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Numerous industrial and environmental applications rely on an understanding of fluid behavior within porous materials, from remediating groundwater contamination to carbon dioxide storage. Yield stress fluids, which resist flow until a critical stress threshold is exceeded, present both unique challenges and opportunities. Capillary forces, responsible for separating immiscible fluids, significantly influence multiphase flow in porous structures. This thesis embarks on a theoretical exploration of non-linear flow within porous media, where both forces contribute to the overall rheology, interacting with the geometrical disorder at the pore level. The present study investigates the steady-state flow of yield stress blobs in a capillary fiber bundle filled with Newtonian liquid, as well as the flow of a single Bingham fluid in a tree-like pore network. We derive expressions for the

Titre: Chemin optimal pour l'écoulement du fluide à seuil Mots clés: Milieu poreux, Fluides à seuil, Fluides non-Newtoniens, Flux diphasique, Modèle de réseau poreux, Faisceau de tubes capillaires Résumé: De nombreuses applications industrielles et environnementales reposent sur une compréhension du comportement des fluides au sein d'un milieu poreux, allant de la remédiation de la contamination des eaux souterraines au stockage du dioxyde de carbone. Les fluides à seuil, qui résistent aux contraintes jusqu'à un certain seuil, présentent à la fois des défis uniques et des opportunités. Les forces capillaires, responsables de la séparation des fluides non miscibles, influencent également de manière significative l'écoulement multiphasique dans les structures poreuses. Cette thèse entreprend une exploration théorique de l'écoulement non linéaire au sein de milieux poreux, dans lesquels ces deux forces contribuent à une rhéologie effective globale en interagissant avec le désordre géométrique à l'échelle des pores. Cette étude examine l'écoulement à l'état stationnaire de blobs de fluide à seuil d'écoulement dans un faisceau de fibres capillaires rempli d'un liquide newtonien, ainsi que l'écoulement d'un seul fluide de Bingham dans un réseau poreux de type arborescent. Nous dérivons des expressions pour le seuil de pression et le débit moyen en fonction de la chute de pression appliquée. Dans les deux cas, la non-linéarité observée découle de l'ouverture séquentielle des chemins d'écoulement avec l'augmentation de la chute de pression. La distribution des seuils de pression liés à ces chemins définit ainsi la loi de débit-pression. Enfin, nous explorons la transition entre un écoulement visqueux et l'apparition de mousse lors du drainage immiscible dans un milieu poreux bidimensionnel. Nous caractérisons cette transition grâce à des simulations numériques utilisant un modèle dynamique de réseau poreux. Nous mesurons la localisation de la transition, le débit global et le gradient de pression local en fonction de la pression globale imposée et du rapport de viscosité. Nous discutons des mécanismes potentiels à l'origine de cette transition, en tenant compte des fluctuations locales du débit, que nous mesurons également et caractérisons. Dans les trois cas étudiés, l'hétérogénéité du milieu poreux émerge comme un facteur déterminant.

pressure threshold and the average flow rate as a function of the applied pressure drop. In both problems, the non-linearity observed stems from the sequential opening of flowing paths with increasing pressure drop, and the distribution of pressure thresholds related to these paths defines the specific flow rate law. Furthermore, we explore the transition from viscous fingering to foam during immiscible drainage in a two-dimensional porous medium. We characterize this transition through numerical simulations using a dynamic pore network model, measuring the transition location, overall flow rate, and local pressure gradient as a function of imposed global pressure and viscosity ratio. We discuss potential mechanisms leading to this transition, considering local flow rate fluctuations, which we also measure and characterize. In all three cases studied, the porous medium's heterogeneity emerges as a pivotal factor.

Abstract: Molte applicazioni industriali ed ambientali si basano su una comprensione del comportamento dei fluidi nei materiali porosi, dalla bonifica della contaminazione dell'acqua sotterranea alla cattura ed immagazzinamento del carbonio. I fluidi a soglia, che resistono allo stress fino al superamento di una soglia critica, presentano sia sfide che opportunità uniche. Le forze capillari, responsabili della separazione dei fluidi immiscibili, influenzano in maniera significativa il flusso multifase nelle strutture porose. Questa tesi intraprende un'esplorazione teorica del flusso non lineare nei mezzi porosi, dove entrambe queste forze contribuiscono alla reologia complessiva, interagendo con il disordine geometrico al livello del poro. Questa ricerca esamina il flusso stazionario di gocce di fluido a soglia in un fascio di fibre capillari riempite di un liquido newtoniano, così come il flusso di un singolo fluido di Bingham in una rete porosa strutturata ad albero. Deriviamo delle espressioni per la pressione di soglia e la por-tata media in funzione della caduta di pressione applicata. In entrambi i problemi, la non linearità osservata emerge dalla progressiva apertura di cammini di flusso all'aumentare della caduta di pressione, e la distribuzione delle pressioni a soglia relativi a questi cammini definisce la legge specifica per la portata. Infine, studiamo la transizione da un flusso viscoso alla formazione di schiuma durante un drenaggio immiscibile in un mezzo poroso bidimensionale. Caratterizziamo la transizione attraverso delle simulazioni numeriche usando un modello di rete di pori, misurando la posizione della transizione, la portata complessiva e il gradiente di pressione locale in funzione della pressione globale imposta e del rapporto tra le viscosità. Discutiamo dei possibili meccanismi che porterebbero a questa transizione, considerando le fluttuazioni della portata locale, che allo stesso modo misuriamo e caratterizziamo. In tutti e tre i casi studiati, l'eterogeneità del mezzo poroso emerge come un fattore determinante.
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INTRODUCTION

Studying the flow of fluids in porous media holds profound significance across a spectrum of scientific, industrial, and environmental contexts. Porous media, characterized by intricate networks of interconnected pores, can be found in diverse natural and engineered systems, ranging from geological formations to biological tissues and industrial filtration units. Understanding the behavior of fluids within these porous structures is essential for several compelling reasons.

The most cited and longstanding example, that historically has given greater impetus to the study of flow in porous media, consists in the exploration of underground resources such as oil and gas. As of 2022, oil and gas represent together about the 56% of the world energy consumption share [START_REF]Our World in Data. Primary energy consumption by source[END_REF]. For reservoir engineering, comprehending how fluids flow through porous rock formations is relevant for efficient resource extraction and management.

In a world gradually phasing out from fossil fuels, the understanding of fluid flow in porous media continues to be valuable across numerous other fields. A fundamental application arises in the field of environmental science, in particular concerning soil contamination. The majority of the water utilized for human consumption is stored within subterranean formations made of permeable rocks and granular materials, known as aquifers. Understanding how impure water migrate is vital for preventing contamination or remediating already polluted sites, safeguarding the water resources and minimizing the environmental damage.

Another remarkable example consist in the carbon dioxide sequestration, part of the carbon capture and storage (CCS) process aiming to reduce greenhouse gas emissions in the atmosphere and thus mitigate climate change. Once captured, the carbon dioxide is usually conserved in underground geological formations, so knowing the laws governing the gas flow in these porous structure helps in managing the process and preventing leakage [START_REF] Kopp | Investigations on CO2 storage capacity in saline aquifers: Part 1. Dimensional analysis of flow processes and reservoir characteristics[END_REF].

If describing the flow of oil, water and gases is already a challenging task, this challenge becomes even harder when dealing with fluids exhibiting a more complex rheological be-1 havior. Among these, Non-Newtonian fluids with yield stress represent an emblematic case. These fluids behave as solids below a certain critical pressure but transition to a liquid state above it, resulting in highly non-linear flow dynamics. Additionally, when multiple immiscible fluids flow simultaneously, the complexity of the flow further intensifies, due to the capillary forces separating the phases. In both cases, the non-linearity emerges from the interplay between the disorder in the pores geometry and the forces into play (yield stress and capillary, respectively).

In the last years, accurate models of fluid flow in porous media have started to be developed and refined taking into account the non-linear behaviours that were previously neglected. Modifications to the Darcy law, valid only for Newtonian fluids, were proposed and tested experimentally and numerically, for the flow of yield stress fluids on one hand, and of the immiscible two-phase flow on the other hand. However, a complete characterization of the flow of yield stress fluids in porous media is still missing, especially when combined together with the multi-phase problem. Moreover, the role of the heterogeneity of the material at the pore level in defining the macroscopic flow is yet to be completely understood.

In parallel to this, in the context of two-phase flow, significant progresses were made in the last forty years in characterizing the different geometrical patterns that immiscible fluids may create when they displace each others, redistributing them trough the porous medium. Experiments and simulations confirmed the predictions, and stochastic models able to reproduce them were proposed. Still, the transitions between different distinct patterns has not been properly investigated in some cases. For example, the conditions that allow the transition from a continuous, fingering-like invasion pattern to a discontinuous one remain unclear.

The goal of the present work is to contribute in the investigation of the open questions addressed by both the yield stress and the two-phase problem, in steady and unsteady states. The research conducted in this work encompasses theoretical aspects, consisting in analytical derivation of physical laws, as well as numerical simulations of specific scenarios and their evolution.

This thesis is organized as following. In Chapter 2 the theory relevant to the current study is presented, illustrating the basic concepts and providing a review of the pertinent knowledge within the current state-ofthe-art literature. This includes the physical laws governing the macroscopic steady-state flow, the description of the evolution of the fluids pattern in unsteady-state flow, and the models adopted for both the analytical and numerical studies of the present work. Chapter 3 illustrates a theoretical study of the flow of a two-phase non-Newtonian flow in a capillary bundle. The study focuses first on the analysis of a single tube, where expressions for the pressure threshold and the average flow rate are analytically derived as a function of the tube geometry, the rheological parameters and the fluids arrangement. Both the capillary and the yield stress forces are shown to be relevant in contributing to the overall threshold and thus in regulating the flow dynamics. The extension to many parallel tubes is then performed, by computing the distribution of the tubes pressure threshold in the limit of many tubes, and deriving then the bundle average flow rate. In Chapter 4 the problem of a Bingham fluid flowing in a tree-like porous structure is illustrated. This system present a critical pressure over which the flow rate evolves exponentially as a function of the pressure drop, before reaching linearity. This is demonstrated computing the number of channels that opens just above the critical pressure, and showing that they share a low overlap between them, behaving like independent channels. A parallelism is then tracked with the problem of a Bingham flow in independent channels, which is also studied and discussed. Chapter 5 is dedicated to a numerical investigation of drainage events in a porous medium which exhibit a transition from a continuous invading pattern to a highly discontinuous one, leading to foam formation. Simulations are done in the framework of a dynamic pore network model, whose details are shown. The displacement characteristics, including the transition location and the total flow rate, are studied as a function the pressure drop imposed to the system and the viscosity ratio between the two immiscible fluids. Furthermore, the flow rate at the pore level exhibits fluctuations which are measured depending on the flow regime, and discussed in connection to the foam origin. Finally, Chapter 6 is devoted to drawing conclusions to the works presented and providing insight into potential future developments of these researches.

CHAPTER

TWO

LITERATURE SURVEY

The purpose of this Chapter is to offer a concise overview of the current body of literature and the main concepts pertinent to the studies carried out in the following Chapters. In Section 2.1 a brief overview of the Darcy law is provided, including its modifications in the context of non-linear flow. Section 2.2 includes insights on the immiscible displacement phenomena, focusing in particular on the description of the patterns created during drainage and foam formation. Finally, Section 2.3 is dedicated to give a summary of the models implemented in the present work for a theoretical study of the porous media.

Non-linear flow in porous media

One of the primary aspects of characterizing flow within a porous medium is finding a relation between the pressure difference applied at the edges of the system and the total flow rate flowing in it. Within this Section, we demonstrate both the appropriateness of assuming a linear relationship (Subsection 2.1.1), and its shortcomings in certain significant scenarios, including the flow of a yield stress fluid (Subsection 2.1.2) and the flow of two immiscible phases (Subsection 2.1.3). We refer here to the study of steady-state flow [START_REF] Feder | Physics of flow in porous media[END_REF]. This means that the total flow rate is supposed to not evolve in time, neglecting fluctuations, when imposing a constant pressure drop (and vice versa). In this way, a characteristic law between the total flow rate and the pressure drop can be determined.

Darcy law

The founding act of the study of flow in porous media is traced back to Henry Darcy (1803 -1858), a French engineer remembered for having designed an realized in the city of Dijon the prototype of the modern aqueduct, consisting in an articulate system of water distribution based on pressurized pipes driven by gravity. From 1855 to 1856, he performed several experiments involving the flow of water in columns filled with sand [START_REF] Darcy | Les fontaines publiques de la ville de Dijon: exposition et application[END_REF], like the one shown in Figure 2.1. In particular, he found a linear relationship between the ratio ∆P/L, where ∆P = P in -P out is the pressure drop applied at the edges of the sand column and L the column height, and the flow rate Q, namely the volumetric amount of water per time outgoing from the bottom of the column. The constant of proportionality was found to depend on the cross-sectional area of the column Σ and on the type of sand used. In the subsequent decades, it was discovered that this empirical proportional relationship, initially identified by Darcy only for water, also held true for various other liquids, notably including oil flowing through sandstone. The relationship was then adjusted to incorporate the viscosity µ of the fluid in motion, resulting in the derivation of a permeability coefficient κ specific of the solid material [START_REF] Nutting | Physical Analysis of Oil Sands[END_REF]. This brought to the current formulation of the Darcy law:

Q = Σ κ µ ∆P L . (2.1)
Numerous corrections to Eq. (2.1) were suggested later in order to extend its validity to different cases, always with the goal of describing the flow of a fluid (often referred as phase) in a porous media. For example, the Darcy law can be implied to describe the flow of a gas. It was however found that the permeability measured when using a gas is different from when we instead inject a gas in the same porous material, due to the fact that for the gas the slippage close to the solid wall is not negligible. The permeability in Eq. (2.1) needs to be adjusted as proposed in [START_REF] Klinkenberg | The Permeability Of Porous Media To Liquids And Gases[END_REF] where the authors write κ = κ g /(1 + b K (P in + P out )/2), κ g being the permeability measured using the gas and b K a constant. Furthermore, Eq. (2.1) holds only for sufficiently low Reynolds numbers, for which the creeping-laminar flow regime holds at the pore level. To keep into account weak inertial effects, corrections were proposed to Eq. (2.1) that include terms quadratic or cubic in Q [START_REF] Forchheimer | Wasserbewegung durch Boden[END_REF][START_REF] Mei | The effect of weak inertia on flow through a porous medium[END_REF]. Moreover, a term proportional to the Laplacian of the flow rate ∇ 2 Q, derived from the Stokes equation, have to be included when the porous medium is rarefied, namely when √ κ ≫ L, with L the characteristic size of the medium [START_REF] Mei | A calculation of the viscous force exerted by a flowing fluid on a dense swarm of particles[END_REF].

Additionally, we are assuming here that the porosity, namely the fraction of porous non-solid volume in the porous material, is not affected by the fluid flow, such that the permeability remains invariant as well. However, during particle-laden flows, erosion and deposition phenomena can decrease and increase the porosity, respectively, resulting in clogging of pores [START_REF] Jäger | Clogging at pore scale and pressure-induced erosion[END_REF] and in time fluctuations of the permeability [START_REF] Jäger | Mechanism behind Erosive Bursts In Porous Media[END_REF][START_REF] Bianchi | Tomographic Study of Internal Erosion of Particle Flows in Porous Media[END_REF]. These mechanisms are found to be dependent from the size, concentration and adhesive forces of the particles, as well as changes in the flow paths. The list of derogations to the Darcy law does not end here, as an enormous number of other variables can be taken into consideration. In the present work, we are in particular interested in two distinct scenarios, for which a significant effort has been put in characterizing the macroscopic flow: (i) when the fluid flowing in the porous material is non-Newtonian, in particular presenting a yield stress (ii) when two (or more) immiscible fluids are coexisting in the porous structure. We will thoroughly examine these two cases in the following two subsections.

Darcy law for yield stress fluids

Non-Newtonian fluids are commonly implied in numerous industrial, geophysical, and biological scenarios involving porous materials. In fact, many fluids exhibit non-linear rheological properties, including substances like gels [START_REF] Piau | Carbopol gels: Elastoviscoplastic and slippery glasses made of individual swollen sponges: Meso-and macroscopic properties, constitutive equations and scaling laws[END_REF], heavy oils [START_REF] Pascal | Nonsteady flow through porous media in the presence of a threshold gradient[END_REF], suspensions [START_REF] Barnes | An introduction to rheology[END_REF][START_REF] Coussot | Rheometry of pastes, suspensions, and granular materials: applications in industry and environment[END_REF] as well as certain biological fluids such as blood [START_REF] Popel | Microcirculation and hemorheology[END_REF][START_REF] Bessonov | Methods of blood flow modelling[END_REF]. Our focus here is on yield stress fluids, which necessitate a minimum applied stress to initiate flow. These fluids play crucial roles in various practical applications, including oil extraction processes like fracking, where proppant fluids are injected into the ground [START_REF] Barbati | Complex Fluids and Hydraulic Fracturing[END_REF], or biomedical engineering applications such as the stabilization of fractures and metastatic lesions in cancellous bones [START_REF] Widmer Soyka | Numerical description and experimental validation of a rheology model for non-Newtonian fluid flow in cancellous bone[END_REF] To determine whether a fluid is Newtonian or not, experiments are usually performed in which a shear stress τ is applied to a portion of the fluid under exam, and the shear rate θ, namely the velocity of shear deformation, induced by the stress is measured. Herschel

and Bulkley [START_REF] Herschel | Konsistenzmessungen von Gummi-Benzollösungen[END_REF] proposed an equation for modeling non-Newtonian fluids presenting yield stress a power-law between τ e θ. Assuming τ > 0, it writes

θ = 0 if τ < τ c τ = τ c + k θn if τ > τ c (2.2)
where τ c is the yield stress, k the consistency index and n the flow index. When τ ≤ τ c , the Herschel-Bulkley fluid behaves like a rigid, non-deformable solid, while the flow is recovered for τ > τ c . If n < 1 the fluid is defined as shear-thinning (or pseudoplastic), while for n > 1 the fluid is shear-thickening (or dilatant). In the special case where n = 1 and τ c = 0, Eq. (2.2) simplifies to that of a Newtonian fluid and k corresponds to its viscosity.

Several investigations [START_REF] Entov | On some two-dimensional problems of the theory of filtration with a limiting gradient[END_REF][START_REF] Park | The flow of non-Newtonian solutions through packed beds[END_REF][START_REF] Sochi | Pore-scale network modeling of Ellis and Herschel-Bulkley fluids[END_REF][START_REF] Rodríguez De Castro | Non-Darcian flow of shear-thinning fluids through packed beads: Experiments and predictions using Forchheimer's law and Ergun's equation[END_REF] have explored the behavior of yield stress fluids within various porous media. It was proven that no flow is observed below a critical pressure drop (also called pressure threshold ) ∆P min . Flow is recovered only if ∆P > ∆P min , but the fluid in the porous medium is not mobilized all at the same time. Due to the heterogeneity of the local porous geometry, some regions are easier to yield than others. In general, for a certain imposed pressure above the minimal, only some channels, namely paths in the porous medium connecting the inlet to the outlet, are flowing, while all the others are still blocked. A gradual increase of ∆P results then in a subsequent opening of new channels, as shown in Figure 2.2. This was confirmed by both experiments [START_REF] Chevalier | Darcy's law for yield stress fluid flowing through a porous medium[END_REF][START_REF] Waisbord | Anomalous percolation flow transition of yield stress fluids in porous media[END_REF] and numerical simulations [START_REF] Roux | Disorder-Induced Nonlinear Conductivity[END_REF][START_REF] Chen | Insights on foam generation in porous media from pore-network studies[END_REF][START_REF] Talon | On the determination of a generalized Darcy equation for yield-stress fluid in porous media using a Lattice-Boltzmann TRT scheme[END_REF][START_REF] Chevalier | Generalization of Darcy's law for Bingham fluids in porous media: From flow-field statistics to the flow-rate regimes[END_REF][START_REF] Liu | Darcy's Law for Yield Stress Fluids[END_REF]. We can then identify three different regimes depending on the value of ∆P :

• When ∆P is close to ∆P min , fluid is flowing in only one channel, the first one that opens at ∆P min . In this case, the flow in the porous medium corresponds to the one in a single channel.

• For increased values of ∆P , more and more paths opens. The flow rate as a function of the pressure drop will be then influenced by the increasing number of channels flowing from the inlet to the outlet.

• At a sufficiently high ∆P all channels are open, so the fluid is flowing in all the medium. The porous medium in its entirety can be thought as a single channel whose conductivity is given by its permeability. The relationship between flow rate and the pressure drop is then analogous to the one of a channel.

In general, the relation between ∆P and Q for Q > 0 can be written as

Q ∝ (∆P -∆P * ) β . (2.3)
With respect to the Darcy law (2.1), valid for Newtonian fluids, we have introduced an effective pressure threshold ∆P * and an exponent β > 0 which in general is different than 1. The values of ∆P * and β depend on the regime in which the flow is occurring, so essentially on ∆P . Some studies have considered in particular the flow of a Bingham fluid (or Bingham Numerical simulations in two dimensional pore network models have proven that, in the regime of subsequent opening channels, Eq. ( 2.3) holds with β = 2 [START_REF] Roux | Disorder-Induced Nonlinear Conductivity[END_REF][START_REF] Talon | On the determination of a generalized Darcy equation for yield-stress fluid in porous media using a Lattice-Boltzmann TRT scheme[END_REF], a value which seems not to depend on the type of disorder chosen to model the heterogeneity of the pore throats geometry [START_REF] Liu | Darcy's Law for Yield Stress Fluids[END_REF]. On the other hand, a theoretical study for a one-dimensional porous medium, consisting in a uniform bundle of channels, showed that the flow curve above the threshold depends very strongly on the kind of distribution of the channels widths [START_REF] Nash | The effect of microstructure on models for the flow of a Bingham fluid in porous media[END_REF]. However, both the one and two dimensional cases share the fact that at very high pressures the linear Darcy law (2.1) is recovered, so β = 1.

We remind that, so far, we have addressed to a condition of low Reynolds numbers, hence inertial effects are not involved in the phenomena discussed. Interestingly, an analogous flow behaviour to the one just illustrated was found tuning the Reynolds number related to the Bingham flow in a disordered porous media [START_REF] Apiano | Non-Newtonian Fluid Flow through Three-Dimensional Disordered Porous Media[END_REF]. Numerical simulations found that, while in the creeping-laminar regime the flow follows the linear Darcy law, for moderate Reynolds numbers the flow is concentrated in preferential channels due to local viscosity fluctuations. The Darcy law's porous medium permeability is reestablished only for sufficiently high Reynolds numbers.

Darcy law for two-phase flow

Another source of complexity in generalizing the Darcy law, independently from the Newtonian, or not, nature of the fluids, is represented by the presence of two or more immiscible fluids. The study of multi-phase flow in porous media is a longstanding and extensive field [START_REF] Helmig | Multiphase flow and transport processes in the subsurface: a contribution to the modeling of hydrosystems[END_REF], and it continues to be the subject of numerous ongoing research efforts. Immiscible fluids coexisting in a porous medium are assumed to never mix during their flow, so we can always refer to their respective phase separately. When two immiscible fluids come into contact, a pressure discontinuity arises at the interface, known as capillary pressure, which in general influences the dynamics of the flow. Despite the system is made of two separate fluids, we consider an approach based on deriving a single Darcy law for the flow of the two-phase system in its entirety. In this regard, the combination of two immiscible phases can be seen as a single, complex fluid [START_REF] Sinha | Effective rheology of immiscible two-phase flow in porous media[END_REF], from which non-linearity might emerge, even if both fluids are Newtonian. In particular, in the last few years, different experiments [START_REF] Tallakstad | Steady-state, simultaneous two-phase flow in porous media: An experimental study[END_REF][START_REF] Rassi | Nuclear magnetic resonance characterization of the stationary dynamics of partially saturated media during steady-state infiltration flow[END_REF][START_REF] Chevalier | History effects on nonwetting fluid residuals during desaturation flow through disordered porous media[END_REF][START_REF] Zhang | Quantification of Nonlinear Multiphase Flow in Porous Media[END_REF] and numerical studies [START_REF] Sinha | Effective rheology of immiscible two-phase flow in porous media[END_REF][START_REF] Yiotis | Blob population dynamics during immiscible two-phase flows in reconstructed porous media[END_REF][START_REF] Sinha | Effective Rheology of Two-Phase Flow in Three-Dimensional Porous Media: Experiment and Simulation[END_REF] have revealed the existence of a non-linear regime for the Newtonian two-phase flow at sufficiently low flow rates. Specifically, due to capillary forces, interfaces can only move when a certain pressure is applied. Within a medium where the pore sizes are distributed in an disordered way, the interface movement is facilitated more in some regions than others. In general, imposing a certain pressure drop on the system, the displacement of interfaces occurs essentially along a limited number of paths from the inlet to the outlet, and this number increases as the applied pressure rises [START_REF] Yiotis | Nonlinear Darcy flow dynamics during ganglia stranding and mobilization in heterogeneous porous domains[END_REF]. Hence, like the case of yield stress fluids, heterogeneity controls the flow behaviour.

The flow rate can be then described by a non-linear Darcy equation like Eq. (2.3). In the non-linear regime, the literature mostly seem to agree on β ≃ 2. This value was measured experimentally [START_REF] Tallakstad | Steady-state, simultaneous two-phase flow in porous media: An experimental study[END_REF][START_REF] Rassi | Nuclear magnetic resonance characterization of the stationary dynamics of partially saturated media during steady-state infiltration flow[END_REF], numerically [START_REF] Yiotis | Blob population dynamics during immiscible two-phase flows in reconstructed porous media[END_REF], and confirmed by an argument based on energy dissipation balance between the viscous and the capillary forces resulted in β = 2 [START_REF] Tallakstad | Steady-state, simultaneous two-phase flow in porous media: An experimental study[END_REF]. A calculation based on mean-field theory, independent from the dimension of the porous medium, also found β = 2 [START_REF] Sinha | Effective rheology of immiscible two-phase flow in porous media[END_REF]. the ratio between the flow rates of the different phases injected. Another remarkable exception is given by the one dimensional capillary tube model, for which β can be either 3/2 or 2 depending on the distribution of the pressure thresholds [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF]. Nevertheless, in all cases at sufficiently high pressure the linear regime with β = 1 is restored.

Immiscible displacement in two-phase flow

In the context of two-phase flow, beside the characterization of the steady-state, one can try to study unsteady events, for which the physical quantities related to both phases have not reached an equilibrium state, but are changing in time. In particular, during displacement events, it is interesting to see how the spatial distribution of the two different phases evolves in time, in particular looking for characteristic patterns depending on the flow conditions. The distinctive shapes generated by a displacement process vary indeed according to the characteristic forces involved. Here we will restrict the study to the case where only viscosities of the two fluids and capillary forces separating the two phases are present, neglecting for example gravity [START_REF] Birovljev | Gravity invasion percolation in two dimensions: Experiment and simulation[END_REF] and wettability changes [START_REF] Zhao | Wettability control on multiphase flow in patterned microfluidics[END_REF].

Nevertheless, the interplay of the viscous and capillary forces with the heterogeneity in the local porous geometry offers a rich variety of scenarios.

We will define the more-and less-wetting fluids as wetting and non-wetting fluids respectively. When a wetting fluid displaces a non-wetting fluid inside a porous medium, the flow is referred as drainage. The opposite case, namely the displacement of a non-wetting fluid carried out by a wetting one is instead defined as imbibition. In Subsection 2.2.1 we will focus on the first of these two processes, while in Subsection 2.2.2 we review some literature about foam formation during immiscible displacement.

Displacement patterns during drainage

Suppose we have a porous medium completely filled with a wetting fluid, and from the inlet we inject a non-wetting one. In reaching the outlet, the invading non-wetting phase will displace the defending wetting one. The displacement pattern that forms during the drainage process varies according to the ratio between the forces into play (the two viscous and the capillary). In particular, three scenarios can occur:

• Capillary fingering. When the capillary force dominates both the viscous ones, the non-wetting phase enters the porous medium in the form of short paths, of the order of few pores, that tend to ramify and grow isotropically, including towards the inlet [START_REF] Lenormand | Invasion Percolation in an Etched Network: Measurement of a Fractal Dimension[END_REF]. This is due to the disorder in the capillary forces related to the pore size distribution; indeed, their structure can be well modeled by invasion percolation theory [START_REF] Wilkinson | Invasion percolation: a new form of percolation theory[END_REF][START_REF] Wilkinson | Percolation effects in immiscible displacement[END_REF].

• Viscous fingering. If the viscous force related to the wetting phase overcome both the non-wetting viscous force and the capillary one, we have longer, less ramified paths than the capillary fingers, and their growth occurs mainly through the outlet [START_REF] Knut | Viscous Fingering Fractals in Porous Media[END_REF][START_REF] Homsy | Viscous fingering in porous media[END_REF][START_REF] Salmo | Immiscible Viscous Fingering: Modelling Unstable Water-Oil Displacement Experiments in Porous Media[END_REF]. Structure of such fingers are strongly analogous to diffusion limited aggregation (DLA) [START_REF] Witten | Diffusion-Limited Aggregation, a Kinetic Critical Phenomenon[END_REF], a statistical process that obey Laplacian growth.

• Stable displacement. When the viscosity of the non-wetting fluid is much higher than the one of the wetting one, neglecting also capillary forces, we have a stable invading front [START_REF] Van Batenbur | Visualisation of Light Oil Mobilisation in ASP Core Floods Using X-Ray CT Imaging[END_REF] which is not completely flat but present some roughness at the scale of few pores, and leave behind cluster of wetting fluids still of the order of few pores. This can be modeled by an anti-DLA process [START_REF] Paterson | Diffusion-Limited Aggregation and Two-Fluid Displacements in Porous Media[END_REF], or equivalently by diffusion limited annihilation [START_REF] Meakin | The formation of surfaces by diffusion limited annihilation[END_REF].

Lenormand et al. [START_REF] Lenormand | Numerical models and experiments on immiscible displacements in porous media[END_REF] delved into a in-depth examination of the transition between these three regimes resulting from the interplay between viscous and capillary effects, performing quasi-2D experiments and PNM simulations. The authors first introduced two commonly used dimensionless number that are able to fully characterize the displacement pattern: the capillary number, expressing the ratio between the viscous forces and the capillary forces, and the viscosity ratio, namely the ratio of the two viscosities. A 'phase diagram' for drainage can thus be constructed by charting the ranges where the three distinct mechanisms are valid onto a plane whose axes are defined by the capillary number and the viscosity ratio, like the one shown in Figure 2.3. The existence of the same patterns also in three dimensional porous media was confirmed later, both experimentally [START_REF] Patmonoaji | Three-dimensional fingering structures in immiscible flow at the crossover from viscous to capillary fingering[END_REF] and numerically [START_REF] Senyou | Transition From Viscous Fingering to Capillary Fingering: Application of GPU-Based Fully Implicit Dynamic Pore Network Modeling[END_REF].

Although the different patterns can be easily recognizable to the naked eye due to their qualitative difference, it is useful to characterize them quantitatively, for example measuring the non-wetting saturation, namely the fraction of total pore volume occupied by the non-wetting fluid, at breakthrough [START_REF] Lenormand | Numerical models and experiments on immiscible displacements in porous media[END_REF]. In the cases of fingering patterns, since they exhibit a fractal structure, it also is possible to quantify their fractal dimension measuring the related Hausdorff dimension D [START_REF] Feder | Fractals[END_REF]. Considering two-dimensional porous media, for capillary fingering we typically have D ≃ 1.8 [START_REF] Lenormand | Invasion Percolation in an Etched Network: Measurement of a Fractal Dimension[END_REF][START_REF] Lenormand | Capillary fingering: Percolation and fractal dimension[END_REF], while a lower value is measured for viscous fingers, around D ≃ 1.6 [START_REF] Knut | Viscous Fingering Fractals in Porous Media[END_REF][START_REF] Sinha | Viscous Fingering Patterns and Evolution of Their Fractal Dimension[END_REF].

Up to now, we have assumed both fluids to be Newtonian. An extension of the drainage patterns characterization was done assuming that the defending wetting phase is a Bingham fluid [START_REF] Chen | The flow and displacement in porous media of fluids with yield stress[END_REF]. Beside the capillary number and the the viscosity ratio, the authors introduced the Bingham number, expressing the ratio between the yield stress and the capillary force. Numerical simulations found that for high Bingham numbers a new pattern was found, consisting in a quasi one-dimensional non-wetting finger, corresponding to the minimum threshold path. For low Bingham numbers, the patterns approach those of the corresponding Newtonian displacement. To our knowledge, no further progress has been made in the characterization of immiscible displacements involving yield stress fluids.

Foam formation and mobilization

The patterns illustrated in the previous Section share the common feature that the invading fluid remains connected. However, in various scenarios involving the flow of two phases, it's not unusual for the invading fluid to rupture and become discontinuous with respect to the other phase. The breakage of the invading phase might lead to formation of foam, which here we simply define as the combination of two immiscible fluids in a certain region in a highly discontinuous way, separated from each others by numerous menisci. Within a foam, it is possible to observe many blobs of both phases, which consists in small portions of fluid typically with dimensions on the scale of a pore or even smaller. A small blob of wetting phase is usually called either lens, when their thickness is large enough to remain relatively stable, or lamella, if they are thinner such that they can break more easily. However, from the point of view of the non-wetting fluid, both a lens and a lamella contributes in separating it and blocking the flow through the throat [START_REF] William R Rossen | Theory of mobilization pressure gradient of flowing foams in porous media: I. Incompressible foam[END_REF].

Due to the presence of numerous menisci exerting capillary pressure drops, the mobility of the porous medium, defined as the ratio between the overall flow rate and the global pressure drop, is expected to be impacted. In literature we often find a distinction between "weak" (or "coarse") and "strong" foam, whether the foam does not impact much the global mobility of the system, or it contributes to significantly reduce it, respectively [START_REF] Ransohoff | Mechanisms of foam generation in glassbead packs[END_REF][START_REF]Foam Generation in Porous Media[END_REF][START_REF] Kam | A Model for Foam Generation in Homogeneous Media[END_REF]; note that we don't have a precise criterion to distinguish between the two, being more relative concepts. To measure the loss in mobility due to the presence of foam, one can look at the increase in pressure gradient along the system, averaged over fluctuations in space and time, when the flow rate injection is imposed [START_REF] Ransohoff | Mechanisms of foam generation in glassbead packs[END_REF], or, on the contrary, at the decrease of total flow rate when the pressure drop is imposed [START_REF]Foam Generation in Porous Media[END_REF][START_REF] Kam | A Model for Foam Generation in Homogeneous Media[END_REF].

The mechanisms that leads to fragmentation of the fluids within porous material have extensively examined in the last years [START_REF] Payatakes | Immiscible microdisplacement and ganglion dynamics in porous media[END_REF]. In brief, the following processes occurring at the pore level are commonly cited.

• Roof snap-off. As the leading tip of the invading fluid moves out of a narrow pore throat, the curvature at the edge decreases, while the curvature inside the throat remains high. This creates a pressure disparity that could lead to a reverse flow of the defending fluid, causing the incoming fluid to rupture [START_REF] Roof | Snap-off of oil droplets in water-wet pores[END_REF][START_REF] William | A critical review of Roof snap-off as a mechanism of steady-state foam generation in homogeneous porous media[END_REF].

• Dynamical breakup. When the tip of a phase encounters a juncture of two pores, the tip might divide to infiltrate both pores, consequently disconnecting the other phase [START_REF] Payatakes | Dynamics of Oil Ganglia During Immiscible Displacement in Water-Wet Porous Media[END_REF]. The same mechanism can happen for lenses and lamellae, which can divide into two when they encounter a branching point. The phenomenon is referred as lamella (lens) division, and the new blob created will remain stable depending on its thickness and on the surface tension between the two phases [START_REF] William R Rossen | Theory of mobilization pressure gradient of flowing foams in porous media: I. Incompressible foam[END_REF][START_REF] Kam | A Model for Foam Generation in Homogeneous Media[END_REF].

• Leave-behind. In drainage events, lamellae or lenses of wetting phase can be created in pore throats as the invading non-wetting fluid occupies adjacent pore bodies while advancing through continuous paths. Again, they can then break or remain stable, depending also on their thickness [START_REF] William R Rossen | Theory of mobilization pressure gradient of flowing foams in porous media: I. Incompressible foam[END_REF].

• Pinch-off. A continuous fluid filament can break into smaller segments due to the Rayleigh-Plateau instability [START_REF] Tomotika | On the instability of a cylindrical thread of a viscous liquid surrounded by another viscous fluid[END_REF]. Inside a porous medium, this instability can be induced, for example, by a neighbour blob and a solid wall delimiting the filament, or by two neighbouring blobs surrounding it [START_REF] Liontas | Neighbor-induced bubble pinch-off: novel mechanisms of in situ foam generation in microfluidic channels[END_REF].

A schematic sketch for each of the listed mechanism is shown in Figure 2.4.

Even if the literature on this subject is extensive, establishing the actual importance and impact of these mechanisms in both the formation and displacement of foam in porous materials remains challenging. For instance, despite it was affirmed that snap-off is a primary mechanism for generating foam [START_REF] Ransohoff | Mechanisms of foam generation in glassbead packs[END_REF][START_REF] William R Rossen | Theory of mobilization pressure gradient of flowing foams in porous media: I. Incompressible foam[END_REF], rather recent pore network simulations have demonstrated that substantial foam generation can happen without the necessity of the Roof snap-off mechanism [START_REF] Chen | Insights on foam generation in porous media from pore-network studies[END_REF][START_REF] Chen | Pore-network study of the mechanisms of foam generation in porous media[END_REF]. Moreover, once strong foam is created, it seems that the details of the generation of new lenses or lamellae become less important, as the stability of foam is governed by more global factors, like the permeability of the porous medium or the presence of surfactants that regulate the surface tension [START_REF] Kam | A Model for Foam Generation in Homogeneous Media[END_REF]. Nevertheless, both experiments and simulations agrees on the fact that a minimum pressure gradient, or equivalently a minimum flow rate, is require to initiate foam on the system and sustain it [START_REF] Ransohoff | Mechanisms of foam generation in glassbead packs[END_REF][START_REF] William R Rossen | Theory of mobilization pressure gradient of flowing foams in porous media: I. Incompressible foam[END_REF][START_REF]Conditions for Foam Generation in Homogeneous Porous Media[END_REF][START_REF] Kam | A Model for Foam Generation in Homogeneous Media[END_REF][START_REF] Chen | Pore-network study of the mechanisms of foam generation in porous media[END_REF][START_REF] Fredrik | Transition from viscous fingers to compact displacement during unstable drainage in porous media[END_REF].

Modeling the porous media

A theoretical study of the flow in a porous medium necessarily requires a model of the porous medium itself. In this Section we introduce the main aspects of the models implied in the present work: the capillary tube bundle model (Subsection 2.3.1), adopted in Chapter 3, and the pore network model (Subsection 2.3.2), implemented in the studies of both Chapter 4 and Chapter 5. Both models share the common feature that they are able to describe the flow at the Darcy scale (or meso-scale), namely at the scale of a porous sample for which the Darcy law can be considered valid, so much larger than the scale of a single pore in it. These models imply a strong simplification of the pore geometry, so they are not able to describe in detail the fluids arrangement inside a pore. However, they allow for studying the flow behaviour at much larger scale, deriving it analytically when possible, or calculating it at a reasonable computational cost, in case of numerical studies. This includes the possibility to look for statistical properties of the flow. Other modeling methods, not considered here, have been successfully implied for the study of the macroscopic flow in porous media, including the finite volume methods [START_REF] Volker Reichenberger | A mixed-dimensional finite volume method for two-phase flow in fractured porous media[END_REF] and the Lattice Boltzmann methods [START_REF] Talon | On the determination of a generalized Darcy equation for yield-stress fluid in porous media using a Lattice-Boltzmann TRT scheme[END_REF], both based on a discretization of the porous medium.

Capillary bundle model

With capillary bundle (or tube bundle) we refer to an array of several capillary tubes which are parallel, namely they do not intersect each other [START_REF] Scheidegger | Theoretical models of porous matter[END_REF][START_REF] Scheidegger | The physics of flow through porous media[END_REF]. This can be seen as a model of 1D porous media, in which the flow occurs along only one preferential direction. An example of these materials consists in Nuclepore filters (see Fig. 2.5), namely membranes of polycarbonates or other plastics in which cylindrical pores of diameter in the range between 1 nm to a few µm are created through irradiation with heavily ionizing particles and dissolution of the nuclear trails by certain chemicals [START_REF] Fleischer | Tracks of Charged Particles in High Polymers[END_REF].

Studies of the flow in generic porous substances, where the fluid paths can intersect each other, adopting the capillary tube bundle model, are still possible in certain extents. For example, the Darcy law for Newtonian fluids can be derived modeling the material as a bundle of effective capillaries, whose length can be extrapolated experimentally by a characterization of the sample, finding expressions for the permeability as a function of the porosity and the cross-sectional area [START_REF] Kozeny | Uber kapillare Leitung des Wassers im Boden (Aufstieg, Versickerung und Anwendung auf die Bewasserung)[END_REF][START_REF] Carman | Fluid Flow through Granular Beds[END_REF]. However, the fact that the flow can occur only in one direction, since the different channels don't cross each others, constitutes the major limit of the model. Nevertheless, the relevance of the capillary tube bundle model relies on the fact that it is a model for immiscible flow which is analytically tractable [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF], namely for which it is possible to derive analytically flow dynamics relations, starting from some assumptions on the tubes geometry and on the rheological properties of the fluids. The simplest choice for the tube shape would consist in taking perfectly cylindrical tubes, for which analytical expressions are already known for the flow of both Newtonian and non-Newtonian fluids. However, to take into account heterogeneity in the model, one can introduce variations in the geometry, for example modifying the value of the radius along each tube according to some function [START_REF] Sinha | Effective rheology of bubbles moving in a capillary tube[END_REF][START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF][START_REF] Roy | Role of Pore-Size Distribution on Effective Rheology of Two-Phase Flow in Porous Media[END_REF], or varying the characteristic radius between different tubes [START_REF] Nash | The effect of microstructure on models for the flow of a Bingham fluid in porous media[END_REF], generating the values randomly from a certain probability distribution.

Pore Network Model

The Pore Network Model (PNM) was first introduced in the 50s [START_REF] Fatt | The Network Model of Porous Media[END_REF], and is by far the most common model implied for meso-scale numerical simulations. Essentially, the model consist in a collection of large voids, the pores bodies, connected by narrow tubes, the pore throats, as shown in Fig. 2.6. The arrangement of those elements follows the structure provided by a network, where the bodies and the throats corresponds to the nodes and the links of the the network, respectively. The volume of the pore bodies is significantly larger than the one of the throats such that the pressure inside it can be considered constant, so we can associate an unique value of pressure to each node.

In general it is possible, from a sample of a porous material, to reconstruct the corresponding pore network combining imaging techniques with ad-hoc algorithms for mod-eling the pore bodies and throats [START_REF] Xiong | Review of pore network modelling of porous media: Experimental characterisations, network constructions and applications to reactive transport[END_REF]. Nevertheless, two or three dimensional regular lattices with fixed connectivity are commonly implied in numerical studies, especially when we are interested in statistical properties which are not sample-dependent. The connectivity and the dimensionality of the porous model correspond then to those of the underlying network. Each body and throat present a simplified geometry, such that we can implement already known equations for describing the flow across them. Heterogeneity is then included in the model varying randomly all or some of the geometrical parameters characterizing the porous elements. For example, it is possible to model the pore throats as cylinders where the length is kept the same, while the radius varies according to some probability distribution [START_REF] Lenormand | Numerical models and experiments on immiscible displacements in porous media[END_REF][START_REF] Liu | Darcy's Law for Yield Stress Fluids[END_REF]. In general, the resolution of the equations for the flow at the pore level allows to find the values of the pressure drops between the nodes of distinct pores, which in turn regulate the displacement of the fluids between them. In the context of two-phase flow, fluid displacement occurs following precise algorithms. In this extent, pore network models can be divided into quasi-static models and dynamic models. In the quasi-static models, fluid displacement is carried out by sequentially filling individual pores using invasion percolation-like algorithms. This can be done when the flow is dominated by a force, like capillary [START_REF] Witten | Diffusion-Limited Aggregation, a Kinetic Critical Phenomenon[END_REF][START_REF] Chandler | Capillary displacement and percolation in porous media[END_REF][START_REF] Lenormand | Invasion Percolation in an Etched Network: Measurement of a Fractal Dimension[END_REF] or yield stress [START_REF] Chen | The flow and displacement in porous media of fluids with yield stress[END_REF], and the dynamic effects given by the viscosity are neglected, such that the system is considered to undergo in subsequent equilibrium states, corresponding to the subsequent filling steps. The decision to fill specific pores is based on their entry pressures, or, in case of capillary-dominant systems, by evaluating the stability of a meniscus with respect to a given contact angle [START_REF] Cieplak | Influence of contact angle on quasistatic fluid invasion of porous media[END_REF]. The success of these models relies on the dominance on one force on the others, so they generally fail in describing system in which different forces, including viscous, regulates the flow at pore level. This is taken into account in dynamic pore network models [START_REF] Joekar-Niasar | Analysis of Fundamentals of Two-Phase Flow in Porous Media Using Dynamic Pore-Network Models: A Review[END_REF]. The invasion at the pore scale is still determined by the capillary pressure (or the yield stress, if present), but now the time rate of the invasion is given also by the local viscous pressure drop. The local flow rate between different pores is then computed as a function of all the forces into play, and the fluid displacement between that pores will occur according to it. The equations for the local flow rates must be coupled with other equation expressing the conservation of the mass and the momentum in the pores. In case of incompressible fluids, this condition can be expressed by an equivalent of the Kirchhoff law for the electrical current, which, for a pore labeled by i, can be written

j∈ngb(i) Q ij = 0 , (2.4) 
where j labels all the pores that are nearest neighbours of i, and Q ij is the flow rate from pore i to pore j. The solution for both the local pressure drops and flow rates can be found solving the system formed by the local flow rate equation for all pore throats and the Kirchhoff condition (2.4) for all pore nodes. Regulating the displacement of the fluids in dynamic pore network models constitutes a significant challenge, since efficient algorithms have to be implemented for the redistri-bution of the fluids in the different pores, in particular when one or more fluids invade a pore coming from the neighbour ones. Significant progress in this sense was made when algorithms able to track the position of the menisci separating the different phases were introduced [START_REF] Aker | A Two-Dimensional Network Simulator for Two-Phase Flow in Porous Media[END_REF]. In models implementing these algorithms, the configuration of the fluids inside the pores can be reconstructed explicitly by the positions of all the menisci along the pore throats.

In a recent work [START_REF] Sinha | Fluid Meniscus Algorithms for Dynamic Pore-Network Modeling of Immiscible Two-Phase Flow in Porous Media[END_REF], a set of meniscus-tracking algorithms for dynamic pore network model was presented, where detailed rules about the redistribution of the fluids were illustrated, allowing for the formation of both continuous paths and separated blobs.

These algorithms are able to reproduce well-established results for both drainage displacement and steady-state flow for systems made of two immiscible Newtonian fluids.

The numerical simulations of the work presented in Chapter were performed adopting a dynamical pore network model implementing the algorithms set from [START_REF] Sinha | Fluid Meniscus Algorithms for Dynamic Pore-Network Modeling of Immiscible Two-Phase Flow in Porous Media[END_REF].

CHAPTER

THREE

TWO-PHASE NON-NEWTONIAN FLOW IN CAPILLARY TUBES

In this Chapter, we characterize the flow dynamics of a bundle of identical parallel tubes filled with a Newtonian fluid, and in which blobs of immiscible non-Newtonian fluid presenting yield stress are randomly injected. As discussed in Section 2.3.1, the capillary bundle can be seen as a model of a porous medium, where analytical calculations are possible. In a recent work an analogous system was studied, although in the fully Newtonian case, where Newtonian blobs were randomly injected in each tube [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF]. There, it was found that the behaviour of the flow rate averaged over the tubes versus the pressure drop applied depends in general on the probability distribution for the critical pressure, namely the probability density that a tube present a certain critical pressure. This means the disorder in the threshold distribution controls the effective flow properties. An analogous conclusion was reached in another study of the flow in a capillary bundle, in this case in presence of only a Bingham fluid [START_REF] Nash | The effect of microstructure on models for the flow of a Bingham fluid in porous media[END_REF]. However, in [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF] the relation between the fluid configurations in the tubes and the respective threshold distributions was not discussed, as the distributions were imposed on the system. Here we try instead to derive the critical pressure distribution from both the geometry of the tubes and the rheological properties of the fluids; moreover, we extend the study to blobs of non-Newtonian Herschel-Bulkley fluid, which appears to be novel. We assume here that both fluids are always immiscible and incompressible. We also assume that the contact angle between the meniscus separating the two phases and the link wall does not vary during the motion of the blobs.

In deriving and illustrating our results, we adopt a bottom-up approach, starting from simpler models and then, in some extent, combining them together. In Section 3.1 we first study the model of one blob flowing in a single tube; then, always dealing with one tube, in Section 3.1 we introduce multiple blobs; finally, the extension of the study to many identical tubes is carried out in Section 3.3. For all of these intermediate models, we analytically derive expressions for threshold pressure drop and the flow rate versus applied pressure drop.

In general for a single tube, we find a critical pressure threshold ∆P c below which there is no flow. Above this threshold, the flow Q is in general non-linear and grows with a characteristic exponent:

Q(∆P ) ∝ (∆P -∆P c ) β . (3.1)
If we have a single non-Newtonian blob in the tube, for a tube of uniform radius r 0 , the value of the threshold is ∆P c = P τc = 2τ c ∆x b /r 0 , where τ c is the yield stress of the non-Newtonian blob of size ∆x b . For a non-uniform tube of radius r(x) = r 0 /(1 + af (x/r 0 )), ∆P c is modified

∆P c = P τc + P t , (3.2) 
where the value of P t depends on the geometry of the tube, and can be written in general

P t = a max 0<x<l P τc f x r 0 + P σ ∆x b r 0 P τc f ′ x r 0 , (3.3) 
where P σ is the contribution of the surface tension, and l is the length of the tube. The exponent β in Eq. (D.2) depends on both the rheology and the geometry of the tube. When having different blobs in a tube, in the case of a uniform radius, the value of the threshold coincides with the one of a single blob with the same amount of fluid, so the flow curve is identical as for the single blob. If instead the tube is non-uniform tube, the value ∆P c depends explicitly on the number of blobs and their relative distance.

Assuming that the blobs are identical and evenly distributed, we show that ∆P c can be written as

∆P c = N P τc + √ N AP t , (3.4) 
where A is a non-dimensional positive random variable of order 1. Similarly to the one blob case, the power-law regulating the flow rate relies on both the rheology and the geometry of the tube.

For a tube bundle model, in the limit of many tubes the total flow curve results from averaging all the blobs position configurations. In general we have

Q(∆P ) ∝ (∆P -∆P min ) β for ∆P → ∆P + min , (3.5) 
where ∆P min = N P τc and the overline stands for an average over all blobs configurations. The exponent β can be computed from Π(A), the probability distribution for A, which depends on the tube shape. We studied the following particular cases:

• Sinusoidal deformation, f (x/r 0 ) = cos (2πx)/l. We found an explicit formula for Π(A), valid in the limit of many blobs

Π(A) = 2Ae -A 2 . (3.6) • Triangular deformation, f (x/r 0 ) = (4r 0 /l) |x/r 0 -l/(2r 0 )| -1.
We don't have an explicit formula for Π(A), but we show how Π(A) vanishes when A → 0, in two limiting cases:

1. Newtonian fluid:

Π(A → 0) ∝ 1 A 3 e -k A 2 , (3.7) 
where k is a numerical constant.

2. Non-Newtonian fluid neglecting capillary effects:

Π(A → 0) ∝ 1 A 5/3 e -k * A 2/3 , (3.8) 
where k * is another numerical constant.

The PDFs found for A in those specific cases are confirmed by numerical simulations.

Model for a single blob in a tube

Constant radius

Let's consider the case of an uniform tube, namely a cylindrical tube with constant radius r 0 . For a perfect cylindrical tube completely filled with a non-Newtonian yield stress fluid described by the Herschel-Bulkley relation, the critical pressure drop is ∆P c = 2τ c l/r 0 and the flow rate law [START_REF] Bird | Dynamics of polymeric liquids[END_REF]:

Q(∆P ) =          C 0 r 4+ 1 n 0 ∆P -∆Pc l 1 n +1 if ∆P → ∆P + c , C ∞ r 3+ 1 n 0 ∆P -∆ Pc l 1 n if ∆P ≫ ∆P c , (3.9) 
where

C 0 = nπ/((n + 1)2 1+1/n k 1/n τ c ), C ∞ = nπ/((3n + 1)(2k) 1/n ) and ∆ P c = ((3n + 1)/(2n + 1))∆P c .
We consider now the case of a tube filled with a Newtonian liquid, in which one blob of yield stress fluid (YSF) of size ∆x b is injected at a certain position x b , as pictured in Figure 3.1. The total pressure drop ∆P needed to sustain a flow rate Q can be expressed as the sum of the pressure drops across every portion of fluid. We call P - x b and P +

x b , respectively, the pressure value just before and just after the left surface separating the Newtonian fluid from the blob (positioned at x b ), while P - x b +∆x b and P + x b +∆x b will be, respectively, the pressure just before and just after the right surface (positioned at x b + ∆x b ). The pressure drops across both portions of Newtonian fluid, in the intervals 0 < x < x b and x b + ∆x b < x < l, are given by the Poiseuille law

P in -P - x b = Q 8µx b πr 4 0 , P + x b +∆x b -P out = Q 8µ(l -x b -∆x b ) πr 4 0 . (3.10) x r 0 Newt. YSF ∆x b Newt. 0 x b l • • • • • • P in P out P - x b P + x b P - x b +∆x b P + x b +∆x b Figure 3
.1: Two-dimensional sketch of a blob of yield stress fluid in a uniform tube. On the x-axis, the one-dimensional model relative to the problem is pictured, where the thick line is the projection along x of the yield stress blob, while the thin line represent the part occupied by the Newtonian fluid.

The pressure drop across the blob is instead given by Equation (3.9) and writes

P + x b -P - x b +∆x b =              Q C 0 r 4+ 1 n 0 n n+1 ∆x b + ∆P c if ∆P → ∆P + c , Q n ∆x b C n ∞ r 3n+1 0 + ∆ P c if ∆P ≫ ∆P c . (3.11) 
where now ∆P = P τc = 2τ c ∆x b /r 0 . The capillary pressure discontinuity across the two interfaces are given by the Young-Laplace law, namely P - x b -P + x b = -2γ/r 0 and P - x b +∆x b -P + x b +∆x b = 2γ/r 0 respectively; here γ = γ cos θ, being the surface tension between the two fluids and θ the contact angle. The two pressure discontinuities are equal in modulus but opposite in sign, as the interfaces are identical but have opposite curvature. As a consequence, in a perfect cylindrical tube, the total capillary pressure across the two interfaces of a blob cancels out. The sum of the three pressure drops given in equations (3.10) and (3.11) in the limit ∆P → ∆P + c is then

∆P = Q 8µ(l -∆x b ) πr 4 0 + Q n n+1 ∆x b C n n+1 0 r 4n+1 n+1 0 + ∆P c .
(3.12)

In this limit the flow vanishes to 0, so we can neglect the linear term in equation (3.12) as n/(n + 1) < 1 ∀ n > 0.

In the opposite limit ∆P ≫ ∆P c we have

∆P = Q 8µ(l -∆x b ) πr 4 0 + Q n ∆x b C n ∞ r 3n+1 0 + ∆ P c . (3.13) 
Since now Q → ∞, we should distinguish between a shear-thinning fluid and a shearthickening fluid, for which n < 1 and n > 1 respectively. In the first case, the leading term is the one proportional to Q n , while in the other case the leading term is the linear one. Finally, we can write the volumetric flow rate in the two different limits:

Q(∆P ) =                      C 0 r 4+ 1 n 0 ∆P -∆Pc ∆x b 1+ 1 n if Q → 0          C ∞ r 3+ 1 n 0 ∆P -∆ Pc ∆x b 1 n if n < 1 πr 4 0 8µ ∆P -∆ Pc l-∆x b if n > 1 if Q → +∞ (3.14)

Generic analytical radius variability

We consider now a tube still of length l, but with varying radius r(x) (see figure 3.2) described by the following equation

r(x) = r 0 1 + af (x/r 0 ) , (3.15) 
where a ≪ 1 is a dimensionless constant, while f (x/r 0 ) is a bounded function with zero average in the interval x/r 0 ∈ [0, l/r 0 ] and periodic in l, namely f ((x + l)/r 0 ) = f (x/r 0 ). This periodicity can describe two different situations: (i) a tube of length l with periodic boundary conditions (ii) a tube of length L ≫ l presenting a periodic deformation of spatial period l. In the latter case, the blob can in general be located on different periods, but it is convenient to shift its position in the first period: more precisely, if the blob is located at a certain position in the k-th period, the dynamics of the system does not change if we subtract the quantity (k -1)l from that position. We assume that the radius varies slowly enough, namely f ′ ≪ 1 in all the interval. In this way, the lubrication approximation can be applied, allowing to neglect the radial component of the fluid velocity with respect to the axial component. Also, the size of the blob ∆x b can also be considered constant along the tube. In this Section we assume f (x/r 0 ) to be analytic in x ∈ [0, l]. Two modifications should be included with respect to the case of the tube with constant radius. First, the capillary pressure across the blob interfaces do not cancel anymore. Since P -

x b -P + x b = 2γ/r(x b ) and P + x b +∆x b -P - x b +∆x b = 2γ/r(x b + ∆x b ), their difference is in general non zero and approximately equal to 2γ r(x b ) - 2γ r(x b + ∆x b ) ≃ a P γ ∆x b r 0 f ′ (x b /r 0 ), (3.16) 
x r 0 Newt.

YSF ∆x b

Newt.

0 x b l • • • • • • P in P out P - x b P + x b P - x b +∆x b P + x b +∆x b Figure 3
.2: Two-dimensional sketch of a blob of yield stress fluid in a non-uniform tube.

On the x-axis, the one-dimensional model relative to the problem is pictured, where the thick line is the projection along x of the yield stress blob, while the thin line represent the part occupied by the Newtonian fluid.

with P γ = 2γ/r 0 and f ′ (x b /r 0 ) the derivative of f at x b . Secondly, as r(x) is non-constant, both Poiseuille law and Eq. (3.9) can be considered valid only along infinitesimal intervals of length dx. For both reasons, the flow rate varies in time as a function of the blob location x b . The Poiseuille equation becomes Q(x b ) = -πr(x) 4 (dP/dx)/(8µ) from which, integrating along both portions of Newtonian fluids, at the first order of a we get:

P in -P - x b = Q(x b ) 8µ πr 4 0 x b + 4a x b 0 f (x/r 0 )dx , (3.17) 
P + x b +∆x b -P out = Q(x b ) 8µ πr 4 0 l -x b -∆x b + 4a l x b +∆x b f (x/r 0 )dx (3.18)
Considering the limit ∆P → ∆P + c , eq. (3.9) becomes instead

Q(x b ) = C 0 r(x) 4+ 1 n (dP/dx -2τ c /r(x)) 1 n +1
, which, integrated along the blob interval, gives:

P + x b -P - x b +∆x b ≃   Q(x b ) C 0 r 4+ 1 n 0   n n+1 ∆x b + P τc [1 + af (x b /r 0 )] , (3.19) 
where P τc = 2τ ∆x b /r 0 . Note that we approximated the following integral

x b +∆x b x b 1 r 4n+1 n+1 (x) dx ≃ 1 r 4n+1 n+1 0 ∆x b , (3.20) 
because the correction only affects the prefactor of the flow curve, and not the exponent or the threshold. Since in this limit Q(x b ) ≪ 1, the leading behavior of the flow curve can be written as:

Q(x b ) ≃ C 0 r 4+ 1 n 0 ∆P -Γ(x b /r 0 ) ∆x b 1+ 1 n , (3.21) 
where we have defined the function

Γ(x b /r 0 ) = P τc + a P τc f (x b /r 0 ) + P γ ∆x b r 0 f ′ (x b /r 0 ) . = P τc 1 + a f (x b /r 0 ) + γ r 0 τ c f ′ (x b /r 0 ) (3.22)
The blob position moves as dx b /dt = Q/(πr 2 0 ), hence from eq. (3.21) we get the equation of motion

dx b dt = C 0 r 2+ 1 n 0 π∆x 1+ 1 n b [∆P -Γ(x b /r 0 )] 1+ 1 n . (3.23)
From eq. (3.23), we can see that the condition for the blob to move along a tube period in a finite time is that the pressure imposed is bigger than the maximum of

Γ(x b ), namely ∆P > max 0<x b <l Γ(x b /r 0 ). On the contrary, the blob is either completely stopped if ∆P < min 0<x b <l Γ(x b /r 0 ), or it moves in general if min 0<x b <l < ∆P < max 0<x b <l Γ(x b /r 0 )
but the time needed for the blob to complete a period diverges to infinite. So, in a deformed tube, the critical pressure drop ∆P c above which flow along a tube period is possible has increased with respect to the cylindrical tube, and is equal to the maximum of Γ(x b ):

∆P c = P τc 1 + a max 0<x b <l f (x b /r 0 ) + γ τ c r 0 f ′ (x b /r 0 ) . (3.24)
We denote with x m the position of such maximum along the tube. Three terms contribute to the pressure threshold. The first one, constant, is due to the yield stress threshold.

The second is also due to the yield stress, but depends on the tube shape. The last one, related to the capillary force, is based on the derivative of f . The competition between the last two terms is then governed by the ratio between the relative derivative f /f ′ and the dimensionless number P γ ∆x b /(P τ r 0 ) = γ/(τ r 0 ). The time T needed for the blob to move from one end of the tube to the other can be computed from (3.23):

T = T 0 dt = l 0 dx b dx b /dt ∝ l 0 dx b [∆P -Γ(x b /r 0 )] 1+ 1 n . (3.25) 
In general Γ(x b /r 0 ) relies on the specific form of f (x b /r 0 ). However, supposing that

f (x b /r 0 ) is analytical, we can expand Γ(x b /r 0 ) around x m : Γ(x b /r 0 ) = ∆P c -α(x b - x m ) 2 + . . . For ∆P → ∆P + c
, the dominant contribution to the integral of eq. (3.25) is around x m , so we can write

T ∝ l 0 dx b [∆P -∆P c + α(x b -x m ) 2 ] 1+ 1 n ∝ (∆P -∆P c ) -( 1 n + 1 2 ) . (3.26)
The flow rate averaged over the time T , ⟨Q⟩ T , is then

⟨Q⟩ T = πr 2 0 l T ∝ (∆P -∆P c ) 1 n + 1 2 . (3.27)
Note that, close to the yield threshold ∆P c , the power-law exponent 1/n + 1/2 of the flow rate turns out to be different from 1 + 1/n in eq. (3.14) for the uniform tube.

On the other hand, in the opposite limit ∆P ≫ ∆P c , since the variations of the critical pressure along the tube are negligible, we expect the same behaviour of the cylindrical tube, namely

⟨Q⟩ T ∝ (∆P -∆ P c ) 1 n if n < 1, ∆P -∆ P c if n > 1.
(3.28)

Non-analytic radius variability

We discuss now the case where f (x b /r 0 ) is not analytic. In the framework of the fiber bundle model, capillary tubes presenting non analytic points allows to model porous materials presenting a rough and angular micro-structure, e.g. matrices of randomly packed grains of quartz sand [START_REF] Xiong | Impact of pore structure and morphology on flow and transport characteristics in randomly repacked grains with different angularities[END_REF]. In the limit ∆P → ∆P + c , the non-linear prediction of eq. (3.27) hold only if γ(x b /r 0 ) is derivable at least twice. Otherwise, its expansion around x m is of the form: γ(x b ) = ∆P c + α|x bx m | δ + . . . , with δ > 0. In this case, the behavior of the integral in eq. (3.26) is modified and the flux averaged over T is then

⟨Q⟩ T ∝ (∆P -∆P c ) 1 n +1-1 δ . (3.29)
To provide a concrete example, we consider a saw-tooth triangular geometry:

f (x/r 0 ) = 4r 0 l x r 0 - l 2r 0 -1, x ∈ ]0, l] . (3.30) 
A sketch of such geometry is shown in Figure 3.3. In this case we have

Γ(x b /r 0 ) = P τc 1 + 4ar 0 l x b r 0 - l 2r 0 + γ τ c r 0 sgn x b r 0 - l 2r 0 (3.31)
Its maximum is located at the discontinuity point x m = l and writes

∆P c = P τc 1 + 2a 1 + 2γ τ c l .
Integrating eq. 

Model for many blobs in a tube

In this section we address the case of several identical blobs of non-Newtonian fluid in a tube (see figure 3.4). During the flow, the relative distances between different blobs remain constant as the fluids are incompressible. In a uniform tube, since the capillary pressures across the interfaces of all blobs are canceling each other, the flow curve obtained when a single shot of non-Newtonian fluid is injected is identical to the one obtained when the same amount of fluid is split into N small blobs. Eq. (3.14) still holds, with the only modification that ∆x b has to be replaced with the total length occupied by the non-Newtonian fluid, N ∆x b . The same conclusion holds for a non-uniform tube in the limit ∆P ≫ ∆P c , for which the fluctuations given by the non-uniformity of the radius can be neglected. On the other hand, for a non-uniform tube in the limit ∆P → ∆P + c , it comes out that the critical pressure drop obtained with N blobs of length ∆x b is larger than N P τc = 2N ∆x b τ c /r 0 , the value expected for a single shot of length equal to N ∆x b . The difference depends on the total number of blobs and on the specific blob configuration. Nevertheless, the behaviour of the flow rate averaged over a period will be identical, presenting the same power-law exponent 1/2 -1/n for analytical radius deformations, or 1 -1/n -1/δ for non-analytical ones. Analogously to the situation with one blob, we parametrize the radius of the tube according to (3.15), and we shift the position of all blobs in the first period 0 < x < l by subtracting the quantity (k -1)l for a blob located in the k-th period. We then denote with x b the position of the most left blob and with x i the distance from its i-th blob neighbour. Thus i = 1, . . . , N -1, and the i-th right neighbour is located at x b + x i . When x b moves from 0 to l, all the other blobs move exactly one period. In the limit of small flow rate Q → 0, the pressure drop at the edges of the i-th blob is

x 0 l x b x 1 x 2 x i . . . . . .
P + x b +x i -P - x b +x i +∆x b = ∆x b   Q C 0 r 4+ 1 n 0   n n+1 + P τc + aP τc f x b + x i r 0 . (3.32) 
At this, one must add the capillary pressure drop aP γ

∆x b r 0 f ′ ( x b +x i r 0 )
. Summing the contributions of all the N blobs and neglecting the pressure drop induced by the Newtonian fluid, we obtain the following flow rate equation, that depends not only on the variable x b , but also on the set of constant values {x i }:

Q(x b ; {x i }) = C 0 r 4+ 1 n 0 ∆P -Γ(x b /r 0 ; {x i /r 0 }) N ∆x b 1 n +1 , (3.33) 
with

Γ x b r 0 ; x i r 0 = N P τc + a P τc F x b r 0 ; x i r 0 + P γ ∆x b r 0 F ′ x b r 0 ; x i r 0 , (3.34) 
where the function

F x b r 0 ; x i r 0 = f (x b /r 0 ) + N -1 i=1 f x b + x i r 0 , (3.35) 
and F ′ (y; { x i r 0 }) is the first derivative of F (y; { x i r 0 }) with respect to y. The critical pressure ∆P c needed for the system to flow is then given by the maximum of Γ(

x b r 0 , { x i r 0 }) in the interval 0 < x b < l: ∆P c x i r 0 = max 0≤x b <l Γ x b r 0 , x i r 0 . (3.36)
From eq. (3.36) we can see that the value of the critical pressure drop relies thus not only on the number of blobs, but also on the specific configuration of the blobs position along the tube, namely on their distances {x i }. As a consequence, the flow of a given tube averaged over a period, ⟨Q⟩ T = ⟨Q({x i })⟩ T , depends on its specific blobs configuration, since it depends on its pressure threshold value ∆P c = ∆P c ({x i }). However, we can manage to calculate its behaviour for ∆P → ∆P + c :

T ∝ l 0 dx b ∆P -Γ x b r 0 ; x i r 0 1+ 1 n ∝ (∆P -∆P c ) -( 1 n + 1 2 ) (3.37)
and thus ⟨Q⟩ T ∝ (∆P -∆P c ) 1/n+1/2 if the tube modulation is analytical, or, more generally, ⟨Q⟩ T ∝ (∆P -∆P c ) 1/n+1-1/δ . In the following Subsections we will show how to compute the pressure threshold for two specific tube geometries: sinusoidal geometry and triangular geometry, respectively.

Sinusoidal tube variability

We consider now a sinusoidal deformation of the tube, corresponding to

f (x/r 0 ) = cos (2πx/l) . (3.38) 
Since, in a porous medium, a typical pore consists of a narrow pore throat with two wide pore bodies at its ends, a long capillary tube with sinusoidal variability can be seen as a series of many pores. The flow in tubes deformed according to Eq. (3.38) was studied in the fully Newtonian case, when Newtonian blobs injected in a tube filled with another Newtonian fluid [START_REF] Sinha | Effective rheology of immiscible two-phase flow in porous media[END_REF]. There, the authors analytically derived exact values for the pressure threshold and the mean flow rate averaged over a tube period, in both limits of pressure close to the threshold and high pressure. Here we derive an expression for ∆P c , explicating its dependence on the blob position, and we compute ⟨Q⟩ T in the limit ∆P → ∆P + c . It is useful to introduce the angle variables θ b = 2π x b l and θ i = 2π x i l . Using the trigonometric relations, we can write

F (θ b ; {θ i }) = cos(θ b ) + N -1 i=1 cos(θ b + θ i ) = √ N A cos(θ b + ϕ) (3.39)
where the amplitude A and the phase shift ϕ are, respectively,

A = 1 √ N 1 + N -1 i=1 cos θ i 2 + N -1 i=1 sin θ i 2 (3.40) ϕ = arcsin √ N N -1 i=1 sin θ i /A (3.41)
Similarly, we obtain

F ′ (θ b ) = -(2π/l) √ N A sin(θ b + ϕ). So Γ(θ b , {θ i }) can be written as a cosine function Γ(θ b ; {θ i }) = N P τ + √ N A P t cos(θ b + ϕ + φ) (3.42)
where

P t = a (P τc ) 2 + 2πP γ ∆x b l 2 = aP τc 1 + 2πγ τ c l 2 , (3.43) 
φ =arccos

P τc P t , (3.44) 
from which we can see that the pressure threshold is

∆P c = N P τc + √ N A P t = P τc   N + a √ N A 1 + 2πγ τ c l 2   . (3.45) 
We now discuss two different cases, each related to a particular configurations of the blobs positions:

• Each blob is separated from its nearest neighbours by a distance equal to the spatial period l, namely θ i = 0 ∀ i. This implies that A = √ N , and ∆P c reaches the highest possible value

∆P c = N (P τc + P t ) (3.46) 
• Each blob is separated from its nearest neighbours by half of the spatial period l/2, so θ i = π for i odd and θ i = 2π for i even. It follows that A = 0 if N is even, or A = 1 if N is odd, and ∆P c takes the lowest possible value

∆P c =      N P τc if N even N P τc + P γ if N odd (3.47)
In general, A can vary between these two extremes, depending on the blobs configuration. The flow rate (3.33) can be written in angular coordinates

dθ b dt = 2C 0 r 2+ 1 n 0 l∆x 1+ 1 n b ∆P -N P τc - √ N A P t cos(θ b + ϕ + φ) N ∆x b 1 n +1 , (3.48) 
from which we can write directly the time period

T = l∆x 1+ 1 n b 2C 0 r 2+ 1 n 0 2π 0 dθ b ∆P -N P τc - √ N A P t cos(θ b + ϕ + φ) 1+ 1 n (3.49)
The integral (3.49) is solvable once we set a value for n. For example, choosing n = 1 (Bingham fluid), since 2π 0 dx (Kcos(x)) -2 = 2πK(K 2 -1) -3/2 for any K > 1, we can compute an explicit expression for the mean flow rate

⟨Q⟩ T = πr 5 0 8∆x b µ b τ c (∆P -N P τc ) 2 -N A 2 P 2 t 3 2 ∆P -N P τc . (3.50)
where we called µ b the viscosity of the Bingham blob. As expected, ⟨Q⟩ T ∝ (∆P -∆P c )
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as ∆P → ∆P + c .

Triangular tube variability

We now discuss in detail the triangular saw tooth shape introduced in eq. (3.30). For simplicity, we focus on two limit cases: the fully Newtonian case (for which τ c = 0), and the case of non-Newtonian blobs but where capillarity effects can be neglected (for which γ = 0).

Blobs of Newtonian fluid

If the tube is non uniform, Newtonian blobs in a tube lead to a critical pressure due to the capillary pressure drop at their interfaces. The value of ∆P c corresponds to the global maximum, in the interval [0, l], of the function Γ(x b /r 0 ), expressed by Eq. (3.34), with P τ = 0, namely

∆P c = √ N AP t , (3.51) 
where

A = 1 √ N l 4r 0 max 0≤x b <l F ′ x b r 0 ; x i r 0 (3.52)
and P t = (4r 0 /l)aP γ ∆x b . We remind that F ′ (y; { x i r 0 }) is the first derivative of Eq. (3.35) with respect to y, and can be seen as the sum of N contributions. For the triangular saw tooth shape, there is a contribution -4r 0 /l for every blob located in the semi-period interval [0, l/2] and +4r 0 /l for every blob in the other semi-period [l/2, l]. When x b moves from 0 to l, all the blobs are shifted of the same quantity. The function Γ (x b /r 0 ; {x i /r 0 }) remains constant until one of the two facts occurs: either the most right blob belonging to the first semi-period enters the second, so that the function Γ increases by 2P t , or the last blob belonging to the second semi-period enters the first, so that Γ decreases by -2P t . A sketch of this procedure is shown in figure 3.5.

Increasing x b further, other jumps occur for every blob entering in a new semi-period. γ corresponds then to a 1-dimensional simple random walk [START_REF] Weiss | Random walks and random environments, volume 1: Random walks[END_REF], a process in which, for each of the N steps corresponding to the N blobs, Γ will perform a step-wise increment of ±2P t . Since the probability for a blob to be in the first or second semi-period is the same, Γ can increase by 2P t or -2P t with equal probability, so this random walk is symmetric with a diffusion coefficient of D = 2P 2 t . Moreover, due to the periodicity of the system, this random walk is periodical of period l. A typical trajectory is shown in figure 3 random walk displays the symmetry Γ (x b /r 0 ; {x i /x 0 }) = -Γ ((l/2 + x b )/r 0 ; {x i /x 0 }) and can be decomposed into two Brownian bridges with mirror symmetry, namely two Brownian processes constraint to both start and end at 0 and with opposite sign. If we denote the two processes z 1 (i) and z 2 (i), they evolve from i = 0, in which z 1 (0) = z 2 (0) = 0, to i = N , in which z 1 (N ) = z 2 (N ) = 0; the two bridges are identical but opposite in sign, namely z 1 (i) = -z 2 (i). As a consequence, equation (3.52) can be written as

A = 1 √ N l 4r 0 max 0<i<N |z 1 (i)| (3.53)

Blobs of yield stress fluid without capillary effects

The same approach allows to solve the case of blobs of Non-Newtonian fluid for which we neglect capillary effects. The value of ∆P c corresponds to the maximum, in the interval 0 ≤ x b < l, of (3.34) with P γ = 0, namely

∆P c = N P τc + √ N AP γ (3.54)
where

A = 1 √ N max 0≤x b <l F x b r 0 ; x i r 0 (3.55) 
and P t = aP τc . Here F (x b /r 0 ; {x i /r 0 }) is the integral of the random walk discussed in the Newtonian case. A typical trajectory is shown in figure 3.7 and corresponds to the trajectory of a Random Acceleration Process (RAP) [START_REF] Burkhardt | The random acceleration process in bounded geometries[END_REF], a piecewise linear function where the slope performs a Random walk; in particular, this Gaussian process represents the integral of a Brownian Bridge, and is characterized by H = 3/2.

Model for a capillary tube bundle

Once the pressure threshold and the temporal averaged flow rate for a tube are obtained, we can calculate the flow rate in a capillary tube bundle, in which the same pressure drop ∆P is applied to many tubes which are identically shaped. Each tube is assumed to be filled with a Newtonian liquid together with N blobs injected at random positions along the tube, as pictured in Figure 3.8.

In the limit of many tubes, the mean flow rate averaged over the tubes is obtained by averaging over all possible configurations of the blobs positions. We will call it ⟨Q⟩ T , where the overline denotes the average over the blob configurations. Since there is no preferred position of the blobs along the tube, the most important configuration is the one where the positions of the blobs are uniformly (evenly) distributed. In the diluted limit where N ∆x b is very small compared to the tube length, the position of every blob shifted in the first period is uniformly distributed in the interval [0, l]. From this assumption, it is possible to calculate the probability distribution function of the critical pressure, Π(∆P c ). 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 For ∆P slightly greater than N P τc , we expect that the flow rate of every tube of the fiber bundle follows the small flow power-law exponent 1/n + 1 -1/δ if the pressure drop applied is greater than the pressure threshold of that tube, namely ∆P > ∆P c , or is null if on the contrary ∆P ≤ ∆P c . Instead, we have tubes in the large flow limit, whose flow rate is described by the second case of eq. (3.14), only if ∆P is sufficiently greater than ∆ P c = ((3n + 1)/(2n + 1))N P τ . Since N P τc < ∆ P c < (3/2)N P τc for all n > 0, there's always a finite range of values of ∆P for which all tubes in the bundle presenting non-null flow obey to the small flow regime. Moreover, ∆P c ≥ N P τc but is typically much lower than ∆ P c , because the fluctuations on the value of ∆P c are smaller than the difference between N P τc and ∆ P c . The effects on the mean flow rate caused by the non-uniformity of the tubes can then be seen only if ∆P is sufficiently close to N P τc . In this limit we can compute the mean flow rate per tube as

⟨Q⟩ T ∝ ∆P N Pτ c d∆P c Π(∆P c )(∆P -∆P c ) 1 n +1-1 δ .
(3.56)

In the following Subsections we will address to the specific cases of bundles of tubes presenting, respectively, sinusoidal and triangular deformation. While in the first case we explicitly compute an expression for Π(∆P c ), in the latter only an estimation of its behaviour for ∆P c → N P τc (or ∆P c → 0 in the fully Newtonian case) was provided.

Nevertheless, in all cases we derive the behaviour of ⟨Q⟩ T for ∆P → N P τc (∆P → 0). It comes out that Π(∆P c ), and thus the mean flow rate of a fiber bundle, strongly relies on the geometry of the tubes. In particular, essential singularities are developed in presence of non-analytical behaviours.

Sinusoidal tube variability

In Subsection 3.2.1 we discussed the case when many blobs are injected in a sinusoidal tube, and we derived an expression for the threshold pressure, reported in Eq. (3.2.1).

Since the fluctuations of ∆P c corresponds to the fluctuations of A, we compute the probability distribution for A to derive the one for ∆P c . Assuming an uniform distribution for the position of every blob along the tube is equivalent to suppose that all the N -1 angular differences θ i are uniformly distributed in the interval [0, 2π]. In the limit of N sufficiently large, A follows, in the interval [0, +∞[, the probability distribution

Π(A) = 2A e -A 2 . (3.57)
In order to prove eq. (3.57), we first calculate the probability distribution of the variable B = N A 2 : To solve (3.58), it's convenient to perform a Laplace transform:

g(B) = 1 (2π) N -1 2π 0 dθ 1 • • • 2π 0 dθ N -1 δ B -N A 2 . ( 3 
g(s) = +∞ 0 dB e -sB g(B) = 1 (2π) N -1 2π 0 dθ 1 • • • 2π 0 dθ N -1 e -s (1+ N -1 i=1 cos θ i) 2 +( N -1 i=1 sin θ i) 2 (3.59)
We define m x = N -1 i=1 cos θ i and m y = N -1 i=1 sin θ i . Note that the average and the variance of both cos θ i and sin θ i in the interval [0, 2π], are respectively 0 and 1/2. Moreover, their crossed integral (the covariance) in the same interval is zero, meaning that m x and m y are statistical independent. According to the central limit theorem, when N -1 ≃ N is sufficiently large, the distribution of both m x and m y is Gaussian with mean zero and variance N/2. Eq. (3.59) can be rewritten as The mean flow rate per tube is finally obtained from (3.56) and using ∆P → (N P τc ) + in eq. (3.61)

g(s) = +∞ -∞ dm x e -m 2 x N √ πN +∞ -∞ dm y e - m 2 y N √ πN e -s((1+mx) 2 +m 2 y ) = e -s+ s 2 1/N +s 1 + N s N ≫1 ---→ 1 1 + N s . ( 3 
⟨Q⟩ T ∝ (∆P -N P τc ) 1 n + 5 2 . (3.62)
We can prove that this result is still robust if the N blobs have slightly different sizes (see Appendix A).

Triangular tube variability

Starting from the expressions for the critical pressure derived in Section 3.2.2, respectively for the fully Newtonian case and for the case without capillary effects, we now discuss the behaviour of their probability distributions and thus of the mean flow rate for a triangular tube bundle. We discover that, in both cases, ⟨Q⟩ T develops an essential singularity, which can be traced back to the presence of non-analytical points on the tube profile.

Blobs of Newtonian fluid

The amplitude of the critical pressure of a train of Newtonian blobs in a triangular tube corresponds to the maximum of a Brownian bridge, as reported in Eq. (3.53).

The exact calculation of the distribution of the extreme values of Brownian bridges can be done using the methods discussed in [START_REF] Mori | Distribution of the time between maximum and minimum of random walks[END_REF]. However, the statistical behaviour of max 0<i≤N |z 1 (i)| should be similar to the one of the span S of the process, defined as S = max 0<i≤N (z 1 )min 0<i≤N (z 1 ). For the span, rigorous results are proven not only for the Brownian motion but for Gaussian processes with generic Hurst exponent H (the Brownian motion corresponds to H = 1/2). In particular, the probability to have a small span ε is known to vanish singularly as

Prob[S < ε] ∝ e -kN ε 1/H for ε → 0, (3.63) 
where k is a numerical prefactor of order one [START_REF] David S Dean | Diffusion in periodic, correlated random forcing landscapes[END_REF]. From eq. (3.63), we can infer that the probability distribution of A vanishes as

Π(A) ∝ A -3 e -k A 2
for A → 0.

(3.64)

The presence of an essential singularity at the origin indicates that the tubes with small critical pressure are extremely rare. From (3.64) it follows that the probability distribution of ∆P c goes as

Π(∆P c ) ∝ (∆P c ) -3 e - 2kN P 2 γ (∆Pc) 2 for ∆P c → 0. (3.65) 
From eq. (3.56) we then find that, in the limit of small ∆P , the mean flow rate per tube vanishes exponentially as

⟨Q⟩ T ∝ e - 2kN P 2 γ ∆P 2 .
(3.66)

Blobs of yield stress fluid without capillary effects

In this case, the amplitude A corresponds to the maximum of a Random Acceleration Process, as shown in eq. (3.55). The methods discussed in [START_REF] Majumdar | Time at which the maximum of a random acceleration process is reached[END_REF] may be a starting point for deriving an exact form for the distribution of the extreme values of a RAP. However, following the lines of the previous discussion, we expect that the distribution of A vanishes at 0 as For ∆P ≳ N P τc the mean flow rate per tube scales now as

Π(A) ∝ 1 A 5/3 e -k * A 2/3 for A → 0. ( 3 
⟨Q⟩ T ∝ e - k * N P 2/3 t (∆P -N Pτ c ) 2/3 . (3.69)
As a final remark we note that, as H → +∞ the function Γ x b r 0 , x i r 0 becomes smoother in x b and the critical pressure distribution remains singular, but at a higher order of derivative. The linear behaviour in the limit ∆P c → 0 found for the sinusoidal case represents then the most regular behaviour we can expect.

CHAPTER

FOUR BINGHAM FLOW IN A TREE-LIKE NETWORK

The goal of this Chapter is to study the Darcy problem of a Bingham fluid flowing in a pore network structured as a binary Cayley tree. This geometry is the simplest with intersecting channels, although is realistic for several biological networks (e.g. alveoli system in lungs [START_REF] Mauroy | An optimal bronchial tree may be dangerous[END_REF] or leaf veins). Also, the Bingham approximation is the simplest among all possible models of fluids presenting yield stress, since it recovers a linear Newtonian behaviour after its threshold is overcome. Nevertheless, this model is able to reproduce a non-linear behaviour of the flow rate as a function of the applied pressure drop, which is typical of yield stress fluids in porous media, as explained in Section 2.1.2. Moreover, it can give important insights in predicting the evolution of the un-yielded region in a porous system, and thus of its permeability. Before addressing to this study, we first illustrate in Section 4.1 a simpler model, namely a pore network made of several non-intersecting channels. This can be helpful in better understanding the study of the flow in the Cayley tree pore network, which is then addressed in Section 4.2. In a porous system composed of several channels filled with a Bingham fluid, in general only a subset of them is flowing, depending whether the imposed pressure drop is greater than the critical one ∆P c associated to each of them. Considering a collection of independent channels, each one made of t tubes presenting a random threshold, ∆P c is distributed according to a Gaussian PDF in the limit of high t. Hence, we use a mapping with the Random Energy Model to prove that the number of flowing channels, when a pressure drop ∆P is imposed on the system, is

lim t→∞ n ind (∆P -∆P min ) = e βc(∆P -∆P min ) , (4.1) 
where ∆P min is the minimum value of ∆P c among all channels, β c is a non-universal constant, and the overline stands for an average over many configurations of the tubes thresholds. The flow rate of a Bingham fluid in such a pore network can be then written as the sum of the contribution from each channel. For moderate pressure drops we have

Q t (∆P ) t≫1 = e βc(∆P -∆P min ) -1 β c t for ∆P > ∆P min , (4.2) 
while for much higher pressures all channels are open, and we have

Q t (∆P ) = 2 t t (∆P -tP τ ) for ∆P → ∞ (4.3)
where P τ is the average tubes threshold.

In a pore network shaped as a binary Cayley tree, filled with a Bingham fluid, we can identify channels starting from the root and finishing to any of the tree leaves, that can be open or not depending on their value of ∆P c . We establish a precise mapping between the Darcy problem for Bingham fluids and the directed polymer on Cayley tree, a model displaying one-step replica symmetry breaking (1-RSB). Starting from the first channel that opens at ∆P min and increasing ∆P , the first channels where flow occurs correspond to those low-energies directed polymers with small overlaps (i.e. they share a short common path). The number of flowing channels above the minimum turns out to be equivalent to the same number for the model of independent channels, namely

lim q→∞ m q(∆P -∆P min ) = e βc(∆P -∆P min ) . (4.4) 
Again, the total flow rate comes from the contribution of the single channels, so for rather low pressure drops we have

Q t (∆P ) t≫1 = e βc(∆P -∆P min ) -1 β c t for ∆P > ∆P min , (4.5) 
and at higher pressures the linear behaviour is recovered, but with a much lower permeability with respect to the case of non-intersecting channels

Q t (∆P ) = 1 2 (∆P -tP τ ) for ∆P → ∞. (4.6) 
This implies that it is sufficient to open ∼ t channels to reach the permeability at saturation, and thus the linear regime of Eq. (D.15).

Model for a Bingham fluid in independent channels

In this Section we deal with a pore network model made of N independent channels, each one made of t tubes connected in series (see Figure 4.1). The tubes, representing the pore throats, embed all the pore network volume, while the nodes are seen only as crossing points of zero volume. We fill the network with a Bingham fluid and we apply the same pressure drop ∆P > 0 at the edges of each channel. As every tube presents in general a different geometry, both its pressure threshold and conductivity might vary. We consider here the simplified case in which the conductivity is equal to 1 for all tubes, while the pressure threshold P τ fluctuates from tube to tube according to a certain probability distribution ρ(P τ ), where we indicate with P τ and σ its mean and standard deviation respectively. We are interested in calculating the total flow rate Q t of the pore network as a function of the pressure applied ∆P . For every channel, the flow rate across its i-th tube, between the pore i, at pressure P i , and the pore i + 1, at pressure P i + 1 > P i (with i = 1, . . . , t) reads

Q i = (P i+1 -P i -P τ,i ) + (4.7)
where we denote (x) + = max(0, x). The tube is open if P i+1 -P i > P τ,i . From eq. (4.7), Figure 4.1: Sketch of a pore network made of 2 3 = 8 non-intersecting channels, each one made of 3 tubes. A pressure ∆P = P in -P out is imposed at the edge of each channel. The pressure threshold P τ,ij assigned to the tube connecting the nodes i and j is highlighted, together with the pressures P i and P j at the respective nodes. using the Kirchhoff condition Q i = Q i+1 for all i, we can derive the flow rate Q α,t along the α-th channel (with α = 1, . . . , N ) as a function of ∆P :

Q α,t (∆P ) = 1 t ∆P -∆P (α) c + (4.8)
where ∆P

(α) c

is the pressure threshold related to the α-th channel, equal to the sum of the pressure thresholds of each of its t tubes

∆P (α) c = t i=1 P τ,i . (4.9) 
Since the different channels are independent, the total flow rate of the network is simply the sum of the flow rates (4.8) across each channel

Q t (∆P ) = N α=1 Q α,t (∆P ) = 1 t N α=1 ∆P -∆P (α) c + . (4.10)
Clearly, the flow in the network is non-null only if ∆P > ∆P min ≡ min α ∆P (α)

c . We now define the number of open channels, above the one with the minimal critical pressure ∆P min , up to a quantity x > 0 as

n ind t (x) = # ∆P (α) c : ∆P min ≤ ∆P (α) c < ∆P min + x = N α=1 ϑ ∆P min + x -∆P (α) c .
(4.11) where the label 'ind' refers to the independent channels model, and ϑ(x) is the Heaviside theta function. The derivative of (4.11), namely

dn ind t (x) dx = N α=1 δ ∆P min + x -∆P (α) c , (4.12) 
where δ(x) is the Dirac delta function, gives the density of open channels above the minimum. Using Eq. (4.12), the total flow rate (4.10) can be rewritten in an integral form

Q t (∆P ) = 1 t x 0 dx ′ (x -x ′ ) dn ind t (x ′ ) dx = 1 t x 0 dx ′ n ind ∞ (x ′ ); (4.13) 
in the first passage we have introduced the variables x = ∆P -∆P min and x ′ = ∆P c -∆P min , while in the second we performed an integration by parts. As illustrated in the following, an expression for n ind t (x) can be computed thanks to a mapping between this pore network model and the Random Energy Model (REM), introduced and discussed in Appendix B.1. For sufficiently large t, thanks to the central limit theorem, the PDF of ∆P c is wellapproximated by a Gaussian of mean tP τ and standard deviation tσ 2 :

Π t (∆P c ) = e -(∆Pc-tPτ ) tσ 2 √ πtσ . (4.14)
Assuming the power-law scaling N = 2 t , the model of N channels can thus be seen as a Random Energy Model. The pressure thresholds of the independent channels corresponds to the energy levels of the REM, which are generated according to a Gaussian distribution analogous to (4.14). As a consequence, the number of open channels above ∆P min is equivalent to the the number of energy levels above the minimum in the REM, that we call n REM t . In Appendix B.1 we computed an explicit expression for n REM t , when we average it over many realizations of the disorder and we take the limit of large t. So, given that n ind t ≡ n REM t , we have

n ind ∞ (x) = lim t→∞ n ind (x) = e βcx ; (4.15) 
here β c = √ 2 log 2/σ, and the overline stands for an average over many realizations of the pressure thresholds. Hence, using both Equations (4.13) and (4.15), we get the average of (4.13) in the limit of many channels:

Q t (∆P min + x) t≫1 = e βcx -1 β c t . (4.16)
The growth of the flow rate with the pressure drop applied is thus highly non-linear, showing an exponential behaviour. This implies that in the limit ∆P → ∆P + min the flow is linear Q t (∆P ) = (∆P -∆P min )/t, which corresponds to the case where only the channel with minimum threshold is open. Equation (4.16) holds only for moderately high pressure drops. Instead, for very high ∆P , all the 2 t tubes are open and we recover linearity

Q t (∆P ) = 2 t t (∆P -∆P * ) for ∆P → ∞ (4.17) 
The effective threshold ∆P * in Eq. (4.17) can be computed observing that, when all tubes are open,

Q t (∆P ) = 2 t α=1 ∆P -∆P (α) c t t≫1 = 2 t t (∆P -tP τ ), (4.18) 
so ∆P * = tP τ . Equations (4.16) and (4.17) are both valid in different ranges of ∆P , so there will be a pressure drop, that we name ∆P sat , at which the crossover between the two different regimes occurs. We can estimate ∆P sat imposing the effective permeability in the exponential regime, namely κ eff = dQ t /d∆P ∼ exp(β c (∆P -∆P min ))/t, to be equal to the one in the high pressure drop regime, 2 t t . In this way we obtain

∆P sat = ∆P min + ln 2 β c t (4.19)
As a consequence, at the saturation pressure, the number of channels obtained by Equation (4.15) is 2 t , meaning that all channels open already at ∆P = ∆P sat . The problem of independent channels proves to be helpful for understanding another, more complex problem, the flow of a Bingham fluid in a pore network structured as a Cayley tree. We analyze it in detail the next Section, also highlighting the similarities between the two models.

Model for a Bingham fluid on a Cayley tree

We consider a pore network with the structure of a binary Cayley tree of t levels (see Figure 4.2). We fill the structure with a Bingham fluid and we apply a pressure P in to the root pore and a pressure P out to each of the 2 t-1 leaf pores, such that the pressure drop ∆P = P in -P out > 0 between the root and the leaves is the same. Similarly to Section 4.1, we suppose that each tube connecting two pores present conductivity equal to 1 and a pressure threshold P τ randomly generated from a probability distribution ρ(P τ ). The flow rate in the tube between the generic nodes i and j can still be described by the modified Poiseuille equation

Q ij = (P i -P j -P τ,ij ) + . (4.20)
As for the previous problem, we are interested in calculating the total flow rate Q across the network as a function of the imposed pressure drop ∆P .

According to Kirchhoff's law, for every node in the bulk (different from the root and the leaves), the flow in the incoming tube, coming from the previous level, must be equal to the sum of the flow in the two outgoing tubes, reaching the following level. It follows that, given an open incoming tube, there must be at least one outgoing open tube. Thus, along a channel from the root to a leaf, flow occurs if all its t tubes are open. There are then 2 t-1 channels across the pore network, each of which can be open or closed whether the pressure drop ∆P applied to the system is larger or smaller than the correspondent critical pressure at which it opens. We can order these critical pressures as ∆P (0) c < ∆P

(1) c

< ∆P

(2) c < . . . , where the number (a) in the superscript indicates the a + 1-th channel that opens if we gradually increase ∆P from 0 (so (0) refers to the first channel that opens). In this extent, we can establish a mapping between this pore network model and the problem of the directed polymer on a Cayley tree, illustrated in Appendix B.2. Each channel from the root to a leaf in the porous structure corresponds to a directed polymer on the tree network. Moreover, the sum of the pressure thresholds along the channel corresponds to the energy of the associated directed polymer. It is then useful to label the channels α by ordering their energies as E 0 < E 1 < E 2 < . . . . We now investigate the behaviour of the first channels that opens when increasing the pressure starting from the minimal one, namely ∆P (0) c . We will show that the first channels present low overlap, that, in the limit of high t, translates into vanishing overlap. In this way, similarly to the problem of independent channels, the computation of the total flow rate reduces to the calculation of the number of channels that opens above ∆P min = ∆P (0) c , which will be derived thanks to the mapping with the directed polymer problem. c . We denote with qα 1 α 2 the overlap between α 1 and α 2 , namely the length of the common path between them (here qα 1 α 2 = 3). Similarly q0α 1 and q0α 2 are the overlaps of α 1 and α 2 with the blue path (here q0,α 1 = q0,α 2 = 1) and q is the maximal overlap between all of them (here q = 3). Bottom: sorted energies of the associated directed polymer E 0 < E 1 < E 2 , . . .. The energies corresponding to small overlap paths are in red. In the large-t limit we show that q ≪ t and ∆P

(1) c = E α 1 , ∆P (2) c = E α 2 , . . ..

Opening of the first channels

The pressure ∆P (0) c at which the first channel opens is given by

∆P (0) c = min α (ij)∈α P τ,ij . (4.21) 
As observed in [START_REF] Liu | Darcy's Law for Yield Stress Fluids[END_REF], the threshold pressure drop ∆P 

c ], being ∆P

(1) c

the pressure drop at which a second channel opens. The pressures ∆P 

c , . . . at which the following channels open are still related to the low-energy levels of the directed polymer, although the relation is not trivial anymore. For example, the pressure drop ∆P [START_REF]Our World in Data. Primary energy consumption by source[END_REF] c at which the second channel opens can be computed using Kirchhoff's law and is equal to

∆P (1) c = ∆P (0) c + min α̸ =0 E α -∆P (0) c 1 -q0α /t = ∆P (0) c + E α 1 -∆P (0) c 1 -q0α 1 /t ; (4.23)
see Appendix C.1 for a complete proof. Here q0α stands for the overlap between the α channel and the ground state, namely the number of common tubes between the two channels. The path α 1 realises the minimum and corresponds to the channel that opens just above ∆P

c . The minimization involves two terms: the term E α -∆P (0) c favors lowenergy paths while the term 1/(1 -q0α /t) selects the ones with a small overlap with the ground state. The low overlap occurring between low-energy paths can be explained by the one step replica symmetry breaking displayed by the directed polymer on Cayley tree (see Appendix B.2). The total flow reduces thus to the sum of the contribution from each channel, namely

Q t (∆P ) = (∆P -∆P (0) c )/t + (∆P -∆P (1) c )/t for ∆P ∈ [∆P (1) c , ∆P (2) 
c ]. The same property holds for the following pressures (see Appendix C.2 for a proof for ∆P 

n ch t (x) = 2 t-1 α=1 ϑ x -∆P (α) c -∆P (0) c . (4.24) 
In the limit t → ∞, the open channels coincide with the low-energy paths with vanishing overlap and the pressures ∆P

(1) c , ∆P (2) 
c , . . . with the corresponding path energies E α 1 , E α 2 , . . . . So n ch (x) identifies with the number of low-energy levels of the directed polymer provided that they have low overlap among them. In the next Subsection, we will show how to calculate it.

Number of open channels above the minimum

In Appendix B.2 we introduce n full t , namely the number of directed polymers on the Cayley tree with energy above the minimum. Thanks to an approach based on the discrete KPP equation [START_REF] Derrida | Polymers on disordered trees, spin glasses, and traveling waves[END_REF][START_REF] Satya | Extreme value statistics and traveling fronts: various applications[END_REF][START_REF] Satya | Extremal paths on a random Cayley tree[END_REF][START_REF] Satya | Extreme value statistics and traveling fronts: Application to computer science[END_REF][START_REF] Arguin | Genealogy of extremal particles of branching Brownian motion[END_REF][START_REF] Ramola | Branching Brownian motion conditioned on particle numbers[END_REF], in the limit of t → ∞ we have

n full ∞ (x) ≃ xe βcx ; (4.25)
here the overline refer to the average over many realizations of the energies of the tree links. Since the open channels in the Cayley tree pore network coincide with the lowenergy paths with vanishing overlap, the number of open channels n ch t (x) will consist in a subset of low-energy paths. In this Section we modify the KPP approach used in the Appendix to compute n ch ∞ (x), namely the number of open channels in the limit t → ∞ averaged over many realizations of the tubes thresholds. We introduce the quantity m q(x), which counts in an infinite tree the number of paths with energy E 0 ≤ E α < E 0 + x and maximum overlap between any of them q. This is equivalent to first take the limit t → ∞ and then consider only low-energy paths with vanishing overlap q ≪ t. This remains valid also for high q, even in the limit q → ∞, so that

n ch ∞ (x) = lim q→∞ m q(x) (4.26) 
We now introduce a procedure that can be referred as "pruning" (see Fig. 4.3): at the level q of the full Cayley tree, there are 2 q subtrees that we label by a = 1, . . . , 2 q. We replace each of these subtrees with a single tube with a minimum energy E

0 . This way we obtain a tree of q levels containing the 2 q low energies paths with maximal overlap q. This procedure is equivalent to growing a tree with q levels where the leaves thresholds are drawn from the distribution of the minimum of an infinite tree. We call w min (x) the probability that the minimal energy of an infinite tree is larger than x. The equations describing m q(x) will then be similar to the ones introduced in Appendix B.2 for n full ∞ (x). Namely, we have that m q(x) = dx ′ r q(x ′ ; x), where the function r q(x ′ ; x) satisfies the following recursive equation:

r q+1 (x ′ ; x) = 2 dP τ Π(P τ )Ω t (x ′ -P τ )r t (x ′ -P τ ; x), (4.27) 
w min (x + c(β c )) = dP τ Π(P τ )w 2 min (x -P τ ), (4.28) 
with the initial condition r q=1 (x ′ ; x) = -w ′ min (x+x ′ ). Equation (4.27) is the discrete KPP equation, which corresponds to growing a q+1-level tree starting from two q-level trees. Unlike for n full ∞ (x), the recurrence is implemented in q instead of t. Equation (4.28) is a fixed-point equation which admits travelling wave solutions; c(β c ) is the minimal value for which eq. (4.28) has a solution, and corresponds to the velocity of the travelling wave. Its value can be obtained as: 

β c = arg min β c(β) (4.29a) c(β) = 1 β log 2 dτ p(τ )e -βτ

1).)

A direct numerical integration of r q(x ′ ; x) (Fig. 4.5 (right)) show that, when q → ∞, the expression of n ch ∞ (x) is:

n ch ∞ (x) = lim q→∞ m q(x) = e βcx . (4.30) 
It comes out that the number of open channels above the one at minimal pressure in the Cayley tree pore network is equivalent to the analogous number in the model of independent channels, discussed in the previous Section and reported in Eq. (4.15).

Determination of the flow rate

For moderately high pressures, as for the independent channels problem, the total flow rate reduces to the sum of independent contributions 

Q t (∆P min + x) = x 0 dx ′ n ch t (x - x ′ )/t,
Q t (∆P ) = κ(∆P -∆P * ) with ∆P → ∞ (4.32)
The permeability κ can be computed observing that for finite t the following recursive equation holds

κ t = 2κ t-1 1 + 2κ t-1 (4.33)
which, together with κ 1 = 1, allows to find the solution κ t = 2 t-1 /(2 t -1). So, for large t, κ ≃ 1/2. The effective threshold ∆P * is found noting that the total flow rate in a Cayley tree of t levels obeys the following recursive equations

Q t (P in ) = (P in -P ′ -P τ ) + (4.34) 
(P in -P ′ -P τ ) + = Q (l) t-1 (P ′ ) + Q (r) t-1 (P ′ ) (4.35)
The first equation is the flow rate across the tube between the root, at pressure P in , and the following node, at pressure P ′ , while the second comes from Kirchhoff's law applied at the latter node, which connects the two different sub-trees of t -1 levels, indicated by the superscripts (l) and (r). Inserting in both equations the expression for the flow rate at high pressure drop (4.32), leads to the following relation for the effective threshold

∆P * = P τ + 1 2 ∆P * (l) + ∆P * (r) (4.36) 
Being ∆P * (l) and ∆P * (r) independent random variables, coming from separate sub-trees, the average of (4.36) over many disorder realizations finally reads ∆P * = tP τ . An estimation of the pressure drop ∆P sat , at which the crossover between the non-linear regime of Equation (4.31) and the linear regime of Equation (4.32) occurs, is obtained, as in Section 4.1, by matching the effective permeability at low pressure, dQ t /d∆P ∼ exp(β c (∆P -∆P min ))/t, with the value 1/2 at high pressure:

∆P sat = ∆P min + β -1 c ln t. (4.37)
Imposing the pressure drop (4.37) in Eq. (4.30), we find that the number of open channels at the saturation pressure is ∼ t. This means in other words that, starting from ∆P min and increasing the pressure slightly more (∼ ln t), it is enough to have ∼ t channels with very small overlap between them and to reach the total permeability κ. Unlike the case of independent channels, where all channels were already open at ∆P sat expressed in Eq. (4.19), the fraction of open channels is very small compared to the total number of channels 2 t-1 . At even larger pressure, the fluid flows indeed in more and more channel, but this does not affect much the permeability of the network.

Numerical simulations on the Cayley tree

To check these results, we carried out exact numerical simulations on the Cayley tree. The algorithm we use for finding the critical pressure drops ∆P

(0) c , ∆P (1) 
c , ∆P

c , . . . is a simplified version of a general algorithm valid for the flow of a Bingham fluid in any directed network, which is illustrated in the supplementary material of [START_REF] Liu | Darcy's Law for Yield Stress Fluids[END_REF]. In practice, the critical pressure drop ∆P is not yet determined). Then:

1. Using Kirchhoff's equations, we determine the pressure at each node of C s as a function of the applied pressure drop ∆P . These functions are linear in ∆P , since the flow rate (4.20) is linear in every open tube.

2. We find all the subtrees connected to a node in C s which are still closed. In figure 4.4 they are highlighted by ovals.

3. For each subtree, we find its ground state, which we denote by

E (s) [1] , E (s) 
[2] , . . . . They are indicated with dashed lines in figure 4.4.

4. We find the minimal applied pressure drop ∆ P (s) c [START_REF]Our World in Data. Primary energy consumption by source[END_REF] , ∆ P (s) c [2] , . . . at which the ground state of each subtree opens. This is done by setting the node pressure at the root of each subtree (determined in step (1) using Kirchhoff's equation) equal to

E (s) [1] , E (s) 
[2] , . . . .

The new critical pressure drop is the minimal among all subtrees, namely ∆P

(s) c = min α ∆ P (s) c [α]
, and the corresponding channel will open. We stop at t = 23 due to the exponential growth in t of the number of configurations on the Cayley tree. From these simulations, it comes out that the flow curve as function of the pressure is a piece-wise linear function, with breakpoints at the critical pressure drops ∆P . For each segment, the flow is linear and reads Q t (∆P ) = κ eff (∆P -∆P * eff ). The first parameter, κ eff , is the permeability of the set of channels that have been opened up to that pressure, while ∆P * eff depends on the threshold along them. In Fig. 4.5, we study their behavior as a function of n ch . In particular, in Fig. 4.5 middle, we observe that the permeability grows quickly with n ch and after n ch SAT ∼ t reach the value κ = 1/2 (see 
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TRANSITION FROM VISCOUS FINGERS TO FOAM IN A PORE NETWORK

A numerical study of a transition from viscous fingering displacement to foam during drainage in heterogeneous porous media is illustrated in this Chapter. Concerning drainage scenarios, the literature extensively delves into distinct examinations of continuous displacement on the one hand, and foam flow on the other hand, as explained in Section 2.2. Nevertheless, it is reasonable to expect the existence of a transition between these two regimes during two-phase flow. If a constant pressure drop is imposed on the system, the emergence of capillary or viscous fingering results in an increase of the overall flow rate, and in a transformation of the pressure gradient along the flow direction. Considered that a minimum injection flow rate or pressure gradient is required for generating foam in the medium, it is possible that a fingering regime may develop into a foam displacement scenario. As illustrated in a recent paper which motivated the present investigation [START_REF] Fredrik | Transition from viscous fingers to compact displacement during unstable drainage in porous media[END_REF], a transition from a compact displacement to viscous fingering was observed experimentally. The authors observe that in a radial configuration with an imposed pressure drop, the invasion occurs through a stable front, and the advancing pattern displays an intense blob dynamic, typical of foam. However, beyond a certain radial distance, the front transitions into a shape resembling viscous fingering. It's worth noting that when injecting fluid at a constant flow rate in this radial setup, the front velocity naturally decreases due to mass conservation. If the formation of foam requires a critical velocity, it is plausible that foam generation might cease after reaching a certain distance. This transition can be seen as the mirror case of the one found in our investigation.

In this context, it's also important to highlight that when considering the Darcy scale, where the porous material can be viewed as a continuous medium, the fractal patterns formed by continuous front flow, such as viscous fingers, become negligible in terms of their spatial extent. It is foam-like structures, which lack fractal characteristics, that lead to saturation variations at these scales. In Section 5.1 we illustrate the pore network model we adopt for our numerical simula-tions. In particular, we provide the basic equations governing the fluid displacement at the pore level, and we explain the rules we adopt for redistributing both fluids at the nodes. The results collected are shown, analyzed and discussed in Section 5.2.

In brief, when the flow is driven by a constant pressure difference ∆P between the inlet and the outlet, the displacement front can exhibit a transition from a viscous fingering regime to a foam-like region. When this happens, the transition occurs at a certain distance from the inlet Λ, which is observed to be independent with time, from the moment the first foam is formed. We measure Λ as a function of the ratio between the non-wetting and wetting viscosities, µ n /µ w and of the ratio between the pressure applied and the typical capillary pressure drop, ∆P/P γ , obtaining that it scales as a power-law with both parameters Λ ∝ (∆P/P γ ) -α (µ n /µ w ) -β .

(5.1)

The exponents α e β are measured, also for different distributions of the tube radii. The total flow rate Q is observed to be evolving in time, in particular passing from an exponential increase in the fingering regime to an inflection when foam is formed. The inflection is stronger for lower values of the ratio ∆P/P γ . The reduction of the increase of Q is associated to a loss of global mobility, typical of strong foam. At the same time, the local pressure gradient in the medium displays an increase in the same area where foam is located. This is due to the presence of numerous menisci randomly located in the pore throats, and that explains the mobility loss. Furthermore, the flow velocity during these drainage events is not homogeneous but localized in few channels, both in the viscous fingers and in the foam region, although in the latter the channels tends to divide into several smaller ones. This leads to very different behaviour of the local flow rate in the fingers region, where the fluctuations are mostly stable in time, from the foam region, where the value drops intermittently to zero. The Fourier analysis suggest that the first resemble a Brownian motion, while the second an anti-correlated (pink) signal.

Methods

Simulations were carried out in the framework of dynamic pore-network modeling (see Section 2.3.2). The pore network we consider here has an underlying geometry of a regular square lattice of N x × N y links as shown in Figure 5.1, which is tilted by an angle of 45 • with the direction of the global pressure drop. Instead of separating the pore bodies from the throats, this network consists of composite links, which means that each link contains a narrow pore throat in between two wider pore bodies. This is modeled by having links with varying radius along its length, similar to an hourglass shape. The total porous space of the network is therefore contained by all the links, and the nodes represent only the positions of the intersections of the links. We consider all links with identical length l, and presenting axial symmetry. The disorder is then introduced in the characteristic radius r 0 of the links. Two different distributions for r 0 > 0 are considered: • Uniform distribution

Π(r 0 ) = 1/a if r 0 ∈ [r 0 -a/2, r 0 + a/2] 0 otherwise ; (5.2)
• Rayleigh distribution Π(r 0 ) = r 0 r 0 2 e -r 2 0 /(2r 0 2 ) ;

(5.3) here, Π(r 0 ) is the corresponding PDF, r 0 is the average radius and a is the interval width for the uniform distribution. We restrict to low Reynolds numbers, and we assumed that the radius does not deviate too much from its characteristic value r 0,ij of the link. In this case, the Poiseuille equation can apply when one Newtonian fluid is present in the tube. In case of two immiscible and incompressible fluids present in the same link, the Poiseuille equation needs to be modified [START_REF] Washburn | The dynamics of capillary flow[END_REF]. First, the viscosity µ will be the effective viscosity

µ ij = µ n S ij + µ w (1 -S ij ).
Here S ij is the local non-wetting saturation, namely the fraction of the link length occupied by the non-wetting fluid, while µ n and µ w are respectively the non-wetting and wetting viscosities. Second, there is a capillary pressure drop P γ across the meniscus separating the two fluids that must be taken into account. As the links of the network have a varying radius along their length, P γ will depend on the position of a meniscus. For the converging-diverging type of an hourglass-shaped link, we model the variation of the capillary pressure with the position 0 < z < l of a meniscus by a modified Young-Laplace law [START_REF] Aker | A two-dimensional network simulator for two-phase flow in porous media[END_REF][START_REF] Sinha | Effective rheology of bubbles moving in a capillary tube[END_REF],

|P γ (z)| = 2γ r 0,ij 1 -cos 2πz l , (5.4) 
where γ = γ cos θ, γ being the surface tension between the two fluids and θ the contact angle between the meniscus and the link wall, which is supposed not to vary during the motion. With these two modifications, the Poiseuille equation for a number of m menisci inside a link can be generalized as,

Q ij = πr 4 0,ij 8µ ij l P i -P j - m k=1 P γ (z k ) , (5.5) 
where the summation is over all the interfaces k = 1, . . . , m, inside the link, taking into account the direction of the capillary forces.

To reproduce drainage displacements, we initially fill completely the network with the wetting fluid, and then we inject the non-wetting fluid at the inlet, consisting in the edge of the network at y = 0. From the outlet at the opposite edge, at y = N y , fluids can leave the network. As we perform the simulations at a constant pressure drop ∆P , we impose fixed pressure values P in and P out at all the inlet and outlet nodes respectively, such that ∆P = P in -P out . The pressure gradient occurs then in the direction going from the inlet to the outlet edge. The two lateral edges of the network parallel to the direction of pressure drop are connected using periodic boundary condition.

Since both fluids are incompressible, as explained in Section 2.3.2, the equivalent of the Kirchhoff law for the electrical current can be adopt, which we report in the following:

j∈ngb(i) Q ij (t) = 0 , (5.6) 
where j ∈ ngb(i) are the neighboring nodes connected to the node i by links. This provides a closed set of linear equations which, once solved, allows to compute both the local node pressures {P i (t)} and the flow rates {Q ij (t)} for the whole network. From the local flow rates we update the positions of each menisci in the system, displacing it by a distance

∆z ij = ∆t Q ij πr 2 0,ij (5.7)
in the direction of the local flow. Here the time step ∆t is chosen in such a way that the largest displacement of any meniscus in any link does not exceed 0.1 l in one time step.

To distribute fluids from links to their neighboring links at the links intersections or nodes, we consider an algorithm that does not impose any restriction on the blob sizes inside any link, and for which the blob sizes are determined by the dynamics of the flow [START_REF] Sinha | Fluid Meniscus Algorithms for Dynamic Pore-Network Modeling of Immiscible Two-Phase Flow in Porous Media[END_REF]. This makes it possible for the model to generate not only the continuous capillary or viscous fingers but also foams with smaller blobs. The model can therefore capture the transition from fingering to foam formations while changing external flow parameters, and no alteration in the fluid distribution algorithms is necessary. The algorithm first calculates the total volume of fluids V i =j Q ij ∆t that each node i receives from the incoming neighboring links, namely the links for which Q ij < 0 for a node i according to equation 5.5. The individual values of the wetting and non-wetting volumes V w i and V n i that the node receives from the incoming links are calculated from the displacements of the menisci following equation 5.7. The two fluid volumes are then redistributed to the outgoing neighboring links, the links for which Q ij > 0 for any node i. The redistribution follows an impartial rule where the ratio between the total injected volumes of fluids V ij in different outgoing links is equal to the ratio between the flow-rates Q ij in those links, and the ratio between the volumes of wetting (V w ij ) and non-wetting (V n ij ) fluids in each individual outgoing link is proportional to the incoming wetting and non-wetting volumes V w i and V n i in the distributing node. This is done by creating new wetting and non-wetting blobs of volume

V w ij = Q ij ∆tV w i /V i and V n ij = Q ij ∆tV n i /V i
respectively in every outgoing link of node i. The order of the new wetting and non-wetting droplets are chosen arbitrary. Furthermore, when the number of the blobs exceeds a maximum limit in a link, we merge two nearest blobs keeping the volume conserved, but without detaching any blob attached to a node which may be a part of a cluster spanned over several links.

In summary, at every time step ∆t, we calculate the local pressures P i for each node and flow rates Q ij in each link by solving equations 5.5 and 5.6, then update the positions of the menisci using equation 5.7. The fluids are then exchanged between different links which in general alters the local non-wetting saturation S ij in the links, as well as the number and positions of the menisci. This necessitates the linear system of equations (5.5) and (5.6) to be solved again in the next time step.

As discussed in Section 2.2, the main competing mechanisms that control the flow characteristics in two-phase Newtonian flow are the viscosity ratio and the capillary number. The viscosity ratio can be defined as M = µ n /µ w , whereas the capillary number is generally defined for the flow driven under the constant flow rate Q as [START_REF] Lenormand | Numerical models and experiments on immiscible displacements in porous media[END_REF][START_REF] Inge | Immiscible displacement of viscosity-matched fluids in two-dimensional porous media[END_REF][START_REF] Aker | A two-dimensional network simulator for two-phase flow in porous media[END_REF],

Ca Q = µ w Q γΣ , (5.8) 
where Σ = N x πr 0 2 is the average cross-sectional area of the pore network. However, when the system is driven under a constant pressure drop ∆P as we are studying here, the total flow rate Q varies with time. The capillary number is therefore defined as a function of the pressure drop [START_REF] Løvoll | Competition of gravity, capillary and viscous forces during drainage in a two-dimensional porous medium, a pore scale study[END_REF],

Ca P = ∆P /N y 2γ/r 0 . (5.9)
where ∆P/N y is the average pressure drop across one link and 2γ/r 0 is the typical capillary pressure drop for a meniscus in a link. These two dimensionless numbers fully characterize the invasion displacement. This means in particular that different simulations with the same values of M and Ca P will produce invasion patterns which are statistically equivalent. In Appendix D we show the validity of this statement.

Results

Figure 5.2 displays the evolution in time of a typical invasion front with M = 10 -2 , Ca P = 0.25 and r 0 uniformly distributed. Unless indicated otherwise, the results presented will correspond to a lattice of size N x × N y = 200 × 200. Here, we describe the evolution of our system using the normalized injected pore volume IPV = V inj /V tot , where V inj is the volume of the injected fluid and V tot is the volume of the total pore space of the network. Initially, the non-wetting phase enters in the porous medium and exhibits the common viscous fingering occurring at high flow rate [START_REF] Lenormand | Numerical models and experiments on immiscible displacements in porous media[END_REF]. At this early stage, the non-wetting fluid remains continuous in the absence of any breakage. Also, we note that the invaded pores are never occupied again by the wetting phase. However, as the fingers advances through the network, we observe that the continuous non-wetting fingers eventually break up and the invading pattern exhibits a very different foam-like structure composed of many small droplets. Notably, this transition between the continuous viscous fingers to the foam regime appears at a certain distance Λ from the inlet that depends on both the capillary number Ca P and viscosity ratio M . We will analyse this in detail in the following Subsection. Figure 5.3 represents a diagram of the invasion pictures at breakthrough, namely when the invading fluid reaches the outlet, for different viscosity ratios and capillary numbers for which the transition is observed. It can be noted that the distance of occurrence of the transition decreases with both the capillary number and the viscosity ratio. Both trends can be qualitatively understood. As discussed in Section 2.2.2, a certain critical pressure drop is required to generate foam. During an invasion process, we can conjecture that the foam is generated in the vicinity of the invasion front, so we should consider the pressure drops across the links close to the front and consider their evolution during the invasion. We remind that we keep the pressure drop between the inlet and the outlet fixed, and since we are injecting a fluid that has much lower viscosity than the defending fluid, the pressure gradient across the non-invaded part of the system increases as the front advances. The local pressure drops across the throats located just after the front will therefore increase as well, explaining why foam is triggered only after the front reaches a certain distance from the inlet. Moreover, the pressure gradient rises with both the parameters Ca P and M . Increasing either the capillary number or the viscosity ratio should then trigger the foam at a shorter distance from the inlet. One might guess that the height of the location of foam generation decreases with the inverse of both the capillary number and the viscosity ratio, namely Λ ∝ Ca -1 P and Λ ∝ M -1 . However, as we will see in the next Subsection, where we present a method to characterize and analyze the transition distance Λ, this is not the case. 

Characterization of the fingering-to-foam transition distance Λ

To analyse the transition from viscous fingering to foam, we first need to define a method that differentiates the two regions. For this, we define a quantity t ij = |S ij -1/2| for every link. This is because, for a continuous displacement pattern, this quantity should be equal to 1/2, as every link will be fully saturated by either of the two fluids and S ij will be either 0 or 1. Then, t ij will differ from 1/2 for a link when it is occupied by both the fluids. To define Λ, we then average this quantity in the direction transverse to the overall flow for a certain normalized distance from the inlet y/l and find a quantity T (y/l) given by

T (y/l) = 1 N x Nx x=1 S ij - 1 2 . 
(5.10)

In order to decrease the noise, we average T (y/l) for a given IPV over different realizations of the disorder given by different radii configurations, and we refer to this average as ⟨T (y/l)⟩ r 0 . For all the simulations studied, unless specified otherwise, the average is done over 100 realizations of the radii disorder.

The typical trend of ⟨T (y/l)⟩ r 0 for different IPV is shown in Figure 5.4. For all IPV, and after a short distance from the inlet (y/l ≳ 10 in the figure), ⟨T (y/l)⟩ r 0 reaches a high value plateau (⟨T (y/l)⟩ r 0 ≃ 0.42 in the figure). This corresponds to the viscous fingering region, where most of the links are saturated by either one of the two fluids. Beyond this plateau, two trends are observed depending on IPV. At lower IPV, before the start of foam formation, there is no decrease in the value of ⟨T (y/l)⟩ r 0 , since it increases directly to a higher plateau value 0.5. This value represents the regions fully saturated by the wetting fluid. At higher IPV, ⟨T (y/l)⟩ r 0 undergoes a significant decrease that characterizes the onset of foam, before reaching again the plateau at 0.5. From this curve, we define the value Λ as the position of the minimum of the curve's derivative, as illustrated in Figure 5.4.

In Figure 5.5 (left), Λ versus IPV is plotted for different combinations of the capillary number Ca P . After an initial transient interval, Λ reaches a plateau, where it maintains a constant average value until breakthrough. This value at the plateau depends on Ca P , and in particular, for higher Ca P , the Λ plateau is lower and attained sooner. This reflects that the onset of foam formation happens at earlier stage of invasion with increasing values of Ca P , as observed in Figure 5.3. The plateau value, Λ sat , is then calculated averaging Λ from the end of the transient interval until the breakthrough. In Figure 5.5 (right), we plot the plateau value Λ sat as a function of Ca P for the two types of radii distribution, uniform and Rayleigh. We observe a non-trivial power law decay of Λ sat ∝ Ca -α P . A weighted fit of the data obtained from the uniform radii distribution gives α ≃ 0.75 ± 0.03, while from the data from the Rayleigh radii distribution we have α ≃ 0.60 ± 0.05. The two trends are represented in Figure 5.5 (right) with dashed lines. It is worth noting that the simple prediction α = 1 discussed in the previous section is invalidated. Here also, Λ reaches a plateau, where the value at the plateau Λ sat decreases with the increase of M as seen in Figure 5.3. We find that Λ sat follows a power-law, Λ sat ∝ M -β . For the Rayleigh distribution, a weighted fit for all the data collected returns a power-law β ≃ 0.31 ± 0.03. For the uniform distribution, a crossover between two different trends was observed at M ≃ 10 -2 . For the data in the interval [2.5 • 10 -3 , 10 -2 ] the fit gives β ≃ 0.25 ± 0.04, while in the interval [ √ 2 • 10 -2 , 8 • 10 -2 ] we measured β ≃ 0.40 ± 0.06. In Figure 5.6 (right) these trends are highlighted with dashed lines. The independence of the power law exponents, found for both Ca P and M , on the radii distribution remains an open question. Recently, it was reported in literature that steady state rheology of two-phase flow depends in general on the pore size distribution. In particular, some physical quantities can vary when changing the shape of the distribution, but remaining constant if we change only the distribution width while keeping the same shape, and vice versa [START_REF] Roy | Role of Pore-Size Distribution on Effective Rheology of Two-Phase Flow in Porous Media[END_REF]. Here, it seems that the power law is not independent from the type (so, the shape) of the radii distribution chosen, since the values of the exponents measured for the two distributions don't present a good reciprocal compatibility within the error. On the other hand, we have observed that Λ remains constant when keeping the same type of distribution and changing only its width (see the Appendix D). Now that we have quantified the location of the foam generation, in the following we investigate its influence on the total flow rate. 

Total flow rate

Figure 5.7 shows the temporal evolution of the Q-based capillary number Ca Q , defined in equation (5.8), for different values of Ca P . Since it is directly proportional to Q, Ca Q can be thought as a dimensionless flow rate. Moreover, being the global pressure drop fixed throughout the evolution of the system, the total flow rate for a given IPV can be interpreted as the global permeability of the system. For all Ca P , initially the flow rate increases due to the viscous fingering instability, as we replace a more viscous fluid with a less viscous one. For later values of IPV, however, we observe an inflection point, which corresponds to the emergence of foam. This inflection is more pronounced with lower values of Ca P . For the lowest capillary numbers studied, the flow rate even seems to be non-monotonic. This is an indication that the generated foam has a very low mobility, which is a typical characteristic of strong foam [START_REF] Ransohoff | Mechanisms of foam generation in glassbead packs[END_REF][START_REF]Foam Generation in Porous Media[END_REF]. Interestingly, we note that, at very low capillary number, the dispersion of the data, represented in Figure 5.7 by their standard deviation, becomes very high when the front is close to the outlet.

To better investigate this decrease of mobility, we looked at the evolution of the gradient of pressure along the flow direction. To do this, we average the absolute values of the local pressure drop dP ij = P i -P j along the x-direction: averaged over different realizations of the radii disorder. Close to the inlet (for y/l ≲ 20), the value is quite high because of our injection condition, where many links contain a meniscus. Further, the gradient of pressure first decreases reaching a minimum, and then increases again to reach a plateau value. The lower value region corresponds to the viscous fingering region, where the pressure drop is localized in few channels of low viscosity. The higher plateau closer to the outlet corresponds instead to the region saturated with the defending viscous fluid, hence the higher value. Moreover, as discussed previously, the plateau value increases as the invasion front advances. Nevertheless, the most important feature is the appearance of a bump after a certain IPV, between the minimum and the plateau, whose height and width increase as time goes by. This bump corresponds to the foam region, which decreases significantly the mobility of this region. A few observations can be made in this regard. First, the bump starts growing at approximately the same position for different IPV. The location of foam onset is thus approximately independent of time, which confirms the stability of the foam generation location. This pressure gradient measurement could thus have been used as an alternative method to quantify Λ. Second, the fact that the bump is higher than the plateau indicates that the mobility of the foam is less than that of the more viscous fluid, despite the foam being highly saturated with less viscous one. This effect is then linked to the presence of menisci in the foam. To quantify the impact of capillarity, we calculate the average of the capillary pressure drops, namely dP γ,ij = dP ij -8µ ij Q ij /(πr 4 0,ij ) from eq. (5.5), along the x-direction:

|dP x |(y/l) = 1 N x Nx x=1 |dP ij |. ( 5 
|dP γ,x |(y/l) = 1 N x Nx x=1 |dP γ,ij |.
(5.12)

In Figure 5.8 (right) the time evolution of the normalized quantity ⟨|dP γ,x |⟩ r 0 /(2γ/r 0 ) is shown. Initially, we observe a monotonic decrease between the inlet and outlet, with a sharp drop outlining the displacement front. At a certain time, a capillary pressure bump appears, which is due to foam generation and the occurrence of several menisci. We note that this bump has approximately the same magnitude and evolution as in the previous one, which confirms that mobility loss is mainly due to the presence of many menisci in this region. Another interesting feature is that the curves at different IPV seem to collapse behind the front, just before the onset of the foam, around a local minimum.

Foam generation in the pore network

In the previous Subsection, we have quantified the occurrence of strong foam and its consequence on the total flow rate. In the introduction, we discussed a crude argument for foam generation which would occur because the gradient of pressure increases at the tip. However, from this argument one would expect that the location of Λ decreases like Ca -1 P or M -1 , which is not the case. Moreover, by considering the pressure gradient for different combinations of the parameters, we were not able to identify a clear threshold value of the local pressure drop for the onset of foam. To further analyse the mechanism of foam generation, we show details of few snapshots of very early foam generation in Figure 5.9 (upper row). We observe that foam is not necessarily generated at the tip of the front. Instead, blobs are produced by the fragmentation of already developed fingers located also behind the front (like for the one highlighted by the black circle in the last snapshot). In other words, branches created by the viscous fingering might be unstable and fragment at a certain location. Together with this process of fragmentation, we note that there seems to be an interaction between different growing fingers. As depicted in Figure 5.9 (upper row), the fragmentation of a branch is related to the approach of another (the one below on the right side). In Figure 5.9 (bottom row), we present the local flow rate field corresponding to the snapshots above by plotting a dimensionless local flow rate, between two generic links i and j, defined as

Q ij = µ w Q ij πr 2 γ (5.13)
The figures show that the fragmentation of the branch occurs together with a decrease of the flow rate in the corresponding links. The flow rate in the approaching finger on the right remains instead approximately constant, so its value becomes higher than that of the breaking finger.

There is therefore a competition between the different branches of the invading pattern related to the emergence of foam, meaning that the fragmentation of a branch will stop its expansion, and thus favor the growth of the others. Competition between growing channel in porous media was already observed and studied, also in the context of dissolution in fractured or porous rocks [START_REF] Hoefner | Pore evolution and channel formation during flow and reaction in porous media[END_REF]. Furthermore, since the breakage of fingers cause its growth rate to drop significantly, there is a relationship between the creation and propagation of foam and the fluctuations observed in the local flow rate field. In the next subsection, we measure and characterize the time evolution of the local flow rate both in the finger region and in the foam region. from the ones in the viscous fingering region. To better investigate these fluctuations in time, we select a single link located in a flowing channel, in the fingering region and in the foam region. We plot Q as a function of the normalized time t/T , where T is the total invasion time. Results are shown in Figure 5.11 (upper row) for a link (left) in the viscous finger region, y < Λ sat , and a link (right) in the foam region, y > Λ sat . We can see that in both cases Q(t/T ) resemble a stochastic process.

Fluctuations of local flow rate

To characterize this stochastic process, Figure 5.11 (upper row) shows the absolute value of the temporal Fourier transform of the local flow rate, |F [ Q](f )|. We can see that, for the link at in the viscous fingering region (left), the Fourier spectrum decays approximately as the inverse of the frequency, namely

|F [ Q](f )| ∝ f -1 , for f ≲ 10 -1 .
This indicates that q behaves like a random walk (Brownian) noise, at least for the lower frequencies. On the other hand, for the link in the foam region (right), the power-law decay occurs approximately as |F [ Q](f )| ∝ f -1/2 for f ≲ 10 -1.5 . An exponent smaller (in modulus) than -1 is typical of anti-correlated signals, and in particular the exponent -1/2 is an indicator of pink noise. As a remark, we report that we performed an analysis, not shown here, of both the local flow rate signals using wavelets, and observed results consistent with these obtained by Fourier analysis. 
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CONCLUSIONS

In the present thesis, the description and characterization of both the steady-state nonlinear flow and the unsteady-state two-phase flow in porous media was reviewed and explored, adopting a theoretical approach. Regarding the problem of the two-phase non-Newtonian flow in capillary tubes, an investigation which combines the effects coming from (i) the yield stress nature of one of the two phases and (ii) the capillary forces separating the two fluids, has limited precedents in the existing body of research and, to our knowledge, appears to be novel in the specific framework of the capillary bundle model. In parallel to this, the examination of the flow behavior of a Bingham fluid within a tree-like pore network model seems to have not been explored previously (and in the independent channels configuration as well). During both these investigative projects, expressions for the steady-state average flow rate Q as a function of the pressure drop imposed ∆P were proposed, analytically derived when possible, or extracted from numerical simulations. A non-linear behaviour for Q(∆P ) was found when ∆P was higher than, but sufficiently close to, the critical pressure drop ∆P min , constituting each of these cases a derogation from the linear Darcy law. The non linearity can be in general tracked back to the subsequent opening of new paths (tubes in the capillary bundle, channels in the pore network), as already pointed out in literature. What determines the particular laws found for Q(∆P ) is the way the critical pressures ∆P c of the single channels above ∆P min are distributed. For the two-phase capillary bundle, the specific tube geometry affects the probability distribution of these pressure thresholds, so different tube geometries lead to different laws for Q(∆P ). In particular, a power-law was found in the sinusoidal case, while a non-essential singularity is developed in the case of a triangular tube. For the Bingham flow in a Cayley tree, the exponential growth found for Q(∆P ) can be explained by the fact that the first open channels share low overlap between them, and their number above ∆P min is the same as if they would be independent, for which an exponential growth is known to hold true. In the case of unsteady drainage displacement, a transition from viscous fingering to foam formation, obtained when imposing an overall pressure drop, appears to be never observed before. The characterization of the transition height performed as a function of the pressure-based capillary number Ca P and the viscosity ratio M allows in principle to control the location of this transition, finding the optimal conditions for reproducing it in situ. The formation of a stable front, a significant increase in the non-wetting saturation, and a decrease of global mobility, the latter observed assessing the overall flow rate, are the main effect observed related to the foam formed from this transition, which might find possible practical applications. Although it is not still clear what leads to the fragmentation of fingers, a connection with the fluctuations in the local flow rate was hypothesized and established. The characterization of the temporal evolution of the local flow rate is seen to be the key for understanding this phenomenon, which might lead to future investigations. The role of the porous medium heterogeneity in determining the flow characteristics was also questioned in the frame of these projects. Confirming the findings of previous works concerning one dimensional porous media, in the capillary bundle we found a strong dependence of the steady-state flow curves from the different type of disorder, here represented by the different variations of the radius along the tubes. On the other hand, the exponential behaviour found for the average flow rate in a multi-dimensional Cayley tree pore network seems to be independent on the distribution from which the thresholds of the pore tubes are generated, since this affects only the prefactor. However, when dealing with the drainage displacement in two dimensional pore network, it was found that the transition location in the pore medium is affected by the type of distribution chosen for the pore size. Instead, keeping the same kind of PDF and tuning only its width, the position of the transition is observed not to vary. This is in agreement with previous numerical pore network investigations, affirming that the shape of a distribution and its width, taken separately, might control different physical quantities. Hence, even in porous media with dimensionality greater than one, flow properties are not necessarily independent from the disorder chosen.

Future perspectives

Since we have characterized the steady-state of a two-phase non-Newtonian flow in a one-dimensional porous medium, a natural continuation of this work would consist in extending this description to a porous medium of dimensionality equal to two or greater. In the framework of a dynamic pore network model, the contribution from the different forces into play (viscous, capillary, yield stress) can be assessed to find a characteristic law for the flow rate versus pressure drop in a two-or three-dimensional pore network, also as a function of the fractional flow rate. Since the relations regulating the flow at the pore level are non-linear, efficient methods, already developed for solving systems of non-linear equations, can be applied for solving the flow problem. The unsteady immiscible displacement and foam formation can be also extended, by supposing that the the wetting or the non-wetting phase present yield stress. With respect to the case that we have analyzed, an additional force contributes in the dynamics. The characterization of the transition will then depend by one more parameter, expressing the ratio between the yield stress force and the other ones. In all of these studies which involve dynamic pore network model simulations, the algorithms that we already implied for displacing the fluids and distributing them between different pores can still be adopted. Nevertheless, the model can be improved, for example extending it in three dimensions, or by incorporating other effects that have been previously neglected, like wettability changes given by dynamic contact angles, or the formation of fluid films at the pore walls that might affect the dynamics, especially in drainage scenarios. As a concluding remark, we remind that the models and numerical simulations presented in this thesis can be verified by the experimental observation. Experiments can be either performed by adopting samples of materials that naturally present a porous structure, or building engineered tools having the same features of a porous medium. While the final goal should be to apply the knowledge to real situations involving real porous material, the latter choice present the advantage of studying general and statistical properties which are not sample-dependent.

A

BLOBS OF DIFFERENT SIZES IN SINUSOIDAL TUBES

In this Appendix we generalize the study of the flow in sinusoidal tubes considering N blobs of different lengths. We call ∆x 0 the size of the blob positioned at x b and ∆x i the size of the blob at x b + x i , and for all i we take ∆x i ≪ l. We also consider a radius variation small enough so that we can take every ∆x i constant. In the limit of small flow rate q → 0, the pressure drop at the edges of the i-th blob is

P + x b +x i -P - x b +x i +∆x i = ∆x i   q(x b ) C 0 r 4+ 1 n 0   n n+1 + P τ,i 1 + af x b + x i r 0 . (A.1)
where P τ,i = 2τ c ∆x i /r 0 . To this, one must add the capillary pressure drop aP γ ∆x i f ′ ((x b + x i )/r 0 ). Summing the contributions of all the N blobs and neglecting the pressure drop induced by the Newtonian fluid, we obtain the following flow rate equation:

q(x b , {x i }; {∆x i }) = C 0 r 4+ 1 n 0 ∆P -Γ (x b /r 0 ; {x i /r 0 }, {∆x i }) N -1 i=0 ∆x i 1 n +1 , (A.2)
where

Γ x b r 0 ; x i r 0 , {∆x i } = N -1 i=0 P τ,i + + a 2τ r 0 G x b r 0 ; x i r 0 , {∆x i } + P γ r 0 G ′ x b r 0 ; x i r 0 , {∆x i } (A.3)
and the function

G x b r 0 ; x i r 0 , {∆x i } = ∆x 0 f x b r 0 + N -1 i=1 ∆x i f x b + x i r 0 . (A.4)
We now focus on the case of a tube presenting the sinusoidal modulation given by eq. (3.38). Defining θ b = 2πx b /l and θ i = 2πx i /l, equation (A.4) can be written as a single sine function

G(x b /r 0 ; {x i /r 0 }, {∆x i }) = √ N A sin (θ 0 + ϕ) (A.5)
with the amplitude

A = 1 √ N ∆x 0 + N -1 i=1 ∆x i cos θ i 2 + N -1 i=1 ∆x i sin θ i 2
and the phase shift ϕ = arcsin A -1 N -1 i=1 ∆x i sin θ i . Similarly, we obtain G ′ (x b ; {x i }, {∆x i }) = -√ N A(2π/l) sin(θ b +ϕ). So Γ(θ b ; {θ i }, {∆x i }) can be written as:

Γ(θ b ; {θ i }, {∆x i }) = N -1 i=0 P τ,i + √ N A P ′ t cos(θ b + ϕ + φ), (A.6)
where P ′ t = a (2τ c /r 0 ) 2 + (2πP γ /l) 2 and φ =arccos (2τ c /(r 0 P ′ t )). The maximum of eq. (A.6) gives the pressure threshold

∆P c = N -1 i=0 P τ,i + √ N A P ′ t . (A.7)
We now suppose that every blob size is distributed uniformly between two extreme values ∆x m and ∆x M , with ∆x m < ∆x M ≪ l. Then, for N sufficiently large, N -1 i=0 P τ,i = N ⟨P τc ⟩ with ⟨P τc ⟩ = τ c (∆x M + ∆x m ) /r 0 . Moreover we assume the angular position θ i to be distributed uniformly in the interval [0, 2π]. It follows that the probability distribution Π(A), in the domain [0, +∞[, has the following expression:

Π(A) = 2A ∆ 2 e -A 2 ∆ 2 ; (A.8)
here we define ∆ 2 = (∆x 2 M + ∆x 2 m + ∆x m ∆x M )/3. In particular, Π(A) vanishes linearly as A → 0. To prove (A.8), we calculate the probability distribution of the variable

B = N A 2 g(B) = 1 (2π) N -1 1 (∆x M -∆x m ) N 2π 0 dθ 1 . . . 2π 0 dθ N -1 × ∆x M ∆xm d∆x 0 • • • ∆x M ∆xm d∆x N -1 δ B -N A 2 . (A.9)
The Laplace transform of eq. (3.58) is

g(s) = 1 (2π) N -1 1 (∆x M -∆x m ) N 2π 0 dθ 1 . . . 2π 0 dθ N -1 × ∆x M ∆xm d∆x 0 • • • ∆x M ∆xm d∆x N -1 e -s (∆x0+ i ∆x i cos θ i) 2 +( i ∆x i sin θ i) 2 .
(A.10)

We now define the statistical variables m x = N -1 i=1 ∆x i cos θ i and m y = N -1 i=1 ∆x i sin θ i . The mean and variance of both ∆x i cos θ i and ∆x i sin θ i in the interval [0, 2π]×[∆x m , ∆x M ] are respectively 0 and ∆ 2 /2. m x and m y are statistical independent since their covariance is zero. When N -1 ≃ N is sufficiently large, the distribution of both m x and m y is Gaussian with mean zero and variance N ∆ 2 /2. Eq. (A.10) becomes:

g(s) = +∞ -∞ dm x e -m 2 x N ∆ 2 √ πN ∆ 2 +∞ -∞ dm y e - 3m 2 y N ∆ 2 √ πN ∆ 2 ∆x M ∆xm d∆x 0 e -s((∆x 0 +mx) 2 +m 2 y ) ∆x M -∆x m = 1 (1 + N ∆ 2 s) ∆x M ∆x M d∆ 0 e -∆x 2 0 s-s 2 1 N ∆ 2 +s ∆x M -∆x m N ≫1 ---→ 1 1 + N ∆ 2 s (A.11)
The Laplace inversion gives g(B) = exp(-B/(N s))/(N s), from which eq. (A.12) follows. From Π(A) we get the distribution of ∆P c in the interval [N ⟨P τc ⟩ , +∞]:

π(∆P c ) = 6(∆P c -N ⟨P τc ⟩) N ∆ 2 P ′ γ e - 3(∆Pc-N ⟨Pτ c ⟩) 2 N ∆ 2 P ′ 2 γ . (A.12)

B

INSIGHT ON SOME DISORDERED MODELS

This Appendix provide some basic knowledge on the models of disordered systems implied in the work of Chapter 4, including results useful for solving the flow problems addressed in that Chapter. In Section B.1 the Random Energy Model is treated, while in Section B.2 the problem of the directed polymer on a Cayley tree is illustrated, including its connection with the discrete KPP equation.

B.1 Random Energy Model

The Random Energy Model (REM) [START_REF] Derrida | Random-energy model: An exactly solvable model of disordered systems[END_REF] is a model for a disordered system, consisting in a collection of N energy levels E α , where the label α = 1, . . . , N . We assume that N scales with the power of an integer number, namely N = K t with K > 1. Each energy is an independent random variable distributed according to a Gaussian probability distribution with average tE and standard deviation √ tσ, with E ∈ R and σ ∈ R + :

Π t (E) = e -(E-tE) tσ 2 √ 2πtσ (B.1)
In this Section we show how to derive the number of energy levels over the minimum energy E min = min α E α in the limit N → ∞ (equivalent to t → ∞). First, we calculate the cumulative distribution for E min , corresponding to the probability that E min is bigger than a certain energy E. This can be written as F t (E N , where F t (E) is the cumulative of the Gaussian distribution (B.1) related to a single energy level:

F t (E) = +∞ E dE ′ Π t (E ′ ) = 1 2 Erfc E -tE √ 2tσ E→-∞ ∼ 1 + √ tσe -(E-tE) 2 2σ 2 t √ 2π(E -tE) . (B.2)
In the last passage (B.2) we consider the limit E → -∞ since for large N we expect the minimum to follow the same limit. We now set the variable shift E = a N + b N u, where a N and b N are scaling factors that can be derived for large N [START_REF] Satya | Extreme value statistics of correlated random variables: A pedagogical review[END_REF], and at leading order are equal to

a N ≈ tτ -σ √ t √ 2 ln N - ln(2 √ π ln N ) √ 2 ln N + . . . b N ≈ σ √ t √ 2 ln N + . . .
Applying the scaling N = K t , the cumulative distribution for the minimal energy writes

lim N →+∞ F t (a N + b N u) N = = lim t→+∞ F t      t(E -σ 2 log K) + σ log(2 √ πt log K) √ 2 log K E 0 + σu √ 2 log K      N = e -e u , (B.3)
which corresponds to the cumulative of the Gumbel distribution function. The minimal energy E min can be then written as the sum of a deterministic part, highlighted as E 0 in (B.3), and a fluctuating part distributed according to a Gumbel distribution. We now consider a given realization of the REM. We define the number of energy levels above the minimum, including the minimum itself, up to a quantity x > 0 as

n REM (x) = #(E α : E min ≤ E α < E min + x) = N α=1 ϑ(E min + x -E α ), (B.4)
where ϑ(x) is the Heaviside theta function. The probability for n REM (x) to be exactly equal to M + 1 can be calculated as

Prob(n REM (x) = M +1) = N N -1 M dE ρ t (E)[F t (E)-F t (E+x)] M F t (E+x) N -M -1 ;
(B.5) The average of n REM (x) is then the sum of all possible values 0 ≤ M ≤ N -1 weighted by the respective probabilities:

n REM (x) = M (M + 1) Prob(d(x) = M + 1) = 1 + N (N -1) dE ρ t (E)[F t (E) -F t (E + x)]F t (E) N -2 . (B.6)
Making the substitution as in Eq. (B.3), in the limit N = K t → ∞ we obtain where β c = √ 2 log K/σ. The derivative of (B.7) is the average over many realizations of the disorder of the density of energy levels in the limit of high number of tubes. The latter will be helpful in another problem, the calculation of the flow rate of a Bingham fluid in a series of independent channels, as illustrated in the next Section.

n REM ∞ (x) = lim

B.2 Directed polymer on a Cayley tree

A Cayley tree network consist in a hierarchical lattice, which starts from an origin node and develop attaching, to every node at a certain level, K other nodes in the following level. For a tree of t levels, there will be in total K t directed paths, all starting from the origin and each one ending in a different leaf. We will refer to this directed paths as directed polymers. Here we will deal with the case K = 2. We suppose that every link connecting two nodes i and j present an energy value ϵ ij which is thrown from a certain distribution Π(ϵ). We define E α the energy of a directed polymer α as the sum of the energies of the links along α:

E α = (ij)∈α ϵ ij (B.8)
It is useful to label the directed paths α by ordering the energies as E 0 < E 1 < E 2 < . . . . We call ground state the directed polymer with the lowest energy E 0 = min α E α , while we refer to the directed polymers with higher energies as excited states.

We now define the overlap qαα ′ , between two directed polymers α and α ′ , as the number of common links between α and α ′ . We note that, in the Cayley tree geometry, when two directed polymers split, they will never join again, so the overlap occurs in the first qαα ′ levels. It has been proven that the directed polymers on Cayley tree display one step replica symmetry breaking (1-RSB) [START_REF] Derrida | Polymers on disordered trees, spin glasses, and traveling waves[END_REF]. This means that in the limit t → ∞, the overlap among any two low-energy directed polymers is either very small, namely qαα ′ ∼ O(1), or very large, namely qαα ′ ∼ t [START_REF] Mézard | Spin glass theory and beyond: An Introduction to the Replica Method and Its Applications[END_REF] (finite t corrections are also known [START_REF] Derrida | On the genealogy of branching random walks and of directed polymers[END_REF][START_REF] Cao | Liouville Field Theory and Log-Correlated Random Energy Models[END_REF]).

We are now interested in calculating the number of energy levels with energy smaller than E 0 + x, with x > 0, namely

n full t (x) = #(E α : E 0 ≤ E α < E 0 + x) = N α=1 ϑ(E 0 + x -E α ). (B.9)
It has been proven [START_REF] Brunet | A Branching Random Walk Seen from the Tip[END_REF] that the average of (B.9) over different realizations of the disorder can be written as n full t (x) = dx ′ r t (x ′ ; x), where the function r t (x ′ ; x) satisfies the following recursive equation:

r t+1 (x ′ ; x) = 2 dϵ Π(ϵ)Ω t (x ′ -ϵ)r t (x ′ -ϵ; x), (B.10) Ω t+1 (x) = dϵ Π(ϵ)Ω t (x -ϵ) 2 , (B.11)
with the initial conditions r 1 (x ′ ; x) = Π(x + x ′ ) and Ω 1 (x) = ∞ x dϵ Π(ϵ). A derivation for Equation (B.10) is given in Subsection B.2.2. The function Ω t (x) is the probability that the ground state energy of the directed polymer on a Cayley tree of t levels is larger than x, namely

Ω t (x) = α ϑ(E α -x) = ϑ(E 0 -x) , (B.12) so 1 -Ω t (x)
is the cumulative distribution of the minimum energy of a directed polymer of t levels. Equation (B.11) is the discrete Kolmogorov-Petrovsky-Piskuno (KPP) equation, which corresponds to growing a t + 1-level tree starting from two t-level trees [START_REF] Derrida | Polymers on disordered trees, spin glasses, and traveling waves[END_REF].

Insight on the KPP equation are provided in Subsection B.2.1.

In the limit t → ∞ a closed-form expression for n full ∞ (x) is not known [START_REF] Cao | One step replica symmetry breaking and extreme order statistics of logarithmic REMs[END_REF], however a numerical integration of (B.10) and (B.11) shows that the following asymptotic holds [START_REF] Brunet | A Branching Random Walk Seen from the Tip[END_REF]:

n full ∞ (x) x≫1 = Axe βcx (B. 13 
)
with β c = √ 2 log 2/σ and A a non-universal constant of order 1.

B.2.1 Discrete KPP equation

Consider a function of the energies E α with a multiplicative form

G t (x) = α g(x -E α ) (B.14)
for some g(x). G t+1 (x) and G t (x) can be related by the following discrete KPP recursive equation:

G t+1 (x) = dϵ Π(ϵ)G 2 t (x -ϵ) (B.15)
where Π(ϵ) is the PDF of a single link energy and the initial conditions reads G t=0 (x) = g(x). The discrete KPP equation (B.15) allows for travelling wave solutions of the form

G t (x) = w(x + ct) when t → ∞ (B. 16 
)
where c is the velocity of the traveling wave. When the initial conditions G 0 (x) = g(x) satisfy lim x→∞ g(x) = 0 and lim x→-∞ g(x) = 1, c is positive and the front moves backward (when the limits are reversed c is negative and the front propagates in the forward direction). The form of the front w(x) satisfies the following fixed point equation:

w(x + c) = dϵ Π(ϵ)w 2 (x -ϵ) (B.17)
We consider initial conditions of the form g(x)

x→-∞ = 1e βx . By substituting this form into Equation (B.17) and expanding at first order in e βx one obtains an equation for c as a function of β:

c(β) = 1 β log 2 dϵ Π(ϵ)e -βϵ (B.18)
The velocity presents a minimum at β = β c . It was proven [START_REF] An Kolmogorov | Investigation of the equation of diffusion combined with increasing of the substance and its application to a biology problem[END_REF][START_REF] Bramson | Convergence of Solutions of the Kolmogorov Equation to Traveling Waves[END_REF][START_REF] Satya | Extreme value statistics and traveling fronts: various applications[END_REF] that the increasing branch of c(β) is unstable and that for β > β c both the velocity and the front shape freeze, namely c(β > β c ) = c(β c ) and the front shape takes the form w min (x) satisfying the fixed point equation:

w min (x + c(β c )) = dϵ Π(ϵ)w 2 min (x -ϵ) (B.19)
This equation corresponds to Equation (4.28) of the main text. Indeed, for g(x) = ϑ(-x), which corresponds to β → ∞, we have Ω t (x) as expressed in Eq. (B.12). So w min (x) corresponds to the probability that the minimal energy of a tree with t → ∞ is larger than x.

B.2.2 Average number of energy levels above the minimum

We report here a derivation for n full t (x), expressed as n full t (x) = dx ′ r t (x ′ ; x) with r t (x ′ ; x) given by Equation (B.10). By definition

n full t (x) = α ϑ(x + E 0 -E α ) = n t (E 0 + x) (B.20)
where n t (x) = α θ(x -E α ) We now introduce the generating function of n full t (x) with |λ| < 1:

χ t (x; λ) = λ n full t (x) (B.21)
This function satisfies the following identity:

χ t (x; λ) = dx ′ λ nt(x ′ +x) δ(x ′ -E 0 ) = 1 + ∂ x dx ′ λ nt(x ′ +x) ϑ(E 0 -x ′ ) (B.22)
To prove the validity of (B.22) we used 

(∂ x λ n )ϑ = (∂ x ′ λ n )ϑ = ∂ x ′ (λ n ϑ) -λ n (∂ x ′ ϑ).
λ nt(x ′ +x) ϑ(E 0 -x ′ ) = α λ ϑ(x ′ +x-Eα) ϑ(E α -x ′ ) (B.23)
In this case, the initial condition reads g(x ′ ; x, λ) = λ ϑ(x ′ +x) ϑ(-x ′ ). The average number of energy levels above the minimum can be written as:

n full t (x) = ∂ λ χ t (x; λ)| λ=1 (B.24)
We thus expand for λ

= 1 -ϵ λ nt(x ′ +x) ϑ(E 0 -x ′ ) = Ω t (x ′ ) -εR t (x ′ ; x) + O(ϵ 2 ) (B.25)
The function Ω t (x) is defined in (B.12). This expansion leads to:

n full t (x) = dx ′ ∂ z R t (x ′ ; x) = dx ′ r t (x ′ ; x) (B.26)
where we set r t (x ′ ; x) = ∂ x R t (x ′ ; x). Now, by plugging the expansion (B.25) in (B.15) and taking the first order in ε, we obtain a linear equation for R

t (x ′ ; x) R t+1 (x ′ ; x) = 2 dτ p(ϵ)Ω t (x ′ -ϵ)R t (x ′ -ϵ; x) , R t=0 (x ′ ; x) = 1 2 ϑ(x ′ + x)ϑ(-x ′ ) .
(B.27) Moreover because of the linearity of (B.27), r t (x; z) satisfies

r t+1 (x ′ ; x) = 2 dϵ Π(ϵ)Ω t (x ′ -ϵ)r t (x ′ -ϵ; x) , r t=0 (x ′ ; x) = 1 2 δ(x ′ + x) (B.28)
whic corresponds to Eq. (B.10).

As reported in the main text, the same equations hold for the determination of m q(x). Indeed Equation (B.28) changes as:

r q+1 (x ′ ; x) = 2 dP τ Π(P τ )w min (x ′ -P τ +c(β c ))r q(x ′ -P τ ; x) , r q=0 (x ′ ; x) = -w ′ min (x ′ +x) (B.29) Yielding: m q(x) = dx ′ r q(x ′ ; x) .
(B.30) From equation (C.2) we derive first the expression for P ′ (P in ) and then Q t (P in ):

P ′ (P in ) = q0α (E 0 + E α ) + (t -q0α )P in t + q0α -E 0α , Q t (P in ) = 2 t + q0α P in - E 0 + E α 2 .
(C.4)

We can now determine the pressure drop ∆P * such that Q t (∆P * ) as reported in Eq. (C.1) is equal to (∆P * -∆P 0 c )/t, namely

∆P * = ∆P (0) c + t t -q0α (E α -∆P (0) c ) (C.5)
For pressure ∆P ∈ (∆P

c , ∆P * ) we have (∆P * -∆P 0 c )/t > Q t (∆P * c ), this means that the fluid cannot flow in the second channel and the flow rate is given by Q 0,t (P ). Above ∆P * the second channel is open and the flow rate is given by Q t (∆P * c ). The criterion to select the first excited channel that opens above ∆P (0) c , is that the pressure ∆P (1) c is the smallest among all the ∆P * computed for all possible two-channel geometries. This translates into

∆P (1) c = min ∆P * c ∆P * c = ∆P (0) c + min α̸ =0 t t -q0α (E α -∆P (0) c ) (C.6)
The channel satisfying the minimum condition is denoted by α 1 .

C.2 The three channels problem

There are three possible configurations for the position of the second excited channel with respect to the ground state and the first one. They each lead to a slightly different expression for the pressure ∆P

c , but all simplify to ∆P

(2) c

= E α 2 in the limit t → ∞. 

∆P (2) c = min α 2 ̸ ={α 1 ,0} E α 2 - q0α 2 t + q0α 1 -2q 0α 2 (E α 1 + E 0 -2E α 2 ) (C.7)
In the limit t → ∞, we saw that q0α 1 = O(1); from this and q0α 2 < q0α 1 , it follows that q0α 2 = O(1) and ∆P

(2) c

= E α 2 . The second case corresponds to the opening of the second excited channel from the ground state with an overlap q0α 2 > qα 1 α 2 = q0α 1 . See figure C.2 middle. The pressure ∆P

(2) c reads:

∆P (2) c = ∆P (0) c - q0α 1 t -q0α 1 (E α 1 -∆P (0) c ) + min α 2 ̸ ={α 1 ,0} t + q0α 1 t -q0α 2 (E α 2 -∆P (0) c ) (C.8)
When t → ∞, the previous argument for the first excited channel sets q0α 1 /t ≈ 0. In this limit, the resulting expression for ∆P

(2) c is:

∆P (2) c = ∆P (0) c + min α 2 ̸ ={α 1 ,0} t t -q0α 2 (E α 2 -∆P (0) c ) when t → ∞ (C.9)
This expression is identical to Equation (C.6) with the substitution α → α 2 , and applying the same arguments of the first channel we arrive at setting q0α 2 /t ≈ 0, leading ∆P

2) c = E α 2 . ( 
The last case is the mirror of the previous one, with the second channels that opens from the first one with overlap qα 1 α 2 > q0α 1 = q0α 2 . See figure C.2 right. The pressure ∆P

(2) c reads:

∆P (2) c = ∆P (0) c + t t -q0α 1 (E α 1 -∆P (0) c ) + min α 2 ̸ ={α 1 ,0} t + q0α 1 t -qα 1 α 2 (E α 2 -E α 1 ) (C.10)
When t → ∞, the previous argument for the first excited channel sets q0α 1 /t ≈ 0. In this limit, the resulting expression for ∆P

(2) c is:

∆P (2) c = E 1 + min α 2 ̸ ={α 1 ,0} t t -qα 1 α 2 (E α 2 -E α 1 ) when t → ∞ (C.11)
This expression is again similar to Equation (C.6) and applying the same arguments of the first channel we arrive at setting qα 1 α 2 /t ≈ 0, leading ∆P

= E α 2 . Cette thèse est organisée comme suit. Dans le Chapitre 2, la théorie pertinente pour l'étude en cours est présentée, illustrant les concepts de base et fournissant une revue des connaissances pertinentes dans la littérature de pointe actuelle. Cela inclut les lois physiques régissant l'écoulement macroscopique en régime stationnaire, la description de l'évolution du motif des fluides en écoulement en régime instationnaire, et les modèles adoptés à la fois pour les études analytiques et numériques du travail présent. Le Chapitre 3 illustre une étude théorique de l'écoulement d'un écoulement biphasique non newtonien dans un faisceau capillaire. L'étude se concentre d'abord sur l'analyse d'un seul tube, où des expressions pour le seuil de pression et le débit moyen sont dérivées analytiquement en fonction de la géométrie du tube, des paramètres rhéologiques et de l'arrangement des fluides. Il est démontré que tant les forces capillaires que les forces de seuil de contrainte contribuent de manière significative au seuil global et donc à la régulation de la dynamique de l'écoulement. L'extension à de nombreux tubes parallèles est ensuite réalisée en calculant la distribution du seuil de pression des tubes dans la limite de nombreux tubes, puis en dérivant le débit moyen du faisceau. Dans le Chapitre 4, le problème d'un fluide de Bingham s'écoulant dans une structure poreuse en forme d'arbre est illustré. Ce système présente une pression critique au-delà de laquelle le débit évolue de manière exponentielle en fonction de la chute de pression, avant d'atteindre la linéarité. Cela est démontré en calculant le nombre de canaux qui s'ouvrent juste au-dessus de la pression critique, et en montrant qu'ils ont une faible chevauchement entre eux, se comportant comme des canaux indépendants. Un parallèle est ensuite établi avec le problème d'un écoulement de Bingham dans des canaux indépendants, qui est également étudié et discuté. Le Chapitre 5 est dédié à une investigation numérique d'événements de drainage dans un milieu poreux qui présente une transition d'un motif d'invasion continu à un motif fortement discontinu, conduisant à la formation de mousse. Les simulations sont réalisées dans le cadre d'un modèle dynamique de réseau de pores, dont les détails sont montrés. Les caractéristiques du déplacement, y compris l'emplacement de la transition et le débit total, sont étudiées en fonction de la chute de pression imposée au système et du rapport de viscosité entre les deux fluides non miscibles. De plus, le débit au niveau des pores présente des fluctuations qui sont mesurées en fonction du régime d'écoulement, et discutées en lien avec l'origine de la mousse. Enfin, le Chapitre 6 est consacré à tirer des conclusions sur les travaux présentés et à fournir des éclairages sur les développements futurs potentiels de ces recherches.
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RÉSUMÉ ÉTENDU EN FRANÇAIS

Les résultats originaux de cette thèse se trouvent dans les chapitres 3, 4 et 5. Dans la suite, pour chacun d'eux nous définirons le problème et présenterons les principaux résultats.

Chapitre 3 : Écoulement biphasique non newtonien dans des tubes capillaires. Dans ce chapitre, nous caractérisons la dynamique de l'écoulement d'un faisceau de tubes parallèles identiques remplis d'un fluide newtonien, dans lequel des blobs de fluide non newtonien non miscible présentant un seuil de contrainte sont injectés de manière aléatoire. Le faisceau capillaire peut être considéré comme un modèle d'un milieu poreux, où des calculs analytiques sont possibles. Dans un travail récent, un système analogue a été étudié, bien que dans le cas entièrement newtonien, où des blobs newtoniens étaient injectés de manière aléatoire dans chaque tube [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF]. On y a constaté que le comportement du débit moyen sur les tubes par rapport à la chute de pression appliquée dépend en général de la distribution de probabilité de la pression critique, c'est-à-dire de la densité de probabilité qu'un tube présente une certaine pression critique. Cela signifie que le désordre dans la distribution des seuils contrôle les propriétés effectives de l'écoulement. Une conclusion analogue a été atteinte dans une autre étude sur l'écoulement dans un faisceau capillaire, dans ce cas en présence uniquement d'un fluide de Bingham [START_REF] Nash | The effect of microstructure on models for the flow of a Bingham fluid in porous media[END_REF]. Cependant, dans [START_REF] Roy | Effective Rheology of Two-Phase Flow in a Capillary Fiber Bundle Model[END_REF], la relation entre les configurations de fluide dans les tubes et les distributions de seuil respectives n'a pas été discutée, car les distributions étaient imposées au système. Ici, nous essayons plutôt de dériver la distribution de pression critique à la fois de la géométrie des tubes et des propriétés rhéologiques des fluides ; de plus, nous étendons l'étude à des blobs de fluide non newtonien de type Herschel-Bulkley, ce qui semble être novateur. Pour dériver et illustrer nos résultats, nous adoptons une approche ascendante, en partant de modèles plus simples et puis, dans une certaine mesure, en les combinant. Dans la section 3.1, nous étudions d'abord le modèle d'un blob s'écoulant dans un seul tube ; puis, en traitant toujours d'un seul tube, dans la section 3.1, nous introduisons plusieurs blobs ; enfin, l'extension de l'étude à de nombreux tubes identiques est réalisée dans la section 3.3. Pour tous ces modèles intermédiaires, nous dérivons analytiquement des expressions pour la chute de pression seuil et le débit par rapport à la chute de pression appliquée.

En général, pour un seul tube, nous trouvons un seuil de pression critique ∆P c en dessous duquel il n'y a pas d'écoulement. Au-dessus de ce seuil, le débit Q est en général non linéaire et croît avec un exposant caractéristique :

Q(∆P ) ∝ (∆P -∆P c ) β . (D.2)
Si nous avons un seul blob non newtonien dans le tube, pour un tube de rayon uniforme r 0 , la valeur du seuil est ∆P c = P τc = 2τ c ∆x b /r 0 , où τ c est la contrainte de seuil du blob non newtonien de taille ∆x b . Pour un tube non uniforme de rayon r(x) = r 0 /! (1 + af (x/r 0 )), ∆P c est modifié ∆P c = P τc + P t , (D. où ∆P min = N P τc et la barre horizontale représente une moyenne sur toutes les configurations de blobs. L'exposant β peut être calculé à partir de Π(A), la distribution de probabilité pour A, qui dépend de la forme du tube. Nous avons étudié les cas particuliers suivants :

• Déformation sinusoïdale, f (x/r 0 ) = cos (2πx)/l. Nous avons trouvé une formule explicite pour Π(A), valable dans la limite de nombreux blobs

Π(A) = 2Ae -A 2 .
(D.7)

• Déformation triangulaire, f (x/r 0 ) = (4r 0 /l) |x/r 0l/(2r 0 )| -1. Nous n'avons pas de formule explicite pour Π(A), mais nous montrons comment Π(A) s'annule lorsque A → 0, dans deux cas limites:

1. Fluide newtonien: Les distributions de probabilité trouvées pour A dans ces cas spécifiques sont confirmées par des simulations numériques.

Π(A → 0) ∝ 1 A 3 e -
Chapitre 4 : écoulement d'un fluide de Bingham dans un réseau arborescent Ce chapitre est dédié à l'étude du problème de Darcy d'un fluide de Bingham s'écoulant dans un réseau de pores structuré comme un arbre binaire de Cayley. Cette géométrie est la plus simple avec des canaux qui s'intersectent, bien qu'elle soit réaliste pour plusieurs réseaux biologiques (par exemple, le système d'alvéoles dans les poumons [START_REF] Mauroy | An optimal bronchial tree may be dangerous[END_REF] ou les veines des feuilles). De plus, l'approximation de Bingham est la plus simple parmi tous les modèles possibles de fluides présentant un seuil de contrainte, car elle récupère un comportement newtonien linéaire une fois que son seuil est dépassé. Néanmoins, ce modèle est capable de reproduire un comportement non linéaire du débit en fonction de la chute de pression appliquée, ce qui est typique des fluides à seuil de contrainte dans les milieux poreux. De plus, il peut fournir des indications importantes pour prédire l'évolution de la région non écoulement dans un système poreux, et donc de sa perméabilité.

Avant de se pencher sur cette étude, nous illustrons d'abord dans la section 4.1 un modèle plus simple, à savoir un réseau de pores composé de plusieurs canaux non interconnectés. Cela peut être utile pour mieux comprendre l'étude de l'écoulement dans le réseau de pores de l'arbre de Cayley, qui est ensuite abordée dans la section 4.2.

Dans un système poreux composé de plusieurs canaux remplis d'un fluide de Bingham, en général, seul un sous-ensemble d'entre eux est en écoulement, selon que la chute de pression imposée est supérieure à la valeur critique ∆P c qui lui est associée. En considérant une collection de canaux indépendants, chacun composé de t tubes présentant un seuil aléatoire, ∆P c est distribué selon une PDF gaussienne dans la limite de t élevé. Ainsi, nous utilisons une correspondance avec le Modèle d'Énergie Aléatoire pour prouver que le nombre de canaux en écoulement, lorsqu'une chute de pression ∆P est imposée au système, est donné par Chapitre 5: Transition de doigts visqueux à la mousse dans un réseau poreux. Ce chapitre présente une étude numérique d'une transition de la déplacement par doigt visqueux à la mousse lors du drainage dans des milieux poreux hétérogènes. En ce qui concerne les scénarios de drainage, la littérature explore de manière approfondie des examens distincts du déplacement continu d'une part, et de l'écoulement de la mousse d'autre part. Néanmoins, il est raisonnable de s'attendre à l'existence d'une transition entre ces deux régimes lors de l'écoulement biphasique. Si une chute de pression constante est imposée au système, l'émergence d'un déplacement par capillarité ou visqueux entraîne une augmentation du débit global et une transformation du gradient de pression le long de la direction de l'écoulement. Étant donné qu'un débit d'injection minimal ou un gradient de pression est nécessaire pour générer de la mousse dans le milieu, il est possible qu'un régime de doigtage puisse évoluer vers un scénario de déplacement de mousse. Comme illustré dans un article récent qui a motivé la présente enquête [START_REF] Fredrik | Transition from viscous fingers to compact displacement during unstable drainage in porous media[END_REF], une transition d'un déplacement compact à un doigtage visqueux a été observée expérimentalement. Les auteurs observent que dans une configuration radiale avec une chute de pression imposée, l'invasion se produit à travers un front stable, et le motif en progression présente une dynamique de blobs intense, typique de la mousse. Cependant, au-delà d'une certaine distance radiale, le front se transforme en une forme ressemblant à un doigtage visqueux. Il est à noter que lors de l'injection de fluide à un débit constant dans cette configuration radiale, la vitesse du front diminue naturellement en raison de la conservation de la masse. Si la formation de mousse nécessite une vitesse critique, il est plausible que la génération de mousse puisse cesser après avoir atteint une certaine distance. Cette transition peut être considérée comme le cas miroir de celle trouvée dans notre investigation. Dans ce contexte, il est également important de souligner que lorsqu'on considère l'échelle de Darcy, où le matériau poreux peut être vu comme un milieu continu, les motifs fractals formés par un écoulement frontal continu, tels que des doigts visqueux, deviennent négligeables en termes d'étendue spatiale. Ce sont des structures semblables à la mousse, qui manquent de caractéristiques fractales, qui conduisent à des variations de saturation à ces échelles. Dans la section 5.1, nous illustrons le modèle de réseau de pores que nous adoptons pour nos simulations numériques. En particulier, nous fournissons les équations de base régissant le déplacement du fluide au niveau des pores, et nous expliquons les règles que nous adoptons pour redistribuer les deux fluides au niveau des noeuds. Les résultats collectés sont présentés, analysés et discutés dans la section 5.2.

En bref, lorsque l'écoulement est induit par une différence de pression constante ∆P entre l'entrée et la sortie, le front de déplacement peut présenter une transition d'un régime de doigts visqueux à une région semblable à une mousse. Lorsque cela se produit, la transition se produit à une certaine distance de l'entrée Λ, qui est observée comme étant indépendante du temps, à partir du moment où la première mousse est formée. Nous mesurons Λ en fonction du rapport entre les viscosités du non-mouillant et du mouillant, µ n /µ w , et du rapport entre la pression appliquée et la chute de pression capillaire typique, ∆P/P γ , obtenant qu'elle évolue selon une loi de puissance avec ces deux paramètres Λ ∝ (∆P/P γ ) -α (µ n /µ w ) -β .

(D.16)

Les exposants α et β sont mesurés, également pour différentes distributions des rayons des tubes. Le débit total Q est observé comme évoluant dans le temps, passant en particulier d'une augmentation exponentielle dans le régime de doigts à une inflexion lors de la formation de la mousse. L'inflexion est plus marquée pour des valeurs plus faibles du rapport ∆P/P γ . La réduction de l'augmentation de Q est associée à une perte de mobilité globale, typique d'une mousse forte. En même temps, le gradient de pression local dans le milieu montre une augmentation dans la même zone où la mousse est située. Cela est dû à la présence de nombreux ménisques situés de manière aléatoire dans les gorges des pores, et cela explique la perte de mobilité. De plus, la vélocité de l'écoulement au cours de ces événements de drainage n'est pas homogène mais localisée dans quelques canaux, à la fois dans les doigts visqueux et dans la région de la mousse, bien que dans cette dernière, les canaux tendent à se diviser en plusieurs plus petits. Cela conduit à un comportement très différent du débit local dans la région des doigts, où les fluctuations sont principalement stables dans le temps, de la région de la mousse, où la valeur chute de manière intermittente jusqu'à zéro. L'analyse de Fourier suggère que les premières ressemblent à un mouvement brownien, tandis que les secondes sont un signal anti-corrélé (rose).
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  Pressure based capillary number Ca Q Flow rate based capillary number E Energy of a level in the REM / energy of a directed polymer k Consistency index of a Herschel-Bulkley fluid l Length of a tube M Viscosity ratio n Flow index of a Herschel-Bulkley fluid n ch Number of channels above the one at minimal pressure in the Cayley tree pore network n ind Number of independent channels above the one at minimal pressure n REM Number of energy levels above the minimal in the REM n full Number of energy levels above the minimal for the directed polymer on the Cayley tree P in Pressure at the inlet of a porous medium P out Pressure at the outlet of a porous medium P γ Pressure drop given by surface tension P τc Pressure drop given by yield stress q Overlap between two channels / directed polymers Q Volumetric flow rate r 0 Characteristic radius of a tube γ Surface tension between two fluids ∆P Pressure drop across a porous medium ∆P c Critical pressure drop for a single flowing path in a porous medium (a tube in capillary bundles, a channel in pore networks) ∆P min Critical pressure drop for a porous medium ∆P * Effective critical pressure drop for a porous medium θ Contact angle between the fluid and the solid surface θ Shear rate of a fluid κ Permeability of a porous medium Λ Distance from the inlet to the fingering-to-foam transition µ Viscosity of a Newtonian fluid or a Bingham fluid Σ Cross-sectional area of a porous medium τ Shear stress applied to a fluid τ c Yield stress of Herschel-Bulkley fluid

Figure 2 . 1 :

 21 Figure 2.1: Sketch of the the experimental setup realized by Darcy. A piston regulates the pressure at the inlet. Water is flowing out from the bottom. (Image taken from [4]).

Figure 2 . 2 :

 22 Figure 2.2: Numerical simulations of flow of a Bingham fluid in a porous medium. Images from left to right refers to growing values of ∆P . The flowing channels are pictured in red, while black indicates the immobilized part. (Image taken from Fig. 5 of [30]).
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 23 Figure 2.3: Phase diagram of the immiscible displacement patterns in porous media. Ca and M refers to capillary number and viscosity ratio, respectively. (Images taken from Fig. 4 of [58] and Fig. 1 of [59])
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 24 Figure 2.4: Schematic drawings of (a) Roof snap-off, (b) lamella (lens) division, (c) leavebehind and (d) pinch-off. For the figures (a)-(c), the wetting and non-wetting phase are coloured in grey and red respectively. For figure (d), the two (non-wetting) blobs involved in the mechanism are depicted in blue and yellow (Images taken from Fig. 1 and Fig. 5 of [75])
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 2526 Figure 2.5: Picture of a sample of cellulose nitrate, on whose surface the tracks left by fission fragments are visible as black dots. (Image taken from Fig. 2 of [82])
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 33 Figure 3.3: Two-dimensional sketch of a blob of yield stress fluid in a triangular tube. On the x-axis, the one-dimensional model relative to the problem is pictured, where the thick line is the projection along x of the yield stress blob, while the thin line represent the part occupied by the Newtonian fluid.
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 34 Figure 3.4: Two-dimensional sketch of several blobs of yield stress fluid in a non-uniform tube of length l. On the x-axis, the one-dimensional model relative to the problem is pictured, where the thick line is the projection along x of the yield stress blobs, while the thin line represent the part occupied by the Newtonian fluid.
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 3536 Figure 3.5: Sketch of several blobs in a tube presenting the triangular modulation given by Eq. (3.30).
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 37 Figure 3.7: Plot of a typical F (x b /r 0 ), obtained from eq. (3.30) and (3.35), in a triangular tube with N = 50 blobs uniformly distributed in [0, l]. Here we set l = 1. The two bridges are shown separately in the inset.

Figure 3 . 8 :

 38 Figure 3.8: Sketch of a fiber bundle of identically shaped tubes, each filled with blobs randomly located along it.
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 39 Figure 3.9: Probability distribution of the amplitude A defined in equation (3.41). Blue dots represent the histogram of 10 6 numerical samplings of A, each obtained generating N = 1000 values of θ i uniformly distributed in (0, 2π); the samplings are collected in 50 bins of equal size in the domain [0, 4]. The solid line is the analytical prediction given by equation (3.61).
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 60 The inverse Laplace transform leads to g(B) = exp (-B/N )/N , from which eq. (3.57) follows directly. From Π(A) we get the distribution of ∆P c in the interval [N P τc , +∞[: Π(∆P c ) = 2(∆P c -N P τc )
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 67310311 Figure 3.10: Distribution of A for a train of blobs of Newtonian fluid in a triangular tube. Blue dots represent the histogram of 10 7 numerical samplings of A, each obtained generating N = 1000 values of blob positions and calculating (3.52); the samplings are collected in 100 bins of equal size in the domain 0, 200/ √ N . The dashed curve is the probability distribution (3.61) valid for a sinusoidal tube. In the inset, the numerical data (A -2 , Π(A)) are compared to the asymptotic trend of eq. (3.65) setting k ≃ 3.2.
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 42 Figure 4.2: Top: Binary Cayley tree with t = 8 levels. The first channels where flow occur are the leftmost path in blue, at the pressure ∆P (0) c , the middle path in orange α 1 , at pressure ∆P (1) c > ∆P (0) c and the rightmost path in green α 2 , at pressure ∆P(2) c > ∆P (1)

  ground state energy of the associated directed polymer model, namely ∆P (0) c = E 0 . The fluid starts to flow in the network only above the critical pressure drop ∆P (0) c and only along the channel that coincides with the ground state of the directed polymer. In this case the flow rate is equal to Q t (∆P ) = ∆P -∆P

( 2 )

 2 c ): the channels α 2 , α 3 , . . . correspond to paths with the low-energy and low-overlap and ∆P . . coincide with the energies E α 2 , E α 3 , . . . (see sorted energies at the bottom of Fig.4.2). Similarly, the total flow reduces to the sum of the contribution from each channel. As a consequence, like for the independent channels, the computation of the flow rate problem reduces to determine the evolution of the number of open channels above the minimal one as a function of x = ∆P -∆P (0) c , namely

Figure 4 . 3 :

 43 Figure 4.3: Left: An example of Cayley tree. The minimal path of the topmost subbranch after q = 2 generations is shown highlighted in blue. Right: Pruning of the full Cayley tree, where within each subtree starting from the q = 2 generation, only the minimal path is retained.

c

  is computed as the ground state of the associated directed polymer model via a minimization algorithm, while the following pressures are found with an iterative procedure. At each step, we denote by C s the subtree made only from the channels which are open at ∆P ∈ [∆P (s) c , ∆P (s+1) c ] (where ∆P (s+1) c
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 4445 Figure 4.4: Sketch of the algorithm used for the exact solution of the flow in the Cayley tree. The colored channels indicates the paths already opened. The ovals highlights the subtrees which are still closed, in which the related ground state is marked with a dashed line.
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 51 Figure 5.1: Left: Illustration of a pore network made by N x ×N y = 4×4 links. The hourglass shaped links are connected to each other at nodes denoted by circular dots. Because of the periodicity, green dots at the same height represent the same node. One of the links is colored gray. Right: Illustration of a single link filled with two fluids, separated by different interfaces (menisci). The blue and red color represent the wetting and nonwetting fluid, respectively. The capillary pressure drop for an interface, expressed by equation (5.4), is shown above the link, where P γ (z) is plotted as a function of the interface position 0 < z < l.
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 52 Figure 5.2: Snapshots at different growing values of the injected pore volume (IPV). The blue and red color represent the wetting and non-wetting fluid, respectively. We observe a transition from viscous fingering to foam at a certain distance from the inlet. For this simulation we set Ca P = 0.25, M = 10 -2 , and r 0 generated according to the uniform distribution (5.2) with r 0 = 0.25 l and a = 0.15 l.
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 53 Figure 5.3: Diagram of the invasion patterns at breakthrough for different viscosity ratio and capillary number. The blue and red color represent the wetting and non-wetting fluid, respectively. For these simulations r 0 is generated according to the uniform distribution (5.2) with r 0 = 0.25 l and a = 0.15 l.
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 354 Figure 5.4: Plot of ⟨T (y/l)⟩ r 0 , defined in equation (5.10), for different growing IPV. For these simulations we set Ca P = 0.25, M = 10 -2 , and r 0 uniformly distributed according to equation (5.2) with r 0 = 0.25 l and a = 0.15 l. Each vertical dashed line indicates the position of the minimum of the derivative of the curve of the corresponding color, which defines Λ for that IPV.
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 55 Figure 5.5: Left: Plot of Λ/l as a function of IPV for different Ca P , setting M = 10 -2 and uniformly distributed according to Eq. (5.2) with r 0 = 0.25 l and a = 0.15 l. Λ reaches a plateau value Λ sat /l, indicated by an horizontal dotted line, which is determined by averaging the values after reaching the plateau. Right: Λ sat /l for different values of Ca P . Blue dots correspond to simulations with M = 10 -2 and r generated according to the uniform distribution (5.2) with r 0 = 0.25 l and a = 0.15 l. Red dots correspond to simulations with M = 10 -2 and r 0 generated according to the Rayleigh distribution (5.3) with r 0 = 0.1 l; their trend ∝ Ca -0.75 P is represented by a dashed-dotted line. The error bars represent the standard deviation related to the values of Λ/l averaged to obtain Λ sat /l. The dashed lines shows the trends found with a weighted fit of the data.
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 56 Figure 5.6: Left: Plot of Λ/l as a function of IPV for different M , with Ca P = 0.25 and r 0 uniformly distributed according to Eq. (5.2) with r 0 = 0.25 l and a = 0.15 l. Λ reaches a plateau value Λ sat /l, indicated by an horizontal dotted line, which is determined by averaging the values after reaching the plateau. Right: Λ sat /l for different values of M , Blue dots correspond to simulations with Ca P = 0.25 and r generated according to the uniform distribution (5.2) with r 0 = 0.25 l and a = 0.15 l. Red dots correspond to simulations with Ca P = 1 and r generated according to the Rayleigh distribution (5.3) with r 0 = 0.1 l. The error bars represent the standard deviation related to the values of Λ/l averaged to obtain Λ sat /l. The dashed lines shows the trends found with a weighted fit of the data. M 0.31
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 1157 Figure 5.7: Plot of the dimensionless flow rate Ca Q , defined in equation (5.8), as a function of IPV, averaged over 1000 realizations of the radii disorder, and for different values of Ca P . The error bars represent the standard deviations of the values collected from the different realizations of the disorder given by the radii configurations. For these simulations we set M = 10 -2 and r 0 uniformly distributed according to equation (5.2) with r 0 = 0.25 l and a = 0.15 l.
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 58 Figure 5.8 (left) shows the time evolution of the normalized quantity ⟨|dP x |⟩ r 0 /(2γ/r 0 ) averaged over different realizations of the radii disorder. Close to the inlet (for y/l ≲ 20), the value is quite high because of our injection condition, where many links contain a meniscus. Further, the gradient of pressure first decreases reaching a minimum, and then increases again to reach a plateau value. The lower value region corresponds to the viscous fingering region, where the pressure drop is localized in few channels of low viscosity. The higher plateau closer to the outlet corresponds instead to the region saturated with the defending viscous fluid, hence the higher value. Moreover, as discussed previously, the plateau value increases as the invasion front advances. Nevertheless, the most important feature is the appearance of a bump after a certain IPV, between the minimum and the plateau, whose height and width increase as time goes by. This bump corresponds to the foam region, which decreases significantly the mobility of this region. A few observations can be made in this regard. First, the bump starts growing at approximately the same position for different IPV. The location of foam onset is thus approximately independent of time, which confirms the stability of the foam generation location. This pressure gradient measurement could thus have been used as an alternative method to quantify Λ. Second, the fact that the bump is higher than the plateau indicates that the mobility of the foam is less than that of the more viscous fluid, despite the foam being highly saturated with less viscous one. This effect is then linked to the presence of menisci in the foam. To quantify the impact of capillarity, we calculate the average of the capillary pressure drops, namely dP γ,ij = dP ij -8µ ij Q ij /(πr 4 0,ij ) from eq. (5.5), along the x-direction:
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 58 Figure 5.8: Left: Plot of ⟨|dP x |⟩ r /(2γ/r 0 ), as function of y-position, for different values of IPV. Different color shades represent increasing values of IPV, equally spaced from 0 (light green) to 0.4 (dark blue). The average is done over 100 different realization of the radii disorder. Right: Plot of the capillary contribution ⟨|dP γ,x |⟩ r /(2γ/r 0 ) of the pressure drop profile pictured on the right at the same IPV. For these simulations we set Ca P = 0.25, M = 10 -2 , and r 0 uniformly distributed according to equation (5.2) with r 0 = 0.25 l and a = 0.15 l.
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 559 Figure 5.10 illustrates the map of the dimensionless local flow rate q defined in equation(5.13) for few snapshots close to breakthrough, in a simulation setting M = 10 -2 , Ca P = 0.25 and r 0 uniformly distributed according to equation (5.2) with r 0 = 0.25 l and a = 0.15 l. As expected, in the viscous fingering region, below Λ, the flow is localized in a few, almost parallel channels, corresponding to the branches of the fingers which were not interrupted during the competition process, mentioned in the previous Section. The flow rate intensity of a single channel exhibit fluctuation in time, although the average value remains approximately stable and does not drop to zero. On the other hand, above Λ, in the foam region, the main flowing channels fragment into several smaller ones, thus distributing the flow throughout the surrounding links. In this region, new channels are continuously formed and destroyed due to the continuous foam generation led by fragmentation. It results in fluctuations of the local flow rate which are qualitatively different
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 510 Figure 5.10: Color map of the dimensionless local flow rate Q defined in equation (5.13), at consecutive times from left to right, for a simulation with Ca P = 0.25, M = 10 -2 , and r 0 uniformly distributed according to Equation (5.2) with r 0 = 0.25 l and a = 0.15 l. The horizontal dashed lines represent the position of Λ sat in the pictures, corresponding to Λ sat /l ≃ 79.
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 511 Figure 5.11: Upper row: Plots of the dimensionless local flow rate Q defined in equation (5.13) for a link, belonging to a flowing channel, located at y/l = 40 (left plot) and at y/l = 120 (right plot), as a function of the normalized time t/T in the interval 0.6 ≤ t/T ≤ 1, when foam is already formed. Lower row: Plots of the absolute value of Fourier spectrum |F [ Q](f )| of the corresponding Q(t/T ) shown above. Blue dots represent the values obtained from FFT. Red dots are obtained averaging these values in 20 equally logarithmic-spaced bins in the interval [10 -3 , 1]. For this simulation, Ca P = 0.125, M = 10 -2 , and r 0 uniformly distributed according to equation (5.2) with r 0 = 0.25 l and a = 0.15 l.

t→∞n

  REM (x) = 1 + du e 2u-e u (e βcx -1) = e βcx (B.7)

Figure C. 1 :

 1 Figure C.1: Schematics for the Cayley tree with two open channels.

Figure C. 2 :

 2 Figure C.2: Schematics for the Cayley tree with three open channels in the three possible geometrical arrangements.

Figure D. 1 :

 1 Figure D.1: Snapshots of the invasion pattern at breakthrough setting different combinations of the surface tension γ and the global pressure drop ∆P but keeping Ca P = 0.25 For these simulations we set N x = N y = 200, M = 10 -2 and r 0 uniformly distributed according to eq. (D.1) with r 0 = 0.25l and a = 0.15l.

Figure D. 2 :

 2 Figure D.2: Snapshots of the invasion pattern at breakthrough setting different combinations of the average radius r 0 and the global pressure drop ∆P but keeping Ca P = 0.25. For these simulations we set N x = N y = 200, M = 10 -2 and r 0 uniformly distributed according to eq. (D.1) with a = 0.15l.

Figure D. 3 :

 3 Figure D.3: Snapshots of the invasion pattern at breakthrough setting different combinations of the viscosities µ n and µ w but keeping M = 10 -2 . For these simulations we set N x = N y = 200, Ca P = 0.25 and r 0 uniformly distributed according to eq. (D.1) with r 0 = 0.25l and a = 0.15l.

Figure D. 4 :

 4 Figure D.4: Snapshots of the invasion pattern at breakthrough with r 0 uniformly distributed according to eq. (D.1) with r 0 = 0.25 l and different values for a. For these simulations we set N x = N y = 200, Ca P = 0.25 and M = 10 -2 .

Figure D. 5 :

 5 Figure D.5: Snapshots of the invasion pattern at breakthrough setting different system lengths N = N x = N y . For these simulations we set Ca P = 0.25, M = 10 -2 , and r 0 uniformly distributed according to eq. (D.1) with r 0 = 0.25l and a = 0.15l.).

k est une constante numérique. 2 .

 2 Fluide non newtonien négligeant les effets capillaires: k * est une autre constante numérique.

2 (

 2 lim t→∞ n ind (∆P -∆P min ) = e βc(∆P -∆P min ) , (D.10) où ∆P min est la valeur minimale de ∆P c parmi tous les canaux, β c est une constante non universelle, et la barre horizontale représente une moyenne sur de nombreuses configurations des seuils des tubes. Le débit d'un fluide de Bingham dans un tel réseau de pores peut alors être écrit comme la somme de la contribution de chaque canal. Pour des chutes de pression modérées, nous avons Q t (∆P ), t≫1 = e βc(∆P -∆P min ) -1 β c t pour ∆P > ∆P min , (D.11) alors que pour des pressions beaucoup plus élevées, tous les canaux sont ouverts, et nous avons Q t (∆P ) = 2 t t (∆P -tP τ ) pour ∆P → ∞ (D.12) où P τ est la moyenne des seuils des tubes. Dans un réseau de pores en forme d'arbre Cayley binaire, rempli d'un fluide de Bingham, nous pouvons identifier des canaux partant de la racine et se terminant à n'importe quelle feuille de l'arbre, qui peuvent être ouverts ou non en fonction de leur valeur de ∆P c . Nous établissons une correspondance précise entre le problème de Darcy pour les fluides de Bingham et le polymère dirigé sur l'arbre Cayley, un modèle présentant une rupture de symétrie de réplique à un pas (1-RSB). En partant du premier canal qui s'ouvre à ∆P min et en augmentant ∆P , les premiers canaux où l'écoulement se produit correspondent à ces polymères dirigés à faible énergie avec de petits chevauchements (c'est-à-dire qu'ils partagent un court chemin commun). Le nombre de canaux en écoulement au-dessus du minimum se révèle être équivalent au même nombre pour le modèle de canaux indépendants, à savoir lim q→∞ m q(∆P -∆P min ) = e βc(∆P -∆P min ) . (D.13) Encore une fois, le débit total provient de la contribution des canaux individuels, donc pour des chutes de pression assez faibles, nous avons Q t (∆P ) t≫1 = e βc(∆P -∆P min ) -1 β c t pour ∆P > ∆P min , (D.14) et à des pressions plus élevées, le comportement linéaire est retrouvé, mais avec une perméabilité beaucoup plus faible par rapport au cas de canaux non intersectants Q t (∆P ) = 1 ∆P -tP τ ) pour ∆P → ∞. (D.15) Cela implique qu'il suffit d'ouvrir ∼ t canaux pour atteindre la perméabilité à saturation, et donc le régime linéaire de l'équation (D.15).

  

  

  

  

  where ∆P min ≡ ∆P

	namely				
	Q t (∆P min + x)	t≫1 =	e βcx -1 β c t	.	(4.31)
	Again, this expression captures the first two regimes of the flow: when ∆P → ∆P min the flow is linear, corresponding to Eq. (4.22), while for larger pressures an exponential
	regime takes over.				
	At very high pressure drop, instead, when all channels are open, we recover the second
	linear behavior with				
	(0) c . For large t, this leads to the same flow rate of eq. (4.16),

  Étudier l'écoulement des fluides dans les milieux poreux revêt une importance profonde à travers un spectre de contextes scientifiques, industriels et environnementaux. Les milieux poreux, caractérisés par des réseaux complexes de pores interconnectés, se trouvent dans divers systèmes naturels et artificiels, allant des formations géologiques aux tissus biologiques et aux unités de filtration industrielles. Comprendre le comportement des fluides au sein de ces structures poreuses est essentiel pour plusieurs raisons convaincantes. L'exemple le plus cité et ancien, qui a historiquement donné une impulsion plus forte à l'étude de l'écoulement dans les milieux poreux, consiste en l'exploration des ressources souterraines telles que le pétrole et le gaz. En 2022, le pétrole et le gaz représentent ensemble environ 56% de la part de la consommation mondiale d'énergie[START_REF]Our World in Data. Primary energy consumption by source[END_REF]. Pour l'ingénierie des réservoirs, comprendre comment les fluides s'écoulent à travers les formations rocheuses poreuses est pertinent pour une extraction et une gestion efficaces des ressources. Dans un monde qui s'éloigne progressivement des combustibles fossiles, la compréhension de l'écoulement des fluides dans les milieux poreux continue d'être précieuse dans de nombreux autres domaines. Une application fondamentale se présente dans le domaine des sciences environnementales, en particulier en ce qui concerne la contamination du sol. La majorité de l'eau utilisée à des fins de consommation humaine est stockée dans des formations souterraines constituées de roches perméables et de matériaux granulaires, appelées aquifères. Comprendre comment l'eau impure migre est essentiel pour prévenir la contamination ou remédier aux sites déjà pollués, protégeant ainsi les ressources en eau et réduisant les dommages environnementaux. Un autre exemple remarquable consiste dans la séquestration du dioxyde de carbone, faisant partie du processus de capture et de stockage du carbone (CSC) visant à réduire les émissions de gaz à effet de serre dans l'atmosphère et ainsi atténuer le changement climatique. Une fois capturé, le dioxyde de carbone est généralement conservé dans des formations géologiques souterraines, donc connaître les lois régissant l'écoulement du gaz dans ces structures poreuses aide à gérer le processus et à prévenir les fuites[START_REF] Kopp | Investigations on CO2 storage capacity in saline aquifers: Part 1. Dimensional analysis of flow processes and reservoir characteristics[END_REF]. Si décrire l'écoulement de l'huile, de l'eau et des gaz est déjà une tâche difficile, ce défi devient encore plus ardu lorsqu'il s'agit de fluides présentant un comportement rhéologique plus complexe. Parmi ceux-ci, les fluides non newtoniens avec seuil de contrainte représentent un cas emblématique. Ces fluides se comportent comme des solides en dessous d'une certaine pression critique mais passent à un état liquide au-dessus, entraînant une dynamique d'écoulement fortement non linéaire. De plus, lorsque plusieurs fluides non miscibles s'écoulent simultanément, la complexité de l'écoulement s'intensifie davantage en raison des forces capillaires séparant les phases. Dans les deux cas, la nonlinéarité émerge de l'interaction entre le désordre dans la géométrie des pores et les forces en jeu (seuil de contrainte et capillaire, respectivement). Ces dernières années, des modèles précis de l'écoulement des fluides dans les milieux poreux ont commencé à être développés et affinés en tenant compte des comportements non linéaires qui étaient auparavant négligés. Des modifications de la loi de Darcy, valables uniquement pour les fluides newtoniens, ont été proposées et testées expérimentalement et numériquement, d'une part, pour l'écoulement des fluides à seuil de contrainte, et d'autre part, pour l'écoulement biphasique non miscible. Cependant, une caractérisation complète de l'écoulement des fluides à seuil de contrainte dans les milieux poreux fait toujours défaut, surtout lorsqu'elle est combinée avec le problème multiphasique. De plus, le rôle de l'hétérogénéité du matériau au niveau des pores dans la définition de l'écoulement macroscopique reste encore à comprendre complètement. Parallèlement à cela, dans le contexte de l'écoulement biphasique, des progrès significatifs ont été réalisés au cours des quarante dernières années pour caractériser les différents motifs géométriques que les fluides non miscibles peuvent créer lorsqu'ils se déplacent les uns les autres, les redistribuant à travers le milieu poreux. Des expériences et des simulations ont confirmé les prédictions, et des modèles stochastiques capables de les reproduire ont été proposés. Cependant, les transitions entre différents motifs distincts n'ont pas été correctement étudiées dans certains cas. Par exemple, les conditions permettant la transition d'un motif d'invasion continu, semblable à des doigts, à un motif discontinu restent floues. L'objectif du présent travail est de contribuer à l'investigation des questions ouvertes abordées à la fois par le problème du seuil de contrainte et par le problème biphasique, en états stationnaires et non stationnaires. La recherche menée dans ce travail englobe des aspects théoriques, consistant en une dérivation analytique des lois physiques, ainsi que des simulations numériques de scénarios spécifiques et de leur évolution.

  [START_REF] Feder | Physics of flow in porous media[END_REF] où la valeur de P t dépend de la géométrie du tube et peut être écrite en général P σ est la contribution de la tension de surface, et l est la longueur du tube. L'exposant β dans l'équation (D.2) dépend à la fois de la rhéologie et de la géométrie du tube. Lorsqu'il y a différents blobs dans un tube, dans le cas d'un rayon uniforme, la valeur du seuil coïncide avec celle d'un seul blob contenant la même quantité de fluide, de sorte que la courbe de débit est identique à celle du blob unique. Si en revanche le tube est non uniforme, la valeur de ∆P c dépend explicitement du nombre de blobs et de leur distance relative. En supposant que les blobs sont identiques et répartis uniformément, nous montrons que ∆P c peut être écrite comme∆P c = N P τc + √ N AP t , (D.5) où A est une variable aléatoire sans dimension positive d'ordre 1. De manière similaire au cas d'un seul blob, la loi de puissance régulant le débit dépend à la fois de la rhéologie et de la géométrie du tube. Pour un modèle de faisceau de tubes, dans la limite de nombreux tubes, la courbe de débit totale résulte de la moyenne de toutes les configurations de position des blobs. En général, nous avons Q(∆P ) ∝ (∆P -∆P min ) β , pour ∆P → ∆P + min, (D.6)

	P t = a max 0<x<l	P τc , f	x r 0	+ P σ	∆x b r 0	P τc f ′ x r 0	,	(D.4)

où

n +1 in absence of yield stress (τ c = 0).
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APPENDICES

C

OPENING OF THE SECOND AND THIRD CHANNEL

In this Appendix we report the derivation of the expression for ∆P c . We also write down the expression of the flow for two channels.

C.1 The two channels problem

For simplicity we will set the pressure at the leaves P out = 0, so ∆P = P in . The proof works also for finite P out without loss of generalization. When ∆P

c , flow occurs along two channels: the one corresponding to the ground state, with pressure threshold ∆P (0) c , and a second channel α with energy E α (we remind that with 'energy' of a channel we mean the sum of the pressure thresholds along that channel). In Figure C.1 we depict them in blue and orange respectively. These two channels have an overlap equal to q0α ; we denote with E 0α the sum of the pressure thresholds along this common portion, and P ′ the pressure at the bottom of the common part. The total flow rate in the network can be written as the flow rate along the common part:

The pressure P ′ can be determined using the conservation of the flow:

where Q 0,t-q 0α (P ′ ) is the flow along the subtree containing the ground state, Q α,t-q 0α (P ′ ) containing the other channel α (see the two branches of Figure C.1). Since each of these is a single channel of length t -q0α , we can use once again the modified Poiseuille equation. One has 3 it is shown that a different choice for the wetting and non-wetting viscosities, µ w and µ n , will not modify the macroscopic output, as long as their ratio is kept equal. We also investigate the dependence of the invasion pattern from the width of the radii distribution. For different simulations, we generate the tubes radii from the same uniform distribution shown in the main text, that we report here We observe the finger-foam transition to occur at approximately the same distance Λ from the inlet, so the foam just propagates for longer distances when N is bigger. Note that the unit of measure of the physical quantities, not reported here, can be chosen arbitrarily, as long as the choice remain consistent with the fact that the global parameters introduced must be dimensionless.