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Chapter 1
General introduction

In spite of the intensive research efforts throughout the last four decades, the observer
design for nonlinear systems is still an open problem. Various approaches have been
proposed to design state observers for different classes of nonlinear systems (see for
instance [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and references therein) but none of
them provides a general solution as in the linear time invariant case. The seminal ap-
proaches dealing with the observer design for nonlinear systems are based on appropriate
coordinates transformations which lead to linear error dynamics up to an output injec-
tion allowing thereby to design a Luenberger structure based observer (see for instance
[14, 15, 16, 17, 18, 19, 20, 21]). An intensive research activity has been devoted to the
class of systems that are observable for any input, i.e. uniformly observable systems (see
for instance [8, 9, 22]). In [8], the authors proposed a canonical form for single output
systems in the control affine case. This canonical form is composed of a fixed linear
dynamics together with a nonlinear triangular controlled one. A Standard High Gain
Observer (SHGO) has been designed on the basis of this canonical form and this observer
design has been subsequently extended in [9] to deal with the non-control affine case
and in [22] for a class of MIMO uniformly observable systems characterized by a normal
form where the nonlinearities are triangular. Several extensions of the SHGO design have
been proposed for some particular classes of MIMO uniformly observable systems. The
underlying observers are characterized by a constant gain which is often issued from an
algebraic Lyapunov equation. In the case of non-uniformly observable systems, there is
no systematic approach to deal with the observer design since these systems may admit
inputs that render them unobservable. The available contributions are rather genuine ex-
tensions of the observer design approach adopted for uniformly observable systems up to
some sufficient conditions on the system inputs which allow the systems to be sufficiently
observable to perform an appropriate observer design. These conditions are generally re-

ferred to as persistent excitation conditions which require the positive definiteness of the



system observability Gramian. In [23], the authors introduced the notion of local regular
inputs providing thereby sufficient conditions to characterize those systems that can be
immersed under higher dimension normal form composed of an affine part depending on
the input and output and a triangular controlled nonlinear part. A high gain observer
involving a Lyapunov ODE has then been designed on the basis of the normal form. The
class of systems considered in [23] has been revisited in [24] where the authors the authors

enlarged the class of locally regular inputs to the class of regular inputs.

A particular attention has been paid to the Standard High Gain Observer (SHGO) design
for fundamental as well as simplicity purposes ([9]). The simplicity feature is obtained
thanks to the involved Luenberger observer structure together with the parametrization
of the observer gain by a unique design parameter, i.e. a positive scalar commonly de-
noted 6. It is worth noticing that this design parameter is generally taken high enough to
ensure the underlying observation error convergence and intervenes with positive powers
ranged from one to the system dimension in the observer gain expression. Concerning the
fundamental feature, it follows essentially from the fact that SHGO design has been ap-
propriately extended to delay systems and extensively used for designing output feedback
nonlinear control systems (see [25, 26] and references therein). The case of arbitrary long
time delays has been addressed using an appropriate cascade observer design approach
(see [27] and references therein). Otherwise, a genuine approach has been proposed to
redesign any SHGO when the output measurements are available only at sampling in-
stants (see [28] and reference list therein). Such a design has been subsequently extended
to tackle the case of multirate sampling with multiple time-varying output delays us-
ing a high gain observer chained to a cascade predictor (See [29]). Nevertheless, the
applicability of SHGO suffers from two main limitations. The first one consists in its
intrinsic sensibility to the measurement noise, while the second one is the peaking phe-
nomenon occurring during the transient periods. As pointed out in [30], several solutions
have been recently proposed to alleviate the sensitivity to measurement noise of SHGO
([31, 32, 33, 34, 35, 36]). A redesigned version of SHGO has been proposed in [34] for
a class of nonlinear systems of dimension n. Though the observer dimension is equal to
2(n — 1), the underlying observer gain is parameterized by a scalar design parameter the
power of which is limited to 2. Such a design feature allows to enhance the observer per-
formance with respect to the ubiquitous measurement noise. The same objective has bee
investigated in [33] using a cascade observer the dimension of which is equal to 2n. More
specifically, the observer consists in cascading two subsystems of the same dimension as
the original system. The first subsystem is nothing than a copy of the original system

with a simple correction term which linearly depends on the state of the second subsys-



tem, while the second subsystem is a linear filter driven by the output observation error,
namely the error between the output measurement and an output prediction provided by
the first subsystem. In [37, 38|, the authors discussed the use of low-pass filters in high
gain observers and proposed some filters coupled to SHGO to improve the sensitivity to

high frequency signals of the observer.

The peaking phenomenon is a challenging problem that has been recently investigated
([39, 40, 41, 42, 43]). A suitable redesign of the SHGO has been proposed in [40] leading
to an observer of the same dimension as the original system where the power of the ob-
server gain is limited to one. The observer design proposed in [34] has been reconsidered
in [41] to deal with the peaking phenomenon by properly using nested saturation func-
tions. In [30], a redesigned high gain observer with filtering capabilities and where the
peaking phenomenon is significantly reduced has been proposed. The proposed observer
is constituted by the cascade of two subsystems where the first one acts as a liner filter
the input of which is the noisy output observation error and it provides a filtered version
of this error which is used by the second system the structure of which is similar to that
of a high gain observer. Moreover, each equation of the overall system involve a corrective
term with nested saturation functions depending on the filtered output error. Though
the structure of the proposed observer is quite simple, the related convergence analysis
is somewhat elaborate and it is not clear how the adopted approach can be extended to
more general class of systems i.e. systems with sampled/delayed outputs or non uniformly

observable systems.

The ultimate motivation of this thesis is to propose redesigned versions of SHGO in or-
der to improve its sensitivity to high frequency signals. Indeed, two redesigned versions
shall be proposed. The first one [44] is proposed for a class of non uniformly observable
systems and it can be interpreted as an extension of the filtered observer proposed in
[33] for a class of uniformly observable systems. The second redesign is very recent and
is under submission. It is first proposed for a class of uniformly observable system and
then extended to a class of non uniformly observable systems. It should be emphasized
that the second redesign approach is achieved in a unifying context that accounts for all
the scenarios under which the output measurements may be available, i.e. continuously
in time with eventually an output delay or under samples with the eventual presence of

output delays.

This thesis is organized under the form of four chapters amongst which the actual general

introduction and the conclusion. In chapter 2, the first contribution dealing with the



design of an observer for a class of non uniformly observable systems is detailed. In
chapter 3, a new redesign of a Filtered High Gain Observer (FHGO) is put forward. First
the redesign is detailed for a class of Uniformly Observable Systems (UOS). Then its
extension to a class of Non Uniformly Observable Systems (NUOS) is considered. For
each redesigned observer, simulation results dealing with an academic example as well
as with a bioreactor are given in order to put forward the performance and the main
properties of the underlying observer. Finally some concluding remarks and perspectives

are given in the conclusion.



Chapter 2

Filtered High Gain Observer Design

Since the eighties, we have witnessed the emergence of nonlinear state observers perform-
ing an admissible estimation of the component concentrations inside bioreactors (see e.g.
[45] and references therein). These observers have been designed using various approaches
that have been progressively developed for specific classes of nonlinear systems using var-
ious design principles (See for instance [46, 47, 48, 49, 50]). The high gain principle has
shown to provide an appealling approach to design observers for nonlinear systems as
pointed out in [49]. Such an attraction is motivated by implementation simplicity and
fundamental considerations. Indeed, the Standard High Gain Observer (SHGO) structure
is very simple since it consists in adding a copy of the system dynamics with a correc-
tive involving an observer gain which is essentially parameterized by a positive design
parameter . Of a fundamental interest, one can naturally recover the genuine separation
principle for nonlinear systems when designing output feedback control systems incorpo-
rating a SHGO (see [51] and references therein). However, the design parameter 6 has to
be taken high enough for observer convergence purposes and it intervenes with positive
powers in the observer gain, leading thereby to two well known issues. The first issue
is related to the intrinsic sensitivity of SHGO to the non avoidable output measurement
noise while the second one consists in the peaking phenomenon of the state variable es-
timates, the magnitude of which is proportional to an appropriate power of 6, leading to

poor transient behavior of SHGO.

An important research activity has been recently devoted to alleviate the SHGO sensi-
tivity to measurement noise using an appropriate filtering. The seminal contribution has
been proposed in [52] for a class of single output nonlinear systems of dimension n > 3.
The filtering feature is mainly used to limit the observer gain power to 2, reducing thereby
the amplification of noise measurements. Two design features are worth to be empha-

sized. Firstly, the dimension of the proposed observer is equal to 2(n — 1). Secondly, the



observer provides an estimate of the first and last components of the system state whereas
the intermediary states are provided by a couple of estimates. This contribution has been
subsequently reconsidered in [53] and [54] where redesigned versions involving nested sat-
urations have been proposed to deal with the peaking phenomena. A nice contribution
has been proposed in [51], it consists in a redesigned SHGO having the same dimension as
the original system with two important design features, namely the power of the observer
design parameter is limited to one and the peaking phenomena is well reduced thanks to
nested saturation functions. Further developments related to the design of SHGO with
filtering capabilities have been carried out in [55, 56] for a class of systems with dimen-
sion n > 2. The underlying observers consist in two cascaded sub-systems each one of
which has the same dimension as the original system. The first subsystem is a copy of the
original system with a simple correction term which (linearly) depends on the state of the
second subsystem. The latter subsystem is a linear filter driven by the output observa-
tion error, namely the error between the output measurements and an output prediction

provided by the first subsystem. As in [52], the power of the observer gain is limited to 2.

It is worth noticing that all the high gain observers incorporating filtering capabilities,
cited above, were proposed for uniformly observable systems, i.e. systems which are ob-
servable for any input. Up the authors best knowledge, no equivalent solution has been
proposed for non uniformly observable systems, i.e. systems where the considered inputs
have to satisfy an adequate persistent excitation condition to ensure their observability. In
this paper, one aims at providing a new Filtered High Gain Observer (FHGO) for a class
of Multi-Input/Multi-Output (MIMO) non uniformly observable nonlinear systems. The
underlying design is quite different from those given in [55, 56] for uniformly observable
systems, namely the observer gain is issued from the resolution of a Riccati or Lyapunov
Ordinary Differential Equation (ODE).

The chapter is organized as follows. A comprehensive presentation of the class of systems
to be considered together with an appropriate SHGO are given in section 2. Section 3 is
devoted to the FHGO design assuming that the output measurements are continuously
available with a particular emphasis on a certain persistent excitation condition required
for the observer convergence. The redesigned version of the FHGO dealing with sam-
pled outputs is given in section 4 with a particular emphasis on the admissible sampling
process. Section 5 is dedicated to an application, namely an admissible estimation of
the component concentrations within a bioreactor in a realistic simulation framework. A
particular attention is paid on the FHGO performance with respect to the SHGO in the

presence of noise measurements. For clarity purposes, the convergence analysis related to



the FHGO with continuous output measurements as well as with sampled ones are given

in Appendix.

Throughout this chapter as well as the next one, for any positive integers k£ and m,
I, and 0, denote the k-dimensional identity and zero matrices respectively, Oy, is the
k x m zero matrix, || - || denotes the euclidian norm and for any Symmetric Positive
Definite (SPD) time-varying matrix Q(t), Ay (Q(t)) (resp. Ay, (Q(%))) will be used to
denote the largest (resp. the smallest) eigenvalue of Q(t) and Ay (Q(t)) = fup A ((Q(1))),

>to
A Q) = Itgltn Am((Q(t))) where ty is any fixed non negative real number. Moreover, the
0

arguments will be omitted when clear from the context.

2.1 Preliminaries

Recall that the ultimate motivation consists in addressing the SHGO sensitivity with
respect to the ubiquitous noise measurements for a class of non uniformly observable sys-

tems. More specifically, we will consider the following class of nonlinear MIMO systems

2(t) = F (u(t), z(t)) x(t) + ¢ (u(t), 2(t)) + Be(t) (2.1)
y(t) = Cu(t) + w(t)
with
2(M
[L'(Z) q
r = ) with z® e IR™ and an =n, (2.2)
: k=1
2(@)
0 Fi(u,x) 0 0
: Fy(u,z)
F(u,z) = : 0 with
0 Fy_i(u,x)
0 0
Fr(u,z) = Fr(u,z®, .. 2®), (2.3)
o (u, x)
p®)(u, z))
o(u,z) = : € IR" with
P (u, x)
Pl (u, )
e (uz) = oW (w2, 2®), (2.4)



On1 XNg

B = ’ 70 = ( Inl On1Xn2 Onlan )7 (25)

an_l XNg

Iy,

where the state z(t) € IR", each Fy(u,x) is a ny X ngy; matrix which is triangular w.r.t.
z, ie. Fi(u,z) = Fi(u,2M, .. 2®) &k =1,...¢ — 1, o(z(t),u(t)) is a nonlinear vector
function that has a triangular structure w.r.t. z; u € IR® denotes the system input,
y € IR? is the system output; € : IRT — IR™, is an unknown function which denotes

the system uncertainties and w : IRt — IR™ is the output noise.

The observer design will be performed under the following assumptions.

A1. The state z(t) and the control u(t) are bounded, i.e. z(t) € X and u(t) € U where

X Cc R" and U C IR? are compact sets. One sets x5 = sup ||z]].
zeX

A2. Each ©*(u,z), k = 1,...,q and each Fy(u,z), k =1,...,q — 1, is Lipschitz on X

with respect to x uniformly in u, i.e.

AL, >0 / Yu e U;¥(z,7) € X x X, one has ||p® (u,z) — o™ (u,z) || < Ly|lz — Z|,

ALrp >0 /Vu e U;V(z,z) € X x X, one has ||Fy, (u,z) — Fy, (u, ) || < Lp|x —Z|.

A3. The unknown uncertainty € and the noise signal w are essentially bounded functions,

1.e.

3(6.,6,) € RY x RY / efloc 2 ess sup [le(t)]| < 6z, [wllo 2 ess sup [w(®)]] < 5,2.6)
t>0 t>0

Remark 2.1.1 Since the state is bounded, one can construct global Lipschitz prolonga-
tions of the nonlinearities using saturation functions ([26]). To avoid symbol redundance,
one shall assume as in [57] that such prolongations have been achieved and that the func-

tions F' and ¢ result from these prolongations.

System (2.1) has been already considered in [58] in the free uncertainties and noise mea-
surements case and a SHGO has been designed under a set of assumptions amongst which
A1l to A3. Similarly, this system belongs to the class of systems considered in [59] and
[60] where a SHGO has been proposed in the absence of noise measurements. For com-

parison purposes and in order to highlight the main steps of the FHGO design which shall

10



be detailed later, let us recall the equations of a SHGO proposed in the above references
([59, 60])

2(t) = F(u,2)2(t) + (u(t), 2(t) — 02, P(CT () — y(t)), (2.7)
with
Ag=diag | I,, 1., - =l | (2.8)
71
where T = : e IR™, with z® € IR"™ k =1,...,q, denotes the state estimate and
(@)

P(t) is a n X n symmetric matrix governed by the following Riccati ODE

{ P(t) = 6(P(t)+ F(u,#)P(t) + P(t)F"(u, &) — P(t)CTCP(t)), 29)

P(0) = PT(0)>0.

Recall that the convergence of the underlying observation error has been established under
Assumptions Al to A3, together with an appropriate persistent excitation condition

similar to the one which shall be considered later when designing the FHGO.

2.2 Motivation of the proposed design

Before giving the equations of the proposed FHGO, one shall recall some results related on
the design of a FHGO for a class of uniformly observable systems proposed in [33]. Indeed,
the design that shall be proposed later is a tentative to extend the design considered in
[56] to the class of non uniformly observable systems given by (2.1). The FHGO design
considered in [33] deals with the following class of Single Input Single Output (SISO)

nonlinear systems

(1) = A (1) + p(u(t), 2(0)) + Bac(t) 210
y(t) = Cuar(t) + w(t) = xa(t) + (1) |
T

where z = ( Ty ... Tnp ) € IR™ denotes the state of the system with z; € IR, ¢ =

1,...,n; u(t) € IR denotes the system input and y(t) € IR denotes the output of the

system, w(t) is the output noise and the matrices A,,, B,, and C,, are given by

Op—11  In—
0 O1,n—1

A, = . Ba=(0 ... 0 1)TeIR”, Co=(10 ... 0)emr>

(2.11)
The function ¢ : [0, 400[ — IR denotes the system uncertainties and may depend on the
input and uncertain parameters. It shall be treated as an unknown function which ex-
plicitly depends on time ¢ for ¢t > 0; finally, ¢(u,z) € IR" denotes a nonlinear vector field

which assumes a triangular structure with respect to z, i.e. ;(u,x) = @(u,x1,...,;),

11



1=1,...,n.
The observer design has been performed under assumptions similar to (A1), (A2) and
(A3) considered above for the design of the FHGO that shall be proposed later.

The equations of the observer proposed for system (2.10) in [33] are
(1) = A2 (1) + o(u(t), 2(1)) — 02,1 (0)Gn(Ca(t) — y(t)) (2.12)

with & € IR" denotes the state estimate,

A, = diag (1,1/6,...,1/0""1), (2.13)
2!

Gn=| : | €R", (2.14)
Tn

where G,, is chosen such that the matrix A4, 2 A, — G,C, is Hurwitz and 8 > 1 is a
scalar design parameter. Notice that, since the matrix A, = A,, — G,,C,, is Hurwitz, there

exist a n x n SPD matrix P and a positive real u such that

PA, + AP < —2uI, (2.15)

The analysis of the convergence of the observation error related to the SHGO is performed
using a Lyapunov approach. More precisely, the Lyapunov function used throughout the
convergence analysis is V(z) = 7 PT with Z = 6" 'Ayz where Ay is given by (2.13),
T =12 —xand P = PT is the SPD matrix given by 2.15. In particular, it has been shown
that

30y > 0; VO > Oy; Yu € U;V£(0) € IR™; one has
1Z(6)]| < 06" e WO/ CME0) || 4+ 2Xps0 /11 (62/6 + 6™ (| Ginl|6u) (2.16)

where 1 > 0 is a positive real given by equation (2.15) and J. and §,, are the upper essen-
tial bounds of ||e(¢)|| and ||w(¢)|| given in Assumption A3 with 6y = max(1,2L,v/nAy/p)
where the L is the Lipschitz constants given by Assumption A2 and o is the conditioning

number of the matrix P given by (2.15).

The observer design in [33] is in particular based on the following lemma.

A, -K,
cre, -D,+ AL
and C,, are given by (2.11), and D,, K,, are the following diagonal matrices

Lemma 2.2.1 Let M, = ( ) where n > 2 is a positive integer, A,

D,, = diag (61,02, ...,0,) and K, = diag (ki,ka,... kpn),

12



where each 0; (resp. k;), i =1,...,n, is a real constant (resp. a non zero real constant).
There exists a choice of 0; and k;, © = 1,...,n such that the eigenvalues of M, can be

arbitrarily assigned.

The arbitrary assignment of the eigenvalues of M,, can be achieved by using an iterative

procedure provided in [56] and it requires the determination of the roots of n polynomials.

The FHGO proposed in [33] for the class of systems (2.1) is constituted by two subsystems
each one of which has the same dimension as the original system (2.1). The first subsystem
is a copy of the original system, with a corrective term that linearly depends on the state
of the second subsystem. The latter is a linear filter the input of which is the difference
between the output predicted by the observer and the output measurement, namely the
output observation error. More precisely, the proposed observer is given by the following

set of equations

2(t) = And(t)+ o(u(t), 2(t)) — OKne(t), (2.17)
é(t) = —0Dpe(t) +62ALe(t) + 0CL(Chi(t) — y(t)) with e(0) =0, '
T T
where & = (:%1 :i'n> E]R”,e:(el en) € R" with 2;,¢;, € IR, 0 > 0
is a positive real design parameter, and where D, and K, are the following diagonal
matrices
D,, = diag(51,...,0,), Kn = diag(ky, ..., kn). (2.18)
The coefficients ¢; and k;, i = 1,...,n, are real constants and are chosen such that the
matrix
A, -K,
M, = (2.19)
cre, —bD,+ Al

is Hurwitz. Notice that such a choice is possible according to Lemma 2.2.1 and it can
be achieved by pursuing the proposed iterative procedure. Now, since the matrix M, is

Hurwitz, there exist a SPD matrix P = PT > (0 and a positive real > 0 such that

MIP + PM, < —2uls,. (2.20)

The convergence analysis of the above FHGO is achieved by using a Lyapunov approach

and the underlying Lyapunov function is based on the matrix P given by (2.20).

Let us compare the structure of the FHGO (2.17) with that of the SHGO (2.12) in order

to put forward the rational behind the proposed design. Let us first focus on the observer

13



€1
state e = :|. According to the ODE governing e(t) in (2.17), The first component

€n
ey is a filtered version of the output observation error z; — y with a filter of order 1 and
the static gain of which does not depend on 6. For i > 2, the component e; is also a
filtered version of e;_; with a filter of order 1 and the static gain of which is proportinal
to 6. The component e; is therefore a filtered version of #; — y with a filter of order 7 and
the static gain of which is proportional to #~1. Now, the ODE associated to the state Z;
in the FHGO (2.17) is obtained from that given by the SHGO (2.12) by substituting the
corrective term 0~ 'v;(Z; — y) by its filtered version, namely k;e;. Two feature are worth
to be mentioned. The first one deals with the fact that the power of the design parameter
0 does not exceed 2 in the FHGO. The second feature deals with the fact the substitution
of the output observation error by an appropriate filtered version in the state estimate
equations will definitely improve the behavior of the FHGO with respect to the output

measurements noise.

For clarity purposes and in order to put forward in a more clearer manner the ratio-
nal behind the proposed filtering process, one shall consider a general example where
the dimension of the original system is fixed to n = 3 and compare the structures of
the underlying SHGO and FHGO. To simplify and to emphasize the filtering process of
high frequency signals, one shall consider the disturbance free case, i.e. w(t) = 0. The

equations of the SHGO can be written under the following developed form

21(t) = o+ ilu, i) — 0@ — y(t))
Bat) = @yt polu, @, @) — 16%(@ — (1) (2.21)
Ts(t) = @s(u, i) —1s0°(Z1 — y(t))

with y(t) = z1 + v(t) and where ; >0, ¢ =1,...,3 and 6 > 1.

Let £ = & — x be the underlying observation error. Then, one has

531(15) = (%2 + 951(?,6, 12’1, 331) — ’719(55‘1 — U(t))
i’g(t) = '%3 + 952(711, .’2’1, ‘%27 Ty, $2> — 7292(5(}1 — U(t)) (222)
"%3@) = @3(1/“7 i” :L‘) - 7303(*%1 - U(t))

where ¢;(u, T, 2) = p(u, ) — @;(u,x), i =1,...,3.

The system of error equations (2.22) can be written under the following compact form

14



where (A3, C3), A3 and G are respectively given by (2.11), (2.13) and (2.14) with n = 3.

More precisely, one has

;

010
A3 = 1001 ,03:(100),03=

000

1 0 0

1

Az(0) = 050

1

\ 00 -

4!
2
V3

Recall that the coefficients of the vector Gjs, i.e. the ~;’s, i = 1,2, 3 are chosen to assign

the poles of A3 = A3 — K35C5 at predefined desired values.

The stability analysis of the error system (2.23) can be fairly achieved by considering the

following (classical) change of variables: T = #2A37. Indeed, one can show that

i‘(t) = 6[135(15) + 02A3@(U, Z)AL’, (L’) + 03G3U(t).

The remaining of the stability analysis is carried out by using a Lyapunov approach which

is based on the exponential stability of the linear part (#A3z) of the above ODE.

The error equations associated to the FHGO (2.17) specialize for n = 3 as follows

(

T, = @9+ P1(w, Ty, 1) — k16eq
Ty = T3+ Golu, iy, 29, 11, 29) — kabes
T3 = @g(u,@,x) — ksbes
¢ = —0d1e1+0(21 —0)
és = —B0e5 + 0%ey
\ é5 = —00se3+ 0%y

The above system can be written under the following compact form

(t) = Ast+p(u,2,) — OKse
e(t) = —0Dze+ 0*Ale + 0(CTC37 —v)

where K3 and Dj are the following diagonal matrices

kl 0 O 51 O O
K3 = O k‘g O 5 D3 == 0 (52 O
0 0 ks 0 0 o5

15
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Recall that the coefficients of the above matrices can be chosen through an appropriate

algorithm to assign the eigenvalues of the following matrix

A ~K
M = ’ ’ : (2.26)
CTC; —Dy+ AT

to predefined values.

The stability analysis of the above error system (2.25) can be fairly performed by consid-
ering the following change of variables: Z = #?A3% and € = #?Ase. Indeed, one can show
that

{ B(t) = 0A37 — OKge + 02 D3(0)(u, &, ) (2.27)

&) = OCTCst—0(Dy+ AL) e — 0°As(0)0

Again, the above system can be written under the following more condensed form

()l ) () () e
CIcy —D3+ AT

—03A3(0)v
Using the fact that the linear part (#M3) of the above error system is exponentially stable,

&I
&I

[NE
]

M3

a Lyapunov based approach is used to conclude to the stability of the above error system.

Let us now focus on the developed form of the error equations system associated to
the SHGO (2.22) on one hand and on the equations of the error state observation error
involved in (2.24) on the other hand. Indeed, the error equation associated to Z; in (2.22)
is
=T+ G1(u,,2) — mb(E, —v) . (2.29)
—_———
corrective term

while this error equation in the error system associated to the FHGO (2.24) is

T =30+ P1(u, 2, 7) — @1\.0,@ . (2.30)

corrective term
It is clear that the sole difference between the above two equations, i.e. (2.29) and (2.30),
is that the dynamics of Z; in the FHGO can be obtained from its dynamics in the SHGO
be substituting the term involving the noisy output observation error, i.e. v1(Z; — v) by
kie; which is a filtered version of this error obtained from the following first order linear

filter (see the forth equation of system (2.24))
él = —6)(5161 + 9(‘%1 - U).

16



Notice that the relative degree of the transfer function between e; and z; is equal to 1

and the underlying static gain is independent of 6.

Let us now focus on the dynamics of Z;. According to (2.22), its dynamics issued from
the SHGO is

i’g = i’g + @Q(U, i’,l‘) — ’}/262<j1 — U) . (231)
— ——
corrective term
while it is updated in the FHGO as follows (see (2.24))

3;32 = .ffg + @2(’&, Zf?, .CE) — k:2962 . (232)
corrective term
Hence, the term 1,027 is substituted by kyfey. According to (2.24), e is a filtered version

of ey, i.e.
ég = —95262 + 9261.

It is cleat that the relative degree of the transfer function between ey and ey is equal to 1
and the underlying static gain is of the order of . Hence, one can easily deduce that, the
relative degree of the transfer function between e; and 7 is equal to 2 and the underlying

static gain is of the order of 6.

In a similar manner, one can easily deduce that es is a filtered version of Z; and the
relative degree of the transfer function between ez and z; is equal to 2 with a static gain
of the order of #2. This explains why the term —v303%; constituting the corrective term
in 3 in the SHGO (2.22) has been substituted by —ksfes in the FHGO (2.24).

2.2.1 Tentative to extend the design to non uniformly observ-

able systems

A direct extension of the design considered in [33] has been first envisaged to the following

class of SISO non uniformly observable system

{ o(t) = Fo(u(?))z(t) + o(u(t), z(t)) + Bne(t) (2.33)
y(t) = Cpz(t) + w(t) = x1(t) + v(t)
where

0 fi(u) 0 0

0 0 . . :

Fuu®)=10 ... ~ . 0 : (2.34)
0 0 fno1(u)
0 0

17



where the f;(t), i = 1,...,n are time-varying functions and all the other variables keep

the same meaning as in system (3.84).

The first prerequisite to perform the FHGO design extension proposed in [33] to the
class of system (3.84) is to look for a counterpart of the result provided by lemma 2.2.1.
However, the main result of lemma 2.2.1 is the exhibition of a Hurwitz (constant) matrix.
The checking of the Hurwitz property of the matrix is performed by checking the real
parts of its eigenvalues. Such a procedure is no longer true when the coefficients of the
matrix are time-varying. More precisely, the counterpart of the problem solved by lemma
2.2.1 can be formulated as follows. Could one choose diagonal matrices D,,(t) and K, (t)

(with eventually time-varying coefficients) such that the following matrix

Mn:<Fn<u> — K, (t) ) (2.35)
C,?Cn —Dn(t)+A£

is stable in the sense that the state of the following linear time-varying system & (t) =
M, (t)x(t) with state x is stable. Notice that the response to the above question is not
easy. This explains why the idea to exactly extend the above design was subscribed and

a similar but different design shall be considered.

Before detailing the proposed design, one shall put forward the rational behind it. Indeed,
in the single output case, one shall look for a filtered observer, where the matrix D, (t) is
no longer diagonal but reduced to a scalar constant matrix, i.e. D, (t) = dI,, where ¢ is a
positive real. Since, the problem has been significantly simplified, one shall consider the

design for a class of systems with multiple outputs given by system (2.1).

2.3 The FHGO design

Recall that one aims at alleviating the sensitivity of the SHGO (2.12) to the ubiquitous
noise measurements. A suitable filtering process is used to this end by cascading two
subsystems. The first subsystem corresponds to a copy of the original system, with a
(time-varying) corrective term that linearly depends on the state of the second subsystem.
The latter is a linear filter the input of which is the difference between the output predicted
by the observer and the output measurement, namely the output observation error. The

proposed observer is given by the following set of equations

{aim = Flu,)a(t) + olu(t), &(1) - 0K ().
i(t) = 66 {—n(t) +0ATn(t) + CL, (Ca() — y(1)}, n(0) =0,

18
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M nM
where 7 = : € R" with 2® € R™*, k=1,...,¢q,n = : € IR™ with
7(9) n(@)
n®) € IR™ and A is the ¢gn, x gny anti-shift matrix, i.e.

On, In, On, Op, I,
A _ 0: .. .. gnl 7 Cg;ll _ ’:11 ‘ (237)
0n1 Cee e 0n1 On1

The terms 0 and 6 > 0 are positive real design parameters and finally, K (¢) is the following

diagonal matrix

K(t) = diag(P(t)CT) £ diag (KO(t) ... K9(t)), (2.38)

where each K is n; x n; matrix and P(t) is a n X n symmetric matrix governed by the
following Riccati ODE

{p(t) = 0(P(t)+ F(u,2)P(t) + P(t)FT (u,2) — P(t)CTCP(t)), (2.39)

P(0) = PT(0)>0.

Besides Assumptions A1l to A3, the following assumption is needed for the observer de-

sign:

A4. The Riccati ODE (2.39) has a positive definite solution that satisfies the following
property

It > 0; 305 >0; VO > 053 >0 V>, (1/A(P()) = (p*/a(0))1,(2.40)

where a(f) is a positive function satisfying

0
V0 >0, () >1 and 30 < x <1, elim O{;(Zg = 0. (2.41)

Notice that the dynamics of the Riccati equation (2.39) involved in Assumption A4 de-
pends on the state estimate & as in [61, 62] and not on the state x. At a first glance, it
would seem more natural to express Assumption A4 using the state rather than its esti-

mate. But this would lead to a non checkable assumption since the state is not available.
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Considering the observer states instead of the system states, as formulated in Assumption
A4, would allow to check it at least on-line, even though not a priori. Indeed, Assumption
A4 can be checked on-line by simply computing the inverse of the largest instantaneous

eigenvalue of P(t).

On other aspects, Assumption A4, which is similar to that considered in [61, 62], is
of a primary importance for the stability of the observer. Indeed, as noted in [61], this
assumption is satisfied for uniformly observable systems, i.e. systems which are observable
for any input. For non uniformly observable systems, the characterization of the class of
inputs which satisfy Assumption A4 is still an open problem despite that some interesting
results dealing with some subclasses of systems (2.1) have already been obtained. Indeed,
the authors in [23] introduced the notion of local regular inputs which are defined as those
satisfying Assumption A4 with a(f) = 1 for all §. However, these inputs were defined for
a class of systems included in (2.1), i.e. the matrices F} do not depend on the state. In
[24], the class of systems considered in [23] was revisited and the authors enlarged the
class of locally regular inputs to the class of regular inputs. In the spirit of the persistent
excitation conditions proposed in [23, 24|, a similar condition which allows Assumption
A4 to be satisfied has been formulated in [59, 60] where some classes of systems similar
to (2.1) have been considered with a view to observer design in the free noise case. As in
[23, 24], the underlying formulation used the transition matrix @, ;(¢,s) of the following
state affine system &,;(t) = A(u, £)€,4(t) where &,; € IR is the system state, u and
2 are the inputs of the system and they respectively correspond to the input of system
(2.1) and to the state of the dynamical system (2.36). Recall that the matrix @, ;(¢, s) is

defined as follows

(P, 4(t,5) = Ault),(t)Pus(t, s),

(2.42)
q)uyiﬂ(s,s) = In
The persistent excitation condition was formulated as follows in [59, 60]
e J0y > 0; dpo > 0; IT* > 0;V0 > 6y; Vt > T?* , one has
! Po
D) (5, 8)CTCPy (s, t)ds > A 2.43
[T* u,m<87 ) ) (87 ) s Z 00((0) 72 ( )

0

where the function «(f) satisfies (3.66) and Ay is given by (2.8).

It has been shown in [59, 60] that Assumption A4 is satisfied under the persistent exci-
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tation condition (3.88)-(2.43) and one has

0" =0y, t* = 7* and p* = e 1" py.
Before stating the theorem where the main properties of observer (2.36) are summarized,
one shall compare the structure of this observer with that of the SHGO (2.12) in order to
put forward the rational behind the proposed design. Let us first focus on the observer
n(l)
sub-state n = : . The first component n" is a filtered version of the output obser-
77((1)
vation error (") — y with a filter of order 1 and the static gain of which does not depend
on @. For i > 2, the component ¥ is also a filtered version of n*~Y with a filter of order 1
and the static gain of which is proportional to #. The component ¥ is therefore a filtered
version of #() — ¢ with a filter of order i and the static gain of which is proportional to
0'~1. Now, the ODE associated to the state #; in the FHGO (2.36) is obtained from that
given by the SHGO (2.12) by replacing the corrective term 6K (2, — y) by its filtered
version, namely K ®n;. Two feature are worth to be mentioned. The first one deals
with the fact that the power of the design parameter # does not exceed 2 in the FHGO.
The second feature deals with the fact the substitution of the output observation error
by an appropriate filtered version in the state estimate equations will definitely improve

the behavior of the FHGO with respect to the output measurements noise.

Now, the main properties of the proposed observer (2.36) are summarized in the following

theorem.

Theorem 2.3.1 Consider system (2.1) subject to assumptions Al to A3. Then, for
every bounded input satisfying A4, there exist 0*, 0%, such that for all 0 > 0* and for all
0 > max(d*, 0X), one has for all t > t*,

lZO) < B0 a(@)e O (1 + )|z ()| + In(t)])
+2Vf(f > (\/ 0‘9(20)55 + \/a(e)59415w> . (2.44)

where & = & — x with & being any trajectory of system (2.36), 0, and 0. are the ultimate

bounds of the uncertainties given by Assumption A3, By and v are positive constants
independent of 6 and 6; the positive reals t*, p*, x and the function a are given by
Assumption Adand finally p(6) > 0 is such that 911111 () =1.

—00

Proof of Theorem 2.3.1. Set & = & — z, T = 09 'Apx and 77 = 09 1 Dyn where Ay is

the diagonal matrix given by (2.8) and Dy is the following gn; x gn; diagonal matrix
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1

1
gl g Im):

Dy = diag(]n1,9

(2.45)

Notice that one can easily check the following equalities

AgF(u, #)Ay " = 0F (u,&); NgK(t) = K(t)Dg; DoCL, C=CL CAy. (2.46)

qni

From (2.1) and (2.36), one has

T = F(u,2)% 4+ F(u,2,2)x + @(u, &, x) — 0K (t)n(t) — Be(t). (2.47)

Now, using (2.46), one gets

Fo= OF(u,@)T + 070, ( (u, &, 2)z + @(u,fc,x)) —9INGK ()(t) — 07 Ay Be(t)
= OF(u, )T + 07710 (F(u, &, 2)z + @lu, , x)) — UK () Dgn(t) — Be(t)

= OF(u, )T + 07710, <F(u, &, 2)z + @lu, 7, x)) 9K (1)ij(t) — Be(t). (2.48)

Similarly, from (2.1) and (2.36) and using (2.46), one gets

= —05((Lgn, — A"))+ 09" DyCL, C (& t)))
= —06 ((Iyn, — AT)ip + 07 1CquOA9 i —w(t)))
= =06 ((Ign, — AT)7+ CF Cz+ 07 1homcw(t)) (2.49)

Adding and subtracting the term 0P (t)CTCZ to the right side of equation (2.48), one
gets

T = 0(F(u,2)— Pt)CTC)z+ 07" Ay ( (u,Z, )z + ¢(u, Am))
—Be(t) — 0 (K(t)7 — P(t)C" C7) . (2.50)

Now, since K (t) = diag(P(t)CT), one has K(t)U = P(t)CTC where

Iy Onyimy oo Oppng

AN I € R, (2.51)

Ly Opmy oo Onym,
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Hence, equation (2.50) can be rewritten as follows

r = Q(F(u,i) P)CTC)z+ 609~ 1A9< (u,Z,z)r + @(u, Aa:))
—Be(t) — 0K (t)z, (2.52)

where

z=n—Uz. (2.53)

Let now derive the time derivative of z. Indeed, using (2.48), one gets

z = §—-Ux
= =06 ((Ign, — AT — CL, Cz+67'CL, Cw(t)) — OUF (u, )z

qni qani

-0 1UA9< (u, Z,z)x + Q(u, T a:)) + UK (t)7 + UBe(t)
= 0(=6(Ign, — AT+ UK()) 1+ 6 (6C), C—U F(u,2)) z

_gLUA, (F(u &, 2)T + Glu, a:)) 0°5CT Cu(t)

= 0(=0(Ign, —AT)+UK()) (z+Uz)+0(0C,, C—U F(u,2)) &
—0TUNy (F ( (u,z,2)x + §(u, )) — 495C], Cw(t)

= 0(=6(In, — AT+ UK(t) 2
+6 (0C), C —U F(u,&) = 0(Ipn, — AN U+ UK(H)U) z

—07" 1UA9( (u, &, x)r + o(u, & x)) —015CT Cw(t).

qni

Now, one can check that (1,,, — AT)U = CT ' and the above last equation can therefore

qni

be written as follows

7 = 95( (I, — A7) + UK())
+0 (-UF(u,2) + UK (t)U)z
o(u,

g 1UA9( (u, 2, 7)z + )) — 995CT Cu(t). (2.54)

qni

According to Assumption A4, the matrix P(t) governed by (2.39) is SPD. Let S(t) =
P~1(t); one can show that S(t) is governed by the following Lyapunov ODE

St) = —0(S(Et)+ F'(u,2)S(t) + St)F(u,2) — CTC), (255)
S(0) = ST(0) > 0. '
Again, according to Assumption A4, on has
N P
> > .
W 0 0, (50) 2 B (2.56)
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where «(0) satisfies (3.66).

Now, proceeding as in [58, 59|, one can show that the matrix S(¢) is bounded and the
underlying upper bound (or equivalently Ay (S(t))) is independent of 0. Let Vi(Z,t) =
z7S(t)x; proceeding as in [58, 59], one can show that for 6 > 1,

Vi@ t) < —0uO)Vi(, 1) + 2 (SO D) | — 207 S0 K (8)z(2)
< —OuOVi(E, 1) + 20/ At (SO)VTAE D0
26\ /3 (SO)VTAE DI K DI
(2.57)
where
u@ =1—-~ 0‘9(29) with v = 2v/n(Lpaar + L) W, (2.58)

where x is given by Assumption Al, L and L, by Assumption A2 and finally p* and
a(f) by Assumption A4.

Similarly, set V5(z) = 27z = ||z]|*>. Then, one has

Vo = —0027 (21, — (AT + A)z + 205" UK (t)z + 202" (~UF(u, %) + UK (t)U) &
—2017 2T U A ( (u,Z,x)x + @(u,ﬁn,x)) —200z" C], Cw(t)

=00k 2|1* + 20 U121 + 201 U (11 (w, 2) ]| + [ @ D2 1z

—2017 2T U A ( (u,Z,2)x + @(u,aﬁ,x)) — 201627 CT Cw(t),

qni

IA

where £ is the smallest eigenvalue of the SPD matrix 27,,, — (A + AT).

According to Assumption A2, one can show that

201U (Fu ,2)0 + Bus5,0)) < 2ZIVIVA(Leay + L)l
Vi(z,t)
< 2|z ”HUH\f(LPWMﬁLL ﬁ

< 2n(Lpxy + L) H H [V Vi(z

al0 . N ATNAE)

Similarly, one has

20U (17 (e, 2) [ + [EL O 2] < 20vn(Fas + Kar) W N

\/)‘m
< 20v/n(Fu + Ky \/Vl )/ Va(2)
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where K, = sup || K1(t)].
>0
Hence,

Vo < —00k (1 —2 H\/_) Vy + 2096/ Va |w(t)

“@ VUG OVTE). (2.59)

+2v/n {Vn(Lpxa + Ly) + 0(Fy + Ky}

Now, choose ¢ such that <1 — 2%) > 1 5e 5> QﬁKTM and choose 8 such that
6 > 1. Then, inequality (2.59) leads to

Ve < _95_/{‘/2‘1'_620\/0[ \/Vlait\/vg —1—20‘15\/72“10

where ¢ =2, /% {vVn(Lrxpn + Ly) + (Far + Kpr)} is a constant independent of 6 and 0.
Using inequality (2.57), one gets

Vi < —=0p(O)Vi + eV Vi Va + 20 A (S)VVa (1)) (2.60)

where ¢; = 2K,/ Ay (S(t)) is a positive constant independent of § and 6.
Set

05
Ve = 0u(0)Vi, Vi = 7“1/2 and let V* =V} + V. (2.61)

Notice that one has

V< V*and V < V™. (2.62)

W < —v;+cle,/grg;)\/gm/w&mne(t)
* C1 2 * * 3\
- v+ /W(Q)mmwwmamne(z&)

Using (2.62), one gets

Hence,

Vi < -V + \[ V*+2\/>\M WV Ville(t) (2.63)
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Similarly, one has

Vy < —V2*+029\/a<9),/%\/gwéqé\/ﬁllw(t)ll
= ;e [ VTRV 2005 Wl

< 4@+@w%?na%¢”+w%J@mmw (2.64)

Now, choose 0 such that § > 6X, i.e.
(2.64) becomes

= < o where x is given by (3.66). Then, inequality

. 0 2
Vp < —V;+c2\/oégx),/mvww(s\/xgnw(wn.

Now, let V(z,z,t) = Vi(Z,t) + V2(2) be the candidate Lyapunov function. Using (2.63)
and (2.65) and from the facts that VV1 <V and /V; <V, one gets

’ * 2 €1 Oé<(9) *
% < -V + /QIU(Q) (3 + C2 02x ) \%
2(Amwww+wwwDﬁ7 (2.65)

Now, for # and ¢ sufficiently high and according to (3.66), one has

oO) _ym o, (2.66)

p—oo 02X 5—00 O

and as a result, there exists 0 < v < 1 such that

2 1 a(f)
1-— fi/L(G) (X + Co 02 ) > V. (267)

Similarly, for such values of 6 and 6, one has 6u(f) < 957% which implies that

Ou()V < V* < %TKV. (2.68)

Hence, combining (2.65), (2.67) and (2.68), one gets
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Vg—wwmv+2<AMwmﬁm+wmmm0VV (2.60)

Using the comparison lemma, one gets for ¢ > ¢* EN TT*v

* 2 N
e EHO) V(R (0), 2(0), 1) + ( Aur(S)5. + eqééw) -

VV(a(), 2(1),1) < VOu(0)

Coming back to  and from the fact that V; <V, one gets

[ —V2[,L(9 )(t—t*) t* || + l (S +8q56w),

) and A\yy = max(Ay(S),1).

Z(t)

where £(t) = <

Now, using (2.56), the last inequality becomes

_ A 0 eV E Amva(f) 2
< 1/2/,L(9)(t t*) * q
[zl < vaﬂe IE@E)| + p V@w%@+mmg

< Br/a(@)e O g1

B a(f) ~1
2 e 0)0750,, |, 2.70
w2l (50 ValB) (2.70)
where
A
Br =] =2 (2.71)
p
(t) - el als .
Now, set & = (t where Z is such that Z = 07""A; Z(t). It is easy to check that
Z
DI < IEDI < 07 IEDN, ¥t = t* and ¥0 > 1. (2.72)
Besides, one can show that Zz =n — Uz and therefore, one has for all t > ¢*
(2.73)

lE@I < 12) + (le@I + IUIZO1) < 1+ Va)la@)l + [n@)ll-

Using (2.72) and (2.73), inequality (2.70) leads to (2.44). The proof of Theorem 2.3.1 is
ended. [.
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Remark 2.3.1 Notice that in the uncertainties free case and in the absence of mea-
surement noise, the observation error exponentially converges to zero. Moreover, in the
presence of uncertainties and in the free noise case, the asymptotic estimation error can

be made as small as desired by choosing 6 high enough.

2.4 The FHGO redesigned version with sampled out-
puts

The observer designed above assumes that the outputs are available in a continuous
manner. This is rarely the case in practice since these outputs are generally available only
at sampling time instants 0 < tg < ... < t < tgy1 < ... with (time-varying) sampling
intervals 7, = t;1 — t; and hm tr = 4+00. In the sequel, one shall propose a redesigned
version of the above observer ;Tlat accounts for the output sampling process. For this
sake, one naturally assumes that the time intervals 7;’s are bounded away from zero by
Tm and are upperly bounded by the upper bound of the sampling partition diameter 7,

1.e.

0<Tm§Tk:tk+1—tk§TM, Vk > 0. (274)

The approach which shall be adopted to redesign the continuous time output FHGO is
similar to that proposed in [57]. One needs the following additional hypothesis on the

boundedness of the noise samples w(ty).

A5. For all ¢, the samples w(t;) are bounded by d,, where ¢, is the essential bound given
by Assumption A3.

The redesigned observer takes the following form

t
t

= F( B)E(t) + p(ult

) ), &(t)) — 0K ()n(t),
) = 00 (=n(t)+0ATn(t)

+ CL (Ca(ty) — y(te) + a(t)))

(t) = —0CP t)CTCqu/(t) _50K(1)( )77( )(t)v te [tk"tk-i-l[v
(0) = 0and a(ty) =0,k > 0.

l
(

3.

(2.75)

o.

3

Notice that, the above continuous-discrete time observer involves a new state a governed

by an ODE which is re-initialized at zero at each sampling instant t.
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The main properties of the proposed observer (2.75) are summarized in the following

theorem.

Theorem 2.4.1 Consider system (2.1) subject to assumptions Al, A2, A3 and A5.
Then, for every bounded input satisfying A4, there exist 6*,60*, such that for all 6 > 6*
and for all 6 > max(0*, 6X), there exist positive constants gy > 0, ng > 0 and Ny such that
if the upper bound of the sampling partition diameter Ta; is such that Ty < 0g, then for

every u € U and every £(0) € X, one has for all t > t*,

tIl < Brv/a(0)07 e (L + V)l ()] + In(])

+8¢No(Tm, Tar) (\/ ae(f)éa + \/a(9)56’q_15w> : (2.76)

where T = T — x with T being any trajectory of system (2.75), 0w, 0c, Bf, v, t*, p*, X,

a(@)and p(0) > 0 are as given in Theorem 2.3.1; the expressions oy, Cp and Ny are

Va(0)(OF L,)
Bf M+ C . 9(1_T_M>efa97m

=q ,
2y0u(0) ’ 06
vOu(0 2 — e Comm
ag = 'l;( ), Ng(Tm,TM) = QTMm, (277)

where Fiy = sup  F(u,z) and L, is the Lipschitz constant of ¢ given by Assumption
zeX,uelU
A2.

Remark 2.4.1 Notice that, for a fixed value of Ty, the tuning parameter 6 cannot be

taken arbitrarily and has to satisfy

_ Br/aO)(0Fy + L,)
2y 50 (2.78)

Proof of Theorem 2.4.1 Set 7 = & — x, T = 097 'AyZ and 7] = 07 *Dyn. Proceeding
as in the continuous output case, one gets (compare the equations below with (2.52) and

(2.49), respectively),

(t) = 0(F(u,2)— Pt)CTC)z — Be(t) — 0K (t)z
9q1A9<(u:vxx+gauxx>
Nty = =00 ((Im, — AT)n(t) + CL Cz(t) + 07 'CL Cw(ty))
—05CT 5(t),

\ qnl

where Z(t) is defined as in (2.53) and
5 =C(z(t) — 2(ty)) — 07 a(t) (2.79)
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The dynamics of Z is given by (compare with (2.54)

5 = 95( (L, — AT) + UK())
+0 (-UF(u,z2) + UK(t)U) z
(u,

_gLUA, (F(u,;;;,x)x )) — 075CT Cw(t) — 05CT 4(t). (2.80)

qn1

Notice that the first equation in (2.79) is similar to (2.52) while (2.80) differs from (2.54)
by the presence of the term involving 7. Hence, the forthcoming development will be
very similar to those carried in the continuous out case. The sole difference consist in the

accounting for the additional term 7. Hence, let us derive a bound of 4. One has

o= 0F (u, 83?407 pW (u, W) — 0KV ()7 (1) — 07 a(t)
= 0F(u, @(1))5(2) + 097 oW (u, 2W) — 09D (6 (t) + 0KV ()M (1))
= O0F (u,8M)z® 4 97 1oW (4, M), (2.81)

Notice that the last inequality comes from the fact that «(t) is governed by the ODE
given by (2.79). Now, since a(t;) = 0, one can easily check that ¥(¢;) = 0 and integrating

the last equation from t* <t to t gives

t
7(15) — /(QFI(U’@(D)IQ)+9q—1¢(1)(u7$(1))) ds,
t

*

and hence

@I < (0Fy + Ly) / 12(5) I ds,

where Fyy = sup F(u,z) and L, is the Lipschitz constant of ¢ given by Assumption
zeX,uclU
A2.

Now, as in the continuous output case, let Vi(z,t) = z7S(t)z, Va(2) = ||Z||* and V =
Vi + V4. Again, proceeding as in the continuous output case, one can show that (compare
with (2.69)),

vV < _VQM(G)V_FZ\/XM(S)\/VQ(QFM+L<p)/t*t||i'<8)||ds
12 ( R (S) ()] + eqauwmu) N
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Using (2.56), one gets

Vf;—Wva+wﬁMWNM%+Ld¢V/aN%MS
+2\ (e + 6% [lw(B)]) VV,

where Ay = max(Ay(S),1) and By is as in (2.71).
The last inequality leads to

%\/V < —%I/@M(Q)\/V + Brv/a(8) (0F v + Ly,) /tj VV(s)ds

+AW1( XM(SHk@HI+9%Wu%wH).

Now, let ag = 500(0), by = B+/(0) (0Fn + L) and po(t) = v Au (@) + 096]jw(t)])
and assume that the upper diameter of the sampling partition 7, satisfies the following

condition

s ag _ fr/alB)(6Fy + L)

TMS 0= 200(0) ’

(2.82)

then, according to lemma 2.1 in [57], one has

VTG, Z00) < )T, 50,8 + o

]_ — 6_<07—m ’

where

ess suppy(t) < co = vV Aur (6 +66096,) , Co(mar) = ap(1 — 7——J\/[)e’ae””. (2.83)

t>0 ]

Coming back to & and proceeding as in the continuous output case leads to (2.76). The
proof of Theorem 2.4.1 is ended.[]

The following remark provides insights about the observer dynamics and the sampling

process specification according to the above fundamental result.

Remark 2.4.2 The bound of the estimation error related to the continuous-discrete time
observer, i.e. the right side of inequation (2.76) is very similar to that derived in the
continuous output case, i.e. the right side of inequality (2.44), with the following two

differences:
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(i) The rate of the exponential decay is equal to ag = v0u(0)/2 in the continuous output

case while it is equal to (y when the output is sampled.

(ii) The term 2/(vu(0)) involved in the expression of the ultimate bound in the contin-

uous output case is replaced by No(Tm, Tar) when the output is sampled.

Proceeding as in [57], one can show that in the case of a constant sampling period, i.e.
™ = Tm = Ts, Co(Ty) is a decreasing function of Ts and hm Cg( s) = ag. One can also
show that Ng(Ty) is a non decreasing function of Ty and that hm No(Ts) = 2/(vu(0)).
Hence, the results obtained in the sampled output case are in accordance with those derived
i the continuous output one: the decreasing to zero of the observation error is inversely
proportional to the magnitude of the sampling period while the value of the ultimate bound
1s proportional to this magnitude. More specifically, when the sampling period tends to
zero, the expressions for the decay rate and ultimate bound become identical to those

derived in the continuous output case.

2.5 Academic example

One shall highlight the performance and main properties of the FHGO (3.103) through
the following academic example
o1(t) = filt)za(t) — 0.1z (),
io(t) = fot) — 0.1xo(t) + tanh(zq (t)xe(t)),
t3(t) = —0.1x3(t) + tanh(x(t)z2(t)) + 5sin(0.57t) + (%)
y(t) = z1(t) +o(t)
where fi, fo are expressed as fi(t) = sin(0.5t), fo = sin(2.7t). The expression of the un-

(2.84)

known disturbance used in simulation is £(¢) = 0.1sin(0.1¢) and the noise signal affecting

the output is chosen as the sum of two high frequency signals, namely
v(t) = 0.25sin(387t) + 0.5sin(987¢). (2.85)

Two scenarios depending on the availability of the output measurements shall be consid-
ered. In the first one, the output measurements are assumed to be available continuously.
In the second scenario, these measurements are assumed to be available at equally spaced
sampling instants. In each case, the obtained estimates are compared with those obtained
from a SHGO. These results are detailed hereafter.

2.5.1 Simulation results with continuous output measurements

An observer of the form (2.36) has been designed in order to estimate the state of the

system. The output measurements issued from simulation are corrupted by the noise
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signal given by (2.85). The corresponding time evolution is given in Figure(2.1). The

Noisy output

0 5 10 15 20
TIME (h)

Figure 2.1: Noisy time-continuous output measurements

estimates of the states z;,7 = 1,...,3 are given in figure 2.2 where each of these estimates
is compared to its true time evolution issued from the simulation of system (3.135). Recall
that the expression of the disturbance £(t) is unknown by the observer. The values of 6
and ¢ have been set to 5 and 3, respectively. The initial state values of the system are set
x; = 1,...,3 and those of the observer to n =& = 0.

The obtained results are quite smooth and accurate enough. In order to highlight the
improvement in term of sensitivity to noise of the observer, a SHGO of the form (3.20)
has been designed to derive the state estimate. The obtained results are given in fig 2.3
where as for the FHGO, each estimate is compared to its true value. It is clear that the
obtained estimates are relatively noisy, in particular those related to x5 and z3 and this

clearly confirms the significant improvement obtained with the FHGO.

2.5.2 Simulation results with sampled output measurements

Two sets of simulation results will be presented. In each case the output measurements
are assumed to be available at sampling equally spaced time instants with a sampling
period equal to T,. In the first set of simulation results, the sampling period T, has been
set to a relatively small value, namely T'e = 0.02. The value of the tuning parameter 6 was
set to 2 and that of § to 3. The estimates provided by the FHGO are compared to their
true time evolutions in Figure 2.4. Those provided by the SHGO are reported in Figure
2.5. The obtained estimates, for the FHGO as well as for the SHGO, clearly shows that
for small sampling periods and small amplitude for the output delay, the behaviours of
the observers and in particular their sensitivity to the noise measurements are similar to
the case where the output measurements are available continuously in time. In order to

put forward the fact, that these properties still be inherited by the observers even for
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Figure 2.2: Estimates of z;,7 = 1,2, 3 provided by the FHGO
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Figure 2.3: Estimates of z;,i = 1,2, 3 provided by the SHGO
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Figure 2.4: Estimates of x;,7 = 1,2, 3 provided by the FHGO with T, = 0.02,60 =2, =3
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Figure 2.5: Estimates of x;,7 = 1,2, 3 provided by the SHGO with T, = 0.02,0 = 2
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more high values of T, another simulation experiment was carried out with 7, = 0.1.

The value of  was set to 2. The obtained estimates are given in Figure 2.6 for the FHGO
and in Figure 2.7 for the SHGO.

\ SIMULATED
ESTIMATED

10
TIME (h)

15

20

SIMULATED

ESTIMATED

ll

0 5

10
TIME (h)

15

SIMULATED'

ESTIMATED

0 5

10
TIME (h)

Figure 2.6: Estimates of z;,7 = 1,2, 3 provided by the FHGO with T, =0.2,0 = 2,6 =3

Again, the obtained results clearly confirm the the significance of the improvement ob-
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tained with respect the sensitivity to noise through the redesigned version given by the
FHGO.

o 7\
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Figure 2.7: Estimates of x;,7 = 1,2, 3 provided by the SHGO with T, = 0.2,6 = 2
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2.6 Application to a phytoplanktonic growth model

This section is devoted to the use of the proposed FHGO in a realistic simulation frame-
work involving a phytoplanktonic growth model that has been validated in [63] through
two high gain observers one of which is similar to (2.12) that uses continuous-time output

measurements.

2.6.1 The phytoplanktonic growth model

One considers a bioreactor where a biomass (phytoplanktonic cells) with a concentration
N is growing by consuming a substrate with a concentration S. The bioreactor is function-
ing under a continuous mode with a dilution rate D and an input substrate concentration
Sin. A mathematical model which accounts for the biomass and substrate concentrations
as well as the cell quota of assimilated nutrient, (), has been considered in [63] and it can

be written as follows

N@) = jim (1 - %) N(t) — DA)N(1)

Q) = puids — 1n(Q(1) — Ko) (2.86)
S() =~ + D(O)(Sim — S(1))

where p,,, Kq, pm, KK, are constant kinetic parameters.

The biomass concentration is measured at equally spaced sampling instants and the ob-
servation objective is to provide continuous estimates of the biomass and substrate con-
centrations N and S and in particular the cell quota @) which can only be estimated with

manual sampling and high cost measurements.

As in [63] and for writing convenience, one first adimentionalizes the state variables by

considering the following changes

LN QS K g
S; Si Kq

Si

The resulting model which shall be used for the observer design specifies as follows

(2.87)

’

T = —ayr;1— + (as —u)xy
o)
. _ B 1
i) aj1as 0 T 3 -+ as CLQ(.Z’Q ) (288)
T - s + u(l — x3)
s a; + T3 ’
[ () = xu(te)

where u 2 D is the input of the system.

40



Now, one shall consider the following change of coordinates which puts system (2.88)

T 21
under the normal form (2.1), ®:IR* = IR* 2= | 2, | = 2= 2 | with
T3 z3
! (2.89)
2 =T, Zg=—, 23 = . :
! ! 2 T2 3 ay + 3

Indeed, one can show that the above change of coordinates puts system (2.88) under form
(2.1) with

a® =z k=1,....3ien,=1,...,3,
(ag — u)zy
Fi(u, 2) = —agzy, Fy(u,2) = araszz, o(u,z) = aszo — (a9 + az)z2

—a12125 + 25(z1 —u(l + ay)) + uzs

Note that, the original coordinates can be deduced from the new ones as follows

1 1
r1 =21, g = —, Tz = — —Aq. (290)
z9 Z3

A discrete-continuous time FHGO observer of the form (2.75) has been designed for the
resulting system in the new coordinates z to estimate the relevant state variables of the
process. Notice that the observer equations could be derived in the original coordinates
by considering the inverse of the transformation jacobian. Nevertheless, since the original
dynamical system has already been expressed in the new coordinates z and the original
variables can be easily deduced from the new ones through equations (2.90), one has

simulated the underlying discrete-continuous time observer in the new coordinates z.

2.6.2 Estimation results

Two sets of simulation results are given. In each one, the measurements of the biomass
are assumed to be available at equally spaced sampling instants with a sampling period
equal to Ty which has been set to 0.02 Day in the first experiment and to 0.0625 Day
(i.e. 1.5 h as in [63]) in the second one. Moreover and before being used by the observer,
the output z;(tx) has been corrupted by a noise signal N (¢x) to generate a noisy output
y(tx) = z1(tx) (1 + N (tx)). The noise signal NV (¢;) has been generated by considering the
sum of 26 high frequency sinusoidal signals where the underlying frequencies are equally
spaced between 0.95/(275) and 1/(27}) (see Fig. 2.8). In each set of simulation results,
the estimates provided by the continuous-discrete version of the FHGO are compared

with their counterpart estimates provided by a continuous-discrete version of the SHGO
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(see [58] for more details). The values of the model parameters used in simulation are [63]

a1 =0.02 g.g ', ay =4.18 Day™ ", a3 =5.32 Day ™"

2
The dilution rate D = u was chosen as a sinusoidal signal, i.e. ©w = 1.71 (1 + 0.6 sin(%t))
0
with Ty = 1/3 Day.

X

MEASURED NOISY OUTPUT SAMPLES
4r J T [ x h T*T
N i \‘\ e *TT“ I H\ ’\\**
l | 1" Iy !
Ny ’M‘”‘M,\\\

UNKNOWN NOISY FREE CONTINUOUS OUTPUT

0 05 1 15 2 25 3 35 4
TIME (Day)

Figure 2.8: Noisy measurements of the output, with 7y = 0.0625 Day

Figure 2.9 shows estimates provided by the FHGO with T = 0.02 Day together with their
true values issued from the simulation model. The design parameters 6 and ¢ have been
set to 5 and 7, respectively. Figure 2.10 shows the estimates provided by the SHGO when
the design parameter 6 has been set to 5 as for the SHGO. The fundamental results have
been corroborated, namely the smooth behavior of the estimates provided by the FHGO
is mainly du to its filtering capability. Figures 2.11 and 2.12 show the performance of
the FHGO and SHGO, respectively during the second experiment with T, = 0.0625 Day.
The underlying values of the design parameters are = 3 and 6 = 5 for the FHGO and
0 = 3 for the SHGO. Again, the FHGO outperforms the SHGO from the noise sensitivity

point of view.
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Figure 2.9: State estimation with FHGO, with Ts = 0.02 Day (6 = 5,6
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Figure 2.10: State estimation with SHGO, with 75 = 0.02 Day (6 = 5)
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Figure 2.11: State estimation with FHGO, with T = 0.0625 Day (0 = 3,5 = 5)
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Figure 2.12: State estimation with SHGO, with T, = 0.0625 Day (0 = 3)
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2.7 Conclusion

A FHGO has been proposed for a class of non uniformly observable systems. This FHGO
has been first designed assuming that the output measurements are continuously avail-
able and subsequently appropriately redesigned to account for the sampling process. A
particular attention has been paid to the observer convergence analysis while emphasiz-
ing the admissible sampling process. The feasibility and performance of the proposed
FHGO have been highlighted through an illustrative academic example. The estimates
obtained by the filtered observer have been compared to their counterparts provided by a
continuous-discrete time version of a SHGO which were rather noisy, in particular when

the sampling periods are relatively high.
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Chapter 3

Filtered High (Gain Observer design
with continuous, sampled and

delayed output measurements

Though the redesigned observer, referred to FHGO, proposed in the previous chapter
allowed a significant improvement of the sensitivity to noise of the standard high gain
observer, its calibration requires the tuning of an additional parameter §. Moreover, the

proposed design does not account for the case where the outputs are available with a delay.

In this chapter, one shall propose a general redesign of the SHGO in order to derive a
filtered version that improves its sensitivity with respect to high frequency signal. The
main novelty of the proposed design with respect to the one proposed in the previous

chapter lies in the following facts

1. The proposed design does not need the introduction of any additional design param-
eter, i.e. the tuning of the resulting observer shall be achieved through the choice
of the parameter 6 as for the SHGO.

2. The proposed design accounts for all possible scenarios related to the availability
of the output measurements: continuously in time or under the form of samples.
Moreover, ion both cases, these measurements may be available with an output

delay.

For clarity purposes, the proposed redesign shall be detailed in a first step for a class
of UOS. Moreover, one shall first consider the case where the output measurements are
available in a continuous manner. Then, one shall show how the design of the proposed
filtered observer can be extended to the case where these output measurements are avail-

able under the form of samples and eventually with a delay. In a second step, a class
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of NUOS shall be considered and one shall extend the proposed design to this class of

systems.

One now defines some variables that will be used throughout this chapter. Indeed, one

defines the following.

0 I_
A =0, Ay = L) e RPE fop k> 2, (3.1)

0 0

T
Bi=(0 .. 01) ., G=(10 ... 0)eRfork>1, (3.2)

T - a

Gk:(% yk) AL B AL — GGy for k> 1, (3.3)
Ar(0) = diag(1,1/6,...,1/6%71) for k > 1. (3.4)
The ;s for k > 1 and i = 1, ...,k involved in the expression of the vectors GG}, are posi-

tive reals and are chosen such that each matrix A; is Hurwitz; the parameter 6 involved

in the expression of Ag(6) is a real positive number.

On other aspects, let n > 1 be a positive integer and let 7 = < & ... & > € IR"; then

for any integer 1 < k < n, one defines §, € IR* as follows

§fz<gl §k)€IRk,k:1,...,n. (3.5)

Finally, one recalls an useful property: If A; is a n x n Hurwitz matrix, then there exist

a k x k SPD matrix P, and a positive real p; such that
P A, + AL P, < —2p 14, (3.6)

As stated above, the proposed redesign shall first focus of a class of UOS. Then, its
extension to a class of NUOS shll be detailed.

3.1 The problem formulation

One aims at providing a FHGO for a class of disturbed nonlinear systems described by

the following equations

5(t) = Ana(t) + p(u(t), 2(1)) + Bas(t) .
y(t) = Coa(t) + v(t) '
T
where r = ( T1 ... Tp > € IR" denotes the state of the system with z; € IR for

i=1,...,n; u(t) € U C IR denotes the system input and y(¢) € IR denotes the actual
output of the system, the matrices A4,, B, and C,, are defined as in (3.1) and (3.2) with
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k = n, v(t) is the output noise, the function ¢ : [0,4o00[ — IR denotes the system uncer-
tainties and may depend on the input and uncertain parameters. It shall be treated as
an unknown function which explicitly depends on time ¢ for ¢ > 0; finally, ¢(u,z) € IR"
denotes a nonlinear vector field and each of its n components has a triangular structure
with respect to x, i.e. ¢;(u,x) = ¢;(u,z;) for i = 1,... ,n where z, is the sub-vector of x

as defined by (3.5).

The observer design will be performed under the following usual high gain observer design

assumptions.

A1. The state z(t) and the control u(t) are bounded, i.e. z(t) € X and u(t) € U where
X C IR" and U C IR are compact sets. More precisely, there exists a positive
constant pys, such that vVt > 0, |z;(t)| < pp,i=1,...,n.

A2. The functions @g(u,z) for k = 1,...,n are Lipschitz on X with respect to = uni-

formly in u, i.e. for k =1,...,n, one has .
3L > 0; Vu € UsV(#,2) € X x X, [or(u, 2;) — or(w,zp)| < Le Y [&l,  (3.8)
i=1
where z; = ; — ;.
A3. The unknown function ¢ is essentially bounded, i.e.
36. >0 ; |e]oo 2 ess sup |e(t)] < 6.. (3.9)
>0
A4. The output noise w is essentially bounded, i.e.
36, > 0; |v|so 2 ess sup |[v(t)| < dy. (3.10)

t>0

Furthermore, let us consider the following saturation function

z if |z|<r

Vz € R, saty(z) =rsat (z/r) = { (3.11)

rosign(z) if |z| >

where r > 0 is a positive real and sign(-) is the usual signum function. This allows to

saturate the system nonlinearities ¢;’s for k = 1,...,n as follows
i (u, 1, ..., x;) = @i(u, satr(z1),. .., satr(x;)). (3.12)
with
R > puy (3.13)
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where p,; is the positive real defined in Assumption Al. Two properties of the saturated
nonlinearities can be easily checked ([30]). The first property consists in the following

inequalities that hold for £ =1,...,n,

k
Vu e U; V(z,z) € R" x R", |} (u,Z1,) — @i (u,z1,) | < Ly Z | %], (3.14)
i=1
k
|oh (u, &) — @} (w,zy) | < 2L R < 2nLyR. (3.15)
i=1
where
L,= Iax Ly. (3.16)

The second property concerns the following bounds for the norm of the error vector of

the saturated nonlinearities ¢*(u, Z, z) 2 (u, ) — ¢* (u, x)

16°(u, #,2) | < L], (3.17)
16°(u 2, 2) | < Vi max |54, &,2)| < 20v/RLR (3.18)
SRS

These properties allow to postulate that the observer redesign can be handled for the

following class of systems.

{ () = Apa(t) + * (ult), (t)) + Bae(t) (3.19)
y(t) = Cna(t) = z1(t) + 0(t)
where ¢*(u, ) = < Oi(u,z1) ... @i(u,x) )T. Indeed, since system (3.7) coincides with

system (3.19) on X, the observer that shall be designed for system (3.19) could be used in
order to estimate the trajectories of system (3.7) which always lie in X. One now recalls

some results related to the design of a SHGO for system (3.19) and to its main properties
given in ([64]).

3.2 The underlying SHGO design

It has been shown in [64] that under Assumptions Al to A4, a SHGO can be designed
for (3.19) and the underlying equations are

2(t) = Apd(t) + ¢°(u(t), (1)) — 04,1 (0)Gn(Cait(t) — y(t)), 2(to) € X, (3.20)

where & € IR" denotes the state estimate, G,, € IR" is defined as in (3.3) with &k = n
and the underlying coefficients v;’s, i = 1,...,n are chosen such that the matrix A, =
A, —T,C, is Hurwitz; A,(0) is a diagonal matrix defined as in (3.4) with k = n and 6 > 1.
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Let Z(t) = #(t) — x(t) be the observation error associated to the SHGO (3.20). From
(3.19) and (3.20), one has

T(t) = Apz(t) + @ (u(t), &, z) — 0A, H0)GrCri — Bpe(t) + A1 (O)To(t), (3.21)

where ¢*(u, T, ) = ¢*(u(t), &) — ¢*(u, x). It has been shown in [30] that each component
z;(t),i = 1,...,n, of the vector of the observation error satisfies, for ¢ sufficiently high,

the following property

36p; V0 > Oo;Vu € U;Vi(ty) € R™;

Yt > to, |#:(t)] < xp, ((Qi_le_ﬁ"e(t_to)Hi‘(to)” + ; (017"5. + ai‘ly\Gn\dy)) ,(3.22)
with

in
Bn = )
220"

(3.23)

and where the SPD matrix P, and the positive real yu, are given by equation (3.6) with
k = n and A, = A, given by (3.3), J. is the essential upper bound of |£(t)| given in
Assumption A3, 0, is the essential upper bound of |w(t)| given in Assumption A4 and
Xp, is the conditioning number of the matrix P,.

According to inequality(3.22), in the noise-free case, i.e. §, = 0, the asymptotic obser-
vation errors related to z;,7 = 1,...,n, can be made as small as desired by choosing 6
sufficiently high. Indeed, in this case, the underlying asymptotic ultimate bounds is equal
to 01715, /8,. Since i <, this bound is always lower or equal than 6716, /3, which indeed
tends to 0 when 6 goes to co. In the case where 9, # 0, the above property is no longer
true unless an additional constraint is made on ¢,. Indeed, if 9, # 0, then one can easily
check that the resulting asymptotic ultimate bound can be made as small as desired if

the following condition on 9, is satisfied

36,; 300 V0 > 6, 6, < 2—2 (3.24)
More precisely, under condition (3.24), inequality (3.22) specializes as follows
300; VO > Op;Vu € U;VZ(ty) € IR™;Vt > to, i
()] < xp, 0" (e—5n9<f—t0>||gz(to)u + 52“%”5) : (3.25)

A low-pass filtering behaviour of the SHGO (3.20) has been pointed out in [65] by mod-

elling the output measurement as

v(t) = iv: v; sin (%t + qbi), (3.26)

i=1
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where N > 0 is a positive integer, v;, w; respectively characterize the amplitude and the
phase of each component of v(t) and € €]0, 1] allows the parametrization of the frequencies

of v(t). The signal v(t) can be considered as the output of the following autonomous

system
e = Sw, v= Rw, (3.27)
where
(w o= (w7, L w®T ) eRNY, wh eR%i=1,.. N,
R= (@01 .. 01 > e RV,
. 0 ;
S = dz’ag( s S(N)> with S = w ’
\ —W; 0

and w(0) € W a compact subset of R*N which is invariant under system (3.27).

It has been shown in [65] that in the disturbance-free case, i.e. §. = 0, the asymptotic

behaviour of the SHGO is characterized as follows
tlim sup |Z;(t)] < (e 0) p 010, (3.28)
—00

where p is a positive constant independent of 6.

Remark 3.2.1 Notice that a redesigned version of the SHGO has been proposed in ([66])
in order to deal with sampled/delayed output measurements. The equations of the under-

lying observer can be written under the following form

B1) = Awk(t) + ¢ (ult), 2(1))
AT O)G(Cu(t — d(1) — y(t — (D) + a(t) — alt — d(1)),  (3.29)
Q(t) = —Omi(Cud(t — d(t) — y(t — d(t)) + alt) — alt — d(£)),

where d(t) a piecewise continuous function and it corresponds to the output delay (in-

cluding the sampled output case) and vy is the fist component of the gain G,,.

3.3 Design of the FHGO

Many approaches dealing with the observer designs have been proposed to reduce the
underlying observers sensitivity to noise measurements either by appropriately updating
the observer design parameter 6 [67, 36, 35] or by substituting in the observer corrective
term the output observation error by an appropriate filtered version provided by a linear

filter cascaded with the original system [38, 33, 68, 69]. The solution that will be suggested
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belongs to the second approach i.e. by filtering the noisy output observation error. In
order to put forward the novelty of the proposed approach with respect to the existing
ones, one shall briefly recall some of the latter. In [33], the proposed observer with filtering

capabilities takes the following form

n = (=0D, +0*AT)\n+0CT(C,2 —vy) (3.30)

T o= Api+4¢*(u, &) — 0K, .
where n = ( Mmoo My ) € R" withn; € R,i = 1,...,n, D = diag(dy, ..., d,) and
K = diag(ky, ..., k,) are n x n diagonal matrices and their entries d;, k; are chosen

—D,+ A, CTC,

-K, A,
provided for the determination of such constants. Notice that the idea behind the design

of observer (3.30) is to substitute in the equation of the SHGO (3.20) the corrective term
Gsm & 02y (Cni — y(t)) by the filtered version GFH) 2 0K,n. More precisely, the i'th
component GESH) = 70 (Cp — y(t)),i = 1,...,n of GBH) is substituted by its filtered
version GS;FH) = Ok;n. This can be justified by the fact that the static gain of the filter
the input of which is (C,,# —y(¢)) and the output of which is 7; is of the order of ¢!, The

such that the matrix ( ) is Hurwitz. An appropriate algorithm is

main motivation of such substitution is to improve the sensitivity of the observer with
respect to the noise measurement. Indeed, in the SHGO, the relative degree of z; with re-
spect to y is equal to one for i = 1,...,n. However, in the redesigned observer (3.30) and
since the relative degree between 7; and y is equal to ¢, the relative degree between z; and
n; is equal to the one between 7; and y, i.e. 7. It has been noticed in [33] that the structure

of the filter considered in the observer proposed in [34] is similar to the one given by (3.30).

The sensitivity of the observer can be improved further if the output observation error is
substituted by the component of n that has the higher relative degree with respect to y,
i.e; 7. Indeed, the authors in [38] proposes the following filtered observer

i = L((-L+ AT+ CT (Cai — 1) o
T = A3+ 0% (u,z) — 0K, Cyn
where 7 = ( m e Ny ) € R" withn; € R,e = 1,...,r, A, and C, are respectively

defined as in (3.1) and (3.2) with £ = n and p > 0 is a positive design parameter

of the observer. Notice that the state n of the filter is of of an aribirarily dimension

r > 0 and not fixed to n as in (3.30). Moreover, only one additional scalar design

parameter is introduced by the filter, i.e. p which has to be chosen such that the matrix

F(p) 2 ( —2(I, = A) LCrC,
-K,C, A,

6 > 0, there exists p* such for all p € [0, p*, the matrix F(p) is Hurwitz. Another

) is Hurwitz. It has been shown in [38] that for each

95



observer where the component of the filter state having the highest relative degree has
been used in the observer equation is proposed in [30]. The redesign approach is inspired
by that given in [69, 68] and it consists in augmenting the original system (3.19) by an
integrator of order r of the corrupted output. The so obtained augmented system keeps
the triangular structure of the original one and hence by considering the integral of order
r of the output as the output of the system, a SHGO can be designed for this system.The

resulting observer takes the following form

n = An+ B.(C.i—y)—0AO)K,.C.n (3.32)
T o= Ani+ ¢ (u, &) — AN (O)K,Crn '
T T
where K, = < ki ... ki ) € R" and K,, = < kri1 oo kpan ) are chosen such

that the matrix A, = Apiy — KyinCop is Hurwitz with K, = < KI' KT >T and
A, and C,, are respectively defined as in (3.1) and (3.2) with &k = r + n. Notice that
the choice of the gain K, is simple since it can be achieved through standard matlab
functions (place or acker) by assigning the eignevalue of the matrix A,.,. The matrices
A, (0) and A, () are defined as in (3.4) with & = r and k = n, respectively. On other
aspects and on the contrary of observers (3.30) and (3.31) where the design parameter 6
intervens with a power that does not exceed 2, the power of 6 is ranged from 1 to n + r
in the observer (3.32). This might increase the level of the peaking of the observer state
variables. However and as noticed in ([30]), the peaking phenomenon has been dealt with
through a redesign procedure where nested saturations functions have been considered

and hence the resulting proposed observer significantly reduces the peaking phenomenon.

The new filtered observer is presented hereafter.

3.3.1 Equations of the FHGO

The equations of the proposed observer take the following form

{ N = 0((A — K.C)n+ B.(Cpi —y)) (333)

T = Ani+ ¢ (u, &) — 0NN (0)K,.Com, n(te) = 0 and #(t,) € R™,

where K, and K, are defined as in observer (3.32) and they have to be chosen such that
Apir = Anyy — KrinChryp is Hurwitz with K., = ( K KT )T and A,, and C,,
are respectively defined as in (3.1) and (3.2) with £ = r +n. As for observer (3.32), such
a choice can be fairly achieved through standard matlab functions (place or acker) by

assigning the eignevalue of the matrix A,,,,.
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Before stating the main properties of the proposed FHGO, one shall motivate the structure
and put forward the rational behind the proposed design. Indeed, a main property related
to the structure of the FHGO (3.33) lies in the fact that Z in this observer is governed by
almost the same ODE as in the SHGO (3.20) and the only difference is the substitution
in the equation related to the SHGO of the noisy observation error G, (C,z — y) by a
filtered version K, C,n. In order to motivate such a substitution, one shall give a natural
interpretation of the state n governed by the ODE in (3.33). Indeed, n can be interpreted
as the state of a filter of dimension r, which is arbitrary, the entry of which is the noisy
output observation error (C,,& —y). Notice that the equations of the filter given by (3.33)
are written in a canonical form and hence it is easy to check that the relative degree of
the transfer function between the filter output, i.e. 71 = C,n and the filter entry, i.e.
Cnz — y is equal to r and the underlying static gain does not depend on 6. Hence, the
filter output C,n is a filtered version (of order r) of the noisy output observation and its
use in the corrective term of the FHGO will improve the sensitivity of observer to the

high frequency signals.

Notice that the equations of the filter in the FHGO (3.33) are given before the ODE gov-
erning = while there were given after the underlying ODE in the FHGO (2.36) proposed
in the preceding chapter. The inversion of the order of the two subsystems is simply
motivated by clarity purposes since the above form (3.33) is more appropriate for the

analysis of the stability of the underlying observation error equations.

The main property of observer (3.33) is stated in the following theorem.

Theorem 3.3.1 Consider system (3.19) subject to Assumption A1 to A4 together with
observer (3.33) and assume that the essential bound 6, satisfies (3.24). Then, the compo-

nents of the observation error vector satisfy the following property,

309 > 0; VO > Oy;Vu € U;V.ﬁi‘(to) S JR”;Vt > to,

t _
~77( ) | < Xpon <€—5r+n6(t—to)|a~j(t0)” + Oy +gi>7
i1 (t) Brint". (3.34)
i1 _ 0y + 0
7. i—1_—BrinB(t—to) || 5 R -
EOl < xm. (e e Brin0(E=10) 5 1) | + ﬂr+nan+u>’ i=2...n.
with
Bgy = tm (3.35)

2.,

where Py, and pi1p, are given by equation (3.6) with k =n+r, Xpwn and Xp,,, respec-
tively denote the largest eigenvalue and the conditioning number of P..,, &, is the bound
of v as defined in (3.24) and d. is the essential bound of € given by Assumption A4.
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Proof of Theorem 3.3.1. Set 7 = & —x, T = 0" 'A,Z and 7 = 0" ). Using (3.33),

one gets

i = 0((4 —K,.C)n+ B,C,z) — "B, v(t) (3.36)
I = 0AT+ 60" A3 (u, 2, x) — 0K, Cofj — Bpe(t), '
where @°(u, ,x) = ¢*(u, ) — ¢°(u, ).
One can check that
A, B.C,
= Arin, 3.37
() (3.7

where A, is he anti-shift matrix given by (3.1) with k£ = n. By setting z = ( 7 ) and
T

zZ= < 7_7 ) , the error system (3.36) can be written under the following compact form
z
F o= 0A,z+ O(u, i, ) — 0"0(t) By — Brane(t), (3.38)
where
AT%H” — An+r - Kr+nCr+na (339)

T .
with K., = ( K KT ) , Crip and By, are given by (3.2) with k = r+n, ®(u, 2, z) =

0 _
R . and B,,, € IR"™ is a column vector with all its entries are equal
0" 1A, 0% (u, 7, 1)

to zero excepting the one lacated at the r’th row which is equal to 1. Recall that K, and
K, are chosen such that flr+n is Hurwitz. Hence, there exit a SPD matrix P,,, and a

positive real p,,, such

ALeiPrin+ PrinArin = =24l (3.40)

Let V(z) = zTP,;,Z be the Lyapunov candidate function for the error system (3.38).
Then, using (3.38) and (3.40), one gets

V() = 207'P, Az 422" P_,®(u, 2, 2) — 20"0(t)Z" Py Brir — 26() 2L Py By
= —2in0||Z||? + 4227 P @ (u, &, ) — 20"0(t)ZT Py Brgn
—26(t)Z" Pryn Brin. (3.41)

Using the triangular structure and the Lipschitz assumption on ¢, one gets for § > 1 (see
[64]),

10" A5 (u, 2, 2) || < ez < a2,
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where ¢; > 0 is a positive constant independent of # and hence, one gets
227 P ®(u, &, 1) < 2¢10p,,, ||Z]1% (3.42)

where A\p .. 15 the largest eigenvalue of P.,,,. By Choosing  high enough and in particular

satisfying —2ft,4,0 + 2c1p,,, < —prinl, ie. 0> 261 “lrin - equality (3.41) leads to

V(z) < “’”*” +2./Apr+n\/ )(6m( (3.43)

r+n

or equivalently

% V(2) < =BV V(2) + 1/ Ap ., (070(t) + (1))

where 3,4, is given as in (3.35).

Using the comparison lemma, one gets

\/ AP
VVEQR) < e Prenft=) V(L)) + S0, + O

ﬁr—i-n 9 )
Using inequality (3.24), the last inequality becomes

5\P7,+n SU + 55

V(1) < e @0/ V(E(t) +

6r+n 0
Coming back to ||Z(t)||, one gets
_ _ eV 1 0, +6.
IZOI < X (6 Prandt=10)| 1 2(t) || + 2—( )>, (3.44)
67"—4—11 6
where xp, . is the conditioning number of P, .
According to the definition of z, one has
Z o= mi=0""ni=1,...,
: 7 .77 ' ' (3.45)
2i+rr == H_fi = 9”":2'@-,2' = 1, e, n.
Hence, for § > 1, one has |z(ty)|| < 6" 1||2(to)||, and
W(t) < elfn > =~ _ eifn > < eifn = ) 3.46
) <Oz@I 120 = 07"z, O] < 02N, i = 2,0 (3.46)
C(]l(t)
Combining (3.44) with (3.46) and accounting for the fact that ||z(to)|| = ||Z(to)]| (since

n(ty) = 0) lead to (3.34). This ends the proof of Theorem 3.3.1.

Note that the upper bound of the observation estimation error provided by the second
inequality of (3.34) is very similar to that given by (3.22). In particular, the improvement
of the sensitivity to high gain frequency signals of the filtered version cannot be appre-
ciated by this bound. In order to point out this improvement, one shall proceed as in
([65, 38]).
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3.3.2 Improvement of the sensitivity to high frequency signals

Assume that the measurement noise v(t) is modelled as in (3.27), then by proceeding as
in ([38]), one can derive an upper bound for the observation error which puts forward
the high frequency filtering capabilities of the observer. Indeed, one states the following
theorem the proof of which borrows from that of Theorem 2 in ([38]).

Theorem 3.3.2 Consider system (3.19) with observer (3.33) and suppose that Assump-
tion A1, A2 and A4 hold, £(t) = 0 for all t > ty and v(t) generated by (3.27) with the
frequencies w; being pairwise incommensurable. Then, there exists €*(0) > 0 such that for

any € €]0, €*], one has

lim sup|#(t)] < p(e ) k0,0 =1,...,n, (3.47)

t——+00

where p 1s a constant independent of 6 and €.

Proof of Theorem 3.3.2. The proof borrows from that of Theorem 2 in [38] where
only the linear case ¢(u,x) = Phiz where ® is a lower triangular matrix with |®|| < L
is considered. As pointed out in [38], it has been shown in [65] that the obtained bounds

can be extended to the nonlinear context.

Set z = ( 72 > where 7 and & = &, are the state of the error equation system (3.33). For
z
e(t) =0, system (3.36) can be written under the following compact form

2= Az+TRw, (3.48)

where

(A, — K,C,) 6B,C, —0B,
A= , = . (3.49)
—OAYO)K,C, A, + D

The matrix A can be factorized as follows

_ Ir rXn
A = OYT(O)AT(H) with YT(0) = 0 and (3.50)
Onser ALH(0)
_ A, — K,C, B.C,
A — (3.51)
—K,.C, A, + 5A,(0)PA(0)

Notice that, the matrice A can be expressed as follows

n

A = Apyr + diag(0ryr, ©(0)) with ©(6) = %An(e)m—l(e). (3.52)

where A, is the Hurwitz matrix given by (3.39).

Bearing in mind that the constant matrix ® is triangular, it is easy to check that each
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non zero entry of the matrix 60(6) is a polynomial in % and hence for # high enough the
matrix A is Hurwitz. Combining this fact with the decomposition (3.49), one concludes
that the matrix A is Hurwitz and hence the steady state of the linear system (3.48) is

given by z,s = Ilcw where 1, is the unique solution of the following Sylvester equation

1S = e (AHG + FR) . (3.53)
and it can be expressed as follows (see [38] for more details)
“+oo
I = [[ A 'TRS ™. (3.54)
k=1

Now, one can check the following equalities

Ak_lBT
Ak_IF:—0k< " ),kzl,...,r,

On
K“ (3.55)
AT =gt ' :
AHOK,
Fori=7r+1,...,r +n, let ¢; be the i’th column of identity matrix of order » +n. One
clearly has 7; = el z. Now, since 1tlim sup(z — llew(t)) = 0, one has
—00
lim sup |%;(t)| = lim sup |e! Hw(t)|, i =1,...,n. (3.56)
t—o0 t—o0
Using (3.54), one gets
r+1 e’}
eI = lef (H FANTITRS ™ 4 T ekAleRSk>
k=1 k=r+2
= |ef (e’““A’TRS(’““) + 1] ekAklf‘RSk>
k=r+2
€0 k| RSV 4+ T el AM'TRSTH. (3.57)

k=r+2
The same arguments provided in [38] are used to conclude. More precisely, for e small
enough, i.e. € €]0,€*(1)], the dominant terms in (3.57) are the ones with smallest power
of €. Since R, S and A are bounded and do not depend on ¢, there exists p > 0 satisfying
(3.47). This ends the proof of Theorem 3.3.2.

3.4 Redesign of the FHGO for sampled/delayed out-

put measurements

The above design deals with the case where the outputs measurements are available

under a continuous form. One proposes in what follows to redesign observer (3.33) in
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order to derive an appropriate version that accounts for general scenarios under which
the outputs may be available: delayed continuous outputs, sampled outputs and sampled
delayed outputs. Notice that he design of state observers for nonlinear systems with
sampled and delayed outputs has received a growing interest over the last two decades
([70, 71, 72, 73, 74, 75, 25, 76, 77, 78, 79, 80]). In many works, the proposed observers
in the case of sampled/delayed outputs are issued from a redesign of observers working
with continuous outputs and the convergence of the observation error associated to the
so derived observers is guaranteed provided that the maximum value of the partition
sampling diameters (or the upper bound of the output delays) is lower than a constant
which generally depends on some observer design parameters(s). Notice that in most
cases, the case of sampling outputs is treated as a particular case of delayed output with
a time-varying delay. When the output delay is long, the proposed observers generally
assume a cascade structure constituted by a chain of subsystems. One of these subsystems
(the head or the tail of the cascade) is an observer which provides a delayed estimate of
the system state where the underlying delay is smaller than the original one. Then, the
so obtained delayed state estimates are exploited to predict the state of the systems over
small intervals in such a way that the state of the last subsystem (the tail or the head of the
cascade) provides an estimate of the system actual state ([25, 76, 77, 78]). In spite of the
existing results, there in not a general approach that allows to redesign in a systematic
manner an available observer working with outputs that are available continuously in
order to generate an appropriate version working with sampled or/and delayed outputs
while inheriting the main properties of the original observer. In the sequel, one shall
generalize the FHGO design proposed previously by accounting for many scenarios under
which the output measurements may be available and one shall show how the properties
of the observer with continuous outputs are inherited by the redesigned version where the

measurements are available under other forms.

3.4.1 Class of systems with different scenarios for the output

measurements availability

The class of systems (3.19) is generalized to the following one

{ (t) = Apa(t) + ©*(u(t), x(t)) + Bre(t) (3.58)

ya(t) = Cp(t = d(t)) +v(t) = z1(t = d(t)) + v(t)

where the function d : IRT — [0,dy], where dy; > 0 is a non negative constant, is a
piecewise continuous function and it denotes the output delay. The other variables keep
the same meaning as in (3.19). The function ¢ : [0, 400] — IR denotes the system uncer-

tainties and may depends on the input and uncertain parameters. It shall be treated as
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an unknown function which explicitly depends on time t for ¢ > 0; finally, ¢(u,z) € IR"
denotes a nonlinear vector field and each of its n components has a triangular structure
with respect to z, i.e. ;(u,z) = @;(u,z;) i =1,...,n where z; € IR" is the sub-vector of
x defined z; = [z ... x;].

The observer design will be performed under the the same four assumptions as for ob-

server (3.33) with the following additional one:

A5. The known output delay d(t) is piecewise continuous and bounded, i.e.
Ida >0 Yt >0, |d(t)] < dy. (3.59)

Notice that the fact that the output delay may be time-varying which varies from zero
to dy; allows to recover the following two practical situations related to the availability
of the output measurements. The first one corresponds to the case where the output
measurements are available continuously in time either with no delay or with a de-
lay which may be constant or time-varying. The second situation situation deals with
the case where the output measurements are available at sampling instants ¢, either
with no delay or with a delay, d;, which may be constant or time-varying. More pre-
cisely, each measurement is available at the time instant ¢, and it corresponds to the
measurement of the output at the time instant ¢, — di(f;). In such a case, one has
ya(t) = y(ty — di(tr)) = y(t — (t — tx + di(tx))) where y,4(t) and y(t) correspond to the
delayed and actual output measurement, respectively. In this situation, the output time-

varying delay can be expressed as d(t) =t — ty, + dy (t).

Before proposing an observer for system (3.7), let us state recall the following technical

lemma [81].

Lemma 3.4.1 Consider a differentiable function v : t € [ty — J, +oo[— v(t) € IR' with
to, 0 > 0, satisfying the following inequality
¢

v(t)<—av(t) + 5 v(s)ds + p(t), Yt > to, (3.60)
t—48
where o > 0, B > 0 and p(t) : IR" — IR" is an essentially bounded function with
o
|ploc = Ess sup p(t) < 90,. If po < 1, then, VYt > to, the function v satisfies
t>to Q
1)
< 1 — —n(8)(t—to) 9% 61
o(t) < ( +o(a 17(5)))@ i o(v) + s (3.61)
with
—ad 66 —ad
0<nd)=(a—pde ¥ =a(l— ;)e < a. (3.62)
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Before dealing with the design of a filtered high gain observer, one recall that the design
of the SHGO (3.20) has been extended in ([66, 81]) to derive a redesigned version that
accounts for all possible forms under which the output measurements may be available.

The equations of the redesigned version can be written as follows

{ #() = AB(t) +o(u,d) — 0AOK (9(t) - glt = d(®) + O3t = dlt) ~0al®) g 0o
g(t) = —0ki (g(t) — g(t — d(t)) + Ca(t — d(t)) — ya(t))
where £ € IR" is the state estimate, K = ( kv ... ky >T € R" with k; € R,i =

1,...,n is chosen such that A — KC' is Hurwitz, d;; is the upper bound of d(t) provided
by Assumption A5, and A, is as defined in (3.4) with k = n.

The above observer delay differential equations (3.63) are initialized as follows
(to) € X and g(s) =(s), Vs € [to — dw, to],

where X in the subset defined in Assumption A1 and v(s) is any arbitrarily continuous

function on [ty — dar, to).

3.4.2 Equations of the redesigned FHGO

The equations of the proposed redesigned observers can be written as follows
t
n =0 ( (A, — K,.C.)n+ B, ( Cra(t —d(t)) — ya(t) — 9kr+1/ nl(s)ds)>
) t—d(t) (3.64)
T = At + ¢ (u,z) — A 0)K,,Con, n(te) = 0 and Z(to) € R™,

where all the variables have the same meaning as in observer (3.33). Recall that the
coefficient k,, is the first component of the gain K.

It should be emphasized that the equations of the redesigned observer (3.64) are very
similar to those of the original FHGO (3.33) with the sole difference that the term
(Chz(t) — y(t))t involved in the equations of (3.33) is substituted by (C,z(t — d(t)) —

ya(t) — Ok,4q / ni(s)ds in the equations of (3.64). Moreover, the integral term involv-
t—d(t)

ing the integral in the equations of (3.64), i.e. —0k, 41 ftt_d(t) ni(s)ds can be computed

using the following appropriate form

. / ni(s)ds = a(t) — aft - d(t) (3.65)

—d(t)

where the function « is governed by the following delay differential equation
a(t) = =0k, .imi(t) with a(s) = (s), Vs € [to — dur, to), (3.66)

where dj; is the upper bound of the output delay given by Assumption A5 and 1 is

any arbitrary continuous function on [—dys 0]. Notice that, since a(t) intervenes in the
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filter equations and in order to reduce the transient period of the filter, one can choose
@ZJ(S) =0,Vs € [t[) —dyy, to].

Hence, using (3.66) to compute the integral term, the equations of the proposed redesigned

observer (3.64) specialize as follows

i) = 0((Ar— K.Co)n(t) + By (Cud(t — d(t)) — ya(t) + alt) — a(t — d(t)))) ,
B(t) = Apd(t) + ¢ (u, ) — 0A (0) KnCrn(t), (3.67)
d(t) = —0/%.;.1771 (t) .

with the initial conditions &(tp) € X and n(s) = a(s) =0, Vs € [ty — du, to].

The main properties of observer (3.67) are stated in the following theorem.

Theorem 3.4.1 Consider system (3.58) subject to Assumption A1 to A5 together with
observer (3.33) and assume that the essential bound 9§, satisfies (3.24) and that the upper
bound dy; of the delay satisfies the following condition

Br—&—n

dy < ————.

(3.68)

where By, is given by (3.35), xp,,, is the conditioning number of the matriz P, given
by (5.40) and Ly, is the Lipschitz constant given by (3.16). Then, the components of the

observation error vector satisfy the following property,

309 > 0; VO > 6y;Vu € U;Vi‘(to) € ]R”;Vt > to,

ﬁ(t) ( _ _ - Sv + 55
< e e (dar)(E=t0) || (40 || +- ’
@@>|‘ XPron ()l + 5 s )
‘ Sy +6
it < gi—Le—mo(dar)(t=t0) || (o) || 4 v ¢ ,)7 i=2,...,n.
a0l < e fateol + 5t
where
ne(dar) = (g — Bodar)e™ ™ with ag = Brynb, Bo = xXp ., 0(Ly +0). (3.70)

Proof of Theorem 3.4.1. Set & = & —z, T = 0" 'A%, 1 = 0" 'n and a = 6" ta.

Using (3.67), one gets

i) = 0((4, — K,.Ci(t) + B, (Coz(t — d(t)) + a(t) — at — d(t)))) — 0" B,v(t)
Bt) = 04,7+ 0" AF (u, &, 1) — 0K,C,i(t) — Be(t), (3.71)
at) = —0k.am(t)

where 3*(u, #,7) = ¢*(u, &) — ¢°(u, 7).

65



Adding and subtracting the term 0B,.C,Z(t) to the left side of the ODE governing 7, one
gets

fi=0 ( (A, — K,C,)i(t) + BrCnaE(t)> 4 0B,E(t) — 0" B(t) (3.72)
where

&) = Co(@t—d®) - 2(1) +alt) - alt - d(t))
= T1(t) — 1 (t —d(t)) +a(t) — a(t —d(t)). (3.73)

Notice that the variable £(¢) can be expressed as follows

{0 = [ ) =)

t
- / (31(5) + Oky1071 (5)) ds. (3.74)
t—d(t)
According to (3.71), one has
Z1(t) = 02o(t) + 0" @(u, 21, ) — Ok 1071 (2). (3.75)

Combining (3.74) and (3.75), one gets
t
() = / (02a(s) + 0" B(u, &1, )) ds (3.76)
t—d(t)
Using the Lipschitz assumption on the ¢, one gets
t
i< [+ L)l (37
t—d(t

where L, is the Lipschitz constant constant by (3.16).

Now, set z = ( 7~7 ) and z = ( 7_7 ) Proceeding as in the proof of Theorem (3.3.1), the
z z

equation of the error system can be written under the following compact form (compare
with (3.38))

F o= 04,7+ P(u, i, x) — By (0™0(t) + 0£(t)) — Bryme(t), (3.78)
where & is as defined in (3.73) and the other variables keep the same meaning as in (3.38).
Let V(z) = z'P,.,Zz be the Lyapunov candidate function for the error system (3.78)

where P,, is the SPD matrix given as in (3.40). Again, proceeding as in the proof of
Theorem (3.3.1), one can show that (compare with (3.43))

V) < —/;L"@V(Z)+2\/5\pr+n\/V(Z)(9]§(t)]+0”v(t)+g(t)). (3.79)

Pr+n
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using the bound of |£]| provided by (3.77), inequality (3.79) leads to

V(z) < ’;’"*”HV )+ 2xp, 0V V (2)(Ly + 0) /t_d(t)\/V(E(s))ds

Pr+n

2 A V)0 0(E) + £ (1)
’;”"ev )+ 2, 0V E) (L, + 0) /t_d JVEE)ds

+24/Ap V/V(Z)(0™0(t) + (1)) (3.80)

is the conditioning number of P,,, and d); is the upper bound of the delay.

IA

where xp,,

“+n

Inequality (3.80) can be rewritten as follows
d t
GVVE) £ et VG xm 8(Le 4 0) [ VTGS
t—dpg
+1/ Ap,,, (070 (t) + (). (3.81)

Set

5r+n‘9 ﬁg Xpwrn (Lap + 9) and Po = A/ 5\pr+n (9”1](75) + €<t)) (382)

According to Assumptions A3, A4 and inequality (3.24), the function py(t) is essentially
bound and the underlying essential bound is equal to y/Ap, ., (d, + &) where 68, and §.
are the essential bounds provided by Assumptions A3, A4 and inequality (3.24). Now

assume that

7]

Since py(t) is essentially bounded, then conditions of lemma 3.4.1 and one gets

AP, (Oy + 02
VED) < (1+ (g = mo(da))dar ) @000 max /V(E(s)) + VAR (B 4 ) .

s€lto—dns,to] n(dar)

where 1g(dar) = (o9 — Badpr)e™ 0%

Coming back to z, one gets

7 - — _ 8y + 6 )
D) < 1+ d dys ng(dar)(t—to) m ( v e 5.
I < xpen ( ( (a0 = mp(dar)) )6 SG[to—%}]\{/fytO] 1)1+ n(dar) ’

Coming back to n and & by using (3.46), one gets (3.69). This ends the proof of Theorem
3.4.1.
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3.5 Extension of the design to the class of non uni-

formly observable systems

Contrarily to the class of Uniformly Observable Systems, there are a few results dealing
with the redesign of the SHGO for the class of Non Uniformly Observable Systems (NUOS)
to improve its sensitivity to high frequency signals. In [44], the authors proposed a FHGO
for a class of NUOS. The proposed design is inspired from that given in [82] which has
been proposed for a class of UOS. As in [82], the FHGO in [44] has been first proposed
in the case where the output measurements are available in a contunous manner. Then,
a redesigned version was proposed for the case where these measurements are available
only at sampling instants. The gain of the FHGO is similar as that of the SHGO and it
is issued from the resolution of a Lyapunov (or Riccati) ODE.

One proposes in the sequel to extend the design proposed for UOS to a class of NUOS.
The proposed extension shall be achieved by considering the general framework related
to the availability of the measurements outputs. Before detailing this design, one shall
introduce the considered class of systems and adopt the required assumptions generally

needed when adopting a high gain approach for the observer design.

3.5.1 Class of NUOS

Consider the class of NUOS which are diffeomorophic to the following form

{ i(t) = Fa(u()z(t) + ¢ (u(t), 2(t)) + Bue(?) (380
a(t) = Co(t = d(1)) +v(t) = a1 (t = d(1)) + (1)
where

[0 fi(w) O ... 0 |

0 0 :

Fo(ut) = | : 0 , (3.85)
0 oo 00 fro1(w)
(0 ... ... 0 0 |

and all other variables involved in (3.84) have the same meaning as in system (3.58). It is
worth noticing that system (3.84) is very similar to system (3.58) and the only difference
lies in the fact the constant ant-shift matrix A, in system (3.58) is substituted by the
time-varying anti-shift matrix F,(u) in system (3.84). Hence, the observer design which
shall be proposed later shall be achieved by considering the same assumptions as in the
case of UOS, i.e. Assumptions Al to A5. Moreover, to design a SHGO for system (3.84),
one needs to guarantee its observability over arbitrarily short time horizons. This observ-

ability property shall be achieved through the formulation of specific excitation conditions
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allowing thereby to qualify the input behavior for small time horizons. This leads to the

following additional assumption [23, 83, 59] which will also be adopted.

A6 The input w is such that for any trajectory z(t) of system (3.84) starting from z(ty) €
X, dT* > 0, 46y > 0, d6* > 0, VO > 0y and Vt > t} 2 T*/0, the following persistent

excitation condition is satisfied

t *
/ (®u(s,1))T CTCB,(s,t)ds > iai(e), (3.86)
t—T* /9 0

where A, is as in (3.4) with £ = n and ®(t, s) denotes the state transition matrix of the

state affine system

E(t) = Fu(u(t))E(t). (3.87)

Recall that the matrix ®,(¢,s) is defined as

d

£<<I>u(t,s)> = Fy(u(t)®u(t,s) V¥t >s>1t) with ®u(s,s) = I (3.88)

To avoid the redundance of variables and without loss of generality, one shall assume

that the time instant ¢ involved in Assumption A5 is equal to .

The design of a SHGO for system (3.84) has been proposed in [23] in the disturbance
and noisy free case. A similar observer has been proposed [58, 59] in the presence of the

disturbance ¢ and under assumptions A1l to A3 and A6.

Before giving the equations of the proposed observer, one proposes to introduce some

variables and recall some results related to the design of SHGO for NUOS.

3.5.2 Preliminaries

In the case where the outputs are available under a continuous form, the equations of a
SHGO for system (3.84) can be written as follows ([23, 83, 59])

A1) = Fy(w)a(t) + o(u, &) — 05 (4)CT (Cod(t) — (1)), &0 € X (3.89)

where A, (6) is a diagonal matrix defined as in (3.4) with k = n and § > 1 and S, is a

symmetric matrix solution of the following Lyapunov ordinary differential equation
$u(t) = —0 ( Su(0) + FL(1)S.(0) + 5. (0F,(1) — C1C) (3.90)

Notice that the equations of observer (3.89) are very similar to those of observer (3.20)

with the difference that the constant gain G, involved in (3.20), which is chosen such
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that An — KC' is Hurwitz, is substituted by S, *C7 in (3.89). One shall show that under
Assumption A6, the matrix S,, governed by (3.90) is SPD. To this end, one first notices
that the transition matrix, that shall be denoted ®,, of the following state affine system

£(t) = OF,(w)E(L),

is given by
D, (t,5) = Dg®u(t, 5)A Y, (3.91)

where ®,, is defined by (3.88). This allows to express the matrix S as follows
t
Su(t) = eI (tg,1)Sn(to)Bulto, 1) + 0 / e EDET (5 ) OT (5, £)ds
to
= e "AJTOL (g, 1) AgSu(to) Ne@u(to, t) A

t
+0 / e INTIDT (5, 4) AgCTCL Ay D, (5, 1) Ay ds. (3.92)

to
Since A, ®T (¢, 1) AgSn(to) Ag®u(to, t)A, " is a SPD matrix and that the integral term in
(3.93) is a symmetric non negative matrix, it follows that S,(¢) is a SPD matrix. From
(3.92), one gets where ®,, is defined by (3.88). This allows to express the matrix S, as
follows

t
S.(t) > 6 / e MINATIDT (5, 1) AgCTC Ny Dy (5, 1) Ay ds. (3.93)

to

Using the facts that CAy = C and S, (ty) is SPD, one gets for t > ¢, 2 /6

t
S,(t) > 6 / e INSDT (5, 1) CTCL D, (5, 1) Ay s (3.94)

to

t
> 0 / e MINTDT (5, 4)CTCL D, (5, 1) Ay ds
T*

6

t
> g / = AjrOT (s, )CIC, @, (5, 1) A, ds (3.95)
=g

> e 151, (3.96)

where T* and §y are given in assumption A6.

Set
A, B,C,

=10, Fw

c=lc o (3.97)

and consider the following augmented system

<<) = }"(u(t))(c>+< SO >+Br+n€(z€)
v v PHu, ) (3.98)

ut) = ¢ ¢ )=a¢



Moreover, let S = ST be the (n+7) x (n+r) symmetric matrix governed by the consider

the following Lyapunov ODE
- (8 +SF+FTS - cTc) . (3.99)
Let W, (t, s) be the transition matrix of the following state affine system

E(t) = Flult)E(t): (3.100)

where £ € IR™".

The design of the FHGO requires the following Assumption
AT The input w is such that for any trajectory x(t) of system (3.98) starting from x(ty) € X
and ((tp) = 0, IT* > 0, 30y > 0, I0* > 0, VO > Oy and Vt > £} 2 T*/0, the following persistent
excitation condition is satisfied

/ t (s, ) CTCw, (s, t)ds > iAiﬂ(@), (3.101)

t—T* /0 4

where A4y, is as in (3.4) with £ = n + r and U(¢,s) is the transition matrix of the affine
system (3.100).
Notice that under Assumption A7, one can show that the symmetric matrix S governed
by (3.99) is SPD. Moreover, it is not clear that inequality (3.101) of Assumption A7 can
be derived from Assumption A6. This remains an open question. However, in the case
where where the f;’s are constant i.e. for UOS, the response is positive, i.e. inequality
(3.86) of Assumption A6 does imply inequality (3.101) of Assumption A7.

k1 (%)
Since S(t) is SPD under Assumption A7, let K,.(t) = : € IR" and K, (t) =
ki (t)
kr+1 (t)
€ IR" be the subvector of S7}(#)CT defined as follows
kr+n(t)
K, (t
St = (®) : (3.102)
K, (t)

3.5.3 Equations of the FHGO for NUOS

The equations of the proposed FHGO can be written as follows

n(t) = 0((Ar = K ()Cn(t) + By (Cpi(t — d(t) — ya(t) + a(t) — aft — d(t)))) , n(to) =0,

p(t) = Fa(ul)i(t) + ¢*(u,2) — 00,1 () Ka(t)Cr(t), 2(to) € R,
a(t) = —Okepa()m(t), als) = P(s), Vs € [to — du,to].
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where K, (t) and K, (t) are the subvectors of S71(¢)CT defined as in (3.102).

Note that the equations of observer (3.103) are very similar to those of observer (3.67),
the sole difference lies in the gains K,.(t) and K,(t) which are no longer constant as in
(3.67) but issued from the resolution of the ODE Lyapunov equation (3.99).

As one could expect, the main properties of observer (3.103) are similar to those of ob-

server (3.67). They are stated in the following theorem.

Theorem 3.5.1 Consider system (3.58) subject to Assumption A1 - A5 and AT together
with observer (3.103) and assume that the essential bound 6, satisfies (3.24) and that the
upper bound dy; of the delay satisfies the following condition

1

dy < —M . 3.104
VS (L, 1 ) (3.104)

where xs is the conditioning number of the matriz S given by (3.99) and Ly, is the Lispshitz
constant given by (3.16). Then, the components of the observation error vector satisfy the

following property,

36y > 0; VO > 6p; Yu € U;Vi(ty) € IR";Vt > to,

n(t) < s <€n0(dM)(ttO)||i-(t0)H + by + 0 >7
1(1) o~ no(dar) (3.105)
| 5o+ 0
; < s (6t a0 ) o
aOl = (o Jal + o) i 2
where
no(dar) = 0 ( 1— vs(Ly + e)dM) o0 (3.106)

Proof of Theorem 3.5.1. This proof is similar to that of Theorem 3.4.1. Indeed, set
T=%—x,7=0"1A,7 7=0"'nand @ = 0" 'a. Using (3.103), one gets

w>=eum—mmamw+&umw—<»éﬂ)@@dwm—m&w>
Bt) = OF,(w(t)T + 0" A (u, &, 1) — 0K, (H)C,i(t) —

a(t) = —0k1(t)(t)

where @S(u7i’71‘) = (ps<u7§3) - @s(u’x).

Adding and subtracting the term 0B,.C,Z(t) to the left side of the ODE governing 7, one
gets

=0 ( (A, — K, (£)C)ii(t) + BrCn:Z(t)> Y OB,E(t) — 0" B(t) (3.108)
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where

&) = Co(at—d) - 2() +alt) - alt - d(t))
= Zu(t) — Tt — d(r) + a(t) — alt - d(1)). (3.109)

Notice that and as in the proof of Theorem 3.4.1, the variable () can be expressed as
follows (compare with (3.74))

€(t) = /:d(t) (1(3) + Oky1 071, (5)) ds. (3.110)

Again, proceeding as in the proof of Theorem 3.4.1, on can show that (compare with

(3.77))

E@)] < /t_d(t)(H + Lo)||7(s)lds, (3.111)

where L, is the Lipschitz constant constant by (3.16).

Now, set z = ( ?Z ) and zZ = ( g ) Proceeding as in the proof of Theorem (3.3.1), the
T T

equation of the error system can be written under the following compact form (compare
with (3.78))

P o= 0F(u)z + B(u, 2, 2) — Byon (070(t) + OE()) — Byane(t), (3.112)

where ¢ is as defined in (3.109) and the other variables keep the same meaning as in (3.78).

Let V(2z) = 278z be the Lyapunov candidate function for the error system (3.112) where
S is the SPD matrix given as by (3.99). Using (3.99) and proceeding as in the proof of
Theorem (3.4.1), one can show that (compare with (3.79))

V(2) < —0V(2) + 2V As V) (0|E()] + 0™0(t) + (1)), (3.113)

using the bound of |£|| provided by (3.111), inequality (3.113) leads to

V(z) < —8V(2) +2xs0y/V(Z) (Lo + 6) /t_d(t)\/V(Z(s))ds
20 AV V (2)(0™0(t) + =(¢))

t

< —0V(2) +2xs0v/V(2)(L, +0) - V'V (Z(s))ds
122V V (2)(0™0(t) + (1)) (3.114)
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where s is the conditioning number of § and d,; is the upper bound of the delay.

Inequality (3.114) can be rewritten as follows

VTG < 0T sl +0) [ VT
v As(0m0(t) + £(2)). (3.115)
Set
a0 =6, By = xsB(Ly +6) and pyp = A, (0"0(t) + (1), (3.116)

According to Assumptions A3, A4 and inequality (3.24), the function py(t) is essentially
bound and the underlying essential bound is equal to y/Ap, ., (8, + &) where 68, and §.
are the essential bounds provided by Assumptions A3, A4 and inequality (3.24). Now

assume that

Qo
Since py(t) is essentially bounded, then conditions of lemma 3.4.1 and one gets
SN < (1 — moldu))d —ng(dar)(t—to) >
VED) < (14 (00— mldan))d ) s VGEE) +

where ng(dM) = (Oé@ — ﬁng)e_aedM =40 ( 1-— XS(Lap + Q)dM)

Coming back to z, one gets

> —ng(d — Oy + d2)
z(t)| < 1+ (o d d no(dar)(t—to) G c)s.
1Z(®)]] XS< ( (g —mo(dnr)) M)G \ [tomax ,t0]||2(5)||+ o (dnn) 5. |,

Coming back to n and Z by using (3.46), one gets (3.105). This ends the proof of Theorem
3.5.1.

3.5.4 Implementation of the FHGO for NUOS

Contrarily to the FHGO proposed for UOS the gain of which is constant, the gain FHGO
(3.103) proposed for the class of NUOS is time-varying and it requires the resolution of

the ODE (3.99) governing the matrix §. The number of scalar ODE involved in (3.99)

(n+r)(n+r)
2

fact that this matrix has as a bloc entry the constant matrix A,, one shall show that the

number of the scalar ODFE can be reduced. This issue shall be detailed hereafter. Indeed,

is equal to . Due to the particular structure of F(u) and in particular to the

consider the following partition of the matrix S(¥)

S S
S=| "L 7 (3.118)
ST S,
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where §1, S and S3 are of dimensions r» X r, r X n and n x n, respectively.

The ODE (3.99) can be written in the following expanded form

Sy Sy | g1 S0 2| | S S| A BG

ST S5 ST Ss ST 83 Onr  Fn
AT 0.p Sy Sy Cre. 0Opp
CngT Fg Sg S3 On,r On,n

S1A4, S1B,C, + SoF,

STA, SIB,Cp+ SsF,
T

_ (s s
ST S

S1A,  $1B.Cp + S5F,
STA, STB,C, + S3F,

cre, 0.,
On,r On,n

|

S|+ S1A, + AZSI — CgCT Sy + So F, + AZSQ + 51B,C,
(S2+ SaFy + ATSy + $1B,C) 83+ 83F, + FLSs + STB,C,, + CTBLS,

Hence, one gets

Si = —0(Si+ 814, +ALS)) +CrC,
Sy = —0(Sy+ SoF, + AL'S, + S, B,C,) (3.119)
Sy = —0(Ss+S3F, + FI'Sy+ STB,C, + CIBLS,)

The matrix S can be decomposed as follows

T
I, -7 Si O I, —T
S = o , (3.120)
On,r [n On,r X On,r [n
where
T=-5"5 and X =53+ S7 7. (3.121)

Let us derive the ODE governing the matrix X. To this end, let us first derive the one

governing Y. Indeed, set G = S;*. one has

G=0 (G +AG+GAT — GCTTCTG> . (3.122)
Hence, one gets

T = —GS,—GS, (3.123)
— 4(@+A0+a£—mfa®&+GQ$+&a+£&+&&@»
— —Q&G—mfa®&+0&a+3mg
) ( (A, — STICTC)T — T, + BTCn> . (3.124)
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According to (3.121), one has
X = Sy+ 8T+ SIr
- (53 4 S4F, + FTSy + STB,C, + 053352)
9 <52T+F352T+S§AT+CZB7?51> T
ST ( <AT - S‘lCTTOT> Y- YF, + BTCR>
— 9 ( - (53+53FH+F353> - (52T+F;{52T> T+ S7 (—S‘lCTTC’TT—TFn)>

- 9( (S 4+ STT) — (S + SIT)E, — FT(Sy + SIT) +TT0;'FCTT>

- (X +XF, + FTX — TTCTTCTT> (3.125)
Considering the decomposition of S under the form (3.120), its inverse can be expressed
as follows

L 1) ][ ST 0., I 0.,
871<t) — () 1 () ) )
U Onr  P(2) Yty I,
[ STt + T P()YT(t) TPt
_ | ST OFYOPOTIO PO | G b 2 x131), (3126)
I PH)YT P(t)
and hence
ST + T PE)YT(t)) CF
P)YTCT
Combining (3.102) and the above equation (3.127), one gets
K.(t)= (ST )+ Y@ PE)YT (1)) CF and K,(t) = P)Y"C/. (3.128)

Notice that the first component of K, (t) denoted K, can be expressed as follows
kya () = CoP(O)TTCT with €, = [ 10 ...0]. (3.129)

Notice that the ODE governing S;(t) admits a stationary solution S} », which satisfies the

following algebraic equation
Sieo + ALS) oo + 8100 Ar = CLC,. (3.130)

It is well known (see e.g [8, 84]) that S}« is SPD and one has

Cl
C2

SaCr=1 "1 (3.131)
CT



According to the Lyapunov ODE (3.125) governing X, one can show that the matrix
P = X1 is governed by the following Riccati ODE

P(t) =6 <P(t) + F,(u(t))P(t) + P(t)FI (u(t)) — P(t)TT(t)CfCTT(t)P(t)> . (3.132)

According to the above developments, the FHGO for NUOS (3.103)-(3.99) can be imple-

mented under the following more appropriate form, from the numerical point of view,

i) = 0(Am(t) + Br (Cui(t — d(t)) — ya(t) + a(t) — a(t — d(t))))
— (Stacl +T(POTT(®)CT) o,
p(t) = Fa(u()2(t) +¢*(u, &) — 02 (O)Ka(t)Crn(2), (3.133)
a(t) = —0C,P)YTCICm(t), a(s) = ¥(s),
T = 0((A -S'CI'C)Y - YF, +B,.C,),
P(t) = 0(P(t)+Fu(u(t)P(t) + P(OE] (u(t) — POTT()CTCT(1)P(L)) |

with the following initial conditions

Zl?(to) < X, P(to) = P(tO)T > 0, T(to) =0, 7’](8) = OK(S) =0, Vs € [to — dM,to].

3.5.5 Further extensions

As it has been mentioned previously, the structure of the class of NUOS (3.84) is very
similar to that of the class of UOS given by (3.7). Indeed, to obtain the class of NUOS
system (3.84) from the class of UOS (3.7), it suffices to substitute in (3.7) the constant
ant-shift matrix A, (the non zero entries of which are all equal to 1) by the time-varying
anti-shift matrix F),(u(t)) the non zero entries of which are constituted by the f;(u(t)),
i =1,...,n. However and in order to ensure the observability of the resulting NUOS, the

persistent excitation condition (3.86) is required.

The design of the FHGO (3.103) can be extended forwardly to the class of NUOS where
the functions f;(u(t)) depends not only on the input u but also ion the state z but in a

triangular manner. Otherwise, said, each f;, i =1,...,n — 1 has the following structre

filu(t), z(t)) = filu(®),z1(t), ... z(t), i=1,...,n— 1. (3.134)

The equations of the underlying FHGO are similar to those of observer (3.103) but each
fi(u) is substituted by f;(u, &) where & is the state estimate.

3.6 Academic example

One shall highlight the performance and main properties of the FHGO (3.103) through

the same example considered in the previous chapter. For clarity purposes, the underlying
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equations are recalled

T1(t) = filt)z2(t) — 0.1z (1),
::UQ(t) = fo(t) — 0.1ao(t) + tanh(a:l(t)a:Q(t))b, (3.135)
t3(t) = —0.1x3(t) 4+ tanh(xq(¢)xo(t)) + Hsin(0.57t) + &(¢)

y(t) = ot —di(t) +o(t)

where fi, fo are expressed as fi(t) = sin(0.5t), fo = sin(2.7t). The expression of the un-
known disturbance used in simulation is £(¢) = 0.1sin(0.1¢) and the noise signal affecting

the output is chosen as the sum of two high frequency signals, namely
v(t) = 0.25sin(387t) + 0.5sin(987¢). (3.136)

A filtered high gain observer under the form of (3.103) has been designed and simulated
by considering two scenarios. In the first ones, the outputs measurements have been
assumed to be available continuously and are free from delay. In the second scenario,
these measurements are assumed to be available at equally spaced sampling instants with
a time-varying delay. In each case, the obtained estimates are compared with those ob-

tained from a SHGO. These results are detailed hereafter.

3.6.1 Simulation results with delay free continuous output mea-

surements

The output measurements issued from simulation are corrupted by the noise signal given

by (3.136). The corresponding time evolution is given in Figure 3.1.

Noisy output

0 5 10 15 20
TIME (h)

Figure 3.1: Noisy time-continuous output measurements

The estimates of the states x;,7 = 1,...,3 are given in Figure 3.2 where each of these

estimates is compared to its true time evolution issued from the simulation of system

78



(3.135). Recall that the expression of the disturbance £(t) is unknown by the observer.
The value of € was set to 10. The initial state values of the system are set x; = 1,...,3

and those of the observer to n =z = 0.

SIMULATED

-4 ESTIMATED

0 5 10 15 20
Time (h)

aF SIMULATED

0 5 10 15 20
TIME (h)

2r SIMULATED

0 5 10 15 20
TIME (h)

Figure 3.2: Estimates of z;,7 = 1,2, 3 provided by the FHGO
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The obtained results are quite smooth and accurate enough. In order to highlight the
improvement in term of sensitivity to noise of the observer, a SHGO of the form (3.20)
has been designed to derive the state estimate. The obtained results are given in fig 3.3
where as for the FHGO, each estimate is compared to its true value. It is clear that the
obtained estimates are relatively very noisy, in particular those related to zo and z3 and

this clearly confirms the significant improvement obtained with the FHGO.

3.6.2 Simulation results with sampled delayed output measure-

ments

Two sets of simulation results will be presented. In each case the output measurements
are assumed to be available at sampling equally spaced time instants with a sampling
period equal to T, with a time varying delay. Hence, by considering the sampling process
as a particular case of a time-varying delay, the overall delay d(¢) can be expressed as
d(t) = (t — kT.) + dy(t). The expression of the time-varying d; (t) is

di(t) = dprcos(kTe), k=0,1,... (3.137)

where d); > 0 is a positive constant.

In the first set of simulation results, the sampling period 7T, et the maximum value of
the output delay, d,;, have been set to relatively small values, namely 7, = 0.01 and
dy; = 0.01. The value of the tuning parameter 6 was set to 0.5. The estimates provided
by the FHGO are compared to their true time evolutions in Figure 3.4. The estimates
provided by the SHGO are reported in Figure 3.5.

The obtained estimates, for the FHGO as well as for the SHGO, clearly shows that for
small sampling periods and small amplitude for the output delay, the behaviours of the
observers and in particular its sensitivity to the noise measurements are similar to the
case where the output measurements are available continuously in time. In order to put
forward the fact, that these properties still be inherited by the observers even for more
high values of T, and dj; others simulations experiments were carried out with 7, = 0.2
and djp; = 0.1. The value of 8 was set to 2. The obtained estimates are given in Figure
3.6 for the FHGO and in Figure 3.7 for the SHGO. Again, the obtained results clearly
confirm the the significance of the improvement obtained with respect the sensitivity to

noise through the redesigned version given by the FHGO.
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Figure 3.3: Estimates of z;,7 = 1,2, 3 provided by the FHGO
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Figure 3.4: Estimates of x;,¢ = 1,2,3 provided by the FHGO with T, = 0.01,d;; =

0.01,0 =5
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Figure 3.5: Estimates of x;,7 = 1,2,3 provided by the SHGO with T. = 0.01,dj,
0.01,06 =5
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Figure 3.6: Estimates of x;,7 = 1, 2, 3 provided by the FHGO with T, = 0.2,d,; = 0.1,0 =
2
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Figure 3.7: Estimates of z;,7 = 1, 2, 3 provided by the SHGO with T, = 0.2,d,; =0.1,0 =
2
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3.7 Application to a bioreactor

This section is devoted to the use of the proposed FHGO in a realistic simulation frame-
work involving a typical bioreactor model. we consider a simple microbial culture involv-
ing a single biomass of concentration X denoted by 1 (t) growing on a single substrate of
concentration S, denoted xo(t). The bioprocess is continuously operating with a dilution
rate D(t) and a constant input substrate concentration s;, and the specific growth rate is
assumed to follow the Contois model. The mathematical dynamical model of this process

is hence constituted by the following two mass balance equations:

{ i (t) = prea(t)wa(t)/ (kewa(t) + x2(t)) — D(t)1(t)

(3.138)
io(t) = —przi(t)z2(t)/ (kex1(t) + 22(t) + D(t)(sin — 22(1))

where p* and k. are the Contois law parameters. The biomass concentration, x; is
assumed to be measured at sampling instants with a constant sampling period and the
objective is to estimate x1(t) and x5(¢) continuously in time. System (3.138) has been
already considered in [8] where the authors exhibited a compact set @ C IR™ x IR™
which is positively invariant under the dynamics of (3.138). Moreover, it was shown that
the transformation @ : (a:l,xg)T €N — z=(z1=1m1,20 = prrixs/(kewy + IL‘Q))T is
a diffeomorphism from €2 onto its image which puts system (3.138) under the classical
uniformly observable triangular form (3.7). Hence, a classical SHGO can be designed
to estimate the states x; and 5. Since the output measurements are available under
samples, one shall use the redesigned version (3.29) for comparison purposes. Indeed, one
shall highlight in the sequel the performance of the proposed FHGO (3.67) through the

bioreactor example by proceeding as follows

1. Two sets of simulations results shall be provided, each one corresponding to a value

of the sampling period, namely T, = 0.25h and T, = 0.5h.

2. In each set, simulation results provided by the continuous-discrete time SHGO (3.29)
are compared with their counterparts issued from the simulation of the FHGO
(3.67). Moreover, three versions of the FHGO (3.67) are considered and they cor-

respond tor =1, r =2 and r = 3.

3.7.1 Equations of the SHGO

Set

f(mb@):( e ()2a(t) ] (hea () + 22(8)) = D(E)an (1 ) (3150)

—praa()xa(t)/ (kexr(t) + 22(1) + D(t)(sin — 22(1))
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and let J be the jacobian of the transformation that puts system (3.138) under the

uniformly observable canonical form, i.e.

1 0
J(x1,22) = W wker? : (3.140)
(kcl’l + $2)2 (kcxl + 1“2)2

One also defines the following diagonal matrix A, as follows
Ay (0) = diag([1 0]). (3.141)
The equations of the SHGO (3.29) in the original coordinates specialize as follows

B(t) = f(&1,82) — 00 (&1, 82) A5 (00)T2
(21(t —d(t)) — z1(t — d(t)) + ao(t) — ao(t — d(t))) (3.142)
ao(t) = —boy (&1(t — d(t)) — z1(t — d(t)) + ao(t) — ao(t — d(t)))

4!

To 2

where 7 = ( n ) Ao (6p) is as in (3.141) with 6 = 6y, I'y = ( ) and the delay d(¢)

specializes as follows
d(t) =t — kT, (3.143)

where T, is the sampling period.

3.7.2 Equations of the FHGO

As stated above, three FHGO observers shall be simulated and they differ by the value of

r which is equal to 1 in the first observer, to 2 in the second one and to 3 in the last one.

FHGO with r =1

The underlying filter is or order r = 1 and the equations of the observer can be written

as follows
0(t) = 01 ( — Kpn+a1(t —d(t) —a1(t — d()) + ai(t) — a(t - d(t)))
.f}(t) = f(.l‘l, $2) —01J~ (xl, xQ)AQ_I(Ol)K(TI)T] (3.144)
dl (t) = —91K£T1)T]

K(Tl)
where 77 € IR is the state of the filter of order r = 1, K,, € IR and K" = ( p ) €

T1

IR? are the subvectors of K3 = K ) which is chosen such that the matrix A 2
T1

Az — K3Cj5 is Hurwitz where Az and C are as in (3.1) and (3.2), respectively with k£ = 3.
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FHGO with r =2

The underlying filter is or order r = 2 and the equations of the observer can be written

as follows

0(t) = 02{ (A2 — K;,Co)n+ By (&1(t — d(t)) — 21 (t — d(t)) + ca(t) — aa(t — d(t))) }
2(t) = f(@1,82) — 02 (@1, 32) Ay H(02) K2y (3.145)
ao(t) = —92K£r2)771

where n = ( n ) € IR? is the state of the filter of order r = 2, K,, € IR? and
Up:

K,
Kérz) K (r2)
that the matrix A, £ A, — K,C, is Hurwitz where A, and C, are as in (3.1) and (3.2),
respectively with & = 4, and finally As and Bs, Cy are as in (3.1) and (3.2), respectively

with k = 2.

K(T2)
K(2) = ( ! ) € TR? are the subvectors of K, = ( > which is chosen such

FHGO with r =3

The underlying filter is or order r = 3 and the equations of the observer can be written

as follows

n(t) = 03{ (A3 — K;;C3)n+ Bs (£1(t — d(t)) — z1(t — d(t)) + as(t) — as(t — d(t)))}

B(t) = f(@1,82) — 037 (81, 82) A5 (03) K ")y (3.146)
as(t) = —O3K{m
m
where n = o € IR? is the state of the filter of order r = 3, K,, € IR® and
3
(rs)
. Kl 2 KT'g . .
K3 = (rs) € IR” are the subvectors of Ky = which is chosen such
K27‘5 K(TS)

that the matrix As = A5 — K;Cs is Hurwitz where A; and Cs are as in (3.1) and (3.2),

respectively with & = 5, and finally A3 and Bs, C5 are as in (3.1) and (3.2), respectively
with £ = 3.

For each observer, SHGO and FHGO, its gain is computed such that the poles of the

observers are located at (—1). Hence, the following values of the gains have been used

1. For the SHGO (3.142),
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2. For the FHGO (3.144) with r = 1,

3

. 3
Ky=1| 3 ,1.e.KT1:3andK(”):<1>.
1

3. For the FHGO (3.145) with r = 2,

3. For the FHGO (3.146) with r = 3,

5
10 5

Ks=1| 10 |,ie K,=| 10 | and K = ( g ) .
5 10 !
1

3.7.3 Simulation results

The simulation of model (3.138) and all the observers has been carried out by considering
the following expression of the dilution rate D(t) = p*(1 — 3|sin(t)|) and the following

values of the kinetic parameters
w=1.064 h' k., =439 gg ', Sin=20g¢g.L"

The initial conditions for model states and the initial conditions for all the sub-state

observers Z are
21(0) =15 g.L7" 2(1) =15 g.L ", 21(0) =1.0 g.L ™, ,35(0) = 14 g.L™*.

The initial values of all the filter states involved in all observers as well as the initial values
of the variables «;(t),7 =0, ...3, are set to zero.

The output measurements used by the observers have been first generated by simulating
model (3.138). Then, they have been sampled and corrupted by an additive high frequency

signal v(t) which is generated as follows

: 13 _ t
v(t) =0.5 ( sm(27r().952Te) + sm(27r0.972Te)) . (3.147)
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Before giving the set of simulation results, one recall that since the output measurements
are available under the form of samples, the value of the observer design parameter 6
(denoted 6, for (3.142) and 6; for each FHGO with r = i) cannot be chosen arbitrarily
high as in the continuous output case but its value has to satisfy a condition similar to
that given by (3.68) where the upper bound dj involved in (3.68) corresponds in our case
to T..

Simulation results with 7T, = 0.25h

The corrupted outputs measurements used by the observers are given in Fig. 3.8. One
has reported in Fig. 3.9 the continuous estimation of the output provided by the SHGO
(3.142). Notice that the value of § was set to 1 and higher values give rise to very noisy

estimates.

22
a1l X @gL? "{ ,;4\:‘ if‘\’

il I ‘
19} l \ I
1.8 ‘ ’A‘ il \ V\

7 ) , ! r AT/ ;

v ’ N N i Y l [t
1.6 ‘ ‘ ! \
1.54 N ' ‘ Noise free measurements
14 ‘“ <—— Noisy sampled measurements
1'30 s 1‘0 fs 20

TIME (h)

Figure 3.8: Noisy outputs samples with 7, = 0.25h

The estimates of the biomass x; provided by the filtered observers with r = 1,2,3 are
given in Fig 3.10 where each of theses estimates is compared to the true sampled noise
free values issued from simulation. It is clear that the sensitivity to noise of the observer
is more and more improved when 7 grows. Notice that these estimates were obtained with
0 = 2. This explains why the estimates provided with » = 1 is almost as noisy as those
provided by the SHGO. However, when the latter was simulated with § = 2, the obtained
estimates (not shown) were more noisy than those provided with r = 1.

Notice that the improvement of the sensitivity of the observer when changing the value
of r from 2 to 3 is not easily perceptible on Figure 3.10. Such improvement can be
more easily checked of Fig. 3.11 where the observation error related to x; obtained with

r = 2 and r = 3 are reported. Even though an improvement is obtained with r = 3,
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TIME (h)

Figure 3.9: Estimates of x; from SHGO 6 =1, T, = 0.25h

the estimates provided with r = 2 are smooth enough and one can fix » = 2 to gain in
simplicity with respect to the observer implementation.

The estimate of x5 provided by the SHGO is reported in Fig 3.12 it is compared to their
true unknown values issued from simulation. The relatively noisy estimates are to be
emphasized.

One has reported in Fig 3.13 the estimates of x5 provided by the FHGO’s with different
values of r. Recall that the estimates obtained with » = 1 seem more noisy than those
provided by the SHGO by this is due to value of # which is set to 1 for the SHGO and
to 2 in the FHGO. Notice that there is not a significant improvement with respect to the

sensitivity to noise when changing the value of r from 2 to 3.

Simulation results with 7, = 0.5h

In order to put forward more the improvement obtained with the proposed FHGO, the
value of the sampling period has been increased by 100% and was set tp 0.5h. The
underlying noisy sampled outputs are reported on Fig. 3.14.

One has reported in Fig 3.15 the continuous estimation of the output provided by the
SHGO (3.142). The value of 6 was set to 1.

The estimates of the biomass x; provided by the filtered observers with r = 1,2,3 are
given in Fig 3.16 where each of theses estimates is compared to the true sampled noise free
values issued from simulation. Notice that these estimates were obtained in this case with
the same value of # used for the SHGO, i.e. § = 1. The improvement of the sensitivity to
noise of the observer is clearly perceptible even with » = 1. One also notices that ro and
r = 3 give raise to comparable results.

The estimate of x5 provided by the SHGO is reported in Fig 3.17 it is compared to their
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Figure 3.10: Estimates of x; from the FHGO’s § = 2, T, = 0.25h

true unknown values issued from simulation. The relatively noisy estimates are to be
emphasized.
One has reported in Fig 3.18 the estimates of x5 provided by the FHGO’s with different

values of r. Again, the improvement of the sensitivity to noise of the observer is clearly
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Figure 3.11: Observation error of x1 with r =2 andr=360 =1, T, = 0.25h
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Figure 3.12: Estimates of x5 from SHGO 0 =1, T, = 0.25h

perceptible even with r = 1. Contrarily to x;, the improvement with respect to the

observer sensitivity is significant when changing the value of r from 2 to 3.
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Figure 3.13: Estimates of x5 from the FHGO’s § =2, T, = 0.25h
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Figure 3.14: Noisy outputs samples with T, = 0.5h
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3.8 Conclusion

The main motivation of this chapter was to investigate one of the challenging issues of
the high gain observer design, namely the measurement noise sensitivity, using a suit-
able filtering process. More specifically, a FHGO has been first proposed for a class of
uniformly observable nonlinear systems bearing in mind the implementation simplicity
and the convergence requirements. The former requirement has been achieved through-
out an appropriate cascade of two subsystems of the same dimension as the considered
system. The first subsystem is nothing else than a copy of the original system with a
corrective term which linearly depends on the state of the second subsystem. The latter
is an appropriate filter of the output observation error. The second requirement has been
fulfilled using a suitable high gain observer design framework. The proposed observer was
first presented in the case where the outputs measurements are available in a continuous
way. Then, it design has been extended to account for the sampling process and the
presence of delays in the outputs was derived. It has been shown that the redesigned ver-
sion inherits the main properties of the original filtered observer working with continuous
outputs. Further extensions of the design have been achieved by considering a class of
non uniformly observable systems. The underlying extensions accounts for the continu-
ous outputs as well as sampled/delayed ones. The effectiveness of the proposed observer
has been illustrated through an academic example as well as an example dealing with a
typical bioprocess. Further studies are under consideration in the proposed FHGO design
framework, namely how to redesign the proposed FHGO in the presence of appropriate

saturation functions to tackle the observer picking phenomenon.
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Chapter 4
Conclusion and perspectives

The main contributions in this thesis deal with the redesign of the Standard High Gain Ob-
server (SHGO) in order to derive redesigned versions where the sensitivity of the observer
with respect to the output noise measurements is improved. Two redesigned observers
involving filtering capabilities have been proposed. The first observer has been proposed
for a class of non uniformly observable systems and it can be interpreted as an extension
of an existing filtered observer that has been proposed for a class of uniformly observable
systems. The main idea behind the observer design is to substitute in the SHGO correc-
tive term, the noisy output observation error by filtered versions which are the states of
a linear filter the entry of which is the noisy output observation error. The dimension of
the linear filter is equal to the dimension of the original system in the single output case
and the equations of the filter involve a new design parameter that has to be calibrated
by a trial/error approach. The filtered observer design was first carried out in the case
where the outputs measurements are available continuously in time before being extended
to the case where these measurements are available only at sampling instants. Though
this redesigned observer allowed a significant improvement of the sensitivity to noise of
the standard high gain observer, its calibration requires the tuning of an additional de-
sign parameter. Moreover, the proposed design does not account for the case where the
outputs are available with a delay. In order to overcome these problems, a second re-
designed observer has been proposed. Three main novelties in the second design with
respect to the first one are to be emphasized. Indeed, as for the first filtered observer, the
idea behind the redesign is to substitute in the SHGO corrective term, the noisy output
observation error, by a filtered version issued from the use of a linear filter. However,
now, the dimension of the filter is not fixed as for the first redesigned observer but it
can be arbitrarily chosen by the user. The second novelty is that the proposed redesign
does not need the introduction of any additional design parameter, i.e. the tuning of

the resulting observer shall be achieved through the choice of the parameter 8 as for the
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SHGO. Finally, the third novelty lies in the fact the proposed redesign accounts for all
possible scenarios related to the availability of the output measurements: continuously in
time or under the form of samples. Moreover, in both cases, these measurements may be
available with an output delay. The observer design has been first carried out for a class of
uniformly observable systems. Then, it has been shown that this design can be extended
almost in a straightforward manner to a class of non uniformly observable systems up to
the adoption of an additional appropriate persistent excitation condition on the system

inputs.

The performance and main properties of the proposed two redesigned observers have been

highlighted through academic examples as well as though typical bioreactots models.

On other aspects, it has been shown that the proposed redesigned observers allowed
to get a significant improvement of the observers sensitivity with respect to the output
noise measurements since the underlying redesigned observers involve filtering capabilities.
However, these observers still inherit from the SHGO the peaking phenomenon that occurs
during the transient periods. We are now working on the redesign of the second observer
in order to derive a version that appropriately deal with the peaking phenomenon. Such
a redesign shall be based on the use of nested saturation functions of the filtered output

observations errors as suggested in [30].
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Abstract

In this thesis, the redesign of the Standard High Gain Observer is considered to improve
its sensitivity to high frequency signals. In this context, two redesigned Filtered High
Gain Observers, referred to as FHGO I and FHGO II, have been proposed. In particular,
the design of the FHGO II accounts for all possible scenarios related to the availability
of output measurements, namely continuously in time, under samples, with delays and
with possible successions in time of all these cases. Moreover, this design has been first
achieved for a class of uniformly observable systems before being extended to a class of
non uniformly observable ones. The underlying convergence analysis is performed thanks
to a comprehensive Lyapunov approach under a well-defined condition on the maximum
value of the output delay together with the maximum sampling partition diameter in
the case of sampled outputs. The effectiveness of the proposed FHGO’s are highlighted

through simulation results dealing with academic examples and typical bioreactor models.

Résumé

Dans cette these, la resynthese de 'observateur de type grand gain standard est considérée
pour améliorer la sensibilité de 1'observateur aux signaux a hautes fréquences. Dans ce
contexte, deux observateurs a grand gain filtrés, auxquels on se réfere par FHGO 1 et
FHGO 11, ont été présentés. En particulier, la conception du FHGO II tient compte de
tous les scénarios possibles liés a la disponibilité des mesures de la sortie, notamment
continues dans le temps, sous forme d’échantillons, avec des retards et aussi avec des
successions possibles dans le temps de tous ces cas. En outre, cette conception a d’abord
été réalisée pour une classe de systemes uniformément observables avant d’étre étendue
a une classe de systemes non uniformément observables. L’analyse de convergence sous-
jacente est réalisée grace a une approche de Lyapunov sous des conditions bien définies
sur la valeur maximale du retard de sortie ainsi que la valeur maximale de la période
d’échantillonnage dans le cas des sorties échantillonnées. Les performances des obser-
vateurs proposés ont été illustrées a travers des résultats de simulation portant sur des

exemples académiques et des modeles typiques de bioréacteurs.



