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Chapitre 1

Introduction

1.1 Préambule

L'ensemble des travaux réalisés pendant la thèse s'intéresse à la simulation de �uides ou de plasmas.
À l'échelle microscopique, un �uide peut être décrit comme un ensemble de particules qui inté-

ragissent les unes avec les autres, notamment à travers leurs collisions. Dans le cas d'un plasma, les
particules en question sont des ions ou des électrons, qui ont donc une charge électrique et intéragissent
également sous l'e�et de forces électro-magnétiques. Le principe fondamental de la dynamique, qui relie
l'accélération d'un corps à la somme des forces qui s'éxercent sur lui, peut être appliqué à chacune de
ces particules pour en décrire son comportement en fonction de sa position et de sa vitesse par rapport
aux autres particules. Il en résulte un système d'équations di�érentielles, avec autant d'équations qu'il
y a de particules, couplées les unes avec les autres. Complété par la connaissance de la position et de la
vitesse de chaque particule à un instant initial, la solution de ce système permet de décrire l'évolution
dans le temps du �uide ou du plasma considéré. Ce modèle, extrêmement précis, sou�re de deux dé-
fauts essentiels. Le premier, c'est qu'il requiert une connaissance bien trop �ne de la condition initiale,
qui échappe à nos instruments de mesure. Le deuxième, c'est la complexité qui résulte du couplage
de milliards d'équations, et qui rend la résolution �analytique ou numérique� impossible avec nos
outils actuels. En pratique, ce sont donc d'autres modèles qui doivent être utilisés pour simuler de tels
systèmes de particules.

À l'échelle macroscopique, ce sont des propriétés comme la densité, la température ou la pression,
qui sont mesurées et utilisées pour décrire localement l'état d'un �uide ou d'un plasma. Ces quantités
donnent une description incomplète du système, car elles ne rendent pas compte de l'état de chaque
particule individuellement, mais elles sont su�santes pour les applications pratiques. Malheureuse-
ment, la connaissance de ces quantités à un instant initial ne su�t pas, en général, à prédire leur
évolution future. Il est cependant possible de faire certaines approximations qui permettent de mettre
en équations la dynamique des quantités macroscopiques, mais leur champ d'application se limite au
domaine de validité de ces approximations. Dans ce domaine de validité, la description du �uide se fait
alors par un système avec autant d'équations qu'il y a de quantités macroscopiques étudiées. Comme
ces quantités sont fonctions à la fois de l'espace et du temps, il s'agit d'équations aux dérivées partielles,
contrairement aux équations du modèle microscopique. Les équations classiques sont celles d'Euler ou
de Navier-Stokes. Sauf cas particuliers, il n'est pas possible de les résoudre de manière exacte, et il
faut donc recourir à des méthodes numériques pour en calculer une solution approchée. Ces méthodes
passent par la discrétisation de l'espace, qui ramène chaque équation aux dérivées partielles à autant
d'équations di�érentielles ordinaires qu'il y a de mailles dans cette discrétisation, chacune étant couplée
aux équations qui portent sur les mailles voisines. Ainsi, la taille du problème macroscopique est bien
moindre que celle du problème microscopique. En pratique, cela rend sa résolution numérique possible,
pour un coût de calcul plus ou moins élevé selon la �nesse du maillage requise pour capturer la dy-
namique du �uide étudié. Cela fait du modèle macroscopique le modèle de choix pour les applications
qui s'y prêtent.

À l'interface entre le modèle microscopique, au coût excessif, et le modèle macroscopique, au champ
d'application limité, se situe un modèle dit mésoscopique. Comme le modèle microscopique, le modèle
mésoscopique regarde la position et la vitesse des particules qui composent le �uide ou le plasma
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étudié. Mais plutôt que de considérer chaque particule individuellement, il s'intéresse à leur distribution
statistique dans l'espace des phases, produit cartésien de l'espace physique et de l'espace des vitesses.
En substance, cette distribution donne, en tout point de l'espace donné et pour toute vitesse donnée,
le nombre de particules situées à cette position et qui vont à cette vitesse. Il s'agit d'une description
du système plus riche que la seule donnée des quantités macroscopiques, ces dernières pouvant se
déduire de la distribution des particules dans l'espace des phases. Connaissant cette distribution à un
instant initial, son évolution dans le temps est solution de l'équation de Boltzmann pour un �uide, ou
l'équation de Vlasov pour un plasma. Comme la distribution des particules dans l'espace des phases
est une fonction de la position, de la vitesse et du temps, il s'agit comme pour le modèle macroscopique
d'équations aux dérivées partielles. Là encore, sauf cas particulier, la solution exacte de ces équations
n'est pas connue, et des méthodes numériques sont nécessaires pour en faire une résolution approchée.
Ces méthodes numériques nécessitent non seulement la discrétisation de l'espace physique, comme pour
le modèle macroscopique, mais aussi celle de l'espace des vitesses. Cette discrétisation supplémentaire
rend la résolution numérique sensiblement plus coûteuse en mémoire et en ressources de calculs, au
point qu'elle ne peut pas toujours être envisagée. C'est pourquoi la recherche d'approximations pour
l'obtention d'un modèle macroscopique adapté à chaque application est une question qui fait preuve
d'un grand intérêt.

Dans cette thèse, on s'intéresse à deux problèmes qui surviennent dans la simulation de �uides.
Dans les régimes fortement collisionnels où les équations d'Euler peuvent être utilisées, leur résolution
numérique n'est pas toujours aisée. Comme il s'agit de régimes très peu di�usifs, les solutions exhibent
généralement des discontinuités, que les méthodes numériques standard ont tendance à lisser. Utiliser
un maillage plus �n améliore le résultat, mais pour certaines applications le côut de calcul associé
devient prohibitif. Une alternative consiste à utiliser des méthodes dites d'odre élevé, qui capturent
mieux les discontinuités. Cependant, ces méthodes peuvent générer des oscillations numériques au
voisinage de ces discontinuités. Le premier problème auquel on s'intéresse est la mise au point de
méthodes numériques qui proposent le meilleur compromis possible entre di�usion, oscillations et
temps de calcul. Pour les régimes moins collisionnels, les équations d'Euler et de Navier-Stokes ne
permettent plus de décrire correctement la dynamique du �uide. Il peut alors être fait usage du
modèle mésoscopique, mais comme indiqué précédemment sa simulation est très coûteuse. Le deuxième
problème auquel on s'intéresse est la conception de fermetures pour fournir un modèle macroscopique
adapté à ces régimes.

Les travaux décrits ici tentent d'adresser ces deux problèmes en exploitant les récents progrès
en apprentissage machine, via l'utilisation de réseaux de neurones. Dans ce contexte, un réseau de
neurones désigne une fonction mathématique avec une structure particulière, et dont les opérations
sont con�gurables via des paramètres. Faire varier ces paramètres permet donc d'explorer un ensemble
de fonctions, à la recherche de l'une d'entre elles qui permettrait d'e�ectuer la tâche souhaitée. Comme
un réseau de neurones peut avoir de très nombreux paramètres �jusqu'à plusieurs dizaines de milliers
dans cette thèse, des milliards dans d'autres applications�, il n'est pas envisageable de procéder par
une recherche en grille, tant il y aurait de combinaisons à tester. Au lieu de cela, la méthode utilisée
est celle de la descente de gradient, qui part d'un jeu de paramètres quelconque pour le modi�er
progressivement via un processus itératif visant à améliorer les performances du réseau de neurones
à chaque étape. Comme son nom le laisse entendre, cette méthode s'appuie sur la di�érentiation du
réseau de neurones par rapport à ses paramètres ; on utilise pour ce faire un algorithme appelé rétro-
propagation. Cette optimisation des paramètres est malgré tout très coûteuse, ce qui explique que
les réseaux de neurones aient vu leur essor avec le développement de machines de calcul de plus en
plus performantes, qui font notamment usage de puissantes cartes graphiques. Depuis quelques années
existent des bibliothèques de fonctions pour certains langages de programmation, notamment Python,
qui implémentent cet algorithme et permettent d'exploiter facilement les cartes graphiques, rendant
accessible le travail avec des réseaux de neurones à un large public. Tensor�ow est utilisé dans cette
thèse, mais on peut également citer Pytorch qui constitue une alternative très populaire.

Les trois parties qui suivent décrivent plus en détails les principales notions manipulées dans la
thèse. D'abord les réseaux de neurones, car ils sont le principal outil utilisé dans les travaux e�ectués
pendant le doctorat. Ensuite les modèles cinétique et �uide, et le passage du premier au second, pour
introduire le problème de fermeture. Et en�n les méthodes numériques de Galerkin discontinu et de
Lattice-Boltzmann pour la résolution approchée des équations de conservation, qui font l'objet des
chapitres 4 et 5 respectivement.
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1.2 Réseaux de neurones

1.2.1 Principes généraux

Un réseau de neurones peut se comprendre comme une fonction paramétrée, qui grâce à sa struc-
ture et ses nombreux paramètres peut implémenter un grand nombre de fonctions di�érentes. Un tel
objet peut s'avérer particulièrement utile lorsqu'on suspecte l'existence d'une correspondance entre des
données X et des données Y , mais que l'expression analytique de la fonction X 7→ Y est inconnue. Par
exemple, l'une des premières applications des réseaux de neurones a été la reconnaissance automatique
de chi�res manuscrits. Dans ce cas il s'agit d'e�ectuer une correspondance entre une image (numéri-
sée) de taille donnée, et un chi�re compris entre 0 et 9. Le cerveau humain est généralement capable
de faire cette correspondance sans problème, mais écrire � à la main � un programme qui ferait de
même est extrêmement di�cile. Il est en revanche possible d'utiliser un réseau de neurones en lieu et
place de ce programme, et de modi�er ses paramètres jusqu'à obtenir le résultat souhaité. On donne
davantage de détails sur la méthode pour y parvenir ci-dessous. Dans les travaux décrits dans cette
thèse, on se sert également de réseaux de neurones pour implémenter une certaine correspondance : X
sera généralement la solution numérique à un instant donné, tandis que Y sera un élément du schéma
numérique nécessaire pour calculer la solution à l'instant suivant.

Pour utiliser un réseau de neurones, la première étape consiste à écrire le problème sous la forme
d'un problème d'optimisation, où on cherche une fonction f qui minimise une certaine fonctionnelle
J . Une forme standard pour J est celle d'une somme d'erreurs commises par f , sur un jeu de données
pour lequel on dispose du résultat souhaité :

J(f) =
∑

(Xi,Yi)∈D
∥fθ(Xi)− Yi∥,

où D est le jeu de données en question, Yi le résultat souhaité pour la donnée Xi, et ∥.∥ une fonction
qui permet de quanti�er l'erreur commise. On parle alors d'apprentissage supervisé, car cette approche
se base sur des exemples de correspondances (Xi, Yi), typiquement produits par des humains.

On décide ensuite d'une architecture de réseau de neurones, c'est-à-dire de la structure de la fonction
paramétrée, avec laquelle on va tenter de minimiser J . Cela revient à chercher la fonction f dans un
sous-espace particulier, qui correspond au sous-espace que décrit le réseau de neurones fθ lorsqu'on
fait varier ses paramètres θ. Le problème d'optimisation s'écrit alors

min
θ∈Θ

J(fθ),

où Θ est l'ensemble des jeux de paramètres admissibles, usuellement Θ = Rp avec p le nombre de
paramètres dans le modèle. À noter qu'en pratique, il est souvent nécessaire de tester plusieurs archi-
tectures avant de trouver celle qui fournit les meilleurs résultats. On présente deux types d'architectures
di�érentes dans les parties suivantes : les multilayer perceptrons et les réseaux de neurones convolutifs.

Le processus d'optimisation des paramètres θ pour minimiser J(θ) = J(fθ) est appelé l'entraine-
ment du réseau de neurones. Il consiste en une descente de gradient, qui part d'un jeu de paramètres θ
quelconque (généralement tiré au hasard) et le modi�e itérativement en appliquant la transformation

θ ← θ − η∇θJ(θ),

jusqu'à convergence vers un minimum local. En pratique, ce sont souvent des algorithmes de descente
de gradient plus sophistiqués qui sont utilisés, qui permettent de converger plus rapidement ou vers
un meilleur minimum local ; on peut par exemple citer l'ajout d'inertie ou encore l'algorithme ADAM.
Dans tous les cas, l'évaluation du gradient ∇θJ(θ) fait intervenir les dérivées partielles de la sortie
du réseau de neurones par rapport à chacun de ses paramètres. Le calcul de ces dérivées en un point
X est automatisé grâce à l'algorithme dit de rétro-propagation (backpropagation en anglais), dont le
nom fait référence à la manière dont ces dérivées sont calculées : un réseau de neurones étant structuré
comme une composée de fonctions �on parle de couches successives�, les dérivées se calculent bien
en commençant par les paramètres de la dernière couche, puis en remontant les couches unes à unes
en utilisant la règle de la chaine (chain rule).
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x 7→ σ(w1x+ b1) x 7→ σ(w2x+ b2) x 7→ σ(w3x+ b3)

Figure 1.1 � Schéma illustrant un réseau de neurones de type multilayer perceptron avec une entrée
de taille 3, une sortie de taille 4, et deux couches cachées de taille 7.

1.2.2 Multilayer perceptrons

Les multilayer perceptrons (MLP) sont les premiers modèles de réseaux de neurones qui ont été
développés. Ce sont des modèles simples, inspirés des réseaux de neurones biologiques, et illustrés
Figure 1.1. Dans cette �gure, chaque cercle représente un neurone, qui combine les informations des
neurones qui le précedent (à sa gauche), et communique son résultat aux neurones qui le suivent (à
sa droite). Ainsi les neurones de la première colonne représentent les données en entrée du réseau de
neurones, tandis que ceux de la dernière colonne représentent sa sortie. En particulier, le nombre de
neurones dans ces deux colonnes est imposé par la tâche à e�ectuer par le réseau. Les autres colonnes
sont appelées couches cachées, et peuvent elles être de taille arbitraire, ainsi qu'en nombre arbitraire.

Les calculs e�ectués par chaque neurone consistent en une simple combinaison linéaire de ses entrées,
à laquelle est ajouté un scalaire, avant d'appliquer une fonction non linéaire. Ainsi, pour des variables
x1, ..., xn en entrée du neurone, sa sortie est donnée par

y = σ

(
n∑

i=1

wixi + b

)
,

avec σ : R→ R la fonction non linéaire appelée fonction d'activation, et w1, ..., wn, b ∈ R les paramètres
du neurones, appelés poids et biais respectivement. Ainsi le vecteur y de toutes les sorties des neurones
d'une même couche s'écrit simplement y = σ(wx+b), où σ est appliqué terme à terme, et où w désigne
la matrice des poids de chaque neurone, et b le vecteur des biais.

L'ensemble des paramètres du réseau de neurones est l'ensemble des poids et des biais de tous
les neurones. Ainsi, plus le réseau contient de couches cachées, ou plus ces couches contiennent de
neurones, plus le modèle contient de paramètres et peut explorer un vaste espace de fonctions. Il est
important de noter que les fonctions d'activation sont essentielles pour que cette dernière assertion soit
vraie : sans fonction d'activation, le réseau de neurones n'est qu'une composition de fonctions a�nes
et se réduit donc à une fonction a�ne, quel que soit la taille du modèle. Des choix populaires pour la
fonction d'activation σ sont la fonction sigmoïde x 7→ 1

1−e−x , la tangente hyperbolique, ou encore la
recti�ed linear unit (ReLU) x 7→ max(0, x).

1.2.3 Réseaux de neurones convolutifs

Les réseaux de neurones convolutifs sont des réseaux de neurones avec une structure di�érente des
MLP, conçue pour être mieux adaptée aux données de type images, sons, ou séries temporelles. En e�et
le traitement de telles données par des MLP soulève plusieurs di�cultés, décrites notamment par LeCun
et al. [20]. En particulier, un MLP ignore complètement la structure des données en entrées (aucune
notion de distance entre les composantes de l'entrée), et aucune invariance par translation n'est imposée
par la structure du MLP. Pour remédier à ces problèmes, les réseaux de neurones convolutifs s'appuient
notamment sur les deux idées suivantes : l'utilisation de neurones avec un champ de perception limité
d'une part, et le partage de paramètres par plusieurs neurones d'autre part. Ensembles, ces deux idées
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Figure 1.2 � Schéma de l'opération de convolution appliquée à une image en deux dimensions.
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Figure 1.3 � Schéma d'un identity shortcut, comme introduit dans l'architecture ResNet.

aboutissent à l'opération de convolution représentée �gure 1.2 pour une image 2D en entrée. Chaque
pixel du résultat à droite s'obtient par combinaison de pixels voisins dans l'image de départ. Les poids
utilisés pour cette combinaison sont toujours les mêmes, et rassemblés dans le noyau de convolution,
ici de taille 3x3. Une fonction d'activation σ est appliquée au résultat comme pour les MLP.

Une � couche convolutive � est l'application de cette opération avec un ou plusieurs noyaux de
convolutions en parallèle, résultant en autant d'images en sorties, concaténées selon une troisième
dimension pour former une image en plusieurs � canaux �. Aussi, lorsque l'image en entrée est constituée
de plusieurs canaux (ce qui est aussi le cas pour une image en rouge, vert, bleu par exemple), le noyau
de convolution est constitué d'autant de canaux que l'image en entrée ; le reste de l'opération est
inchangé. Plusieurs couches convolutives peuvent ainsi être enchainées successivement, pour obtenir
un réseau de neurones convolutif.

Une autre opération que l'on retrouve souvent dans les réseaux de neurones convolutifs est celle
de sous-échantillonnage (subsampling ou pooling en anglais), qui vise à réduire la taille de l'image non
seulement pour réduire le coût des calculs en aval, mais aussi pour obtenir une certaine invariance aux
petites perturbations locales. Une couche de sous-échantillonnage est typiquement insérée à intervalles
réguliers entre des couches convolutives. En pratique, ce sous-échantillonnage est souvent implémenté
en découpant l'image en carrés de taille 2x2, et en conservant la valeur la plus élevée dans chacun de
ces carrés (max pooling), résultant en une image deux fois plus petite dans chaque direction. Une autre
possibilité est l'usage de convolutions avec un paramètre de strides 2, qui consiste à faire glisser le noyau
de convolution de deux pixels en deux pixels. À noter que cette deuxième possibilité, contrairement à
la première, introduit des paramètres supplémentaires.

Des réseaux de neurones convolutifs sont utilisés dans plusieurs des chapitres qui suivent, pour
tirer pro�t de leurs bonnes performances avec les images, dont se rapprochent les solutions d'équa-
tions aux dérivées partielles discrétisées sur des maillages uniformes. L'architecture de ces réseaux de
neurones convolutifs s'inspirent de modèles qui se sont révélés performants pour l'analyse d'images,
notamment le ResNet (Residual Network) [17] et le U-Net/V-Net [27, 25]. Le premier a introduit l'uti-
lisation d'identity shortcuts qui consistent à additionner à la sortie d'une série de convolutions son
entrée, comme représenté Figure 1.3, et permettent notamment de faciliter l'entrainement de réseaux
de neurones convolutifs profonds. Le U-Net a été introduit pour traiter des problèmes de segmen-
tation d'images, qui consistent en la classi�cation de chacun des pixels de l'image parmi di�érentes
catégories ; en particulier, la sortie d'un tel réseau de neurones est une image de la même taille que
l'entrée. A�n de pro�ter des avantages et de l'analyse multi-échelles que permettent les opérations de
sous-échantillonnage (downsampling), le U-Net introduit une opération de sur-échantillonnage (upsam-
pling) qui permet de revenir à la résolution d'origine. Le V-Net est une variante du U-Net qui prend
en entrée l'image entière (image volumétrique qui plus est) là où le U-Net la découpait en tuiles de
taille donnée ; à noter que le V-Net ajoute également des identity shortcuts dans son architecture.
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1.3 Du modèle cinétique au modèle �uide

1.3.1 Modèle cinétique

Le modèle cinétique s'intéresse à la distribution des particules dans l'espace des phases, notée
f(x,v, t), où x ∈ Rd désigne la position, v ∈ Rd la vitesse, et t ∈ R+ le temps. Dans cette thèse,
on considère les dimensions d = 1 et d = 2. De cette distribution f peuvent se déduire les propriétés
macroscopiques du �uide, qui sont des moments de la distribution en vitesse. Par exemple, la densité
ρ, la vitesse moyenne u et la température T sont données par

ρ(x, t) =

∫
f(x,v, t) dv, u(x, t) = 1

ρ

∫
f(x,v, t)v dv,

T (x, t) = 1
ρ

∫
f(x,v, t)∥v − u(x, t)∥2 dv.

Dans le cas des gaz, l'évolution de la distribution f est donnée par l'équation de Boltzmann,
constituée d'un terme d'advection et d'un terme de collisions Q :

∂tf + v · ∇xf = Q(f, f). (1.1)

Le modèle considéré dans la suite utilise l'opérateur de collisions BGK (Bhatnagar-Gross-Krook), qui
simpli�e l'opérateur de collisions de Boltzmann par une relaxation vers un équilibre local M(f) :

QBGK(f, f) =
1

ε
(M(f)− f).

Cet équilibre est la maxwellienne de f , dé�nie par

M(f) =
ρ

(2πT )d/2
exp

(
−∥v − u∥2

2T

)
,

où ρ, u et T désignent respectivement la densité, la vitesse moyenne et la température du gaz comme
dé�nis plus haut. Le paramètre ε ∈ R∗

+ est le nombre de Knudsen, ratio entre le libre parcours entre
deux collisions et une longueur caractéristique du système considéré. En pondérant la relaxation par
1
ε , l'opérateur de collisions BGK est d'autant plus fort qu'il y a de collisions dans le �uide considéré.

Dans le chapitre 2, on s'intéresse à la simulation de plasmas en une dimension. Comme il s'agit
d'un système de particules avec une charge électrique, l'évolution de la distribution f est donnée par
l'équation de Vlasov, qui ajoute un terme d'intéraction électro-magnétiques à l'équation de Boltzmann.
En une dimension, l'équation que l'on considère est la suivante :

∂tf + v∂xf − E∂vf =
1

ε
(M(f)− f),

où E = E(x, t) désigne le champ électrique. Ce dernier est pris comme le champ électrique induit par
les particules (pas de champ extérieur) et est donc donné par l'équation de Poisson

E = −∂xϕ, ∂xxϕ = ρ−
∫
ρ dx

1.3.2 Modèle �uide

Le modèle �uide décrit l'évolution des quantités macroscopiques, et peut se déduire du modèle
cinétique décrit ci-dessus. La démarche consiste à se débarrasser de la variable v en remplaçant les
distributions en vitesse f(x, ., t) par plusieurs de leurs moments (masse totale, moyenne, variance),
a�n d'obtenir une description du système par plusieurs fonctions, mais de x et t uniquement.

Ainsi, en intégrant l'équation de Boltzmann (1.1) par rapport à v, on obtient l'équation de conser-
vation de la masse du �uide :

∂tρ+∇ · (ρu) = 0,

où ρ et u désignent respectivement la densité et la vitesse moyenne du �uide, dé�nis en fonction de f
dans la partie précédente. Noter que le terme de droite s'annule car f possède la même densité que sa
maxwellienne.
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Si on multiplie l'équation de Boltzmann par v avant de l'intégrer en vitesse, on obtient l'équation
de conservation de la quantité de mouvement

∂t(ρu) +∇ ·
∫
fv ⊗ v dv = 0,

où v ⊗ v désigne le produit vvT. En notant P le tenseur de pression

P(x, t) =
∫
f(x,v, t)(v − u(x, t))⊗ (v − u(x, t)) dv,

l'intégrale dans le deuxième terme peut s'écrire
∫
fv ⊗ v dv = P+ ρu⊗ u.

En décomposant P en une partie scalaire pI et une partie de trace nulle Π, on a �nalement

∂t(ρu) +∇ · (ρu⊗ u+ pI +Π) = 0,

où p = 1
d

∫
f∥v − u∥2 dv = ρT est la pression (scalaire), et Π = P− pI est le tenseur de stress.

De manière similaire, en multipliant l'équation de Boltzmann par ∥v∥2

2 avant de l'intégrer en vitesse,
on obtient l'équation de conservation de l'énergie

∂t
(
p+ 1

2ρ∥u∥2
)
+∇ ·

(
2pu+ 1

2ρ∥u∥2u+Πu+ q
)
= 0,

où q désigne le �ux de chaleur :

q(x, t) =

∫
f(x,v, t)∥v − u(x, t)∥2(v − u(x, t)) dv.

On obtient ainsi un système de 3 équations sur les quantités ρ, u et p :

∂tρ+∇ · (ρu) = 0

∂t(ρu) +∇ · (ρu⊗ u+ pI +Π) = 0

∂t
(
p+ 1

2ρ∥u∥2
)
+∇ ·

(
2pu+ 1

2ρ∥u∥2u+Πu+ q
)
= 0

Cependant ce système n'est pas fermé car il fait intervenir des moments de f supplémentaires, à savoir
Π et q. C'est pourquoi la simulation de �uides avec ce modèle requiert l'ajout d'une fermeture, qui
donne les moments supplémentaires en fonction des moments simulés.

1.3.3 Fermeture du modèle �uide

Une première manière de fermer le modèle �uide est d'écrire la distribution f comme une pertur-
bation de l'équilibre au voisinage de ε = 0, via un développement de Chapman-Enskog, par exemple

f = f0 + εf1 +O(ε2) (ε→ 0).

En injectant ce développement dans les équations on obtient les équations d'Euler à l'ordre 1 et les
équations de Navier-Stokes à l'ordre 2, qui correspondent respectivement aux fermetures

Π = 0, q = 0

et

Π = −εpσ(u), σ(u) = ∇u+∇uT −∇ · uI,
q = −2εp∇T.

Des développements d'ordre supérieur permettent d'aboutir à d'autres équations comme celles de
Burnett [4]. Cependant comme ces fermetures partent d'un développement de f au voisinage de ε = 0,
elles sont d'autant moins précises que le �uide est dans un régime peu collisionnel. À noter qu'il est
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possible de représenter le �uide avec davantage de moments que ρ, u, p, et de déduire de l'équation de
Boltzmann les équations correspondantes. C'est l'approche introduite par Grad [12] avec son modèle
à 13 moments. C'est un modèle plus précis mais plus coûteux, et qui sou�re notamment de problèmes
de réalisabilité, c'est-à-dire qu'il est susceptible de générer des solutions qui ne correspondent à aucune
distribution f positive. Du côté des plasmas, des fermetures peuvent être obtenues analytiquement pour
intégrer certains phénomènes. La fermeture de Hammett-Perkins [15] en est un exemple qui intègre le
Landau damping, et des développements plus récents peuvent être trouvés notamment dans [18].

Des approches faisant usage de réseaux de neurones sont proposées depuis quelques années. On peut
citer les travaux de Han et al [16], qui reprennent l'introduction de moments additionnels, mais sous une
forme plus générale et déterminés par un réseau de neurones de type auto-encodeur. Une des di�cultés
quand on use de réseaux de neurones pour la résolution d'équations aux dérivées partielles est de les
contraindre à respecter les propriétés physiques du problème. Dans leurs récents travaux, Li et al [21]
proposent une fermeture conçue justement de manière à posséder un certain nombre d'invariances qui
découlent de l'équation de Boltzmann. Côté plasmas, la représentabilité par des réseaux de neurones
de fermetures existantes comme celle de Hammett-Perkins a d'abord été étudiée dans [23] et [24],
aboutissant à des résultats encourageants pour la recherche de nouvelles fermetures ainsi qu'à des
recommandations sur les réseaux de neurones à utiliser pour y parvenir. On peut également citer [32]
dont l'objectif est d'implémenter la fermeture Landau �uid (LF) à l'aide d'un réseau de neurones.
Outre un travail réalisé dans cette thèse et qui fait l'objet du chapitre 2, on peut encore citer les
travaux de Qin et al [26] qui utilisent l'approche des physics-informed neural networks (PINNs) pour
construire un modèle �uide incorporant le Landau damping.

Un autre domaine qui fait intervenir un problème similaire de fermeture est celui de la modélisation
de turbulences. En e�et, il s'agit de systèmes particulièrement sujets aux phénomènes multi-échelles,
où la dynamique d'intérêt, à grande échelle, est in�uencée par des dynamiques à des échelles plus
petites mais dont la simulation est très coûteuse. On y retrouve donc naturellement des problèmes de
fermeture du modèle macro pour y intégrer l'e�et des phénomènes micro. On trouve deux approches
pour y parvenir, d'une part les modèles RANS pour Reynolds-averaged Navier-Stokes, et d'autre part les
LES pour Large Eddy Simulations. Des travaux impliquant l'apprentissage machine ont été e�ectués
pour chacune de ces approches. Pour la première, on peut citer les travaux de Ling et al [22] qui
introduisent une architecture de réseaux de neurones spéci�que pour estimer le tenseur de stress de
Reynolds de manière à en assurer l'invariance galiléenne. On peut également citer les travaux [31] et
[33] qui utilisent la stratégie physics-informed neural networks pour prédire le tenseur de stress de
Reynolds. En ce qui concerne l'approche LES, les premiers travaux impliquant l'usage de réseaux de
neurones sont ceux de Beck et al [1], qui utilisent des simulations numériques directes (DNS) pour
entrainer un réseau de neurones à faire la correspondance entre les variables macro et les termes de
fermeture. Une approche similaire est utilisée dans les travaux de Lapeyre et al [19] et appliquée à la
premixed turbulent combustion. De nombreux autres travaux impliquant les réseaux de neurones ont
été e�ectués sur ces thématiques ; la revue de Vinuesa et al [28] en fait une liste bien plus riche, et qui
s'étend à d'autres domaines de la mécanique des �uides numérique (Computational Fluid Dynamics
CFD), à savoir l'accélération des simulations numériques directes (DNS) et la conception de modèles
réduits.

1.4 Méthodes numériques pour les systèmes hyperboliques

Les équations d'Euler forment un système hyperbolique qui peut se mettre sous la forme

∂tu+∇ · f(u) = 0. (1.2)

La méthode numérique naturelle pour résoudre de tels systèmes est celle des volumes �nis car il s'agit
d'une méthode simple et robuste qui satisfait naturellement les propriétés de conservation de ces équa-
tions. En revanche, il s'agit d'une méthode d'ordre 1 en espace, et qui peut donc nécessiter des maillages
excessivement �ns pour atteindre la précision souhaitée. On introduit dans cette partie les méthodes
de Galerkin discontinu et de Lattice-Boltzmann, qui sont des alternatives potentiellement moins di�u-
sives que les volumes �nis, mais également moins robustes. En particulier, chacune de ces méthodes est
susceptible de produire des oscillations lorsque la solution est discontinue, comme illustré Figure 1.4,
et qui peuvent engendrer des problèmes de stabilité. Cet aspect est particulièrement problématique
pour les systèmes hyperboliques, car ces derniers produisent facilement des discontinuités, quand bien
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Figure 1.4 � Gauche : Oscillations produites par une méthode de Galerkin discontinu 1D d'ordre 4,
lors de l'advection d'une fonction irrégulière (conditions aux bords périodiques). Droite : Oscillations
produites par une méthode de Lattice-Boltzmann 2D d'ordre 2, lors de l'advection de la fonction
indicatrice d'un disque.

même la condition initiale est régulière. Des moyens de trouver un bon compromis entre di�usion et
oscillations pour chacune de ces deux méthodes font l'objet des chapitres 4 et 5 respectivement.

1.4.1 Méthode de Galerkin discontinu

La méthode de Galerkin discontinu permet d'obtenir des schémas numériques d'ordre arbitraire-
ment élevé. Cette méthode consiste à approcher la solution du système par une fonction polynomiale
sur chaque maille, sans contrainte de continuité à l'interface entre les mailles. L'ordre de convergence
de la méthode va dépendre du degré maximal des polynômes en question.

On détaille la méthode ci-après en dimension 1, dans le cas d'un système réduit à une équation,
la généralisation à plusieurs équations se faisant sans di�culté particulière. On considère une maille
de la discrétisation, et une base des polynômes de degré inférieur ou égal à p dé�nis sur cette maille.
En dimension 1, une telle base est constituée de p + 1 fonctions ϕ0, ..., ϕp, ce qui permet d'écrire la
solution approchée sur cette maille de la manière suivante :

u(x, t) =

p∑

i=0

ui(t)ϕi(x).

On approxime également f(u) sur cette maille par un polynôme de degré au plus p pour pouvoir écrire

f(u(x, t)) =

p∑

i=0

fi(t)ϕi(x).

Ainsi, en multipliant l'équation (1.2) par un ϕj et en intégrant par rapport à x, il vient après intégration
par parties :

∂t

p∑

i=0

ui(t)

∫
ϕi(x)ϕj(x) dx−

p∑

i=0

fi(t)

∫
ϕ′i(x)ϕj(x) dx+ [f∗(x)ϕj(x)]

xR

xL
= 0,

xL et xR désignant les bornes gauche et droite de la maille respectivement. Comme ces bornes sont
à l'interface entre deux mailles, f est remplacé par f∗ dans le terme entre crochets pour signi�er que
cette quantité doit tenir compte de la valeur de f dans les deux mailles avoisinantes. L'égalité ci-dessus
pour tout j ∈ {0, ..., p} peut s'écrire simplement sous la forme matricielle

d
dtU(t)M − F (t)S + F ∗(t) = 0,

où on a noté U = (u0 · · ·up), F = (f0 · · · fp),M =
(∫
ϕi(x)ϕj(x) dx

)
0⩽i,j⩽p

, S =
(∫
ϕ′i(x)ϕj(x) dx

)
0⩽i,j⩽p

,
et F ∗ = (f∗(xR)ϕj(xR)− f∗(xL)ϕj(xL))0⩽j⩽p. En considérant un maillage uniforme, cette égalité est
rendue vraie pour toute maille en translatant la base (ϕ0, ..., ϕp) de manière adéquate, de sorte que les
matrices M et S restent inchangées. Ainsi, l'égalité ci-dessus peut être utilisée pour décrire l'évolution
de la solution sur l'ensemble du maillage.
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Plusieurs bases de polynômes (ϕi)i peuvent être utilisées pour la méthode Galerkin discontinu.
Dans cette thèse on utilise une base nodale, c'est-à-dire une base de polynômes de Lagrange associée
à des points x0, ..., xp :

ϕi(x) =

∏
j ̸=i(x− xj)∏
j ̸=i(xi − xj)

.

Ainsi les coordonnées ui(t) sont simplement les valeurs u(xi, t), et de même fi(t) = f(u(xi, t)) =
f(ui(t)). Aussi, en utilisant les points de quadrature de Gauss-Lobatto, qui ont la particularité d'inclure
les bornes de l'intervalle, le dernier terme se simpli�e de la manière suivante :

[f∗(x)ϕj(x)]
xR
xL

= f∗(xR)δ0,j − f∗(xL)δp,j ,

où δi,j vaut 1 si i = j et 0 sinon, si bien qu'on a

F ∗ =
(
f∗(xR) 0 · · · 0 −f∗(xL)

)
.

En pratique, f∗ est un �ux numérique de type local Lax-Friedrich : en notant maintenant uL et uR la
valeur de la solution à l'interface entre deux maille, la valeur de f∗ à cette interface est donnée par

f∗ = 1
2 (f(uL) + f(uR))− s

2 (uL − uR),

où s désigne la vitesse d'onde maximale à l'interface.
La méthode Galerkin discontinu décrite ci-dessus est d'ordre p+1 (p étant le degré des polynômes)

en espace. Pour tirer pro�t de cet ordre élevé, la discrétisation de d
dtU peut se faire par une méthode

de Runge-Kutta adaptée. Un défaut important de cette méthode d'ordre élevé est qu'elle se comporte
mal avec les solutions discontinues, qui sont communes dans les problèmes hyperboliques. En e�et,
l'approximation polynômiale a tendance à osciller au voisinage des discontinuités, ce qui pose des
problèmes de précision mais aussi de stabilité, par exemple quand ces oscillations produisent une
pression négative. Une manière de lutter contre ces oscillations est de résoudre une version modi�ée
de l'équation de départ, en lui ajoutant un terme de viscosité arti�cielle :

∂tu+ ∂xf(u) = ∂x(µ∂xu).

L'objectif de ce terme de viscosité arti�cielle est de rendre la solution de l'équation plus lisse, faisant
ainsi disparaître les chocs à l'origine des oscillations. Le coe�cient de viscosité µ = µ(x, t) permet de
pondérer la viscosité de manière à ne lisser la solution que lorsque cela est nécessaire à la prévention
des oscillations, pour ne pas dégrader la solution inutilement. En cela, ce coe�cient se rapproche d'un
détecteur de chocs. Aussi, ce coe�cient a vocation à tendre vers 0 lorsque la taille h des mailles tend vers
0, a�n que la solution de l'équation modi�ée converge vers la solution de l'équation de départ. Plusieurs
méthodes ont été proposées pour dé�nir le coe�cient de viscosité µ. Ces méthodes s'appuient sur les
dérivées de la solution, ou bien sur l'analyse de sa décomposition modale, ou encore sur sa production
d'entropie. Une étude comparative de certaines de ces méthodes a été réalisée par Yu et al [34]. Depuis
quelques années, le design du coe�cient de viscosité par réseaux de neurones a également commencé à
être exploré, notamment par Discacciati et al [10]. Dans sa thèse, il génère une base de données à partir
de solutions particulières, pour lesquelles il détermine au cas par cas la meilleure viscosité parmi celles
mentionnées plus haut. Il entraine ensuite un réseau de neurones à renvoyer cette meilleure viscosité,
implémentant ainsi une sorte d'interpolation entre plusieurs modèles connus, pour obtenir un nouveau
modèle plus performant. Dans le chapitre 4, on explore une autre manière de générer le coe�cient de
viscosité par un réseau de neurones, qui ne s'appuie pas sur les modèles pré-existant.

1.4.2 Méthode Lattice-Boltzmann

La méthode Lattice-Boltzmann (LBM) est une autre méthode qui peut être utilisée pour résoudre
les équations de la forme (1.2). Cette méthode trouve son inspiration dans le modèle cinétique, et
introduit une distribution de particules F (ici notée avec une majuscule pour la distinguer du �ux
f de l'équation de conservation) . Cependant, contrairement au modèle cinétique où la distribution
des particules F (x, v, t) est dé�nie pour des vitesses v dans Rd, dans cette méthode on considère des
particules �ctives qui ne se déplacent qu'à certaines vitesses particulières v ∈ {v1, ..., vq} ; aussi écrit-on
Fi(x, t) = F (x, vi, t). On suppose ensuite que la distribution F satisfait une équation de Boltzmann
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avec un opérateur de collisions de type BGK, qui consiste en une relaxation vers un équilibre local
F eq :

∀i ∈ {1, ..., q}, ∂tFi + vi · ∇Fi =
1

ε
(F eq

i − Fi),

avec F eq
i qui dépend des variables macroscopiques.

Dans sa formulation originelle, la méthode Lattice-Boltzmann consiste à identi�er les variables du
système (1.2) à des moments de la distribution F , et à trouver un équilibre local F eq de sorte que les
équations ci-dessus soient consistantes avec le système (1.2) lorsque le paramètre ε tend vers 0. Cette
méthode peut aboutir à di�érentes formulations selon la dimension d de l'espace et le nombre q de
vitesses considérées, aussi on désigne par DdQq (par exemple D2Q9) le schéma correspondant. Les
équations de Navier-Stokes sont les premières à avoir été traitées avec cette approche ; la démarche est
détaillée par exemple dans l'introduction de Wagner [29]. D'autres équations ont ensuite fait l'objet
de la méthode Lattice-Boltzmann, comme par exemple les équations de la magnéto-hydrodynamique
de Braginskii [9], mais chaque nouveau système considéré nécessite une étude dédiée pour trouver une
formulation qui convient.

Une variante plus générique, qui peut s'appliquer directement à n'importe quel système sous la
forme (1.2), consiste à introduire autant de distributions de particules qu'il y a d'équations dans
le système à résoudre [13]. Plutôt qu'identi�er les di�érentes variables à di�érents moments d'une
distribution unique, on identi�e alors chaque variable à la densité (moment d'ordre 0) de sa distribution
respective. C'est cette méthode, dite de Lattice-Boltzmann vectoriel qui est utilisée dans le chapitre 5.

Dans tous les cas, ce sont les équations sur F qui sont résolues numériquement. Pour ce faire,
on opère en alternant étape d'advection et étape de relaxation à chaque itération en temps. L'un
des avantages de la méthode Lattice-Boltzmann est qu'elle permet de résoudre la partie advection de
manière exacte, en discrétisant la solution sur une grille compatible avec les q vitesses des particules et
le pas de temps ∆t : si pour point x de la grille le point x+∆t vi est aussi sur la grille, alors l'advection
de Fi sur un pas de temps ∆t se traduit par une simple translation de la solution dans la direction
correspondante (di�cultés aux bords mises à part).

La méthode est intéressante de par sa simplicité de programmation. De plus, il est possible d'utiliser
des méthodes d'ordre deux en temps en utilisant une méthodes dite de surrelaxation [7, 5]. Le point
délicat est d'assurer une certaine stabilité à ces méthodes. En e�et, di�érents critères de stabilité ont été
exhibées pour les méthodes Lattice-Boltzmann vectorielle [3, 2, 14]. Une condition su�sante de stabilité
est la condition dite sous-caractéristique, qui contraint la norme des vitesses cinétiques discrètes, notée
λ, à être plus grande que les vitesses caractéristiques du système hyperbolique (pour une dé�nition plus
précise voir le chapitre 5). Cependant, il est nécessaire également de prendre ce paramètre λ le plus
faible possible a�n de réduire la di�usion numérique. Des problèmes de stabilité peuvent ainsi survenir
en cours de simulation du fait d'oscillations parasites, la contrainte sous-caractéristique n'étant ainsi
plus véri�ée localement.

Di�érentes variantes de ces schémas Lattice-Boltzmann vectoriel ont été proposés a�n de réduire
la di�usion numérique et contrer les problèmes de stabilité. Certains travaux étudient des choix par-
ticuliers de vitesses cinétiques discrètes [11, 6]. D'autres méthodes considèrent plusieurs temps de
relaxation [8, 30]. Il s'agit dans ce cas de combiner les termes de relaxation avec des poids (des temps
de relaxation) τi,j à déterminer :

∀i ∈ {1, ..., q}, ∂tFi + vi · ∇Fi =
∑

j

τi,j(F
eq
j − Fj).

Ce type de relaxation peut également pro�ter à la méthode de Lattice-Boltzmann vectorielle, et c'est
la piste qui est explorée dans le chapitre 5, avec un réseau de neurones pour déterminer les coe�cients
τi,j .

1.5 Résumé des chapitres

Les quatre chapitres qui suivent cette introduction sont au format d'articles scienti�ques, et peuvent
être lus indépendamment les uns des autres. Chaque chapitre porte sur un projet di�érent qui mêle
réseaux de neurones et méthodes numériques, et est brièvement décrit ci-dessous.

Le chapitre 2 s'intéresse à la fermeture du modèle �uide pour les plasmas. On y considère l'équation
de Vlasov à une dimension d'espace et une dimension de vitesse, avec opérateur de collisions BGK
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(Bhatnagar-Gross-Krook) et un champ électrique donné par l'équation de Poisson. Pour le modèle
�uide, on considère le modèle standard qui porte sur la densité, la vitesse moyenne et la température.
Dans ce contexte, la fermeture du modèle �uide se fait par la donnée du �ux de chaleur uniquement,
en fonction des trois quantités précédemment citées. Les régimes de collisions que l'on regarde sont des
régimes intermédiaires avec un nombre de Knudsen compris entre 0, 01 et 1, régimes où la fermeture
Navier-Stokes montre ses limites. L'objectif est donc d'entrainer un réseau de neurones à fournir une
bonne estimation du �ux de chaleur, connaissant le nombre de Knudsen, la densité, la vitesse macrosco-
pique et la température. Pour ce faire, on utilise un réseau de neurones convolutif avec une architecture
de V-Net, et dont l'enchainement des convolutions aboutit à un modèle non-local. Son entrainement
est réalisé sur des données générées par des simulations du modèle cinétique. Les résultats numériques
montrent la capacité du réseau à estimer le �ux de chaleur, dont il résulte des simulations �uides avec
une erreur uniforme en le nombre de Knudsen.

Le chapitre 3 reprend la méthode du premier, mais pour l'appliquer à l'équation de Boltzmann
en deux dimensions d'espace et deux dimensions de vitesse, toujours avec l'opérateur de collisions
BGK. Le passage à la dimension supérieure rend la fermeture plus riche, puisqu'elle consiste alors en
la donnée du �ux de chaleur mais aussi du tenseur de stress. Le premier étant un vecteur et le second
une matrice symétrique de trace nulle, ce sont donc quatre quantités scalaires qu'il faut estimer pour
fermer le modèle �uide. On considère ici encore les régimes de collisions avec un nombre de Knudsen
compris entre 0, 01 et 1. On entraine un réseau de neurones par quantité à estimer, à partir de données
issues de simulations du modèle cinétique. Les réseaux de neurones montrent une bonne capacité à
estimer la fermeture, mais leur intégration au modèle �uide pose d'importants problèmes de stabilités.
On propose plusieurs moyens de limiter cette instabilité, mais ces dernières déteriorent la précision du
modèle. Surtout, ces méthodes sont sensibles à la résolution du maillage, et doivent donc être adaptées
dès lors que cette dernière est modi�ée.

Le chapitre 4 porte sur la méthode Galerkin discontinu pour les équations hyperboliques. Cette
méthode permet d'obtenir des schémas d'ordre élevé, plus précis que les schémas volumes �nis utilisés
classiquement pour les lois de conservation. Mais la présence de chocs dans les solutions fait produire
à ces schéma d'ordre élevé des oscillations numériques indésirables. Une manière de contrôler ces
oscillations est l'ajout d'un terme de viscosité arti�ciel à l'équation, qui va lisser les chocs et ainsi
retirer la cause des oscillations. A�n que cette viscosité arti�cielle ne détériore pas toute la solution,
elle doit s'appliquer localement pour n'intervenir que lorsqu'elle est nécessaire. Pour ce faire on a
recours à un coe�cient de viscosité, qu'il faut concevoir dans cet objectif. C'est la tâche qui est réalisée
par un réseau de neurones dans ce travail. Il prend en entrée la solution à un instant donné, et renvoie
le coe�cient de viscosité en tout point du maillage. Un élément important de la méthode utilisée
réside dans l'algorithme d'apprentissage. A�n de se passer d'un coe�cient de viscosité de référence, le
critère à optimiser est calculé non pas sur la sortie du réseau de neurones directement, mais à partir
de la solution numérique obtenue en faisant usage du coe�cient de viscosité donné par le réseau de
neurones. Le schéma numérique est ainsi intégré à la fonction qu'il faut di�érencier pour procéder à la
descente de gradient, et est donc implémenté de manière à permettre la di�érenciation automatique.
Les résultats numériques montrent des performances similaires voire supérieures aux coe�cients de
viscosité pré-existant.

Le chapitre 5 s'intéresse à une autre méthode numérique pour résoudre les équations hyperboliques,
celle de Lattice-Boltzmann. Dans cette méthode, chaque variable est décomposée en plusieurs termes
se déplaçant chacun à une vitesse donnée, et soumis à un terme de relaxation. Cette décomposition
augmente la taille du problème, mais a l'avantage de venir avec un terme d'advection linéaire, là où
l'équation d'origine pouvait avoir un �ux non linéaire. La méthode numérique standard pondère le
terme de relaxation par un coe�cient compris entre 1 et 2. Égal à 2, le schéma numérique obtenu est
d'ordre 2 mais produit des oscillations non physiques aux abords des discontinuité ; plus il est pris
proche de 1, moins ces oscillations sont présentes mais plus le schéma est di�usif. Dans ce travail, on
propose de pondérer le terme de relaxation par un coe�cient matriciel fourni par un réseau de neurones,
qui peut non seulement adapter localement la relaxation de chaque équation, mais aussi les coupler
pour obtenir la meilleure solution possible. Le réseau de neurones utilisé est un multi-layer perceptron
(MLP) qui prend en entrée la solution sur un certain stencil, et fournit la matrice de relaxation
pour la maille au centre du stencil en sortie. N'ayant pas de matrice de relaxation de référence,
l'algorithme d'apprentissage utilisé est le même que dans le chapitre précédent. La méthode est testée
sur des cas tests en 2 dimensions d'espace. Les résultats numériques montrent des performances très
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encourageantes pour l'advection de fonctions indicatrices ainsi que pour l'équation de Burgers appliquée
à des conditions initiales gaussiennes, mais l'équation d'Euler pose des problèmes de stabilité qui n'ont
pas encore été résolus.
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Chapter 2

A neural network closure for the 1D

Euler-Poisson system based on kinetic

simulations

This chapter was published as an article in Kinetic & Related Models:
Léo Bois, Emmanuel Franck, Laurent Navoret, and Vincent Vigon. �A neural network closure for the
Euler-Poisson system based on kinetic simulations�. en. In: Kinetic & Related Models 15.1 (2022) DOI:
https://doi.org/10.3934/krm.2021044.

Abstract

This work deals with the modeling of plasmas, which are ionized gases. Thanks to
machine leaning, we construct a closure for the one-dimensional Euler-Poisson system valid
for a wide range of collision regimes. This closure, based on a fully convolutional neural
network called V-net, takes as input the whole spatial density, mean velocity and temper-
ature and predicts as output the whole heat �ux. It is learned from data coming from
kinetic simulations of the Vlasov-Poisson equations. Data generation and preprocessings
are designed to ensure an almost uniform accuracy over the chosen range of Knudsen num-
bers (which parametrize collision regimes). Finally, several numerical tests are carried out
to assess validity and �exibility of the whole pipeline.

2.1 Introduction

Plasmas are gases composed of charged particles, i.e. ions and electrons, which are the subject of
many studies because they are a very common state of matter in the universe (e.g. in stars, ionosphere).
They are also present in industrial devices, like in fusion reactors. Plasma dynamics is complex since
particles have both long range interactions, through the self-consistent electromagnetic �elds, and
short-range collisions. The most complete model to describe plasmas is given by the Vlasov equation,
which is a kinetic equation satis�ed by the distribution function of particles in the position-velocity
(x, v)-phase space and which is coupled with the electromagnetic equations. To reduce the dimention,
it is possible to use �uid models which are derived from the kinetic Vlasov equation with a collision
operator by taking the velocity moments corresponding to the monomials 1, v, v2. This raises up
three equations linking the four following quantities: the density (the zeroth order moment), the mean
velocity (involving the two �rst moments), the temperature (involving the three �rst order moments)
and the heat �ow (involving the four �rst moments). Fluid models are very attractive as they are much
computationally cheaper as they involve only spatial quantities. However, they require an additional
equation called a closure to link the heat �ow to the other three moments.

The �rst two �uid models obtained in the collisional regime are the Euler and the Navier-Stokes
system. The closure is obtained from an asymptotic Chapman-Enskog procedure, assuming that the
distribution function is close to be at thermodynamical equilibrium due to collisions. These equations
are thus valid for small Knudsen number ε > 0, which is the mean free path between two collisions
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divided by the characteristic length studied. The Navier-Stokes system provides O(ε) corrections of
the pressure tensor and heat �ux. Higher order corrections have been considered but lead to ill-posed
systems (Burnett equations). We refer to [4, 35] for speci�c derivations in the case of plasmas and to
[11] for a review.

To extend the validity of �uid models for larger Knudsen numbers, larger moment systems have been
proposed for the Boltzmann kinetic equation, with neutral particles: the Grad 13 order moment model
using perturbative theory [20], the Levermore 14 order moment model using entropy maximisation
closure [29, 30]. They both su�er from intrinsic mathematical imperfections: a lack of hyperbolicity
for the former, so-called realizibility issues for the latter [27, 40]. However, several developments
propose corrections for the Grad model [44, 46, 6, 47] to extend its hyperbolic region and the entropy
methodology has been very successful with compact velocity domain in the context of radiative transfer
applications [15, 19, 16].

Instead of increasing the number of involved moments and thus the size of the system, closures
have been developed for plasma �uid models in order to incorporate speci�c kinetic e�ects. The
main example in this direction is the Hammett-Perkins closure [22, 21]. This closure is designed to
recover the Landau damping e�ect, which results from the transfer spatial modes to velocity modes
due to phase-mixing and leads to the damping of the electrostatic energy. This closure is devised such
that the dispersion relation of the linearized �uid equations leads to the same damping rate as the
original kinetic equation. As a consequence, the heat �ux has to depend on the temperature through
a non-local integral dissipative operator, namely the heat �ux equals the Hilbert transform of the
temperature. In this context, non-locality is mandatory to recover the right physical damping rate.
This methodology have been extended to numerous physical plasma regimes. For magnetized plasmas,
various �uid equations have been derived with speci�c closures [8] and non-local closures have been
specially introduced for recovering Landau-damping e�ects [21, 7, 42]. We refer also to [36, 26, 5, 32,
37, 45] for some recent developments.

Other strategies exist for adding kinetic e�ects. Let us mention model reduction technic to obtain
�uid models like the water-bag method [3, 2, 13], where the kinetic distribution function is approxi-
mated with piece-wise constant functions in velocity. Kinetic e�ects can also be numerically introduced
through micro-macro decomposition methods [10, 12, 9].

A more recent approach consists in using supervised machine learning to �nd a data-driven closure.
Arti�cial neural networks (ANN) have proven very e�cient to interpolate data and detect underlying
structures. In particular, convolutional neural networks are very e�cient to analyse images and thus
the outputs of numerical simulations. There are numerous works for designing physics-based models
using neural networks (see for instance [1, 48, 18]).

Such tools have already been used in several works regarding moment closure. For instance, in the
context of neutral gases, in [23], the authors propose to learn the appropriate higher moments required
in the model. For the Reynolds stress transport models for turbulent �ows, in [49], the authors
propose a neural network-based closure. With regard to plasma models, two works have explored
the representability of pre-existing analytic closures by neural networks. In [31], the authors compare
three types of non-local neural networks on their ability to represent the non-local Hamett-Perkins
closure. In [33], the authors approach three di�erent analytic closures, both local and non-local, and
propose a neural network for each. In particular, it is pointed out that the Hamett-Perkins closure and
the underlying kinetic phase-mixing are only satisfactorily achieved with a non-local fully connected
neural network. Both of these recent works give encouraging results for the use of neural network-based
closures in plasma models, that we further explore in this work.

Description of our work. Here, we introduce a data-driven closure, based on a fully-convolutionnal
neural network, which is valid for a large spectrum of collisional regimes (i.e. a large range of ε). Data
are obtained from numerical simulations of the Vlasov-Poisson system satis�ed by the distribution
function and the electric potential. This method has already been mentioned in [23] for neutral gases,
but the authors preferred to develop another approach. Here we further investigate the design of the
closure to obtain accurate predictions.

Collisions between charged particles would normally be modeled with the Fokker-Planck-Landau
operator. However, as it is usually done, we replace it by a BGK (Bhatnagar-Gross-Krook) operator,
that models the relaxation of the distribution function towards the equilibrium distributions, the
Maxwellians. The inverse of the Knudsen number ε is in prefactor of this operator.
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Knudsen numbers ε range is chosen equal to [0.01, 1]. Indeed, for ε < 0.01, the Navier-Stokes
closure already gives good results. An upper bound of the Knudsen interval has to be prescribed. Here
we choose ε = 1 to embrace mildly collisional regimes, but larger values could be considered.

The closure takes as input three one-dimensional vectors corresponding to the spatial discretized
density, mean velocity and temperature, and one vector corresponding to the parameter ε. The closure
returns an estimation of the spatial discretized heat �ux.

The core of the closure is a fully convolutional neural network which has a V-Net architecture. It
was �rst described and developed by Milletari et al. [34] to treat medical images (3D signals). It is an
evolution of the U-Net, developed for biomedical 2D images [39]. It consists in a succession of several
convolution kernels, down-samplings and up-samplings that perform multi-scale analysis of the signal.
No fully connected layer is used, so the whole network has relatively few parameters. The non-locality
of the neural network is actually linked to the number of down-samplings and up-samplings. The
architecture of the network can mostly be described by three hyperparameters: the number of levels
of the "V", the depth (which rules the number of channels at each level), and the size of the kernels
of convolution. The in�uence of these parameters on the performance is investigated.

As usual in neural networks construction, some processing of the data is required to predict the
heat �ux in the widest possible range. Therefore multiple steps of processing are included in the
closure, on top of the central neural network. One of these is the normalization of the heat �ux with
the Navier-Stokes approximation, that helps lowering the otherwise large relative error on predictions
of low heat �uxes. Another weakens the dependency of the closure on the underlying mesh size, by
performing a data slicing before applying the neural network part. We also use a resampling strategy
for discretizations with a resolution di�erent from the one used to train the neural network.

The insertion of this closure in a �uid solver raises mathematical issues. Indeed, it is not guaranteed
that the neural network closure is dissipative and thus it could lead to instabilities. To prevent such
scenario, a smoothing of the prediction is added into the closure.

The paper is organised as follows. In Section 2.2, we introduce the Vlasov-Poisson system and the
moment closure issue. In particular, we give the Euler and Navier-Stokes closures. Then the neural
network closure strategy is explained in Section 2.3: prediction strategy, architecture of the network
and training methodology are presented. Then Section 2.4 details the data generation and Section 2.5
their processing. Finally, in Section 2.6, we carry out several numerical tests to quantify and analyze
the accuracy of the closure.

2.2 Fluid closure for Vlasov-Poisson

In this section we present the kinetic description of the plasma dynamics in one space dimension
and its �uid approximations.

2.2.1 Kinetic model

A kinetic model is a model interested in the function f : (x, v, t) 7→ f(x, v, t) that describes the
evolution of the distribution of the particles in the (x, v)-phase space, where x ∈ [0, L] denotes the space
variable, v ∈ R the velocity variable and t ∈ R the time. We will consider periodic boundary conditions
in space. From this distribution function can be computed some macroscopic physical quantities. The
�rst three moments give the particle density ρ(x, t), the mean velocity u(x, t) and the total energy
w(x, t) de�ned as:

ρ(x, t) =

∫

R
f(x, v, t)dv, ρ(x, t)u(x, t) =

∫

R
f(x, v, t)vdv, (2.1)

w(x, t) =
1

2

∫

R
f(x, v, t)v2dv. (2.2)

We can also de�ne the pressure p(x, t), the temperature T (x, t) and the heat �ux q(x, t):

p(x, t) =

∫

R
f(x, v, t)(v − u(x, t))2dv, ρ(x, t)T (x, t) = p(x, t), (2.3)

q(x, t) =

∫

R

1

2
f(x, v, t)(v − u(x, t))3dv. (2.4)
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Note that we have the following relation: w = ρu2/2 + ρT/2 = ρu2/2 + p/2.
The evolution of the distribution is described by the Vlasov equation:

∂tf + v∂xf − E∂vf = Q(f), (2.5)

where E(x, t) is the self-induced electric �eld, which satis�es the Poisson equation:

E = −∂xϕ , ∂xxϕ = ρ−
∫

[0,L]

ρ dx. (2.6)

Here ϕ(x, t) denotes the electric potential.
The source term Q is called a collision operator and allows the model to take into account the

collisions between particles. Di�erent collision operators can be considered to deal with di�erent
situations. In this work we use the BGK operator (Bhatnagar, Gross and Krook), built to conserve
the mass, momentum and kinetic energy of the system, and model the relaxation induced by the
collisions toward a local equilibrium distribution M(f). This operator simply reads

Q(f) =
1

ε
(M(f)− f),

where M(f) is called the Maxwellian of f and is given by

M(f)(x, v, t) =
ρ(x, t)√
2πT (x, t)

e−
(v−u(x,t))2

2T (x,t) , (2.7)

with ρ, u and T the density, mean velocity and temperature associated to f and de�ned in (2.1)-(2.3).
The parameter ε > 0 is called the Knudsen number and represents the mean free path between two
collisions divided by the characteristic length studied. In the limit ε→ 0, the distribution function is
expected to be closed to local equilibria. In this regime, the phase-space dynamics could be infered
from the spatial dynamics of its macroscopic moments ρ, u, T .

The kinetic equation (2.5) can be easily solved numerically in this one dimensional case. Several
numerical methods have been proposed in the literature [43, 14]. In this work, we use a Finite Dif-
ference/Finite Volume method similar to the one introduced in [38, 25] and described in appendix
2.A. Although it is possible to extend such computations in dimension 2 or 3, the computational cost
becomes very prohibitive. We are therefore led to consider �uid models.

2.2.2 Fluid model

A �uid model of a plasma describes the evolution of its density ρ(x, t), mean velocity u(x, t) and
kinetic energy w(x, t), instead of the distribution of its particles f(x, v, t) in a kinetic model. Such
models are far less expensive to simulate numerically than the original kinetic model. Indeed, this
requires the computation of only three spatial quantities (3×Nx unknowns), instead of the full kinetic
distribution (Nx ×Nv unknowns), where Nx and Nv stands for the number of discretization points in
space and velocity.

Fluid models can be obtained by using the moment method [11]. Formally, it consists in computing
the �rst three moments in velocity of the Vlasov equation, i.e. multiplying Equation (2.5) by 1, v and
v2/2 and then integrating in velocity:

for p = 0, 1, 2,
∫

R
vp (∂tf + v∂xf − E∂vf) dv =

∫

R
vpQ(f) dv.

Since the collision operator conserves mass, momentum and energy, the right-hand sides vanish. There-
fore, it results in the following system:





∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu
2 + p) = −Eρ,

∂tw + ∂x(wu+ pu+ q) = −Eρu,
(2.8)

where p is the pressure and q the heat �ux de�ned in (2.3)-(2.4). Note that the pressure p is actually
a function of ρ, u, w since we have the following relation:

p = 2w − ρu2.
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The electric �eld E is still given by the Poisson equation (2.6).
We thus get a system of three equations on the four variables ρ, u, w and q. For it to be closed, we

need a fourth equation connecting these four unknowns, called a closure. Usually this closure consists
in replacing the true heat �ux q with a simpli�ed one q̂ given as a function of the other quantities ,
and that can be written

q̂ = C(ε, ρ, u, T ).
Note that this closure depend on the physical regime we consider through the parameter ε. Let us also
mention here that in higher dimension, the pressure stress tensor is not completely determined by ρ,
u and w and an additionnal closure relation is necessary.

In �uid regimes, where most of the kinetic e�ects can be neglected, two closures are classically
considered: the Euler or the Navier-Stokes closures. The Euler closure is valid in regimes where the
distribution function is closed to be Maxwellian: f = M(f) + O(ε). Using this ansatz, we obtain the
Euler closure:

q̂ = 0.

When we are interested in regime with O(ε) deviation from the Maxwellians, f =M(f) + εg+O(ε2),
we get the Navier-Stokes closure:

q̂ = −3

2
ε p ∂xT. (2.9)

Note that it is a O(ε) correction of the Euler closure. We refer to [11] for more details.
As mentioned in the introduction, more complex closures have been developed to capture more

kinetic e�ects, in regimes where the disbribution function is more distant from the Maxwellians. See
Ref. [22, 21]. Such closures are chosen non local, meaning that the heat �ux q(x) at location x does
not rely on the values of ρ, u, T and their derivatives at location x only, but on their values on all the
domain.

The goal of our work is to provide a method to provide a new closure, where the function C is
implemented using a neural network. The next section describes this approach in more details.

2.3 Closure with a neural network

In this section we introduce the overall principle of our method to build the �uid closure presented
in Section 2.2.2 with a neural network. First we describe the basic functioning of the neural network,
before introducing the other operations included in the closure, and that surround the neural network.
We end this section with the detailed description of our neural network and of its training.

2.3.1 Interpolation of the heat �ux with a neural network

In this work we are interested in the ability of machine learning to �nd a function C that maps
the Knudsen number, the density, the mean velocity and the temperature of the plasma to its heat
�ux. Such a mapping cannot be exact as the heat �ux is not a function of these four quantities but a
function of the particles' distribution in the phase space. Nonetheless, the ability of neural networks
to �nd non obvious patterns and correlations can be used to provide a good approximation of the heat
�ux, that can then be used as closure for the �uid model described in Section 2.2.2.

Neural networks enable to build functions relying on many parameters. The obtained closure can
be formally written as:

q̂ = Cθ̂(ε, ρ, u, T ),

where θ̂ denotes the set of parameters of the obtained network. Here the closure is chosen to be non-
local : ρ, u, T as well as q are all spatial discretized quantities. The closure takes as input four vectors
or, in the neural network terminology, a 1D signal with four channels corresponding respectively to the
Knudsen number (turned into a constant vector), the density, the mean velocity and the temperature
at spatial discretization points:

X = (ε, ρ, u, T ) ∈ (RNx)4,

where Nx is the number of spatial discretization points. The output of the closure is one vector of size
Nx

Y = Cθ(ε, ρ, u, T ) ∈ RNx ,
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that will correspond to the estimated heat �ux q̂ ∈ RNx .
To �nd such a function, there are two main steps:

1. First, by setting the architecture of the neural network, we de�ne a family of functions Cθ

parametrized by θ ∈ Θ, where Θ represents the set of all the possible parameters of the neural
network.

2. Then, by training the neural network, we �nd a set of parameters θ̂ so as to minimize the error
of the neural network predictions on a dataset, for which the true heat �ux is known.

The neural network is the core component of the closure Cθ, but it is not its only one. Indeed, for
the data to be usable by the neural network and to provide satisfying results, it needs to go through a
certain amount of processing. Section 2.3.2 introduces these other components and their articulation
in the closure. Sections 2.3.3 and 2.3.4 then describe respectively the architecture and the training of
the neural network.

2.3.2 Detailed composition of the closure

In practice, the closure is used at each iteration in time to compute the heat �ux q on all the
mesh from the input (ε, ρ, u, T ) on all the mesh. Such a use of a neural network based closure into a
numerical scheme requires some work to transform the data handled by the solver into data usable by
the network, and vice-versa. This section brie�y introduces the di�erent steps involved in the closure
and their role in relation to the network.

There are three main processing operations designed to integrate the closure into the numerical
scheme. The �rst one deals with the di�erence in resolution between the numerical scheme and the
data used to train the network, by resampling the input of the network to its training resolution, and
its output back to the original resolution. The second one deals with the di�erence in length between
the resampled data of the scheme and the inputs handled by the network, by slicing the data into
several pieces to give to the network, and then aggregating the outputs to reconstruct the full heat
�ux. The third one deals with the stability of the resulting numerical scheme, by smoothing the data
from the network to prevent any oscillation to propagate into the numerical scheme. These three steps
are part of a whole process, that can be broken downs as follows:

Cθ : X
(Re)+(P)7−→ X(P ) (Sl)7−→ (X

(P )
j )j

(NNθ)7−→ (Ŷ
(P )
j )j

(R)7−→ Ŷ (P ) (P')+(Sm)+(Re)7−→ Ŷ .

This process is illustrated by �gure 2.1, and the di�erent steps are described below.

1. Resampling (Re) and pre-processing (P) The input X of size Nx is resampled with a
Fourier method (that relies on the periodicity of the signal) and pre-processed into a signal
X(P ) of size N ′

x. As explained in section 2.6.3, the resampling changes the resolution of the
input to match the one used for training and get better results. The pre-processing that follows
is a standardization step, very common when using neural networks, that allows to improve the
accuracy. It is detailed in section 2.5.1.

2. Slicing (Sl) The inputs are sliced into what we call windows, that are overlapping pieces
(X

(P )
j )j of size N , the size of the inputs the neural network works with.

3. Neural network (NNθ) For each window X
(P )
j , the network predicts a piece of heat �ux

Ŷ
(P )
j , also of size N .

4. Reconstructing (R) The windows Ŷ (P )
j are aggregated in order to reconstruct an entire heat

�ux Ŷ (P ). An added bene�t of this slicing and reconstructing process is that it allows to prevent
some edge e�ect introduced by the network: by using overlapping windows, the ends of each
piece can be ignored when reconstructing the whole signal. As described in section 2.5.3, the
amount of overlapping is a parameter that can be tweaked.

5. Post-processing (P'), smoothing (Sm) and resampling (Re')
The post-processing is an operation of normalization designed to improve the accuracy of the
network and detailed in section 2.5.2. The smoothing of the signal is here to avoid oscillations
coming from the predictions to propagate and amplify, thus making the numerical scheme
unstable. The intensity of this smoothing can be tweaked, and is discussed in section 2.6.2.
Finally it is followed by a resampling to recover the original resolution, for the output Ŷ to be
used in the rest of the computations.



2.3. CLOSURE WITH A NEURAL NETWORK 33

NNθ

NNθ

NNθ

(ε, ρ, u, T ) = X X(P ) (X(P )
j )j (Ŷ (P )

j )j Ŷ (P ) Ŷ = q̂

(Re)+(P) (Sl) (R) (P’)+(Sm)+(Re’)

1

Figure 2.1 � Graph of the composition of the closure. The di�erent operations are (Re)-(Re') resam-
pling, (P) pre-processing, (Sl) slicing, (NNθ) neural network, (R) reconstruction, (P') post-processing
and (Sm) smoothing.
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(Sl)
NNθ

NNθ

(R) (Sm)n
σ

+
n

θ
−

1

X Ŷ
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Figure 2.2 � Visual representation of the three operations involved in the non-locality: the (Sm)
smoothing, the (R) reconstruction and (Sl) slicing mechanism, and the (NNθ) neural network. High-
lighted in gray is the part of the data used to compute the output value whose position is indicated
by the red line. For better readability, only one of the four vectors of the input X, and only the
three windows involved, are represented. These examples use the redundancy parameter r = 2. Two
scenarios are illustrated: on the left, each output value of the neural network depends on relatively
few input values, while on the right it depends on relatively many. Also, the position of the output
value considered is not the same.

These di�erent operations will be fully exposed in Section 2.5.
The resulting closure is non-local, meaning that it does not perform a pointwise mapping, but

instead each point in the output depends on a large region of the input. Two elements of the closure
contribute to increase this non-locality: the �nal smoothing, which consists in averaging nσ neigh-
bouring values, and most importantly the convolutional neural network, that maps a great number
nθ of neighbouring input values to each output value. However, since the neural network is applied
to overlapping windows of the input, and not to the whole input itself, the slicing mechanism can
limit the span of the non-locality. Putting aside the margins described in section 2.5.3, it involves two
parameters: the size N of the windows, and the redundancy r specifying the number of windows in
which each point must be present (more details are given in section 2.5.3).

In order to give a better idea of how these operations interact with regard to the non-locality of
the closure, let us provide a quick overview of the possible scenarios when we put aside the margin
mechanism (described in 2.5.3) and assume that nσ ⩽ N

r . Figure 2.2 illustrates two of them. The left
side of the �gure illustrates what happens when nθ ⩽ 2N

r − 1. In this case, nθ is small enough that
the size of non-locality is not a�ected by the slicing mechanism, and is always given by nσ + nθ − 1.
The right side of the �gure illustrates what happens when nθ ⩾ 2N − 1. In this case, nθ is big enough
that the slicing mechanism systematically constrains the non-locality. Speci�cally, as shown in �gure
2.2, the nσ reconstructed values can come from either r windows (on the left) or r + 1 windows (on
the right), depending on the position of the output value considered; as a result, the size of the non-
locality is either (2− 1

r )N or 2N , respectively. Intermediate values of nθ with respect to N and r lead
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Figure 2.3 � Graph of a 1D V-Net with a window of size N = 512, a depth k = 2 and ℓ = 3 levels.

to intermediate results, for which the non-locality is limited by the span of the windows on one side of
the interval or the other, or none, or both, depending on the position of the output value considered
and the number of windows it involves.

In this work, we end up with N = 512, r = 2, nσ = 31 and an architecture that leads to nθ = 939.
It is an intermediate case, where the size of the non-locality can vary from 768 to 1024. For the sake
of completeness, let us mention that taking the margin mechanism (see section 2.5.3) into account
decreases the size of the non-locality. In reality, our parameters make us fall into the second scenario
described above, and the size of the non-locality is either 716 (for most output values) or 922 (for the
rarer output values involving 3 windows instead of 2). Note that this choice of parameters is the result
of our attempt to �nd out what works best for approximating a heat �ux to use in the �uid model
(as measured in section 2.6); the extent of the non-locality was not the motivation for this choice, but
rather a side e�ect.

Finally, it is worth mentioning that reducing the size of the non-locality does not necessarily come
with a decrease of the computational cost. Indeed, if this reduction is achieved by decreasing the
size N of the windows, it only increases their number and does not change the overall complexity (as
opposed to decreasing the redundancy parameter r). On the other hand, some of the hyper-parameters
of the neural network can be modi�ed to decrease both its non-locality and the computational cost,
but also its ability to approximate heat �uxes. In order to determine the best compromise, we rely on
results shown in section 2.6.1. In the next section, we introduce these hyper-parameters, along with
the architecture we use for the neural network.

2.3.3 Architecture of the neural network

The closure Cθ depends on the architecture of the network. In our work we use a 1D version of the
V-Net [34, 39] implemented with the Tensor�ow 2 library through its python interface. In this section,
we describe this architecture in details. Since the neural network is intended to be trained on data
from several simulations with no speci�c information about the links between the X(P )

j from a given
simulation, we denote a generic input to the neural network by x, and the corresponding output by ŷ.

The V-net is a fully convolutional neural network meaning that it is based only on a successive
sequence of convolutions (no fully connected layers). It consists of two parts. First a descending part
that acts as an "encoder", and decomposes the input x into multiple features, performing a multiscale
analysis. Then an ascending part that acts as a "decoder", and synthesizes the created features to
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predict the output ŷ. As we will see below, it can be characterized by three hyperparameters: the
number of levels ℓ, the depth d of the �rst convolution and the kernel size p of all convolutions. The
composition of the V-net illustrated Figure 2.3 is the following:

Input As described previously, it is a 1D signal x made of 4 channels (ε, ρ, u, T ), and with a given
length called the window size that we set to N .

Initialization We �rst perform successively two 1D convolutions 1 with a kernel size of p (we tried
p = 5, 7, 9, 11), both followed by the softplus activation function s(t) = ln(1+et), and change the
number of channels from 4 to a depth d (we tried d = 4, 5, 6, 8). All convolutions preserve the
size of the signal with the help of a constant padding that extends the signal by continuity. The
original V-Net uses the ReLu activation function, but the regularity of the softplus activation
function seems to give us better results.

Descending part The V-net is made of ℓ levels (we tried ℓ = 3, 4, 5), so ℓ − 1 descents and as
many ascents. Let us describe one descent.
� The input is down-sampled by a convolution of kernel size 2, stride 2, and that doubles the

depth of its input. The stride allows to halve the length of the input, incidentally blurring
the precise locations of the highlighted features.

� Then are applied two successive convolutions of kernel size p and that conserve the depth of
their input, both followed by the softplus function.

� The output of this double convolution is added to its input. This "shortcut" is represented
by the dotted arrows in Figure 2.3. This way the convolutions produce additive (or resid-
ual) modi�cations. This is the principle of the famous Resnet. It has been shown that it
accelerates the training process and limits the problems of vanishing or exploding gradient
[24].

The output of this descent is a signal with half the length and double the depth of the input
signal.

Ascending part It works as a mirror of the descending part. Each ascent simultaneously increases
the length of the signal and decreases its depth by a factor of 2. Technically, we up-sample the
data using a transposed-convolution [17] of size 2 followed by two convolutions of kernel size p
with softplus activations.

Long shortcuts At each level, the features obtained in the ascents are combined with the features
created by the descents, using a summation. This allows to retrieve some �ne resolution details,
which are lost by the blurring produced by down and up samplings.

Weighted mean The resulting signal of depth d is turned into a one dimensional output ŷ by sim-
ply taking a weighted mean of all d channels. This operation is implemented with a convolution
of kernel size 1. No activation function is added, as we deal with a regression problem.

All the coe�cients of the convolutions constitute the set of parameters θ of the neural network.
Table 2.1 summarizes the hyper-parameters we choose in practice as a reference. This choice

was mostly motivated by the results given in Section 2.6.1. In order to avoid the oscillations that
can be produced by the upsampling operation of the V-Net architecture, we initialize the transposed
convolutions with constant kernels.

2.3.4 Training of the neural network

The training consists in �nding an optimal set of parameters θ̂ for the neural network. It is de�ned
as the minimizer of a loss function that measures the error of the network:

θ̂ = argmin
θ∈Θ

Loss(θ).

1. For the sake of completeness, we recall the formula for a one dimensional convolution: applied on an input x of
shape (N, d) to get an output y of shape (N, d′), a 1D convolution with an odd kernel size p uses a kernel k of shape
(p, d, d′) and we have

yi,k =

d∑
j=1

p∑
di=1

x̃i+di,jkdi,j,k,

where x̃ is the input x padded on both ends so that yi,k is well de�ned for i up to N .
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Hyper-parameter Value

size of the input window (N) 512

number of levels (ℓ) 5

depth (d) 4

size of the kernels (p) 11

activation function softplus

Table 2.1 � Hyper-parameters of the reference neural network

This error is de�ned as the average distance between the outputs ŷ of the network and the expected
outputs y, over a given training dataset D. For this distance, we use the mean absolute error, or MAE,
which gives us

Loss(θ) =
1

|D|
∑

(x;y)∈D
MAE(NNθ(x), y), MAE(ŷ, y) =

1

N

N∑

i=1

|ŷi − yi|,

where |D| is the number of entries in the training dataset and N the window size of the network
(described in section 2.3.3), which is also the length of the ŷ and y vectors. In practice, the minimization
of this loss is carried out with a gradient descent algorithm. This whole process falls under the category
of supervised learning, as it requires a labelled dataset, including both the inputs and the corresponding
expected outputs.

In our case, we �rst generate a raw training dataset with entries (X;Y ) = (ε, ρ, u, T ; q) using the
kinetic model, as described in section 2.4. Then we turn these into entries (x, y) which can be used to
train the network, by applying them the processing outlined previously in section 2.3.2 and described
in details in section 2.5.

The data generation process results in a raw training dataset with 10 000 entries (X;Y ) of vectors
of size Nx = 1024. The processing of these includes a slicing of the vectors into 8 overlapping windows
of size N = 512, which results in 80 000 entries (x; y) of vectors of size N = 512. 4% of these are
isolated as a small test dataset and 10% of what remains are used for validation. The rest is used for
the actual training.

This training uses the mini-batch gradient descent algorithm, with the Adam optimizer and mini-
batches of size 1 024, to minimize the mean absolute error (MAE). It consists in 5 series of 120 epochs
with a decaying learning rate, reset to its initial value of 0.005 between each series.

As a conclusion for this section, let us point out that the making of the raw training dataset requires
crucial choices in the initial conditions, the recording times and the range of the Knudsen numbers, that
have a direct impact on the range of validity of the closure obtained. The process of data generation
and the choices we made regarding these parameters are presented in the next section.

2.4 Data generation

In order to train a neural network to predict the heat �ux q knowing the Knudsen number ε, the
density ρ, the mean velocity u and the temperature T , we need to generate a training dataset. This
dataset must meet two criteria. First, it must be a labelled dataset, i.e. a dataset with both the input
X = (ε, ρ, u, T ) and the expected output Y = q. The expected output is the "correct" output of the
given input, from which we want the network to interpolate, or generalize, for new inputs. Then, this
dataset must contain as much diversity as possible, for the interpolation to be usable in many di�erent
situations.

Consequently, the generation of the training dataset relies on two key ingredients. First, a solver
for the kinetic model that can reliably estimate the distribution of particles in the phase space, from
which can be derived all the �uid quantities ρ, u, T and q. Second, a mechanism to produce a variety of
distributions that can be given to the solver as initial conditions. This whole process of data generation
is illustrated in Figure 2.4 and described in more details in this section ; except for the solver for the
kinetic model that is not speci�c to our work and is described in appendix 2.A.
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Figure 2.4 � Scheme of the data generation process for one simulation with the kinetic model. With
one Knudsen number and one initial condition, we produce 20 entries in the dataset.

2.4.1 Global description

Let us �rst get a glance at the global process illustrated by Figure 2.4. To begin with, a randomized
process allows us to produce a Knudsen number ε, an initial condition f0, and a recording time t. These
three elements are given to the kinetic model that computes the evolution of the distribution up to
t. The resulting distribution f is then used to compute the density ρ, the mean velocity u, the
temperature T and the heat �ux q of the system. On top of these four quantities, we add the Knudsen
number ε as a constant vector of the same size as the other four, so that it can be used as input by
the network. This could also allow us to generalize our method to a problem with a Knudsen number
that varies in space. In the end, these �ve vectors (ε, ρ, u, T ; q) form an entry in the dataset.

Actually, in order to capitalize on the simulations that can be computationally expensive �espe-
cially in higher dimensions�, we decide to produce several entries with each simulation. For a given
Knudsen number and a given initial condition, we generate not one but 20 di�erent recording times
t1 < · · · < t20, and compute the distribution at each one of these times, respectively f1, ..., f20. From
each one of these distributions can be derived ρ, u, T , q, to which we prepend ε to form 20 di�erent
entries to be stored in the dataset. Thus, for the cost of one simulation up to t20, we produce 20
di�erent entries corresponding to di�erent intermediate steps in the simulation.

To build a whole dataset, we repeat this process with 100 di�erent values of ε, and with 5 di�erent
randomly selected initial conditions for each one of these ε. Thus, we get a dataset with 10 000 entries,
based on 500 di�erent initial conditions. We produce two such datasets: a training dataset used to
train the neural networks, and a test dataset used to measure and compare the performance of the
trained networks on new data.

2.4.2 Random initial conditions

The initial condition f0 is a Maxwellian as in (2.7), with density ρ, mean velocity u and temperature
T randomly generated as partial Fourier series under the form

α×
(
a0
2

+ 0.5

N∑

n=1

(an cos(nx) + bn sin(nx))

)
, x ∈ [0, 2π].

We set N to 20 and we randomly generate the an and bn coe�cients for n ⩾ 1 according to a uniform
distribution on

[
− 1

n ,
1
n

]
. This choice for the an and bn coe�cients set the high frequencies to low

amplitudes, resulting in more regular functions. Then, the choice for α and a0 depends on the function
to be generated. For the density, a0

2 = 1 and α = 1. For the temperature, a0

2 = 1 and α is chosen
uniformly in [0.1, 1]. For the mean velocity, a0

2 is chosen uniformly in [−1, 1], and α is chosen so that
the maximum Mach number

max
x∈[0,2π]

|u(x)|√
2T (x)

,

falls uniformly in [10−4, 5 · 10−1] in logarithmic scale. We also make sure that the density and temper-
ature generated are positive functions. Possible functions generated with this process are given Figure
2.5. For their discrete form, these functions are sampled with Nx = 1024 points to get vectors, that
are turned into a discrete Maxwellian our solver can work with, with Nv = 141 points is velocity.
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Figure 2.5 � Possible functions ρ, u and T generated with the process described in Section 2.4.2.

2.4.3 Random Knudsen numbers and recording times

In this work we focus on Knudsen numbers in the range [εmin, εmax] = [0.01, 1]. First because below
0.01 the �uid model with the Navier-Stokes estimation is already very accurate, and also because we
do not want a range too wide. Regarding the distribution of the values in this interval, we want a
decent amount of entries with ε really close to 0.01, but we do not want too few entries for ε close
to 1. As a result, a uniform or logarithmic distribution over the interval [0.01, 1] is not satisfying.
Instead we opt for a uniform distribution for

√
ε in the interval [

√
εmin,

√
εmax]. This allows us to have

about one fourth of the Knudsen numbers between 0.01 and 0.1, and three fourths between 0.1 and
1. Also we use a deterministic distribution for the train dataset in order to have a nice coverage of
the interval, while we use a random distribution for the test dataset in order to test the ability of the
trained networks to generalize to new Knudsen numbers.

For the recording times t1 < · · · < t20, we do not want t1 to be too close to zero as the initial
maxwellian state always has a heat �ux of zero and does not carry much physical information, and we
do not want t20 to be too big so that the simulations do not last too long. For these reasons we choose
20 times uniformly in the interval [0.1, 2], that are then sorted and given successively to the solver for
the kinetic model.

2.4.4 Computing of the �uid quantities

Once the Knudsen number, the initial condition and the times are generated, a simulation is
computed with the numerical method described in appendix 2.A. It relies on a discretization of the
phase space

(xi, vj) , i ∈ {1, ..., Nx}, j ∈ {1, ..., Nv},

and results in an approximation (fi,j) of the real distribution f :

fi,j ≃ f(xi, vj).

From this distribution can be derived the density ρ, mean velocity u, temperature T and heat �ux
q needed for the dataset, as mentioned in Section 2.2.1. In their discrete form, these quantities are
vectors computed as follows: for any 1 ⩽ i ⩽ Nx,

ρi =
1

Nv

Nv∑

j=1

fi,j , ρiui =
1

Nv

Nv∑

j=1

vjfi,j , ρiTi =
1

Nv

Nv∑

j=1

(vj − ui)2fi,j
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Figure 2.6 � Scheme of the whole data processing for the training and the prediction processes re-
spectivily. The di�erent operations are (S) standardization, (Sl) slicing, (N) normalization, (I) inverse
normalization, (R) reconstruction and (Sm) smoothing.

and

qi =
1

2Nv

Nv∑

j=1

(vj − ui)3fi,j .

For our datasets, we use a discretization with Nx = 1024 points in space, and Nv = 141 points in
velocity.

2.5 Data processing

In this section we describe how the data is processed on both sides of the neural network, both for
the training process and the prediction process. At this point we have generated some data with the
kinetic model, and want to process it for a neural network that takes as input a 1D signal with four
channels �the Knudsen number, the density, the mean velocity and the temperature�, and outputs
a 1D signal with one channel �the heat �ux. This data processing consists in the transformations
described below and summarized in Figure 2.6. In the remainder of this section, we use the word
standardized to describe a quantity with mean zero and unit variance, and normalized a quantity with
norm one or that has been applied the transformation described in Section 2.5.2.

2.5.1 Input standardization

Neural networks are known to be easier to train with standardized inputs, where all channels have
the same order of magnitude. Consequently, we standardize the inputs channel by channel, by removing
the mean and scaling to unit variance the whole training dataset. For example for the density ρ, if
(ρk) is the family of densities of the whole training dataset, this standardization applied on a given
entry ρk0 can be written

ρk0

standard =

ρk0 −mean
k,i

ρki

std
k,i

ρki
,
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where mean is the empirical mean and std the empirical standard deviation.
Since the neural network is trained with this standardized data, it is designed to work only with

inputs that received that speci�c standardization: after the training, any new input given to the neural
network must be applied that very same standardization. In particular, the means and standard
deviation computed in the training dataset have to be stored with the neural network, in order to be
available later to make predictions for the �uid model.

2.5.2 Output normalization

To prevent the outputs in our datasets from being smaller than the typical error of our neural
network, we choose to train the network to predict normalized output. Otherwise, the network would
produce pure noise when trying to predict them, which turns to be problematic when used by the �uid
model, especially regarding its stability. Another solution would be to use a cost fonction measuring
a relative error instead of an absolute one but it turns out to be less e�cient. Let us describe how we
proceed.

The main issue when training the network with normalized output is the reversibility of the nor-
malization. Since in the end we want to predict a heat �ux, and not a normalized heat �ux, we need
to be able to apply an inverse normalization at the output of the neural network. As a consequence,
this transformation cannot use any knowledge on the heat �ux to be predicted, that would be available
in the labelled training dataset, but would not in a real case scenario. For this reason, we choose to
normalize the heat �ux with its estimation given by the Navier-Stokes approximation (2.9), and that
can be computed from the Knudsen number, the density and the temperature, all available in a real
case scenario.

But using an estimation of the heat �ux brings another concern: when this estimation is way o�,
the normalization (or inverse normalization) would distort the information a lot. And this is expected
to happen, as the Navier-Stokes approximation tends to greatly overestimate big heat �uxes with
Knudsen numbers in the range we consider. To prevent this from happening, we choose to normalize
heat �uxes only when the corresponding Navier-Stokes estimation is below a given threshold θ, that
we set to 0.1. This threshold is also a way of only addressing the heat �uxes that were problematic in
the �rst place.

Thus, for a given input (εk0 , ρk0 , uk0 , T k0) in the training dataset with expected output qk0 , the
normalization we use can be written

qk0
norm =





qk0 × θ

qk0

NS

, if 0 < qk0

NS ⩽ θ,

qk0 , otherwise,

with

qk0

NS = max
i=1,...,N

∣∣∣∣
3

2
εk0ρk0

i (∂xT )
k0
i

∣∣∣∣ ,

where i refers to the index of the vectors and the spatial derivative is approximated with a centered
�nite di�erence formula. Note that we choose not to normalize at all heat �uxes such that qNS = 0.
Once trained to predict these normalized heat �uxes, the neural network must be followed by an inverse
normalization when used to make predictions of non normalized heat �uxes. This inverse normalization
simply reads

qk0 =





qk0
norm ×

qk0

NS

θ
, if 0 < qk0

NS ⩽ θ,

qk0
norm, otherwise.

.

2.5.3 Slicing and reconstructing

In order to be usable with meshes of di�erent sizes, the neural network is designed to work with
only one portion of the signal at a time as input, and to return the corresponding portion as output.
As a consequence, each signal given to the network has �rst to be sliced into several windows of the
right size. For the training process, both the input and the expected output have to be applied the
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Figure 2.7 � Slicing of a 1D signal into overlapping windows with di�erent redundancy parameters r.
The original signal is represented vertically on the left, and the windows are on the right. The hatched
parts of each window are the margins that are ignored when reconstructing the signal. The windows
that exceed the span of the original signal are completed by periodicity.

same slicing. For the prediction process, the input has to be sliced into windows, and the resulting
predictions have then to be aggregated to reconstruct a complete signal.

In one case or the other, we slice the signal into overlapping windows. The overlapping serves two
purposes. For the training process, it allows us to arti�cially increase the amount of data we can give
to the network from the training dataset. Though it introduces redundancy, such data augmentation
is known to help prevent over�tting and improve the accuracy of the network [41]. For the prediction
process, we use this redundancy introduced by the overlapping when reconstructing the output signal,
to provide a �rst smoothing process and to dismiss the defects on the borders of the predictions.

These defects come from the necessary padding in our V-Net architecture, that can cause oscillations
of big amplitudes at the ends of the predictions. As a consequence, each window must have a margin
that will be ignored when reconstructing the signal. We set this margin to 10% of the output on
each side, leaving 80% actually useful for the reconstruction, later referred to as the useful part. This
observation on its own is enough to require some overlapping between the windows to reconstruct the
whole signal, but we introduce even more overlapping. We slice the original signal such that each one of
its points is found in a �xed number r of windows, margins aside. We call this number the redundancy
parameter. The bigger it is, the bigger the overlapping, and the more windows are produced. This
slicing is illustrated Figure 2.7.

For the reconstruction of an entire signal from the predictions of the network, we get rid of the
margins and multiply the useful parts by the kernel

1

r

(
cos

(
2π

Lu
x− π

)
+ 1

)
, x ∈ [0, Lu]

where r is the redundancy parameter and Lu the length of the useful part in the physical space. We
then sum up the resulting windows. This kernel has the property to sum up to one when duplicated
every Lu

r (see Figure 2.8). As a consequence, each value in the reconstructed signal is a weighted mean
of the r values predicted by the neural network, which results in a somewhat smooth estimation of the
heat �ux.

2.5.4 Smoothing of the output

At this point we have a process that allows us to estimate the heat �ux q with the neural network,
and that can be used in a �uid model. But as it is, even with the smoothing provided by the aggregation
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Figure 2.8 � Kernel used for the reconstruction of an entire signal from the windows predicted by the
neural network, with the redundancy parameter r = 3.

of di�erent predictions as described in the previous section, this estimation can show some small
irregularities. In the �uid model, these irregularities on q are ampli�ed by the computation of ∂xq, and
can cause the instability of the hyperbolic system. This instability cannot be prevented by re�ning
the time discretization, we have to control the irregularities in the estimated heat �ux. To do so, we
smooth the reconstruted heat �ux thanks to a convolution with a gaussian kernel. This kernel with
standard deviation σ reads

w : t ∈ [−3σ, 3σ] 7→ e−
1
2

t2

σ2

∫ 3σ

−3σ
e−

1
2

t′2
σ2 dt′

,

and the smoothed heat �ux is

q̃(x) =

∫ 3σ

−3σ

q(x+ t)w(t) dt.

We show in Section 2.6.2 that σ can be chosen relatively large (σ ≃ 0.06) without impacting the
accuracy of the estimation, and has to be for the method to be stable.

Note that the parameter nσ introduced in section 2.3.2 is the size of the discretized kernel, and is
related to σ by

nσ
Nx

=
6σ

L
,

where L = 2π is the length of the x-domain [0, 2π].

2.6 Results

This section is divided in three parts: �rst we introduce the results regarding the neural network
only, then when it is used in the �uid model, and �nally how the whole model performs in con�gurations
that di�er from the one used for the training. Unless otherwise stated, the hyperparameters of the
neural network and the training are those presented in section 2.3.3.

2.6.1 Accuracy of the network

In this section we show numerical results of the neural network, independently of its use with the
�uid model. To this end we use the test dataset with entries (ε, ρ, u, T ; q) computed with the kinetic
model, or directly compare the predictions with a simulation of the kinetic model. To measure the
accuracy of the network on a given entry, we use the relative error in norm L2

||q − q̂||2
||q||2

,

where q̂ is the prediction of the neural network with inputs (ε, ρ, u, T ). We also observed the relative
error in norm L∞, but it was essentially the same, that is why we focus on the L2 norm in what
follows.

Unless stated otherwise, the results given use a redundancy parameter of 2 and a smoothing of
σ ≃ 0.06. This last choice is motivated by the results of Section 2.6.2.
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Figure 2.9 � Three examples of predictions. Note the di�erent scales of the y-axis: the amplitude of
the heat �ux tends to increase with the Knudsen number.

Comparison with the Navier-Stokes estimation

Figure 2.9 shows some examples of predictions, compared to the real heat �ux and the estimation
of Navier-Stokes (2.9). The �rst example illustrates how the Navier-Stokes estimation tends to perform
better on data with small Knudsen numbers. The second and third example show how on the contrary
it very often overestimate the heat �ux when the Knudsen number increases.

The relative errors of both the network and the Navier-Stokes estimation over the whole test dataset
are summarized in Figure 2.10. On this dataset, the overall error of the neural network is about an
order of magnitude below that of the Navier-Stokes estimation.

Figure 2.11 gives a closer look at these errors and highlights two important factors in the perfor-
mance of the network over the Navier-Stokes estimation: the Knudsen number and the norm of the real
�ux. The �rst scatter plot (Fig. 2.11, left) shows that the error of the Navier-Stokes estimation heavily
depends on the Knudsen number ε, which is not the case for the neural network predictions, except
for small values. This is even better illustrated by Figure 2.12, that uses the same data but where the
error is not set in logarithmic scale. The second scatter plot (Fig. 2.11, right) shows that there is a
strong correlation between the norm of the real heat �ux and the relative error of the network: the
smaller the heat �ux, the bigger the error of the network. This could be explained by a lack of small
heat �uxes in the training dataset or by the normalization we chose for small heat �uxes. In any case,
it should not be that big of a problem when used with the �uid model, as smaller heat �uxes have a
smaller impact on the result, at least as long as they are quite smooth.

It can also be interesting to look at the evolution of the error during a simulation, to get a better
idea of what will happen when used with the �uid model. To do so, we choose 50 random initial
conditions and 50 random Knudsen numbers in the same way we did to build the test dataset, and run
the kinetic model with these data. At regular times, the heat �ux of the kinetic model is compared to
the heat �ux the network would have predicted and to the Navier-Stokes estimation. Figure 2.13 shows



44 CHAPTER 2. CLOSURE FOR THE 1D EULER-POISSON SYSTEM

10−2 10−1 100 1010
200
400
600
800

L2 relative error

Fr
eq

ue
nc

y

Network
Navier-Stokes

1

Figure 2.10 � Distribution of the relative errors of the neural network and the Navier-Stokes estimation
over the test dataset (10, 000 predictions).
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Figure 2.11 � Error of the Navier-Stokes estimations and of the network on the test dataset, depending
on the Knudsen number and the L2 norm of the real heat �ux. Each dot corresponds to one entry in
the test dataset. For better clarity, only one 31th of the data is shown here.
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Figure 2.12 � Relative error of the Navier-Stokes estimations and of the network on the test dataset,
depending on the Knudsen number. The line represents the median of the error over the 100 entries
of the test dataset for each epsilon, and the coloured area the interquartile interval.
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Figure 2.13 � Norm of the real heat �ux and relative errors of the predicted heat �ux and the Navier-
Stokes estimation throughout simulations. Median and interquartile interval over 50 simulations.

the statistical results of this experiment. We observe that the network has a signi�cant advantage over
the Navier-Stokes estimation during the �rst 2.5 time units, before decreasing to a smaller advantage.
This result can be explained by the fact that the heat �ux is bigger during the �rst three time units
(the dissipation seems to decrease the size of q in time), and by the strong correlation between the
norm of the heat �ux and the error of the network, also visible in this �gure.

Hyper-parameters of the neural network

In this section we show the results that motivated the choice for some hyper-parameters of the V-
Net. We focus on the number ℓ of levels, the depth d, and the size p of the kernels of the convolutions.
Figure 2.14 compares the median relative error of V-Nets with di�erent sets of hyper-parameters. For
these results the window size was set to 256, but we later decided to set it to 512 as it gave slightly
better results.

We observe that all hyper-parameters do not a�ect the performance of the V-Net in the same
way. For instance, decreasing the size of the kernels signi�cantly decreases the accuracy of the trained
network, while not decreasing the number of parameters as much. On the other hand, decreasing the
depth allows to decrease the number of parameters with a very small e�ect on the accuracy. In the
remainder of this paper we work with the "l5,d4,p11" architecture, as it seems to be a good compromise
between the number of parameters and the accuracy of the network.

2.6.2 Fluid model with the neural network

In this section we look at how the neural network performs when used in the �uid model. We
denote by "Fluid+Network" this method. The �uid model is solved using an explicit �nite volume
method as presented in appendix 2.B.1. We compare it to three others:

Kinetic : the kinetic model. It is the most accurate model and serves as a reference for the real
target. The numerical method is described in appendix 2.A.

Fluid+Kinetic : the �uid model with the heat �ux from the kinetic model. It is the result we
would get with a perfect neural network that makes no error, and helps to distinguish the error
of the �uid model from the error of the neural network on the heat �ux. The numerical method
is identical to the one of the Fluid+Network method (see appendix 2.B.1). Theoretically this
model should give the same result as the kinetic model, but since the numerical schemes and
viscosities are di�erent it is not always true in practice.

Navier-Stokes : the �uid model with the Navier-Stokes estimation. It does not use the same
numerical method as our model, since the formula for the heat �ux requires an implicit scheme
to avoid too stringent stability condition (see appendix 2.B.2).

Our criteria to compare the �uid models is the L2 relative error on the logarithm of the electric energy
E

E(t) =
∫

[0,2π]

E(x, t)2 dx,
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Figure 2.14 � Median relative error and number of learnable parameters for V-Nets with di�erent
hyper-parameters : (ℓ) number of levels, (d) depth, and (p) size of the kernels. Points sharing the
same color represent networks that di�er by only one hyper-parameter.
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compared to the kinetic model. For all the following tests we use a discretization of Nx = 512 points
on [0, 2π] in physical space, and Nv = 101 points on [−7, 7] in velocity space (for the kinetic model). In
particular, the data is resampled on 1 024 points at each iteration for the neural network as explained
in Section 2.3.2. For the neural network to be called on inputs similar to these used for its training,
the initial conditions are generated with the same process than for the data generation, described in
2.4.2. The simulations are computed up to t = 8.

Examples

In this section we give a few examples of simulations to give the reader an idea on how the quantities
involved in the simulations look. Figure 2.15 shows the evolution of the �uid quantities up to t = 1 in a
kinetic simulation with a randomly generated initial condition and with ε = 0.1. Figure 2.16 compares
the density and the heat �ux of the four models at time t = 1 of this simulation.

Figure 2.17 shows examples of electric energies obtained with the four models described above. The
�rst one uses a very small Knudsen number, and with no surprise the Navier-Stokes model performs
better than the �uid model with the network. On the second example on the other hand, the Knudsen
number is bigger and we observe that the oscillations are slightly shifted: Navier-Stokes shows some
dispersion that the �uid model with the network does not. This dispersion often increases as the
Knudsen number gets bigger as it shows on the third example. Finally the fourth one illustrates a case
where the Navier-Stokes model really struggles while the �uid model with the network does pretty
good.

Global performances

The L2 relative errors of the three �uid models over 200 simulations with di�erent initial conditions
and di�erent Knudsen numbers are summarized in Figure 2.18. We observe that our closure with the
neural network does not reach relative errors of 0.01 or below, contrary to the closure with the real
heat �ux or even with the Navier-Stokes estimation. But it successfully maintains the relative error
below 0.2, which is close to what the closure with the real heat �ux achieves, and much better than the
Navier-Stokes estimation that often exceeds 0.2. As already noted, the Fluid+Kinetic relative error
should be zero but is not, due to numerical di�usion errors.

In�uence of the Knudsen number

In Figure 2.19 we look at the in�uence of the Knudsen number on the result of the �uid models. All
three seem to decrease in accuracy as the Knudsen number increases, but it is much more signi�cant for
the Navier-Stokes model. For Knudsen numbers above 0.1, not only the �uid model with the network
seems to work systematically better than the Navier-Stokes model, but it is also quite close to the �uid
model with the kinetic heat �ux. This would seem to indicate that the network appropriately plays
its role and that its error on the heat �ux does not impact the whole model too much.

Smoothing of the prediction and stability

In this section we show the impact of the smoothing on the accuracy of the predictions, as well
as its impact on the stability of the �uid model using these predictions. Figure 2.20 gives a visual
example of how the smoothing modi�es a prediction of the neural network.

To plot Figure 2.21, the network was used to predict the heat �ux of each entry in the test dataset,
and di�erent quantities of smoothing were applied before computing the relative error. We observe
that the accuracy of the resulting heat �ux does not deteriorate for standard deviations lower than
σ ≃ 0.04, and then slightly decreases as σ increases.

This smoothing was introduced to cope with the instability of the �uid model relying on the
predictions of the network. To measure how this stability is improved by smoothing the output of the
network, we choose 30 random initial conditions as we did to build the test dataset and 30 Knudsen
numbers uniformly distributed between 0.01 and 1. Then we choose a set of smoothing parameters σ,
and for each one of these we run the 30 simulations with the �uid model, using the network with this
quantity of smoothing. Finally, for each σ we look at the proportion of simulations that reached t = 3,
from which we assume the model will remain stable. The results are shown Figure 2.22. It appears
that all 30 simulations reach t = 3 for σ above approximately 0.05. We use σ ≃ 0.06 for our tests with
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Figure 2.15 � Example of the evolution of the density, mean velocity, temperature and heat �ux during
the �rst time unit with a randomly generated initial condition and ε = 0.1, obtained with the kinetic
model.
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Figure 2.16 � Comparison of the four models on the density and heat �ux at t = 1 with a randomly
generated initial condition and ε = 0.1.
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Figure 2.17 � Examples of the evolution of the electric energy with di�erent initial conditions and
di�erent Knudsen numbers.
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Figure 2.18 � Distributions over 200 simulations of the relative errors of the three �uid models compared
to the kinetic model, measured on the logarithm of the electric energy from t = 0 to t = 8. For better
readability, the x-axis in in logarithmic scale.
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Figure 2.19 � L2 relative errors of the �uid models over the kinetic model depending on the Knudsen
number. The �rst plot shows the raw data and the second shows the median and interquartile interval
for 20 uniform classes of Knudsen numbers between 0.01 and 1.
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Figure 2.20 � Example of a heat �ux predicted by the neural network, with and without smoothing.
The smoothing here uses σ ≃ 0.05.
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Figure 2.21 � Relative errors of the predictions over the test dataset depending on the quantity σ of
smoothing.

the �uid model shown in the next section, and it appears to be enough since no simulation failed so
far with this quantity of smoothing.

2.6.3 Using the network with di�erent con�gurations

In this section we are interested in the �exibility of our approach to di�erent con�gurations. First
we take a look at di�erent discretizations of space to measure the ability of the network to generalize
to other resolutions than the one it has been trained with. Then we introduce discontinuities in the
initial conditions to see how the �uid model with the network reacts in terms of stability and accuracy.

Di�erent resolutions and convergence discussion

It is interesting to know how the �uid+network model behaves when dealing with di�erent resolu-
tion, wether it is a lower resolution in order to gain computation time, or a higher resolution to gain
accuracy. In this section we show that there is a way to make the �uid+network model work with
di�erent resolutions (called option 2 below), and discuss its potential for convergence.

When using the network closure, there are at least two options to deal with a change of resolution:
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Figure 2.22 � Proportion of simulations of the �uid model reaching t = 3 out of 30 simulations,
depending on the quantity σ of smoothing.
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Option 1 Taking advantage of the slicing mechanism described in 2.5.3, made to adapt to inputs
of di�erent sizes.

Option 2 Resampling the input of the network to match the training resolution, and resampling
its output to recover the original resolution.

The detailed composition of the closure given in section 2.3.2 includes the resampling of option 2. As
suggested by the presence of an option 1, it is not strictly needed, but as we show in this section, it is
highly recommended.

Let us consider an example. Say we want to use our network with a discretization of 2 048 points
on [0, 2π] instead of the 1 024 points used to generate the dataset the network was trained with. Then:

Option 1 consists in slicing the inputs of size 2 048 in about twice as many windows of size 512,
giving them to the network, and reconstructing a heat �ux of 2 048 points by aggregating its
outputs;

Option 2 consists in down-sampling the inputs to 1 024 points, slicing it into windows of size
512, giving them to the network, reconstructing a heat �ux on 1 024 points by aggregating the
outputs, and �nally up-sampling it back to 2 048 points.

In this example, option 1 comes with more windows which requires more uses of the neural network,
while option 2 comes with additionnal steps of down and up-sampling. However, the predictions on
di�erent windows being made in parallel and the down and up-sampling being relatively cheap, we
observe no signi�cant di�erence in computational time between the two options in our simulations. It
is still the case when decreasing the number of points instead of increasing it.

In order to determine the better option, we consider the following experiment. We randomly
generate 10 initial conditions, and arbitrarily set the Knudsen number to ε = 0.1. To use as the target,
we run a kinetic simulation with each one of the initial conditions with a high resolution (Nx = 2048,
Nv = 141), up to t = 1. Then, for both options, simulations of the �uid+network model are run with
the same 10 initial conditions but sampled with di�erent resolutions, ranging from 512 points to 2 048
points. Finally, L2 relative errors on the density, mean velocity, temperature, and heat �ux at t = 1
are computed for each simulation, as well as the L2 relative error on the electric energy from t = 0 to
t = 1. These errors are averaged over the 10 initial conditions, in order to get a mean error for each
resolution and each option. The results are shown �gure 2.23.

We observe that option 2 almost always performs better than option 1. Furthermore, while both
options allow to increase the accuracy by increasing the resolution up to the training resolution (1 024
points), only option 2 allows to consistently increase the accuracy with higher resolutions, and only
option 2 seems to be converging.

Let us propose an explanation for these results. Considering option 1, the change in resolution
modi�es the way the data is interpreted by the neural network. For instance an initial condition
sampled on 2 048 points instead of 1 024 has its signal frequencies as if divided by two in the eyes
of the neural network. Thus, past Nx = 1024, as the resolution increases, the distance between the
model's data and the training data also increases, which results in heat �uxes less and less accurate.
At some point, this prevents the improvement of the model and even leads to its degradation. In order
to use the neural network as is with di�erent resolutions, a solution could be to give the resolution as
input to the network and to use di�erent resolutions for the training.

Considering option 2, the resampling ensures that the model's data stays close to the training data.
In fact, one could argue that as the resolution increases, the �uid model gets more and more accurate,
and so the simulations gets closer and closer to the kinetic simulations, ie to the training data. As a
result, the error on the predicted heat �uxes decreases, allowing the �uid model to perform better and
better. However, the error on the predicted heat �uxes should still be bounded by the intrinsic ability
of the network to approximate the heat �ux, so we do not expect the �uid+network model (with a
given network) to converge toward the �uid+kinetic model, and even less toward the kinetic model or
the truth. Figure 2.24 gives an example of such convergence.

Also, these results highlight the importance for the data given to the network to be close to the
training data. It is a natural limit to the data-driven approach, but one that should be kept in mind.
For instance, using initial conditions di�erent from the ones used to generate the training dataset
should be expected to yield to less accurate results.
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Figure 2.23 � Relative errors of the �uid+network model on �ve di�erent quantities depending on the
resolution used. Each point is an average of 10 simulations with always the same 10 di�erent initial
conditions and ε = 0.1. The network used was trained with data generated with Nx = 1024. To adapt
to di�erent resolutions, option 1 relies on the slicing mechanism to adapt to the di�erent input sizes,
while option 2 uses the resampling of the input to Nx = 1024 and the resampling of the output back
to the original resolution. For all resolutions, the errors are computed relative to kinetic simulations
with a high resolution (Nx = 2048, Nv = 141).
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Figure 2.24 � Example of convergence of the �uid+network model with option 2, towards what seems
to be a slightly di�erent solution than the kinetic model.
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Figure 2.25 � Distributions over 100 simulations of the relative errors of the three �uid models compared
to the kinetic model, measured on the logarithm of the electric energy from t = 0 to t = 8, with
discontinuous initial conditions. For better readability, the x-axis in in logarithmic scale. It looks a
lot like �gure 2.18, which seems to indicate that the �uid+network model is not a�ected much by the
initial discontinuities.

Discontinuities

The datasets were built from simulations starting with a continuous initial condition, but using
the network in the �uid model with discontinuous initial conditions could be an option. In practice,
the initial discontinuities quickly fade away in this physical system, but it might be enough for the
predictions of the network to cause some oscillations and the instability that goes with it.

To see if that is the case, we run multiple simulations with di�erent Knudsen numbers and di�erent
initial conditions, similar to those used to build the dataset, except that each function (density, velocity
and temperature) can be multiplied by a function

x ∈ [0, 2π] 7→
{

c
π (x− xd) + (1 + c), if x < xd,
c
π (x− xd) + (1− c), if x ⩾ xd,

adding a discontinuity at a random location xd ∈ [0, 2π] with a random amplitude c ∈ [−1, 1]. With
these initial conditions, no simulation failed to reach t = 8, and as can be seen Figure 2.25, the results
are comparable to those presented in Section 2.6.2.

This seems to indicate that the discontinuities do not prevent the �uid models �and in particular
the �uid+network model� from working correctly with these discontinuous initial conditions. A
possible explanation is that the discontinuities vanish quickly enough to make the initial loss of accuracy
due to the network closure negligeable, thus not a�ecting the overall accuracy of the �uid+network
model. Figure 2.26 illustrates the smoothing of the discontinuities by the dynamic of the system on
an example with a randomly generated initial condition and with ε = 0.1, simulated with the kinetic
model.

Our conclusion is that a neural network trained with continuous initial conditions could still be
used with discontinuous initial conditions with little or no loss of accuracy. However, this may not
remain true with a great number of discontinuities or with a dynamic that makes these discontinuities
persistant in time. To put it di�erently, although one should always aim to make the training data as
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Figure 2.26 � Example of the evolution of the density and temperature up to t = 0.5 with a randomly
generated discontinuous initial condition and ε = 0.1, obtained with the kinetic model. The initial
discontinuities are quickly smoothed out by the dynamic of the system.

close as possible to the data the closure will be used with, this experiment shows that some �exibility
does exist.

2.7 Conclusion

We construct a �uid closure for the Vlasov-Poisson dynamics based on V-net neural network and
supervised learning from kinetic simulations. Slicing process of the data is introduced in order to
manage meshes of di�erent sizes. Several data processing have been also designed to improve the
quality and regularity of the heat �ux estimation. The numerical results show that the closure predicts
the heat �ux with a uniform relative error on the Knudsen interval [0.01, 1], while the Navier-Stokes
closure does not as expected. We also observe that the prediction is better at the beginning of the
numerical simulations where the distribution function farthest from the equilibria set and so the real
heat �ux is larger. Surprisingly, we numerically observe that the neural network closure does not
introduce instabilities when inserted in the �uid simulations, provided, however, that the outputs are
regularized. Finally, the closure is quasi-optimal as the relative error between a full kinetic and a
Fluid+Network closure behaves like the one between a full kinetic and a Fluid+Kinetic closure.

This work raises several issues from the numerical point of view. The �rst question is its e�ciency
in terms of computing time or its energy cost. Presently, the Fluid+Network model requires about
the same computing time as the kinetic model. However, we can hope that it will be more e�cient in
higher dimension, as the number of computations for a V-Net with ℓ levels, depth d and kernel size
p in dimension 1 is about O(2ℓd2pN), while it is about O(ℓd2p2N2) in dimension 2 and O(d2p3N3)
in dimension 3. Compared with the O(NmNm

v ) computations required for the kinetic model where
m denotes the space dimension, it increases much more slowly since p << Nv. Moreover, the neural
network approach can greatly bene�t from GPU parallelism.

The stability of the Fluid+Network closure is also an important issue. Despite the good numerical
results obtained, a mathematical guaranty is lacking. Constructing neural networks closure ensuring
such stability remains to be done.

Finally, we plan to apply this method to both the Vlasov-Poisson system in higher dimension and
also to other closure problems arising in the MHD or gyro�uid design.
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Appendix

2.A Numerical scheme for the kinetic model

In this appendix we describe the numerical method used to solve the Vlasov-Poisson equations
(2.5)-(2.6) resulting from the kinetic model. This numerical method is used to produce data that can
in turn be used by the neural network to interpolate the heat �ux. It also serves as a reference to
compute the error of the other methods, allowing us to compare them. For better readability, let us
remind the one dimensional Vlasov-Poisson equations:

∂tf + v ∂xf − E ∂vf =
1

ε
(M(f)− f),

E = −∂xϕ, ∂xxϕ = ρ−
∫ L

0

ρ dx.

The spatial domain is given by [0, L], where L > 0 is the spatial length. For numerical purpose, the
velocity domain is restricted to the bounded interval [−vmax, vmax]. Thus we complement the equation
with the following boundary conditions:

(±E)− f = 0, at v = ±vmax.

We consider a time discretization (tn)n with variable time step ∆t and a discretized phase space
(xi, vj)i,j with constant steps ∆x and ∆v respectively. The number of discretization points in space
(resp. in velocity) is denoted Nx (resp. Nv). We denote by fni,j the approximation

fni,j ≃ f(xi, vj , tn).

We also use the notations fn for the matrix (fni,j)i,j , f
n
i for the vector (fni,j)j and fnj for the vector

(fni,j)i.

2.A.1 Time discretization

To solve the Vlasov-Poisson equations over the time interval [tn, tn + 1] we use a splitting between
three stages:

1. Compute the electric �eld at time tn by solving the Poisson system:

E = −∂xϕ ,−∂xxϕ =
1

L

∫ L

0

ρdx,

2. Transport the distribution function by solving the Vlasov equation over the time inverval [tn, tn+
1]:

∂tf + v∂xf − E∂vf = 0,

3. Update the distribution function by taking into account the collision operator:

∂tf =
1

ε
(M(f)− f).
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The �rst two stages rely on the space discretization and are discussed in the next section. For the
third operator with a sti� source term, we use an implicit scheme:

fn+1 − fn
∆t

=
1

ε
(M(fn+1)− fn+1).

Knowing that the �uid quantities ρ, u, T are preserved by this operator, we have M(fn+1) =M(fn),
so the scheme can be rewritten as:

fn+1 = fn + ω (M(fn)− fn), with ω =
∆t

∆t+ ε
. (2.10)

2.A.2 Spatial discretization

For the spatial discretization, we propose a method introduced in [38, 25]. First we discretize in
velocity with a centered �nite di�erence scheme. After discretization, we get the following hyperbolic
system:

fn+1 − fn

∆t
+ Λ∂xf

n + EB(fn) = 0 (2.11)

with Λ the diagonal matrix of velocities and B(fn) a vector given by

B(fn)j = −
fnj+1 − fnj−1

2∆v
, j ∈ {2, . . . , Nv − 1},

B1 = −1

2
max(E, 0)Efn1 , BNv =

1

2
min(E, 0)EfnNv

The choice of the boundary terms allows to obtain a dissipative hyperbolic system and to ensure L2

stability. Then we discretize in space the hyperbolic system (2.11). We use a �nite volume scheme
with an upwind �ux:

fn+1
i − fni

∆t
+

fn
i+ 1

2

− fn
i− 1

2

∆x
− EB(fn) = 0, (2.12)

with fn
i+ 1

2

= 1
2Λ(f

n
i+1 + fni )− 1

2 |Λ | (fni+1 − fni ).

The Poisson equation is solved using a classical �nite di�erence scheme:

En
i = −ϕ

n
i+1 − ϕni−1

2∆x
, −ϕ

n
i+1 − 2ϕni − ϕni−1

∆x2
= ρj −

1

Nx

N∑

i

ρi. (2.13)

where the density ρj is computed as follows: ρi =
∑Nv

j=1 fi,j .
The total scheme is given by (2.13)-(2.12)-(2.10). The time step is chosen such as to satisfy the

following stability condition:

∆t ⩽ min

{
∆x

vmax
,

∆v

maxi |Ei|

}
.

Note that it is only �rst order accurate in order to avoid dispersive oscillations in the numerical
solutions.

2.B Numerical scheme for the �uid models

In this section we introduce the numerical methods for solving �uid models (2.8). The time dis-
cretization depends on the considered closure. For the neural network based (Fluid+Network) or the
kinetic one (Fluid+Network), we use an explicit scheme. For the Navier-Stokes closure (Navier-Stokes),
an implicit scheme is required to avoid a too stringent stability condition. In one case or the other,
the Poisson equation is solved at the beginning of each iteration in time to compute the electric �eld,
exactly as in Eq. (2.13). This section therefore focuses on the �uid equations. The following schemes
are classical. We brie�y present them for the sake of completeness.
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2.B.1 Explicit scheme for the neural network or the kinetic closure

Fluid equations (2.8) can be written

∂tU+ ∂xF(U) = −EH(U), (2.14)

with U = (ρ, ρu,w), F(U) = (ρu, ρu2 + p, wu + pu + q), H(U) = (0, ρ, ρu) and where the heat �ux
q is given by the neural network based closure (Fluid+Network) or the one obtained from full kinetic
simulations (Fluid+Kinetic). We solve it on the spatial domain [0, L].

When q = 0 (Euler closure), equation 2.14 is an hyperbolic system that can be solved using a
�nite volume method with a local Lax-Friedrichs numerical �ux and an explicit scheme in time. The
hyperbolic system has characteristic speeds equal to u, u + c, u − c where c =

√
3p/ρ is the sound

speed. When considering an additional heat �ux, we propose to use the same scheme and just add a
centered approximation of the heat �ux in the numerical �ux, as explained below.

Like for the kinetic model, we consider a time discretization (tn)n with variable time step ∆t and
a discretized phase space (xi)i with constant step ∆x. We denote by Un

i the approximation

Un
i ≃ U(xi, t

n).

The �nite volume scheme results in the following formula:

Un+1
i −Un

i

∆t
+

F(U)n
i+ 1

2

− F(U)n
i− 1

2

∆x
= −H(U)ni E

n
i ,

with

F(U)ni+ 1
2
=

1

2
(F(U)ni+1 + F(U)ni )−

Sn
i+1/2

2
(Un

i+1 −Un
i ),

where

Sn
i+ 1

2
= max(|uni |+ cni , |uni+1|+ cni+1) and cni =

√
3pni
ρni

.

Quantities Sn
i+ 1

2

are chosen to be larger than the maximum characteristic speed of the hyperbolic

system, as uni is the local speed of particles and cni the local sound speed. Comparing with the classical
scheme for Euler system (q = 0), the numerical �ux for the momentum have an additional term equal
to 1

2 (q
n
i+1 + qni ). The time step is chosen such as to satisfy the CFL stability condition:

(
max

i
Sn
i+ 1

2

)
∆t =

1

2
∆x. (2.15)

We refer to [28] for more details on �nite volume methods.
For the Fluid+Network method, the heat �ux q involved in the �ux term is computed from ε, ρ,

u and T at each iteration. For the Fluid+Kinetic method, it is obtained from an underlying kinetic
simulation, using the same initial condition at t = 0. Note that the stability condition (2.15) does
not take into account the non-zero heat �ux. However, as observed in Section 2.6.2, this term does
not result in an additional stability condition for the Fluid+Kinetic and the Fluid+Network method,
provided for the latter that the heat �ux is su�ciently smoothed out.

2.B.2 Semi-implicit scheme for the Navier-Stokes closure

With the Navier-Stokes closure q = − 3
2εp∂xT , the �rst two equations remain the same as above

and are solved using the same explicit �nite volume method, while the third one reads

∂tw + ∂x(wu+ pu)− 3

2
ε∂x(p∂xT ) = −Eρu.

To solve this equation we use the relation w = 1
2ρu

2+ 1
2ρT to turn it into an equation on T , as ρ and u

are known after solving the �rst two equations. We use a �nite di�erence approximation for the term
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∂x(p∂xT ), and Tn+1 can then be computed by solving the following linear system:

1
2ρ

n+1
i (un+1

i )2 + 1
2ρ

n+1
i Tn+1

i − 1
2ρ

n
i (u

n
i )

2 − 1
2ρ

n
i T

n
i

∆t

+
F(U)[2]n

i+ 1
2

− F(U)[2]n
i− 1

2

∆x

− 3

2
ε
pni+1/2T

n+1
i+1 − (pni+1/2 + pni−1/2)T

n+1
i + pni−1/2T

n+1
i−1

∆x2

= −En
i ρ

n
i u

n
i .

Here the only unknown is Tn+1, and F(U)[2] is the third coordinate of F(U). Finally, (w)n+1 can be
computed using again the relation w = 1

2ρu
2+ 1

2ρT . Here the time step is chosen such as to satisfy the
same CFL condition (2.15) as the implicit Navier-Stokes term does not introduce additional stability
constraint.



Chapter 3

A neural network based closure for the

2D Boltzmann-BGK equation

Abstract

A gas can be described by the distribution of its particles in the phase space, whose
evolution follows the Boltzmann equation. Simulations of this kinetic model are expensive
because they require the discretization of the phase space. The �rst three moments in
velocity of the Boltzmann equation lead to a system of equations that is cheaper to solve,
but that requires a closure. When the mean free path between collisions tends to zero,
closures can be found analytically using the Chapman-Enskog expansion. This process
leads to the Euler closure at �rst order and the Navier-Stokes closure at order two.

In this work we propose a framework to produce an empirical closure to the �uid system
that �ts the dynamic of a gas further away from this asymptotic behaviour. In order to
achieve this goal we use convolutional neural networks, trained on data generated with
the kinetic model. We explore di�erent architectures and di�erent ways to stabilize the
resulting numerical scheme despite the use of neural networks. We give numerical results
to evaluate the performance of the data-driven closure.

3.1 Introduction

The modeling of gases for numerical simulations has to strike the right balance between physical
accuracy and computational cost. Kinetic models, which describe gases by the distribution of their
particles in both positional and velocity space, are generally prohibitively expensive due to the high-
dimensionalality of the phase space. A convenient way of reducing the dimension of the problem is
to get rid of the velocity dependence by replacing the velocity distributions with a number of their
moments. The latter relate to macroscopic quantities such as density, mean velocity, pressure, etc.
From the kinetic equation can thus be derived systems of equations, that typically require a closure to
make up for the loss of information. A Chapman-Enskog expansion in the Knudsen number ε, ratio
between the mean free path between two collisions and a characteristic length of the system, allows to
get such a closure and leads to the Euler equations at order 1, and the Navier-Stokes equations at order
2. By construction these �uid models are well suited to highly collisional regimes when the kinetic
solution is close to a maxwellian equilibrium, but they prove inaccurate in less collisional regimes (say
ε > 0.1).

Many attempts have been made to extend the validity of �uid models. Higher order expansions in
ε lead to Burnett equations [3], but these su�er from ill-posedness. Models involving more moments
have been proposed, �rst by Grad [6] with a 13 moments model relying on an expansion of the velocity
distributions in Hermite polynomials, then by Levermore [9] with a 14 moments model relying on
the minimization of an entropy. However these models come with their own disadvantages, including
higher complexity due to the number of moments involved, and realisability issues.

A new approach that takes advantage of the recent advances in machine learning was recently
introduced in order to �nd data-driven closures, better suited to a given set of problems, and a�ordable
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to compute. The method generally involves the use of neural networks, ie functions relying on many
parameters, and their optimization by means of a gradient descent algorithm. In [15][14], the authors
�rst study the ability of such neural networks to learn known analytical closures in the context of
plasmas. Closure with neural networks is performed in [1][8] for large eddy simulations (LES), and in
[2] for plasmas. In [19], the authors propose two approaches to train a neural network based closure
that preserves structural properties of the Boltzmann equation. Other ways of using neural networks
for simulating the Boltzmann equation have been studied. In [20] and [16], the authors use neural
networks as surrogates for the Boltzmann collision operator, to get rid of its expensive calculation.
Neural networks can also be used to replace the numerical scheme entirely and perform the mapping
between the variables and the solution directly. This is the popular approach of so called PINNs
(physics-informed neural networks), that has been carried out for the Boltzmann equation by [13]
to solve Kovasznay �ow, Taylor-Green �ow, cavity �ow and Couette �ow, by [5][4] to solve thermal
creep �ow and Poiseuille problems respectively, by [10][11] for phonon Boltzmann transport equation,
alone and coupled with the electron Boltzmann transport equation respectively. The �eld of machine
learning applied to PDE solving is quickly evolving, and the list above is by no means exhaustive.

In this work, we aim to extend our previous results [2] from dimension one to two. The goal is
to provide a straightforward process to train a neural network based closure with data from kinetic
simulations. We consider the 2D Boltzmann equation with BGK collision operator, and look for a
closure to the equations on density, mean velocity and pressure, for Knudsen numbers between 0.01
and 1; the idea being to perform better than the Navier-Stokes closure that looses its validity somewhere
in this range. To do so we use neural networks whose role is to compute an estimation of the heat
�ux and stress tensor, knowing the density, mean velocity, pressure and the Knudsen number. We
use convolutional neural networks to allow our closure to be non-local, and train them using simple
supervised learning, with inputs and expected outputs extracted from kinetic simulations carried out
for this purpose. Despite these neural networks seemingly performing well, their use in numerical
schemes raises stability issues. We propose a few techniques to mitigate these issues, and evaluate the
accuracy of the stabilized model.

The paper is structured as follows. In section 3.2 we brie�y describe the kinetic model we start
from, and the �uid model that we derive from it. Section 3.3 introduces the neural network approach
for the closure of the �uid model, and gives details on its implementation. Finally numerical results
are given and discussed in section 3.4.

3.2 Models

3.2.1 Kinetic model

In this paper we work with the 2D Boltzmann equation with BGK collision operator, for its
simplicity:

∂tf + v · ∇xf =
1

ε
(M(f)− f) (3.1)

The unknown f is a function of x, v and t that describes the distribution of the particles in the
phase space. The Knudsen number ε > 0 is the ratio between the mean free path between two collisions
and a characteristic length of the system, and gives more or less strength to the BGK collision operator
that simply consists in a relaxation towards a Maxwellian equilibrium state

M(f)(x,v, t) =
ρ(x, t)

2πT (x, t)
exp

(
−|v − u(x, t)|2

2T (x, t)

)
,

where ρ, u, and T are respectively the density, mean velocity and temperature of the gas:

ρ(x, t) =

∫
f(x,v, t) dv

ρ(x, t)u(x, t) =

∫
f(x,v, t)v dv

ρ(x, t)T (x, t) =

∫
f(x,v, t)|v − u(x, t)|2 dv

For simplicity, we use periodic boundary conditions in all this work.



3.3. NEURAL NETWORK CLOSURE 69

3.2.2 Fluid model

From the kinetic model can be derived a �uid model, by multiplying the Boltzmann equation (3.1)

by the vector
(
1 v ∥v∥2

)T
and integrating with respect to v. Doing so results in the following

system:

∂tρ+∇x · (ρu) = 0

∂t(ρu) +∇x · (ρu⊗ u+ pI +Π) = 0 (3.2)

∂t
(
p+ 1

2ρ|u|2
)
+∇x ·

(
2pu+ 1

2ρ|u|2u+Πu+ q
)
= 0

with unknowns ρ, u and p, and where expressions for Π and q are required for this system to be closed.
All these quantities are de�ned as follows:

Density ρ ρ(x, t) =

∫
f(x,v, t) dv

Mean velocity u ρ(x, t)u(x, t) =

∫
f(x,v, t)v dv

Scalar pressure p p(x, t) = 1
2

∫
f(x,v, t)|v − u(x, t)|2 dv

Pressure tensor P P(x, t) =
∫
f(x,v, t)(v − u(x, t))⊗ (v − u(x, t)) dv

Stress tensor Π Π(x, t) = P(x, t)− p(x, t)I

Heat �ux q q(x, t) = 1
2

∫
f(x,v, t)|v − u(x, t)|2(v − u(x, t)) dv

A Chapman-Enskog expansion of f in the Knudsen number ε allows to recover an expression of
Π and q in function of the unknowns asymptotically when ε → 0. At �rst order we thus obtain the
Euler closure

Π = 0

q = 0,

while the second order leads to the Navier-Stokes closure

Π = −εpσ(u), σ(u) = ∇xu+ (∇xu)
T − (∇x · u)I

q = −2εp∇T.

3.3 Neural network closure

In this work, our goal is to obtain an empirical closure, suited to a given set of initial conditions
and to a given set of Knudsen numbers ε, further away from the asymptotic behavior ε → 0. To do
so, we use neural networks that learn a mapping from the input quantities (ε, ρ,u, p) to the output
quantities (Π,q), trained with supervised learning using data from kinetic simulations. These neural
networks can then be used to compute Π and q at each timestep of a numerical scheme to solve the
�uid system (3.2).

This section describes the main elements of our approach: the architecture of the neural networks,
the data generation process for their training, and stabilization techniques to better integrate the
networks into the numerical scheme. In the remainder of this paper we use the following notations
(note that Π is traceless and symmetrical):

u =

[
ux
uy

]
, Π =

[
πxx πxy
πxy −πxx

]
, q =

[
qx
qy

]
.
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Figure 3.3.1 � Architecture of the neural network used for each output feature. At each level downward,
data size is multiplied by 2 in depth, and divided by 2 in x and y, using a convolution with strides 2
(denoted by /2) and kernel size 2× 2. The upsampling is done by duplicating each cell and smoothing
the result using a convolution with kernel size 2× 2.

3.3.1 Neural network architecture

The goal of the neural network is to compute an estimation of the four quantities πxx, πxy, qx and
qy, from the �ve inputs ε, ρ, ux, uy, p. In our numerical scheme for the �uid system (see appendix
3.A.2), we use a �nite volume method on a uniform discretization of the 2D space, so that all these
quantities at a given time are represented by a matrix (except for ε), with local properties similarly
to images. We therefore decide to use convolutional neural networks for their great performance with
such kind of data.

We experimented with the use of a single neural network to output all four quantities πxx, πxy,
qx and qy, but with no gain compared to using four completely independant neural networks. Since
the latter comes with bene�ts in �exibility and memory requirements, we end up using four distinct
neural networks, one for each output feature.

We try out three types of standard architecture for convolutional networks: Resnet [7], V-Net
[18][17], and Fourier networks (FNO) [12]. For each of these we train multiple networks with di�erent
hyperparameters: size of the convolution kernel, width of the convolutions (number of �lters), and
depth of the network (number of convolutions). Some results are shown in section 3.4.1, which lead
us to use the following architecture for each of the output features: a V-Net with 3 levels, of width 8
and kernel size 5, with 92769 trainable parameters, shown Figure 3.3.1.

3.3.2 Training and testing dataset

Simulations are computed using the kinetic model in order to retrieve all the data for training and
testing: the density, mean velocity and pressure for the input of the neural networks, and the stress
tensor and heat �ux for the expected outputs.

Each simulation is carried out with a di�erent initial condition and a di�erent Knudsen number.
The initial condition f is taken as a maxwellian with density, mean velocity and temperature randomly
generated. To do so, we use a random generator of 2D functions based on Fourier series:

g(x, y;ω) = ℜ


 ∑

j,k∈{−10,...,10}

Ajk(ω)+iBjk(ω)
1+j2+k2 eijπxeikπy


 , x, y ∈ [−1, 1],

where Ajk andBjk are uniform random variable on [−1, 1], and ω represents a random seed. The scaling
factor 1

1+j2+k2 ensures lower amplitudes for higher frequencies, for more regularity. The variables (ρ,
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t=0.0535 t=0.0751 t=0.157 t=0.253 t=0.277 t=0.356 t=0.493 t=0.572 t=0.762 t=0.834
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Figure 3.3.2 � Example of input data (ρ, ux, uy, p) extracted from a single kinetic simulation for the
test dataset, with Knudsen number ε ≃ 0.13. Only 10 out of the 20 entries are shown for clarity.

ux, uy, p) are then taken as

ρ(x, y) = Softplus(g(x, y;ω)),

ux(x, y) = g(x, y;ω′),

uy(x, y) = g(x, y;ω′′),

T (x, y) = 1
2Softplus(g(x, y;ω

′′′)).

The softplus function X 7→ log(1 + eX) is used to make the density and pressure positive, and the 1
2

coe�cient is here to decrease the variance of the velocity distribution in f , so that velocity amplitudes
spread over a smaller interval.

The Knudsen number is taken as the square of a sample of the uniform distribution on [0.1, 1], and
thus lies between 0.01 and 1. Using the data of the whole simulations would be very much redondant
and thus unnecessarily expensive, so instead we pick some recording times randomly, similarly to the
Knudsen number but between 0 and 1.

We generate two datasets in this way: a training dataset with 200 simulations, and a test dataset
with 40 simulations. Both use a space resolution of 100×100, and 20 times per simulations are recorded,
resulting in datasets with 4000 and 800 entries respectively, each entry consisting of 8 features (ρ, ux,
uy, p, Πxx, Πxy, qx, qy) computed on a 100 × 100 grid. The Knudsen number used for each entry is
also saved to be used as an input for the neural networks. Figure 3.3.2 gives an example of inputs
(ρ,u, p) generated this way, and the corresponding outputs (Π,q) can be seen Figure 3.4.2.

3.3.3 Data processing and augmentation

In this work we use very little pre-processing since we only apply a scaling to the input so that each
input feature (ρ, ux, uy, p) has a standard deviation of 1 in the training dataset. As for post-processing,
we only use smoothing in order to cope with stability issues, as discussed in section 3.3.4.

In order to exploit the expensive kinetic simulations as much as possible, as well as encouraging
the neural networks to learn the symmetries we would expect them to have, we augment the training
data using some simple transformations to the physical domain, namely the transformations generated
by the rotation of π

2 and the re�exion w.r.t the y-axis. These allow to arti�cially increase the size of
the dataset by a factor 8. Appendix 3.C gives the e�ect of these transformations on each feature.

3.3.4 Stabilization techniques

As we show in the results section, the neural network closure makes the numerical scheme mostly
unstable when used as is, due to negative pressures occuring. We experimented with di�erent tech-
niques in order to mitigate this issue, that we describe in this section. The numerical results regarding
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Figure 3.3.3 � An example of πxx from the test dataset smoothed with kernels of di�erent standard
deviations σ. Knudsen number ε ≃ 0.14, time t ≃ 0.11.

stability and accuracy of the model when using these techniques are discussed in sections 3.4.2 and
3.4.3 respectively.

The �rst technique is the smoothing of the neural networks' outputs, similarly to what we did in
our �rst work in 1D [2], that aims at removing noise from the closure. This smoothing is performed
via a convolution with a gaussian kernel, whose standard deviation σ can be adjusted to put more or
less smoothing. Figure 3.3.3 shows the e�ect of this smoothing on an example with di�erent standard
deviations.

As the smoothing is not enough to stabilize the model, we also tweak the viscosity coe�cient µ in
the numerical �ux of our scheme (cf appendix 3.A.2), initially set to 1.1. Increasing this coe�cient
makes the numerical scheme more di�usive, and less prone to produce negative pressures when used
with the neural network.

Since both of these techniques lower the accuracy of the resulting numerical solution, we also
experiment training neural networks on more restricted ranges of Knudsen numbers. We slice the
[0.01, 1] range in three parts: [0.01, 0.05], [0.05, 0.2] and [0.2, 1]. We thus train 3 new sets of neural
networks, each on their respective sub-dataset of the training dataset.

Finally, we also compare our techniques to more drastic methods, namely preventing the pressure
from dropping below a given threshold (set to 10−4), and switching from our order 2 MUSCL scheme
to a scheme of order 1.

3.4 Numerical results

3.4.1 Accuracy on test dataset

As described in section 3.3.2, our test datasets comes from 40 kinetic simulations, each with a
di�erent Knudsen number ε ∈ [0.01, 1]. From each simulation are extracted (ρ,u, p,Π,q) at 20 di�erent
times in [0, 1], resulting in 800 entries. The evaluation of the di�erent neural network architectures is
performed by comparing the accuracy of each architecture on this test dataset. Figure 3.4.1 shows the
results in relative L2 norm for our best candidate for each type of architecture. In view of these results,
we choose to use the V-Net architecture in the rest of the paper, as it has a signi�cant advantage on
earlier times. We thus use 4 di�erent neural networks, one for each of the output features πxx, πxy, qx
and qy.

In Figure 3.4.2, we show examples of predictions on 10 entries from a single simulation. Note that
each prediction is performed with input data from the kinetic simulation, and these predictions are
not used in the �uid model yet.

3.4.2 Stability of the �uid model

In this section we consider the use of the neural network closure in the �uid model, and give
numerical results regarding the necessary stabilization techniques described in section 3.3.4. The
way we evaluate the e�cacy of these techniques is by testing them on 70 test cases, that consist
of simulations from 10 di�erent initial conditions and 7 di�erent Knudsen numbers ε ∈ {0.01, 0.02,
0.05, 0.10, 0.20, 0.50, 1.00}. These initial conditions are generated in the same way as for the training
and test datasets. The results are shown Figure 3.4.3, and more details are given in the following
paragraphs.
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Figure 3.4.1 � Accuracy of di�erent architectures on each of the 800 entries of the test dataset, plotted
in function of time. The lines correspond to a moving average of 7 consecutive points.
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Figure 3.4.2 � Example of predictions for Π and q with the neural networks, compared to the expected
outputs. The input data for these predictions come from a single kinetic simulation with Knudsen
number ε ≃ 0.13, and are shown Figure 3.3.2.
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Figure 3.4.3 � Stability results for di�erent models on 70 test cases. Green indicates stability, red
unstability. σ is the standard deviation of the gaussian kernel for smoothing the closure, µ is the
viscosity coe�cient of the numerical �ux, and p is the pressure.
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Figure 3.4.4 � Density ρ at time t = 0.2 of the solution computed with more or less smoothing applied
to the closure. For this illustration an initial condition that do not lead to instabilities was picked,
with Knudsen number ε = 0.1.

The �rst thing to note from the results in Figure 3.4.3 is the lack of stability of the model when
no stabilization technique is applied: as can be seen in the �rst line of the Figure, only 7 out of
70 simulations are carried to term, while the others end prematurly due to negative pressures. In
particular, not a single simulation is stable for the three smallest Knudsen numbers and for the biggest
one.

The �rst attempt at stabilizing the model relies on the smoothing of the neural networks' outputs.
The improvement is signi�cant as the stability goes from 10% to 43% with little smoothing (σ = 2),
and up to 70% with more smoothing (σ = 4). Since smoothing Π and q tends to bring them closer
to zero, the resulting solution is more Euler-like as σ increases (see Figure 3.4.4), which could explain
the better performance of the smoothed closure for small Knudsen numbers ε.

As a complement to the smoothing, the increase of the viscosity coe�cient allows to get up to 100%
stability on our 70 test cases, when this coe�cient is set to 6 instead of 1.1. As opposed to smoothing
the closure, increasing the viscosity makes the solution smoother, as illustrated Figure 3.4.5.

Other methods that allow to get 100% stability include the use of a scheme of order 1, provided that
a little smoothing is added (σ = 2), and preventing the pressure from dropping below 10−4. Obviously
all these techniques have an impact on the quality of the resulting solution, which we discuss in the
next section.
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Figure 3.4.5 � Density ρ at time t = 0.2 of the solution computed with more or less viscosity µ in the
numerical �ux, and smoothing with σ = 2. For this illustration an initial condition that do not lead
to instabilities was picked, with Knudsen number ε = 0.1.
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Figure 3.4.6 � Accuracy of di�erent models on 70 test cases, consisting of simulations with 10 di�erent
initial conditions and 7 di�erent Knudsen numbers. The lines show the average per Knudsen number.
For clarity, the details are not shown for the closures trained on smaller ranges of Knudsen numbers.

Finally, by using neural networks trained on a smaller range of Knudsen numbers, stability can be
achieved with less smoothing and less viscosity. On [0.05, 0.2] and [0.2, 1], we use σ = 3 and µ = 3,
parameters with which the closure trained on the whole dataset is not stable. The [0.01, 0.05] range
gets a particular treatment, obtained after empirical experimentations: Π is smoothed with σ = 1 and
q with σ = 4, and we use a local viscosity that depends on the pressure p, in order to avoid adding
unnecessary di�usion. These adjustments are not mandatory for stability, but lead to signi�cant
bene�ts regarding accuracy, as shown in the next section.

An important remark on these results is that the parameters for these stabilization techniques are
all resolution dependant. In particular, when increasing the resolution to 200×200 instead of 100×100,
none of the method given above provide stability.

3.4.3 Accuracy of the �uid model

In order to measure the accuracy of the �uid model with neural network closure, we use as baseline
the solution given by the �uid model with closure coming directly from the kinetic model. Because
of numerical e�ects, this solution is not exactly the same as the kinetic solution. However, for small
Knudsen numbers and at a given resolution, it may actually be closer to the exact solution.

Figure 3.4.6 shows the relative error in norm L2, averaged over time, on the kinetic energy

Ekin = 1
2ρ∥u∥2,

for the stable models introduced in the previous section. As can be seen in this Figure, the neural
network closure with smoothing and increased viscosity only outperfoms the Navier-Stokes closure for
Knudsen numbers above 0.1. Using a scheme of order 1 lowers the accuracy of the model signi�cantly,
because it adds too much di�usion, as shown Figure 3.4.7. Preventing the pressure from going below
10−4 mostly gives good results, better than Navier-Stokes even for ε = 0.05, but with a risk of
important failure: Figure 3.4.8 shows an example of such failure, which corresponds to the outlier that
can be seen in Figure 3.4.6 for ε = 0.02. Finally, training the neural networks on smaller ranges of
Knudsen numbers allows to get lower errors. This improvement is mostly due to the lower requirement
for stabilization, in particular for the smallest Knudsen numbers.

3.5 Conclusion

This work has been devoted to the construction of a data-driven closure for the Boltzmann equation
in two dimensions, focused on transitional regimes of collisions with Knudsen numbers between 0.01
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Figure 3.4.7 � Example of solutions (density ρ) at t = 0.2, with Knudsen number ε = 0.1, showing the
excessive di�usion of the order 1 scheme compared to the order 2 MUSCL scheme.
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Figure 3.4.8 � Example of solutions (pressure p) that can be obtained using the network closure and
stabilizing by preventing the pressure from dropping below 10−4. Top: successful simulation, with the
pressure going back above 10−4 after some time, matching the reference solution. Bottom: example
of failure where the method produces a huge perturbation.
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and 1. To this end, we have used convolutional neural networks for their performance with images,
since we are interested in similar data, namely solutions of partial di�erential equations discretized on
uniform grids. We have �rst generated a training and a testing datasets, from kinetic simulations with
random initial conditions and Knudsen numbers. We have then trained and evaluated neural networks
with di�erent architectures on these datasets, allowing us to pick the most promising one: a V-Net
architecture with about 90k weights. The �nal step has been the integration of the neural network
based closure to the numerical scheme for the �uid model, which proved to be more challenging than
in our previous work in one dimension. We have thus been forced to combine multiple stabilization
techniques: smoothing of the closure, increased viscosity coe�cient in the numerical �ux, and slicing
of the Knudsen numbers' interval into three smaller intervals. We have provided numerical results to
account for the performance of our method, both in terms of stability and accuracy, demonstrating a
lower error than the Navier-Stokes closure for Knudsen numbers above 0.05.

The main limit of our work is the complicated relationship between the closure and the numerical
scheme with regard to stability. Although we ended up with a setup that seems to be working, it comes
with multiple drawbacks. First, the tweaking of the stabilization techniques is empirical, which can
be quite tedious and, above all, o�ers no guarantee of stability. Secondly, both the smoothing of the
closure and the increase of the viscosity coe�cient tend to lower the accuracy of the model, wether by
distorting the closure or by adding di�usion to the numerical scheme. And last but not least, none of
these techniques generalizes to di�erent resolutions. In our previous work in one dimension, although
the neural network was trained on a given resolution, it was able to perform well with other resolutions
provided a resampling of its input to the training resolution. That is not the case here: even with
this resampling, the model is no longer stable when re�ning the discretization. Thus a new e�ort for
adapting the stabilization techniques would be required for each new resolution, and would likely result
in more deterioration of the closure and the numerical scheme, defeating the purpose of the �ner grid.

On a positive note, the use of the �uid model with a neural network based closure did prove less
expensive than kinetic simulations, contrary to what we obtained in one dimension. For the models
with reasonable viscosity coe�cients µ, such as the models using closures trained on ε ∈ [0.05, 0.2] or
ε ∈ [0.2, 1], the simulations are sped up by a factor 10. For models using more viscosity, such as the
model with σ = 4 and µ = 6, the CFL condition imposes a smaller timestep, decreasing the speedup
factor to 2. These results were obtained using the same GPU to perform both the kinetic and �uid
simulations, however the performance of the kinetic model may have been limited by the memory of
said GPU.

In future work, di�erent approaches can be investigated to adress the issues mentioned above.
Neural networks based on Fourier neural operators (FNOs) may prove more robust with regard to
changes in resolution, provided that the stability issues are solved at the training resolution. To this
end, another algorithm could be used to train the data-driven closure: instead of measuring the loss
by comparing the output of the neural network to the expected (Π,q), we could compare directly the
solution obtained with the neural network (ρ,u, p) to the expected solution, on a given number of
timesteps. This way the neural network based closure would be integrated to the numerical scheme
from the start, making stability issues an integral part of the training. This method would also have the
added bene�t of giving access to the resulting pressure during the training, making easy the addition
of a penalization term for low pressures responsible for instabilities.

Acknowledgements The Scienti�c colour map batlow (Crameri 2018) is used in this study to pre-
vent visual distortion of the data and exclusion of readers with colourvision de�ciencies (Crameri et
al., 2020).
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Appendix

3.A Numerical considerations

3.A.1 Kinetic model

For the discretization of the phase space, we use a uniform grid with 100×100 cells for the physical
space and a special designed mesh with 22400 cells shown Figure 3.A.1 for the velocity space, as
proposed in [21] to prevent ray e�ect from occuring. This discretization in velocity gives good results
and seems appropriate to our problem, since we use Maxwellian initial conditions with mean velocity
around the origin. For the numerical resolution of the Boltzmann equation, we use a time splitting
method: at each iteration, the advection part ∂tf +v · ∇xf = 0 is solved using a �nite volume scheme
of order 2 (MUSCL), and the relaxation part ∂tf = 1

ε (M(f) − f) is solved using an implicit Euler
scheme, that can be expressed explicitly. The advection part and the relaxation part are respectively
local in velocity and local in space, so each can be parallelized for faster computations at the cost of
higher memory requirements.
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Figure 3.A.1 � Mesh used for the discretization of the velocity space (22400 cells). The values used in
practice are the centers of the cells.

3.A.2 Fluid model

The �uid system can be written under hyperbolic form:

∂tU + ∂xfx(U) + ∂yfy(U) = 0,

81
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with

U =




ρ
ρux
ρuy

p+ 1
2ρ∥u∥2


 ,

fx(U) =




ρux
ρu2x + p+ πxx
ρuxuy + πxy

2pux + 1
2ρ∥u∥2ux + πxxux + πxyuy + qx


 ,

fy(U) =




ρuy
ρuxuy + πxy
ρu2y + p− πxx

2puy +
1
2ρ∥u∥2uy + πxyux − πxxuy + qy


 .

We solve this system numerically using a �nite volume method, with numerical �ux
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The coe�cient viscosity µ is set to 1.1 unless stated otherwise.
In practice, we use an order 2 MUSCL scheme with minmod limiter and corrections.

3.B Derivation of the �uid equations

The Boltzmann equation:

∂tf + v · ∇xf =
1

ε
(M(f)− f)

Conservation of mass

By integrating the Boltzmann equation w.r.t the velocity v, we get the equation for the conservation
of mass:

∂tf + v · ∇xf = 1
ε

(
M(f)− f

)

=⇒
∫ (

∂tf + v · ∇xf
)
dv =

∫
1
ε

(
M(f)− f)

)
dv

=⇒ ∂t

(∫
f dv

)
+∇x ·

(∫
fv dv

)
= 1

ε

(∫
M(f) dv −

∫
f dv

)

=⇒ ∂tρ+∇x · (ρu) = 1
ε (ρ− ρ)

=⇒ ∂tρ+∇x · (ρu) = 0
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3.B.1 Conservation of momentum

By multiplying by v the Boltzmann equation and integrating w.r.t v, we get the equation for the
conservation of momentum:

∂tf + v · ∇xf = 1
ε

(
M(f)− f

)

=⇒
∫ (

∂tf + v · ∇xf
)
v dv =

∫
1
ε

(
M(f)− f)

)
v dv

=⇒ ∂t

(∫
fv dv

)
+∇x ·

(∫
fv ⊗ v dv

)
= 1

ε

(∫
M(f)v dv −

∫
fv dv

)

=⇒ ∂t(ρu) +∇x · (ρu⊗ u+ P) = 1
ε (ρu− ρu)

=⇒ ∂t(ρu) +∇x · (ρu⊗ u+ pI +Π) = 0

∫
fv ⊗ v dv

=

∫
f
(
(v − u)⊗ (v − u) + v ⊗ u+ u⊗ v − u⊗ u

)
dv

=

∫
f(v − u)⊗(v − u) dv +

(∫
fv dv

)
⊗u+ u⊗

(∫
fv dv

)
−
(∫

f dv

)
u⊗u

= P+ ρu⊗u+ u⊗ρu− ρu⊗u

= P+ ρu⊗u

3.B.2 Conservation of energy

By multiplying by |v|2
2 the Boltzmann equation and integrating w.r.t v, we get the equation for

the conservation of energy:

∂tf + v · ∇xf = 1
ε

(
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)
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1
2

∫
f |v|2v dv

= 1
2

∫
f
(
|v − u|2(v − u) + |v − u|2u− |u|2v + 2(v · u)v

)
dv

= 1
2

∫
f |v − u|2(v − u) dv +

(
1
2

∫
f |v − u|2 dv

)
u− 1

2 |u|2
(∫

fv dv

)
+

(∫
fv⊗v dv

)
u

= q+ pu− 1
2ρ|u|2u+ (ρu⊗u+ pI +Π)u

= q+ pu− 1
2ρ|u|2u+ ρ|u|2u+ pu+Πu

= 2pu+ 1
2ρ|u|2u+Πu+ q

3.C Data augmentation

We want to augment our dataset by "looking" at our simulations from di�erent perspectives, or
equivalently by applying di�erent transformations to the underlying domain.

(x,v)
(Ax, Av)

Let us consider an isometry A ∈ O(2,R). For a given solution f , we denote by fA the function

fA : (x,v, t) 7→ f(Ax, Av, t).

Let us express the moments of fA in function of those of f . We will then show that fA is a solution
of the Boltzmann equation with initial condition fA0 .

3.C.1 Density

ρA(x, t) =

∫
fA(x,v, t) dv

=

∫
f(Ax, Av, t) dv

=

∫
f(Ax,v, t) dv (change of variables)

= ρ(Ax, t)

3.C.2 Mean velocity

ρA(x, t)uA(x, t) =

∫
fA(x,v, t)v dv

=

∫
f(Ax, Av, t)v dv

=

∫
f(Ax,v, t)A−1v dv (change of variables)

= A−1

∫
f(Ax,v, t)v dv (linearity of the integral)

= A−1ρ(Ax, t)u(Ax, t)
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and thus

uA(x, t) = A−1u(Ax, t)

3.C.3 Pressure tensor

PA(x, t) =

∫
fA(x,v, t)(v − uA(x, t))⊗ (v − uA(x, t)) dv

=

∫
f(Ax, Av, t)(v −A−1u(Ax, t))⊗ (v −A−1u(Ax, t)) dv

=

∫
f(Ax,v, t)(A−1v −A−1u(Ax, t))⊗ (A−1v −A−1u(Ax, t)) dv (change of variables)

=

∫
f(Ax,v, t)(A−1(v − u(Ax, t)))⊗ (A−1(v − u(Ax, t))) dv

=

∫
f(Ax,v, t)A−1((v − u(Ax, t))⊗ (v − u(Ax, t)))(A−1)T dv

= A−1

(∫
f(Ax,v, t)((v − u(Ax, t))⊗ (v − u(Ax, t))) dv

)
(A−1)T (linearity of the integral)

= A−1 (P(Ax, t)) (A−1)T

and in particular

pA(x, t) = 1
2Tr(P

A(x, t)) = 1
2Tr(P(Ax, t)) = p(Ax, t)

and

ΠA(x, t) = PA(x, t)− pA(x, t)I = A−1Π(Ax, t)(A−1)T

3.C.4 Heat �ux

qA(x, t) = 1
2

∫
fA(x,v, t)|v − uA(x, t)|2(v − uA(x, t)) dv

= 1
2

∫
f(Ax, Av, t)|v −A−1u(Ax, t)|2(v −A−1u(Ax, t)) dv

= 1
2

∫
f(Ax,v, t)|A−1v −A−1u(Ax, t)|2(A−1v −A−1u(Ax, t)) dv (change of variables)

= 1
2

∫
f(Ax,v, t)|A−1(v − u(Ax, t))|2(A−1(v − u(Ax, t))) dv

= 1
2

∫
f(Ax,v, t)|(v − u(Ax, t))|2(A−1(v − u(Ax, t))) dv (A isometry)

= A−1 1
2

∫
f(Ax,v, t)|(v − u(Ax, t))|2(v − u(Ax, t)) dv (linearity of the integral)

= A−1q(Ax, t)

3.C.5 fA is solution to the Boltzmann equation

First let us note that from the previous equalities we get
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M(fA)(x,v, t) =
ρA(x, t)

2πTA(x, t)
exp

(
−|v − uA(x, t)|2

2TA(x, t)

)

=
ρ(Ax, t)

2πT (Ax, t)
exp

(
−|v −A

−1u(Ax, t)|2
2T (Ax, t)

)

=
ρ(Ax, t)

2πT (Ax, t)
exp

(
−|Av − u(Ax, t)|2

2T (Ax, t)

)
(A isometry)

=M(f)(Ax, Av, t)

And thus:

∂t
[
fA(x,v, t)

]
+ v · ∇x

[
fA(x,v, t)

]
= ∂t [f(Ax, Av, t)] + v · ∇x [f(Ax, Av, t)]

= (∂tf) (Ax, Av, t) + v · (A (∇xf) (Ax, Av, t))

= (∂tf) (Ax, Av, t) +Av · (∇xf) (Ax, Av, t)

= 1
ε (M(f)(Ax, Av, t)− f(Ax, Av, t))

= 1
ε

(
M(fA)(x,v, t)− fA(x,v, t)

)

which proves that fA is solution of the Boltzmann equation.

3.C.6 Application to data augmentation

We consider the following transformations, that preserve the physical domain [−1, 1]× [−1, 1]:

Identity Rotation π
2 Rotation π Rotation 3π

2(
1 0
0 1

) (
0 −1
1 0

) (
−1 0
0 −1

) (
0 1
−1 0

)

Re�exion Rotation π
2 + Re�exion Rotation π + Re�exion Rotation 3π

2 + Re�exion(
−1 0
0 1

) (
0 1
1 0

) (
1 0
0 −1

) (
0 −1
−1 0

)

Here are the corresponding data to use:
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Identity Rotation π
2 Rotation π Rotation 3π

2

ρ(x, y, t)

ux(x, y, t)

uy(x, y, t)

p(x, y, t)

πxx(x, y, t)

πxy(x, y, t)

qx(x, y, t)

qy(x, y, t)

ρ(−y, x, t)
uy(−y, x, t)
−ux(−y, x, t)

p(−y, x, t)
−πxx(−y, x, t)
−πxy(−y, x, t)

qy(−y, x, t)
−qx(−y, x, t)

ρ(−x,−y, t)
−ux(−x,−y, t)
−uy(−x,−y, t)

p(−x,−y, t)
πxx(−x,−y, t)
πxy(−x,−y, t)
−qx(−x,−y, t)
−qy(−x,−y, t)

ρ(y,−x, t)
−uy(y,−x, t)
ux(y,−x, t)
p(y,−x, t)

−πxx(y,−x, t)
−πxy(y,−x, t)
−qy(y,−x, t)
qx(y,−x, t)

Re�exion Rotation π
2 +

Re�exion
Rotation π +
Re�exion

Rotation 3π
2 +

Re�exion

ρ(−x, y, t)
−ux(−x, y, t)
uy(−x, y, t)
p(−x, y, t)

πxx(−x, y, t)
−πxy(−x, y, t)
−qx(−x, y, t)
qy(−x, y, t)

ρ(y, x, t)

uy(y, x, t)

ux(y, x, t)

p(y, x, t)

−πxx(y, x, t)
πxy(y, x, t)

qy(y, x, t)

qx(y, x, t)

ρ(x,−y, t)
ux(x,−y, t)
−uy(x,−y, t)

p(x,−y, t)
πxx(x,−y, t)
−πxy(x,−y, t)

qx(x,−y, t)
−qy(x,−y, t)

ρ(−y,−x, t)
−uy(−y,−x, t)
−ux(−y,−x, t)

p(−y,−x, t)
−πxx(−y,−x, t)
πxy(−y,−x, t)
−qy(−y,−x, t)
−qx(−y,−x, t)

3.D Smoothing implementation

In this work we perform such smoothing using a convolution with a gaussian kernel. This gaussian
kernel is characterized by its standard deviation σ∆x, where ∆x is the spatial step of the closure's
discretization, supposed to be the same in the x and y direction. The gaussian kernel is discretized
on [−⌈3σ⌉∆x,+ ⌈3σ⌉∆x] × [−⌈3σ⌉∆x,+ ⌈3σ⌉∆x] with spatial step ∆x, so as to coincide with the
discretization of the closure and to entail 3 standard deviations of the gaussian. Finally the kernel is
normalized so that the convolution performs a weighted average. Thus the weights wi,j read as follows:

xi = i∆x, yj = j∆x, wi,j =
e

−x2
i−y2

j

2σ2∆x2

∑
i,j e

−x2
i
−y2

j

2σ2∆x2

, i, j ∈ {−⌈3σ⌉ , ...,−1, 0, 1, ..., ⌈3σ⌉}

or, equivalently,

xi = i, yj = j, wi,j =
e

−x2
i−y2

j

2σ2

∑
i,j e

−x2
i
−y2

j

2σ2

, i, j ∈ {−⌈3σ⌉ , ...,−1, 0, 1, ..., ⌈3σ⌉}

For the smoothed closure to be of the same size as the raw closure, the latter is applied a periodic
padding (consistent with the periodic boundary conditions) of size ⌈3σ⌉ before the convolution.
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Chapter 4

An optimal control deep learning

method to design arti�cial viscosities

for Discontinuous Galerkin schemes

This chapter was recently submitted for publication as an article, and a preprint is available online:
Léo Bois, Emmanuel Franck, Laurent Navoret, and Vincent Vigon. �An optimal control deep learn-
ing method to design arti�cial viscosities for Discontinuous Galerkin schemes�. 2023. hal-04213057
(https://arxiv.org/pdf/2309.11795.pdf)

Abstract

In this paper, we propose a method for constructing a neural network viscosity in
order to reduce the non-physical oscillations generated by high-order Discontiuous Galerkin
(DG) methods. To this end, the problem is reformulated as an optimal control problem
for which the control is the viscosity function and the cost function involves comparison
with a reference solution after several compositions of the scheme. The learning process
is strongly based on gradient backpropagation tools. Numerical simulations show that the
arti�cial viscosities constructed in this way are just as good or better than those used in
the literature.

4.1 Introduction

In computational �uid dynamics, Discontinuous Galerkin (DG) methods can be used as an alter-
native to �nite volumes (FV) methods when a high order of convergence is desired. Indeed, by using
polynomials coupled with the weak form of the equation to approximate the solution, DG methods al-
low to reach arbitrarily high orders of convergence [7, 14]. However, when the solution exhibits shocks
or strong gradients, these high order methods introduce non-physical oscillations, which can deterio-
rate the accuracy of the solution and lead to stability issues. Since shocks and strong gradients easily
appear in non-linear conservative systems, even from continuous initial conditions, countermeasures
are required to stabilize DG methods.

Classical approaches to reduce oscillations and stabilize DG methods are based on slope limiters,
�ltering techniques or arti�cial viscosity methods. Slope limiter methods were initially developed for
FV methods and then adapted to DG schemes: they use a troubled-cell indicator to identify cells with
oscillations and then de�ne �uxes at the cells interfaces with second order polynomial approximation
and total variations diminishing property [6, 5]. An alternative is to consider WENO (Weighted
Essentially Non Oscillating) type reconstruction to take advantage of the full high-order approximation
in the identi�ed troubled cells and their neighbours [26, 17, 25]. Regarding �ltering techniques, they
involve applying a linear �lter using the modal representation of the solution locally in each cell to
smooth out the solution [13, 12]. Finally the arti�cial viscosity method consists in adding a non-
linear viscous term to the equation, which makes the solution smoother, thus saving the DG methods
from situations that they cannot handle correctly. The viscous term can then be tuned with a local
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coe�cient, which should only be activated in problematic areas and should vanish as the characteristic
length of the mesh tends to zero.

In this paper, we will focus on arti�cial viscosity methods. A few di�erent approaches have emerged
to deal with di�erent problems. For instance, the arti�cial viscosity can be function of the divergence
of the velocity �eld [15], function of the modal decay of the solution in each cell [16] or function of the
entropy production [10]. A comparative study of some models has been carried out in [24], and shows
that these di�erent models behave di�erently from each other, and that the most suitable model may
depend on the test case considered. In addition, each of these models relies on some parameters that
have to be adjusted empirically, making the process of �nding the right viscosity coe�cient even more
di�cult.

A more recent approach consists in exploiting the capabilities of neural networks in pattern recog-
nition to design data-driven tools. In short, neural networks can be described as non-linear functions
with many parameters �from thousands to millions� that can be adjusted using gradient descent
in order to optimize a given criterion. Examples of this approach can be found in several related
topics: neural networks are used as troubled-cell indicator for high order schemes in [18], as classi�ers
of functions' regularity to control oscillations in spectral methods in [19], or as predictor of the degree
of reconstruction for MOOD algorithm in [3]. Last but not least, in [8] the authors design an arti�cial
viscosity for DG methods using neural networks. In all these examples, the authors use supervised
learning, where the criterion to optimize is an error between the output of the neural network and
a given target. In [8] for instance, for each test case of the training dataset, the target is set to the
arti�cial viscosity model (among a given set of options) that performs best for this speci�c test case.
This method makes the neural network converge toward a kind of good interpolation between known
models. However supervised learning in this way is not necessarily the best option, or may not even
be possible in some other contexts. Indeed, an appropriate target is not always available; and when
it is, as is the case in the example previously described, using it as a target will not allow the neural
network to explore new designs.

In this paper we use a di�erent way to train parameterized functions in numerical schemes, that is
not bounded by these limitations. We train the neural network directly in the numerical scheme, and
compare the resulting numerical solution to a target solution, instead of considering the output of the
neural network itself. This approach relieves us from any prior expectation on what the output of the
neural network should look like and only focuses on the result, while having the additional advantage
to include e�ects of the neural network through many iterations of the scheme computing the gradient
by automatic di�erentiation framework. We speak about "di�erentiable physic approach" [22]. This
approach have been very recently used to learn discretization [1, 9].

This approach can be see as an optimal control approach, which we design a closed-loop control
of the system to �t the reference solution. A comparable approach is reinforcement learning, which
is equivalent to optimal control without using the temporal transition scheme, but only examples of
transitions. To our knowledge, this approach has been used for the construction of limiters in [20] and
for adjusting the weights in WENO schemes [23].

One of the main ingredients of this approach is the use of deep learning frameworks (like TensorFlow
or PyTorch), not only for the implementation of the neural network, but extended to the implemen-
tation of the whole numerical scheme. Indeed, the optimization of the parameters is performed with
a gradient descent algorithm, which requires the computation of the gradient of the error. Since the
error involves the numerical solution produced through many iterations of the parameterized numerical
scheme, all the computations need to be di�erentiated. By implementing the numerical scheme in a
deep learning framework, the computation of this highly complex gradient can be fully automated,
making the optimization algorithm fairly easy to code. However, the complexity of the gradient is in
itself an obstacle to the proper functionning of the algorithm, both because of its high computational
cost and because of potential gradient instability. In this paper, we propose an algorithm to adress
both of these limitations, and provide results of this algorithm when applied to the design of a neural
network viscosity for DG schemes.

The remaining of this paper is organized as follows. In section 4.2, we introduce a general framework
for the approach we used in this work. In section 4.3, we describe in details our implementation of this
framework to the design of an arti�cial viscosity for DG schemes in 1D. Finally, section 4.4 gives nu-
merical results for the advection equation, Burgers' equation and Euler's equation, with considerations
on the in�uence of some parameters.
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4.2 An optimal control method for parameterized schemes

In this section we describe the method we use to construct an arti�cial viscosity. Since this method
is not speci�c to this problem, we describe it in general terms, as a general framework to optimize
parameters in a numerical scheme for partial di�erential equations. In our application, these parameters
are the weights of a neural network designed to output the coe�cient for the arti�cial viscosity.

4.2.1 Optimization problem

As an example, let us consider a general hyperbolic equation

∂tU+∇ · F(U) = 0,

with U : Rd × R∗
+ → Rs the vector of unknowns and F : Rs → Rs×d the �ux of the equation. Let us

consider a given discretization of space (�nite volumes, DG, WENO schemes, etc.) and time (explicit
Euler, Runge-Kutta, etc.), resulting in a numerical scheme of the form

Un+1 = S(Un, π(Un)) = Sπ(U
n), (4.1)

where Un is the approximation of the solution U at time tn, Sπ is an iteration of the numerical scheme
on one timestep, and π is a part of the numerical scheme that can be modi�ed to serve as a control
to the scheme. For instance, π could be a slope limiter for a �nite volumes method, a process to
compute the weights of a WENO scheme, or �as in this paper� an arti�cial viscosity coe�cient for
a discontinuous Galerkin method, among many other possibilities.

In order to express the problem as an optimization problem, we denote by V N
π (U0) the quantity

V N
π (U0) = L

(
Sπ(U

0), S2
π(U

0), . . . , SN
π (U0)

)
, (4.2)

where Sn
π corresponds to n iterations of the scheme

Sn
π (U

0) = (Sπ ◦ · · · ◦ Sπ︸ ︷︷ ︸
n times

)(U0),

and L is a generic cost function. Thus V N
π (U0) is a cost function depending on a discrete solution

made of N successive iterations of the numerical scheme Sπ. It can be for example an error committed
by the scheme compared to a reference solution a penalization of the control.

Since there is usually little hope to �nd a control π that minimizes V N
π (U0) for all possible initial

conditions U0, we focus on a speci�c distribution of initial conditions P, and consider the following
optimization problem:

min
π

∫
V N
π (U0) dP(U0). (4.3)

In order to �nd a solution to this optimization problem, we choose to parameterize π with a set of
parameters θ, for instance by implementing πθ as a neural network. The optimization problem thus
becomes

min
θ
J(θ) = min

θ

∫
V N
πθ
(U0) dP(U0). (4.4)

This problem is similar to the optimization problem solved by policy gradient methods in reinforcement
learning [21].

4.2.2 Gradient descent and back-propagation

Our approach to solve the optimization problem (4.4) is to use a mini-batch gradient descent
algorithm, relying on automatic di�erentiation for the computation of the gradient. The gradient
descent algorithm consists in starting from an arbitrary set of parameters, and iteratively improve it
by performing updates of the form

θ ← θ − η∇θJ(θ),

or any other alternative, e.g with momentum, Adam, and so on. The mini-batch version of the
algorithm consists in replacing the gradient ∇θJ(θ) by an approximation using a Monte-Carlo method,
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meaning that the integral over the distribution P of initial conditions is replaced by a sum over a sample
(U0

1 , ..., U
0
K) of P:

∇θJ(θ) ≃
K∑

k=1

∇θV
N
πθ
(U0

k ).

In principle this approximation does not prevent the convergence of the algorithm while making it
much faster. In our case, if the distribution P is in�nite, such an approximation is even required for
the computation of the gradient to be possible.

From here, the di�culty lies in the computation of ∇θV
N
πθ
(U0) for a given U0. Figure 4.3.2 shows

the computational graph of this quantity, from which can be derived the following formulae:

(
∇θV

N
πθ

)
=

N∑

n=1

(
∇θS

n
πθ

)(
∇UnL

)
,

(
∇θS

n+1
πθ

)
=
(
∇θ(Sπθ

◦ Sn
πθ
)
)
=
(
∇θS

n
πθ

)(
∇USπθ

)
+
(
∇θSπθ

)
,

where, for any function g(x), the gradient ∇xg refers to the transpose of its Jacobian matrix. Assuming
that all these quantities are well de�ned, meaning that both L and Sπθ

are di�erentiable, we thus obtain
a way to compute the gradient ∇θV

N
πθ
(U0).

In practice, all these computations are done automatically. Indeed, in the same way that deep
learning frameworks (e.g Tensor�ow, Pytorch) allow to automatically compute the gradient of a neural
network w.r.t its parameters using the backpropagation algorithm, the same frameworks can be used
to compute the gradient of any parameterized numerical scheme Sπθ

w.r.t θ, provided that Sπθ
is

implemented using the di�erentiable functions of the framework. More than that, the backpropagation
algorithm can be applied to any number of iterations of the numerical scheme, and even to the complete
computational graph for V N

πθ
(U0) shown in Figure 4.3.2. In particular, this method illustrates one way

these deep learning frameworks can prove useful for optimization tasks in scienti�c computing.
Let us conclude this section with a few observations on this approach to solve problem (4.4). A

�rst advantage of this optimization algorithm lies in the fact that it does not require any reference π,
since the error is not computed on the output of πθ directly, but instead on the numerical solution
that stems from πθ. A second advantage is that the optimized function J(θ) can take into account
many iterations of the numerical scheme Sπθ

, thus including e�ects of the control πθ that would go
unnoticed on shorter time scales. In our application to an arti�cial viscosity, these long time e�ect
would be the di�usion related to a too high viscosity, as opposed to the short term oscillations related
to a too low viscosity. Finally, note that this method contrasts with classical reinforcement learning
algorithms in that this method leverages our knowledge of the transition process between two successive
states, here Un and Un+1. Indeed, classical reinforcement learning usually build implicitly (model free
approaches) or explicitly (model based approaches) an approximation of this transition process by
analyzing examples of transitions, whereas in our case the full knowledge of this transition process, ie
of the numerical scheme, can be used to compute the gradient of J(θ) directly.

4.2.3 Optimization on sub-trajectories using the reference solutions

Let us mention two obstacles to the application of the method described above. The �rst one stems
from the depth of the computational graph when the number of iterations N grows higher and higher.
Indeed, as N increases, the computation of ∇θV

N
πθ

becomes not only more and more expensive, but
also more and more subject to gradient instability issues, similarly to very deep neural networks. The
second obstacle is that although the algorithm does not require a reference control π, it does rely on a
function L that quanti�es the error of a numerical solution, and which may not be easy to determine.

One way we have found to partially address both of these issues is to use a reference numerical
scheme Sref, accurate and robust, and the reference solutions U1

ref, ..., U
N
ref provided by it. First it helps

with the measure of the error committed by Uθ, by providing an expected result to compare with.
But we can also use the reference solutions to limit the number of iterations the gradient actually goes
through to a given number m < N , by replacing problem (4.4) by:

min
θ
J(θ) =

∫ N−m∑

n=0

V m
θ (Un

ref) dP(U0) = min
θ

∫ N−m∑

n=0

V m
θ (Sn

ref(U0)) dP(U0). (4.5)
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In this formulation of the problem, instead of minimizing the error on an entire trajectory with N
iterations, we minimize the sum of the errors on all the sub-trajectories with m iterations, starting
from a point in the reference solution. This process thus limits the size of the computational graph for
J(θ), while still allowing the parameterized scheme Sπθ

to be trained on data at times arbitrarily far
from t = 0, which would not be the case if we simply picked a small N . Note that for the computation
of ∇θJ(θ) with this new formulation, the sum over the sub-trajectories is also approximated by a
Monte-Carlo method, similarly to the integral over the initial conditions. This approach does not
allow to capture very long time e�ects of the control but only on medium size time sequences. For a
number of applications such as the construction of limiters or viscosity this seems to be su�cient.

4.2.4 Algorithm

The whole method is described in Algorithm 1. Note that, as mentioned in the previous section,
both the integral over the initial conditions and the sum over the sub-trajectories of length m in (4.5)
are approximated by a Monte-Carlo method, resulting in a kind of double mini-batch gradient descent
algorithm. Something not mentioned in this algorithm for the sake of simplicity, but very useful to
track the progression of the training, is the computation of a validation loss at the end of each epoch,
consisting in the evaluation of J(θ) on a set of sub-trajectories generated at the beginning of the
training. Also note that in this algorithm, Sπθ

and Sref could actually consist of several iterations of
the corresponding numerical schemes, so that the actual timestep ∆t satis�es some stability conditions.
Equivalently, we could say that the error L(Un, · · · , Un+m) could be computed on a subset of instants,
thus lowering the memory requirements for the storage of the reference solutions.

Algorithm 1: training algorithm

1 Start from a random set of parameters θ
2 for each episode do
3 Generate random initial conditions (U0

1 , . . . , U
0
K) ∼ P

4 Compute reference trajectories from U0
k up to SN

ref(U
0
k ) for all k ∈ {1, . . . ,K}

5 for each epoch do
6 Randomly select a set I of indices (k, n) ∈ {1, . . . ,K} × {0, . . . , N−m}
7 Compute sub-trajectories from Sn

ref(U
0
k ) up to Sm

πθ
(Sn

ref(U
0
k )) for all (k, n) ∈ I

8 Compute J(θ) =
∑

(k,n)∈I Vπθ
(Sn

ref(U
0
k ))

9 Update parameters θ with ∇J(θ)
10 end

11 end

4.3 Design of an arti�cial viscosity for discontinuous Galerkin

schemes

This section is dedicated to our application of the method previously described to the design of
an arti�cial viscosity for discontinuous Galerkin schemes in one dimension. Sections 4.3.1 and 4.3.2
describe the problem and the key elements of the method, like the numerical scheme, the control π,
the cost function L. Then sections 4.3.3 to 5.2 give some details on the implementation.

4.3.1 Discontinuous Galerkin method and arti�cial viscosity

In this application, we are interested in using discontinuous Galerkin (DG) schemes to solve hy-
perbolic equations of the form

∂tU+ ∂xF(U) = 0, (4.6)

with U : R+×[xmin, xmax]→ Rs the conservative variables, and F : Rs → Rs the physical �ux.
In order to discretize equation (4.6) with a discontinuous Galerkin method, we consider a spa-

tial mesh of the interval [xmin, xmax] made of nx cells of equal length ∆x, and introduce a basis of
polynomials (ϕ1, ..., ϕp) of degree at most p − 1 on the reference interval [−1, 1]. Assuming that the



94 CHAPTER 4. ARTIFICIAL VISCOSITIES FOR DG SCHEMES

components of U are polynomials of degree at most p−1 on each cell, with no constraint of continuity
at the interfaces of the cells, the i-th variable on the j-th cell can be written

Ui,j(x, t) =

p∑

k=1

Ui,j,k(t)ϕk(x̂), 1 ≤ i ≤ s, 1 ≤ j ≤ nx,

involving the change of variable to the reference interval: x̂ = −1+2 ((x−xmin) mod ∆x)/∆x ∈ [−1, 1].
Assuming that F(U) are also polynomials of degree at most p − 1 on each cell, it has a similar
decomposition with coe�cients (Fi,j,k). Then, integrating (4.6) against each of the ϕk leads to the
following semi-discrete weak formulation:

dU

dt
M + (F ⋆ − FS) = 0, (4.7)

whereM =
(∫ 1

−1
ϕkϕℓ

)
k,ℓ
, S =

(∫ 1

−1
ϕk∂xϕℓ

)
k,ℓ
, and F ⋆ involves the estimated values at the interfaces

of the cells, using a local Lax-Friedrichs �ux. Here, the product dU
dt M is to be understood as

(
dU

dt
M

)

i,j,k

=
∑

ℓ

dUi,j,ℓ

dt
Mℓ,k.

Finally, a Runge-Kutta method is used for the time integration of (4.7). We refer to [14] for more
details.

An important bene�t of discontinuous Galerkin schemes is that they can be made to converge
in O(∆xp) for any arbitrary order p, by using polynomials of high enough degree (p − 1 in one
dimension). However, when the solution exhibits strong gradients or shocks, high-order DG schemes
produce oscillations as those shown in Figure 4.3.1, which can ruin the accuracy of the scheme and
produce fatal instabilities (e.g negative pressure in the Euler equations). For this reason, a method
that is sometimes used consists in adding an arti�cial viscosity term to the equation to solve, in order
to smooth out the solution:

∂tU+ ∂xF(U) = ∂x(µ∂xU). (4.8)

The arti�cial viscosity above depends on a coe�cient µ = µ(x, t) ∈ R that can locally increase or
decrease the amount of smoothing, and that is expected to vanish as the length ∆x of the cells tends
to zero to recover the original equation asymptotically. In practice, since the places where the viscosity
is needed depend on the solution, the viscosity coe�cient is taken as a function of U:

µ = π(U).

Denoting G = µ∂xU = π(U)∂xU and (Gi,j,k) its coe�cients in the discontinuous polynomial basis,
the discontinuous Galerkin scheme now reads:

GM = π(U) (U⋆ − US),
dU

dt
M +

(
(F ⋆ − FS)− (G⋆ −GS)

)
= 0.

where U⋆ and G⋆ involve the estimated values at the cells interfaces using a centered numerical �ux.
After time discretization, still with a Runge-Kutta method, we have thus completely de�ned the
numerical scheme Un+1 = Sπ(U

n).
Function π is the one that we intend to design with the use of the method described in the previous

section. As discussed in the introduction, some models for π can already be found in the literature,
and [24] compare some of them. In the result section, we compare our own viscosity to two of these
models, referred to as the derivative-based (DB) and highest modal decay (MDH) models respectively,
brie�y described in appendix 4.A.

4.3.2 De�nition of the cost function

To design the cost function L used to determine the control π, we compare the associated numerical
solution U1, · · · , UN (or of a sub-trajectory Un, · · · , Un+m) to a reference solution Uref by summing a
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Figure 4.3.1 � Example of oscillations with discontinuous Galerkin schemes. Linear advection with
periodic boundary conditions, solutions after one period. All solutions were obtained using a DG
scheme of order 4.

local-in-time cost function C over iterations:

L(U1, . . . , UN ) =
N∑

n=1

C(Un, Un
ref).

For the reference solution, we use the numerical solution of a second-order MUSCL scheme on a �ne
grid, which ensures that the reference solution is both accurate and oscillation-free. The local-in-time
cost function C, also concerned with both the accuracy of the solution and the presence of oscillations,
is taken as a combination of three terms:

C(Un, Un
ref) = ωosc Cosc(U

n, Un
ref) + ωacc Cacc(U

n, Un
ref) + ωvisc Cvis(U

n).

For simplicity, we give below the expression of each term in the scalar case. In case of a system, we
simply take the average cost.

The aim of the �rst term is to detect the numerical oscillations. After some testing, we have
obtained interesting results with the following W 2,1 semi-norm:

Cosc(U
n, Un

ref) = ∆xref
∑

i

∥Dxx(Πref(U
n))i −Dxx(U

n
ref)i∥1 ,

where, for any approximate quantity V, Vi refers to its value in cell i, Πref(U
n) is the projection of

the piecewise polynomial solution of the DG scheme on the �ne mesh of the reference FV scheme,
and Dxx(U)i =

1
∆x2

ref

(Ui−1 − 2Ui + Ui+1) a �nite-di�erence second derivative. One can obviously use

other measures of oscillations or costs penalizing positivity losses or violations of the local maximum
principle.

The second term measures the accuracy of the scheme and is given by the discrete L1 norm of the
di�erence between U i and U i

ref:

Cacc(U
n, Un

ref) = ∆xref
∑

i

∥Πref(U
n)i − (Un

ref)i∥1 ,

We compare the two solutions on the �ne grid in order to highlight the oscillations.
Finally, since the arti�cial viscosity is a non-physical process, it is natural to look for the smallest

viscosity which still allows to kill the oscillations. To do so, we use as the third term an L2 penalisation:

Cvis(U
n) = ∥πθ(Un)∥22 ,

with the norm computed directly from the piecewise polynomial viscosity. This cost is standard in
optimal control problems.

Finally, a good starting point for the weights ωosc, ωacc and ωvisc could be such that all three terms
contribute about as much to the overall error, but further empirical tweaking is necessary to get to
the best compromise between di�usion and oscillations, as illustrated in the result section.
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4.3.3 Neural network viscosity function

To apply Algorithm 1, it remains to de�ne the neural network used for the viscosity function πθ(U)
and how it is used in the scheme Sπ.

Neural network architecture. In this work we use a residual neural networks (ResNet) as intro-
duced in [11], with adequate padding and no pooling so that the size of the output is the same as the
input. This is a standard architecture for deep convolutionnal neural network. The hyper-parameters
of this architecture are its depth, i.e. the number of blocks, its width, i.e. the number of �lters per
convolution, and the kernel size of these convolutions. We got good results with a very small version
of it depicted in Figure 4.3.5: one block, width 16 and kernel size 3, for a total of about 2000 trainable
parameters. We use the recti�ed linear unit (ReLU) activation function, except for the last layer that
uses the softplus activation function. Also the last layer is initialized with kernel zero and constant bias
−3 so that the initial output of the neural network is a constant vector with value softplus(−3) ≃ 0.02.
The purpose of this initialization is to start the training with a reasonable viscosity that makes the
numerical scheme stable.

Pre-processing and post-processing The raw input for the neural network is the approximated
solution Un at a given time, which comes as a tensor of values at each quadrature point of each
cell. The cells are of equal length but the quadrature points are not uniformly distributed across the
cells, which results in an overall non uniform discretization of the solution. Since convolutional neural
networks �as the one we use� are not adapted to non uniform discretization, the input needs to be
encoded in some way before being fed to the neural network. We opted for a concatenation between
the value of the solution at the quadrature point and the relative position of the said quadrature point
in the cell, in the form of a one-hot encoding: the �rst quadrature point of the cell is mapped to the
vector (1, 0, ..., 0) ∈ Rp, the second to (0, 1, 0, ..., 0) ∈ Rp, and so on, p being the number of quadrature
points per cell. Figure 4.3.4 gives an example of this encoding on a single variable.

Notably, the input of the neural network does not include information about the resolution of the
solution, and therefore the arti�cial viscosity produced by the neural network is only adapted to the
resolution the neural network has been trained with. In order to use the neural network with di�erent
resolution, we multiply the ouptut by a scaling factor, the same way it is done in [8]. This scaling
factor s is constant across each cell and involves the size of the cell ∆x as well as the jumps of the
solution at its interfaces [[U ]]L and [[U ]]R:

s = min{∆x,max{|[[U ]]L|, |[[U ]]R|}}

Also, this scaling helps the arti�cial viscosity getting closer to zero where the solution is smooth,
which prevents unnecessary di�usion. Figure 4.3.4 depicts the whole process for the computation of
the viscosity on a �ctive cell.

Integration in the numerical scheme Since the evaluation of the neural network is relatively
expensive compared to the rest of the numerical scheme, we choose to compute the arti�cial viscosity
only once at the beginning of the timestep, as illustrated in Figure 4.3.3. Thus, we do not update
its value at each stage of the Runge-Kutta method. We found that this simpli�cation allowed faster
computing with no perceptible loss of accuracy.

4.3.4 Training data

In this work we try and learn from initial conditions that have a general form, expressed as partial
Fourier series:

U0 : x ∈ [0, 1] 7→
20∑

i=0

an

n cos(2πnx) + bn
n sin(2πnx), (4.9)

with coe�cients an and bn following a uniform distribution on [−1, 1]s. Of course, it is possible to use
other type of dataset without di�culties. For instance, for the Euler equations (see Section 4.4.3), we
will use this kind of initialization on the primitive variables instead of the conservative ones. Positive
initial conditions can be necessary for some variables: in this case, we subtract to the above functions
their minima and add a small positive value ε = 0.1.
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Figure 4.3.4 � Computing of the viscosity with a neural network. The input variable is encoded and
given to the neural network, whose output is scaled to produce the arti�cial viscosity.
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Figure 4.3.5 � The architecture we use to compute the arti�cial viscosity: a small ResNet with only
one block. Conv(w, k) represents a 1D convolution with w �lters of size k.
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As the neural network is non-local, the learned viscosity may depend on the solutions generated
during the training. In particular, if the network is trained with one particular equation, it may not
perform as well on another equation. However, it would be possible to train the network directly on
several equations, even if it has not been done in this work.

4.4 Numerical Results

In the following three sections we give numerical results for three di�erent equations : the advection
equation, Burgers' equation and Euler's system respectively. We give some details regarding the
training and the in�uence of some parameters in the advection case, and then simply give the results
for Burgers and Euler.

In all the numerical results presented below, we use the following parameters unless stated otherwise:
� DG scheme: order p = 4, Gauss-Lobatto quadrature points, 32 cells on [0, 1], timestep ∆t =

1e− 5, RK4 discretization in time,
� Reference FV scheme: order 2 (MUSCL), 2048 cells on [0, 1], timestep ∆t = 10−5, RK2 dis-

cretization in time,
� Entire trajectories of N = 4096 iterations, sub-trajectory of m = 512 iterations,
� K = 8 initial conditions per episode,
� 20 batches of size 16 per episode, arbitrary high number of episodes.

Values for the weights ωosc, ωacc and ωvisc will be speci�ed for each test-cases.

4.4.1 Advection equation

We will start by validating the approach on the advection equation given by
{
∂tρ+ a ∂xρ = 0,
ρ(t = 0, x) = ρ0(x),

where ρ : R+ × [0, 1]→ R is the advected density and a ∈ R is a constant velocity that we take equal
to 1. We consider periodic boudary conditions For the initial condition ρ0, we test the viscosity on a
common composite function with di�erent kinds of discontinuities:

ρ0(x) = 1 +





e−((x−0.125)/0.03)2 if x < 0.25,
1, if 5/16 ≤ x < 7/16,
1−

∣∣(x− 5
8 )× 16

∣∣ if 9/16 ≤ x < 11/16,√
1− (16x− 14)2 if 13/16 ≤ x < 15/16,

0 otherwise.

.

In order to notice the e�ects in long time of the di�erent viscosities, we consider the solution after
two periods at t = 2. We take advantage of the simplicity of the problem to discuss the e�ect of the
hyper parameters of the optimization problem, i.e. the weights ωosc, ωacc and ωvisc involved in the
cost function and the size m of the sub-trajectories.

For simplicity we start by training an arti�cial viscosity using only two of the three terms in the
loss. Since the term in Cosc on the one hand and the terms in Cacc and Cvisc on the other seem
adversarial, we consider using only Cosc and Cvisc (ωacc = 0), or only Cosc and Cacc (ωvisc = 0). Let
us consider the �rst case. Figure 4.4.1 shows a typical training in these conditions: at �rst, the neural
network greatly decreases the amount of viscosity, before adding some back in order to �nd a better
compromise between the two parts of the loss. In order to visualize the resulting viscosity and solution,
the neural network is applied with a speci�c test case, but note that the training was done with random
initial conditions as described in section 4.3.4.

An important factor in the equilibrium reached is the value chosen for the weights ωosc, ωvisc and
ωacc. Figure 4.4.2 illustrates this by showing the resulting solutions and viscosities when ωosc is set
to 10−5 and when ωvisc varies (ωacc still being set to zero). As expected, when the L2 penalization
increases, the viscosity gets smaller and smaller, which results in less di�usion but more oscillations.
Indeed, as observed in Table 4.4.1, both Cosc and L∞ error increases with ωvisc. Figure 4.4.3 and
Table 4.4.2 show what happens when it is ωvisc which is set to zero and ωacc which varies, ωosc still
being set to 10−5. The results are similar, but show more di�usion overall.
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Figure 4.4.1 � (Advection) Top: Evolution of the validation loss during training. The contribution of
the di�erent terms are shown in color. Middle and bottom: Solution (middle) and viscosity (bottom)
on a test case using the neural network viscosity at di�erent points in its training. The test case uses
periodic boundary conditions and consists of two periods (ie �nal time t = 2).

Model ωosc ωacc ωvisc Cosc Cacc Cvisc L2 L∞

DG NN

10−5 0 2 · 103 9.32e+03 1.10e-01 1.73e-10 5.91e-02 5.26e-01
10−5 0 4 · 103 9.36e+03 9.32e-02 1.03e-10 5.95e-02 5.34e-01
10−5 0 6 · 103 9.41e+03 8.35e-02 7.44e-11 5.97e-02 5.37e-01
10−5 0 8 · 103 9.45e+03 7.57e-02 5.85e-11 5.98e-02 5.43e-01

Table 4.4.1 � (Advection - variation ωvisc) Errors for each model presented in Figure 4.4.2.

Model ωosc ωacc ωvisc Cosc Cacc Cvisc L2 L∞

DG NN

10−5 0.2 0 9.26e+03 1.38e-01 3.47e-10 5.86e-02 5.18e-01
10−5 0.8 0 9.27e+03 1.28e-01 2.87e-10 5.88e-02 5.26e-01
10−5 1.6 0 9.25e+03 1.28e-01 2.94e-10 5.88e-02 5.26e-01
10−5 3.2 0 9.27e+03 1.19e-01 2.55e-10 5.89e-02 5.22e-01

Table 4.4.2 � (Advection - variation ωacc) Errors for each model presented in Figure 4.4.3.
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Figure 4.4.2 � (Advection - variation ωvisc) Solution (top) and viscosity (bottom) on a test case with
neural network viscosities obtained with di�erent weights ωvisc, the other two weights being set to
ωosc = 10−5 and ωacc = 0. The test case uses periodic boundary conditions and consists of two periods
(ie �nal time t = 2).
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Figure 4.4.3 � (Advection - variation ωacc) Solution (top) and viscosity (bottom) on a test case with
neural network viscosities obtained with di�erent weights ωacc, the other two weights being set to
ωosc = 10−5 and ωvisc = 0. The test case uses periodic boundary conditions and consists of two
periods (ie �nal time t = 2).

Another important parameter of the algorithm is the number m of iterations in a sub-trajectory,
on which the gradient of the loss is computed. Picking a big value for m makes the computation
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of the gradient more expensive, but allows to include more long-term e�ects of the viscosity. Figure
4.4.4 shows some resulting viscosities with di�erent values for m. It would seem that as m increases,
the model becomes less and less di�usive, because more di�usion appears in longer sub-trajectories
and a�ect the gradient. In order to learn a minimal viscosity that will eliminate the oscillations it
is therefore important to optimize our network on long enough trajectories so that the e�ect of the
di�usion is clearly visible in the cost functions. Otherwise, the method learns a too large viscosity since
its negative e�ect will not be visible enough in the cost functions. Also, a smaller m do not necessarily
decrease the training time even if the computation of the gradient is cheaper since the number of steps
of gradient descent may be larger.
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Figure 4.4.4 � (Advection - variation m) Solution (top) and viscosity (bottom) on a test case with
neural network viscosities obtained using sub-trajectories with di�erent length m. The test case uses
periodic boundary conditions and consists of two periods (ie �nal time t = 2).

Finally, we compare our viscosity to two reference viscosities: the "derivative-based" (DB) viscosity,
and the "highest modal decay" (MDH) viscosity, described in appendix 4.A. Figure 4.4.5 shows the
result with 32 cells for the discontinuous Galerkin scheme, which is the same resolution as the one
used for the training of the neural network. Interestingly enough, our viscosity generalises pretty well
to other resolutions, thanks to the scaling described in section 4.3.3. As an illustration, Figures 4.4.6,
4.4.7 and 4.4.8 compare the same three viscosities but used with 64, 128 and 256 cells respectively.
Note that in these three examples, the model "DG NN" uses the same viscosity as in Figure 4.4.5,
trained on 32 cells only. The results on the di�erent �gures and given by Table 4.4.3 show that the
neural network viscosity gives the best compromise between accuracy and oscillations or between L2

and L∞ errors. Indeed, the MDH method has a lower L2 error but oscillates more and has a larger
L∞ error. The DB approach is clearly more di�usive for this long time problem.

4.4.2 Burgers equation

We now consider the Burgers equation given by




∂tρ+ ∂x

(
ρ2

2

)
= 0,

ρ(t = 0, x) = ρ0(x),

with ρ : R+ × [0, 1] → R and complemented with periodic boundary conditions. The network, the
hyper-parameters and the training process are exactly the same as for the advection equation, with
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Figure 4.4.5 � (Advection - comparison with DB and MDH) Solution (top) and viscosity (bottom) on
a test case with di�erent viscosities: no viscosity (DG), derivative-based viscosity (DG DB), highest
modal decay viscosity (DG MDH) and our neural network based viscosity (DG NN). The test case
uses periodic boundary conditions and consists of two periods (ie �nal time t = 2).
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Figure 4.4.6 � (Advection - comparison with DB and MDH) Solution (top) and viscosity (bottom) on
a test case with 64 cells instead of the usual 32. The di�erent viscosities used are the derivative-based
(DB), the highest modal decay (MDH) and our neural network based viscosity (NN). The test case
uses periodic boundary conditions and consists of two periods (ie �nal time t = 2).

coe�cients ωacc = 0.5, ωosc = 10−5 and ωvisc = 5. In order to avoid any issues with non-entropic
solutions the DG scheme could converge to, we only consider positive functions in the dataset. The
remarks made on the hyper-parameters, the learning in the previous section on advection remains
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Figure 4.4.7 � (Advection - comparison with DB and MDH) Solution (top) and viscosity (bottom) on
a test case with 128 cells instead of the usual 32. The di�erent viscosities used are the derivative-based
(DB), the highest modal decay (MDH) and our neural network based viscosity (NN). The test case
uses periodic boundary conditions and consists of two periods (ie �nal time t = 2).
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Figure 4.4.8 � (Advection - comparison with DB and MDH) Solution (top) and viscosity (bottom) on
a test case with 256 cells instead of the usual 32. The di�erent viscosities used are the derivative-based
(DB), the highest modal decay (MDH) and our neural network based viscosity (NN). The test case
uses periodic boundary conditions and consists of two periods (ie �nal time t = 2).

valid here. We therefore propose to give direct results comparing a learned viscosity with classical
viscosities. To do this, we consider an initial condition that has not been used in the training phase of
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Model Cells Cosc Cacc Cvisc L2 L∞

DG

32 9.97e+03 5.24e-02 0.00e+00 9.03e-03 6.05e-01
64 9.89e+03 2.62e-02 0.00e+00 4.71e-03 5.95e-01
128 1.01e+04 1.36e-02 0.00e+00 2.52e-03 5.81e-01
256 1.05e+04 7.23e-03 0.00e+00 1.37e-03 5.60e-01

DG DB

32 9.18e+03 2.49e-01 3.30e-07 7.82e-02 6.04e-01
64 9.18e+03 1.56e-01 6.11e-08 3.94e-02 5.10e-01
128 9.21e+03 8.57e-02 7.16e-09 1.86e-02 5.06e-01
256 9.22e+03 4.36e-02 6.94e-10 9.13e-03 5.02e-01

DG MDH

32 9.57e+03 5.94e-02 0.00e+00 1.22e-02 5.57e-01
64 9.56e+03 2.49e-02 0.00e+00 5.37e-03 5.57e-01
128 9.69e+03 1.26e-02 0.00e+00 2.75e-03 5.50e-01
256 1.00e+04 6.60e-03 0.00e+00 1.45e-03 5.37e-01

DG NN

32 9.41e+03 8.35e-02 4.76e-09 1.78e-02 5.37e-01
64 9.30e+03 4.14e-02 3.96e-10 8.48e-03 5.22e-01
128 9.27e+03 2.20e-02 2.86e-11 4.98e-03 5.08e-01
256 9.34e+03 1.28e-02 3.00e-12 3.11e-03 4.94e-01

Table 4.4.3 � (Advection - comparison with DB and MDH) Errors for each model presented in Figure
4.4.5.

the neural network viscosity:
ρ0(x) = 1 + sin(2πx), x ∈ [0, 1],

with �nal time t = 1.
On Figures 4.4.9 and 4.4.10, we observe as before that the classical DG method without viscosity

term generates large oscillations closed to the discontinuity. Contrary to the transport case, the MDH
method is here the more di�usive method. Note that the MDH viscosity acts at the beginning of the
simulation and then vanishes as the approximate solution becomes smooth. The neural network and
the DB methods gives very similar results with less numerical di�usion and small oscillations. Note
that the neural network is slightly less oscillating at the bottom of the discontinuity. In conclusion,
this test-case shows that the neural network viscosity still provides good results for such a non-linear
equation with generates discontinuities.

4.4.3 Euler system

Finally we present results for the Euler system:




∂tρ+ ∂x (ρu) = 0,
∂t(ρu) + ∂x

(
ρu2 + p

)
= 0,

∂tE + ∂x (Eu+ pu) = 0,

where ρ : R+ ×R→ R denotes the density, u : R+ ×R→ R the velocity, p : R+ ×R→ R the pressure
and E : R+ × R → R the energy. The system is completed with a perfect gas law, resulting in the
following relation :

E =
p

γ − 1
+
ρu2

2
,

where γ is the adiabatic constant taken equal to 1.4 here. Once again we use the same parameters as
before, the only di�erence being that πθ now has three inputs, one for each conservative variable. The
output is still a single viscosity coe�cient µ(x), since the same viscosity is applied to each equation.
The neural network is trained using the coe�cients ωacc = 0, ωosc = 10−5 and ωvisc = 103 in the loss.
The training dataset is made using initial conditions with the three variables ρ, u, p chosen according
to (4.9) with the correction to ensure the positivity of the density and the pressure.

We compare the di�erent viscosity approaches on two classical test cases: the Sod problem and the
Shu-Osher problem. In these test cases the DG scheme without viscosity is unstable and therefore is
not presented.



4.4. NUMERICAL RESULTS 105

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.5

1

1.5

ρ
(x
)

Ref (FV) DG DG DB DG MDH DG NN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

1

2

3

4
·10−3

x

µ
(x
)

Figure 4.4.9 � (Burgers - comparison with DB and MDH) Solution (top) and viscosity (bottom) of
di�erent models for Burgers equation with 32 cells
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Figure 4.4.10 � (Burgers - comparison with DB and MDH) Solution (top) and viscosity (bottom) of
di�erent models for Burgers equation with 64 cells



106 CHAPTER 4. ARTIFICIAL VISCOSITIES FOR DG SCHEMES

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.2

0.4

0.6

0.8

1

ρ
(x
)

Ref (FV) DG DB DG MDH DG NN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

·10−3

x

µ
(x
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.2

0.4

0.6

0.8

1

ρ
(x
)

Ref (FV) DG DB DG MDH DG NN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

·10−3

x

µ
(x
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.2

0.4

0.6

0.8

1

ρ
(x
)

Ref (FV) DG DB DG MDH DG NN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.5

1

·10−3

x

µ
(x
)

Figure 4.4.11 � (Euler - Sod) Sod test case, 100 cells

The Sod test-case uses the initial condition

(ρ0, u0, p0)(x) =

{
(1, 0, 1), if x < 0.5
(0.125, 0, 0.1). otherwise

on the interval [0, 1] with �nal time t = 0.2. We consider also Dirichlet boundary conditions. On Figure
4.4.11, we compare the di�erent schemes associated with the di�erent viscosity models on a mesh with
100 cells. As for the Burgers equation, the MDH viscosity provides the worst results. This problem
can be explained by the fact that the hyper-parameters of the MDH method, taken from [24], may
not be optimized to this speci�c test-case. The result between the DB model and the neural network
model are close. Our approach seems better in the contact wave and a little bit more oscillating on
the shock. On a grid with 200 cells 4.4.12, the neural network viscosity seems slightly more accurate
for all the di�erent components of the solution. It is con�rmed by the errors presented in Table 4.4.4,
which both L2 and L∞ errors are smaller on the two meshes.

Model Cells Cosc Cacc Cvisc L2 L∞

DG DB
100 3.13e+02 2.47e-03 2.04e-08 3.36e-05 5.08e-02
200 3.04e+02 1.12e-03 2.48e-09 1.03e-05 3.93e-02

DG MDH
100 2.86e+02 2.88e-03 0.00e+00 5.27e-05 5.43e-02
200 3.00e+02 1.24e-03 0.00e+00 1.27e-05 3.90e-02

DG NN
100 3.30e+02 1.36e-03 4.97e-09 1.48e-05 4.21e-02
200 2.94e+02 5.86e-04 7.09e-10 2.92e-06 3.11e-02

Table 4.4.4 � Errors for each model on the Sod test case.

The second test case is the Shu-Osher test case, whose initial condition is given by:

(ρ0, u0, p0)(x) =

{
(3.857143, 2.629369, 10.333333) if x < −4
(1 + 0.2 sin(5x), 0, 1) otherwise

,

on the interval [−5, 5] with �nal time t = 1.8. The solution is composed of several smooth oscillations
and a discontinuity. As before, we compare the di�erent approaches on a given mesh with 200 cells.
The results in Figure 4.4.14 and Table 4.4.5 shows that our model and the DB model gives very similar
results with a slight advantage for the DB model.
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Figure 4.4.12 � (Euler - Sod) Sod test case, 200 cells
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Figure 4.4.13 � (Euler) Shu-Osher test case, 100 cells
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Figure 4.4.14 � (Euler) Shu-Osher test case, 200 cells

Model Cells Cosc Cacc Cvisc L2 L∞

DG DB
100 2.47e+03 4.09e-01 1.73e-04 1.01e-01 1.18e+00
200 2.40e+03 1.61e-01 2.16e-05 2.92e-02 1.08e+00

DG MDH
100 2.37e+03 5.76e-01 1.98e-05 1.79e-01 1.31e+00
200 2.25e+03 2.53e-01 6.00e-13 5.21e-02 1.25e+00

DG NN
100 2.38e+03 3.49e-01 5.46e-06 8.24e-02 1.22e+00
200 2.42e+03 1.71e-01 5.29e-06 2.95e-02 1.23e+00

Table 4.4.5 � (Euler) Errors for each model on the Shu-Osher test case.

4.5 Conclusion

In this paper, we propose an optimal control approach to optimize a parametric numerical scheme
based on its e�ect after several iterations. The method is a simple gradient method to optimize a given
cost function, where the gradient is calculated across a large number of iterations by automatic di�er-
entiation. We apply it to the construction of an arti�cial viscosity for DG methods for one-dimensional
hyperbolic equations. The numerical results on di�erent simulations show that the obtained neural
network viscosities result in equivalent or better results compared with classical arti�cial viscosities
(Derivative Based or Highest Model Decay viscosities).

There are several possible ways to extend this work. First, non-physical oscillations have so far
been detected with the semi-norm W 2,1 of the error with respect to the reference solution. Another
possibility would be to design a data-driven detector of the non-physical oscillations like in [2].

It will also be naturally important to extend this work to 2D/3D problems. Note however that
a major di�culty comes from the number of iterations taken into account in the computation of the
gradient. In our one-dimensional problem, we succeed in considering up to 1000 time steps. However,
this was possible because of the coarse meshes and small networks. For two-dimensional problems,
the sizes of the mesh and the network may be larger and the memory resources may be saturated. To
overcome this di�culty, the method could be coupled with a reinforcement approach [23] or a neural
ODE method [4], for which the gradient are computed by duality.

Finally, the same methodology could also be applied to other problems like estimating optimal
slope limiters or WENO stencils.
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Appendix

4.A Reference arti�cial viscosity models

In the result section, we compare our viscosity to two models of reference, that we brie�y describe
here in the context of a discontinuous Galerkin scheme of order p in one dimension.

The �rst one is the simplest one, refered to as the derivative-based (DB) model in the comparative
study [24], and reads

πDB(U) = min(µβ , µmax), µβ = cβ(
∆x
p−1 )

2|∂xu|, µmax = cmax
∆x
p−1 max

cell
|s|,

where u is the unique variable in the scalar case and the velocity for the Euler equation, s is the local
wave speed, and cβ and cmax are empirical parameters, set to 1 and 0.5 respectively.

The second one is refered to as the highest modal decay (MDH) model in [24] and was �rst proposed
in [16]. In this model, the viscosity is computed from the variable ρ which refers to the unique variable
in the scalar case, and to the density for the Euler equation. The MDH model relies on a modal
expansion of ρ in each cell,

ρ(x, t) =

p−1∑

k=0

ρ̂k(t)ψk(x), ψk Legendre polynomials on the cell considered,

and more speci�cally on the ratio between the norm of the highest mode and the overall norm:

r = log10
∥ρ̂p−1ψp−1∥2L2

∥ρ∥2L2

.

The viscosity is then taken smoothly increasing with r from 0 to µmax as follows:

πMDH(U) = µmax





0 if r < r0 − cK
1
2

(
1 + sin π(r−r0)

2cK

)
if r0 − cK < r < r0 + cK

1 otherwise

The threshold r0 depends on the order p as

r0 = −
(
cA + 4 log10(p− 1)

)
,

and cA and cK are empirical parameters set to 2.5 and 0.2 respectively. These computations give a
value for the viscosity coe�cient on each cell, which is interpolated by a polynomial of degree 2 that
has this value in the middle of the cell, and the average value between the two cells involved at the
interfaces, resulting in a continuous function.
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Chapter 5

Neural network based relaxation

matrix for vectorial Lattice-Boltzmann

methods in 2D

This chapter focuses on the vectorial Lattice-Boltzmann method introduced in chapter 1, where
references can be found for more details. The �rst section below dives into the details of the speci�c
implementation that we consider in this work, so we brie�y remind the general method here �rst.
Lattice-Boltzmann (LBM) methods come from the observation that some systems, like the Navier-
Stokes equations, can be derived from a kinetic model �a model that describes a set of particles
by their statistical distribution in the phase space. In order to solve a given system of equations,
Lattice-Boltzmann methods consist in �nding and solving such a kinetic model from which the said
system can be derived. Furthermore, this kinetic model can use a distribution of particles with only a
few speci�c velocities, which is leveraged by LBM methods to produce relatively inexpensive numerical
methods. The relationship between the variables of the kinetic model and those of the original equations
can take two forms: the original LBM method mimics the kinetic theory by considering the di�erent
moments in velocity of a unique distribution of particles ; on the other hand, the vectorial LBM method
generalises the approach, by considering the density (0th-order moment) of as many distributions as
there are variables �resulting in a bigger kinetic model. In all cases, the evolution of the distributions
is described by a Boltzmann equation with a BGK-like collision operator (Bhatnagar�Gross�Krook),
meaning that the collisions of the particles is modelled by a relaxation to a local equilibrium state. This
local equilibrium state is key to the method, as it dictates the system of equations that derives from the
kinetic model, and should therefore be chosen accordingly. Finally, the relaxation to this equilibrium
can be weighted by a matrix, refered to as the relaxation matrix below, in order to improve both the
accuracy and the stability of the numerical method. The design of such a relaxation matrix is the
focus of this work.

The remainder of this chapter is structured as follows. Section 5.1 describes the kinetic model used
in our implementation of the vectorial LBM method, while section 5.2 describes its discretization and
the impact of the relaxation matrix on the resulting scheme. Section 5.3 introduces neural networks
and the training algorithm we use in order to design a relaxation matrix. Finally section 5.4 shows
early results for the linear advection equation, Burgers equation and the wave equations.

5.1 Lattice-Boltzmann equations

In this work we consider 2D hyperbolic equations of the form

∂tū+ ∂xfx(ū) + ∂yfy(ū) = 0, (5.1)

with s equations, where ū : R2 × R+ → Rs is the unknown, and fx, fy : Rs → Rs is a given �ux. In
order to numerically solve such an equation, we are interested in vectorial Lattice-Boltzmann (LBM)
methods, focusing in particular on the relaxation matrix to improve on the standard formulation. Vec-
torial Lattice-Boltzmann methods introduce a distribution of particles for each conservative variable,
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and solve a kind of Boltzmann equation with BGK collision operator, resulting in a bigger system of
linear advection equations with a relaxation source term:

∂tF+ λ · ∇F =
1

ε
R(u)(Feq(u)− F). (5.2)

In this work we consider a method that uses 4 velocities, so the velocities λ and the unknown F can
be written

λ =




λ1

λ2

λ3

λ4


 ,λi = (λix, λiy) ∈ R2 and F =




F1

F2

F3

F4


 ,Fi : R2 × R+ → Rs.

With these notations, the advection term is to be understood as

λ · ∇F =




λ1x ∂xF1 + λ1y ∂yF1

λ2x ∂xF2 + λ2y ∂yF2

λ3x ∂xF3 + λ3y ∂yF3

λ4x ∂xF4 + λ4y ∂yF4




In the relaxation term, the variable u denotes the quantity F1 + F2 + F3 + F4. This quantity is the
one intended to tend towards the solution ū of the hyperbolic system (5.1) when the parameter ε > 0
tends to zero. This goal imposes a certain form for the equilibrium function Feq : Rs → Rs that we
discuss below. Finally, the matrix R(u) ∈ R4s×4s consists of additional degrees of freedom that can
be used to improve the accuracy of the method. The design of this matrix, or rather its numerical
counterpart, is the focus of this work.

Moments of F and Feq For the analysis of equation (5.2), it is convenient to express F in a di�erent
basis, in order to replace F1, F2, F3, F4 by four other variables, of which one should be u. To this
end, in addition to u =

∑4
i=1 Fi, we introduce the three following moments of F:

vx =

4∑

i=1

λixFi, vy =

4∑

i=1

λiyFi, and e =

4∑

i=1

(λ2ix − λ2iy)Fi.

The �rst two arise naturally on the left-hand side of the equation on u obtained by adding the equations
on F1, F2, F3 and F4. The last one, e, is a possibility among others that can simplify some expressions
when (5.2) is expressed in the basis (u,vx,vy, e). We also denote by ueq, veqx , veqy , eeq the moments
of Feq(u), and by M the passage matrix such that

MF =




u
vx

vy

e


 and MFeq(u) =




ueq(u)
veqx (u)
veqy (u)
eeq(u)


 .

Necessary conditions for Feq(u) can now be found by formally taking the limit ε→ 0 in (5.2) after
multiplying it by ε. Assuming that R(u) is invertible, this results in F = Feq(u). When the latter is
true, ueq(u) = u and the equation on u mentioned above then reads

∂tu+ ∂xv
eq
x (u) + ∂yv

eq
y (u) = 0,

which makes u solution of equation (5.1) provided that

veqx (u) = fx(u), and veqy (u) = fy(u).

It only remains to de�ne eeq to characterize Feq, which we can pick equal to zero. We thus have

Feq(u) =M−1




u
fx(u)
fy(u)
0
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Choice of λ In this work we use velocities in the four cardinal directions with an amplitude λ > 0:

λ1 =

[
+λ
0

]
,λ2 =

[
−λ
0

]
,λ3 =

[
0
+λ

]
,λ4 =

[
0
−λ

]
.

We now have both speci�ed the local equilibrium Feq, through the choice of a set of moments and
their value at equilibrium, and the velocities λ. In the next section we turn to the discretization of
the equation, to derive a numerical scheme and shed light on the relaxation matrix, the only element
of equation (5.2) yet to be de�ned.

5.2 Numerical scheme

In order to solve equation (5.2), we use a time-splitting method and solve alternatively the advection
part ∂tF + λ · ∇F = 0 and the relaxation part ∂tF = 1

εR(u)(F
eq(u) − F). Denoting by A(∆t) and

R(∆t) the operators performing one timestep for the advection and relaxation part respectively, an
iteration of the numerical scheme S then reads

S(∆t) = R(∆t) ◦A(∆t).

Advection A speci�city of the Lattice-Boltzmann method is that the advection part is solved exactly
by the operator A. Given that the exact solution of the advection part satis�es

F1(x, y, t+∆t) = F1(x− λ∆t, y, t),
F2(x, y, t+∆t) = F2(x+ λ∆t, y, t),

F3(x, y, t+∆t) = F3(x, y − λ∆t, t),
F4(x, y, t+∆t) = F4(x, y + λ∆t, t),

this is made possible by setting h = λ∆t ie ∆t = h
λ , where h = ∆x = ∆y denotes the size of the spatial

discretization. For A(∆t) to perform the advection of F on a single timestep is then simply a matter
of shifting each Fi of one cell in the right direction. Obviously ghost cells have to be added on one
side of the (rectangular) domain for each Fi, in a way that complies with the boundary conditions of
the problem considered.

Relaxation For the relaxation part, we use the following operator:

R(∆t)(F) = F+Ω(u)(Feq(u)− F),

where Ω(u) ∈ R4s×4s is a matrix whose design is the aim of this paper, and is discussed in more details
below. Note that for instance the choice Ω(u) = ∆t

ε R(u) corresponds to an explicit Euler scheme,
but in what follows we de�ne Ω independently of R and ε, which we have not speci�ed anyway. For
the analysis of the residual error, whose result is given below, we assume that the matrix Ω(u) acts
seperately on the moments v=(vx,vy) and e, by having the following form:

Ω(u) =M−1

0 0 0 0

0 0

0 0

0 0 0

Ωv(u)

Ωe(u)

M, Ωv : Rs → R2s×2s,Ωe : Rs → Rs×s, (5.3)

with Ωv(u) and Ωe(u) invertible. Note that the value of what would be Ωu(u) in the �rst block, here
set to zero, has no incidence on the result since it is multiplied by ueq(u)− u = 0.
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Residual error in the limit ∆t → 0 Under the assumptions that Ω(u) has the form above and
that the numerical solution is smooth enough, it can be shown (cf appendix 5.A) that the residual
error on u behaves as

∂tu+ ∂xfx(u) + ∂yfy(u) = ∆t ∇·(D(ū)∇ū) +O(∆t2), (5.4)

with

D(ū) =
(
Ωv(ū)

−1 − 1
2I
)(

λ2

2 I − Jac(f) 2 (ū)
)
, (5.5)

where ū is the exact solution of (5.1), ∇ū =
[
∂xū ∂yū

]T
and Jac(f) 2 denotes the following matrix:

Jac(f) 2 =

[
Jac(fx)2 Jac(fx)Jac(fy)

Jac(fy)Jac(fx) Jac(fy)2

]
.

For the matrix λ2

2 I − Jac(f) 2 (ū) to always be positive, the amplitude λ of the velocities needs to
satisfy

λ2

2
≥ µmax,

where µmax denotes the highest value, over space and time, of the maximal eigenvalue of Jac(f) 2 (ū)
�which is also the maximal eigenvalue of Jac(fx)(ū)2 + Jac(fy)(ū)2. Considering that ∆t = h

λ , this is
equivalent to the CFL-like condition ∆t ≤ h√

2µmax
.

Numerical relaxation matrix Ω(u) A standard choice for the relaxation matrix Ω(u) is that of a
constant scalar matrix:

Ω(u) = ωI, ω ∈ [1, 2].

In the particular case where ω = 2, the factor Ωv(ū)
−1− 1

2I in the residual error cancels out, resulting
in a scheme of order 2. For ω < 2, the numerical scheme is of order 1, with more and more di�usion as
ω decreases. The counterpart for the order 2 scheme with ω = 2 resides in the oscillations that appear
for discontinuous solutions.

The �rst alternative that we consider in this paper is the use of a scalar but local matrix Ω:

Ω(u) = ω(u)I, ω : Rs → [1, 2].

Such a relaxation matrix could perform better than the previous one by picking small values of ω near
discontinuities to prevent the oscillations, but high values in smooth regions to limit the di�usion. For
better detection of shocks, the input of ω could include the value of u in the neighbouring cells as well.

The second alternative that we consider is the use of full matrices for Ωv and Ωe. This option is
meant to tackle another issue that can arise. If the matrix Jac(f) 2 (ū) is ill-conditionned, since the
parameter λ adapts to the maximal eigenvalue, then the numerical scheme is bound to be excessively
di�usive in the directions with lower eigenvalues. Such issue of ill-conditionning can only be resolved
by a multiplication with a non-scalar matrix, thus requiring a non-scalar Ωv to compensate and lower
the di�usion in the necessary directions. The impact of Ωe is not visible in our analysis of the residual
error up to order 1, but our numerical experimentations showed that it could not simply be taken as
a constant scalar matrix without leading to stability issues. Finally, in this case also, the input of Ωv

and Ωe could include the value of u in the neighbouring cells.

5.3 Data-driven relaxation matrix

The aim of this work is to design a mapping between the numerical solution u on a given cell (plus
the neighbouring ones eventually) and the matrix Ω to use in this cell for the relaxation part of the
numerical scheme. Our approach relies on the use of neural networks to perform this mapping, and
the use of automated di�erentiation of the numerical scheme to optimize the parameters of the neural
network with a gradient descent algorithm.
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Input layer Hidden layers
︷ ︸︸ ︷

Output layer

x 7→ σ(w1x+ b1) x 7→ σ(w2x+ b2) x 7→ σ(w3x+ b3)

Figure 5.3.1 � Illustration of a multilayer perceptron with an input layer of size 9, an output layer of
size 6, and two hidden layers of size 4.

Neural network A neural network πθ is a parameterized function, whose purpose is to explore a
vast space of functions by varying its parameters θ, in the hope of �nding one that performs well at the
desired task. Many architectures have been proposed for neural networks to be able to learn di�erent
tasks, but for this work we use a very elementary one: the multilayer perceptron (MLP), or fully
connected neural network. What this means is that the neural network consists of several successive
layers, as illustrated Figure 5.3.1, performing the following operation:

x 7→ a(wx+ b),

where x ∈ Rm is the input of the layer (and the output of the previous layer), w ∈ Rm×n and b ∈ Rn

are called the weights and bias respectively and contain the parameters of the layer, and a : R→ R is
a non-linear activation function that is applied term by term. The size of the layer refers to the size
n of its output.

In our case, the neural network has s× k × k inputs, where s is the number of physical conserved
variables, and k is the size of the stencil, typically k ∈ {1, 3, 5}. We then add 2 layers of size 4 unless
stated otherwise, with activation function a = tanh the hyperbolic tangent function. The output y is
provided by a last layer with no activation function, and whose size depends on the desired form for
Ω. For a scalar Ω, the output is a scalar y ∈ R, and the relaxation matrix is taken as

Ω = (1 + σ(y))I,

where σ denotes the sigmoid function σ : x 7→ 1
1+e−x , so that (1 + σ(y)) falls between 1 and 2. The

architecture for the scalar case is illustrated Figure 5.3.2. For a Ω with full blocks Ωv and Ωe, the
output y consists of 5s2 + 1 coe�cients, that we put together to form two matrices yv ∈ R2s×2s and
ye ∈ Rs×s with a remaining coe�cient y ∈ R. We then de�ne Ωv and Ωe as perturbations from the
scalar case:

Ωv = (1 + σ(y))I + yv and Ωe = (1 + σ(y))I + ye.

In particular, the neural network is easily initialized to output a scalar matrix, which is necessary to
avoid stability issues. The architecture for the non-scalar case is illustrated Figure 5.3.3.

Finally, although the neural network is an MLP at the scale of the cell, it can be interpreted �and
implemented� as a convolutional neural network at the scale of the whole mesh, with kernel size k on
the �rst layer, and 1 on all the others. Also, for a stencil k > 1, a padding of the input is necessary
for the output to be de�ned on the borders of the mesh. This padding is done by adding as many
ghost cells as necessary around the domain, in a way that complies with the boundary conditions of
the problem. For simplicity, we use periodic boundary conditions unless stated otherwise.

Optimization of the parameters Once the neural network set up and its parameters initialized,
the space of parameters has to be explored via an adapted algorithm. Given the dimension of the space
to explore, this algorithm is usually the minimization of a loss function with a gradient descent method,
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Neural network

Solution uh

(2 variables and
3 × 3 stencil)

(1 + σ( ))I︸ ︷︷ ︸
Ω(uh)

Figure 5.3.2 � Example of neural network, for a system of 2 equations solved using a scalar relaxation
matrix.

Neural network

Solution uh

(2 variables and
3 × 3 stencil)

0 0 0 0

0 0

0 0

0 0 0

M−1 M + (1 + σ( ))I

︸ ︷︷ ︸
Ω(uh)

Figure 5.3.3 � Example of neural network, for a system of 2 equations solved using relaxation matrix
with full matrices Ωv and Ωe.

which leverages the ability of automated di�erentiation to compute the derivatives of neural networks
with respect to their parameters. The typical framework for that is that of supervised learning, where
the loss function L to minimize is taken as a sum of errors between outputs of the neural network and
the desired outputs, over a dataset for which these desired outputs are known:

L(θ) =
∑

(xi,yi)∈D
∥πθ(xi)− yi∥,

with ∥.∥ a given norm, and D the dataset. The optimization of the parameters θ is then done with an
iterative process that broadly consists in computing the gradient ∇θL(θ) and updating θ with a small
increment in the opposite direction:

θ ← θ − η∇L(θ).
In our situation however, there is no dataset of optimal relaxation matrices to learn from, as what

we aim to get is an upgrade of already existing techniques. Thus we cannot pick a loss directly on the
output of the neural network, and instead have to measure its performance another way. What we do
have is the possibility to compute reference solutions uref for a given set of test cases, wether using a
robust numerical scheme on a �ne mesh, or evaluating the exact solution when known. We can then
compare the numerical solutions uθ obtained with the numerical scheme using πθ to these reference
solutions. Considering such training on M test cases, the loss would then read

L(θ) =
M∑

m=1

∥uθ,m − uref,m∥,

with again ∥.∥ a certain norm. For the numerical results given section 5.4, we use the L1 norm,
averaged over time. Note that this loss function involves the numerical scheme in addition to the
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neural network, which therefore also needs to be compatible with automated di�erentiation for the
computation of ∇θL. This is easily achieved by implementing the numerical scheme using the same
framework as for the neural network, e.g Tensor�ow or Pytorch. Also note that the computation of the
gradient requires applying the chain rule over all the operations performed both by the neural network
and the numerical scheme, timestep after timestep, resulting in a very large expression. Automated
di�erentiation is a necessary tool for the evaluation of this expression.

But however helpful automated di�erentiation can be, the evaluation of such a complex gradient
still requires signi�cant computational resources. A natural way of controlling the computational cost
of the method is to limit the number n of consecutive timesteps performed to compute the loss, and
thus the depth of the expression for the loss and its gradient. The loss function can then be based on
the sum of the errors made on each sub-trajectory of size n starting from all possible points in time:

L(θ) =
M∑

m=1

N−n∑

i=0

∥u[ti,ti+n]
θ,m − u

[ti,ti+n]
ref,m ∥,

whereN denotes the total number of timesteps in the reference solutions, u[ti,ti+n]
ref denotes the reference

solution on all timesteps from ti to ti+n, and u
[ti,ti+n]
θ denotes the numerical solution obtained with

the LBM scheme using πθ, starting from the reference solution at timestep ti and on all timesteps up
to ti+n. In practice, the whole sum over i needs not be computed, and instead can be approximated
with a Monte-Carlo method. To do so we draw a random set of times ti for each test case, which is
renewed for each gradient step. We call batch size the number of ti drawn for each test case at each
gradient step. In practice, this batch size does not need to be high to yield good results, and often
a batch size of 1 is enough. All the steps of the training method described above are summed up in
algorithm 2.

Algorithm 2: Training algorithm

1 Choose M initial conditions for the training
2 Choose the total number N of timesteps for the reference solutions
3 Compute the reference solutions {uref,m}Mm=1 on all timesteps t0, ..., tN

4 Build the neural network πθ and initialize its parameters θ
5 Choose the number n of consecutive timesteps for the training n
6 while True do
7 for k ∈ {1, ..., batch size} do
8 for m ∈ {1, ...,M} do
9 Draw a random starting time ti(m) ∈ {t0, ..., tN−n}

10 Compute the numerical solution u
[ti(m),ti(m)+n]
θ,i

11 end

12 Compute the loss for this sample Lk(θ) =
∑M

m=1 ∥u
[ti(m),ti(m)+n]
θ,m − u

[ti(m),ti(m)+n]
ref,m ∥

13 end

14 Compute the loss for this batch L(θ) =∑batch size
k=1 Lk(θ)

15 Update the parameters θ with ∇L(θ)
16 Compute the validation loss to track progress and stop training if necessary
17 end

An important question regarding models trained on a given dataset is that of the generalization
ability of the model, ie its ability to perform well on data other than that from the training dataset.
In our case this could mean at least four things: (1) simulations with other initial conditions, (2)
simulations on more consecutive timesteps than the number n used for the training, (3) simulations
with other spatial resolution than h, and (4) simulations with another parameter λ. In order to measure
the generalization ability of the model and avoid any over�tting to the training data, a validation loss
is evaluated alongside the training loss L. This validation loss is taken as the sum of the errors of the
LBM scheme with πθ, using di�erent initial conditions from the training ones, and computed from t0

up to tN ; thus leaving aside criteria (3) and (4). Whenever the validation loss stops decreasing or
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Figure 5.4.1 � (Toy example - Constant scalar relaxation) Numerical solution of the linear advection
equation at t = 0.4 (top) and t = 4 (bottom) with di�erent values for the constant ω.

even explodes due to stability issues on the long time, the training can be stopped and the parameters
that yielded the lower validation loss can be saved.

5.4 Numerical results

5.4.1 Toy example

The �rst results presented here were obtained for the advection equation

∂tū+ λx∂xū+ λy∂yū = 0, (5.6)

on the domain [−1, 1]2 using periodic boundary conditions. In particular, we look at the case

λx = 1, λy = 0.5,

and pick the amplitude λ for the four LBM velocities as λ = 2max(|λx|, |λy|) = 2. The reference
solution consists of the exact solution evaluated on a �ne 400× 400 mesh and projected on the coarser
100 × 100 mesh used for the numerical scheme. With this 100 × 100 mesh, we have h = 0.2 and
∆t = 0.1.

In this toy example we are interested in the ability of a neural network relaxation to outperform
constant scalar relaxation matrices on a given test case, regardless of the resulting relaxation's ability
to generalize. This is why neural networks are trained on a single test case, and evaluated on the same
test case. This test case consists in the advection of the indicator function of a disk.

We �rst take a look at constant scalar relaxations Ω(u) = ωI. Figure 5.4.1 shows the numerical
solution obtained with di�erent values of the constant from 1 to 2. In the case ω = 1, we can see that
the numerical scheme is the least di�usive in the direction of the advection, and the most di�usive in
the orthogonal direction, as predicted by eigen values and eigen vectors of the di�usion matrix D(u),
here equal to

D(u) =
(
1
ω + 1

2

) [λx −λy
λy λx

]−1
[

λ2

2 − (λ2x + λ2y) 0

0 λ2

2

] [
λx −λy
λy λx

]

In the other cases, the oscillations caused by the discontinuity of the solution get more and more
pronounced as ω gets closer to 2. Because of these oscillations, the optimal ω is not ω = 2, the value
for which the numerical scheme is of order 2, but a smaller value. Figure 5.4.2 shows that the optimal
ω lies between 1.75 and 1.95, depending on the norm of reference but also on the �nal time considered.
Indeed, a lower ω induces more di�usion, which is increasingly penalizing as time passes.

We now consider scalar but local relaxation matrices Ω(u) = ω(u)I, with ω(u) computed by
a neural network. Figure 5.4.3 shows the result of a training carried out on this single test case,
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Figure 5.4.2 � (Toy example - Constant scalar relaxation) Errors of the numerical solution w.r.t the
value for the constant ω, at t = 0.4 and t = 4, with di�erent norms. The marker indicates the minimum
value of the curve.

Figure 5.4.3 � (Toy example - Network scalar relaxation) Reference solution (left), Lattice-Boltzmann
solution (middle) and determinant of the di�usion matrix (5.5) (right) for a scalar relaxation computed
with a neural network, after 40 timesteps (t = 0.4). Here the value of ω is related to Det(D) by the
relation Det(D) = 3

2 (
1
ω − 1

2 )
2.

with a loss computed on n = 40 consecutive timesteps. In this example, the neural network uses a
3 × 3 stencil. As could be expected, the value of the relaxation is set by the neural network so that
there is no excessive di�usion on the edge of the disk in order to preserve its sharpness, but enough
di�usion on the inside and the outside of the disk in order to prevent the oscillations. This results in
a signi�cant improvement on the constant scalar relaxation, as can be seen in Table 5.4.1. The latter
provides quantitative results comparing di�erent scalar relaxations, obtained by varying the stencil of
the neural network and the number n of timesteps used in the loss. What stems from these results
is that there seems to be no need to increase the stencil beyond 3× 3 for this test case, and that the
number n of timesteps should be at least 20, with little gain from going beyond.

Model L1 L2 L∞

Constant ω = 1.9 6.08e-02 1.07e-01 4.41e-01
1× 1 stencil, n = 40 timesteps 4.06e-02 8.63e-02 4.77e-01
3× 3 stencil, n = 40 timesteps 3.19e-02 7.08e-02 3.41e-01
5× 5 stencil, n = 40 timesteps 3.20e-02 7.14e-02 3.37e-01
7× 7 stencil, n = 40 timesteps 3.28e-02 7.09e-02 3.38e-01
3× 3 stencil, n = 5 timesteps 4.32e-02 7.83e-02 3.89e-01
3× 3 stencil, n = 20 timesteps 3.34e-02 6.97e-02 3.19e-01
3× 3 stencil, n = 40 timesteps 3.19e-02 7.08e-02 3.41e-01
3× 3 stencil, n = 80 timesteps 3.14e-02 7.39e-02 3.80e-01

Table 5.4.1 � (Toy example - Network scalar relaxation) Errors at t = 0.4 (40 timesteps) using scalar
relaxations trained with di�erent parameters.

Finally, we turn to non-scalar relaxations computed by neural network. Figure 5.4.4 shows the
solution obtained with such a relaxation. Once again, the di�usion is low on the edge but higher
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Figure 5.4.4 � (Toy example - Network non-scalar relaxation) Reference solution (left), Lattice-
Boltzmann solution (middle) and determinant of the di�usion matrix (5.5) (right) for a matrix re-
laxation computed with a neural network, after 40 timesteps (t = 0.4).

around it, especially in the trail of the disk, preserving a sharper edge, although a slight deformation
of the disk is visible. Quantitatively, this results in an even further improvement on the constant
relaxation as can be seen Table 5.4.2.

Model L1 L2 L∞

Constant ω = 1.9 6.08e-02 1.07e-01 4.41e-01
1× 1 stencil, n = 40 timesteps 4.15e-02 8.85e-02 4.58e-01
3× 3 stencil, n = 40 timesteps 1.83e-02 4.55e-02 2.82e-01
5× 5 stencil, n = 40 timesteps 1.56e-02 4.00e-02 3.50e-01
7× 7 stencil, n = 40 timesteps 1.51e-02 4.09e-02 3.15e-01
3× 3 stencil, n = 5 timesteps nan nan nan
3× 3 stencil, n = 20 timesteps 1.74e-02 4.64e-02 5.30e-01
3× 3 stencil, n = 40 timesteps 1.83e-02 4.55e-02 2.82e-01
3× 3 stencil, n = 80 timesteps 1.98e-02 4.94e-02 4.23e-01

Table 5.4.2 � (Toy example - Network non-scalar relaxation) Errors at t = 0.4 (40 timesteps) using
non-scalar relaxations trained with di�erent parameters.

For this toy example, the duration of a training lies between 1 and a few minutes depending on the
network architecture (stencil and output size), the number of consecutive timesteps n in the training,
and the number of steps for the gradient descent to converge.

Finally, let us mention that as expected the neural networks trained for this test case su�er from a
lack of generalization ability. Notably, even with the same initial condition, the neural network based
relaxations lead to inaccurate solutions in longer times. Figure 5.4.5 shows the numerical solution at
t = 4 with the same non-scalar relaxation used for Figure 5.4.4. This solution has a much sharper
edge and very little oscillations compared to the solutions obtained with constant relaxations, but the
contour of the disk is no longer circular. Since this deformation pushes the solution further away from
the training data, it can only get worse as time passes. However, a training with more varied initial
conditions could help in that regard and make the neural network relaxations more robust. This is
what we look at in the next section.

5.4.2 Linear advection equation

In this section we take a look at the advection of indicator functions of smoothed polygonal shapes
as illustrated Figure 5.4.6. We consider the same equation as in section 5.4.1, with the same velocity
(λx, λy) = (1, 12 ), and we use the same amplitude λ = 2 for the LBM scheme. Contrary to the previous
section, here we do care about the generalization ability of the neural network, both in terms of initial
conditions and �nal time. For this reason we use 4 initial conditions for the training, and 4 other initial
conditions for the evaluation of the results, shown Figure 5.4.6. The reference solutions are computed
up to t = 4 (400 timesteps), to allow comparisons on longer times. For the reference solutions, the
exact solutions are evaluated on a �ner 400× 400 mesh and projected on the 100× 100 mesh used for
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Figure 5.4.5 � (Toy example - Network non-scalar relaxation) Reference solution (left), Lattice-
Boltzmann solution (middle) and determinant of the di�usion matrix (5.5) (right) for a non-scalar
relaxation computed with a neural network, after 400 timesteps (t = 4).

Figure 5.4.6 � (Linear advection) Initial conditions for the test cases of section 5.4.2. Top row: test
cases used for the training. Bottom row: test cases used for the validation.

the lattice-Boltzmann method, as in the previous section.
Similarly to the previous section, the discontinuity in the solutions makes the constant scalar

relaxations Ω(u) = ωI produce oscillations when ω gets close to 2, resulting in an optimal value closer
to 1.9, as shown in Figures 5.4.7 and 5.4.8.

Table 5.4.3 shows the errors of scalar relaxations trained with di�erent parameters. Here the size
of the stencil seems to have little impact on the results as long as it is at least 3× 3. The same can be
said for the number n of timesteps used for the training, that yields similar results for the values 40, 60
and 80. Regarding the strategy found by the neural networks, it is similar to the previous section: the
di�usion is set to zero along the edge to preserve its sharpness, and increased on each side of the edge
to prevent the oscillations. Although the numerical solution obtained with these models has sharper
edges and less oscillations than with a constant relaxation (which results in lower numerical errors),
the numerical solution develops unwanted artefacts in the long time, as can be seen in the comparison
Figure 5.4.10.

Non-scalar relaxations are harder to train, as they are more prone to instability issues. This is
particularly apparent in what amounts to over�tting: after the �rst steps of gradient descent, while
the training loss keeps decreasing, the validation loss �computed with other initial conditions but
also up to 400 timesteps� greatly increases or even explodes. For n = 40 timesteps in the training,
this phenomenon happens after only a few dozen steps of gradient descent, and imposes a very early
stopping of the training. However, increasing n seems to mitigate the issue, and yields better results.
The numerical errors obtained on the validation test cases are summed up in Table 5.4.4.

The lack of stability is a consequence of the absence of constraint on the relaxation matrix other
than its global shape (5.3). For instance, neural networks can learn relaxations that lead to negative
di�usion in some places, as illustrated Figure 5.4.9. However this absence of constraint is also what
allows the neural networks to explore di�erent strategies freely, and the same relaxation that produces
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Figure 5.4.7 � (Linear advection - Constant scalar relaxation) Numerical solution of the linear advection
equation at t = 0.4 (top) and t = 4 (bottom) with an initial condition from the validation test cases,
using di�erent values for the constant ω.

Figure 5.4.8 � (Linear advection - Constant scalar relaxation) Errors at t = 4 of the numerical solution
w.r.t the value for the constant ω. The marker on the lines indicates the minimum value.
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L1 L2 L∞

Model t = 0.4 t = 4.0 t = 0.4 t = 4.0 t = 0.4 t = 4.0

Constant ω = 1.9 6.35e-02 1.53e-01 1.08e-01 1.97e-01 4.58e-01 5.95e-01
1× 1, n = 40 4.38e-02 1.19e-01 8.93e-02 1.61e-01 5.07e-01 8.63e-01
3× 3, n = 40 3.33e-02 1.01e-01 7.23e-02 1.33e-01 4.07e-01 6.61e-01
5× 5, n = 40 3.35e-02 1.08e-01 7.19e-02 1.39e-01 3.92e-01 7.01e-01
7× 7, n = 40 3.37e-02 1.11e-01 7.09e-02 1.44e-01 3.77e-01 7.27e-01
3× 3, n = 20 3.64e-02 1.30e-01 7.11e-02 1.44e-01 4.05e-01 7.88e-01
3× 3, n = 40 3.33e-02 1.01e-01 7.23e-02 1.33e-01 4.07e-01 6.61e-01
3× 3, n = 60 3.32e-02 9.72e-02 7.38e-02 1.33e-01 4.11e-01 6.48e-01
3× 3, n = 80 3.29e-02 8.85e-02 7.52e-02 1.33e-01 4.32e-01 6.45e-01
3× 3, n = 100 3.32e-02 8.95e-02 7.58e-02 1.34e-01 4.30e-01 6.41e-01

Table 5.4.3 � (Advection equation - Network scalar relaxation) Average errors on the 4 validation test
cases, both at t = 0.4 (40 timesteps) and t = 4 (400 timesteps), using scalar relaxations with di�erent
parameters.

negative di�usion is actually one of the best obtained in this section: it corresponds the one with a
5 × 5 stencil with n = 60. Figure 5.4.10 shows the numerical solutions obtained with this relaxation
as well as others, on the four validation test cases. Once again, non-scalar relaxations produce very
sharp edges and no oscillations, but tend to distort the initial shape. However, the one with a 3 × 3
stencil and n = 80 seems to be more robust in that regard, since its distortion appears to be mostly
the straightening of the edges.

L1 L2 L∞

Model t40 = 0.4 t400 = 4.0 t40 = 0.4 t400 = 4.0 t40 = 0.4 t400 = 4.0

Constant ω = 1.9 6.35e-02 1.53e-01 1.08e-01 1.97e-01 4.58e-01 5.95e-01
3× 3, n = 40 2.17e-02 nan 5.29e-02 nan 4.76e-01 nan
5× 5, n = 40 4.78e-02 1.74e-01 9.49e-02 2.83e-01 4.85e-01 1.73e+00
7× 7, n = 40 5.33e-02 1.46e-01 1.01e-01 1.94e-01 4.54e-01 6.01e-01
3× 3, n = 60 1.96e-02 5.44e-02 4.94e-02 1.28e-01 4.91e-01 1.06e+00
5× 5, n = 60 1.21e-02 3.96e-02 3.19e-02 9.39e-02 3.21e-01 9.80e-01
7× 7, n = 60 2.16e-02 6.62e-02 5.26e-02 1.50e-01 5.40e-01 1.36e+00
3× 3, n = 80 1.29e-02 3.00e-02 3.53e-02 9.05e-02 3.68e-01 9.24e-01
5× 5, n = 80 2.13e-02 5.95e-02 5.25e-02 1.35e-01 5.37e-01 1.31e+00
7× 7, n = 80 2.27e-02 5.58e-02 5.96e-02 1.34e-01 6.76e-01 1.11e+00

Table 5.4.4 � (Advection equation - Network non-scalar relaxation) Average errors on the 4 validation
test cases, both at t = 0.4 (40 timesteps) and t = 4 (400 timesteps), using non-scalar relaxations with
di�erent parameters.

In the end, the network based relaxations lead to very little oscillations, if any, and are much less
di�usive than the constant relaxations ; especially the non-scalar ones that can produce very sharp
edges. However, the network based relaxations can produce distorted solutions, in ways that are
di�cult to predict, and that could lead to instabilities in longer times than tested here.

5.4.3 Burgers equation

In this section we look at the Burgers equation

∂tū+ λx∂x
ū2

2 + λy∂y
ū2

2 = 0, (5.7)

with again λx = 1, λy = 0.5, and using periodic boundary conditions on the domain [−1, 1]2. We
pick λ = 2.2 in order to have a bit of margin since here the wave speed depends on the solution. We
use the same 100 × 100 mesh as in the previous sections. Once again, we use 4 initial conditions for
the training, and 4 di�erent ones for validation. These initial conditions consists of di�erent gaussians
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Figure 5.4.9 � (Linear advection - Network non-scalar relaxation) Reference solution (left), Lattice-
Boltzmann solution with a non-scalar relaxation (middle) and corresponding di�usion Det(D) (5.5).
Negative di�usion can be seen on the edge of the shape.

Figure 5.4.10 � (Linear advection) Solutions at t = 4 (400 timesteps) for the 4 validation test cases,
obtained with di�erent relaxations.
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Figure 5.4.11 � (Burgers - Gaussians) Initial conditions for the test cases of section 5.4.3. Top row:
test cases used for the training. Bottom row: test cases used for the validation.

Figure 5.4.12 � (Burgers - Constant scalar relaxation) Numerical solution of the linear advection
equation at t = 0.4 (top) and t = 2 (bottom) with an initial condition from the validation test cases,
using di�erent values for the constant ω.

generated randomly and shown Figure 5.4.11. The reference solutions are computed with a �nite
volumes MUSCL scheme on a �ner 400× 400 mesh then projected on the 100× 100 mesh, and up to
t = 2 (220 timesteps).

Figure 5.4.12 shows the numerical solutions obtained with a constant scalar relaxation. Once again,
the closer to 2 ω is, the more oscillations can be seen in the solution, but the less di�usion. This time
however, the numerical scheme is unstable at ω = 2. The errors on each test case at t = 2 (220
timesteps) are shown Figure 5.4.13 (up to ω = 1.95), and suggest an optimal value for ω around 1.9.

Contrary to the advection equation, the solutions of Burgers equation do change over time by more
than a simple translation. As a consequence, the starting time ti in algorithm 2 does make a di�erence
on what the neural network learns from a given sub-trajectory. Thus the batch size becomes a relevant
parameter than can be used to average the gradient over more than M (here 4) sub-trajectories.
However, Table 5.4.5 shows very little improvement, if any, when using a batch size bigger than 1.
For this reason, most of the results shown in this section use a batch size of 1. Regarding the other
parameters, a 5 × 5 stencil seems to be the most suited to the scalar relaxation, while the non-scalar
relaxation bene�ts from a larger 7 × 7 stencil (Table 5.4.6) ; for the number n of training timesteps,
the non-scalar relaxation gives lower errors whith higher values, but the results are more mixed with
the scalar relaxation where only the error in norm L1 decreases as n increases.

Figure 5.4.14 compares the solution obtained with a scalar relaxation and a non-scalar relaxation.
Both are visually similar, but the non-scalar relaxation seems to use less di�usion overall. These
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Figure 5.4.13 � (Burgers - Constant scalar relaxation) Errors of the numerical solution w.r.t the value
for the constant ω at t = 2. The marker on the lines indicates the minimum value.

L1 L2 L∞

Model t44 = 0.4 t220 = 2.0 t44 = 0.4 t220 = 2.0 t44 = 0.4 t220 = 2.0

Constant ω = 1.9 6.21e-03 8.53e-03 2.26e-02 2.24e-02 2.54e-01 3.23e-01
3× 3, n = 44, batch 1 3.38e-03 5.06e-03 1.24e-02 2.06e-02 1.82e-01 3.71e-01
3× 3, n = 44, batch 5 3.32e-03 5.44e-03 1.32e-02 2.14e-02 1.95e-01 3.72e-01
3× 3, n = 44, batch 10 3.31e-03 5.51e-03 1.26e-02 1.93e-02 1.85e-01 3.42e-01
1× 1, n = 44 4.12e-03 6.14e-03 1.37e-02 2.13e-02 1.83e-01 2.87e-01
3× 3, n = 44 3.38e-03 5.06e-03 1.24e-02 2.06e-02 1.82e-01 3.71e-01
5× 5, n = 44 2.84e-03 5.06e-03 1.10e-02 1.54e-02 1.61e-01 2.68e-01
7× 7, n = 44 5.10e-03 6.02e-03 1.70e-02 1.88e-02 2.14e-01 2.76e-01
3× 3, n = 5 5.31e-03 6.98e-03 1.99e-02 1.98e-02 2.29e-01 2.69e-01
3× 3, n = 11 4.94e-03 7.56e-03 1.52e-02 2.66e-02 2.01e-01 3.51e-01
3× 3, n = 22 4.70e-03 5.83e-03 1.69e-02 1.66e-02 1.99e-01 1.84e-01
3× 3, n = 44 3.38e-03 5.06e-03 1.24e-02 2.06e-02 1.82e-01 3.71e-01
3× 3, n = 88 3.32e-03 4.74e-03 1.30e-02 1.86e-02 1.84e-01 3.28e-01

Table 5.4.5 � (Burgers - Network scalar relaxations) Errors using di�erent scalar relaxations, after 44
and 220 timesteps. The quantity shown is an average on the four validation test cases. k× k refers to
the stencil of the relaxation, n is the number of consecutive timesteps in the training, and batch is the
batch size, set to 1 unless stated otherwise.

L1 L2 L∞

Model t44 = 0.4 t220 = 2.0 t44 = 0.4 t220 = 2.0 t44 = 0.4 t220 = 2.0

Constant ω = 1.9 6.21e-03 8.53e-03 2.26e-02 2.24e-02 2.54e-01 3.23e-01
1× 1, n = 44 4.96e-03 6.70e-03 1.43e-02 1.84e-02 1.67e-01 2.47e-01
3× 3, n = 44 3.63e-03 5.00e-03 1.19e-02 1.37e-02 1.57e-01 1.70e-01
5× 5, n = 44 3.85e-03 4.82e-03 1.31e-02 1.29e-02 1.76e-01 1.76e-01
7× 7, n = 44 3.35e-03 3.75e-03 1.27e-02 1.17e-02 1.68e-01 1.41e-01
3× 3, n = 11 6.61e-03 1.62e-02 2.03e-02 4.30e-02 2.27e-01 6.04e-01
3× 3, n = 22 6.05e-03 1.33e-02 1.76e-02 3.36e-02 1.98e-01 4.49e-01
3× 3, n = 44 3.63e-03 5.00e-03 1.19e-02 1.37e-02 1.57e-01 1.70e-01
3× 3, n = 88 3.36e-03 4.00e-03 1.18e-02 1.20e-02 1.59e-01 1.60e-01

Table 5.4.6 � (Burgers - Network non-scalar relaxations) Errors using di�erent non-scalar relaxations,
after 44 and 220 timesteps. The quantity shown is an average on the four validation test cases. k × k
refers to the stencil of the relaxation and n is the number of consecutive timesteps in the training.

relaxations are compared to a constant relaxation in Figure 5.4.15 on all 4 validation test cases.
The network based relaxations have less oscillations, if any, with no apparent downside to it, which
is coherent with the errors from Tables 5.4.5 and 5.4.5 that show an improvement by a factor 2
approximatively.
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Figure 5.4.14 � (Burgers - Scalar relaxation) Reference solution (left), Lattice-Boltzmann solution with
a network based relaxation (middle) and corresponding di�usion (5.7) (right), at t = 2. Top: scalar
relaxation. Bottom: non-scalar relaxation.

5.4.4 Wave equation

In this section we look at our �rst system of equations:

∂tp+∇ · v = 0

∂tv +∇p = 0

which is of the form (5.1) with ū =

(
p
v

)
. As in section 5.4.1, we only consider a single test case ; the

initial condition is the indicator function of a disk shifted by 1 for p, and zero for v, on the domain
[0, 1]2. We use a 200 × 200 mesh and λ = 2, resulting in h = 0.005 and ∆t = 0.0025. The solutions
are computed up to t = 0.15, which requires 60 timesteps.

Figure 5.4.16 shows the numerical solution obtained for p with a constant relaxation. As always,
the lower the value of ω, the more di�usive the solution, and the higher the value of ω, the more
oscillations. The evolution of the error on p in function of ω can be seen Figure 5.4.17, and suggests
an optimal value around ω = 1.9 for the errors in norm L1 and L2.

The neural network based relaxations are trained on all the n = 60 timesteps of the simulation, in
order to show how much improvement can be made with local and optionally non-scalar relaxations.
Table 5.4.7 compare relaxations with di�erent parameters. The optimal stencil for the scalar relaxation
seems to be 3 × 3, allowing to decrease the error in norm L1 by almost a factor 2 ; on the contrary,
increasing the size of the stencil up to 7×7 seems to prevent the network from learning, as it performs
the same as the constant relaxation. For the non-scalar relaxations, a 3× 3 stencil also performs well,
while a 5 × 5 results in a lower error in norm L1, but higher errors in norms L2 and L∞. In both
cases, the error in norm L1 is decreased by about a factor 6. The numerical solution given by some
of these relaxations are compared in Figure 5.4.18: while the constant relaxation leads to signi�cant
oscillations and quite some di�usion, the scalar relaxation shows no oscillations but still some slight
di�usion, and the non-scalar relaxation also shows no oscillations and very little di�usion.

In table 5.4.7 we also look at di�erent architectures than our usual one that uses two hidden layers
of size 4 (refered to as the 4× 4 architecture in the table). Increasing the size of the neural network,
wether by increasing the size of the hidden layers or by increasing the number of hidden layers, does
allow to reach slightly lower errors in norm L1 (which is the minimized criterion), but without any
signi�cant impact on the errors in norm L2 or L∞, maybe suggesting some kind of over�tting. Since
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Figure 5.4.15 � (Burgers - di�erent relaxations) Numerical solutions at t = 2 obtained for the 4
validation test cases with di�erent relaxations. The second and fourth rows show an enlargement of
the discontinuous portion of the solution.
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Figure 5.4.16 � (Wave - Constant scalar relaxation) Numerical solution (enlargement of the �rst quad-
rant) for p at t = 0.075 (top) and t = 0.15 (bottom), using di�erent values for the constant ω.

Figure 5.4.17 � (Wave - Constant scalar relaxation) Errors on p of the numerical solution w.r.t the
value for the constant ω at t = 0.15 (60 timesteps). The marker on the lines indicates the minimum
value.
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Figure 5.4.18 � (Wave - di�erent relaxations) Numerical solutions (enlargement of the �rst quadrant)
for p at t = 0.15 obtained with di�erent relaxations.

the increase in size of the neural network comes with a higher computational cost, these results justify
the use of the 4× 4 architecture for this test case.

Model L1 L2 L∞

Constant ω = 1.9 6.13e-03 2.24e-02 3.69e-01
Scalar, 1× 1 stencil 3.77e-03 1.77e-02 2.87e-01
Scalar, 3× 3 stencil 3.20e-03 1.40e-02 3.33e-01
Scalar, 5× 5 stencil 3.49e-03 1.60e-02 2.67e-01
Scalar, 7× 7 stencil 5.90e-03 2.31e-02 3.46e-01
Scalar, 4× 4 architecture 3.20e-03 1.40e-02 3.33e-01
Scalar, 8× 8 architecture 3.12e-03 1.42e-02 2.87e-01
Scalar, 16× 16 architecture 3.05e-03 1.45e-02 3.15e-01
Scalar, 32× 32 architecture 2.99e-03 1.42e-02 2.85e-01
Scalar, 8× 8× 8 architecture 3.07e-03 1.43e-02 2.95e-01
Scalar, 16× 16× 16 architecture 3.02e-03 1.42e-02 3.03e-01
Non-scalar, 3× 3 stencil 9.22e-04 3.66e-03 1.24e-01
Non-scalar, 5× 5 stencil 8.95e-04 4.42e-03 1.54e-01

Table 5.4.7 � (Wave - Network relaxation) Errors on p at t = 0.15 (60 timesteps) using relaxations
trained with di�erent parameters. The architecture refers to the size of the hidden layers in the neural
network. When not speci�ed, the stencil is 3× 3 and the architecture 4× 4. The number of training
timesteps is n = 60 for all the relaxations.

5.5 Conclusion

This work has been devoted to the construction of relaxation matrices for the Lattice-Boltzmann
method in two dimensions. While the standard method uses constant scalar matrices, our aim has
been to design local relaxation matrices that depend on the solution, with the option of non-scalar
matrices. We have relied on neural networks to perform this mapping between the solution and the
relaxation matrices, with a simple fully-connected architecture (multilayer perceptron). Since the aim
was to discover new relaxation matrices, a standard supervised approach was impossible. For this
reason we have added the numerical scheme to the model to train, and set the criterion to optimize on
the numerical solution. This method required the numerical scheme to be compatible with automated
di�erentiation, which we have achieved by implementing it with the same framework as the neural
network. We have experimented this approach on di�erent equations: the linear advection equation,
a non-linear equation (Burgers equation), and a system of linear equations (wave equations).

In all of these numerical experiments, the local relaxations performed signi�cantly better than the
standard constant relaxations, displaying much less di�usion and almost no oscillations. The non-
scalar relaxation matrices further improved the results, but have proven quite prone to stability issues,
making them harder to train. The numerical experiments have also looked at some parameters of
the method, and have shown that the models perform best when using at least a 3 × 3 stencil and a
few dozens consecutive training timesteps. On the other hand, increasing these parameters can only
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improve the results up to a certain extent, as bigger models are more prone to over�tting or vanishing
gradient issues. The former could be alleviated by training the neural network on more data, but the
latter is harder to address.

The limitations of our work include the limited generalization abilities of the relaxations learned.
In particular, the neural networks were trained on a given spatial resolution, with no mechanism to
generalize to di�erent resolutions. Similarly, no mechanism to adapt to di�erent velocities λ in the
Lattice-Boltzmann method has been implemented. Another limitation of our work lies in the stability
issues met with non-scalar relaxation matrices. Since non-scalar matrices easily lead to instabilities,
it can be di�cult to �nd a stable one by means of a gradient descent with no speci�c constraints.
Notably, this issue has prevented us from designing a non-scalar relaxation for Euler equations so far.

Further experimentations are needed to test the potential of our simple approach, including the use
of bigger datasets and di�erent criteria to optimize. The latter could be used to add weak constraints
and improve the stability of the resulting relaxation. Strong constraints could also be added to the
relaxation, eg by controlling its eigenvalues. Finally, mechanism to deal with di�erent resolutions and
velocities λ need to be implemented.
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Appendix

5.A Residual error in the limit ∆t→ 0

In the following we denote by A(∆t) and R(∆t) the operators that perform the advection and the
relaxation respectively:

A(∆t)(F) : (x, y) ∈ R2 7−→




F1(x− λ∆t, y, t)
F2(x+ λ∆t, y, t)
F3(x, y − λ∆t, t)
F4(x, y + λ∆t, t)


 ,

R(∆t)(F) : (x, y) ∈ R2 7−→ F(x, y) +W (u(x, y))(Feq(u(x, y))− F(x, y)),

and S(∆t) the composition of the two S(∆t) = R(∆t) ◦ A(∆t). This section aims at prooving the
behavior of the residual error of the numerical solution provided by the scheme S, given by equation
(5.4).

For the sake of simplicity, we denote by A(∆t)(u), A(∆t)(v), A(∆t)(e) the moments of the distri-
bution A(∆t)(F), and the same goes for R(∆t) and S(∆t).

Also, let us note that with our choice of velocities λi, the moments of F are given by

u = F1 + F2 + F3 + F4, v =

[
vx

vy

]
=

[
λF1 − λF2

λF3 − λF4

]
, e = λ2(F1 + F2 − F3 − F4).

The identities that follow are also used later on:

λ2u+ e = 2λ2(F1 + F2), λ2u− e = 2λ2(F3 + F4).

5.A.1 Expansion of one iteration of the numerical scheme

Let us get an expansion of the moments of S(∆t)(F). To do so, we �rst expand A(∆t)(F) to get

A(∆t)(F) =




F1(x− λ∆t, y)
F2(x+ λ∆t, y)
F3(x, y − λ∆t)
F4(x, y + λ∆t)


 =




F1 −∆tλ∂xF1 +∆t2 λ2

2 ∂xxF1 +O(∆t3)

F2 +∆tλ∂xF2 +∆t2 λ2

2 ∂xxF2 +O(∆t3)

F3 −∆tλ∂yF3 +∆t2 λ2

2 ∂yyF3 +O(∆t3)

F4 +∆tλ∂yF4 +∆t2 λ2

2 ∂yyF4 +O(∆t3)


 ,

from which we get the expansion of the moments of A(∆t)(F) with the appropriate combinations:

A(∆t)(u) = u−∆t(∇ · v) + ∆t2

4

(
λ2(∇ · ∇u) + (∂xxe− ∂yye)

)
+O(∆t3)

A(∆t)(v) = v − ∆t
2

(
λ2∇u+

[
∂xe
−∂ye

])
+O(∆t2)

A(∆t)(e) = e+O(∆t).

Here, (∇ · v) is to be understood as ∂xvx + ∂yvy ∈ Rs, ∇u as

[
∂xu
∂yu

]
, and (∇ · ∇u) as ∂xxu+ ∂yyu.

135
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Then, we write the action of R(∆t) on the moments u, v, e. With Ω of the form (5.3), multiplying
R(∆t)(F) by the matrix M gives

R(∆t)(u) = u

R(∆t)(v) = v +Ωv(u)
(
f(u)− v

)

R(∆t)(e) = (I − Ωe(u))e.

Replacing u, v, e by the moments of A(∆t)(F) will then gives the expansion of the moments of S(∆t).
First we expand Ωv(A(∆t)(u)), Ωe(A(∆t)(u)) and f(A(∆t)(u)):

Ωv(u−∆t(∇ · v) +O(∆t2)) = Ωv(u)−∆t Jac(Ωv)(u)(∇ · v) +O(∆t2),

Ωe(u−∆t(∇ · v) +O(∆t2)) = Ωe(u)−∆t Jac(Ωe)(u)(∇ · v) +O(∆t2),

f(u−∆t(∇ · v) +O(∆t2)) = f(u)−∆t Jac(f)(u)(∇ · v) +O(∆t2),

and �nally we get

S(∆t)(u) = u−∆t(∇ · v) + ∆t2

4

(
λ2(∇ · ∇u) + (∂xxe− ∂yye)

)
+O(∆t3) (5.8)

S(∆t)(v) = v +Ωv(u)
(
f(u)− v

)
− ∆t

2

[(
λ2∇u+

[
∂xe
−∂ye

])
+ 2Jac(Ωv)(u)(∇ · v)

(
f(u)− v

)

+Ωv(u)

(
2Jac(f)(u)(∇ · v)−

(
λ2∇u−

[
∂xe
−∂ye

]))]
+O(∆t2) (5.9)

S(∆t)(e) = (I − Ωe(u))e+O(∆t). (5.10)

5.A.2 Expansion of the residual error

In this section we aim at writing the expansion of the numerical solution obtained with multiple
iterations of S(∆t). To this end, we now consider F = F(∆t, tn) to be the numerical solution obtained
with a given timestep ∆t at a time tn = n∆t:

F(∆t, t=0) = F0 (given initial condition)

∀n∈N, F(∆t, tn+1) = S(∆t)
(
F(∆t, tn)

)
.

In fact, as we need t to be independant from ∆t, we consider an interpolation of the function de�ned
above (still denoted by F), that satis�es the equality above at any time t:

∀t∈R+, F(∆t, t+∆t) = S(∆t)(F(∆t, t)) (5.11)

Such an interpolation can be obtained by specifying F in the region {t < ∆t} and using the above
identity iteratively to get F in the regions {n∆t ⩽ t < (n + 1)∆t} successively. However, here we
assume that F has additionnal properties, namely that F can be continuously extended along the line
∆t = 0, and that this extension is C2 (as a function of ∆t and t) along this line. If such a function F
exists, then in particular we can write its expansion in ∆t as follows:

F(∆t, t) = F0(t) + ∆tF1(t) + ∆t2

2 F2(t) +O(∆t3). (5.12)

These assumptions on F propagate to its moments: equation (5.11) gives

∀∆t∈R∗
+, ∀t∈R+, u(∆t, t+∆t) = S(∆t)(u(∆t, t)) (5.13)

v(∆t, t+∆t) = S(∆t)(v(∆t, t)) (5.14)

e(∆t, t+∆t) = S(∆t)(e(∆t, t)), (5.15)

while equation (5.12) gives

∀t∈R+, u(∆t, t) = u0(t) + ∆tu1(t) +
∆t2

2 u2(t) +O(∆t3) (5.16)

v(∆t, t) = v0(t) + ∆tv1(t) +O(∆t2) (5.17)

e(∆t, t) = e0(t) +O(∆t). (5.18)
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The desired result will be obtained whith the expansion of equations (5.13), (5.14), (5.15) at the limit
∆t → 0. We begin with the left hand side using (5.16), (5.17), (5.18) (the evaluation in t is implied
for clarity):

u(∆t, t+∆t) = u0 +∆t(∂tu0 + u1) +
∆t2

2 (∂ttu0 + 2∂tu1 + u2) +O(∆t3) (5.19)

v(∆t, t+∆t) = v0 +∆t(∂tv0 + v1) +O(∆t2) (5.20)

e(∆t, t+∆t) = e0 +O(∆t). (5.21)

For the right hand side, we use (5.16), (5.17), (5.18) in the expansion of S(∆t), equations (5.8), (5.9),
(5.10):

S(∆t)(u(∆t, t)) = u0 +∆t(u1 −∇ · v0) +
∆t2

2

(
u2 − 2(∇ · v1) +

1
2 [λ

2(∇ · ∇u0)

+ (∂xxe0 − ∂yye0)]
)
+O(∆t3) (5.22)

S(∆t)(v(∆t, t)) = v0 + (Ωv(u0)
(
f(u0)− v0

)

+∆t

[
v1 + Jac(Ωv)(u0)

(
u1 −∇ · v0

)(
f(u0)− v0

)

+Ωv(u0)

(
Jac(f)(u0)u1 − v1 +

1
2

(
λ2∇u0 −

[
∂xe
−∂ye

])
− Jac(f)(u0)(∇ · v0)

)

− 1
2

(
λ2∇u0 −

[
∂xe
−∂ye

])]
+O(∆t2) (5.23)

S(∆t)(e(∆t, t)) = (I − Ωe(u0))e0 +O(∆t) (5.24)

By identifying the constant terms on the left and right hand side in (5.13), (5.14), (5.15), and using
that Ωv and Ωe are assumed invertible, it comes:

(u0 = u0)

v0 = f(u0)

e0 = 0.

By identifying the terms in ∆t in (5.13), (5.14), and using the previous equalities, we get:

∂tu0 +∇ · f(u0) = 0 (5.25)

∂tf(u0) = Ωv(u0)
[
Jac(f)(u0)u1 − v1 +

λ2

2 ∇u0 − Jac(f)(u0)(∇ · f(u0))
]
− λ2

2 ∇u0 (5.26)

Since

Jac(f)(u0)(∇ · f(u0)) =

(
Jac(fx)(u0)
Jac(fy)(u0)

)(
Jac(fx)(u0) Jac(fy)(u0)

)
∇u0 = Jac(f) 2 (u0)∇u0,

and
∂tf(u0) = Jac(f)(u0)∂tu0 = Jac(f)(u0)(−∇ · f(u0)) = −Jac(f) 2 (u0)∇u0,

equation (5.26) gives

v1 = Jac(f)(u0)u1 −
(
Ω−1

v (u0)− I
)(

λ2

2 I − Jac(f) 2 (f)(u0)
)
∇u0.

Let us note that we also have

∂ttu0 = ∂t(−∇ · f(u0)) = −∇ · (∂tf(u0)) = ∇ · (Jac(f) 2 (u0)∇u0).

These last two equalities can be used after identifying the terms in ∆t2 in (5.13) to get

∂tu1 +∇ · Jac(f)(u0)u1 = ∇ ·
[(
Ω−1

v (u0)− 1
2I
) (

λ2

2 I − Jac(f) 2 (u0)
)
∇u0

]
. (5.27)

Finally, combining equations (5.25) and (5.27) gives

∂t(u0 +∆tu1) +∇ · (f(u0) +∆t Jac(f)(u0)u1) = ∆t∇ ·
[(
Ω−1

v (u0)− 1
2I
) (

λ2

2 I − Jac(f) 2 (u0)
)
∇u0

]
,

which means that

∂tu+∇ · f(u) = ∆t∇ ·
[(
Ω−1

v (u0)− 1
2I
) (

λ2

2 I − Jac(f) 2 (u0)
)
∇u0

]
+O(∆t2).

This is the desired result since u0 satis�es (5.25), meaning that u0 is the exact solution of (5.1).
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Chapitre 6

Conclusion

Cette thèse a exploré plusieurs manières d'exploiter les récents progrès concernant les réseaux de
neurones dans le cadre de la simulation numérique de �uides. Le chapitre 1 a notamment introduit
les problèmes que tentent d'adresser les travaux e�ectués : d'une part la construction de fermetures
pour le passage du modèle cinétique au modèle �uide, et d'autre part le design d'éléments de schémas
numériques, par une approche basée sur les données issues de simulations.

Les chapitres 2 et 3 se sont intéressés à la problématique de fermeture au modèle �uide, pour
l'équation de Vlasov en une dimension pour le premier, et l'équation de Boltzmann en deux dimensions
pour le deuxième. Dans les deux cas, il a été possible d'entrainer des réseaux de neurones convolutifs à
apprendre une correspondance entre les variables du système et les variables de la fermeture, à partir
de données issues de simulations du modèle cinétique. Mais l'intégration de ces réseaux de neurones
aux schémas numériques a posé des problèmes de stabilité. En dimension une, le lissage de la sortie
du réseau de neurones a fourni une certaine stabilité, qui a permis de béné�cier de la fermeture avec
di�érentes résolutions en espace. En deux dimensions, un tel lissage n'a pas su�, et les méthodes
proposées pour stabiliser le schéma numérique n'ont pas permis une utilisation de la fermeture à une
résolution di�érente de celle des données d'apprentissage. En revanche, alors que l'ajout de réseaux de
neurones dans le modèle �uide l'a rendu aussi couteux que le modèle cinétique en dimension une, en
dimension deux il a permis une réduction du temps de calcul jusqu'à un facteur 10. Ceci illustre le
potentiel de la méthode, sous réserve de résoudre les problèmes de stabilité mentionnés précédemment.

Le chapitre 4 a porté sur la construction d'un coe�cient de viscosité arti�cielle pour la méthode
Galerkin discontinu, en dimension une. Une attention particulière a été portée sur l'algorithme d'en-
trainement, qui di�ère de l'apprentissage supervisé classique, pour faire porter le critère d'optimisation
non pas sur la sortie du réseau de neurones directement, mais sur la solution numérique qui découle
de son usage dans le schéma numérique. Ainsi aucun coe�cient de viscité de référence n'est nécessaire
pour l'entrainement du réseau de neurones. Cette méthode a permis l'apprentissage de coe�cients
de viscosité pour l'équation d'advection, l'équation de Burgers et l'équation d'Euler, avec des per-
formances similaires aux coe�cients pré-existants. Ces résultats montrent la capacité des réseaux de
neurones à apprendre des quantités pour les schémas numériques, sans autre référence que des solutions
approchées de l'équation étudiée.

Le chapitre 5 a employé la même approche que le chapitre 4 mais pour la construction d'une matrice
de relaxation pour la méthode Lattice-Boltzmann, en dimension deux. Les résultats obtenus avec cette
méthode pour l'équation d'advection, l'équation de Burgers et l'équation des ondes ont montré des
gains signi�catifs par rapport à la relaxation standard pour la méthode Lattice-Boltzmann, aussi bien
sur la di�usion que sur les oscillations. Ces gains sont dûs non seulement à l'usage de relaxations locales,
mais aussi à l'usage de matrices non scalaires, qui ont pu être apprises par les réseaux de neurones
malgré l'absence de référence pour de telles matrices de relaxations. Cependant des problèmes de
stabilité font encore obstacle à l'apprentissage d'une relaxation non scalaire pour l'équation d'Euler.

Un point commun à ces quatre projets a été la confrontation régulière à des problèmes de stabi-
lité lors de l'utilisation de réseaux de neurones dans les schémas numériques. Lorsque les réseaux de
neurones ont été entrainés séparément du schéma numérique (chapitres 2 et 3), ces problèmes sont
intervenus au moment de leur intégration ; lorsqu'ils ont été entrainés avec le schéma numérique (cha-
pitres 4 et 5), les di�cultés sont survenues dès l'apprentissage. Dans ce deuxième cas, malgré des
précautions par exemple sur l'initialisation des réseaux de neurones, il est toujours possible que la
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descente de gradient mène systématiquement à une solution instable. Ainsi il ressort de ces travaux
que la mise au point de méthodes de stabilisation est un enjeu important pour l'exploitation du plein
potentiel des réseaux de neurones au sein des schémas numériques.



On explore di�érentes applications des réseaux de neurones pour les méthodes numériques, dans le

contexte de la simulation de �uides ou de plasmas. Une première application est l'apprentissage d'une

fermeture pour un modèle macroscopique, à partir de données issues d'un modèle cinétique. On donne

des résultats numériques pour l'équation de Vlasov-Poisson en 1D et l'équation de Boltzmann en 2D.

Une deuxième application est l'apprentissage de paramètres dépendants du problème considéré dans

les schémas numériques. On apprend ainsi un coe�cient de viscosité arti�cielle pour un schéma de

Galerkin discontinu, et une matrice de relaxation pour la méthode de Lattice-Boltzmann.

Di�erent applications of neural networks for numerical methods are explored, in the context of �uid

or plasma simulation. A �rst application is the learning of a closure for a macroscopic model, based on

data from a kinetic model. Numerical results are given for the Vlasov-Poisson equation in 1D and the

Boltzmann equation in 2D. A second application is the learning of problem-dependent parameters in

numerical schemes. In this way, an arti�cial viscosity coe�cient is learned for a discontinuous Galerkin

scheme, and a relaxation matrix for the Lattice-Boltzmann method.
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