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Climate data analysis is a highly topical field of study in the realm of climate change. Of particular interest to us is the extraction of anomalous patterns, that can provide insights on changes that pertain over a certain time period. To do so, this thesis investigates the application of machine learning techniques to detect and rank variable length anomalous patterns, referred to as pattern outliers or discords, over climate data series.

One of the main challenges in detecting discords is the setting of the length or duration of the sought outliers. This setting can bring a bias in the data analysis process. The approach we propose is to consider variable length discords over a very large observation window of spatiotemporal data series. In terms of methodology we consider the state of the art matrix profile data structure that benefits from an exact and efficient algorithm, without hyper parameter optimization. Applying the matrix profile to variable length data sequences, raises two main issues: 1) a large number of produced discords, 2) the extraction of discords that are produced separately and a priori not comparable given their variable lengths.

This thesis proposes three contributions to rank variable length discords towards the most insightful and relevant ones. We define what we mean by insightful in the field of climate data analysis. First we specify a subsumption ordering, and derive prominent discords over the extracted variable length outliers. We develop both an exact and approximate approach to derive the prominent discords. Second we propose a hybrid approach that combines exact and approximate methods to reach a trade-off between accuracy and efficiency. A third approach is an integration of pattern outlier detection through the Matrix Profile with point wise outliers methods. The point wise methods are used to provide an alternative ranking function over variable length discords, that differs from the subsumption ordering approach.

Finally, an experimental evaluation of our approaches over climate data, is carried out for each approach to evaluate their added value in terms of effectiveness and insights in this thematic field of study.

Résumé

L'analyse de données climatiques est un domaine d'étude très actuel face aux défis de changement climatique. L'extraction de motifs anormaux, qui peuvent fournir des informations sur les changements de cycle qui se produisent sur une certaine période, nous intéresse particulièrement. Pour ce faire, cette thèse étudie l'application de techniques d'apprentissage automatique pour détecter et classer des motifs anormaux à longueur variable, appelés discordes, sur des séries temporelles de données climatiques.

L'un des principaux défis dans la détection des discordes est le réglage de la longueur ou de la durée des motifs recherchés. Ce paramètre peut entraîner un biais dans le processus d'analyse des données. L'approche que nous proposons consiste à considérer des motifs de longueur variable sur une très grande fenêtre d'observation de séries de données spatio-temporelles. En termes de méthodologie, nous considérons une structure de données de pointe quest la Matrix Profile qui bénéficie d'un algorithme exact et efficace, sans optimisation des paramètres avancés. L'application dalgorithmes permettant de calculer la Matrix Profile pour des séquences de longueur variable, pose deux problèmes principaux : 1) la production dun très grand nombre de discordes, 2) l'extraction de discordes a priori non comparables compte tenu de leurs différentes longueurs.

Cette thèse propose trois contributions pour classer les discordes de durée variable vers une quête de discordes qui sont les plus pertinentes pour un domaine détude. Nous définissons ce que nous entendons par pertinentes dans le domaine de l'analyse des données climatiques. Tout d'abord, nous spécifions un ordre de subsomption et calculons puis classons les discordes selon cet ordre de pertinence sur des séquences de longueur variable extraites de larges séries temporelles. Les développements comprennent un algorithme générique qui est appliqué tout d'abord à une méthode exacte, puis approximée; et une approche hybride qui cherche à améliorer les résultats de l'approche approximée par une méthode exacte. Nous proposons une troisième approche, qui est une intégration hybride de modèles de Matrix Profile avec des méthodes de détection de points d'anomalies. Ces dernières méthodes sont utilisées pour fournir un mécanisme alternatif de classement de discordes à longueur variable par rapport au classement par subsomption.

Enfin, une évaluation expérimentale de nos approches sur les données climatiques est réalisée pour chaque approche afin d'évaluer leur apport en termes d'efficacité et de pertinence dans le champ thématique d'étude.
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INTRODUCTION

Context Climate data analysis is a wide field of study including all aspects of the data workflow, from its acquisition/extraction, through its analysis and production of knowledge. For instance, a climatologist would prominently be interested in the extraction of global and long term climate trends from large scale simulation models (physical processes of atmosphere and ocean) such as Earth System Models [START_REF] Randall | Climate models and their evaluation[END_REF], [START_REF] Knutti | Climate model genealogy: Generation cmip5 and how we got there[END_REF]). Such models provide time series based both on historical data and projected data generated from complex simulations of physical processes. The models can relate to climate data such as precipitations, temperatures or fields of climate impact including biodiversity, runoff of water infiltration. With a primary goal of estimating future trends, the use of outlier detection methods has seen limited interest in this field to this date, with some works on hydrological impact models [START_REF] Yu | Time series outlier detection based on sliding window prediction[END_REF][START_REF] Ye | Hydrologic time series anomaly detection based on flink[END_REF][START_REF] Yu | Time series outlier detection based on sliding window prediction[END_REF]. Another particularity of these models is the very large scale of the spatio-temporal data series, covering daily or monthly data over 150 years for each spatial point in a given region. Such models are commonly analyzed using multi-model ensemblemeans to mitigate the inherent uncertainties. They are used to extract long term projections, by leveraging the diversity and uncertainty of climate models outputs derived from different simulations. These have lead for instance to deriving the 1.5 degrees projections, and long term trends over different regions of the globe. Short term analysis applied to meteorological station data or remote sensing data for instance, would rather seek to forecast extreme events over a short time span, the next two to three days. This corresponds to anomalous points extracted from data series. More recently studies have emerged towards the extraction of pattern anomalies, also referred to as discords. The objective is to derive changes of patterns, towards tipping points that reflect a long term change of behavior, or lasting changes that can be further correlated to important changes in climate behavior. These can be useful to provide relevant knowledge on the relationship between temporal climate changes, anomalies, and other domains such as agriculture, migrations, etc. This is the context of our work.

Problem, challenges and objectives In order to study discords towards tangible extraction of pattern changes, we need to understand the properties of climate data, and the parameters that can bring a bias in the interpretation of the discords extraction. First, climate data can be collected or generated from multiple sources, have heterogeneous qualitative properties and used for different purposes as introduced above. Overall it is by essence contextual, due to the geo-localization and timestamps of the data series that have thus a spatial and temporal specificity, for which we must also consider the seasonal behaviors. In order to account for the seasonality, an important element in climate data analysis is the observation window. A thirty years window of monthly or daily data depending on the source type has been commonly accepted for long term projections. However, this first parameter is now being reconsidered given the impact it can particularly when working on change detection (e.g. [START_REF] Sippel | Quantifying changes in climate variability and extremes: Pitfalls and their overcoming[END_REF]). Thus to minimize the bias induced by a limited observation window, a much larger data series is preferred, leading to the challenge of handling big data.

A second parameter of importance in pattern outlier extraction is the length of the pattern. Many approaches assume a given length set by a domain expert, that feeds the extraction methods. In the realm of climate data series, with their contextual and seasonal properties, setting this length a priori, can also be a source of misdiagnosis of relevant discords. Thus with a main objective of deriving reliable insights, we investigate discords over very large data series to mitigate the potential impact of the observation window size upon the results. We also position our study in the extraction of variable length discords to minimize any a priori setting bias. Regarding the methods used, climatologists have mostly focused on future trends derivations, and the search for pattern outliers is newly developed for fixed lengths discords.

This thesis is multidisciplinary, with a strong thematic impact study, while making use and deriving methodological approaches within computer science. Within computer science, anomalous point or pattern detection is commonly referred to as outlier detection. It is a field of machine learning to analyze data, and has shown its benefits in a wide range of application domains including fraud detection, insurance [START_REF] Hansson | Insurance fraud detection using unsupervised sequential anomaly detection[END_REF],medical [START_REF] Zhang | Unsupervised deep anomaly detection for medical images using an improved adversarial autoencoder[END_REF],internet of things [START_REF] Sgueglia | A systematic literature review of iot time series anomaly detection solutions[END_REF], cyber security and hydrology [START_REF] Siniosoglou | A unified deep learning anomaly detection and classification approach for smart grid environments[END_REF]. Identifying outliers through data sets contributes towards decision support, risk and impact studies. Various definitions of what constitutes an outlier have been proposed, along with associated detection methods. A survey [START_REF] Ayadi | Outlier detection approaches for wireless sensor networks: A survey[END_REF] specifies twelve different interpretations of outliers from the perspective of different studies. Overall, an outlier can be commonly defined as an observation that is significantly dissimilar to other data observations or an observation that does not behave like the expected typical behavior of the other observations" [START_REF] Hodge | A survey of outlier detection methodologies[END_REF]. The observations can specify a single point outlier, or a shape/pattern denoting an abnormal sub-sequence over a time series data. The latter form our outliers are also called discords, which is our interest here [START_REF] Borges | Anomaly detection in time series[END_REF]]. An outlier detection method can be applied to multiple data types such as images, transaction data, sequence data including genomics and time series.

Discords can be detected using similarity measures that compare subsequences with each other for a given set length. Existing approaches can be either approximate (e.g. HOT-SAX [START_REF] Keogh | Hot sax: Efficiently finding the most unusual time series subsequence[END_REF], QUICK MOTIF [START_REF] Li | Quick-motif: An efficient and scalable framework for exact motif discovery[END_REF], Rare Rule Anomaly [START_REF] Senin | Time series anomaly discovery with grammar-based compression[END_REF]) or exact like the Matrix Profile (MP) paradigm [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF]. Approximate approaches limit the number of comparisons among subsequences, whereas exact approaches are exhaustive in their comparisons. As discussed, the choice of the sub sequence length is critical, is set as an input parameter to those methods and is often specified with experts' knowledge which clearly influences the outcome. This observation lead more recently to works on computing variable length discords, over a given length interval (e.g. PanMatrix [START_REF] Madrid | Matrix profile xx: Finding and visualizing time series motifs of all lengths using the matrix profile[END_REF]). The increased usage of these approaches has also raised their limitations. Indeed, the number of extracted discords is larger, with potential overlapping and subsumption among them, leading to the question of "how can we select the more relevant or actionable ones?". The ranking of such discords is challenging since it requires meaningful criteria to prefer a discord to another. If the data is labelled such ranking is possible since it can be related to an event, but in case of unlabelled data it usually requires expert knowledge. We are not aware of approaches seeking a ranking of variable lengths discords to this date.

Thus to our knowledge, in climate data analysis, we note 1) a lack of robust outlier pattern detection, 2) a need to consider very large data sets to minimize the bias induced by the limited observation window, 3) the importance of considering variable length discords to minimize expert knowledge influence. We propose to address those issues in this thesis, by introducing conceptual and methodological approaches to rank variable length discords, and evaluating our approach to the field of large scale time series of climate data. Our goal is to derive scaleable and exact approaches to do so, and evaluate their contributions.

A method that has proven its computational and space efficiency to detect discords is the Matrix Profile method [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF]. However, it requires the length of the sub-sequence to be set as a parameter. We will seek to exploit this data structure such that we can derive and rank variable length discords.

Contributions In this thesis we propose a novel concept and different approaches to extract and rank relevant discords of variable lengths, automatically, through exact approaches based on the Matrix Profile data structure. To do so, first we introduce the concept of prominent discord that specifies the most significant discord as an anomalous pattern over the longest continuous period, from a shared starting position. A sought benefit of the prominent discord is to gain insight onto discords that coincide over their start date, while searching for the ones with longer and subsuming anomalous patterns. For instance if a drought is found through a window of four months, we seek whether it belongs to a longer dry period that may last six months, one year, ten years. By doing so, we search for the longest span of a discord that would subsume other discords and relates to similar occurrences. In contrast, to point outliers that are likely to indicate extreme events, resulting from potential long term changes, prominent discords would reveal the anomalous patterns that cause such events. We formally define the concept of prominent discord, propose a detection algorithm and evaluate its contribution over large scale climate impact runoff data. These are historical data relative to surface and subsurface runoff observations, a variable that provides information about flood and drought risks depending on values being high or low. We will compare exact and approximate algorithms to do so (STOMP and SCRIMP++). A second approach carries out further this concept by seeking to combine the benefits of the exact approach (solution accuracy), and the approximate one (computational efficiency on average). We propose a hybrid implementation to compute prominent discords.

Our third approach investigates a different ranking approach over variable length discords, by integrating two unsupervised outlier detection frameworks, point anomaly detectors and pattern based anomaly detection using Matrix Profile. The intuition behind this, is that a discord will dominate another one, if proportionally to its length, it also contains anomalous points that are greater in numbers and extreme values within the discord sequence. In other words, if a subsequence is already a discord, and furthermore it overlaps with a certain number of point outliers, this would indicate that it has more impact and relevance than one that would contain proportionally to its length, less point outliers. It corresponds to a combination of long term changes that could overlap with extreme events. Note that it is not the events that determine the discords, rather their combinations that render the discord more prominent. An instance would be an abnormal period of drought over 12 months within the series, that also contains 15 of the lowest precipitation days over the whole time series. In this thesis, we define and specify a ranking function for this approach, and also compare two types of point outlier detectors, model and predictor based and draw conclusions on their insights to rank variable length discords. We consider respectively the MAD and PROPHET methods. MAD is a general point anomaly detection method, based of how far a point is from the median, while PROPHET is more tailored to time series and detects anomaly points that diverge from the expected values with respect to the projected seasonality and trends derived in the learning phase of PROPHET. Our approach is evaluated on total (surface and subsurface) runoff observations, that reflect the soil water levels. This approach contributes : 1) a hybrid model to rank variable length discords, through the combination of exact discord method with point detectors, with a ranking function; and 2) the evaluation through an experimental study using the same data as in the first proposed approach.

Thesis plan The thesis is organized in four main chapters. Chapter 2 provides both the thematic and methodological background in terms of background and related work. Chapter 3 develops the outlier extraction methods we will be exploiting, extending or integrating together. Chapter 4 presents the main contributions of the thesis both conceptual and methodological relative to the prominent discord approaches, the hybrid approach combining exact and approximate approaches, and the integrated method to rank variable length discords through point anomaly detectors. Chapter 5 evaluates all approaches on large scale runoff observation data, that reflect the soil water levels over a period of 150 years in the Sahel region. This data was obtained from [START_REF] Ghiggi | Grun: an observationbased global gridded runoff dataset from 1902 to 2014[END_REF]. Finally we conclude our thesis, by summarizing our main contributions and drawing directions for future work.

CHAPTER 2 THEMATIC CONTEXT AND RELATED WORK

In this chapter we provide the background to our work both relative to climate data science and anomaly detection methods dedicated to the extraction of outliers in data time series. The first section presents the main context of climate data and its study by climatologist. In the second section, we give an overview of anomaly detection, types and methods. The third section focuses on methods dedicated to time series, the fourth surveys existing research on anomaly detection applied to climate data, and we give a summary of this chapter.

Climate studies and data

The climate system and its evolution

On Earth, the climate system gets its energy from incoming solar radiation. This energy is spread over the Earths surface from low to high latitudes, through atmospheric and oceanic circulations [START_REF] Stocker | Climate change 2013: the physical science basis: Working Group I contribution to the Fifth assessment report of the Intergovernmental Panel on Climate Change[END_REF]. This energy spreading is modulated by a large panel of factors and feedback, both external (g. e.solar activity, Earth's orbit parameters) and internal (e.g. tectonic plaque activities, volcanism and greenhouse effect) from the terrestrial system. These natural climate system factors maintain Earth's energy budget, and drive the radiative equilibrium of the atmosphere. Figure 2.1 gives a schematic representation of the radiative equilibrium within Earth's atmosphere. Yellow arrows display incoming and/or reflected solar radiation fluxes, and orange arrows display the infrared fluxes (absorbed and/or re-emitted). Numbers show the energy quantities associated to the fluxes in W/m2 [START_REF] Myhre | Anthropogenic and natural radiative forcing[END_REF]. When one of these mechanisms induces more (less) energy stored in the climate system, it leads to a positive (negative) radiative forcing and thus inherently results in a mean climate warming (cooling). Both corresponding warmer and colder periods naturally occurred on Earth in the past [START_REF] Stocker | Climate change 2013: the physical science basis: Working Group I contribution to the Fifth assessment report of the Intergovernmental Panel on Climate Change[END_REF].

As an internal and natural mechanism, the greenhouse effect is a process that induces a storage of a part of the re-emitted energy by land surface first received from the sun. It results from the natural presence of specific gases owing these properties (e.g. water vapor, CO 2 ). Nevertheless, human activities from the past 200 years have largely increased the atmosphere amount of some of these greenhouse gases, mostly CO 2 , and have imposed an additional positive radiative forcing to the Earth's climate system [START_REF] Myhre | Anthropogenic and natural radiative forcing[END_REF]. As the atmosphere is more and more capable of storing the earth surface re-emitted energy, this equilibrium disruption Figure 2.1: Schematic representation of the radiative equilibrium within Earth's atmosphere [START_REF] Myhre | Anthropogenic and natural radiative forcing[END_REF] has lead to a mean global warming, currently estimated at +1.2 degrees compared to the pre-industrial era. This global warming induces large consequences on long-term evolutions, variabilities and weather extremes included within the climate system [START_REF] Hartmann | Observations: atmosphere and surface[END_REF][START_REF] Collins | Long-term climate change: projections, commitments and irreversibility[END_REF].

In this context, analysis of climate-related data and associated spatial and temporal evolutions are of major importance, both to understand climate changes and their causes, and assessing the resulting climate-related impacts. And as quoted in [START_REF] Mudelsee | Trend analysis of climate time series: A review of methods[END_REF], it is statistical science that puts numbers to the warming. From a mathematical point of view, climate can be defined as a distribution of variables over time that can denote past, present and future distributions [START_REF] Werndl | On defining climate and climate change[END_REF]. In climate data analysis, climate and related variables (e.g. temperature, precipitation, wind, humidity, etc) can be decomposed into a trend and a noise components [START_REF] Mudelsee | Trend analysis of climate time series: A review of methods[END_REF]. The trend corresponds to the time-dependent component, while the noise corresponds to the variability, with a standard deviation unity, and illustrates the climate spread around the trend. In global warming studies, long-term trends can thus be defined as a tendency towards a climate change of pattern, and are analysed to quantify related causes and consequences.

Climate analysis also includes higher orders and extremes [START_REF] Mudelsee | Climate time series analysis: classical statistical and bootstrap methods: Atmospheric and oceanographic sciences library[END_REF], along with the first statistical moment (trend) and the second (variability). A climate extreme is defined in [START_REF] Field | Managing the risks of extreme events and disasters to advance climate change adaptation: special report of the intergovernmental panel on climate change[END_REF] as the occurrence of a value of a weather or climate variable above (or below) a threshold value near the upper (or lower) ends of the range of observed values of the variable (for simplicity, both extreme weather events and extreme climate events are collectively referred to climate extremes). These climate extreme (e.g. droughts, floods, heatwaves, storms, tornadoes) can result in very large damages and severe consequences for ecosystems and human population [START_REF] Wehner | Weather and climate extreme events in a changing climate[END_REF], and therefore are one of the most studied climate features in climate sciences [START_REF] Field | Managing the risks of extreme events and disasters to advance climate change adaptation: special report of the intergovernmental panel on climate change[END_REF].

Climate modifications and corresponding human-induced climate change are usually illustrated by different distributions for succeeding time periods beyond the regular seasonal patterns, both at spatial local (meteorology) and regional/global (climatology) scales. In analysing [START_REF] Hartmann | Observations: atmosphere and surface[END_REF] long-term trends or weather extremes research field, a common approach consists in quantifying how a given climate indicator jumps out against the background of former climate records in intensity, frequency or duration. Figure 2.2 shows actual observed climate changes as relative changes to past periods. Largest global trends and changes correspond -but are not limited to-a mean land and ocean warming (Fig. 2.2a and b), a sea ice extent decrease (Fig. 2.2c), a sea level rise (Fig. 2.2d) and decreasing/increasing precipitation depending on the location (Fig. 2.2e). As climate changes are mostly represented as long term anomalies (climate changes compared to a fixed reference, as displayed in Figure 2.2), climate studies are mostly conducted under an arbitrary choice of a base time window; Indeed a climate reference is inherently specified, to assess whether a long-term change and/or extreme event occurrences can be considered as emergent and/or anomalous. This choice greatly affects the meaning and the robustness of climate studies' outcomes when this reference is shifted and is currently discussed in climate studies [START_REF] Hansen | Perceptions of climate change: the new climate dice[END_REF][START_REF] Chavaillaz | Spatial stabilization and intensification of moistening and drying rate patterns under future climate change[END_REF][START_REF] Brouillet | Investigating the role of the relative humidity in the cooccurrence of temperature and heat stress extremes in cmip5 projections[END_REF].

As climate influences human and natural systems, scientists thrive to understand how climate behaved in the past and might in the future, as this understanding greatly influences the decision making policies both locally and globally. This overview of how climate works and is influenced results from the solid floor of climate data. Figure 2.3 presents a classification of the various types of climate data, that we have synthesized from different studies on the nature of climate data [START_REF] Overpeck | Climate data challenges in the 21st century[END_REF]. Even though we will be mainly experimenting with observation data to validate our approach on historical trends, it seems important to provide an overview of all climate data sources since the methodology developed and explored in this thesis could be applied to these other datasets. 

Climate observations

Climate observations are obtained using direct (in-situ) and indirect (paleoclimatic) or remote sensing methods. These data are used as evidence for scientific claims, to provide boundary conditions, initial values, calibration and parametrization of climate models [START_REF] Overpeck | Climate data challenges in the 21st century[END_REF].

In-situ data are physically collected in a specific location. In climate analysis, in-situ observations can be extracted using weather balloons, ships, autonomous drifting floats in the ocean, thermometers in ground based stations, and from many other types of monitoring systems or from human activities (e.g. surveys on crop yields). Collected measurements are typically specified as fixed intervals with limited spatial coverage.

Paleoclimatic data are derived from a systematic observation through climate records and corresponding tools. Indeed, since direct climate observations and recording only exist since the beginning of the 19 th century, it is necessary to reconstruct climate data prior to these periods, to provide climate results. The reconstruction is derived from paleoclimatology proxies, i.e. measures from the environment that contain stored past information that can be used as an indicator of climate values, from centuries to millions of years ago. Statistical methods are used to translate the information contained in paleoclimatology proxies into climate variables. Examples of proxies include tree rings, ice cores, corals, pollen grains, lake and ocean sediments. One method is to reconstruct past temperature evolution using water stable isotopes in polar ice cores [START_REF] Gkinis | Water isotope diffusion rates from the northgrip ice core for the last 16,000 years-glaciological and paleoclimatic implications[END_REF].

Remote sensing data are drawn from satellite images and dedicated programs such as the European Copernicus Climate Change Service. They provide information on different climate variables such as air and surface temperature, precipitation, wind speed or solar radiation. More generally, satellite remote sensing (SRS) relates to observation of the Earths surface, subsurface and atmosphere and produce images through microwave radiometers and imagers. Nowadays, it provides a continuous access to such information. It is reliable, accessible and at different scales both global (worldwide, continental) and more regional [START_REF] Yang | The role of satellite remote sensing in climate change studies[END_REF].

Climate reanalysis data are generated by combining observation and simulated climate data (developed below) via data assimilation methods. The aim is to create a comprehensive and continuous spatio-temporal dataset both at global and local scales, which is not necessarily available using direct observations due to spatial and temporal gaps [START_REF] Philander | Encyclopedia of global warming and climate change: AE[END_REF].

Climate simulations

In climate sciences, past climate studies are conducted from paleoclimate proxies and observations of recent climate thanks to measurements, which both correspond to the only existing indirect and direct observations tools. However, and since these observations cannot be reproduced as experiments in laboratories, and as it is not possible to directly observe climate responses to physical or chemical variations, numerical models were developed. Climate models enable the study of main mechanisms of climate equilibrium and its evolution, and thus provide better understanding of past and present climate responses to various forcing, as well as possible future climate evolution. Climate models can be simple or more complex in their simulation of physical processes. For complex climate models, General Circulation Models (GCMs) and Earth System Models (ESMs) are used [START_REF] Taylor | An overview of cmip5 and the experiment design[END_REF][START_REF] Flato | Evaluation of climate models[END_REF]. These models simulate the Earth's climate system with associated processes and feedback, and correspond to resource intensive models that require supercomputers to run. Both GCMs and ESMs correspond to mathematical models that represent thermodynamics and physics laws that control the atmosphere, hydrosphere and land surface system, such as Navier-Stokes equations [START_REF] Flato | Evaluation of climate models[END_REF]. More complex climate features and mechanism such as clouds are parameterized, i.e. fixed within the models due to unknown specific processes or too small time and space scales.

As modelling is the process of replacing complex parts with simplified equations including parameters configurations, these equations and/or parameterizations choices differ between models. As a consequence, all models suffer from uncertainty mainly due to the incomplete representations of various climate components, their interactions, the different parameter configurations and initial settings [START_REF] Flato | Evaluation of climate models[END_REF]. To address such uncertainties when exploiting simulated data towards climate projections and future trends, climate analysis is usually conducted through the use of multi-model ensembles [START_REF] Tebaldi | The use of the multi-model ensemble in probabilistic climate projections[END_REF][START_REF] Taylor | An overview of cmip5 and the experiment design[END_REF][START_REF] Duan | Robust climate change research: a review on multi-model analysis[END_REF]. Concretely, multiple model outputs with different parameters and initial condition settings are averaged to mitigate the bias induced by a single model output. Since no single model can be considered best, and as it is important to utilize results from a range of coupled models, ensemble methods leverage the inherent uncertainty yielding more robust long term projections [START_REF] Houghton | Climate change 2001: the scientific basis: contribution of Working Group I to the third assessment report of the Intergovernmental Panel on Climate Change[END_REF].

Climate-related impact data

As societies are influenced by climate and environmental conditions, both persistent weather patterns influencing infrastructures and/or lifestyle and individual weather events can result in severe large damages. However, acquisition of such data is complex, since related impact sectors are numerous (e.g. agriculture, health, weather extremes), and analysis of climate changes and related impacts analysis require long-term time series. Moreover, the specific impacts of such climate-related events and projected changes into societal impacts are still complex and not yet fully understood [Warren, Frieler et al., 2017]. To address these questions, detailed process-based models were developed to translate projected climate and weather changes into specific impacts on individual systems or processes, including but not limited to, crop yields, vegetation cover, frequency and intensity of river floods, water scarcity, distribution of vectorborne diseases, heat and cold-related mortality [START_REF] Frieler | Assessing the impacts of 1.5 c global warming-simulation protocol of the inter-sectoral impact model intercomparison project (isimip2b)[END_REF]. Behaviours of such models (e.g. vegetal models, crop models, hydrodynamic models) are similar to climate models, and impact models indeed represent process-level understanding of how natural and human systems may be affected by climate change. Each impact model output depends on the sector that the impact model is designed for, but the common input between them is climate data.

Summary

As technology advances, climate science has evolved from a data-poor to a data-rich science, due to the increase in means of data acquisition or generation, from Earth-observing satellites recently launched by spaceX, European Space Agency (ESA) and NASA, and also an increase in model simulation by different bodies of climate scientists around the world [START_REF] Karpatne | Big data in climate: Opportunities and challenges for machine learning[END_REF]. This growth both in types and volumes of data, enables numerous opportunities to improve our understanding of climate, its variability, and related impacts. However, the huge increase in data size also calls for improvement and new research towards approaches to exploit and analyse climate data. One main venue in this direction is machine learning [START_REF] Rolnick | Tackling climate change with machine learning[END_REF]. In the following section we give an overview of outlier types and detection methods, narrow it down to the specificity of time series, and the existing applications to climate data analysis.

Outlier detection

Outlier detection is one of the essential domains of data mining that receives extensive research due to its usage in a wide range of applications. Research towards identifying outliers requires vital information to assist in reaching better decisions from the data. The many applications that use outlier detection include genetics [START_REF] Yépez | Detection of aberrant gene expression events in rna sequencing data[END_REF], fraud Detection [START_REF] Cynthia | An outlier detection approach on credit card fraud detection using machine learning: a comparative analysis on supervised and unsupervised learning[END_REF], cybersecurity [START_REF] Hopkins | Sub-erroneous outlier detection of cyber attacks in a smart grid state estimation system[END_REF] and the health sector [START_REF] Zheng | Outlier analysis of nonlinear solitary waves for health monitoring applications[END_REF].

Due to the wide range of applications, many try to answer the question, what is an outlier? In this survey [START_REF] Ayadi | Outlier detection approaches for wireless sensor networks: A survey[END_REF], the author proposes twelve different interpretations of outliers from the perspective of different authors and studies. This shows that the definition of an outlier is challenging and depends on the field and the objectives of the study. Even if it is complex to find an accurate definition for an outlier, a general definition can be given to address the question. We take the definition from [START_REF] Chandola | Outlier detection: A survey[END_REF] where outlier detection refers to the problem of finding patterns in data that do not conform to expected normal behavior.

Outlier types

Outliers can be divided into three common types : global outlier, contextual outlier and pattern outlier.

A global or point outlier is a single observation or a set of multiple individual observations that diverge from other observations in the data. They are points that are either very high or a very low value when compared to the majority of the values in a dataset. For instance as shown in 2.4 an observation of value 65 Farenheit among weekly average observations of values between 0 and 20 will be considered a global outlier, as it diverges from the other values, independently of its position in the series. 
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Total Logins Date Daily Total Logins There exist many approaches to extract such outliers from data sets, which range from statistical approaches, data mining and machine learning approaches. While many surveys covering such techniques can be found in the literature, we cover here the principal approaches and will give a focus on those that apply to time series.

Time series are specific data sets that are contextual and characterized by seasonal patterns, or specific dates, and can also be associated with spatial locations. There are large data sets often covering very long periods of observations past, present or future trends.

Main classes of outlier detectors

In this section we present a classification of outlier detection methods around three main types, relating to classical machine learning approaches.

Supervised outlier detection.

Those are outlier detection methods that depend on the availability of a training data set. Training data instances labeled as normal or as an outlier class. Typically these methods will use the training dataset to build models that can differentiate between normal and outlier data instances. Then given a new unlabeled data instance, the method determines which class this data belongs to. When it comes to supervised approaches used in outlier detection in time series there are two main issues that stand out compared to other data mining and machine learning methods. The first one is that outlier observations by nature are less frequent than normal observations, thus this will cause what is called Imbalanced Classes problem, which will lead to a degradation in model performance especially for the least represented class in the training data set, likely to be the outlier one. The second issue is that during the query phase, identifying outliers is a challenging and costly task, since outliers do not behave in a uniform way, unlike normal classes. Generally supervised models assume that observations in the same class behave similarity or have similar characteristics [START_REF] Singh | Outlier detection: applications and techniques[END_REF]. We can conclude that outlier detection is not the primary objective of such methods.

Semi-Supervised outlier detection. These methods are similar to supervised ones, but unlike the latter, the training data only contain normal classes and no outlier class. The concept of such models is that they learn the normal behavior using the training data, and any new observation if not classified as normal will be considered an outlier. This approach is more suitable for outlier detection since it avoids the balanced class problem.

Unsupervised outlier detection. Such methods differ from the supervised counterpart in their usage of unlabeled training datasets. Unsupervised outlier detection methods are based on the assumption that outlier observations are far less frequent than normal observations. If such an assumption is not true, then the methods will suffer from high false alarm. False alarms are non outlier data flagged as an outlier [START_REF] Singh | Outlier detection: applications and techniques[END_REF]. These approaches are more applicable since they avoids the challenges of finding good labeled training data. They proceed by using an unlabeled dataset and aim to analyze the data to find similarities among subsets leading to clusters, and to extract new information leading to knowledge. The algorithms discover labels from the data itself without input from expert knowledge.

In this thesis we make use of unsupervised methods, since their characteristics are adequate to our application domain, where labeled training data is scarce.

Outlier Detection for time series

In this section we present the main categories of outlier detection methods. Note that each category can be applied to point and pattern outliers methods with the exception of Encoding Methods.

Model based

Model outlier detectors fit the time series into a model which will capture the normal behavior of the data. Following this step, the model will be able to determine if an observation follows a normal behavior and if not it will be flagged as an outlier [START_REF] Chandola | Outlier detection: A survey[END_REF]. These models can be divided into two types,estimation models and prediction models.

Estimation models use the whole time series in learning and determining if an observation is an outlier from a predefined threshold. Examples of estimation model based point outlier detectors are Median Absolute Deviation (MAD) [START_REF] Chandola | Outlier detection: A survey[END_REF] and Minimum Covariance Determinant (MCD) [START_REF] Chandola | Outlier detection: A survey[END_REF].

Prediction models use only a part of the data for training and the other part for testing. An observation is considered an outlier if it is outside predefined upper and lower bounds. An example of prediction models is the Autoregressive Moving Average (ARMA) model, widely used a prediction algorithm for time series. The ARMA model is a combination of the Autoregressive (AR) model, which describes the analytical component of the signal, and the Moving Average (MA) model, which describes the noise component of the signal. An autoregressive model forecasts the variable of interest using a linear combination of past values of the variable. The term autoregression indicates that it is a regression of the variable against itself.

Auto Regressive Integrated Moving Average, ARIMA is a widely used predicting model that uses a linear combination of past values of the target value. ARIMA is made of : 1) Autoregression(AR) which uses linear combination of previous value plus an error; 2) Integrated(I) which renders the time series stationary by subtracting an observation in the time series with values of the previous time step called differencing; and 3) Moving Average Model (MA) which uses linear combination of the error values of the target value. Seasonal SARIMA [START_REF] George | Time series analysis: forecasting and control[END_REF] is an extension for ARIMA that addresses seasonality in the data by adding the three elements to the causation : a seasonal autoregressive order, a seasonal difference order, a seasonal moving average order and the number of time steps for a single seasonal period.

Dissimilarity-based approach

Dissimilarity-based methods rely on the concept of similarity measure recalled hereafter. Before we talk about we need to start with similarity measure.

Similarity measurement plays an important role in outlier detection methods including both point and pattern. It can be used as an outlier score for a point or subsequence. The higher the similarity measure between the compared objects the higher outlier score, which means similar objects have smaller similarity measurements when compared between each other. We present three examples of distance measurements.

The Euclidean distance calculates the distance between two points in an Euclidean space, equation 2.1 is the equation in an n-dimensional Euclidean space. It is a classical and efficient distance measurement over sequences of equal lengths.

d (p, q) = n ∑ i=1 (q i -p i ) 2
(2.1)

The Mahalanobis distance given in Equation 2.2 measures the distance between a point and a distribution [START_REF] Mahalanobis | On the generalized distance in statistics[END_REF].

d (p, q) = (p 1 q 1 ) 2 + (p 2 q 2 ) 2 + • • • + (p n q n ) 2 (2.
2)

The Dynamic time warping (DTW) [START_REF] Bellman | A mathematical theory of adaptive control processes[END_REF] estimates the similarity measurement between two unequal length temporal sequences, it can detect similar shapes with different phases by allowing elastic transformation of time series minimizing the effects of shifting and distortion [START_REF] Senin | Dynamic time warping algorithm review[END_REF].

Dissimilarity-based algorithms are algorithms that instead of fitting the data into a model, directly compute the pairwise dissimilarity between points in the time series using similarity measure [START_REF] Zhang | Advancements of outlier detection: A survey[END_REF]. Dissimilarity-based outliers detection is mostly used on non-temporal data, so it not suitable for outlier detection int time series, because these methods treat observations as independent. Thus we focus hereafter on similarity based methods.

Distance-based Methods

Distance-based methods use similarity measures to compute distances between observations. The outlier is determined by the concept of neighborhood or neighbor, where neighbors are nearest data points to the observation. Non-outlier observations are close to their neighbor while outliers are far from their neighbors. One of the Distance-based methods is called k -Nearest Neighbors Outlier Detection KNNOD [START_REF] Dang | Distance-based k-nearest neighbors outlier detection method in large-scale traffic data[END_REF]. The algorithm uses the kNN [START_REF] Fix | Discriminatory analysis. nonparametric discrimination: Consistency properties[END_REF]] algorithm to compute the difference between an observation and its neighbor. An observation is an outlier in kNN if the distance to its k th nearest neighbor is smaller than a threshold, where the k in the k th nearest neighbor and threshold are predefined by the user. While this approach is unsupervised, in the presence of small label data, KNNOD can be used as an unsupervised algorithm where it uses the labeled data to estimate the threshold.

Density based outlier detection

Density-based methods work on the concept that non outliers can be located in high dense regions while outliers are found in low density regions. Density may refer to a high concentration of proximal data points or to the closeness of a data point [START_REF] Ruiz | C-dbscan: Density-based clustering with constraints[END_REF]. Density based approaches are more complex than distance based methods with stronger capability at the cost of expensive computations [START_REF] Zhang | Advancements of outlier detection: A survey[END_REF]. The density-based method called Local Outlier Factor (LOF) [START_REF] Breunig | Lof: identifying density-based local outliers[END_REF] is considered the foundation of contextual/ local outlier detection [START_REF] Ruiz | C-dbscan: Density-based clustering with constraints[END_REF]. LOF flags an observation as an outlier, if the observation has substantially lower density than its neighbors.

Clustering based approach

Clustering algorithms structure data observations into groups, called clusters, where observations that are similar are grouped together in the same cluster. Outlier detection and clustering are somehow complementary. Where clustering aims to group similar observations into dense subsets, outlier detection aims to identify observations that do not fit into these dense subsets. While this would highlight if an observation is an outlier or not, another means to take advantage of clustering methods is to measure the distance between the observation and the center of the cluster (centroid). The assumption is that normal observations are closer to the cluster centers, while the outlier is further away. The distance can be used to score how much an outlier deviates from the normal, for example an observation that lies near the outside border of a cluster differs from an observation that resides away from a cluster border. Clustering is considered generally more efficient than distance based and density based methods in terms of computation time.

K-means is a classical clustering method that aims to assign all data points to a cluster. Basically from an initial set of k clusters with their respective center point (specified as the centroïd), such that each data point is at the nearest distance to the its cluster's centroïd. The distance or similarity measure can take many forms such as the Euclidian distance.

Fuzzy c-means (FCM) [START_REF] Bezdek | Fcm: The fuzzy c-means clustering algorithm[END_REF] is a different clustering approach that brings a degree of fuzziness to the cluster assignment problem. Basically instead of assigning a data point to a single cluster like in K-means, FCM will assign to each data point a degree of membership to all the clusters. A data point will have a higher degree of membership to a cluster if it is close to its centroïd, while it will get a lower membership to the clusters whose centroïd are further away. In [START_REF] Mohammadrezapour | Fuzzy c-means and k-means clustering with genetic algorithm for identification of homogeneous regions of groundwater quality[END_REF] the authors use both FCM and k-means clustering to identify homogeneous regions of groundwater that have similar quality. One of the clusters generated by FCM shows that groundwater in that cluster has an unfavorable amount of Total dissolved solids (TDS) which indicates that the groundwater is unsuitable for drinking. In this sense a clustering approach could be used to identify sets of data that differ from others without the set objective of detecting anomalies.

Deep learning approaches

Deep learning is a subset of machine learning techniques that utilize deep artificial neural networks (DNN) as backbone. A neural network is a term coined in 1943 to define computing systems inspired by biological neural networks [START_REF] Mcculloch | A logical calculus of the ideas immanent in nervous activity[END_REF]. A DNN is an artificial neural network (ANN) that has multiple layers between its input and output layers. An artificial network is made of layers of functions that are called neurons, the three main layers are input layer, hidden layer and output layer. Each neuron can receive one or multiple inputs, and generate an output depending on the function. The input data will be passed from the input layer to the hidden layers till it reaches the output layer, which will give the predicted outputs for the given inputs.

Deep learning outlier detection algorithms are algorithms that utilize DNN for anomaly detection. An example of such algorithms is DeepAnT [START_REF] Munir | Deepant: A deep learning approach for unsupervised anomaly detection in time series[END_REF] that uses Convolutional Neural Networks (CNN) to detect outliers, by employing CNN as a predictor (regressor), then uses the Euclidean distance between the input value and the predicted value as an anomaly score. If the distance is higher than the threshold then the point is an outlier. CNN is a special type of neural networks, that uses a mathematical operation called convolution in place of general matrix multiplication in at least one of their layers [START_REF] Goodfellow | Deep learning[END_REF].

Encoding methods

Encoding based methods are mostly used to detect pattern outliers. They encode subsequence of the times series into low dimensional latent space using representation methods. After the encoding process, the algorithm utilizes the encoded time series to compute the outlier [START_REF] Schmidl | Anomaly detection in time series: a comprehensive evaluation[END_REF]. Different representations give the opportunity to utilize new methods to detect outliers. The pattern outlier methods applied are discussed in the next section.

Focus on pattern outlier detectors

In time series pattern outliers are called Discords. A time series discord is a subsequence that is maximally different to all the other subsequences of a longer time series [START_REF] Keogh | Hot sax: Efficiently finding the most unusual time series subsequence[END_REF].

Methods developed to extract discords relate necessarily to the length of the query subsequence and the representation of the time series. In this section we present such characteristics and give an overview of existing methods to detect discords whether fixed or variable lengths. We conclude with a summary table of the existing methods and their characteristics.

Regarding the window length. A discord is a subsequence of consecutive points, thus it has a length. The majority of discord detection algorithms use predefined fixed window length to extract discords. Some method allows for variable length discord discovery, where these variable lengths denote a range of windows or all the possible ones. The length of windows chosen will also determine the number of subsequences to be analyzed. Indeed shorter windows mean more subsequences, which can increase the algorithm runtime. In general the choices are predetermined by the user.

About the time series representation. Time Series are big data where by the volume is a result of the whole time period covered which could be hundred years, and the time stamp for each data value, which can be daily values or hourly ones.

Representation algorithms aims to reduce the dimensionality of the time series in such a way that it closely approximates the original time series. A lot of discord detection techniques use time series representation during comparison since it is faster and less challenging than using the raw values. The mostly used representation method is discretization. Time series discretization is a technique to convert real-number time series into an array of discrete elements [START_REF] Kuan-Cheok | An approach on discretizing time series using recurrent neural network[END_REF]. This method includes equal-frequency binning [START_REF] Keogh | Finding surprising patterns in a time series database in linear time and space[END_REF] which bins the time series into k bins with equal number of frequency, and equal-width binning [START_REF] Chen | Energy outlier detection in smart environments[END_REF] which bins the time series into equal-width bins. There are alternative methods briefly recalled here. Piecewise approximate aggregation (PAA) [START_REF] Keogh | Dimensionality reduction for fast similarity search in large time series databases[END_REF] represents each subsequence by its mean value. In piecewise linear representation (PLR) [START_REF] Ji | A piecewise linear representation method based on importance data points for time series data[END_REF], each subsequence is fitted into a linear model and represented by sets of linear segments.

An alternative approach is the Symbolic Aggregate Approximation (SAX) [START_REF] Lin | A symbolic representation of time series, with implications for streaming algorithms[END_REF]] method. It represents numeric time series in a string format, where the time series is divided into equal probability subrange spaces, and a discretized sequence is called word.

While representation techniques in outlier detection is an asset in the process of outlier detection, it also bring disadvantages that can affect the outcome. For instance in PLR, the actual value of the data is lost when fitting the number into a linear line or equal-frequency binning. It generates subsequences with their values, but it does not generate all possible subsequences thus preventing an exact solution to be reached.

Fixed length discord detection

A general approach for discord extraction consists of applying a sliding window and then applying point wise anomaly detection Methods within each window. The notion of sliding window specifies a subsequence of fixed length that traverses the time series to specify its boundaries. A second type of approaches makes use of encoding methods introduced above to transform the time series and apply distance based methods.

We present some instances of these approaches as well as the Matrix Profile approach that relates to the sliding window approaches but with a global similarity comparison among subsequences. It will be further described in Chapter 3.

Sliding window with point outlier methods. An example of such approach is proposed in [START_REF] Ding | An anomaly detection approach based on isolation forest algorithm for streaming data using sliding window[END_REF] where the authors develop an IForest-based (Isolation forest) [START_REF] Liu | Isolation-based anomaly detection[END_REF] anomaly detection approach to detect drift in streaming data. Basically a fixed sliding window is applied, and in each window the IForest detector is applied to generate the anomaly rate by averaging the instance depth of the forest, if the anomaly rate is smaller than the threshold then there is a drift.

In [START_REF] Chen | Unsupervised anomaly detection of industrial robots using sliding-window convolutional variational autoencoder[END_REF] the authors propose a convolutional variational autoencoder (SWC-VAE) algorithm to detect pattern outlier in robots, by applying sliding windows. Each window is fed to a convolutional variational autoencoder, a trained artificial neural network(ANN), to detect point wise anomaly. The ANN will give each instance in the sliding window an anomaly score, then these scores are averaged to calculate the anomaly score of the extracted pattern. If the anomaly score is above the predefined threshold then it is classified as a discord.

Some encoding based methods have also been proposed to extract fixed length discords. For instance, TSBitmap [START_REF] Wei | Assumption-free anomaly detection in time series[END_REF]] is an algorithm that transforms time series subsequences into bitmap images to detect discords. The algorithm utilises two adjacent sliding windows, with recommended length of two or three times the length of the targeted discord length. At each sliding step the algorithm converts the subsequences inside the lead. The first subsequence is called lead window, which indicates how far ahead to look for outlier subsequence. The second one is the lag window that indicates how far ahead to look for outlier subsequences. In each window a sequence is converted into a letters' subsequence using SAX and then converts the SAX subsequence into bitmap image where image pixels represent the number of occurrence of a SAX word (the value are normalized). Although the lead window and the lag window are bigger than the targeted discord length, what determines the length of the output discord is the size of the SAX word.To detect a discord, the distance between bitmap images generated by each window is computed as an outlier score.

HOT-SAX [START_REF] Keogh | Hot sax: Efficiently finding the most unusual time series subsequence[END_REF] is an extension of the SAX algorithm. The HOT-SAX algorithm was developed to detect discords. It builds a suffix tree that stores the words generated by SAX. A word with the least number of occurrences is a discord. A requirement is that the number of extracted discords is predefined. More recently, in [START_REF] Yue | An integrated anomaly detection method for load forecasting data under cyberattacks[END_REF] the author combines both the result of SAX as a pattern outlier detection with point outlier detection second-order-difference (SOD) [START_REF] Yang | Historical load curve correction for short-term load forecasting[END_REF] and Chebyshev Inequality (CI)-based methods [START_REF] Amidan | Data outlier detection using the chebyshev theorem[END_REF], where a discord that does not contain point anomaly detected by SOD and CI are discarded.

Those approaches extract discords through the segmentation of the time series and use a point outlier detector on each subsequence to give it an anomaly score. Depending on this score the subsequence is classified as an outlier or not. However, depending on the properties of the time series, their adequacy is more or less pertinent, because the representations the seasonality of the time series is lost and thus not accounted for.

A widely used approach that has shown its applicability and success is based on the data structure called the Matrix Profile [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF]. For a given query length subsequence, it stores the z-normalized Euclidean distances between each subsequence and its closest neighbor sequence. More recently some alternative distance measures have been proposed but the default one remains the z-normalized Euclidian distance [START_REF] Akbarinia | Efficient matrix profile computation using different distance functions[END_REF]. The produced matrix can be used to detect discords, where the highest k subsequences in the Matrix Profile are the top k discords, specifying the highest distance of these subsequences with its closest neighbor. Two main algorithms have been defined to compute the exact solution of the Matrix Profile by performing all-pairs-similarity-search on time series, namely STAMP [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF] and STOMP [START_REF] Zhu | Matrix profile ii: Exploiting a novel algorithm and gpus to break the one hundred million barrier for time series motifs and joins[END_REF]. We will describe and develop further this data structure and the algorithms in the following chapter, since it is at the core of our methodology. Matrix Profile is called an all-pairs-similarity-search since it compares all subsequences pairwise, unlike the previous techniques that use a sliding window that does not compare all subsequences with each other. Compared to the encoding method, the Matrix Profile does not use any representation method, so there is no loss of information in the data.

Variable Length Discord Detection

The presented methods search discords from a given query subsequence having a fixed length. The success of these approaches has raised the issue of the bias imposed by the fixed length. It is a fixed parameter set by domain experts or resulting from statistical analysis. However, it can lead to misinterpretations where longer discords could have yield more important insights for instance. Thus a line of research has been developed to extract variable length discords effectively, since it comes necessarily at a higher computational cost.

Rare Rule Anomaly (RRA) [START_REF] Senin | Time series anomaly discovery with grammar-based compression[END_REF] is an algorithm that uses grammar based compression to detect motifs and discords in time series. Similar to HOT-SAX, RRA uses the SAX algorithm to discretize the time series into letters, then it uses grammatical induction algorithm such as Sequitur [START_REF] Nevill-Manning | Identifying hierarchical structure in sequences: A linear-time algorithm[END_REF], to generate the grammar rule form that discretizes the time series and builds a grammar structure (a hierarchical structure of grammar rules). These generated grammars rule are used to detect the discords, through the analysis of frequent and infrequent rules. As a consequence, RRA can detect discords of different sizes since rules in the grammar structure might lead to words of heterogeneous length.

Pan Matrix Profile (PMP) [START_REF] Madrid | Matrix profile xx: Finding and visualizing time series motifs of all lengths using the matrix profile[END_REF], is a variable length implementation of the Matrix Profile. It derives a matrix data structure that contains the nearest neighbor information for all subsequences of lengths specified within a predefined interval. Each row represents a Matrix Profile for a given query window length. Clearly, this brute force approach opened the door to studying variable length discords, even though such an exact PMP comes at a high computational cost. This issue was addressed by the Scalable Kinetoscopic Matrix Profile (SKIMP) algorithm [START_REF] Madrid | Matrix profile xx: Finding and visualizing time series motifs of all lengths using the matrix profile[END_REF] which mitigates solution completeness and computational cost, by proposing an approximation algorithm, which aims to optimize the subsequence lengths to their respective MPs computed, thus not all subsequences' length will have their MP computed.

While the Pan Matrix does compute discords at variable length, it does not compare the variable length discords it generates. The issue of no ranking function is a present among all the outlier detection methods mentioned in this section.

Synthesis table

In table 2.7 we have summarized the different outlier detection algorithms included in this chapter. We grouped them into categories that relate to our interests, including the nature of outliers detected, the type of method they belong to, and whether they account for data seasonality, and seek exact or approximate outputs.

Figure 2.7: Outlier algorithms

As we can see the majority of studies regarding discord detection assume a predetermined fixed length for the query subsequence window. To our knowledge there is no approach that seek a means to rank variable length discord, in order to extract important information that would bring insights to the domain experts.

Climate data series and anomaly detection

In this section we present existing approaches within the field of climate data analysis, that focus on anomaly detection. While the previous section focused on the methods from a computer science point of view, here the extraction of outliers is driven by the information sought in climate data analysis.

The heart of climatology has been driven by short and long term projections for future tendencies using statistical approaches mostly around the ensemble mean approach. More recently studies have been carried out to predict extreme events in a very short term span, through different machine learning techniques.

Point outliers

We present a set of recent approaches to extract point anomalies in climate data, that exploit machine learning techniques with specific interests. Indeed, climate data analysis towards point anomalies, are mostly interested in projections with respect to past data trends, in order to predict future short term wheather or climate events.

The study in [START_REF] Lee | Detecting anomalies in meteorological data using support vector regression[END_REF] introduces a Support Vector Regression( SVR) approach to detect outlier in meteorological data. SVR is a supervised machine learning algorithm that predicts discrete values by finding the best fit line for the data points. The best fit line is the hyperplane that accommodates the maximum number of data points [START_REF] Drucker | Support vector regression machines[END_REF]. The data was collected from 572 automatic weather stations (AWSs) in South Korea, from January 1, 2014 till December 31, 2014 with information being recorded every 1 minute, such that in one year each AWS recorded 525,600 pieces of observational data. An instance in the observation data from a target station is labeled as outlier based on the values of other AWS around the target station. Observations flagged as an outlier represent errors when AWS data where collected. The value of the target AWS is estimated using observation values from the surrounding stations; if the estimated value differs from the observed value of the target AWS by a specific threshold, it is labeled as an outlier. SVR is used to estimate the value of the target AWS, where it takes the observation of the surrounding AWS as an input as the time series values and the output will be the estimated will be a time series values of the target AWS.. This approach is an example of Prediction model based outlier detection, where SVR is the predictor.

In a similar line of methodology, [START_REF] Miau | River flooding forecasting and anomaly detection based on deep learning[END_REF] seeks to predict the water level flood phenomenon of a river in Taiwan, by employing a predictive model that utilizes both Convolutional neural networks CNN and Gated Recurrent Unit networks (GRU). It combines both advantages of CNN model and GRU model where the output of the CNN model is connected to the input of the GRU model, called Conv-GRU neural network. GRUs are version of recurrent neural network with update gate and reset gate and lacks output gate [START_REF] Cho | On the properties of neural machine translation: Encoder-decoder approaches[END_REF]. The data are observation data collected from 27 water level stations, where each station records the data every 10 minutes thus each station generates a time series of 10 minutes frequency. Data from 2012 to 2018 are used to train the network and the 2019 is used for testing. Similar to the previous work, an instance in the time series is labeled as an outlier if the prediction differs from the observation.

These approaches are recent studies illustrating the need for point outlier methods towards the analysis of climate data. They are driven by short term prediction of anomalous events, based on past data and projections of trends. The use of machine learning approaches is recent and growing in interest in this field. However, there has not been to our knowledge, any use of such approaches to be integrated with pattern outlier search to classify such patterns or draw insights on the various anomalous patterns, nor to understand past anomalous events. The key word common to those approaches is projections towards predictions.

Pattern outliers or discords

A climate field that has interest in pattern outliers is hydrology, specifically to analyse periods of droughts and floods that have a certain duration, leading to health, environmental and agricultural impacts for instance. The following ones illustrate the data sources used, methods employed and objectives of the studies.

In [START_REF] Sun | Research on anomaly pattern detection in hydrological time series[END_REF], a method is presented to extract abnormal patterns in hydrological time series, that represent the water level(m) of the Jin-niu reservoir from 1961 to 2003. The algorithm segments the time series using Adaptive Piecewise Linear Representation Based on Important Feature Points, where Important Feature Points are point highlighted in the time series on the basis of extreme points.Then it applies an adaptive sliding window, with a user defined max length, in a backward direction starting from the first important feature points. If the time interval between two adaptive sliding windows is less than the max window size no change is done, otherwise if the time interval is bigger than max, then the segment is divided into time interval max . For each segment the algorithm extracts the slope, length and mean of each segment and then calculates the Euclidean distance between any two patterns. It uses this information to calculate the k-nearest neighbor (kNN) distance for each segment, and then uses kNN distance to compute the LOF for each segment (LOF originally does not use kNN distance). Finally they extract the top k anomalous patterns by sorting the Local Outlier Factor in descending order. The authors run the algorithm using different value of k, the top 5 patterns in all runs are the same but differ in order. They represent time periods where flood disasters occurred. The longest duration was a month. This work is an encoding based outlier where it represents a sub sequence by its slope, length and mean, and utilizes two Density based outlier detection method, kNN and LOF to detect outlier.

In a similar field of study on hydrological time series, [START_REF] Lungu | Change-point detection and segmentation of discrete data using bayesian context trees[END_REF] propose a TF-SAX_wPST a pattern anomaly detection algorithm to detect pattern anomalies. The algorithm discretizes time series into symbolic time series using Trend Feature Symbolic Aggregate approximation (TFSAX) and then constructs a weighted Probability Suffix Tree wPST to generate candidate pattern outliers. The top-k pattern anomalies are analyzed and verified. The algorithm was tested on observation data collected from hydrological station in the southern United States (hourly data of water level, discharge and rainfall over three years). TFSAX [START_REF] Yu | A novel trend symbolic aggregate approximation for time series[END_REF] is an extension of the SAX algorithm, similar to SAX it transforms time series into sequences of symbols (letters), and addresses one of SAX's shortcomings. Indeed SAX depends on the mean when evaluating a segment, thus missing other information that may distinguish one segment from another, specifically trend. If two segments have similar mean value but different trends, TFSAX addresses this issue by taking trend features of the time series into account during transformation. After the transformation, a weighted Probability Suffix Tree will be constructed using the transformed time series to generate candidate pattern anomalies. Weighted Probability Suffix Tree (wPST) is a type of suffix tree [START_REF] Weiner | Linear pattern matching algorithms[END_REF], where a suffix tree is a text indexing data tree like structures that store all suffixes of a string (in this case the symbolic time series). wPST differs from a normal suffix tree in that it gives each node a probability and frequency of occurrence. A subsequence is an outlier if the portability and the frequency of occurrence is below a user specified threshold. During testing the algorithm was able to detect different periods of floods an drought through out the years. Overall, this work makes use of an encoding based outlier by using SAX as a representation technique and then wPst to build a suffix tree to extract discords.

Also in the thematic of hydrological data analysis, [START_REF] Kulanuwat | Anomaly detection using a sliding window technique and data imputation with machine learning for hydrological time series[END_REF] propose a fixed sliding window technique to detect outliers. The algorithm utilizes median and MAD to detect the outliers. Both methods apply sliding window pass through the data, and they differ in the process within each pass. The median approach calculates the median of the time series, sets a threshold parameter value specified by the user, to define a tolerance interval. This interval corresponds to the mean value plus and minus the threshold to create the lower and upper bounds of the interval. If the middle point of the sliding window is beyond the interval, the subsequence corresponding to the window is flagged as a pattern outlier. The algorithm was tested on a time series of water level data collected every 10 minutes from telemetry stations between 2017 till 2020. With a a lack of labeled data, the authors converted 10% of the data into pattern outliers, leading to benchmark results where the F1 score was between 0.8 to 0.99.

Summary

With respect to our goal of comparing variable length discords over large time series, point outlier methods used for series segmentation offer scoring mechanisms for subsequences, but are applied to fixed size windows, and go through the whole data set. This requires the application of outlier detectors over very large sets of sliding windows, without considering variable length windows. In our approach, we purposely focus on variable length discords, and separate the issue of computing variable length discords, through an exact dedicated approach, with that of exploiting point anomaly detectors for ranking purpose. Part of our goal is to analyse the contribution and added value of point anomaly detectors to rank the discords of variable lengths.

On the other hand, approaches derived to extract discords using various methods are being developed towards climate date with fixed length sizes for the query windows. Their goal is driven by the detection of pattern anomalies with expert input on the possible sizes. In this thesis we propose to go further to open the search of discords of variable lengths, and most importantly of ranking such discords towards insights on the thematic application field.

CHAPTER 3 METHODOLOGICAL BACKGROUND

In this chapter we develop further the methodological background, by formally defining the concepts we use, data sets, as well as the algorithms. This includes a set of definitions leading to the Matrix Profile data structure, and the following point and pattern outlier detection algorithms : STOMP, SCRIMP++, PAN MATRIX, MAD and PROPHET.

Matrix Profile data structure

The concept of Matrix Profile introduced in the previous chapter, denotes a data structure, created to calculate distances among sequences. It has shown its effectiveness in discovering discords as well as motifs [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF]. A set of algorithms have been defined to derive the Matrix Profile for a given length of sequences, with research towards improving the space and time complexity of the similarity search algorithms (e.g. STOMP and GPU-STOMP [START_REF] Zhu | Matrix profile ii: Exploiting a novel algorithm and gpus to break the one hundred million barrier for time series motifs and joins[END_REF], SCRIMP and SCRIMP++ [START_REF] Zhu | Matrix profile xi: Scrimp++: time series motif discovery at interactive speeds[END_REF]). The Matrix Profile data structure is based on the following notions, that we recall for future use taken from [START_REF] Zhu | Matrix profile ii: Exploiting a novel algorithm and gpus to break the one hundred million barrier for time series motifs and joins[END_REF]. The Matrix Profile data structure is applied mainly to real data value, whether they represent a set of values related to time or not. In this thesis we are mainly interested in time series, thus will decline our definitions in this context.

Definitions

Definition 1. A time series T is a sequence of real-valued numbers t i , T = [t 1 , t 2 , . . . , t n ] where n is the length of T, and i is a position of a time unit. Definition 2. A subsequence T i,m of a time series T is a continuous subset of values from T, of length m and starting at position i.

Formally, T i,m = [t i , t i+1 , . . . , t i+m-1 ], where i ∈ {1, . . . , nm + 1}.

Example 1. Let T = [0,1,3,2,9,1,14,15,1,2,2,10,7] be a sequence of length 13, and T 3,5 a subsequence of length 5, starting at position 3, that corresponds to [3,2,9,1,14].

Definition 3 (Distance Profile).

A distance profile D i,m of time series T and length m is a vector of the Euclidean distances between a given query subsequence T i,m and all subsequences of length m in the time series T.

Formally, D i,m = [d i,1 , d i,2 , . . . , d i,n-m+1 ], where d i,j (1 ≤ i, j ≤ n -m + 1
) is the distance between T i,m and T j,m with i ̸ = j. Example 2. Figure 3.1 illustrates the derivation of the Distance Profile D 1,4 , whereby each Euclidian distance is computed by calculating the Euclidian distance between T 1,4 and all subsequence of length 4, using a sliding window of one unit at a time. For this time series of 13 values, there are 10 subsequences of length 4, hence a Distance Profile of length 10. 0 1 3 2 9 1 14 15 1 2 2 10 7 0 1 3 2 9 1 14 15 1 2 2 10 7 0 1 3 2 9 1 14 15 1 2 2 10 7 Distance Profile= 0 7.4 6.9 14.7 19.3 17.7 19.9 15 8.2 8.9 It is specified by

P m = [min(D 1,m ), . . . , min(D n-m+1,m )], where each D i,m (1 ≤ i ≤ n -m + 1) is a distance profile.
Definition 5 (Index vector). A Matrix Profile index vector I m , associated with a Matrix Profile P m denotes the vector of starting position j of the subsequence corresponding to the minimal distance.

It is specified by the vector : To create the matrix we slide the window representing the query subsequence, and calculate the distance profile for each new query subsequence. This yields the distance matrix. In this example we respectively have the following Matrix Profile and index vector: P 4 = [6.9, 1. 4, 6.2, 7.9, 11.4, 13.6, 14.1, 14, 1.4, 6.2] and I 4 = [3,9,10,2,10,3,8,3,2,3] In other words, the discord of length m, is the subsequence in the data series (specified by its starting position j), such that among the shortest Euclidian distance, it is the one with the maximal value, ie. with largest anomalous pattern among all.

I m = [I 1 , I 2 , . . . , I n-m+1 ], such that I i = j if d i,j = min(D i,m
Example 4. Following the Matrix Profile of our ongoing example, the greatest distance among the ones in the Matrix Profile (smallest ones to each respective query subsequences), is 14.1 which corresponds to the 7th row. The discord is then the following subsequence, starting at position i = 7 : 0 1 3 2 9 1 14 15 1 2 2 10 7

Matrix Profile algorithms: STOMP and SCRIMP++

As mentioned in chapter 2, different data mining algorithms have been proposed to extract motifs or discords in time series. In this section we focus on algorithms that compute the Matrix Profile with their characteristics and properties. This will constitute the foundation of our approach. There is a growing interest in MP algorithms, with a set of algorithms that tend to focus on improvement of previous algorithms run and space time complexity, with both approximate and exact approaches. The calculation of the distance between the query subsequence and all the subsequences obtained through the sliding window is based on the notion of similarity search.

z-normalized Euclidian distance

Definition 7 (z-normalized form). The z-normalized form of a sequence is a transformed state of this sequence such that its mean µ = 0, and standard deviation σ = 1, whereby each data value T i is transformed into

T i -µ σ .
In other words, it measures the number of standard deviations that a given data value is from the sequence mean. 3,2,9,1,14,15,1,2,2,10,7] has a mean value of µ = 67 13 = 5, 1538, and a standard deviation σ = 5.0359. The z-normalized form of this sequence is as follows (rounded to the closest fourth percentile for ease of read).

Example 5. The sequence T of Example

1, T = [0, 1,
T ′ = [-1.0234, -0.8248, -0.4277, -0.6263, 0.7638, -0.8248, 1.7566, 1.9552, 0.8248, -0.6263, -0.6263, 0.9623, 0.3666].

The z-normalized Euclidian distance is the Euclidian distance measured between two sequences that are z-normalized.

The following formula specifies the z-normalized Euclidean distance between a query subsequence T i,m and a subsequence T j,m , where the subscripts i and j, refer to the subsequence for which they denote the starting time stamp. m denotes the length of the subsequences. Q i,j is the dot product of the subsequences T i,m and T j,m . [START_REF] Rakthanmanon | Addressing big data time series: Mining trillions of time series subsequences under dynamic time warping[END_REF]. MASS creates the Distance Profile for a given query subsequence over a time series, and its effectiveness makes it highly suitable for very large time series.

d i,j = 2m 1 - Q i,j -mµ i µ j mσ i σ j (3.1)
Q i,j = Q i-1,j-1 -t i-1 t j-1 + t i+m-1 t j+m-1 (3.2)
Based on this recursive equation, STOMP calculates the distance profile D i of T i,m with regard to a time series T in O(n) given D i-1,m . Q 1,1 is computed using Fast Fourier transform based on the STAMP algorithm [START_REF] Yeh | Matrix profile i: all pairs similarity joins for time series: a unifying view that includes motifs, discords and shapelets[END_REF]. Overall STOMP runs in O(n 2 ).

Based on the recursive equation above it is possible to calculate the distance profile D i,m of T i,m with regard to a time series T in O(n), given D i-1,m . The value of Q 1,1 is computed separately.

SCRIMP++ algorithm

SCRIMP++ is an anytime algorithm that approximates the exact approach of the STOMP to derive a Matrix Profile. Essentially, it allows for an approximate solution in O(n 2 ) like STOMP but with a faster convergence in average. SCRIMP++ leverages Equation 2to compute iteratively the diagonals of the distance matrix in random order. STOMP algorithm computes the distance matrix using Equations 1 and 2 row-by-row and in-order while SCRIMP++ use them in diagonal to reduce the number of operations required to compute the Matrix Profile. Thus SCRIMP++ compute the Matrix Profile along the diagonal, a subset of all the distances is computed. A percentage argument sample pct is used to determine the pairwise distances to be computed along the diagonals. The value of 0<sample pct <= 1.0. If sample pct is set to 1, SCRIMP++ will give the same result as STOMP.

Our second contribution towards the ranking of variable length discords proposes to integrate MP approaches with point anomaly approaches. For completeness, in the next two sections we present the different point anomaly methods we use and motivate our choices as well. Methods for point outlier detection can be classified as model outlier detectors or predictor based outlier detectors. We will compare both in our integrated ranking approach.

Point anomaly detectors

Model or statistical outlier detectors derive a probabilistic model which captures the distribution of the time series. If an instance in the time series has a low probability of belonging to the estimated model, it is flagged as an outlier [START_REF] Chandola | Outlier detection: A survey[END_REF]. In this section we detail two algorithms that we will be using in the thesis and motivate our choice. Those algorithms are the Median Absolute Deviation (MAD) [START_REF] Iglewicz | How to detect and handle outliers[END_REF] and the Minimum Covariance Determinant (MCD) [START_REF] Rousseeuw | A fast algorithm for the minimum covariance determinant estimator[END_REF].

Model based: MAD

The Median Absolute Deviation outlier detection method is a point outlier detector that uses the Absolute deviation around the median to measure the distance between a data point and the median [START_REF] Iglewicz | How to detect and handle outliers[END_REF]. The median is considered as a tendency measurement of the data similar to the mean, but unlike the mean it is more robust to detect relevant point outliers in the data, being immune to noise, and to the sample size [START_REF] Leys | Detecting outliers: Do not use standard deviation around the mean, use absolute deviation around the median[END_REF].

Given a time series T = [t 1 , t 2 , ..., t i , ..., t n ] such that i is the time unit, MAD first calculates the median of T, this median is denoted by t, and its absolute deviation, by subtracting t from each t i in T:

MAD = median(|t i -t|) (3.3) 
For each t i we calculate their modified z-score using the predefined formula [START_REF] Wilcox | Fundamentals of modern statistical methods: Substantially improving power and accuracy[END_REF]:

M i = 0.6745(t i -t) MAD (3.4)
As we saw previously for the z-normalized Euclidian distance, the z-score is a measure associated with each data value commonly used in statistical analysis

t i -µ σ .
If the absolute value of the modified z-core of t i is larger than a threshold then the MAD approach will consider t i as an outlier. [START_REF] Iglewicz | How to detect and handle outliers[END_REF] proposed the value 3.5 as a threshold, which is the default one in the MAD method.

We illustrate the MAD method through the following example.

Example 6. Find the point outliers using MAD over the following sequence: L= [3,8,8,8,8,9,9,9,9].

Step 1: Find the median. The median t for this sequence is 8.

Step 2: Subtract the median from each t i -value using the formula

|t i -t| |3 -8| = 5, |8 -8| = 0, |9 -8| = 1.
Step 3: sort the list of obtained |t i -t| leading to [0, 0, 0, 0, 1, 1, 1, 1, 5].

Step 4: find the median of the absolute differences using Equation (3.3). The median is 1. Step 5: Then after calculating the MAD, each point is given a score based on equation (3.4). The result is the list M = [-3.3725, 0.0, 0.0, 0.0, 0.0, 0.6745, 0.6745, 0.6745, 0.6745].

Step 5: a point is considered an anomaly if |M i | > D, where D is the threshold. In this example if D is set to 3 then the point 3 is an outlier. If it is set to the default threshold value of 3.5 for MAD, then there is no point outlier in this sequence.

We chose MAD outlier detector, to emphasise the importance of selecting point outlier detectors that fit the characteristic of time series. MAD runs in O(n) [START_REF] Rousseeuw | Alternatives to the median absolute deviation[END_REF].

Predictor based : PROPHET

Predictor based outlier detectors proceed differently. They construct a predictor (like forecast model or a regressor) to learn the normal behavior of the time series, and then exploit the learned information to predict future values. Predicting errors that signicantly deviate from the true value are labeled as point outliers [START_REF] Li | Anomaly scoring for prediction-based anomaly detection in time series[END_REF]. As we saw earlier, many predictor methods have been developed including ARIMA [START_REF] Sanayha | Fault detection for circulating water pump using time series forecasting and outlier detection[END_REF], and SVM [START_REF] Ma | Time-series novelty detection using one-class support vector machines[END_REF] to detect point outliers, we chose PROPHET in our study because it accounts for the seasonality of the time series [START_REF] Taylor | Forecasting at scale[END_REF].

PROPHET is an open source time series forecasting model, that detects outliers based on the data learned through the forecasting component. Its purpose is to forecast future data, and detect outliers, with an uncertainty estimation. Once PROPHET fits the given time series, it generates an estimation of the uncertainty through a confidence interval for each value. Then for each value in the time series, it calculates the error and uncertainty based on the confidence interval of each value. If the error of a value is bigger than its uncertainty it will be flagged as an anomaly.

PROPHET is based on generalized additive model (GAM), which means that the model y(t) is the sum of several components summarized below:

y t = g(t) + s(t) + h(t) + ε(t) (3.5)
Where:

• g(t) denotes the growth function, a piece-wise linear function. The number of linear growths, is determined by the number of change points in the time series, that can be entered manually or detected automatically by PROPHET.

g(t) = k + a(t) ⊤ δ t + m + a(t) ⊤ γ (3.6)
where k is the growth rate scalar value, m the offset value, a(t) a binary vector ∈ {1, 0} indicating if there is a growth rate adjustment at time t. δ is a vector that contains the growth rate value. For instance if there is 10 change points then the vector of δ will have 10 values.

• s(t) the seasonality, modeled using Fourier Series as a function of time.

s(t) = N ∑ n=1 a n cos 2πnt P + b n sin 2πnt P
where P is the periodicity of the data, for example we could have a weekly data P=7 and if we have yearly data P = 365.25. N is the Fourier order, used to control the seasonality curve. By default PROPHET uses N=10 for yearly data and N=3 for weakly data. To fit the seasonality, PROPHET estimates

2N parameters β = [a 1 , b 1 , . . . , a N , b N ] ⊤ .
• h(t) holiday seasons parameter, that we will not consider

• ε(t) the error estimation using a maximum of a posteriori estimations. This estimation is obtained through Monte Carlo simulations.

Not all components are mandatory, and in our case since we will be experimenting on climate time series. In particular we do not consider h(t).

Growth function as a piece wise linear function gt(t) is made up of a number of linear growth functions specified by: f (t) = ktm where k is the growth rate scalar value, t denotes the time variable, and m is the offset value. PROPHET computes the change points of the time series and inbetween each change point detected, the data is approximated with a linear function.

PROPHET runs Monte Carlo simulations multiple times to generate the upper and lower confidence bounds. By default it runs 1000 simulations. The reason we chose PROPHET over the well known SARIMA method, is that unlike SARIMA, PROPHET can detect multiseasonality in the time series, which is important for climate data, especially when studying climate change. Also compared to SARIMA and neural network predictors, PROPHET is more efficient in general [START_REF] Rakthanmanon | Addressing big data time series: Mining trillions of time series subsequences under dynamic time warping[END_REF].

Summary

In this chapter, we presented in details the algorithms we will use in our work. We presented the Matrix Profile data structure and existing algorithms both exact and approximate to derive it, STOMP and SCRIMP++. We also presented different point anomaly extractors that will be exploited in our integrated approach (PROPHET and MAD). PROPHET and MAD are very different in their approach and studying their strength in defining our hybrid approach is an important element when integrating discord and point outlier methods, for the objective of ranking.

CHAPTER 4 ORDERING VARIABLE LENGTH DISCORDS : OUR APPROACHES

In this chapter, we present the core of our contribution towards the ranking of variable length discords that provide insights towards impact analysis [START_REF] Khansa | Application of Matrix Profile techniques to detect insightful discords in climate data[END_REF]. This includes the concept of prominent discords [El Khansa et al., 2022a], two different approaches we developed to derive prominent discords [START_REF] Khansa | Prominent discords in climate data through matrix profile techniques: detecting emerging long term pattern changes and anomalous events[END_REF], as well as a ranking approach based on an integration of variable length discords and point anomaly detectors [START_REF] Khansa | On the ranking of variable length discords through a hybrid outlier detection approach[END_REF]. The evaluation of all the approaches is carried out in chapter 5. To implement our different algorithms, we used Python as programming language and the Matrix Profile Python library. We also used the R library jmotif for HOT-SAX and RRA.

Intuition

In the previous chapter we have presented existing works on discords and variable length discords over time series. The strength of extracting variable length discords is that we do not make any assumption or introduce bias in the length of the query subsequence. However, this comes at the price of generating many discords for all the considered lengths. For a given length, existing methods do return the top k-discords, ranked by their dissimilarity measure, distance to their closest neighbor.

With a plurality of discords that vary in length, comes the question of which ones are more important, in terms of meaningful insights to the user, which often relates to the impact such discords have in their thematic interpretation. Having too many reduces their potential usage and relevance. Thus, there is a need to extract among those the ones that could be more important than others. Given that such top discords result from separate extractions and have different lengths, the answer is not straightforward, and might be multiple. This is the challenge we address in this thesis: how to compare discords of variable lengths in a meaningful and insightful manner.

The first step is to determine whether the variable length discords at hand are potentially comparable, and if so, what would be a reliable and quantifiable measure of comparison that is both meaningful with respect to the time series at hand, and in terms of knowledge gain for the user.

Let us assume we have the top k ranked discords for query subsequences of length 4 and 5 of a given time series. Those are characterized by their starting date, duration and distance from their closest neighbor subsequence. We can define a total ordering specified by the ratio function : distance to closest neighbor over the discord length. Clearly this defines a total ordering, however what does it mean?

Example 7. [On comparing variable length discords] Let us consider a time series of daily

precipitations measured over a year. We have a discord of length 15 that denotes consecutive days of very high precipitation with distance 16.5 from its closer neighbor, and a discord of length 30 that denotes a sequence of dry period with distance 8 from its closer neighbor. Thus the first discord is shorter but very distant from the same length subsequences. The second discord lasts a whole month but is less distant from its closest neighbor. The ratios would be 16.5:15 and 8:30 indicating that the two weeks of intensive precipitation are more important than the very dry month.

Clearly this can depend on the distance measure, which is commonly specified by the Euclidian distance or z-normalized Euclidian distance. This distance has shown its value and will not be reconsidered. However, from a climatologist point of view, determining which of the two discords is more important can not be determined by this ratio function, since the conclusion is that the two discords are not comparable.

Another element of information carried out by the distance value could be that there can be nearest neighbors that highlight similar anomalies in the patter, leading to a small distance value, which does not indicate that the discord was not of importance in terms of impact. This is the element we consider in the proposal of the prominent discord, namely to seek to compare discords that share some common elements in their covered patterns.

In this example we illustrate the importance of seeking to compare what is comparable, and determining quantifiable measures to rank variable discords when they are comparable.

We propose two different approaches to rank variable length discords leading to insights for the application domain at hand. This means extracting the discords that reflect important changes while remaining free of bias in terms of setting an a priori length, and tractable.

The Prominent discord approach

Let us first introduce the concept of prominent discord [El Khansa et al., 2022a] through a small example. [4 months, 30 months], using a monthly time step to increase the window length. Among the respective top discords we noticed that some share a key element which is their starting date, and others did not.

Example 8. Consider a time series of daily runoff climate data over 5 years. We calculated the top discords for all lengths within the interval

Figure 4.1 shows four discords of respective lengths 13, 20, 37 and 58; all starting at the same position in the time series, during month 21. The reading of the plots corresponds to daily runoff data over five years in millimetres. The Xs covers the daily timestamp while the Ys the height of the runoff in the Sahelian region. Peaks clearly indicate the rainy season. For each window length the discord is highlighted in a continuous line over the time spam, and a change of color indicates the extended period of time covered by the next discord. The longest discord corresponds to the window size of 58 months and covers the other three. This will be the one we will call the most prominent one. In terms of insights, this prominent discord covers a very long period of lasting changes that include the changes reflected by smaller discords (in length), that relate to the same anomalous period in time. Note that other discords, relative to different length, might have higher distance values, but did not cover shorter anomalous patterns. Our assumption is that over different query subsequences within the time covered by such discords, there was no extraction of discords, thus the anomaly detected is not prominent compared to the discords that also subsume shorter ones. In such cases the anomalies are extracted only for a certain duration which limits their potential impact from a thematic point of view.

Definitions

Let us now define the problem we address, to extract the most prominent discord.

Problem 1. Given a time series T, derive all variable length discords (within a large range of possible lengths and a unit step), and extract the top discords that contain discords sharing their starting position. From these prominent discords, derive a relevant ordering that relates to their length, and number of subsumed discords.

Intuitively we aim to compare discords of different lengths, and extract efficiently the longest discord for which subsequences within a certain duration range, and same starting position are also discords.

We work at a meta level with respect to the Matrix Profile, since we will compute Matrix Profiles over subsequences of variable lengths, and seek the longest discords that subsume discords, given a specified ordering relation. To formalize our problem, we introduce three new concepts : discord profile for variable length discords, discord subsumption ordering, and prominent discord.

Note that to reason over a large and meaningful number of subsequences the interval of the variable lengths is specified by [4, ..., n/2] where n is the length of the time series. Definition 8 (Discord profile for variable length discords). The discord profile ∆P of a time series T is a set of discords ∆ j,l of variable lengths l and starting positions j, such that ∆P = {∆ j,l | j ∈ 1..n/2 -1, 0 < l ≤ n/2}. Definition 9 (Discord subsumption ordering). A discord ∆ j,m subsumes a discord ∆ i,l , specified as ∆ i,l ⪯ ∆ ∆ j,m if and only if, i = j and l < m. ⪯ ∆ is a partial ordering.

Note that this ordering relation is a partial order since two discords with different starting position in the time series are not comparable. The motivation behind this ordering is that such discords might relate to very different events, whereas discords that co-occur in their starting position are more likely to share the root event for the outlier pattern. With identical start position, two discords can relate to the same anomalous pattern. This is not necessarily true for different starting positions.

Definition 10 (Prominent discord). A Prominent discord ∆j,l start ,l end of a time series T is the top discord ∆ j,end of a lattice of all discords ∆ j,l in ∆P such that ∆ j,start ⪯ ∆ ∆ j,l ⪯ ∆ ∆ j,end .

Example 9. We illustrate those definitions through two small example sequences. Let us consider two sequences : 3,2,9,1,14,15,1,2,2,10,7] • Sequence 2 = [1,1,7,2,9,1,14,15,1,2,2,10,7] Both are of length 13, thus the maximal length for the query subsequence is 13/2 = 6. The discord profile for the variable length discords will be the set of discords for each length within [4, ..., 6]. Note that we start at length 4 which is the minimum length considered to be able to refer to a sequence. Figure 4.2 shows the Matrix Profile for each length and applied to each sequence (1 and 2). The top discord profile (highlighted in yellow) for each Matrix Profile is extracted leading to three discords ∆ j,l specified by their starting position j and length l.

• Sequence 1 = [0, 1,
For the first sequence we have the three discords that specify the discord profile for variable length discords ∆P 1 = {∆ 7,4 ∆ 6,5 , ∆ 5,6 } .

For the second sequence we have the three discords that specify the discord profile for variable length discords ∆P 2 = {∆ 6,4 , ∆ 6,5 ∆ 5,6 } Regarding the subsumption ordering, it relates to coinciding starting dates and the length of the sequences. Thus we have for sequence 2, ∆ 6,4 ⪯ ∆ ∆ 6,5 , thus ∆ 6,5 subsumes ∆ 6,4 . The prominent discord is denoted ∆6,l 5 ,l 6 . The variable length discords in sequence 1 are not comparable, since not starting dates coincide. From the subsumption ordering we define a ranking of prominent discords. This ordering accounts for 1) the number of subsumed discords (of different lengths of course), and 2) the relative length of the shortest subsumed discord. The idea behind this ordering is to reflect the importance of a prominent discord by identifying their potential impact as eventually an insight towards a pertained change of behavior in the time series. The longest discord subsuming a much shorter one, can indicate a potential important and lasting climate change, and impact on soils, agriculture, or human sanitary conditions for instance. 1 2 3 4 5 6 7 8 9 10 11 12 Ranking function. We propose a ranking function that sorts the prominent discords in decreasing order of sort (l endl start ) /l start where the top value corresponds to the longest interval of subsumed discords (l endl start ), and the lower one the length of the first subsumed discord (l start ).

횫 � ퟔ,풍 ퟓ ,풍 ퟔ
As illustrated in Figure 4.4 the prominent discord A will outrank prominent discord B even though they subsume the same number of discords, because A builds upon a shorter length of the outlier pattern (l start ). Both prominent discords have the same starting date i or j, but they have different l start and l end where prominent discord A have a shorter l start than the prominent discord B, and the difference between l end and l start is the same for both prominent discords. In this case calculating the ratio mentioned above, the 1 st ranked prominent discord will be prominent discord A and the 2 nd prominent discord is prominent discord B. 

i l start 1 15 ⇐ ========= ⇒ i l end 1 Prominent discord A j l start 2 15 ⇐ ========== ⇒ j l end 2 Prominent discord B

Exact Algorithms to compute prominent discord using STOMP

To derive the set of prominent discords, we first derive the discord profile over variable length discords (Algorithm 1) and extract the prominent ones (Algorithm 2) through a counting method based on shared starting positions. Note that Algorithm 1 makes use of the efficient Matrix Profile computation algorithm (line 5), the STOMP algorithm [START_REF] Zhu | Matrix profile xi: Scrimp++: time series motif discovery at interactive speeds[END_REF] recalled in Chapter 3. STOMP derives the z-normalized Euclidean distance to measure efficiently the distance between subsequences. Algorithm 1 takes as input the whole time series, a maximum subsequence length and list of variable lengths (line 2-3), called windows that specify the subsequence lengths considered. For each window size (lines 4-7), we compute the Matrix Profile, extract the discord ∆ j,l to be stored in the Discord profile list ∆P. 

= ∆P[0].l for i ← 0 to i ≤ length(∆P)-1 do if ∆P[i].j == ∆P[i + 1].j then count + + end else ∆j,s,s+count = new ∆(∆P[i].j, s, s + count) ∆C ← ∆C.add( ∆) count = 1 s = ∆P[i + 1].l end end ∆C ← Quicksort(∆C, (l end -l start )/l start )
return ∆C // sorted list of prominent discords It takes as input the time series and returns the sorted list of prominent discords ∆ j,l start ,l end including their starting position, first discord length and longest one. Line 3 initializes a counter of discords having identical starting positions. In line 4 the discord profile ∆P is computed from Algorithm 1 and contains all the discords ∆ j,l one per length l considered in Algorithm 1. Line 5 and 6 define the variables used to extract the length l and starting position j of a discord in ∆P. Line 7 extracts the length of the first discord. Lines 9-11 increment the count as long as the next discord has the same starting position as the current one denoted by i. Lines 12-14 create a new prominent discord with starting position j, starting length s, last length s + count.

It is added to the prominent discord list. Lines 15-16 re-initialize the count, and new starting s position to the one of the next discord in ∆P. Line 19 sorts the prominent discord list in decreasing order according to the proposed ranking function (l endl start ) /l start ; and finally line 20 returns the final sorted list ∆C.

Worst case time complexity. Algorithm 2 (calling algorithm 1) runs in the worst case in O n 3

where n is the length of the time series. 

Approximate approach using SCRIMP++

STOMP is an exact approach that computes the distance profile by computing all the pairwise distance from the query subsequence. This can come at a high computational costs. We propose an approximation approach using the SCRIMP++ algorithm, to seek a compromise between accuracy and CPU [El [START_REF] Khansa | Application of Matrix Profile techniques to detect insightful discords in climate data[END_REF]. The result produced by SCRIMP++ depends on the number of samples used to compute distances, meaning the number of pairwise comparisons with a given query subsequence length. This number is specified by the parameter MP ( sample pct), 0 < sample pct ≤ 1, that represents the percentage of subsequences compared with the query one. A value 1 will calculate the exact Matrix Profile, while a smaller sample pct value will reduce the number of samples thus yielding faster computations. The experimental evaluation of our approach and comparison between the exact and approximation approaches is carried out in chapter 5. In the following section we present a hybrid approach that seeks to combine the accuracy of an exact approach with the efficiency of the approximate one.

A hybrid exact/approximate approach

The hybrid approach we proposed in [El [START_REF] Khansa | Application of Matrix Profile techniques to detect insightful discords in climate data[END_REF] aims to integrate the best features of the exact and approximate approaches. The key idea is to use the approximate approach SCRIMP++ to calculate the prominent discord and then the exact method (STOMP) to adjust and update the window's length. There are two main phases in this hybrid approach. The first phase is to check approximate prominent discords accuracy. To achieve this we use STOMP where we apply STOMP with a query window size ranging from that of the starting window till the end window of each approximate prominent discord, and compute the top discord for each window size. When STOMP computes a top discord that is different from the one of the starting date of the approximate prominent discord, the approximate prominent discord is removed. If it is the same and all the top discords are recognized by STOMP, meaning that they share the same starting date, we proceed to the second phase.

The workflow of the hybrid approach calling upon those algorithms is depicted in Figure 4.5. We also illustrate each phase through a running example. Example 10. [Illustrating Phase 1] Let us consider an approximate discord, ∆t 1 ,7,10 computed with the approximate approach. Then, we run STOMP multiple time for all value l between 7 and 10. If all top discords of each Matrix Profile have a starting date equal to t 1 then the prominent discord will move to second phase 2, as show in figure 4.7. If not, the approximate prominent discord will be rejected and will not be considered in phase 2. As show in figure 4.8, at l = 9 the top discord starts at t 2 and not t 1 , so it will be rejected. In the second phase we aim to update the windows of the approximate prominent discords, which comprise the starting and ending window sizes. The goal is to reach an exact prominent discord by focusing on the ones obtained from the approximate approach accepted after phase 1. First we search for the smallest starting window that matches the starting date. We compute the top discords using STOMP where the window is equal to the starting window of the approximate prominent discord minus 1 time stamp. If the resulting top discords coincide with the starting window, we run STOMP again but this time the window size is decreased by 1. We continue this process until the starting date of the top discord computed by STOMP differs from the starting date of the approximate prominent discord. The starting date of the approximate prominent discord is updated by the last window size for which the top discord shares the same starting date as the initial one.

Integrity check Windows udpate

푡 1 푡 1 푡 1 푡 1 푡 1 푡 1 STOMP Accepted 풍 풔풕풂풓풕 = ퟕ 풍 풆풏풅 = ퟏퟎ 풍 풔풕풂풓풕 = ퟕ 풍 풆풏풅 = ퟏퟎ 풍 = ퟖ 퐥 = ퟗ
풍 풆풏풅 = ퟏퟎ 퐥 = ퟗ 푡 1 푡 1 푡 1 푡 1 STOMP Rejected 풍 풔풕풂풓풕 = ퟕ 풍 풔풕풂풓풕 = ퟕ 풍 = ퟖ 푡 2
The same process is applied with the ending window size, but instead of reducing the window by 1 at each iteration, we increment it by 1. Example 11. Figure 4.10 illustrates the process for updating l end of the approximate discord ∆l 1 ,5,7 that was accepted in the previous example shown in Figure 4.7. With STOMP we compute the Matrix Profile with query window size l = 10, and extract the top discord. If it starts at l 1 we compute the Matrix Profile using the next window size which is l = 11, and continue by incrementing l by 1 as long as the top discord of the computed Matrix Profile start at l 1 . In this example, we compute from l = 10 till l = 14 and stop, since for l = 14 the top discord starts at t 2 . Thus after updating l end , the approximate prominent discord is revised to ∆l 1 ,7,13 . Example 12. Figure 4.11 illustrates the process of updating l start of the approximate discord ∆t 1 ,7,10 after we updated l end . We run STOMP to compute the Matrix Profile at l = 6 and extract the top discord, if the top discord starts at t 1 , we decrement l by 1 and compute the top discord at l = 4. Since it also starts with t 1 we continue and compute the top discord at l = 4.

푡 1 푡 2 푡 1 푡 1 푡 1 푡 1 STOMP 풍 풆풏풅 = ퟏퟎ 풍 풔풕풂풓풕 = ퟕ 풍 풆풏풅 = ퟏퟏ 풍 풆풏풅 = ퟏퟐ 풍 풆풏풅 = ퟏퟑ 풍 풆풏풅 = ퟏퟒ
풍 풔풕풂풓풕 = ퟒ 풍 풔풕풂풓풕 = ퟓ 풍 풔풕풂풓풕 = 6 풍 end = ퟏퟎ 풍 풔풕풂풓풕 = ퟕ STOMP 푡 1 푡 1 푡 1 푡 1 푡 2
Since it start at t 2 we stop and update l start . Thus the final approximate prominent discord will be ∆t 1 ,5,13 since we updated both l start and l end . The approximate prominent discord will be an exact prominent discord as shown in figure 4.12. In this example both l start and l end are updated, but this does not need to occur in order to obtain an exact prominent discord. Depending on each case, an approximate discord can have just l start updated or l end . Also, in some cases the integrity check and phase 2 can lead directly to an exact discord without any need for updates.

푡1 푡1 횫 � 풕 ퟏ ,풍 ퟓ ,풍 ퟏퟑ 풍 풔풕풂풓풕 = ퟓ 풍 풆풏풅 = ퟏퟑ

Worst case time complexity

The worst case occurs when we need to run STOMP for all windows in phase 2, thus O(n 2 × n) = O(n 3 ). This will correspond to the exact approach. In the best case, we will have approximate prominent discords that already match exact ones and others that ill be rejected thus reducing the size of ∆ ′ when starting phase 2.

To reduce the average runtime of phase 2, it is important to store the value of the computed Matrix Profile for any given value of l. This ensures that it will not be computed multiple times in case the same l appears again when updating another approximate discord that subsumes the same value for the same l.

A ranking approach using point outlier methods

So far we presented different methods to rank variable length discords, based on our definition of prominent discord and subsumption ordering. It allows us to compare and order variable length discords, solely based on the starting date and duration of the discords.

Following this study, we sought a complementary approach that is based on the idea of ranking variable length discords by accounting for potential point anomalies that could occur within the different discords. Indeed, from a thematic point of view, we considered that it can be relevant to also analyse whether pattern anomalies can be related and of variable importance depending on the point anomalies extracted over the whole time series. Thus, we developed a different ranking approach that combines an exact discord extraction approach with point outlier detectors.

Integrated approach

The intuition behind this idea is that the exact discord detection approach would ensure a reliable extraction of discords, while the point outlier detectors would contribute to their ranking. The ranking is based on the following ratio function.

Definition 11. Given a discord ∆ i,j , and a set of anomalous points over the whole time series T, the ratio function is defined for each discord as the number of anomalous points intersecting the discord, divided by the length of the discord.

We use the Matrix Profile method, STOMP as an exact approach to extract discords, that also offers as we mentioned earlier the qualities of being parameter-free as well as not utilizing a similarity or distance threshold. This is important since the point outlier detectors do not have these advantages, and an increase in thresholds tuning would reduce the robustness of the overall results. With respect to the point outlier detectors, we developed and experimented with the generic MAD model approach, and the predictor PROPHET method that also handles trends and seasonality. Both were described in Chapter 3. We propose an integrated approach, embedded in Algorithm 4, that is structured around the following four main phases:

1. Extract variable length discords (Matrix Profile method) -Lines 8-12 2. Detect point outliers over the time series -Line 13 3. Score the discords based on the anomalous points they contain -Lines 14-20 4. Filter and sort the discords with a ranking function -Lines 21-25 Extract variable lengths discords. Lines 8-12. We compute the Matrix Profile for variable window sizes j over T, where 4 < j < length(T)/2. For each window size, we extract the top discord, and return the list of all the top discords.

Detect point outliers in the time series. Line 13. This step seeks point wise outliers (using two different methods PROPHET and MAD), over the whole time series T. The outcome is a Boolean list denoting for each data point if it is an anomaly or not.

Score the discords. Lines 14-20. This step integrates the variable length discords and Boolean anomaly list for scoring purpose. For each discord we count the anomalous points that are included in each discord ∆ i,j . Clearly a simple count is not the only element in the scoring, and the discords' length needs to be taken into account. Note that some discords can overlap, thus share anomalous points. To address this issue we define a scoring function as the ratio of the count over each length.

Filter and sort. Lines 21-25. This procedure filters the discords based on their count, as well as their starting dates, and length. Based on our past work and analysis of subsumption among variable length discords, it is important to compare variable length discords with identical starting dates. The filtering stage groups discords sharing a starting date i and for each group selects the discord with highest ratio, meaning it subsumes the others. Then the discords (of variable length) are sorted in descending order of their ratio value. Worst case time complexity Since the algorithm relies on the computation of all variable length discords using STOMP, the time complexity is O(n 3 ). The algorithm time complexity is basically the discord detection time complexity that exceeds that of the point outlier methods.

Example

Example 13. This example uses the data series of sequence 2 showcased in Figure 4.3, to illustrate Algorithms 4. In addition to computing the top discords from l = 4 till l=5, we also detect the point outliers, highlighted in red in 4.13. For each discord we count the point outliers extracted that coincide with each discord. We have three discords, one discord of length 4, 5 and 6. We note that discords ∆ 6,4 and ∆ 6,5 each contain one outlier, whereas the discord starting at time unit 5 of length 6, ∆ 5,6 contains two outliers.

The method computes the score, through the ratio function for each discord. And we obtain the respective values displayed in the figure. Finally we sort the discord in decreasing value of the associated ratios, and ∆ 5,6 becomes the top ranked discord followed by ∆ 6,4 and ∆ 6,5 . 

Conclusion

In this chapter we presented our methodological contributions. The fist one is the concept of prominent discord that focuses on identifying a ranking approach for variable length anomalous patterns that last through time and subsume a set of discords. To implement this approach of variable length discords ordering, we develop three solutions: 1) an exact approach utilizing STOMP algorithm, 2) an approximate approach based on SCRIMP++, and 3) a hybrid algorithm that uses SCRIMP++ to approximate the prominent discord, for faster computation time, and to improve the solution quality through an iterative approach that uses STOMP to convert an approximate prominent discord into an exact discord. The second core contribution is an integrated method to rank variable length discords through a scoring function that brings together the Matrix Profile approach and point wise outlier detection algorithms to rank them. Those approaches have a common goal of ordering variable length discords but are based on different concepts and ranking functions. While the first one is solely based on deriving and mutually comparing variable length discords to derive the most prominent ones, the second one investigates the idea that variable length discords might contain anomalous points that contribute to their relative importance. Their evaluation is carried out in the next chapter.

CHAPTER 5 EXPERIMENTAL ANALYSIS AND EVALUATION

This chapter presents the experimental evaluation of our work on large data sets in the field of climate data series. A key element of our study is to provide reliable insights, by extracting discords of importance and ranking variable length discords. The importance can be related to the potential impact of such long term anomalies. To ensure that our approach contributes knowledge to the field, we chose to use very large data sets of historical climate data series. Their historical nature minimises the element of uncertainty, present in simulated and projected climate data, and brings the focus on our proposed methodology.

We will analyse principally so called runoff data. Runoff data correspond to measures of waters in terms of distance (in mm) above the land surface to reach a stream but also to infiltrate the soil surface. We consider observed monthly runoff data, defined in climate data science as an impact variable analyzed to quantify flood and drought risks at regional and global scales (e.g. [START_REF] Sillmann | Climate extremes indices in the cmip5 multimodel ensemble: Part 2. future climate projections[END_REF], [START_REF] Arnell | The global-scale impacts of climate change on water resources and flooding under new climate and socio-economic scenarios[END_REF], [START_REF] Gosling | A comparison of changes in river runoff from multiple global and catchment-scale hydrological models under global warming scenarios of 1 c, 2 c and 3 c[END_REF]). These monthly runoff observations are obtained from the Global Runoff Reconstruction dataset (GRUN) that covers the 1902-2014 time period (113 years), with a 0.5°× 0.5°spatial grid resolution [START_REF] Ghiggi | Grun: an observationbased global gridded runoff dataset from 1902 to 2014[END_REF] We focus our analysis on the Sahel region, a particularly soil water vulnerable area, and we spatially average monthly runoff over the corresponding grid box [5°W-25°E ; 10°N-18°N].

All experiments were run on an Intel(R) Xeon(R) Bronze 3106 CPU processor at 1.70GHz with 8 core with 64 GB of RAM.

On the prominent discord

In this section we evaluate the prominent discord approach, and compare our results with other existing discord discovery methods. We used runoff data series over the Sahel region between 1902 and 2005 (i.e. 104 years, 1248 months), a period of sufficient duration for reliable studies in historical climate analysis. In climate data analysis it has been shown that the observation period is important and the commonly used period of 30 years considered today a bias for outlier detection. We will cover a period of 104 years with a set of observation data to validate our approach [START_REF] Ghiggi | Grun: an observationbased global gridded runoff dataset from 1902 to 2014[END_REF].

Prominent discords discovery

From the dataset of monthly runoff observation data over 1248 months, we extracted the list of all prominent discords, including their ranking based on our proposed ratio function, after calculating the discords for all variable length windows in the interval [4,..,1248/2], with a monthly step increment. The choice for the interval is based on the idea that a discord can be considered as such for a minimal window size of 4 months, and maximal size of half of the duration of the considered time series. Beyond this limit the outlier can tend to become the norm.

The set of prominent discords was derived in 3.5 minutes CPU. Figure 5.1 shows for five prominent discords, including the most prominent one, their respective subsumed discords. Each blue dot represents a discord with its window length (Xs) and its starting date (Ys). The X-axis indicates window lengths up to 130 months, and the Yaxis the discords starting date. The arrows show the prominent discords with all the subsumed discords of coinciding starting dates. The length of the arrows illustrates how many discords the prominent one subsumes. Here we have four prominent discords. The most prominent discord starts at the position date 1903-10-15, with a lower window size of 13 months for its first subsumed discord, and upper length of 58 months. Let us consider one of the prominent discords extracted by our method. It is the most prominent discord that starts on date 1903-10-15 and has a length of 58 months. It contains as smallest discord one that starts at the same date with a length of 13 months. It subsumes also all the subsequences that start at the same date and have lengths up to 58, and that were also detected as discords. This lead to a ratio of 58-13 13 = 3.46. Looking at it from a different angle, the most prominent discord subsumes 46 discords with identical starting dates and variable lengths within the interval [13,..,58].

We can see in Figure 5.1, that the discord of length 59 for instance, starting in 1940, does not relate to any other discord, within this time period, and thus is not comparable to any discord according to our ordering relation.

The top five prominent discords are presented in Table 5.1, with their specified starting date, and [starting, ending] window sizes. They are ranked using our ratio measure. The third and fourth ones are not displayed in figure 5 Before investigating the insights of the prominent discord with respect to climate data analysis, we compared our method with alternative methods.

Comparative algorithmic study

In our method we have made two principal choices: 1) we chose an exact approach for discord discovery, 2) and a variable length discord computation without parameterized length settings. We now compare our approach with existing discord discovery methods that differ in both or either option. The objective is to illustrate the importance and role that those choices play in the prominent discords extraction.

HOT-SAX and SAX. We considered HOT-SAX, an extension of the SAX algorithm [START_REF] Lin | A symbolic representation of time series, with implications for streaming algorithms[END_REF]] SAX discretizes time series into words and detects motifs in time series but not discords. The HOT-SAX algorithm was developed to detect discords. It builds a sufx tree that stores the words generated by SAX. A word with the least number of occurrences is a discord. A requirement is that the number of extracted discords is predefined. Rare Rule Anomaly (RRA) [START_REF] Lin | A symbolic representation of time series, with implications for streaming algorithms[END_REF]] is an algorithm that uses grammar-based compression able to detect motifs and discords in time series. Similar to HOT-SAX, RRA uses SAX algorithm to discretize the time series. A grammatical induction algorithm (ex: Sequitur [Nevill-Manning and Witten, 1997]) is used to generate the grammar. These generated grammars are used to detect the discords. One of the main parameters for HOT-SAX and RRA is the window size. To be able to compare them with our approach, we use the value l end of each prominent discord as the window parameter and seek the top discords for each window length. 

PAN MATRIX comparison.

We also compared our approach, with the PAN MATRIX algorithm.

This algorithm calculates variable length discords, using the SKIMP algorithm to compute the Matrix Profile for all motif lengths within a given interval (here [4,.., L/2]). Table 5.4 shows the top five discords with the PAN MATRIX. Even though PAN MATRIX does not rank discords, its default setting is to return the top motifs based on their length. Compared with our results in Table 5.1, the top 5 motifs extracted are all relative to one unique period and focus on the window size. Clearly this approach is not driven by discord extraction, nor concerned by the inter comparison of subsequences. In the best case, it orders motifs with respect to an absolute ordering. PAN MATRIX is efficient to calculate variable length motifs, but was not designed to order discords. 

Analysis and insights for climate data

In this section, we analyse our results from the thematic and importance of the knowledge gained for the climatologist.

To do so, and to be able to determine the relevance and insights of our prominent discord and proposed ordering, we compared with statistical analysis of those historical climate data (e.g. long-term trends, seasonal cycles, standard deviation). It is worth noting that the prominent discord approach is unsupervised, and does not consider any climate behaviour nor known physical processes.

Figure 5.2 shows the annual average runoff data over the Sahel region illustrating the maximum, minimum and average annual values, providing a general idea of the global fluctuations and extremes. Figure 5.3 relates the monthly runoff values together with the top five prominent discords we discovered in Figure 5.1. For each color, the dotted lines indicate the starting date of a prominent discord and the vertical lines the respective l start (length of smallest subsumed discord) and l end (length of the longest discord).

Runoff (in kg/m²/s) 1902 1917 1932 1947 1962 1977 1992 Runoff (in kg/m²/s) 1902 1908 1914 1920 1926 1932 1938 1944 1950 Runoff (in kg/m²/s) 1954 1960 1966 1972 1978 1984 1990 1996 2002 According to climate studies and climatologists, a well known soil drying trend mostly resulting from a rainfall decrease through the period of 1900 and 2013 in the Sahel [START_REF] Ghiggi | Grun: an observationbased global gridded runoff dataset from 1902 to 2014[END_REF]. We find consistent trends using runoff data, particularly in the annual maximum runoff time evolution between 1902 and 2005 [START_REF] Gosling | A comparison of changes in river runoff from multiple global and catchment-scale hydrological models under global warming scenarios of 1 c, 2 c and 3 c[END_REF].

Through the extraction of prominent discords, four of the five first prominent discords coincide with starting dates and length intervals during the first 22 years of the time series as displayed in table 5.1 and Figure 5.3. The corresponding averaged monthly runoff over 1902-1924 also shows a mean of 15e 07 kg/m 2 /s and a standard-deviation (i.e. an inter-annual variability indicator [START_REF] Hansen | Perceptions of climate change: the new climate dice[END_REF]) of 0.14 kg/m2/s, whereas the entire 1902-2005 time series is characterized by a mean of 12e 07 kg/m 2 /s and a standard deviation of 0.12 kg/m 2 /s. These four prominent discords do illustrate the specific time pattern between 1902 and 1924 with higher soil water amount and larger inter-annual variability, before the upcoming continuous long-term drying trend observed within Sahel. The second prominent discord is detected for a starting date at 1982-09-15 and window sizes in [109 ; 120 months]. This period corresponds to the time period with the smallest mean runoff values of the entire time series (Figure 5.2 and Figure 5.3). The associated 1982-1992 mean runoff is 9e 07 kg/m 2 /s compared to a mean runoff of 12e 07 kg/m 2 /s over 1900-2005. This prominent discord illustrates the temporal pattern resulting from the intense droughts that occurred in Sahel in the 1980s. During that decade, the most severe drought ever recorded over the African continent occurred during 1983[START_REF] Bezdek | Fcm: The fuzzy c-means clustering algorithm[END_REF](Figure 2 in [Masih et al., 2014]).

We compared our method to existing algorithms that use fixed time window sizes, by applying HOT SAX and RRA methods using as window sizes the length of each ending window of the top 5 prominent discords we obtained. Two of those prominent discords were detected through HOT SAX but not ranked, and one through RRA (Table 2, Table 3). Indeed, although both HOT SAX and RRA show a first starting date in 1902 and end dates in 1906 and 1907 respectively (Table 2, Table 3), they do not exhibit the long-term (∼20 years) time pattern until the 1920s that emphasizes high soil water amount before the continuous long-term drying trend (Figure 2). None of the HOT SAX and RRA methods exhibit the specific very dry 1980s dates as found using our prominent discords methods (Table 1, Figure 2). Moreover, corresponding dates for 120, 264 and 209 window sizes do not correspond to particular climate trends and/or events along all the runoff time series over Sahel (Figure 2, Figure 3).

In this experimental study, we demonstrated two major usefulness of our proposed prominent discord approach and ordering relation, in climate data analysis in terms of real insights towards the emergence of a long-term change, and the detection of recurring anomalous events. First, we showed that the prominent discord concept does capture a 20-30 years pattern illustrating a different (former) climate regime compared to the rest of the considered time series (emergence). Second, we showed that the subsumption ordering and prominent discords ranking capture the time pattern at a decade scale of the driest recorded yearly event (recurring anomaly detection).

Approximate approach

Using the same runoff data, we also run the approximate method to calculate the prominent discords, with sample pct ranging from 0.1 till 0.4 with an increment of 0.05 each turn. Our results are shown in table 5.5. We can see that the prominent discords computed are different in each table compared to the exact method, and when compared among the results with different sample pct values. For instance, the top prominent discord 1903-10-01 have a starting window 12 in all results, while the end windows vary. As for the second top discord in table 5.1 1982-09-01, for sample pct 0.1 this discord is the 10 th discord (same starting date, different start and end window). With sample pct between 0.15 and 0.25, this discord does not appear in the top 10 discords. For example, pct 0.3 and 0.4 the discord is at the 8 th and 6 th position. It was clearly expected that the approximate method would not give the same result as the exact method, and we note that the higher the sample pct value, the more accurate the result is but at an increased runtime cost. When running the approximate approach multiple times using with different sample_pct values, table 5 Overall, we can identify similarities and differences. The main similarity is the match among starting date between the exact and approximate approaches, while the differences can lie in the length of the prominent discord. Some subsequences are missed and thus the actual prominent discords will differ. This can question what is the most relevant when deriving the most prominent discords, in terms of when the anomaly starts and estimating the duration of this anomaly. Clearly the approximate approach allows us to identify in a robust manner the starting date of a prominent discord, which is a strong insight on the anomalous pattern. The challenge is to reach a compromise quality/runtime to determine the degree of quality of the lengths for such prominent discords.

Efficiency of the approximate approach

The graph in figure 5.4 represents the runtime in minutes for the approximate approach, relative to the value of the sample_pct. We show the relationship between both, through 10 different values. Note that the value of 1, corresponds to an exact approach. As expected as sample_pct value rise the running time increases. This increase is linear except when we match an exact approach. Regarding all the values in table 5.5 and comparing them to the result of the exact approach in table 5.1, we note that with respect to the starting date there is a lot of shared dates with the exact method, but when it comes to the starting window and end window, some of the discords do share one of the windows but there is no case with a match of both the starting and ending window. If we take for example the top three discords in sample_pct = 0.10, and compare them to the top discord in table 5.1 starting in October 1903 with starting window 13 and ending window 58, we can see that the three discords are actually representing the top discords, without the prominent subsumption. The top discord is from month 13 to 58, while the top three discords in sample_pct start in October 1903 with windows 14 till 27, 30 till 35 and 43 till 48, all of which are within 13 till 58.

Our results show that the approximate approach can capture prominent discords when it comes to the starting date but it struggles to capture the length. Thus, the result is still of relevance to the climate analyst, if a shorter runtime is required.

Evaluating the hybrid method

In this section we evaluate the two phase method presented in the previous chapter, that integrates the exact and approximate approaches. Table 5.6 represents the result of phase 1, where we experimented with two different values for the parameter sample_pct, respectively sample_pct = 0.1 and 0. For instance, from table 5.6, where sample pct is 0.1, we notice that the 5 th ,6 th ,7 th and 10 th approximate prominent discord, are flagged false. If we take the 6 th approximate prominent discord and compute the prominent discords using the STOMP algorithm from starting window 121 till ending window 125, we can see that not all the top discords detected by STOMP share the same starting date 1903-09-01.

Table 5.7 represents phase 2 of the hybrid approach: approximate prominent discords that are flagged as false in phase 1 are coloured red, while discords that are coloured yellow represent approximate discords for which the subsumed discords have the same starting date, but when running phase 2, no update was possible to the window sizes. On the other hand, the green coloured discords denote approximate discord for which the subsumed discords have the same starting date and with the window update phase, changes occurred leading to the exact prominent discords. Thus no updates cane be done, as the change of window sizes leads to a different discord. However, we notice a large number of discords coloured in green. This means that their windows have been updated through the hybrid approach. For example the top discord where sample sample_pct = 0.1 the top discords have 1903-10-01 as starting date, starting window of length 13 and end window of length 28. After the update process the windows adjusted to the starting window of length 13 and end window of length 58. This means that when STOMP searched for the top discord of window size 12, it extracted a different starting date than 1903-10-01", but when it searched for the the top discords with greater size windows, from size 29 to 58, all the top discords share the same starting date 1903-10-01. The prominent discord was thus updated and corresponds to the one extracted with the exact approach.

In summary, the hybrid approach does indeed enable the adjustment/correction of the approximate prominent discords to match the exact calculations, only if a component of the exact prominent discord is present in the output of the approximate approach. If not, there is no base on which to revisit the approximate prominent discord to improve it.

For example in table 5.5, the prominent discord of 1982-09-01 exists in the top 10 prominent discords when sample pct=0.2, so the windows cannot be adjusted to match the exact approach result. Figure 5.5 represents the runtime in minutes that decomposes through the runtime of the approximate method, then phase 1 (integrity check), and finally phase 2 (windows update), and compares with the exact approach. We used various sample_pct values. The sum of the gives the runtime of the hybrid method overall. We can see that the runtime of phase 1 and phase 2 is globally independent of the sample_pct value, but dependent for the approximate method. As the number of subsumed discords in the approximate discord increases the integrity check runtime increases. The runtime of phase 2 actually depends on how accurate the approximate method is in detecting the starting and ending windows. For example in table 5.5 the top discord of result sample_pct=0.1, the ending window is 28, so to reach 58 it will take 30 STOMP run. This differs when considering the table with sample_pct=0.3 where ending window =31, and only 27 STOMP runs are needed.

Summary

The hybrid approach ensures solution quality and the compromise between the degree of approximation and runtime can be reached through an adequate tuning of the sam-ple_prt value. The difference between the values of sample_pct, 0.1 and 0.3 in 5.7, shows clearly that the amount of identified discords in the approximate approach that can be updated to exact prominent discords has doubled.

Analysis of the integrated approach

In this section we present the experimental analysis of the integrated approach presented in the previous chapter. First we present a comparative study of running two different point anomaly detectors on the whole climate time series. Then we present the results over the integrated approach with discords' extraction and their ordering.

Point anomaly detectors. We first compare MAD and PROPHET on the runoff data at hand. Figure 5.6 illustrates the anomalous points detected by those methods, and we highlight the common ones, as well as those that were detected by one method only. We can see that some anomalous points are shared, but many differ. Over the whole data series, MAD extracts a large set of anomalies (green), essentially in the upper values of the data, thus detecting high water levels. On the other hand, PROPHET extracts fewer anomalies, some shared with MAD for the highest values of anomalous water levels, and most importantly, it detects the drought periods in terms of anomalous points (purple crosses), in the periods of 1900-1910 and 1970-1990. This can be explained by the fact that PROPHET through the learning phase was able to identify a normality within seasons, whereas MAD focuses on extremes in the overall data series.

Figure 5.6: Similarities and differences between MAD and PROPHET If we zoom on the period 1981-1984 where 1983 is recorded as one of the driest years in the West African region, this aspect is striking. MAD does not extract any anomalous point, whereas PROPHET detects three anomalies displayed in Figure 5.7. By not accounting for seasonality, MAD misses important point outliers in such time series. On the other hand, PROPHET takes into account seasonality through the learning phase, and we can see that it extracts anomalies with respect to months which are learnt to be dry and those that should not be. We note that the anomalous points do not necessarily reflect extreme values overall, but anomalous points with respect to the anticipated values (learnt during the forecasting phase).

We also display the early period 1902-1905, a period of higher runoff values in average. We can see that both MAD and PROPHET detect anomalies during this period, with some

Ranking and outcomes

Having compared the commonalities and differences between those point anomaly detectors, we saw that even though they are generic, they can have a great impact on the outliers' detection. This is related to their models and the nature of the data, whereby the seasonality of time series is accounted for by PROPHET. We now present the results of our methodology. We applied both point detectors, integrated them with the discord method and compared their outcome as a means to rank the variable lengths discords produced through this integrated approach.

We recall that we proposed in the previous chapter a ranking function based on the ratio of the number of outliers over the length of the discord.

Figure 5.10 presents for both PROPHET and MAD, the ranking of the top discords with respect to our ratio function. Note that the discords of variable lengths are specified by their starting date, window length and the value of the ratio function. Since our goal is to compare discords of variable lengths, at this stage we only extract the top discord for each given length m, to reduce the combinatorics. Extracting top k discords per length is part of future work. We recall that the ratio values depend on the length and the number of anomalous points within each discord. In this figure we picked the top ranked 20 discords with respect to each detector. The discords highlighted in yellow correspond to a filtering that extracts among those discords the top ones outside a proximity temporal interval of +/-three months. For instance for the year 1982 we have three ranked discords starting from July till September with overlapping periods. We kept the one with highest ranking to reduce redundant discord periods. Thus the colored rows in the Table 5.10 represent the top 5 discords resulting from the filtering procedure.

PROPHET

Summary and insights

Point anomalous detectors do matter. While STOMP produces exact Matrix Profiles and is used to derive variable length discords, the rankings differ between PROPHET and MAD. By detecting the anomalies in the driest period, where droughts occurred (1982)(1983)(1984), PROPHET manages to rank top discords in this period. We can see that the variable lengths are not negligible ranging in this period from 98 months to 124 months. MAD detects mainly the periods with high water levels (1902)(1903)(1904), yielding high ranking for the corresponding discords. It corresponds to the periods with higher soil water levels and larger inter-annual variability, that comes before the later continuous long-term drying trends observed within Sahel. PROPHET extracted and ranked the 1 st , 2 nd and 11 th discords, that represent the intense droughts that occurred in Sahel, while the 3 rd and 19 th discords represent the period where the high soil water levels and larger inter-annual variability.

The rankings are insightful. We can see in the table that the discords vary greatly in length and also that the number of anomalous points extracted in those are not proportional to the length. Thus the integration of exact variable length discords with different anomalous point detectors does bring complementary information and the scoring function is adequate. This information was able to extract the prominent discords over the runoff data that reflected both the driest periods, and periods with highest soil water levels.

Climate-related impact insights. We compare those results with a basic statistical analysis of runoff data to demonstrate the thematic insights brought by combining anomalous point detection and discord methods, as displayed in Figures 5.11,5.12 and 5.13. Figure 5.11 shows the time series of the normalized annual maximum and mean runoff (relative to their respective mean climatologies over . Figures 5.12 and 5.13 show the seasonal cycles of absolute runoff values for each year between 1902 and 2005 (in mm/day).

The first ranked of the combined PROPHET and discord methods detects an anomalous event or period from August 1983 for 98 months with 12 anomalous points (Table 5.10, Figure 5.7). Following discords 2, 3 and 4 exhibit larger time windows but include this first top discord. This is consistent with well known intense droughts that occurred in Sahel between 1982 and 1987, as shown on Figure 5.11 and 5.12, with the most severe drought ever recorded within the African continent in 1983-1984 [START_REF] Masih | A review of droughts on the african continent: a geospatial and long-term perspective[END_REF]. Moreover, following ranks of combined PROPHET and discords emphasize top discords starting in 1902 for at least 60 months (Table 5.10).

The first ranked of the combined MAD and discord methods also detects anomalies in 1902 for 82 months, with following ranked ones including this first top ranked (Table 5.10). These results coincide with large positive anomalies both in annual maximum and annual mean in [START_REF]List of Tables 5.1 Top 5 prominent discords sorted by the ratio function[END_REF]and 1903, and with very large year-to-year variability from 1902to 1907 (Figure 5.11, Figure 5.13). These early 1900s result also illustrate the well known soil drying trend resulting from a rainfall deficit observed between 1900 and 2013 within the region ( [START_REF] Ghiggi | Grun: an observationbased global gridded runoff dataset from 1902 to 2014[END_REF]). PROPHET detects both 1980s dry events and 1904 abrupt year-to-year changes, and it is important to note that MAD does not detect any 1980s dry signal in the first top 20 ranked discords (Table 5.10). 1902,1904,1906 This integrated approach combines an exact pattern wise outlier approach with anomalous point detectors. The evaluation with two different point anomaly detectors, a model based detector (MAD) and predictor based one (PROPHET) has been carried out. We run experiments on large scale monthly runoff data of the Sahel region in West Africa from 1902 till 2005. Our results show that PROPHET is more adequate than MAD, as its top 5 ranked discords did capture the actual discords. The top 5 discords extracted with MAD were only able to reflect the periods with highest water level. They also show that PROPHET is suitable both for detecting specific events (i.e. droughts in 1982, 1983, 1984, etc) and larger timescale anomalies (i.e. dry decade of 1980s). MAD is suitable to detect abrupt inter-annual change (i.e. dry 1904/1905 relative to wet 1902/1903 and 1906 rainy seasons).

In summary, this approach contributes a novel method to exploit variable length discords and be able to rank them with respect to a complementary data analysis, point anomalous detectors. The ranking function confirmed pattern outliers for the climate impact data at hand.

Cross comparison between the prominent and integrated approaches

We have proposed to ranking concepts for variable length discords. A natural question is whether one is more relevant and insightful than the other one.

To analyse the results between the two approaches, we take the first two prominent discords from table 5.1, specified by their starting data, starting window and ending window, ∆1903-10,13,58 and ∆1982-09,109,120 and compare them with the top ranked discords of the integrated approach (with the ratio function using point outliers counts) in table 5.10.

For ∆1903-10,12,58 we can see from the result in table 5.10 , that the 5 th discord ∆ 1903-10,13 (highlighted in yellow) is a discord that is subsumed by the prominent one ∆1903-10,13,58 (shared starting date 1903-10), and corresponds to its first discord. This indicates that this period is the period with the most outlier behaviors that could contribute to the lasting changes detected through the prominent discord.

Regarding the prominent discord ∆1982-19,109,120 , we note that the discord ∆ 1982-09,109 corresponds to its first subsumed discord, but ∆ 1983-08,98 is not. Indeed ∆ 1983-08,98 has a starting date that differs from the prominent discord. However, the period it covers is included in the prominent discord. If we compare the periods covered and the number of point outliers in those two discords, we can see that 12 of the 13 points in ∆ 1982-09,109 are actually all in the discord ∆ 1983-08,98 . Thus in the prominent discord ∆1982-19,109,120 , most of the subsumed discord information lies in the outlier ∆ 1983-08,98 , even though it is not a subsumed one. This comparison shows that outlier behaviour can be connected with long lasting prominent discords in shorter time periods that can be found at the early times of such prominent discords. This would indicate again that the prominent discords reflect lasting climate changes that could be initiated by pattern outliers that contain many point outliers found in early discord within this time period.

In this thesis, we have described the conceptual and algorithmic approaches of ranking approaches over variable length discords. The conceptual notion of prominent discords was defined, and the integrated and hybrid approaches we proposed allowed us to investigate the insights of such rankings over discords of variable length applied to large scale climate data series. The term "insights" is referring to the importance the discords have in terms of reflecting changes in patterns in the runoff time series we considered. We considered two types of ranking one based on a subsumption ordering of anomalous patterns given their starting dates and length, and the second one on the integration of derived discords and the number of global point outliers they contain. Regarding the first ranking concept, we developed and compared different approaches, seeking a trade-off between accuracy and efficiency. The core of our discord computations was based on the Matrix Profile data structure.

The evaluation of our approaches was tested and validated by a domain expert in terms of the concordance of the prominent discords with lasting changes of patterns in climate data. The expert brought the historical knowledge and analysis carried out by climatologists.

While our work has essentially aimed at ranking variable length discords with a specific application domain, it has provided us with a matter for a conceptual definition of the subsumption and ranking of such discords. This conceptual component of our thesis is general, and even though we tackled it through the Matrix Profile data structure, alternative methods could be considered. On the one hand, variable length discords can be compared from a formal setting. On the other hand, the methods perform computations over a large time series to extract and rank such discords. We chose the Matrix Profile as the pattern outlier detector because it is exact and parameter free.

We also developed a second approach that generates variable length discords, and uses point wise anomaly detectors to give each discord a score. This score together with the discord length were used to define a ranking function. We tested two different point anomaly detectors, a model based detector (MAD) and predictor based one (PROPHET). All our approaches are generic.

The data series that we have considered are historical monthly runoff climate data, covering a period of 100 years of the Sahel region in West Africa from 1902 till 2005. The historical element allowed us to validate the prominent discords extracted with important and lasting changes of climate patterns of high impact. The prominent discord approach extracted the longest discords that subsumed smaller ones and detected the most important periods of drought Chapter 6. CONCLUSION in this region and during this century. The comparison between exact, approximate and hybrid approaches showed how we can reach trade offs between accuracy and efficiency. Regarding the integrated approach with point outlier extractors, we run experiments on the same data set. Our results show that PROPHET is more adequate than MAD, as its top 5 ranked discords did capture the actual discords. The top 5 discords extracted with MAD were only able to reflect the periods with highest water level. They also show that PROPHET is suitable both for detecting specific events (i.e. droughts in 1982, 1983, 1984, etc) and larger timescale anomalies (i.e. dry decade of 1980s). MAD is suitable to detect abrupt inter-annual change (i.e. dry 1904/1905 relative to wet 1902/1903 and 1906 rainy seasons).

Related work

Related lines of work presented in the thesis include the various methods to compute discords, using exact or approximate approaches, and the PanMatrix approaches that focuses on the computation of variable lengths discords where the lengths considered range within a specified by an interval. The objectives of such approaches differs and while they can be employed to derive variable length discords, they do not intend to identify means or the importance of ranking them. They provide powerful algorithms though to ensure effective computations of discords which we made use of.

Another line of research which has some similar points with the integrated approach of discords and point outliers, is the usage of point outlier extractors with variable length discords. In order to derive such discords, point outlier extractors seek extreme that can be used to derive the discords. The idea consists in using such outliers to construct the length and extract subquences of relevance. In this sense the point outlier detectors are intrinsic part of the discords' computations and do not contribute to their potential ordering. If a discord contains more point outliers than another one, it defines it and does not reflect on its relative importance. In this sense it differs in its objective from our approach that derives the variables length discords separately and uses point outlier methods are a sole purpose of ranking the discords through a ratio function.

In summary, till now, discords have been computed for a given fixed length, or over variable lengths but without ranking objectives or methods. Also point outlier methods have been exploited as a means to derive discords and partition a time series but not as a means to rank them. The objective and concept of prominent discords and ranking functions contributes a novel and generic approach to rank variable length discords over contextual data series, and the difference algorithmic implementations were empirically evaluated and validated on historical climate data series.

Further developments

Some issues are still open with respect to what we did not do and remains to be done. We believe that some further research on different time series and application domains as well as algorithms is needed.

Applications

In our experimental evaluation, we sought and used one large historical data set. The reason is that we could not find labeled data in climate time series that would allow us to validate our results. Thus we used data sets for which we could validate our approach with existing accurate knowledge. A further development would consist of testing different climate data sets covering other regions and climate impacts (solar radiation, precipitations). Labeling different data would require time and further expertise in climate data, since climate data models have many variables and impact components, that renders their labeling a complex task on its own.

Algorithms

A further algorithmic step would consist of studying deeper what occurs within the prominent discords and identify whether smaller time periods could have been a trigger for the lasting changes. This would imply investigating further the integrated approach. This could also allow us to determine how the variable length approach can enable us to detect discords that can be missed through a classical discord detection approach. Indeed the Matrix Profile for fixed length discords can detect as motifs, patterns that would be discords if the length varies. The reason is that some extreme events re-occurring multiple times can lead to a motif for a given size when the discord could be extracted if the size varies. This would be an interesting extension to consider.

Future work

Future work reflects to longer term developments than the core of this PhD thesis. More work is needed to improve the computation of all variable length top discords. It is currently time consuming. One prospective idea is to identify a potential interval window length that can be insightful and would not require to compute all windows length. Even though it would not cover all window lengths, it would focus on the duration period that would yield insightful results and reduce computation time. This would be an alternative approximate approach. An alternative solution, would be to reverse the concept of the ranking approach. Instead of using point wise outlier detection to rank variable length discords, we would use it to estimate the windows' length. Since our results already show that discords contains outlier points, we would compute the outlier points and group them according to their temporal proximity (clustering approach for instance), to estimate potential window lengths over which we could run the Matrix Profile. This way we would focus on the most likely variable lengths to extract discords.

It would also be interesting to extend the field of study beyond climate data which was core to our project financed by the region Occitanie, and consider alternative contextual data for which seeking and ordering variable length discords is thematically of interest.
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 3 Compute the list of variable length discords using SCRIMP++ input : Time Series T output: Discord Profile ∆P 1 initialization 2 int m = length(T)/2 3 float pct = X where 0 < X < 100 4 list⟨int⟩ Windows = [4, 5, 6, 7, 8, . . . , m] 5 foreach l in Windows do 6 P l ← SCRIMP++ (T, l,pct) // Matrix Profile for window size l 7 ∆ j,l ← max(P l ) // Discord of size l 8 Discord Profile ∆P ← ∆P.add(∆ j,l )
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 51 Figure 5.1: Prominent discords derived from observed runoff monthly data.
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 5 Figure 5.11: Time series of normalized annual runoff

  

  

  ). Figure3.1 shows how the Matrix Profile P 4 of the time series defined in Example 1 is calculated. It is the vector in bold yellow on the right. Intuitively, a Distance profile (each row) is built for each query subsequence T i,4 , and the right hand side vector records the smallest distance. The corresponding Index vector, I 4 records the set of corresponding starting positions j that extracts the subsequence yielding this smallest distance.

	Example 3.

  . (Discord). A discord denoted ∆ j,m is a subsequence T j,m of length m starting at the position j in I m , that corresponds to the maximum distance value in P m .

	0	7.4	6.9	14.7 19.3 17.7 19.9 15	8.2	8.9	6.9
	7.4	0	10.9 7.9	15.7 18.8 19.1 15.8 1.4	8.4	1.4
	6.9	10.9 0	16.8 16.1 13.6 18.8 14	11.6 6.2	6.2
	14.7 7.9	16.8 0	16.8 19.8 18	19.4 8.2	13.4	7.9
	19.3 15.7 16.1 16.8 0	20.7 23.6 18.7 15.3 11.4	11.4
	17.7 18.8 13.6 19.8 20.7 0	19.2 23.1 19.8 14.4	13.6
	19.9 19.1 18.8 18	23.6 19.2 0	14.1 20.1 20.5	14.1
	15	15.8 14	19.4 18.7 23.1 14.1 0	16.2 16.1	14
	8.2	1.4	11.6 8.2	15.3 19.8 20.1 16.2 0	8.6	1.4
	8.9	8.4	6.2	13.4 11.4 14.4 20.5 16.1 8.6	0	6.2
					Figure 3.2: Matrix Profile example
	Definition 6					

  STOMP operates as an optimized nested loop search, where inner loop iterates to calculate the distance profiles. The algorithm performs an ordered search by taking advantage of the locality of the searches. It uses the z-normalized Euclidean distance d i,j in Equation 2 and the dot product Q i,j . A technique to calculate means and standard deviations with O(1) time complexity was introduced in [Arnell and Lloyd-Hughes, 2014], thus making the computation time of d i,j solely dependent on the time required to compute Q i,j . The equation below defines Q i,j recursively from Q i-1,j-1 and thus can be calculated in constant time. It uses the fast similarity search algorithm, MASS (Mueen's Algorithm for Similarity Search) to compute the distance profile effectively

	3.2.2 STOMP algorithm

  To decompose, we have: Algorithm 1 calls n/2 times STOMP, thus runs in the worst case in O n 2 × n = O n 3 . The For loop in Algorithm 2 runs in the length of the discord profile list thus in the worst case O (n) since there is one discord per length (n/2 variable length discords), and the list of prominent discords is sorted in O (nlogn).

Algorithm 4 :

 4 Ensembling Matrix Profile and point outliers input : Time Series T output: list <Discords> SortedList 1 initialization 2 int m = length(T)/2 3 list < ∆ > top_discord_list=[ ] // List to store top discords 4 list < ∆ > group_list=[ ] // List to group discords with similar date 5 list < bool > anomaly_list=[ ] // Boolean list of anomaly tag per value 6 list < ∆ > sorted_list=[ ] // List of ranked discords 7 list < int > Windows = [4, 5, 6, 7, 8, . . . , m]; // List of Window sizes 8 foreach j in Windows do 9 P j ← STOMP (T, j)/ Matrix Profile for window size j 10 ∆ i,j ← max(P j ) // Discord of length j 11 top_discord_list ← top_discord_list.add(∆ i,j ) 12 end 13 anomaly_list ← PROPHET or MAD(T) // Store output of detector 14 foreach ∆ i,j in top_discord_list do 15 start=∆ i,j .i // Store the start date of discord 16 end=∆ i,j .i + ∆ i,j .j // Store the end date of the discord 17 length=∆ i,j .j //Store the discord length 18 int count← count_Anomaly(T,start,end,anomaly l ist)//Anomalycountper∆ i,j

	20 end
	21 group_list ← groubBy(top_discord_list)// Group discord list per similar starting date
	22 foreach group in group_list do
	23	sorted_list ← add(max(group) ) // Get discord with highest ratio in each group

19

∆ i,j .ratio ← count/length

24 end 25 sorted_list ← Quicksort(sorted_list,∆.ratio) 26 return sorted_list

  

  .1 because their starting window size is at month 193 and 242 which is beyond the figure X-axis.

	date	starting window size ending window size ratio
	1903-10-15	13	58	3.46
	1982-09-15	109	120	0.10
	1902-09-15	242	264	0.09
	1903-09-15	193	209	0.08
	1902-01-15	80	86	0.075
	Table 5.1: Top 5 prominent discords sorted by the ratio function

Table 5 .

 5 2: HOT SAX results with windows extracted from the l end valuesWe can see that both HOT SAX and RRA lead to different results in terms of starting date and end date of the prominent discord for a given window size. This comes from the fact

		HOT SAX	
	window size	start	end
	58	1902-01-01 1906-11-01
	120	1943-08-01 1953-08-01
	264	1972-02-01 1994-02-01
	209	1973-06-01 1990-11-01
	86	1902-07-01 1909-09-01

Table 5 .

 5 3: RRA results with windows extracted from the l end values that they are not exact methods, thus given an input window length, they are likely to lead to different discords. The fifth discord, of length 86 is the closest one to the prominent discord. The other ones, specifically for the durations of 120, 264, 209, lead to different time periods (starting dates) among our prominent discords methods, HOT SAX and RRA.

Table 5 .

 5 .5 shows the top 10 approximate discord of each run. 5: Result of approximate prominent discord with different sample_pct values

	sample_pct = 0.10	sample_pct = 0.15	sample_pct = 0.20
	date	start end	date	start end	date	start end
	1903-10-01	14	27	1903-10-01	13	35	1903-10-01	13	27
	1903-10-01	30	35	1903-10-01	43	48	1903-10-01	43	48
	1903-10-01	43	48	1902-01-01	69	74	1903-10-01	32	35
	1902-01-01	69	74	1903-09-01 205 212	1902-01-01	69	74
	1903-09-01 205 218	1903-09-01 128 132	1903-10-01	54	57
	1903-09-01 193 200	1903-09-01 193 199	1902-01-01	80	83
	1903-09-01 121 125	1902-05-01	65	67	1903-09-01 217 225
	1903-09-01 221 228	1946-08-01	40	41	1903-09-01 193 199
	1902-05-01	65	67	1903-09-01 219 224	1946-08-01	40	41
	1982-09-01 109 111	1959-09-01 353 359	1952-09-01 397 405
	sample_pct = 0.25	sample_pct = 0.30	sample_pct = 0.40
	date	start end	date	start end	date	start end
	1903-10-01	13	28	1903-10-01	13	31	1903-10-01	13	39
	1903-10-01	41	49	1903-10-01	42	49	1903-10-01	42	50
	1903-10-01	31	36	1902-01-01	69	74	1902-01-01	69	74
	1902-01-01	69	74	1903-10-01	34	36	1902-09-01 250 264
	1903-09-01 121 126	1902-01-01	80	84	1903-09-01 193 201
	1902-01-01	80	83	1903-10-01	54	56	1982-09-01 109 112
	1903-09-01 193 200	1903-09-01 193 200	1903-09-01 211 216
	1902-05-01	65	67	1982-09-01 117 120	1952-09-01 397 405
	1902-09-01 250 256	1946-08-01	39	40	1986-06-01 103 105
	1952-09-01 397 405	1952-09-01 397 406	1903-10-01	53	54

Table 5 .

 5 3. The All-Equal column will flag approximate prominent discords as true if all subsumed discords are equal to exact discords and false if they are not.

	sample_pct = 0.1		sample_pct = 0.3	
	date	start end All Equal	date	start end All Equal
	1903-10-01	13	28	TRUE	1903-10-01	13	31	TRUE
	1903-10-01	42	48	TRUE	1903-10-01	42	49	TRUE
	1902-01-01	69	74	TRUE	1902-01-01	69	74	TRUE
	1946-09-01	37	39	TRUE	1903-10-01	34	36	TRUE
	1903-09-01 217 228	FALSE	1902-01-01	80	84	TRUE
	1903-09-01 121 125	FALSE	1903-10-01	54	56	TRUE
	1903-09-01 128 132	FALSE	1903-09-01 193 200	TRUE
	1903-09-01 193 199	TRUE	1982-09-01 117 120	TRUE
	1903-10-01	34	35	TRUE	1946-08-01	39	40	TRUE
	1903-10-01 143 147	FALSE	1952-09-01 397 406	FALSE

6: Result of phase 1 of hybrid method with sample_pct =0.1 and 0.3s
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