmin(f) = {z7,...,2},} and for alli, f(x}) = f*.
3. Foralli€{l,...,m}, f € & (x}) for some p; < p.
4. e e LY(RY).

Then, for every i€ {1,...,m}, we consider (E)x, (aij)j, Bi and g; as defined in Algorithm[1]

where we consider f to be in <y (x}), so that for every h € R:

A+ B () — 1] =3 i, ha) € [0,00),

where t% is the vector (t*,...,t%4) and where g; is not constant in any of its variables. Fur-
thermore, we assume that for all i, g; is coercive and the following technical hypothesis for every
1 such that p; > 5:

Vh € RY, Y(it, ... ip,) € {0,2,...,2p;}7%,

Gt <l = V) g (0 @ 9y, (1) =0,
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4.4. Expansion of f at a local minimum with degenerate derivatives

Let o := minj<;<pm, {Z?:l aij} and let J = {z e{l,...,m}: 2?21 Qg = a}. Then:

1
e 9@ dg . §x .
(x)dg; ZEZJ/Rd i

t 2 -
t—0 ZjGJ f]Rde 9;

Moreover, let 6 > 0 be small enough so that the balls B(x}, ) are disjoint, and define the random
vector X to have the law of X; conditionally to the event || X; — x}|| < 6. Then:

1 1
< ) )*(BJ-(Xit—xz*))ﬁ)Xi ast — 0,

toin " g v

where X; has a density proportional to e~ 9i(@),

4.4 Expansion of f at a local minimum with degenerate deriva-
tives

In this section, we aim at answering to the problem stated in in order to devise condi-
tions to apply Theorem This problem can also be considered in a more general setting,
independently of the study of the convergence of Gibbs measures. It provides a non degenerate
higher order nested expansion of f at a local minimum when some of the derivatives of f are
degenerate. Note here that we only need x* to be a local minimum instead of a global minimum,
since we only give local properties.

For k < 2p, we define the tensor of order k, T}, := V¥ f(2*).

4.4.1 Expansion of f for any order p

In this section, we state our result in a synthetic form. The proofs of the cases p =1,2,3,4 are
individually detailled in Sections [4.4.3] [4.4.4] [4.4.6] and [4.4.7] respectively.

Theorem 4.4.1. Let f: R — R be C? for some p € N and assume that f € y(x*) for some
r* € RY,

1. If p € {1,2,3,4}, then there exists orthogonal subspaces of R By, ..., E, such that

and satisfying for every h € R%:

1 N .
[ (4 2, () 4+ VO 1)) )] (44.1)
2p
1 k . i
IS TIEDY <Z ; )Tk pp, (M) @ @py (h)¥, (4.4.2)
k=2 """ il,.“,ipe{O,"' k) 155
i14-+ip=Fk
pyiz—

The convergence is uniform with respect to h on every compact set. Moreover, let B €
O4(R) be an orthogonal transformation adapted to the decomposition Ey @ --- @ E,, then

[f (@™ + B - (% x h)) = f(2")] — 9(h), (4.4.3)

| =
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

where

k . )
g =3 5 X (il Z.)Tk- Pe, (B-h)¥" @ @p, (B-h)®r (44.4)
k=2 """ i1,..,ip€{0,...,k} LR
i1+--+ip=Fk
F+o+E=1

is mot constant in any of its variables hy, ..., hq and

1
Q; = % forie {dim(E;) + - +dim(E;—;) + 1,...,dim(Ey) + - - - + dim(Ej) }.

(4.4.5)
2. If p> 5 and if there exist orthogonal subspaces of R%, Ey, ..., E, such that
Rd:El@...@Ep
and satisfying the following additional assumption
Vh € RY, Y(iy,. .., ip) € {0,2,...,2p}?, (4.4.6)

11 2 . .
D) +oot ﬁ <1l = Ti+ti, Pg ()" ®--- @ Pg, (h)® =0,

then stills holds true, as well as the uniform convergence on every compact set.
Moreover, if B € Oq(R) is an orthogonal transformation adapted to the previous decompo-
sition, then still hold true. However, depending on the function f, such subspaces
do not necessarily exist.

Remarks:

1. The limit (4.4.2)) can be rewritten as:

2p ®i1 ®1
Dg, (h) Dg, (h)®"

D 2. Th- T OO

k=2i1,...,ip€{0, k} b

i1+ tip=k
i ip _
F++E=1

2. For p € {1,2,3,4}, we explicitly give the expression of the sum (4.4.2) and the p-tuples
(i1,...,ip) such that G +---+ ;—‘; =1, in (4.4.7)), (4.4.8)), (4.4.10) and (4.4.13)) respectively.

3. For p € {1,2,3,4}, we give in Algorithm [I| an explicit construction of the orthogonal
subspaces Iy, ..., E, as complementaries of annulation sets of some derivatives of f.

4. The case p > 5 is fundamentally different from the case p € {1,2,3,4}. The strategy of
proof developed for p € {1,2, 3,4} fails if the assumption (4.4.6) is not satisfied. In m
a counter-example is detailed. The case p > 5 yields fewer results than for p < 4, as the

assumption (4.4.6|) is strong.

5. For p > 5, such subspaces Ei, ..., I, may also be obtained from Algorithm |I|7 however
(4.4.6)) is not necessarily true in this case.

The proof of Theorem is given first individually for each p € {1,2,3,4}, in Sections
.43 [A.4.4], [4.4.6] [4.4.7] respectively. The proof for p > 5 is given in Section The proof of
the uniform convergence and of the fact that g is not constant is given in Section [£.4.9]
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4.4. Expansion of f at a local minimum with degenerate derivatives

4.4.2 Review of the one dimensional case

We review the case d = 1, as it guides us for the proof in the case d > 2. The strategy is to find
the first derivative f(™ (z*) which is non zero and then to choose oy = 1/m.

Proposition 4.4.2. Let f : R — R be CP for some p € N and let z* be a strict polynomial local
minimum of f. Then :

1. The order of the local minimum m is an even number and f™ (z*) > 0.
2 fl@+h) = fla*)+ L@ 4 o(hm)
h—0 ’

Then oy := 1/m is the solution of (4.3.2)) and

(m) (
a0 @) o T

t—0 m!

which is a non-constant function of h, since f("™(z*) # 0. The direct proof using the Taylor
formula is left to the reader.

4.4.3 Proof of Theorem forp=1

Let f € o/(2*). The assumption that z* is a strict polynomial local minimum at order 2
implies that V2 f(x*) is positive definite. Let us denote (;)1<;<q its positive eigenvalues. By
the spectral theorem, let us write V2 f(2*) = BDiag(B1.4q) B for some B € Oy4(R). Then:

d
1 * 1/2 * 1 12
JUE B0 — 1) 5 St (14.7)
Thus, a solution of (4.3.2) isa; =---=ay = %, B, and g(hy,...,hq) = %Zgzl B;h?, which is a
non-constant function of every hi, ..., hg, since for all 7, 3; is positive.

In the following, our objective is to establish a similar result when V2 f(z*) is not necessarily
positive definite.

4.4.4 Proof of Theorem for p =2

Theorem 4.4.3. Let f € af(x*). Then there exist orthogonal subspaces E and F such that
RY = E @ F, and that for all h € R?:

S [FG + 20 + 0 () — fa)]
1

— 5v2 @) -p.(h)®% 4 %vif (@) py(h) @ pp(h)®? + %v‘* f@) - pa(h)®  (4.4.8)

Moreover, if f € o5 (x*), then this is a solution to the problem (4.3.2)), with E1 = E, Ey = F,
« defined in (4.4.5), B adapted to the previous decomposition and g defined in (4.4.4).

Remark: The set of 2-tuples (i1,i2) such that 4 + 2 = 1, are (2,0), (1,2) and (0,4), which
gives the terms appearing in the sum in (4.4.2]).

Proof. Let F:={h € R?: V2f(x*)- h®2 = 0}. By the spectral theorem and since V2f(z*) is
positive semi-definite, F' = {h € R : V2f(z*)-h = 09} is a vector subspace of R?. Let E be
the orthogonal complement of F' in RY.
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

For h € R? we expand the left term of (4.4.8) using the Taylor formula up to order 4 and
the multinomial formula (4.2.1)), giving

1 k i1y da ; ;
> 7l > (2 ; >t21+f T - p (h)® @ pp (R)®2 + o(1).
k=2 """ iy inef{0,..k} \'1 72

i1+io=Ek

The terms with coefficient %, a > 0, are o(1) as t — 0. By definition of F we have V2 f(z*) -

pp(h) = O®1, so we also have
V3 f(@*) - p,p(h)®* =0

by the local minimum condition. This yields the convergence stated in .

Moreover, if x* is a local minimum of polynomial order 4, then by the local minimum
condition, V4 f(2*) > 0 on F in the sense of ([#.2.2). Moreover, since V2f(x*) > 0 on E, then
the limit is not constant in any hi, ..., hg. ]

Remark: The cross odd term is not necessarily null. For example, consider

f: R? — R
(z,y) — 2? +y*+ay?

Then f admits a global minimum at 2* = 0 since |zy?| < (2% + y?). We have E; = R(1,0),
Ey =R(0,1) and for all (z,y) € R?, Ty - (we1) ® (ye2)®? = 2292 is not identically null.

4.4.5 Difficulties beyond the 4th order and Hilbert’s 17* problem

If we do not assume as in the previous section that V4 f(z*) is not positive on F, then we carry
on the development of f(z* + h) up to higher orders. A first idea is to consider Fy := {h € F':
VAf(2*)-h®* =0} C F and E5 a complement subspace of F in F, and to continue this process
by induction as in Section [£.4.4] However, F; is not necessarily a subspace of F.

Indeed, let T' be a symmetric tensor defined on R? of order 2k with k € N. As T is symmetric,
there exist vectors v!, ..., v? € Rd/, and scalars A, ..., A\; € Rsuch that 7" = }_, i (V) ©@2F
(see [CGLMOS], Lemma 4.2.), so

q q
Yh € Rd,, T. h®2k — Z)‘i(vi)®2k X h®2k’ — Z )\i<’Ui, h>2k
=1 =1

For k =2 and T = V? f(2*), ., since 2* is a local minimum, we have, identifying F and RY

|F>
vhe RY, T-h®%* >0

Then, we could think it implies that for all 4, A\; > 0, and then

T-h®* =0 = Vi, (v\,h) =0

which would give a linear caracterization of {h € RY : T -h®?* = 0} and in this case, Fy
would be a subspace of F'. However this reasoning is not correct in general as we do not have
necessarily that for all i, A\; > 0.

We can build counter-examples as follows. Since T' is a non-negative symmetric tensor, T' can
be seen as a non-negative homogeneous polynomial of degree 2k with d’ variables. A counter-
example at order 2k = 4is T(X,Y, Z) = (X —Y)(X — Z))?, which is a non-negative polynomial
of order 4, but {T'=0} = {X =Y or X = Z}, which is not a vector space.
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4.4. Expansion of f at a local minimum with degenerate derivatives

Another counterexample given in [Mot67] at order 2k = 6 is the following. We define
T(X,Y,Z) =75+ X*YV? + X?v* - 3Xx2Y?7?

By the arithmetic-geometric mean inequality and its equality case, T is non-negative and
T(x,y,z) = 0 if and only if 26 = 2%y? = 2%y*, so that

1 -1 1 1
{r=0}=R|1|UR|1|UR|-1[UR]| 1
1 1 1 -1

Hence, {T' = 0} is not a subspace of R3. In particular 7' cannot be written as >_; A;i(v!)®?* with
Ai > 0.
In fact, this problem is linked with the Hilbert’s seventeenth problem that we recall below.

Problem 1 (Hilbert’s seventeeth problem). Let P be a non-negative polynomial with d’ variables,
homogeneous of even degree 2k. Find polynomials Py, ..., P, with d’ variables, homogeneous
of degree k, such that P = "1, P?

Hilbert proved in 1888 [Hil88]| that there does not always exist a solution. In general {T" = 0}
is not even a submanifold of R?. Indeed, taking T : h — V% f(2*) - h®%¢ we have 0,T - h =
2kV? f(x*) - h¥2k=1 is not surjective in h = 0, so the surjectivity condition for {T" = 0} to be a
submanifold is not fulfilled.

4.4.6 Proof of Theorem for p=3

We slightly change our strategy of proof developed in Section [4.4.4. For k > 2, we define F},
recursively as

F,:={he€F_: YW € F_y, V¥*f(z*) ho h®* 1 =0}, (4.4.9)

instead of {h € Fj_; : V2 f(2*)- h®?* = 0}. Then, by construction, F}, is a vector subspace of
R%,

Theorem 4.4.4. Let f € o/3(x*). Then there exist orthogonal subspaces of R?, Ey, Ey and Fs,
such that

RY=E, @ Ey & Fy,

and such that for all h € RY,

% [f(x* + t1/2pE1 (h) + 751/4pE2 (h) + 151/6pF2 (h)) B f(l“*)} (4.4.10)
t—0 %VQJC($*) "Pg, (h)®2 + %V3f($*) "Pg, (h) ® Dg, (h)®2 - %v‘lf(x*) "Pr, (h)®4
+ %Wf(x*) P, (h) @ py, (W) + %?V"’f(a:*) P, (WP @ py, (h)F* + évﬁf@*) P, (1)

Moreover, if f € o5 (x*), then this is a solution to the problem (4.3.2)), with E3 = F», o defined
in (4.4.5), B adapted to the previous decomposition and g defined in (4.4.4)).

Remark: The set of 3-tuples (i1, i2,73) such that % + %2 + %3 =1, are (2,0,0), (1,2,0), (0,4,0),
(1,0,3), (0,2,3), (0,0,6), which gives the terms appearing in (4.4.2)).
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

Proof. We consider the subspace
Fi={heR: T5-h%2 =0} ={hecR%: Ty -h=0%},

since T > 0. Then, let E; be the orthogonal complement of Fj in R and consider the vector
subspace of F; defined by

Fy={heF : VhecF, Ty-h@h*® =0}.
Let F5 be the orthogonal complement of F5 in F;. Then we have
Rd:El@Fl =F1 ® Ey D Fs.

For h € R% we expand the left term of (4.4.10) using the Taylor formula up to order 6 and the
multinomial formula (4.2.1)), giving

1 k 242438 ®i1 ®iz ®i3

> X 2 TS py, () @y, (W) @ py, (W) + o(1),

k=2 """ iyig,ize{0,... k} \ D203
i1+i2+iz=k

and we prove the convergence stated in (4.4.10)).

All the terms with coefficient ¢t* where a > 0 are o(1) as t — 0.
Order 2: we have Ty - p,, (k) = 09" and Ty - p,, (k) = 09" so the only term for k = 2 is
%T2 : pEl (h)®2‘

Order 3: > Since * is a local minimum and T - p,, (h)*? = 0, we have T3 - p,. (h)®® = 0.
Then, using property Proposition if the factor p,, (h) does not appear as an argument in
T3, then the corresponding term is zero.

> Let us prove that

T3 py, (h) @ py, (B)®* = 0.

Using Theorem with E = E;, F = Fy ® F», we have in particular that for all h € R?,

1

L -pp(h)®* > 0. (4.4.11)

1 1
T2 pe (W™ + 5Ts - pp(h) © e (W)™ +
Then taking h € E1 @ Fy so that b = pj, (h) +py, (k) and with

(T4 p, ()] "= 0%3, (4.4.12)

we may rewrite (4.4.11)) as
1 1
52y, (h)®? + 5T P, (W) @1y, (R)®2 > 0.

Now, considering h' = Ah, we have that for all A € R,
2 (Lg,. (h)®? + A, (h) @ p,. (W)®?) >0
9 2 pE1 9 3 pE1 pF2 = Y,
so that necessarily T3 “Pp, (h) ® Pr, (h)®2% = 0.
> Let us prove that

Ty - DPg, (h) ® DPg, (h) ® Prg, (h) =0.
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4.4. Expansion of f at a local minimum with degenerate derivatives

We use again (4.4.11)), with p,.(h) = Pg, (h) + P, (h), so that

1 1 ®2 1 ®4
T2 e, () 4 STspp, () @ (py (W) +pi, (1) + 5 Ta- (P (W) +pp, () 2 0.

But using (#.4.12) and that T3 - p, (h) ® pj, (h)®? = 0, we obtain

1
4!
Now, considering h' = p, (h) +pg, (h) + App, (h), we have that for all A € R,

1 1
5 T2 P, () + 5T p (W)@py, (1) + Ts - p, (W)@, (W) @Py, () + 5 Ta - i, (M) 0.

1 1 1
5T pe, (M + ST py (M)@pg, ()2 + AT - py, (W)&py, (M)@py, (h) + T4 P, (W)™ >0,

so necessarily T3 - p, (h) ® p,, (h) @ pp, (h) = 0.

> The last remaining term for k = 3 is 173 P, (h) @ py, ()2,

Order 4: If the factor p,, (h) does not appear and if the factor P, (h) appears at least once,
then using (4.4.12) the corresponding term is zero. If p,, (h) appears, the only term with a non-
positive exponent of ¢ is %71} Py, () ®pp, (h)®3. So the only terms for k = 4 are 4T} P, (h)®*
and 57} “pp, () @ pp, (h)®3.

Order 5: > The terms where Pp, (h) appears at least once have a coefficient t* with a > 0
so are o(1) when ¢t — 0.
> We have Ty - p,, (h)®? = 0, T3 - py, (h)®* = 0, Ty - p,, (R)®* = 0 and since 2* is a local
minimum, we have
Ts - py, (h)*® = 0.

> Let us prove that
T5 - pp, (h) ® P, (R)®* = 0.
Let h € R%. We have

1 . N 1
W {f(w + t1/4pE2 (h) + tl/ﬁpF2 (h)) - f(x )} g} IT5 ’ pE2 (h) ®pF2 (h)®4 > 0.

Hence, considering h' = Ah, we have for every A € R,
NTs - py, (h) @ py, (h)®* >0,

which yields the desired result.
> The only remaining term for p =5 is

10
w75 P, (h)®* @ py,, ()®°.

Order 6: The only term for k = 6 is éTﬁ P, (h)®0 : the other terms have a coefficient ¢
with @ > 0, so are o(1) when ¢t — 0. O

Remark : As in Theorem [4.4.3] and the remark that follows, the remaining odd cross-terms
cannot be proved to be zero using the same method of proof, and may be actually not zero. For
example, consider:

f: R? — R
(,y) w2t +y° + 2%y,

which satisfies h +— V5 f(z*) "D, (h)®? @ P, (h)®3 £0.
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

Order 2 (2,0,0,0)

Order 3 (2,1,0,0)

Order 4 | (0,4,0,0), (1,1,0,2), (1,0,3,0)
Order 5 | (1,0,0,4), (0,2,3,0), (0,3,0,2)
Order 6 | (0,1,3,2), (0,2,0,4), (0,0,6,0)
Order 7 0,1,0,6), (0 0,3,4)
Order 8 (0,0,0,8)

Table 4.1: Terms expressed as 4-tuples in the development (4.4.13))

FEy Fy
T =0
Es Fy
T >0 T, =0
Ty >0 | FE3 F3
Te >0 | T =0

Table 4.2: Illustration of the subspaces

4.4.7 Proof of Theorem for p =4

Theorem 4.4.5. Let f € @/y(x*). Then there exist orthogonal subspaces of R, Ey, Fy, E3 and
Fs3 such that
R? = E1 & E, & E3 & F,

and for all h € R?,

(£ 4 2 () 88 () 410 (B) + 15, (1) — F(a*)]

ol X ( u)T’C‘pEl(h)@l®PE2<h>®2®pE3<h>®3®pF3(h)®4.
=2 i1,..,84€{0,....k} ’
i1 +-+ig=k
(4.4.13)

These terms are summarized as tuples (i1,...,14) in Table[{.1 Moreover, if f € @/} (z*), then

this is a solution to (4.3.2), with Ey = F3, « defined in (4.4.5), B adapted to the previous
decomposition and g defined in (4.4.4]).

Proof. As before, we define the subspaces Fy := R¢ and by induction:
Fy={heFy: VW € By, T -ho '™ =0}
for k =1,2,3. We define E; as the orthogonal complement of Fj, in Fj_q1 for k = 1,2, 3, so that
R'=F ©E;® E; @ Fs.
Then we apply a Taylor expansion up to order 8 to the left side of and the multinomial
formula , which reads

8
1 k i i ) . ) )
> T > ( .)t21+'"+§1Tk‘PE1(h)®“®pE2(h)®z2®PE3(h)®13®pF3(h)®“+0(1)‘
- : , 11,...,174
i1,...,94€{0,....,k}
itk
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4.4. Expansion of f at a local minimum with degenerate derivatives

> If % + - +"'§4 > 1 then the corresponding term is in o(1) when ¢t — 0.
> If 5+ -+ % < 1 then the corresponding term diverges when ¢ — 0, so we need to prove that
actually
T py, (1) @ p, () @y, (W™ @ p, () =0 (4.4.10)
k 1)E1 Z)EQ ]9E3 Z)pé . «Xe
- If % + % + %3 + %4 < 1 but if we also have il + 12 + i3 + i4 < 1, then by applying the

property at the order 6 (Theorem (4. with the 3- tuple (21, 19,13 —|— iq), we get m
— So we only need to consider 4- tuples such that 4 +2 4844 < land 4+ 24844 > 1.

We can remove all the terms which are null by the deﬁnltlons of the subspaces El, E2, E3, Fs.
The remaining terms are:

For k = 4: 2220y p, () @py, ()%, L42Ty - py, (h) @1y, (B) @py, (0)2, L2y p, ()@
Pi, (W) @ p, (h)

For k=5 352 T5 - p, (h)*2 @ py, ()2,
ey ()22 @ g ()2 © oy (1)

For k — 6 t21/24 2 P, () @Dy, (h)®5, t11/12 Ty Pa, (h) P, (h) Qpp, (h)®4 %Tﬁ Pg, (h)®

P, (M) @ pp, (h)®3
First, we note that

t11/12 t23/24

Ts  pp, ()*2 @ pp, (h) @ py, (R)%2, 15 -

W (£ 4+ 12, (h) + 1/, (h) + /%, (h) + t1/8pF3 (h) - f(a")]

L. P, (h) ®pp3(h)®3+ Ly Pr, (W) @ py ()P + L1 P, (h) ®pp (R)®° > 0.

t—>0 6 5!

Then, considering h' = Ap,, (h) + pg, (h) + pg, (h) + pp, (h), we have that for all A € R,

A 1
ST D, (h) © e, ()P + ST p, ()2 @ py (W) + 1. g, (h) @ pp, (h)*° >0,

6

so necessarily

51

Ty pg, (h) @ py, (B)** = 0.

Then, considering &’ = p,, (h) + Ap,, (k) for A € R, we get successively that the two other terms
are null.

Likewise, we prove successively that the terms in t11/12 are null, and then that the terms in
t23/24 are null. This yields the convergence stated in (4.4.13). 0

4.4.8 Counter-example and proof of Theorem with p > 5 under the
hypothesis (4.4.6)

Algorithm [I] may fail to yield such expansion of f for orders no lower than 10 if the hypothesis
is not fulfilled. Indeed for p > 5, there exist p-tuples (i1, ..., 4p) such that % 4+ ;—’; <1
and 71, ..., iy are all even. Such tuples do not appear at orders 8 and lower, but they do appear
at orders 10 and higher, for example (0,2,0,0,4) for £ = 6. In such a case, we cannot use the
positiveness argument to prove that the corresponding term T} - p,, (R)®" ® ... ® P, (h)®% is
zero, and in fact, it may be not zero.

Let us give a counter example. Consider

f: R? — R
(z,y) +— 2t +yl0+ 2%yt

Then f € 4 (0) and we have E; = {0}, E; = R-(1,0), B3 = {0}, By = {0}, F;, = R-(0,1).
But

L4 110, 1
tf(t ?t )_t

(t T4 t9/1°)

107



Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

goes to +oo when ¢t — 0.

Now, let us give the proof of Theorem for p > 5. In this proof, we assume that
the subspaces 1, ..., E, given in Algorithm (1] satisfy the hypothesis (4.4.6).

Proof. We develop (4.4.1), which reads:

2p ) .

1 k LR . .
S X ( ')W BTy g, () © - @y, (1) +0(1) = 5.
k=2 """ i1 ipe{0,.. k) My tp

The terms such that % + -+ % < 1 may diverge when t — 0, so let us prove that they are in
fact null. Let

. 11 ip
:— f —_— DY —
« 11 { + +

k i i
Them Y g (u.“ i)ﬂ”pﬁ0”®l®“'®P%U”®p¢0}
k=2 """ i1,...,i,€{0,....k} ’ P
i1+ +ip=Fk

L I/ R
5+ +2pfa

and assume by contradiction that o < 1. Then we have for all h € R%:

2p1

B k , ,
k=2 " i1, ipe{0,. k) N1 P
i1t tip=k

Gt gl=a
by the local minimum property. Then, considering ' = Aip, (h) +---+ ApPy, (h), we have, for
all h e R and A, ..., \g € R,

2p
1 . ) L ‘ |
Z k! Z )\111 .. )\;P (Z ; )Tk Pp, (h)@n R ® P, (h)®zp > 0. (4.4.15)
k=2 ’ ilrnﬂipe{o,...,k} Tyevey P
i1t tip=k
Ypetog

Now, we fix h € R? such that the polynomial in (#.4.15)) in the variables \i, ..., Ap is not
identically zero, and we consider kpax its highest homogeneous degree, so that we have
Z Ail te )\;717 (21 maXZ' )Tkmax ' pEl (h’)®11 ® ctt ®pEp (h)®7fp 2 0
ilw“vipe{ov"wkmax} LR
7;14+"'+ip':kmax
FHt=a
If kmax is odd, this yields a contradiction, taking Ay = --- = A\, =: A = Fo00. If kpax is even, we

consider the index [; such that i;, =: a; is maximal and the coeflicients in the above sum with
i1, = ay are not all zero. Then fixing all the \; for [ # [; and taking A\;;, — oo, we have

. , Erna. ) A
2 A?-.-A;:’Q T ) T P, () @ @, () 2 0.
i15enyip€{0,e. kmax } Lttt

i1+"'+ip:kmax

i i

71-5-'"'4—%:@

i, =a1
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4.4. Expansion of f at a local minimum with degenerate derivatives

Thus, if a1 is odd, this yields a contradiction. If a1 is even, we carry on this process by induction

: knowing {1, ..., [, we choose the index l,41 such that .41 ¢ {l1,...,l,}, the corresponding
term
> AL LA (z ma"i )Tkm P, (W @ @p, (h)F
1, 71p6{07 7ktnax} Leeeotp

i1+ +Zp7kmax
11 4 +ZP —
7;[1—@17 77/lT+1—a7‘+1
is not identically null and such that 4, , =: a,41 is maximal. Necessarily, a,11 is even. In the
end we will find a non-zero term whose exponents iy are all even which contradicts assumption

(T.4.6). O

4.4.9 Proofs of the uniform convergence and of the non-constant property

In this section we prove the additional properties claimed in Theorem [£41] : the uniform
convergence with respect to h on every compact set and the fact that the function ¢ is not
constant in any of its variables hy, ..., hg.

Proof. First, let us prove that the convergence is uniform with respect to h on every compact
set. Let ¢ > 0 and let R > 0. By the Taylor formula at order 2p, there exists § > 0 such that
for ||h]| < 9,

< ellR]?.

|f(x +h) — Z > <Z,1 %.7ip>Tk-pEl(h)®i1®...®pEP(h)®ip

k=2 '11+ +ip=k

Now, let us consider ¢ — 0 and h € R? with ||h|| < R. Then we have:

5\ 1/p) » o
Vt < max | 1, <R> N Ppg, (B) 4+ VPP (m)]] <6,

so that

Lt 4 02y ()44 0000, ()~ 5] - >0 L % ()

k=2 '11+ +ip=k

L IR i i €
A2 T T py (WP @ @y, (W) < {1 2py () 4+t Pp ()]

We proved or assumed that the terms such that % +t Lp < 1 are zero. We denote by g1 (h)
the sum in the last equation with the terms such that % + <+ Z” = 1 and by g2(h) the sum

with the terms such that % + e+ Z’Z’) > 1. We also define a as the smallest exponent of ¢
appearing in go(h):

a:—min{g—i—---—i—;; i €0, 2}, iyt iy < 2p, 221+---+;;>1}>1.
So that:

‘1 [f(x* + Y2 () + -+ tl/(2p)pEP (h)) — f(:n*)] _ gl(h)‘ (4.4.16)

o €
<t Hga(h)] + <I[# 2 pg, (h) + -+ 8 Pp (R[]
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

We remark that h +— go(h) is a polynomial function so is bounded on every compact set. We
also have:

e(t1/(2r))2

€ P
I 2pg, () + -+ £1/P)p, ()] < 111 = el Al

So (4.4.16)) converges to 0 as t — 0, uniformly with respect to h on every compact set.

Now let us assume that f € «/(z*) ; we prove that the function g defined in (4.3.6) is
not constant in any of its variables in the sense of (4.3.3). Let B € Oy4(R) adapted to the
decomposition R = E; @ --- & E,. We have:

PGB k)~ SN = 9(h).

Let i € {1,...,p} and k such that v; := B -e; € Ej. Let us assume by contradiction that g does
not depend on the i*" coordinate. Considering the expression of g in (#.3.6) and setting all the
variables outside F} to 0, we have:

Vh € Ej, A€ R Ty - (h+ Mvy) @2k
is constant. Then applying , we have:
Vh € By, Top, - v; @ %=1 = 0.
Moreover, for h € Fj,_1, let us write h = h/ + h” where h' € E}, and h” € F}, so that
Top - v; @ K227 = Ty o @ WO =,

where we used that o2k1

W € By, Ty 1 @ (h9) —0
following (4.4.9), and Proposition 4.8.1. Considering the definition of Fj as the orthogonal
complement of F}, which is defined in (4.4.9]), the last equation contradicts that v; € Ey. ]

4.4.10 Non coercive case

The function g we obtain in Algorithm [I]is a non-negative polynomial function which is constant
in none of its variables. However, this does not always guarantee that e=9 € L'(R?), or even
that g is coercive. Indeed, g can be null on an unbounded continuous polynomial curve, while
the polynomial degree of the minimum z* of f is higher than the degree of ¢ in these variables.
For example, let us consider

f: R”Z=SR (4.4.17)
(z,y) = (x —y°)* + 2.
Then f € 273 (0) and using Algorithm (1} we get
g(z,y) = (x —y*)*

)

which does not satisfy e™9 € L'(R?). In fact this case is highly degenerate, as, with
fe(x,y) = fla,y) + exy® = 2® + ' — (2 - e)ay® + 2°,

we have that g (z,y) = 22+ y* — (2 — ¢)xy? satisfies e79¢ € L1 (R?) for every ¢ € (0,4) and that
x* is not the global minimum of f; for every € € (—00,0) U (4, c0).

We now prove that instead of assuming e™9 € L'(R?), we can only assume that g is coercive,
which is justified in the following proposition. More specific conditions for g to be coercive can
be found in [BS15] and [BS19].
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4.4. Expansion of f at a local minimum with degenerate derivatives

Proposition 4.4.6. Let g : R? — R be the polynomial function obtained from Algorithm . If
g is coercive, then e9 € L*(R).

Proof. Let
Ay :=Span(e; : i € {dim(Ey) +---+dim(Ex_1) + 1,...,dim(E;) + - - - + dim(E%) })
for k € {1,...,p}. By construction of g, note that for all t € [0, +00),

g <§p: t'/%p, (h)> = tg(h).
k=1

Since g is coercive, there exists R > 1 such that for every h with ||h|| > R, g(h) > 1. Then, for
every h € RY, we have:

z 10 12k D
h)=g ];pAk(h) =9 ]; R1/2k Pay, R TRIREE
_ Bl (s ( ok b )
=R\ T ) )

Then, for ||h|| > R,
P Rl/k

1/2k 2o ) )
(R ||h||1/2k) Z Hh”l/k-HpAk (WIIF > ||hHHhH = R||h|| > R* > R,

so that g(h) > @ which in turn implies e=9 € L!(R9). O

We now deal with the simplest configuration where the function g is not coercive, as described
in , by dealing with the case where f is given by , which is an archetype of such
configuration. However, dealing with the general case is more complicated and to give a general
formula for the rate of convergence of the measure m; in this case is not our current objective.

Proposition 4.4.7. Let the function f be given by (A.4.17). Then, if (X;,Y;) ~ Cre=T@9)/tdzdy,

we have: , . )
Xt th — Xt e T ey
(151/6’ i ) J)) Ciﬁ 7\/7? 1,>0dxdy,

1
where C = ( \/gi dw) .

Proof. First, let us consider the normalizing constant C;. We have :

;! :/ e~ >2+z dzxdy = 2t3/4/ et /OO e~ W0’ qy dx
R2 —00 0

o 0 e—u2 00 6 [© e—u2
= t3/4/ e~ t°e’ / dy dx = t7/12/ e " / —du dzx
—z Vu+x Y — o0 =13z /13y 4+ 2

~ t7/12/ e~ du dux,

t—0

where the convergence is obtalned by dominated convergence and where we performed the change
of variables 2/ = t~1/6z and u = t*1/2(y2 — z). Then we consider, for a; < b; and ag < b,

X Y2 - X
P <tl/t6 (S [al,bl], W S [ag,bg}) .

Performing the same changes of variables and using the above equivalent of C; completes the
proof. O
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

More generally, if the function g is not coercive and if we can write, up to a change of basis,

g(h1,. . ha) = Qi(h1, ha)? + Q2(ha, ha)® + -+ + Qp(har—1,har)® + Glharia, - ha), (44.18)

where the @; are polynomials with two variables null on an unbounded curve (for example,

Qi(@,y) = (v — 1%), Qi(w,y) = (2% — 1), Qil,y) = 2%9%), and where § is a non-negative
coercive polynomial, then

(a1 (X1, (X0)2,8) - ar ((Xi)ar1, (Xi)ar, ).

<t0421r+1 EREE ;) * (E ((Xt)2r41,- -+ (Xt)d)) )

m by (:cl, xg) ... b, (xgr_l, Igr)cefg(m’”“l""’xd)dxl . dxopdxoryy - - - dxy,

where C is a normalization constant, B e O4-2r-1(R) is an orthogonal transformation and for
all k = 1,...,7r, ar : R? x (0,+00) — R? and by, is a density on R2. Such a; and b can be
obtained by applying the same method as in Proposition [£.4.7] Algorithm [I] yields the first
change of variable for this method, given by the exponents («;) (in the proof of Proposition
4.4.7, the first change of variable is t~1/22 and ¢t~'/%y) and thus seems to be the first step of a
more general procedure in this case. However, we do not give a general formula as the general
case is cumbersome. Moreover, we do not give a method where the non coercive polynomials @Q;
depend on more than two variables, like

Qz,y,2) = (x —y*)* + (z — %)%
The method sketched in Proposition [1.4.7] cannot be direclty applied to this case.

4.5 Proofs of Theorem |4.3.3| and Theorem [4.3.5| using Theorem
4.4.1

4.5.1 Single well case
We now prove Theorem [£.3:3]

Proof. Using Theorem we have for all h € R%:
1 * (0% *
S+ B (1w b)) — ()] = g(h)

To simplify the notations, assume that there is no need of a change of basis i.e. B = I;. We
want to apply Theorem [£.3.2] to the function f. However the condition

/ F(a*+ (Y1 hy,...,t%hy))— F(=*)
R

sup e ? dhy...dhg < 0
4 0<t<1
is not necessarily true. Instead, let £ > 0 and we apply Theorem to f , Where f is defined
as:
a0 ) f(h) if h € B(x*,0)
f(h) = { [|h —2*||> + f(z*) else,

and where § > 0 will be fixed later. Then fsatisﬁes the hypotheses of Theorem The only
difficult point to prove is the last condition of Theorem If t € (0,1] and h € R? are such
that (t*1hy,...,t%hg) ¢ B(0,0), then

f(x*+(talh17~~-7tadhd)) —f(ac*) _ H(tmhl,...,tozczhdw2 S Hh||2
t t - |
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because for all 7, a; < % If t and h are such that (t**hq,...,t%hg) € B(0,9), then choosing &
such that for all (t*hy,...,t%hg) € B(0,9),

fl@*+ (t“hy, ..., t%hg)) — f(x¥)
t

- ()| <.

which is possible because of the uniform convergence on every compact set (see Section 4.4.9)),

we derive that
fla*+ (t“hy, ..., t%hg)) — f(z¥)

- > g(h) —e.

Hence
F(# 4t hy % b)) — £ (=)
/ sup e t dhl...dhdg/
R Rd

e—lIRI2 g, 1 e2 / =9 g,

d0<t<1 R

Since g is coercive, using Proposition we have e™9 € L'(R?) and it follows from Theorem
that if X; has density 7 () := Cje= @)/t then

(()N(t — )1 (X — 93*)d> Z

ey — X ast—0,
tou tod

where X has density proportional to e 9(),
Now, let us prove that if X; has density proportional to e=f(#)/t then we also have

((Xt — )1 (Xi —2%)q

a1 gee ey e

) L X ast— 0. (4.5.1)

Let ¢ : R — R be continuous with compact support. Then

X 1 X, d )Z' 1 X d
E[go((toi) ""’(tatd) >_(p<(toi) ""’(tatj
x Ld _fmg) ~ _M
:/Rd90<tall,...,m> <Cte t — Che t )dml...d:vd:;jle[Q?

where I is the integral on the set B(z*,d) and I on B(z*,4)¢. We have then:
22| < |[¢lloc(me(B(a*, 8)°) +Te(B(a",6)°)) —= 0,

where we used Proposition On the other hand, we have f = f on B(z*,6), so that

~ @ C,
1] < llellclCo = Col [ 5o < Jlpllo |1 - .
B(z*,0) Cy
And we have: o .
g . fe_@dx . fB(x*ﬁ) et dl’+ fB(x*,(S)C e t dCL'
Cy N s N

fe*@dm fB(x*ﬁ) e tm) dx + flg(x*,(s)c ¢ v

By Proposition we have when t — 0

/ e f(tz)d;c =0 (/ ef(f)dx>

B(z*,8)° B(z*,5)

/ ef@d:c:o</ ef<tz>dx> ,
B(z*,8)¢ B(a*,6)

so that ét/Ct — 1, so Iy — 0, which then implies (4.5.1)). O
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

4.5.2 Multiple well case
We now prove Theorem

Proof. The first point is a direct application of Theorem [4.3.4] For the second point, we remark
that X;; has a density proportional to e /i(*)/t where

Fi(2) = { f(z) if x € B(x},9)

+o0 else.
We then consider ﬁ as in Section m

Fila) = { fi(z) if z € B(zF,0)

|z — x> + f*  else.
and still as in Section we apply Theorem to ﬁ and then prove that random variables
with densities proportional to e~ fi(®)/t and e~ fi(2)/t respectively have the same limit in law. [J
4.6 Infinitely flat minimum

In this section, we deal with an example of infinitely flat global minimum, where we cannot use
a Taylor expansion.

Proposition 4.6.1. Let f : R — R such that

Vo e B(0,1), f(x)=e l=IP
and
Vr ¢ B(0,1), f(z) >a

for some a > 0. Furthermore, assume that f is coercive and e~/ € LY(RY). Then, if X; has

density my,

1
log!/2 (t> Xy Lo X ast—0,

where X ~U(B(0,1)).

Proof. Noting that f| e f@/tdx — 0 as t — 0 by dominated convergence, we have

lz||>1

-1

1 -1 1,
Ct ~ / e ¢ IEIE /tdﬂf — logd/2 (1> / e—t”‘”HQ da ’
0B t) | JB0./lalt/n)

— Vol(B(0,1))

t—0

where the convergence of the integral is obtained by dominated convergence. Then we have, for
—l<a<b<landY;a?<1,>,b?<1:

1 d C (bi) Ay (b — a;)
2 (1Y 1) oG [ T (b — a))
P<log (3) XteiHl[a“b’O log?/2 (}) Jor €7 3 Nitwo 1)
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| .
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Figure 4.1: Distribution of the eigenvalues of the Hessian matrix at the end of training.

4.7 Simulations: computing high-order expansion of the loss
with singular Hessian matrix

In this section, we present simulations illustrating our theoretical results for degenerate cases
and showing how we can compute such high-order expansions in practice. Our code and a
demonstration notebook are available at

https://github.com/Bras-P/gibbs-measures-with-singular-hessian.

We consider the function f to be the loss function associated to the training of an artificial
neural network. We train a feedforward neural network on the MNIST dataset [LBBHOS], which
is composed of grayscale images of size 28 x 28 of handwritten digits (from 0 to 9). The neural
network is composed of two hidden layers with 16 units each and with ReLU activation. After
training the neural network on the data, we compute the Hessian matrix of the loss with respect
to the kernel of the second Dense layer, as in practice we cannot compute the whole Hessian
matrix with respect to all the variables. The Hessian matrix is singular; we give the distribution
of its eigenvalues in Figure where a gap appears between non-zero eigenvalues and zero
eigenvalues.

We then compute the expansion of the loss function as in up to the order 4 on the
subspace of dimension 2 which is spanned by two eigenvectors, one with non-zero eigenvalue
(subspace E') and one with zero eigenvalue (subspace F').

In TensorFlow, higher order derivatives can be computed the same way as first-order deriva-
tives by stacking several tf.GradientTape. We use tf.GradientTape.jacobian to compute
the Jacobian tensor of a tensor-valued function, since tf.GradientTape.gradient only com-
putes the gradient of a scalar-valued function.

def compute_hessian(model, inputs, targets):

with tf.GradientTape () as gil:
with tf.GradientTape() as g2:
loss_value = model.loss(inputs, targets)
grads = g2.gradient (loss_value, model.trainable_variables)
hessian_matrix = gl.jacobian(grads, model.trainable_variables)

return hessian_matrix

Since the dimension of the variable may be very large for neural network, we compute
derivative tensors only with respect to some variables. To do so, we need to create a new Layer
object where the reduced kernel only includes these variables. We give the implementation of a
dense layer modified in order to compute (t1,...,t,) € R" — f(x* + tjv1 + - - - + t,v,) where £
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Chapter 4. Convergence rates of Gibbs measures with degenerate minimum

stands for the output of the layer, where z* € R? is fixed and where vy, ..., v, are vectors. The
new layer class is defined as subclass of the base class tf.keras.layers.Layer. The method
build initializes the weights of the layer when the layer is called for the first time; each weight
is defined through the method add_weight. The method call defines the output of the layer
depending on the inputs and its weights.

class CustomLayer (tf.keras.layers.Layer):

def _ _init__(self, x_star, direction_vectors, activation=None):
super (CustomLayer , self).__init__ Q)
self.x_star = x_star # x_star[0] is the kermnel matrix and x_star [1]
is the bias
self .direction_vectors = tf.reshape(direction_vectors, [
direction_vectors.shape[0], x_star[0].shape[0], x_star [0].shape[1]])
self.activation = activation

def build(self, input_shape):
self .kernel = self.add_weight("kernel", shape = [direction_vectors.
shape [0],1)

def call(self, inputs):
outputs = tf.matmul (inputs, self.x_star[0] + tf.tensordot(self.
kernel, self.direction_vectors, axes=[[0],[0]])) + self.x_star[1]
if self.activation is not None:
outputs = self.activation (outputs)
return outputs

We then obtain the following expansion up to the order 4; if we denote by x* the (empirical)
minimum of the loss function, by z; the eigenvector with non-zero eigenvalue and by zy the
eigenvector with zero eigenvalue, for A1, Ao € R we have

~ | =

[f(x* + 120y + Y hgxs) — f(a:*)}
)‘% 2 * ®2 )‘1)‘% 3 * ®2 )‘% 4 * ®4
t_}()?Vf(x)-azl +TV f(@*) 1 @ x5 +ZV f(z*) - x5

where the three coefficients V2f(z*) - 2%, V3f(2*) - 21 ® 252 and V*f(2*) - 25* are computed
in the notebook by stacking several tf.GradientTape as in compute_hessian.

(<tf.Tensor: shape=(), dtype=float32, numpy=0.026905548>,
<tf.Tensor: shape=(), dtype=float32, numpy=-0.0007531713>,
<tf.Tensor: shape=(), dtype=float32, numpy=-3.2213422e-05>)
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4.8 Appendix: Properties of tensors

Proposition 4.8.1. Let T}, be a symmetric tensor of order k in R%. Let E be a subspace of RY.
Assume that
Vh e E, Ty - h®F = 0.

Then we have
Vhi,....,hgy € B, T, - h1®---® hr =0.

116



4.8. Appendix: Properties of tensors

Proof. Using (4.2.1), we have for hy, ..., hx € E and Ay, ..., \x € R,
Ti - (Mh1 + - 4 Aphy) %k = Z ( , >)\’11...)\2ka-11?“®~-®hfzk:(),
i+ tip =k 11y
which is an identically null polynomial in the variables Ay, ..., Ag, so every coefficient is null,

in particular
Vhi,...,.hgy € E, T, -h1 ®--- Q@ hy = 0.
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Chapter

Stochastic algorithms for artificial neural
networks with simulations in TensorFlow

5.1 Artificial neural networks

5.1.1 Calibration of artificial neural networks as a stochastic optimization
problem

Neural networks are a powerful tool for a wide range of problems (regression, classification, etc)
involving inferring a model from a huge amount of data. Neural networks are functions with
high-dimensional parametrization thus allowing to fit to many different problems and data. With
neural networks, the user does not need to devise a very specific model fitting to the data by
himself anymore.

Let us consider data samples u; € R%» and y; € R%ut for 1 < ¢ < M associated to a
regression problem, where (u;) are the inputs and where (y;) are the outputs. That is, we look
for a function v : R%» — Rut which fits to the data i.e.

In other words, the objective is to extract a model from the empirical data. We look for a function
v in a family of functions parametrized by a finite-dimensional parameter: {¢,, = € R%}. For
L : Rt — R a loss function which measures the error between the prediction 1), (u;) and the
true data y;, the regression problem then becomes the minimization of the average loss over the
data and can be written as the following optimization problem:

1 M
Mlaljlelﬂlgrlljlze V(z):= i ;L(i/}x(uz) — Yi)- (5.1.1)

The output of a fully connected neural network ), is defined as follows. Let us choose an
activation function ¢ : R — R, which is a non-linear sigmoid-type or ReLU-type function (see
Table . Let K + 1, K € N, be the number of layers of the neural network and for £ = 0,
..., K let di, € N be the size of the k*" layer with dy = di, and dg = dout; the output is defined
recursively as:

(0

=u € Rdi“,
u® = ol -uF D 48 eR%, 1<E<K -1,

Vy(u) = ulE) = ax - u KD 4 OK.
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Figure 5.1: The Sigmoid and ReLU functions

The second equation should be understood for each coordinate of ul®). For every 1 < k < K,
o € Mg, 4., (R) and B, € R% and the parameter z of the neural network is

L= (O‘bﬁla" . 7OZK7BK) € Md1,do(R) X Rdl X X MdK,dK_l(R) X RdK‘

Neural networks have first gained interest as universal approximators since Cybenko’s the-
orem [Cyb89] stating that if doyy = 1, if K = 2 and if ¢ : R — R is continuous and such
that

o) — 0 and ¢(t) — 1

t——o0 t——+o0

then the set

4
U Zaécp([al cu+B];), di €N, a1 € Mg, 4, (R), B1 € RE, ap € R™
j=1

is dense in C°([0, 1]%n R) for the uniform norm. In fact, no monotonicity assumption is required
for .

5.1.2 Neural networks architectures for tasks other than regression
5.1.2.1 Classification

Let us consider a classification problem: the output to predict y is not a "continuous" data
having values in R%ut but is a classification label in {1,..., Njapels}. In this case, the output
y is mapped to RMabels as a one-hot vector i.e. for 1 < j < Njapess, the 5™ coordinate is the
probability to belong to the ' class. Similarly to the logistic classification, the loss function used
for classification problems is the categorical cross-entropy: if the data y =i € {1,..., Napels}
and the prediction vector is z € RMabels_ then the resulting loss is log(1 +e~%). For more details
we refer to [TKV10].

5.1.2.2 Images and convolutional layers

An image encoded as a matrix can be seen as an input vector, however this does not take into
account the spatial properties of the image. Moreover, the original dimension of an image is
generally too large to be directly processed using fully-connected layers. A common way to
deal with image analysis is to stack a succession of 2D-convolutions which kernel is a trainable
parameter in order to extract its spatial features, and of pooling layers which are non-trainable
but reduce the dimension of the image by averaging or taking the maximum over small squares
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/]
q ﬂ
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2x2 pool

RGB input image multi-channel image

Figure 5.2: 2D-convolution layer followed by max-pooling architecture

[JKRLO09]. Once the features are extracted and the dimension is reduced, we use dense layers
to extract the role of each feature. An illustration is given in Figure[5.2

5.1.2.3 Time series

The problem is to predict the value of a time series in the future knowing the previous values
over a time window. This problem can be rewritten as a regression problem as follows. For a
whole time series (ug)1<p<7 € (R4)T the input data is the extracted sub-series (ugi1,. . ., Upie)
where ¢ < T and for each k the output is ugye+s where s is the number of time steps in the
future for which we predict the value of w.

To design a neural network adapted to time series analysis, we first need layers that extract
the features of the data and that take into account their sequential structure. Along with images,
we can use 1D-convolutional layers however such layers only extract short-term local features.
Recurrent Neural Networks (RNN) are more adapted to the analysis of short but also long-term
dependencies. RNN have a "hidden state" which is a time series that is recursively updated
according to the data [RHWS8G6]. More specifically, the output of a RNN is the hidden state
(Rk+t1, .-, hgre) that is recursively updated as

hjr1 = e(uj, hj)

where 1),, is some neural function with trainable parameter x (independent of j). Popular choices
for the parametrization of ¢, are LSTM (Long Short Term Memory) networks [HS96, [HS97]
and GRU (Gated Recurrent Unit) networks [CvMBB14].

5.1.3 Neural networks, stochastic gradient and automatic differentiation

The stochastic gradient descent for (5.1.1]) writes

Tntl = Tn — Ynt1Vae (L(%n (uin+1) - yin+1)) (5-1'2)

where i1 € {1,..., M} is an index chosen uniformly at random and where (v,) is a non-
increasing step sequence. In practice, SGD is implemented by batches where the gradient is
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estimated by the average over a small amount of data:

Tn+1l = Tp — ]JnJrl Z Vi (L(¢In (uz) - yz)) (513)
batch i€Tns1
where Z,, 11 is a subset of {1,..., M} of size Npatch taken uniformly at random with Npagen << M.

The advantages of using batches are that the gradient descent is more stable and that for each
iteration, all the gradients V. (L(vy, (ui) — v;)) for i € 7,41 are computed simultaneously by
parallelization in particular using GPU devices, so that computing Npaten gradients takes the
same time as computing one gradient provided that Npatcn is not too large.

Computing the gradient V (L(1)5, (u;) — y;)) using the finite difference method is inaccurate
and cumbersome in particular when the dimension of the parameter x is large. Instead we use
automatic differentiation: knowing that L(t;(u;) —vy;) is written as a composition of elementary
operations (addition, multiplication, etc) and functions (exp, log etc) of the parameter x as it
is the case for neural networks, then the gradient with respect to x is explicitly computed using
the chain rule.

In a more general framework, let us consider a function f : R* — R? of x which can be
written as a composition of elementary operations which gradients are analytically known. More
specifically, let us write these elementary operations as f(z9) = xy with z defined recursively
as

zo € RO, g = Tn =: Fi1(xy,) € Ri+1, p e {0,...,N =2}, any = fn(zNn-1)
Jnt1(2n)
(5.1.4)
where fop1 @ R — Ré+17b and F,1q : R — R+t and d = 6y < 4 < -+ < {y_p are

increasing dimensions and ¢y = ¢. Thus in order to compute the gradient dzy/0xo, writing
Zy 1= Oxp/0x € R xb with 4o = Iy, the identity matrix and using the chain rule we have

j?n+1 == VFn+1({En) . fn. (515)

However uses the matrix products VF,,1(x,) &, involving matrix products of dimensions
(nt1 X L) - (€, X £p), which is computationally expensive in the cases where ¢y (the number of
parameters with respect to which we compute the gradient) is large and ¢ is small (typically
¢y = 1). Another method is to consider instead the adjoint

- dxn T Xl
Ty 1= (8%1) eR (5.1.6)

with zny = I, so that we have the backward recursive relation
Fn = (VFui1(zn)) | - Enpa, (5.1.7)

involving matrix products of dimensions (¢, X €p4+1) + (€n41 X £x). Thus a method to compute
TN = g is:

1. Forward step: compute xy and the gradients VF,,ii(z,) using the forward recursive

relation (5.1.5)).
2. Backward step: compute Z( using the backward recursive relation ([5.1.7)).

The gradients VF, ;1(x,) are directly computed using the known analytical expression of
V fn+1 for fr41 in a finite set of elementary operations and functions. For example, for f(z) = e*
then Vf(x) = e%; for f(z,y) = 2 +y € R’ then Vf(z,y) = (Ip, I;); for f(x,y) = z*y € R’ then
Vf(z,y) = (diag(y), diag(z)).

For more details we refer to [Gil07, BPRS17].
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5.2. Stochastic gradient algorithms

Figure 5.3: Behaviour of SGD when the learning rate is too large.

5.2 Stochastic gradient algorithms

5.2.1 Adaptive stochastic algorithms

Many variants of the the classic SGD algorithm have been developed in order to make
more efficient and more stable algorithms and to accelerate their speed of convergence. One
main drawback of is that the learning rate (vy,) must be set by the user and may not be
adapted simultaneously to any optimization problem in general. Indeed, if the learning
rate is too large then the algorithm may be repelled from minima or diverge as illustrated in
Figure Other stochastic gradient methods are usually based on adaptive learning rates and
for a noisy measurement of the gradient g, they read

In+l = Tn — ’7n+1Pn+1 * In+1 (521)

where P11 € My(R) is positive definite. As the dimension of x is large, P, 11 is chosen to be a
diagonal matrix, thus yielding an adaptive learning rate for each dimension.

Each different choice for the preconditionner rule P yields a different algorithm; let us present
some of the most used stochastic gradient methods in practice.

The RMSprop algorithm [THI12] consists in maintaining a discounted average of the square of
gradients for each weight and to divide the gradient by the root of this average. More precisely,
given a € (0, 1) close to 1 and A > 0 close to 0 the RMSprop update is written in Algorithm

Algorithm 1 RMSprop
for 1 < n < Njter do
gn+1 - vx (L(wmn (uin+1) - yin+1))
MS, 11 = aMS, +(1 - a)gn—i-l © Gn+1
Po1 =diag (1 @ (AL + /MS,41))

Tnt4l = Tn — Vo1 Pnt1 - Gny1
end for

The parameter A is used for numerical stability. The operators @ and @ represent element-
wise product and division, respectively. Using a discounted average with rate « instead of the
current value allows to counter the unstable mini-batch effects, as evaluating the gradient on
mini-batches leads to estimates that may greatly differs from one iteration to the next.
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The Adam algorithm [KB15] is based on first and second moment estimates of the gradient.
For 81 € (0,1) and B € (0,1) both close to 1 and for A > 0 close to 0, the Adam update is
written in Algorithm [2 I Note that in the update of x,1, an average of the gradient Mn+1 over
the past iterations with exponentially decreasing weight is considered. The notations ﬁ"“ and
Bg“ denote 8, and 5 to the power n + 1 respectively.

Algorithm 2 Adam
for 1 < n < Njter do
gn+1 = Vg (L(/(/]xn (uin+1) - yin+1))
M1 = 1My + (1 = B1)gn+1
MSpi1 = B2 MSy +(1 = B2)gn+1 © gn+1
Mps1 = Myi1 /(1= B7H)
MSp41 = MS,41 /(1 — 85T

P, = diag (]1 %) (A]l + \/1\’4§n+1>)

Tp4+1 = Tn — 'Yn+1Pn+1 : Mn—i—l‘
end for

The Adadelta algorithm [Zeil2] uses as preconditioner the moving root mean square of the
increments of (x,,) divided by the moving root mean square of the gradients (g,) and is given
in Algorithm

Algorithm 3 Adadelta
for 1 < n < Njter do

gn+1 = VJB (L(wfn (uinJrl) - yivz+1))
MSp+1 = B1 MS, +(1 — B1)gn+1 © gnt1

P, = diag ((A]l + MS,) @ (A]l + I\TS,L»
Tpt1 = Tn = Y1 Png1 - Gny1-

MSn+1 = B2 MS,, +(1 - 52)(3}71—}—1 - xn) ® (xn—l—l - xn)-
end for

Other optimizers used in Machine Learning mainly rely on the same idea which is to adapt
the learning rate for each weight using gradient moving averages and are often based on tunes
of one of the previous algorithms, such as Adamax [KB15|, which is a variant of Adam based
on the infinity norm instead of the L?-norm, and AMSgrad [RKKIS].

Likewise, vanilla or preconditioned Langevin algorithms are obtained by adding Gaussian
noise to a stochastic gradient method for some choice of preconditioner. More specifically, the
Langevin version of (5.2.1]) reads

2 »1/2
ot = T — Ynp1 Pott - Gns1 + a1 Past - N(0,10) + a2 vng1 Tost, (5.2.2)

where a, 1 is a scalar positive decreasing or constant sequence controlling the amplitude of the
noise and where T is a second-order correction term given by

d
[Tn—H 1<i<d — {Zaj n+1w} . (5.2.3)

= 1<i<d

This formula is given in [MCF15] [LCCC16, Equation (3)] [PP23, Proposition 2.5]. For a
non-Langevin algorithm with name Name, we denote by L-Name its Langevin version i.e. the
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Langevin algorithm obtained by adding a preconditioned Gaussian noise and given by the update
(5.2.2)).

5.2.2 Gradient optimizers in TensorFlow

We use the Machine Learning library TensorFlow [AAB™ 15| with Python. Neural networks can
be easily built by stacking layers:

import temnsorflow as tf

model = tf.keras.Sequential ([
tf.keras.layers.Conv2D (8, (4, 4), activation=’sigmoid’), # 8 filters
with convolution kernel of size 4x4
tf.keras.layers.MaxPooling2D ((2, 2)), # Pooling with infinity norm on
2x2 squares
tf.keras.layers.Flatten(),
tf.keras.layers.Dense (32, activation=’sigmoid’), # 32 units
tf.keras.layers.Dense (10)
D

Listing 5.1: Example of a 2D-convolutional neural network in TensorFlow

Once the model is built, we compile it with a loss function and an optimizer:

model . compile (
optimizer=’SGD’,
loss=tf.keras.losses.SparseCategoricalCrossentropy(from_logits=True)

)
Then the model is trained and its weights are fitted to the data:

model.fit(train_features, train_labels, batch_size=256, epochs=20,
validation_data=(val_features, val_labels))

Some gradient algorithms are already implemented in TensorFlow and can be found in the
module tf.keras.optimizers, such as tf.keras.optimizers.SGD, tf.keras.optimizers.
Adam, tf.keras. optimizers.RMSprop. We implement Langevin algorithms as subclasses of
the base class tf .keras. optimizers.Optimizer. The method _resource_apply_dense(self,
grad, var) defines the algorithm update rule applied to the weight of the model var knowing
the derivative of the loss grad with respect to var. For example, for the basic stochastic gradient
algorithm, the update rule is simply

def _resource_apply_dense(self, grad, var):
var.assign(var - self.learning_ratexgrad)

Auxiliary variables of the optimizers can be defined in create_slots(self, var_list), for
example the gradient square moving average MS,, for RMSprop, see Algorithm

We give the code using these methods for the L-RMSprop algorithm in Listing[5.2] The code
for other L-algorithms can be found at

https://github.com/Bras-P/langevin-simulated-annealing/blob/main/optimizers.py.

We first create a subclass LangevinOptimizer of the base TensorFlow optimizer class tf .keras.
optimizers.Optimizer in order to handle the possible decreasing of sigma which is either a
float value either a tf.keras.optimizers. schedules. LearningRateSchedule:

class LangevinOptimizer (tf.keras.optimizers.Optimizer):
def __init__(self, learning rate, sigma, name=’LangevinOptimizer’,
xkkwargs) :
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super () .__init__(name, **kwargs)
self._set_hyper ("learning rate", kwargs.get("lr", learning_rate)

self._set_hyper ("sigma", kwargs.get("sigma", sigma))

def _decayed_sigma (self, var_dtype):
sigma = self._get_hyper("sigma", var_dtype)
if isinstance(sigma, tf.keras.optimizers.schedules.
LearningRateSchedule) :
local_step = tf.cast(self.iterations, var_dtype)
sigma = tf.cast(sigma(local_step), var_dtype)
return sigma

def _prepare_local(self, var_device, var_dtype, apply_state):
super () . _prepare_local(var_device, var_dtype, apply_state)
if "sigma" in self._hyper:
sigma = tf.identity(self._decayed_sigma(var_dtype))
apply_state[(var_device, var_dtype)]["sigma"] = sigma

def _get_coefficients(self, grad, var, apply_state=None):
var_device, var_dtype = var.device, var.dtype.base_dtype
coefficients = (apply_state or {}).get(
(var_device, var_dtype)
) or self._fallback_apply_state(var_device, var_dtype)
lr_t, sigma = coefficients["lr_t"], coefficients["sigma"]
return coefficients, 1lr_t, sigma

Then the L-RMSprop algorithm is given as a subclass of LangevinOptimizer by:

class LRMSprop(LangevinOptimizer):
def __init__(self, learning_rate=0.001, sigma=0.001, alpha=0.9,
diagonal_bias=1e-6, name="LRMSprop", *xkwargs):

super () . __init__(learning_rate, sigma, name, **kwargs)
self .alpha = alpha
self .diagonal_bias = diagonal_bias

def _create_slots(self, var_list):
for var in var_list:
self.add_slot(var, "rms"

@tf.function
def _resource_apply_dense(self, grad, var, apply_state=None):

coefficients, lr_t, sigma = self._get_coefficients(grad, var,
apply_state)

rms_var = self.get_slot(var, "rms"

new_rms = self.alpha*rms_var + (l-self.alpha)*tf.square(grad)

preconditioner = 1./(self.diagonal_bias + tf.math.sqrt(new_rms))

stddev = sigma*tf.math.sqrt(lr_t*preconditioner)

new_var = var - lr_t*preconditioner*grad + tf.random.normal (

shape=tf.shape(grad), stddev=stddev)
rms_var .assign(new_rms)
var .assign(new_var)

Listing 5.2: Implementation of the L-RMSprop optimizer in TensorFlow

The correction term Y which includes second-order derivatives can be computed using auto-
matic differentiation as same as for the computation of first-order derivatives with the function
diag_jacobian from the module tensorflow_probability.python.math. However in general
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Figure 5.4: Double well potential
Algorithm SGLD L-RMSprop L-Adam

Mean escape time 217.8 90.40 87.13

Table 5.1: Mean escape time of the local minimum of a double-well function. The values of the
parameters are ¢ = 0.1, xg = —1.5 (initial point), v = 0.1. The escape times are averaged over
1000 runs. The escape time is defined as the first iteration k& such that z; > 1.

we do not include the correction term Y in the Langevin optimizers as computing second-order
derivatives highly increases the computation time and including the term Y does not lead to
any visible improvement in practice in comparison with the computation time. Moreover the
time step coefficient of Y, in is a2+, with a,, < 1 and 7, < 1, in comparison with =, for
the gradient and an%%/ ? for the Gaussian noise, and if the regularization coefficient « is close to
1 then the preconditioner slowly varies at each iteration and then the true correction term Y is
close to 0.

5.3 Simulations

We compare the performances of various adaptive (preconditioned) Langevin algorithms with
vanilla SGLD, which is the Langevin algorithm with constant (additive) o (P,), as well as
with standard non-Langevin algorithms. The algorithms are tested on diverse optimization and
inference problems with real-life data.

5.3.1 Double well potential

Let us start with a simple one-dimensional example. Let V : R — R be a coercive C? "double-
well"-type function i.e. with two local minima z} and x5 and such that V(z}) > V(23%). In this
section we consider
V(z) = ilA - %xz — cx,

see Figure Starting in the the neighbourhood of z7 = —1, we simulate how many itera-
tions are needed to escape the first local minimum and to reach 23 = 1. The Gaussian noise
added to the gradient descent indeed allows to escape from local minima and to explore the
whole space. The results are given in Table [5.1] where we compare the performances of pre-
conditioned Langevin algorithms with vanilla SGLD. Preconditioned Langevin algorithms show
better performances in exploring the state space with a lower mean escape time.
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Figure 5.5: Performance of preconditioned Langevin algorithms compared with vanilla SGLD
on the Adult dataset. The values of the hyperparameters are a = 0.01 and v = 0.01 for SGLD,
L-RMSprop and L-Adam and v = 0.5 for L-Adadelta, batch size is 32 and the window for the
posterior is N = 800. 95% confidence intervals are indicated.

5.3.2 Bayesian Logistic Regression

We compare vanilla SGLD with preconditioned Langevin algorithms on a Bayesian logistic
regression problem. Given a binary classification problem (u;,y;)1<i<ny where y; € {£1}, the
probability of the i output is

1
T 14 exp (—yilx, ug))’

p(yilui, x)

corresponding to the binary entropy loss. We use the Adult dataset a9a [Koh96] where the
binary classification task is to determine whether a person earns over 50k$ per year knowing 14
features such as age, education etc. We use a Bayesian approach for this problem and we simulate
the parameter z according to the Gibbs distribution of density proportional to e=2V(®)/ a* The
empirical posterior distribution is given by the N last values of the weights in the algorithm.
The advantage of the Bayesian approach is to be able to quantify the uncertainty about the
inferred values of the weights and about the underlying process.

The results are given in Figure [5.5] showing that the decrease of the loss function is faster
for precondtioned Langevin algorithms than for vanilla SGLD.

5.3.3 Image classification (1)

We train a neural network on the MNIST dataset [LBBH9S8|, which is composed of grayscale
images of size 28 x 28 of handwritten digits (from 0 to 9). The goal is to recognize the handwritten
digit and to classify the images. 60.000 images are used for training and 10.000 images are used
for test. Examples of predictions are given in Figure [5.6]

We first compare the performances of various Langevin algorithms for the training of a
feedforward neural network, composed of two hidden dense layers with 128 units each and with
ReLU activation. The results are given in Figure The preconditioned Langevin algorithms
show significant improvement compared with the vanilla SGLD algorithm. Their convergence is
faster and they achieve a lower error on the test set. We also display the value of the loss function
on the train set during the training to show that the better performances of the preconditioned
algorithms are not due to some overfitting effect.

We then compare preconditioned Langevin algorithms with their respective non-Langevin
counterparts. For shallow neural networks, adding an exogenous noise does not seem to improve
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Figure 5.6: Examples of probability predictions for some images from the MNIST dataset
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Figure 5.7: Performance of preconditioned Langevin algorithms compared with vanilla SGLD
on the MNIST dataset. The values of the hyperparameters are a(n) = Alog™"/?(cin + €) with
A =2.1073 and where ¢in = 1 after 5 epochs; v, = 71/(1 + con) where con = 1 after 5 epochs
and where for SGLD, v; = 0.001 for L-RMSprop and L-Adam and v; = 0.1 for L-Adadelta.
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Figure 5.8: Side-by-side comparison of optimization algorithms with their respective Langevin
counterparts for the training of a deep neural network on the MNIST dataset. We display the
performance of SGD for reference. The values of the hyperparameters are a(n) = Alog™"/?(cin+
e) with A = 1.1073 for L-Adam and A = 5.10~* for L-RMSprop and where c;n = 1 after 5
epochs; v, = 71/(1 + can) where con = 1 after 5 epochs and where 73 = 0.01 for SGLD and
~v1 = 0.001 for the others.

the performances of the optimization algorithm, although it adds some regularization. In par-
ticular, we could not reproduce the good results of [LCCCI16] for feedforward neural networks,
as it is also noted in a footnote in [MO17]. However, for deep neural networks, which are highly
non-linear and which loss function has many local minima, the Langevin version is competitive
with the currently widely used non-Langevin algorithms and can even lead to improvements.
The results are given in Figure [5.8] where we used a deep neural network with 20 hidden layers
of 32 units each and with ReLU activation. This aspect shall be developed in a Chapter [6]

5.3.4 Image classification (2)

We train a convolutional neural network on the CIFAR-10 dataset [KH09], which is composed
of RGB images of size 32 x 32 belonging to 10 different classes: airplanes, cars, birds, cats, deer,
dogs, frogs, horses, ships, and trucks. 50000 images are used for training and 10000 images for
test. We train a deep neural network composed of two convolutional layers with 4 x 4 kernel size
and 32 channels for each; 2 x 2 max-pooling is used after each convolutional layer, which is a
standard network configuration [JKRL09]. These layers are followed by 20 hidden dense layers
with 64 units each and with ReLU activation. Since the images in the CIFAR10 dataset do not
have a good resolution, we cannot expect a very high accuracy on the test set.

We proceed to side-by-side comparison of Langevin algorithms with their respective non-
Langevin counterparts. The results are given in Figure [5.9] and show that in the case of a
deep neural network with a large number of hidden layers, preconditioned Langevin optimizers
achieve competing or even faster convergence speed than non-Langevin optimizers. For more
developments we refer to Chapter [0}

5.3.5 Time series analysis and prediction

We use the Jena Climate dataset which is a weather time series dataset recorded at the weather
station of the Max Planck Institute for Biogeochemistry in Jena, Germany. This dataset contains
14 different features such as air temperature, atmospheric pressure, humidity and wind. We also
pre-process the dataset and add some relevant features for weather prediction such as the the
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Figure 5.9: Side-by-side comparison of optimization algorithms with their respective Langevin
counterparts for the training of a deep neural network on the CIFAR-10 dataset. The values of
the hyperparameters are a(n) = Alog™"/?(¢cin + €) with A = 5.10~* and where ¢;n = 1 after 5
epochs; v, = 71/(1 + can) where can = 1 after 5 epochs and where v = 1e—3,2e—3,1e—1 for
Adam, RMSprop and Adadelta respectively
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Figure 5.10: Example of hourly temperature prediction

hour in the day and the day in the year. We consider a recurrent neural network with one
LSTM layer with 64 filters and with tanh activation and sigmoid recurrent activation. The loss
function is the classic L?-mean square loss.

We compare the performance of the RNN model with the performance of the baseline model
which is the model obtained by simply predicting the future value by the current value. An
example of prediction of the temperature using a RNN is given in Figure [5.10

We compare the performances of the preconditioned Langevin algorithms with the vanilla
SGLD algorithm in Figure[5.11]and in Table[5.2] showing that preconditioned optimizers achieve
a faster convergence speed.

Preconditioner SGLD L-RMSprop L-Adam L-Adadelta | Baseline model
Best test loss  0.739 0.434 0.433 0.467 0.545

Table 5.2: Best accuracy performance on the JENA weather test set after 10 epochs.
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Figure 5.11: Performance of preconditioned Langevin algorithms compared with vanilla SGLD
on the JENA weather dataset. The values of the hyperparameters are a(n) = Alog™"?(cin+e)
with A = 2.107% and where c;n = 1 after 5 epochs; v, = 71/(1 + can) where con = 1 after
5 epochs and where for SGLD, v; = 0.001 for L-RMSprop and L-Adam and v; = 0.1 for L-
Adadelta.

5.3.6 Optimal Quantization

We consider the problem of vector optimal quantization as stated in Section [1.1.2.5] which does
not involve neural networks. For i some probability distribution in L?(IR9) and for fixed K € N,
the objective is to minimize the distortion function:

i 1 ; _ k|2
oo, I e V@) =g L min 1€ = P pe(dS). (5.3.1)

Then defining the Voronoi partition of R?:
Vk(xlaer) = {geRq’vlgngv ’E_xk| S‘g_x]’}v 1§k<K7

the corresponding gradient descent algorithm reads with X, = (X}, ..., XX) ¢ (R)X and
Y, ~ p and iid:
Xn+1 = Xp — Y1 I:]lYnJrler(Xn)(XT’i - Yn-i-l)] 1<k<K" (5'3'2)

Optimal quantization problems involve the minimization of a potential function (distortion)
which is highly non-convex and with many local minima and saddle points. Indeed, if x =
(z!,...,2%) € (R)K is a global minimizer, then by symmetry and for every 7 € Gk the
group of permutations of {1,..., K}, (™, ... 275)) is also a minimizer. It follows from the
Mountain Pass theorem [ART3| the existence of critical points which are not global minimizer.
Moreover, the set of global minimizers is even larger if the law p to be quantified has its own
symmetry properties. Typically for u = N(0,1,), if # = (z,...,2K) € (R)EK is a global
minimizer then for every linear isometry B, (Bx!,.. ., Bz ) is also a global minimizer. We
also refer to [GLO0, Section 5] for a discussion on the uniqueness of optimal quantizers (up to
permutation) in the one-dimensional case. An illustration in a simple case is given in Figure

Therefore, Langevin algorithms may be suitable for improving the CLVQ algorithm. In
Figure we consider the optimal quantization problem with ;o = N(0, I;) in dimension ¢ = 20
with K = 1e4 quantization points and we proceed to side-by-side comparison of Langevin and
non-Langevin optimizers, showing that Langevin methods improve the performances of classic
gradient descent methods for optimal quantization. We plot the two-dimensional projection of
the quantizers in Figure [5.14]
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Figure 5.12: Side-by-side comparison of optimization algorithms with their respective Langevin
counterparts for the quantization of the law N (0, I2o) with 10000 quantization points. The batch
size is 512 and each epochs consists in 5 batches. At the end of each epoch, the distortion V is
evaluated over 25 x 512 samples and the 95%-confidence intervals are indicated (but may be too
small to be visible). The schedules are v, = 5e¢ —3 (2e¢ —2) and a(n) = 5e —3 (5e —2) for epochs
0 to 40 and 7, = 5e—4 (2e —3) and a(n) = 0 beyond for Adam and RMSprop (for Adadelta).
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Figure 5.13: Distortion function for py = axes of the quantization of N(0, Iy) with
N(0,1) and K = 2. 10000 quantization points.
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Chapter

Langevin algorithms for very deep Neural
Networks with application to image
classification

The results in this chapter have been presented at the International Neural Network
Society Workshop on Deep Learning Innovations and Applications (INNS DLIA),
part of the Machine Learning conference International Joint Conference on Neural
Networks IJCNN 2023, and will be published in the first edition of the INNS work-
shop series in Procedia Computer Science. An arXiv preprint is available [Bra23|.

Abstract

Training a very deep neural network is a challenging task, as the deeper a neural
network is, the more non-linear it is. We compare the performances of various pre-
conditioned Langevin algorithms with their non-Langevin counterparts for the train-
ing of neural networks of increasing depth. For shallow neural networks, Langevin
algorithms do not lead to any improvement, however the deeper the network is and
the greater are the gains provided by Langevin algorithms. Adding noise to the
gradient descent allows to escape from local traps, which are more frequent for very
deep neural networks. Following this heuristic we introduce a new Langevin algo-
rithm called Layer Langevin, which consists in adding Langevin noise only to the
weights associated to the deepest layers. We then prove the benefits of Langevin and
Layer Langevin algorithms for the training of popular deep residual architectures
for image classification.

6.1 Introduction

Langevin algorithms are widely used for the training of neural networks in a Bayesian setting
[WTTI, [VBBT20]. Adding a small exogenous noise adds regularization to the training and allows
to quantify the degree of uncertainty on the parameters. In this paper, we consider Langevin
algorithms directly used for stochastic optimization of neural networks in a non-Bayesian setting
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and compare their performances with non-Langevin stochastic gradient algorithms. As it was
noted in [NVL™15, [Anil9], adding gradient noise can in fact improve the learning. Similarly,
noisy activation functions [GMDBT6, SLH™19] may yield better learning for very deep neural
networks. Indeed, the noise provides regularization and allows to escape from traps for the
gradient descent such as local minima and saddle points [DPG™14]. Moreover, the deeper the
neural network is, the more non-linear it is, thus increasing the number of such traps. Non-
convex optimization through Langevin algorithms shares heuristics with simulated annealing
which consists in sampling with respect to a Gibbs measure where the noise parameter gradually
decreases to zero, see [vLA87] and Chapter

Many advances in supervised learning were made possible using very deep neural networks,
which are able to tackle much more difficult problems than shallow ones [KSH12, MPCB14,
LBHT5], in particular as it comes to image classification [SLJ™ 15, [SZ15, HZRS16, HLVDMW17].
Still, deep neural networks which consist in a succession of dense layers are considerably more
difficult to train [GB10, DPG™14] and may run into vanishing gradient problems [Hoc91l, [Han18].
Without proper adaptation or training, they show poor performance. To cope with this issue,
highway networks [SGS15] and residual networks [HZRS16] were introduced. Their many suc-
cessive layers behaves either as a dense layer or as the identity function, allowing the gradient
information to propagate trough the successive layers.

We compare the benefits of preconditioned Langevin algorithms [LCCC16]| for various archi-
tectures and depths of neural networks and we proceed to side-to-side comparison of Langevin
algorithms with their respective non-Langevin counterparts. The purpose of our experiments
is to compare different methods on the same model architecture, not to achieve state-of-the-art
results. For shallow networks, there is no benefit in using Langevin algorithms as it only adds
noise to the gradient descent and brings a less accurate estimation of the minimum. However,
we observe that the deeper the network is, the greater are the gains provided by Langevin
algorithms.

Since the most important non-linearities of the network are contained in the deepest layers,
we introduce a new optimization method that we call Layer Langevin algorithm, which consists
in training the network by adding Langevin noise only to the training of some layers and not to
the other layers. In particular, we choose the Langevin layers to be the k first (deepest) layers for
some integer k. We then highlight the possibilities of training acceleration using Langevin and
Layer Langevin methods on deep residual networks [HZRS16] and dense convolutional networks
[HLVDMW17| for image classification.

Our code for the numerical experiments is available at

https://github.com/Bras-P/deep-layer-langevin.

It includes in particular ready-to-use Langevin optimizers and Layer Langevin optimizers as
instances of the TensorFlow Optimizer base class and a demonstration notebook.

6.2 Very deep neural networks

Training of very deep neural networks is a significantly more challenging task than for shallow
networks [GBI0, DPG™14|. Let us write the output of a neural network with K layers and with
weights 6 = (01,...,0%) as

Yo(x) = hi o -0 i (), (6.2.1)
where ¢!, ..., o are activation function and where gplgk s+ pF(A% . x) at every unit. Denoting
Oy (x) == pjr 0 -+ 0 oy () (6.2.2)
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for 1 <k < K and ®y(z) := x, then the gradient reads for 1 < k < K:

Vgeibg(x) = (Vg pgr 0 Px—1(x)) - -+ (Vgripgr 0 Pp—1(x)) - (6.2.3)

Thus heuristically, the deeper the layer is, the more the gradient with respect to the parameters
of this layer has annealing points, since more factors appear in (6.2.3), hinting that deep layers
show more non-linearities and local traps.

6.3 Langevin algorithms for the training of deep neural net-
works

6.3.1 Experimental setting

In our experiments we use the following datasets. The MNIST dataset [LBBH98]| is composed of
28 x 28 grayscale images of handwritten digits (from 0 to 9). 60.000 images are used for training
and 10.000 images are used for test. The CIFAR-10 and the CIFAR-100 datasets [KH09] consist
in RGB images of size 32 x 32 belonging to 10 and 100 different classes respectively. For both
datasets 50.000 images are used for training and 10.000 images are used for test.

The neural networks are trained using preconditioned Langevin algorithms with per-dimension
adaptive stepsize [LCCC16] with different choices of preconditioner. That is, for a preconditioner
rule (P,) the Langevin update reads

In+1 = VHV(Hn;Dn+1) (631)
On—l—l = en - 7n+1Pn+1 “On+1 T 0y 7n+1N(0; Pn+1)7

where o € (0,00) controls the amount of injected noise, (7,,) is the non-increasing learning rate
sequence, V denotes the objective function and where VgV (6,,; D,,) stands for the mean gradient
computed on a subset D, of the dataset. The corresponding preconditioned non-Langevin
algorithm follows the same update as in ((6.3.2]) without Gaussian noise. In our experiments we
use the RMSprop [DHS11l [LCCC16], the Adam [KB15] and the Adadelta [Zeil2] preconditioners
and we call the Langevin version of these algorithms as L-RMSprop, L-Adam and L-Adadelta
respectively. The preconditioner rules are given in Algorithms [6] respectively. Note that
depending on the algorithm version, in the update the gradient g,4+1 can be replaced
by an averaged gradient over the past iterations as this in the case in Adam (Algorithm [5)) i.e.
momentum gradient is used. While comparing some preconditioned method with its Langevin
counterpart, we ensure that both training procedures start with the same initial weights.

Algorithm 5 Adam update

Parameters: (1,52, A >0
M1 = 1My + (1 = B1)gnt1

Algorithm 4 RMSprop update

Parameters: o, A > 0 MSp41 = B2 MSy +(1 = B2)gnt1 © gnt1
MS;11 = aMS, +(1 — a)gn+1 © gn+1 Mysy = Myyy /(1= B
P,y = diag (]l %) ()\]1 + \/MSHH)) 1\//_@”+1 =MSp.1/(1— g—i—l)

en—i-l =0, — Ynt1Pnt1 * Gny1

Poy1 = diag (1@ (AL +1/MS,141))
Ont1 = O0p — Ynr1Puy1 - M.

6.3.2 Plain and convolutional networks

We first train fully connected feedforward neural networks on the MNIST dataset. The networks
are composed of 3, 20, 30 and 40 hidden dense layers respectively with 64 units each and with
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Algorithm 6 Adadelta update
Parameters: (1,02, A >0
MS, 41 = B1 MS, +(1 — B1)gn+1 © gnt1
Pyy1 = diag (M5, + M @ (A +/MS,))
Ont1 = 0n — Y1 Png1 - Gnp-

—

MSyi1 = B2 MSy, +(1 = B2)(Ons1 — On) © (Ony1 — On).

ReLU activation, followed by one dense output layer. The results are given in Figure [6.1
We observe that for shallow neural networks, Langevin algorithms do not outperform their
respective non-Langevin counterparts; they add noise to the gradient descent thus giving a
less accurate estimate of the minimum value. In particular and as noted in the footnote in
[MO17], we could not reproduce the good results from [LCCCI6] for plain networks with two
hidden layers. However, the deeper the network is, the greater the gains induced by Langevin
algorithms compared with their respective non-Langevin counterparts are. We also display the
value of the loss function on the training set in order to highlight that the better performances
of the Langevin algorithms are not due to some overfitting effect. Langevin algorithms indeed
show improvements on 20-layer deep networks; beyond 30-layer deep networks, the gains are
significant. The training of 40-layer deep networks with non-Langevin algorithms may run into
the vanishing gradient problem, whereas such problem is avoided by Langevin algorithms. In
the latter case of very deep training, preconditioned Langevin algorithms not only add noise
preventing the vanishing of the gradient, they also help starting up the training in the right
directions. To obtain better results with Langevin algorithms, we recommend using a small
coefficient o, empirically ranging from 1e —3 to 5e —5.

We then perform simulations in a similar setup on convolutional architectures that are more
adapted to image recognition [JKRL09| followed by a large number of hidden dense layers. More
specifically, we train neural networks composed of two convolutional layers with 4x4 kernel size
and 32 channels for each; 2x2 max-pooling is used after each convolutional layer. These layers
are followed by respectively 10 and 30 hidden dense layers with 64 units each and by one dense
output layer. Since the images in the CIFAR-10 dataset do not have a good resolution, we
cannot expect a very high accuracy on the test set. Instead, we focus on comparing different
algorithms on the same model architecture. The results are given in Figure [6.2] and we make
similar observations: Langevin algorithms show improvements with 10 hidden dense layers and
for 30 dense layers, non-Langevin algorithms run into vanishing gradient issues which is not the
case for Langevin algorithms.

6.3.3 Highway networks

We now perform the same simulations on Highway networks, in a setting very similar to [SGST5].
Comparably to residual networks, the output of a highway layer is a convex combination of the
output of a dense layer and the output of a identity layer; the parameter controlling the convex
combination is itself trainable. For a layer with weights (0p, 6r), the output reads

y =Ty, (z)- Dy, (x)+ (1 —Tp,(2)) -z, (6.3.3)

where T and D are dense layers and where 7" has sigmoid output.

We give the implementation of a Highway layer as a subclass of the base TensorFlow class
tf.keras. layers.Layer. The method build initializes the weights of the layer when the layer
is called for the first time; each weight is defined through the method add_weight. The method
call defines the output of the layer depending on the inputs and its weights; we need to resort
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Figure 6.1: Training of neural networks of various depths on the MNIST dataset using Langevin
algorithms compared with their non-langevin counterparts. (a): 3 hidden layers, (b): 20 hidden
layers, (c): 30 hidden layers, (d): 40 hidden layers. The batch size is 512. The schedules are
Yo = le—3 and o = 5e —4 for epochs 1 to 12 and 7, = le — 4 and ¢ = 0 beyond.
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Figure 6.2: Training of convolutional neural networks on the CIFAR-10 dataset. (a): 10 hidden
dense layers, (b): 30 hidden layers. The batch size is 512. The schedules are v, = 1e —3 and
o = 2e — 4 for epochs 1 to 15 and v, = le — 4 and ¢ = 0 beyond.

to TensorFlow functions so that the gradient with respect to the layer weights is computed using
the TensorFlow automatic differentiation.

class Highway (tf.keras.layers.Layer):

def __init__(self, activation=None, tgBias=-1.):
super (Highway, self).__init__Q)
self.activation = tf.keras.activations.get(activation)
self.tgActivation = tf.keras.activations.get(’sigmoid’)
self.tgBias_init = tgBias

def build(self, input_shape):

dim = input_shape[-1]

self .kernel = self.add_weight("kernel", shape=[dim, dim])

self .bias = self.add_weight("bias", shape=[dim,])

self .tgKernel = self.add_weight ("tgKernel", shape=[dim,dim])

self .tgBias = self.add_weight("tgBias", shape=[dim], initializer
=tf.keras.initializers.Constant (self.tgBias_init))

self .built = True

def call(self, inputs):
outputs = tf.matmul (inputs, self.kernel)
outputs = tf.nn.bias_add(outputs, self.bias)
if self.activation is not None:

outputs = self.activation(outputs)
transform_gate = tf.matmul (inputs, self.tgKernel)
transform_gate = tf.nn.bias_add(transform_gate, self.tgBias)

transform_gate self.tgActivation(transform_gate)
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Figure 6.3: Training of a highway neural network with 80 dense hidden layers. The schedules
are v, = le —3 and o = le — 4 for epochs 1 to 15 and v, = le — 4 and ¢ = 0 beyond.

outputs = tf.math.multiply (outputs, transform_gate) + tf.math.
multiply (inputs, tf.math.add(l.,-transform_gate))
return outputs

We observe that Langevin algorithms become effectively faster than non-Langevin algorithms
only from a larger depth than for plain networks. In Figure[6.3|we plot the results for the training
of a network composed of 80 dense hidden layers with 64 units each and ReLLU activation on the
CIFAR-10 dataset, showing the possibilities of acceleration through Langevin algorithms, even
in a residual (highway) architecture.

6.4 Layer Langevin algorithm

We introduce a new Langevin algorithm for stochastic optimization of deep neural networks that
we call Layer Langevin algorithm. Choosing a preconditioner rule P, some weights are updated
following the Langevin rule while the other weights are updated following the non-Langevin rule.
(4)

Denoting 6, the ith weight at step n, we have for every :

‘97(;{1 =0 — Y1 [Put1 - 9ns1)? + Licgo /g1 (N (0, Pog1)] . (6.4.1)
where J is a subset of weight indices and where P,, denotes the preconditioner. To simplify the
choice of 7, we choose J as the subset of indexes of weights belonging to some layers. However,
a finer control over the subset J remains possible. To implement this method in practice, we
simply assign before the training an attribute equals to 1;c7 to every trainable variable of the
network.

We compare the performances of Layer Langevin algorithms with the Adam preconditioner
for different choices of the subset of layers. The results are given in Figure for the training
of a dense network with 30 hidden dense layers on the MNIST dataset in a setting similar
to Figure [6.1, For some optimizer Name, we denote LL-Name p% the corresponding Layer
Langevin algorithm where the subset 7 is the first p% layers of the network. We observe that
we obtain significant gains in comparison with the vanilla Langevin algorithm and that the best
performances are obtained when choosing the subset J as being the first ¢ layers for some ¢ € N,
in particular all the layers of the network except the few last ones.
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Figure 6.4: Layer Langevin method comparison on a dense neural network with 30 hidden layers.
The schedules are v, = 1e—3 and o = 5e — 4 for epochs 1 to 13 and v, = le—4 and 0 = 0
beyond.
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Figure 6.5: Architecture of the VGG-16 network for an input image of size 224 x 224. The
architecture is composed of 5 convolution blocks; inside each block the number of channels is
kept constant. At each transition between two blocks, the height and the width of the image are
both divided by 2 while the number of channels is multiplied by 2 (except for the last block).
Two hidden fully connected layers are used at the end.

6.5 Application to deep architectures for image recognition

We now test the Layer Langevin algorithm to speed up the training of neural networks with
very deep architectures that are popular in image recognition.

Many advances in supervised learning were made possible using very deep neural networks,
which are able to tackle much more difficult problems than shallow ones. In particular, let
us focus on very deep convolutional networks for image recognition. VGG (Visual Geometry
Group) networks were introduced in [SZ15] and then became a standard for deep convolutional
neural networks. The VGG architecture consists in a succession of 2D convolutional layers with
kernel size 3 x 3 and with ReLLU activation; a batch normalization layer is applied before each
convolutional layer. The dimensions of the input image are gradually reduced using 2 x 2 pooling
layers while the number of channels is increased. At the end of the network, dense layers are
applied for class prediction. An illustration of an example of VGG architecture is given in Figure
0. O

However, as this is the case for fully connected neural networks, very deep convolutional
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ReLU

Figure 6.6: ResNet elementary residual block

ReLU

Figure 6.7: ResNet size reduction block

networks are considerably more difficult to train. To cope with this issue, residual networks
(ResNets) were introduced in [HZRS16]. In this architecture, in order to propagate the gradient
information through the many layers a residual learning is implemented every few stacked layers.
More precisely, ResNets are composed of a succession of blocks as described in Figure [6.6 Each
of these blocks includes a shortcut connection and operates in part as a simple identity layer.
Contrary to a highway connection, the coefficient of the shortcut connection is 1 and is non-
trainable. Similarly to VGG nets, the size of the image is gradually reduced using convolutional
layers with 2 x 2 strides, see Figure [6.7} An example of ResNet architecture is given in Figure
Residual networks allow substantially deeper architectures and gain accuracy from increased
depth [HZRS16].

An implementation of residual networks using the TensorFlow functional API is given in
Listing [6.1] The (main) arguments are:

e block_layers: list of the number of blocks between two size reductions. For example,
[2,3,3] yields the architecture in Figure

o filters: initial number of channels which is multiplied by 2 at every size reduction.

o mode: either ’resent’ or ’vgg’, in order to instantiate either the ResNet of the VGG

2 % 2vpool
3 X 3 conv, 64 channels, /2
3 x 3 conv, 64 channels, /2
g
2 X 2 pool
N
g
( dense, classes units )

Figure 6.8: Example of (reduced) residual network architecture.
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architecture.

An implementation of the VGG architecture can be directly obtained from Listing[6.1]by skipping
the shortcut connections in identity_block and convolutional_block.

class ResNet (ModelBuilder): # can also instantiate the VGG model
def __init__(
self,
input_shape = (32,32,3),
filters = 32,
block_layers = [4,4,4],

classes = 10,
zero_padding = (0,0),
mode = ’resnet’ # equals to ’resnet’ or to ’vgg’

self .input_shape = input_shape
self .filters = filters
self .block_layers = block_layers

self.classes = classes
self .zero_padding = zero_padding
self .mode = mode

def identity_block(self, x, filter_size):
x_skip = x

x = tf.keras.layers.Conv2D(filter_size, (3,3), padding = ’same’)
(x)

x = tf.keras.layers.BatchNormalization (axis=3) (x)

X tf.keras.layers.Activation(’relu’) (x)

x = tf.keras.layers.Conv2D(filter_size, (3,3), padding = ’same’)
(x)

x = tf.keras.layers.BatchNormalization (axis=3) (x)

if not self.mode==’vgg’:

x = tf.keras.layers.Add () ([x, x_skip]l)

x = tf.keras.layers.Activation(’relu’) (x)

return x
def convolutional_block(self, x, filter_size):

x_skip = x

x = tf.keras.layers.Conv2D(filter_size, (3,3), padding = ’same’,
strides = (2,2)) (x)

x = tf.keras.layers.BatchNormalization(axis=3) (x)

x = tf.keras.layers.Activation(’relu’) (x)

x = tf.keras.layers.Conv2D(filter_size, (3,3), padding = ’same’)
(x)

x = tf.keras.layers.BatchNormalization (axis=3) (x)

if not self.mode==’vgg’:
x_skip = tf.keras.layers.Conv2D(filter_size, (1,1), strides
= (2,2))(x_skip)
x = tf.keras.layers.Add() ([x, x_skip]l)
x = tf.keras.layers.Activation(’relu’) (x)
return x

def getModel (self):
filter_size = self.filters
x_input = tf.keras.layers.Input(self.input_shape)
x = tf.keras.layers.ZeroPadding2D(self.zero_padding) (x_input)
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Figure 6.9: Dense convolutional network block

x = tf.keras.layers.Conv2D(filter_size, kernel_size=3, padding=’
same’) (x) # kernel_size is 3 for CIFAR-10, 7 in general

x = tf.keras.layers.BatchNormalization () (x)

x = tf.keras.layers.Activation(’relu’) (x)

for i in range(len(self.block_layers)):
if i == 0:
# For sub-block 1 Residual/Convolutional block not

needed
for j in range(self.block_layers[i]):
x = self.identity_block(x, filter_size)
else:
filter_size = filter_sizex*2
x = self.convolutional_block(x, filter_size)
for j in range(self.block_layers[i] - 1):
x = self.identity_block(x, filter_size)
x = tf.keras.layers.AveragePooling2D ((2,2), padding = ’same’) (x)
x = tf.keras.layers.Flatten() (x)
x = tf.keras.layers.Dense(self.classes) (x)
model = tf.keras.models.Model (inputs = x_input, outputs = x)

return model

Listing 6.1: ResNet implementation

Dense convolutional networks (DenseNets), introduced in [HLVDMW17], are composed of
convolutional layers; within every DenseNet blocks, each block is connected to all the following
layers inside the block, as described in Figure Contrary to residual networks where simply
adding the features implies some loss of information, the layers are not connected by summation
but by concatenation, i.e. for v, ...,y the outputs of the previous layers and Hy the £ in the
block which is composed of 2D convolution, activation and batch normalization, the output of the
(™ layer is Hy([zo, . . ., x¢]) where [z, . .., 2/] denotes the concatenation of the (same sized) multi-
channel images zo, ..., xy, whereas the output for a resnet architecture is Hy(xy) + x¢—1. This
architecture allowing feature reuse and improves the flow of information throughout the network
, which helps training of deeper architectures. Likewise VGG and residual networks, the different
blocks are concatenated using a convolutional layer and a pooling layer so that the size of the
image is progressively reduced. Dense convolutional networks obtained significant improvements
over previous architectures while also reducing the number of parameters [HLVDMW1T].

147



Chapter 6. Langevin algorithms for very deep Neural Networks

Test, accuracy Train loss
1
0.8 0.8
=
0
Mool
) 41 0.6
=
o
O
0.6 [ FEV: . i
ifl —— Adam e LL-Adam 30 % 1‘., 0.4
43| - = - RMSprop = LL-RMSprop 30 % alttese,
}"}‘.‘ —— Adadelta - LL-Adadelta 30 %
0.5 i I I I I I
T T T T T 3
0.55 |-
12.5
o 05)
S
i
e 0.45 19
s
0.4
@) 115
0.35 |
41
03 | | | | |
0 0 10 20 30 40 50

Epochs

Figure 6.10: Layer Langevin method comparison for the training of ResNet-20. The initial
number of channels is 16. The schedules are v, = 1e —3 (2e —1 for Adadelta) and 0 = 5e —4
(5e —3 for Adadelta) for epochs 1 to 40 =, is divided by 10 and o is set to 0 beyond.

We train on the CIFAR-10 dataset a ResNet architecture composed of 2 blocks with 5
residual layers each; each block is followed by a size reduction layer. This architecture is given
as ResNet-20 in [HZRS16l Section 4.2]. Similarly, we train a DenseNet architecture with depth
L = 22 and growth order k£ = 5 [HLVDMW17] on the CIFAR-10 dataset. We apply usual
data augmentation to both CIFAR-10 and CIFAR-100 datasets [LXGT15, [HZRS16]: 4 pixels
are padded on each side and a 32 x 32 crop is randomly sampled from the padded image or its
horizontal flip. The results are given in figure and tables and Experiments show
that Layer Langevin algorithms (in this case LL-Adam 30%) yield improvements in comparison
with non-Langevin methods, even on residual architectures adapted to very deep learning. The
train loss is also plotted, showing that the better performances of Layer Langevin is not only
due to some overfitting effect.

Acknowledgements

I would like to thank Gilles Pages for insightful discussions.

148



6.5. Application to deep architectures for image recognition

Table 6.1: Final test accuracy values obtained in Figures

Adam  LL-Adam RMSprop LL-RMSprop Adadelta LL-Adadelta
CIFAR-10 76.95% 7739 % 84.29 % 85.14 % 75.23 % 75.74 %
CIFAR-100 4533 %  45.41 % 55.15 % 55.68 % 42.28 % 43.84 %

Table 6.2: Final test accuracy values on the CIFAR-10 dataset with DenseNet architecture. The
schedules are v, = 5e¢—3 (2e —1 for Adadelta) and o = 5e —4 (5e —3 for Adadelta) for epochs
1 to 40 and 7, is divided by 10 and o is set to 0 for epochs 41 to 50.

Adam  LL-Adam RMSprop LL-RMSprop Adadelta LL-Adadelta
CIFAR-10 87.81 % 88.16 % 57.59 % 57.56 % 71.64 % 72.72 %
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Chapter

Langevin algorithms for Markovian Neural
Networks and Deep Stochastic control

The results in this chapter have been presented at the Machine Learning conference
International Joint Conference on Neural Networks IJCNN 2023 and are published
in the conference proceedings as a joint work with Gilles Pages [BP23b].

Abstract

Stochastic Gradient Descent Langevin Dynamics (SGLD) algorithms, which add
noise to the classic gradient descent, are known to improve the training of neural
networks in some cases where the neural network is very deep. In this paper we study
the possibilities of training acceleration for the numerical resolution of stochastic
control problems through gradient descent, where the control is parametrized by a
neural network. If the control is applied at many discretization times then solving
the stochastic control problem reduces to minimizing the loss of a very deep neural
network. We numerically show that Langevin algorithms improve the training on
various stochastic control problems like hedging and resource management, and for
different choices of gradient descent methods.

Keywords— Langevin algorithm, SGLD, Markovian neural network, Stochastic con-
trol, Deep neural network, Stochastic optimization.

7.1 Introduction

Stochastic Optimal Control (SOC), which consists in optimizing a functional of a trajectory of
a controlled Stochastic Differential Equation (SDE) has applications in a wide range of prob-
lems: management of resources, queuing systems, epidemic and population processes, pricing
of financial derivatives, portfolio allocation... In comparison with classic optimal control, SOC
models include a random noise with known probability distribution that affects the evolution or
the observation of the system. SOC also aims at managing the risk induced by this noise.
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SOC problems are usually solved using specific strategies, such as Forward-Backward SDEs
(FBSDEs) [PW99], or by solving Hamilton-Jacobi-Bellman (HJB) optimality conditions [Bel57]
through partial differential equations methods using appropriate numerical schemes or by stochas-
tic dynamic programming [KDOI1]. Such problems can also be solved using Neural Networks
calibrated by SGD techniques [GMO05, [HE16, WLP™19, [CT.21, BHLP22].

More specifically, in this article we consider the numerical resolution of a SOC problem where
the control is parametrized by a neural network calibrated by gradient descent. This method
implies to compute the path-wise derivatives along the trajectory of the SDE of the objective
function with respect to the parameters of the neural network, as introduced in [GGO05, [Gil07].
Stochastic gradient descent is a very general approach that can be applied to a wide range of
problems and which does not need to be specifically adapted to each problem under consid-
eration. Moreover, SGD scales very efficiently to high-dimensional problems, in contrast with
HJB-based methods, and has proved its efficiency on highly non-convex problems [DdVBI5].

However, if the neural control is applied at many time steps as it is the case for the Euler-
Maruyama scheme where the (discrete) control is taken as an approximation of a continuous
control, then the SOC problem reads as the optimization of a very deep neural network, which
is roughly as deep as the number of instants at which the control can be applied (see Figures
and . Very deep neural networks are known to be considerably more difficult to train [GB10,
DPG™14] and may run into vanishing gradient problems [Hoc91l, [Han1g]. Indeed, the deeper
the neural network is, the more non-linear it is, thus increasing the number of local traps for the
gradient descent such as local (but not global) and saddle points. In image analysis where very
deep convolutional neural networks are commonly used, residual [HZRS16] and convolutional
dense [HLVDMW17] networks were introduced to deal with this issue. These networks are based
on architectures with residual connections to propagate the gradient information through the
numerous successive layers.

As it comes to deep SOC, we cannot freely change the structure of the neural network since
it is fixed by the equations defining the SOC problem and therefore we cannot directly use
residual connections. We can only freely choose the structure of the neural network returning
the control, for which a few layers is often enough (see for example [BGTW19, [BHLP22]).

A way to improve the learning is to replace SGD algorithms by Stochastic Gradient Langevin
Dynamics (SGLD) algorithms. Such optimizers add an exogenous white noise to the gradient
descent, providing regularization and allowing to escape from traps. It has indeed been ob-
served that adding noise improves the learning for very deep neural networks [NVL™15, [Ani19,
GMDBI6, SLHT19]. Moreover, Chapter @ compares side-by-side Langevin with non-Langevin
algorithms on networks with increasing depth and shows that for shallow neural networks,
Langevin algorithms do nothing else than adding noise to the gradient descent, however the
deeper the network is, the greater the gains provided by Langevin algorithms are. We also refer
to Chapter

In the present article we study the performances of Langevin optimizers on SOC problems
where the number of discretization times where the control is applied is large enough. We use
the preconditioned versions of SGD and SGLD [LCCCI16| for various choices of preconditioners.
We compare side-by-side Langevin and non-Langevin algorithms and we show that Langevin
optimizers can significantly improve the training procedure on various problems: fishing quotas
[ILPP23], deep hedging [BGTW19, oil drilling and resource management |[GGKL21]. We mainly
consider two different approaches for numerical resolution of SOCs. In the first approach, the
control is a single neural network which is applied to every time step and which may depend
on the running time ¢ (see Figure . This approach leads to a model with fewer trainable
parameters, which is critical in some data-driven financial applications where the amount of data
is limited, and which is more able to capture the specific Markovian features of the problem. In
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the second approach, a different neural network is used for each control time (see Figure .
This last setting is also suitable for applying the Layer Langevin algorithm, which is a variant
of the Langevin algorithm introduced in Chapter [6]and which proved to be more adapted to the
training of very deep neural networks than the Langevin algorithm itself.

We observe that the gains of Langevin algorithms depend on the preconditioner however.
While the Adam [KB15] and the Adadelta [Zeil2] algorithms can be substantially accelerated
by Langevin training, the gains are more limited or sometimes null for RMSprop [TH12].

The code for the numerical experiments is available at
https://github.com/Bras-P/langevin-for-stochastic-control.

It includes in particular ready-to-use Langevin optimizers and Layer Langevin optimizers as
instances of the TensorFlow Optimizer base class, a framework for algorithm comparison in a
SOC setting with GPU support and a demonstration notebook.

In the following, on top of the notations defined from page (1, we consider multivariate (F;)-
Brownian motions W and B defined on some filtered probability space (€, F, (Ft)icpo,1)): P)-

7.2 Stochastic control through gradient descent

7.2.1 Stochastic optimal control

We consider the following SOC problem in continuous time:

T
min J(u) := E Vﬂ G(X,)dt + F(Xr)| | (7.2.1)
dX; = b(Xt,Ut)dt+O'(Xt,ut)th, te [O,T} (722)

where b : R% x R% — R4 o : RA xR — My, 4,(R), W is a R%-valued Brownian motion and
u is a R%-valued continuous (F;)-adapted process, T > 0, G : [0, T]xR% — Rand F : R — R.

We first approximate the continuous SDE (Xt)te[o,T] with its Euler-Maruyama scheme and
the control u; with a discrete-time control. For N € N being the number of discretization times,
we consider the regular subdivision of [0, T:

t :=kT/N, ke {0,...,N}, h:=T/N (7.2.3)

and we approximate the control applied at times tg,...,tx_1 as the output of a single neural
network depending on ¢, or as the output of N neural networks, one for each discretization
instant tz:

Ut, = ﬂg(tk, th,Htk) or U, = ﬂek (th, Htk) (724)

where

t
H, ::/ G(X5)ds,
0

where g is a neural function with finite-dimensional parameter § € RY. Indeed, since (7.2.2)
defines a Markovian process, we can assume that u; depends only on ¢, X; and H; instead of ¢
and (X)sefo,1)-

The SOC problem (|7.2.1)) is numerically approximated by:

N-1
min J(iip) := E| > (teen — th)G(Xp,,,) + F(X,))], (7.2.5)
k=0
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= X) + (thsr — t)b(X] i o(XD L HY)) + Ve — tro (X] o (X7 HE )€,
(7.2.6)

XO

tht1

HY | =H] + (tha — t)G(XE,,),
& Lid. N0, Ia,)

where 0§ € R? and @iy, g = ug(ty,-) in the first case of and 0 = (6°,...,6N"1) € (RH)N and
U = Ugr in the second case of .

For every 6, VgJ can be computed by automatic differentiation as the gradient w.r.t. to @ is
tracked all along the trajectory through the recursive relation [GGO5, [Gil07]. Then the
SGD algorithm reads

Mbatch

Z V@J U@ s Zn—H)lSkSN) = 9n — Yn+19n+1 (7.2.7)

Mbatch ;4

9n+1 = 971 — Tn+1

where (fl?n)1§k§N,1§i§nbamh,n€N is an array of i.i.d. random vectors N (0, I, )-distributed, (7, )nen
is a non-increasing positive step sequence and where the dependence of J in (5,1") is made ex-
plicit.

If the number of Euler-Maruyama steps N is large, then the optimization problem in (|7.2.5])
consists in the training of a very deep neural network that can be difficult to train directly (see
the Introduction). Both cases are illustrated in Figures and .

7.2.2 Preconditioned stochastic gradient Langevin dynamics

We consider preconditioned stochastic gradient algorithms i.e. for (F,) a preconditioner rule
the update reads

0n+1 =0n — ’Yn—l—an—&-l *On+1 (728)

where g,+1 is defined in (7.2.7). We use the Adam [KBI15], the RMSprop [THI2] and the
Adadelta [Zeil2] preconditioners, which are detailed in Algorithms and |§| respectively. For
some algorithm name, the corresponding Langevin algorithm denoted L-name reads

Ont1 = 0n — Y1 Pri1 - gnr1 + Ong1v/YnrtN (0, Poy1) (7.2.9)

where (0,,) is a constant or non-decreasing sequence controlling the amount of injected noise.

Algorithm 7 Adam update

Parameters: 31,52, A >0
Mn+1 = 51Mn + (1 - ﬁl)gnJrl

Algorithm 8 RMSprop update

M\Snﬂ = B MS,, +(1 — B2)gni1 © Gnr1 Parameters: a, A > 0
M1 = Myq1/(1 - ?+1) MS, 41 = aMS, +(1 — a)gnt1 © gnt1
MSp1 = MS41 /(1 — 831 Poy1 = diag (1 © (AL + v/MSy41))

9n+1 =0, — '7n+1pn+1 *On+1

Poy1 = diag (1 @ (AL +1/MS,11))
en—l—l = 971 - 7n+1Pn+1 : Mn+1-

The Layer Langevin algorithm, introduced in Chapter [6] Section consists in updating
with Langevin noise only some layers of the network. It relies on the heuristic that for a deep
neural network, the non-linearities of the network are mostly contained in the deepest layers
and adds Langevin noise to these layers only.

Choosing a preconditioner rule P called name, the Layer Langevin algorithm denoted LL-
name reads

61 =09 — vns1[Pst - gnt]? + Licgoni1 Fmst NV (0, Py1)]?, (7.2.10)
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Algorithm 9 Adadelta update
Parameters: (81,52, A >0
MS, 41 = 1 MS;, +(1 = B1)gn+1 © gnt1
Poi1 = diag (M + MS,) (AL + /MS,.))
Ont1 = On — Y1 Pn41 " Gnt1.

L

MSn—H = ﬁ2 MSn +<1 - 62)(0n+1 - 071) © (9n+1 - Hn)

~

Figure 7.1: Depth of Markovian neural networks. The control u acts on X;,, which itself acts
on Xt 1, Xt 95 -+ Xty, hence the depth of the network.

where 7 is a subset of weight indices. In particular, we denote LL-name p% the Layer Langevin
name algorithm where the Langevin layers are chosen to be the first p% layers.

7.2.3 Experimental setting

We proceed to side-by-side comparison of Langevin algorithms with their non-Langevin
counterparts on various SOC problems.

We consider a first case where the control is given by only one neural network depending on
t and a second case where a different neural network is used for each control time . In this
second case, since we can expect two consecutive control networks to have close parameters, one
usual way of performing the training procedure is to first train networks for a small amount of
control times, then to perform the whole training through transfer learning. We do not expect

Uy,

() () ()

Figure 7.2: Markovian neural network with one control for every time step.
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Langevin algorithms to be suitable for the fine tuning, but since the first step of the training
still consists in training a deep neural network, we analyse the benefits of Langevin algorithms
for this first step.

Unless stated otherwise, the batch size is set to npatcn = 512 i.e. stochastic gradient iterations
are performed by averaging the gradient over 512 random trajectories. In the plot, each epoch
consists in 5 batches i.e. the average loss J(ug) is plotted every 5 iterations of the stochastic
gradient. After each epoch, J(ug) is estimated over 25 x 512 trajectories and 95% confidence
intervals are indicated, although for some plots the intervals are too small to be visible. While
comparing some algorithm with its Langevin or Layer Langevin counterpart, we ensure that
both training procedures start with the same initial weights.

7.3 Fishing quotas

We consider the fishing quota problem introduced in [LPP23]. Let X; € R% be the fish biomass
for every fish species; we wish to keep it close to an ideal state X; € R%. The dynamics of X
are given by

dX: = X * ((r —up — 6 X¢)dt +ndWy), t € [0,T7, (7.3.1)

where 7 € R% is the growth rate for each species, u; € R% is the controlled fishing (with
dz = di), k € Mg, 4, (R) is the interaction matrix between the fish species, n € My, 4,(R), W
is a R%-valued Brownian motion. The control u is constrained to take its values in [u,, ups]%.
The objective is

Ju)=E [/OT(th — X% — (o, ug))dt 4 Blu]®T | (7.3.2)

where o € R4, 3 € RT, [u]®T denotes the quadratic variation of v on [0,7]. The term (a,u)
penalizes small fishing quotas while the term S[u]”? penalizes too many daily changes.

In the experiments, following [LPP23] we choose

di=dy=5T=1 X=1,r=2x1, n=01x1;, a=001%1, 5=0.1, uy, =01, upy =1
(7.3.3)

and
1.2 —-0.1 O 0 -0.1

02 12 0 0 —0.1

k=|0 02 12 —01 0 |. (7.3.4)
0 0 01 12 0
01 01 0 0 12

The initial state Xy is randomly generated following N(1,(1/2)I4) clipped to [0.2,2]%1. The
quadratic variation [u]%7 is approximated in the discretized setting by

N-1
[u]O’T ~ Z lug,, ., — utk|2. (7.3.5)
k=0

Each control ug is given by a feedforward neural network with two hidden layers with 32 units
each and with ReLU activation while the output layer has sigmoid activation in order to fulfil
the constraint on u. An example of controlled trajectory is plotted in Figure [7.3

The results are given in Figure for the Adam optimizer with an increasing number of
Euler-Maruyama steps and with one single control, in Figure for the RMSprop and L-
Adadelta optimizers and with one single control and in Figure for the training with multiple
neural networks.
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Figure 7.3: Example of a trajectory of X; € R® along with the controlled fishing u; with N = 100.
We recall that the objective biomass is X; = 1.
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Figure 7.4: Comparison of Adam et L-Adam algorithms during the training for the fishing control
problem with N = 20, 50, 100 respectively. The schedules are v,, =2e -3 and o, = 1e—3 (5e —3
for N = 100) for epochs 0 to 40 and ~,, = 2e —4 and o, = 0 beyond. At the end of each epoch,
J is estimated over 50 x 512 trajectories. A zoom on the last epochs is given.
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Figure 7.5: Comparison of Langevin algorithms with their non-Langevin counterparts during the
training for the fishing control problem with N = 50 respectively. The schedules are ~,, = 2e —3
(be—1) and 0, = 5e—3 (1e—2) for RMSprop (Adadelta resp.) for epochs 0 to 40 and =, is
divided by 10 and o, is set to 0 beyond. At the end of each epoch, J is estimated over 50 x 512
trajectories. A zoom on the last epochs for RMSprop is given.
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Figure 7.6: Training of the fishing problem with multiple controls with N = 10. The schedules
are v, = 2e—3 and o, = 2e —3 for Adam and -, = 5e—1 and o,, = 5e —3 for Adadelta, for
epochs 0 to 40 ~, is divided by 10 and o, is set to 0 beyond.
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7.4 Deep hedging

We consider the problem of hedging portfolio of derivatives as a SOC problem as in [BGTW19].
We aim to replicate a Fr-measurable payoff Z defined on some portfolio S; € R% by trading
(at least some of) the assets contained in S; at times (t;). The control is given by u; € R%
representing the amount held for each asset. The objective is

N-1 N
J(u) =v <_Z + Z <utk7 Stk+1 - Stk> - Z<Ct7"’ Stk * ‘utk — Uty ’)) (7'4'1)
k=0 k=0
where v : L'(Q2) — R is a convex risk measure (see [BGTWI19, Definition 3.1]), ¢ € R%
represents proportional transaction costs and we fix u; , = u;, = 0, implying full liquidation in
T. We furthermore assume that v can be written as
v(X) = inf (w+E[{(-X —w)]) (7.4.2)
weR
where the loss function £ : R — R is continuous, non-decreasing and convex. This is the case in

particular for the entropic risk measure where ¢(z) = — exp(—Az) and the conditional value at
risk measure where /(z) = (1 — o)~ ! max(x,0). Then (7.4.1)) can be rewritten as

N-1 N
1ilnug J(u,w) :=E lw 4 (Z — Z (g, Sty — Sty) + Z<Ctr,5tk * |ug, — ugy |) — w)] .
’ k=0 k=0

(7.4.3)

In the numerical experiments, we analyse the problem of hedging in a Heston model as

described in [BGTW19, Section 5]. For even di, we consider d} := d;/2 independent Heston

models where the price and volatility processes are described by the following SDEs for 1 < i <
dy:

dsy’ = \JVisy By, Sy = s, (7.44)
dVi' = a' (v = Vi)t +n'\[ ViAWY, Vg =, (74.5)

where a, b, n, so,v; € (]RJF)d/l and for each 1 < i < d}, B" and W' are standard Brownian motions
with correlation p! € [—1,1]. The volatility V itself is not tradable directly but only through
options on variance modelled by the following variance swap:

) T t ) )
S?’Z = E [/ V;’LdS‘ .F;| = / ‘/st + Ll(t, ‘/tl), (746)
0 0

v — b

Li(t,v) == ;
a

(1= e D) 40/ (T —1). (7.4.7)
The payoff is given by
i
1, i
Z=3 (S'-K'),
i=1

where K € (R*t)%. We consider the convex risk measure associated to the value-at-risk i.e.
associated to the loss function

1
lx) = ,0).
(x) T—a max(z,0)
In the experiments we choose

dj=5 T=1,a=1,0b=004%1, n=2x1, p=—-07%1, a=0.9, (7.4.8)
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Figure 7.8: Comparison of algorithms during the training for the deep hedging control problem
with V = 30, 50, 50 respectively. The schedules are y,, = 2e —3 (5e—1) and 0,, =2e—3 (5e —3)
for Adam (resp. Adadelta) for epochs 0 to 80 and ~, is divided by 10 and o, is set to 0 beyond.

so=K=1, v9=01%1, ¢, =5e—4x*1. (7.4.9)

Fach control uy is given by a feedforward neural network with two hidden layers with 32
units each and with ReLU activation while the output layer has ReLLU activation too in order
to forbid short-selling. As recommended in [BGTW19], since transaction costs are involved the
control uy at time tj, is a function of log(Stlk), Vi, and ug, . An example of controlled trajectory
showing only one of the five Heston models is plotted in Figure [7.7}

The results are given in Figure for the comparison of Langevin and non-Langevin algo-
rithms with a single control and in Figure [7.9] for the training with multiple controls.

7.5 Resource management

We consider the control problem in the management of natural resources applied to oil drilling
introduced in |[GKLI8] and extended in [GGKL21]. The objective is for an oil driller, to balance
the costs of extraction, storage in a volatile energy market. The oil price P; € R is assumed to
be a Black-Scholes process:
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Figure 7.9: Training of the deep hedging problem with multiple controls with N = 10. The
schedules are v, = 2e—3 (5e—1) and 0, = 2e—3 (5e—3) for Adam and RMSprop (resp.
Adadelta) for epochs 0 to 180 and -y, is divided by 10 and o,, is set to 0 beyond.

The control is given by ¢ = (¢f,¢5, ;") € R3 where gf is the quantity of extracted oil imme-
diately sold on the market per time unit, ¢; is the quantity of extracted oil that is stored per
time unit, ¢;”* is the quantity of stored oil that is sold per time unit. The cumulated quantities
of extracted and stored oil at time ¢ are respectively given by

t t
Bo= [ @+ adr Si= [ (a2 - arar (7.5.2)
0 0
The extraction and storage prices are respectively given by
ce(Er) = exp (cEt), ¢s(St) = exp (&5) — 1. (7.5.3)

The constraints on the control are the following:
g, ¢, >0, ¢ <q”, ¢ +¢ <Ko, 0<5<Q (7.5.4)

where ¢°, Ky and Q° are operational bounds. The objective is
T
J(q) = —-E l/ e*PrU(q}n’Pr + g (1 —e)P — (¢F + q2)ce(Ey) — cS(ST))dr] , (7.5.5)
0

where U : R — R is the utility function.
In the experiments we take

T=1, n=0.01, n=0.2, p=20.01, e =0, Ky =5,
fe=1e=2, &,=5e-3, ¢° =10, Py=1, U(z) = z. (7.5.6)

The control ¢, is given by a feedforward neural network with two hidden layers with 32 units
and with ReLU activation while the output layer has several ReLU activations such that the
constraints on ¢ are fulﬁlledlﬂ An example of controlled trajectory is given in Figure
10l

The results are given in Figure for the comparison of Langevin and non-Langevin algo-
rithms with a single control. We do not display the results for the training with multiple controls
however as we could not obtain satisfying results neither with Langevin nor-with non-Langevin
methods.

!'We remark that max(q, K) = K — ReLU(—q + K).
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Figure 7.10: Example of trajectory for the oil drilling problem with N = 20.
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Figure 7.11: Comparison of algorithms during the training for the deep hedging control problem
with N = 50. The schedules are v = 2e—3 (2e—3, 5e—1) and 0 = 1e—3 (2e -3, 5e—3) for
Adam (resp. RMSprop, Adadelta) for epochs 0 to 60 (resp. 80, 80) and ~ is divided by 10 and
o is set to 0 beyond.

162



7.6. Comments on the numerical experiments

7.6 Comments on the numerical experiments

We observe that in many cases and in various SOC problems, Langevin and Layer Langevin
algorithms show improvement when compared with their respective non-Langevin counterparts,
provided that N is large enough, which is remarkable for randomized algorithms. Langevin
algorithms converge faster and/or toward a lower loss value. This is particularly visible for the
Adadelta method. The gains are limited in some cases (see Figures and for RMSprop)
but still the optimization procedure is improved.

The gains for the L-RMSprop algorithm remain limited however. In particular, we did not
observe any significant improvement for fishing SOC with multiple controls, for deep hedging
SOC with a single control and for oil drilling SOC. We do not have explanation for this fact.

The gains brought by Langevin algorithm increase with the depth of the network as shown
in Figures[7.4 and However, contrary to Chapter [6] we did not observe overwhelming gains
as N becomes very large. We believe that this is due (in part) to the particular structure of the
deep SOC problem where the same control is repeated all along the trajectory.

As for SOC with multiple controls, we observe that Layer Langevin algorithms with a small
number of Langevin layers (10%-30%) generally outperforms Vanilla Langevin methods while
Vanilla Langevin may bring limited gains or be less efficient than the standard non-Langevin

methods, see Figures and for Adam.
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Chapter

Total variation distance between two
diffusions in small time with unbounded drift:
application to the Euler-Maruyama scheme

This chapter corresponds to the article [BPP22] published in Electronic Journal of
Probability as a joint work with Gilles Pages and Fabien Panloup.

Abstract

We give bounds for the total variation distance between the solutions to two stochas-
tic differential equations starting at the same point and with close coefficients,
which applies in particular to the distance between an exact solution and its Euler-
Maruyama scheme in small time. We show that for small ¢, the total variation
distance is of order ¢"/(>"*1) if the noise coefficient ¢ of the SDE is elliptic and C;T,
r € N and if the drift is C' with bounded derivatives, using multi-step Richardson-
Romberg extrapolation. We do not require the drift to be bounded. Then we prove
with a counterexample that we cannot achieve a bound better than ¢'/2 in general.

Keywords— Stochastic Differential Equation, Euler scheme, Total Variation, Richard-
son — Romberg extrapolation, Aronson’s bounds.

8.1 Introduction

The convergence properties of Euler-Maruyama schemes to approximate the solution of a Stochas-
tic Differential Equation (SDE) have been extensively studied, in particular for LP distances.
However, the literature seems to lack some results about the convergence in total variation in
small time. More specifically, in this paper we consider the two following SDEs in R¢ starting
at the same point:

X% =z eRY, dX} = by(t, XF)dt + o1 (t, XJ)dWr,

167
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Y'Ox =, dY? = bg(t, Y;z)dt + Uz(t, Y;x)th,

where W is a Brownian motion. We generally assume that for ¢ = 1,2, b; is Lipschitz continuous
and that o; is elliptic, bounded and Lipschitz continuous, but we do not assume that b; is
bounded. Our objective is to give bounds of the total variation distance between the law of X[
and the law of Y;*, denoted drv(X},Y/"), as t — 0. In particular, we apply our results to the
case where Y¥ = X7 is the one-step Euler-Maruyama scheme associated to the SDE X, given
by

dYy = b1(0,z)dt + 01(0, z)dW,.

Such bounds are well known for LP distances and their associated Wasserstein distances and
are known to be of order ¢ as t — 0. Yet the literature seems to lack results as it comes to drv.
If o1 = o9 is constant, then it is classical background that dpv (X[, Y;") is of order ¢, using a
Girsanov change of measure (see for example [PP23|, Proposition 4.1]) but this strategy cannot
be applied to non-constant o. The difficulty of the total variation distance in small time is
the following: considering its representation formula and comparing it with the L'-Wasserstein
distance, if  and y € R? are close to each other and if f : R — R is Lipschitz continuous, then
we can bound | f(z) — f(y)| by [flLip|z —y|; whereas if f is simply measurable and bounded, then
we cannot directly bound |f(z) — f(y)| in terms of |z — y|. Moreover the regularizing properties
of the semi-group cannot be used in small time for the total variation distance.

Results in the literature focus on the Euler-Maruyama scheme. In [BT96| is proved the
convergence for a fixed time horizon T' > 0 and as N — oo, where N is the number of steps in
the Euler-Maruyama scheme on a finite horizon. More precisely, if oy is elliptic and if b; and o4
are C*° with bounded derivatives (but b; and o; are not supposed bounded themselves), then
([BT96, Theorem 3.1])

= K(T)(1+ |z|9)
RY, dpy (X5 X5NV) <
VZ' S 9 TV( T T ) = NTq ]

where X%’N stands for the Euler scheme with N steps, where Q and ¢ are positive exponents
and where K is a non-decreasing function depending on b; and ¢;. The common strategy of
proof for such bounds is to use Malliavin calculus in order to perform an integration by parts
and to use bounds on the derivatives of the density. However, we cannot infer a bound as T' — 0
since we do not know whether K(7')/T?7 — 0 as T — 0 in general. In [GLOS§| are given bounds
in small time and as N — oco. Assuming that o; is uniformly elliptic and that b; and oy are
bounded with bounded derivatives up to order 3, then (JGLOS8, Theorem 2.3])

K(T)T 2

d _N —Cla—

vVt € (0,T], Vo,y € RY, |p(t,z,y) —p" (t,x,y)| < NAEEC le—yl?/t

where p and pV denote the transition densities of X* and X* respectively and where C is
a positive constant depending on d and on the bounds on b; and o; and on their derivatives.
However, we cannot directly use this result for the total variation distance: taking N = 1 yields

T YT — _ 1 —Clz—vy|2
A (X7, X0) = [ Ipltay) = 7 (bayldy < KTV [ e

giving a bound in ¢~/2 which does not converge to 0 as ¢ — 0. Moreover, [GLOS| assumes
that by is bounded. [BJ22] focuses on the case where b; is bounded and measurable but not
necessarily regular and where o7 is constant; it proves that the convergence in total variation of
the Euler scheme on a finite horizon which is regularized with respect to the irregular drift b;
and with step h, is of order v/h.
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In the present paper, we first prove a convergence rate of order !/ for drv(X?, V"), provided
that for i = 1,2, oy is elliptic, o; and b; are Lipschitz-continuous with respect to their time
variable and that o; is Cg and b; is C' and Lipschitz-continuous with respect to their space
variable. More generally, if we furthermore assume that o is C", then we obtain a convergence
rate of order ¢"/(2"*1) Letting r — oo, we also prove that if o € Cy° with some technical
condition on the derivatives of the densities of the random variables X and Y*, then the
convergence rate is of order t'/2 exp(C+/log(1/t)) which is "almost" t'/2. Moreover, we provide
an example using the geometric Brownian motion where the convergence rate is exactly ¢'/2,
thus showing that we cannot achieve better bounds in general. To prove the bound in ¢"/(27+1)
we use a multi-step Richardson-Romberg extrapolation [RG11l [Gil08| [LP17], which is a method
imported from numerical analysis that we use in our case for theoretical purposes. It relies on
a Taylor expansion with null coefficients up to some high order. Such method can be used in
more general settings with regularization arguments in order to improve the convergence rates
(in our case, we improve ¢'/3 into ¢/(27+1)),

Interestingly, the difference between the drift coefficients by — by does not need to be small
for our bounds to be valid. This is because the dominant term in dpy (X7, Y;") comes from the
the diffusion part.

Recent results (see [Cle21]) establish a convergence in small time at rate t'/2 for the Euler
scheme of certain classes of diffusions driven by stable Lévy processes, not directly including
the Brownian case. This approach relies on Malliavin calculus techniques. In this work the
"standard" drift is replaced in the Euler scheme by the flow of the associated (noiseless) ODE.
This seems to be specific to Lévy driven SDEs. Adapting this approach to our general con-
tinuous framework is not as straightforward as could be expected and would deserve further
investigations for future work.

The total variation distance is closely related to the estimation of the density of the solution
to an SDE and this density satisfies a Fokker-Planck Partial Differential Equation PDE ({.3.2).
If the drift is bounded, then the density and its partial derivatives admit sub-gaussian Aronson’s
bounds (see [Eri64] and Section [8.3.1). However, giving estimates and bounds for the solution of
the PDE in the case of unbounded drift appears to be more difficult, see [Lun97, [Cer00, [BLOS].
Recent improvements have been made in [MPZ21] using the parametrix method. Studying this
case is useful to study the convergence in total variation of SDE’s with unbounded drift, in
particular for the Langevin equation, very popular in stochastic optimization, and which reads

dX; = —VV(X})dt + o(Xy)dW,

where in many cases, V : R? — R has quadratic growth and VV has linear growth (see for
example Chapter .

In order to deal with unbounded b;, we propose two different methods. First, we use a
localization argument and "cut' the drift b; into b; outside a compact set, so that we can use
bounds from [Fri64] for the bounded drift case. We use the Girsanov formula to explicit the
dependence of these bounds in ||b;[|so. A second method consists in using the density estimates
from [MPZ21], Section 4] to improve the dependency with respect to the bounds in z. However
this second approach relies on advanced parametrix methods which require further regularity
assumptions on the coefficients of the SDE and which are not fully detailed for higher order
derivatives. Our first method is clearly much more elementary, starting from a quite general
bound established for any pair of integrable random vectors (see Theorem and calling
upon a standard regularization strategy which combined with a multistep procedure, seems to
be at least quasi-optimal in a very general framework.

NOTATIONS
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On top of the notations defined from page [1, we also use the following notations.

For k € N and if f : R — R is C*, we denote by V¥f : R? — (R%)®F its differential of
order k. If f is Lipschitz continuous, we denote by [f]ri, its Lipschitz constant. If f : (¢,z) €
R x R? — f(t, ) is C* with respect to x, we still denote by V¥ f its differential with respect to
x.

If Z is a Markov process with values in R?, we denote, when it exists, its transition probability
from x to y € R? between times s < t, p,(s,t,,y).

8.2 Main results

We consider the two following SDEs in R%:
X% =z eRY, dXE = by (t, XT)dt 4+ o1 (t, XF)dW,, t € [0,T), (8.2.1)
YE =, dY® = bo(t,Y;")dt + oo(t, Y, )dWy, t € [0,T], (8.2.2)
where T is a finite time horizon, b; : RY — RY, o; : R? — My(R), i = 1,2, are Borel functions

and W is a standard R%valued Brownian motion defined on a probability space (€2, A, P). The
one-step Euler-Maruyama scheme of X, denoted X, is defined by X* = Y?* when Y* reads

dY;® = b1(0,z)dt + 01(0,2)dWy, t € [0,T7. (8.2.3)
To allievate notations, we also define
Ab(z) := |b1(0,2) — b2(0,z)|, Aoc(x):=|o1(0,2) — 02(0,x)|. (8.2.4)

Let us remark that if Y = X, then Ab(z) = 0 and Ac(z) = 0. For g : (t,z) € [0,T] x R?
g(t,x) € R? and r € N, let us define the following assumptions:

e Lip,(g): g is Lipschitz continuous with respect to ¢, uniformly in z.

e g € C": g is differentiable with respect to z with continuous partial derivatives up to the
order r.

e gc(C: g€ C" and is bounded with bounded partial derivatives up to the order r.

e gc C~g : g € C" and has partial bounded derivatives up to the order r, but we do not assume
that ¢g is bounded itself.

e For 0 :[0,7] x RY — My4(R), we say that o is (uniformly) elliptic if

Joo > 0, Yz € RY, Wt € [0,T], o(t,z)o(t,z)" > o2l (8.2.5)

Theorem 8.2.1. Let X and Y be the solutions of the SDEs (8.2.1) and (8.2.2). Fori=1,2,
assume Lip,(b;), Lipy(c;), 0; € C2, b; € C} and o; is elliptic. Then

vt €[0,T), Yz € R, dpy(XE, V) < O + Ao(z)¥? + Cecl** /2, (8.2.6)

where the positive constants C and c only depend on d, T, ao, ||oillco, [bilLip, [oilLip and
V20il|oo. In particular, if Y = X we have

dry (X7, V%) < CtY3 4 ceclel /2,

Theorem 8.2.2. Let X and Y be the solutions of the SDEs (8.2.1) and (8.2.2). Fori = 1,2,
assume Lip,(b;), Lip,(0;), that o; € CZ", b; € C} and that o; is elliptic. Then

vt €[0,T), Vo € RY, dpy(XE, V) < O + Ao(z))?/ @+ 4 Cecl#*1/2, (8.2.7)

where the positive constants C and ¢ only depend on d, T, og, on ||0il|co, on the bounds on the
derivatives of b; and o; and on their Lipschitz constants. In particular, if Y = X we have

dTv(Xf,Kgm) < Ctr/(2r+1) + Cec|:r\2t1/2.
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Remark 8.2.3. In Theorems [8.2.1] and [8.2.2] we can actually improve the dependency of the
constants in x in small time since we have more precisely:

vt € [0, Ce 2CrH ]y (XF, Vi) < O + Aa(a)) /),

Remark 8.2.4. We can adapt the framework of Theorem to the study of SDEs with homo-
geneous vanishing noise, i.e. where for a > 0,

dX? =bi1(t, X)dt + ao1 (X)), dY® =0ba(t,Y") + aoa(Y)

and we identify the dependency in a as a — 0. Namely, with the same assumptions, for a > 0
small enough we have

dTv(Xf,Y?) < Ceca*1|w‘2t1/2 _|_Ca—(d+r)(t1/2 —|—AO’(1‘))2T/<2T+1), (828)

where the constant C' does not depend on a. This bound is obtained adapting the proof of
Theorem in Section and using that if Z% is the martingale dZ} = ao(Z})dW; then
(Z) ~ (Z%,,) where Zf = o(Z])dW; which does not depend on a.

We can also improve the dependency in the initial condition x € R? using [MPZ21], however
at the expense of further regularity assumptions on b; and o;, i = 1, 2.

Theorem 8.2.5. Let X and Y be the solutions of the SDFEs and . Fori=1,2,
assume Lip,(b;), Lip,(0;), oi € CZ™, b; € C?’" and o; is elliptic. Then
d T 1/2 2r/(2r+1)
Wt € [0,7], Vo € RY, drv(X7, 7)< C (21 + Ab(x)) + Ao () + (|1 + [b2])(0, 2) ) ,
(8.2.9)
where the positive constants C' and ¢ only depend on d, T, ag, on ||0i|lec, on the bounds on the
derivatives of b; and o; and on their Lipschitz constants. In particular, if Y = X, we have

T oz /(2 2r/(2r+1)
dry (X7, ¥;7) < CE7/@ D (14 £12([by] + [b2]) (0, 7)) .

Remark 8.2.6. Choosing Y not to be the Euler-Maruyama scheme of X but a general SDE and
expressing the bounds in the Theorems in terms of Ab(z) and Ao (x) allows to extend our results
to more general couples of diffusions with "close" coefficients, for example to SDE solvers other
than the genuine Euler-Maruyama scheme. Also, it is helpful to study perturbed SDEs, for
example if we consider

dth = bl(t, th)dt + aq (t)O'(th)th’ d}/tft — bQ(t, Y?)dt + ag(t)U(th)th (8.2.10)
where |a;(t) — aa(t)] — 0 as t — oo. Then we have
dTV(th—&—sa Y;ﬁ_s) < CeC|m|231/2 + 0(51/2 + !al(t) _ a2(t)|)27‘/(2r+1)

and we obtain different convergence rates as t — oo and s — 0, depending on (¢, s). A noticeable
example of this is the Langevin-simulated annealing SDE, see Chapter [2]

Furthermore we remark that in Theorems and the bounds do not depend on Ab,
enhancing that the dominant term in the total variation comes from the diffusion part.

To improve the rate of convergence from /3 in Theorem to t"/(r+1) in Theorem
we rely on a Richardson-Romberg extrapolation [RG11) [Gil08, [LP17]; this argument can also
be applied in a more general framework. The following proposition gives bounds on the total
variation between two random vectors, knowing bounds on the L!'-Wasserstein distance and
bounds on the partial derivatives of the densities up to some order.
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Chapter 8. Total variation distance between two diffusions in small time

Theorem 8.2.7. Let Zy and Zy be two random vectors in L*(R?) and admitting densities p
and ps respectively with respect to the Lebesgue measure. Assume furthermore that p1 and po
are C*" with r € N and that VFp; € LY(R?) fori=1,2 and k =1,...,2r. Then we have

1/(2r+1)
) (8.2.11)

drv(Z21, 22) < CapWi(Z, 2P0 ([ (197 pa(ll + IV b))

where the constant Cq, depends only on d and on r.
If o € C;°, then we also prove that we can "almost" get a convergence rate of order /2,

Theorem 8.2.8. Let X and Y be the solutions of the SDFEs and . Fori=1,2,
assume Lip,(b;), Lip,(0;), that o; € CZ" for every r € N, b; € C}, that o; is elliptic and that
Ac(x) = 0. Assume furthermore that if Z and V' are the martingales dZy = o1(t, Z;)dW; and
dVy = oo(t, Zy)dWy, then

r r Cor o ly—a|2
Vr €N, Vt € (0,T],Vz,y € RY, V2 p,(0,t,2,9)|| + |V p, (0,t,,9)| < CETyP 2rly—al?/t
1/(2r
with lim sup (Cgrc;rdﬂ) /e < 0. (8.2.12)
7—00
(see Theorem[8.3.1). Then
vt € (0,T], Vo € RE, dpy(XF, V) < Cecl*l*t1/2 4 o /2ecv/1oa(1/1), (8.2.13)

where the positive constants C' and ¢ only depend on d, T', go, on ||0i|lec, on the bounds on the
derivatives of b; and o; and on their Lipschitz constants.

Remark 8.2.9. Assumption (8.2.12)) is satisfied in the case of a Brownian motion, which suggests
that this assumption is satisfied in general provided that o is "regular enough". Indeed, if
dZ; = odW; with o € My(R) being non degenerate, then with ¥ := 0o " we have for ¢ > 0 and
z,y € R%:

___ 1 -1/2Y — 5”) _ L e
pZ(O’tvxvy) - \/deti(z)td/fp <E ﬁ ) @(U) T (27T)d/26 °

Moreover for every r € N and u € R? we have

I

112
i [ Hey (Juple 12
where He, is the " probabilist Hermite polynomial. Following [Kra04] we have

D(u)

1
- (27r)d/2

(2r)!2
rl2

Yu >0, |Heor(u)|e /2 < 027" /r < C2"/r,

using the Stirling formula for the last inequality. On the other hand, using [AS64, 22.14.15] we
have ,
Yu > 0, |Hey,(u)|e™™ /4 < 271y,

Then, for for every € € (0, 1],
1—
[ Hey (u)]e™*/? = [Hea (w)e /1| [Hey, (ue /2| " emev?/1

17
< C (27 (27"7“1/2) e/,
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8.3. Proof of the Theorems

Then if we choose &, = log~1(r) for r > 3, we have (1) < er"18(") = ¢ 50 that

T
‘ ddru/Té(u) S C2T‘€T€T2rr1/2e_57|u|2/2 = Are—€r|u|2/2
and then for » > 3 we have
2r HE 1/2H2T d2T _1/2y—x
IV2p,(0,t,2,y)|| < T e \Z
HE 1/2||2r

e—erIZHlly—zl?/(2t)

det(z)t(d+27‘)/2 r

1/(2r
where ( (||Z_1/2||2TAr€;d/2) /t )) is bounded. Thus Assumption (8.2.12) is satisfied.

Remark 8.2.10. For the Euler-Maruyama scheme , with a slight abuse of notation, x is
used both for the starting point and in the definition of the drift and diffusion coefficients. The
transition density should be considered for constant drift and diffusion coefficients in this case.
However the results remain valid as the Euler scheme is simply a Brownian process.

8.3 Proof of the Theorems

8.3.1 Recalls on density estimates for SDEs with bounded drift

We recall results on the bounds for the density of the solution of the SDE using the theory of
partial differential equations. Let us consider a generic SDE:

Z8 =z eRY  dZF =b,(t, ZF)dt + o, (t, ZF)dWy, t € [0,T]. (8.3.1)

Then under regularity assumptions on bz and on oz, the transition probability p, exists and is
solution of the backward Kolmogorov PDE:

pz(tataxv ) = 53:1 t e [OaTL

1
Oop(s,t,,y) = (b (5,2), Vap, (s.t,2,9)) + STt (0 (5,2)Vip, (s.t.2,9)0,(s,2) ) (8.3.2)
for s <t € ]0,T]. Moreover, p, and its derivatives satisfy sub-gaussian Aronson’s bounds:

Theorem 8.3.1 ([Fri64], Chapter 9, Theorem 7). Let Z be the solution of (8.3.1)) and let T' > 0.
Assume Lip(b,) and Lip,(c,), thatb,,o, € C] and that o, is elliptic. Then for every mgo = 0,1
and for every 0 < my +mg <, vggﬁmlvg% erists and

C
(t — 8)(d+mo+m1+m2)/2

Vs<t € [0,T),Va,y € R:, |[VIotmigmay, (st 2,y < e—clv=eP/(t=s)

(8.3.3)
where the constants C' and c only depend on the bounds on b, and o, and on their derivatives
and their Lipschitz constants, on the modulus of ellipticity of o,, on d and on T'.

Let us also recall the recent result from [MPZ21] giving Aronson’s bounds of the partial
derivatives with respect to y in the case where by is unbounded. Considering [MPZ21], Section
4] with [MPZ21l (3.1)], we have the following result.

Theorem 8.3.2. Let Z be the solution of (8.3.1)) and let T > 0. Assume Lip,(b,) and Lip,(c,),
that b, € Cb, o, € CTJrl and that o, is elliptic. Then for every 0 <m <, Vilp, exists and

m c —cly—x|?/(t—s
Vs < te0,T], Yo,y € RY, HVypZ(s,t,x,y)Hgme ly=al/(t=s), (8.3.4)

where the constants C' and c only depend on the bounds on b, and o, and on their derivatives
and on their Lipschitz constants, on the modulus of ellipticity of o,, on d and on T.
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Chapter 8. Total variation distance between two diffusions in small time

8.3.2 Preliminary results

In order to apply the bounds on the densities from Theorem to Theorem [8.2.7, we first
"cut" the drifts b; and by on a compact set. That is, we instead consider the processes X and Y
defined by

AXT = b¥(t, XF)dt + o1 (t, XF)dW,, t € [0,T), (8.3.5)
AY[® = b (¢, Y)dt + o2 (¢, Y)dWy, t € [0,T], (8.3.6)
where b;, i = 1,2 is defined as follows. We choose R > 0 and we consider a C* decreasing

function ¢ : RT — R* such that ¢ = 1 on [0, R? and ¢ = 0 on [(R + 1)?,00) and we define
bE(t,y) := bi(t,y)¢(|ly — z|?), so that b¥ is bounded:

Vy € Rdv Vi € [O’T]a |Bzz(t7y)| < SUP.eB(z,R+1) |bi(t7 Z)’ < C(l + ‘CL‘D’ (837)
because b; is Lipschitz continuous.

Lemma 8.3.3. Assume Lip,(b1), Lips(o1), b1 € CNI}, o1 € Ct. Then for every x € R and
te[0,T7], B
dry(X7, X7) < C(1+ [b1(0,2)*)t. (8:3.8)

Proof. Let f : R? — R be measurable and bounded. We remark that on the event {supseqo,q [ X5 —
2|2 < R?}, we have X¥ = X7, so that

EF(XT) - EF(XT)] < 2] f]lP ( sup [ X7 - af > R2> -

s€[0,t]

But using the inequality |u + v|? < 2[u|? + 2|v|? we have

2
+2

2

t t
| XE—z|? < 2’/ b1(s, X3 )ds / o1(s, XJ)dWs
0 0

t t 2
<2t [ (s, x3)Pds+ 2| [ (s, X3)aW,
0 0

t 1 t 2
< 4t[b)is, (/0 | X% — z|?ds + 3t3> + 4t2|by1 (0, z)|* + 2 ‘/0 o1(s, X2)dW,

so that

t 4

E sup | X —z> < 4t[bl]%ip/ (E sup |X; — x2> ds + f[bl]%iptél + 4£2|b1 (0, z)|?
se[0,t] 0\ ue0,s] 3

2

+ 2E sup
s€[0,t]

| ot xpyaw,
0

Moreover using Doob’s martingale inequality we have

2

2
E sup < A4E

t
_ 4E/ o2(u, X%)du < 4|0y |2t
s€[0,t] 0

t
/ 01 (u7 qu)qu
0

/ 01 (u7 Xﬁ)qu
0

Then we define the non-decreasing deterministic process S; := Esup,cjo g [ X5 — z|? and we get
the differential inequality (using ¢t < T')

1 t
S¢ < 4t (71 (0,2) + glf, 78+ 202 ) + el | S.ds,
0
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8.3. Proof of the Theorems

so the Gronwall lemma yields
Sp<at (T!ln(o ) + [ i T? + 2]l % )ew’”iip < C(1+ b1 (0,2) )t

Using Markov’s inequality, we have then

C(1+ b1 (0,2)])t
R? '

Ef(XT) —Ef(X7)] < 2[|f]looP ( sup |XZ — x| > R2> < 2| flloo

s€[0,t]
]

We can now apply Theorem to X and to Y however the constants arising depend on
the bound on [|b7||s and thus on x. In order to deal with the dependency in ||b¥] 0, we apply
the Girsanov formula and reduce to the null drift case.

Proposition 8.3.4. Let Z* be the solution of
Zy =x, dZy =o1(t, Z7)dWs, t € [0,T). (8.3.9)

Assume Lip,(by), Lip,(c1), b1 € C}, o1 € C} and oy is elliptic. Then we have for every t € [0,T),
z,y € RY,

t -
p-(0,t,7,9) :pz((),t,x,y)—i—/o E U2 (B (s, Z5), Vap, (5,1, Z5, )| ds, (8.3.10)
where X is defined in (8.3.5) and U” is defined as

s - 1 s ~ ~

Uz = exo ([ totu, 208 (0. 20),423) ~ 5 [ ol Z08 (0. 20), B 0, ZD)du ), ($:3.11)
0 0

g=(o10{ )7L (8.3.12)

Proof. First, note that since oy is elliptic and since 13”” o1 € Cl}, then Ps and p, exist as well as

Vzp, (Theorem [8.3.1). We then use [QZ04, Theorem 2.4] extended to non—homogeneous diffu-
sion processes. Followmg [QZ04, Remark 2.5], since o7 is elliptic and bounded, the assumptions
of |[QZ04] Theorem 2.4] hold. O

We also have the following bounds on the process U”.

Lemma 8.3.5. With the same assumptions as in Proposition for every p > 2, x € RY
and t € [0,T] we have

E | sup [UZ]P| < eCP° 5151 (8.3.13)
s€[0,t]
Proof. We recall that for every ¢ > 1, the process (U*)? is a martingale with
d(UZ)T = q(UZ) (g5, Z9)bi (s, Z5), 01 (s, Z3)dWs).
Thus, Doob’s martingale inequality yields
3 ¢ 3
B | swp [U21) < CERIRILE [ 07 < ORI, B | swp 2 d
s€[0,¢] 0
So with Uy = 1 we obtain
E | sup [U*2| < cCPIT I3t
s€[0,t]
O
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Chapter 8. Total variation distance between two diffusions in small time

Lemma 8.3.6. With the same assumptions as in Proposition we have for every x,y € RY
and t € [0,T7],

, e—cly—al?/t
e

C||b®
é 06 || 1‘ t(d—l)/Z

t ~
| B [0z (5, 220, 9, 51,22, ds (8.3.14)
0

Proof. We use Theorem [8:3.1] on the process Z%, which yields bounds with constants depending
on o1 but not on bf. We obtain for every ¢ > 1 and for every s € [0,¢]:

EVop, (5. Z50)[" = [ [Vab, (54,6010, (0, 5,2, )

c 1 ly =& | [€—=f?
< (i — S)(q+l](q71)d)/2 /Rd (s(t — 5))d/2 exp (-Cq ( P + 5 )) d¢

e’ 1
= 42 ( — s)lat@ /2"

~caly—al/t

where we used Lemma in the appendix. Then for p~! 4+ ¢! = 1 and p > 2, using the
Hoélder inequality we have

t ~
| B[00, 22), Vap, (s:0.22. )] s

- 1/p [t
< 1o sup EIUZY) | IV, (5, 22, 9)1%) 7 ds
se|0,

—cqly—z|?
< |57 CPIBE 12 Ca T /t ds
S [ Jy (= 50

The integral in ds converges under the condition ¢ < d/(d — 1) if d > 1, and for any value of
q > 1 if d = 1. Then performing the change of variable s = tu we obtain

) —eqly—af?/t
o oplp )z Cae YT
< 107 [oce™ P H(d—1)/2

- fc|yfz|2/t
< o CIbT2 e "
< Ce H(d—1)/2

t ~
B (U205, 2. V(5,0 22,9) ] s

8.3.3 Proof of Theorem m

Lemma 8.3.7. We have for every x € R? and t € [0,T):

Aoy (X7, Y7") < drv(ZF, Vi) + CeCl e,
where dZF = o1(t, ZE)dW; and dVi¥ = oa(t, VF)dW.
Proof. Let us write

dpy(XE, V) < dpy(XE, XE) + dpy(XE, Z8) + dpv(ZE, ViE) + dry (VE V) + dpy (Y, V),

where X and Y are defined in (8.3.5) and (8.3.6). Using Lemma [8.3.3| with (8.3.7)), we have

dov (X7, XF) + dov (V7 Y7) < C(L+ | ).
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Using the formula (8.3.10) and the inequality (8.3.14]), we have

dTV(Xfa Zf) = /d Ip}?(O,t,x,y)—pz(O,t,:U,y)|dy

R
t -

= [ ] B[ 6165.22), Vap, (5,1, 22, 9) ] ds| dy

Re /o

. —clz—y|?/t
clilz gz [ € CloP 41/
< Ce¥lPillcot /]Rd L2 dy < Ce t/e,
where we used (8.3.7). The term dpy (Y%, V) is treated likewise. O

We now prove Theorem [8.2.1

Proof. Let us introduce an artificial regularization. For ¢ > 0 and using Lemma [8.3.7 we have

dv(X7,Y") < CeCl P2 4 dpy(Z28, ZF + VEQ) + drv(Z8 + VEC VE +VEC)  (8.3.15)
+drv (V" + Ve, Vi) (8.3.16)

where ¢ ~ N(0,1;) and is independent of the Brownian motion W.
e Let f: RY — R be measurable and bounded and let us define

¢y R S Ef(Z +y) = [ 1E+up, 040,90 = [ F©Op,0.tag -y (83.17)

Then ¢ is C? with
Vi) = [ HOV3p (0.2~ y)de.

Moreover, using Theorem [8:3.1] we have

c —clz— 2
1V, (0,1, 2,6 =yl < szype

where the constants C' and ¢ do not depend on 135{’. This implies that for every y € R?,

- | . -
V2000w < Ol et [, e < Cl ot

Then using the Taylor formula, for every y € R? there exists § € (0,y) such that

v(y) = 9(0) + V(0) -y + %V%@) -y
and then for some random ¢ € (0,¢) we have
Bf(Z +VeQ) — Ef(ZF)] = [Bo(VeQ) — ¢(0)| = |VEE[V(0) - ] + gE[V2¢(ﬁ§) (%]
< Ce flloot™,
where we used that E[V(0) - ¢] = Vi(0) - E[¢] = 0. This way we obtain
drv(Zf, 2§ + Ve¢) < Cet ™.
The term dpy(V®, Vi¥ + /€(Q) is treated likewise.
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e Let f:R? — R be measurable and bounded and let us define

1
(27e)4/2 Jra

F(&)e vl /(e g
(8.3.18)

ey Bl VR0 = <27r1)d/2 [+ vEee g

Then f. is C' with
_ ) -1/
VIW) = o [ FOS T e g = 2 g

(27T8)d/2 R4 € (27T)d/2

=& 'PE[f(y + vVE¢)(]

[+ Ve e

and then
[felLip < I fllooe™/2EIC] < C| flloce™ /2. (8.3.19)

So that
[Ef(Zf +Vel) —Ef (V" + Vel)| = [Efe(Z]) — Efe (V)]
< Cllflleo Cllfllos 1/2
< ———(t+t'"Ac(x)), 8.3.20
— NG ( (x)) ( )
where we used Lemma in the Appendix. This implies that

128 = Viflh <

dv(ZF + VEC, Vi + VEQ) < Ce 2 (t + t1/2 Ao (x)).
e Conclusion : Considering , we have
Aoy (XF, V) < CeClPH2 4 Cet™! 4 Ce™V2(t + t1/2 A0 ().
We now choose e = [t(t + tl/QAa(:c))}Q/g, so that

Aoy (XF, V) < CeClP 12 L Ot + Ao(z))?/?.

8.3.4 Proof of Theorem using Theorem m
We first prove Theorem

Proof. Let f:R% — R be measurable and bounded, let £ > 0 and let ¢ ~ N(0, ;) be indepen-
dent of (Z1, Z2). We have

|Ef(Z1) —Ef(Z2)| < [Ef(Z1) — Zlefs/n Z1) B feni(Z1) szEfs/nz (Z2)

Efe/ni(Z2) —Ef(Z2)], (8.3.21)

where f. is defined as in (8.3.18) and where the n;’s and the w;’s will be defined later.
Let ¢ be as defined in (8.3.17)) replacing Z by Z;. Then, ¢ is differentiable up to the order
2r and for all k =0,1,...,2r:

Ty /f VEpi (€ - y)de.
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Using the Taylor formula up to order 2r, for every y € R? there exits § € (0,y) such that

Vv . y®F V¥0(§) g0
oy @r)!
Moreover, we have
V7 0(3) -y < Ol el [ 191l (8322)
Then there exists a random ¢ € (0,¢) such that
Ef(Z1 + f() - IE3f(Z1) = Ep(v&() — ¢(0) (8.3.23)
2r— 1 2r ®2r
_ ) ke oo, ELVT0(VED - 5],
kz:l [CFF] + 2! €
- 2r A\ R2r r—1 ~
Z b g 4+ EV “’((f)f) Sl A 3" Be(t)et + Bt e)e”,  (8.3.24)
k=1 : k=1

because if k is odd, then E[¢®¥] = 0. We now rely on a multi-step Richardson-Romberg extrap-
olation [LP17, Appendix A]. Let us denote the refiners n; = 2°~! and the auxiliary sequences
and weights

-1

k—1
up = (H(l — 2£)> , Vg = (—1)k27k(k+1)/2uk+1, wg = upV—k, k=1,...,m.  (8.3.25)
/=1

These weights are the unique solution to the r x r Vandermonde system

T .
_ 1 ifk=0
. k ’ o
E_ win; = { 0 else. , k=0,1,...,r—1. (8.3.26)

Then we have

Zwi (Ef(Zl + 8/7”LZC) Ef Zl ) sz Z 5k k 4 Zwigr(t,&“/ni)grni_r
=1 =1 k=1 =1

S ) win S Bt i
k=1 =1

i=1

=" XT: Br(t,e/ni)win; ", (8.3.27)

i=1

where we used ([8.3.26)) in the last equation. Now, using ([8.3.22)) we have

S ettefmain”| < Ol ( [, IV i@l 3 ™

i=1
Since up, — oo = [[>1(1 — 27471 < o0, the weights satisfy
jwi] < w2272 =y
so that
r r—1
Z |w’L| Z (r—i)(r—i+1)/2 < u Z2(T’*i)/2 — u<2>o sz’i/Q S C (8328)
i i=1 i=1 1=0
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As a consequence and since Y ;_; w; = 1, we may write from (8.3.27))

= Y WS (20)| < O™ [ IV Br(E)]de. (8:3.29)

i=1

The same way, we obtain

= S WS (22)| < Clfll” [ IV p2(€)]de.
i=1
On the other side, using (8.3.19) we have

Wl 21 20 (lezﬂ” ) (3:3.30)

szEfe/nl Zy) szEfe/n (Z2)| < \/’

Moreover, foreveryi=1,...,r,
‘wiu(ifl)/? < uc2x>2f(r7i)(r7i+1)/2+(171)/2

and then

T '
D7 w2072 < 20N 20 D/2 <2 o, (8.3.31)
i=1 i=1
Thus considering (8.3.21)), we obtain for every ¢ > 0,

dry(21,22) < Ce [ (19Ol + IV pa(6)]) dé + C=~ 2 (21, 20).

Optimizing in € gives

/(2r+1)
e = (W@ 2/ [ IV m(©l+ 1% pae) ) d5>)2 o

and then

o /(91 ) ) 1/(2r+1)
Arv(21, 22) < CapWa(Z, 271D ([ (197 pa()ll + V7 pat) )

We now prove Theorem [8.2.2
Proof. Using Lemma we have

dry (XE, V%) < CeClPE/2 4 dpy (27, Vi) (8.3.32)

We now apply Theorem [8.2.7 With the random vectors Z; = ZF and Zy = V;*. Assuming that
o1 is CZ" and using Theorem |8 |7 Vypz exists for k =0,1,...,2r and

C
Vk=0,1,...,2r, Vt € (0,T], Yo,y € R, |[Vip,(0,¢,z,y)| < We—c\y—:ﬂ?/t.

Then we have
/Rd fopZ(O,t,x,f)dﬁ <ot /d e eclr=erl/tge < oy
The same way we have
L, Vap 0t < e,
Applying Theorem [8:2.7] with Lemma [8.5.3] yields
Ay (22, Vi7) < C(VE + Ao(a))2/Cr+D),
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8.3.5 Proof of Theorem m

For the proof of Theorem [8.2.5, we do not use Lemma [8.3.7} instead we directly apply Theorem
Using Theorem V’;px and Vkpy exist for k = 0,1,...,2r and satisfy the same

bounds as previously. Then using Theorem @ with Lemma [8.5.3] we obtain
dpy(XE,YE) < C(WVEHL + Ab(z)) + Ao (z) + t]b(a)|)?/ 1),

8.3.6 Proof of Theorem m

Proof. We use Lemma again and rework the bound on drv(Z7¥, Vi*) by paying attention to
the dependency of the constants in r in the proof of Theorem 8.2.7|with Z; := ZF and Z3 := V/*.
Since o1 € Cl?r for every r € N, we write (8.3.24)) for any r € N and we have

E[|¢*]

3 ~ —r ~ —d/2
T ta S T oot 5 r o= r y
5:(4:9) < Corlf oot "= g2, O 1= Carcy
where Co, and co, are defined in (8.2.12) and where
2T(d/2+7) o _
Ellc2r) = ZEE2 ) T (a4 2.
I'(d/2) b
Using ([8.3.28)) we get
i=0(d+2i)

< CCor|| flloct™"

ZT: Br(t,e/ni)win; "
i=1

(
(2r)!

and we obtain as in (8.3.29)):

d + 2i)

' 1 ., _ 1
|Ef(Zf) =Y Wik, (ZF)] < Sl fllece™™,  h1 = CC2r (Eé I
-1

1 _
< sl f s’

|]E FOVEY =Y wilk ey, (ViF)

=1

On the other hand, considering (8.3.30) and ({8.3.31]) with Lemma with Ao (x) = 0 we have

Efs/n (V) szEfE/n (ZhH)| < H{/Hgoot, Ko = C2". (8.3.33)
We now minimize x1€"t™" + mga_I/Qt in €, giving
$(2r+2)/(2r+1) 5/(2r+1)

T (2rmy )X/ @D 2
and then

Hle’;‘:t*r + HQg:l/Zt < Cligr/(%—H)Hi/(2r+l)tr/(2r+l)

with as r — oo:

N 1 1/(2r+1) 1
ﬁgr/(2r+1)’€1/(2r+1) N 0217{(2r+1) (H(d+ 22)> a )'1/(2 . 22r2/(2r+1)
r)! r

=0
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1 — Black-Scholes process | |
— Euler-Maruyama scheme

O,

L L
0 01 02 03 04 05 06 07 08 09 1 1.1

Figure 8.1: Example of trajectory of a Black-Scholes process (8.4.1) with x = 1 and o = 0.5
along with its one-step Euler-Maruyama scheme ({8.4.2]).

with

r—1 @r+l) r—1
<H(d + 2z)> o = exp (ri Z log(d + 21)) < exp (2 T log(d—I—(r—l))) <Vd+r—1,
=0

i=0 2r-+1 1
1 € . ~1/(2r+1)
@i~ g Hmsup Gy <00

where we used Assumption (8.2.12)), so that

Kgr/(2r+1)mi/(2r+1) < Cm%f'

Then we have dpy(ZF, VF) < €2~ 1/2¢7/@r+1) and we choose r(t) = |log'/?(1/t)| so that as

t— 0,
drv(2E, V) < Ot exp (Cyflog(/1) )

8.4 Counterexample

In this section we give a counter-example showing that we cannot achieve a bound better than
t1/2 in general. More specifically, we show that we cannot achieve a bound better than ¢1/2 for
the total variation between an SDE and its Euler-Maruyama-scheme in general. For x > 0 and
o > 0, let us consider the one-dimensional process

V¥ = et (8.4.1)

where W is a standard Brownian motion. The process Y is solution of the SDE dY;* =
(02/2)Y2dt + oY;FdW; and its associated Euler-Maruyama schemes reads

YZ =+ (62/2)at + caWy ~ N (a:(l +to?/2), a2x2t) : (8.4.2)

An example of trajectory is given in Figure [8.1]
Proposition 8.4.1. Let Y be the process defined in (8.4.1). Then for small enough t we have

dpy (Y2, V) > Cut'/?, (8.4.3)
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Proof. We have
1 oxp (g log?(y/x))

tx,y) = 1 8.4.4
N y v20 (849
so that
drv (Y }—m) _ 1 exp _logQ(y/x) y_1]1 50 — exp _(y—af—CCtUQ/Q)Q 21 dy
e N v Tl 202t y=0 20212t
1 oo 1 log?(1 + v/t 1 — x\/ta?)2)?
. / exp [ 108 ( +2fy/x) e (y m\Q/UQ/ ) ay.
Voro2 J-z)vilx + iy 202t x 202z
But we have as (t,y) — 0:
1 log®(1 + v/ty/x) (y — zvto?/2)?
————exp | — —exp | —
1+Vty/x 202t 20222
1 ty2 t3/2y3
_ 2 2.4
= (1 —Vity/z + O(ty®)) exp <_202t(a:2_ 3 +O(ty"))
y: to® N Vity
Pl 79522 8 202x
2 Viy?
=e 257 (1 -/t ) [ 1+ 2 ty*
e > [( \fy/HO(y))( + 55,3 T OMt")
Viy  to? 2 2
— |1 - — t t
( +202x 5 + O(t*) + O(ty”)
_ \/Zy \/Ey \/ZyS to? 2 2
=e 20%2 |— - — +O(t o] .
€ [ T 202x 202x3+ 8 +O0(ty") + O(t")
Thus there exists € > 0 and tg such that for every t < ty:
. 1 2 Vel y oy y?
d YI Yx > o222 —— —_ = < d
vV, Y = ,/27”725626 ’ 2 J_o| x 20%2x 20223 Y
so that dpy (Y}, Y®) is of order t'/2 as t — 0. O

However, the process Y does not satisfy the assumptions of Theorem [8.2.2] as its noise
coefficient is not elliptic neither bounded on (0, 00). We then prove the following result.

Proposition 8.4.2. There exists a diffusion process X on R with C' and Lipschitz continuous
drift, with Cg° and elliptic diffusion coefficient o and there exists T > 0 and ¢ € (0,1) such that

vt e [0,T], Vo € (e,e7 ), drv(XP,XP) > Cptt/?

where X is the Euler-Maruyama scheme of X and where the positive constant Cy depends on x.

Proof. We construct from the geometric Brownian motion Y defined in (8.4.1), a process X
with elliptic and bounded drift and such that dpyv(X¥, XF) > Cyt'/2. For € € (0,1/2), let us
consider 1 : R — RT a C{® approximation of

B x if z € [e,e71],
Yv:x ER— (¢ ¢ ifz<e
el ifxrele ! o)
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Chapter 8. Total variation distance between two diffusions in small time

such that ¢ = ¢ on [2e,e71/2] U (—00,£/2] U[2e 7!, 00). Then we define the process with elliptic
and bounded noise coefficient

2
dXT = —%det + oY (XE)dW,.

Then for 2 € (2¢,671/2) we have XJ = Y;* and
P(Y{" # X7) <P (supyeo Y > e71/2) + P (infoeq Y < 2€) .

With a proof similar to the proof of Lemma we show that

P (Supse[oﬂ YF > 8*1/2) < Oy et.
Moreover, we remark that (Y?)~! ~ 272Y? in law so

P (infse[o,t} Yo < 25) =P (SuPse[O,t] Yyt > 5_1/2> =P (Supse[o,t] Yo > x25_1/2> < Coet.
Then we obtain
drv (X7, X7) > drv (YY) — drv(XT, Vi) > CuVi,
O

Remark 8.4.3. We could also consider the process X with "cut" bounded drift b and get the same
bounds, proving then that we cannot achieve better bounds in general than the ones established
in Theorem [B.2.§] even if we assume that b is bounded.

8.5 Appendix
Lemma 8.5.1 ([Fri64], Chapter 9, Lemma 7). Fora>0,0<u <t <T, x € R%, £ € R?, let

- 1 lz—yl* |y —¢P
Ia'_/Rd(U(t—U))d/?eXp<_a<t—“ T ))dy'

Then there exists a constant C' > 0 depending only on d and T such that for every 0 < e < 1,

c |z —¢|?
Iag(é_at)dmexp<—a(l—€)xt >

Let us recall [PP23 Lemma 3.4(a)], with an immediate adaptation to the non-homogeneous
case.

Lemma 8.5.2. Let Z be solution to the generic SDE:
ZE8=x € RY  dZF = b(t, Z})dt + o(t, ZF)dWs, t € [0,T),
where b and o are Lipschitz continuous in (t,x) and where o is bounded. Then for p > 1,
vt [0.7], Vo €RY |12 —zly < O.T. blup: [o)uip. I ) (21600, 2)] +27).

Lemma 8.5.3. Let X andY be the solution to the two general SDEs (8.2.1) and (8.2.2]). Assume

that b and o are Lipschitz continuous in (t,x) and that o is bounded. Then for every p > 1,

vt € [0,7], Vo € RY, X7 - Y{[l, < O (K1 + Ab()) + £/%([ba] + [b2])(0, 2) + Ao(2)t'/2)
(8.5.1)
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8.5. Appendix

Proof. We first deal with the case p > 2. We have

_l’_

t
I = Yl < | [ (br(o X2 — b5, ¥
p

[ o165, X2) = (s, v,

p

< +tAb(z) + H/Ot(bQ(s,Yf) — by(0, 2))ds

/Ot(bl(s, XT) = b1(0, 2))ds

p p

+ +

[ a6, 72) = 0200, 00

/ (o1(5, X7) — 00 (0, )WV, / " No(z)aw,
0 0

+
p

P
But using the Burkholder-Davis-Gundy and the generalized Minkowski inequalities, we have

1/2
< CEDG [o1]Lip
p

[ (0105, X2) 10,207, [ 165,x5) ~ ©.0)Pds
0 0

p/2
t 1/2
< oy ([ 1620 = ©.0)]2ds) < Cle+ 72000, )

BDG
Cp

where is a constant which only depends on p and where we used Lemma So that

IXF =¥l < Wiy [ 116 52) = @) s + el [ 65, 2) = 0,2, + 180(2)
4O+ 2] + )0, + Ao@)VE T
< O (HAb() + 1)+ #/2([br] + [ba1)(0, ) + Ao(2) V)

which completes the proof for p > 2. For p € [1,2), the inequality is still true remarking that
- llp < 11 2. O
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Chapter

Weak error rates for numerical schemes ot
non-singular Stochastic Volterra equations
with application to option pricing under
path-dependent volatility

The results presented in this chapter are a joint work with Masaaki Fukasawa. They
have been submitted to SIAM Journal on Financial Mathematics (SIFIN) and are
currently in revision for possible publication.

Abstract

We study the weak error rate for the Euler-Maruyama scheme for Stochastic Volterra
equations (SVE) with application to pricing under stochastic volatility models. SVEs
are non-Markovian stochastic differential equations with memory kernel. We assume
in particular that the kernel is non-singular and C*. We show that the weak error
rate is of order O(1/N) where N is the number of steps of the Euler-Maruyama
scheme, thus giving the same weak error rate as for SDEs. Our proof consists in
adapting the classic weak error proof for Markov processes to SVEs; to this end we
rely on infinite dimensional functionals and on their derivatives. Our work opens
the way to study rough SVEs, which shall be investigated in a next paper.

Keywords— Stochastic Volterra equation, Rough volatility, Euler-Maruyama scheme,
Weak error rate.

9.1 Introduction
Stochastic Volterra equations (SVE) have recently attracted much attention in the mathematical
finance community in the context of rough volatility modelling, which is more able to reproduce

some features of asset prices [ALV0T7, [GIR18, [EEFRIS8|, [JR20, [Fuk17, Fuk21]. SVEs have also
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Chapter 9. Weak error of numerical schemes for Stochastic Volterra equations

been introduced with regular (non-singular) kernel for modelling in population dynamics, biology
and physics [Moh98], in order to generalize modelling to non-Markovian stochastic systems with
some memory effect. They where also motivated in particular by the physics of heat transfer
[GLS90] and have been mathematically studied since [BMS80) [Pro85|]. Applications, e.g. pricing
options in financial practice, require numerical methods to simulate the solution of the SVE,
such as simulation through Euler-Maruyama schemes.

In the present paper, we give bounds for the weak error of the Euler-Maruyama scheme with
N steps of an SVE on a finite time interval [0,7] in the case where the kernel is non-singular.
We consider two different Fuler schemes: one where the kernel is not discretized, thus requiring
the simulation of a large Gaussian matrix with covariance, and another one where the kernel is
discretized, thus requiring only the simulation of (independent) Brownian increments.

A first bound on the weak error can be obtained from bounds on the strong error, however
this is sub-optimal in general. For example, for Stochastic Differential Equations (SDE) the
strong error is of order O(1/+/N) but the weak error is of order O(1/N). Such bounds get even
worse in the case of SVE with fractional kernel, giving a weak error bounded by the strong error
which is order O(N~H), where H € (0,1/2) is the Hurst parameter of the fractional kernel and
is small (H ~ 0.1) in many financial applications. In [RTY21] are given bounds for the weak
error for the multi-level Euler-Maruyama scheme, however the authors only assume that the
weak error is bounded by the strong error (see [RTY21) Section 2.3]). In [FU21| is shown that
the strong error is exactly of order H and the authors give the expression of the limit law of the
(rescaled) strong error. In [Gas23| are given weak error rates from some rough volatility models
and are proved to be of order (3H + 1/2) A 1, yielding significantly better bounds in the case
where H is close to 0. However the results are valid only for some special cases (semilinear or
cubic test function), hinting that obtaining general results for fractional processes is difficult.
More recently, [FSW22] also proved that the weak error rate is of order (3H +1/2) A 1 for some
class of stochastic rough volatility models, including the rough Bergomi and the rough Stein-
Stein models. We recall that a rough (resp. Volterra) stochastic volatility model is a special
case of a singular (resp. non-singular) two-dimensional SVE, where the first process is an asset
price satisfying dS; = S;\/V;dB; for some Brownian motion B and where the second process
(V4) is the volatility satisfying some rough (resp. Volterra) stochastic equation, then giving for
the joint process a matrix kernel K being diagonal and constant on its first coordinate.

Our main result states that for SVEs with non-singular kernel, the weak error of the Fuler-
Maruyama scheme is of order O(1/N), which is the same rate as in the classic SDE case, under
regularity assumptions on the coefficients and the kernel: we assume that the kernel is defined
on the whole interval [0, T and is C2, that the drift and the diffusion coefficients are C*, bounded
with bounded derivatives. Our strategy of proof consists in adapting the domino method from
[TT90] to the SVE case. In the SDE case and for a function f : R? — R, the domino strategy
consists in a step-by-step decomposition of the weak error to produce an upper bound as follows:

[Ef(XT) — Ef(XF)|

|Ppo---oPyf(x)— Py f(r)]
N

: (9.1.1)
=1

S Z ‘Ph O++-+0 Ph o (Ph — Ph) OPtN_tkf(l‘)
k

where h = T/N, t;, = kh, X is the solution to the SDE and X is the corresponding Euler-
Maruyama scheme, P and P are the semi-group operators associated to X and X respectively.
Then showing that with g := P, 4, f, the short term weak error (P, — Py)g(x) is of order
O(1/N?), the sum in is then of order O(1/N). An elementary proof in the SDE case
using the domino method can be found in [Pagl8| Section 7.6]. This strategy fundamentally
relies on a Markov semi-group and thus cannot be directly applied to the SVE case, as the
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future trajectory of X depends on the whole previous trajectory in this last case. Instead, we
consider the solution of an SVE as a Markov process on the infinite dimensional state space of
trajectories {2 and then we define a infinite-dimensional Markov semi-group, allowing us to use
the previously introduced domino method.

We then show that the weak error in small time is of order O(1/N?) by establishing a Ito
type formula for functionals g : 2 — R, involving the Fréchet derivatives of g. Such approach
involving the derivatives of functionals on infinite dimensional state space and establishing Ito
formula for SVEs was developed in [Dup19] and [VZ19], however in our case we only consider the
infinite dimensional state space of continuous paths instead of cadlag paths, since we consider a
different semi-group.

Using a hybrid approach, combining ideas from both finite and infinite dimensional settings,
the Ito formula with a finite dimensional Brownian motion on the one side, and the Fréchet
derivatives of path functionals and the Markov property on an infinite dimensional state space
on the other side, we establish the weak convergence rate of the Euler-Maruyama for SVEs.
Studying the non-singular case by adapting the classic domino method to path-dependent setting
constitutes a first step for studying weak error rates for fractional SVEs as we believe our method
can be adapted to the singular case. We shall conduct such study in a next paper.

We give numerical evidence of the convergence rate we obtained on a Monte Carlo option
pricing problem with a stochastic volatility model where the volatility follows some non-singular
SVE. Proving weak error rates allows to design weighted and unweighted multi-level Richardson-
Romberg extrapolation estimators [Gil08| [GS14, [LP17] that exploit the faster convergence of
the weak error in comparison with the strong error; such application is particularly critical
for the Monte Carlo simulation of Volterra and rough stochastic equations where the Vanilla
Euler-Maruyama scheme has large time complexity (N?).

The article is organized as follows. In Section[9.2] we give the precise setting and assumptions
of the problem we consider, in particular the regularity assumptions on the coefficients and on
the kernel of the SVE, and we state our main theorem. In Section [9.3] we give general results on
random paths (‘PZ)uzwe[o,T] which are adapted with respect to ¢, in particular we establish an
Ito formula for infinite dimensional functionals g : £ — R. The proof of the theorem is given in
Section Considering , the proof of our main result is decomposed into three parts: we
prove that the short term error is of order O(1/N?), applying Ito formula for a regular functional
g : 2 = R as in the classic proof in the SDE case. Secondly we show that with ¢ being the
concatenation of discrete kernels applied to f, then the functional g is indeed differentiable in the
Fréchet meaning and with bounded Fréchet derivatives. Lastly, in Section 9.5, we empirically
check the weak convergence rate for some SVE model with non-singular kernel.

9.2 Setting and main results
9.2.1 Setting
Let us consider the following SVE in R?, d € N:

X, :X0+/0t Ki(t, s)b(XS)der/Ot Ks(t, s)o(X,)dWs, te[0,T], (9.2.1)

where (W) is a standard Brownian motion in R% defined on some probability space (£2, A, P),
where

bR RE, Ky :[0,T]? = Mgg (R), o:RT = Mg, 0(R), Ko:[0,T]> = Mgy, (R),
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and where ¢1,¢2,¢q3 € N and for a,b € N, Mg ,(R) denotes the set of a x b matrices with
coefficients in R. We denote by (-Ft)te[o,T} the filtration generated by the Brownian motion.
The starting point Xy € R?is fixed. Let us make the following assumptions on the coefficients
b and o and on the kernels K7 and Ko.
For (A,d4) and (B,dg) two metric spaces and k € N, we consider the following sets of
functions from A to B:

o CF(A,B): functions that are k times differentiable with continuous derivatives,

. C{f (A, B): functions that are bounded, k times differentiable with continuous and bounded
derivatives,

. CNI’? (A, B): functions that are k times differentiable with continuous and bounded deriva-
tives.

When there is no ambiguity on the spaces, we also use the notations C*, C{f and (“:l]f respectively.

Assumption 9.2.1. (i) K; € C*([0,T)*, Myq (R)) and Ko € CH[0,T)?, My, (R)), which
guarantees that Ky (resp. Ka) is bounded with bounded derivatives up to order 2 (resp. 4).
(i) b € CP(RY,R™) and o € CP(RY, My, 40 (R)).

Then Assumption guarantees that the solution of is well defined (see for example
[AJ18, Lemma 5.29]).

To simplify the notations and for more readability of the proofs, we assume hereafter that
all the objects considered are one-dimensional, i.e. that d = q; = g2 = g3 = 1. However the
main results in Section remain valid for any (finite) dimensions d, ¢1, ¢2 and g3, re-writing
the proofs by replacing the the one-dimensional products by matrix products and writing them
as sums over indices.

Let us define the Euler-Maruyama scheme associated to ((9.2.1). For N € N, we define the
time step and the regular subdivision

h:=T/N, ty:=kT/N, kel{0,...,N} (9.2.2)

and
B ¢ B ¢ _
Xt:X0+/ K (t, )b §)ds+/ Ka(t, 8)o(Xo)dW,, te[0,T], (9.2.3)
0 0

where for s € [0,T], we define
s =[s/h]h.

The solution of (9.2.3) can be recursively simulated as
B ko rtjant _ E o rtjant _
X=Xo+ Y / Kyt s)b(Xy )ds + 3 / Ks(t,8)0(X0, )dWs, € [ty trsa],
j=0"t =01

where the integrals (ftt;“ Ks(t,s)dW,); can be simulated on the discrete grid (¢x)o<k<n by
generating the independent sequence of Gaussian vectors

(tHlK(t )dIv,) = 0,..., N1
" 2\lk, S s k:j,...,N’ J=VU,.. )

using the Cholesky decomposition of the covariance matrix

tj+1
( \ Kg(tkl,S)Kz(tk2,S)dS)

; k1 ka=j,.... N
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We also define the Euler-Maruyama scheme associated to (9.2.1)) with discretization of the
kernels as

Xt:X0+/ Kl(t,g)b(X§)ds+/ Ko(t, )0 (X,)dWs, t € [0,T]. (9.2.4)
0 0

This scheme more convenient to simulate as it only requires the simulation of the Brownian
increments (W, ., — W4, Jo<k<n—1-

With no ambiguity, in the proofs we shall use the notation ) for 1) some function defined on
R?, such that for every process Y and every s € [0, 7] we have (Ys) = 9(Y5).

We extend the definition of K; and Ky on RT x R such that for i = 1,2, K;(t,s) = 0 for
(t,s) ¢ 10,2T] x [0,2T] and such that K; is still bounded with bounded derivatives up to order
2.

In this paper, we use the notation C' to denote a positive real constant, which may change
from line to line. The constant C' depends on the parameters of the problem: the coefficients
and the kernels of the SVE, the time horizon T'.

9.2.2 Main results
Theorem 9.2.2. Let f :R? — R be C~;§’ and assume Assumption m Then we have

E[f()_\_(T)] —E[f(X1)] = O(1/N), (9.2.5)
E[f(X7)] - E[f(X71)] = O (1/N). (9.2.6)

_ RN
Remark 9.2.3. e Since X, X and X satisfy (9.2.1)), (9.2.3) and (9.2.4]) respectively with K7,
K>, b and o being bounded, we obtain

_ -
E|X7| +E|X7| + E|X7| < 400.
Since f is Lipschitz-continuous, we get

E| f(X1)| + E| f(Xr)| + E| f(Xr)| < +00.

o The strategy of proof we develop in Section[9.4] does not allow us to give weak error bounds
for path-dependent functionals.

e We prove that the weak order of convergence of the FKuler-Maruyama scheme for SVEs
with regular kernels is the same as for SDEs, however the computation time for this scheme
for SVEs is of order N2, against order N for SDEs.

9.3 Preliminary results on infinite dimensional paths

9.3.1 State space and path derivatives

For T” € R™, we consider the infinite dimensional state space Q7 being the space of R-valued
continuous trajectories on [0,00) with support included in [0,7”"], with the topology of the
supremum norm. For w € Qg such that w is C!, we denote w its derivative. If w is Lipschitz-
continuous, we denote [w]yp its Lipschitz constant.

For g : Qp» — R and for w € Qgr, we define, when it exists, Vg(w) as the Fréchet derivative
of g with respect to w, which is a linear operator on Q7:

gw+mn) = gw) +(Vgw),n) +o([[nlle), n€Qr.
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More generally, for £ € N we define, when it exists, the derivative of g of order ¢ recursively
as the f-multilinear operator on Q?,ﬂz

) +o([ntllo)s 1 € Qi =1, L.

l
=1

j=2 Jj=2 J

We use the notation ® only to enhance the multilinearity of Vg.

Remark 9.3.1. The path derivative can be made explicit in some simple cases:

o If g(w) = g(way,) for some fixed up € RT and for some g : R — R, then we have

0
) = V(@) - @)1y (9.3.1)
1 j=1

(Vig(w),

L
J:

o If g(w) = fOT, 9(wy)du for some g : R — R, then we have

¢
(Vig(w), Rn') = i VG (wa) - Qi du. (9.3.2)
Jj=1

V4 T
J:

1

9.3.2 Expectation of the supremum of a random path process

Lemma 9.3.2. Let F(u, 8),>0.s¢c(0,7] @ R-valued random process adapted to the filtration F with
respect to its second variable, such that for every s € [0,T] and v > T', F(u,s) = 0, and
such that ||F|lcc < Ci almost surely, O F exists and ||01F || < Ca almost surely, for some
C1,C2 € RY. and let (My)o<s<r be a R-valued martingale adapted to F with E(M)p < co. For
r € [0,T) let us define

-
Oy = / F(u,s)dMs, u>0.
0
Then there exists a continuous modification @ of ¢ such that

Esg% 1Ba|” < C(T')? |00 F |2 E(M),. (9.3.3)
uz
Proof. For uy,us € [0,7"] we have

Bl = pual® = B| [ (F(ur,5) = F(ug,5))dM,
< Jur — ual?|OLF |3 E(M),,

=B [ 1F(ns) - Flus, )Pl

so that using the Kolmogorov continuity theorem ({9.6.1)), there exists a modification ¢ of ¢
which is almost surely a-Hélder for every a € (0,1/2), and taking for example o« = 1/4 we have

|95u1 — @uz‘ 2 N3/2 9
E sup ST N < O(T)2 |0y F || A E(M),,
w1,u2€[0,77],u1 #us ‘Ul — UQ|1/4> ] o9 r

where C is an universal constant, so that taking u; = u and uy = 0 with ¢y = 0 we obtain

2 2
Esup|gu|" =E sup |@y SC(T’)2H81FH30E(M>T.
u>0 u€0,77]
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Remark 9.3.3. In the following, we will use Lemma for families of trajectories (¢");e(o.7) of
the form

t t
sOZz/O F(u, s)dMs  or @Z:/O F(t +u, s)dM.

When the assumptions of Lemma are checked, the bound ({9.3.3) is true up to some modi-
fication of ¢, i.e. for a family of trajectories () such that

vt € 10,T], Yu >0, P!, =@,) =1 and Vt€[0,T], u+ @, is continuous.

Without loss of generality, each time we use Lemma [9.3.2] we do not mention explicitly the
modification.

9.3.3 A general Ito formula for path-dependent functionals

In this section we prove an extension of the classic Ito formula to processes of the form G(¢'),
where G : Q7 — R and where for every t € [0,T], ¢! is some Fj-measurable random path.

Theorem 9.3.4. Let us consider the family of random paths (@Z)te[O,T], u>0 such that

t t
o = 0 4 / Z1(u, 8)ds + / Zo(u, $)dW,, (9.3.4)
0 0

where for every u > 0, s — Z;(u,s), i = 1,2, is an adapted R-valued semi-martingale such that
hZ; and (9%1Z2 exist almost surely with

IEHZngO +E|[01Z1]|c0 < C, || Z2]|l0o + |01 Z2]|00 + |](9le2|]00 < C almost surely (9.3.5)

and such that Z;i(u,s) = 0 foru > T', T' € RY. We also assume that ©° € Qp NC' and is
Lipschitz-continuous. Moreover, let G : Qp — R with bounded pathwise derivatives up to order
3. Then we have almost surely

Gl = G(") + [ (VG 1 ))ds + [ (VG 2,9,
+ 1 [ 196, 2t 9:36)

Remark 9.3.5. We highlight the fact that in (9.3.4)), the values of Z;(u, s) cannot depend on ¢.
For example, if we consider the SVE

t
A=t [ EKaolt+us)r(A)dW,
0

for some adapted semi-martingale A, then we need to write ¢!, as

t t s
A=t [ Kol +u)o(A)dWe+ [ ([ 0Kl +uv)o(4,)dW, )ds
0 0o \Jo
Proof. We first remark that if G only depends on a finite number of times uy,...,u, € RT, i.e.

if we have B B
Vw € Qpr, G(w) = G(Wuys---swa,), G E€C*R™R),

then we have

Vn € Q, (VG(w),n) = > 0iG Wy, - -, Wun ) s
=1
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vt n? e Q, (V2G(w),nt @) Z OHG wul,...,wun)niinij,
1<4,5<n

and then (9.3.6|) directly comes from the classic Ito formula.

Then, let us define for n € N the regular subdivision of [0,7"]: u' =iT"/n, 0 <i < n and
) ie. w™is

for w € Qg we define w" as the affine interpolation of w on the subdivision (u]

equal to the affine interpolation on [0,7”] and then w™ and w are both equal to 0 on [T”, 00);
we also define G" as for every w € Qp/, G"(w) = G(w"). Then for every w € Qop we have
G"(w) = G"(wy,,- - . ,wy,) where G" : R" — R is the composition of the affine interpolation

L7 R — Qor, Wthh is a bounded linear operator, and of G, so is C? and then is true
for G™. Moreover for every w,n € Q7 such that w is Lipschitz-continuous we have
G(w) = G"(w)| = |G(w) = G(W")| < [VGlec]lw = w"[loe < ClIVE|lso[w]Lip/n-

Moreover, remarking that the affine interpolation is a bounded linear operator, we get that G™
is also differentiable with

(VG"(w),n) = (VG(w"),n")
so that

(VG (w),n) — (VG (w),m)| < [V2Cllssllw — w"llollnlloo + IV Gllsollwlloolln = 1 oo (9.3.7)
Moreover for n',n% € Qp/ we have
(V2G" (W), 0" @1°) = (V2G(W"), )" ® (1°)")
so that

(V2G(w),n' @) = (V2G" (), n' @1°)] < VPG locllw — w™ oo lln" oo 177l
+ VG ss (llloclln = (1) oo 7% llo + lwlloolIn*llocll? = (%)™ loo) (9.3.8)

Writing (9.3.6) with G™ gives
t t
G(¢") = G + [ (VG 20 ods+ [[(VO((")"). Z3C,s))aw.
1 st
5 [ VG, 23 (. 9) ) s, (93.9)
0
and we have
E|G"(¢") = G(¢")* < 2/|G]EIG™(¢") = G ) < CllGllool VG ol TLipn ™
with ¢! being C! with
t t
¢;:¢3+/ BlZl(u,s)ds—i—/ 01 Zo(u, 5)dW,,
0 0
where the interchange is ensured by the stochastic Fubini theorem. But following Lemma [9.3.2]
with assumption (9.3.5), E[¢]Lip < oo, so that G"(¢") converges to G(¢!) in L?. We proceed

the same way for G™(¢?).
Moreover, we have

| [(96()), 21 ods — [ (960, 21 )|
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< [(BIVGE), (Z0(,5) ~ B oMlds + [ BUVG(@)") ~ VO, ZE (- 5)lds
0 0
< CIV GBI 0121 oo™ + VGl [ Bl gl 21 ds ™

_ ¢ s 1/2 _
< CIVGIB|0nZulln™ + CIV Gl [ (BT BN AI2) s n™ 2 0

where we used (9.3.7)) and that E[gos]%ip < C with Lemma where C' does not depend on s.

Furthermore, following (9.3.7)) we have

2

8| [(VG(()), Z5C o)W, — [ (VG(), 2o,
0 0
= [[BUTGU ), 28, — (V6. Zal o) s

< VG ol Zlle [ BUTG(), 22 ,9) — (VG() Zal,5)) s

t t
< 20 VG ol Zelloo (IVGllacn™ | Zello | Eli*luipds + [V Gllon™ 0122l | Elle*]lcs)

(9.3.10)

and using Lemma we have E|¢®|loc < C and E[p®]ri, < C where C does not depend on
s, so that the quantity in (9.3.10)) converges to 0 as n — oo.

Last, using (9.3.8) we get

E

t
0

[ 926, 25C0)#ds = [(VG), Za(0))ds

t t
< IV Gllaon 122l | Ele*luinds + CIV2Cllocl Zells 01 Zalloon™" [ Bl clds

— 0.

n—oo

9.4 Proof of Theorem [9.2.2

In this section, we only give the full proof for (9.2.5)). The proof of (9.2.6) is similar, as explained
in Section [0.4.5

9.4.1 Definition of the infinite dimensional semi-group and domino strategy

We define the infinite dimensional semi-group that we use for the domino strategy. We do not
apply the domino strategy on X directly; instead we define an auxiliary process Y such that X
can be induced from Y, as follows. Let us consider the following family of processes:

Yi(u) = /Ot Ki(t+u,s)b(Xs)ds + /Ot Kot +u,s)o(Xs)dWs, w>0,tel0,T]. (9.4.1)

Following Lemma for every u > 0 and t € [0, T, Y;(u) is well defined and Y; : u — Yi(u) is
continuous. Moreover, for every ¢t € [0, 77, Y; is Fy-measurable (but the process (Y;(u))qy>0 is not
adapted w.r.t. u) and using Lemma [9.3.2 again, Y; is almost surely C' and Lipschitz-continuous
with

. t t
Yi(u) = /0 OLKL(E + 1, $)b(X,)ds + /0 01 Kt + 1, 8)0 (X,)dW,, (9.4.2)
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where the interchange is ensured by the stochastic Fubini theorem. We also note that

Yi(0) = X; — Xo, t€0,T). (9.4.3)

Then we have
X, = Xo+ Yi(v—t) + /t " K0, 8)b(Xs)ds + /t " Ko(v, 8)0(X,)dW,, (9.4.4)
Y (u) = Yi(o — t +u) + /t " K (o+ u, 8)b(X,)ds + /t Koo+, 8)o(X)dWs,  (9.4.5)

0<t<ov<T, u>0.

This leads us to define the following non-homogeneous semi-group P,; for ¢t € [0,7] and r €
(0,7 — t] on Qar:

t+r . t+r .

Pri(w)y = Wrgu + Ki(t+r+u,s)b(Xs)ds + Ko(t+1r+u,s)o(Xs)dWs, u>0,
t t
(9.4.6)
where ()N( s)se[t,t4r] 15 the solution of the following SVE:
Ry = Xo +wos + / K (v, 8)b(X,)ds + / Ko(v, 8)0(X,)dW, (9.4.7)
t t

and where we omit here the dependency of X in ¢ and in w. Since K;(u,s) = 0 for u > 2T, we
have indeed P.; : Qo7 — Qor. Then following (9.4.4) and (9.4.5) we have

Pry(Vy) = Yigr. (9.4.8)
Likewise, we define
B ¢ _ t _
Yt(u):/ Kot -+, 5)b( §)ds+/ Kolt + u,8)o(X,)dWs, u>0, t€[0,T]  (9.4.9)
0 0

as well as the semi-group corresponding to the Euler-Maruyama scheme (9.2.3) for k € {0,..., N—
1} and r € [0, T — tx):

_ tp+r t+7r
Py (W)y = Wriu + / Ki(tg +r+u,$)b(Xo + wp)ds + Koty +r+u,s)o(Xo + wp)dWs,
tE 173
(9.4.10)
u >0,
so that we have
Yi(0) = Xy — Xo, t€]0,T] (9.4.11)
and for r € [0, A]:
_ _ _ tr+r _
PT,tk (Y%k)u - }/:‘,k (T + U) + ] Kl (tk: +7r—+ u, S)b(XO + Y;fk (0))d8
t+r * _
+ Ko(ty + 1 +u,s)0(Xo + Yy, (0))dW,
tg
= i/tk'f‘?”(u)'
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By a slight abuse of notation, we use the notations P and P also to denote the infinitesimal
generators such that for every g: Qor — R, w € Qop, t € [0,T] and r € [0,T — t] we have

Prig(w) == Eg(Pri(w)), Pr,tg(w) = Eg(R,tW))-

For general semi-groups 1, ..., @, we denote their composition as
T
HQk =Q10...0Q,.
k=1

Then we obtain X7 = Y7(0) + Xo = Pro(0)o+ Xo and X7 = (H,]j:_ol Phin 1 n (6))0 + Xo, where
0 denotes the path on Rt constant to 0.
Now for f: R — R being le we define

fNZ w € Qop — fwo+ Xo). (9.4.12)

Following Remark we also have f € CNZ‘:’ . Moreover we can write

N—
Ef(XT) = Ef(( H ph7tN—1—k(6))0 +X0 ]Ef H Ph N1 k H Ph tk

We highlight that in our notations the order of the semi-groups is reversed whether ], Ph’tk is
applied to some w € Qo1 or to some g : Qo — R. We then rewrite the weak error as

N—
Ef(Xr) — Ef(Xr) = HPM — II Pus. f(0)

N-1
Z n0 © (Pht, — Ph,tk)o( H Ph,tj) £(0), (9.4.13)
J

j=k+1

where we used a telescopic sum.

9.4.2 Weak error in small time

In this section, we give a bound on the weak error in small time for the one-step Euler-Maruyama
scheme (Py 4, — Phy)9(w), where g : Qo7 — R is some smooth functional and w € Qop and
w e C

Proposition 9.4.1. Let w € Qo7 and be C%, g : Qor — R with bounded (pathwise) derivatives
up to order 5 and k € {0,..., N —1}. Then we have

|[(Paty, = Priy)g(w)| < C(1+ [w]Lip)h?, (9.4.14)
where the constant C does not depend on k nor w nor h.

Proof. We can assume that w is Lipschitz-continuous without loss of generality.
o Let us consider (Xs)se[t, t,+n @s defined in (9.4.7). Then for v € [ty,tx1] and ¢ €
[0,tx+1 — v] we have

~ ~ v ~ v+te ~
Xote — Xo = Wpte—t,—Wo—t, + | (K1(v+e,5)—Ki(v,s))b(Xs)ds + / Ki(v+e,8)b(Xs)ds
tr v

(Ka(v+ ¢, 5) — Ka(v, 5))o(Xs)dW, + / " Koo + &, 8)o (X)W,

123
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so that
dX, = Gy_g, dv + K1 (v,0)0(X,)dv + Ko (v,v)0(X,)dW,
+ < 0K (v, $)b(X,)ds + [ OnKa(o, s)a(fcs)dws) dv.

tr 173

It follows from the classic Ito formula that for ) : R — R and v > t; we have
dp(X,) = Vp(X,) (K1 (0,0)b(Xy,)dv + Gy, dv + Ko (v, v)o(X,)dW,)
1 - -
+ ivzw(Xv)Kg(v, v)o%(X,)dv

+v¢()~c@)< U81K1(v,s)b()~(s)ds+ valKg(v,s)a(Xs)dWS) dv (9.4.15)

tg tg

In particular we remark that for » € [0, k] and if ¢ is C? with bounded derivatives,

~ 1
[E(Xtr) = (KXo + wo)| < [Veblloo (1K1 oo 1Blloor + []nin) + SV 0 lso [l KalSc o1 Eer

2 2r3/2
HIVEllsollOrKlloo[blleo 5 + VW lloo 01 K2l ool ]l —5—
< C(1+ [w]Lip)r, (9.4.16)

where we bound the last term as follows:

ti+r . v -
e[ vwm)( 81K2<v,s)a<Xs)dWs) ]

t t

k . k

E
k

< IVl / dv

/ 81K2(’U, s)a(is)dWs
tg

G 1/2
< V0 lon Kallclloloc | (0 = t0)/2d.
k

e On the other side for » > 0 we have

tp+r+te ~

Prict, (W) — Prty (W)y = Wrieqy — Wrgy + ) Ki(ty +r+e+u,s)b(Xs)ds
kT
tp+r+e ~
+ Koty +r+e+u,s)o(Xs)dWs
tk—i-'l‘
tk+7‘ ~
+ (Ki(tg +r+e+u,s)— Ki(tg + 7+ u, s))b(Xs)ds
tk
tk+7' —
+ (Kot +7r+e+u,s) — Ko(ty + 7+ u,s))o(Xs)dWs
tr

so that we can write
APy s, (W) = Grpudr+ K1 (b 41 + u, b + 7)0( Xy, 1 )dr+ Koty + 1 + u, by + 7)o (Xt 10 )dAWs, 11

tp+r ~ te+r ~
+ (/ K1 (ty + 1+ u, 5)b(Xs)ds + N Ks(ty + 1+ u, S)U(Xs)dWs> dr

tr ty

so that for G : Qo — R being 55’ and using Theorem (and checking the assumption ((9.3.5))
with Lemma [9.3.2)) we obtain

dG(Pr4, (w)) = (VG(Pry), (W), wrt.)dr + (VG(Pry, (w)), (K1 (ty + 7+ u, ty + T))u20>b(th+r)dr
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(VG(Pry, (W), (Ka(tk + 7+ u, t + 7)) uz0) 0 (X ) AWt
(V2G(Pr, (w)), (Kot + 7+ u,ty + 1)) 220)0* (Xpy i )dr

2

tk+T ~

+ (VG(Pryy @), ( JAC Y OSSR AT

t
tet+r ' ~

+ O Ka(ty +r + u, S)O'(Xs)dW5> >dr. (9.4.17)

tr u>0

In particular, we remark that

1
[EG(Pr, (@) = G)] < IVGlclwliipr + | VGlool Knlloo [bllocr + 5 VG llso | K25 o[ Eer

r2 22r3/2
+\|VGH<>0H31K1HopoHoo + CVGlsollo]loo |07 K2l3 3

< O(1 + [wlLip)r- (9.4.18)

where we used Lemma [9.3.2] to bound the last term.
Thus for g : Qo7 — R being C’g’ we have

Eg(Phy (@) — 9(w)

h ~
= &[ [ (V9P @), wr+.>dr+§ | (T2 P @), (Kol + 7+ s+ 1) 3200 (K

+ / Vg rtk (Kl(tk +r4+u,tr+ T))u>0>b()?tk+r)d7’

tk+T
+/ Vg(Prt,(w)), (/ O K1 (ty + 17+ u, s)b(Xs)ds

tk—l-'l‘ ~
[ oKt u o (R ) Y]

tr u>0
5
=1

Likewise, we obtain a similar formula on Eg(Py, (w)) — g(w), replacing b by b and ¢ by &, and
we write

5
E (Phtk( Z

We shall now inspect the quantity I; — I; for every i = 1,...,5.
e For fixed r € [0, 4], let G, : n+— (Vg(n),wr+.). Then G, € C} and we have

(VG (n),7) = (V2g(n),brs. @ T), (V2Gr(n), 7" @7%) = (V3g(n),drs. @ 7' @ 7°).

Applying the Ito formula (9.4.17) again to a +— EG, (P, (w)) for a € [0,r] and with the
estimate (9.4.18)), we obtain

[EG (P, (W) = Gr(w)] < Cr(1 + [w]Lip)-

Similarly, we have
[BGw (P (@) = Gr(w)| < Or(1+ [w]uip),
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and then

_ h h _ h
LI = |u-z[/O Gr(Pr,tk(w))dr—/o Gy (Phg, (w))dr] | < 0(1+[w]mp)/0 rdr < C(1+wlpip)h?.

e For fixed r € [0, h], let
. 1 2 ®2
Gr:ne §<v g(n), (Kot + 7+ u, by + T))u20>‘
Then G, € Cg’ and we have

1
<VGT(77)7 T> - §<vgg(77)7 (KQ(tk +r+uly+ T))%;O ® T)’
1
(V2Go(n), 7' @ 7%) = S{Vig(n), (Ka(te + 7+ tx + 1)) 2 @ 7' © 7).

Applying the Ito formulae we obtained in (9.4.17)) and in (9.4.15)) and the classic Ito formula for
a product, we get

E[G(Pr, (W))U2(th+r)] - GT(W)UZ(XO + wo)
= E[/O (G (Pt (0)))0* (Xt ta) + Gr(Pa (0))d(0* (Xiya)) + d(Gr(Pgy (@), 0% (Xt ))al
=: A1 + Ay + Ags,

but 2 is bounded and following ([9.4.18), we obtain that A; < C(1+ [w]Lip)7; the same way and
since G, is bounded (independently on r) and following (9.4.16) we have Ay < C(1 + [W]Lip)r-

Moreover we have

(G (Pgy, (W), 0% (Xp,+-))a = VO (X 40) Ko lte + o, t + a)0* (X, 4a)
. <VGr(Pa,tk (w)), (K2 (tk + a4 u,ty + Oé))uz())da

so that same way we get A3 < Cr. Thus we finally obtain
[EG (Pt (w))02(th+T) — Gr(w)o*(Xo + wo)| < C(1+ [wlLip)r- (9.4.19)
The same way we have
|EG,(Pry,, (w)o?(Xo + wp) — Gr(w)o?(Xo 4+ wo)| < C(1 + [w]Lip)r,

so that

I — L[ = |E| / (G (Pray (00X (B ) — G (Pray ()Xo + wo)dr]| < C(1L+ [l

e For r € [0, h] and u > 0 let us define

tk+T
o= [ Kt 4w ) (R)aw,
tg

and let us write

_ te+r ~
AT = 91 Koty + 1 + s by + 7)o (Ko pr ) AWy iy + ( / 0% Koty + 1+ u, s)a(Xs)dWs> dr.
ty
(9.4.20)
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Moreover, using Lemma we have E|¢"||2, < C. We also define

G:(n',n*) € 3 (Vgn'),n*).
Then G € C} with
(VG(n',n*), (7', 7)) = (V2g(n'), 7' @ n*) + (Vg(n'), 7°),
(V2G(n',n?), (r1,72)%%) = (VPg(n"), (TH)®* @ n*) + 2(V?g(n'), 7' @ 7).

Using (9.4.17) and (9.4.20)), for every r € [0, h] we have

ty

(Vg(Pry (@), (/tw 01 Koty + 7 + u,s)a()?s)dws>u>o>

— [ [(Pg(Pas).irs. 0 0°)
(V2g(Pagy (@), (K (1 + 04w, i+ 0))uz0 ® 9°)b( Ko 1)

(V3g(Pat, (W), (Ka(ty + o+ u, te + 1) 520 ® ™) (Xt 4a)

+(V2g(Poy, (w)), </tk+a K1 (ty + o+ u, $)b(X,)ds

ty
tpto ~
+ 0K (ty + a + u, s)a(XS)dW5> ® ¢")]da
tk u>0

+ /O (V2G(Paty (@), (Katy + 0 + 1, b + 1))us0 @ 6°)0 (Xry 1) AW 40

[ s, ([ ot + ot o (Egan) o

tg
[ V9P (). (1Kt + @+ st + ) ) (K ) AW s
+/ V g atk ) (Kg(tk—i—oz—i—u tk+u))u>0®(81K2(tk+a+u tk+oz))u>0)
(thJra)dO‘

so that

‘IE(VQ(PM,C (W)), (/tk“ O Ka(ty +r+u, S)U(XS)dWS)u>0>‘ < C(1+ [w]Lip)r-

173

The same way, we obtain

BV ([ 0Falt 47+ 0 )7 (Xo +wO)W,) )| < €O+ olup)r
u>0

tr

and then B
|15 — I5] < C(1 + [wlnip)h*.

e The arguments to prove that
I3 — I3| + | I — Lo < C(1 + [w]Lip)h?

are the same or more simple.
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Chapter 9. Weak error of numerical schemes for Stochastic Volterra equations

9.4.3 Proof that the derivatives of g are bounded

In this section, we prove that if we choose g : & — R as in (9.4.13)), then ¢g has bounded
derivatives up to order 5 so that we can apply Proposition to g.

Lemma 9.4.2. Let k € {0,...,N — 1}, let us define

N-1
gw) =[] Puy,f(w) =E
=k

f(( 1:[ ph’tN—1+k—j 'w>0)] )
j=k

where f 1s defined in (9.4.12)). Then g is five times differentiable with
||V£gHOO SC? le {1775}

Proof. We can rewrite
T

tr

gw)=E [f(w_tk + /t ! Ki(T, s)b(X¥)ds + | Ky(T, 3)5(X;J)dws)]

where X% follows the piecewise SVE:

N ‘7 ~ te+1/\’l} ] N tg+1/\’l)
R = Xo+wyr, + 3 b(XE) / Ki(v,s)ds + 3 o(X¥) / Ka(v, 5)dW,,
=k te =k te

v E [tj,tj+1}, je {k,...,N—l}.

The process X depends on k, but we omit this dependency in the notation without ambiguity.
We define the tangent process (Z% )UG[T,%T} as the process of the linear operators on o7 by
induction as:

J " top1/\v
(Zgm) = e+ S VHED) - Zi) [ K, 9)ds (9421)
=k ¢

J “ tor1/\v
+Zvo(xg;)-<zgg,n)/t Ko(v,8)dW,s, v € [t tis], j € {kveo N — 1),
=k ¢

so that for every fixed v, we have Z = VX;J, where V is taken with respect to w. We now give
a bound on [|Z||. For every n € Qor and v € [T}, T] we have

v N v ~
(Z90) = Nyt + /t K (v, $)VB(X¥) (2 nyds + | Ks(v, 5)Va(X2)(22, n)dW.
k

ty

Let us denote
pvi= sup E|ZZ|°, v € [ty T]

Se[tkvv]
and we have (using the inequality (a + b+ ¢)? < 3(a® + b? + ¢?)):
v
oy < 3+ 3/t (TN KI5 IVBII3 + 125 Va2 )wsds
k
so that using the Gronwall inequality:

o < Bexp (v — tr) (TIEL S IVOIIE + KI5 Val2,) < C.
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9.4. Proof of Theorem [9.2.2

Then we have

(Vg(w),m) =E

N-1 3 T o
VAT Prascrass - 00) - (o + [ Ko(T ) VBE2) (2 m)ds
=k K

+ [ Rt va 2z )|

tr -

implying
r 1/2 T 2 2 1/2
¥loe < IV (14 [ 1Kl Vbllocipd 2ds + (| Kl Vol Zuds)2)
k k

thus implying that Vg is bounded (independently of k& and N).

We prove that the derivatives of g are bounded up to order 5 by following the same method.
O

9.4.4 Conclusion: proof of Theorem m
Proof. Let us consider ([9.4.13)) again and for k € {0,..., N — 1} we set w¥ := th,g(ﬁ) and

N-1

ghr1 = [ Py, f-
j=k+1

Then following Lemma we have that gj41 € 55‘ . On the other side, we have that w* is C?
with

tr ~ 12
WF = | 0Ky (ty +u,8)b(Xs)ds + | 01 Ko(ty +u, 8)o(Xs)dWs,
0 0

tr - t -
Wk = / O3 K1 (t, + u, s)b(X,)ds + / 0% Ko(ty, + u, s)o(X,)dW,
0 0

where the interchange is ensured by the stochastic Fubini theorem, and following Lemma [9.3.2
we obtain that E[wk]Lip < C. Then applying Proposition with ¢ = gp1 and w = W we
get

n—1
Pino o (Prgy, — Payy,) © ( 11 Ph,tj) f(0) < Ch*.
j=k+1

Summing over k € {0,...,N — 1} yields

O

9.4.5 Proof of weak error for the scheme with discretization of the kernels

RN
The proof of (9.2.6) for the scheme X defined in (9.2.4) is similar to the proof for (9.2.5). We

define the associated semi-group as
A te+r
Py W)y = Wrgu + Ki(tp + 7+ u,tg)b(Xo + wo)ds

tg
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Chapter 9. Weak error of numerical schemes for Stochastic Volterra equations

tr+r
+ Koty +r+u,tg)o(Xo + wo)dWs, u > 0. (9.4.22)

tg

A
The estimate for the weak error in small time (9.4.14) also holds for |( Py ¢, — Ph ¢, )9(w)|; the only
necessary adaptation in the proof is for the estimate for I and I3. Indeed, instead of ({9.4.19)
we need to prove

IEG,(Prt, (w))0* (Xipysr) — %WQQ(W), Ko(ty + 1+ )% 0 (Xo + wo)| < C(1 + [w]Lip)r.

But we have
o <V2g(w), Ko(ti +r+ -t + a)®2)

is C! with derivative
o 2<V29(w), Kg(tk +7r+ -,tk) &® 82K2(tk +7r+ ',tk)>

and since g, Ko, 02 K5 and o are bounded we have

[EGr (P (@))% (Xey ) = 5 (P2(), Kol 7+, 11) )0 (Xo + o)
< [EG (P ()0 (Kiyer) — G () (Xo + wo)|

(V2g(w), Ka(ty + 1+ -, t5)®?)0*(Xo + wo)|

1
+ |EG,(w)o?(Xo + wo) — 3

< C(1 4+ [w]Lip)r-

The argument for the estimate of I3 is similar.
Having proved the estimate for the weak error in small time, the conclusion of the proof is
the same as for X.

9.5 Simulations

In order to numerically check the convergence rate obtained in Theorem [9.2.2) we empirically
measure the weak convergence rate in the case of a stochastic volatility model where the volatility
follows some Volterra equation. We consider the following Volterra version of the Stein-Stein
model [SS91] where the analogous rough version was introduced in [A.J22]:

dS; = S;V;dB;, S >0,

: ‘ (9.5.1)
v, :Vo+go(t)—|—/</ K(t—s)%ds+u/ K(t — s)dW,
0 0

where the asset price process S and the square volatility process V' take their values in R, the
function gg : Rt — R is deterministic and continuous, the processes B and W are standard
Brownian motions with correlation p € [—1,1] and the non-singular kernel K is given by

K(t) = Ay (Ay + )71/,

with Ay, Ay > 0. The process (S, V;)" in (9.5.1) is a special case of the Volterra equation
(19.2.1)) with 2 x 2 matrix kernels

Ki(t,s) = Ka(t,s) = (é K(tO_ 8)) .
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9.6. Appendix
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Figure 9.1: Example of trajectory of the asset price and the square volatility processes following

the SVE (9.5.1).

We consider the payoff function given by the Call option

fla) = (z - K)+

with strike IC > 0.

We simulate (S, V) by discretizing the kegnel K using xi\veights matching the second mo-
ment, see [Gas23l Section 3] and we plot ]Ef(SQLBNJ) — Ef(SF) for some 8 € (1,2] and for
different Valges of N, where N is the number of steps in the Euler-Maruyama scheme of the
SVE. If Ef(S¥) = Ef(Sr) + O(1/N), then we should also have

Ef(SEN) —Bf(SN) = 0(1/N).

An example of trajectory is given in Figure [9.I] and the results are given in Figure [9.2] with the
following parameters:

T=1 S=1K=1, k=001, Xo=0.1, p=—0.7, v =0.05, A; = 0.3, Ay =0.02, § = 1.5,
go : t— (40)/(3AE, 6 =0.01.

We empirically obtain a convergence rate for the weak error which is approximatively —1, thus
confirming the results in Theorem [9.2.2
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9.6 Appendix

We use the following version of the Kolmogorov continuity theorem, giving the precise upper
bound constant.

Theorem 9.6.1 (Kolmogorov continuity theorem). Let (X¢)ejo,) be a R%-valued random pro-
cess and assume that for some p,e > 0,

E[|X; — X,|P] < Colt —s|'=,  t,s €0,T).
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Chapter 9. Weak error of numerical schemes for Stochastic Volterra equations

= Jog-log linear regression, slope ~ —0.972

Ef(SYN) — Ef(EN)

1074 B

L | L L L L L L L L |
10! 102
N

Figure 9.2: Simulation of (9.5.1) and weak error in log-log scale. We give in red the 95%
confidence intervals where the number of trajectories is 512 x 1024 x 2000 for each value of V.

Then there exists a modification X of X which is a-Holder continuous for every a € (0,e/p)
and with N o, 1 ) 1
X;— X 21+« Tl+e—ap
E sup M S CO — .
t,s€[0,T], t#s ’t - 8’0‘ 1 -2« 1 _ 9—(e—ap)

Proof. We refer to the proof of [LG16, Theorem 2.9, Lemma 2.10], with an immediate adaptation
if we do not assume T' = 1. O
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oo 10

Simulation of Reflected Brownian motion on
two dimensional wedges

This chapter corresponds to the article [BKH23| published in Stochastic Processes
and their Applications as a joint work with Arturo Kohatsu-Higa.

Abstract

We study a correlated Brownian motion in two dimensions, which is reflected,
stopped or killed in a wedge represented as the intersection of two half spaces.
First, we provide explicit density formulas, hinted by the method of images. These
explicit expressions rely on infinite oscillating sums of Bessel functions and may
demand computationally costly procedures.

We propose suitable recursive algorithms for the simulation of the laws of reflected
and stopped Brownian motion which are based on generalizations of the reflection
principle in two dimensions. We study and give bounds for the complexity of the
proposed algorithms.

Keywords— Reflected Brownian motion, Wedge, Hitting times, Reflection principle,
Method of images, Monte Carlo simulation.

10.1 Introduction

The objective of the present article is to provide exact formulas and algorithms for the simulation
of a normally reflected two-dimensional Brownian motion starting at zo € R2.

The reflected process is denoted by X = (Xt);c[o,7] and the domain of reflection is a wedge
D, i.e. asubset of R? delimited by two (non parallel) lines, so as to give Monte Carlo methods for
the estimation of E*[f(X7)], where f : D — R is a measurable function such that f(X7) € L!
and T' > 0 is the finite time horizon. Our first goal is to obtain an explicit formula for the
density of X; (see Theorem . Unfortunately, this formula involves oscillating infinite
sums of Bessel functions. Instead of directly computing these sums, we propose an alternative

207



Chapter 10. Simulation of Reflected Brownian motion on two dimensional wedges

simulation method which uses an extension of the reflection principle in two dimensions for a
particular type of wedges with angle 7/m, m € N. As a first step, we obtain a simulation method
for E*o[f(Wrar)], where W = (W})>0 is a two-dimensional Brownian motion and 7 stands for
the first time the process W touches the boundary of the wedge D. Applying the methodology
for the stopped process recursively one obtains an algorithm for the reflected process X. The
algorithms we present here rely on an idea which has links to the rectangle method [DLO6]:
we include a smaller wedge of angle 7/m inside the first wedge and simulate the exit from the
smaller wedge.

The algorithm for the simulation of the stopped process improves the method proposed
in [Met09]. In the reflected case, we prove that although some lower moments are finite, the
average number of simulations for this method is infinite. This effect is created due to the large
number of reflections that may happen if the process enters the corner of the wedge. We then
propose a modified approximation scheme which takes into account the asymptotic behaviour
of the density near the corner. With this modification, we show that the expected number of
iterations of the algorithm is finite and measure the error of approximation in total variation
distance. We then give adaptations of our algorithms to more general 1to processes reflected in
a wedge.

The expression of the density of the stopped Brownian motion in a wedge of R? has been
obtained in [[ye85] using the method of images. However, the author does not provide full
arguments for the verification of the initial condition and some exchanges of infinite summation
and integrations are not fully explained. For the history of the expression of the density of the
stopped Brownian motion on a wedge, see [BnS97].

In [CBM15] and [Met10] the authors correct some mistakes in formulas appearing in [Iye85]
and give formulas for a number of other random variables related to the stopped Brownian
motion in two dimensions with general correlation coefficients, such as the survival probability
and the first-passage time distribution. However, formulas from [Iye85] and [Metl0] are not
directly applicable to simulation algorithms of stopped processes, as they involve infinite sums
and Bessel functions. [Met09, Section 2] gives an approximate simulation algorithm using the
semi-analytic expression of the density established in [[ye85]. But this method implies the
approximation of an infinite sum of Bessel functions and it leads to bias when simulating the
stopping time 7.

More recent papers ([EEW13], [BSCD13]) extend the results of [Iye85] and [Met10] to three
dimensions and give algorithms and density formulas for the stopped Brownian motion in three
dimensions, using the method of images in R3. These algorithms which point towards the possi-
bility of larger dimension extensions are however limited to some specific values of correlation. In
[KLR18], the authors use the spectral decomposition method which applies in a larger generality
but still relies on efficient computational methods for eigenvalue calculations and truncations of
infinite sums. These references concentrate on the stopped Brownian motion case and there is
no discussion about the simulation of reflected Brownian motion in wedges.

Simulation algorithms for the reflected Brownian motion have been only partly studied,
although they share similarities with the stopped case. Simulation algorithms for quantities
related to reflected Brownian motion on an orthant in multi-dimensions can be found in [BM1§]
and [BCI5]. They do not use the method of images, but the characterization through the
Skorokhod problem and the so-called e-strong methodology which relies on the regularity of the
reflection functional. Still, the method proposed has a theoretically infinite mean running time.

Other approximations methods which are closer to random walk versions of the reflected
Brownian motion on tile domains are studied in [Dub04] and [Kag07]. Furthermore, other

simulations methods for reflected Brownian motion which do not cover the case of the wedge
can be found in [CPS98], [BGT04], [BCO§| and [BSTI0] the references therein.
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10.1. Introduction

The reflected Brownian motion and more generally reflected processes have applications
in finance (for example, in stochastic models where the process, which can model an interest
rates, is constrained to be non-negative [Ha09] or has other constraints like barriers such as in
[IKP13]); in queueing models [GNRS&6], etc. In particular, in the recent years there has been a
lot of developments concerning the study of stationary measures of reflected Brownian motion
such as [DM09] which is slightly related to the ideas which we use here to construct a simulation
method on a wedge. For a review, on this topic and the relationship with queuing theory see
e.g. [Diel0].

Considering the particular case of a wedge may open the way to new simulation algorithms for
reflected processes adapted to non-smooth domains with corner points in two or more dimensions

(see Section [10.11)).

The paper is organized as follows. In Section we state the framework of the problem,
giving a parametrization of the wedge in R?2. We also give the formula for the density of the
stopped Brownian motion in a wedge of angle o € (0,27). The density of the stopped Brownian
motion had already been obtained in [Iye85]. A more general case is studied in [BnS97] which
provides a detailed history and a full proof that the density formula is the fundamental solution
of the associated partial differential equation.

In Section [10.4] we provide the density of the reflected Brownian motion on the wedge. First,
we use the method of images in a special type of wedges as it serves to understand how one
induces the density of the reflected Brownian motion in the general case. In the Appendix we
include the proof in the reflected case on more general cones following [BnS97].

In Section [10.5] we give explicit algorithms for the simulation of the stopped and reflected
Brownian motions. To do so, we first derive from [MetI0] and the formulas proved in Section
expressions of densities of the exit time and exit point from the wedge. Then, we give an
algorithm for the simulation of the stopped Brownian motion using the explicit expressions in
the case & = m/m. The simulation algorithm is based on the simulation of a random sequence
of stopped Brownian motion processes on domains with angle o = 7/m. This first algorithm is
useful for the simulation of reflected Brownian motion, but it also has its own interest. Then
we give the simulation algorithm for the reflected Brownian motion with unit diffusion matrix.

In Section [I0.6] we study the mean number of iterations of the algorithm to finish, denoted
E[N]. For the stopped Brownian motion, E[N] is bounded above by a constant. The reflected
case is more difficult to deal with. In this case, IV is equal to the number of times a Brownian
motion goes from one frontier of a wedge to another. We first give theoretical bounds for E[V]
and prove that although the number of iterations is almost surely finite, E[N] is infinite, which
is due to the events when the Brownian motion comes close to the origin. We then propose
a modification of the algorithm: we stop the algorithm when the Brownian motion comes too
close to the origin, measured by a parameter € and use an approximation of the density for the
reflected Brownian motion close to the origin, induced by the density formula in Section [10.4
We then prove that for the modified algorithm, E[N] has an upper bound which grows as ¢!~
for all p € (1,2), and that the error of approximation is of order e.

In Section we show how the algorithms can directly be applied for the simulation of
the reflected and stopped Brownian motions with non-zero drift. Then we give an algorithm
for the simulation of a class of Ito diffusion processes, reflected or stopped in a wedge in R2.
This algorithm is in fact a direct application of the precedent algorithms, combined with a
Euler-Maruyama scheme.

Finally, in Section we perform Monte Carlo simulations for the estimation of reflected
and stopped Brownian motions and Ito processes. We show that the bias in the algorithm from
[Met09] can be significant compared with our method which is exact. Simulations prove the
need for the approximation algorithm for the reflected Brownian motion, as the exact algorithm

209



Chapter 10. Simulation of Reflected Brownian motion on two dimensional wedges

takes too much time to be efficient. Clearly, one remaining subject which is not considered here
is the reflecting case with non-unit diffusion coefficient. This remains an open problem.

The authors would like to express thanks to the anonymous referee which provided references
[BnS97] and [DMO09] which improved the results and shortened the proof of Theorem [10.4.2

10.2 Notations

We give a brief list of notations that are used through the text.

The natural logarithm is denoted with log. We frequently use the notation + in order to
denote the two rays that define a wedge. Sometimes rather than writing two equations we just
write one using the symbol + or F meaning that we are stating two equations, one using the
top symbols and another using the bottom symbols that appear throughout the equation.

1, stands for the modified Bessel function of the first kind given for a > 0, « > 0 by:

o0 :L.a+2k
1 = . 10.2.1
(@) 1;) 202k LI (k +a + 1) ( )
This function satisfies the differential equation
d’1,(z dl,(x
z? dZ:(Q ) + ;a(: ) _ (x® + a®)I,(2) =0, = > 0. (10.2.2)

We consider the space R? endowed with the Euclidean norm denoted by | - |.

For D C R? and k € N, we denote by CF(D) the set of real-valued functions defined on D
which are bounded and have bounded partial derivatives up to the order k.

Now we define the probabilistic setting as follows. Let (2, F, P, (F¢):>0) be a filtered proba-
bility space satisfying the usual conditions. Let 7" > 0 be the time horizon and let W = (W})>0
be a two-dimensional correlated Brownian motion on (2, F, P, (F¢)t>0). We denote by ¥ the

covariance matrix of W and we assume that X is a non-singular matrix. We define a family of
probabilities on (€2, F, (Ft)i>0) by:

Vag € R?, P = Py g

We will denote by E*© the expectation under P*°.

If W = (W;)¢>0 is a Brownian motion we will say “stopped Brownian motion" to designate
the process (Wiar)i>0, and “killed Brownian motion" to designate the process (Wil,~1)ic[o,77,
where 7 is some stopping time defined later.

We will frequently use in the proofs the Bessel process (R;);>0 in dimension § > 2, i.e. a
real-valued process satisfying the stochastic differential equation:

ty—1ds
= B _
Rt ro + t+/0 9 R37

where (Bi)¢>0 is a standard one-dimensional Brownian motion starting from zero. The index of
the Bessel process is defined as v = g — 1. For a general reference to these matters we refer to

[TYC09, Section 6].
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n(r4)
z n(z1)
o ’

Figure 10.1: Example of a wedge of angle a.

10.3 Setting of the problem

Let @ € RU{£} and consider the subset D C R? defined by one of the four following cartesian
equations:

{(z,y) €R?, y>0and y < ar} witha >0,
{(z,y) €eR?, y>0and y > ar} witha <0, (10.3.1)
{(z,y) €R?, y >0ory > ar} with a > 0, -

y)

€R? y>0ory<ar} with a < 0.

{(=,

The set D is called a Wedgeﬂ The angle of the wedge is denoted by « and chosen such that
a € (0,27). An example is given in Figure We write the wedge D in polar coordinates as
follows:

D = {(rcos(0),rsin(9)), r € R*, 6 € [0,a]}.

We define its boundary as 9D = 0D~ U D™, where

0D :={(x,y) € D,y = 0} = {(rcos(d),rsin(f)), r € RT, § =0},
oDt :={(x,y) € D,y = ar} = {(rcos(#),rsin(9)), r € RT, 6§ = a}.

In general, we use the notation D = (a) to denote a wedge which boundary is determined
by the rays 9D*. In a similar way, we also generalize this notation to a general wedge which
boundaries are determined by the rays at the angles 0 < a < § < 27w as V = («, ).

We use the following stopping times:

7 =inf {t > 0,W; € OD}.
7+ = inf {t > 0,W; € 9DF}.

As in [Metl0], we parametrize the covariance matrix of W via its Cholesky decomposition
and write ¥ = 00! with
_ (01\/1/)2 01/))
0 = ’
0 09

where p € (—1,1) and 01,09 > 0. Then assuming that o is invertible, we consider the pro-
cess W' := ¢~'W, which is a standard two-dimensional Brownian motion with independent
components. Furthermore, using the explicit formula for the inverse matrix, we deduce that

W2=0 < W"?=0,

IThe cases where a = 0 are not considered here because they lead to cases where the problem can be simplified
to a one dimensional problem.
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Cartesian {y=0andy <az}, [ {y=0andy>az}, [ {y=0o0ry>az}, [ {y>0ory<az},
Equation a>0 a<0 a>0 a<0
Value of « arctan(a) 7 + arctan(a) 7 + arctan(a) 27 + arctan(a)
Wedge for
the original
problem \ N /\ y C\ N
Equation
o it | {y=0andy<aa}, | {y>0andy>da}, | {y>0ory>da}, | {y>0ory<dal,
oy —ao1p >0 a >0 a <0 a >0 a <0
Equation
of W' if {y>0andy>d'z}, | {y>0andy <a'z}, | {y>0o0ry<dz}, | {y>0o0ry>adu},
o3 —ao1p <0 a <0 a >0 a <0 a >0

Figure 10.2: Table summing up the four different cases of wedge D

12 _ aoiy/1-p*eoyy
W2:CLW1 - w —WW 1f0'2—(10'1p§£0,

W’1:0 ing—GUlpZO.

In the case that o9 — ao1p = 0, then the problem reduces to two independent one-dimensional
Brownian motions being reflected or stopped in the first quadrant, and therefore the problem can
be reduced to using two independent reflected or stopped Brownian motions in one dimension.
For explicit formulas, see ((10.4.2)) and (10.4.1). Thus in the following we assume that oo —ao1p #
0. So 7~ is the first passage time of W’ through the horizontal axis and 77 is the time of the
first passage of W' through the line y = o'z, where

ao1y\/1 — p?

ad=—"" (10.3.2)
g9 —ao1p

so that 7 = 77 A 7T is the exit time of W’ from the wedge D' = ('), where o is defined as
arctan(a’) or m+ arctan(a’) or 27 + arctan(a) depending on the cases. The process W’ starts at
zf = 0! x9. The possible cases are summed up in Table m

After the above transformation the original wedge is transformed into a new one according
to this table. Therefore mutatis-mutandis, we shall omit the primes in the notation and without
loss of generality we directly assume that the process W has the correlation matrix 3 = I» and

the wedge is given as in ((10.3.1)) with angle «.

In some results, we assume that the angle of the wedge satisfies the condition:

o= —,
m

for some m € N. We define adjacent wedges as follows. For £ =0,1,...,2m — 1, let
Dy, := {(rcos(0),rsin(h)) : r € [0,4+00), 0 € [ka, (k+ 1)a]}.
We remark that Dy = D and that R? = Ui’ﬁo_ 1'Dy.. We also define the transformation Tj:

Ty ZDO — Dk
Ti.((rcosB,rsin®)) :=(r cos(Vy), rsin(dy))
9 (k+1)a—06; kodd,
a ka + 0; k even.
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\

- [0

Figure 10.3: Partition of R? using {Dj }x

From the definition, it follows that T} is an isometric bijection between Dy and Dj. This
setting is represented in Figure [10.3

The density of the killed Brownian motion and some related random quantities appear in
[Met10]. We first quote the explicit density result for killed Brownian motion which is fully
proven in [BnS97, Lemma 1] for generalized multidimensional cones.

Theorem 10.3.1 (Killed case). Assume that D = (w/m) for some m € N. Then we have the
following formula for the density of killed Brownian motion on the wedge D:

1 2m—1

2
Vt >0, r,y €D, P*(Wy €dy, 7>1t) = (—Dke 2t dy. (10.3.3)

ot prrd

In general, let a € (0,27), D = (a) and x = (rgcos(0y),rosin(bp)) € D. Then for any y =
(rcos(9),rsin(0)) € D, the density of the killed Brownian motion on the wedge D is given by

r '”0 rro\ . [/nw@\ . [nmby
—_— . 10.3.4
P*(Wy edy, 7 >t) = Zm/a< )51n<a>5m< o )drd@ (10.3.4)

10.4 Analytic formulas for the density of the reflected process

In this section, we give explicit expressions for the densities of the reflected Brownian motion.
Before doing this, we review the one dimensional case which will also help explain the motivation
for the simulation methods to be introduced later. The one-dimensional case can be treated
using the classic reflection principle, which directly gives the density of the killed and reflected
Brownian motions. In the one-dimensional case, we can assume that D = [0,4o00) and that
3 = 1. Then for all non-negative measurable functions f : D — R and zg > 0,

E* [f(Wr)Lrsr] = E*

zg(x )
FWr) Lo (1 e )] : (10.4.1)

E* [f(X7)] = E™ [f(WT)1WT>0 <1 + €IO<ZOT+WT)>} - (10.4.2)

The above formulas show that the simulation of the killed and reflected Brownian motions in
the one-dimensional case can be easily performed using changes of measures on the original
unrestricted Brownian motion.

The proof in the reflected case in R? shares common arguments with the killed case. Through-
out these arguments, one uses results from classical theory of partial differential equations on
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wedges. For a general reference on this topic, we refer the reader to [LSUGS, chapter IV] and
[KZ16] where one can find existence and uniqueness results for the partial differential equations
that are related to the problems in this article.

Definition 10.4.1. We define the normal reflection process of a continuous adapted stochastic
process £ on the subset D, as the unique solution (X, Li)i>0 of the following problem (see for
example [Pil1j)]):

1. Xy =& + Ly, where L = (Lyt)i>0 is some adapted process.
Vi >0, X, €D.

L is a continuous process of bounded variation and Lo = 0.

e e

Vt >0, Ly = fg n(Xs)Llx,copd|L|s, which means that the process L increases only when
X; € 0D and that the reflection is normal to the boundary.

Therefore the normally reflected Brownian motion is the process that is obtained from the
above equation by taking & = W. In the one dimensional case, L corresponds to the local time
of Brownian motion.

The existence and uniqueness of a Brownian motion reflected in a wedge, which is a non-
smooth domain, has been proved in the decorrelated case in [VW85]. In this article we will
only consider normal reflections in the case of unitary diffusion matrix. Note that if we use the
decorrelation step as in for the reflected Brownian motion, this transformation changes
the normal reflected process into an obliquely reflected process. We do not know how to obtain
the density of such a process.

Theorem 10.4.2 (Reflected case). Assume that D = (7w /m) for some m € N. Then we have the
following formulas for the density of the reflected Brownian motion on the wedge D = (w/m):

- 1 Zm_1 _\Z‘*Tky\z
Yt >0, 2,y € D, P*(X; € dy) = 5 ez dy. (10.4.3)
k=0

In the general case for a € (0,27), D = () and x = (rgcos(bp),rosin(fy)) € D we have that
for any y = (rcos(0),rsin(0)) € D, the density of the reflected Brownian motion on the wedge
D = () is given by

. 2r g (1 rTQ > T nmwd nmwly
P (Xt € dy) = 56 2t 5]0 T + Z Inw/a T COS T COS o drdf.

n=1
(10.4.4)

The proof of the above theorem is given in The idea of using the simple case D = (7w /m)
to infer a general result appears in the literature of the image method. It has been used in a
non-trivial way in order to deduce stationary measures for reflected processes (see e.g. [DM09]).
A formula similar to appears in [CJ59, page 379 (8)], which is proved using Laplace
transform inversion methods. We have decided to include a proof which uses the image method
because it gives some intuition on the simulations methods to be introduced later.

10.5 Exact simulation algorithms

Theorems [10.3.1] and [10.4.2] give formulas that can be directly used to simulate the final values
of the reflected and stopped processes in the case that the wedge angle is & = 7/m (see Sections
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[10.5.2] and [10.5.3). However, direct algorithms that arise due to these results demand the use of
approximations and larger computational time in general. Instead, we investigate an alternative
simulation method using the tractable case o = 7/m and give algorithms for the exact simulation
of the reflected and stopped processes in any wedge.

10.5.1 Formulas for the simulation of (7, W, ) in the case a = 7/m

Before providing the simulation method, we give a formula that will be the key to provide a
simplified simulation method which avoids the calculation of Bessel functions.

Theorem 10.5.1. Let V = (o™, a™) and assume that o™ —a™ = w/m =: a for some m € N and
let T be the hitting time on the wedge V for W which starts at xo = (rocos(6y),rosin(fp)) € V,
then

24,2 m—1

P™(r € dt, W, € dyT) = 2T(;2 e E sin (’y,:f) e%ms(”;ﬂt)drdt, (10.5.1)
7r
k=0

where y*£ = (r cos(a®), rsin(a®)) € OVE. We use the notation

2k
Y= ot T T (10.5.2)
m
Proof. We can assume that = = 0 without loss of generality. We use the formulas [Met10),

(1.5), (1.6)]. If y € 9D, writing y = (r,0) for some r > 0, we have:

7‘2+r2 o0 9
P™(r € dt, W, € dy) = a;rt e" 2" Y nsin (”7; 0> Lnn/a <”0) drdt. (10.5.3)

r ot
Using (|10.3.4]) and switching the order of derivation and integration, which can be justified
(see the proof of Theorem|10.4.2| with Corollary|10.10.1/in the Appendix), we obtain for y € 9D ™:

1
PIO(T S dt, Wq— € dy) = ﬁ %

P* (7 > t, W, € d(rcos(0),rsin(0))).
0=0

So that in the case a = m/m, using ((10.3.3)) in polar coordinates and the definition of J:

P (1 € dt, W, € dy) = i ﬁ Le— Ttirg 251(_1)k6%rm cos(00=F%) It
T 2r2 00 |y_, 2t Pt
0 r’+rg ml rrQ
= e 2 Z sin(fy — 2ka)e + <5(0o=2ka) gyt (10.5.4)
27t?
k=0
Likewise, we obtain a similar formula for the case y € 9D™. O

From here, we present a method to simulate 7 and W, in the case of the wedge V = (o™, a™)
with a* — a™ = 7/m. For the simulation of W, we use the same method which is proposed in
[Met09), Section 2.1] but we restrict to the case & = 7w/m. On the other hand, we propose an
unbiased simulation method for 7 in comparison with the method proposed in [Met09] which
has a bias difficult to estimate (see [Met09, Proposition 2.1.8] and the remark that follows).

Simulation of W, : First, we simulate the selection of the boundary line on which W, arrives,
with a Bernoulli distribution. These two boundaries are denoted by OV* = {(r cos(a™), rsin(a¥)) :
r > 0}. Following [Met09, Corollary 2.1.5] we have:

Oy — o~

PP (W, e V) = (10.5.5)

at —a’
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We simulate on which frontier W, arrives first and then we directly simulate W., without
simulating 7 yet. Following [Met09, Proposition 2.1.6] one can compute explicit formulas for the
distribution function of the radius of exit given that it exits at VT or V. Also its inverse can
be computed and therefore the inverse transformation method for simulation can be applied.
Using these formulas, we can simulate the radius r, as:

.m0 a/m
w0 Sm(T) : —
ro (COS (TO) B tan((7r—7r90/oc)(U—1))> it Wr eV,

(%)

. ofn
70 sin( —; X
To (_ cos (7()) - tan((ﬂ&o/a)(U—l))> if Wy € V7,

(10.5.6)

rr =

with U ~ U([0, 1]).
Simulation of 7: Knowing W;, we simulate 7 according to the conditional formula (see

(10.5.4) and recall that dy® = (dr cos(a™), drsin(a™))):

m—1
xo Ay zo +yy—1 o E
PO(r € dt| Wr = y*) = ((B™(W; € dy*))~"dr) 5 kz:% sin(v)
. exp (- (r —rocos(ic )2): g sin? (o )> dt. (10.5.7)

Since some of the coefficients Sin(*y,;t) are negative, we cannot directly simulate according to
this distribution as a mixture. Instead we select the indexes kac, e k;ti such that for all i,

sin(’y@) > 0 and write:

pi
T T — To .
P* (1 € dt| W, = yi) < ((IP’ oW, € dyi)) 1dr) s Zsm(’y:i)
i=0 ‘

(r—ro cos(vki_i))2 + 72 sin? (yki_i)
cexp | — 4 4 dt.

10.5.
" (10.5.8)

This is the distribution of a discrete mixture of random variables &, for 0 < k < p*, where & is
the inverse of an exponential random variable of parameter ((r —r COS(W,::i ))? + g sin? (’ykii)) /2.

With this information, we build an acceptance-rejection sampling, based on the density on the
right hand side of (10.5.8)) and accept the sample value ¢ under the condition

< (5 ity (ot} s )

P 2t
. -1
pt . (r—ro COS(’YZ} ))? + 72 sin? (’yi_i)
X Z sin(y,+)exp | — o7 )
i=0 ‘

with U ~ U([0, 1]).

Simulation in the case W does not exit the wedge: So far, we have provided a
methodology in order to simulate the exit location and time for the simpler wedge V = (o™, a™)
with a™ — o~ = m/m. Now we discuss the case when W does not leave this wedge in the
time interval [0,7]. To simulate the final value Wr of the Brownian motion starting from xg
conditionally to the fact that it does not exit the wedge V on [0, T], we need to simulate according
to the density , which is a sum where some terms are negative. We propose the following
method.
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A slight generalization of ((10.3.3) to the wedge V = (o™, a™) with

5 . [ Wk+207 ifkodd
LA A if k even,

gives, for y € V:

Po >T —1 2m—1 Ty ol?
POo(Wpedyl 7>T)= (;T> Z (_1)166_%613/
4 k=0
Pzo >T —1m—1 20— T yl?
: (Tsz> S dy, (10.5.9)
k=0

where T}, (r cos(6), rsin(d)) = (rcos(dy),rsin(Jy)). We then apply acceptance-rejection sam-

|20 =Ty
pling with the reference density proportional to ﬁ ZZ”;OI e~ A and accept the sample y

under the condition

N o T AN
U< | > (e 20 Dyepdy| | Y e 2t , (10.5.10)
k=0

k=0

with U ~ U([0,1]).

10.5.2 Algorithm for the simulation of the stopped Brownian motion: Gen-
eral case

In this subsection, we give a recursive algorithm to simulate the final value Wpa, of the stopped
process on the wedge D, for any angle « € (0, 27). This algorithm will be used for the simulation
algorithm of the reflected Brownian motion, but it also has its own interest as it can be used
as itself for the simulation of the stopped Brownian motion. In what follows, we denote F,, the
sigma algebra generated by the algorithm until the step n, i.e. F,, = o(71,91,...,Tn,Yn), where
Ti, ..., Tn and y1, ..., Y are random variables generated by the algorithm. We also denote
by P, and E,, the conditional probability and expectation with respect to F,.

First, we propose an algorithm for the case where the angle is m/m. At the step n of the
algorithm we will define a wedge V,, C D of angle w/m for some m € N and then simulate
the process stopped on this wedge. Define © := max ({7/m, m € N} N (0, «]). Note that since
a € (0,27), we have a/2 < O < «.

Algorithm I: Start at the point xg = (rgcos(fp),rosin(6p)) =: yo at time Ty = 0. The
algorithm follows these steps for n € N:

1. Given y,, = (ry cos(6,), 7, sin(60,)) € V,, define the angles:

. o
0 ) if 6, 66[0,2}6
BT:+1:: Hn_j 1f0n€ 7,0&—5
a—0 iff, € a—%,a

57—1:1 =By T O.
By the definition of ©, we have © < « and therefore 0 < 0/2 < a—0/2 < a.

2. Consider the wedge Vi1 = (8,1, B 1) of angle ©, which satisfies V,,;1 C D and y, =
(rncos(0y), mnsin(0y)) € Vpti.
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Figure 10.4: Example of the domains of simulation at step n + 1.

3. Simulate on which one of the two sets OV, ; or 9V, ;, the process (W})i>T, starting from
UYn, at time T, exits the wedge V,+1 and define 6,41 := ﬁf;rl according to the simulation
result. This is done using a Bernoulli variable and the formula ((10.5.5).

4. Simulate y,+1 € OVp+1, which is the value of W when it reaches 0V, 41 for the first time
after starting at y, at time 7},, and knowing which one of the two events y, 1 € (9V,f+1
has occurred, using formula ((10.5.6)). Denote the exit point as

Yn+1 = (rn—&-l COS(0n+1)> Tn+1 Sin(en—i-l))'

5. Simulate 7,41, the time for the process W starting at y,, = (ry, cos(y,), r, sin(6,,)) at time
T, to reach 0V,;1, knowing the event Wr, 7 ., = yny1. This can be done using the
formula (10.5.7) and the acceptance-rejection procedure described after it. Define

Tn+1 = Tn + Th+1,
so that Wr, ., = Yn41.

If T, + 741 < T then the algorithm iterates. This algorithm stops under one of these two
conditions:

o Condition 1: T}, + 741 > T. Then simulate the final value Wz knowing that Wrp, = y,
and that for t € [T,,T], W; € V,. We do this simulation conditionally to the event
Tn + Tne1 > T and “forget” the exact simulated value of 7,11 as well as the value of
Wi, +7,.,- This is justified in Proposition using X := (Wrar, 1, Toralr,  <7))2, 5
Y = (Wr, ,,Tht1)2, and A = R? x [0,T]. We simulate the value of Wr using
and the acceptance-rejection procedure described after it.

e Condition 2: 0,41 = 0 or 6,41 = . Then we obtain 7 := T,,+1 < T, i.e. the Brownian
motion reaches the wedge D before the time T and the result of the simulation is

Wrnr = (P41 €08(0nt1), o1 sin(0p41)).

An illustration of this algorithm is given in Figure Next, we prove that this algorithm can
be carried out in a finite number of steps.

Proposition 10.5.2. Algorithm I ends in finite time, i.e. the number of required iterations to
finish the algorithm, denoted by N, is such that N < oo almost surely. More precisely, for all
K eN, P(N > K) < 27 LK/2],
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Proof. Fix K € N. For a wedge V,, n < N in Algorithm I, we say that “V,, intersects the
boundary of D" if 3 = « or B, = 0. For n < N, we have two possible cases:

e V), does not intersect the boundary of D. Then, using the fact that © > § and the definition
of Bf;_l, Vn+1 intersects the boundary of D, and 6, is closer to ﬁri_l than 3,7, |, where here

the sign =+ is such that 8]/,“711 NID # {0}. So using (10.5.5), Py, (ynt+1 ¢ 0D) < 1/2.

o V), intersects the boundary of D. Then if 6,41 ¢ {0,a}, V,+1 does not intersect the
boundary of D and by the same reasoning as above Py, (yn12 ¢ 0D) < 1/2.

Then, by tower property of conditional expectations, we have:
K
2

P¥(N > K) < PY(y, ¢ 9D, ..., yx ¢ 9D) < 27 L2 ).

So that:
P¥ (N = c0) = lim PY(N > K) = 0.
K—oo

10.5.3 Algorithm for the simulation of the reflected Brownian motion

We now state an algorithm to simulate the final value of the reflected Brownian motion X7 in
a wedge D = (a) of any angle a € (0, 27).

Algorithm II: Choose © := max ({m/m, m € N} N (0,a]) as before. Start at the point xy =
(rocos(fy),mosin(6p)) =: yo at time Tp = 0. In general, suppose that for n € N the point
Yn = (7 cos(0y), T sin(6,,)) has already been simulated.

1. Define the angles:

@

57:4.1 =0n— =,

B =0+ = =B, +0.

| Do

2. Consider the wedge V,11 = (B;+1,B:+1>. Note that although vy, € V,11, we do not
necessarily have that V,41 C D.

3. Simulate the random variables 7,41 and 2,41, which are respectively the time and the
final point of a Brownian motion Z = (Z;);>¢ starting at y,, at time 0 and stopped on the
wedge V, 11 using the steps 3-5 of Algorithm I in Section Note that, since 8, is in
the middle of the wedge V11, we have by symmetry P*(Z,, ., € OV,,) = 1/2.

n

4. If T, + my1 < T, then we define r, 1 and gn“ to be respectively the radius and the angle
of zp4+1. Since it is possible that z,11 ¢ D, we define 6,11 as follows:

Hni-l if én-{—l € [07 CM],
Ont1 = —9n+1~ if 9~n+1 = B4 and 5,4 <0,
20— Opy1 if bp1 =B and B > a.

And then we define y,,4+1 := (141 c08(0p11), rny18in(@p+1)), so that y,+1 € D. Note that
if 2,41 ¢ D, then y,41 is the reflection of 2,41 with respect to the line {# = 0} in the
second case or {# = a} in the third case in the definition of 6,,11. Then define the time:

Thi1 =Th + Tayt

and the algorithm iterates.
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P
e‘j’nJrl

Figure 10.5: Example of domains of simulation at the step n + 1 in the reflected case.

5. If T, + 741 > T, we simulate z,11 € Vp41 as the value at time T' — T, of a Brownian
motion starting at y, and conditionally to the fact that it stays in the wedge V,11 in the
time interval [0, 7 — T,,]. This can be done using the acceptance-rejection method given
in and what follows based on Proposition as it was done in the termination
Condition 1 in Algorithm I in Section [I0.5.2] Then we define y,4; in function of z,4; as
in step 4. Finally, we stop the algorithm, and the resulting value of the simulation is ¥4 1.

An illustration of this algorithm is given in Figure [10.5

Proposition 10.5.3. Define N :=inf{n € N, 71 +...4+ 7, > T}. Then N < co almost surely.
That is, the algorithm terminates in finite time.

Proof. The stopping times (7;); follow the same law as (7;), defined by 7y = 0 and:
- _ T
Tit1 := inf {t >0: |0(B,,5)—0(B;)| > Qm} , (10.5.11)

where m = /0 € N, B = (B;);>0 is a standard two-dimensional Brownian motion and 0(B;)
denotes the angle of the processﬂ B. Then:

po <§:TZ < oo) = Pp*o <Zﬂ < oo) :
=1

i=1
But, if 7 := >.%°, 7; < oo, then there exist two random sequences, (1) and (#2), increasing
and converging to 7T, such that 6(By; ) = kim/(2m) + 0 for all n € N and i € {1,2}, and where
k!, € Z has the same parity as i, so that the difference between 6(By1) and 0(By,) is at least

7/(2m) for all n,n’ € N. Taking n — oo, we have necessarily that By = 0, which occurs with
probability 0 on any closed time interval. O
10.6 Folding number in a wedge and complexity

In this section we study the complexity of Algorithms I and II in Sections [10.5.2| and [10.5.3] in
separate cases. Recall that N denotes the number of iterations that an algorithm requires to

*We choose the angle of the process (6(B;)):>0 so that it is continuous with respect to t.
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finish one simulation, i.e.
N:=inf{neN: 7 +...+7,>T}.

For Algorithm I, N is the number of times we touch the boundaries of the corresponding sets
Vn, n € N, before touching one of the boundaries of D or reaching time T'. For Algorithm II, N
is the number of times that a Brownian motion reflected in a wedge V of angle 7/(2m) goes from
one boundary OV* to another VT until time 7. For this reason, we may call N the number of
folds for the simulation of the reflected Brownian motion.

In this section, we give theoretical properties and bounds for NV for each algorithm separately.

10.6.1 Majoration of N for the simulation algorithm of the stopped Brownian
motion

For Algorithm I, by Proposition [10.5.2, we have for all K € N, P¥ (N > K) < 2-LK/2] 5o
o0 (o]

E°N] =Y PoN>K)< Y 2715 =3
K=1 K=1

So Algorithm I ends in finite time almost surely and its complexity is finite in expectation.

10.6.2 Majoration of the number of folds of the Brownian motion in a wedge

We now investigate the complexity for Algorithm II. We decompose the standard two-dimensional
Brownian motion W = (W});>0 in polar coordinates and introduce the notations that will be
used in this section and the next one as follows. The successive stopping times (7;); which appear
in Algorithm II, have the same law as (7;);, defined as in the proof of Proposition Then
we have .

N‘éinf{nEN: 1+...+7>T}

Moreover, using the skew-product representation of the Brownian motion (see [RY99) page
194]):
By = RUp(, (10.6.1)
where (R:)i>0 = (|Bt|)t>0 is a Bessel process of dimension 2, (U;);>0 is a Brownian motion on
S' € R? and F is defined as

F(t) = /Ot %, (10.6.2)

which is a strictly increasing process almost surely. Moreover, the processes (R¢):>0 and (U)o
are independent. If we let (8(U;))i>0 be the angle of the process (Uy)i>o then (8(Uy))i>0 is a
standard one-dimensional Brownian motion.

Define the stopping times (s;); by sop = 0 and

s = nf{t > 0 [0(Uprs,) — 0(Us,)| > 7/(2m)}.

Then, the random variables s; are i.i.d. and have the law of the time for one-dimensional
Brownian motion starting at 0 to reach the double barrier +m/(2m). Then using ((10.5.11)) we
have that for all K € N,

K K
Z S; g F (Z ﬂ‘) .
=1 =1
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So the estimation of N can be simplified as

K K
P* (N > K) = P (Z 7 < T) = Pp*o (Z 5; < F(T)) : (10.6.3)

i=1 i=1
Note that F is a random change of time, independent of (s;);. Furthermore, the Laplace trans-
form of s; is explicitly given in [JYC09, Section 3.5, Proposition 3.5.1.3] as

2

Varvx _V2rVX
€ 2m —% e 2m

Ele™1] =

In particular, we have:

w2 2/ 7 \* 9
(B[si], Var(s:)) = (W s (o) ) = o,
Proposition 10.6.1. Let 0 < a < 3. Then we have E*[N%] < oco. On the other hand, if
a>1/2 then E* [N = co

Equation (10.6.3|) together with the estimate in (10.9.3]) give the result which is a consequence
of the fact that the tails of F(T') are large because the probability that the Bessel process R is
close to zero is large and therefore due to (|10.6.1f) the simulation may spend a large time close
to the origin.

Proof. We have that for all K € N and § > 1:

pKl/e [K1/a]
P*(N® > K) = / *opw ( Y s < y> P* (F(T) € dy)
0 i=1

}(l/aw

+ /o;/a ( Z 5i < y) P*(F(T) € dy)
=: 7, (K) + T (K).

For 7, (K), we will use the fact that

72 \/§7T \@W
2P (45m2> < P <2m> oD (‘gm

for ¢ large enough. Then, we obtain that Z;(K) decreases exponentially fast to zero. In fact,
using Markov inequality

Kl/‘ﬂ ﬂKl/a MKI/”‘ |—K1/a'| 26%
I(K) < P Z si < <e 7 (E™[e7™]) “\—= —=

(K]

Using (|10.9.3)), we have:

0 MKl/a _QL - 1 00 U 7 7%
L(K) <P (F(T)z - )K:OOCK . C_f(1/2)</3 udu) <5> .

Since 0 < a < 1/2, the result follows.
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Similarly, in the case a > 1/2, one has that

. [Kl/a]
PONTZK) > [P ( Y s < y) P™ (F(T) € dy).
2uK1/a =1

For K large enough and y > 2uK1/%, we have P*0 (Zz[fll/ﬂ si <y) > 1/2 by the Central Limit

Theorem, and P*° (F(T) > Q/LKl/“) ~ CK~1/(9) a5 K — oo for some constant C' > 0 which
implies the result in this case. O

From this result, we conclude that the average number of iterations of the algorithm in the
reflected case is infinite. A modification of the above algorithm with finite number of iterations
in expectation is provided below.

10.6.3 Proposition of modification of Algorithm II

When the simulated radii r1, ..., r, in Algorithm II of Section become small, the process
(Xt)tefo,1) goes from one boundary OV* to the other boundary 9VF many times and the number
of iterations becomes high. In Section is hinted that this problem is in fact specific to the
dimension 2. To remedy this problem, we study the asymptotic behavior of P* (X, € dy) when
7o is close to zero. In fact, if the ratio rrg/t is small, then the density of the reflected Brownian
motion expressed in can be approximated by the distribution obtained by taking only
n =0:

rTo

t

7'2+r2
Ww&e@D:;fth( )ww. (10.6.6)

The function above can be renormalized so that it becomes a density which can be simulated
using inequality ([10.9.1]) and the acceptance-rejection method with the reference density

(r—rg)? _(r=rg)?

(r—rg)?
x re” 2t drdf = <(r —rp)e” 2t dr+roe” 2t d?"> do. (10.6.7)

Then we modify Algorithm II as follows. We choose some small € € (0,79) and:
o Simulate the sequence of (ry,), and (6,), as in Algorithm II in Section (10.5.3

o If after some iteration n, we have

,r.2

n 10.6.
T <e (10.6.8)

(note that T'— T,, > 0 is the remaining time of the simulated process after step n), then
we directly simulate the final point X7 according to the approximation ({10.6.6):

]P"TO(XT S dy| XTn = yn) = C(E)

’”2“"721 ( TTn

e 2T=Tn) [ T > drdd, (10.6.9)

n

(T -T),)«

o a oo r 3 Z.2+7»,21)I Ty drdd
. 2(T—Tn
(6) ' /O /0 (T_Tn)ae D<T_Tn) "

Using that Iy(z) > 1 for all z > 0, one obtains that C(g) < e/ (T=T))  This upper bound
for C(e) is enough in order to implement the acceptance-rejection sampling method. In
this case, the algorithm directly ends after one additional iteration.

-1
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Proposition 10.6.2. Denote by N the number of iterations of the modified algorithm, (10.6.9)),
then for any 1 < a < p < 2, there exists a quantity C(a,p,xo,T,m) > 0 such that for ¢ small
enough:

C(aa D, o, T? m)

gp—1 '
Proof. We use a similar argument as in the proof of Proposition [10.6.1} Let ¢, := inf {t € [0, T :
R?/(T —t) < e} and let K € N fixed. Using Markov’s inequality, we have:

E™[N] < (10.6.10)

) [Kl/a“ NKl/a
PN —1> KV <P | Y s <F(TAG), F(TAG) < 5
=1
K1/a
+ oo <F<TACE> > = )

Kl/a _ "Kl/a" 6p
<e (E™ [e7]) + WEIO [F(T A C)P].
From here the result follows by using Lemma [10.9.5) O

Proposition 10.6.3. Denote by X7, the result obtained from the above approzimation algo-
rithm. Then, for a € (0,27) and £ small enough, the error made by the approxzimation in total
variation distance satisfies:

dov(Xr, X7) < Cppe™n(135)

where Cy, s a constant which only depends on m.

Proof. If the approximation is not used, then X7 = X7. Else, we denote by n the step when
the approximation is used, so that we simulate the last step starting from (r,, cos(6y,), r, sin(6,))
with remaining time 7' — T}, =: . Since the e-condition is reached, we have r2/t' < e. Then if
we denote by dTVn(XT, Xr) the total variation distance conditioned to the filtration [F,, up to
time T),, and d,, := 1/2 for n = 0 and d,, := 1 otherwise, we have:

_ r _rird Ty,
dr, (Xr, Xr) < [ [(C() -1+ 1)1 ()

2r _ g X2 Ty k6 ko,
_Te T Zd[k,r/a( )cos(a)o( )’ddﬁ

k=0
|IC(e) — 1] / 2r . i, (Trn>
< A8 = e ST
> C(E) + 0 t/ 2t Z kr/a
Using that for all > 0, Ip(z) > 1, we have C(e) < e+/(2). On the other hand, we have

1 [ 2 /o rr o0 2 TRl
1 —r?/(2t) n _ —u®/2 n
Cle) ! < t’/ re Iy ( 7 >dr /0 ue Iy (\/;J du.

Using one immediately obtains that |Ij(z)| + |I{(x)] < 2e®. Therefore the function
A(9) = fo ue™ 2Ly (su)du, § > 0 is twice dlfferentlable As Iy(0) = 1 and 1)(0) = 0, we
obtain A(0) =1, A’(0) = 0 and then A(J) = 1+ O(6?) as 6 — 0 which gives C(¢) > 1 — Ce for
small enough & > 0. These bounds on C(g) imply that |C(g) — 1|/(C(g)e) is bounded. For the
second term, using the expression and a multiplicity property of the number of terms
of the type km/a in the interval [0, k], we have

T ) a o & 1 Ty 2mt i
Zlkﬂ-/a ( ) = (275’) Z Z ( + (k-l—l)ﬂ' + 1) <2t/>

=0 m—0 m!I’
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km

- (%)3 v L (W)Q’"i 1 (W) - (Wn) ()P
T\2t ) A=ml \ 2t =T ((’C-Fl)Tr + 1) 2t —\2t T

«

o3l

With this inequality and the change of variable u = rr,/(2t'), we obtain

- 8at' _ri [ = — 22
dyv, (X7, X7) <Ce + O e / Wta e e Y du=: Ce + I(e).
0

2
Ty,

The integral I(g) converges if v = () := 2t//r2 > 1, which is satisfied as soon as ¢ < 2.
Then, denoting 8 := 1+ 7/,

/ /
1(e) <3 /OO wPe=(rDutugy, — 80‘2 TG-T /Oo W=D (= 55) g
0 0

— 2 r2
/ B (0
<8t ( / T e gy ( 1 ) / 1 e—(w—l)u'zdu>
T IR 20 =1/ Ity
doy 1 1 o0 1 0
< a764(“¥—1) 71%/ Uﬂe_v2d’l)+ W/ 6_U2d’l) .
n V=1 Jo By -2 ) A

The first term converges to zero as O(¢™/(2®) while the second term converges to zero as
O(e'+7/%) when & — 0. Taking all the elements into account we obtain that

dTV(XT,XT) = 0O <5min(17%>) .

e—0

10.7 Adaptation of the algorithms to general processes

10.7.1 Stopped Brownian motion with constant drift

Let b € Riand consider the Brownian motion with drift: Wt := Wy + bt. Then by Girsanov’s
theorem, W is a Brownian motion under the probability

o . 67b~Wtfb2t/2Pa:o

= iR (10.7.1)

so that for any bounded test function f : D x [0,7] — R:

oW g VPTAT _
E* |e TAT 2 f(WT/\:F?T/\T) =E" [f(Wrar, T AT)].

So we have:

b2TAT
p)

E® [ f(Wppz T AF)| = E [eb'WTM F(Wrnr, T AT
To simulate the Brownian motion with drift stopped in the wedge D, we proceed as follows:

1. Simulate Wpar and T A 7 for the stopped process without drift according to Algorithm I
in Section

2. The result of the simulation becomes
2 T
e T WA £ (Wopny) (10.7.2)
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Chapter 10. Simulation of Reflected Brownian motion on two dimensional wedges

We can also deduce an explicit formula for the density of the stopped Brownian motion with
drift using (10.3.4)). In fact, for y € D, we have

— 2 2 > o 6
P (Wy e dy, T>1t) = 2T =15t by = (rP4rd) /2t Z Lz /a <TTO> sin <n7r> sin <n7r 0) drd®,
ta =1 t o «
(10.7.3)
with the same notations as before: 7 :=inf{s: W, + bs € 9D}, x = (r¢ cos(bp), 79 sin(fy)) and

y = (rcos(f),rsin(9)).

10.7.2 Adaptation of the simulation algorithms for Ito processes

In this section, we present some extensions of the above simulation methods applied to the
approximation of stopped and reflected diffusions at some fixed time T > 0. Let us start, first
with the case of killed diffusion.

Consider the following Ito process in R:

{ dY, = b(Yy)dt + o(Y;)dW, (10.7.4)

szx()a

where (Wy)¢>0 is a standard two-dimensional Brownian motion and xg € D. We define 7 to be
the exit time of (¥;)¢>0 from D.

Simulation of Y7 ,,: Choose t; := Ti/n, i =0, ...,n, a uniform partition of [0,7] and con-
sider the following Euler-Maruyama scheme. Given Y;, € int(D) (with Y;, = x¢) and supposing
that 7 := inf{s;Y, € 0D} > t, simulate Ytk ., as the final value of the following Brownian
motion with drift, stopped on the wedge D, t € [t, ti+1]:

Yine ==Yy, +b(Y)(t — ty) + o(Yy,) - (Winz — We,), (10.7.5)

This is done using the algorithm in Section [10.7.1} More precisely, we simulate Y77 taking
b = 0 while keeping track of the Brownian increments; then instead of f(Y7az), the result of the
simulation becomes

1 TAT - — o TAT e _ _
exp (—2 | e ) b s + [ 0 () b7 dm) [(Vrn). (10.76)
Note that we have to take into account the decorrelation step and the change of angle as
described in Section at every step. If the process exits the wedge D in the interval
[tk,tr+1] then the algorithm directly stops. This scheme has weak order one. That is, for any
f,b,0 € CP(D) one has that there exists a constant Cy > 0

(B0 [f(Yrar)] = B [f(Vras)] | < Cpn ™.

The proof is straightforward if one follows the same line of proof as in [Gob01]. In particular,
see Section 2.2.1 and note that our case is simpler as the proposed scheme does not have the
possibility of touching the boundary before it is stopped or reaches T'. For a discussion about
the associated partial differential equation with Dirichlet conditions, see the discussion right

after (|10.10.1]).

Since the Girsanov change of measure uses an exponential function, it may not be suitable
to processes with large drifts as it may increase the variance. For this reason, we also propose
a two-step Euler-Maruyama scheme for the stopped process.
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10.7. Adaptation of the algorithms to general processes

Simulation of Y7,.: Choose t; := Ti/n, i = 0,...,n, a uniform partition of [0,7] and
consider the following two-step Euler-Maruyama scheme. Given Y;, € int(D) (with Yi, = xo)

and supposing that 7 := inf{s;Y, € 9D} > t; and that 7 := inf{s;Y, € 9D} > t;, simulate
Y}, a7 in two steps as follows for t € [ty, trq1]:

Vine i= Yo + (Vi ) (E AT — 1) (10.7.7)
Yins i= Y/tkﬂ/\{- + (Winz — We,). (10.7.8)

The second step is performed using the algorithm in Section Note that we have to take
into account the decorrelation step and the change of angle as described in Section If
the process exits the wedge D in the interval [t,tr11] then the algorithm directly stops. This
scheme has weak order one. That is, for any f,b,0 € Cg’(ﬁ), there exists a constant Cy > 0 such
that

‘Ewo [f (Yrpr)] — EZ0 [f(YT/\;)” <Cm (10.7.9)

The proof is similar to the proof for the convergence of the two-step Euler scheme for the
reflected processes in Proposition

Now let (Z;)¢>0 to be the solution of a stochastic differential equation with drift coefficient
b which is normally reflected on the boundary of the wedge D. That is,

dZ; = b(Zt)dt + dW; + dLy.

For details on existence and uniqueness for this equation we refer to [Sai87].

In this case, we do not know how to extend the simulation method using the Girsanov change
of measure; instead we propose a two-step scheme.

Simulation of Zp: Choose t; := T'i/n, i = 0, ...,n a uniform partition of [0, 7] and consider
the following two-step scheme. Given Ztk (with Zto = x9), simulate Ztk . as the final value
of the reflection on the wedge D of the Brownian motion and drift in two steps as follows for
t €10, tp1 — ti]

Zisty, = Zy, + 0(Zy, ) (t — t) + L{ — L}, (10.7.10)
Zt—i—tk = Ztk+1 + (Wt - Wtk) + L% - L?k (10711)
The terms L’, i = 1,2, denote the respective local time terms for each of the two steps. The

simulation of the second step of this algorithm uses the argument described in either Sections
[10.5.3] or [10.6.3] The weak rate of convergence for these methods is as follows:

Proposition 10.7.1. Assume that f,b € Cj(D) then

E™ [f(Zr)] - E™ | f(ZT)” <Cm . (10.7.12)

Denoting by ZT, the result of the algorithm using the approximation described in Section
we have

E® [f(Zr)] - E™ [f(Zn)]| < € (n7! +emm(55)). (10.7.13)

Proof. The proof of (10.7.13)) is a small modification of (10.7.12)). Therefore, we prove the rate
of convergence for the algorithm provided in Section [10.5.3]

The argument follows as in the classical diffusion case which can be found in the proof of the
main result in [TT90]. We use this argument and refer the reader to [TT90] for more details.
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First, consider u to be the solution of the following backward partial differential equation with
Neumann conditions:

Owu(t, z) + Lu(t,z) =0, (t,x) €[0,T] x D

u(T,z) = f(x), x€eD (10.7.14)
Vu(t,z) -n(x) =0, t>0, ze€dD.

Here, Lu(t,z) := b(z)Vu(t,z) + $Au(t,z). Following the same discussion as in (10.10.1), one
obtains that u € C7/27([0,T] x D). This property will be used when doing Taylor’s expansions
for u. Next, note that

B (20)] — B [£(Z)] = 5 (B [ults Z0) — wltiss, Zu,)]) = - 5 A (107.15)
1=0 =0

We will now consider each term within the above sum. Using Ito-Tanaka formula (here one uses

(110.7.14) to cancel all local time terms), we have
~ _ tit1 1 _
A; = E®o [u(ti, Zy o)) —ults, Zy,) + / <3t + 2A> u(s, Zs)ds]
t;
tit1 _ - 1 _
= / E®o {b(Zti)Vu(ti, Zs) + <8t + QA) u(s, Zs)] ds.
t;

The following step relies on using the Taylor expansion for each of the terms involving Vu(t;, Z s)
and (0 + (1/2)A) u(s, Zs) at (ti, Zy;) together with the fact that u solves (10.7.14). Without
going into much detail, let us consider the expansion of the term O,u(s, Zs):

(3

_ _ 1 _ _
Dyuls, Zs) = yults, Z0,) + / Voults,aZs + (1 — a)Zs,) - (Zs — Zu,)da
0

1
n / 0,0u(as + (1 — a)ts, Z.) - (s — t)da
0

Each of the above derivatives of u is bounded. In the case of the increments of Zs — Zti =
(Ws —Wy,) + L2 — L?Z, + Zt, ., — Zy; one has to take one further step in the Taylor expansion to
be able to use the fact that the expectation of the Brownian increment is zero. Namely,

1 _ _ _ _ _
/ Vouu(ts,aZy + (1 — a)Zs) - (Zs — Ze)do = Vou(ts, Zs,) - (Zo — Z,)
0

7

7

1 _ _ _ _
+/ (1= a)(Zs — Z0)T - V20u(ts,aZs + (1 — ) Zs) - (Zs — Zs.)dar.
0

After this and canceling the first terms of the expansion using ((10.7.14]) and taking expecta-
tions we see that the sum of most terms is of order O(n=?). The remaining terms are bounded
by C’fti_”l(Lg — Li)ds for j = 1,2. Considering these terms within (10.7.15]), one obtains for

L]T = ?:_01 (LJ

ti — L‘gz) that these sums are bounded by

n—logiy . . .
> /t E™[L] — L] )ds < n”'"E™[L}] < Cn™ ",
=0 v

where we used that ¢ — Lz is increasing. The last inequality follows from an estimate for the
Skorohod problem in convex domains (see [Sai87, Theorem 4.2]). In the case of the algorithm
described in Section [10.6.3] one may modify the above arguments adding at each time ¢;, the
possibility of ending the simulation in the partition interval using the criteria provided in .
Using Proposition [10.6.3] one obtains the result. O
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10.8. Simulations

E* 95 % interval Time (s) MC iterations E*[N]

E¥[f(W,)] with [Met09] 3.473 + 0.082 0.67 50000 1
E™[f(W7)] 3.489 + 0.085 1.04 50000 1.45

E®[7] with [Met09)] 0.742 + 0.030 7.06 20000 -

E7[7] 0.590 + 0.024 4.92 20000 -
EZ[f (WraT)] 2.980 + 0.049 5.79 10000 1.37
EZ[(Woar) - €1] 1.441 + 0.012 6.26 10000 1.37
E®[f(X7)],e=0 4.138 + 0.224 13.2 1000 75.6
E¥[f(X7)], e =0.03  4.313 + 0.072 28.2 10000 5.11

Table 10.1: Simulations with o = 0.9, 79 = 1.5, 0y = 0.3, f(z,y) = 22 +y>, T = 1.

E® 95 % interval Time (s) MC iterations E*°[N]
E®[f (Wen)] 0.105 £ 0.003 8.85 10000 1.28
E*[f(X7)],e =0.03 0.117 + 0.003 9.26 5000 2.73

Table 10.2: Simulations with a = 0.58, 79 = 3, 6y = 0.4, f(rcos(#),rsin(9)) = sin?(9), T = 1.

10.8 Simulations

We implement the algorithmsﬂ described in Sections [10.5.2] and [10.5.3] as well as the approxi-
mated version in Section We also give simulation results obtained with Metzler’s algo-
rithm [Met09, Section 2.1]. This last algorithm simulates W, (instead of Wi a7) directly for a
wedge of general angle «, by:

1. Simulate the radius |W.| using ((10.5.6]).

2. Conditionally simulate 7 by acceptance-rejection, approximating the infinite sum by a
partial sum, and using a Cauchy distribution as reference density.

However, Metzler’s algorithm cannot be adapted to simulate W 7 and is biased for the simu-
lation of 7 (see [Met09, Proposition 2.1.8]).

In Tables and we consider the Monte Carlo estimation of various expectations.
We choose positive test functions in order to avoid cancellations and rg so that E*[7] is of the
same order as T', so that the stopped and reflected processes are significantly different than the
standard Brownian motion.

We note that for the estimation of E[f(W;)], our simulation method finds a similar value
as the algorithm proposed by Metzler, as both are exact simulation methods. However, for the
estimation of E[7], the bias in the method proposed by Metzler seems to be significant.

As a second way to check our algorithm, we also simulated the projection on the first axis
of Wrar. Note that the simulation gives a result close to the initial point 1.5 - cos(0.3) ~ 1.4330
which is reported on the sixth line of Table This is because t — W ,; is a martingale.

For the estimation of E[f(X7)] (reflected Brownian motion), the exact algorithm takes too
much time, as hinted in Proposition hence the need to use the approximation version
from Section[10.6.3] We only give a simulation example with 1000 samples, as we could not get a
more proper estimation. Indeed, if we increase the number of samples, there appear trajectories
where N becomes large and where the algorithm does not stop in reasonable time.

3The programs with a demonstration notebook are available at https://github.com/Bras-P/simulation_
reflected_brownian_motion_wedge
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Figure 10.6: (left) Histogram of N for the exact reflected algorithm with 50000 Monte Carlo
iterations. The horizontal axis represents the values of N while the vertical axis gives the number
of trajectories such that N is in the interval noted in the horizontal axis. The last bar counts
all the values greater than 150. On the right, average number of iterations in function of €. The
parameters are the same as in Table and for each value of ¢, 50000 Monte Carlo iterations
are used.

E* 95 % interval Time (s) MC iterations Discretization step

E™[f(Yrnr)] [Girsanov] 2.83 + 0.06 456 5000 T /500
E™[f(Yrnr)] [Two-step] 2.84 + 0.06 457 5000 T /500
E*[f(Zr)], e =001  3.77 +0.09 1140 5000 T /500

Table 10.3: Simulation of the process dY; = —u(Y; — k) +0dW;, with a = 0.9, ro = 1.5, 6y = 0.3,
p=(0.1,0.2), k = (0.7,0.5), ¢ = I, f(z,y) = 22> +y?, T = 1. Z corresponds to the reflected
process in the same domain. The first stopped process is simulated using the Girsanov method
while the second one using the two-step Euler-Maruyama scheme.

To have a better idea of the behavior of the algorithm, we provide on the left side of Figure
the histogram of N for the exact Algorithm II from Section if, for a trajectory, N
exceeds 150, then we stop the algorithm. We observe that for most of the trajectories, N is not
too large (does not exceed 5). However, for a few iterations (around 0.2%) which corresponds to
the case where the radius r becomes small, N is large, which slows down the algorithm. On the
right side of Figure we trace E*0[N] for the approximated reflected algorithm in function of
€. However, we could not trace the bias in function of ¢, as it seems negligeable in comparison
with the size of the confidence interval. This is why we do not need to lengthen the simulation
time of each trajectory by choosing a very small €; ¢ = 0.02 or ¢ = 0.05 with E*[N] ~ 5 is
sufficient.

In Table we implement the algorithms adapted to general Ito processes from Section
10.7.2)

10.9 Appendix: Auxiliary Lemmas

We start with a simple lemma about the simulation of a r.v. X using only partial information
of a previously simulated r.v. Y.

Proposition 10.9.1. Let X and Y be two random variables. We want to simulate X. Let A
be a deterministic set. We consider the following algorithm :

1. Simulate Y.

2. If Y € A, simulate X conditionally to the value of Y in the previous step, and return X.
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3. If Y ¢ A, simulate X conditionally to the eventY ¢ A, and return X.

Let us denote X the value returned by the algorithm. Then:

xZ

X.
Proof. The random variable X is defined conditionally to Y as:

wkear =y -{ {XEEVER 15
Then:
P(X € dx) = /P(f{ € de| Y = y)P(Y € dy)
= /yeA P(X edz| Y =y)P(Y € dy) + /¢A P(X e dz| Y ¢ AP(Y € dy)

=P(X edr, YEA)+P(X €dx|Y ¢ AP(Y ¢ A) =P(X € dz).

O
10.9.1 Estimates on Bessel processes
Proposition 10.9.2. For all x > 0, we have:
1< Ip(z) < €. (10.9.1)
Furthermore, for x > 0 and v > 0, we have:
1
I <e' 4 — . 10.9.2
v(z) <e +7T(I/—|—l‘) (10.9.2)
Proof. The inequality follows from the integral representation [Wat44, p.181]:
L,(.%’) — l /ﬂ- excose COS(I/Q)dQ _ Sin(Vﬂ') /OO €_ICOSh(t)_tht.
m™.Jo ™ 0
O

Now we provide two results on estimates related to the law of F(T') = [y #5-

Proposition 10.9.3. Let (R:):>0 be a Bessel process of dimension 2, or equivalently, of index

0. Then
1 0 U
70 ~ = —-1/2
P [F(T) > « v VAT(1)2) </;§ " du) x e (10.9.3)

Proof. Step 1: We use [JYC09], Proposition 6.2.5.1, with a = 0 and v = 0:

)\2 TA [e.o] A r%v
E™ e_2F(T)] = 0 / 027 (1 4 20T) "N e 50T g,
| o by R
Performing the change of variable w := 5 JFTQZ)T, so that v = ﬁ, we have for all A > 0:
ro | —A2F(T o V2 5y A2, —r2w/T
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Step 2: In fact, we prove the asymptotic expansion:

2 )\ o0 L, U
E"o {e—*zF(T) = 1-2/, " au +00?). (10.9.5)
A—0+ 2 /0 wu

a7
We have for all x > 0, I'(x + 1) = 2I'(z) and I'(1) = 1 so that

1
r ~ -,
(x) z—0t T

Then, using (10.9.4)) and the change of variable w = Tu/rg:

2
o A/2
E™ {e_ﬁF(T)] - /2T uz ! (1 - 21;u> e “du.
0

rs)

Using the definition of the Gamma function and decomposing the integral in two parts, we have

2
0 )\/2 (o]
2 2T
- u%_le_u 1— I—J du+ [ o U«%_le_udu =:Li+D.
0 3 o

T

1_E™ [e—sz

We use the expansion (1 — 2)® = Y22 (alog(l — x))*/k! for |z| < 1 and @ — 0 in order to
analyze the first integral. This gives the following asymptotic equivalence

2

A2 2T, > 2
_[1 )\i)+ —Z 0 u e log (1—7%> du—i—O()\ ):O()\ )
And on the other side:
1 o) >\ o0 LU
I, = 7/# urle~vdy = —/T2 ° du +0(\?).
T (%) il A0t 2 /70 u

From here we obtain the asymptotic expansion ((10.9.5|).
Step 8: We get (10.9.3|) from the expansion (10.9.5|) and using Karamata Tauberian theorems
(see [EKMO97], Corollary A3.10):

Proposition 10.9.4. Let df be a measure on RY, F(z) = [Tdf, f(\) == [ e M F(x)d,
0<~v<1andlet L >0. Then the following are equivalent:

1. 1= f(A) ~ LN, X=0F

L
2. l—F(x)Nﬁva, Tr — OQ.

O

Next we will give an estimate for E[F(T" A (;)P] in the case of the modified algorithm for
reflected Brownian motion.

Lemma 10.9.5. We define the stopping time (. := inf{t € [0,T] : R?/(T —t) < ¢e}. Then we
have the following bound for p € (1,2) and € > 0 small enough:

E" [F(T AP < C (1 + log (ig)) (eT)' 7. (10.9.6)
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10.10. Appendix: Proofs in Section [10.4

Proof. By [JYC09, (6.2.3)], the density of R; in r is

r/r\Y _r’+g rr
t(m) R <t0> (10.9.7)

where v = %l — 1 and d is the dimension of the Bessel process. Taking d = 2, we have:

T o I8 +r
dt :/ / ! 7 ], (m)> drdt
0 J/e(T—t) 7«2p—1t t
') T 1 _
- /\/?T/o 21 €

7'2+7' \/EiT T 1 7'2+1'2
o (”0) dtdr +/ / e (m’> dtdr
t 0 T—r2/e TP7L t
=11 + Is.
Then, using (10.9.1)) for both I; and Is:
S| T1 _e=r? S| o0 v
Ilg/ —/ Zem Odtdr—/ —/ , S—dvdr
\/ET r2p—1 0 t \/ET r2p—1 (7‘—2';9) v

V2T+ro 1 0 e~V 00 1 00 e—vd J
- 2p—1 [(r—rg)2 2p—1 [(r—rg)2 var.
VeT r - U Va2T+ro T —_p= v

But we have, for all @ > 0:

/OOeId e itaz,
a T . et +log(1/a) ifa < 1.

T 1
E" [F(T A ()P S/O " lep]lRp\/m

So that

ne [ (s () L e
e og| —— ———e
V=] = r2r—1 & (r —rg)? 2T +ro T2P 71

~ ;zf)_l_l’; (et 1og (ffog)) .

For the second integral, we have:

VeT 1 T (r—rp)?
I < / / e” @dr

r2p—1 T— 7‘2/5

2
(r— 'r)
T r%/s) e vd dr < Vel 1 AT —r2/e) dvd
= var T
,,«2p 1 (r— r0)2 v 0 ,r-prl (r 2;9)2 v

VET g r? 1 | )
= —/0 mlog (1 - 5) dr = N /0 op1 log(1 — u®)du,

where the last integral converges as soon as p < 2. O

10.10 Appendix: Proofs in Section [10.4

Proof of Theorem in the case that D = (r/m). We apply the method of images in R
Let f : D — [0,400) be a non-negative continuous function with compact support. The heat
equation with boundary conditions

duu(t,z) = 3Au(t,z), (t,z) € [0,+00) x D
u(0,) = f(z), z €D (10.10.1)
Vu(t x)-n(x) = t>0, ze€dD,
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where n(x) denotes the inward unitary orthogonal vector on the boundary, can be rewritten as
a partial differential equation in polar coordinates (r,6) as described in [MNPOO, Chapter 1].
Furthermore if we perform the change of variable z = log(r), we obtain a parabolic problem
with non-constant coefficients in a strip with mixed type boundary condition. The existence and
uniqueness for this PDE is treated in [LSUG68, chapter IV, Theorem 5.3]. From this reference
and the Feyman-Kac representation theorem we obtain that

u(t, z) = E* [f(X4)]
satisfies the heat equation on D described above. Now we define the function

f :R2Z5R
y — f(T;'y) for y € Dy,

and for t > 0 and = € R?,
u(t,x) :=E" [f(Wt)} .
Then @ satisfies the heat equation on R? with f as initial condition, so that
1 2m—1 2m—1 2 Tky\

dy = o Fye |H‘dy—%t/f Ze 2t

k=0 'Dk

Jee— y\Q

u(t,x) = ﬂ)

ot

_ On the other hand, u and @ satisfy the same boundary equation on D. Indeed, for all z € D,
f(z) = f(x) so u and @ satisfy the same initial conditions. For x € 9D~, k=0, ..., 2m —1
and y € D, we have

("r - Tky) ’ ( ) = 7(1’ - T27n 1— ky) ’ n(l‘)7
o = Teyl* = |2 = T,y 9l

so that

2m—1
|z —Tyy|?

Va(t,z) -n(x) = 5 / fly 2% x—Try) -n(x)e” 2t dy

1 = _
== o [y 10 3 = T nla)e™

1 m—1 le =Ty 1Yl
+ - f(y) (l‘ - T2m717ky) : n(:r:)e_ 2t dy = 0.
2nt? Jp
k=0
If x € 9D, we get the same result noting that forally € Dand k=0, ..., 2m — 1,

(0= Ty mog o) - 18) = —( = T oa ) - 1),
12 = Ty o 2w ¥l” =12 = T o 29l
So u(t,z) = a(t,z) for all t > 0 and = € D, and
1 2m—1

B [£(X0)] = 5

234



10.10. Appendix: Proofs in Section [10.4

Proof of Theorem in the general case. As in the above proof we consider
ult, ) = B [£(X))], (10.10.2)

where t > 0, x € D, and f : D — [0,+00) is a non-negative continuous function with compact
support. Then w is the solution of the partial differential equation . Considering the
formula obtained for the case @ = 7m/m above, we would like to express it so that it does not
depend explicitly on m. We first assume that a« = w/m for some m € N. In order to switch
to polar coordinates, let x = (rg cos(y), rosin(bp)), y = (rcos(f),rsin(f)) and recall that Jy
for 0 < k < 2m — 1 is the angle of T;(y) in [0,27), i.e. Ti(y) = (rcos(Vy),rsin(dy)) with
Yo, = 2ka + 6 and Vgp1 = 2(k + 1)a — 0. We then rewrite :

» +Tz 2m—1

(X €dy) = 5o a3 e 0oy, (10.10.3)
k=0

We use the following identity (see [GROT, page 933, (8.511.4)]), valid for v,z > 0:
=Ip(z) +2 Z T (

where T}, is the n'! Tchebychev’s polynomial of the first kind and I, the modified Bessel function
of the first kind with order n. Then the result ((10.3.4)) follows because T;,(cos(6)) = cos(nf) and

2m—1 . . .

2m cos(nf) cos(nb if n is a multiple of m,
3" cos(n(fo — 9x)) = { (n) cos(nfho) _
=0 otherwise.

Using the above properties and m = 7/«, we obtain

2r 2. 2 T T nm nmb,
—(r +rg§)/(2t) | = 0 0 0
P*( Xy € dy) = it 0 <2 ( ) E Inr/a ( > cos (a ) cos ( - )) drdb,

(10.10.4)

which gives a formula which does not depend on m. Now, we have to check that this formula is
well defined for any a € (0,7) and that it is the unique solution the partial differential equation
with D = («).

This is explained in Corollary In our current situation, d = 2, the eigenvalues are
\j == (jm/a)?® for j > 0 and the eigenfunctions are m;(f) = \/2/acos (jnf/a), 7 > 1 and
mo = 1/y/a. O

Corollary 10.10.1. Consider a general d-dimensional cone generated by all rays emanating
from the origin and passing through a compact subset D C S which has smooth boundary.
Consider X to be the normally reflected Brownian motion at the boundary of the cone. Then
X has a density given by

2,.2
s +7‘0

. _re” T T = rTO
PY(X: € dy) = Hrro) T (Iao (t) mo(8)mo(6o) + ;Ian (t) mn(ﬁ)mn(90)> drd®.
(10.10.5)

To explain the elements in the above formula, denote by Lga-1, the Laplace-Beltrami operator
on S, With the above assumptions, there exists a complete set of orthonormal eigenfunctions
mj with corresponding eigenvalues 0 < Ao < A\ < Ag < ... satisfying

Lga-1mj(x ):—)\ mj(x) foraxeD
Vmj(z) -n(x) = for xz € 0D,
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d 2

Proof. The beginning of the proof is the same as in the statements following (10.10.1)) in what
refers to the existence and uniqueness of the associated PDE. Existence and uniqueness for the
reflected process in the generalized cone can be deduced from [Bas96] (see also [BBC05, Remark
4.1] and the references therein).

In order to prove that satisfies the associated PDE, one follows a similar proof in
[BnS97] for the killed case. The proof in the reflected case follows line by line, the proof in
[BnS97], except that the required estimates and properties of the eigenvalues and eigenfunctions
of the Laplace-Beltrami operator in the case of Neumann boundary conditions have to be referred
to the proper literature (for this see, [GN13], [Gri02] and [Kro92]) although the estimates do not
change as far as it relates to the proof of [BnS97, Lemma 1] with the corresponding corrections
of typos. In order for the required estimates to be satisfied one needs that the generalized
d-dimensional cone is generated by all rays emanating from the origin and passing through a
compact subset D C S?~! which has smooth boundary.

We also remark that the density expressions in [BnS97] are written under polar measures
which explains why our expressions have an extra r which appears due to the Jacobian of the
change of coordinates. O

We also provide a full elementary proof that (10.10.4)) satisfies the initial conditions in the
Supplementary Material.

10.11 Appendix: A hint for higher dimensions

The following proposition is provided so as to hint at the possibilities in dimension higher than
two. It shows that dimension two is the case which is mathematically difficult to treat.

Proposition 10.11.1. Let (R:¢):>0 be a Bessel process in dimension d > 3 and let F(T) =
Jyds/R2. Then:
E [F(T)] < +cc.

Proof. The density of R; in r is given in (10.9.7)), so by performing the change of variable r = ut,

we have
T roo 1 v r2 42
/ / — (T) e I, <TTO> drdt
0o Jo rt\ro t
1

T 1 oo tu2 7‘8 1
= — t”_/ I,(urg)e” 2 26w’ “dudt.
o Jo 0

0

E™ [F(T)]

Note that for all € > 0,

T o tu2 T(Q) T T(Q) o 2
/ t”’l/ L (urg)e™ % ~ 2w’ dudt < / e 2t dt (/ I (urg)e™=" /2U”1d“> < 00,
€ 0 & 0

where for we used the Proposition for the convergence of the second integral. So to prove
the convergence of the integral, we only need to prove the convergence for the integral in ¢
around zero. To do so we use Proposition [[0.9.2] again so that for v, r9 > 0:

1 € 1 7‘3 oo 1 tu2 1
E™ [F(e)] < —/ AT / (ewo + ) e 2 v’ dudt < oo.
g Jo 0 (v + urp)
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In fact, using that v > 0, we have

ro v—1
11::7 Vl/ e 5 (=) N quar < — /t”l/ eéQ(yuH?) dudt
o

v—1 o' v—1
= % t”‘3/2/ e w2 ( + TO) dudt < QV/ t”‘3/2/ e/ (M> dudt
rg Jo 0 \/E t rg Jo 0 t

2 S o0
= — t*1/2/ e /2 (u+ 1)’ ! dudt < co.
As for the second integral we have

v—1

v—1 el 2 u’~ 1 1 c v—1 7ﬁ > U
I t 6 2 dudt < — " e 2t dt ——du < 0.
(v + urp) g Jo o w(v+ury)

O]
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10.12 Supplementary material

10.12.1 Proof of the convergence to the initial condition when ¢t — 0

In this section, we prove the following result:

Proposition 10.12.1. The formula (10.4.4)) satisfies the initial conditions of the heat equation,
i.e. for all functions f: D — R continuous with compact support, ro > 0 and 0y € (0,a):

/ f(r, (9 _(T2+T2)/2t < (7"?”0) Z nm/a <WO) cos <n7r9> cos (n7r90>> drdo
o o)

(10.12.1)
m f(T0790)7 (10122)

where f : [0,00) X [0,a] — R denotes the function f expressed in polar coordinates.

For the proof, we use the following representation:

7T s

1 s 1 oo
Vx > 0, VOZ Z 07 Ia(,fL') g —/ excos(u) Cos(au)du _ SIII(CWT)/ €_$COSh(’u)—Oéudu.
0 0

Let us denote by A; and Ay the two terms appearing in the integral representation in ((10.12.2))
after replacing with the above formula, with d,, = % ifn=0and d, =1forn > 1:

2 r -H" 0 0 T
Ay = f r,0)e” "2 Z dp, cos( ) cos <n7r O)/ et o5 cog (mu> dudrd®d,
a 0 a
2 2+r2 > 0 6 o nx
Agi=—— | Zir o) Z sin ( ) 0s (m) cos (mT 0) / e~ 1 cosh(W)="Fu gy, drdf.
« « 0
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Proposition 10.12.2. We have As v 0.
%

Proof. Step 1: For the moment let us assume that the integration order can be switched. For
all a € R and b > 0, we have:

= e bsin(a
b) := z_josin(na)e b — (Z eina= "b> = 2( ) - . (10.12.3)

(1 —e=bcos(a))” + e~2sin?(a)

We use the following trigonometric identity written in compact form

4 cos(a) cos(b) sin(c) =sin(a + b+ ¢) + sin(c — a — b) + sin(a — b+ ¢) + sin(c — a + b)
(10.12.4)
A(0) == ((-1Y0 + (= 1)*00 + ),

iCOS (mr&) cos (n7r00> sin nr e -1 21: (A- (0) 7Tu)
— a o o Ty 2 IR )

Now we prove that for all j,k € {0,1}, we have:

1 2+T0 ¢ cosh(u) T
Jik = ;/ rf(r,0)e” /0 et g (Ajk(e), au) dudfdr v 0.

We will do the analysis of J;, dividing the integration region in two: J; 1 . which comprises the
integral on the region D x (1,00) and the remaining which is denoted by JJ2 . With this in
mind, note that g is continuous on [0, 00) X (0, ) and is locally integrable in (0,0). In fact, for
alla € Rand b > 0:

e ’sin(a) a a
a,b) = ~ ~ . (10.12.5
() (1—e? cos(a))2 + e~2bsin?(a) a:b—0 ((1 R ( B %2))2 L2 a2 + b2 ( )
Moreover,
/ ———dadb = /1 F log(a® + b2)r:1 db = 1/1 (1og(1 +b%) — log(b2)) db < o
[0,1]2 a2 + b2 0o L2 a=0 2 Jo :

Next, note that dyg(a, b) is negative, so

_

e «a

(1 e2)?

3

<

)

Yu > 1, V0 € R, 'g <Ajk(0)

, —U
CY)

and since u — u?/ cosh(u) is non-negative and bounded above, there exists B > 0 such that

C (oe] 7‘2+'r2 oo rr C 'r2 foe) ,
|JL| < 71/ re” o / —BE02 g o 6_73(275)3/4/ e d — 0.
0 1 \/% 0 t—0

On the other hand, using (|10.12.5)) and the continuity of g we obtain
1 _'r +r
Il < Ul [ re 5 ar [ [ ]g (400, T0)

|A2!<7 Z [Tkl =3 O
Jk—

dfdu v 0.

So that
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Step 2: Now, we prove that one can interchange the order of the integrals and sum in
As. Note that Fubini’s theorem does not apply here because of the factors cos(nmf/«) and
cos(nmfy/a). A computation similar to (10.12.3)) leads to, for all N € N:

b) := i b= g :
gn(a,b) n;N sin(nae M (1 —ebcos(a))? + e 2P sin%(a)

o (i 6—nb+ina> — G_Nb Sin(Na) —et Sin((N — 1)(1)

n=N

Next, we prove that, for all j, k € {0,1} and for all ¢ > 0, denoting R% the difference between
the infinite sum and the partial sum up in Ay to N,

r2+'r(2) ~

1 — T o1 o *HCOS u m
R}, :Z;/Dre ez f(rﬁ)/o e o coshlgy (Ajk(a),au> dudfdr — 0.

Let us remark that

Mgy (ab) = sin(Na) — e ?sin((N — 1)a) a
NG = (1 —ebcos(a))? + e 2bsin?(a) ap—0 a2 + b2’

so that (a,b) + eNbgy(a,b) is integrable in (0,0). We denote Ré\li’l and R;.\,QQ the two terms
obtained after splitting the integral with respect to u on (0,1) and (1, 00) respectively. We have

then
1 %) r2 42 1 «
RN < e [ e ar [t [T
t 0 0 0

where we use Lemma for the above convergence. Moreover for all u > 1, 6 € R,

gN (Ajk:(e)a Zu)

dfdu — 0,
N—oo

s ™ 2
A(0), —u)| <eNav—=
g (Ajk(0), —u)l < e 1—cop

so we have
2

1 S8} 2402 00 x 2
R < SISl [ rem T [N RS 0.
! t 0 1 (1—e"a)2  Nooo

From the above arguments we obtain the conclusion: Ré.\,i, — 0 for all j,k € {0,1}.

O
Lemma 10.12.3. Let b > 0 and let f € L'((0,b)) be non-negative and continuous. Then:
b
/ e N f(x)dr — 0.
0 N—o00
Proof. Let € > 0 and choose ¢ > 0 such that f(;s f(z)dz < e. Then for N big enough:
b 6
/ e N f(x)dx < / f(@)dz + e N f||1 < 2e.
0 0
0

Proposition 10.12.4. We have A; v f(ro,eo).
ﬁ
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Proof. First, let us assume that the integration order can be exchanged. This will be further
discussed in Step 5.

Step 1 : We exchange the order of integrals in A; as:

Ay = /07r Fu(u, ) folu, )du

2 r(2) sin2 (u)
2t

Viar ’

fa(u,t) :Z/OOOMZd cos( 00) (u)/ f(r,0) cos( a0> dfdr.

We will study the limit of A; in the above integral order. First, we treat the sum inside
f2(u,t) using trigonometric identities for cos (W). We see that is enough to find the limit

for:
;nio%)dn <cos <n7r(9(01+u)> + cos <n7r(0(oy—u))> /Oa f(r,0) cos (n;r&) de.

In our case, we will use the following normalization of the classical Fourier inversion formula:

filu,t) =

Theorem 10.12.5 (Fourier Formula). Let g : R — R be a periodic and continuous function of
period 2L. Then the following series converges for all x € R and:

nmwx
n bn ;
—i—Za cos< )—i— sm(L>

‘ 1 L nmf I o (Y
with a, = 7 /_Lg(ﬁ) cos (L) df and b, = T /_L g(0) sin (L) do.

Next, we extend the definition of the function f. For all » > 0 and 0 € [0,a], we define
f(r, —0) := f(r, 0), and we make it 2a-periodic by defining f(r,@ + 2ka) = f(r,G). This way, f
is an even and 2a-periodic function and is still continuous. With this definition, and using the
Fourier inversion formula, we get for 6y + u € (—a, ):

;i (nﬂeoiu)/frﬁcos(;ﬂg)dﬁ
de cos (mr(HO:I:u)/ f(r,0) cos( 0) d@-%f(r,@oj:u). (10.12.6)

Step 2 : Next, let us study f2(u,t) in two separate cases the integral in r:

_(r=rg cos(u))2

| Fr o)
r, 00 u r.
0 ’ Vi
Case 1: If o cos(u) > 0:
(r—rq cos(u))2 _(r—mg Cos(u))2
re 2t 1 (r—rg cos(u))2 e 2t

7 = %(r — 1o cos(u))e % + 70 COS(U)T.
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The total mass of the first term is

(r—mg cos(u))2 9 2
1 _(r—rg cos(u))2 e - 2t __ g cos (u)
(r — 7o cos(u))e 2t dr = |-t——— =/te = — 0.
r=0

0 \/> \/'E t—0

And the second term is, up to the multiplicative constant +/27, an approximation of the unity
around r = rgcos(u) > 0, so that in this case, the integral in r converges to

V211 cos(u) f (o cos(u), O + u).

Case 2: If rocos(u) < 0: The total mass of %re_(’”_m cos(u))*/(20) is hounded above by

1 o0 7,2 \[
— “2tdr =Vt
i /0 re 2dr Q)) 0,

so that the integral in r converges to 0. We remark here that convergences in the above two
cases are uniform with respect to u within their respective domains.

Step 3 : From the previous step, we consider now the integral with respect to u. Taking
into consideration the previous step, we can restrict to the case cos(u) > 0 or equivalently
u € [0,7/2]. That is, consider

rg sin2 (u)

I, = \[/ (rocos(u),bp £u)e” ™ 2t cos(u)du.

Note that for all € > 0, by dominated convergence,
7‘(2] sin? (u)

T/2
\}f/ f(rocos(u),00 £ u)e” = 2 cos(u)du — 0.
3

t—0

Fix § > 0 and take £ small enough such that cos(u) ~ 1 and sin(u) ~ u for all u € [0,]. Then

sln2(u) _ d T
\[/ o cos(u) %450 \f/ & “ss 2r0

Thus, up to the multiplicative constant y/m/(2r3), u + e 5in*(W)/(2%) cog(u) is an approximation
of the unity around u = 0, so that

2m
Ly +1- — \/%f(ro,ﬁo)

Step 4 : Now, we put all previous steps together. In Step 1, we proved that for all ¢ > 0:

_(r—=rg cos(u))2
2t

ol ) = [T (0 )+ (0 )
We have proved in Step 2 that for all u, fa(u,t) converges when ¢t — 0 to
folu) == \/ 7o cos(u) ( (r cos(u), 0o + u) + f(ro cos(u), O — u)) ,

and in Step 3 that [J f1(u,)f5(u)du converges when t — 0 to

7‘(2) sin? (u)

/2 o ~
lim \/ / & amro(F(ro cos(u), o + 1) + f(ro cos(u), B — u))e 3 cos(u)du

t—0 o

241



Chapter 10. Simulation of Reflected Brownian motion on two dimensional wedges

2 « T o3 £
:4mro\/;2f(m,eo> = f(ro,60)-
0

To end the proof of the convergence, we have to show that

hm/ f1(u, t) fo(u, t)du—hm/ fi(u,t) fo(u)du

We have:
/0 " Fy (s t) fouy ) — 1 (o, ) (w)ds

< (sup [" i t)du) 1o 8) = Fo Ol

and || f2(-,t) — fo(*)|loo — 0 since in Step 2, the convergence is uniform with respect to w.

Step 5 : We now prove that for all ry, 0y, t fixed, the integration order can be switched.
Note that for fixed n, by Fubini’s theorem, the integration order in 7, 8 and u can be switched,

as
> [o g nm nmh | e
_ring 0 rrg nmu
/ / 0)e” 2t cos | — | cos / et W cog | —
o Jo « « 0 o'

T

o0 T»2+7,
< HfHooom/ e "2 et dr < oo.
0

dudfdr

So that the order of integration can be exchanged for every partial sum. Now, for N € N:

T rZsin?(u) 00 (r—rg cos(u))? N nmwh, nmf
/ e m / re- 2 Z dy, cos ( 0) coS (u) / f r,0) cos ( ) dfdrdu
0 0 = a o
m r2 sin? (u) S (r—m Cos(u))2 ©© 9 «a 9
o _ (r=rgcos(u))® nm nm s nm
—/ e 3 / re 2 dy, cos < 0) cos <u) / f(r,0) cos <> dfdrdu
0 0 = « @ 0 o

a [ g T oo cos(u)| f £
< Z/ re- 2 / et |fn(r,00+u) — f(r,00 +u)|du | dr
0 -7

where fN denotes the N partial Fourier sum of f Then, by Cauchy-Schwarz inequality:

o o I8 +7‘ R 5 p ZTTO
< Z/ re- / fN r, 90 + U) f(T‘, 90 + u)) du / et Cos(u)dudr
0 —T
« T A~ ~ o0 T2+'rg _—
1 M sup [ fv(r,) = flr)lle [ e Vare
T 0

<+oo

IN

Using Parseval’s equality, we obtain

i) - FeolB= > [ cos(””f) i ([ f@,mcos(’g@)def

n= N+1
a ~ 2
1 i </_a Ao f(r,0)sin <”a7”9> d0)

-2 = )

n=N+1
> 4a

n=N+1

Although the extension of f on [—a,a] is not an element of C!, we can perform the integration
by parts on each interval [0, o] and [—a, 0]. Then, ||fx(r,-) — f(r,-)|]2 = 0 as N — oo uniformly
in r. That way we obtain the convergence to 0 of the difference between the partial sum and
the series. O
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