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Influence des conditions de Robin sur le spectre du Laplacien magnétique

Résumé : Cette thèse concerne l’étude spectrale dans le régime semi-classique de l’opérateur de
Schrödinger en présence d’un champ magnétique sur un domaine borné et régulier avec condition
de Robin au bord. L’objectif est de décrire l’influence des conditions de Robin sur le spectre ma-
gnétique lorsque le paramètre semi-classique tend vers zéro et lorsque le champ magnétique joue
un rôle majeur en concurrence avec la condition de Robin. La description précise des éléments
propres passe par la compréhension de différents opérateurs modèles.

Dans la première partie, lorsque le champ magnétique est d’intensité modérée et dans la limite
du couplage fort, on montre que les valeurs propres du Laplacien de Robin sont bien approchées
par celles d’un opérateur de Schrödinger périodique 1D sur la frontière. Lorsque la courbure a un
unique maximum non dégénéré, on estime l’écart spectral entre les valeurs propres successives.
Dans le cas du disque, on révèle explicitement la contribution du champ magnétique sur la
première valeur propre.

Dans la deuxième partie, on étudie l’effet de Stark en toutes les dimensions. On considère
l’opérateur de Laplace avec un champ électrique fort et uniforme et des conditions de Dirichlet
sur le bord d’un domaine borné et régulier. Dans la limite du champ électrique fort, on dérive,
sous certaines conditions de convexité locale, une description précise des valeurs propres et des
fonctions propres associées.

Dans la troisième partie, lorsque le champ magnétique est plus intense, et dans la limite semi-
classique, en utilisant la méthode de Grushin et les outils d’analyse microlocale, on établit une
description uniforme du spectre du Laplacien magnétique de Robin situé entre les niveaux de
Landau, incluant les Laplaciens de Neumann et Dirichlet. De plus, on examine les propriétés de
localisation des états fondamentaux. Les estimations ressemblent à celles d’Agmon, mais elles ne
sont pas obtenues par des moyens variationnels comme c’est le cas dans de nombreux contextes
magnétiques.

Mots-clés : Théorie spectrale, Analyse microlocale, Limite semiclassique, Laplacien magné-
tique, Condition de Robin, Estimation d’Agmon.





Influence of Robin’s conditions on the spectrum of the magnetic Laplacian

Abstract : This thesis concerns the spectral study in the semiclassical regime of the Schrödinger
operator in the presence of a magnetic field on a bounded and regular domain with the Robin
condition at the boundary. The aim is to describe the influence of the Robin conditions on the
magnetic spectrum when the semiclassical parameter tends to zero and when the magnetic field
plays an important role in competition with the Robin condition. The precise description of the
eigenpairs requires an understanding of effective operators.

In the first part, when the magnetic field is of moderate intensity, we show that the eigenvalues
of the Robin Laplacian are well approximated by those of a 1D periodic Schrödinger operator
on the boundary. When the curvature has a unique maximum that is not degenerate, we estimate
the spectral gap between successive eigenvalues. In the case of the disk, we explicitly display the
contribution of the magnetic field to the first eigenvalue.

In the second part, we study the Stark effect in any dimension. We consider the Laplace operator
with a strong and uniform electric field and Dirichlet conditions at the boundary of a bounded and
regular domain. In the limit of the strong electric field, under certain local convexity conditions,
we derive an asymptotic expansion of the low-lying eigenvalues at any order and also study the
localization of the ground states.

In the third part, when the magnetic field is stronger, and in the semiclassical limit, we establish
a uniform description of the spectrum between the Landau levels, of the magnetic Laplacians
including the Neumann and Dirichlet Laplacians, using the Grushin method and microlocal
analysis tools. We also investigate the localization properties of the ground states. The estimates
look like Agmon’s estimates, but they are not obtained via variational methods, as is the case in
many magnetic settings.

Keywords : Spectral theory, Microlocal analysis, Semiclassical limit, Magnetic Laplacian, Robin
condition, Agmon estimates.
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Chapitre 1

Introduction générale

1.1 Motivation physique et présentation générale

1.1.1 Première motivation : théorie de la supraconductivité

Une première motivation qui peut conduire à l’analyse spectrale du Laplacien magnétique découle de la
théorie mathématique de la supraconductivité. L’analyse des problèmes mathématiques liés à la théorie de
la supraconductivité a été intensivement développée au cours des 30 dernières années (voir [FH10b]). Le
comportement macroscopique des matériaux supraconducteurs placés dans un ouvert Ω est décrit par les
minimiseurs (ψ,A0) dans H1(Ω;C) × H1(Ω;R2) de la fonctionnelle de Ginzburg-Landau G (cf. [dG66,
BS98, BPT98]) :

G(ψ,A0) =
∫

Ω

{
|(∇ − iκbA0)ψ|2 − κ2|ψ|2 + κ2

2 |ψ|4
}

dx+ κ2b2
∫
R2

|curlA0 − 1|2 dx

+
∫
∂Ω
β|ψ(x)|2 ds(x).

(1.1)

Ici Ω ⊂ R2 est un ouvert borné régulier, ψ est appelée le paramètre d’ordre, |ψ|2 est la densité des paires
de Cooper, A0 est appelé le potentiel magnétique et curlA0 = ∇ × A0 est le champ magnétique induit
dans un échantillon supraconducteur Ω. Le paramètre b > 0 est l’intensité du champ magnétique appliqué
à l’échantillon. Le paramètre κ > 0 est une caractéristique du matériau et il est appelé le paramètre de
Ginzburg-Landau. Dans la littérature physique, on fait généralement la distinction entre les matériaux de type
I et les matériaux de type II. Le matériau est dit de type I si κ est suffisamment petit et il est dit de type II,
lorsque κ est grand. C’est ce dernier cas que nous considérons ici.

Les minimiseurs de la fonctionnelle de Ginzburg-Landau G décriront les propriétés du matériau lors-
qu’il est soumis au champ magnétique externe. On distingue traditionnellement trois types de minimiseurs
possibles. Nous disons qu’un minimiseur (ψ,A) est supraconducteur si ψ ne s’annule jamais, normal si ψ
est identiquement 0, et mixte si ψ a des zéros, mais ne s’annule pas identiquement. La fonctionnelle G a un
point critique du type (0, A) “un état normal”, avec curlA = 1, qui satisfait le système de Ginzburg-Landau
(cf. [GP99]). Il est naturel d’analyser quand cette solution normale est un minimum local de la fonctionnelle.
Cela conduit naturellement à la question de la positivité du Hessien de G, qui conduit à examiner la dérivée
seconde en ψ de G (voir par exemple [FH10b, LP99, LP00, dPFS00, HP03]).

La positivité du Hessien est immédiatement liée à la positivité de l’opérateur

(∇ − iκbA0)2 − κ2,
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Chapitre 1 – Introduction

avec la condition au bord suivante dite de de Gennes 1 (cf. [dG66, Chapitre 3]) :

ν · (∇ − iκbA0)ψ + βψ = 0, sur ∂Ω (1.2)

où ν est le vecteur normal extérieur de ∂Ω et β ∈ R est appelée dans la littérature physique le paramètre de
de Gennes 2. Parsuite, cela amène à analyser l’état fondamental de l’opérateur de Schrödinger avec champ
magnétique

(∇ − iκbA0)2,

avec la condition de Robin (1.2) au bord.
Lorsque κ est grand, cela devient un problème semi-classique 3 après le changement de paramètre h = 1

κb
et le problème ramène ainsi à l’étude spectrale du Laplacien magnétique de Robin

Nh,β = −(h∇ − iA0)2, (1.3)

défini sur
Dom(Nh,β) = {u ∈ H2(Ω) : ν · (h∇ − iA0)u+ βhu = 0 sur ∂Ω } , (1.4)

lorsque le paramètre h tend vers 0. Le régime semi-classique h → 0 est maintenant équivalent au κ → +∞
et/ou b → +∞. Nous souhaitons établir des asymptotiques spectrales précises pour le Laplacien magnétique
de Robin Nh,β dans les régimes où le champ magnétique joue un rôle majeur, en concurrence avec la condition
de Robin (pour β = γh

−1
2 , avec γ une constante réelle).

Lorsque κ = 1, l’étude du phénomène de la supraconductivité ramène à l’analyse spectrale du Laplacien
magnétique

−(∇ − ibA0)2, (1.5)

avec les conditions au bord de type Robin, comme (1.2). Une partie du travail présenté ici a pour objet l’étude
spectrale de cet opérateur dans le régime de couplage fort (β → ∞) et b → +∞ simultanément. L’analyse
spectrale de ces opérateurs fait l’objet des articles [Fah23a, FLTRVuN23].

1.1.2 Une autre motivation
Vers la fin du XIXème siècle, on pensait que l’évolution des systèmes physiques pouvait être décrite dans

le cadre de la mécanique classique. Cependant, certaines expériences physiques ont donné des résultats qui
ne peuvent pas expliqués par la mécanique classique et qui semblaient même contradictoires entre eux. Les
résultats de l’expérience de Bragg (i.e. la réflexion de Bragg et la diffraction du rayonnement), la dualité
onde-corpuscule de la lumière et la radioactivité du corps noir de Gustav Kirchoff (cf. [Jac07]) sont des
phénomènes pour lesquels la mécanique classique ne présente pas d’explications suffisantes. Sur cette base,
une nouvelle mécanique a été créée : la mécanique quantique 4. Le lecteur ou la lectrice intéressée par la
construction de la théorie quantique et de son modèle mathématique, peut consulter par exemple les livres
[Rob87, Introduction] ou [LL66, FH10a, CTDL21, LL77].

1. La condition au bord (1.2) est appelée dans d’autres domaines de la théorie des équations aux dérivées partielles condition de
Robin, mais qu’elle a été introduite pour la première fois par Fourier.

2. Le physicien de Gennes (cf. [dG66]) a introduit le paramètre β dans le but de modéliser les interfaces entre des matériaux
supraconducteurs et normaux et dans ce contexte, β est une constante strictement positive. Les valeurs négatives de β sont aussi
considérées dans la littérature physique (cf. [FJ69]) pour modéliser la situation de supraconducteur à côté d’un autre supraconducteur
ayant une plus haute température critique. Pour plus de détails, voir par exemple [Kac06a, Kac06b].

3. Le lecteur ou la lectrice intéressé par l’analyse semi-classique, peut consulter par exemple les livres [Zwo12, Mar02, DS99].
4. La mécanique quantique a permis d’expliquer de nombreuses propriétés physiques jusqu’alors mystérieuses. Les principes

fondamentaux de la mécanique quantique ont été établis principalement entre 1922 et 1927 par les physiciens Bohr, Dirac, de Groglie,
Heisenberg, Jordan, Pauli et Schrödinger.
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1.1. Motivation physique et présentation générale

Une équation fondamentale de la mécanique quantique non-relativiste est la célèbre ”équation de Schrö-
dinger” 5 dépendant du temps :

iℏ
∂

∂t
ψ(x, t) = Pψ(x, t), (1.6)

où,ψ est la fonction d’onde avec ∥ψ(x)∥2 est la densité de probabilité de trouver la particule en x.Un exemple
très classique de Hamiltonien quantique associé à l’énergie totale du système est :

P = −ℏ2

2m ∆ + V (x), (1.7)

et il décrit une particule non relativiste 6 de masse m (ex : melectron ≈ 10−31Kg) qui se déplace dans un
potentiel V, où V (x) est l’énergie potentielle de la particule au point x, et ℏ est la constante de Planck divisée
par 2π, et elle vaut ℏ ≈ 1.054 571 818 × 10−34 Js.

La recherche de solutions harmoniques en temps, i.e. de la frome

ψ(x, t) = e− iEt
ℏ ψ(x, 0),

conduit à
−ℏ2

2m ∆ψ(x, 0) + V (x)ψ(x, 0) = Eψ(x, 0),

où E est l’énergie associée à l’état propre ψ(x, 0).
La densité de probabilité de présence de la particule est donc indépendante de temps et elle satisfait

|ψ(x, t)|2 = |ψ(x, 0)|2.

C’est d’ailleurs la raison pour laquelle ces états sont qualifiés de “stationnaires”.
Notons enfin, pour comprendre comment la particule évolue, i.e. étudier l’évolution temporelle de la

fonction d’onde, il faut étudier le spectre de l’opérateur non-borné P sur L2(Ω), Ω ⊂ Rd, d ⩾ 2. C’est
pourquoi le spectre de P joue un rôle tout particulier dans l’étude de (1.6). Plus généralement, n’importe quel
opérateur auto-adjoint H défini un système dynamique quantique par (1.6).

Dans cette thèse, nous nous intéressons à d’autres types de Hamiltonien P , notamment magnétiques ou/et
sur des domaines de Rd. Nous cherchons à décrire le spectre et les fonctions propres de P dans certains
régimes asymptotiques (grand champ magnétique, grand champ électrique).

1.1.2.1 Hamiltonien de Stark

Considérons une particule chargée soumise à un champ éléctrique uniforme F. Dans ce cas, le Hamiltonien
qui nous intéresse est alors (agissant sur L2(Ω) et défini avec des conditions de bord de Dirichlet sur ∂Ω)

H = −ℏ2

2m ∆ + qF · x, (1.8)

où
− ℏ est la constante de Planck divisée par 2π,
− m est la masse effective de la particule,
− q est la charge de la particule.

5. Erwin Schrödinger(1887-1961) a introduit sa célèbre équation pour la première fois dans l’article [Sch26].
6. L’équation de Schrödinger ne tient pas compte des effets de relativité restreinte. Lorsque ces effets sont importants, il faut

alors utiliser l’équation de Dirac (1928).
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Une partie de cette thèse concerne l’analyse des propriétées spectrales du Hamiltonien de Stark H défini en
(1.8), sur un domaine ouvert, borné, régulier et connexe de Rd, d ⩾ 2, lorsque l’intensité du champ électrique
est grande. Nous nous intéressons à étudier le comportement asymptotique des valeurs propres de H, et les
propriétés de localisation des fonctions propres associées ainsi que des approximations pour ces fonctions.
L’analyse spectrale de l’opérateur H fait l’objet de mon article [Fah23b].

1.1.2.2 Laplacien magnétique

Considérons une particule soumise à un champ purement magnétique qui est mathématiquement modélisé
par le Laplacien magnétique

Pb
β = −(∇ − ibA0)2, (1.9)

où A0 est un potentiel magnétique et b est l’intensité du champ magnétique appliqué.
Le domaine de l’opérateur Pb

β est

Dom(Pb
β) = {u ∈ H2(Ω) : ν · (∇ − ibA0)u+ β u = 0 sur ∂Ω} .

Une grande partie de cette thèse concerne l’analyse spectrale de cette famille de laplaciens magnétiques défini
en (1.9) sur un domaine ouvert, borné, régulier et simplement connexe de R2 dans divers régimes “grand
champ magnétique” et/ou “grande condition de Robin”. L’analyse spectrale de l’opérateur Pb

β font l’objet de
mes articles [Fah23a, FLTRVuN23].

1.2 Présentation détaillée : objectifs de la thèse et résultats connus

1.2.1 Laplacien magnétique de Robin
La théorie spectrale du Laplacien magnétique de Robin a suscité beaucoup d’intérêt ces dernières années,

notamment dans le régime de couplage fort (c’est-à-dire quand le paramètre de Robin est grand). De nombreux
auteurs se sont intéressés à l’analyse asymptotique de cet opérateur. Nous allons maintenant définir cet
opérateur. Soit Ω un ouvert borné connexe de R2. Nous supposons que la frontière Γ = ∂Ω est C ∞-régulière.
Considérons le problème spectral

Pb
β u := −(∇ − ibA0)2u = Eu sur Ω, (1.10)

ν · (∇ − ibA0)u+ β u = 0 sur Γ, (1.11)

où
− A0 est le champ de vecteur,
− ν est le vecteur normal unitaire extérieur de Γ,
− β ∈ R est le paramètre de Robin,
− b est l’intensité du champ magnétique appliqué,
− E est une valeur propre et u une fonction propre non nulle associée.

Le domaine de l’opérateur Pb
β est

Dom(Pb
β) = {u ∈ H2(Ω) : ν · (∇ − ibA0)u+ β u = 0 sur Γ} .

La condition (1.11) est appelée condition de Robin. Elle est dite attractive si β < 0 et répulsive si β > 0. Elle
peut être considérée comme celle de Neumann lorsque β = 0 et celle de Dirichlet lorsque β = ∞.
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1.2. Présentation détaillée : objectifs de la thèse et résultats connus

Le but est d’étudier le comportement asymptotique des valeurs propres lorsque le paramètre β est grand.
Le potentiel magnétique défini par

A0(x1, x2) = (A01 , A02) = 1
2(−x2, x1),

génère un champ magnétique constant :

B := ∇ ×A0 = ∂x1A02 − ∂x2A01 = 1.

Comme div(A0) = ∇ ·A0 = ∂x1A01 + ∂x2A02 = 0, alors l’opérateur Pb
β s’écrit comme suit :

Pb
β = −(∇ − ibA0)2

= −(∇ − ibA0) · (∇ − ibA0)
= −∆ + 2ibA0 · ∇ + ib div(A0) + b2∥A0∥2

= −∆ + 2ibA0 · ∇ + b2∥A0∥2.

Pour être plus précis, l’opérateur de Schrödinger magnétique Pb
β est défini via le théorème d’extension

de Friedrich (voir par exemple [LM54, Thms. 2.1 & 2.2] et [Hel13, Ch. 4]), à partir de la forme quadratique
fermée semi-bornée inférieurement, définie sur H1(Ω) par la formule

∀u ∈ H1(Ω), Qb
β (u) :=

∫
Ω

|(∇ − ibA0)u(x)|2 dx+ β

∫
Γ
|u(x)|2 ds(x),

où ds est la mesure de surface standard sur la frontière. Notons que, par l’inégalité dans [BEL14, Lem. 2.6], la
trace de u est bien définie comme un élément de H

1
2 (Γ), et ensuite la forme quadratique Qb

β est bien définie.

Lemme 1.2.1. La forme quadratique Qb
β est bornée inférieurement.

Démonstration. Rappelons que d’après l’inégalité diamagnétique [LL01, Thm. 7.21], pour tout u ∈ H1(Ω),
on a

∥∇|u|∥2
L2(Ω) ⩽ ∥(∇ − ibA0)u∥2

L2(Ω). (1.12)

En combinant (1.12) avec l’inégalité dans [BEL14, Lem. 2.6], on obtient que pour tout ε > 0, il existe une
constante C(ε) > 0 telle que, pour tout u ∈ H1(Ω), on a

∥u|∂Ω∥2
L2(∂Ω) ⩽ ε∥(∇ − ibA0))u∥2

L2(Ω + C(ε)∥u∥2
L2(Ω). (1.13)

– Si β ⩾ 0, alors Qb
β (u) ⩾ ∥(∇ − ibA0)u∥2 = Qb

0 (u),
– Si β < 0, alors Qb

β (u) ⩾ (1 + εβ)∥(∇ − ibA0)u∥2 +C(ε)∥u∥2
L2(Ω) = (1 + εβ)Qb

0(u) + C(ε)∥u∥2
L2(Ω),

où Qb
0 est la forme quadratique correspondant au Laplacien magnétique de Neumann sur Ω avec le champ

magnétique constant. La conclusion s’ensuit puisque Qb
0 est bornée inférieurement par 0.

Comme Ω est borné et régulier, par [CR21, Thm. 4.20] et [Gri11, Section 1.4.4], il existe C > 0 tel que(
Dom(Qb

β)︸ ︷︷ ︸
=H1(Ω)

,
√

Qb
β (·) + (C + 1 )∥ · ∥L2(Ω)

)
↪→

compacte

(
L2(Ω) , ∥ · ∥L2(Ω)

)
,

ainsi, par [CR21, Proposition 4.24] l’opérateur Pb
β + (C + 1 ) IdL2(Ω) est à résolvante compacte et ensuite

l’opérateur Pb
β est à résolvante compacte. Et donc, voir e.g. [RS78, Thm. XIII.64], son spectre est purement
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discret et comme Pb
β est auto-adjoint et borné inférieurement, il est formé d’une suite de valeurs propres 7

λ1(b, β) ⩽ λ2(b, β) ⩽ . . . ⩽ λn(b, β) ⩽ . . . → +∞

où chaque valeur propre est répétée selon sa multiplicité finie, et les fonctions propres associées forment une
base orthonormale de L2(Ω).

Si Ω est simplement connexe, la valeur propre λn(b, β) est indépendante du choix du potentiel vecteurA0
du champ magnétique. Ceci est une conséquence de l’invariance par changement de jauge ; siA ∈ H1(Ω;R2)
et curlA = 1, alors A = A0 + ∇ϕ pour une fonction ϕ ∈ H2(Ω) (cf. [FH10b, Props D.1.1 and D.2.1]), et à
leur tour

eibϕ(∇ − ibA0)2e−ibϕ = (∇ − ibA0 − ib∇ϕ)2 = (∇ − ibA)2.

Outre son intérêt propre, l’étude du spectre de l’opérateur Pb
β apparaît dans la modélisation de nombreux

problèmes physiques comme l’équation de Schrödinger modélisant l’évolution d’une particule non relativiste
(Section 1.1.2) ou encore l’équation des ondes décrivant les vibrations d’une membrane. Le problème aux
valeurs propres de Robin (1.10)-(1.11) apparaît dans de nombreuses applications comme l’estimation de
la température critique/les champs critiques de certains supraconducteurs entourés d’autres matériaux :
[Kac06a, KS20] en dimension 2 et [Mir23, HKR17] en dimension 3, ou encore l’étude des équations de
réaction-diffusion en temps longs [LOS98]. D’autre part, les asymptotiques de valeurs propres dans la limite
singulièreβ → −∞, fournissent des contre-exemples dans le contexte de la géométrie spectrale [FK15, PP16],
et ont des liens avec l’étude des valeurs propres de Steklov [HK22]. Le cas β = 0 correspond au Laplacien
magnétique de Neumann, qui a été étudié dans de nombreux articles [Ray17, FH10b]. L’étude des inégalités
isopérimétriques a été étendue aux conditions de Robin à paramètre β négatif. L’asymptotique des valeurs
propres peut également utilisée pour discuter/généraliser la validité des inégalités isopérimétriques dans le
régime β → −∞. Dans le travail récent de Kachmar-Lotoreichik [KL22], pour un paramètre de Robin
négatif et un champ magnétique d’intensité modérée, ils ont trouvé que le disque maximise l’énergie de l’état
fondamental λ1(b, β) dans une classe admissible de domaines ayant le même périmètre que le disque.

1.2.1.1 Cas du champ magnétique modéré et condition de Robin attractive

En l’absence du champ magnétique (b = 0), l’asymptotique des valeurs propres de l’opérateur P0
β a

donné lieu à de nombreuses contributions (dans divers contextes géométriques) au cours des dernières années
[EMP14, HK17, Ker18, LP08, PP16, Kac16, KKR16].

Théorème 1.2.1 ([EMP14, Pan13, PP15]). Pour tout n ∈ N∗, on a

λn(0, β) = −β2 + κmaxβ + o(β) lorsque β → −∞, (1.14)

où κmax est la courbure maximale du bord Γ.

7. La caractérisation variationnelle des valeurs propres par les principes du min-max (voir le Théorème A.1.7 dans l’appendice),
appliqué à Qb

β , nous donne :
∀ n > 1

λn(b, β) = sup
ψ1,...,ψn−1

inf
u∈H1(Ω),u ̸=0

u∈Vect{ψ1,...,ψn−1}⊥

Qb
β(u)

∥u∥2
L2(Ω)

,

pour n = 1

λ1(b, β) = inf
u∈H1(Ω)

Qb
β(u)

∥u∥2
L2(Ω)

.
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Notons que le premier terme de (1.14) avait déjà été obtenu précédemment (voir [LP08] et ses références).
Nous remarquons que dans l’estimation (1.14), les propriétés géométriques du bord, et plus particulièrement
la courbure, apparaissent, mais le numéro de la valeur propre n’est, par contre, pas visible dans les deux
premiers termes. De ce fait, les plus petites valeurs propres sont indistinguables. L’article [HK17] permet de
résoudre ce problème en obtenant un développement asymptotique complet de chaque valeur propre λn(0, β),
lorsque β → −∞. Paramétrons la frontière ∂Ω, par la longueur de l’arc, que nous notons s. Soit κ(s) la
courbure de ∂Ω au point défini par la longueur d’arc s, avec la convention que κ(s) ⩾ 0 quand ∂Ω est
convexe au voisinage de s, et négatif sinon.

Hypothèse 1. Supposons que la courbure κ a un unique maximum atteint en un point s0 et le maximum est
non dégénéré : κ′′(s0) < 0. La paramétrisation de la longueur d’arc de la frontière est définie de sorte que
κ(0) = κmax i.e. s0 = 0.

Théorème 1.2.2 ([HK17]). Sous l’Hypothèse 1, pour tout n ∈ N∗, il existe une suite (γj,n)j⩾0 de nombres
réels telle que, pour tout M ∈ N positif, la valeur propre λn(0, β) a, comme β → −∞, le développement
asymptotique

λn(0, β) = −β2 + κmaxβ + (2n− 1)

√
−κ′′(s0)

2 |β|1/2 +
M∑
j=0

γj,n|β|−j/2 + o(|β|−M/2) . (1.15)

En utilisant la localisation des fonctions propres près du point de courbure maximale, la construction de
quasi-modes permet d’obtenir une approximation des valeurs propres grâce au théorème spectral. Dans la
limite, β → −∞, les premiers termes de l’asymptotique sont donnés par l’approximation harmonique (cf.

[Ray17, Sections 3.2 et 4.1.2] et [FH10b, Section 7.1]) de l’opérateur Hbnd = − d2

ds2 − β2 + βκ(s) sur le
bord. L’opérateur réduitHbnd est analysé en remplaçant le potentiel −κ(s) par son approximation quadratique
au point de minimum non dégénéré s0 (par hypothèse). Les termes (2n − 1)

√
−κ′′(s0)

2 sont exactement les

valeurs propres de l’oscillateur harmonique − d2

ds2 + −κ′′(s0)
2 s2 dans L2(R).

Par rapport aux opérateurs de Schrödinger semi-classiques existants (voir [HS84]), la courbure agit comme
un puits de potentiel. L’hypothèse sur la courbure équivaut au cas d’un seul puits. En cas de symétries,
la détermination de l’effet tunnel entre les points de courbure maximale a donné lieu à des travaux. Dans
[HKR17], ils ont étudié les valeurs propres basses du Laplacien de Robin dans un domaine symétrique par
rapport à un axe. Dans le cas où la courbure de la frontière du domaine atteint son maximum exactement
à deux points, ils ont établi une formule asymptotique explicite pour les deux premières valeurs propres. Il
s’agit d’une dérivation rigoureuse de l’effet tunnel induit par la géométrie du domaine.

En supraconductivité, imposer une condition de Robin, appelée dans ce contexte condition de de Gennes,
modélise un supraconducteur entouré d’un autre matériau normal/supraconducteur, (comme nous avons vu
dans la Section 1.1.1). Dans ce contexte, nous sommes naturellement conduits à l’analyse du Laplacien de
Robin avec un champ magnétique où différents régimes interviennent en fonction de la comparaison entre
l’intensité du champ magnétique et le paramètre de Robin. Une question naturelle se pose :

« Quel est l’effet du champ magnétique sur les valeurs propres basses, lorsque β tend vers −∞ et b ("
dépend possiblement de β") tend vers +∞ simultanément? »

L’inégalité de diamagnétique (A.1.3) donne, pour tout β ∈ R et b > 0
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λ1(b, β) − λ1(0, β) ⩾ 0 8. (1.16)

Lorsque l’intensité du champ magnétique est une constante fixe (c’est-à-dire que le paramètre b est indépendant
de β), l’inégalité diamagnétique et le principe min-max impliquent que le développement asymptotique dans
(1.14) reste vrai pour λ1(b, β). Notre intérêt se porte uniquement sur la condition de Robin attractive et dans
la suite le paramètre de Robin β est strictement négatif. Cependant, dans la limite β → −∞, il est naturel de
permettre que b dépend de β.

Dans l’article [Kac16], il est prouvé une estimation asymptotique à deux termes pour l’énergie de l’état
fondamental magnétique λ1(b, β), lorsque β tend vers −∞ et b tend vers +∞ simultanément.

Théorème 1.2.3 ([Kac16]). Soit 0 ⩽ η < 3
2 et 0 < c1 < c2 . On suppose que

c1|β|η ⩽ b ⩽ c2|β|η .

Lorsque β tend vers −∞,
λ1(b, β) = −β2 + κmaxβ + βo(1).

Dans ce cas, le diamagnétisme est faible et sa contribution est négligeable par rapport à celle du terme
de correction de courbure (comparer avec (1.14) pour n = 1). Nous remarquons que dans l’estimation du
Théorème 1.2.3, les propriétés géométriques du bord apparaissent, mais le numéro de la valeur propre n’est,
par contre, pas visible dans les deux premiers termes. Notre premier objectif est de résoudre ce problème en
obtenant un développement asymptotique à trois termes de chaque valeur propre λn(b, β), lorsque β → −∞
et b = O(|β|η) pour 0 ⩽ η < 3

2 . De plus, notre objectif est d’améliorer/compléter les estimations antérieures
et également de clarifier la contribution du champ magnétique dans l’asymptotique spectrale. En particulier,
dans le cas du disque unité, on décrit explicitement la contribution du champ magnétique sur l’asymptotique
des basses valeurs propres. Cela fait l’objet du chapitre 3.

Transformation en un problème semi-classique :

On va écrire l’opérateur (1.10)-(1.11) sous une forme semi-classique. On montre comment la limite sin-
gulière où le paramètre de Robin β tend vers l’infini équivaut à une limite semi-classique impliquant un petit
paramètre semi-classique positif h défini par

β = γh− 1
2 , (1.17)

avec γ ∈ R ∪ {+∞} indépendant de h.
La limite β → ±∞ est maintenant équivalente à la limite semi-classique h → 0. La forme quadratique peut
s’écrire

Qb
β(u) = h−2

(∫
Ω

|(h∇ − ibhA0)u(x)|2 dx+ γh
3
2

∫
Γ
|u(x)|2 ds(x)

)
:= h−2Qb

h,γ(u).

Par conséquent, l’opérateur auto-adjoint dépendant de h associé à la forme quadratique Qb
h,γ est

Lbh,γ = −(h∇ − ihbA0)2, (1.18)

8. En termes physiques, cette inégalité fait référence au diamagnétisme, ce qui signifie simplement que l’introduction d’un champ
magnétique augmente l’énergie de l’état fondamental.

24
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défini sur le domaine

Dom(Lbh,γ) = {u ∈ H2(Ω) : hν · (h∇ − ibhA0)u+ γh
3
2u = 0 sur Γ }. (1.19)

Comme Pb
β = h−2Lbh,γ , alors les spectres des opérateurs Pb

β et Lbh,γ sont liés par :

Sp(Pb
β) = h−2Sp(Lbh,γ) . (1.20)

L’opérateur auto-adjoint Lbh,γ est à résolvante compacte et borné inférieurement. Son spectre est purement
discret et formé d’une suite croissante des valeurs propres (µn(h, b, γ))n∈N∗ . L’asymptotique semi-classique
des valeurs propres de cet opérateur a fait l’objet d’études récentes.

Mon premier objectif est d’étudier les basses valeurs propres de Lbh,γ dans le régime semi-classique
h → 0 et l’intensité du champ magnétique b ∼ h

−η
2 pour η < 3

2 et lorsque γ < 0. Une question naturelle se
pose :

« Quelle est l’influence d’un champ magnétique intense et d’une condition de Robin générale sur le bas
du spectre de Lbh,γ ? »

1.2.1.2 Cas du champ magnétique plus intense et condition de Robin générale

On considère un champ magnétique plus intense

b = h−1b0,

avec b0 > 0. L’opérateur mis en jeu est alors

L b0
h,γ = −(h∇ − ib0A0)2, (1.21)

défini sur
Dom(L b0

h,γ) = {u ∈ H2(Ω) : hν · (h∇ − ib0A0)u+ γh
3
2u = 0 sur Γ }. (1.22)

Il s’agit de l’opérateur associé à la forme quadratique, définie pour tous ψ ∈ H1(Ω) par

Qb0
h,γ(ψ) =

∫
Ω

|(h∇ − ib0A0)ψ(x)|2 dx+ γh
3
2

∫
Γ
|ψ(x)|2 ds(x). (1.23)

On peut supposer sans perte de généralité, que b0 = 1 quitte à remplacer h par h/b0 et γ par γ/b2
0. Le

paramètre γ ∈ R ∪ {+∞} sert à contrôler la ”force” de la condition au bord dans (1.22). Par convention,
γ = +∞ correspond à la condition au bord de Dirichlet (ψ ∈ H1

0 (Ω)).

Notation 1.2.2. On note par Lh,γ l’opérateur L b0
h,γ avec b0 = 1 et par Qh,γ , la forme quadratique Qb0

h,γ avec
b0 = 1.

L’intérêt porté aux basses valeurs propres du Laplacien magnétique de Robin Lh,γ avec paramètre γ
négatif a été non négligeable ces dix dernières années. Cependant, jusqu’à présent, des résultats très précis
ne sont disponibles que pour le Laplacien magnétique de Neumann (lorsque γ = 0). Dans ce cas, les valeurs
propres les plus basses ont été analysées en détail dans [FH06] et des estimations uniformes ont été récemment
établies dans [BNHR22] où une formule d’effet tunnel purement magnétique a été prouvée. Lorsque γ ̸= 0,
les seuls résultats connus remontent aux travaux de Kachmar, voir [Kac06b], où seule la première valeur
propre a été estimée. Dans le cas γ = +∞, la localisation de la fonction propre près du bord a été observée
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dans [GV21], conduisant à une description du spectre dans une fenêtre spectrale très mince, voir [GV21,
Corollaire 2.7]. Cependant, la décroissance exponentielle n’a pas été établie. Une question naturelle que l’on
peut se demander au vu de ces résultats est alors

« Si on considère le spectre dans une fenêtre spectrale donnée (et pas seulement les basses valeurs
propres), peut-on étudier les propriétés spectrales de Lh,γ dans le régime semi-classique h → 0, et pour

γ ∈ R ∪ {+∞}? »
Par un simple changement d’échelle, la limite semi-classique h → 0 se traduit en un régime quantique

où l’intensité du champ magnétique tend vers l’infini. Dans la littérature physique des conducteurs minces
ou des gaz d’électrons (approchés par des domaines 2D) soumis à un fort champ magnétique externe, il
est bien connu que la présence d’une frontière (ou, plus généralement, d’un champ magnétique changeant
brusquement le long d’une courbe) génère un courant le long du bord en raison de la présence de « l’effet
rebond » classiquement localisé à une distance

√
E/B du bord (E est l’énergie cinétique et B l’intensité

magnétique : dans notre casB = 1), voir par exemple [Hal82]. Ces “états de bord” existent dès que le niveau
de Fermi du conducteur se situe strictement entre deux niveaux de Landau consécutifs, et produisent une
dynamique balistique le long de la frontière. Si la frontière est compacte, cette dynamique est quantifiée et
produit de nouveaux niveaux d’énergie discrets. Ce sont précisément les valeurs propres que nous souhaitons
décrire.

D’un point de vue heuristique, la localisation au voisinage de ∂Ω est souvent expliquée par les modes
de rebond classiques mentionnés ci-dessus, mais elle est également facile à comprendre d’un point de vue
quantique. En effet, si nous oublions la condition au bord, l’opérateur agit comme le Laplacien magnétique à
champ magnétique constant, sur le plan euclidien, L R2

h,γ . Le spectre de cet opérateur est bien connu et constitué
des fameux niveaux de Landau {(2n− 1)h, n ⩾ 1}, qui sont des valeurs propres infiniment dégénérées. Ceci
suggère que, si l’on considère des valeurs propres de Lh,γ dans une fenêtre de la forme Ih = [ha, hb] avec
2n − 1 < a < b < 2n + 1 pour un entier n > 0 (pour n = 0, on prend a = −∞), les fonctions propres
correspondantes doivent être localisées près de la frontière. Ce phénomène a des applications physiques
intéressantes comme l’effet Hall quantique. Une autre application est le confinement de particules dans de
petits domaines, ou « quantum dots » (parfois appelés « anti-dots » car on prend B = 0 à l’intérieur du
domaine, et B = 1 à l’extérieur), voir [RPM99, LSIC04].

Dans cette partie, nous traitons le cas général γ ∈ R ∪ {+∞}. Physiquement, cela correspond à un
domaine Ω recouvert d’une très fine couche d’un matériau différent (voir par exemple [BL96]). Puisque Ω
est borné, le spectre dans Ih est toujours discret et une première estimation grossière montre que le nombre
de valeurs propres se trouvant dans Ih, noté N(Lh,γ , Ih), satisfait

Proposition 1.2.3. Il existe C > 0, tel que pour tous h > 0 assez petits, on a

N(Lh,γ , Ih) ⩽ Ch−2. (1.24)

Démonstration. Cette estimée est très élémentaire à établir. Nous rappelons sa preuve brièvement.
– Pour γ ∈ R : Grâce à l’inégalité de Young, on a, pour tout ψ ∈ H1(Ω) ,

Qh,γ(ψ) ⩾ h2

2 ∥∇ψ∥2 − 2∥A0∥2
∞∥ψ∥2 + γ h

3
2

∫
∂Ω

|ψ|2ds.

– Lorsque γ ⩾ 0, on obtient que

Qh,γ(ψ) ⩾ h2

2 ∥∇ψ∥2 − 2∥A0∥2
∞∥ψ∥2.
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– Lorsque γ < 0, on utilise un théorème de trace classique : il existe C > 0 tel que, pour tout ε > 0,∫
∂Ω

|ψ|2ds ⩽ ε∥∇ψ∥2 + Cε−1∥ψ∥2 .

En choisissant ε = −
√
h

4γ > 0, on en déduit que

Qh,γ(ψ) ⩾ h2

4 ∥∇ψ∥2 − 2∥A0∥2
∞∥ψ∥2 − 4γ2Ch∥ψ∥2.

Dans les deux cas, il existe C̃ > 0 tel que, pour tout h ∈ (0, 1) et tout ψ ∈ H1(Ω),

Qh,γ(ψ) ⩾ h2

4 ∥∇ψ∥2 − C̃∥ψ∥2.

Avec le principe min-max, cela montre que, pour tout λ,

N(Lh,γ , λ) ⩽ N

(
−∆Neu, 4 λ+ C̃

h2

)
.

– Pour γ = +∞ : En appliquant la même stratégie que celle décrite ci-dessus, on obtient que, pour tout λ,

N(Lh,γ , λ) ⩽ N

(
−∆Dir, 2 λ+ C̃

h2

)
.

La conclusion découle de l’asymptotique de Weyl pour le Laplacien de Neumann/Dirichlet, voir par
exemple [NS05, Introduction].

Notre objectif est d’obtenir une description très précise, dans le régime semi-classique, des éléments
spectraux correspondant à l’intervalle Ih, beaucoup plus précise que la Proposition 1.2.3. Cela inclut aussi la
description de la localisation près de la frontière du domaine Ω des fonctions propres correspondantes (qui
sont des états de bord). C’est l’objet du chapitre 5.

1.2.2 Hamiltonien de Stark
Dans cette partie, nous nous intéressons à l’étude des basses valeurs propres de l’hamiltonien (en

dimension N ) suivant restreint à un ensemble ouvert Ω de RN , N ⩾ 2 (c’est l’opérateur défini en (1.8)) :

H = −ℏ2

2m ∆ + qF · x = −ℏ2

2m

N∑
i=1

∂2
xi + qFx1, (1.25)

agissant sur un sous-espace dense de L2(Ω) avec des conditions de Dirichlet au bord. Noter que nous avons
choisi des coordonnées telles que F soit parallèle à l’axe x1.

L’hamiltonien en (1.25) décrit un phénomène important en physique des semi-conducteurs 9 qui est l’effet
Stark confiné quantique 10. Les dispositifs semi-conducteurs les plus importants sont les puits quantiques,

9. Les semi-conducteurs jouent un rôle essentiel dans l’industrie et de nombreux appareils électroniques à base de semi-
conducteurs sont présents dans notre quotidien : ordinateurs de bureau, tablettes, smartphones, écrans plats, capteurs...

10. Le terme "confinement quantique" apparaît principalement si les mouvements des particules d’un semi-conducteur sont limités
dans une ou plusieurs dimensions. Physiquement, le confinement peut être réalisé en interfaçant le semi-conducteur avec un isolateur
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les fils quantiques et les boîtes quantiques, où le matériau est confiné dans une, deux et trois directions
orthogonales, respectivement (voir [HV16, Chap. 8]). L’effet Stark confiné quantique a été considéré dans de
nombreux travaux, par exemple, dans [BMCE83, MCD+84] pour les puits quantiques, dans [SN90, WKH13,
WWY07, VdCMS03, LS05, Har09] pour les fils quantiques, et dans [Ped19, WWY08] pour les boîtes
quantiques. L’article récent [CKP+22b] fournit plus de détails sur les aspects physiques de ce phénomène.

Les plus petites valeurs propres de cet opérateur ont été étudiées, partiellement numériquement, pour
différentes géométries dans plusieurs articles tels que dans [SN90, WKH13] pour les carrés, dans [WWY07]
pour les rectangles, dans [VdCMS03, LS05, Ped17] pour les disques, et dans [Har09] pour les anneaux.
Concernant l’analyse dans le cas des champs électriques imaginaires, le lecteur ou la lectrice pourra aussi
considérer par exemple [GH18, AGH19, AGH18].

Laplacien électrique de Stark. Soit N ⩾ 1 et Ω ⊂ RN un ouvert borné régulier et connexe avec une
frontière régulier. Nous travaillerons avec l’hypothèse suivante sur le domaine Ω, voir Figure 1.1.

Hypothèse 2. On suppose qu’il existe un point unique A0 ∈ ∂Ω tel que la première composante de A0 soit
donnée par :

xmin = inf
(x1,x2,...,xN )∈Ω

x1 = min
x∈Ω

x1.

Nous supposons également que Ω est strictement convexe près de A0.

Ω

xmin x1

A0

(x2, ..., xN )

Figure 1.1 – Le domaine Ω.

Noter qu’en factorisant qF > 0 dans l’expression de H dans (1.25), nous avons le Hamiltonien de Stark
équipé des conditions au bord de Dirichlet

Lh := −h2∆ + x1 = −h2(∂2
x1 + . . .+ ∂2

xN
) + x1. (1.26)

ou avec un autre semi-conducteur de plus grand gap [HK09, HV16].

28
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Le domaine de Lh est
Dom(Lh) = H1

0 (Ω) ∩H2(Ω).

Cet opérateur apparaît dans la physique des semi-conducteurs où h est donné par

h = ℏ√
2mqF

.

Pour être plus précis, l’opérateur Lh est défini via le théorème d’extension de Friedrich (voir par exemple
[LM54, Thms 2.1 & 2.2] et [Hel13, Chp.]), à partir de la forme quadratique fermée et semi-bornée

Qh(φ) = h2
∫

Ω
|∇φ(x)|2 dx +

∫
Ω
x1|φ(x)|2 dx, ∀φ ∈ H1

0 (Ω) .

Puisque Ω est borné, alors par [CR21, Thm. 4.19], le plongement de H1
0 (Ω)↪→L2(Ω) est compact, donc

l’opérateur auto-adjoint Lh a une résolvante compacte. Son spectre est purement discret et formé d’une suite
croissante de valeurs propres

λ1(h) ⩽ λ2(h) ⩽ . . . ⩽ λn(h) ⩽ . . . → +∞

où chaque valeur propre est répétée selon sa multiplicité.
Dans [CKP+22a], les auteurs ont trouvé un développement asymptotique à trois termes des valeurs

propres λn(h) de l’opérateur Lh défini en (1.26) sur un domaine Ω de R2 satisfaisant les conditions de
l’Hypothèse 2.

Théorème 1.2.4 ([CKP+22a]). Pour tout n ∈ N∗, on a

λn(h) = xmin + z1h
2
3 + h(2n− 1)

√
κ0
2 + O(h

4
3 ) lorsque h → 0 , (1.27)

où z1 ≈ 2.338 est la valeur absolue du plus petit zéro de la fonction Airy et κ0 est la courbure positive en
A0 .

Heuristiquement, le troisième terme du développement peut être expliqué comme suit : sous un fort
champ électrique (petit paramètre semi-classique h), la particule est poussée vers xmin et se comporte comme
un oscillateur harmonique dans la direction perpendiculaire au champ avec une constante élastique propor-
tionnelle à la courbure en xmin.

Notre but est d’établir l’influence du bord sur les valeurs propres λn(h) quelle que soit la dimension,
c’est-à-dire de généraliser (1.27) à n’importe quelle dimension et de donner un développement asymptotique
complet de λn(h), lorsque h → 0 (dans la limite d’un fort champ électrique) et d’étudier également la
localisation des états fondamentaux. En outre, généraliser nos techniques pour trouver un développement
asymptotique complet des basses valeurs propres de l’opérateur plus général −h2∆ + V (x) où h est un petit
paramètre et V est un potentiel réel régulier satisfaisant certaines conditions supplémentaires.

1.3 Résultats obtenus et idées de démonstrations

Les travaux de cette thèse portent sur les extensions auto-adjointes et la théorie spectrale semi-classique
des opérateurs de Schrödinger agissant sur des domaines bornés, des opérateurs électromagnétiques de
Laplace couplés à différentes conditions aux limites (Robin, Neumann et Dirichlet). L’étude spectrale de ces
opérateurs de Schrödinger est basée sur une méthode de réduction de dimension, afin d’exprimer le spectre
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en fonction de celui d’opérateurs effectifs définis sur le bord. Pour établir cette réduction, j’ai utilisé plusieurs
techniques telles que : l’approximation de Born-Oppenheimer, les estimations de localisation de type Agmon,
la construction de quasimodes, le théorème spectral, et le principe min-max (pour les chapitres 3 et 4). Dans
le chapitre 5, j’ai utilisé une autre méthode de réduction plus avancée, la méthode de Grushin qui nécessite
l’analyse microlocale et des techniques de calcul pseudo-différentiel.

Nous allons présenter les résultats par ordre de difficulté/complexité croissante.

1.3.1 Perturbations magnétiques du Laplacien de Robin dans la limite du couplage
fort (chapitre 3)

L’asymptotique des valeurs propres de l’opérateur P0
β (sans champ magnétique) dans la limite de couplage

fort β → −∞ a fait l’objet d’études récentes ([EMP14, HK17, Ker18, LP08, PP16, Kac16, KKR16]), et
suggère l’existence d’un opérateur effectif sur le bord, faisant intervenir l’opérateur de Laplace-Beltrami ainsi
que la courbure moyenne de la frontière. Le problème de la dérivation d’un Hamiltonien effectif a également
été abordé pour étudier l’effet tunnel semi-classique en présence de symétries dans [HKR17]. Dans le même
esprit, nous étudierons le spectre du Laplacien de Robin Pb

β sur un domaine borné avec la condition de Robin
attractive au bord (problème (1.10)-(1.11)).

1.3.1.1 Présentation des résultats

Notre principal résultat est le Théorème 1.3.1 qui implique un opérateur effectif que nous introduisons
ci-dessous. On note |Ω| l’aire du domaine Ω et |∂Ω| la longueur de sa frontière. Paramétrons la frontière ∂Ω
par la longueur de l’arc, que nous notons s. Nous rappelons que κ(s) est la courbure de ∂Ω au point défini
par la longueur d’arc s, avec la convention que κ(s) ⩾ 0 quand ∂Ω est convexe au voisinage de s, et négatif
sinon. Notre opérateur effectif est un opérateur auto-adjoint dans l’espace de Hilbert L2(∂Ω), agissant sur
des fonctions périodiques, et défini comme suit

Leff
β,γ0 = −β−2(∂s − ibγ0)2 − 1 + β−1κ(s)

Dom
(
Leff
β,γ0

)
= H2(R/|∂Ω|Z )

(1.28)

avec γ0 le flux du champ magnétique,

γ0 = |Ω|
|∂Ω|

. (1.29)

Remarque 1.3.1. Par l’approximation semi-classique standard, on peut établir que

λn(Leff
β,γ0) = −1 + κmaxβ

−1 + o(β−1) lorsque β → −∞, (1.30)

où
κmax = max

∂Ω
κ(s). (1.31)

Nous allons décrire les asymptotiques des valeurs propres négatives de Pb
β , via celles de l’opérateur

effectif sur le bord. Plus précisément, la n-ième valeur propre de l’opérateur de Laplace Pb
β est approchée par

la n-ième valeur propre des opérateurs Leff
β,γ0

. Nous utiliserons la notation suivante :

M = Õ(|β|α) ssi ∀ ϵ > 0, M = O(|β|α−ϵ). (1.32)

Théorème 1.3.1. Soit 0 ⩽ η < 3
2 et 0 < c1 < c2 . On suppose que

c1|β|η ⩽ b ⩽ c2|β|η.

30



1.3. Résultats obtenus et idées de démonstrations

Pour tout n ∈ N∗, lorsque β tend vers −∞, on a

|λn(b, β) − β2λn( Leff
β,γ0)| = Õ(β2(η−1)),

où λn(Leff
β,γ0

) est la n-ième valeur propre de l’opérateur effectif introduit en (1.28).

Remarque 1.3.2. Ce théorème est valable sur n’importe quel domaine régulier borné de R2. Aucune
hypothèse n’est faite sur la géometrie du bord, en particulier sur les points de courbures maximales, en
comparaison avec le résultat (1.15) par exemple.

Il résulte du Théorème 1.3.1 et (1.30),

λn(b, β) = −β2 + κmaxβ + Õ(β2(η−1)). (1.33)

Lorsque b est une constante fixe (i.e. η = 0), (1.33) est connu dans [KL22, Prop. 5.1] et en l’absence de
champ magnétique (b = 0) dans (1.14). Noter que le terme de reste est d’ordre inférieur tant que η < 3

2 . Si
η = 3

2 , on a par [Kac16],

λn(b, β) = −β2 +
(
κmax + b2β−3

4

)
β + o(β).

Dans une situation générique où la courbure a un unique maximum non dégénéré, le Théorème 1.3.1 permet
de déterminer le terme d’ordre dominant de l’écart spectral entre les valeurs propres successives. Ceci est
valable sous l’Hypothèse 1. Rappelons cette hypothèse :{

κ atteint son maximum κmax en un point unique ;
le maximum est non dégénéré, i.e. κ′′(0) < 0 ,

où κmax est introduit en (1.31), désigne la courbure maximale le long de la frontière ∂Ω et la paramétrisation
de la longueur d’arc de la frontière est définie de sorte que κ(0) = κmax .

Sous l’Hypothèse 1, nous pouvons établir via l’approximation harmonique (cf. [Ray17, Sections 3.2 et
4.1.2] et [FH10b, Section 7.1]), l’asymptotique des valeurs propres de l’opérateur effectif :

λn( Leff
β,γ0) = −1 + κmaxβ

−1 + (2n− 1)

√
−κ′′(0)

2 |β|−3/2 + o(|β|−3/2) . (1.34)

Cela donne le corollaire suivant du Théorème 1.3.1 :

Corollaire 1.3.1. Soit 0 ⩽ η < 5
4 et 0 < c1 < c2 . On suppose que

c1|β|η ⩽ b ⩽ c2|β|η .

Sous l’Hypothèse 1, pour tout n ∈ N∗, quand β tend vers −∞ , on a

λn(b, β) = −β2 + κmaxβ + (2n− 1)

√
−κ′′(0)

2 |β|1/2 + o(|β|1/2) .

Remarque 1.3.3. La condition technique sur η apparaît comme suit. Après avoir inséré (1.34) dans l’esti-
mation du Théorème 1.3.1, nous obtenons l’erreur Õ(β2(η−1)), qui est d’ordre o(|β|1/2) si et seulement si
η < 5

4 .

Dans l’asymptotique du Corollaire 1.3.1, la dépendance par rapport à l’étiquetage des valeurs propres,
n, apparaît dans le troisième terme du développement. Cependant, dans les situations génériques décrites
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par l’Hypothèse 1, la contribution du champ magnétique est cachée dans le terme de reste, et est d’ordre
inférieur par rapport à celle de la courbure. Le Corollaire 1.3.1 découle de l’asymptotique spectrale des
opérateurs effectifs 1D, qui est valide sous une hypothèse plus faible sur l’intensité du champ magnétique
(b = O(|β|5/4)) par rapport à celui du Théorème 1.3.1 (b = O(|β|3/2)).

Dans le cas du disque, l’Hypothèse 1 n’est pas vérifiée, mais nous pouvons améliorer le Théorème 1.3.1
et exhiber l’influence du champ magnétique dans les asymptotiques des valeurs propres les plus petites.

Théorème 1.3.2. Supposons que Ω = D(0, 1) est le disque unité et que 0 ⩽ η < 1. Nous avons, lorsque
β → −∞,

λ1(b, β) = −β2 + β +
(

inf
m∈Z

(
m− b

2

)2
− 1

2

)
+ o(1),

uniformément par rapport à b jusqu’à b = O(|β|η).

Le Théorème 1.3.2 était connu lorsque b est fixé [KS20, Thm. 1.1]. La preuve du Théorème 1.3.2 est
basée sur le Théorème 1.3.1, en utilisant les séries de Fourier. Le spectre de l’opérateur Pb

β sur le disque
unité est approché modulo o(1) par le spectre de l’opérateur effectif suivant, qui est plus précis que celui de
(1.28) (noter que dans le disque unité, la courbure est constante et égal à 1).

Leff
β,disc = −β−2(∂s − ibγ0)2 − 1 + β−1 − 1

2β
−2. (1.35)

1.3.1.2 Stratégie de la démonstration

La stratégie pour la démonstration du Théorème 1.3.1 s’inspire de l’approximation de Born-Oppenheimer.
Nous allons discuter ici la forme semi-classique des résultats, i.e. pour β = γh− 1

2 défini en (1.17), avec
γ < 0. Pour simplifier, nous posons γ = −1.

Dans un premier temps, nous montrons, par l’estimation d’Agmon classique, que les fonctions propres
de Lbh,−1 (défini en (1.18) avec γ = −1) associées à des valeurs propres plus petites que −ϵh, où ϵ ∈ (0, 1),
sont uniformément localisées dans un voisinage d’ordre h1/2 du bord ∂Ω (voir la Proposition 3.3.4). Nous
pouvons donc nous ramener au Laplacien magnétique dans un voisinage tubulaire légèrement plus grossier
du bord (voir la Section 3.3.3)

Ωδ = {x ∈ Ω : dist(x,Γ) < δ } , avec δ = h
1
2 −ρ , ρ ∈ (0, 1/2) .

On dispose alors, pour h ∈ (0, h0) assez petit, d’un système de coordonnées (s, t) ∈ R/|∂Ω|Z × (0, δ),
défini près du bord. La signification précise des coordonnées (s, t) est la suivante : t mesure la distance au
bord et smesure la distance curviligne dans ∂Ω. Ces coordonnées standard sont introduites précisément dans
la Section 3.2. L’opérateur auto-adjoint dans ces coordonnées agissant sur L2(R/|∂Ω|Z × (0, δ), adsdt) est
L̃bh,−1 défini par (voir la Section 3.3.4) :−h2a−1

(
∂s − ibγ0 − ib

(
− t+ t2

2 κ(s)
))
a−1

(
∂s − ibγ0 − ib

(
− t+ t2

2 κ(s)
))

− h2a−1∂ta∂t ,

Dom(L̃bh,−1) = {u ∈ H2(adsdt) : u(s, δ) = 0 et ∂tu(s, 0) = −h−1/2u(s, 0)},

où a = 1 − tκ(s) .

Commençons par révéler la structure partiellement semi-classique de notre opérateur, ce qui aura aussi
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pour effet de rendre la condition au bord indépendante de h. On considère le changement d’échelle

(s, τ) = (s, h−1/2t).

L’opérateur auto-adjoint dans les nouvelles coordonnées L̂bh,−1= h−1 L̃bh,−1 est défnie sur L2(R/|∂Ω|Z ×
(0, h−ρ), âdsdt) par (voir la Section 3.3.5) :

L̂bh,−1 = −hâ−1
(
∂s − ibγ0 − ib

(
− h

1
2 τ + h

τ2

2 κ(s)
))
â−1

(
∂s − ibγ0 − ib

(
− h

1
2 τ + h

τ2

2 κ(s)
))

− â−1∂τ â∂τ ,

Dom(L̂bh,−1) = {u ∈ H2(âdsdt) : u(s, h−ρ) = 0 et ∂τu(s, 0) = −u(s, 0)} ,

où â = 1 − h1/2τκ(s).

On voit apparaître un opérateur unidimensionnel défini pour s fixé, par (voir la Section 3.4.1){
Hκ(s),h = − â−1∂τ â∂τ = −∂2

τ + h1/2κ(s)â−1∂τ

∂τu(s, 0) = −u(s, 0) dans L2((0, h−ρ), â dτ).

L’idée principale, due à Born et Oppenheimer dans [BO27], est de remplacer, pour s fixé, l’opérateur Hκ(s),h
par ses valeurs propres. Pour cette raison, en Section 3.4.2, on introduit la “projection de Feshbach” Πs sur
l’état fondamental normalisé de Hκ(s),h, noté vκ(s),h,

Πsψ = ⟨ψ, vκ(s),h⟩L2((0, h−ρ), â dτ)vκ(s),h.

Notons que l’idée de considérer une projection de Feshbach apparaît dans de nombreux contextes différents :
analyse WKB (voir par exemple [BNHR16, Sections 2.4 & 3.2], [HK17] et [HKR17]), convergence en norme
de la résolvante (voir par exemple [KR14, Section 4.2 ] et [KRRS18]) ou limites adiabatiques espace/temps
(voir [Teu03, Chapitre 3]).

Enfin, nous voulons prouver des bornes supérieures et inférieures sur les valeurs propres de L̂bh,−1. Pour
les bornes supérieures, nous insérons des fonctions de test presque explicites (produits quasi-tensoriels de
fonctions sur la frontière et de l’état fondamental vκ(s),h(τ) de l’opérateur transverse Hκ(s),h). Pour la borne
inférieure, on utilise la décomposition spectrale de l’opérateur transverse Hκ(s),h pour décomposer L̂bh,−1
en deux composantes orthogonales, modulo quelques restes faisant intervenir le commutateur entre l’état
fondamental transverse (dépendant de s) et la dérivée tangentielle ∂s. Pour les détails, nous renvoyons le
lecteur ou la lectrice aux Sections 3.4.4. et 3.4.5.

1.3.2 Analyse semi-classique des opérateurs de Schrödinger avec des potentiels élec-
triques linéaires sur un domaine borné (chapitre 4)

1.3.2.1 Présentation des résultats

Dans [CKP+22a], en utilisant des fonctions tests et en appliquant le principe min-max, les auteurs ont
trouvé un développement asymptotique à trois termes des valeurs propres λn(h) de l’opérateur Lh (défini en
(1.26)) sur un domaine Ω de R2 satisfaisant les conditions dans l’Hypothèse 2 (voir le Théorème 1.2.4). Notre
but est de généraliser le résultat de [CKP+22a] à n’importe quelle dimension et de donner un développement
asymptotique complet de λn(h). Plus précisément, nous établissons un tel développement asymptotique en
faisant intervenir l’endomorphisme de Weingarten de ∂Ω en A0 défini par (voir par exemple [Küh15, Chap.
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3] et [Tho79, Chap. 9])
WA0 = dA0ν : TA0∂Ω → TA0∂Ω (1.36)

où
ν : ∂Ω → SN−1 ⊂ RN

est l’application de Gauss de ∂Ω et pour tout p ∈ ∂Ω , ν(p) est la normale pointant vers l’extérieur à Tp∂Ω.

Remarque 1.3.4. L’Hypothèse 2 sur Ω induit que la matrice deWA0 est définie positive. Ses valeurs propres
positives (κi)i⩾1 sont liées à la courbure de la frontière.

1. Les κi sont appelées courbures principales de ∂Ω à A0.

2. det WA0 est la courbure gaussienne de ∂Ω à A0.

3.
Tr WA0

N − 1 est la courbure moyenne de ∂Ω à A0.

Notre résultat principal est le suivant :

Théorème 1.3.3. Pour tout n ⩾ 1, il existe une suite réelle {ζj,n}j⩾0 telle que, pour tout M ∈ N, on a

λn(h) =
h→0

xmin + z1h
2
3 + βnh+ h4/3

M∑
j=0

hj/6ζj,n + O
(
h

4
3 +M+1

6
)
,

avec βn est la n-ième valeur propre de l’oscillateur harmonique de dimension N − 1

N−1∑
i=1

−∂2
ui + κi

2 u2
i ,

où κi sont les valeurs propres de l’endomorphisme de Weingarten de ∂Ω en A0.

Ce résultat est essentiellement une généralisation de celui énoncé en (1.27), mais la preuve présentée ici,
est basée sur une construction de quasimodes. L’ ”optimalité” de nos constructions est alors établie grâce
à des estimations de décroissance et la réduction à des opérateurs modèles qui font intervenir un opérateur
d’Airy sur R+ et un oscillateur harmonique en dimension N − 1.

Remarque 1.3.5. βn est le n-ième élément compté avec une multiplicité de

Σ =
{
N−1∑
i=1

√
κi
2 (2ni − 1) , n ∈ N∗N−1

}
.

Remarquer que pour N = 2, on a

Σ =
{

(2n− 1)
√
κ1
2 , n ∈ N∗

}
,

et tous les éléments sont de multiplicité un.

Remarque 1.3.6. Notre stratégie peut être adaptée pour traiter un nombre fini de minima non dégénérés, et
il serait même possible d’étudier l’effet tunnel lorsque ces minima présentent des symétries.
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1.3.2.2 Stratégie de la démonstration

Dans un premier temps, nous montrons par une estimation d’Agmon, que les fonctions propres de Lh

ont une décroissance exponentielle en dehors de tout voisinage ne contenant pas A0 (voir la Proposition
4.2.1). Par conséquent, la masse de toute fonction propre est essentiellement concentrée près du minimum du
potentiel xmin. Cela permet de travailler dans un voisinage tubulaire fin de A0 (voir la Section 4.2.2).

Nous redressons localement la frontière en introduisant un système de coordonnées locales (s, t) ∈
RN−1 × R+, où t est la distance à la frontière et s est la variable tangentielle sur ∂Ω. Ces coordonnées
standard sont introduites précisément dans la Section 4.3.1. En Section 4.3.3, nous montrons que les fonctions
propres sont localisées près de A0 à une échelle h1/2 dans la direction s et à l’échelle h2/3 dans la direction t.

On rappelle une conséquence utile du théorème spectral (voir la Section A.1.3 présentée en Annexe), que
si on trouve une bonne fonction ψ (appelée quasi-mode) et un nombre λ, tels que ∥(Lh−λ)ψ∥ ⩽ ϵ∥ψ∥, alors
d(λ,Sp(Lh)) ⩽ ϵ. Cette méthode permet d’exhiber des nombres λ proches du spectre à ϵ près. On construit
des quasi-modes à partir des fonctions propres des opérateurs modèles (opérateur d’Airy et l’oscillateur
harmonique en dimension N − 1) qui sont introduits dans le chapitre 2.

En Section 4.4.1, on commence par effectuer un changement de variable local, grâce à l’estimation
d’Agmon tubulaire

σ = h− 1
2 s et τ = h− 2

3 t,

qui nous ramène (presque) au domaine RN−1 × R+, on peut développer l’opérateur obtenu (notée L̃h) en
puissances de h, en un sens formel, sans parler de convergence (on utilise la notation ∼ au lieu du signe =
pour un tel développement) :

L̃h ∼
∑
j⩾0

hj/6Lj ,

avec 

L0 = xmin,

L1 = L2 = L3 = L5 = 0,
L4 = −∂2

τ + τ,

L6 est unitairement équivalent à Hharm =
∑N−1
i=1 −∂2

si + κi
2 s2

i ,

où κi sont les valeurs propres de l’endomorphisme de Weingarten de ∂Ω en A0, et l’on cherche des paires
propres (λ, ψ)

λ ∼ xmin + h2/3α0 + hα1 + . . .

ψ ∼ u(τ)f(σ) + . . .

vérifiant
L̃hψ ∼ λψ.

✼ Termes d’ordre h2/3. On résout :
(L4 − α0)u(τ)f(σ) = 0.

Il est naturel de choisir u la fonction propre de L4 (c’est l’opérateur d’Airy défini en Section 2.2) avec α0 est
la valeur propre associée. On peut prendre

u(τ) = Ai(τ − z1) et α0 = z1,

où Ai est la fonction d’Airy normalisée L2(R+) et −z1 est son premier zéro négatif.
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✼ Termes d’ordre h. On résout
L6u(τ)f(σ) = α1u(τ)f(σ).

On obtient alors que α1 ∈ Sp(L6) et que f est dans le sous espace propre associé. Comme L6 est unitairement
equivalent à Hharm, on peut prendre α1 est la n-ième valeur propre de Hharm, notée βn.

✼ Termes d’ordre supérieur. Ce procédé peut s’appliquer à un ordre arbitrairement grand (voir la Section
4.4).

L’optimalité de nos constructions est alors établie grâce à une réduction aux opérateurs modèles. Les
termes de reste sont contrôlés grâce aux estimés d’Agmon (voir la Section 4.5).

1.3.3 États de bord pour le Laplacien magnétique de Robin (chapitre 5)
Nous allons maintenant revenir au cœur de ce qui a motivé cette thèse et qui est un travail en collaboration

avec L. Le Treust, N. Raymond et S. Vũ Ngo. c (voir la Section 1.2.1.2 ci-avant).

1.3.3.1 Opérateur de de Gennes avec condition de Robin

Nos résultats seront exprimés en termes de valeurs propres de l’opérateur de de Gennes avec condition
de Robin au bord. Cet opérateur, qui apparaît naturellement dans l’étude des effets magnétiques près d’un
bord [SJdG63, FH10b], est un opérateur différentiel d’ordre deux dépendant des paramètres réels γ et σ et
agissant comme suit

H[γ, σ] = − d2

dτ2 + (τ − σ)2,

sur le domaine

Dom(H[γ, σ]) =
{
u ∈ B1 (R+) :

(
− d2

dτ2 + (τ − σ)2
)
u ∈ L2(R+), u′(0) = γ u(0)

}
,

où
B1 (R+) = {u ∈ H1 (R+) : τu ∈ L2 (R+)}.

Il est bien connu queH[γ, σ] est un opérateur auto-adjoint à résolvante compacte. Ainsi, son spectre peut être
écrit comme une suite croissante de valeurs propres (µn(γ, σ))n⩾1 (qui sont toutes simples grâce au théorème
de Cauchy-Lipschitz). Nous désignons par u[γ,σ]

n la suite normalisée des fonctions propres correspondantes.
Nous posons

Θ[n−1](γ) := inf
σ∈R

µn(γ, σ).

L’indice n− 1 est compatible avec la notation utilisée dans le cas de l’opérateur de de Gennes (cas où γ = 0),
voir [FH10b, Section 3.2]. La famille (H[γ, σ])(γ,σ)∈R2 est analytique de type (B) (au sens de Kato, voir
[Kat76, Chapitre VII, §4]), i.e., le domaine de forme ne dépend pas des paramètres et la forme sesquilinéaire
est analytique en fonction de γ ou σ. Par convention, nous notons par H[+∞, σ] (i.e. γ = +∞) l’opérateur
correspondant avec condition de Dirichlet u(0) = 0.

La proposition suivante regroupe les principales propriétés des fonctions µn(γ, ·) (qui sont généralement
appelées courbes de dispersion) qui seront utilisées dans cette section. La plupart d’entre elles ont été établies
pour n = 1 dans [Kac06b] (voir également [Kac07, Kac08], et [DBP99] dans le cas de Dirichlet).

Proposition 1.3.2. Fixons n ⩾ 1. Lorsque γ ∈ R, la fonction µn(γ, ·) est analytique et

lim
σ→−∞

µn(γ, σ) = +∞ , lim
σ→+∞

µn(γ, σ) = 2n− 1 . (1.37)
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De plus, µn(γ, ·) a un minimum unique atteint en σ = ξn−1(γ), mais non atteint à l’infini. Ce minimum est
non dégénéré. La fonction µn(γ, ·) est décroissante sur (−∞, ξn−1(γ)) et croissante sur (ξn−1(γ),+∞). De
plus, on a, pour tout n ⩾ 2,

2n− 3 < Θ[n−1](γ) < 2n− 1 . (1.38)

Lorsque γ = +∞, c’est-à-dire lorsque la condition de Robin est remplacée par la condition de Dirichlet,
µn(+∞, ·) est toujours lisse, mais désormais décroissante de +∞ à 2n− 1.

La preuve de la Proposition 1.3.2 sera donnée à la Section 2.4 (les méthodes de démonstration utilisées
sont différentes de celles présentées en [Kac06b, Kac08]). Cette proposition a les conséquences élémentaires
suivantes mais importantes pour notre analyse, qui sont illustrées dans la Figure 1.2 (réalisée par S. Vũ Ngo. c).

Corollaire 1.3.3. Soit γ ∈ R ∪ {+∞} fixé. Soit Θ l’ensemble de toutes les valeurs critiques des fonctions
µk :

Θ = {Θ[n−1](γ), n ⩾ 1} .

Soit Λ l’ensemble des points limites des fonctions µk à l’infini :

Λ := {2n− 1, n ⩾ 1} .

Soit [a, b] ⊂ R un intervalle disjoint de Λ. Soit n = 1 si a < 1 ou n ⩾ 2 tel que [a, b] ⊂ (2n − 3, 2n − 1).
(Dans le cas n = 1 on prend a = −∞). Il découle de (1.37) que pour tout entier k ⩾ 1, µ−1

k ([a, b]) est
compact.

Soit p(k) le nombre de composantes connexes de µ−1
k ([a, b]). Nous avons

p(k) = 1 if 1 ⩽ k < n

p(n) = 0 if γ = +∞
p(n) = 1 if γ ∈ R et Θ[n−1] ∈ [a, b]
p(n) = 2 if γ ∈ R et Θ[n−1] < a

p(n) = 0 if γ ∈ R et b < Θ[n−1]

p(k) = 0 if k > n .

Par conséquent, quand γ ∈ R,

N(γ, a, b) := #{k ⩾ 1 : µk(γ, ·)−1([a, b]) ̸= ∅} =
{
n si b ⩾ Θ[n−1](γ)
n− 1 sinon

,

et si γ = +∞ (cas de Dirichlet) alorsµ1(+∞, ·) ne prend aucune valeur dans (−∞, 1), etN(γ, a, b) = n−1.

Notation 1.3.4. Dorénavant, nous désignons par N(γ, a, b) = N ce cardinal.

Hypothèse 3. Dans la suite, a et b sont autorisés à dépendre de h, dès lors qu’ils restent dans un intervalle
indépendant de h compact (2n− 3, 2n− 1).
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Figure 1.2 – Cette figure montre les courbes de dispersion µk(γ, ·), pour γ = −1. On visualise la préimage
d’un intervalle donné [a, b] ⊂ (2n − 3, 2n − 1) avec n = 3. Les courbes sont obtenues par un schéma
numérique standard basé sur les différences finies.

Avec cette image à l’esprit, pour chaque k ⩾ 1, nous pouvons construire une fonction régulière ◦
µk, bornée

(avec toutes ses dérivées), qui coïncide avec µk dans un voisinage de µ−1
k ([a, b]).

Notation 1.3.5. Soit Ξ0 : R → R une fonction régulière, bornée avec toutes ses dérivées, et croissante telle
que pour tout k ∈ {1, . . . , N}, µk(γ,Ξ0(σ)) = µk(γ, σ) dans un voisinage de µ−1

k ([a, b]) et µk ◦ Ξ0 prend
ses valeurs dans (−∞, a) ∪ (b,+∞) loin de µ−1

k ([a, b]). Nous considérons

◦
µk := µk(γ,Ξ0(·)), (1.39)

où nous omettons la référence au paramètre γ pour alléger la notation. Dans la suite, nous désignerons plus
généralement par ◦

φ, la fonction φ après Ξ0.

Les fonctions bornées ◦
µk seront pratiques pour énoncer notre théorème principal, qui fait intervenir des

opérateurs h
1
2 -pseudo-différentiels avec des symboles dans la classe habituelle SR2(1) donnée par

SR2(1) = {a ∈ C ∞(R2
s,σ) : ∀α ∈ N2 , ∃Cα > 0 : |∂αa| ⩽ Cα} .
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Notons ℏ = h
1
2 . Nous rappelons que la quantification de Weyl d’un symbole p est donnée par la formule :

(OpW
ℏ p)ψ(x) = 1

2πℏ

∫
R2
ei(x−y)η/ℏp

(
x+ y

2 , η

)
ψ(y)dydη , ∀ψ ∈ S (R), (1.40)

et que cette formule définit un opérateur bornée de L2(R) en L2(R) si p ∈ SR2(1), par le théorème de
Calderón-Vaillancourt. Pour abréger la notation, nous écrirons parfois pW au lieu de OpW

ℏ p.
Soit T2L = R/2LZ, et L2(T2L) le sous-ensemble de L2

loc(R) des fonctions 2L-périodiques, munies
de la norme L2 habituelle sur [0, 2L], où L est la demi-longueur de la frontière. On dit p ∈ ST2L×R(1),
lorsque p ∈ SR2(1) et qu’elle est 2L-périodique dans sa première variable s. On désigne par eiα· la fonction
x 7→ eiαx.

1.3.3.2 Présentation des résultats

Décrivons maintenant nos principaux résultats de cette section, qui seront exprimés en termes d’opérateurs
pseudo-différentiels en une dimension. Puisque notre résultat principal décrit le spectre de Lh,γ (défini en
Notation 1.2.2) “modulo O(h∞)”, nous devons préciser cette notion.

Définition 1.3.6. On dira que les spectres de deux opérateurs auto-adjoints auto-adjoints T1 et T2 dépendant
de h coïncident dans Ih modulo O(hα), α ∈ R ⊔ {+∞}, lorsqu’il existe C, h0 > 0 tel que, pour tout
h ∈ (0, h0),
— T1 et T2 ont un spectre discret dans Ih + [−Chα, Chα],
— pour tout intervalle Jh ⊂ Ih on peut trouver un intervalle Kh tel que Jh ⊂ Kh avec dH(Kh, Jh) ⩽ Chα

et
rank1Jh(T1) ⩽ rank1Kh(T2), rank1Jh(T2) ⩽ rank1Kh(T1),

où dH représente la distance de Hausdorff :

dH(A,B) = sup
(a,b)∈A×B

max(d(a,B), d(b, A)).

Remarque 1.3.7. — Notons que, si les spectres de T1 et T2 coïncident dans Ih modulo O(hα), alors, pour
tout Ĩh ⊂ Ih, les spectres de T1 et T2 coïncident dans Ĩh modulo O(hα).

— Si les spectres de T1 et T2 coïncident dans Ih modulo O(hα), on a

dH(Sp(T1) ∩ Ih, Sp(T2) ∩ Ih) = O(hα).

— La notion décrite dans la Définition 1.3.6 apparaît déjà sous diverses formes dans la littérature (voir, par
exemple, le point de vue dans [HS84, Section 1] et [Hel88, §4]).

Nous pouvons maintenant énoncer notre résultat principal, où nous utilisons, entre autres, les valeurs
propres µk(γ, σ) et les fonctions propres u[γ,σ]

k de l’opérateur de de Gennes (Section 1.3.3.1), l’entier N
défini dans (1.3.4), et la notation introduite dans (1.39).

Théorème 1.3.4. Sous l’hypothèse 2, le spectre de Lh,γ dans [ha, hb] coïncide avec celui de hMh modulo
O(h2), où

Mh :=


mW

1 0 · · · 0

0 mW
2

...
... . . . 0
0 · · · 0 mW

N


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est un opérateur borné agissant diagonalement sur eiα(h)·L2(T2L)N . Ici

α(h) = |Ω|
|∂Ω|h

,

et chaquemW
k est un opérateur pseudodifférentiel h

1
2 avec un symbole dans ST2L×R(1). Dénotons par (s, σ)

les variables (canoniques) dans T2L × R. Alors nous avons :
— le symbole principal de mW

k est ◦
µk(σ) ;

— le sous-symbole principal est −κ(s)
◦
Ck(σ) avec

Ck(σ) =
〈 (

(τ − σ)τ2 − ∂τ − 2τ(σ − τ)2
)
u

[γ,σ]
k (τ), u[γ,σ]

k (τ)
〉
L2(R+), (1.41)

et κ(s) est la courbure de la frontière au point d’abscisse curviligne s.

Remarque 1.3.8. On peut vérifier que, pour tout j ⩾ 1, Cj(ξj−1(γ)) a le même signe que γ[j−1]
0 − γ, voir

la Proposition 5.6.2 où le seuil γ[j−1]
0 est discuté. La Proposition 5.6.2 corrige également une erreur dans

[Kac06b, Lemma II.3 & (2.24)], où il est indiqué que C1(ξ0(γ)) est toujours positif.

Il est important de noter que le Théorème 1.3.4 est en fait un résultat de diagonalisation puisqu’il réduit
l’analyse spectrale de Lh,γ à celle d’une famille d’opérateurs pseudo-différentiels en une dimension : le
spectre de Mh est la superposition (en comptant les multiplicités) des spectres de mW

k , k = 1, . . . , N .
Il s’avère que le spectre de chacun de ces opérateurs pseudo-différentiels peut être complètement décrit en
utilisant des raffinements de résultats connus. En effet, on remarque que les symboles principaux ◦

µj := µj◦Ξ0
ont des particularités :

− Ils ne dépendent que de la variable de fréquence σ.
− En tant que fonctions de σ, ils ont un point critique unique, qui est un minimum non dégénéré

(Proposition 1.3.2).
Ainsi, d’un point de vue microlocal, seules deux situations sont à considérer :

− E est une valeur régulière de ◦
µj , et alors les règles bien connues de Bohr-Sommerfeld s’appliquent

(voir, par exemple, [Roz75, HR82, HR84, Dui74]).
− E est une valeur critique de ◦

µj , auquel cas le hamiltonien (s, σ) 7→ ◦
µj(σ) admet un minimum

transversal sur un cercle, et l’étude récente [DV21] s’applique.

Notre première application concerne le cas où l’intervalle [a, b] consiste en des valeurs régulières de
tous les µk. Nous utiliserons le résultat spectral bien connu, une extension à tous les ordres des règles de
Bohr-Sommerfeld (voir, par exemple, [Roz75, HR82, HR84, Dui74]), que nous prouvons au chapitre 5 (voir
la Section 5.5). Nous obtenons le résultat suivant, où nous utilisons la notation du Corollaire 1.3.3 et du
Théorème 1.3.4.

Corollaire 1.3.7 (Spectre à des valeurs régulières). Soit [a, b] un intervalle disjoint de Θ et Λ. Pour chaque k =
1, . . . , N , pour chaque q = 1, . . . , p(k), soit Σk,q ⊂ R un intervalle tel que µk(γ, ·) est un difféomorphisme
de Σk,q vers un voisinage de [a, b], de telle sorte que tous les Σk,q sont disjoints deux à deux et que

⋃p(k)
q=1 Σk,q

contienneµk(γ, ·)−1([a, b]) (c’est-à-direµk doit être monotone sur Σk,q). Alors, il existe une fonction régulière
Σk,q ∋ σ 7→ fk,q(σ, ℏ) ∈ R avec un développement asymptotique

fk,q(σ, ℏ) ∼ fk,q,0(σ) + ℏfk,q,1(σ) + ℏ2fk,q,2(σ) + · · ·
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tel que le spectre de Lh,γ dans [ha, hb] coïncide, modulo O(h2), avec l’union disjointe N⊔
k=1

p(k)⊔
q=1

{
hfk,q(σ, h

1
2 ), σ ∈ h

1
2 ( πLZ + α(h)) ∩ Σk,q

} ∩ [ha, hb] .

De plus, nous avons, lorsque σ ∈ Σk,q,

fk,q,0(σ) = µk(γ, σ) (1.42)
fk,q,1(σ) = −⟨κ⟩Ck(σ) (1.43)

où ⟨κ⟩ est la courbure moyenne :

⟨κ⟩ = 1
2L

∫ 2L

0
κ(s)ds.

Puisque les premiers termes (1.42) et (1.43) ne dépendent pas de q (en dehors du domaine de définition
Σk,q) nous obtenons que le spectre de Lh,γ dans [ha, hb] coïncide, modulo O(h2), avec l’union disjointe

N⊔
k=1

{
hµk(γ, σ) − h

3
2 ⟨κ⟩

◦
Ck(σ), σ ∈ h

1
2 ( πLZ + α(h))

}
∩ [ha, hb] .

Comme application de ce corollaire, nous obtenons une formule très précise pour le nombre de valeurs
propres de Lh,γ dans [ha, hb], qui est bien inférieure à l’estimation (1.24) :

Théorème 1.3.5 (Formule de Weyl précise). Soit Ih = [ha, hb] où [a, b] est un intervalle disjoint de Θ et Λ.
Alors, le nombre de valeurs propres de Lh,γ dans Ih est

N(Lh,γ , Ih) =

 L

πh1/2

∑
k,q

δ
[0]
k,q + L⟨κ⟩

π

∑
k,q

δ
[1]
k,q + O(h1/2)

 ,
où nous utilisons la notation

∑
k,q :=

∑N
k=1

∑p(k)
q=1 , et

δ
[0]
k,q := |αk,q − βk,q| , δ

[1]
k,q := Ck(βk,q)∣∣µ′

k(βk,q)
∣∣ − Ck(αk,q)∣∣µ′

k(αk,q)
∣∣ ,

avec αk,q := µ−1
k,q(a), βk,q := µ−1

k,q(b).

Dans cet énoncé, nous avons noté µk,q := µk(γ, ·)|Σk,q . Remarquons que, comme le reste O(h1/2) tend
vers 0, on obtient que, lorsque h est suffisamment petit, N(Lh,γ , Ih) est égal à la partie partie entière de
L

πh1/2
∑
k,q δ

[0]
k,q + L⟨κ⟩

π

∑
k,q δ

[1]
k,q, ou ce plus ou moins 1.

Remarque 1.3.9. Le Corollaire 1.3.7 donne une description beaucoup plus précise du spectre que l’estimation
dans la Proposition 1.2.3 en nous fournissant des approximations explicites des valeurs propres dans [ha, hb]
modulo O(h2). Lorsque γ = +∞ (i.e. dans le cas Dirichlet), cela améliore également la description donnée
dans [GV21, Corollaire 2.7] concernant une fenêtre spectrale mince contenant une valeur régulière. De plus,
bien que nos résultats soient formulés en termes d’approximation des valeurs propres, la stratégie, basée
sur les projections microlocales, conduisant au Théorème 1.3.4 peut également être utilisée pour décrire les
espaces propres de Lh,γ à l’aide de ceux de Mh.
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Notre théorème principal s’applique également au cas où la fenêtre spectrale contient une valeur critique,
i.e. un élément de Θ, voir Corollaire 1.3.3 (une telle valeur critique est le minimum global unique mini-
mum global non dégénéré d’une courbe de dispersion unique, voir Proposition 1.3.2). Pour illustrer cela,
concentrons-nous sur les valeurs propres basses. Notre deuxième corollaire améliore le [Kac06b, Théorème
I.5, α = 1

2 ] en établissant l’asymptotique spectrale des valeurs propres les plus basses et en présentant des
écarts spectraux d’ordre h

7
4 (au lieu de h

3
2 dans le cas de valeurs régulières) pour chaque courbe de dispersion

donnée. Il étend également à tout paramètre de Robin le résultat obtenu par Fournais et Helffer dans [FH06]
lorsque γ = 0.

Une fois que le Théorème 1.3.4 est appliqué et a réduit l’analyse à un seul opérateurh
1
2 -pseudo-différentiel,

ce corollaire devient essentiellement une application de [DV21, Proposition 6.8], cf. Section 5.5.2 du chapitre
5 où nous donnons quelques détails.

Corollaire 1.3.8. Considérons γ ̸= γ
[0]
0 avec γ[0]

0 défini dans la Remarque 1.3.8, et soit ϵ = sign(γ[0]
0 − γ) =

sign(C1(ξ0(γ))). Supposons que ϵκ admet un maximum unique en smax, lequel est non dégénéré. Alors, pour
tout j ⩾ 1, uniformément quand jh

1
4 = o(1),

λj(γ, h) = Θ[0](γ)h− κmaxC1(ξ0(γ))h
3
2 +

(2j − 1)

√
C1(ξ0(γ))k2µ′′

1(γ, ξ0(γ))
4

h 7
4 + o(h

7
4 ) ,

avec k2 = −κ′′(smax) > 0, λj(γ, h) est la j-ième valeur propre de Lh,γ et où l’on rappelle que ξ0(γ) est
donné dans la Proposition 1.3.2.

Remarque 1.3.10. Terminons la description de nos résultats par quelques commentaires sur les conséquences
et les extensions découlant de notre approche.

(i) Le Corollaire 1.3.8 décrit les valeurs propres basses avec une certaine uniformité dans j (ce qui n’était
pas le cas dans [FH06]), dans un intervalle de la forme (−∞,Θ[0](γ)h + Ch3/2]. D’autre part, le
Corollaire 1.3.7 donne le spectre dans tout intervalle de la forme [ha, hb] avec a > Θ0(γ) et b < 1. On
a donc un intervalle spectral entre ces deux régimes que nous ne décrivons pas ici. En fait, en utilisant
des résultats spectraux raffinés pour les opérateurs pseudodifférentiels 1D, et en particulier la stratégie
de [DV21] dans le cas où κ est une fonction de Morse, il serait également possible d’établir un résultat
similaire au Corollaire 1.3.7. Ce résultat dépendrait du signe de γ − γ

[n−1]
0 (qui change la nature de

l’asymptotique spectrale, voir ci-dessous).

(ii) Lorsque γ > γ
[0]
0 et sous l’hypothèse que la courbure a un minimum unique, qui est non dégénéré, nous

pouvons prouver un développement similaire à celle du Corollaire 1.3.8. Dans ce cas, notre analyse
peut être utilisée pour prouver que les fonctions propres (associées aux valeurs propres basses) sont
concentrées près des points de courbure minimale. Ceci contraste avec le cas de Neumann où les
points de courbure maximale jouent le rôle de puits d’attraction. Ce phénomène n’avait pas été observé
auparavant, voir la Remarque 1.3.8.

(iii) Le cas γ = γ
[0]
0 est critique puisque C1(ξ0(γ)) = 0. Cependant, notre analyse peut encore être utilisée

en calculant des termes sous-principaux supplémentaires dans notre opérateur effectif. Un phénomène
similaire a récemment été observé dans l’étude de l’opérateur de Dirac magnétique [BLTRS23, Section
8] et également dans l’analyse de l’opérateur de Schrödinger magnétique avec des champs magnétiques
discontinus [FHKR22]. Dans ce cas, nous avons, pour tout j ⩾ 1,

λj(γ, h) = Θ[0](γ)h+ h2λj(Ah) + o(h2) ,
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où
Ah = ∂2

σµ(γ, ξ0(γ))
2 (Ds + α(h) − h− 1

2 ξ0(γ))2 + Cγκ
2(s),

pour un certain Cγ ∈ R. Dans ce régime de transition, l’opérateur effectif n’est pas semi-classique.

(iv) Lorsque la courbure κ est constante, dans le cas où γ ∈ R, nous sommes dans une situation dégénérée
assez similaire au cas où γ = γ

[0]
0 . En ce qui concerne les opérateurs mW

k du Théorème 5.1.7, ce cas
correspond à [DV21, Proposition 6.4]. Nous pouvons prouver un développement sous la forme

λj(γ, h) = Θ[0](γ)h− κC1(ξ0(γ))h
3
2 + h2λj(Ah) + o(h2).

Ici, les valeurs propres de Ah génèrent des oscillations magnétiques, voir [DV21, Théorème 2.2 ; k = 0].
Lorsque γ = 0 et j = 1, une estimation similaire est décrite dans [FH06, Theorem 5.3.1].

1.3.3.3 Stratégie de la démonstration

Décrivons les grandes lignes de la preuve du Théorème 1.3.4.

Dans un premier temps, nous prouvons que les fonctions propres associées aux valeurs propres de Lh,γ

dans [ha, hb] sont exponentiellement localisées près du bord de Ω, voir la Proposition 5.2.1. Les estimations
ressemblent à celles d’Agmon, mais elles ne sont pas obtenues par les moyens variationnels habituels (voir par
exemple, [Hel88] ou [Ray17, Prop. 4.7]), comme c’est le cas dans de nombreux contextes magnétiques. Cela
échoue ici, puisque nous voulons considérer des valeurs propres entre deux niveaux de Landau consécutifs.
Pour surmonter ce problème, notre stratégie, qui généralise la méthode variationnelle, est basée sur la
bĳectivité du Laplacien magnétique entre des espaces L2 à poids exponentiels.

La localisation exponentielle près de la frontière à l’échelle d’ordre h1/2 nous invite à utiliser les coordon-
nées tubulaires classiques (s, t) près de la frontière. Nous notons par L̃h,γ , l’opérateur Lh,γ en coordonnées
(s, t), défini dans la Section 5.3.1. Après avoir montrer une estimation d’Agmon pour L̃h,γ (voir la Section
5.6.3.1), nous établisons dans l’Appendice 5.6.3, que les spectres de Lh,γ et L̃h,γ coïncident modulo O(h∞).
Maintenant, le problème est que nous ne pouvons pas réduire directement le problème à un problème près
du bord. En fait, si nous considérons l’opérateur dans un voisinage tubulaire avec des conditions de Dirichlet
(γ = +∞) sur le bord extérieur et intérieur de ce voisinage, et par suite par les estimations d’Agmon, nous
ne pouvons pas localiser le problème dans ce voisinage tubulaire. Pour ce faire, nous allons introduire une
fonction de troncature en t près de 0, notée ζ.

Ensuite, afin d’obtenir une condition au bord indépendante de h, on se ramène à un problème partiellement
semi-classique par le changement d’échelle 11

(s, t) = (s, h1/2τ).

Nous introduisons un opérateur modèle Nℏ (voir la Section 5.3.2) dépendant du paramètre effectif semi-
classique ℏ = h

1
2 , agissant sur des fonctions 2L périodiques et impliquant un terme de flux f0

(
f0 = |Ω|

|∂Ω|

)
Nℏ = âℏ(s, τ)−1pΞ0

s,ℏâℏ(s, τ)−1pΞ0
s,ℏ − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ ,

11. En Section 5.3.2, nous définissons L̂h,γ , l’opérateur après le changement de variable et après la troncature ζ en t . Par des
estimations d’Agmon (voir la Proposition 5.6.5), nous pouvons montrer que les spectres de L̃h,γ et L̂h,γ sont coïncident modulo
O(h∞). Ceci nous permet de nous concentrer sur l’analyse spectrale de L̂h,γ . En fait, dans notre présentation, nous avons évité
l’analyse spectrale de L̂h,γ (existence du spectre discret, etc.).
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où

pΞ0
s,ℏ = OpW

ℏ Ξ0(· + θ) − τ + ℏκ(s) τ̂
2

2 , θ = ℏ−1f0 .

âℏ(s, τ) = 1 − ℏτ̂κ avec τ̂ = ζ(ℏ2ητ)τ = ζη(τ)τ,

où ζ est une fonction régulier égale à 1 près de 0 et 0 < η < 1
2 .

Dom(Nℏ) =
{
u ∈ L2(T2L × R+) : −∂2

τu ∈ L2(T2L × R+),
τ2u ∈ L2(T2L × R+), ∂τu(·, 0) = γu(·, 0)

}
.

Nous montrons que les fonctions propres de Lh,γ associées aux valeurs propres dans [ah, bh] sont gros-
sièrement microlocalisées dans un ensemble compact de l’espace des phases attaché à la frontière 12, voir la
Proposition 5.3.1. Ceci permet de prouver que le spectre de Lh,γ (entre les niveaux de Landau) est situé près
de celui de hNℏ, voir Proposition 5.3.2. Cependant, on verra que la Proposition 5.3.2 n’est pas directement
utile pour établir nos théorèmes principaux. Elle est plutôt un prétexte pour motiver l’introduction de Nℏ et
décrire les estimations spectrales nécessaires pour prouver que les spectres coïncident modulo O(h∞). En
fait, on comparera directement le spectre de Lh,γ à celui d’un opérateur effectif sur la frontière de Ω pour
évite l’analyse spectrale de Nℏ (existence du spectre discret, estimations d’Agmon, etc.).

Nous construisons un problème de Grushin afin d’inverser l’opérateur (pseudo)différentiel Nℏ (qui agit
comme Nℏ avec f0 remplacé par 0). Cette méthode, inspirée des travaux de Martinez et Sjöstrand (et
adaptée aux opérateurs magnétiques par Keraval, voir [Ker18]), a récemment montré son efficacité pour
décrire les valeurs propres de divers opérateurs magnétiques (voir, par exemple, [FHKR22] et [BNHR22]).
La nouveauté ici est de l’utiliser pour s’attaquer à la description de valeurs propres plus grandes pour les
opérateurs magnétiques de Schrödinger à bord, lorsque plusieurs courbes de dispersion sont impliquées
(voir Figure 1.2), et pas seulement la première comme dans [FHKR22] ou [BNHR22]. Afin d’utiliser cette
méthode, nous écrivons un développement semiclassique de Nℏ (voir la Proposition 5.4.4) :

Nℏ = n0 + ℏn1 + ...,

où, les nj sont donnés par nj = OpW
ℏ nj avec

n0 = −∂2
τ + (Ξ0(σ) − τ)2,

n1 = κ(s)
[
(Ξ0(σ) − τ)ζ2

µτ
2 + ζµ∂τ + 2ζµτ(Ξ0(σ) − τ)2

]
.

En particulier, nous pouvons écrire Nℏ = OpW
ℏ (nℏ) avec un symbole nℏ satisfaisant

nℏ = n0 + ℏn1 + ... .

Le symbole principal est l’opérateur de de Gennes (avec la condition de Robin), qui peut être inversé dans
la fenêtre spectrale [a, b] quitte à considérer une matrice augmentée P0 impliquant les fonctions propres de
l’opérateur de de Gennes (voir le lemme 5.4.5).

12. Nous avons montré une estimation d’Agmon compatible avec le multiplicateur de Fourier. Bien que nous ne l’ayons pas utilisé
dans notre présentation, il convient de noter qu’il s’agit d’un nouveau résultat sur la décroissance exponentielle compatible avec le
multiplicateur de Fourier (voir la Section 5.6.4).
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1.3. Résultats obtenus et idées de démonstrations

Pour tout z ∈ [a, b],

P0(z) =
(
n0(s, σ) − z Π∗

Π 0

)
,

est bĳectif avec inverse

Q0(z) =
(
q0 Π∗

Π z −M0(σ)

)
, q0 = (n0(s, σ) − z)−1(Π∗Π)⊥,

où M0(σ) est la matrice diagonale N × N dont la diagonale est (◦
µ1, . . . ,

◦
µN ), Π∗(α) =

∑N
j=1 αj

◦
uj et

Πψ = (⟨ψ, ◦
uj⟩)1⩽k⩽N .

Cela permet de construire un inverse approché OpW
ℏ Qℏ d’une version augmentée de Nℏ notée OpW

ℏ Pℏ,

OpW
ℏ Pℏ =

(
Nℏ − z P∗

P 0

)
, P = OpW

ℏ Π.

Cherchons un inverse approché tel que{
OpW

ℏ Qℏ OpW
ℏ Pℏ(z) = Id + O(ℏ2),

OpW
ℏ Pℏ(z) OpW

ℏ Qℏ = Id + O(ℏ2) .

Comme dans [Ker18, Section 3.1.3], nous sommes amenés à choisir Qℏ sous la forme :

Qℏ =
(
qℏ q+

ℏ
q−
ℏ q±

ℏ

)
.

Avec ce choix, le coefficient inférieur droit, noté q±
ℏ , de la matrice Qℏ est

q±
ℏ = z −M0(σ) − ℏΠn1Π∗.

Ceci invite à considérer l’opérateur pseudo-différentiel matriciel effectif dont le symbole est

Mℏ = M0(σ) + ℏΠn1Π∗.

On considère ψ une fonction propre de Lh,γ associée à λ ∈ [ah, bh]. Pour z = h−1λ , Grâce à ces quasi
inverses, on obtient

OpW
ℏ Qℏ OpW

ℏ Pℏ

(
φ
0

)
=
(
φ
0

)
+ O(ℏ2)∥φ∥ ,

où φ désigne la fonction ψ après multiplication par une fonction de troncature en t.
Nous en déduisons que {

OpW
ℏ q

+
ℏ Pφ = φ+ O(ℏ2)∥φ∥ ,

(z − OpW
ℏ Mℏ)Pφ = O(ℏ2)∥φ∥.

Puisque OpW
ℏ q

+
ℏ est borné uniformément en ℏ, la première relation implique que

∥φ∥ ⩽ C∥Pφ∥.
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Ensuite, de la deuxième relation et du théorème spectral, nous déduisons que

dist(z, Sp(OpW
ℏ Mℏ)) ⩽ Cℏ2.

Cela signifie que le spectre de h−1Lh,γ dans la fenêtre [ah, bh] est à une distance d’ordre ℏ2 du spectre de
l’opérateur effectif OpW

ℏ Mℏ.

En Section 5.5, nous effectuons l’analyse spectrale de OpW
ℏ Mℏ en utilisant le fait que le symbole principal

matriciel M0 est diagonal avec des écarts uniformes entre les les entrées diagonales. On en déduit que les
spectres de OpW

ℏ Mℏ et OpW
ℏ M0 − ℏdiag

(
OpW

ℏ κ(s)Cj ◦ Ξ0(σ)
)

coïncident modulo O(ℏ2).
Nous déduisons les Corollaires 1.3.7 et 1.3.8.

1.4 Sommaire

Dans le chapitre 2, nous discutons de certaines propriétés spectrales liées aux opérateurs modèles en
dimension 1, qui apparaissent dans le voisinage de la frontière et qui interviennent dans notre stratégie de
réduction de la dimension.

Dans le chapitre 3, nous étudions l’analyse spectrale semi-classique de l’opérateur de Schrödinger auto-
adjoint avec un champ magnétique fort et une condition de Robin attractive au bord d’un domaine régulier
et borné dans les régimes où le champ magnétique joue un rôle majeur, en concurrence avec la condition
de Robin. Par les estimations d’Agmon habituelles, nous montrons pourquoi les fonctions propres corres-
pondant aux plus petites valeurs propres sont localisées près de la frontière. En utilisant l’approximation de
Born-Oppenheimer, nous dérivons un opérateur effectif sur la frontière dont les valeurs propres décrivent
simultanément les valeurs propres du Laplacien magnétique de Robin. Nous remarquons que cette approxi-
mation est valable sans aucune hypothèse supplémentaire sur le domaine. Dans une situation générique où
la courbure a un maximum unique non dégénéré, nous estimons l’écart spectral et trouvons que le champ
magnétique ne contribue pas au développement asymptotique à trois termes des valeurs propres basses. Dans
le cas des domaines de disques, nous montrons la contribution du champ magnétique dans l’asymptotique
des valeurs propres les plus basses. Ce chapitre est issu de [Fah23a].

Dans le chapitre 4, nous établissons un développement asymptotique complet des basses valeurs propres
de l’hamiltonien de Stark en dimension N ⩾ 1, en impliquant les valeurs propres de l’endomorphisme de
Weingarten, et nous montrons que leurs fonctions propres associées sont localisées près du potentiel minimal.
En outre, nous appliquons nos techniques pour trouver un développement asymptotique complet des valeurs
propres de l’opérateur plus général −h2∆ + V (x) où h est un petit paramètre et V est un potentiel réel
régulier satisfaisant certaines conditions. Ces résultats sont issus de [Fah23b].

Dans le chapitre 5, nous présentons des résultats obtenus en collaboration avec N. Raymond, L. Le Treust
et S. Vũ Ngo. c [FLTRVuN23]. Pour γ ∈ R∪ {+∞}, dans la limite semi-classique, en utilisant la méthode de
Grushin et les outils d’analyse microlocale, nous réduisons l’analyse spectrale de Lh,γ à celle d’une famille
d’opérateurs pseudo-différentiels en une dimension. Ensuite, nous établissons une description uniforme du
spectre de Lh,γ situé entre les niveaux de Landau. Cela permet d’obtenir une description uniforme du
spectre dans une large classe de Laplaciens magnétiques incluant les Laplaciens de Neumann et de Dirichlet.
Les fonctions propres correspondantes, appelées états de bord, sont exponentiellement localisées près de la
frontière. Les estimations ressemblent à celles d’Agmon, mais elles ne sont pas obtenues par des moyens
variationnels comme c’est le cas dans de nombreux contextes magnétiques. Au moyen d’une réduction
dimensionnelle microlocale, notre approche nous permet d’affiner simultanément d’anciens résultats sur les
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valeurs propres basses dans le cas de Robin et des résultats récents sur les états de bord dans le cas de
Dirichlet, en établissant les asymptotiques spectrales des valeurs propres les plus basses et en montrant les
écarts spectraux.
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Chapter 2

Analysis of auxiliary operators

In this chapter, we discuss some spectral properties related to model operators in dimension
one (a couple of known results are recalled and useful new ones are established). These model
operators appear naturally in our dimensional reduction strategy. In particular, it will appear in the
neighborhood of the boundary and will play an important role in the following chapters.

Abstract

Dans ce chapitre, nous discutons de certaines propriétés spectrales liées aux opérateurs modèles
en dimension un (certains résultats connus sont rappelés et de nouveaux résultats utiles sont
établis). Ces opérateurs modèles apparaissent naturellement dans notre stratégie de réduction
dimensionnelle. En particulier, ils apparaissent dans le voisinage de la frontière et joueront un rôle
important dans les chapitres suivants.
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Chapter 2 – Analysis of auxiliary operators

2.1 Robin Laplacians

The purpose of this section is to recall some spectral properties related to the Robin Laplacian in dimension
one. Most of them have been established, for example in [HK17, HKR17, KS20, KKR16, Ray17, LB03].

2.1.1 Robin Laplacian on a half line
Consider the operator

H0 := − d2

dτ2 in L2(R+),

with domain
Dom(H0) = {u ∈ H2(R+) : u′(0) = −u(0)}.

This operator is self-adjoint but does not have a compact resolvent.

Lemma 2.1.1. The discrete spectrum (Spdis) of H0 is {−1} and its essential spectrum (Spess) is [0,+∞[ .
The subspace associated with the single eigenvalue −1 is generated by the L2-normalized eigenfunction

u0(τ) =
√

2 exp(− τ).

Proof. For the proof, see for example [Ray17, Prop. 2.8].

2.1.2 Robin Laplacian on an interval
The following operator arises naturally in the analysis of the Robin Laplacian without magnetic field (see

for instance [EMP14, HK17, HKR17, LP08, PP16]). Let T > 0. Consider the operator

H{T}
0 := − d2

dτ2 in L2(0, T ) ,

with domain
Dom(H{T}

0 ) = {u ∈ H2(0, T ) : u′(0) = −u(0) and u(T ) = 0}.

Note that this operator is associated with the quadratic form

Vh ∋ u 7→
∫ T

0
|u′(τ)|2dτ − |u(0)|2,

with
Vh := {u ∈ H1(0, T ) : u(T ) = 0}.

The operator H{T}
0 is self-adjoint and has a compact resolvent. Its spectrum is therefore purely discrete and

consists of an increasing sequence of eigenvalues denoted by
(
λn(H{T}

0 )
)
n∈N∗

.

The following lemma gives the behavior of the lowest eigenvalues λ1(H{T}
0 ) and λ2(H{T}

0 ) when
T → +∞.

Proposition 2.1.2. As T → +∞, there holds

λ1(H{T}
0 ) = −1 + O

(
exp

(
− 2T

))
, and λ2(H{T}

0 ) ⩾ 0 . (2.1)

Proof. For the proof, see for example [HK17, Lemma 4.1].
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2.1.3 Robin Laplacian in a weighted space
In order to deal with curvature effects, one will need a slightly more sophisticated operator.

Let B ∈ R, T > 0 such that |B|T < 1
3 . In the weighted space L2((0, T ); (1 −Bτ) dτ), we introduce the

self-adjoint operator

H{T}
B = − d2

dτ2 + B

1 −Bτ

d
dτ ,

with domain
Dom(H{T}

B ) = {u ∈ H2(0, T ) : u′(0) = −u(0) and u(T ) = 0}.

The operator H{T}
B is associated with the following quadratic form:

q
{T}
B (u) =

∫ T

0
|u′(τ)|2(1 −Bτ) dτ − |u(0)|2,

with domain
Dom(q{T}

B ) = {u ∈ H1(0, T ) : u(T ) = 0 },

in the ambient space L2((0, T ); (1 − Bτ)dτ). The operator H{T}
B has a compact resolvent. Hence, its

spectrum Sp(H{T}
B ) ⊆ R is purely discrete and consists of a strictly increasing sequence of eigenvalues(

λn(H{T}
B )

)
n∈N∗

.

The following proposition states a two-term asymptotic expansion of the eigenvalue λ1(H{T}
B ) .

Proposition 2.1.3 (Asymptotic of λ1(H{T}
B )). There exist constants C > 0 and T0 > 0, such that for all

T ⩾ T0, and B ∈ (−1/(3T ), 1/(3T )), we have:

|λ1(H{T}
B ) − (−1 −B) | ⩽ CB2.

Proof. For the proof, see for example [HK17, Prpo. 4.5] or [Ray17, Prop. 2.11].

Let us use the change of function u = (1−Bτ)− 1
2 ũ, since the new Hilbert space becomesL2((0, T ),dτ),

the form domain is still independent from the parameter, and the expression of the operator depends on B
analytically:

H̃{T}
B = − d2

dτ2 − B2

4(1 −Bτ)2 ,

with the new Robin condition at 0 given by ũ′(0) =
(

−1 − B

2

)
ũ(0) and ũ(T ) = 0.

The price to pay is that the domain of the operators depends on B through the B-dependent boundary
condition. Note that this operator is associated with quadratic form defined on H1(0, T ) by

q̃
{T}
B (ψ) =

∫ T

0
|∂τψ|2dτ −

∫ T

0

B2

4(1 −Bτ)2 |ψ|2dτ −
(

1 + B

2

)
|ψ(0)|2.

Thus, the form domain does not depend on the parameter. For further use, we will need the decay estimate
of the ground state ũ{T}

B . As far as we know, this estimate was not established in the above mentioned works.

Proposition 2.1.4. There exist constants C > 0, α > 0 and T0 > 0 such that, for all T ⩾ T0, and
B ∈ (−1/(3T ), 1/(3T )), we have:

∥eατ ũ{T}
B ∥L2((0, T ), dτ) ⩽ C,
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where ũ{T}
B is the normalized eigenfunction associated with λ1(H{T}

B ).

Proof. Let ϕ = α τ with α a real positive constant. We have the identity〈
H̃{T}
B ũ

{T}
B , e2ϕũ

{T}
B

〉
= q̃

{T}
B

(
eϕũ

{T}
B

)
−
∥∥∥ϕ′eϕ ũ

{T}
B

∥∥∥2
,

which follows by integration by parts (see for instance [Ray17, Prop. 4.7]). Then, by using that ũ{T}
B is an

eigenfunction of H{T}
B associated with λ1(H{T}

B ), we get

λ1(H{T}
B )

∥∥∥eϕ ũ{T}
B

∥∥∥2
=
∫ T

0

∣∣∣∂τ(e2ϕũ
{T}
B

)∣∣∣2 dτ −
∫ T

0

B2

4(1 −Bτ)2 e
2ϕ
∣∣∣ũ{T}
B

∣∣∣2 dτ

−
(

1 + B

2

)
e2ϕ(0)

∣∣∣ũ{T}
B (0)

∣∣∣2 −
∥∥∥ϕ′eϕ ũ

{T}
B

∥∥∥2
.

We have ∣∣∣ũ{T}
B (0)

∣∣∣2 = −2
∫ T

0
∂τ ũ

{T}
B (τ)ũ{T}

B (τ) dτ,

and then, there are constants C > 0 such that, for all ϵ > 0, we have:∣∣∣ũ{T}
B (0)

∣∣∣2 ⩽ Cϵ
∥∥∥∂τ ũ{T}

B

∥∥∥2

L2(0, T )
+ Cϵ−1

∥∥∥ũ{T}
B

∥∥∥2

L2(0, T )
. (2.2)

Inserting (2.2) in q̃{T}
B , there exist constants C > 0 such that:(

1 − Cϵ− CϵB

2

)∥∥∥∂τ ũ{T}
B

∥∥∥2

L2(0, T )
⩽
(
λ1(H{T}

B ) + Cϵ−1
(
1 + B

2
)

+ C

)∥∥∥ũ{T}
B

∥∥∥2

L2(0, T )
.

For B → 0, ϵ = 1
3C and from Proposition 2.1.3, we obtain:

∥∥∥ũ{T}
B

∥∥∥
H1(0, T )

⩽ C,

thanks to (2.2), we get
|ũ{T}
B (0)|2 ⩽ C.

This implies the simple estimate

−
∫ T

0

B2

4(1 −Bτ)2 e
2ϕ
∣∣∣ũ{T}
B

∣∣∣2 dτ −
(

1 + B

2

)
C −

∫ T

0
|ϕ′ |2e2ϕ

∣∣∣ũ{T}
B

∣∣∣2 dτ ⩽ λ1(H{T}
B )

∥∥∥eϕ ũ{T}
B

∥∥∥2
,

and then: ∫ T

0

[
− B2

4(1 −Bτ)2 − λ1(H{T}
B ) − |ϕ′ |2

]
e2ϕ

∣∣∣ũ{T}
B

∣∣∣2 dτ ⩽ C.

As T → +∞ , we have −1 ⩽ B ⩽ 1, and

• B2

4(1 −Bτ)2 ⩽
B2

4(1 −BT )2 ,

• λ1(H{T}
B ) ⩽ −1 −B + C1B

2.
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We choose α such that
− B2

4(1 −BT )2 − 1 −B + C1B
2 − α2 ⩾ C,

therefore, ∫ T

0
e2α τ

∣∣∣ũ{T}
B

∣∣∣2 dτ ⩽ C.

Lemma 2.1.5. There exist constantsC > 0 andT0 > 0, such that, for allT ⩾ T0 andB ∈ (−1/(3T ), 1/(3T )),
we have: ∣∣∣λ1(H{T}

B )
∣∣∣ ⩽ C and

∥∥∥∂Bũ{T}
B

∥∥∥
L2((0, T ), dτ)

⩽ C.

Proof. For the proof, see for example [HKR17, Lemma 7.3].

2.2 Airy operator on a half-line

In the study of the Stark Hamiltonian, we will encounter the famous Airy operator.
The Airy operator A with domain

Dom(A ) = {f ∈ H2(R+) ∩H1
0 (R+), tf ∈ L2(R+)},

is defined by
A f = (−∂2

t + t)f.

The Airy operator A is injective, self-adjoint and has a compact resolvent. Hence, its spectrum is discrete
and consists of a sequence of real eigenvalue µj tending to +∞. The corresponding eigenfunctions can be
obtained in the following way.
We call Airy’s function, and we denote by Ai the inverse Fourier transform of ξ 7→ eiξ

3/3. It is positive on
[0,+∞[, and its zeros form a decreasing sequence tending towards −∞ . See Figure 2.1.
Let −µ be one of the zeros of the Airy function (recall that they are negative). Then t 7→ Ai(t − µ) is an
eigenfunction of the operator A , with eigenvalue µ. These eigenvalues are simple (see for instance [Hel13,
Section 14.5.1], [DR12, Section 2.2.2] and [OB14, Section 2.3.1]).

Figure 2.1 – Airy’s function Ai. Source: Figure in [Rou15].
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Chapter 2 – Analysis of auxiliary operators

2.3 Harmonic oscillator

2.3.1 A 1-dimensional harmonic oscillator
We recall the spectrum of the harmonic oscillator, which we will encounter several times in this thesis.

Consider the self-adjoint realization on L2(R) of :

H a
harm = −∂2

x + a

2 x
2, a > 0. (2.3)

This operator can be defined as the self-adjoint operator associated with the quadratic form

Qa
harm (ψ) =

∥∥ψ′∥∥2 + a

2∥xψ∥2, ψ ∈ B1(R), (2.4)

where
B1(R) =

{
ψ ∈ L2(R) : ψ′ ∈ L2(R), xψ ∈ L2(R)

}
.

Since B1(R) is compactly embedded in L2(R), then the self-adjoint operator H a
harm has compact resolvent.

Its spectrum is a sequence of eigenvalues that tends to +∞.

Then-th eigenvalue of H a
harm is (2n−1)

√
a

2 , n ∈ N∗.They are simple and associated with the normalized

Hermite’s functions denoted by fn(x). They can be determined by recursion as follows

f1(x) = c1 exp−
√

a
2
x2
2 , fn(x) = cn(L+)n−1f1(x) (n ⩾ 1),

where L+ = − d
dx +

√
a
2x, and, for every n ⩾ 1, the constant cn normalizes fn(x) in L2(R). For more

details on the spectral study of H a
harm, see for example [Hel13, Section 1.3] and [Ray17, Section 2.1].

2.3.2 A d-dimensional harmonic oscillator
In dimension d ⩾ 1, a d-dimensional harmonic oscillator is an operator of the following form

d∑
i=1

−∂2
xi + ai

2 u2
i ,

where ai > 0 . We deduce from the case d = 1, that the spectrum of this operator is given by{
d∑
i=1

√
ai
2 (2ni − 1) , n = (n1, ..., nd) ∈ Nd

}
.

The corresponding normalized eigenfunctions are fn(x) = fn1(x1) . . . fnd(xd), where the function fni are
the Hermite functions.

2.4 De Gennes operator

In this section, we are interested in the spectral analysis of the self-adjoint realization on L2(R+) of the
de Gennes operator, which is a differential operator of order two depending on the real parameters γ and ξ
and acting as

H[γ, σ] = − d2

dt2 + (t− σ)2,
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2.4. De Gennes operator

associated with the Robin boundary condition:

u′(0) = γ u(0).

The spectral analysis of the de Gennes operator has been the subject of several works, see [Bol92, DH93b,
DH93a, Inc26, Uch77, Kac08, Kac06b]. This operator appears naturally in the study of the magnetic effects
induced at the boundaries [SJdG63, FH10b].

The quadratic form associated to H[γ, σ] is defined by:

q[γ, σ](u) =
∫ ∞

0

[∣∣u′(t)
∣∣2 + |(t− σ)u(t)|2

]
dt+ γ |u(0)|2 , (2.5)

with domain
B1 (R+) =

{
u ∈ H1 (R+) : t u(t) ∈ L2 (R+)

}
.

The domain of H[γ, σ] is defined by:

Dom(H[γ, σ]) =
{
u ∈ B1 (R+) :

(
− d2

dt2
+ (t− σ)2

)
u ∈ L2(R+), u′(0) = γ u(0)

}
.

Note that the domain ofH[γ, σ] is independent of σ and that the domain of the quadratic form is independent
of σ and γ. Moreover, the operator H[γ, σ] has compact resolvent. Its spectrum can be written as a
non-decreasing sequence of eigenvalues (µn(γ, σ))n⩾1 (which are all simple due to the Cauchy-Lipschitz
theorem). We denote by u[γ,σ]

n the normalized sequence of the corresponding eigenfunctions and we denote
by Θ[n−1](γ) the quantity:

Θ[n−1](γ) := inf
σ∈R

µn(γ, σ).

The family (H[γ, σ])(γ,σ)∈R2 is analytic of type (B) (in the sense of Kato, see [Kat76, Chapter VII,§4]), i.e.,
the form domain does not depend on the parameters and the sesquilinear form is analytic as a function of γ
or σ.
Note that the case γ = 0 corresponds to the Neumann realization, denoted HN [σ]. We denote by qN [σ] the
quadratic form associated to HN [σ]:

qN [σ] = q[0, σ] =
∫ ∞

0

[∣∣u′(t)
∣∣2 + |(t− σ)u(t)|2

]
dt.

We also denote by HD[σ] the Dirichlet realization, with domain:

Dom(HD[σ]) =
{
u ∈ B1 (R+) :

(
− d2

dt2 + (t− σ)2
)
u ∈ L2(R+), u(0) = 0

}
.

The quadratic form associated to HD[σ] is given by

qD[σ](u) =
∫ +∞

0

[
|u′(t)|2 + |(t− σ)u(t)|2

]
dt,

with domain
Dom(qD[σ]) = B1 (R+) ∩H1

0 (R+).

The operators HD[σ] and HN [σ] have compact resolvent. Their spectrum is an increasing sequence of
eigenvalues denoted by µNn (σ) and µDn (σ) respectively.
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By Kato’s perturbation theory [Kat76], we get that the functions:

σ 7→ µDn (σ), σ 7→ µNn (σ), σ 7→ µn(γ, σ),

are analytic.
Moreover, we recall the following two theorems obtained by adapting the proof in Dauge-Helffer [DH93a],
Reed-Simon [RS78], Fournais-Helffer [FH10b] and Raymond [Ray17], for the case n = 1.

Theorem 2.4.1. The function σ 7→ µDn (σ) is non-constant, analytic, decreasing and verifying

lim
σ→−∞

µDn (σ) = +∞, lim
σ→+∞

µDn (σ) = 2n− 1.

Figure 2.2 – σ 7→ µDk (σ), for k = 1, 2, 3, 4, 5.

Theorem 2.4.2. The function σ 7→ µNn (σ) is non-constant, analytic and verifying:

lim
σ→−∞

µNn (σ) = +∞, lim
σ→+∞

µNn (σ) = 2n− 1.

In addition, µNn (σ) admits a unique minimum, which is non-degenerate and such that

2n− 3 < Θ[n−1] = inf
σ∈R

µNn (σ) < 2n− 1,

and
0 < Θ[0] = inf

σ∈R
µN1 (σ) < 1.

Figure 2.3 – σ 7→ µNk (σ), for k = 1, 2, 3, 4, 5.
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2.4. De Gennes operator

We will show that the behavior of µn(γ, σ) is similar to that of µNn (σ) given in Theorem 2.4.2.

Theorem 2.4.3. Let us fix n ⩾ 1. When γ ∈ R, the function µn(γ, ·) is analytic and

lim
σ→−∞

µn(γ, σ) = +∞, lim
σ→+∞

µn(γ, σ) = 2n− 1.

Moreover, µn(γ, ·) has a unique minimum. It is non degenerate and attained at σ = ξn−1(γ), but not attained
at infinity. The function µn(γ, ·) is decreasing on (−∞, ξn−1(γ)) and increasing on (ξn−1(γ),+∞). In
addition, we have, for all n ⩾ 2

2n− 3 < Θ[n−1](γ) < 2n− 1, (2.6)

and
Θ[0](γ) < 1.

Remark 2.4.1. Theorem 2.4.3 was essentially obtained by Kachmar in [Kac06b, Kac08], but without the
lower bound in (2.6). The demonstration methods used are different from those presented in [Kac06b, Kac08].

Figure 2.4 – σ 7→ µk(−3, σ), for k = 1, ..., 5. Figure 2.5 – σ 7→ µk(−2, σ), for k = 1, ..., 5.

Figure 2.6 – σ 7→ µk(−1, σ), for k = 1, ..., 5. Figure 2.7 – σ 7→ µk(1000, σ), for k = 1, ..., 5.

2.4.1 Proof of Theorem 2.4.3
Theorem 2.4.3 is the consequence of Lemmas 2.4.8 and 2.4.10.
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Lemma 2.4.4. Given ε ∈]0, 1] and γ ∈ R , we have

µn(γ, σ) ⩾ (1 − ε)µNn (σ) −
γ2

−
ε
, ∀γ, σ ∈ R, (2.7)

where γ− = max(−γ, 0). In particular,

lim
σ→−∞

µn(γ, σ) = +∞. (2.8)

Proof. From a direct comparison of the quadratic forms, the estimate (2.7) is obviously true when γ ⩾ 0.
Let us assume that γ < 0.
Using the density of C∞

0 (R+) in H1(R+), we get for any function u ∈ H1(R+) :

|u(0)|2 = −2
∫
R+
u′(t)u(t)dt. (2.9)

By the Cauchy-Schwarz inequality, we get for any α > 0 :

|u(0)|2 ⩽ 2
∥∥u′∥∥ ∥u∥ ⩽ α∥u′∥2 + 1

α
∥u∥2.

Taking α = − ε

γ
with γ < 0, we get :

γ|u(0)|2 ⩾ −ε∥u′∥2 − γ2

ε
∥u∥2.

We deduce that, for all γ ∈ R, we have

γ|u(0)|2 ⩾ −ε∥u′∥2 −
γ2

−
ε

∥u∥2,

where γ− = max(−γ, 0).
Substituting this estimate into the expression for q[γ, σ] given in (2.5), we obtain, for all 0 < ε < 1

q[γ, σ](u) ⩾ (1 − ε)∥u′∥2 + ∥(t− σ)u∥2 −
γ2

−
ε

∥u∥2 ⩾ (1 − ε)qN [σ](u) −
γ2

−
ε

∥u∥2. (2.10)

The min-max principle now gives

µn(γ, σ) ⩾ (1 − ε)µNn (σ) −
γ2

−
ε
, ∀γ, σ ∈ R.

Applying Theorem 2.4.2, we get (2.8).

Lemma 2.4.5. Given γ ∈ R, we have

lim
σ→+∞

µn(γ, σ) = 2n− 1 . (2.11)

Proof. For the upper bound, we observe that, for all u ∈ B1 (R+) ∩H1
0 (R+)

q[γ, σ](u) =
∫ ∞

0

[∣∣u′(t)
∣∣2 + |(t− σ)u(t)|2

]
dt = qD[σ](u).
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2.4. De Gennes operator

A direct application of the min max principle allows us to deduce, from Theorem 2.4.1, that

µn(γ, σ) ⩽ µDn (σ) −→
σ→+∞

2n− 1. (2.12)

Let us investigate the opposite inequality. Let us prove that in some sense that the normalized eigenfunction
u

[γ,σ]
n associated with µn[γ, σ] is small near 0 when σ ≫ 1.

From (2.10), for u = u
[γ,σ]
j , we get

µj(γ, σ) ⩾
∥∥∥(t− σ)u[γ,σ]

j

∥∥∥2
−
γ2

−
ε
. (2.13)

By (2.12), and by the monotonicity of the Dirichlet eigenvalue with respect to the domain, we have, for all
σ > 0

µj(γ, σ) ⩽ µDj (σ) ⩽ lim
σ→+∞

µDj+1(σ) = 2j + 1. (2.14)

Then, ∫ +∞

0
(t− σ)2

∣∣∣u[γ,σ]
j

∣∣∣2 dt ⩽ 2j + 1 +
γ2

−
ε
.

This implies that, there exists C > 0 such that:∫ 1

0

∣∣∣u[γ,σ]
j

∣∣∣2 dt ⩽ C

(σ − 1)2 , σ ⩾ 2. (2.15)

Let E be the subspace of Dom(q[γ, ξ]) spanned by the family
(
u

[γ,σ]
j

)
j∈{1,..,n}

. Let us introduce the family

of test function
(
χ(t)u[γ,σ]

j

)
1⩽j⩽n

, with χ supported in (0,+∞) and equal to 1 for t ⩾ 1 . We have, for all
φγ,σ ∈ E,

q[γ, σ](χφγ,σ) =
∫ ∞

0

[∣∣(χφγ,ξ)′(t)
∣∣2 + |(t− σ)χ(t)φγ,σ(t)|2

]
dt+ γ |(χφγ,σ)(0)|2

=
∫ ∞

0

[∣∣(χφγ,σ)′(t)
∣∣2 + |(t− σ)χ(t)φγ,σ(t)|2

]
dt

=
∫
R

[∣∣(χφγ,σ)′(t)
∣∣2 + |(t− σ)χ(t)φγ,σ(t)|2

]
dt.

A simple change of variable (t → t+ σ), gives

q[γ, σ](χφγ,σ) =
∫
R

[∣∣(χφγ,σ)′(t+ σ)
∣∣2 + t2|(χφγ,σ)(t+ σ)|2

]
dt

= Q2
harm (χ(· + σ)φγ,ξ(· + σ)),

(2.16)

where Q2
harm is defined in (2.4). We notice that, from (2.15), we have dim(χE) = n. We have

q[γ, σ](χφγ,σ) =
∫ ∞

0

[∣∣(χφγ,σ)′(t)
∣∣2 + |(t− σ)χ(t)φγ,σ(t)|2

]
dt+ γ |(χφγ,σ)(0)|2

= ⟨H[γ, σ]χφγ,σ, χφγ,σ⟩.

A simple integration by part, we get

q[γ, σ](χφγ,σ) = ⟨χH[γ, σ]φγ,σ, χφγ,σ⟩ + ∥χ′φγ,σ∥2. (2.17)
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Now, we are going to calculate ⟨χH[γ, σ]φγ,σ, χφγ,σ⟩. We recall that φγ,σ in E, so it can be written as
follows

φγ,σ = α1u
[γ,σ]
1 + . . .+ αnu

[γ,σ]
n ,

where α1, . . . , αn ∈ R. Then

⟨χH[γ, σ]φγ,σ, χφγ,σ⟩ =
〈
χH[γ, σ]

(
α1u

[γ,σ]
1 + . . .+ αnu

[γ,σ]
n

)
, χ
(
α1u

[γ,σ]
1 + . . .+ αnu

[γ,σ]
n

)〉
=
〈
χ
(
α1µ1(γ, σ)u[γ,σ]

1 + . . .+ αnµn(γ, σ)u[γ,σ]
n

)
, χ
(
α1u

[γ,σ]
1 + . . .+ αnu

[γ,σ]
n

)〉
.

For all i ̸= j ∈ {1, . . . , n}

〈
|χ|2u[γ,σ]

i , u
[γ,σ]
j

〉
=
∫ 1

0
|χ(t)|2u[γ,σ]

i (t)u[γ,σ]
j (t)dt+

∫ ∞

1
|χ(t)|2u[γ,σ]

i (t)u[γ,σ]
j (t)dt

=
∫ 1

0
|χ(t)|2u[γ,σ]

i (t)u[γ,σ]
j (t)dt+

∫ ∞

1
u

[γ,σ]
i (t)u[γ,σ]

j (t)dt.

As, the vectors u[γ,σ]
i and u[γ,σ]

j are orthogonal, then

∫ ∞

1
u

[γ,σ]
i (t)u[γ,σ]

j (t)dt = −
∫ 1

0
u

[γ,σ]
i (t)u[γ,σ]

j (t)dt.

We deduce that, from (2.15)〈
|χ|2u[γ,σ]

i , u
[γ,σ]
j

〉
=
∫ 1

0
(|χ(t)|2 − 1)u[γ,σ]

i (t)u[γ,σ]
j (t)dt ⩽ C

(σ − 1)2 , σ ⩾ 2.

Therefore,

⟨χH[γ, σ]φγ,σ, χφγ,σ⟩ ⩽ µ1(γ, σ)
∥∥∥α1χu

[γ,σ]
1

∥∥∥2
+ . . .+ µn(γ, σ)

∥∥∥αnχu[γ,σ]
n

∥∥∥2
+ C

(σ − 1)2

⩽ µn(γ, σ)
[∥∥∥α1χu

[γ,σ]
1

∥∥∥2
+ . . .+

∥∥∥αnχu[γ,σ]
n

∥∥∥2
]

+ C

(σ − 1)2

⩽ µn(γ, σ)∥χφγ,σ∥2 + C

(σ − 1)2 .

Then, (2.16) and (2.17) gives

Q2
harm (χ(· + σ)φγ,ξ(· + σ)) = q[γ, σ](χφγ,σ) ⩽ µn(γ, σ)∥χφγ,σ∥2 + C

(σ − 1)2 + ∥χ′φγ,σ∥2. (2.18)

By application of the min-max principle, we obtain

µn(H 2
harm)∥χφγ,σ∥2

L2(R) ⩽ µn(γ, σ)∥χφγ,σ∥2 + C

(σ − 1)2 + ∥χ′φγ,σ∥2. (2.19)

where µn(H 2
harm) = 2n − 1 is the n-th eigenvalue of the harmonic oscillator H 2

harm defined in (2.3). We
infer that, for σ large enough, (2.15) and (2.19) yields,

2n− 1 ⩽ µn(γ, σ) + C

(σ − 1)2 .
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This completes the proof of (2.11).

Lemma 2.4.6 (Feynman-Hellmann formula). For all γ, σ ∈ R, we have

∂σµn(γ, σ) = −2
∫
t>0

(t− σ)
∣∣∣u[γ,σ]
n (t)

∣∣∣2 dt. (2.20)

Proof. We have
H[γ, σ]u[γ,σ]

n = µn(γ, σ)u[γ,σ]
n .

Taking the derivative with respect to σ, we get:

(∂σH[γ, σ] − ∂σµn(γ, σ))u[γ,σ]
n = (µn(γ, σ) −H[γ, σ]) ∂σu[γ,σ]

n .

Taking the scalar product with u[γ,σ]
n in L2(R+), we obtain〈

∂σH[γ, σ]u[γ,σ]
n , u[γ,σ]

n

〉
− ∂σµn(γ, σ) =

〈
(µn(γ, σ) −H[γ, σ]) ∂σu[γ,σ]

n , u[γ,σ]
n

〉
.

The operator H[γ, σ] is self-adjoint on L2(R+), then〈
(µn(γ, σ) −H[γ, σ]) ∂σu[γ,σ]

n , u[γ,σ]
n

〉
=
〈
∂σu

[γ,σ]
n , (µn(γ, σ) −H[γ, σ])u[γ,σ]

n

〉
= 0.

From the previous equality, we get

∂σµn(γ, σ) =
〈
∂σH[γ, σ]u[γ,σ]

n , u[γ,σ]
n

〉
.

We have
∂σH[γ, σ] = −2(t− σ),

and we obtain the desired formula.

Lemma 2.4.7. For all γ, σ ∈ R, we have:

∂σµn(γ, σ) = −
(
µn(γ, σ) − σ2 + γ2) ∣∣∣u[γ,σ]

n (0)
∣∣∣2 . (2.21)

Proof. To obtain (2.21), we use the Feynman-Hellmann formula (2.20). We can write that

2(t− σ) = d
dt(t− σ)2.

From (2.20), we get

∂σµn(γ, σ) = −2
∫
t>0

(t− σ)
∣∣∣u[γ,σ]
n (t)

∣∣∣2 dt = −
∫
t>0

d
dt(t− σ)2

∣∣∣u[γ,σ]
n (t)

∣∣∣2 dt.

By integration by parts, we have

∂σµn(γ, σ) = 2
∫ +∞

0
(t− σ)2u[γ,σ]

n (t)∂tu[γ,σ]
n (t)dt+ σ2

∣∣∣u[γ,σ]
n (0)

∣∣∣2 . (2.22)

We have:
−∂2

t u
[γ,σ]
n + (t− σ)2u[γ,σ]

n = µn(γ, σ)u[γ,σ]
n .
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Taking the scalar product with ∂tu
[γ,σ]
n in L2(R+), we obtain

∫ +∞

0
(t− σ)2u[γ,σ]

n (t)∂tu[γ,σ]
n (t)dt =

∫ +∞

0
∂2
t u

[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt

+ µn(γ, σ)
∫ +∞

0
u[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt. (2.23)

By integration by parts, we get:∫ +∞

0
∂2
t u

[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt = −
∫ +∞

0
∂2
t u

[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt−
∣∣∣∂tu[γ,σ]

n (0)
∣∣∣2 ,

and ∫ +∞

0
u[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt = −
∫ +∞

0
u[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt−
∣∣∣u[γ,σ]
n (0)

∣∣∣2 .
We deduce that:

2
∫ +∞

0
∂2
t u

[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt = −
∣∣∣∂tu[γ,σ]

n (0)
∣∣∣2 ,

and
2
∫ +∞

0
u[γ,σ]
n (t)∂tu[γ,σ]

n (t)dt = −
∣∣∣u[γ,σ]
n (0)

∣∣∣2 .
We put the previous equality in (2.22) and (2.23) and deduce that:

∂σµn(γ, σ) = −µn(γ, σ)
∣∣∣u[γ,σ]
n (0)

∣∣∣2 − |∂tu[γ,σ]
n (0)|2 + σ2

∣∣∣u[γ,σ]
n (0)

∣∣∣2 .
Remembering that

∂tu
[γ,σ]
n (0) = γu[γ,σ]

n (0),

we get (2.21).

Lemma 2.4.8. For each γ ∈ R, Θ[n−1](γ) < 2n− 1. The function σ 7→ µn(γ, σ) attains its minimum at a
unique positive point ξn−1(γ) > 0 and we have:

Θ[n−1](γ) = µn(γ, ξn−1(γ)) and ξn−1(γ) = Θ[n−1](γ) + γ2.

Moreover, the minimum is non-degenerate.

Proof. We notice that, if γ > 0, we have

(µn(γ, σ) − σ2 + γ2)|σ=0 = µn(γ, 0) + γ2 > 0.

This result is true for γ ⩽ 0. In fact, using (2.7), and the Theorem 2.4.2,

µn(γ, σ) > −
γ2

−
ε
,

for ε = 1, we obtain:
µn(γ, σ) + γ2 > 0.

Using Lemma 2.4.5, we have
lim

σ→+∞

[
µn(γ, σ) − σ2 + γ2

]
= −∞.
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Using the intermediate value theorem, this gives the existence of a positive point ξn−1(γ) of µn(γ, σ)
verifying:

µn(γ, ξn−1(γ)) − ξn(γ)2 + γ2 = 0.

Remembering the formula (2.21), we obtain that ξn−1(γ) is a critical point of µn(γ, σ) . Note that, for any
positive critical point ξc of µn(γ, σ), we have

∂2
σµn(γ, σ)|σ=ξc = 2ξc

∣∣∣u[γ,σ]
n (0)

∣∣∣2 > 0. (2.24)

This shows that any positive critical point is a local minimum of µn(γ, σ). Thus, there can be at most one
positive critical point. It also follows from (2.24) that any negative critical point will is a local maximum.
However, limσ→−∞ µn(γ, σ) = +∞ . Combining these two pieces of information, we find that no negative
critical point exists. Therefore, the minimum of σ 7→ µn(γ, σ) is attained at a unique point ξn−1(γ) > 0 and
the function σ 7→ µn(γ, σ) is strictly increasing on [ξn−1(γ),+∞[. This proves in particular:

Θ[n−1](γ) = µn(γ, ξn−1(γ)) < lim
σ→+∞

µn(γ, σ) = 2n− 1.

Lemma 2.4.9. For γ ∈ R, we have
µn(γ, σ) > −γ2

− ,

where γ− = max(−γ, 0).

Proof. Using (2.7), and Theorem 2.4.2, we have, for all ϵ ∈ (0, 1],

µn(γ, σ) > −
γ2

−
ε
.

This end the proof.

Lemma 2.4.10. For each γ ∈ R, n ⩾ 2, we have

µn(γ, σ) > 2n− 3.

In particular, we have
Θ[n−1](γ) > 2n− 3.

Proof. Let n ⩾ 2, from the Sturm–Liouville theory, u[γ,σ]
n admits (n − 1) zeros on R+. We denote by

zn,1(γ, σ) the first zero. We consider the function

φ[n]
γ,σ(t) = u[γ,σ]

n (t+ zn,1(γ, σ)),

which satisfies
HD[σ − zn,1(γ, σ)]φ[n]

γ,σ = µn(γ, σ)φ[n]
γ,σ,

with Dirichlet boundary condition
φ[n]
γ,σ(0) = 0,

and has exactly n− 2 zeros on R+ . By the Sturm’s oscillation theorem, φ[n]
γ,σ is the (n− 1)-th eigenfunction

of HD[σ − zn,1(γ, σ)]. Therefore, we have

µn(γ, σ) = µDn−1(σ − zn,1(γ, σ)).
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Moreover, from Theorem 2.4.1, for all σ ∈ R,

µDn−1(σ) > 2n− 3.

This proved the desired conclusion.

2.4.2 Some important relations

We end this section by presenting some relations that we will use in this thesis.

Proposition 2.4.11. For each γ ∈ R, the following relations hold:∫ +∞

0
(t− ξn−1(γ))

∣∣∣u[γ,ξn−1(γ)]
n (t)

∣∣∣2 dt = 0, (2.25)

∫ +∞

0
(t− ξn−1(γ))3

∣∣∣u[γ,ξn−1(γ)]
n (t)

∣∣∣2 dt = 1
6[1 + 2γξn−1(γ)]

∣∣∣u[γ,ξn−1(γ)]
n (0)

∣∣∣2 . (2.26)

Proof. We let
u[γ]
n = u[γ,ξn−1(γ)]

n .

Let us consider the differential operator:

L = −∂2
t + (t− ξn−1(γ))2 − Θ[n−1](γ).

Note that for any polynomial p, we have:

Lv =
(
p(3) − 4

[
(t− ξn−1(γ)2 − Θ(γ)[n−1]

]
p′ − 4(t− ξn−1(γ))p

)
u[γ]
n , (2.27)

and ∫ +∞

0
u[γ]
n (t)(Lv)(t)dt =

∫ +∞

0
Lu[γ]

n (t)v(t)dt+
(
v′(0) − γv(0)

)
u[γ]
n (0), (2.28)

for v = 2p[u[γ]
n ]′ − p′u

[γ]
n . Taking p = 1, we get

−4
∫ +∞

0
(t− ξn−1(γ))

∣∣∣u[γ]
n (t)

∣∣∣2 dt = 2
(
ξn−1(γ)2 − γ2 − Θ[n−1](γ)

) ∣∣∣u[γ]
n (0)

∣∣∣2 .
Recalling Lemma 2.4.8, the above formula proves (2.25). To prove (2.26), we take p = (t−ξn−1(γ))2. Then,
we have

v′(0) − γv(0) = −2 (2γξn−1(γ) + 1)u[γ]
n (0).

We get now from (2.26) and (2.27)

−12
∫ +∞

0
(t− ξn−1(γ))3

∣∣∣u[γ]
n (t)

∣∣∣2 dt = −2 (2γξn−1(γ) + 1) |u[γ]
n (0)|2.

Remark 2.4.2. Proposition 2.4.11 corrects a mistake in [Kac06b, Lemma II.3 & (2.21)], where it is stated
that ∫ +∞

0
(t− ξn−1(γ))3

∣∣∣u[γ,ξn−1(γ)]
n (t)

∣∣∣2 dt = 1
6[1 − 2(γξn−1(γ))2]

∣∣∣u[γ,ξn−1(γ)]
n (0)

∣∣∣2 .
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In fact, the numerical simulations suggest that the behavior of µ1(γ, ·) differs from that of µn(γ, ·) for
n ⩾ 2. This can be quantified in the limit γ → −∞, as we will see in the following lemma.

Lemma 2.4.12. Let us consider a compact K. We have, uniformly for σ ∈ K,

µ1(γ, σ) =
γ→−∞

−γ2 + σ2 − σ

|γ|
+ O(|γ|−2).

Proof. By rescaling t = |γ|−1u, we see that γ−2H[γ, σ] is unitarily equivalent to

−∂2
u +

(
|γ|−1σ − |γ|−2u

)2
.

Subtracting the constant term, we consider the operator

H̃[γ, σ] = −∂2
u +

(
|γ|−1σ − |γ|−2u

)2
− |γ|−2σ2

which can be expanded as follows

H̃[γ, σ] = −∂2
u − 2 σu

|γ|3
+ O(|γ|−4u2).

We look for a quasimode of the form

f(u) = f0(u) + |γ|−3f1(u),

and a quasi-eigenvalue
λ = λ0 + |γ|−3λ1.

This invites to take f0 and λ0 such that

−f ′′
0 = λ0f0 , f ′

0(0) = −f0(0).

From Section 2.1.1, we deduce that

λ0 = −1 and f0(u) =
√

2e−u.

Considering the terms of order |γ|−3, we get

(−∂2
u + 1)f1 = (λ1 + 2σu)f0. (2.29)

This equation has a solution if and only if

λ1 = −⟨2σuf0, f0⟩ = −4σ
∫ +∞

0
ue−2udu = −σ.

With this choice for λ1, we consider the unique f1 solving (2.29) and orthogonal to f0.
We get ∥∥∥(H̃[γ, σ] −

(
−1 − |γ|−3σ

))
(f0 + |γ|−3f1)

∥∥∥ ⩽ C|γ|−4.

By using the rescaling, the spectral theorem, and by observing that µn(γ, σ) > 1 for n ⩾ 2 (see Lemma
2.4.10), we deduce that µ1(γ, σ) is the only possible eigenvalue close to σ2 − γ2 − σ

|γ| at a distance of order
|γ|−2.
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Chapter 3

Magnetic perturbations of the Robin Lapla-
cian in the strong coupling limit

This chapter is devoted to the asymptotic analysis of the eigenvalues of the Laplace operator with a
strong magnetic field and Robin boundary condition on a smooth planar domain and with a negative
boundary parameter. We study the singular limit when the Robin parameter tends to infinity which
is equivalent to a semi-classical limit involving a small positive semi-classical parameter. The main
result is a comparison between the spectrum of the magnetic Robin Laplacian with an effective
operator defined on the boundary of the domain via the Born-Oppenheimer approximation. More
precisely, the low-lying eigenvalues of the magnetic Robin Laplacian are well approximated by
those of a 1D periodic Schrödinger operator on the boundary. When the curvature has a unique
non-degenerate maximum, we estimate the spectral gap and find that the magnetic field does not
contribute to the three-term expansion of the eigenvalues. In the case of the disc domains, the
eigenvalue asymptotics displays the contribution of the magnetic field explicitly.

Abstract

Ce chapitre est consacré à l’analyse asymptotique des valeurs propres de l’opérateur de Laplace
avec un champ magnétique fort et une condition de Robin au bord d’un domaine borné régulier de
R2 et avec un paramètre de Robin négatif. Nous étudions la limite singulière lorsque le paramètre
de Robin tend vers l’infini, ce qui est équivalent à une limite semi-classique impliquant un petit
paramètre semi-classique positif. Le résultat principal est une comparaison entre le spectre du
Laplacien magnétique de Robin et un opérateur effectif défini sur la frontière du domaine via
l’approximation de Born-Oppenheimer. Plus précisément, les basses valeurs propres du Laplacien
magnétique de Robin sont bien approximées par celles d’un opérateur de Schrödinger périodique
sur la frontière. Lorsque la courbure a un maximum unique non dégénéré, nous estimons l’écart
spectral et trouvons que le champ magnétique ne contribue pas au développement à trois termes
des valeurs propres. Dans le cas du disque unité, l’asymptotique des valeurs propres montre
explicitement la contribution du champ magnétique.

Résumé
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” Celui qui trouve sans chercher
est celui qui a longtemps
cherché sans trouver. ”

Gaston Bachelard
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3.1. Introduction

3.1 Introduction

3.1.1 Magnetic Robin Laplacian
Let Ω be a bounded open subset of R2. We assume that the boundary Γ = ∂Ω is C ∞-smooth. We

study the low-lying spectrum of the Laplacian in L2(Ω) with a strong mixed (Robin) “attractive” boundary
condition on Γ, together with the strong magnetic field. Our investigation is partially motivated by recent
works on the Robin Laplacian, in the context of superconductivity (see Section 1.1.1) and spectral geometry
initiated in [KS20, HK17, Kac16]. The operator is

Pb
β = −(∇ − ibA0)2,

with domain
Dom(Pb

β) = {u ∈ H2(Ω) : ν · (∇ − ibA0)u+ β u = 0 on Γ},

where
− A0 is the vector potential,
− ν is the unit outward normal vector of Γ,
− β < 0 is the Robin parameter,
− b > 0 is the intensity of the applied magnetic field,
− ν · (∇ − ibA0)u+ β u = 0 on Γ is the Robin boundary condition.

The magnetic potential defined by

A0(x1, x2) = (A01 , A02) := 1
2(−x2, x1),

generates a constant magnetic field:

B := ∇ ×A0 = ∂x1A02 − ∂x2A01 = 1.

Since div(A0) = ∇ ·A0 = ∂x1A01 + ∂x2A02 = 0, then the operator Pb
β is written as follows:

Pb
β = −(∇ − ibA0)2

= −∆ + 2ibA0 · ∇ + ib div(A0) + b2∥A0∥2

= −∆ + 2ibA0 · ∇ + b2∥A0∥2.

To be more precise, the magnetic Robin Laplacian Pb
β is defined by Friedrichs extension theorem, from the

closed semi-bounded quadratic form (see for example [LM54, Thms. 2.1 & 2.2] and [Hel13, Ch. 4])

H1(Ω) ∋ u 7→ Qb
β (u) :=

∫
Ω

|(∇ − ibA0)u(x)|2 dx+ β

∫
Γ
|u(x)|2 ds(x),

where ds is the standard surface measure on the boundary. Note that, by the inequality in [BEL14, Lem.
2.6], the trace of u is well defined as an element of H

1
2 (Γ), and combining with the diamagnetic inequality

in [LL01, Thm. 7.21], we obtain that, the quadratic form Qb
β is well defined and bounded from below.

Since Ω is bounded and regular, by [CR21, Thm. 4.20] and [Gri11, Section 1.4.4], the embedding of
H1(Ω) into L2(Ω) is compact, therefore, by [CR21, Proposition 4.24], the operator Pb

β has a compact resol-
vent. Its spectrum is purely discrete, and since Pb

β is self-adjoint and bounded from below, it consists of an
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increasing sequence of eigenvalues. Our aim is to examine the magnetic effects on the low-lying eigenvalues(
λn(b, β)

)
n∈N∗ , when the Robin parameter β tends to −∞ and b tends to +∞ simultaneously.

If Ω is simply connected, the eigenvalue λn(b, β) is independent of the choice of the vector potential A0
of the magnetic field. This is a consequence of invariance under gauge transformations; if A ∈ H1(Ω;R2)
and curl A = 1, then A = A0 + ∇ϕ for a function ϕ ∈ H2(Ω) (cf. [FH10b, Props D.1.1 and D.2.1]), and in
turn

eibϕ(∇ − ibA0)2e−ibϕ = (∇ − ibA0 − ib∇ϕ)2 = (∇ − ibA)2.

Apart from its own interest, the study of the spectrum of the operator Pb
β arises in several contexts,

where both situations subject to magnetic fields, b > 0, or without magnetic fields, b = 0, occur. Indeed,
this operator appears in the modeling of many physical problems such as the heat equation, which describes
the evolution of the temperature of a solid, the Schrödinger equation modeling the evolution of a particle
non-relativistic (see Section 1.1.2) or even the wave equation describing the vibrations of a membrane. The
eigenvalue of Pb

β appears in many applications such as the estimation of the critical temperature/critical fields
of some superconductors surrounded by other materials [Kac06a, KS20] or the study of long-time reaction-
diffusion equations [LOS98]. On the other hand, the eigenvalue asymptotics in the singular limit β → −∞,
provide counterexamples in the context of the spectral geometry [FK15, PP16], and have links with the study
of Steklov eigenvalues [HK22]. The case β = 0 corresponds to Neumann’s magnetic Laplacian, which has
been studied in numerous articles [Ray17, FH10b].

3.1.2 Main results

The large coupling asymptotics of the lowest Robin eigenvalue in the absence of a magnetic field has been
studied recently by many authors, see e.g. [EMP14, HK17, Ker18, LP08, PP16, Kac16, KKR16]. In partic-
ular, the derivation of an effective operator on the boundary, involving the Laplace-Beltrami operator as well
as the mean curvature of the boundary. In the same spirit, we will study the negative spectrum of the Robin’s
Laplacian on a bounded domain with Robin condition at the boundary. Our aim is to improve/complement
earlier estimates and also clarify the magnetic field’s contribution in the spectral asymptotic.

The main contribution of this chapter is Theorem 3.1.1 below, which involves an effective operator that we
introduce as follows. We denote by |Ω| the area of the domain Ω and by |∂Ω| the arc-length of its boundary.
Let us parameterize the boundary, ∂Ω, by the arc-length, which we denote by s. Let κ(s) be the curvature
of ∂Ω at the point defined by the arc-length s, with the convention that κ(s) ⩾ 0 when ∂Ω is convex in a
neighborhood of s, and negative otherwise. The effective operators are self-adjoint operators in the Hilbert
space L2(∂Ω), acting on periodic functions, and defined as follows

Leff
β,γ0 = −β−2(∂s − ibγ0)2 − 1 + β−1κ(s)

Dom
(
Leff
β,γ0

)
= H2(R/|∂Ω|Z )

(3.1)

with γ0 the circulation of the magnetic field,

γ0 = |Ω|
|∂Ω|

. (3.2)

Remark 3.1.1. By the min-max principle, and standard semi-classical approximation, we can establish that

λn(Leff
β,γ0) = −1 + κmaxβ

−1 + o(β−1), (3.3)
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where
κmax = max

∂Ω
κ(s). (3.4)

We will describe the asymptotics of the negative eigenvalues of Pb
β , via those of the effective operator on

the boundary. More precisely, the n-th eigenvalue for the Laplace operator Pb
β , is approximated by the n-th

eigenvalue of the operators Leff
β,γ0

. We will use the following notation:

M = Õ(|β|α) iff ∀ ϵ > 0, M = O(|β|α−ϵ). (3.5)

Theorem 3.1.1. Let 0 ⩽ η < 3
2 and 0 < c1 < c2 . Suppose that

c1|β|η ⩽ b ⩽ c2|β|η.

As β tends to −∞, for any n ∈ N∗, we have

|λn(b, β) − β2λn( Leff
β,γ0)| = Õ(β2(η−1)),

where λn(Leff
β,γ0

) is the n-th eigenvalue of the effective operator introduced in (3.1).

It results from Theorem 3.1.1 and (3.3),

λn(b, β) = −β2 + κmaxβ + Õ(β2(η−1)). (3.6)

When b is a fixed constant (i.e. η = 0), (3.6) is known in [KL22, Prop. 5.1] and in the absence of the magnetic
field (b = 0) [HK17, Thm. 1.1] and [PP15, Thm. 1]. Notice that, the remainder term is of lower order as long
as η < 3

2 .
If η = 3

2 , by [Kac16] we have

λn(b, β) = −β2 +
(
κmax + b2β−3

4

)
β + o(β).

In a generic situation where the curvature has a unique non-degenerate maximum, Theorem 3.1.1 allows
us to determine the leading order term of the spectral gap between the successive eigenvalues. This is valid
under the following assumption:

Assumption A
{

κ attains its maximum κmax at a unique point;
the maximum is non-degenerate, i.e. κ′′(0) < 0 ,

where κmax is introduced in (3.4), denotes the maximal curvature along the boundary ∂Ω and the arc-length
parametrization of the boundary is selected so that κ(0) = κmax .

Under Assumption A , we study the three terms of the eigenvalue asymptotics of the effective operator
and find that

λn( Leff
β,γ0) = −1 + κmaxβ

−1 + (2n− 1)

√
−κ′′(0)

2 |β|−3/2 + o(|β|−3/2). (3.7)

This yields the following corollary of Theorem 3.1.1:
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Corollary 3.1.2. Let 0 ⩽ η < 5
4 and 0 < c1 < c2 . Suppose that

c1|β|η ⩽ b ⩽ c2|β|η.

Under the Assumption A, as β tends to −∞, for any n ∈ N∗, we have

λn(b, β) = −β2 + κmaxβ + (2n− 1)

√
−κ′′(0)

2 |β|1/2 + o(|β|1/2).

The technical condition on η appears as follows. After inserting (3.7) into the estimate of Theorem 3.1.1,
we get the error Õ(β2(η−1)), which is of order o(|β|1/2) if and only if η < 5

4 .
In the asymptotics of Corollary 3.1.2, the dependence with respect to the labeling of the eigenvalues, n,

appears in the third term of the expansion. However, in the generic situations described by Assumption A ,
the contribution of the magnetic field is hidden in the remainder term, and is of lower order compared to that
of the curvature. Corollary 3.1.2 follows from the spectral asymptotics of the 1D effective operators, which
is valid under a weaker assumption on the strength of the magnetic field (b = O(|β|5/4)) when compared to
the one in Theorem 3.1.1 (b = O(|β|3/2)).

In the case of disc domains, Assumption A fails, but we can improve Theorem 3.1.1 and display the
influence of the magnetic field in the lowest eigenvalue asymptotics.

Theorem 3.1.3. Assume that Ω = D(0, 1) is the unit disc and that 0 ⩽ η < 1. We have, as β → −∞,

λ1(b, β) = −β2 + β +
(

inf
m∈Z

(
m− b

2

)2
− 1

2

)
+ o(1),

uniformly with respect to b up to b = O(|β|η).

Theorem 3.1.3 was known when b is fixed in [KS20, Thm. 1.1]. The proof of Theorem 3.1.3 relies on
the derivation of the following explicitly solvable effective operator, which is more accurate than the one in
(3.1) (note that in the unit disc, the curvature is constant and equal to 1),

Leff
β,disc = −β−2(∂s − ibγ0)2 − 1 + β−1 − 1

2β
−2. (3.8)

3.1.3 Organization of the chapter
The chapter is organized as follows. In Section 3.3.1, we introduce an effective semiclassical parameter,

we discuss a semi-classical version of the operator and we recall why the eigenfunctions are localized, via
Agmon estimates near the boundary. As a consequence, we replace the initial problem by a problem on a
thin tubular neighborhood of the boundary. In Section 3.4, by using the Born-Oppenheimer approximation,
we derive an effective operator whose eigenvalues simultaneously describe the eigenvalues of the magnetic
Robin Laplacian. In particular, we show that the effectiveness of the reduction to a boundary operator is
determined by the estimate of the Born-Oppenheimer correction. This correction is an explicit quantity
related to dimension one. It appears in physics and, for instance, in the contributions [Teu03, MS02, PST03,
PST07, WT14] in the context of time evolution or in the works [KMSW92, MM94, LT13] related to resonance
and eigenvalue problems (see also the review [Jec14] where both aspects are considered). In Section 3.5,
we show that the bound states for the effective operator decay exponentially away from points of maximal
curvature. Then, we reduce the study to a free-flux operator, which is a perturbation of the harmonic oscillator.
Moreover, we estimate the eigenvalues for the effective operator with a large magnetic field, thereby proving
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Corollary 3.1.2. Finally, in Section 3.6, in the case of the disc domains, we describe the term that determines
the influence of the magnetic field on the spectrum of the Robin Laplacian, thereby proving Theorem 3.1.3.

3.2 Boundary coordinates

The key to proving Theorem 3.1.1 is a reduction to the boundary. Indeed, the eigenfunctions associated
with low-lying eigenvalues concentrate exponentially near the boundary (cf. Proposition 3.3.4). To single
out the influence of the boundary curvature, we need a special coordinate system displaying the arc-length
along the boundary and the normal distance to the boundary. We will refer to such as boundary coordinates.
In this section, we introduce the necessary notation to use these coordinates (cf. [HM01, FH10b]).

Let
R/(|∂Ω|Z) ∋ s 7−→ M(s) ∈ ∂Ω

be the arc-length parametrization of ∂Ω. We will always work with |∂Ω|-periodic functions sometimes
restricted to the interval ]

−|∂Ω|
2 ,

|∂Ω|
2

]
=] − L,L ].

At the point M(s) ∈ ∂Ω, T (s) = M ′(s) is the unit tangent vector and ν(s) is the unit normal vector such
that

∀s ∈ R/(|∂Ω|Z), det(T (s), ν(s)) = 1.

The curvature κ(s) at point M(s) is then defined as follows

T ′(s) = κ(s)ν(s).

The smoothness of the boundary yields the existence of a constant t0 > 0 such that, upon defining

Vt0 = {x ∈ Ω : dist(x, ∂Ω) < t0}

the change of coordinates

Φ : R/(|∂Ω|Z) × (0, t0) ∋ (s, t) 7→ x = M(s) − tν(s) ∈ Vt0

becomes a diffeomorphism. Let us note that, for x ∈ Vt0 , one can write

Φ−1(x) := (s(x), t(x)) ∈ R/(|∂Ω|Z) × (0, t0)

where t(x) = dist(x, ∂Ω) and s(x) is the coordinate of the point M(s(x)) ∈ R/(|∂Ω|Z) satisfying the
relation dist(x, ∂Ω) = |x−M(s(x))|.

The inverse of Φ defines a coordinate system on a tubular neighborhood of ∂Ω in Ω that can be used
locally. Now we express various integrals in the new coordinates (s, t).
The determinant of the Jacobian matrix of the transformation Φ is given by:

det JΦ(s, t) = 1 − tκ(s).

In the new coordinates, the components of the vector field A0 are given as follows,

Ã1(s, t) = (1 − tκ(s))A0(Φ(s, t)) ·M ′(s),
Ã2(s, t) = A0(Φ(s, t)) · ν(s).
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The new magnetic potential Ã0 = (Ã1, Ã2) satisfies[
∂Ã2
∂s

(s, t) − ∂Ã1
∂t

(s, t)
]
ds ∧ dt = curl A0(Φ−1(s, t))dx ∧ dy = (1 − tκ(s))ds ∧ dt.

For all u ∈ L2(Vt0), we assign the pull-back function ũ defined in the new coordinates as follows

ũ = u ◦ Φ.

Consequently, for all u ∈ H1(Vt0), we have∫
Vt0

|(∇ − ibA0)u(x)|2 dx =
∫ [

(1 − tκ(s))−2|(∂s − ibÃ1)ũ|2 + |(∂t − ibÃ2)ũ|2
]

(1 − tκ(s)) dtds,

∫
Vt0

|u(x)|2 dx =
∫

Φ−1(Vt0)
|ũ|2(1 − tκ(s)) dtds,

and ∫
Vt0 ∩ ∂Ω

|u(x)|2 dx =
∫

|ũ(s, t = 0)|2 ds.

Finally, we recall a useful gauge transformation that we borrow from [HM01, FH10b]. For t0 > 0 small
enough, there exists a gauge transformation φ(s, t) on R/(|∂Ω|Z) × (0, t0) such that Ā0 defined by

Ā0 = Ã0 − ∇(s,t)φ =
(
Ā1(s, t)
Ā2(s, t)

)
=

γ0 − t+ t2

2 κ(s)
0

 , (3.9)

with
γ0 = 1

|∂Ω|

∫
Ω

curlA0 dx = |Ω|
|∂Ω|

,

and for all u ∈ H1(Vt0), we have∫
Vt0

|(∇ − ibA0)u(x)|2 dx =
∫

Φ−1(Vt0)

(
(1 − tk(s))−2

∣∣∣(∂s − ibĀ1
)
w
∣∣∣2 + |∂tw|2

)
(1 − tk(s)) dsdt,

where w = eiφũ and ũ = u ◦ Φ, the pull-back function.

3.3 Preliminaries

3.3.1 Transformation into a semi-classical problem

We will prove the results of Section 3.1.2 in a semiclassical framework. Let us consider the semi-classical
parameter

h = β−2.

The limit β → −∞ is now equivalent to the semi-classical limit h → 0+. The quadratic form can be written
as

Qb
β(u) = h−2

(∫
Ω

|(h∇ − ibhA0)u(x)|2 dx− h
3
2

∫
Γ
|u(x)|2 ds(x)

)
:= h−2qbh(u).
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Consequently, we obtain the self-adjoint operator depending on h

Lbh = −(h∇ − ihbA0)2,

with domain
Dom(Lbh) = {u ∈ H2(Ω) : ν · (∇ − ibA0)u− h− 1

2u = 0 on Γ }.

Remark 3.3.1. Lbh is defined via the Lax-Milgram theorem from the quadratic form qbh.

Clearly,
Pb
β = h−2Lbh,

and thus the relation between the spectra of the operators Pb
β and Lbh is displayed as follows :

Sp
(
Pb
β

)
= h−2Sp

(
Lbh
)
. (3.10)

The self-adjoint operator Lbh has a compact resolvent and is bounded from below. Its spectrum is purely
discrete and consists of a non-decreasing sequence of eigenvalues. Let (µn(h, b))n∈N∗ be the sequence of
eigenvalues of the operator Lbh. Theorem 3.1.1, Corollary 3.1.2, and Theorem 3.1.3 can be reformulated in
semi-classical form as follows.

Theorem 3.3.1. Let n ∈ N∗, 0 ⩽ η < 3
2 and 0 < c1 < c2. There exist h0 > 0, such that, if h ∈ (0, h0)

and b satisfies
c1h

−η
2 ⩽ b ⩽ c2h

−η
2 ,

then we have : ∣∣∣µn(h, b) − hλn(Leff
h,γ0)

∣∣∣ = Õ(h3−η),

with
Leff
h,γ0 = −h(∂s − ibγ0)2 − 1 − κ(s)h

1
2 .

By the method of harmonic approximation, we deduce the following corollary:

Corollary 3.3.2. Let n ∈ N∗ , 0 ⩽ η < 5
4 and 0 < c1 < c2 . Under the Assumption A, there exists h0 > 0,

such that for all h ∈ (0, h0) and b satisfying

c1h
−η
2 ⩽ b ⩽ c2h

−η
2 ,

we have :

µn(h, b) = −h− κmaxh
3/2 + (2n− 1)

√
−κ′′(0)

2 h7/4 + o(h
7
4 ).

In the case of the disc, we derive the following effective operator

Leff
h,disc = −h(∂s − ibγ0)2 − 1 − h

1
2 − h

2 . (3.11)

As a consequence, we get the following theorem.

Theorem 3.3.3. Assume that Ω = D(0, 1) is the unit disc, 0 ⩽ η < 1 and that 0 < c1 < c2. There exists
h0 > 0, such that for all h ∈ (0, h0) and b satisfying

c1h
−η
2 ⩽ b ⩽ c2h

−η
2 ,
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we have :

µ1(h, b) = −h− h
3
2 +

(
inf
m∈Z

(
m− b

2

)2
− 1

2

)
h2 + o(h2).

3.3.2 Agmon estimates

The goal of this section is to show that the eigenfunctions associated with eigenvalues less than −ϵ h,
with 0 < ϵ < 1 a fixed constant, are concentrated exponentially near the boundary at the scale h1/2. These
localizations are quantified by the following proposition.

Proposition 3.3.4. Let M ∈ (−1, 0). For all α <
√

−M , there exist constants C > 0 and h0 ∈ (0, 1)
such that, for h ∈ (0, h0), if uh,b is a normalized ground state of Lbh with eigenvalue µ(h, b) such that
µ(h, b) < M h , then∫

Ω

(
|uh,b(x)|2 + h|(∇ − ibA0)uh,b(x)|2

)
exp

(2αdist(x,Γ)
h1/2

)
dx ⩽ C. (3.12)

For the proof of the Proposition 3.3.4, we will first show two technical lemmas.

Lemma 3.3.5. Let ϕ ∈ C∞(Ω) a real function, such that ϕ is constant on Γ. We set:

qϕh(u) =
∫

Ω

(
|(h∇ − ibhA0)uϕ|2 − h2|∇ϕ|2|u|2

)
dx− h

3
2

∫
Γ
|ϕu|2 ds(x).

If uh,b is an eigenfunction of Lbh with eigenvalue µ(h, b) , then

qϕh(uh,b) = µ(h, b)∥uh,bϕ∥2
L2(Ω). (3.13)

Proof. We have the simple identity:〈
ϕ2 uh,b ,Lbh uh,b

〉
= µ(h, b)∥uh,bϕ∥2

L2(Ω). (3.14)

On the other hand,

qϕh(uh,b) = h2Qbβ(ϕuh,b) − h2
∫

Ω
|∇ϕ|2|uh,b|2 dx

=
〈
Lbh ϕuh,b, ϕ uh,b

〉
− h2

∫
Ω

|∇ϕ|2|uh,b|2 dx.

Let’s explain Lbh ϕuh,b : we have

Lbh ϕuh,b = −h2
(
∆(ϕuh,b) − 2ibA0 · ∇(ϕuh,b) − b2|A0|2ϕuh,b

)
= −h2(ϕ ( ∆uh,b − 2ibA0 · ∇uh,b − b2|A0|2 uh,b ) + ∆ϕ uh,b + 2 ∇ϕ · ∇uh,b

− 2ibA0 · ∇ϕuh,b
)

= ϕ Lbh uh,b − h2 (∆ϕ uh,b + 2 ∇ϕ · ∇uh,b − 2ibA0 · ∇ϕuh,b) .
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Thus,

qϕh(uh,b) =
〈
ϕ Lbh uh,b − h2∆ϕ uh,b − 2h2 ∇ϕ · ∇uh,b − 2ibh2A0 · ∇ϕuh,b , ϕ uh,b

〉
− h2

∫
Ω

|∇ϕ|2|uh,b|2 dx.

Consequently

qϕh(uh,b) =⟨ Lbh uh,b, ϕ2uh,b⟩

− h2
(∫

Ω
(∆ϕuh,b + 2∇ϕ · ∇uh,b)ϕuh,b + |∇ϕ|2|uh,b|2 + 2ibϕ|uh,b|2A0 · ∇ϕ dx

)
.

(3.15)

If we show∫
Ω

(
(∆ϕ uh,b + 2 ∇ϕ · ∇uh,b)ϕ uh,b + |∇ϕ |2|uh,b|2 + 2ibϕ|uh,b|2A0 · ∇ϕ

)
dx = 0, (3.16)

we obtain, from (3.14):

qϕh(uh,b) = ⟨ Lbh uh,b, ϕ2 uh,b ⟩ = µ(h, b)∥uh,bϕ∥2
L2(Ω).

Let’s show (3.16). By Green’s formula:∫
Ω
ϕ uh,b ∆ϕ uh,b dx = −

∫
Ω

∇(ϕ |uh,b|2) · ∇ϕ dx+
∫

Γ
ϕ|uh,b|2

∂ϕ

∂ν
ds(x)

= −
∫

Ω
∇(ϕ |uh,b|2) · ∇ϕ dx

= −
∫

Ω

(
ϕ∇ϕ · ∇|uh,b|2 + |∇ϕ |2|uh,b|2

)
dx,

consequently,∫
Ω

(
(∆ϕuh,b + 2 ∇ϕ · ∇uh,b)ϕuh,b + |∇ϕ|2|uh,b|2

)
dx =

∫
Ω
ϕ∇ϕ ·

(
2uh,b∇uh,b − ∇|uh,b|2

)
dx.
(3.17)

On the other hand, using (3.15), we have∫
Ω

(
(∆ϕ uh,b + 2 ∇ϕ · ∇uh,b)ϕ uh,b + |∇ϕ |2|uh,b|2 + 2ibϕ|uh,b|2A0 · ∇ϕ

)
dx

= 1
h2

(
−qϕh(uh,b) + ⟨ Lbh uh,b , ϕ2 uh,b ⟩

)
∈ R.

Since the integral of a real part is the part real of the integral, we get by (3.17):∫
Ω

(
(∆ϕ uh,b + 2 ∇ϕ · ∇uh,b)ϕ uh,b + |∇ϕ |2|uh,b|2 + 2ibϕ|uh,b|2A0 · ∇ϕ

)
dx

=
∫

Ω
ϕ Re

(
∇ϕ ·

(
2uh,b ∇uh,b − ∇|uh,b|2

)
+ 2ib|uh,b|2A0 · ∇ϕ

)
dx

= 0,

where Re(z) is the real part of z.
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Lemma 3.3.6 (Localization Formula). If (χi,h)1⩽i⩽2 a partition of the unit of R , such that

χ2
1,h + χ2

2,h = 1,

then there exist two quadratic forms qϕ1,h and qϕ2,h such that, if uh,b is an eigenfunction of Lbh with an eigenvalue
µ(h, b), then

qϕh(uh,b) = qϕ1,h(uh,b) + qϕ2,h(uh,b), (3.18)

where ϕ(x) = exp
(
αt(x)
h1/2

)
, t(x) = dist(x, ∂Ω) and qϕh defined in the Lemma 3.3.5, with

qϕ1,h(uh,b) =
∫

Ω

(
|(h∇ − ibhA0)χ1,h ϕuh,b|2 − h2|∇ (ϕχ1,h)|2|uh,b|2

)
dx− h

3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x),

(3.19)
and

qϕ2,h(uh,b) =
∫

Ω

(
|(h∇ − ibhA0)χ2,h ϕuh,b|2 − h2|∇ (ϕχ2,h)|2|uh,b|2

)
dx− h

3
2

∫
Γ
|χ2,h ϕuh,b|2 ds(x).

(3.20)

Proof. We have
qϕ1,h(uh,b) = q

χ1,hϕ
h (uh,b)

(3.13)= µ(h, b)∥uh,bϕχ1,h∥2
L2(Ω),

and
qϕ2,h(uh,b) = q

χ2,hϕ
h (uh,b)

(3.13)= µ(h, b) ∥uh,b ϕχ2,h∥2
L2(Ω).

Hence
qϕ1,h(uh,b) + qϕ2,h(uh,b) = µ(h, b)∥uh,bϕ∥2

L2(Ω) = qϕh(uh,b).

3.3.2.1 Proof of the Proposition 3.3.4

The proof of the Proposition 3.3.4 is formed by two steps. We use in the proof the notations of quadratic
forms of the Lemma 3.3.6.

We consider a partition of the unit of R,

χ2
1 + χ2

2 = 1,

such that χ1 = 1 in (−∞, 1), suppχ1 ⊂ (−∞, 2), χ1 ⩾ 0 and χ2 ⩾ 0 in R. We define

χj,h = χj

(
t(x)
h1/2

)
, j ∈ {1, 2} ,

with χ2,h is a truncation inside and χ1,h is a truncation near the boundary.
The proof is a direct adaptation of the cas of non-magnetic field, see [HK17, Theorem 5.1].

1. First step. Let us show that, there exist c > 0, such that

qϕ1,h(uh,b) ⩾ − c h. (3.21)

We have, for j ∈ {1, 2},

∇ϕ(x) = α∇t(x)
h

1
2

ϕ(x),
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and
∇χj,h(x) = ∇t(x)

h1/2 χ′
j

(
t(x)
h1/2

)
,

with |∇t(x)| = 1. There exist constants c > 0 such that

|∇(ϕχj,h )(x)|2 = |χj,h(x) ∇ϕ(x) + ϕ(x) ∇χj,h(x) |2

⩽ 2|χj,h(x) ∇ϕ(x)|2 + 2|ϕ(x) ∇χj,h(x) |2

⩽ 2α
2

h
|ϕ(x)|2|χj,h(x)|2 + 2 c

h
|ϕ(x)|2

∣∣χ′
j

( t(x)
h1/2

)∣∣∣2,
hence

|∇(ϕχj,h )(x)|2 ⩽
2α2

h
|ϕ(x)|2|χj,h(x)|2 + 2c

h
|ϕ(x)|2

∣∣∣χ′
j

( t(x)
h1/2

)∣∣∣2. (3.22)

According to (3.22), there exist constants c > 0 such that

qϕ1,h(uh,b) ⩾
∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

− 2c h
∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|ϕ|2|uh,b|2 dx− 2α2 h

∫
{x∈Ω : t(x)⩽ 2h

1
2 }

|ϕ|2|χ1,h uh,b|2 dx

⩾
∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

− 2(c+ α2)h
∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|ϕ|2|uh,b|2 dx.

Since uh,b is a normalized eigenfunction of Lbh in L2(Ω) and that ϕ(x) ⩽ exp(2α), ∀x ∈ { t(x) ⩽

2h
1
2 }, we have:

−
∫

Ω
h |χ1,h ϕuh,b|2 dx ⩾ −

∫
{x∈Ω : t(x)⩽ 2h

1
2 }
h |ϕuh,b|2 dx ⩾ − c h. (3.23)

We deduce that

qϕ1,h(uh,b) ⩾
∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x) − c h .

Let us show that∫
{x∈Ω : t(x)⩽ 2h

1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x) ⩾ − c h. (3.24)

According to Theorem A.1.3, we have∫
{x∈Ω : t(x)⩽ 2h

1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

⩾
∫

{ t(x)⩽ 2h
1
2 }

|h∇ |χ1,h ϕuh,b||2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x).
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In the tubular coordinates of Section 3.2, the inequality becomes:∫
{x∈Ω : t(x)⩽ 2h

1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx − h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

⩾
∫ |∂Ω|

2

− |∂Ω|
2

∫ 2h
1
2

0
h2
[
(1 − tκ(s))−2|∂sw|2 + |∂tw|2

]
(1 − tκ(s)) dtds− h

3
2

∫ |∂Ω|
2

− |∂Ω|
2

|w(s, t = 0)|2 ds

⩾
∫ |∂Ω|

2

− |∂Ω|
2

(∫ 2h
1
2

0
h2|∂tw|2 (1 − tκ(s)) dt − h

3
2 |w(s, t = 0)|2

)
ds,

with w(s, t) = |χ1,h ϕuh,b(s, t)|.
Consequently,∫

{x∈Ω : t(x)⩽ 2h
1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

⩾ (1 − ch
1
2 )
∫ |∂Ω|

2

−| ∂Ω|
2

∫ 2h
1
2

0
h2|∂tw|2 dtds−

∫ |∂Ω|
2

−| ∂Ω|
2

h
3
2 |w(s, t = 0)|2 ds.

(3.25)

Let 1
2 < ρ < 1, τ = (1 − ch

1
2 )h−1 t , we introduce the function υ(s, τ) = w(s, t). The function υ

vanishes if τ ⩾ c h− 1
2 and for h small enough 2h− 1

2 ⩽ h−ρ . We have

(1 − ch
1
2 )
∫ 2h

1
2

0
h2|∂tw|2 dt− h

3
2 |w(s, t = 0)|2 = h

(∫ h−ρ

0
|∂τυ|2 dτ − h

1
2 |υ(s, t = 0)|2

)

⩾ hλ1(H0,h)
∫ h−ρ

0
|υ|2 dτ.

From Section 2.1.2, we get

(1 − ch
1
2 )
∫ 2h

1
2

0
h2|∂tw|2 dt− h

3
2 |w(s, t = 0)|2 ⩾ −2h

∫ h−ρ

0
|υ|2 dτ.

Consequently,∫
{x∈Ω : t(x)⩽ 2h

1
2 }

|(h∇ − ibhA0)χ1,h ϕuh,b|2 dx− h
3
2

∫
Γ
|χ1,h ϕuh,b|2 ds(x)

⩾
∫ |∂Ω|

2

− |∂Ω|
2

(
−2h

∫ h−ρ

0
|υ|2 dτ

)
ds

= −2h (1 − c h
1
2 )
∫ |∂Ω|

2

− |∂Ω|
2

∫ 2h
1
2

0
|χ1,h ϕuh,b|2 dtds

⩾ − c h

∫
Ω

|χ1,h ϕuh,b|2 dx

(3.23)
⩾ − c h.

This shows the point (3.24) and we deduce that:

qϕ1,h(uh,b) ⩾ − c h.
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2. Second step. Let’s show that∫
Ω

(
h | (∇ − ibA0)χ2,h ϕuh,b|2 − (M + α2) |ϕχ2,h uh,b|2

)
dx ⩽ c. (3.26)

We have, from (3.13) et (3.18)

qϕh(uh,b) = qϕ1,h(uh,b) + qϕ2,h(uh,b) = µ(h, b)∥uh,bϕ∥2
L2(Ω),

and so from (3.21) and (3.23), we have

qϕ2,h(uh,b) ⩽ µ(h, b)∥uh,bϕ∥2
L2(Ω) + c h

= µ(h, b)∥χ1,huh,bϕ∥2
L2(Ω) + µ(h, b)∥χ2,huh,bϕ∥2

L2(Ω) + c h

⩽M h ∥uh,b χ2,h ϕ∥2
L2(Ω) + c h.

Consequently,∫
Ω

|(h∇ − ibhA0)χ2,h ϕuh,b|2 dx

⩽M h∥uh,b χ2,h ϕ∥2
L2(Ω) + c h+ h2

∫
Ω

|∇ (ϕχ2,h)|2|uh,b|2 dx

⩽M h∥uh,b χ2,h ϕ∥2
L2(Ω) + c h+ c h

∫
Ω

|uh,b|2 dx+ α2 h

∫
Ω

|ϕχ2,h uh,b|2 dx

⩽ (M + α2)h
∫

Ω
|ϕuh,b χ2,h |2 dx+ c h,

and we deduce the formula (3.26).
3. Conclusion. Since (M + α2) < 0, then from (3.26) we have:∫

Ω
|ϕuh,b χ2,h |2 dx ⩽ c,

which suffices to prove that, for h sufficiently small,∫
Ω

|ϕuh,b |2 dx ⩽ c.

Moreover, we have

∥χ2,h ϕ (∇ − ibA0)uh,b∥2
L2(Ω) = ∥(∇ − ibA0)χ2,hϕuh,b − uh,b∇(χ2,hϕ)∥2

⩽ 2 ∥(∇ − ibA0)χ2,hϕuh,b∥2 + 2 ∥uh,b∇(χ2,hϕ)∥2

(3.26)
⩽

c

h
+ 2 ∥uh,b∇(χ2,hϕ)∥2.

Since Ω is bounded, the function x 7→ t(x) is bounded and ϕ is bounded. From (3.22), we have

∥χ2,h ϕ (∇ − ibA0)uh,b∥2
L2(Ω) ⩽

c

h
,

which suffices to prove that, for h sufficiently small,

h∥ϕ (∇ − ibA0)uh,b∥2
L2(Ω) ⩽ c.
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We deduce that∫
Ω

(
|uh,b(x)|2 + h |(∇ − ibA0)uh,b(x)|2

)
exp

(2αdist(x,Γ)
h

1
2

)
dx ⩽ c,

for h → 0+.

We record the following simple corollary of Proposition 3.3.4.

Corollary 3.3.7. Let M ∈ (−1, 0), ρ ∈ (0, 1
2) and c > 0 . For all 0 < α <

√
−M , there exists C > 0

and h0 ∈ (0, 1) such that, if uh,b is a normalized ground state of Lbh with eigenvalue µ(h, b) such that
µ(h, b) < Mh, then for all h ∈ (0, h0),∫

dist(x,Γ)⩾ch
1
2 −ρ

(
|uh,b(x)|2 + h|(∇ − ibA0)uh,b(x)|2

)
dx ⩽ C exp(−2αch−ρ). (3.27)

From Corollary 3.3.7, we deduce that for h → 0+ we have,∫
dist(x,Γ)ch

1
2 −ρ

|uh,b(x)|2 dx = 1 −
∫

dist(x,Γ)>ch
1
2 −ρ

|uh,b(x)|2 dx ⩾ 1 − C exp(−2αch−ρ). (3.28)

As a consequence, for small h, the ground states of the operator Lbh are concentrated near the boundary of Ω.
This will allow us to work in a tubular neighborhood of ∂Ω.

3.3.3 Spectral reduction

Let ρ ∈ (0, 1/2), we introduce the δ-neighborhood of the boundary

Ωδ = {x ∈ Ω : dist(x,Γ) < δ } , δ = h
1
2 −ρ.

The quadratic form, defined on the variational space

Wδ = {u ∈ H1(Ωδ) : u(x) = 0 , ∀x ∈ Ω such that dist(x,Γ) = δ},

is given by the formula

qb,ρh (u) = h2
∫

Ωδ
|(∇ − ibA0)u(x)|2 dx− h

3
2

∫
∂Ωδ

|u(x)|2 ds(x). (3.29)

Note again that the trace on ∂Ωδ is well-defined by a classical trace theorem. The associated self-adjoint
operator is:

Lb,ρh = −(h∇ − ihbA0)2,

with domain

Dom(Lb,ρh ) = {u ∈ H2(Ωδ) : ν · (∇ − ibA0)u− h− 1
2u = 0 on Γ and

u(x) = 0 , ∀x ∈ Ω such that dist(x,Γ) = δ}.

That is, we consider the realization with mixed boundary conditions (Robin and Dirichlet conditions). Let
(µn(h, b, ρ))n∈N∗ be the sequence of eigenvalues of the operator Lb,ρh . It is then standard to deduce from the
min-max principle and the Agmon estimates of Corollary 3.3.7 the following proposition.

82



3.3. Preliminaries

Proposition 3.3.8. Let ϵ > 0 and α ∈ (0,
√
ϵ), there exist constants C > 0 , h0 ∈ (0, 1) such that, for all

h ∈ (0, h0), n ⩾ 1 and µn(h, b) < −ϵh,

µn(h, b, ρ) ⩽ µn(h, b) + C exp(−αh−ρ).

Moreover, for all n ⩾ 1 and h > 0, we have

µn(h, b) ⩽ µn(h, b, ρ).

Proof. The inequality µn(h, b) ⩽ µn(h, b, ρ) is not asymptotic. Let (vk,h)1⩽k⩽n be a family of eigenfunction
of Lb,ρh associated with the eigenvalues (µk(h, b, ρ))1⩽k⩽n. We define the function

un,h =
{
vn,h if x ∈ Ωδ

0 if x ∈ Ω \ Ωδ.

Let E be the vector subspace generated by the family (uk,h)1⩽k⩽n. We will find an upper bound of the
quadratic form qbh(u) for all u ∈ E. By inserting u in the quadratic form qbh(u), we get

qbh(u) = qb,ρh (v) =
〈
Lb,ρh v, v

〉
⩽ µn(h, b, ρ)∥v∥2 = µn(h, b, ρ)∥u∥2.

By the min-max theorem, we get the non-asymptotic inequality

µn(h, b) ⩽ µn(h, b, ρ).

Now we determine an upper bound of µn(h, b, ρ) in terms of µn(h, b). Let (uk,h)1⩽k⩽n an orthonormal
family of eigenfunctions associated with the eigenvalues (µk(h, b))1⩽k⩽n . Let the truncation function define
on R as follows:

0 ⩽ χ ⩽ 1, χ = 1 on ] − ∞, 1/2 ] and χ = 0 on [1,+∞[ .

We define the function
χ1(x) = χ

(
t(x)
δ

)
,

with δ = h
1
2 −ρ. For k = 1, ..., n , we let

vk,h = χ1uk,h.

Let Fh be the vector subspace of Dom(Lb,ρh ) generated by the family (vk,h)1⩽k⩽n and wh ∈ Fh which is
written as follows:

wh =
n∑
k=1

βkvk,h.

The functions (vk,h) are quasi-orthonormal (using Proposition 3.3.4). We notice that dimFh = n, and

∥wh∥2 =
n∑
k=1

|βk|2 + O(exp(−αh−ρ)).

Now we have to find an upper bound of qb,ρh (wh) by making µn(h, b) appear. We have the following
decomposition:

qb,ρh (wh) =
〈
Lb,ρh wh, wh

〉
=

n∑
j,k=1

βjβk
〈
Lb,ρh vj,h, vk,h

〉
.
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For j, k fixed and for h small enough, we have〈
Lb,ρh vj,h, vk,h

〉
=
〈
χ1 Lbh uj,h, χ1 uk,h

〉
− h2 ⟨uj,h∆χ1, χ1uk,h⟩ − 2h2 ⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩

= µj(h, b) ⟨χ1uj,h, χ1uk,h⟩ − h2 ⟨uj,h∆χ1, χ1uk,h⟩ − 2h2 ⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩
= δj,k µj(h, b) − h2 ⟨uj,h∆χ1, χ1uk,h⟩ − 2h2 ⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩

+ O(exp(−αh−ρ)).

We have
∇χ1(x) = hρ−1/2 ∇t(x)χ′(hρ−1/2 t(x)),

and

∆χ1(x) = h2ρ−1 |∇t(x)|2 χ′′(hρ−1/2 t(x)) + hρ−1/2 ∆t(x)χ′(hρ−1/2 t(x)).

According to the Hölder inequality, we have

h2|⟨uj,h∆χ1, χ1uk,h⟩| = h2
∣∣∣∣∣
∫

{t(x)⩾δ/2}
uj,h ∆χ1 χ1 uk,h dx

∣∣∣∣∣
⩽ h2

(∫
{t(x)⩾δ/2}

|uj,h ∆χ1|2 dx
)1/2(∫

{t(x)⩾δ/2}
|uk,h χ1|2 dx

)1/2

,

and

h2|⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩|

= h2
∣∣∣∣∣
∫

{t(x)⩾δ/2}
∇χ1.(∇ − ibA0)uj,h χ1 uk,h dx

∣∣∣∣∣
⩽ h2

(∫
{t(x)⩾δ/2}

|∇χ1.(∇ − ibA0)uj,h|2 dx
)1/2(∫

{t(x)⩾δ/2}
|uk,h χ1|2 dx

)1/2

.

Since h.hρ−1/2 < 1 and h.h2ρ−1 < 1 and by Corollary 3.3.7, there exist constants c > 0 such that :

h2|⟨uj,h∆χ1, χ1uk,h⟩| ⩽ c

(∫
{t(x)⩾δ/2}

|uj,h |2 dx
)1/2(∫

{t(x)⩾δ/2}
|uk,h|2 dx

)1/2

⩽ c exp(−αh−ρ),

and

h2|⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩ ⩽ c

(∫
{t(x)⩾δ/2}

h|(∇ − ibA0)uj,h|2 dx
)1/2(∫

{t(x)⩾δ/2}
|uk,h|2 dx

)1/2

⩽ c exp(−αh−ρ ).

Hence
h2⟨uj,h∆χ1, χ1uk,h⟩ + 2h2⟨∇χ1 · (∇ − ibA0)uj,h, χ1uk,h⟩ = O(exp(−αh−ρ)).
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Consequently,

qb,ρh (wh) =
n∑

j,k=1
βjβk

〈
Lb,ρh vj,h, vk,h

〉
=

n∑
j=1

µj(h, b)|βj |2 + O(exp(−αh−ρ))
n∑

j,k=1
βjβk

⩽
(
µn(h, b) + C exp(−αh−ρ)

)
∥wh∥2.

By the min-max theorem, we have

µn(h, b, ρ) = inf
E⊂Wδ
dimE=n

sup
u∈E
u̸=0

qb,ρh (u)∫
Ωh

|u|2 dx
,

therefore,
µn(h, b, ρ) ⩽ µn(h, b) + C exp(−αh−ρ).

Proposition 3.3.8 leads us to replace the initial problem by a new Robin-Dirichlet in a δ-neighborhood of
the boundary ∂Ω, and then reduces the analysis to the operator Lb,ρh .

3.3.4 The Robin Laplacian in a tubular neighborhood
From (3.9), the new quadratic form is expressed in tubular coordinates and is written as follows:

q̃ b,ρh (u) = h2
∫ L

−L

∫ δ

0
|(∂s − ibĀ1)ũ|2(1 − tκ(s))−1 dtds

+ h2
∫ L

−L

∫ δ

0
|(∂t − ibĀ2)ũ|2(1 − tκ(s)) dtds− h3/2

∫ L

−L
|ũ(s, t = 0)|2 ds,

with ũ = eiφu ◦ Φ and L = |∂Ω|
2 . Here Φ is the transformation map that transforms Cartesian coordinates

to boundary coordinates in a neighborhood of the edge and φ is the gauge function needed to assume that
Ā2 = 0. These functions are defined in Section 3.2.

We replace Ā0 = (Ā1, Ā2) by its value given in (3.9), we obtain:

q̃ b,ρh (u) = h2
∫ L

−L

∫ δ

0

∣∣∣∣∣
(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

ũ

∣∣∣∣∣
2

(1 − tκ(s))−1 dtds

+ h2
∫ L

−L

∫ δ

0
|∂tũ|2(1 − tκ(s)) dtds− h3/2

∫ L

−L
|ũ(s, t = 0)|2 ds,

and the ambient Hilbert space is L2((1 − tκ(s)) dtds), the integration domain ] − L,L] × (0, δ) and the
natural scalar product

⟨f, g⟩L2((1 − tκ(s)) dtds) =
∫ L

−L

∫ δ

0
f g(1 − tκ(s)) dtds,

with
γ0 = 1

|∂Ω|

∫
Ω

curlA0 dx = |Ω|
|∂Ω|

.
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We would like to describe the spectrum of the operator associated with the quadratic form q̃ b,ρh . To see what
happens, we write the operator Lb,ρh in tubular coordinates (s, t). The operator Lb,ρh is unitarily equivalent
to L̃b,ρh the self-adjoint realization on L2(] − L,L] × (0, δ), a dtds), of the differential operator, with 2L-
periodic boundary condition with respect to s,

− h2(1 − tκ(s))−1(∂s − ibĀ1)(1 − tκ(s))−1(∂s − ibĀ1) − h2(1 − tκ(s))−1∂t(1 − tκ(s))∂t.

We replace Ā0 = (Ā1, Ā2) by its explicit value given by (3.9), the operator Lb,ρh becomes :

L̃b,ρh = −h2a−1
(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

a−1
(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

− h2a−1∂ta∂t,

where a = 1 − tκ(s).

Lemma 3.3.9. In boundary coordinates, the Robin condition becomes

∂tu(s, t = 0) = −h−1/2u(s, t = 0). (3.30)

Proof. L̃b,ρh is the self-adjoint operator associated with the quadratic form q̃ b,ρh . Let the sesquilinear form
associated with q̃ b,ρh be defined for all u, v ∈ H1((−L,L) × (0, δ)) and u(s, δ) = v(s, δ) = 0 by

Qb,ρh (u, v) = h2
∫ L

−L

∫ δ

0

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

u

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

v a−1 dtds

+ h2
∫ L

−L

∫ δ

0
∂tu ∂tv a dtds− h3/2

∫ L

−L
u(s, t = 0) v(s, t = 0) ds.

By definition of the operator L̃b,ρh , for all u ∈ Dom(L̃b,ρh ), v ∈ H1((−L,L) × (0, δ)) and v(s, t = δ) = 0,
we have

Qb,ρh (u, v) =
〈
L̃b,ρh u, v

〉
L2(a dtds)

.

From this equality, we find the Robin condition in the tubular coordinates.
First, we calculate

〈
L̃b,ρh u, v

〉
L2(a dtds)

. We have

〈
L̃b,ρh u, v

〉
L2(a dtds)

= −h2
∫ L

−L

∫ δ

0
a−1

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

a−1
(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

uv a dtds

− h2
∫ L

−L

∫ δ

0
∂t(a∂tu)v dtds.

Using an integration by parts, we obtain〈
L̃b,ρh u, v

〉
= h2

∫ L

−L

∫ δ

0
a−1

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

u

(
∂s + ibγ0 + ib

(
−t+ t2

2 κ(s)
))

v dtds

− h2
∫ δ

0
a−1

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

u v

∣∣∣∣L
−L

dt+ h2
∫ L

−L

∫ δ

0
a∂tu ∂tv dtds+ h2

∫ L

−L
∂tuv

∣∣∣∣
t=0

ds.
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Since u and v are 2L-periodic with respect to the variable s, we have

h2
∫ δ

0
a−1

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

u v

∣∣∣∣L
−L

dt = 0.

Then,

〈
L̃b,ρh u, v

〉
= h2

∫ L

−L

∫ δ

0
a−1

(
∂s − ibγ0 − ib

(
−t+ t2

2 κ(s)
))

u

(
∂s + ibγ0 + ib

(
−t+ t2

2 κ(s)
))

v dtds

+ h2
∫ L

−L

∫ δ

0
a∂tu ∂tv dtds+ h2

∫ L

−L
∂tuv

∣∣∣∣
t=0

ds

= Qb,ρh (u, v) .

By comparison, we get for all v ∈ H1((−L,L) × (0, δ)) and v(s, t = δ) = 0

h2
∫ L

−L
∂tuv

∣∣∣∣
t=0

ds = −h
3
2

∫ L

−L
u(s, t = 0) v(s, t = 0) ds

⇒
∫ L

−L

(
∂tu(s, t = 0) + h−1/2u(s, t = 0)

)
v(s, t = 0) ds = 0.

Hence
∂tu(s, t = 0) = −h−1/2u(s, t = 0).

We introduce,

Ω̃δ = {(s, t) : s ∈ [−L,L[ and 0 < t < δ },

Dom(q̃ b,ρh ) = {u ∈ H1(Ω̃δ) : u(s, δ) = 0},

Dom(L̃b,ρh ) = {u ∈ H2(Ω̃δ) : u(s, δ) = 0 and ∂tu(s, t = 0) = −h−1/2u(s, t = 0)}.

3.3.5 The rescaled operator

We know that the eigenfunctions are localized near the boundary, at the scale h
1
2 (cf. Prop 3.3.4) and in

order to obtain a Robin condition independent of h, we get a partially semiclassical problem by changing the
variable

(s, t) = (s, h
1
2 τ).

This change of variable transforms the above expression of L̃b,ρh into an operator as follows

h

[
− hâ−1

(
∂s − ibγ0 − ib

(
−h

1
2 τ + h

τ2

2 κ(s)
))

â−1
(
∂s − ibγ0 − ib

(
−h

1
2 τ + h

τ2

2 κ(s)
))

− â−1∂τ â∂τ

]
,

where the new weight
â(s, τ) = 1 − h

1
2 τκ(s).
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The boundary condition becomes

∂τu(s, τ = 0) = −u(s, τ = 0).

We consider rather the operator
L̂ b,ρ
h = h−1L̃ b,ρ

h ,

and the domain of integration becomes

[−L,L[×(0, δ/h1/2) = [−L,L[×(0, h−ρ) .

The associated quadratic form is

q̂ b,ρh (ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣∣∣
(
h1/2∂s − ibh1/2γ0 − ibh

(
−τ + h1/2 τ

2

2 κ(s)
))

ψ

∣∣∣∣∣
2

â−1 dτds

+
∫ L

−L

∫ h−ρ

0
|∂τψ|2 â dτds−

∫ L

−L
|ψ(s, τ = 0)|2 ds.

(3.31)

We let

Ω̂δ = {(s, τ) : s ∈ [−L,L[ and 0 < τ < h−ρ } ,

Dom(q̂ b,ρh ) = {u ∈ H1(Ω̂δ) : u(s, h−ρ) = 0} ,

Dom(L̂b,ρh ) = {u ∈ H2(Ω̂δ) : u(s, h−ρ) = 0 and ∂τu(s, τ = 0) = −u(s, τ = 0)} .

(3.32)

Let µ̂n(h, b, ρ) be the n-th eigenvalue of the self-adjoint operator L̂b,ρh . Since L̂ b,ρ
h = h−1L̃ b,ρ

h , then

Sp(L̂ b,ρ
h ) = h−1Sp(L̃ b,ρ

h ).

Therefore,
µ̂n(h, b, ρ) = h−1µ̃n(h, b, ρ) = h−1µn(h, b, ρ), (3.33)

with µ̃n(h, b, ρ) is the n-th eigenvalue of the self-adjoint operator L̃ b,ρ
h .

Below is a table that represents the different operators that appeared in this work, their associated quadratic
forms, and their eigenvalues.

Operator Quadratic form Eigenvalue

Pb
β Qb

β λn(b, β)
Lbh qbh µn(h, b)

Lb,ρh qb,ρh µn(h, b, ρ)

L̃ b,ρ
h q̃ b,ρh µ̃n(h, b, ρ)

L̂ b,ρ
h q̂ b,ρh µ̂n(h, b, ρ)

3.4 Asymptotics of the eigenvalues of Robin’s Laplacian

The aim of this section is to prove the following result, which implies Theorem 3.1.1.
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Theorem 3.4.1. Let n ∈ N∗, 0 ⩽ η < 3
2 , α > 0 and 0 < c1 < c2. There exist c± > 0 and h0 > 0, such that,

if h ∈ (0, h0) and b satisfies
c1h

−η
2 ⩽ b ⩽ c2h

−η
2 ,

then, we have :

λn(Leff,−
h,γ0

) + O(h2−α−η) ⩽ µ̂n(h, b, ρ) ⩽ λn(Leff,+
h,γ0

) + O(h2−α−η),

where λn(Leff,±
h,γ0

) is the n-th eigenvalue of Leff,±
h,γ0

defined by

Leff,±
h,γ0

= −h(1 ± c± h
r)(∂s − ibγ0)2 − 1 − κ(s)h

1
2 − κ(s)2

2 h± c± h
3
2 ,

and
r = min

(
α,

1
2

)
.

Remark 3.4.1. We distinguish two important cases of η :
- If 0 ⩽ η < 5

4 , we choose α = 1
2(5

4 − η), then O(h2−α−η) = o(h
3
4 ).

- If 5
4 ⩽ η < 3

2 , we choose α = 1
2(3

2 − η), then O(h2−α−η) = o(h
1
2 ).

3.4.1 Robin Laplacian in a weighted space
Following the writing of the magnetic Robin Laplacian in tubular coordinates in Section 3.3.4, there

appears a one-dimensional operator defined, for s fixed, by{
− â−1∂τ â∂τ = −∂2

τ + h1/2κ(s)â−1∂τ

∂τu(s, τ = 0) = −u(s, τ = 0) in L2((0, h−ρ), (1 − τh1/2κ(s)) dτ),

where â(s, τ) = 1 − h
1
2 τκ(s). This operator is denoted by

Hκ(s),h = H{T}
B ,

with
T = h−ρ and B = h1/2κ(s),

and where H{T}
B is defined in Section 2.1.3. The associated quadratic form is:

qκ(s),h(u) =
∫ h−ρ

0
|∂τu(τ)|2â dτ − |u(0)|2. (3.34)

Let vκ(s),h be a normalized groundstate of Hκ(s),h associated with λ1(Hκ(s),h). According to the Lemma
2.1.5, there exists a constant C > 0, such that

∥∂svκ(s),h∥L2((0, h−ρ),(1−h1/2κ(s)τ)dτ) ⩽ Ch1/2. (3.35)

Lemma 3.4.2. Under the assumptions of Proposition 2.1.3, for any k ∈ N, there exists a constant Ck > 0
such that the function vκ(s),h satisfies when h → 0+ :

∫ h−ρ

0
τk|vκ(s),h|2(1 − h1/2κ(s)τ) dτ ⩽ Ck.
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Proof. The demonstration comes simply from the following inequality:

∀l ⩾ 0, ∀k ∈ N, lk ⩽ k! el.

This inequality gives us for l = 2ατ where α is the constant in Proposition 2.1.4 :

2kαkτk ⩽ k! e2ατ .

From the Proposition 2.1.4, we obtain:∫ h−ρ

0
τk|vκ(s),h|2(1 − h1/2κ(s)τ) dτ ⩽

∫ h−ρ

0

k!
2kαk e

2ατ |vκ(s),h|2(1 − h1/2κ(s)τ) dτ ⩽ Ck.

By [KS20, Lemma 2.5], we have the asymptotic estimate of the first and second eigenvalue of the dominate
operator Hκ(s),h

λ1(Hκ(s),h) = −1 − κ(s)h
1
2 − κ(s)2

2 h+ O(h3/2), (3.36)

and for C > 0
λ2(Hκ(s),h) ⩾ −Ch1/2−ρ. (3.37)

3.4.2 The corrected Feshbach projection

For s ∈ [−L,L], we introduce the Feshbach projection Πs on the normalized ground state vκ(s),h of
Hκ(s),h

Πsψ = ⟨ψ, vκ(s),h⟩L2((0, h−ρ), âdτ)vκ(s),h , ∀ψ ∈ L2([−L,L[×(0, h−ρ), âdsdτ). (3.38)

We also let
Π⊥
s = Id − Πs ,

and
Rh(s) = ∥∂svκ(s),h∥2

L2((0, h−ρ), âdτ).

The quantity Rh is sometimes called “Born-Oppenheimer correction”. It measures the commutation defect
between ∂s and Πs.

Remark 3.4.2. Note that the idea of considering a Feshbach projection appears in many different contexts:
WKB analysis (see for example [BNHR16, Sections 2.4 & 3.2], [HK17] and [HKR17]), convergence resolvent
norm (see for example [KR14, Section 4.2 ] and [KRRS18]) or space/time adiabatic limits (see [Teu03,
Chapter 3]). The reader might also consider to read [LT13, p. 35], where the authors tackle a similar
problem of finding a corrected Feshbach projection in order to decouple the variable of their fiber operator
and the semiclassical variable (his called ε in their paper and they call “horizontal variable” our variables).
In particular, they emphasize that, without such a correction, the decoupling appears modulo a remainder
O(h) larger than the gap between the eigenvalues.

Lemma 3.4.3. There exist constants C > 0 and h0 > 0 such that, for all ψ ∈ Dom(q̂ b,ρh ) and h ∈ (0, h0),
we have:

∥[Πs, ∂s]ψ∥L2(âdτ) = ∥[Π⊥
s , ∂s]ψ∥L2(âdτ) ⩽

[
2Rh(s)

1
2 + ch1/2

]
∥ψ∥L2(âdτ) .
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Proof. We estimate the commutator:

[Πs, ∂s]ψ = −[Π⊥
s , ∂s]ψ

= ⟨∂sψ, vκ(s),h ⟩L2(âdτ) vκ(s),h − ∂s
(
⟨ψ, vκ(s),h ⟩L2(âdτ) vκ(s),h

)
= −⟨ψ, ∂svκ(s),h⟩L2(âdτ) vκ(s),h − ⟨ψ, vκ(s),h⟩L2(âdτ) ∂svκ(s),h

+ h1/2κ′(s)
(∫ h−ρ

0
ψvκ(s),hτdτ

)
vκ(s),h.

We get, thanks to the Cauchy-Schwarz inequality and the Agmon estimates (see Lemma 3.4.2)

∥[Πs, ∂s]ψ∥L2(âdτ) ⩽
[
2Rh(s)

1
2 + ch1/2

]
∥ψ∥L2(âdτ).

Lemma 3.4.4. Let ψ ∈ Dom(Hκ(s),h), we have the orthogonal decomposition:

qκ(s),h(ψ) = qκ(s),h(Πsψ) + qκ(s),h(Π⊥
s ψ),

with qκ(s),h is the quadratic form associated to the operator Hκ(s),h defined in (3.34).

Proof. We have

qκ(s),h(ψ) = ⟨Hκ(s),hψ,ψ⟩L2((0, h−ρ), âdτ)

= ⟨Hκ(s),h(Πsψ + Π⊥
s ψ), Πsψ + Π⊥

s ψ⟩L2((0, h−ρ), âdτ)

= ⟨Hκ(s),hΠsψ, Πsψ⟩L2((0, h−ρ), âdτ) + ⟨Hκ(s),hΠ⊥
s ψ, Π⊥

s ψ⟩L2((0, h−ρ), âdτ)

+ ⟨Hκ(s),hΠsψ, Π⊥
s ψ⟩L2((0, h−ρ), âdτ) + ⟨Πsψ, Hκ(s),hΠ⊥

s ψ⟩L2((0, h−ρ), âdτ).

Since Hκ(s),h is self-adjoint on L2((0, h−ρ), âdτ), then

⟨Hκ(s),hΠsψ, Π⊥
s ψ⟩L2((0, h−ρ), âdτ) = ⟨Πsψ, Hκ(s),hΠ⊥

s ψ⟩L2((0, h−ρ), âdτ).

Therefore

qκ(s),h(ψ) = ⟨Hκ(s),hΠsψ, Πsψ⟩L2((0, h−ρ), âdτ) + ⟨Hκ(s),hΠ⊥
s ψ, Π⊥

s ψ⟩L2((0, h−ρ), âdτ)

+ 2⟨Hκ(s),hΠsψ, Π⊥
s ψ⟩L2((0, h−ρ), âdτ).

We have
Πsψ = ⟨ψ, vκ(s),h⟩L2((0, h−ρ), âdτ)vκ(s),h = φvκ(s),h.

Therefore

⟨Hκ(s),hΠsψ, Π⊥
s ψ⟩L2((0, h−ρ), âdτ) = ⟨Hκ(s),hφvκ(s),h, Π⊥

s ψ⟩L2((0, h−ρ), âdτ)

= φ(s)⟨Hκ(s),hvκ(s),h, Π⊥
s ψ⟩L2((0, h−ρ), âdτ)

= φ(s)⟨λ1(Hκ(s),h)vκ(s),h, Π⊥
s ψ⟩L2((0, h−ρ), âdτ)

= λ1(Hκ(s),h)⟨Πsψ, Π⊥
s ψ⟩L2((0, h−ρ), âdτ)

= 0.
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Consequently,

qκ(s),h(ψ) = ⟨Hκ(s),hΠsψ, Πsψ⟩L2((0, h−ρ), âdτ) + ⟨Hκ(s),hΠ⊥
s ψ, Π⊥

s ψ⟩L2((0, h−ρ), âdτ),

hence
qκ(s),h(ψ) = qκ(s),h(Πsψ) + qκ(s),h(Π⊥

s ψ). (3.39)

3.4.3 Approximation of the norm on the weighted space

In this section, we show several lemmas that are approximations of the weight.

Lemma 3.4.5. Let ψ ∈ L2(â dτds) , and 0 < ρ < 1
4 . There exist c > 0 such that :

∥ψ∥2
L2(â−1dτds) ⩽ (1 + ch1/2 ) ∥Πsψ∥2

L2(âdτds) + (1 + ch1/4 ) ∥Π⊥
s ψ∥2

L2(âdτds), (3.40)

and
∥ψ∥2

L2(â−1dτds) ⩾ (1 − ch1/2 ) ∥Πsψ∥2
L2(âdτds) + (1 − ch1/4 ) ∥ψ∥2

L2(âdτds). (3.41)

In particular,
∥ψ∥2

L2(â−1dτds) ⩽ (1 + ch1/4 ) ∥ψ∥2
L2(âdτds).

Proof. Let ψ ∈ L2(âdτds) . There exist constants C > 0 such that :∣∣∣∣∫ L

−L

∫ h−ρ

0
|ψ|2â dτds−

∫ L

−L

∫ h−ρ

0
|ψ|2â−1 dτds

∣∣∣∣ =
∣∣∣∣∫ L

−L

∫ h−ρ

0
(â−2 − 1)|ψ|2â dτds

∣∣∣∣
⩽ C

∫ L

−L

∫ h−ρ

0
h1/2τ |ψ|2â dτds

⩽ C

∫ L

−L

∫ h−ρ

0
h1/2τ |Πsψ + Π⊥

s ψ|2â dτds.

Therefore,∣∣∣∣∫ L

−L

∫ h−ρ

0
|ψ|2â dτds−

∫ L

−L

∫ h−ρ

0
|ψ|2â−1 dτds

∣∣∣∣
⩽ C

[∫ L

−L

∫ h−ρ

0
h1/2τ |Πsψ|2â dτds+

∫ L

−L

∫ h−ρ

0
h1/2τ |Π⊥

s ψ|2â dτds
]
.

(3.42)

By the Lemma 3.4.2, we have:∫ L

−L

∫ h−ρ

0
h1/2τ |Πsψ|2â dτds =

∫ L

−L

∫ h−ρ

0
h1/2τ |⟨ψ, vκ(s),h⟩|2|vκ(s),h|2â dτds

= h1/2
∫ L

−L
|⟨ψ, vκ(s),h⟩|2

[∫ h−ρ

0
τ |vκ(s),h|2â dτ

]
ds

⩽ c h1/2
∫ L

−L
|⟨ψ, vκ(s),h⟩|2 ds

= c h1/2 ∥Πsψ∥2
L2(âdτds).
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Using that h1/2−ρ ⩽ h1/4, we have∫ L

−L

∫ h−ρ

0
h1/2τ |Π⊥

s ψ|2ã dτds ⩽ h1/2−ρ
∫ L

−L

∫ h−ρ

0
|Π⊥

s ψ|2â dτds ⩽ h1/4 ∥Π⊥
s ψ∥2

L2(âdτds).

From the equation (3.42), we have∣∣∣∣∫ L

−L

∫ h−ρ

0
|ψ|2â dτds−

∫ L

−L

∫ h−ρ

0
|ψ|2â−1 dτds

∣∣∣∣ ⩽ c h1/2 ∥Πsψ∥2
L2(âdτds) + c h1/4 ∥Π⊥

s ψ∥2
L2(âdτds).

Consequently,

∥ψ∥2
L2(â−1dτds) ⩾ ∥ψ∥2

L2(âdτds) − c h1/2 ∥Πsψ∥2
L2(âdτds) − c h1/4 ∥Π⊥

s ψ∥2
L2(âdτds)

⩾ ∥Πsψ + Π⊥
s ψ∥2

L2(âdτds) − c h1/2 ∥Πsψ∥2
L2(â dτds) − c h1/4 ∥Π⊥

s ψ∥2
L2(âdτds)

⩾ (1 − ch1/2 ) ∥Πsψ∥2
L2(âdτds) + (1 − ch1/4 ) ∥Π⊥

s ψ∥2
L2(âdτds),

hence

∥ψ∥2
L2(â−1dτds) ⩽ (1 + ch1/2 ) ∥Πsψ∥2

L2(âdτds) + (1 + ch1/4 ) ∥Π⊥
s ψ∥2

L2(âdτds)

⩽ (1 + ch1/4 )∥ψ∥2
L2(âdτds).

Corollary 3.4.6. Let ψ ∈ L2(âdτds) . There exist c > 0 such that :

∥Πsψ∥2
L2(â−1dτds) ⩽ (1 + ch1/2 )

∫ L

−L
|φ(s)|2 ds ,

with φ = ⟨ψ, vκ(s),h⟩L2((0, h−ρ), âdτ) .

Proof. This corollary is a direct result of the equation (3.40) and the Lemma 3.4.2. Indeed,

ΠsΠsψ = Πsψ and ΠsΠ⊥
s ψ = 0.

3.4.4 Upper bound
To separate the variables, we consider the function of the form :

ψ(s, τ) = φ(s) · vκ(s),h(τ), (3.43)

with φ ∈ H1(R/2LZ) .

The following proposition provides an upper bound of the quadratic form on a subspace.

Proposition 3.4.7. Let ρ ∈ (0, 1/4), 0 ⩽ η < 3
2 , α > 0 and 0 < c1 < c2. There exist constants c > 0,

h0 > 0 such that, for all h ∈ (0, h0) and b satisfying

c1h
−η
2 ⩽ b ⩽ c2h

−η
2 ,
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we have for all ψ defined in (3.43)

q̂ b,ρh (ψ) ⩽ qeff,+
h,γ0

(φ) + O(h2−α−η)∥φ∥2
L2(R/2LZ),

where, for all φ ∈ H1(R/2LZ)

qeff,+
h,γ0

(φ) =
∫ L

−L

(
− 1 −κ(s)h

1
2 − κ(s)2

2 h+ c h
3
2
)

|φ(s)|2 ds+h
[
1 + c hmin(α, 1

2 )
] ∫ L

−L
| (∂s− ibγ0)φ|2 ds.

Proof. We write
q̂ b,ρh (ψ) = q tang(ψ) + q trans(ψ),

where

q trans(ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣∣∣
(
h

1
2∂s − ibh

1
2γ0 − ibh

(
−τ + h

1
2
τ2

2 κ(s)
))

ψ

∣∣∣∣∣
2

â−1 dτds ,

and

q tang(ψ) =
∫ L

−L

∫ h−ρ

0
|∂τψ|2 â dτds−

∫ L

−L
|ψ(s, τ = 0)|2 ds .

• Upper bound of q tang(ψ)

Using the min-max principle and (3.36), we obtain an upper bound of q tang

q tang(ψ) =
∫ L

−L

[ ∫ h−ρ

0
|∂τ (φ(s)vκ(s),h(τ))|2 â dτ − |φ(s)|2|vκ(s),h(0)|2

]
ds

=
∫ L

−L
|φ(s)|2

[ ∫ h−ρ

0
|∂τvκ(s),h(τ)|2 â dτ − |vκ(s),h(0)|2

]
ds

=
∫ L

−L
qκ(s),h(vκ(s),h) |φ(s)|2ds

=
∫ L

−L
λ1(Hκ(s),h)|φ(s)|2 ds

⩽
∫ L

−L

(
− 1 − κ(s)h

1
2 − κ(s)2

2 h
)
|φ(s)|2 ds+ ch3/2∥φ∥2.

• Upper bound of q trans(ψ)

Using the following classical inequality, for all a, b ∈ R, h > 0, and α > 0, we have

|a+ b|2 ⩽ (1 + hα ) |a|2 + (1 + h−α ) |b|2,

we have

q trans(ψ) ⩽ (1 + hα ) q trans1 (ψ) + (1 + h−α)q trans2 (ψ),

where

q trans1 (ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣(h 1
2∂s − ibh

1
2γ0
)
ψ
∣∣∣2 â−1 dτds,
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and

q trans2 (ψ) = b2h2
∫ L

−L

∫ h−ρ

0

∣∣∣∣∣(− τ + h
1
2
τ2

2 κ(s)
)
ψ

∣∣∣∣∣
2

â−1 dτds .

Find an upper bound for q trans1 (ψ) and q trans2 (ψ).

• For q trans2 (ψ):

By the Lemma 3.4.5, there exist constants c > 0 :∫ L

−L

∫ h−ρ

0

∣∣∣∣(− τ + h
1
2
τ2

2 κ(s)
)
ψ

∣∣∣∣2â−1 dτds ⩽ (1 + c h1/4)
∫ L

−L

∫ h−ρ

0

∣∣∣∣(− τ + h
1
2
τ2

2 κ(s)
)
ψ

∣∣∣∣2â dτds.

Therefore

q trans2 (ψ) ⩽ b2h2(1 + c h1/4)
∫ L

−L
|φ(s)|2

[∫ h−ρ

0

∣∣∣∣ (− τ + h
1
2
τ2

2 κ(s)
)
vκ,h

∣∣∣∣2âdτ
]

ds.

By the Lemma 3.4.2, and since the curvature is bounded, there exists a constant c > 0, such that:

∫ h−ρ

0

∣∣∣∣∣
(

−τ + h
1
2
τ2

2 κ(s)
)
vκ,h

∣∣∣∣∣
2

â dτ ⩽ c.

Consequently,
q trans2 (ψ) ⩽ c (1 + c h1/4) b2h2∥φ∥2.

Hence,
(1 + h−α ) q trans2 (ψ) ⩽ c b2h2( 1 + c h1/4 )(1 + h−α )∥φ∥2 ⩽ c b2h2−α∥φ∥2.

• For q trans1 (ψ):

q trans1 (ψ) = h

∫ L

−L

∫ h−ρ

0
| vκ(s),h (∂s − ibγ0)φ+ φ∂svκ(s),h|2 â−1dτds

⩽ h (1 + hα)
∫ L

−L

∫ h−ρ

0
| vκ(s),h (∂s − ibγ0)φ|2 â−1dτds

+ h( 1 + h−α)
∫ L

−L

∫ h−ρ

0
|∂svκ(s),h|2|φ(s)|2 â−1dτds .

By the Lemma 3.4.5 and the Corollary 3.4.6, there exist constants c > 0, such that:∫ L

−L

∫ h−ρ

0
|vκ(s),h(∂s − ibγ0)φ|2 â−1dτds ⩽ (1 + c h1/2)

∫ L

−L
|(∂s − ibγ0)φ|2 ds,

and ∫ L

−L

∫ h−ρ

0
|∂svκ(s),h|2|φ(s)|2 â−1 dτds ⩽ (1 + c h1/4)

∫ L

−L

∫ h−ρ

0
|∂svκ(s),h|2|φ(s)|2 â dτds .
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Thus,

q trans1 (ψ) ⩽ h (1 + hα )(1 + c h1/2)
∫ L

−L
| (∂s − ibγ0)φ|2 ds

+ h (1 + h−α )(1 + c h1/4)
∫ L

−L
|φ(s)|2

[ ∫ h−ρ

0
|∂svκ(s),h|2 â dτ

]
ds.

From (3.35), we have

q trans1 (ψ) ⩽ h (1 + hα )(1 + c h1/2)
∫ L

−L
|(∂s − ibγ0)φ|2ds+ c h2(1 + h−α )(1 + c h1/4)

∫ L

−L
|φ(s)|2ds.

We deduce that

(1 + hα)q trans1 (ψ) ⩽ h
[
1 + c hmin(α, 1

2 )
] ∫ L

−L
|(∂s − ibγ0)φ|2 ds+ O(h2−α)∥φ∥2

⩽ h
[
1 + c hmin(α, 1

2 )
] ∫ L

−L
|(∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2.

Hence, there exists c > 0 such that:

q̂ b,ρh (ψ) ⩽
∫ L

−L

(
− 1 − κ(s)h

1
2 − κ(s)2

2 h+ ch3/2
)

|φ(s)|2 ds

+ h(1 + c hmin(α, 1
2 ))
∫ L

−L
| (∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2

= qeff,+
h,γ0

(φ) + O(h2−α−η)∥φ∥2,

with

qeff,+
h,γ0

(φ) =
∫ L

−L

(
− 1 −κ(s)h

1
2 − κ(s)2

2 h+ c h
3
2
)

|φ(s)|2 ds+h
[
1 + c hmin(α, 1

2 )
] ∫ L

−L
|(∂s − ibγ0)φ|2 ds.

3.4.5 Lower bound
The following proposition provides a lower bound of the quadratic form q̂ b,ρh .

Proposition 3.4.8. Let ρ ∈ (0, 1/4), 0 ⩽ η < 3
2 , 0 < α < 2 − η and 0 < c1 < c2. There exist constants

c > 0 and h0 > 0 such that, for all h ∈ (0, h0) and b satisfying

c1h
−η
2 ⩽ b ⩽ c2h

−η
2 ,

we have

q̂ b,ρh (ψ) ⩾ qeff,−
h,γ0

(φ) + O(h2−α−η)∥φ∥2
L2(R/2LZ) − o(1)∥Π⊥

s ψ∥2
L2(â dτds),

where

• q̂ b,ρh is defined on Dom(q̂ b,ρh ) in (3.31).

• ψ ∈ Dom(q̂ b,ρh ).
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• φ ∈ H1(R/2LZ) defined by

φ(s) := ⟨ψ(s, ·), vκ(s),h⟩L2((0, h−ρ), âdτ),

and

qeff,−
h,γ0

(φ) =
∫ L

−L

(
− 1 − κ(s)h

1
2 − κ(s)2

2 h− ch
3
2
)

|φ(s)|2ds

+ h
[
1 − c hmin(α, 1

2 ))
] ∫ L

−L
|(∂s − ibγ0)φ|2ds.

We write
q̂ b,ρh (ψ) = q tang(ψ) + q trans(ψ) ,

where

q trans(ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣∣∣
(
h

1
2∂s − ibh

1
2γ0 − ibh

(
−τ + h

1
2
τ2

2 κ(s)
))

ψ

∣∣∣∣∣
2

â−1dτds,

and

q tang(ψ) =
∫ L

−L

∫ h−ρ

0
|∂τψ|2 â dτds−

∫ L

−L
|ψ(s, τ = 0)|2 ds.

3.4.5.1 Lower bound of the tangential form

Proposition 3.4.9. There exists C > 0, h0 such that, for all ψ ∈ Dom(q̂ b,ρh ) and h ∈ (0, h0), we have

q tang(ψ) ⩾
∫ L

−L

(
− 1 − κ(s)h

1
2 − κ(s)2

2 h
)

|φ(s)|2 ds+ O(h3/2)∥φ∥2 − Ch1/2−ρ∥Π⊥
s ψ∥2

L2(âdτds),

with
φ(s) := ⟨ψ(s, ·), vκ(s),h⟩L2((0, h−ρ), âdτ).

Proof. Let ψ ∈ Dom(q̂ b,ρh ), using the orthogonal decomposition in Lemma 3.4.4, we have:

q tang(ψ) =
∫ L

−L

[ ∫ h−ρ

0
|∂τψ|2 ã dτ − |ψ(s, τ = 0)|2

]
ds

=
∫ L

−L
qκ(s),h(ψ) ds

=
∫ L

−L

[
qκ(s),h(φvκ(s),h) + qκ(s),h(Π⊥

s ψ)
]

ds

=
∫ L

−L
qκ(s),h(φvκ(s),h) ds+

∫ L

−L
qκ(s),h(Π⊥

s ψ) ds ,

according to the principle of min-max, we obtain

q tang(ψ) ⩾
∫ L

−L
λ1(Hκ(s),h)∥φvκ(s),h∥2

L2((0, h−ρ), âdτ)ds+
∫ L

−L
λ2(Hκ(s),h)∥Π⊥

s ψ∥2
L2((0, h−ρ), âdτ)ds.

The conclusion flows, using (3.36) and (3.37), which give:
1. For all s ∈ [−L,L], we have ∥φvκ(s),h∥2

L2((0, h−ρ), âdτ) = |φ|2.

97



Chapter 3 – Magnetic perturbations of the Robin Laplacian in the strong coupling limit

2. For all s ∈ [−L,L], we have λ1(Hκ(s),h) = −1 − κ(s)h
1
2 − κ(s)2

2 h+ O(h3/2).

3. For all s ∈ [−L,L], we have λ2(Hκ(s),h) ⩾ −Ch1/2−ρ.

3.4.5.2 Lower bound of the transverse form

Proposition 3.4.10. Let ρ ∈ (0, 1/4) , 0 ⩽ η < 3
2 , 0 < α < 2 − η and 0 < c1 < c2. There exist constants

c > 0 h0 > 0 such that, for any h ∈ (0, h0) and b satisfying

c1h
−η
2 ⩽ b ⩽ c2h

−η
2 ,

we have

q trans(ψ) ⩾ h[1 − c hmin(α, 1
2 ))]

∫ L

−L
| (∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2

L2(R/2LZ)

− o(1)∥Π⊥
s ψ∥2

L2(â dτds),

with

q trans(ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣∣ (h1/2∂s − ibh1/2γ0 − ibhαs(τ)
)
ψ

∣∣∣∣2 â−1 dτds,

where
αs(τ) = −τ + h1/2 τ

2

2 κ(s).

Proof. From the Lemma 3.4.5, we have

q trans(ψ) ⩾ (1 − ch1/2 )
∫ L

−L

∫ h−ρ

0

∣∣∣Πs

(
h1/2∂s − ibh1/2γ0 − ibhαs(τ)

)
ψ
∣∣∣2 â dτds

+ (1 − ch1/4 )
∫ L

−L

∫ h−ρ

0

∣∣∣Π⊥
s

(
h1/2∂s − ibh1/2γ0 − ibhαs(τ)

)
ψ
∣∣∣2 â dτds

= (1 − ch1/2 )
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 Πs∂sψ − ibh1/2γ0Πsψ − ibhΠs(αsψ)
∣∣∣2 â dτds

+ (1 − ch1/4 )
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 Π⊥
s ∂sψ − ibh1/2γ0Π⊥

s ψ − ibhΠ⊥
s (αsψ)

∣∣∣2 â dτds.

Write Πs∂sψ = ∂sΠsψ + [Πs, ∂s]ψ and Π⊥
s ∂sψ = ∂sΠ⊥

s ψ + [Π⊥
s , ∂s]ψ , we obtain

q trans(ψ)

⩾ (1 − ch1/2 )
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 ∂sΠsψ − ibh1/2γ0Πsψ − ibhΠs(αsψ) + h1/2[Πs, ∂s]ψ
∣∣∣2 â dτds

+ (1 − ch1/4 )
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 ∂sΠ⊥
s ψ − ibh1/2γ0Π⊥

s ψ − ibhΠ⊥
s (αsψ) + h1/2[Π⊥

s , ∂s]ψ
∣∣∣2 â dτds.

Use the following classical inequality, for all a, b ∈ R, h > 0, and α > 0, we have

|a+ b|2 ⩾ (1 − hα)|a|2 − h−α|b|2, (3.44)
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we obtain
q trans(ψ) ⩾ (1 − ch1/2)(1 − hα)q trans1 (ψ) − (1 − ch1/2)h−αq trans2 (ψ)

+ (1 − ch1/4)(1 − hα)q trans3 (ψ) − (1 − ch1/4)h−αq trans2 (ψ),
(3.45)

with

• q trans1 (ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 ∂sΠsψ − ibh1/2γ0Πsψ − ibhΠs(αsψ)
∣∣∣2â dτds,

• q trans2 (ψ) = h

∫ L

−L

∫ h−ρ

0

∣∣∣[Πs, ∂s]ψ
∣∣∣2â dτds = h

∫ L

−L

∫ h−ρ

0

∣∣∣[Π⊥
s , ∂s]ψ

∣∣∣2â dτds,

• q trans3 (ψ) =
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 ∂sΠ⊥
s ψ − ibh1/2γ0Π⊥

s ψ − ibhΠ⊥
s (αsψ)

∣∣∣2â dτds.

For q trans1 : Using (3.44), we have:

q trans1 (ψ) ⩾ (1 − hα)
∫ L

−L

∫ h−ρ

0

∣∣∣h1/2 ∂sΠsψ − ibh1/2γ0Πsψ
∣∣∣2â dτds

− h−α
∫ L

−L

∫ h−ρ

0

∣∣∣bhΠs(αsψ)
∣∣∣2â dτds.

According to the Section 3.4.4 and with the same type of reasoning, there exist constants c > 0 such that:

q trans1 (ψ) ⩾ h(1 − c hmin(α, 1
2 ))
∫ L

−L
| (∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2

L2(R/2LZ)

− O(b2h2−α)∥Π⊥
s ψ∥2

L2(âdτds).

(3.46)

For q trans2 : From the Lemma 3.4.3 and the inequality (3.35), we get:

∥[Πs, ∂s]ψ∥L2(âdτds) ⩽
∫ L

−L

[
2Rℏ(s)

1
2 + ch1/2

]
∥ψ∥L2(âdτ)ds ⩽ ch1/2∥ψ∥L2(âdτds) .

Thus, we obtain:

∥[Πs, ∂s]ψ∥2
L2(âdτds = ∥[Π⊥

s , ∂s]ψ∥2
L2(âdτds)

⩽ ch∥ψ∥2
L2(âdτds)

⩽ ch∥φ∥2 + ch∥Π⊥
s ψ∥2

L2(âdτds).

Therefore,
q trans2 (ψ) ⩽ ch2∥φ∥2 + ch2∥Π⊥

s ψ∥2
L2(âdτds). (3.47)

We use the inequality (3.47), (3.45),(3.46) and as q trans3 ⩾ 0, we get:

q trans(ψ) ⩾ h
[
1 − c hmin(α, 1

2 ))
] ∫ L

−L
| (∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2

L2(R/2LZ)

− O(b2h2−α)∥Π⊥
s ψ∥2

L2(âdτds).

For 0 < α < 2 − η, we have −η + 2 − α > 0 and h−η+2−α = o(1). Then, we have the conclusion of the
proposition.
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3.4.5.3 Proof of Proposition 3.4.8

From the Propositions 3.4.9 and 3.4.10, we have:

q trans(ψ) ⩾ h[1 − c hmin(α, 1
2 ))]

∫ L

−L
| (∂s − ibγ0)φ|2 ds+ O(h2−α−η)∥φ∥2

− o(1)∥Π⊥
s ψ∥2

L2(âdτds),

and

q tang(ψ) ⩾
∫ L

−L

(
− 1 − κ(s)h

1
2 − κ(s)2

2 h− ch3/2
)

|φ(s)|2 ds− ch1/2−ρ∥Π⊥
s ψ∥2

L2(âdτds).

For ρ ∈ (0, 1/4), we have h1/2−ρ = o(1), therefore we obtain the proof of Proposition 3.4.8.

3.4.6 Proof of the main theorem

We now have everything we need to complete the proof of the theorem 3.4.1. The self-adjoint operator
associated to the quadratic form qeff,±

h,γ0
is :

Leff,±
h,γ0

= −h
(
1 ± c± h

min(α, 1
2 )
)

(∂s − ibγ0)2 − 1 − κ(s)h
1
2 − κ(s)2

2 h± c±h
3/2

acting on L2(R/(|∂Ω|Z) ) = L2(R/2LZ), where c± is a constant independent of h. The operator Leff,±
h,γ0

has a compact resolvent and it is bounded from below. Its spectrum is purely discrete, and it is formed by a
non-decreasing sequence of eigenvalues λn(Leff,±

h,γ0
) .

Corollary 3.4.11. Let n ∈ N∗, ρ ∈ (0, 1/4), 0 ⩽ η < 3
2 . There exists h0 > 0, such that, if h ∈ (0, h0) and b

satisfies
c1h

−η
2 ⩽ b ⩽ c2h

−η
2 ,

we have:
µ̂n(h, b, ρ) ⩽ λn(Leff,+

h,γ0
) + O(h2−α−η).

Proof. Let (φj)1⩽j⩽n be an orthonormal family of eigenfunctions associated with eigenvalues
(
λj(Leff,+

h,β0
)
)

1⩽j⩽n
.

LetE be the subspace of Dom(qeff,+
h,γ0

) generated by the family (φj)1⩽j⩽n. By the Proposition 3.4.7, we have:

q̂ b,ρh (vk(s),h φ) ⩽ qeff,+
h,β0

(φ) + O(h2−α−η)∥φ∥2, ∀φ ∈ E.

By applying the min-max theorem, we deduce

qeff,+
h,γ0

(φ) ⩽ λn(Leff,+
h,γ0

)∥φ∥2.

Consequently,

q̂ b,ρh (vk(s),h φ) ⩽ λn(Leff,+
h,γ0

)∥φ∥2 + O(h2−α−η)∥φ∥2

⩽
(
λn(Leff,+

h,γ0
) + O(h2−α−η)

)
∥vk(s),hφ∥2.
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For all g ∈ vk(s),hE , we have :

q̂ b,ρh (g) ⩽
(
λn(Leff,+

h,γ0
) + O(h2−α−η)

)
∥g∥2.

From the normalization of vk(s),h, we can see that dim(vk(s),hE) = n . Thus, by applying the min-max
principle, we obtain

µ̂n(h, b, ρ) ⩽ λn(Leff,+
h,γ0

) + O(h2−α−η).

Corollary 3.4.12. Let n ∈ N∗, ρ ∈ (0, 1/4), 0 ⩽ η < 3
2 . There exists h0 > 0, such that, if h ∈ (0, h0) and b

satisfies
c1h

−η
2 ⩽ b ⩽ c2h

−η
2 ,

we have:
µ̂n(h, b, ρ) ⩾ λn(Leff,−

h,γ0
) + O(h2−α−η).

Proof. Using the Proposition 3.4.8, there exist constants c > 0, Ch and ϵ0 ∈ (0, 1) such that

q̂ b,ρh (ψ) ⩾ Qtensh,γ0 (⟨ψ, vκ(s),h⟩,Π⊥ψ) , (3.48)

where, for all (φ, f) ∈ Dom(qeff,−
h,γ0

) × Dom(q̂b,ρh )

Qtensh,γ0 (φ, f) = qeff,−
h,γ0

(φ) + O(h2−α−η)∥φ∥2
L2(R/2LZ) − ϵ0

2 ∥f∥2
L2(âdτds)

= Qeff
h,γ0(φ) − ϵ0

2 ∥f∥2
L2(âdτds),

with
Qeff
h,γ0(φ) = qeff,−

h,γ0
(φ) + O(h2−α−η)∥φ∥2

L2(R/2LZ).

According to the theorem of min-max and (3.48), we have :

µ̂n(h, b, ρ) ⩾ inf
G⊂Dom(q̂ b,ρ

h
)

dimG=n

sup
ψ ∈G
ψ ̸=0

Qtensh,γ0
(⟨ψ, vκ(s),h⟩,Π⊥ψ)

∥Πψ∥2 + ∥Π⊥ψ∥2 . (3.49)

We define the linear injection:

J : Dom(q̂ b,ρh ) −→ Dom(qeff,−
h,γ0

) × Dom(q̂ b,ρh )
ψ 7−→ (⟨ψ, vκ(s),h⟩ , Π⊥ψ)

We have:

inf
G⊂Dom(q̂ b,ρ

h
)

dimG=n

sup
ψ ∈G
ψ ̸=0

Qtensh,γ0
(⟨ψ, vκ(s),h⟩,Π⊥ψ)

∥Πψ∥2 + ∥Π⊥ψ∥2 = inf
Ĝ⊂J (Dom(q̂ b,ρ

h
))

dim Ĝ=n

sup
(φ,f) ∈ Ĝ

Qtensh,γ0
(φ, f)

∥φ∥2 + ∥f∥2 ,

and

inf
Ĝ⊂J (Dom(q̂ b,ρ

h
))

dim Ĝ=n

sup
(φ,f) ∈ Ĝ

Qtensh,γ0
(φ, f)

∥φ∥2 + ∥f∥2 ⩾ inf
Ĝ⊂Dom(qeff,−

h,γ0
)

×Dom(q̂ b,ρ
h

)
dim Ĝ=n

sup
(φ,f) ∈ Ĝ

Qtensh,γ0
(φ, f)

∥φ∥2 + ∥f∥2 .
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Therefore,

inf
G⊂Dom(q̂ b,ρ

h
)

dimG=n

sup
ψ ∈G
ψ ̸=0

Qtensh,γ0
(⟨ψ, vκ(s),h⟩,Π⊥ψ)

∥Πψ∥2 + ∥Π⊥ψ∥2 ⩾ inf
Ĝ⊂Dom(qeff,−

h,γ0
)

×Dom(q̂ b,ρ
h

)
dim Ĝ=n

sup
(φ,f) ∈ Ĝ

Qtensh,γ0
(φ, f)

∥φ∥2 + ∥f∥2 . (3.50)

By the inequalities (3.49) and (3.50), we have the comparison of the Rayleigh quotients:

µ̂n(h, b, ρ) ⩾ µ̂tensn (h). (3.51)

We note that the self-adjoint operator associated with the quadratic form Qeff
h,γ0

is Leff
h,γ0

, and the self-adjoint
operator associated with the quadratic form Qtensh,γ0

is Ltensh,γ0
.

It is easy to see that the spectrum of Ltensh,γ0
which lies below −ϵ0 is coincident with the spectrum of Leff

h,γ0
.

Then, for all n ∈ N∗, µ̂tensn (h) is the n-th eigenvalue of Ltensh,γ0
and µ̂eff

n (h) is the n-th eigenvalue of Leff
h,γ0

have
satisfied

µ̂tensn (h) = µ̂eff
n (h) = λn(Leff,−

h,γ0
) + O(h2−α−η). (3.52)

Therefore, (3.51) and (3.52) give the result of the corollary.

3.5 Spectrum of the effective operator

Let λn(L) be the n-th eigenvalue of an operator L. Fix a constant c ∈ R. The effective operators Leff,±
h,γ0

are special cases of the following operator:

Leff,b
h,α,0 = −h

(
1 − c hmin(α, 1

2 )
)

(∂s − ibγ0)2 − 1 − κ(s)h
1
2 − κ(s)2

2 h− ch
3
2 ,

with b > 0 and α > 0. The associate quadratic form on L2(R/2LZ) is

qeff,b
h,α,0(φ) =

∫ L

−L

(
− 1 −κ(s)h

1
2 − κ(s)2

2 h− ch
3
2
)
|φ(s)|2 ds+h

(
1 − c hmin(α, 1

2 )
) ∫ L

−L
|(∂s − ibγ0)φ|2 ds.

In the following, we will explain how the spectrum of the operator Leff,b
h,α,0 reduces to the study of that stated

in Theorem 3.3.1. The operator that we are going to study the spectrum is a perturbation of the harmonic
oscillator. Then, the calculations are based on the context of the harmonic approximation (cf. [Ray17,
Sections 3.2 and 4.1.2] and [FH10b, Section 7.1] ), with a small adjustment, since the operator is defined on
a periodic space and with a phase term ibγ0.

Lemma 3.5.1. Let the effective operator be of the form:

Leff,b
h,α,1 = −h

(
1 − c hmin(α, 1

2 )
)

(∂s − ibγ0)2 − κ(s)h
1
2 − κ(s)2

2 h− ch
3
2 ,

and the quadratic form on L2(R/2LZ) associated be:

qeff,b
h,α,1(φ) =

∫ L

−L

(
− κ(s)h

1
2 − κ(s)2

2 h− ch
3
2
)
|φ(s)|2 ds+ h(1 − c hmin(α, 1

2 ))
∫ L

−L
|(∂s − ibγ0)φ|2 ds.

Then,
λn(Leff,b

h,α,0) = −1 + λn(Leff,b
h,α,1). (3.53)
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Proof. Let φ ∈ H1(R/2LZ), we have

qeff,b
h,α,0(φ) − qeff,b

h,α,1(φ) = −∥φ∥2,

then
qeff,b
h,α,0(φ)
∥φ∥2 = −1 +

qeff,b
h,α,1(φ)
∥φ∥2 ,

By definition of the spectrum, we have

λn(Leff,b
h,α,0) = −1 + λn(Leff,b

h,α,1).

Let the effective operator be of the form :

Leff,b
h,α,2 = −h1/2

(
1 − c hmin(α, 1

2 )
)

(∂s − ibγ0)2 − κ(s) − κ(s)2

2 h1/2 − ch ,

and the quadratic form on L2(R/2LZ) associated be:

qeff,b
h,α,2(φ) =

∫ L

−L

(
− κ(s) − κ(s)2

2 h1/2 − ch
)
|φ(s)|2 ds+ h1/2

(
1 − c hmin(α, 1

2 )
) ∫ L

−L
|(∂s − ibγ0)φ|2 ds.

Since Leff,b
h,α,1 = h1/2Leff,b

h,α,2, then the following equality quantifies the relation between the spectrum of these
operators

Sp(Leff,b
h,α,1) = h1/2Sp(Leff,b

h,α,2) ,

therefore
λn(Leff,b

h,α,1) = h1/2λn(Leff,b
h,α,2). (3.54)

We introduce the new semi-classical parameter

ℏ = h1/4.

Lemma 3.5.2. Let the effective operator be of the form:

Leff,b
h,α,3 = −ℏ2

(
1 − c ℏmin(4α,2)

)
(∂s − ibγ0)2 − κ(s),

and the associated quadratic form on L2(R/2LZ) be:

qeff,b
h,α,3(φ) = −

∫ L

−L
κ(s) |φ(s)|2 ds+ ℏ2

(
1 − c ℏmin(4α,2)

) ∫ L

−L
| (∂s − ibγ0)φ|2 ds.

Then,
λn(Leff

h,α,2) = λn(Leff
h,α,3) + O(ℏ2). (3.55)

Proof. Let φ ∈ H1(R/2LZ), we have

∣∣∣qeff,b
h,α,2(φ) − qeff,b

h,α,3(φ)
∣∣∣ = ℏ2

∣∣∣∣∣
∫ L

−L

[
κ(s)2

2 + cℏ2
]

|φ(s)|2 ds
∣∣∣∣∣ ,

we use that Ω is a bounded open, then the curvature κ is also bounded, hence there exists c > 0 independent
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of s, such that
κ(s)2

2 ⩽ c,

therefore ∣∣∣qeff,b
h,α,2(φ) − qeff,b

h,α,3(φ)
∣∣∣ ⩽ c ℏ2∥φ∥2.

Thus ∣∣∣∣∣∣q
eff,b
h,α,2(φ)
∥φ∥2 −

qeff,b
h,α,3(φ)
∥φ∥2

∣∣∣∣∣∣ ⩽ c ℏ2,

according to the min-max theorem, we have∣∣∣λn(Leff,b
h,α,2) − λn(Leff,b

h,α,3)
∣∣∣ ⩽ c ℏ2.

Consequently,
λn(Leff,b

h,α,2) = λn(Leff,b
h,α,3) + O(ℏ2).

From (3.53), (3.54) and (3.55) we have

λn(Leff,b
h,α,0) = −1 + ℏ2λn(Leff,b

h,α,3) + O(ℏ4). (3.56)

Thus, to study the spectrum of the effective operator Leff,b
h,α,0, it suffices to study the spectrum of the operator

Leff,b
h,α,3, introduced in Lemma 3.5.2.

3.5.1 Location near the point of maximum curvature
Let κmax be the maximum curvature along the boundary Γ. Let the effective operator be of the form:

Leff,b
h,α,4 = −ℏ2

(
1 − c ℏmin(4α,2)

)
(∂s − ibγ0)2 + κmax − κ(s),

and the associated quadratic form on L2(R/2LZ) be

qeff,b
h,α,4(φ) =

∫ L

−L
(κmax − κ(s)) |φ(s)|2 ds+ ℏ2

(
1 − c ℏmin(4α,2)

) ∫ L

−L
| (∂s − ibγ0)φ|2 ds.

Then,
λn(Leff,b

h,3 ) = λn(Leff,b
h,4 ) − κmax. (3.57)

Proposition 3.5.3. Consider the effective operator of the form

Leff,b
h,4 = −ℏ2(∂s − ibγ0)2 + κmax − κ(s),

and the associated quadratic form on L2(R/2LZ) be

qeff,b
h,4 (φ) =

∫ L

−L

(
κmax − κ(s)

)
|φ(s)|2 ds+ ℏ2

∫ L

−L
| (∂s − ibβ0)φ|2 ds.

Then, we have
λn(Leff,b

h,α,4) =
(
1 + O(ℏmin(4α,2))

)
λn(Leff,b

h,4 ).
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Proof. Let φ ∈ H1(R/2LZ). We have:

∣∣∣qeff,b
h,α,4(φ) − qeff,b

h,4 (φ)
∣∣∣ = |c|ℏmin(4α,2)ℏ2

∫ L

−L
|(∂s − ibγ0)φ|2ds

⩽ |c|ℏmin(4α,2)
[
ℏ2
∫ L

−L
|(∂s − ibγ0)φ|2ds+

∫ L

−L

(
κmax − κ(s)

)
|φ(s)|2ds

]
⩽ |c|ℏmin(4α,2)qeff,b

h,4 (φ).

The conclusion of the lemma is now a simple application of the min-max principle.

From (3.56), (3.57) and the Proposition 3.5.3, we obtain

λn(Leff,b
h,α,0) = −1 − ℏ2κmax + ℏ2

(
1 + O( ℏmin(4α,2))

)
λn(Leff,b

h,4 ) + O(ℏ4).

In the following, we show that λn(Leff,b
h,4 ) = O(ℏ), then we get (recall that ℏ = h1/4)

λn(Leff,b
h,α,0) = −1 − ℏ2κmax + ℏ2λn(Leff,b

h,4 ) + o(ℏ3) = λn(Leff
h,γ0) + Õ(h2−η). (3.58)

Note that the Theorem 3.4.1 and equality (3.58), give the proof of the Theorem 3.3.1 which is a reformulation
of the Theorem 3.1.1.
The goal is to show that the Leff,b

h,4 eigenfunctions associated with eigenvalues of order ℏ concentrate expo-
nentially near the point of maximum curvature .

Proposition 3.5.4. For ϵ ∈ (0, 1), there exist C > 0 and ℏ0 > 0 such that, for all ℏ ∈ (0, ℏ0) and for all
eigenfunctions ψ of Leff,b

h,4 , associated with the eigenvalues of orders ℏ, we have:

∥eϵϕ0/ℏ ψ∥2 ⩽ C∥ψ∥2, qeff,b
h,4 (eϵϕ0/ℏ ψ) ⩽ Cℏ∥ψ∥2,

where
ϕ0(s) = min

k∈Z

∣∣∣∣∫ s+2kL

0

√
κmax − κ(y) dy

∣∣∣∣.
Proof. The proof of Proposition 3.5.4 is a standard application of the method of Agmon estimates (see for
example [Ray17, Prop. 4.10]). The proof is formed by three steps.

Let ϵ ∈ (0, 1). Consider an eigenvalue λ = O(ℏ) of Leff,b
ℏ,4 , and an associated eigenfunction ψ.

1. First step.
Let ϕ be a regular and 2L periodic function, with real value. We have:

qeff,b
h,4 (eϕ ψ) = λ∥eϕ ψ∥2 + ℏ2∥∂seϕ ψ∥2. (3.59)

Indeed,

Leff,b
h,4 (eϕ ψ) = −ℏ2(∂s − ibγ0)2(eϕψ) +

(
κmax − κ(s)

)
eϕψ

= −ℏ2
(
ψ∂2

se
ϕ + eϕ∂2

sψ + 2∂seϕ∂sψ − 2ibγ0(ψ∂seϕ + eϕ∂sψ) − b2γ2
0e
ϕψ

)
+
(
κmax − κ(s)

)
eϕψ

= eϕLeff,b
h,4 (ψ) − ℏ2

(
ψ∂2

se
ϕ + 2∂seϕ∂sψ − 2ibγ0ψ∂se

ϕ
)
.
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Hence,

qeff,b
h,4 (eϕψ) = ⟨Leff,b

h,4 (eϕψ), eϕψ⟩

= ⟨eϕLeff,b
h,4 (ψ), eϕψ⟩ − ℏ2

∫ L

−L

[
ψ∂2

se
ϕ + 2∂seϕ∂sψ − 2ibγ0ψ∂se

ϕ
]
ψ̄eϕds.

Therefore, as ψ is the eigenfunction of Leff,b
h,4 associated with the eigenvalue λ, we get

qeff,b
h,4 (eϕψ) = λ∥eϕψ∥2 − ℏ2

∫ L

−L

[
ψ∂2

se
ϕ + 2∂seϕ∂sψ − 2ibγ0ψ∂se

ϕ
]
ψ̄eϕds. (3.60)

Let’s calculate
∫ L

−L

[
ψ∂2

se
ϕ + 2∂seϕ∂sψ − 2ibγ0ψ∂se

ϕ
]
ψ̄eϕds := E.

By integration by part, we have:∫ L

−L
ψ∂2

se
ϕψ̄eϕds =

∫ L

−L
eϕ|ψ|2∂2

se
ϕds

= −
∫ L

−L
∂s(eϕ|ψ|2)∂seϕds+ eϕ|ψ|2∂seϕ

∣∣∣∣L
−L

= −
∫ L

−L
∂se

ϕ
[
|ψ|2∂seϕ + eϕ∂s|ψ|2

]
ds+ eϕ|ψ|2∂seϕ

∣∣∣∣L
−L

= −∥∂seϕψ∥2 −
∫ L

−L
eϕ∂se

ϕ∂s|ψ|2ds+ eϕ|ψ|2∂seϕ
∣∣∣∣L
−L
.

Since ϕ is 2L periodic, then∫ L

−L

[
ψ∂2

se
ϕ + 2∂seϕ∂sψ − 2ibγ0ψ∂se

ϕ
]
ψ̄eϕds

= −∥∂seϕψ∥2 −
∫ L

−L
eϕ∂se

ϕ∂s|ψ|2ds+ 2
∫ L

−L
∂se

ϕ∂sψ ψ̄e
ϕds− 2ibγ0

∫ L

−L
ψ∂se

ϕψ̄eϕds

= −∥∂seϕψ∥2 +
∫ L

−L
eϕ∂se

ϕ
[
−∂s|ψ|2 + 2∂sψ ψ̄ − 2ibγ0|ψ|2

]
ds.

Therefore,

E = −∥∂seϕψ∥2 +
∫ L

−L
eϕ∂se

ϕ
[
−∂s|ψ|2 + 2∂sψ ψ̄ − 2ibγ0|ψ|2

]
ds. (3.61)

From (3.60), we have:
ℏ2E = −qeff,b

h,4 (eϕψ) + λ∥eϕψ∥2 ∈ R.

Consequently, (3.61) gives
E = −∥∂seϕψ∥2. (3.62)

From (3.60) and (3.62), we obtain:

qeff,b
h,4 (eϕ ψ) = λ∥eϕ ψ∥2 + ℏ2∥∂seϕ ψ∥2.

2. Second step.
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Let us show that:
qeff,b
h,4 (eϵϕ0/ℏ ψ) ⩽ Cℏ∥eϵϕ0/ℏ ψ∥2, (3.63)

and ∫ L

−L

(
κmax − κ(s)

)
e2ϵϕ0/ℏ|ψ|2ds ⩽ Cℏ∥eϵϕ0/ℏ ψ∥2. (3.64)

For ϕ = ϵϕ0
ℏ
, with ϕ0(s) = mink∈Z

∣∣∣∣∫ s+2kL

0

√
κmax − κ(y) dy

∣∣∣∣. We notice that

|ϕ′(s)|2 = ϵ2

ℏ2 |ϕ′
0(s)|2 = ϵ2

ℏ2 (κmax − κ(s)). (3.65)

We recall that
qeff,b
h,4 (φ) =

∫ L

−L

(
κmax − κ(s)

)
|φ(s)|2ds+ ℏ2

∫ L

−L
|(∂s − ibγ0)φ|2ds,

consequently,

qeff,b
h,4 (φ) ⩾

∫ L

−L

(
κmax − κ(s)

)
|φ(s)|2ds. (3.66)

From (3.59) and (3.66), we have:∫ L

−L

(
κmax − κ(s)

)
e2ϕ |ψ|2ds ⩽ λ∥eϕ ψ∥2 + ℏ2∥∂seϕ ψ∥2

⇒
∫ L

−L

[(
κmax − κ(s)

)
− λ− ℏ2|ϕ′|2

]
e2ϕ |ψ|2ds ⩽ 0.

By (3.65), we get ∫ L

−L

[
κmax − κ(s) − λ− ϵ2

(
κmax − κ(s)

)]
e2ϕ|ψ|2ds ⩽ 0

⇒
∫ L

−L

[
1 − ϵ2

] (
κmax − κ(s)

)
e2ϕ|ψ|2ds ⩽ λ∥eϕ ψ∥2.

Therefore, ∫ L

−L

[
1 − ϵ2

](
κmax − κ(s)

)
e2ϕ |ψ|2ds ⩽ Cℏ∥eϕ ψ∥2. (3.67)

We notice that for any ϵ ∈ (0, 1), there exists a constant C > 0, such that

1 − ϵ2 ⩾ C.

We deduce the inequality (3.64)∫ L

−L

(
κmax − κ(s)

)
e2ϕ |ψ|2ds ⩽ Cℏ∥eϕ ψ∥2.

On the other hand, by (3.59) and (3.65), we have:

qeff,b
h,4 (eϕ ψ) ⩽ λ∥eϕ ψ∥2 + ℏ2∥∂seϕ ψ∥2

⩽ λ∥eϕ ψ∥2 + ϵ2
∫ L

−L

(
κmax − κ(s)

)
e2ϕ |ψ|2ds .
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We use (3.64), to deduce the inequality (3.63).

3. Third step.

Show that: ∫ L

−L
e2ϵϕ0/ℏ|ψ|2ds ⩽ C∥ψ∥2, (3.68)

and
qeff,b
h,4 (eϵϕ0/ℏ ψ) ⩽ Cℏ∥ψ∥2. (3.69)

We use that κmax − κ(s) admits a unique non-degenerate minimum, we deduce that there exists c > 0 such
that for all C0 > 0, there exist constants C, ℏ0 such that ∀ℏ ∈ (0, ℏ0),∫

|s|⩽C0ℏ1/2

(
κmax − κ(s)

)
e2εΦ0/ℏ|ψ|2ds ⩽ Cℏ∥ψ∥2, (3.70)

∫
|s|⩽C0ℏ1/2

e2εΦ0/ℏ|ψ|2ds ⩽ C∥ψ∥2, (3.71)

and ∫
|s|⩾C0ℏ1/2

(
κmax − κ(s)

)
e2ϵϕ0/ℏ|ψ|2ds ⩾ cC2

0ℏ
∫

|s|⩾C0ℏ1/2
e2ϵϕ0/ℏ|ψ|2ds. (3.72)

By the inequality (3.71), to show (3.68), it is enough to show the following inequality:∫
|s|⩾C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds ⩽ C∥ψ∥2. (3.73)

Let’s fix C0 > 0 large enough,∫
|s|⩾C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds ⩽ 1
cC2

0ℏ

∫
|s|⩾C0h1/2

(
κmax − κ(s)

)
e2ϵϕ0/ℏ|ψ|2ds

⩽
1

cC2
0ℏ

∫ L

−L

(
κmax − κ(s)

)
e2ϵϕ0/ℏ|ψ|2ds.

From the inequality (3.64),we get∫
|s|⩾C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds ⩽ C

cC2
0

∫ L

−L
e2ϵϕ0/ℏ|ψ|2ds

⩽
C

cC2
0

∫
|s|⩽C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds+ C

cC2
0

∫
|s|⩾C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds.

Thus, (
1 − C

cC2
0

)∫
|s|⩾C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds ⩽ C

cC2
0

∫
|s|⩽C0ℏ1/2

e2ϵϕ0/ℏ|ψ|2ds.

From the inequality (3.71), we obtain (3.73) and therefore we show the point (3.68).
From (3.63), we get

qeff,b
h,4 (eϵϕ0/ℏ ψ) ⩽ Cℏ∥eϵϕ0/ℏ ψ∥2,

and from the inequality (3.68), we obtain the inequality (3.69).
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3.5.2 Reduction to a flux-free operator

Consider the Dirichlet effective operator of the form:

L eff
ℏ = −ℏ2∂2

s + κmax − κ(s),

with domain
Dom

(
L eff

ℏ
)

= {u ∈ H2([−L,L]), u(−L) = u(L) = 0 } ,

and the associated quadratic form on L2([−L,L]) is

qeff
ℏ (φ) =

∫ L

−L

(
κmax − κ(s)

)
|φ(s)|2 ds+ ℏ2

∫ L

−L
|∂sφ|2ds.

Let (λn(L eff
ℏ ))n∈N∗ be the sequence of eigenvalues of the operator L eff

ℏ . As a consequence of Proposition
3.5.4, for small ℏ, the eigenfunctions of Leff

h,4, associated with the eigenvalues of orders ℏ concentrate
exponentially near the point of maximum curvature at the scale ℏ1/2. A standard application of the min-max
principle and the Agmon estimates of Proposition 3.5.4, is the reduction to analysis to the flux-free operator
L eff

ℏ (Proposition 3.5.6).

Notation 3.5.5. The notation O(ℏ∞) indicates a quantity satisfying that, for all N ∈ N, there exists CN > 0
and ℏN > 0 such that, for all ℏ ∈ (0, ℏN ), |O(ℏ∞)| ⩽ CNℏN .

Proposition 3.5.6. Let n ∈ N∗ there exist constant ℏ0 ∈ (0, 1) such that, for all ℏ ∈ (0, ℏ0) and λn(Leff,b
h,4 ) =

O(ℏ),
λn(L eff

ℏ ) ⩽ λn(Leff,b
h,4 ) + O(ℏ∞).

Moreover, we have, for all n ⩾ 1, ℏ > 0

λn(Leff,b
h,4 ) ⩽ λn(L eff

ℏ ).

Proof. For all N ⩾ 1, we can take an orthonormal family eigenfunctions (ψn,ℏ)n=1,...,N associated to the
eigenvalues (λn(Leff,b

h,4 )n=1,...,N . Let us consider the cut off function χ define on R as follows:

0 ⩽ χ ⩽ 1 , χ = 1 on
[

− L

2 ,
L

2

]
and χ = 0 on R\] − L,L[.

For k = 1, ..., N, we define the function

Φk,ℏ(s) = e−ibγ0sχ(s)ψj,ℏ(s).

We notice that
Φk,ℏ(−L) = Φk,ℏ(L) = 0 and Φk,ℏ ∈ H2([−L,L ]).

Let EN (ℏ) be the vector subspace of Dom(L eff
ℏ ) spanned by the family (Φn,ℏ)n=1,...,N , and uℏ ∈ Fh which

is written as follows:

uℏ =
N∑
k=1

βkΦk,ℏ.
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The functions (Φn,ℏ) are almost orthonormal. We note that dim(EN (ℏ)) = N and

∥uℏ∥2 =
N∑
k=1

|βk|2 + O(h∞).

Insertion of uh in the quadratic form qeff
ℏ (uh)

qeff
ℏ (uh) = ⟨L eff

ℏ uh, uh⟩ =
N∑

j,k=1
βjβk⟨L eff

ℏ Φj,ℏ,Φk,ℏ⟩.

For j fixed and for h small enough, we have

L eff
ℏ Φj,ℏ = e−ibγ0s

[
− ℏ2(∂s − ibγ0)2χψj,ℏ + (κmax − κ(s))χψj,ℏ

]
= e−ibγ0s

[
− ℏ2χ(s)(∂s − ibγ0)2ψj,ℏ + (κmax − κ(s))χψj,ℏ − 2ℏ2∂sχ∂sψj,ℏ − ℏ2ψj,ℏ∂

2
sχ

+ 2ℏ2ibγ0ψj,ℏ∂sχ
]

= e−ibγ0s
[

− ℏ2χ(∂s − ibγ0)2ψj,ℏ + (κmax − κ(s))χψj,ℏ − ℏ2(2∂sχ[∂s − ibγ0]ψj,ℏ + ψj,ℏ∂
2
sχ
)]

= e−ibγ0s
[
χLeff,b

h,4 ψj,ℏ − ℏ2(2∂sχ[∂s − ibγ0]ψj,ℏ + ψj,ℏ∂
2
sχ
)]
.

Therefore, for j, k fixed and for h small enough, we have

⟨L eff
ℏ Φj,ℏ,Φk,ℏ⟩ = ⟨χLeff,b

h,4 ψj,ℏ, χψk,ℏ⟩ − ℏ2⟨
(
2∂sχ[∂s − ibγ0]ψj,ℏ + ψj,ℏ∂

2
sχ
)
, χψk,ℏ⟩

= δj,kλj(Leff,b
h,4 ) − ℏ2⟨

(
2∂sχ[∂s − ibγ0]ψj,ℏ + ψj,ℏ∂

2
sχ
)
, χψk,ℏ⟩ + O(ℏ∞).

From the Hölder inequality and the Proposition 3.5.4, we obtain

ℏ2∣∣⟨(2∂sχ[∂s − ibγ0]ψj,ℏ + ψj,ℏ∂
2
sχ
)
, χψk,ℏ⟩

∣∣ = O(ℏ∞).

From the previous inequality, we obtain

⟨L eff
ℏ Φj,ℏ,Φk,ℏ⟩ = δj,kλj(Leff,b

h,4 ) + O(ℏ∞).

Consequently,

qeff
ℏ (uh) =

N∑
j=1

λj(Leff,b
h,4 )|βj |2 + O(ℏ∞)

N∑
j,k=1

βjβk ⩽
(
λN (Leff,b

h,4 ) + O(ℏ∞)
)

∥uh∥2.

By the min-max theorem, we have

λN (L eff
ℏ ) ⩽ λN (Leff,b

h,4 ) + O(ℏ∞).

Now we determine an upper bound of λn(L eff
ℏ ) in terms of λn(Leff,b

h,4 ). For all N ⩾ 1, we can take an
orthonormal family eigenfunctions (un,ℏ)n=1,...,N associated to the eigenvalues (λn(L eff

ℏ ))n=1,...,N . For
k = 1, ..., N, we define the function

Ψk,ℏ(s) = eibγ0suk,ℏ(s).

We notice that
Ψk,ℏ(−L) = Ψk,ℏ(L) = 0 and Ψk,ℏ ∈ H2(] − L,L [).

110



3.5. Spectrum of the effective operator

Let EN (ℏ) the N -dimensional vector subspace of Dom(Leff,b
h,4 ) spanned by the family (Ψn,ℏ)n=1,...,N . Let

Ψ ∈ EN (ℏ) which is written as follows:

Ψ =
N∑
k=1

βkΨk,ℏ =
N∑
k=1

βke
ibγ0suk,ℏ = eibγ0su , u =

N∑
k=1

βkuk,ℏ.

We have
Leff,b
h,4 Ψ = eibγ0s L eff

ℏ u,

then
⟨Leff,b

h,4 Ψ,Ψ⟩ = ⟨L eff
ℏ u, u⟩ ⩽ λN (L eff

ℏ )∥u∥2 = λN (L eff
ℏ )∥Ψ∥2.

By the min-max theorem, we get the non-asymptotic inequality

λN (Leff,b
h,4 ) ⩽ λN (L eff

ℏ ).

3.5.3 End of the proof

In this section we will construct trial states (Φn) in the domain of the effective operator L eff
ℏ , such that,

for every fixed n ∈ N∗, we have∥∥∥∥∥∥L eff
ℏ Φn − (2n− 1)ℏ

√
−κ′′(0)

2 Φn

∥∥∥∥∥∥
L2(] − L,L[)

⩽ Cℏ3/2. (3.74)

We know that, the eigenfunctions are localized near the boundary at the scale ℏ
1
2 (cf. Prop 3.5.4, the same

proof can be adapted for L eff
ℏ ). It suggests to introduce the rescaling

s = ℏ1/2σ. (3.75)

The effective operator L eff
ℏ becomes

L eff
ℏ = −ℏ ∂2

σ + κmax − κ(ℏ
1
2σ).

Recall that the value of the maximum curvature is κmax = κ(0). We can use a Taylor expansion of κ near 0,
as follows

κ(ℏ
1
2σ) = κmax + ℏσ2

2 κ′′(0) + ℏ
3
2 q(σ),

where the functions q satisfy for |σ| = O(ℏ− 1
2 )

|q(σ) ⩽ C|σ|3. (3.76)

Consequently, we write the effective operator L eff
ℏ as

ℏ−1L eff
ℏ = −∂2

σ − σ2

2 κ
′′(0) − ℏ

1
2 q(σ). (3.77)
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Since κ(0) is the non-degenerate maximum of κ, we have κ′′(0) < 0. The eigenvalues of the harmonic
oscillator Hharm

−∂2
σ + −κ′′(0)

2 σ2 in L2(R) (3.78)

are (2n − 1)

√
−κ′′(0)

2 with n ∈ N∗. The corresponding normalized eigenfunctions are denoted by fn(σ).
They have the form

fn(σ) = hn(σ) exp

−

√
−k′′(0)

2
σ2

2

 , (3.79)

where the (hn(σ))n⩾1 are the rescaled Hermite polynomials.

Define the trial state Φn in L2(] − L,L[) as follows:

Φn(s) = ℏ−1/4 χ

(
s

2L

)
fn(ℏ−1/2s) = ℏ−1/4 un(s), (3.80)

where χ is a cut-off function defined on R by:

0 ⩽ χ ⩽ 1 , χ = 1 in ] − 1/4, 1/4 ] and χ = 0 in R\] − 1/2, 1/2[,

and
un(s) = χ

(
s

2L

)
fn(ℏ−1/2s).

Using the exponential decay of fn at infinity, it is easy to verify

∥Φn∥L2(] − L,L[) = 1 + O(ℏ∞). (3.81)

Then, we observe that after a change of variables and by construction of Φn, (3.77) yields

ℏ−1L eff
ℏ Φn(s) = −ℏ−1/4

[
∂2
σun(σ) + σ2

2 κ
′′(0)un(σ) + ℏ

1
2 q(σ)un(σ)

]

= −ℏ−1/4
[
χ

(
ℏ1/2σ

2L

)
∂2
σfn(σ) + 2ℏ

1
2χ′

(
ℏ

1
2σ

2L

)
f ′
n(σ) + ℏχ′′

(
ℏ

1
2σ

2L

)
fn(σ)

+ σ2

2 κ
′′(0)un(σ) + ℏ

1
2 q(σ)un(σ)

]

= −ℏ−1/4
[

− (2n− 1)

√
−κ′′(0)

2 un(σ) + 2ℏ
1
2χ′

(
ℏ

1
2σ

2L

)
f ′
n(σ) + ℏχ′′

(
ℏ

1
2σ

2L

)
fn(σ)

+ ℏ
1
2 q(σ)un(σ)

]

= (2n− 1)

√
−κ′′(0)

2 Φn(s) − ℏ−1/4
[(

2ℏ
1
2χ′

(
ℏ

1
2σ

2L

)
f ′
n(σ) + ℏχ′′

(
ℏ

1
2σ

2L

)
fn(σ)

)

+ ℏ
1
2 q(σ)un(σ)

]
.

(3.82)
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Using the exponential decay of fn at infinity, we infer from (3.82) that∥∥∥∥∥∥ℏ−1L eff
ℏ Φn − (2n− 1)

√
−κ′′(0)

2 Φn

∥∥∥∥∥∥ ⩽ Cℏ1/2.

As a consequence of the spectral theorem, (3.74) yields that, for every fixed n ∈ N∗, there exists an eigenvalue
λ̃n(L eff

ℏ ) of the operator L eff
ℏ such that

λ̃n(L eff
ℏ ) = (2n− 1)ℏ

√
−κ′′(0)

2 + O(ℏ3/2). (3.83)

Now, looking for lower bound.

Proposition 3.5.7. For all n ⩾ 1, there exist ℏ0 > 0 such that, for all ℏ ∈ (0, ℏ0)

λn(L eff
ℏ ) ⩾ (2n− 1)ℏ

√
−κ′′(0)

2 + O(ℏ3/2).

Proof. For allN ⩾ 1 ,we can take a family of eigenvalues and eigenfunctions (λn(L eff
ℏ ), ψn,ℏ)n=1,...,N such

that (ψn,ℏ)n=1,...,N is an orthonormal family. Let EN (ℏ) the vector subspace of Dom(L eff
ℏ ) of dimension N

spanned by the family (ψn,ℏ)n=1,...,N .
It is rather easy to observe that, for ψ ∈ EN (ℏ)

⟨L eff
ℏ ψ,ψ⟩ ⩽ λN (L eff

ℏ )∥ψ∥2.

Since ψ(−L) = ψ(L) = 0, the following function is in H1(R)

ψ̃ =
{
ψ if s ∈] − L,L[
0 if s ∈ R\] − L,L[ .

For N ⩾ 1, let
ẼN (ℏ) = Span{ψ̃n,ℏ}n=1,...,N .

Since dim(EN (ℏ)) = N, then dim(ẼN (ℏ)) = N. We notice that, for all ψ ∈ EN (ℏ), ψ also satisfies the
Agmon estimates (Proposition 3.5.4). Using the change of variable introduced in (3.75), we easily obtain
that, there exists C > 0 such that, for all ψ ∈ EN (ℏ)

∫ ℏ− 1
2L

−ℏ− 1
2L

|σ|3|ψ(σ)|2 d(ℏ1/2 σ) ⩽ C∥ψ∥2.

Consequently, we get

λN (L eff
ℏ )∥ψ∥2 ⩾ ⟨L eff

ℏ ψ,ψ⟩

⩾
∫
R
ℏ

−κ′′(0)
2 σ2 |ψ̃(ℏ1/2σ)|2 d(ℏ1/2 σ) + ℏ

∫
R

| ∂σψ̃|2 d(ℏ1/2 σ) − Cℏ3/2∥ψ∥2

⩾ ℏ
[∫

R

(
| ∂σψ̃(ℏ1/2σ)|2 + −κ′′(0)

2 σ2 |ψ̃(ℏ1/2σ)|2
)

d(ℏ1/2 σ)
]

− Cℏ3/2∥ψ∥2.
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This becomes

ℏ
[∫

R

(
| ∂σψ̃(ℏ1/2σ)|2 + −κ′′(0)

2 σ2 |ψ̃(ℏ1/2σ)|2
)

d(ℏ1/2 σ)
]
⩽ λN (L eff

h )∥ψ∥2 + O(ℏ3/2)∥ψ∥2.

We deduce that

max
ψ̃∈ẼN (ℏ)

⟨Hharmψ̃, ψ̃⟩L2(R)

∥ψ̃∥2
L2(R)

⩽ λN (L eff
h ) + O(ℏ3/2).

Thus, by the min-max principle, we have the comparison of the Rayleigh quotients

λN (L eff
ℏ ) ⩾ λN (Hharm) + O(ℏ3/2)

⩾ (2N − 1)ℏ

√
−κ′′(0)

2 + O(ℏ3/2).

Finally, from (3.83), the asymptotic expansion of the n-th eigenvalue of L eff
ℏ is:

λn(L eff
h

) = (2n− 1)ℏ

√
−κ′′(0)

2 + O(ℏ3/2).

Now, by inequalities (3.58) and Proposition 3.5.6, we deduce the asymptotic expansion of the n-th eigenvalue
of the effective operator Leff,b

h,α,0

λn(Leff,b
h,α,0) = −1 − κmaxℏ2 + (2n− 1)

√
−κ′′(0)

2 ℏ3 + O(ℏ7/2). (3.84)

From Theorem 3.4.1 and Proposition 3.3.8 and the equality (3.33), we have shown Corollary 3.3.2, which
was a reformulation of Corollary 3.1.2.

3.6 Unit disc case

In this section we analyse the magnetic Robin Laplacian with a negative boundary parameter on the disc.
There by proving of Theorem 3.3.3. We will study the spectrum of the effective operator Leff,±

h,disc, where
Ω = D(0, 1) , 0 < c1 < c2 , 0 < α and 0 ⩽ η < 1. We have

L = |∂Ω|
2 = π, γ0 = |Ω|

|∂Ω|
= 1

2 , c1h
−η
2 ⩽ b ⩽ c2h

−η
2 and κ = 1.

Thus, the effective operators can be written as follows

Leff,±
h,disc = −h(1 ± c± h

min(α, 1
2 ))
(
∂s − i

b

2

)2
− 1 − h

1
2 − h

2 ± c±h
3
2 ,

in L2(R/2πZ) , where c± are constants independent of h. The associated quadratic form on H1(R/2πZ) be

qeff,±
h,disc(φ) =

(
−1 − h

1
2 − h

2 ± c±h
3
2

)∫ π

−π
|φ(s)|2 ds+ h

(
(1 ± c±h

min(α, 1
2 )
) ∫ π

−π

∣∣∣∣(∂s − i
b

2

)
φ

∣∣∣∣2 ds.
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The spectrum of −
(
∂s − i

b

2

)2
in L2(R/2πZ) can be explicitly computed by using Fourier series. In fact,

for all m ∈ Z, em(b) := (m − b
2)2 is an eigenvalue with the eigenfunction vm(s) := eims/

√
2π. Since

{vm}m∈Z is a Hilbertian basis of L2(R/2πZ), we get that the spectrum of −
(
∂s − i

b

2

)2
is {em(b)}m∈Z

and its lowest eigenvalue is infm∈Z em(b).

We deduce the asymptotic expansion of the first eigenvalue of the effective operator Leff,±
h,disc

λ1(Leff,±
h,disc) = inf

m∈Z
λ1(Leff,±

h,disc,m) = −1 − h
1
2 − h

2 ± c±h
3
2 + h

(
1 ± c±h

min(α, 1
2 )
)

inf
m∈Z

(
m− b

2

)2

= −1 − h
1
2 − h

2 + h inf
m∈Z

(
m− b

2

)2
+ o(h).

According to Theorem 3.4.1 and Proposition 3.3.8 and the equality (3.33), for η < 1 , we have

µ1(h, b) = −h− h
3
2 +

(
inf
m∈Z

(
m− b

2

)2
− 1

2

)
h2 + o(h2).

Then, we complete the proof of the Theorem 3.3.3 which was a reformulation of Theorem 3.1.3. Note that,
in the case with constant magnetic field, we recover by a very simple proof of [KS20, Theorem 1.1].

115





Chapter 4

On the semi-classical analysis of Schrödinger
operators with linear electric potentials in a
bounded domain.

This chapter aims to improve the asymptotic expansion of the eigenvalues of the Laplace operator,
with strong uniform electric field and Dirichlet boundary conditions on a smooth bounded domain
of RN , N ⩾ 2. This work aims at generalizing the recent results of Cornean, Krejčiřík, Pedersen,
Raymond, and Stockmeyer in dimension 2. More precisely, in dimension N , in the strong electric
field limit, we derive, under certain local convexity conditions, a full asymptotic expansion of the
low-lying eigenvalues. To establish our main result, we perform the construction of quasi-modes.
The "optimality" of our constructions is then established thanks to a reduction to model operators
and localization estimates. In addition, we apply our techniques to find a full asymptotic expansion
of the low-lying eigenvalues of the more general operator −h2∆ + V (x) where h is a small
parameter and V is a smooth real potential satisfies some additional conditions.

Abstract

Le but de ce chapitre est d’améliorer le développement asymptotique des valeurs propres de
l’opérateur de Laplace, avec un champ électrique uniforme fort et des conditions de Dirichlet aux
bord sur un domaine borné régulier deRN , N ⩾ 2. Ce travail vise à généraliser les résultats récents
de Cornean, Krejčiřík, Pedersen, Raymond et Stockmeyer en dimension 2. Plus précisément, en
dimension N , dans la limite du champ électrique fort, nous dérivons, sous certaines conditions de
convexité locale, un développement asymptotique complet des basses valeurs propres. Pour établir
notre résultat principal, nous effectuons la construction de quasi-modes. L’"optimalité" de nos
constructions est ensuite établie grâce à une réduction aux opérateurs modèles et aux estimations
de localisation. En outre, nous appliquons nos techniques pour trouver un développement asymp-
totique complet des valeurs propres de l’opérateur plus général −h2∆ + V (x) où h est un petit
paramètre et V est un potentiel réel et régulier satisfaisant certaines conditions supplémentaires.

Résumé
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” La mathématique est l’art
de donner le même nom à
des choses différentes. ”

Henri Poincaré
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4.1. Introduction

4.1 Introduction

4.1.1 A Stark electric Laplacian

The study of the Laplacian in the usual Euclidean space RN , and more generally of the Schrödinger
operator, is of course very present in physics, for example in quantum mechanics. Consider a system of
one particle moving in a uniform electric field F. In a simplified model, one may consider independently
electrons or holes. The total energy Stark Hamiltonian (Schrödinger operator) for such a system takes the
following form:

−ℏ2

2m ∆ + qF · x, (4.1)

where

• ℏ is Planck constant divided by 2π,

• m > 0 is the effective mass of the particle (electron or hole),

• −q is the charge of the particle (electron or hole).

The Hamiltonian in (4.1) describes an important phenomenon in semiconductor physics which is the quantum
confined Stark effect. The most prominent semiconductor devices are the so-called quantum wells, quantum
wires, and quantum dots, where the material is confined in one, two, and three orthogonal directions,
respectively [HV16, Chap. 8]. The quantum confined Stark effect modeled with Dirichlet boundary condition
has been considered, for example, in [BMCE83, MCD+84] for quantum wells, in [SN90, WKH13, WWY07,
VdCMS03, LS05, Har09] for quantum wires, and in [Ped19, WWY08] for quantum dots. The recent paper
[CKP+22b] provides more details on the physical orientation of this phenomenon.

In this chapter, we are interested in the study of the low-lying eigenvalues of the followingN -dimensional
Hamiltonian restricted to an open set Ω of RN , N ⩾ 2:

Lh := −h2∆ + x1 = −h2(∂2
x1 + . . .+ ∂2

xN
) + x1, (4.2)

acting on a dense subspace of the square integral functions L2(Ω) with Dirichlet boundary conditions.
This operator appears in the physics semi-conductors where h is given by

h = ℏ√
2mqF

.

Notice that we have chosen coordinates such that F is parallel to the x1-axis.
The low-lying eigenvalues of this operator have been studied, partially numerically, for different geome-

tries in several papers such as in [SN90, WKH13] for squares, in [WWY07] for rectangles, in [VdCMS03,
LS05, Ped17] for disks, and in [Har09] for annuli. Concerning the analysis in the case of imaginary electric
fields, the reader might also want to consider for example [GH18, AGH19, AGH18].

For now, we will work with domains satisfying the following conditions, see Figure 4.1.

Assumption 1. The set Ω be a smooth open bounded and connected domain of RN with a smooth boundary.
We assume that there exists a unique point A0 ∈ ∂Ω such that the first component of A0 is given by:

xmin = inf
(x1,x2,...,xN )∈Ω

x1 = min
x∈Ω

x1.

We also assume that Ω strictly convex domain near A0.

119
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Ω

qF

xmin x1

A0

(x2, . . . , xN )

Figure 4.1 – The domain Ω.

To be more precise, the operator Lh is defined by Friedrichs extension theorem, from the closed and
semi-bounded quadratic form

Qh(φ) = h2
∫

Ω
|∇φ(x)|2 dx +

∫
Ω
x1|φ(x)|2 dx, ∀φ ∈ H1

0 (Ω).

The domain of Lh is contained in H1
0 (Ω) and Lh acts as in (4.2). This is the Dirichlet realization of the

Stark Hamiltonian. If Qh(·, ·) is the bilinear form associated with the quadratic form Qh(·), then

Dom(Lh) = {φ ∈ H1
0 (Ω) : ψ 7−→ Qh(φ,ψ) is continuous for the L2(Ω)-topology}.

Since Ω is bounded, then the embedding ofH1
0 (Ω)↪→L2(Ω) is compact, therefore the self-adjoint operator Lh

has a compact resolvent. Its spectrum is purely discrete formed by a non-decreasing sequence of eigenvalues
denoted by

(
λn(h)

)
n⩾1, where each eigenvalue is repeated according to its multiplicity. The purpose of this

paper is to understand the behavior as h → 0 (in the limit of the strong electric field) of the eigenvalues
λn(h).

4.1.2 Main result
In [CKP+22a], by constructing suitable test functions, and applying the min-max principle, the authors

found a three-term asymptotic expansion of the low-lying eigenvalues. It is proved that, in R2, for every fixed
n ∈ N∗,

λn(h) = xmin + z1h
2
3 + h(2n− 1)

√
κ1
2 + O(h

4
3 ) as h → 0, (4.3)

where z1 ≈ 2.338 is the absolute value of the smallest zero of the Airy function and κ1 is the positive
curvature at A0.
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This chapter aims to improve the asymptotic expansion in (4.3) and to give a full asymptotic expansion of
λn(h). More precisely, we establish a full asymptotic expansion of the low-lying eigenvalues, by involving
the eigenvalues of the Weingarten map of ∂Ω at A0 defined by

WA0 = dA0ν : TA0∂Ω → TA0∂Ω (4.4)

where
ν : ∂Ω → SN−1 ⊂ RN

is a Gauss map of ∂Ω and for all p ∈ ∂Ω, ν(p) is the outward-pointing normal to Tp∂Ω.

Remark 4.1.1. Some properties of Weingarten map (see for example [Küh15, Chap. 3] and [Tho79, Chap.
9]).

1. If (U, ϕ) is a parametrization of ∂Ω, with A0 ∈ ϕ(U), then, the map ν can be written as

ν = n ◦ ϕ−1,

where n : U → SN−1, such that n(s) is the unit outward normal field at the point ϕ(s).
2. The differential of ν at A0 is the linear map dA0ν : TA0∂Ω → RN defined by

dA0ν.X = (ν ◦ γ)′(0),

where γ is a derivable arc drawn on ∂Ω such that γ(0) = A0 and γ′(0) = X.

We have the following properties:
a. This means that the endomorphism of Weingarten does not depend on the choice of (U, ϕ).
b. To get that dA0ν.X does not depend on the choice of γ, we use the coordinates (U, ϕ), such that
A0 = ϕ(s0). We have

ν ◦ γ = ν ◦ ϕ ◦ ϕ−1 ◦ γ = n ◦ (ϕ−1 ◦ γ),

then,
(ν ◦ γ)′(0) = d(ϕ−1◦γ)(0)n.(ϕ−1 ◦ γ)′(0) = ds0n.(ϕ−1 ◦ γ)′(0).

Moreover,
X = γ′(0) = d(ϕ−1◦γ)(0)ϕ.(ϕ−1 ◦ γ)′(0) = ds0ϕ.(ϕ−1 ◦ γ)′(0).

This gives
dA0ν.X = ds0n.[ds0ϕ]−1X. (4.5)

All mention of γ has disappeared.
3. The Weingarten’s endomorphism is symmetrical and linear endomorphism. But does not mean that its

matrix in any base is symmetrical (only its writing in an orthonormal basis). On the other hand, it is
diagonalizable.

Remark 4.1.2. From Section 4.7.2, the assumption on Ω induces that the matrix of WA0 is positive definite.
Their positive eigenvalues (κi)i⩾1 are related to the curvature of the boundary.

1. The κi are called principal curvatures of ∂Ω at A0.
2. det WA0 is the Gaussian curvature from ∂Ω at A0.

3.
Tr WA0

N − 1 is the mean curvature from ∂Ω at A0.

The main result in this chapter is:
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Theorem 4.1.1. For any positive n, there exists a real sequence {ζj,n}j⩾0 such that, for any positiveM ∈ N,
we have

λn(h) =
h→0

xmin + z1h
2
3 + βnh+ h4/3

M∑
j=0

hj/6ζj,n + O
(
h

4
3 +M+1

6
)
,

where βn is the n-th eigenvalue of the harmonic oscillator in dimension N − 1

N−1∑
i=1

−∂2
ui + κi

2 u2
i ,

where κi are the eigenvalues of the Weingarten map of ∂Ω at A0.

This result is essentially a generalization of those states in (4.3), but the proof presented here, is based
on the construction of quasimodes. The ”optimality” of our constructions is then established thanks to decay
estimates and the reduction to model operators involving a 1-dimensional Airy operator inR+ and a harmonic
oscillator in dimension N − 1. One of the technical difficulties of the proof is that, there are eigenvalues of
the harmonic oscillator with multiplicity greater than 1, see Section 4.6.

Remark 4.1.3. βn is the n-th element counted with multiplicity of

Σ =
{
N−1∑
i=1

√
κi
2 (2ni − 1) , n ∈ N∗N−1

}
.

Notice that for N = 2 we have

Σ =
{

(2n− 1)
√
κ0
2 , n ∈ N∗

}
,

and all the elements are of multiplicity one.

Notation 4.1.2. The notation O(h∞) indicates a quantity satisfying that, for allN ∈ N, there exists CN > 0
and hN > 0 such that, for all h ∈ (0, hN ), |O(h∞)| ⩽ CNh

N .

Remark 4.1.4. Since Theorem 4.1.1 is valid for all N ⩾ 2, it would be instructive to mention what happens
in dimension one. In dimension 1, the operator involved is

Lh = −h2∂2
x + x,

acting on L2((0, T )) with Dirichlet boundary conditions, and T > 0. Using a simple change of variable
t = h

−2
3 x, for h small enough, we deduce that Lh is unitarily equivalent to h

2
3 Ah, where

Ah = −∂2
t + t,

acting on L2((0, h
−2
3 T )) with Dirichlet boundary conditions. It is then standard to deduce from the min-max

principle and the exponentially decreasing of the Airy operator at +∞ (see for instance [Hel13, Section
14.5.1] and [DR12, Section 2.2.2]), the following asymptotic expansion of the low-lying eigenvalue:

λn(h) =
h→0

znh
2
3 + O(h∞),

where zn are the absolute value of the zeros of the Airy function.

Remark 4.1.5. – Our strategy can be adapted to deal with a finite number of non-degenerate minima, and
it would even be possible to study the tunnel effects when these minima have symmetries.
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– It is possible to prove asymptotic expansions of the low-lying eigenvalues of the Hamiltonian Lh, if we
replace the potential x1 by V (x), where V is a smooth real potential satisfies some additional conditions
(see the perspectives).

4.1.3 Organization of the chapter
This chapter is organized as follows: In Section 4.2.1, we show that low energy eigenfunctions and their

derivatives are exponentially well localized around the potential minimum xmin. This will allow us to work
in a thin tubular neighborhood of A0. As a consequence, we find an approximated operator Lh,δ, whose low
energy eigenvalues are those of Lh up to an exponentially small error, see Section 4.2.2. In Section 4.3,
we locally straighten the boundary by introducing a system of local coordinates: ”tubular coordinates”. The
operator Lh,δ is expressed in these coordinates and acts on a tiny domain around the origin with Dirichlet
boundary conditions. In Section 4.4 and 4.5, we construct quasimodes, thanks to the reduction to model
operators and localization estimates, we provide asymptotic upper and lower bounds for the eigenvalues of
Lh,δ, see Section 4.6. Eventually, we deduce the full asymptotic expansion of the low-lying eigenvalues
stated in Theorem 4.1.1. Section 4.7 is dedicated to the analysis of the simplified model which shall be used
as local approximations for operator Lh,δ.

4.2 Preliminaries

4.2.1 Concentration of bound states near the potential minimum
The following proposition states that the eigenfunctions associated with the low-lying eigenvalues are

localized in x1 near xmin at the scale h2/3. For more details on the proofs of the proposition and corollary of
this section, see [CKP+22a, Section 2].

Proposition 4.2.1. Let M > 0. There exist ε, C, h0 > 0 such that, for all h ∈ (0, h0), for all eigenvalues λ
such that λ ⩽ xmin +Mh

2
3 , and all corresponding eigenfunctions ψ,∫

Ω
eε|x1−xmin|

3
2 /h|ψ|2 dx ⩽ C∥ψ∥2, (4.6)

and ∫
Ω
eε|x1−xmin|

3
2 /h|h∇ψ|2 dx ⩽ Ch2/3∥ψ∥2. (4.7)

Proof. For all ψ ∈ Dom (Lh) and all bounded Lipschitz functions Φ, we have〈
Lhψ, e

2Φ/hψ
〉
L2(Ω)

= λ∥eΦ/hψ∥2
L2(Ω). (4.8)

By an integration by parts, we get the useful identity:〈
Lhψ, e

2Φ/hψ
〉
L2(Ω)

= Qh

(
eΦ/hψ

)
− ∥eϕ/h∇Φψ∥2

L2(Ω). (4.9)

From (4.8) and (4.9), we write the Agmon formula (see for example [Ray17, Proposition 4.7])∫
Ω
h2
∣∣∣∇eΦ/hψ

∣∣∣2 +
(
x1 − λ− |∇Φ|2

) ∣∣∣eΦ/hψ
∣∣∣2 dx = 0, (4.10)

and thus ∫
Ω
h2
∣∣∣∇eΦ/hψ

∣∣∣2 +
(
x1 − xmin −Mh2/3 − |∇Φ|2

) ∣∣∣eΦ/hψ
∣∣∣2 dx ⩽ 0. (4.11)
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Now, we choose Φ = ε |x1 − xmin|3/2, we obtain∫
Ω

((
1 − 9

4ε
2
)

(x1 − xmin ) −Mh2/3
)

|eΦ/hψ|2dx ⩽ 0.

We take ε such that 1 − 9
4ε

2 > 0 and fix R > 0 such that(
1 − 9

4ε
2
)
R−M = 1. (4.12)

Using (4.12), we get

h2/3
∫

|x1−xmin|⩾Rh2/3

∣∣∣eΦ/hψ
∣∣∣2 dx ⩽

∫
|x1−xmin|⩾Rh2/3

((
1 − 9

4ε
2
)

(x1 − xmin) −Mh2/3
) ∣∣∣eΦ/hψ

∣∣∣2 dx

⩽Mh2/3
∫

|x1−xmin|<Rh2/3
e2Φ/h|ψ|2 dx ⩽ Ch2/3∥ψ∥2.

This proves (4.6). Next we prove (4.7). First observe that repeating the calculation above without dropping
the first term in (4.11) we get that∫

Ω
h2
∣∣∣∇eΦ/hψ

∣∣∣2 dx dy ⩽ Ch2/3∥ψ∥2.

Using the triangle inequality, (4.6), (4.10) to complete the proof of (4.7).

Let η > 0, we denote by ∁B (A0, η) the complement of the open ball B (A0, η).

Corollary 4.2.2. There exist cη, Cη, h0 > 0 such that, for all h ∈ (0, h0), for all eigenvalues λ such that
λ ⩽ xmin +Mh

2
3 , and all corresponding eigenfunctions ψ,∫

Ω∩∁B(A0,η)
|ψ|2 dx ⩽ Cηe

−cη/h∥ψ∥2,

and ∫
Ω∩∁B(A0,η))

|∇ψ|2 dx ⩽ Cηe
−cη/h ∥ψ∥2 .

Proof. Since Ω is bounded then the set Ω̄∩∁B (A0, η) is compact. The map Ω̄∩∁B (A0, η) ∋ (x1, · · · , xN ) 7→
x1 − xmin is continuous and positive. By compactness it has a positive minimum. The conclusion follows
from Proposition 4.2.1.

As a consequence, for small h, the ground states of the operator Lh are concentrated around xmin (cf.
Corollary 4.2.2). We can now reduce our investigation to a neighborhood of A0.

4.2.2 Reduction near the boundary
Let δ > 0 small enough, we introduce the δ-neighborhood of the boundary

Ωδ = { x = (x1, · · · , xN ) ∈ Ω : dist(x, A0) < δ }.

Consider the quadratic form, defined on the variational space

Wδ = {u ∈ H1
0 (Ωδ) : u(x) = 0 , ∀ x ∈ Ω such that dist(x, A0) = δ},
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by the formula
Qh,δ(φ) = h2

∫
Ωδ

|∇φ(x)|2 dx +
∫

Ωδ
x1|φ(x)|2 dx. (4.13)

Let the self-adjoint operator associated with the quadratic form Qh,δ be defined on L2(Ωδ) and with the
Dirichlet condition on the boundary of Ωδ,

Lh,δ = −h2∆ + x1.

Let (λn(h, δ))n∈N∗ be the sequence of min-max values of the operator Lh,δ. It is standard to deduce from
the min-max principle and the Agmon estimates of Proposition 4.2.1 the following proposition (see [Hel88]
or Proposition 3.3.8). It is an important result that compares the eigenvalues and gives an approximation of
λn(h) .

Proposition 4.2.3. Let n ⩾ 1 and δ > 0 small enough. There exist constants Cδ, kδ > 0, h0 ∈ (0, 1) such
that, for all h ∈ (0, h0) and λn(h) ⩽ xmin +Mh

2
3 ,

λn(h, δ) ⩽ λn(h) + Cδ exp(−kδ/h ). (4.14)

Moreover, we have, for all n ⩾ 1 , h > 0

λn(h) ⩽ λn(h, δ). (4.15)

Proof. The inequality (4.15) follows from the fact that Ωδ ⊂ Ω, the Dirichlet condition and the min-max
principle.
The inequality (4.14) follows from the Agmon estimates. Let (uk,h)1⩽k⩽n an orthonormal family of eigen-
functions associated with the eigenvalues (λk(h))1⩽k⩽n . Let the truncation function define on R+ as follows:

0 ⩽ χ ⩽ 1, χ = 1 on [0, 1/2[ and χ = 0 on [1,+∞[.

We define the function
χδ(x) = χ

(dist(x, A0)
δ

)
.

Let
Cn(h, δ) = span

1⩽k⩽n
χδuk,h.

Thus Cn(h, δ) ⊂ Wδ and using Proposition 4.2.1, we notice that dimCn(h, δ) = n. Consider φ ∈ Cn(h, δ)
and write

φ = χδψ,

where ψ ∈ span
1⩽k⩽n

uk,h.

We have

Qh,δ(χδψ) = h2
∫

Ω
|ψ∇χδ + χδ∇ψ|2 dx +

∫
Ω
x1|χδψ(x)|2 dx

⩽ h2
∫

Ω
|∇ψ|2 dx + 2h2∥ψ∇χδ∥∥χδ∇ψ∥ + h2

∫
Ω

|∇χδ ψ|2 dx +
∫

Ω
x1|ψ(x)|2 dx

⩽ Qh(ψ) + 2h2∥ψ∇χδ∥∥χδ∇ψ∥L2(Ω\Ωδ/2) + h2
∫

Ω
|∇χδ ψ|2 dx.
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Since the (uk,h)1⩽k⩽n are orthogonal eigenfunctions, we get

Qh(ψ) ⩽ λn(h)∥ψ∥2.

From Proposition 4.2.1, there exist constants C,Cδ, kδ > 0, such that

h∥ψ∇χδ∥ ⩽ Cδ exp(−kδ/h ),

and
∥ψ∇χδ∥L2(Ω\Ωδ/2) ⩽ Ch1/3 exp(−kδ/h ).

Thus, the conclusion follows from the min-max principle.

4.3 Local boundary coordinates

In this section, we introduce local coordinates in the neighborhood of x0 ∈ ∂Ω, in order to straighten a
portion of the boundary. Throughout this section, we mainly refer to [FH10b, App. F] and [HM04, Pan04],
although these coordinates were also used in [AH14] in a two-dimensional framework.

4.3.1 The coordinates and the metric

We fix ϵ > 0 such that the distance function

t(x) = dist(x, ∂Ω)

is smooth on Ωϵ = {x ∈ Ω : dist(x, ∂Ω) < ϵ} .
Let x0 ∈ ∂Ω be fixed and choose a chart ϕ : Vx0 7→ ϕ(Vx0) such that x0 ∈ ϕ(Vx0) and Vx0 is an open set of
RN−1. We set

s0 = ϕ−1(x0) and W0 = ϕ(Vx0).

Then, in these coordinates, the metric on the surface ϕ(Vx0) induced by the Euclidian metric g0 of RN writes

G =
∑

1⩽i,j⩽N−1
Gijdsi ⊗ dsj ,

where

∀i, j = 1, . . . , N − 1, Gij(s1, ..., sN−1) = ∂siϕ(s1, ..., sN−1) · ∂sjϕ(s1, ..., sN−1).

Now, we define local coordinates in a neighborhood of x0 in Ω. For ϵ > 0 small enough, we consider

Vx0×]0, ϵ[∋ (s1, ..., sN−1, t) 7→ Φ(s, t) = x = ϕ (s1, ..., sN−1) − ν (ϕ (s1, ..., sN−1)) t, (4.16)

where ν(x) is the unit outward pointing normal vector at the point x ∈ ∂Ω.
This defines a diffeomorphism of Vx0×]0, ϵ [ onto Φ (Vx0×]0, ϵ [ ) in Ωϵ and its inverse gives local coordinates
on Vx0 . We set

U0 = Φ(Vx0×]0, ϵ[).

Note that t denotes the normal variable in the sense that for a point x ∈ U0 such that

t(x) = dist (x, ϕ (s1, ..., sN−1)) = dist(x, ∂Ω).
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In particular, t = 0 is the equation of the surface U0 ∩ ∂Ω.
In the following we use the notation (s1, ..., sN−1, t) = (s, t), ∂j = ∂sj if j ∈ {1, . . . , N − 1}, and ∂N = ∂t.
The matrix of the metric g0 in these new coordinates (s, t) is dΦTdΦ . The matrix of dΦ in the canonical
basis of RN is

dΦ =


∂1Φ1 . . . ∂N−1Φ1 ∂nΦ1

... . . .
...

...

∂1ΦN . . . ∂N−1ΦN ∂NΦN

 ∈ MN (R).

From (4.16), for all i ∈ {1, ..., N}, for all j ∈ {1, ..., N − 1}, we have

∂jΦi = ∂jϕi − tdνi(∂jϕ) =
[
∂jϕ

]
i
− t
[
dν(∂jϕ)

]
i

=
[
∂jϕ− tdν(∂jϕ)

]
i

=
[
(Id− tdν)(∂jϕ)

]
i
,

and
∂NΦi = −νi(ϕ).

We deduce that

dΦ =

(Id− tdν)(∂1ϕ) · · · (Id− tdν)(∂N−1ϕ) −ν(ϕ)

 ∈ MN (R),

where

ν(ϕ) =

 ν1(ϕ)
...

νN (ϕ)

 ∈ MN×1(R) and (Id− tdν)(∂iϕ) =

 ∂iϕ1 − tdν1(∂iϕ)
...

∂iϕN − tdνN (∂iϕ)

 ∈ MN×1(R).

Let us calculate the symmetric matrix dΦTdΦ.

dΦTdΦ =



[
(Id− tdν)(∂1ϕ)

]T
...

[
(Id− tdν)(∂N−1ϕ)

]T
[

− ν(ϕ)
]T


.

(Id− tdν)(∂1ϕ) · · · (Id− tdν)(∂N−1ϕ) −ν(ϕ)

 ,

we multiply the two matrices, we get

dΦTdΦ =


A B

BT
[
ν(ϕ)

]T · ν(ϕ)

 ,
where

A = (aij) =
([

(Id− tdν)(∂iϕ)
]T (Id− tdν)(∂jϕ)

)
∈ MN−1(R),
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and

B =


−
[
(Id− tdν)(∂1ϕ)

]T · ν(ϕ)
...

−
[
(Id− tdν)(∂N−1ϕ)

]T · ν(ϕ)

 ∈ M(N−1)×1(R).

Since ∂iϕ(s) and ∂iν(ϕ(s)) are tangent to ∂Ω, we have, for all i = 1, . . . , N − 1

−
[
(Id− tdν)(∂iϕ)

]T · ν(ϕ) =
N∑
j=1

[
− ∂iϕjνj(ϕ) + t∂iνj(ϕ)νj(ϕ)

]
= −

〈
∂iϕ, ν(ϕ)

〉
+ t
〈
∂iν(ϕ), ν(ϕ)

〉
= 0,

then,

B =

0
...
0

 .
We have also, [

ν(ϕ)
]T · ν(ϕ) = ∥ν(ϕ)∥2 = 1.

Now we are going to make explain what is the matrix A . Besides, for all i, j ∈ {1, . . . , N − 1}, we have

aij (s, t) =
[
(Id− tdν)(∂iϕ)

]T (Id− tdν)(∂jϕ)
=
[
∂iϕ(s) − t∂iν(ϕ(s))

]
·
[
∂jϕ(s) − t∂jν(ϕ(s))

]
= Gij(s) − t

[
∂iν(ϕ(s)) · ∂jϕ(s) + ∂iϕ(s) · ∂jν(ϕ(s))

]
+ t2∂iν(ϕ(s)) · ∂jν(ϕ(s)),

then, we obtain
aij (s, t) = Gij(s) − 2Kij(s)t+ t2Lij(s), (4.17)

whereKij = ∂iϕ ·∂jν(ϕ) and Lij = ∂iν(ϕ) ·∂jν(ϕ) are the coefficients of the second and third fundamental
form of ∂Ω.
We conclude that

dΦTdΦ =


(
Gij(s) − 2Kij(s)t+ t2Lij(s)

)
i,j=1,...,n−1 0RN−1

0TRN−1 1

 .
Finally, we conclude that

g0 = dt⊗ dt+
∑

1⩽i,j⩽N−1

[
Gij(s) − 2tKij(s) + t2Lij(s)

]
dsi ⊗ dsj

= dt⊗ dt+G− 2tK + t2L,

where we denote by K and L the second and the third fundamental forms on ∂Ω . In the coordinates y and
with respect to the canonical basis, their matrices are given by

K =
∑

1⩽i,j⩽N−1
Kijdsi ⊗ dsj and L =

∑
1⩽i,j⩽N−1

Lijdsi ⊗ dsj .
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We denote by g = (gij)i,j the matrix of the metric g0 in the (s, t) coordinates; the determinant of g is denoted
by |g|. We have

|g|1/2 = |dΦTdΦ|1/2 =
[
det (G− 2tK + t2L)

]1/2

=
[
det G(I − 2tG−1K + t2G−1L)

]1/2

= |G|1/2[det (I − 2tG−1K + t2G−1L)
]1/2

.

By the differential calculus of the determinant and since t close to zero, we get

|g|1/2 =
(
1 − ttr(G−1K) + t2p(s, t)

)
|G|1/2, (4.18)

where p is a bounded function in the neighborhood Vx0×]0, ϵ[.

Ω

A0

Dirichlet conditions

Dirichlet conditions

t = d(x, A0) < δ

x = ϕ(s)− tν(s)

ν(s)

ϕ(s)

t

δ

−δ

δ

Diffeomorphism Φ s ∈ RN−1

t

Figure 4.2 – The local tubular coordinates
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4.3.2 The operator in boundary coordinates

For φ ∈ H1
0 (Φ−1(Ωδ)), the quadratic form is written in the new coordinates (s, t) as follows

Qh,δ(φ) = h2
∫

VA0 ×]0,δ[
|∂tφ̃|2|g|1/2 ds1...dsN−1dt

+ h2 ∑
1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gij∂siφ̃ ∂sj φ̃ |g|1/2 ds1...dsN−1dt

+
∫

VA0 ×]0,δ[
Φ1(s, t)|φ̃|2|g|1/2 ds1...dsN−1dt,

where (gij) are the coefficients of the inverse matrix of (gij) and φ̃ = φ ◦ Φ. The associated operator is

L̃h,δ = −h2|g|−1/2∂t(|g|1/2∂t) − h2 ∑
1⩽i,j⩽N−1

|g|−1/2∂si(gij |g|1/2∂sj ) + Φ1(s, t),

acting on L2(VA0×]0, δ[; |g|1/2 dsdt).
The operator Lh,δ is unitarily equivalent to the Dirichlet realization of L̃h,δ. Let us describe Φ1 near zero.

Lemma 4.3.1. For (s, t) ∈ VA0×]0, δ[ , we have

Φ1(s, t) = xmin + 1
2Hess(0)Φ1(s)(s) + t+ O(|s|3 + t|s|2).

Proof. From (4.16), we have
Φ1(s, t) = ϕ1(s) − t ν1 (ϕ(s)) , (4.19)

where ν = (ν1, ..., νN ) and ϕ = (ϕ1, ..., ϕN ).
After a dilation and a translation of the s coordinates of the Section 4.3.1, we may assume that A0 = ϕ(0) .
Since x1(A0) = xmin is the minimum, then

∂sjϕ1(0) = 0 ∀ j = 1, ..., N − 1.

By Taylor expansion near s = 0 , we get

ϕ1(s) = ϕ1(0) + 1
2 Hess(0)ϕ1(s)(s) + O(|s|3)

= xmin + 1
2 Hess(0)ϕ1(s)(s) + O(|s|3),

and we deduce that
ν1 (ϕ(s)) = ν1 (ϕ(0)) + O(|s|2).

We notice that
ν1 (ϕ(0)) = ν1 (A0) .

From (4.19), we have

Φ1(0, t) = x1 = ϕ1(0) − t ν1 (ϕ(0)) = xmin − tν1(A0),

or,
xmin = inf

(x1,x2,...,xN )∈Ω
x1,
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then
ν1(A0) ⩽ 0.

Since, for all j ∈ {2, ..., N}
Φj(0, t) = ϕj(0),

then, from (4.19)
νj(A0) = 0.

As ν(A0) is the unit outward pointing normal vector at the point A0 ∈ ∂Ω , then we get

ν1(A0) = −1. (4.20)

In particular,
Φ1(s, t) = xmin + 1

2 Hess(0)ϕ1(s)(s) + t+ O(|s|3 + t|s|2). (4.21)

4.3.3 Agmon Estimates in Tubular Variables

The following proposition is a slight adaptation in coordinates (s, t) of Proposition 4.2.1. The estimates
state that the eigenfunctions associated with the low-lying eigenvalues are localized near A0 at a scale h1/2

in the si direction for i ∈ {1, . . . , N − 1} , and at a scale h2/3 in the t direction.

Proposition 4.3.2. Let M > 0. There exist ϵ, C, h0 > 0 such that, for all h ∈ (0, h0), and for all eigenfunc-
tions ψ of L̃h,δ corresponding to eigenvalues λ with λ ⩽ xmin +Mh2/3, we have:∫

VA0 ×]0,δ[
eϵt

3
2 /h|ψ|2|g|1/2 dsdt ⩽ C∥ψ∥2,

∫
VA0 ×]0,δ[

eϵt
3
2 /h|h∇s,tψ|2|g|1/2 dsdt ⩽ Ch2/3∥ψ∥2,

where ∇s,t is the differential in the tubular coordinates (s, t), defined as follows

|∇s,tψ|2 = |∂tψ|2 +
∑

1⩽i,j⩽N−1
gij∂siψ ∂sjψ.

Proof. For all ψ ∈ Dom (Lh,δ) and all bounded Lipschitz functions φ, we write the Agmon formula (see
for example [Ray17, Proposition 4.7])∫

Ωδ
h2
∣∣∣∇eφ/hψ∣∣∣2 +

(
x1 − λ− |∇φ|2

) ∣∣∣eφ/hψ∣∣∣2 dx = 0. (4.22)

From (4.22), we use the quadratic form in tubular coordinates, and for

φ = εt3/2,

we get ∫
VA0 ×]0,δ[

(
− 9

4ε
2t+ Φ1 − xmin −Mh2/3

)
|eφ/hψ|2||g|1/2 dsdt ⩽ 0. (4.23)
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From (4.21), as Ω strictly convex domain near s = 0, then Hess(0)ϕ1 is a positive definite matrix, we obtain

Φ1(s, t) ⩾ xmin + t,

by (4.23), we deduce ∫
VA0 ×]0,δ[

([
1 − 9

4ε
2
]
t−Mh2/3

)
|eϕ/hψ|2||g|1/2 dsdt ⩽ 0. (4.24)

We can directly use the strategy of Proposition 4.2.1 to get the proof.

Therefore, the operator L̃h,δ can be replaced by

L̂h,δ = −h2|g|−1/2∂t(|g|1/2∂t) − h2 ∑
1⩽i,j⩽N−1

|g|−1/2∂si(gij |g|1/2∂sj ) + Φ1(s, t),

with Dirichlet boundary conditions, acting on L2(VA0×]0, h
2
3 −η[; |g|1/2 dsdt), for some η ∈ (0, 1/3).

Let µn(h) be the associated eigenvalues of L̂h,δ. The decay estimates of Proposition 4.3.2 are still
satisfied by the eigenfunctions of L̂h,δ with eigenvalues λ ⩽ xmin +Mh

2
3 . By using this exponential decay,

there exist C, h0 > 0 such that, for all h ∈ (0, h0) .

µn(h) − 1
C
e−Ch−3η/2

⩽ λn(h, δ) ⩽ µn(h). (4.25)

Thus, modulo an exponentially small error, the asymptotic analysis of λn(h) is reduced to that of µn(h).
By shrinking the spectral window, we can even get a localization with respect to the s variable, as stated

in the next proposition.

Proposition 4.3.3. Let M > 0 and η ∈ (0, 1/3). There exist ε, C, h0 > 0 such that, for all h ∈ (0, h0), and
for all eigenfunctions ψ of L̂h,δ corresponding to eigenvalues λ with λ ⩽ xmin + h2/3z1 +Mh, we have:∫

VA0 ×]0,h
2
3 −η [

eε|s|
2/h |ψ|2|G|1/2 dsdt ⩽ C∥ψ∥2,

and ∫
VA0 ×]0,h

2
3 −η [

eε|s|
2/h|h∇sψ|2 |G|1/2 ds dt ⩽ Ch∥ψ∥2,

where ∇s is the differential on VA0 seen through the metric G.

Proof. We let φ(s) = ε|s|2/2 and write the Agmon formula (see for example [Ray17, Proposition 4.7]):〈
L̂h,δψ, e

2φ/hψ
〉

=
〈
L̂h,δe

φ/hψ, eφ/hψ
〉

− ∥eφ/h∇s,tφψ∥2. (4.26)

Since ψ is the eigenfunction of L̂h,δ corresponding to an eigenvalue λ, we get∫
VA0 ×]0,h

2
3 −η [

[
|h∇s,te

φ/hψ|2 + Φ1(s, t)|eφ/hψ|2 − (λ+ |∇s,tφ|2)|eφ/hψ|2
]
|g|1/2 dsdt = 0,

with ∇s,t is the differential in the tubular coordinates (s, t).
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First, we drop the tangential derivative:∫
VA0 ×]0,h

2
3 −η [

[
|h∂teφ/hψ|2 + Φ1(s, t)|eφ/hψ|2 − (λ+ |∇s,tφ|2)|eφ/hψ|2

]
|g|1/2 dsdt ⩽ 0.

We observe from (4.21), as s = 0 is a non degenerate minimum, then Hess(0)ϕ1 is a positive definite matrix,
then there exists C∗ > 0, such that

Hess(0)ϕ1 (s) (s) ⩾ C∗|s|2,

from (4.21), we obtain
Φ1(s, t) ⩾ xmin + t+ C∗|s|2.

Introducing the last inequality in the above integral, we get:∫
VA0 ×]0,h

2
3 −η [

[
|h∂teφ/hψ|2 + t|eφ/hψ|2

]
|g|1/2 dsdt

+
∫

VA0 ×]0,h
2
3 −η [

[
(−λ+ xmin + C∗|s|2 − |∇s,tφ|2)|eφ/hψ|2

]
|g|1/2 dsdt ⩽ 0.

From (4.18), on VA0×]0, h
2
3 −η[ , for sufficiently small h, there exists C > 0 such that

|g|1/2 ⩾ (1 − Ch
2
3 −η) |G|1/2.

By using this in the above integrals, we have that

(1 − Ch
2
3 −η)

∫
VA0 ×]0,h

2
3 −η [

[
|h∂teφ/hψ|2 + t|eφ/hψ|2 − h

2
3 z1|eφ/hψ|2

]
|G|1/2 dsdt

+
∫

VA0 ×]0,h
2
3 −η [

(−λ+ xmin + C∗|s|2 + h
2
3 z1 − |∇s,tφ|2 − Ch

4
3 −η)|eφ/hψ|2|g|1/2 dsdt ⩽ 0.

By using the min-max principle, we notice that∫
VA0 ×]0,h

2
3 −η [

[
|h∂teφ/hψ|2 + t|eφ/hψ|2

]
|G|1/2 dsdt ⩾ h

2
3 z1

∫
VA0 ×]0,h

2
3 −η [

|eφ/hψ|2|G|1/2 dsdt.

Therefore,∫
VA0 ×]0,h

2
3 −η [

(−λ+ xmin + C∗|s|2 + h
2
3 z1 − |∇s,tφ|2 − Ch

4
3 −η)|eφ/hψ|2|g|1/2 dsdt ⩽ 0.

So that, using the assumption of the location of λ and for h small enough, then:∫
VA0 ×]0,h

2
3 −η [

(−2Mh+ C∗|s|2 − |∇s,tφ|2)|eφ/hψ|2|G|1/2 dsdt ⩽ 0.

We have
|∇s,tφ|2 = |∂tφ|2 +

∑
1⩽i,j⩽N−1

gij∂siφ∂sjφ = ε2 ∑
1⩽i,j⩽N−1

gijsisj ,

where (gij) is the inverse matrix of (gij). There exists c > 0, such that

ε2 ∑
1⩽i,j⩽N−1

gijsisj ⩽ Cε2|s|2,
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It follows: ∫
VA0 ×]0,h

2
3 −η [

(
− 2Mh+ (C∗ − Cε2)|s|2

)
|eφ/hψ|2|G|1/2 dsdt ⩽ 0.

For ε small enough, the conclusion follows as in the proof of Proposition 4.2.1.

This shows that the eigenfunctions of "low energy" are localized nearA0 at a scale h1/2 in the si direction
for i ∈ {1, ..., N − 1}.

4.4 Construction of quasimodes

This section aims to explain how the following proposition follows. For the proof, we will follow the
same strategy as in [HK17].

Proposition 4.4.1. For any positive n, there exists a sequence (ζj,n)j⩾0 such that, for any positive M ∈ N,
we have, as h → 0

∥L̂h,δΦn,M − h2/3λn,MΦn,M∥ ⩽ Ch
4
3 +M+1

6 ∥Φn,M∥,

with z1, β1,n are defined in Theorem 4.1.1, λn,M is defined in (4.44) and Φn,M a family of quasimodes
introduced in (4.49).

4.4.1 Rescaling operator

We recall that

L̂h,δ = −h2|g|−1/2∂t(|g|1/2∂t) − h2 ∑
1⩽i,j⩽N−1

|g|−1/2∂si(gij |g|1/2∂sj ) + Φ1(s, t),

with Dirichlet boundary conditions, acting on L2(VA0×]0, h
2
3 −η[; |g|1/2 dsdt), also we recall that

Φ1(s, t) = xmin + 1
2 Hess(0)ϕ1 (s) (s) + t+ O(|s|3 + t|s|2).

We know that, the eigenfunctions are localized near the boundary at the scale h
1
2 in the si direction and h2/3

in the t direction (cf. Proposition 4.3.2 and 4.3.3). This suggests to use the rescaling:

(s, t) = (h
1
2σ, h

2
3 τ) .

Then, we have

Φ1(h
1
2σ, h

2
3 τ) = xmin + h

2 Hess(0)ϕ1 (σ) (σ) + h2/3τ + O(h3/2|σ|3 + h5/3τ |σ|2).

This change of variables transforms the above expression of L̂h,δ into

Ĥh,δ = −h2/3
[
|g|−1/2∂τ (|g|1/2∂τ ) − τ

]
+ h

−
∑

1⩽i,j⩽N−1
|g|−1/2∂σi(gij |g|1/2∂σj ) + 1

2 Hess(0)ϕ1 (σ) (σ)

+ xmin + h4/3h1/6q1,h(σ, τ),

134



4.4. Construction of quasimodes

where the function q1,h satisfies

|q1,h(σ, τ)| ⩽ C(|σ|3 + h1/6τ |σ|2).

4.4.2 Formal expansion
We have the formal expansion of the operator Ĥh,δ (for the details see Lemma 4.4.2)

h−2/3Ĥh,δ = xminh
−2/3 + L0 + h1/3L1 + h2/3Qh, (4.27)

where
L0 = −∂2

τ + τ,

L1 = −∆G0 + 1
2 Hess(0)ϕ1 (σ) (σ) , G0 = G(0),

Qh = h1/6q1,h(σ, τ) + q2,h(σ, τ)∂τ + h1/6 ∑
1⩽i,j⩽N−1

∂σi(q3,h(σ, τ)∂σj ),

(4.28)

where the Laplace-Beltrami operator on ∂Ω in the neighborhood of A0 is

∆G0 =
∑

1⩽i,j⩽N−1
|G0|−1/2∂σi(G

ij
0 |G0|1/2∂σj ), (4.29)

with the functions qj,h, for j ∈ {2, 3} satisfy

|q2,h(σ, τ)| ⩽ C(τ + |σ|) and |q3,h(σ, τ)| ⩽ C(h1/6τ + |σ|).

Lemma 4.4.2. For 0 < h < 1
2 , 0 ⩽ τ ⩽ h−η and σi = O(h−1/2), we have the following identities:

|g|−1/2∂τ (|g|1/2∂τ ) = ∂2
τ + (∂τ |g|1/2)|g|−1/2∂τ = ∂2

τ + h2/3q2,h(σ, τ)∂τ , (4.30)

and

|g|−1/2∂σi(gij |g|1/2∂σj ) = |G0|−1/2∂σi(G
ij
0 |G0|1/2∂σj ) + h1/2∂σi(q3,h(σ, τ)∂σj ), (4.31)

where the functions qj,h, for j ∈ {2, 3} satisfy

|q2,h(σ, τ)| ⩽ C(τ + |σ|) and |q3,h(σ, τ)| ⩽ C(h1/6τ + |σ|).

Proof. We have the following asymptotic expansions:

M(σ, τ) := |g|1/2(σ, τ)

=
(
1 − h

2
3 τ tr(G−1K)(h

1
2σ) + h

4
3 τ2p(h

1
2σ, h

2
3 τ)
)

|G|1/2(h
1
2σ)

= M(0, 0) + τ
∂M

∂τ
(0, 0) +

N−1∑
i=1

σi
∂M

∂σi
(0, 0) + hF1(σ, τ),

where
— M(0, 0) = |G|1/2(0),
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—
∂M

∂τ
(0, 0) = −h2/3tr(G−1K)(0)|G|1/2(0),

—
∂M

∂σi
(0, 0) = h1/2∂|G|1/2

∂σi
(0).

Then, we have

|g|1/2(σ, τ) = |G|1/2(0) − h2/3τ tr(G−1K)(0)|G|1/2(0) + h1/2 ∑
1⩽i⩽N−1

σi
∂|G|1/2

∂σi
(0) + hF1(σ, τ).

From the previous inequality, we have

|g|−1/2(σ, τ) = |G|−1/2(0) + h1/2F2(σ, τ). (4.32)

This gives us the following identities:

(∂τ |g|1/2)|g|−1/2(σ, τ) = −h2/3F3(σ, τ). (4.33)

From Section 4.3.1, we have

gij(σ, τ) = Gij(h
1
2σ) − 2h2/3τKij(h

1
2σ) + h4/3τ2Lij(h

1
2σ) = Gij(0) + h1/2F4(σ, τ), (4.34)

and thus,
gij(σ, τ) = Gij(0) + h1/2F5(σ, τ) , (4.35)

where, for 0 < h < 1
2 , 0 ⩽ τ ⩽ h−η and σi = O(h−1/2), the functions Fj , j = 1, · · · , 5, satisfy

F1(σ, τ) ⩽ C(h1/3τ2 + |σ|2) , F3(σ, τ) ⩽ C(τ + |σ|) and

Fj(σ, τ) ⩽ C(h1/6τ + |σ|),∀j = 2, 4, 5.

This gives us the following identities:

|g|−1/2∂τ (|g|1/2∂τ ) = ∂2
τ + (∂τ |g|1/2)|g|−1/2∂τ = ∂2

τ + h2/3q2,h(σ, τ)∂τ , (4.36)

and

|g|−1/2∂σi(gij |g|1/2∂σj ) = |G|−1/2(0)∂σi(Gij(0)|G|1/2(0)∂σj ) + h1/2∂σi(q3,h(σ, τ)∂σj ), (4.37)

where the functions qi,h, for i ∈ {2, 3} satisfy for 0 < h < 1
2 , 0 ⩽ τ ⩽ h−η and |σ| = O(h−1/2)

|q2,h(σ, τ)| ⩽ C(τ + |σ|) and |q3,h(σ, τ)| ⩽ C(h1/6τ + |σ|).

4.4.3 Construction of trial states

In this section, we construct trial states that will give together with the lower bounds, an accurate expansion
of the eigenvalues of the operator L̂h,δ valid to any order. The key to the construction is to expand the operator
Qh in powers of h1/6.
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The functions q1,h, q2,h and q3,h in (4.28) admit Taylor expansions that can be rearranged in the form:

h1/6q1,h(σ, τ) =
∞∑
k=0

q1,k(σ, τ)hk/6,

q2,h(σ, τ) =
∞∑
k=0

q2,k(σ, τ)hk/6,

h1/6q3,h(σ, τ) =
∞∑
k=0

q3,k(σ, τ)hk/6,

(4.38)

with the functions q1,k(σ, τ) , q2,k(σ, τ) and q3,k(σ, τ) being polynomial functions of (σ, τ). The operator
Qh in (4.28) admits the formal expansion

Qh =
∞∑
k=0

Qkh
k/6, (4.39)

where
Qk = q1,k(σ, τ) + q2,k(σ, τ)∂τ +

∑
1⩽i,j⩽N−1

∂σi(q3,k(σ, τ)∂σj ). (4.40)

Furthermore, for every k ⩾ 0 and f ∈ S
(
RN−1 × R+

)
, Qkf ∈ S

(
RN−1 × R+

)
.

For all M ⩾ 0, we introduce two operators

Ĥh,M = xminh
−2/3 + L0 + h1/3L1 + h2/3FM and FM =

M∑
k=0

Qkh
k/6. (4.41)

Thanks to (4.27) and (4.28), for every f ∈ S(RN−1 × R+), there exists a constant C > 0 such that, for all
h ∈ (0, 1) ,

∥h−2/3Ĥh,δf − Ĥh,Mf∥L2(RN−1×R+) ⩽ Ch
2
3 +M+1

6 . (4.42)

Let n ∈ N . We will construct a sequence of real numbers (ζn,j)∞
j=0 and two sequences of real-valued

Schwartz functions (vn,j)∞
j=1 ⊂ S(RN−1), (gn,j)∞

j=0 ⊂ S
(
RN−1 × R+

)
such that

∀j, gn,j |τ=0 = 0,

and for all M ∈ N , the function

Ψn,M (σ, τ) = u0(τ)fn(σ) +
M+1∑
j=1

h
j+1

6 u0(τ)vn,j(σ) + h2/3
M∑
j=0

hj/6gn,j(σ, τ),

is in the Schwartz space S(RN−1 × R+) and satisfies (for all h ∈ (0, hn,M ))

∥Ĥh,MΨn,M − λn,MΨn,M∥L2(RN−1×R+) ⩽ Cn,Mh
2
3 +M+1

6 , (4.43)

where

λn,M = xminh
−2/3 + β0,n + h1/3β1,n + h2/3

M∑
j=0

hj/6ζj,n, (4.44)

Cn,M > 0 and hn,M are two constants determined by the values of n andM solely, and β0,n, β1,n, u0 and fn
to be determined.
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For M = 0: We want to find a real numbers ζ0,n, β0,n, β1,n and two functions vn,1(σ), gn,0(σ, τ),
u0(τ), fn(σ) such that

Ψn,0(σ, τ) = u0(τ)fn(σ) + h1/3u0(τ)vn,1(σ) + h2/3gn,0(σ, τ),

and
λn,0 = xminh

−2/3 + β0,n + h1/3β1,n + h2/3ζ0,n.

In order that (4.43) is satisfied for M = 0, it is sufficient to select ζ0,n, gn,0(σ, τ), u0(τ), fn(σ) and vn,1(σ)
as follows:

(L0 − β0,n)u0(τ)fn(σ) = 0,

(L0 − β0,n)u0(τ)vn,1(σ) + (L1 − β1,n)u0(τ)fn(σ) = 0,

(L0 − β0,n)gn,0(σ, τ) + (L1 − β1,n)u0(τ)vn,1(σ) + (F0 − ζ0,n)u0(τ)fn(σ) = 0.

• For the first equation, the natural choice is then to choose u0 the eigenfunction of L0, with β0,n is the
corresponding eigenvalue, therefore

u0(τ) = Ai(τ − z1) and β0,n = z1, (4.45)

where Ai is the L2(R+)-normalized Airy function and −z1 is its first negative zero.
• The second equation is equivalent to

(L1 − β1,n)u0(τ)fn(σ) = 0,

then, we choose β1,n is the n-th eigenvalue on L2(RN−1, |G0|1/2dσ) of L1 determined in Section 4.7.1
associated with eigenfunction fn.
• For the third equation, we can select ζ0,n such that

(F0 − ζ0,n)u0(τ)fn(σ) ⊥ u0(τ)fn(σ) in L2
(
RN−1 × R+

)
.

This is given by the formula

ζ0,n = ⟨F0 (u0 ⊗ fn) , u0 ⊗ fn⟩L2(RN−1×R+) . (4.46)

Consequently,

h1(σ) := −
∫ ∞

0
u0(τ) (F0 − ζ0,n)u0(τ)fn(σ)dτ ⊥ fn(σ) in L2(RN−1).

Since L1 − β1,n can be inverted on the orthogonal complement of the n-th eigenfunction fn(σ), we may
select vn,1(σ) to be

vn,1(σ) = (L1 − β1,n)−1 h1(σ).

As a consequence of the choice of ζ0,n and vn,1(σ), we get that, for all σ,

w1(σ, ·) := −u0(·) (L1 − β1,n) vn,1(σ) − (F0 − ζ0,n)u0(·)fn(σ)
= −u0(·)h1(σ) − (F0 − ζ0,n)u0(·)fn(σ) ⊥ u0(·) in L2 (R+) .

The operator L0 − β0,n can be inverted on the orthogonal complement of {u0(τ)}, and the inverse is an
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operator in L2 (R+) which sends S
(
R+
)

into itself. The proof of this is standard and follows the same
argument as in [FH06, Lemma A.5]. In that way, we may select g0,n(σ, τ) to be

gn,0 (σ, ·) = (L0 − β0,n)−1 (w1(σ, ·)) .

The iteration process. Here we suppose that we have selected (ζ0,n, . . . , ζM,n; Ψn,0, . . . ,Ψn,M ) such that
the following induction hypothesis is satisfied

(
Ĥh,M − λn,M

)
Ψn,M = h

2
3 +M+1

6

NM∑
j=0

hj/6rM,j(σ, τ), (4.47)

where rM,j are Schwartz functions. We have to select ζM+1,n and two functions vn,M+1(σ), gn,M+1(σ, τ)
such that

Ψn,M+1 = Ψn,M + h
M+3

6 u0(τ)vn,M+2(σ) + h
2
3 +M+1

6 gn,M+1(σ, τ) and

λn,M+1 = λn,M + h
2
3 +M+1

6 ζM+1,n

satisfy (4.43) and (4.47) forM replaced byM + 1 (and some collection of Schwartz functions rM+1,j(σ,τ)) .
Notice that we have

Ĥh,M+1 = Ĥh,M + h
2
3 +M+1

6 QM+1,

and(
Ĥh,M+1 − λn,M+1

)
Ψn,M+1

=
(
Ĥh,M − λn,M

)
Ψn,M

+h
2
3 +M+1

6
[
(L0 − β0,n)gn,M+1(σ, τ) + (L1 − β1,n)u0(τ)vn,M+2(σ) + (QM+1 − ζM+1,n)u0(τ)fn(σ)

]
+h

2
3 +M+1

6
[
(QM+1 − ζM+1,n)

(
Ψn,M − u0(τ)fn(σ)

)]
+h

2
3 +M+1

6
[(
h1/3L1 + h2/3FM+1 − (λn,M − β0,n)

)
gn,M+1

]
+h

2
3 +M+1

6
[
h1/3FM+1 − (λn,M+1 − β0,n − β1,nh

1/3)u0(τ)vn,M+2(σ)
]
.

(4.48)
It is sufficient to select (ζM+1,n, vn,M+2, gn,M+1) such that

(L0 − β0,n)gn,M+1(σ, τ) + (L1 − β1,n)u0(τ)vn,M+2(σ)
+ (QM+1 − ζM+1,n)u0(τ)fn(σ) + rM,0(σ, τ) = 0.

We select ζM+1,n such that

(QM+1 − ζM+1,n)u0(τ)fn(σ) + rM,0(σ, τ) ⊥ u0(τ)fn(σ) in L2
(
RN−1 × R+

)
,

i.e.
ζM+1,n = ⟨QM+1(u0 ⊗ fn), u0 ⊗ fn⟩L2(RN−1×R+) + ⟨rM,0, u0 ⊗ fn⟩L2(RN−1×R+).

Consequently,

hM+2(σ) := −
∫ ∞

0
u0(τ)

(
(QM+1 − ζM+1,n)u0(τ)fn(σ) + rM,0(σ, τ)

)
dτ ⊥ fn(σ)
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in L2(RN−1). We can select vn,M+2 as follows:

vn,M+2(σ) = (L1 − β1,n)−1 hM+2(σ).

As a consequence of the choice of ζM+1,n and vn,M+2(σ), we get that, for all σ

wM+2(σ, ·) := − u0(·) (L1 − β1,n) vn,M+2(σ)
− (QM+1 − ζM+1,n)u0(τ)fn(σ) − rM,0(σ, τ) ⊥ u0(·) in L2 (R+) .

Finally, we may select gn,M+1(σ, τ) as follows:

gn,M+1 (σ, ·) = (L0 − β0,n)−1 (wM+2(σ, ·)) .

4.4.4 End of the proof

Consider a smooth function χh with compact support equal to 1 near (s, t) = (0, 0) on a scale of order
h1/2−θ in the s direction, and on a scale of order h2/3−θ in the t direction, for some θ ∈ (0, η) . Let us
introduce the following family of test functions

Φn,M (s, t) = h
−1
3

−(N−1)
4 χ

(
t

h2/3−θ

)
χ

(
s

h1/2−θ

)
︸ ︷︷ ︸

χh(s,t)

Ψn,M (h−1/2s, h−2/3t). (4.49)

We notice that the support of χ − 1 and the supports of the derivative of χ are located in a region where
h−1/2|s| ⩾ Ch−θ and h−2/3t ⩾ Ch−θ, thus all integrals which contain such derivatives will be of order
h−∞ due to the exponential localization of Ψn,M .
Thanks to (4.42) and (4.43), we may write

∥L̂h,δΦn,M − h2/3λn,MΦn,M∥ ⩽ Ch
4
3 +M+1

6 ∥Φn,M∥.

4.5 Lower bound

The following proposition provides a lower bound of the eigenvalue µn(h), as h → 0.

Proposition 4.5.1. For any positive n, the eigenvalue µn(h) has, as h → 0, the lower bound

µn(h) ⩾ xmin + z1h
2/3 + β1,n h+ O(h4/3),

where β1,n is defined in Theorem 4.1.1.

Proof. Let k ⩾ 1, and consider a family of eigenfunctions (ψn,h)n=1,...,k of L̂h,δ associated with the
eigenvalues (µn(h))n=1,...,k. Let Ek(h) be the vector subspace of Dom(L̂h,δ) spanned by the family
(ψn,h)n=1,...,k . For all ψ ∈ Ek(h) , ψ satisfies the same decay estimates as in Propositions 4.3.2 and 4.3.3.
Let ψ ∈ Ek(h) , since |g|1/2 ⩽ (1 + C∗t)|G|1/2, using the decay estimates of Proposition 4.3.2, we have the
important inequality (δ = h

2
3 −η )∫

VA0 ×]0,δ[
|ψ|2|g|1/2 dsdt ⩽

∫
VA0 ×]0,δ[

|ψ|2|G|1/2 dsdt+ Ch2/3
∫

VA0 ×]0,δ[
|ψ|2|g|1/2 dsdt, (4.50)
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whereC∗, C are constants independent of s and t (the value ofC might change from one formula to another).
We also have

⟨L̂h,δψ,ψ⟩ =
∫

VA0 ×]0,δ[
h2|∂tψ|2|g|1/2 dsdt+ h2 ∑

1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gij∂siψ ∂sjψ |g|1/2 dsdt

+
∫

VA0 ×]0,δ[
Φ1(s, t)|ψ|2|g|1/2 dsdt.

We recall that |g|1/2 =
(
1 − t tr(G−1K) + t2p(s, t)

)
|G|1/2 so that, using the decay estimates of Proposition

4.3.2, there exists C > 0 such that

⟨L̂h,δψ,ψ⟩ ⩾
∫

VA0 ×]0,δ[
|h∂tψ|2|G|1/2 dsdt+ h2 ∑

1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gij∂siψ ∂sjψ |G|1/2 dsdt

+
∫

VA0 ×]0,δ[
Φ1(s, t)|ψ|2|g|1/2 dsdt− Ch4/3∥ψ∥2.

From (4.21), we have

Φ1(s, t) ⩾ xmin + 1
2 Hess(0)ϕ1 (s) (s) + t− C̃(|s|3 + t|s|2).

We can deduce that

⟨L̂h,δψ,ψ⟩ ⩾
∫

VA0 ×]0,δ[
|h∂tψ|2|G|1/2 dsdt + h2 ∑

1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gij∂siψ ∂sjψ |G|1/2 dsdt

+
∫

VA0 ×]0,δ[

(
xmin + 1

2 Hess(0)ϕ1 (s) (s) + t

)
|ψ|2|g|1/2 dsdt

− Ch4/3∥ψ∥2 − C̃

∫
VA0 ×]0,δ[

(|s|3 + t|s|2)|ψ|2|g|1/2 dsdt.

The last integral is of order h4/3 (by using the exponential decay in the s and t variables; Propositions 4.3.2
and 4.3.3). Then, there exists C > 0 such that

⟨L̂h,δψ,ψ⟩ ⩾
∫

VA0 ×]0,δ[

[
|h∂tψ|2 + t|ψ|2

]
|G|1/2 dsdt+ h2∑

i,j

∫
VA0 ×]0,δ[

gij∂siψ ∂sjψ|G|1/2 dsdt

+
∫

VA0 ×]0,δ[

1
2 Hess(0)ϕ1 (s) (s) |ψ|2 |G|1/2 dsdt+ xmin∥ψ∥2 − Ch4/3∥ψ∥2.

(4.51)
Thus, by the min max principle, we have∫

VA0 ×]0,δ[

[
|h∂tψ|2 + t|ψ|2

]
|G|1/2 dsdt ⩾ z1h

2/3
∫

VA0 ×]0,δ[
|ψ|2|G|1/2 dsdt,

using the inequalities in (4.50), we have∫
VA0 ×]0,δ[

[
|h∂tψ|2 + t|ψ|2

]
|G|1/2 dsdt ⩾ z1h

2/3∥ψ∥2 − Ch4/3∥ψ∥2. (4.52)
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By Taylor expansion near s = 0, we get∣∣∣∣|G(s)|1/2 − |G0|1/2
∣∣∣∣ ⩽ C |s|, G0 = G(0). (4.53)

From (4.53), there exists constants C > 0 such that∣∣∣∣ ∫
VA0 ×]0,δ[

Hess(0)ϕ1 (s) (s) |ψ|2 |G|1/2 dsdt−
∫

VA0 ×]0,δ[
Hess(0)ϕ1 (s) (s) |ψ|2 |G(0)|1/2 dsdt

∣∣∣∣
⩽
∣∣∣∣ ∫

VA0 ×]0,δ[
Hess(0)ϕ1 (s) (s) |ψ|2

[
|G(s)|1/2 − |G(0)|1/2] dsdt

∣∣∣∣
⩽ C

∫
VA0 ×]0,δ[

Hess(0)ϕ1 (s) (s) |s||ψ|2 dsdt

⩽ C

∫
VA0 ×]0,δ[

|s|3|ψ|2 dsdt ⩽ C

∫
VA0 ×]0,δ[

|s|3|ψ|2|G|1/2 dsdt.

From Proposition 4.3.3, we get∫
VA0 ×]0,δ[

Hess(0)ϕ1 (s) (s) |ψ|2 |G|1/2 dsdt

⩾
∫

VA0 ×]0,δ[
Hess(0)ϕ1 (s) (s) |ψ|2 |G(0)|1/2 dsdt− Ch3/2∥ψ∥2.

(4.54)

The same idea proves that∑
1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gijh∂siψ h∂sjψ|G|1/2 dsdt

⩾
∑

1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gijh∂siψ h∂sjψ|G(0)|1/2 dsdt− Ch3/2∥ψ∥2.
(4.55)

Observing that, ∣∣∣∣gij(s, t) −Gij0

∣∣∣∣ ⩽ C
(
|s| + t

)
, gij(0, 0) = Gij0 . (4.56)

From Propositions 4.3.2 and 4.3.3, we get∑
1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

gijh∂siψ h∂sjψ|G(0)|1/2 dsdt

⩾
∑

1⩽i,j⩽N−1

∫
VA0 ×]0,δ[

Gij0 h∂siψ h∂sjψ|G(0)|1/2 dsdt− Ch4/3∥ψ∥2.
(4.57)

From (4.54), (4.55) and (4.57), we can easily see that∫
VA0 ×]0,δ[

[ ∑
1⩽i,j⩽N−1

h2gij∂siψ ∂sjψ + 1
2 Hess(0)ϕ1 (s) (s) |ψ|2

]
|G|1/2 dsdt

⩾
∫

VA0 ×]0,δ[

[ ∑
1⩽i,j⩽N−1

h2Gij0 ∂siψ ∂sjψ + 1
2 Hess(0)ϕ1 (s) (s) |ψ|2

]
|G0|1/2 dsdt− Ch4/3∥ψ∥2.

(4.58)
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4.5. Lower bound

Now, using the inequalities in (4.51), (4.52), and (4.58). By the min-max principle, we have

µk(h)∥ψ∥2 ⩾ ⟨L̂h,δψ,ψ⟩

⩾
∫

VA0 ×]0,δ[

[ ∑
1⩽i,j⩽N−1

h2Gij0 ∂siψ ∂sjψ + 1
2 Hess(0)ϕ1 (s) (s) |ψ|2

]
|G0|1/2 dsdt

+ xmin∥ψ∥2 + z1h
2/3∥ψ∥2 − Ch4/3∥ψ∥2.

(4.59)

Therefore, we have∫
VA0 ×]0,δ[

[ ∑
1⩽i,j⩽N−1

h2Gij0 ∂siψ ∂sjψ + 1
2 Hess(0)ϕ1 (s) (s) |ψ|2

]
|G0|1/2 dsdt

⩽ (µk(h) − xmin − z1h
2/3 + Ch4/3)∥ψ∥2.

(4.60)

On the left hand side of the above identity, we recognize the quadratic form associated to the operator

1⊗ Hh,

where Hh = −h2∆G0 + 1
2 Hess(0)ϕ1 (s) (s) on L2(RN−1, |G0|1/2ds).

From Sections 4.7.1 and 4.7.2, we show that, for h small enough, Hh is unitarily equivalent to

Mh =
N−1∑
i=1

−h2∂2
ui + 1

2λiu
2
i

on L2(RN−1, du) ,where λi are the eigenvalues of the Weingarten map of ∂Ω atA0. Their spectrum is given
by

Sp(Hh) = Sp(Mh) = {hβ1,n, n ⩾ 1},

where β1,n is the n-th eigenvalue of Nh =
∑N−1
i=1 −∂2

vi + 1
2λiv

2
i on L2(RN−1,dv).

The decay estimates, given that dim(Ek(h))=k onL2(RN−1, |G0|1/2ds).Notice that the set Ek(h) is contained
in the form domain of Hh . Thus, by the min-max principle, we have

hβ1,k ⩽ sup
ψ∈Ek(h)

⟨(1⊗ Hh)ψ,ψ⟩L2(VA0 ×]0,δ[,|G0|1/2dsdt)

∥ψ∥2
L2(VA0 ×]0,δ[,|G0|1/2dsdt)

⩽ (µk(h) − xmin − z1h
2/3 + Ch4/3) ∥ψ∥2

∥ψ∥2
L2(|G0|1/2dsdt)

.

(4.61)

From (4.50), (4.53) and Proposition 4.3.3, we obtain∫
VA0 ×]0,δ[

|ψ|2|G0|1/2 dsdt ⩾
∫

VA0 ×]0,δ[
|ψ|2|G|1/2 dsdt− C

∫
VA0 ×]0,δ[

|s||ψ|2 dsdt

⩾ (1 − Ch1/2)∥ψ∥2.

(4.62)

Using the last inequality in (4.61), we get

µk(h) − xmin − z1h
2/3 + Ch4/3 ⩾ hβ1,k

∥ψ∥2
L2(|G0|1/2dsdt)

∥ψ∥2 ⩾ hβ1,k − Ch3/2.
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This implies the desired lower bound and concludes the proof of Proposition 4.5.1.

4.6 Full asymptotic expansion of the eigenvalues

Proof of Theorem 4.1.1: From Proposition 4.5.1, we have the following lower bound of µn(h) :

µ1(h) ⩾ xmin + z1h
2/3 + β1,1 h+ O(h4/3).

Thanks to Proposition 4.4.1, we know that, from spectral theorem, there exists an eigenvalue µ̃1(h) of the
operator L̂h,δ satisfying, as h → 0+,

µ̃1(h) = xmin + h2/3z1 + β1,1 h+ h4/3
M∑
j=0

hj/6ζj,1 + O
(
h

4
3 +M+1

6
)
.

Since β1,1 is a simple eigenvalue of the harmonic oscillator ( β1,1 < β1,2, see Section 4.7.1), we deduce that

µ1(h) = xmin + h2/3z1 + β1,1 h+ h4/3
M∑
j=0

hj/6ζj,1 + O
(
h

4
3 +M+1

6
)
.

Let n ⩾ 2 and N ∈ N. Thanks to Proposition 4.4.1, we know that, from spectral theorem, there exists a
sequence of quasi eigenvalues (µ̃n(h))n⩾2 of the operator L̂h,δ satisfying, as h → 0+,

µ̃n(h) = xmin + h2/3z1 + β1,n h+ h4/3
N∑
j=0

hj/6ζj,n + O
(
h

4
3 +M+1

6
)
.

Now, we will arrange the sequence of quasi eigenvalues µ̃n(h) in increasing order modulo O
(
h

4
3 +M+1

6
)

and
we note them µn(h) . We have

µn(h) = xmin + h2/3z1 + β1,n h+ h4/3
M∑
j=0

hj/6αj,n + O
(
h

4
3 +M+1

6
)
,

where αj,n are a sequence determined from ζj,n.
Imagine that, there exist C > 0, k ∈ N, such that{

µi+1(h) = µi(h) + o(h) ,∀i = 2, ..., k − 1
µk+1(h) − µk(h) ⩾ Ch.

(4.63)

That is {
β1,2 = ... = β1,k
β1,k+1 > β1,k .

There are actually two possibilities:
1. µ2(h), ..., µk(h) coincide modulo O

(
h

4
3 +M+1

6
)
. From spectral theorem, the rank of the spectral projector

near these values is at least k− 1. Then, there exists an eigenvalue very close, modulo O
(
h

4
3 +M+1

6
)

to µi(h)
for all i ∈ {2, ..., k} : it can only be µ2(h), ..., µk(h), since the other eigenvalues are elsewhere (see (4.63)
and Proposition 4.5.1).
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µ1(h) µ2(h), ..., µk(h) µk+1(h)
×××

ChO
(
h

4
3 +M+1

6
)

µ1(h) µ2(h), ..., µk(h)

µk+1(h)

2. They differ modulo hα with α < 4
3 + M+1

6 . There are actually three possibilities:
- There exist C > 0, k ∈ N, αi < 4

3 + M+1
6 , ∀i = 2, ..., k − 1 , such that{

µi+1(h) − µi(h) ⩾ Chαi ,∀i = 2, ..., k − 1
µk+1(h) − µk(h) ⩾ Ch.

(4.64)

The construction of quasimode implies that there exists an eigenvalue very close, modulo O
(
h

4
3 +M+1

6
)
,

to µi(h) for all i ∈ {2, ..., k} (it cannot be the same). Since the eigenvalues are increasing, then it can’t
be more than µ2(h), ..., µk−1(h), and µk(h) respectively, because the other eigenvalues are somewhere
else (see (4.64) and Proposition 4.5.1).

µ1(h) µ2(h) µ3(h) µ4(h) . . . µk(h)

×× × × ×
µk+1(h)

××

Ch

o(h)

Chα2 Chα3 Chαk−1

µ1(h) µ2(h) µ3(h) µ4(h) µk(h)

µk+1(h)

- There exist C > 0, k ∈ N, such that
µ3(h) − µ2(h) ⩾ Chα,

µi+1(h) = µi(h) + O
(
h

4
3 +M+1

6
)
, ∀i = 3, ..., k − 1

µk+1(h) − µk(h) ⩾ Ch.

(4.65)

The rank of the spectral projector near {µi(h)}i=3,...,k is at least k− 2. Thus, there exists an eigenvalue
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very close, modulo O
(
h

4
3 +M+1

6
)
, to µi(h) for all i ∈ {3, ..., k}. The construction of quasimode implies

that there exists an eigenvalue very close, modulo O
(
h

4
3 +M+1

6
)

to µ2(h) (and it cannot be the same).
It can’t be more than µ2(h) near µ2(h) and µ3(h), ..., µk(h) near {µi(h)}i=3,...,k, because the other
eigenvalues are somewhere else (see (4.65) and Proposition 4.5.1).

µ1(h) µ2(h)

µ3(h), ..., µk(h)

× × ×××
µk+1(h)

××

Ch

o(h)

Chα

µ1(h) µ2(h)
µ3(h), ..., µk(h)

µk+1(h)

- There exist C > 0, k0, k ∈ N and k0 ⩽ k such that
µi+1(h) = µi(h) + O

(
h

4
3 +M+1

6
)
,∀i = 2, ..., k0 − 1

µk0+1(h) − µk0(h) ⩾ Chα,

µi+1(h) = µi(h) + O
(
h

4
3 +M+1

6
)
,∀i = k0 + 1, ..., k − 1

µk+1(h) − µk(h) ⩾ Ch.

(4.66)

The rank of the spectral projector near {µi(h)}i=2,...,k0 is at least k0 − 1 and near
{µi(h)}i=k0+1,...,k is at least k−k0. Then, there exists an eigenvalues very close, modulo O

(
h

4
3 +M+1

6
)
,

to µi(h) for all i ∈ {2, ..., k0}, but also another very close, modulo O
(
h

4
3 +M+1

6
)

to µi(h) for all i ∈
{k0 +1, ..., k}(and it cannot be the same). It can’t be more than µ2(h), ..., µk0(h) near {µi(h)}i=2,...,k0

and µk0+1(h), ..., µk(h) near {µi(h)}i=k0+1,...,k , because the other eigenvalues are somewhere else
(see (4.66) and Proposition 4.5.1).

Now, if (4.63) is not satisfied:
µ3(h) − µ2(h) ⩾ Ch.

As a consequence of the spectral theorem, there exists an eigenvalue very close modulo O
(
h

4
3 +M+1

6
)

to
µ2(h), but also another very close to µ3(h) (and it cannot be the same). Since the eigenvalues are indeed
separated, it can’t be more than µ2(h) and µ3(h) respectively.
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µ1(h) µ2(h) µ3(h)
×××

ChO
(
h

4
3 +M+1

6
)

µ1(h) µ2(h) µ3(h)

Thus, by (4.25) and Proposition 4.2.3, we have shown Theorem 4.1.1.

4.7 Analysis of the effective operator

4.7.1 The model operator

In this section, we want to study the spectrum of the operator defined by

L = −∆G0 + 1
2H (σ) (σ) , H = Hess(0)ϕ1, G0 = G(0),

where ϕ1 is defined in Section 4.3.1. The associated quadratic form on H1(RN−1; |G0|1/2 dσ) be

q1(ψ) = ⟨Lψ,ψ⟩L2(|G0|1/2 dσ) = ⟨−∆G0ψ,ψ⟩L2(|G0|1/2 dσ) + 1
2

∫
⟨Hσ, σ⟩|ψ|2|G0|1/2 dσ.

By replacing ∆G0 by its expression given by (4.29), we obtain

⟨−∆G0ψ,ψ⟩L2(|G0|1/2 dσ) = −
∑

1⩽i,j⩽N−1

∫
∂σi(G

ij
0 |G0|1/2∂σj )ψ ψ dσ , Gij0 = Gij(0).

By integration by parts, we have

⟨−∆G0ψ,ψ⟩L2(|G0|1/2 dσ) =
∑

1⩽i,j⩽N−1

∫
Gij0 ∂σjψ ∂σiψ|G0|1/2 dσ =

∫
⟨G−1

0 ∇σψ,∇σψ⟩|G0|1/2dσ.

Consequently, we have

q1(ψ) =
∫

⟨G−1
0 ∇σψ,∇σψ⟩|G0|1/2dσ + 1

2

∫
⟨Hσ, σ⟩|ψ|2|G0|1/2dσ. (4.67)

We introduce the change of variable
σ = G

−1/2
0 z.

Thus,
∇σ = G

1/2
0 ∇z and dσ = |G0|−1/2 dz.
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By replacing the previous equality in (4.67), and we use that G0 is self-adjoint, we get

q1(ψ) =
∫

⟨G−1
0 G

1/2
0 ∇zψ̄, G

1/2
0 ∇zψ̄⟩ dz + 1

2

∫
⟨HG−1/2

0 z,G
−1/2
0 z⟩|ψ̄|2 dz

=
∫

⟨∇zψ̄,∇zψ̄⟩ dz + 1
2

∫
⟨G−1/2

0 HG
−1/2
0 z, z⟩|ψ̄|2 dz,

with ψ̄(z) = ψ(σ).
We define a quadratic form on H1(RN−1) by

q2(ψ) =
∫

⟨∇zψ,∇zψ⟩ dz + 1
2

∫
⟨G−1/2

0 HG
−1/2
0 z, z⟩|ψ|2 dz.

The associated operator is unitarily equivalent to L , and defined by

L2 = −∆z + 1
2⟨G−1/2

0 HG
−1/2
0 z, z⟩.

We set S = G
−1/2
0 HG

−1/2
0 . As H is a positive definite matrix, then S is also a positive definite matrix.

Consequently, there exists an orthogonal matrix Q such that

Q−1SQ = B,

where B is a diagonal matrix formed by the positive eigenvalues of S. Notice that

B =


λ1 0 · · · 0

0 . . . . . . ...
... . . . . . . 0
0 · · · 0 λN−1

 ,

where λi are the eigenvalues of S.
Considering z = Qu, we get

q2(ψ) =
∫

|∇uψ|2 du+ 1
2

∫
⟨Q−1SQu, u⟩|ψ|2 du

=
∫

|∇uψ|2 du+ 1
2

∫
⟨Bu, u⟩|ψ|2 du := q3(ψ).

The operator associated with the quadratic form q3 is unitarily equivalent to L and defined by

L3 = −∆u + 1
2⟨Bu, u⟩ = −

N−1∑
i=1

∂2
ui + 1

2

N−1∑
i=1

λiu
2
i =

N−1∑
i=1

(
− ∂2

ui + 1
2λiu

2
i

)
=

N−1∑
i=1

Hi,

where, Hi is the harmonic oscillator
Hi = −∂2

ui + 1
2λiu

2
i .

The n-th eigenvalues of Hi are given by

(2n− 1)

√
λi
2 .
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Consequently, the n-th eigenvalues of L3 is the same of L1, it is the n-th element of the following set, by
grouping the elements in increasing orderβ1,n =

N−1∑
i=1

√
λi
2 (2ni − 1) , n ∈ NN−1

 . (4.68)

Since the matrices S and G−1
0 H are similar, then they have the same spectrum and therefore λi are the

eigenvalues of G−1
0 H .

4.7.2 Relation to the Weingarten map

We recall from Section 4.3.1, the coefficients of the first and second fundamental form, in the base
(∂1ϕ, . . . , ∂N−1ϕ), are given respectively by the formulas

∀i, j = 1, . . . , N − 1, Gij(s) = ∂iϕ(s) · ∂jϕ(s) and Kij = ∂iϕ · ∂jν(ϕ),

where ϕ is a parameterization of ∂Ω defined in Section 4.3.1, such that ϕ(0) = A0 and ν(A0) =
(−1, 0, . . . , 0). We get

Kij(s) = ∂iϕ(s) · ∂jν(ϕ)(s)
= ∂iϕ(s) · dsν(ϕ)(ej)
= ∂iϕ(s) · dϕ(s)ν[∂jϕ(s)]
= ∂iϕ(s) ·Wϕ(s)(∂jϕ(s)).

Let L(s) := (lij(ϕ(s)))1⩽i,j⩽N−1 the matrix of Wϕ(s) in the base (∂1ϕ(s), ..., ∂N−1ϕ(s)). Then

Wϕ(s)(∂jϕ(s)) =
N−1∑
i=1

lij(ϕ(s))∂iϕ(s).

Therefore, we can show that

Kij(s) = ∂iϕ(s) ·Wϕ(s)(∂jϕ(s))

= ∂iϕ(s) ·
N−1∑
k=1

lkj(ϕ(s))∂kϕ(s)

=
N−1∑
k=1

lkj(ϕ(s)Gik(s).

We deduce that
K(s) = G(s)L(s). (4.69)

On the other hand
Kij(s) = ∂iϕ(s) · ∂jν(ϕ)(s) = −∂i∂jϕ(s) · ν(ϕ)(s).

In s = 0, we get
Kij(0) = −∂i∂jϕ(s)|s=0 · ν(A0) = ∂i∂jϕ1(s)|s=0 = hij ,
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where H = Hess(0)ϕ1 = (hij)1⩽i,j⩽N−1.
Thanks to (4.69), we obtain

H = G(0)L(0) = G0L(0).

Consequently,
L(0) = G−1

0 H.

From the previous section, λi are the eigenvalues ofG−1
0 H and by the last equality, we deduce that λi are the

eigenvalues of the Weingarten mapWA0 of∂Ω atA0.
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Chapter 5

Edge states for the Robin magnetic Laplacian

This chapter tackles the spectral analysis of the Robin Laplacian on a smooth bounded two-
dimensional domain in the presence of a constant magnetic field. In the semi-classical limit, a
uniform description of the spectrum located between the Landau levels is obtained. The corre-
sponding eigenfunctions, called the edge states, are exponentially localized near the boundary. The
estimates look like Agmon’s estimates, but there are not obtained via variational means as it is the
case in many magnetic settings. Here, they follow from resolvent estimates using the distance to
the Landau levels. By means of a microlocal dimensional reduction, our unifying approach allows
on the one hand to derive a very precise Weyl law, and on the other hand to refine simultaneously
old results about the low-lying eigenvalues in the Robin case and recent ones about the edge states
in the Dirichlet case. This is also the opportunity to revisit the Neumann case, by establishing
more uniform asymptotic expansions, with slightly more general boundary conditions.

Abstract

Ce chapitre aborde l’analyse spectrale du Laplacien de Robin sur un domaine bidimensionnel
régulier et borné en présence d’un champ magnétique constant. Dans la limite semi-classique,
une description uniforme du spectre situé entre les niveaux de Landau est obtenue. Les fonctions
propres correspondantes, appelées états de bord, sont exponentiellement localisées près de la
frontière. Les estimations ressemblent à celles d’Agmon, mais elles ne sont pas obtenues par des
moyens variationnels comme c’est le cas dans de nombreux contextes magnétiques. Ici, elles
découlent par des estimations du résolvant utilisant la distance aux niveaux de Landau. Au moyen
d’une réduction dimensionnelle microlocale, notre approche unificatrice permet d’une part de
dériver une loi de Weyl très précise, et d’autre part d’affiner simultanément des résultats anciens
sur les valeurs propres de basse basses dans le cas de Robin et des résultats récents sur les états de
bord dans le cas de Dirichlet. C’est aussi l’occasion de revisiter le cas de Neumann, en établissant
des développements asymptotiques plus uniformes, avec des conditions aux bord plus générales.

Résumé

151



Chapter 5 – Edge states for the Robin magnetic Laplacian

” Un jour, à force de fouiller l’atome,
un savant expliquera peut-être
la joie et la paix de l’esprit
par des formules mathématiques.”

Bernard Moitessier
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5.1. Motivations and results

5.1 Motivations and results

5.1.1 About the magnetic Robin Laplacian
We want to describe the spectrum of the semiclassical magnetic Laplacian

Lh = (−ih∇ − A)2,

on a smooth, bounded, and simply connected open Euclidean domain Ω ⊂ R2, with boundary conditions of
Robin type. The vector potential A : Ω → R2 is supposed to be smooth and generating a constant magnetic
field of intensity 1:

∂1A2 − ∂2A1 = 1.

The magnetic Robin boundary conditions are enforced by defining the operator Lh = Lh,γ to be the
selfadjoint operator associated with the quadratic form defined for all ψ ∈ H1(Ω) by:

Qh,A(ψ) =
∫

Ω
|(−ih∇ − A)ψ|2dx+ γh

3
2

∫
∂Ω

|ψ|2ds, (5.1)

where γ ∈ R ∪ {+∞}, and ds is the length measure of the boundary induced by the Euclidean metric. By
convention, γ = +∞ corresponds to the Dirichlet boundary condition ψ ∈ H1

0 (Ω). In the whole chapter,
our estimates will be uniform when γ ∈ [−γ0,+∞] for an arbitrary fixed γ0 > 0. When γ ∈ R, the domain
of Lh is given by

Dom(Lh) = {ψ ∈ H1(Ω) : (−ih∇ − A)2ψ ∈ L2(Ω) ,−ihn · (−ih∇ − A)ψ = γh
3
2ψ on ∂Ω},

where n is the outward pointing normal to the boundary.

Remark 5.1.1. Note that a change of gauge can be used to ensure that A · n = 0. In this case, the magnetic
Robin condition becomes a usual Robin condition:

−n · ∇ψ = γh− 1
2ψ. (5.2)

We would like to establish accurate spectral asymptotics for the magnetic Robin Laplacian Lh in regimes
where the magnetic field plays a major role, competing with the Robin condition (this is the origin, as we
will see, of the factor h

3
2 in the Robin condition). Until now, very accurate results are available only for

the Neumann magnetic Laplacian (when γ = 0). In this case, the lowest eigenvalues have been analyzed in
detail in [FH06] and uniform estimates have been recently established in [BNHR22] where a purely magnetic
tunnelling effect formula has been proved. When γ ̸= 0, the only known results go back to the works by
Kachmar, see [Kac06b], where only the smallest eigenvalue has been estimated. In all these situations (except
when γ = +∞, where the first eigenvalue is asymptotic to h times the magnetic intensity — here, 1), one
can show that the first eigenvalue becomes smaller than h as soon as h is small enough. This energy bound
is usually associated with a localization behavior near the boundary of the eigenfunctions, which can be
quantified by semiclassical Agmon estimates.

By a simple rescaling, the semiclassical limit h → 0 translates into a quantum regime where the
intensity of the magnetic field tends to infinity. In the physics literature of thin conductors or electron gases
(approximated by 2D domains) subject to a strong external magnetic field, it is well known that the presence
of a boundary (or, more generally, of an abruptly changing magnetic field along a curve) generates a current
along the boundary due to the presence of “bouncing modes” classically localized at a distance

√
E/B

to the boundary (E is the kinetic energy and B is the magnetic intensity: in this work B = 1), see for
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Chapter 5 – Edge states for the Robin magnetic Laplacian

instance [Hal82]. These so-called “edge states” or “boundary states” exist as soon as the Fermi level of the
conductor lies strictly in between two consecutive Landau levels, and produce ballistic dynamics along the
boundary. If the boundary ∂Ω is compact, this dynamics is quantized and produces new discrete energy
levels. These are precisely the eigenvalues that we wish to describe in this chapter.

Heuristically, the localization near ∂Ω is often explained by the classical bouncing modes alluded to above,
but it is also easy to understand from a quantum perspective. Indeed, if we forget the boundary condition,
Lh acts as the magnetic Laplacian with constant magnetic field, on the Euclidean plane, L R2

h . The spectrum
of this so-called “bulk” operator is well-known and made of the famous Landau levels {(2n− 1)h , n ⩾ 1},
which are infinitely degenerate eigenvalues. This suggests that, if one considers potential eigenvalues of Lh

in a window of the form Ih = [ha, hb] with 2n − 1 < a < b < 2n + 1 for some integer n ⩾ 0 (for n = 0,
we take a = −∞), they cannot correspond to any bulk state, and hence the corresponding eigenfunctions
should be localized near the boundary. This phenomenon has interesting physical applications; a famous one
is the quantum Hall effect, when the domain is not simply connected, which expresses the collective effects
of several boundaries on the total net current. Another application is the confinement of particles in small
domains, or “quantum dots” (sometimes called “anti-dots” because one takes B = 0 inside the domain, and
B = 1 outside), see [RPM99, LSIC04].

On the mathematics side, the existence of edge currents in a half-plane with Dirichlet boundary condition
was shown in [DBP99]. In a compact setting, the eigenfunction localization at the boundary has been
observed (again in the Dirichlet case γ = +∞, which is usually chosen in physics) in [GV21], leading to a
description of the spectrum in a thin spectral window, see [GV21, Corollary 2.7]. However the exponential
decay was not established. In fact, as we will see, this decay does not really follow from the usual Agmon
estimates.

In this work we treat the general case γ ∈ R∪{+∞}. This corresponds, physically to a domain Ω coated
with a very thin layer of a different material (see for instance [BL96]). Since Ω is bounded, the spectrum in
Ih is always discrete and a first rough estimate shows that the number of eigenvalues lying in Ih, denoted by
N(Lh, Ih), satisfies

N(Lh, Ih) ⩽ Ch−2, (5.3)

for some C > 0 and all h > 0 small enough (see Appendix 5.6.1 where we recall the origin of this estimate).
Our goal is to obtain a very precise description, in the semiclassical regime, of the spectral elements

corresponding to the interval Ih, much more accurate than (5.3). This includes the localization behavior near
the boundary of the domain Ω of the corresponding eigenfunctions. For instance, when γ ∈ R, a consequence
of our main result Theorem 5.1.7 is the appearance of a quite interesting phenomenon: for a given (low)
energy, one can have boundary quasimodes corresponding to classical currents flowing in opposite directions,
leading to magnetic oscillations of eigenvalues.

This work is also an opportunity to revisit the Neumann case analyzed in [HM01, FH06] (see also
[BNHR22]) by establishing more uniform asymptotic expansions, with slightly more general boundary
conditions.

5.1.2 De Gennes operator with Robin condition
Our results will be expressed in terms of the eigenvalues of the de Gennes operator with Robin boundary

condition. This operator, which appears naturally in the study of boundary induced magnetic effects [SJdG63,
FH10b], is a differential operator of order two depending on the real parameters γ and σ and acting as

H[γ, σ] = − d2

dt2 + (t− σ)2,
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on the domain

Dom(H[γ, σ]) =
{
u ∈ B1 (R+) :

(
− d2

dt2 + (t− σ)2
)
u ∈ L2(R+), u′(0) = γ u(0)

}
,

where
B1 (R+) = {u ∈ H1 (R+) : [t 7→ tu(t)] ∈ L2 (R+)}.

It is well-known that H[γ, σ] is a self-adjoint elliptic operator with compact resolvent.

Notation 5.1.1. Its spectrum can be written as a non-decreasing sequence of eigenvalues (µn(γ, σ))n⩾1

(which are all simple due to the Cauchy-Lipschitz theorem). We denote by u[γ,σ]
n the normalized sequence of

the corresponding eigenfunctions (with u[γ,σ]
n (0) > 0).

We let
Θ[n−1](γ) := inf

σ∈R
µn(γ, σ).

The index n − 1 is compatible with the notation used in the case of the de Gennes operator (case when
γ = 0), see [FH10b, Section 3.2]. The family (H[γ, σ])(γ,σ)∈R2 is analytic of type (B) (in the sense of Kato,
see [Kat76, Chapter VII, §4]), i.e., the form domain does not depend on the parameters and the sesquilinear
form is analytic as a function of γ or σ.

The following proposition gathers the main properties of the functions µn(γ, ·) (which are usually called
dispersion curves) that will be used in this chapter. Most of them have been established in [Kac06b] (see also
[Kac08], and [DBP99] in the Dirichlet case).

Proposition 5.1.2. Let us fix n ⩾ 1. When γ ∈ R, the function µn(γ, ·) is analytic and

lim
σ→−∞

µn(γ, σ) = +∞, lim
σ→+∞

µn(γ, σ) = 2n− 1. (5.4)

Moreover, µn(γ, ·) has a unique minimum attained at σ = ξn−1(γ), but not attained at infinity. This minimum
is non-degenerate. The function µn(γ, ·) is decreasing on (−∞, ξn−1(γ)) and increasing on (ξn−1(γ),+∞).
In addition, we have, for all n ⩾ 2,

2n− 3 < Θ[n−1](γ) < 2n− 1. (5.5)

When γ = +∞, that is when the Robin condition is replaced by the Dirichlet condition, µn(+∞, ·) is still
smooth, but now decreasing from +∞ to 2n− 1.

Figure 5.1 – σ 7→ µk(−1, σ), for k = 1, ..., 5. Figure 5.2 – σ 7→ µk(+∞, σ), for k = 1, ..., 5.
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The proof of this proposition, is established in Section 2.4 of Chapter 2. This proposition has the following
elementary but important consequences for our analysis, which are illustrated in Figure 5.3.

Corollary 5.1.3. Let γ ∈ R ∪ {+∞} be fixed. Let Θ be the set of all critical values of the functions µn: we
have

Θ = {Θ[n−1](γ), n ⩾ 1}.

Let Λ be the set of limit points of the functions µn at infinity:

Λ := {2n− 1, n ⩾ 1}.

Let [a, b] ⊂ R be an interval disjoint from Λ. Let either n = 1 if a < 1 or n ⩾ 2 be such that [a, b] ⊂
(2n − 3, 2n − 1). (In the case n = 1 we allow a = −∞.) It follows from (5.4) that for any integer k ⩾ 1,
µ−1
k ([a, b]) is compact.

Let p(k) be the number of connected components of µ−1
k ([a, b]): we have

p(k) = 1 if 1 ⩽ k < n

p(n) = 0 if γ = +∞
p(n) = 1 if γ ∈ R and Θ[n−1] ∈ [a, b]
p(n) = 2 if γ ∈ R and Θ[n−1] < a

p(n) = 0 if γ ∈ R and b < Θ[n−1]

p(k) = 0 if k > n .

Therefore, when γ ∈ R,

N(γ, a, b) := #{k ⩾ 1 : µk(γ, ·)−1([a, b]) ̸= ∅} =
{
n if b ⩾ Θ[n−1](γ)
n− 1 otherwise

,

and if γ = +∞ (Dirichlet case) then µ1(+∞, ·) does not take any value in (−∞, 1), andN(γ, a, b) = n−1.

Notation 5.1.4. From now on, we denote by N(γ, a, b) = N this cardinal.

Assumption 2. In the following, a and b are allowed to depend on h, as soon as they stay in an h-independent
compact interval inside (2n− 3, 2n− 1).

With this picture in mind, for each k ⩾ 1, we may construct a smooth function ◦
µk, bounded with all its

derivatives, which coincide with µk in a neighborhood of µ−1
k ([a, b]).

Notation 5.1.5. Indeed, let Ξ0 : R → R be a smooth, bounded with all its derivatives, and increasing function
such that for all k ∈ {1, . . . , N}, µk(γ,Ξ0(σ)) = µk(γ, σ) in a neighborhood of µ−1

k ([a, b]) and µk ◦ Ξ0
takes its values in (−∞, a) ∪ (b,+∞) away from it. We consider

◦
µk := µk(γ,Ξ0(·)), (5.6)

where we omit the reference to the parameter γ to lighten the notation. In the following, we will more
generally denote by ◦

φ, the function φ after composition with Ξ0.
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Figure 5.3 – This figure shows the dispersion curves µk(γ, ·), for γ = −1. We visualise the preimage of a
given interval [a, b] ⊂ (2n− 3, 2n− 1) with n = 3. The curves are obtained by a standard finite difference
numerical scheme.

5.1.3 Results
Let us now describe the main results of our article, which will be expressed in terms of pseudo-differential

operators in one dimension.

5.1.3.1 A pseudo-differential framework

The bounded functions ◦
µk will be convenient to state our main theorem, which involves h

1
2 -pseudo-

differential operators with symbols in the usual class SR2(1) given by

SR2(1) = {a ∈ C ∞(R2
s,σ) : ∀α ∈ N2 , ∃Cα > 0 : |∂αa| ⩽ Cα}.

As we said before, the eigenfunctions of Lh will be localized near the boundary of Ω, which is a closed
smooth curve with length 2L. Our main result describes their distribution with the help of an h

1
2 -pseudo-

differential operator on the boundary (see for instance [FHKR22, Section 4.1] where similar considerations
have been done in the context of discontinuous magnetic fields). Let us denote ℏ = h

1
2 . We recall that the
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Weyl quantization of a symbol p is given by the formula:

(OpW
ℏ p)ψ(x) = 1

2πℏ

∫
R2
ei(x−y)η/ℏp

(
x+ y

2 , η

)
ψ(y)dydη, ∀ψ ∈ S (R), (5.7)

and that this formula defines a bounded operator form L2(R) to L2(R) if p ∈ SR2(1), by the Calderón-
Vaillancourt theorem. To shorten the notation, we will sometimes write pW instead of OpW

ℏ p.
Let T2L = R/2LZ, and L2(T2L) be the subset of L2

loc(R) of 2L-periodic functions, equipped with the
usual L2 norm on [0, 2L]. When p ∈ ST2L×R(1), i.e. p ∈ SR2(1) and is 2L-periodic in its first variable s,
then for any θ ∈ R, the operator given in (5.7) induces a bounded operator from eiθ·L2(T2L) to eiθ·L2(T2L)
— we denote by eiθ· the function x 7→ eiθx.

Remark 5.1.2. The space eiθ·L2(T2L) only depends on the class of θ modulo π
L ; it is equal to the subspace

of functions inL2
loc(R) equipped with the Floquet boundary condition ψ(x+2L) = ei2Lθψ(x). The operator

OpW
ℏ p acting on eiθ·L2(T2L) is unitarily equivalent to OpW

ℏ p(x, η + ℏθ) acting on L2(T2L).

5.1.3.2 Main theorem

Since our main result describes the spectrum of Lh “modulo O(h∞)”, we need to make this notion
precise.

Definition 5.1.6. we will say that the spectra of two self-adjoint operators T1 and T2 depending on h coincide
in Ih modulo O(hα), α ∈ R ⊔ {+∞}, when there exists C, h0 > 0 such that, for all h ∈ (0, h0),

— T1 and T2 have discrete spectrum in Ih + [−Chα, Chα],

— for all interval Jh ⊂ Ih we can find an interval Kh such that Jh ⊂ Kh with dH(Kh, Jh) ⩽ Chα and

rank1Jh(T1) ⩽ rank1Kh(T2), rank1Jh(T2) ⩽ rank1Kh(T1),

where dH denotes the Hausdorff distance:

dH(A,B) = sup
(a,b)∈A×B

max(d(a,B), d(b, A)).

This definition translates to discrete subsets of R as follows: for each discrete subset S ⊂ R, we associate the
sum of Dirac masses δS :=

∑
s∈S δs, and consider the corresponding self-adjoint operator whose spectral

measure is δS . Then we say that two discrete subsets A1 and A2 coincide modulo O(hα) when the spectra of
the corresponding operators coincide modulo O(hα) in the above sense. In order to deal with multiplicities,
we will, by convention, associate with the disjoint union S ⊔ S′ the operator corresponding to the spectral
measure δS + δS′ .

Remark 5.1.3. — The relation “the spectra of T1 and T2 coincide in Ih modulo O(hα)” is an equivalence
relation. It is obviously symmetric and reflexive (taking Kh = Jh). The transitivity follows from the
triangle inequality for dH .

— If the spectra of T1 and T2 coincide in Ih modulo O(hα), then, for all Ĩh ⊂ Ih, the spectra of T1 and T2
coincide in Ĩh modulo O(hα).

— If the spectra of T1 and T2 coincide in Ih modulo O(hα), we have

dH(Sp(T1) ∩ Ih, Sp(T2) ∩ Ih) = O(hα).
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— If the endpoints of the interval Iℏ stay away from an hβ-neighborhood of the spectrum, with β < α,
then for h small enough T1 and T2 have exactly the same number of eigenvalues inside Ih, counted with
multiplicities.

— The notion described in Definition 5.1.6 already appears under various forms in the literature (see, for
instance, the view point in [HS84, Section 1] and [Hel88, §4]).

We can now state our main result, where we use, among others, the eigenvalues µk(γ, σ) and eigen-
functions u[γ,σ]

k of the de Gennes operator (Section 5.1.2), the integer N defined in Notation 5.1.4, and the
notation introduced in (5.6).

Theorem 5.1.7. Under Assumption 2, the spectrum of Lh in [ha, hb] coincides with that of hMh modulo
O(h2), where

Mh :=


mW

1 0 · · · 0

0 mW
2

...
... . . . 0
0 · · · 0 mW

N


is a bounded operator acting diagonally on eiα(h)·L2(T2L)N . Here

α(h) = |Ω|
|∂Ω|h

,

and each mW
k is an h

1
2 -pseudodifferential operator with symbol in ST2L×R(1). Let us denote by (s, σ) the

(canonical) variables in T2L × R. Then we have:
— the principal symbol of mW

k is ◦
µk(σ);

— its subprincipal symbol is −κ(s)
◦
Ck(σ) with

Ck(σ) =
〈 (

(τ − σ)τ2 − ∂τ − 2τ(σ − τ)2
)
u

[γ,σ]
k (τ), u[γ,σ]

k (τ)
〉
L2(R+), (5.8)

and κ(s) is the curvature of the boundary at the point of curvilinear abscissa s.

Remark 5.1.4. Note that N will be constant as soon as a, b are chosen carefully enough in Assumption 2.
Nevertheless, it is not necessary in our result.

Remark 5.1.5. We can check that, for all j ⩾ 1,Cj(ξj−1(γ)) has the same sign as γ[j−1]
0 −γ, see Proposition

5.6.2 where the threshold γ[j−1]
0 is discussed. Proposition 5.6.2 also corrects a mistake in [Kac06b, Lemma

II.3 & (2.24)], where it is stated that C1(ξ0(γ)) is always positive.

It is important to notice that Theorem 5.1.7 is actually a diagonalization result since it reduces the spectral
analysis of Lh to that of a family of pseudo-differential operators in one dimension: the spectrum ofMh is the
superposition (counting multiplicities) of the spectra of themW

k , k = 1, . . . , N . As it turns out, the spectrum
of each of these pseudo-differential operators can be completely described using (refinements of) old and
new results in the literature. Indeed, notice that the principal symbols ◦

µk have a special feature: they depend
only on the frequency variable σ, and, as functions of σ, they have at most a unique critical point, which
is a nondegenerate minimum (Proposition 5.1.2). Hence, from a microlocal viewpoint, only two situations
must be considered. Let E ∈ [a, b], either E is a regular value of ◦

µk (or µk(γ, ·), equivalently), and then
the well-known Bohr-Sommerfeld rules apply, or E is a critical value of ◦

µk, in which case the Hamiltonian
(s, σ) 7→ ◦

µk(σ) admits a transversally non-degenerate minimum on a circle, and the recent study [DV21] of
folded quantum action variables applies.
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5.1.3.3 Eigenvalues in a regular spectral window

Our first application concerns the case where the interval [a, b] consists of regular values of all µk. We
will use the following well-known spectral result, an extension to all orders of the Bohr-Sommerfeld rules
(see, for instance, [Roz75, HR82, HR84, Dui74]), which we prove in Section 5.5.2.1.

Proposition 5.1.8. Consider an ℏ-pseudo-differential operator Pℏ ∈ OpW
ℏ (SR2(1)) with symbol 2L-periodic

with respect to s and with principal symbol (s, σ) 7→ µ(σ) and subprincipal symbol (s, σ) 7→ −κ(s)C(σ).
We consider its realization on eisα(ℏ2)L2(T2L). Let E be a regular value of µ for which µ−1(E) is a finite
set of points σE1 , . . . , σEp .

Then, there exists ε > 0 such that [E − ε, E + ε] is a set of regular values of µ, and µ−1([E − ε, E + ε])
is the disjoint union Σ1 ⊔ · · · ⊔ Σp where each Σq ⊂ R is a compact interval containing σEq in its interior.
Let ε > 0 be any value satisfying the above conditions. For each q = 1, . . . , p, let Σ̃q be an open interval
containing Σq such that the Σ̃q’s are pairwise disjoint. Then the following holds.

For each q = 1, . . . , p, there exists a smooth map Σ̃q ∋ σ 7→ fq(σ, ℏ) ∈ R with an asymptotic expansion

fq(σ, ℏ) ∼ fq,0(σ) + ℏfq,1(σ) + ℏ2fq,2(σ) + · · ·

depending only on the symbol of Pℏ in the cylinder T2L×Σq, such that the spectrum of Pℏ inside [E−ε, E+ε]
coincides, modulo O(ℏ∞), with the disjoint union p⊔

q=1

{
fq(σ, ℏ), σ ∈ ℏ( πLZ + α(ℏ2)) ∩ Σ̃q

} ∩ [E − ε, E + ε],

see Definition 5.1.6. Moreover, we have

fq,0(σ) = µ(σ)|Σq (5.9)

fq,1(σ) =
−C(σ)|Σq

2L

∫ 2L

0
κ(s)ds. (5.10)

Combining Proposition 5.1.8 and Theorem 5.1.7, we get the following result, where we use the notation
of Corollary 5.1.3 and Theorem 5.1.7.

Corollary 5.1.9 (Spectrum at Regular Values). Let [a, b] be an interval disjoint from Θ and Λ. For each
k = 1, . . . , N , for each q = 1, . . . , p(k), let Σk,q ⊂ R be an interval such that µk(γ, ·) is a diffeomorphism
from Σk,q to a neighborhood of [a, b] (i.e. µk must be monotone on Σk,q), in such a way that all Σk,q are
pairwise disjoint and

⋃p(k)
q=1 Σk,q contains µk(γ, ·)−1([a, b]). Then there exists a smooth map Σk,q ∋ σ 7→

fk,q(σ, ℏ) ∈ R with an asymptotic expansion

fk,q(σ, ℏ) ∼ fk,q,0(σ) + ℏfk,q,1(σ) + ℏ2fk,q,2(σ) + · · ·

such that the spectrum of Lh in [ha, hb] coincides, modulo O(h2), with the disjoint union N⊔
k=1

p(k)⊔
q=1

{
hfk,q(σ, h

1
2 ), σ ∈ h

1
2 ( πLZ + α(h)) ∩ Σk,q

} ∩ [ha, hb].
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Moreover, we have, when σ ∈ Σk,q,

fk,q,0(σ) = µk(γ, σ) (5.11)
fk,q,1(σ) = −⟨κ⟩Ck(σ) (5.12)

where ⟨κ⟩ is the average curvature:

⟨κ⟩ = 1
2L

∫ 2L

0
κ(s)ds.

Since the leading terms (5.11) and (5.12) do not depend on q (apart from the domain of definition Σk,q)
we obtain that the spectrum of Lh in [ha, hb] coincides, modulo O(h2), with the disjoint union

N⊔
k=1

{
hµk(γ, σ) − h

3
2 ⟨κ⟩

◦
Ck(σ), σ ∈ h

1
2 ( πLZ + α(h))

}
∩ [ha, hb].

Remark 5.1.6. Corollary 5.1.9 gives a very accurate description of the spectrum of Lh by providing us with
explicit approximations of the eigenvalues in [ha, hb] modulo O(h2). When γ = +∞ (i.e. in the Dirichlet
case), it also improves the description given in [GV21, Corollary 2.7] concerned with a thin spectral window
containing a regular value. Moreover, although our results are formulated in terms of approximation of the
eigenvalues, the strategy, based on microlocal projections, leading to Theorem 5.1.7 can also be used to
describe the eigenspaces of Lh in terms of those of Mh.

As a first application of this corollary, we obtain a very accurate formula for the number of eigenvalues
of Lh in [ha, hb], which is much less than the crude estimate (5.3):

Theorem 5.1.10 (Precise Weyl formula). Let Ih = [ha, hb] where [a, b] is an interval disjoint from Θ and Λ.
Then the number of eigenvalues of Lh in Ih is

N(Lh, Ih) =

 L

πh1/2

∑
k,q

δ
[0]
k,q + L⟨κ⟩

π

∑
k,q

δ
[1]
k,q + O(h1/2)

 ,
where we use the notation

∑
k,q :=

∑N
k=1

∑p(k)
q=1 , and

δ
[0]
k,q := |αk,q − βk,q| , δ

[1]
k,q := Ck(βk,q)∣∣µ′

k(βk,q)
∣∣ − Ck(αk,q)∣∣µ′

k(αk,q)
∣∣ ,

with αk,q := µ−1
k,q(a), βk,q := µ−1

k,q(b).

In this statement we have denoted µk,q := µk(γ, ·)|Σk,q . Notice that, since the remainder term O(h1/2)
tends to 0, we obtain that, when h is small enough,N(Lh, Ih) is equal to the integer part of L

πh1/2
∑
k,q δ

[0]
k,q +

L⟨κ⟩
π

∑
k,q δ

[1]
k,q, or this plus or minus 1.

5.1.3.4 Critical values

Our main theorem also applies to the case when the spectral window contains a critical value, i.e. an
element of Θ, see Corollary 5.1.3 (such a critical value is the unique non-degenerate global minimum of a
unique dispersion curve, see Proposition 5.1.2). To illustrate this, let us focus on the low-lying eigenvalues.
The following corollary improves [Kac06b, Theorem I.5, α = 1

2 ] by establishing the spectral asymptotics of
the lowest eigenvalues and by exhibiting spectral gaps of order h

7
4 instead of h

3
2 in the case of regular values
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for each given dispersion curve. It also extends to any Robin parameter the result obtained by Fournais and
Helffer in [FH10b] when γ = 0.

Once Theorem 5.1.7 is applied and reduces the analysis to a single ℏ-pseudo-differential operator, this
corollary becomes essentially an application of [DV21, Proposition 6.8], see details in Section 5.5.2.2.

Corollary 5.1.11. Consider γ ̸= γ
[0]
0 with γ

[0]
0 defined in Remark 5.1.5, and let ϵ = sign(γ[0]

0 − γ) =
sign(C1(ξ0(γ))). Assume that ϵκ admits a unique maximum at smax, which is non-degenerate. Then, for all
j ⩾ 1, uniformly when jh

1
4 = o(1),

λj(γ, h) = Θ[0](γ)h− κmaxC1(ξ0(γ))h
3
2 +

(2j − 1)

√
C1(ξ0(γ))k2µ′′

1(γ, ξ0(γ))
4

h 7
4 + o(h

7
4 ),

with k2 = −κ′′(smax) > 0, and where we recall that ξ0(γ) is given in Proposition 5.1.2.

Remark 5.1.7. Let us end the description of our results with a few comments about consequences and
extensions following from our approach.

(i) Corollary 5.1.11 describes the low-lying eigenvalues with some uniformity in j (which was not the case
in [FH06]), in an interval of the form (−∞,Θ[0](γ)h + Ch3/2]. On the other hand, Corollary 5.1.9
gives the spectrum in any interval of the form [ha, hb] with a > Θ0(γ) and b < 1. Hence we have
a spectral interval between these two regimes which we don’t describe here. But actually, by using
refined spectral results for 1D pseudodifferential operators, and in particular the strategy of [DV21] in
the case where κ is a Morse function, it should also be possible to close this gap. However, this would
require an analysis of the hyperbolic singularities arising from the minima of ϵκ, where we expect both
a concentration of the eigenfunctions and a higher density of eigenvalues.

(ii) When γ > γ
[0]
0 , Corollary 5.1.11 shows that the eigenfunctions (associated with the low-lying eigenval-

ues) are concentrated near the points of minimal curvature. This contrasts with the Neumann case when
the points of maximal curvature play the role of attractive wells. This phenomenon was not observed
before, see Remark 5.1.5.

(iii) The case γ = γ
[0]
0 is critical sinceC1(ξ0(γ)) = 0. However, our analysis can still be used by computing

additional subprincipal terms in our effective operator method. A similar phenomenon has recently
been observed in the study of the magnetic Dirac operator [BLTRS23, Section 8] and also in the analysis
of the magnetic Schrödinger operator with discontinuous magnetic fields [FHKR22]. In this case, we
have, for all j ⩾ 1,

λj(γ, h) = Θ[0](γ)h+ h2λj(Ah) + o(h2) ,

where
Ah = ∂2

σµ(γ, ξ0(γ))
2 (Ds + α(h) − h− 1

2 ξ0(γ))2 + Cγκ
2(s),

for some Cγ ∈ R. In this transition regime, the effective operator is not semiclassical.
(iv) When the curvature κ is constant, in the case γ ∈ R, we are in a degenerate situation rather similar

to the case when γ = γ
[0]
0 . Concerning the operators mW

k of Theorem 5.1.7, this case corresponds
to [DV21, Proposition 6.4]. We can prove an expansion in the form

λj(γ, h) = Θ[0](γ)h− κC1(ξ0(γ))h
3
2 + h2λj(Ah) + o(h2).

Here, the eigenvalues of Ah will generate magnetic oscillations, see [DV21, Theorem 2.2; k = 0].
When γ = 0 and j = 1, a similar estimate is described in [FH06, Theorem 5.3.1].
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5.1.4 Organization of the chapter
In Section 5.2, we prove that the eigenfunctions associated with eigenvalues of Lh in [ha, hb] are

exponentially localized near the boundary of Ω, see Proposition 5.2.1. Note that the strategy used to derive
this localization deviates from the usual variational method (see, for instance, [Hel88] or [Ray17, Prop. 4.7]),
which fails since we want to consider eigenvalues between two consecutive Landau levels. To overcome
this issue, our strategy, which eventually generalizes the variational method, is based on establishing the
bĳectivity of the magnetic Laplacian between exponentially weighted L2 spaces. In Section 5.3, by means
of tubular coordinates (s, t) near the boundary and a rescaling t = h

1
2 τ , we introduce a model operator Nℏ

depending on the effective semiclassical parameter ℏ = h
1
2 , acting on 2L-periodic functions and involving a

flux term f0, see (5.28) and (5.27). We also show that the eigenfunctions of Lh are roughly microlocalized in
a compact set of the phase space attached to the boundary, see Proposition 5.3.1. This allows to prove that the
spectrum of Lh (between the Landau levels) is located near that of Nℏ, see Proposition 5.3.2. However, one
will see that Proposition 5.3.2 is not directly useful to establish our main theorems. It is rather a pretext to
motivate the introduction of Nℏ and to describe the spectral estimates required to prove that spectra coincide
modulo O(h∞). Actually, one will compare directly the spectrum of Lh to that of an effective operator on
the boundary of Ω. For that purpose, in Section 5.4, we construct a Grushin problem in order to invert the
(pseudo)differential operator Nℏ (which acts as Nℏ with f0 replaced by 0). This method, inspired by the
works of Martinez and Sjöstrand (and adapted to magnetic operators by Keraval, see [Ker18]), has recently
shown its efficiency to describe the low-lying eigenvalues of various magnetic operators (see, for instance,
[BNHR22] and [FHKR22]). The novelty in the present paper is to use it to tackle the description of larger
eigenvalues for magnetic Schrödinger operators with boundaries, when several dispersion curves are involved
(see Figure 5.3), and not only the first one as in [BNHR22] or [FHKR22]. In order to use this method, we
write a semiclassical expansion of Nℏ, see Proposition 5.4.4. The principal operator symbol is the de Gennes
operator (with Robin condition), which can be inverted in the spectral window [a, b] up to considering an
augmented matrix involving the eigenfunctions of the de Gennes operator, see Lemma 5.4.5. This allows to
build an approximate inverse of an augmented version of Nℏ denoted by OpW

ℏ Pℏ, see (5.43) (and the left and
right quasi inverses (5.44) and (5.45)). Thanks to these quasi inverses, the bĳectivity of Lh − z is reduced
to that of a pseudodifferential operator on T2L whose matrix symbol is Mℏ, modulo some remainders, see
Proposition 5.4.6 where the eigenfunctions of Lh are directly used as quasimodes for MW

ℏ . In Section 5.5,
we perform the spectral analysis of MW

ℏ by using that the principal matrix symbol M0 is diagonal with
uniform gaps between the diagonal entries. We deduce Proposition 5.1.8 and Corollary 5.1.11. In Appendix
5.6.1, we recall the origin of the estimate (5.3). Appendix 5.6.2 is devoted to the de Gennes operator with
Robin conditions: a couple of known results are recalled and useful new ones are established.

5.2 Exponential localization near the boundary and consequences

Let us consider a smooth function Φ0 : Ω → R+ that coincides with dist(x, ∂Ω) near ∂Ω. We assume,
as we may, that Φ0 is extended to a smooth function on R2 that also belongs to W∞,2(R2). The following
proposition states that the eigenfunctions associated with eigenvalues in Ih are localized near the boundary
of Ω. The estimates look like Agmon’s estimates, but there are not obtained via variational means as it is the
case in many magnetic settings. Here, they follow from resolvent estimates using the distance to the Landau
levels.

Proposition 5.2.1. There exist α > 0, C > 0, h0 > 0 such that for all h ∈ (0, h0) and all eigenfunctions ψ
associated with an eigenvalue in Ih, we have∫

Ω
e2αΦ0(x)/h

1
2 |ψ|2dx ⩽ C∥ψ∥2, (5.13)
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and ∫
Ω
e2αΦ0(x)/h

1
2 |(−ih∇ − A)ψ|2dx ⩽ Ch∥ψ∥2. (5.14)

5.2.1 Preliminaries

In the following, L R2
h denotes the operator (−ih∇ − A)2 acting on the Hilbert space L2(R2). By using

the gauge invariance, we assume in the whole section that A = 1
2(−x2, x1). Due to our choice of λ, we

deduce that L R2
h − λ is bĳective and that there exists C > 0 such that, for all h > 0,

∥(L R2
h − λ)−1∥ ⩽ Ch−1.

More precisely, we can take C = min(|2n − 3 − a|, |2n − 1 − b|)−1. We let Φ = αΦ0, with α > 0 to be
determined, and consider the conjugated operator

L Φ
h := eΦ/h1/2

L R2
h e−Φ/h1/2 = (−ih∇ − A + ih

1
2 ∇Φ)2 (5.15)

= L R2
h + 2ih

1
2 ∇Φ · (−ih∇ − A) − h |∇Φ|2 − ih

3
2 ∆Φ. (5.16)

The following lemma tells us that the invertibility is preserved for L Φ
h − λ if α is small enough.

Lemma 5.2.2. There exists C > 0 such that for all h > 0 and all α > 0,

h
1
2 ∥∇Φ · (−ih∇ − A)(L R2

h − λ)−1∥ ⩽ Cα. (5.17)

In particular, L Φ
h − λ is bĳective as soon as α is chosen small enough. With such a choice of α, there exists

C > 0 such that, for all h > 0, ∥∥∥∥(L Φ
h − λ

)−1
∥∥∥∥ ⩽ C

h
. (5.18)

Proof. Consider v ∈ L2(R2) and let u = (L R2
h − λ)−1v. We have

(L R2
h − λ)u = v,

so that, by taking the scalar product with u and using that λ ⩽ Ch,

∥(−ih∇ − A)u∥2 ⩽ Ch∥u∥2 + ∥u∥∥v∥.

Therefore, since ∇Φ0 ∈ L∞, there is a new constant C ′ > 0 such that

h
1
2 ∥∇Φ · (−ih∇ − A)u∥ ⩽ C ′αh∥u∥ + C ′h

1
2α∥u∥

1
2 ∥v∥

1
2 .

Since ∥u∥ =
∥∥∥(L R2

h − λ)−1v
∥∥∥ ⩽ Ch−1∥v∥, we see that

h
1
2 ∥∇Φ · (−ih∇ − A)(L R2

h − λ)−1v∥ ⩽ C̃α∥v∥,

which gives (5.17).
Let us now deal with the bĳectivity. We have

L Φ
h − λ = L R2

h − λ+B,

164



5.2. Exponential localization near the boundary and consequences

with
B := 2ih

1
2 ∇Φ · (−ih∇ − A) − h |∇Φ|2 − ih

3
2 ∆Φ.

Since ∇Φ0 and ∆Φ0 are bounded, we deduce from (5.17) that

∥B(L R2
h − λ)−1∥ ⩽ Cα+ C1α+ h1/2C2α

2 ⩽ C̃α,

when α is small enough. On the other hand,

L Φ
h − λ =

(
Id +B(L R2

h − λ)−1
)

(L R2
h − λ).

For α small enough, we deduce that Id +B(L R2
h − λ)−1 is invertible, and thus so is L Φ

h − λ.

In order to prove Proposition 5.2.1, we need to localize on an h1/2-neighborhood of ∂Ω. For this purpose,
we introduce two functions χh ∈ C ∞

0 (Ω) and χ̃h ∈ C ∞(Ω) as follows.

χh :
{

Ω −→ [0, 1]
x 7−→ g(Φ0(x)/h

1
2 )

and χ̃h :
{

Ω −→ [0, 1]
x 7−→ 1 − g(Φ0(x)/2h

1
2 )

where g is a smooth non-decreasing function on R, valued in [0, 1], equal to 0 on (−∞, 1) and to 1 on
(2,+∞). In particular,

supp(χh) ∩ Ω ⊂ {x ∈ Ω , h− 1
2 Φ0(x) ⩾ 1}, (5.19)

and

supp(∇χh) ∩ Ω ⊂ {x ∈ Ω : h− 1
2 Φ0(x) ∈ [1, 2]} ⊂ {x ∈ Ω : χ̃h(x) = 1}. (5.20)

Note that the following properties hold:

— χh = 1 away from an h1/2-neighborhood ∂Ω,

— ∇χh is supported in an h1/2-neighborhood of ∂Ω,

— 1supp∇χh ⩽ χ̃h,

— χ̃h = 0 away from an h1/2-neighborhood of ∂Ω.

5.2.2 Proof of Proposition 5.2.1

Let us consider λ ∈ [ha, hb] ∩ Sp(Lh) and an associated eigenfunction ψ ∈ Dom(Lh). We have(
(−ih∇ − A)2 − λ

)
ψ = 0.

Let φ = eΦ/h1/2
ψ. Using (5.16) in Ω, the equation becomes(

L Φ
h − λ

)
φ = 0. (5.21)
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Then, we have(
L Φ
h − λ

)
(χhφ) = [L Φ

h , χh]φ

= eΦ/h1/2 [Lh, χh]e−Φ/h1/2
φ

= eΦ/h1/2 (−h2∆χh − 2ih∇χh · (−ih∇ − A)
)
e−Φ/h1/2

φ

=
(
−h2∆χh − 2ih∇χh · (−ih∇ − A + ih

1
2 ∇Φ)

)
φ. (5.22)

We have ∥h2(∆χh)φ∥ ⩽ Ch∥χ̃hφ∥. (Here and in the rest of the paper, C denotes a constant that is
independent on h but that can vary from line to line.) Let us explain how to deal with the last term. We have

h∥∇χh · (−ih∇ − A + ih
1
2 ∇Φ)φ∥ ⩽ h∥∇χh · (−ih∇ − A)φ∥ + Ch∥χ̃hφ∥.

Let us temporarily admit that, for α small enough,

h∥∇χh · (−ih∇ − A)φ∥ ⩽ Ch∥χ̃hφ∥. (5.23)

We then immediately deduce from (5.22) that

∥
(
L Φ
h − λ

)
(χhφ)∥ ⩽ C̃h∥χ̃hφ∥. (5.24)

Since χhφ ∈ Dom(L R2
h ) we obtain from (5.18) that

∥χhφ∥ ⩽ C∥χ̃hφ∥,

which implies that
∥φ∥ ⩽ C̃(∥χ̃hφ∥ + ∥(1 − χh)φ∥),

showing that φ is localized near ∂Ω. More precisely, recalling that φ = eΦ/h
1
2 ψ, using that Φ0(x) =

dist(x, ∂Ω) near the boundary, and the fact that the supports of χ̃h and 1 − χh lie in neighborhood of the
boundary of size h

1
2 , we deduce (5.13).

Let us now deal with (5.14). We have the Agmon identity

Re ⟨Lhψ, e
2Φ/h1/2

ψ⟩ = Qh,A(eΦ/h1/2
ψ) − h∥eΦ/h1/2

ψ∇Φ∥2 ,

which follows from (5.16) where we see that Re L Φ
h = Lh−h |∇Φ|2 and we notice that Re ⟨Lhψ, e

2Φ/h1/2
ψ⟩ =

⟨(Re L Φ
h )eΦ/h1/2

ψ, eΦ/h1/2
ψ⟩. Recall also that, when u ∈ Dom(Lh), then ⟨Lhu, u⟩ = Qh,A(u), see (5.1).

Then, by using that ψ is an eigenfunction, we get∫
Ω

∣∣∣(−ih∇ − A)
(
eΦ/h1/2

ψ
)∣∣∣2 dx+ γh

3
2

∫
∂Ω

|eΦ/h1/2
ψ|2ds− h∥eΦ/h1/2

ψ∇Φ∥2 = λ∥eΦ/h1/2
ψ∥2.

With (5.13), we find∫
Ω

∣∣∣(−ih∇ − A)
(
eΦ/h1/2

ψ
)∣∣∣2 dx+ γh

3
2

∫
∂Ω

|eΦ/h1/2
ψ|2ds ⩽ Ch∥ψ∥2.
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From a classical trace theorem, there exists C > 0 such that for all ε > 0, we have∫
∂Ω

|φ|2ds ⩽ C
(
ε−1∥φ∥2 + ε∥∇|φ|∥2

)
.

With the diamagnetic inequality (Theorem A.1.3), we deduce that

h2
∫
∂Ω

|φ|2ds ⩽ C
(
h2ε−1∥φ∥2 + ε∥(−ih∇ − A)φ∥2

)
,

and then
h

3
2

∫
∂Ω

|φ|2ds ⩽ C
(
h

3
2 ε−1∥φ∥2 + εh− 1

2 ∥(−ih∇ − A)φ∥2
)
.

Taking ε = h
1
2

2|c|C implies that ∫
Ω

∣∣∣(−ih∇ − A)
(
eΦ/h1/2

ψ
)∣∣∣2 dx ⩽ C̃h∥ψ∥2.

Computing a commutator gives (5.14).

It remains to explain why (5.23) holds. From (5.16) we can write

L Φ
h = L1 + ih

1
2L2, (5.25)

with
L1 = (−ih∇ − A)2 − h|∇Φ|2 , L2 = 2∇Φ · (−ih∇ − A) − ih∆Φ.

From (5.25) and (5.21), we get
(L1 − λ+ ih

1
2L2)φ = 0.

For j = 1, 2, we have

Re⟨(L1 − λ)φ, (∂jχh)2φ⟩ − h
1
2 ℑ⟨L2φ, (∂jχh)2φ⟩ = 0.

Thanks to the classical localization formula (see, for instance, [Ray17, Prop. 4.2]), we have

Re⟨(L1 − λ)φ, (∂jχh)2φ⟩

= ∥(−ih∇ − A)[(∂jχh)φ]∥2 − h

∫
Ω

|∇Φ|2|(∂jχh)φ|2dx− λ∥∂jχhφ∥2 − h2∥∇(∂jχh)φ∥2.

Moreover,

|ℑ⟨L2φ, (∂jχh)2φ⟩|
= |ℑ⟨(∂jχh)L2φ, (∂jχh)φ⟩|
⩽ |ℑ⟨L2((∂jχh)φ), (∂jχh)φ⟩| + |⟨[L2, ∂jχh]φ, (∂jχh)φ⟩|
⩽ Ch∥(∂jχh)φ∥2 + Cα∥(−ih∇ − A)(∂jχh)φ∥∥∂jχhφ∥ + Ch∥∇(∂jχh)φ∥∥∂jχhφ∥.

Due to the properties of χh, we have

|ℑ⟨L2φ, (∂jχh)2φ⟩| ⩽ C∥χ̃hφ∥ + Ch− 1
2α∥(−ih∇ − A)(∂jχh)φ∥2 + Ch− 1

2α∥χ̃hφ∥2

+ Ch− 1
2 ∥χ̃hφ∥2.
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Therefore,
∥(−ih∇ − A)[(∂jχh)φ]∥2 ⩽ C∥χ̃hφ∥2 + Cα∥(−ih∇ − A)(∂jχh)φ∥2.

Taking α small enough, we get

∥(−ih∇ − A)[(∂jχh)φ]∥2 ⩽ C∥χ̃hφ∥2.

Computing a commutator, we get (5.23).

5.3 An operator on a semi-cylinder

5.3.1 A model operator

The exponential localization near the boundary at a scale of order h
1
2 given by Proposition 5.2.1 invites us

to use the classical tubular coordinates (s, t) near the boundary. We recall that these coordinates are defined
thanks to the application

Γ : R/2LZ × (0, t0) ∋ (s, t) 7→ Γ(s) − tn(s),

which is injective if t0 is small enough. Its Jacobian is a(s, t) = 1 − tκ(s), where κ is the curvature of the
boundary at the point Γ(s). Here Γ is a counterclockwise parametrization by the curvilinear abscissa. Thus,
Γ induces a smooth diffeomorphism between R/2LZ × (0, t0) and Ωt0 := Γ(R/2LZ × (0, t0)).

By using [FH10b, Appendix F], we can check that the magnetic Laplacian acts locally near the boundary
in these coordinates as

L̃h = a(s, t)−1
(

−ih∂s − t+ f0 + κ(s) t
2

2

)
a(s, t)−1

(
−ih∂s − t+ f0 + κ(s) t

2

2

)
− h2a(s, t)−1∂ta(s, t)∂t ,

in the ambient Hilbert space L2(adsdt). Here f0 = |Ω|
|∂Ω| . The boundary condition (5.2) becomes

∂tψ(s, 0) = γh− 1
2ψ(s, 0).

Of course the operator L̃h is only defined near t = 0. We would like to consider a global operator, whose
eigenfunctions satisfy Agmon type estimates with respect to t. This can be done by inserting cutoff functions
with respect to t. We let ť = tζ(h− 1

2 +ηt) with η ∈ (0, 1
2) and ζ a smooth cutoff function equal to 1 near 0.

Remark 5.3.1. We cannot directly reduce the problem to a problem near the boundary, as we have seen in
previous chapters. In fact, if we consider the problem in a tubular neighborhood with Dirichlet condition
on the outer and inner edge and since we have shown that the eigenfunctions are localized near the ∂Ω, this
also works on the edges of the tubular neighborhood, then we cannot localize the problem in this tubular
neighborhood. To do this, we introduce the cutoff function ζ.

Let us consider the differential operator acting as

L̃h = a(s, ť)−1
(

−ih∂s − t+ f0 + κ(s) ť
2

2

)
a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
− h2a(s, ť)−1∂ta(s, ť)∂t,

168



5.3. An operator on a semi-cylinder

on the domain

Dom(L̃h) =
{
u ∈ L2(T2L × R+) : −∂2

t u ∈ L2(T2L × R+),

(−ih∂s − t+ f0)2 u ∈ L2(T2L × R+), ∂tu(·, 0) = γh− 1
2u(·, 0)

}
.

The ambient Hilbert space is L2(a(s, ť)dsdt) = L2(dsdt), with 2L-periodic condition with respect to s.

5.3.2 The rescaled operator

The exponential localization at the scale h
1
2 near the boundary suggests to consider the partial rescaling

(s, t) = (s, ℏτ),

where ℏ = h
1
2 . We consider the new operator, acting in the ambient Hilbert space L2(âℏdsdt) = L2(dsdt),

L̂h = âℏ(s, τ)−1ps,ℏâℏ(s, τ)−1ps,ℏ − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ , (5.26)

with
ps,ℏ = −iℏ∂s − τ + θ + ℏκ(s) τ̂

2

2 , θ = ℏ−1f0, (5.27)

and where âℏ(s, τ) = 1 − ℏτ̂κ with τ̂ = ζ(ℏ2ητ)τ . In the following, we let µ = ℏ2η and ζµ(τ) = ζ(ℏ2ητ)τ .
This will be convenient when expanding the operator in powers of ℏ (µ will be considered a parameter).

The boundary condition becomes
∂τψ(s, 0) = γψ(s, 0).

The domain is given by

Dom(L̂h) =
{
u ∈ L2(T2L × R+) : −∂2

τu ∈ L2(T2L × R+),(
−iℏ∂s − τ + ℏ−1f0

)2
u ∈ L2(T2L × R+), ∂τu(·, 0) = γu(·, 0)

}
.

In fact, it will even be more convenient to deal with the following operator

Nℏ = âℏ(s, τ)−1pΞ0
s,ℏâℏ(s, τ)−1pΞ0

s,ℏ − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ , (5.28)

where
pΞ0
s,ℏ = Ξ0(· + θ)W − τ + ℏκ(s) τ̂

2

2 . (5.29)

Dom(Nℏ) =
{
u ∈ L2(T2L × R+) : −∂2

τu ∈ L2(T2L × R+),
τ2u ∈ L2(T2L × R+), ∂τu(·, 0) = γu(·, 0)

}
.

5.3.3 Microlocalization of the eigenfunctions of Lh

In fact, we can prove that the eigenfunctions of Lh associated with eigenvalues in [ha, hb] are roughly
microlocalized with respect to σ + ℏ−1f0, the (shifted) dual variable of s. In order to quantify this, we
consider the compact set

K =
⋃
j⩾1

{σ ∈ R : µj(σ) ∈ [a, b]} ⊂ [σmin, σmax] =: K̃. (5.30)
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Note that K is indeed compact due to the properties of the µj (tending to +∞ at −∞) and to the choice of
[a, b], which does not contain Landau levels (the limits of the µj in +∞).

The following result establishes a rather rough microlocalization result (with respect to σ) for the eigen-
functions: it tells us that the eigenfunctions are microlocalized in the compact set K̃. To quantify this, we
consider a smooth function Ξ with values in [0, 1] such that Ξ = 0 near K̃ and 1 away from K̃.

We let λ̂ = h−1λ.

Proposition 5.3.1. Let us consider the eigenvalue equation Lhψ = λψ for λ ∈ [ha, hb]. Then,

L̂hφ = λ̂φ+ O(h∞)∥ψ∥, (5.31)

with φ = χ̂ℏψ̂, where ψ̂ = ψ ◦ Γ(s, ℏτ) and χ̂ℏ(τ) = χ(ℏητ) for a smooth cutoff function χ equal to 0 away
from τ = 0.

Moreover,
OpW

ℏ (Ξ(σ + ℏ−1f0))φ = O(ℏ∞)∥ψ∥. (5.32)

Proof. The estimate (5.31) follows from the Agmon estimates (Proposition 5.2.1).
Then, let us only prove that (5.32) holds when Ξ is 0 near (−∞, σmax + ϵ

2) and 1 on (σmax + ϵ,+∞),
the estimate following from similar arguments on (−∞, σmin − ϵ).

In order to lighten the notation, we will use a slight abuse of notation by writing

ΞW := OpW
ℏ (Ξ(σ + ℏ−1f0)). (5.33)

Then, we write (
L̂h − λ̂

)
ΞWφ = [L̂h,ΞW]φ+ O(ℏ∞)∥ψ∥.

Let us consider the commutator. Thanks to the explicit expression (5.26), one of the terms is∥∥∥[â−1
ℏ Dτ âℏDτ ,ΞW

]
φ
∥∥∥ =

∥∥∥[â−1
ℏ Dτ âℏ,ΞW

]
Dτφ

∥∥∥
⩽ O (ℏ∞) ∥Dτφ∥ + ℏ

∥∥∥ΞWDτφ
∥∥∥ ,

where Ξ has a support slightly larger than the one of Ξ, and where we used classical results of composition
of pseudo-differential operators. The other term is∥∥∥[a−1

ℏ ps,ℏa
−1
ℏ ps,ℏ,ΞW

]
φ
∥∥∥

=
∥∥∥[a−1

ℏ (ℏDs − τ + ℏ−1f0 + ℏκ(s) τ̂2

2 )a−1
ℏ (ℏDs − τ + ℏ−1f0 + ℏκ(s) τ̂2

2 ),ΞW
]
φ
∥∥∥

⩽ O (ℏ∞) ∥ψ∥ + Cℏ
∥∥∥ΞWφ

∥∥∥ .
Thanks to the explicit expression (5.26) and the Agmon estimate, we get

∥[L̂h,ΞW]φ∥ ⩽ Cℏ∥ΞWφ∥ + Cℏ∥ΞW∂τφ∥ + O(ℏ∞)∥ψ∥, (5.34)

and we can write, by using the support of ζ(h− 1
2 +ηt),

L̂h = L̂0 + Rℏ , L̂0 = −∂2
τ + p2

s,ℏ,0 , ps,ℏ,0 = −iℏ∂s + ℏ−1f0 − τ, (5.35)

where the remainder Rℏ can be written as

Rℏ = ℏ1−2ηRℏ,2(s, τ)p2
s,ℏ,0 + ℏ1−4ηRℏ,1(s, τ)ps,ℏ,0 + ℏ2−8ηRℏ,3 + ℏRℏ,4∂τ ,
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5.3. An operator on a semi-cylinder

the Rℏ,j being smooth functions, uniformly bounded in ℏ.
Then, we consider an increasing function σ 7→ Ξ̃(σ) ∈ (σmax + ϵ

4 ,+∞) that coincides with Id on
(σmax + ϵ

2 ,+∞). We let

L̂ cut
0 = OpW

ℏ

(
−∂2

τ + (Ξ̃(σ + ℏ−1f0) − τ)2
)
,

where the superscript "cut" refers to the replacement of −iℏ∂s + ℏ−1f0 by Ξ̃W (with the same abuse of
notation as in (5.33)). We notice that L̂ cut

0 − λ̂ is bĳective (with an inverse uniformly bounded in ℏ) due to
the choice of Ξ̃ and the definition of σmax. Moreover, we have {Ξ ̸= 0} ⊂ {Ξ̃ = Id} so that, with (5.35),(

L̂ cut
0 − λ̂+ Rcut

ℏ

)
ΞWφ = [L̂h,ΞW]φ+ O(ℏ∞)∥ψ∥,

which can be written as(
Id + Rcut

ℏ (L̂ cut
0 − λ̂)−1

)
(L̂ cut

0 − λ̂)ΞWφ = [L̂h,ΞW]φ+ O(ℏ∞)∥ψ∥.

The operator Id + Rcut
ℏ (L̂ cut

0 − λ̂)−1 is bĳective as soon as ℏ is small enough.
With (5.34), this provides us first with

∥ΞWφ∥2 ⩽ Cℏ∥ΞWφ∥2 + Cℏ∥ΞW∂τφ∥2 + O(ℏ∞)∥ψ∥2,

and then

∥ΞW∂τφ∥2 + ∥ΞWφ∥2 ⩽ Cℏ∥ΞWφ∥2 + Cℏ∥ΞW∂τφ∥2 + O(ℏ∞)∥ψ∥2.

The estimate (5.32) follows by induction on the size of the support of Ξ.

5.3.4 First spectral estimates
The aim of the following proposition is to establish that the spectrum of Lh in Ih is close to that of hNℏ

and thus that Nℏ is a nice auxilliary operator to describe the spectrum of Lh. In fact, we will see that this
proposition is not necessary to prove our spectral estimates, but its proof is instructive.

Proposition 5.3.2. There exists h0 > 0 such that for all h ∈ (0, h0) the following holds. Let us consider an
interval Jh ⊂ Ih. Then, there exists an interval Ĵh such that Jh ⊂ Ĵh ⊂ Ih with dH(Jh, Ĵh) = O(h∞) and

rank1Jh(Lh) ⩽ rank1Ĵh(hNℏ). (5.36)

Moreover, for all λ ∈ Ih ∩ Sp(Lh),

dist(λ, hSp(Nℏ)) = O(h∞). (5.37)

Proof. Let us start by proving (5.37). Let us consider an eigenvalue λ ∈ Ih of Lh. We write the eigenvalue
equation Lhψ = λψ.

With Proposition 5.3.1, we can write (5.31). Then, with (5.32), we deduce that

hNℏφ = λφ+ O(ℏ∞)∥ψ∥ .

Thus, (5.37) follows from the spectral theorem.
Let us now consider (5.36), which deals with multiplicities. Let us write Sp(Lh) ∩ Jh = {λ1, . . . , λp}
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(where the λj are distinct) and underline that these eigenvalues depend on h as well as p. Consider the
associated eigenspaces (Ej)1⩽j⩽p and note that dim

⊕p
j=1Ej = O(h−2) thanks to the Weyl estimate (5.3).

With the same notation as above, we consider the spaces of quasimodes (χ̂ℏÊj)1⩽j⩽p. Thanks to Proposition
5.3.1 (and the rough Weyl estimate), dim(χ̂ℏÊj) = dimEj , as soon as h is small enough. Moreover, we
have

∥(⊕p
j=1hNℏ − λ)φ∥ ⩽ εh∥φ∥ , εh = O(h∞),

for all φ = (φ1, . . . , φp) ∈
⊕p

j=1 χ̂ℏÊj and where λ = (λ1, . . . , λp). We set Jh = [ah, bh] and Ĵh =
[ah − εh, bh + εh]. If rank1Ĵh(hNℏ) < rank1Jh(Lh), then the projection

Π :
p⊕
j=1

χ̂ℏÊj → ran1Ĵh(L̃h)

could not be injective. Indeed, If Π is injective, then

dim(
p⊕
j=1

χ̂ℏÊj) = dim(ran1Ĵh(hNℏ)) = rank1Ĵh(hNℏ).

On the other hand,

dim(
p⊕
j=1

χ̂ℏÊj) = dim(
p⊕
j=1

Ej) ⩾ rank1Jh(Lh),

which gives a contradiction. Since Π is not injective, then

dim(ran 1Ĵh(hNℏ)) < dim(
p⊕
j=1

χ̂ℏÊj).

Considering a non-zero φ ∈
⊕p

j=1 χ̂ℏÊj (in the kernel of Π), the spectral theorem (Proposition A.1.6) would
give

∥(⊕p
j=1hNℏ − λ)φ∥ > εh∥φ∥,

which is a contradiction when φ ̸= 0. Therefore, (5.36) follows.

5.4 A Grushin problem

5.4.1 Preliminaries
Let us prove that an operator given by (5.7) with a 2L periodic symbol, p(s+ 2L, σ) = p(s, σ), preserves

2L-periodic distributions and also locally square integrable 2L-periodic functions (is the subset of L2
loc(R)

of 2L-periodic functions).

Proposition 5.4.1. If p is 2L-periodic, the operator given in (5.7) induces a bounded operator from
eisθL2(T2L) to eisθL2(T2L), where T2L = R/2LZ (in other words L2(T2L) is the subset of L2

loc(R)
of 2L-periodic functions, equipped with the usual L2 norm on [0, 2L]).

We notice that eisθL2
2L(R) is the set of functions

eisθL2
2L(R) = {u ∈ L2

loc(R) : u(s+ 2L) = ei2Lθu(s)},

equipped with L2-norm on a period [0, 2L].
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5.4. A Grushin problem

Proof. We recall that the Weyl quantization of a symbol p is given by the formula:

OpW
ℏ p u(s) = 1

2πℏ

∫
R2
ei(s−y)σ/ℏp

(
s+ y

2 , σ

)
u(y)dydσ, ∀u ∈ S (R).

Let u ∈ eisθL2
2L(R), we have

OpW
ℏ p u(s+ 2L) = 1

2πℏ

∫
R2
ei(s+2L−y)σ/ℏp

(
s+ 2L+ y

2 , σ

)
u(y)dydσ

= 1
2πℏ

∫
R2
ei(s−y)σ/ℏp

(
s+ 4L+ y

2 , σ

)
u(y + 2L)dydσ

= 1
2πℏ

∫
R2
ei(s−y)σ/ℏp

(
s+ 4L+ y

2 , σ

)
ei2Lθu(y)dydσ.

Using that p is 2L periodic symbol, then

OpW
ℏ p u(s+ 2L) = ei2LθOpW

ℏ p u(s). (5.38)

From the composition theorem for pseudodifferential operators (see Theorem A.2.4), we see that ⟨s⟩−1OpW
ℏ p ⟨s⟩

is a pseudo differential operator with symbol in SR2(1), and thus it is bounded on L2(R) thanks to the
Calderon-Vaillancourt theorem, see Theorem A.2.5. This shows that OpW

ℏ p is bounded on L2(R, ⟨s⟩−2 ds).
It is equivalent to:
For u ∈ L2(R, ⟨s⟩−2 ds), there exist C > 0, such that ∥OpW

ℏ p∥L2(R,⟨s⟩−2 ds) ⩽ ∥u∥L2(R,⟨s⟩−2 ds) . Since
OpW

ℏ p is bounded on L2(R, ⟨s⟩−2 ds) and the norms on L2(R, ⟨s⟩−2 ds) and L2
2L(R) are equivalent, we

deduce that OpW
ℏ p is bounded on L2

2L(R). Then, the conclusion follows.

Let us explain why ∥ · ∥L2
2L(R) and ∥ · ∥L2(R,⟨s⟩−2 ds) are equivalent. Notice that there exists C1(L) >

0, C2(L) > 0 and C3(L) > 0 such that for all u ∈ L2
2L(R),

∥u∥2
L2(R,⟨s⟩−2 ds) =

∫
R

|u(s)|2⟨s⟩−2 ds

=
∑
l∈Z

∫ (2l+1)L

(2l−1)L
|u(s)|2⟨s⟩−2 ds

⩽ C1(L)
∑
l∈Z

⟨l⟩−2
∫ (2l+1)L

(2l−1)L
|u(s)|2 ds

⩽ C2(L)∥u∥2
L2

2L(R)

⩽ C3(L)∥u∥2
L2(R,⟨s⟩−2 ds).

Proposition 5.4.2. The operator OpW
ℏ p acting on eisθL2

2L(R) is unitarily equivalent to OpW
ℏ p(s, σ + ℏθ)

acting on L2
2L(R).
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Proof. Let u ∈ eisθL2
2L(R), then there exists v ∈ L2

2L(R) such that u(s) = eisθv(s) . We have

OpW
ℏ p u(s) = 1

2πℏ

∫
R2
ei(s−y)σ/ℏp

(
s+ y

2 , σ

)
u(y)dydσ

= 1
2πℏ

∫
R2
ei(s−y)(σ+ℏθ)/ℏ)p

(
s+ y

2 , σ + ℏθ
)
u(y)dydσ

= 1
2πℏ

∫
R2
ei(s−y)σ/ℏei(s−y)θp

(
s+ y

2 , σ + ℏθ
)
eiyθv(y)dydσ

= 1
2πℏ

∫
R2
ei(s−y)σ/ℏeisθp

(
s+ y

2 , σ + ℏθ
)
v(y)dydσ

= eisθ
1

2πℏ

∫
R2
ei(s−y)σ/ℏp

(
s+ y

2 , σ + ℏθ
)
e−iyθu(y)dydσ.

We deduce that:
OpW

ℏ p = eisθOpW
ℏ p (s, σ + ℏθ) e−isθ,

and then the conclusion follows.

5.4.2 A pseudodifferential operator with operator-valued symbol
Recalling Remark 5.1.2, we notice that the operator Nℏ can be seen as a pseudo-differential operator

acting as
Nℏ = âℏ(s, τ)−1Tℏâℏ(s, τ)−1Tℏ − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ ,

on functions of the form eisf0/hL2(T2L × R+) and where

Tℏ = ΞW
0 − τ + ℏ

κ

2 τ̂
2. (5.39)

In fact, it will be convenient to see Nℏ as a pseudo-differential operator with operator-valued symbol. At
a formal level, the principal symbol of Nℏ is n0(s, σ) = −∂2

τ + (σ − τ)2 equipped with the domain

Dom(n0) = {ψ ∈ B2(R+) : ψ′(0) = γψ(0)}.

The vector space B2(R+) is equipped with the (s, σ)-independent norm

∥ψ∥2
B2(R+) = ∥ψ′′∥2 + ∥ψ′∥2 + ∥⟨t⟩2ψ∥2.

With this convention, we may write that n0 ∈ S(R2,L (B2(R+), L2(R+))).
We say that Ψ ∈ S(R2,L (B2(R+), L2(R+))) when, for all α ∈ N2, there exists Cα > 0 such that for

all (s, σ) ∈ R2,
∥∂αΨ∥L (B2(R+),L2(R+)) ⩽ Cα.

Such symbols might also depend on ℏ; in this case, the constant Cα is uniform in ℏ.
Lemma 5.4.3. The operator Nℏ can be written as the Weyl quantization of a symbol in
S(R2,L (B2(R+), L2(R+))).
Proof. We can write

Tℏ = OpW
ℏ

(
Ξ0(σ) − τ + ℏ

κ

2 τ̂
2
)
,

the symbol (2L-periodic with respect to s) belonging to the class
S(R2,L (B1(R+), L2(R+))) ∩ S(R2,L (B2(R+), B1(R+))). The functions aℏ(s, τ) and aℏ(s, τ)−1 are
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bounded uniformly with respect to ℏ (and so are all their derivatives). Then, the conclusion follows from the
composition theorem for pseudo-differential operators, see Theorem A.2.4 .

In fact, we can describe more accurately the symbol of Nℏ by expanding it in powers of ℏ. An analogous
description for a very similar operator can be found in great detail in [FHKR22, Section 4.2].

Proposition 5.4.4. The operator Nℏ can be written as follows:

Nℏ = n0 + ℏn1 + ℏ2R
(2)
ℏ + ℏwℏ∂τ , (5.40)

where, for some N ∈ N, C, ℏ0 > 0, we have, for all ℏ ∈ (0, ℏ0),

(i) wℏ is a smooth function supported in {(s, τ) : C−1ℏ−2η ⩽ ⟨τ⟩ ⩽ Cℏ−2η} and such that wℏ = O(⟨τ⟩),

(ii) R
(2)
ℏ is a pseudodifferential operator whose symbol belongs to a bounded set in the space of symbols

S(R2,L (B2(R+), L2(R+, ⟨τ⟩−Ndτ))).

Moreover, the nj are given by nj = OpW
ℏ nj with

n0 = −∂2
τ + (Ξ0(σ) − τ)2 ,

n1 = κ(s)
[
(Ξ0(σ) − τ)ζ2

µτ
2 + ζµ∂τ + 2ζµτ(Ξ0(σ) − τ)2

]
.

(5.41)

In particular, we can write Nℏ = OpW
ℏ (nℏ) with a symbol nℏ satisfying

nℏ = n0 + ℏn1 + ℏ2r
(2)
ℏ + ℏwℏ∂τ ,

where r(2)
ℏ belongs to the class of operator symbols S(R2,L (B2(R+), L2(R+, ⟨τ⟩−Ndτ))) uniformly in ℏ.

Proof. Let us provide a Taylor expansion of

Nℏ = âℏ(s, τ)−1Tℏâℏ(s, τ)−1Tℏ − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ
= (âℏ(s, τ)−1Tℏ)2 − âℏ(s, τ)−1∂τ âℏ(s, τ)∂τ ,

where Tℏ is defined in (5.39) and can be rewritten in the form

Tℏ = p0 + ℏ
κ

2 ζ
2
µτ

2.

Now, we expand â−1
ℏ in powers of ℏ, we get

â−1
ℏ = 1 + ℏκζµτ + ℏ2 (κζµτ)2

1 − ℏκζµτ
,

so that
ℏâ−1

ℏ = ℏ + ℏ2 κζµτ

1 − ℏκζµτ
.
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We have the following expansion

â−1
ℏ Tℏ = â−1

ℏ p0 + ℏâ−1
ℏ
κ

2 ζ
2
µτ

2

=
(

1 + ℏκζµτ + ℏ2 (κζµτ)2

1 − ℏκζµτ

)
p0 +

(
ℏ + ℏ2 κζµτ

1 − ℏκζµτ

)
κ

2 ζ
2
µτ

2

= p0 + ℏκζµτ
(
p0 + 1

2ζµτ
)

+ ℏ2 (κζµτ)2

1 − ℏκζµτ

(
p0 + 1

2ζµτ
)
.

The previous expression can be rearranged as follows

â−1
ℏ Tℏ = p0 + ℏp1 + ℏ2Rℏ,

where
p1 = κζµτ

(
p0 + 1

2ζµτ
)
, Rℏ = (κζµτ)2

1 − ℏκζµτ

(
p0 + 1

2ζµτ
)
.

We can also expand the operator in the transversal variable and get

−â−1
ℏ ∂τ âℏ∂τ = −∂2

τ − (â−1
ℏ ∂τ âℏ)∂τ

= −∂2
τ + ℏâ−1

ℏ (ζµκ+ τκ∂τζµ)∂τ
= −∂2

τ + ℏζµκ∂τ + ℏwℏ,2∂τ + ℏ2vℏ,

where the functions vℏ and wℏ,2 are smooth functions satisfy, uniformly with respect to s, and ℏ,

vℏ = O(⟨τ⟩)∂τ and wℏ,2 = O(|⟨τ⟩∂τζµ|).

We get this expansion of the operator

Nℏ =
(
−∂2

τ + p2
0

)
+ ℏ (p0p1 + p1p0 + ζµκ∂τ ) + ℏwℏ,2∂τ

+ ℏ2
(
vℏ + p0Rℏ + Rℏp0 + p2

1 + ℏ(p1Rℏ + Rℏp1) + ℏ2R2
ℏ

)
,

then, the conclusion follows from the composition theorem for pseudo-differential operators, see Theorem
A.2.4 .

5.4.3 Dimensional reduction
The aim of this section is to analyse the spectrum of Nℏ. This can be done thanks to a Grushin reduction.

The principal symbol of Nℏ is the "de Gennes operator" with Robin boundary conditions. Explicitly, we have

n0(s, σ) = −∂2
τ + (Ξ0(σ) − τ)2.

The increasing sequence of its (simple) eigenvalues is (µk(Ξ0(σ)))k⩾1. We recall that the functions µk are
described in Proposition 5.1.2.

Now, consider the window [a, b] ⊂ (2n− 1, 2n+ 1).

Lemma 5.4.5. For all z ∈ [a, b], let us consider the matrix operator

P0(z) =
(
n0(s, σ) − z Π∗

Π 0

)
: B2(R+) × CN −→ L2(R+) × CN ,

176



5.4. A Grushin problem

where Π∗(α) =
∑N
j=1 αj

◦
uj and Πψ = (⟨ψ, ◦

uj⟩)1⩽k⩽N .
Then, P0(z) is bĳective with inverse

Q0(z) =
(
q0 Π∗

Π z −M0(σ)

)
, q0 = (n0(s, σ) − z)−1(Π∗Π)⊥,

where M0(σ) is the diagonal N ×N matrix whose diagonal is (◦
µ1, . . . ,

◦
µN ).

Proof. Let g ∈ L2(R+) and β ∈ CN . Let us look for f ∈ Dom(n0) and α ∈ CN such that

P0(z)(f ⊕ α) = g ⊕ β.

In other words, {
(n0(s, σ) − z)f + Π∗α = g,

Πf = β.

Let E = span(◦
u1, . . . ,

◦
uN ), and F = E⊥. We can write

f = fE + fF ,

where

fE =
N∑
j=1

⟨f, ◦
uj⟩

◦
uj .

Or Πf = β, then ⟨f, ◦
uj⟩ = βj . Therefore,

fE = Π∗β = Π∗Πf , fF = (Π∗Π)⊥f.

We have

(n0(s, σ) − z)fF = −(n0(s, σ) − z)fE − Π∗α+ g

= −(n0(s, σ) − z)
N∑
j=1

βj
◦
uj − Π∗α+ g,

so that

(n0(s, σ) − z)fF = −
N∑
j=1

βj(
◦
µj − z)◦

uj − Π∗α+ g. (5.42)

The space F is stable by n0(s, σ) − z in the sense that: For all u ∈ Dom(n0) ∩ F, we have

⟨(n0(s, σ) − z)u, ◦
uj⟩ = ⟨u, (n0(s, σ) − z)◦

uj⟩ = ⟨u, ◦
µj

◦
uj − z

◦
uj⟩ = 0.

The operator n0(s, σ) − z stabilizes F and thus induces an operator on Dom(n0) ∩ F.

Moreover, thanks to the self-adjointness of n0, the min-max principle and the fact that min ◦
µN+1 ⩾

2N + 1 > z, there exists c > 0 such that, for all u ∈ Dom(n0) ∩ F ,

⟨(n0 − z)u, u⟩ = ⟨n0u, u⟩ − z∥u∥2 ⩾ (◦
µN+1 − z)∥u∥2 ⩾ c∥u∥2.

Thus, the operator (n0 − z)|F is injective with closed range and, by considering the adjoint, we deduce that
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it is bĳective. We also notice that

∥(n0 − z)−1
|F ∥ ⩽ (◦

µN+1 − z)−1 ⩽ c−1.

Then (5.42) has a solution if and only if the right-hand-side belongs to F , that is

−
N∑
j=1

βj(
◦
µj − z)◦

uj − Π∗α+ g ∈ F

⇒ −
N∑
j=1

βj(
◦
µj − z)◦

uj −
N∑
j=1

αj
◦
uj + g ∈ F,

then, 〈
−

N∑
j=1

βj(
◦
µj − z)◦

uj −
N∑
j=1

αj
◦
uj + g,

◦
uk

〉
= 0, ∀ k = 1, . . . , N.

As, ◦
uj is an orthonormal family, then

−βk(
◦
µk − z) − αk + ⟨g, ◦

uk⟩ = 0,

we deduce that,
αk = βk(z − ◦

µk) + ⟨g, ◦
uk⟩,

and

α =


β1(z − ◦

µ1) + ⟨g, ◦
u1⟩

...
βN (z − ◦

µN ) + ⟨g, ◦
uN ⟩

 = Πg + (z −M0(σ)β.

This unique solution is given by

fF = (Π∗Π)⊥
[

−
N∑
j=1

βj(
◦
µj − z)(n0(s, σ) − z)−1 ◦

uj − (n0(s, σ) − z)−1Π∗α+ (n0(s, σ) − z)−1g
]

= (Π∗Π)⊥(n0(s, σ) − z)−1g .

Therefore,
f = fE + fF = Π∗β + (Π∗Π)⊥(n0(s, σ) − z)−1g.

Let us now consider the full symbol

Pℏ(z) :=
(
nℏ − z Π∗

Π 0

)
,

which may be expanded in powers of ℏ as

Pℏ(z) = P0(z) + ℏP1(z) + Rℏ,

178



5.4. A Grushin problem

with

P0(z) =
(
n0(s, σ) − z Π∗

Π 0

)
, P1(z) =

(
n1 0
0 0

)
, Rℏ(z) =

(
rℏ 0
0 0

)
,

where rℏ = ℏ2r
(2)
ℏ + ℏwℏ∂τ , see Proposition 5.4.4.

We notice that

PW
ℏ =

(
Nℏ − z P∗

P 0

)
, P = ΠW. (5.43)

Since the principal symbol of PW
ℏ is bĳective, it is natural to try to construct an approximate inverse in the

semiclassical limit. Let us look for an approximate inverse whose symbol is in the form

Qℏ,1 = Q0(z) + ℏQ1(z).

As in [Ker18], we are led to choose

Q1 = −Q0P1Q0 = −
(
q0n1q0 q0n1Π∗

Πn1q0 Πn1Π∗

)
.

This choice is convenient since the composition theorem for pseudo-differential operators (see [Ker18])
implies that

QW
ℏ,1 (P0(z) + ℏP1)W = Id + ℏ

(1
i
{Q0,P0} + Q0P1 + Q1P0

)W

+ OL2(T2L×R+,⟨τ⟩Ndsdτ)×L2(T2L)→L2(T2L×R+)×L2(T2L)(ℏ2),

where the remainder is estimated thanks to the Calderón-Vaillancourt theorem (see [Ker18, Theorem 2.1.16])
and the resolvent estimate in Lemma 5.6.3 (applied with an appropriate α > 0). The ℏ-term vanishes due the
choice of Q1 and that fact that the Poisson bracket is actually 0 since the principal symbol does not depend
on s. With this choice, the bottom right coefficient, denoted by Q±

ℏ,1, of the matrix Qℏ,1 is

Q±
ℏ,1 = z −M0(σ) − ℏΠn1Π∗ .

This invites to consider the effective matrix pseudo-differential operator whose symbol is

Mℏ = M0(σ) + ℏM1(s, σ),

with
M1(s, σ) = κ(s)ΠC (τ, χ0(σ))Π∗ , C (τ, ξ) = (ξ − τ)ζ2

µτ
2 + ζµ∂τ + 2ζµτ(ξ − τ)2.

Using again the composition theorem to deal with the remainder Rℏ, we get

QW
ℏ,1P

W
ℏ = Id + OL2(T2L×R+,⟨τ⟩Ndsdτ)×L2(T2L)→L2(T2L×R+)×L2(T2L)(ℏ2) + QW

ℏ,1

(
ℏwℏ∂τ 0

0 0

)W

.

(5.44)
Moreover, similar arguments show that QW

ℏ,1 is also an approximate right inverse of PW
ℏ in the sense that

PW
ℏ QW

ℏ,1 = Id + OL2(T2L×R+,⟨τ⟩Ndsdτ)×L2(T2L)→L2(T2L×R+)×L2(T2L)(ℏ2) +
(
ℏwℏ∂τ 0

0 0

)W

QW
ℏ,1.

(5.45)
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Proposition 5.4.6. The spectrum of Lh in [ah, bh] coincides (with multiplicity) with that of hOpW
ℏ Mℏ modulo

O(h2).

Proof. First, we consider ψ an eigenfunction of Lh associated with λ ∈ [ah, bh]. We use (5.44) with
z = h−1λ we get that

QW
ℏ,1P

W
ℏ

(
φ
0

)
=
(
φ
0

)
+ O(ℏ2)∥φ∥,

where φ denotes the function ψ after multiplication by a cutoff function in t and rescaling as in Proposition
5.3.1. Note that we used the exponential decay in τ of our quasimode φ (which comes from that of ψ) to
control the remainder term in (5.44). We infer that

P∗Pφ = φ+ O(ℏ)∥φ∥ , (λ̂− OpW
ℏ Mℏ)Pφ = O(ℏ2)∥φ∥, (5.46)

where we used that the principal symbol of the top right coefficient of Qℏ,1 is Π∗. Since P∗ is bounded
uniformly in ℏ (as the quantization of a bounded symbol), the first relation implies that

∥φ∥ ⩽ C∥Pφ∥.

Then, from the second relation and the spectral theorem, we deduce that

dist(λ̂, Sp(OpW
ℏ Mℏ)) ⩽ Cℏ2.

This means that the spectrum of h−1Lh in the window [ah, bh] is at a distance of order ℏ2 to the spectrum
of the effective operator OpW

ℏ Mℏ.
Let us now proceed as in the proof of Proposition 5.3.2 and keep the same notation. We have

∥(⊕p
j=1Nℏ − λ̂)φ∥ ⩽ εh∥φ∥ , εh = O(h∞),

for all φ = (φ1, . . . , φp) ∈
⊕p

j=1 χ̂ℏÊj and where λ̂ = (λ̂1, . . . , λ̂p).
Similarly as (5.46), we have

∥φ∥ ⩽ C∥Pφ∥, (5.47)

and
(⊕p

j=1OpW
ℏ Mℏ − λ̂)Pφ = O(ℏ2)∥Pφ∥ ,

wherePφ = (Pφ1, . . . ,Pφp). Due to (5.47), the action of the mapP is injective on
⊕p

j=1 χ̂ℏÊj . Therefore,
as in the proof of Proposition 5.3.2, the spectral theorem provides us with

rank1Jh(Lh) ⩽ rank1Kh(hMW
ℏ ),

where Jh ⊂ Ih and Kh is an interval such that Jh ⊂ Kh and dH(Jh,Kh) = O(h2).
Let us now prove the converse estimate. We use (5.45) with an eigenvalue z = λ̂ of MW

ℏ and for f a
corresponding eigenfunction. We have

PW
ℏ QW

ℏ,1

(
0
f

)
=
(

0
f

)
+ O(ℏ2)∥f∥, (5.48)

where the remainder term involvingwℏ has been controled by using the exponential decay of the eigenfunctions
of the de Gennes - Robin operator n0.
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Then, the first line in (5.48) gives

(Nℏ − λ̂)
(
Q+

ℏ,1

)W
f = O(ℏ2)∥f∥, (5.49)

where as the second line gives
P
(
Q+

ℏ,1

)W
f = O(ℏ2)∥f∥,

which leads to
∥f∥ ⩽ C

∥∥∥∥(Q+
ℏ,1

)W
f

∥∥∥∥ .
With (5.49), we get

(Nℏ − λ̂)
(
Q+

ℏ,1

)W
f = O(ℏ2)

∥∥∥∥(Q+
ℏ,1

)W
f

∥∥∥∥ .
Now, by using the exponential decay of

(
Q+

ℏ,1

)W
f and the rough microlocalization of f in the support of

Ξ0 (since the principal symbol of the scalar pseudodifferential operator Mℏ is n0), we get the quasimode
estimate

(Lh − λ)ψquasi = O(h2)∥ψquasi∥ ,

with ψquasi(x) = χ(t(x)/ℏ1−γ)Ψquasi ◦ Γ−1(x) where

Ψquasi(s, t) =
(
Q+

ℏ,1

)W
f(s, ℏ−1t),

and χ is a smooth cutoff function equal to 1 near 0 and 0 away from a neighborhood of t = 0 and γ ∈ (0, 1)
is chosen small enough so that tζ(h− 1

2 +ρt) = t on the support of χ(t/ℏ1−γ).
The spectral theorem shows that λ is close to the spectrum of Lh at a distance or order at most O(h2).

The argument concerning the multiplicities can again be used (as above) by exchanging the roles of Nℏ and
MW

ℏ . The conclusion follows.

Remark 5.4.1. In Proposition 5.3.2 we only proved one inclusion of spectra. In contrast, Proposition 5.4.6
is stronger, since it provides an equality O(h2), in the sense of Definition 5.1.6. Indeed, in the proof of
Proposition 5.4.6, we only have to use quasimodes for Nℏ and not necessarily the true eigenfunctions of Nℏ
(whose existence in the spectral window of interest is not obvious). Our presentation avoids the spectral
analysis of Nℏ (existence of the discrete spectrum, Agmon estimates, etc.) by comparing directly the spectra
of Lh and of the effective operator.

5.5 Analysis of the effective operator

This section is devoted to the spectral study of MW
ℏ in [a, b]. Let us diagonalize this operator, up to a

remainder of order O(ℏ2). Note that, by using the exponential decay of the eigenfunctions of n0, we may
(and so do we) replace ζµ by 1.

5.5.1 Asymptotic diagonalization and end of the proof of Theorem 5.1.7

We notice that the spectrum of

Tℏ = exp(ℏAW)MW
ℏ exp(−ℏAW)
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is the same as the one of MW
ℏ , as soon as A belongs to S(1) and is 2L-periodic with respect to s. In this

case, we recall that AW is bounded from L2(T2L) to L2(T2L) (and thus its exponential is well-defined as an
element of L (L2(T2L)) thanks to the classical power series). Let us explain how to chooseA. By expanding
the exponential, we have

Tℏ = (Id + ℏAW)MW
ℏ (Id − ℏAW) + O(ℏ2),

and thus
Tℏ = MW

ℏ + ℏ[AW,MW
ℏ ] + O(ℏ2),

so that
Tℏ = MW

0 + ℏ (M1 + [A,M0])W + O(ℏ2).

Therefore, A should be chosen so that M1 − [M0, A] is diagonal. The map Skewn(R) ∋ A 7→ [M0, A] ∈
Sym0

n(R) is well-defined and an isomorphism sinceM0 is diagonal with distinct real entries, where Skewn(R)
is the vector space of skew-symmetric matrices and Sym0

n(R) the space of symmetric matrices with null
diagonal. It is actually easy to compute its inverse. Consider M a symmetric matrix with null diagonal. We
want to find A ∈ Skewn(R) such that [M0, A] = M . For all j ∈ {1, . . . , n}, we have

(M0 − ◦
µj)Aej = Mej ,

and then, for all k ∈ {1, . . . , n},

(◦
µk − ◦

µj)⟨Aej , ek⟩ = ⟨Mej , ek⟩.

Thus, for all k ̸= j,
⟨Aej , ek⟩ = (◦

µk − ◦
µj)−1⟨Mej , ek⟩,

which determines a unique A ∈ Skewn(R).
Since there is a uniform gap between the ◦

µj (with respect to σ), we get the existence of a skew-symmetric
A in S(1) such that

M1 − diag(M1)︸ ︷︷ ︸
∈Sym0

n(R)

+[A,M0] = 0.

With this choice, we get
Tℏ = MW

0 + ℏdiag(MW
1 ) + O(ℏ2).

Note that, for all j ∈ {1, . . . , n}, we have ⟨M1ej , ej⟩ = κ(s)⟨C (τ,Ξ0(σ))u[Ξ0(σ),γ]
j , u

[Ξ0(σ),γ]
j ⟩. By the

spectral theorem, we deduce that the spectra of MW
ℏ and MW

0 + ℏdiag(MW
1 ) coincide modulo O(ℏ2). This

procedure can be continued at any order.

5.5.2 Spectral consequences
The aim of this last section is to prove Proposition 5.1.8 and Corollary 5.1.11.

5.5.2.1 Proof of Proposition 5.1.8

We could not find this particular statement in the literature, because a) we have to deal with non-connected
level sets of the principal symbol, and b) we have Floquet periodic conditions, with ℏ-dependent Floquet
exponent.. The first issue is treated with usual microlocal arguments: each connected component carries
with itself a Bohr-Sommerfeld asymptotic series, as in [HR84], and the initial spectrum is obtained, modulo
O(ℏ∞), by the superposition (with multiplicities) of all these series. The second one is easily included in
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the general theory thanks to the “sheaf” approach of [VN00]. Indeed, near each point of the energy level
curve σ = const, the operator Pℏ is microlocally a usual ℏ-pseudo-differential operator, and the quantum
Darboux-Carathéodory normal form holds. Therefore, the Bohr-Sommerfeld cocycle of [VN00, Proposition
5.6] holds; the difference being that the condition for a global section should include the Floquet exponent α.
This gives a Bohr-Sommerfeld rule for quantized energies E (for each connected component) of the form

A(E) + ℏm(E)π2 + ℏK(E) + O(ℏ2) = 2πℏ(ℓ+ L
πα), ℓ ∈ Z, (5.50)

where A(E) is the action integral (here A(E) = 2Lσ when E = µ(σ)), m(E) the Maslov index (which
vanishes here, because the curves σ = const project diffeomorphically on the s variable), and K(E) is the
integral of the subprincipal form [VN00, Definition 3.2] along the energy level set. In order to compute K,
we notice that the Hamiltonian vector field of µ(σ) is µ′(σ) ∂∂s and hence the subprincipal form is −r

µ′(σ)ds,
where r is the subprincipal symbol of Pℏ (here r = −C(σ)κ(s)). Hence, for E = µ(σ), we have

K(E) = C(σ)
µ′(σ) |Σq

∫ 2L

0
κ(s)ds.

Inverting the formal series (5.50), we get

E = µ(σ) − K(µ(σ)) 1
2Lµ

′(σ) + O(ℏ2) , σ = π
Lℏ(ℓ+ L

πα)

which gives (5.9) and (5.10).

5.5.2.2 Proof of Corollary 5.1.11

Thanks to Proposition 5.4.6 and the considerations in Section 5.5.1, we know that the spectrum of Lh in
[ah, bh] coincides with that of hMW

ℏ modulo O(h2). In the present section, since we are interested in the
low-lying eigenvalues, we take a = −∞ and b = Θ0(γ) + ε < 1 (for ε > 0 small enough). Therefore, we
have n = 1 and the matrix symbol Mℏ reduces to a scalar symbol:

Mℏ(s, σ) = µ1(γ, σ) + ℏκ(s)⟨C (τ,Ξ0(σ))u[Ξ0(σ),γ]
1 , u

[Ξ0(σ),γ]
1 ⟩.

We are interested in the spectrum of MW
ℏ (when acting on eisf0/hL2(T2L)). Thanks to the Weyl asymptotic

formula for pseudodifferential operators (see, for instance, [Zwo12, Theorem 14.11]), the counting function
N(MW

ℏ ,Θ0(γ) + ε) (giving the number of eigenvalues less than Θ0(γ) + ε) satisfies

N(MW
ℏ ,Θ0(γ) + ε) = 1

2πℏ

∫
{(s,σ):µ1(σ)⩽Θ0(γ)+ε}

dsdσ + o(ℏ−1)

= L

πℏ
|{σ : µ1(σ) ⩽ Θ0(γ) + ε}|(1 + o(1)).

Now, we take ε = ℏη, for some given η > 0.
Due to the non-degeneracy of the minimum of σ 7→ µ1(γ,Ξ0(σ)), the eigenfunctions associated with

eigenvalues less than b are microlocalized in a neighborhood of ξ0(γ) of size ℏη/2 (and so are all the linear
combinations of such eigenfunctions due to the Weyl estimate). This invites us to expand the symbol near
ξ0(γ):

Mℏ(s, σ) = Θ0(γ)+∂2
σµ(γ, ξ0(γ))

2 (σ−ξ0(γ))2−ℏκ(s)C1(ξ0(γ))+O(|σ−ξ0(γ)|3+ℏ|σ−ξ0(γ)|), (5.51)
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where C1(ξ0(γ)) > 0, as soon as γ < γ
[0]
0 (see Remark 5.1.5). Therefore, Mℏ is relative perturbation of the

symbol of a classical electric Schrödinger operator. The corresponding operator is

Mℏ = Θ0(γ) + ∂2
σµ(γ, ξ0(γ))

2 (ℏDs − ξ0(γ))2 − ℏκ(s)C1(ξ0(γ)).

The assumption that κ has a unique maximum, which is non-degenerate, allows to use the harmonic approx-
imation near the maximum of κ (and even a Birkhoff normal form, see, for instance, [Ray17, Chapter 5]).
The eigenvalues of Mℏ satisfy

λj(Mℏ) = Θ0(γ) − κmaxC1(ξ0(γ))ℏ +

(2j − 1)

√
C1(ξ0(γ))k2µ′′

1(γ, ξ0(γ))
4

 ℏ
3
2 + o(ℏ

3
2 ),

uniformly in j ⩾ 1 such that jℏ
1
2 = o(1).

We recall that ℏ = h
1
2 . We get Corollary 5.1.11 by noticing, thanks to a perturbative analysis using

(5.51), that the spectra of hMW
ℏ and hMℏ below h(Θ0(γ) + ℏη) coincide modulo o(h

7
4 ).

5.5.2.3 Proof of Theorem 5.1.10

By Theorem 5.1.7, and Definition 5.1.6 we have, for ϵ = O(h),

N(hMh, [h(a+ ϵ), h(b− ϵ)]) ⩽ N(Lh, [ha, hb]) ⩽ N(hMh, [h(a− ϵ), h(b+ ϵ)]). (5.52)

From Corollary 5.1.9, for any interval [a′, b′] disjoint from Θ and Λ, the number of eigenvalues of hMh in
[ha′, hb′] is bounded by C b′−a′

h1/2 for some constant C > 0. Applying this with (a′, b′) equal, respectively, to
the four intervals (a, a+ ϵ), (b− ϵ, b), (a− ϵ, a), and (b, b+ ϵ), it follows from (5.52) that

N(Lh, [ha, hb]) = N(hMh, [ha, hb]) + O(ϵh−1/2) = N(hMh, [ha, hb]) + O(h1/2).

Therefore, it is enough to estimate N(hMh, [ha, hb]), for which we apply Corollary 5.1.9 (which is actually
a description of the spectrum of Mh). This corollary says that the number of eigenvalues of Mh inside
[ha, hb], including multiplicities, is given, modulo O(h2), by the number of integers ℓ ∈ Z such that

h
1
2 ( πLℓ+ α(h)) ∈ f−1

k,q,h([a, b]), (5.53)

for some admissible (k, q), where fk,q,h(σ) := fk,q(σ, h1/2).
To simplify notations, let us momentarily fix (k, q) and denote

fh := fk,q,h =: f0 + h1/2f1 + O(h),

where f0 and f1 are defined in (5.11) and (5.12). By assumption, f0 is monotonous on Σk,q, let us assume
that it is increasing; the decreasing case is obtained by swapping (a, b). For h small enough, fh is also
increasing and hence f−1

h ([a, b]) = [f−1
h (a), f−1

h (b)]. Therefore, the solutions to (5.53) are exactly the
integers belonging to the interval

Lh−1/2

π
[f−1
h (a), f−1

h (b)] − L

π
α(h). (5.54)

Let σ = f−1
h (a); of course σ depends on h, but since σ ∈ Σk,q, it is bounded and we have σ = f−1

0 (a) +
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O(h1/2). Therefore, f1(σ) = f1(f−1
0 (a)) + O(h1/2). According to the statement of Theorem 5.1.10, we

denote α := f−1
0 (a). Writing

f0(σ) = a− h1/2f1(β) + O(h),

we get, by Taylor expansion,

σ = α− h1/2(f−1
0 )′(a)f1(α) + O(h) = α+ h1/2 ⟨κ⟩Ck(α)

µ′
k(α) + O(h).

Using the analogous formula for f−1
h (b), we may compute the difference f−1

h (b) − f−1
h (a) and obtain the

length of the interval (5.54) ( with β := f−1
0 (b)):

Lh−1/2

π
(f−1
h (b) − f−1

h (a)) = Lh−1/2

π
(β − α) + L⟨κ⟩

π

(
Ck(β)
µ′
k(β) − Ck(α)

µ′
k(α)

)
+ O(h1/2),

which gives Theorem 5.1.10 by summing over admissible (k, q).

5.6 Appendix

5.6.1 A rough Weyl estimate
The aim of this section is recall why (5.3) holds.

– For γ ∈ R : Thanks to the Young inequality, we have, for all ψ ∈ H1(Ω),

Qh,A(ψ) ⩾ h2

2 ∥∇ψ∥2 − 2∥A∥2
∞∥ψ∥2 + γ h

3
2

∫
∂Ω

|ψ|2ds.

– When γ ⩾ 0, we get that

Qh,A(ψ) ⩾ h2

2 ∥∇ψ∥2 − 2∥A∥2
∞∥ψ∥2.

– When γ < 0, we use a classical trace theorem: there exists C > 0 such that, for all ε > 0,∫
∂Ω

|ψ|2ds ⩽ ε∥∇ψ∥2 + Cε−1∥ψ∥2.

By choosing ε = −
√
h

4γ > 0, we deduce that

Qh,A(ψ) ⩾ h2

4 ∥∇ψ∥2 − 2∥A∥2
∞∥ψ∥2 − 4γ2Ch∥ψ∥2.

In both cases, there exists C̃ > 0 such that, for all h ∈ (0, 1) and all ψ ∈ H1(Ω),

Qh,A(ψ) ⩾ h2

4 ∥∇ψ∥2 − C̃∥ψ∥2.

With the min-max principle, this shows that, for all λ,

N(Lh, λ) ⩽ N

(
−∆Neu, 4 λ+ C̃

h2

)
.

The conclusion follows from the Weyl aymptotics for the Neumann Laplacian, which is the same at the
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main order as in the Dirichlet case, see, for instance, [NS05, Introduction].

– For γ = +∞ : Thanks to the Young inequality, we have, for all ψ ∈ H1
0 (Ω),

Qh,A(ψ) ⩾ h2

2 ∥∇ψ∥2 − 2∥A∥2
∞∥ψ∥2.

There exists C̃ > 0 such that, for all h ∈ (0, 1) and all ψ ∈ H1
0 (Ω),

Qh,A(ψ) ⩾ h2

2 ∥∇ψ∥2 − C̃∥ψ∥2.

With the min-max principle, this shows that, for all λ,

N(Lh, λ) ⩽ N

(
−∆Dir, 2 λ+ C̃

h2

)
.

The conclusion follows from the Weyl aymptotics for the Dirichlet Laplacian, see, for instance, [NS05,
Introduction].

5.6.2 Spectral analysis of de Gennes operator

Lemma 5.6.1. We let
u

[γ]
j = u

[γ,ξj−1(γ)]
j .

We have

Cj(ξj−1(γ)) = 1
2
(
u

[γ]
j (0)

)2
−
∫ +∞

0
(t− ξj−1(γ))3

(
u

[γ]
j (t)

)2
dt

= 1
3(1 − γξj−1(γ))

(
u

[γ]
j (0)

)2
,

where Cj is defined in (5.8).

Proof. We write
(σ − t)t2 + 2t(σ − t)2 = (t− σ)3 − σ2(t− σ).

We take σ = ξj−1(γ). The conclusion follows from Proposition 2.4.11.

Proposition 5.6.2. Let us fix j ⩾ 1. When γ ∈ R, there exists γ[j−1]
0 > 0, such that, Cj(ξj−1(γ)) is positive

if γ < γ
[j−1]
0 and negative if γ > γ

[j−1]
0 .

Proof. We notice that, for γ ⩽ 0, we get Cj(ξj−1(γ)) < 0.
Now, for γ > 0. From Proposition 2.4.8, we can rewrite Cj(ξj−1(γ)) as

Cj(ξj−1(γ)) = 1
3

(
1 − γ

√
γ2 + Θ[j−1](γ)

)(
u

[γ]
j (0)

)2
.

Since
(
u

[γ]
j (0)

)2
> 0, then, to study the sign of Cj(ξj−1(γ)) it is sufficient to study the sign of the function
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f defined by f(γ) = 1 − γ
√
γ2 + Θ[j−1](γ). We have

f ′(γ) = −
√
γ2 + Θ[j−1](γ) − γ

(
Θ[j−1](γ)

)′
+ 2γ√

γ2 + Θ[j−1](γ)
.

We can use [Kac06b, Section B] (which can be adapted to j ⩾ 1) to deduce that f ′(γ) < 0. Therefore, f is
increasing on [0,+∞[.

Let us notice now that f(0) = 1 and limγ→+∞ f(γ) = −∞. This establishes the existence of a unique
zero of f(γ), denoted by γ[j−1]

0 .

Lemma 5.6.3. Let α ∈ R and β ∈ N. Consider the interval [a, b]. We consider Πψ = (⟨ψ, u[γ,σ]
j ⟩)1⩽j⩽n,

where n is the number of dispersion curves µj(γ, σ) taking values in [a, b] (see the discussion at the beginning
of Section 5.3.3). We consider K̂ a neighborhood of K̃.

There exists Cα,β > 0 such that for all z ∈ [a, b] and all σ ∈ K̂, the following holds. For all v ∈ L2(R+)
such that ⟨t⟩αv ∈ L2(R+), we have

∥⟨t⟩−α∂βσ (H[γ, σ] − z)−1(Π∗Π)⊥(⟨t⟩αv)∥ ⩽ Cα,β∥v∥ ,

where (Π∗Π)⊥ = Id− Π∗Π.

Proof. Let us only prove this estimate for β = 0. We consider z ∈ [a, b]. Let us consider v ∈ S (R+) and
let u be the unique solution to the equation

(H[γ, σ] − z)u = (Π∗Π)⊥(⟨ϵt⟩αkv) (5.55)

that is orthogonal to (u[γ,σ]
j )1⩽j⩽n, with

⟨t⟩k =
(
1 + t2χ2

k

) 1
2 ,

whereχk is a smooth non-negative function equal to 0 on [0, 1] and to 1 on [2k,+∞) and such that |χ′
k| ⩽ k−1.

In particular, the weight is 1 near 0. Here ϵ > 0 is a parameter to be chosen small enough.
We have seen in Lemma 5.2.2 that(

H[γ, σ] − z Π∗

Π 0

)
: B2(R+) × Cn −→ L2(R+) × Cn

is bĳective. Thus, the equation (5.55) is equivalent to(
H[γ, σ] − z Π∗

Π 0

)(
u
0

)
=
(

(Π∗Π)⊥(⟨t⟩αkv)
0

)
.

Note that (
⟨ϵt⟩−α

k 0
0 1

)(
H[γ, σ] − z Π∗

Π 0

)(
⟨ϵt⟩αk 0

0 1

)
=
(
H[γ, σ] +Rϵ,k − z ⟨ϵt⟩−α

k Π∗

Π(·⟨ϵt⟩αk ) 0

)
,
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where

Rϵ,k = −αϵ2(t2χ2
k)′ 1

1 + ϵ2t2χ2
k

∂t −
(
ϵ2α

2
(t2χ2

k)′′

1 + ϵ2t2χ2
k

+
(
α

2 − 1
)
ϵ4α

2
(t2χ2

k)′2

(1 + ϵ2t2χ2
k)2

)
.

With
u = ⟨ϵt⟩αk ũ,

we get

H [γ, σ, ϵ, k]
(
ũ
0

)
=
(

⟨ϵt⟩−α
k (Π∗Π)⊥(⟨ϵt⟩αkv)

0

)
,

with

H [γ, σ, ϵ, k] =
(
H[γ, σ] +Rϵ,k − z ⟨ϵt⟩−α

k Π∗

Π(·⟨ϵt⟩αk ) 0

)
.

Thanks to the exponential decay of the u[γ,σ]
j (which is uniform for σ ∈ K̂), we notice that H [γ, σ, ϵ, k] is

bĳective as soon as ϵ is small enough and k large enough. Moreover,

∥H [γ, σ, ϵ, k]−1∥ ⩽ C.

This implies that
∥ũ∥ ⩽ C∥⟨ϵt⟩−α

k (Π∗Π)⊥(⟨ϵt⟩αkv)∥,

and then (by using again the exponential decay of the eigenfunctions)

∥⟨ϵt⟩−α
k u∥ ⩽ C∥v∥.

Taking the limit k → +∞, the Fatou lemma gives

∥⟨ϵt⟩−αu∥ ⩽ C∥v∥.

This provides us with the desired estimate since ⟨ϵt⟩⟨t⟩−1 ∈ [ϵ, 1].
For β ̸= 0, simply note that (∂βu = ∂βH[γ, σ] − z)(Π∗Π)⊥(⟨ϵt⟩αkv) and follow the same demonstration

steps, by replacing u with ∂βu.

5.6.3 Spectral analysis of an operator on a semi-cylinder

In this section, we will establish that the spectra of Lh and L̃h coincide in Ih modulo O(h∞).Then, we
can now focus on the spectral analysis of L̃h. But, in fact, as we have already seen, our presentation avoids
the spectral analysis of L̃h, but it is important to write the proof because we have used new techniques (in
tubular coordinates) without going through the variational method like most magnetic works.

Thanks to the Agmon estimates of the eigenfunctions of Lh, we can establish that the spectrum of Lh in
Ih is close to that of L̃h.

Proposition 5.6.4. There exists h0 > 0 such that for all h ∈ (0, h0) the following holds. Let us consider an
interval Jh ⊂ Ih. Then, there exists an interval Ĵh such that Jh ⊂ Ĵh ⊂ Ih with dH(Jh, Ĵh) = O(h∞) and

rank1Jh(Lh) ⩽ rank1Ĵh(L̃h). (5.56)

188



5.6. Appendix

Moreover, for all λ ∈ Ih ∩ Sp(Lh),

dist(λ, Sp(L̃h)) = O(h∞). (5.57)

Proof. Let us start by proving (5.57). Let us consider an eigenvalue λ ∈ Ih of Lh. We write the eigenvalue
equation

Lhψ = λψ.

Since ψ satisfies the Agmon estimates of Proposition 5.2.1, we see that

∥χψ∥ = ∥ψ∥ + O(h∞) and Lh(χψ) = λχψ + O(h∞),

where χ is a smooth function equal to 1 near the boundary and 0 away from a small enough neighborhood of
the boundary. On the support of χ, we may use the tubular coordinates and we deduce that

L̃h(χ̃ψ̃) = λχ̃ψ̃ + O(h∞),

where χ̃, ψ̃ is the expression of χ, ψ in the tubular coordinates (s, t). Thus, (5.57) follows from the spectral
theorem.

Let us now consider (5.56), which deals with multiplicities. Let us write Sp(Lh) ∩ Jh = {λ1, . . . , λp}
(where the λj are distinct) and underline that these eigenvalues depend on h as well as p. Consider the
associated eigenspaces (Ej)1⩽j⩽p and note that dim

⊕p
j=1Ej = O(h−2), thanks to the Weyl estimate (5.3).

With the same notation as above, we consider the spaces of quasimodes (χ̃Ẽj)1⩽j⩽p. Thanks to the Agmon
estimates (and the rough Weyl estimate), dim(χ̃Ẽj) = dimEj , as soon as h is small enough. Moreover, we
have

∥(⊕p
j=1L̃h − λ)φ∥ ⩽ εh∥φ∥, εh = O(h∞),

for all φ = (φ1, . . . , φp) ∈
⊕p

j=1 χ̃Ẽj and where λ = (λ1, . . . , λp).

We set Jh = [ah, bh] and Ĵh = [ah−εh, bh+εh]. If rank1Ĵh(L̃h) < rank1Jh(Lh), then the projection

Π :
p⊕
j=1

χ̃Ẽj → ran1Ĵh(L̃h)

could not be injective. Considering a non-zero φ in its kernel, the spectral theorem would give

∥(⊕p
j=1L̃h − λ)φ∥ > εh∥φ∥,

which is a contradiction when φ ̸= 0. Therefore, (5.56) follows.

The aim of the following section is to prove the converse estimate. For this, one needs to prove that
the eigenfunctions of L̃h have an exponential decay with respect to t, and thus that they can serve a good
quasimodes for Lh.

5.6.3.1 Agmon estimates for L̃h

In this section, we establish the following.
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Proposition 5.6.5. There exist α > 0, C > 0, h0 > 0 such that for all h ∈ (0, h0) and all eigenfunctions ψ
of L̃h associated with an eigenvalue in Ih, we have∫

[−L,L)×R+
e2αt/h

1
2 |ψ|2dsdt ⩽ C∥ψ∥2, (5.58)

and ∫
[−L,L)×R+

e2αt/h
1
2
[∣∣(− ih∂s − t+ f0

)
ψ
∣∣2 + h2|∂tψ|2

]
dsdt ⩽ Ch∥ψ∥2. (5.59)

The proof will follow from the same strategy as that of Proposition 5.2.1. Let us consider λ ∈ [ah, bh] ∩
Sp(L̃h) and an associated eigenfunction ψ. We have(

L̃h − λ
)
ψ = 0. (5.60)

We let φ = eΦ/h
1
2 ψ, where Φ = Φm(t) = αtχ(m−1t), with m ⩾ 1 and χ a smooth non-negative function

equal to 1 near t = 0. Here α > 0 is to be determined. The parameterm will be sent to +∞ at the end. This
gives that

L̃hψ = L̃he
−Φ/h

1
2 φ

= e−Φ/h
1
2 a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
φ

− h2a(s, ť)−1∂ta(s, ť)∂t(e−Φ/h
1
2 φ)

= e−Φ/h
1
2 a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
φ

− h2a(s, ť)−1∂t

[
a(s, ť)

(
− Φ′

h
1
2
φ+ ∂tφ

)
e−Φ/h

1
2
]

= e−Φ/h
1
2

[
a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
a(s, ť)−1

(
−ih∂s − t+ f0 + κ(s) ť

2

2

)
φ

+ a(s, ť)−1(hDt + ih
1
2 Φ′)a(s, ť)(hDt + ih

1
2 Φ′)φ

]
.

The equations (5.60) becomes

a(s, ť)−1Ps,ha(s, ť)−1Ps,hφ+ a(s, ť)−1(hDt + ih
1
2 Φ′)a(s, ť)(hDt + ih

1
2 Φ′)φ = λφ,

where Ps,h = −ih∂s − t+ f0 + κ(s) ť22 . Then, we obtain

(L̃ Φ
h − λ)φ = 0,

where

L̃ Φ
h = a(s, ť)−1Ps,ha(s, ť)−1Ps,h + a(s, ť)−1PΦ

t,ha(s, ť)PΦ
t,h , PΦ

t,h = hDt + ih
1
2 Φ′. (5.61)
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5.6.3.2 Preliminary estimates

Let us consider a function t 7→ χh(t) equal to 0 near t = 0 on a neighborhood of size h
1
2 . The following

lemma is just a commutator estimate.

Lemma 5.6.6. We have

(L̃ Φ
h − λ)(χhφ) = −2ihχ′

hP
Φ
t,hφ− h2χ′′

hφ− h2χ′
h(a(s, ť)−1∂t[a(s, ť)])φ.

Proof. Since χh does not depend on s, we have

(L̃ Φ
h − λ)(χhφ) = [L̃ Φ

h , χh]φ
= [a(s, ť)−1Ps,ha(s, ť)−1Ps,h + a(s, ť)−1PΦ

t,ha(s, ť)PΦ
t,h, χh]φ

= [a(s, ť)−1Ps,ha(s, ť)−1Ps,h, χh]φ+ [a(s, ť)−1PΦ
t,ha(s, ť)PΦ

t,h, χh]φ
= [a(s, ť)−1PΦ

t,ha(s, ť)PΦ
t,h, χh]φ

= a(s, ť)−1[PΦ
t,ha(s, ť)PΦ

t,h, χh]φ
= a(s, ť)−1PΦ

t,ha(s, ť)[PΦ
t,h, χh]φ+ a(s, ť)−1[PΦ

t,h, χh]a(s, ť)PΦ
t,hφ.

Note that [PΦ
t,h, χh] = −ihχ′

h and thus

(L̃ Φ
h − λ)(χhφ) = −iha−1PΦ

t,h(aχ′
hφ) − ihχ′

hP
Φ
t,hφ

= −2ihχ′
hP

Φ
t,hφ− h2a−1∂t(aχ′

h)φ.

From Lemma 5.6.6, we deduce the following estimate.

Lemma 5.6.7. We have

∥(L̃ Φ
h − λ)(χhφ)∥ ⩽ Ch∥χ̃hφ∥ + Ch∥χ′

hP
Φ
t,hφ∥ ,

where χ̃h is bounded uniformly in h and supported in a neighborhood of t = 0 of size h
1
2 .

Lemma 5.6.8. We have
h∥χ′

hP
Φ
t,hφ∥ ⩽ Ch∥χ̃hφ∥.

Proof. First, we notice that

h∥χ′
hP

Φ
t,hφ∥ = h∥χ′

h(hDt + ih
1
2 Φ′)φ∥ ⩽ h∥χ′

h(hDt)φ∥ + Ch∥χ̃hφ∥. (5.62)

Then, we write

0 = Re⟨(L̃ Φ
h − λ)φ, χ′2

h φ⟩L2(adsdt) =
∫

[−L,L)×R
a(s, ť)−1|Ps,h(χ′

hφ)|2dsdt

+ Re⟨PΦ
t,haP

Φ
t,hφ, (χ′

h)2φ⟩L2(dsdt) − λ∥χ′
hφ∥2,

we obtain,
Re⟨PΦ

t,haP
Φ
t,hφ, (χ′

h)2φ⟩L2(dsdt) ⩽ λ∥χ′
hφ∥2. (5.63)
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By computing commutators (and using the Dirichlet condition due to χ′
h), we get

Re⟨PΦ
t,haP

Φ
t,hφ, (χ′

h)2φ⟩L2(dsdt)

= Re⟨PΦ
t,hφ, P

−Φ
t,h (χ′

h)2φ⟩L2(adsdt)

= Re⟨χ′
hP

Φ
t,h(φ), P−Φ

t,h (χ′
hφ)⟩L2(adsdt) + Re⟨PΦ

t,hφ, [P−Φ
t,h , χ

′
h]χ′

hφ⟩L2(adsdt)

= Re⟨PΦ
t,h(χ′

hφ), P−Φ
t,h (χ′

hφ)⟩ + Re⟨PΦ
t,hφ, [P−Φ

t,h , χ
′
h]χ′

hφ⟩ + Re⟨[χ′
h, P

Φ
t,h]φ, P−Φ

t,h (χ′
hφ)⟩

= Re⟨PΦ
t,h(χ′

hφ), P−Φ
t,h (χ′

hφ)⟩ + Re⟨χ′
hP

Φ
t,hφ, (−ihχ′′

h)φ⟩ + Re⟨ihχ′′
hφ, P

−Φ
t,h (χ′

hφ)⟩

= Re⟨PΦ
t,h(χ′

hφ), P−Φ
t,h (χ′

hφ)⟩ + Re⟨PΦ
t,hχ

′
hφ, (−ihχ′′

h)φ⟩ − Re⟨[PΦ
t,h, χ

′
h]φ, (−ihχ′′

h)φ⟩

+ Re⟨ihχ′′
hφ, P

−Φ
t,h (χ′

hφ)⟩.

We get

Re⟨PΦ
t,haP

Φ
t,hφ, (χ′

h)2φ⟩L2(dsdt) = Re⟨PΦ
t,h(χ′

hφ), P−Φ
t,h (χ′

hφ)⟩ + Re⟨PΦ
t,h(χ′

hφ), (−ihχ′′
h)φ⟩

+ Re⟨ihχ′′
hφ, P

−Φ
t,h (χ′

hφ)⟩ + Re⟨ihχ′′
hφ, (−ihχ′′

h)φ⟩,

and thus

Re⟨PΦ
t,haP

Φ
t,hφ, (χ′

h)2φ⟩L2(dsdt) ⩾ ∥hDt(χ′
hφ)∥2 − C∥χ̃hφ∥2 − Cα∥χ̃hφ∥∥hDt(χ′

hφ)∥.

By using the Young inequality and (5.63), for α small enough, this gives

∥hDt(χ′
hφ)∥2 ⩽ C∥χ̃hφ∥2.

Coming back to (5.62), the result follows.

Let us now consider the following operator

L̃ Cyl
h = (−ih∂s − t+ f0)2 − h2∂2

t ,

acting in the ambient Hilbert space L2(Cyl,dsdt), with Cyl = [−L,L) × R, with 2L-periodic boundary
conditions. As we will see, L Φ

h is perturbation of L̃ Cyl
h .

We use the completeness of the orthonormal family
{
e
imπs
L /

√
2L
}
m∈Z

in L2(R/2LZ). For all φ ∈
H1(R/2LZ × R), we have

φ(s, t) =
∑
m∈Z

φ̂t(m)e
imπs
L =

∑
m∈Z

ψm(s, t),

where
φ̂t(m) = 1

2L

∫ L

−L
φ(s, t)e

−imπs
L ds,

and
ψm(s, t) = φ̂t(m)e

imπs
L .

We have
L̃ Cyl
h φ =

∑
m∈Z

[ (
h
πm

L
− t+ γ0

)2
− h2∂2

t

]
ψm.
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Therefore, we may write

L̃ Cyl
h =

⊕
n∈Z

L̃ Cyl
h,n , L̃ Cyl

h,n =
(
h
πn

L
− t+ γ0

)2
− h2∂2

t .

By translation invariance, we see that L̃ Cyl
h,n is unitarily equivalent to the harmonic oscillator and thus that its

spectrum is {(2p− 1)h , p ∈ N \ {0}}. Due our choice of λ, we get that∥∥∥(L̃ Cyl
h − λ)−1

∥∥∥ ⩽ Ch−1. (5.64)

The following lemma shows in which sense L̃ Φ
h is a perturbation of L̃ Cyl

h .
Lemma 5.6.9. Let η < 1

2 . We have

L̃ Φ
h = L̃ Cyl

h + O(h1−2η)Ph + O(h
1
2 −η)P 2

h + 2ih
1
2 Φ′(hDt) + O(h)(hDt) − hΦ′2 + o(h),

where Ph = hDs − t+ f0.

Proof. From (5.61), we have

L̃ Φ
h = a−2P 2

s,h + a−1[Ps,h, a−1]Ps,h + (PΦ
t,h)2 + a−1[PΦ

t,h, a]PΦ
t,h.

We recall that a(s, ť) = 1 − ťk(s), with ť = tζ(h− 1
2 +ηt) , and η ∈ (0, 1

2).
We get these estimates

a−2 = 1 + O(h
1
2 −η) , a−1[Ps,h, a−1] = O(h) , a−1[PΦ

t,h, a] = O(h
3
2 −η).

Then, we can write

L̃ Φ
h = P 2

s,h + (PΦ
t,h)2 + O(h

1
2 −η)P 2

s,h + O(h
3
2 −η)PΦ

t,h + O(h)Ps,h.

Thus,

L̃ Φ
h = P 2

s,h + h2D2
t + 2ih

1
2 Φ′(hDt) − hΦ′2 + h

3
2 Φ′′

+ O(h
1
2 −η)P 2

s,h + O(h
3
2 −η)PΦ

t,h + O(h)Ps,h,

and then

L̃ Φ
h = L̃ Cyl

h + O(h1−2η)(hDs − t+ f0) + O(h2−4η) + 2ih
1
2 Φ′(hDt) − hΦ′2 + h

3
2 Φ′′

+ O(h
1
2 −η)P 2

s,h + O(h
3
2 −η)PΦ

t,h + O(h)Ps,h.

We can choose η small enough to obtain the result.

Proposition 5.6.10. We have

∥(L̃ Cyl
h − λ+ Rh)(χhφ)∥ ⩽ Ch∥χ̃hφ∥ + Cα2h∥χhφ∥ + o(h)∥χhφ∥,

where Rh is in the form

Rh = O(h1−2η)Ph + O(h
1
2 −η)P 2

h + 2ih
1
2 Φ′(hDt) + O(h)(hDt).
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Proof. From Lemmas 5.6.7 and 5.6.8, we get

∥(L̃ Φ
h − λ)(χhφ)∥ ⩽ Ch∥χ̃hφ∥,

and with Lemma 5.6.9, we deduce the estimate.

5.6.3.3 End of the proof of Agmon estimate

From Proposition 5.6.10, we see that we have to estimate the terms

Ph(L̃ Cyl
h − λ)−1, P 2

h (L̃ Cyl
h − λ)−1, hDt(L̃ Cyl

h − λ)−1.

This is the aim of the following two lemmas.

Lemma 5.6.11. We have

∥Ph(L̃ Cyl
h − λ)−1∥ + ∥hDt(L̃ Cyl

h − λ)−1∥ ⩽ Ch− 1
2 .

Proof. Consider v ∈ L2([−L,L) × R) and u = (L̃ Cyl
h − λ)−1v. We write

(L̃ Cyl
h − λ)u = v.

Taking the inner product with u, we get

(L̃ Cyl
h − λ)u = v

⇒ ⟨(L̃ Cyl
h − λ)u, u⟩ = ⟨u, v⟩

⇒
∫
R

∫
S1

|Phu|2dsdt+
∫
R

∫
S1

|hDtu|2dsdt = ⟨u, v⟩ + λ∥u∥2.

Using that λ ⩽ Ch; from Young inequality, we obtain

∥Phu∥2 + ∥hDtu∥2 ⩽ Ch∥u∥2 + ∥u∥∥v∥.

From (5.64) we see that
∥u∥ =

∥∥∥(L̃ Cyl
h − λ)−1v

∥∥∥ ⩽ Ch−1∥v∥,

then the conclusion follows.

Lemma 5.6.12. We have
∥P 2

h (L̃ Cyl
h − λ)−1∥ ⩽ C.

Proof. Consider v ∈ L2([−L,L) × R) and u = (L̃ Cyl
h − λ)−1v. We have

(L̃ Cyl
h − λ)u = v,

so that, by taking the scalar product with P 2
hu we get

⟨P 2
hu, (L̃

Cyl
h − λ)u⟩ = ⟨P 2

hu, v⟩

⇒
∫
R

∫
S1

|P 2
hu|2dsdt− λ∥Phu∥2 − h2⟨(Ph)2u, ∂2

t u⟩ = ⟨P 2
hu, v⟩

⇒ ∥P 2
hu∥2 − λ∥Phu∥2 + h2∥Ph∂tu∥2 − 2h2⟨∂tu, Phu⟩ = ⟨P 2

hu, v⟩.
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Then, we obtain

∥P 2
hu∥2 ⩽ λ∥Phu∥2 + 2⟨h3/2∂tu, h

1/2Phu⟩ + ⟨P 2
hu, v⟩.

From Young inequality, we obtain

∥P 2
hu∥2 ⩽ λ∥Phu∥2 + h∥hDtu∥2 + h∥Phu∥2 + 1

2∥P 2
hu∥2 + 1

2∥v∥2.

The conclusion follows by using the proof of the previous lemma.

We can now give the proof of Proposition 5.6.5. We see that

L̃ Cyl
h − λ+ Rh =

(
Id + Rh(L̃ Cyl

h − λ)−1
)

(L̃ Cyl
h − λ).

Thanks to Lemmas 5.6.11 and 5.6.12, we deduce that Id + Rh(L̃ Cyl
h − λ)−1 is bĳective and thus so is

L̃ Cyl
h − λ+ Rh as soon as α and h are small enough and that

∥(L̃ Cyl
h − λ+ Rh)−1∥ ⩽ Ch−1.

With Proposition 5.6.10, this implies that

∥χhφ∥ ⩽ C∥χ̃hφ∥ + Cα2∥χhφ∥ + o(1)∥χhφ∥.

Let us underline that the constant C does not depend on m. By proceeding as in the proof of Proposition
5.2.1, we deduce that ∫

[−L,L)×R+
e2αtχm(t)/h

1
2 |ψ|2dsdt ⩽ C∥ψ∥2. (5.65)

By using the Fatou lemma (m → +∞), we get (5.58). The estimate (5.59) follows from (5.65) and the
same considerations as at the end of the proof of Proposition 5.2.1. By using the same considerations as in
Proposition 5.6.4, we get the following.

Proposition 5.6.13. There exists h0 > 0 such that for all h ∈ (0, h0) the following holds. Let us consider an
interval Jh ⊂ Ih. Then, there exists an interval J̌h such that J̌h ⊂ Jh ⊂ Ih with dH(Jh, J̌h) = O(h∞) and

rank1J̌h(L̃h) ⩽ rank1Jh(Lh). (5.66)

Moreover, for all λ ∈ Ih ∩ Sp(L̃h),

dist(λ, Sp(Lh)) = O(h∞). (5.67)

In particular, we have established that the spectra of Lh and L̃h coincide in Ih modulo O(h∞).

5.6.4 Agmon estimate with Fourier multiplier

We will prove an Agmon estimates compatible with the Fourier multiplier OpW
ℏ (Ξ(σ+ℏ−1f0)). In order

to lighten the notation, we will use a slight abuse of notation by writing

ΞW := OpW
ℏ (Ξ(σ + ℏ−1f0)). (5.68)
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The proof of the following proposition is an adaptation of that of Proposition 5.6.5. Although we did not use
the following proposition in our presentation, it should be noted that it is a new result on exponential decay
compatible with the Fourier multiplier.

Proposition 5.6.14. There exist α > 0, C > 0, ℏ0 > 0 such that for all ℏ ∈ (0, ℏ0) and all eigenfunctions ψ
of L̂h associated with an eigenvalue in [a, b], we have∫

[−L,L)×R+
e2ατ |ΞWψ|2dsdτ ⩽ C(∥ΞWψ∥2 + ℏ2∥ΞWψ∥2 + ℏ2∥ΞW∂τψ∥2) + O(ℏ∞)∥ψ∥2, (5.69)

and∫
[−L,L)×R+

e2ατ
[∣∣(− iℏ∂s − τ + ℏ−1f0

)
ΞWψ

∣∣2 + |∂τΞWψ|2
]
dsdτ

⩽ C(∥ΞWψ∥2 + ℏ2∥ΞWψ∥2 + ℏ2∥ΞW∂τψ∥2) + O(ℏ∞)∥ψ∥2, (5.70)

where Ξ has the same properties as Ξ and is 1 on support of Ξ.

Proof. Let us consider λ ∈ [a, b] ∩ Sp(L̂h) and an associated eigenfunction ψ. We have(
L̂h − λ

)
ψ = 0. (5.71)

We let φ = eΦψ where Φ = ατ and α to be determined. Note that we know that the integrals in the
left-hand-sides are finite (due to the Agmon estimates). The point is to deal with the microlocal support of
the functions in the right-hand-side.

Similarly to (5.61), we can write (L̂ Φ
h − λ)φ = 0 with

L̂ Φ
h = a(s, τ̂)−1ps,ℏa(s, τ̂)−1ps,ℏ + a(s, τ̂)−1pΦ

τ a(s, τ̂)pΦ
τ , (5.72)

where ps,ℏ is given in (5.27) and
pΦ
τ = Dτ + iΦ′.

Let is now consider a function t 7→ χ(t) equal to 0 near t = 0 on a neighborhood of size 1.
Similarly to Lemma 5.6.6, we see that

(L̂ Φ
h − λ)(χφ) = −2iχ′pΦ

τ φ− χ′′φ− χ′(a(s, τ̂)−1∂τ [a(s, τ̂)])φ.

Then, we apply ΞW and get

(L̂ Φ
h − λ)(χΞWφ) = −2iχ′pΦ

τ ΞWφ− χ′′ΞWφ− ΞW
(
χ′(a(s, τ̂)−1∂τ [a(s, τ̂)])φ

)
+ [L̂ Φ

h ,ΞW](χφ).

Since Φ′ is bounded, this implies that

∥(L̂ Φ
h − λ)(χΞWφ)∥ ⩽ C∥χ′ΞWφ∥ + ∥χ′∂τΞWφ∥ + ∥χ′′ΞWφ∥

+ ∥ΞW
(
χ′(a(s, τ̂)−1∂τ [a(s, τ̂)])φ

)
∥ + ∥[L̂ Φ

h ,ΞW](χφ)∥.
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Thus,

∥(L̂ Φ
h − λ)(χΞWφ)∥ ⩽ C∥χ̃ΞWφ∥ + ∥χ′∂τΞWφ∥ + ∥χ′(ΞW

(
a(s, τ̂)−1∂τ [a(s, τ̂)])φ

)
∥

+ ∥[L̂ Φ
h ,ΞW](χφ)∥.

By commuting ΞW and a(s, τ̂)−1∂τ [a(s, τ̂)], we get a pseudo-differential operator (say with respect to s) of
order ℏ, uniformly in τ , and thus

∥(L̂ Φ
h − λ)(χΞWφ)∥ ⩽ C∥χ̃ΞWφ∥ + ∥χ′∂τΞWφ∥ + ∥[L̂ Φ

h ,ΞW](χφ)∥. (5.73)

Let us estimate the right-hand-side of (5.73). This is the aim of the following two lemmas.

Lemma 5.6.15. We have

∥[L̂ Φ
h ,ΞW](χφ)∥ ⩽ Cℏ∥ΞW(χφ)∥ + Cℏ∥ΞW∂τ (χφ)∥ + O(ℏ∞)∥φ∥.

Proof. The proof is the same as (5.34) in the Proposition 5.3.1.

Lemma 5.6.16. We have

∥ΞWχ′∂τφ∥ ⩽ C∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥.

Proof. The proof follows the same lines as for Lemma 5.6.8. As in the proof of Lemma 5.6.8, we can write

Re⟨(L̂ Φ
h − λ)ΞWφ, χ′2ΞWφ⟩L2(âℏdsdt)

=
∫

Cyl
â−1
ℏ |ps,ℏ(χ′

h(ΞWφ))|2dsdτ + Re⟨pΦ
τ âℏp

Φ
τ (ΞWφ), (χ′)2(ΞWφ)⟩L2(dsdτ) − λ∥χ′ΞWφ∥2, (5.74)

and similar commutator estimates provide us with

Re⟨pΦ
τ âℏp

Φ
τ (ΞWφ), (χ′)2(ΞWφ)⟩L2(dsdτ) ⩾ c∥Dτ (χ′ΞWφ)∥2 − C∥χ̃ΞWφ∥2. (5.75)

Let us now look at the left-hand-side of (5.74). Thanks to a commutator and by using the eigenvalue equation,
we find that ∣∣∣Re⟨(L̂ Φ

h − λ)ΞWφ, χ′2ΞWφ⟩L2(âℏdsdt)

∣∣∣ ⩽ C∥χ′[L̂ Φ
h ,ΞW]φ∥∥χ′ΞWφ∥.

Then, similarly as for Lemma 5.6.15, we have

∥χ′[L̂ Φ
h ,ΞW]φ∥ ⩽ Cℏ∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥.

With the Young inequality, (5.74) and (5.75) give that

∥∂τ (χ′ΞWφ)∥2 ⩽ C∥χ̃ΞWφ∥2 + Cℏ2∥χ̃ΞWφ∥2 + Cℏ2∥χ̃ΞW∂τφ∥2 + O(ℏ∞)∥φ∥2,

which implies the desired estimate.

Let us now come back to (5.73). Lemmas 5.6.15 and 5.6.16 imply that

∥(L̂ Φ
h − λ)(χΞWφ)∥ ⩽ C∥χ̃ΞWφ∥ + Cℏ∥χΞWφ∥ + Cℏ∥χ̃ΞWφ∥ + Cℏ∥χΞW∂τφ∥

+ Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥.
(5.76)
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Similarly as in Lemma 5.6.9 and Proposition 5.6.10 (in the original coordinates), our rescaled operator
L̂ Φ
h − λ can be written as a perturbation of a bĳective operator, whose inverse is bounded uniformly in ℏ.

This shows that

∥χΞWφ∥ ⩽ C∥χ̃ΞWφ∥ + Cℏ∥χΞWφ∥ + Cℏ∥χ̃ΞWφ∥ + Cℏ∥χΞW∂τφ∥ + Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥.

In fact, considering again (5.76) and Re⟨(L̂ Φ
h − λ)(χΞWφ), χΞWφ⟩, we infer that

∥χΞWφ∥ + ∥χΞW∂τφ∥ ⩽ C∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥ ,

and then

∥ΞWφ∥ + ∥ΞW∂τφ∥ ⩽ C∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞWφ∥ + Cℏ∥χ̃ΞW∂τφ∥ + O(ℏ∞)∥φ∥.

Recalling that φ = eΦψ (with Φ′ small enough) and also that ψ already satisfies Agmon type estimates, we
get

∥eΦΞWψ∥ + ∥eΦΞW∂τψ∥ ⩽ C∥ΞWψ∥ + Cℏ∥ΞWψ∥ + Cℏ∥ΞW∂τψ∥ + O(ℏ∞)∥ψ∥.
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A.1 Spectral theory

A.1.1 Spectrum of self-adjoint operators

In the following H denotes a Hilbert space over C and T is a self-adjoint operator of domain Dom(T ).

Definition A.1.1. The spectrum of the operator T is the set noted Sp(T ) and defined by :

Sp(T ) = C\ρ(T ),

where ρ(T ) = {z ∈ C, (T − z) is bĳective} denotes the resolvent set.

Recall that λ is an eigenvalue if there exists a nonzero vector u ∈ Dom(T ) such that Tu = λu. The
geometric multiplicity of λ is the dimension of Ker(T − λ). Recall the following characterization of the
spectrum:

Definition A.1.2. The discrete spectrum of the operator T , denoted Spdisc (T ) is the set of its isolated
eigenvalues of finite multiplicity. The essential spectrum of T , denoted Spess (T ), is given by Spess (T ) =
Sp(T )\Spdisc (T ).

A.1.2 Diamagnetic inequality

Theorem A.1.3 (Diamagnetic inequality). It is assumed that f ∈ L1
loc(Ω) such that (∇ − ibA)f ∈ L1

loc(Ω).
Then |f | ∈ H1

loc(Ω) and
∇|f | ⩽ |(∇ − ibA)f |,

almost everywhere, with
∇|f |(x) = Re{sign(f(x))∇f(x)},

for almost everywhere x ∈ Ω . In particular,

∇|f | ⩽ |∇f |.

The proof of this theorem is in the book of Fournais-Helffer [FH10b].
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A.1.3 Spectral theorem
Theorem A.1.4 (Spectral theorem). Let T be a self-adjoint operator. For any element z of the resolvent set,
we have:

∥(T − z)−1∥ ⩽
1

d(z, Sp(T )) .

This result gives the following corollary, useful in practice:

Corollary A.1.5. Let T be a self-adjoint operator. For any λ ∈ C and ψ ∈ Dom(T ), the distance between
λ and the spectrum of T verifies the inequality :

d(λ, Sp(T ))∥ψ∥ ⩽ ∥(T − λ)ψ∥.

An elementary consequence which will be used quite often is that if we find a good normalized test
function ψ (called quasimode) in Dom(T ) and a complex number λ such that, for ϵ > 0,

∥(T − λ)ψ∥ < ϵ ,

then
d(λ, Sp(T )) < ϵ .

Proof. See for example in Cheverry-Raymond’s book [CR21].

Proposition A.1.6 (Generalized spectral theorem). Let T be a self-adjoint operator and let ε > 0. It is
assumed that there exists λ ∈ C such that for any ψ ∈ F ⊂ Dom(T ) (where F is an N -dimensional vector
subspace), the following inequality exists:

∥(T − λ)ψ∥ ⩽ ε∥ψ∥.

Then, we have
dim Im(1[λ−ε,λ+ε]) ⩾ N.

Proof. See for example the Ph.D thesis of Miqueu [Miq16, Prop. A.8].

A.1.4 Min-Max principle
Theorem A.1.7. Let T be a self-adjoint operator with domain Dom(T ). We assume that T is semi-bounded
from below. Let Q the quadratic form associated to T with domain Dom(Q). The Rayleigh quotients which
are associated with T are defined for all positive natural numbers n ∈ N∗ by

µn = sup
u1,...,un−1∈Dom(Q)

(
inf

u∈[u1,...,un−1]⊥\{0}

Q(u)
∥u∥2

)
= inf

u1,...,un∈Dom(Q)

(
sup

u∈[u1,...,un]\{0}

Q(u)
∥u∥2

)
,

where [u1, . . . , un] is the vector subspace generated by u1, . . . , un. Then for any integer n ∈ N∗, we have the
following alternative:

a. The operator T has at least n eigenvalues (counted with multiplicity) under its essential spectrum, and
µn is the n-th eigenvalue (counted with multiplicity).

b. The quantity µn corresponds to the bottom of the essential spectrum of the operator T . In this case
µn = µn+1 = . . . and the operator T has less than n eigenvalues (counted with multiplicity) under µn.
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A.2 Pseudo-differential operators with operator valued symbols

We denote a point (x, η) ∈ R2 by X . We shall consider a family of Hilbert spaces AX , X ∈ R2

satisfying:
For all X ∈ R2, AX = A0(= A ) as vector space. (A.1)

There exist N ⩾ 0 and C ⩾ 0 such that ∥a∥AX ⩽ C⟨X − Y ⟩N∥a∥AY for all a ∈ A and X,Y ∈ R2.
(A.2)

Let BX , be a second family with the same properties.

Definition A.2.1. S(R2; L (AX ,BX)) is the set of functions p ∈ C ∞(R2; L (A ,B)) such that, for all
α ∈ N2, there exists Cα such that

∥∂αp(X)∥L (AX ,BX) ⩽ Cα, X ∈ R2. (A.3)

If p depends on the additional parameter h ∈]0, h0], h0 > 0 , the constant Cα must be uniform in h.

This class can be thought as generalization of the standard class of scalar symbols

SR2(1) = {p ∈ C ∞(R2
x,η,C) : ∀α ∈ N2 ,∃Cα > 0 : |∂αp(x, η)| ⩽ Cα}

to operator-valued symbols. More details can be found in [Ker18, Chapter 2].

Remark A.2.1. If the family of norms on A and B are constants, we denotes S(R2; L (AX ,BX)) by
S(R2; L (A ,B)).

Definition A.2.2. The Weyl quantization of a symbol p ∈ S(R2; L (AX ,BX)) is the operator, acting on
S (R; A ), given by the formula

OpW
ℏ (p)ψ(x) := 1

2πℏ

∫
R2
ei(x−y)η/ℏp

(
x+ y

2 , η

)
ψ(y)dydη .

We also define the standard quantization by the formula

Opℏ(p)ψ(x) := 1
2πℏ

∫
R2
ei(x−y)η/ℏp(x, η)ψ(y)dydη .

For an introduction to pseudo-differential operators, the reader is referred for instance to [Ker18], where
rigorous definitions are given and several fundamental properties are established.

Notation A.2.3. We sometimes note
OpW

ℏ (p) = pW(x, ℏD),

and
Opℏ(p) = p(x, ℏD).

Remark A.2.2. We recall that the operator and its Weyl symbol are related by the following exact formula
(see for instance [Ker18, Theorems 2.1.14 & 2.1.15])

p(x, η) = e−i ℏ2DxDη
[
e−ix·η/ℏOpℏ(p)

(
ei·η/ℏ

)]
(x, η),

where e−i ℏ2DxDη is defined as a Fourier multiplier thanks to the Fourier transform with respect to (x, η).
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Theorem A.2.4 (Composition). Let p ∈ S(R2; L (BX ,CX)), and q ∈ S(R2; L (AX ,BX)). Then

OpW
ℏ (p) ◦ OpW

ℏ (q) = OpW
ℏ (r),

where r ∈ S(R2; L (AX ,CX)), is given by the formula

r(X) = p♯q(X) := ei
ℏ
2σ(DX :DY )(p(X)q(Y ))|Y=X ,

with σ denotes the usual symplectic form on R2 defined by

σ(X : Y ) := ξy − xη,

for X = (x, ξ), Y = (y, η) ∈ R2.

Moreover, for all n ∈ N∗, we have

r =
N∑
k=0

1
k!

(
iℏ
2

)k
σ(DX : DY )k(p(X)q(Y ))|Y=X + hN+1rN+1,

where rN+1 ∈ S(R2; L (AX ,CX)). In particular.

r = p ◦ q + h

2i{p, q} + h2

8 ({∂xp, ∂ξq} − {∂ξp, ∂xq}) + h3r3.

The L2-boundedness can be established exactly as in the scalar case:

Theorem A.2.5 (Calderón-Vaillancourt). Let p ∈ S(R2; L (A ,B)). Then

OpW
ℏ (p) : L2(R; A ) → L2(R; B)

is uniformly bounded for ℏ ∈ (0, ℏ0).
More precisely, there exists C,M > 0 such that

∥OpW
ℏ (p)∥L2(R)→L2(R) ⩽ C

∑
|α|⩽M

h|α|/2 sup
X∈R2

∥∂αp(X)∥L (A ,B).

Remark A.2.3. We can generalize the results of this section to symbols in more general spaces, as in [Ker18,
Chapter 2].
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Perspectives

We discuss the different perspectives and questions raised by this thesis.

I. Robin electro-magnetic Laplacian

Consider the semiclassical electromagnetic Schrödinger operator on a smooth, bounded, and simply
connected open Euclidean domain Ω ⊂ Rd, d ⩾ 2

Lh,V = (−ih∇ − A)2 + hV,

with domain given by

Dom(Lh,V ) = {ψ ∈ H1(Ω) : (−ih∇ − A)2ψ ∈ L2(Ω),−ihn · (−ih∇ − A)ψ = γh
3
2ψ on ∂Ω},

where A is a smooth real magnetic vector potential, V is a smooth complex scalar potential, n is the outward
pointing normal to the boundary, and γ is a smooth coefficient. In dimension 2, when V = 0, and with
γ ∈ R ∪ {+∞}, we established a uniform description of the spectrum of Lh,0 located between the Landau
levels.

Many interesting questions that naturally arise in the theory of superconductivity could be the subject of
future research.

✻ We can analyse the effect of an electric field and of the Robin condition on the behavior of the
magnetic eigenvalues of Lh,V and the associated eigenfunctions when the semiclassical parameter
h tends to zero. Of course, some conditions must be imposed on the magnetic field B = curlA and
the potential V to understand this question. We might find a pseudo-differential operator that would
allow us to describe the spectrum. It is not obvious that our method [Fah23a, FLTRVuN23] can be
directly adapted, but it opens up possibilities for such a study.

✻ In my research, we consider only the case of a smooth domain Ω. The most physically relevant
areas would instead contain singularities, such as corners. Using the strategy developed in [BP16] (in
the non-magnetic Robin case), it would be quite interesting to analyze the behavior of the principal
eigenvalue of Lh,V , in domains with corners. One could also study the bottom of the essential
spectrum on the associated tangent structures given by the cones. A natural question that does not
seem obvious concerns the semi-continuity property of the eigenvalue.
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II. Schrödinger operators with electric potentials

Let Ω be a smooth open bounded and connected domain of RN , N ⩾ 2. We consider theN -dimensional
Stark Hamiltonian with Dirichlet boundary conditions in L2(Ω)

Lh := −h2∆ + x1.

In [Fah23b], thanks to decay estimates and the reduction to model operators, we established a full asymp-
totic expansion of the low-lying eigenvalues, and we also shown that their eigenfunctions are localized near
the potential minimum.

It is possible to prove asymptotic expansions of the low-lying eigenvalues of the Hamiltonian Lh, if we
replace the potential x1 by V (x), where V is a smooth real potential satisfies some additional conditions.

Assumption 3. We assume the following :
1. V has a unique minimum non degenerate x0 ∈ ∂Ω.

2. ∇V (x0) · ν(x0) = ∂V

∂ν
(x0) (“normal derivative”) < 0.

Under these conditions, we can deduce :

Theorem. For any positive n, there exists a real sequence {ζj,n}j⩾0 such that, for any positive M ∈ N, we
have

λn(h) =
h→0

V (x0) + z1(∇V (x0) · ν(x0))
2
3h

2
3 + βnh+ h7/6

M∑
j=0

hj/6ζj,n + O
(
h

7
6 +M+1

6
)
,

with βn is the n-th eigenvalue of the harmonic oscillator in dimension N − 1

N−1∑
i=1

−∂2
ui + Λi

2 u2
i ,

where Λi are the eigenvalues of the matrixG(0)−1H ,G the induced metrics on ∂Ω, andH = Hesss=0V ◦ϕ
with ϕ denoting the embedding of ∂Ω in RN such that ϕ(0) = x0.

Firstly, we can show that the low energy eigenfunctions will be localized around x0.We can quantify this
thanks to classical Agmon estimates. We use this to find an effective Hamiltonian on a tiny domain around
x0.

Secondly, we can introduce local boundary coordinates in the neighborhood of x0 ∈ ∂Ω in order to
straighten a portion of the boundary. Let ϕ denote the embedding of ∂Ω in RN andG the induced metrics on
∂Ω. If dist(x, ∂Ω) ⩽ δ, for δ sufficiently small, we introduce the diffeomorphism Φ defined by the formula

x = Φ(s, t) = ϕ(s) − tν(ϕ(s)),

where ν(x) is the unit outward pointing normal vector at the point x ∈ ∂Ω, t is the distance to the boundary
and s = (s1, . . . , sN−1) is the tangential variable on ∂Ω . We assume that x0 = Φ(0, 0) .
Thanks to the Agmon estimates in coordinates (s, t), the operator Lh is expressed formally in coordinates
(s, t) as :

Lh = V (x0) − h2∂2
t − ∇V (x0) · ν(x0)t− h2∆G(0) + 1

2
d2

ds2V (ϕ)|s=0(s)(s) + O(h
7
6 ),
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where ∆G(0) is the Laplace-Beltrami operator on ∂Ω in the neighborhood of x0.

We assume the following :

1. ∇V (x0) · ν(x0) = ∂V

∂ν
(x0) < 0.

2.
d2

ds2V (ϕ)|s=0 := H is positive definite matrix, i.e. x0 is a non degenerate minimum of V .

Under these conditions, our analysis can be adapted to get

λn(h) =
h→0

V (x0) + z1(∇V (x0) · ν(x0))
2
3h

2
3 + βnh+ O(h

7
6 ) ,

where βn is the n-th eigenvalue of the harmonic oscillator in dimension N − 1

N−1∑
i=1

−∂2
ui + Λi

2 u2
i ,

where Λi are the eigenvalues of the matrix G(0)−1H . The full asymptotic expansion can be computed, by
constructing a sequence of trial states (quasimodes) as Section 4.4.

It would be interesting to study somme related spectral questions.

✻ We could improve and generalize the results obtained in [Fah23b]. Moreover, under these conditions
for V in the semiclassical limit, we could to apply other advanced methods of reduction (the so-called
Grushin’s method), microlocal analysis, and the use of pseudo differential calculus techniques used
in [FLTRVuN23], and we could be able to find a uniform description of the spectrum of Hh =
−h2∆ + V (x) (not only the bottom of the spectrum) by establishing a Weyl estimate N(Hh, h

2
3E),

which is the number of eigenvalues of Hh below the energy level h
2
3E where E is close to the

absolute value of the second zero of the Airy function.

✻ Our strategy can be adapted to deal with a finite number of non-degenerate minima, and it would
even be possible to study the tunnel effects when these minima have symmetries. We could establish
the asymptotic formula for the splitting of the first two eigenvalues (tunneling effect) and give an
approximation of the eigenfunctions by the WKB expansions.

✻ Replacing the potential V by W , where W is a smooth complex electric potential, we have a non-
selfadjoint operator −h2∆ + W (lack of a "spectral theorem"). Going from the self-adjoint case to
the non-self-adjoint case is rarely anecdotal, and it requires doing really different things. Under some
assumptions about W , by a uniform resolvent estimate, one could fully understand the behavior of
the eigenvalues (not only the left margin of the spectrum as in [HA19]).
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Titre : Influence des conditions de Robin sur le spectre du Laplacien magnétique.

Mot clés : théorie spectrale, analyse microlocale, limite semiclassique, Laplacien magnétique, condition
de Robin, estimation d’Agmon.

Résumé : Cette thèse concerne l’étude spectrale
dans le régime semi-classique de l’opérateur de
Schrödinger en présence d’un champ magnétique
sur un domaine borné et régulier avec condition de
Robin au bord. L’objectif est de décrire l’influence
des conditions de Robin sur le spectre magnétique
lorsque le paramètre semi-classique tend vers zéro
et lorsque le champ magnétique joue un rôle ma-
jeur en concurrence avec la condition de Robin.
La description précise des éléments propres passe
par la compréhension de différents opérateurs mo-
dèles.
Dans la première partie, lorsque le champ ma-
gnétique est d’intensité modérée et dans la li-
mite du couplage fort, on montre que les valeurs
propres du Laplacien de Robin sont bien appro-
chées par celles d’un opérateur de Schrödinger pé-
riodique 1D sur la frontière. Lorsque la courbure
a un unique maximum non dégénéré, on estime
l’écart spectral entre les valeurs propres succes-
sives. Dans le cas du disque, on révèle explicite-
ment la contribution du champ magnétique sur la

première valeur propre.
Dans la deuxième partie, on étudie l’effet de Stark
en toutes les dimensions. On considère l’opéra-
teur de Laplace avec un champ électrique fort et
uniforme et des conditions de Dirichlet sur le bord
d’un domaine borné et régulier. Dans la limite du
champ électrique fort, on dérive, sous certaines
conditions de convexité locale, une description pré-
cise des valeurs propres et des fonctions propres
associées.
Dans la troisième partie, lorsque le champ ma-
gnétique est plus intense, et dans la limite semi-
classique, en utilisant la méthode de Grushin et les
outils d’analyse microlocale, on établit une descrip-
tion uniforme du spectre du Laplacien magnétique
de Robin situé entre les niveaux de Landau, in-
cluant les Laplaciens de Neumann et Dirichlet. De
plus, on examine les propriétés de localisation des
états fondamentaux. Les estimations ressemblent
à celles d’Agmon, mais elles ne sont pas obtenues
par des moyens variationnels comme c’est le cas
dans de nombreux contextes magnétiques.

Title: Influence of Robin’s conditions on the spectrum of the magnetic Laplacian.

Keywords: spectral theory, microlocal analysis, semiclassical limit, magnetic Laplacian, Robin condi-
tion, Agmon estimates.

Abstract: This thesis concerns the spectral study
in the semiclassical regime of the Schrödinger op-
erator in the presence of a magnetic field on a
bounded and regular domain with the Robin con-
dition at the boundary. The aim is to describe the
influence of the Robin conditions on the magnetic
spectrum when the semiclassical parameter tends
to zero and when the magnetic field plays an im-
portant role in competition with the Robin condition.
The precise description of the eigenpairs requires
an understanding of effective operators.
In the first part, when the magnetic field is of mod-
erate intensity and in the strong coupling limit, we
show that the eigenvalues of the Robin Laplacian
are well approximated by those of a 1D periodic
Schrödinger operator on the boundary. When the
curvature has a unique maximum that is not degen-
erate, we estimate the spectral gap between suc-
cessive eigenvalues. In the case of the disk, we
explicitly display the contribution of the magnetic
field to the first eigenvalue.

In the second part, we study the Stark effect in
any dimension. We consider the Laplace operator
with a strong and uniform electric field and Dirichlet
conditions at the boundary of a bounded and reg-
ular domain. In the limit of the strong electric field,
under certain local convexity conditions, we derive
an asymptotic expansion of the low-lying eigenval-
ues at any order and also study the localization of
the ground states.
In the third part, when the magnetic field is
stronger, and in the semiclassical limit, we estab-
lish a uniform description of the spectrum between
the Landau levels, of the magnetic Robin Laplacian
including the Neumann and Dirichlet Laplacians,
using the Grushin method and microlocal analysis
tools. We also investigate the localization proper-
ties of the ground states. The estimates look like
Agmon’s estimates, but they are not obtained via
variational methods, as is the case in many mag-
netic settings.
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