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Influence des conditions de Robin sur le spectre du Laplacien magnétique

Résumé : Cette these concerne 1’étude spectrale dans le régime semi-classique de I’opérateur de
Schrédinger en présence d’un champ magnétique sur un domaine borné et régulier avec condition
de Robin au bord. L’objectif est de décrire I’influence des conditions de Robin sur le spectre ma-
gnétique lorsque le parametre semi-classique tend vers zéro et lorsque le champ magnétique joue
un rdle majeur en concurrence avec la condition de Robin. La description précise des éléments
propres passe par la compréhension de différents opérateurs modeles.

Dans la premiéere partie, lorsque le champ magnétique est d’intensité modérée et dans la limite
du couplage fort, on montre que les valeurs propres du Laplacien de Robin sont bien approchées
par celles d’un opérateur de Schrodinger périodique 1D sur la frontiere. Lorsque la courbure a un
unique maximum non dégénéré, on estime 1’écart spectral entre les valeurs propres successives.
Dans le cas du disque, on révele explicitement la contribution du champ magnétique sur la
premiére valeur propre.

Dans la deuxieme partie, on étudie I’effet de Stark en toutes les dimensions. On considere
I’opérateur de Laplace avec un champ électrique fort et uniforme et des conditions de Dirichlet
sur le bord d’un domaine borné et régulier. Dans la limite du champ électrique fort, on dérive,
sous certaines conditions de convexité locale, une description précise des valeurs propres et des
fonctions propres associées.

Dans la troisieme partie, lorsque le champ magnétique est plus intense, et dans la limite semi-
classique, en utilisant la méthode de Grushin et les outils d’analyse microlocale, on établit une
description uniforme du spectre du Laplacien magnétique de Robin situé entre les niveaux de
Landau, incluant les Laplaciens de Neumann et Dirichlet. De plus, on examine les propriétés de
localisation des états fondamentaux. Les estimations ressemblent a celles d’Agmon, mais elles ne
sont pas obtenues par des moyens variationnels comme c’est le cas dans de nombreux contextes
magnétiques.

Mots-clés : Théorie spectrale, Analyse microlocale, Limite semiclassique, Laplacien magné-
tique, Condition de Robin, Estimation d’Agmon.






Influence of Robin’s conditions on the spectrum of the magnetic Laplacian

Abstract : This thesis concerns the spectral study in the semiclassical regime of the Schrodinger
operator in the presence of a magnetic field on a bounded and regular domain with the Robin
condition at the boundary. The aim is to describe the influence of the Robin conditions on the
magnetic spectrum when the semiclassical parameter tends to zero and when the magnetic field
plays an important role in competition with the Robin condition. The precise description of the
eigenpairs requires an understanding of effective operators.

In the first part, when the magnetic field is of moderate intensity, we show that the eigenvalues
of the Robin Laplacian are well approximated by those of a 1D periodic Schrédinger operator
on the boundary. When the curvature has a unique maximum that is not degenerate, we estimate
the spectral gap between successive eigenvalues. In the case of the disk, we explicitly display the
contribution of the magnetic field to the first eigenvalue.

In the second part, we study the Stark effect in any dimension. We consider the Laplace operator
with a strong and uniform electric field and Dirichlet conditions at the boundary of a bounded and
regular domain. In the limit of the strong electric field, under certain local convexity conditions,
we derive an asymptotic expansion of the low-lying eigenvalues at any order and also study the
localization of the ground states.

In the third part, when the magnetic field is stronger, and in the semiclassical limit, we establish
a uniform description of the spectrum between the Landau levels, of the magnetic Laplacians
including the Neumann and Dirichlet Laplacians, using the Grushin method and microlocal
analysis tools. We also investigate the localization properties of the ground states. The estimates
look like Agmon’s estimates, but they are not obtained via variational methods, as is the case in
many magnetic settings.

Keywords : Spectral theory, Microlocal analysis, Semiclassical limit, Magnetic Laplacian, Robin
condition, Agmon estimates.
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Chapitre

Introduction générale

1.1 Motivation physique et présentation générale

1.1.1 Premiere motivation : théorie de la supraconductivité

Une premiere motivation qui peut conduire a 1’analyse spectrale du Laplacien magnétique découle de la
théorie mathématique de la supraconductivité. L’analyse des problémes mathématiques liés a la théorie de
la supraconductivité a été intensivement développée au cours des 30 dernie¢res années (voir [FH10b]). Le
comportement macroscopique des matériaux supraconducteurs placés dans un ouvert §2 est décrit par les
minimiseurs (1, Ag) dans H'(Q;C) x H'(2;R?) de la fonctionnelle de Ginzburg-Landau G (cf. [dG66,
BS98, BPT98]) :

2
G, A0) = [ {I(V = irbAo)uf? = w20+ oty do+ w22 [ feurldg — 1 da

(1.1)
[ Bl dsa).
o0

Ici © C R? est un ouvert borné régulier, v est appelée le paramétre d’ordre, |1)|? est la densité des paires
de Cooper, Ag est appelé le potentiel magnétique et curlAg = V x Ag est le champ magnétique induit
dans un échantillon supraconducteur 2. Le parametre b > 0 est ’intensité du champ magnétique appliqué
a I’échantillon. Le parametre x > 0 est une caractéristique du matériau et il est appelé le parametre de
Ginzburg-Landau. Dans la littérature physique, on fait généralement la distinction entre les matériaux de type
I et les matériaux de type II. Le matériau est dit de type I si x est suffisamment petit et il est dit de type II,
lorsque ~ est grand. C’est ce dernier cas que nous considérons ici.

Les minimiseurs de la fonctionnelle de Ginzburg-Landau G décriront les propriétés du matériau lors-
qu’il est soumis au champ magnétique externe. On distingue traditionnellement trois types de minimiseurs
possibles. Nous disons qu’un minimiseur (¢, A) est supraconducteur si ¢ ne s’annule jamais, normal si ¢
est identiquement 0, et mixte si ¢ a des zéros, mais ne s’annule pas identiquement. La fonctionnelle G a un
point critique du type (0, A) “un état normal”, avec curlA = 1, qui satisfait le systtme de Ginzburg-Landau
(cf. [GP99]). Il est naturel d’analyser quand cette solution normale est un minimum local de la fonctionnelle.
Cela conduit naturellement a la question de la positivité du Hessien de G, qui conduit a examiner la dérivée
seconde en v de G (voir par exemple [FH10b, LP99, LP00, dPFS00, HP0O3]).

La positivité du Hessien est immédiatement liée a la positivité de I’opérateur

(V —ikbAg)? — K,
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avec la condition au bord suivante dite de de Gennes ! (cf. [dG66, Chapitre 3]) :
v-(V —irbAg)Y + B =0, sur 0N (1.2)

ol v est le vecteur normal extérieur de 0S2 et 5 € R est appelée dans la littérature physique le parametre de
de Gennes 2. Parsuite, cela amene a analyser 1’état fondamental de I'opérateur de Schrédinger avec champ
magnétique

(V —ikbAg)?,

avec la condition de Robin (1.2) au bord.
Lorsque « est grand, cela devient un probleme semi-classique * apres le changement de parametre h = %
et le probléme ramene ainsi a 1’étude spectrale du Laplacien magnétique de Robin

Nig = —(hV —i4p)?, (1.3)

défini sur
Dom(Ny, ) = {u € H*(Q) : v (hV —iAg)u + Bhu = 0 sur 92 }, (1.4)

lorsque le parametre h tend vers 0. Le régime semi-classique h — 0 est maintenant équivalent au x — +00
et/ou b — +o00. Nous souhaitons établir des asymptotiques spectrales précises pour le Laplacien magnétique
de Robin AV}, g dans les régimes ot le champ magnétique joue un rdle majeur, en concurrence avec la condition

de Robin (pour 8 = vh%l, avec 7y une constante réelle).
Lorsque x = 1, I’étude du phénomene de la supraconductivité ramene a I’analyse spectrale du Laplacien
magnétique
—(V —ibAg)?, (1.5)

avec les conditions au bord de type Robin, comme (1.2). Une partie du travail présenté ici a pour objet I’étude
spectrale de cet opérateur dans le régime de couplage fort (8 — oc0) et b — 400 simultanément. [’analyse
spectrale de ces opérateurs fait I’objet des articles [Fah23a, FLTRVuN23].

1.1.2 Une autre motivation

Vers la fin du XIXeéme siecle, on pensait que I’évolution des systémes physiques pouvait €tre décrite dans
le cadre de la mécanique classique. Cependant, certaines expériences physiques ont donné des résultats qui
ne peuvent pas expliqués par la mécanique classique et qui semblaient méme contradictoires entre eux. Les
résultats de 1’expérience de Bragg (i.e. la réflexion de Bragg et la diffraction du rayonnement), la dualité
onde-corpuscule de la lumiere et la radioactivité du corps noir de Gustav Kirchoff (cf. [Jac07]) sont des
phénomenes pour lesquels la mécanique classique ne présente pas d’explications suffisantes. Sur cette base,
une nouvelle mécanique a été créée : la mécanique quantique #. Le lecteur ou la lectrice intéressée par la
construction de la théorie quantique et de son modele mathématique, peut consulter par exemple les livres
[Rob87, Introduction] ou [LL66, FH10a, CTDL21, LL77].

1. La condition au bord (1.2) est appelée dans d’autres domaines de la théorie des équations aux dérivées partielles condition de
Robin, mais qu’elle a été introduite pour la premiére fois par Fourier.

2. Le physicien de Gennes (cf. [dG66]) a introduit le paramétre 3 dans le but de modéliser les interfaces entre des matériaux
supraconducteurs et normaux et dans ce contexte, 3 est une constante strictement positive. Les valeurs négatives de /3 sont aussi
considérées dans la littérature physique (cf. [FJ69]) pour modéliser la situation de supraconducteur a coté d’un autre supraconducteur
ayant une plus haute température critique. Pour plus de détails, voir par exemple [Kac06a, KacO6b].

3. Le lecteur ou la lectrice intéressé par 1’analyse semi-classique, peut consulter par exemple les livres [Zwo12, Mar(02, DS99].

4. La mécanique quantique a permis d’expliquer de nombreuses propriétés physiques jusqu’alors mystérieuses. Les principes
fondamentaux de la mécanique quantique ont été établis principalement entre 1922 et 1927 par les physiciens Bohr, Dirac, de Groglie,
Heisenberg, Jordan, Pauli et Schrodinger.
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Une équation fondamentale de la mécanique quantique non-relativiste est la célebre “équation de Schro-
dinger” 3> dépendant du temps :

(1) = P, ), (16)

otl, 1 est la fonction d’onde avec ||v(x)||? est la densité de probabilité de trouver la particule en 2. Un exemple

trés classique de Hamiltonien quantique associé a I’énergie totale du systéme est :

—h2

P=—A+V(x), 1.7

2 A+ V(@) (17
et il décrit une particule non relativiste ¢ de masse m (€X : Melectron ~ 10_31Kg) qui se déplace dans un
potentiel V, ot V() est1’énergie potentielle de la particule au point z, et / est la constante de Planck divisée
par 27, et elle vaut /i ~ 1.054 571 818 x 10734 Js.

La recherche de solutions harmoniques en temps, i.e. de la frome

_iEt

mip(z,0),

Pz, t) =e

conduit a )
T A, 0) + V(@pb(a,0) = Bu(a,0),

ou E est I’énergie associée a 1’état propre ¥ (z, 0).
La densité de probabilité de présence de la particule est donc indépendante de temps et elle satisfait

[, t)* = |v(z,0)%.

C’est d’ailleurs la raison pour laquelle ces états sont qualifiés de “stationnaires”.

Notons enfin, pour comprendre comment la particule évolue, i.e. étudier 1’évolution temporelle de la
fonction d’onde, il faut étudier le spectre de I’opérateur non-borné P sur L2(2), @ € R? d > 2. C’est
pourquoi le spectre de P joue un rdle tout particulier dans 1’étude de (1.6). Plus généralement, n’importe quel
opérateur auto-adjoint H défini un systéme dynamique quantique par (1.6).

Dans cette these, nous nous intéressons a d’autres types de Hamiltonien P, notamment magnétiques ou/et
sur des domaines de R?. Nous cherchons a décrire le spectre et les fonctions propres de P dans certains
régimes asymptotiques (grand champ magnétique, grand champ électrique).

1.1.2.1 Hamiltonien de Stark

Considérons une particule chargée soumise a un champ éléctrique uniforme F. Dans ce cas, le Hamiltonien
qui nous intéresse est alors (agissant sur L?(2) et défini avec des conditions de bord de Dirichlet sur 92)

2

H= iA+qF-x, (1.8)
2m

N

ou
— h est la constante de Planck divisée par 2,
— m est la masse effective de la particule,

— q est la charge de la particule.

5. Erwin Schrédinger(1887-1961) a introduit sa célebre équation pour la premiere fois dans 1’article [Sch26].
6. L’équation de Schrodinger ne tient pas compte des effets de relativité restreinte. Lorsque ces effets sont importants, il faut
alors utiliser I’équation de Dirac (1928).
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Une partie de cette theése concerne 1’analyse des propriétées spectrales du Hamiltonien de Stark H défini en
(1.8), sur un domaine ouvert, borné, régulier et connexe de R%, d > 2, lorsque I’intensité du champ électrique
est grande. Nous nous intéressons a étudier le comportement asymptotique des valeurs propres de H, et les
propriétés de localisation des fonctions propres associées ainsi que des approximations pour ces fonctions.
L’ analyse spectrale de ’opérateur ‘H fait I’objet de mon article [Fah23b].

1.1.2.2 Laplacien magnétique

Considérons une particule soumise & un champ purement magnétique qui est mathématiquement modélisé
par le Laplacien magnétique
Ph=—(V —ibAp)?, (1.9)

ol Ay est un potentiel magnétique et b est I’intensité du champ magnétique appliqué.
Le domaine de I’opérateur Pg est

Dom(PZ) ={uec H*(Q):v-(V —ibAg)u+ Bu = 0sur O} .

Une grande partie de cette theése concerne I’analyse spectrale de cette famille de laplaciens magnétiques défini
en (1.9) sur un domaine ouvert, borné, régulier et simplement connexe de R? dans divers régimes “grand
champ magnétique” et/ou “grande condition de Robin”. L’ analyse spectrale de 1’opérateur Pg font I’objet de
mes articles [Fah23a, FLTRVuN23].

1.2 Présentation détaillée : objectifs de la these et résultats connus

1.2.1 Laplacien magnétique de Robin

La théorie spectrale du Laplacien magnétique de Robin a suscité beaucoup d’intérét ces dernieres années,
notamment dans le régime de couplage fort (c’est-a-dire quand le paramétre de Robin est grand). De nombreux
auteurs se sont intéressés a 1’analyse asymptotique de cet opérateur. Nous allons maintenant définir cet
opérateur. Soit 2 un ouvert borné connexe de R%. Nous supposons que la frontiere I' = 99 est C*°-réguliére.
Considérons le probleme spectral

Phu=—(V —ibAg)’u=Fu sur (1.10)

v-(V—ibAp)u+Bu=0 sur T, (1.11)

Ap est le champ de vecteur,

v est le vecteur normal unitaire extérieur de I,

— B € R est le parametre de Robin,

— best I’intensité du champ magnétique appliqué,

— FE est une valeur propre et v une fonction propre non nulle associée.

Le domaine de ’opérateur Pg est
Dom(Pg) ={ue H*Q):v-(V—ibAg)u+ Bu=0surT}.

La condition (1.11) est appelée condition de Robin. Elle est dite attractive si 5 < 0 et répulsive si 5 > 0. Elle
peut étre considérée comme celle de Neumann lorsque 5 = 0 et celle de Dirichlet lorsque 5 = co.
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Le but est d’étudier le comportement asymptotique des valeurs propres lorsque le parametre 3 est grand.
Le potentiel magnétique défini par

1
Ap(z1,2) = (Ao, , Ao,) = 5(—3627331),

génére un champ magnétique constant :
B =V x A() = (‘“)zlA(h — 6z2A01 = 1.
Comme div(Ag) =V - Ag = 0z, Ao, + 0z, A0, = 0, alors ’opérateur Pg s’écrit comme suit :

Py = —(V —ibAp)®
= —(V —ibAy) - (V —ibAy)
= —A+2ibAg - V + ibdiv(Ag) + b Ao||?
= —A +2ibAg - V + b?|| Ag||*.
Pour étre plus précis, I’opérateur de Schrodinger magnétique PZ est défini via le théoréme d’extension

de Friedrich (voir par exemple [LM54, Thms. 2.1 & 2.2] et [Hel13, Ch. 4]), a partir de la forme quadratique
fermée semi-bornée inférieurement, définie sur H'(£2) par la formule

vue HY(Q), QY (u) = /Qw _ibAg)u(z)? dz + B/F\u(a:)|2 ds(a),

ou ds est la mesure de surface standard sur la frontiere. Notons que, par I’inégalité dans [BEL 14, Lem. 2.6], la
1
trace de u est bien définie comme un élément de H 2 ("), et ensuite la forme quadratique Q% est bien définie.

Lemme 1.2.1. La forme quadratique Q% est bornée inférieurement.

Démonstration. Rappelons que d’aprés 1’inégalité diamagnétique [LLLO1, Thm. 7.21], pour tout u € H'(2),
ona
V[l < IV = ibAo)ul?2(q)- (1.12)

En combinant (1.12) avec I’inégalité dans [BEL 14, Lem. 2.6], on obtient que pour tout € > 0, il existe une
constante C'(¢) > 0 telle que, pour tout u € H'(£2), on a

10 200 < Ell(V — ibAo))ulf2q + C(e)|ullZ2(y- (1.13)

- Si 3 >0, alors Q% (u) = [[(V —ibAg)ul|? = QF (u),
- Sif < 0,alors Q% (u) = (14+eB)|[(V —ibAg)ul/? +C(€)HUH%Q(Q) = (1+eB)Q4(u) + C(€)||u|]%2(m,

ou Qg est la forme quadratique correspondant au Laplacien magnétique de Neumann sur §2 avec le champ
magnétique constant. La conclusion s’ensuit puisque Qg est bornée inférieurement par 0. O

Comme 2 est borné et régulier, par [CR21, Thm. 4.20] et [Gril I, Section 1.4.4], il existe C > 0 tel que

(22, 1 2@,

(Dom(Q}). /@5 () + (C+ 1) - 20 )
————
=H1(Q)

—
compacte

ainsi, par [CR21, Proposition 4.24] I’opérateur Pg +(C+1)Id r2(q) esta résolvante compacte et ensuite
I’opérateur Pg est a résolvante compacte. Et donc, voir e.g. [RS78, Thm. XIII.64], son spectre est purement
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discret et comme Pg est auto-adjoint et borné inférieurement, il est formé d’une suite de valeurs propres ”
AM(b,B) < A(b,B) < ... < A\(b,8) < ... = 400

ou chaque valeur propre est répétée selon sa multiplicité finie, et les fonctions propres associées forment une
base orthonormale de L?(£2).
Si 2 est simplement connexe, la valeur propre A, (b, ) est indépendante du choix du potentiel vecteur A
du champ magnétique. Ceci est une conséquence de I’invariance par changement de jauge ; si A € H'(2;R?)
etcurlA = 1, alors A = Ay + V¢ pour une fonction ¢ € H?(2) (cf. [FH10b, Props D.1.1 and D.2.1]), et &
leur tour
PP (V — ibAg)?e™®? = (V —ibAg — ibVp)? = (V — ibA)?.

Outre son intérét propre, I’étude du spectre de ’opérateur Pg apparait dans la modélisation de nombreux
problémes physiques comme 1’équation de Schrodinger modélisant I’évolution d’une particule non relativiste
(Section 1.1.2) ou encore I’équation des ondes décrivant les vibrations d’une membrane. Le probléme aux
valeurs propres de Robin (1.10)-(1.11) apparait dans de nombreuses applications comme 1’estimation de
la température critique/les champs critiques de certains supraconducteurs entourés d’autres matériaux :
[KacO6a, KS20] en dimension 2 et [Mir23, HKR17] en dimension 3, ou encore 1’étude des équations de
réaction-diffusion en temps longs [LOS98]. D’autre part, les asymptotiques de valeurs propres dans la limite
singuliére 3 — —oo, fournissent des contre-exemples dans le contexte de 1a géométrie spectrale [FK 15, PP16],
et ont des liens avec 1’étude des valeurs propres de Steklov [HK22]. Le cas 5 = 0 correspond au Laplacien
magnétique de Neumann, qui a été étudié dans de nombreux articles [Ray17, FH10b]. L’étude des inégalités
isopérimétriques a été étendue aux conditions de Robin a parameétre 5 négatif. [”asymptotique des valeurs
propres peut également utilisée pour discuter/généraliser la validité des inégalités isopérimétriques dans le
régime § — —oo. Dans le travail récent de Kachmar-Lotoreichik [KL22], pour un parameétre de Robin
négatif et un champ magnétique d’intensité modérée, ils ont trouvé que le disque maximise 1’énergie de I’ état
fondamental \; (b, 3) dans une classe admissible de domaines ayant le méme périmetre que le disque.

1.2.1.1 Cas du champ magnétique modéré et condition de Robin attractive

En I’absence du champ magnétique (b = 0), I’asymptotique des valeurs propres de ’opérateur Pg a
donné lieu a de nombreuses contributions (dans divers contextes géométriques) au cours des dernieres années
[EMP14, HK17, Ker18, LP08, PP16, Kac16, KKR16].

Théoreme 1.2.1 ((EMP14, Pan13, PP15]). Pour tout n € N*, on a
Mn(0,8) = =B + KmaxB + 0(8) lorsque 3 — —o0, (1.14)

Ol Kyax €St la courbure maximale du bord T'.

7. La caractérisation variationnelle des valeurs propres par les principes du min-max (voir le Théoréme A.1.7 dans I’appendice),
appliqué a Q’é, nous donne :

Vn>1 .
Q%(u
An(b, B) = sup inf # ,
D1y —1 u € H (Q),u#0 HUHL2(Q)
u€EVect{1,..., Y1}l
pourn =1

Q5 (u)

uwe HY(Q) flull

Al(bv ﬁ) =

- )
L?(Q)
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zeN 2

Notons que le premier terme de (1.14) avait déja été obtenu précédemment (voir [LPOS8] et ses références).
Nous remarquons que dans 1’estimation (1.14), les propriétés géométriques du bord, et plus particulierement
la courbure, apparaissent, mais le numéro de la valeur propre n’est, par contre, pas visible dans les deux
premiers termes. De ce fait, les plus petites valeurs propres sont indistinguables. L article [HK17] permet de
résoudre ce probléme en obtenant un développement asymptotique complet de chaque valeur propre A, (0, 3),
lorsque § — —oo. Paramétrons la frontiere OS2, par la longueur de I’arc, que nous notons s. Soit k(s) la
courbure de ) au point défini par la longueur d’arc s, avec la convention que x(s) > 0 quand OS2 est
convexe au voisinage de s, et négatif sinon.

Hypothese 1. Supposons que la courbure  a un unique maximum atteint en un point sy et le maximum est
non dégénéré : £ (sg) < 0. La paramétrisation de la longueur d’arc de la frontiére est définie de sorte que
k(0) = Ky 1. 50 = 0.

Théoréme 1.2.2 ((HK17]). Sous I’Hypothése 1, pour tout n € N*, il existe une suite (vy; );j=0 de nombres
réels telle que, pour tout M € N positif, la valeur propre M\, (0, 3) a, comme 3 — —oc, le développement
asymptotique

" M
Mn(0,5) = B + B + (20— 1)y X0 5172 SN gm0/ 4 (87 M2) . (115)

2 =

En utilisant la localisation des fonctions propres pres du point de courbure maximale, la construction de
quasi-modes permet d’obtenir une approximation des valeurs propres grace au théoréme spectral. Dans la
limite, 8 — —o0, les premiers termes de 1’asymptotique sont donnés par 1’approximation harmonique (cf.

d2

[Ray17, Sections 3.2 et 4.1.2] et [FH10b, Section 7.1]) de 1’opérateur H®" = e B2 4 Br(s) sur le
s

bord. L'opérateur réduit /° est analysé en remplacant le potentiel — (s) par son approximation quadratique

. . . z z z 2 ~ —r!
au point de minimum non dégénéré sy (par hypothése). Les termes (2n — 1)1/ w sont exactement les

, . . d2 _ F\Z//( 30)
valeurs propres de 'oscillateur harmonique —— + ———
s

5?2 dans L?(R).

Par rapport aux opérateurs de Schrodinger semi-classiques existants (voir [HS84]), la courbure agit comme
un puits de potentiel. L’hypotheése sur la courbure équivaut au cas d’un seul puits. En cas de symétries,
la détermination de I’effet tunnel entre les points de courbure maximale a donné lieu a des travaux. Dans
[HKR17], ils ont étudié les valeurs propres basses du Laplacien de Robin dans un domaine symétrique par
rapport a un axe. Dans le cas ol la courbure de la frontiere du domaine atteint son maximum exactement
a deux points, ils ont établi une formule asymptotique explicite pour les deux premieéres valeurs propres. Il

s’agit d’une dérivation rigoureuse de I’effet tunnel induit par la géométrie du domaine.

En supraconductivité, imposer une condition de Robin, appelée dans ce contexte condition de de Gennes,
modélise un supraconducteur entouré d’un autre matériau normal/supraconducteur, (comme nous avons vu
dans la Section 1.1.1). Dans ce contexte, nous sommes naturellement conduits a 1’analyse du Laplacien de
Robin avec un champ magnétique ou différents régimes interviennent en fonction de la comparaison entre
I’intensité du champ magnétique et le parametre de Robin. Une question naturelle se pose :

« Quel est Ueffet du champ magnétique sur les valeurs propres basses, lorsque [3 tend vers —oco et b ("'
dépend possiblement de 3'"') tend vers +oo simultanément ? »

L’inégalité de diamagnétique (A.1.3) donne, pour tout 5 € Retb > 0
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A (b, B) = Ai(0,8) = 0%, (1.16)

Lorsque I’intensité du champ magnétique est une constante fixe (c’est-a-dire que le parametre b est indépendant
de ), I’inégalité diamagnétique et le principe min-max impliquent que le développement asymptotique dans
(1.14) reste vrai pour A1 (b, 3). Notre intérét se porte uniquement sur la condition de Robin attractive et dans
la suite le parametre de Robin S est strictement négatif. Cependant, dans la limite 5 — —oc, il est naturel de
permettre que b dépend de 5.

Dans I’article [Kac16], il est prouvé une estimation asymptotique a deux termes pour I’énergie de 1’état
fondamental magnétique A1 (b, 3), lorsque 3 tend vers —oo et b tend vers +o0o simultanément.

Théoreme 1.2.3 ([Kac16]). Soit 0 < n < % et 0 < c1 < cy. On suppose que
a|Bl" < b < el B

Lorsque (3 tend vers —oo,

A (b, B) = —B% + KmarB + Bo(1).

Dans ce cas, le diamagnétisme est faible et sa contribution est négligeable par rapport a celle du terme
de correction de courbure (comparer avec (1.14) pour n = 1). Nous remarquons que dans I’estimation du
Théoréeme 1.2.3, les propriétés géométriques du bord apparaissent, mais le numéro de la valeur propre n’est,
par contre, pas visible dans les deux premiers termes. Notre premier objectif est de résoudre ce probleme en
obtenant un développement asymptotique 2 trois termes de chaque valeur propre A, (b, 3), lorsque  — —o0
etb=O(|8|") pour0 < n < % De plus, notre objectif est d’améliorer/compléter les estimations antérieures
et également de clarifier la contribution du champ magnétique dans I’asymptotique spectrale. En particulier,
dans le cas du disque unité, on décrit explicitement la contribution du champ magnétique sur I’asymptotique
des basses valeurs propres. Cela fait I’objet du chapitre 3.

Transformation en un probléme semi-classique :

On va écrire 'opérateur (1.10)-(1.11) sous une forme semi-classique. On montre comment la limite sin-
guliere ol le parametre de Robin S tend vers I’infini équivaut a une limite semi-classique impliquant un petit
parametre semi-classique positif ~ défini par

B =77, (1.17)
avec v € RU {400} indépendant de h.
La limite § — 400 est maintenant équivalente a la limite semi-classique h — 0. La forme quadratique peut
s’écrire
Qb (u) = h™? (/ (WY — ibhAo)u(x)[? dz + 'yh%/ () 2 ds(:c)) =122 (u).
Q r '

Par conséquent, I’opérateur auto-adjoint dépendant de / associé a la forme quadratique QZ  est

Lh ., =—(hV —ihbAg)?, (1.18)

8. En termes physiques, cette inégalité fait référence au diamagnétisme, ce qui signifie simplement que 1’introduction d’un champ
magnétique augmente 1’énergie de 1’état fondamental.
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défini sur le domaine
Dom(L}.,) = {u € HXQ) : hv - (hV — ibhAg)u +vh7u = O sur T }. (1.19)

Comme Pg = h*2£§’w, alors les spectres des opérateurs Pg et L’;’w sont liés par :

Sp(P3) = h>Sp(L}, ) - (1.20)

L’opérateur auto-adjoint El,’L -, est a résolvante compacte et borné inférieurement. Son spectre est purement
discret et formé d’une suite croissante des valeurs propres (i, (h, b, ) )nen+. L asymptotique semi-classique
des valeurs propres de cet opérateur a fait 1’objet d’études récentes.

Mon premier objectif est d’étudier les basses valeurs propres de El,’L , dans le régime semi-classique

h — 0 et I'intensité du champ magnétique b ~ hz pour n < % et lorsque v < 0. Une question naturelle se
pose :

« Quelle est influence d’un champ magnétique intense et d’une condition de Robin générale sur le bas
du spectre de [,’;L L2

1.2.1.2 Cas du champ magnétique plus intense et condition de Robin générale

On considere un champ magnétique plus intense

b= h"tby,
avec by > (0. Lopérateur mis en jeu est alors
L = —(hV —iboAo)?, (1.21)
défini sur \
Dom (%) = {u € H*(Q) : hv - (hV — ibgAg)u + yh2u = Osur T }. (1.22)

11 s’ agit de 1’opérateur associé a la forme quadratique, définie pour tous 1) € H'(£2) par
20, () = [ [0V = ibpAo)s(a) * da + 0¥ [ [0(@)]? ds(a). (1.23)

On peut supposer sans perte de généralité, que by = 1 quitte 2 remplacer h par h/by et v par v/b3. Le
parametre v € R U {400} sert a contrdler la “force” de la condition au bord dans (1.22). Par convention,
v = 400 correspond 2 la condition au bord de Dirichlet () € H{ (2)).

Notation 1.2.2. On note par .Z}, , I’opérateur .i”,fow avec by = 1 et par 2}, ., la forme quadratique onv avec
b = 1.

Lintérét porté aux basses valeurs propres du Laplacien magnétique de Robin .7}, , avec paramétre -y
négatif a été non négligeable ces dix dernieres années. Cependant, jusqu’a présent, des résultats tres précis
ne sont disponibles que pour le Laplacien magnétique de Neumann (lorsque v = 0). Dans ce cas, les valeurs
propres les plus basses ont été analysées en détail dans [FHO6] et des estimations uniformes ont été récemment
établies dans [BNHR22] ot une formule d’effet tunnel purement magnétique a été prouvée. Lorsque v # 0,
les seuls résultats connus remontent aux travaux de Kachmar, voir [Kac0O6b], ou seule la premiére valeur
propre a été estimée. Dans le cas 7 = 400, la localisation de la fonction propre prés du bord a été observée
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dans [GV21], conduisant & une description du spectre dans une fenétre spectrale trés mince, voir [GV21,
Corollaire 2.7]. Cependant, la décroissance exponentielle n’a pas été établie. Une question naturelle que 1’on
peut se demander au vu de ces résultats est alors

« Si on considére le spectre dans une fenétre spectrale donnée (et pas seulement les basses valeurs
propres), peut-on étudier les propriétés spectrales de 2}, ., dans le régime semi-classique h — 0, et pour
vy eRU{+o0}?»

Par un simple changement d’échelle, la limite semi-classique A — 0O se traduit en un régime quantique
ou I’intensité du champ magnétique tend vers I’infini. Dans la littérature physique des conducteurs minces
ou des gaz d’électrons (approchés par des domaines 20D)) soumis a un fort champ magnétique externe, il
est bien connu que la présence d’une frontiere (ou, plus généralement, d’un champ magnétique changeant
brusquement le long d’une courbe) génére un courant le long du bord en raison de la présence de « ’effet
rebond » classiquement localisé & une distance v/E/B du bord (E est 1’énergie cinétique et B 1’intensité
magnétique : dans notre cas B = 1), voir par exemple [Hal82]. Ces “états de bord” existent des que le niveau
de Fermi du conducteur se situe strictement entre deux niveaux de Landau consécutifs, et produisent une
dynamique balistique le long de la frontiére. Si la frontiére est compacte, cette dynamique est quantifiée et
produit de nouveaux niveaux d’énergie discrets. Ce sont précisément les valeurs propres que nous souhaitons
décrire.

D’un point de vue heuristique, la localisation au voisinage de OS2 est souvent expliquée par les modes
de rebond classiques mentionnés ci-dessus, mais elle est également facile a comprendre d’un point de vue
quantique. En effet, si nous oublions la condition au bord, I'opérateur agit comme le Laplacien magnétique a
champ magnétique constant, sur le plan euclidien, cf,]fi Le spectre de cet opérateur est bien connu et constitué
des fameux niveaux de Landau {(2n — 1)h,n > 1}, qui sont des valeurs propres infiniment dégénérées. Ceci
suggere que, si I’on considere des valeurs propres de .%}, ., dans une fenétre de la forme Ij, = [ha, hb] avec
2n —1 < a < b < 2n + 1 pour un entier n > 0 (pour n = 0, on prend a = —o0), les fonctions propres
correspondantes doivent étre localisées pres de la frontiére. Ce phénomene a des applications physiques
intéressantes comme 1’effet Hall quantique. Une autre application est le confinement de particules dans de
petits domaines, ou « quantum dots » (parfois appelés « anti-dots » car on prend B = 0 a I'intérieur du
domaine, et B = 1 a I’extérieur), voir [RPM99, LSIC04].

Dans cette partie, nous traitons le cas général v € R U {+oc}. Physiquement, cela correspond a un
domaine () recouvert d’une trés fine couche d’un matériau différent (voir par exemple [BL96]). Puisque §2
est borné, le spectre dans I, est toujours discret et une premiere estimation grossi¢re montre que le nombre
de valeurs propres se trouvant dans I, noté N (%}, -, I,), satisfait

Proposition 1.2.3. 1/ existe C' > 0, tel que pour tous h > 0 assez petits, on a
N(Lpryy In) < Ch™2, (1.24)

Démonstration. Cette estimée est trés élémentaire a établir. Nous rappelons sa preuve briévement.

— Pour v € R : Grace a I’inégalité de Young, on a, pour tout ¢» € H'(Q),

h? 3
2y () > V612 =2 Aol + 3 [ s,

— Lorsque Y 2 0, on obtient que
2 > —hZ V|| — 2| Ag|? 2
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— Lorsque v < 0, on utilise un théoréme de trace classique : il existe C' > 0 tel que, pour tout £ > 0,

| s <elvwl + Ce )

VR

En choisissant € = —4—5‘ > 0, on en déduit que
h2
2y (W) = L IVOI* = 2] All ¥l = 4v*Chll ]
Dans les deux cas, il existe C' > 0 tel que, pour tout h € (0, 1) et tout ¢» € H (),

h? ~
Py () 2 ZIIVMI2 ~ Cllyl*.

Avec le principe min-max, cela montre que, pour tout A,

o AFC
N(Xhﬁ,)\)gN(—AN A >

— Pour v = +00 : En appliquant la méme stratégie que celle décrite ci-dessus, on obtient que, pour tout A,

LA C
N(.,s,ﬂm,A)gN(—AD 25 )

La conclusion découle de I’asymptotique de Weyl pour le Laplacien de Neumann/Dirichlet, voir par
exemple [NSO5, Introduction].

O

Notre objectif est d’obtenir une description treés précise, dans le régime semi-classique, des éléments
spectraux correspondant a I’intervalle Ij, beaucoup plus précise que la Proposition 1.2.3. Cela inclut aussi la
description de la localisation pres de la frontiere du domaine €2 des fonctions propres correspondantes (qui
sont des états de bord). C’est I’objet du chapitre 5.

1.2.2 Hamiltonien de Stark

Dans cette partie, nous nous intéressons a 1I’étude des basses valeurs propres de I’hamiltonien (en
dimension V) suivant restreint 2 un ensemble ouvert  de RV, N > 2 (c’est I’opérateur défini en (1.8)) :

_B2 -2 X,

agissant sur un sous-espace dense de L?({2) avec des conditions de Dirichlet au bord. Noter que nous avons
choisi des coordonnées telles que F' soit parallele a ’axe x;.

L’hamiltonien en (1.25) décrit un phénomeéne important en physique des semi-conducteurs ° qui est I’ effet
Stark confiné quantique '°. Les dispositifs semi-conducteurs les plus importants sont les puits quantiques,

9. Les semi-conducteurs jouent un rdle essentiel dans I’industrie et de nombreux appareils électroniques a base de semi-
conducteurs sont présents dans notre quotidien : ordinateurs de bureau, tablettes, smartphones, écrans plats, capteurs...

10. Le terme "confinement quantique" apparait principalement si les mouvements des particules d’un semi-conducteur sont limités

dans une ou plusieurs dimensions. Physiquement, le confinement peut étre réalisé en interfacant le semi-conducteur avec un isolateur
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les fils quantiques et les boites quantiques, ou le matériau est confiné dans une, deux et trois directions
orthogonales, respectivement (voir [HV 16, Chap. 8]). Leffet Stark confiné quantique a été considéré dans de
nombreux travaux, par exemple, dans [BMCES83, MCD " 84] pour les puits quantiques, dans [SN90, WKH 13,
WWYO07, VdCMSO03, LS05, Har09] pour les fils quantiques, et dans [Ped19, WWYO08] pour les boites
quantiques. L article récent [CKP22b] fournit plus de détails sur les aspects physiques de ce phénoméne.

Les plus petites valeurs propres de cet opérateur ont été étudiées, partiellement numériquement, pour
différentes géométries dans plusieurs articles tels que dans [SN90, WKH13] pour les carrés, dans [WWY07]
pour les rectangles, dans [VACMSO03, LS05, Ped17] pour les disques, et dans [Har09] pour les anneaux.
Concernant 1’analyse dans le cas des champs électriques imaginaires, le lecteur ou la lectrice pourra aussi
considérer par exemple [GH18, AGH19, AGH18].

Laplacien électrique de Stark. Soit N > 1 et Q C R" un ouvert borné régulier et connexe avec une
frontiere régulier. Nous travaillerons avec 1’hypothése suivante sur le domaine §2, voir Figure 1.1.

Hypotheése 2. On suppose qu’il existe un point unique Ay € 02 tel que la premiére composante de Ay soit
donnée par :

Tmin = inf r1 = minx;.
(z1,22,...,2N)EQ xeQ

Nous supposons également que S est strictement convexe prés de Ay.

(.Z‘Q, ...,QZN)

\

Zmin 1
FiGure 1.1 — Le domaine 2.

Noter qu’en factorisant gF' > 0 dans I’expression de ‘H dans (1.25), nous avons le Hamiltonien de Stark
équipé des conditions au bord de Dirichlet

Ly = WA+ 2y = —h*(02 + ...+ 02,) + 1. (1.26)

ou avec un autre semi-conducteur de plus grand gap [HK09, HV16].
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Le domaine de .2, est
Dom(.%,) = HY(Q) N H%(Q).

Cet opérateur apparait dans la physique des semi-conducteurs ou A est donné par

h

- V2mgF

Pour étre plus précis, I'opérateur .Z7, est défini via le théoreme d’extension de Friedrich (voir par exemple
[LM54, Thms 2.1 & 2.2] et [Hell3, Chp.]), a partir de la forme quadratique fermée et semi-bornée

2i(0) = 1 [ VoG dx+ [ ool dx, Ve € HY(Q).

Puisque ) est borné, alors par [CR21, Thm. 4.19], le plongement de HJ (€2)— L?(£2) est compact, donc
I’opérateur auto-adjoint .%}, a une résolvante compacte. Son spectre est purement discret et formé d’une suite
croissante de valeurs propres

A(R) < Aa(h) < ... < n(h) < ... — 400

ou chaque valeur propre est répétée selon sa multiplicité.

Dans [CKP'22a), les auteurs ont trouvé un développement asymptotique a trois termes des valeurs
propres A\, (h) de I'opérateur %, défini en (1.26) sur un domaine 2 de R? satisfaisant les conditions de
I’Hypothese 2.

Théoréme 1.2.4 ((CKP22a]). Pour tout n € N*, on a

4
3

An(h) = Zpin + zlh% + h(2n —1)4/ % + O(h3) lorsque h — 0, 1.27)

ou z1 =~ 2.338 est la valeur absolue du plus petit zéro de la fonction Airy et kg est la courbure positive en

Ap .

Heuristiquement, le troisieme terme du développement peut €tre expliqué comme suit : sous un fort
champ électrique (petit parametre semi-classique h), la particule est poussée vers xi, et se comporte comme
un oscillateur harmonique dans la direction perpendiculaire au champ avec une constante élastique propor-
tionnelle a la courbure en &y .

Notre but est d’établir I’influence du bord sur les valeurs propres A, (h) quelle que soit la dimension,
c’est-a-dire de généraliser (1.27) a n’importe quelle dimension et de donner un développement asymptotique
complet de A, (h), lorsque h — 0 (dans la limite d’un fort champ électrique) et d’étudier également la
localisation des états fondamentaux. En outre, généraliser nos techniques pour trouver un développement
asymptotique complet des basses valeurs propres de I’opérateur plus général —h2A + V (x) ol h est un petit
parametre et V' est un potentiel réel régulier satisfaisant certaines conditions supplémentaires.

1.3 Résultats obtenus et idées de démonstrations

Les travaux de cette thése portent sur les extensions auto-adjointes et la théorie spectrale semi-classique
des opérateurs de Schrodinger agissant sur des domaines bornés, des opérateurs électromagnétiques de
Laplace couplés a différentes conditions aux limites (Robin, Neumann et Dirichlet). L’étude spectrale de ces
opérateurs de Schrodinger est basée sur une méthode de réduction de dimension, afin d’exprimer le spectre
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en fonction de celui d’opérateurs effectifs définis sur le bord. Pour établir cette réduction, j’ai utilisé plusieurs
techniques telles que : I’approximation de Born-Oppenheimer, les estimations de localisation de type Agmon,
la construction de quasimodes, le théoréeme spectral, et le principe min-max (pour les chapitres 3 et 4). Dans
le chapitre 5, j’ai utilisé une autre méthode de réduction plus avancée, la méthode de Grushin qui nécessite
I’analyse microlocale et des techniques de calcul pseudo-diftérentiel.

Nous allons présenter les résultats par ordre de difficulté/complexité croissante.

1.3.1 Perturbations magnétiques du Laplacien de Robin dans la limite du couplage
fort (chapitre 3)

L’ asymptotique des valeurs propres de I’opérateur 732 (sans champ magnétique) dans la limite de couplage
fort 5 — —oc a fait I’objet d’études récentes ([EMP14, HK17, Ker18, LP08, PP16, Kacl6, KKR16]), et
suggere I’existence d’un opérateur effectif sur le bord, faisant intervenir I’opérateur de Laplace-Beltrami ainsi
que la courbure moyenne de la fronti¢ére. Le probléme de la dérivation d’un Hamiltonien effectif a également
été abordé pour étudier I’effet tunnel semi-classique en présence de symétries dans [HKR17]. Dans le méme
esprit, nous étudierons le spectre du Laplacien de Robin Pg sur un domaine borné avec la condition de Robin
attractive au bord (probleme (1.10)-(1.11)).

1.3.1.1 Présentation des résultats

Notre principal résultat est le Théoréme 1.3.1 qui implique un opérateur effectif que nous introduisons
ci-dessous. On note |§2| Iaire du domaine 2 et |0€2| la longueur de sa frontiere. Paramétrons la frontiere OS2
par la longueur de I’arc, que nous notons s. Nous rappelons que «(s) est la courbure de 92 au point défini
par la longueur d’arc s, avec la convention que x(s) > 0 quand OS2 est convexe au voisinage de s, et négatif
sinon. Notre opérateur effectif est un opérateur auto-adjoint dans 1’espace de Hilbert L?(952), agissant sur
des fonctions périodiques, et défini comme suit

L = —B72(0, — ibyo)® — 1+ B k(s)

off ) (1.28)
Dom (L3, ) = H*(R/|0Q|Z)
avec o le flux du champ magnétique,
€2
= —. 1.29
Yo 00)] (1.29)
Remarque 1.3.1. Par [’approximation semi-classique standard, on peut établir que
)\n(ﬁ%f’f,m) = 1+ KmaxB +0(B7Y)  lorsque B — —oo, (1.30)
ou
Rmax = IaX K(s). (1.31)

Nous allons décrire les asymptotiques des valeurs propres négatives de Pg , via celles de I'opérateur
effectif sur le bord. Plus précisément, la n-ieéme valeur propre de I’opérateur de Laplace Pg est approchée par
la n-ieme valeur propre des opérateurs LQBH,YO. Nous utiliserons la notation suivante :

M =0(|8|*) ssi Ye>0, M=0O(3*°). (1.32)
Théoreme 1.3.1. Soit 0 < n < % et 0 < ¢y < co. On suppose que

a|B|" < b < e B

30



1.3. Résultats obtenus et idées de démonstrations

Pour tout n € N*, lorsque 3 tend vers —oo, on a
An(b, B) = B2Aa( L£51,)] = O(B*07Y),

ot M\ (LS 3, 70) est la n-ieme valeur propre de l'opérateur effectif introduit en (1.28).

Remarque 1.3.2. Ce théoréme est valable sur n’importe quel domaine régulier borné de R?. Aucune
hypothése n’est faite sur la géometrie du bord, en particulier sur les points de courbures maximales, en
comparaison avec le résultat (1.15) par exemple.

11 résulte du Théoreme 1.3.1 et (1.30),
An(b, B) = =B + max B + O(BZ171), (1.33)

Lorsque b est une constante fixe (i.e. n = 0), (1.33) est connu dans [KL.22, Prop. 5.1] et en I’absence de
champ magnétique (b = 0) dans (1.14). Noter que le terme de reste est d’ordre inférieur tant que 1 < % Si
n= %, on a par [Kac16],

v*p8

/\n(b75)_—52+(nmax+ )ﬁ+ o(8).

Dans une situation générique ou la courbure a un unique maximum non dégénéré, le Théoréme 1.3.1 permet
de déterminer le terme d’ordre dominant de I’écart spectral entre les valeurs propres successives. Ceci est
valable sous I’Hypotheése 1. Rappelons cette hypothese :

K atteint son maximum Kmax €0 Un point unique;
le maximum est non dégénéré, i.e. " (0) < 0,

ol Kmax est introduit en (1.31), désigne la courbure maximale le long de la frontiere OS2 et la paramétrisation
de la longueur d’arc de la frontiére est définie de sorte que £(0) = Kmax -

Sous I’Hypothése 1, nous pouvons établir via I’approximation harmonique (cf. [Ray17, Sections 3.2 et
4.1.2] et [FH10b, Section 7.1]), I’asymptotique des valeurs propres de I’opérateur effectif :

An (LB’YO) 1+’imaxﬁ + ( \/ |B| 3/2 o(|8]~ 3/2) (1.34)

Cela donne le corollaire suivant du Théoréme 1.3.1

Corollaire 1.3.1. Soir 0 < n < 2 et 0 < c1 < ca. On suppose que
c1| 8| < b < ol B

Sous I’Hypothése 1, pour tout n € N*, quand f3 tend vers —oo , on a

)\n(baﬁ) *ﬁ2 JrfimaxﬁﬁL \l ‘ﬂ|1/2 |B|1/2)

Remarque 1.3.3. La condition technique sur 1 apparait comme suit. Aprés avoir inséré (1.34) dans [’esti-
mation du Théoréme 1.3.1, nous obtenons Uerreur O(52"=Y), qui est d’ordre o(|8|"/?) si et seulement si

5
Dans I’asymptotique du Corollaire 1.3.1, la dépendance par rapport a 1’étiquetage des valeurs propres,
n, apparait dans le troisieme terme du développement. Cependant, dans les situations génériques décrites

31



Chapitre 1 — Introduction

par I’Hypothese 1, la contribution du champ magnétique est cachée dans le terme de reste, et est d’ordre
inférieur par rapport a celle de la courbure. Le Corollaire 1.3.1 découle de 1’asymptotique spectrale des
opérateurs effectifs 1D, qui est valide sous une hypothese plus faible sur I’intensité du champ magnétique
(b= O(|B|°/*)) par rapport a celui du Théoreme 1.3.1 (b = O(|3|>/?)).

Dans le cas du disque, I’Hypothese 1 n’est pas vérifiée, mais nous pouvons améliorer le Théoreme 1.3.1
et exhiber I’influence du champ magnétique dans les asymptotiques des valeurs propres les plus petites.

Théoreme 1.3.2. Supposons que Q0 = D(0, 1) est le disque unité et que 0 < n < 1. Nous avons, lorsque
B8 — —oo,

b\? 1
M(b.B) = 5+ B+ (gz (m-3) - 2) +o(1),

uniformément par rapport a b jusqu’a b = O(|5|").
Le Théoréme 1.3.2 était connu lorsque b est fixé [KS20, Thm. 1.1]. La preuve du Théoréme 1.3.2 est
basée sur le Théoreme 1.3.1, en utilisant les séries de Fourier. Le spectre de 1’opérateur Pg sur le disque

unité est approché modulo o(1) par le spectre de I’opérateur effectif suivant, qui est plus précis que celui de
(1.28) (noter que dans le disque unité, la courbure est constante et égal a 1).

. _ 1
L%ffdisc = _B_Q(as - Zb'YO)Q -1+ B 1 iﬁ 2- (1.35)

1.3.1.2 Stratégie de la démonstration

La stratégie pour la démonstration du Théoréme 1.3.1 s’inspire de 1’approximation de Born-Oppenheimer.
1
Nous allons discuter ici la forme semi-classique des résultats, i.e. pour 3 = ~vh™ 2 défini en (1.17), avec
~ < 0. Pour simplifier, nous posons v = —1.

Dans un premier temps, nous montrons, par I’estimation d’Agmon classique, que les fonctions propres
de C%_l (défini en (1.18) avec 7 = —1) associées a des valeurs propres plus petites que —eh, ot € € (0,1),
sont uniformément localisées dans un voisinage d’ordre h'/2 du bord 9 (voir la Proposition 3.3.4). Nous
pouvons donc nous ramener au Laplacien magnétique dans un voisinage tubulaire Iégérement plus grossier
du bord (voir la Section 3.3.3)

Qs ={z € Q : dist(z,T') <}, avec 5:h%_p,p€(0,1/2).

On dispose alors, pour h € (0, hg) assez petit, d’un systeéme de coordonnées (s,t) € R/|0QZ x (0,0),
défini prés du bord. La signification précise des coordonnées (s, t) est la suivante : ¢ mesure la distance au
bord et s mesure la distance curviligne dans 952. Ces coordonnées standard sont introduites précisément dans
la Section 3.2. L’opérateur auto-adjoint dans ces coordonnées agissant sur L?(R/|0Q|Z x (0, ), adsdt) est
Ez,—1 défini par (voir la Section 3.3.4) :

—h%a! (85 — by — ib( —t+ t;ﬁ(s))>a_1 (85 — by — ib( —t+ '522&(8))) — h2a"10,a0; ,
Dom(ﬁzv_l) = {u € H*(adsdt) : u(s,6) =0 et Oyu(s,0) = —h~?u(s,0)},

ot a =1-—1tk(s).

Commencons par révéler la structure partiellement semi-classique de notre opérateur, ce qui aura aussi
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pour effet de rendre la condition au bord indépendante de h. On considere le changement d’échelle
(5,7) = (s,h™?1).

L’opérateur auto-adjoint dans les nouvelles coordonnées [32,_1: h1 527_1 est défnie sur L*(R/|00Z x
(0, h™°), adsdt) par (voir la Section 3.3.5) :

2 2
52,71 =—ha! (88 —ibyo — ib( —hiT o+ h;n(s))>&1 (85 — by — ib( —hiT+ h;ﬂ(s)))
—a10,a0;,,

Dom(ﬁz’_l) = {u € H?(adsdt) : u(s,h ") =0 et Oyu(s,0)=—u(s,0)},

oltd =1 — h'/?71k(s).
On voit apparaitre un opérateur unidimensionnel défini pour s fixé, par (voir la Section 3.4.1)

Mooy = = 471050 = ~0F + WM 5(5)a~0;
d-u(s,0) = —u(s,0) dans L*((0,h"),a dr).

Lidée principale, due a Born et Oppenheimer dans [BO27], est de remplacer, pour s fixé, I'opérateur H () 5
par ses valeurs propres. Pour cette raison, en Section 3.4.2, on introduit la “projection de Feshbach™ II; sur
I’état fondamental normalisé de H () p, DO Vye(5) 1>

Istp = (¢, %(s),h>L2((0, h=P), & dr)Vk(s),h-

Notons que I’idée de considérer une projection de Feshbach apparait dans de nombreux contextes différents :
analyse WKB (voir par exemple [BNHR 16, Sections 2.4 & 3.2], [HK17] et [HKR17]), convergence en norme
de la résolvante (voir par exemple [KR 14, Section 4.2 ] et [KRRS18]) ou limites adiabatiques espace/temps
(voir [Teu03, Chapitre 3]).

Enfin, nous voulons prouver des bornes supérieures et inférieures sur les valeurs propres de ﬁ%_r Pour
les bornes supérieures, nous insérons des fonctions de test presque explicites (produits quasi-tensoriels de
fonctions sur la frontiere et de I’état fondamental v), n(7) de I'opérateur transverse M (s),n)- Pour la borne
inférieure, on utilise la décomposition spectrale de I'opérateur transverse H,) j, pour décomposer ,/:’Z,_l
en deux composantes orthogonales, modulo quelques restes faisant intervenir le commutateur entre 1’état
fondamental transverse (dépendant de s) et la dérivée tangentielle Js. Pour les détails, nous renvoyons le
lecteur ou la lectrice aux Sections 3.4.4. et 3.4.5.

1.3.2 Analyse semi-classique des opérateurs de Schrodinger avec des potentiels élec-
triques linéaires sur un domaine borné (chapitre 4)

1.3.2.1 Présentation des résultats

Dans [CKP"22a], en utilisant des fonctions tests et en appliquant le principe min-max, les auteurs ont
trouvé un développement asymptotique a trois termes des valeurs propres A, (h) de 1’opérateur .}, (défini en
(1.26)) sur un domaine €2 de R? satisfaisant les conditions dans I’Hypothése 2 (voir le Théoréme 1.2.4). Notre
but est de généraliser le résultat de [CKP22a] a n’importe quelle dimension et de donner un développement
asymptotique complet de A, (h). Plus précisément, nous établissons un tel développement asymptotique en
faisant intervenir I’endomorphisme de Weingarten de OS2 en Ay défini par (voir par exemple [Kiih15, Chap.
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3] et [Tho79, Chap. 9])
WAO = dAOV : TAO(?Q — TA()@Q (1.36)

v:00 — SN c RN

est I’application de Gauss de 02 et pour tout p € 0€2, v(p) est la normale pointant vers I’extérieur a 7,012.

Remarque 1.3.4. L’Hypothése 2 sur ) induit que la matrice de W 4, est définie positive. Ses valeurs propres
positives (k;)i>1 sont liées a la courbure de la frontiére.

1. Les k; sont appelées courbures principales de 0S) a Ay.

2. det W 4, est la courbure gaussienne de 05 a Ay.

Tr Wy,

3.
N -1

est la courbure moyenne de 9€) a A.

Notre résultat principal est le suivant :

Théoréme 1.3.3. Pour tout n > 1, il existe une suite réelle {(; », }j>o telle que, pour tout M € N, on a

M
_ 2 4/3 /6 44 Mil
An(h) = @min+ 2103 + Bh+ h / jz%h?/ Cim+ O(h3T75 ),

avec f3,, est la n-ieme valeur propre de loscillateur harmonique de dimension N — 1

N-1 .
2 i 2
Z _8%' + 9 Us
i=1
ou k; sont les valeurs propres de I’endomorphisme de Weingarten de 05 en Ay.
Ce résultat est essentiellement une généralisation de celui énoncé en (1.27), mais la preuve présentée ici,
est basée sur une construction de quasimodes. L’ “optimalité” de nos constructions est alors établie grace

a des estimations de décroissance et la réduction a des opérateurs modeles qui font intervenir un opérateur
d’Airy sur R et un oscillateur harmonique en dimension N — 1.

Remarque 1.3.5. 3,, est le n-iéme élément compté avec une multiplicité de

N—-1
Ri *N—1
Y= —(2n; — 1), .
{;1/2(7@ ),neN }

Remarquer que pour N = 2, on a
Y = {(Qn— 1)“%,” S N*},

et tous les éléments sont de multiplicité un.

Remarque 1.3.6. Notre stratégie peut étre adaptée pour traiter un nombre fini de minima non dégénérés, et
il serait méme possible d’étudier ’effet tunnel lorsque ces minima présentent des symétries.
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1.3.2.2 Stratégie de la démonstration

Dans un premier temps, nous montrons par une estimation d’Agmon, que les fonctions propres de .,
ont une décroissance exponentielle en dehors de tout voisinage ne contenant pas Ag (voir la Proposition
4.2.1). Par conséquent, la masse de toute fonction propre est essentiellement concentrée prés du minimum du
potentiel z,i,. Cela permet de travailler dans un voisinage tubulaire fin de .4 (voir la Section 4.2.2).

Nous redressons localement la frontiere en introduisant un syst¢tme de coordonnées locales (s,t) €
RN=1 x R,, ol t est la distance 2 la frontiére et s est la variable tangentielle sur 9. Ces coordonnées
standard sont introduites précisément dans la Section 4.3.1. En Section 4.3.3, nous montrons que les fonctions
propres sont localisées prés de Ag a une échelle h'/2 dans la direction s et 2 I’échelle h2/3 dans la direction ¢.

On rappelle une conséquence utile du théoréme spectral (voir la Section A.1.3 présentée en Annexe), que
si on trouve une bonne fonction v (appelée quasi-mode) et un nombre A, tels que || (-£7, — \)9|| < |||, alors
d(X, Sp(%3,)) < e. Cette méthode permet d’exhiber des nombres A proches du spectre a e prés. On construit

des quasi-modes a partir des fonctions propres des opérateurs modeles (opérateur d’Airy et 1’oscillateur
harmonique en dimension N — 1) qui sont introduits dans le chapitre 2.

En Section 4.4.1, on commence par effectuer un changement de variable local, grace a I’estimation
d’Agmon tubulaire

_1 _2
oc=h"2s et T=h 3t,

qui nous raméne (presque) au domaine RV ! x R, on peut développer I’opérateur obtenu (notée Z) en
puissances de h, en un sens formel, sans parler de convergence (on utilise la notation ~ au lieu du signe =
pour un tel développement) :

% ~ Zhj/ﬁﬁj’

j=0
avec
ﬁO = Tmin,
L1=Ly=L3=L5=0,
L4 = —872_ + 7,
Lg est unitairement équivalent 3 Hpam = Z,N;ll —832. + % s? ,

ol x; sont les valeurs propres de I’endomorphisme de Weingarten de 9€) en Ay, et I’on cherche des paires
propres (A, )

)\N$min+h2/3a0—|—hoz1—|—...
v ~u(t)f(o)+ ...

vérifiant

Lo ~ X

% Termes d’ordre h?/3. On résout :
(L4 — ag)u(r) f(o) = 0.

11 est naturel de choisir u la fonction propre de £4 (c’est I’'opérateur d’Airy défini en Section 2.2) avec «y est
la valeur propre associée. On peut prendre

u(r) = Ai(t — z1) et ap =z,

ot Ai est la fonction d’Airy normalisée L?(R*) et —z1 est son premier zéro négatif.
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3k Termes d’ordre h. On résout
Leu(T)f(0) = aru(r) f(0).

On obtient alors que a; € Sp(Lg) et que f est dans le sous espace propre associé. Comme Lg est unitairement
equivalent & Hparm, On peut prendre o est la n-ieéme valeur propre de Hparm, notée 3,,.

3% Termes d’ordre supérieur. Ce procédé peut s’appliquer a un ordre arbitrairement grand (voir la Section
4.4).

Loptimalité de nos constructions est alors établie grace a une réduction aux opérateurs modeles. Les
termes de reste sont contrdlés grace aux estimés d’Agmon (voir la Section 4.5).

1.3.3 Etats de bord pour le Laplacien magnétique de Robin (chapitre 5)

Nous allons maintenant revenir au cceur de ce qui a motivé cette these et qui est un travail en collaboration
avec L. Le Treust, N. Raymond et S. Vii Ngoc (voir la Section 1.2.1.2 ci-avant).

1.3.3.1 Opérateur de de Gennes avec condition de Robin

Nos résultats seront exprimés en termes de valeurs propres de ’opérateur de de Gennes avec condition
de Robin au bord. Cet opérateur, qui apparait naturellement dans 1’étude des effets magnétiques pres d’un
bord [SJdG63, FH10b], est un opérateur différentiel d’ordre deux dépendant des parametres réels v et o et
agissant comme suit

2
Hly,0] = == +(r = 0)",
sur le domaine

d2
Dom(H[y, 0]) = {u €B'(Ry): (- T3 (- 0)?)u € LA(Ry), w/(0) = w(O)} ,

B'Ry)={uec H (Ry) : Tu € L*(R,)}.

Il est bien connu que H [, o] est un opérateur auto-adjoint a résolvante compacte. Ainsi, son spectre peut étre
écrit comme une suite croissante de valeurs propres (i, (7, 0))n>1 (qui sont toutes simples grace au théoréme
de Cauchy-Lipschitz). Nous désignons par u% ] 1a suite normalisée des fonctions propres correspondantes.
Nous posons

[n—1] i
" 0(y) = inf pn(v,0).

L’indice n — 1 est compatible avec la notation utilisée dans le cas de I’opérateur de de Gennes (cas ou y = 0),
voir [FH10b, Section 3.2]. La famille (H [y, a])(%(,)eRg est analytique de type (B) (au sens de Kato, voir
[Kat76, Chapitre VII, §4]), i.e., le domaine de forme ne dépend pas des parametres et la forme sesquilinéaire
est analytique en fonction de  ou o. Par convention, nous notons par H[+00, o] (i.e. v = +00) I'opérateur
correspondant avec condition de Dirichlet «(0) = 0.

La proposition suivante regroupe les principales propriétés des fonctions i, (7, ) (qui sont généralement
appelées courbes de dispersion) qui seront utilisées dans cette section. La plupart d’entre elles ont été établies
pour n = 1 dans [Kac06b] (voir également [Kac07, Kac08], et [DBP99] dans le cas de Dirichlet).

Proposition 1.3.2. Fixons n > 1. Lorsque v € R, la fonction pu,,(y, -) est analytique et

lim pn(y,0) =400, lim py(y,0)=2n—-1. (1.37)

o——00 o—+00
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De plus, (i, (7, ) a un minimum unique atteint en o = &,_1(7y), mais non atteint a l'infini. Ce minimum est
non dégénéré. La fonction pu, (7, -) est décroissante sur (—oo, &,—1(7)) et croissante sur (§,—1(7y), +00). De
plus, on a, pour tout n. > 2,

on—3 <0l lUn)<om—1. (1.38)

Lorsque v = +o0, c’est-a-dire lorsque la condition de Robin est remplacée par la condition de Dirichlet,
i (400, +) est toujours lisse, mais désormais décroissante de +oo a 2n — 1.

La preuve de la Proposition 1.3.2 sera donnée a la Section 2.4 (les méthodes de démonstration utilisées
sont différentes de celles présentées en [KacO6b, Kac08]). Cette proposition a les conséquences élémentaires
suivantes mais importantes pour notre analyse, qui sont illustrées dans la Figure 1.2 (réalisée par S. Vii Ngoc).

Corollaire 1.3.3. Soit v € RU {400} fixé. Soit © I’ensemble de toutes les valeurs critiques des fonctions
M -
©={0""1(y), nx>1}.

Soit A I’ensemble des points limites des fonctions iy, a linfini :
A={2n—-1, n=>1}.

Soit [a,b] C R un intervalle disjoint de A. Soitn = 1sia < 1oun > 2 tel que [a,b] C (2n — 3,2n — 1).
(Dans le cas n = 1 on prend a = —oc). Il découle de (1.37) que pour tout entier k > 1, ;. *([a, b)) est
compact.

Soit p(k) le nombre de composantes connexes de 1;,*([a, b]). Nous avons

p(k) = ifl<k<n

p(n) =0 ify=+oc0

p(n)=1 ifyeRetOl 1 ¢ a,b
p(n)=2 ifyeRetO 1 <q
p(n)=0 ifyeRetb< QNP1
p(k) =0 ifk>n.

Par conséquent, quand vy € R,

n sib > 0l=1(y)

. M
n—1 sinon

N(Vraab) = #{k Z 1: Mk('% ')71([0’76]) 7& @} = {

et si~y = +00 (cas de Dirichlet) alors j11(+00, -) ne prend aucune valeur dans (—oo, 1), et N(y,a,b) = n—1.
Notation 1.3.4. Dorénavant, nous désignons par N (v, a,b) = N ce cardinal.

Hypothése 3. Dans la suite, a et b sont autorisés a dépendre de h, dés lors qu’ils restent dans un intervalle
indépendant de h compact (2n — 3,2n — 1).
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Eigenvalues of H|[y, o] for Robin parameter v = —1

fin (7, 0)

FiGure 1.2 — Cette figure montre les courbes de dispersion z(7, -), pour v = —1. On visualise la préimage
d’un intervalle donné [a,b] C (2n — 3,2n — 1) avec n = 3. Les courbes sont obtenues par un schéma
numérique standard basé sur les différences finies.

. < N . . z EEN o z
Avec cette image a I’esprit, pour chaque k£ > 1, nous pouvons construire une fonction réguliére fi;,, bornée
(avec toutes ses dérivées), qui coincide avec /1 dans un voisinage de . ' ([a, b]).

Notation 1.3.5. Soit =y : R — R une fonction réguliére, bornée avec toutes ses dérivées, et croissante telle
que pour tout k € {1,..., N}, u(v,Z0(c)) = px(7, o) dans un voisinage de p ' ([a, b)) et pg o Zo prend
ses valeurs dans (—o0,a) U (b, +00) loin de p;, * ([a, b]). Nous considérons

[e]

o = (v, Zo(+)), (1.39)

ol nous omettons la référence au parametre v pour alléger la notation. Dans la suite, nous désignerons plus
s 2 o . N —_
généralement par ¢, la fonction ¢ apres Zy.

Les fonctions bornées /(i & seront pratiques pour énoncer notre théoréme principal, qui fait intervenir des
1 Y . c
opérateurs h2-pseudo-différentiels avec des symboles dans la classe habituelle Sg2(1) donnée par

Sp2(1) = {a € €°(R2,) : Va € N’ ,3C, > 0: 0% < Co}.
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Notons /i = h2. Nous rappelons que la quantification de Weyl d’un symbole p est donnée par la formule :

1 .
(Opi'p)(@) = 5 | e p <:”2+yn) Y(y)dydy, Yy € 7 (R), (1.40)

et que cette formule définit un opérateur bornée de L2(R) en L?(R) si p € Sp2(1), par le théoréme de
Calderén-Vaillancourt. Pour abréger la notation, nous écrirons parfois p*V au lieu de Opgvp.

Soit Toy, = R/2LZ, et L?(T4y) le sous-ensemble de L2 (R) des fonctions 2L-périodiques, munies
de la norme L? habituelle sur [0,2L], ot L est la demi-longueur de la fronti¢re. On dit p € St,, xr(1),
lorsque p € Sg2(1) et qu’elle est 2L-périodique dans sa premiére variable s. On désigne par €' la fonction
T = T,

1.3.3.2 Présentation des résultats

Décrivons maintenant nos principaux résultats de cette section, qui seront exprimés en termes d’opérateurs
pseudo-différentiels en une dimension. Puisque notre résultat principal décrit le spectre de .7, , (défini en
Notation 1.2.2) “modulo &'(h®°)”, nous devons préciser cette notion.

Définition 1.3.6. On dira que les spectres de deux opérateurs auto-adjoints auto-adjoints 77 et 75 dépendant
de h coincident dans I;, modulo &'(h%), o € R U {+oo}, lorsqu’il existe C,hy > 0 tel que, pour tout
h e (0, ho),

— T et T, ont un spectre discret dans I, + [-Ch®, Ch?],

— pour tout intervalle .J;, C Ij, on peut trouver un intervalle K, tel que Jy, C K}, avec dg (Kp, Jp) < Ch®
et
rank 1, (T7) < rank 1 g, (T2), rank1y, (T) < rank1g, (1),

ou dy représente la distance de Hausdorft :

dg(A,B)= sup max(d(a,B),d(b,A)).
(a,b)eAxB

Remarque 1.3.7. — Notons que, si les spectres de Ty et T coincident dans I, modulo O(h®), alors, pour
tout Ij, C I, les spectres de T et Ty coincident dans I, modulo €'(h®).

— Si les spectres de T} et Ty coincident dans I, modulo O (h®), on a
dpu (Sp(T1) N In, Sp(T2) N 1) = O(h).

— La notion décrite dans la Définition 1.3.6 apparait déja sous diverses formes dans la littérature (voir, par
exemple, le point de vue dans [HSS84, Section 1] et [HelSS, §4]).

Nous pouvons maintenant énoncer notre résultat principal, ol nous utilisons, entre autres, les valeurs

propres (7, 0) et les fonctions propres u?’a] de I'opérateur de de Gennes (Section 1.3.3.1), I'entier N

défini dans (1.3.4), et la notation introduite dans (1.39).

Théoréme 1.3.4. Sous I’hypothése 2, le spectre de £}, , dans [ha, hb] coincide avec celui de hON}, modulo
O(h?), ou

my 0 0

w

M, = 0 my
0
0 0 m}’vv
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est un opérateur borné agissant diagonalement sur eio‘(h)'Lz(Tg )N Ici

_ 9]

1
et chaque mzv est un opérateur pseudodifférentiel h2 avec un symbole dans St,, «r(1). Dénotons par (s, o)
les variables (canoniques) dans Toy, x R. Alors nous avons :

— le symbole principal de m)\ est ,tfk.(a) ;

— le sous-symbole principal est —rk(s)Cy(0) avec
Cr(o) = (((r = )7 = 0 = 27(0 = 7)2) " (7), W (P)) o, - (1.41)
et k(s) est la courbure de la frontiére au point d’abscisse curviligne s.

Remarque 1.3.8. On peut vérifier que, pour tout j > 1, Cj(§;—1(7)) a le méme signe que ’y([)jfl} — 7, voir

la Proposition 5.6.2 ou le seuil ’y([)] U est discuté. La Proposition 5.6.2 corrige également une erreur dans

[Kac06b, Lemma I1.3 & (2.24)], ou il est indiqué que C1(&o(7y)) est toujours positif.

Il est important de noter que le Théoréme 1.3.4 est en fait un résultat de diagonalisation puisqu’il réduit
I’analyse spectrale de .7}, , a celle d’une famille d’opérateurs pseudo-différentiels en une dimension : le
spectre de 21, est la superposition (en comptant les multiplicités) des spectres de mzv, k=1,...,N.
Il s’avere que le spectre de chacun de ces opérateurs pseudo-différentiels peut étre complétement décrit en
utilisant des raffinements de résultats connus. En effet, on remarque que les symboles principaux ;f j = ;00
ont des particularités :

— IIs ne dépendent que de la variable de fréquence o.
— En tant que fonctions de o, ils ont un point critique unique, qui est un minimum non dégénéré
(Proposition 1.3.2).
Ainsi, d’un point de vue microlocal, seules deux situations sont a considérer :

— E est une valeur réguliere de ;fj, et alors les regles bien connues de Bohr-Sommerfeld s’appliquent
(voir, par exemple, [Roz75, HR82, HR84, Dui74]).

— E est une valeur critique de 4i;, auquel cas le hamiltonien (s,o) — 2;(c) admet un minimum
transversal sur un cercle, et I’étude récente [DV21] s’applique.

Notre premiére application concerne le cas ou I'intervalle [a,b] consiste en des valeurs régulieres de
tous les ug. Nous utiliserons le résultat spectral bien connu, une extension a tous les ordres des régles de
Bohr-Sommerfeld (voir, par exemple, [Roz75, HR82, HR84, Dui74]), que nous prouvons au chapitre 5 (voir
la Section 5.5). Nous obtenons le résultat suivant, ol nous utilisons la notation du Corollaire 1.3.3 et du
Théoreme 1.3.4.

Corollaire 1.3.7 (Spectre a des valeurs régulieres). Soit [a, b] un intervalle disjoint de © et A. Pour chaque k =
1,..., N, pour chaque ¢ = 1, ..., p(k), soit ¥}, ; C R un intervalle tel que j1,(7y, -) est un difféomorphisme
de Xy, 4 vers un voisinage de [a, b], de telle sorte que tous les ¥y, , sont disjoints deux a deux et que UZQ kg
contienne px (7, -) "1 ([a, b)) (¢ est-a-dire py, doit étre monotone sur Xy, 4). Alors, il existe une fonction réguliére

Ykq 2 0 frqlo,h) € Ravec un développement asymptotique
fra(osh) ~ feg0(0) + Rfigi(o) + thk‘,qQ(U) +
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tel que le spectre de %5, -, dans [ha, hb] coincide, modulo 0(h?), avec I'union disjointe

N p(k)
(|_| |_| {hfiglo,h%), o € h2(FZ+ a(h)) mzk,q}) N [ha, hb] .

De plus, nous avons, lorsque o € Xy, 4,

frg0(0) = pr(v, 0) (1.42)
frg1(0) = —(k)Ck(0) (1.43)

1 2L
= ﬁ/o k(s)ds

Puisque les premiers termes (1.42) et (1.43) ne dépendent pas de ¢ (en dehors du domaine de définition
Y,4) nous obtenons que le spectre de .%}, ., dans [ha, hb] coincide, modulo &'(h?), avec I'union disjointe

ou (k) est la courbure moyenne :

N

] {hﬂk(y, o) — W ())Ci(o), oehI(ET+ a(h))} A [ha, bt .
k=1

Comme application de ce corollaire, nous obtenons une formule trés précise pour le nombre de valeurs
propres de .%}, , dans [ha, hb], qui est bien inférieure a I’estimation (1.24) :

Théoreme 1.3.5 (Formule de Weyl précise). Soit I, = [ha, hb] ou [a, b] est un intervalle disjoint de O et A.
Alors, le nombre de valeurs propres de £},  dans I}, est

L{r
(-:E/ﬂh Y5 h { 172 25[0] 25[1] + ﬁ(hl/Q)‘
k,q
ou nous utilisons la notation )y, = Zk . Zg(kl, et
Ck Bkz, Cy af,
51[311 = |okg — Brgls 5][3’11 — (Br.q) B (akyq)

ZAGT | TACTI
avec oy, q 1= ,u,;;(a), Brg i= u,;}](b).

Dans cet énoncé, nous avons noté fix q := f1(7; "))z, ,- Remarquons que, comme le reste & (h'/2) tend
vers 0, on obtient que, lorsque & est suffisamment petit, N (%} -, I},) est égal a la partie partie entiere de

ﬁ 2kg 6,[311 + @ 2k.g 5,&1’1], ou ce plus ou moins 1.
Remarque 1.3.9. Le Corollaire 1.3.7 donne une description beaucoup plus précise du spectre que I’ estimation
dans la Proposition 1.2.3 en nous fournissant des approximations explicites des valeurs propres dans [ha, hb)
modulo O(h?). Lorsque -y = +cc (i.e. dans le cas Dirichlet), cela améliore également la description donnée
dans [GV21, Corollaire 2.7 concernant une fenétre spectrale mince contenant une valeur réguliére. De plus,
bien que nos résultats soient formulés en termes d’approximation des valeurs propres, la stratégie, basée
sur les projections microlocales, conduisant au Théoréeme 1.3.4 peut également étre utilisée pour décrire les
espaces propres de £}, , a l'aide de ceux de M.
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Notre théoreme principal s’applique également au cas ou la fenétre spectrale contient une valeur critique,
i.e. un élément de O, voir Corollaire 1.3.3 (une telle valeur critique est le minimum global unique mini-
mum global non dégénéré d’une courbe de dispersion unique, voir Proposition 1.3.2). Pour illustrer cela,
concentrons-nous sur les valeurs propres basses. Notre deuxiéme corollaire améliore le [KacO6b, Théoréme
L5, a= %] en établissant I’asymptotique spectrale des valeurs propres les plus basses et en présentant des

écarts spectraux d’ordre hi (au lieu de h3 dans le cas de valeurs régulieres) pour chaque courbe de dispersion
donnée. 11 étend également a tout parametre de Robin le résultat obtenu par Fournais et Helffer dans [FHO6]
lorsque v = 0.

Une fois que le Théoreme 1.3.4 est appliqué et aréduit I’analyse a un seul opérateur h3 -pseudo-différentiel,
ce corollaire devient essentiellement une application de [DV?21, Proposition 6.8], cf. Section 5.5.2 du chapitre
5 ol nous donnons quelques détails.

Corollaire 1.3.8. Considérons v #+ 7([)0] avec fy([]o] défini dans la Remarque 1.3.8, et soit € = sign(’y([)o] —v) =
sign(C1(&o(y))). Supposons que ek admet un maximum unique en smax, lequel est non dégénéré. Alors, pour
tout j > 1, uniformément quand jhi =o(1),

. C kopt (v, 7 7
A3 1) = 09k — anCr(ea (1 + | (24 - 1>\/ SeL ot 5“””) W+ o(hd),
avec ky = —k"(smax) > 0, X\j(7, h) est la j-iéme valeur propre de &, -, et oit l'on rappelle que &y(7y) est

donné dans la Proposition 1.3.2.

Remarque 1.3.10. Terminons la description de nos résultats par quelques commentaires sur les conséquences
et les extensions découlant de notre approche.

(i) Le Corollaire 1.3.8 décrit les valeurs propres basses avec une certaine uniformité dans j (ce qui n’était
pas le cas dans [FH06]), dans un intervalle de la forme (—oo, O (y)h + Ch3/2). D autre part, le
Corollaire 1.3.7 donne le spectre dans tout intervalle de la forme [ha, hb] avec a > ©°(v) etb < 1. On
a donc un intervalle spectral entre ces deux régimes que nous ne décrivons pas ici. En fait, en utilisant
des résultats spectraux raffinés pour les opérateurs pseudodifférentiels 1D, et en particulier la stratégie
de [DV21] dans le cas ou k est une fonction de Morse, il serait également possible d’établir un résultat
similaire au Corollaire 1.3.7. Ce résultat dépendrait du signe de v — 7([)”_1] (qui change la nature de
I’asymptotique spectrale, voir ci-dessous).

[0]

(i1) Lorsque ~y > vy~ et sous I’hypothése que la courbure a un minimum unique, qui est non dégénéré, nous
pouvons prouver un développement similaire a celle du Corollaire 1.3.8. Dans ce cas, notre analyse
peut étre utilisée pour prouver que les fonctions propres (associées aux valeurs propres basses) sont
concentrées prés des points de courbure minimale. Ceci contraste avec le cas de Neumann ou les
points de courbure maximale jouent le réle de puits d’attraction. Ce phénoméne n’avait pas été observé
auparavant, voir la Remarque 1.3.8.

(iii) Le casy = ’y([)o} est critique puisque C1(&o(y)) = 0. Cependant, notre analyse peut encore étre utilisée

en calculant des termes sous-principaux supplémentaires dans notre opérateur effectif. Un phénomene
similaire a récemment été observé dans I’étude de 'opérateur de Dirac magnétique [BLTRS23, Section
8] et également dans I’analyse de ['opérateur de Schrodinger magnétique avec des champs magnétiques
discontinus [FHKR22]. Dans ce cas, nous avons, pour tout j > 1,

Aj(y,h) = O ())h + h2X; () + o(h?)
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A — 33#(%250(7))

pour un certain C,, € R. Dans ce régime de transition, l'opérateur effectif n’est pas semi-classique.

(Ds + a(h) — h™260(7))? + Cyr2(s),

(iv) Lorsque la courbure k est constante, dans le cas ot v € R, nous sommes dans une situation dégénérée
T N 0 . . PSR
assez similaire au cas ou vy = *y([) ). En ce qui concerne les opérateurs mkW du Théoréme 5.1.7, ce cas

correspond a [DV21, Proposition 6.4]. Nous pouvons prouver un développement sous la forme
3
Ay, h) = O (1)h — KC1(§o(1)h= + WA () + o(h?).

Ici, les valeurs propres de <), générent des oscillations magnétiques, voir [DV21, Théoréme 2.2 ; k = 0].
Lorsque v = 0 et j = 1, une estimation similaire est décrite dans [FH06, Theorem 5.3.1].

1.3.3.3 Stratégie de la démonstration
Décrivons les grandes lignes de la preuve du Théoreme 1.3.4.

Dans un premier temps, nous prouvons que les fonctions propres associées aux valeurs propres de .7, ,
dans [ha, hb] sont exponentiellement localisées pres du bord de €2, voir la Proposition 5.2.1. Les estimations
ressemblent a celles d’Agmon, mais elles ne sont pas obtenues par les moyens variationnels habituels (voir par
exemple, [Hel88] ou [Ray17, Prop. 4.7]), comme c’est le cas dans de nombreux contextes magnétiques. Cela
échoue ici, puisque nous voulons considérer des valeurs propres entre deux niveaux de Landau consécutifs.
Pour surmonter ce probléme, notre stratégie, qui généralise la méthode variationnelle, est basée sur la
bijectivité du Laplacien magnétique entre des espaces L? a poids exponentiels.

La localisation exponentielle pres de la frontiere a 1’échelle d’ordre Ql/ 2 nous invite a utiliser les coordon-
nées tubulaires classiques (s, t) prés de la frontiére. Nous notons par .%}, -, 'opérateur .7}, -, en coordonnées
(s,t), défini dans la Section 5.3.1. Aprés avoir montrer une estimation d’Agmon pour ‘QZW (voir la Section
5.6.3.1), nous établisons dans I’Appendice 5.6.3, que les spectres de .Z, , et %77 coincident modulo &'(h®).
Maintenant, le probléme est que nous ne pouvons pas réduire directement le probléme a un probléme pres
du bord. En fait, si nous considérons I’opérateur dans un voisinage tubulaire avec des conditions de Dirichlet
(7 = +00) sur le bord extérieur et intérieur de ce voisinage, et par suite par les estimations d’Agmon, nous
ne pouvons pas localiser le probléme dans ce voisinage tubulaire. Pour ce faire, nous allons introduire une
fonction de troncature en ¢ pres de 0, notée (.

Ensuite, afin d’obtenir une condition au bord indépendante de 5, on se rameéne a un probléme partiellement
semi-classique par le changement d’échelle

(s,t) = (s, h'/?7).

Nous introduisons un opérateur modele .47 (voir la Section 5.3.2) dépendant du parametre effectif semi-
classique & = h?2, agissant sur des fonctions 2L périodiques et impliquant un terme de flux f (fo = %)

Ny = ap(s, T)_lpi%&;,,(s, T)_lpi% — ap(s, 7) " 10ran(s, 7)0x

11. En Section 5.3.2, nous définissons ﬁw, I’opérateur apres le changement de variable et apres la troncature ¢ en ¢ . Par des
estimations d’Agmon (voir la Proposition 5.6.5), nous pouvons montrer que les spectres de 5?;“7 et .,22;%., sont coincident modulo
O(h*). Ceci nous permet de nous concentrer sur |’analyse spectrale de ;.é;w. En fait, dans notre présentation, nous avons évité
I’analyse spectrale de Zw (existence du spectre discret, etc.).
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_ ~2
P = OPIEo(+0) =7+ he(s) 5, 0=,

an(s,7) =1—h7k avec 7 = g(h2777-)7 — Cn(T)ﬂ
ou ( est une fonction régulier égale a 1 presde O et 0 < n < %

Dom () = {u € L*(Tap x Ry) : —02u € L*(Tar x Ry),
?u € L*(Tar x Ry), dru(-,0) = yu(-,0)}.

Nous montrons que les fonctions propres de .%}, ., associées aux valeurs propres dans [ah, bh| sont gros-
sierement microlocalisées dans un ensemble compact de 1’espace des phases attaché a la frontiere 2, voir la
Proposition 5.3.1. Ceci permet de prouver que le spectre de .Z}, ., (entre les niveaux de Landau) est situé preés
de celui de h.44, voir Proposition 5.3.2. Cependant, on verra que la Proposition 5.3.2 n’est pas directement
utile pour établir nos théorémes principaux. Elle est plutot un prétexte pour motiver 1’introduction de .47 et
décrire les estimations spectrales nécessaires pour prouver que les spectres coincident modulo ¢'(h*°). En
fait, on comparera directement le spectre de .}, , a celui d’un opérateur effectif sur la frontiere de 2 pour
évite I’analyse spectrale de .44 (existence du spectre discret, estimations d’Agmon, etc.).

Nous construisons un probléme de Grushin afin d’inverser I’opérateur (pseudo)différentiel 15 (qui agit
comme .44 avec fo remplacé par 0). Cette méthode, inspirée des travaux de Martinez et Sjostrand (et
adaptée aux opérateurs magnétiques par Keraval, voir [Ker18]), a récemment montré son efficacité pour
décrire les valeurs propres de divers opérateurs magnétiques (voir, par exemple, [FHKR22] et [BNHR22]).
La nouveauté ici est de I'utiliser pour s’attaquer a la description de valeurs propres plus grandes pour les
opérateurs magnétiques de Schrodinger a bord, lorsque plusieurs courbes de dispersion sont impliquées
(voir Figure 1.2), et pas seulement la premicre comme dans [FHKR22] ou [BNHR22]. Afin d’utiliser cette
méthode, nous écrivons un développement semiclassique de .44 (voir la Proposition 5.4.4) :

Ny =ng+hIng + ...,
ol, les n; sont donnés par n; = Op," n; avec
ng = —02 + (Zp(0) — 7)2,
1 = (s) [(Bo(0) — T)C27% + udr + 26u7(0(0) — 7%
En particulier, nous pouvons écrire M = Op," (n;) avec un symbole n;, satisfaisant

ny = ng + hng + ...

Le symbole principal est I’opérateur de de Gennes (avec la condition de Robin), qui peut étre inversé dans
la fenétre spectrale [a, b] quitte a considérer une matrice augmentée &7, impliquant les fonctions propres de
I’opérateur de de Gennes (voir le lemme 5.4.5).

12. Nous avons montré une estimation d’Agmon compatible avec le multiplicateur de Fourier. Bien que nous ne 1’ayons pas utilisé
dans notre présentation, il convient de noter qu’il s’agit d’un nouveau résultat sur la décroissance exponentielle compatible avec le
multiplicateur de Fourier (voir la Section 5.6.4).
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Pour tout z € [a, b],
) - I
%@:("O“Q : 0>,

est bijectif avec inverse

Dy(z) = (‘{; . _1};0(0)> o= (mols,0) —2) (TN,

ol My(c) est la matrice diagonale N x N dont la diagonale est (1, ..., fiy), II*(a) = Z;-V:l aj&j et
Ty = (¥, 1)) 1<ken-

Cela permet de construire un inverse approché Op}fﬂ@h d’une version augmentée de 91 notée Opgv Py,

Ny — 2z P*

Op) &y = ( T 0

) . P=Op)IL
Cherchons un inverse approché tel que

Op)¥ 2, 0p)Y Pp(2) =1d + O(h?),
Op)¥ Zy(2) OpYY 2), = 1d + O(h?) .

Comme dans [Ker18, Section 3.1.3], nous sommes amenés a choisir 2j; sous la forme :

_l’_
h
9, =% U ).
4 49y

Avec ce choix, le coeflicient inférieur droit, noté qgt, de la matrice 2, est
gif = 2 — My(o) — hlln IT*.
Ceci invite a considérer I’opérateur pseudo-différentiel matriciel effectif dont le symbole est
My, = My(o) + hlln I1*.

On considere ¢ une fonction propre de %}, , associée & A € [ah,bh]. Pour z = h™'\, Gréace a ces quasi
inverses, on obtient

Op}' 2, Op}) 7 (};’) ~ (;‘j) + ()l

ol  désigne la fonction v apreés multiplication par une fonction de troncature en .
Nous en déduisons que

{Ovaq;f‘Bso =¢o+ O0)|¢l,
(z — Op)Y M) = O(12) |||

Puisque Opqu; est borné uniformément en 7, la premicre relation implique que

el < C|[PBe
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Ensuite, de la deuxieéme relation et du théoreme spectral, nous déduisons que
dist(z, Sp(Op)¥ My,)) < Ch?.

Cela signifie que le spectre de ffl.ﬁfh,Y dans la fenétre [ah, bh] est a une distance d’ordre A2 du spectre de
I'opérateur effectif Op)" Mj,.

En Section 5.5, nous effectuons I’analyse spectrale de Op}{v M7, en utilisant le fait que le symbole principal
matriciel My est diagonal avec des écarts uniformes entre les les entrées diagonales. On en déduit que les
spectres de Op)" My, et Op)" My — hdiag (Op}{vm(s)Cj 0= (U)) coincident modulo &'(h?).

Nous déduisons les Corollaires 1.3.7 et 1.3.8.

1.4 Sommaire

Dans le chapitre 2, nous discutons de certaines propriétés spectrales li€es aux opérateurs modeles en
dimension 1, qui apparaissent dans le voisinage de la frontieére et qui interviennent dans notre stratégie de
réduction de la dimension.

Dans le chapitre 3, nous étudions 1’analyse spectrale semi-classique de ’opérateur de Schrédinger auto-
adjoint avec un champ magnétique fort et une condition de Robin attractive au bord d’un domaine régulier
et borné dans les régimes ou le champ magnétique joue un réle majeur, en concurrence avec la condition
de Robin. Par les estimations d’Agmon habituelles, nous montrons pourquoi les fonctions propres corres-
pondant aux plus petites valeurs propres sont localisées pres de la frontiere. En utilisant 1’approximation de
Born-Oppenheimer, nous dérivons un opérateur effectif sur la frontiere dont les valeurs propres décrivent
simultanément les valeurs propres du Laplacien magnétique de Robin. Nous remarquons que cette approxi-
mation est valable sans aucune hypothése supplémentaire sur le domaine. Dans une situation générique ou
la courbure a un maximum unique non dégénéré, nous estimons 1’écart spectral et trouvons que le champ
magnétique ne contribue pas au développement asymptotique a trois termes des valeurs propres basses. Dans
le cas des domaines de disques, nous montrons la contribution du champ magnétique dans 1’asymptotique
des valeurs propres les plus basses. Ce chapitre est issu de [Fah23a].

Dans le chapitre 4, nous établissons un développement asymptotique complet des basses valeurs propres
de I’hamiltonien de Stark en dimension N > 1, en impliquant les valeurs propres de I’endomorphisme de
Weingarten, et nous montrons que leurs fonctions propres associées sont localisées pres du potentiel minimal.
En outre, nous appliquons nos techniques pour trouver un développement asymptotique complet des valeurs
propres de 1’opérateur plus général —h2A + V(x) ol h est un petit paramétre et V est un potentiel réel
régulier satisfaisant certaines conditions. Ces résultats sont issus de [Fah23b].

Dans le chapitre 5, nous présentons des résultats obtenus en collaboration avec N. Raymond, L. Le Treust
et S. Vii Ngoc [FLTRVuN23]. Pour v € RU {400}, dans la limite semi-classique, en utilisant la méthode de
Grushin et les outils d’analyse microlocale, nous réduisons I’analyse spectrale de .}, - a celle d’une famille
d’opérateurs pseudo-différentiels en une dimension. Ensuite, nous établissons une description uniforme du
spectre de .2}, , situé entre les niveaux de Landau. Cela permet d’obtenir une description uniforme du
spectre dans une large classe de Laplaciens magnétiques incluant les Laplaciens de Neumann et de Dirichlet.
Les fonctions propres correspondantes, appelées états de bord, sont exponentiellement localisées pres de la
frontiere. Les estimations ressemblent a celles d’Agmon, mais elles ne sont pas obtenues par des moyens
variationnels comme c’est le cas dans de nombreux contextes magnétiques. Au moyen d’une réduction
dimensionnelle microlocale, notre approche nous permet d’affiner simultanément d’anciens résultats sur les
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valeurs propres basses dans le cas de Robin et des résultats récents sur les états de bord dans le cas de
Dirichlet, en établissant les asymptotiques spectrales des valeurs propres les plus basses et en montrant les
écarts spectraux.
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Chapter

Analysis of auxiliary operators

Abstract

In this chapter, we discuss some spectral properties related to model operators in dimension
one (a couple of known results are recalled and useful new ones are established). These model
operators appear naturally in our dimensional reduction strategy. In particular, it will appear in the
neighborhood of the boundary and will play an important role in the following chapters.

Résumé

Dans ce chapitre, nous discutons de certaines propriétés spectrales liées aux opérateurs modeles
en dimension un (certains résultats connus sont rappelés et de nouveaux résultats utiles sont
établis). Ces opérateurs modeles apparaissent naturellement dans notre stratégie de réduction
dimensionnelle. En particulier, ils apparaissent dans le voisinage de la frontiere et joueront un role
important dans les chapitres suivants.

Contents
21 RobinLaplacians . . .. ... . vt ittt ittt ittt et 50
2.1.1 Robin Laplacianonahalfline . . ... ... ... ... .............. 50
2.1.2  Robin Laplacianonaninterval . . . . ... ... .. ... ... ... ... 50
2.1.3 Robin Laplacian in a weighted space . . . . . . ... ... ... ... ...... 51
2.2 Airyoperatoronahalf-line . . . . .. ... ... i i e e e e 53
2.3 Harmonicoscillator . . . . . . . . 0 i i ittt i it ettt e e e e 54
2.3.1 A l-dimensional harmonic oscillator . . . . . . . .. ... ... ... L. 54
2.3.2 A d-dimensional harmonic oscillator . . . . . . . . ... ... 0oL L. 54
24 DeGennesoperator . . . o v v v v v v o et b e o bt e et e e e e e 54
24.1 Proof of Theorem2.4.3 . . . . . . . e 57
2.4.2  Someimportantrelations . . . . . .. ... L e e e e 64

49



Chapter 2 — Analysis of auxiliary operators

2.1 Robin Laplacians

The purpose of this section is to recall some spectral properties related to the Robin Laplacian in dimension
one. Most of them have been established, for example in [HK17, HKR17, KS20, KKR16, Ray17, LBO3].

2.1.1 Robin Laplacian on a half line

Consider the operator
2

d .
HO = —@ m LQ(R+)7

with domain
Dom(Ho) = {u € H*(R,) : v/(0) = —u(0)}.

This operator is self-adjoint but does not have a compact resolvent.

Lemma 2.1.1. The discrete spectrum (Spg;s) of Ho is {—1} and its essential spectrum (Spg) is [0, 4+00][ .
The subspace associated with the single eigenvalue —1 is generated by the L*>-normalized eigenfunction

uo() = V2 exp(— 7).

Proof. For the proof, see for example [Ray17, Prop. 2.8]. O

2.1.2 Robin Laplacian on an interval
The following operator arises naturally in the analysis of the Robin Laplacian without magnetic field (see

for instance [EMP14, HK17, HKR17, LP0S, PP16]). Let T' > 0. Consider the operator

T daz |
Hi = — 5 in L(0.7),

with domain
Dom(HL™) = {u e H*(0,T) : v/(0) = —u(0) and u(T) = 0}.

Note that this operator is associated with the quadratic form
T
Vi3 u / [ (7) Pdr — [u(0)[?,
0

with
Vi = {u € H(0,T) : u(T) = 0}.
The operator HéT} is self-adjoint and has a compact resolvent. Its spectrum is therefore purely discrete and
consists of an increasing sequence of eigenvalues denoted by ()\n (’H({)T})) N
neN*

The following lemma gives the behavior of the lowest eigenvalues Al(HéT}) and )\g(HéT}) when
T — +oo0.

Proposition 2.1.2. As T" — +oo, there holds
MHTY =214 0 (exp (= 27)), and XHS™) >0. @.1)

Proof. For the proof, see for example [HK 17, Lemma 4.1]. O
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2.1.3 Robin Laplacian in a weighted space

In order to deal with curvature effects, one will need a slightly more sophisticated operator.
Let B € R, T > 0 such that [B|T < 1. In the weighted space L((0,T); (1 — Br) dr), we introduce the
self-adjoint operator
,H{T} B d? B d
BT T Brar

with domain
Dom(H ) = {u € H2(0,T) : ¢/ (0) = —u(0) and w(T) = 0}.

The operator H%T} is associated with the following quadratic form:

T
o (= [ 1) = Br) dr — [u(o)
with domain
Dom(q ) = {ue H'(0,T) : u(T) =0},

in the ambient space L2((0,7); (1 — Bt)dr). The operator H%T} has a compact resolvent. Hence, its
spectrum Sp(H;{BT}) C R is purely discrete and consists of a strictly increasing sequence of eigenvalues

(AnHE™), e

The following proposition states a two-term asymptotic expansion of the eigenvalue \; (”HJ{BT}) .

Proposition 2.1.3 (Asymptotic of Al(HET})). There exist constants C' > 0 and Ty > 0, such that for all
T > 1Ty and B € (—1/(3T),1/(3T)), we have:

IMHEY = (-1-B)| < OB
Proof. For the proof, see for example [HK17, Prpo. 4.5] or [Ray17, Prop. 2.11]. 0

Let us use the change of function u = (1— BT)_% @I, since the new Hilbert space becomes L2((0, T, dr),
the form domain is still independent from the parameter, and the expression of the operator depends on B
analytically:

-

B
with the new Robin condition at 0 given by @'(0) = (—1 - 2) @(0) and @(T) = 0.

The price to pay is that the domain of the operators depends on B through the B-dependent boundary
condition. Note that this operator is associated with quadratic form defined on H(0, T) by

T T B2 B
0 = [ 10wbar = [ o= pltar - (14 ) WO

Thus, the form domain does not depend on the parameter. For further use, we will need the decay estimate
of the ground state ﬂg}. As far as we know, this estimate was not established in the above mentioned works.

Proposition 2.1.4. There exist constants C > 0, a > 0 and Ty > 0 such that, for all T > Ty, and
B e (-1/(3T),1/(3T)), we have:

at ~{T
e UE; }HLQ((O,T), ary S C,
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Chapter 2 — Analysis of auxiliary operators

{T}

(T} . . . . . . T
where Uy ° is the normalized eigenfunction associated with A\ (”Hé }).

Proof. Let ¢ = a7 with « a real positive constant. We have the identity

(R, 2oaff)) = gff) (oral)

{ }s

which follows by integration by parts (see for instance [Ray17, Prop. 4.7]). Then, by using that @ ’ is an
eigenfunction of ’H{B } associated with >\1(H§3 1), we get
B2
(T || (T = 267} _ 20 | 51T
i) e st = [ o () ar = [ g e ol ar
B (T (T
- (1 + 2) 20 gl o) - |¢er all|".
We have
T AT T
a0 =2 [ ol r)afl i) ar,
and then, there are constants C' > 0 such that, for all ¢ > 0, we have:
~{T} < {T} gt
‘UB (© ’ Ce L2(0, T) H ‘ L2(0,T) (2:2)
Inserting (2.2) in qéT}, there exist constants C' > 0 such that:
CeB (T} 1 B AT}
(1_06_ 2 )‘ L2(0T) ()\I(H )+ Ce ( 2)+C>H ‘L2OT

1
For B — 0, ¢ = 30 and from Proposition 2.1.3, we obtain:

H {T}HHl 0,7T) <G

thanks to (2.2), we get
o) < C.

This implies the simple estimate

it Do [
/41_ ‘ ’dT <1+2 C 0|¢6

2
dr < )q(’H%T}) ‘ e

and then: )
T B )
- — TH _ 14/ 12] 2 |5
/0 [ 4(1 = Br)? MHp ) — o] ] e ‘uB ‘ dr < C.
AsT — 400, we have —1 < B < 1, and

B2 B2
< ;
4(1 = Br)2 ~ 4(1 — BT)?

e M(HIY < —1-B+ B2
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2.2. Airy operator on a half-line

We choose « such that
32
4(1-BT)?

r 2
/ e2aT
0

1-B+C1B*>—a?>C,

therefore,
2
ﬁj{BT}‘ dr < C.

O
Lemma 2.1.5. There exist constants C > 0and Ty > 0, suchthat, forallT > Tyand B € (—1/(3T'),1/(3T)),
we have: ) o
< U <
’)‘1(%3 )’ <C and HaBuB ’ L2((0,T), dr)
Proof. For the proof, see for example [HKR17, Lemma 7.3]. O

2.2 Airy operator on a half-line

In the study of the Stark Hamiltonian, we will encounter the famous Airy operator.
The Airy operator <7 with domain

Dom(&/) = {f € H*(Ry) N Hy(Ry), tf € L*(Ry)},

is defined by
o f= (=0 +1)f.

The Airy operator 7 is injective, self-adjoint and has a compact resolvent. Hence, its spectrum is discrete
and consists of a sequence of real eigenvalue p; tending to +o0o. The corresponding eigenfunctions can be
obtained in the following way.

We call Airy’s function, and we denote by Ai the inverse Fourier transform of £ — ei€’/3 It is positive on
[0, +00], and its zeros form a decreasing sequence tending towards —oo . See Figure 2.1.

Let —u be one of the zeros of the Airy function (recall that they are negative). Then ¢ — Ai(t — ) is an
eigenfunction of the operator 7, with eigenvalue ;. These eigenvalues are simple (see for instance [Hell3,
Section 14.5.1], [DR12, Section 2.2.2] and [OB14, Section 2.3.1]).

0.6

IAi{x}

05

0.4

03

0.2

0.1

0

0.1

-0.2

0.3

0.4

05 | | | | | |
-10 -8 -6 -4 -2 0 2 4

Figure 2.1 — Airy’s function Ai. Source: Figure in [Roul5].
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Chapter 2 — Analysis of auxiliary operators

2.3 Harmonic oscillator

2.3.1 A 1-dimensional harmonic oscillator

We recall the spectrum of the harmonic oscillator, which we will encounter several times in this thesis.
Consider the self-adjoint realization on L?(R) of :

O = 92 ¢ %12, a> 0. (2.3)

This operator can be defined as the self-adjoint operator associated with the quadratic form

D () = || + S a0, 4 € B'®), 24

where
B'(R) = {¢ € L*(R) : ¢’ € L*(R), 29 € L*(R) }.

Since B!(R) is compactly embedded in L?(R), then the self-adjoint operator %2 has compact resolvent.
Its spectrum is a sequence of eigenvalues that tends to +oc0.

The n-th eigenvalue of 7% is (2n—1) \/Z ,n € N*. They are simple and associated with the normalized

Hermite’s functions denoted by f,,(x). They can be determined by recursion as follows
a 112 1
file) =crexsp VET, fu(0) = e L) i(e) (0> 1),

where LT = —% + \/%1:, and, for every n > 1, the constant ¢,, normalizes f,,(z) in L?(R). For more

details on the spectral study of see for example [Hell3, Section 1.3] and [Ray17, Section 2.1].

a
harm>

2.3.2 A d-dimensional harmonic oscillator

In dimension d > 1, a d-dimensional harmonic oscillator is an operator of the following form

d
2 ai o
Z _8957; + D) Us,
i=1

where a; > 0. We deduce from the case d = 1, that the spectrum of this operator is given by

d
%2711-—1, n=(ny,..,n Nd}.
{35 en-n. atnnie

The corresponding normalized eigenfunctions are f,,(x) = fn,(21) ... fn,(x4), where the function f,,, are
the Hermite functions.

2.4 De Gennes operator

In this section, we are interested in the spectral analysis of the self-adjoint realization on L?(R ) of the
de Gennes operator, which is a differential operator of order two depending on the real parameters vy and &
and acting as

d2

S dre?

2

H[’)/,O‘]: +(t_a)v

54



2.4. De Gennes operator

associated with the Robin boundary condition:

u'(0) = vy u(0).

The spectral analysis of the de Gennes operator has been the subject of several works, see [Bol92, DH93b,
DHO93a, Inc26, Uch77, Kac08, Kac06b]. This operator appears naturally in the study of the magnetic effects
induced at the boundaries [SJdG63, FH10b].

The quadratic form associated to H|[y, o] is defined by:

qly,0)(u) = /O W OF + 16— yud)l] dt -+ [u(O) (2.5)

with domain
B'(Ry) = {uc H' (Ry): tu(t) € L*(Ry)}.

The domain of H|[v, o] is defined by:

Dom(H[y, o)) = {u €B'(Ry): (- % +(t—0)?)u € LARy), w/(0) = w(())} .

Note that the domain of H 7, o] is independent of ¢ and that the domain of the quadratic form is independent
of o and . Moreover, the operator H|v, o] has compact resolvent. Its spectrum can be written as a
non-decreasing sequence of eigenvalues (u,(7,0)),>1 (Which are all simple due to the Cauchy-Lipschitz
theorem). We denote by u% ] the normalized sequence of the corresponding eigenfunctions and we denote
by ©["~1(~) the quantity:

=11 () = 1
0" () := inf (v, 0).

The family (H[v, 0])(y,5)er? is analytic of type (B) (in the sense of Kato, see [Kat76, Chapter VIL§4]), i.e.,
the form domain does not depend on the parameters and the sesquilinear form is analytic as a function of ~y
oro.

Note that the case v = 0 corresponds to the Neumann realization, denoted H*¥ [¢]. We denote by ¢’V [o] the
quadratic form associated to H [o]:

q"[o] = q[0,0] = /0 Uu’(t)|2 +|(t — J)u(t)ﬂ dt.

We also denote by H[o] the Dirichlet realization, with domain:

d2

Dom(HP[0]) = {u € B'(R,): (— 1w

+(t = 0)?)u € LX(Ry), u(0) = 0} .
The quadratic form associated to H? [o] is given by

+oo
Pl = [ W OF + It = uv]a

with domain

Dom(q”[o]) = B' (R+) N HY(R).
The operators H”[o] and H"[o] have compact resolvent. Their spectrum is an increasing sequence of
eigenvalues denoted by ¥ (o) and p2 (o) respectively.
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Chapter 2 — Analysis of auxiliary operators

By Kato’s perturbation theory [Kat76], we get that the functions:
o (o), o pl(o), o paly,0),

are analytic.
Moreover, we recall the following two theorems obtained by adapting the proof in Dauge-Helffer [DH93a],
Reed-Simon [RS78], Fournais-Helffer [FH10b] and Raymond [Ray17], for the case n = 1.

Theorem 2.4.1. The function o — u (o) is non-constant, analytic, decreasing and verifying

: D _ : D _ _
UEIIIOO Hip, (0) = +0o9, Ugl}rloo Hn (U) =2n L.

Eigenvalues

Figure 2.2 — o — pP (o), for k = 1,2,3,4,5.

Theorem 2.4.2. The function o — piY (o) is non-constant, analytic and verifying:

: N _ : N _ _
JEIPOO Hon, (0) = +0o9, Ugr}rloo o (U) =2n L.

In addition, 1Y (o) admits a unique minimum, which is non-degenerate and such that

on —3<orl= in&ug(a) <2n—1,
(oSS

and
o] _ N
0<© —;IelfR/J/l (o) < 1.

Eigenvalues

Figure 2.3 — o — udY (o), for k = 1,2,3, 4, 5.
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2.4. De Gennes operator

We will show that the behavior of i, (7, o) is similar to that of uY (o) given in Theorem 2.4.2.

Theorem 2.4.3. Let us fixn > 1. When ~y € R, the function pu, (7, -) is analytic and

Jim g(y,0) =400, Tim pn(y,0) =20 — 1.
Moreover, 1, (7, -) has a unique minimum. It is non degenerate and attained at o = &,_1(y), but not attained
at infinity. The function (7, ") is decreasing on (—o0,&,—-1()) and increasing on (&,—1(7),+00). In
addition, we have, for alln > 2

o —3 <0l ) <an—1, (2.6)
and

oll(y) < 1.

Remark 2.4.1. Theorem 2.4.3 was essentially obtained by Kachmar in [Kac0O6b, Kac08], but without the
lower bound in (2.6). The demonstration methods used are different from those presented in [ Kac06b, Kac08].

0.0 10
75 __/ g
™, b
50 1 - 6 \\
E 25 4 -~ § 1] S
3 ]
2 00 g 21
& o .
Y a5 oo
=50 -7 1
15 ]
a 0 1 2 3 4 5 ) 0 1 2 3 4 5
o o
Figure 2.4 — o +— pi(—3,0),fork =1,...,5. Figure 2.5 -0 +— pi(—2,0),fork =1,...,5.
10 10
8 ] gl
g g6
E g
i - 8 4
2 _
5]
5
0l
A 0 1 2 3 3 5 a 0 1 2 3 4 5
o o

Figure 2.6 — 0 +— pux(—1,0),fork =1, ..., 5. Figure 2.7 — 0 — ux(1000,0), for k =1, ..., 5.

2.4.1 Proof of Theorem 2.4.3

Theorem 2.4.3 is the consequence of Lemmas 2.4.8 and 2.4.10.
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Chapter 2 — Analysis of auxiliary operators

Lemma 2.4.4. Given ¢ €]0,1] and v € R, we have

2

Y=
/’Ln(’% 0) > (1 - 6)#7]:[(0-) - ?7 V%U € R7 (27)
where v_ = max(—~,0). In particular,
lim_ pin(7y,0) = +o0. (2.8)

g——00

Proof. From a direct comparison of the quadratic forms, the estimate (2.7) is obviously true when v > 0.
Let us assume that v < 0.
Using the density of C§°(R) in H!(R ), we get for any function u € H*(R, ) :

lw(0)? = =2 [ o/(t) u(t)dt. (2.9)
Ry
By the Cauchy-Schwarz inequality, we get for any o > 0 :

1
w0 < 2 /| ull < alla'|? + =~ ul®

Taking o = —£ with v < 0, we get :
Y

2 2 ’72 2
/
a(0)? > —fju |2 = L )
We deduce that, for all v € R, we have
2 2 72 2
, z
YN = —ellw’ll” = = Ilull,

where v7_ = max(—-,0).
Substituting this estimate into the expression for ¢[-y, o] given in (2.5), we obtain, forall 0 < & < 1

2 2
7= Y=
aly,0l(u) > (1= &) [w'|* + [I(t = o)ull* = —lull® > (1 = &)g"[o)(u) — - [ul* (2.10)
The min-max principle now gives
~2
pn(1,0) = (1= )iy (0) = =, V7,0 €R.

Applying Theorem 2.4.2, we get (2.8). O

Lemma 2.4.5. Given v € R, we have

lim pp(vy,0)=2n—1. (2.11)

o——+00

Proof. For the upper bound, we observe that, for all u € B (R) N H (R4)
o 104\ |2 2 D
abol(m) = [ [[W@OF + 1 = )u(t)?] dt = ¢°[o](w).
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2.4. De Gennes operator

A direct application of the min max principle allows us to deduce, from Theorem 2.4.1, that

pn(7,0) < py (o) — 2n—1. (2.12)

o——+00

Let us investigate the opposite inequality. Let us prove that in some sense that the normalized eigenfunction

ul?) associated with tnl7, o] is small near O when o > 1.

From (2.10), for u = ugy’g}, we get

2 73
_

1i(7,0) = ||t = o)l (2.13)

By (2.12), and by the monotonicity of the Dirichlet eigenvalue with respect to the domain, we have, for all
oc>0
i(y,0) <pf(o) < lim pfy(o) =25 +1. (2.14)

o——+00

+oo
2|, [7.0]
/O (t —0)? Jul

This implies that, there exists C' > 0 such that:

A

Let E be the subspace of Dom(q[y, £]) spanned by the family (u

Then,
2

2 . y<
dt <25 +1+ —.
€

2
dt < ( ¢ o> 9. (2.15)

o—1)%

[v.0]

J )je{l,..,n}
of test function (X(t)uh’g}) i with x supported in (0, +00) and equal to 1 for ¢ > 1. We have, for all
<<n

. Let us introduce the family

J
Yyo €E,

[0 e) @) + 1t = )x(B)pr,0 (O] At + 7 [(x02,0) (O)
I
(

() O + 16 = o)x(B)e o (1) ] dt

q[v, o) (XPr.0

x@r.0) (O +1(t = )x(t)pr,r (0)]

o0
)= [
0
oo
=,
-/l
A simple change of variable (! — ¢ + o), gives

a[v,0)(xpy.0) = /R [(xr0) (t + 0)* + 8] (xpr.0)(t + 0)?]

(2.16)
= Q}%arm (X( + 0-)90%5(' + O')),
where QF, . is defined in (2.4). We notice that, from (2.15), we have dim(xFE) = n. We have
o 1|2 2 2
07,0l (XPr.0) = /0 [|66r0) O + 1t = o)X ()00 (8) 2] dt + 7 | (x9,0) (0)]

= (H[7,0lx¢7.0: Xv.0)-
A simple integration by part, we get

417, 0)(x#v.0) = (XH Y, 01 py.00 Xv.0) + IX 7,011 (2.17)
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Chapter 2 — Analysis of auxiliary operators

Now, we are going to calculate (xH[Y, 0]¢~.0, X¢~,0). We recall that ¢, , in E, so it can be written as
follows

Pry,o0 = Ollu[l%o] + ...+ anu’bp}’

where a1, ..., a, € R. Then
<XH[77 J]‘P'y,m XSD'y,a> = <XH[’7, O'] (Oélu[%a] + ...+ anub’ao X <a1uh’g] 4+ ...+ anub’a])>
— <X (Oél,ul(’y,a) [v.0] ot anpn (7, 0)u [%01) X (alu[l%zﬂ ++ anub"’]».

Foralli # j € {1,...,n}

<\X\2 [v.0] 701 / Ix(t) 70] %U] dt+/ (t)[?u) [v.0 (t)ugy’a](t)dt

- / MO0 £7’“](t)dt+ /1 Wl yul ) ()t

[v.0] are orthogonal, then

[v.0]

As, the vectors u; and u j

o 1
| oar = - [ o e
1 0

We deduce that, from (2.15)

(P ) = /Ol(lx(t)l2 — Dl @yar < (G_CDQ 0>2
Therefore,
(XH[7,0]y.0,XPr,0) < (7,0 Hoqxuh’ H +.ooot pn(v0 Ha xu“’]H + fl)Z
< pn(y,0) Malxu[l%g]HQ + ...+ Hanxul;”U]H } + (0_6’1)2

C
< (7, 0) X0 |* + —12

Then, (2.16) and (2.17) gives
Dparm (X + 0)pr6(- +0)) = al7, o) (xpr.0) < 1 (7, 0) [ Xy + (0_01)2 + X erel? @218)
By application of the min-max principle, we obtain
i ) X ey < .l + 755 + Il (2.19)

where 1, (542.,) = 2n — 1 is the n-th eigenvalue of the harmonic oscillator 542, = defined in (2.3). We

infer that, for o large enough, (2.15) and (2.19) yields,

C
—1< P E———
2n = 1< pn(y,0) + o —1)
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2.4. De Gennes operator

This completes the proof of (2.11). O

Lemma 2.4.6 (Feynman-Hellmann formula). For all v,0 € R, we have

Dotin(v,0) = =2 | (t = o) |uly] (t)\2 dt. (2.20)

t>0

Proof. We have
H[y, olul ") = pin (v, o)ufl 7.

Taking the derivative with respect to o, we get:
(O [y, 0] = Botin(,0)) 4] = (n,0) — Hl, o) By .
Taking the scalar product with ul*”) in L2(R ), we obtain
(Do Hly, ol uld V) = Dy pin (3, 0) = (a7, 0) = Hly, 0]) Bpul) ), ul3 ).
The operator H [y, o] is self-adjoint on L?(R. ), then

((n(,0) = Hl, 0]) Bz, wi?l) = (052, (v, 0) = Hly, o) ufy ) =0

From the previous equality, we get

Oopin(7,0) = <80H[% U]UD’U],UD’U}> '

We have
O-H[y,0] = =2(t — o),

and we obtain the desired formula. O

Lemma 2.4.7. Forall v,0 € R, we have:

_ 2 2y [, vl (|2
Ootin(v,0) = —(pn(y,0) —0° + ))un’ (0)’ : (2.21)
Proof. To obtain (2.21), we use the Feynman-Hellmann formula (2.20). We can write that
d
2t — o) = —(t — o).
(t—0) =+ (t—0)
From (2.20), we get
Oopin(y,0) = —2/

2 2
(t — o) [ul (1) at = —/ o) [ufp )| at.
t>0

t>0 dt
By integration by parts, we have
2

+o00o
Ootin(1,0) =2 [ (= )*u (OO e)dt + o [ufr)(0) (222)
0

We have:
—Oul N 4 (t = 0)*ull 7 = pun(y, o )ull .
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Chapter 2 — Analysis of auxiliary operators

Taking the scalar product with dyul"”! in L2 (R, ), we obtain

+00 +00
/ (t = 0)*ull N () Ol (t)dt = / O ul ) (£) Dl ) (1)t
0 0
“+o00
+ pin(7,0) / ul ol (@)ool (t)dt. (2.23)
0

By integration by parts, we get:

400 +oo 2
[ orab i wanz e = - [ gty ol @t — ol o)
0 0
and
+00 —+o00 2
/ ull () dul N (t)dt = — / a9 (ol )dt — [uly o)
0 0
‘We deduce that:
2
2 / ulp ) ()0l ) (t)dt = — Dl 0)]
and

2/ w1l (1)t = [uly 1 (0)]

We put the previous equality in (2.22) and (2.23) and deduce that:

9] ()] ()12 + o2 lulrol ()]
Dotin(7,0) = —tin(3,0) [ul 71(0)|” = D5l 7102 + o2 |uly ) (0)]"

Remembering that
Ay 7(0) = yuy 7 (0),

we get (2.21). L]

Lemma 2.4.8. For each vy € R, O () < 2n — 1. The function o — (v, o) attains its minimum at a
unique positive point &,_1(y) > 0 and we have:

O () = tn(1,601(7))  and & a(y) = O U(5) + 9%

Moreover, the minimum is non-degenerate.
Proof. We notice that, if v > 0, we have

(n(7,0) — 02 + ) |o=0 = pn(7,0) +~% > 0.

This result is true for v < 0. In fact, using (2.7), and the Theorem 2.4.2,
2
o
n(y,0) > ——,
€
for e = 1, we obtain:
pin(7,0) +7° > 0.
Using Lemma 2.4.5, we have

lim [,un('y, o) — o+ 72} = —00.

o—+00
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2.4. De Gennes operator

Using the intermediate value theorem, this gives the existence of a positive point &,—1(7y) of un(v,0)
verifying:
pn (7, €n-1(7)) = &a(7)? +7° = 0.

Remembering the formula (2.21), we obtain that &,_1(-y) is a critical point of y, (v, o). Note that, for any
positive critical point &. of (7, o), we have

2
\ > 0. (2.24)

2t (%, 0)o=e. = 2 |ul77)(0)
This shows that any positive critical point is a local minimum of y,, (v, o). Thus, there can be at most one
positive critical point. It also follows from (2.24) that any negative critical point will is a local maximum.
However, lim,_, oo tin (7, 0) = +00 . Combining these two pieces of information, we find that no negative
critical point exists. Therefore, the minimum of o — 1, (7, o) is attained at a unique point &,,_1 () > 0 and
the function o — (7, o) is strictly increasing on [€,—1(7y), +oc[. This proves in particular:

O U(3) = tn(v,60-1(7)) < _lm_pin(y,0) = 20— 1.

O

Lemma 2.4.9. For v € R, we have

/’L?’L(’Ya U) > _’Y% 9
where y_ = max(—,0).
Proof. Using (2.7), and Theorem 2.4.2, we have, for all € € (0, 1],

2

fin(7,0) > —%—-

This end the proof. O

Lemma 2.4.10. For each~y € R,n > 2, we have
pn(y,0) > 2n — 3.

In particular, we have
oln=l(y) > 2n - 3.
Proof. Let n > 2, from the Sturm—Liouville theory, ug ] admits (n — 1) zeros on R;. We denote by

Zn,1(7, o) the first zero. We consider the function

P (1) = w7t + 20,1 (7,0)),

which satisfies

HP[o = zp1 (7, 0)]l, = pin(y, o)l

with Dirichlet boundary condition
e (0) =0,

and has exactly n — 2 zeros on R . By the Sturm’s oscillation theorem, 90[7"1, is the (n — 1)-th eigenfunction
of HP [0 — 2,.1(, 0)]. Therefore, we have

pin(7,0) = 1y 1 (0 = 201 (7,0)).
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Chapter 2 — Analysis of auxiliary operators

Moreover, from Theorem 2.4.1, for all 0 € R,
pP (o) >2n 3.

This proved the desired conclusion. O

2.4.2 Some important relations

We end this section by presenting some relations that we will use in this thesis.

Proposition 2.4.11. For each v € R, the following relations hold:

/ = g ) Ju e o)t = (2.25)
0

[Tt e [l [ at = g+ gl e Do) @20
0

Proof. We let
ULV’] - ug,gnfﬂv)].

Let us consider the differential operator:
L==3+(t—& () -6l ().

Note that for any polynomial p, we have:

Lo = (p® =4[t = &1 (1)? = 0" ] o = 4(t = & (1))p) i, (2.27)

and o oo
/0 WDV (#)(Lo) (1)t = /0 Lub) (o (t)dt + (0'(0) — 10(0)) ul (0), (2.28)

forv = 2p[u[¢7]]/ - p/ug}. Taking p = 1, we get

4 [ = ) [0t = 2 (6012 = 2 = 0 [l

Recalling Lemma 2.4.8, the above formula proves (2.25). To prove (2.26), we take p = (t —&,_1(7))?. Then,
we have

V'(0) = y0(0) = =2 (27&-1(v) + 1) ul(0).
We get now from (2.26) and (2.27)

—12 | = 0P [0 at = —2(29601() + 1) [ O)2
]

Remark 2.4.2. Proposition 2.4.11 corrects a mistake in [KacO6b, Lemma I1.3 & (2.21)], where it is stated
that o .
2 2
| = s )P e O e = 511 - 200601())] [ufr 6 o)
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2.4. De Gennes operator

In fact, the numerical simulations suggest that the behavior of 1 (v, -) differs from that of p, (7, -) for
n > 2. This can be quantified in the limit v — —o0, as we will see in the following lemma.

Lemma 2.4.12. Let us consider a compact K. We have, uniformly for o € K,

2 2 g -2
, = Y +o'-=+0 .
Ml(ﬁy U) Ny —00 v g h” (h/‘ )

Proof. By rescaling t = |y|~1u, we see that vy =2 H[y, o] is unitarily equivalent to

2
~2+ (o =y 2u)
Subtracting the constant term, we consider the operator

2
Hly,0] = =02+ (v 7'o = hI™2u) " = 7| %02
which can be expanded as follows

~ ou _
Hly, 0] =-02 — QW + O (v~ *u?).

We look for a quasimode of the form
Flu) = folw) + 472 fi(u),

and a quasi-eigenvalue
A=Xo+ [P

This invites to take fo and A\ such that
—fo = Xofo,  fo(0) = —fo(0).
From Section 2.1.1, we deduce that
Mo=-1 and fo(u)=+2e "
Considering the terms of order |y| 3, we get
(=02 4+ 1)f1 = (\1 + 20u) fo. (2.29)

This equation has a solution if and only if

+o0
A1 = —(2oufoy, fo) = —40/ ue”*du = —o.
0

With this choice for A;, we consider the unique f; solving (2.29) and orthogonal to fj.
We get

| (A0l = (=1 = 117%0)) (o + W~ )| < Cll ™.

By using the rescaling, the spectral theorem, and by observing that j,,(y,0) > 1 for n > 2 (see Lemma
2.4.10), we deduce that 111 (v, o) is the only possible eigenvalue close to 02 — 72 — ﬁ—' at a distance of order

ly[72. O
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Chapter

Magnetic perturbations of the Robin Lapla-
cian in the strong coupling limit

Abstract

This chapter is devoted to the asymptotic analysis of the eigenvalues of the Laplace operator with a
strong magnetic field and Robin boundary condition on a smooth planar domain and with a negative
boundary parameter. We study the singular limit when the Robin parameter tends to infinity which
is equivalent to a semi-classical limit involving a small positive semi-classical parameter. The main
result is a comparison between the spectrum of the magnetic Robin Laplacian with an effective
operator defined on the boundary of the domain via the Born-Oppenheimer approximation. More
precisely, the low-lying eigenvalues of the magnetic Robin Laplacian are well approximated by
those of a 1D periodic Schrodinger operator on the boundary. When the curvature has a unique
non-degenerate maximum, we estimate the spectral gap and find that the magnetic field does not
contribute to the three-term expansion of the eigenvalues. In the case of the disc domains, the
eigenvalue asymptotics displays the contribution of the magnetic field explicitly.

Résumé

Ce chapitre est consacré a ’analyse asymptotique des valeurs propres de I’opérateur de Laplace
avec un champ magnétique fort et une condition de Robin au bord d’un domaine borné régulier de
R? et avec un parametre de Robin négatif. Nous étudions la limite singuliére lorsque le paramétre
de Robin tend vers I’infini, ce qui est équivalent a une limite semi-classique impliquant un petit
parametre semi-classique positif. Le résultat principal est une comparaison entre le spectre du
Laplacien magnétique de Robin et un opérateur effectif défini sur la frontiere du domaine via
I’approximation de Born-Oppenheimer. Plus précisément, les basses valeurs propres du Laplacien
magnétique de Robin sont bien approximées par celles d’un opérateur de Schrodinger périodique
sur la frontiere. Lorsque la courbure a un maximum unique non dégénéré, nous estimons 1’écart
spectral et trouvons que le champ magnétique ne contribue pas au développement a trois termes
des valeurs propres. Dans le cas du disque unité, I’asymptotique des valeurs propres montre
explicitement la contribution du champ magnétique.
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7 Celui qui trouve sans chercher
est celui qui a longtemps

cherché sans trouver.

2

Gaston Bachelard
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3.1. Introduction

3.1 Introduction

3.1.1 Magnetic Robin Laplacian

Let Q) be a bounded open subset of R2. We assume that the boundary I' = 9 is C*°-smooth. We
study the low-lying spectrum of the Laplacian in L?(Q2) with a strong mixed (Robin) “attractive” boundary
condition on I', together with the strong magnetic field. Our investigation is partially motivated by recent
works on the Robin Laplacian, in the context of superconductivity (see Section 1.1.1) and spectral geometry
initiated in [KS20, HK17, Kac16]. The operator is

Ph = —(V —ibAo)?,

with domain
Dom(P§) = {u € H*(Q) : v~ (V —ibAo)u+ Su=0 on I'},
where

— Ay is the vector potential,

v is the unit outward normal vector of T,

— [ < 0 is the Robin parameter,

— b > 0 is the intensity of the applied magnetic field,

— v-(V—=1ibAp)u+ Su=0 on I is the Robin boundary condition.
The magnetic potential defined by

generates a constant magnetic field:
B =V x A() = axlA(]z — axQA(]l = 1.
Since div(A4g) = V - Ay = 04, Ao, + 02, A0, = 0, then the operator Pg is written as follows:

Ph = —(V —ibA)?
= —A +2ibAg - V + ibdiv(Ag) + b2[| Ag||?
=—-A+ QZbA[) -V + b2HA0||2

To be more precise, the magnetic Robin Laplacian Pg is defined by Friedrichs extension theorem, from the
closed semi-bounded quadratic form (see for example [LM54, Thms. 2.1 & 2.2] and [Hel13, Ch. 4])

HYQ) 5 u s Q (u) = /Q|(v — ibAo)u(@)|? dz + ﬁ/F]u(az)]Q ds(z),

where ds is the standard surface measure on the boundary. Note that, by the inequality in [BEL14, Lem.
2.6], the trace of u is well defined as an element of H 3 (I"), and combining with the diamagnetic inequality
in [LLO1, Thm. 7.21], we obtain that, the quadratic form Q% is well defined and bounded from below.

Since (2 is bounded and regular, by [CR21, Thm. 4.20] and [Gril 1, Section 1.4.4], the embedding of
H'(Q) into L?(£2) is compact, therefore, by [CR21, Proposition 4.24], the operator Pg has a compact resol-

vent. Its spectrum is purely discrete, and since 772 is self-adjoint and bounded from below, it consists of an
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

increasing sequence of eigenvalues. Our aim is to examine the magnetic effects on the low-lying eigenvalues
(An(b, B ))n . when the Robin parameter 5 tends to —oo and b tends to +o0o simultaneously.

If Q2 is simply connected, the eigenvalue A\, (b, 3) is independent of the choice of the vector potential A
of the magnetic field. This is a consequence of invariance under gauge transformations; if A € H'(£2;R?)
and curl A = 1, then A = A + V¢ for a function ¢ € H?(Q) (cf. [FH10b, Props D.1.1 and D.2.1]), and in
turn

PP (V — ibAg)?e ®? = (V —ibAg — ibV$)? = (V — ibA)2.

Apart from its own interest, the study of the spectrum of the operator Pg arises in several contexts,
where both situations subject to magnetic fields, b > 0, or without magnetic fields, b = 0, occur. Indeed,
this operator appears in the modeling of many physical problems such as the heat equation, which describes
the evolution of the temperature of a solid, the Schrodinger equation modeling the evolution of a particle
non-relativistic (see Section 1.1.2) or even the wave equation describing the vibrations of a membrane. The
eigenvalue of Pg appears in many applications such as the estimation of the critical temperature/critical fields
of some superconductors surrounded by other materials [KacO6a, KS20] or the study of long-time reaction-
diffusion equations [LOS98]. On the other hand, the eigenvalue asymptotics in the singular limit 3 — —oo,
provide counterexamples in the context of the spectral geometry [FK15, PP16], and have links with the study
of Steklov eigenvalues [HK22]. The case 8 = 0 corresponds to Neumann’s magnetic Laplacian, which has
been studied in numerous articles [Ray17, FH10b].

3.1.2 Main results

The large coupling asymptotics of the lowest Robin eigenvalue in the absence of a magnetic field has been
studied recently by many authors, see e.g. [EMP14, HK17, Ker18, LPO8, PP16, Kac16, KKR16]. In partic-
ular, the derivation of an effective operator on the boundary, involving the Laplace-Beltrami operator as well
as the mean curvature of the boundary. In the same spirit, we will study the negative spectrum of the Robin’s
Laplacian on a bounded domain with Robin condition at the boundary. Our aim is to improve/complement
earlier estimates and also clarify the magnetic field’s contribution in the spectral asymptotic.

The main contribution of this chapter is Theorem 3.1.1 below, which involves an effective operator that we
introduce as follows. We denote by |2| the area of the domain €2 and by |0€2| the arc-length of its boundary.
Let us parameterize the boundary, 02, by the arc-length, which we denote by s. Let x(s) be the curvature
of 0N at the point defined by the arc-length s, with the convention that x(s) > 0 when 02 is convex in a
neighborhood of s, and negative otherwise. The effective operators are self-adjoint operators in the Hilbert
space L?(99), acting on periodic functions, and defined as follows

L = 5720, —iby)? — 1+ B Lk(s)

B?’YO " ) (3. 1)
Dom (L3, ) = H*(R/|0Q|Z)
with ~g the circulation of the magnetic field,
€2
= —. 3.2
Y0 00)] (3.2)

Remark 3.1.1. By the min-max principle, and standard semi-classical approximation, we can establish that

)\"(ﬁ%ﬁf’m) =-1+ FGmaXﬁi1 + 0(571)7 3.3)
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where
Kimax = MAX K(s). (3.4)

We will describe the asymptotics of the negative eigenvalues of Pg, via those of the effective operator on
the boundary. More precisely, the n-th eigenvalue for the Laplace operator Pg, is approximated by the n-th
eigenvalue of the operators E%f,fvo' We will use the following notation:

M =0(p8|%) iff Ye>0, M =0O(p*“). (3.5)
Theorem 3.1.1. Let 0 < n < % and 0 < c1 < co. Suppose that
a1l Bl < b < e BI.
As (3 tends to —oo, for any n € N*, we have
[An(b, B) = B 2n( L35 = O(B27Y),

where )\n(ﬁeﬁff%) is the n-th eigenvalue of the effective operator introduced in (3.1).

It results from Theorem 3.1.1 and (3.3),
An(b, B) = —B% + Fomax 3 + O(52171). (3.6)

When b is a fixed constant (i.e. 7 = 0), (3.6) is known in [KL.22, Prop. 5.1] and in the absence of the magnetic
field (b = 0) [HK17, Thm. 1.1] and [PP15, Thm. 1]. Notice that, the remainder term is of lower order as long
asn < 3.

If n = 3, by [Kac16] we have

bQﬂ_?’

Mnlb) = =5 + (s + T )84 ofB).

In a generic situation where the curvature has a unique non-degenerate maximum, Theorem 3.1.1 allows
us to determine the leading order term of the spectral gap between the successive eigenvalues. This is valid
under the following assumption:

K attains its maximum Kpax at a unique point;

Assumption A . . .
P { the maximum is non-degenerate, i.e. x”(0) <0,

where Kmax 18 introduced in (3.4), denotes the maximal curvature along the boundary 95 and the arc-length
parametrization of the boundary is selected so that x£(0) = Kmax -

Under Assumption A , we study the three terms of the eigenvalue asymptotics of the effective operator

and find that
eff \ _ -1 . —+"(0) —3/2 —3/2
An(ﬁﬁ,'yo) = =14 Emaxf  +(2n—1) — 1] + o(|p| ). (3.7)

This yields the following corollary of Theorem 3.1.1:
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

Corollary 3.1.2. Let 0 < n < % and 0 < c1 < co. Suppose that
a8l < b < 2l B

Under the Assumption A, as 3 tends to —oo, for any n € N*, we have

b, 8) = 5% 4 sl + (2= 1 B2 113112,

The technical condition on 7 appears as follows. After inserting (3.7) into the estimate of Theorem 3.1.1,
we get the error O(3%2("~1)), which is of order o(|3|*/?) if and only if n < 2.

In the asymptotics of Corollary 3.1.2, the dependence with respect to the labeling of the eigenvalues, n,
appears in the third term of the expansion. However, in the generic situations described by Assumption A ,
the contribution of the magnetic field is hidden in the remainder term, and is of lower order compared to that
of the curvature. Corollary 3.1.2 follows from the spectral asymptotics of the 1D effective operators, which
is valid under a weaker assumption on the strength of the magnetic field (b = O(|3|>/*)) when compared to
the one in Theorem 3.1.1 (b = O(|3]*/2)).

In the case of disc domains, Assumption A fails, but we can improve Theorem 3.1.1 and display the
influence of the magnetic field in the lowest eigenvalue asymptotics.

Theorem 3.1.3. Assume that Q2 = D(0, 1) is the unit disc and that 0 < n < 1. We have, as  — —ox,

b 1

2
Ai(b,B) = =B+ B+ <nllréfz (m— 2) - 2) +o(1),

uniformly with respect to b up to b = O(|5|").

Theorem 3.1.3 was known when b is fixed in [KS20, Thm. 1.1]. The proof of Theorem 3.1.3 relies on
the derivation of the following explicitly solvable effective operator, which is more accurate than the one in
(3.1) (note that in the unit disc, the curvature is constant and equal to 1),

15*2. (3.8)

‘C%ffdisc = —,872(85 - Z'17'70)2 -1+ 571 - 2

3.1.3 Organization of the chapter

The chapter is organized as follows. In Section 3.3.1, we introduce an effective semiclassical parameter,
we discuss a semi-classical version of the operator and we recall why the eigenfunctions are localized, via
Agmon estimates near the boundary. As a consequence, we replace the initial problem by a problem on a
thin tubular neighborhood of the boundary. In Section 3.4, by using the Born-Oppenheimer approximation,
we derive an effective operator whose eigenvalues simultaneously describe the eigenvalues of the magnetic
Robin Laplacian. In particular, we show that the effectiveness of the reduction to a boundary operator is
determined by the estimate of the Born-Oppenheimer correction. This correction is an explicit quantity
related to dimension one. It appears in physics and, for instance, in the contributions [Teu03, MS02, PSTO03,
PSTO7, WT14] in the context of time evolution or in the works [KMSW92, MM94, LT 13] related to resonance
and eigenvalue problems (see also the review [Jec14] where both aspects are considered). In Section 3.5,
we show that the bound states for the effective operator decay exponentially away from points of maximal
curvature. Then, we reduce the study to a free-flux operator, which is a perturbation of the harmonic oscillator.
Moreover, we estimate the eigenvalues for the effective operator with a large magnetic field, thereby proving
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Corollary 3.1.2. Finally, in Section 3.6, in the case of the disc domains, we describe the term that determines
the influence of the magnetic field on the spectrum of the Robin Laplacian, thereby proving Theorem 3.1.3.

3.2 Boundary coordinates

The key to proving Theorem 3.1.1 is a reduction to the boundary. Indeed, the eigenfunctions associated
with low-lying eigenvalues concentrate exponentially near the boundary (cf. Proposition 3.3.4). To single
out the influence of the boundary curvature, we need a special coordinate system displaying the arc-length
along the boundary and the normal distance to the boundary. We will refer to such as boundary coordinates.
In this section, we introduce the necessary notation to use these coordinates (cf. [HMO1, FH10b]).

Let
R/(|OQZ) > s — M(s) € 92
be the arc-length parametrization of 9Q2. We will always work with |0€|-periodic functions sometimes

restricted to the interval

Q| |09
RCRC
2 2
At the point M (s) € 9Q,T(s) = M’(s) is the unit tangent vector and v(s) is the unit normal vector such

that
Vs € R/(|0Q|Z), det(T'(s),v(s)) = 1.

The curvature (s) at point M (s) is then defined as follows

The smoothness of the boundary yields the existence of a constant ¢y > 0 such that, upon defining
Vi = {z € Q : dist(z,00) < to}
the change of coordinates
O :R/(|JOQUZ) x (0,t0) > (s,t) =z = M(s) —tv(s) € V4,
becomes a diffeomorphism. Let us note that, for z € V;,, one can write
o7\ (x) := (s(z), t()) € R/(1DQ|Z) x (0, to)

where t(z) = dist(x,09Q) and s(x) is the coordinate of the point M (s(x)) € R/(|02|Z) satisfying the
relation dist(z, 0Q) = |x — M(s(x))].

The inverse of ® defines a coordinate system on a tubular neighborhood of 92 in Q that can be used
locally. Now we express various integrals in the new coordinates (s, t).
The determinant of the Jacobian matrix of the transformation ® is given by:

det Jp(s,t) = 1 — tk(s).
In the new coordinates, the components of the vector field Ay are given as follows,

Jy(5,8) = (1~ th(s) Ao(®(s,) - M(5)
As(s,t) = Ao(P(s,t)) - v(s).
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The new magnetic potential Ay = (A, Ay) satisfies

0A 0A

G—Q(s, £) — aTl(S’ t)|ds A dt = curl Ag(® ' (s,))dz Ady = (1 — tr(s))ds A dt.
s

For all u € L?(V;,), we assign the pull-back function 7 defined in the new coordinates as follows

u=1uo®d.

Consequently, for all u € H'(V;,), we have

/ (V — ibAg)u(z)|? da = / (1 t(5))721(0s — ibA )P + (8, — ibA2)iil?] (1 — tr(s)) drds,
Vi

0

*dz = i) ?(1 — tr(s 5
[ w@Pdr= [ AP0~ () deds,

0 <I>_1(Vto)

/ u(2)? de = / (s, t = 0)[2 ds.
Vi MO0

Finally, we recall a useful gauge transformation that we borrow from [HMOI, FHI0b]. For ¢y > 0 small
enough, there exists a gauge transformation ¢(s,t) on R/(|02|Z) x (0, to) such that Ay defined by

_ t2
_ . A _ _
A=Ay =iy o = (Aléijii) = (”0 3 “<3>) , (3.9)

and

0
with ) Q)
Yo = ’am/QCUI'IAO dor = m,
and for all u € H'(V;,), we have
- 2
/ (V — ibAg)u(x)|? dz = / ((1 — th(s)) 2 ](as — ibA,) w’ + |8tw|2> (1 — th(s)) dsdt,
Vi )

0

where w = ¢*°4 and @ = u o ®, the pull-back function.

3.3 Preliminaries

3.3.1 Transformation into a semi-classical problem

We will prove the results of Section 3.1.2 in a semiclassical framework. Let us consider the semi-classical
parameter
h=p"2

The limit 3 — —oo is now equivalent to the semi-classical limit &~ — 0T. The quadratic form can be written
as

Qb (u) = h? ( /Q (WY — ibhAg)u(z)|? dz — A /F lu(z)|? ds(x)) = 1 2gh ().
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Consequently, we obtain the self-adjoint operator depending on h
L = —(hV —ihbAg)?,

with domain )
Dom(L}) = {u € H*(Q):v-(V —ibAg)u —h 2u=0 onT}.

Remark 3.3.1. Ez is defined via the Lax-Milgram theorem from the quadratic form qg.

Clearly,
P =h72L3,

and thus the relation between the spectra of the operators Pg and EZ;L is displayed as follows :

sp (Ph) = h?sp(£h).

(3.10)

The self-adjoint operator Ez has a compact resolvent and is bounded from below. Its spectrum is purely

discrete and consists of a non-decreasing sequence of eigenvalues. Let (y,(h,b))nen+ be

the sequence of

eigenvalues of the operator Ez. Theorem 3.1.1, Corollary 3.1.2, and Theorem 3.1.3 can be reformulated in

semi-classical form as follows.

Theorem 3.3.1. Letn € N*, 0 <1 < % and 0 < ¢1 < co. There exist hog > 0, such that, if h € (0, ho)

and b satisfies

- =n
Clh2 <b§02h2,

then we have :

[ (hyb) = B A (£5E,)

hyo!| — @(hgin%

with

L5t = —h(ds — ibyo)® — 1 — r(s)h3.

By the method of harmonic approximation, we deduce the following corollary:

Corollary 3.3.2. Letn e N* 0 < n < % and 0 < ¢1 < co. Under the Assumption A, there exists hy > 0,

such that for all h € (0, hg) and b satisfying
ch® <b<esh®,
we have :

/i
fin(hyb) = —h — Kmaxh®? + (20 — 1) ’€2(())h7/4 +o(h).

In the case of the disc, we derive the following effective operator

>

E‘;ijfdisc = _h(as — ib’yo)Q —1 - h% _ 5

As a consequence, we get the following theorem.

Theorem 3.3.3. Assume that Q = D(0, 1) is the unit disc, 0 < n < 1 and that 0 < ¢; <
ho > 0, such that for all h € (0, hy) and b satisfying

—n —n
Clh2 <b§02h2,
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we have : )
b 1
pi(h,b) = —h — hs o+ <inf (m - 2) - 2) h? 4 o(h?).

MEZ

3.3.2 Agmon estimates
The goal of this section is to show that the eigenfunctions associated with eigenvalues less than —e h,

with 0 < € < 1 a fixed constant, are concentrated exponentially near the boundary at the scale h'/2. These
localizations are quantified by the following proposition.

Proposition 3.3.4. Ler M € (—1,0). For all « < \/—M, there exist constants C > 0 and hy € (0,1)
such that, for h € (0,hg), if upyp is a normalized ground state of L% with eigenvalue 11(h,b) such that
w(h,b) < M h, then

/ (Junal@)? + BV = ibAo)upp() ) exp (W) dz < C. (3.12)
Q ’ ’ hl/2

For the proof of the Proposition 3.3.4, we will first show two technical lemmas.

Lemma 3.3.5. Let ¢ € C°(R2) a real function, such that ¢ is constant on T'. We set:
i = [ (107 = bhAoyuof? = 120 uf) do— 13 [ |ouf* ds(a).
If upp, is an eigenfunction ofﬁz with eigenvalue p(h, b) , then
i (unp) = (ks B)l|un p8]1 72 (3.13)

Proof. We have the simple identity:

<¢2 upp, L2 uh,b> = u(h, b)[|un 0|22 - (3.14)
On the other hand,

a7 (unp) = h2Q%(pupp) — hz/glv¢|2\uh,b\2 dx

= <£2¢uh,b, ¢Uh,b> - h2/g|v¢’2|uh,bl2 dz.

Let’s explain E?L ¢ upp - we have

Lhouny =—h? (A(Gunp) — 2ibAo - V(gunp) — b?| Ao un,)
= —h2( ¢ (Aupp —2ibAg - Vupy — b2 Ao unp ) + Ad unp + 2V - Vuny
— 2ibAg - Voupp)
= & LY upp — h? (AP upy + 2V - Vupy — 2ibAg - Voupp) -
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Thus,
@i (unp) = (& L3 uny = W2A¢ wnp — 202 Vo - Vg — 2ibh* Ao - V pung, & uny )
— h2/ V|2 |upp|* da.
Q
Consequently

Qf(uh,b) =( L upp, d*unp)

e | - o - (3.15)
h Q(A¢Uh,b+2v¢ Vupp)dtnp + [V~ |unp|” + 2ibplupp| Ao - Vo da ) .

If we show

/Q ((Acf) Unpy + 2V - Vunp) ¢ Unp + |V [*lunp|* + 2ibplunp|* Ao - ch)) dz =0, (3.16)
we obtain, from (3.14):
a) (unp) = (L unp, &% uny) = p(h, O) bl 72 -
Let’s show (3.16). By Green’s formula:
—_— 2 209
[ 6w 86 uny do =~ [ V(6lunsl) - Voda+ [ slunpl 5 ds(o)
Q Q r v
= —/QV(¢ unpl?) - Vo da
- —/Q (696 Viunsl + V6 Pluns|? ) da,

consequently,

/Q ((A¢Uh,b +2V¢ - Vupp)dtpp, + |V¢\2|uh,b|2) dr = /Q¢V¢' (QWVUh,b - VIUh,b!2> dz.

(3.17)
On the other hand, using (3.15), we have
/Q (A0 unp+2V6 - Vuny) ¢ i + [V lupy | + 2iblunsl* Ao - Vo) do
1
=3 (—q;f(Uh,b) + (LY unyp, ¢ Uh,b>> €R.
Since the integral of a real part is the part real of the integral, we get by (3.17):
/Q ((Acf) Unp + 2V - Vunp) ¢ g + |V [*lunp|* + 2ibplunp|* Ao - V¢) d
- /qu Re (V¢ . (QWVU}L[) — V|uh’b|2) + 2ib|uh,b|2A0 . ng)) dz
=0,
where Re(z) is the real part of z. O
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Lemma 3.3.6 (Localization Formula). If (x; n)i1<i<2 a partition of the unit of R , such that
X%,h + X%,h =1,

then there exist two quadratic forms qf , and qg’ j, Such that, if up, , is an eigenfunction of EZ with an eigenvalue

w(h,b), then
a) (upp) = th(uh,b) + qf,h(u;z,b), (3.18)

at(x)
h1/2

where ¢(z) = exp ( ) t(z) = dist(x, 0Q) and qff defined in the Lemma 3.3.5, with

a7y (un,p) :/Q (|(hV — ibhAo) X1, S unp|® — h*|V (¢ X1,h)\2|uh,bl2> dz — h%/rba,h dunp|? ds(z),
(3.19)
and

. 3
a5, (unp) Z/Q (I(hV = ibhAg)xa p 6 unpl? = K|V (6 x2) Plunsl?) da - hQ/F|X2,h dupy|? ds(z).

(3.20)
Proof. We have
0 (unp) = " (unp) "= (b, 0)l|unpdx1 n]22 .
and
g5 (unp) = x> (unp) "= p(h,b) [unp & X201 720
Hence
a7 (unp) + a3, (unp) = p(h, b)[unpdll 320y = a5 (unp)-
O

3.3.2.1 Proof of the Proposition 3.3.4

The proof of the Proposition 3.3.4 is formed by two steps. We use in the proof the notations of quadratic
forms of the Lemma 3.3.6.
We consider a partition of the unit of R,

X% + X% =1,
such that x; = 1 in (—o0, 1), suppyx1 C (—00,2), x1 = 0 and x2 > 0in R. We define

t(x .
Xj,h:X]<h(1/g>7 J S {1)2}7

with X2 5, is a truncation inside and X1, is a truncation near the boundary.
The proof is a direct adaptation of the cas of non-magnetic field, see [HK 17, Theorem 5.1].
1. First step. Let us show that, there exist ¢ > 0, such that

g7y (unp) > —ch. 3.21)
We have, for j € {1, 2},
aVit(z
Vola) = 1 o(o)
2
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and
_ Vi(z) , (t(x)

Va0 = (72 )

with |V¢(x)| = 1. There exist constants ¢ > 0 such that

V(6 x50 (@) = |xjn(2) Vo(x) + d(x) Vxjn(z)[?
< 2[xjn(2) Vo(2)* + 2|¢(z) Vgn(z) [

2
a 2 2, o€ o1 s (@) 2
< 2% |6(@) Pl (@) + 27101 (773 |
hence ) (@)
2c 2c t(x)\ 2
2 2 2 2| s
V(6 xi) @) < T 10@) P hga@l + 516 P (73| (3.22)
According to (3.22), there exist constants ¢ > 0 such that
. 3
g7 (unp) > / 1 (WY = ibhAg)x1p G uppl” dz — h2/|X1,h ¢ upp|” ds(x)
’ {zeQ:t(z)<2h2} r
—2ch L 0P |uppl* dz—20° h 1 0P Ix1h unpl® da
{zeQ:t(x)<2h2} {zeQ:t(x)<2h2}

. 3
> | |(RV = ibhAg)x10 punp|? do — h2/F|X1,h P upp|* ds(z)

/{:EGQ (t(x)<2h2}

—2(c+a2)h . \(b]z\uhl,\Q dz.
{zeQ:t(z)<2h2}

Since wuy, is a normalized eigenfunction of £% in L2(Q) and that ¢(z) < exp(2a), Vo € {t(z) <

213 }, we have:

—/ h|xindunyl? do > —/ , hlpupy|? dz > —ch. (3.23)
Q {zeQ:t(x)<2h2}
We deduce that
) 3
C]ibh(uh,b) 2/ , |(RV —ibhAg)x1,n ¢uh,b|2 dx — h?/ IX1.h ¢uh,b|2 ds(z) — ch.
’ {zeQ:t(z)<2h2} r

Let us show that

/ . RV = ibhAg)x1 0 punpl? do — h%/\XLh pupp|® ds(z) > —ch.  (3.24)
{zeQ:t(x)<2h2} r

According to Theorem A.1.3, we have

/ | 1(hY — ibhAg)x 1 dunsl? dz — h3 / X1 dunyl? ds(z)
{zeQ:t(x)<2h2} r

3
> / L AV [ X1 punp|® da — hg/\XLh ¢ upp|? ds(z).
{t(x)<2h3} r
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

In the tubular coordinates of Section 3.2, the inequality becomes:

. 3
/ 1 [(BV = ibhAg)x1,p duns|? do — h2/|X1,h pupy|* ds(z)
{zeQ:t(x)<2h2} r
1591 on3 e
> / / B2 (1 t(s))2100w]? + D] (1 — th(s)) dtds—ha/ (s, t = 0)[2 ds
~5Jo —g
SN 5
> / . (/ h?10pw|* (1 — tr(s)) dt — h2|w(s,t = O)\2>ds,
—B2 A Jo
2
with w(s,t) = [ x1,n dunp(s,t)|.
Consequently,
/ L (B = ibhAg)x1p dupp|? dz — h%/ X1 G unsl? ds(z)
{zeQ:t(x)<2h2} r
ol ok 109] (3.25)
1 2 2 2 2,3 2
> (1—ch2)/ / h2|0yuw] dtds—/ 13 (s, t = 0)[2 ds.
_‘BTQI 0 -2

2

Leti <p<l7=(1- ch%)h_1 t, we introduce the function v(s,7) = w(s,t). The function v
vanishes if 7 > ¢h™7 and for h small enough 2 ho3 < h™”. We have

0

1 2h% 3 h=? 1
(1- chi)/ h2|0,w|? dt — h3|w(s,t = 0)[2 = h / 10,0]% d — h3|o(s, t = 0)?
0

h—P
> hAl(HO,h)/ lv|? dr.
0

From Section 2.1.2, we get

1 2}7‘% 3 h—FP
(1 —ché)/ h?0yw|* dt — h2|w(s,t = 0)* > —2h/ lv|? dr.
0 0

Consequently,

/ . |(hV —ibhAg)x1,n ¢uh,b|2 dz — h%/ IX1,h ¢uh7b|2 ds(z)
{zeQ:t(x)<2h2} r

169

2 h=r
2/ -2 h/ lv|? dr | ds
_ oy 0

[09]

Lo ons )
:—2h(1—0h2)/ \39\/0 ’Xl,h‘buh,b‘ dtds
-5
> — Ch/Q\Xl,h pupp|® do
(3.23)

> —ch.

This shows the point (3.24) and we deduce that:

a7 (uny) > —ch.
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2. Second step. Let’s show that

/Q <h| (V —ibAo) x2.n @ unpl|* — (M + a®) |§ xo.n Uh,b|2) dz <e.
We have, from (3.13) et (3.18)

G (unp) = af p (unp) + 65 (unp) = p(h, b)|unpdll3 o

and so from (3.21) and (3.23), we have

g5 (unp) < pu(h,b)lup, bBll72(0) + ch
= u(h, b)|[x1,nun b¢HL2 + pu(h, b) X2 punp@l T2y + ch
< M hllunp x2,n 0l 72 +Ch

Consequently,
/QWN — ibhAo)x2,n D unp|® dz
< M hlfuns xan 93y +eh+h? [ |V (@x2n) Plunsf? da
< M h||unp x2.n ¢||%2(Q) +ch+ Ch/ﬂ|uh,b|2 dz + o? h/ﬂ|¢X2,h Uh,b’2 dz

< ( 2dx+ch,

and we deduce the formula (3.26).
. Conclusion. Since (M + a?) < 0, then from (3.26) we have:

/Q|¢Uh,b><2,h 2 dz <ec

which suffices to prove that, for & sufficiently small,

/Q]qbu;%b ]2 dx <ec

Moreover, we have

X2 & (V = ibA0)unpl 720y = (V = ibA0)x2nd unp — unpV (x2.09) 1

< 2[[(V = ibAo)x2n0 tunpll® + 2 [un sV (x2,19)|?

(3.26) c
< h+2\|uth(X2h¢)||2

Since €2 is bounded, the function = — t(x) is bounded and ¢ is bounded. From (3.22), we have

C

HXQJL¢( _/LbAU)uh b”LQ(Q E
which suffices to prove that, for i sufficiently small,

h”(b (V - ibAo)uh,b“ig(Q) < c
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

We deduce that
2adist(x, I")

/Q (\uhﬁ(x)]Q + h|(V —ibAy) uh7b(:r)]2) exp ( Py ) dxr < ¢,

for h — 0.

We record the following simple corollary of Proposition 3.3.4.

Corollary 3.3.7. Let M € (—1,0), p € (0,3) and ¢ > 0. Forall 0 < o < /=M, there exists C > 0
and hy € (0,1) such that, if upp is a normalized ground state of LY with eigenvalue 1(h,b) such that
w(h,b) < Mh, then for all h € (0, hy),

A. t(2,T)> h%_p( |uh,b(x)‘2 + h‘(v — ibAO)uhyb(x)‘Q ) dz < C eXp(_zach*p). (327)
ist(z,I')>c

From Corollary 3.3.7, we deduce that for h — 04 we have,

/ - lupp(z))? do =1 — / L lupp(z)|? dz = 1 — Cexp(—2ach™"). (3.28)
dist(x,I')ch2 ~* dist(z,I)>ch2 "

2

As a consequence, for small &, the ground states of the operator El,’L are concentrated near the boundary of (2.
This will allow us to work in a tubular neighborhood of 0f).

3.3.3 Spectral reduction

Let p € (0,1/2), we introduce the d-neighborhood of the boundary
Qs={2eQ: dist(z,T) <8}, &=hz".
The quadratic form, defined on the variational space
Ws = {u € H'(Qs) : u(z) =0, Va € Q such that dist(z,T) = 6},

is given by the formula
qZ’p(u) =h? [ |(V —ibAg)u(z)* dz — h%/ lu(z)|? ds(z). (3.29)
Qs é

Note again that the trace on 0€);s is well-defined by a classical trace theorem. The associated self-adjoint
operator is:
LYP = —(hV — ihbAy)?,

with domain

Dom(ﬁ%p) = {ue H*(Qs) : v-(V —ibAg)u — h 2u=0onT and
u(z) =0, Vo € Q suchthat dist(z,I") = ¢}.
That is, we consider the realization with mixed boundary conditions (Robin and Dirichlet conditions). Let

(tin (R, b, p))nen+ be the sequence of eigenvalues of the operator E%p . It is then standard to deduce from the
min-max principle and the Agmon estimates of Corollary 3.3.7 the following proposition.
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Proposition 3.3.8. Let ¢ > 0 and o € (0,+/€), there exist constants C > 0, hg € (0, 1) such that, for all
h € (0,ho),n > 1and p,(h,b) < —eh,

fin (R, b, p) < pin(h,b) + Cexp(—ah™).
Moreover, for all n > 1 and h > 0, we have

pin(hy b) < pn(hs b, p).

Proof. The inequality fi,,(h, b) < pn(h, b, p) is not asymptotic. Let (vy 4)1<k<n be a family of eigenfunction
of [,;’l’p associated with the eigenvalues (u(h, b, p))1<k<n. We define the function

Upp  ifx € Qs
Un h =
’ 0 ifx e\ Qs.

Let E be the vector subspace generated by the family (ux.p)1<k<n. We will find an upper bound of the
quadratic form ¢? (u) for all u € E. By inserting u in the quadratic form ¢? (u), we get

b, b,
dh(w) = 2 (v) = (L2706, < (b, Il = jia (. p)lu]”
By the min-max theorem, we get the non-asymptotic inequality
pin(hy b) < pan(h, b, p).

Now we determine an upper bound of 1, (h,b, p) in terms of p,(h,b). Let (uyp)1<k<n an orthonormal
family of eigenfunctions associated with the eigenvalues (1 (h, b))1<k<n - Let the truncation function define
on R as follows:

0<x<1l,x=1on]—00,1/2] and x =0 on [1,+o0].

xi(z) = x(@) :

Vk,h = X1Uk,h-

We define the function

with § = h3~°. For k = 1,...,n, welet

Let F}, be the vector subspace of Dom(LZ’p ) generated by the family (vj 5)1<k<n and wy, € F}, which is
written as follows:

n
Wy =Y BrUk,h-
k=1

The functions (v, j,) are quasi-orthonormal (using Proposition 3.3.4). We notice that dimF}, = n, and
n
lwnl> = S~ 1Bif? + O(exp(—ah™)).
k=1

Now we have to find an upper bound of qZ’p (wp) by making p,(h,b) appear. We have the following
decomposition:

n
b, b, b,
q,” (wp) = <£hpwhawh> = > Bibk <£hpvj,havk,h>-
jk=1
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For j, k fixed and for h small enough, we have

<£Z’pvj,h, Uk,h> = <X1 Ly ujp, x1 Uk,h> — B (ujn Ax1, X1unp) — 20° (Vxa - (V — ibAg)ujp, X1tnp)
= p(h, b) (xaujn, x1uk.n) — h* (ujnAx1, xaurn) — 2h% (Vxa - (V = ibAo) g p, X1tk,n)
= 85k 1 (h, b) — B2 (uj n Axa, xaun ) — 207 (Vx1 - (V — ibAo ), X1k 1)
+ O(exp(—ah™")).
We have
Vxi(z) = B 2Vt (@)x (B2 (),

and
Axi(z) = W21 Vi) X" (W~ Y2 t(z)) + B2 At(z) X (B2 t(2)).
According to the Holder inequality, we have

2

h2|(wj nAX1, X1ukn)| = R wjp AX1 X1 Ukp do

/{t<w>>a/2}

1/2 1/2
< h? (/ [uj.p, AX1]2 dx) (/ |uk, X1\2 d:v) ,
{t(x)>6/2} {t(x)>6/2}

and
R2[(Vx1 - (V — ibAo)u;j p, X1tkn)]

= h? Vx1.(V —ibAg)ujp, X1 U, da

/{t(:v)>5/2}

1/2 1/2
< h? (/ IVx1.(V — ibAo)uj’h|2 dx) (/ |k h )<1|2 dx) .
{t(z)=6/2} {t(z)=6/2}

Since h.h?~1/2 <1 and h.h2’~! < 1 and by Corollary 3.3.7, there exist constants ¢ > 0 such that :

1/2
h2]<uj7hAX1, X1Ukh)| < ¢ (/ |w;p 2 d:x) (/ ‘Uk,hP dac)
{t(x)>6/2} {t(z)>5/2}

<c eXp(_ahip)a

1/2

and

1/2
2 d:v)

1/2
h*[(Vx1 - (V = ibAg)uj p, X1tpp) < C </ h|(V — ibAg)uj|* dw) (/ |tk
(t(x)>6/2) (t(2)>6/2)
< cexp(—ah™).

Hence
R (uj n Ax1, X1ugn) + 203 (Vx1 - (V — ibAo)ujn, x1ukn) = O(exp(—ah™)).
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Consequently,

n
L) = Y Bife ( vjh,vkh> =Y (BB + Ofexp(—ah) 3 Bifh
7,k=1 Jj=1 7,k=1
tin (R, b) 4 Cexp(—ah™")) |wp|?.

By the min-max theorem, we have

gl
pn(h,b,p) = inf  sup R
dimE= 6n12§$(]E/ ‘u’ dx
h

therefore,
tin (R, by p) < pin(h,b) + Cexp(—ah™?).

O]

Proposition 3.3.8 leads us to replace the initial problem by a new Robin-Dirichlet in a §-neighborhood of
the boundary 0f2, and then reduces the analysis to the operator E%p .

3.3.4 The Robin Laplacian in a tubular neighborhood

From (3.9), the new quadratic form is expressed in tubular coordinates and is written as follows:
3 (u h2/ / (05 — ibAL)a2(1 — tr(s)) ! dtds
_ L
+ h2/ / (9, — b A2 (1 — tr(s)) dtds — h3/2/ (s, t = 0)|? ds,
-LJo L

09|

with & = ey o ® and L = ~—. Here ® is the transformation map that transforms Cartesian coordinates

to boundary coordinates in a neighborhood of the edge and ¢ is the gauge function needed to assume that
Ao = 0. These functions are defined in Section 3.2.

We replace Ay = (A1, As) by its value given in (3.9), we obtain:

2
67:’p(u) — hQ/LL /06 <8s — ibyo — tb (—t + g%(5)>> u

L d L
4 h2/ / 0,2(1 — tr(s)) dtds — h3/2/ (s, t = 0)[2 ds,
—LJO —L

2
(1 —tr(s))~! dtds

and the ambient Hilbert space is L?((1 — tx(s)) dtds), the integration domain | — L, L] x (0,d) and the
natural scalar product

L 6
(f,9) 121 = tr(s)) dtds) = /—L/O fa(1 —txk(s)) dids,

with ) 9
= —— [ curldgdox = —.
0= 160 /Q 0 ES)
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We would like to describe the spectrum of the operator associated with the quadratic form q~,f *. To see what
happens, we write the operator L’Z,’l’p in tubular coordinates (s, t). The operator ﬁ%p is unitarily equivalent
to EZ’p the self-adjoint realization on L?(] — L, L] x (0,8), a dtds), of the differential operator, with 2L-
periodic boundary condition with respect to s,

— h2(1 — tr(s))"H(Ds — ibAL) (1 — tr(s)) "1 (Ds — ibAL) — h2(1 — tr(s)) "10s(1 — tk(s))d;.

We replace Ay = (A1, As) by its explicit value given by (3.9), the operator EZ"’ becomes :
- 2 2
LyP = —h%a ! (85 —ibyg —ib <—t + 2/&(5))) a ! (88 —ibyg — b (—t + 2&(5))) — h2a"19,a0,,

where a = 1 — tk(s).
Lemma 3.3.9. In boundary coordinates, the Robin condition becomes
Ayu(s,t =0) = —h Y 2u(s, t = 0). (3.30)

Proof. Eg’p is the self-adjoint operator associated with the quadratic form QV;Z"O . Let the sesquilinear form
associated with cj}?’p be defined for all u,v € H'((—L, L) x (0,9)) and u(s, ) = v(s,d) = 0 by

L s 2 2
Qg’p(u,v) = h2/_L/0 (85 —ibyy — ib (—t + tQFc(s))) u(@s — by —ib (—t + gm(s)>) va~t dtds

L 6 _ L
+ h2/ / Oru Opv a dtds — h3/2/ u(s,t =0)v(s,t =0) ds.
—-LJo —L

By definition of the operator £, for all u € Dom(Ly*),v € H'((—L, L) x (0,6)) and v(s,t = §) = 0,
we have

b.p < ~b,p >
u,v) = { L u,v .
CR) h ™ 7/ L2 (a dtds)

From this equality, we find the Robin condition in the tubular coordinates.
First, we calculate <£2’p U, v> . We have
L?(a dtds)

Sp
<£h u’ U>L2(a dtds)
L 6 2 t?
= —h2/ / a 05 —ibyo —ib | —t + 5/1(8) a |0y —ibyg—ib| —t+ 5%(8) uv a dtds
-LJo
L 6
- h2/ / O(adyu)v dtds.
- Jo
Using an integration by parts, we obtain
<£~Z’pu, U>
o R A , , 2 . . t? _
=h / / a | 0s—iby —ib| —t+ 5%(8) u | Os +ibyy +ib | —t + 5&(5) v dtds
- Jo
0 2 L
2 -1 . . t _
—h/a 0s — ibyo — ib —t—f—?R(S) uv
0

ds.
t=0

L ) L
dt + 2 / / adypu O, dtds + h2 / O
L —L 0 —-L
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Since u and v are 2 L-periodic with respect to the variable s, we have

[y )
h* | a= | 0s —ibyo —ib t—|-2f<a(s) uv
0

Then,

- S (L , . 2 . . t2 _
</Jh’ u,v> =h / / a [ 0s —iby —ib | —t+ 55(3) u | Os +ibyg +ib | —t + Em(s) v dtds
-1.Jo

L 6 L
#02[ [Caduomdids + 1 [ o) as
—-LJO —L t=0
b
= thp(ua U) :
By comparison, we get for all v € H*((—L, L) x (0,6)) and v(s,t = §) =0
L s (L
h2/ Owv| ds= —hi/ u(s,t =0)v(s,t =0)ds
-L t=0 -L

L
= / <8tu(s,t = 0) +h ™V 2u(s,t = 0)>v(s,t =0)ds =0.
-L

Hence
Ayu(s,t = 0) = —h Y 2u(s, t = 0).

We introduce,
Qs ={(s,t):se[-L,L] and 0 <t <d},
Gy") = {u€ H'(Q) : u(s,8) =0},
L0P) = {u e H*(Qs) : u(s,0) = 0 and dyu(s,t = 0) = —h~2u(s,t = 0)}.

Dom(
(

Dom

3.3.5 The rescaled operator

We know that the eigenfunctions are localized near the boundary, at the scale h3 (cf. Prop 3.3.4) and in
order to obtain a Robin condition independent of h, we get a partially semiclassical problem by changing the

variable 1
(s,t) = (s,h2T).

This change of variable transforms the above expression of ZI;L’p into an operator as follows
1 1 7_2 1 1 7—2
h { —ha™" | 0s —ibyy —ib | —h2T + hEHJ(S) a | 0s —ibyy —ib | —h2T + h?/{(s)
— a—laTaaT} ,

where the new weight
1
a(s,7) =1—h2 7k(s).
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The boundary condition becomes

We consider rather the operator

and the domain of integration becomes
[_L> L[X (07 6/17’1/2) = [_L7 L[X (07 h_p) :

The associated quadratic form is

= [

L h—P
+/ / |8T¢|26Ld7'ds—/ (s, 7 = 0)? ds.
—LJO

L
—L

2

5 a~'drds

2
(hl/Qas — ibh'/?~y — ibh (—T +nY 2Tn(s)>> Y
(3.31)

We let
Qs ={(s,7):s€[-L,L] and 0 <7 <h "},
Dom(g,*) = {u € H'(Qs) : u(s,h™") = 0}, (3.32)
Dom(ﬁ,’;p) = {ue H*(Qs) :u(s,h ") =0 and dru(s,7 = 0) = —u(s,7 = 0)}.
Let fin(h,b, p) be the n-th eigenvalue of the self-adjoint operator LZAI;L”D . Since E}lj’p =h'L ,l:’p , then
Sp(L,”) = h™'Sp(Ly”).
Therefore,
fin(h,b, p) = h™ fin(h, b, p) = h™ (R, b, p), (3.33)

with fi,,(h, b, p) is the n-th eigenvalue of the self-adjoint operator /3;:”) .
Below is a table that represents the different operators that appeared in this work, their associated quadratic
forms, and their eigenvalues.

Operator Quadratic form Eigenvalue
P o)) M0, B)
Ly ar fin (B b)
i g pin (P, b, p)
Ly" o fin (. b, p)
Ly’ 0 fin(h.b, p)

3.4 Asymptotics of the eigenvalues of Robin’s Laplacian

The aim of this section is to prove the following result, which implies Theorem 3.1.1.
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Theorem 3.4.1. Letn € N*, 0 < n < %, a>0and0 < ¢ < co. There exist c+ > 0 and hy > 0, such that,
if h € (0, ho) and b satisfies
ah® <b<eh®,

then, we have :

A(L55) + O(h*7) < Fin(h, b, p) < Aa(L50F) + O(R2707),

where )\n(ﬁzﬁvf) is the n-th eigenvalue of EZHVS_L defined by

K(s)’

. 1 3
Ezﬁvoi = —h(1+cs h") (s —ibyg)? — 1 — k(s)h2 — Th +cyhz,
and
()
r=min (o, = .
2
Remark 3.4.1. We distinguish two important cases of 1) :
-If 0 < n < 2, we choose o = (2 — ), then O(h?~271) = o(h%).
-If 3 < < 2, we choose a = (3 — 1), then O(h?~27") = o(h%).

3.4.1 Robin Laplacian in a weighted space

Following the writing of the magnetic Robin Laplacian in tubular coordinates in Section 3.3.4, there
appears a one-dimensional operator defined, for s fixed, by

—a710,a0; = —02 + h'/?k(s)a10,
Oru(s, 7 =0) = —u(s,7 =0) in L2((0, "), (1 — Thl/Qm(s)) dr),

where a(s,7) =1 — h%Tﬁ(S). This operator is denoted by

/Hn(s),h = H{BT}v

with
T=h"" and B=h'?k(s),

and where ’HJ{BT} is defined in Section 2.1.3. The associated quadratic form is:
h—P
Qio(s),n (1) = /0 [Oru(r)Pa dr — |u(0)|*. (3.34)

Let v,(5),, be a normalized groundstate of H,y) j, associated with \j(H,s) ). According to the Lemma
2.1.5, there exists a constant C' > 0, such that

1950y 1l £2((0, h+),(1— 1 /20(s)ryar) S ORI, (3.35)

Lemma 3.4.2. Under the assumptions of Proposition 2.1.3, for any k € N, there exists a constant Cj, > 0
such that the function vy 1, satisfies when h — 04 :

h—P
| el = 1 2k(s)r) dr < G
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

Proof. The demonstration comes simply from the following inequality:
Vi>0, VkeN, IF<klé.
This inequality gives us for | = 2a7 where « is the constant in Proposition 2.1.4 :
2k akrk < kle2eT,

From the Proposition 2.1.4, we obtain:

hoe g
/0 Tk|v,i(s),h|2(1 - hl/Qn(s)T) dr /0 Sk 620‘7|U,@(S)7h|2(1 — hl/zn(s)T) dr < C}.

N

O]

By [KS20, Lemma 2.5], we have the asymptotic estimate of the first and second eigenvalue of the dominate
operator H ()

2
M(Huon) = —1 = K(s)h? — “(;)h +O(n?), (3.36)
and forC' > 0
Xo(y(sy ) = —ChY*7. (3.37)

3.4.2 The corrected Feshbach projection

For s € [—L, L], we introduce the Feshbach projection II; on the normalized ground state VUge(s),n OF
Hr(s),h
st = (4, V() 0) 12((0. h-7),adr) O VO € L2([=L, L[x(0,h™"), adsdT). (3.38)
We also let
I =1d — I,

and
Ri(5) = 10svn(s) nll Z2((0, n-r). 2 ar):

The quantity 7 is sometimes called “Born-Oppenheimer correction”. It measures the commutation defect
between J, and I1;.

Remark 3.4.2. Note that the idea of considering a Feshbach projection appears in many different contexts:
WKB analysis (see for example [BNHR 16, Sections 2.4 & 3.2], [HK17] and [HKR17]), convergence resolvent
norm (see for example [KRI14, Section 4.2 ] and [KRRSI18]) or space/time adiabatic limits (see [Teu03,
Chapter 3]). The reader might also consider to read [LT13, p. 35], where the authors tackle a similar
problem of finding a corrected Feshbach projection in order to decouple the variable of their fiber operator
and the semiclassical variable (his called € in their paper and they call “horizontal variable” our variables).
In particular, they emphasize that, without such a correction, the decoupling appears modulo a remainder
O(h) larger than the gap between the eigenvalues.

Lemma 3.4.3. There exist constants C > 0 and hg > 0 such that, for all i) € Dom((’j}lz’p) and h € (0, hg),
we have:

1
[T, )48l p2(aary = 03 Osll 22 aary < [2Bn(5)% + b2 [[8]]p2(aary -
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3.4. Asymptotics of the eigenvalues of Robin’s Laplacian

Proof. We estimate the commutator:

[Hsa as]w = _[HsLa as]w

= <asw7vn(s),h>L2(&d7') Vk(s),h (<w’ >L2(ad7') K(s )’h>
= _<1/}7 aSvm(s),h>L2(&dT) ).k T (¥, v, >L2(ad7) 0 sUs(s),h
h—r
+ h/ 2,4(3) ( wvn(s)MdT) Uki(s),h+
0

We get, thanks to the Cauchy-Schwarz inequality and the Agmon estimates (see Lemma 3.4.2)

1
[[ILs, Os]¥oll L2 (aary < [2Rh(5)2 + Chm} 191 22 aar)-

Lemma 3.4.4. Let ) € Dom(?—lﬁ( s),n)» we have the orthogonal decomposition:

q,'-c(s),h(z/}) = Gx(s), h( Sw) + Ak (s) (HJ_l/J)
with qy(s) 1, Is the quadratic form associated to the operator M) 1, defined in (3.34).

Proof. We have

U(s)n () = (Hes(s).0 ¥ V) £2((0, ), adr)
= (o) n (st + TI57), Tt + T390 120, nmr), atr)
= () n 115, TLst0) 1200, -2, adr) + (H(s)n s @5 TIE) 120, pry, actn)
+ (His),n s, Hﬁ%b)L?((o,h—p),adT (Tstb, Moy n s ¢> ((0, h=P), ad)"

Since H (), is self-adjoint on L?((0,h=P), adr), then

(Hpo(s) nIlst0, Ty V) 12((0, h—r), adr) = ¥, n(s),hﬂé_¢>L2((O,h*/’),ddr)'

Therefore

Do) (V) = Moo n s, TLah) 1200 n=ry. adry T (Mcts)n s T) 120, nery, adr)
+ 2(H (o) n s, TI5) 120, =0, acir)-
We have
ILst) = (¥, Vi(s),1) L2((0, =), adr) Ve(s),h = PUk(s).h-

Therefore

(Ho() w0, TIE0) 1200, h=0), adr) = () 2 P0n(s),00 Ta ) 120, h=), aair)
= @(5) (Mc(s)hVn(s).n0 U5 ) £2((0, =0, adr)
= () (A (Han(s).1) V(s T ) 12((0, nr), acr)
= A (Hs),n) Math, Ty V) 12((0, h—0), adr)
= 0.
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Consequently,

qﬁ(s),h(w) = <’Hﬁ(s),hﬂsw, HSQ/)>L2((07h*P)7&d7—) + <Hn(s),hHsL¢> Hst>L2((o7hfp)7@dT)7

hence
QH(s),h(w) = Gx(s), h( 81/)) + Ak (s) (HJ_d])

3.4.3 Approximation of the norm on the weighted space

In this section, we show several lemmas that are approximations of the weight.
Lemma 3.4.5. Let ¢ € L*(a drds), and 0 < p < 1. There exist ¢ > 0 such that :

HwH%Q(d_ldes) < (1 + Chl/Q) HstH%Q(&des) + (1 + Ch1/4) HHé_wH%Q(&des)’

and
||¢||L2 a~ldrds) © > (1- ch!'/? ) HHSQ/)HLQ (adrds) + (1 - Ch1/4) ||1/’||%2(ad7d5)‘

In particular,
10172 1aras) S (L ) 190032 aaras)-

Proof. Let1) € L?(adrds) . There exist constants C' > 0 such that :

’/ /h p\zp|2ad7-ds—/ /h pyzp\” Vdrds| = ‘/ /h ' D|y|%a drds

<C/ / h1/27|¢|2&d7ds
—LJO

L h—F
< C/ / A2 7| Hgep + TIE|2a drds.
—LJO

Therefore,

L rh™P L ph™P
‘/ / l|2a des—/ / lv|?a~t drds
—LJo —LJO

L ph™r L ph™"
C[ / / W 27| %0 drds + / / K27y % des]
—LJO —LJO

By the Lemma 3.4.2, we have:

L her L her
/ / h1/27|Hs¢\2&deS:/ / W27 (4, Vo (s) 1) |2 Vo) 0@ dTds
~Jo

h—P

:h‘l/Q/ |<¢7 Uk(s),h >| [/0 T|U,§(S),h|2@d7':|d8
2 [ (g )P s

chl/? IIstHLz’(ades)'

N
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3.4. Asymptotics of the eigenvalues of Robin’s Laplacian

Using that h'/2= < h'/4, we have

L h—P L h—P
[ nerrbefadrds < w2 [0 Ra drds <0 IR

From the equation (3.42), we have

L rh™P L rh™P
‘/ / lv)%a des—/ / lv|2a~t drds
—LJO —LJO

Consequently,

< A 2 arag + €A I 2 aara

> 0122 aarasy — €12 M) 2 arany — 2 IS 0T 2 o ra
> T + T (13 2 agras) — ch!/? L1724 drasy — ch'/t I 172 adras)
> (1= ') T2 aarasy + (1= b ) T2 agras):

2
HwHLQ(&*ldes)

hence

1172 a-1drasy < (14 ) Tl 2 aara0) + (1 + h*) 1T 0032 000
< (1+ch'/ )||1/}||%2(adrds)'

O]
Corollary 3.4.6. Let 1) € L?(adrds) . There exist ¢ > 0 such that :
2 12y [* 2
I3 014000y < (L eh2) [ (o) ds,
with © = (Y, Ve(s),n) L2((0, h—7), adr) -
Proof. This corollary is a direct result of the equation (3.40) and the Lemma 3.4.2. Indeed,
Il = Tgep  and  TII054) = 0.
O]
3.4.4 Upper bound
To separate the variables, we consider the function of the form :
1/}(37 T) - 90(8) ’ vli(s),h(T)a (3.43)

with ¢ € HY(R/2LZ).
The following proposition provides an upper bound of the quadratic form on a subspace.

Proposition 3.4.7. Let p € (0,1/4),0 < n < 2, a > 0and 0 < ¢; < co. There exist constants ¢ > 0,
ho > 0 such that, for all h € (0, hy) and b satisfying

—n —n
Clh2 <b§02h2,
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we have for all 1 defined in (3.43)
Q" () < dpt (0) + OB ™9l 2217,

where, for all p € H'(R/2L7)

ff,
Gy () = /

—-L

L 2 _ L
(—1-r(s)h2 - ”“(;)h+ch3) [p(s)]? ds+h 1+ chmin(2)] / | (85 — ibyo) |2 ds.
—L

Proof. We write
0, () = ¢" "9 () + ¢ (),

2
(h%as — ibhz~g — ibh (—r + hé;m(s)>> "

where

2
a~tdrds,

o= [ [

h—P
q"9 (1) / / 0-4|* @ drds — / [0(s, 7 = 0)[* ds .

and

o Upper bound of ¢ "9 (1))

Using the min-max principle and (3.36), we obtain an upper bound of g **"9
t L he 2 A 2 2
aow) = [ [ 106 onaa ()P dr o)l n( O ds
[/ 0rtu ) A7 = o O] s

“w

-/,

| oo n) le()Pds
| M nle) ds
</,

2
1 k(s
(=1 = mo =TT (o) ds e

“b

o Upper bound of ¢ !5 ()))
Using the following classical inequality, for all a,b € R, h > 0, and o > 0, we have
ja+ b < (1+h%) [af* + (1 +h7%) |b]?,
we have
" () < (L4 h%) g™ () + (L+ 27 )gg""™ (),
where

h=F 2
glrans( / | (o —ibndao)uf at dras,
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3.4. Asymptotics of the eigenvalues of Robin’s Laplacian

and
2

L rh™? 1 72
qztrans(w) _ thQ/ / ( — 74+ hi—/q;(s))w a~!ldrds.
—-LJO 2

Find an upper bound for ¢{"%"* (1)) and g7 (1)).

® For g;™"*(¢)):

By the Lemma 3.4.5, there exist constants ¢ > 0 :

Lk

Therefore

2

2 2 L rh=r 2
(—T—Fh%LH(S))w a~tdrds < (1 +ch1/4)/ / (—7’—|—h%T—HJ(S)>¢ a drds.
2 _rJo 2

2 2

( -7+ h%%/@(s»v,{,h

L h—F
a7 () <URE L+ en) [ o) [ /

CALdT‘| ds.

By the Lemma 3.4.2, and since the curvature is bounded, there exists a constant ¢ > 0, such that:

h=°P 2
/ (—T + h%Tfa(s)) .
0 2 ’

05" (4) < e(L+eh )R,

2
adr <ec.

Consequently,

Hence,
(14+h™) gdr™™ (1) < bR (1+ chY*) (1 +h=)|jo]> < cb2h>|g|>

* For g{™"*(¢)):

L ph™P
a7 @) = [T o (90 = ) + 9 Duvng a2 drds
L h=F
<h(+n) [0 T 0 = ibro)pl adrds
—-LJO
L h=F
R0 [ [T 0 allie(s)Fatdrds.
- Jo

By the Lemma 3.4.5 and the Corollary 3.4.6, there exist constants ¢ > 0, such that:

L ph™? L
[ [ (@ = ibno)platards < (14eh’?) [ (0. = ibro)e ds,
—-LJO L

and

L h—P
2(s)2a~" drds < (1 +ch1/4)LL/O 10cv(sy . Pl0(5) 2 drds

L rhr
aS K(S
[L/O 1950 S
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Thus,

L
qltrans(w) < h (1 + h* )(1 + Chl/z) / L‘ (83 - ib’)’O)‘P‘Z ds

L h=F
(1 eh ) [ jes)P| [ Bl a dr]ds.
L 0

From (3.35), we have

L L
A" (@) < B (L )1+ b [0, — ibo)elds + b1+ )14+ eh) [ jo(s) Pds.
L —L
We deduce that
. L
(1+h7)gfr™* () < b [L+ chmoesd)] [ 10 = ibno)el® ds + O~ ]

) L
<1+ enminod] [* 0, — ol ds + Ol

Hence, there exists ¢ > 0 such that:

L 1 2
aw) < [ (= 1= wtont = "Eh s o2 ol as

, L
+h(1+ enm0D) [ 0, ~ i)l ds-+ O gl
L
eff, —a—
— ™ () + O P,

with

L 2 L
eff, 3 K(S) 3 min (o, % .
G (#) Z/L(—l—/’v(S)h2 _Th+6h2) o(s)[> ds+h [1+ch ( ,2)} /_L|(8S—zbvo)90|2d8'

O]

3.4.5 Lower bound

The following proposition provides a lower bound of the quadratic form c?,l; o’

Proposition 3.4.8. Let p € (0,1/4),0<n < 3,0 <a <2-nand0 < ¢; < cy. There exist constants
¢ > 0and hy > 0 such that, for all h € (0, ho) and b satisfying

—-_n —-_n
Clh PR b < CQh 2,
we have

@’ () 2 iy () + O Il 2oz — OOV 2o gray):

where
e 7 is defined on Dom(g}") in (3.31).
o Dom((j,f’p).
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e o € H'(R/2LZ) defined by

SO(S) = <¢(87 ')7UH(S),h>L2((O,h*P),&dT)?

and
off— L 1 k(s)? 3
G0 = [ (=1 wlomt = "o ) p(s)Pas
o L
h[1 - chmines)] / (D5 — ibyo) | ds.
—-L
We write ,
Z]\h,p(d}) qtang(w) 4 thanS(1/1),
where

2
a~tdrds,

= [ [

h—P
tang / / ]8Tw\2&d7d8—/ W(SaT:O)‘Q ds.

2
(héas — ibh3~o — ibh (—r + hign(s)» W

and

3.4.5.1 Lower bound of the tangential form
Proposition 3.4.9. There exists C > 0, hg such that, for all 1) € Dom(q, ’p) and h € (0, hy), we have

tang L 1 K(s)? 2 3/2 2 1/2—py1rL, (12
0“1@) > [ (= 1= w(s)hE = E2) (o) ds + O gl = ChY2 P I

with
p(s) = (P(s, ')aUn(s),h>L2((o,h—P),adT)~

Proof. Lety € Dom(@f’p ), using the orthogonal decomposition in Lemma 3.4.4, we have:

/L {/Oh"|8f¢|2ad7- — (s, T = 0)’2} ds

—L

:/Lq“ n(¥) ds

—/ qm (s),h) T Qe(s),n (1T liﬁ)} ds

q""" ()

_/ dk(s),h (P"U,{ (s),h d3+/ Ak (s), (Hst) ds

according to the principle of min-max, we obtain

tang / A (H, (s),h ”(,OU ((0 h=?),adr) ds +/ Aa(H r(s)h ol ,(’Z)||L2 ((0,h=F), adT)d

The conclusion flows, using (3.36) and (3.37), which give:
1. Forall s € [-L, L], we have ||gov,$(s)7h|]%2((07h_p),&dﬂ = |p|%.
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K(s)

——yh O,

2. Forall s € [~L, L], we have  A\1(H, () n) = —1 — /{(s)h%

3. Forall s € [~L, L], we have Ao(H,(5) 1) = —_ChL/2—r,

3.4.5.2 Lower bound of the transverse form

Proposition 3.4.10. Ler p € (0,1/4),0<n < % ,0<a<2—nand0 < ¢y < co. There exist constants
¢ >0 hg > 0 such that, for any h € (0, hg) and b satisfying

—n —n
Cth <b§62h2,

we have
trans min(a,1) L : 2 2—a—n 2
q () = h[l—ch 2 >]/—L| (0s —ibyo)p|” ds + O(h )HSOHL?(R/QLz)
- 0(1)||H5L¢H%2(@ drds)’
with
L h—P 2
g (1) = / / ‘ (hl/ 205 — ibh! /2y — ibhozs(T))w a1 drds,
—LJO
where

,7_2
as(T) = -7+ hl/zgﬂ(s).
Proof. From the Lemma 3.4.5, we have
t 1/2 L e 1/2 1/2 2
g™ () > (1 — ch/ )/ / ‘HS (n'720, — ibh!/?5, - ibhozs(T))@Z)‘ a drds
—-LJO
L h—P 2
+ (1 — chM4) / / ‘HSL (n'/20, — ibh!/?5) - ibhozs(r))z/}’ a drds
—-LJO
L h—P 2
= (1—chl/?) / / (W2 11,00 — ibh! 0T — ibhITy ()| @ drds
—-LJO
L h=P 2
+ (1= chM4) / / (W20 0, — ibhY 2401130 — ibRITE ()| @ drds.
—LJO

Write 11,05 = 051140 + [, 0s]vp and TIL0stp = OsII-1p + [T, Os]tp , we obtain

qtrans(w)
L prh™? 2
> (1—ch/?) / / ]h1/2 BsTT,1p — ibh Y/ 2y TT,0p — ibhIl, (ast)) + hY2[IL,, asw\ a drds
—LJO

L ph™P 2
+ (1= chM4) / / ’h1/2 OsTL 4 — ibhM 290 TTE) — ibhITE (arstp) + hY/2[11F, O] a drds.
—-L JO

Use the following classical inequality, for all a,b € R, h > 0, and a > 0, we have

la+b> > (1—h%)|al* — h=[p]%, (3.44)
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we obtain
qtranS(w) > (1 - Ch1/2)<1 o ha)qltrans(w) - (1 - chl/Z)hfaQQtrans(w)

3.45
+ (1 o Ch1/4)(1 - ha)qgranS(w) - (1 o Ch1/4)hfaq2trans(w)’ ( )

with

L h—r 2
o irans(y) = [ ) /0 (W12 0T — ibhM 20Tl — ibhILy(as)| @ drds,
L h—P 2 L h=P 2
o qIrans(y) = h/ / 1, 00| a drds = h/ / L, )| drds,
—LJo —-L JO
L h—P 2
o ) = [ ) /0 (W12 0,1 — ibh! 240113 — BRI ()| @ drds.
w Using (3.44), we have:
L [ hr 2
qltrans(q’/}) > (1 _ hOé)/ / ‘hl/Q (95Hs¢ — ibhl/Q’yost‘ a drds
-LJo

L h—F 2
s / / ’bhl’[s(asw)‘ a drds.
—LJO

According to the Section 3.4.4 and with the same type of reasoning, there exist constants ¢ > 0 such that:

L
rans min (o, 2 . —a—
a7 () = b1 — el D) [0, — i)l ds + O gl sz a0z
_L (3.46)
— O R* )¢ 22 aaras)-
For ¢J"*%: From the Lemma 3.4.3 and the inequality (3.35), we get:
L L 1/2 1/2
ILs, Os]¥l| L2 (adras) < /_L 2Rp(s)2 + ch7| [l 22 aaryds < ch 20l L2 adras) -
Thus, we obtain:
”[H87 85]¢H%2(&de5 = H[Hj', 8s]¢“%2(adﬂis)
S Cth/}H%?(ddes)
< chlloll® + hl S92 aaras)-
Therefore,
437" () < eh®ll® + P IS¢l 72 agras)- (3.47)

We use the inequality (3.47), (3.45),(3.46) and as q:f”ms > 0, we get:

L

. 1 . —a—
g () > h [1 = chmin(e2))] /_LI (95 = ibyo)pl” ds + O ¢l 212)

- O(b2h2_a)Hnin%%adesy
For0 < a < 2 —1, we have —n + 2 — a > 0 and h~"72=% = o(1). Then, we have the conclusion of the
proposition. O

99



Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

3.4.5.3 Proof of Proposition 3.4.8

From the Propositions 3.4.9 and 3.4.10, we have:

L
. 1 . ——
a" () > L= b D)) [, - ibo)gl ds + Ol
o) [T 22 0

and

L

2
1 K\S _
(=1 ont - (2)h = ch™2) [p(s)* ds — eh > T2 10,0

a“iw) > [

For p € (0,1/4), we have h'/2=° = o(1), therefore we obtain the proof of Proposition 3.4.8.

3.4.6 Proof of the main theorem

We now have everything we need to complete the proof of the theorem 3.4.1. The self-adjoint operator
associated to the quadratic form qzﬁﬁ;oi is:

. 2
L5 = —h (1 ex A@2)) (9, — i) — 1 — K(s)h? — “(;)h + ey P2

acting on L2(R/(|02Z)) = L?(R/2L7Z), where c+ is a constant independent of h. The operator Eh 0
has a compact resolvent and it is bounded from below. Its spectrum is purely discrete, and it is formed by a

. . eff, +
non-decreasing sequence of eigenvalues )\n(ﬁh’ o ).

Corollary 3.4.11. Letn € N*, p € (0,1/4),0 < n < % There exists hg > 0, such that, if h € (0, hy) and b

satisfies
-n

ah® <b<eh®,

we have:

fin (s, p) < Mn(£57) + O(R*=77).

Proof. Let (¢;)1<j<n be anorthonormal family of eigenfunctions associated with eigenvalues ()\ ; (EZHEF)) .
0 1<j<n
Let E be the subspace of Dom(qh ) generated by the family (;)1<j<n. By the Proposition 3.4.7, we have:
b, i o
0" igsyn @) < dp o () + OR**Mlel?, Vo€ E.

By applying the min-max theorem, we deduce

Gt (2) < Al L35l

hyyvo ko
Consequently,
~b,p eff, a—
@ (Wr(s)n @) < ALyl +OR* M)l
eff —a—
< (D) + OB ) o nel
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Forall g € vy(s) pE, we have :

~b, i o
0 (9) < (A(LF) + O(h*=7m) gl
From the normalization of vy (), We can see that dim(vy(s) &) = n. Thus, by applying the min-max
principle, we obtain

fin(h,b,p) < Mn(L550) + O(RZ727),

hyvo
O
Corollary 3.4.12. Letn € N*, p € (0,1/4),0 < n < 3. There exists ho > 0, such that, if h € (0, ho) and b
satisfies
cth? <b< eh?,
we have:

ﬁn(hy b, p) 2 )\n(ﬁzf,f';/o_) + O(h?—a—n).

Proof. Using the Proposition 3.4.8, there exist constants ¢ > 0, C}, and ¢y € (0, 1) such that
b,
dy, p(¢) > Q}Zf:j(@ﬂ? UH(S),h)’ HL@/)) ) (3.48)

where, for all (¢, f) € Dom(qzﬁw’;) X Dom(az’p)

ens eff,— —a— €0
Qial. f) = g (9) + O Mol 2 jarz) — §”inQ(ddrds)
e €0
= th,fyo(@ - §Hf||%2(&d7ds)’

with
e eff,— —a—
hf,fyo(SO) = qj, - (P) + o(n* 77)”90||%2(R/2LZ)‘

According to the theorem of min-max and (3.48), we have :

ens 1
//,L\ (h b p) > lnf I;L,’yo(<1/}? vﬁ(s),h>7H w)

sup
Gcpom@ypec Y| + [Ty
dim G=n P#0

(3.49)

We define the linear injection:

~b ff,— ~b
J : Dom(g”) — Dom(g™") x Dom(g’”)

(0 — (<wv vﬁ(s),h> ) Hqu)

We have:
tens Uy , HL tens ’
f sup h,«/g(<'¢2 (s),hj : ¥) _ it . h,;o(w f )27
GePom@ ) wec  TIY[? + [T+ GcTDom@)) (.1 ca 1912+ 1]
dimG=n  ¥#0 dim G=n 7
and tens( f) tens( f)
: f h’:’YO SO’ > : f h"\/O SO’
R inf SUp 5 g 2 . in T T
GCJ(DO/I\H((];Z’p)) (o.f) €G H@H + ||f|| GCDom(qu’fﬂ’/g) (0,f)€C ||90H + Hf”
dim G=n XDom(?]\;IZ'p)
dim G=n
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Therefore,
tens Uy , HL tens ’
inf_ sup 0 (<¢2 (s)’hj - s i M. (3.50)
Gepom@ ) e ITGIE + [T Geom@™>)  (opyed PR+ 7
dim G=n »#0 XDor;l(ab’p)
h
dim G=n
By the inequalities (3.49) and (3.50), we have the comparison of the Rayleigh quotients:
fin(h,b, p) = A" (h). (3.51)

We note that the self-adjoint operator associated with the quadratic form QST is £

hovo h.o» and the self-adjoint

tens
hﬁo :
It is easy to see that the spectrum of D}fgos which lies below —¢q is coincident with the spectrum of Ezﬁ%.
Then, for all n € N*, i1¢"%(h) is the n-th eigenvalue of D,ffgg and i¢(h) is the n-th eigenvalue of E‘,f% have

satisfied

operator associated with the quadratic form Q'}fﬁj is £

fitens (h) = i (h) = A (L55) + O(h?7077). (3.52)
Therefore, (3.51) and (3.52) give the result of the corollary. ]

3.5 Spectrum of the effective operator

Let \,,(£) be the n-th eigenvalue of an operator £. Fix a constant ¢ € R. The effective operators Ezﬁv’f
are special cases of the following operator:

1 k(s)?

L = —h (1= chmn@2)) (9, — ibyo)® — 1 — K(s)h? — =h- ch?,

with b > 0 and o > 0. The associate quadratic form on L?(R/2LZ) is

€ L 5 /{82 5 min(a, = L .
@)= [ (~ 1ot = hnd) (o) s+ h (1 enmed) [0, —itno)el ds.
L —L

In the following, we will explain how the spectrum of the operator ﬁzf’fc;bo reduces to the study of that stated
in Theorem 3.3.1. The operator that we are going to study the spectrufn is a perturbation of the harmonic
oscillator. Then, the calculations are based on the context of the harmonic approximation (cf. [Rayl7,
Sections 3.2 and 4.1.2] and [FH10b, Section 7.1] ), with a small adjustment, since the operator is defined on
a periodic space and with a phase term iby.

Lemma 3.5.1. Let the effective operator be of the form:

. 2
Lt = —h (1 - chmln@%)) (95 — ibyo)? — K(s)h2 — “(5) h—ch?,
and the quadratic form on L*(R/2L7Z) associated be:
e L 1 RS 2 3 min(a, 1 L .
G = [ (= ntont = S h (o) ds b1 — D) [ |0, ~ ibro)el? ds.
Then,
A(L5000) = =14 M (L550). (3.53)
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3.5. Spectrum of the effective operator

Proof. Let p € HY(R/2LZ), we have

ffb fF b
Gho0(®) = dhan(9) = =Nl
then
eff,b eff,b
dp o 0(90) ap o 1(90)
= -1+ NI
el el

By definition of the spectrum, we have

ff,b ff,b
)‘n(‘cz,a,O) =—-1+ )‘n([’;a,l)'

Let the effective operator be of the form :

) 2
£Z€f&%2 _ _h1/2 (1 _ Chmm(a,%)) (83 _ ib’}/Q)Q _ /{(8) _ H(;)hlh o Ch,

and the quadratic form on L?(R/2LZ) associated be:

e L k(S 2 min(a, L L .
o) = [ (=)~ R en) (o) ds 4 12 (1= e D) [ (3, — ibro)ol? ds.
L —L

Since E;ﬂc’!bl =hl/ 2£<;Lffo,tb27 then the following equality quantifies the relation between the spectrum of these
operators

therefore
An(L50 ) = BN (L5, (3.54)

We introduce the new semi-classical parameter
h=h'/4,
Lemma 3.5.2. Let the effective operator be of the form:
Eifo’f?’ =K (1 - chmin(4a’2)) (05 — ibyo)? — K(s),

and the associated quadratic form on L?(R/2L7) be:

eff,b L 2 2 in(4c,2 L ; 2
Gia(0) = = [ r() lo(s)F s + 12 (1= enmn@2D) [ (0, — bl ds.

Then,
An(L51,5) = M (L5, ) + O(K?). (3.55)

Proof. Let ¢ € HY(R/2LZ), we have
L 2

/ {K(S) + chﬂ lo(s)* ds
L 2

we use that 2 is a bounded open, then the curvature « is also bounded, hence there exists ¢ > 0 independent

f,b f£,b
T2 (P) = Qo 3(@\ =’

Y
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of s, such that

K(s)?
< ¢,
5 c
therefore
ff,b fF,b
Gy (0) = as ()] < eh?llg].
Thus
eff,b eff b
Uhoo(®)  dyas(e) N
2 5| Sl
|l [l

according to the min-max theorem, we have
eff,b eff,b 2
\An(chw) - An(cmg)’ < ch2

Consequently, . .
eff,b eff b
An(‘ch,aﬂ) = )\n(‘ch,a,B) + O(h2)

From (3.53), (3.54) and (3.55) we have

A(L5000) = =1+ B (L5505) + O(hY). (3.56)

Thus, to study the spectrum of the effective operator ﬁzﬁc;bo, it suffices to study the spectrum of the operator

Leff,b

h.c.3> Introduced in Lemma 3.5.2.

3.5.1 Location near the point of maximum curvature

Let kmax be the maximum curvature along the boundary I'. Let the effective operator be of the form:
ﬁiﬁfh = —h? (1 — chmin(4o"2)) (D5 — iby0)? + Kmax — K(8),

and the associated quadratic form on L?(R/2LZ) be

eff,b L 2 2 min(4a,2) L : 2
G0 = [ (o= 5(5) () ds + 12 (1= e [ (0, — ibro)gf .

Then,
A (L5157) = A (L515) = Fmax. (3.57)

Proposition 3.5.3. Consider the effective operator of the form
E?f,{ib = _hZ(BS - Zb70)2 + Kmax — :‘47(8),

and the associated quadratic form on L*(R/2L7) be

L L
G50 = [ (s —5(9) () ds 12 [ (0, = bB)ol ds.

Then, we have

ML) = (1 O™ 0eD)) A (£51).
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3.5. Spectrum of the effective operator

Proof. Let o € H'(R/2LZ). We have:

G() — a5 = el o2 [0, — ibno)eas

< |C|hmin(40¢,2) [hQ/

L
1@ = ibr0)plds + [ (e = (5)) () Pl
< |C|hmin(4a,2)qzﬁb(gp) )
The conclusion of the lemma is now a simple application of the min-max principle. O

From (3.56), (3.57) and the Proposition 3.5.3, we obtain
)\n(ﬁ';f’fo,fo) - _1— h2"5max + h2 (1 + O(hmin(4a,2))> )\n(ﬁeﬁ b) + O(h4)
In the following, we show that An(ﬁzﬁ4b) = O(h), then we get (recall that i = h'/%)

An(L5000) = =1 = B2 bimax + B0 (L550) + o(h®) = M (L5E ) + O(h*7). (3.58)

Note that the Theorem 3.4.1 and equality (3.58), give the proof of the Theorem 3.3.1 which is a reformulation
of the Theorem 3.1.1.

The goal is to show that the Eh 4 elgenfunctlons associated with eigenvalues of order i concentrate expo-
nentially near the point of maximum curvature .

Proposition 3.5.4. For ¢ € (0, 1), there exist C > 0 and hy > 0 such that, for all h € (0, ho) and for all
eigenfunctions v of ,szi’b, associated with the eigenvalues of orders h, we have:

”eg(bo/h/l)DHQ < C||¢||2) qefib( E(]ﬁo/ﬁw) < Ch||¢||2,

s+2kL
/ \/ Emax — dy‘

Proof. The proof of Proposition 3.5.4 is a standard application of the method of Agmon estimates (see for
example [Ray17, Prop. 4.10]). The proof is formed by three steps
Let € € (0,1). Consider an eigenvalue A = O(h) of /Jh 4 , and an associated eigenfunction .

where

= min
keZ

1. First step.
Let ¢ be a regular and 2L periodic function, with real value. We have:

g (e ) = Alle? 2 + 12 0se? 2. (3.59)
Indeed,
Ly (e2 ) = =R (D5 — ib70)*(€2) + (Kmax — 5(5)) et
— (902 + PR + 20.6%0,6 ~ 2ina(VD.c” + D) ~ P’
+ (Kmax — K(3))e%

= L5 (¢) — 12 (¢a§e¢ + 20,2051 — 2ibfyowase¢).
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Hence,
gy (€)= (L1 (%), e?v)

L _
= (L)) =1 [ [0 + 20,690, = 2ibrguo.e?] detds

Therefore, as v is the eigenfunction of Ezﬁf associated with the eigenvalue A\, we get

L _
q,eli’b(e‘i’@b) = )\||e¢¢)||2 — h2/ : [1/)6526‘;5 + 2056?90 — 2ib’}/0¢636¢} Pe?ds. (3.60)

L _
Let’s calculate / [¢8§e¢ + 20,e®051) — 2ib70¢)8$eﬂ Ye?ds = E.
L

By integration by part, we have:

L _ L
/ Yd2ePipelds = / e?||202eds
—L L

L L
=~ [ ot uPasetds + o,
L

—L
L

L
_ _/ Due? [[W[20,e? + 20,1 %] ds + ¢ [u5 25e”
—L

L

—L

L
— 0|2 —/ 90,620, |0 |2ds + e[ 1h[20,e?
L

—L

Since ¢ is 2L periodic, then

L _
/ {w8§e¢ + 205e® 1) — Qib'yoz/zase‘z’} Ye?ds
L

L L ~ L _
= —|]856¢wH2 —/ e¢6se¢8s\¢|2ds + 2/ 5?50 YePds — 2ib’yo/ VOse®he?ds
.y —L -L
L _
= —[|0seV||* + / e?0ye? [~040 [ + 20500 — 2ibryolv]?] ds.
-L
Therefore,
L _
B = [0l + [ e0,e® [0, + 2056 = 2ibrol ] ds. (3.61)
~L

From (3.60), we have:
WE = ¢ () + M e?d|* € R,

Consequently, (3.61) gives
E = —|0se®y]*. (3.62)

From (3.60) and (3.62), we obtain:
ff
a3 (e? ¥) = N e? vl + B2 0se? v,

2. Second step.
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3.5. Spectrum of the effective operator

Let us show that:
G0 (e ) < Ohlle P,

and .
/ (k= ()27 s < Chlee™n /"5
L
¢ s+2kL
For ¢ = T , With ¢o(s) = mingey / v/ Kmax — dy’ We notice that
/ e
|6/ (s)” = \qbo( )P = 72 (Fimax — K(s)).
We recall that
eff b L 2 2 L . 2
G50 = [ (o = w5 p(o)ds + 12 [ 1(0. = ibro)efds,
consequently,

L
G > [ (= n()s) s,
From (3.59) and (3.66), we have:
L
[ s = w(5)) €2 s < Xe? ] + 120,67 v
:/ (e — () — A — B2|/[2] €2 [fds < 0.
By (3.65), we get
L
/ [mmax — k(8) = X — € (Fmax — /’43(8))} e*?|p2ds < 0
-L
= /L [1 — 62} (Fmax — k() €2?9>ds < Ale? ¥
L

Therefore,

L

[ 1= €] s = () €24 [0 < CHle? w2

-L

We notice that for any € € (0, 1), there exists a constant C' > 0, such that
1—é>C.
We deduce the inequality (3.64)
L 2 2
[ (o = (5)) €2 025 < Chle? o
On the other hand, by (3.59) and (3.65), we have:
Ghes (2 4) < Myl + 17| 0se?

L
e D2 46 [ (e = () €2 i
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

We use (3.64), to deduce the inequality (3.63).

3. Third step.

Show that: .
/ 2/ 2ds < C|ly |2, (3.68)
—-L
and
g (e /M ) < OR|l| 2. (3.69)

We use that kmax — £(s) admits a unique non-degenerate minimum, we deduce that there exists ¢ > 0 such
that for all Cy > 0, there exist constants C, fig such that Vi € (0, i),

/<C o (max = ()22 Myl < Chljw P, (3.70)
s|xCo
/|<c F1/2 PNy Pds < Clly?, (3.71)
sixCo
and
/ (Kmax — H(s))ezf%/ﬁ]w‘st > cC2h e2¢00/h | |2ds. (3.72)
|s|>Coh'/2 o[> Conl/2

By the inequality (3.71), to show (3.68), it is enough to show the following inequality:
/ 290/h132ds < C||]2. (3.73)
|S|>Cohl/2

Let’s fix Cy > 0 large enough,

1

_ 2ed0/h)0512d
cCgh Jis|=contr2 (i = si(s)) el ds

/||>C " e?0/MapPds <
s|=>Coh
< [ (s — ()2 M Pas.
CCgh I

From the inequality (3.64),we get

c L
/ 200/ 2ds < 2/ €290/113) 2d s
|s|=Coh1/2 cC2J_p

C

< -
CC[% |s|<Cohl/2

C
2ed0/h1, |24 / 2e60/h1,|2 s,
s o [ ity

Thus,

C C
1-— / e2e00/M 1245 < —/ e2¢00/h1p12ds.
< cC§> |5 >Coht/2 i cCF Jisi<con/? i

From the inequality (3.71), we obtain (3.73) and therefore we show the point (3.68).

From (3.63), we get
g (/) < Chlle? /"%,

and from the inequality (3.68), we obtain the inequality (3.69). ]
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3.5. Spectrum of the effective operator

3.5.2 Reduction to a flux-free operator

Consider the Dirichlet effective operator of the form:
.i”{ﬁ = —h26§ + Kmax — K(s),
with domain
Dom (L") = {u € H*([~L, L)), u(~L) = u(L) = 0},

and the associated quadratic form on L?([—L, L]) is

B = [ Gsmn 5Dl s+ 12 [ 05l

Let (A (ZF™))nen+ be the sequence of eigenvalues of the operator £, As a consequence of Proposition
3.5.4, for small A, the eigenfunctions of ,Cflfz, associated with the eigenvalues of orders A concentrate

exponentially near the point of maximum curvature at the scale /2. A standard application of the min-max
principle and the Agmon estimates of Proposition 3.5.4, is the reduction to analysis to the flux-free operator
jf,ffﬁ (Proposition 3.5.6).

Notation 3.5.5. The notation O(/°) indicates a quantity satisfying that, for all N € N, there exists Cy > 0
and fiy > 0 such that, for all & € (0, Ay ), |O(h®)| < OnAY.

Proposition 3.5.6. Let n € N* there exist constant hy € (0, 1) such that, for all h € (0, hy) and )\n(ﬁ;ﬁ’b)

O(h),
Ml LT < ML) + O(h).

Moreover, we have, foralln > 1, h > 0

An(L550) < (2.

Proof. For all N > 1, we can take an orthonormal family eigenfunctions (¢, 5)n=1,..., N associated to the

eigenvalues (An(ﬁfﬁ’b)n:l,,,.7 ~. Let us consider the cut off function y define on R as follows:

L L
0<x<1, leon[—Q,A and x =0 on R\]—-L, L[

For k =1, ..., N, we define the function

Dy, p(s) = e 0 (8)1j u(s).

‘We notice that
P p(—L) = (L) =0 and ®pp € H*([-L,L]).

Let £y (h) be the vector subspace of Dom (Z¢) spanned by the family (®,, 1)n=1, ., and u; € F, which
is written as follows:

N
un =Y Be®rp-
k=1
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

The functions (®,, ;) are almost orthonormal. We note that dim(Ex(h)) = N and
N
lunll® =D 1Bxl* + O(h).
k=1
Insertion of uy, in the quadratic form g5 (u,)
N
@ (up) = (LM up, up) = > BiB(LET Ojp, Pr)-
k=1
For j fixed and for i small enough, we have
gheff Pjn= e_ib%s[ - hz(as - ib70)2X7/}j,h + (Kmax — “(5))X7/)j,h]
= €705 [ — BPx(8)(Ds — ib70)*Pjn + (Fmax — K(8)) X8 — 207 DsxDsthjn — W1 02 x
+ 21%iby0v; 105 X]
= 6_ib%8[ - hZX(as - ib')’O)ij,h + (Kmax — K(8)) X5 — h? (285X[35 — ibyoltjn + wj,ﬁagX)]
= ¢~ hos [Xﬁzf,fiblbj,h — 1?(205X[0s — iby0]tj 1 + Va0 x) ]

Therefore, for j, k fixed and for h small enough, we have
(LD, Bpp) = <Xﬁzﬂib¢j,h, XUkn) — B2 ((205x[0s — iby0lvjn + 15 1n02X), Xk 1)
= 05N (L") = B2 ((20,X(0s — ibroltbin + jp02X) s xthi) + O(B).

From the Holder inequality and the Proposition 3.5.4, we obtain

R2((205x[0s — ibyolwjn + ¥i002X), x¥in)| = O(F).

From the previous inequality, we obtain
(LET By, D) = 81 (L501") + O(h).

Consequently,

N

N
Z LINIBE +0(0™) 3 Bk < (Aw (L) + O(h)) un .

Jyk=1
By the min-max theorem, we have

A (ZET) < AN (L) + O ().

Now we determine an upper bound of \,,(-Z¢") in terms of A (Leﬁ ®). For all N > 1, we can take an

orthonormal family eigenfunctions (uy, )n=1, .. n associated to the eigenvalues (A n(éfﬁﬁ))n:l,,,,, ~. For
k=1,..., N, we define the function
Ui n(s) = e’b%suk,h(s).

We notice that
\I/k’h(—L) = \Ifkﬁ(L) =0 and \I’k,h € HQ(] —L,L D
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3.5. Spectrum of the effective operator

Let Ex(h) the N-dimensional vector subspace of Dom(ﬁii’b) spanned by the family (¥, p)n—1,.. n . Let

U € En(h) which is written as follows:

N N N
ib ib
U=> BeVin=> Breupp=e"u, uw="> Bt

k=1 k=1 k=1

We have
5 .
2274’1’\1/ = ¢tbros f,fﬁu,

then

(Lhd 0, ) = (L5Tu,u) <AL ull® = An (L5121,

By the min-max theorem, we get the non-asymptotic inequality

A (L5 < A ().

3.5.3 End of the proof

In this section we will construct trial states (®,,) in the domain of the effective operator ., such that,
for every fixed n € N*, we have

—£"(0)

5 < OR¥/2, (3.74)

Hzg%n —(2n—-1h o,

L*( - L, L)

We know that, the eigenfunctions are localized near the boundary at the scale h3 (cf. Prop 3.5.4, the same
proof can be adapted for ,iﬂ,fﬁ). It suggests to introduce the rescaling

s = ht'?q. (3.75)
The effective operator .,theﬂ becomes
LT = RO + knax — K(h20).

Recall that the value of the maximum curvature is £max = #(0). We can use a Taylor expansion of « near 0,

as follows

ho?

K(l20) = Kmax + = (0) + h2q(o),
where the functions ¢ satisfy for |o| = (’)(h_%)
la(0) < Clof*. (3.76)

Consequently, we write the effective operator .Zheﬁ as

02

W = 3, — R(0) - h2q(o). (3.77)
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Since (0) is the non-degenerate maximum of x, we have x”(0) < 0. The eigenvalues of the harmonic
oscillator Hparm

n
—x"(0
—9% + ”2()02 in L%(R) (3.78)
—k"(0) . . . . : .
are (2n — 1) 5 with n € N*. The corresponding normalized eigenfunctions are denoted by f,, (o).
They have the form
k" (0 0.2

fn(o) = hp(o) exp (— — 2( )2) , (3.79)

where the (h,,(0)),>1 are the rescaled Hermite polynomials.

Define the trial state ®,, in L?(] — L, L[) as follows:

B,(s) = h™ (;L) Fa(hY28) = BV, (s), (3.80)

where y is a cut-off function defined on R by:
0<x<1l,x=1in]—1/4,1/4] and x =0 in R\] —1/2,1/2],
and
un(s) = x (57 ) Fal711%5).
Using the exponential decay of f,, at infinity, it is easy to verify

1@nllp2g— 1,y =1+ O(R). (3.81)

Then, we observe that after a change of variables and by construction of ®,,, (3.77) yields

g, (s) = —n /4 l@gun(a) + U;/@”(O)un(a) + héq(a)un(a)l

1/24 1 %o’ %O’
el (’i%) 02 f0) + 20 (’;L) fule) + " <h> falo)

+ R (O0)un(o) + n%q<a>un<a>]

1

= [ — (20— 1y 2 (o) 2y (Z;) (o) + I (2;) (o)
+ h%q<a>un<a>]

= n -0y 750 0 (an (’”*;;) o)+ " (Z;’) )
+ héq(a)un(a)]

(3.82)
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3.5. Spectrum of the effective operator

Using the exponential decay of f,, at infinity, we infer from (3.82) that

K

—1 cpeff g _ —+"(0) 1/2
BL R, — (20— )| || < OBV,

As a consequence of the spectral theorem, (3.74) yields that, for every fixed n € N, there exists an eigenvalue
M (L) of the operator Z¢ such that

A (LT = (2n — 1)h _“2(0) + O(B?). (3.83)

Now, looking for lower bound.

Proposition 3.5.7. For all n > 1, there exist hy > 0 such that, for all h € (0, ko)
M 0
(L) > (20— 1R “2() + O(R%/?).

Proof. Forall N > 1, we can take a family of eigenvalues and eigenfunctions (\,, (Zh?ff), Y h)n=1,..N such
that (¢, ;)n=1,...~ is an orthonormal family. Let £y (%) the vector subspace of Dom(,fﬁﬂ) of dimension N
spanned by the family (¢, ;)n=1,..~ -

It is rather easy to observe that, for ¢ € Ex(h)

(L, ) < An (D) w2

Since 1)(—L) = ¢(L) = 0, the following function is in H'(R)

- ¢ ifse]—L, L
o ifseR\|—-L,L[.

For N > 1, let B i
gN(h) = Span{wn,h}nzl,...,N'

Since dim(Ex (k) = N, then dim(Ex (/1)) = N. We notice that, for all 1) € Ex(h), 1 also satisfies the
Agmon estimates (Proposition 3.5.4). Using the change of variable introduced in (3.75), we easily obtain
that, there exists C' > 0 such that, for all 1) € Ex(h)

1
A 2L
|y Pl i a) <l
K 2L
Consequently, we get

MBI > (£, v)
> [0S0 G0 o) a2 )+ h [ | 0,0 AR ) — R
R 2 R

> 0] [ (10000 20p + =02 5w 2R ) )] - orue
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Chapter 3 — Magnetic perturbations of the Robin Laplacian in the strong coupling limit

This becomes
o [ (100002000 + 5002 [5020)7) a2 o)] < Al + Ol
R 2

We deduce that o
<Hharm'¢a 77b>L2 (R)

~H,1Va‘x 12
YeEn (h) Hd}”L%R)

<A (L) +O().
Thus, by the min-max principle, we have the comparison of the Rayleigh quotients
)‘N(ff?ff) = )\N(Hharm) + O(h3/2)

> (2N — 1)k _,42/(0) +O®13/?).

Finally, from (3.83), the asymptotic expansion of the n-th eigenvalue of .Zheﬁ is:

A(ZT) = (20— 1)k _”;(0) + O(R%?).

Now, by inequalities (3.58) and Proposition 3.5.6, we deduce the asymptotic expansion of the n-th eigenvalue

. eff,b
of the effective operator £ h.0e.0

/i
An(L5000) = =1 — bimaxh® + (20— 1) ’2(0)713 + O(RT/?). (3.84)

From Theorem 3.4.1 and Proposition 3.3.8 and the equality (3.33), we have shown Corollary 3.3.2, which
was a reformulation of Corollary 3.1.2.

3.6 Unit disc case

In this section we analyse the magnetic Robin Laplacian with a negative boundary parameter on the disc.
There by proving of Theorem 3.3.3. We will study the spectrum of the effective operator £Zﬁc{ifc, where
Q=D(0,1),0<c¢; <c2,0<aand 0 <n <1 Wehave
o9 Q1

— clh_T?7 <b < CQh_Tn and k=1.

L = =
2 ™, Y0 ]89| 9 )

Thus, the effective operators can be written as follows
eff,+ min(a l) b 2 1 h 3
L dise=—h(lxcrh 2)) 83—15 —1—h2—§:|:cih2,

in L2(R/277Z) , where c< are constants independent of h. The associated quadratic form on H'(R/27Z) be

b
(83 — 12) ©

2
ds.

™

o) = (~1-wt = S eahd) [ el ds+h (12 catmied) [

—T
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3.6. Unit disc case

The spectrum of — <85 — z;)> : in L?(R/27Z) can be explicitly computed by using Fourier series. In fact,
for all m € Z, ep(b) := (m — 2)? is an eigenvalue with the eigenfunction v;,(s) := e"™*/\/27. Since
{vm }mez is a Hilbertian basis of L2(R/27Z), we get that the spectrum of — (85 - 212))2 is {€m(b) }mez
and its lowest eigenvalue is inf,,,c7 e, ().

We deduce the asymptotic expansion of the first eigenvalue of the effective operator E‘;ﬁl’i

fF,+ : fF,+ 1 h 3 min(a. 1)\ b\ 2
A1(£Z,disc) = %Ighz A1(‘Cz,disc,rn) =-1-h2 - 5 + Cih2 + h (1 + Cih ( ’2)) TizréfZ <m a 2)

1o ho b\?
__1_h2_2+hnl¢%fz<m_2) + o(h).

According to Theorem 3.4.1 and Proposition 3.3.8 and the equality (3.33), for n < 1, we have

3 : b\? 1), 2
,ul(h,b)——h—h2+<rbréfz(m—2) —2>h + o(h?).

Then, we complete the proof of the Theorem 3.3.3 which was a reformulation of Theorem 3.1.3. Note that,
in the case with constant magnetic field, we recover by a very simple proof of [KS20, Theorem 1.1].
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Chapter

On the semi-classical analysis of Schrodinger
operators with linear electric potentials in a
bounded domain.

Abstract

This chapter aims to improve the asymptotic expansion of the eigenvalues of the Laplace operator,
with strong uniform electric field and Dirichlet boundary conditions on a smooth bounded domain
of RY, N > 2. This work aims at generalizing the recent results of Cornean, Krejcitik, Pedersen,
Raymond, and Stockmeyer in dimension 2. More precisely, in dimension NV, in the strong electric
field limit, we derive, under certain local convexity conditions, a full asymptotic expansion of the
low-lying eigenvalues. To establish our main result, we perform the construction of quasi-modes.
The "optimality" of our constructions is then established thanks to a reduction to model operators
and localization estimates. In addition, we apply our techniques to find a full asymptotic expansion
of the low-lying eigenvalues of the more general operator —h2A + V(x) where h is a small
parameter and V' is a smooth real potential satisfies some additional conditions.

Résumé

Le but de ce chapitre est d’améliorer le développement asymptotique des valeurs propres de
I’opérateur de Laplace, avec un champ électrique uniforme fort et des conditions de Dirichlet aux
bord sur un domaine borné régulier de R, N > 2. Ce travail vise  généraliser les résultats récents
de Cornean, Krejciiik, Pedersen, Raymond et Stockmeyer en dimension 2. Plus précisément, en
dimension NV, dans la limite du champ électrique fort, nous dérivons, sous certaines conditions de
convexité locale, un développement asymptotique complet des basses valeurs propres. Pour établir
notre résultat principal, nous effectuons la construction de quasi-modes. L "optimalité" de nos
constructions est ensuite établie grace a une réduction aux opérateurs modeles et aux estimations
de localisation. En outre, nous appliquons nos techniques pour trouver un développement asymp-
totique complet des valeurs propres de I’opérateur plus général —h2A + V/(x) ol h est un petit
parametre et V' est un potentiel réel et régulier satisfaisant certaines conditions supplémentaires.
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” La mathématique est I’art
de donner le méme nom a
des choses différentes.

Henri Poincaré
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4.1. Introduction

4.1 Introduction

4.1.1 A Stark electric Laplacian

The study of the Laplacian in the usual Euclidean space R, and more generally of the Schrodinger
operator, is of course very present in physics, for example in quantum mechanics. Consider a system of
one particle moving in a uniform electric field F. In a simplified model, one may consider independently
electrons or holes. The total energy Stark Hamiltonian (Schrodinger operator) for such a system takes the
following form:

—hK2

—A+4qF -x, 4.1)
2m

where

e 71 is Planck constant divided by 27,
e m > 0 is the effective mass of the particle (electron or hole),
e —q is the charge of the particle (electron or hole).

The Hamiltonian in (4.1) describes an important phenomenon in semiconductor physics which is the quantum
confined Stark effect. The most prominent semiconductor devices are the so-called quantum wells, quantum
wires, and quantum dots, where the material is confined in one, two, and three orthogonal directions,
respectively [HV 16, Chap. 8]. The quantum confined Stark effect modeled with Dirichlet boundary condition
has been considered, for example, in [BMCES83, MCD " 84] for quantum wells, in [SN90, WKH13, WWY07,
VdCMSO03, LS05, Har09] for quantum wires, and in [Ped19, WWYO08] for quantum dots. The recent paper
[CKP22b] provides more details on the physical orientation of this phenomenon.

In this chapter, we are interested in the study of the low-lying eigenvalues of the following N-dimensional
Hamiltonian restricted to an open set  of RN, N > 2:

Gy = —h*A + 1y = —h2(8§1 +"'+3§N) T, *-2)

acting on a dense subspace of the square integral functions L?(€2) with Dirichlet boundary conditions.
This operator appears in the physics semi-conductors where h is given by

h

h=——.
2mqF

Notice that we have chosen coordinates such that F is parallel to the x-axis.

The low-lying eigenvalues of this operator have been studied, partially numerically, for different geome-
tries in several papers such as in [SN90, WKH13] for squares, in [WWYO07] for rectangles, in [VdCMSO03,
LS05, Ped17] for disks, and in [Har09] for annuli. Concerning the analysis in the case of imaginary electric
fields, the reader might also want to consider for example [GH18, AGH19, AGH18].

For now, we will work with domains satisfying the following conditions, see Figure 4.1.

Assumption 1. The set Q be a smooth open bounded and connected domain of R™ with a smooth boundary.
We assume that there exists a unique point Ay € 0S) such that the first component of Ay is given by:

Tnin = inf r1 = minx;.
(#1,72,...,xN)EN x€Q

We also assume that ) strictly convex domain near Ay.
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qF

\

\

Lmin x1

Figure 4.1 — The domain 2.

To be more precise, the operator %3, is defined by Friedrichs extension theorem, from the closed and
semi-bounded quadratic form

2i(0) = 1 [ VoG0P dx+ [ ailplo dx, ¥ € HY(®).

The domain of .%}, is contained in H}(2) and .%, acts as in (4.2). This is the Dirichlet realization of the
Stark Hamiltonian. If 2;,(-, -) is the bilinear form associated with the quadratic form 2},(-), then

Dom(%,) = {p € H}(Q) : ¥ — 2;,(p, %) is continuous for the L*(€2)-topology}.

Since €2 is bounded, then the embedding of HJ (2)<L?(€2) is compact, therefore the self-adjoint operator %,
has a compact resolvent. Its spectrum is purely discrete formed by a non-decreasing sequence of eigenvalues
denoted by (A, ( h))n>1, where each eigenvalue is repeated according to its multiplicity. The purpose of this
paper is to understand the behavior as h — 0 (in the limit of the strong electric field) of the eigenvalues
An(h).

4.1.2 Main result

In [CKP"22a], by constructing suitable test functions, and applying the min-max principle, the authors
found a three-term asymptotic expansion of the low-lying eigenvalues. It is proved that, in R?, for every fixed
n € N*

An(h) = Zamin + 21h3 + h(2n — 1), /% +O(h3) as h— 0, (4.3)

where z1 ~ 2.338 is the absolute value of the smallest zero of the Airy function and k; is the positive
curvature at Ag.
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4.1. Introduction

This chapter aims to improve the asymptotic expansion in (4.3) and to give a full asymptotic expansion of
An(h). More precisely, we establish a full asymptotic expansion of the low-lying eigenvalues, by involving
the eigenvalues of the Weingarten map of 02 at Ay defined by

Wa, = dagv : Ta, 00 — Ty,00 4.4)
where
v:00 — SN RrRY
is a Gauss map of 0f2 and for all p € 99, v(p) is the outward-pointing normal to 7;,02.

Remark 4.1.1. Some properties of Weingarten map (see for example [Kiihl5, Chap. 3] and [Tho79, Chap.
9]).
1. If (U, ¢) is a parametrization of 09, with Ay € ¢(U), then, the map v can be written as

v=nog¢,

where n : U — SN=L, such that n(s) is the unit outward normal field at the point ¢(s).
2. The differential of v at Ag is the linear map d a,v : T, 09 — RY defined by

dag- X = (v 07)(0),

where v is a derivable arc drawn on 99 such that v(0) = Ay and 7' (0) = X.
We have the following properties:
a. This means that the endomorphism of Weingarten does not depend on the choice of (U, ¢).

b. To get that d o,v. X does not depend on the choice of y, we use the coordinates (U, ¢), such that
Ay = ¢(s0). We have
voy=vopog oy =no(¢ " o),

then,

(v 09)(0) = d(g-10)0)n- (¢~ " 07)(0) = dgyn.(¢~" 0 7)(0).
Moreover,

X =7(0) = d(g-10y)0)?- (¢~ ©7)(0) = dsy8.(¢~ " 0 7)(0).
This gives

da,v.X = dgyn.[ds,¢] 1 X. (4.5)
All mention of y has disappeared.

3. The Weingarten’s endomorphism is symmetrical and linear endomorphism. But does not mean that its
matrix in any base is symmetrical (only its writing in an orthonormal basis). On the other hand, it is
diagonalizable.

Remark 4.1.2. From Section 4.7.2, the assumption on () induces that the matrix of W 4, is positive definite.
Their positive eigenvalues (K;);>1 are related to the curvature of the boundary.

1. The k; are called principal curvatures of 9} at Ay.
2. det W 4, is the Gaussian curvature from 0S) at Ay.

3 Tr Wy

10 is the mean curvature from 0€) at Ay.

The main result in this chapter is:
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Chapter 4 — Semi-classical analysis of Schrodinger operators with linear electric potential in a bounded domains

Theorem 4.1.1. For any positive n, there exists a real sequence {(; n}j>0 such that, for any positive M € N,
we have
M+1

M
An(h) = @win 2103 + Buhi+ W2 37 W00+ 0(hT),

J=0

where (3, is the n-th eigenvalue of the harmonic oscillator in dimension N — 1
N-1 .
2 i 2
Z _6Ui + D) Uy,
i=1

where k; are the eigenvalues of the Weingarten map of 052 at Ay.

This result is essentially a generalization of those states in (4.3), but the proof presented here, is based
on the construction of quasimodes. The ~optimality” of our constructions is then established thanks to decay
estimates and the reduction to model operators involving a 1-dimensional Airy operator in R and a harmonic
oscillator in dimension N — 1. One of the technical difficulties of the proof is that, there are eigenvalues of
the harmonic oscillator with multiplicity greater than 1, see Section 4.6.

Remark 4.1.3. 3, is the n-th element counted with multiplicity of

N-1 ,
EZ{Z ’Z(Qni—l),neN*N_l}.

5 = {(Qn—l)ﬁ,nEN*},

and all the elements are of multiplicity one.

Notice that for N = 2 we have

Notation 4.1.2. The notation O(h°°) indicates a quantity satisfying that, for all N € N, there exists Cy > 0
and hy > 0 such that, for all k € (0, hy), |O(R™)| < OxhY.

Remark 4.1.4. Since Theorem 4.1.1 is valid for all N > 2, it would be instructive to mention what happens
in dimension one. In dimension 1, the operator involved is

L = —h28§ +z,

acting on L*((0,T)) with Dirichlet boundary conditions, and T > 0. Using a simple change of variable
t=h7% x, for h small enough, we deduce that %, is unitarily equivalent to hgsth, where

oty = =02 +t,

acting on L?((0, hE T')) with Dirichlet boundary conditions. It is then standard to deduce from the min-max
principle and the exponentially decreasing of the Airy operator at +oc (see for instance [Hell3, Section
14.5.1] and [DR12, Section 2.2.2]), the following asymptotic expansion of the low-lying eigenvalue:

Aa(h) = zahi +O(0),

where z,, are the absolute value of the zeros of the Airy function.

Remark 4.1.5. — Our strategy can be adapted to deal with a finite number of non-degenerate minima, and
it would even be possible to study the tunnel effects when these minima have symmetries.
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4.2. Preliminaries

— It is possible to prove asymprtotic expansions of the low-lying eigenvalues of the Hamiltonian &, if we
replace the potential x1 by V (x), where V' is a smooth real potential satisfies some additional conditions
(see the perspectives).

4.1.3 Organization of the chapter

This chapter is organized as follows: In Section 4.2.1, we show that low energy eigenfunctions and their
derivatives are exponentially well localized around the potential minimum ;. This will allow us to work
in a thin tubular neighborhood of Ag. As a consequence, we find an approximated operator %3, 5, whose low
energy eigenvalues are those of .%7, up to an exponentially small error, see Section 4.2.2. In Section 4.3,
we locally straighten the boundary by introducing a system of local coordinates: “tubular coordinates”. The
operator .Z}, s is expressed in these coordinates and acts on a tiny domain around the origin with Dirichlet
boundary conditions. In Section 4.4 and 4.5, we construct quasimodes, thanks to the reduction to model
operators and localization estimates, we provide asymptotic upper and lower bounds for the eigenvalues of
2.5, see Section 4.6. Eventually, we deduce the full asymptotic expansion of the low-lying eigenvalues
stated in Theorem 4.1.1. Section 4.7 is dedicated to the analysis of the simplified model which shall be used
as local approximations for operator %%, 5.

4.2 Preliminaries

4.2.1 Concentration of bound states near the potential minimum

The following proposition states that the eigenfunctions associated with the low-lying eigenvalues are
localized in x| near zy;, at the scale h?/3. For more details on the proofs of the proposition and corollary of
this section, see [CKP22a, Section 2].

Proposition 4.2.1. Let M > 0. There exist €,C, hg > 0 such that, for all h € (0, hy), for all eigenvalues A
such that X < Tyin + M h%, and all corresponding eigenfunctions 1,

2 (4.6)

3
/ eSlmr=aminl 2 /0112 4x < Ol
Q

and

3
[ et R dx < CR2 ) 4.7)
Q
Proof. For all 1) € Dom (.%},) and all bounded Lipschitz functions ®, we have
(L. ) o = M D3, (48)
By an integration by parts, we get the useful identity:

(2. ""0) o =20 (€77M0) — 2"V @Y g, (4.9)

From (4.8) and (4.9), we write the Agmon formula (see for example [Ray17, Proposition 4.7])
2 2
/ K2 ’ve@/%\ T (x1 . |v<1>|2) ‘eé/%‘ dx = 0, (4.10)
Q

and thus ) )
/Qh2 (Ve M| 4 (21— win — MR — |V [2) [/ dx < 0. (4.11)
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Now, we choose ® = ¢ |x1 — xmin]?’/Q, we obtain
9 5 2/3\ | ®/h, 2
1—15 (1 — Zmin ) — Mh le®/"p|*dx < 0.
0
We take e such that 1 — 9% > 0 and fix R > 0 such that
9
1- &) R-M=1 4.12)

Using (4.12), we get

h2/3 /
le _xmin‘>Rh2/3

2
eq’/%‘ dx < /

‘xl —Zmin ‘ >Rh2/3

< Mh2/3/ 2212 dx < Ch3||u 2.

‘xl 7Imin|<Rh2/3

((1 - Z£2> (1 — Tmin) — Mh2/3> ’e(b/hwf dx

This proves (4.6). Next we prove (4.7). First observe that repeating the calculation above without dropping
the first term in (4.11) we get that

2
/ h2 ]veq’/hw‘ dz dy < Ch2/3|||2.
Q

Using the triangle inequality, (4.6), (4.10) to complete the proof of (4.7). O
Let > 0, we denote by CB (A, ) the complement of the open ball B (Ag, 7).
Corollary 4.2.2. There exist ¢, Cy, hg > 0 such that, for all h € (0, hg), for all eigenvalues X\ such that

A< Zin + M h%, and all corresponding eigenfunctions 1,

/ 917 dx < Cpem My
QﬂCB(Ao,T])

and
/ [V doe < G0/ s
QNCB(Ao,n))

Proof. Since §2is bounded then the set QNCB ( Ay, n) is compact. The map QNCB (Ag, 1) 3 (z1,- -+ ,2N) =
T1 — Tmin 1S continuous and positive. By compactness it has a positive minimum. The conclusion follows
from Proposition 4.2.1. O

As a consequence, for small h, the ground states of the operator .}, are concentrated around i, (cf.
Corollary 4.2.2). We can now reduce our investigation to a neighborhood of Ay.

4.2.2 Reduction near the boundary
Let § > 0 small enough, we introduce the §-neighborhood of the boundary
Qs ={x=(x1, - ,zn) € Q : dist(x, Ag) <9I }.
Consider the quadratic form, defined on the variational space

Ws = {u € H}(Qs) : u(x) =0, ¥x € Q such that dist(x, Ag) = 6},
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by the formula
Lusle) =12 | Vo) dx+ [ ailplf? dx, (4.13)
5 5

Let the self-adjoint operator associated with the quadratic form 2j, s be defined on L?(Qs) and with the
Dirichlet condition on the boundary of (s,

gh,é = —h2A + x1.

Let (An(h,0))nen+ be the sequence of min-max values of the operator .%}, 5. It is standard to deduce from
the min-max principle and the Agmon estimates of Proposition 4.2.1 the following proposition (see [Hel88]
or Proposition 3.3.8). It is an important result that compares the eigenvalues and gives an approximation of
An(h).

Proposition 4.2.3. Letn > 1 and § > 0 small enough. There exist constants Cs, ks > 0,hg € (0,1) such
that, for all b € (0, ho) and An(h) < Tmin + Mh3,

/\n(hv 5) < )\n(h) + Cs eXp(_ké/h ) (4.14)
Moreover, we have, foralln > 1, h > 0

An(h) < An(h, 5). (4.15)

Proof. The inequality (4.15) follows from the fact that 25 C 2, the Dirichlet condition and the min-max
principle.

The inequality (4.14) follows from the Agmon estimates. Let (. )1<k<n an orthonormal family of eigen-
functions associated with the eigenvalues (Ax(h))1<k<n - Let the truncation function define on R as follows:

0<x<1l,x=1o0n[0,1/2[ and x =0 on [1,+o0].

We define the function
dist (X, Ao)
Xs(x) = X — )

Let
Gn(h,0) = span xsug -

1<k<n

Thus %,,(h,0) C Ws and using Proposition 4.2.1, we notice that dim%,,(h,d) = n. Consider ¢ € %, (h,?)
and write

¥ = X(S’QD»

where ¢ € span uy p.
1<k<n

‘We have
Dns(xst) = I /Q Vx5 + s Vo2 dx + /Q 21 |xst (x)|? dx
<2 [ VO dx+ 220Vl sVl + 12 [ 193602 dx+ [ aifueof dx

< 2n(¥) + 2h2||va§HHX&vaL?(Q\Q&/Q) +h? /Q Vs dx.
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Since the (ug,;); <, are orthogonal eigenfunctions, we get

2n(¥) < Xa(B)[[0]1%.

From Proposition 4.2.1, there exist constants C', Cs, ks > 0, such that
hllvVxs|l < Cs exp(—ks/h),

and
AP EEINIRES Ch'3 exp(—ks/h).

Thus, the conclusion follows from the min-max principle. 0

4.3 Local boundary coordinates

In this section, we introduce local coordinates in the neighborhood of xg € 0€2, in order to straighten a
portion of the boundary. Throughout this section, we mainly refer to [FH10b, App. F] and [HMO04, Pan04],
although these coordinates were also used in [AH14] in a two-dimensional framework.

4.3.1 The coordinates and the metric

We fix € > 0 such that the distance function
t(x) = dist(x, 00Q)

is smooth on €2 = {x €  : dist(x,00) < €}.
Let xp € 02 be fixed and choose a chart ¢ : Vx, — ¢(Vx,) such that xg € ¢(Vx,) and Vy, is an open set of
RN-1 We set

so=0¢ "(xo) and Wy=¢(Vx,)-

Then, in these coordinates, the metric on the surface ¢(Vy, ) induced by the Euclidian metric g of RY writes

G = Z Gijdsi & de,

1<, j<N—1
where
Vi,j=1,...,N =1, Gyj(s1,....,5N-1) = O5; (51, ..., SN—1) - 8s]¢(31, ey SN—1)-
Now, we define local coordinates in a neighborhood of xq in €2. For ¢ > 0 small enough, we consider
Vo X]0,€[3 (81, ..ey SN—1,1) = P(s,t) =x = P (S1,..., SN—1) — V(P (51, ..., SN-1)) T, (4.16)

where v(x) is the unit outward pointing normal vector at the point x € 0.
This defines a diffeomorphism of Vi, x]0, € [ onto ® (Vx, x]0, € [) in €2 and its inverse gives local coordinates
on Vy,. We set

Up = ©(Vx, x]0, €]).

Note that ¢ denotes the normal variable in the sense that for a point x € Uy such that

t(x) = dist (x, ¢ (81, ..., sy—1)) = dist(x, Q).

126



4.3. Local boundary coordinates

In particular, ¢ = 0 is the equation of the surface Uy N 0.
In the following we use the notation (s1, ...,sny_1,t) = (s,t), 0; = 0, if j € {1,..., N —1},and Oy = 0.
The matrix of the metric gg in these new coordinates (s,t) is d®7d® . The matrix of d® in the canonical

basis of RY is
o0 Py ... OnN_1D1 0,9

do = : : : € My (R).

Py ... ON1Pny ONDN
From (4.16), forall i € {1,..., N}, forall j € {1,..., N — 1}, we have

0;®; = 0j¢; — tdv;(9;¢) = [9;9], — t[dv(0;9)], = [9;¢ — tdv(9;9)], = [(Id — tdv)(9;¢)],,

and
8]\[@1' = —I/i<¢).
We deduce that
dd = (Id - tdy)(&@) S (Id - th)(aN_1¢) —V(¢) S MN(R),
where
vi(9) 0;p1 — tdv1(0;0)
V(¢) = € MNXI(R) and (Id_tdy)(ai¢) = EMNXl(R)‘
vN(®) 0ipn — tdvy (0;9)
Let us calculate the symmetric matrix d®7'd®.
[(1d — tdv)(016)]"
de’de = ’ | (Id—tdv)(014) -+ (Id—tdv)(On-16) —v(9) |,

[(Id — tdv)(On—_18)]"

[ vo)]"
we multiply the two matrices, we get
A B
deTde = ,
BT | [v()]" - v(0)

where

A= (a) = (14 = 1@)(0:0)]" (14~ 10)(@30) ) € My-(R),
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and -
—[(Id —tdv)(01¢)]" - v(o)
B= : € Mn_1)x1(R).

(= tdv) (O 16)]" - ()

Since 0;¢(s) and 0;v(¢p(s)) are tangent to OS2, we have, foralli =1,..., N — 1

N
—[(1d — tav)(@:0)]" - v(d) = { — 0ipjvj () + tOiv;(d)v; ()
j=1
= — (0, v(®)) + D (9), ()
=0,
then,
0
B=|:
0

We have also, .
()] -v(9) = lv(e)|* = 1.

Now we are going to make explain what is the matrix A . Besides, for all 7, € {1,..., N — 1}, we have

[(Id — tdv)(9;¢)] " (Id — tdv)(9;)
[9i6(s) — t0(6(s))] - [9;6(s) — tD((5))]
Gijls) — t[Ow(e(s)) - 9;0(s) + Bid(s) - Djv((s))] + 20w (d(s)) - D (d(s)),

aij (S,t)

then, we obtain
Qjj (S, t) = Gij(s) — 2Kij(8)t + tQLZ'j(S), (4.17)

where K;; = 0;¢-0jv(¢) and L;; = 0;v(¢) - 0;v(¢) are the coeflicients of the second and third fundamental
form of 0€).
We conclude that

(Gij(s) — QKZ'j(S)t + tQLij(S)) ORN—I

ij=1,...n—1

ddTdd =

0Ln_1 1
Finally, we conclude that

go =dt®dt + Z [Gij(s) — QtKZ'j(S) + t2Lij(8)]d8i ® ds;

1<i,j<N—1

=dt@dt+ G — 2tK + t*L,

where we denote by K and L the second and the third fundamental forms on 9f2. In the coordinates y and
with respect to the canonical basis, their matrices are given by

K = Z Kijdsi ® de and L= Z Lijdsi ® de.

I<i,j<N-1 1<i,j<N—-1
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4.3. Local boundary coordinates

We denote by g = (g4;)i,; the matrix of the metric g in the (s, t) coordinates; the determinant of g is denoted
by |g|. We have

1g]"/2 = |dDTd®|Y/2 = [det (G — 2tK +2L)]"/*?

= [det G(I — 2G~'K + 2G~'L)]"/?

= |G[V2[det (I — 2tG'K + 2G'L)]'/*.

By the differential calculus of the determinant and since ¢ close to zero, we get
g1"? = (1= tr(G'K) + p(s,1) ) |G|'/2, (4.18)

where p is a bounded function in the neighborhood Vx, x]0, €[.

Q Dirichlet conditi(:ns

Ay _______________ ,Dirichlet conditions

Diffeomorphism & s € RN-!

Figure 4.2 — The local tubular coordinates
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4.3.2 The operator in boundary coordinates

For p € H}(®71(s)), the quadratic form is written in the new coordinates (s, t) as follows

D) = W / 0,521g]/2 dsy...dsn_rdt
VAOX]O,§[

+ h‘2 Z / gijasi(/s asj-@ ’9’1/2 d81...dSN_1dt
VAOX]0,§[

1<, j<N -1

+/ B (s,1)|[2]g]2 dsi...dsy_1dt,
VAOX]U,d[

where (g*/) are the coefficients of the inverse matrix of (9ij) and ¢ = ¢ o ®. The associated operator is

Lo = —h*gl 7 20u(|g"20) — kDT g7 %05, (9" |91 ?0s;) + @1 (s, ),

1<i,j<N—-1

acting on L?(V 4, x]0,6[; |g|*/? dsdt).
The operator .%}, 5 is unitarily equivalent to the Dirichlet realization of .}, 5. Let us describe ®; near zero.

Lemma 4.3.1. For (s,t) € Va,x]0, ][, we have
1
D1(s,t) = Tpin + §Hess(0)<I>1(s)(s) +t+O(|s|® +t]s]?).
Proof. From (4.16), we have

D1(s,t) = ¢1(s) —tvi (9(s)), (4.19)

where v = (v, ...,vy) and ¢ = (1, ..., ON).
After a dilation and a translation of the s coordinates of the Section 4.3.1, we may assume that Ay = ¢(0) .
Since z1(Ap) = Zin is the minimum, then

05, 01(0) =0 Vj=1,.,N—1.

By Taylor expansion near s = 0, we get

B1(5) = 61(0) + 5 Hessoy1(s)(s) + O (1)
- % Hess (o) é1(s)(s) + O(|s]°),
and we deduce that
1 (8(s)) = v1 (¢(0)) + O(]s]?).

We notice that

v1 (¢(0)) = v1 (Ao) -
From (4.19), we have
®1(0,t) = z1 = ¢1(0) — tv1 (#(0)) = Tmin — tv1(Ao),
or,

Lmin = inf x1,
(21,225, zN)EQ
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then
1Z1 (A()) § 0.

Since, forall j € {2,..., N}
®;(0,) = ¢;(0),

then, from (4.19)
vj (Ao) =0.

As v(Ap) is the unit outward pointing normal vector at the point Ay € OS2, then we get

I/l(Ao) = —1. (420)
In particular,
1
1 (s, 1) = wmin + 5 Hesso) 41 (s)(s) + £+ O(Is|” + ts]%). 4.21)
O

4.3.3 Agmon Estimates in Tubular Variables

The following proposition is a slight adaptation in coordinates (s, t) of Proposition 4.2.1. The estimates
state that the eigenfunctions associated with the low-lying eigenvalues are localized near Ag at a scale h'/2
in the s; direction fori € {1,..., N — 1}, and at a scale h>/3 in the ¢ direction.

Proposition 4.3.2. Let M > 0. There exist ¢, C, hg > 0 such that, for all h € (0, ho), and for all eigenfunc-
tions ) of £, s corresponding to eigenvalues \ with X < Tyin + M h2/3 we have:

3
/ eEtQ/h|¢|2|g|l/2 dsdt < O||¢||2v
VAOX}O,(S[

3
Lo et T gl dsdt < CR
Va, x]0,d]
where Vg is the differential in the tubular coordinates (s,t), defined as follows

Vst P = 10>+ Y- 97054 95,9

1<ij<N—1

Proof. For all ) € Dom (%}, 5) and all bounded Lipschitz functions ¢, we write the Agmon formula (see
for example [Ray17, Proposition 4.7])

2 2
/ h? ‘Ve“"/hw‘ + (SL‘1 - |Vg0|2) ‘e‘p/hzb’ dx = 0. (4.22)
Qs
From (4.22), we use the quadratic form in tubular coordinates, and for
Y= 5153/2,
we get

/ (— 92 1 &y — g — Mh2/3> le?/Pap 2] g% dsdt < 0. (4.23)
Vg x]0,6( 4
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From (4.21), as 2 strictly convex domain near s = 0, then Hess(g)¢1 is a positive definite matrix, we obtain
(I)l(sa t) 2 Tmin +t,

by (4.23), we deduce
9
/ ({1 - 52] t— Mh2/3> /M) 1g|*/? dsdt < 0. (4.24)
Va, x]0,8] 4

We can directly use the strategy of Proposition 4.2.1 to get the proof. O

Therefore, the operator 27’5 can be replaced by

s = —h2g| 7209V 28) — kS0 gm0, (9" |g]20s,) + @1 (s, 1),

1<, j<N -1

with Dirichlet boundary conditions, acting on L?(V4,x]0, hgfn[; |g|'/? dsdt), for some i € (0,1/3).
Let 1, (h) be the associated eigenvalues of 92/’%’5. The decay estimates of Proposition 4.3.2 are still

satisfied by the eigenfunctions of .,?;75 with eigenvalues \ < zpyiy + M hi. By using this exponential decay,
there exist C, hy > 0 such that, for all h € (0, ho) .

i (R) — ée—c’f?”’/ > < Aa(h,8) < pn(h). (4.25)

Thus, modulo an exponentially small error, the asymptotic analysis of A, (h) is reduced to that of y, (h).

By shrinking the spectral window, we can even get a localization with respect to the s variable, as stated
in the next proposition.

Proposition 4.3.3. Let M > 0 and n € (0,1/3). There exist ,C, hg > 0 such that, for all h € (0, ho), and
for all eigenfunctions 1) of £}, s corresponding to eigenvalues X\ with A < Tin + h%/32 + Mh, we have:

/ L BRIV dsdt < O,
Vagx]0,h377]

and

/ , M PG ds dt < Oy,
Vag x]0,h3 71|
where Vg is the differential on Vy,, seen through the metric G.
Proof. We let ¢(s) = ¢|s|?/2 and write the Agmon formula (see for example [Ray 17, Proposition 4.7]):
(Gust, M) = (D 5/, 2/ ) — ||V 0] (4.26)
Since 1 is the eigenfunction of ,,2/’”;:75 corresponding to an eigenvalue A, we get
Lo [IVaae 0 4 @15, 0] = A+ Vsl ] 9] V2 dsdt =0,
Vag x]0,h3 71|
with Vg ; is the differential in the tubular coordinates (s, ).
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4.3. Local boundary coordinates

First, we drop the tangential derivative:
Lo [0/ 4 @15, 0] 0 (h+ [Vaaip)le/ ] g]2 dsdt < 0.
Va,x]0,R3 77|

We observe from (4.21), as s = 0 is a non degenerate minimum, then Hessg)¢1 is a positive definite matrix,
then there exists C* > 0, such that
HCSS(O)(bl (3) (8) 2 C*‘S‘Q,

from (4.21), we obtain
q)l(sat) Z Tmin +1+ C*‘8|2.

Introducing the last inequality in the above integral, we get:

Lo [monee o tleslhp] g2 asat
Vg x]0,p3 7|

3

+ At T+ O[5l — [Vasol?)|e? 2] g /2 dsdt < 0.

Vg x]0,h3 7] [(
From (4.18), on V4, x]0, hg_'”[, for sufficiently small h, there exists C' > 0 such that
9" > (1= Chs—) |G|

By using this in the above integrals, we have that

(1- Ch%—m/v qondor [ B2 My 4 tleMp[2 — hs 2|/ 2] |G/ dsd
A 3

+ (=X + T + C* |52 + h3 21 — | Va2 — Ch3™)[e?/M1p|2|g|/2 dsdt < 0.

2_
VAO x]0,h3 [

By using the min-max principle, we notice that

. le?/hp)?| G2 dsdt.
el

AOX}Ov 3

Lo [Inae /4 tlee/ ] G2 dsdt > hi s |
Vg, x]0,h3 7]
Therefore,

It oo (AT i CJsf? b3 = Vigol? = OS] g2 dsdt <.

Ag ;
So that, using the assumption of the location of A and for h small enough, then:
/ o (F2Mh+ C*|s]” = |V [e? 9P| G2 dsdt < 0.
Vg x]0,h3 7]

‘We have

Vsapl? =00+ > g705,900,0=¢" > g7ss;,
1<i,y<N -1 1<i,j<N~-1

where (g%/) is the inverse matrix of (g;;). There exists ¢ > 0, such that

g Z gsis; < Ce?|s)?,
1<4,j<N -1
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It follows:
/ . (—2Mh+ (CF — Ce?)|s?) e/ My 2|GIV/? dsdt < 0.
Vag x]0,h5 7]

For ¢ small enough, the conclusion follows as in the proof of Proposition 4.2.1. O

This shows that the eigenfunctions of "low energy" are localized near Ay at a scale '/ in the s; direction
fori e {1,..,N —1}.

4.4 Construction of quasimodes

This section aims to explain how the following proposition follows. For the proof, we will follow the
same strategy as in [HK17].

Proposition 4.4.1. For any positive n, there exists a sequence ((; ) ;>0 such that, for any positive M € N,
we have, as h — 0

M+1

— 4, M+1
||$h,6q)n,M - hz/g)\n,M(I)n,MH < Chd—i_ 6 H(I)n,MHv

with z1, b1, are defined in Theorem 4.1.1, A, nr is defined in (4.44) and ®,, \r a family of quasimodes
introduced in (4.49).

4.4.1 Rescaling operator

We recall that

Zis = —h2g| 7 20,(1gV28) — kST g7V, (9% (9] ?0s,) + ®1 (s, 1),

1<4,j<N -1
with Dirichlet boundary conditions, acting on L2(V, x]0, h3 [ |g|}/2 dsdt), also we recall that
1
Dy (s,t) = Tmin + 3 Hess)¢1 (s) (s) +t + ﬁ(\s|3 + t\s\g).

We know that, the eigenfunctions are localized near the boundary at the scale h7 in the s; direction and h?/3
in the ¢ direction (cf. Proposition 4.3.2 and 4.3.3). This suggests to use the rescaling:

(s,t) = (h2o, h37).
Then, we have
h
&1 (h20, h3T) = Tmin + 5 Hess1 (o) (0) + 0 + 0(h2|o|* + 17/r|o?).
This change of variables transforms the above expression of .5!”;75 into

Sy = —h*3[|g|720-(|g"0,) — 7]

_ . 1
+h |- Z ‘g| 1/260'7; (g / |g|1/28aj) + 5 Hess(0)¢1 (U) (0-) + Tmin + h4/3h1/66]1,h(0> 7-))
1<i,j<N-1
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where the function ¢ 5, satisfies

la1n(0,7)] < C(lo* + n'/O7|0 ).

4.4.2 Formal expansion
We have the formal expansion of the operator e%/’ig (for the details see Lemma 4.4.2)
W28 S5 = winh ™ 4 Ly + WL+ 1PQ,

where
L= —672_ + 7,

1
L= —-A% + 3 Hess(g)¢1 (o) (o), Go = G(0),

Qh = hl/qu,h(av T) + q2,h(07 T)a'r + hl/ﬁ Z 80'i (Q3,h(07 T)aO'j)v
1<i,j<N-1

where the Laplace-Beltrami operator on 0f2 in the neighborhood of Ay is

A% = ST |G| TV20,,(GY|Go|20,,),

1<i,j<N~-1

with the functions g¢; 5, for j € {2, 3} satisfy

la21(0,7)| S C(7 +o]) and g3 p(o,7)| < C(hM°r + o).

Lemma 4.4.2. For 0 < h < %, 0 <7< h "and o; = O(h~'/2), we have the following identities:

1917120, (191"/?0r) = 02 + (0:|9|"/?)|g| /207 = 82 + W*PPqa,p(0, 7)r,
and
19171205, (9"|g]*00,) = |Gol V205, (GG |Go|'20s,) + 1204, (430, 7)),
where the functions q; p,, for j € {2,3} satisfy
lq2.1(0,7)| S C(r+ o)) and |gsu(o,7)| < C(ho7 + o))
Proof. We have the following asymptotic expansions:
M(o,7) = |g"/*(0,7)
_ (1 h -1 L 4 9 oL 2 1/2/7 %
= (1= hire(G T K)(h20) + hir’p(hio, hir)) |G|/ (h2 o)
N-1

oM oM
- M(O)O) +T¥(070) + Z U’L%(O’O) + hFl(Ua T)a

i=1 ¢

where
— M(0,0) = |G|'/*(0),
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M
— P 0,0) = —n2u(G K)(0)C12(0),

OM - ,0|G?
— B, (0,0) = WA= (0).

Then, we have
1/2
91" (e, 7) = |GI'/2(0) — B*3rue(GT K)(0)|GI/2(0) + B2 Y P
1<icn—1 00

From the previous inequality, we have

9|72 (0,7) = |G|72(0) + W' Fy(o, 7).
This gives us the following identities:

(0-1g*)|g| 71?0, 7) = =h*/*Fy(o, 7).
From Section 4.3.1, we have

gij(o,7) = G,-j(héa) - 2h2/37'K2'j(h%0') + h4/372L,-j(h%U) = G;(0) + W2 Fy(o, 7),
and thus,
99 (a,7) = G9(0) + h2Fy (0, 7),
where, for 0 < h < %, 0<7<hMand g; = O(h_1/2), the functions F}, j = 1,--- , 5, satisfy
Fi(o,7) < C(W'37% +|0|?), F3(o,7) <CO(1+o|) and

Fj(o,7) < C(hY57 + |o|), V] = 2,4,5.

This gives us the following identities:
91720, (1g['/207) = 02 + (B, 1g]"/*)lg| /20, = 2 + W45 (0, 7),
and
9171205, (97 191"?05,) = |GI71/2(0)85, (G (0)|GI'/(0)D; ) + 1205, (a3,1(0, 7)0, )
where the functions ¢; , for i € {2, 3} satisfy for0 < h < 3,0 <7 < h " and |o] = O(h=1/2)

la2n(0,7)| S C(T+of) and  |gzn(0,7)| < C(RYO7 + |o]).

4.4.3 Construction of trial states

(0) + hFl(O', T).

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

In this section, we construct trial states that will give together with the lower bounds, an accurate expansion
of the eigenvalues of the operator .}, s valid to any order. The key to the construction is to expand the operator

Qp, in powers of h1/6.
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The functions ¢ p,, g2, and g3 5, in (4.28) admit Taylor expansions that can be rearranged in the form:
(o]
hl/ﬁql,h(07 T) = Z Q1,k(077—)hk/67
k=0
o~ k/6
2n(0:7) = 2 ak(o, Db /s, (4.38)

h1/6Q3,h (07 T) = kX—:o g3,k (0-7 T)hk/67

with the functions ¢; (o, 7), g2.x(c, 7) and g3 ; (o, 7) being polynomial functions of (o, 7). The operator
@y, in (4.28) admits the formal expansion

Qn = Qh*", (4.39)
k=0
where
Qr = qie(0.7) + (0, 7)0-+ > 9o, (a3k(0,7)0s,). (4.40)
1<i,j<N—1

Furthermore, forevery k > Oand f € S (RN_l X E) , Qrfes (RN_I X E) :
For all M > 0, we introduce two operators

M
St = Tinh ™23+ Lo+ 3L + BBy and Fyp =Y Qb (4.41)
k=0

Thanks to (4.27) and (4.28), for every f € S (]RN 1 x E), there exists a constant C' > 0 such that, for all
h e (0,1),

2, M+1

|h23 55 — Aot fl2@n-1xm,) < Ch3T5 (4.42)
Let n € N. We will construct a sequence of real numbers (g’m);’io and two sequences of real-valued
Schwartz functions (vy,;);2; C SRN-1), (9nj)j=g C S (RN_l X E) such that

vjv 9n,j =0 — 05
and for all M € N, the function
M+l Mo
U ar(0,7) = uo(7) fu(0) + D h'S ug(r)on;(0) + h** Y W0, (o, 7),
j=1 §=0

is in the Schwartz space S(R™V ! x R) and satisfies (for all i € (0, hy, 1r))

— 2, M+1
|02 nnr — Mt O a2 @v-1xr, ) < Crmh37 757, (4.43)
where
M .
Ant = Tminh ™2 + Bo g + W3 Brp + B3N RO, (4.44)

j=0
Cpn,n > 0and hy, 5 are two constants determined by the values of n and M solely, and 8 ., 81,0, uo and f,
to be determined.
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For M = 0: We want to find a real numbers (g 5, B0.n, 81,, and two functions v, 1(0), gno(o, T),
uo(T), fn(o) such that

W,0(0,7) = uo(7) fa(0) + B 3ug(T)vn1(0) + B3 gn o0, 7),

and
)\n,O = xminh_Q/3 + /BO,TL + hl/gﬁl,n + hQ/SCO,n-

In order that (4.43) is satisfied for A/ = 0, it is sufficient to select (o ., gn,0(o, 7), uo(7), fn(o) and vy, 1 (0)
as follows:

(%o — Bon)uo(7) fulo) =0,
(% — Bon)uo(T)vn,1(0) + (£1 — Bin)uo(7) fn(o) = 0,
(L0 — Bom)gno(o,7) + (L1 — Prn)uo(T)vn1(0) + (Fo — Con)uo(T) fn(o) = 0.

o For the first equation, the natural choice is then to choose ug the eigenfunction of %y, with Sy, is the
corresponding eigenvalue, therefore

uo(7) = Ai(t —2z1) and Sy, = 21, (4.45)

where Ai is the L2(R*)-normalized Airy function and —z1 is its first negative zero.
e The second equation is equivalent to

(&1 = Bip)uo(T) fu(o) =0,

then, we choose (1 ,, is the n-th eigenvalue on L?(RN~1,|Go|"/?do) of .Z; determined in Section 4.7.1
associated with eigenfunction f,,.
o For the third equation, we can select (g ,, such that

(Fo = Con) uo(7) Fu(0) L ug(7) fulo) in L2 (RN 1 xRy ) .
This is given by the formula
CO,n = <FO (UO & fn) >, U0 X fn>L2(RN71 xRy) - (4-46)

Consequently,
hi(o) = — /OOO uo(7) (Fo = Con) uo(7) fu(0)dr L fu(o) in LA2(RNT),

Since £ — f1,, can be inverted on the orthogonal complement of the n-th eigenfunction f, (o), we may
select vy, 1 (o) to be

vp1(0) = (L — 51,n)_1 hi(o).

As a consequence of the choice of (g, and vy, 1 (o), we get that, for all o,

w1 (07 ) = _UO(') (Dg/ﬂl - ﬁl,n) Un,l(a) - (FU - CO,n) uO()fn(a)
= —ug(-)h1(0) — (Fo — Con) uo(-) fu(o) Lug(-) in L?(Ry).

The operator .2 — [, can be inverted on the orthogonal complement of {uo(7)}, and the inverse is an
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4.4. Construction of quasimodes

operator in L? (R, ) which sends S (E) into itself. The proof of this is standard and follows the same
argument as in [FHO6, Lemma A.5]. In that way, we may select go (o, 7) to be

gn0 (0,) = (Lo — Bon) ' (wi(o,-)).

The iteration process. Here we suppose that we have selected (o, - - -, Carn; Uno, - - -, Unar) such that
the following induction hypothesis is satisfied

Npr
(Ao at = Aapt) Upns = D576 S 100 5(0,7), (4.47)
=0

where 77 ; are Schwartz functions. We have to select (y71,, and two functions vy, ar+1(0), gn,am+1(0, 7)

such that
M+1

6 gnm+1(o,7) and

M+3 2
Uorit1 = Yprr +h 6 ug(T)vnari2(o) + A3

]\4+1

2
MMl = Ao +h3T76 Curiin

satisfy (4.43) and (4.47) for M replaced by M + 1 (and some collection of Schwartz functions 7741 j(s.7)) -

Notice that we have
M+1

— —~ 2
_ 24
I 1= Hhm +h3T 6 Quryas

and
(Arrs1 = Moars1) Vs
= (%'ZM — M) ¥
TS (L — Bos)gnar+1(0,7) + (L4 — Brn)uo(T)onar2(0) + (Qarst — Carsin)uo(7) fu(0)]
T [(Qurr = ) (s = uo(7) fa(0))]
(h3. 2 + h*3Fai1 — (Annt — Bo)) gnava+1)

RYB3Fy1 — Maarst — Bom — Brnh™?)uo(T)vp arsa(o)].

+hi*

C~\NI

w\l\.?

6 [
|
|

(4.48)
It is sufficient to select ({ar41,n, Un, M+2, Gn,M+1) Such that

(L — Bon)gn,m+1(0,T) + (L1 = Bin)uo(T)vn,p42(0)
+ (Qum+1 — Cu1n)u0(T) frlo) + raro(o, 7) = 0.

We select Cpr41,, such that

(Qurs1 = Caryr,)o(7)Fa(0) + Taro(0,7) Luo(r) fulo) in L2 (RN xRy ),

ie.
CM41n = (Qur+1(uo ® fr), uo @ fn>L2(RN*1><R+) + <TM707 uo & fn)LQ(RN*1XR+)~

Consequently,

haya(o) = — /OOO uo(7) ((Qar+1 = Qur1,0)u0(7) fu(0) + raso(o, 7)) dr L fu(o)
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in L2(RN~1). We can select v;, 5742 as follows:
U ar12(0) = (LA — Bin) " harya(o).
As a consequence of the choice of (741, and vy, Mm+2(0), we get that, for all o

wrt2(0, ) == —uo(+) (1 — Brn) vnm+2(0)
— (Qm+1 = Curn)uo(T) fu(o) = raro(o,7) Lug(r) in L* (Ry).

Finally, we may select g,, a711(0, 7) as follows:

Gnars1(0,7) = (Lo — Bown) " (warsa(o,-)).

4.4.4 End of the proof

Consider a smooth function y; with compact support equal to 1 near (s,¢) = (0,0) on a scale of order
h'/2-% in the s direction, and on a scale of order h*/3~? in the ¢ direction, for some 6 € (0,7). Let us
introduce the following family of test functions

—1 —(N-1) t S _ _
@, p(s,t) =h=s 7 X(h2/39>x<h1/29) U, 0 (h 1/23,h 2/3t). (4.49)

Xh(svt)

We notice that the support of xy — 1 and the supports of the derivative of x are located in a region where
h=1/2|s| > Ch=?% and h=%/3t > Ch~Y, thus all integrals which contain such derivatives will be of order
h™°° due to the exponential localization of W, ;.

Thanks to (4.42) and (4.43), we may write

— 4, M+1
L5 @t — W2 PN i @pr || < CRET 75 || @y, 0|

4.5 Lower bound

The following proposition provides a lower bound of the eigenvalue p,(h), as h — 0.

Proposition 4.5.1. For any positive n, the eigenvalue pi,,(h) has, as h — 0, the lower bound
fin(h) = Tmin + 21023 + Brn b + O(RY3),

where 31, is defined in Theorem 4.1.1.

Proof. Let k > 1, and consider a family of eigenfunctions (¢, 4)n=1,.x Of Z?\h#; associated with the
eigenvalues (1 (h))n=1,.. % Let E(h) be the vector subspace of Dom(.&jﬂzﬁ) spanned by the family
(Yn.h)n=1,...k - Forall ¢» € E,(h), 1 satisfies the same decay estimates as in Propositions 4.3.2 and 4.3.3.
Let ) € E(h), since |g|*/? < (1 + C.t)|G|'/2, using the decay estimates of Proposition 4.3.2, we have the
important inequality (§ = hg_")

/ p|2|g|/? dsdt < / 1|2|G|? dsdt + Ch2/3/ l%g|'/? dsdt,  (4.50)
VAOX}O,(s[ VAOX]O,(S[ VAOX]0,5[
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where C, C are constants independent of s and ¢ (the value of C' might change from one formula to another).
We also have

Grstos) = [ 2o Plgl' dsde + b2 L 800 Bl st
VAOX}O,(S[ VAO

1<z,]<N 1

s [ s 0l dsdr
VAOX]O 5[

We recall that [g|'/2 = (1 — ¢ tr(G~'K) + t?p(s, 1)) |G|'/? so that, using the decay estimates of Proposition
4.3.2, there exists C' > 0 such that

(Lnst, ) > / |hOwp|*|GIM/? dsdt + h? / 9705, 05,0 |G|"/? dsdt
Vag Vg x]0,6]

1<i j<N 1

# [ e llg dsdt - CRYS .
VAOX] 5[
From (4.21), we have
1 -
®i(s,t) = Tmin + = 5 Hessg)¢1 (s) (s) +1 — C(|sf® + t|s[?).
We can deduce that

(G5t ) >/ hO2G) Y2 dsdt + b2 / 90 9.0 |G|Y? dsdt
Va, x10,0 Vag X]

1<'L,j<N 1

1
+ <$min + = Hess<o)¢1 (s)(s) + t> |¢|2|g|1/2 dsdt
Va, x]0,6] 2

~ ORI = C [ (sl tlsf?) gl dsdt
Ao

The last integral is of order h*/? (by using the exponential decay in the s and ¢ variables; Propositions 4.3.2
and 4.3.3). Then, there exists C' > 0 such that

Gt > [ w@wﬂwwﬂﬂmwa+#2] 90,0 B,,01GIM? dsdt
Vagx]0,6] Va, x]0,6[
1
L a3 M1 (5) () I G2 dst a1 — O .
A
’ 4.51)
Thus, by the min max principle, we have
/ [how? + t[0|2)|G|Y? dsdt > zlh2/3/ 21GIM2 dsdt,
VAOX]05 VAOX}O,(S[

using the inequalities in (4.50), we have

L WO PG st > 202 — Cn¥ 2. @52)

A 3
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By Taylor expansion near s = 0, we get

|G(s)|V? = |Go|? < Cs|, Go = G(0). (4.53)
From (4.53), there exists constants C' > 0 such that
/ Hess(o) 1 (5) (5) v |G1/% dsdt — | Hess (o)1 (5) (s) [[? |G(0)[ /2 dsdt
VAOX]O 5[ VAOX]O,(S[
< / Hess(o)61 (s) () [ [* [|G(s)[V* = |G(0)]"/?] dsdt’
VAOX]O o[

<C Hess (o) 61 (s) (s) |s|[v[* dsdt

VAOX]0,5[
<C 1P |]? dsdt < c/ 1P |el21GY? dsdt.

VAOX]0,5[ VAO 6[

From Proposition 4.3.3, we get

[ Hessn (s) (5) [l G112 st
Va, x]0,8]

(4.54)
> [ Hessioon () (9) [0 [GO)2 dsdt — CHY )]
Va, x]0,8]
The same idea proves that
/ G hp T, p|GIM2 dsdt
1<i j<N 17Vagx10,8] (4.55)
> / G h T, D|G(0)[1/2 dsdt — Ch3/2 ]2,
l<z,j<N 1 VAO x]0,[
Observing that,
g9 (s,t) — C(]s|+1t), ¢”(0,0) =Gy. (4.56)
From Propositions 4.3.2 and 4.3.3, we get
/ 9o, RO, B|G(0)| Y2 dsdt
1<i,j<N—17 VAo x10,6] 4.57)
> / G hdy, B, BIG(0)|/2 dsdt — CHA3||y||2.
1<i ]<N 17 VAg x]0,]

From (4.54), (4.55) and (4.57), we can easily see that

L[S R0 g Hesson (5) () 0] G112 dsa

0X10.0[ " 1< <N—1
> [ [ S BRG0G0+ Hessioyon (s >(s>\w|ﬂ|Go|1/2 dsdt — R
VAUX]O5[

1<ij<N—1
(4.58)

142



4.5. Lower bound

Now, using the inequalities in (4.51), (4.52), and (4.58). By the min-max principle, we have

k(W) = (L 50, )

ij =, 1
>[N WG 00+ g Hesson () () 6 |Gl st a.59)
Va, x]0,8] 2

1<i,j<N-1

+ Toin|0]% + 2182302 — CRY3 |2

Therefore, we have

ij — 1
Lo S w600 8,5+ 5 Heson () (6) 0f? [ [Gol 2 dsa
Vag X100l Ly j<n—1 (4.60)

< (ui(h) = Tmin — 20%% + CHY?) |92,
On the left hand side of the above identity, we recognize the quadratic form associated to the operator

1® 5,

1
where 7, = —h?A%0 4 3 Hess(g)$1 (s) (s) on L2 (RN =L, |Go|/2ds).
From Sections 4.7.1 and 4.7.2, we show that, for h small enough, .77, is unitarily equivalent to

N-1 1
%h = Z —h28§i + 5)%“?
i=1

on L?(RN=1 du), where ); are the eigenvalues of the Weingarten map of 92 at Ag. Their spectrum is given
by
Sp(H#4,) = Sp( M) = {hB1n,n > 1},
1
where 3, is the n-th eigenvalue of A}, = Y V7! —92 + 5/\in2 on L2(RV=1 dw).
The decay estimates, given that dim(&y,(h))=k on L2(RN =1, |G|*/2ds). Notice that the set £ (h) is contained

in the form domain of 7, . Thus, by the min-max principle, we have

(L& A0)Y, ) L2 (v4, x]0,6]|Gol1/2dsdr)

Ye&y(h) L2(Va, x]0,0[,|Go|'/2dsdt) ) 4.61)
< (,Ufk‘(h) — Tymin — 21h2/3 + Ch4/3) 5 ||¢|| )
||¢||L2(|Go\1/2dsdt)
From (4.50), (4.53) and Proposition 4.3.3, we obtain
[ PG asdtz [ PG asd -0 [ fsfjuf dsdt
VAOX]O,(S[ VAOX]O,5[ VAOX]0,5[ (462)

> (1—Ch') o).

Using the last inequality in (4.61), we get

2
pr(h) — Tmin — 21h2/3 + ChA/3 > hfBy HQpHLQ(IGoll/stdt)

A > B = OR
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Chapter 4 — Semi-classical analysis of Schrodinger operators with linear electric potential in a bounded domains

This implies the desired lower bound and concludes the proof of Proposition 4.5.1. O

4.6 Full asymptotic expansion of the eigenvalues

Proof of Theorem 4.1.1: From Proposition 4.5.1, we have the following lower bound of z,,(h) :
p1(R) > 2min + 2103 + Bi1h+ O(h*3).

Thanks to/lfroposition 4.4.1, we know that, from spectral theorem, there exists an eigenvalue /i1 (h) of the
operator .%, 5 satisfying, as h — O,

M+1

5 ).

M
fin(h) = Tmin + W32 + By b+ W3S RIS, + O(h5t
j=0

Since 311 is a simple eigenvalue of the harmonic oscillator ( 81,1 < B1,2, see Section 4.7.1), we deduce that

M
; 4 M1
p1(h) = Tmin + h232 + Bi1h+ hi/3 Z hj/6§j,1 + O(hs3t 75 ).
j=0
Letn > 2 and N € N. Thanks to Proposition 4.4.1, we lgow that, from spectral theorem, there exists a
sequence of quasi eigenvalues (i, (h))n>2 of the operator .7}, 5 satisfying, as h — 0,

N

fin(h) = Tmin + W22 + Bun h+ W3S W0, + 6(h375).
j=0
Now, we will arrange the sequence of quasi eigenvalues fi,, (h) in increasing order modulo & (h%+%) and
we note them z,,(h) . We have
2 4 M . 4, M+1
Tin(h) = Tmin + h2321 + B h+ W3S W/, + 0(h3t75),
§=0
where «;,, are a sequence determined from (j .
Imagine that, there exist C' > 0, k € N, such that
Fip1(h) = H;(h) +o(h) ,Vi=2,...k -1 4.63)
Biy1(h) — [ (h) = Ch. '
That is
{ Bra=...= Pk
Bk+1 > Bk -

There are actually two possibilities:
M
1. fig(h), ..., i (h) coincide modulo & (h%”L%). From spectral theorem, the rank of the spectral projector

near these values is at least k — 1. Then, there exists an eigenvalue very close, modulo & (h%+%) to 7z; (h)
foralli € {2,...,k} : it can only be ua(h), ..., ur(h), since the other eigenvalues are elsewhere (see (4.63)
and Proposition 4.5.1).
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pr1(h)

Fig1(h)

O(hstHe) Ch

2. They differ modulo A™ with @ < % + %. There are actually three possibilities:

- Thereexist C' > 0,k € N, o;; < %+ %, Vi =2,...,k — 1, such that

{um(h) —m;(h) > Ch* Ni=2, .. k-1 @6
Fgy1(h) = g (h) = Ch.

The construction of quasimode implies that there exists an eigenvalue very close, modulo & (h%+ M )s
to 7z;(h) forall i € {2, ..., k} (it cannot be the same). Since the eigenvalues are increasing, then it can’t
be more than o (h), ..., ur—1(h), and ug(h) respectively, because the other eigenvalues are somewhere
else (see (4.64) and Proposition 4.5.1).

ti41(h)
pa(h)
1, (h) Pk 1 (h)
Chez Chos  Chow
- There exist C' > 0, k € N, such that
As(h) — ma(h) = Ch?, y
4 1

T (h) =T;(h) + O(h3t 7% ), Vi=3,.. k—1 (4.65)
Piy1(h) = (h) = Ch.

The rank of the spectral projector near {7z;(h) };=3. .. 1 is at least k — 2. Thus, there exists an eigenvalue
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very close, modulo & (h§+%) ,tom;(h) foralli € {3, ..., k}. The construction of quasimode implies

that there exists an eigenvalue very close, modulo & (h%+%) to fi5(h) (and it cannot be the same).
It can’t be more than ps(h) near fiy(h) and pg(h), ..., pi(h) near {fi;(h)}i=3, . i, because the other
eigenvalues are somewhere else (see (4.65) and Proposition 4.5.1).

pr1(h)
pa(h)
Fq (h) Pt (R)
- There exist C' > 0, kg, k € N and kg < k such that
Fis1(h) =1;(h) + ﬁ(h%%)’w =2,k —1
I h) — . (h) > Ch®,
Firo+1(R) = Ty (h) 2 C " (4.66)
ﬁz—i—l(h):ﬁz( ) ﬁ(h§+ 6 ),Vi:ko-i-l,...,k—l

+
Fiy1(h) — M (h) = Ch.

The rank of the spectral projector near {fi;(h)}i=2, .. , is at least kg — 1 and near

{7;(h) }i=ko+1,..k is at least k — kg. Then, there exists an eigenvalues very close, modulo & (h%Jr% )s

to i;(h) for all i € {2, ..., ko}, but also another very close, modulo ﬁ(h%”LMesH) to 11;(h) for all i €
{ko+1, ..., k}(and it cannot be the same). It can’t be more than pa(h), ..., p, (k) near {f;(h) biz2. . ko
and pugy41(h), ..., pr(h) near {fi;(h)}i=ko+1,..k » because the other eigenvalues are somewhere else

(see (4.66) and Proposition 4.5.1).

Now, if (4.63) is not satisfied:
f3(h) = pa(h) = Ch.

As a consequence of the spectral theorem, there exists an eigenvalue very close modulo & (h%+ ) to
iz (h), but also another very close to 7i5(h) (and it cannot be the same). Since the eigenvalues are indeed
separated, it can’t be more than po(h) and us(h) respectively.

M+1
6
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4.7. Analysis of the effective operator

pa (h) p2(h) ps(h)
Fq (h) Tia(h) Fig(h)
ﬁ(h%—i_%) Ch

Thus, by (4.25) and Proposition 4.2.3, we have shown Theorem 4.1.1.

4.7 Analysis of the effective operator

4.7.1 The model operator

In this section, we want to study the spectrum of the operator defined by
1
¥ =N\ + §H (U) (0), H= Hess(0)<;31, Gy = G(O),
where ¢ is defined in Section 4.3.1. The associated quadratic form on H*(RN~1; |Go|'/? do) be

1
01 () = (LY V) 2ol ag) = (ZAXU ) 12161172 ao) + 5 /<Ha,cr>|¢|2lGoll/2 do.
By replacing AGo by its expression given by (4.29), we obtain

(AP, ) 2oz o) = — D / 0,(G§ |Gol" 1?0, )¢ P do, G = G(0).

1<i,j<N-1

By integration by parts, we have

(—A ) a2 a0y = D /GéjagjwﬁgingP/Zda:/<G61ng/1,vgq/)>|Go|1/2do.

1<i,j<N—1

Consequently, we have

1
@ (v) = / (G Vo1, Vot))|Go|' o + o / (Ho, o)y | Gol'/*do. (4.67)

We introduce the change of variable
-1/2
g = GO Z.
Thus,
Vo= G(l]/zvz and do = ]Golflﬂ dz.
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By replacing the previous equality in (4.67), and we use that G is self-adjoint, we get
wlw) = [1Ga Gy V0, GY*V.0) dx + 5 [(HGT %2, G5 )i ds
= /(VZTZJ, V.1 dz + 3 /<G61/2HG61/22’ z)|¢|2 dz,

with 1 (2) = (o).
We define a quadratic form on H'(RY~1) by

@) = /< 0, Vatp) dz + — / (G PHGG 2, 2) 2 de.
The associated operator is unitarily equivalent to .Z, and defined by

Ly = —A, + 2<G‘1/2HG‘1/2 2).

We set S = G, V2 Gy Y2 As Hisa positive definite matrix, then S is also a positive definite matrix.
Consequently, there exists an orthogonal matrix () such that

Q'SQ = B,
where B is a diagonal matrix formed by the positive eigenvalues of S. Notice that
A O - 0
B = 0 ,
0
0 0 An—1

where \; are the eigenvalues of .S.
Considering z = Qu, we get

= / Vutp|? du + % /(QflSQu, w)|)? du
= [19u0 dut 5 [(Bu, )l du = ase).

The operator associated with the quadratic form ¢s is unitarily equivalent to .# and defined by

N—-1 1 N-1
.Z——Au+ (Bu,u) Z = ZAU_Z = Oy, + Q) = >0 A,
=1 =1

where, 7 is the harmonic oscillator

1
M= —02 + iAiu?.

(2n—1)\/§.
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4.7. Analysis of the effective operator

Consequently, the n-th eigenvalues of .73 is the same of .7}, it is the n-th element of the following set, by
grouping the elements in increasing order

{mn_ Z % (2n; — 1), neNN—l}. (4.68)

Since the matrices S and G 'H are similar, then they have the same spectrum and therefore )\; are the
eigenvalues of Gy ' H.

4.7.2 Relation to the Weingarten map

We recall from Section 4.3.1, the coefficients of the first and second fundamental form, in the base
(019, ...,0N_10), are given respectively by the formulas

Vi,j = 1, ceey N — 1, Gij(s) = 8,(;5(5) . aj¢(8) and Kz‘j = (‘9,(;5 . ajl/(gf)),

where ¢ is a parameterization of 002 defined in Section 4.3.1, such that ¢(0) = Ap and v(A4p) =
(—1,0,...,0). We get

Let L(s) := (1;j(¢(s)))1<i,j<n—1 the matrix of Wy, in the base (01¢(s), ..., On—1¢(s)). Then

W(5)(950(5)) = TZ_; Lij(¢(s))Did(s)-
Therefore, we can show that
Kij(s) = 0ip(s) - Wo(s)(09(s))
= 0ig(s Z Ik (6(5))Ok(s)

N—
= Z Ui (B(s5)Gir(s).
k=1
We deduce that
K(s) = G(s)L(s). (4.69)
On the other hand

Kij(s) = 0;¢(s) - 9v(9)(s) = —0;0;¢(s) - v(¢)(s).
In s =0, we get
Kij(0) = —0;0;¢(s)|s=0 - ¥(Ao) = 0:0j¢1(5)|s=0 = hij,
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where H = Hess(o)gbl = (hij)lgi,jgN—l-
Thanks to (4.69), we obtain
H = G(0)L(0) = GoL(0).

Consequently,
L(0) = Gy ' H.

From the previous section, \; are the eigenvalues of G, LH and by the last equality, we deduce that \; are the
eigenvalues of the Weingarten map W 4, of 0€2 at Ag.
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Chapter

Edge states for the Robin magnetic Laplacian

Abstract

This chapter tackles the spectral analysis of the Robin Laplacian on a smooth bounded two-
dimensional domain in the presence of a constant magnetic field. In the semi-classical limit, a
uniform description of the spectrum located between the Landau levels is obtained. The corre-
sponding eigenfunctions, called the edge states, are exponentially localized near the boundary. The
estimates look like Agmon’s estimates, but there are not obtained via variational means as it is the
case in many magnetic settings. Here, they follow from resolvent estimates using the distance to
the Landau levels. By means of a microlocal dimensional reduction, our unifying approach allows
on the one hand to derive a very precise Weyl law, and on the other hand to refine simultaneously
old results about the low-lying eigenvalues in the Robin case and recent ones about the edge states
in the Dirichlet case. This is also the opportunity to revisit the Neumann case, by establishing
more uniform asymptotic expansions, with slightly more general boundary conditions.

Résumé

Ce chapitre aborde 1’analyse spectrale du Laplacien de Robin sur un domaine bidimensionnel
régulier et borné en présence d’un champ magnétique constant. Dans la limite semi-classique,
une description uniforme du spectre situé entre les niveaux de Landau est obtenue. Les fonctions
propres correspondantes, appelées états de bord, sont exponentiellement localisées pres de la
fronticre. Les estimations ressemblent a celles d’Agmon, mais elles ne sont pas obtenues par des
moyens variationnels comme c’est le cas dans de nombreux contextes magnétiques. Ici, elles
découlent par des estimations du résolvant utilisant la distance aux niveaux de Landau. Au moyen
d’une réduction dimensionnelle microlocale, notre approche unificatrice permet d’une part de
dériver une loi de Weyl trés précise, et d’autre part d’affiner simultanément des résultats anciens
sur les valeurs propres de basse basses dans le cas de Robin et des résultats récents sur les états de
bord dans le cas de Dirichlet. C’est aussi I’occasion de revisiter le cas de Neumann, en établissant
des développements asymptotiques plus uniformes, avec des conditions aux bord plus générales.
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” Un jour, a force de fouiller I’atome,
un savant expliquera peut-étre
la joie et la paix de ’esprit
par des formules mathématiques.”

Bernard Moitessier
Contents
5.1 Motivationsandresults . . . ... ...ttt i i e e 153
5.1.1  About the magnetic Robin Laplacian . . . . . . ... ... ... .. ... ..... 153
5.1.2  De Gennes operator with Robin condition . . . . . . .. ... ... ... ..... 154
5.1.3 Results . . . . o o e e e 157
5.2 Exponential localization near the boundary and consequences . . ... ........ 163
5.2.1  Preliminaries . . . . . . . . ... e e e e e e e 164
5.2.2  Proof of Proposition 5.2.1 . . . . . . . ... e 165
5.3 Anoperatoronasemi-cylinder . . . . . . ... ... it it e e 168
53.1 Amodeloperator . . . . . .. ... e 168
532 Therescaledoperator . . . . . . . . . .. ... 169
5.3.3 Microlocalization of the eigenfunctionsof %, . . . . . . ... ... ... .... 169
5.3.4 First spectral estimates . . . . . . . . . ... oL e e e e 171
54 AGrushinproblem . .. ... ... ittt ittt eeeeonssossoneenos 172
54.1 Preliminaries . . . . . . . . ... e e e e e 172
5.4.2 A pseudodifferential operator with operator-valued symbol . . . . . ... ... .. 174
5.4.3 Dimensional reduction . . . . . . ..o 176
5.5 Analysis of the effectiveoperator . . . . .. ... ... ..., 181
5.5.1 Asymptotic diagonalization and end of the proof of Theorem 5.1.7 . . . . . . . .. 181
5.5.2  Spectral CONSEqUENCES . . . . . v v v v vt e e e e e e e e e 182
5.6 AppendiX . . . v i i i i i i e e e e e e e e et e et e e e e e et 185
5.6.1 AroughWeylestimate . . . . ... ... ... ... .. ... ... ... ... 185
5.6.2  Spectral analysis of de Gennes operator . . . . . . . ... ... ... ... 186
5.6.3  Spectral analysis of an operator on a semi-cylinder . . . .. ... ......... 188
5.6.4  Agmon estimate with Fourier multiplier . . . . . . .. ... ... ... ...... 195

152



5.1. Motivations and results

5.1 Motivations and results

5.1.1 About the magnetic Robin Laplacian

We want to describe the spectrum of the semiclassical magnetic Laplacian
L, = (—=ihV — A)?,

on a smooth, bounded, and simply connected open Euclidean domain 2 C R?, with boundary conditions of
Robin type. The vector potential A : Q — R? is supposed to be smooth and generating a constant magnetic
field of intensity 1:

01A9 — O A1 = 1.

The magnetic Robin boundary conditions are enforced by defining the operator .Z}, = .7}, , to be the
selfadjoint operator associated with the quadratic form defined for all ¢» € H'(£2) by:

Qua®) = [ 1(=ih¥ = A)pde +9ht | uids, 6.0

where v € R U {400}, and ds is the length measure of the boundary induced by the Euclidean metric. By
convention, y = +oo corresponds to the Dirichlet boundary condition ¢ € H}(€2). In the whole chapter,
our estimates will be uniform when v € [—~g, +0o0] for an arbitrary fixed 9 > 0. When v € R, the domain
of %, is given by

Dom(%,) = { € HY(Q) : (—ihV — A)2p € L2(Q), —ihn - (—ihV — A)ih = vh21) on 9},
where n is the outward pointing normal to the boundary.

Remark 5.1.1. Note that a change of gauge can be used to ensure that A - n = 0. In this case, the magnetic
Robin condition becomes a usual Robin condition:

“n- Vi = yh 2. (5.2)

We would like to establish accurate spectral asymptotics for the magnetic Robin Laplacian -7, in regimes
where the magnetic field plays a major role, competing with the Robin condition (this is the origin, as we
will see, of the factor h% in the Robin condition). Until now, very accurate results are available only for
the Neumann magnetic Laplacian (when v = 0). In this case, the lowest eigenvalues have been analyzed in
detail in [FHO6] and uniform estimates have been recently established in [BNHR22] where a purely magnetic
tunnelling effect formula has been proved. When ~ # 0, the only known results go back to the works by
Kachmar, see [KacO6b], where only the smallest eigenvalue has been estimated. In all these situations (except
when v = 400, where the first eigenvalue is asymptotic to h times the magnetic intensity — here, 1), one
can show that the first eigenvalue becomes smaller than A as soon as h is small enough. This energy bound
is usually associated with a localization behavior near the boundary of the eigenfunctions, which can be
quantified by semiclassical Agmon estimates.

By a simple rescaling, the semiclassical limit 4 — O translates into a quantum regime where the
intensity of the magnetic field tends to infinity. In the physics literature of thin conductors or electron gases
(approximated by 2D domains) subject to a strong external magnetic field, it is well known that the presence
of a boundary (or, more generally, of an abruptly changing magnetic field along a curve) generates a current
along the boundary due to the presence of “bouncing modes” classically localized at a distance \/E/B
to the boundary (E is the kinetic energy and B is the magnetic intensity: in this work B = 1), see for
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Chapter 5 — Edge states for the Robin magnetic Laplacian

instance [Hal82]. These so-called “edge states” or “boundary states” exist as soon as the Fermi level of the
conductor lies strictly in between two consecutive Landau levels, and produce ballistic dynamics along the
boundary. If the boundary OS2 is compact, this dynamics is quantized and produces new discrete energy
levels. These are precisely the eigenvalues that we wish to describe in this chapter.

Heuristically, the localization near OS2 is often explained by the classical bouncing modes alluded to above,
but it is also easy to understand from a quantum perspective. Indeed, if we forget the boundary condition,
% acts as the magnetic Laplacian with constant magnetic field, on the Euclidean plane, .Z,]Fz. The spectrum
of this so-called “bulk” operator is well-known and made of the famous Landau levels {(2n — 1)h,n > 1},
which are infinitely degenerate eigenvalues. This suggests that, if one considers potential eigenvalues of %,
in a window of the form I;, = [ha, hb] with 2n — 1 < a < b < 2n + 1 for some integer n > 0 (for n = 0,
we take a = —o0), they cannot correspond to any bulk state, and hence the corresponding eigenfunctions
should be localized near the boundary. This phenomenon has interesting physical applications; a famous one
is the quantum Hall effect, when the domain is not simply connected, which expresses the collective effects
of several boundaries on the total net current. Another application is the confinement of particles in small
domains, or “quantum dots” (sometimes called “anti-dots” because one takes B = 0 inside the domain, and
B = 1 outside), see [RPM99, LSIC04].

On the mathematics side, the existence of edge currents in a half-plane with Dirichlet boundary condition
was shown in [DBP99]. In a compact setting, the eigenfunction localization at the boundary has been
observed (again in the Dirichlet case v = +o00, which is usually chosen in physics) in [GV21], leading to a
description of the spectrum in a thin spectral window, see [GV21, Corollary 2.7]. However the exponential
decay was not established. In fact, as we will see, this decay does not really follow from the usual Agmon
estimates.

In this work we treat the general case v € RU{+o00}. This corresponds, physically to a domain €2 coated
with a very thin layer of a different material (see for instance [BL96]). Since {2 is bounded, the spectrum in
I}, is always discrete and a first rough estimate shows that the number of eigenvalues lying in [, denoted by
N (%, 11,), satisfies

N(%,, 1) < Ch™2, (5.3)

for some C' > 0 and all A > 0 small enough (see Appendix 5.6.1 where we recall the origin of this estimate).

Our goal is to obtain a very precise description, in the semiclassical regime, of the spectral elements
corresponding to the interval ;,, much more accurate than (5.3). This includes the localization behavior near
the boundary of the domain {2 of the corresponding eigenfunctions. For instance, when v € R, a consequence
of our main result Theorem 5.1.7 is the appearance of a quite interesting phenomenon: for a given (low)
energy, one can have boundary quasimodes corresponding to classical currents flowing in opposite directions,
leading to magnetic oscillations of eigenvalues.

This work is also an opportunity to revisit the Neumann case analyzed in [HMO1, FHO6] (see also
[BNHR22]) by establishing more uniform asymptotic expansions, with slightly more general boundary
conditions.

5.1.2 De Gennes operator with Robin condition

Our results will be expressed in terms of the eigenvalues of the de Gennes operator with Robin boundary
condition. This operator, which appears naturally in the study of boundary induced magnetic effects [SIdG63,
FH10b], is a differential operator of order two depending on the real parameters v and o and acting as

d2

S dre?

2

H[’)/,O‘]: +(t_a)v
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5.1. Motivations and results

on the domain

d2
Dom(H[y, o)) = {u €B'(Ry): (- @ - 0)?)u € LA(Ry), u/(0) = ’yu(O)} ,

where
B'Ry)={uec H (Ry) : [t tu(t)] € L*> (Ry)}.

It is well-known that H|[v, o] is a self-adjoint elliptic operator with compact resolvent.

Notation 5.1.1. Its spectrum can be written as a non-decreasing sequence of eigenvalues (i, (7Y, 0))n>1
(which are all simple due to the Cauchy-Lipschitz theorem). We denote by u% ] the normalized sequence of
the corresponding eigenfunctions (with u,[] ) (0) > 0).

We let

[n—1] —
"2 (v) = inf pn(v,0).

The index n — 1 is compatible with the notation used in the case of the de Gennes operator (case when
v = 0), see [FH10b, Section 3.2]. The family (H[y, 0])(y,o)cr? is analytic of type (B) (in the sense of Kato,
see [Kat76, Chapter VII, §4]), i.e., the form domain does not depend on the parameters and the sesquilinear
form is analytic as a function of -y or o.

The following proposition gathers the main properties of the functions s, (7, -) (which are usually called
dispersion curves) that will be used in this chapter. Most of them have been established in [Kac06b] (see also
[Kac08], and [DBP99] in the Dirichlet case).

Proposition 5.1.2. Let us fixn > 1. When vy € R, the function pu, (7, -) is analytic and

lim pp(y,0) =400, lm pu(y,0)=2n—1. (5.4)

o——00 o——+00

Moreover, i, (7, -) has a unique minimum attained at o = &,,—1(y), but not attained at infinity. This minimum
is non-degenerate. The function i, (7, -) is decreasing on (—oo, &,—1(7y)) and increasing on (&,—1(7y), +00).
In addition, we have, for all n > 2,

o —3 < 0 l) <on—1. (5.5)

When ~ = +o0, that is when the Robin condition is replaced by the Dirichlet condition, ji,(+00, ) is still
smooth, but now decreasing from +oo to 2n — 1.

Eigenvalues
o
Eigenvalues

Figure 5.1 — o — ux(—1,0),fork =1, ..., 5. Figure 5.2 — 0 — ug(400,0), fork =1,..., 5.
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Chapter 5 — Edge states for the Robin magnetic Laplacian

The proof of this proposition, is established in Section 2.4 of Chapter 2. This proposition has the following
elementary but important consequences for our analysis, which are illustrated in Figure 5.3.

Corollary 5.1.3. Let v € R U {+o0} be fixed. Let © be the set of all critical values of the functions ji,,: we
have

e ={6"1@), nx1}
Let A be the set of limit points of the functions (i, at infinity:
A={2n-1, n=>1}

Let [a,b] C R be an interval disjoint from A. Let either n = 1 if a < 1 or n > 2 be such that [a,b] C
(2n — 3,2n — 1). (In the case n = 1 we allow a = —o0.) It follows from (5.4) that for any integer k > 1,
1y ([a, b)) is compact.

Let p(k) be the number of connected components of ;. * ([a, b]): we have

pk)=1 ifl1<k<n

p(n) =0 ify=+o0

p(n) =1 ifycRand O ¢ [q,b]
p(n) =2 ifycRandO U <q
p(n) =0 ifycRandb < QN1
p(k) =0 ifk>n.

Therefore, when v € R,

n ifb > el1(y)

. )
n—1 otherwise

N(v,a,b) == #{k > 1: py(v,) " ([a,b]) # 0} = {
and if v = +oc (Dirichlet case) then i1 (+00, -) does not take any value in (—oo, 1), and N (v, a,b) = n—1.

Notation 5.1.4. From now on, we denote by N(+, a,b) = N this cardinal.

Assumption 2. In the following, a and b are allowed to depend on h, as soon as they stay in an h-independent
compact interval inside (2n — 3,2n — 1).

With this picture in mind, for each & > 1, we may construct a smooth function ﬁk, bounded with all its
derivatives, which coincide with 4, in a neighborhood of y;* ([a, b]).

Notation 5.1.5. Indeed, let 5 : R — R be a smooth, bounded with all its derivatives, and increasing function
such that for all k € {1,..., N}, ux(7,Z0(c)) = pr(7, o) in a neighborhood of ;' ([a, b]) and iy, o =
takes its values in (—o0, a) U (b, +00) away from it. We consider

f = (v, Zo()), (5.6)

where we omit the reference to the parameter ~y to lighten the notation. In the following, we will more
generally denote by cop, the function ¢ after composition with =g.

156



5.1. Motivations and results

Eigenvalues of H|[y, o] for Robin parameter v = —1

fin (7, 0)

Figure 5.3 — This figure shows the dispersion curves (7, ), for v = —1. We visualise the preimage of a
given interval [a, b] C (2n — 3,2n — 1) with n = 3. The curves are obtained by a standard finite difference
numerical scheme.
5.1.3 Results

Let us now describe the main results of our article, which will be expressed in terms of pseudo-differential
operators in one dimension.

5.1.3.1 A pseudo-differential framework

. : . . - 1
The bounded functions /1, will be convenient to state our main theorem, which involves hZ-pseudo-
differential operators with symbols in the usual class Sg2(1) given by

Sp2(1) ={a € %M(Rgﬂ) :Va € N? 3C, > 0:]0%)| < Cu}.

As we said before, the eigenfunctions of %}, will be localized near the boundary of €2, which is a closed

smooth curve with length 2L. Our main result describes their distribution with the help of an h%—pseudo—
differential operator on the boundary (see for instance [FHKR22, Section 4.1] where similar considerations

. . . . 1
have been done in the context of discontinuous magnetic fields). Let us denote 2 = h2. We recall that the
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Weyl quantization of a symbol p is given by the formula:

(Op) p)(2) el=vin/hy, <$+y 77) G(y)dydn, Vo € L (R), (5.7)

:% R2 2

and that this formula defines a bounded operator form L?(R) to L?(R) if p € Sg2(1), by the Calderdn-
Vaillancourt theorem. To shorten the notation, we will sometimes write p"V instead of Opgvp.

Let Toy, = R/2LZ, and L?(T2y) be the subset of L12OC (R) of 2L-periodic functions, equipped with the
usual L2 norm on [0,2L]. When p € St,, xg(1), i.e. p € Sp2(1) and is 2L-periodic in its first variable s,
then for any 6 € R, the operator given in (5.7) induces a bounded operator from e?" L?(T5y,) to " L?(Tyy,)

— we denote by e’/ the function - +— %%,

Remark 5.1.2. The space ew'L2(T2 1) only depends on the class of 0 modulo T, it is equal to the subspace
of functions in L%, (R) equipped with the Floquet boundary condition 1)(x+2L) = €29 (z). The operator
Op)Vp acting on €9 L?(Tyy) is unitarily equivalent to Op,)Y p(z,n + h) acting on L*(Tsr).

5.1.3.2 Main theorem

Since our main result describes the spectrum of %, “modulo &'(h>)”, we need to make this notion
precise.

Definition 5.1.6. we will say that the spectra of two self-adjoint operators T1 and T depending on h coincide
in I, modulo O'(h®), a € R U {+00}, when there exists C, ho > 0 such that, for all h € (0, hy),

— T4 and Ty have discrete spectrum in I, + [—Ch®, Ch®],

— for all interval Jy, C Iy, we can find an interval K}, such that J, C K, with dg(Kp,, Jp,) < Ch® and

rank 15, (7h) < rank 1, (T2), rank1,, (75) < rank 1g, (T7),
where d g denotes the Hausdorf distance:

dg(A,B) = sup max(d(a,B),d(b,A)).
(a,b)eAXB

This definition translates to discrete subsets of R as follows: for each discrete subset S C R, we associate the
sum of Dirac masses 05 := ) g 0s, and consider the corresponding self-adjoint operator whose spectral
measure is 0g. Then we say that two discrete subsets Ay and As coincide modulo O(h®) when the spectra of
the corresponding operators coincide modulo O(h®) in the above sense. In order to deal with multiplicities,
we will, by convention, associate with the disjoint union S LI S’ the operator corresponding to the spectral
measure dg + dgr.

Remark 5.1.3. — The relation “the spectra of Ty and Ty coincide in I, modulo &'(h®)” is an equivalence
relation. It is obviously symmetric and reflexive (taking Ky = Jp). The transitivity follows from the
triangle inequality for d .

— If the spectra of T and T3 coincide in I, modulo O (h®), then, for all I, C I, the spectra of T and T
coincide in I, modulo O (h®).

— If the spectra of Ty and T coincide in Iy, modulo O'(h®), we have

dH(Sp(Tl) NI, Sp(TQ) N Ih) = ﬁ(ha).
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— If the endpoints of the interval Iy, stay away from an hP-neighborhood of the spectrum, with < o,
then for h small enough T and T, have exactly the same number of eigenvalues inside I, counted with
multiplicities.

— The notion described in Definition 5.1.6 already appears under various forms in the literature (see, for
instance, the view point in [HS84, Section 1] and [HelS8S, §4]).

We can now state our main result, where we use, among others, the eigenvalues (7, o) and eigen-

functions u?"ﬂ of the de Gennes operator (Section 5.1.2), the integer N defined in Notation 5.1.4, and the
notation introduced in (5.6).

Theorem 5.1.7. Under Assumption 2, the spectrum of £}, in [ha, hb] coincides with that of h9, modulo
O(h?), where

my 0 0
w
My, = 0 my
: 0
0o - 0 my

is a bounded operator acting diagonally on ¢*") L2 (T2r)N. Here

]
h)=

and each m)) is an h%-pseudodiﬁ”erential operator with symbol in St,, xr(1). Let us denote by (s,0) the
(canonical) variables in Ty, x R. Then we have:
— the principal symbol of m)\ is /Lok(()'),‘

o]

— its subprincipal symbol is —rk(s)Cy (o) with
Cr(o) = {((r = o) = 0 = 27(0 = 7)?) " (7), W (P)) o, - (5.8)

and k(s) is the curvature of the boundary at the point of curvilinear abscissa s.

Remark 5.1.4. Note that N will be constant as soon as a,b are chosen carefully enough in Assumption 2.
Nevertheless, it is not necessary in our result.

Remark 5.1.5. We can check that, for all j > 1, C;(§;-1(7)) has the same sign as 'y([)j pa ~, see Proposition

5.6.2 where the threshold 'y([)j U is discussed. Proposition 5.6.2 also corrects a mistake in [ KacO6b, Lemma
I1.3 & (2.24)], where it is stated that C1(&o(7)) is always positive.

It is important to notice that Theorem 5.1.7 is actually a diagonalization result since it reduces the spectral
analysis of .7, to that of a family of pseudo-differential operators in one dimension: the spectrum of 9y, is the
superposition (counting multiplicities) of the spectra of the mZV, k=1,...,N. Asitturns out, the spectrum
of each of these pseudo-differential operators can be completely described using (refinements of) old and
new results in the literature. Indeed, notice that the principal symbols uok have a special feature: they depend
only on the frequency variable o, and, as functions of o, they have at most a unique critical point, which
is a nondegenerate minimum (Proposition 5.1.2). Hence, from a microlocal viewpoint, only two situations
must be considered. Let E € [a, b], either E is a regular value of i, (or 11 (7, -), equivalently), and then
the well-known Bohr-Sommerfeld rules apply, or E is a critical value of ;fk, in which case the Hamiltonian
(s,0) — pu(o) admits a transversally non-degenerate minimum on a circle, and the recent study [DV21] of
folded quantum action variables applies.
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5.1.3.3 Eigenvalues in a regular spectral window

Our first application concerns the case where the interval [a, b] consists of regular values of all p;,. We
will use the following well-known spectral result, an extension to all orders of the Bohr-Sommerfeld rules
(see, for instance, [Roz75, HR82, HR84, Dui74]), which we prove in Section 5.5.2.1.

Proposition 5.1.8. Consider an h-pseudo-differential operator Pj, € Op,Y (Sg2(1)) with symbol 2 L-periodic
with respect to s and with principal symbol (s,0) — (o) and subprincipal symbol (s,0) — —r(s)C(0).
We consider its realization on eisa(hQ)Lz(TgL). Let E be a regular value of yi for which u='(E) is a finite
set of points U{E, cee 05.

Then, there exists ¢ > 0 such that [E — ¢, E + €| is a set of regular values of i, and p=*([E — ¢, E + €])
is the disjoint union 31 U - - - L1 X3, where each X4 C R is a compact interval containing af in its interior.
Let ¢ > 0 be any value satisfying the above conditions. For each q = 1,...,p, let f]q be an open interval
containing ¥, such that the flq ’s are pairwise disjoint. Then the following holds.

Foreachq =1,...,p, there exists a smooth map iq > 0 — fy(o, h) € R with an asymptotic expansion

Falo.h) ~ fa0(0) + hfq1(0) + 1P fea(o) +

depending only on the symbol of Py, in the cylinder T, X ¥, such that the spectrum of Py, inside [E —¢, E+¢|
coincides, modulo €'(h™), with the disjoint union

(|_| {folo.h), 0 € W(FZ+a(B?) N Sq}) N[E—¢,E+¢],

g=1

see Definition 5.1.6. Moreover, we have

foo(o) = plo) s, (5.9)
—Cl(o 2L
foi(o) = ;L)'Zq/o k(s)ds. (5.10)

Combining Proposition 5.1.8 and Theorem 5.1.7, we get the following result, where we use the notation
of Corollary 5.1.3 and Theorem 5.1.7.

Corollary 5.1.9 (Spectrum at Regular Values). Let [a,b] be an interval disjoint from © and A. For each
k=1,...,N, foreachq =1,...,p(k), let ¥ ; C R be an interval such that (7, -) is a diffeomorphism
Sfrom Xy 4 to a neighborhood of la,b] (i.e. py, must be monotone on Xy, ), in such a way that all ¥y, 4 are

pairwise disjoint and U Ek q contains (1 (7, )" ([a,b]). Then there exists a smooth map Sk, > o —
frq(o,h) € R with an asymptotlc expansion

f]aq(O’, ﬁ) ~ fk,q,O(U) + hfk7q71(a) + ﬁgfk7q72(o') R
such that the spectrum of £}, in [ha, hb] coincides, modulo € (h?), with the disjoint union

!

p(k)

=

{hfiqlo,h2), 0 € h2(FZ+ a(h)) N zkvq}) N [ha, hb)].

1¢=1
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Moreover, we have, when o € Xy, 4,

frq0(0) = pr(y,0) (5.11)
frg1(0) = = (k) C(0) (5.12)

1 2L
= E/o k(s)ds

Since the leading terms (5.11) and (5.12) do not depend on ¢ (apart from the domain of definition >3, ;)
we obtain that the spectrum of .%}, in [ha, hb] coincides, modulo &'(h?), with the disjoint union

where (k) is the average curvature:

N

] {huk(%a) 13 (x)Culo), o RB(ET+ a(h))} A [ha, hb).
k=1

Remark 5.1.6. Corollary 5.1.9 gives a very accurate description of the spectrum of £, by providing us with
explicit approximations of the eigenvalues in [ha, hb] modulo €'(h?). When v = +oo (i.e. in the Dirichlet
case), it also improves the description given in [GV21, Corollary 2.7] concerned with a thin spectral window
containing a regular value. Moreover, although our results are formulated in terms of approximation of the
eigenvalues, the strategy, based on microlocal projections, leading to Theorem 5.1.7 can also be used to
describe the eigenspaces of &3, in terms of those of IMy,.

As a first application of this corollary, we obtain a very accurate formula for the number of eigenvalues
of %, in [ha, hb|, which is much less than the crude estimate (5.3):

Theorem 5.1.10 (Precise Weyl formula). Let I}, = [ha, hb] where [a, b] is an interval disjoint from © and A.
Then the number of eigenvalues of £, in Iy, is

N(Lh, In) = W om?),

h1/2 25

where we use the notation . , := =N Z and

ql’

Ck (5k,q> _ Ck (ak,q)
:“;c(ﬂk,q” ’/i;c(ak,q)’

)

0 1
O = lawg — Brgl,  Oph = |

with oy, g 1= ,u,;}](a), Br,q == 'ul;tlz(b)'

In this statement we have denoted fiy, 4 == pi(7,")|s, - Notice that, since the remainder term & (RY/?)

tends to 0, we obtain that, when A is small enough, N (.%},, I1,) is equal to the integer part of ﬁ Dk 0 1[3}(1 +

Lix) 2 kg 5,&1711, or this plus or minus 1.

5.1.3.4 Critical values

Our main theorem also applies to the case when the spectral window contains a critical value, i.e. an
element of ©, see Corollary 5.1.3 (such a critical value is the unique non-degenerate global minimum of a
unique dispersion curve, see Proposition 5.1.2). To illustrate this, let us focus on the low-lying eigenvalues.
The following corollary improves [KacO6b, Theorem L.5, oo = %] by establishing the spectral asymptotics of

the lowest eigenvalues and by exhibiting spectral gaps of order hi instead of h3 in the case of regular values
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for each given dispersion curve. It also extends to any Robin parameter the result obtained by Fournais and
Helffer in [FH10b] when ~ = 0.

Once Theorem 5.1.7 is applied and reduces the analysis to a single A-pseudo-difterential operator, this
corollary becomes essentially an application of [DV21, Proposition 6.8], see details in Section 5.5.2.2.
Corollary 5.1.11. Consider v # 7([)0] with ’y([)o] defined in Remark 5.1.5, and let ¢ = sign('y([)o} —5) =
sign(C1(&o0(7y))). Assume that ek admits a unique maximum at Syax, which is non-degenerate. Then, for all

j =1, uniformly when jh% =o(1),

A (7. h) = O (3)h — KanaxCa (G0(7))hF + (@7‘ - 1)\/ Cl(§°(”))ki”m’§°('m) B 4 o(h?),

with ky = —K" (Smax) > 0, and where we recall that £y(~y) is given in Proposition 5.1.2.

Remark 5.1.7. Let us end the description of our results with a few comments about consequences and
extensions following from our approach.

(i) Corollary 5.1.11 describes the low-lying eigenvalues with some uniformity in j (which was not the case
in [FHOG]), in an interval of the form (—oo, ©%(y)h 4+ Ch?/2|. On the other hand, Corollary 5.1.9
gives the spectrum in any interval of the form [ha, hb] with a > ©°(~) and b < 1. Hence we have
a spectral interval between these two regimes which we don’t describe here. But actually, by using
refined spectral results for 1D pseudodifferential operators, and in particular the strategy of [DV21] in
the case where k is a Morse function, it should also be possible to close this gap. However, this would
require an analysis of the hyperbolic singularities arising from the minima of ek, where we expect both
a concentration of the eigenfunctions and a higher density of eigenvalues.

(i) When ~y > 'yéo], Corollary 5.1.11 shows that the eigenfunctions (associated with the low-lying eigenval-

ues) are concentrated near the points of minimal curvature. This contrasts with the Neumann case when
the points of maximal curvature play the role of attractive wells. This phenomenon was not observed
before, see Remark 5.1.5.

(iii) The case~y = ’y([)o} is critical since C1(&y(7y)) = 0. However, our analysis can still be used by computing

additional subprincipal terms in our effective operator method. A similar phenomenon has recently
been observed in the study of the magnetic Dirac operator [BLTRS23, Section 8] and also in the analysis
of the magnetic Schrodinger operator with discontinuous magnetic fields [FHKR22]. In this case, we
have, forall j > 1,

Aj(7.h) = O (A + W2A;(eh) + o(h),

where

o = W(Ds +alh) — h36(7))? + Cok2(s),

for some C, € R. In this transition regime, the effective operator is not semiclassical.

(iv) When the curvature k is constant, in the case v € R, we are in a degenerate situation rather similar

to the case when v = 'y[[)o]. Concerning the operators mE/ of Theorem 5.1.7, this case corresponds

to [DV21, Proposition 6.4]. We can prove an expansion in the form
N (v h) = O ()b = KC1 (& (7)h? + WA;(h) + o(h?).

Here, the eigenvalues of <), will generate magnetic oscillations, see [DV21, Theorem 2.2, k = 0].
When v = 0 and j = 1, a similar estimate is described in [ FH06, Theorem 5.3.1].
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5.1.4 Organization of the chapter

In Section 5.2, we prove that the eigenfunctions associated with eigenvalues of %, in [ha, hb] are
exponentially localized near the boundary of €2, see Proposition 5.2.1. Note that the strategy used to derive
this localization deviates from the usual variational method (see, for instance, [Hel88] or [Ray17, Prop. 4.7]),
which fails since we want to consider eigenvalues between two consecutive Landau levels. To overcome
this issue, our strategy, which eventually generalizes the variational method, is based on establishing the
bijectivity of the magnetic Laplacian between exponentially weighted L? spaces. In Section 5.3, by means
of tubular coordinates (s, t) near the boundary and a rescaling ¢ = h%T, we introduce a model operator .4,
depending on the effective semiclassical parameter /i = h%, acting on 2 L-periodic functions and involving a
flux term fo, see (5.28) and (5.27). We also show that the eigenfunctions of .Z%, are roughly microlocalized in
a compact set of the phase space attached to the boundary, see Proposition 5.3.1. This allows to prove that the
spectrum of .%5, (between the Landau levels) is located near that of .43, see Proposition 5.3.2. However, one
will see that Proposition 5.3.2 is not directly useful to establish our main theorems. It is rather a pretext to
motivate the introduction of .44 and to describe the spectral estimates required to prove that spectra coincide
modulo &(h*°). Actually, one will compare directly the spectrum of .%}, to that of an effective operator on
the boundary of €. For that purpose, in Section 5.4, we construct a Grushin problem in order to invert the
(pseudo)differential operator D1 (which acts as .43 with fy replaced by 0). This method, inspired by the
works of Martinez and Sjostrand (and adapted to magnetic operators by Keraval, see [Ker18]), has recently
shown its efficiency to describe the low-lying eigenvalues of various magnetic operators (see, for instance,
[BNHR22] and [FHKR?22]). The novelty in the present paper is to use it to tackle the description of larger
eigenvalues for magnetic Schrodinger operators with boundaries, when several dispersion curves are involved
(see Figure 5.3), and not only the first one as in [BNHR22] or [FHKR22]. In order to use this method, we
write a semiclassical expansion of .47, see Proposition 5.4.4. The principal operator symbol is the de Gennes
operator (with Robin condition), which can be inverted in the spectral window [a, b] up to considering an
augmented matrix involving the eigenfunctions of the de Gennes operator, see Lemma 5.4.5. This allows to
build an approximate inverse of an augmented version of 91; denoted by Op}{v Py, see (5.43) (and the left and
right quasi inverses (5.44) and (5.45)). Thanks to these quasi inverses, the bijectivity of £}, — z is reduced
to that of a pseudodifferential operator on T'5;, whose matrix symbol is M}, modulo some remainders, see
Proposition 5.4.6 where the eigenfunctions of .%}, are directly used as quasimodes for M, %’V . In Section 5.5,
we perform the spectral analysis of M,\iN by using that the principal matrix symbol Mj is diagonal with
uniform gaps between the diagonal entries. We deduce Proposition 5.1.8 and Corollary 5.1.11. In Appendix
5.6.1, we recall the origin of the estimate (5.3). Appendix 5.6.2 is devoted to the de Gennes operator with
Robin conditions: a couple of known results are recalled and useful new ones are established.

5.2 Exponential localization near the boundary and consequences

Let us consider a smooth function @y : @ — R that coincides with dist(z, 9€2) near 2. We assume,
as we may, that ® is extended to a smooth function on R? that also belongs to W°>2(R?). The following
proposition states that the eigenfunctions associated with eigenvalues in I;, are localized near the boundary
of Q). The estimates look like Agmon’s estimates, but there are not obtained via variational means as it is the
case in many magnetic settings. Here, they follow from resolvent estimates using the distance to the Landau
levels.

Proposition 5.2.1. There exist « > 0,C > 0, hg > 0 such that for all h € (0, hy) and all eigenfunctions 1
associated with an eigenvalue in Iy, we have

1
/ 62a<1>0(x)/h2 ’”L/J‘de < C”w|’27 (5.13)
Q
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and
1
/ e20%0(@)/h2 | (_iny — A)p[2da < Chll||2. (5.14)
Q

5.2.1 Preliminaries

In the following, ,,2”}]3%2 denotes the operator (—ihV — A)? acting on the Hilbert space L?(R?). By using
the gauge invariance, we assume in the whole section that A = %(—CBQ, x1). Due to our choice of A, we

deduce that .Z,]zRQ — Ais bijective and that there exists C' > 0 such that, for all 4 > 0,
I =< en

More precisely, we can take C' = min(|2n — 3 — al,|2n — 1 — b|)~L. We let ® = a®, with a > 0 to be
determined, and consider the conjugated operator

LY = /N gR N (Liny — A 4 iR VD) (5.15)

= R £ 2ih2Vd - (—ihV — A) — h|VO|? — ih2 AD. (5.16)

The following lemma tells us that the invertibility is preserved for .,2”,? — A if « is small enough.
Lemma 5.2.2. There exists C > 0 such that for all h > 0 and all o > 0,
h2||VO - (—ihV — A)(LF — N7 < Ca. (5.17)

In particular, g}? — M\ is bijective as soon as o is chosen small enough. With such a choice of «, there exists

C > 0 such that, for all h > 0,
> -1 C
H(-i”h - < o (5.18)

Proof. Consider v € L?(R?) and let u = (E,ILRQ — A)~1v. We have
(L = Nu=v,
so that, by taking the scalar product with « and using that A < Ch,
[(=ihV — A)ull* < Chljul? + |lul|||o]]
Therefore, since V®y € L, there is a new constant C’ > 0 such that
h2|V® - (—ihV — A)u| < C'ahlull + C'hzalu])?||v]2.
Since |ju|| = H(,,%,ILRQ — )\)_IUH < Ch~Y|v||, we see that
W2V - (—ihV — A)(ZLE — Nl < Callv,

which gives (5.17).
Let us now deal with the bijectivity. We have

L2 A= _A+B,
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with ) ,
B :=2ih3V® - (—ihV — A) — h|V®|* — ih2 Ad.

Since V®y and AP, are bounded, we deduce from (5.17) that
IB(ZE — 7Y < Ca+ Cra + h2Cha® < Ca,
when « is small enough. On the other hand,
2 == (Jd+ B =07 (45 - ).

For « small enough, we deduce that Id + B(Z,ER{Q — A)~Lis invertible, and thus so is £ — . O]

In order to prove Proposition 5.2.1, we need to localize on an h'/2-neighborhood of 2. For this purpose,
we introduce two functions x;, € €5°(2) and X, € €>°(9) as follows.

Q —10,1]

Q2 —0,1] -
' { ; and - Xn: {xb—>1—g(<b0(m)/2h§)

x +— g(®o(z)/h2)

where g is a smooth non-decreasing function on R, valued in [0, 1], equal to 0 on (—oo, 1) and to 1 on
(2, +00). In particular,
supp(x) N C {z € Q,h~2®g(x) > 1}, (5.19)

and
supp(Vxp) NQ C {z € Q : h_%éo(x) €2} Cc{z e : xn(x) =1} (5.20)
Note that the following properties hold:
— xnr = 1 away from an hl/ 2—neighborhood o9,
— Vyu is supported in an h'/2-neighborhood of 952,

- ﬂsuppVXh < )Zh,

— X» = 0 away from an h'/2-neighborhood of 9.

5.2.2 Proof of Proposition 5.2.1
Let us consider \ € [ha, hb] N Sp(-%},) and an associated eigenfunction ¢ € Dom(.%},). We have
((—ihV A2 - )\) W = 0.

/h1/2 . Using (5.16) in €2, the equation becomes

Letp =e
(.z,? - A) o =0. (5.21)
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Then, we have

(4 = 2) () = 40, xnle

_ 6(I>/h1/2[ ]6_¢/h1/2

gh’ Xh ¥
= /M (—hQAXh — 2ihVxp, - (—ihV — A)) ef(b/hlpgo

- (—hQAXh — 2ihVxp - (—ihV — A + z’h%w)) 0. (5.22)

We have ||h2(Axn)e|l < Ch||Xnell. (Here and in the rest of the paper, C' denotes a constant that is
independent on £ but that can vary from line to line.) Let us explain how to deal with the last term. We have

h[Vxh - (—ihV — A +ih2 V)| < h|[Vxn - (—ihV — A)g| + Chl|xngl.
Let us temporarily admit that, for o small enough,
h[Vxn - (=ihV = A)o| < Chl[Xnel|- (5.23)
We then immediately deduce from (5.22) that
(22 = 2) G| < Chlgngll- (5.24)
Since xpp € Dom(ﬁﬂ}@) we obtain from (5.18) that

Ixnell < Clixnell,

which implies that
lell < ClIxrell + 11 = xn)ell),

1
showing that ¢ is localized near 2. More precisely, recalling that ¢ = e®/"?4), using that Dy(z) =
dist(z, 0€2) near the boundary, and the fact that the supports of x5, and 1 — x}, lie in neighborhood of the

boundary of size h%, we deduce (5.13).

Let us now deal with (5.14). We have the Agmon identity
Re (£, /M 0) = 2 a (" 9) — ™ Py e,

which follows from (5.16) where we see that Re .£,® = %, —h |V®|? and we notice that Re (%1, 2®/ h1/2¢> =
((Re .i”,?)eq’/hmw, e@/hmw). Recall also that, when u € Dom(.%},), then (Zju, u) = 25, A (u), see (5.1).

Then, by using that v is an eigenfunction, we get

2

|9 = ) (0 0) P nd [ ey as - e vl = A

With (5.13), we find

2 q
/ |(~ihV — A) (2" )] dx—i—’yh%/ e®/M % p|2ds < Chlj||2.
Q o0
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5.2. Exponential localization near the boundary and consequences

From a classical trace theorem, there exists C' > 0 such that for all € > 0, we have
| lePds <C (=7 lpl® + €Il )
Gi9)
With the diamagnetic inequality (Theorem A.1.3), we deduce that
W [ Jelds < C (he ol + el(—inV — A)l?).
o0

and then
1
h /m oPds < C (i ol + ch™ 2 |(~ihV — A)g|?).

1
Taking ¢ = 2?6 |20 implies that

/Q [(~in — &) (2/7) " da < Gl

Computing a commutator gives (5.14).
It remains to explain why (5.23) holds. From (5.16) we can write
L2 = Ly +ih? Lo, (5.25)

with
Ly = (—ihV — A)? — h|V®|?, Ly =2V® - (—ihV — A) — ihAD.

From (5.25) and (5.21), we get
1
(Ll — A+ ih5L2)4,0 = 0.

For j =1, 2, we have
Re{(L1 = N, (95x0)%0) — h> (Lo, (95x0)*) = 0.

Thanks to the classical localization formula (see, for instance, [Ray17, Prop. 4.2]), we have

Re((L1 — N, (9jxn)%¢)
= [[(=ihV = A)[(9;xn) )| — h/Q IV®I2[(05xn)el*dz — A|0jxnell* = IV (95xn) ¢l

Moreover,

1S(Lag, (9jxn)*#)]

= |S((95xn) L2, (Djxn)9)]

< [S(L2((95xn)e), (Oixn) )| + [{[L2: Ojxnle, (Ojxn)p)]

< Ch[|(D5xn)ell” + Cal|(=ihV — A)(@ixn)ellldyxnell + ChIV (@ixn)elllldixnell-

Due to the properties of j, we have

~ _1 . _1 ~
IS(Lap, (0jxn)20)| < Clltnell + Ch™3a|(=ihV — A)(@;xn)¢|l* + Ch™2a| tnel|?
+Ch™ 3| %ne| .
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Therefore,
[(—=ikV — A)[(9;xn)€lII” < Clitnell® + Cal(—ihV — A)(8;xn)e .

Taking v small enough, we get
I(=iaV = A)[(9xn)PllI* < Cllxnel*.

Computing a commutator, we get (5.23).

5.3 An operator on a semi-cylinder

5.3.1 A model operator

The exponential localization near the boundary at a scale of order h2 given by Proposition 5.2.1 invites us
to use the classical tubular coordinates (s, t) near the boundary. We recall that these coordinates are defined
thanks to the application

I':R/2LZ x (0,t9) > (s,t) — I'(s) — tn(s),

which is injective if o is small enough. Its Jacobian is a(s,t) = 1 — tk(s), where k is the curvature of the
boundary at the point I'(s). Here I is a counterclockwise parametrization by the curvilinear abscissa. Thus,
I" induces a smooth diffeomorphism between R/2LZ x (0,tp) and Qy, := I'(R/2LZ x (0,%)).

By using [FH10b, Appendix F], we can check that the magnetic Laplacian acts locally near the boundary
in these coordinates as

_ 2

Ly = a(s.t)™! (—mas — 4 fo+ mg) als, )" (—z’has —t4fo+ m(s)t;)

— h2a(s,t) " 0a(s, t)0;
in the ambient Hilbert space L?(adsdt). Here fo = %. The boundary condition (5.2) becomes

Db (s,0) = vh~24(s,0).

Of course the operator Ly is only defined near ¢ = 0. We would like to consider a global operator, whose
eigenfunctions satisfy Agmon type estimates with respect to ¢. This can be done by inserting cutoff functions

with respect to . We let £ = t¢ (h7%+”t) with 7 € (0, 3) and ¢ a smooth cutoff function equal to 1 near 0.

Remark 5.3.1. We cannot directly reduce the problem to a problem near the boundary, as we have seen in
previous chapters. In fact, if we consider the problem in a tubular neighborhood with Dirichlet condition
on the outer and inner edge and since we have shown that the eigenfunctions are localized near the 050, this
also works on the edges of the tubular neighborhood, then we cannot localize the problem in this tubular
neighborhood. To do this, we introduce the cutoff function (.

Let us consider the differential operator acting as

2 2
— h2a(s,t) "' 0sa(s, )0,

L = als, 1)~ (ih@s —t+fo+ m(s)p> a(s, )™ (ihas —t+fo+ "J(S)EZ>
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on the domain

Dom (%) = {u € L*(Tar, x Ry) : —0%u € L* (T, x RY),
(—ihds —t +f0)? u € L2(Tap x Ry), du(-,0) = vh~2u(-,0)}.

The ambient Hilbert space is L?(a(s, f)dsdt) = L?(dsdt), with 2L-periodic condition with respect to s.

5.3.2 The rescaled operator
The exponential localization at the scale h3 near the boundary suggests to consider the partial rescaling
(s,t) = (s, hr),

where /i = h3. We consider the new operator, acting in the ambient Hilbert space L?(apdsdt) = L?(dsdt),

—

S = an(s,7)  pspan(s, T) tpsp — an(s, )t 0ran(s, 7)0s, (5.26)
with -
Psh = —ihds =T +0 + hm(s)%, 0 = 1o, (5.27)

and where ay,(s, 7) = 1 — Atk with 7 = ((h?77)7. In the following, we let u = 4?7 and (1) = ((A?"7)7.
This will be convenient when expanding the operator in powers of & (i will be considered a parameter).
The boundary condition becomes

97(s,0) = 19(s,0).
The domain is given by
Dom(.%,) = {u € L*(Tyr, x Ry) : —0%u € L*(Ty, x RY),
(<ihds — 7+ h o) w € L2(Tar x R4), 0ru(-,0) = yu(-, 0)}.
In fact, it will even be more convenient to deal with the following operator
Ny = ap(s, T)flpi%&h(s, T)flpi% — ap(s, 7) " 0 ap(s, T)0;, (5.28)

where

P2y = Z0(- + OV — 7 + hn(s) . (5.29)

o |

Dom () = {u € L*(Top x Ry) : —02u € L*(Tar x Ry),
7%u € L*(Tar x Ry), 0ru(-,0) = yu(-,0)}.

5.3.3 Microlocalization of the eigenfunctions of .},

In fact, we can prove that the eigenfunctions of %}, associated with eigenvalues in [ha, hb] are roughly
microlocalized with respect to o + hilfg, the (shifted) dual variable of s. In order to quantify this, we
consider the compact set

K= U{U €R: p;(0) € [a,b]} C [Omin, Tmax] =2 K. (5.30)

jz1
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Note that K is indeed compact due to the properties of the p; (tending to +oo at —oo) and to the choice of
[a, b], which does not contain Landau levels (the limits of the y; in +00).

The following result establishes a rather rough microlocalization result (with respect to o) for the eigen-
functions: it tells us that the eigenfunctions are microlocalized in the compact set K. To quantify this, we
consider a smooth function Z with values in [0, 1] such that Z = 0 near K and 1 away from K.

We let A = b1\

Proposition 5.3.1. Let us consider the eigenvalue equation £,1) = M for \ € [ha, hb|. Then,
Zip = Mo+ O0(h)|9]), (5.31)

with © = i, where 1 = ¥ o T(s, hr) and X(7) = x(W'7) for a smooth cutoff function x equal to 0 away
Jrom T = Q.
Moreover,

Opy (E(o + b o)) = O(h*) ||| (5.32)

Proof. The estimate (5.31) follows from the Agmon estimates (Proposition 5.2.1).

Then, let us only prove that (5.32) holds when = is 0 near (—00, omax + %) and 1 on (0max + €, +00),
the estimate following from similar arguments on (—00, Oyyin — €).

In order to lighten the notation, we will use a slight abuse of notation by writing

=V .= Op)V (E(0 + I o). (5.33)

Then, we write

(- 3) Ve = 1%, EV]p + o) |1¥]].

Let us consider the commutator. Thanks to the explicit expression (5.26), one of the terms is
[st0.t00 2 o = "D, =] ]

O () || D7 + 1 ||EV D

where = has a support slightly larger than the one of =, and where we used classical results of composition
of pseudo-differential operators. The other term is

H [aﬁlps h(lglpsﬁ, EW} ng
= ||[ar (hDs = 7 + B Yo + hi(s) 5 )ay  (hDy = 7+ B o + hie(s) 5), EV] o

O (h) |

ol
Thanks to the explicit expression (5.26) and the Agmon estimate, we get
1%, EVell < CRIEV @Il + CRIEV Ol + 6(h) 14, (5.34)
and we can write, by using the support of ¢ (h_%”t),
D=L+ R,  Lo=-0+plne,  Dsno=—ihds + N Yo — T, (5.35)
where the remainder %}, can be written as

Rp =" Ry o (s, 7)p2 po + B Ry 1 (s, T)psno + B2 ¥ Ry + ARy 40;,
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the R, ; being smooth functions, uniformly bounded in A.
Then, we consider an increasing function o + Z(0) € (Omax + §,+00) that coincides with Id on
(Omax + 5, +00). We let

Zg = 0py (—02+ (B(o+h7Yo) — 7)),

where the superscript "cut" refers to the replacement of —ihd, + h~'fo by =W (with the same abuse of
notation as in (5.33)). We notice that Z Z AN bijective (with an inverse uniformly bounded in £) due to
the choice of = and the definition of oy,,x. Moreover, we have {E # 0} C {Z = Id} so that, with (5.35),

(Z5 = A+ 25 ) BV = (2, EV ] + 0(h%) [0
which can be written as

(1d+ 25 (Z5m = 2)7Y) (Z5™ = NEV g = [, Ve + 0(h)|].

The operator Id + %gut(,?g’ut — 5\)_1 is bijective as soon as / is small enough.
With (5.34), this provides us first with

IEV |2 < CRIEV ¢|* + CR|EV 0- | + O/(h)|[¥|%,
and then
IEV 0l + |2V 6| < CRIEV 6| + CRIZY 0,0) + 6(h%)[w

The estimate (5.32) follows by induction on the size of the support of =. O

5.3.4 First spectral estimates

The aim of the following proposition is to establish that the spectrum of .%3, in I}, is close to that of h./4%
and thus that .4}, is a nice auxilliary operator to describe the spectrum of .%},. In fact, we will see that this
proposition is not necessary to prove our spectral estimates, but its proof is instructive.

Proposition 5.3.2. There exists hg > 0 such that for all h € (0, ho) the following holds. Let us consider an
interval Jy, C I,. Then, there exists an interval Jy, such that Jy, C Jy, C Iy, with du (Jp, Jh) O(h*>) and

rank 15, (£,) < rank1; (h%) (5.36)
Moreover, for all \ € I, N\ Sp(£},),
dist(A, h Sp(A7)) = O(h™). (5.37)
Proof. Let us start by proving (5.37). Let us consider an eigenvalue A € I, of .%},. We write the eigenvalue
equation 251 = Ai.
With Proposition 5.3.1, we can write (5.31). Then, with (5.32), we deduce that

htnp = Xo + O(R) |||

Thus, (5.37) follows from the spectral theorem.
Let us now consider (5.36), which deals with multiplicities. Let us write Sp(.%3,) N Jp, = {A1,..., Ay}
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(where the A; are distinct) and underline that these eigenvalues depend on / as well as p. Consider the
associated eigenspaces (E;)1<;j<p and note that dim @’_, E; = & (h=2) thanks to the Weyl estimate (5.3).

With the same notation as above, we consider the spaces of quasimodes ()Zth)lg j<p- Thanks to Proposition
5.3.1 (and the rough Weyl estimate), dim(x;£;) = dim E;, as soon as h is small enough. Moreover, we

have
(@5 hth = Nl <enliell,  en = O(0>),

for all ¢ = (¢1,...,9p) € @?:1 XhEAj and where A = (A1,...,,). We set J, = [ap,bs] and Jp =
[an — €n, bp + €p]. If rank 1 ; (h.A3) < rank 15, (Z}), then the projection

P
: @ Rnkj — ranl; (L)
j=1
could not be injective. Indeed, If II is injective, then
p A
dim(@ XnEj) = dim(ran1; (hAtp)) = rank 1 ; (htp).
j=1

On the other hand,
p
dim(EP XnE;) = dim(EP E;) > rank 1, (%),
j=1

Jj=1

which gives a contradiction. Since II is not injective, then
p A
dim(ran1; (ht)) < dim(@ XnEj).
j=1

Considering a non-zero ¢ € @?Zl XhEAj (in the kernel of II), the spectral theorem (Proposition A.1.6) would
give
(@1 htr — Nl > enllel],

which is a contradiction when ¢ # 0. Therefore, (5.36) follows. O

5.4 A Grushin problem

5.4.1 Preliminaries

Let us prove that an operator given by (5.7) with a 2L periodic symbol, p(s+ 2L, o) = p(s, o), preserves
2 L-periodic distributions and also locally square integrable 2 L-periodic functions (is the subset of L%OC(R)
of 2 L-periodic functions).

Proposition 5.4.1. If p is 2L-periodic, the operator given in (5.7) induces a bounded operator from
€9 L2(Tay) to €*9L?(Tyy), where Ty, = R/2LZ (in other words L?(Tay) is the subset of L% (R)
of 2L-periodic functions, equipped with the usual L* norm on [0, 2L]).

We notice that ¢*? L2, (R) is the set of functions
L3 (R) = {u € Lioo(R) : u(s +2L) = e u(s)},

equipped with L2-norm on a period [0, 2L].
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Proof. We recall that the Weyl quantization of a symbol p is given by the formula:

OpY¥pu(s) = el /hy <8ng 0) u(y)dydo, Vu e .Z(R).

2h Jre

Letu € L2, (R), we have

OpYpu(s + 2L) = 27171 [ gils2L—y)o/h,, <3+22L+3/’ U) u(y)dydo
= 271rih o ei(s_y)a/h’p <S * 42L + y,a) u(y + 2L)dydo
— % 9 ei(s=v)o/hy, (S + 42L + y,a) 210 (y)dydo.
Using that p is 2L periodic symbol, then
OpY pu(s +2L) = e220pV puf(s). (5.38)

From the composition theorem for pseudodifferential operators (see Theorem A.2.4), we see that (s) ~1Op, p (s)
is a pseudo differential operator with symbol in Sp2(1), and thus it is bounded on L?(R) thanks to the
Calderon-Vaillancourt theorem, see Theorem A.2.5. This shows that Op," p is bounded on L?(R, (s)~2 ds).
It is equivalent to:

For u € L?(R, (s)~2 ds), there exist C > 0, such that ||Op;fvp||L2(R7<s>_z as) S lullp2(m,(s)-2 as) - Since
Op,"p is bounded on L?(R, (s)~2 ds) and the norms on L*(R, (s)~2 ds) and L3, (R) are equivalent, we
deduce that Op," p is bounded on L2, (R). Then, the conclusion follows.

Let us explain why || - || 12, () and | - [l2(®,(s)-2 ds) are equivalent. Notice that there exists C1(L) >
0,C2(L) > 0 and C3(L) > 0 such that for all u € L3, (R),

e, -2 0wy = | fus)2ts) 2 ds

(21+1)L
:Z/( T (s 24s) 2 ds

icz / (@I-1)L
, (DL )
<A@y [ ) ds
iz (21-1)L

< Co(D)|lull?s (g

< 03(L)||UH%2(R,<S)*2 ds)-

Proposition 5.4.2. The operator Op}" p acting on €912, (R) is unitarily equivalent to Op)¥p(s, o + h)
acting on L3, (R).
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Proof. Letu € e**?L2, (R), then there exists v € L2, (R) such that u(s) = ¢**?v(s) . We have

1

i(s—y)o/h s+
Opi'puls) = 5 | =7/ (zyo*) u(y)dydo

1 o sty
- i(s—y)(o+h0)/h), (2T I
2 e e D < 5 0 + hH) u(y)dydo

= — i(s—y)o/h i(s—y)0 iy0
o e e e D ( 5 10 + h@) e u(y)dydo

1 o ; s+y
_ i(s—y)o/h is6
T e e e*’p ( 5 10 + h&) v(y)dydo

1 . .
= elseﬁ o eils=)a/hy, <s—|2—y’ o+ hQ) e~ Wu(y)dydo.

We deduce that: ' A
OpYp = e0p\Vp (s,0 + hB) e,

and then the conclusion follows. O]

5.4.2 A pseudodifferential operator with operator-valued symbol

Recalling Remark 5.1.2, we notice that the operator .4 can be seen as a pseudo-differential operator
acting as
Ny = &ﬁ(S, 7')717;1&}1(8, 7')7177‘Z - dh(s, T)fla»rdh(s, 7')87— ,

on functions of the form e*o/"L2(Ty; x R, ) and where
=W K .2
Th=Ey — 7T+ hgT ) (5.39)

In fact, it will be convenient to see 91 as a pseudo-differential operator with operator-valued symbol. At
a formal level, the principal symbol of 91, is ng(s, o) = —9? + (0 — 7)? equipped with the domain

Dom(ng) = {¢ € B*(R+) : ¢/(0) = 7¢(0)}.

The vector space B?(IR ) is equipped with the (s, o)-independent norm
11 B2,y = 1717+ 19117 + 11621

With this convention, we may write that ng € S(R?, .Z(B?(R), L*(R.))).
We say that U € S(R?, Z(B?(Ry), L*(R,))) when, for all o € N2, there exists C, > 0 such that for
all (s,0) € R?,
0%V 2 (B2, ), 22(Ry ) < Ca-
Such symbols might also depend on 7; in this case, the constant C,, is uniform in 7.

Lemma 5.4.3. The operator Ny, can be written as the Weyl quantization of a symbol in
S(R2, Z(BX(Ry), LA(R4))).

Proof. We can write
7i = 0p}Y (Zalo) — 7+ 137)
the symbol (2 L-periodic with respect to s) belonging to the class
S(R?, Z(BY(R,), L*(Ry))) N S(R?, £(B*(R4), BY(R))). The functions ay(s, ) and ap(s,7)~! are
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5.4. A Grushin problem

bounded uniformly with respect to / (and so are all their derivatives). Then, the conclusion follows from the
composition theorem for pseudo-differential operators, see Theorem A.2.4 . O

In fact, we can describe more accurately the symbol of 91 by expanding it in powers of 2. An analogous
description for a very similar operator can be found in great detail in [FHKR22, Section 4.2].
Proposition 5.4.4. The operator Ny, can be written as follows:
Ny = no + hny + W22 + hwyd;, (5.40)
where, for some N € N, C, hy > 0, we have, for all h € (0, k),
() wp, is a smooth function supported in {(s,7) : C™*h=2" < (1) < Ch~?"} and such that w, = O({t)),

(i1) %22) is a pseudodifferential operator whose symbol belongs to a bounded set in the space of symbols
S(R?*, Z(B*(Ry.), L*(Ry, (1)~ Ndr))).

Moreover, the n; are given by n; = Ovanj with

no = —07 + (So(0) —7)%,

_ 5 o _ 9 (5.41)
1 = (s) [(Bo(0) — T)C2T? + Gudr + 26u7(o(0) — 7%
In particular, we can write Ny = Op;zv(nh,) with a symbol ny, satisfying

nyp = ng + hny + hQ’r‘;(f) + hwp0-,

where 7"22) belongs to the class of operator symbols S(R?, £ (B?(R,), L*(R, (t)~Ndr))) uniformly in h.

Proof. Let us provide a Taylor expansion of

=/Vﬁ = &ﬁ(&T)_lE&ﬁ(sa T)_17;L - &h(s>7—)_167dﬁ(577-)87

= (an(s,7)1Th)?% — ap(s, )" toran(s, 7)oy,
where T}, is defined in (5.39) and can be rewritten in the form
K
o= o + hy Gir®.

Now, we expand &gl in powers of i, we get

N1 2 (HC#T)z
=1 S
ay + hKCuT + R = hgyr
so that ¢
hay' = h R AT
n + 1 — hu(,T
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Chapter 5 — Edge states for the Robin magnetic Laplacian

We have the following expansion
P | ~—1K 2 2
ay " Tp = a;, o + hay, 5@7’

_ 2 (“CMT)Q 2 KQuT Koo 2
= (1—&-7@/1(,47'4-?1 1= heC,r po+ |h+h 71_7”%_“7_ o ouT
(”C;ﬁ)Q

_ 1 2 1
= po + hu(,T <p0 + 2@7’) +h = hncyr (po + 2@7’) .

The previous expression can be rearranged as follows
ay " Tr = po + hp1 + h> %,

where

1 ,7)? 1
o1 =G (o 56em) = 1 (w+ 6).

We can also expand the operator in the transversal variable and get

—ay 0450 = —02 — (a5, '0rap)0;
= 0% + hay, N (Cuk + THO- () Or
= —02 + (k0 + hwp 20, + hPvp,

where the functions vy and wp, 2 are smooth functions satisfy, uniformly with respect to s, and A,
vp=0((1))0; and wp2 = O(|(1)0:Cul)-
We get this expansion of the operator
My = (=02 +p3) + i (pop1 + p1po + Gurdy) + iy 20
+h? (vh + PoZn + Anpo + P + W(p1%h + Zipr) + hz‘%i%) ;

then, the conclusion follows from the composition theorem for pseudo-differential operators, see Theorem
A24. O

5.4.3 Dimensional reduction

The aim of this section is to analyse the spectrum of .43. This can be done thanks to a Grushin reduction.
The principal symbol of 91, is the "de Gennes operator" with Robin boundary conditions. Explicitly, we have

no(s,0) = =02+ (Zo(0) — 7)°.

The increasing sequence of its (simple) eigenvalues is (u;(ZEo(0)))x>1. We recall that the functions i, are
described in Proposition 5.1.2.
Now, consider the window [a,b] C (2n — 1,2n + 1).

Lemma 5.4.5. Forall z € [a,b), let us consider the matrix operator

Py(z) = (“0(5’5) m e %) : B2(R}) x CN — L2(R,) x CN,
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5.4. A Grushin problem

where IT* () = Zévzl Oéj’z,j and Ty = ((v, ﬁj>)1<k<N.
Then, Py(z) is bijective with inverse

_ (a0 1 _ =1L
QO(Z) - <H 5 — M0(0)> ) qo0 = (no(s,a) Z) (H H) )
where My (o) is the diagonal N x N matrix whose diagonal is (ﬁl, .. ,,&N).

Proof. Letg € L*(R™) and 3 € CV. Let us look for f € Dom(ng) and o € C" such that

Po(z)(fOa) =g p.

In other words,

{(no(s,a) —2)f+1"a =g,

IIf = g.
Let £ = span(al, . ,?OLN), and F = E. We can write
f=re+/r,
where
N
fE = Z<f7uj>uj
j=1

OrIIf = 3, then (f, 13]> = ;. Therefore,

fe=MWp=1"1f, fr=d"I)"f.

‘We have
(no(s,0) — 2)fr = —(no(s,0) — Z)fE —Ma+g
—(no(s,0) Z/BJUJ Mo+ g,
so that
(no(s,0) — 2)fr = Z,@’] —T*a+g. (5.42)

The space F is stable by ng(s, o) — z in the sense that: For all u € Dom(ng) N F, we have

o o

((no(s, ) = 2)u,u;) = (u, (no(s,0) — 2)uz) = {u, ju; — 2u;) = 0.

The operator ng(s, o) — z stabilizes I and thus induces an operator on Dom(ng) N F.

Moreover, thanks to the self-adjointness of ng, the min-max principle and the fact that min /OJ, N1 =
2N + 1 > z, there exists ¢ > 0 such that, for all v € Dom(ng) N F,

((no — z)u, u) = {nou, u) — zl[ull® > (fx 41 — 2)llul® > cl|ul®

Thus, the operator (ng — z)| F is injective with closed range and, by considering the adjoint, we deduce that
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Chapter 5 — Edge states for the Robin magnetic Laplacian

it is bijective. We also notice that

— ] —
I(no — 2)jp Il < (v 1 —2)7' < e

-1

Then (5.42) has a solution if and only if the right-hand-side belongs to F, that is

N
—Zﬁj(ﬂj—z)ﬁj —H*OJ-FQGF
j=1

N N
= =Y Bty —2)u; — Y g+ g€ F,
j=1

J=1

then,

N N
<—Zﬁj(ﬁj—z)ﬂj—Zajﬁj+g,&k>:0, Vk=1,...,N.
j=1

Jj=1

As, ﬂj is an orthonormal family, then

—Br(fi — 2) — e + (g, ux) = 0,
we deduce that,
ag = Br(z — pg) + (g, ur),

and . .
Bi(z — pq) + (g, u1)

a= : =1Ilg + (z — My(0o)p.

Bn(z = fn) + (g, un)

This unique solution is given by

[¢]

N
fr= (I =37 8;(; = 2)(no(s, 0) = 2) i, — (no(s,0) = 2)
j=1

= (H*H)J‘(no(s, o) —2)"1g.

Therefore,

“MI*a + (no(s,0) — Z)flg}

f=fe+fr=T3+ M) (ny(s,0) — z) " 'g.

Let us now consider the full symbol

which may be expanded in powers of & as

th(z) = @0(2) + R, (Z) + Xy,
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5.4. A Grushin problem

with

%<z>=<”°(8’§)_z ré*) %(z)z(%l 8>’ %’n<z>:<%h 8)7

where r;, = h2r,(i2) + hwp0., see Proposition 5.4.4,

We notice that

T 0

Since the principal symbol of e@gv is bijective, it is natural to try to construct an approximate inverse in the
semiclassical limit. Let us look for an approximate inverse whose symbol is in the form

PV = (mh F ‘B*) . op=1W. (5.43)

e@h,l = Qo(z) + th(z).

As in [Kerl8], we are led to choose

_ _ [20mq0 qom 1T
D) = — Dy P Dy — <Hn1q0 HmW).

This choice is convenient since the composition theorem for pseudo-differential operators (see [Kerl8])
implies that

1 W
B (olz) + 0™ =10+ (120, 20} + 20+ 217, )

+ O12(Ty, xR (7)Ndsdr) x L2(Tar, )= L2(Tar, xRy )x L2(Taz ) (h?),

where the remainder is estimated thanks to the Calderén-Vaillancourt theorem (see [Ker18, Theorem 2.1.16])
and the resolvent estimate in Lemma 5.6.3 (applied with an appropriate o > 0). The h-term vanishes due the
choice of 27 and that fact that the Poisson bracket is actually 0 since the principal symbol does not depend
on s. With this choice, the bottom right coefficient, denoted by Q;,tl of the matrix 2 is

Q%tl =z — Mo(o‘) — thlﬂ* .
This invites to consider the effective matrix pseudo-differential operator whose symbol is
Mh = Mo(O') + hMl(S, O'),

with
Mi(s,0) = k()€ (1, xo(o))II*,  E(7,€) = (§ = T)¢pr? + Cudr + 2¢ur (€ — 7).

Using again the composition theorem to deal with the remainder %, we get

e@g\flﬁ%}v =1Id+ Opo(1,, xRy ()N dsdr)x L2(Tar )= L?(Tar, ><]R+)><L2(T2L)(h2) + Zph 0 0

(5.44)
Moreover, similar arguments show that Q,‘{Vl is also an approximate right inverse of :@;fv in the sense that

w (hwhaT 0\ "

W
hwp0, 0
Py DY =1d + Op(my, xR, ()N dsdr) x L2(Tag )+ L2(Tap, xRy )x L2(Tap) (1) + ( g 0) 2.

(5.45)
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Proposition 5.4.6. The spectrum of £}, in [ah, bh| coincides (with multiplicity) with that of hOpXVM 1 modulo
O(h?).

Proof. First, we consider ) an eigenfunction of %, associated with A € [ah,bh]. We use (5.44) with

z = h~ ')\ we get that
N (};’) = (}i) +o)el,

where ¢ denotes the function 1) after multiplication by a cutoff function in ¢ and rescaling as in Proposition
5.3.1. Note that we used the exponential decay in 7 of our quasimode ¢ (which comes from that of ) to
control the remainder term in (5.44). We infer that

TPy =+ O0Mm)|ell, (A—OpMp)Be = G(h)]|¢l, (5.46)

where we used that the principal symbol of the top right coefficient of 2, is II*. Since B* is bounded
uniformly in % (as the quantization of a bounded symbol), the first relation implies that

el < C|PBe-

Then, from the second relation and the spectral theorem, we deduce that
dist(X, Sp(OpyY My)) < Ch2.

This means that the spectrum of h~!.%}, in the window [ah, bh] is at a distance of order h? to the spectrum
of the effective operator Op," M,

Let us now proceed as in the proof of Proposition 5.3.2 and keep the same notation. We have

(@5, M = Nl < enllell,  en = O(h™),

~

forall = (¢1,...,9p) € B, {nEj and where X = (Aq, ..., \p).

Similarly as (5.46), we have
lell < ClIBell, (5.47)

and
(®F_,0py My — AP = (1) ||Bell,

where By = (P, ..., Pyp). Dueto (5.47), the action of the map P is injective on @é’:l )A(th. Therefore,
as in the proof of Proposition 5.3.2, the spectral theorem provides us with

rank 1, (%) < rank 1, (hMYY),

where J;, C I}, and K}, is an interval such that J;, C K}, and dyg (Jy,, Kp,) = O(h?).

Let us now prove the converse estimate. We use (5.45) with an eigenvalue z = X of M ,LYV and for f a
corresponding eigenfunction. We have

2y 20 (3) = (?) o)1, (5.48)

where the remainder term involving wy has been controled by using the exponential decay of the eigenfunctions
of the de Gennes - Robin operator n.
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5.5. Analysis of the effective operator

Then, the first line in (5.48) gives
“ W
(M=N) (28)) f=om)If, (5.49)

where as the second line gives
+\WV 2
¥ (2f,) =001,
which leads to -
Isn<c|(en)” 1.
With (5.49), we get
“ \W 9
(M=) (2h,) f=0m)

(CON

W
Now, by using the exponential decay of (o@;fl) f and the rough microlocalization of f in the support of
Zo (since the principal symbol of the scalar pseudodifferential operator Mj is ng), we get the quasimode
estimate

(i N = (1) [
with U8t () = y(t(x) /A7) Tasi o =1 (x) where

. 4%
W (s, 1) = (25) f(s,h7'),

and y is a smooth cutoff function equal to 1 near 0 and 0 away from a neighborhood of ¢ = 0 and v € (0, 1)
is chosen small enough so that tC(lf%*pt) = t on the support of x(t/h!™7).

The spectral theorem shows that ) is close to the spectrum of %}, at a distance or order at most &'(h?).
The argument concerning the multiplicities can again be used (as above) by exchanging the roles of .45 and
M %N . The conclusion follows. O

Remark 5.4.1. In Proposition 5.3.2 we only proved one inclusion of spectra. In contrast, Proposition 5.4.6
is stronger, since it provides an equality O (h?), in the sense of Definition 5.1.6. Indeed, in the proof of
Proposition 5.4.6, we only have to use quasimodes for Ay, and not necessarily the true eigenfunctions of N}
(whose existence in the spectral window of interest is not obvious). QOur presentation avoids the spectral
analysis of N;, (existence of the discrete spectrum, Agmon estimates, etc.) by comparing directly the spectra
of £, and of the effective operator.

5.5 Analysis of the effective operator
This section is devoted to the spectral study of M. ;IN in [a, b]. Let us diagonalize this operator, up to a

remainder of order ¢’(h?). Note that, by using the exponential decay of the eigenfunctions of 79, we may
(and so do we) replace ¢, by 1.

5.5.1 Asymptotic diagonalization and end of the proof of Theorem 5.1.7

We notice that the spectrum of

Ty = exp(RAVYMY exp(—hAWY)
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is the same as the one of M, as soon as A belongs to S(1) and is 2L-periodic with respect to s. In this
case, we recall that AW is bounded from L2 (Tar) to L? (T5z,) (and thus its exponential is well-defined as an
element of .Z(L?(T5z)) thanks to the classical power series). Let us explain how to choose A. By expanding
the exponential, we have

T = (Id + RAV) MY (1d — hAY) + 0(h?),

and thus
T =M + h[AY, M| + O (1),

so that

T = MY + 1 (M + [A, M) + 60(h2).
Therefore, A should be chosen so that M, — [M), A] is diagonal. The map Skew,,(R) 5 A — [My, A] €
Sym? (R) is well-defined and an isomorphism since Mj is diagonal with distinct real entries, where Skew, (R)
is the vector space of skew-symmetric matrices and Sym%(R) the space of symmetric matrices with null

diagonal. It is actually easy to compute its inverse. Consider M a symmetric matrix with null diagonal. We
want to find A € Skew,,(R) such that [My, A] = M. Forall j € {1,...,n}, we have

(M(] — ﬁj)Aej = Mej,
and then, forall k € {1,...,n},

(i — 11;){Aej, ex) = (Mej, ep).

Thus, for all k # 7,
<Aej7 ek‘> = (ﬁkz - ﬁj)_1<Mej7 €k>7
which determines a unique A € Skew, (R).
Since there is a uniform gap between the ﬁ ; (with respect to o), we get the existence of a skew-symmetric

Ain S(1) such that

My — diag(My) +[A, Mo] = 0.

—_—————

€Sym? (R)
With this choice, we get
T = MY + hdiag(M)Y) + O(h?).

Note that, for all j € {1,...,n}, we have (Miej,e;) = r(s)(€(r, EO(U))UBEO(U)’%,uBEO(U)’W]) By the
spectral theorem, we deduce that the spectra of MY and MV + hdiag(M,") coincide modulo &'(h?). This
procedure can be continued at any order.

5.5.2 Spectral consequences

The aim of this last section is to prove Proposition 5.1.8 and Corollary 5.1.11.

5.5.2.1 Proof of Proposition 5.1.8

We could not find this particular statement in the literature, because a) we have to deal with non-connected
level sets of the principal symbol, and b) we have Floquet periodic conditions, with A-dependent Floquet
exponent.. The first issue is treated with usual microlocal arguments: each connected component carries
with itself a Bohr-Sommerfeld asymptotic series, as in [HR84], and the initial spectrum is obtained, modulo
O (h), by the superposition (with multiplicities) of all these series. The second one is easily included in
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the general theory thanks to the “sheaf” approach of [VNOO]. Indeed, near each point of the energy level
curve o = const, the operator Pj is microlocally a usual h-pseudo-differential operator, and the quantum
Darboux-Carathéodory normal form holds. Therefore, the Bohr-Sommerfeld cocycle of [VINOO, Proposition
5.6] holds; the difference being that the condition for a global section should include the Floquet exponent c.
This gives a Bohr-Sommerfeld rule for quantized energies E (for each connected component) of the form

A(E) + hm(E)% + hK(E) + O(h*) = 2nh(l + £a), (€ Z, (5.50)

where A(FE) is the action integral (here A(E) = 2Lo when E = p(c)), m(E) the Maslov index (which
vanishes here, because the curves o = const project diffeomorphically on the s variable), and IC(E) is the
integral of the subprincipal form [VNOO, Definition 3.2] along the energy level set. In order to compute X,

we notice that the Hamiltonian vector field of u(o) is p/ (0)% and hence the subprincipal form is Wg)ds,
where 7 is the subprincipal symbol of Py, (here r = —C'(0)k(s)). Hence, for E = u(o), we have
C(a)

2L
K(E) = el /0 (s)ds.

Inverting the formal series (5.50), we get

E = p(o) — K(u(0)) it (0) + 6(12), o = Fh(t + La)

™

which gives (5.9) and (5.10).

5.5.2.2 Proof of Corollary 5.1.11

Thanks to Proposition 5.4.6 and the considerations in Section 5.5.1, we know that the spectrum of .%}, in
[ah, bh] coincides with that of hM,¥ modulo &'(h?). In the present section, since we are interested in the
low-lying eigenvalues, we take a = —oo and b = Oy(vy) + ¢ < 1 (for ¢ > 0 small enough). Therefore, we
have n = 1 and the matrix symbol M}, reduces to a scalar symbol:

M (s,0) = (7, ) + hr(s) (6 (7, Zo(0))ul=0 7] yZol)y,

We are interested in the spectrum of M, ;,N (when acting on e?fo/ h[2(T,z)). Thanks to the Weyl asymptotic
formula for pseudodifferential operators (see, for instance, [Zwo12, Theorem 14.11]), the counting function
N(MN,00(7y) + ¢) (giving the number of eigenvalues less than Og(7) + ¢) satisfies

N(MY,00(7) +¢) = dsdo + o(h 1)

1 /
21h J{(s,0):01(0)<O0 (7)+}
L
= ;,il{a tp1(o) < Oo(y) + (14 o(1)).

Now, we take € = A", for some given i > 0.

Due to the non-degeneracy of the minimum of o — 1 (7, Z0(0)), the eigenfunctions associated with
eigenvalues less than b are microlocalized in a neighborhood of &y(y) of size 1/ (and so are all the linear
combinations of such eigenfunctions due to the Weyl estimate). This invites us to expand the symbol near

o(7):

D2u(v,&(7))

2 (0—=&0(7))?=hr(s)C1 (& (1) +E(Jo =& (V) P+hlo—&()]), (5.5D)

My(s,0) = Oo(7)+
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where C1(£o(y)) > 0, as soon as 7 < 7([)0] (see Remark 5.1.5). Therefore, My, is relative perturbation of the
symbol of a classical electric Schrodinger operator. The corresponding operator is

82 » SO
A= 0y() + OO ()2 — () (o).
The assumption that x has a unique maximum, which is non-degenerate, allows to use the harmonic approx-
imation near the maximum of x (and even a Birkhoff normal form, see, for instance, [Ray17, Chapter 5]).
The eigenvalues of .}, satisty

A () = O0(3) ~ imax Cr (€01 + ((21‘ - 1>\/ = (50(7”’“24“3’”’50”))) B+ o(hd),

uniformly in j > 1 such that jh% =o(1).
We recall that /i = h2. We get Corollary 5.1.11 by noticing, thanks to a perturbative analysis using
(5.51), that the spectra of M}V and h.#}, below h(©¢(7) + ") coincide modulo o(hg).

5.5.2.3 Proof of Theorem 5.1.10
By Theorem 5.1.7, and Definition 5.1.6 we have, for e = &'(h),
N(hMy,, [h(a +€), h(b—¢€)]) < N(Z, [ha, hb]) < N(hBONy, [h(a — €), h(b + €)]). (5.52)

From Corollary 5.1.9, for any interval [a’, b'] disjoint from © and A, the number of eigenvalues of A9, in
[ha', hb'] is bounded by C' % for some constant C' > 0. Applying this with (o, b’) equal, respectively, to
the four intervals (a,a + €), (b — €,b), (a — €,a), and (b, b + €), it follows from (5.52) that

N(%Z, [ha, hb]) = N (O, [ha, hb]) + 6(eh™'/?) = N(hy,, [ha, hb]) + 6(h'/?).

Therefore, it is enough to estimate N (h90,, [ha, hb]), for which we apply Corollary 5.1.9 (which is actually
a description of the spectrum of 91;,). This corollary says that the number of eigenvalues of 97;, inside
[ha, hb], including multiplicities, is given, modulo ¢(h?), by the number of integers ¢ € Z such that

N|=

h2 (Tl +a(h)) € fian(la,b]), (5.53)

for some admissible (k, q), where fy ,1(0) := frq(o, h'/?).
To simplify notations, let us momentarily fix (k, ¢) and denote

fr= frgn = fo+ Y21+ O(h),

where fo and f; are defined in (5.11) and (5.12). By assumption, fq is monotonous on X ,, let us assume
that it is increasing; the decreasing case is obtained by swapping (a,b). For h small enough, f} is also
increasing and hence f, *([a,b]) = [f; '(a), f, *(b)]. Therefore, the solutions to (5.53) are exactly the
integers belonging to the interval

Lh71/2

s

[ (@), £, (0)) = —a(h). (5:54)
Let o = f, *(a); of course o depends on h, but since o € Sy 4, it is bounded and we have o = f;!(a) +
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O(h'/?). Therefore, fi(0) = fi(fy *(a)) + @(hY/?). According to the statement of Theorem 5.1.10, we
denote o := f; *(a). Writing
folo) = a—n2f1(8) + O(h),

we get, by Taylor expansion,
o =a—h"2(f51 (@) fila) + O(h) = a + /222

Using the analogous formula for f, L(b), we may compute the difference I L) — I !(a) and obtain the
length of the interval (5.54) (with 5 := f; L(b)):

LhV2 L, _ Lh? R 1) (C’k(ﬁ)_C’k(a)> 12
B (fr, (b)) =1, ())_777 (B )+ - PAGRAC) + O(h'/7),

which gives Theorem 5.1.10 by summing over admissible (k, q).

5.6 Appendix
5.6.1 A rough Weyl estimate

The aim of this section is recall why (5.3) holds.
— For v € R : Thanks to the Young inequality, we have, for all ¢» € H' (),

h? 3
Qna®) > G IVwI* = 2 ALl +ybd [ s,

— When v > 0, we get that
h2
Qn.a(¥) = Vel = 2 A1

— When v < 0, we use a classical trace theorem: there exists C' > 0 such that, for all € > 0,

| s < e[ Vul + o7

By choosing ¢ = —\4/—5 > (, we deduce that

h2
n.a(¥) = L IVEI* = 2 AN [YI* = 4v*Chllv .
In both cases, there exists C' > 0 such that, for all h € (0,1) and all ¢ € H'(Q),

h? ~
Aa(®) = LIVYl* = Clly*.

With the min-max principle, this shows that, for all A,

L A+C
N(.,zﬂh,A)gN(—ANe,zl 3 )

The conclusion follows from the Weyl aymptotics for the Neumann Laplacian, which is the same at the
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main order as in the Dirichlet case, see, for instance, [NS05, Introduction].

— For v = +00 : Thanks to the Young inequality, we have, for all 1) € H} (),
S hj Voll2 — 2| A2 2
n,a(¥) = o IVYIT = 2] AllS [l 11"
There exists C' > 0 such that, for all & € (0,1) and all ¢y € H}(Q),

h? ~
Qa®) = FIVYI* = Ol

With the min-max principle, this shows that, for all A,

s AFC
N(Z,\) <N (—AD 27 ) .
The conclusion follows from the Weyl aymptotics for the Dirichlet Laplacian, see, for instance, [NS05,
Introduction].

5.6.2 Spectral analysis of de Gennes operator

Lemma 5.6.1. We let

ugﬂ _ ug_'\/vgj—l(’Y)]‘

We have
G100 = 3 (W) = [T = ga0? ()

= L= aga o (o)’

where C is defined in (5.8).

Proof. We write
(0 —t)t? +2t(c —t)2 = (t —0)> — o%(t — 0).

We take 0 = £;_1(y). The conclusion follows from Proposition 2.4.11. O

Proposition 5.6.2. Let us fix j > 1. When v € R, there exists ,y([)jfll
ify < 7([)]_1] and negative if v > 7[[)3_1].

> 0, such that, Cj(§;-1(7)) is positive

Proof. We notice that, for v < 0, we get C;(§;-1(7)) < 0.
Now, for v > 0. From Proposition 2.4.8, we can rewrite C;(&;—1(7)) as

Cite-1) = 5 (1= W2+ 010 (')

2
Since (um (0)) > 0, then, to study the sign of C;(§;—1(7)) it is sufficient to study the sign of the function
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f defined by f(v) =1 — v1/72 + ©U~1(~). We have
. oU-1(y) + 2
i) =—yr?+6b-ln) -y ( ) :

7?4+ 6U=1()

We can use [Kac06b, Section B] (which can be adapted to j > 1) to deduce that f’() < 0. Therefore, f is
increasing on [0, +o0/.

Let us notice now that f(0) = 1 and lim,_, « f(7) = —oo. This establishes the existence of a unique
zero of f(v), denoted by fy([f -1, O

Lemma 5.6.3. Let o € R and 8 € N. Consider the interval [a,b]. We consider I1i) = ((@Z},Ug ’O]))Kjgn,
where n is the number of dispersion curves (1 (7, o) taking values in [a, b] (see the discussion at the beginning
of Section 5.3.3). We consider K a neighborhood of K.

There exists Co 3 > 0 such that for all z € [a,b] and all o € K, the following holds. Forall v € L? (Ry)
such that (t)v € L*(R4.), we have

()~ 07 (Hy, 0] = 2) " (I ({8)*0)|| < Casslivll
where (IT*I1)* = Id — TI*11.
Proof. Let us only prove this estimate for 3 = 0. We consider z € [a, b]. Let us consider v € .¥(R,) and
let v be the unique solution to the equation
(H[y,0] = 2)u = (IFTD>((et)fv) (5.55)

[v.0]

that is orthogonal to (u;

)1<j<n, With

({thk = (1 + tzxi)% ,

where Y, is a smooth non-negative function equal to 0 on [0, 1] and to 1 on [2k, +00) and such that | x| < k1.
In particular, the weight is 1 near 0. Here € > 0 is a parameter to be chosen small enough.

We have seen in Lemma 5.2.2 that

(Hh’g] m % ) : B2(Ry) x C" —» L2(Ry) x C"

is bijective. Thus, the equation (5.55) is equivalent to

(Hh, o] -z H*) (u) _ ((H*H)L(<t>%v)>
11 0 0 0 '

Note that
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where
1 Ea (23" o da (12x2)?
Rep = —a€(x0) T om0 — k+<—1>k .
€,k ( Xk) 1+62t2X% t ( 2 1+62t2X% 2 2 (1+€2t2X%)2
With
u = (et

we get

- e .

Ay e k] 1) = ({0 ATID=(et)iv) )

0 0

with

_ (H[y,0]+ Rep — 2 (et), “1I*
ff[%m’“]‘< "l ) 0 )

Thanks to the exponential decay of the ul? ; ) (which is uniform for o € K), we notice that J#[y, 0, €, k] is
bijective as soon as € is small enough and k large enough. Moreover,

|y, 0,6, k] < C.

This implies that
7] < Cli{et), “ (I ({et)Ro)

and then (by using again the exponential decay of the eigenfunctions)
Iet)y “ull < Cllv]l-
Taking the limit £ — +o0, the Fatou lemma gives
[{et)™"ull < Cv]l-

This provides us with the desired estimate since (et)(t) "' € [e, 1].
For 3 # 0, simply note that (0°u = 0P H[y, o] — 2)(IT*I1)* ({et){v) and follow the same demonstration
steps, by replacing v with 9%w.
O

5.6.3 Spectral analysis of an operator on a semi-cylinder

In this section, we will establish that the spectra of %, and Z coincide in I, modulo &'(h°°).Then, we
can now focus on the spectral analysis of .%},. But, in fact, as we have already seen, our presentation avoids
the spectral analysis of .,é’z, but it is important to write the proof because we have used new techniques (in
tubular coordinates) without going through the variational method like most magnetic works.

Thanks to the Agmon estimates of the eigenfunctions of %%, we can establish that the spectrum of .%}, in
I}, is close to that of ZL

Proposition 5.6.4. There exists hg > 0 such that for all h € (0, ho) the following holds. Let us consider an
interval Jy, C I,. Then, there exists an interval Jy, such that Jy, C J), C I}, with dy (Jp, Jh) O(h*>) and

rank 17, (£,) < rank1; (,,2;;;) (5.56)
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Moreover, for all \ € I, N Sp(£4),
dist(\, Sp(%,)) = O(h™). (5.57)

Proof. Let us start by proving (5.57). Let us consider an eigenvalue A € I, of .%},. We write the eigenvalue
equation

Lth = M.

Since v satisfies the Agmon estimates of Proposition 5.2.1, we see that

Ix¥ll = [[¥ll + (%) and  Zh(xy) = Axy + O(h™),

where x is a smooth function equal to 1 near the boundary and 0 away from a small enough neighborhood of
the boundary. On the support of y, we may use the tubular coordinates and we deduce that

Zh(X0) = A\XY + O(h™),

where X, v is the expression of x, % in the tubular coordinates (s,t). Thus, (5.57) follows from the spectral
theorem.

Let us now consider (5.56), which deals with multiplicities. Let us write Sp(-Z3) N Jp, = {A1,..., \p}
(where the A; are distinct) and underline that these eigenvalues depend on h as well as p. Consider the
associated eigenspaces (F;)1<;j<p and note that dim @§=1 E; = 0(h™?), thanks to the Weyl estimate (5.3).
With the same notation as above, we consider the spaces of quasimodes ()NCEj)lg j<p- Thanks to the Agmon
estimates (and the rough Weyl estimate), dim(;EEj) = dim F, as soon as h is small enough. Moreover, we
have -

(&j1Zh — Nell <enllell,  en=O(h>),

forall = (¢1,...,9p) € B, XEj and where A = (\1,..., \p).
We set J;, = [an, by,] and Jy, = [ap, —ep, by +€p). If rank ]ljh (j?;) < rank 1, (.%},), then the projection
P ~ —~
IT: @XEJ- —ranl; ()
j=1
could not be injective. Considering a non-zero ¢ in its kernel, the spectral theorem would give
1(@F—1%n = Neell > enllell,

which is a contradiction when ¢ # 0. Therefore, (5.56) follows. O

The aim of the following section is to prove the converse estimate. For this, one needs to prove that
the eigenfunctions of %}, have an exponential decay with respect to ¢, and thus that they can serve a good
quasimodes for .Z%,.

5.6.3.1 Agmon estimates for %,

In this section, we establish the following.
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Proposition 5.6.5. There exist a > 0,C > 0, hg > 0 such that for all h € (0, hg) and all eigenfunctions 1
of &, associated with an eigenvalue in Iy, we have

1
/ 2t 1y 2dsdt < C||o)|?, (5.58)
[-L,L)xR;

and
/ ¢2at/h? D( — ihds — t + fo)¥|” + B0 * |dsdt < Chljp > (5.59)
[—L,L)xR;

The proof will follow from the same strategy as that of Proposition 5.2.1. Let us consider A € [ah, bh] N
Sp(-%,) and an associated eigenfunction ). We have

(Z - )\) W =0. (5.60)

1
We let o = e®/"24), where ® = ®,,(t) = atx(m~'t), with m > 1 and y a smooth non-negative function
equal to 1 near ¢ = 0. Here o > 0 is to be determined. The parameter m will be sent to +oc at the end. This
gives that

_ _ 1
Lnp = LM o
3 y 2 y 2
= e M7 g (s,6) 71 (—ih@s —t+fo+ H(S)2> a(s, )~ (—ih@s —t+fo+ H(8)2> ¥
1
— h%a(s,£) " Osa(s, D)9, (e %" )

) 72

l W, v,
= e ¥/ (s, ) (—ih@s —t+fo+ m(s)é) a(s, )" <—ih85 —t+fo+ /@(s)é) ")

/ 1
— h%a(s, i) 710, [a(s,f) (—;flap + 8t<p> e‘b/hz}
2
72

= efq)/h% [a(s, )~ <—ih85 —t+fo+ H(S)Q) a(s,t)™1 (—ih@s —t+fo+ n(s)i) ©

+a(s,§) "L (hDy + ih2®)a(s, {) (hD; + ihécp')go] .
The equations (5.60) becomes
a(s,8) " Py pa(s,£) " Py + a(s, {) " (hDy + ih2® )a(s, £)(hDy + ih2®)p = A,
where P; j, = —ihds —t + fo + li(s)%. Then, we obtain
(L = Ne =0,
where
L2 = al(s, 1) Pypa(s, )" Pojy + als, ) Pha(s, H)PY,,  PY = kD, + ih3 9. (5.61)
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5.6.3.2 Preliminary estimates

Let us consider a function ¢ — x5, (¢) equal to 0 near ¢ = 0 on a neighborhood of size hz. The following
lemma is just a commutator estimate.

Lemma 5.6.6. We have
(L2 — Nxnp) = —2ihx;, PEo — B2 — B2x(a(s, ) 7 4[a(s, D))

Proof. Since x}, does not depend on s, we have

(L = N0e) = (47 xnle
= [a(s, 1) ' Py pa(s, )7 Py + a(s, {) " Pha(s, 1) P, xnle
= la(s, )~ 1Psha(87t) Py s xnle + la(s, )~ Phals, ) P, xnle
= [a(s,1) "' Pha(s, 1) P, xale
= a(s,1)” 1[ na(s, 0) Pl xal o
= a(s, 1)~ Pha(s, D)[PY, xnle + a(s, )" [P, xnla(s, D) Phye.
Note that [Pfh, Xn] = —ihxj, and thus

(L2 — N (xnp) = —iha ' PY (axhe) — ihxh P
= —2zhth we — h*a='9y(ax),)e.

O
From Lemma 5.6.6, we deduce the following estimate.
Lemma 5.6.7. We have
1L = M) | < Chlgnell + Chlx, Pl
where X, is bounded uniformly in h and supported in a neighborhood of t = 0 of size h3.
Lemma 5.6.8. We have
hlIxh Pl < Chllxnell-
Proof. First, we notice that
hlIxhPEoll = hlxh(hDy + ih3@')gl| < hllx;,(ADe)ell + Chllgnel- (5.62)
Then, we write
0 =Re((L — A&, XiP0) 12(adsdt) = / a(s, )P (Xhe) Pdsdt
[-L,L)xR
+ Re<Pt?haPt?h4pa (X?z)2‘P>L2(dsdt) — Mlxhell?,
we obtain,
Re(P,aPh¢, (X3)7@) L2(asary < Alxiel: (5.63)
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By computing commutators (and using the Dirichlet condition due to x},), we get

Re( thap WP (Xh) ¥) L2(dsdt)
= Re(Ple, P, ®(X0)> @) L2(adsdr)
= Re(x}, P (¢), Py

= Re(PY,(xh0): Py (Xn#)) + Re(Pho, [PLE, Xalxhe) + Re([xh, Plile, Pt (Xhe))

X/hSD >L2 (adsdt) T Re( tq>h% [Ptihq:X?z]X;z‘P)L?(adsdt)
W)
= Re(P%, (xhe o)) + Re(xX, P, (—ihxi)e) + Re(ihxj e, P (Xhe))
!
he))

(Xh®)
(Xh®)
aPtyh(b(X ©)
(Xh)

)
= Re(PY,(xh9), Py (Xh#)) + Re(Ph, i, (—ihxi)p) — Re(| tthh]‘;O,(_ZhXh)@)

)

+Re(ihxhe, Pry’ (X39))-
We get
Re<Pt?haPt?h907 (X%)280>L2(dsdt) Re(P, t, h(XhSO) P (Xh‘P)> + Re( th(Xh‘P) (— ihx’é)@
+ Re<thh907 PR (x5%)) + Re(ihxgp, (—ihxi)e),
and thus
Re(PaPhe, (Xi)*¢) r2(asan) = WD (@) IIP = Clixnell* = CallxnellI|hD: (o) I
By using the Young inequality and (5.63), for o small enough, this gives

IhDe(xho)I* < Cllxnel*.

Coming back to (5.62), the result follows. L]

Let us now consider the following operator
L = (—ihdy — t + fo)? — h202,

acting in the ambient Hilbert space L?(Cyl, dsdt), with Cyl = [~L, L) x R, with 2L-periodic boundary
conditions. As we will see, Z,? is perturbation of g}? v
We use the completeness of the orthonormal family {eme /v 2L} - in L2(R/2LZ). For all ¢ €
m
HY(R/2LZ x R), we have

mEZ mEZ
where _ o
ot(m) = o5r |, p(s,t)e” L ds,
and .
Ym(s,t) = @r(m)e =
We have
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Therefore, we may write
Cyl Cyl Cyl ™ 2 202
"g/ﬂh :@gh,n’ "zﬂh,n: hf_t—i_’yo —h70;.
nez

By translation invariance, we see that .2}, 73: is unitarily equivalent to the harmonic oscillator and thus that its
spectrum is {(2p — 1)h,p € N\ {0}}. Due our choice of A, we get that

H(.,@,?yl - /\)_1H <Ch™L. (5.64)

The following lemma shows in which sense .i”h is a perturbation of DEA”C v
Lemma 5.6.9. Letn < 5. We have
L2 = LY L o P, + O(ha T PE + 2ihi® (WD) + O(h)(hDy) — h®? + o(h),

where Py, = hDgs — t + fo.
Proof. From (5.61), we have

L = afzps?,h +a [Pop,a Py + (Pt?h)2 + ail[Pt(?hv a]Pt(?h'

We recall that a(s, ) = 1 — tk(s), with { = tC(if%*"t) ,andn € (0, 3).
We get these estimates

214 0(h37"), o VP,a ] =0(h), a'[Ph,d =R,
Then, we can write
L2 = P2+ (P)? + 0(h3~")P2, + (k2 " PY, + O(h) P,
Thus,
Z = P, + h2D} + 2ih3 & (hDy) — hd'® + h5 3"
+ﬁ(h NP2, + ﬁ(hi_n)Ptth O(h)Ps p,

L2 = LN O ) (WD, — t+ o) + O(h* 1) 4 2ih2 ® (hDy) — hd™ + h2 &”
+ O(h2 P2, + 0(hi~")PY, + O(h)Pyy,

We can choose 7 small enough to obtain the result. O

Proposition 5.6.10. We have

1L = A+ %) (xne) | < ChlRnel + Cah|xngl + o(B) || xnell,

where Xy, is in the form
Ry, = O(W"2\P, + 6(hz ")P2 + 2ih2® (hDy) + O/(h)(hDy).
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Proof. From Lemmas 5.6.7 and 5.6.8, we get

1L = V)l < Chlznell,

and with Lemma 5.6.9, we deduce the estimate.
5.6.3.3 End of the proof of Agmon estimate
From Proposition 5.6.10, we see that we have to estimate the terms
P2y =N PG =0T DU -0
This is the aim of the following two lemmas.
Lemma 5.6.11. We have
IP(Z™ = N7+ DAL =N < Chs.
Proof. Consider v € L?>([~L,L) x R) and u = (g,?yl — A\)~lv. We write
(L = Nu=wv.
Taking the inner product with u, we get

(L = Nu =

= <(°§?hcy1 - )\)uv ’LL> = <ua U>
- / / |Phu|2dsdt+/ / Dyl dsdt = (u, v) + Aul®.
R JS! R JSt
Using that A < C'h; from Young inequality, we obtain
1Pyull® + |hDeull* < Chlful® + [full[[v]]-

From (5.64) we see that
Cyl — _
lul = [[(Z" = 2)71|| < ch o],

then the conclusion follows.

Lemma 5.6.12. We have
1P =N < C

Proof. Consider v € L2([—L, L) x R) and u = (Z¥" — \)~1v. We have
(L = Nu =,
so that, by taking the scalar product with P,%u we get
(PRu, (L = Nu) = (Piu,v)
= /R/S |P2uf?dsdt — M| Pyul|? — h((Py)?u, 02u) = (P2u, v)
= || Prull* = M| Pyul? + B?|| Pdyul|* — 2h*(Opu, Pyu) = (Pfu,v).
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Then, we obtain
| P2ul|? < M| Paul|? + 2(h%20,u, h'/? Pyu) + (PPu, v).

From Young inequality, we obtain
1 1
|1 Pitul® < M Pyull® + hlIADwull® + Bl Prull* + 5 [ Piull® + Sllv]l*.

The conclusion follows by using the proof of the previous lemma. O

We can now give the proof of Proposition 5.6.5. We see that
LN\ + %, = (Id + G (LY - )\)_1> (L)),

Thanks to Lemmas 5.6.11 and 5.6.12, we deduce that Id + %h(,?f Y \)~1 is bijective and thus so is

.,2? T+ Py, as soon as « and h are small enough and that

(L = A+ 2)7 Y < Cht,
With Proposition 5.6.10, this implies that

Ixnell < Clixnell + Co?llxnell + o(1) I xnell-

Let us underline that the constant C' does not depend on m. By proceeding as in the proof of Proposition
5.2.1, we deduce that

1
/ e2otxm/h? |y 12qsdt < O||y)|%. (5.65)
[-L,L)xR4

By using the Fatou lemma (m — 400), we get (5.58). The estimate (5.59) follows from (5.65) and the
same considerations as at the end of the proof of Proposition 5.2.1. By using the same considerations as in
Proposition 5.6.4, we get the following.

Proposition 5.6.13. There exists ho > 0 such that for all h € (0 ho) the following holds. Let us consider an
interval Jy, C I,. Then, there exists an interval Jy, such that J, C Jy, C I, with dy (Jp, Jh) O (h*>) and

rank 1 ; (fh) rank 1, (Z3). (5.66)
Moreover, for all A € I, N Sp(z),
dist(\, Sp(£,)) = O(h™). (5.67)

In particular, we have established that the spectra of %}, and Z coincide in I, modulo &'(h*°).

5.6.4 Agmon estimate with Fourier multiplier

We will prove an Agmon estimates compatible with the Fourier multiplier Op, (2(o + A~ 'fo)). In order
to lighten the notation, we will use a slight abuse of notation by writing

=W = OpYV (E(o + B o). (5.68)
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The proof of the following proposition is an adaptation of that of Proposition 5.6.5. Although we did not use
the following proposition in our presentation, it should be noted that it is a new result on exponential decay
compatible with the Fourier multiplier.

Proposition 5.6.14. There exist o > 0, C > 0, hg > 0 such that for all h € (0, ho) and all eigenfunctions
of £, associated with an eigenvalue in [a, b], we have

/ |2V Pdsdr < C(IEV[)” + R2IEV ¢ |* + R2IEV 0,0 )1?) + 0(h)||9]1%,  (5.69)
[~L,L)xRy
and

/ 620”—“(—2'7:&68 — 7+ 1 50)EVY | + 0,2V ¢ ? | dsdr
[-L,L)xR4
< C(IEYIP + BN + R IEY 0 ¢%) + 6 (h)|[w]I*,  (5.70)

where Z has the same properties as = and is 1 on support of E.

Proof. Let us consider A € [a,b] N Sp(z) and an associated eigenfunction ). We have
(2 - ,\) W = 0. (5.71)

We let ¢ = e®1) where ® = a7 and « to be determined. Note that we know that the integrals in the
left-hand-sides are finite (due to the Agmon estimates). The point is to deal with the microlocal support of
the functions in the right-hand-side.

Similarly to (5.61), we can write (£ — A)p = 0 with
Déﬂ;? = a($7 72)_1ps,ﬁa(37 7A—)_lps,ﬁ + CL(S, 7A_)_ Dr G(S, %)pé (572)

where p; 1, is given in (5.27) and
pE =D, +id.

Let is now consider a function ¢ — x(t) equal to 0 near ¢ = 0 on a neighborhood of size 1.

Similarly to Lemma 5.6.6, we see that
(L = Nxp) = =2ixX'pPe — X" — X' (a(s,7) 0 [als, 7).

Then, we apply W and get

(Z = NOEVe) = ~2ix'prEV e — ¥'EVe — 2V (X (a(s, 7)1 0r [als, 7)) )

Since ®’ is bounded, this implies that

I = NOEYR < CINEY ol + IX 0,2Vl + [X"EV o
+[12Y (X (als, #) " Orlals, 2))e) |+ 140, 2V e
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Thus,
12 = VOEYRI < CIFEY ol + I 0-2V | + X' EY (als, ) Orlals, 7)) |
+H@ =V (o)l

By commuting =V and a(s, 7) 19, [a(s, )], we get a pseudo-differential operator (say with respect to s) of
order A, uniformly in 7, and thus

122 = NOEV ) < CIREV ol + X2V ol + 1142, EV] (xe) |- (5.73)

Let us estimate the right-hand-side of (5.73). This is the aim of the following two lemmas.

Lemma 5.6.15. We have
112 EV(xp)ll < CRIEY (@)l + CRIEY - (x) | + O(h™) oI
Proof. The proof is the same as (5.34) in the Proposition 5.3.1. O
Lemma 5.6.16. We have
IEVX8- 0l < CIKEY ¢l| + CRIXEY ¢l + CRIFEN 8-0|| + ()|

Proof. The proof follows the same lines as for Lemma 5.6.8. As in the proof of Lemma 5.6.8, we can write

Re((Z = MEV o, X 22V 0) 12 (apasat
= /C N psn (X (EV @) Pdsdr + Re(pyanpt (EV 0), () EV0)) r2(asar) — AIXNEV@l?, (5.74)
y

and similar commutator estimates provide us with

Re(pPanp? EVe), ()’ EV9) 2(asar) = AID-(VEV Q)2 - CIEV P, (5.79)

Let us now look at the left-hand-side of (5.74). Thanks to a commutator and by using the eigenvalue equation,
we find that

[Re((ZF = NEV0, x?Z2V0) 23,000 | < CIX LT EV ol INEV ).
Then, similarly as for Lemma 5.6.15, we have
X [Z EV el < CRIXEV o] + ChIIKEY O]l + O(1™) o] -
With the Young inequality, (5.74) and (5.75) give that
10-(EV ) |1” < CIIXEV ol|* + CR(IXEV 0l|” + CH|IXEV 00|12 + O (1) || oI,
which implies the desired estimate. O
Let us now come back to (5.73). Lemmas 5.6.15 and 5.6.16 imply that

I = NOEY ) < CIREY ol + CRIXEY o + CRIKEY ¢l + CRIXEY 0,4

- (5.76)
+CRIREV Or + 0(5) I |-
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Chapter 5 — Edge states for the Robin magnetic Laplacian

Similarly as in Lemma 5.6.9 and Proposition 5.6.10 (in the original coordinates), our rescaled operator
,,2/’;? — ) can be written as a perturbation of a bijective operator, whose inverse is bounded uniformly in A.
This shows that

IXEYell < ClIXEY ¢l + CRINEY oIl + CRIXEY ¢l| + CRIXE™ 0- || + CRIXE™ 0- || + O ()| l-
In fact, considering again (5.76) and Re((.,i/ﬂf> — N EWY), xEV ), we infer that
IXEVoll + IXEV0r¢]l < CIXEV ¢l + CRIREY ¢ll + CRIIXEV 0,0l + O (1) ¢,
and then
IEVell + IEV -0l < CIXEV ol + CRIXEV || + CRIKEV drp|| + O(h)| 4.

Recalling that ¢ = e®1) (with ® small enough) and also that 1/ already satisfies Agmon type estimates, we
get
le®=N 0| + [le®=N 09| < CIEV Y| + CRIEY ¢ + CRIIEY O, ¢l| + &(h) |19
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Appendix

Appendix

A.1 Spectral theory

A.1.1 Spectrum of self-adjoint operators

In the following H denotes a Hilbert space over C and T is a self-adjoint operator of domain Dom (7).

Definition A.1.1. The spectrum of the operator T is the set noted Sp(T') and defined by :

Sp(T) = C\p(T),
where p(T') = {z € C, (T — z) is bijective} denotes the resolvent set.
Recall that )\ is an eigenvalue if there exists a nonzero vector v € Dom(7T") such that Tu = Au. The

geometric multiplicity of A is the dimension of Ker(7T — \). Recall the following characterization of the
spectrum:

Definition A.1.2. The discrete spectrum of the operator T, denoted Spy,. (T') is the set of its isolated
eigenvalues of finite multiplicity. The essential spectrum of T, denoted Sp,s (T'), is given by Sp, (T') =

Sp(T) \Spa’isc (T) .

A.1.2 Diamagnetic inequality

Theorem A.1.3 (Diamagnetic inequality). It is assumed that f € L},.(Q) such that (V —ibA) f € L}, .(Q).
Then |f| € H] .(Q) and
VI < I(V =bA)f],

almost everywhere, with
V|fl(z) = Re{sign(f(x))Vf(z)},

for almost everywhere x € ). In particular,
VIfI< IV

The proof of this theorem is in the book of Fournais-Helffer [FHI0D].
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A.1.3 Spectral theorem

Theorem A.1.4 (Spectral theorem). Let T be a self-adjoint operator. For any element z of the resolvent set,

we have:
1

d(z,Sp(T))’

This result gives the following corollary, useful in practice:

(T —=2)7HI <

Corollary A.1.5. Let T be a self-adjoint operator. For any \ € C and ¢ € Dom(T), the distance between
A and the spectrum of T verifies the inequality :

d(A, Sp(T) [Pl < (T = Xl

An elementary consequence which will be used quite often is that if we find a good normalized test
function v (called quasimode) in Dom(7") and a complex number \ such that, for e > 0,

(T =Myl <e,
then
d(A\,Sp(T)) < e.
Proof. See for example in Cheverry-Raymond’s book [CR21]. O

Proposition A.1.6 (Generalized spectral theorem). Let T' be a self-adjoint operator and let ¢ > 0. It is
assumed that there exists A\ € C such that for any ¢ € F C Dom(T') (where F is an N-dimensional vector
subspace), the following inequality exists:

(T =Nl < ellll-

Then, we have
dlm Im(]l[k_&)\_;'_e]) 2 N.

Proof. See for example the Ph.D thesis of Miqueu [Miq16, Prop. A.8]. O

A.1.4 Min-Max principle

Theorem A.1.7. Let T be a self-adjoint operator with domain Dom(T"). We assume that T is semi-bounded
from below. Let Q) the quadratic form associated to T' with domain Dom(Q). The Rayleigh quotients which
are associated with T are defined for all positive natural numbers n € N* by

_ em)_ Q)
Un, = sup mn 5 | = et sup 2 |
UL,...,Un—1E€DomM(Q) u€fuy,...,un—1]L\{0} ||u|| ut,...,un€Dom(Q) u€u,...,un]\{0} HUH

where [u1, ..., uy] is the vector subspace generated by uy, . . . , u,. Then for any integer n € N*, we have the
following alternative:

a. The operator T has at least n eigenvalues (counted with multiplicity) under its essential spectrum, and
lhn 1S the n-th eigenvalue (counted with multiplicity).

b. The quantity i, corresponds to the bottom of the essential spectrum of the operator T'. In this case
n = lnt1 = ...and the operator T has less than n eigenvalues (counted with multiplicity) under i,
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A.2. Pseudo-differential operators with operator valued symbols

A.2 Pseudo-differential operators with operator valued symbols

We denote a point (x,1) € R? by X. We shall consider a family of Hilbert spaces </x, X € R?
satisfying:

Forall X € R? o/x = @)(= /) as vector space. (A.1)
There exist N > 0 and C > 0 such that [|a]|, < C(X —Y)V|a|| forall a € o and X,Y € R
(A2)

Let Zx, be a second family with the same properties.

Definition A.2.1. S(R?;.Z (o, Bx)) is the set of functions p € €= (R?; L (o, RB)) such that, for all
a € N2, there exists C,, such that

10°P(X) || (e, 2x) < Car X €R% (A3)
If p depends on the additional parameter h €10, hol, hg > 0, the constant C, must be uniform in h.
This class can be thought as generalization of the standard class of scalar symbols
Sr2(1) ={p € €*(R},,C) : Va € N*,3C, > 0: |0%p(x, )| < Ca}
to operator-valued symbols. More details can be found in [Ker18, Chapter 2].

Remark A.2.1. If the family of norms on </ and % are constants, we denotes S(R?; L (lx, Bx)) by
S(R?; L (o, B)).

Definition A.2.2. The Weyl quantization of a symbol p € S(R?; £ (a/x,Bx)) is the operator, acting on
S (R; o), given by the formula

1 o T+y
W - i(z—y)n/h J
Opp (P)¥(w) =5 5 | € p( 5 ﬂ?) b(y)dydn .
We also define the standard quantization by the formula

1

_ i(x—y)n/ﬁ
27h Jr2 € p(z,n)Y(y)dydn.

Opy(p) ¥(2) :

For an introduction to pseudo-differential operators, the reader is referred for instance to [Ker18], where
rigorous definitions are given and several fundamental properties are established.

Notation A.2.3. We sometimes note
Opy' (p) = p" (x, kD),

and
Opy(p) = p(z, kD).

Remark A.2.2. We recall that the operator and its Weyl symbol are related by the following exact formula
(see for instance [KerlS, Theorems 2.1.14 & 2.1.15])

p(w,m) = e~ EP=D [l Op, (p) (1) ] (2, ),

—ilD,

where e Dn is defined as a Fourier multiplier thanks to the Fourier transform with respect to (x,n).
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Theorem A.2.4 (Composition). Letp € S(R?; £ (Bx,€x)), and q € S(R?; L (otx, Bx)). Then

Opy}' (p) o Opy (q) = Opy' (r),

where r € S(R?; £ (alx,€x)), is given by the formula

h

r(X) = pta(X) i= e57Ox D) (p(X)g(V ) [y —x,
with o denotes the usual symplectic form on R? defined by
o(X:Y) =y —an,
for X = (2,€),Y = (y,) € B

Moreover, for all n € N*, we have

ek
=35 () oD DO B Dl + B e,

where ry 1 € S(R?; L (dx,€x)). In particular.

h B2
r=poq+ o Ap.at + 5 ({0up. 9ca} — {Oep, 0ua}) + hirs.

The L?-boundedness can be established exactly as in the scalar case:
Theorem A.2.5 (Calderén-Vaillancourt). Let p € S(R?; £ (<7, B)). Then
Opy (p) : L*(R; ) — L*(R; %)

is uniformly bounded for h € (0, hy).
More precisely, there exists C, M > 0 such that

10PY (D)l 22y 22y < C > W2 sup 10°p(X)|| 2 2)-
lo|] <M XeR?

Remark A.2.3. We can generalize the results of this section to symbols in more general spaces, as in [Kerl 8,
Chapter 2].
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Perspectives

We discuss the different perspectives and questions raised by this thesis.

I. Robin electro-magnetic Laplacian

Consider the semiclassical electromagnetic Schrodinger operator on a smooth, bounded, and simply
connected open Euclidean domain Q ¢ R4, d > 2

Ly = (—ihV — A)? + LV,
with domain given by
Dom(Z,v) = {1 € H'(Q) : (—ihV — A)%p € L*(Q), —ihn - (—ihV — A)yp = vh24h on I},

where A is a smooth real magnetic vector potential, V' is a smooth complex scalar potential, n is the outward
pointing normal to the boundary, and v is a smooth coefficient. In dimension 2, when V' = 0, and with
v € R U {+o00}, we established a uniform description of the spectrum of .%}, o located between the Landau
levels.

Many interesting questions that naturally arise in the theory of superconductivity could be the subject of
future research.

.

** We can analyse the effect of an electric field and of the Robin condition on the behavior of the
magnetic eigenvalues of %, 1, and the associated eigenfunctions when the semiclassical parameter
h tends to zero. Of course, some conditions must be imposed on the magnetic field B = curl A and
the potential V' to understand this question. We might find a pseudo-differential operator that would
allow us to describe the spectrum. It is not obvious that our method [Fah23a, FLTRVuN23] can be
directly adapted, but it opens up possibilities for such a study.

1.

% In my research, we consider only the case of a smooth domain ). The most physically relevant
areas would instead contain singularities, such as corners. Using the strategy developed in [BP16] (in
the non-magnetic Robin case), it would be quite interesting to analyze the behavior of the principal
eigenvalue of .7, y, in domains with corners. One could also study the bottom of the essential
spectrum on the associated tangent structures given by the cones. A natural question that does not
seem obvious concerns the semi-continuity property of the eigenvalue.
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II. Schrodinger operators with electric potentials

Let © be a smooth open bounded and connected domain of RN, N > 2. We consider the N-dimensional
Stark Hamiltonian with Dirichlet boundary conditions in L?(€2)

L, = —h?A + 2.

In [Fah23b], thanks to decay estimates and the reduction to model operators, we established a full asymp-
totic expansion of the low-lying eigenvalues, and we also shown that their eigenfunctions are localized near
the potential minimum.

It is possible to prove asymptotic expansions of the low-lying eigenvalues of the Hamiltonian .%},, if we
replace the potential z1 by V' (x), where V' is a smooth real potential satisfies some additional conditions.
Assumption 3. We assume the following :

1. 'V has a unique minimum non degenerate xg € 0f).

oV
2. VV(X()) . I/(XO) = E

Under these conditions, we can deduce :

(x0) (“normal derivative™) < 0.

Theorem. For any positive n, there exists a real sequence {(jn};j>0 such that, for any positive M € N, we

have
2. 2 M . 7, M+1
AnlR) = V(x0) + 21TV (x0) - w(x0)) hE + ol + BT/O Y 1/0G; + 0 (hEHEY),
_>
7=0

with By, is the n-th eigenvalue of the harmonic oscillator in dimension N — 1

Z 851+—u

where \; are the eigenvalues of the matrix G(0)~*H, G the induced metrics on 952, and H = Hesss—oV o ¢
with ¢ denoting the embedding of OS2 in RN such that ¢(0) = xq.

Firstly, we can show that the low energy eigenfunctions will be localized around xy. We can quantify this
thanks to classical Agmon estimates. We use this to find an effective Hamiltonian on a tiny domain around
X0-

Secondly, we can introduce local boundary coordinates in the neighborhood of xg € 0 in order to
straighten a portion of the boundary. Let ¢ denote the embedding of €2 in RY and G the induced metrics on
00. If dist(x, 92) < 9, for § sufficiently small, we introduce the diffeomorphism ® defined by the formula

x = D(s,t) = ¢(s) — twv((s)),

where v(x) is the unit outward pointing normal vector at the point x € 02, ¢ is the distance to the boundary
and s = (s1,...,sn—1) is the tangential variable on 02 . We assume that xo = ®(0,0).
Thanks to the Agmon estimates in coordinates (s, t), the operator .3, is expressed formally in coordinates

(s,t) as

L= Vixg) ~ 10F ~ TV (o) vt~ A0 1+ Ly (1o (6)(0) + o

[SIEN]

);
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where A% is the Laplace-Beltrami operator on 92 in the neighborhood of x.

We assume the following :

ov
1. VV(X()) . Z/(XO) = ai(X()) < 0.
v
d2
2. WV(gb) |s=0 := H is positive definite matrix, i.e. X¢ is a non degenerate minimum of V.
s

Under these conditions, our analysis can be adapted to get

Na(h) = V(x0) +21(VV (x0) - v(x0)) b3 + Buh + O(hi

)5

where 3, is the n-th eigenvalue of the harmonic oscillator in dimension N — 1

Z —0z —}——u

where A; are the eigenvalues of the matrix G(0)~!H. The full asymptotic expansion can be computed, by
constructing a sequence of trial states (quasimodes) as Section 4.4.

It would be interesting to study somme related spectral questions.

N %

s We could improve and generalize the results obtained in [Fah23b]. Moreover, under these conditions
for V' in the semiclassical limit, we could to apply other advanced methods of reduction (the so-called
Grushin’s method), microlocal analysis, and the use of pseudo differential calculus techniques used
in [FLTRVuN23], and we could be able to find a uniform description of the spectrum of 773 =
—h2A + V(x) (not only the bottom of the spectrum) by establishing a Weyl estimate N (.7, h%E),
which is the number of eigenvalues of 777, below the energy level hi E where E is close to the
absolute value of the second zero of the Airy function.

A

*% Our strategy can be adapted to deal with a finite number of non-degenerate minima, and it would
even be possible to study the tunnel effects when these minima have symmetries. We could establish
the asymptotic formula for the splitting of the first two eigenvalues (tunneling effect) and give an
approximation of the eigenfunctions by the WKB expansions.

.

%% Replacing the potential V' by W, where W is a smooth complex electric potential, we have a non-
selfadjoint operator —h2A + W (lack of a "spectral theorem"). Going from the self-adjoint case to
the non-self-adjoint case is rarely anecdotal, and it requires doing really different things. Under some
assumptions about W, by a uniform resolvent estimate, one could fully understand the behavior of
the eigenvalues (not only the left margin of the spectrum as in [HA19]).
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Publication

Title : "Magnetic perturbations of the Robin Laplacian in the strong coupling limit".

Abstract : This paper is devoted to the asymptotic analysis of the eigenvalues of the Laplace operator with a
strong magnetic field and Robin boundary condition on a smooth planar domain and with a negative boundary
parameter. We study the singular limit when the Robin parameter tends to infinity which is equivalent to
a semi-classical limit involving a small positive semi-classical parameter. The main result is a comparison
between the spectrum of the Robin Laplacian with an effective operator defined on the boundary of the
domain via the Born-Oppenheimer approximation. More precisely, the low-lying eigenvalue of the Robin
Laplacian is approximated by the those of the effective operator. When the curvature has a unique non-
degenerate maximum, we estimate the spectral gap and find that the magnetic field does not contribute to the
three-term expansion of the eigenvalues. In the case of the disc domains, the eigenvalue asymptotics displays
the contribution of the magnetic field explicitly.

Lien : https://doi.org/10.1063/5.0101330, published in the Journal of Mathematical Physics.

Title : "On the semi-classical analysis of Schrodinger operators with linear electric potentials in a bounded
domain".

Abstract : The aim of this paper is to improve the asymptotic expansion of the eigenvalues of the Laplace
operator, with strong uniform electric field and Dirichlet boundary conditions on a smooth bounded domain
of RY. This work aims at generalizing the recent results of Cornean, Krej¢iiik, Pedersen, Raymond and
Stockmeyer in dimension 2. More precisely, in dimension /N, in the strong electric field limit, we derive,
under certain local convexity conditions, a full asymptotic expansion of the low-lying eigenvalues. To establish
our main result, we perform the construction of quasi-modes that will make it possible to obtain the upper
bounds for the eigenvalues. The "optimality" of our constructions is then established thanks to reduction to
model operators and localization estimates.

Lien : https://doi.org/10.3233/ASY-231848, in press, to appear in the journal Asymptotic Analysis.

Title : "Edge states of the Robin magnetic Laplacian".

Abstract : This article tackles the spectral analysis of the Robin Laplacian on a smooth bounded two-
dimensional domain in the presence of a constant magnetic field. In the semiclassical limit, a uniform
description of the spectrum located between the Landau levels is obtained. The corresponding eigenfunctions,
called edge states, are exponentially localized near the boundary. By means of a microlocal dimensional
reduction, our unifying approach allows to refine simultaneously old results about the low-lying eigenvalues
in the Robin case and recent ones about edge states in the Dirichlet case.
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Résumé : Cette thése concerne I'étude spectrale
dans le régime semi-classique de l'opérateur de
Schrédinger en présence d’un champ magnétique
sur un domaine borné et régulier avec condition de
Robin au bord. Lobjectif est de décrire I'influence
des conditions de Robin sur le spectre magnétique
lorsque le paramétre semi-classique tend vers zéro
et lorsque le champ magnétique joue un réle ma-
jeur en concurrence avec la condition de Robin.
La description précise des éléments propres passe
par la compréhension de différents opérateurs mo-
déles.

Dans la premiére partie, lorsque le champ ma-
gnétique est d’intensité modérée et dans la li-
mite du couplage fort, on montre que les valeurs
propres du Laplacien de Robin sont bien appro-
chées par celles d’un opérateur de Schrédinger pé-
riodiqgue 1D sur la frontiére. Lorsque la courbure
a un unique maximum non dégénéré, on estime
I'écart spectral entre les valeurs propres succes-
sives. Dans le cas du disque, on révéle explicite-
ment la contribution du champ magnétique sur la

premiére valeur propre.

Dans la deuxiéme partie, on étudie I'effet de Stark
en toutes les dimensions. On considére 'opéra-
teur de Laplace avec un champ électrique fort et
uniforme et des conditions de Dirichlet sur le bord
d’'un domaine borné et régulier. Dans la limite du
champ électrique fort, on dérive, sous certaines
conditions de convexité locale, une description pré-
cise des valeurs propres et des fonctions propres
associées.

Dans la troisieme partie, lorsque le champ ma-
gnétique est plus intense, et dans la limite semi-
classique, en utilisant la méthode de Grushin et les
outils d’analyse microlocale, on établit une descrip-
tion uniforme du spectre du Laplacien magnétique
de Robin situé entre les niveaux de Landau, in-
cluant les Laplaciens de Neumann et Dirichlet. De
plus, on examine les propriétés de localisation des
états fondamentaux. Les estimations ressemblent
a celles d’Agmon, mais elles ne sont pas obtenues
par des moyens variationnels comme c’est le cas
dans de nombreux contextes magnétiques.

Title: Influence of Robin’s conditions on the spectrum of the magnetic Laplacian.
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Abstract: This thesis concerns the spectral study
in the semiclassical regime of the Schrédinger op-
erator in the presence of a magnetic field on a
bounded and regular domain with the Robin con-
dition at the boundary. The aim is to describe the
influence of the Robin conditions on the magnetic
spectrum when the semiclassical parameter tends
to zero and when the magnetic field plays an im-
portant role in competition with the Robin condition.
The precise description of the eigenpairs requires
an understanding of effective operators.

In the first part, when the magnetic field is of mod-
erate intensity and in the strong coupling limit, we
show that the eigenvalues of the Robin Laplacian
are well approximated by those of a 1D periodic
Schrédinger operator on the boundary. When the
curvature has a unique maximum that is not degen-
erate, we estimate the spectral gap between suc-
cessive eigenvalues. In the case of the disk, we
explicitly display the contribution of the magnetic
field to the first eigenvalue.

In the second part, we study the Stark effect in
any dimension. We consider the Laplace operator
with a strong and uniform electric field and Dirichlet
conditions at the boundary of a bounded and reg-
ular domain. In the limit of the strong electric field,
under certain local convexity conditions, we derive
an asymptotic expansion of the low-lying eigenval-
ues at any order and also study the localization of
the ground states.

In the third part, when the magnetic field is
stronger, and in the semiclassical limit, we estab-
lish a uniform description of the spectrum between
the Landau levels, of the magnetic Robin Laplacian
including the Neumann and Dirichlet Laplacians,
using the Grushin method and microlocal analysis
tools. We also investigate the localization proper-
ties of the ground states. The estimates look like
Agmon’s estimates, but they are not obtained via
variational methods, as is the case in many mag-
netic settings.
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