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Florian Debras Chargé de recherche, IRAP, Toulouse

Agnès Fienga Astronome, Observatoire de la Côte d’Azur
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Abstract

Interiors of giant planets: from Juno to Plato

Studying the interiors of planets is essential to gain profound comprehension of the

processes that drive planetary formation. The present internal structures of planets

reflect their origins and evolutionary paths. Jupiter, the largest planet in our Solar

System, is of particular significance as it is believed to have formed first, offering insights

into the early stages of our system. Understanding Jupiter’s interior is also relevant in

light of the discovery of over 5 000 exoplanets, many of which being gas giants.

The Juno mission, orbiting Jupiter since 2016, has changed our view of Jupiter’s interior

and revealed its complexity. By measuring extremely accurately the planet’s gravity

field, it has provided tight constraints for models of its internal structure. Matching

these constraints in addition to atmospheric measurements of composition and surface

temperature has proven challenging for interior models. Thus, the primary goal of this

thesis was to investigate solutions that reconcile the various observations of Jupiter.

Throughout this work, I conducted Markov chain Monte Carlo calculations to explore a

wide range of plausible interior models for Jupiter. First, by examining the heavy ele-

ment distribution in the interior, the envelope of Jupiter was found to be inhomogeneous.

However, the models required invoking a warmer interior than expected. Furthermore, I

showed that uncertainties in the equation of state are an important part of the analysis.

In particular, non-ideal mixing effects due to interactions between hydrogen and helium

must be considered and I thus developed an equation of state table to incorporate those

effects. The constructed table, along with uncertainties in the equation of state, was

then taken into account when calculating interior models. Specific emphasis was placed

on determining the extent of the dilute core, a region above the central core and where

heavy elements are gradually mixed in the hydrogen-helium envelope. The size of the

dilute core holds major importance to understand the origin and evolution of Jupiter.

Previous models pointed to solutions with very extended dilute cores, in tension with

evolution models including mixing in the planetary interior. I have identified alternative

solutions, featuring less extended dilute cores, in better agreement with evolution models

and with interior models of Saturn. But still, our models could not fully satisfy the high

heavy element abundance measured in Jupiter’s atmosphere. One potential solution is

the presence of an inward-decrease of the heavy element abundance. To investigate such

hypothesis, constraints on the properties of the accreted material responsible for the at-

mosphere’s enrichment were considered. This scenario is however found to be unlikely.

We must conclude that the interior of Jupiter remains mysterious.

What we learn on Jupiter must be applied to exoplanets (or has direct consequences

for our comprehension of giant exoplanets). In a few years only, Plato will provide

accurate measurements of the radii, masses and also ages of many planetary systems.
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Understanding the interior structure and evolution of giant planets enables us to infer

their bulk compositions from these measurements. I showed that including non-ideal

mixing effects in the equation of state can affect the calculated radii by up to 6%,

therefore affecting the inferred composition potentially significantly. I used evolution

models to constrain newly discovered transiting giant planets, with particular emphasis

for systems of giant planets. In these systems, the planets must have the same age,

therefore allowing a more precise comparison of their composition. This is important in

order to understand their formation pathways. Demographic statistics on a sufficiently

large sample of exoplanets will contribute to advancements also in the understanding of

our solar system.

Keywords Giant planets, Jupiter, exoplanets, interiors, composition, equation of

state
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Intérieurs des planètes géantes: de Juno à Plato

Etudier l’intérieur des planètes est crucial pour comprendre les processus qui régissent la

formation des planètes. Leur structure interne actuelle reflète leur origine et évolution.

Jupiter, la plus grande planète de notre système solaire, est particulièrement importante.

Elle est l’une des premières à s’être formée et est donc une relique de la genèse de notre

système. Bien comprendre son intérieur est fondamental, d’autant plus que plus de 5 000

exoplanètes ont été découvertes, parmi lesquelles de nombreuses sont des géantes de gaz.

La mission Juno, en orbite autour de Jupiter depuis 2016, a changé notre vision de sa

structure interne et a révélé sa complexité. En mesurant avec une extrême précision le

champ de gravité de la planète, elle a fourni des contraintes strictes pour les modèles

de structure interne. Cependant, réconcilier ces contraintes en plus des mesures atmo-

sphériques de composition et de température de surface est complexe. Ainsi, l’objectif

principal de ma thèse est de trouver des modèles de Jupiter en accord avec les diverses

observations.

Tout au long de ma thèse, j’ai réalisé des calculs MCMC (Markov chain Monte Carlo)

afin d’explorer un large ensemble de modèles d’intérieur. Tout d’abord, en examinant

la distribution des éléments lourds, il a été constaté que l’enveloppe de Jupiter est inho-

mogène. Toutefois, ces modèles requièrent un intérieur plus chaud que prévu. De plus,

j’ai montré que les incertitudes liées à l’équation d’état sont importantes. En particulier,

les effets de mélange non idéaux dus aux interactions entre hydrogène et hélium doivent

être pris en compte. J’ai donc développé une table d’équation d’état pour incorporer

ces effets. Cette table, en plus des incertitudes liées à l’équation d’état, a été utilisée

lors des calculs de modèles d’intérieur. Une attention particulière a été portée sur la

détermination de l’étendue du noyau dilué, une région au-dessus du noyau central où les

éléments lourds sont graduellement mélangés dans l’enveloppe d’hydrogène et d’hélium.

La taille du noyau dilué est importante pour comprendre l’origine et l’évolution de

Jupiter. Les modèles précédents indiquaient des solutions avec des noyaux dilués très

étendus, en désaccord avec les modèles d’évolution tenant compte du mélange dans

l’intérieur planétaire. J’ai identifié des solutions alternatives, présentant des noyaux

dilués moins étendus, en meilleure concordance avec les modèles d’évolution et avec les

modèles internes de Saturne. Cependant, nos modèles ne peuvent pas satisfaire pleine-

ment l’abondance élevée en éléments lourds mesurée dans l’atmosphère. Une solution

potentielle serait une diminution en profondeur de l’abondance en éléments lourds. Pour

étudier cette hypothèse, les contraintes sur l’accrétion à l’origine de l’enrichissement de

l’atmosphère ont été prises en compte. Cependant, ce scénario s’est avéré peu probable.

L’intérieur de Jupiter reste donc mystérieux.

Ce qu’on apprend sur Jupiter doit être appliqué aux exoplanètes. Dans quelques années,

Plato fournira des mesures précises des rayons, masses et âges de nombreux systèmes
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planétaires. Comprendre la structure interne et l’évolution des planètes géantes nous per-

met d’inférer leur composition globale à partir de ces mesures. J’ai montré qu’inclure les

effets de mélange non idéaux dans l’équation d’état affecte les rayons calculés jusqu’à 6%,

ce qui peut impacter significativement la composition déduite. J’ai utilisé des modèles

d’évolution pour contraindre des planètes géantes en transit récemment découvertes, en

mettant l’accent sur les systèmes multiples. Dans ces systèmes, les planètes ont le même

âge, ce qui permet une comparaison plus précise de leur composition, et ainsi mieux con-

traindre leurs processus de formation. Des analyses démographiques sur un échantillon

suffisamment grand d’exoplanètes contribueront à mieux comprendre la formation de

ces planètes et de notre système solaire.

Mots-clés Planètes géantes, Jupiter, exoplanètes, intérieurs, composition, équation

d’état



Summary

English version:

Studying the interiors of planets is important for understanding how they form and

evolve. Jupiter, the largest planet in the solar system, gives us valuable insights into the

early stages of planet formation. The Juno mission has revealed the fascinating com-

plexity of Jupiter and challenged our understanding of its internal structure. Through

my research, I have learnt more about these topics, especially by studying models con-

strained by Jupiter’s gravitational field. I have also looked at exoplanets, which are

planets outside our solar system. Applying what we learn on Jupiter to exoplanets is

important. By studying planets, whether they are close by or far away, we expand our

knowledge and gain a better comprehension of our own solar system and the vast uni-

verse beyond.

Version française:

L’étude de l’intérieur des planètes nous aide à comprendre comment elles se forment et

évoluent. Jupiter, la plus grande planète du système solaire, est une véritable fenêtre

sur les premières phases de notre système. La mission Juno a révélé la complexité

fascinante de Jupiter et remis en question ce que nous savions de sa structure interne.

Mes recherches ont contribué à une meilleure compréhension de ces aspects en calculant

notamment des modèles contraints par le champ de gravité de Jupiter. De plus, dans

le cadre de mes travaux, j’ai également consacré du temps à l’étude des exoplanètes,

ces planètes situées au-delà de notre système solaire. Appliquer ce qu’on apprend sur

Jupiter aux exoplanètes est important. L’étude des planètes, qu’elles soient proches ou

éloignées, élargit notre vision et nous permet de mieux comprendre notre système solaire

ainsi que les mondes lointains qui peuplent l’univers.
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apporté une touche de légèreté et de bonne humeur dans notre quotidien.
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aujourd’hui. Je vous suis infiniment reconnaissant.



xv





Table of Contents

Abstract v

Summary ix

Acknowledgment xiii

Table of Contents xvii

List of Figures xxi

List of Tables xxxv

List of Algorithms xxxvii

List of Abbreviations xxxix

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Exploring giant planets with space missions . . . . . . . . . . . . . . . . . 4

1.3 History of the modelling of the interior of Jupiter . . . . . . . . . . . . . . 6

1.4 Towards exoplanets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Modelling the interior and evolution of giant planets 13

2.1 Observational constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.1 Mass, radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.2 Rotation, winds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1.3 Gravity field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.4 Atmospheric measurements . . . . . . . . . . . . . . . . . . . . . . 19

2.1.5 Luminosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.1.6 Exoplanets data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Basic equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Heat transport in giant planets . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.1 Conduction, radiation, convection . . . . . . . . . . . . . . . . . . 27

2.3.2 Criteria for convective stability . . . . . . . . . . . . . . . . . . . . 28

2.3.3 Adiabatic and non-adiabatic interiors . . . . . . . . . . . . . . . . 30

2.4 Giant planets evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.5 The figures of planets (the theory behind gravitational moments) . . . . . 33

2.5.1 Theory of figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

xvii



Table of Contents xviii

2.5.2 Concentric Maclaurin Spheroids . . . . . . . . . . . . . . . . . . . 39

2.5.3 Effects of the winds . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3 The importance of the equation of state 47

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.2 Experimental and theoretical means . . . . . . . . . . . . . . . . . 50

3.2 Hydrogen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3 Helium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4 Hydrogen-Helium mixtures . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.5 Non-ideal mixing effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5.2 Derivation of a table for non-ideal mixing effects . . . . . . . . . . 59

3.5.3 Application to Solar System planets . . . . . . . . . . . . . . . . . 62

3.5.4 Application to exoplanets . . . . . . . . . . . . . . . . . . . . . . . 65

3.5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.6 Uncertainties in the H-He equation of state . . . . . . . . . . . . . . . . . 67

3.7 Heavy elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4 Advancing the methodology: statistical analysis and comparative stud-
ies of Jupiter’s interior 73

4.1 The statistical approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.1.1 The MCMC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.1.2 Offsets calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.2 Comparison with other models . . . . . . . . . . . . . . . . . . . . . . . . 81

4.3 Implementation of a dilute core . . . . . . . . . . . . . . . . . . . . . . . . 82

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5 Interior models of Jupiter 87

5.1 Brief recap on formation and evolution . . . . . . . . . . . . . . . . . . . . 89

5.1.1 Formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1.2 Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.2 An inhomogeneous envelope . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.2.2 Parameters of the models and choices of priors . . . . . . . . . . . 91

5.2.3 Justification of priors . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.2.4 Gravitational moments . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.2.5 Distribution of the heavy elements . . . . . . . . . . . . . . . . . . 95

5.2.6 A hotter interior than expected . . . . . . . . . . . . . . . . . . . . 98

5.2.7 On the importance of a dilute core . . . . . . . . . . . . . . . . . . 99

5.2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.3 Accounting for uncertainties on the equation of state . . . . . . . . . . . . 103

5.3.1 An unconstrained modification of the equation of state . . . . . . . 103

5.3.2 A thermodynamically consistent modification of the equation of
state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.3.3 Priors on the modification of the EOS . . . . . . . . . . . . . . . . 107

5.3.4 Runs with a modified EOS . . . . . . . . . . . . . . . . . . . . . . 108

5.4 How extended is the dilute core? . . . . . . . . . . . . . . . . . . . . . . . 111



Table of Contents xix

5.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.4.2 Surface temperature T1bar and helium transition pressure PHe . . . 112

5.4.3 Equatorial radius Req and gravitational moments J2n . . . . . . . 114

5.4.4 Heavy-element distribution . . . . . . . . . . . . . . . . . . . . . . 114

5.4.5 Dilute core characteristics . . . . . . . . . . . . . . . . . . . . . . . 116

5.4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.5 On the hypothesis of an inverted Z gradient inside Jupiter . . . . . . . . . 120

5.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.5.2 Inverted Z gradient: stability, formation . . . . . . . . . . . . . . . 120

5.5.3 An inverted Z gradient at the helium rain location . . . . . . . . . 125

5.5.4 An inverted Z gradient at uppermost regions, due to a radiative
zone . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.6 An inverted Y gradient? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

6 Exoplanets 133

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.2 Case studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.2.1 TOI-1130 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.2.2 TOI-2525 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.2.3 TOI-2000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.2.4 TOI-588 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6.2.5 TOI-615, TOI-622, TOI-2641 . . . . . . . . . . . . . . . . . . . . . 142

6.2.6 TOI-199 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

7 Conclusions 151

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

References 157

A Appendix of Howard & Guillot 2023 187

A.1 Comparisons of the entropy of mixing . . . . . . . . . . . . . . . . . . . . 187

A.2 Table of the non-ideal mixing effects . . . . . . . . . . . . . . . . . . . . . 188

B Corner plots of models in Miguel et al. 2022 191

C Unconstrained modification of EOS: results 195

D Appendix of Howard et al. 2023 199

D.1 Comparison between runs with Gaussian and uniform priors . . . . . . . . 200

D.2 Corner plots of models with and without modification of the EOS . . . . . 201

D.3 Comparison with Militzer et al. 2022 . . . . . . . . . . . . . . . . . . . . . 211

D.4 Subsample of models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212



Table of Contents xx

E Corner plot for models with an inverted Z gradient 213



List of Figures

1.1 Jupiter’s southern hemisphere seen by Juno. Credit: NASA/JPL-Caltech/SwRI/MSSS.

JunoCam. Image processing by Kevin M. Gill. . . . . . . . . . . . . . . . 3

1.2 Mass vs. semi-major axis of confirmed exoplanets. The legend shows the

different methods of detection. Planets of the solar system are shown

with the first letter of their name. Data is coming from exoplanet.eu. . . . 4

1.3 Jupiter in 1924. Depiction of the interior model of Jupiter proposed by

Sir Harold Jeffreys [Jeffreys, 1924]. . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Jupiter at the beggining of the 1970’s. Overall conception of the interior

of Jupiter at this time. It consists of a central dense core surrounded by

a homogeneous envelope of hydrogen and helium. The chemical compo-

sition is almost similar to the Sun’s. . . . . . . . . . . . . . . . . . . . . . 8

1.5 Jupiter in the 2000’s. The standard ”three-layer” model of Jupiter. This

picture of Jupiter emerged in the 70s and remained until very recently.

Because of helium phase separation, it consists of a core surrounded by an

envelope made of a helium-rich layer of metallic hydrogen and a helium-

poor layer of molecular hydrogen. . . . . . . . . . . . . . . . . . . . . . . . 9

1.6 Jupiter’s core mass, as derived by many different authors, at various times

since the early 1970s. Adapted from Fortney and Nettelmann [2010] and

extended after 2010 (values taken from Nettelmann et al. [2012], Leconte

and Chabrier [2012], Hubbard and Militzer [2016], Miguel et al. [2016],

Wahl et al. [2017], Debras and Chabrier [2019], Nettelmann et al. [2021],

Militzer et al. [2022], Miguel et al. [2022], Howard et al. [2023]). . . . . . . 9

1.7 Jupiter today. The ”dilute core” model of Jupiter. Instead of a pure

heavy elements core separated from the hydrogen-helium envelope by a

sharp discontinuity, we now believe that Jupiter harbours a region where

the heavy elements are gradually mixed in the envelope. . . . . . . . . . . 10

xxi



List of Figures xxii

1.8 WASP-39 b transmission spectrum, taken from Rustamkulov et al. [2023].

While only two data points between 2 and 6 microns were previously

available Wakeford et al. [2018], JWST provided data on a much wider

range of wavelengths. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1 The mass-radius relation of H-He-dominated planets. Taken from Helled

et al. [2022a]. The solid and dotted lines show the relation for pure H-He

planets and planets including a 15M⊕ core, respectively. . . . . . . . . . . 15

2.2 Jupiter’s asymmetric zonal velocity field. Taken from Kaspi et al. [2018]. . 17

2.3 Improvement of the accuracy of the measurements of the gravitational mo-

ments. J6 vs. J4. The purple errorbar corresponds to the values obtained

after the Pioneer and Voyager missions [Campbell and Synnott, 1985].

The grey errorbar corresponds to the measurement after Galileo [Jacob-

son, 2003]. The red errorbar corresponds to the one after the Cassini and

New Horisons missions [Jacobson, 2009]. The blue errorbar corresponds

to the measurement after the two first perijoves of Juno [Folkner et al.,

2017]. The yellow dot corresponds to the values after the third and sixth

perijoves [Iess et al., 2018]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4 Contribution functions of the gravitational moments of Jupiter. J0 corre-

sponds to the mass of the planet. Calculated from [Zharkov and Trubit-

syn, 1974], using one model from Howard et al. [2023]. The discontinuities

correspond to the boundaries i) between the core and the envelope and

ii) between the helium-rich and helium-poor regions of the envelope. . . . 19

2.5 Updated temperature profiles of Jupiter derived from radio occultation

observations by the Voyager 1 ingress and egress and the Voyager 2 egress,

compared to the Galileo probe measurements. The Voyager 2 radio oc-

cultations could not probe deep enough to the 1 bar level. Taken from

Gupta et al. [2022]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6 Elemental abundances of He, C, N, O, P, S, Ne, Ar, Ge, As, Kr and Xe

in protosolar units in Jupiter, Saturn, Uranus and Neptune. Taken from

Guillot et al. [2022]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22



List of Figures xxiii

2.7 Abundances of heavy elements in the atmosphere of Jupiter. Here, ‘ices’

refers to the metallicity of the atmosphere considering only ices (CH4,

NH3, H2O and H2S). Two values of Ztot are shown, which correspond

to the metallicity of the atmosphere considering ices (volatiles) and as-

suming either no rocks (refractories) or an enrichment of three times the

protosolar value for rocks. Abundances of methane and hydrogen sulfide

are taken from Wong et al. [2004], and ammonia and water abundances

are taken from Li et al. [2020]. Protosolar abundances are taken from

Asplund et al. [2021]. The protosolar mass fraction of heavy elements

is 0.0154. For ices, we calculated the protosolar value considering C, N,

O, S, and Ne and included additional elements with the value from Lod-

ders et al. [2009]. Concerning rocks, we only considered Mg, Si, and Fe.

Figure taken from Howard et al. [2023]. . . . . . . . . . . . . . . . . 23

2.8 Schematic of a parcel of fluid raised adiabatically. . . . . . . . . . . . . . . 28

2.9 A sequence of spheroids illustrating the CMS method. Adapted from

Hubbard [2013]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1 Relative contributions of hydrogen, helium, heavy elements and hydrogen-

helium interactions in the density of Jupiter. The blue curve shows the in-

verse of the density profile of a state-of-the-art Jupiter model from Howard

et al. [2023]. As the density of this model has been computed using the

additive volume law that includes the four aforementioned contributions,

we quantify each of them. The absolute value of the H-He interactions

(noted as ”Mix” on the legend) has been taken because this term can

sometimes be negative. The discontinuity about ∼ 1 Mbar is due to the

He phase separation. The increase of the Z contribution at depth is due

to the presence of the dilute core. . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Snapshot of a DFT-MD calculation, with 220, 18 and 4 atoms of hydrogen,

helium and iron, respectively. Taken from Militzer et al. [2016]. . . . . . . 51

3.3 Phase diagram of hydrogen taken from Helled et al. [2020a]. T-P profiles

of Jupiter and Saturn are shown (solid lines for adiabatic interiors and

dashed line for non-adiabatic interior). Points show data from experi-

ments and simulations to determine the molecular-to-metallic transition

as well as the melting line separating the solid and fluid phases. See the

corresponding paper for references therein. . . . . . . . . . . . . . . . . . . 53



List of Figures xxiv

3.4 Comparison of the ideal entropy of mixing (blue curve and Eq. (3.7)) with

its first-order approximation, assumed proportional toXY , the product of

the mass-mixing ratios of hydrogen and helium (orange curve), calculated
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Schöttler and Redmer, 2018b] or to experiments indicating a high critical

temperature [Brygoo et al., 2021] are indicated in red. The corresponding

error bars correspond to the mass accreted since that time. . . . . . . . . 123



List of Figures xxx

5.20 Isotopic ratios of 15N/14N and D/H among objects from the solar system.

Adapted and updated from Marty [2012] and Füri and Marty [2015].
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Chapter 1. Introduction 2

1.1 Motivation

In Roman mythology, Jupiter is the king of the gods. His sister and wife, Juno, de-

spite occasional tumultuous relationships [Homer], is the goddess of marriage and well-

known for her fidelity. It is since 2016 that the Juno spacecraft has started its dance

with Jupiter. Her love for Jupiter is such that she will continue her dance until 2025.

Throughout this dance, Juno has provided valuable information about her partner. As

mere mortals, we seek to learn more about these planets named after divinities. Fig-

ure. 1.1 shows a high-resolution image captured by the Juno spacecraft. A reason why

we study a planet like Jupiter is to understand where we come from. Our Earth formed

within the solar system after Jupiter, and the latter had a significant influence on the

history of our system. Besides, planets are what they eat, and Jupiter’s meal consisted

of primordial gas. Therefore, it is crucial to understand Jupiter and its internal composi-

tion to understand the conditions under which our Earth could have been created. Two

times more massive than the sum of all the other planets of the solar system, Jupiter

is an enigmatic object, whose internal structure remains hidden behind coloured clouds

and strong winds. Using the gravity data from Juno, we can build models of the interior

of Jupiter and infer its internal structure. I will not go in the details now but a quick look

at the radius and the mass of the giant planets of our solar system (see, e.g., Figure 3

of Stevenson [1982]) already informs us about the bulk composition of these planets.

Jupiter and Saturn are mainly made of a mixture of hydrogen and helium while Uranus

and Neptune seem to be much more enriched in heavy elements. Throughout this thesis,

heavy elements will refer to any element that is heavier than hydrogen and helium. A

good understanding of Jupiter and the other giant planets from our solar system is nec-

essary, also to tackle the field of exoplanets. Extensive and precise data on solar system

planets have led to quite remarkable constraints on their structures. These should be

considered when studying exoplanets. Inversely, demographic statistics on a sufficiently

large sample of exoplanets will contribute to advancements in the understanding of our

solar system.

The exoplanet discovery era began in 1995 [Mayor and Queloz, 1995] and more than

5 000 confirmed exoplanets have now been discovered. Yet, hundreds of billions of stars

are in our galaxy and it is currently believed that more than half of the stars host at

least one planet on average [Fressin et al., 2013]. Among the discovered exoplanets,

our system remains highly unique (see Fig. 1.2 showing the mass of the discovered

exoplanets as a function of their semi-major axis, compared to the planets of our solar

system). So far, many planets found are close to their star. Giant planets were initially

thought to form farther away, beyond the so-called ice line, where there is enough solid

material to accrete and form a core that can subsequently attract gas. These giant

planets, located very close to their star and known as hot Jupiters, could have migrated

inward. Could it be that we exist because Jupiter and Saturn did not migrate as close?

Migration also occurred in the solar system and one scenario proposed a decade ago
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Figure 1.1: Jupiter’s southern hemisphere seen by Juno. Credit: NASA/JPL-
Caltech/SwRI/MSSS. JunoCam. Image processing by Kevin M. Gill.

[Walsh et al., 2011] suggested that Jupiter migrated inward, but Saturn, with the right

mass ratio, entered in resonance with Jupiter, causing migration to reverse and move

outward, leaving a confined disk in the center that gave birth to the rocky planets.

Therefore, the diversity of outcomes from processes like migration is illustrated by our

solar system, which represents one of the possible evolutionary paths. The planets of

our solar system should be seen not as templates but as opportunities to understand the

physical mechanisms which are universal. Nevertheless, the few thousand discovered

exoplanets are subject to observational biases that favour detections of large planets

close to their star. Future observations of more temperate planets may reveal planets

and systems similar to ours.

Our solar system continues to appear quite singular so far, making it an invaluable

subject of study. But one may thus wonder if there is life elsewhere. Are we alone in the

Universe? This question, perhaps equally philosophical than scientific, was addressed

by Epicurus in 305 BC [Epicurus]. He stated that there are an infinite number of worlds

similar to ours and an infinite number of different worlds. This plurality of worlds

was also supported by Giordano Bruno [Bruno G., 1584]. Following in the footsteps

of Copernicus and heliocentrism, Bruno believed that Earth is rather ordinary and

defended the idea of the plurality of worlds at the cost of his life. In 1610, Galileo Galilei

discovered Jupiter’s four largest moons through his telescope and concluded that their

motion around Jupiter suggests that Earth is probably not the center of the Universe

[Galilei, 1610]. However, the concept of the plurality of worlds has faced reluctance.

Bibring J. P. [2019] questions the purpose of searching for life elsewhere because even
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Figure 1.2: Mass vs. semi-major axis of confirmed exoplanets. The legend shows the
different methods of detection. Planets of the solar system are shown with the first

letter of their name. Data is coming from exoplanet.eu.

though the governing physical laws may be the same, the effects (e.g., collisions) can take

very diverse directions. The notion that there are identical worlds everywhere might be

illusory, and Earth and life may be unique cases. Moreover, our solar system has shown

a rich diversity so far, considering the planets, their moons (particularly Jupiter, whose

moons can exhibit very different characteristics such as volcanism, craters, and potential

subglacial oceans). The presence of water on Earth, which is likely to be necessary for

life according to the concept of habitability, required a giant impact that can explain the

formation of the Moon [Budde et al., 2019]. There is currently no observation proving

or disproving the existence of life elsewhere.

1.2 Exploring giant planets with space missions

Giant planets have been and continue to be observed from Earth. Galileo was the first

to point his telescope towards Jupiter in 1610. However, humans are now constructing

space missions and sending spacecraft into space to approach these planets. In the 1970s,

the first probes created by humans flew towards the outskirts of the solar system and

passed by Jupiter. Pioneer 10 sent the first postcard from the planet during a flyby in

1973. With its counterpart Pioneer 11, they paved the way for future missions to explore

the outer solar system, including Voyager 1 and Voyager 2. At the end of the 1970s,

the two Voyager spacecraft also conducted flybys of Jupiter. They notably measured its

gravitational field [Campbell and Synnott, 1985] and provided valuable radio-occultation
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measurements that are still useful today [Lindal et al., 1981, Gupta et al., 2022]. Both

spacecrafts have now exited the solar system and travel through the interstellar medium.

In 1988, the Galileo mission was launched and entered in orbit around Jupiter in 1995.

This marked the first time that a spacecraft orbited a planet in the outer solar system.

Galileo also deployed a probe that undertook a suicide dive into Jupiter’s atmosphere

(entry site: 6.57°N, 5.02°W) down to a depth corresponding to a pressure of 22 bar.

For approximately an hour, it transmitted invaluable information about the properties

of the atmosphere [Seiff et al., 1998, von Zahn et al., 1998]. The high concentration

of heavy elements measured by the Galileo entry probe had a significant impact on

planet formation theories. Cassini and New Horizons, designed to study Saturn and

Pluto respectively, also conducted flybys of Jupiter in 2000 and 2007. In 2011, the

Juno mission [Bolton et al., 2017] was launched, and it entered in orbit around Jupiter

in 2016. Its polar orbit enabled precise measurements of the planet’s gravitational field

using Doppler tracking [Iess et al., 2018]. The main objectives of the Juno mission include

determining the planet’s internal structure, the presence of a core, and the abundance

of water. The Juno mission has unveiled the complexity of Jupiter and highly influenced

the modelling of giant planet interiors.

Nonetheless, the study of giant planets has not only been limited to missions dedicated

to Jupiter. The Cassini mission [Spilker, 2019], mentioned earlier, improved our compre-

hension of Saturn. In addition to provide accurate measurements of the planet’s gravity

field, it detected wave features within its rings, offering supplementary constraints on

Saturn’s interior. On the other hand, Uranus and Neptune never had their dedicated

mission [Guillot, 2022]. An orbiter to Uranus could improve our understanding of the

currently poorly constrained interiors of the icy giants.

Concerning exoplanets, the Kepler mission (2009-2018) [Borucki et al., 2010] stands out

as the most prolific in terms of discoveries so far. Alongside the TESS (Transiting Ex-

oplanet Survey Satellite) mission [Ricker et al., 2015], which took over in 2018, these

missions primarily employ the transit method to detect exoplanets. A new era of ex-

oplanet characterization has begun with the launch of the JWST (James Webb Space

Telescope) during Christmas 2021. JWST is meant to characterize exoplanets and pro-

vide spectra that enables the determination of atmospheric properties. Additionally, the

PLATO (PLAnetary Transits and Oscillations of stars) [Rauer et al., 2014] mission aims

to detect and characterize diverse types of planets. Notably, it will examine multiple

planet systems and provide precise measurements of radii and masses. This information

will shed light on the mechanisms governing planetary formation. Furthermore, since

the mission also focuses on stars, we will get information about the age of these systems,

a crucial parameter for understanding their evolution.
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1.3 History of the modelling of the interior of Jupiter

I am here going to narrate a story of how the study of the internal structure of Jupiter

evolved through time, in the last century. This is a personal and non-exhaustive sum-

mary of the main milestones of the field. I will ineluctably omit some works and hope

that my predecessors will not hold it against me.

Almost 100 years ago, in 1924, Sir Harold Jeffreys tried to make some conclusions about

the internal structure of the gas giants of the solar system [Jeffreys, 1924]. Linking the

moment of inertia of Jupiter with its ellipticity (which depends on the ratio of the polar

and equatorial radii, and can be obtained directly from observations but also from the

motions of the natural satellites), he could derive the normalised moment of inertia of

Jupiter and found it to be 0.265. A homogeneous planet would have given a value of 0.4.

Jeffreys then assumed that the moment of inertia of the planet must be larger than it

would be if the entire planet had the density of its outer region (surface). He could hence

get the following constraint on the density of the outer region of Jupiter and Saturn:

C

Ma2
> 0.4

ρs
ρ
, (1.1)

C being the moment of inertia, M the mass of the planet, a its equatorial radius, ρs the

surface density and ρ the bulk density. Comparing the obtained value of ρs to the density

of the lightest chemical elements, Jeffreys found that the outer regions of the gaseous

planets should be made of hydrogen and helium. This led him to build a model where

Jupiter is made of an inner layer of rock, surrounded by a layer of ice and an outer layer

of hydrogen and helium which is thin (only 9% of the total radius). A representation is

shown on Fig. 1.3. This is probably the best constraints that could be obtained when

the only available observational data were the mean density and the moment of inertia.

Figure 1.3: Jupiter in 1924. Depiction of the interior model of Jupiter proposed by
Sir Harold Jeffreys [Jeffreys, 1924].

In the following decades, interest about hydrogen has grown and the need for a better

understanding of the equation of state of hydrogen began to be seen as an important path

towards a good comprehension of the gas giants. The state of the art of the equation of

state of hydrogen will be preserved for Chapter 3. After his good friend Rupert Wildt
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[DeMarcus, 1977] reported the preponderance of hydrogen inside Jupiter [Wildt, 1947],

Wendell Carden DeMarcus provided an important contribution to models of the interior

of the planet [Demarcus, 1958]. Using the theory of figures (detailed in Chapter 2), he

could get a sharper inequality than Jeffreys. This could be achieved using the influence

of Jupiter’s gravity field on the motions of its natural satellites. DeMarcus therefore

proposed a jovian model made of a central dense core (representing 2% of Jupiter’s

mass) surrounded by an envelope of hydrogen and helium. Hydrogen represents about

78% of the mass while helium represents about 20% of the mass. The fraction of helium

is increasing with depth as it was believed that elements heavier than hydrogen are

more concentrated towards the center of the planet. Overall, the chemical composition

of Jupiter would hence be very similar to the Sun’s. It is worth to mention that at that

time models assumed a relatively cold interior. The presence of internal heat source was

only discovered in 1966 [Low, 1966] and only then were the giant planets thought to be

fluid, not solid.

Following the work of DeMarcus, James Peebles also proposed a picture of the gas giants

that is very close to the Sun’s in terms of chemical composition. His paper from 1964

[Peebles, 1964] appears as a singularity among all his contributions in the field of cosmol-

ogy, but the last section may expose the true motivations of the author. Peebles had the

intuition that the interiors of the gas giants were hotter than previously thought. Thus,

using a digital computer, he proposed models of Jupiter and Saturn with the novelty of

an envelope made of a homogeneous mixture of hydrogen and helium surrounding the

central dense core, and with a deep convective atmosphere. The subsequent infrared

observations of Jupiter [Low, 1966] showed that the planet emits more energy than it

receives from the Sun and convection appears as a the main mechanism to transport

heat from the interior. Therefore, William Bill Hubbard put forward the interior of the

giant planets to be mostly convective, suggesting models [Hubbard, 1968, 1969] in line

with the ones of Peebles. A portrayal of the overall conception of the internal struc-

ture of Jupiter at the beggining of the 1970’s is shown on Fig. 1.4, accounting for the

existence of metallic hydrogen hypothesized from 1935 [Wigner and Huntington, 1935]

(more details in Chapter 3).

From the 70’s began the era of space missions that visited Jupiter. Flybys of spacecraft

improved the accuracy on the measurement of the gravity field, leading to better con-

straints on the models. On the other hand, differentiation of helium within the interior

was suggested [Smoluchowski, 1967, Salpeter, 1973]. Helium was found to be soluble

in molecular hydrogen but immiscible in metallic hydrogen [Stevenson and Salpeter,

1977b] that exists in Jupiter’s deep interior. Helium droplets form and fall (called ”he-

lium rain”), releasing some energy, which can explain the observed excess luminosity of

Saturn. In the case of Jupiter, with the success of homogeneous evolution calculations,

it is believed that helium differentiation has not or just started [Stevenson and Salpeter,

1977a]. This was confirmed by the measurement of a depletion of helium in Jupiter’s



Chapter 1. Introduction 8

Figure 1.4: Jupiter at the beggining of the 1970’s. Overall conception of the interior
of Jupiter at this time. It consists of a central dense core surrounded by a homogeneous
envelope of hydrogen and helium. The chemical composition is almost similar to the

Sun’s.

atmosphere by the Galileo probe in 1995 [von Zahn et al., 1998]. Thus, ”three-layer”

models were proposed by the community as shown on Fig. 1.5. A myriad of those models

have been built (e.g. Guillot [1999]) and are still applicable today [Miguel et al., 2022].

They notably aim at determining the distribution of heavy elements (heavier than hy-

drogen and helium) and the mass of the inner core. Fortney et al. [2007] showed how

the mass of the core evolved in the community since the 70’s, I extended the figure until

today (see Fig. 1.6). We can see that after Juno’s arrival at Jupiter, in 2016, models have

the tendency to favour low mass cores. This is due to the redefinition of the conception

of the core inside Jupiter. Thanks to the outstanding accuracy of Juno’s measurements,

models indicated the presence of a ”dilute core” in the interior of the planet [Wahl et al.,

2017]. Instead of a pure heavy elements core separated from the hydrogen-helium enve-

lope by a sharp discontinuity, we now believe that Jupiter harbours a region where the

heavy elements are gradually mixed in the envelope (see Chapter 4 for more details).

Jupiter could still have a central compact core of a few earth masses, but not necessarily,

and it would be nested in this dilute core region (that is actually a region still dominated

by hydrogen and helium, the mass fraction of heavy elements Z being around 10-20%).

This idea was not new and Stevenson already mentioned a ”partially disseminated core”

back in the 80’s [Stevenson, 1982, 1985] but the Juno mission allowed to corroborate

this hypothesis. Most interior models now include such dilute or fuzzy core [Debras and

Chabrier, 2019, Militzer et al., 2022, Miguel et al., 2022, Howard et al., 2023] as shown

on Fig. 1.7.

Additional historical details can be found in notable reviews such as [Hubbard, 1973,

Stevenson, 1982, Guillot, 2005, Stevenson, 2020]. Many challenges remain and interior

models are to be improved. Among those challenges, the extent of the dilute core and

the high metallicity in Jupiter’s atmosphere still require to be further investigated, and

this thesis is an attempt to make progress on these topics. I finally stress that two

major ingredients of the study of the interiors of giant planets are accurate gravita-

tional moments and a good understanding of hydrogen at high-pressure. While major
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Figure 1.5: Jupiter in the 2000’s. The standard ”three-layer” model of Jupiter. This
picture of Jupiter emerged in the 70s and remained until very recently. Because of
helium phase separation, it consists of a core surrounded by an envelope made of a
helium-rich layer of metallic hydrogen and a helium-poor layer of molecular hydrogen.
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Figure 1.6: Jupiter’s core mass, as derived by many different authors, at various times
since the early 1970s. Adapted from Fortney and Nettelmann [2010] and extended after
2010 (values taken from Nettelmann et al. [2012], Leconte and Chabrier [2012], Hubbard
and Militzer [2016], Miguel et al. [2016], Wahl et al. [2017], Debras and Chabrier [2019],
Nettelmann et al. [2021], Militzer et al. [2022], Miguel et al. [2022], Howard et al. [2023]).

improvement on the accuracy of the gravitational moments was made possible thanks

to space missions, progress has also been made on the equation of state but we will

see that there are still uncertainties on this matter today and further experiments and

simulations would be important.

1.4 Towards exoplanets

Over the past three decades, the discovery of exoplanets has fueled a growing interest

towards a better understanding of these far other worlds. Unfortunately, our compre-

hension of exoplanets remains limited compared to the planets of our own solar system,
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Figure 1.7: Jupiter today. The ”dilute core” model of Jupiter. Instead of a pure heavy
elements core separated from the hydrogen-helium envelope by a sharp discontinuity,
we now believe that Jupiter harbours a region where the heavy elements are gradually

mixed in the envelope.

mostly due to the lack of precise and diverse measurements. However, the large number

of exoplanet samples remains a significant advantage in this field of study. New exoplan-

ets are being detected on a daily basis, primarily by the transit technique where a planet

affects the received light of the star when passing in front of it, or the radial velocity

technique which calculates the perturbation of the planet on the movement of its host

star. Combining both methods can provide the radius and the mass of exoplanets. But

their bulk composition can be inferred only with the use of models, constrained by the

radius and mass measurements.

Current models for exoplanets are far from being as sophisticated as those developed

for planets within our solar system. Typically, exoplanet models represent giant planets

simply by a core of heavy elements surrounded by a homogeneous envelope of hydrogen

and helium (e.g., Thorngren et al. [2016]). These models rely on various assumptions,

notably the equation of state [Howard and Guillot, 2023]. Improving our modelling is

key and this is why working on solar system planets which offer accurate and extensive

data is important.

Accurate ages of systems (that Plato will provide) help constrain models of exoplanets

and atmospheric measurements reduce their degeneracy [Müller and Helled, 2023a]. So

far, current instruments (e.g., JWST) try to observe species present in the atmosphere

of those exoplanets. These traces are of particular interest because they can provide in-

formation about the formation processes. Figure 1.8 shows how JWST is revolutionizing

the field of atmospheric characterization of exoplanets, by providing broad-wavelength

spectra. Making the link between atmospheric abundances and planetary formation is

a primary objective. It is challenging though, as the measured atmospheric composition

may not be representative of the bulk metallicity of the planet. Indeed, Jupiter for

instance has shown inhomogeneity in its interior [Miguel et al., 2022] and also in its at-

mosphere [Li et al., 2017]. Applying our knowledge of Jupiter to the study of exoplanets

is crucial (see, e.g., Bloot et al. [2023]). The solar system and exoplanet communities
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Figure 1.8: WASP-39 b transmission spectrum, taken from Rustamkulov et al. [2023].
While only two data points between 2 and 6 microns were previously available Wakeford

et al. [2018], JWST provided data on a much wider range of wavelengths.

working side by side would benefit for both fields. Lessons learnt from accurate obser-

vations and sophisticated modelling on planets of the solar system lead the way in the

study of exoplanets. Analyses of large samples of exoplanets could also identify trends

that may help the comprehension of our nearby giant planets.

Many unresolved questions stand in the field of exoplanet (see, e.g., Nettelmann and Va-

lencia [2021]). Among them is the intriguing observation of the inflation of many highly

irradiated giant exoplanets: their measured radius is larger than expected [Thorngren

and Fortney, 2018, Fortney et al., 2021]. In contrast, warm exoplanets are not subject to

such inflation that is not yet fully understood. Further observations of these warm exo-

planets will enable valuable comparisons with solar system planets [Müller and Helled,

2023b]. A more in-depth discussion will take place in Chapter 6.

1.5 Outline of the thesis

One of the primary objectives of this thesis is to investigate models of Jupiter that

reconcile the various observations of the planet. This implied to give careful consid-

eration to the equation of state. Additionally, I worked on several giant exoplanets

and explored the implications of my research on Jupiter for a better understanding of

exoplanets. Chapter 2 presents how we make models of giant planets, from observa-

tional constraints to theoretical aspects. Chapter 3 focuses on the equation of state, a

key ingredient in the modelling of giant planets. It includes the paper from Howard and

Guillot [2023] about non-ideal mixing effects. These chapters form the basis for studying
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giant planets. Chapter 4 sums up the approach that I used to study Jupiter’s interior,

especially the statistical method. Chapter 5 presents the results I obtained on Jupiter’s

interior. It includes (i) my contribution to Miguel et al. [2022] about the inhomogeneity

of Jupiter’s envelope, (ii) how to account for uncertainties in the equation of state, (iii)

the paper from Howard et al. [2023] about the extent of the dilute core and (iv) the

paper in preparation about the hypothesis of an inward-decrease of the heavy element

abundance. Chapter 6 then presents my work on exoplanets and my contributions to

several discovery papers. Chapter 7 is the conclusion, with some future prospects. A

quick summary of the main points of this thesis can be found in the Abstract.
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Modelling the interior and

evolution of giant planets
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Before presenting any models of Jupiter or extra-solar giant planets, it is necessary

to provide a description of how we model giant planets. During my PhD, I mostly

focused on interior models of Jupiter (see Chapter 5) but I also had the opportunity to

calculate some evolution models for exoplanets (see Chapter 6). The current chapter

mostly focuses on Jupiter but the presented methodology can be applied to any giant

planet. This chapter hence starts with a summary of the observational data we have on

Jupiter, which are invaluable to help constrain interior models. Concerning exoplanets,

we have less data and this data is obviously less accurate. I then describe how to build

a numerical model and tackle the theoretical aspects. The description of equations of

state, a major ingredient of the models, will be described in Chapter 3.

2.1 Observational constraints

Observations are the first constraints that we get on the internal structures of planets.

Because modelling the interior of a planet requires an important number of parameters,

they reduce the degeneracy of the problem. This section about observational constraints

will mainly focus on Jupiter, which was the major object of interest of my thesis. For

other giant planets, I refer the reader to reviews such as Guillot [2005], Helled and

Guillot [2018], Miguel and Vazan [2023].

2.1.1 Mass, radius

Prior to space missions, the mass of Jupiter has been measured through its gravitational

influence on the motions of its satellites and on small bodies [Klepczynski et al., 1971].

With the flybys of the Pioneer and the Voyager missions, the mass of Jupiter could then

be derived by analysing the Doppler shift of the radio signals of the spacecrafts [Null,

1976, Campbell and Synnott, 1985]. Accounting for the gravitational perturbations

caused by Jupiter’s moons and fitting their model to the observed Doppler shift data,

these authors could obtain a value of the product GM . The most recent value of GM

comes from Juno [Durante et al., 2020] and is equal to 126686534.1 ± 8.4 km3/s2. The

precision has thus increased as the uncertainty on GM was of 101 km3/s2 at the time

of Pioneer and Voyager [Folkner et al., 2017]. The mass of Jupiter can then be inferred

choosing a value for the gravitational constant G. We will use the value employed by

Bill Hubbard of G = 6.6738480× 10−11m3/kg/s2, which is included in the range given

by Mohr et al. [2012]. This yields a value of MJ = 1.8982532× 1027 kg, which is about

317.85M⊕.

The equatorial radius of Jupiter has been measured via a stellar occultation [Hubbard

and van Flandern, 1972]. Using precise astrometry and analysing the variations of the

brightness of the stars during the occultation, the size and the shape of the planet can
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be derived. But the equatorial radius currently used in Jupiter models comes from

radio occultations of the Pionner and Voyager spacecrafts [Lindal et al., 1981]. The

pressure-altitude profile, combined with the knowledge of the gravity field enables an

estimate of the radius of the planet. Performing multiple radio occultations allows a

more comprehensive understanding of the size and the shape of Jupiter. The value of

the equatorial radius given by Lindal et al. [1981] is 71492± 4 km. The extension of the

Juno mission will bring opportunities of radio occultations as well as JUICE (Jupiter Icy

Moons Explorer) [Smirnova et al., 2022] and should provide a more accurate constraint

on Jupiter’s equatorial radius (see also Galanti et al. [2023]).

As we here talk about mass and radius, it is inevitable to broach density. The bulk

density of Jupiter is about 1.326 g.cm−3 while it is 0.687 g.cm−3 for Saturn. Figure 2.1

compares Jupiter and Saturn to theoretical mass-radius relationships for planets mainly

composed of hydrogen and helium. This already gives some hints about the internal

composition of the gas giants of our solar system. They are mostly made of these light

elements but they must also include some heavy elements, with Saturn being slightly

more enriched than Jupiter. The reason why Jupiter has almost the same size as Saturn

while being about three times more massive is that the gravity is stronger and material

is hence more compressed.

Figure 2.1: The mass-radius relation of H-He-dominated planets. Taken from Helled
et al. [2022a]. The solid and dotted lines show the relation for pure H-He planets and

planets including a 15M⊕ core, respectively.

2.1.2 Rotation, winds

Rotation periods of giant planets have first been measured by following the movement

of visible features of their atmosphere. For instance, Williams [1896] followed the drift

of nine specific currents in Jupiter’s atmosphere to estimate its rotation rate. However,



Chapter 2. Modelling the interior and evolution of giant planets 16

the rotation periods are now usually obtained by measuring the rotation period of the

magnetic field. In the middle of the 1950’s, radio emissions from Jupiter have been

discovered. The motion of charged particles in the magnetosphere, tied to the rotation of

the planet, generates these radio emissions. Looking at the periodicity of these emissions

leads to the planet’s rotation (see e.g. Higgins et al. [1997]). The measurement of the

planet’s rotation through the rotation of its magnetic field may be a more representative

measurement of the global rotation of the planet [Hubbard, 1973]. Indeed, the motion of

electronically conducting material, i.e. metallic hydrogen which dominates in the deep

interior, is responsible of generating the magnetic field. Therefore, the rotation period of

Jupiter is 9h55m29.71s [Riddle and Warwick, 1976, Seidelmann and Divine, 1977]. Every

three years, a ”Working Group on Cartographic Coordinates and Rotational Elements”

gathers to make decisions about the rotation periods to adopt [Davies et al., 1986,

Archinal et al., 2011] but the adopted value is relatively steady.

As mentioned above, the rotation period of the magnetic field of a giant planet is rep-

resentative of the rotation of the deep interior. Nevertheless, observing Jupiter, one can

see a latitudinal banded structure with an alternation of light zones and dark belts (see

Fig. 1.1 in Chapter 1). These bands are linked to eastward and westward zonal winds

or jets [Fletcher et al., 2020a], that rotate differentially. Tracking the motions of the

clouds enables to retrieve the speed of the winds. But the depth of these jets and the

level from where Jupiter rotates as a solid body, have been a major question [Ingersoll,

1990]. Earth-based observations, then from Voyager 1 and 2 [Ingersoll et al., 1979, 1981]

and from Cassini [Porco et al., 2003] allowed to derive the zonal winds profile, which

remained constant over time and exhibited only slight asymmetry about the equator.

The Juno mission confirmed that Jupiter’s interior rotates uniformly (as a solid body)

with an upper region exhibiting differential rotation [Iess et al., 2018]. The depth of

the winds was a matter of debate [Kong et al., 2018] but could be constrained and is

thought to be about 3000 km beneath cloud deck [Kaspi et al., 2018, Guillot et al.,

2018]. Figure 2.2 shows the zonal winds of Jupiter at the different latitudes. Jupiter’s

upper region rotates on cylinders and the winds must project in a direction parallel to

the spin axis with a radial decay [Galanti et al., 2021].

2.1.3 Gravity field

Because of their rotation, giant planets deviate from a perfectly spherical shape. This

departure from sphericity affects the gravity field of the planet. Scrutinising the tra-

jectory of a spacecraft (like Juno) around a planet and estimating the influence of the

gravitational pull of this planet can tell about its density distribution. The so-called

gravitational moments reflect the slightly perturbed spherical shape of the planet and

are nowadays measured with flybys of spacecrafts. This subsection will only present the
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Figure 2.2: Jupiter’s asymmetric zonal velocity field. Taken from Kaspi et al. [2018].

available measurements of these gravitational moments. A section is dedicated to the

theoretical aspects of these precious gravitational moments (see Section 2.5).

If a planet was perfectly spherical, all the gravitational harmonics would be equal to

zero. However, giant planets of our solar system have been observed to be oblate. The

oblateness ((Req − Rpol)/Req) was found to be 0.065 for Jupiter and slightly larger for

Saturn (see Stevenson [1982] and references therein). This automatically means that the

gravitational moments of these planets are not zero. The low-order even gravitational

moments (J2, J4) were primarily obtained before the era of space missions, thanks to

the motion of the natural satellites. More historical details can be found in Chapter 1.

Then, higher order harmonics could be measured and the accuracy of the measurements

only increased with spacecraft data. Figure 2.3 shows, for Jupiter, the evolution of the

accuracy on J4 and J6, from the Pionner and Voyager missions [Campbell and Synnott,

1985], through Galileo [Jacobson, 2003], Cassini and New Horizons [Jacobson, 2009] and

finally to Juno [Folkner et al., 2017, Iess et al., 2018, Durante et al., 2020]. We have now

reached an outstanding level of accuracy that can strongly constrain interior models

of Jupiter. The uncertainty of the Juno measurements is actually smaller than the

uncertainty on the differential rotation. The latter hence dictates the level of accuracy

that interior models need to reach. The latest values of Jupiter’s even gravitational

moments are given by Durante et al. [2020] and summarized in Table 2.1. We have here

tackled only even gravitational harmonics which represent the significant part of the

gravitational signature of Jupiter and allow to constrain the internal density distribution.

Odd gravity harmonics and their signification will be discussed in Subsection 2.5.3.
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Figure 2.3: Improvement of the accuracy of the measurements of the gravitational
moments. J6 vs. J4. The purple errorbar corresponds to the values obtained after
the Pioneer and Voyager missions [Campbell and Synnott, 1985]. The grey errorbar
corresponds to the measurement after Galileo [Jacobson, 2003]. The red errorbar cor-
responds to the one after the Cassini and New Horisons missions [Jacobson, 2009].
The blue errorbar corresponds to the measurement after the two first perijoves of Juno
[Folkner et al., 2017]. The yellow dot corresponds to the values after the third and sixth

perijoves [Iess et al., 2018].

Table 2.1: Even gravitational moments measured by Juno. Taken and adapted from
Durante et al. [2020].

Value Uncertainty

J2(×106) 14696.5735 0.0017

J4(×106) -586.6085 0.0024

J6(×106) 34.2007 0.0067

J8(×106) -2.422 0.021

J10(×106) 0.181 0.065

J12(×106) 0.062 0.19

We finally stress, although a bit prematurely, that the gravitational moments provide

direct information of the outer regions of giant planets. Indeed, Fig. 2.4 shows the con-

tribution functions of the even gravitational moments up to order 6, which peak at the

outer part of Jupiter’s envelope because of their dependence to r2n. These contribution

functions have been calculated according to Zharkov and Trubitsyn [1974] and the cal-

culation of gravity harmonics will be discussed in Section 2.5. This means that interior

models can only infer indirectly the deeper structure of the interior of giant planets.
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Figure 2.4: Contribution functions of the gravitational moments of Jupiter. J0 corre-
sponds to the mass of the planet. Calculated from [Zharkov and Trubitsyn, 1974], using
one model from Howard et al. [2023]. The discontinuities correspond to the boundaries
i) between the core and the envelope and ii) between the helium-rich and helium-poor

regions of the envelope.

2.1.4 Atmospheric measurements

The definition of the atmosphere of a giant planet is not as evident as for a solid planet.

For giant fluid planets like Jupiter or Saturn, the boundary between the atmosphere and

the interior is loosely defined. As a person who is mainly interested by the interior of

the planet, we arbitrarily set the outer boundary of our models at 1 bar, which is the

pressure at the surface of the Earth. Above this pressure level, the mass is negligible

and will not affect the gravitational moments (which depend on the density distribution)

that interior models try to satisfy. This is hence a good outer limit for us.

Measurements from Earth and from space have provided information on Jupiter’s at-

mosphere, down to tens or hundreds of bars. Interior modellers generally assumed that

the properties of the atmosphere like its composition can be extended to the whole or a

part of the envelope because of convective mixing. However, processes like phase sepa-

rations [Stevenson and Salpeter, 1977a], how the interior is mixed [Stevenson, 1985] or

even the presence of a radiative region [Guillot et al., 1994] in the interior could hinder

the assumption that the atmosphere is representative of the envelope of a planet. We

here summarize observational data on two aspects of the atmosphere of Jupiter: its

temperature profile and its chemical composition.

Radio occultations, previously mentioned as they were used to derive the radius of

Jupiter, can also be used to estimate the temperature profile of the atmosphere. The

radio signal from the spacecraft passes through the atmosphere which affects the signal

and bends it. The degree of bending of the signal depends on the atmosphere properties
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and can be quantified by the refractivity of the material present in the atmosphere. The

refractivity can be related to the density which leads to the pressure profile if assum-

ing hydrostatic equilibrium. Using the ideal gas law, it is then possible to retrieve the

temperature profile, which will be dependent on the assumed composition of the atmo-

sphere. The temperature at the 1 bar level was found to be 165 ± 5K from Voyager

missions [Lindal et al., 1981]. Then, the Galileo mission dived into Jupiter’s atmosphere

down to a depth of 22 bars [Seiff et al., 1998] and provided an in-situ measurement

of T1bar = 166.1 ± 0.8K. But unfortunately, it was thought that the Galileo probe

dropped into a hot-spot [Orton et al., 1996], namely a very particular region which is

relatively dry. Thus was raised the question of the representativity of the temperature

measurement at 1 bar over the whole range of latitudes and longitudes. A recent re-

assessment of the radio occultations from Voyager [Gupta et al., 2022], taking benefit

of the atmospheric composition measurements of Galileo (because the derivation of the

temperature profile requires the independent knowledge of the mean molecular mass),

could provide new estimates of the thermal profile of Jupiter’s atmosphere (see Fig. 2.5).

This reassessment of the Voyager radio occultations, which spanned a broader range of

latitudes, longitudes but also times than the Galileo probe, yielded 1 bar temperatures

of 170.3 ± 3.8K at 12°S and 167.3 ± 3.8K at 0°N. This indicates a potential variation

of up to almost 9 K at the 1 bar level between the latitudes of 12°S (Voyager 1 Ingress)

and 7°N (Galileo hot-spot). Furthermore, Voyager suggested that Jupiter’s atmosphere

was adiabatic around the 1 bar level, with a temperature lapse rate of about 2K/km.

Galileo confirmed the close to adiabatic behaviour of the atmosphere down to ∼ 16 bars,

and indicated a potential sub-adiabat below, down to 22 bars (see Seiff et al. [1998],

Magalhães et al. [2002]).

Figure 2.5: Updated temperature profiles of Jupiter derived from radio occultation
observations by the Voyager 1 ingress and egress and the Voyager 2 egress, compared
to the Galileo probe measurements. The Voyager 2 radio occultations could not probe

deep enough to the 1 bar level. Taken from Gupta et al. [2022].

The composition of the atmosphere of Jupiter is believed to be hydrogen and helium



Chapter 2. Modelling the interior and evolution of giant planets 21

dominated, in proportions close to cosmic. The occultation of β Scorpii, the same

event used to derive Jupiter’s equatorial radius [Hubbard and van Flandern, 1972], led

to the conclusion that the atmosphere is a hydrogen and helium mixture with a mass

fraction of helium of Y = 0.28+0.24
−0.28 [Elliot et al., 1974]. The analysis of the Voyager data

[Gautier et al., 1981] then provided estimates of the helium atmospheric content through

two methods: examining pressure-induced absorption of H2 − He collisions in infrared

spectra from Voyager IRIS (Infrared interferometer spectrometer and radiometer) and

then combining them with the radio occultation data [Lindal et al., 1981]. The following

values of the helium mass fraction were obtained: Y = 0.19± 0.05 and Y = 0.21± 0.06.

The in-situ measurement of the Galileo probe is the most reliable and yielded: Y/(X +

Y ) = 0.238 ± 0.005 [von Zahn et al., 1998], a commonly employed value in today’s

interior models. The Galileo value is greater (the mass fraction of heavy elements was

assumed to be 1.9%) than what was suggested by Voyager. On another note, the bulk

helium content in Jupiter’s interior is expected to be constant through the planet’s

evolution. A depletion of the helium fraction in the atmosphere compared to the initial

bulk helium fraction would mean that the helium fraction in the deep interior must

be enhanced. We believe that Jupiter formed by accreting gas from the protosolar

nebula. The hydrogen to helium ratio of the atmosphere of Jupiter is hence compared

to the Sun’s. But because of gravitational settling in the Sun, the protosolar hydrogen

to helium ratio relies on measurements of the Sun’s photosphere as well as evolution

models of the Sun. The protosolar abundances are regularly estimated [Bahcall et al.,

1995, Lodders et al., 2009, Serenelli and Basu, 2010]. Table 4 from Asplund et al. [2021]

lists several values of the protosolar abundance of helium but also of heavy elements

and gives their values: Yproto = 0.2725 and Zproto = 0.0154. Models of Jupiter are thus

dependent on the assumed value of Yproto. Concerning heavy elements, infrared spectra

from Voyager 1 and 2 [Hanel et al., 1979b,a] already detected among several species

water, methane, ammonia, phosphine and germane. The abundances of heavy elements

have mainly been measured by the Galileo entry probe [Niemann et al., 1998, Mahaffy

et al., 2000, Atreya et al., 2003, Wong et al., 2004] which reported condensible species

(H2O, CH4, NH3, H2S) and noble gases (He, Ne, Ar, Kr, Xe). Water was found to be

substantially depleted. But this water measurement is thought to be only representative

of the Galileo hot-spot. On the contrary, noble gases are expected to be less subject

to spatial variations because they are chemically unactive. However, neon is found to

be highly depleted as it is trapped in helium droplets which sink in the deep interior

[Wilson and Militzer, 2010]. Besides, the concentration of condensible species was found

to be still increasing beneath the cloud level. This behaviour was confirmed by the Juno

Microwave Radiometer (MWR) [Li et al., 2017] which showed latitudinal variations

and a well-mixed distribution of ammonia from only 50 bars, down to a few hundred

bars. Currently, MWR loosely constrained the water abundance in the equatorial region

(between 1 and 5 times the protosolar value) [Li et al., 2020]. Disequilibrium species

(carbon monoxide, phosphine, germane and arsine) have also been measured [Grassi
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et al., 2020] and can help constrain the heavy element content of Jupiter’s atmosphere

[Cavalié et al., 2023]. Figure 2.6 shows the measured abundances of the four giant

planets of the solar system. Figure 2.7 shows the abundances of the major constituents

of Jupiter’s atmosphere and provides estimates of the atmosphere metallicity to account

for in interior models, which is between 2 and 4 times the protosolar value. Finally,

isotopic ratios which have mostly been measured by Galileo can be useful to constrain

the origin of Jupiter (see Table 3 of Guillot et al. [2022]).

Figure 2.6: Elemental abundances of He, C, N, O, P, S, Ne, Ar, Ge, As, Kr and Xe
in protosolar units in Jupiter, Saturn, Uranus and Neptune. Taken from Guillot et al.

[2022].

2.1.5 Luminosity

The luminosity of a planet conveys key information about its current amount of energy

and one can try to understand how the energy is transported from the deep interior

to the surface but also how the planet evolved to a state with such luminosity. The

luminosity of a planet comes from the reflected light received from the host star and

from a potential internal heat. It is measured by observations essentially in the infrared

wavelengths.

Öpik [1962] already suggested that Jupiter has an internal heat source, due to an effective

temperature of the planet that would be larger than its equilibrium temperature. Before

I continue, I need to define the concepts of effective and equilibrium temperatures. The

effective temperature Teff is the temperature of the planet considering it is a blackbody

that emits the same radiated power:

L = 4πσR2T 4
eff . (2.1)

The equilibrium temperature Teq corresponds to the effective temperature in the case

where the planet has no internal heat source. The intrinsic luminosity Lint would hence
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Figure 2.7: Abundances of heavy elements in the atmosphere of Jupiter. Here, ‘ices’
refers to the metallicity of the atmosphere considering only ices (CH4, NH3, H2O and
H2S). Two values of Ztot are shown, which correspond to the metallicity of the at-
mosphere considering ices (volatiles) and assuming either no rocks (refractories) or an
enrichment of three times the protosolar value for rocks. Abundances of methane and
hydrogen sulfide are taken from Wong et al. [2004], and ammonia and water abundances
are taken from Li et al. [2020]. Protosolar abundances are taken from Asplund et al.
[2021]. The protosolar mass fraction of heavy elements is 0.0154. For ices, we calculated
the protosolar value considering C, N, O, S, and Ne and included additional elements
with the value from Lodders et al. [2009]. Concerning rocks, we only considered Mg,

Si, and Fe. Figure taken from Howard et al. [2023].

be 0 and the planet is heated only by the luminosity it receives from its star. It is defined

as:

Lint = 4πσR2(T 4
eff − T 4

eq). (2.2)

We note that the equilibrium temperature requires the knowledge of the power irradiated

by the star as well as the Bond albedo of the planet (see, e.g., Hubbard [1980]).

Infrared observations from Low [1966] definitely confirmed that Jupiter emits more en-

ergy than it receives from the Sun. These ground-based observations agreed with a

telescope embedded in an aircraft which provided a few years later observations on a

wider range of wavelengths [Aumann et al., 1969]. A new measurement of Jupiter’s

Bond albedo from the Voyager IRIS instrument could better constrain the energy bal-

ance (defined as the ratio of the emitted energy to absorbed solar energy), see Hanel

et al. [1981] for a summary of the measurements of the effective temperature of Jupiter.

The energy balance of Jupiter was assessed by Voyager [Pearl and Conrath, 1991] but

the most recent data come from Cassini [Li et al., 2018] and I summarize it in Table 2.2.
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Table 2.2: Energy balance of Jupiter. The mean radius of Jupiter was taken from
[Guillot, 2005].

Energy balance 2.132

Emitted power [1023 erg.s−1] 86.55

Absorbed solar power [1023 erg.s−1] 40.61

Intrinsic power [1023 erg.s−1] 45.94

Intrinsic flux [erg.s−1.cm−2] 7485

Effective temperature [K] 125.6

Equilibrium temperature [K] 103.9

Bond albedo 0.503

The excess of luminosity due to an internal heat supply has two possible explanations,

both being gravitational energy sources. The first is heat acquired during the early stages

of the formation of Jupiter, in the collapse phase. The second is energy acquired from

the differentiation of helium in the envelope, with helium sinking in the deep interior.

An excess of luminosity is also found in Saturn and Neptune (not in Uranus so far) and

helium differentiation is thought as the most plausible explanation of Saturn’s luminosity

excess. Measurements of a depletion of helium (see Subsection 2.1.4) in the atmosphere

would hence bring support to this explanation. More details about the evolution of giant

planets will be discussed in Section 2.4.

2.1.6 Exoplanets data

Concerning other solar system giant planets, a lot of data is also available for Saturn,

thanks to the Cassini mission. But Uranus and Neptune are still poorly understood given

that no missions really visited them in depth. About exoplanets, observations consist

mostly in measurements of radius and mass. This is essentially done with the transit

and radial velocity techniques. Age is also important to constrain evolution models and

is obtained if we know the age of the star. We are now also getting constraints on

the atmosphere properties and the present species by spectroscopy (i.e. JWST). More

details will be discussed in Chapter 6.

2.2 Basic equations

Giant planets are governed by the same equations as for a star, without including terms

corresponding to nuclear fusion (see e.g. Kippenhahn et al. [2013]). For instance, Jupiter

would have needed to be about 13 times more massive to start nuclear reactions [Bur-

rows et al., 1997]. First, assuming no rotation and spherical symmetry, the interior

structure and evolution of giant planets can be modelled by the equations of hydrostatic
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equilibrium, conservation of mass, conservation of energy and an equation for energy

transport:

Hydrostatic equilibrium:
∂P

∂r
= −ρg (2.3)

Mass conservation:
∂m

∂r
= 4πr2ρ (2.4)

Energy transport:
∂T

∂r
=
∂P

∂r

T

P
∇T (2.5)

Energy conservation:
∂L

∂r
= 4πr2ρ

(
ϵ̇− T

∂S

∂t

)
(2.6)

where P is pressure, r is the radius, ρ is the density, g = Gm/r2 is the gravitational

acceleration (G being the gravitational constant), m is the mass, T is the temperature,

∇T = dlnT
dlnP

is the temperature gradient, L is the intrinsic luminosity, ϵ̇ is a term cor-

responding to sources of energy such as nuclear reactions (generally assumed to be zero

for a planet like Jupiter) and S is the specific entropy.

The hydrostatic equilibrium equation is a particular case of the equation of conservation

of momentum. Here, magnetic field and viscosity are neglected. We will see further that

this equation becomes more complex when accounting for the rotation of a planet. The

gravitational acceleration actually derives from the gravitational potential V , which

is obtained as a solution of the Poisson equation ∆V = 4πGρ. Whether hydrostatic

equilibrium is a valid assumption is a legitimate question. Hydrostatic equilibrium is

a state where gravity is balanced by the forces of pressure inside a planet. It implies

that no significant change in the size, shape or other properties of the planet will be

observed and the planet will remain in this stable state for an extended period of time.

It is thought that giant planets are fluid and dynamical processes occur on a much

slower timescale than the hydrostatic timescale. The latter reads: τhydro ≈ 1
2(Gρ̄)

−1/2

[Kippenhahn et al., 2013]. The value of τhydro for Jupiter is about 28 minutes. It seems

rather small but dynamical processes like convection occur much slower. Besides, a

comparison of the observed oblateness of a planet (obtained from observations of the

apparent flattening) to its dynamical oblateness (obtained from measurements of J2 and

J4) can assess the assumption of hydrostatic equilibrium and a good agreement between

both values is found for Jupiter (see Stevenson [1982]). Thus, hydrostatic equilibrium

is overall a good assumption for Jupiter and giant planets.

The mass conservation equation describes how the mass is distributed inside the planet.

The energy transport equation describes how temperature varies in the interior. It

depends on the temperature gradient ∇T which depends on how heat is transported in

the interior. This will discussed more in detailed in the following section. The energy

conservation equation describes the distribution of heat, i.e. how the energy flux varies

in the interior. This equation is time-dependent, it also describes how the intrinsic

luminosity evolves as the planet ages. The evolution of giant planets will be more

detailed in Chapter 6. Equation 2.6 is hence used in evolution models ; in static models
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the luminosity is fixed to its present-day measured value. It is important to distinguish

static and evolution models. Static models refer to interior or structure models at a

specific age (usually today) where the luminosity as well as the temperature profile are

given. On the other hand, evolution models simulate the contraction and cooling of

planets and show how the properties of planets such as their radius or thermal profile

evolve with time. They can provide additional constraints by matching the current

observed structure of a planet. For Jupiter, I have mostly been working with static

models during my PhD.

In order to solve this set of equations, we need an equation of state ρ(P, T ) to link the

different physical parameters (discussed in the next chapter) and to define the temper-

ature gradient ∇T (discussed in the next section). We also need to assume a structure

(like three-layer, see Chapter 1) for our model and assume a chemical composition. One

must keep in mind that we try to infer the internal composition by solving an inverse

problem: models matching best the data will be considered as the best picture of the

interior of the planet.

For more information about how to make models of giant planets, I refer the reader to

Guillot [1999, 2005], Fortney et al. [2010], Guillot and Gautier [2015], Miguel and Vazan

[2023].

2.3 Heat transport in giant planets

How heat is transported through the interior of giant planets is essential to understand.

We have seen in the previous subsection that we need to define the temperature gradient

to build an interior model. Three mechanisms can explain how heat is transported

through the interiors of giant planets: conduction, radiation or convection. It is hence

important to assess which process is the main mechanism at work in these planets. This

section borrows again ideas from Kippenhahn et al. [2013].

In Jupiter, but not only, an excess of luminosity has been observed (see Subsection 2.1.5).

The internal heat somehow needs to be transported from the deep interior to the surface.

Let’s define the conductive, radiative and adiabatic gradients which are the temperature

gradients (how temperature evolves with pressure in the interior) if heat is transported

by conduction, radiation or convection, respectively:

∇cond =

(
dlnT

dlnP

)
cond

, ∇rad =

(
dlnT

dlnP

)
rad

, ∇ad =

(
dlnT

dlnP

)
ad

. (2.7)

We here assume that in a convective medium, a parcel of fluid that rises or descends

would do it fast enough so that it does not exchange heat with its surroundings. This

process would thus be isentropic. Evaluating and comparing these gradients would
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tell what is the main mechanism that drives heat. Indeed, the lowest gradient would

correspond to the most efficient way to transport heat.

2.3.1 Conduction, radiation, convection

The mean free path l = 1/(κρ̄) (κ is the mean absorption coefficient or opacity and ρ̄

is the mean density of the medium) of transporting particles in planets is expected to

be small compared to the planets radius. Radiation can then be handled as a diffusive

process, in the form of a Fick’s law. The energy density radiation U = aT 4, with

a = 7.57 × 10−15 erg.cm−3K−4 being the radiation density constant, can replace the

number density in the Fick’s law. Therefore:

∇U = 4aT 3∇T , (2.8)

and the diffusion coefficient reads:

D =
1

3
cl, (2.9)

with c the speed of light. The radiative flux hence reads:

Frad = −krad
dT

dr
, (2.10)

with:

krad =
4ac

3

T 3

κradρ̄
. (2.11)

Similarly, the conductive flux can be defined as:

Fcond = −kcond
dT

dr
, (2.12)

with:

kcond =
4ac

3

T 3

κcondρ̄
. (2.13)

Using the luminosity L = 4πr2F , we can write:

dT

dr
= − 3

16πac

κρ̄L

r2T 3
. (2.14)

Assuming hydrostatic equilibrium, the radiative gradient reads:

∇rad =

(
dlnT

dlnP

)
rad

=
P

T

(
dT

dP

)
rad

=
P

T

(
(dT/dr)

(dP/dr)

)
rad

(2.15)

It finally yields for both the radiative and conductive gradients:

∇rad =
3

16πacG

κradρ̄L

mT 4
, ∇cond =

3

16πacG

κcondρ̄L

mT 4
. (2.16)
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But for simplicity, because we treated radiation and conduction in a similar manner, we

will define only one radiative gradient that will be equal to:

∇rad =
3

16πacG

κρ̄L

mT 4
. (2.17)

with 1/κ = 1/κrad + 1/κcond.

Convection corresponds to the transport of heat by movements of fluids. The hot parcels

of fluids tend to rise while the cold parcels of fluids tend to sink. This is an efficient

mechanism to mix different materials as large-scale movements of fluids may be engen-

dered. In a convective medium, the temperature gradient corresponds to the adiabatic

gradient that can directly be calculated from an equation of state:

∇ad =

(
dlnT

dlnP

)
S

. (2.18)

2.3.2 Criteria for convective stability

Before evaluating these gradients, we here define the stability criteria that would tell

if convection occurs in a medium or if it will be inhibited. To derive a criterion, let’s

assume the simple problem of a parcel of fluid that is raised adiabatically (without

exchanging heat with its surroundings) from a position r to a new position r + ∆r

(∆r > 0). Figure 2.8 illustrates the situation.

Figure 2.8: Schematic of a parcel of fluid raised adiabatically.

The difference in density between the parcel and its surroundings will be:

Dρ =

[(
dρ

dr

)
parcel

−
(
dρ

dr

)
surr

]
∆r, (2.19)
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(dρ/dr)parcel is the change of density of the parcel when being lifted by ∆r and (dρ/dr)surr

is the density gradient in the surroundings. If the parcel, at its new position, is less dense

than its new surroundings, Dρ < 0 and the radial component of the buoyancy force

Kr = −gDρ is positive so the parcel will continue to rise, leading to an unstable situation.

Nonetheless, if Dρ > 0 and the parcel of fluid is denser than its new surroundings, the

buoyancy force will be oriented downwards and the parcel will sink back to its initial

position, leading to a stable situation. The stability criterion is thus given by Dρ > 0:(
dρ

dr

)
parcel

>

(
dρ

dr

)
surr

(2.20)

An equation of state ρ(P, T, µ) could switch from density to temperature in this equation.

If we write the differential form of the equation of state, we get:

dρ

ρ
= α

dP

P
− δ

dT

T
+ ϕ

dµ

µ
, (2.21)

where:

α =

(
dlnρ

dlnP

)
, δ = −

(
dlnρ

dlnT

)
, ϕ =

(
dlnρ

dlnµ

)
. (2.22)

Injecting Eq. 2.21 in Eq. 2.20, removing the pressure related terms because we assume

pressure balance, we get:

−
(
δ

T

dT

dr

)
parcel

+

(
ϕ

µ

dµ

dr

)
parcel

> −
(
δ

T

dT

dr

)
surr

+

(
ϕ

µ

dµ

dr

)
surr

. (2.23)

We assume that the chemical composition of the parcel of fluid does not change during

its adiabatic rise (dµ = 0) and we multiply Eq. 2.23 by −(P )dr/dP (pressure height

scale) to obtain:

δ
P

T

(
dT

dP

)
parcel

> δ
P

T

(
dT

dP

)
surr

− ϕ
P

µ

(
dµ

dP

)
surr

(2.24)

Keeping in mind that the parcel of fluid rises adiabatically and that the temperature

gradient is equal to ∇rad if the transport of energy is done by radiation or conduction,

we finally get the Ledoux criterion:

∇rad < ∇ad +
ϕ

δ
∇µ, (2.25)

where ∇rad = (dlnT/dlnP )surr, ∇ad = (dlnT/dlnP )parcel and ∇µ = (dlnµ/dlnP )surr.

In the case of a medium with a homogeneous chemical composition, the composition

gradient ∇µ vanishes and it yields the Schwarzchild criterion:

∇rad < ∇ad (2.26)

In both criteria (which are local), if the left-hand side term is greater than the right one,
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then it is unstable and convection should occur. A particular situation can happen when

a region is Ledoux stable but Schwarzchild unstable (∇ad < ∇rad < ∇ad+
ϕ
δ∇µ). It leads

to a less efficient type of convection, called semi-convection or layered convection (or even

double-diffusive convection often used in oceanography). In this case, convective cells

separated by diffusive interfaces appear, creating a compositional staircase structure (see

hydrodynamic simulations of Rosenblum et al. [2011]).

2.3.3 Adiabatic and non-adiabatic interiors

A rough calculation by [Militzer et al., 2016] shows that the adiabatic gradient in

Jupiter’s interior is almost two orders of magnitude smaller than the conductive gra-

dient, indicating that convection is expected to be the main mechanism driving heat. A

crude estimate of the temperature gradient in the interior showed that it is very similar

to the adiabatic one [Guillot et al., 2004]. Besides, the excess of luminosity requires an

efficient mechanism to transport heat from the interior to the surface of Jupiter to ex-

plain the measured luminosity of the planet. Convection appears as the right candidate

and the success of homogeneous and fully convective models decades ago [Hubbard,

1968, 1969] brought support to the idea of an adiabatic interior. Also, homogeneous

evolution (in the sense that the composition does not change with time) models (al-

beit of solar composition) [Hubbard, 1977] could lead to a relatively good agreement

between the current luminosity and age of Jupiter, without invoking for instance helium

unmixing. Finally, adiabatic temperature profiles were measured by Voyager or Galileo

in the atmosphere (see Subsection 2.1.4). Those several arguments justify why Jupiter

was thought to be essentially convective. This also led to the idea that compositional

atmospheric measurements are representative of the envelope because of efficient mixing

due to convection. The high opacity of the H/He mixture due to the pressure and tem-

perature conditions in Jupiter’s interior can explain why it is convective (more details

can be found in Guillot and Gautier [2015]).

Nevertheless, Stevenson [1985] already questioned the adiabatic assumption that comes

along with a homogeneous interior. By a simple analogy with a crystal of salt dropped in

a beaker containing water, he suggested that a compositional gradient may inhibit large-

scale convection. Leconte and Chabrier [2012] followed this speculation and found models

with compositional gradients that lead to semi-convection and thus a superadiabatic

temperature profile. Recent Jupiter interior models based on Juno gravity data suggest

the presence of a dilute core and hence of a non-adiabatic interior (see, e.g., Debras and

Chabrier [2019], Militzer et al. [2022]). But compositional gradients are not the only

factors that could prevent from large-scale convection [Guillot et al., 2004]. Condensation

effects [Guillot, 1995] or rotation [Fuentes et al., 2023] could inhibit convection. Guillot

et al. [1994] also suggested that a radiative window may exist in giant planets (between

1200 and 2900 K for Jupiter and between 1400 and 2600 K for Saturn) due to an opacity
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decrease. Due to latent heat release, moist convection, with a moist adiabatic gradient

∇moist,ad smaller than the standard adiabatic gradient ∇dry,ad, can occur and inhibit

convection in hydrogen atmospheres [Guillot, 1995, Leconte et al., 2017]. Last but not

least, helium differentiation due to immiscibility [Stevenson and Salpeter, 1977a] can

also lead to non-adiabaticity.

2.4 Giant planets evolution

Once giant planets are formed, they undergo a phase of cooling and contraction that can

last for billions of years. Giant planets start from a stage where they are hot, luminous

and extended. We are interested in how these objects cool and contract and we hence

look at the evolution of their radius and luminosity.

We recall the energy balance equation:

L = L⊙ + Lint, (2.27)

where L = 4πσR2T 4
eff and L⊙ = 4πσR2T 4

eq, already presented in Subsection 2.1.5.

The intrinsic luminosity that corresponds to the internal heat loss is composed of the

gravitational energy Eg and the internal energy Ei:

Lint = −dE
dt

= − d

dt
(Eg + Ei), (2.28)

which leads to Eq. 2.6 (see Nettelmann [2011] for a demonstration) or:

Lint = 4πσR2(T 4
eff − T 4

eq) = −
∫
T
dS

dt
dm (2.29)

This equation is in terms of mass but one just needs to use the equation of conservation

of mass to have it in terms of radius. We can integrate over time Eq. 2.29 to follow the

evolution of the effective temperature and the radius of the planet. But the integration

also requires a relation between Teff and the interior temperature T1bar. Such relation

can be obtained from model atmospheres, notably from Graboske et al. [1975], so that

Eq. 2.29 is only dependent on Teff . For instance, Saumon et al. [1992] adopt:

Teff = 0.7g0.134T 0.804
1bar . (2.30)

The role of the radiative atmosphere above the convective interior is key and dictates

the cooling. Model atmospheres based on opacity tables are crucial to account for the

properties of the atmosphere.

The procedure followed in CEPAM [Guillot and Morel, 1995] is described in Guillot

et al. [1995]. To generate an evolutionary sequence, we start from a static model at
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an age of 0. We provide an initial radius of the planet and the value of c1 = dS/dt

at this age, so that the initial luminosity is significantly higher than the actual value

(”significantly” is vague but because the luminosity is inversely proportional to age,

the initial conditions have only a weak effect, except for very young objects). We can

then obtain the effective temperature with Eq. 2.29. Assuming an initial radius actually

prescribes the initial entropy of the planet. We continue with a second static model at

an age defined by:

∆t =
∆S

c1
, (2.31)

where ∆S is the specific entropy difference between both models. We now directly know

the temperature of this model as its entropy is set by the increment from the previous

static model. We can thus get the luminosity and the radius of this second model. We

continue this procedure until we reach the current stage or even the desired future state

of the planet. Eventually, the planet should reach a point where its radius remains

constant. These calculations focus on the long-term evolution phase and do not account

for the formation of the planet.

Concerning Jupiter, homogeneous evolution models, namely with no change of the com-

position with time, have always been quite correct to predict the age of the planet.

Evolution models of Hubbard [1977] yielded an age of 5.1 Gyr. With the improvement

of interior models thanks to new observational data from Pioneer and Voyager, Saumon

et al. [1992] derived an age of ∼ 5.3Gyr. The cooling time of Jupiter was found to be

reduced to 4.2 Gyr when including a radiative region [Guillot et al., 1995]. Fortney and

Hubbard [2003] derived an age of 4.7 Gyr thanks to improved model atmospheres from

Burrows et al. [1997], in agreement with [Hubbard et al., 1999]. Conversely, for Saturn,

homogeneous models predict ages of only about 2-2.7 Gyr [Fortney and Nettelmann,

2010]. It is believed that the H/He phase separation [Stevenson and Salpeter, 1977a] is

a source of energy that could explain why Saturn is overluminous. Given the great job

of homogeneous models for Jupiter, H/He phase separation has not begun or has just

begun. Inhomogeneous evolution models, accounting for phase separation and differen-

tiation of helium, have then been developed (see, e.g., Mankovich and Fortney [2020]).

Such differentiation will affect the entropy of the different layers of the planet and hence

impact its luminosity.

Another aspect of the evolution of a giant planet is how material mix with time, how it

is redistributed. This is not something I have directly been working on during my PhD

but literature on this topic will be discussed in Chapter 5 when focusing on the extent

of the dilute core.
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2.5 The figures of planets (the theory behind gravitational

moments)

Because of their rotation, planets are not spherically symmetric. The centrifugal force

causes the planet to flatten at the poles and to bulge at the equator, creating a slightly

oblate shape. The gravity field of the planet hence deviates from one of a perfectly

spherically symmetric planet and offers us information on the composition of the interior.

The term ”figures” refers to the shape of the planets and more precisely to surfaces of

equal potential, that will be detailed right after.

The gravity field of a planet can nowadays be measured by a spacecraft in orbit around

the planet. Building a planetary model (see Section 2.2) to calculate (numerically) its

gravity field and compare it to the observed one appears as an efficient strategy to indi-

rectly determine the internal structure of a planet. This technique, called gravitational

sounding, can be employed with the help of the so-called theory of figures. The theory of

figures allows to calculate the gravity field of a planet for a specific density distribution.

It is hence possible to solve the inverse problem and infer the density distribution inside

a planet.

Only ten years ago, Bill Hubbard developed a new method called CMS (Concentric

Maclaurin Spheroid) which leads to a more accurate calculation of the gravitational

moments. However, this method is more time-consuming than the theory of figures. We

will thus proceed by calibrating the gravitational moments obtained with the theory

of figures via some offsets that have been estimated beforehand between both methods.

The theory behind both method is presented here, more details about their application in

the codes (CEPAM [Guillot and Morel, 1995] and CMS4Cepam) I used will be discussed

in Chapter 4.

2.5.1 Theory of figures

Calculating the gravity field is key when studying the interior of giant planets and

I could not write my thesis without dedicating a subsection to the theory of figures.

The latter has been developed since the beginning of the 19th century. I will here

provide a description of the theory. This is essentially a summary of the thorough work

from Zharkov and Trubitsyn [1978] which was translated from russian to english by Bill

Hubbard. I will here focus only on its application to giant planets. I must admit that

I probably do not have the mathematical level of the authors and of other scientists

who contributed to the theory of figures. I will however try to be as comprehensive as

possible on the depiction of the sequence of steps of the theory. For more mathematical

details, I refer the reader to Nettelmann [2011].
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Assuming a density distribution ρ(r) inside a rotating planet, the goal of the theory

of figures is to find the shape of the planet self-consistently with its gravity field. As

already mentioned before, solving the inverse problem would then provide us with the

internal composition of the planet.

The first assumption made in the theory is hydrostatic equilibrium. The reliability of

this assumption is debated in Section 2.2. This can be written in a more complex form

than in Eq. 2.3 because we include rotation now:

∇P
ρ

= ∇V +∇Q = ∇U, (2.32)

where U is the total potential, V and Q the gravitational and centrifugal potentials

respectively. It shows that level surfaces of (equal) potential are also level surfaces of

pressure and density. The problem consists of finding the level surfaces r = r(θ) (θ being

the colatitude) so that U(r) is constant. This potential will now be expressed and we

will see that the gravitational potential, that depends on the density distribution, can be

developed as an infinite sum of the so-called gravitational moments. This represents the

departure of the planet from perfect sphericity, because of its rotation. The gravitational

pull of the planet exerted on for instance a spacecraft hence provides information on the

shape of the planet, assuming a density distribution.

i. Expressing the total potential.

The gravitational and centrifugal potentials respectively read:

V (r) = G

∫
ρ(r′)

|r − r′|
dτ ′, (2.33)

Q(r) =
1

2
ω2r2sin2θ. (2.34)

We note that r is the radial component of the position of an arbitrary point in space,

while r′ corresponds to a point inside the planet. dτ ′ is a volume element. ω is the

angular velocity of rotation of the planet and G is the gravitational constant. The

gravitational potential can then be decomposed in a serie of Legendre polynomials using:

1

|r − r′|
=


1
r

∑∞
n=0(

r′

r )
nPn(t), if r > r′ (external).

1
r

∑∞
n=0(

r′

r )
−n−1Pn(t), if r < r′ (internal).

(2.35)

with t = cos(ψ), ψ being the angle between the radius vectors r and r′. Pn(t) are the

Legendre polynomials:

Pn(t) =
1

2nn!

dn

dtn
[(t2 − 1)n]. (2.36)
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The gravitational potential can be written:

V (r) =
G

r

∞∑
n=0

∫
ρ(r′)Pn(t)(r

′/r)kdτ ′, (2.37)

with k = n if r > r′ and k = −(n + 1) if r < r′. The potential is divided into

an external potential where r > r′ and an internal potential where r < r′. With

t = cos(ψ) = cos(θ)cos(θ′) + sin(θ)sin(θ′)cos(λ − λ′) (λ and λ′ being the azimuthal

components corresponding to r and r′ respectively) and using the addition theorem for

spherical harmonics, the gravitational potential becomes:

V (r) =
G

r

∞∑
n=0

Pn(cosθ)

∫
ρ(r′)Pn(cosθ

′)(r′/r)kdτ ′. (2.38)

This expression is not general. Assuming axisymmetry, the gravitational potential does

not depend on longitude and terms that depend on the azimuthal component vanish. A

more general formula, valid for solid planets and where the density depends on longitude,

can be found in [Zharkov and Trubitsyn, 1978] or in [Iess et al., 2018]. And because of

assumed symmetry between the northern and southern hemispheres, the density ρ(r, θ)

is an even function of θ. We obtain:

V (r, θ) =
G

r

∞∑
n=0

(r−2nD2n + r2n+1D′
2n)P2n(cosθ), (2.39)

with: Dn =
∫
r>r′ ρ(r

′)(r′)nPn(cosθ)dτ
′,

D′
n =

∫
r<r′ ρ(r

′)(r′)−n−1Pn(cosθ)dτ
′.

(2.40)

The non-dimensional coefficients are what we call gravitational moments: Jn = −Dn/(Man),

M and a being respectively the mass and the equatorial radius of Jupiter. The reader

can finally contemplate the expression for the gravitational moments, that have probably

already been mentioned dozens of times in this manuscript.

The external gravitational potential can then be written:

Vext(r, θ) =
GM

r

[
1−

∞∑
n=1

(a
r

)2n
J2nP2n(cosθ)

]
. (2.41)

We can express the centrifugal potential as a function of P2:

Q(r) =
1

3
ω2r2(1− P2(cosθ)). (2.42)
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It is now time to introduce the ”small” parameter q which is the ratio of the centrifugal

to the gravitational accelerations:

q =
ω2a3

GM
. (2.43)

Another formulation exists using the mean radius s instead of the equatorial radius:

m =
ω2s3

GM
. (2.44)

Finally, the total external potential can be expressed as:

Uext(r, θ) =
GM

r

[
1−

∞∑
n=1

(a
r

)2n
J2nP2n(cosθ)−

1

3

(r
a

)3
(1− P2(cosθ))q

]
. (2.45)

We now have the final expression of the total external potential and we seek for level

surfaces r(θ) that satisfy this expression. We recall the equation for the gravitational

moments:

J2n = − 1

Ma2n

∫
ρ(r′)(r′)2nP2n(cosθ)dτ

′. (2.46)

The difficulty is that we need to integrate over the volume to calculate the gravitational

moments but the shape of the planet is not known and have to be found as part of a

self-consistent solution.

ii. The level surfaces.

The level surfaces, where the potential is constant, differ only slightly from spheres and

are called spheroids. They are defined as:

r(θ) = l

(
1 +

∞∑
n=0

s2nP2n(cosθ)

)
. (2.47)

s2n are the figure functions and describe the shape of the surface (how they deviate from

a sphere). The theory of figures is hence a perturbation theory. l is the mean radius of

a level surface, that is the radius of a spheroid defined by:

4π

3
l3 =

2π

3

∫ 1

−1
r3(θ)dcosθ. (2.48)

Injecting Eq. 2.47 in the expression of Dn and D′
n, we can get:

Dn(l) =
2π

n+ 3

∫ l

0
ρ(l′)dl′

∫ 1

−1
Pn(cosθ)

drn+3

dl′
dcosθ (2.49)

D′
n(l) =

2π

2− n

∫ Rm

l
ρ(l′)dl′

∫ 1

−1
Pn(cosθ)

dr2−n

dl′
dcosθ (n ̸= 2) (2.50)

D′
2(l) = 2π

∫ Rm

l
ρ(l′)dl′

∫ 1

−1
P2(cosθ)

dlnr

dl′
dcosθ, (2.51)
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with Rm. These expressions only depends on l: by moving from (r, θ) to l, we move

from a 2D to a 1D problem. We also provide their dimensionless form, with β = l/Rm:

Sn(β) =
3

4πρ̄ln+3
Dn(l), S′

n(β) =
3

4πρ̄l2−n
D′

n(l)

Sn(β) = β−n−3

∫ β

0

ρ(z)

ρ̄

d(zn+3fn)

dz
dz

S′
n(β) = βn−2

∫ 1

β

ρ(z)

ρ̄

d(z2−nf ′n)

dz
dz, (2.52)

with the following expressions for fn and f ′n and replacing cosθ by µ:

fn(z) =
3

2(n+ 3)

∫ 1

−1
Pn(µ)

(
1 +

∞∑
n=0

s2nP2n(µ)

)n+3

dµ

f ′n(z) =
3

2(2− n)

∫ 1

−1
Pn(µ)

(
1 +

∞∑
n=0

s2nP2n(µ)

)2−n

dµ (n ̸= 2)

f ′2(z) =
3

2

∫ 1

−1
Pn(µ) ln

(
1 +

∞∑
n=0

s2nP2n(µ)

)
dµ. (2.53)

iii. Solving the system of equations.

On a level surface, the potential does not depend on θ, by definition. We can finally

write the potential U as a function of the figure functions.

U(l) =
4π

3
Gρ̄l2

∞∑
n=0

A2n(l)P2n(l), (2.54)

ρ̄ being the mean density (considering the volume of the planet calculated using its

mean radius) and A2n are complicated coefficients that depend on the figure functions

s2n. An expansion of these coefficients to third order (n = 3) can be found in Zharkov

and Trubitsyn [1978] or to fourth order in Nettelmann [2017]. An expansion to order

N truncates in Eqs. 2.54 and 2.47 the terms where n > N to allow a calculation of the

gravitational moments up to J2N . Because the potential is constant on a level surface,

it cannot depend on θ and the A2n coefficients must be equal to zero except for n = 0.

We are hence left with a system of equations A2n = 0 for n = 1, ...,+∞ that enables

us to calculate the figure functions s2n. I recall the expressions of the A2n coefficients,

taken from Nettelmann [2017] who gives an expansion to fourth order (the values of fn

can be found in the paper). The current version of CEPAM [Guillot and Morel, 1995]
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is actually using the expansion to fourth order of Nettelmann [2017].

A2 =
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+
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A4 =

(
−s4 +

18

35
s22 −
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385
s32 +

40

77
s2s4 +
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143
s2s6 +
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1001
s24

+
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A6 =

(
−s6 +
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11
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s42 +
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s24

−54
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(
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77
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77
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)
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)
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(
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77
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77
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55
s6

)
S′
2

+

(
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11
s2 +

108

77
s22 +
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99
s4

)
S′
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(
1 +
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)
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(
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(2.57)
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A8 =

(
−s8 +

56

65
s2s6 +

72

715
s42 +

490

1287
s24 −

84

143
s22s4

)
S0

+

(
−84

65
s6 −

144

143
s32 +

336

143
s2s4

)
S2 +

(
−2450

1287
s4

+
420

143
s22

)
S4 −

196

65
s2S6 + S8 +

(
56

65
s6 +

56

143
s2s4

)
S′
2

+

(
1960

1287
s4 +

168

143
s22

)
S′
4 +

168

65
s2S

′
6 + S′

8

+
m

3

(
−56

65
s6 −

56

143
s2s4

)
(2.58)

The potential is given by A0:

U(l) =
4π

3
Gρ̄l2

∞∑
n=0

A0(l), (2.59)
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2
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s22 −
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105
s32 +

2

9
s24 +

43

175
s42 −

4

35
s22s4

)
S0

+

(
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35
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)
S2 +

(
6

7
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S4

+ S′
0 +

(
2
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2

35
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4

35
s2s4 −

2
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2 +

(
4
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+
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)
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m

3
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5
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9

35
s22 −

4

35
s2s4 +

22

525
s32

)
(2.60)

The latest update is from Nettelmann et al. [2021] who provided an expansion to seventh

order. The gravitational moments can be obtained by comparing the expression of the

external potential including the J2n and the one when the D2n coefficients have been

replaced by S2n. We obtain:

J2n = −(Rm/Req)
2nS2n(1) (2.61)

Given the density distribution that we obtain by assuming a certain composition of the

interior, we can calculate the figure functions which determine the shape of the planet

using an iterative procedure and obtain the gravitational moments.

2.5.2 Concentric Maclaurin Spheroids

Given the high accuracy of the measurements of the gravitational moments expected

with Juno, a high accuracy was required to calculate numerically the J2n. Bill Hub-

bard hence developed the Concentric Maclaurin Spheroid (CMS) theory which leads to

a more accurate calculation of the gravitational moments. While the theory of figures is

a perturbation method (where the level surfaces are defined by their deviations from the
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surface of a sphere), CMS consists of considering the planet as a sequence of spheroids of

different densities and applying the superposition theorem to express the gravitational

potential. The theory is first introduced in Hubbard [2012] and then extended to a

multiple number of layers in Hubbard [2013]. I here present a summary, inspired ob-

viously from Hubbard’s papers but also from personal notes of Naor Movshovitz [Naor

Movshovitz, 2017].

The subject of interest of CMS is to model a planet by a sequence of spheroids in high

enough numbers so that any density distribution can be represented. Each spheroid has

a constant density. We can hence start by expressing the external gravitational potential

of one spheroid of constant density ρ (from Eq. 2.40):

Dn = 2πρ

∫ π

0
dθ

∫ r(θ)

0
(r′)nPn(cosθ)(r

′)2sinθdr′ =
2πρ

n+ 3

∫ 1

−1
r(µ)n+3Pn(µ)dµ, (2.62)

with µ = cosθ. Using the non-dimensional radius ξ(µ) = r(µ)/a, the gravitational

moments can be written as:

Jn = − 1

Man
4πρan+3

n+ 3

∫ 1

0
ξ(µ)n+3Pn(µ)dµ. (2.63)

With M = (4πρa3/3)
∫
ξ(µ)3dµ, we get:

Jn = − 3

n+ 3

∫ 1
0 ξ(µ)

n+3Pn(µ)dµ∫ 1
0 ξ(µ)

3dµ
. (2.64)

We now consider a sequence of N spheroids as shown on Fig. 2.9, with the outermost

labelled with i = 0 and the innermost labelled with i = N − 1. In the following, we will

replace the index n in Eq. 2.64 by k in order to avoid confusion between n and N .

Figure 2.9: A sequence of spheroids illustrating the CMS method. Adapted from
Hubbard [2013].

Let’s go back to the expression of the gravitational potential (Eq. 2.39):

V (r, µ) =
G

r

∞∑
k=0

(r−2kD2k + r2k+1D′
2k)P2k(µ). (2.65)
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The potential is linear in density and can hence be expressed, by superposition, as:

Vext(r, µ) =
G

r

(
N−1∑
i=0

∞∑
k=0

Di,2kr
−2kP2k(µ)

)
, (2.66)

with:

Di,2k =
2πδρi
2k + 3

∫ 1

−1
ri(µ)

2k+3P2k(µ)dµ, (2.67)

where δρi = ρi − ρi−1. Using M =
∑N−1

i=0 Di,0, ξ(µ) = r(µ)/a and Ma2k0 Ji,2k = −Di,2k,

we have the expression of the total external gravitational potential:

Vext(r, µ) =
GM

r

(
1−

N−1∑
i=0

∞∑
k=1

Ji,2kξ
−2k
0 (µ)P2k(µ)

)
, (2.68)

where:

Ji,2k = −
(

3

2k + 3

)(
δρi
∫ 1
0 ξ(µ)

2k+3P2k(µ)dµ∑N−1
j=0 δρj

∫ 1
0 ξ(µ)

3dµ

)
. (2.69)

From the fact that the potential at any point of the surface must be equal to the

potential at the equator, we could get an equation that would allow us to calculate the

level surfaces r(µ) or ξ(µ). This equation and the one just above for the gravitational

moments are coupled and an iterative procedure could solve the problem. Nevertheless,

because we use the superposition theorem, we need the shape as well as the contribution

to the gravitational moments of the internal spheroids. For this purpose, let’s focus on

a spheroid that corresponds to the level surface j.

On such spheroid of index j, there are three contributions to the gravitational potential:

i) the external potential of all the spheroids of index i ≥ j (keep in mind that in this

case ai < aj), ii) the external part of all spheroids of index i < j (where ai > aj) and

iii) the internal part of these spheroids of index i < j.

i) The potential of a spheroid of index i ≥ j is the external potential:

Vi≥j =
G

rj

∞∑
k=0

Di,2krj(µ)
−2kP2k(µ). (2.70)

Let’s rewrite it as a function of ξj = rj/a0 and Ji,2k = −Di,2k/Ma2k0 :

Vi≥j = −GM
rj

∞∑
k=0

Ji,2kξj(µ)
−2kP2k(µ). (2.71)

A spheroid of index i < j has two parts:



Chapter 2. Modelling the interior and evolution of giant planets 42

ii) the external part of the sphere of radius rj included in the spheroid i:

Vi<j,ext =
G

rj

4π

3
δρirj(µ)

3. (2.72)

iii) the internal part, corresponding to the oblate region from rj to ri:

Vi<j,int =
G

rj

∞∑
k=0

rj(µ)
2k+1P2k(µ)2πδρi

∫ 1

−1
P2k(µ)dµ

∫ ri(µ)

rj(µ)
(r′)−2k−1(r′)2dr′. (2.73)

Combining ii) and iii), we get (see [Naor Movshovitz, 2017] for a detailed calculation):

Vi<j = Vi<j,ext + Vi<j,int

= −2πGδρi
3

rj(µ)
2 + 2πGδρi

∫ 1

0
ri(µ)

2dµ+ 4πGδρirj(µ)
2P2(µ)

∫ 1

0
P2(µ)ln(ri(µ))dµ

+ 2πGδρi

∞∑
k=2

rj(µ)
2kP2k(µ)

2

2− k

∫ 1

0
P2k(µ)ri(µ)

2−2kdµ.

(2.74)

We then can write it as:

Vi<j = G
∞∑
k=0

D′
i,2krj(µ)

2kP2k(µ) +GD′′
i,0rj(µ)

2, (2.75)

where:

D′
i,2k =

4π

2− 2k
δρi

∫ 1

0
P2k(µ)ri(µ)

2−2k , k ̸= 1, (2.76)

D′
i,2 = 4πδρi

∫ 1

0
P2(µ)ln(ri(µ))dµ, (2.77)

D′′
i,0 = −2π

3
δρi. (2.78)

Let’s rewrite it as a function of ξj , J
′
i,2k = −D′

i,2k/Ma−2k+1
0 and J ′′

i,0 = −D′′
i,0/Ma0−3:

Vi<j = −GM
rj

( ∞∑
k=0

J ′
i,2kξj(µ)

2k+1P2k(µ) + J ′′
i,0ξj(µ)

3

)
. (2.79)

Finally, by combining the three contributions using Eqs. 2.71 and 2.79 and considering

all the contribution of every spheroid, we get the total gravitational potential on a level
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surface j:

Vj(ξj , µ) =

N−1∑
i=j

Vi≥j +

j−1∑
i=0

Vi<j

= − GM

a0ξj(µ)

N−1∑
i=j

∞∑
k=0

Ji,2kξj(µ)
−2kP2k(µ) +

j−1∑
i=0

∞∑
k=0

J ′
i,2kξj(µ)

2k+1P2k(µ) +

∞∑
k=0

J ′′
i,0ξj(µ)

3.


(2.80)

And I recall the expressions of the coefficients Ji,2k, J
′
i,2k, J

′
i,2 and J ′′

i,0:

Ji,2k = −
(

3

2k + 3

)
δρi
∫ 1
0 P2k(µ)ξi(µ)

2k+3dµ∑N−1
m=0 δρm

∫ 1
0 ξm(µ)3dµ

,

J ′
i,2k = −

(
3

2− 2k

)
δρi
∫ 1
0 P2k(µ)ξi(µ)

2−2kdµ∑N−1
m=0 δρm

∫ 1
0 ξm(µ)3dµ

, k ̸= 1

J ′
i,2 = −3

δρi
∫ 1
0 P2(µ) ln ξi(µ)dµ∑N−1

m=0 δρm
∫ 1
0 ξm(µ)3dµ

,

J ′′
i,0 =

1

2

δρi∑N−1
m=0 δρm

∫ 1
0 ξm(µ)3dµ

.

(2.81)

An iterative process is employed as already mentioned. Starting from initial guesses for

the above-defined J-coefficients, the shape ξi(µ) of the spheroids are calculated using

the implicit expression of the total potential (using Eq. 2.80) at (ξi(µ), µ) and equated

at (ai/a0, 0). The J-coefficients are then recalculated with the obtained shape functions.

The procedure goes on until a required tolerance is reached. This sums up the basis of the

CMS method from Hubbard [2013], more details can be found in the cited paper. I will

conclude this subsection by stressing that the CMS theory is still recent. Developments

of new theories to improve the calculation of interior models and gravitational moments

are valuable (e.g., Basillais and Huré [2023]).

2.5.3 Effects of the winds

Hubbard [1982] already studied the influence of zonal winds rotating differentially on the

gravitational signature of giant planets. He even already proposed the idea of calculating

interior models assuming solid-body rotation and then add a correction for differential

rotation.

If a planet was perfectly spherical, all the gravity harmonics would be zero. The even

gravity harmonics and particularly the low-order ones are dominated by the radial den-

sity distribution and the shape of the planet, as shown in Subsection 2.5.1 about the

theory of figures. They are the main data to constrain the internal mass distribution.
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We also saw in Subsection 2.5.1 that the odd gravity harmonics vanish when assuming

symmetry about the equator. However, the zonal winds are not hemispherically sym-

metric (see Subsection 2.1.2) and the odd gravity harmonics are hence not zero. The

density distribution inside a giant planet can be decomposed in two parts: a solid-body

(or static) component and a dynamical component. Because the gravitational moments

are linear in density, we can obtain a contribution to the gravitational moments due

to the solid-body rotation and a contribution due to the differential rotation, namely

a dynamical contribution. Yet, a fluid planet rotating as a solid-body would have no

north-south assymmetry, meaning that the odd harmonics only come from the dynam-

ics. Conversely, the even harmonics have a solid-body component and a dynamical

component. Therefore, Kaspi [2013] recommended, in order to infer the wind depth, to

measure odd gravity harmonics rather than high-order even gravity harmonics as there

will be no need to disentangle the dynamical component to the solid-body component,

in addition to the fact that the signature of low-order odd harmonics is greater than the

one of high-order even harmonics.

Actually, the winds lead to density anomalies which will perturb the mass distribution

and hence the gravitational signature. If they extend deep enough, they will have a

major impact on the high-order gravity harmonics [Hubbard, 1999]. They should only

be a small perturbation compared to the solid-body contribution but Hubbard [1999]

and Kaspi et al. [2010] showed, using a polytrope and the SCvH95 EOS [Saumon et al.,

1995] respectively, that the harmonics of order greater than 10 are in fact dominated by

the dynamical gravity response rather than the solid-body response.

The wind profile is retrieved from the gravity field data using an inversion technique

[Galanti and Kaspi, 2016]. The dynamical component of the density can then be obtained

from the thermal wind equation [Kaspi, 2013]:

(2Ω.∇)[ρ̃u] = ∇ρ′ × g0, (2.82)

where Ω is the rotation rate, u is the velocity field, ρ̃ and ρ′ are the solid-body and

dynamical components of the density respectively, g0 is the gravity. The dynamical

contribution to the gravitational harmonics can then be quantified from this dynamical

component of the density. They are noted ∆Jn.

∆Jn = − 1

Man

∫ a

0
(r′)n+2dr′

∫ 2π

0
dϕ

∫ 1

−1
ρ′(r′, µ)Pn(µ)dµ. (2.83)

Interior models will thus aim at matching J static
2n = JJuno

2n − ∆Jdifferential
2n . Values for

∆Jdifferential
2n that we use can be found in Miguel et al. [2022] and are listed in Table 2.3.
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Table 2.3: Dynamical contributions to the even gravitational moments. Taken from
Miguel et al. [2022].

Value Uncertainty

∆J2(×106) 1.039 0.354

∆J4(×106) -0.076 0.083

∆J6(×106) 0.016 0.076

∆J8(×106) 0.053 0.062

∆J10(×106) -0.080 0.042
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The equation of state (EOS) relates the physical parameters of the interior of a planet

such as pressure, temperature, density or entropy. We have seen in Chapter 2 that it is

a necessary ingredient to solve the set of equations that make an interior or evolution

model (Section 2.2). This chapter could hence have simply been added as a section of the

previous chapter. However, the topic of the equation of state was relatively important

during my PhD and it deserved its own chapter. Furthermore, Section 3.5 corresponds

to the publication of Howard and Guillot [2023]. In this chapter, I will try to make the

link between high-pressure physics and planetary sciences, hoping that it can serve as a

good introduction for planetary scientists not very familiar with the subject. For a more

in-depth description, I refer the reader to reviews like McMahon et al. [2012], Helled

et al. [2020a].

3.1 Introduction

3.1.1 Context

Giant planets are often referred as natural laboratories because matter there is subject

to conditions that do not exist on Earth. Studying the interiors of giant planets can thus

help understanding matter at extreme conditions. But the situation can be seen in both

ways. We are here interested in deciphering the internal structures of giant planets and

it hence requires a good comprehension of matter at the conditions inside these planets.

Inside Jupiter, the pressure and temperature can reach tens of Mbar and several 104K.

The name of gas giants come from the fact that these planets have been formed by

accreting gas but their current state is not only made of gas. Indeed, the picture is

more complex: they are fluid and hydrogen is for instance expected to transition from

a molecular phase to a metallic phase. The interior of Jupiter is actually a place where

atoms, molecules, electrons and ions coexist and interact. A particular difficult state to

fully understand is the Warm Dense Matter regime. When pressure increases and reaches

about the ∼Mbar level, with modest temperatures (a few thousand K), interactions

between different species become strong. The interior of giant planets is mostly made

of hydrogen, but also of helium and a fraction of heavy elements. We will define along

the whole manuscript the mass fractions of hydrogen, helium and heavy elements as

X, Y and Z, respectively. The additive volume law or linear mixing law (see, e.g.,

Saumon et al. [1995]) allows to combine EOSs of pure species to model a mixture of

these species. It states that an extensive property (e.g., volume or entropy) of a mixture

can be calculated by summing each pure specie weighted by their abundance. Figure 3.1

shows the relative contributions in density of the different species for a model of Jupiter

taken from Howard et al. [2023]. This model was calculated with the HG23+CMS19

EOS that will be detailed later in this chapter. This shows that hydrogen contributes

to almost 90% of the density in Jupiter. Helium is not negligible and represents about
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10%. The interactions between hydrogen and helium can reach a contribution of a bit

less than 10% at some pressures. The heavy elements contribution remains small, of the

order of the percent, except in the very deep interior. This justifies the strong interest

on the hydrogen EOS but also shows that helium and interactions between hydrogen

and helium should not be omitted.
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Figure 3.1: Relative contributions of hydrogen, helium, heavy elements and hydrogen-
helium interactions in the density of Jupiter. The blue curve shows the inverse of the
density profile of a state-of-the-art Jupiter model from Howard et al. [2023]. As the
density of this model has been computed using the additive volume law that includes
the four aforementioned contributions, we quantify each of them. The absolute value
of the H-He interactions (noted as ”Mix” on the legend) has been taken because this
term can sometimes be negative. The discontinuity about ∼ 1 Mbar is due to the He
phase separation. The increase of the Z contribution at depth is due to the presence of

the dilute core.

Models, to satisfy observational constraints, depend on an EOS and the inferred prop-

erties are hence dependent on the EOS. Hubbard [1975] showed that a polytrope of

index one is a good approximation for the density-pressure relationship inside Jupiter.

Nevertheless, with the increasing accuracy of the gravitational moments, more accuracy

is needed on the EOS. Fifty years ago, Hubbard’s last sentence of his review about inte-

riors of Jupiter and Saturn [Hubbard, 1973] stated that reducing the uncertainty on the

EOS at the percent level would be important to discriminate between different models.

We still have not reached this level of accuracy and the EOS is still an active field of

research to better understand the nature of the interior of giant planets. And many

contributions to the study of interiors of giant planets have come along with a new or

updated EOS (e.g., Chabrier et al. [1992], Saumon and Guillot [2004], Nettelmann et al.

[2012]). A comparison [Militzer and Hubbard, 2009] of the results of two groups [Net-

telmann et al., 2008, Militzer et al., 2008] has for instance shown that the EOS can be

responsible of huge discrepancies about the inferred internal structure of Jupiter. In this

particular case, the nature of the molecular-to-metallic transition (leading to different

assumptions considered by modellers: two-layer or three-layer models) was responsible

for discrepancies between one group finding massive cores (14 − 18M⊕) inside Jupiter



Chapter 3. The importance of the equation of state 50

and a second group finding very small cores (0− 7M⊕). Hence, a proper understanding

of the behaviour of hydrogen but also hydrogen-helium mixtures is crucial. And even

very recent papers have shed light on the sensitivity of interior models of giant planets

to the EOS [Miguel et al., 2016, 2022, Howard and Guillot, 2023, Howard et al., 2023].

3.1.2 Experimental and theoretical means

To calculate an EOS, laboratory experiments can be done but because the conditions

inside giant planets are difficult to reproduce, theoretical and numerical calculations

are also an important tool. I will here mention what are the different experiments and

theoretical means employed to derive EOSs. A non-exhaustive review for hydrogen,

helium and mixtures of hydrogen and helium will then follow.

Experiments in laboratories can be static are dynamic. Static ones consist of diamond

anvil cells that compress matter, the latter can be heated using lasers. Dynamic exper-

iments use gas gun shocks. The state of the shocked gas is determined by the Hugoniot

curve:

E(ρ, T )− E0(ρ, T ) =
1

2
(P (ρ, T )− P0(ρ0, T0))

(
1

ρ
− 1

ρ0

)
. (3.1)

These shock experiments cover only a limited range of pressures and temperatures, they

are hence mostly used to benchmark EOSs obtained from other methods. But even

static experiments cannot span large ranges of pressure and temperature. Theoretical

calculations are thus needed to provide extensive equation of state calculations.

Theoretical calculations have been based on two approaches: the so-called ”chemical”

and ”physical” pictures. The chemical picture considers molecules or atoms that remain

distinguished and models their interactions by the use of pair-potentials. These pair-

potentials are simply mathematical functions which describe the interactions between

particles. Pair-potentials are usually obtained by fitting experimental data. EOS models,

within the chemical picture, are based on the free-energy minimisation technique to

ensure thermodynamic equilibrium. The Helmholtz free-energy can be defined as F =

kBT lnZ where kB is the Boltzmann constant, T is temperature and Z is the partition

function. The partition function corresponds to the statistical properties of particles at

a thermodynamic equilibrium state. Equilibrium is derived with the particles numbers

{N} and stoichiometric numbers by minimising F (T, V, {N}). Approximations are made

at the stage of choosing a mathematical model for the free-energy. Different contributions

which account for different phenomena are considered in F [Graboske et al., 1969] and

non-ideal terms can be included. Once the free-energy is determined, quantities like

pressure, entropy and internal energy can be calculated from the derivatives of F (see,

e.g, Hummer and Mihalas [1988]). However, when density increases, the chemical picture

can hardly provide a good description of the behaviour of matter and is especially

not accurate in the molecular-to-metallic transition regime where interactions between
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particles become strong. In fact, those semiempirical models are accurate at low densities

but fitting pair-potentials simultaneously to different conditions is complicated.

The physical picture focuses on electrons and ions whose interactions are modeled by

Coulomb potentials. Collisions between particles are simulated and the behaviour of

particles is described by solving the Schrödinger equation and deriving the energy lev-

els occupied by particles. Once thermodynamic equilibrium is reached, properties like

pressure or entropy can be obtained. The physical picture appears as a more rigorous

method as it should provide an exact description of the behaviour of matter. However,

simulations in the framework of the physical picture are time consuming but are now

possible with the progress of numerical means. Simulations in the physical picture are

often referred as first-principle or ab initio simulations. Among many different meth-

ods, two types of calculations are often used for hydrogen and helium: Density function

theory molecular dynamics (DFT-MD) and quantum Monte Carlo (QMC). More details

about these methods and others can be found in McMahon et al. [2012]. DFT derives

the electronic states and MD then derives the forces and the motions of nuclei. DFT

evaluates the energy functional of the density and models many-body effects through

an exchange and correlation (XC) functional. This XC functional is not exactly known

and needs to be approximated. Figure 3.2 shows a snapshot of a DFT-MD calculation,

with 220, 18 and 4 atoms of hydrogen, helium and iron, respectively. QMC is a higher

level of theory and aims at the wave function using random walks. However, because

QMC calculations are computationally expensive, most of the EOSs used in the latest

giant planet models rely on DFT-MD calculations so far.

Figure 3.2: Snapshot of a DFT-MD calculation, with 220, 18 and 4 atoms of hydrogen,
helium and iron, respectively. Taken from Militzer et al. [2016].
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3.2 Hydrogen

Hydrogen is the most abundant element in the Universe and also in gas giants such

as Jupiter or Saturn. Gas giants were initially thought to be cold. This is only after

the discovery of internal heat sources [Low, 1966] that they were believed to be fluid

[Hubbard, 1968]. Besides, hydrogen in these planets transitions from a molecular phase

(H2) to a metallic phase (H+). When pressure increases, molecular hydrogen H2 dis-

sociates and ionizes, leading to a phase where hydrogen is a good conductor, with free

electrons. Actually, the possibility of a metallic form in the phase diagram of hydrogen

was suspected almost 100 years ago [Wigner and Huntington, 1935]. Therefore, even if

hydrogen is the lightest element in Universe, its phase diagram is not that simple. Hy-

drogen has been studied with the experimental and theoretical means presented above

in Subsection 3.1.2, in the attempt of understanding its phase diagram and providing an

accurate EOS. A phase diagram of hydrogen taken from Helled et al. [2020a] is shown

on Fig. 3.3.

Diamond anvil cells have been used to compress hydrogen or deuterium (e.g., Loubeyre

et al. [2002, 2012], Zaghoo et al. [2016]) and could reach a pressure of about 4 Mbar.

Shock experiments have also been conducted [Boriskov et al., 2003, Hicks et al., 2009,

Knudson and Desjarlais, 2017] that can help benchmarking theoretical EOSs (see Hugo-

niot curves from e.g. Miguel et al. [2016], Mazevet et al. [2022]). But so far, extensive

EOSs for hydrogen have come from theoretical calculations that could provide data at

wide ranges of pressure and temperature, required to model the interior of giant plan-

ets. I will now describe briefly EOSs that I have mostly been using. Comparisons of

adiabats calculated for these EOSs will be available in Section 3.5.3 and 3.6 to look at

the differences between the EOSs.

• SCvH95 [Saumon et al., 1995]

A commonly used EOS is the SCvH95 EOS [Saumon et al., 1995] which is based

on the chemical picture described in the previous section. This semi-analytical EOS

spans a wide range of pressures (4 < logP (dyn.cm−2) < 19) and temperatures (2.1 <

logT (K) < 7.06) and is hence applicable not only to giant planets but also to stars.

It accounts for the following species H2, H, H
+ and e− and agrees with several experi-

ments. Because of the hard task to properly model the regime of partial dissociation and

ionization, a version of this EOS which interpolates between the molecular and metallic

phases is available. We also stress that an EOS for helium is provided by Saumon et al.

[1995]. Both H and He EOSs can be combined using the additive volume law. However,

the Hugoniot curve for SCvH95 does not agree with the most recent shock experiments

(see, e.g., Miguel et al. [2016], Chabrier et al. [2019], Mazevet et al. [2022]). Hence this

EOS seems today obsolete to study the deep interior of objects like Jupiter but remains

useful particularly for low pressure regimes.
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Figure 3.3: Phase diagram of hydrogen taken from Helled et al. [2020a]. T-P profiles
of Jupiter and Saturn are shown (solid lines for adiabatic interiors and dashed line
for non-adiabatic interior). Points show data from experiments and simulations to
determine the molecular-to-metallic transition as well as the melting line separating

the solid and fluid phases. See the corresponding paper for references therein.

The improvement of numerical means has then led to the use of DFT to provide a more

accurate EOS in the warm dense matter regime. Indeed, these first-principle simulations

do not rely on the approximations used to account for the interactions between the

species considered in the chemical models. Most of these EOSs based on DFT are then

combining their results to other EOSs outside of the regime of warm dense matter,

typically SCvH95.

• MH13 [Militzer and Hubbard, 2013]

Initially, this EOS was calculated for a hydrogen and helium mixture. It can be

considered as a major advance in the field of EOS for giant planets as many mod-

els of the interior of giant planets have been using it. It spans a pressure range of
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0.1 < P (Mbar) < 300 and a temperature range of 1000 < T (K) < 80 000. It was ob-

tained by performing DFT-MD simulations, using the PBE (Perdew-Burke-Ernzerhof)

functional, on a mixture of 220 H and 18 He atoms which corresponds to a He mass

fraction of Y = 0.245. Such mixture is close to solar and hence close to Jupiter. This is

why it can be considered as a cutting-edge EOS. Because this EOS has been calculated

directly for a mixture and not for pure H nor pure He, it takes the non-ideal mixing

effects (i.e. the interactions between species) into account. The importance of these

mixing effects are discussed in Section 3.5. We will refer to this EOS as MH13* as we

constructed it by fitting an adiabat provided by Burkhard Militzer (see Subsection 3.6).

Actually, Militzer and Hubbard [2013] provide two tables so that one can derive the

EOS from the ab initio data. The first one provides P,E, F and S (pressure, internal

energy, free energy and entropy, respectively). The second one provides the Helmholtz

free energy from a 2D spline function fitting the ab initio results. From this table, one

can calculate P and S thanks to provided derivatives. Nevertheless, using one table or

another and depending on interpolation methods, deriving the EOS from the ab initio

data can lead to slightly different EOSs (see later in Subsection 3.6). I also stress that

Militzer and Hubbard [2013] calculate the entropy with a thermodynamic integration

technique described in Militzer [2013]. A strong feature of the MH13* EOS is a higher

density in the region of the molecular-to-metallic transition.

• CMS19 [Chabrier et al., 2019]

The CMS19 EOS covers pressures of 1 < logP (dyn.cm−2) < 23 and temperatures of

2 < logT (K) < 8. It combines three EOSs: i) the SCvH at low pressures, in the

molecular phase, ii) the QMD calculations of Caillabet et al. [2011] in the intermediate

domain (∼ Mbar), in the pressure ionization regime and iii) the dense plasma model of

Chabrier and Potekhin [1998] at high pressures, in the fully ionized regime. The densities

at the boundaries between the three combined EOSs are given in Chabrier et al. [2019].

An EOS for He is also provided and can be used to model a mixture of H and He using

the additive volume law.

• MLS22 [Mazevet et al., 2022]

The MLS22 EOS can be considered as an update of the CMS19 hydrogen EOS. The dif-

ference is that the range of interpolation between QMD calculations in the intermediate

pressure regime and the SCvH95 EOS at low pressures has been tightened in order to

better fit the latest shock experiments of Knudson and Desjarlais [2017].

• MGF16+MH13 [Miguel et al., 2016]
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The MGF16+MH13 EOS has been derived by Miguel et al. [2016] from the ab initio

data of Militzer and Hubbard [2013]. The authors have extracted a pure H EOS from

the aforementioned DFT-MD simulations on a mixture of H and He (see the paper for

more details about how to extract a pure H EOS). Because the MGF16+MH13 EOS is

based on the MH13 data, some mixing effects are included in this pure H EOS. Hence,

combining this EOS with a pure He EOS accounts for mixing effects but they remain

fixed and equal to those calculated by MH13 at Y = 0.245. The MHG13+MH13 EOS

is built from the table 1 of Militzer and Hubbard [2013] and extends it to a wider range

of pressures and temperatures (4 < logP (dyn.cm−2) < 19 and 2.25 < logT (K) < 7) by

grafting it to the SCvH95 EOS. Grafting the tables of different EOSs is a delicate task:

they can have different dimensions, with irregular shapes. We will see some differences,

in the pressure domain between the MH13 data and SCvH95, between MGF16+MH13

and the CD21 EOS (see right after) which has been built following the same procedure.

• CD21 [Chabrier and Debras, 2021]

The CD21 EOS has followed the same procedure than Miguel et al. [2016] who built an

EOS from the MH13 [Militzer and Hubbard, 2013] data. But Chabrier and Debras [2021]

combine it with CMS19 instead of simply SCvH95. The range of pressures and temper-

atures of CD21 is thus the same as for CMS19. The fact that CD21 and MGF16+MH13

(starting from the same dataset) lead to slightly different EOSs, that are also slightly

different from the MH13* EOS used by his father Burkhard Militzer, show that there

are uncertainties due to combination of EOS tables and interpolation methods.

Another notable EOS that has not been described here is the REOS [Becker et al., 2014],

which also provides a He EOS.

Concerning the dissociation and metallization of hydrogen in the interior of Jupiter,

previous experiments [Zaghoo et al., 2016] and theoretical calculations [Morales et al.,

2010] suggested a first-order transition. Nonetheless, other experiments [McWilliams

et al., 2016] rule out a discontinuous transition. DFT [Tamblyn and Bonev, 2010] and

recent QMC [Pierleoni et al., 2016, Mazzola et al., 2018] calculations also favour a

continuous process. The location of the molecular-to-metallic transition is currently not

precisely determined. Present estimates suggest that it should occur from a few ∼ 0.1

or ∼ 1 Mbar in Jupiter. Constraining precisely its location would be important because

it is linked to the magnetic field of the planet but also because it impacts the modellers’

conception of different layers in the planet.

3.3 Helium

Pure helium has also been studied by diamond anvil cells [Loubeyre et al., 1982, Vos

et al., 1990] and shock experiments [Eggert et al., 2008, Celliers et al., 2010]. Theoretical
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calculations have provided EOSs: SCvH, REOS, CMS19 all provide a He table, in

addition to a pure H table. More about simulations on He can be found in Militzer et al.

[2016]. Helium is also expected to metallize but at pressures one order of magnitude

larger than for hydrogen. The interest has been so far more concentrated on hydrogen

but helium is a non negligible component of gas giants. Its contribution, as well as its

influence through mixing effects with hydrogen, is definitely important to consider.

3.4 Hydrogen-Helium mixtures

Jupiter is made of a mixture of hydrogen and helium, with a small percentage of heavy

elements. The overall hydrogen-to-helium ratio is generally assumed to be protosolar

(see Subsection 2.1.4). But around the Mbar level, helium is expected to phase separate

[Salpeter, 1973, Stevenson and Salpeter, 1977b,a] as it becomes immiscible in metallic

hydrogen. Droplets of helium will form and sink because they are heavier than the

surrounding hydrogen. The helium content is hence expected to be slightly depleted

in Jupiter’s outer region and slightly enhanced deeper. Therefore, calculating EOSs at

different mixture compositions is required.

Only a few data is available for EOSs of H-He mixtures. Experiments at room tempera-

tures [Loubeyre et al., 1991] have been conducted. The most recent experiment [Brygoo

et al., 2021], which combined static and dynamic compressions, has looked at the optical

properties of matter to study demixing in H-He mixtures. This experiment is actually

suggesting that He phase separation may occur deeper (up to 5 Mbar in Jupiter) than

what is suggested by theoretical calculations. Lorenzen et al. [2009, 2011] performed

DFT-MD simulations using the PBE functional to study mixtures for 33 different he-

lium fractions, from 1 to 24 Mbar, and temperatures up to 15 000 K. They however used

the approximation of the ideal entropy of mixing. Morales et al. [2009], Morales et al.

[2013] also used the PBE functional and studied 12 different mixture compositions up to

pressures of 12 Mbar and temperatures of 10 000 K. They calculated the non-ideal en-

tropy of mixing which led to lower demixing temperatures compared to results based on

the ideal entropy of mixing. These calculations predicted demixing to happen between

0.8 and 3 Mbar. Nevertheless, more recent DFT calculations Schöttler and Redmer

[2018a,b], used the van der Waals density functional (vdW-DF) exchange-correlation

functional, also considered the non-ideal entropy of mixing and performed simulations

for 31 helium fractions, with pressures of 0.2 to 30 Mbar and temperatures of 1000 to

15 000 K. They found that demixing is occuring to even lower temperatures and it is

hence possible that it has not started yet in Jupiter. A more detailed discussion can be

found in Schöttler and Redmer [2018a] and also in the appendix of Howard and Guillot

[2023] presented in Appendix A. A comparison of the immiscibility curves of the differ-

ent experiments and simulations will be available in Section 5.5. In a nutshell, these
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studies on H-He mixtures mostly focused on the phenomenon of helium demixing and

its location.

But extensive calculations at a huge number of pressure-temperature points are required

to have a useful EOS for interior models. Experiments and simulations on mixtures

allows to avoid the approximation of the additive volume law. We will see in next section

that non-ideal mixing effects between H and He are important to consider, something

that was already nicely emphasised by Vorberger et al. [2007]. Actually, helium is

important to consider because of the phase separation in mixtures but it has also other

effects like delaying the metallization of hydrogen (due to helium stabilizing hydrogen),

something which has been confirmed by QMC calculations of Mazzola et al. [2018].

So far, the most extensive calculation of a H-He EOS has been done by Militzer and

Hubbard [2013] who ran ab initio simulations and provided an EOS for a mixture of

Y = 0.245. Today, many EOSs have been derived from these ab initio simulations (see

Section 3.2). We will present in the next section an EOS (that we call HG23) for the

interactions between H and He. It can be combined with pure EOSs of H and He.

Schöttler and Redmer [2018b] also provides an EOS but the number of P-T points is

lower than for MH13, these authors ran simulations for several compositions instead

of focusing on only one single composition. Our HG23 table provides a simple way to

calculate H-He EOSs for different compositions.

3.5 Non-ideal mixing effects

This section is directly taken from Howard and Guillot [2023] and emphasises the impor-

tance of accounting for interactions between hydrogen and helium in the EOS. In this

paper, we build and provide an EOS table for the mixing effects that can be combined

to pure H and He EOSs when making use of the additive volume law.

3.5.1 Context

The hydrogen and helium equation of state (hereafter H-He EOS) is crucial in many

contexts, but is particularly challenging to model in a high-pressure, low-temperature

regime where interactions between molecules, atoms and ions are substantial, near a

megabar and at temperatures lower than 104K [e.g. Helled, 2018]. These conditions

concern giant planets [Guillot, 2005, Fortney et al., 2010, Militzer et al., 2016] and

brown dwarfs in particular [Baraffe, 2014]. With pressures reaching up to terabar (for

the most massive and cold brown dwarfs), these objects span a range of thermodynamical

conditions that includes low-pressure regimes for which experimental data are available

and high-pressure regimes that are reasonably well understood [Helled et al., 2020a],

but, with temperatures in the megabar regime ranging from about 5000K to 20,000K
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[Guillot and Gautier, 2015], they cross this difficult and uncertain regime in parameter

space. Understanding their interior structure and evolution requires an accurate EOS

relating physical parameters such as pressure, temperature, density and entropy.

Except for the specific case of the hydrogen-helium phase separation [e.g. Brygoo et al.,

2021], most of the effort has been invested so far in the analysis of pure systems of either

hydrogen or helium. This has been realised by means of laboratory experiments with

anvil cells and laser-driven shocks, and theoretically, with approaches such as density

functional theory (DFT), path integral Monte Carlo (PIMC) and quantum Monte Carlo

(QMC) based on first-principles simulations (see Helled et al. [2020a] for more details).

The pure EOSs are usually coupled with the linear mixing rule (also known as the

additive volume rule), whose principle is to consider that for extensive variables such as

volume and entropy, the value of the mixture is equal to the sum of the pure species

weighted by their respective abundances [Saumon et al., 1995]. However, Vorberger et al.

[2007] pointed out that in the regime in which hydrogen transitions from a molecular to

an atomic fluid, the presence of helium shortens and strengthens the molecular hydrogen

bonds, leading to non-linear effects and potentially non-negligible deviations from the

linear mixing hypothesis. This implies that in addition to pure EOSs, the behaviour

of mixtures should be calculated for all values of the abundances considered. Some

DFT simulations have been conducted to study the conditions for a phase separation of

hydrogen and helium, but only for a limited range of parameters [Morales et al., 2013,

Schöttler and Redmer, 2018b,a] (hereafter called SR18). An extensive DFT calculation

for a H-He mixture has been carried out by Militzer and Hubbard [2013] to provide an

EOS (the so-called MH13 EOS) that fully accounts for the interactions between hydrogen

and helium particles for temperatures between 1000 and 80,000K and pressures between

0.1 and 300Mbar. However, it is available only for one specific composition, namely a

mixture of 220 hydrogen atoms for 18 helium atoms, corresponding to a helium mass-

mixing ratio Y = 0.245. Extensions of this table to cover a wider range of pressures and

temperatures have been made available by Miguel et al. [2016] and Chabrier and Debras

[2021] (CD21, hereafter). However, while these works provide EOSs that in principle can

be applied to any mixture of hydrogen and helium, the treatment of non-linear effects

remains fixed and equal to that calculated by Militzer and Hubbard [2013] at Y = 0.245.

Our work aims to obtain a H-He EOS that includes the hydrogen and helium interac-

tions and remains valid for any hydrogen-to-helium ratio. This EOS should recover the

CD21 EOS as well as both the pure end members CMS19-H and CMS19-He [Chabrier

et al., 2019], when there is only hydrogen or only helium in the system, respectively.

Section 3.5.2 describes how the table is built that contains the contribution of the in-

teractions between hydrogen and helium. Sections 3.5.3 and 3.5.4 are dedicated to

applications to Solar System planets and exoplanets, respectively.
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3.5.2 Derivation of a table for non-ideal mixing effects

In order to account for the interactions between hydrogen and helium, we make use of

the linear mixing rule, but add a term ∆V or ∆S that corresponds to an excess or deficit

of volume or entropy, respectively,

1

ρH−He
=
X

ρH
+

Y

ρHe
+∆V (X,Y ), (3.2)

SH−He = XSH + Y SHe +∆S(X,Y ), (3.3)

where X and Y are the mass fractions of hydrogen and helium, ρH, ρHe and ρH−He

are the densities of pure hydrogen, pure helium, and the hydrogen-helium mixture,

respectively, and SH, SHe , and SH−He are the specific entropies of pure hydrogen, pure

helium, and the hydrogen-helium mixture, respectively. The volume of mixing ∆V and

entropy of mixing ∆S depend on X and Y , namely the composition of the mixture. All

quantities are evaluated at a given pressure P and temperature T . A non-zero volume of

mixing results from interactions between hydrogen and helium. The entropy of mixing

is the sum of a non-ideal part and an ideal part ∆Sideal , arising even without these

interactions. Following Chabrier et al. [2019] [see also Saumon et al., 1995], we write

∆Sideal = −kB
xHln(xH) + xHeln(xHe)

⟨A⟩mH
, (3.4)

where kB refers to the Boltzmann constant, xi is the number fraction of component i,

mH is the atomic mass unit, and ⟨A⟩ =
∑
xiAi, Ai being the mass number.

Given the known EOSs for pure hydrogen, for pure helium, and for one mixture of

hydrogen and helium with mass mixing ratios X∗ = 1 − Y ∗ and Y ∗, respectively, a

natural choice is to assume as a first-order approximation,

∆V (X,Y ) = XY Vmix; ∆S(X,Y ) = XY Smix. (3.5)

Vmix and Smix are then quantities that are independent of X and Y (but vary as a

function of P and T ). Using Eqs. (3.2) and (3.3), we can hence calculate Vmix and Smix,

Vmix =
1

X̃Ỹ

[
1

ρH−He∗
− X∗

ρH
− Y ∗

ρHe

]
, (3.6)

Smix =
1

X̃Ỹ

[
SH−He∗ −X∗SH − Y ∗SHe −∆Sideal(Y

∗) + ∆Sideal(Ỹ )
]
. (3.7)

Here we have included a complication that arises when the table for the mixture is

calculated for a helium mass-mixing ratio Y ∗, but the mixing terms have been evaluated

for a different mixing ratio Ỹ . In the case that we consider, the CD21 H-He table is

given for a helium mass-mixing ratio Y ∗ = 0.275, but includes the non-ideal mixing

effects from Militzer and Hubbard [2013], who evaluated the H-He interactions for a
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Figure 3.4: Comparison of the ideal entropy of mixing (blue curve and Eq. (3.7))
with its first-order approximation, assumed proportional to XY , the product of
the mass-mixing ratios of hydrogen and helium (orange curve), calculated as
∆Sideal(Ỹ ) XY/(X̃Ỹ ), with Ỹ = 0.245. Taken from Howard and Guillot [2023].

mixture with Ỹ = 0.245. Equation. (3.7) also accounts for the fact that the CD21 EOS

evaluates the ideal entropy of mixing at Y ∗ = 0.275, but the non-ideal entropy of mixing

at Ỹ = 0.245.

We note that Eq. (3.4) yields a value of ∆Sideal that is not strictly proportional to

XY , in contrast to the assumption used in Eq. (3.5). However, Fig. 3.4 shows that the

error made by approximating the ideal entropy of mixing as if it were proportional to

XY is small: it is always smaller than 0.1 kB/baryon, and when we limit ourselves to

compositions such that Y < 0.4, the error made is smaller than 0.01 kB/baryon. This

thus supports our assumption that mixing terms should to first order be proportional

to XY .

Using Eqs. (3.6) and (3.7), the H-He table from Chabrier and Debras [2021], and the pure

H and He tables from Chabrier et al. [2019], which all use the same P −T grid (pressures

from 10−11 to 1011 Mbar and temperatures from 102 to 108 K), we can calculate a new

table for Vmix and Smix for the same set of pressures and temperatures. We stress that

this table is valid in the same domain as the EOSs from Chabrier et al. [2019] and

Chabrier and Debras [2021], whose limitations concern the regions in which molecular

hydrogen and ionised hydrogen become solid as well as the region in which ion quantum

effects become important, namely at low T and high P (see Fig.1 and Fig.16 of Chabrier

et al. [2019] for the precise locations in the phase diagrams). The table was cleaned

as described in Appendix A.2 to avoid spurious numerical effects and is available for

download. Combined with the CMS19 tables, it can be used to calculate the internal
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Figure 3.5: Relative contributions of the mixing terms ∆V and ∆S to the total
specific volume 1/ρH−He and entropy SH−He, respectively, as a function of pressure and
temperature. The solid black line corresponds to the Jupiter adiabat from Miguel et al.
[2022]. The values of ∆V × ρH−He and ∆S/SH−He are calculated for X∗ = 0.725 and
Y ∗ = 0.275. The hashed areas correspond to the region in which the mixing volume and
entropy are invalid [see Chabrier et al., 2019, for more details]. Taken from Howard

and Guillot [2023].
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structure of giant planets and brown dwarfs of variable compositions and including non-

ideal mixing effects. The EOS for any mixture may then be evaluated from the EOSs

for the pure elements, Eqs. (3.2) and (3.3), ∆V = XY Vmix and ∆S = XY Smix.

Figure 3.5 shows the relative amplitude of the mixing quantities ∆V and ∆S in a mixture

with Y = 0.245. A typical Jupiter adiabat passes a region between 0.01 Mbar and

0.04 Mbar, where the non-ideal mixing effects are strongest. In this region, the density

of the hydrogen and helium mixture inside Jupiter is denser by almost 10% compared to

the density obtained without accounting for the H-He interactions. Around 0.06 Mbar,

the sign of ∆V changes and becomes positive (the mixture becomes less dense). Then,

∆V continues to increase to approximately 0.2 Mbar and starts to decrease afterwards.

The variations in ∆V obtained in the 0.1−1Mbar pressure range for Jupiter conditions

are in line with those obtained by Vorberger et al. [2007]. However, we point out that we

obtain unanticipated negative contributions (i.e. non-linear mixing terms yielding higher

densities) at lower pressures. We note that this low-pressure region, around 0.01Mbar,

is a sensitive area in which EOS tables are combined, possibly yielding interpolation

errors.

The bottom panel of Fig. 3.5 shows that the presence of helium yields a mixing term

that is small in the classical regime at low pressures and high-enough temperatures, but

reaches up to 10% away from it. On the Jupiter adiabat, this increase in ∆S occurs at

pressures close to 0.1Mbar, peaks in the megabar region, and slowly decreases at higher

pressures. For temperatures that are about five times lower than on the Jupiter adiabat,

we enter the invalidity regime of the EOSs. Results obtained in this regime should not

be trusted.

Figure 3.6 shows that in the classical regime, in which T ≳ 106K (P/Mbar), the entropy

excess is equal to the ideal value from Eq. (3.4). At lower temperatures, the mixing

entropy term increases to up to almost three times the ideal value, except in a small

region centred on 10−2Mbar and 2000K, where we see a decrease to only about 0.5 times

the ideal value. Again, this decrease may be due to interpolation issues inherent to the

original CMS19 and CD21 tables in a region that combines output from different works.

For a typical Jupiter adiabat, ∆S is equal to the classical value up to 5 kbar and then

increases to between 1.5 and 2.5 times this value, with a maximum around 0.5Mbar. It

is important to realise that uncertainties on both the pure and mixed EOSs still exist,

as shown by a comparison to the SR18 calculations in Appendix A.1.

3.5.3 Application to Solar System planets

After deriving a table containing the mixing terms, we applied it to the cases of Jupiter

and Saturn. We first compared adiabats for pure hydrogen-helium mixtures just by

integrating the adiabatic gradient starting from 1bar, 166.1K (i.e. adapted to Jupiter
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Figure 3.6: Ratio of the mixing entropy ∆S and the ideal entropy of mixing ∆Sideal

for a mixture of Y = 0.245. The hashed area corresponds to the region in which the
entropy of mixing is invalid [see Chabrier et al., 2019, for more details]. Taken from

Howard and Guillot [2023].

conditions). We used a simple homogeneous model, without a compact core and with

a uniform helium composition (Y = 0.245). For convenience, because in the Jupiter

interior P ∝ ρ2 [Hubbard, 1975], Fig. 3.7 compares values of ρ/
√
P obtained for different

EOSs. We note that all the new EOSs are much denser than SCvH95 [Saumon et al.,

1995] in a wide region, from pressures of about 0.1 to 10Mbar. The CMS19 [Chabrier

et al., 2019] and MLS22 [Mazevet et al., 2022] EOSs do not include the interactions

between hydrogen and helium at all. They were obtained using Eqs. (3.2) and (3.3)

with the mixing terms ∆V and ∆S both equal to 0 and combining a pure hydrogen

table (CMS19-H or MLS22-H) with a pure helium table (CMS19-He or SCvH95-He).

They are particularly less dense between 0.01 and 0.1 Mbar but denser at depth than

other EOSs. The MGF16+MH13 [Miguel et al., 2016] and CD21 [Chabrier and Debras,

2021] EOSs include the non-ideal mixing effects from Militzer and Hubbard [2013], who

evaluated the H-He interactions for a mixture with Ỹ = 0.245 and thus are very close to

MH13* [Militzer and Hubbard, 2013]. They are also based on Eqs. (3.2) and (3.3) with

∆V and ∆S both equal to 0 ; but the non-ideal mixing effects evaluated at Ỹ = 0.245

are included in the pure effective hydrogen table (MGF16+MH13-H or CD21-H; see

Chabrier and Debras [2021] for more explanations on how to derive an effective pure

H table that accounts for the H-He interactions). While MGF16+MH13-H is combined

with SCvH95-He, CD21-H is combined with CMS19-He. Then, based on the table

derived in Sect. 3.5.2, we added the mixing terms to the CMS19 and MLS22 EOSs and
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Figure 3.7: Adiabats obtained from different EOSs and corresponding to a homoge-
neous model, without a compact core, with Y = 0.245. NIE stands for non-ideal effects.

Taken from Howard and Guillot [2023].

obtained adiabats (CMS19 w/ NIE and MLS22 w/ NIE) that are closer to the other

EOSs that include the non-ideal mixing effects (MGF16+MH13, MH13*, and CD21).

An EOS that does not properly include the interactions between hydrogen and helium

tends to underestimate the total amount of heavy elements in Jupiter. A quick test that

consists of estimating the amount of heavy elements needed to match the equatorial

radius of Jupiter, using a static model, can give a rough estimate of the impact of taking

the non-ideal mixing effects into account. Focusing on a model similar to the one used

for the adiabats of Fig. 3.7, with Y = 0.245, we ran two models: one model with CMS19,

and one model with CMS19, including the non-ideal mixing effects. In the first case, we

needed to add a compact core of 14.1 M⊕ to fit the equatorial radius of Jupiter, while

we needed to add a compact core of 20.8 M⊕ in the second case. This shows that using

the CMS19 EOS [see Ni, 2019, Nettelmann et al., 2021, Miguel et al., 2022] leads to an

underestimation of the amount of heavy elements in Jupiter.

Another issue arises when the helium mixing ratio departs from the value Ỹ = 0.245,

and particularly, as in Jupiter and Saturn, when the helium abundance varies from

the protosolar value due to H-He phase separation [Stevenson and Salpeter, 1977a]. In

this case, even EOSs based on Militzer and Hubbard [2013] such as MGF16+MH13

and CD21 continue to evaluate the non-ideal mixing effects at Ỹ = 0.245. In order to

evaluate the magnitude of this effect, we proceeded as follows. First, we calculated some

adiabats (at 1 bar conditions for Jupiter) for several values of Y and for the three EOSs

CMS19, CD21, and our new EOS (CMS19 w/ NIE), which is based on the combination

of CMS19-H, CMS19-He, and the mixing terms derived in Sect. 3.5.2, using Eqs. (3.2)

and (3.3). We then searched for the maximum difference in density between the adiabats
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Figure 3.8: Comparison in density of our new EOS (this work) based on the non-ideal
mixing effects derived in Section 3.5.2 with both CD21 and CMS19, according to the
helium mass fraction Y . The shaded red and grey areas correspond to the range of
values of Y in Jupiter (taken from models of Miguel et al. [2022]) and Saturn (taken
from Mankovich and Fuller [2021]), respectively. Taken from Howard and Guillot

[2023].

derived for each EOS at every value of Y . Figure 3.8 shows that the maximum deviation

between our new EOS and CMS19 reaches a peak near Y = 0.5 and is equal to 0 at

Y = 0 and Y = 1 because our new EOS is constructed to recover the pure end members

CMS19-H and CMS19-He. With CD21, the maximum deviation reaches a minimum

near Y = 0.245, which corresponds to the value where the non-ideal mixing effects

were estimated. (The minimum is not exactly zero because of the difference between

Ỹ = 0.245 and Y ∗ = 0.275.) In the case of Jupiter, a relative difference of 12% can exist

(for Y close to 0.3) between our new EOS and CMS19. The comparison with CD21

yields a 2.5% difference in density at most. For Saturn, where the range of Y is wider

[Mankovich and Fuller, 2021], the effects of the H-He interactions are even stronger.

Using CMS19 can lead to a 15% error in density (for Y = 0.5), while using CD21 can

lead to an error of 8.5%.

3.5.4 Application to exoplanets

So far, we focused on static models to analyse internal structures at a given time. Now,

we use CEPAM and a non-grey atmosphere [Guillot et al., 2006, Parmentier et al., 2015]

to model the evolution of planets and determine the influence of the H-He interactions

during their lifetime. As seen in Sect. 3.5.3, when we do not include non-ideal mixing

effects, static models lead to an underestimated amount of heavy elements, thus a denser

mixture of hydrogen and helium overall. Hence, static models (with similar quantities
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Figure 3.9: Evolution models of giant planets for three EOSs: SCvH95, CMS19, and
our new EOS (CMS19 w/ non-ideal effect), with Teq=1500 K, taken at 4.5 Gyr. The
models consist of a pure rocky core overlaid with a H-He envelope of solar composition.
The coloured area for each EOS is bounded by evolution models without a core and

with a 20 M⊕ core. Taken from Howard and Guillot [2023].

of heavy elements) will yield a larger radius when accounting for these non-ideal mixing

effects. Assuming simple structures consisting of a central rocky core and a surrounding

H-He envelope of solar composition (Y = 0.3), we calculated evolution models for giant

planets with Teq=1500 K. For each EOS, Figure 3.9 shows the mass-radius relation

obtained at 4.5 Gyr, bounded by homogeneous models without a core (on top) and with

a core of 20 M⊕ (at the bottom). Static models (for fixed boundary conditions) yield

larger radii when non-ideal mixing effects are included, by up to 2% for planets of 1-

3 MJup. When we consider the evolution, the present-day radius results both from the

mass-radius relation for static models and from the history of the planet in the P − T

diagram. Figure 3.9 shows that the effects are generally in the opposite sense, leading to

a change in radius due to non-ideal mixing that is smaller than for purely static models.

We find larger radii for planets that are more massive than Jupiter when we use our

new EOS (CMS19 w/ NIE) compared to CMS19; and in contrast to static models, we

find smaller radii (by up to 2%) for planets that are less massive than Jupiter. The

difference can reach 6% at most, at younger ages. Furthermore, we stress that the radii

differ significantly (by up to 8%) from those obtained with the SCvH95 EOS, which is

commonly used [Fortney et al., 2007]. Because of the accuracy in masses and radii of

exoplanets, more careful modelling is needed and improved knowledge of the H-He EOS

is important to characterise exoplanets.
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3.5.5 Conclusion

In Howard and Guillot [2023], we thus have provided a simple way to account for the

interactions between hydrogen and helium in the EOS. We have derived mixing terms

(including the non-ideal contribution) to be added to the classically used linear mixing

law for density and entropy, respectively. We built a table of these mixing terms as a

function of pressure and temperature. This table is to be combined with pure EOSs to

derive the properties of any hydrogen and helium mixture. We emphasise that omitting

these mixing effects can lead to a relative error in density of up to 15% on the H-

He EOS for Jupiter and Saturn, resulting in a serious underestimation of the heavy

element reservoir and invalidating the fit to the observed gravitational moments. Even

models including these non-ideal mixing effects evaluated for a helium mass-mixing

ratio Y = 0.245 [Debras and Chabrier, 2019, Miguel et al., 2022, Militzer et al., 2022,

Mankovich and Fuller, 2021] have intrinsic errors on the density evaluated to up to 2.5%

for Jupiter and 8.5% for Saturn. In addition, when the non-ideal mixing effects are

not included, a change of up to 6% in the calculated radii of exoplanets may result.

Furthermore, given the differences between EOSs, we stress that uncertainties on the

H-He EOS still exist. Our approach provides a way to obtain a self-consistent EOS

for different helium abundances. We stress that it relies on EOSs calculated for three

compositions only (for Y = 0, Y = 0.245 and Y = 1). Ab initio calculations and

high-pressure experiments for P = 10−2 − 10Mbar and T = 1000 − 20, 000K with

other hydrogen-helium compositions, but also including heavy elements, would be highly

desirable.

3.6 Uncertainties in the H-He equation of state

This section corresponds to sections 3.1 and 3.2 of Howard et al. [2023]. It compares

adiabats calculated with different EOSs and shows the uncertainties on the H-He EOS

that exist.

Jupiter being mostly composed of hydrogen and helium, interior models of the planet

require the use of an appropriate EOS for these chemical elements. The SCvH95 [Saumon

et al., 1995] EOS was commonly applied for studying Jupiter and extrasolar giant planets

[Thorngren et al., 2016]. However, in the last decade, with the improvement of shock

Hugoniot data analyses and the development of ab initio simulations, new H-He EOSs

have emerged [Militzer and Hubbard, 2013, Chabrier et al., 2019, Mazevet et al., 2022].

To compare these EOSs, we derived adiabats for pure hydrogen–helium mixtures (Y =

0.245) by simply integrating the adiabatic gradient starting from 1bar, 166.1K (i.e.

Jupiter’s conditions). For the sake of comparison, heavy elements have not been included

but they would only slightly affect the adiabats (see Helled [2018]). Table 3.1 details the

specifics of the EOSs used to calculate these adiabats. The MGF16+MH13 EOS was
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derived by Miguel et al. [2016] from the ab initio simulation data of Militzer and Hubbard

[2013]. We built MH13* by fitting an adiabat provided by Burkhard Militzer (private

communication), based on the ab initio EOS of Militzer and Hubbard [2013]. We used

a polynomial function g to fit the residuals between the MGF16+MH13 adiabat and

the one provided by BM. We then perturbed the MGF16+MH13 EOS so that ρMH13∗ =

(1−g)ρMGF16+MH13. The comparison between MGF16+MH13 and MH13* is detailed a

bit later. More information about the derivation of CD21 can be found in Chabrier and

Debras [2021]. The HG23+CMS19 and HG23+MLS22 EOSs both make use of the tables

of the non-linear mixing effects provided in Howard and Guillot [2023]. We note that all

these EOSs, except SCvH95, account for the interactions between hydrogen and helium

particles. Still, MGF16+MH13, CD21, and MH13* include the non-ideal mixing effects

but they remain fixed and equal to that calculated by Militzer and Hubbard [2013] for a

single composition (Y = 0.245). On the other hand, HG23+CMS19 and HG23+MLS22

include the H-He interactions and remain valid for any composition of the mixture (see

Howard and Guillot [2023]). For convenience, as P ∝ ρ2 in Jupiter’s interior [Hubbard,

1975], Figure 3.10 compares values of ρ/
√
P . The SCvH95 EOS is much less dense

than the other, more recent EOSs, ranging from 0.1 to 10Mbar. (Quantum Monte

Carlo simulations [Mazzola et al., 2018] yield even denser hydrogen (between 0.3 and

2.6 Mbar) than found by EOSs obtained from density functional theory.) We find a

maximum relative deviation between the different EOSs (except SCvH95) that amounts

to 5.5% (around 0.03 Mbar). The discrepancy between the various EOSs gives us an

estimate of the uncertainty on the EOS to be accounted for in Jupiter models.

The differences between the EOSs seen in Fig. 3.10 are surprising, because in that pa-

rameter space, with the exception of SCvH95, they are all based on the results obtained

by the same ab initio calculations from Militzer and Hubbard [2013]. In order to under-

stand where these differences come from, we must examine the way the EOS tables are

constructed. Two tables are available in Militzer and Hubbard [2013]. Table 1 provides

the thermodynamic quantities obtained from the density functional molecular dynamics

(DFT-MD) calculations. This latter was directly used by Miguel et al. [2016] and grafted

to the SCvH95 EOS to construct the MGF16+MH13 table. On the other hand, Table 2

from Militzer and Hubbard [2013] provides coefficients for a free-energy fit from which

one can calculate all thermodynamic quantities. This free-energy fit is used by Militzer

et al. [2022] and forms the basis of the MH13 EOS (similar to our MH13* EOS). Both the

CD21 EOS [Chabrier and Debras, 2021] and the nonideal mixing tables of Howard and

Guillot [2023] use this EOS and have to interpolate the results with the SCvH95 EOS in

the molecular regime. To assess the uncertainty due to the choice of table, but also due

to the way we interpolate through the table, we derived adiabats from both Table 1 and

Table 2 from Militzer and Hubbard [2013]. To do so, we used a one-dimensional inter-

polation to evaluate pressure and temperature at a typical value of entropy for Jupiter

(7.078061 kbel.
−1), for each density value. This procedure is straightforward for Table 1,

but for Table 2 we followed the procedure prescribed by Militzer and Hubbard [2013]
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Table 3.1: H-He EOSs used in interior models. Concerning the heavy elements, the
EOSs used for ices and rocks are respectively those of water and dry sand from Lyon

and Johnson [1992].

Name of the H-He
EOS

H EOS He EOS H-He interac-
tions

Notes/References

MGF16+MH13 MGF16-H SCvH95-He Included in
the H EOS
but fixed at
Y = 0.245

Derived by
Miguel et al. [2016] from
Militzer and Hubbard [2013]

MH13* - - - - - - Adjusted from
MGF16+MH13 to fit a
Y = 0.245 adiabat from
Militzer et al. [2022]

CD21 CD21-H CMS19-He Included in
the H EOS
but fixed at
Y = 0.245

Derived by
Chabrier and Debras [2021]
from
Militzer and Hubbard [2013]

HG23+CMS19 CMS19-H CMS19-He HG23 H and He EOSs from
Chabrier et al. [2019]
and non-ideal mix-
ing effects from
Howard and Guillot [2023]

HG23+MLS22 MLS22-H CMS19-He HG23 H EOS from
Mazevet et al. [2022]
and non-ideal mix-
ing effects from
Howard and Guillot [2023]

SCvH95 SCvH95-H SCvH95-He None H and He EOSs from
Saumon et al. [1995]

before deriving the adiabats. We then tried three different types of interpolation (linear,

quadratic, and cubic) when calculating the adiabats. Figure 3.11 shows the different

extent in parameter space of the two tables from Militzer and Hubbard [2013] and how

different choices, in particular on the order of the interpolation, affect the resulting adia-

bat. Table 2 is slightly extended compared to Table 1 and provides density and entropy

for temperatures between 1000 and 80,000 K, and pressures between 0.1 and 300 Mbar.

The maximum deviation between adiabats calculated from Table 1 and Table 2 is of the

order of 2%. The order of the interpolation brings a maximum deviation that amounts

to 1.3%. These uncertainties lead to the differences between the MGF16+MH13 and the

MH13* EOSs. However, at pressures of lower than 0.1 Mbar, there are also discrepancies

between both EOSs that are certainly due to the combination of the DFT-MD calcula-

tions of Militzer and Hubbard [2013] with the SCvH95 EOS of Saumon et al. [1995]. The

construction of an EOS is very sensitive to the merging of several tables, particularly

around the regions where the tables are connected. This may explain the high values of
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Figure 3.10: Adiabats obtained from different EOSs and corresponding to a homo-
geneous model, with no compact core, with Y = 0.245. Table 3.1 lists the details of
the EOSs. Below are shown the contribution functions of the gravitational moments of
order 0 to 8 centred at their peak. Their extent corresponds to their full width at half
maximum (see Guillot [2005] for more details). Taken from Howard et al. [2023].

density around 0.03 Mbar and the slightly lower densities at P < 0.01 Mbar for CD21,

HG23+CMS19, and HG23+MLS22 (see Fig. 3.10). Furthermore, we can see that the

points of Table 1 —displayed in Fig. 3.11— are sparse, particularly between 0.1 and

1 Mbar, at densities relevant to the region used to derive a Jupiter adiabat, affecting

the accuracy of the interpolation through the table.

3.7 Heavy elements

As shown on Fig. 3.1, the density contribution of the heavy elements in Jupiter is

negligible compared to the ones of hydrogen, helium and even the interactions between

these species. Besides, we cannot really distinguish with different types (ices, rocks) of

heavy elements inside giant planets so far. However, in the future, we may reach a level

of accuracy that requires a good understanding of the behaviour of heavy elements. So

far, the EOSs I have used for heavy elements are the SESAME [Lyon and Johnson, 1992]

ones for water and drysand. More modern ones obvisouly exist now.
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We focused in the two previous chapters on how to build interior and evolution models

of giant planets. I will present in this chapter the approach that my collaborators and I

decided to follow in order to study Jupiter’s interior. The next chapter will be dedicated

to interior models of Jupiter. During my PhD, I spent a significant part of my first

year, at home because of Covid, but more interestingly trying to get familiar with the

tools that I then used all along the three years of PhD. More specifically, I learnt how to

handle CEPAM [Guillot and Morel, 1995], a code to calculate models of giant planets

but also a Markov chain Monte Carlo code (referred as MCMC in the whole manuscript)

developed by Michaël Bazot [Bazot et al., 2012]. During this first year of PhD, I also

spent time on preliminary analyses that were useful before the calculations that will be

presented in the next chapter and that led to the publication of Howard et al. [2023]. It

involved many zoom meetings with Yamila Miguel, Michaël Bazot and Tristan Guillot

but also with Burkhard Militzer and Bill Hubbard to compare our interior models.

4.1 The statistical approach

The study of Jupiter’s interior started a hundred years ago, where single models were

built by hand, with no computers. Then, series of models could be proposed [Peebles,

1964], each based on different assumptions. However, the number of models considered

was limited to no more than ten (see, e.g., Hubbard [1969], Chabrier et al. [1992]). Dur-

ing the 1990s and 2000’s, ensemble of models were proposed, involving the systematic

variation of input parameters by small increments. This approach gained popularity

and became widely used, allowing researchers to assess the influence of specific param-

eters and to determine large solution ranges [Guillot, 1999, Saumon and Guillot, 2004,

Nettelmann et al., 2008]. It is only very recently that more modern statistical meth-

ods have been applied to studying the interiors of giant planets [Mankovich and Fuller,

2021, Miguel et al., 2022, Howard et al., 2023]. This allows to explore a huge number of

different possible models but also to assess how plausible they are.

The exquisitely accurate measurements of the gravitational moments by Juno allow us

to constrain interior models. The inverse problem of inferring the properties of Jupiter’s

interior from these measurements can be tackled through a Bayesian approach. This

is the approach that we decided to follow in order to study large ensembles of models

instead of a quest for one or few plausible or best models. We can hence carry out an

extensive exploration of the parameters of the interior.
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4.1.1 The MCMC

In recent years, particular interest was given to a branch of the field of statistics called

Bayesian inference. The frequentist approach that is based on using data from exper-

iments can be seen, put crudely, as the determination of the frequency of occurence

of an event. On the other hand, the Bayesian approach treats probabilities as degrees

of belief, rather than as frequencies generated by some process. It provides us with a

measurement of our state of knowledge on a particular problem. Moreover, a benefit of

the Bayesian framework is that it includes past knowledge (known as prior), for instance

from experiments, into the assessment of this problem. We make use of this Bayesian

approach and particularly of a Markov chain Monte Carle (MCMC) code to cope with

the problem of retrieving the parameters of Jupiter’s interior. This section aims to give

a brief overview of how MCMC works and we stress that it was mainly inspired by

Gregory [2001] and Bazot et al. [2012]. The MCMC code I used all along this work was

developed by Michaël Bazot, who took time to help me handle it.

While many articles and lectures directly begin with the theoretical aspects to introduce

MCMC, I believe it is useful to provide some intuition first, to give to the non-expert

reader an idea of MCMC sampling, before looking at the equations. The goal of MCMC

is to sample models around a region of interest, namely to determine the sets of param-

eters that lead to models in agreement with some observations we have (called data).

While Monte Carlo refers to the stochastic aspect, Markov chain refers to the sequence

of parameter sets. Thus, the method starts by initialising a number of walkers, that

are basically initial random guesses of parameter sets. Each walker then explores inde-

pendently the parameter space and try to get close to the region of interest. To do so,

MCMC are based on algorithms to choose the way walkers are moving in the parameter

space. A new position to go is smartly proposed, the algorithm then assesses if it is a

good place to go. A chain will correspond to the path followed by a walker. An effi-

cient MCMC code will finally lead to an estimation of the credible range of our model

parameters allowed by the data, known as posterior.

Let us now go more in the details and introduce some mathematical considerations.

Let θ = (θ1, ..., θk) be the unknown parameters of the interior of the planet and x =

(x1, ..., xn) be the available data (e.g. measurements of the gravitational moments). The

basis of MCMC sampling comes from the Bayes formula:

P (θ|x) = P (x|θ)P (θ)
P (x)

. (4.1)

Our quantity of interest is P (θ|x), called the posterior. It corresponds to the probability

of our model parameters θ given the data x (what we think the parameters are post

using data). The prior P (θ) corresponds to what we think the parameters θ are before

using any data. The likelihood, written P (x|θ) or L(θ,X), is how we think the data is
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distributed. The nominator is quite easy to calculate. The denominator corresponds to

the evidence P (x), which can be computed by integrating over all possible parameter

values:

P (x) =

∫
P (x|θ)P (θ)dθ. (4.2)

The evidence is a normalisation constant to ensure that the integral of the posterior over

the entire parameter space is 1. It is hard to compute but we will see that MCMC does

not require to calculate it because it does not depend on θ.

We then define C(θ) as the predictions of the data (calculated with CEPAM). The differ-

ence between C(θ) and x is noted ϵ. Minimizing this error ϵ (coming from instrumental

but also model errors) is actually not an easy problem because C is not an explicit func-

tion. MCMC generates samples distributed according to a probability distribution that

is linked to the discrepancy between observations and their prediction by C(θ). Assum-

ing that the error ϵn on each observation xn is normally distributed, with a standard

deviation noted σn (uncertainty on xn), and that errors on different observations are

independent, we define the likelihood:

L(θ,X) = p(ϵ) =

(
N∏

n=1

1

(2π)1/2σn

)
× exp

(
−1

2

N∑
n=1

[
C(θ)− xn

σn

]2)
. (4.3)

We aim to maximise the likelihood, that is, to minimise the usual χ2 =
∑

[(C(θ) −
xn)/σn]

2 in Eq. 4.3. We can hence compute the posterior P (θ|x). Note that the output

of the MCMC which is the posterior actually refers to a set of samples of posteriors. And

since we face a multi-parameters problem, we will often use posteriors to refer to joint

posterior probability distributions. MCMC will provide samples randomly distributed

according to the targeted distribution of interest by simply evaluating this distribution

at a certain number of parameter values.

An important aspect of MCMC algorithms is how to propose new parameter sets to

get close to the region of interest where we want to sample models. The point is to

make not random guesses but smart guesses for θ to move from a position to another.

In the standard Metropolis sampler for instance, the new position is sampled from a

normal distribution centred around the current one, with a certain standard deviation

(how far we move positions). The algorithm employed here is the Metropolis-Hastings

algorithm, which is different from the Metropolis one as it proposes asymmetric jumps

to move positions. The sampling depends on an instrumental distribution q(θ∗|θ(t)),
which is a probability distribution used to propose and generate a new set of parameters

θ∗, here at iteration t. In our case, we employ a mixture of three distributions: two

Gaussian distributions both centred at the current state of the parameters but with

different standard deviations, in order to have the possibility to propose small and big

jumps to move position and a third uniform distribution to avoid chains to be trapped in

potential local minima. Our MCMC follows the Metropolis-Hastings algorithm, recalled
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in Algorithm 1. Starting from an initial position (a first guess of the parameter set), a

new position is proposed with the instrumental distribution. We then need to assess if

this proposed position is a good one to go or if it a better option t stay at the current

position. To do so, we compare the posterior probability of the proposed position with

the posterior probability of the current position. We thus define an acceptance ratio

paccept = pproposal/pcurrent which becomes only the ratio of both posterior probabilities

when assuming that the instrumental distribution is symmetrical (q(θ(t)|θ∗) = q(θ∗|θ(t))).
The ratio of the posterior probability at the proposed and current states eliminates the

need for the evidence term, simplifying the expression to:

P (x|θ∗)P (θ∗)
P (x)

P (x|θ(t))P (θ(t))
P (x)

=
P (x|θ∗)P (θ∗)
P (x|θ(t))P (θ(t))

. (4.4)

If the posterior probability of the proposed position is higher than the posterior prob-

ability of the current position, the acceptance ratio paccept will be greater than 1 and

ρ(θ(t), θ∗) will be taken as 1 given its definition shown in Algorithm 1. If the posterior

probability of the proposed position is lower than the posterior probability of the cur-

rent position, then paccept will be lower than 1 and the new position will be accepted

with such probability. We then draw u from a uniform distribution in [0,1] and accept

θ(t+1) = θ∗ if u < ρ. Parameters leading to an increase in posterior probability will

hence always be accepted while parameters decreasing the posterior probability will be

randomly accepted, depending on the acceptance ratio. This procedure allows regions

of high posterior probability to be explored more often.

Algorithm 1 Metropolis-Hastings algorithm. Taken from Bazot et al. [2012].

For t = 1, choose an initial value θ(1). Then, at iteration t:
1. Generate: θ∗ ∼ q(θ|θ(t))
2. Select:

θ(t+1) =

{
θ∗ with probability ρ(θ(t), θ∗),

θ(t) with probability 1− ρ(θ(t), θ∗),
where

ρ(θ(t), θ∗) = min
{

P (θ∗|x)
P (θ(t)|x)

q(θ(t)|θ∗)
q(θ∗|θ(t)) , 1

}
.

Using a MCMC code appears as an efficient tool to study the problem of Jupiter’s inte-

rior which is highly degenerate. A wide exploration of a high number of parameters can

be performed. We show on Fig. 4.1, for a specific run (dilute core models, MLS22 EOS,

from Miguel et al. [2022]) the evolution of the mean value of the parameters and data as

the MCMC progresses through multiple iterations (N). It shows the exploration of the

parameter space by the walkers (parameter sets). Here, Yproto, Yatm and Zatm,ices are

fixed parameters, which is why they have not been plotted. We can see that the algo-

rithm correctly converged (see the appendix in Bazot et al. [2012] for a discussion about

monitoring convergence). In our calculations presented in Chapter 5, we have always

removed the first half of the iterations (called burn-in sequence) to discard samples far
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from the targeted posterior distribution. The burn-in sequence has not been removed

on this figure. However, the MCMC can be computationally expensive as millions of

models will be calculated if we consider using hundreds of walkers and running about

10 000 iterations. We therefore need a code that calculates interior models rather fast.

Figure 4.1: Evolution of the mean value of the CEPAM parameters and data as the
MCMC progresses through millions of iterations (N).

4.1.2 Offsets calculations

To make our MCMC running in a decent amount of time (about ∼ 10 hours on Licallo,

the supercomputer of the Observatoire de la Côte d’Azur), we need to compute the

gravitational moments relatively fast. CEPAM [Guillot and Morel, 1995] calculates

the gravitational moments with the theory of figures to order 4 and takes about a few

seconds to run a model with 1000 layers. On the other hand, Bill Hubbard has developed

a code called CMS4Cepam meant to take the outputted density profile of CEPAM and

running CMS [Hubbard, 2013] on it. Running CMS4Cepam takes however about 2 to

3 hours. Running it with the MCMC would not be an efficient strategy. Even with

optimised versions of CMS (CMS-planet by Naor Movshovitz or CMS-Weizmann by

Maayan Ziv and Eli Galanti), the calculations still takes a few minutes, which is still

considerably larger than the computation time of CEPAM. The CMS method is in fact

much more time consuming because it explicitly calculates the shapes of the spheroids

(see Subsection 2.5.2) to the required level of accuracy. The accuracy of the different

methods to compute the gravitational moments can be assessed by comparing them to

an exact solution for a polytrope [Wisdom and Hubbard, 2016]. The following text in
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this subsection has been taken and adapted from my contribution in subsection 2.3. of

Miguel et al. [2022].

Because results calculated with the CMS method are more accurate but more compu-

tationally demanding, the runs are made using the theory of figures that allows us to

perform many more runs in a shorter time, but we use the accuracy of the CMS method

by calibrating the gravity harmonics obtained from the theory of figures to the CMS

values [Guillot et al., 2018]. Because the gravity harmonics measured by Juno have

reached a very high accuracy, estimating the offsets between both methods is essential.

This calibration is done by assessing offsets (δJ2n = J2n(ToF) − J2n(CMS)), between

the gravity harmonics from the theory of figures and the ones from the CMS method,

using a random sample of 100 of our preferred models. We then take these models

and perform an optimization procedure, modifying Mcore and Z1 to perfectly fit the

observational measurements of the equatorial radius Req and J2 – to get offsets from

the most accurate models – and then compute the offsets for these second set of models

using both methods. Figure 4.2 displays the offsets for both sub-samples (models with

and without the optimization procedure). Our results show a correlation between the

offsets, where δJ4 and δJ6 depend strongly on δJ2. Higher order gravitational moments

(δJ8, δJ10), are less dependent on δJ2. Thanks to these linear relationships, we can

quantify the impact of an offset on J2 on the offsets of the higher order gravitational

moments. We also note that the residuals are very small compared to the error bars

of Juno accounting for the differential rotation. We calculate the median value of δJ2

among the 100 optimised models and calculate the higher order offsets using the linear

relationships. Table 4.1 lists the offsets found, where we note that previous offsets from

Guillot et al. [2018] almost lie on the linear regression curves, showing that our offsets

have changed very slightly and thus our calculations are robust. We show on Fig. 4.3

the gravitational moments obtained using the newly calculated offsets. We have a good

agreement between our optimised models either calibrated with these offsets or ran with

CMS4Cepam. Moreover, we can see on the top right panel that only a change in the

core mass or the molecular envelope metallicity of a few percents can lead to a good fit

of the gravitational moments. We believe that our MCMC calculations provide robust

results, running millions of models. Our assessment of the offsets is reliable, leading to

an effective calibration of our models. And even if the models feature a value of J2 a bit

far from the observational constraint, it does not qualitatively affect the results as only

a small correction will be needed. We finally stress that the offsets have been calculated

for a specific type (3-layer) of models and with a specific EOS (MGF16+MH13). Other

types of models could slightly affect the offsets.
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Figure 4.2: Offsets between ToF and CMS for two subsamples (MCMC models and
optimised models). Left panels : Offsets on the gravitational moments. The black
dashed line shows the linear fit of our models. The green dot shows the origin. The
yellow star corresponds to the linear fit of the optimised models median of ∆J2. The
pink errorbars shows the uncertainty of the Juno measurements accounting for the
differential rotation. The purple errorbars show the uncertainty of the Juno measure-
ments. The green cross shows the former offsets from Guillot et al. [2018]. Right panels
: Residuals of the linear fit shown on the left panels. Taken from Miguel et al.

[2022].

Table 4.1: Offsets between ToF and CMS. The first column indicates the offsets for a
null value of δJ2, the second (values highlighted) shows offsets estimated after picking
the median value of δJ2 (the new set of offsets used in our calculations), then we show
previous offsets calculated in Guillot et al. [2018] and finally the error bars from Juno
with and without accounting for differential rotation. Taken from Miguel et al.

[2022].

δJ2 = 0 δJ2 = median(δJ2) Guillot+2018 Juno error Juno w/ diff rot error

δJ2 × 106 0 1.78621 5.8554 0.014 0.35425
δJ4 × 106 0.0822626 -0.0604954 -0.4045 0.004 0.0836
δJ6 × 106 -0.0799887 -0.0674861 -0.0375 0.009 0.0768
δJ8 × 106 0.16909 0.167862 0.1641 0.025 0.0624
δJ10 × 106 -0.0297133 -0.0295843 -0.0291 0.069 0.0423
δJ12 × 106 0.004131 0.00411681 0.175
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Figure 4.3: Results for 4 sets of 100 models : random models from our preferred
MCMC runs, optimised models with new offsets, optimised models with former offsets
from Guillot et al. [2018] and optimised models with CMS calculation. Top left panel :
Equatorial radius vs J2. Top right panel : Core mass vs fraction of ices in the molecular
hydrogen layer. Grey lines show the pairing between each model and its optimised
version. Middle and bottom panels : Gravitational moments. The black error bars
show the uncertainty of the Juno measurements accounting for the differential rotation.

Taken from Miguel et al. [2022].

4.2 Comparison with other models

My first contribution to interior models of Jupiter happened during the preparation of

Miguel et al. [2022] which will be presented in the next chapter. This paper was prepared

in parallel with Militzer et al. [2022]. And with the two groups, we compared our works

very often before submitting the two papers. I want to stress here that we came a long

way before being able to obtain the models presented in Miguel et al. [2022]. We for

instance took time to realise that our models were too far from the constraint on the

helium mass fraction measured by Galileo. It seems obvious now but at that time it

was not. An important thing to mention is that we struggled to have a good agreement

between our results and the ones from Militzer’s group (him and Bill Hubbard). Even

with the same hypotheses and parameters we still had some discrepancies. We hence

made non-negligible efforts trying to understand the source of discrepancy.

Our first hypothesis, comparing density profiles of models, is that the slight discrepancies

we were seeing on the calculated gravitational moments were due to a different treatment
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of the core. Militzer provided us a model with Mcore = 6M⊕ and where the compact

core is modelled by a single point with a density of 82 g.cm−3. In CEPAM, we treat

the core using several layers. I implemented a core of constant density for the sake of

comparison (CEPAM is usually using an empirical EOS to model the density in the core).

I then ran models with four different values of density: 20, 30, 60 and 100 g.cm−3. A

routine was also developed to fit the density profile in the envelope of Militzer’s model.

Figure 4.4 shows the comparison of the resulting density profiles in the region of the

compact core. The deviations in terms of J6 and J4 are shown on Fig. 4.5. Our models

using MGF16+MH13 are between 3 and 6 ppm from the J4 value of Militzer’s model

with Mcore = 6M⊕ (top left corner) and between 0.4 and 0.7 ppm in J6. When fitting

the density profile of Militzer’s model, we are closer (between 1 and 4 ppm in J4 and

between 0.1 and 0.4 ppm in J6) but there is still a gap. We believe that the gap left is

due to the treatment of the core that is different between CEPAM and the single layer

of Militzer.

This is only when looking at a model with no compact core that we could find a good

match between our results fitting Militzer’s density profile and Militzer’s model. We

find an excellement agreement on J4 and J6 for this model. We hence believe that the

deviations we were initially seeing are due to deviations in the density profile, especially

between 0.01 and 1 Mbar. Actually, we initially believed that we were using the same

EOS, as the one we were using (MGF16+MH13 but we used to simply call it MH13!) was

derived by Miguel et al. [2016] from Militzer and Hubbard [2013]. We did not think that

the slight deviations we see on the left panel of Fig. 4.5 could have a significant effect

on the gravitational moments. But with the amazing accuracy on the gravitational

moments now obtained with Juno, small deviations of the order of a few percents in

the important region between 0.01 and a few Mbar are important and could explain

the gap in this comparison. We thus finally solved the main discrepancy between our

models and the ones of Militzer: it is due to the EOS that is actually slightly different.

The comparison between the MGF16+MH13 EOS and the original MH13 EOS used by

Militzer (that we then built from the best model of Militzer from Militzer et al. [2022]

and called MH13*) was presented in Chapter 3 and can be seen again on Fig. 4.5. We

concluded from this comparison that the gravitational moments are very sensitive to

the EOS. This motivated the work that will be presented in next chapter where we

investigated interior models with several EOSs and also tried to take the uncertainty on

the EOS into account.

4.3 Implementation of a dilute core

In the past few years, a new generation of interior models of Jupiter has emerged. Instead

of the traditional 3-layer (see, e.g., Guillot [1999], Miguel et al. [2022]) representation

(molecular hydrogen, metallic hydrogen, compact core), these new models exhibit a
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fourth layer corresponding to a dilute core [Wahl et al., 2017]. In the latter models,

heavy elements are gradually distributed from the inner compact core to the envelope

of the planet. Hereafter, the envelope will refer to every region of Jupiter except the

inner compact core only made of ices and rocks. A schematic comparing both types of

models with their layers is shown on Fig. 4.6. Finest and more detailed schematics can

be found in Miguel et al. [2022], Miguel and Vazan [2023]. CEPAM already included

the possibility to run dilute core models [Guillot et al., 2018] but I implemented a more

rigorous way to calculate this kind of models.

Figure 4.6: Schematic of a comparison of 3-layer and dilute core models.

Implementing this dilute core in the models requires to modify the expression of the

heavy elements mass fraction Z. In a 3-layer model, ZH2 and ZHmet are the mass

fractions of heavy elements respectively in the molecular hydrogen and the metallic

hydrogen layers. In the compact core, this mass fraction of heavy elements is obviously

equal to 1 since there is no hydrogen nor helium. In a 3-layer model, the expression of

Z(m) is hence given in Eq. 4.5, where mcore is the normalised mass of the compact core

and mHe is the normalised mass at the location of the He phase separation. We have

seen in Chapter 3 that the transition from molecular to metallic hydrogen and the He

phase separation are two phenomena that occur probably around the same region.

Z(m) =


Z1 = ZH2 if mHe < m < 1 (region 1)

Z2 = ZHmet if mcore < m < mHe (region 2)

1 if 0 < m < mcore

(4.5)

With a dilute core, the expression of Z(m) is given in Eq. 4.6. Zdilute is the maximum

mass fraction of heavy elements in the dilute core region, mdilute controls the extent of

the dilute core in terms of mass (it corresponds to half of the decay point in the error

function) and δmdil is a parameter controlling how steep is the heavy elements gradient.

Z(m) =


Z1 = ZH2 if mHe < m < 1 (region 1)

Z2 = ZHmet +
Zdilute−ZHmet

2

[
1− erf

(
m−mdilute

δmdil

)]
if mcore < m < mHe (region 2)

1 if 0 < m < mcore

(4.6)
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With this new expression of Z in region 2, it is critical to adjust the value of the

helium abundance in order to preserve a protosolar value of ⟨ Y
X+Y ⟩ = Yproto = 0.277

(see Subsection 2.1.4 in Chapter 2) overall in the envelope. Another constraint is the

Galileo measurement of Yatm =
YH2

XH2
+YH2

= 0.238 [von Zahn et al., 1998]. For the sake

of simplicity, let use the quantity Y
X instead of Y

X+Y :

α = ⟨Y
X

⟩, α1 =
Y1
X1

, α2 =
Y2
X2

(4.7)

It is then easy to retrieve the values of α and α1 with the constraints :

α =
Yproto

1− Yproto
, α1 =

Yatm
1− Yatm

(4.8)

Furthermore, X + Y + Z = 1 must always be verified so that:

Yi =
αi

1 + αi
(1− Zi), Xi =

1

1 + αi
(1− Zi), i = [1, 2] (4.9)

Then, to conserve an overall protosolar value of ⟨ Y
X+Y ⟩ :

α = ⟨Y
X

⟩ =
∫
Y dm∫
Xdm

=
α1

1+α1

∫
(1− Z1)dm+ α2

1+α2

∫
(1− Z2)dm

1
1+α1

∫
(1− Z1)dm+ 1

1+α2

∫
(1− Z2)dm

(4.10)

Let write :

mxy1 =

∫ 1

mHe

(1− Z1)dm

= (1− Z1)(1−mHe)

(4.11)

mxy2 =

∫ mHe

mcore

(1− Z2)dm

= (1− ZHmet)(mHe −mcore)−
Zdilute − ZHmet

2

[
(mHe −mcore)−

∫ mHe

mcore

erf

(
m−mdilute

δmdil

)
dm

]
(4.12)

It is then possible to express α2 :

α2 =
α(1 + α1)mxy2 + (α− α1)mxy1

(1 + α1)mxy2 − (α− α1)mxy1

(4.13)
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Finally, the helium abundance in region 2 can be calculated thanks to Eq. 4.9 now that

the formula of α2 is known. This has been implemented in CEPAM so that we have the

possibility to calculate interior models with a dilute core, that still preserve the right

helium-to-hydrogen ratio in the whole interior.

4.4 Summary

We found a good agreement between our models and those developed by another research

group, when employing the same parameterization. Moreover, our recent advancements

enable us to run dilute core models, which match better the gravity data from Juno

according to recent models [Wahl et al., 2017, Debras and Chabrier, 2019]. The inte-

gration of an efficient statistical tool has been crucial in our research, as it allows us

to explore a wide range of models within a reasonable timeframe. The use of CEPAM,

calibrated with the accuracy of the CMS method, enables fast and reliable calculations.

As a result, we now possess a robust foundation to calculate interior models of Jupiter.
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Building upon the methodology presented in the previous chapter, our objective was to

constrain the internal structure of Jupiter. This chapter starts with a quick recap on

the formation and evolution of Jupiter. It is important to have these aspects in mind

to establish the connection with interior models. Then, this chapter follows a relatively

chronological order. It starts by presenting my contribution to Miguel et al. [2022], a

work which is the result of a close collaboration with Yamila Miguel, Michaël Bazot and

Tristan Guillot but also enriched by many fruitful discussions with the Interior Working

Group (IWG) of the Juno team. I ran the MCMC simulations and provided the data to

Yamila Miguel who led the paper. This paper was developed in parallel with the paper

led by Burkhard Militzer [Militzer et al., 2022]. We believe that our paper is particularly

noteworthy because it brings a statistical framework to the study of Jupiter’s interior.

Next, motivated by current uncertainties in the EOS, I focused on how we could account

for these in interior models and within the MCMC approach. Meanwhile, we emphasised

the importance of accounting for non-ideal mixing effects [Howard and Guillot, 2023].

It led to the publication of Howard et al. [2023] in which we (with several collaborators

of the IWG) highlighted the uncertainties associated with the EOS and sought to assess

the robustness of solutions linked to it. Our objective was to identify models that not

only better satisfied the present-day constraints but also aligned with our understanding

of the planet’s formation and evolution. This chapter ends with an exploration of the

hypothesis on an inverted Z gradient in Jupiter, as previously proposed by Debras and

Chabrier [2019]. This investigation may offer insights that help reconcile models with

the observed supersolar abundance of heavy elements in the atmosphere (see Fig. 2.7).

5.1 Brief recap on formation and evolution

I provide here a few very basics aspects about the formation and evolution of Jupiter to

make the link with the presented interior models that will follow.

5.1.1 Formation

There are two main scenarios to explain how giant planets form: core accretion and disk

instability (see Helled et al. [2014] for a review). Disk instablity leads to gravitational

fragmentation in the disk and may explain the formation of massive planets. On the

other hand, core accretion [Pollack et al., 1996] is seen as the standard scenario to explain

the formation of solar system planets. It includes three phases. The first one is the

formation of a pure heavy element core by accreting planetesimals (km-sized) or pebbles

(cm-sized) [Lambrechts and Johansen, 2012, Johansen and Lambrechts, 2017]. The mass

of this core was traditionally assumed to be about ten earth masses in giant planets.

Then, the second phase consists in the beginning of accretion of gas while continuing

to accumulate solids. A good understanding of the disk is important to understand the
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properties of the accreted material on giant planets. The third phase is called runaway

gas accretion, where the accretion of gas is rapid. The available gas in the disk will limit

the supply to the planets. Heavy elements may be accreted after the whole dissipation

of the gas, but only a limited amount [Matter et al., 2009]. Nonetheless, the internal

structure may be more complex than a compact core surrounded by an envelope [Helled

and Stevenson, 2017]. It could harbour an inner region where the heavy elements are

gradually distributed outwards, leading to a composition gradient or dilute core. In

the context of the presence of a dilute core, suggested by interior models, its formation

could naturally happen when planetesimals or pebbles are simultaneously accreted with

gas. Those solids would be dissolved before reaching the central pure heavy element

core [Mordasini et al., 2006]. The initial structure of Jupiter is key to determine the

evolution and final structure [Vazan et al., 2015, 2018, Müller et al., 2020]. But we need

to keep in mind that how a planet like Jupiter formed may not result in a similar interior

structure as we observe today. This is why evolution is crucial to consider in order to

connect formation and interior models.

5.1.2 Evolution

The evolution of Jupiter is the key phase that links the formation and the present

structure. It is important to establish a consistent connection between the formation,

the evolution and the current internal structure of the planet. While formation is a

process that lasts probably about a few Myr, evolution lasts a few Gyr. Timescales are

different. During its evolution, Jupiter is expected to cool and contract. A complete

description of a combined formation and evolution model of Jupiter, based on the core

accretion scenario and in agreement with the present-day observed characteristics of

the planet, can be found in Mordasini et al. [2012]. Recently, there has been renewed

interest in a former idea [Stevenson, 1985] that there may be a composition gradient

inside Jupiter. Such composition gradient could be primordial [Lozovsky et al., 2017,

Helled and Stevenson, 2017]. But it could undergo significant changes as the planet

evolves, especially due to convective mixing [Vazan et al., 2016]. Recently, it has been

shown that maintaining an extended dilute core is hard as the composition gradient will

be progressively eroded. Convection is then mixing efficiently, leading to an enriched

and homogeneous outer envelope [Vazan et al., 2018, Müller et al., 2020].

The next sections in this chapter now focus on interior models, that are based essentially

on the gravity data measured by Juno and do not include assumptions from the formation

or evolution perspectives. We will compare the obtained results with these aspects.
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5.2 An inhomogeneous envelope

This section corresponds to my contribution to Miguel et al. [2022]. As previously

mentioned, this paper provides a bayesian analysis of interior models of Jupiter. The

main goal of our paper was to assess the envelope’s homogeneity by looking at the

distribution of heavy elements.

In this section, Subsection 5.2.3, which discusses certain choices made in the model

setup, was adapted from Howard et al. [2023]. Since both this paper and Miguel et al.

[2022] share a similar parameterization and assumptions, it was appropriate to relocate

this content here for convenience. Subsections 5.2.5, 5.2.6 and 5.2.8 have directly been

taken from Miguel et al. [2022].

5.2.1 Introduction

The interior of Jupiter is important to study to understand its formation. A good

comprehension of its present structure can provide hints and help distinguish between

different formation pathways. With Juno, the presence of a dilute core inside Jupiter

was suggested (see Wahl et al. [2017] and also Debras and Chabrier [2019]). However,

these papers essentially proposed a selection of models that best represent the structure

of Jupiter. Given the high number of parameters and assumptions made when building

interior models, we have adopted a different approach to study Jupiter’s interior. We

use a MCMC (see Section 4.1) and explore a wide range of possible models. We hence

investigate on the one hand conventional three-layer models and on the other hand dilute

core models. In addition, we consider several state-of-the-art H-He EOS. Investigating

the distribution of heavy elements in the interior and determining whether Jupiter’s

envelope is homogeneous or not may tell about how heavy elements were accreted,

through planetesimals or pebbles.

5.2.2 Parameters of the models and choices of priors

Before presenting the results of this study, it is essential to provide the details of our

numerical setup. This information will be relevant throughout the entire chapter as

we have maintained nearly the same parameterization for various analyses. We use the

MCMC method described in Section 4.1 and we hence need to define some priors. In

this section, I provide a description of the parameters used in our interior models, as

well as the priors we selected for our calculations. In the next section, I present some

preliminary MCMC calculations that guided us in making these choices for the priors.

Table 5.1 lists the parameters used in our models.
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Table 5.1: List of parameters used in our interior models.

Parameter Description

Mcore Mass of the compact core

PHe Pressure at which He phase separation occurs

T1bar Temperature at 1 bar

Tjump Temperature increase over the He phase separation region

Yproto Protosolar helium mixing ratio

Yatm Helium mixing ratio in the atmosphere

Z ice
1 Mass fraction of ices in the molecular hydrogen region

Zrock
1 Mass fraction of rocks in the molecular hydrogen region

Z ice
2 Mass fraction of ices in the metallic hydrogen region

Zrock
2 Mass fraction of rocks in the metallic hydrogen region

Z ice
dilute Mass fraction of ices in the dilute core region (only for dilute

core models)

Zrock
dilute Mass fraction of rocks in the dilute core region (only for

dilute core models)

mdilute Extent of the dilute core in terms of mass (only for dilute
core models)

δmdil Slope of the dilute core (only for dilute core models)

Tables 5.2 and 5.3 recap the priors used in Miguel et al. [2022], for both three-layer

and dilute core models (see Fig. 4.6). A fixed value of 0.277 was used for Yproto. We

used Y1
X1+Y1

= 0.238, consistent with Galileo and used a protosolar abundance of heavy

elements [Lodders et al., 2009] in the atmosphere Z1 = 0.0153 (ices only) (see Sec-

tion 2.1.4 in Chapter 2). We also mention that an increase in entropy is allowed in

the helium-demixing region by including a temperature jump Tjump. An a posteriori

examination of the models shows that this region is convectively stable for values of

this parameter lower than approximately 2000 K. In Howard et al. [2023], which will

be presented in Section 5.4, almost the same priors have been used, with only a few

differences (Z1 = 0.02) and focusing on dilute core models.

Table 5.2: Parameters explored in our MCMC calculations for three-layer models.
The parameter is given in the first column, the corresponding distribution in the second,
and the lower and upper bounds in the third and fourth. When relevant, the mean and
the standard deviation of the truncated normal are given in columns five and six. Taken

from Miguel et al. [2022].

Parameter Distribution Lower bound Upper bound µ σ

Mcore(M⊕) Uniform 0 0.075 – –

Zrock
2 Uniform 0 0.5 – –

Z ice
2 Uniform 0 0.5 – –

T1bar (K) Normal 135 215 165 4

PHe (Mbar) Normal 0.8 9 3 0.5

Tjump (K) Uniform 0 2000 – –
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Table 5.3: Same as Table 5.2 but for dilute core models. Taken from Miguel et al.
[2022].

Parameter Distribution Lower bound Upper bound µ σ

Mcore(M⊕) Uniform 0 0.075 – –

Zrock
dilute Uniform 0 0.5 – –

Z ice
dilute Uniform 0 0.5 – –

mdilute Uniform 0 0.6 – –

T1bar (K) Normal 135 215 165 4

PHe (Mbar) Normal 0.8 9 3 0.5

Tjump (K) Uniform 0 2000 – –

5.2.3 Justification of priors

In this section, we conducted preliminary MCMC calculations to shed light on the

reasons behind specific choices we made regarding the priors on the parameters of our

MCMC calculations. These calculations justify why we opted to fix Yproto and Yatm.

The optimisation problem is characterised by two issues: (1) The constraints on Jupiter’s

gravitational moments are extremely tight, meaning that only a tiny fraction of the

parameter space allows for successful models, and (2) the high density of recent H-

He EOSs imply that in most cases, fitting only Jupiter’s radius and J2 value would

require nonphysical negative Z1 or core mass values. In practice, this means that some

parameters can be led to values that are significantly offset from their prior.

To assess the influence of the priors, we ran four different simulations (using the MGF16+MH13

EOS) with our MCMC code and focus on three parameters: Yproto, Yatm, T1bar and two

data: J4, J6. In the first run, we set all parameters to vary freely using a Gaussian prior

(mean µ, standard deviation σ) centred on the value from observations. In the second,

third, and fourth runs, we respectively fix one, two, and three of the aforementioned

parameters. We note that the accuracy on the J2n is clearly higher compared to that on

the other parameters. σ/µ is equal to 0.01% and 0.2% for J4 and J6 (0.0002% for J2),

respectively, while it is equal to 2% for the three other parameters. Figure 5.1 shows the

posterior distribution of Yproto, Yatm, T1bar, J4, and J6 for the four different runs. When

setting all parameters free, the MCMC code samples models well around the mean val-

ues of the J2n measured by Juno (accounting for the influence of differentially rotating

winds; see Miguel et al. [2022]). However, Yproto, Yatm, and T1bar are at 2σ or 3σ from

the mean value of their respective prior. When fixing Yproto, the sampled values of J6

are now at 1σ from the observed mean value and sampled values of Yatm are at 7-8σ

from Galileo’s measurement. When fixing Yproto and Yatm, the J6 fit is slightly poorer

than the previous run. However, T1bar has now a 4σ difference from the mean value of

the prior. Finally, when fixing Yproto, Yatm, and T1bar, J4 differs by more than 20σ from

Juno’s measurement and J6 differs by 5σ.
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Figure 5.1: Posterior distributions of Yproto, Yatm, T1bar, J4, and J6 for four different
MCMC runs using the MGF16+MH13 EOS. The blue histograms correspond to a run
where the four parameters are free. In the orange run, Yproto is fixed. In the green
run, Yproto and Yatm are fixed. In the red run, Yproto, Yatm, and T1bar are fixed. When
histograms show a black vertical solid line, this indicates that a prior was set and was
centred at the value from observations (Yproto = 0.277 ± 0.006, Yatm = 0.238 ± 0.005,
T1bar = 165 ± 4K, J4.10

6 = −586.53 ± 0.0836 and J6.10
6 = 34.18 ± 0.07682). The

gray areas correspond to the standard deviation of the prior (1 sigma). Taken from
Howard et al. [2023].

This shows that to satisfy the observational constraints on parameters such as Yproto and

Yatm, we need to fix them instead of using a Gaussian prior, because the uncertainties on

the gravitational moments dominate. Otherwise, these parameters will be further than

1σ from the observed value. As the observational constraint is looser on T1bar because of

the question of latitudinal dependency —which raises the possibility that Jupiter’s deep

temperature may be higher than the Galileo probe reference value (see Section 2.1.4 in

Chapter 2)—, only T1bar will be set as a free parameter in some of the runs presented.

5.2.4 Gravitational moments

Figure 5.2 shows the equatorial radius and the gravitational moments of our models

sampled by the MCMC code. For both dilute core and three-layer models, we obtain

solutions that match Req and J2. Our solutions nicely match J4 and J6 except for a
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few dilute core models which are within the 2σ range of the observed J6. While all our

models reproduce J8, their value of J10 is at the edge of the 1σ errorbar. We note that

the outer metallicity is set to Z1 = 0.0153 (1 × the protosolar value). More details

about the heavy elements distribution will be discussed in the further sections. The

corner plots in Appendix B show the posterior distribution of all the parameters in

these models.
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Figure 5.2: Equatorial radius and gravitational moments for dilute core and three-
layer models, obtained for three different H-He EOSs, MGF16+MH13, CMS19 and
MLS22, respectively (see text). Left panels. Dilute core models. Right panels. Three-
layer models. Both types of models use Z1 = 0.0153 (protosolar). The circles with
a J correspond to the measurements of the gravitational moments by Juno [Durante
et al., 2020]. The black error bars correspond to the gravitational moments corrected

by differential rotation (see Subsection 2.5.3 in Chapter 2).

5.2.5 Distribution of the heavy elements

We recall that the structure of dilute core and three-layer models are explained in Chap-

ter 4. When analysing the distribution of heavy elements in the envelope, we considered

the envelope to consist of H2- and Hmetallic- layers for the three-layer models and to

consist of H2- and Hmetallic- dominated layers and dilute core for the dilute core models.

We calculated a quantity called ∆Z to assess the inhomogeneity of Jupiter’s envelope.
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This quantity is defined as ∆Z = Zdilute − Z1 (i.e. the difference in heavy elements

between the H2- dominated layer and the dilute core region) for dilute core models

while it is defined as ∆Z = Z2 − Z1 (i.e. the difference in heavy elements between the

H2- and Hmetallic- dominated layers) for three-layer models. A value of ∆Z equal to 0

would indicate a homogeneous envelope. Figure 5.3 shows ∆Z for both type of models.

For three-layer solutions, we find that ∆Z is larger than zero for all models calculated

with the MGF16+MH13 and MLS22 EOSs. For the CMS19 EOS, we find that the

probability of finding models with ∆Z > 0 is 97.6%. Concerning dilute core models,

we obtain all models with ∆Z larger than zero, independently of the EOS. Our results

robustly demonstrate that Jupiter’s envelope is not homogeneous: the external layer of

the envelope is depleted of heavy elements compared to the inner part of the envelope.

This result is independent of both the models adopted for the interior of the planet and

the EOS used. We note, however, that different EOSs lead to different distributions of

the heavy elements in the interior of the planet.
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Figure 5.3: Histograms of ∆Z for both dilute core and three-layer models. This quan-
tity assesses the inhomogeneity of Jupiter’s envelope. Different colours show models

calculated with different EOSs. Adapted from Miguel et al. [2022].

An analysis of the mass of heavy elements in the different layers for a random sample of

1000 of our models is shown in Figure 5.4. We see that the total mass of heavy elements

(MZtotal
) varies between 11 and 30 M⊕, with differences resulting from the choice of

the EOS. Calculations done with the MGF16+MH13 EOS have 18 < MZtotal
< 30 M⊕,

models with MLS22 have 14 < MZtotal
< 24 M⊕ and models with CMS19 have 11 <

MZtotal
< 18 M⊕, independently of the model of Jupiter adopted (three-layer or dilute

core). For the three-layer models, the differences mostly arise from discrepancies of

the mass of heavy elements in the Hmetallic-dominated region (MZ2) that varies between

2 and 23 M⊕, depending on the EOS. For models with a dilute core, the differences

are mostly due to differences in the mass of heavy elements in the dilute core region

(MZdilute
), that is found to vary between 1 and 25 M⊕, depending on the EOS adopted
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in the calculation. The mass of heavy elements in the H2-dominated region (MZ1) is

quite similar for models with different EOSs, independently on the model adopted for

Jupiter. This is expected given the prior used to match the observational constraints

from the Juno and Galileo missions. Regarding the inner core, we find that it varies

between 0 and 7M⊕ for all models, with its exact value depending on the model adopted

for Jupiter’s interior. The three-layer models have Mcore ≃ 6 M⊕, independently on the

EOS adopted. Conversely, we see two groups of solutions for models with a dilute core:

a group with inner core masses between 3 and 6 M⊕, and another group with small

masses up to 2 M⊕.
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Figure 5.4: Mass of heavy elements in the different layers as a function of the total
mass of heavy elements in Jupiter for a random sample of 1000 models extracted from
our three-layer models (right panels) and dilute core models (left panels). Left pan-
els indicate (from top to bottom) the mass of heavy elements in the H2- dominated,
Hmetallic- dominated, dilute core and inner core regions, respectively. Right panels indi-
cate (from top to bottom) the mass of heavy elements in the H2- dominated, Hmetallic-
dominated and inner core regions, respectively. Taken from Miguel et al. [2022].

In comparison, dilute core models from Wahl et al. [2017], who, using the original MH13

EOS, found a value of Mcore+Mdilute (Mdilute being the total mass in the dilute core re-

gion) between 10 and 24 M⊕ and MZtotal
of 24-27 M⊕. These results are consistent with

our results, even though most of them have sub-solar atmospheric metallicities. Ni [2019]

performed four-layer models using the MH13 and CMS19 EOSs. They found a range of

Mcore+Mdilute of 6.5-27 M⊕ and MZtotal
of 24-28 M⊕ with MH13 and Mcore+Mdilute of
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3-12 M⊕ and MZtotal
of 8-12 M⊕ with CMS19. For both EOSs, the results are in good

qualitative agreement with ours, even though, in this case again, their optimisation led

to sub-solar atmospheric metallicities as opposed to our results where Z1 = 1 × Zsolar.

Debras and Chabrier [2019] imposed the constraint of a minimum atmospheric metallic-

ity of Z = 0.02. They found that in order to fit this and all other constraints using the

CMS19 EOS, an inward-decrease of the abundance of heavy elements between the H2-

and Hmetallic-dominated regions was required. We also find these type of solutions when

using the CMS19 EOS and three-layer models (Fig 5.3), but since they represent 2.4%

of our sample we find this unlikely. TheMZtotal
found by Debras and Chabrier [2019] are

of 25-30 and 40-45M⊕ for models without and with inner core, respectively. Our results

with CMS19 always led to considerably smaller values. A similar discrepancy with the

Debras and Chabrier [2019] study is found by Nettelmann et al. [2021]. Nettelmann

et al. [2021] used CMS19 and dilute core models. They found Mcore of up to 3.8 M⊕

and MZtotal
up to 13 M⊕, comparable to our results. We note that in Nettelmann et al.

[2021] the authors calculate the gravitational harmonics using an expansion of the ToF

of seventh order, different from the method used here (Section 2.5). In summary, we

have performed a large exploration of the parameter space and we find that our results

include most other individual models presented in other works.

5.2.6 A hotter interior than expected

Figure 5.5 shows that our models tend to have temperatures at 1 bar going from ∼169

to ∼188 K for the three-layer models to values between ∼165 and ∼182 K for the dilute

core models, depending on the EOS adopted. While these values are high compared to

observations by the Galileo probe (166.1K, Seiff et al. [1998]), it is not clear whether

those in situ measurements represent the typical 1 bar temperature on Jupiter because

of latitudinal variability, which may exist to a limited extent [Fletcher et al., 2020b].

Furthermore, a reassessment of the Galileo probe data led to an increase of the temper-

ature of ≃4 K [Gupta et al., 2022] and, additionally, the possibility of superadiabaticity

in the interior [Leconte et al., 2017, Guillot et al., 2020] could yield a deep entropy

corresponding to a temperature a few degrees higher than the measured value at 1 bar.

More details can be found in Subsection 2.1.4 of Chapter 2. In all cases dilute core

models have temperatures more in agreement with the expectations given the values

observed and the uncertainties in this parameter. Regarding the separation pressure

for the immiscibility of helium in hydrogen, our values are always close between 2 and

4 Mbar , that are in agreement with the higher limit of numerical calculations [Morales

et al., 2013, Schöttler and Redmer, 2018b] and more in agreement with recent labora-

tory experiments estimations [Brygoo et al., 2021]. Nettelmann et al. [2021] also find

that higher temperatures at 1 bar help in reaching higher metallicities in the atmosphere.

Their models have separation pressures between the H2- and Hmetallic-dominated regions

close to 6 Mbar while our models use separation pressures around 3 Mbar.
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Figure 5.5: Temperature at 1 bar vs. helium transition pressures for both dilute core
and three-layer models. The black dotted line corresponds to the 1 bar temperature

measured by the Galileo probe.

5.2.7 On the importance of a dilute core

A legitimate questioning is if a type (three-layer or dilute core) of model is preferred. A

first important difference in our models is that three-layer models have a discontinuity

in Z at the location of helium rain (Z1 ̸= Z2) while dilute core models do not have it

(Z1 = Z2). We arbitrarily chose that feature in dilute core models. But because helium

rain appears late (after 4 Gyr) in Jupiter’s evolution [Mankovich and Fortney, 2020], it

is unlikely that a very strong change in composition exists in that region. Our dilute

core models hence seem more realistic. Another thinking is that three-layer models can

be seen as a particular case of dilute core models where the dilute core extends all the

way up to the helium rain region. Of course, this is without considering the thermal

structure of the dilute core, its stratification and its entropy composition. Thus, we try

to compare both types of model and to assess the preponderance dilute core. Figure 5.6

shows typical distributions of heavy elements in both types of model. We define two

useful quantities, MZ,dil∗ and MZ,env∗ (detailed in the caption), in order to assess how

predominant the dilute core is, but also to provide estimates of the amount of heavy

elements that needs to be accreted onto the compact core during the formation of the

planet. The name ofMZ,dil∗ is counterintuitive for three-layer models but it is then more

simple to show plots using the same quantity of interest.

We compare MZ,dil∗ for both types of model on Fig. 5.7. We first see that MZ,dil∗ is

larger than zero for almost all models, consistent with an inhomogeneous envelope. We

see again the dependence of the distribution of heavy elements to the EOS. MZ,dil∗ is

found to be larger in dilute core models rather than three-layer models. While only

one trend is observable for three-layer models, we see two trends for dilute core models.

Among these two trends, the first one, with the highest MZ,dil∗ values, corresponds to
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Figure 5.6: Distribution of heavy elements for a three-layer and a dilute core models.
The three hashed areas correspond to the mass of the compact core Mcore (only made
of heavy elements), MZ,dil∗ and MZ,env∗. MZ,dil∗ is either the mass of heavy elements
in the dilute core region excluding the area where Z < Z1 for dilute core models or
the mass of heavy elements in the Hmetallic-dominated region excluding the area where
Z < Z1 for three-layer models. MZ,env∗ is then the mass of heavy elements in the rest

of the envelope in both cases. Taken from Howard et al. [2023].

models with almost no compact core (Mcore mostly between 0 and 2 M⊕) and a dilute

core which is not very extended (mdilute < 0.3 and Zdilute > 0.15). The second trend

looks more similar to three-layer models. Indeed, these models haveMZ,dil∗ which is only

slightly higher than the one of three-layer models. Besides, their compact core have a

mass larger than 4 M⊕, closer to the 6 M⊕ of almost all three-layer models. Their

dilute core is more extended (mdilute > 0.3 and Zdilute < 0.15), in line with three-layer

models if we consider them as models with a dilute core that extends up to the helium

rain region. The distinction between both types of model can hence be very thin. For

comparison, calculations from Stevenson et al. [2022] propose models with a compact

core of 4.5 to 6.2 M⊕ and a composition gradient extending to approximately 15% of

Jupiter’s mass. Yet, our results here propose either models with such compact core but

with a much more extended dilute core or models with almost no compact core but with

a less extended dilute core (mdilute < 0.3). We can already see that further work is

required to reconcile formation and evolution models with interior models.

To assess the importance of the dilute core region, we compare the involved mass of

heavy elements responsible for inhomogeneity (MZ,dil∗) with the heavy element mass in

the rest of the envelope (MZ,env∗). Figure. 5.8 shows the comparison. MZ,env∗ is actually

almost constant because it is equal to Z1(1 −mcore). We see that the majority of our

models have MZ,dil∗ larger than MZ,env∗, the ratio of the two quantities going up to

4. Moreover, we will see that the results using the CMS19 and MLS22 EOSs should

be cautiously interpreted because they do not take mixing effects (see Subsection 3.5

in Chapter 3) into account. MZ,dil∗ is thus non-negligible at all and this shows the

importance of either the dilute core region or the Hmetallic-dominated region with a Z

increase for three-layer models. However, considering only the gravity data, it is actually



Chapter 5. Interior models of Jupiter 101

10 15 20 25 30
MZtotal(M )

0

5

10

15

20

M
Z d

il
*(

M
)

Dilute core
Three-layer

MGF16+MH13
CMS19
MLS22

10 15 20 25 30
MZtotal(M )

0

1

2

3

4

5

6

7

M
co

re
(M

)

Figure 5.7: MZ,dil∗ (see Fig. 5.6) vs. the total mass of heavy elements, for three-layer
and dilute core models, and for three different EOSs.

not easy to discriminate between both types of model. They both fit relatively well the

gravitational moments and the differences on other parameters such as T1bar or PHe are

not big enough to favour one type of model. But again, we do not expect a discontinuity

in the Z profile at the location of helium rain, something that is inherent to three-layer

models. This is why we focused on models with a dilute core in Howard et al. [2023].
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Figure 5.8: Ratio of MZ,dil∗ to MZ,env∗ (see Fig. 5.6) vs. the total mass of heavy
elements, for three-layer and dilute core models, and for three different EOSs. The

black dashed line indicates when MZ,dil∗ =MZ,env∗
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5.2.8 Conclusion

This study comprehensively reproduces observational constraints from the Juno mea-

surements (the even and odd gravity harmonics and water abundance in the atmosphere),

along with helium measurements from the Galileo probe, exploring different models for

Jupiter’s interior and considering all recent EOSs. We show that the gravity constraints

point to a deep entropy of Jupiter that corresponds to a 1 bar temperature that is higher

than traditionally assumed (i.e. 170–180 K rather than 166 K). We robustly demon-

strate that the heavy-element abundance is not homogeneous in Jupiter’s envelope. Our

results imply that Jupiter continued to accrete heavy elements in large amounts while

its hydrogen-helium envelope was growing, contrary to predictions based on the pebble-

isolation mass in its simplest incarnation [Lambrechts and Johansen, 2012], favouring

instead planetesimal-based or more complex hybrid models [Alibert et al., 2018]. Fur-

thermore, the envelope did not mix completely during the planet’s subsequent evolution,

not even when Jupiter was young and hot [Vazan et al., 2018]. Our result clearly shows

the need for further exploration of nonadiabatic interior models for the giant planets,

and it provides a base example for exoplanets: a non-homogeneous envelope implies that

the metallicity observed is a lower limit to the planet bulk metallicity. Therefore, metal-

licities inferred from remote atmospheric observations in exoplanets might not represent

the bulk metallicity of the planet. Moreover, we demonstrate that knowledge of the

EOS is crucial in determining the mass of heavy elements in the interior of Jupiter, and

we put important constraints on Jupiter’s inner core, which is found to be up to 7 M⊕,

a result that is independent of the interior model and EOS adopted in the calculations.
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5.3 Accounting for uncertainties on the equation of state

We have found interior models that fit the gravity data from Juno. However, these mod-

els rely on several assumptions. They exhibit an interior that is hotter than expected,

regarding the constraints on T1bar from Galileo and Voyager. Moreover, the mass fraction

of heavy elements in the outer envelope is only protosolar while atmospheric measure-

ments suggest a supersolar metallicity. One of our main conclusions is that Jupiter’s

envelope must be inhomogeneous but we also highlighted how crucial the H-He EOS is

for inferring the internal structure of the planet. Uncertainty on the H-He EOS exists

(see Section 3.6). Investigating if our lack of knowledge on the EOS is the source of the

difficulty to satisfy all observational constraints appears as a promising path of research.

The importance of the EOS for Jupiter’s interior models had already shown to be of

paramount importance [Guillot et al., 1997, Saumon and Guillot, 2004, Miguel et al.,

2016] but studies so far used different EOS tables without accounting for intrinsic un-

certainties within these EOSs. With the high accuracy of Juno’s measurements of the

gravitational moments, it is now even more important to employ an accurate EOS to

properly infer the internal structure of Jupiter. Missing for instance H-He interactions

and not including mixing effects in the EOS can lead to an incorrect determination of

the internal composition, as we showed in Howard and Guillot [2023] (see Subsection 3.5

in Chapter 3). We must stress that models presented in Miguel et al. [2022] (also in [Ni,

2019, Nettelmann et al., 2021]) and using the CMS19 or MLS22 EOSs actually do not

account for these interactions. In this subsection, we look at how we can include the

uncertainty on the H-He EOS in our interior model calculations and from now on, we

will only focus on EOSs that take mixing effects into account.

Subsections 5.3.2, 5.3.3 and 5.3.4 are directly taken from Howard et al. [2023] and

correspond to the sections 3.3, 3.4 and 4.2 of the latter paper.

5.3.1 An unconstrained modification of the equation of state

In order to account for the uncertainty on the EOS, we want to allow for small modifica-

tions of the EOS in our routine. We thus need to implement a way to modify or perturb

an EOS when we calculate interior models with CEPAM and then need to include that

in our MCMC.

We want to modify an EOS by using an appropriate function so that:

ρmodif = ρ+ δρ = ρ(1 + f). (5.1)
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A simple way to perturb an EOS is to use a Gaussian function, that we define as:

f = dρ× exp

(
−
[
log10(P/Pmodif)

∆P

]2)
, (5.2)

where Pmodif corresponds to the pressure (in cgs units) at which the density modification

is applied, ∆P controls the width of the modification; and dρ is the amplitude of the

density change.

I stress that we here freely modify the EOS. Our only constraints come from the assumed

priors on Pmodif , ∆P and dρ. We do not detail more the chosen priors on these param-

eters. We will see in the next subsection that we should actually consider a constraint

on how we perturb an EOS. The EOS calculations (see Subsection 3.1.2) actually rely

on the free energy or a related quantity. The latter must overall be conserved. We in

fact have a quite good understanding of the low pressure and high pressure regimes but

this is really in the intermediate regime that uncertainties exist most (due to strong

interactions between particles in different states). Typically, a reduction of density in

this intermediate regime will hence need to be compensated by an increase of density

at some point, so that the overall free energy is consistent with the EOS calculations.

More details will be discussed in the next subsection. And the chosen priors will also be

presented at this stage.

We here quickly present the results we obtained running MCMC runs we this ”uncon-

strained” way to modify the EOS. Figure 5.9 shows, for three-layer and dilute core

models, the obtained modified adiabats for a subsample of 100 models extracted from

our MCMC calculations. These models nicely match the gravitational moments (see Ap-

pendix C). For three-layer models, a density reduction mostly located around 0.3 Mbar

is obtained while for dilute core models, a density reduction mostly located around

0.06 Mbar is obtained. The amplitude of this density reduction reaches at most 6%,

which is probably of the order of magnitude of the current uncertainty on the EOS.

Thus, these results are satisfying and do not require a warmer deep interior as presented

in Section 5.2. However, we stress that the heavy element abundance in the outer enve-

lope is only protosolar here and a more important (may be too significant) perturbation

of the density profile may be required to fit the measured gravitational moments if we

consider supersolar abundances of heavy elements. We present in the next subsection a

more rigorous method to modify the EOS.

5.3.2 A thermodynamically consistent modification of the equation of

state

With the uncertainty on the EOSs in hand, we want to account for it in our interior

models. To do so, we need a function perturbing an EOS. Initially, we simply used a
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Figure 5.9: Adiabats obtained for models with an unconstrained modification of the
EOS. The black solid line corresponds to the original MGF16+MH13 EOS. Green shows
results obtained with three-layer models. Grey shows results obtained with dilute core
models. The dashed lines correspond to the adiabat obtained with the mean values of
Pmodif , ∆P , and dρ of a subsample of 100 models randomly drawn from the MCMC
output. We compute the standard deviation (σ) of the 100 adiabats and the envelopes
show the adiabats of the 1 σ spread from the mean modified adiabat (dashed line).

Here, T1bar is fixed at 166.1 K.

Gaussian function to perturb the density profile of our models (similarly to Nettelmann

et al. [2021]). Nonetheless, an EOS cannot be perturbed freely. Indeed, any variations of

the EOS should satisfy the limits of a thermodynamical potential. The Helmholtz free

energy, which is usually where an EOS comes from, is relatively well known at low and

high density regimes. Low densities correspond to the regime of an ideal gas and the

free energy is known from experimental data and statistical mechanics. High densities

correspond to the regime well above the metallisation pressure where hydrogen is fully

ionised and the free energy here is known from theory and simulations. Here, we use the

internal energy because P = −
(
dU
dV

)
S
can lead to an integral constraint on legitimate

density changes of the EOS. If we know the internal energy at low and high regimes for

a given entropy, that is, U(ρ1, S) and U(ρ2, S), respectively, we can obtain an expression

of the differences between these two terms, which is to be conserved by perturbations

along the adiabat:

∆U = U(ρ2, S)− U(ρ1, S) =

∫ ρ2

ρ1

P

ρ2
dρ. (5.3)

If δρ corresponds to a slight density modification, then we have

∆Umodif. EOS −∆Uorig. EOS =

∫ ρ2

ρ1

P

(ρ+ δρ)2
dρ−

∫ ρ2

ρ1

P

ρ2
dρ, (5.4)
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Using the approximation P ∝ ρ2, we then get

∆Umodif. EOS −∆Uorig. EOS ∝
∫ ρ2

ρ1

δρ

ρ
dρ = 0. (5.5)

This difference must be 0 if ∆U in Eq. (5.3) is to be conserved. Equation (5.5) provides

a constraint on how we are allowed to perturb an EOS. Hence, we need to choose an

appropriate function to perturb the EOS while verifying this constraint. This function,

denoted f here, comes from the equation

ρmodif = ρ+ δρ = ρ(1 + f). (5.6)

Therefore, we need to find f so that ∫ ρ2

ρ1

fdρ = 0. (5.7)

Using again P ∝ ρ2 and changing variables, we need to choose an f that satisfies∫ P2

P1

f(log10(P))
√
Pdlog10(P) = 0. (5.8)

We naturally define f as

f = K
dρ√
P

exp

(
−
[
log10(P/Pmodif)

∆P

]2)
erf

(
log10(P/Pmodif)

∆P

)
. (5.9)

The function f is composed of a Gaussian and an error function, and includes a di-

vision by the square root of the pressure, with dρ being the amplitude of the density

modification. From Eq. (5.5), we infer that to satisfy this integral constraint, a density

reduction at a certain pressure will imply a density increase at another pressure. To

modify an EOS and obtain this trend, we use the product of a Gaussian and an error

function. And to properly satisfy the integral constraint from Eq. (5.5) after changing

the integral as a function of the density into an integral as a function of log10(P), we

need to multiply by the square root of the pressure. This function depends on three

parameters: Pmodif corresponds to the pressure (in cgs units) at which the density mod-

ification is applied, ∆P controls the width of the modification; and dρ is the amplitude

of the density change. The constant K is in units of square root of pressure divided by

density and is set to K = 1.04 × 106
√

dyn.cm−2.g−1.cm3. Figure 5.10 shows how the

integral constraint from Eq. (5.5) is satisfied for two different models. One model simply

uses a Gaussian function to modify the density profile and clearly does not respect the

integral constraint. On the other hand, the second model, which uses the function f

defined above, satisfies this constraint well, because the ∆U difference falls close to zero

at high pressures. More precisely, this value at high pressures is not exactly zero due

to the perturbation theory approximation applied to Eq. (5.4) where δρ/ρ is assumed
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small. But overall, there is a significant difference between how the integral constraint

is respected between the two models of Figure 5.10, and the effort of satisfying this con-

straint must be underlined. We stress that our function f was naturally but arbitrarily

chosen; there are certainly other functions that could satisfy Eq. (5.5).
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Figure 5.10: Comparisons of the ∆U difference for a model modified with only a Gaus-
sian function (blue) and a model modified with the defined function f (see Eq. (5.9))
composed of a Gaussian and an error function (orange). Top panel. Comparison
of the adiabats (Pmodif = 1011 dyn.cm−2, ∆P=0.5, dρ=-0.06 for the blue curve &
Pmodif = 1011.5 dyn.cm−2, ∆P=0.6, dρ=-0.05). Bottom panel. Difference between the
∆U of the modified models and that of the reference model (MGF16+MH13). Taken

from Howard et al. [2023].

5.3.3 Priors on the modification of the EOS

For MCMC runs in which we allow modifications of the EOS, we use priors on dρ,

Pmodif , and ∆P , as defined in Eq. (5.9). The priors are either Gaussian or uniform (a

more detailed discussion can be found in Section 5.3.4) with boundaries set to avoid

physically inconsistent modifications. We set Pmodif between 1011.5 and 1012.5 dyn.cm−2

(which correspond to 0.3 and 3 Mbar, respectively), as a preliminary study shows us that

a density reduction followed by an increase in the density at higher pressure is preferred

over a density increase followed by a decrease. We set ∆P between 0.2 and 0.8 so that

low (< 10−2 Mbar) and high (> 10 Mbar) pressures are not significantly affected by
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the density modification. Allowing Pmodif and ∆P to surpass the specified boundaries

would allow modifications of the EOS that are not consistent with the constraints. The

boundaries of dρ are set to allow a change of amplitude in density that does not exceed

10%. Using a random sampling, Figure 5.11 shows the possible modifications that can

be allowed from the original EOSs with the priors and boundaries we chose. When

plotting the density according to the pressure, we can see that the differences are small

even when we perturb the adiabats. Table 5.4 sums up the priors we chose to run further

MCMC simulations.
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Figure 5.11: Possible adiabats (gray lines) that can be obtained when modifying the
MGF16+MH13, MH13*, CD21, HG23+CMS19, and HG23+MLS22 EOSs with the

chosen priors (see Table 5.4). Taken from Howard et al. [2023].

Table 5.4: Priors for the parameters used to modify the EOS. Adapted from
Howard et al. [2023].

Parameter Distribution Lower bound Upper bound µ σ

Pmodif (dyn.cm
−2) Uniform 1011.5 1012.5 – –

∆P Uniform 0.2 0.8 – –

dρ Uniform -0.1 0.1 – –

5.3.4 Runs with a modified EOS

For MCMC runs in which we allow for modifications of the EOS, we first chose Gaussian

priors on Pmodif , ∆P , and dρ (see Sections 5.3.2 and 5.3.3). Our goal was to penalise
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models with a substantial change of the EOS and favour models with only a slight

modification of the EOS; as for the other parameters discussed in the previous section,

this led to large deviations of the EOS. Figure 5.12 compares the adiabats of models

including EOS modifications, with a uniform prior on Pmodif and either uniform or

Gaussian priors on ∆P and dρ. For the Gaussian priors, the parameters for ∆P were µ =

0.5 and σ = 0.02, and the parameters for dρ were µ = 0. and σ = 0.01. The difference

between ρ/
√
(P )− P profiles obtained after modification of the EOS is subtle between

runs with Gaussian and uniform priors. This slight difference between the modified

adiabats leads to a better fit of the data (equatorial radius, gravitational moments) for

models obtained with uniform priors. When using Gaussian priors, most of the models

are at 2σ or 3σ from the observed equatorial radius and J4 and are at 4σ to 5σ from

the mean value assumed for the prior on PHe (see Fig. D.1). As the modified adiabats

are very similar and the agreement with the observational constraints is slightly better,

we present results obtained with uniform priors.
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Figure 5.12: Adiabats obtained for models with a modification of the EOS. The black
solid line corresponds to the original MGF16+MH13 EOS. Red shows results obtained
with Gaussian priors on ∆P (µ = 0.5 and σ = 0.02) and dρ (µ = 0. and σ = 0.01). Blue
shows results obtained with uniform priors. The prior on Pmodif remains uniform in
both cases. The dashed lines correspond to the adiabat obtained with the mean values
of Pmodif , ∆P , and dρ (see Section 5.3.2) of a subsample of 100 models randomly drawn
from the MCMC output. We compute the standard deviation (σ) of the 100 adiabats
and the envelopes show the adiabats of the 1 σ spread from the mean modified adiabat
(dashed line). Here, T1bar is fixed at 166.1 K. Taken from Howard et al. [2023].

As previously mentioned, the modification of the initial MGF16+MH13 EOS is rela-

tively substantial, with a change in density that can reach up to ∼ 11% in amplitude

(see Fig.5.12). Figure 5.13 shows the modifications of the EOS for models (using uniform

priors) at respectively T1bar = 166.1 K and 174.1 K. At higher Z1, the modifications of

the EOS occur at higher pressures but in any case, the amplitude remains significant
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(between 6 and 11%). In addition, these changes to the EOS are likely to be incom-

patible with Hugoniot data [Knudson and Desjarlais, 2017]. We therefore provide the

results with modified EOS as a way to test the robustness of the solutions, but we will

generally focus on results using the original EOSs. We show the results of these mod-

els with modified EOS in the next section, for convenience, as they were included in

Howard et al. [2023]. However, given the significant departures from the original EOSs,

we believe that these results should be taken with caution.

Figure 5.13: Adiabats obtained for models with modified EOS. Top Panel. T1bar is
fixed at 166.1 K. The light blue area shows results for Z1 = 0.02 (1.3 × the protosolar
value) while dark blue shows results for Z1 = 0.0286 (1.9 × the protosolar value).
Bottom Panel. T1bar is fixed at 174.1 K. The yellow area shows results for Z1 = 0.02
(1.3× the protosolar value) while gray shows results for Z1 = 0.035 (2.3× the protosolar
value). The black solid line corresponds to the original MGF16+MH13 EOS. Other
details of the figure can be found in the caption of Fig. 5.12. Taken from Howard

et al. [2023].
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5.4 How extended is the dilute core?

This section corresponds to Howard et al. [2023]. In particular, Section 5.4.1, 5.4.2,

5.4.3, 5.4.4, 5.4.5, 5.4.6 correspond to sections 1, 4.3, 4.4, 4.5, 4.6 and 5 of Howard

et al. [2023].

5.4.1 Introduction

Despite the significant improvement to measured gravitational moments provided by

Juno [Iess et al., 2018, Durante et al., 2020], the interior of Jupiter remains mysterious.

After the two first perijoves of Juno, Wahl et al. [2017] proposed the presence of a dilute

core inside the planet: a region above the central compact core where heavy elements are

gradually mixed with hydrogen and helium in the envelope. However, most models led to

atmospheric abundances that are incompatible with observations. Debras and Chabrier

[2019] then looked for models compatible with atmospheric abundances and proposed

models that require an inward decrease of the abundance of heavy elements (negative Z

gradient). Such scenario will be discussed in Section 5.5. Recently, Militzer et al. [2022]

found models with both an atmosphere of protosolar composition of heavy elements and

a positive Z gradient, but with large deviations of the gravitational moments requiring

specific differential rotation solutions. In Miguel et al. [2022], we found solutions with

smaller differential rotation offsets but these required a higher interior entropy than that

measured by the Galileo probe.

While all these recent interior models rely on different assumptions, most of them still

yield a dilute core inside Jupiter that is very extended. Debras and Chabrier [2019]

and Militzer et al. [2022] find dilute cores that respectively reach 65%-75% and 63% of

Jupiter’s radius. These values correspond to a dilute core that extends up to respectively

∼ 60%− 75% and ∼ 50% of Jupiter’s mass. From the point of view of evolution, Vazan

et al. [2018] showed that the outer envelope is mixing efficiently and the outer 60%

in mass are of uniform composition after 4.5 Gyr. However, Müller et al. [2020] then

modelled the formation of Jupiter using realistic initial entropies and found even more

efficient mixing during the planetary evolution where only the inner 20% of the mass is

left intact, suggesting that Jupiter’s dilute core is not very extended. It has therefore

been challenging so far to find agreement over the extent of the dilute core between

interior and formation–evolution models of Jupiter, unless an additional process, such

as a giant impact, is considered [Liu et al., 2019]. In addition, the gravitational imprint of

the dilute core in Jupiter’s tidal signal registered by Juno [Idini and Stevenson, 2022a,b]

has lead to increased uncertainty over the extent of the dilute core.

Furthermore, constraining the internal structure of Jupiter requires a good understand-

ing of the behaviour of hydrogen and helium at the pressure and temperature conditions
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in the planet. Interior models therefore also rely on a key ingredient, which is a hydro-

gen and helium equation of state (hereafter H-He EOS). Experiments and simulations

have been extensively conducted to provide accurate EOSs (see Helled et al. [2020a] and

references therein for a review) but some uncertainty remains. In addition, Howard and

Guillot [2023] recently emphasised the importance of accounting for H-He interactions

when calculating EOSs for interior models. The aim of this study is to estimate how

extended Jupiter’s dilute core is given the current uncertainty on the H-He EOS.

We ran models for the different EOSs and outer envelope metallicity Z1. We keep almost

the same parameterization as in Miguel et al. [2022]. In the following, we present two

types of results: (a) models with the original EOSs, variable T1 bar and Z1 = 0.02; and

(b) models with modified EOSs, a value of T1 bar equal to either the Galileo value of

166.1 K or the upper limit from Gupta et al. [2022], 174.1 K, and values of Z1 = 0.02,

0.029, and 0.035 (1.3 to 2.3 × protosolar). Our results confirm and extend those of

Miguel et al. [2022]. When using the same hypotheses, we obtain the same results as

Militzer et al. [2022] (see Appendix D.3), and results that are consistent with those

presented by Debras and Chabrier [2019].

5.4.2 Surface temperature T1bar and helium transition pressure PHe

As mentioned at the end of Subsection 5.4.1, we present two sets of models: with original

EOSs and with a modification of the EOS. Here, we focus on the 1 bar temperature,

which prescribes the entropy inside Jupiter, and on the pressure where helium rain

occurs [Stevenson and Salpeter, 1977a]. The latter sets the limit between the molecular

hydrogen (helium-poor) and the metallic hydrogen (helium-rich) layers. Figure 5.14

shows the values of these two parameters for the two types of interior models sampled

by our MCMC code. Interior models with the original EOSs (and Zatm = 0.02) all yield

a 1 bar temperature, which is higher than the value measured by Galileo, which ranges

from 171 to 188 K. In particular, with the MGF16+MH13 EOS, we obtain a T1bar of

between 180 and 188 K, while we were obtaining a T1bar of between 175 and 183 K for

Zatm = 0.0153 (protosolar value) in Miguel et al. [2022]. Therefore, a Z abundance of

1.3 × protosolar instead of 1 × protosolar in the outer envelope leads to a 5 K increase

in T1bar to fit the J2n (see Section 5.4.3). Only models using MH13* or HG23+MLS22

seem to be in line with the upper end of the temperature provided by Gupta et al.

[2022]. Overall, all models present a high 1 bar temperature, which could correspond

to a deep entropy in line with a hotter interior due to a potential superadiabaticity

[Guillot, 1995, Leconte and Chabrier, 2012]. The models using original EOSs exhibit

a helium transition pressure of between 0.8 and 4.5 Mbar, which is in agreement with

the values obtained by simulations and experiments (see Lorenzen et al. [2011], Morales

et al. [2013], Schöttler and Redmer [2018b], Brygoo et al. [2021]). For all EOSs, we can

distinguish two ensembles of solutions: one with high PHe corresponding to models with
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a compact core of a few earth masses (1-6M⊕) and a highly extended dilute core (mdilute

between 0.4 and 0.6) and a second one with lower PHe corresponding to models with

almost no compact core and a less extended dilute core (mdilute between 0.15 and 0.45)

(more details in Section 5.4.5). The difference in T1bar between the two ensembles of

solutions is only of 2-3 K. Therefore, accurate constraint of the pressure at which helium

rain occurs could help to characterise the dilute core and to determine the atmospheric

entropy of Jupiter.

Concerning models with a modification of the EOS, we calculate two subsets of models

where we fix T1bar at 166.1 or 174.1 K. For each temperature, we present results for two

values of the abundance of heavy elements in the outer envelope Z1. At T1bar = 166.1 K,

models with Z1 = 0.02 have PHe values concentrated between 3 and 4.5 Mbar. With

Z1 = 0.029, models tend to high transition pressures, around 6 Mbar, and are far from

fitting the observed equatorial radius and gravitational moments (see Section 5.4.3). At

T1bar = 174.1 K, we obtain values of PHe of between 1.5 and 3.5 Mbar for Z1 = 0.02 and

of between 3 and 4.5 Mbar for Z1 = 0.035, which are both close to what is expected.
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Figure 5.14: Temperature at 1 bar vs. helium transition pressures for two types of
models. Left panel. Models using original EOSs. Z1 = 0.02. Right panel. Models with a
modification of the EOS. The initial EOS that has been modified is MH13. We present
two subsets of models: with T1bar = 166.1 K and T1bar = 174.1 K. The black dotted
line corresponds to the 1 bar temperature measured by the Galileo probe. Taken from

Howard et al. [2023].
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5.4.3 Equatorial radius Req and gravitational moments J2n

Here, we examine the fit of our models to the gravitational moments measured by Juno

and accounting for differential rotation. Figure 5.15 shows the equatorial radius and

the gravitational moments obtained with our interior models. All models with original

EOSs can reproduce the equatorial radius and all the gravitational moments except

J6. We find solutions for MGF16+MH13 that can match J6 corrected by differential

rotation. For the four other EOSs, the sampled values of J6 are in the 2 - 3 σ range.

We can see a correlation between T1bar and J6: models using an EOS that yields higher

T1bar present lower values of J6. With MGF16+MH13, J6 × 106 is between 34.1 and

34.3. With MH13*, CD21 and HG23+CMS19, J6 × 106 is between 34.2 and 34.4. With

HG23+MLS22, J6× 106 is between 34.3 and 34.5. Militzer et al. [2022] found a value of

J6×106 of 34.47 for T1bar = 166.1 K using their EOS from Militzer and Hubbard [2013].

Concerning models allowing for a modification of the EOS, at T1bar = 166.1 K, we

manage to find models matching Req and all J2n when Z1 = 0.02. However, at Z1 =

0.029, we can no longer fit Req or J2n. These models have an equatorial radius that

is several sigma below the observational constraint but we still retain them to test the

robustness of our results. We then set T1bar to 174.1 K and find models reproducing Req

and all J2n, even for Z1 = 0.035 (2.3 × protosolar).

5.4.4 Heavy-element distribution

We now compare the distribution of heavy elements in our models. Figure 5.16 shows the

heavy elements masses defined in Fig 5.6. Models with original EOSs have a total mass

of heavy elements of between 18 and 33M⊕ and a compact core of less than 6M⊕. These

results are in line with those obtained by Miguel et al. [2022]), showing that increasing

the Z abundance in the outer envelope from 1× protosolar to 1.3× protosolar does not

lead to a drastic change in the distribution of heavy elements. MZ,dil∗ is between 10

and 25 M⊕, which is larger than MZ,env∗ by up to a factor of 4. Hence, models with

no modification of the EOS have most of their heavy elements in the dilute core region

rather than in the rest of the envelope.

Allowing for modifications of the EOS generally leads to a lower total mass of heavy

elements, mostly between 12 and 20 M⊕. This is due to modifications of the EOS that

make the adiabats (hence the H-He mixture) denser at depth. The mass of the compact

core does not exceed 8 M⊕ for these models. MZ,dil∗ is similar in all of our four cases:

models are concentrated around a region where MZ,dil∗ ∼ 5 − 7 M⊕. However, MZ,env∗

clearly depends on the value of Z1. For Z1 = 0.02, MZ,env∗ is around 6 M⊕, for Z1 =

0.029,MZ,env∗ is around 9M⊕, and for Z1 = 0.035,MZ,env∗ is around 11M⊕. Therefore,

our models with a modified EOS do not lead to a dilute core that is predominant in
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Figure 5.15: Equatorial radius and gravitational moments for two types of models.
Left panels. Models using original EOSs. Z1 = 0.02. Right panels. Models with a
modification of the EOS. The inital EOS that has been modified is MH13. We present
two subsets of models: with T1bar = 166.1 K and T1bar = 174.1 K. The circles with
a J correspond to the measurements of the gravitational moments by Juno [Durante
et al., 2020]. The black error bars correspond to the gravitational moments corrected

by differential rotation (see 2.5.3). Taken from Howard et al. [2023].

heavy elements compared to the rest of the envelope, contrary to what we find for models

with original EOSs.

We stress that the total masses of heavy elements inferred here are lower limits: The

presence of compositional gradients implies that parts of the interior may be super-

adiabatic because it is Ledoux-stable, double-diffusive [see Leconte and Chabrier, 2012],

or stable to moist convection [Guillot, 1995, Leconte et al., 2017], meaning that the

interior could be warmer and thus retain more heavy elements than calculated here. For
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example, Militzer et al. [2022] estimated that a doubling of the central temperature of

Jupiter would increase the mass of heavy elements from 25 to 42 M⊕.
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Figure 5.16: Masses of heavy elements in our interior models. Top panels. Mass of
the compact core vs. total mass of heavy elements in Jupiter. Bottom panels. MZ,dil∗

vs. MZ,env∗ (see Fig. 5.6 ). Taken from Howard et al. [2023].

5.4.5 Dilute core characteristics

A key question is the extent of this dilute core, which connects interior models of Jupiter

and formation and evolution models. Recent interior models from Militzer et al. [2022]

and Debras and Chabrier [2019] suggest considerably extended dilute cores that respec-

tively reach 63% and 65%-75% of Jupiter’s radius. These values correspond to ∼ 50%

and ∼ 60%-75% of Jupiter’s mass, respectively, which can be compared to the value of

our mdilute parameter. We note that the comparison is not exact because it is affected

by the functional form chosen for the dilute core (see Fig. 5.6), but the effect is minor:

In our case, the added heavy element mass fraction in the dilute core drops from 50%

of its maximal value at m = mdilute to only 8% at mdilute + δmdil with δmdil = 0.075.

The preferred model from Militzer et al. [2022] would have a value of mdilute ∼ 0.36

in our parameterisation. Figure 5.17 shows the values of mdilute found for our models.

Using original EOSs, we obtain mdilute of between 0.15 and 0.6 (the dilute core extends
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from ∼ 15% to ∼ 60% of Jupiter’s total mass). We confirm that we find models with very

extended dilute cores as in Debras and Chabrier [2019] and Militzer et al. [2022]. But we

are also finding models with relatively narrow dilute cores (down to ∼ 15% of Jupiter’s

mass). These solutions with relatively small, dilute cores are in better agreement with

the mixing and evolution calculations of Müller et al. [2020], which yield a dilute core

that does not exceed 20% of Jupiter’s mass, resulting in a dilute core that extends only

up to Jupiter’s inner ∼ 60 M⊕. This leads to a formation scenario that is consistent for

both Jupiter and Saturn [see Guillot et al., 2022], because Saturn is likely to harbour a

dilute core that extends to 52−60M⊕ of the planet’s total mass [Mankovich and Fuller,

2021].

Concerning models with a modification of the EOS, we find a few models with very

extended dilute cores but the majority yield mdilute < 0.15. We suspect that these

results are spurious. The changes in the H-He EOS lead to an increase in density at

high pressures that can mimic the effect of a dilute core. As the H-He mixture is denser

in the dilute core region, less heavy elements can be added, which leads to these low

values of mdilute (and also MZ,dil∗, see Section 5.4.4).
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Figure 5.17: Zdilute vs. mdilute for two types of models. Zdilute is the maximum mass
fraction of heavy elements in the dilute core region while mdilute controls the extent
of the dilute core in terms of mass (see Section 4.3 and Fig. 5.6). Left panel. Models
using original EOSs. Z1 = 0.02. Right panel. Models with a modification of the EOS.
The initial EOS that has been modified is MH13. We present two subsets of models:
with T1bar = 166.1 K and T1bar = 174.1 K. The thin gray dotted line corresponds to
mdilute = 0.2, which corresponds approximately to the extent of the dilute core of 20%
of Jupiter’s mass predicted by formation models from Müller et al. [2020]. Taken from

Howard et al. [2023].
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5.4.6 Conclusion

In Howard et al. [2023], we thus have explored a wide variety of interior models of

Jupiter constrained by all available observations and using available EOSs. Our models

assume the presence of a central dense compact core, a dilute core of variable extent

and heavy-element composition, and an outer envelope of uniform Z composition. The

helium phase separation is modelled as a jump in helium abundance in the Mbar pressure

range.

While high-pressure experiments and ab initio calculations have led to significant im-

provements, H-He EOSs remain a source of uncertainty when modelling Jupiter’s inte-

rior. We observe a range in the adiabatic density profiles of up to 5% at pressures ranging

from 10 kbar to 10Mbar. We interpret these variations as resulting from changes be-

tween different EOS tables and from different interpolation choices in relatively sparsely

populated tables.

An important source of uncertainty results from our poor knowledge of Jupiter’s complex

atmosphere and the possibility of a higher entropy than generally assumed. By allowing

the T1 bar parameter to vary [see Miguel et al., 2022], we obtain models that fit all

constraints for all EOSs used. The values of T1 bar obtained range from 171K to 188K,

significantly higher than 166.1K from the Galileo probe [von Zahn et al., 1998], but

within 164K−174K, which is the range of values obtained by Gupta et al. [2022] from a

reanalysis of Voyager’s radio occultations. Interestingly, MH13* and HG23+MLS22 (see

Table 3.1), the two EOSs that lead to the lowest T1 bar values, yield the highest values of

J6, which are slightly outside the range expected from differential rotation. Conversely,

the MGF16+MH13 EOS leads to the smallest values of J6, well within expectations,

but the largest values of T1 bar.

In all cases, we obtain a dilute core of heavy-element mass of between 10 and 25M⊕,

confirming the result obtained by Miguel et al. [2022] that Jupiter’s envelope is inho-

mogeneous. The range of values is also fully compatible with the results obtained by

Militzer et al. [2022] and Debras and Chabrier [2019]. The mass of the compact core

ranges between 0 and 6M⊕. The total mass of heavy elements that we find ranges from

18 to 33M⊕. However, we must stress that, given the possibility of (perhaps significant)

superadiabatic regions [see Guillot, 1995, Leconte and Chabrier, 2012, Leconte et al.,

2017, and Section 5.4.4], these masses are lower limits.

Our dilute cores are characterised by a global mass fraction of heavy elements of between

0.02 and 0.27 (in addition to the envelope heavy element mass fraction Z1 ∼ 0.02) and

extend from ∼ 15% to ∼ 60% of Jupiter’s total mass. We reiterate that the exact extent

of the dilute core will depend on the shape of its compositional gradient. These solutions

therefore encompass those of Debras and Chabrier [2019] and Militzer et al. [2022], but

also allow for small, dilute cores. These solutions with small, dilute cores are compatible
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with the formation–evolution models of Müller et al. [2020], which suggest that the

outer 80% in mass should be fully mixed by convection, leaving a primordial dilute core

extending only up to Jupiter’s inner ∼ 60 M⊕. This result is also promising, in light

of interior models for Saturn, which indicate that a dilute core extends to 52 − 60 M⊕

of the planet’s total mass [Mankovich and Fuller, 2021]. This could lead to a formation

scenario that is consistent for both Jupiter and Saturn [see Guillot et al., 2022].

However, there is an important caveat to consider: As pointed out by Wahl et al. [2017]

and Debras and Chabrier [2019], and confirmed by all further modelling efforts, interior

models of Jupiter constrained by Juno’s gravitational moments favour solutions with

small values of Z in the outer envelope. While our solutions are calculated by impos-

ing Z1 = 0.02, this represents a bare minimum, given all spectroscopic constraints (see

Fig. 2.7). When imposing higher values of Z1, we find an increasingly more difficult

situation, with solutions departing from the constraints on Req and J2 and/or modi-

fications to the EOSs that were too important and most likely incompatible with the

experimental constraints. Interestingly, a similar situation arises for Saturn [Mankovich

and Fuller, 2021], indicating that we may be missing an important physical ingredient.

Several directions of research could lead to significant improvements in our understand-

ing of Jupiter’s interior structure and composition. For example, progress in the analysis

of Juno microwave radiometer data to infer abundances of ammonia and water as well

as temperatures as a function of depth and altitude [Li et al., 2020] will help us to un-

derstand heat transport and the composition of the deep atmosphere [see also Stevenson

et al., 2022]. Future radio occultations with Juno should further test observational con-

straints on temperature and shape. Improvements on EOSs, both experimentally and

numerically, with particular emphasis on the hydrogen–helium mixture at pressures be-

tween 10 kbar and 10 Mbar and near Jupiter’s adiabat (temperatures from 1000 K to

20,000 K on this pressure range) would be extremely valuable. Finally, while indications

of the presence of normal modes of Jupiter exist [Gaulme et al., 2011, Durante et al.,

2022], their identification from dedicated observational efforts [Gonçalves et al., 2019,

Shaw et al., 2022] would be an extremely powerful tool for fully constraining the interior

structure and composition.
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5.5 On the hypothesis of an inverted Z gradient inside

Jupiter

We have studied the range of possible solutions with dilute core models, accounting for

uncertainties in the EOS. We have found models in better agreement with evolution

models and with interior models of Saturn. But still, our models do not fully satisfy

the high abundance of heavy elements measured in Jupiter’s atmosphere (see Subsec-

tion 2.1.4). A potential solution is an inverted Z gradient, namely an inward-decrease of

the abundance of heavy element, as previously proposed by Debras and Chabrier [2019].

We investigate this hypothesis in this section. I stress that this will be part of a future

paper, which is in preparation.

5.5.1 Introduction

Models of Jupiter’s interior, based on Juno gravity data [Durante et al., 2020], struggle to

agree with measurements of the atmospheric composition [Li et al., 2020, Wong et al.,

2004, Mahaffy et al., 2000]. So far, interior models succeeded to bridge the gap, not

without difficulty, by relying on different assumptions: by assuming a warmer interior

or by modifying the equation of state [Nettelmann et al., 2021, Miguel et al., 2022,

Howard et al., 2023], by optimising the wind profile [Militzer et al., 2022] or by including

a decrease of the heavy element abundance Z with depth [Debras and Chabrier, 2019],

namely an inverted Z-gradient. Interior models actually favour a low metallicity in

the outer envelope (subsolar or solar) while atmospheric measurements from Galileo

and Juno suggest a supersolar abundance of heavy elements (around three times the

protosolar value, see e.g. Guillot et al. [2022], Howard et al. [2023]). One may ask if

the composition measured in the atmosphere is representative of the entire molecular

envelope of Jupiter [Helled et al., 2022b].

We discuss in Section 5.5.2 the general concept of an inverted Z-gradient and the con-

straints it brings in terms of stability and external accretion. We then present two

scenarios. First, we assess in Section 5.5.3 the hypothesis of an inverted Z-gradient lo-

cated where He (helium) phase separates, as already proposed by Debras and Chabrier

[2019]. Second, in Section 5.5.4, we present a scenario with a similar inverted Z-gradient

but at upper regions, due to a radiative zone.

5.5.2 Inverted Z gradient: stability, formation

Interior models of Jupiter aim to match the measured gravitational moments, that de-

pend on the density distribution of the planet (see, e.g., Zharkov and Trubitsyn [1978]).

However, the difficulty of these models to satisfy the gravitational moments indicates
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that they seem too dense, especially in outer regions of the envelope (0.1 – 1Mbar) which

have a significant contribution to the gravitational moments. Therefore, an inward-

decrease of the heavy element content, in agreement with the supersolar atmospheric

measurements but then reduced to solar or subsolar at depth, appears as a promising

idea. Such inverted Z-gradient was proposed by Debras and Chabrier [2019], the latter

will be discussed in the next section.

Nevertheless, an inverted Z-gradient requires to be stable against convection to be sus-

tained. It can be balanced either by an increase in the helium mass fraction Y or a

decrease in temperature, to make sure that the density ρ still increases with depth. We

calculate, for Jupiter, the maximum increase in heavy elements that can be afforded by

increasing Y or by decreasing temperature. To do so, (i) we calculate ∆Z/∆Y by equat-

ing ρ(Zj , Yj) and ρ(Zj+1, Yj+1) where ∆Z = Zj − Zj+1 and ∆Y = Yj+1 − Yj (so that

both ∆Z and ∆Y have positive values) and (ii) we calculate ∆Z/(∆T/T ) by equating

ρ(Zj , Tj) and ρ(Zj+1, Tj+1) where ∆T = Tj −Tj+1 is the temperature difference relative

to an isentrope. Here, j refers to the layer where the inverted Z gradient takes place.

Densities are calculated using the additive volume law and including non-ideal mixing

effects [Howard and Guillot, 2023]:

1

ρ(P, T )
=

X

ρH(P, T )
+

Y

ρHe(P, T )
+XY Vmix +

Z

ρZ(P, T )
, (5.10)

where ρH, ρHe, ρZ are the densities of hydrogen, helium and heavy elements respectively,

X, Y , Z their respective mass fractions and Vmix is the volume of mixing. Figure 5.18

shows the results. In the ideal gas regime in Jupiter, we expect ∆Z/∆Y ∼ 0.5, meaning

that the increase in He is required to be at least twice larger than the change in Z. We

also expect ∆Z/(∆T/T ) ∼ 0.9. It is not exactly 1 because we here assumed a mixture of

hydrogen and helium consistent with Galileo’s measurement of Y [von Zahn et al., 1998].

Using ideal gas relationship ∆µ/µ = ∆T/T and the definition of the mean molecular

weight 1
µ = X

µH
+ Y

µHe
+ Z

µZ
, we indeed obtain:

∆Z =
∆µ

µ
×
(

µZ µH
µZ − µH

(
X

µH
+

Y

µHe

))
∼ ∆T

T
× 0.9, (5.11)

where µH, µHe, µZ are the molecular weights of hydrogen, helium and heavy elements

respectively. The ideal gas regime extends down to the ∼ kbar level. Deeper, non-ideal

effects kick in and for instance a bigger decrease in temperature is required to allow an

inverted Z-gradient at deeper regions. One can hence know how much Z can be balanced

by an increase in Y or a decrease in temperature, at different levels in Jupiter.

An inverted Z-gradient can be stabilized, but vertical transport of heavy material through

the stable region might still occur during the lifetime of Jupiter. We know, for exam-

ple, that breaking gravity waves [Dörnbrack, 1998] and Kelvin-Helmholtz instabilities

in the Earth’s stratosphere produce an eddy diffusion coefficient of 103 cm2s−1 [Massie
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Figure 5.18: ∆Z/∆Y and ∆Z/(∆T/T ) as a function of pressure and temperature
in Jupiter. This shows the maximum increase in heavy elements allowed by increasing
Y or by lowering the temperature to ensure stability where the inverted Z-gradient
takes place. The horizontal dashed lines show the values of ∆Z/∆Y (bottom) and
∆Z/(∆T/T ) (top) for an ideal gas. We stress that the calculation of ∆Z has here
been done using the HG23+CMS19 equation of state [Chabrier et al., 2019, Howard
and Guillot, 2023] for H-He and the SESAME-drysand equation of state [Lyon and

Johnson, 1992] for heavy elements. The 1 bar temperature was taken at 170 K.

and Hunten, 1981]. We assume an eddy diffusion coefficient Kzz of 1 cm2s−1 which is

three order of magnitude smaller, but two orders of magnitude larger than the lower

bound, molecular diffusivity. In the case of the presence of a radiative zone (discussed

in Section 5.5.4), we consider a thickness L of 1000 km for the stable layer. We obtain

a diffusion timescale of

τmix ∼ 320Myr

(
1 cm2s−1

Kzz

)(
L

1000 km

)2

. (5.12)

Of course, there is a large uncertainty on the eddy diffusion coefficient as well as the

thickness of the stable layer, but maintaining this inverted Z-gradient on a billion year

timescale is rather challenging. In the case of an inverted Z-gradient located where He

phase separates (discussed in Section 5.5.3), the thickness of the stable region may be

larger, increasing the diffusion timescale to the order of one to ten billion years.

Furthermore, this inverted Z-gradient implies some constraints on its origin. First, an

enrichment from below is ruled out as internal mixing will tend to homogenise the enve-

lope [Vazan et al., 2018, Müller et al., 2020]. The enrichment hence needs to be external

in order to establish an inverted Z-gradient . We discuss two important aspects of this

external enrichment: the amount and the properties of the accreted material. We show

on Fig. 5.19 how much material can be accreted on Jupiter, through impacts from the
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destabilized population of the primordial Kuiper belt [Bottke et al., 2023]. The estimate

of the collisional history was based on constraints derived from the craters found on

giant planet satellites and the size-frequency distribution of the Jupiter Trojans. The

figure also shows the pressure level in Jupiter at which the accretion of such amount of

material would lead to a region above this level where Z is three times the protosolar

value. For instance, within the first 500 Myr after Jupiter’s formation, about 2.10−3 M⊕

can be accreted, which can lead to a threefold enhancement relative to solar from the

top of the atmosphere down to 1 kbar. The two scenarios that we present in the fol-

lowing sections will have to satisfy this constraint on the possible amount of accreted

material. The occurrence of impacts (large impact or cumulative small impacts) to form

an inverted Z-gradient and an investigation of the stability of this region over billions of

years is presented in Müller [2023] (in preparation).

Start of H-He phase separation

standard

high critical

temperature

Present-day

Figure 5.19: Accretion of material on Jupiter as a function of time from the present
(0) to Jupiter’s formation 4.5 Ga ago, based on Bottke et al. [2023]. In the last billion
year, Jupiter accreted only about 10−4M⊕ of material. The y axis on the right displays
the pressure level in Jupiter at which the accretion of an amount of material would lead
to a region above this level where Z is three times the solar value. The time at which
hydrogen-helium phase separation started according either to standard models [e.g.,
Schöttler and Redmer, 2018b] or to experiments indicating a high critical temperature
[Brygoo et al., 2021] are indicated in red. The corresponding error bars correspond to

the mass accreted since that time.

Finally, we show in Fig. 5.20 the isotopic ratios of 15N/14N and D/H for objects of the

solar system. Only Jupiter exhibits a protosolar composition of 15N/14N [Guillot et al.,

2022] and D/H while all other objects have supersolar isotopic ratios. The inverted Z-

gradient hence must have been established early. Otherwise, the enrichment of Jupiter in

heavy elements would have been made by objects with very different isotopic composition

as we expect the properties of a late accretion of heavy elements to be consistent with the
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properties of objects that we can still find in the solar system today. This constitutes an

additional constraint, on the properties of the accreted material. The argument about

Figure 5.20: Isotopic ratios of 15N/14N and D/H among objects from the solar system.
Adapted and updated from Marty [2012] and Füri and Marty [2015]. Jupiter’s data
are coming from Galileo [Mahaffy et al., 1998, Owen et al., 2001]. Protosolar values are
from Marty et al. [2011], Geiss and Gloeckler [2003]. Earth’s data are from Anders and
Grevesse [1989], Michael [1988]. Mars’ data are from Mathew and Marti [2001] and
Wong et al. [2013], Webster et al. [2013] respectively for its interior and its atmosphere.
The D/H of the interior is a lower limit as large variations are measured in martian
meteorites [Saito and Kuramoto, 2020]. Titan’s data are from Niemann et al. [2010],
Abbas et al. [2010]. For meteorites, bulk isotopic ratios (squares) and values in insoluble
organic matter (IOM) (triangles) are displayed. Here are shown data for various types
of chondrites (CI, CM, CO, CR, CV) from Kerridge [1985], Aléon [2010]. Data for
5 comets (103P/Hartly, C/2009 P1 Garradd, C/1995 O1 Hale-Bopp, 8P/Tuttle and
C/2012 F6 Lemmon, from left ro right) are displayed, taken from Bockelée-Morvan
[2008], Manfroid et al. [2009], Biver et al. [2016], Shinnaka et al. [2016], Lis et al. [2019]
and Bockelée-Morvan et al. [2015] and references therein. We mention that the average
15N/14N value for 21 comets has been found to be 0.007±0.001 [Manfroid et al., 2009].

isotopes is however valid only if we consider that the formed inverted Z-gradient involves

nitrogen. There is a possibility where the accreted material mostly brought carbon and

not nitrogen. In fact, the C/N ratio in comet 67P/Churyumov–Gerasimenko indicates

that this ratio is about 29 [Fray et al., 2017] on average from dust particles, implying a

deficit in nitrogen. Combining this value to measurements from the cometary gas phase,

Rubin et al. [2019] found a C/N ratio of 22 and 26 in 67P considering a dust-to-ice

ratio of 1 or 3. The question of the representativity of this C/N ratio value among

other comets is an ongoing area of research. The C/N ratio of 67P is in line with

comet 1P/Halley [Jessberger et al., 1988] and the lower range of 81P/Wild 2 (although

important variations have been measured in 81P particles) [de Gregorio et al., 2011]. It is

also compatible with the chondritic value but large variations are observed in UCAMMs

(ultracarbonaceous Antarctic micrometeorites) (see Engrand et al. [2023] and references

therein). Nevertheless, if the accreted material was depleted in nitrogen, explaining the
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formation of an inverted Z-gradient would then require to invoke different processes for

different components and lead to a C/N value in Jupiter’s atmosphere that is close to

protosolar (∼ 4.3, see Table 2 from Guillot et al. [2022]). However, we also note that

the composition of the accreted material in both the gaseous and solid phase as well as

the accretion rates remain largely unknown and should be explored in detail in future

research.

5.5.3 An inverted Z gradient at the helium rain location

One of the only attempts that succeeded to yield a supersolar abundance of heavy el-

ements in the atmosphere (Z = 0.02) was from Debras and Chabrier [2019]. These

authors included a decrease of heavy elements with depth around where He phase sep-

aration takes place. It led to lower values of |J4| and |J6| and helped reconciling Juno’s

measurements. To ensure that denser material does not lie on top of lighter material,

the decrease in Z was balanced by an increase in Y . Debras and Chabrier [2019] set the

phase separation around 0.1 Mbar in their models, where ∆Z ∼ 0.015 and ∆Y is between

∼ [0.02 − 0.05]. Those models hence have ∆Z between ∼ [0.3 − 0.75] × ∆Y , ensuring

fairly well stability as Fig. 5.18 shows that ∆Z needs to be smaller than ∼ 0.6×∆Y at

this pressure level.

However, one of the main explanations of this inverted Z-gradient is a late accretion

of heavy material. This scenario requires such accretion to happen after He demixing

occured in Jupiter, so that the accreted heavy material remains above the location of

helium rain. We see from Fig. 5.19 that to obtain Z = 3× protosolar above 0.1 Mbar, an

accretion of ∼ 0.15M⊕ of heavy elements is required. Accreting this amount of material

is more likely to occur during the early phases of the solar system evolution. More

realistic values of the pressure at which He phase separates (a few Mbar) indicate that

a few M⊕ of heavy elements are needed, which could not be explained. But the timing

of the scenario put forward by Debras and Chabrier [2019] is tricky. We ran simple

evolutionary models of Jupiter (with Mcore = 10 M⊕ and a homogeneous envelope

of solar composition). The results are shown in Fig. 5.21. We find that He phase

separation is expected to occur late in the evolution of Jupiter, i.e. at 4 Gyr according

to conventional models (consistent with Mankovich and Fortney [2020]), based on the

immiscibility curve of Schöttler and Redmer [2018b]. But He demixing could occur after

100 Myr at the earliest, if we consider the experimental immiscibility curve from Brygoo

et al. [2021]. In any case, He demixing is happening relatively late. Such late accretion

could not bring more than about 0.01M⊕ of heavy material (see Fig. 5.19) and would

lead to an enrichment with the wrong isotopic composition as discussed in Section 5.5.2.

A way to salvage this scenario would be to assume that Jupiter underwent a giant impact

with a Mars-mass object. Such objects are not found in the present-day distribution

of planetesimals in the Kuiper belt. It is therefore important to assess the likelihood
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of such an impact at different ages. This impact should have occured very late in the

evolution of the system, i.e. within the past 500 Myr, according to conventional H-He

phase diagrams, making it an extremely low-probability event. Alternatively, it might

have occurred earlier, only 100 Myr after the planet’s formation if one assumes the high

critical demixing temperature obtained experimentally by Brygoo et al. [2021]. In both

of these cases, however, the object should have brought little nitrogen or should have

been composed of a different composition in comparison to the observed small objects

in the solar system.

Figure 5.21: A sequence in evolutionary time of Jupiter interior profiles superimposed
with a miscibility diagram of H-He. Adiabats of Jupiter at ages ranging from 10 Myr to
8 Gyr (top to bottom) are displayed. We show the immiscibility curve of experiments
from Brygoo et al. [2021] (red) and of ab-initio simulations from Schöttler and Redmer

[2018b] (orange). The hashed region is where He becomes solid.

5.5.4 An inverted Z gradient at uppermost regions, due to a radiative

zone

Next, we envision an inverted Z-gradient located at upper regions (∼ kbar) and estab-

lished early (probably less than 10 Myr). Our hypothesis is that the presence of a

radiative zone prevents downward mixing. A radiative region could exist in the upper

envelope, as suggested by Guillot et al. [1994] (between 1200 and 2900 K) and more

recently by Cavalié et al. [2023] (between 1400 and 2200 K). A depletion of alkali metals

would bring support to the potential existence of such radiative layer [Bhattacharya

et al., 2023]. Accreted heavy material on top of this radiative zone may thus be pre-

vented from mixing with the rest of the envelope below this radiative zone. It should
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be noted that the question of the presence of a radiative zone is a separate question of

getting a higher Z value above this radiative layer, which is what we focus on here.

First we ask: Can we find interior models with such radiative zone that satisfy the

present gravitational moments measured by Juno? To answer this question, we use

the opacities from Guillot et al. [1994] to set a radiative region in our models and

implement an inverted Z-gradient . Fig. 5.18 shows that an inverted Z-gradient can

be stabilized by a sub-adiabatic temperature gradient. Around the ∼ kbar level, ∆Z

needs to be smaller than about 0.7 × ∆T/T . The models that we present here have

∆T/T of about 10%, allowing an increase of Z of three times the protosolar value (Z ∼
5%, [Asplund et al., 2021]) and hence ensuring stability. We ran MCMC calculations

(as in Miguel et al. [2022], Howard et al. [2023]). At first, we could not find interior

models fitting the equatorial radius and the gravitational moments of Jupiter. In this

case, the radiative zone was extending from 1200 to 2100 K. We then parameterized

(arbitrarily multiplying by 5) the opacities and could obtain solutions, with a radiative

region extending from approximately 1600 to 2100 K. Thus, the possible location and

extent of the radiative zone may be constrained by the gravity data. We find models

that reproduce the measured equatorial radius and gravitational moments. Fig. 5.22

shows the gravitational moments J4 and J6 obtained with these models for two different

equations of state (the full posterior distributions are given in Appendix E for one

specific EOS). We find that interior models including a radiative zone can hence satisfy

the observed gravitational moments from Juno (at 3 σ in J6) as well as the compositional

constraints on the atmosphere.

To obtain Z = 3 × ⊙ above 1 kbar, an accretion of ∼ 2.10−3M⊕ of heavy elements is

required, which can be done in the first few hundred million years (see Fig. 5.19). The

isotopic constraints mentioned in Section 5.5.2 still stand and imply that a late delivery

of heavy material above the radiative zone cannot be possible. Therefore, we examine

whether the inverted Z-gradient could have been formed early and maintained in Jupiter.

To this end, we use again our evolutionary models presented in Section 5.5.3 and Fig. 5.21

and include now a radiative zone using our opacities (multiplied by 5). Figure 5.23

compares the radiative and adiabatic temperature gradients at ages ranging from 1 Myr

to 10 Gyr. The radiative zone is located roughly where the radiative gradient is lower

than the adiabatic gradient. We see that the radiative region appears around 10 Myr

and is progressively shifted to deeper regions. Thus, the initially enriched material

above the radiative zone will progressively mix with material of protosolar composition

as the radiative zone is shifted to deeper levels. Such behaviour of the radiative zone was

already predicted by Guillot [1999]. Considering that the mass above the radiative region

at 10 Myr is ∼ 10−5 MJ and increases to ∼ 3.10−4 MJ at 4 Gyr, the Z-gradient at 10 Myr

must be high enough so that the abundance of heavy elements becomes approximately

three times the protosolar value nowadays. If the disk phase does not exceed 10 Myr,

it means that above the radiative zone, a Z value of 60 times the protosolar value
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Figure 5.22: J6 vs J4 of models including a radiative zone (with Z being 3× the proto-
solar value above), using the MH13* [Militzer and Hubbard, 2013] or the HG23+CMS19
[Chabrier et al., 2019, Howard and Guillot, 2023] EOS. These models are compared to
previous results obtained by Howard et al. [2023] with no radiative zone nor inverted
Z-gradient (Z being only 1.3× the protosolar value in the atmosphere). The full co-
variations of the parameters of the MCMC calculation using MH13* are given in Ap-

pendix E.

(∆Z ∼ 0.9) is required at 10 Myr. Keeping such a ∆Z and ensuring stability may be

hard since a significant ∆T/T would be required to prevent mixing (the factor of 0.9

in Eq. 5.11 would even be lower given the increased molecular weight due to a much

higher Z value), making the scenario, under the set of our assumptions, rather unlikely.

Furthermore, diffusion through the radiative zone is expected after a few hundred million

years (see Section 5.5.2), making the scenario even more challenging. However, this

behaviour of the radiative zone as the planet evolves is one case corresponding to the

use of a specific opacity table and the details of the evolution code. Further investigation

of this scenario is therefore required.

5.5.5 Conclusion

The inverted Z-gradient is an appealing idea for interior models to explain both the

gravity field and the atmospheric composition of Jupiter. It can be stabilized by either

an increase if the helium mass fraction or a decrease in temperature. However, as we

show here, such Z-gradient at the location of helium rain, as proposed by Debras and

Chabrier [2019], is rather unlikely as it would require to accrete an excessive amount of

material, that cannot be justified from collisional evolution models of the solar system.

It would also require a late accretion, that isotopic constraints actually do not allow. An
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Figure 5.23: Comparison of the radiative and adiabatic temperature gradients in
Jupiter, at ages ranging from 1 Myr to 10 Gyr. We estimate the minimum value of
∇rad as the approximate upper limit of the radiative region. The evolution models
consist of a central core of 10 M⊕ and a homogeneous envelope of solar composition.

inverted Z-gradient , established early and at upper regions (∼ kbar), due to a radiative

zone, might be a solution. We show here that such a scenario works from the point of

view of the present gravity data and enough material may be accreted. Nevertheless,

this radiative zone appears around 10 Myr and is shifted to deeper regions with time.

Such inward-shift of the radiative zone requires at ∼ 10 Myr a significant Z-gradient

(∆Z ∼ 0.9 in our case), that is hard to be stabilized. However, our calculations and

results rely on a specific (and parameterized) opacity table used here. Updated opacity

data could produce a radiative region that occurs at a different location and could

undergo a different evolution, which would change the required additional mass that

needs to be accreted in order to enrich the outer envelope. Furthermore, despite this

work being based on the latest considerations regarding the quantity and properties of

the materials responsible for enriching the atmosphere, our knowledge of the materials

that Jupiter might have accreted is still incomplete. Yet, in our setup, the hypothesis of a

radiative zone that prevents downward mixing is rather unlikely. Alternative scenarios

such as an inverted gradient of helium instead of heavy elements as well as further

investigation of the topic are required to resolve Jupiter’s metallicity puzzle.
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5.6 An inverted Y gradient?

If an inverted Z gradient is unlikely, an inverted Y gradient might be a solution. It could

allow a significant decrease in the mean molecular weight of Jupiter’s outer envelope.

Such scenario does not require any additional physical mechanism as He phase separation

is a well established phenomenon in Jupiter. An inverted Y gradient can thus appear

naturally. The distribution of the mass fraction of helium in such scenario is shown in

Fig. 5.24. The presence of a stable region (as in Subsection 5.5.4) would imply that

helium demixing has not affected the whole molecular envelope. Consequently, the

atmospheric helium abundance, measured by Galileo (Y/(X + Y ) = 0.238), would not

represent the entirety of the molecular envelope. Instead, the depletion of helium beneath

the stable region would be more pronounced than expected. This could work as the

draining timescale of helium through the stable layer is long (estimated at approximately

1 Gyr, personal communication with Steve Markham) and given the fact that demixing

is expected to occur late in the evolution.

Figure 5.24: Mass fraction of helium as a function of normalised mass in a model
with an inverted Y gradient.

To assess if it is a plausible solution, the first step is to check if models with an inverted

Y gradient could fit the gravity data. I hence ran MCMC calculations. Figure 5.25

shows the results. We in fact find models that satisfy better the gravitational moments

compared to models with an inverted Z gradient. The scenario of an inverted Y gradient

may thus be promising from the point of view of the gravity data. Further work is needed.

Nevertheless, homogeneous evolution models have been quite successful at predicting the

age and luminosity of Jupiter, suggesting that He phase separation has not or just started

in the planets. Investigating evolution models with such differentiation of helium would

be required to assess the plausibility of the inverted Y gradient scenario.
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Figure 5.25: J6 vs J4 for models with an inverted Y gradient.
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Throughout my thesis, while I mainly worked on Jupiter, I also ventured into the field

of exoplanets. This was the opportunity for me to expand the scope of my research to

encompass extra-solar systems. I tried to apply the work I carried out on Jupiter and

see the consequences on exoplanets. In this chapter, I will present my contributions to

several papers, in which I conducted calculations of evolution models of giant exoplanets.

6.1 Introduction

Exoplanets have been discovered only 30 years ago. These other worlds are far from

the Earth, the closest being around Proxima Centauri, located at 4 light years from

us. However, discoveries of exoplanets are now confirmed on a daily basis and interest

keeps growing. While we have seen that we have very accurate observations on our

giant planets (see Section 2.1), we have limited information about exoplanets. But with

now more than 5 000 exoplanets discovered in our galaxy, statistical analyses may lead

to a better understanding of their properties. So far, we have observed a diverse array

of exoplanets, leading to the term ”exoplanet zoo”. While the initial discoveries were

primarily dominated by hot Jupiters [Seager and Deming, 2010], the most common types

nowadays appear to be super-Earths and sub-Neptunes [Howard et al., 2010, Mayor

et al., 2011, Winn and Fabrycky, 2015]. Understanding the characteristics of these

exoplanets, particularly the giant planets, was a subject of great interest in my thesis.

These planets, although not the most numerous, are intriguing due to their composition,

as they contain primordial gas within their envelopes or atmospheres, mainly composed

of hydrogen and helium. The determination of their bulk composition will provide

valuable insights into their formation processes. To determine their internal composition,

we primarily rely on measurements of their radius and mass. It is through evolution

models (see Section 2.4) that we can infer their composition. Additionally, knowledge

of their age is crucial, which is obtained by measuring the age of the host star.

However, we now have the capability to measure the composition of exoplanet atmo-

spheres through spectroscopy. Guillot et al. [2022] presents a list of 17 atoms and

molecules detected in the atmospheres of about 40 planets and for which the detec-

tion can be considered as reliable. This list is growing steadily, as exemplified by

JWST’s recent detection of SO2 [Tsai et al., 2023]. The three main methods are: tran-

sit spectroscopy, direct imaging, and Doppler spectroscopy (a detailed description of

these methods can be found in Madhusudhan [2019]). In transit spectroscopy, light

from the star passes through the exoplanet’s atmosphere, and the resulting spectrum

contains absorption features of the molecules present in the atmosphere. The proper-

ties of these atmospheres are then derived using atmospheric retrieval models [Mad-

husudhan, 2018], which depend on various parameters and factors such as composition,

temperature-pressure profiles, presence of clouds. By employing these spectroscopic

techniques, various molecules have been detected in exoplanet atmospheres, including
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water [Sing et al., 2016] and even other molecules now, like carbon dioxide [JWST Tran-

siting Exoplanet Community Early Release Science Team et al., 2023]. The importance

of spectroscopy and atmospheric composition lies in its potential to provide informa-

tion about the planet’s formation, notably where these planets formed and how they

migrated in their early stages. Nevertheless, it remains a challenge to link formation

and atmosphere [Mordasini et al., 2016]. Different formation pathways (core accretion,

pebble accretion, gravitational instability) may lead to variations in the carbon-oxygen

(C/O) ratio, for instance. But obtaining measurements of different chemical components

in exoplanet atmospheres is hard due to the diverse spectral signatures that occur at

different wavelengths. Additionally, the present composition of the atmosphere may not

exactly reflect its composition at the time of formation, planetary evolution is hence

crucial to assess.

It is important to note that information obtained from spectroscopy of an exoplanet’s

atmosphere may not necessarily represent its interior composition. Knowledge gained

from our solar system’s gas giants should be applied when studying exoplanets. The

inhomogeneity of Jupiter’s atmosphere [Li et al., 2017] and its interior [Miguel et al.,

2022] serve as guides. Measurements of the composition are essentially done in the upper

atmosphere of exoplanets (between 10−2 and 10−4 bar [Gandhi et al., 2023]). Modellers

have to bear in mind that such measurements are probably not representative of the bulk

composition of a planet. Future measurements, in particular of atmospheric metallicities

could help constrain the interiors (see also Müller and Helled [2023a]) and offer insights

into the formation mechanisms.

Exoplanets models often simply consist of a compact core surrounded by a homogeneous

envelope of hydrogen and helium. In Bloot et al. [2023], using the same MCMC approach

that I used to study Jupiter’s interior, we question whether we can distinguish between

exoplanets with a homogeneous or an inhomogeneous structure, using a sample of 37

giant planets. We found that more massive planets have smaller core mass fractions and

are less enriched in heavy elements. However, we cannot distinguish between homoge-

neous and inhomogeneous interiors at this stage. Further investigation is needed but

Plato’s future measurements (radii, masses, ages) in addittion to a better atmospheric

characterization will help make progress in this area.

Another complication that has affected our comprehension of exoplanetary internal

structures is the phenomenon of inflation, in particular for hot Jupiters. These highly

irradiated planets (Teq > 1 000 K) exhibit radii larger than those predicted by mod-

els [Thorngren and Fortney, 2018, Fortney et al., 2021]. The mechanisms behind this

phenomenon can be attributed to either a reduction in the planets’ cooling rates or an

internal energy source. Notably, tidal dissipation [Bodenheimer et al., 2001], suggesting

that strong periodic tides can heat the planet’s interior, or ohmic dissipation [Batygin

and Stevenson, 2010], where currents generated by interactions between atmospheric

winds and the magnetic field dissipate, potentially serve as an internal heat source.
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This inflation appears to be linked to the level of irradiation: less-irradiated planets

(Teq < 1 000 K) are not as inflated, whereas heavily irradiated ones (Teq > 1 500 K)

exhibit significant inflation. Guillot and Showman [2002] have hence modelled this

mechanism by considering an internal heat source as a fraction ϵ of the irradiation.

Thorngren and Fortney [2018] conducted a Bayesian analysis to quantify the fraction of

irradiation involved in this process.

Improving our modelling to refine the characterization of exoplanetary systems is key.

In a few years only, Plato [Rauer et al., 2014] will provide accurate measurements of

the radii, masses and also ages of many planetary systems. Understanding the interior

structure and evolution of giant planets enables us to infer their bulk compositions from

these measurements. We showed in Howard and Guillot [2023] that including non-ideal

mixing effects in the EOS can affect the calculated radii by up to 6%, therefore affecting

the inferred composition potentially significantly. We will now detect warm giant planets

[Müller and Helled, 2023b], with properties that are more similar to our solar system

giants. The possibility to measure atmospheric properties and abundances for temperate

transiting giant planets, i.e. with atmospheric properties closer to our own (including the

presence of storm-driving condensing species like water) is extremely promising. This

is becoming a reality with the discovery of more long-period transiting exoplanets, in

particular thanks to the TESS mission [Ricker et al., 2015] helped with a large number of

ground-based follow-up telescopes including ASTEP (Antarctica Search for Transiting

ExoPlanets [Guillot et al., 2015]).

6.2 Case studies

In the following subsections, I used evolution models to constrain newly discovered tran-

siting giant planets, observed by TESS and also ASTEP. Most of them are in multiple

systems, where planets are sometimes in mean motion resonance, with TTV (transit-

timing variation) observations which can allow to infer the mass of the planets. In

multiple systems, the planets must have the same age. The constraints found for their

composition depend on this age and are inherently linked [Havel et al., 2011]. We can

therefore refine the relative compositions of the planets more precisely. This is impor-

tant in order to understand their formation pathways. Here, I provide my contributions

to several discoveries of exoplanets. The paragraphs have directly been taken from the

text I have provided in the corresponding papers.

6.2.1 TOI-1130

This subsection has been taken from Korth et al. [2023]. The parameters of the star and

the planets of the system are summarized in Table 6.1.
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Table 6.1: Stellar and planetary parameters of the TOI-1130 system. Adapted from
Korth et al. [2023].

Stellar parameters TOI-1130

Spectral type K6-K7
M⋆ [M⊙] 0.71± 0.02
R⋆ [R⊙] 0.68± 0.02
Teff [K] 4350± 60
Age [Gyr] 3.2 – 5

Planetary parameters TOI-1130 b TOI-1130 c

P [days] 4.07445± 0.00046 8.350231± 0.000098
Mp [M⊕] 19.28± 0.97 325.69± 5.59

Rp [R⊕] 3.56± 0.13 13.32+1.55
−1.41

ρp [g.cm
−3] 2.34± 0.26 0.75+0.31

−0.21

a [AU] 0.04457± 0.00036 0.07191± 0.00058
Teq [K] 632.17± 12.60 497.70± 9.92

Knowing the radii and masses of several planets in the same system is extremely useful

because one can remove the age uncertainty when comparing the planets to each other,

thereby providing important constraints for formation models [Havel et al., 2011]. Here

we use CEPAM [Guillot and Morel, 1995] and a non-grey atmosphere [Parmentier et al.,

2015] to model the evolution of both planets in the system. We assume simple structures

consisting of a central dense core and a surrounding hydrogen and helium envelope of

solar composition. The core is assumed to be made with 50% of ices and 50% of rocks.

Figure 6.1 shows the resulting evolution models and observational constraints for both

planets in the system. For guidance, we compare them to similarly simple models of

Jupiter and Neptune (which have very similar masses as TOI-1130 c and TOI-1130 b,

respectively), knowing that the ensemble of possibilities regarding their structure and

composition is much wider [Helled and Fortney, 2020]. TOI-1130 c is found to have

a small enrichment in heavy elements, with a core of less than 20M⊕. This is lower

to what was obtained for our simple model of Jupiter. We point out however that

Jupiter’s enrichment corresponds to a much wider range of possibilities, i.e. 8 - 46M⊕

[Guillot et al., 2022]. TOI-1130 b is slightly more massive than Neptune but is found

to contain less hydrogen and helium, assuming a similar composition core. With the

same hypotheses, as shown in Fig. 6.1, the envelope of TOI-1130 b must be smaller than

0.5M⊕ (i.e., less than 3% of the mass of TOI-1130 b compared to about 10% of the

mass of Neptune). Determining atmospheric abundances and possibly ice-to-rock ratios

in TOI-1130 b and TOI-1130 c will be key to understanding the structure of ice and gas

giants and the formation of these planetary systems [Guillot et al., 2022].
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Figure 6.1: Evolution models of TOI-1130 b and TOI-1130 c, compared to Neptune
and Jupiter, respectively. All models assume a central ice-rock core overlain by a solar
composition hydrogen-helium envelope. TheMcore value corresponds to the mass of the
core while Menv corresponds to the mass of the envelope. The range of envelope mass
compatible with the observational constraints is shown for TOI-1130 b and compared to
a similarly simple model of Neptune. For TOI-1130 c, only an upper limit on the core
mass can be derived. For all cases, additional uncertainties on the core and envelope
masses arise due to the unknown interior composition, temperature structure, and EOS
uncertainties. The black error bars correspond to observational constraints on the age

and the radius of TOI-1130 b and TOI-1130 c. Taken from Korth et al. [2023].

6.2.2 TOI-2525

This subsection has been taken from Trifonov et al. [2023]. The parameters of the star

and the planets of the system are summarized in Table 6.2.

We model the evolution of both planets in the system, using CEPAM [Guillot and

Morel, 1995, Guillot et al., 2006] and a nongray atmosphere [Parmentier et al., 2015],

to provide constraints on their interiors. We assume simple structures consisting of a

central dense core surrounded by a hydrogen and helium envelope of solar composition.

The core is assumed to be made of 50% ices and 50% rocks. Figure 6.2 shows the

resulting evolution models. The core mass of TOI-2525 c is found to be between 20 and

43M⊕. This indicates that the enrichment in heavy elements of TOI-2525 c could be

comparable to Jupiter’s, which is between 8 and 46M⊕ [Guillot et al., 2022]. With a

radius similar to Saturn’s (1.08 times larger) but 3.4 times less massive than Saturn,
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Table 6.2: Stellar and planetary parameters of the TOI-2525 system. Adapted from
Trifonov et al. [2023].

Stellar parameters TOI-2525

Spectral type K8V
M⋆ [M⊙] 0.849± 0.042
R⋆ [R⊙] 0.785± 0.031
Teff [K] 5096± 80

Age [Gyr] 3.99+4.30
−2.60

Planetary parameters TOI-2525 b TOI-2525 c

P [days] 23.288+0.001
−0.002 49.260+0.001

−0.001

Mp [MJup] 0.088+0.005
−0.004 0.709+0.034

−0.034

Rp [RJup] 0.88± 0.02 0.98± 0.02

ρp [g.cm
−3] 0.174+0.016

−0.015 1.014+0.084
−0.076

a [AU] 0.1511+0.0025
−0.0025 0.2491+0.0041

−0.0042

Teq [K] 513 399

TOI-2525 b is an uncommon example of a very low density and inflated planet with an

equilibrium temperature close to 500 K. The H–He envelope of TOI-2525 b is found to

be between 19 and 24M⊕. The case of TOI-2525 b is challenging for the traditional core

accretion formation scenario. With our simple modeling of TOI-2525 b, such a small

envelope hints that the accretion of H–He has potentially been hindered. Characterizing

the atmospheres of both planets of the system would be very useful to understand their

structure and formation. Not many inflated Neptune-mass planets are known, making

TOI-2525 b a useful addition to the sample of transiting planets with a measured mass.

The low density, and thus large scale height, of TOI-2525 b makes it a good target for a

future atmospheric investigation with transmission spectroscopy.

6.2.3 TOI-2000

This subsection has been taken from Sha et al. [2023]. The parameters of the star and

the planets of the system are summarized in Table 6.3.

Measuring the atmospheric metallicity of both planets could help us understand their

structure and origin. Using CEPAM [Guillot and Morel, 1995, Guillot et al., 2006] and

a non-grey atmosphere [Parmentier et al., 2015], we model the evolution of both planets

in the system assuming a simple structure consisting of a central rocky core surrounded

by a H–He envelope of Solar composition. Figure 6.3 shows the results. The core mass

of TOI-2000 c is between 36 and 46M⊕ , about twice as large as Saturn’s total mass

of heavy elements (16.5 to 21M⊕ ; Mankovich and Fuller [2021]). The presumed H–He

envelope of TOI-2000 b must be smaller than 0.1M⊕ (1 per cent of the mass of the

planet), in line with Figure 11 of Sha et al. [2023], which indicates that the radius of

TOI-2000 b is up to 10 per cent smaller than the radius predicted by the theoretical
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Figure 6.2: Evolution models of TOI-2525 b and c. All models assume a central
ice–rock core surrounded by a hydrogen–helium envelope of solar composition. For
both planets, the range of core masses is shown. For TOI-2525 b, the range of envelope
masses is also shown. The error bars correspond to observational constraints on their
age and radius compared to the ones of Jupiter and Saturn. Taken from Trifonov et al.

[2023].

mass–radius curve of Zeng et al. [2019] for planets with 1 per cent H2 envelope. Overall,

this analysis implies that both planets likely contain a proportion of heavy elements that

is significantly larger than that of planets with similar mass in the Solar System.

6.2.4 TOI-588

This subsection has been taken from Vowell et al. [2023]. The parameters of the star

and the companion of the system are summarized in Table 6.4.

Using CEPAM [Guillot and Morel, 1995], we calculate evolutionary tracks of TOI-588 b.

Our models are based on the same approach as in Bouchy et al. [2011], using the an-

alytical atmospheric boundary conditions from Guillot [2010]. Our fiducial model has

a solar metallicity interior (Z∗
interior = Z⊙) and thermal and visible mean opacities set

to κ∗th = 0.04 g.cm−2 and κ∗v = 0.024 g.cm−2, respectively. As shown in Fig. 6.4, this

model reproduces the observed radius for the age of TOI-588 b. Because of the brown
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Table 6.3: Stellar and planetary parameters of the TOI-2000 system. Adapted from
Sha et al. [2023].

Stellar parameters TOI-2000

Spectral type G5-G6

M⋆ [M⊙] 1.082+0.059
−0.050

R⋆ [R⊙] 1.134+0.037
−0.036

Teff [K] 5611± 85
Age [Gyr] 5.3± 2.7

Planetary parameters TOI-2000 b TOI-2000 c

P [days] 3.098330+0.000021
−0.000019 9.1270550+0.0000073

−0.0000072

Mp [MJup] 0.0347+0.0077
−0.0075 0.257+0.015

−0.014

Rp [RJup] 0.241± 0.014 0.727+0.028
−0.027

ρp [g.cm
−3] 3.07+0.94

−0.78 0.829+0.111
−0.096

a [AU] 0.04271+0.00076
−0.00067 0.0878+0.0016

−0.0014

Teq [K] 1488+122
−160 1038+84

−111

Table 6.4: Stellar and brown dwarf parameters of the TOI-588 system. Adapted from
Vowell et al. [2023].

Stellar parameters TOI-588

Spectral type B

M⋆ [M⊙] 2.383+0.10
−0.095

R⋆ [R⊙] 1.863+0.087
−0.082

Teff [K] 10400± 800
Age [Gyr] 0.153± 0.024

Brown dwarf parameters TOI-588 b

P [days] 39.471814± 0.000014

Mp [MJup] 68.0+7.4
−7.1

Rp [RJup] 1.580+0.074
−0.070

ρp [g.cm
−3] 21.3+4.0

−3.4

a [AU] 0.3058+0.0042
−0.0041

Teq [K] 1237+73
−61

dwarf’s large mass and intrinsic luminosity (Lint = 4 × 1030 erg.s−1), we find that the

interior is entirely convective and therefore its evolution is not affected by changes of

the interior opacities. The energy supplied by tidal dissipation, Ltides ≈ 1025 erg.s−1

for a tidal quality factor (Q′ = 106) (e.g., Bodenheimer et al. [2001]), is also too low

to affect the evolution, as is that due to internal dissipation Ldissipation ≈ 1027 erg.s−1

(see Thorngren and Fortney [2018]). The radius of TOI-588 b is thus mainly affected by

three factors: the initial formation entropy (here we assume a hot start initial entropy

of S = 13.4 kb/baryon), the deep interior mean molecular weight and the atmospheric

opacity (see Guillot [2005]). Figure 6.4 shows that the latter is by far the dominant

effect: when multiplying the atmospheric opacities by 2 over their fiducial values, we

obtain a theoretical radius that is 25% larger (at the measured age) than our fiducial
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Figure 6.3: Evolution models of TOI-2000 b and c. All models assume a central
ice–rock core surrounded by a hydrogen–helium envelope of solar composition. For TOI-
2000 b, an upper limit for the mass of the envelope is given while for TOI-2000 c, the
range of core masses is shown. The error bars correspond to observational constraints

on their age and radius compared to the ones of Jupiter and Saturn.

model and clearly incompatible with the observations. On the other hand, when mul-

tiplying the interior metallicity by a factor 5 (equivalent to adding 4.2MJup of heavy

elements in its interior) the radius change remains limited. Although a wider ensemble

of dedicated evolution models should be calculated, this already shows that observations

of TOI-588 b with the James Webb Space Telescope would be extremely important, by

independently yielding its atmospheric metallicity (that we predict should be solar) and

intrinsic luminosity (our evolution models predict Teff = 2630K).

6.2.5 TOI-615, TOI-622, TOI-2641

This subsection has been taken from Psaridi et al. [2023]. The parameters of the star

and the planet of the systems are summarized in Table 6.5.

Using CEPAM [Guillot and Morel, 1995] and a nongray atmosphere [Parmentier et al.,

2015], we model the evolution of TOI-615 b, TOI-622 b, and TOI-2641 b. We assume
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Figure 6.4: The radius evolution of TOI-588 b. The black point signifies the measured
age and radius with 1 σ error bars. The orange line is our fiducial evolutionary model.
The pink line multiplies the atmospheric opacities of the fiducial model by 2, and the

red line multiplies the interior metallicity by 5. Taken from Vowell et al. [2023].

simple structures consisting of a central dense core surrounded by a hydrogen and helium

envelope of solar composition. The core is assumed to be composed of 50% ices and

50% rocks, by mass. Since all these planets are highly irradiated, we account for the

dissipation of energy in the interior, following the approach of Guillot and Showman

[2002]: A fraction ϵ of the irradiation luminosity L⋆ is assumed to be dissipated at the

bottom of the envelope and included in the evolution calculations.

The source and magnitude of this dissipation is still under investigation, but using a

statistical approach, Thorngren and Fortney [2018] estimate for exoplanets with these

irradiation levels that ϵ ∼ 2%. This yields a luminosity due to internal dissipation

L∗
dissipation = 1028, 1027 and 5 × 1027 erg/s, for TOI-615 b, TOI-622 b, and TOI-2641 b

respectively. In Fig. 6.5, we explore how observational constraints and uncertainties on

dissipation affect what we can infer on the bulk composition of these planets. We show

the results of calculations with our fiducial dissipation luminosity compared to models

with L∗
dissipation divided by 10 (for TOI-615 b and TOI-2641 b) or 100 (for TOI-622 b).

After a few to hundred million years, our models predict that the planetary radii remain

constant, due to internal heating that exceeds the planet’s cooling luminosity.
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Table 6.5: Stellar and planetary parameters of the TOI-615, TOI-622 and TOI-2641
systems. Adapted from Psaridi et al. [2023].

Stellar parameters TOI-615 TOI-622 TOI-2641

Spectral type F2V F6V F9V
M⋆ [M⊙] 1.449± 0.087 1.313± 0.079 1.16± 0.07
R⋆ [R⊙] 1.732± 0.055 1.415± 0.047 1.336± 0.055
Teff [K] 6850± 100 6400± 100 6100± 100
Age [Gyr] 1.7± 0.3 0.9± 0.2 10.8± 9.0

Planetary parameters TOI-615 b TOI-622 b TOI-2641 b

P [days] 4.6615983+0.0000025
−0.0000016 6.402513+0.000031

−0.000054 4.880974+0.000023
−0.000037

Mp [MJup] 0.435+0.086
−0.082 0.303+0.069

−0.072 0.386+0.022
−0.036

Rp [RJup] 1.693+0.052
−0.057 0.824+0.028

−0.029 1.615+0.462
−0.640

ρp [ρJup] 0.084+0.018
−0.018 0.507+0.126

−0.126 0.092+0.078
−0.109

a [AU] 0.0678+0.0031
−0.0026 0.0708+0.0052

−0.0059 0.0607+0.0042
−0.0043

Teq [K] 1666+24
−24 1388+22

−22 1387+23
−23

We find that these planets tend to be significantly enriched in heavy elements. Defining

an approximate bulk metallicity as Z ≈ Mcore/Mtot and assuming Z⊙ = 0.015, we find

Z/Z⊙ = 17 to 31 for TOI-615 b, 43 to 52 for TOI-622 b, and 7 to 29 for TOI-2641 b.

For comparison, Jupiter and Saturn have bulk metallicities Z/Z⊙ ranging from 4 to

14, depending on assumptions on interior models [Guillot et al., 2022]. For TOI-615 b,

and to some extent for TOI-622 b, heat dissipation is found to be the dominant factor

controlling the inferred composition. Spectroscopic observations of these planets (e.g.,

with JWST) would be highly valuable for the possibility to constrain the atmospheric

metallicity and relate it to the bulk metallicity.

6.2.6 TOI-199

This subsection has been taken from Hobson et al. [2023]. The parameters of the star

and the planets of the system are summarized in Table 6.6.

We model the evolution of both planets in the system using CEPAM [Guillot and Morel,

1995] and a non-grey atmosphere [Parmentier et al., 2015]. We assume simple structures

consisting of a central dense core surrounded by a hydrogen and helium envelope of solar

composition. The core is assumed to be composed of 50% ices and 50% rocks. The EOS

used for hydrogen and helium accounts for non-ideal mixing effects [Howard and Guillot,

2023, Chabrier et al., 2019].

Figure 6.6 shows the resulting evolution models and the observational constraints. Defin-

ing an approximate bulk metallicity as Z ≈ Mcore/Mtot and assuming Z⊙ = 0.015, we

find Z/Z⊙ = 7 to 21 for TOI-199 b. This is comparable to what we obtain for a simi-

larly simple model of Saturn although we stress that Saturn’s enrichment corresponds

to a wider range of possibilities [between 12 and 15 according to Mankovich and Fuller,
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Figure 6.5: Evolution models of TOI-615 b, TOI-622 b, and TOI-2641 b. All mod-
els assume a central ice-rock core surrounded by a hydrogen-helium envelope of solar
composition. Models account for dissipation of energy in the interior due to important
irradiation and L∗

dissipation corresponds to our fiducial dissipation luminosity. For each
planet, the ranges of core masses and envelope masses are shown. The errorbars cor-
respond to observational constraints on their age and radius, compared to the ones of

Jupiter and Saturn. Taken from Psaridi et al. [2023].

2021]. However, most of the uncertainty comes from the poor constraint on the age of

the system. An accurate determination of its age would thus greatly help to constrain

the bulk metallicity of TOI-199 b [see also Müller and Helled, 2023a]. We unfortunately

do not have a measurement of the radius of TOI-199 c. Using the same evolution models

and a composition with cores between 5 and 60 M⊕ (bulk metallicity between 3 and

41), we obtain expected radii of TOI-199 c between 0.64 and 1.04 RJ.

The intrinsic luminosities of both planets are between a third to one time the present-

day luminosity of Jupiter, implying that their atmospheric structure is mostly governed

by the irradiation that they receive [see Parmentier et al., 2015]. With photospheric

temperatures expected to range between 250 and 350K, these planets are ideal for the

observation of the consequence of condensation of water in giant planet atmospheres [see

Guillot et al., 2022].
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Table 6.6: Stellar and planetary parameters of the TOI-199 system. Adapted from
Hobson et al. [2023].

Stellar parameters TOI-199

Spectral type G9V

M⋆ [M⊙] 0.936+0.003
−0.005

R⋆ [R⊙] 0.820± 0.003

Teff [K] 5255+12
−10

Age [Gyr] 0.8+1.2
−0.6

Planetary parameters TOI-199 b TOI-199 c

P [days] 104.8589+0.0014
−0.0016 271.67+0.36

−0.37

Mp [MJup] 0.1872+0.0287
−0.0274 0.243+0.010

−0.011

Rp [RJup] 0.83± 0.06

ρp [g.cm
−3] 3.07+0.94

−0.78

a [AU] 0.4257± 0.015
Teq [K] 325

6.3 Summary

I have studied several systems, that already show the diversity of exoplanetary systems.

TOI-1130 hosts both a Neptune-like and a Jupiter-like planet. TOI-2525 contains a

Jupiter-like planet and an inflated Neptune-like planet, larger than Saturn. Meanwhile,

TOI-2000 possesses a Saturn-like and a Neptune-like planet. Interestingly, these three

systems share a similar structure, featuring an inner planet with a mass of about a dozen

Earth masses and an outer planet with a mass of the order of a hundred Earth masses.

This could suggest similarities in their formation pathways. In contrast to these systems,

TOI-588 has a companion that is a brown dwarf. Brown dwarfs are believed to form

differently from planets. TOI-615, TOI-622, and TOI-2461 are systems where planets

are highly irradiated by their star. Understanding the mechanisms responsible for the

inflation of such planets is crucial, as it helps constrain their bulk composition. Finally,

TOI-199 hosts two Saturn-like planets. Given their distance from the star and their

temperature, they are warmer than other planets studied here, making them excellent

candidates to investigate processes like cloud condensation.

From these systems, we have observed that it is possible to derive certain constraints

on the internal structures of planets using evolution models and measurements of their

radius, mass, and age. Our models rely on several assumptions, particularly the EOS.

For most of my calculations, I used the SCvH95 EOS; however, in the case of TOI-199,

I employed the more up-to-date HG23 EOS developed in Howard and Guillot [2023]

which incorporates non-ideal mixing effects. For the case of TOI-2525 c, I show in

Fig. 6.7 evolution models using the HG23+CMS19 EOS. The inferred bulk metallicity

of the planet is significantly affected compared to what previously obtained with the

SCvH95 EOS (Fig. 6.2). While the bulk metallicity Zplanet/Z⊙ was between 6 and 13, it
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Figure 6.6: Evolution models of TOI-199 b and TOI-199 c compared to a simple model
for Saturn. All models assume a central ice-rock core surrounded by a hydrogen and
helium envelope of solar composition. Mcore corresponds to the mass of the ice/rock core
while Menv corresponds to the mass of the solar-composition envelope. The range of
Mcore and Menv compatible with the observational constraints is shown for TOI-199 b.
The blue error bar corresponds to observational constraints on the age and the radius
of TOI-199 b. We also show the range of radii expected for likely extreme compositions

of TOI-199 c in red.

is now between 1 and 9. The effect on TOI-2525 b is less significant given the less massive

hydrogen and helium envelope. The methodologies used to study Jupiter, including last

generation EOSs, can hence be applied on exoplanets, leading to important implications

for their inferred bulk composition.

Even if I studied only a few systems, it remains worthwhile to conduct a comparison

and consider these works collectively. Of course, it is essential to acknowledge that these

systems can have very different properties: some planets are highly irradiated, their host

star can be different, they do not have the same ages. For 10 specific planets, I calculated

the bulk metallicity Zplanet =Mcore/Mplanet relative to the solar metallicity Z⊙ = 0.015.

Figure 6.8 illustrates the bulk metallicity of the 10 chosen planets. Despite the limited

sample size, a noticeable mass-metallicity relationship emerges, with more massive giant

planets appearing less enriched than the less massive ones. This negative correlation is

consistent with the core accretion model (see Section 5.1.1), where gas poor in heavy
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Figure 6.7: Evolution models of TOI-2525 b and c (same as in Fig. 6.2) but using the
HG23+CMS19 EOS [Howard and Guillot, 2023].

elements is accreted around a pure heavy-element core. It has already been observed by

Thorngren et al. [2016] but also in [Mordasini et al., 2014] using planetary population

synthesis. Interestingly, the planets in our solar system seem to align well with this

trend in the relationship. We see for TOI-2525 c the impact of using a new EOS on the

calculated bulk metallicity, as previously mentioned. Müller and Helled [2023a] already

stressed the influence of the EOS on the mass-metallicity relationship. Expanding the

sample size would yield valuable insights, especially looking at planets more massive

than Jupiter which are lacking here.

A strong assumption of our models is the use of an envelope of solar composition.

Measuring the metallicity of the host stars would be important, as it may be connected

to the planet’s metallicity [Guillot et al., 2006]. But Thorngren et al. [2016] found

only a weak correlation between the metallicity of the planet and the one of its parent

star. Recently, Teske et al. [2019] did not find any correlation. Furthermore, the most

massive giant planets still seem to be enriched, raising the issue that they should possess

envelopes with a substantial amount of heavy elements. TOI-622 b is a good example

(Fig. 6.8) but its host star has a rather high metallicity of 0.09 ± 0.07. One plausible
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Figure 6.8: Heavy element enrichment (relative to the Sun’s) as a function of mass,
for 10 giant exoplanets I studied. Bulk metallicities for Jupiter [Guillot et al., 2022],
Saturn [Mankovich and Fuller, 2021], Uranus and Neptune [Helled et al., 2020b] are
shown in black. The bulk metallicity for TOI-2525 c using the HG23+CMS19 EOS is

shown with transparency.

scenario for hot Jupiters is that they could enrich their envelopes by accreting dust-rich

gas in proximity to their host stars [Morbidelli et al., 2023].

Measuring atmospheric metallicities (e.g., with JWST) will be helpful to improve the

inferred compositions. Comparing metallicities of exoplanets and their host star will

provide valuable information about their formation mechanisms. We should keep in

mind that the star’s atmospheric metallicity may not be similar to the one of the planets,

as seen in our solar system. Furthermore, the measured metallicity of the planets may

not fully represent their entire interior composition. Future missions like Plato, with

more accurate measurements of radii, masses, and ages, will undoubtedly improve the

constraints on many exoplanetary systems and lead to a better understanding of their

formation.
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This thesis provided me with an excellent opportunity to dive into the field of planetary

sciences. It was a dangerous dive as I spent three years exploring mostly Jupiter but

also giant exoplanets. Throughout my research, I learnt how giant planets work, the

methodologies to study them, and how important they are to study. I will summarize

here the main aspects of this thesis and provide some future prospects.

7.1 Summary

The Juno mission has revealed the remarkable complexity of Jupiter’s interior. Over the

past few years, many models emerged to satisfy the extremely accurate measurements

of the gravitational moments provided by the mission [Wahl et al., 2017, Debras and

Chabrier, 2019, Ni, 2019, Nettelmann et al., 2021, Militzer et al., 2022]. In this context,

while previous contributions focused on several models, my collaborators and I carried

out Markov chain Monte Carlo calculations to explore a wider range of interior models

of Jupiter.

In Miguel et al. [2022], we explored two types of structure: the traditional three-layer

model and the dilute core paradigm which received a renewed interest since Juno. We

conducted calculations using several H-He EOSs. By examining the heavy element

distribution, we robustly demonstrated that the envelope of Jupiter is inhomogeneous,

with a heavy-element enrichment in the interior relative to the outer envelope. This

work has implications for formation and evolution models which should therefore be

consistent with such present inhomogeneous interior structure. This may discriminate

different formation pathways. Nevertheless, the models required invoking a warmer

interior (T1bar between 170 and 180 K) than expected (166 K from Galileo).

Another conclusion was the importance of the EOS. In particular, non-ideal mixing

effects due to interactions between hydrogen and helium are non-negligible. Omitting

these effects can lead to a relative error in density of up to 15% for Jupiter and Saturn.

I thus developed an EOS table to incorporate the non-ideal mixing effects [Howard and

Guillot, 2023]. This table, along with intrinsic uncertainties in the EOS, was then taken

into account when calculating interior models. We allowed for modifications in the

EOS which satisfied a thermodynamical constraint, while previous models were freely

perturbing the EOS. However, if we impose a deep entropy in agreement or only modestly

above the Galileo probe value, the modifications of the EOS found to reproduce Juno’s

gravity data are even more significant than suggested by comparisons of different EOSs

and our work on non-ideal effects.

Specific emphasis was then placed on determining the extent of the dilute core [Howard

et al., 2023]. The size of the dilute core holds major importance to understand the origin

and evolution of Jupiter. Previous interior models [Debras and Chabrier, 2019, Militzer
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et al., 2022] pointed to solutions with very extended dilute cores (up to 60% of Jupiter’s

mass), in tension with evolution models including mixing in the planetary interior. I

have identified alternative solutions, featuring less extended dilute cores (∼ 20% of the

planet’s mass), in better agreement with evolution models [Müller et al., 2020]. This

implies a dilute core that represent no more than ∼ 60 M⊕, in agreement also with

the encompassed mass in the dilute core found in Saturn [Mankovich and Fuller, 2021],

suggesting a formation scenario consistent for both gas giants of our solar system. The

results in Howard et al. [2023] are in line with what we found in Miguel et al. [2022]. We

confirm that the interior of Jupiter may be warmer than expected. We find the compact

core to be between 0 and 6 M⊕. The total mass of heavy elements is between 18 and

33 M⊕, which are lower limits given the possibility of superadiabatic regions [Guillot,

1995, Leconte and Chabrier, 2012, Leconte et al., 2017]. These numbers are important

constraints in the context of the formation of the planet.

Despite the progress made, our models still struggle to match the measured supersolar

abundance of heavy elements in Jupiter’s atmosphere (about three times the protosolar

value). In Miguel et al. [2022], the heavy element abundance in the atmosphere (as-

sumed to be the same as in the outer envelope) was set to 1× protosolar; and in Howard

et al. [2023], it was set to 1.3× protosolar. One potential solution is the presence of an

inverted Z gradient, namely an inward decrease of the heavy element abundance. Such

inverted Z gradient, at the location of helium rain (∼ Mbar level), was already suggested

by Debras and Chabrier [2019]. However, it requires to accrete an excessive amount of

material and at a late stage which is not possible as it would bring material with the

wrong isotopic composition. We hence investigated the hypothesis of an inverted Z gra-

dient, due to a radiative zone, located at upper regions (∼ kbar level) and established

early. Nevertheless, the radiative zone being moved to deeper regions as Jupiter evolves,

it implies a substantial enrichment in the early stages that cannot remain stable. We

have concluded that the presence of an inverted Z gradient inside Jupiter is unlikely. An

inverted Y gradient might be a solution. Still, the interior of Jupiter remains shrouded

in mystery.

Furthermore, I had the opportunity to apply my findings on Jupiter to giant exoplan-

ets. The knowledge gained from this research is valuable for understanding exoplanets.

By using the newly developed HG23 EOS [Howard and Guillot, 2023] to include the

non-ideal mixing effects, I showed that the calculated radii may be affected by up to

6%. The inferred bulk composition can hence be significantly impacted (see the case of

TOI-2525 c). I have studied several systems, which showed the diversity of exoplanetary

systems. Some of them (TOI-1130, TOI-2525, TOI-2000) featured an inner planet with

a mass of about a dozen Earth masses and an outer planet with a mass of the order of

a hundred Earth masses, suggesting potential similarities in their formation pathways.

I also looked at highly irradiated planets (TOI-615 b, TOI-622 b, TOI-2641 b), warm



Chapter 7. Conclusions 154

giant planets (TOI-199 b) and even brown dwarfs (TOI-588 b), which are opportunities

to improve our understanding of the inflation of certain exoplanets, of processes like

cloud condensation and of particular formation mechanisms, respectively. A comparison

of these systems, despite the limited sample size, has confirmed the mass-metallicity

relationship, with more massive giant planets being less enriched than the less massive

ones [Thorngren et al., 2016].

Overall, this thesis has contributed to a better understanding of the internal structure

of Jupiter. We confirmed its complexity, shed light to some important uncertainties and

could provide some insights towards a better agreement with models of its evolution.

This work is important as it can then be applied to the field of exoplanets.

7.2 Outlook

This thesis opens up promising avenues for future research and development. The inte-

rior of Jupiter is still not perfectly understood. Finding solutions in better agreement

with the measurements of the atmospheric composition remains a challenge. This prob-

lem also arises in Saturn, potentially indicating that we may be missing an important

physical ingredient. Different paths of research can be envisioned to make progress.

The EOS remains a source of uncertainty, with variations between different H-He EOSs

that can reach up to 5%, in particular between 0.01 and a few Mbar. Ab initio simula-

tions lead to slightly different predictions in this warm dense matter regime. This is due

to different assumptions in the EOS calculations (e.g., choice of exchange correlation

functional) but also due to interpolation methods in the EOS tables [Howard et al.,

2023]. In order to account for this uncertainty, we allowed for modifications of the EOS

by perturbing the adiabats. Comparing these modified EOSs to Hugoniot data to see if

they still agree with experiments would be interesting. Looking back at our approach,

we may have been too restrictive in modifying the EOS, especially at low and high pres-

sures where we did not allow any perturbations. However, the EOS at these pressure

levels is still uncertain at the percent level. Militzer et al. [2022] were able to reach

supersolar abundances of heavy element by reducing the density by only a few percent

but on a wide range of pressures (by 2% from 1 kbar or by 3% from 100 kbar, all the

way to the center of the planet) and without using the thermodynamical constraint that

we proposed in Howard et al. [2023]. It is imperative to continue investigating the EOS

in the future, conducting more experiments and numerical calculations. Experiments

would be highly valuable, even on a few pressure-temperature points, to check if the

EOSs we are using are correct. My postdoc in Zürich with Ravit Helled and her group

will be an opportunity to work on this topic. Guglielmo Mazzola is conducting QMC



Chapter 7. Conclusions 155

simulations to study the hydrogen EOS. We plan to test these calculations in future

models of giant planets. However, QMC calculations are predicting a denser EOS so

far, which will probably not help Jupiter interior models. But this shows additional

uncertainty on the EOS and should motivate further investigation.

In Howard et al. [2023], we found interior models in better agreement with evolution

models. Continuing to work on reconciling formation, evolution and interior structure is

important. Building models consistent with all these aspects but also with the potential

constraints from the planet’s oscillations as normal modes have been detected [Gaulme

et al., 2011, Durante et al., 2022] would be valuable. Working on a better treatment of

the composition in interior models would also be important. To model the dilute core,

we used an error function in CEPAM but the Z profiles of the composition gradients

are quite different in evolution calculations from Müller et al. [2020] using MESA. In

my postdoc, I hope that I will be able to learn to handle this code and consider more

realistic compositional distributions in interior models. Evolution models that include

mixing in the planetary interior could also be improved by incorporating more physics

(core erosion, helium rain). Furthermore, I would also like to expand the scope of

my research by working on planets like Uranus and Neptune. In the context of such

planets, it is necessary to have a better treatment of the composition in interior model

calculations.

Finally, further work on applying the lessons learnt with Jupiter and other solar system

planets to exoplanets is needed. Bloot et al. [2023] has started to apply composition

gradients to exoplanets. But it appears that we still do not have the capabilities to

distinguish between homogeneous and inhomogeneous interiors in exoplanets. With

JWST that is now providing measurements of the atmospheric metallicities and future

missions like Plato that will provide accurate measurements of radii, masses and ages, we

will be able to refine the constraints on the bulk compositions. In this thesis, I studied

only a dozen of exoplanetary systems. As demographics is key in this field, expanding

the sample size would yield valuable insights, especially looking at planets more massive

than Jupiter which were lacking here. Therefore, I would like to continue working on

Jupiter, to expand my research to other giant planets of the solar system and to continue

studying exoplanets.
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A. Arai. Nitrogen isotopic ratios of NH2 in comets: implication for 15N-fractionation

in cometary ammonia. MNRAS, 462:S195–S209, Nov. 2016. doi: 10.1093/mnras/

stw2410.

D. K. Sing, J. J. Fortney, N. Nikolov, H. R. Wakeford, T. Kataria, T. M. Evans,

S. Aigrain, G. E. Ballester, A. S. Burrows, D. Deming, J.-M. Désert, N. P. Gibson,

G. W. Henry, C. M. Huitson, H. A. Knutson, A. Lecavelier Des Etangs, F. Pont, A. P.

Showman, A. Vidal-Madjar, M. H. Williamson, and P. A. Wilson. A continuum from

clear to cloudy hot-Jupiter exoplanets without primordial water depletion. Nature,

529(7584):59–62, Jan. 2016. doi: 10.1038/nature16068.

M. Smirnova, E. Galanti, and Y. Kaspi. Studying the dynamics of Jupiter us-

ing a 3D general circulation model constrained by radio occultation measurements.

In European Planetary Science Congress, pages EPSC2022–932, Sept. 2022. doi:

10.5194/epsc2022-932.

R. Smoluchowski. Internal Structure and Energy Emission of Jupiter. Nature, 215

(5102):691–695, Aug. 1967. doi: 10.1038/215691a0.



References 182

L. Spilker. Cassini-Huygens’ exploration of the Saturn system: 13 years of discovery.

Science, 364(6445):1046–1051, June 2019. doi: 10.1126/science.aat3760.

D. J. Stevenson. Interiors of the Giant Planets. Annual Review of Earth and Planetary

Sciences, 10:257, Jan. 1982. doi: 10.1146/annurev.ea.10.050182.001353.

D. J. Stevenson. Cosmochemistry and structure of the giant planets and their satellites.

Icarus, 62(1):4–15, Apr. 1985. doi: 10.1016/0019-1035(85)90168-X.

D. J. Stevenson. Jupiter’s Interior as Revealed by Juno. Annual Review

of Earth and Planetary Sciences, 48:465–489, May 2020. doi: 10.1146/

annurev-earth-081619-052855.

D. J. Stevenson and E. E. Salpeter. The dynamics and helium distribution in hydrogen-

helium fluid planets. ApJS, 35:239–261, Oct. 1977a. doi: 10.1086/190479.

D. J. Stevenson and E. E. Salpeter. The phase diagram and transport properties for

hydrogen-helium fluid planets. ApJS, 35:221–237, Oct. 1977b. doi: 10.1086/190478.

D. J. Stevenson, P. Bodenheimer, J. J. Lissauer, and G. D’Angelo. Mixing of Condens-

able Constituents with H-He during the Formation and Evolution of Jupiter. PSJ, 3

(4):74, Apr. 2022. doi: 10.3847/PSJ/ac5c44.

I. Tamblyn and S. A. Bonev. Structure and phase boundaries of compressed liquid

hydrogen. Phys. Rev. Lett., 104:065702, Feb 2010. doi: 10.1103/PhysRevLett.104.

065702. URL https://link.aps.org/doi/10.1103/PhysRevLett.104.065702.

J. K. Teske, D. Thorngren, J. J. Fortney, N. Hinkel, and J. M. Brewer. Do Metal-rich

Stars Make Metal-rich Planets? New Insights on Giant Planet Formation from Host

Star Abundances. AJ, 158(6):239, Dec. 2019. doi: 10.3847/1538-3881/ab4f79.

D. P. Thorngren and J. J. Fortney. Bayesian Analysis of Hot-Jupiter Radius Anomalies:

Evidence for Ohmic Dissipation? AJ, 155(5):214, May 2018. doi: 10.3847/1538-3881/

aaba13.

D. P. Thorngren, J. J. Fortney, R. A. Murray-Clay, and E. D. Lopez. The Mass-

Metallicity Relation for Giant Planets. ApJ, 831(1):64, Nov. 2016. doi: 10.3847/

0004-637X/831/1/64.

T. Trifonov, R. Brahm, A. Jordán, C. Hartogh, T. Henning, M. J. Hobson, M. Schlecker,

S. Howard, F. Reichardt, N. Espinoza, M. H. Lee, D. Nesvorny, F. I. Rojas,

K. Barkaoui, D. Kossakowski, G. Boyle, S. Dreizler, M. Kürster, R. Heller, T. Guillot,

A. H. M. J. Triaud, L. Abe, A. Agabi, P. Bendjoya, N. Crouzet, G. Dransfield, T. Gas-

paretto, M. N. Günther, W. Marie-Sainte, D. Mékarnia, O. Suarez, J. Teske, R. P.
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Appendix A

Appendix of Howard & Guillot

2023

A.1 Comparisons of the entropy of mixing

Figure A.1 shows a comparison of the entropies obtained from our work and by SR18

(SM Fig.1). For T = 10000 K, rs = 1.4 a0 and 1.25 a0, and various helium fractions xHe,

we calculated the total entropy (using Eq. (3.3), with CMS19-H, CMS19-He, and our

table of the mixing terms to compute SH, SHe and Smix, respectively). We also show

the entropy resulting from the ideal mixing of only the pure terms (XSH + Y SHe). The

difference between the two curves represents the entropy of mixing ∆S. First, we note

some important differences on the pure H and He EOSs between CMS19 and the work

of SR18. Typically, for rs = 1.4 a0, the entropy of CMS19-H is 0.2 kb/atom lower than

the pure H EOS from SR18, while the entropy of CMS19-He is 0.53 kb/atom higher than

the pure He EOS from SR18. In H-He mixtures, the entropy we calculate (where the

mixing entropy is initially based on the MH13 EOS) is always higher than the entropy

from SR18 (0.58 kb/atom greater at most).

These intrinsic differences in the pure EOSs and also in the entropies yielded for H-He

mixtures lead to discrepancies between the entropy of mixing that we obtain and the

one from SR18. In this parameter space (T = 10000 K, rs = 1.4 a0 or 1.25 a0), while

the entropy of mixing of SR18 ranges from 0.23 to 0.66 kb/atom, our entropy of mix-

ing ranges from 0.26 to 1.2 kb/atom. The entropy of mixing that we obtain is hence

1.1 to 2.2 times higher than the entropy of mixing of SR18. (Similar results would be

obtained using the Morales et al. [2009] calculations because their entropies of mixing

are similar to those of SR18). This highlights the fact that the EOSs for pure hydrogen,

pure helium, and mixtures of hydrogen and helium obtained by the different groups

still differ; this is particularly obvious for the pure helium EOS used here (CMS19-He)
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Figure A.1: Comparison of our entropy with the one calculated by SR18 (from Fig.1
of their supplemental material) for T = 10000 K and various helium fractions xHe. The
two panels show results for values of Wigner-Seitz radii of rs = 1.4 a0 and rs = 1.25 a0
respectively. Each panel displays our calculations (red) of the total entropy (computed
using Eq. 3.3 with CMS19-H, CMS19-He and our table for ∆S) and also the entropy
without including the entropy of mixing ∆S (hence corresponding to XSH + Y SHe).

Results from SR18 are shown in black.

and the one obtained by SR18. While CMS19 have used the Perdew–Burke–Ernzerhof

(PBE) exchange-correlation functional in their simulations, SR18 applied the van der

Waals density functional (vdW-DF) exchange-correlation functional. Both exchange-

correlation functionals support different experiments and have their own benefits and

limitations (see SR18 for a more detailed discussion). A consistent, homogeneous explo-

ration of EOSs in this regime of pressures and temperature and for different compositions

is crucial.

In spite of these uncertainties, we believe that using the table of non-ideal mixing effects

that we provide in addition to the CMS19 EOS is an improvement for two reasons:

(i) It includes non-ideal mixing effects that are otherwise ignored, and for low helium

abundances (Y < 0.3), it yields total entropies that differ from those of SR18 by less

than 4%. (ii) It enables calculations in the high-temperature regions spanned by massive

planets and brown dwarfs, which are otherwise not possible with the CD21 EOS.

A.2 Table of the non-ideal mixing effects

The derivation of Vmix and Smix is described in Sect. 3.5.2. The table had to be slightly

adjusted in order to avoid spurious interpolation issues and to be directly usable for

interior and evolution models of giant planets and brown dwarfs. Vmix displayed an
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Table A.1: Table of the mixing terms. A full version of the electronic table is available
at the CDS via anonymous ftp to cdsarc.cds.unistra.fr (130.79.128.5) or via https://

cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/; or via https://doi.org/10.5281/

zenodo.7346181.

log(P ) [dyn/cm2] log(T ) [K] Vmix [cm3/g] Smix [erg/g/K]

10.5 2.5 0.21972032499215227 145270983.02864826
10.5 2.55 -1.6752656793119542 97266054.24784786
10.5 2.6 -0.5750688394019108 19976893.840987258
10.5 2.65 -0.20048821618796142 114994434.5574714
10.5 2.7 0.013568193301054745 157590130.69068393
10.5 2.75 0.1328211678295867 153264410.38666478
10.5 2.8 0.21204647603740195 153310129.47913098
10.5 2.85 0.24501465036396686 156237499.56270728

alternation of positive and negative values with very low amplitude that jeopardised the

interpolation through the table. Hence Vmix was set to 0 when ∆V × ρH−He was lower

than 0.01%. Thirteen isolated outliers, located in a region of the table where 11.1 <

log(P ) < 12.5 (with pressure in dyn/cm2) and 2.45 < log(T ) < 2.85 (with temperature

in K), were smoothed with a median over the contiguous points of the table. Smix

presented strong outliers at the edges of the table both at low (log(P ) < 6) and high

pressure (log(P ) > 15), with values that could differ by several orders of magnitudes.

Hence, for regions of the table where 6 < log(P ) < 15, we set the values of Smix so that

∆S is equal to the ideal entropy of mixing. Furthermore, when we used the table to

model the evolution of massive brown dwarfs (∼ 60 MJ) using our planetary evolution

code, we ran into convergence issues. We found that the CD21 entropy table caused

this at high temperatures (log(T ) > 5). We therefore multiplied ∆S(Ỹ ) − ∆Sideal(Ỹ )

by {1 − erf[(T − Tref)/ δT ]}/2 with Tref = 4.9 and δT = 0.1: At higher temperatures,

the entropy of mixing smoothly converges to the ideal value.

A fragment of the final version is presented in Table A.1. The table may be used both

in the low- (giant planets) and in the high-mass regime (brown dwarfs). We recall

that this table is valid in the same domain as the EOS from Chabrier et al. [2019],

whose limitations concern the regions in which molecular hydrogen and ionised hydrogen

become solid, as well as in the region in which ion quantum effects become important,

namely at low T and high P (see Fig.1 and Fig.16 of Chabrier et al. [2019] for the precise

locations in the phase diagrams).

http://cdsarc.cds.unistra.fr
ftp://130.79.128.5/
https://cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/
https://cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/
https://doi.org/10.5281/zenodo.7346181
https://doi.org/10.5281/zenodo.7346181




Appendix B

Corner plots of models in Miguel

et al. 2022

We display in Figs. B.1 (dilute core models) and B.2 (three-layer models) the corner

plots corresponding to the models presented in Section 5.2.
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Figure B.1: Posterior distributions obtained for dilute core models, where T1bar is a
free parameter and Z1 = 1× protosolar. Colours corresponds to results from different
EOSs: grey for MGF16+MH13, yellow for MLS22 and green for CMS19. The black
points correspond to the measured J2n by Juno. The red error bars correspond to Juno’s
measurements accounting for differential rotation for the J2n and Galileo’s measurement

for T1bar.
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Figure B.2: Same as Fig. B.1 but for three-layer models.





Appendix C

Unconstrained modification of

EOS: results

We display in Figs. C.1 and C.2 the corner plots corresponding to the models presented

in Subsection 5.3.1, respectively for three-layer and dilute core models.
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Figure C.1: Posterior distributions obtained for three-layer models, where T1bar =
166.1 K, Z1 = 1× protosolar and where the EOS has been modified. The black points
correspond to the measured J2n by Juno. The black error bars correspond to Juno’s

measurements accounting for differential rotation for the J2n.
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Figure C.2: Same as Fig. C.1 but for dilute core models.
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D.1 Comparison between runs with Gaussian and uniform

priors

Figure D.1 compares the posterior distributions of two MCMC simulations: using Gaus-

sian or uniform priors on the parameters to modify the EOS (see Section 5.3.4).
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Figure D.1: Posterior distributions obtained with a modification of the EOS. Red
shows results obtained with Gaussian priors. Blue shows results obtained with uniform
priors. T1bar is fixed at 166.1 K and Z1 = 0.02. The black points correspond to
the measured J2n by Juno. The black error bars correspond to Juno’s measurements

accounting for differential rotation for the J2n.
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D.2 Corner plots of models with and without modification

of the EOS

Figures D.2, D.3, D.4, D.5, and D.6 show the posterior distributions of the MCMC simu-

lations using original EOSs, respectively, MGF16+MH13, MH13*, CD21, HG23+CMS19,

and HG23+MLS22.

Figures D.7 and D.8 show the posterior distributions of the MCMC simulations using

modified EOS, with T1bar = 166.1 K and respectively for Z1 = 0.02 and Z1 = 0.0286.

Figures D.9 and D.10 show the posterior distributions of the MCMC simulations using

modified EOS, with T1bar = 174.1 K and respectively for Z1 = 0.02 and Z1 = 0.035.
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Figure D.2: Posterior distributions obtained with the MGF16+MH13 EOS, where
T1bar is a free parameter, Z1 = 0.02 (1.3 × the protosolar value). The black points
correspond to the measured J2n by Juno. The black error bars correspond to Juno’s
measurements accounting for differential rotation for the J2n and Galileo’s measurement

for T1bar.
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Figure D.3: Same as Fig. D.2 but with the MH13* EOS. The red star shows the
Militzer et al. [2022] preferred (static) model.
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Figure D.4: Same as Fig. D.2 but with the CD21 EOS.
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Figure D.5: Same as Fig. D.2 but with the HG23+CMS19 EOS.
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Figure D.6: Same as Fig. D.2 but with the HG23+MLS22 EOS.
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Figure D.7: Posterior distributions obtained with a modification of the EOS, where
T1bar is fixed at 166.1 K, Z1 = 0.02 (1.3 × the protosolar value). The black points
correspond to the measured J2n by Juno. The black error bars correspond to Juno’s

measurements accounting for differential rotation for the J2n.
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Figure D.8: Same as Fig. D.7 but with Z1 = 0.0286 (1.9 × the protosolar value)



Appendix D. Appendix of Howard et al. 2023 209

1.5
3.0
4.5

P H
e (

M
ba

r)

11
.611
.812
.012
.2

lo
g(

P m
od

if)

0.3
00.4
50.6
00.7
5

P

0.0
40.0
00.0
40.0
8

d

0.0
00.1
50.3
00.4
50.6
0

m
di

lu
te

0.0
00.1
50.3
00.4
50.6
0

Z d
ilu

te

050
010

0015
0020
00

T j
um

p (
K)

6.2
46.2
86.3
2

M
Z,

en
v

*(
M

)

4
8

12
16
20

M
Z,

di
l*

(M
)

17
.520
.022
.525
.0

M
Z,

to
t(M

)

71
47

271
48

071
48

871
49

671
50

4

R e
q (

km
)

4.4
5.0
5.6
6.2
6.8

J 2

+1.469e4

58
6.858
6.658
6.458
6.2

J 4

34
.134
.234
.334
.4

J 6

2.5
22.4
92.4
62.4
3

J 8

0 2 4 6 8

Mcore(M )

0.1
80.2
10.2
40.2
7

J 1
0

1.5 3.0 4.5

PHe (Mbar)
11

.6
11

.8
12

.0
12

.2

log(Pmodif)
0.3

0
0.4

5
0.6

0
0.7

5

P
0.0

4
0.0

0
0.0

4
0.0

8

d
0.0

0
0.1

5
0.3

0
0.4

5
0.6

0

mdilute
0.0

0
0.1

5
0.3

0
0.4

5
0.6

0

Zdilute

0
50

0
10

00
15

00
20

00

Tjump (K)
6.2

4
6.2

8
6.3

2

MZ, env * (M )
4 8 12 16 20

MZ, dil * (M )
17

.5
20

.0
22

.5
25

.0

MZ, tot(M ) 71
47

2
71

48
0

71
48

8
71

49
6

71
50

4

Req (km)
4.4 5.0 5.6 6.2 6.8

J2
+1.469e4 58

6.8
58

6.6
58

6.4
58

6.2

J4
34

.1
34

.2
34

.3
34

.4

J6
2.5

2
2.4

9
2.4

6
2.4

3

J8
0.1

8
0.2

1
0.2

4
0.2

7

J10

Figure D.9: Posterior distributions obtained with a modification of the EOS, where
T1bar is fixed at 174.1 K, Z1 = 0.02 (1.3 × the protosolar value). The black points
correspond to the measured J2n by Juno. The black error bars correspond to Juno’s

measurements accounting for differential rotation for the J2n.
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Figure D.10: Same as Fig. D.9 but with Z1 = 0.035 (2.3 × the protosolar value)
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D.3 Comparison with Militzer et al. 2022

We ran MCMC simulations to reproduce the results obtained by Militzer et al. [2022].

To do so, we changed the values of the gravitational moments around which the MCMC

is sampling models. We used the gravitational moments of the interior model of Mil-

itzer et al. [2022] (see their Table 1). We used the same properties: no compact core,

Z1 = 0.0153, T1bar = 166.1 K, and the MH13* EOS. Figure D.11 shows the poste-

rior distributions we obtain. We find models with similar properties to Model A from

Militzer et al. [2022]: the same gravitational moments, the same PHe, and comparable

characteristics for the dilute core.
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Figure D.11: Posterior distributions obtained with MH13*. The red star shows the
Militzer et al. [2022] preferred (static) model. Mcore = 0, T1bar is fixed at 166.1 K and
Z1 = 0.0153. The black error bars correspond to Juno’s measurements accounting for

differential rotation for the J2n.
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D.4 Subsample of models

We extracted one single model from each MCMC simulation using original EOSs (see

Fig. D.2, D.3, D.4, D.5, D.6) and list them in Table D.1 and Table D.2.

Table D.1: Comparison of the parameters of selected models extracted from MCMC
simulations using original EOSs. The full table can be found in Howard et al.
[2023]. Models are available at the CDS via anonymous ftp to cdsarc.cds.unistra.fr
(130.79.128.5) or via https://cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/ and at

https://doi.org/10.5281/zenodo.7598377.

EOS Mcore (M⊕) PHe (Mbar) mdilute Zdilute Tjump (K) T1bar (K)

MGF16+MH13 0.0305 2.12 0.237 0.214 60.3 185.3
MH13* 0.0288 2.05 0.317 0.175 82.3 176.1
CD21 0.0115 1.64 0.280 0.186 16.1 183.3
HG23+CMS19 0.231 1.66 0.324 0.177 9.10 182.1
HG23+MLS22 0.466 2.06 0.441 0.180 60.0 174.6

Table D.2: Comparison of the equatorial radius and the gravitational moments of the
same models as in Table D.1.

EOS Req (km ) J2 × 106 J4 × 106 J6 × 106 J8 × 106 J10 × 106

MGF16+MH13 71487.6 14695.42 -586.649 34.211 -2.4548 0.2011
MH13* 71492.1 14695.62 -586.622 34.339 -2.4750 0.2035
CD21 71491.8 14695.57 -586.611 34.291 -2.4676 0.2027
HG23+CMS19 71491.4 14695.53 -586.559 34.309 -2.4704 0.2030
HG23+MLS22 71491.2 14695.65 -586.625 34.436 -2.4904 0.2054

http://cdsarc.cds.unistra.fr
ftp://130.79.128.5/
https://cdsarc.cds.unistra.fr/cgi-bin/qcat?J/A+A/
https://doi.org/10.5281/zenodo.7598377
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Figure E.1: Posterior distributions obtained with the MH13* EOS [Militzer and
Hubbard, 2013], including a radiative zone (opacities multiplied by 5). The black points
correspond to the measured J2n by Juno. The black error bars correspond to Juno’s
measurements accounting for differential rotation for the J2n and Galileo’s measurement

for T1bar.
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