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Introduction

Nonlinear optics begins in the 1960s with the invention of the Ruby laser by Mainan [1] and the subsequent measurement of the Second Harmonic Generation (SHG) by Franken et al. in 1961 [2]. Since then, this field has continuously grown, bringing a huge impact on the development of photonic technologies. Among all the possible applications, nonlinear optical (NLO) processes are widely employed in dynamic image processing [3], data storage [4], sensing [5] and microscopic imaging [6,7].

NLO phenomena occur when systems subjected to electromagnetic fields respond non linearly with respect to the field strength [8]. Among all the NLO processes, the already mentioned SHG is one of the most exploited. SHG occurs when two incident photons interact through a medium and combine into one single photon with twice the frequency of the incident ones. This process takes place in specific range of energies that do not match resonant frequencies of molecules that build the medium. Therefore, differently from an absorption/emission process, it takes place in an ultra-short time scale and does not involve energy transfer between the photons and the NLO medium. Nowadays, SHG finds a wide range of applications in optoelectronics [4] but also in bioimaging and therapy [9,10]. The SHG response is deeply connected to the structural and electronic characteristics of the NLO material and of its constitutive components. Therefore, a proper characterization of a SHG signal provided by a system requires a deep knowledge of its microscopic properties, its response in bulk, and its interaction with the external environment.

The rational design of efficient materials with large SHG response combines different disciplines: chemical synthesis, spectroscopic characterization, and computational modelling. The latter has become essential since it allows the interpretation of structure/properties relationships that can not be fully understood through experimental measurements. For this purpose, identifying an appropriate computational protocol able to model the target phenomena, and that guarantees an acceptable compromise between accuracy and computational cost, is of paramount importance.

At the microscopic level, if a molecule is irradiated with an external electric field F, it experiences an induced polarization or, in other words, a change in its dipole moment µ, which can be expressed as a Taylor expansion with respect to the strength of F :

µ i = µ 0 i + j α ij F j + j,k β ijk F j F k + j,k,l γ ijl F j F k F l + ..., (1) 
where the expansion coefficients are the components of the optical response tensors, namely the permanent dipole moment µ 0 i , the linear polarizability α ij , and the nonlinear first hyperpolarizabilty β ijk and second hyperpolarizability γ ijkl . If the applied electric fields are oscillating, the optical responses of the molecule are dynamic and depend on the frequency of the incident fields, while static electric fields generate static NLO properties.

The proper modeling of molecular NLO properties relies on quantum mechanical (QM) simulations. However, their practical computation can be particularly challenging. In fact, in order to accurately describe NLO phenomena, a computational method should account for electron correlation effects, employ extended basis sets to make the electronic cloud flexible enough, use tight numerical thresholds criteria and, for embedded systems, model properly the external environment. Therefore, extensive computational resources are needed, which limits the size of the systems that can be investigated and/or the quality of the QM approximations that can be used. A smart selection of the appropriate method according to the scale of the system investigated is thus fundamental.

Generally, the class of methods that provides the best accuracy are wavefunction-based methods (WFN). In particular, post-HF schemes such as Coupled Cluster (CC) or Møller Plesset Perturbation theory (MPn) are considered as the most effective techniques for computing NLO properties. However, because of computational limitations, they can be applied only to small size systems [11][12][13], and are mainly employed for benchmark purposes on isolated chromophores. On the other hand, Density Functional Theory (DFT) is considered as an excellent alternative to wavefunction methods from the computational point of view and it is widely used in the field of NLO simulations. However, a large number of density functional approximations (DFAs) are not able to quantitatively reproduce the absolute magnitude of NLO responses. These failures are typically attributed to the so-called delocalization error which, in standard DFAs, leads to an over delocalization of the electrons [13][14][15][16][17][18]. Range-separated DFAs are usually able to reduce the delocalization error, but they usually do not reach the accuracy of wavefunction methods [16,17]. Nevertheless, provided a proper choice of the exchange-correlation functional, DFT calculations are usually suitable for reproducing experimental trends and provide qualitative structure/property relationships.

In this thesis, different aspects related to the computation of NLO properties have been addressed, from the investigation of reference benchmark systems using highly accurate wavefunction methods to that of experimental systems by means of DFT approaches.

The manuscript starts by a general overview of nonlinear optical phenomena and provides a physical and mathematical description of their microscopical origin. Focusing on SHG, we show the connection between chemical structure and NLO response, identifying the important structural features for designing molecules able to deliver large SHG signal. Moreover, we present the most common experimental techniques for measuring SHG properties of chromophores in solution.

In Chapter 2, the principle and basic equations of quantum chemical methods employed throughout the thesis are presented, with an highlight on their advantages, limitations, and computational performances. Acceleration techniques based on the Resolution of Identity (RI) approximation or on the use of localized orbitals, whose performance for computing static first and second hyperpolarizabilities are addressed in Chapter 4, are also presented.

Chapter 3 focuses more specifically on the methods employed for computing NLO properties. Three classes of methods are presented with their adavantages and limitations: 1) Sum-Over-State (SOS) approaches based on time-dependent perturbation theory [19], 2) Finite Field methods (FF), which allow to straightforwardly determine the static NLO properties through numerical derivatives of perturbed ground-state energies [20][21][22][23], and 3) response theory that allows, for variational wavefunctions, to determine static and dynamic response properties through time averaged derivatives of the so-called "quasienergy" with respect to the electric field [24,25].

In Chapters 4 and 5, we address the performances of some state-of-the-art wavefunction methods for the FF calculation of static NLO properties of small benchmark systems of different nature. These methods aim to improve the cost-efficiency of standard post-HF methods by following different strategies. They can be classified into two groups: the acceleration techniques, which aim at reducing the computational cost of standard WFN approximations without affecting their accuracy, and enhancement techniques which aim at improving the accuracy without increasing the computational effort. Although the performances of accelerated and enhanced methods for calculations of thermodynamic, kinetics, and molecular properties have been already assessed [26][27][28][29][30][31][32][33][34][35][36], a systematic study of their performances on NLO properties has been overlooked so far in literature.

Chapter 4 reports the performances of several acceleration techniques applied to MP2 and CC methods. The first family of methods tested is based on the RI approximation [26][27][28], which allows reducing the computational cost by reducing the four-index integrals to three-index integrals by a density-fitting procedure. Another family of methods is based on the so-called domain-localized based approximation, which exploits the local nature of dynamic correlation by employing different localization schemes for orbitals [29][30][31][32][33][34]. These methods simplify the wavefunction through the employment of several thresholds and parameters which heavily cut-down the computational cost. The last family of methods tested in this chapter is the spin-component scaled MP2 methods, which consist in decomposing the MP2 correlation energy in same spin and opposite spin components and scaling them in different manners [37,38]. These last methods, although they do not explicitly accelerate canonical MP2, they are supposed to improve its performances.

In Chapter 5, the performance of the so-called MP3 Kohn-Sham method (MP3:KS) [35,36] are evaluated. This method improves standard MP3 (referred to as MP3:HF) by using canonical KS reference orbitals in place of standard HF orbitals. MP3:KS was shown to improve MP3:HF in the calculation of thermochemical properties, barrier heights and dipole moments, being comparable to CCSD with a fraction of its computational cost [36]. The performance of MP3:KS was addressed for several DFAs including different percentages of explicit HF exchange, highlighting the importance of the delocalization error in DFT.

In Chapter 6, we employed WFN and DFT methods to decipher the impact of Van der Waals (vdW) interactions on the structures and NLO properties of a series of azobenzene molecules symmetrically substituted in meta-position with functional groups of different bulkiness. It has been already observed how vdW interactions impact the thermal stability and the photochemistry of molecular switches [39,40], however, their impact on NLO has been overlooked so far. We assess the performance of a large set of DFAs in reproducing the geometry, the relative energy and static first hyperpolarizability of E and Z azobenzene isomers in comparison with MP2 and Couple Cluster singels and doubles (CC2) calculations. Moreover, we analyze the individual contribution of the substituents on the NLO response of this series of compounds, giving insights into the precise role of the functional groups responsible for dispersion interactions.

Finally, in Chapter 7, the second-order nonlinear optical properties of four series of amphiphilic cationic chromophores involving different push-pull extremities and increasingly large polyenic bridges have been investigated both theoretically and experimentally. These systems have an enhanced second-harmonic response and are of interest for use as probes in biological systems such as lipid membranes [4]. Experimental Electric Field Induced Second Harmonic Generation (EFISHG) measures are made possible for these cationic chromophores by using a solvent with a low relative permittivity, which induces the formation of neutral ion pairs including the positively-charged dye and its iodine counterion [41]. The computational approach combines sequentially classical molecular dynamics (MD) and DFT calculations. This theoretical methodology has been employed to describe the effects of structural fluctuations on the EFISHG properties of the complexes formed by the dye and its iodine counterion, and provides a rationale to EFISHG experimental measurements.

Chapter 1

Introduction to nonlinear optical properties

The source of nonlinear optical properties

Optical properties find their origin in the response of molecules or materials to an external electric field, i.e., to the electric component of the electromagnetic wave in the case of light irradiation. In order to trigger electronic and vibrational excitations of molecules, external oscillatory radiations generally have a wavelength of a few hundred nanometers, thus ranging from the infrared to the visible. Having molecules the size of a few nanometers, the electric fields can be considered uniform over the molecular volume. If the energy carried by the incident photons is not in resonance with the excitation energy of the system, they might interact with the molecule through a scattering process. In this case, each incident photon transfers its momentum to the molecule, which absorbs it and re-emits it without losing any energy, namely, the total energy of the scattered photons is the same as the incident ones.

From the molecular point of view, a scattering process can be described by considering that the molecule absorbs a photon and lays in a so-called virtual state with a short lifetime (∝ fs) and energy far from any of the electronic excited states. From a classical point of view, when the electric field F(t) interacts with the molecule, the electrons and the nuclei start to oscillate as antennas and propagate the signal. For low field strengths, these oscillating charges generate an induced dipole µ µ µ ind (t) moment that responds linearly to the applied field and depends on the electric polarizability tensor α α α. The i th component of µ µ µ ind (t) is expressed as follows:

µ ind i (t) = µ 0 i + α ij F j (t), (1.1) 
where µ µ µ 0 is the intrinsic dipole moment of the molecule, and the convention of intrinsic summation over the repeated j is used. This process is referred to as linear scattering and it is illustrated in Fig. 1.1a. If the radiation is intense and focalized on the system (typically produced by a laser field), two or more photons can interact in a single process, and the response of the molecule is no longer linear. The induced dipole moment is then expressed as a Taylor expansion with respect to the external electric fields:

µ ind i (t) = µ 0 i + α ij F j (t) + β ijk F j (t)F k (t) + γ ijkl F j (t)F k (t)F l (t) + ..., (1.2) 
where the coefficients α ij are the components of the linear polarizability tensor defined previously, while β ijk and γ ijkl are the components of the tensors describing the nonlinear optical (NLO) behavior of the system, respectively referred to as the first and second hyperpolarizabilities. Equation 1.2 describes the scattering processes in which several incident photons can be combined to produce a resulting photon with a frequency corresponding to the sum of the incident ones. If the incident light can be decomposed in different spectral components, these might combine giving rise to several effects, which can be described by expanding the electric field components as a Fourier series:

F i (t) = ω F ω i e -iωt (1.3) 
where F ω i represents the amplitude of the field associated to each frequency ω. By reporting Eq. 1.3 into Eq. 1.2, the induced dipole moment can be then expressed as:

µ ind i (t) =µ 0 i + ω α ij (-ω; ω)F ω j e -iωt + ω 1 ,ω 2 β ijk (-ω σ ; ω 1 , ω 2 )F ω 1 j F ω 2 k e -iωσt + + ω 1 ,ω 2 ,ω 3 γ ijkl (-ω σ ; ω 1 , ω 2 , ω 3 )F ω 1 j F ω 2 k F ω 3 l e -iωσt + ... (1.4) 
where ω σ represents the frequency of the scattered photons, which conventionally appear with a negative sign in order to differentiate from the incident ones. The values of ω σ for the second-and third-order responses are obtained by summing the frequencies of the incident photons, ω σ = ω 1 + ω 2 and ω σ = ω 1 + ω 2 + ω 3 respectively. The sum runs also over negative frequencies, indeed both of sum and differences of frequencies are possible.

According to the number of photons that are combined and their frequencies, different NLO phenomena can occur. The most common first-, second-, and third-order NLO processes are reported in Table 1.1.

Table 1.1: Most common linear and second-and third-order nonlinear optical processes. A large part of this work is dedicated to the study of the Second Harmonic Generation (SHG), in which two incident photons with the same frequency ω interact through the molecule to generate a photon of frequency 2ω (see a schematic representation of this process in Fig. 1.1b).

Impact of symmetry on the (hyper)polarizability tensors

According to Eq. 1.4, α, β, and γ tensors must be fully determined to decipher the linear, second-, and third-order NLO responses of a molecule. However, their expression can be simplified according to the symmetry, which is linked to the experimental conditions and the molecular structure. In practice, the tensors β and γ have, respectively, 27 and 81 independent components. However, when the incident photons have the same frequency, the tensor components stay invariant upon permutation of the last indices:

β ijk = β ikj (1.5) γ ijkl = γ ijlk = γ ikjl = γ iklj = γ ilkj = γ iljk . (1.6)
Therefore, the number of independent components is reduced to 18 for β and 30 for γ. Moreover, if ω and ω σ are far from any resonance frequency of the system, the number of independent coefficients of β and γ can be further reduced by applying the Kleinman's permutation rules [1]:

β kij = β ijk (1.7) γ lijk = γ ijkl , (1.8) 
which is strictly valid only for static properties (ω = 0). With this formulation, the independent components of β and γ tensors are respectively reduced to 10 and 15.

If the system possesses a particular spatial symmetry, the number of independent components in the β and γ tensors can be further reduced. A very particular situation is when the system has an inversion center, i.e., it is centrosymmetric. In this case, each of the components of the β ijk tensor is 0. This can be easily understood by invoking Neumann's principle [2], which states that if a system is invariant with respect to a symmetry operation, each of its properties is also invariant to it. Consequently, for a centrosymmetric system subjected to an inversion of the coordinates (described by the operator Î), the electric field and the dipole moment transform by inversion as F → -F and µ 0 → -µ 0 . The expression of Eq. 1.2 under the inversion operation is thus:

ε ind i = -µ ind i = -µ 0 i -α ij F j + β ijk F j F k -γ ijkl F j F k F l + ... (1.9) 
By comparing term by term Eq. 1.2 and Eq. 1.9, we deduce that β (and any even order NLO property) must be 0. More generally, if a molecule belongs to a given symmetry group, it is possible to straightforwardly identify the components of the β tensor that are different from 0 (the form of the first hyperpolarizabilty tensor of molecules belonging to the most current point groups can be found in [3]). It must be noticed that in the case of supramolecular aggregates, the entire system must have a non-centrosymmetric spatial organization in order to have a non-zero second-order response.

Macroscopic nonlinear optical properties

We focused so far on the microscopic responses of molecules to external electric fields. However, since experimental measurements are usually performed in liquids or solids, it is also crucial to interpret the optical responses of bulk systems. At the macroscopic level, the components of the polarization vector P(t) of a medium polarized by a time-dependent electric field F(t), can be expanded as a sum of terms of different orders:

P i (t) = P (0) i (t) + P (1) 
i (t) + P

(2) i (t) + P

i (t) + ..., (1.10) where P (0) (t) is the intrinsic polarization, P (1) (t) the linear polarization, P (2) (t) the quadratic one, and so on. Similarly to the microscopic properties, if the electric field has different spectral components, by including Eq. 1.3 in Eq. 1.10 we obtain:

P i (t) =P (0) i (t) + ϵ 0 ω χ (1) ij (-ω; ω)F ω j e -iωt + ϵ 0 ω 1 ,ω 2 χ (2) ijk (-ω σ ; ω 1 , ω 2 )F ω 1 j F ω 2 k e -iωσt + ϵ 0 ω 1 ,ω 2 χ (3)
ijkl (-ω σ ; ω 1 , ω 2 , ω 3 )F ω 1 j F ω 2 k F ω 3 l e -iωσt + ..., (1.11) where ϵ 0 is the dielectric constant of the vacuum, while χ (1) , χ (2) and χ (3) are respectively the linear, quadratic and cubic susceptibilities, which are expressed as tensors of rank 2, 3, and 4. By comparing Eq. 1.11 and Eq. 1.4 and considering that the electric field is constant in the system, we observe a direct correspondence between the microscopic (hyper)polarizabilities and the macroscopic susceptibilities:

χ (1) = α ϵ 0 (1.12)
χ (2) = β 2ϵ 0 (1.13)

χ (3) = γ 6ϵ 0 (1.14)
However, it is important to stress that the electric fields experienced by a given molecule within a macroscopic medium are different from the external one. In fact, the presence of the medium perturbs the macroscopic electric field and each molecule experiences a so-called local field E ω loc . This effective field depends on the shape, the dimension, and the kind of medium which surrounds the molecules and remains challenging to predict [4].

Practical applications of Second Harmonic Generation

The first measure of SHG was made by Franken and coworkers in 1961 [5]. Since then, SHG has received an ever-growing attention from the scientific community, owing to the wide range of applications in which this phenomenon can be exploited, ranging from data storage, sensing, to bioimaging [6][7][8][9]. Systems displaying large first hyperpolarizability are for instance used as functional components in electro-optical materials or as exogenous probes in microscopy techniques used for investigating biological media such as cell membranes.

Among NLO materials, organic compounds are nowadays popular systems for the fabrication of NLO devices, as they can display faster responses, higher flexibility, lower environmental impact, and higher NLO response than inorganic systems [10]. A particular relevant class of compounds are push-pull D-π-A systems, which are composed of an electron-donor unit (D) and an electron-acceptor (A) one linked by a π-conjugated bridge.

These molecules usually exhibit intense NLO responses due to the intramolecular charge transfer between the donor and the acceptor substituents. The conjugated π-bridge acts as a reservoir of easily delocalizable electrons and thus contributes to the enhancement of the NLO response, as schematized in Figure 1 A large variety of D-π-A systems have been studied both from the experimental and computational sides. In fact, exploring different combinations of D/A components and optimizing the nature and length of the π-bridge is the most effective way to design novel materials with enhanced NLO properties [10][11][12][13]. As detailed in Chapter 3, it is possible to rationalize the response of D-π-A systems by using the two-level approximation first formulated by Oudar [14], which connects the response of push-pull systems to spectroscopic quantities related to the one-photon absorption of the molecule.

The magnitude of the nonlinear optical properties of D-π-A conjugated systems is directly related to the strength of the electron conjugation within the molecule, which is reflected in the Bond Length Alternation (BLA) [15][16][17] that measures the average difference in length between double and single bonds along the π-bridge. For a π-conjugated chain composed of N carbon atoms with an interatomic distance d i,j between carbons i and j, the BLA is defined as:

BLA = 1 N -2 N -2 i=1 (-1) i+1 (d i+1,i+2 -d i,i+1 ) (1.15)
Another class of compounds exhibiting large NLO responses are octupolar molecules, i.e., systems which belong to the D 3h , T , or T d groups of symmetry with a null dipole moment [18]. The simplest example is the 1,3,5-triamino-2,4,6-trinitro-benzene (TATB) [19] which has a response twice larger than the para-nitroaniline molecule, its dipolar counterpart (Fig. 1.3). A large variety of structures belonging to this family have been designed and studied both computationally and experimentally [20][21][22].

Since they can be used as building blocks for designing responsive materials, molecular systems that exhibit switchable second-order NLO responses, i.e., that can commute between two forms displaying contrast in their first hyperpolarizabilities, have also witnessed a growing interest during the last three decades [23][24][25]. The commutation between the two forms can be triggered using different techniques, such as variation of pH [26], of temperature [27], application of a redox potential [28] or illumination with an external light [29]. Photochromic molecules often constitute the most appropriate candidates for technological applications since light is a fast and non-invasive way to remotely control the state of a system. Nowadays, azobenzene derivatives are the most prominent class of photochromic molecules employed in the design of NLO devices and have been incorporated into Langimur-Blodgett films [30], liquid-crystalline polymers [31] or self-assembled monolayers [32,33]. They include two phenyl rings linked by an azo bond, and can interconvert between trans (E) and cis (Z) isomers through light irradiation (Fig. 1.4).

The two forms present different first hyperpolarizability values, whose contrast can be enhanced by adding appropriate substituents onto the terminal phenyl groups [34,35]. Deep knowledge of the relationships linking the chemical structure of azobenzenes to their NLO properties is thus fundamental for a rational design of efficient NLO devices. In chapter 6 of this thesis, we investigate how van der Waals interactions between substituents grafted in meta positions of the phenyl groups impact the relative stability of the two isomers of various azobenzene derivatives, as well as the first hyperpolarizability of the cis form.

Besides photoresponsive materials, the second-order NLO responses of organic compounds are also largely employed in imaging microscopy. Second harmonic imaging microscopy (SHIM) is complementary and presents advantages compared to two-photon absorption microscopy, because it allows a faster and more sensitive detection while avoiding issues such as dye bleaching, signal saturation or tissue autofluorescence [36]. SHIM allows to investigate biological structures such as cells or entire tissues which have a noncentrosymmetric structure. In this case, the SHG signal originates from their constituent proteins such as collagen [37], myosin [38], and microtubules [39]. Moreover, by labeling centrosymmetric tissues with functional NLO dyes, it is possible to characterize biological media which in principle lack or have a small SHG signal [40]. In this context, organic dyes with a large SHG response such as amphiphilic chromophores are frequently employed as exogenous probes for bi-lipid membranes in high-resolution SHG microscopy techniques [40][41][42][43]. These dyes are characterized by a polar head that can be anchored into the membrane and a hydrophobic tail which interacts with the cellular fluid. Their response can be enhanced by their functionalization with D and A moieties. A series of positively amphiphilic chromophores relevant for SHIM applications and incorporating pyridinium or quinolinium acceptor moieties are characterized both computationally and experimentally in Chapter 7 of this thesis.

Experimental techniques for measuring molecular second harmonic responses

As this thesis focuses on the characterization of molecular NLO responses, we limit this section to the description of experimental techniques allowing the measurement of the SHG signal of molecules in solution, namely the Electric Field-Induced Second Harmonic Generation (EFISHG) and the Hyper-Rayleigh Scattering (HRS) [3]. As mentioned above, in order to have an appreciable SHG signal, the target systems must be non-centrosymmetric. However, molecules in solutions tend to be on average isotropically oriented, and therefore the resulting medium is on average centrosymmetric. Therefore, even molecules with large first hyperpolarizability such as the dipolar or octupolar systems discussed above are challenging to characterize when they are solvated. We discuss in the next sections how EFISHG and HRS techniques overcome this limitation.

Electric Field-Induced Second Harmonic Generation

The EFISHG method is the first technique employed for measuring SHG in solids [44], gas [45,46] and solutions [47,48]. Besides the oscillating electric field used for evaluating the SHG signals, an additional static electric field is applied in order to give a preferential orientation to the bulk system (see a schematic representation of this process in Fig. 1.5). Therefore, EFISHG is a technique based on the third-order response. The EFISHG response is obtained by measuring the intensity I 2ω of the resulting field, which depends quadratically on the γ EF ISHG second-hyperpolarizability:

I 2ω ∝ (γ EF ISHG ) 2 I 2 ω (1.16)
Formally, γ EF ISHG can be expressed as a sum of two contributions:

γ EF ISHG = γ || (-2ω; ω, ω, 0) + µβ || (-2ω; ω, ω) 3kT (1.17)
The first term (γ || ) is a pure third-order term that can be expressed as a function of the components of the molecular γ tensor:

γ || = 1 15
x,y,z i,j

(2γ iijj + γ ijji ) (1.18)
The second term involves the norm of the permanent dipole moment µ = |µ µ µ| and a second order term (β || ), which is the projection of the tensor β β β along the dipole moment direction:

β || = 3 5 
µ i β i µ (1.19)
where β i are the components of the β vector defined as :

β i = 1 3
x,y,z j

(β ijj + 2β jij ) (1.20) 
Obtaining separately the two components of Eq. 1.17 is experimentally challenging because it requires a complex experimental setup for measuring γ EF ISHG at different temperatures. However, in practice, it has been observed that the term γ || is generally negligible with respect to µβ || /(3kT ). Therefore, the EFISHG response is usually reported as an effective second-order response:

γ EF ISHG = [µβ || (-2ω; ω, ω)] ef f 3kT , (1.21) 
which results convenient from the experimental point of view considering that measurements can be then performed at a single temperature. Although this approximation is generally valid for dipolar molecules with large hyperpolarizabilities, computational studies nevertheless proved that γ || can be large and even predominant in particular conditions (see for example [49] and Chapter 7 of this thesis). An important limitation of the EFISHG technique is that it can not be employed for systems with null dipole moments such as octupolar molecules, as well as for charged molecules, for which the external static electric field would cause a migration of the ions. However, if the solvent employed has a low polarity (such as chloroform), ions and counterions stay in close proximity in the solution, forming neutral entities that allow performing EFISHG measurements [50][51][52]. This specific case is discussed in detail in Chapter 7.

Hyper-Rayleigh Scattering

The HRS technique, developed in 1965, [53] is a method that allows measuring directly the second-Harmonic generation, without applying a static field to break the isotopic orientational order of the solution, and thus without including third-order contributions. This approach is based on the assumption that, although molecules in solution are on average distributed centrosymmetrically, some noncentrosymmetric deviations can be observed because of density or rotational fluctuations. In fact, the molecular scatterers are timely uncorrelated, i.e., there is no phase relation between scattered fields; therefore, the resulting signal is incoherent and the time-average of µ(t) is different from 0. Thus, contrary to the EFISHG technique, HRS can be applied straightforwardly to ions and octupolar molecules. The global signal is related to the first hyperpolarizability of each individual molecule, which is averaged in all possible orientations in the term ⟨β 2 HRS ⟩. Moreover, the total intensity depends on the molecular concentration C, so that [3]:

I 2ω ∝ C ⟨β 2 HRS ⟩ I 2 ω . (1.22) 
The connection between ⟨β 2 HRS ⟩ and the β ijk tensor components depends on the polarization of the incident light. Denoting by X, Y , and Z are the axis of the laboratory frame, a typical experimental HRS setup is schematized in Fig. 1.6. The incident light is propagated in the Y -direction and polarized in the XZ-plane, while the HRS signal is measured in the X-direction. The incident beams are usually polarized either horizontally (parallel to X) or vertically (parallel to Z), while the scattered light is measured using vertical polarization. With this setup, the total HRS hyperpolarizability, β HRS , can be expressed as:

β HRS = ⟨β 2 HRS ⟩ = ⟨β 2 ZZZ ⟩ + ⟨β 2 ZXX ⟩, (1.23) 
where ⟨β 2 ZZZ ⟩ and ⟨β 2 ZXX ⟩ correspond to the scattered signal measured for a vertical polarization using incident beams polarized along Z and X, respectively. The relationships between the experimental HRS components expressed in the laboratory frame (XY Z) and the components of the first hyperpolarizability tensor expressed in the molecular frame (xyz) are obtained by the following equations [54]:

⟨β 2 ZZZ ⟩ = 1 7 x,y,z ζ β 2 ζζζ + 4 35
x,y,z ζ̸ =η

β 2 ζζη + 2 35
x,y,z ζ̸ =η

β ζζζ β ζηη + 4 35 
x,y,z ζ̸ =η

β ηζζ β ζζη + 4 35
x,y,z ζ̸ =η

β ζζζ β ηηζ + 1 35
x,y,z ζ̸ =η

β 2 ηζζ + 4 105
x,y,z ζ̸ =η̸ =ξ

β ζζη β ηξξ + 1 105
x,y,z ζ̸ =η̸ =ξ

β ηζζ β ηξξ + 4 105
x,y,z ζ̸ =η̸ =ξ

β ζζη β ξξη + 2 105
x,y,z ζ̸ =η̸ =ξ

β 2 ζηξ + 4 105
x,y,z ζ̸ =η̸ =ξ

β ζηξ β ηζξ (1.24)
⟨β 2 ZXX ⟩ = 1 35 x,y,z ζ β 2 ζζζ + 4 105
x,y,z ζ̸ =η

β ζζζ β ζηη - 2 35 
x,y,z ζ̸ =η

β ζζζ β ηηζ + 8 105
x,y,z ζ̸ =η

β 2 ζζη + 3 35
x,y,z ζ̸ =η

β 2 ζηη - 2 35 
x,y,z ζ̸ =η

β ζζη β ηζζ + 1 35 
x,y,z ζ̸ =η̸ =ξ

β ζηη β ζξξ - 2 105
x,y,z ζ̸ =η̸ =ξ

β ζζξ β ηηξ - 2 105 
x,y,z ζ̸ =η̸ =ξ

β ζζη β ηξξ + 2 35 
x,y,z ζ̸ =η̸ =ξ

β 2 ζηξ - 2 105
x,y,z ζ̸ =η̸ =ξ

β ζηξ β ηζξ (1.25)
Interestingly, the HRS signals can be also employed to investigate the molecular symmetry of a molecule. An indicator of the symmetry is the ratio between the two polarization components of the scattered signal, namely, the depolarization ratio (DR):

DR = ⟨β 2 ZZZ ⟩ ⟨β 2 ZXX ⟩ . (1.26)
DR adopts specific values according to the symmetry of the system under study. For instance, for a system with a symmetry C 2v with the charge transfer direction oriented along the z axis, the Eqs. 1.24 and 1.25 can be simplified as:

⟨β 2 ZZZ ⟩ = 1 7 β 2 zzz + 6 35 β zzz β zxx + 9 35 β 2 zxx (1.27)
⟨β 2 ZXX ⟩ = 1 35 β 2 zzz - 2 105 β zzz β zxx - 38 105 β 2 zxx (1.28)
For a system where the longitudinal β response strongly dominates (β zzz >> β zxx ), DR = 5, and the system has a 1D response. For an octupolar molecule with T d symmetry, the only non-zero tensor component is β xyz , so that:

⟨β 2 ZZZ ⟩ = 12 35 β 2 xyz ⟨β 2 ZXX ⟩ = 8 35 β 2 xyz (1.29)
and therefore DR = 1.5.

It is worth mentioning that, for systems in solution, both the solute and the solvent can contribute to the optical response, and the total response is the sum of these two contributions:

I 2ω ∝ (C s ⟨β 2 HRS ⟩ s + C x ⟨β 2 HRS ⟩ x )I 2 ω , (1.30) 
where C s is the concentration of the solvent, C x the concentration of the solute, while ⟨β 2 HRS ⟩ s and ⟨β 2 HRS ⟩ x are their respective HRS signals. The response of the solute is then obtained by excluding the contributions of the solvent. This calibration can be made by two different approaches. In the first, defined as the internal reference method, ⟨β 2 HRS ⟩ x is obtained by performing the measurements at different concentrations of the solute, while in the second one, the "external reference" method, the solvent contribution ⟨β 2 HRS ⟩ s is measured independently.

The HRS method is generally preferred to EFISHG because it can be straightforwardly applied to measure SHG on charged and octupolar molecules. However, since it is an incoherent process with no collective enhancement of the NLO response by means of an artificial orientation of the molecules, the intensity is low and high-sensitivity detection tools are necessary.

Chapter 2

Theoretical methods

The many-body problem

The main goal of computational chemistry is to investigate and predict chemical and physical properties of molecules and materials. This objective requires an accurate description of the interactions of electrons and nuclei in atoms and molecules which could be guaranteed only by a proper treatment of quantum mechanical effects. The position and the time evolution of a system are described at the quantum mechanical level by the wavefunction Ψ t . In order to determine it, it is necessary to solve the so-called time-dependent Schrödinger equation, namely:

ĤΨ t = i ∂ ∂t Ψ t (2.1)
The quantity Ĥ is the Hamiltonian of the system which describes the interactions among electrons and nuclei as well as with the external environment. The first step toward the solution of Eq. 2.1 is to find the so-called stationary states which describe the system at a specific time (t 0 = 0 for convenience), and then compute its time-evolution. If the Hamiltonian is time independent, the stationary states are found from the solution of the time-independent non-relativistic Schrödinger equation, namely,

ĤΨ 0 = EΨ 0 . (2.2)
If the system is isolated, the Hamiltonian is composed of two operators, the kinetic energy ( T ) and the Coulomb potential ( V ),

Ĥ = T + V . (2.3)
T can be separated into electronic ( Te ) and nuclear contributions ( TN ). Therefore, for a system of n electrons and M nuclei it can be expressed as:

T = Te + TN = - n i ∇ 2 i 2 - M I ∇ 2 I 2m I , (2.4) 
where the summation on lowercase letters runs over the electrons, the summation on uppercase letters runs over nuclei, and m I stays for the mass of the nucleus I. The Coulomb potential can be decomposed in three terms: the attraction between electrons and nuclei ( VeN ), the Coulomb repulsion between electrons Vee , and the repulsion between nuclei ( VNN ). The expression of these terms is collected in the following Eq.:

V = VeN + Vee + VNN = - n,M i,I Z I |r i -R I | + n i>j 1 |r i -r j | + M I>J Z I Z J |R J -R J | (2.5)
where R I identifies the position of the nucleus I, r i of the electron i, while Z I indicates the charges of the nucleus. Unfortunately, an exact analytic solution of Eq. 2.2 is possible just for systems of one electron and one nucleus; for more complicated systems it is necessary to find appropriate approximations. During the last century, several methods have been developed to find approximated solutions of Eq. 2.2 able to reproduce accurately chemical and physical phenomena with an affordable computational cost. The methods for solving Eq. 2.2 that do not employ empirical parameters are called ab initio. One of the most basic approximations is the Born-Oppenheimer (BO) approximation [1] which consists in decoupling the wavefunction in nuclear and electronic contributions. Indeed, this approximation is based on the fact that the nuclei are much heavier than the electrons and therefore slower. Following BO, the wavefunction of Eq. 2.2 could be decoupled as:

Ψ(r, R) ≈ ψ(r, R)ϕ(R) (2.6)
According to this approximation, we can identify the electronic part of the Hamiltonian, where the positions of the nuclei are parameters. Therefore, in order to determine the electronic contribution in terms of nuclei positions, we solve the following eigenvalues equation:

Ĥe ψ(r, R) = E e (R)ψ(r, R), (2.7) 
Where Ĥe is:

Ĥe = Te + VNN + VeN + Vee . (2.8)
A similar equation is obtained for the nuclei, which lie in the potential energy surface (PES) set up by the electrons. Although the BO approximation is a crude approximation, it is in general very accurate for most of systems. However, in some cases, it is necessary to include explicitly the interactions of electrons and nuclei due to the non-adiabatic effects, for instance in the case of conical intersections [2]. In order to solve Eq. 2.7, it is necessary to find appropriate approximations to the actual wavefunction ψ. The wavefunction of a system of N electrons can be expressed as a product of n molecular spin-orbitals. Each molecular spin-orbital is composed of a molecular orbital (MO) ϕ(r), which gives the location of the electrons in the molecule, and a spin function χ(σ i ), which, considering that the electrons are fermions, has two possible values for identifying the spin-up or the spin-down states. Moreover, according to the Pauli principle, the wavefunction of the system must be antisymmetric with respect to the exchange of the coordinates of any pair of electrons.

Hartree Fock method

For solving the electronic structure problem the easiest way is to employ the independent particle model, in which the instantaneous interactions between electrons are replaced by an average field generated by all the electrons. In particular, in the Hartree Fock (HF) method, each electron is described by a molecular orbital and for a system of N electrons, the wavefunction is made by an antysimmetrized product of N molecular orbitals. This ensures the fulfillment of the Pauli principle for the total wavefunction. The resulting wavefunction is called Slater Determinant and its expression is:

ψ HF (x 1 , ...x N ) = 1 √ N ! φ1 (x 1 ) φ2 (x 1 ) ... φN (x 1 ) φ1 (x 2 ) φ2 (x 2 ) ... φN (x 2 ) ... ... ... ... φ1 (x N ) φ2 (x N ) ... φN (x N ) (2.9)
where φ(x i ) is the product of a spatial orbital ϕ(r i ) and a spin function χ(σ i ). The factor

1/ √ N ! is a normalization coefficient.
The energy of this wavefunction can be found by minimizing the expectation value of the Hamiltonian of Eq. 2.10. Indeed, according to the variational principle, the best wavefunction of the system is the one that minimizes the energy (see Eq. 2.10).

E HF = ⟨ψ HF trial | Ĥ|ψ HF trial ⟩ ≥ E exact (2.10)
By including Eq. 2.9 in Eq. 2.10, we can obtain the expression of the HF energy, namely:

E HF = i h i + 1 2 i,j (J ij -K ij ), (2.11) 
where the quantity h i is the independent particle energy:

h i = ⟨ϕ i | - ∇ 2 i 2 + I Z I r Ii |ϕ i ⟩ (2.12)
J ij accounts for the repulsion between the electrons, and K ij is the so-called exchange term that arises because the wavefunction is antisymmetric. The expression of these integrals are:

J ij = ⟨ϕ i ϕ j | 1 r ij |ϕ i ϕ j ⟩ K ij = ⟨ϕ i ϕ j | 1 r ij |ϕ j ϕ i ⟩ (2.13)
By minimizing the Eq. 2.11 with respect to the spin-orbitals ϕ we obtain the so-called HF eigenvalues equations, namely:

fi ϕ i (r) = ϵ i ϕ i (r) (2.14)
where f is a one-electron operator called Fock operator, while ϵ i are the single-particle energies associated to each orbital. These quantities have in general no physical interpretations, with the exceptions of the energies corresponding to the HOMO (ϵ HOM O ) and LUMO (ϵ LU M O ) which according to the Koopman's theorem [3] can be associated respectively to the ionization potential and electron affinity. This approach is defined as restricted HF because in this formulation electrons with different spins have an identical molecular orbital which is multiplied by the corresponding spin function. The Fock operator has the following expression:

fi = ĥi + m j ( Ĵj -Kj ) (2.15)
where the quantities Ĵj and Kj are the Coulomb and exchange operators, which are defined as:

Ĵj ϕ i = ⟨ϕ j | 1 r ij |ϕ j ⟩ ϕ i Kj ϕ i = ⟨ϕ j | 1 r ij |ϕ i ⟩ ϕ j (2.16) 
The expressions in Eq. 2.16 show that each orbital feels the presence on average of all the orbitals.

Unrestricted approach

For the description of open-shell systems, the restricted Hartree Fock framework in which electrons with different spins occupy the same orbitals is not appropriate. The standard way to overcome this problem is through the so-called unrestricted HF method (UHF) which consists in computing two different sets of equations 2.14 for electrons with different spins (α and β), namely:

f α i ϕ α i (r) = ϵ α i ϕ α i (r) f β i ϕ β i (r) = ϵ β i ϕ β i (r) (2.17)
This method increases the accuracy of HF calculations for which the RHF picture is completely wrong (such as for the study of bond dissociations), and allows the treatment of open-shell systems. However, the UHF wavefunction is not anymore an eigenfunction of the spin operator Ŝ2 , bringing to the system the so-called "spin-contamination". Therefore, even though through the unrestricted approach the energy could be improved, the wavefunction is generally unreliable, affecting particularly the computation of molecular properties. The amount of spin contamination can be easily monitored by computing < Ŝ2 >, which identifies the average value of the Ŝ2 operator.

Basis sets approximation

For solving the HF equations it is convenient to use a basis of functions for which the integrals of equations 2.15 are easy to calculate. In principle, any kind of function can be used, however, in Quantum Chemistry the most common approximation is the so-called linear combination of atomic orbitals (LCAO), which consists in expanding the molecular orbitals in a M b basis of functions centered into the positions of the nuclei ({ψ µ }), namely:

ϕ i = M b µ c µi ψ µ . (2.18)
Therefore, by including Eq. 2.18 in Eq. 2.14 and by projecting to the set of basis functions, we obtain a set of equations which could be expressed in matrix notation as:

FC = SCϵ, (2.19) 
Where F and S are respectively the matrix representation of the Fock operator in the atomic basis set and the overlap matrix, with respectively elements:

F µν = ⟨ψ µ | f |ψ ν ⟩ S µν = ⟨ψ µ |ψ ν ⟩ (2.20) 
Eq. 2.19 are called the Roothan (Poble-Nesbet-Berthier equations for the unrestricted approach) equations and can be solved iteratively by the so-called Self Consistent Procedure (SCF). The selection of the basis set is arbitrary, however, in general, the most common choices are the Slater Types Orbitals (STOs) and the Gaussian Type Orbitals (GTOs). STOs integrals reproduce the correct electron-nuclear cusp conditions at short distance (∝ e -r ) and therefore, they reproduce the exact behavior of the wavefunction. However, the computation of two-electron integrals of Eq. 2.16 with STOs basis require numerical integration and therefore they are more challenging and time-consuming. On the other hand, GTOs functions are Gaussians (∝ e -r 2 ) and, therefore, the resulting integrals can be computed analytically. These basis functions can be further improved for tackling challenging systems, for example, we have the so-called diffuse functions which are designed for taking into account long-range interactions, and polarization functions which increase the accuracy in bond regions. In this work, we employed just GTOs basis sets, in particular, testing two different basis sets schemes the Pople's [4] basis sets and the Dunning's [5], where the second ones have been designed mostly for post-Hartree Fock methods.

Post-HF methods

Employing the HF approximation and a large basis set it is possible to reproduce up to ∼99% of the exact energy of most of molecular systems, however, a reproduction of the remaining ∼1% is fundamental to properly understanding the chemistry of the system. This energy difference has been firstly defined by Löwdin [6] as electron correlation energy, namely:

E corr = E exact -E HF (2.21)
The source of this discrepancy is related to the neglect of the instant interactions between electrons due to the mean-field approach. There are different ways of classifying electron correlation, and this is strictly related to the system and the context that we are investigating. One example of correlation effect is the Fermi repulsion of electrons which is due to their fermionic nature. It is automatically taken into account in the HF method by the Slater determinant wavefunction. In fact, in the HF method two electrons with the same spin can not occupy the same position because of the antisymmetry of the wavefunction. However, we will see that this is not generally true for DFT approximations. Moreover, the so-called Coulomb correlation refers to the fact that the electrons repel each other because of their electrostatic interactions. In the HF model, we do not observe this correlation between electrons with opposite spins because of the nature of the f HF operator: indeed, if two electrons have opposite spins they can occupy the same position in space. The most relevant way of classifying correlation effects is by the separation between the dynamic and nondynamic correlation. The name dynamic correlation is referred to the motion of electrons and it is important in systems for which the ground state is generally well described by the single determinant wavefunction and could be improved just by small corrections to it. On the other hand, nondynamic (or static) correlation arises when two or more configurations are needed to properly describe a system, in this case, the HF picture is completely wrong and more sophisticated methods are needed to be employed. In the last decades, several different methods have been developed to face these problems. Although there is not a clear-cut separation between dynamic and nondynamic correlation, in general, quantum chemistry methods can include one or the other type of correlation. Methods for treating dynamic correlation effects are known as post-HF methods and include: the Configuration Interaction (CI), the Møller Plesset Perturbation theory (MPn) and the Coupled Clusters approximations. We will introduce these methods in the following subsections. On the other hand, for reproducing nondynamic correlation effects, it is necessary to employ specific methods that take into account degeneracies or pseudo-degeneracies of orbital energies such as the Multi Configuration Self Consistent Field (MCSCF) or the Quantum Monte Carlo methods. These methods will not be studied in this thesis because we did not include in our studies systems in which nondynamic correlation is relevant.

Configuration Interaction

The conceptually easiest way to overcome the single determinant HF formulation is to build a wavefunction made of several determinants. The full configuration interaction method consists in minimizing the expansion coefficients following the variational principle. A preliminary HF calculation is performed, and a set of excited determinants are constructed by exciting electrons from the HF occupied orbitals to the virtual ones. According to the number of orbitals that we excite with respect to the HF configuration, we can separate the determinants into singly, doubly, triply, etc.. excited determinants. The resulting wavefunction could be expressed as:

Ψ = a 0 Φ HF + S a S Φ S + D a D Φ D + T a T Φ T + ... (2.22)
If m is the number of orbitals and N is the number of electrons, the resulting number of determinants in the restricted formulation will be m N/2 . Unfortunately, computing and storing all these determinants and diagonalizing the resulting CI matrix is prohibitive even for the most modern computational resources, and therefore the full CI (FCI) method can be applied only to systems of few electrons. On the other hand, if the HF calculation is already a good approximation we can decide to reduce the number of determinants by truncating the CI expansion considering just the most important excitations. Therefore, by truncating the CI expansion to singles(S), doubles(D) or triples(T), etc. We will obtain, respectively, the methods CIS, CISD and CISDT. Although these methods allow to save computational time with respect to FCI, they have some limitations that may affect their performances. For example, the CISD method scales as Nocc , however, it is neither size consistent nor size extensive, and therefore it might give misleading results for example in calculations of barriers, thermodynamic or dissociation energies.

Rayleigh-Schrödinger perturbation theory

An alternative way to include correlation in a many-body system is through perturbation theory. If the Hamiltonian of a system can be decoupled into a reference Hamiltonian (for which the solution of the Schrödinger equation is known), and a small perturbation, the energy can be found as a perturbative expansion in terms of a coupling parameter. Indeed, the total Hamiltonian of the system can be written as:

Ĥλ = Ĥ(0) + λ V , (2.23) 
Ĥ0 is the unperturbed Hamiltonian, V is the perturbation and λ is the coupling parameter.

Therefore, the Schrödinger Equation is expressed as:

Ĥλ ψ λ n = E λ n ψ λ n , (2.24) 
where the energy and the wavefunction can be expressed as a sum of different perturbative terms:

E λ n = E (0) n + λE (1) n + λ 2 E (2) n + ... (2.25) ψ λ n = ψ (0) n + λψ (1) n + λ 2 ψ (2) n + ..., (2.26) 
and

ψ (0)
n is the wavefunction of the unperturbed Hamiltonian Ĥ(0) n :

Ĥ(0) n ψ (0) n = E (0) n ψ (0) n (2.27)
To find the solution of Eq. 2.24 it is convenient to impose normalization constraints as:

⟨ψ (0) n |ψ (0) n ⟩ = 1 (2.28) ⟨ψ (0) n |ψ (i) n ⟩ = 0 i = 1, 2, ... (2.29) 
Substituing Eq. 2.26 in Eq. 2.24, equating the coefficients of the same power of λ, and then multiplying by ⟨ψ

(0)
n | we obtain the expression of the perturbed energies:

E (0) n = ⟨ψ (0) n | Ĥ(0) |ψ (0) n ⟩ (2.30) 
E (1) n = ⟨ψ (0) n | V |ψ (0) n ⟩ (2.31) 
E (2) n = ⟨ψ (0) n | V |ψ (1) n ⟩ (2.32) 
E (3) n = ⟨ψ (0) n | V |ψ (2) n ⟩ (2.

33)

...

To find the perturbed wavefunctions ⟨ψ

(1) n |, ⟨ψ (2) 
n |, ... we need to expand the solution in a set of known basis functions, which for convenience is usually {ψ (0) n }. The first two perturbations of the wavefunction can be thus written as:

ψ (1) n = m ⟨ψ (0) m |ψ (1) n ⟩ ψ (0) m (2.34) ψ (2) n = m ⟨ψ (0) m |ψ (2) n ⟩ ψ (0) m (2.35)
In order to find the second-order perturbed energy, we can substitute Eq. 2.34 in Eq. 2.32, obtaining:

E (2) n = ⟨ψ (0) n | V |ψ (1) n ⟩ = m ′ ⟨ψ (0) n | V |ψ (0) m ⟩ ⟨ψ (0) m | V |ψ (0) n ⟩ E (0) n -E (0) m (2.36)
where ′ indicates that the terms m = n are excluded from the summation. Similarly we can obtain the third-order expression:

E (3) n = pq ′ ⟨ψ (0) n | V |ψ (0) p ⟩ ⟨ψ (0) p | V |ψ (0) q ⟩ ⟨ψ (0) q | V |ψ (0) n ⟩ (E (0) n -E (0) p )(E (0) n -E (0) q ) -⟨ψ (0) n | V |ψ (0) n ⟩ p ′ | ⟨ψ (0) n | V |ψ (0) p ⟩ | 2 (E (0) n -E (0) p ) 2 (2.37)

Møller-Plesset Perturbation Theory

The Møller-Plesset (MP) theory is a specific application of the RS perturbation theory. In this case, the ψ 0 is the HF wavefunction, therefore, the unperturbed Hamiltonian can be expressed as the sum of the 1-particle Hamiltonian and the HF potential:

Ĥ(0) = i fi = i [ ĥi + vHF i ] (2.38)
where the operator vHF i is the Fock potential and fi is defined by solving Eq. 2.14. The perturbation operator is:

V = i<j 1 r ij - i vHF i (2.39)
The expression of the averaging at the zeroth and first order of perturbation are therefore:

E MP0 = i ϵ i (2.40) E MP1 = i ϵ i - 1 2 i,j ⟨ϕ i ϕ j ||ϕ i ϕ j ⟩ = E HF , (2.41) 
where

⟨ϕ i ϕ j ||ϕ i ϕ j ⟩ = J ij -K ij .
In this formulation, the zero-th order excited states wavefunction {ψ

n }, are created by combination of excited determinants obtained by promoting electrons from occupied to virtual orbitals. According to the number of electrons that we excite we can obtain single {ψ r a }, double {ψ rs ab }, ... excited determinants. The subscript indicates the occupied orbitals from which the electrons are removed and the superscript the virtual ones to which they are moved. However, considering that that V is a two-particle operator, triple and higher excitations do not mix with ψ (0) 0 . Moreover, because the orbitals are orthonormal we can apply the Brillouin theorem obtaining null contribution also from integrals computing the reference HF configuration to single excitations, namely:

⟨ψ (0) 0 | V |ψ r a ⟩ = 0. (2.42)
Therefore, we can only have contributions from the double excitations {ψ rs ab }. Considering that the contribution of the doubly excited energy is:

E rs ab = E 0 + ϵ r + ϵ s -ϵ a -ϵ b . (2.43)
The expression of the second-order correction to the energy is:

E M P 2 = E HF - a<b,r<s | ⟨ab||rs⟩ | 2 ϵ r + ϵ s -ϵ a -ϵ b (2.44)
Where the sum on a, b run over occupied orbitals and the sum on r , s runs over virtual ones. Similarly to Eq. 2.44, we can obtain the results for MP3:

E M P 3 = E M P 2 + 1 8 a,b,c,d,r,s ⟨ab||rs⟩ ⟨rs||cd⟩ ⟨cd||ab⟩ (ϵ r + ϵ s -ϵ a -ϵ b )(ϵ r + ϵ s -ϵ c -ϵ d ) + 1 8
a,b,r,s,t,u ⟨ab||rs⟩ ⟨rs||tu⟩ ⟨tu||ab⟩

(ϵ r + ϵ s -ϵ a -ϵ b )(ϵ t + ϵ u -ϵ a -ϵ b ) + 1 8 a,b,c,s,t,u ⟨ab||rs⟩ ⟨cs||tb⟩ ⟨rt||ac⟩ (ϵ r + ϵ s -ϵ a -ϵ b )(ϵ r + ϵ t -ϵ a -ϵ c )
In general, going beyond the third-order perturbation, results too computational demanding and generally not convenient with respect to other alternatives such as Coupled Cluster Methods. Moreover, the improvement obtained by expanding to larger order it is not systematic. Indeed, it is widely known that for several systems including larger perturbation terms brings to an oscillating series which slowly converge to the exact value (see Fig. 2.1). However, it has been observed in particularly challenging cases a divergent behavior of MPn series linked mainly to nondynamic correlation effects [7].

The Møller-Plesset Kohn-Sham method

Another limitation of standard MPn approaches is that the employment of HF wavefunction as reference. For example, in UHF calculations with large spin contamination, MPn calculations performs poorly [8] giving results even worse than the uncorrelated ones [9]. Several schemes for improving the reference orbitals used in MP2 calculations have been developed specifically for open-shell systems, such as orbital optimized MP2 (OO-MP2) methods [10] and the regularized OO-MP2 methods (the so-called δ-OO-MP2 [11] and κ-OO-MP2 [12] methods). Recently, a novel scheme for MP2 and MP3 methods which employs as a reference wavefunction k-OO-MP2 [13] or Kohn-Sham (KS) [14] orbitals has been proposed. In this paragraph, we will briefly introduce the construction of the second one and we will refer to it as MPn:KS to distinguish it from the standard MPn:HF. If we apply Møller-Plesset perturbation theory to Kohn-Sham orbitals we need to take into account that the orbitals corresponding to the zeroth-order DFT computation come from the KS operator f KS , which expression will be defined in the DFT section of this chapter. The matrix representation of this operator is not diagonal in the basis of the HF orbitals, therefore, in order to employ the same perturbation operator V as in Eq. 2.39, we need to solve the eigenvalue equations separately for occupied and virtual orbitals:

f HF i ϕ KS,p i = ϵ p i ϕ KS,p i (2.45)
This passage is called semi-canonicalization of molecular orbitals and the new set of orbitals ϕ KS,p are called canonical orbitals. To calculate the excited states of this wavefunction we must take into account that the Fock matrix in the basis of canonical orbitals is not completely diagonal, and couples between occupied and virtual orbitals. For this reason, the Brillouin theorem is not anymore valid and we need to include in the expression of the perturbation energy, besides the standard double excitations contributions (DE) also the so-called non Brillouin single excitations (SE). Therefore, the expressions for MP2:KS and MP3:KS are the following:

E M P 2:KS = E DF T + E M P 2-SE + E M P 2-DE (2.
46)

E M P 3:KS = E DF T + E M P 2-SE + E M P 2-DE + E M P 3-SE + E M P 3-DE (2.47)
It has been observed [13,14] that while E M P 2-SE is crucial for correcting the energy, E M P 3-SE does not significantly affect the results and, therefore, could be neglected to save computational time. For energy calculations, MP2:KS generally does not improve the performance of standard MP2:HF methods. However, MP3:KS improves significantly MP3:HF calculations overperforming also more costly methods such as CCSD. The performance of this method in the calculation of nonlinear optical properties will be discussed in chapter 5.

Spin component scaling MP2

When evaluating the correlation of an MPn calculation it is possible to split the contributions to the energy into antiparallel-and parallel-spin pairs of electrons. Indeed, it has been observed that MP2 tends to overestimate the contributions of the same-spin (SS) electrons and to underestimate the opposite-spin (OS) ones. The SCS-MPn method compensates this error by introducing two parameters to scale the SS and OS correlation contributions. The SS contribution mainly controls the long-range behavior of the MP2 energy taking into account moderate nondynamic correlation effects. Conversely, the OS contribution refers to short-range effects and therefore it is associated with the dynamic correlation of the system. In general, it has been observed that MP2 tends to overestimate the nondynamic correlation and underestimate short-range ones. Therefore, being c SS and c OS the scaling coefficients, an effective parameterization is achieved by decreasing the SS (c SS <1) and increasing the OS (c OS >1) energy contributions. The expression of the SCS-MP2 method will be then:

E SCS-M P 2 = E HF + c SS • E M P 2 SS + c OS • E M P 2 OS (2.48)
For standard MP2 calculation we have c SS =c OS =1. The values of the coefficients c SS and c OS have been parameterized by Grimme [15] and they are: c SS = 0.3 and c OS = 1.2. It is important to remark that this method improves the MP2 results without increasing the computational cost. An analogue scheme has been developed also for MP3 [16]. Another scaling method is the scale opposite spin MP2 (SOS-MP2) [17] in which the SS component is neglected (c SS = 0) and c OS = 1.3. Interestingly, this method can scale as O(M 4 ) (being more convenient than MP2 which scales as O(M 5 ) ). The performances of SCS-MP2 and SOS-MP2 in the calculation of nonlinear optical properties will be discussed in Chapter 4.

Coupled Cluster Theory

Coupled Cluster (CC) methods are another popular family of methods used in computational chemistry for evaluating the correlation energy. These methods are based on the hypothesis that the CC wavefunction is the eigenfunction of the many-body Hamiltonian. This wavefunction consists in applying an exponential operator e T to the HF wavefunction (Φ 0 ):

Φ CC = e T Φ 0 , (2.49) 
where the operator T contains all the excitations of electrons from occupied to virtual orbitals, namely: T = T1 + T2 + T3 + ... + TN (2.50)

If we perform a Taylor expansion on the operator e T we obtain:

e T = 1 + T + 1 2 T 2 + 1 6 T 3 + ... = ∞ k=0 1 k! T k . (2.51)
Using Eq. 2.50, the expression in Eq. 2.51 can be separated by the order of excitations:

e T = 1 + T1 + ( T2 + 1 2 T 2 1 ) + ( T3 + T2 T1 + 1 6 T 3 1 ) + ... (2.52) 
The operators Ti are defined with respect to the HF reference wavefunction as the excited Slater determinants, for example the first two terms in Eq. 2.50 are:

T1 Φ 0 = occ i vir a t a i Φ a i (2.53) T2 Φ 0 = occ i<j vir a<b t ab ij Φ ab ij , (2.54) 
where the sum over i and j runs over the occupied orbitals, while the one over a and b spans all the virtuals. The coefficients t a i and t ab ij in Eqs. 2.53 and 2.54 correspond to the a S and a D coefficients in Eq. 2.22 and are defined as excitation amplitudes. In order to solve the many-body problem we need to solve the following Schrödinger equation:

Ĥe T Φ 0 = Ee T Φ 0 .
(2.55)

For extracting the energy it is thus necessary to evaluate the excitation amplitudes of the cluster expansion. Unfortunately, obtaining a solution by the variational method is not affordable for systems bigger than few electrons (in fact it is even more expensive than FCI), therefore the common way to proceed is to project < Φ 0 | into Eq. 2.55, obtaining an expression for the CC energy:

⟨Φ 0 | Ĥe T |Φ 0 ⟩ = E CC ⟨Φ 0 |e T Φ 0 ⟩ (2.56) E CC = ⟨Φ 0 | Ĥe T |Φ 0 ⟩ . (2.57)
The explicit expansion of E CC is obtained by expanding the e T operator. Considering that the Coulomb interaction in the many-body Hamiltonian allows excitations up to two electrons, the expression of the energy becomes:

E CC = ⟨Φ 0 | Ĥ(1 + T1 + T2 + 1 2 T 2 1 )|Φ 0 ⟩ = ⟨Φ 0 | Ĥ|Φ 0 ⟩ + ⟨Φ 0 | Ĥ| T1 Φ 0 ⟩ + ⟨Φ 0 | Ĥ| T2 Φ 0 ⟩ + 1 2 ⟨Φ 0 | Ĥ| T 2 1 Φ 0 ⟩ = E 0 + occ i vir a t a i ⟨Φ 0 |H|Φ a i ⟩ + occ i<j vir a<b t ab ij ⟨Φ 0 | Ĥ|Φ ab ij ⟩ + + occ i<j vir a<b (t a i t b j -t b i t a j ) ⟨Φ 0 | Ĥ|Φ ab ij ⟩ (2.58)
As it could be observed E CC depends only on singles (t a i ) and doubles (t ab ij ) amplitudes. In order to determine these amplitudes it is necessary to project the excited determinants in Eq. 2.55. Being the wavefunction orthonormal, we obtain then the following equations:

⟨Φ a i |e -T Ĥe T |Φ 0 ⟩ = 0 ⟨Φ ab ij |e -T Ĥe T |Φ 0 ⟩ = 0 ⟨Φ abc ijk |e -T Ĥe T |Φ 0 ⟩ = 0 (2.

59)

...

In Eqs. 2.59, the terms involving single excitations and the reference state are 0 because of the Brillouin theorem, and therefore the remaining terms generate a set of equations in which the singles, doubles, triples, etc. configurations are coupled. These equations are the so-called CC equations, which are solved iteratively. In order to perform a CC calculation, the Cluster operator must be truncated according to the accuracy needed. One of the most popular CC approximations is the CCSD method which consists in including just the single and double excitations, therefore the Φ CCSD wavefunction will have the following expression:

Φ CCSD = e T1 + T2 Φ 0 (2.60)
Unlike CISD, this method is both size extensive and size consistent and it scales as

O(nM 6
), where M is the size of the basis sets and n are the number of iterations necessary for solving the CC equations (usually ∼10). If also the triples are included explicitly we refer to the CCSDT method, which scales as O(nM 8 ) and, therefore, requires an exceptional computational effort both regarding the time necessary to solve the CC equations and the disk space. A more affordable method is CCSD(T), in which triples excitations are included perturbatively after the calculation of the E CCSD energies. This method is one of the most efficient methods for including dynamic correlation. Indeed, it is usually referred as the "gold standard" of computational chemistry. Other populars CCs approximations are CC2 and CC3 [18]. The first method is an approximation of a CCSD calculation, in which the double contributions are computed in a perturbative way, as in the MP perturbation theory. In this scheme, the t ab ij amplitudes are expressed as a combination of t a i , which are the only terms that are evaluated iteratively. This method scales as O(nM 5 ) and it has a similar accuracy to MP2 for ground-state calculations. However, it admits a linear response formulation that allows well-reproduced excited states. In the same way, the CC3 method consists in to simplify the CCSDT method by evaluating the triples excitations in a perturbative scheme.

Multireference diagnostic

Post-HF methods can be used only for systems where dynamic correlation is predominant, i.e., systems which are well described with a single Slater Determinant. In order to assess the multiconfigurational character of a particular wavefunction, several diagnostic tools have been developed. The first example is given by the T 1 diagnostic [19], which has been developed for coupled-cluster type wavefunctions. This indicator is constructed as the Euclidean norm of the single excitations coefficients (t 1 ) divided by the square root of the number of correlated electrons. This diagnostic takes advantage of the property of single excitations to control the orbital relaxations responsible for the multiconfigurational character of the system. Other diagnostics have been developed for CC-type wavefunctions such as D1 [20] and D2 [21] diagnostics. For these methods, reference thresholds for assessing the quality of the reference calculations have been investigated for different computational methods. For instance, for CCSD the thresholds values of T1, D1 and D2 exceeded which the system is considered multireference are reported in Table 2.1. Other kind of indicators, based on the natural occupation numbers, have been also developed. To this group belong the indicators based on the entanglement entropy [22] or the I D and I N D [23] which are based on a decomposition of the Coulomb hole. Natural occupation based indicators are not strictly limited to CC methods but they can be employed to all the methods for which the wavefunctions are available.

Accelerated wavefunction methods

Post-HF methods provide very accurate results, reaching up to the chemical accuracy for small molecules. However, at present, their computational cost scales unfavorably with the size of the system, preventing the application of these methods in medium to large molecules. For this reason, a huge effort has been made in the last years to reduce the computational cost of these methods. These developments are mainly related to more efficient implementations but also to the development of a novel class of methods for which the wavefunctions are optimized and less computational heavy. These methods, that are known as accelerated wavefunction techniques, through numerical fitting, rotation of orbitals and truncation techniques, etc.. are able to simplify or neglect superfluous components of standard wavefunction methods without a significant loss of accuracy. In this section, we present some of these methods.

Resolution of Identity

When performing a post-HF calculation, the most time-consuming part is the transformation of the electronic repulsion integrals (ERI) from the AO basis to the MOs, a process that scales as O(N 5 ). Indeed, it is necessary to perform a four-index transformation:

⟨ϕ i ϕ j |ϕ k ϕ l ⟩ = N µ,ν,λ,σ C µi C νj C λk C σl ⟨χ µ χ ν |χ λ χ σ ⟩ (2.61)
One very popular way of reducing the computational effort is by the resolution of identity approximations (RI). Following this scheme, the ERIs are approximated as two-or threeindex integrals, thus reducing the scaling with respect to the basis set size. Indeed the orbital products are expanded into auxiliary basis functions centered in the position of the atoms ( χP ):

χ µ χ ν ≈ m P CP µν χP (2.62)
where m is the number of auxiliary basis functions. The expansion coefficients CµP are obtained by minimizing the error integral:

∂ ∂ CP µν ⟨R µν |R λσ ⟩ = ∂ ∂ CP µν R µν r -1 12 R λσ = 0 (2.63)
where R µν is

R µν = χ µ χ ν - P CP µν χP . (2.64)
R µν is orthogonal to the {χ P }, and, therefore, the following expression containing threeand two-index integrals can be derived:

⟨χ µ χ ν |χ λ χ σ ⟩ = P Q ⟨χ µ χ ν | χP ⟩[⟨ χP | χQ ⟩] -1 ⟨χ λ χ σ | χQ ⟩. (2.65)
Although we do not reduce the formal scaling, with Eq. 2.65 it is possible to increase the efficiency for solving Eq. 2.61 by a factor of ∼10. Moreover, a reduction of the disk space to store the integrals is obtained by this transformation, passing from O(N 4 ) for MP2 to O(N 2 m) for RI-MP2. The accuracy of this approximation depends on the size of the auxiliary basis set chosen, which is usually parameterized according to the standard basis employed. The computational time and disk space needs increase with the size of the AO basis. Hence, employing the RI approximation is particularly appropriate for performing calculations with large basis sets, for example, the Dunning ones [5]. RI algorithms have been implemented for the CC2 method [24] in Turbomole, resulting in one of the methods with the best balance between accuracy and computational cost for evaluating excited states. Generally, when RI approximations are applied to other coupled cluster methods, such as RI-CCSD and RI-CCSD(T), they do not improve the computational efficiency because of the way the coupled cluster equations are implemented. However, they provide a consistent saving of storing resources. As a result of this approximation, generally, HF becomes the bottleneck for computations of small-and medium-size molecules with large basis sets. RI approximations have been implemented also for SCF methods. In fact, RI approximation on the Coulomb integrals reduces the computational time by a factor of 10-100. However, if the exact exchange must be computed, such as for HF case or hybrid density functional calculations, it becomes the most time-consuming part of the SCF procedure scaling as O(N 4 ). A popular implementation of the resolution of identity of the exchange part is the RI-J-K method [25], which reduces the computational cost of the exchange integrals by one order of magnitude. Another popular approximation is the so-called "Resolution of identity chain of spheres method" (RI-J-COSX) [26], which substitutes the exchange part by a numerical integration which scales linearly with the system size. This method underperforms the RI-J-K method for small and medium-size systems. However, it brings large time savings for systems bigger than 100 atoms [27].

Each of these methods have specific auxiliary basis sets which are different from the RI-MP2 ones.

Localization techniques

Post-HF methods are designed to appropriately reproduce dynamic correlation, which is prevalently of short-range nature [28]. However, standard HF orbitals which are employed for constructing excitation amplitudes are generally delocalized over the whole molecule (especially virtual orbitals) and, therefore, they are not the optimal choice for recovering the dynamic correlation effects. This difficulty is even enhanced for KS orbitals because of the delocalization error (see section 2.5). For this reason, novel approximation techniques of Post-HF methods have been developed. They are based on the idea of simplifying the standard correlated wavefunction to obtain a more compact form in which the orbitals employed are localized. These methods, through a complex combination of screening thresholds, cutoffs, parameters and through a large employment of the resolution of identity approximation, can reach linear scaling with the size of the system. Nowadays, one of the most popular implementations following this philosophy is the do-main local pair natural orbital (DLPNO) method by Neese and coworkers implemented in Orca [29]. This technique exploits the concept of localization, in fact localized occupied orbitals are associated with a reduced number of virtual orbitals localized on the atoms (the so-called "domains") which are employed to compute the correlation energy. The occupied and virtual orbitals are localized following different schemes. The occupied ones are obtained by popular localization schemes such as the Foster-Boys [30] or the Pipek-Mezey [31] algorithms. To each orbital i is assigned a domain {A} i of atoms A on which it has a significant amplitude p A i . Only the atoms in which the Mulliken population of the orbital i is larger than an arbitrary cutoff (T CutM KN ) are included in the domain {A} i . The virtual orbitals are then constructed in each of the domains obtained from the occupied ones. In an older implementation [32] (the so-called LPNO method), the virtual orbitals associated with each domain were expanded on the AOs. However, in novel implementations, it was preferred to employ the so-called Projected Atomic Orbitals (PAOs) [33], which are obtained by applying a projecting operator on the AOs to remove the contribution of localized internal orbitals, namely each µ P AO could be expressed as:

µ P AO = (1 -|i >< i|)µ AO .
(2.66)

This transformation allows to span all the virtual orbitals keeping the locality. For the evaluation of the electron pairs contributions, the pair domains {A} ij are defined as

{A} ij = {A} i ∪ {A} j .
The number of electron pairs which should be included in the calculation is not defined by a spatial criteria but from the semicanonical correlation of the MP2 pair energy ϵ SC-M P 2 ij , which is computed at the MP2 level:

ϵ SC-M P 2 ij = - ab 4 ⟨ia|jb⟩ ⟨ia|jb⟩ -2 ⟨ia|jb⟩ ⟨ib|ja⟩ ϵ a + ϵ b -F ii -F jj .
(2.67)

The number of correlated orbitals is further reduced by employing a cutoff (T CutP airs ) on

ϵ SC-M P 2 ij
. The virtual orbitals are extracted for each pair by the diagonalization of the pair-specific density (D ij ) computed at the MP2 level:

D ij d ij = n ij d ij , (2.68) 
where in Eq. 2.68 d ij and n ij are the Pair Natural Orbitals (PNOs) and the respective occupancy. The extended expression of D ij can be found in [34]. Even in this case, the number of PNOs associated with each domain is reduced by a cutoff (T CutP N O ), which results crucial for reducing the computational time of a DLPNO calculation. The values of these thresholds: T CutM KN , T CutP airs , and T CutP N O are the main parameters that rule the accuracy of these methods. In particular, the developers of Orca, through several benchmark studies, have identified three levels of ascending accuracy for these thresholds, which have been defined as [35]: LooseP N O, N ormalP N O, and T ightP N O, which give these methods a black-box character.

These acceleration techniques have been efficiently implemented for single-point energy calculations of the DLPNO-MP2 [36], DLPNO-CCSD [37] and DLPNO-CCSD(T) methods. In particular, for the DLPNO-CCSD(T) method, two different ways of computing the perturbative triple corrections have been developed. In the standard DLPNO-CCSD(T) [38] the off-diagonal terms of the Fock matrix elements are neglected, corresponding to the analog CCSD(T 0 ) method for standard CC. The second way of computing the triples leads to the DLPNO-CCSD(T 1 ) method [39], in which the perturbative triples are computed entirely, resulting in a considerable increase of the computational cost. Analytical gradients for both DLPNO-MP2 [40] and DLPNO-CCSD [41] methods have been implemented, making possible the geometry optimization and computation of several molecular properties such as analytic dipole moments. Interestingly, analytic second derivatives have been also implemented for DLPNO-MP2, which allows to compute analytic polarizabilities and NMR shieldings [42].

Other linear scaling localization techniques have been developed for MP2 and CC methods, particularly relevant are PNO-LCCSD and PNO-LCCSD(T) [43]. These methods have been implemented in MOLPRO [44] and are conceptually very similar to the DLPNO methods. Their main differences is the implementation: even if they both construct the domains using the PAOs, they differ on how the domains are constructed. Indeed, in this method, PNO based methods use a spatial criteria to identify and separate the domains. As a result, the domains obtained are more compact. Considering the similarity of this method with the DLPNO approach, and considering that we have not employed this method in any part of this thesis, we will not go further in the description of this method. A different approach comes from the localizations developed by Kallay and coworkers in MRCC [45]. They have developed the LMP2 [46], LNO-CCSD [47] and the LNO-CCSD(T) [48,49] methods, in which the correlation energy is partitioned into localized molecular orbital (LMOs) contributions. In this technique each domain is adjusted individually, and even in this case the virtual orbitals are expanded on the PAOs basis. The pair contributions are then evaluated through the MP2 correlation energy. Irrelevant contributions are neglected even in the LNO case by a particular cutoff. The main difference between this method and the DLPNO one lies in the evaluation of amplitudes, which consists in dividing the molecule into different fragments and to compute the energies and the amplitudes independently for each fragment. Also for LNO methods a set of thresholds have been parameterized according to the different levels of accuracy and efficiency needed. The latter are ruled by the keyword lcorthr in an MRCC input and it can be defined as: N ormal, T ight and V T ight. The DLPNO and LNO methods have similar performances for the evaluation of energy and low-order molecular properties. However, it has been shown that the LNO-CCSD(T) reproduce better moderate nondynamic correlation effects as compared to DLPNO-CCSD(T 0 /T 1 ) [50].

Density functional theory

During the last 40 years, Density Functional Theory (DFT) became the most popular electronic structure method. With the development of the theory and the increase of computational facilities its audience of users has expanded from specialized theoretical chemists to experimentalists, giving this theory an almost black-box character at least for the simplest calculations. This popularity is due to its unbeatable balance between accuracy and computational cost. In fact, while for standard quantum chemical methods the fundamental quantity to be determined is the electronic wavefunction (a function of 3N spatial variables), in DFT the main unknown variable is the electronic density (a function of three spatial variables), which is directly connected to the wavefunction by the following relation:

ρ(r) = N dσ dx 2 ...dx n |ψ({x i })| 2 , (2.69) 
where the integral over σ indicates the integral over the spin, and N is a normalization coefficient that depends on the number of electrons in the system. The first attempt to describe the energy in function of the electronic density has been the Thomas-Fermi model [51,52]. This method, which is considered a precursor of DFT, describes the kinetic energy of a uniform electron gas surrounded by a uniform positive charge only as a function of the electronic density. Later, Hohenberg and Kohn proved that the solution of the Schrödinger equation for the ground state depends on the knowledge of the electronic density. For a system of electrons in the BO approximation they formulate the Hohenberg and Kohn's theorems [53]:

• The ground-state energy of a system of electrons is uniquely determined by the electronic density. Therefore the ground state energy can be written as a functional of the electronic density E 0 [ρ] .

• The electronic density that minimizes E 0 [ρ] is the density of the ground state ρ 0 , i.e., the variational principle is valid, therefore if ρ is a trial density:

E 0 [ρ] ≥ E 0 [ρ 0 ] (2.70)
The expression of the energy can be decomposed in three terms:

E[ρ] = T [ρ] + U [ρ] + V [ρ], (2.71) 
where T is the kinetic energy of the system, U is the electronic potential between the electrons and V is the energy of the electrons due to the external potential of the nuclei. The quantity T + V is defined as the HK functional (F HK ) and it has a universal expression, while V is system dependent and can be expressed as:

V [ρ] = drv ext ρ(r), (2.72) 
where v ext is the external potential generated by the nuclei. In order to determine the energy in Eq. 2.71 it is necessary to determine the F HK , which unfortunately it is unknown in its explicit form. Therefore, the goal of DFT developers is to find proper approximations to it. The most employed technique in DFT is the Kohn-Sham method(KS), which allows to reintroduce the spin-orbitals in DFT [54]. In this formulation the electron density of the KS System (i.e. a fictitious system of non interacting electrons) have the same electronic density as the real one, namely:

ρ(r) = ρ(r) (2.73)
If ϕ(r) are the occupied molecular orbitals also the KS system ρ has the expression:

ρ(r) = occ i ϕ * i (r)ϕ i (r) (2.74)
In the formulation of KS ρ is employed in order to obtain a simpler expression of Eq. 2.71:

E[ρ] = T S [ρ] + J[ρ] + E XC [ρ] (2.75) 
where T S and J are respectively the kinetic energy of the non-interacting system and the classical Coulomb potential. Their expression is known explicitly:

T S [ρ] = - 1 2 i ⟨ϕ i |∇ 2 i |ϕ i ⟩ (2.76) J[ρ] = i ⟨ϕ i | Ĵ|ϕ i ⟩ where: Ĵ = dr 1 ρ(r 1 ) |r -r 1 | (2.77)
The term E XC is called exchange correlation functional and contains all the terms which can not be described by the non-interacting framework. In principle, Eq. 2.75 is exact. However, the exact expression of E XC is not known and must be approximated. Analogously to the HF calculation, the MOs minimizing the total energy in Eq. 2.75 are obtained through a set of equations called KS equations:

f KS ϕ i = ϵ KS i ϕ i (2.78)
where f KS is the KS operator and has the following expression:

f KS (r) = - ∇ 2 i 2 + Vne (r) + Ĵ(r) + VXC (r) (2.79)
where the exchange-correlation potential VXC is defined as:

VXC (r) = δE XC δ ρ(r) (2.80)
By expanding Eq. 2.78 in a basis set we obtain a set of equations analogous to the Roothan equations for the HF method.

Classification of Density Functional Approximations

The most critical aspect of DFT is the choice of the appropriate density functional approximation (DFA). Indeed, in the last years, hundreds of DFAs have been constructed according to the different strategies, targets, and levels of accuracy needed. Although DFT is usually considered an ab initio method, several DFAs make use of semi-empirical parameters obtained from extensive benchmarks of experimental data or wavefunction methods. An exhaustive general classification of all the DFAs is not possible, however, a general used ranking of the different DFAs is given by the so-called " Jacob's ladder" [55].

Here, the functionals are ranked in different rungs according to the complexity of the density functional construction and therefore the computational cost. Although by climbing Jacob's ladder we expect methods with increased accuracy, it is not always the case. The performance of each DFA is strongly dependent on the system and the target property we want to investigate. Jacob's ladder is composed of 5 rungs: functionals constructed by the local spin-density approximation (LSDA), the Generalized Gradient approximation (GGA), the meta-GGAs, hybrids functionals and finally the double hybrids or RPA-based functionals. The LSDA functionals are the most simple approximations in DFT and they depend only on the electronic density. This formulation works properly for the homogenous electronic gas but it is inappropriate for real systems because it can not reproduce the inhomogeneities of the electronic density. An example is the SVWN [56] functional, for which empirical parameters are extracted from Quantum Monte Carlo computations.

The GGA functionals belong to the second rung in which the construction of the functional besides ρ(r), also includes its gradient (∇ρ(r)) to take into account the variations of the electronic density. Examples of these functionals are PBE [57] and BLYP [58]. A further step is given by meta-GGA functionals which also include second derivatives (or kinetic energies) of ρ(r). The most popular functionals which belong to this family are TPSS [59] and M06L [60].

One of the main problems of the functionals of the first rungs is the so-called self interaction error (SIE) [61]. This error is due to a fictitious interaction of the electrons with themselves and is absent in HF because the exchange term exactly cancels out the contribution of the Coulomb potential. This issue leads to a delocalization of the electronic density which is usually referred to as " delocalization error" and it is associated with the inability of semi-local density functionals to describe fractional charges [62]. A possible solution to this problem is obtained by replacing the local GGA exchange with the exact HF exchange. The theoretical justification for these functionals is given by the adiabatic connection [63] which allows to connect the non-interacting KS energy with the exact one through one external parameter. This principle guided the development of hybrid functionals, which belong to the fourth rung of Jacob's ladder. In fact, in these functionals, the exchange part of E XC contains a fraction of the exact HF exchange and a fraction of the GGA's:

E X = aE HF X + (1 -a)E GGA X (2.81)
Where a is a parameter determined empirically. The famous B3LYP [64] belongs to this group of functionals, which, especially in the 00's found huge popularity in quantum chemistry. Usually, the parameter a varies between 0.2 to 0.6, therefore, these methods only partially account for the SIE. Indeed, it has been observed that with a bigger percentage of HF exchange, even if the delocalization error is absent, the performance of these functionals is drastically reduced compared to GGA's. A further step in hybrid functionals consists in including the contribution of the exact exchange depending on the interelectronic distance. In this formulation, the two-electron operator of the exact exchange integrals is splitted in a short range part and a long range part by the erf function:

1 r 12 = 1 -erf (ωr 12 ) r 12 + erf (ωr 12 ) r 12 , (2.82) 
Where ω is the parameter that controls the relevance of the long-range term of the exchange. If ω is equal to 0 the exchange part will be only short-range, while if it is ∞ it will be only long-range. Several schemes of range separation have been developed: the long range correction (LC) [65], which allows to develop the LC-BLYP [65] and LC-ωPBE [66] functionals, while the Coulomb attenuated correction is used for the functionals CAM-B3LYP [67] and for the ωB97 family of functionals [68,69]. In the DFAs presented so far the expression of the E XC depends on the occupied orbitals which describe the electronic density. In the fifth (and last until now) rung of Jacob's ladder, there are the functionals that included also the dependency on the virtual orbitals. In particular, double hybrids are functionals that include to a standard DFA a correction coming from wavefunction theories, commonly from MP2 calculations. The most famous example is the B2-PLYP functional [70]. These functionals have a large % of the HF exchange (>50%), therefore, they do not suffer from SIE, while excessive localization effects are balanced by the inclusion of virtual orbitals. However, they significantly increase the computational cost (see below).

General problems in DFT

Although standard DFAs are generally able to target most of the chemical systems, there are still some problems that can not be solved in a systematic way. These problems are the already mentioned delocalization error, which could be partially avoided by employing range separated or double hybrid functionals, the London's dispersion interactions and the problem of nondynamic correlation. The problem of a correct reproduction of dispersion interactions, is related to the fact that standard DFAs are not able to reproduce their long-range C 6 /R 6 asymptotic behavior. Although there are some functionals, such as the Minnesota functionals [71], for which the parameterization is able to include the effects of dispersion, standard DFAs are generally not able to account for these effects in a systematic way. The most common solution to this issue is obtained by including empirical corrections to the standard DFT energy. This is the case for the Grimme's D [15], D2 [72] and D3 [73] corrections. Other approximations include the explicit dependency on the electronic density through a nonlocal potential. The most common functionals of these kinds are the D4 corrections [74] and the VV10 [75] functional. The problem of nondynamic correlation is related to the single-determinant nature of the KS wavefunction. Standard density functional approximations are generally not able to take into account nondynamic correlation effects or they reproduce them in a partial and non systematic manner [76]. As in the HF method, an alternative solution is to employ the unrestricted formalism. However, this approach besides suffering from spin contamination results effective for some systems but inadequate for others [77,78]. These issues led to the development to a series of functionals able to reproduce strong correlation effects to some extent, some example are the B05 [79], B13 [80] and KP16/B13 [81] functionals. These functionals are able to recover most nondynamic correlation in systems where it is very strong but they underperform for regular systems.

The Computational Cost of DFT approximations

DFT presents nowadays the most convenient balance between accuracy and computational cost in computational chemistry. If N is the dimension of the basis set, GGA and meta-GGA functionals usually scale asymptotically as O(N 3 ), while for hybrid functionals the computing of the exchange part scales as O(N 4 ). However, this scaling could be reduced one order of magnitude also for DFAs by applying RI-J approximations for Coulomb terms and RI-JK or RIJCOSX approximations for the exchange. Double hybrids scale as O(N 5 ) (the same scaling as MP2), however, in this case it is possible to apply the same RI approximation employed in the RI-MP2 method, which can reduce the scaling one order of magnitude.

Solvent effects

All methods described above consider the molecules as isolated in the gas phase. However, for a proper reproduction of experimental results it is necessary to include the effects of the external environments. The ideal way for treating solvation at the QM level is to include explicitly the solvent molecules in the calculation. However, in order to reproduce long-range effects a large number of molecules should be included, which is prohibitive from the computational point of view. The most popular approaches nowadays to account for solvent effects are the continuum solvation models. In these models, the solute is introduced in a cavity that is surrounded by the solvent substituted by a continuous dielectric medium. Using the approximation that the dielectric polarization is described by the linear response (LR), the total electrostatic potential V (r) of the system solute+continuous solvent can be evaluated by solving the Poisson equation:

-∇ • [ϵ(r)∇V (r)] = 4πρ(r), (2.83) 
where ρ(r) is the electronic density of the solute, and ϵ(r) is the dielectric constant. Using the approximation that the medium is isotropic and homogeneous, ϵ(r) has the following expression:

ϵ(r) = 1, r ∈ cavity ϵ s , r / ∈ cavity (2.84)
Therefore, the only external parameters needed to define the solute are the dielectric constant ϵ s and the shape of the cavity. Usually, the cavity is modeled following the Van der Waals surface of the molecule. The most effective way to solve this electrostatic problem is to decompose the potential V (r) in two contributions: one coming from the solute charge density V ρ (r) and the other generated from a surface charge σ located on the boundary(Γ) of the cavity:

V (r) = V ρ (r) + V σ (r) = dr ′ ρ(r) |r -r ′ | + Γ dr ′ σ(r) |r -r ′ | (2.85)
where the expression of σ(r) depends on the model and implementation used. The most common are the polarizable continuum model (PCM) [82,83] and the conductor-like screening model (COSMO) [27], which are largely employed in computational chemistry because of their great versatility for different molecular solutes and high accuracy/cost ratio. In this thesis we employed the PCM model by using the Integral Equation Formalism (IEP) [84] implemented in Gaussian. For the numerical implementation of the PCM algorithm it is necessary to divide the surface of the cavity in discrete parts in order to solve the problem numerically. To each element of the surface of the cavity a i we can associate the corresponding superficial charge σ i . If we assume that the charge is constant in each a i , we can rewrite it in terms of point charges q i , which can be expressed as:

q i = σ i a i . (2.86)
This discretization can be made following different schemes such as the so-called GEPOL method [85] or the continuous surface charge (CSC) formalism [86]. The coupling with the QM part is made by defining an effective Hamiltonian ( Ĥeff ) obtained by adding a reaction potential V R to the vacuum Hamiltonian Ĥ0 :

Ĥeff = Ĥ0 + V R , (2.87) 
where V R is:

V R = i q i Vi , (2.88) 
in which q i are the point charges defined in Eq. 2.86 and Vi is the potential defined in each area a i . Therefore, for evaluating the electronic solvation energy, the Schrödinger equation corresponding to this Hamiltonian must be solved. Considering that there is a mutual polarization between the solute and the solvent, the most efficient way to compute the solvation energy is solving iteratively the KS equations with the effective Hamiltonian 2.87 and Eq. 2.83. These calculations do not increase significantly the computational cost of standard DFT calculations, considering that the expression for the evaluation of the V R is a one-particle operator.

Molecular dynamics

Through QM methods, it is generally too computational demanding to explicitly evaluate the effects of the environment and the dynamic evolution of a system. One efficient alternative is to capture these effects by classical mechanics. Among the available modelling techniques at the classical level, atomistic Molecular dynamics (MD) is a widely-used computational method that study the time-evolution of the interactions of atoms and molecules. MD simulation consists in describing the trajectories of the nuclei, which are computed by solving Newton's equations of motion:

m i ri = f i = -∇V i (2.89)
The forces acting on the nuclei f i are determined according to a potential energy V i (see below) which act on the atom i. Therefore, the motion of the electrons is not considered and quantum effects are neglected. The solution of these equations for each time t will define the microstate of the system characterized by the positions and the momenta of all of its particles. Therefore, for a system composed of N particles, each microstate depends on 6N variables. Given a thermodynamic state, the set of all possible microstates is defined as an ensemble. Fixing the thermodynamic state of the system (i. e., fixing some state functions such as the pressure or the temperature), knowing the position r and the momentum p, we can compute any macroscopic observable which can be expressed as ensemble averages. According to the quantity we keep fixed, several possible statistical ensembles can be considered:

• The microcanonical ensemble (NVE) is the standard ensemble for MD; it consists in creating a thermodynamically isolated system with a constant number of particles, volume and energy.

• The canonical ensemble (NVT) consists in a system with a fixed number of particles, a fixed volume and temperature. It can be modeled by coupling the system with a thermostat in the MD simulation, such as for example the Noose-Hoover thermostat [87,88].

• The isothermal isobaric ensemble (NPT) for which we keep fixed the number of particles, the pressure and the temperature. To maintain the pressure constant the system is coupled with a barostat such as the one developed by Berendsen [89] and a thermostat.

Once the macrostate is fixed, for evaluating a macroscopic observable A is evaluated from its statistical distribution over the ensemble < A > ens :

A obs =< A > ens = i A i ρ ens (i) (2.90)
where in Eq. 2.90 the sum over i runs over all the microstates defined by the selected ensemble and ρ ens (i) represents the probability distribution of each microstate in the ensemble. However, in practical applications, we consider just a finite number of configurations on which we evaluate the observables. In MD each configuration is determined by Eqs. 2.89 by numerical techniques. Therefore, Eq. 2.90 isreduced to:

A obs =< A > ens ≃ 1 N t i A t i , (2.91) 
Where N is the number of configurations computed and A t i is the value of A at each timestep t i . This process is analogous to perform a measurement of a real experiment. First the sample is prepared in a "box", with specific initial conditions, before the system is left to evolve in time. The properties are evaluated from the configurations generated, and the observable is computed as a statistical average of them.

Solution of Newton equations

An analytic solution of equations 2.89 does not exist for a many-body system, therefore, they need to be solved numerically. There are several numerical schemes employed nowadays to integrate the equations of motions [90]. One of the most efficient is the so-called velocity Verlet algorithm [91], which allows to compute positions and momenta as Taylor expansions with respect to the time. If we fix the initial conditions at t = 0 as r(0) = r 0 and p(0) = p 0 and ∆t is the time step chosen for the numerical integration, we can define the evolution of r as:

r(∆t) = r 0 + ∆t p 0 m + ∆t 2 f 0 2m , (2.92) 
where f 0 are the forces evaluated at time t = 0. The forces f (∆t) are then evaluated according to the new positions and, therefore, an analogue equation for p(∆t) is computed:

p(∆t) = p 0 + ∆t f 0 + f (∆t) 2m (2.93)
The most time-consuming part of the procedure is the evaluation of the forces. Indeed for N particles, it scales asymptotically as O(N 2 ). While the choice of the time step is arbitrary, it should be long enough to allow a proper sample of the phase space without performing a large number of integration steps, but small enough to ensure a proper numerical integration (a proper choice of the time step is usually of few fs).

In order to simulate periodic systems, such as crystals or polymers or to remove unphysical edge effects given by the choice of the simulation box, periodic boundary conditions (PBC) are usually employed. Using this approximation the simulation cell is replicated all over the space in order to form an infinite system. If a molecule moves in the central cell its copies in the other cells also will move following the same trajectory. Therefore, if a molecule gets out to one cell it will be replaced by one from another cell. In order to avoid the interaction between each molecule replicated in different cells, particular care should be taken when choosing the size of the box and the cutoff parameters for evaluating the long-range interactions.

Description of the Force Field

In MD simulations, the interactions between atoms is described using a set of potential functions and associated parameters commonly referred as force field (FF). Considering that the electrons are not included in the MD description, the different chemical properties of the nuclei are reproduced by defining different atom types that are associated to different parameters of the FF. For instance, if we want to reproduce three different hybridization states of a carbon atom, we need to include 3 different atom types and for each one a different set of FF parameters. Obviously, the more atom types we include in the model, the more costly will be the computation. Each FF has been parameterized for different types of systems and for the specific property one wants to evaluate; in this work, we employed the generalized amber force field (GAFF) [92] although several other FFs have been produced, such as the DREIDING [93] or CHARMM [94]. For the GAFF model, the atom types can not change during the simulation and therefore the connectivity must be defined before starting the simulation. The FFs can be generally decomposed in bonded and non -bonded components:

V F F = V bonded + V non-bonded (2.94)
The bonded part includes the stretching of the bonds (V bond ), the bending of the angles (V angles ) and the torsion of dihedrals (V dih ). The expression of these functions are:

V bond = bonds i k r i 2 (r i -r eq i ) 2 V angles = angles l k θ l 2 (θ l -θ eq l ) 2 V dih = dih n k n 2 (1+cos(nα-β))
(2.95) where k r i , r eq i , k θ l , θ eq i , k n , α and β are the empirical parameters of the model. In the non -bonded interactions, all the other contributions which are not related to bonding termsare included. In standard GAFF we have two terms which are described by pairwise interactions: the Van der Waals (V V dW ) and Coulomb electrostatic potentials (V elec ), namely:

V V dW = i,j 4ϵ i,j σ ij r ij 12 - σ ij r ij 6 V elec = i,j q i q j r ij (2.96)
where i and j indicate two different atoms of the system, r ij identifies the distance between them, q i the atomic charge, σ ij and ϵ ij are the empirical parameters related to London's dispersion forces. The number of pairs included in the computation of these terms is defined by a spatial criterium and limited by a truncation parameter (cutoff). All the parameters of the FF are determined by benchmark studies on more accurate methods (such as DFT or wavefunction methods) or by direct interpolation of experimental data.

Reparameterization of a Force Field

As FF are generally derived for a given type of systems their straightforward transferability to all kind of compounds should not be assumed. Therefore, depending what is being investigated, it might be necessary to actually reparameterize it according to the specific systems studied. For example, for the study of the NLO properties, it is necessary to accurately reproduce the response of the molecules. Generally, this can be made by parameterizing the BLA and the torsion angles according to reference QM calculations.

In order to reproduce the BLA of a system with a π-conjugated bridge, different atom types for adjacent carbons must be defined in order to obtain different bond lengths for each component of the bridge. The corresponding equilibrium bond lengths and angles are usually taken from optimized DFT geometries. For the reparameterization of the force constants of V bond and V angles and the coefficients k n , n of V dih more complex methods are needed. One of the most employed techniques is the adaptive biased force (ABF) method. This is an iterative procedure that consists in mimicking the reference potential energy surface (which might be obtained from DFT calculations) of the interaction that we want to parameterize, with the analogue obtained by an MD sampling. More details of this procedure can be found in the literature [95]. Moreover, the atomic charges of Coulomb potentials are also generally reparameterized specifically for the systems studied. Usually, they are extracted from DFT calculations on optimized molecular geometries by evaluating the electrostatic fitted potentials (ESP). In chapter 8, starting from the standard GAFF parameterization [92], we applied this procedure to reproduce the NLO response of a polyenic system.

Chapter 3

Computation of Nonlinear optical properties

Sum over states method

Linear and nonlinear optical properties can be modeled as a response of a quantum mechanical system to a classical external electric field. In the general case, the electric fields are time-dependent, therefore the wavefunction of this system is determined by the timedependent Schrödinger equation (2.1). The Hamiltonian of the system can be expressed as:

Ĥ = Ĥ0 + V (t), (3.1) 
where Ĥ0 is the Hamiltonian of the isolated molecule and V (t) is the potential associated with the external electric field F(t), namely:

V (t) = -μ i F i (t), (3.2) 
where μ is the dipole moment operator and the Einstein notation is used. Generally, the field coming from the external source is much weaker than the fields that hold atoms and molecules, this interaction can be then treated in the framework of perturbation theory. Therefore, the wavefunction can be expressed in terms of eigenstates of the unperturbed system, so if |n⟩ are the exact eigenstates of the Hamiltonian Ĥ0 , we have:

Ĥ0 |n⟩ = E n |n⟩ , (3.3) 
where E n are the energies of each state. The resulting perturbed time-dependent wavefunction can be expressed as:

|ψ(t)⟩ = n d n (t)e -iEnt/ℏ |n⟩ , (3.4) 
where d n (t) are the unknown expansion coefficients which satisfy d n (-∞) = δ n0 . We can expand d n (t) in a perturbation series, namely:

d n (t) = d (0) n + d (1) n (t) + d (2) n (t) + d (3) n (t) + ... = ∞ N d (N ) n (t). (3.5) 
By including Eq. 3.5 in Eq. 3.4 and multiplying Eq. 2.1 by ⟨m| e iEmt/ℏ we can obtain the equations to determine the d

(N ) m (t): iℏ ∂ ∂t d (N ) m (t) = n ⟨m|μ i |n⟩ F i (t)e iωmnt d (N -1) n (t), (3.6) 
where ω mn = Em-En ℏ . These equations are recursive with d

(0) n = δ n0 .
We can then express also |ψ(t)⟩ in a perturbative series as:

|ψ(t)⟩ = |ψ (0) (t)⟩ + |ψ (1) (t)⟩ + |ψ (2) (t)⟩ + ... = ∞ N |ψ (N ) (t)⟩ , (3.7) 
where:

|ψ (N ) (t)⟩ = n d (N ) n e -iEnt ℏ |n⟩ . (3.8) 
The expectation values of the Hamiltonian or any other operator will be therefore timedependent. In particular, the expectation value of the electric dipole moment μ can be expressed as a perturbation expansion:

⟨ψ(t)|μ i |ψ(t)⟩ = ⟨μ i ⟩ (0) + ⟨μ i ⟩ (1) + ⟨μ i ⟩ (2) + ⟨μ i ⟩ (3) + ... (3.9) 
The first four terms of Eq. 3.9 are:

⟨μ i ⟩ (0) = ⟨0|μ i |0⟩ (3.10) ⟨μ i ⟩ (1) = ⟨0|μ i |ψ (1) ⟩ + ⟨ψ (1) |μ i |0⟩ (3.11) ⟨μ i ⟩ (2) = ⟨0|μ i |ψ (2) ⟩ + ⟨ψ (2) |μ i |0⟩ + ⟨ψ (1) |μ i |ψ (1) ⟩ (3.12) ⟨μ i ⟩ (3) = ⟨0|μ i |ψ (3) ⟩ + ⟨ψ (3) |μ i |0⟩ + ⟨ψ (1) |μ i |ψ (2) ⟩ + ⟨ψ (2) |μ i |ψ (1) ⟩ (3.13)
In Eq. 3.10 we have the permanent dipole moment, while from Eqs 3.11-3.13 we can recover the expressions of α, β, and γ. For instance, expressing the electric field in its spectral components as in Eq. 1.3, we can expand Eq. 3.11 as:

⟨μ i ⟩ (1) = ω 1 ℏ ′ n ⟨0|μ i |n⟩ ⟨n|μ j |0⟩ ω n0 -ω + ⟨0|μ j |n⟩ ⟨n|μ i |0⟩ ω n0 + ω F ω j e -iωt , (3.14) 
where ′ indicates that n = 0 is excluded from the summation. By a direct comparison between Eq. 3.14 and Eq. 1.4 we can obtain the expression of the dynamic polarizability:

α ij (-ω; ω) = 1 ℏ ′ n ⟨0|μ i |n⟩ ⟨n|μ j |0⟩ ω n0 -ω + ⟨0|μ j |n⟩ ⟨n|μ i |0⟩ ω n0 + ω , (3.15) 
where we assumed that the frequency ω of the incident radiation is different from the resonance frequencies ω n0 of the system to avoid divergences. In the same way, we can express the first hyperpolarizabilty as:

β ijk (-ω σ ; ω 1 , ω 2 ) = 1 
ℏ 2 P -σ,1,2 ′ np ⟨0|μ i |n⟩ ⟨n|μ j |p⟩ ⟨p|μ k |0⟩ (ω n0 -ω σ )(ω p0 -ω 2 ) , (3.16) 
where P -σ,1,2 indicates the 6 elements obtained by permuting the pairs of indices (i, -ω σ ), (j, ω 1 ) and (k, ω 2 ), while μj indicates the difference between the excited state dipole moment with respect to the ground state one: μj = μj -⟨0|μ j |0⟩. An analog expression can be obtained for the second hyperpolarizability:

γ ijkl (-ω σ ; ω 1 , ω 2 , ω 3 ) = 1 ℏ 3 P -σ,1,2,3 ′ nmp ⟨0|μ i |n⟩ ⟨n|μ j |m⟩ ⟨m|μ k |p⟩ ⟨p|μ l |0⟩ (ω n0 -ω σ )(ω p0 -ω 2 -ω 3 )(ω p0 -ω 3 ) + - ′ nm ⟨0|μ i |n⟩ ⟨n|μ j |0⟩ ⟨0|μ k |m⟩ ⟨m|μ l |0⟩ (ω n0 -ω σ )(ω m0 -ω 3 )(ω m0 + ω 2 ) , (3.17) 
where in this case P -σ,1,2,3 indicates the 24 elements obtained by permuting the pairs of indices (i, -ω σ ), (j, ω 1 ), (k, ω 2 ) and (l, ω 3 ). The Eqs. 3.15-3.17 are the so-called sumover-states (SOS) expressions of linear and nonlinear optical properties. We made this derivation by assuming that these states are the exact eigenstates of the Hamiltonian and consequently the properties are exact. Therefore, both electronic and nuclear degrees of freedom are included and each excited state is the exact non-adiabatic vibronic state of the system. However, if we employ the Born-Oppenheimer approximation, the wavefunction can be described as a product of the electronic and vibrational parts. In this case, the electronic and nuclear contributions can be separated and for this thesis, we focus only on the electronic part. The SOS scheme is rigorous only if the exact wavefunction is known (impossible in practical cases), however, it can be employed also for standard electronic structure calculations (HF, DFT, CC,...) although it has been observed that in order to reach the convergence a large number of states must be included in the summation. Some schemes based on the truncation of the SOS series are effective for some particular systems, the most popular being the two-level approximation for charge transfer systems (see next sections).

Residues Analysis

If the explicit expressions of the optical properties are known it is possible to determine the transition moments between excited states which can be connected to spectroscopic quantities. This analysis can be made by computing the residues of Eqs. 3.15-3.17 [1]. In fact, being f (z) a function of a complex variable z, divergent in a which can be expressed as :

f (z) = g(z) (z -a) n (3.18)
where a is defined as pole of order n of f (z) and g(z) is a function non singular in a. The residues related to the pole a can be computed as:

Res(f, a) = 1 (n -1)! lim z→a d n-1 dz n-1 [(z -a) n f (z)]. (3.19) 
For example, from Eq. 3.15 the frequencies ω n0 are poles of order 1 of the polarizability (which corresponds to the excitation energies of the system), while the corresponding residues are:

lim ω→ω n0 (ω n0 -ω)α ij (-ω; ω) = ⟨0|μ i |n⟩ ⟨n|μ j |0⟩ , (3.20) 
which are the transition dipole moments between the ground and excited states, associated with the intensity of the one-photon absorption. Other transition matrix elements can be evaluated by computing the residues of β and γ, a list of the main optical properties which can be obtained from residue analysis is collected in Table 3.1.

Two-level approximation

When computing the optical properties of systems that have a single dominant one-photon transition (from the ground state |0⟩ to the excited state |f ⟩), it is convenient to include in the SOS expansion only the state |f ⟩ and neglect contributions from all other excited states. This model is called two-level approximation (TLA) and allows a qualitative description of linear and nonlinear optical properties of specific systems. For instance, TLA is particularly performing for push-pull systems which are made of a donor and an acceptor tied by a π-bridge, having a strong charge transfer along a particular direction.

If the charge transfer is along z the only relevant component of the polarizability tensor is α zz , which, applying the TLA on Eq. 3.15, can be expressed as:

α T LA zz (-ω; ω) = α T LA zz (0)F (ω), (3.21) 
Table 3.1: Scheme of the main properties which can be obtained by residue analysis of the polarizability α(-ω; ω), first-hyperpolarizability β(-ω σ ; ω 1 , ω 2 ) and secondhyperpolarizability γ(-ω σ ; ω 1 , ω 2 , ω 3 ).

Response Pole

Residue property α(-ω; ω) ω = ω f 0 One-photon transition matrix elements between the ground state |0⟩ and the excited state |f ⟩ β(-ω σ ; ω 1 , ω 2 ) ω 2 = ω f 0 Two-photon transition matrix elements between the ground state |0⟩ and the excited state |f ⟩ ω 1 = -ω f 0 , ω 2 = ω g0 One-photon transition matrix elements between the excited states |f ⟩ and |g⟩

ω 1 = -ω f 0 , ω 2 = ω f 0 Electric dipole moment of the excited state |f ⟩ γ(-ω σ ; ω 1 , ω 2 , ω 3 ) ω 3 = ω f 0
Three-photon transition matrix elements between the ground state |0⟩ and the excited state |f ⟩ ω 2 = -ω f 0 , ω 3 = ω g0 Two-photon transition matrix elements between the excited states |f ⟩ and |g⟩

ω 2 = -ω f 0 , ω 3 = ω f 0 Linear electric dipole polarizability of the ex- cited state |f ⟩
where α T LA zz (0) is the static polarizability and F (ω) is the dispersion correction to the polarizability. α T LA zz (0) can be expressed as:

α T LA zz (0) = 2 |µ 0f z | 2 ℏω f 0 , (3.22) 
where µ 0f z indicates the transition dipole moment matrix element ⟨0|μ|f ⟩. The expression of F (ω) is:

F (ω) = 1 1 -ω 2 /ω 2 f 0 . (3.23)
With the TLA we can also approximate β zzz :

β T LA zzz (-ω σ ; ω 1 , ω 2 ) = β T LA (0)G(ω 1 , ω 2 ), (3.24) 
where the static component β T LA zzz (0) is:

β T LA zzz (0) = 3 |µ 0f z | 2 (µ f f z -µ 00 z ) ℏ 2 ω 2 f 0 , (3.25) 
and the frequency dispersion factor G(ω 1 , ω 2 ) is:

G(ω 1 , ω 2 ) = 1 -ω 1 ω 2 /ω 2 f 0 (1 -ω 2 1 /ω 2 f 0 )(1 -ω 2 2 /ω 2 f 0 )(1 -(ω 1 + ω 2 ) 2 /ω 2 f 0 ) . (3.26)
Eq. 3.24 was used by Oudar and Chemla [2] to study the para-nitroaniline molecule. From Eq. 3.25 we can therefore identify the characteristics that enhance the first hyperpolarizability for push-pull systems: a small excitation energy, a large difference between the ground and excited state dipole moments, and a large transition dipole moments between the ground and the excited state. Push-pull systems have a low-energy charge-transfer state, which generally consists of an excitation of the electron from the HOMO orbital (mainly localized on the donor) to the LUMO orbital (mainly localized on the acceptor). By increasing the relative strength of the D/A units and the length of the π-conjugated bridge the difference in energy between the ground and the excited state decreases and therefore the optical response is enhanced.

Practical computation of static optical properties

Considering that the SOS approximation is not an efficient way of computing the NLOPs with standard electronic structure methods, other techniques have been developed for this purpose. In this section, we will focus on the evaluation of static NLOPs. If the system is subject to a weak static electric field F, the external potential defined in Eq. 3.2 is time-independent and defined as:

V = -µ i F i . (3.27) 
The perturbed ground state energy E(F) can be then expressed as a Taylor expansion with respect to the field components as:

E(F) = ⟨ψ| Ĥ0 + V |ψ⟩ = E 0 + ∂E(F) ∂F i 0 F i + ∂ 2 E(F) ∂F i ∂F j 0 F i F j + ∂ 3 E(F) ∂F i ∂F j ∂F k 0 F i F j F k + + ∂ 4 E(F) ∂F i ∂F j ∂F k ∂F l 0 F i F j F k F l + ... (3.28) 
The expansion coefficients are the static linear and nonlinear optical properties:

µ i (0) = ∂E(F) ∂F i 0 (3.29) α ij (0) = ∂ 2 E(F) ∂F i ∂F j 0 (3.30) β ijk (0) = ∂ 3 E(F) ∂F i ∂F j ∂F k 0 (3.31) γ ijkl (0) = ∂ 4 E(F) ∂F i ∂F j ∂F k ∂F l 0 (3.32)
The NLOPs are therefore derivatives of the perturbed energy and can be evaluated by using two main computational approaches, namely numerical or analytic differentiation methods.

Numerical differentiation

The numerical or finite field method (FF) is the easiest and most straightforward way to evaluate static optical properties. The idea of the FF method is that if f (x) is a function of one variable x it is possible to estimate its derivatives by using some specific values of the function. In fact, if h is a small perturbation of the variable x we can expand, according to the Taylor formula, the function f (x + h) in terms of derivatives of f (x), namely:

f (x + h) = f (x) + hf ′ (x) + h 2 2 f ′′ (x) + h 3 3! f ′′′ (x) + .. + h n n! f n (x) + O(h n ), (3.33) 
where O(h n ) indicates that the polynomials with an exponent larger than n are neglected.

The most simple estimation of the first derivative is then:

f ′ (x) ≈ f (x + h) -f (x) h + O(h). (3.34)
The difference between the exact value of the derivative and the approximated one determines the accuracy of the numerical derivative. There are two different sources of errors in numerical differentiation: the rounding error and the truncation error. The rounding error arises because computers work with finite-precision numbers. Indeed, each number computed by a machine is not exact but it comes from a rounding operation, which plays a major role in numerical differentiation. When we use finite precision numbers, the digits after a certain precision are assigned randomly by the calculator. This issue is particularly relevant when computing differences between nearly equal numbers. In fact, if x and y are two numbers with p equal digits on a total of k, the difference between the two is a number with k -p digits of significance, and the remaining k-digits are assigned randomly. In the case of numerical derivatives, the magnitude of this contribution is further enhanced by dividing by the small parameter h . One way to reduce this error is by using larger values of the interval h. The other source of error is the truncation error, which comes from the contributions of the higher order derivatives neglected in Eq. 3.34. The formula used for defining the numerical derivative in Eq. 3.34 is called forward difference, another expression employed for reducing the truncation error is the so-called central difference formula, i.e.:

f ′ (x) ≈ f (x + h) -f (x -h) 2h + O(h 2 ), (3.35) 
which, according to Eq. 3.33, reduces the error from O(h) to O(h 2 ). Moreover, the truncation error can be further reduced by combining differences from different steps. If for example we define the differences d

h and d

2h (where x = 0 for convenience) as: 

d (1) h = f (h) -f (-h) 2h (3.36)
d (1) 2h = f (2h) -f (-2h) 2h . (3.37)
We notice that, by simple algebraic operations, we can obtain the expression of f ′ (0) as:

f ′ (0) ≈ 4d (1) h -d (1) 2h 3 
+ O(h 4 ), (3.38) 
obtaining an approximation of the fourth order with respect to h. This expression can be generalized by an arbitrary number of steps k resulting in the so-called Rutishauser-Romberg (RR) procedure [3][4][5]. Being a an arbitrary value for the quotient, the expressions of Eqs 3.36 and 3.37 can be then generalized as:

d (1) kh = f (a k h) -f (-a k h) 2a k h . (3.39) 
The RR procedure consists in evaluating f on a geometrical sequence of points with the step a, namely: 0, ±h, ±ah, ±a 2 h, ..., ±a kmax h. The expressions of Eq. 3.39 for different k can be combined in order to remove higher order differentiation terms as observed in Eq. 3.38 by the recursive formula:

P [k, m] = a 2m P [k -1, m] -P [k -1, m + 1] a 2m -1 k = 1, 2, ..., k max , (3.40) 
where P [k, m] is the required derivative of the m-th iteration of the RR procedure. For first order derivatives, the starting points of the recursive procedure are

P [k, 0] = d (1)
kh . The result of this analysis can be represented as a triangle (Fig. 3.1) which can be used to monitor the convergence of the derivative. The values in the RR triangle in principle tend to converge when moving from left to right and from down to up. The value with the lowest numerical error is chosen by evaluating the minimum value of the matrix ϵ[k, m],

that contains the differences between the P [k, m] in consecutive lines, namely:

min{ϵ[k, m]} = min{P [k + 1, m] -P [k, m]} = ϵ[ m, k], (3.41) 
where m and k are the indices of the matrix ϵ associated with the minimum value. Then, according to this scheme, the corresponding number in the RR procedure with the lowest numeric error is P [ k +1, m]. This formulation can be extended to higher-order derivatives, changing the initial steps of the RR procedure. However, it must be taken into account that the higher the order of the derivative, the higher the numerical error associated. The expressions of the central difference for the second, third, and fourth numerical derivatives are:

d (2) kh = f (-a k h) + f (a k h) -2f (0) (a k h) 2 (3.42) d (3) kh = 3 -f (-a k+1 h) + af (-a k h) -af (a k h) + f (a k+1 h) a(a 2 -1)(a k h) 3 (3.43) d (4) hk = 12 f (-a k+1 h) -a 2 f (-a k h) + 2(a 2 -1)f (0) -a 2 f (a k h) + f (a k+1 h) a 2 (a 2 -1)(a k h) 4 (3.44)

Computation of static NLOP by numerical differentiation

By using the RR presented in this section, it is possible to compute the static NLOPs.

In fact, if for instance the function f (x) is the perturbed energy E(F) and the step h is the amplitude F of the field, according to Eqs. 3.39, 3.42-3.44, it is possible to obtain the expression of µ, α, β, and γ as first, second, third, and fourth order numerical derivatives of E(F). This method can be applied to any electronic structure calculation for which field-dependent energies can be calculated. For HF or DFT calculations, the static electric field corrects the expression of the Fock operator by including another term in the oneelectron Hamiltonian at each step of the SCF procedure:

⟨ϕ| f |ϕ⟩ → ⟨ϕ| f |ϕ⟩ + ⟨ϕ|r j |ϕ⟩ F j , (3.45) 
where rj is the position vector operator. This change on the Fock operator will perturb the converged orbitals, which afterward depend on the magnitude of the electric field. Usually, this procedure does not increase the computational cost of the energy calculation. However, this calculation generally is more time-consuming because the SCF procedure requires more steps to reach convergence. In post-HF methods, the effects of the electric field are included in the correlation energy by constructing the excitation amplitudes with the field-dependent orbitals. As explained in the previous section, for computing the NLOPs, the energies must be computed with a large number of digits to reduce rounding errors. However, it is worth remembering that in practical QC computations several truncation schemes and cutoffs are employed, and these approximations affect the numerical precision. It is therefore advised to use the tightest criteria affordable for the QC computations. For example, in the SCF all two-electron integrals larger than 10 -12 should be included, and a threshold at least of 10 -10 a.u. should be used for the convergence of the SCF procedure, while for CC calculations a threshold at least of 10 -8 a.u. should be chosen for solving the CC equations [4,6,7]. The magnitude of the electric fields must also be selected carefully in the RR procedure. If the fields are too small (smaller than 10 -4 a.u.) the energy differences will suffer from large rounding errors; while if the fields are too large the SCF might converge to an excited state. The value of the quotient a is also relevant for reducing the truncation error. Generally, it is taken as 2, however, it has been observed that the efficiency of the RR procedure can be increased by reducing the value of a in a range between 1 and 2. In particular, optimal results have been obtained

with a = √ 2 [4].

Analytic computation of static optical properties

Analytic computations of NLOPs rely on response theory. According to RS perturbation theory (see Chapter 2), the electronic energy of a system under a small linear perturbation defined by a parameter λ can be expressed as:

E(λ, p) = ⟨ψ(p)| Ĥλ |ψ(p)⟩ , (3.46) 
where with p = (p1, p2, ...) we indicate the parameters of the electronic wavefunction, such as the orbital parameters for an HF/DFT calculation, or the coefficients of the determinants for a CI calculation, while Ĥλ is defined in Eq. 2.23. The optimal parameters obtained from a converged energy calculation are indicated as p 0 , and the optimal energy is defined as:

E(λ) = E(λ, p 0 ) (3.47)
The first order derivative of E(F) with respect to the parameter λ can be written as:

dE(λ) dλ = ∂E(λ, p 0 ) ∂λ + i ∂E(λ, p) ∂p i p=p 0 ∂p i ∂λ . (3.48) 
For a stationary wavefunction the second term of Eq. 3.48 is equal to 0, in fact we have:

∂E(λ, p) ∂p i p=p 0 = 0 ∀ p i . (3.49)
As a result of this expression, the coefficients ∂p i /∂λ, which describe how the wavefunction parameters evolve with respect to the perturbation, are not necessary for the determination of first-order derivatives. By writing explicitly Eq. 3.48 we obtain the Hellmann-Feynman theorem [8] for a wavefunction stationary with respect to all wavefunction parameters:

dE(λ) dλ = ⟨ψ(p 0 )| ∂ Ĥλ ∂λ |ψ(p 0 )⟩ . (3.50)
The second derivative with respect to λ can be obtained by deriving Eq. 3.48:

d 2 E d 2 λ = i ∂ 2 E(λ, p) ∂λ∂p i p=p 0 ∂p i ∂λ . (3.51)
For second-order derivatives, the variation of the parameters p can be determined by deriving Eq. 3.49, and we obtain the following set of equations:

j ∂ 2 E(λ, p) ∂p i ∂p j p=p 0 ∂p i ∂λ = - ∂ 2 E(λ, p) ∂λ∂p i (3.52)
These are the so-called linear response equations. In the next section, we will show how these equations are expressed for the HF and DFT methods, and how to use those results to compute the polarizability.

Coupled Perturbed Hartree Fock and DFT

We start the derivation from the HF wavefunction Φ 0 . The perturbed wavefunction ϕ can be expressed through an exponential parameterization:

|ϕ(κ)⟩ = e κ(κ) |Φ 0 ⟩ , (3.53) 
where κ is the orbital excitation operator which includes the one-particle excitation parameters from occupied to virtual orbitals κ = {κ ar }, namely:

κ(κ) = occ a vir r (κ ar ĉ † r ĉa -κ * ar ĉ † a ĉr ), (3.54) 
where the operators ĉ † r and ĉa are, respectively, the creation and destruction operators in the second quantization formalism. The expression of the HF energy in the presence of a perturbation field is:

E HF (F , κ) = ⟨Φ(κ)| Ĥ0 -μi F i |Φ(κ)⟩ . (3.55)
The expression of the polarizability in the CPHF approximation will be then:

α CP HF ij = - ∂ 2 E HF (F) ∂F i ∂F j = - occ a vir r ∂ 2 E HF (F, κ) ∂F i ∂κ ar κ=0 ∂κ ar ∂F j . (3.56)
The perturbed electronic gradient can be evaluated by some algebraic operations as:

∂ 2 E HF ∂F i ∂κ ar k=0 = -2 ⟨r|μ i |a⟩ . (3.57)
For evaluating the coefficients ∂κ ar /∂F j we need to compute the linear response equations 3.52. The Hessian of E HF for the parameters k is: An analogous formulation can be obtained for DFT calculations by slightly modifying the A and B matrices (see below). The solution of the linear Eqs. 3.61 is found by a combination of direct and iterative methods implemented for a solution of large systems of linear equations called direct inversion in the iterative subspace (DIIS) method [9,10].

∂ 2 E HF (
The computation of the first hyperpolarizability in principle requires solving the quadratic response equations, however, according to the 2n + 1 rule [11,12], it can be obtained as a function of the linear response vectors. This rule states that by the knowledge of a wavefunction of order n it is possible to obtain derivatives on the energy up to order 2n + 1.

Comparison between numerical and analytical derivatives

In principle, for static optical properties, analytic and numerical derivatives are expected to give identical results, both approaches having advantages and limitations. In fact, through FF calculations, we can compute derivatives in a simple way for each computational method which allows the calculation of the energy perturbed by an electric field, while analytic derivatives need complicated implementations which are specific for each method. On the other hand, analytic derivatives are not sensitive to numerical errors, which are significant for FF derivatives. Moreover, analytic derivatives allow to compute efficiently cross derivatives, for which several single-point calculations are necessary in the case of numerical ones (see for example, ref. [7] for the expression of each component of the tensor β). However, solving the CPHF equations might result challenging (or even out of reach) for big systems, because it requires larger memory (RAM) than energy computations. Therefore, we generally advise employing analytic derivatives when available and computationally feasible, and performing FF differentiation on the highest order analytical derivatives available (for example, compute the first-order numerical derivatives of analytic α to obtain β).

It is worth reminding that numerical procedures can be applied only for static properties, however, they can be combined with analytical frequency-dependent quantities to obtain some specific dynamic properties. For example, the numerical derivative of the dynamic polarizability α ij (ω; ω) allows to evaluate the Pockel effect β ijk (ω; ω, 0) and the numerical derivative of the analytic first-hyperpolarizability β ijk (2ω; ω, ω) is need to compute the EFISHG response γ ijkl (2ω; ω, ω, 0).

Inclusion of electron correlation in static NLOP calculations

In NLOP calculations the inclusion of electron correlation is fundamental. Nowadays, the reference wavefunction method for computing NLOPs including correlation is CCSD(T). However, its application is limited to small systems considering the big computational effort needed. When CCSD(T) is out of reach, CCSD is generally considered the best method. However, MP2 is also considered an excellent alternative in terms of computational savings. MP2 has been shown to give accurate hyperpolarizabilities for various systems (see ref [6] and Chapter 4) with a more favorable computational scaling with respect to CCSD. Higher expansion series MPn generally do not considerably improve the MP2 description of hyperpolarizabilities [6]. As an example, with respect to CCSD(T), we compare in Table 3.2 the performances of HF, MP2, MP3, and CCSD methods for the calculation of γ zzzz for 5 polydiacetylene molecules (PDAn) with increasing size of the π-bridge (n = 1 -5), where the z axis is orientated along the direction of the principal inertia axis (see Chapter 4 for more information on these geometries). From this table, we have that HF generally underestimates the γ values but remains with a constant ratio with respect to the reference CCSD(T). MP3 and CCSD show very similar performances, MP3 being slightly better than CCSD. On the other hand, MP2 despite overestimating the CCSD(T) values, gives excellent results considering the saving of computational efforts. The selection of an appropriate basis set is also fundamental for the accurate evaluation of NLOPs. It has been observed [6,[13][14][15] that polarization and diffuse functions are generally needed for the accurate computation of first-and second-hyperpolarizabilities. On the other hand, passing from double to triple zeta basis sets gives a marginal improvement of the absolute magnitude of these properties.

Computing Static NLOP with DFT

For medium-and large-size systems, evaluating NLOPs through wavefunction methods is too computationally demanding. Nowadays, the best alternative is DFT. However, standard DFAs are generally designed and optimized for reproducing energies and not molecular properties. As a result, the accurate prediction of NLOPs is still very challenging for DFAs. The main issues for computing high order NLOPs are due to the wrong asymptotic behavior of standard DFAs, which is related to the SIE [6,[16][17][18][19][20]. It has been observed that LDA and GGA functionals tend to drastically overestimate first-and second-hyperpolarizabilities because of the delocalization error [7,20]. For systems in which the exchange is dominant with respect to correlation, this behavior can be explained by an excessive delocalization of the electronic density which leads to an overestimation of the response properties. By increasing the percentage of exact exchange this phenomenon is partially corrected, however, including the exact HF exchange might lead to an overlocalization of the electronic density and, therefore, an underestimation of the property (such as in the HF case). Excellent static NLOPs are usually obtained with hybrid functionals with an intermediate percentage of HF exchange (such as M06-2X [18,20]) and range-separated functionals (in which the high percentage of HF exchange at a long-range assures accurate results [16,19]). For the range-separated functionals, it is also relevant the value of the parameter ω in Eq. 2.82, which controls the balance between the short range and long range part. For instance, in Table 3.3 we report, for the calculation of γ zzzz in the PDAn molecules, the performances of 5 functionals with the same approximation for the correlation and different ways of including the exchange part: BLYP which is a GGA functional, B3LYP and BH&HLYP which are global hybrids with respectively 20% and 50% of exchange, CAM-B3LYP(ω = 0.33) and LC-BLYP(ω = 0.47) which are two range separated functionals with a percentage of explicit exchange included between 20-65% and 0-100% respectively. As observed in this table, by increasing the amount of HF exchange γ zzzz decreases, passing from a huge overestimation with BLYP to a slight underestimation with LC-BLYP (and HF in Table 3.2). The best results for these molecules are obtained with the LC-BLYP functionals. Worth mentioning in this context are the novel DFAs, which tend to minimize the delocalization error and therefore improve the accuracy of NLOPs computations by optimizing the parameter ω with different strategies [16][17][18][19].

Time-dependent response theory

If the external potential is time-dependent and periodic, it is necessary to construct the dynamic response functions to compute molecular properties. If V (λ, t) is the perturbation potential that oscillates with a frequency ω, the time-dependent Hamiltonian is:

Ĥ(λ, t) = Ĥ0 + V (λ, t) (3.62)
The exact wavefunction ψ(t) will be therefore time-dependent and can be obtained by solving the time-dependent Schrödinger equation, Eq. 2.1. For computing response properties we consider the wavefunction ψ(κ, t) dependent of a general set of parameters κ i as for the time-independent case. Being F(t) a unitary matrix, it is possible to rotate the wavefunction as:

| ψ(κ, t)⟩ = e -iF (t) | ψ(κ, t)⟩ . (3.63) 
Including Eq. 3.63 in Eq. 2.1 we can obtain the following Eq. :

Ĥ(t) -i ∂ ∂t | ψ(κ, t)⟩ = Q(t)| ψ(κ, t)⟩, (3.64) 
in which Q(t) is defined as:

Q(t) = δF(t) δt = ⟨ ψ(κ, t)| Ĥ(t) -i ∂ ∂t | ψ(κ, t)⟩ , (3.65) 
which is named quasi-energy and it is usually expressed as the time-average Q:

Q = 2π ω 0 Q(t)dt = {Q(t)} T . (3.66)
If we restrict our analysis to variational methods, by differentiating Eq. 3.66 we can obtain the response functions analogously to the energy in the time-independent case. The time-averaged quasi-energy in the time-independent limit recovers the expression of the ground state energy. The advantage of the quasi-energy is given by the time-averaged variational conditions which determine the time evolution of Q:

∂Q ∂κ i = 0. (3.67)
Moreover, it admits the TD extension of the Hellmann-Feynmann theorem [21]:

dQ dλ = ψ({κ i }, t) ∂H(λ, t) ∂λ ψ(κ, t) T . (3.68)
For computing explicitly the terms in Eq. 3.68, we can express the external perturbation in terms of its Fourier expansion as:

V (λ {ω k } t) = k λ ω k V e -iω k t , (3.69) 
where {ω k } are multiple of the perturbation frequency ω, λ ω k are the perturbation parameters, and V is a time-independent operator. The parameters of Eq. 3.69 are chosen in order to leave the Hamiltonian hermitian, therefore:

V = V † , ω -k = -ω k and λ -ω = (λ ω ) * .
From Eq. 3.69 we can obtain the derivative with respect to each perturbation parameter as:

∂ V (λ {ω k } t) ∂λ ω k = V e -iω k t . (3.70)
Therefore, by substituting Eq. 3.70 in Eq. 3.68 we can obtain:

dQ dλ ω 0 = Ψ({κ i }, t) V Ψ({κ i }, t) e -iω 0 t T . (3.71) 
The expression in the bracket represents the expectation value of an operator V on a timedependent wavefunction, it could be expressed in the perturbation theory framework as:

⟨ V ⟩ (t) = ⟨⟨ V ⟩⟩ 0 + k λ ω k ⟨⟨ V ; V ⟩⟩ ω k e -iω k t + + 1 2! k,l λ ω k λ ω l ⟨⟨ V ; V , V ⟩⟩ ω k ω l e -i(ω k +ω l )t + + 1 3! k,l,m λ ω k λ ω l λ ωm ⟨⟨ V ; V , V , V ⟩⟩ ω k ω l ωm e -i(ω k +ω l +ωm)t + ..., (3.72) 
where the terms

⟨⟨ V ⟩⟩ 0 , ⟨⟨ V ; V ⟩⟩ ω k , ⟨⟨ V ; V , V ⟩⟩ ω k ω l and ⟨⟨ V ; V , V , V ⟩⟩ ω k ω l ωm
are respectively the zero-order, linear, quadratic and cubic dynamic response functions which respectively rule how a time-dependent operator respond to perturbations of zeroth-, first-, second-and third-order. By including Eq. 3.72 into Eq. 3.71 and by employing the equality {e iωt } T = δ(ω) we obtain:

dQ dλ ω = ⟨⟨ V ⟩⟩ 0 δ(ω) + k λ ω k ⟨⟨ V ; V ⟩⟩ ω k δ(ω 0 + ω k )+ + 1 2! k,l λ ω k λ ω l ⟨⟨ V ; V , V ⟩⟩ ω k ω l δ(ω 0 + ω k + ω l )+ + 1 3! k,l,m λ ω k λ ω l λ ωm ⟨⟨ V ; V , V , V ⟩⟩ ω k ω l ωm δ(ω 0 + ω k + ω l + ω m ) + ..., (3.73) 
where energy conservation is provided by the Dirac δ which allows that the combination of the incident frequencies sums up to the response frequency, i.e., ω 0 = k ω k . Therefore, we can connect the response equations to the perturbation expansion of the time-averaged quasi-energy as:

⟨⟨ V ; V ⟩⟩ ω = dQ dλ -ω dλ ω (3.74) ⟨⟨ V ; V , V ⟩⟩ ω A ω B = dQ dλ -ωσ dλ ω A dλ ω B (3.75) ⟨⟨ V ; V , V , V ⟩⟩ ω A ω B ω C = dQ dλ -ωσ dλ ω A dλ ω B dλ ω C , (3.76) 
where in Eqs. 3.75 and 3.76 the response frequency ω σ is respectively equal to ω A + ω B and ω A + ω B + ω C . For finding the analytical expression of the response functions it is necessary to perturbatively expand the parameters κ which are time and perturbation dependent:

κ(λ, t) = κ (0) + κ (1) (λ, t) + ..., (3.77) 
where for example the first terms κ (1) can be expressed as:

κ (1) (λ, t) = ω k κ ω k λ ω k e -iω k t . (3.78) 
The expression of the linear response function can be then obtained in terms of the κ ω parameters as:

d 2 Q dλ -ω dλ ω = i ∂ 2 Q ∂λ -ω ∂κ ω i ∂κ ω i ∂λ ω .
(3.79)

The expression of ∂κ ω i /∂λ ω are evaluated by deriving Eq. 3.67, resulting into the linear first-order response equations:

j ∂ 2 Q ∂κ -ω i ∂κ ω j ∂κ ω j ∂λ ω = - ∂ 2 Q ∂κ -ω i ∂λ ω . (3.80) 
By solving these equations we can compute the dynamic polarizability α(-ω; ω). Equivalent equations can be obtained for the quadratic response functions to compute the first hyperpolarizability β(-2ω; ω, ω). However, as already observed for the static case, because of the 2n + 1 rule [11,12], it can be expressed in terms of the linear response vectors.

Applications to TD-HF and TD-DFT

Through response theory is possible to compute all the dynamic optical properties. In this thesis, we have employed response functions to compute the dynamic polarizability α(-ω; ω) and the dynamic first hyperpolarizability for the second harmonic generation β(-2ω; ω, ω), which corresponds to the following linear and quadratic response properties:

α ij (-ω; ω) = ⟨⟨μ i ; μj ⟩⟩ ω (3.81) β ijk (-2ω; ω, ω) = ⟨⟨μ i ; μj , μk ⟩⟩ ωω . (3.82)
For an HF wavefunction we can rewrite Eq. 3.80 as:

A B B A -ω 1 0 0 -1 X ω j Y ω j = µ j µ j , (3.83) 
where the matrices A and B have been already defined, respectively, in Eqs. 3.59 and 3.60, and X ω j and Y ω j are the frequency-dependent linear response vectors which contain the coefficients of excitations and de-excitations. Solving these Eqs. we can then calculate α T D-HF ij and β T D-HF ijk . For example, the expression of α T D-HF (-ω, ω) is:

α T D-HF (-ω, ω) = - µ i µ * i † X ω j Y ω * j = -2 occ. a vir. r ⟨a|µ i |r⟩ (X ω j,ar + Y ω j,ar ), (3.84) 
where X ω j,ar and Y ω j,ar are the coefficients of the frequency-dependent linear response vectors which contain the excitations a → r and de-excitations r → a. An extension of this formalism to DFT is given by the Runge and Groos theorem [22], which extends the Hohenberg-Kohn theorem to time-dependent Hamiltonian showing that there is a oneto-one correspondence between the time-dependent electronic density and the external potential. If the adiabatic approximation is employed, the time-dependent exchangecorrelation functional can be approximated as:

VXC (r, t) ≈ δE XC [ρ] δρ(r, t) (3.85) 
The inclusion of the VXC potential will slightly modify the expression of Eqs. 3.59 and 3.60, which will become:

A ar,bs = (ϵ r -ϵ a )δ ab δ rs + 2 ⟨ra|bs⟩ -a x ⟨ab|rs⟩ + (1 -a x ) ⟨ra|f XC |sb⟩ (3.86) B ar,bs = 2 ⟨rb|as⟩ -a x ⟨rb|sa⟩ + (1 -a x ) ⟨ra|f XC |sb⟩ , (3.87) 
where a x is the amount of the exact exchange included in the definition of the DFA and f XC is the exchange-correlation kernel, defined as:

f XC (r 1 , r 2 ) = δV XC (r 1 ) δρ(r 2 ) (3.88)

Photoabsorption spectrum

Through TD-HF/TD-DFT it is possible to compute also the absorption spectrum of the system. In fact, by neglecting the perturbation on Eq. 3.83, we obtain the so-called Casida's Equations [23]:

A B B A -ω n 1 0 0 -1 X ωn i Y ωn i = 0 (3.89)
By solving these pseudo-eigenvalues equations we can obtain the excitation frequencies ω n from the ground state to the n-th excited state. The explicit computation of the inversion matrix is usually prohibitive for practical applications, therefore, usually, these equations are solved by the so-called Davidson method [24], which allows to obtain lowlying excited state frequencies through an iterative procedure that consists in expanding the matrices and vectors in smaller subspaces. The eigenvectors X ωn i and Y ωn i can be used for determining the oscillator strengths of these transitions:

f n = 2 3 ω n i [(X ωn i + Y ωn i ) T µ i ] = 2 3 ω n i ⟨0| μi |n⟩ ⟨n| μi |0⟩ (3.90)

Computation of experimental NLO response

The degree of reliability of computational protocols is subjected to their capability to reproduce experimental results. However, the exact reproduction of experimental conditions through computational methods is a highly challenging task. In fact, beyond the chemical complexity of the system under investigation, the computational method should take into account effects such as frequency dispersion, environmental effects arising from interactions with the molecular surrounding, as well as dynamic fluctuations.

Frequency dispersion occurs when the frequency ω of the laser probe enters in resonance with one of the possible electron excitations of the investigated chromophore, i.e. when the chromophore absorbs light in a spectral region close to ω. Even if the use of tunable lasers in experimental setups allows in principle to select a laser frequency far from any absorption band of the chromophore, it is often not possible to completely remove frequency dispersion effects from experimental data. Accounting accurately for these effects is thus fundamental for obtaining reliable predictions of the NLO responses. As discussed previously, dynamic NLOP of large systems are not computationally affordable using correlated wavefunction-based approximations; therefore, they are generally evaluated at the DFT level by solving the TD-DFT equations. However, it has been demonstrated in several previous works [18,25,26] that XC functionals that reproduce well the absorption properties of π-conjugated molecules are not the same as those reliable for predicting the NLO responses, which requires making a compromise. A common alternative allowing includes frequency dispersion effects consists in correcting the static response (computed at any level of approximation including electron correlation) by a multiplicative factor, defined as the ratio between the dynamic and static hyperpolarizabilities (both computed at the DFT level). This approximation assumes that frequency dispersion and electron correlation effects can be treated independently, which is suitable for a variety of compounds [14].

Another key element for reproducing experimental data is the appropriate modeling of the environment. In the second part of this thesis, we focus on the simulation of the NLO responses of molecules in solution, for which a proper treatment of the interaction between the solute and the solvent is necessary. The solute might polarize or induce structural changes in the solute, which can strongly affect its NLO properties. Computational models for describing the solute-solvent interactions can be divided into two groups, the implicit and the explicit ones [27]. The PCM method presented in Chapter 2 belongs to the first group: the solvent is treated as a continuous medium characterized by its macroscopic dielectric constants. The interaction between the solvent and solute is then modeled by an interaction potential that implicitly takes into account the mutual polarization effects. This method often ensures a good approximation of homogenous solutions. However, it might result inadequate when there exist specific and spatially oriented solute-solvent interactions at the atomic level, such as hydrogen bonds or π-stacking. In these cases, models in which the solvent molecules are explicitly included in the calculations are more appropriate. A compromise combining both the implicit and explicit approaches consists in including explicitly a few solvent molecules around the solute, all embedded within a dielectric continuum. Another alternative is given by hybrid QM/QM' or QM/MM calculations. The two levels of theory can be combined in a single run treating the core-shell at a QM level and the outer shell (the solvent molecules) at a lower (QM') level, or with a polarizable force field (MM) accounting for polarization effects in a self-consistent way.

The interface between the two regions can be treated at different levels of complexity such as by employing fixed charges models [28][29][30], induced dipoles [31] or fluctuating charges [32]. However, the theoretical approaches described above rely on the assumption that the investigated system and its environment have a rigid nature. Yet, recent theoretical studies have evidenced the significant role of structural fluctuations on the NLO responses of neutral or ionic chromophores in solution [33][34][35][36][37][38]. A cost-effective strategy for including structural dynamics effects consists of the sequential application of MD simulations and QM calculations. The accuracy of these approaches depends on the choice of the MM force field, which should be specifically parameterized to reproduce the most relevant structural features, i.e. those having the highest impact on the targeted NLO property. In Chapter 7, we report a study in which such a sequential MD/DFT approach is used to investigate the EFISHG response of an ionic amphiphilic dye in solution. In principle, dynamical fluctuations could also be modeled at a full quantum mechanical level by relying on ab initio molecular dynamics methods [39]. However, these approaches are nowadays still too computationally demanding to be employed in real-life systems.

Chapter 4

Acceleration and enhancement wavefunction methods for calculations of static linear and nonlinear optical properties

This chapter has been realized in the framework of a collaboration involving: Besalú-Sala P. (Univ. of Girona), Zaleśny R. (Univ. of Wrocław), and Luis J. M. (Univ. of Girona)

Introduction

In several fields as different as molecular biology or material science, the demand for functional materials bearing specific electro-optical features is increasing yearly [1][2][3] as for instance in the construction of two-photon absorption or non-invasive three-dimensional fluorescence microscopy devices [4,5]. The key compounds used for building such devices are, however, difficult to design or optimize since most of the newest applications are based on the nonlinear response of these molecular units upon interaction with light, which is a physical process difficult to model or rationalize. As we have already observed in Section 3.2, the energy of a molecule subjected to an external static electric field F can be expressed as a Taylor expansion of its unperturbed energy, E 0 , with respect to F:

E(F ) = E 0 - x,y,z i µ i F i - 1 2! x,y,z i,j α ij F i F j - 1 3! x,y,z i,j,k β ijk F i F j F k - 1 4! x,y,z i,j,k,l γ ijkl F i F j F k F l ... (4.
1) The expansion coefficients in Eq. 4.1 are respectively the components of the dipole moment µ i , polarizability α ij , first hyperpolarizabilty β ijk , and second hyperpolarizability γ ijkl tensors, which can be expressed as consecutive derivatives of the energy with respected to F i calculated at F i = 0. Considering electric fields applied along the z direction (F i = F z ), the corresponding diagonal components of the tensors are:

µ z = - ∂E ∂F z Fz=0 (4.
2)

α zz = ∂µ z ∂F z Fz=0 = - ∂ 2 E ∂F 2 z Fz=0
(4.3)

β zzz = ∂α zz ∂F z Fz=0 = ∂ 2 µ zz ∂F 2 z Fz=0 = - ∂ 3 E ∂F 3 z Fz=0
(4.4)

γ zzzz = ∂β zzz ∂F z Fz=0 = ∂ 2 α zz ∂F 2 z Fz=0 = ∂ 3 µ zz ∂F 3 z Fz=0 = - ∂ 4 E ∂F 4 z Fz=0 (4.5)
These quantities describe the magnitude of the linear and nonlinear responses of the chemical system to an external electric field, hence their accurate computation is crucial for the bottom-up design of optic, electro-optic, and optoelectronic devices. Despite the broad scope of application of density functional approximations (DFAs), these methods often struggle at reproducing linear and nonlinear optical responses of molecular systems. Despite some DFAs (usually implying hybrid exchange-correlation functionals with a large percentage of Hartree-Fock exchange) can reproduce the correct trends in the evolution of properties within series of molecules, they often fail to accurately reproduce the magnitude of the electrical response properties [6][7][8][9][10]. At the heart of this problem is the delocalization error [11], inducing the overdelocalization of electrons, which also leads to the underestimation of reaction barriers and charge-transfer excitation energies and rate-constants [11,12], the overestimation of the conductance of molecular junctions, the magnetizability of strong antiaromatic molecules [13], electron conjugation [14], and aromaticity [15][16][17][18][19][20]. A necessary condition to avoid the consequences of the delocalization error on electrical responses is the correct asymptotic decay of the exchange-correlation potentials [21,22]. The latter is easily imposed using range-separated (RS) DFA. However, even state-of-the-art DFAs using optimally-tuned range-separation parameters sometimes incorrectly reproduce the magnitude of β and γ for relatively simple molecules [7,23].

Even though the delocalization error is often the main problem in DFAs, electron correlation (beyond the local or semi-local approximations included in most DFAs) is also an essential factor to consider. Indeed, double hybrids often improve the performance of their hybrid or range-separated peers for computing nonlinear optical (NLO) properties [24].

On the other hand, wavefunction methods (WFMs) are exempt from many problems of DFAs, in particular from the delocalization error. The hierarchical structure of WFMs, such as configuration interaction (CI), Møller-Plesset perturbation theory, or coupled-cluster (CC), provides a systematic way toward the exact solution for a given basis set. As a DFT counterpart, Perdew defined the Jacob ladder in the DFT framework, which gives a qualitative indication of the expected accuracy of DFA according to its type; unfortunately, these expectations are not always met for NLO Properties (NLOPs) [6,25]. High-order WFMs are often considered more accurate than DFAs. In particular, CC including single and double excitations with a perturbative estimation of triples [CCSD(T)] [26] is often regarded as the gold standard of WFMs. The computational time of canonical CCSD(T) single-point energy calculation scales as O(N 3 M 4 ), where N is the number of electrons and M is the number of basis functions of the system. Hence, despite the advantages of WFMs over DFAs, the computational cost of the former usually prevents the calculation of NLOPs beyond cost-effective methods such as the second-order Møller-Plesset perturbation theory (MP2) [24]. Besides, MP2 still presents an unfavorable scaling (O(M 5 )) compared to most DFAs and lacks the accuracy to compete with CCSD(T) in a number of situations [27][28][29].

Many attempts have been made to increase the cost-efficiency of WFMs [30][31][32][33][34][35][36]. They can be classified into two groups: methods aiming at increasing the accuracy of the lowcost WFMs (enhanced WFMs) and techniques developed to bring down the computational cost of WFMs (accelerated WFMs). Among the available acceleration techniques, resolution of identity (RI) [37,38] approximations have become of routine use in many WFMs, the most popular being RI-MP and RI-CC methods [30,39]. RI techniques have also been introduced for Hartree-Fock (HF) and DFT methods [40][41][42]. These methods show excellent performance in calculating energies, with considerable time savings [43][44][45][46]. Other methods are based on orbital localization, exploiting the local nature of dynamic correlation [47]. They are usually coupled with RI approximations and by localizing natural orbitals they can drastically reduce the computational cost and reach an almost linear scaling with the size of the system, i.e., O(M ) [48][49][50][51][52][53]. Enhancement techniques exploit some of the systematic deficiencies of WFMs. For instance, MP2 underestimates the opposite-spin (OS) correlation, which is unbalanced with respect to the amount of same-spin correlation (SS) because it is based on Hartree-Fock, which considers the Pauli principle but treats OS pairs as statistically independent pairs. One way to compensate for it is to introduce variable amounts of SS and OS MP2 correlation in what is known as the spin-component scaled MP2 (SCS-MP2) method [54].

Benchmark studies of thermodynamics, kinetics, and molecular properties have been performed on accelerated and enhanced methods [55][56][57][58]. However, thus far, a systematic study of the performance of these methods for computing NLO properties is missing in the literature. In this work, we assess the accuracy and computational cost of several enhanced and accelerated techniques applied to CCSD, CCSD(T) and MP2 methods against their canonical counterparts, focusing on the calculation of dipole moments, polarizabilities, and first and second hyperpolarizabilities.

Coulomb part is computed with the RI approximation and the exchange part is computed by numerical integration over a predefined grid [66]. Both methods are implemented in ORCA [61] and we refer to them throughout as RIJK-MP2 and RIJCOSX-MP2, respectively. Additionally, we have tested a tighter COSX grid referred as COSX2 in this chapter (GridX=4 in ORCA input). The second family of acceleration techniques tested in this work is designed to take advantage from the eminently local character of electron correlation [47]. In this regard, the transformation from canonical to localized orbitals can be achieved by a unitary transformation of the wavefunction. Depending on the constraints added to the unitary transformation, several localization schemes may arise. Recently, methods based on the localized pair natural orbitals (LPNOs) are becoming very popular as they introduce a drastic reduction of the computational cost, resulting in an almost-linear scaling with the molecular size. These methods employ the pair natural orbitals (PNOs) formulation, reducing the virtual space of the calculation [67] by localizing its orbitals through the Foster-Boys algorithm [68,69], which consists in minimizing ⟨ L⟩ (with L = |⃗ r 1 -⃗ r 2 | 2 ). Other important localization schemes used in alternative contexts are the Edmiston-Rudenberg [70] or the Pipek-Mezey [71] ones, which impose the minimization of the orbital self-repulsion and of the atomic Mulliken charges, respectively. It is important to distinguish methods that localize the orbitals after the SCF calculations from those like the Extremely Localized Molecular Orbitals (ELMO) [72] scheme, which applies directly the variational principle on the constrained many-body Slater determinant. Among the localization methods available in the literature, we decided to test two different schemes for the calculation of the nonlinear optical properties. First, the domain localized pair natural orbital (DLPNO) method [49,50,53] implemented in ORCA [61]. Second, the localized natural orbital method (LNO) developed by Kállay and coworkers [73] implemented in the MRCC package [74]. These two methodologies use different strategies to construct the virtual domain. The machinery behind DLPNO is rather convoluted and can be summarized as follows. A set of pair natural orbitals (PNOs) providing the most compact description of the virtual space is constructed. The latter PNOs are obtained through the diagonalization of the pair density matrix for every pair of localized occupied orbitals. Finally, the DLPNO method expands the PNOs in terms of certain basis functions, more specifically, into the set of Pulay's projected atomic orbitals (PAOs) [47], belonging to a specific electron-pair domain [32]. Alternatively, the LNO method first localizes the MOs using a distance criterion. Subsequently, each localized MO is assigned to a local subspace of occupied and virtual orbitals, which is constructed from approximate Møller-Plesset frozen natural orbitals. Finally, the CC equations are solved for each LNO subspace and the total correlation energy is obtained from the summation over all the sub-spaces. The main difference between DLPNO and LNO schemes is that the former defines the interacting subspaces from electron pairs, while the latter uses individual electrons [51,[74][75][76]. Such definitions for the localized orbitals (either LNO or DLPNO) can be used to effi-ciently compute post-HF energies and wavefunctions. More informataions over DLPNO and LNO methods can be found in Section 2.4.2. In this chapter, we have assessed LMP2 [35,52], which uses the LNO localization method, LNO-CCSD [52,74], DLPNO-MP2 [49], and DLPNO-CCSD energy derivatives [32]. We also computed analytic DLPNO-MP2 polarizabilities using ORCA 5.0 [57,77]. We refer to this method as DLPNO-MP2α. We compared DLPNO-MP2-α analytic polarizabilities with numerical (from energy) DLPNO-MP2 polarizabilities to evaluate the magnitude of the numerical errors in the calculation of polarizabilities using the Rutishauser-Romberg technique (see below). We also considered triple perturbative corrections to DLPNO-CCSD using the two alternative approximations available: DLPNO-CCSD(T0) [48], in which the triples corrections are calculated following a purely perturbational approach, and DLPNO-CCSD(T1) [53], which is more expensive (and considered more accurate) because it is partially self-consistent. The triple perturbative corrections have been also tested for the LNO scheme, referred as LNO-CCSD(T) [73,78].

Enhancement Methods

Regarding the enhancement methodology, we assessed the spin-scaled component MP2 method. As it has been already anticipated in Section 2.3.5, SCS-MP2 does not reduce the computational time explicitly, but it effectively improves the quality of the results of a canonical MP2 calculation by increasing the amount of opposite-spin (OS) correlation and scaling down same-spin (SS) correlation,

E SCS-M P 2 = E HF + c SS E M P 2 c,SS + c OS E M P 2 c,OS , (4.6) 
where c OS = 6/5 and c SS = 1/3 for Grimme's SCS-MP2 (as opposed to canonical MP2, where c OS = 1 and c SS = 1) [79]. Head-Gordon and co-workers suggested a scaled opposite-spin MP2 (SOS-MP2), which takes values c OS = 1.3 and c SS = 0. By excluding the same-spin correlation the computational complexity might be reduced from fifth to fourth order [80].

Computational details

Single-point calculations have been performed using an energy threshold of 10 -9 a.u. for convergence of both the SCF and CC calculations. A tighter convergence criterion (10 -14 a.u.) was also tested, however, the results for the (hyper)polarizabilities showed no significant improvement, whereas medium/large systems showed hampered convergence. All calculations have been performed with the aug-cc-pVDZ in conjunction with the corresponding auxiliary basis set when needed. Test on the time performances of the different methods employed in this chapter with our computational facilities have been collected in Section A.1 of the Annex. Static linear polarizabilities and first and second hyperpolarizabilities have been eval-uated numerically through finite-field central derivatives of the total energy. These calculations have been performed on the range of external electric fields ±2 j • 10 -4 a.u. with j = [0, 9] (1 a.u.= 51.422 V•Å -1 ). By construction, the finite-field central derivatives remove the truncation error due to the higher-order terms of the Taylor expansion of the field-dependent energy with different parity of the derivative evaluated. In order to reduce the truncation error coming from neglecting the latter higher-order terms with the same parity than the derivative evaluated, the Rutishauser-Romberg (RR) formula has been employed [81,82], which we recall from Section 3.2.1:

P i,j = 4 i • P (i-1),j -P (i-1),(j+1) 4 i -1 , (4.7) 
where P is the calculated property, i is the RR iteration number, and j is the exponent entering the expression of the electric field amplitude (±2 j • 10 -4 a.u.). In order to choose the i and j values minimizing the truncation error, the minimum of the difference between the j th and (j +1) th rows for the same i column of the matrix P i,j is evaluated and defined as the Romberg Error (RE ), namely:

RE = min i,j |P i,j -P i,(j+1) | (4.8) 
The generalized RR formula was employed for systems presenting convergence problems on the RR iterations (i.e., presenting a relatively large rounding error) [81]. However, for the molecules studied in this chapter, the rounding error coming from the generalized RR expression did not decrease significantly compared to the standard RR. In order to verify which methods are numerically stable, we reported the Mean Absolute Romberg Error (MARoE) of each property and the relative MARoE (%MARoE) calculated by dividing MARoE by the average value. The localization schemes depend on a wide range of cutoffs, thresholds, and parameters that control the accuracy of the energy calculations and, subsequently, their derivatives [56]. The developers of the DLPNO method identified three different sets of thresholds for the localization schemes, associated with a particular computational cost and accuracy. They employ the keywords LoosePNO, NormalPNO, and TightPNO to refer to these approximations [83]. At the same time, LNO developers identified three sets of parameters controlled by the variable lcorthr in the MRCC input [84]. After a few tests, it became obvious that to reduce the numerical error associated to each single-point calculation, TightPNO should be used for DLPNO calculations and lcorthr=VeryTight for LNO. Calculations with looser cuttoffs are included in the Annex for comparison. As an illustrative example, the relative errors committed by the numerical differentiation (measured by %MARoE) of α, β and γ applying several thresholds at the DLPNO-CCSD(T) level of theory for the γ-NLO set (see below) are summarized in Table 4.1. Improving the SCF/CC convergence from VeryTight to ExtremeSCF criterion provides comparable %MARoE for α and β, and γ values. Therefore, considering the computational cost of using ExtremeSCF, we only employed the former criterion. The numerical derivative errors also show a large dependency on the localization cutoffs. In order to minimize these errors, we employed the highest TightPNO criterion. We also tested usertailored combinations of the set of parameters, seeking an increase of accuracy for NLOP calculations but we did not find a situation where one particular parameter was singled out as the most relevant or dominant to improve the quality of the NLOs. In practice, the errors increase significantly with the order of the energy derivatives, hence, β and γ require the tightest criteria. Notice that in some cases, the numerical instability of the energies are so large that the error committed can exceed %MARoE=95%. These conclusions about the need of high localization cutoffs are in line with the findings of Alonso, Martin, and co-workers [56], who identified that very tight cuttoffs for DLPNO are needed to reproduce the relative energy of extended porphyrins. The performance of enhanced and accelerated CCSD(T), CCSD, and MP2 WFMs has been assessed by comparison to reference values obtained using the corresponding canonical methods, by considering four statistical measures: the Mean Absolute Error (MAE), the Root Mean-Square Error (RMSE), the Maximum Error (MAX), and the percentage MAE (%MAE)

MAE = 1 n n i=1 |x i -t i | (4.9) RMSE = 1 n n i=1 (x i -t i ) 2 (4.10) MAX = max i |x i -t i | (4.11) %MAE = MAE 1 n n i=1 t i (4.12)
where t i and x i are the reference and the predicted values for system i, respectively.

Benchmark sets

Two benchmark sets are used in this chapter: the γ-NLO set [7] and the β-NLO set (see Figure 4.2). The γ-NLO set contains 60 molecules, formed by 2 to 36 atoms of the second period and/or hydrogen. The latter set can be split into two subsets: The first one (γ-NLO-A, 37 molecules) contains molecules that, for the adopted orientation, are symmetric along the z-axis; while the second set (γ-NLO-B, 23 molecules) includes polar molecules oriented aligning their inertia axis to z axis, and thus they are not symmetric along z-axis. The γ-NLO-A set includes the first oligomers of two series of well-known NLO compounds -the all-trans polyacetylene (PA), and the polydiacetilene (PDA)-as well as some small organic and inorganic molecules, and weakly-interacting H 2 chains, which are particularly challenging systems for the computation of second hyperpolarizabilities [85]. This set has been only employed for the evaluation of α zz and γ zzzz (even derivatives with respect to the electric field) because these molecules present, by construction, null µ z and β zzz (odd derivatives). Conversely, the γ-NLO-B has been employed to evaluate µ z , α zz , β zzz , and γ zzzz . This set includes the first six oligomers of all-trans polymethineimine (PMI), the NLOP calculation of which proves difficult for electronic structure methods. The β-NLO set contains molecules with expected large β and γ. In particular, it consists of 56 π-conjugated push-pull systems that result from the functionalization of the terminal positions of PA 1-6 , PDA 1-3 , and PMI 1-5 oligomers with two possible electronwithdrawing (-NO 2 , -CHO) and two possible electron-donor (-NH 2 , -OH) substituents.

Molecular geometries and reference CCSD(T) energy derivatives for γ-NLO set are available and have been published elsewhere [7], whereas the data corresponding to the β-NLO is included in the Annex of this chapter. All the molecules have a singlet ground state, with the exception of O 2 , which is a triplet molecule. Unrestricted calculations with localized methods are still not implemented in MRCC, therefore, O 2 was excluded from this study. The single-reference character of the molecules was assessed through a series of multireferences diagnostic criteria. On one side, we computed D1 [86], D2 [87], and T1 [88][89][90] over the CCSD wavefunctions. We employed various natural-occupancy-based diagnostics for MP2 calculations, namely: NON, V, MRI [91], and I ND [92][93][94][95]. According to the latter diagnostics, none of the molecules presents a high multiconfigurational character (see A.7 and A.8) and, therefore, coupled-cluster and MP2 wavefunction are appropriate methodologies to assess the electronic structure of such systems. Only the longitudinal components of the dipole moment vector (µ z ), and of the polarizability (α zz ) and hyperpolarizability tensors (β zzz and γ zzzz ) were computed for all the molecules (see Figure 4.2). For simplicity, hereafter the indices will be dropped and the diagonal tensor components will be noted µ, α, β and γ. All properties have been reported without sign in order to allow direct comparison between the different sign conventions adopted by the packages utilized, and facilitate the analysis.

Results

In this section, we will only show statistical errors with respect to some reference values. Absolute magnitudes of the linear and nonlinear optical properties are available in the Annex. The results are organized as follows: the performance of accelerated methods are first checked against their canonical counterparts. Then, we consider their accuracy by comparing the computed optical responses with CCSD(T)/aug-cc-pVDZ reference values. Finally, we assess enhanced wavefunction methods.

Relative performance of accelerated methods

In this section, we consider the performance of accelerated MP2 and CCSD calculations, whereas accelerated CCSD(T) methods will be assessed in Section 4.3.2. As detailed above, different statistical measures were collected to quantify the errors. However, all statistical parameters generally provide a similar assessment of the methods. Hence, unless otherwise indicated, we mainly use the relative mean average error (%MAE) to analyze the data.

Accelerated MP2 calculations

Table 4.2 reports the statistical measures assessing the performance of six accelerated MP2 methods with respect to canonical MP2. The errors committed by MP2 accelerated methods for the lowest-order properties (dipole moment and polarizability) are minimal (ca. %1). Therefore, employing any of these methods is advisable to reduce the computational cost of these properties. However, the highest accuracy is achieved by RIJK-MP2, closely followed by RI-MP2 and the analytical calculation of the polarizability at the DLPNO-MP2 level (DLPNO-MP2-α). The remarkable accuracy of the analytical fieldfree and field-dependent linear polarizabilities obtained from DLPNO-MP2 is reflected by the accuracy of DLPNO-MP2-α first and second hyperpolarizabilities (calculated from numerical derivatives of the former). Together with RI-MP2, DLPNO-MP2-α provides the most accurate values for the whole range of optical properties. Since RIJK-MP2 and RIJCOSX2-MP2 only display a slight increase of the relative MAE on β and γ while they reduce the computational cost of RI-MP2 by applying the resolution of identity also at the SCF level, one should likewise consider these methods to compute hyperpolarizabilities to obtain values close to the MP2 accuracy.

Accelerated CCSD methods

Table 4.3 collects data to assess the performance of DLPNO-CCSD and LNO-CCSD against canonical CCSD. The errors committed by CCSD accelerated methods for the dipole moment and the polarizability are slightly larger than their counterparts at the MP2 level, presenting also very small (%MAE ≤ 2%). However, none of these methods provides reasonable values for the first and the second polarizabilities. The excellent results obtained from analytical DLPNO-MP2-α suggest that if analytical values of the polarizability at the DLPNO-CCSD were available, we would also obtain accurate hyperpolarizabilities at this level of theory. The poor results obtained for the high-order optical properties from DLPNO-CCSD and LNO-CCSD are due to numerical errors (see Tables A.9 and A.10 for the Romberg errors) that cannot be avoided using other numerical differentiation techniques. The poor quality of the single-point DLPNO-CCSD and LNO-CCSD field-dependent energies is responsible for it, and it cannot be solved by using tighter convergence criteria for the localization schemes. Table A.11 shows that these results are even worse if we employ looser criteria. 

Absolute performance of accelerated methods

Thus far, we have evaluated the efficiency of accelerated MP2 and CCSD to reproduce their canonical counterparts. In this section, we benchmark accelerated methods against the reference CCSD(T) calculations for the calculation of NLOPs, including accelerated CCSD(T) variants, which are assessed for the first time. Table 4.4 collects the statistical data for the dipole moment and the polarizability. Accelerated MP2 and CCSD methods are omitted from these analyses, since we demonstrated above that they have the same accuracy as their canonical counterparts. DLPNO-CCSD(T) variants show excellent performance with errors below or equal to 1% with respect to the canonical CCSD(T). MP2 and CCSD methods also provide very good approximations of the two properties. The data in Tables 4.5 and 4.6 illustrate the performance of various methods to compute the first and second hyperpolarizability, respectively. We have omitted the data for the RI approximations and DLPNO-MP2-α, since we can expect that the accuracy of and A.10), which can be partially (but not sufficiently) reduced by employing tighter cutoffs (see Table A.12). Interestingly, the accuracy of DLPNO methods in reproducing triple excitations goes hand in hand with the numerical stability of the energies. Indeed, for the same cutoffs, we find more stable energies (lower MARoE values) for DLPNO-CCSD(T1) than for DLPNO-CCSD(T0) -see Table A.12. The LNO-CCSD (LNO-CCSD(T)) method gives somewhat more accurate first hyperpolarizabilities than DLPNO-CCSD (DLPNO-CCSD(T0)); however, both LNO methods exhibit relative MAE errors above 45%. Interestingly, LMP2 outperforms MP2, mainly because of a better reproduction of the first hyperpolarizabilities of the PMI oligomers by LMP2 -which is probably due to a fortuitous cancellation of errors. In Table 4.6, we collect the statistics for the second hyperpolarizabilities. In this case, none of the accelerated methods gives a relative MAE below 50%. All the methods also show substantial numerical derivative errors, evidencing that numerical instabilities in the energy values hinder an accurate calculation of their fourth-order derivatives. Interestingly, MP2 performs better than CCSD. In this sense, RI-based accelerated MP2 methods (see Table 4.2) are an economical alternative for computing second hyperpolarizabilities.

Performance of enhanced MP2 methods: SCS-MP2

In this section, we assess the accuracy of several spin-scaled methods designed to improve the performance of MP2 energies by adjusting the amount of same-spin (c SS ) and opposite- spin (c OS ) correlation. As described in above, we tested two different popular schemes: the Grimme's SCS-MP2 [79] in which c SS = 1/3 and c OS = 6/5, and SOS-MP2 [START_REF] Jung | Scaled opposite-spin second order Møller-Plesset correlation energy: An economical electronic structure method[END_REF] that takes c SS = 0 and c OS = 1.3. The computational cost of SCS-MP2 is insignificantly larger than canonical MP2, whereas SOS-MP2 can be formally implemented to reduce the scaling by one order in the number of basis functions. We collected the statistics of their performance in Table 4.7.

The results for the dipole moment and the polarizability show only a marginal improvement over MP2, which already exhibits pretty accurate results. According to all statistical measures, the first hyperpolarizability is better estimated by canonical MP2 than by spinscaled methods. Reversely, both SCS-MP2 and SOS-MP2 marginally better reproduce the second hyperpolarizability. Although there is not much improvement, it might be worth exploring the possibility of an accelerated SOS-MP2 method as an economical way to compute γ.

Performances of accelerated methods on push-pull systems

From the results of the previous sections, we have identified β and γ as the most challenging properties for accelerated wavefunction methods. We have also pinpointed the best-performing methods for β is DLPNO-CCSD(T1), and for gamma are CCSD, RI-MP2, and MP2. In this section, we put these methods to the test by analyzing further their relative accuracy for computing the NLO properties of the push-pull molecules contained in the β-NLO set. These molecules are expected to exhibit a significant β response that is susceptible to be impacted by larger errors. In the case of γ, we have excluded DLPNO-CCSD(T1) because it presented too large energy derivative errors. The statistical results are collected in Table 4.8.

Although the molecules in the β-NLO set present larger absolute errors than those in the γ-NLO set, the relative errors are smaller because of the larger average β and γ values. The performance of DLPNO-CCSD(T1) compared to CCSD is not as good as in γ-NLO set. DLPNO-CCSD(T1) hyperpolarizabilities have average errors about twice as large as those of CCSD, although it outperforms MP2. The results of MP2 and RI-MP2 are comparable for the first and second polarizability, showing that the resolution of identity methods can be safely employed as substitutes for MP2 also for π-conjugated push-pull derivatives. The comparison between MP2 and CCSD shows that for molecules with larger responses, MP2 exhibit larger deviations than CCSD for the first hyperpolarizability, while both methods lead to similar %MAEs for the second hyperpolarizability.

Conclusions

In this chapter, we have benchmarked various alternatives to wavefunction methods that either reduce the computational cost or improve the performance of the canonical methods. In particular, we have tested RI-MP2, RIJK-MP2, RIJCOSX2-MP2, LMP2, SCS-MP2, SOS-MP2, DLPNO-MP2, LNO-CCSD, LNO-CCSD(T), DLPNO-CCSD, DLPNO-CCSD(T0), and DLPNO-CCSD(T1). Our results indicate that all these methods produce numerically stable energies to compute first and second derivatives of the energy with respect to an external electric field. Since, in general, these derivatives are not highly affected by correlation energy, we can safely employ any of the latter methods to calculate the dipole moment and the polarizability with average relative errors below 5%.

On the other hand, the calculation of higher-order derivatives represents a challenge for accelerated and enhanced wavefunction methods. In particular, the third and fourth derivatives of the energy, required to compute the first and second polarizability, critically depend on the numerical stability of the single-point field-dependent energy calculations.

Our results show that RI-based methods produce reliable energies from which to compute up to fourth-order derivatives of the energy with respect to an external field. Hence, methods like RI-MP2, RIJK-MP2, or RIJCOSX2-MP2 are a cost-effective way to obtain first and second hyperpolarizabilities with a marginal average error with respect to canonical MP2 (up to 5% for β and up to 11% for γ). Conversely, methods based on orbital localizations (LNO and DLPNO techniques) applied to MP2 suffer from large numerical instabilities that result in large errors for β (29-49%) and γ (36-51%). The same techniques applied to CCSD and CCSD(T) result in even larger errors, which exceed 100% in the worse cases. The only exception is DLPNO-CCSD(T1), which produces an acceptable relative error of 19% for the calculation of β. The precision of single-point energy calculations with LNO and DLPNO critically depends on the cutoffs for the SCF/CC equations and the orbital localization scheme. In addition, the accuracy of DLPNO methods in reproducing triple excitations goes hand in hand with the numerical stability of the energies. Hence, for the same cutoffs, we have more stable energies for DLPNO-CCSD(T1) than for DLPNO-CCSD(T0). Analytical field-dependent polarizabilities are available at the DLPNO-MP2 level of theory, from which we have numerically computed first and second hyperpolarizabilities that are in excellent agreement with their canonical MP2 counterparts. We can thus anticipate that if analytical DLPNO-CCSD polarizabilities were available, we would have a cost-effective method to compute accurate hyperpolarizabilities. Finally, we assessed spin-component scaled methods as techniques that improve the performance of MP2 at the same cost. Unfortunately, these techniques produce only produce only a marginal improvement in the case of the second polarizability.

To summarize, we recommend RIJK-MP2, RIJCOSX2-MP2, and DLPNO-MP2 (using analytical polarizabilities to compute γ) to compute the dipole moment, the polarizability, and the second hyperpolarizability, whereas only DLPNO-CCSD(T1) using tight cutoffs can be employed to obtain reasonably accurate first hyperpolarizabilities. We hope that these results will prompt the implementation of analytical low-order properties for accelerated wavefunction methods and/or more precise single-point energies that can be employed to compute numerical derivatives.

Chapter 5

Performance of MP3:KS methods for the computation of static linear and nonlinear optical properties

This chapter has been realized in the framework of a collaboration involving: Besalú-Sala P. (Univ. of Girona), Ramos-Cordoba E. (Univ. of Basque Country), Zaleśny R. (Univ. of Wrocław), and Luis J. M. (Univ. of Girona)

Introduction

As discussed in the previous chapters, the inclusion of electron correlation is crucial for an accurate evaluation of molecular nonlinear optical properties. However, high-level CCSD(T) calculations are out of the reach of current computational resources for reallife molecules, as this method scales as O(N 7 ) (with N the number of basis functions used for expanding the molecular orbitals). Therefore, it is often necessary to make the compromise of decreasing the level of theory in order to reduce the computational cost.

In this context, the preferred wavefunction-based methods for computing NLO properties of medium-size molecules are CCSD, which needs several iterations scaling as O(N 6 ), and MP2, which scales as O(N 5 ). MP3 methods also scale O(N 6 ) but they are less time consuming because they do not need several iterations to reach the convergence. However, they are rarely used because they do not systematically improve the MP2 results.

Nevertheless, we address in this chapter the performance of a recent implementation of the MP3 method, in which the reference molecular orbitals are obtained from DFT (KS-MOs) instead of the standard HF orbitals. The MP3:KS method, has been shown to increase the accuracy of MP3:HF, and provide results comparable to CCSD for thermochemical barriers, noncovalent interactions and dipole moments [1,2]. The success of this method is attributed to the deficiencies of the HF method which brings a fictitious spin contamination even in closed-shell systems and tends to give poor reference MOs. In fact, HF tends to overlocalize the MOs giving a poor reference to the subsequent wavefunction calculations [3]. This issue led to the development of the so-called orbital optimized MP2 method (OO-MP2) [4], in which HF orbitals are optimized in the presence of MP2 correlation. A more appropriate reference is given by KS-MOs, which conversely, might suffer from the delocalization error depending on the choice of the functional (see section 2.5). However, it has been observed [2] that MP2:KS and MP3:KS methods are not particularly sensitive to the choice of the reference functional for the computation of energies. Because of the use of canonical orbitals, non-Brillouin single excitations between occupied and virtual orbitals are present at both MP2 and MP3 level. However, MP3:KS method is optimized by including MP2 single excitations, and neglecting the corresponding MP3 ones. Interesting, with this construction MP2:KS overestimates the correlation effects underperforming with respect to MP2:HF (see the expression of MP2:KS and MP3:KS energies in Section 2.3.4). On the other hand, in MP3:KS this contribution is mitigated by the presence of MP3 doubles which reduces it and allows to improve canonical MP3. In this chapter, we address the efficiency of MP3:KS for computing the static linear and nonlinear optical properties (α, β, and γ) of reference molecules.

Computational details

The main equations of the MP3:KS method are provided in Section 2.3.4. Calculations have been performed by neglecting the non-Brillouin single excitations of the MP3 perturbation while including the corresponding MP2 ones, as suggested by the developers of the method [2]. The systems studied are the molecules belonging to the γ-NLO ( both γ-NLO-A and γ-NLO-B ) and β-NLO sets employed in Chapter 4. The single-reference character of the molecules of the β-NLO-set has been further assessed through the T1 diagnostic criterion [5][6][7] over the CCSD wavefunctions. To reduce the computational cost, MP3 corrections were calculated by making use of the resolution of identity (RI) approximation. We demonstrated in Chapter 4 that the use of this acceleration scheme at the MP2 level does not significantly impact the computed NLO properties. The very good agreement between MP3 and RI-MP3 results was further demonstrated here (see Table B.4) by computing the NLO responses of molecules from the γ-set (excluding the largest molecules PDA4 and PDA5 that are not computationally affordable at the MP3 level). Thus, we will not make any distinction between MP3 and RI-MP3.

Reference CCSD(T) values of the NLO properties are taken from Chapter 4. All the calculations have been performed on a developer's version of Qchem [8] using the aug-cc-pVDZ basis set, while the corresponding aug-cc-pVDZ auxiliary basis set was employed whenever RI is applied. Single-point calculations have been performed using an energy threshold of 10 -9 a.u. Several density functional approximations (DFAs) belonging to different rungs of Jacob's ladder have been used to generate the reference orbitals used in the MP3:KS scheme. In particular, we tested three functionals making use of the Becke88 [9] exchange functional and LYP correlation functional [10], differing in the amount (if any) and treatment of exact HF exchange: BLYP, [9], B3LYP [11], and CAM-B3LYP [12], which belong to the GGA, hybrid GGA and long-range corrected hybrid GGA families, respectively (see section 2.5.1). In addition, we tested three range-separated functionals of the ωB97 series, namely ωB97-XD [13], ωB97-XV [14], and ωB97-MV [15]. NLO properties have been computed as numerical derivatives of the field-dependent electronic energies using the finite-field procedure, as described in the previous chapter. The performance of the various MP3:KS approximations are evaluated by using the same statistical measures as in Chapter 4, namely the Mean Value (MV), Mean Absolute Error (MAE), the Root Mean-Square Error (RMSE), the Maximum Error (MAX), and the percentage MAE (%MAE).

Results

Performance of unrestricted MP3 calculations

Before testing the MP3:KS methods, we evaluated the error originating from spin contamination when using an unrestricted framework. When using the UHF MOs, we found that 21 molecules over the 60 ones composing the γ-set have a broken symmetry ground state, as reflected by the mean values of the Ŝ2 operator reported in Table B.2, which are significantly larger than the expected value of 0 for closed-shell systems. (Note that ⟨ Ŝ2 ⟩ = 2.0 for the O 2 molecule owing to its triplet ground state). Very large spin contamination errors were also obtained for molecules of the β-set, as reported in Table B.3. The NLO properties calculated using the MP3 and UMP3 methods are compared to reference CCSD(T) calculations for the γ-set in Table 5.1. When allowing the wavefunction to relax towards the unrestricted solution, the NLO properties get much worse, showing error indices one order of magnitude larger than those associated to restricted calculations. This behavior can be related to a well-known problem of MP2 and MP3 calculations, which lose accuracy when moving to an unrestricted frame [16][17][18]. Unrestricted HF orbitals should be therefore avoided for a proper reproduction of molecular NLO responses.

On the other hand, when using DFT we observe that the only molecule which presents a broken symmetry solution for some of the selected functionals is HNO, while for the rest of the systems the most stable solution is the closed-shell one (see Table B.2). Unrestricted KS MOs can thus be used as reference orbitals in the MP3:KS scheme, at least from the viewpoint of spin contamination issues.

Performance of MP3:KS methods for α and γ

Table 5.2 reports the performance of MP3:KS methods with respect to CCSD(T) reference for computing even-order NLO properties. Molecules of both the γ-NLO and β-NLO sets have been considered. Results provided by standard CCSD, MP2 and MP3 methods using HF orbitals are also reported for comparison. Table 5.2: Performance of MP2, MP3, CCSD, and various MP3:KS methods with respect to the reference CCSD(T) for computing odd-order NLO responses (α and γ) of molecules of the γ-NLO and β-NLO sets. CAM-B3LYP, ωB97-XD, ωB97-XV, and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV, and ωMV. For calculations of α, MP2, MP3 and CCSD present similar errors and could be employed indistinctly as alternative to CCSD(T). MP3 is the best method, slightly outperforming CCSD for all error indicators. For γ, MP3 still outperforms the other canonical wavefunction methods for all of the indices considered (MAE, RMSE, MAX and %MAE).

Moving to MP3:KS results, we observe that varying the density functional approximations (i.e., the reference orbitals included in the perturbational analysis) has a significant impact on the quality of the results. MP3:BLYP and MP3:B3LYP underperform regular MP3 for both α and γ. On the other hand, employing as reference range-separated functionals CAM-B3LYP, ωB97-XD, ωB97-XV and ωB97-MV, generally increases the accuracy of the calculations.

Interestingly, in the case of α, smaller or equal values for all error indicators are observed for MP3:CAM-B3LYP, MP3:ωB97-XV and MP3:ωB97-MV with respect to regular MP3 calculations, while MP3:ωB97-XD performs slightly worse for all the indicators. The best results are obtained with MP3:ωB97-XV ad MP3:ωB97-MV which show very similar indicators. In fact, with respect to MP3:HF, they reduce the MAE from 5.4 to 3.5 and 3.4 a.u. respectively, the RMSE from 9.9 to 5.1 a.u., the MAX from 43 to 18 and 19 a.u., and have the same %MAE equal to 2.%. Considering γ, MP3:ωB97-XV and MP3:ωB97-MV outperform MP3 for all statistical indices, while MP3:CAM-B3LYP and MP3:ωB97-XD underperform for all the indicators. As we have observed for α, the best results are obtained with MP3:ωB97-XV, which slightly outperforms MP3:ωB97-MV for all indicators.

Interestingly, this method outperform even CCSD for all the indicators. The same considerations are obtained from the separated analysis of NLO properties calculated from the γ-NLO and β-NLO sets (see Tables B. 6 and B.7).

Performance of MP3:KS methods for µ and β

Dipole moment values calculated at the MP3:KS level for the various functionals are compared in Table B.5 to values calculated using standard post-HF methods (MP2, MP3 and CCSD). MP3:KS calculations show homogeneous results and very little variations when changing the exchange-correlation functional. However, differently from what observed by Bertels and coworkers [1], none of the MP3:KS method beats MP3:HF for the dipole moments, although they have a comparable accuracy. The results related to first hyperpolarizabilities are collected in Table 5.3. Among the three standard ab initio methods, CCSD provides the most accurate β values, while the MP3 scheme is better than MP2 for all indicators.

Considering MP3:KS approximations, MP3:BLYP and MP3:B3LYP perform worse than MP3, as it was already observed for odd-order NLO properties. MP3:CAM-B3LYP and MP3:ωB97-XD provide similar errors as MP3 without outperforming it. Interestingly, the two best methods identified for computing α and γ, namely MP3:ωB97-MV and more specifically MP3:ωB97-XV, are also those giving the best performance for β calculations imrpoving MP3. Overall, these methods give results comparable to CCSD, without outperforming the latter in none of the indicators.

In order to gain better insights into the nature of the systems for which MP3:KS methods show worse performances than CCSD for computing β, we compare in Tables 5.4 and 5.5 the statistical indicators separately for molecules of the γ-NLO-B and β-NLO sets. For the γ-NLO-B set, which contains molecules with small β responses, all the methods which include range separated functionals MP3:CAM-B3LYP, MP3:ωB97-XD, MP3:ωB97-XV and MP3:ωB97-MV outperform CCSD for all indicators. For the β-NLO set, which contains molecules with larger β responses (including donor-acceptor push-pull systems), none of the MP3:KS methods outperfoms CCSD. Nevertheless, MP3:ωB97-XV and MP3:ωB97-MV show performances similar to CCSD, and provide better results than the regular MP3 scheme. Table 5.4: Performance of MP2, MP3, CCSD and various MP3:KS methods with respect to the reference CCSD(T) for computing β of molecules of the γ-NLO-B set. CAM-B3LYP, ωB97-XD, ωB97-XV, and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV, and ωMV. 

Performance of MP3:KS for large molecules

In this section, the accuracy of the most promising functionals according to the results of the previous section, namely ωB97-XV and ωB97-MV, is further analyzed for computing the γ and β responses of the largest molecules belonging to the γ-NLO and β-NLO sets.

For the evaluation of β, this subset comprises 16 push-pull derivatives: PA10, PA12, PMI6, and PDA3 combining four donor-acceptor pairs at their extremities. The non-substituted PMI6 molecule was also considered, since it has a non centrosymmetric shape for a total of 17 molecules. For the evaluation of γ, the considered subset includes the 17 molecules used for β, plus PA10, PA12, PDA3, PDA4, and PDA5 without any substituents, for a total of 22 molecules.

The results for γ are collected in Table 5.6. As can be seen, MP2 shows error indices comparable to CCSD, with slightly worse MAE, RMSE and %MAE values but better MAX. On the other hand, the standard MP3 scheme outperforms CCSD and MP2 for all indicators. Employing MP3:ωB97-XV and MP3:ωB97-MV improves also the accuracy of the MP3 γ values, roughly reducing by half all error indicators with respect to CCSD.

The results for β are collected in Table 5.7. In this case, we observe that CCSD outperforms all the other methods with respect to all statistical indicators. Overall, MP3 outperforms MP2 for all error indices, but the difference is too small to justify the computational effort. On the other hand, MP3:KS methods, and more especially MP3:ωB97-XV as already observed for γ, result particularly effective for this specific set of molecules, with a reduction of the relative errors with respect to canonical MP3. In particular, the %MAE value is lowered more than half compared to MP2 calculations. Table 5.6: Performance of MP2, MP3, CCSD and various MP3:KS methods with respect to the reference CCSD(T) for the calculation of γ, for a subset of 22 molecules selected in the γ-NLO and β-NLO sets (see text). CAM-B3LYP, ωB97-XD, ωB97-XV and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV and ωMV. 

Performance of the MP2:KS and DFT methods for computing NLO properties

For the sake of completeness, we also addressed the performance of the MP2:KS method for computing NLO properties. The results are reported in Tables B.8-B.10. As already observed for the calculation of ground-state energies and dipole moments, [2] these methods do not introduce any improvement with respect to standard MP2 methods. Moreover, in Tables B.11-B.13 we report the results obtained with the standard DFAs for the computation of static linear and nonlinear optical properties. By comparing these results with those gathered in Tables 5.2, 5.3, 5.4 and 5.5 we can see that MP3:KS calculations have a better accuracy than regular DFT calculations using the same functional, pointing out the need of wavefunction methods to optimally reproduce NLOPs.

Conclusions

In this study, we have addressed the performance of MP3:KS schemes for computing static NLO properties of small organic molecules. We observed that for closed-shell molecules NLO properties evaluated with unrestricted HF reference orbitals are not reliable because of spin contamination, therefore, using reference KS orbitals which avoid in most of the cases the break of the spin symmetry allows to improve the results. Moreover, we observed that even for MP3 the employment of the RI approximation reduces substantially the computational cost without affecting accuracy of the properties evaluated. We have demonstrated that, when employed in association with range separated functionals involving a large amount of HF exchange, MP3:KS improves the accuracy of the computed NLO responses with respect to standard MP3. For α and γ, MP3:ωB97-XV provides accurate results and can be used as a cheaper alternative to CCSD. For β we observe two distinct behaviors. For molecules from the γ-NLO set, some of the MP3:KS schemes outperform CCSD, in particular MP3:CAM-B3LYP. For the β-NLO set containing systems with large β, CCSD remains the best method among the tested ones. However, MP3:KS schemes still provides better results than the standard MP3 method, and MP3:ωB97-XV emerges as the best among the latter.

As mentioned in the computational section, all MP3:KS calculations reported in this chapter have been performed by neglecting the non-Brillouin single excitations from the MP3 corrections. Further tests are thus needed to address the reliability of this approximation for computing NLO properties, especially in the case of large π-conjugated molecules, for which the MP3:KS method does not improve the quality of the results compared to CCSD calculations.

Chapter 6

Impact of van der Waals interactions on the structural and nonlinear optical properties of azobenzene switches

This chapter is based on the publication: Naim C., Castet F. and Matito E., Phys. Chem. Chem. Phys., 2021,23, 21227-21239

Introduction

Materials and molecules that exhibit large second-order nonlinear optical properties (NLOPs), i.e., whose dielectric polarization responds quadratically to the electric-field component of light, find applications in laser components, optical communications, data processing, and storage [1,2] as well as in bioimaging and therapy [3][4][5]. In addition to the quest for materials able to deliver high second harmonic generation (SHG) responses, an important research topic in the field is the design of new molecular systems with commutable secondorder NLOPs. Indeed, such systems that can isomerize between two (or more) stable and reversibly interconvertible forms with a large difference in their first hyperpolarizabilities (β) present high interest for exploitation in optoelectronic and photonic devices, such as high-density optical memories with multiple storages and nondestructive readout capacity [6][7][8].

Since light is a fast, non-invasive, and low-cost way to trigger the interconversion between the different isomeric forms, photochromic molecules constitute the most prominent class of candidates for eventual exploitation in NLO devices. One of the most studied families of photochromes that exhibit large β contrasts is that of double-bond isomer derivatives, which undergo a reversible isomerization between a stable trans (E) and a metastable cis (Z) form upon illumination in the UV range. Among them, azobenzene derivatives have been the subject of many theoretical and experimental investigations, mostly due to the high first hyperpolarizabilities obtained when adding donor and acceptor groups to both ends of the azobenzene core [9][10][11][12][13][14][15][16][17]. Reversible SHG switch- ing in solid-state structures incorporating azobenzenes as NLO functional units was also demonstrated, whether in poled polymers [18,19], LB films [7], liquid-crystalline polymers [20,21], or self-assembled monolayers [22][23][24][25]. Recent theoretical works also highlighted that azobenzene NLO switches could be exploited as versatile probes for phase recognition in biological environments [26,27].

At the molecular level, it is well known that the nature of the chemical substituents determines the relative thermodynamic stability of the trans and cis forms of azobenzene derivatives and thus plays a critical role in their photo-isomerization process. In particular, chemical functionalization in the meta-position with bulky substituents has been shown to lower the cis → trans thermal reaction rates due to the attractive London dispersion forces that stabilize the cis isomer [28]. In addition to their key role in the structure and photochemical processes of molecular switches, Van der Waals interactions are also expected to impact their NLO properties. However, although the impact of London dispersion forces on molecular properties has recently received some attention [29][30][31], their influence on the NLOPs of molecular switches has been overlooked thus far.

In this work, we report a comprehensive theoretical study of the structural and NLO properties of a collection of azobenzene molecules symmetrically substituted in metaposition with functional groups of different bulkiness (Figure 6.1). In the first part, we address the performance of a large set of density functional approximations (DFAs) for calculating the geometries and relative energies of the E and Z isomers by using the second-order approximate coupled-cluster singles and doubles (CC2) results as the theoretical reference. Computational results are also compared to previously reported data [28]. In the second part, we investigate the accuracy of the different DFAs for reproducing the static first hyperpolarizability of the cis forms compared to ab initio second-order Møller-Plesset (MP2) and CC2 calculations. Finally, we use the partition of NLOPs in terms of orbital contributions (PNOC) [32] to decipher the individual role of the meta-substituents on the NLO responses of this series of compounds.

Computational methodology

Reference geometries were optimized at the CC2 level [33] using the Resolution of Identity (RI) [34] and frozen core approximations. Despite MP2 has been reported to fail for some intermolecular complexes [35], it remains an important approach for evaluating interaction energies, particularly of large molecules for which higher-level calculations are prohibitive. In Table C.1, based on the results of the Diet-GMTKN55 benchmark set [36], we show that CC2 and MP2 offer very similar performance for intramolecular noncovalent interactions (MAE below 2 kcal/mol and RMSE below 1.5 kcal/mol for both methods). The cc-pVDZ basis set [37] was used in all calculations and employed as the auxiliary basis for RI computations [38]. This basis set guarantees a good compromise between accuracy and computational cost because it provides very similar geometrical structures and energy differences between Z and E isomers as those obtained using the more extended cc-pVTZ basis set (see Tables C.2 and C.3). The energy convergence threshold in both single-point SCF and CC calculations has been set to 10 -6 a.u. RI-MP2, a wide range of DFAs (see Table C.4), and the Hartree-Fock (HF) method were tested to address their ability to reproduce reference RI-CC2 structures. HF completely neglects electron correlation and thus is expected to perform poorly in the systems affected by dispersion. It is included here as a means to quantify the amount of electron correlation (and dispersion) introduced by the other methods. The selected DFAs involve two different dispersion correction schemes: the Grimme's D3 scheme [39][40][41][42] and the nonlocal Van Der Waals density functional (VV) scheme developed by Vydrov and Van Voorhis [43]. To size up the impact of these corrections on the molecular structures, calculations were also performed using the uncorrected counterparts of the DFAs. We have also employed Tα-LC-BLYP, recently designed by Besalú-Sala et al [44]. Tα-LC-BLYP employs LC-BLYP with a moleculedependent value of the range-separation parameter. This parameter is determined from the static polarizability obtained with the original LC-BLYP employing an empirical equation obtained from the calibration of the CCSD(T) static second hyperpolarizabilities [44].

In order to confirm the single-reference nature of the title molecules, we have performed the D1 diagnostics [45] on the CC2 wavefunctions. In all cases, D1 values are close to the threshold value of 0.05, indicating the partial multireference character of these wavefunctions (see C.5). We have also computed the I N D index [46,47] obtained from the range-separation partition of the Coulomb hole [48,49]. I N D is proportional to the deviation from idempotency of the first-order reduced density matrix [50,51]. In all cases, I N D values are rather small compared to other multireference molecules [52] (see C.5). All in all, we can conclude that these molecules present a rather mild multireference character and they can be reasonably well described with single-reference methods such as MP2 and CC2.

The selected set of DFAs was then employed to evaluate the static components of the first hyperpolarizability tensor (i.e., in the zero frequency limit) of the azobenzene derivatives, as well as the total first hyperpolarizability defined as follows:

β(0; 0, 0) = β = 1 5 β 2 x + β 2 y + β 2 z (6.1)
where

β i = j=x,y,z (β ijj + β jij + β jji ) (6.2)
and i=x,y,z. Since trans forms have a centrosymmetric shape with no second-order NLO responses, β values were calculated for cis forms only. Reference values were computed using a finite field (FF) differentiation procedure of the CC2 and MP2 electronic energies. The performance of RI-MP2 and MP2 were evaluated for the molecule R=H in Section C.10 of the Annex in order to verify that the RI approximation does not influence the numerical stability of third-order derivatives. For the compound with the adamantyl substituent, NLOP calculations were performed only at the CAM-B3LYP level due to computational limitations. Linear and nonlinear optical properties were calculated using the coupled-pertubed Kohn-Sham (CPKS) equations implemented in Gaussian [53] for all the DFAs, except for the VV ones. In all other cases, the optical response was calculated using numerical differentiation. A Romberg scheme [54,55] was employed to control and improve the accuracy of the numerical derivatives, employing field amplitudes starting from ±0.001 a.u. with a multiplicative step of 1.4142. All first hyperpolarizability calculations were performed using the aug-cc-pVTZ basis set. For some of the molecules, the combination of aug-cc-pVTZ and M06L converged to the wrong SCF minimum. Preliminary calculations with the cc-pVTZ basis set were performed and used as a guess to avoid this problem. The pertinent integrals resulting from the electronic energy calculation using DFAs were done numerically using the "Ultrafine" integration grid involving 99 radial shells around each atom and 590 angular points per shell. RI-CC2 and RI-MP2 calculations were performed with TURBOMOLE [56], where the RIJK approximation was employed in addition to the RI approximation for some of the largest molecules (d-Z, e-Z, and f -Z) since it has been shown to reduce the computational cost without affecting the accuracy of the energies [57]. Calculations using DFAs involving the VV approximation were performed with Qchem [58], whereas calculations involving all other DFAs were performed with Gaussian 16 [53]. The root mean square deviation (RMSD) of distances between equivalent atoms of the two molecules has been calculated to quantify the structural differences of two optimized geometries. The RMSD of two structures was calculated using the software provided in Ref. 59. This program calculates the RMSD between two Cartesian geometries using the Kabsch algorithm (1976) [60] or the Quaternion algorithm [61] if rotation is needed before calculating the RMSD. Following the authors recommendation, we have excluded the hydrogen atoms in the calculation of the RMSD. For the sake of completeness, the RMSD values including all the atoms in the molecule are given in Tables C.10-C.11.

Results and discussion

6.3.1 Structure and relative energies of the conformers 6.3.1.1 Reference ab initio calculations Table 6.1 reports selected structural parameters of the cis isomers calculated at the HF, RI-MP2, and RI-CC2 levels with the cc-pVDZ basis set, namely, the N=N and C-N bond lengths (d N N and d CN ), the N=N-C bond angles (θ N N C ), the torsional angles around the N=N and C-N bonds (ϕ CN N C and ϕ N N CC ), as well as the distance d P hP h between the centroids of the two phenyl rings (see Figure 6.1). As expected, geometries calculated using HF, which does not account for dispersion effects, significantly differ from the MP2 and CC2 ones. In particular, HF N=N distances are shorter, while the θ N N C and ϕ N N CC angles are larger, resulting in larger d P hP h distances between the lateral phenyl rings. The geometries calculated using MP2 and CC2 are quite similar (largest RMSD=0.08 Å, see Table C.2), d N N , d CN , θ N N C , and ϕ CN N C barely changing from one compound to another. In contrast, d P hP h and ϕ N N CC , which are directly linked to the relative orientation of the meta-substituents, show slight variations. These two geometrical parameters reflect the interplay between attractive dispersion interactions and repulsive steric hindrance. For MP2 and CC2, the d P hP h distance mostly decreases when increasing the size of the R groups as a consequence of the increase of the dispersion interactions. However, the size of the substituents is not the only factor controlling the strength of the noncovalent interaction. Compound e (R = Ph) exhibits the smallest d N N value within the series, owing to the planar shape of the phenyl substituents that allows larger spatial overlap and hence larger attractive London dispersion forces, together with the possibility to adopt a relative spatial orientation minimizing the steric hindrance (e also has the smallest ϕ N N CC and the largest ϕ CN N C ). Taken as a whole, the geometrical parameters of the cis conformer computed at the CC2 and MP2 levels clearly evidence the balance between repulsive steric hindrance and attractive VdW interactions: increasing the bulkiness of the substituents in meta position both enhances steric repulsion and dispersion attraction, resulting in slight changes in the geometry of the central part of the compounds. The enhancement of attractive non-covalent interactions (NCI) as the bulkiness of meta-substituents increases is further illustrated in Figure 6.2, where the surface area of the NCI isosurface clearly increases with the size of R. In Table C.10, we collect the geometrical data of the trans conformers, which are far less affected by electron correlation. Indeed, only d N N is stretched upon the inclusion of electron correlation, the differences between CC2 and MP2 being insignificant.

As demonstrated recently [28], the existence of these attractive VdW interactions has a crucial impact on the thermodynamics of the isomerization reaction by stabilizing the cis form relative to the trans one. As shown in Figure 6.3 and Table C.12, HF calculations do not reproduce these effects correctly and provide very similar energy differences between Table 6.1: Characteristic distances and angles of the cis isomers of compounds a-g (see Figure 6.1), as calculated at the RI-CC2/cc-pVDZ level (see also Table C.6 for trans isomers).

Molecule the two isomers (∆E EZ ) for all compounds, as a result of the neglect of dispersion interactions. On the contrary, both CC2 and MP2 calculations confirm the lowering of ∆E EZ when increasing the bulkiness of the R groups. Although CC2 provides slightly smaller ∆E EZ values than MP2, we note the good agreement between these two levels of approximation, with differences in the ∆E EZ values smaller than 1.0 kcal/mol for compounds a-e and equal to 1.25 kcal/mol for f. A larger deviation (1.87 kcal/mol) is obtained for the largest compound g (R = Ad).

d N N [Å] d N C [Å] d P hP h [Å] θ N N C [°] ϕ CN N C [°] ϕ N N CC [°] HF/cc-pVDZ a (R = H) 1.

DFT calculations

Using the CC2 results as a reference, we now analyze the performance of different DFAs in reproducing the geometrical structures and relative energies of the trans and cis forms of the investigated series of azobenzenes. As above, the similarity between DFT and CC2 geometries is measured for both the trans and cis isomers forms using the RMSD of atomic positions.

In the Annex, we report the differences in the geometries provided by the DFAs including D3 or VV dispersion corrections and their uncorrected counterparts. As expected, C.2 show that structural differences are small for trans isomers and large for cis isomers (in particular for compounds incorporating bulky substituents). The RMSD values calculated for cis isomers using ωB97X-D and, especially, M06-2X-D3 are much smaller than those calculated using the other selected DFAs, which confirms that these functionals already include some dispersion corrections in their native form [64,65].

Geometries of the cis isomers optimized using dispersion-corrected DFAs are compared to CC2 geometries in Figure 6.4. The results clearly show that adding dispersion corrections using either the D3 or VV scheme largely improves the matching with the reference geometries. Although acceptable results are obtained with all the tested dispersion-corrected functionals, ωB97-X-D shows the smallest average RMSD (0.10 Å), followed by M06-2X-D3 (0.13 Å), LC-ωPBE08-VV (0.14 Å), B3LYP-D3 (0.16 Å), PBE0-D3 and CAM-B3LYP-D3 (both at 0.17 Å). The values of all the RMSD averaged over the total number of compounds are collected in Table C.9.

We now analyze the performance of the selected DFAs in reproducing the energy difference between the two isomers optimized at the corresponding level of theory (Figure 6.5 and Table C.13). The best agreement with CC2 ∆E ZE values is obtained with the LC-ωPBE-D3 and ωB97-X-D functionals, which display average errors of 1.40 and 1.57 kcal/mol, respectively, for the molecular series. Interestingly, among the studied DFAs, ωB97-X-D was already the best functional to obtain accurate geometries. On the other hand, notice that the molecule with R = Ph gives rise to errors of at least 3 kcal/mol for all the functionals considered. As we can check in Table C.14, it is not due to a wrong estimation of the geometry with these DFAs. Finally, for the sake of completeness, we also calculated the differences in the Gibbs free energies (Table C.13). In general, ∆G ZE follows the same trend as ∆E ZE , showing a strong reduction upon addition of dispersion corrections to compounds bearing bulky meta-substituents.

Second-order NLO properties

Reference ab initio calculations

Hereafter, all the calculations will be performed using the geometries optimized at RI-CC2/cc-pVDZ level of theory. The total static first hyperpolarizabilities (Eq. 6.1) of the cis isomers, calculated at the HF, MP2, and CC2 ab initio levels are reported in Table 6.2. Comparison of MP2 and CC2 β values with HF ones provides a direct assessment of the magnitude of electron correlation effects. The first hyperpolarizability increases from HF to MP2, as expected from the localized nature of HF densities. Going from MP2 to CC2 further increases the β values. An excellent linear correlation is obtained between MP2 and CC2 β values (see Figure 6.6), with a very small intercept, suggesting that MP2 values are systematically 64% smaller than CC2 ones. Hence, the trends among different compounds are perfectly reproduced using either MP2 or CC2, and it thus indifferent which method we employ for benchmarking. We will choose MP2 values as the reference ones because their absolute values provide a better agreement with most DFAs (vide infra). Notice also that despite the complete neglect of electron correlation, for the first five molecules of the series, HF static polarizabilities also show a very good linear correlation with the MP2 counterparts (see Figure 6.6). Compound e (R = Ph) is not shown in the latter figure and it will be discussed in detail in the following section. 

DFT calculations

We now address the performance of DFAs in reproducing the static first hyperpolarizability of the azobenzene derivatives a-f. Since D3 corrections do not affect the electronic density at fixed geometry, D3-corrected functionals are excluded from the benchmark. DFAs incorporating dispersion effects through the VV scheme are considered. The latter will be informative about the effect of dispersion corrections in the calculation of nonlinear optical properties, beyond the indirect effect of dispersion on the geometries. In the last three columns of Table 6.3, we collect three different measures of the error committed in the hyperpolarizability using a collection of DFAs and RI-CC2 with respect to RI-MP2. These data are reported in Figure 6.6 for all molecules except g (R = Ad). The three DFAs that provide the lowest mean absolute error (MAE), mean absolute percentage error (MAPE), and root mean square deviation (RMSD) are CAM-B3LYP, M06-2X, and ωB97X-D (unlike other dispersion-corrected DFAs, ωB97-X-D employs a different parameterization than the native functional, ωB97X). Hence, the latter functionals, which outperform RI-CC2, provide the closest agreement to the RI-MP2 hyperpolarizability values. However, these results would hide the fact that if we are only concerned about the relative magnitude of hyperpolarizability among the compounds, many other methods work just fine. The latter is even more relevant if we consider the difficulty in reproducing absolute values of nonlinear optical properties and the fact that we are using RI-MP2 values for comparison, which are approximate too. Table 6.3 provides the results for the linear regression of RI-MP2 vs. other methods using all the molecules except for compounds e (R = Ph) and g (R = Ad); we will use the former compound's results to measure the ability of the methods to provide a correct trend of the hyperpolarizability for this series of compounds. The Pearson coefficient, R 2 , shows that 9 out of 20 methods (including RI-CC2, CAM-B3LYP, and M06-2X) give excellent results (R 2 ≥ 0.95) for the five smallest compounds of the series. The difference between the value predicted by the linear regression and the MP2 hyperpolarizability, ∆β P h = βPh,meth -β P h,MP2 , provides an estimate of the predictability of the linear regression for molecule e including phenyl meso-substituents. Despite the excellent correlations found for the first five compounds, only six methods give an estimate of β P h,MP2 with an error below 20 a.u. (RI-CC2, PBE, rPW86-PBE-VV, M06, M06L, and M06-2X). For many DFAs and RI-CC2, the value of the intercept (b) is rather small (below 20 a.u.) and the Pearson coefficient is rather high. In these cases, the prediction of β is dominated by the slope, a, which determines whether the quantity is overestimated (a < 1) or underestimated (a > 1) with respect to the RI-MP2 values. Our conjecture is that, in the latter DFAs, the error on the hyperpolarizability is dominated by the delocalization error [66]. In Figure 6.7, we represent the % of HF exchange at long range (large r 12 ) that is included in the XCF against the value of a. The plot reflects clearly how DFAs with a small percentage of HF exchange tend to overestimate the hyperpolarizability with respect to RI-MP2, whereas the opposite occurs for DFAs with a large percentage of HF exchange (see also Tables C. 16-C.17). If we consider all the measures included in Table 6.3, the best performing DFA is M06-2X. We also obtain quite good results using CAM-B3LYP, ωB97-X-D, and Tα-LC-BLYP. All these functionals include at least 54% of HF exchange at long range. Hence, a percentage of nearly 50% between DFT and HF exchange is the adequate balance for computing the NLO properties of these systems, as it was also concluded from previous works on smaller molecules [67] and conjugated push-pull chromophores [68,69]. These results thus contribute to the recent findings about the importance of the delocalization error in the calculation of linear and nonlinear optical properties [44,68,[70][71][72] as well as other properties such as aromaticity [73][74][75][76] and conjugation [77]. It is worth noticing that the recent strategy [44] of finding the optimal range-separation parameter to calculate γ from the values of α works quite well to calculate the value of β for these systems. Indeed, Tα-LC-BLYP and LC-BLYP give a similar Pearson coefficient, whereas for the former a and b are closer to 1 and 0, respectively. As a result, Tα-LC-BLYP significantly improves MAE, MAPE, and RMSD. Regarding the impact of dispersion corrections, β values computed using rPW86PBE-VV show an improvement compared to those computed with its uncorrected parent. Although some error measurements like RSMD, MAE, or MAPE are only marginally improved upon including of VV dispersion corrections, ∆β P h , a and the Pearson coefficient are much better for rPW86PBE-VV. Conversely, LC-ωPBE08-VV and LC-ωPBE08 show i.e., both functionals give similar trends among the series of compounds but ωB97X-D provide better estimates of the MP2 hyperpolarizabilities. It is worth stressing that the differences in the β values computed using the two latter functionals cannot be only ascribed to dispersion corrections since the whole set of their parameters (including the range separation, ω) is different.

Partition of the hyperpolarizability into orbital contributions

To gain a deeper insight into the contribution of the meta-substituents to the total first hyperpolarizability, we now examine in more detail the vector (β i ) and tensor (β ijk ) components of the total first hyperpolarizability (Eqs. 6.1 and 6.2) of the investigated compounds. A common Cartesian frame, in which the origin is placed at the center of the N=N bond, the x axis is oriented along this bond, and the xz plane contains the two nitrogen atoms and one of the adjacent carbon atom (see Figure 6.8) is used for all the molecules. CAM-B3LYP/aug-cc-pVTZ hyperpolarizabilities are considered in the analyses since, as discussed in the previous section, they are in close agreement with the absolute MP2 reference values. As shown in Table 6.4, the β z component is one order of magnitude larger than β x and β y in all compounds, except for compound g (R = Ad) for which β z /β y = 3.55, the larger contribution from the y being due to bulkiness of the adamantyl substituent. In turn, decomposition of β z in terms of tensor elements evidence that the dominant contribution to the first hyperpolarizability arises from the transverse β zxx component. Note that, as shown in the Annex (Table C.19), a very similar picture of the relative magnitude of the β components can be drawn from CAM-B3LYP calculations carried out using the smaller 6-311++G** basis set.

To rationalize the role of molecular substituents in the value of the hyperpolarizability, we use the PNOC scheme developed by Sitkiewicz and coworkers [32] to decompose the NLO responses into contributions of the molecular orbitals (MOs) of the unperturbed system:

β ijk = p β ijk,p = - p ∆ (jk) pp M (i) pp - p̸ =q ∆ (jk) pq M (i) pq , (6.3) 
where M i is the transition dipole matrix along the i direction, and ∆ (jk) is the secondorder derivative of the one-particle reduced density matrix with respect to external fields oriented along j and k axes. This expression is an exact decomposition of β based on the assumption that the terms that depend on two different MOs can be equally distributed between them. In this framework, for an orthonormal set of orbitals, a real-space representation of the largest β zxx component can be obtained according to:

β zxx (r) = p β zxx,p |ϕ p (r)| 2 , (6.4) 
where |ϕ p (r)| 2 is the square of the amplitude of molecular orbital p. The PNOC representations of β zxx (r) in the Cartesian space are displayed in Figure 6.8 for the azobenzene series at the CAM-B3LYP/6-311++G** level. The main contribution to the first hyperpolarizability arises from the N=N bond for all the molecules, although for bulkier substituents there are also important contributions. Some contributions are due to ortho and para carbon atoms of the adjacent phenyl rings, although, in general, the adjacent phenyl ring shows rather small contributions to β. Interestingly, the phenyl substituents in compound e (R = Ph) show an important contribution to β from π orbitals. In compounds c, d, f, and g, β zxx (r) also shows contributions due to C-C σ-bonds of the R alkyl groups, although larger contributions from the substituents are obtained for bulkier substituents such as cyclohexyl and adamantyl. Individual orbital contribution analysis reveals that the hyperpolarizibility of these compounds cannot be qualitatively explained from the contribution of a few molecular orbitals. Many MOs must be included in the summation of the Eq. 6.3 to obtain a good estimate of the total β zxx component (see Figure C.12), hampering a simple deconvolution of the total NLO response in terms of individual MOs. However, for all compounds except e (R = Ph), the highest occupied MO, which is mainly associated with the p orbitals of the nitrogen atoms (the π orbitals and the lone pairs) and to the C-N σ bonds, provides the largest contribution to β zxx (Table C.20).

Finally, we have used the PNOC as a tool to analyze the delocalization errors committed by some DFAs. As a measure of the extent of electron delocalization, we have computed the Laplacian of the electron density [78], ∇ 2 ρ(r), which attains large negative values in delocalized regions. Table 6.5 gives PNOC and ∇ 2 ρ(r) values for e (R = Ph) and c (R = i Pr) at the PBE and CAM-B3LYP levels of theory. Since PBE suffers from larger delocalization errors than CAM-B3LYP, it is expected that both the PNOC and -∇ 2 ρ(r) display regions with larger values for PBE. In order to clearly visualize these differences, in Table 6.5, we have also plotted the difference between these two DFAs. For both molecules, the main difference in the distribution of the hyperpolarizability across the molecule comes from the lone pair of the nitrogen atoms. ∆∇ 2 ρ(r) values are also larger around the nitrogen atoms. Hence, one is deemed to conclude that the delocalization error is the main source of error in the calculation of the hyperpolarizability and it comes mostly from a wrong description of the electron density in the vicinity of the N=N bond (in particular, the p orbitals involved in the π bond and the lone pairs). Table 6.5: Comparison of β zxx (r) calculated through PNOC for the functionals PBE and CAM-B3LYP evaluated for the molecules c (R = i Pr) and e (R = Ph). The isosurface ∆β zxx (r) is calculated as:

∆β zxx (r) = β (PBE) zxx -β (CAM-B3LYP) zxx
. Isocontour values of ±5 a.u. were used for all the β zxx . For the Laplacian of the electronic density isocontour ±0.7 was used for the Laplacians, while ±0.09 was used for the difference between the laplacian (∆∇ 2 ) of the PBE and the CAM-B3LYP densities. Positive numbers are displayed in blue, negative ones in purple.
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Conclusions

The reliability of a large selection of exchange-correlation density functional approximations to predict the geometrical structure, relative Z-E energies (∆E ZE ), and second-order nonlinear responses of a series of azobenzene molecules has been assessed with respect to reference correlated ab initio calculations carried out at the RI-MP2 and RI-CC2 levels.

Our calculations show that RI-MP2 and RI-CC2 approximations provide very similar performance for intramolecular noncovalent interactions, based on the results of Diet-GMTKN55 and the series of azobenzene molecules studied in this paper. Comparisons with Hartree-Fock results show that electron correlation and, in particular, dispersion interactions are the driving forces behind the stabilization of the cis conformer with respect to the trans one. Indeed, the cis isomer stabilizes upon functionalization of the metaposition with bulky substituents that develop mutual attractive London interactions. Among the selected dispersion-corrected exchange-correlation functionals, ωB97-X-D provides the closest agreement with reference RI-CC2 geometries and ∆E ZE values. CAM-B3LYP-D3 and LC-ωPBE-D3 also provide reasonably good geometries, the latter giving excellent ∆E ZE values too.

This study shows an excellent linear correlation between static first hyperpolarizabilities computed at the RI-MP2 and RI-CC2 levels using RI-CC2 geometries. RI-MP2 provides β values systematically underestimated compared to RI-CC2. Despite density functional approximations do not give accurate first hyperpolarizabilities, many of the selected functionals qualitatively reproduce the evolution of β along the series of azobenzene derivatives. The most accurate functionals are CAM-B3LYP, ωB97-X-D, and Tα-LC-BLYP. In general, the best performing functionals include at least 50% of the exact HF exchange. ωB97X-D seems to be the best suited functional to describe all the relevant features of these compounds: the geometry, the energy difference between the isomers, and the first hyperpolarizabilities.

Subsequently, we analyzed the property-structure relationship for the first hyperpolarizability of azobenzene derivatives to identify the effect of the meta-substituents on the NLO responses. For all molecules, the dominant contribution to β comes from the β zxx tensor component. The PNOC decomposition analysis [32] was employed to analyze the molecular orbitals and the real-space contributions to the optical response. A simple inspection of the orbital contributions shows that it is impossible to obtain a simple description of the total first hyperpolarizability in terms of a few orbital contributions. However, the PNOC real-space analysis reveals that the main contribution to β comes mostly from N=N, followed by smaller contributions from the adjacent phenyl rings. Interestingly, phenyl substituents attached in meso of the adjacent phenyl rings also show important contributions from the π system to the first hyperpolarizability.

Finally, we studied the relationship between the real-space PNOC analysis and the delocalization error. We found a qualitative correlation between the electron delocalization differences (measured through the Laplacian of the electron density) and the real-space PNOC representations. Hence, it seems that the regions of the molecule most affected by the delocalization error are, in turn, the ones responsible for the inaccuracy of the first hyperpolarizability.

with a lipidic membrane. In addition to their use as SHG probes, pyridinium-based derivatives have been widely used in the last decades for producing materials with large quadratic NLO responses, owing to their structural diversity and ability to form different non-centrosymmetric crystal packings when associated with different anions [14]. In continuation to the efforts in designing new SHG chromophores, we report in this contribution three new families of derivatives (Figure 7.1), for which enhanced optical nonlinearities are expected compared to the original series. In series B and D the pyridinium acceptor is replaced by a quinolinium, while C and D involve a thienyl linker in place of the original phenyl. The SHG responses of these dyes are probed by means of electric-field induced second harmonic generation (EFISHG). The use of the EFISHG technique was made possible for these cationic chromophores by using a solvent of low relative permittivity, which prevents the ion pairs from dissociating into the postively-charged dye and its iodide counterion. The role of such ion pairs interactions in the second-order NLO responses of pyridinium-based salts was investigated in several experimental [15] and theoretical works [16,17].

In this study, experimental characterizations are complemented by theoretical chemistry calculations, which provide a fundamental understanding on the origin of the NLO responses in these complexes. The computational approach is based on a methodology developed in previous works, combining classical molecular dynamics (MD) simulations and quantum chemical (QM) calculations based on time-dependent density functional theory (TD-DFT). This MD/QM scheme was formerly employed to investigate ion pairs in solution [16][17][18], but also more complex systems such as organic nanoparticles [19], selfassembled monolayers [20,21], and stained lipid bilayers [22,23]. Here, MD simulations carried out on the reference D3/iodine complex bring key information on the average position of the iodide anion with respect to the organic chromophore, as well as on the effect of dynamical structural fluctuations on the NLO properties. Then, systematic TD-DFT calculations performed on the whole set of systems provide a rationale to experimental data and allow to establish precise relationships between the structure of the dye and the magnitude of the second-and third-order contributions to the EFISHG intensity.

Experimental and computational details

EFISHG measurements

In the EFISHG setup [24], the probed SHG response results from a third-order process described by γ(-2ω; ω, ω, 0). The expression of the NLO quantities connected to the EFISHG response have been presented in Section 1.3.1 and reported here for convenience.

γ EF ISHG can be decomposed as :

γ(-2ω; ω, ω, 0) = γ EF ISHG = γ || (-2ω; ω, ω, 0) + µβ || (-2ω; ω, ω) 3kT (7.1)
where µ is the norm of the ground state dipole moment, k is the Boltzmann constant and 3kT = 2.833 × 10 -3 a.u. at room temperature (298.15 K). The γ || (-2ω; ω, ω, 0) contribution corresponds to the isotropic invariant of the γ tensor:

γ || (-2ω; ω, ω, 0) = γ || = 1 15 x,y,z i,j 
(2γ iijj + γ ijji ) (7.2) 
The second term in equation 7.1 implies the projection of the vectorial representation of the β tensor on the dipole moment:

β || (-2ω; ω, ω) = β || = 3 5µ ⃗ µ • ⃗ β (7.3) 
where the β vector components read:

β i = 1 3 x,y,z j (β ijj + 2β jij ) (7.4) 
The relative amplitudes of the second-and third-order contributions to the global EFISHG response can be analyzed using the R 3/2 ratio:

R 3/2 = 3kT γ || µβ || (7.5) 
As already anticpated in Section 1.3.1, in principle, the use of the EFISHG technique is precluded in the case of ionic species, because the dc electric field necessary to break the centrosymmetry induces the migration of ions. However, operating in a solvent of low polarity substantiates the formation of electrically neutral dye/iodine ion pairs, which enables the characterization of their NLO responses by means of EFISHG. In this work, all experiments were carried out in chloroform, with dielectric constants ϵ 0 = 4.711 in the static limit and ϵ ∞ = 2.091 at infinite frequency. An incident laser wavelength of 1907 nm was used, in order to minimize the frequency dispersion effects due to absorption of the second harmonic light. Moreover, as evidenced from equation 7.1, measurements should be performed at different temperatures to evaluate the relative amplitude of the second-and third-order contributions in the total EFISHG response. Here, experimental results were analyzed assuming that the γ || contribution is negligible with respect to the µβ || /3kT term, so that R 3/2 ∼ 0. Therefore, EFISHG responses are analyzed as effective second-order responses:

γ EF ISHG ≡ µβ || ef f 3kT (7.6) 
The validity of this assumption is discussed hereafter at the light of computational results.

Computational methodology

The computational methodology consisted of two steps. By using D3 as reference system, we first addressed the dynamical behavior of the complex composed by the dye and its counterion, as well as the impact of structural fluctuations on the EFISHG response. This first step was achieved by adopting the same framework as used in previous studies [16][17][18]: i) the structures of chloroform-solvated ion pairs were first generated using classical molecular dynamics (MD) simulations employing a system-specific force field (see next section), and ii) non-correlated structural snapshots were eventually extracted at regular time intervals of the trajectories to calculate their EFISHG responses by means of timedependent density functional theory (TD-DFT). This MD/TD-DFT approach allowed us to assess the relative magnitude of the γ // and µβ || /3kT contributions (R 3/2 , equation 7.5), as well as to identify the average position of the iodine with respect to the cationic chromophore. In a second step, we extended the calculations to the whole set of molecules by optimizing the structure of the dye/iodine complexes at the DFT level. The average position of the iodine with respect to the chromophore derived from MD simulations on D3 was used to prepare the initial dye/iodine structures for geometry optimization. On the basis of the relaxed structures, the EFISHG responses of all complexes were calculated using TD-DFT and compared to experimental results. EFISHG responses have been computed and measured at λ = 1907 nm.

Force field parameterization and MD simulations

The general AMBER force field (FF) was partially modified to finely reproduce the equilibrium geometry and torsional degrees of freedom of D3, which is prerequisite to obtain reliable description of the NLO responses. In particular, we have modified the FF bond lengths to accurately reproduce (with a mean absolute error of 0.002 Å) those calculated at the M06-2X/6-311G(d) level, in which solvent effects (chloroform) were accounted for by using the integral equation formalism of the polarizable continuum model (IEF-PCM) [25]. Electrostatic potential-fitted (ESP) atomic charges of the chromophore, iodide anion and chloroform have been obtained at the same level of theory. In addition, relaxed potential energy scans were performed at the M06-2X/6-311G(d) level in gas phase for five relevant dihedral angles (θ 1 -θ 5 , see Figure 7.1) and fitted by employing the procedure described in Ref. [26]. These torsional potentials were calculated using a simplified structure of the D3 molecule, in which butyl chains were removed from the chromophore since they are irrelevant for the FF parameterization. The FF potentials are free-energy profiles obtained using the adapting biasing force (ABF) method considering the chromophore inside a box with 40 Ar atoms at the temperature of 298.15 K. Reparameterization of the bonds and torsion potentials was done iteratively until convergence. All the details of force field parameterization are reported in the Annex.

Molecular dynamics simulations

The MD simulations have been performed using the NAMD software [27], starting from a low density cubic box of size 120 Å and equilibrated for 10 ns in the NpT ensemble (p = 1 atm and T = 298.15 K). The production run was performed in the NVT ensemble. In order to better span the conformational degrees of freedom of the dye, two different initial conformations corresponding to different values of the θ 3 dihedral were considered. Each MD run was of 20 ns with timestep of 1 fs and performed by rescaling the temperature to 298.15 K every 100 steps. 200 structural snapshots were extracted from each MD trajectory, providing a total set of 400 structures for calculating the NLO properties. The probability distributions of the values of relevant geometrical parameters (bond length alternation, torsional angles, anion-cation distances, see Annex B) for the 400 geometrical snapshots were found to coincide with the distributions obtained by using the 40000 structures extracted at every timestep of the simulation, confirming that the set of selected geometries is representative of the dynamics of the system.

Calculation of the EFISHG responses

For all compounds, the molecular geometries of the dye/iodide complexes were optimized at IEF-PCM:M06-2X/6-311G(d) level in chloroform. The optimized structures were confirmed to be real minima of the potential energy surface on the basis of their harmonic vibrational frequencies, which were found real for all normal modes. Calculations of hyperpolarizabilities have been evaluated at the TD-DFT level employing the M06-2X exchange-correlation (XC) functional [28]. First hyperpolarizabilities were computed analytically using the standard TD-DFT method [29], while calculations of the second hyperpolarizabilities were performed by using the first-order numerical derivatives of the analytical first hyperpolarizabilities. The suitability of M06-2X for computing the second-order NLO properties of push-pull π-conjugated dyes was demonstrated in previous computational works [30,31]. To further assess its adequacy for the compounds inves-tigated here, static first hyperpolarizabilities were also calculated using the second-order Møller-Plesset perturbation theory (MP2), in which the energy derivatives are calculated using a numerical finite field (FF) procedure and refined by using a Romberg scheme.

As reported in Annex (Figure D.15), a very good correlation was found between the two sets of data. Preliminary calculations on series D were also performed for choosing the most appropriate basis set. Three basis sets of decreasing complexity were tested for computing the static first hyperpolarizability of the chromophores, namely aug-cc-pVTZ, aug-cc-pVDZ and 6-311+G(d). As reported in Figure D.16, both the 6-311+G(d) and aug-cc-pVDZ basis sets provide static β values very similar to those obtained using the larger aug-cc-pVTZ basis. Therefore, the computationally-cheaper 6-311+G(d) basis was chosen to describe the chromophore. To model the iodide anion, we employed the augcc-pVDZ basis set and the associated pseudopotential, although the basis set used for the counterion does not have a significant impact on the first hyperpolarizability of the complexes (Table D.5). All DFT calculations were performed using Gaussian 16 [32]. Graphical representations of the molecules were realized with the Chemcraft package [33]. 7.1. The results show that both the second-and third-order contributions of the EFISHG response display high sensitivity to structural fluctuations, with standard deviations reaching about 50% of their average values. Moreover, the EFISHG response is strongly dominated by the second-order term µβ || /3kT , which is two orders of magnitude larger than γ || and confirms the experimental hypothesis assuming that R 3/2 ∼ 0. Therefore, the effective EFISHG response defined in equation 7.6, regrouping both second-and third-order NLO contributions, can be adopted for direct comparisons with experiment. As reported in Table 7.1, the [µβ || ] ef f value predicted by MD/TD-DFT calculations (3.5 10 -6 a.u.) is overestimated compared to experimental measurements (1.5 10 -6 a.u.), but the order of magnitude of the NLO response is well reproduced. To gain further insight into the relationship between the EFISHG response and the dynamical structure of the dye/iodine complex, Figure 7.3a reports the distribution of the second-and third-order contributions to the EFISHG response with respect to the angle θ between the ⃗ µ and ⃗ β vectors. These plots show that γ || displays weak variations with respect to θ, despite a small set of structures give rise to negative γ || values, as discussed later on. Figure D.13e further shows that the variations of the γ || values are not correlated to those of the θ angle. On the contrary, the second-order contribution µβ || /3kT strongly depends on θ, since β || involves the scalar product between the ⃗ µ and ⃗ β vectors (equation 7.3). Therefore, µβ || /3kT progressively decreases as the θ value increases, and cancels out for θ = 90 • before changing sign. In the θ ∼ 90 • region, the EFISHG response is thus dominated by the third-order term γ || , which translates into a divergence of the R 3/2 ratio (Figure 7.3b). As illustrated in Figure 7.4, the value of the θ angle is entirely driven by the position of the iodine anion with respect to the chromophore. When I -is located close to the polyenic bridge, the ⃗ µ and ⃗ β vectors are quasi perpendicular (θ ∼ 90 • ), giving rise to a vanishing µβ || /3kT contribution, while when I -is found close to the electron-withdrawing extremity of the dye (θ ∼ 0 • ), the µβ || /3kT contribution is maximized. The average position of I -deduced from the MD trajectories corresponds to an intermediate value of θ = 48 • , situation in which γ || is negligible with respect to µβ || /3kT (R 3/2 = 0.02). Note that, in addition to β || , the norm of the total dipole moment is also strongly correlated with the θ angle, and thus with the position of the iodide anion. The evolution of β || and µ with respect to θ is illustrated in Figure D.13. Consistent with the dipole variations, we can also notice in Figure 7.4 that the position of the counterion induces significant variation in the electrostatic potential within the molecule. For θ ∼ 0 • , the charge transfer along the long molecular axis is enhanced, reinforcing the asymmetry of the electron density, while for θ ∼ 90 • the potential displays a more symmetrical shape. However, as illustrated in Figure D.13, the total first hyperpolarizability (β tot ) does not exhibit any clear correlation with θ, indicating that the changes in the electronic density of the chromophore induced by the iodide position has no significant impact on the second-order NLO response itself, but only on its projection onto the dipole moment direction. This is further illustrated in Figure D.12, which shows that β tot values calculated in presence of the iodide and those calculated for the same geometries of the chromophore after removing the anion evolve similarly. It is also instructive to address the variations of the NLO properties with respect to the BLA along the conjugated segment of the chromophore. Figure D.11 first reveals that the BLA values calculated along the MD trajectories are spread over a broad range, from negative to positive values. In addition, the BLA globally increases as the θ angle decreases, which indicates that the position of the iodide anion somehow influences the conjugation along the polyenic linker, although the two quantities do not show a clear direct correlation. Recent calculations also demonstrated a similar influence of the position of the anion on the BLA of the organic cation in cyanine crystals [34].

Results and discussion

As illustrated in Figure D.14, γ || evidences a global reverse correlation with BLA, negative γ || values being associated to highly conjugated structures with BLA values close to zero. A similar relationship between γ || and BLA values was recently observed for the phenol blue, another typical cyanine dye [35]. Interestingly, the variations of the isotropic linear polarizability (α iso ) of D3 are also clearly correlated with BLA, while µ and β tot are not. This evidences that odd-order optical quantities are mainly impacted by the fluctuations in the degree of conjugation within the chromophore, while even-order ones mainly depends on the fluctuations in the iodide position.

EFISHG response of the dye/iodide complexes

In a second step, the structure of all the dye/iodide complexes represented in Figure 7.1 were optimized at the IEF-PCM:M06-2X/6-311G(d) level, by setting the initial position of the anion to its average position according to the MD samplings. The BLA along the polyenic linker of the dye, the value of the θ 2 and θ 3 torsional angles, as well as the d N I and θ P hI values associated to the position of the iodide anion are reported in Table 7.2 for all complexes. As indicated by the latter parameters, the optimization process did not change significantly the position of the iodine (see Figures D.17, D.18, D.19, D.20 for a scheme of the optimized geometries). In series A and B, the absolute BLA values slightly decrease with increasing n, while they are significantly smaller and regularly increase in series C and D, indicating that the conjugation along the polyenic bridge is mostly driven by the nature of the donor moiety. Note that, for very extended linkers (n >> 5), the BLA is expected to converge towards similar values independently on the nature of the donor and acceptor moieties, as the conjugated segment resembles in this case an unsubstituted polyene. Furthermore, the values of θ 2 show that molecules incorporating a quinolinium acceptor (series B and D) display larger deviation from planarity than their pyridinium analogs. The computed NLO responses collected in Table 7.3 show that, whatever the nature of the dye, the third-order contribution to the total EFISHG response remains small with respect to the second-order contribution, with R 3/2 ratios not exceeding 8%. This result is consistent with an older report on stilbazolium-anion complexes [16]. Nevertheless, the R 3/2 ratio monotically increases in the four series when elongating the polyenic linker, indicating that the γ || contribution should be considered in the case of highly extended systems. Series C and D incorporating a dibutyl-aminothienyl donor display larger second-order β || responses, which inversely correlate with the BLA values (Figure 7.5). Consistently, series A and B, which display small variations of BLA with n, show a lower enhancement of β || when increasing the size of the bridge, although without showing any BLA-β || correlation. Interestingly, the values of the dipole moment do not vary significantly with n in any of the molecular series, so that the magnitude of the second-order contribution of the EFISHG response, µβ || /3kT , is essentially driven by the value of β || and that of the θ angle between the ⃗ µ and ⃗ β vectors. While β || smoothly increases with n in the four series, θ increases in the A, B and D families, which has for effect to damp the increase of the µβ || /3kT term. On the contrary, the θ angle decreases in the C series, making the ⃗ µ and ⃗ β vectors more and more parallel as elongating the linker, and thus contributing to the enhancement of the second-order response. 

Comparison to experiment

The experimental EFISHG data are collected in 

Conclusions

In this work, the NLO responses of four series of amphiphilic cationic chromophores have been investigated by means of EFISHG experiments and quantum chemical calculations. EFISHG measurements were made possible owing to the electric neutrality of the pairs formed, in chloroform, by the cationic dye and the iodine anion. The computational approach combining MD simulations and time-dependent DFT calculations performed on a representative dye/iodine pair allowed us to describe the geometrical fluctuations of the complexes, and to highlight their impact on the NLO responses. These calculations confirmed that the iodine anion remains in the proximity of the dye all along the simulations, with an average position close to the charged heterocyclic acceptor. The position of the iodine relative to the dye was also shown to be at the origin of the relative magnitude of the second-and third-order contributions of the EFISHG signal. In the investigated system, the third-order component was found negligible compared to the second-order one, supporting the experimental assumptions. Overall, the good agreement between experimental and theoretical characterizations demonstrates the reliability of the computational protocol, which provides a tractable strategy towards systematic and accurate in silico characterization of novel molecular probes for SHG imaging.

Conclusions and perspectives

This thesis work contributes to the field of computational chemistry applied to the study, interpretation, and rationalization of electronic nonlinear optical (NLO) properties of molecular systems. We especially focused on assessing the most appropriate computational protocols depending on the nature of the investigated systems. Important challenges have been addressed: i) the accurate description of NLO properties of small molecules in gas phase through state-of-the-art wavefunction methods, ii) the investigation by means of Density Functional Theory (DFT) of the impact of dispersion effects on the secondorder NLO properties of molecular switches, and iii) the rationalization of experimental second-order responses of ion pairs in solution, including dynamic effects through a multiscale Molecular Dynamics (MD)/DFT computational protocol.

In Chapters 4 and 5, the performances of some state-of-the-art wavefunction methods have been evaluated for the computation of linear and nonlinear optical properties of small molecules. This study focused on static electronic properties, namely: the dipole moment (µ), the polarizability (α), the first-hyperpolarizability (β), and the secondhyperpolarizability (γ), which are computed numerically through the Finite Field derivatives of field dependent energies. The methods tested either reduce the computational cost or improve the performance of canonical methods for the computation of energies by reformulation of the wavefunction employing judicious mathematical transformations, empirical parameters, thresholds, and cutoffs.

In particular, Resolution of Identity (RI) approximation techniques (RI-MP2, RIJK-MP2, and RIJCOSX-MP2), methods based on the localization of molecular orbitals (DLPNO-MP2, DLPNO-CCSD, DLPNO-CCSD(T0), DLPNO-CCSD(T1), LMP2, LNO-CCSD, and LNO-CCSD(T)) and Spin Component Scaling methods (SCS-MP2 and SOS-MP2) were assessed in Chapter 4. Our results evidenced that all these methods accurately reproduce the µ and α values provided by reference CCSD(T) calculations. On the other hand, we observed that the numerical errors arising from numerical instabilities of the field-dependent energies highly impact the higher-order derivatives. Methods based on the RI approximation give stable high-order derivatives, and therefore they are a cost-effective way to obtain first and second hyperpolarizabilities with a negligible error with respect to canonical MP2 for β and γ. Reversely, methods based on orbital localization (namely, LNO and DLPNO schemes) applied to MP2, CCSD, and CCSD(T) wavefunctions, suffer from numerical instabilities that result in large numerical errors for β and γ. The only exception is DLPNO-CCSD(T1), which produces acceptable errors for the calculation of β. Interestingly, numerically β and γ values computed from analytical polarizabilities with the DLPNO-MP2 method, are in excellent agreement with the canonical MP2 counterparts, suggesting that the implementation of analytical DLPNO-CCSD polarizabilities would offer a cost-effective method to compute accurate hyperpolarizabilities. Finally, spin-component scaled methods do not produce any relevant improvement compared to canonical MP2, except in the case of γ.

In Chapter 5, we have addressed the performance of MP3:KS schemes for computing static NLO properties. This method, by a formulation that combines wavefunction theory and density functional approximations (DFAs), aims at outperforming standard MP3 and challenges CCSD. We have demonstrated that, differently from what has been observed in previous works for the computation of energies, selecting a reference DFA that does not suffer from the delocalization error is fundamental for calculating the NLO properties. In particular, the MP3:ωB97-XV method can be used as a cheaper alternative to CCSD for computations of α and γ. For β, MP3:KS schemes outperform CCSD only for molecules with a small response, the best performance being obtained with MP3:CAM-B3LYP. For systems with large β, CCSD remains the best method among all the approximations considered. However, MP3:KS schemes still improve the standard MP3, and MP3:ωB97-XV emerges as the best among the latter.

In Chapter 6, we investigated the reliability of a series of DFAs and wavefunction methods as tools for modeling the structure and interpreting the second-order NLO response of a series of azobenzene switches bearing different meta-substituents. We observed that electron correlation and, in particular, dispersion interactions are the driving forces behind the stabilization of the cis conformer with respect to the trans one. Indeed, the cis isomer stabilizes upon functionalization of the meta-position with bulky substituents because of van der Waals interactions. Despite most of DFAs do not accurately reproduce the magnitude of β, DFAs including at least 50% of the exact HF exchange reproduce the evolution of β along the series of azobenzene derivatives. By comparing to RI-CC2 and RI-MP2 methods, we found that ωB97X-D is the best functional to describe the relevant features of these compounds: the geometry, the energy difference between the isomers, and the magnitude of β. Through the PNOC decomposition analysis, we further demonstrated that the main contribution to β mostly comes from the double bond between the nitrogen atoms, followed by smaller contributions arising from the adjacent phenyl rings. Moreover, by a comparison between the PNOC decomposition and the laplacian of the electronic density, we showed that the regions of the molecule that are the most affected by the delocalization error are the ones responsible for the inaccuracy of β.

In Chapter 7, the Second Harmonic Generation (SHG) responses of a series of amphiphilic cationic dyes and their corresponding iodine counterions in chloroform solution have been investigated using a sequential MD/DFT approach. These calculations confirmed that the iodine anion remains in the proximity of the dye, with an average position close to the charged acceptor. The position of the iodine relative to the dye was also shown to be at the origin of the relative magnitude of the second-and third-order contributions of the EFISHG signal. In the amphiphilic chromophores studied, the third-order component was found negligible compared to the second-order one, supporting the experimental assumptions. The excellent agreement between experimental and theoretical results proves that this MD/QM scheme constitutes a useful tool for the design of SHG dyes driven by computational studies.

Overall, this thesis gives an overview of some of the capabilities and limitations of modern computational chemistry methods for computing NLO properties of small and medium-size organic molecules. For small molecules in the gas phase, accurate static NLO properties can be obtained by means of correlated wavefunction methods, the unfavorable size/cost scaling of which can be improved by means of acceleration techniques. For medium size molecules, which are still out of the reach of highly accurate wavefunction methods, DFT remains the workhorse for a qualitative reproduction and interpretation of NLO processes. We have demonstrated in Chapter 6 that recent DFAs such as range separated hybrids have the potential to reach the accuracy of wavefunction methods. However, these methods are designed through an extensive parameterization of the ground-state energies, and are generally not transferable to systems or molecular properties different from those they have been designed for.

Research progresses in the field of computational chemistry applied to NLO could thus be divided in two complementary strategies, namely i) the development of ab initio schemes enabling a systematic improvement of the accuracy and/or a lowering of the computational cost, and ii) the development of methods specifically tailored in order to reproduce target systems and properties. Among the latter, recent schemes that mix DFT response theory and semi-empirical parameterizations, referred to as simplified (s)DFT schemes, have been proven successful for computing the NLO responses of systems with thousands of electrons [1,2], these methods are promising for the study of complex molecular and supramolecular systems.

In the aim of reproducing experimental NLO measurements, other important effects such as structural fluctuations and interactions of the investigated system with its en-vironment should be also taken into account. As illustrated in Chapter 7 of this thesis and recently reviewed [3], the former effects can be included in the simulations by using multiscale methods combining sequentially classical molecular dynamics and QM calculations. The association of MD simulations with low-cost methods will certainly broaden the scope of systems affordable for computational chemistry in the near future. that the bottleneck of the calculation for systems of this size is the SCF and not anymore the (accelerated) MP2 part. Considering localized methods, moving to tighter convergence criteria does not drastically increase the computational cost, and therefore owing to the huge accuracy gained in the NLOPs, we only present the calculations employing the Tight criteria on the DLPNO and the veryTight criteria on the LNO construction. For CCSD and CCSD(T) calculations, LNO based methods generally need more time than the corresponding DLPNO counterparts, showing a larger exponent of the fit. On the other hand, T1 corrections for DLPNO-CCSD present a smaller exponent with respect to standard T corrections, but the parameter a is one order of magnitude larger, indicating that time savings start to become relevant only for big molecules (more than 400 basis functions). To finalize, DLPNO-MP2 schemes show comparable timings with respect to MP2. Instead, LMP2 is more efficient than DLPNO and show a scaling comparable to CAM-B3LYP. A.5 Performances of accelerated methods on the β-Set A.6 Performances of the accelerated methods merging the β-NLO and γ-NLO-B sets. 

D.2.2 Assessment of the quality of the modified force field

In order to assess the quality of the reparameterized force field, the geometry of the D3 molecule was optimized using molecular mechanics (MM) with the original and systemspecific derived force fields and compared to the geometry optimized using the reference DFT level. Results gathered in Table D.3 show that MM calculations using the reparameterized GAFF reproduce well the BLA along the π-conjugated bridge, while they give rise to a slightly less planar structure compared to DFT, with differences in the θ 2 and θ 5 dihedrals of the order of 10°. Note that the deviation from planarity resulting from the MM optimization is canceled out by the subsequent MD simulations, which predict a strictly planar average structure (Table D.4). To assess the impact of the geometry mismatches on the NLO responses, β || has been computed at the IEF-PCM/M06-2X/6-311+G(d) level by using both the DFT and MM geometries (Table D.3). Using the MM structure optimized with the original GAFF provides a β || value overestimated by more than 15%, while the overestimation is reduced to about 7% with the reparameterized force field. Note that fixing all dihedral angles to their DFT-optimized values only slightly reduces the overestimation of β || , indicating that the difference can only be partly ascribed to the deviation from planarity of the MM geometry. The quality of the solvent description using standard GAFF parameters and DFT-derived charges has been verified by comparing the calculated mass density with the experimental one (1.468 g/cm -3 ). For this purpose we performed an NPT simulation on 1600 chloroform molecules at 1 atm and 298.15 K obtaining a density of 1.415 g/cm -3 .

D.3 MD simulations

D.3.1 Probability distributions of geometrical parameters

The distributions of the dihedral angles along the π-conjugated linker, of the average bond length alternation (BLA) and of the average distance (d N I ) between the counterion I -and the nitrogen of the quinolinium group have been calculated for the 20000 frames extracted from each NVT simulation starting at two different initial values of the dihedral θ 3 , i.e. for 40000 geometrical structures. These distributions are compared in Figure D.4 with those obtained using the 400 geometries used for computing the NLO properties. The average values of the geometrical parameters, extracted from the full and reduced sets of structures, are reported in Table D.4. The correlation of the results show that the 400 snapshots selected for calculation of the NLO properties are representative of the dynamics of the system. Three basis set used for describing the iodine counterion were also evaluated, by calculating the static first hyperpolarizability of the D3/iodine complex. In these tests the 6-311+G(d) basis set was used for the dye. The results collected in Table D.5 show that varying the basis set for iodine does not impact significantly the values of β. 
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 11 Figure 1.1: Schematic representation of a linear scattering process (a) and a Second Harmonic Generation process (b). In the figure |0⟩ indicates the ground state, |1⟩ the first excited state and |v⟩ a virtual state in which the scattering process takes place.
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 12 Figure 1.2: Schematic representation of a generic D-π-A push-pull system with the associated Lewis resonance structures.
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 13 Figure 1.3: Molecular representation of: (a) 1,3,5-triamino-2,4,6-trinitro-benzene and (b) para-nitroaniline.
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 14 Figure 1.4: Molecular representation of: (a) trans-azobenzene, and (b) cis-azobenzene.
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 15 Figure 1.5: Schematic representation of an EFISHG process.
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 16 Figure 1.6: Schematic representation of the experimental setup of an HRS measurement.
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 21 Figure 2.1: Schematic representation of the oscillatory behavior of MPn energy calculations.

Figure 3 . 1 :

 31 Figure 3.1: Schematic representation of the Romberg triangle. The arrows identify the elements which are combined for each step of the triangle.

Figure 4 . 2 :

 42 Figure 4.2: Benchmark γ-and β-NLO sets studied in this chapter. The subset γ-NLO-A contains molecules that, on the adopted orientation, are symmetric along the z-axis; while the subset γ-NLO-B contains molecules that are not symmetric along the z-axis.
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 61 Figure 6.1: Substituted azobenzene derivatives investigated in this study (Cy = cyclohexyl, Ad = adamantyl) and geometrical parameters used to characterize the cis conformers.
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 62 Figure 6.2: Isosurfaces indicating the regions of weakly attractive intramolecular noncovalent interactions (NCI) in the different molecules, generated using the NCI software [62, 63] with the promolecular density obtained from the CC2 geometries.
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 63 Figure 6.3: Difference in the energy of the trans (E) and cis (Z) forms, ∆E EZ = E Z -E E , as calculated at the HF, RI-MP2, and RI-CC2 levels with the cc-pVDZ basis set.
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 64 Figure 6.4: RMSD excluding hydrogen atoms between DFAs and CC2 geometries for cis isomers. RI-MP2 results are also shown for comparison.
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 65 Figure 6.5: Differences in the Z-E isomerization energies calculated at the CC2 level and at the DFT level using DFAs with dispersion corrections (∆∆E ZE = ∆E ZE (DF T ) -∆E ZE (CC2), in kcal/mol).
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 66 Figure 6.6: Correlation between static hyperpolarizabilities (β, a.u.) of the series of azobenzenes calculated at the MP2 level with respect to the values calculated using CC2 and HF. The β value calculated for compound e (R = Ph) is excluded from the fit in HF calculations.
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 67 Figure 6.7: Results of the fit of the a parameter correlated with the % of Long Range HF exchange for each functional included in the set.

Figure 6 . 8 :

 68 Figure 6.8: Isosurfaces of β zxx (r) for the azobenzene molecules obtained using the PNOC partition at the CAM-B3LYP/6-311++G** level. Isocontour values of ±5 a.u. were used for all compounds.
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 471 Figure 7.1: Structure of the push-pull polyenic dyes A-D investigated in this study (n = 1 -5). On the right: structure of D3 with the conjugated segment (in bold) used to calculate the bond length alternation and the torsional angles θ i discussed in the text. See the Annex for a more detailed definition of the geometrical parameters.
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 31 Dynamics of the EFISHG response of the D3/iodine complexThe probability distributions issued from MD samplings reveal large fluctuations in the BLA values along the conjugated linker, with BLA = (-0.045 ± 0.023) Å when considering the 400 geometries used for NLO calculations. MD simulations also show that the position of the iodine with respect to the chromophore is highly dynamical, the counterion nevertheless remaining in close proximity to the dye with an average distance from the quinolinium nitrogen d N I = (4.57 ± 0.47) Å. Moreover, the iodide anion oscillates around an average position located within the mean plane of the quinolinium moiety, with values of the dihedral angle between the terminal phenyl and the anion θ P hI = 175.1 • ± 45.9 • . (Figure D.9). Figure7.2 illustrates how the iodide anion is fluctuating around the dye for the 400 selected snapshots extracted from the MD simulations.
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 72 Figure 7.2: Distribution of the iodide counterion positions with respect to the D3 chromophore (fixed in its initial position) for the two different initial conformations of the dihedral θ 3 .
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 73 Figure 7.3: Distribution of the total EFISHG response and of its second-and third-order contributions (µβ || /3kT and γ || ) (a) and of the R 3/2 ratio (b) as a function of the angle θ for the D3. The y-axis in plot (a) is in logarithmic scale.
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 9474 Figure 7.4: Left: Structure of the D3/iodine complex for three different positions of the anion, with the value of the θ angle between the (normalized) ⃗ µ (red) and ⃗ β (blue) vectors; Right: Molecular Electrostatic Potential (MEP) for the three configurations.
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 75 Figure 7.5: Correlation between β || (10 4 a.u.) and BLA (Å) values in (a) series A (black) and B (blue) and (b) in series C (black) and D (blue).
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 76 Figure 7.6: Correlation between experimental and computational µβ || (2ω) values (in 10 7 a.u.) for the four series of molecules.
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 2 Figure A.2: Wall time in minutes for approximate CCSD(T) calculations tested on PA chains of different lengths with respect to the number of electrons and the corresponding best fits. Data computed using 16 CPUs in a single node.
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 1 Figure C.1: RMSD without hydrogens between DFT and CC2 geometries for trans isomers, calculated using DFAs without (left) and with (right) dispersion corrections. RI-MP2 results are also shown for comparison.

Figure C. 2 :

 2 Figure C.2: RMSD without hydrogens between DFAs and CC2 geometries for cis isomers, calculated using DFAs without dispersion corrections. RI-MP2 results are also shown for comparison.

Figure C. 3 :

 3 Figure C.3: RMSD with hydrogens (Å) between DFAs and CC2 geometries for trans (left) and cis isomers (right), calculated using DFAs without dispersion corrections. RI-MP2 results are also shown for comparison.
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 456 Figure C.4: RMSD between DFAs and CC2 geometries for cis isomers, calculated using DFAs without (left) and with (right) dispersion corrections. RI-MP2 results are also shown for comparison.
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 7 Figure C.7: Z-E energy differences calculated at the CC2 level and DFAs without dispersion corrections (∆∆E ZE = ∆E ZE (DF T ) -∆E ZE (CC2), in kcal/mol).
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 8 Figure C.8: Difference in the energy of the trans (E) and cis (Z) forms, ∆E EZ = E Z -E E , as calculated using DFAs without (left) and with (right) dispersion corrections and the cc-pVDZ basis set.

Figure D. 2 :

 2 Figure D.2: Geometry of the fragment employed in the optimization of the AMBER force field. (a) Atom types defined in the modified GAFF, (b) The reparametrized dihedrals are θ 1-5 . The torsional potentials around θ 6 -θ 8 (in blue) were not reparameterized.

Figure D. 3 :

 3 Figure D.3: Relaxed potential energy scans calculated at the M06-2X/6-311G(d) level (red) and force field fitted potentials (blue).
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 4 Figure D.4: Potential energy curves (left) and probability distributions associated to the rotation of the dihedrals θ 1 , θ 2 and θ 3 of D3 obtained using 40000 structures (middle) and the selected 400 structural snapshots (right) extracted from the MD trajectories. The two colors in the distributions of θ 3 (plots (h) and (i)) correspond to two different trajectories starting from θ 3 = 0 • (purple) and θ 3 = 180 • (blue).
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 6786 Figure D.6: Probability distributions associated to the rotation around the internal dihedrals θ 6 , θ 7 and θ 8 of D3.

Figure D. 7 :

 7 Figure D.7: Probability distributions of the BLA along the conjugated bridge of D3, obtained using 40000 structures (left) and the selected 400 structural snapshots (right) extracted from the MD trajectories.
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 5 Figure D.5: Potential energy curves (left) and probability distributions associated to the rotation of the dihedrals θ 4 and θ 5 of D3 obtained using 40000 structures (middle) and the selected 400 structural snapshots (right) extracted from the MD trajectories.
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 8 Figure D.8: Probability distributions of the distances between the nitrogen of the quinolinium group and the iodine atom in D3, obtained using 40000 structures (left) and the selected 400 structural snapshots (right) extracted from the MD trajectories.

Figure D. 9 :

 9 Figure D.9: Probability distributions of the dihedral angle θ P hI = (I-a-N-b) (see Figure D.1 for atom labels) in D3, obtained using 40000 structures (left) and the selected 400 structural snapshots (right) extracted from the MD trajectories.
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 12 Figure D.12: Evolution of β tot values (in 10 4 a.u.) calculated in presence of the iodide with respect to those calculated for the same geometries of the chromophore after removing the anion.

Figure D. 13 :

 13 Figure D.13: Evolution of the optical quantities with respect to the θ angle (degrees) between the ⃗ µ and ⃗ β vectors: (a) dipole moment (a.u.), (b) isotropic polarizability (α iso , a.u.), β || (10 4 a.u.), β tot (10 4 a.u.), and γ || (10 7 a.u.).

Figure D. 14 :5 β 2 x + β 2 y + β 2 z(D. 2 )

 142222 Figure D.14: Evolution of the optical quantities with respect to the bond length alternation (Å): (a) dipole moment (a.u.), (b) isotropic polarizability (α iso , a.u.), β || (10 4 a.u.), β tot (10 4 a.u.), and γ || (10 7 a.u.).
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 16 Figure D.16: Comparison of static first hyperpolarizabilities (equation D.2, in a.u.) of compounds D1-D4, calculated at the TD-DFT/M06-2X level using different basis sets.
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 54518 Figure D.18: Optimized structures of the dye/iodine complexes for dyes of series B.
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 124519 Figure D.19: Optimized structures of the dye/iodine complexes for dyes of series C.
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 1234520 Figure D.20: Optimized structures of the dye/iodine complexes for dyes of series D.

  

  

  

  

Table 2 .

 2 1: Thresholds values of different diagnostic tools for the CCSD wavefunction.

	Indicator Value
	T1	0.002
	D1	0.05
	D2	0.18

  κ) ∂κ ar ∂κ bs k=0 = 2(A ar,bs + B ar,bs ),In which ϵ a and ϵ r are the single-particle energies of occupied and virtual orbitals, while ⟨ra|bs⟩ and ⟨ra|sb⟩ represent, respectively, the Coulomb and the exchange integrals. Inserting Eq. 3.58 and Eq. 3.57 into Eq. 3.52 we obtain the CPHF equations:

						(3.58)
	where:					
	A ar,bs = (ϵ r -ϵ a )δ ab δ rs + ⟨ra|bs⟩ -⟨ra|sb⟩	(3.59)
		B ar,bs = ⟨rb|as⟩ -⟨rb|sa⟩ .	(3.60)
	occ b	vir s	(A ar,bs + B ar,bs )	∂κ bs ∂F j	= ⟨r|μ j |a⟩ .	(3.61)

Table 3 .

 3 

	Molecule HF	MP2	MP3	CCSD	CCSD(T)
	PDA1	0.8(0.7) 1.3(1.1)	1.1(1.0) 1.1(1.0) 1.1(1.0)
	PDA2	5.4(0.7) 9.0(1.2)	7.6(1.0) 6.7(0.9) 7.6(1.0)
	PDA3	17.4(0.7) 31.6(1.3) 25.2(1.0) 20.3(0.8) 24.4(1.0)
	PDA4	38.0(0.7) 64.0(1.2) 51.5(1.0) 44.9(0.8) 53.0(1.0)
	PDA5	65.8(0.6) 121.1(1.1) 90.9(0.8) 83.9(0.8) 111.0(1.0)

2: Comparison of γ zzzz computed with different wavefunction methods for PDAn. The values in the table are expressed in [10 5 a. u.]. The values between parenthesis represent the ratio with the reference CCSD(T) values. The derivatives have been computed numerically, see Chapter 4 for more details on the numerical procedure employed.

Table 3 .

 3 3: Comparison of γ zzzz computed with different DFAs for the PDAn molecules. The values in the table are expressed in [10 5 a. u.]. The values between parenthesis represent the ratio with the reference CCSD(T) values. The derivatives have been computed numerically. More details on the numerical procedure employed can be found in Chapter 5.

	Molecule BLYP	B3LYP	BH&HLYP CAM-B3LYP LC-BLYP
	PDA1	1.7(1.5)	1.5(1.3)	1.2(1.0)	1.2(1.1)	1.0(0.8)
	PDA2	17.8(2.3)	13.9(1.8) 15.9(2.1)	9.7(1.3)	6.7(0.9)
	PDA3	98.8(4.0)	67.4(2.8) 37.8(1.5)	37.8(1.5)	22.3(0.9)
	PDA4	365.6(6.9) 212.5(4.0) 98.5(1.9)	96.4(1.8)	49.6(0.9)
	PDA5	1022.5(9.2) 502.0(4.5) 196.0(1.8)	188.1(1.7)	95.4(0.9)

Table 4 .

 4 1: Relative mean absolute Romberg error (%MARoE) on α, β and γ values obtained from the numerical derivatives of the energy, calculated for molecules of the γ-NLO set (see next section) by using various DLPNO methods employing different thresholds for the SCF/CC equations and orbital localization scheme.

Table 4 .

 4 2: Performance of accelerated MP2 methods with respect to canonical MP2 for the γ-NLO set. Units are a.u.

		Method RI-MP2 RIJK-MP2 RIJCOSX2-MP2 LMP2 DLPNO-MP2-α DLPNO-MP2
		MAE 1.9E-04	1.9E-04	2.2E-04	4.3E-04	2.2E-04	5.8E-04
	µ	RMSE 3.3E-04 MAX 1.2E-03	3.8E-04 1.4E-03	1.7E-03 2.6E-03	8.3E-04 3.1E-03	3.9E-04 1.5E-03	1.2E-03 4.7E-03
		%MAE	0	0	0	0	0	0
		MAE 4.6E-02	3.9E-02	1.2E+00	5.1E-01	7.6E-02	9.5E-01
	α	RMSE 1.6E-01 MAX 1.1E+00	1.2E-01 8.4E-01	7.6E+00 5.8E+01	1.8E+00 1.2E+01	2.8E-01 1.8E+00	3.0E+00 2.0E+01
		%MAE	0	0	1	0	0	1
		MAE 5.7E-01	3.7E+00	1.2E+01	7.1E+01	2.9E+00	1.2E+02
	β	RMSE 1.7E+00 MAX 6.6E+00	1.5E+01 7.0E+01	3.8E+01 1.7E+02	2.3E+02 9.9E+02	8.9E+00 3.9E+01	2.5E+02 8.8E+02
		%MAE	0	2	5	29	1	49
		MAE 2.7E+04	5.5E+04	5.4E+04	2.6E+05	3.3E+04	1.9E+05
	γ	RMSE 1.3E+05 MAX 8.7E+05	2.6E+05 1.7E+06	1.4E+05 6.0E+05	1.3E+06 9.5E+06	1.5E+05 1.1E+06	4.7E+05 1.8E+06
		%MAE	5	11	10	51	6	36

Table 4 .

 4 3: Performance of accelerated CCSD methods with respect to canonical CCSD for the γ-NLO set. Units are a.u.

		Method DLPNO-CCSD LNO-CCSD
		MAE	2.4E-03	1.6E-03
	µ	RMSE MAX	4.7E-03 1.8E-02	3.5E-03 1.3E-02
		%MAE	0	0
		MAE	1.5E+00	1.9E+00
	α	RMSE MAX	8.5E+00 3.8E+01	1.2E+01 4.4E+01
		%MAE	1	2
		MAE	2.1E+02	4.7E+01
	β	RMSE MAX	3.0E+02 6.5E+02	1.2E+02 4.6E+02
		%MAE	114	25
		MAE	4.7E+05	2.1E+05
	γ	RMSD MAX	1.3E+06 5.9E+06	1.2E+06 4.1E+06
		%MAE	122	54

Table 4 .

 4 

		Method DLPNO-CCSD(T0) DLPNO-CCSD(T1) LNO-CCSD(T)	MP2	CCSD
		MAE	3.4E-03	3.2E-03	2.3E-03	2.9E-02 2.2E-02
	µ	RMSE MAX	6.6E-03 2.6E-02	7.5E-03 2.6E-02	6.3E-03 2.6E-02	4.3E-02 3.4E-02 1.3E-01 9.5E-02
		%MAE	1	1	0	4	3
		MAE	1.5E+00	8.2E-01	1.2E+00	3.7E+00 3.0E+00
	α	RMSE MAX	4.2E+00 2.0E+01	2.1E+00 1.0E+01	3.9E+00 2.1E+01	7.2E+00 3.0E+00 3.1E+01 6.5E+01
		%MAE	1	1	1	3	3

4: Performance of acceleration methods with respect to CCSD(T) references for the evaluation of µ and α for the γ-NLO set. Units are a.u.

Table 4 .

 4 5: Performance of acceleration methods with respect to CCSD(T) references for the evaluation of β for the γ-NLO set.

				DLPNO			LNO		Canonical
		Method CCSD CCSD(T0) CCSD(T1) CCSD CCSD(T) LMP2	MP2	CCSD
		MAE 2.3E+02	1.1E+02	2.7E+01	9.2E+01	6.4E+01	5.7E+01 1.1E+02 5.1E+01
	β	RMSE 3.6E+02 MAX 1.1E+03	3.1E+02 1.3E+03	4.8E+01 1.9E+02	2.5E+02 9.2E+02	2.0E+02 9.1E+02	1.2E+02 2.6E+02 1.3E+02 3.6E+02 8.3E+02 4.6E+02
		%MAE	165	78	19	67	46	41	78	37

Table 4 .

 4 6: Performances of acceleration methods with respect to CCSD(T) references for the evaluation of γ for the γ-NLO set. Units are a.u.

				DLPNO			LNO		Canonical
		Method CCSD CCSD(T0) CCSD(T1) CCSD CCSD(T) LMP2	MP2	CCSD
		MAE 5.3E+05	7.0E+05	2.3E+05	2.2E+05	4.6E+05	2.6E+05 7.7E+04 8.4E+04
	γ	RMSE 1.9E+06 MAX 8.6E+06	3.8E+06 2.8E+07	1.1E+06 8.3E+06	1.5E+06 6.8E+06	2.2E+06 1.5E+07	1.2E+06 2.4E+05 6.0E+05 8.9E+06 1.2E+06 2.7E+06
		%MAE	117	155	51	49	103	58	17	19

these methods is similar to that of MP2 (see

Table 4.2)

. None of the methods tested give a relative MAE below 15% for the first hyperpolarizability, the best methods being DLPNO-CCSD(T1) followed by canonical CCSD. The latter results indicate that the accurate evaluation of triples is crucial in reproducing CCSD(T) values. All DLPNO-based methods show significant numerical derivative errors (see MARoE values in Tables A.9

Table 4 .

 4 7: Performance of different spin-component scaled MP2 methods with respect to CCSD(T) for the evaluation of the linear and nonlinear optical properties for the γ-NLO set. Units are a.u.

		Method	MP2	SCS-MP2 SOS-MP2
		c SS	1	0.3	0
		c OS	1	1.2	1.3
		MAE 2.9E-02	2.0E-02	1.5E-02
	µ	RMSE 4.3E-02 MAX 1.3E-01	2.7E-02 6.6E-02	1.9E-02 4.3E-02
		%MAE	4	3	2
		MAE 3.7E+00	2.9E+00	4.8E+00
	α	RMSE 7.2E+00 MAX 3.1E+01	8.4E+00 5.0E+01	1.4E+01 8.3E+01
		%MAE	3	3	4
		MAE 1.1E+02	1.7E+02	2.0E+02
	β	RMSE 2.6E+02 MAX 8.3E+02	4.4E+02 1.6E+03	5.4E+02 2.0E+03
		%MAE	78	125	148
		MAE 7.7E+04	6.4E+04	5.6E+04
	γ	RMSE 2.4E+05 MAX 1.2E+06	1.9E+05 9.3E+05	1.7E+05 8.5E+05
		%MAE	17	14	12

Table 4 .

 4 8: Performance of DLPNO-CCSD(T1), MP2, RI-MP2, and CCSD methods with respect to the CCSD(T) references for the evaluation of β and γ for the β-set. Units are a.u.

		Method DLPNO-CCSD(T1) RI-MP2	MP2	CCSD
		MAE	1.7E+03	2.8E+03 2.7E+03 7.7E+02
	β	RMSE MAX	2.6E+03 6.8E+03	4.5E+03 4.5E+03 1.2E+03 1.3E+04 1.3E+04 4.5E+03
		%MAE	17	28	27	8
		MAE	-	5.6E+05 5.2E+05 3.9E+05
	γ	RMSE MAX	--	9.8E+05 8.7E+05 7.0E+05 3.1E+06 2.9E+06 3.2E+06
		%MAE	-	21	19	14

Table 5 .

 5 1: Performance of HF:MP3 and UHF:MP3 for calculating NLOPs with respect to CCSD(T) for the γ-NLO-set.

				MP3
	Ref. orbitals	HF	UHF
		MV 7.0E-01 1.0E+00
		MAE 2.0E-02 3.0E-01
	µ	RMSE 4.0E-02 5.0E-01
		MAX 9.0E-02 1.0E+00
		%MAE	3	41
		MV 1.1E+02 1.6E+02
		MAE 3.4E+00 4.6E+01
	α	RMSE 1.2E+01 2.7E+02
		MAX 4.3E+01 1.2E+03
		%MAE	3	40
		MV 2.2E+02 4.9E+03
		MAE 8.9E+01 4.8E+03
	β	RMSE 2.1E+02 1.3E+04
		MAX 6.6E+02 5.2E+04
		%MAE	65	3443
		MV 4.2E+05 3.5E+06
		MAE 6.4E+04 3.0E+06
	γ	RMSE 2.8E+05 1.9E+07
		MAX 2.0E+06 1.5E+08
		%MAE	14	668

Table 5 .

 5 3: Performance of MP2, MP3, CCSD and of various MP3:KS methods with respect to the reference CCSD(T) for computing β of molecules of the γ-NLO-B and β-NLO sets. CAM-B3LYP, ωB97-XD, ωB97-XV and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV and ωMV.

			MP2	MP3	CCSD			MP3:KS	
	Ref. orbitals	HF	HF	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 8.5E+03 7.5E+03 6.6E+03 1.6E+04 1.2E+04 8.3E+03 8.0E+03 7.3E+03 7.3E+03
		MAE 2.0E+03 1.3E+03 5.6E+02 9.4E+03 5.0E+03 1.8E+03 1.5E+03 9.1E+02 9.5E+02
	β	RMSE 4.5E+03 2.7E+03 1.2E+03 2.7E+04 1.3E+04 4.1E+03 3.2E+03 1.8E+03 1.9E+03
		MAX 1.3E+04 7.8E+03 4.5E+03 1.2E+05 5.3E+04 1.3E+04 9.5E+03 4.9E+03 5.3E+03
		%MAE	28	18	8	131	70	26	21	13	13

Table 5 .

 5 5: Performance of MP2, MP3, CCSD and various MP3:KS methods with respect to the reference CCSD(T) for computing β of molecules of the β-NLO set. CAM-B3LYP, ωB97-XD, ωB97-XV and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV and ωMV.

			MP2	MP3	CCSD			MP3:KS	
	Ref. orbitals	HF	HF	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 1.2E+04 1.0E+04 9.2E+03 2.2E+04 1.6E+04 1.2E+04 1.1E+04 1.0E+04 1.0E+04
		MAE 2.8E+03 1.8E+03 7.7E+02 1.3E+04 7.0E+03 2.6E+03 2.1E+03 1.3E+03 1.3E+03
	β	RMSE 4.5E+03 2.7E+03 1.2E+03 2.7E+04 1.3E+04 4.1E+03 3.2E+03 1.8E+03 1.9E+03
		MAX 1.3E+04 7.8E+03 4.5E+03 1.2E+05 5.3E+04 1.3E+04 9.5E+03 4.9E+03 5.3E+03
		%MAE	28	18	8	131	70	26	21	13	13

Table 5 .

 5 

			MP2	MP3	CCSD	MP3:KS
	Ref. orbitals	HF	HF	HF	ωXV	ωMV
		MV 1.7E+06 1.5E+06 1.3E+06 1.4E+06 1.4E+06
		MAE 4.4E+03 3.0E+03 1.1E+03 2.0E+03 2.0E+03
	β	RMSE 5.9E+03 3.5E+03 1.6E+03 2.4E+03 2.5E+03
		MAX 1.3E+04 7.8E+03 4.5E+03 4.9E+03 5.3E+03
		%MAE	31	21	8	14	15

7: Performance of MP2, MP3, CCSD and of various MP3:KS methods with respect to the reference CCSD(T) for the calculation of β, for a subset of 17 molecules selected in the γ-NLO-B and β-NLO sets (see text). CAM-B3LYP, ωB97-XD, ωB97-XV and ωB97-MV functionals are abbreviated respectively as CAM, ωXD, ωXV and ωMV.

Table 6 .

 6 3: Results of the linear correlation between the MP2 hyperpolarizabilities and several other methods, together with several error measures (see text). The linear regression function is: βMP2 = aβ meth + b, where β meth is value of the hyperpolarizability for one the methods listed in the table. ∆β P h = βPh,meth -β P h,MP2 .

	Method	a	b [a.u.] ∆ βPh [a.u.] R 2 RMSD [a.u.] MAPE [%] MAE [a.u.]
	RI-CC2	0.72 -6.98	-13.72	0.96	56.75	34	53.68
	HF	1.81 37.29	76.48	0.93	80.18	318	75.15
	PBE	0.52	4.57	10.23	0.84	90.69	45	86.87
	rPW86-PBE	0.28 38.85	41.73	0.68	119.55	49	107.03
	rPW86-PBE-VV 0.52 -0.87	-0.77	0.88	102.73	48	98.33
	PBE0	0.91 -14.05	22.00	0.97	23.18	18	21.55
	B3LYP	0.85 -18.98	22.37	0.96	37.21	27	36.14
	BH&H	1.22	4.26	25.71	0.96	29.44	32	26.27
	CAM-B3LYP	1.11 -7.42	49.61	0.96	22.22	13	13.24
	ωB97-X	1.12	3.78	54.46	0.91	31.32	27	22.52
	ωB97X-D	0.97 -5.19	53.57	0.88	21.62	16	16.19
	LC-BLYP	1.32 20.43	60.79	0.93	54.40	94	48.89
	Tα-LC-BLYP	1.11	0.72	57.32	0.94	29.75	24	20.02
	LC-ωPBE	1.26 10.86	57.70	0.95	44.17	59	37.93
	LC-ωPBE08	1.33 15.59	56.13	0.95	50.45	79	45.18
	LC-ωPBE08-VV 1.30 17.54	48.07	0.95	48.37	75	43.99
	M06	0.73 -16.27	17.24	0.86	59.20	36	57.85
	M06L	0.59 -25.23	14.96	0.84	115.56	53	113.92
	M06-2X	1.15 -0.06	19.53	0.97	19.45	18	16.36
	M06-HF	1.27 47.23	59.12	0.86	71.55	693	67.37

Table 6 .

 6 4: Vector (β i ) and tensor (β ijk ) components of the total first hyperpolarizability, as calculated at the CAM-B3LYP/aug-cc-pVTZ level. The Cartesian frame used for the calculations is shown in Figure6.8. Units are a.u.

	Molecule	β	β x	β y	β z	β zxx β zyy β zzz
	a (R = H)	52	0	-17 -261 -135 21	27
	b (R = Me) 115 0	-30 -576 -159 -14 -19
	c (R = i Pr)	93 -4	-7 -463 -149 16	-22
	d (R = tBu) 91 -82 50 -447 -167 43	-25
	e (R = Ph)	100 -1	22 -498 -122 -62	19
	f (R = Cy)	119 60	28 -592 -144 -33 -20
	g (R = Ad) 148 -9 -201 -714 -170	2	-69
	a similar performance. Finally, going from ωB97X to ωB97X-D significantly improves
	the RSMD, MAE, and MAPE, while only slightly modifies the linear regression plot;

Table 7 .

 7 1: Average values and standard deviations (σ) of the EFISHG properties computed at the IEF-PCM:M06-2X/6-311+G(d) level in chloroform for the D3 molecule, using the 400 snapshots extracted from the MD trajectories. The NLO properties and the norm of the dipole moment are given in atomic units, the angle θ is given in degrees.

	Property	Average	σ
	γ EF ISHG × 10 -7	124.1 55.4
	µβ || /3kT × 10 -7	121.6 55.5
	γ || × 10 -7	2.6 1.3
	R 3/2	0.02 0.07
	µβ || × 10 -6	3.4 1.6
	β || × 10 -4	16.8 6.1
	µ	12	2
	θ	48	15
	[µβ || ] ef f × 10 -6	3.5 1.6
	[µβ || ] ef f × 10 -6 (exp.)	1.5	-

Table 7 .

 7 2: Bond length alternation (BLA, Å), torsional angles θ 2 and θ 3 (degrees), as well as d N I (Å) and θ P hI (degrees) values associated to the position of the iodide anion in all dye/iodide complexes.

	Molecule BLA	θ 2	θ 3	d N I	θ P hI
	A1	-0.096 -177.6 -177.6 4.49 -177.6
	A2	-0.088 -179.5 -178.0 4.49 174.2
	A3	-0.086 179.2 177.3 4.49 -177.2
	A4	-0.087 -178.4 179.3 4.49 -179.3
	A5	-0.087 178.9 178.1 4.47 172.8
	B1	-0.095 156.9 174.0 4.50 -175.2
	B2	-0.086 -160.2 -178.9 4.51 -179.3
	B3	-0.086 -159.7 -177.6 4.50 177.0
	B4	-0.085 -161.6 178.5 4.51 -177.9
	B5	-0.087 -159.4 179.4 4.50 -177.0
	C1	-0.066 -179.8 -179.3 4.50 -178.7
	C2	-0.069 -179.6 -179.6 4.49 -178.1
	C3	-0.074 177.6 179.8 4.48 -173.0
	C4	-0.077 179.8 -179.5 4.49 177.9
	C5	-0.080 -179.3 -179.3 4.49 177.5
	D1	-0.055 -172.1 -178.3 4.53 -179.1
	D2	-0.061 -167.7 -179.2 4.52 -179.9
	D3	-0.067 167.2 -179.1 4.52 178.3
	D4	-0.074 163.0 -180.0 4.51 -177.9
	D5	-0.077 163.8 -179.1 4.51 176.8

Table 7 .

 7 3: Components of the dynamic (λ = 1907 nm) EFISHG responses of the dye/iodine complexes calculated at the IEF-PCM:M06-2X/6-311+G(d) level: dipole moment norm (µ, a.u.), parallel first hyperpolarizability (β || , 10 4 a.u.), angle between ⃗ µ and ⃗ β (θ, degrees), µβ || (10 5 a.u.), µβ || /3kT (10 8 a.u.), parallel second hyperpolarizability (γ || , 10 6 a.u.), total EFISHG signal (γ EF ISHG , 10 8 a.u.), effective EFISHG response ([µβ || ] ef f , 10 5 a.u.), and R 3/2 (×10 2 ) ratio.

	Molecule	µ	β ||	θ µβ || µβ || /3kT	γ ||	γ EF ISHG [µβ || ] ef f R 3/2
	A1	10.5 2.1 45 3.7	1.3	2.4	1.3	3.8	1.8
	A2	10.5 4.0 47 6.9	2.4	6.5	2.5	7.1	2.7
	A3	10.6 6.7 47 11.9	4.2	15.2	4.3	12.3	3.6
	A4	10.7 9.8 48 17.4	6.2	28.5	6.4	18.2	4.6
	A5	10.5 12.4 51 21.7	7.7	46.2	8.1	23.0	6.0
	B1	10.8 2.3 53 4.2	1.5	3.7	1.5	4.3	2.5
	B2	10.7 4.8 53 8.5	3.0	10.3	3.1	8.8	3.4
	B3	10.7 7.5 54 13.4	4.7	22.5	5.0	14.1	4.7
	B4	10.6 10.8 56 19.1	6.7	42.2	7.1	20.3	6.3
	B5	10.6 13.8 56 24.3	8.6	66.0	9.2	26.1	7.7
	C1	11.5 2.3 37 4.5	1.6	1.3	1.6	4.5	0.8
	C2	12.2 6.0 30 12.2	4.3	5.5	4.4	12.4	1.3
	C3	12.6 11.9 27 25.0	8.8	17.4	9.0	25.5	2.0
	C4	12.8 19.6 24 41.9	14.8	40.6	15.2	43.0	2.7
	C5	13.0 27.5 22 59.3	20.9	74.2	21.7	61.4	3.5
	D1	12.1 2.6 44 5.3	1.9	1.3	1.9	5.3	0.7
	D2	12.0 6.6 47 13.2	4.6	7.6	4.7	13.4	1.6
	D3	12.0 13.2 48 26.4	9.3	28.1	9.6	27.2	3.0
	D4	11.8 19.7 51 38.7	13.7	68.4	14.3	40.6	5.0
	D5	11.5 25.7 53 49.4	17.4	124.6	18.7	52.9	7.1

Table 7 .

 7 4, together with the maximum absorption wavelength. The static EFISHG responses extrapolated using the two-state approximation are also reported. Consistently with the red shift of the main absorption band, the EFISHG intensity increases in each series with the size of the polyenic bridge. As expected, removing frequency dispersion effects by extrapolating responses to the infinite-wavelength limit attenuates the increase of µβ || with chain length. As shown in Figure 7.6, theoretical results are in good agreement with measured data. All series display Pearson correlation coefficients larger than 0.89 between computed and experimental [µβ || ] ef f values, with R 2 values very close to 1.0 for series C and D. However, the relative ordering of the [µβ || ] ef f values in the different series is only partially reproduced: while DFT calculations predict that series A and B display the smallest NLO responses in agreement with experimental results, the relative magnitude of the EFISHG signal is inverted in series C and D. The enhancement of the [µβ || ] ef f values with the elongation of the polyenic chain is also underestimated in the two latter series.

Table 7 .

 7 4: Experimental EFISHG responses (µβ || (2ω) ≡ µβ || (-2ω; ω, ω) ef f ) measured at λ = 1907 nm, maximum absorption wavelength (λ max , nm), two-state frequency dispersion factors F (ω), a and static EFISHG responses extrapolated as µβ || (0) = µβ || (2ω)/F (ω). All NLO data are given in 10 -48 esu (1 a.u. of β = 8.6392 10 -33 esu). Molecule µβ || (0) µβ || (2ω) λ max F (ω)

	A1 b	549	841	517 1.53
	A2 b	1338	2230	558 1.67
	A3 b	1537	2700	581 1.76
	A4 b	1887	3380	589 1.79
	A5 b	2014	3690	598 1.83
	B1	783	1380	582 1.76
	B2	1098	2156	582 1.96
	B3	1566	3250	624 2.08
	B4	4050	8750	624 2.16
	B5	4284	9435	643 2.20
	C1	523	891	568 1.70
	C2	1332	2669	631 2.00
	C3	2946	6366	656 2.16
	C4	4954	10946	663 2.21
	D1	445	900	634 2.02
	D2	1793	4770	714 2.66
	D3	4083	13600	763 3.33
	D4	5710	18170	754 3.18
	D5	7281	22500	748 3.09
	a 1/F (ω) = (1 -λ 2 max /λ 2 ) (1 -4λ 2 max /λ 2 )

b From Ref.
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Table A .

 A 1: Wall time for approximate CCSD calculations tested on PA chains of different lengths. These calculations have been performed employing 16 cpus. The values in the table are in minutes / 1 cpu.

				DLPNO-CCSD		LNO-CCSD
	Molecule CCSD RI-CCSD Normal Tight Normal Tight VeryTight
	PA2	3	25	12	5	5	5	5
	PA4	14	53	7	14	19	19	24
	PA6	52	260	15	31	46	59	87
	PA8	185	1041	28	67	96	140	234
	PA10	594	3349	44	95	175	259	469
	PA12	1538	8803	71	139	281	423	773

Table A .

 A 2: Wall time for approximate CCSD(T) calculations tested on PA chains of different lengths. These calculations have been performed employing 16 cpus. The values in the table are in minutes / 1 cpu.

				DLPNO-CCSD(T0) DLPNO-CCSD(T1)		LNO-CCSD(T)
	Molecule CCSD(T) RI-CCSD(T) Normal Tight	Normal Tight	Normal Tight vTight
	PA2	18	6	4	6	12	6	5	7	6
	PA4	12	64	9	15	23	31	20	27	36
	PA6	78	253	18	34	38	39	63	86	135
	PA8	301	1083	34	78	73	83	131	203	350
	PA10	1068	3572	50	113	111	121	221	374	737
	PA12	3212	9519	73	172	146	171	339	576	1171

Table A .

 A 3: Wall time for approximate MP2 calculations tested on PDA chains of different lengths. These calculations have been performed employing 1 cpu. The values in the table are in minutes / 1 cpu.

					RI-MP2		DLPNO-MP2		LMP2	
	Molecule MP2 SCF RI-JK-SCF RI-JCOSX RI-JCOSX2 Normal Tight Normal Tight vTight
	PDA1	3	2	1	1	2	5	3	1	1	1
	PDA2	9	7	2	2	4	11	12	5	5	5
	PDA3	22	16	4	5	8	28	27	12	12	12
	PDA4	46	31	8	8	13	48	50	23	23	27
	PDA5	72	48	14	13	21	72	84	39	37	45
					Polynomial fit: y = bx a					
			Wall time [min / 1 cpu]		CCSD RI-CCSD DLPNO-CCSD Normal DLPNO-CCSD Tight LNO-CCSD Normal LNO-CCSD Tight LNO-CCSD vTight CAM-B3LYP						
					50 100 150 200 250 300 350 400 450 Number of basis functions				

Figure A.1: Wall time for approximate CCSD calculations tested on PA chains of different lengths with respect to the number of electrons. These calculations have been performed employing 16 cpus. The time values are in minutes.

Table A .

 A 4: Parameters obtained from the best fits of the wall time with respect to the number of electrons of approximated CCSD(T), CCSD, CAM-B3LYP calculations performed using 16 cpus for the PA chains, and from those of MP2 and CAM-B3LYP calculations performed with 1 cpu for the PDA chains.

	Method	Approx	a	b [min / 1 cpu] r 2
	CCSD(T)	-	6.28	1.44E-13	1.00
	RI-CCSD(T)	-	5.65	1.80E-11	1.00
	DLPNO-CCSD(T0)	Normal 2.13	2.11E-04	1.00
	DLPNO-CCSD(T0)	Tight 2.34	1.39E-04	1.00
	DLPNO-CCSD(T1)	Normal 1.90	1.68E-03	1.00
	DLPNO-CCSD(T1)	Tight 1.97	1.27E-03	1.00
	LNO-CCSD(T)	Normal 2.56	7.50E-05	1.00
	LNO-CCSD(T)	Tight 2.76	3.67E-05	1.00
	LNO-CCSD(T)	vTight 3.10	1.01E-05	1.00
	CCSD	-	5.48	8.24E-12	1.00
	RI-CCSD	-	5.56	2.87E-11	1.00
	DLPNO-CCSD	Normal 2.17	1.57E-04	0.97
	DLPNO-CCSD	Tight 2.13	4.05E-04	1.00
	LNO-CCSD	Normal 2.77	1.72E-05	1.00
	LNO-CCSD	Tight 2.93	1.02E-05	1.00
	LNO-CCSD	vTight 3.13	5.36E-06	1.00
	MP2:SCF	-	2.68	1.33E-04	1.00
	RI-MP2:SCF	-	2.55	2.13E-04	1.00
	RI-MP2:RIJK-SCF	-	2.98	3.74E-06	1.00
	RI-MP2:RICOSX-SCF	-	2.33	2.43E-04	1.00
	RI-MP2:RICOSX2-SCF	-	2.35	3.33E-04	1.00
	DLPNO-MP2	Normal 2.27	1.92E-03	1.00
	DLPNO-MP2	Tight 2.68	1.62E-04	1.00
	LMP2	Normal 2.78	3.88E-05	1.00
	LMP2	Tight 2.70	5.99E-05	1.00
	LMP2	vTight 2.96	1.43E-05	1.00
	CAM-B3LYP (from PAi)	-	2.35	2.63E-05	0.95
	CAM-B3LYP (from PDAi)	-	2.28	1.40E-03	0.99

Table A .

 A 6: Parameters obtained from the best fits of the wall time with respect to the number of electrons of approximated MP2 calculations computed with 16 cpus for PDA chains.

	Method	Approx	a	b [min /1 cpu] r 2
	DLPNO-MP2	Normal 2.20	2.28E-03	0.98
	DLPNO-MP2	Tight 2.26	1.73E-03	0.99
	DLPNO-MP2-α Normal 2.25	1.29E-03	1.00
	DLPNO-MP2-α Tight 2.41	5.54E-04	1.00

Table A .

 A 8: Indicators based on natural orbital occupancies on the MP2 wavefunction for each molecule of the set. In red are highlighted the molecules which are multireference according to the indicator proposed. The threshold values have been published for a CCSD wavefunction: N ON ≥ 0.058, V ≥ 0.03, M RI ≤ 0, and I N D ≥ 0.03.

	Molecule	N ON	V	M RI I N D
	1-Butane	0.024 0.022 0.971 0.013
	Water	0.013 0.020 0.997 0.012
	Ammonia	0.011 0.021 0.997 0.012
	Benzene	0.035 0.026 0.786 0.015
	Butane	0.013 0.020 0.990 0.012
	Pentanal	0.028 0.021 0.971 0.012
	1-Pentanamide	0.027 0.021 0.974 0.012
	1-Penthanoic acid	0.027 0.021 0.974 0.012
	n-Buthylamine	0.015 0.021 0.987 0.012
	1-Butanol	0.017 0.021 0.987 0.012
	Acetylene	0.027 0.028 0.943 0.016
	Ciclohexane	0.013 0.021 0.983 0.012
	Carbon Monoxide	0.026 0.025 0.981 0.014
	Carbon dioxide	0.031 0.024 0.967 0.013
	Ethane	0.011 0.019 0.995 0.012
	Cyanogen fluoride	0.033 0.025 0.926 0.014
	H1	0.009 0.023 0.999 0.014
	H2	0.012 0.025 0.999 0.015
	Formaldehyde	0.029 0.023 0.977 0.013
	Carbonic acid	0.027 0.021 0.983 0.012
	Hydrogen Peroxide 0.030 0.023 0.971 0.013
	H3	0.013 0.025 0.998 0.015
	Boric acid	0.018 0.020 0.991 0.011
	H4	0.014 0.026 0.997 0.016
	H5	0.014 0.026 0.996 0.016
	H6	0.014 0.026 0.996 0.016
	H7	0.015 0.026 0.995 0.016
	H8	0.015 0.026 0.994 0.016
	Hydrogen cyanide	0.032 0.030 0.919 0.016
	Heptane	0.014 0.021 0.982 0.012

Table A .

 A 10: Mean Absolute Romberg Error (MARoE) and the ratio between MARoE and the mean value (%MARoE) obtained using the canonical and accelerated CCSD and CCSD(T) methods for molecules of the of γ-NLO set.

			DLPNO-CCSD DLPNO-CCSD(T0) DLPNO-CCSD(T1) LNO-CCSD LNO-CCSD(T) CCSD CCSD(T)
	µ	MARoE %MARoE	3.5E-04 0	2.2E-04 0	1.7E-04 0	1.2E-04 0	1.5E-04 0	1.1E-04 0	8.4E-05 0
	α	MARoE %MARoE	3.5E-01 0	6.0E-01 1	3.0E-01 0	2.1E-01 0	3.8E-01 0	2.4E-01 0	2.5E-01 0
	β	MARoE %MARoE	2.9E+02 59	7.0E+01 40	4.3E+01 29	3.8E+01 17	5.0E+01 26	3.3E+01 15	1.2E+01 15
	γ	MARoE %MARoE	4.2E+05 73	6.6E+05 175	3.4E+05 98	1.7E+05 40	3.4E+05 37	3.1E+04 5	3.1E+04 6

Table A .

 A 9: Mean Absolute Romberg Error (MARoE) and ratio between MARoE and the mean value (%MARoE) of γ-NLO set for the acceleration techniques of MP2 method. For the DLPNO-MP2-α method, the values of µ and α are computed analytically and therefore there is no associated RE.

	A.4 Impact of the different convergence criteria on the	
		accuracy of localization schemes			
		RI-MP2 RIJK-MP2 RIJCOSX2-MP2 LMP2 DLPNO-MP2 DLPNO-MP2(α)	MP2
	µ	MARoE 2.3E-07 %MARoE 0	1.1E-07 0	6.6E-07 0	1.9E-04 0	1.5E-04 0	--	2.3E-07 0
	α	MARoE 7.4E-03 %MARoE 0	1.2E-03 0	2.7E-02 0	1.2E-01 0	4.0E-01 0	--	1.5E-03 0
	β	MARoE 5.9E-01 %MARoE 0	2.1E-01 0	1.3E+00 1	2.9E+01 16	4.8E+01 18	2.4E-01 0	6.2E-01 0
	γ	MARoE 2.2E+03 %MARoE 0	4.4E+03 1	1.6E+04 3	3.2E+05 87	4.0E+05 80	5.8E+03 1	2.3E+03 0
		In Table A.10, we collect the MARoE and %MARoE of CCSD and CCSD(T) methods	
	and the corresponding approximations.					

Table A .

 A 11: Performance of localized CCSD methods with respect to CCSD(T) references for molecules of the γ-NLO set. MV, MAE , RMSE and MAX are in [a.u.]

		DLPNO-CCSD		LNO-CCSD		
		Normal	Tight	Normal	Tight	vTight	CCSD
	µ Table A.12: Performance of localized CCSD(T) methods with respect to CCSD(T) refer-MV 7.2E-01 7.2E-01 7.2E-01 7.0E-01 7.2E-01 7.2E-01 MARoE 4.8E-04 3.5E-04 5.0E-04 1.3E-04 1.2E-04 1.1E-04 Table A.13: Performance of RI-MP2 methods with respect to CCSD(T) references for ences for molecules of the γ-NLO set. MV, MAE , RMSE and MAX are in [a.u.] molecules of the γ-NLO set. MV, MAE , RMSE and MAX are in [a. u.] MAE 1.8E-02 2.1E-02 2.1E-02 2.2E-02 2.2E-02 2.2E-02 RMSE 2.7E-02 3.1E-02 3.1E-02 3.1E-02 3.2E-02 3.4E-02 MAX 7.1E-02 7.7E-02 8.9E-02 7.2E-02 8.2E-02 9.5E-02 %MAE 3 3 3 3 3 3 α MV 1.2E+02 1.1E+02 1.1E+02 1.1E+02 1.1E+02 1.1E+02 MARoE 1.8E+00 3.5E-01 2.0E+00 5.4E-01 2.1E-01 2.5E-01 MAE 1.7E+01 3.8E+00 6.9E+00 4.5E+00 3.6E+00 3.0E+00 RMSE 7.1E+01 1.0E+01 2.2E+01 1.1E+01 8.5E+00 8.8E+00 MAX 4.3E+02 6.1E+01 1.4E+02 5.5E+01 4.4E+01 5.9E+01 %MAE 15 3 6 4 3 3 β MV 7.5E+02 3.5E+02 3.7E+02 2.5E+02 2.2E+02 1.9E+02 MARoE 3.7E+02 2.1E+02 9.9E+01 4.5E+01 3.8E+01 3.3E+01 MAE 6.2E+02 2.3E+02 2.4E+02 1.2E+02 9.2E+01 5.1E+01 RMSE 2.0E+03 3.6E+02 6.2E+02 3.1E+02 2.5E+02 1.3E+02 MAX 7.9E+03 1.1E+03 2.3E+03 1.2E+03 9.2E+02 4.6E+02 %MAE 445 165 172 90 67 37 γ MV 4.9E+06 5.7E+05 1.5E+07 1.2E+06 4.3E+05 3.8E+05 MARoE 3.1E+06 4.2E+05 6.7E+06 6.5E+05 1.7E+05 3.1E+04 MAE 4.5E+06 5.3E+05 1.5E+07 7.2E+05 2.2E+05 8.4E+04 RMSE 4.5E+07 1.9E+06 6.6E+07 5.3E+06 1.5E+06 6.0E+05 MAX 2.1E+08 8.6E+06 3.9E+08 2.5E+07 6.8E+06 2.7E+06 DLPNO-CCSD(T0) DLPNO-CCSD(T1) LNO-CCSD(T) Normal Tight Normal Tight Normal Tight RI-MP2 RI-MP2:RIJK RIJCOSX-MP2 RIJCOSX2-MP2 vTight MP2 µ MV 7.0E-01 7.0E-01 7.0E-01 7.0E-01 MV 7.2E-01 7.2E-01 7.2E-01 7.2E-01 7.2E-01 7.0E-01 7.0E-01 7.0E-01 MARoE 3.5E-04 2.1E-04 4.1E-04 1.7E-04 MARoE 2.3E-07 1.1E-07 1.0E-05 6.1E-07 2.3E-07 3.2E-04 3.6E-04 1.5E-04 MAE 7.3E-03 3.4E-03 9.6E-03 3.2E-03 6.7E-03 4.1E-03 2.3E-03 RMSE 1.7E-02 6.6E-03 2.5E-02 7.5E-03 MAE 2.9E-02 2.9E-02 3.0E-02 3.0E-02 2.9E-02 µ RMSE 4.4E-02 4.4E-02 4.5E-02 4.4E-02 4.3E-02 1.4E-02 8.9E-03 6.3E-03 MAX 7.6E-02 2.6E-02 8.2E-02 2.6E-02 MAX 1.3E-01 1.3E-01 1.3E-01 1.3E-01 1.3E-01 5.2E-02 2.9E-02 2.6E-02 %MAE 1 1 1 1 1 1 %MAE 4 4 4 4 4 0 α MV 1.2E+02 1.1E+02 1.2E+02 1.2E+02 MV 1.2E+02 1.2E+02 1.2E+02 1.2E+02 1.2E+02 1.1E+02 1.2E+02 1.2E+02 MARoE 1.3E+00 6.0E-01 4.9E-01 3.0E-01 MARoE 7.4E-03 1.2E-03 2.1E-02 2.7E-02 1.5E-03 3.1E+00 6.4E-01 3.9E-01 MAE 1.2E+01 1.5E+00 2.9E+01 8.2E-01 7.3E+00 2.7E+00 1.2E+00 RMSE 5.7E+01 4.2E+00 1.1E+02 2.1E+00 MAE 3.7E+00 3.7E+00 5.0E+00 4.1E+00 3.7E+00 α RMSE 7.2E+00 7.3E+00 1.4E+01 9.1E+00 7.3E+00 2.2E+01 7.7E+00 3.9E+00 MAX 3.3E+02 2.0E+01 5.3E+02 1.0E+01 MAX 3.1E+01 3.1E+01 9.1E+01 4.6E+01 3.1E+01 1.2E+02 4.0E+01 2.1E+01 %MAE 10 1 25 1 6 2 %MAE 3 3 4 4 3 1 β MV 7.3E+02 1.7E+02 6.9E+02 1.5E+02 MV 2.4E+02 2.4E+02 2.2E+02 2.4E+02 2.4E+02 4.2E+02 2.6E+02 1.9E+02 MARoE 3.7E+02 7.0E+01 3.7E+02 4.3E+01 MARoE 5.9E-01 2.1E-01 1.7E+01 3.1E+00 6.2E-01 1.6E+02 1.0E+02 5.0E+01 MAE 5.9E+02 1.1E+02 5.7E+02 2.7E+01 2.9E+02 1.3E+02 6.4E+01 RMSE 1.9E+03 3.1E+02 1.8E+03 4.8E+01 MAE 1.1E+02 1.1E+02 9.2E+01 1.1E+02 1.1E+02 β RMSE 2.6E+02 2.7E+02 2.2E+02 2.8E+02 2.6E+02 7.7E+02 3.2E+02 2.0E+02 MAX 7.7E+03 1.3E+03 7.5E+03 1.9E+02 MAX 8.3E+02 9.0E+02 8.4E+02 1.0E+03 8.3E+02 3.0E+03 1.1E+03 9.1E+02 %MAE 433 78 414 19 209 92 %MAE 77 80 67 81 78 46 γ MV 1.1E+07 1.0E+06 3.7E+05 3.5E+05 MV 6.0E+05 5.7E+05 5.6E+05 5.6E+05 5.2E+05 6.9E+06 2.1E+06 9.1E+05 MARoE 7.9E+06 6.6E+05 1.9E+05 3.4E+05 MARoE 2.2E+03 4.4E+03 1.3E+04 1.6E+04 2.3E+03 7.9E+06 1.7E+08 3.4E+05 MAE 1.1E+07 7.0E+05 5.2E+05 2.3E+05 6.5E+06 1.8E+06 4.6E+05 RMSE 6.2E+07 3.8E+06 1.8E+06 1.1E+06 MAE 1.5E+05 1.3E+05 1.2E+05 1.1E+05 7.7E+04 γ RMSE 6.0E+05 4.4E+05 4.2E+05 3.4E+05 2.4E+05 3.5E+07 7.4E+06 2.2E+06 MAX 4.4E+08 2.8E+07 1.0E+07 8.3E+06 MAX 3.4E+06 2.3E+06 2.3E+06 1.6E+06 1.2E+06 2.7E+08 5.0E+07 1.5E+07 %MAE 2416 155 115 51 1430 403 103 %MAE 34 28 27 25 17
	%MAE	992	117	3202	159	49	19

Table A .

 A 14: Performance of localized MP2 methods with respect to CCSD(T) references for molecules of the γ-NLO set. MV, MAE , RMSE and MAX are in [a. u.].

				LMP2		DLPNO-MP2	DLPNO-MP2-α
			Normal	Tight	vTight	Normal	Tight	Normal	Tight
		MV 7.2E-01 7.2E-01 7.2E-01 7.2E-01 7.2E-01 7.2E-01 7.2E-01
		MARoE 1.9E-04 1.4E-05 1.9E-04 2.1E-04 1.5E-04	x	x
	µ	MAE 3.0E-02 3.0E-02 2.9E-02 2.9E-02 2.9E-02 2.9E-02 2.9E-02 RMSE 4.6E-02 4.5E-02 4.3E-02 4.3E-02 4.3E-02 4.4E-02 4.4E-02
		MAX 1.4E-01 1.3E-01 1.2E-01 1.3E-01 1.3E-01 1.3E-01 1.3E-01
		%MAE	4	4	4	4	4	4	4
		MV 1.2E+02 1.2E+02 1.2E+02 1.2E+02 1.2E+02 1.2E+02 1.2E+02
		MARoE 2.0E+00 3.0E-01 1.2E-01 6.0E-01 4.0E-01	x	x
	α	MAE 4.4E+00 3.8E+00 3.4E+00 4.1E+00 4.3E+00 3.5E+00 3.6E+00 RMSE 9.9E+00 7.8E+00 6.7E+00 9.2E+00 9.3E+00 6.8E+00 7.1E+00
		MAX 4.5E+01 3.4E+01 2.8E+01 4.8E+01 5.0E+01 2.9E+01 3.0E+01
		%MAE	4	3	3	4	4	3	3
		MV 3.1E+02 1.5E+02 1.8E+02 2.2E+02 2.7E+02 2.3E+02 2.4E+02
		MARoE 4.2E+02 1.3E+01 2.9E+01 1.3E+02 4.8E+01 4.7E-01 2.4E-01
	β	MAE 1.8E+02 6.1E+01 5.7E+01 9.5E+01 1.5E+02 1.0E+02 1.1E+02 RMSE 4.3E+02 1.3E+02 1.2E+02 2.4E+02 4.0E+02 2.5E+02 2.6E+02
		MAX 1.7E+03 4.4E+02 3.6E+02 1.1E+03 1.7E+03 8.2E+02 8.7E+02
		%MAE	133	44	41	69	105	74	78
		MV 1.2E+06 1.2E+06 3.7E+05 4.4E+05 5.0E+05 5.7E+05 5.5E+05
		MARoE 6.0E+06 8.6E+05 3.2E+05 6.2E+05 4.0E+05 5.6E+03 5.8E+03
	γ	MAE 7.9E+05 7.6E+05 2.6E+05 1.9E+05 1.5E+05 1.3E+05 1.0E+05 RMSE 3.4E+06 4.2E+06 1.2E+06 6.6E+05 3.8E+05 4.5E+05 3.7E+05
		MAX 2.0E+07 3.2E+07 8.9E+06 4.5E+06 1.9E+06 2.2E+06 2.1E+06
		%MAE	174	166	58	42	32	28	23

Table A .

 A 15: Performance of DLPNO-CCSD(T1), MP2, RI-MP2 and CCSD methods for the β-NLO set with respect to the reference CCSD(T). MV, MAE , RMSE and MAX are in [a. u.].

			DLPNO-CCSD(T1) RI-MP2	MP2	CCSD
		MV	3.3E+00	3.4E+00 3.4E+00 3.3E+00
		MARoE	1.9E-03	2.8E-05 1.7E-08 5.0E-06
	µ	MAE RMSE	2.3E-02 3.1E-02	1.0E-01 1.0E-01 5.6E-02 1.3E-01 1.2E-01 6.8E-02
		MAX	9.8E-02	2.9E-01 2.9E-01 1.4E-01
		%MAE	1	3	3	2
		MV	3.5E+02	3.6E+02 3.6E+02 3.3E+02
		MARoE	6.0E+00	6.0E-02 9.9E-05 7.3E-03
	α	MAE RMSE	1.0E+01 2.3E+01	1.7E+01 1.7E+01 1.3E+01 2.7E+01 2.7E+01 1.7E+01
		MAX	1.2E+02	9.5E+01 9.4E+01 2.8E+01
		%MAE	3	5	5	4
		MV	1.0E+04	1.2E+04 1.2E+04 9.2E+03
		MARoE	6.6E+03	1.0E+02 4.7E-01 1.8E+01
	β	MAE RMSE	1.7E+03 2.6E+03	2.8E+03 2.7E+03 7.7E+02 4.5E+03 4.5E+03 1.2E+03
		MAX	6.8E+03	1.3E+04 1.3E+04 4.5E+03
		%MAE	17	28	27	8
		MV	1.2E+07	2.9E+06 2.9E+06 2.3E+06
		MARoE	2.3E+04	1.1E+05 1.6E+03 5.6E+04
	γ	MAE RMSE	9.6E+06 2.9E+07	5.6E+05 5.2E+05 3.9E+05 9.8E+05 8.7E+05 7.0E+05
		MAX	1.3E+08	3.1E+06 2.9E+06 3.2E+06
		%MAE	355	20	21	14

Table A .

 A 16: Performance of DLPNO-CCSD(T1), MP2, RI-MP2 and CCSD methods for β merging the β-NLO and γ-NLO-B set with respect to the reference CCSD(T). MV, MAE , RMSE and MAX are in [a. u.].

	B.2 Evaluation of spin contamination in the unrestricted
	framework			
		DLPNO-CCSD(T1) RI-MP2	MP2	CCSD
		MV	7.1E+03	8.5E+03 8.5E+03 6.6E+03
		MAE	1.2E+03	2.0E+03 2.0E+03 5.6E+02
	β	RMSE	2.2E+03	3.8E+03 3.8E+03 1.0E+03
		MAX	6.8E+03	1.3E+04 1.3E+04 4.5E+03
		%MAE	17	28	27	8

Table B .

 B 2: ⟨ Ŝ2 ⟩ values calculated for molecules of the γ-NLO-set using unrestricted HF and DFT methods with different exchange-correlation functionals.

	Molecule Functional ⟨ Ŝ2 ⟩ Molecule	Functional	⟨ Ŝ2 ⟩
	O 2	UHF	2.0 PA10	UHF	1.3
	HNO	UHF	0.5 PDA3	UHF	1.6
	N 2 O	UHF	0.3 PA12	UHF	1.6
	HNO 2	UHF	0.2 PDA4	UHF	2.2
	HNO3	UHF	0.2 PDA5	UHF	2.7
	PMI1	UHF	0.1 O 2	UCAM-B3LYP 2.0
	PMI2	UHF	0.4 HNO	UCAM-B3LYP 0.2
	PMI3	UHF	0.7 O 2	UB3LYP	2.0
	Benzene	UHF	0.5 HNO	UB3LYP	0.2
	PDA1	UHF	0.5 O 2	UBLYP	2.0
	PA6	UHF	0.7 HNO	UBLYP	0.2
	PMI4	UHF	1.0 O 2	UωB97X-D	2.0
	PMI5	UHF	1.4 HNO	UωB97X-D	0.1
	PA8	UHF	1.0 O 2	UωB97M-D	2.0
	PDA2	UHF	1.1 O 2	UωB97X-D	2.0
	PMI6	UHF	1.7 HNO	UωB97X-V	0.0

Table B .

 B 3: ⟨ Ŝ2 ⟩ values calculated for molecules of the β-NLO-set using the unrestricted HF method.

	B.3 Comparison between MP3:HF and RI-MP3:HF
	Molecule	Functional ⟨ Ŝ2 ⟩ Molecule	Functional ⟨ Ŝ2 ⟩
	PA2-OH-CHO	UHF	0.1 PA8-OH-CHO	UHF	1.4
	PA2-OH-NO 2	UHF	0.5 PA8-OH-NO 2	UHF	1.7
	PA2-NH 2 -NO 2	UHF	0.4 PDA2-OH-CHO	UHF	1.8
	PMI2-OH-CHO	UHF	0.0 PDA2-OH-NO 2	UHF	2.1
	PMI2-OH-NO 2	UHF	0.5 PMI5-NH 2 -CHO	UHF	0.9
	PMI2-NH 2 -NO 2	UHF	0.4 PMI5-NH 2 -NO 2	UHF	1.2
	PA4-OH-CHO	UHF	0.6 PA8-NH 2 -CHO	UHF	1.4
	PA4-OH-NO2	UHF	0.9 PA8-NH 2 -NO 2	UHF	1.6
	PA4-NH 2 -CHO	UHF	0.6 PDA2-NH 2 -CHO	UHF	1.8
	PA4-NH 2 -NO 2	UHF	0.9 PDA2-NH 2 -NO 2	UHF	2.1
	PMI3-OH-CHO	UHF	0.5 PMI6-OH-CHO	UHF	1.6
	PMI3-OH-NO 2	UHF	0.8 PMI6-OH-NO 2	UHF	1.8
	PDA1-CHO-OH	UHF	1.1 PMI6-NH 2 -CHO	UHF	1.3
	PDA1-OH-NO 2	UHF	1.3 PMI6-NH 2 -NO 2	UHF	1.6
	PMI3-NH 2 -NO 2	UHF	0.4 PA10-OH-CHO	UHF	1.7
	PDA1-NH 2 -CHO	UHF	1.0 PA10-OH-NO 2	UHF	2.0
	PDA1-NH 2 -NO 2	UHF	1.3 PA10-NH 2 -CHO	UHF	1.7
	PA6-OH-CHO	UHF	1.0 PA10-NH 2 -NO 2	UHF	2.0
	PA6-OH-NO 2	UHF	1.3 PDA3-OH-CHO	UHF	2.5
	PMI4-OH-CHO	UHF	0.9 PDA3-OH-NO 2	UHF	2.8
	PMI4-OH-NO 2	UHF	1.2 PDA3-NH 2 -CHO	UHF	2.5
	PA6-NH 2 -CHO	UHF	1.0 PDA3-NH 2 -NO 2	UHF	2.8
	PA6-NH 2 -NO 2	UHF	1.3 PA12-OH-CHO	UHF	2.1
	PMI4-NH 2 -CHO	UHF	0.5 PA12-OH-NO 2	UHF	2.4
	PMI4-NH 2 -NO 2	UHF	0.8 PA12-NH 2 -CHO	UHF	2.0
	PMI5-OH-CHO	UHF	1.2 PA12-NH 2 -NO 2	UHF	2.3
	PMI5-OH-NO 2	UHF	1.5		

Table B .

 B 4: Performance of MP3:HF and RI-MP3:HF methods for calculating NLO properties with respect to the reference CCSD(T) values, for molecules of the γ-NLO-set.

	B.4 Performance of MP3:KS for computing dipole mo-
	ments		
	Units are a. u.		
			MP3	RI-MP3
	Ref. orbitals	HF	HF
		MV 7.3E-01	7.3E-01
		MAE 2.4E-02	2.4E-02
	µ	RMSD 3.6E-02	3.6E-02
		MAX 9.4E-02	9.4E-02
		%MAE	3	3
		MV 9.3E+01 9.3E+01
		MAE 2.3E+00 2.3E+00
	α	RMSD 4.2E+00 4.1E+00
		MAX 1.8E+01 1.8E+01
		%MAE	2	2
		MV 2.2E+02 2.2E+02
		MAE 8.9E+01 8.6E+01
	β	RMSD 2.1E+02 2.0E+02
		MAX 6.6E+02 6.1E+02
		%MAE	65	62
		MV 1.9E+05 1.9E+05
		MAE 2.9E+04 2.9E+04
	γ	RMSD 9.5E+04 1.0E+05
		MAX 5.0E+05 5.6E+05
		%MAE	6	6

Table B .

 B 5: Performances of MP3:KS methods for the calculation of the dipole moment with respect to reference CCSD(T) values, for molecules from the joint γ-NLO-B and β-NLO sets. Units are a.u.

	B.5 Performance of MP3:KS for computing NLO prop-
		erties							
			MP2	MP3	CCSD			MP3:KS	
	Ref. orbitals	HF	HF	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 2.6E+00 2.6E+00 2.6E+00 2.7E+00 2.7E+00 2.7E+00 2.7E+00 2.7E+00 2.7E+00
		MAE 8.0E-02 7.2E-02 8.0E-02 1.4E-01 1.3E-01 1.3E-01 1.3E-01 1.3E-01 1.3E-01
	µ	RMSD 1.1E-01 1.0E-01 1.1E-01 1.7E-01 1.7E-01 1.6E-01 1.6E-01 1.6E-01 1.6E-01
		MAX 2.9E-01 3.1E-01 2.9E-01 4.3E-01 4.2E-01 3.9E-01 3.9E-01 3.9E-01 4.0E-01
		%MAE	3	3	3	5	5	5	5	5	5

Table B .

 B 6: Performance of MP3:KS methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules from the γ-NLO set. Units are a.u.

			MP2	MP3	CCSD			MP3:KS	
	Ref. orbitals	HF	HF	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 7.2E-01 7.3E-01 7.2E-01 7.5E-01 7.4E-01 7.4E-01 7.4E-01 7.4E-01 7.5E-01
		MAE 3.0E-02 2.0E-02 2.0E-02 5.0E-02 4.0E-02 4.0E-02 4.0E-02 4.0E-02 4.0E-02
	µ	RMSD 4.0E-02 4.0E-02 3.0E-02 8.0E-02 7.0E-02 7.0E-02 6.0E-02 7.0E-02 7.0E-02
		MAX 1.0E-01 9.0E-02 9.0E-02 2.0E-01 2.0E-01 2.0E-01 2.0E-01 2.0E-01 2.0E-01
		%MAE	4	3	3	7	6	6	6	6	6
		MV 1.2E+02 1.1E+02 1.1E+02 1.1E+02 1.1E+02 1.2E+02 1.2E+02 1.2E+02 1.2E+02
		MAE 3.7E+00 3.4E+00 3.0E+00 8.4E+00 3.5E+00 1.5E+00 1.5E+00 1.5E+00 1.3E+00
	α	RMSD 1.1E+01 1.2E+01 1.4E+01 6.2E+01 2.3E+01 2.9E+00 2.9E+00 2.4E+00 2.3E+00
		MAX 3.1E+01 4.3E+01 5.9E+01 2.7E+02 9.9E+01 7.3E+00 7.5E+00 8.3E+00 5.1E+00
		%MAE	3	3	3	7	3	1	1	1	1
		MV 2.4E+02 2.2E+02 1.8E+02 2.3E+02 2.0E+02 1.1E+02 1.1E+02 9.7E+01 1.0E+02
		MAE 1.1E+02 8.9E+01 5.0E+01 1.0E+02 6.7E+01 2.6E+01 2.8E+01 4.3E+01 3.9E+01
	β	RMSD 2.7E+02 2.1E+02 1.3E+02 3.0E+02 2.2E+02 7.3E+01 7.6E+01 1.2E+02 1.1E+02
		MAX 9.1E+02 6.6E+02 4.7E+02 1.2E+03 9.4E+02 3.1E+02 3.3E+02 5.2E+02 4.7E+02
		%MAE	80	65	36	72	48	19	20	31	28
		MV 5.2E+05 4.2E+05 3.8E+05 8.8E+05 3.8E+05 8.8E+04 4.6E+05 4.5E+05 4.5E+05
		MAE 8.2E+04 6.4E+04 8.4E+04 4.4E+05 1.6E+05 5.0E+04 4.9E+04 3.8E+04 4.1E+04
	γ	RMSD 2.6E+05 2.8E+05 3.7E+05 1.8E+06 7.9E+05 1.6E+05 1.6E+05 1.3E+05 1.5E+05
		MAX 1.1E+06 2.0E+06 2.7E+06 1.2E+07 5.9E+06 7.5E+05 9.6E+05 8.7E+05 9.9E+05
		%MAE	18	14	19	98	36	11	11	8	9

Table B .

 B 7: Performance of MP3:KS methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules from the β-NLO set. Units are a.u.

	B.6 Performance of MP2:KS for computing NLO prop-
		erties							
			MP2	MP3	CCSD			MP3:KS	
	Ref. orbitals	HF	HF	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 3.4E+00 3.4E+00 3.3E+00 3.5E+00 3.5E+00 3.5E+00 3.5E+00 3.5E+00 3.5E+00
		MAE 1.0E-01 9.2E-02 5.6E-02 1.8E-01 1.7E-01 1.6E-01 1.6E-01 1.6E-01 1.7E-01
	µ	RMSD 1.2E-01 1.2E-01 6.7E-02 2.0E-01 2.0E-01 1.8E-01 1.8E-01 1.8E-01 1.9E-01
		MAX 2.9E-01 3.1E-01 1.4E-01 4.3E-01 4.2E-01 3.9E-01 3.9E-01 3.9E-01 4.0E-01
		%MAE	3	3	2	5	5	5	5	5	5
		MV 3.6E+02 3.4E+02 3.3E+02 3.7E+02 3.6E+02 3.5E+02 3.5E+02 3.5E+02 3.5E+02
		MAE 1.7E+01 7.5E+00 1.3E+01 2.2E+01 1.4E+01 7.7E+00 1.0E+01 5.6E+00 5.7E+00
	α	RMSD 2.7E+01 1.2E+01 1.7E+01 3.5E+01 2.2E+01 1.1E+01 1.7E+01 7.0E+00 7.1E+00
		MAX 9.4E+01 3.8E+01 5.1E+01 1.2E+02 7.8E+01 3.4E+01 8.5E+01 1.8E+01 1.9E+01
		%MAE	5	2	4	6	4	2	3	2	2
		MV 1.2E+04 1.0E+04 9.2E+03 2.2E+04 1.6E+04 1.2E+04 1.1E+04 1.0E+04 1.0E+04
		MAE 2.8E+03 1.8E+03 7.7E+02 1.3E+04 7.0E+03 2.6E+03 2.1E+03 1.3E+03 1.3E+03
	β	RMSD 4.5E+03 2.7E+03 1.2E+03 2.7E+04 1.3E+04 4.1E+03 3.2E+03 1.8E+03 1.9E+03
		MAX 1.3E+04 7.8E+03 4.5E+03 1.2E+05 5.3E+04 1.3E+04 9.5E+03 4.9E+03 5.3E+03
		%MAE	28	18	8	131	70	26	21	13	13
		MV 2.9E+06 2.5E+06 2.3E+06 6.6E+06 5.1E+06 3.3E+06 3.1E+06 2.7E+06 2.8E+06
		MAE 5.2E+05 3.2E+05 3.9E+05 4.0E+06 2.5E+06 8.0E+05 5.9E+05 2.7E+05 3.0E+05
	γ	RMSD 8.7E+05 4.8E+05 7.0E+05 1.0E+07 6.3E+06 1.6E+06 1.1E+06 4.1E+05 4.9E+05
		MAX 2.9E+06 1.6E+06 3.2E+06 4.7E+07 3.2E+07 6.5E+06 4.2E+06 1.4E+06 2.0E+06
		%MAE	19	12	14	147	94	30	22	10	11

Table B .

 B 8: Performance of MP2:KS methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules from both the γ-NLO and β-NLO sets. Units are a.u. TableB.9: Performance of MP2:KS methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules of the γ-NLO set. Units are a.u.

			MP2			MP2:KS	
	Ref. orbitals	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 7.0E-01 9.7E-01 7.3E-01 7.4E-01 7.4E-01 7.4E-01 7.5E-01
		MAE 3.0E-02 2.7E-01 4.5E-02 4.9E-02 4.9E-02 5.0E-02 4.4E-02
	MP2 RMSD 4.0E-02 5.0E-01 6.7E-02 7.9E-02 7.8E-02 8.2E-02 7.3E-02 MP2:KS Ref. orbitals µ HF BLYP B3LYP CAM ωXD ωXV MAX 1.0E-01 1.8E+00 1.8E-01 2.5E-01 2.5E-01 2.6E-01 2.3E-01 ωMV %MAE 4 38 6 7 7 7 6
		MV 1.2E+02 1.5E+02 1.4E+02 1.3E+02 1.3E+02 1.8E+02 1.1E+02
	µ α	MAE 3.7E+00 2.9E+01 2.2E+01 1.5E+01 1.4E+01 6.5E+01 1.8E+01 RMSD 1.1E+01 1.5E+02 1.0E+02 6.2E+01 5.7E+01 3.5E+02 9.8E+01
		MAX 3.1E+01 5.5E+02 3.7E+02 2.1E+02 1.9E+02 1.7E+03 3.7E+02
		%MAE	3	25	19	13	12	56	15
		MV 2.4E+02 7.7E+02 3.4E+02 6.5E+01 3.7E+01 5.8E+01 2.4E+02
		MAE 1.1E+02 6.3E+02 2.0E+02 8.9E+01 1.2E+02 9.3E+01 1.1E+02
	β	RMSD 2.7E+02 2.2E+03 7.1E+02 2.5E+02 3.4E+02 2.7E+02 2.6E+02
		MAX 9.1E+02 1.0E+04 3.2E+03 1.0E+03 1.5E+03 1.1E+03 8.3E+02
		%MAE	80	456	147	65	84	67	78
		MV 5.2E+05 4.0E+06 2.0E+06 1.0E+04 9.0E+05 7.0E+05 1.5E+05
		MAE 8.2E+04 3.5E+06 1.6E+06 5.8E+05 4.4E+05 2.8E+05 3.6E+05
	γ	RMSD 2.6E+05 2.1E+07 8.5E+06 2.7E+06 2.0E+06 1.2E+06 1.6E+06
		MAX 1.1E+06 1.5E+08 6.1E+07 1.8E+07 1.3E+07 7.3E+06 1.1E+07
		%MAE	18	776	363	129	98	62	80

Table B .

 B 10: Performance of MP2:KS methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules of the β-NLO set. Units are in a.u.

	B.7 Performance of DFT			
			MP2			MP2:KS	
	Ref. orbitals	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 3.4E+00 3.8E+00 3.8E+00 3.7E+00 3.7E+00 3.6E+00 3.6E+00
		MAE 1.0E-01 5.3E-01 4.6E-01 3.6E-01 3.3E-01 3.0E-01 3.1E-01
	µ	RMSD 1.2E-01 6.7E-01 5.5E-01 4.2E-01 3.9E-01 3.5E-01 3.6E-01
		MAX 2.9E-01 1.4E+00 1.2E+00 9.1E-01 8.4E-01 7.4E-01 7.5E-01
		%MAE	3	16	14	11	10	9	9
		MV 3.6E+02 4.9E+02 4.5E+02 4.2E+02 4.1E+02 4.0E+02 4.0E+02
		MAE 1.7E+01 1.4E+02 1.0E+02 6.9E+01 6.0E+01 5.1E+01 5.3E+01
	α	RMSD 2.7E+01 2.0E+02 1.5E+02 9.6E+01 8.5E+01 7.1E+01 7.3E+01
		MAX 9.4E+01 5.9E+02 4.1E+02 2.5E+02 2.2E+02 1.9E+02 1.9E+02
		%MAE	5	42	30	20	17	15	15
		MV 1.2E+04 2.4E+04 2.0E+04 1.6E+04 1.4E+04 1.3E+04 1.3E+04
		MAE 2.8E+03 1.5E+04 1.1E+04 6.4E+03 5.2E+03 3.9E+03 4.1E+03
	β	RMSD 4.5E+03 3.1E+04 2.3E+04 1.2E+04 9.3E+03 6.8E+03 7.1E+03
		MAX 1.3E+04 1.4E+05 1.1E+05 4.7E+04 3.4E+04 2.3E+04 2.4E+04
		%MAE	28	149	112	64	52	39	41
		MV 2.9E+06 6.1E+06 5.6E+06 4.4E+06 5.3E+06 3.8E+06 3.7E+06
		MAE 5.2E+05 4.0E+06 3.1E+06 1.8E+06 3.0E+06 1.1E+06 1.0E+06
	γ	RMSD 8.7E+05 8.9E+06 8.3E+06 4.3E+06 6.8E+06 3.0E+06 2.3E+06
		MAX 2.9E+06 3.2E+07 4.0E+07 2.0E+07 2.7E+07 1.8E+07 9.4E+06
		%MAE	19	148	113	65	109	42	38

Table B .

 B 11: Performance of HF and DFT methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules from the γ-NLO and β-NLO sets. Units are a.u.

	Ref. orbitals	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 3.2E+00 3.2E+00 3.2E+00 3.0E+00 3.0E+00 3.0E+00 3.9E+00
		MAE 6.5E-01 7.9E-01 6.8E-01 6.7E-01 6.1E-01 6.1E-01 6.1E-01
	µ	RMSD 8.0E-01 9.6E-01 8.4E-01 8.3E-01 7.8E-01 7.9E-01 7.9E-01
		MAX 1.8E+00 3.0E+00 3.2E+00 3.2E+00 3.3E+00 3.2E+00 3.2E+00
		%MAE	25	31	27	26	24	24	21
		MV 2.3E+02 2.1E+02 2.2E+02 2.3E+02 2.3E+02 2.3E+02 2.3E+02
		MAE 2.2E+01 7.2E+01 4.5E+01 2.3E+01 2.2E+01 2.0E+01 2.7E+01
	α	RMSD 3.5E+01 1.4E+02 8.9E+01 4.3E+01 4.0E+01 3.3E+01 4.8E+01
		MAX 4.9E+00 9.8E+00 7.5E+00 6.7E+00 6.7E+00 6.4E+00 6.5E+00
		%MAE	10	32	20	10	10	9	12
		MV 3.5E+03 9.0E+03 8.3E+03 6.9E+03 6.4E+03 5.8E+03 5.9E+03
		MAE 3.7E+03 4.5E+03 4.1E+03 2.3E+03 2.0E+03 1.7E+03 1.7E+03
	β	RMSD 5.5E+03 1.1E+04 9.2E+03 4.2E+03 3.4E+03 2.7E+03 2.7E+03
		MAX 1.9E+04 5.8E+04 5.1E+04 2.0E+04 1.3E+04 9.5E+03 9.6E+03
		%MAE	52	63	57	32	28	24	24
		MV 7.4E+05 2.8E+06 2.2E+06 1.6E+06 1.4E+06 1.3E+06 1.4E+06
		MAE 8.0E+05 2.1E+06 1.2E+06 5.1E+05 4.2E+05 3.5E+05 4.7E+05
	γ	RMSD 1.7E+06 9.2E+06 4.4E+06 1.3E+06 9.2E+05 7.4E+05 1.3E+06
		MAX 1.4E+04 3.3E+03 8.4E+03 9.3E+03 9.8E+03 9.5E+03 9.3E+03
		%MAE	52	134	80	33	27	23	30

Table B .

 B 12: Performance of HF and DFT methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules of the γ-NLO set. Units are a.u.

	Ref. orbitals	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 9.0E-01 7.0E-01 8.0E-01 8.0E-01 8.0E-01 8.0E-01 8.0E-01
		MAE 2.4E-01 3.1E-02 6.3E-02 9.2E-02 9.6E-02 9.9E-02 1.2E-01
	µ	RMSD 4.2E-01 4.3E-02 1.2E-01 1.7E-01 1.8E-01 2.0E-01 2.4E-01
		MAX 1.4E+00 1.2E-01 4.2E-01 5.9E-01 6.3E-01 6.7E-01 7.4E-01
		%MAE	34	4	9	13	14	14	17
		MV 1.2E+02 1.7E+02 1.5E+02 1.3E+02 1.3E+02 1.3E+02 1.4E+02
		MAE 9.4E+00 5.2E+01 3.4E+01 1.9E+01 1.7E+01 1.2E+01 2.9E+01
	α	RMSD 3.1E+01 2.3E+02 1.5E+02 7.4E+01 6.8E+01 4.4E+01 1.4E+02
		MAX 8.0E+01 8.7E+02 5.4E+02 2.5E+02 2.3E+02 1.4E+02 5.4E+02
		%MAE	8	44	30	16	15	10	25
		MV 2.4E+02 9.0E+02 5.5E+02 2.2E+02 1.9E+02 1.2E+02 1.4E+02
		MAE 1.1E+02 7.6E+02 4.1E+02 8.4E+01 5.8E+01 4.9E+01 5.1E+01
	β	RMSD 2.4E+02 2.4E+03 1.2E+03 2.0E+02 1.3E+02 1.6E+02 1.4E+02
		MAX 7.5E+02 1.0E+04 5.2E+03 6.3E+02 4.7E+02 7.4E+02 6.0E+02
		%MAE	76	552	298	61	42	35	37
		MV 2.9E+05 2.8E+06 1.6E+06 7.1E+05 6.2E+05 5.2E+05 6.3E+05
		MAE 1.6E+05 2.4E+06 1.1E+06 2.6E+05 1.7E+05 7.1E+04 2.1E+05
	γ	RMSD 1.6E+05 1.2E+07 5.5E+06 1.2E+06 7.3E+05 2.3E+05 1.0E+06
		MAX 4.5E+06 9.1E+07 3.9E+07 7.7E+06 4.7E+06 1.3E+06 7.9E+06
		%MAE	35	527	244	57	37	16	46

Table B .

 B 13: Performance of HF and DFT methods for the calculation of the NLO properties with respect to reference CCSD(T) values, for molecules of the β-NLO set. Units are a.u.

	Ref. orbitals	HF	BLYP B3LYP	CAM	ωXD	ωXV	ωMV
		MV 4.1E+00 4.2E+00 4.1E+00 4.0E+00 3.9E+00 3.9E+00 3.9E+00
		MAE 8.2E-01 8.8E-01 8.0E-01 6.3E-01 6.2E-01 5.3E-01 5.3E-01
	µ	RMSD 9.1E-01 1.1E+00 9.1E-01 6.9E-01 6.7E-01 5.7E-01 5.7E-01
		MAX 1.8E+00 2.4E+00 1.9E+00 1.2E+00 1.2E+00 1.0E+00 9.7E-01
		%MAE	25	26	24	19	19	16	16
		MV 3.5E+02 2.5E+02 2.9E+02 3.3E+02 3.3E+02 3.4E+02 3.4E+02
		MAE 3.5E+01 9.4E+01 5.6E+01 2.8E+01 2.7E+01 2.9E+01 2.9E+01
	α	RMSD 4.6E+01 1.4E+02 8.2E+01 3.8E+01 3.7E+01 3.8E+01 3.8E+01
		MAX 1.1E+02 5.9E+02 4.1E+02 2.5E+02 2.2E+02 1.9E+02 1.9E+02
		%MAE	10	27	16	8	8	8	8
		MV 4.9E+03 1.2E+04 1.2E+04 9.7E+03 9.0E+03 8.2E+03 8.3E+03
		MAE 5.2E+03 5.9E+03 5.5E+03 3.1E+03 2.8E+03 2.4E+03 2.4E+03
	β	RMSD 6.6E+03 1.3E+04 1.1E+04 5.0E+03 4.0E+03 3.2E+03 3.2E+03
		MAX 1.9E+04 5.8E+04 5.1E+04 2.0E+04 1.3E+04 9.5E+03 9.6E+03
		%MAE	52	59	55	31	28	24	24
		MV 1.2E+06 2.8E+06 2.9E+06 2.5E+06 2.3E+06 2.1E+06 2.1E+06
		MAE 1.5E+06 1.7E+06 1.4E+06 7.8E+05 6.9E+05 6.4E+05 6.1E+05
	γ	RMSD 2.3E+06 2.9E+06 2.9E+06 1.4E+06 1.1E+06 1.0E+06 9.8E+05
		MAX 7.5E+06 8.7E+06 1.2E+07 5.0E+06 3.5E+06 3.9E+06 3.7E+06
		%MAE	55	64	50	29	26	24	23

Table C .

 C 1: Collection of the energies of the Intramolecular non-covalent interactions on the Diet-GMTKN55. On the first column is indicated the name of the corresponding subset, while on the second and third columns the molecules considered as reactant and product for the calculation of the energy difference. All the energies are in kcal/mol. The geometries and reference methods can be found in the reference paper[1].

	C.4 Correlation indicators for CC2 calculations
	Dataset	Reactants Products ∆E Ref ∆E RI-CC2 ∆E RI-M P 2
	ACONF	H_ttt	H_g+x-t+	2.63	2.78	2.79
		H_ttt	H_x+g-g-	3.08	3.26	3.29
	BUt14DIOL	B1	B3	0.30	0.50	0.44
		B1	B30	2.85	4.24	4.15
		B1	B33	2.63	5.57	5.25
		B1	B39	3.06	4.71	4.58
		B1	B40	3.10	5.40	5.05
		B1	B43	3.29	4.97	4.75
		B1	B44	3.59	6.04	5.67
		B1	B54	3.15	6.04	5.67
	IDISP	octane1	octane2	-1.21	4.27	3.53
	MCONF	1	12	4.45	4.31	3.83
		1	21	3.11	5.60	5.38
		1	31	4.86	6.62	6.42
	PCONF21	99	366	0.70	3.96	3.62
	SCONF	G1	G3	6.16	-0.63	0.29
	UPU23	2p	1b	2.97	1.20	1.80
		2p	1g	2.20	1.58	1.81
		2p	7a	7.26	7.43	5.80
		2p	4b	5.48	5.74	5.80
				RMSE	1.41	1.28
				MAE	1.93	1.76

Table C .

 C 5: Evaluation of D1 and I N D diagnostic calculated on the optimized geometry at the CC2 level with the cc-pVDZ basis set. The D1 threshold for molecules with a potential multireference character is 0.05. In the case of I N D , we can take the dissociation of the H 2

Table C .

 C 8: RMSD without hydrogens (Å) between DFAs and CC2 geometries for E and Z isomers, calculated using DFAs without and with dispersion corrections. RMSD between MP2 and CC2 geometries are also reported.

	Compound Compound Compound	Approx. Approx. Approx.	RMSD (E ) RMSD (Z ) RMSD (E ) RMSD (Z ) RMSD (E ) RMSD (Z )
	b (R = Me) RI-MP2 d (R = tBu) RI-MP2 f (R = Cy) RI-MP2	0.02 0.00 0.03	0.06 0.00 0.01
		PBE PBE PBE	0.02 0.01 0.05	0.24 0.55 0.85
	Compound Approx. PBE-D3 PBE-D3 PBE-D3 rPW86PBE rPW86PBE rPW86PBE	0.02 0.01 0.05 RMSD (E ) RMSD (Z ) 0.17 0.13 0.14 0.03 0.27 0.03 0.56 0.19 0.96
	a (R = H) RI-MP2 rPW86PBE-VV rPW86PBE-VV rPW86PBE-VV	0.02 0.03 0.02 0.18	0.01 0.21 0.09 0.10
		PBE PBE0 PBE0 PBE0	0.02 0.01 0.03 0.02	0.20 0.18 0.48 0.76
		PBE-D3 PBE0-D3 PBE0-D3 PBE0-D3	0.02 0.01 0.03 0.03	0.17 0.11 0.11 0.11
		rPW86PBE B3LYP B3LYP B3LYP rPW86PBE-VV B3LYP-D3 B3LYP-D3 B3LYP-D3 PBE0 CAM-B3LYP CAM-B3LYP CAM-B3LYP CAM-B3LYP-D3 CAM-B3LYP-D3 CAM-B3LYP-D3	0.03 0.02 0.01 0.05 0.02 0.02 0.01 0.05 0.01 0.01 0.02 0.03 0.01 0.02 0.04	0.23 0.59 0.89 0.22 0.14 0.09 0.11 0.17 0.18 0.45 0.73 0.14 0.12 0.12 0.13
		PBE0-D3 LC-ωPBE LC-ωPBE LC-ωPBE	0.01 0.01 0.03 0.02	0.11 0.17 0.38 0.61
		B3LYP LC-ωPBE-D3 LC-ωPBE-D3 LC-ωPBE-D3	0.01 0.01 0.04 0.04	0.18 0.17 0.08 0.10
		B3LYP-D3 LC-ωPBE08 LC-ωPBE08 LC-ωPBE08	0.01 0.02 0.04 0.02	0.13 0.17 0.38 0.60
		CAM-B3LYP LC-ωPBE08-VV LC-ωPBE08-VV LC-ωPBE08-VV CAM-B3LYP-D3 ωB97-X ωB97-X ωB97-X LC-ωPBE ωB97-X-D ωB97-X-D ωB97-X-D BH&H BH&H BH&H	0.01 0.02 0.05 0.05 0.01 0.01 0.02 0.03 0.01 0.01 0.02 0.04 0.04 0.08 0.07	0.14 0.07 0.09 0.12 0.15 0.15 0.14 0.08 0.11 0.07 0.17 0.07 0.11 0.11 0.25
		LC-ωPBE-D3 M06 M06 M06	0.01 0.01 0.03 0.02	0.05 0.15 0.12 0.31
		LC-ωPBE08 M06L M06L M06L	0.01 0.01 0.02 0.03	0.07 0.18 0.07 0.27
		LC-ωPBE08-VV M06-2X M06-2X M06-2X	0.02 0.01 0.02 0.03	0.04 0.10 0.05 0.20
	ωB97-X M06-2X-D3 M06-2X-D3 M06-2X-D3 ωB97-X-D M06-HF M06-HF M06-HF c (R = iPr) RI-MP2 e (R = Ph) RI-MP2 g (R = Ad) RI-MP2	0.01 0.01 0.02 0.04 0.01 0.01 0.03 0.03 0.03 0.01 0.02	0.10 0.04 0.19 0.08 0.05 0.08 0.27 0.07 0.01 0.02 0.03
		BH&H PBE PBE PBE	0.04 0.05 0.09 0.02	0.09 0.57 1.08 0.87
		M06 PBE-D3 PBE-D3 PBE-D3	0.01 0.04 0.11 0.02	0.11 0.15 0.22 0.43
		M06L rPW86PBE rPW86PBE rPW86PBE	0.00 0.25 0.28 0.04	0.14 0.59 0.99 0.79
		M06-2X rPW86PBE-VV rPW86PBE-VV rPW86PBE-VV M06-2X-D3 PBE0 PBE0 PBE0 M06-HF PBE0-D3 PBE0-D3 PBE0-D3 B3LYP B3LYP B3LYP	0.01 0.24 0.28 0.03 0.01 0.02 0.10 0.03 0.01 0.01 0.12 0.03 0.04 0.08 0.02	0.30 0.44 0.20 0.08 0.49 0.97 0.79 0.08 0.13 0.20 0.43 0.02 0.58 1.07 0.99
		B3LYP-D3 B3LYP-D3 B3LYP-D3	0.03 0.10 0.02	0.12 0.14 0.42
		CAM-B3LYP CAM-B3LYP CAM-B3LYP	0.02 0.08 0.03	0.45 0.92 0.74
		CAM-B3LYP-D3 CAM-B3LYP-D3 CAM-B3LYP-D3	0.01 0.10 0.03	0.13 0.18 0.43
		LC-ωPBE LC-ωPBE LC-ωPBE	0.01 0.10 0.04	0.36 0.74 0.67
		LC-ωPBE-D3 LC-ωPBE-D3 LC-ωPBE-D3	0.01 0.12 0.04	0.36 0.12 0.43
		LC-ωPBE08 LC-ωPBE08 LC-ωPBE08	0.01 0.13 0.05	0.35 0.73 0.66
		LC-ωPBE08-VV LC-ωPBE08-VV LC-ωPBE08-VV	0.02 0.14 0.06	0.09 0.11 0.45
		ωB97-X ωB97-X ωB97-X	0.02 0.16 0.02	0.15 0.31 0.23
		ωB97-X-D ωB97-X-D ωB97-X-D	0.02 0.17 0.02	0.08 0.12 0.06
		BH&H BH&H BH&H	0.05 0.16 0.10	0.18 0.14 0.15
		M06 M06 M06	0.01 0.07 0.03	0.29 0.28 0.11
		M06L M06L M06L	0.01 0.26 0.03	0.27 0.42 0.10
		M06-2X M06-2X M06-2X	0.01 0.18 0.03	0.33 0.17 0.12
		M06-2X-D3 M06-2X-D3 M06-2X-D3	0.01 0.14 0.03	0.31 0.13 0.08
		M06-HF M06-HF M06-HF	0.02 0.09 0.03	0.28 0.21 0.17

Table C .

 C 9: Average values of the RMSD calculations (Å) without the hydrogens for each set of molecules in E and Z isomers.

	C.7 RMSD analysis with hydrogens						
	0.2 0.3 0.4 0.5 0.6 RMSD [A]	PBE rPW86-PBE B3LYP PBE0 M06-2X CAM-B3LYP B97-X LC-PBE LC-PBE08 M06 M06L M06HF BH&H						0.4 0.6 0.8 1.0 1.2 RMSD [A]	PBE rPW86-PBE B3LYP PBE0 M06-2X CAM-B3LYP B97-X LC-PBE LC-PBE08 M06 M06L M06-HF BH&H					
	0.1								0.2							
	0.0	H	Meth	iProp	tBut	Phen	Cycl	Adam	0.0	H	Me	iPr	tBu	Ph	Cy	Ad
			Functional		Average RMSD (E) Average RMSD (Z)		
			RI-MP2 PBE (a)			0.02 0.04				0.02 0.62	(b)			
			PBE-D3				0.04				0.20				
			rPW86PBE			0.12				0.62				
			rPW86PBE-VV		0.11				0.22				
			B3LYP				0.03				0.65				
			B3LYP-D3			0.03				0.16				
			PBE0				0.03				0.55				
			PBE0-D3				0.03				0.17				
			M06-2X				0.04				0.15				
			M06-2X-D3			0.04				0.13				
			CAM-B3LYP			0.03				0.51				
			CAM-B3LYP-D3		0.03				0.17				
			ωB97X				0.04				0.17				
			ωB97X-D				0.04				0.10				
			LC-ωPBE			0.03				0.43				
			LC-ωPBE-D3			0.04				0.19				
			LC-ωPBE08			0.04				0.42				
			LC-ωPBE08-VV		0.05				0.14				
			M06					0.02				0.20				
			M06L				0.05				0.21				
			M06-HF				0.03				0.15				
			BH&H				0.08				0.15				

Table C .

 C 10: RMSD (Å) between geometries optimized using DFAs with and without dispersion corrections (in parenthesis) for E and Z isomers.

	Molecule	Approx.	RMSD (E ) RMSD (Z )
	d (R = tBu) PBE(D3)	0.01	0.53
	Molecule a (R = H) e (R = Ph) b (R = Me) PBE(D3) Approx. rPW86PBE(VV) PBE(D3) PBE0(D3) rPW86PBE (VV) B3LYP(D3) PBE0(D3) M06-2X(D3) B3LYP(D3) CAM-B3LYP(D3) M06-2X(D3) LC-ωPBE(D3) CAM-B3LYP(D3) LC-ωPBE08(VV) LC-ωPBE(D3) ωB97X(D) LC-ωPBE08(VV) PBE(D3) ωB97X(D) rPW86PBE(VV) PBE0(D3) rPW86PBE(VV) B3LYP(D3) PBE0(D3) M06-2X(D3) B3LYP(D3) CAM-B3LYP(D3) M06-2X(D3) LC-ωPBE(D3) CAM-B3LYP(D3) LC-ωPBE08(VV) LC-ωPBE(D3) ωB97X(D) LC-ωPBE08(VV) f (R = Cy) PBE(D3) ωB97X(D) rPW86PBE(VV) c (R = i Pr) PBE(D3) PBE0(D3) rPW86PBE(VV) B3LYP(D3) PBE0(D3) M06-2X(D3) B3LYP(D3) CAM-B3LYP(D3) M06-2X(D3) LC-ωPBE(D3) CAM-B3LYP(D3) LC-ωPBE08(VV) LC-ωPBE(D3) ωB97X(D) LC-ωPBE08(VV) g (R = Ad) PBE(D3) ωB97X(D) rPW86PBE(VV) PBE0(D3)	0.02 RMSD (E ) RMSD (Z ) 0.59 0.00 0.01 0.47 0.05 0.01 0.01 0.64 0.06 0.00 0.00 0.05 0.05 0.00 0.01 0.44 0.07 0.00 0.01 0.49 0.00 0.00 0.01 0.49 0.05 0.00 0.01 0.23 0.06 0.01 0.03 0.97 0.01 0.00 0.02 0.74 0.02 0.00 0.03 0.88 0.01 0.01 0.03 1.07 0.08 0.00 0.04 0.05 0.10 0.01 0.03 0.89 0.12 0.00 0.03 0.72 0.03 0.00 0.03 0.71 0.10 0.00 0.03 0.22 0.12 0.01 0.03 1.00 0.16 0.00 0.03 1.08 0.06 0.01 0.03 0.94 0.72 0.03 0.04 1.11 0.73 0.01 0.01 0.04 0.64 0.02 0.03 0.94 0.77 0.00 0.03 0.81 0.05 0.02 0.03 0.76 0.62 0.02 0.01 0.18 0.65 0.01 0.02 0.90 0.53 0.00 0.02 1.15 0.15 0.02 0.79
		B3LYP(D3)	0.02	1.02
		M06-2X(D3)	0.00	0.07
		CAM-B3LYP(D3)	0.02	0.69
		LC-ωPBE(D3)	0.02	0.61
		LC-ωPBE08(VV)	0.02	0.61
		ωB97X(D)	0.01	0.27

Table C .

 C 11: RMSD (Å) between DFAs and CC2 geometries for E and Z isomers, calculated using DFAs without and with dispersion corrections. RMSD between MP2 and CC2 geometries are also reported.

				Compound	Approx.	RMSD (E ) RMSD (Z )
	0.4 0.6 0.8 1.0 1.2 RMSD [A]	Compound Approx. a (R = H) RI-MP2 PBE PBE-D3 b (R = Me) RI-MP2 PBE PBE-D3 rPW86PBE-VV rPW86PBE PBE0 PBE0-D3 d (R = tBu) RI-MP2 PBE PBE-D3 rPW86PBE-VV rPW86PBE PBE0 PBE0-D3 f (R = Cy) RI-MP2 PBE PBE-D3 rPW86PBE-VV rPW86PBE PBE0 PBE0-D3 rPW86-PBE PBE B3LYP PBE0 M06-2X CAM-B3LYP B97-X LC-PBE LC-PBE08 M06 M06L M06-HF BH&H	RMSD (E ) RMSD (Z ) 0.02 0.02 0.03 0.24 0.03 0.20 0.03 0.08 0.04 0.35 0.03 0.27 0.04 0.26 0.04 0.34 0.01 0.30 0.01 0.22 0.003 0.002 0.02 0.67 0.02 0.14 0.02 0.11 0.03 0.69 0.03 0.60 0.03 0.12 0.04 0.01 0.03 1.03 0.03 0.20 0.22 0.13 0.23 1.06 0.03 0.94 0.04 0.16
	0.0 0.2	H	Me	iPr	tBu	rPW86PBE-VV rPW86PBE PBE0 CAM-B3LYP-D3 CAM-B3LYP-D3 CAM-B3LYP-D3 CAM-B3LYP CAM-B3LYP CAM-B3LYP Ph Cy Ad B3LYP B3LYP-D3 B3LYP B3LYP-D3 B3LYP B3LYP-D3	0.03 0.03 0.01 0.01 0.02 0.04 0.01 0.02 0.03 0.02 0.02 0.02 0.01 0.03 0.03	0.21 0.28 0.15 0.18 0.17 0.32 0.56 0.92 0.26 0.36 0.26 0.73 0.10 1.06 0.16
							PBE0-D3 LC-ωPBE LC-ωPBE LC-ωPBE	0.01 0.01 0.04 0.04	0.13 0.34 0.48 0.75
							B3LYP LC-ωPBE-D3 LC-ωPBE-D3 LC-ωPBE-D3	0.02 0.01 0.04 0.06	0.22 0.34 0.09 0.15
							B3LYP-D3 LC-ωPBE08 LC-ωPBE08 LC-ωPBE08	0.02 0.01 0.04 0.03	0.15 0.34 0.47 0.74
							CAM-B3LYP LC-ωPBE08-VV LC-ωPBE08-VV LC-ωPBE08-VV CAM-B3LYP-D3 ωB97-X ωB97-X ωB97-X LC-ωPBE ωB97-X-D ωB97-X-D ωB97-X-D BH&H BH&H BH&H	0.01 0.02 0.05 0.05 0.01 0.01 0.02 0.03 0.01 0.01 0.02 0.04 0.05 0.09 0.11	0.26 0.09 0.13 0.14 0.30 0.19 0.20 0.10 0.27 0.09 0.24 0.10 0.20 0.15 0.36
							LC-ωPBE-D3 M06 M06 M06	0.01 0.01 0.03 0.04	0.08 0.23 0.16 0.46
							LC-ωPBE08 M06L M06L M06L	0.01 0.01 0.03 0.04	0.09 0.24 0.08 0.37
							LC-ωPBE08-VV M06-2X M06-2X M06-2X	0.02 0.01 0.03 0.04	0.26 0.27 0.06 0.29
				ωB97-X M06-2X-D3 M06-2X-D3 M06-2X-D3 ωB97-X-D M06-HF M06-HF M06-HF c (R = i Pr) RI-MP2 e (R = Ph) RI-MP2 g (R = Ad) RI-MP2	0.01 0.01 0.03 0.05 0.01 0.02 0.03 0.03 0.04 0.01 0.02	0.26 0.04 0.29 0.10 0.27 0.10 0.41 0.08 0.01 0.03 0.03
							BH&H PBE PBE PBE	0.04 0.07 0.12 0.03	0.11 0.74 1.19 0.97
							M06 PBE-D3 PBE-D3 PBE-D3	0.01 0.06 0.14 0.02	0.13 0.22 0.24 0.43
							M06L rPW86PBE-VV rPW86PBE-VV rPw86PBE-VV	0.01 0.32 0.32 0.04	0.18 0.26 0.48 0.27
							M06-2X rPW86PBE rPW86PBE rPw86PBE M06-2X-D3 PBE0 PBE0 PBE0 M06-HF PBE0-D3 PBE0-D3 PBE0-D3 B3LYP B3LYP B3LYP	0.01 0.34 0.32 0.05 0.01 0.03 0.12 0.03 0.01 0.02 0.14 0.03 0.06 0.10 0.03	0.68 1.09 0.87 0.10 0.64 1.08 0.88 0.09 0.20 0.21 0.43 0.03 0.80 1.18 1.09
							B3LYP-D3 B3LYP-D3 B3LYP-D3	0.04 0.12 0.02	0.19 0.15 0.42
							CAM-B3LYP CAM-B3LYP CAM-B3LYP	0.04 0.09 0.03	0.58 1.02 0.81
							CAM-B3LYP-D3 CAM-B3LYP-D3 CAM-B3LYP-D3	0.02 0.12 0.03	0.20 0.21 0.43
							LC-ωPBE LC-ωPBE LC-ωPBE	0.03 0.12 0.04	0.48 0.84 0.74
							LC-ωPBE-D3 LC-ωPBE-D3 LC-ωPBE-D3	0.01 0.14 0.04	0.38 0.15 0.42
							LC-ωPBE08 LC-ωPBE08 LC-ωPBE08	0.02 0.15 0.06	0.47 0.81 0.73
							LC-ωPBE08-VV LC-ωPBE08-VV LC-ωPBE08-VV	0.02 0.16 0.06	0.14 0.13 0.44
							ωB97-X ωB97-X wB97-X	0.03 0.19 0.03	0.21 0.35 0.27
							ωB97-X-D ωB97-X-D wB97-X-D	0.03 0.20 0.02	0.14 0.14 0.06
							BH&H BH&H BH&H	0.05 0.20 0.10	0.30 0.16 0.19
							M06 M06 M06	0.02 0.09 0.04	0.50 0.31 0.13
							M06L M06L M06L	0.02 0.32 0.03	0.36 0.46 0.12
							M06-2X M06-2X M06-2X	0.02 0.21 0.03	0.53 0.19 0.15
							M06-2X-D3 M06-2X-D3 M06-2X-D3	0.02 0.17 0.03	0.25 0.14 0.10
							M06-HF M06-HF M06-HF	0.02 0.12 0.03	0.49 0.25 0.21

Table C .

 C 12: Difference in the energy of the trans (E) and cis (Z) forms, ∆E EZ = E Z -E E , as calculated at the HF, RI-CC2 and RI-MP2 levels with the cc-pVDZ basis set. All energy values are in kcal.mol -1 .

	Molecule	Approx. ∆E EZ
	a (R = H)	RI-CC2 11.46
		RI-MP2 12.01
		HF	17.9
	b (R = Me) RI-CC2 10.87
		RI-MP2 11.43
		HF	17.4
	c (R = i Pr) RI-CC2	8.06
		RI-MP2 8.90
		HF	17.5
	d (R = tBu) RI-CC2	6.73
		RI-MP2 7.70
		HF	17.7
	e (R = Ph)	RI-CC2	4.04
		RI-MP2	4.9
		HF	17.4
	f (R = Cy)	RI-CC2	5.16
		RI-MP2 6.41
		HF	17.3
	g (R = Ad) RI-CC2	0.80
		RI-MP2 2.67
		HF	17.4

Table C .

 C 18: Vector (β i ) and tensor (β ijk ) components of the total first hyperpolarizability, as calculated summing all the orbital contributions of the hyperpolarizzability tensors obtained by the PNOC analysis at CAM-B3LYP/6-311++G** level. β xxx β yyx β zzx β x β yyy β xxy β zzy β Table C.16: Absolute errors relative to MP2 (AE(%) = |β DF T -β M P 2 |/β M P 2 ×100) on the total first hyperpolarizabilities of cis isomers, as calculated for selected hybrid functionals. DFA R = H R = Me R = i Pr R = tBu R = Ph R = Cy Mean AE Table C.20: Predominant orbitals and corresponding hyperpolarizability contribution according to PNOC decomposition, ordered by importance. Units are a.u. Calculations done with CAM-B3LYP functional for the azobenzene series. H and L indicate the HOMO and LUMO for each compound. N H is the total number of occupied MOs.

		R=Ph N H =128							R=Cy N H =140
	N orb	β zxx	N orb	β zyy	N orb	β zzz		N orb	β zxx	N orb	β zyy	N orb	β zzz
	L+2 -638.7 H-1 1030.9 H-1	631.0			H	408.4	H-1	327.0	H-3	214.1
	Molecule H-3 624.6	H-2	997.7	H-2	533.1			y H-3 332.7	β zzz H-2	β xxz 286.2	β yyz H-2	β z 193.2	β tot
	a (R = H) b (R = Me) L+1 -605.1 L+2 -953.8 L+2 -451.5 -0.0 -0.1 0.0 -0.4 2.9 -10.4 -0.4 -2.2 1.9 -2.1 4.2 8.3	0.1 -1.1 H-2 265.1 -22.3 34.3	31.4 -155.9 14.5 -330.2 66.2 -30.7 -160.7 -26.7 -654.4 131.1 H-3 224.2 H-1 158.6
	c (R = i Pr) H-1 528.4 -2.3	-0.9 R=H N H =48 0.6 H-3 942.6 L+3 -434.8 -7.9 -16.0	8.6		8.2 H-1 207.8 2.0	-15.6 -145.6 17.7 -430.6 86.1 R=Me N H =64 H-5 213.8 L+5 -151.1
	d (R = tBu) -32.2 10.1 e (R = Ph) -0.3 -6.3 N orb β zxx N orb H-2 505.2 L+3 -862.9 H+2 -285.8 -9.5 -94.9 -3.0 5.9 -1.9 13.7 β zyy N orb β zzz f (R = Cy) 5.4 6.0 -12.1 -2.2 7.7 H 397.0 H-1 137.0 H-3 182.5 H-5 494.8 H+2 -860.3 H-6 272.5	0.5 6.6 5.4	18.4 -10.2 N orb L+5 -185.3 H-16 198.8 H-16 149.2 47.8 -21.7 -170.2 52.4 -418.5 86.3 30.3 β zxx N orb β zyy N orb β zzz 22.7 -148.1 -98.6 -672.3 134.6 -1.7 34.2 -13.5 -142.5 -39.9 -587.8 117.8 H 464.7 H-1 204.5 H-3 221.8 H-7 169.9 L+5 -197.4 H-13 148.8
	g (R = Ad) H-3 268.5 L+2 -127.4 H-2 181.2 2.7 -22.4 14.3 -15.9 -54.3 -18.5 R=Ad N H =196	4.1 H-3 356.5 H-2 181.5 H-2 212.8 -206.0 -70.2 -170.0 4.2 -708.0 147.5
	H-2 261.6 H-3 118.7 L+3 -169.9 N orb β zxx N orb β zyy N orb β zzz			L+4 -300.3 L+2 -149.0 L+4 -156.9
	H-4 240.2 H-2 109.9 L+7 -114.3 H 448.86 H-1 330.88 H-3 229.41		H-2 268.7 L+7 -146.2 H-1 152.6
	L+3 -200.2 L+3 -94.7 L+1 -103.7 H-3 352.31 H-2 287.14 H-2 205.59		L+2 -244.7 H-3 142.2 L+2 -145.4
	L+8 -193.5 H-2 265.25 H-3 208.47 H-1 175.41 H 79.6 H-1 100.4		H-1 224.3	H	122.5 L+7 -132.5
	R=iPr N H =96 H-1 235.28 H-5 207.32 H-9 158.35				R=tBu N H =112
	N orb H-6 224.77 β zxx	N orb H	β zyy 189.34 H-12 157.32 N orb β zzz		N orb	β zxx	N orb	β zyy	N orb	β zzz
	H H-7 205.63 H-7 410.9 H-1	263.8 H-3 216.7 184.2 H-15 134.75		H	459.0 H-1 253.9 H-3 222.5
	H-3 337.4 H-2	215.0 H-2 187.9			H-3 381.5 H-2 203.2 H-2 209.7
	H-2 246.0 L+4 -199.6 H-1 143.0			H-2 239.9 H-5 163.5 L+6 -151.8
	L+5 -231.1 H-3	182.8 L+5 -113.2			L+5 -219.2 H-4 162.9 H-1 141.6
	H-1 184.5	H-5	157.4 L+8 -111.0			H-1 190.5	H	143.0 L+5 -134.6
	L+6 -181.5	H	148.4 L+4 -107.4			105	186.9 L+4 -138.1 L+1 -100.8

Table C .

 C 21: Comparison between the predominant orbital contribution of the hyperpolarizability (in a. u.) tested for the functionals CAM-B3LYP and PBE performed on the substituents R=i Pr and R=Ph. H indicates the number of the HOMO orbital for each compound while L indicates the corresponding LUMO.

		R=iP N H =96			R=Ph N H =128	
	CAM-B3LYP	PBE	CAM-B3LYP	PBE
	N orb	β zxx	N orb	β zxx	N orb	β zxx	N orb	β zxx
	H	410.9 H-3 561.7	L+2 -638.7 L+2 -918.82
	H-3	337.4 H-4 514.8	H-3	624.6	H-3 862.83
	H-2	246.0 L+3 -405.5	L+1 -605.1 L+1 -795.17
	L+4 -231.1 L+2 -357.6	H-1	528.4	H-2 685.38
	H-1	184.5 L+1 -335.4	H-2	505.2	H-4 608.30
	L+5 -181.5	H	268.4	H-5	494.8	H-1 593.97

Table D .

 D 2: Values of the bond distances d ij and BLA (Å), and of dihedrals (degrees) optimized at the DFT and MM levels with the original and reparameterized GAFF. Absolute differences with DFT values are also reported. Parameters DFT MM (GAFF rep.) Diff. MM (GAFF orig.) Diff.

	d 12	1.424	1.423	-0.001	1.506	0.082
	d 23	1.372	1.373	0.001	1.334	-0.038
	d 34	1.411	1.411	0.000	1.332	-0.079
	d 45	1.372	1.374	0.002	1.330	-0.042
	d 56	1.412	1.411	-0.001	1.331	-0.081
	d 67	1.370	1.371	0.001	1.333	-0.036
	d 78	1.415	1.416	0.001	1.490	0.075
	BLA	-0.043	-0.041	0.002	-0.054	-0.097
	θ 1	1.4	4.6	3.3	-4.6	3.2
	θ 2	2.8	14.0	11.2	16.9	14.1
	θ 3	-178.9	-176.8	2.0	-179.9	1.1
	θ 4	-179.3	179.7	0.4	179.8	0.6
	θ 5	179.9	171.8	8.0	180.0	0.1
	θ 6	-179.3	-179.3	0.1	-179.3	0.0
	θ 7	179.8	179.0	0.8	179.9	0.1
	θ 8	179.9	179.4	0.5	179.9	0.0

Table D .

 D 3: Static β || values (a.u.) calculated at the IEF-PCM/M06-2X/6-311+G(d) level in chloroform using the DFT and MM geometries, and using the MM geometry while fixing all dihedral angles listed in TableD.2 to their DFT-optimized values. Deviations (in %) with respect to values computed using the DFT geometry are listed in the last column. Assessment of the quality of the force field used for chloroform

	Geometry	β || (0; 0, 0) % wrt DFT
	DFT	1.92E+05	-
	MM (GAFF original)	2.27E+05	15.2
	MM (GAFF reparameterized)	2.08E+05	7.3
	MM (GAFF rep. + DFT dihedrals) 2.05E+05	6.0
	D.2.3		

Table D .

 D 4: Values of geometrical parameters (BLA and d N I in Å, and dihedral angles θ i in degrees) averaged over 40000 structures and over the 400 snapshots selected for calculation of the NLO properties.

	Property MD (40000 snapshots) MD (400 snapshots)
	BLA	-0.042 ± 0.022	-0.045 ± 0.023
	d N I	4.56 ± 0.48	4.57 ± 0.47
	θ 1	-0.4 ± 14.1	0.4 ± 12.9

Acknowledgements

Methodology

Theoretical Methods

In this section, we briefly review various accelerated and enhanced WFMs. Acceleration techniques aim to reduce the genuine (unaccelerated) method's computational time without sacrificing accuracy. On the other hand, enhancement techniques aim at increasing the accuracy of the canonical method without increasing the computational cost. A summary of the methods considered in this study is provided in Among acceleration techniques, one of the most popular methods is the resolution of identity (RI). Within this scheme, the two-electron (four-index) integrals, are approximated as two-or three-index integrals through a density-fitting procedure, thus reducing the scaling with respect to the basis set size. The expression of the fundamental equations regarding RI approximations are reported in Section 2.4.1. The main limitation of the RI method is that the density fitting has to be parameterized for a specific canonical basis set [59,60], and auxiliary basis sets are not available for all basis sets reported in the literature. Implementations of RI for MP2, CC, or DFT are available. However, the perfomance of most RI-CCSD implementations is not as good as expected. For instance, the implementation of RI-CCSD in ORCA [61] is in practice slower than the canonical CCSD. For this reason, in this chapter, we have limited our assessment to RI-MP2 variants. The RI approximation can be applied independently to the self-consistent field (SCF) part of the calculation, to the post-HF, or to both. In the present work, we applied the RI either to the MP2 part only [62][63][64] (RI-MP2, hereafter) or to both the SCF and MP2 parts. Two different versions of RI-SCF calculations have been tested, the RI-JK-SCF method [65], in which both the Coulomb (J) and exchange (K) integrals are treated with the RI method, and the chain of spheres method (RI-J-COSX-SCF), in which the Chapter 7

Electric-field induced second harmonic generation responses of push-pull polyenic dyes: Experimental and theoretical characterizations 

Introduction

The design of organic dyes delivering high second-order nonlinear optical (NLO) properties is an important issue in many (bio)technological fields for probing asymmetric media such as artificial interfaces or cell membranes [1]. In particular, the exogenous labeling of lipid bilayers by amphiphilic potential-sensitive dyes displaying large second harmonic generation (SHG) responses is at the heart of high resolution imaging microscopy techniques [2][3][4][5]. SHG probes are usually designed by functionalizing the two extremities of a π-conjugated linker by electron-donating and electron-withdrawing substituents, which provide the asymmetry required for quadratic NLO phenomena. The elaboration of SHG chromophores based on this dipolar architecture [6][7][8][9], including responsive systems such as NLO switches [10][11][12], has been the object of intense research in the last 30 years. In this context, the synthesis and characterization of the SHG responses of amphiphilic chromophores incorporating a pyridinium acceptor and a dibutylaminophenyl donor as terminal groups, connected through increasingly large polyenic bridges (series A, Figure 7.1) it has been reported [13]. The presence of the hydrophobic butyl chains on the donor group, together with the positively-charged hydrophilic acceptor moiety, confers an amphiphilic character to these push-pull dyes, which facilitates their interaction Appendix A Supporting information of Chapter 4

A.1 Computational time

Before computing the optical properties of the molecules belonging to the γ-NLO set, we performed a test to have a rough idea about the relative computational time required for computing the electrical (hyper)polarizabilities with all the methods considered in this study. Regarding CCSD(T) and CCSD calculations, we performed free-field single point (SP) calculations on the five PA oligomers of the γ-NLO set, as they cover a reasonable range of molecular sizes representative of the whole set. For MP2, the SP calculations were much faster. For this reason, we decided to switch from PA oligomers to PDA oligomers, which are the biggest molecules of the γ-NLO set. All the calculations have been performed on a single node with 16 processors Intel Xeon Gold 6140, with a disk memory of 384 GB and 64 GB of RAM. For CCSD and CCSD(T) calculations all the processors were used in the calculations, while MP2 calculations were run serially. The all times in minutes for each calculation are collected in Tables A.2, A.1 and A.3. The asymptotic behavior of these methods has been evaluated by a polynomial fit correlating the time consumed to the number of basis functions associated with each studied system. The fitting has been performed by adjusting a and b in the function y = ax b , and including the point (0,0) in the fit. We also included CAM-B3LYP SP calculations for the same molecules in order to verify how these methods perform time-wise with respect to a range separated density functional approach time scaling. The results are collected in Figures A.1, A.2, A.3 and Table A.4. From the resulting fit of CC approximations, in general CCSD and CCSD(T) are faster than their corresponding RI counterparts. This behavior is associated to the density fitting implementations, which might not be optimal for these methods. On the contrary, when employing RI-MP2 and RIJK-MP2 schemes, the computational cost drops substantially with respect to MP2. Regarding the RIJCOSX method we observed that moving from the default COSX grid to the COSX2 one (more dense grid) does not substantially affect the cost, and therefore only the second one is presented in the manuscript. Surprisingly, RI approximations result computationally cheaper even with respect to CAM-B3LYP computations, confirming We compare here the performance of analytic DLPNO-MP2 calculations for computing polarizabilities (DLPNO-MP2-α) with numerical (from 9 energy computations) DLPNO-MP2 calculations in Orca 5. 

A.3 Numerical errors

Before verifying the accuracy of the NLOPs, the associated numerical errors were addressed. In Table A.9, we collect the MARoE and the ratio %MARoE of the Romberg error associated to each property for for the canonical and accelerated MP2 methods. We shall stress here that the Romberg error is not equal to the numerical error, but constitutes an estimation of its order of magnitude.

Appendix B

Supporting information of Chapter 5

B.1 T1 diagnostics for molecules of the β-set In order to verify that the choice of RI-CC2 as reference geometry is valid for the systems under investigation, we evaluated the performances of both RI-CC2 and RI-MP2 methods on the benchmark dataset Diet-GMTKN55 [1]. Among all the molecules of the set we reproduced 20 energy differences which belong to the subset of "Intramolecular noncovalent interactions", namely the molecules of Diet-GMTKN55 which also belong to the sets: ACONF, BUT14DIOL, IDISP, MCONF, PCONF21, SCONF and UPU23. The calculations have been performed using the cc-pVDZ basis set. The results are reported in Table C.1. Both RI-CC2 and RI-MP2 methods reproduce the reference data to a good accuracy (the MAE is 1.93 for RI-CC2 and 1.76 for RI-MP2).

C.2 Impact of the basis set 

, calculated at T = 300 K and P = 1 atm. All calculations were done using the cc-pVDZ basis set. All energy values are in kcal.mol -1 . The Gibbs free energy have been calculated for the functionals implemented in Gaussian using the quasi-harmonic approximation (qa-G) employing the software goodvibes.py [15]. The vibrational entropy was tested using the Grimme scheme [16], while the enthalpy contributions were evaluated with the Head-Gordon scheme [17].

The threshold for which the qa-G was employed is 100 cm -1 . For the functionals calculated with Q-Chem (namely, rPW86 C.9 Calculations for the Ph molecule

DFAs with dispersion corrections are able to reproduce qualitatively well the energy gap of all the systems considered. However, we observed that are much less accurate for the compound f, which includes phenyl substituents in the meso position. In order to investigate these discrepancies, we performed single-point calculations on the RI-CC2 geometries for this molecule. The results are collected in Table C. 14 The bond length alternation (BLA) along the conjugated polyenic bridge connecting the donor and acceptor units is calculated as:

where N is the total number of carbon atoms in the π-conjugated chain and d i,j is the interatomic distance between carbons i and j. According to the 2-state resonance picture schematized in Figure D.1 for D3, a negative (positive) value of the BLA calculated along the C 1 -C 8 chain indicates that the ground-state electronic structure is dominated by structure 1 (2). A value equal to zero indicates that the two resonance forms equivalently contribute to the ground-state. At the DFT level, the BLA along the polyenic bridge amounts to -0.043 Å while the original GAFF (Generalized Amber Force Field) relaxed geometry yields a value of -0.054 Å due to the limited number of atom types used (ca and c2). Besides, the planarity of the DFT structure is not well reproduced, with out-of-plane deviations of up to 14 • . These discrepancies in the molecular structure with respect to DFT expectedly translate into poor estimations of the first hyperpolarizability, namely β || (GAFF) = 2.269 10 5 a.u. against 1.924 10 5 a.u. with the reference DFT geometry.

To achieve a more accurate description of the molecular geometry, we derived consistently new parameters for both bonds and torsional potentials following an iterative approach using a simplified structure of the D3 molecule, in which butyl chains were removed from the chromophore (Figure D.2). Practically, several new atom types were added to the original GAFF (Figure S2a) to properly reproduce the bond lengths (and thus, the BLA) and the torsional potentials around the dihedral angles θ 1 -θ 5 , fitted on relaxed potential energy scans performed at the M06-2X/6-311G(d) level in the gas phase (Figure D.3). Note that the torsional potentials around the θ 6 -θ 8 angles were not reparameterized and used as defined in the standard version of GAFF in all MD simulations. Converged parameters were used as starting point to describe the whole D3 molecule, including butyl chains. A final refinement of the bonds was done so as to reproduce accurately the DFT geometry of the whole system and proper description of the dihedrals was checked.