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Chapter 1

Introduction (en frangais)

1.1 Motivations et premiers exemples

1.1.1 Mise en contexte

Depuis a pres d'un siecle les processus stochastiques de naissance et de mort ont
été introduits pour modéliser 1’évolution temporelle de la taille d’'une population.
La formalisation mathématique de ce modele dans un cadre uniforme, lorsque les
intensités de naissance et de mort sont les mémes pour chaque individu, remonte
au moins a Feller [Fel39]. Cette méthode issue de 'aléatoire permet de complex-
ifier les méthodes déterministes parfois inadaptées notamment dans la description
des phénomenes de démographie ou des modeles de prédation par exemple. Dans
le méme temps des scientifiques, qu’ils soient mathématiciens, physiciens ou bi-
ologistes, s’approprient ce cadre stochastique qu’ils ajustent selon la nature des
phénomenes qu’ils considerent : dynamique d’une population animale, évolution
d’un ensemble de végétaux ou encore comportement de particules a 1’échelle atom-
ique. A titre d’exemple Kendall [Ken49] apporte une généralisation au modele dans
le cadre d'une population humaine pour que les intensités de naissance et de mort
puissent prendre en compte le sexe et 'age des individus, ce qui lui permet d’obtenir
des résultats plus cohérents dans I’étude de 1’évolution du nombre d’habitants.

Cependant dans de nombreuses applications, nous n’observons pas uniquement
la taille d'une population dans le temps, mais nous avons acces a 1’évolution spatio-
temporelle des individus. Nous souhaitons tirer profit de ces observations complétes
pour définir un modele plus exhaustif et ainsi pouvoir décrire les différentes carac-
téristiques de la population considérée.

Pour décrire toutes ces dynamiques nous considérons un processus markovien
plus général (X;);>¢ construit comme une succession de déplacements continus et
de sauts a valeurs dans un espace polonais localement compact E. Un tel processus
sera appelé processus jump-move. L’espace d’état F n’est pas a priori un espace
euclidien de dimension finie contrairement a ce qui est supposé dans les modeles
standards de diffusions a sauts. Il existe de nombreux type de processus étudiés
dans la littérature et qui peuvent étre considérés comme des exemples du processus
jump-move.
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8 INTRODUCTION

Nous citons en premier lieu les processus de Markov déterministes par morceaux,
introduits par Davis [Dav84] comme un mélange de déplacements déterministes et
de sauts aléatoires. L’intérét de ce nouveau modele était alors de pouvoir décrire une
classe de phénomenes aléatoires non diffusifs. Une autre famille de processus utilisés
pour modéliser des phénomenes de reproduction sont les processus de branchement.
Dans ce contexte les individus disparaissent ou bien se divisent en plusieurs nouveaux
éléments a chaque temps de saut aléatoire. Entre chaque saut les particules peuvent
suivre une diffusion sur un espace euclidien. Les équations d’évolution des processus
de branchements dans ce cadre sont établis dans [Sko64]. Les applications de cette
classe de modeles sont importantes en biologie mais aussi en physique atomique
pour décrire la propagation des neutrons dans le coeur d’une centrale nucléaire par
exemple. Dans ce genre d’études il est intéressant d’établir le comportement en
temps long de la population, notamment pour mettre en lumiere les phénomeénes
d’extinction. A titre d’exemple, 'ouvrage [AN12] offre une présentation pertinente
de ces problématiques. Notons que Locherbach [Loc02] propose une généralisation
des ces modeles considérant que les particules interagissent pendant la phase de
déplacement.

Un cas particulier fondamental qui nous intéressera est lorsque l'espace d’état E
s’écrit sous la forme £ = U,,>¢E, ol les I, sont des espaces disjoints et pourront étre
interprétés comme ’ensemble des états d’une population a n individus. Dans cette
optique 'ensemble Ej sera constitué d’un unique élément noté ). De plus, dans ce
cadre spécifique, les sauts du processus (X;):>o auront lieu exclusivement de E,, vers
E,.1 (représentant la naissance d’un individu) ou de FE, vers E,_; (représentant
la mort d’un individu). Une dynamique respectant ce cadre sera appelée processus
de birth-death-move et a été introduite comme telle par Lavancier et Le Guével
[LLG21]. Un cas particulier de ce modele, plus précisément lorsque les individus
restent immobiles entre les sauts, est présenté par Preston [Pre75] sous le nom de
processus spatial de naissance et de mort.

La encore les exemples de modeéles pouvant étre décrits comme des processus
de birth-death-move sont riches. Dans [BM15] ces dynamiques sont traitées avec
un point de vue centré sur chaque individu. Le processus considéré est alors a
valeurs dans I'ensemble des mesures ponctuelles finies & support fermé dans RY.
Cette formalisation permet d’obtenir une écriture de la dynamique sous forme d’une
équation différentielle stochastique. Cette démarche aboutit en général a ’étude du
comportement du processus lorsque le nombre d’individus tend vers I'infini, ce qui
n’est pas l'objectif de notre travail. Cette formalisation sous forme de processus
mesure est également présente dans [CK91] qui étudie les systémes de particules qui
évoluent selon un flot stochastique entre deux sauts. Une application pertinente de
ce dernier modele est 'analyse des flux des eaux usées.

Citons a présent deux applications qui pourraient étre modélisées par un proces-
sus jump-move. Un premier exemple en microbiologie est présenté dans [LLG21].
L’observation des dynamiques de biomolécules au sein d'une cellule permet d’obtenir
des séquences de données dont I'image de gauche de la figure 1 est issue. Apres un
traitement numérique on obtient I'image de droite de la figure 1 qui représente
toutes les trajectoires détéctées. Les trajectoires représentent les déplacements des
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1.1. MOTIVATIONS ET PREMIERS EXEMPLES 9

biomolécules qui se déplacent jusqu’a un certain instant ou elles disparaissent, ce qui
correspond a une mort. Lors de la séquence des points apparaissent : cela s’interprete
comme la naissance d’'une biomolécule. Toutes ces observations spatio-temporelles
sont de nature aléatoire et liées aux interactions existantes entre chaque individu ce
qui correspond bien & un modele décrit par le processus birth-death-move.

Figure 1: Dynamique des protéines de type Langerin pres de la membrane dune
cellule lors du phénomene d’exocytose. La figure de gauche est issue d’une séquence
d’images obtenues par microscopie par fluorescence. La figure de droite représente
I’ensemble des trajectoires. Elle est obtenue par traitement informatique de la
séquence d’images.

Citons une deuxieme application liée a I’écologie et plus précisément a la gestion
des foréts : les processus de croissance avec interaction présentés notamment dans
[RS01] ou bien [HMP19]. Chaque individu consiste en un arbre localisé en un point
de la forét auquel est associée une marque positive qui représente la taille de la plante.
Les arbres naissent et meurent a des instants aléatoires et les lieux de naissance
sont en général attribués selon un processus ponctuel de Gibbs lié au potentiel
d’interaction entre les arbres. Entre les sauts la position de chaque individu reste
fixe tandis que la marque croit de maniere continue et déterministe en interaction
avec les marques des autres arbres. En général les marques sont données comme la
solution d’une equation différentielle ordinaire liée au potentiel d’interaction. Cette
exemple est donc bien décrit par un processus jump-move, le déplacement entre les
sauts s’appliquant ici sur les marques. La figure 2 illustre une configuration obtenue
avec ce modele.
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10 INTRODUCTION

Figure 2: Extrait d’une simulation d'un processus de croissance avec interaction.

1.1.2 Objectifs mathématiques

Ce travail de these a deux principaux objectifs. Tout d’abord, il s’agit de définir et
d’étudier des propriétés probabilistes du processus jump-move telles que son ergod-
icité. Ensuite, il consiste a estimer le noyau de probabilité de la loi des sauts du
processus.

La premiere étape de ce travail, présentée au chapitre 2, est ainsi de définir le
processus markovien jump-move et de développer des outils calculatoires : équa-
tion d’évolution de 'opérateur de transition, propriétés de Feller et expression du
générateur infinitésimal. Dans le but d’avoir un cadre probabiliste complet pour
mettre en place une démarche statistique nous obtiendrons lors du chapitre 3 des
résultats d’ergodicité sur le processus birth-death-move. L’objectif est d’établir des
résultats similaires a ceux prouvés pour le processus spatial de naissance et de mort
(donc sans déplacement entre les sauts) par Preston [Pre75] et Moller [Mgl89]. Les
méthodes calculatoires développées dans ces articles ne s’appliquent pas dans le
cadre ou I'on ajoute un mouvement entre les sauts ce qui nécessitera d’introduire de
nouveaux outils de calcul. Enfin le chapitre 4 de cette these porte sur I'estimation
non-paramétrique du noyau de saut du processus jump-move, c’est-a-dire du noyau
de probabilité caractérisant la loi des sauts. L’objectif dans ce travail est de retrou-
ver des vitesses de convergence de l'estimateur proposé du méme ordre que celles
obtenues dans [LLG21] pour lestimation de la fonction d’intensité du processus
jump-move. Ici encore il nous faudra développer de nouveaux outils calculatoires
car l'estimation du noyau de saut repose sur la loi conjointe de (X;—, X;);>0 con-
trairement au cas de 'intensité qui est une fonction du processus (X3):>o.

A la lumiere de ces objectifs mathématiques nous présenterons dans ce premier
chapitre d’introduction les résultats existants pour le processus spatial de naissance
et de mort (sans déplacement entre les sauts) en section 1.2 et pour I'estimation de
I'intensité du processus jump-move (X;);>o en section 1.3. La section 1.3 contient
également la définition du processus jump-move (X;):>o. La section 1.4 quant a elle
résume les principales contributions de la these.
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1.2. PROCESSUS PUREMENT A SAUTS 11

1.2 Processus purement a sauts

Un exemple fondamental du processus général de jump-move est le cas ot le déplace-
ment entre les sauts est constant égal a la position initiale. Dans cette situation nous
sommes ramenés a l’étude d’un processus de Markov purement a sauts. C’est cette
théorie qui est utilisée par Preston [Pre75] pour prouver la bonne définition et le
comportement asymptotique du processus spatial de naissance et de mort. Dans
cette section nous présentons des résultats bien connus de ces processus que nous
avons pour objectif de retrouver en ajoutant une étape de mouvement entre chaque
saut.

1.2.1 Généralités sur les processus purement a sauts

Dans un premier temps rappelons comment sont définis les processus purement a
sauts. Nous présentons également comment étudier leur dynamique en résolvant les
équations d’évolution. Commengons par fixer un espace probabilisé (2, F,P) et un
espace quelconque équipé d’une tribu (£, ).

Définition 1 (Feller [Fel7l]). Soit a: B — Ry et K : E x € — [0,1] un noyau de
probabilité. On dit que (X;)i>o est un processus de Markov d sauts si, étant donné
{Xy ==z}, pour x € E et t > 0, le temps d’attente du prochain saut suit une loi
exponentielle de paramétre a(x), est indépendant du passé et la probabilité que ce
saut soit vers un point de A € € est K(x, A). Dans ce cas a s’appelle l'intensité du
processus et K le noyau de transition.

Comme c’est I'usage pour les processus de Markov, on introduit 'opérateur de
transition défini pour t > 0, x € E et A € € par Qy(z, A) = P(X; € A| Xy = ).

Fixons pour la suite x € E et A € £. Par construction du processus (X;);>o il
est possible d’établir une équation d’évolution pour le processus appelée équation
de Kolmogorov backward. On a pour tout ¢ > 0,

t
Qulw, A) =@ 1 (a) + afw)e @ [ @ [ Qu(y, 4) K(w,dy) du.
0 E

Le processus purement a sauts sera considéré comme bien défini lorsque 1’'équation
de Kolmogorov backward admet une unique solution a valeurs positives. Notons,
pour n > 0, an)(:c,A) la probabilité de passer de 'état Xy = x a l'état X, € A
en au plus n sauts et définissons ngo) (x,A) = ILm Qg") (x,A). La résolution de
I’équation de Kolmogorov backward est alors don%égo par la proposition suivante.

Proposition 1 (Feller [Fel71)). L’opérateur Q,EOO) est solution de l’équation de Kol-

)

mogorov backward. Si ngo est stochastique alors celle-ci en est l'unique solution a

valeurs positives.

Remarquons que la condition Qtoo) (x, E) = 1 est vérifiée en particulier lorsque

la fonction d’intensité « est bornée. Dans le cas contraire la quantité 1 — ngo) (z, E)
représente en quelque sorte la probabilité qu’une infinité de sauts ait lieu au temps
t > 0 et donc le processus ne peut pas étre défini saut apres saut.
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12 INTRODUCTION

1.2.2 Exemple du processus spatial de naissance et de mort
Le processus simple de naissance et de mort

Le processus de naissance et de mort simple est un processus de Markov a sauts dont
I’état représente le nombre d’individus vivants dans une population. C’est donc un
processus a valeurs dans E = N, dont les seules transitions possibles sont n — n+1
(naissance d'un individu) et n — n—1 (mort d’un individu) et les taux de naissance
(Bn)n>0 et de mort (6,)n>0 (avec o = 0) ne dépendent que du nombre d’individus

vivants.
) n 3 n
: : /""7-7_7_7-“‘\ : : /.’-//7_7_1“"-\‘ : :

Figure 3: Processus simple de naissance et de mort.

En reprenant les notations de la définition 1 on établit que le processus simple
de naissance et de mort est le processus purement a sauts sur N associé a 'intensité
a(n) = B, + I, et au noyau

Bn
a(n)

14({n+1}) + n 1a({n — 111,51,

K(n,A) = ()

pour n € Net A € P(N).

Dans le modele du processus simple de naissance et de mort, les taux de transition
ne dépendent que de la taille de la population. Bien qu’il possede de nombreuses
applications, en théorie des files d’attentes par exemple, ce cadre est trop grossier
pour pouvoir décrire un certain nombre de phénomenes. Par exemple une population
peut se développer selon un mécanisme de propagation ce qui nécessiterait un modele
dans lequel les nouveaux individus naissent proches de ceux déja vivants. Clest
avec cette ambition d’englober des modeles de population plus variées que Preston
[Pre75] introduit le processus spatial de naissance et de mort dont la dynamique
tient compte de la configuration spatiale de la population.

Notons tout de méme pour finir que le processus simple de naissance et de mort
a Pavantage d’étre entiérement classifié. A titre d’exemple, des conditions explicites
sur les taux de naissance et de mort sont obtenus dans [KM57] afin de décrire
le comportement du processus (unicité de la solution de I’équation d’évolution de
Kolmogorov backward, transience, récurrence, et temps de passage).

Le processus spatial de naissance et de mort [Pre75]

Le processus spatial de naissance et de mort est défini comme un processus purement
a sauts. Icil'espace d’états se décompose sous la forme : E = Uy2 (E, ot les (E,)n>0
sont disjoints et ou Ej est constitué d’un unique élément noté @. Fixons &, une tribu
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sur E,, et munissons E de la tribu engendrée par 1'union des &, a savoir £ = Vo2 &,.
Enfin pour A € £, on notera A, = AN E,.

Les taux de naissance et de mort sont deux fonctions mesurables 8 et § définies
de E vers R, vérifiant () = 0. L’intensité du processus est donc donnée par
a = [+ 6. Il reste a définir le noyau de transition K. Pour tout n > 1, soit
Ké”) B, x &1 — [0, 1], et, pour n > 0, soit Ké”) : B, x En1 — [0, 1] des noyaux
de probabilité. On définit alors le noyau du processus K : E x & — [0, 1] par :

B(x) 6(x)

K(z,A) = a(x)K(”)(x, Api1) + M}Q“ (z, An_1) 1n-(n),

pour tout x € E,,. Remarquons que le processus simple de naissance et de mort est
un processus spatial de naissance et de mort dans le cas ou E, = {n} pour tout
n > 0.

Pour cette dynamique I'équation d’évolution de Kolmogorov backward s’écrit
donc pour tout z € E,, et A € &,

t
Qula, A) = e 0Py (1) 4 fo) [ e O [y 4) K (, dy) du

n+1
+6(x) / ! —(B@s@)x(t—u) /
0

Qely, 4) K} (2, dy) du 1y (n).
-1
Pour s’assurer que le processus n’explose pas en temps fini il est nécessaire de véri-
fier que cette équation admet une unique solution. C’est ce qu’explicite le théoreéme
suivant qui repose sur une technique de couplage.

n

Théoréme 2 (Preston [Pre75]). Pourn > 0 définissons les quantités /3, = sup p(z)
CEEEn

et 0, = inbf d(z). Supposons que [, < 400 pour tout n > 0. Alors les conditions
rebmn

suivantes sont suffisantes pour que l’équation de Kolmogorov backward associée au
processus spatial de naissance et mort admette une unique solution :

1. 1l existe un rang ng > 0 tel que n > ny = £, = 0.

2. Il existe un rang ng > 0 tel que n > ny = (3, > 0 et la série numérique
Y onsno Wn de terme général

L b b b B
671 6n6n71 571“-6710 ﬁn---ﬁno

Wn,
diverge.

1.2.3 Comportement asymptotique du processus spatial de
naissance et de mort

A des fins statistiques notamment, il est intéressant d’établir des conditions sous
lesquelles le processus spatial de naissance et de mort admet une mesure invariante
et a quelle vitesse la convergence vers celle-ci a lieu.
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Le comportement asymptotique du processus spatial de naissance et de mort
peut étre décrit par la théorie du renouvellement. En effet son ergodicité sera car-
actérisée par des passages répétés en Fy = {@}. En appliquant le théoréeme du
renouvellement a un couplage entre un processus spatial de naissance et de mort et
un processus simple de naissance et de mort bien choisi, Preston [Pre75] obtient des
conditions sous lesquelles la mesure invariante est unique a partir des hypotheses,
explicitées dans [KM57], sous lesquelles un processus simple de naissance et de mort
est ergodique.

Soit (X¢):>0 un processus spatial de naissance et de mort, tel qu’introduit dans
la section 1.2.2, de taux respectifs S et 9. Une mesure de probabilité invariante pour
le processus (X;);>o est une mesure p sur (£, ), de masse 1, et telle que pour tout

t>0et A€ &, pu(A) = [5Qi(z, A) u(dz).

Théoréme 3 (Preston [Pre75]). Pourn > 0 définissons, comme dans le théoréme 2,

Bn = sup B(z), 6, = 1€nbf d(z) et supposons 3, < +oo pour tout n > 0. Sid, > 0
IGEn z n
pour tout n > 1 et que 'une des conditions suivantes est vérifiée :

1. il existe un rang ng > 1 tel que 3, = 0 pour tout n > ny,

2. Bn >0 pour toutn > 1, 251 On-1 —i—ooetz

= 00,
n=2 51 6 Bn

alors tlgrn Qi(z, A) existe pour tout x € E, A € £ et est indépendante de x.
De plus p(A) = tlgrn Qi(x, A) définit l'unique mesure de probabilité invariante pour

le processus (X¢)i>o-

En s’inscrivant toujours dans une démarche d’inférence statistique il est souhaitable
de connaitre la vitesse a laquelle le processus converge vers la mesure invariante et
sous quelles conditions. C’est un outil précieux pour étudier les propriétés asymp-
totiques d’estimateurs des données du modele telles que I'intensité v ou le noyau de
transition K. Des conditions sous lesquelles la convergence du processus spatial de
naissance et de mort est géométrique sont données dans [Mgl89]. Il était attendu
d’obtenir une vitesse exponentielle car cela correspond au taux de convergence d’une
chaine de Markov comme ’explique 'ouvrage de référence de [MT09].

Théoréme 4 (Mgller [Mgl89]). Reprenons les notations du théoréme 3. Supposons
B < 400 pour tout n >0 et §, > 0 pour tout n > 1.

Sotient v1 et vy deux mesures de probabilité sur (E,E) satisfaisant ['une des condi-
tions suivantes :

no

i) la condition 1. du théoréme 3 est vérifiée et vy (U En) =1 pour k=1,2
n=0

> 81 ...0,
i) la condition 2. du théoréme 3 est vérifice et Y _ y(E,) 5175
n—2 1...0Pn
k=12

< 00 pour

MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



1.3. PROCESSUS JUMP-MOVE 15

Alors, il existe ¢ >0 et 0 <r < 1 tels que :

[ @, ()~ [ Quly, Asldy)| < er'

sup
AcE

De plus, dans le cas ou 1) est vérifiée, les constantes ¢ et r peuvent étre choisies
indépendamment de 7y, et ys.

Un des objectifs des chapitres 2 et 3 est de retrouver des résultats similaires a
ceux énoncés par les théoremes 2, 3 et 4 dans le cas ou l'on ajoute une étape de
mouvement entre les sauts. Notons que ces problématiques sont abordées avec le
déplacement entre les sauts dans [LLG21] sous I'hypothese i) du théoréme 4. Nous
y reviendrons plus en détail en section 1.3.2.

1.3 Processus jump-move

1.3.1 Processus jump-move : modele et notations

A présent nous présentons et définissons le processus jump-move. Comme c’était
le cas pour les processus purement & sauts présentés en section 1.2, le processus
jump-move est construit de maniere itérative comme une alternance de sauts et de
déplacements continus. Cette construction, donnée dans [LLG21], est inspirée de
la construction des processus de Markov déterministes par morceaux introduits par
Davis [Dav84] et dont l'ouvrage [DSDZ15] donne une présentation détaillée ainsi
qu’'une méthode de simulation. Notons qu’une telle construction permet, comme
pour les processus de Markov déterministes par morceaux, de déduire un algorithme
de simulation du processus jump-move (voir également [LLG21]).

Soit E' un espace polonais muni d’'une tribu notée £ et d’une distance d. Soit
(Q, F) un espace mesurable muni d’une famille de mesures de probabilité (P,).cz.

Un processus jump-move (X;);>o sur E est caractérisé par trois parametres.
Tout d’abord, nous nous donnons une fonction d’intensité o : £ — R, et un
noyau de transition K : £ x £ — [0,1] de la méme maniere que pour définir un
processus de Markov purement a sauts vus en section 1.2. Le role de la fonction
d’intensité sera donc de déterminer les temps de sauts tandis que le noyau K indi-
quera le lieu du saut. Enfin, I’étape de mouvement du processus entre chacun de ses
sauts est donnée par 'intermédiaire d’un processus de Markov homogene a trajec-
toires continues ((Y;)i>0, (Px)zcr) sur E, appelé move associé au processus (X¢)i>o
et dont la distribution associée correspond au noyau de transition (Q} )i défini par
QY (x,A) =P,(Y; € A) pour tout z € E et A € &.

Pour garantir la non-explosion en temps fini du processus (X;);>o la fonction
d’intensité « sera supposée bornée par une constante strictement positive a* > 0.
De cette fagon I'équation de Kolmogorov backward associée a (X;);>o aura une
unique solution et cela justifie donc une construction itérative, saut par saut. Cette
présentation du processus a l’avantage de donner une intuition claire de la dynamique
du processus.
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Donnons nous une suite ((Y;(j ))t>0) . de processus sur E indépendants et de
=/ 5>

méme loi que (Y;);>o. En suivant la construction de [LLG21], le processus (X¢)i>o

peut étre présenté de maniere itérative en alternant les sauts et les mouvements
: ) . )

continus donnés par la suite ((Yt )tZO)jEO :
Etape 0 : L’état initial X, est distribué selon une loi de probabilité donnée fig

a valeurs dans E. Par commodité posons Ty = 0.

E’tape 1:

e Sachant Xy = zq, (Yt(o))tzg est généré conditionnellement a YE)(O) = 2z selon le
noyau de transition (QY (2o, .))r>0-

e Sachant Xy = zg et (Y;(O))tzo, le premier temps de saut 77 est généré selon la
fonction de répartition Fi définie sur R, par :

Fi(t)=1—exp (— /Otoz (Yu(o)> du) .

o Sachant X, = 2, (Y;(O))tzo et 71, la position obtenue apres le premier saut z;
est générée selon le noyau de probabilité K (YT(lo), ).

e Posons alors T} = 11, X; = Y;(O) pour t € [0,T1) et Xp, = 2.

De maniere itérative pour j > 1,

Etape j+1 :

e Sachant X7, = z;, (Y;(j ))tzo est généré conditionnellement a Yo(j ) = z;j selon le
noyau de transition (Q} (2;,.))i>0-

 Sachant X7, = z; et (Y;(] ))t207 I'inter-temps de saut 7,1, est généré selon la
fonction de répartition Fj, définie sur R} par

Fi1(t)=1—exp <— /Ota (Yu(j)> du) .

o Sachant X7, = z;, (Yt(j ))tZO et 741, la position obtenue apres le j+ 1-éme saut

zj+1 est générée selon le noyau de probabilité K (YT(JJQ )

 Enfin posons Ty =T + Tj41, Xy = Y;(_J)T] pour tout ¢ € [T}, Tj11) et Xp,,, =

Zj41-
Dans cette construction (7});>; constitue la suite des temps de sauts associée au

processus (X¢)¢>0. Le nombre de sauts du processus avant le temps ¢ > 0 est donc

donné par
N, = Card{j > 1, T; <t}

Il est prouvé dans [LLG21] que le processus ((Xt)i>o0, (P:)zcr) ainsi construit est
un processus de Markov pour la filtration naturelle. De plus, on peut quantifier la

MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



1.3. PROCESSUS JUMP-MOVE 17

non-explosion du processus en temps fini. En effet un calcul de [LLG21] montre que
pour tout n >0ett>0o0na:

P(N; > n) <P(N; > n)

ou NV, est une variable aléatoire distribuée selon une loi de Poisson de parametre a*t.
Cette comparaison du nombre de sauts avec une loi usuelle sera un atout calculatoire
important lors de ’étude du processus jump-move.

1.3.2 Processus birth-death-move

Comme nous 'avons expliqué en section 1.1.1 le processus de birth-death-move est
un cas particulier du processus jump-move. Dans ce cadre spécifique I'espace d’états
E se décompose sous la forme E = U3 E, ot les espaces (En)n>0 sont des espaces
polonais disjoints équipés d’une tribu notée &,. Ainsi E est muni de la tribu £
engendrée par les tribus &, a savoir :

g:g(ggn)

Pour un n € N fixé, 'espace F, sera interprété comme l’ensemble des états
possibles pris par la population lorsque celle-ci est de taille n. Cet exemple se veut
tout de méme général : F, n’est pas forcément associé a la configuration spatiale
des individus et il n’est pas de dimension finie a priori. La volonté de garder un
cadre vaste est liée a la multitude des applications comme nous ’avons présenté en
section 1.1.1. Avec ce raisonnement il est raisonnable de considérer que ’espace Ej,
qui correspond a I’état d’une population vide, est constitué d’un singleton que nous
noterons ). Cette hypothese naturelle est de plus importante d’un point de vue
mathématique lorsque 1’on souhaite étudier I'ergodicité du processus. Introduisons
enfin la fonction étage n(.) sur E telle que pour tout x € E on ait x € Ey).

Chaque saut du processus de birth-death-move doit s’interpréter comme une
naissance ou une mort c¢’est pourquoi la fonction d’intensité o se décompose dans ce
cas particulier sous la forme o = f+4d ou §: E — R, est 'intensité de naissance et
0 : EF — R, T'intensité de mort. Nous supposerons ces deux fonctions continues et
bornées sur E de maniere a ce que « le soit également. Enfin I’état () représentant
la population vide, il est supposé que §(0)) = 0. De la méme maniére que dans la
construction du processus spatial de naissance et mort vu en section 1.2.2 le noyau
de saut K se décompose naturellement comme la combinaison convexe d’un noyau
de naissance et d’un noyau de mort : pour tout x € E et A€ £ on a

K(x,A) = iEgKB(L A) + fy((g;))K(s(a:, A)

ou Kz et K sont des noyaux de probabilité sur £ x & tels que

KB(I’, En+1) - 1En (I‘) et K(;(.Z’, ETL) = 1En+l (LU)
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Enfin, le mouvement (Y;);>o d’'un processus de birth-death-move correspond
au déplacement continu de l’état de la population entre chaque saut. Par con-
séquent (Y;);>o est cantonné a l'étage donné par la condition intiale, c’est-a-dire
P((Y:)>0 C En|Yo =) = 1g,(z) pour tout z € E et n > 0. Remarquons que
lorsque le déplacement est constant, autrement dit si P(Y; € A|Yy = x) = 14(x)
pour tout t > 0,z € E et A € £, alors le processus birth-death-move correspond au
processus spatial de naissance et mort introduit par Preston [Pre75].

Le processus birth-death-move est étudié de maniere probabiliste et inférentielle
par Lavancier et Le Guével [LLG21] dans le cas ou il existe un rang n* > 1 tel que
la fonction d’intensité de naissance 3 est identiquement nulle sur U;>.E,. Cela
correspond a étudier un processus birth-death-move a valeurs dans 'espace d’états
E* = U"_,E, et donc & considérer que le nombre d’individus est borné. Sous cette
hypothése le processus birth-death-move admet une unique mesure invariante fi, et
il existe deux constantes ¢ > 0 et r > 0 telles que pour tout temps ¢ > 0 on ait

supsup [P (X; € A) — oo (A)| < ce™™. (1.1)
zeE A€
L’uniformité des constantes ¢ et r est alors un atout considérable pour quanti-
fier les performances asymptotiques d’estimateurs de la fonction d’intensité o ou du
noyau de transition K. L’article [LLG21] contient du reste une étude complete de
I’estimation non paramétrique de a.. Dans le cas général nous expliciterons des hy-
potheses sous lesquelles la convergence géométrique a lieu, comme cela est présenté
pour le processus de naissance et de mort spatial dans le théoreme 4. Cependant
I'uniformité de la constante ¢ en la condition initiale x € E est perdue. Supposer
I'existence d'un tel étage palier n* n’est a priori pas contraignant pour la plupart des
applications statistiques. Cependant, dans un souci de généralité et afin de pouvoir
décrire un plus grand nombre de modeles nous souhaitons lever cette hypothese et
obtenir des résultats d’ergodicité et de statistique dans ce cadre plus vaste. Nous
conservons tout de méme dans notre définition du processus '’hypothese d'une inten-
sité a bornée sans quoi cela nous semble difficile d’étudier le processus de jump-move
dans son cadre général.

1.3.3 Utilisation pour I’étude de systémes de particules
dans R?

Le processus birth-death-move s’applique pour décrire I’évolution spatio-temporelle
d’un systeme de particules lorsque 1'étage E,,, pour n > 0, correspond a ’ensemble
des configurations spatiales a n particules. Pour ce faire on considére un sous en-
semble W fermé de R?, pour d > 1, muni d’une tribu B. Le fermé W correspond
alors au lieu de vie des particules. Soit n > 1. L’ensemble des configurations de
W a n particules peut-étre construit a partir de W™ en identifiant deux éléments
(X1, ... xn) et (y1,...,y,) de (W™, B®") §'il existe une permutation o de [1,n] telle
que x; = Y,(;) pour tout ¢ € [1,n]. En notant m, : (z1,...,2,) = {z1,...,2,} la
projection naturelle associée a cette identification, il vient F, = m,(W™). Dans ce
cadre les noyaux de naissance et de mort ne sont pas quelconques afin que le saut
affecte uniquement la particule qui apparait ou qui disparait : la configuration des
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autres particules doit étre conservée. Ainsi le noyau de naissance Kz vérifie pour
tout n >1let x={x,...,2,} € E,, Kg(x,x UW) =1 oun

cUW ={2zU{&}, e Wt ={{z1,...,2,,&}, E € W,

et le noyau de mort Kj est tel que Ks(x, {z\z;, i € [1,n]}) =1 ou

33\.771 = {%1, e L1, L1y e - - ,xn}

pour tout i € [1,n].

Soit n > 1. En ce qui concerne le déplacement entre les sauts nous verrons au
chapitre 2 qu’a tout processus de Markov sur W™ a trajectoires continues peut-étre
associé un processus de Markov sur F,, a trajectoires continues par 'intermédiaire de
la projection m,. Ainsi il est possible de considérer que le mouvement continu associé
a ’ensemble des particules entre chaque saut est issu d’une équation différentielle
stochastique telle qu'une équation de Langevin amortie sur R? par exemple qui
modélise des interactions deux a deux entre les particules. Cela correspond au
systeme d’équations différentielles stochastiques suivant :

AdZ; ==> 9(Z;i — Zy ;) dt + V2871dB;, 1 <i<nmn,
J#i

ou g : R — R? est une fonction lipschitzienne, 8 > 0 et {Bti}t1<i<n, n > 1, est une
famille de n mouvements browniens indépendants sur RY. La figure 4 représente une
configuration X; du processus a un instant ¢ > 0 donné qui est obtenue lorsque la
fonction g est associée a un potentiel de Lennard-Jones répulsif.

Figure 4: Exemple de configuration spatiale X; a un instant ¢ > 0 donné. Le
déplacement entre les sauts est obtenu a partir d'une équation de Langevin amortie
associée a un potentiel de Lennard-Jones répulsif.

Comme nous 'avons fait remarquer en section 1.1.1 il est possible de formaliser
de tels systémes de particules sur R? comme un processus a valeurs dans les mesures
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a support fini. C’est le cas par exemple dans [BT11] ou ce cadre est utilisé pour
étudier des processus de branchements ou les sujets suivent une diffusion de Feller
entre chaque saut. Ce modele s’applique alors a I'étude de la division de cellules
infectées par un parasite. Cependant nous faisons le choix de conserver notre for-
malisme en partie car cette approche par processus a valeurs mesures semble dédiée
principalement aux dynamiques individuelles sur un espace euclidien ce qui ne cor-
respond pas au cadre de travail de cette these.

1.3.4 Inférence du processus jump-move

Un enjeu fondamental du travail de cette these, et de I’étude en général du pro-
cessus de jump-move, est de proposer une estimation non-paramétrique de la fonc-
tion d’intensité a et du noyau de saut K du processus. En effet I'objectif pre-
mier de l'introduction du processus de jump-move est de pouvoir apporter des
réponses mathématiques a des problématiques liées a des phénomenes biologiques
ou physiques comme ceux présentés en section 1.1.1.

Tout d’abord lorsque nous considérons uniquement le processus simple de nais-
sance et de mort, la procédure d’estimation porte sur les intensités de mort et
de naissance (3,),>0 et (6,)n>0. De nombreuses méthodes ont été développées pour
répondre a ce probléme dans la seconde moitié¢ du vingtieme siecle. A titre d’exemple
[Dar56] propose une procédure paramétrique dans le cas simplifié ol les intensités
de naissance et de mort sont linéaires en le nombre d’individus a savoir qu’il ex-
iste des constantes strictement positives [y et dy telles que pour tout n > 1, on ait
Bn = Bo X n et 6, = dg X n. Le probleme de 'estimation des fonctions d’intensité
générales du processus simple de naissance et de mort a également été traité a de
multiples reprises. Citons la méthode non-paramétrique mise en place dans [Wol65]
et dans [Rey73| qui consiste simplement & estimer pour tout n > 1 Uintensité de
naissance f3, (respectivement de mort d,,) en comptant le nombre de naissances (re-
spectivement de morts) observées lorsque la population est de taille n qui est ensuite
normalisé par le temps total passé par la population a 1’état {n}.

Notons également I'existence de nombreux travaux d’estimation sur des proces-
sus de naissance et de mort plus généraux. Par exemple [MS94] étudie les car-
actéristiques d’'un processus spatial de naissance et de mort appliqué a I’étude du
déplacement des dunes dans un désert. Egalement [L6c02] propose une méthode
statistique paramétrique pour l'inférence d'un processus de branchement décrivant
la dynamique spatio-temporelle d'une population. Des méthodes non paramétriques
de choix de modele sont parfois utilisées pour estimer I'intensité de processus spatio-
temporels comme c’est le cas dans [RBS10] par exemple. Cependant cela nécessite
en général de se restreindre au cadre d'un systéme de particules dans RY. En effet
la méthode de projection avec pénalisation ne peut étre mise en place que dans des
cas simples ne serait-ce que pour pouvoir exhiber une famille totale explicite dans
laquelle I'intensité peut se décomposer. Pour conserver un cadre le plus général pos-
sible nous utiliserons donc des méthodes non-paramétriques d’estimation a noyau.
Ces méthodes sont classiques et adaptées a notre cas d’un espace d’état général qui
n’est pas vectoriel a priori. Nous verrons tout de méme que les résultats obtenus sont
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satisfaisants. C’est d’ailleurs une méthode couramment utilisée, elle apparait par
exemple pour I'estimation non-paramétrique de la densité conditionnelle des lieux
de sauts ([Azal4]) ou de l'intensité des sauts ([ADGP14]) dans I’étude de processus
de Markov déterministes par morceaux.

L’estimation des fonctions d’intensité «, 5 et d du processus birth-death-move
est traitée par Lavancier et Le Guével [LLG21] sous 'hypothese de 'existence d'un
nombre maximum n* d’individus dont nous avons déja parlé en section 1.3.2. La
convergence vers la mesure invariante a vitesse exponentielle associée a des con-
stantes uniformes donnée en (1.1) permet d’obtenir par la méthode des noyaux une
vitesse de convergence standard sous des hypotheses assez larges. Dans cette these
nous allons uniquement nous intéresser a I’estimation non paramétrique du noyau de
transition K. En effet les méthodes utilisées dans [LLG21] pour estimer 'intensité
se généralisent quitte a imposer des hypotheéses plus restrictives. Cependant de
nombreuses perspectives sont ouvertes pour I'estimation du noyau de transition K
que ce soit dans un cadre trés général d'un jump-move sur un espace quelconque £
ou alors dans le cas particulier du processus de birth-death-move appliqué a 1’étude
d’un systéme de particules en interaction sur R

Pour terminer cette section énongons un des résultats obtenu dans [LLG21].
Admettons que 'on observe le processus birth-death-move (X;):>o sur un intervalle
[0,7] ou T > 0. Faisons I'hypothese que le nombre d’individus soit borné, c’est-a-
dire qu’il existe un rang n* > 1 tel que la fonction d’intensité de naissance [ est
identiquement nulle sur U,>>. F, et on note donc po, I'unique mesure invariante du
processus (X;);>0. Supposons que l'intensité « s’écrive sous la forme a(x) = ap(f(z))
ou f: E — RP (pour un certain p > 1) et ag est une fonction lipschitzienne sur
RP. Supposons enfin que si Z est une variable aléatoire de loi p alors f(Z) est
une variable aléatoire a densité continue et bornée sur RP. Etant donné k un noyau
borné sur R et tel que [ |t[Pk(]t]) dt < oo, on considére pour tout x € F I'estimateur

a(x) de a(x) défini par :

. e (f(X;h ] f(x”) = [ <|f(X82LT— f(:c)l) dN..

On a alors le résultat suivant :

Proposition 5 (Lavancier et Le Guével [LLG21]). Sous les hypothéses énoncées
ci-dessus, on a pour tout € > 0 l’existence d’une constante C' > 0 telle que :

P(|a(x) — a(z)] > &) < C (Tlhz% + h%) |

Notre objectif dans le chapitre 4 est alors de retrouver une vitesse de convergence
similaire dans ’estimation non-paramétrique du noyau de saut K.
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1.4 Apercu de la these

Nous terminons cette section avec une présentation des contributions mathéma-
tiques principales contenues dans cette these. La premiere section porte sur les
aspects probabilistes des processus jump-move qui sont traités dans les chapitres 2
et 3. La deuxieme section aborde l'inférence non-paramétrique du noyau de saut
des processus jump-move dont les résultats sont énoncés au chapitre 4.

1.4.1 Chapitres 2 et 3 : propriétés probabilistes d’un pro-
cessus jump-move

Article de référence : Feller and ergodic properties of jump-move processes with
applications to interacting particle systems. [LLGM22]

Chapitre 2 : Feller properties of jump-move processes with applications
to spatial particle systems.

Le chapitre 2 porte sur I'étude du processus jump-move en tant que processus
Markovien : équation de Kolmogorov backward, propriétés de Feller et généra-
teur infinitésimal. Nous commencons par formaliser la construction itérative du
processus jump-move vue en section 1.3 et nous obtenons ’équation de Kolmogorov
backward associée. Ayant supposé que I'intensité de saut « est bornée nous obtenons
I’existence et I'unicité d’une solution a cette équation d’évolution. Dans la suite nous
étudions les propriétés de Feller du processus jump-move (X;)¢>o. Pour ce faire in-
troduisons l'opérateur de transition (Q¢):>o lié au processus markovien (X;)i>o et
donné par

Qi(z,A) =P(X; € A|Xg=2) =P, (X; € A)

pour tout t > 0, x € E et A € £. De méme pour tout f € M,(E), ou My(E) est
I’ensemble des fonctions a valeurs réelles mesurables et bornées sur E, nous noterons

Quf (@) = ELF(X)] = [ Qulz,dy)f ()

De la méme maniére, posons Q) f(z) = EY[f(Y;)]. Pour rappel on dit que le proces-
sus (X;)i>0 est dit Feller continu si pour tout ¢t > 0 on a Q,;Cy(E) C Cy(FE), ou Cy(E)
désigne 'ensemble des fonctions continues et bornées sur E. Egalement le processus
(X¢)e>o0 est dit Feller lorsque lim; o ||Q+f — f]loc = 0 pour toute fonction f € Cy(FE)
et que pour tout ¢ > 0 on a Q,Cy(E) C Cy(E), ou Cy(E) désigne 'ensemble des
fonctions continues sur E et qui tendent vers 0 a l'infini. Nous avons obtenu une
proposition a I’énoncé simple qui énonce que si le processus purement a sauts asso-
cié au noyau de transition K d’une part et le mouvement (Y;);>¢ d’autre part sont
tous les deux des processus Feller continus (respectivement Feller), alors (X;)¢>o est
Feller continu (respectivement Feller).

Théoréme 6. Soit (X;)i>0 un processus jump-move sur un espace E polonais lo-
calement compact.

1. Si Q) Cy(E) C Cy(E) et KCy(E) C Cy(E) alors (X;)i>0 est un processus
Feller continu.
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2. Si QY Co(E) C Cy(E) et K Cy(E) C Co(E) alors (Xi)i>o est un processus de
Feller.

Il y a de multiples intéréts a étudier les propriétés de Feller continu et Feller. Tout
d’abord elles impliquent chacune la propriété de Markov forte ce qui n’est pas acquis
a priori pour le processus jump-move. D’autre part la propriété de Feller donne un
cadre simple dans le calcul du générateur infinitésimal, que nous effectuerons tout
de méme en toute généralité. En effet si 'on suppose QY Co(E) C Cy(F), pour
tout t > 0, et K Cy(F) C Cy(E) alors le domaine du générateur A du processus
(X1)i>0 est égal au domaine du générateur AY associé au mouvement (V;);>0 et nous
obtenons :

A=A" 4o (K — Id).

Autrement dit le générateur du jump-move process est la somme du générateur du
mouvement (Y;);>o et du générateur d’un processus de Markov purement a sauts
d’intensité a et de noyau de transition K. Dans les preuves liées aux propriétés
de Feller ainsi qu’au calcul du générateur nous nous sommes rendus compte de
I'importance de supposer que l'intensité de saut a est bornée pour obtenir des ré-
sultats dans le contexte d’un processus jump-move le plus général possible. En effet
les termes présents dans ces calculs révelent une intrication entre les sauts et les
déplacements continus. Ainsi utiliser la borne o* permet de controler des quantités
complexes. L’étude de ces différentes propriétés sans déplacement entre les sauts est
beaucoup plus simple car ’équation de Kolmogorov backward devient alors dériv-
able et I'absence de borne supérieure pour « peut alors étre plus facilement gérée :
c’est le cas pour le processus spatial de naissance et de mort par exemple.

Nous appliquons ces résultats a des exemples dans le cas de systémes de partic-
ules en interaction sur R% comme présenté en section 1.3.3. Etudier les propriétés
de Feller nécessite alors de mettre en place une topologie sur cet espace des con-
figurations spatiales car ces propriétés utilisent la notion de continuité et de com-
pacité. On rappelle que dans ce cadre I'espace des configurations spatiales s’écrit
E = U2 E, ou E, = m,(W™) avec m,((x1,...,2,)) = {z1,...,2,} la projection
naturelle. Nous avons choisi de munir I'espace F par la distance d; suivante : pour
T ={T1,..., Tp@)} et y={y1,...,Un@} tels que n(z) < n(y) on pose

dl(x,y)zL ( min Z [z = Yo | A1) + (0 (y)—n(flf)))

n( O'ESn(y) i—1
ot ||.|| est la norme euclidienne sur R? et ou S,, désigne ’ensemble des permutations
sur {1,...,n}. Ainsi la distance d; se comporte par son premier terme comme la

norme euclidienne sur chaque F,, et par son second terme elle pénalise I’écart relatif
du nombre d’individus entre deux configurations spatiales. Une propriété fonda-
mentale de d; est qu’elle rend continue la fonction n(.) qui a chaque configuration
associe sa taille. Il aurait été possible de prendre une autre distance bornée véri-
fiant cette propriété pour obtenir des résultats topologiques similaires. Cependant
nous montrerons que des distances qui rendent n(.) discontinue, comme la distance
de Hausdorff, ne sont pas adaptées a notre modele. Pour terminer ce résumé du
chapitre 2, présentons un résultat fondamental pour ’étude de la propriété de Feller
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dans ce contexte spatial : la description des compacts de £. On montrera le résultat
suivant :

Proposition 7. Supposons que W est un sous-ensemble fermé de R?,

1. Soit n > 1 et A un ensemble fermé de (E,,dy). Alors A est un ensemble
compact si et seulement si la propriété suivante est vérifiée :

VYVweW, IR >0, tel que Yo ={xy,...,z,} € A, nax {|zr — w||} < R.

2. Soit A un ensemble compact de E. Alors il existe un rang ng > 0 tel que

acE.

n=0

La distance d; décrit donc bien le modele que nous souhaitions a savoir qu’elle
se comporte comme ||.|| sur chaque étage F,, et qu’elle pénalise la différence de taille
entre les configurations.

Chapitre 3 : Ergodic properties of birth-death-move processes with ap-
plications to pairwise interaction processes on R?.

Le chapitre 3 porte avant tout sur les propriétés ergodiques du processus birth-
death-move. Comme nous avons pu I'évoquer précédemment un des objectifs est de
retrouver des résultats similaires a ceux décrits pour le processus spatial de nais-
sance et de mort en section 1.2.3. Cependant 'ajout d’une étape de mouvement
continu entre les sauts pose de sérieux enjeux calculatoires. En effet la stratégie
mise en place est de comparer le processus birth-death-move a un processus simple

de naissance et de mort noté (n;):>o et de taux définis pour n > 0 par /3,, = sup (z)
LBGEn

et 9, = inEf d(x). L’intérét de ce prodédé est que les résultats ergodiques liés au
TELin

processus simple de naissance et de mort sont tres bien connus. Pour pouvoir com-

parer le processus birth-death-move (X;):>o et le processus simple de naissance et

de mort (7)¢>0 nous construisons un processus couplé X = (X,n) de sorte que le

processus (1;);>0 domine (X;);>0 au sens ou

Vee En(zr) <n = ]P’(x,n)()v(t el)=0

avec I' = {(y,m) € ExN; n(y) > m}. Pour mieux visualiser le procédé de couplage
la figure 5 représente les sauts possibles pour le processus ()V(t)tzo, qui est alors un
processus jump-move sur £ x N.

Soulevons encore une fois la complexification calculatoire due a ’'ajout du dé-
placement entre les sauts. En effet la non-dérivabilité de ’équation de Kolmogorov
backward et l'intrication entre les sauts et les déplacements ont fortement com-
pliqué la définition méme du couplage. Nous avons donc de nouveau pu constater
I'importance de considérer une intensité de saut bornée et nous avons di utiliser
la propriété de Feller pour arriver a nos fins ce qui impose des hypotheses sur le
processus (X;)i>0. Cependant une étude de plusieurs exemples présentés dans ce
chapitre montrent que nous conservons une généralité certaine.

MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



1.4. APERCU DE LA THESE 25

£ B(x)
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J(x)

B(x)
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b‘”
o(x)-0,
n N

Figure 5: Transitions possibles pour le processus couplé (Xt)tzo-

Nous terminons le chapitre 3 en montrant qu’il est possible d’obtenir explicite-
ment la mesure invariante du processus birth-death-move pour des systemes de par-
ticules en interaction deux a deux sur RY. Pour ce faire nous considérons que le
mouvement continu (Y;);>o est issu d'une dynamique de Langevin comme présentée
en section 1.3.3 basée sur un potentiel d’interaction répulsif noté V. De plus nous
choisissons le noyau de saut de telle sorte que les naissances soient soumises au méme
potentiel V. Dans ce cas nous obtenons la convergence vers une mesure explicite
qui correspond a la mesure de Gibbs associée a ce méme potentiel. Les hypotheses
sur V' sont suffisamment larges pour englober les potentiels de Riesz, le potentiel de
Strauss régularisé ou encore les potentiels de Lennard-Jones répulsifs. Ces résultats
ouvrent potentiellement de nouvelles méthodes de simulation pour des mesures de
Gibbs associées a de tels potentiels. Qualitativement nous pensons que le fait que
le potentiel soit présent tant au niveau des sauts que du déplacement continu peut
accélérer numériquement la convergence vers la mesure a simuler par rapport a des
procédés plus classiques liés au processus purement a sauts.

1.4.2 Chapitre 4 : estimation du noyau de transition d’un
processus jump-move

Article de référence : Ce chapitre fait l'objet d’un article en cours de rédaction qui
a vocation a étre soumis pour publication.

Le chapitre 4 porte sur I’estimation non-paramétrique du noyau de saut K d’un
processus de jump-move par des méthodes a noyau. En effet nous avons déja présenté
en section 1.3.4 les résultats existants sur I’estimation non paramétrique de la fonc-
tion d’intensité «. La premiere étape de notre raisonnement est de procéder a
lestimation de K(x, A) pour tout z € F et A € £ dans le cadre le plus général
possible. Ne disposant pas de méthode calculatoire usuelle dans ce cas général,
comme la méthode de projection par exemple, nous avons construit une martingale
a partir du processus jump-move (X;);>o. Nous avons donc prouvé que dans le cas
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ou l'intensité « est bornée, le processus (My(g))i>0, o g € My(E x E) défini par

Mifg) = [ o(Xe . X aN, = [ a(X,) [ g(X, 2K (X, dz)ds

est une martingale de carré intégrable pour la filtration continue a droite associée
au processus. Cette propriété de martingale est intrinseque a la construction du
jump-move : elle n’est pas acquise de fait a priori car le processus (g(X;-, X))o
n’est pas prévisible pour la filtration continue a droite. En particulier, remarquons
que ce résultat implique que « correspond bien a l'intensité liée au processus a sauts
(Nt)io-

Nous commengons donc par estimer la quantité K (z, A) par une méthode a noyau
dans le cas ou le processus (X;);>o est observé continument sur un intervalle [0, 7]
avec T' > (0. Soit une fonction a noyau kp définie sur £ x E, on définit 'estimateur
K(x,A) de K (z, A) par

T
K(m,A) _ fO kTngaXs*)]-A(XJdNS'
fO kT<x>Xs*)st

Nous obtenons alors la convergence dans L? de cet estimateur, donc en particulier
sa consistance, sous des conditions d’ergodicité du processus. La méme étude est
menée dans le cas ou le noyau K admet une densité sur F, c’est-a-dire qu’il existe
une mesure v o—finie sur £ et une fonction f sur E x E tel que pour tout x € FE
et A€ € onait K(z,A) = [, f(x,y)dr(y). On obtiendra également sous certaines
hypotheses la consistance faible d’un estimateur a noyau pour la quantité f(z,y)
avec r,y € L.

Notons que lorsque 'estimation se fait sur un jeu de données réelles I'observation
du processus ne peut pas étre continue mais elle est discrete. Cela est traité dans le
chapitre 4 dans le cas de 'estimation de f(z,y). L’enjeu est alors de dominer ’écart

entre lestimateur f(z,y) lié aux observations continues et l'estimateur f(d)(x, y) lié
aux observations discretes. Cet écart devient problématique lorsque la discrétisation
ne nous permet pas d’observer plusieurs sauts entre chaque temps d’observation. Il
est donc nécessaire que le processus n’explose pas pour controler le nombre de sauts
entre deux temps d’observation lorsque le pas associé tend vers 0. Encore une fois
I’hypotheése d’une intensité bornée est déterminante.

Ces procédures d’estimation liées au jump-move dans un cadre général vont
pouvoir s’appliquer a l’estimation d’un noyau de transition lié a un processus de
birth-death-move décrivant ’évolution d’un systeme de particules en interaction
sur R?. Placons nous sous les hypothéses données en section 1.3.3. Le noyau de
transition évalué en (z, A) € E x & se décompose sous la forme

K(z,A) = %Kg(x,/l) + Z((Z))Kg(x,fl).

Le noyau K correspond a la mort d'un individu de la population donc nous

I’écrivons sous la forme

n(z)

Ks(z,A) = > w(w;,z) La(z\xz;)

i=1
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ou w est la fonction de poids associée aux morts. Supposons ensuite que les nais-
sances ont lieu sur W selon une densité continue par rapport a la mesure de Lebesgue
ce qui se traduit par

Ky(w,aUB) = [ fsle.)ds

pour tout B C W et avec fz la densité associée. Nous avons alors pu constater
que 'estimation de la fonction de poids w s’adapte immédiatement de 1’estimation
du noyau K(z,A) du jump-move et que l'estimation de la densité de naissance
f5 est une conséquence directe de la procédure d’estimation de la densité générale
présentée dans le paragraphe précédent. Nous retrouvons alors des vitesses de con-
vergence cohérentes avec celles obtenues pour lintensité o dans [LLG21]. A titre
d’exemple plagons nous dans un cas simplifié ou les naissances dépendent unique-
ment de l'espace sous-jacent W. Dans ce cas la densité fz est uniquement définie
sur W a savoir

Ka(e,wUB) = [ fs(&)de.

pour tout € E. Lorsque W est un fermé de R? avec d > 1 on estime la fonction
de densité de naissance par

0 = [ (N

d NP8
¢t Ny cr

ol k£ est un noyau borné sur R, ol ¢r o 0 et (N/)i=0 est le processus a sauts
—+o00 -

qui compte le nombre de naissances du processus birth-death-move. Dans ce cas
nous appliquons directement nos calculs sur les estimateurs dans le cas général pour
obtenir la proposition suivante.

Proposition 8. Supposons qu’il existe un rang n* > 1 tel que la fonction d’intensité
de naissance (3 est identiquement nulle sur US>, F,, que k est a support compact et
que fg est y-holdérienne pour un certain v > 0. Soit € > 0. Il existe une constante

C >0 et un temps Ty > 0 tel que pour tout T' > Ty,

P(|fs(6) - f5(&)] >¢) <C (C}T + T) -

Cette proposition sera généralisée, comme tous les résultats de consistance des
différents estimateurs que nous allons considérer, au cas ou ’on ne suppose plus
I'existence d’un nombre maximum d’individus n*.
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Chapter 2

Feller properties of jump-move
processes with applications to
spatial particle systems

This chapter constitutes the first part of the submitted article [LLGM22], so some
considerations and definitions are redundant with Chapter 1. The main results are
stated in Sections 2.2 and 2.3. Moreover Section 2.4 contains the proofs of these
results and technical lemmas.

2.1 Introduction

In the spirit of jump-diffusion models, we consider Markov stochastic processes that
alternate continuous motions and jumps in some locally compact Polish space FE.
We call these general processes jump-move processes. In this paper, the state-space
E is typically not a finite-dimensional FEuclidean space, contrary to standard jump-
diffusion models. Many examples of such dynamics have been considered in the
literature, including piecewise deterministic processes ([Dav84]), branching particle
systems ([Sko64, AN12]), spatially structured population models ([BM15]) and some
variations ([CK91, L6c02]), to cite a few. A particular case that will be of special
interest to us is when E' = U,>¢FE, for some disjoint spaces E,,, Ey consisting of a
single element, and the jumps can only occur from E,, to E, ;1 (like a birth) or from
E, to E,_1 (like a death). We call the latter specific dynamics a birth-death-move
process ([Pre75, LLG21]). We will provide several illustrations in the particular case
of interacting particles in R?, with births and deaths. These processes are observed
in a various range of applications, including microbiology ([LLG21]), epidemiology
([MH17]) and ecology ([RS01, PG19)).

We start in Section 2.2 from a mechanistic general definition of jump-move pro-
cesses, in the sense that we explicitly construct the process iteratively over time,
which equivalently provides a simulation algorithm. This defines a Markov process
(X¢t)>0, the jump intensity function of which reads a/(X}), for some continuous func-
tion «, and which follows between its jumps a continuous Markov motion on E. We
then derive in Section 2.3 conditions ensuring that the transition kernel of (X;):>o
forms a Feller semigroup on Cy(E) or on Cy(E). We obtain the natural result that

29
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if o is bounded, then a jump-move process is Feller whenever the transition kernel
of the jumps and the transition kernel of the inter-jumps motion (i.e. the move
part) are. Similarly, the infinitesimal generator is just the sum of the generator of
the jumps and the generator of the move, the domain corresponding under mild
conditions to the domain of the generator of the move.

We emphasise that the above results are very general in the sense that neither
E is specified, nor the exact jump transition kernel, nor the form of the inter-jumps
continuous Markov motion. Our only real working assumption is the boundedness
of the intensity function a. We however provide many illustrations in the case
where (X;)¢>o represents the dynamics of a system of particles in R?, introduced
in Section 2.2.4. In this situation, we consider continuous inter-jumps motions
driven by deterministic growth-interacting dynamics, as already exploited in ecology
([RS01, HMP19)), or driven by interacting SDE systems, in particular overdamped
Langevin dynamics, the Feller properties of which translate straightforwardly to the
move part of (X;);>0. As to the jumps, they are continuous Feller in general, but not
necessarily Feller on Cy(E). The picture becomes however more intelligible when
they only consist of births and deaths. We present in Section 2.3.3 general birth
transition kernels that imply the Feller properties under mild assumptions. On the
other hand, a simple uniform death kernel cannot be Feller on Cy(F) in this setting,
unless the particles are restricted to a compact subset of R?, a situation where any
death kernel is Feller.

2.2 Jump-move processes

2.2.1 Iterative construction

Let E be a Polish space equipped with the Borel o—algebra £ and a distance d.
Let (€2, F) be a measurable space and (P,).cg a family of probability measures
on (Q,F). In order to define a jump-move process (X;)i>o on E, we need three
ingredients:

1. An intensity function o : F — R that governs the inter-jumps waiting times.
2. A transition kernel K for the jumps, defined on F x £.

3. A continuous homogeneous Markov process ((Y;)i>0, (Ps)zer) on E, the dis-
tribution of which will drive the inter-jumps motion of (X;):>o.

We will work throughout this paper under the assumption that o : £ — R, is
continuous and bounded by a* > 0, i.e. for all x € F

0<a(r) <o (2.1)
We denote by (Q} );>o the transition kernel of (Y;);>0, given by
QY (x,A) =P, (Y, € A), z€E,AcE.

The following iterative construction provides a clear intuition of the dynamics
of the process (Xi)i>o. It follows closely the presentation in the supplementary
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material of [LLG21], where an algorithm of simulation on a finite time interval is
also derived.

Let (Y;(] ))t207 j > 0, be a sequence of processes on E identically distributed as
(Y3)i>0. Set Ty = 0 and let zyp € E. Then (X});>0 can be constructed as follows: for
j > 0, iteratively do

i) Given Xr, = x,, generate Yt(j ) +>o conditional on Y9 = according to the
J J Z 0 J
kernel (Q} (z,))e>o0-

(ii) Given X7, = x; and (Yt(] ))tZ(); generate 7,41 according to the cumulative dis-
tribution function

Fi1(t) =1—exp (— /Otoz (Yu(j)) du) : (2.2)

(iii) Given Xr, = x;, (th)tzo and 7j41, generate x4, according to the transition
G
kernel K(YTJ?BN ).

(iv) Set Tjq = Tj + 7j51, Xi = (Yi(—jgrj) for t € [T}, Tjy1) and Xr,,, = 1.

We denote by (F})i>o the natural filtration of (V;);>0, i.e. FY = o(Ya,u < t),
and by (F;);>o0 the natural filtration of (X;);>9. We make these filtrations complete
([Basl1, Section 20.1]) and abusively use the same notation. The jump-move process
((Xt)t>0, (P2)zer) constructed above is a homogeneous Markov process with respect
to (Ft)iso. The trajectories of (X;);>o are continuous except at the jump times
(T;);>1 where they are right-continuous. The specific form (2.2) implies that the
law of the waiting time 7; under P, is absolutely continuous with respect to the
Lebesgue measure with density E, {a(Yt(j “Nexp (— Jra(Y,u—1) du)} 14~0 as proved
in Section 2.4.1. It also implies that the intensity of jumps is «(X;). Denote by
Ny = >2j50 11,<; the number of jumps before ¢ > 0. Under the assumption (2.1), we
have for any n > 0 and ¢t > 0,

P(N; > n) <P(N; > n) (2.3)

where Ny follows a Poisson distribution with rate a*t. This in particular implies
that (IV;)>0 is a non-explosive counting process. All the aforementionned properties
of (X¢)¢>0 are either immediate or verified in [LLG21].

Note that the above construction only implies the weak Markov property of
(Xt)i>0 in general, at least because the process (Y;);>o is only assumed to be a
(weak) Markov process. A more abstract construction obtained by “piecing out”
strong Markov processes is introduced in [INW68], leading to a strong Markov jump-
move process. The strong Markov property can also be obtained in our case by
strengthening the assumptions, see Section 2.3.1.

The transition kernel of (X};);>o will be denoted, for any t > 0,z € Eand A € €,
by

Qu(z, A) =P(X; € A|Xo =2) =P, (X, € A).

Also for f € My(FE), where M,(FE) is the set of real valued bounded and measurable
functions on F, we will denote Q;f(x) = E,[f(X})] = [ Qi(z,dy)f(y). Similarly
we will write QY f(z) = EY [f(Y})].
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2.2.2 Special case of the birth-death-move process

A birth-death-move process is the particular case of a jump-move process where E
takes the form E = U2, E,, with (E,),>0 a sequence of disjoint Polish spaces,
and where the jumps are only births and deaths. We assume that each FE, is
equipped with the Borel o—algebra &,, so that E is associated with the o—field
E =0 (Uxy&r). We further assume that Fy consists of a single element denoted
by . In this setting, the Markov process (Y;):>o driving the motions of (X¢)>o is
supposed to satisfy

Px((n)tZO C En) = 1En($), Yr € E, Vn > 0.

We introduce a birth intensity function g : E — R, and a death intensity
function 0 : E — R, both assumed to be continuous on E and satisfying a = 5+ 4.
We prevent a death in E, by assuming that §(¢)) = 0. The probability transition
kernel K for the jumps then reads, for any x € E' and A € &,

K(z,A) = %Kg(x, A) + @Kg({lf, A), (2.4)

where Kz : E x &€ — [0,1] is a probability transition kernel for a birth and Kj :
E x & — [0,1] is a probability transition kernel for a death. They satisfy, for z € E
and n > 0,

Kg(z, Epq) =1g, () and Ks(z, E,) = 1g,,, ().

Notice that a simple birth-death process is the particular case where £ = N,
E,, = {n} and the intensity functions g and ¢ are sequences.

For later purposes, when E = ;2 E, as in the present section, we define the
function n(.) : £ — N by n(z) = k when x € Ej, so that v € E,,) is always
satisfied.

2.2.3 Kolmogorov backward equation

The goal of this section is to present the Kolmogorov backward equation for the
transition kernel of the general jump-move process (X;);>¢ of Section 2.2.1, providing
a more probabilistic viewpoint of its dynamics, and to show that the solution exists
and is unique. To obtain these results we use similar methods as in [Fel71] for pure
jump processes, see also [Pre75]. The key assumption is the boundedness (2.1) of the
intensity «, which prevents the explosion of the process. The proofs are postponed
to Section 2.4.2.

Theorem 9. For all x € F and all A € &, the function t — Q(x, A), fort > 0,
satisfies the following Kolmogorov backward equation:

Qi(z, A) =E; [1neA b a(Yu)du]

[ ] @t AR [ (v, dg) e e g ()
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With approximation arguments and using linearity, we can generalise (2.5) to
the evolution equation of @)y

Quf(x) =E) [f(yt) b a(Yu)du:|
" /Ot /E Qu-sf W) E, {K (Ve dy) a(Yy)e Jo 0wl g5 (2.6)

for any f € Cy(E).
In the case of the birth-death-move process of Section 2.2.2, the above equation
reads, for x € E,,,

Quw, 4) = EY [Lyeqec ho0w]
t S
+/ Qi—s(y, A)EY {ﬁ (Y,) K5 (Y, dy) e I a(Yu)du] ds
0 JE 41
t S
+/ / Qi-s(y, A)EY [5 (Ys) K5 (Ys, dy) e o a(Yu)du:| ds. (27)
0 Enfl

To show the existence of a unique solution to (2.5), let
Qip(z,A) =P, (X; € AT, > t)

be the transition probability from state z to A in time ¢ with at most p jumps.
Notice that we can define Qo = pll}rrolo Q:p because Q;p < Qrpr1 < 1. We prove in

the following proposition that (), ~ is the unique solution to (2.5) using a minimality
argument as in [Fel71].

Proposition 10. Q; is the unique sub-stochastic solution of (2.5), i.e. it is the
unique solution satisfying Qi(x, E) < 1 for all x € E. Moreover Q; is stochastic,
ie. Qroo(r, E)=1 forallz € E.

To conclude this section, we present an interpretation of )y for the birth-
death-move process of Section 2.2.2, which is much in the spirit of [Pre75]. We
write Qy,p)(x, A) for the transition probability from z to A in time ¢ without having
entered UZO:p 11 Bk, that is

Qup) (2, A) =P, (X, € A, Vs € [0,1] n(X,) <p).
We can also define Qy ()(z, A) = plggo Q1p)(z, A) < 1 by monotonicity.

Proposition 11. For allz € E and all A € £, Q4 (o0) (7, A) = Q1 0(2, A).

2.2.4 Systems of interacting particles in R?

In this section, we focus on the dynamics of a system of interacting particles in R?
and we provide general examples of birth kernels, death kernels and inter-jumps
motions in this setting, that to our opinion constitute realistic models for appli-
cations and are actually already used in some domains. Some of them moreover

MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



34 CHAPTER 2. FELLER PROPERTIES

lead to an explicit Gibbs stationary measure of the dynamics, as we will show in
Chapter 3. These running examples will serve in the rest of the paper to illustrate
the theoretical results and make explicit our assumptions.

Let W C R? be a closed set where the particles live, equipped with a o—field B.
A collection of n particles in W is a point configuration for which the ordering does
not matter. For this reason, for n > 1, we will identify two elements (z1, ..., z,) and
(Y1, .., yn) of W™ if there exists a permutation o of {1,...,n} such that z; = y,(
for any 1 < ¢ < n. Following [Pre75], [L6c02] and others, we thus define E,, as the
space obtained by this identification. Specifically, denoting by m, : (z1,...,2,) €
W™ — {x1,...,2,} the associated projection, the space E,, corresponds for n > 1
to E, = m,(W™) equipped with the o—field &, = 7,(B®"), while Ey = {O} is just
composed of the empty configuration. The general state space of a system of particles
is then £ = U,>oF, equipped with the o—field & = ¢ (U,>0&,) . This formalism
allows us to go back and forth quite straightforwardly between the space E, and
the space W™, the latter being in particular more usual to define the inter-jumps
motion of n particles, as detailed below. Note that an alternative formalism consists
in viewing a configuration of particles as a finite point measure in W, in which case £
becomes the set of finite point measures in W, see for instance [Kall7]. We choose in
this paper to adopt the former point of view. We denote by ||.|| the Euclidean norm
onRE If o= {xy,...,2,} € B, and £ € W, x U ¢ stands for {zy,..., 7,6} € Epp
and if 1 <14 <n, we write z\ z; for {z1,..., 2 1,Tiy1,...,Tn} € By 1.

As long as we are concerned by continuous inter-jumps motions, we need to
equip £ with a distance. Following [SX08], we consider the distance d; defined for
t=A{x1,..., Tpe} and y = {y1,...,Yn } in £ such that n(xz) < n(y) by

1
hw,y) =05 (Ué%f}y) 2 (75 = yo@ [ A 1) + (n(y) n(fﬁ))) o (28
with d;(z,0) = 1 and where S,, denotes the set of permutations of {1,...,n}. Some
topological properties of (E,d;) are detailed in [SX08] and Section 2.4.5. For the
purposes of this section, let us quote in particular that n(.) : (E,d;) — (N,|.]) is
continuous and that m, is continuous. Note that other distances than d; could have
been chosen, provided these two last properties (at least) are preserved. Incidentally,
the Hausdorff distance, which is a common choice of distance between random sets,
does not satisfy these properties (see Section 2.4.5) and is not appropriate in our
setting.

We now show how we can easily construct a continuous Markov process (Y;):>o
on E from continuous Markov processes on W™ for any n > 1. We focus on the
case where for any z € E and n > 0, P,((Y:)i>0 C E,) = 1g,(z), as we required
it for birth-death-move processes in Section 2.2.2. It is then enough to define a
process Y™ on each E,,. To do so consider a continuous Markov process (Zln)tzo on
W™ whose distribution is permutation equivariant with respect to its 1n1t1a1 Value
ZJ[". This means that for any permutation o € S,, the law of Z," = (Zt 1. Zt )

given ZO‘" = (Zo(1)s- - -» Zo(n)) is the same as the law of (Zt|$(1), . .,Zt[Z(n)) given
Zy" = (z1,...,2n). Let x = {x1,...,2,} € E, and take the process 7™ with initial
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state ZO|" = (x1,...,2,). Note that from the previous permutation equivariance
property the choice of ordering for the coordinates of this initial state does not
matter, as it will become clear below. We finally define the process Y;'n on FE,
starting from x as

V" =m (2") = {2, 20 (2.9)

Note that the continuity of ¢ — th (with respect to dy) follows from the continuity
of t — Ztln and the continuity of m,. The continuity of t — Y; is then implied by
the continuity of n(.).

With this construction, the transition kernel of Y reads, for any f € M,(E),

= Y E[f(V") ¥5" = 2] Luc,

n>0

= Y E(f(ma(Z")] 2" = (w1, ) Luen,

n>0

so that denoting by Q7 "™ the transition kernel of Z " in W™ we have

=3 Q7" (fom) (21, ..., 20) Luer, .

n>0

Note that if we had chosen another ordering for the initial state, that is
Zoln = (To(1)s - - -+ To(n)) for some o € S,,, then the transition kernel of Y would have
remained the same, since by permutation equivariance

E (f(mu(Z")] 20" = (o), > Totm))
=K (f(ﬂn<Zt|Z(1) Zt‘:'(n))) | Z0|n = (21, .. a%))

which is B (f(m.(Z") | Zy" = (x1,.. ., 2a)).

We are now in position to present general examples of jump transition kernels
and inter-jumps motions for a system of particles in W. The first example introduces
a death transition kernel where an existing particle dies with a probability that may
depend on the distance to the other particles. The next two examples focus on birth
transition kernels, either driven by a mixture of densities around each particle, or
by a Gibbs potential. The last two examples apply the above construction of (Y;)i>o
on FE to introduce inter-jumps Langevin diffusions and growth interaction processes.

Example 1 (death kernel): Let g : R, — R% be a continuous function and for
r=A{xy,...,x,} € B, set w(xy,z) =1ifn=1andifn > 2 foranyi € {1,...,n},

W(J:Za = Zg “zk Iz”

k;éz

with z(z) = 231 Yok 9(||2k — 24|). A general example of death transition kernel is

8

n(z)
Ks(x,A) =) w(zj,x)la(x\z;), z€E, A€é.

1

.
I
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The probability w(z;, ) that ; disappears then depends on the distance between z;
and the other particles in x through g. Uniform deaths correspond to the particular
case w(x;, x) = 1/n(x).

Example 2 (birth kernel as a mizture): Let ¢ be a density function on W, and
¢1 : W — R and ¢ : R, — R be two continuous functions. We set for z =
{z1,.. ., 2@} € E\ Eo, v(x;,2) = exp <¢1(xi) + ki G2 ([|lzn — le)) and we con-
sider the birth kernel defined for A C W and x € E \ Ey by Kz(0,A) = [, p(&)d¢

and

1w £ — x;
Koz, AUz) = n(x) Z:ZI z(xi, x) /ASO (v(x,,x)> dc,

where AUz = {{u}Uz,u € A} and z(z;, ) = [ ¢ ((§ — x;)/v(zs, x)) d§. Note that
2(zy,x) = vz, x)? if W =R Tt is easily checked that Kgz(z, Eyy1) = Ka(z, WU
x) = 1 for x € E,, and in particular this kernel is a genuine birth kernel in the sense
that the transition from F, to F,.; is only due to the addition of a new particle,
the existing ones remaining unchanged. Moreover, the new particle is distributed as
a mixture of distributions driven by ¢, each of them being centred at the existing
particles. The term v(z;, ) quantifies the dispersion of births around the particle
x; and it depends on the distance between x; and the other particles through ¢,. A
natural example is a mixture of isotropic Gaussian distributions on R? (restricted
to W), respectively centred at x; with standard deviation v(z;, z).

Example 3 (birth kernel based on a Gibbs potential): We introduce a measurable
function V : E — R, so called a potential, satisfying

o) i= [ exp(=(V(UE) —V(x))dE < o0
for all z € F, and we consider the birth kernel defined for A C W and x € E by

_ b [ weu-va)
Kﬁ(x,AUx)—Z(x)/Ae d¢.
Note that Kg(x, W Uz) = 1 for € E. With this kernel, given a configuration =z,
a new particle is more likely to appear in the vicinity of points & € W that make
V(z U§) — V(x) minimal. This kind of kernels K has been introduced in [Pre75]
for spatial birth-death processes, the case of a birth-death-move process with no
move. Their importance is due to the fact that the invariant measure of a spatial
birth-death process associated to Kz, uniform deaths and specific birth and death
intensities has been explicitly obtained in [Pre75] and corresponds to the Gibbs
measure with potential V. This result is at the basis of perfect simulation of spatial
Gibbs point process models, see [MWO04]. We will similarly show in Chapter 3 that
the same Gibbs measure is also invariant for a birth-death-move process associated
to the same characteristics for the jumps and a well chosen inter-jumps move process
(Y:)i>0 constructed as in the next example.

Example 4 (Langevin diffusions as inter-jumps motions): Let g : R? — R? be a
globally Lipschitz continuous function, 8 > 0 and {B;;}1<i<n, n > 1, a collection
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of n independent Brownian motions on R?. We start from the following system of
SDEs usually called overdamped Langevin equations

Azt = =S gz}t -z} dt + 26~ dB,,;, 1<i<n.
J#i

For z = (21,...,2,) € (RY)", denoting by ®, : (RY)" — (R?)" the function defined
by ®,(2) = (Pn,1(2), ..., Prn(2)) with @, (2) = 3,4 g(2 —2;), this system of SDEs
reads

azl" = -, (z/") dt + \/28-1dB/", (2.10)
where Bt|n = (Bt1,...,Bin). Since ¥, is a permutation equivariant function, that

is for any 0 € S,

(I)n(za(l)7 R Za(n)) = (Cbn,a(l)(z)a R (Dn,a(n)(z))v

In

and since B," is exchangeable, we can verify by writing (2.10) in integral form that

the law of Zln is permutation equivariant with respect to its initial state. So when
W = R? we can define each inter-jumps process Y'I" in E, from Z" as in (2.9),
yielding (Y;)i>0 on E. The same construction can be generalised if W C R?¢ by
considering a Langevin equation with reflecting boundary conditions ([FG07]). This
inter-jumps dynamics, associated with the birth kernel of Example 3 and a drift
function g related to the potential V', converges to a Gibbs measure on W with
potential V' (see Chapter 3).

Example 5 (Growth interaction processes): This example is motivated by models
used in ecology ([RS01, RCM09, Com09, HMP19]). Each particle consists of a plant
located in S C RY and associated with a positive mark, that typically represents
the size of the plant, so that W = S x R* here. Births and deaths of plants occur
according to a spatial birth and death process, while a deterministic growth applies
to their mark. Specifically, when a plant appears, its mark is set to zero or generated
according to a uniform distribution on [0, €] for some € > 0 ([RS01]). Then the mark
increases over time in interaction with the other marks. In order to formally define
this inter-jumps dynamics, let us denote by (U;(t), m;(t))i>0, for i = 1,...,n, each
component of the process (Zt‘n)tz(] where U;(t) € S and m;(t) > 0, so that Z" e W
We introduce the system

az"
dt

- <(O’ Flv"(Ztln))7 (0 Fn,n(Zt‘n)D ) (2.11)

where for all 1 < ¢ < n, F,, is a function from W" into R;. We thus have
U;(t) = U;(0) for all i and the evolution of the marks (m;(t),...,m,(t)) is driven by
a deterministic differential equation depending on (U;(0),...,U,(0)) as expected.
To define Y'!" by (2.9), we finally assume permutation equivariance, namely that
Foiyn(21, - 20) = Fin(2e(1)s - - -+ Z0(my) for all i and all o € S,, which is satisfied
for all examples in the aforementioned references.
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2.3 Feller properties and infinitesimal generator

2.3.1 Feller properties

We assume henceforth that E is a locally compact Polish space. Let Cy(E) be the
set of continuous and bounded functions on £ and Cy(E) be the set of continuous
functions that vanish at infinity in the sense that for all € > 0, there exists a compact
set B € E such that x ¢ B = |f(2)| <e.

Following [Dyn65] and [Oks13], we say that the jump-move process (X;);>o on E
with transition kernel @, is Feller continuous if Q,Cy(E) C Cy(E), and we say that
it is Feller if both lim; o ||Q¢f — f|lcc = 0 for any f € Cy(E) (strong continuity) and
QCo(E) C Co(E).

The following proposition, proved in Section 2.4.3, provides information on the
continuity property of @); when t goes to 0.

Proposition 12. We have
1. For any f € Cy(E) and any x € E, lin%Qtf(:c) = f(x).
—

2. Let f € My(E). Thenlim[|Qif — flloe = 0 iff lim [ Q) f — flloc = 0.
t—0 t—0

By the second point above, the strong continuity of ¢); is implied by the strong
continuity of @}, which in turn holds automatically true if QY Co(E) C Co(E) by
continuity of Y;. We thus obtain the following natural conditions on the jump-move
process on E to be Feller continuous or Feller. The proof is given in Section 2.4.3.

Theorem 13. Let (X;)i>0 be a general jump-move process on E.

1. If QY Cy(E) C Cy(E) and K Cy(E) C Cy(E) then (X,)i>o is a Feller continu-
ous process.

2. If QY Co(E) C Co(F) and K Co(E) C Co(E) then (X,)i>0 is a Feller process.

We deduce in particular from this theorem that if QY Cy(E) C Cy(E) and
K Cy(E) C Cy(E) (or alternatively with Cy(E) instead of Cy(E)), then (Xi)i>o
is a strong Markov process for the filtration (F;):>0, a property implied by the Feller
continuous and Feller properties ([Basl1]). The Feller property will also be useful
to us in Chapter 3 to construct a coupling between a birth-death-move process and
a simple birth-death process on N, in a view to establish ergodic properties.

We investigate in Section 2.3.3 the conditions of Theorem 13 for the examples of
dynamics of systems of interacting particles in R? introduced in Section 2.2.4. They
turn out to be generally satisfied under mild conditions for these examples.

2.3.2 Infinitesimal generator

In this section we compute the infinitesimal generator associated to the jump-move
process (X;)i>0. We first introduce some notations and recall below the definition
of the generator, see for instance [Dyn65]. In connection, remember that the family
(Q¢)i>0 of transition operators is a semigroup on (M(E),||.|ls). If moreover the
process (X¢)i>o is Feller continuous (resp. Feller), then (Qt);>0 is a semigroup on

(Co(E); [[-lloo) (resp. (Co(E), [[-ll0))-
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Definition 2. Let L C My(E) and (U)o be a semigroup on (L, ||.||). We set
Lo ={f € L:1im |Upf - [l = 0}

and

U f—
DA:{fGL:%iI% / exists in (L, ||.]|c0)}-
—

For f € Dy, define Af = limpo(Uif — f)/t. The operator A: Dq — L is called
the infinitesimal generator associated to the semigroup (Uy)i>o and Dy is called the
domain of the generator A.

In the following we denote by Ly (resp. LY) and A (resp. AY) the set as in
Definition 2 and the infinitesimal operator associated to (Q;)i>o0 (resp. (QY )i>o0)-
Note that Ly = LY by Proposition 12.

Theorem 14. Let (X;);>0 be a general jump-move process on a Polish space E.
Suppose that if f € LY, then a x f € LY and Kf € LY. Then Dy = Dy and for
any f € Dy,

Af =A f+ax Kf —ax f.

This result, proved in Section 2.4.4, shows that the generator A of the jump-move
process (X;)i>o is just the sum of the generator of the move AY and the generator of
the jump, specifically of a pure jump Markov process with intensity a and transition
kernel K, that is a x (K — Id) (see [Fel71]).

Note that for a pure jump process, QY = Id for any t > 0, LY = D v = My(E)
and AY = 0, so that all assumptions of Theorem 14 are trivially true in this setting.
More generally, consider a jump-move process with a Feller inter-jumps process,
ie. QY Co(E) C Cy(E), and a Feller jump transition, i.e. K Cy(E) C Cy(E), so
that (X;);>o is Feller by Theorem 13, then we can take L) = Cy(E) and again the
assumptions of Theorem 14 are satisfied since « is bounded.

2.3.3 Application to systems of interacting particles in R?

We go back to the setting of Section 2.2.4 concerned with systems of interacting
particles in W C RY, in order to inspect whether the examples of dynamics presented
therein are (continuous) Feller or not. To do so and be able to check the conditions
of Theorem 13, we need to first clarify what are the sets Cy(E) and Cy(E) in this
framework. Remember that in this setting £ = U,>0E, where E, = m,(W")
corresponds to the set of unordered n-tuples of W, and we have equipped E with
the distance d; defined by (2.8). As a first result, it can be verified that (F,d;) is
a locally compact Polish space, see [SX08, Proposition 2.2] and Section 2.4.5. To
characterise the elements of Cy,(E), we shall use the following proposition, proved in
Section 2.4.5.

Proposition 15. Let x € E and (zP),>, a sequence such that di (2P, 2) = 0 as
p — 0o. Then there exist py > 1 such that for all p > py n(x®)) = (x) and, when
n(xz) > 1, a sequence (0,)p>p, Of Spi) such that for any i € {1,... ,n(x)},

Je%) = zill = 0. (2.12)
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On the other side, to deal with Cy(F), we provide a characterization of the
compact sets of each F,, for n > 1, and an important property about the compact
sets of F.

Proposition 16. Suppose that W is a closed set of RY.

1. Let n > 1 and A be a closed subset of (E,,dy). Then A is compact if and only
if the following property holds:
VweW, IR >0, st.Vo={z,..,x,} € A, maX{ka wl||} < R.

1<k<n

no
2. Let A be a compact set of E. Then there exists ng > 0 such that A C U E,.
n=0
The two previous propositions are the main tools to investigate the continuous
Feller and Feller properties of the jump kernel K of a jump-move process. Concern-
ing the inter-jumps move process (Y;);>0, remember that we can easily define it on
each F, from a continuous process (Zt‘n)t>g on W™ by the projection (2.9). Simi-
larly as for the continuity property dlscussed in Section 2.2.4, the Feller properties
of (Y1)i>0 on (E,d;) inherit from that of (Zt )e>0 on W™

Proposition 17. Let (Y;)i>0 be defined on E by (2.9), then if (Zt‘n)tzo is a Feller
continuous (resp. Feller) process on W™ for every n > 1 then (Y;)i>o0 is a Feller
continuous (resp. Feller) process on E.

By this result, standard inter-jumps motions are Feller continuous and Feller, as
this is the case under mild assumptions for Examples 4 and 5 detailed below. Con-
cerning the jump kernels, the global picture is as follows. They are generally Feller
continuous, but not necessarily Feller even if the underlying space W is compact, as
showed in the following example. However if we restrict ourselves to birth kernels,
then they are generally Feller (see Examples 2 and 3 below). On the other hand, if
we restrict ourselves to death kernels, then they are Feller if W is compact, but not
otherwise, see Example 1 below. Remark that a birth-and-death jump kernel as in
(2.4) is (continuous) Feller when the birth kernel K3 and the death kernel K are.
So it is generally continuous Feller, and if W is compact, it is generally Feller.

Let us make these informal claims more specific through some examples. The
first one presents an example of jump kernel on a set W, possibly compact, that
is continuous Feller but not Feller. The other ones correspond to the examples
introduced in Section 2.2.4.

Example. Consider the jump kernel K defined for f € My(F) by
n(z)
1

Kf Zf{x

for ¥ = {z1,..., 25} € E, so that K(:E,El) 1 for any 2 € E. Let 2® be a
sequence converging to z, from which we define py and (0,),>p, as in Proposition 15.
Let f € Cy(E). Then

f{zi}) = Kf(x),
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which shows the continuous Feller property of K, i.e. K Cy(E) C Cy(F). Let us
now show that K is not Feller. Assume without loss of generality that 0 € W.
Consider the function f(z) = max(1 — ||z||,0)1, =1, where we abusively write
|lz|| := ||#1]| when z = {21}, 1 € W. Note that f € Cy(E). Let B be a compact
subset of E. From Theorem 16 there exists ng > 0 such that B C U;°F,. Choose
y=10,...,0} € E,,41. Then y ¢ B but K f(y) = 1 proving that K f ¢ Cy(E).

Example 1 (continued) (death kernel): For the death kernel K of this example,
we have

(i) KsCo(E) C Cy(E)
(i) Ks;Co(E) C Co(E) if W is compact, but not necessarily otherwise.

To prove the first property, take r € E, a sequence (zP)),> converging to z,
and py and (0,)p>p, from Proposition 15. Then it is not difficult to verify that

(p)

lim,, 0o w(z, ) 2P = w(x;, ) by continuity of g. Moreover,

d (x(p) \;1: x\asz) < 72 H%p — ]|

J#l

which shows that 2 \:L‘(p) —a x \ ;. Therefore, for any f € Cy(F),

i Y — |; (® _.(p) () \ .(P)
Jim (o) = i 3 ol ) 2\ o)
= lim 3 w(ag ), o) f @\ )

=1

= > w(@i,z)f(\ i)

i=1

= Ksf(z).

Let us now consider the second claim (i7). Take f € Cy(E) and € > 0. We fix
A a compact set of (E,d;) such that |f(z)| < e for x ¢ A. By Proposition 16,
A C Upl, E, for some ng. As a straightforward consequence of Proposition 16 (see
Corollary 32 in Section 2.4.5) the set B := U} E,, is a compact set when W is
compact and it satisfies Kjs(z, A) = 0 for = ¢ B. This implies that for x ¢ B,

|Ksf(x |<’/f VKs(x,dy) /f VKs(x,dy)
< |flloKs(x, A) + € Ks(x, A°) < ¢, (2.13)

and so Ksf € Cyo(E). Let us finally show that this result is not valid any more if W
is not compact. Assume without loss of generality that 0 € W and consider as in the
previous example the function f € Cy(F) defined by f(x) = max(1 — ||z||,0)1,z)=1
Let B be any compact subset of E. Then By = B N E, is compact because Ej is
closed and by Proposition 16, for any x = {x;, 22} € Bs, there exists R > 0 such
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that max{||z1]|, [|[z2]|} < R. Take y = {0,y2} in E5 such that ||y2|| > R+ 1, which is
possible since W is not compact. Then y ¢ B but Ksf(y) = w(ys,y) proving that

Kf ¢ Co(E).

Example 2 (continued) (birth kernel as a mizture): For this example, we shall
prove that if W # @ and if the dispersion function v is continuous, then K3Cy(E) C Cy(E)
and K3Co(E) C Cy(E). Take f € Cy(E), x € E and a sequence (z)),>q converging
to x, from which we define py and (0,)>p, from Proposition 15. We have, for p > py,

n(z)

Loy L RN
Kol ) = 105 32— [, He A ( (Up)w (p)>)d£

1w fRd1W<x£’@+v<xff;’<z->,x<p>>ef< "U el + ol 2 )e}p(€)ds
n(z) i=1 Jra 1W($E,];)(i)+v( ((,p)(i),ﬂf )5)90(5)d5

By continuity of v, the involved indicator functions tend to 1y (z; + v(z;, x)§) for
any x; + v(x;, )€ € W. On the other hand, for any i € {1,...,n(z)} and any &,

dy (x(p) U {xi,’;)(i) + v(xi_i)(. e} Uz + v(ag, x) f})

n(z)
1
S ] (Z ety = sl + ety + v(agy, 2 € — i v(xi,mu)
1
< @Ti (Z gy = 2l + gy = will + IEl ez, @ <p>>—v<xi,x>\)
which tends to 0 as p — 0o. So by continuity of f, f(z®) U{x —l—v( ®)eL)

tends to f(zU{x; +v(z;, x)§). We conclude by the dominated convergence theorem
since f is bounded and ¢ is a density, that Kjf(z®) converges to Kz f(x) as p — oo,
which proves that KzCy(E) C Cy(E).

Let us now prove that KgCy(E) C Co(E). Let f € Cy(E) and ¢ > 0. We
fix A C F a compact set such that x ¢ A = |f(z)] < . By Proposition 16,
A c U, E, for some ng. Letting A, = AN E,, for n = 0,...,ng, we remark
that A, is a compact set because F, is closed. By Proposition 16, there exists
R, > 0 such that for every a = {ay,...,a,} € A,, max1<k<n lag|]| < R,. Let
now B, = {x € E,,>"_, |zl|/n < R,} and B = %' B,. We can verify (see
the proof of Proposition 16) that B, is compact and so is B. We claim that if
r ¢ B, then Kg(x,A) = 0. Indeed, if Kg(x, A) > 0 then Kgz(x, A,) > 0 for some
n € {0,...,no}, but since Kz(z, Ay) < Kg(x,{0}) = 0 it cannot be n = 0. Now,
forn =1,...,n9, Ks(z, A,) > 0 implies that z € E,_; and A, C {z Uz, z € W}
since Kg(x, W Ux) = 1. So maxi<x<n—1 ||zx|| < R,, whereby x € B,,_;. This shows
that if Kg(x, A) > 0 then x € B, as we claimed it. We deduce that for any « ¢ B,
|Ksf(z)] <easin (2.13).

Example 3 (continued) (birth kernel based on a Gibbs potential): This birth kernel
Kp is both Feller continuous and Feller, whenever the potential V' is continuous
and locally stable. By the latter, we mean that there exists ¢» € L'(W) such
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that for any z € E, exp(—(V(z U &) — V(x))) < (&) ([MWO04]). Under these
conditions, we can prove similarly as in Example 2 that KzC,(E) C Cy(E) by use
of the dominated convergence theorem and that KzCo(E) C Co(E). Note that
the examples of potentials considered in Chapter 3, leading to an invariant Gibbs
measure, are continuous and locally stable.

Example 4 (continued) (Langevin diffusions as inter-jumps motions): The inter-
jumps process (Y;);>0, defined through the stochastic differential equation (2.10), is
a Feller continuous and a Feller process on E. This is due to the fact that g being
globally Lipschitz, the function ®,, in (2.10) is also globally Lipschitz for any n > 1,
and so the solution (Ztm)tzo of (2.10) is Feller continuous and Feller ([SP12]). The
conclusion then follows from Proposition 17.

Example 5 (continued) (Growth interaction processes): In this example, the
inter-jumps motion is driven by (2.11). If the functions Fi,, ..., F,, are Lipschitz
continuous, then (Y;);>o is Feller continuous and Feller. Indeed, the solution of
(2.11) is continuous in the initial condition Z!" under this assumption (see [Mar04]),
implying the Feller continuity of (Y;);>o by Proposition 17. Moreover, since the
marks m;(t) in (Zln)tzo are all increasing functions, we have that ||Z;"| > ||Z(|)"||
Let f € Co(W™), € > 0 and R > 0 such that ||z|| > R = |f(z)| < e. Therefore if
|1ZI"| > R, we have ||Z)"|| > R and so f(Z") < ¢, proving that Z/" is Feller and so
is (Y;)i>0 by Proposition 17.

Let again (Y:);>0 be the move process defined on each E,, from a continuous
process (Zln)tzo on W™ by the projection (2.9). With the following Proposition
we obtain informations on the domain of the generator associated to the move
process (Y;)i>o from the domain of each (Ztm)tzo for lack of knowing it perfectly.
We introduce the notation C.(E) for the set of continuous functions with compact
support.

Proposition 18. Let (Y;)i>o the process defined on E by (2.9). If we suppose that

for any n > 1 the process (Ztm)tzo is a Feller process, then for any f € C.(E) such

that fom, € Dz for any n > 1, we get that f € D v .

2.4 Proofs and technical results

This section focuses on the proofs of the results previously stated in this chapter.
It also contains properties of the sequence of the jumping times (7});>0 associated
to the jump-move process and describes some topological properties of the space E
endowed with the distance d; in the case of interacting particles in R?, as introduced
in Section 2.2.4.

2.4.1 Law of the jumping times

Here we check that the jumping times of the jump-move process are continuous
random variables and we compute their densities.
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Lemma 19. Letz € F.

1. For any j > 1, the variable 7; has a density 1y, under P, given by:
, t :
g, () =y a0 exp (= [ a(v0 ) du) | 1o

2. Let k > 1. The vector (T1, Ty, ..., T}) has a density under P, given by:
k
H(T, ..., Tk)(tlv X =y, (t1) H

In particular, T} has a density under P, for any j > 0, which will be denoted
/"L%j'
Proof of Lemma 19. Let h be a bounded continuous real function.

1. We use the fact that conditional on (Y,9~Y),54, 7; has the density

t>0|—)a( ) fo a(Y. 9™y
to obtain
Eo[1(7))] = By [Ea(](7)] (V.0 )u0l]
= [ [ hia(rt e oot gy

— /R h(t)® (t) dt

2. Letp>1andt,...,t,_1 € Ry. Then

by Fubini’s theorem.

]E [h(T )|T -1 = tp_l, e ,Tl - tl]
= By [Ex [W(T)|Tpor = tp1, -, To =11, (VP D) 0|
= E; [Eo [M(Tpo1 + )| Tpe1 = tpr, o, To = 11, (VP D)0

+o00 t N
— U Bt + by 1 )a(Y,P D) Jo ot 1))dudt]

=[O, e ] g

Thus, given T,_1 = t,_1,...,T1 = t1, the variable T}, has a density under PP,
given for t > ¢, 1 by

. . [t (»-1)
/’LTP‘Tp_lztp_l,...,letl <t> = E$ |:Oé(}/t-(—ptp)1)e f() (Y ) :l

i.e.
X

l’l’%pu—‘p,l:tp,l ..... Ti=t1 (t) = /’LTp (t - tp—l)'
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Now recall that 77 has a density under P, given by
t
() = By |a(Y,®)e Jot e®idul gy > g

1
Then (11,75, ...,T)) has a density under P, given by the formula
/‘Lc(zT1 ..... Tk)<t1’ e 7tk)
= /’LT (tl)u%’Q‘Tl:tl (t2>l’b%3|T2=t2,T1=t1 (t3) et /’Lg—‘k‘kalztkfl ..... Ti=t1 (tk>
[l

As already mentioned the process (NV;);>o is a non-explosive counting process.
The intensity function « being bounded, (2.3) is a consequence of Lemma 19.

2.4.2 Proofs of Section 2.2.3 about the Kolmogorov back-
ward equation

Proof of Theorem 9
On the one hand, for any z € E,t >0 and A € &,
P.(X: € A, > t) = Ep(1x,ea 175¢)
=E, :Ex(]-XteA 17’1>t|<Yu(0))U20>:|
= E, [E(1y0 LoV “”)]
=E, -1Yt<0)€A Em(1T1>t|Y(O))]
_ o Jy o) du]

- EZ‘ 1Yt(0)€A

t
=EY |1y,cae o Of(Yu)d“} . (2.14)

On the other hand, by construction of the process

E.[1xealFr]ln< = Qiri (X, A) L <
where F, ={F e F:Fn{n <t} € F, Vt > 0}. Then
Po(Xy € A, < 1) = Bo[Eo[1x,ea]Fr | 1r <
= Eo[Qt—r, (X7, A) 17 <]
= B [E[Qrr, (X, ALyl YO

—E. [ KO d0)Qun (v Al

=E, :Ex [ /y KO, dy)Qur (. A)1ﬁ<t|y<0>]}

)] [ KO @iy Aoy e w08 a
—/ [ @y A, [ K (Y0 dy) a(v®)e o0 g
:/O/EQH(%A)E? [K(Ys,dy) a(Y)e™ o o0 }ds. (2.15)
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The result then follows gathering (2.14) and (2.15).

Proof of Proposition 10

The proof is made up from Lemmas 20, 21 and 22, the approach being similar to
[Fel71]. In Lemma 20 we built a solution Q. (z, A) of (2.5) for any z € E and
A € &, while Lemmas 21 and 22 will imply the unicity of the solution.

Lemma 20. For all x € E and A € &, the function t € Ry +— Qroo(z,A) is a
solution of (2.5).

Proof of Lemma 20. We will proceed as in the proof of Theorem 9. First
]P)x(Xt € A7Tp+1 > t77—1 > t) = IP):C(Xt S A,T]_ > t) - Eg 1)/t€A effo a(Yu)d

Secondly, if the process jumps once before t (at time 79) and is in A at time ¢
with at most p + 1 jumps, the process has at most p jumps after the time 7. By
construction of the process, the law of X, given X7, is the same as the one of X;_,,
given Xy = X;,. We then obtain

Ez[lXt€A171§t<Tp+1 |~F7'1] = Qt—n,p(Xn) A)]-T1§t'
This leads to

Po(X, € A Ty >t < 1)

<
Eo|Qt—r p(Xris A) L7 <]

Eo[Ee[Qrr p(Xry, A) 1|V, 1))
E,|

ac/y t T1,p ya ) TlStKO/:rl 7dy)]
Eol | Qurplys ALK (V) dy) |y O]
yer
t s
IEx[/ | Qe AL K (Y dy)a(v, e Jo 20w
0 JyekE -

= [ [ Quaaly ABY [K (¥iydy) a(v)e e

We then obtain the induction formula

Qt,p+1 (.T, A) - E;/ |:1Y;5€A e_ f() a(Yu) du

+ /Ot /EQtfs,p(y,A) EY [K (Ys, dy) oz(YS)e‘foso‘(Yu)d“] ds.

This leads by monotone convergence to
" a(Ya)d

[ @l VB [K (¥, dg) a(ve o0 as
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Lemma 21. Q) s called the minimal solution of (2.5) in the sense that for any
non-negative solution Q; of (2.5), we have Qt > Q¢ .

Proof of Lemma 21. Let @y be a non-negative solution of (2.5). Then for any z € E
and A € &

Qt(xa A) > Qt,l (l’, A) = EZ |:]‘YtEA e~ fo C’(Yu)du} )

We then proceed by induction. If Q); > @y, then
Qi(x, A) = EY [1Yt€A o f;a(yu>du]

+ [ ] @ty AEY [K (Vi dy) a(vie hiea] g

> EY [1Yz€A e Js a(y")du]

t S
+/ / Qtfsyp(y,A)E;/ |:K (}/;,dy> &(Ys)e_ f() Q(Yu)du dS
0o JE
= Qt7p+1 (:C7 A)'
Finally Q.(z, A) > Qtp(x, A) for every p > 1 and the result follows by letting p go
to infinity. -

Lemma 22. The minimal solution Q. is stochastic, i.e. Q¢oo(z, E) = 1.

Proof of Lemma 22 . Recall that « is bounded by o* > 0. It is then enough to show
by induction that Q;,(x, E) >1— (1 —e ") for any p > 1. First

Qui(z, E) =E} |ly,epe” Ja am)du] =E; [e_ b am)du] 2 B, (e_a*t) =e
Then notice that
P.(ry <t)=EY {1 e ko a%)d“] <1-—e "
We then obtain by induction
Qipri(z, E) =E; _]‘YtEE e o a(Y“)du}

* /Ot /EQt—s,p(y,A)Ei [K (Y, dy) a(Ye)e™ fjam)du} ds

>E) e h am)ﬂ

; S
# [ (=@ EY | K (Y dy) av)e k0] ds
0 E
t t s
>R [e_ Jo a(y“)d“} +/ (1 —(1— e_a*t)p) EY [a(Ys)e_ Jo O‘(Y")d“] ds
0

=Pu(r > )+ (1= (1= e ")) Po(ry < 1)
=1 - (1= N)PP,(ry <t)>1—(1—e>H)PF,
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By bringing together the last three lemmas it does not take long to prove Propo-
sition 10. By Lemma 20, @~ is a solution of (2.5). We now prove the unic-
ity. Let Q; be a non-negative sub-stochastic solution of (2.5). Lemma 21 entails
Qi(x, A) > Qtoo(x, A) and Qi(z, E\A) > Qio(x, E\A) for every A € £. We get
then

1 2 Qt(‘r7 E) - Qt<I7A)+Qt(x7 E\A) 2 Qt,oo(x7A)+Qt,OO<x7E\A) - Qt,oo<x7E> =1
by Lemma 22 so Qi(x, A) = Qto0(z, A) for every A € £.

Proof of Proposition 11

We first show that @ (. is a solution of (2.5). Let n > 0, z € E, and p > n. If
there is no jump before ¢, then

P.(X, € A, >t, Vs € [0,t] n(X,) <p) =P (X, € A, > t).
By construction of the process, if the first jump before ¢ is a death,
P, (X: € A, Vs € [0,t] n(X,) <p|Fr, adeath occurs at 1) = Qy—r, () (X7, A),
and if the first jump before ¢ is a birth,
P, (X: € A, Vs € [0,t] n(X,) < p|Fr, abirth occurs at 7)) = Q—ry () (X7, A)Lpsn.
Following the same computations as in the proof of Theorem 9, we obtain

Qt,(p) (ZU, A) = ]E;/ |:1Yt€A e fo a(Yu) du:|

t S
* /0 /E Qe-sm(y, A) Ex [B (Y2) K5 (Y, dy) e o a(Yu>du] ds1,.,
n+1
t S
T / / Qt*&(p) (ya A) E;/ [(5 (Y;) K (Y:S, dy) e~ fo a(Yu)du:| ds,
0 En_1

and Qy(c)(7, A) satisfies (2.5) by continuity of the probability. The proof is then
complete thanks to the unicity of the solution to (2.5).

2.4.3 Proofs of Section 2.3.1 about Feller properties
Proof of Proposition 12

Both results of the proposition are based on the following calculation, for any

fe My(E)

Qu(w) = f(@) =B [0 09  £(a) 4 Eo [F(X) Ly
— @ f@) ~ f@) + Y [f) (200 )] 4 By (X0 L]

The last two terms goes uniformly to 0 when ¢ — 0. Indeed,
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EY [£(%0) (7200 — 1) | + B, [£() Laol
< [l + 11 |Po(Ne 2 1)
= 1l + £l [ (1= e Joo00)]

< 20| f1]oo-
So we obtain directly the second point of the proposition. For the first point
remark that when f € Cy(E), by continuity of foY and the dominated convergence
theorem, lim; o QY f(z) = f(x).

Proof of Theorem 13 (part 1)

The proof of the Feller continuous property of (X;);>¢ is based on the following
Lemma 23 that exploits the Feller continuous property of QY, and on Lemma 24
which in addition makes use of the Feller continuous property of the jump kernel K.

Lemma 23. Assume that for any t >0, QF Cy(E) C Cy(E). Then for anyp > 1,
fiooo [y € Cy(E) and 0 < ¢y < --- < t, the function z — EY {fl(Ytl) . fp(Y}p)} is

t
continuous. Furthermore, for any f € Cy(E) the function x — EY [f(Y;)e™ Jo oY) du)
18 continuous.

Proof of Lemma 23. To prove the first statement, we proceed first by induction on
p > 1. Since z — EY [f1(Y,)] = Q}, fi(x), the property is satisfied for p = 1 because
QY Cy(E) C Cy(E) for any t > 0 by assumption. Suppose now that the property is
true for some p > 1. Let fi,..., foy1 € Cp(E) and 0 < ¢; < --- < t,41. Then

v Yo, Y]
YA - B OEY (£ (Y)Y, )]
VAL )R i o (Y]

The function f, X Qg; 1—t,Jp+1 Is continuous by assumption so we can apply the
induction hypothesis.

Regarding the second statement of the lemma, let us take f € Cp(E) and ¢t > 0.
We have

EY [ f(Ve Joo0w ] — EY

32 S ([ 0 du)k]

-5 100 ([ atmyau) |

ko

(=D* oy
= E o T

Jj=1

a(Yy,) duj] ,
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that is:

Y [ (e fee]

g 0

k! /t_o' o /t -0 Ecic/ [f(Yt)a(Yul) o Q’(Yuk)] dUl R duk
k>0 : U= U=

1

because f x a¥ is bounded. For any u; > 0,...,u; > 0, the function
v € Ew—E [f(Y)a(Y,). .. a(Y)

is continuous by the first part of the proof and this expression is bounded uniformly
in z by ||flle X (*)* € L*(]0,#]*). Again, by normal convergence, we obtain the
expected result. O

Lemma 24. Assume that Q) Cy(E) C Cy(E) for anyt > 0 and that KCy(E) C Cy(E).
Lett > 0. Then for any k > 1, for any bounded measurable function p on E x Ry
such that ¢(.,w) is continuous for any u < t, the function v — E,[p(Xp,, Tk) 11, <t
18 continuous.

Proof of Lemma 24. We shall proceed by induction. For k =1,
B [p(Xr, T1)1r <] = Eo[lry < Eo[o(Xry, T1) Y, T
= E.[ [ K(), d)p(= T)1r, <1
= B[ B, d2)ol=, T 1Y)

t .
B[ [ KO, a9tz t)a(r)e B a0 gy

1

t t
= [(EX IV ta(¥)e B 2004 ar,
0

where H(z,u) = [p K(z,dz)p(z,u). Since z — ¢(z,t;) belongs to Cy(E) for every
t1 < t, the Feller continuous property of K entails the continuity of = — H(z,t)
for every t; < t. Consequently the function

z = ]EI [H<Y21, tl)Oz(Yil)ef fgtl O‘(Yu)dU]

is continuous for every t; by Lemma 23. The functions H and « being bounded, the
dominated convergence theorem yields the continuity of  — E,[o(X7, 7)1 <),
proving the statement for £ = 1. Assume now that the property holds for & > 1.
We compute similarly

E.lo(Xn s Thr1)1m <]
= E.[E[ | K(V), 5, d2)¢(z, T L, Fi YO

T ;

B, [ [ KO de)eler + Tae K o0,
0 E

= E.[¢(X7,, T) 17, <t),
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where

o(x,u) = ]E;/[/Otu /E K(Y,,d2)p(z, 7+ u)a(Y,)e Jo e du qr)

t—u

— ]Ef[H(YT, T+ wa(Y,)e” fOTa(Yu)du] dr
0

By Lemma 23, x — EY[H(Y,, 7 + u)a(Y;)e ~Joe (V) du] ig continuous for each wu, 7,
so @(.,u) is continuous for every u < t. We then obtain the result applying the
induction hypothesis. O]

We are now in position to prove the first part of Theorem 13 about the Feller
continuous property of (X;);>o. We compute for ¢t > 0, x € F and f € C,(E)

Z B [f(Xt)1n,—]
= ]Ei/ [f(Yi)e™ fo (Yu)du] + Z E:E[f(Xt)lTkgt<Tk+1]
k>1
= Y(x,t) + ZE f(Xy) 1Tk+1 —Tyst—1, L1 <t]

k>1

where ¢(z,t) = EY [f(Yi)e™ Jy o) du] We get from Lemma 23 that (., t) belongs
to Cy(F) for every t > 0. Then

Lr o (V) Eal [Fri, Y
x Tk<tf t—T} |1 =T >t—Ty Ty s

E.[f(Xo)1lr,, —nst—1 Ire<t] = Egf
el o0y,
[
[

t—T)
x E Tk[ (Yt—Tk)e_ fo ' a(YU)du]lTkSt] (216)

E
E,
E
E.[Y( X1, t — Ti)1g <],

so Lemma 24 entails that x +— E,[¢)(Xr,,t —T;)1n, <] is continuous for every k > 1.
The domination

B[ ( X1, t = Ti)lnprl| < (| fllooPe(Th < 1)
< [[flloeP(N; = k)

where N*t ~ P(a*t) (by (2.3)) allows us to conclude that x — @, f(x) is continuous.

Proof of Theorem 13 (part 2)

Our aim is to prove the Feller property of (X;);>0 assuming that for every ¢t > 0,
QY Co(E) C Cy(E) and that K Cy(E) C Co(E). We follow the same steps as for the
proof of Theorem 13 (part 1), by first inspecting the consequences of QY Co(E) C Co(FE)
in Lemma 25 and second the additional effect of K Cy(F) C Co(F) in Lemma 26.

Lemma 25. Suppose that for every t >0, QY Co(E) C Co(E). Then

1. for any f € Co(E), limyo [|QF f — fllo = 0,
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2. for anyt >0, supycp QYCy(E) C Cy(E),

3. for any f € Co(E) the function x — EY [f(Y;)e™ Jo a(Vu)du) s continuous.

Proof of Lemma 25. By continuity of (Y;):>o, %Lr% QY f(z) = f(x) forevery f € Co(E)

and every z € E. As proved in [RY91], this is equivalent when Q) Co(E) C Co(E)
to limy o ||Q) f — fllee = 0, which proves the first statement of the lemma.

Concerning the second property, let ¢ > 0 and f € Co(E). Fix n(f) > 0 such
that for every s < n(f), [|QY f — flleo < € and s(x) € [0, ] satisfying

sup Qy f(2) = Quw) f(2)-

s€[0,¢]

Then we have

Qﬁnsgg/tﬁf@) < | max Q?Tgf(if) < sup @} f(x).

=Useens s€[0,t]
So
sup Q; f(z) — | max Qi f(x)] < | sup Q f(2) = Qlansmyere f ()
SE[O,t] =0,..., 2 2n 86[0715] 2mn
= Qi) [ () — )sznsﬁ/utf(x)
= Q}fz"ségbwm(Qj(m), L2”52(:L)/tjtf(x) - f(ff))‘

HQSY(I)_ LGséfg/mf — fll

<e¢

whenever t27" < n(f). This leads to

. Y r Y —
i | sup @1 = s, Qo flloe =0

.....

closed subset of My(E) for ||.||ec, we deduce that sup,cp g QY f € Co(E).

We finally prove the third point of the lemma in a similar way as in the proof
of Lemma 23. First we show by induction on p > 1 that for any ¢ > 0 and
0<u <---<w, <tand f € Cy(E) the function z — EY [f(Yt)a(Yul) . .a(YuP)}
is in Cy(F). Indeed for p =1

Eq [f(Ye)e(Ye,)]

E, [0(Yo ) Eq [f (V)| Fu ]
=B, [a(Y.)Q) . F(Ya)]
= Q) (ax QY. f) ()

and Q) (a X QL. f) € Cy(E) by assumption. For the induction step we just write

E) |f(Y)a(Ya,). - a(Ye,)a(Ya,)] =EY [a(Ve) . a(V,)(@QL,, ., f x &)(Ya,,,)]
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that is in Cy(E) by assumption and the induction hypothesis. We then obtain the
continuity of the function

v EY [f(¥)e o0
similarly as in the proof of Lemma 23. O

Lemma 26. Assume that for everyt > 0, QY Co(E) C Co(E) and that KCy(E) C Cy(E).
Let t > 0. Then for every k > 1 and all g € Co(E), v — E,[g(X1, )17, <¢] vanishes
at infinity.

Proof of Lemma 26. Let us prove the result by induction. For k =1,
¢ s
E.lo(Xn)rad| = | [ BulKg(V)a(¥o)e b0 ds

<o’ ['EIK|gl(V)]ds

< a’t sup QF K|gl(x).
s€[0,¢]

Since K Cy(E) C Cy(E), the function K |g| belongs to Cy(E), so we get by Lemma 25
Sup,eioq @) Klgl € Co(E) . This entails in particular that = — E.[g(X7 )17 <]
vanishes at infinity. Let now k& > 1 and assume that z +— E,[g(X7, )17, <] vanishes
at infinity. We compute similarly

t—T} s
E,[g(Xn, ) 1n0e) = B, [ [ K, d2)g()a()e oW ™1y o

and

t
E,[g(Xn. ) ral| € 0 EalB, [ Klgl(Y:) dslLn<i]

t
= o'E,[ | QY Klgl(X5) dslr <]

< a* MR, i Qs K1g|(Xz, )11 <i]-
s€(0,t

Since sup,cp Q) Klg| € Co(E), the result follows from the induction hypothesis.
[

In order to prove Theorem 13 (part 2), first remark that  — @, f(x) is continuous
for f € Cy(F) and any ¢t > 0. This follows by the same arguments as in the proof
of Theorem 13 (part 1) taking f € Co(E). Indeed, using the same notation as in
the proof of Lemma 24, we obtain that the function H(.,u) belongs to Cy(F) for
any u < t by the assumption K Cy(FE) C Cy(F) and Lemma 25 (item 3.). The
conclusion of Lemma 24 then follows by the same proof, using Lemma 25 instead of
Lemma 23. Similarly, the proof of Theorem 13 (part 1) with the same substitution
entails that Q. f € Cy(E).

The strong continuity of @), follows by Proposition 12 and the first statement of
Lemma 25.
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It remains to prove that z — @, f(x) vanishes at infinity. By the same decompo-
sition of @, f as in the proof of Theorem 13 (part 1), we obtain using in particular
(2.16) that for any j > 1

Qe (2)] < QY 1f1(x) + D_Ea[ sup QUIfI(Xn)1z,<e] + IflocP(N; > j)  (2.17)

k=1 SG[O,t}

where Nj ~ P(a*t). Let ¢ > 0. First, QY |f| € Co(E) by assumption, so that
QY| f|(x) < /3 for z outside a compact set. Second, since lim;_,o, P(N; > j) = 0,
there exists jo > 1 such that || f||cP(N; > j) < ¢/3. Third, Lemma 26 entails that
for every k < jp the function

z = Ey[sup QY| f|(X1)1r.<i]

s€[0,t]

vanishes at infinity because sup,ep QY [f| € Co(E) by Lemma 25. It is therefore
bounded by €/ 7y for x outside a compact set. Combining these three results in (2.17)
concludes the proof.

2.4.4 Proof of Theorem 14 about the infinitesimal generator

Let f € Ly, z € E and h > 0. We decompose +(Qnf(z) — f(z)) as

H(Quf ()~ f(2)

= 3 (B [f0i)e o000 (@) 4 By [F(X0) Ly ot] + B [/ (X)1,20])
—g [T 7o)
where
T(a) = —1E! lf( ] gy [ (efoho‘(Y“)d“—l—i— /Oha(Yu)duﬂ
+ 2B F () o] + LB (X)L a]. (219

To prove the theorem, we thus need to show that for any f € LY

sup [T'(x) + a(z) f(z) — a(z) K f(z)] — 0.

rzeE hN\0

Following (2.18), we denote T'(z) = T1(x) + 15 (x) +T5(x) + T4 (x) and we shall prove
that

Sup Ta(2) + a(2) f(@)] ;2 0, (2.19)
sup | 2(2)] .2 0, (2:20)
sup [ T5(2) — () Kf(@)] .3 0, (2.21)
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Ty(z)| — 0. 2.22
sup [Ta(w)] (2.22)

For (2.19), we compute for h > 0 and = € E,

Ti(o) + o)/ (o) = ala) ) - 1B | 100) [ a(iyu]

_ 2 Oh EY [a(2) f(z) — F(Vi)a(Y,)] du
:}1L OhE§ EY [a(2) f(2) — f(Yi)a(Ya) [V.]] du
= [ [a@) @) - QLA (V)a(%)] du
1 rh L orhy Y
== [ B [0@)f(@) - f(V)a)] dut - [CEY [f(¥)a(¥) - QL f(Vo)a(¥,)] du

:fll/oh (fxa=QL(fxa) (x)du-f—}lL/OhE;/ [a(v.) (f = Q)_.f) (¥2)] du

- /01 (f xa=Qh(f x a)) () dv + /01 EY [a(Yho) (f = Qhn_wf) (Yao)] dv.
So,

Ti(@) + o) @) < [ 1N % @) = £ x alledv+a” [ Q- f = flle o,

that does not depend on z € E and converges to zero when h N\, 0 by the dominated
convergence theorem, the fact that f € L) and the assumption o x f € LY. This
proves (2.19).

Now for f € L} and z € E

(/Oh a(Yy) du>2

that does not depend on « € E and converges to zero when h N\, 0, proving (2.20).
For (2.21), we have for any f € L},

1

< WMl (1) _ [1flloc@)?

2h 2 i

£l oo my
< 2

T3(x) = EEIE [f(Xh)171§h17'2>h77'1]
1 i
= EEI _Ex {f(Xh)lT1§h17’2>hf‘r1 F‘ruy(l)ﬂ
1 _
= EEQE .f(Yh(i)‘rl)lﬁShPJE (7’2 > h — 1 ./T"Tl, Y(H)}
1 [ [ « u(l) u
1 [ _ [ « Yu(l) du
= EEI 1T1ShE’Jc lf(Yh(l)n)e fO ( ) |]:7'1H
1 i Y — f}kq o(Yy) du
= EE@’ 1T1§hEX71 |:f(Yh—Tl)e 0 “ ”
1 : Y 1 Y - fh771 a(Yu) du
= EE@’ _171§hEX71 [f(Yh—n)H + EEQC {1T1ShEXTI |:f(Yh—7'1) (e 0 - 1>” .
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The second term above converges uniformly to 0 when A 0 because

|

1 h—T
7B hn§hE§n {f (Yo-n) (e_ o edu 1)”’

i
h—11
/ a(Y,)du
0

Xry

S Ex llTlSh}l’f"mEY

h *
< MW lep, (7, < ny

ha*|| flloo y Ya)d )
— E (07 u u
h xT

(1 — e_f (
<l ([ o )
< (@)l

Let us now consider the first term in (2.23) and prove that it converges uniformly

to a(z)K f(z).

E. [LuBY, (Vo))
= ;L]Ex _1T1<hEI [E§7— [f(Yh*Tl ‘Y(O)? Tl”
= fllEx n<h / EY [f(Yion)] K (YT‘P),dz)}
=2, (s [ Q17K (Y0, d2)]
1
_Lg,
B 1
_1g,

E :Ex {1ﬁ<h/ QL f()K (Y0, d2) [y© ”

/ [ QF LK (Y0, az) (v e fy w0 ds]
—=) [ [ Qo fK <th,dz>a<m>efoh”“(y“’d“d”]

&) [ [ Qs )K <th,dz>a<m>dv]

+EY [/ / Qh 1-0)f (2) K (Yo, d2) (Vi) (e_fohva(y“‘)d“ - 1) dv} :

E

On one hand,

, {/1/ szl_v)f(z)K(th,dz) a(Yhy) (e_ M ava)du _ 1) ds}

< o"[|f]|EY V / dudv]

< (@) fll h
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which tends uniformly to 0 when h 0. And on the other hand,

[/ / Qh 1-v) K (Yiy,dz) « (th)dv} —a(r)K f(z)

(Vi) KQ1 oy f (Vi) = (Vi) K f(Yi)]| v

(Vo) K f(Yno) — a(a:)Kf(x)]\ dv
<a* /01 1K Qhr—)f = K flloo dv + /01 Qe x Kf)(@) = (ax Kf)(x)| dv
<o [ 1QYucns ~ flodv+ [ Qb (ax ) ~ (@ x Kf)lldo,

converges to 0 when A N\, 0 by the dominated convergence theorem and the fact that
feLyand ax Kf € LY. The latter is implied by the fact that by assumption
g:=Kf e LY, implying a x g € LY. This proves (2.21).

To complete the proof, it remains to remark that (2.22) follows from the follow-
ing, using (2.3),

o) < Vg

P, (Ny > 2)

||f}|l|oo (1 . —a*h a*he—a*h)

_ Il ((ah)? 2
T ( 2 +hio(h))

/110 (e)?
= h+ h%o(h)'

2.4.5 Topological results for systems of interacting particles
in RY

We detail the topological properties of the state space E for systems of interacting
particles in W C R?, introduced in Section 2.2.4. Remember that in this setting
E = U E, where E, = m,(W™) with m,((z1,...,2,)) = {x1,...,2,}, and we
have equipped the space E with the distance d; defined for = {z1,..., 2, } and
Y ={Y1,-- - Ynw} in E such that n(z) < n(y) by

1
Bl y) =0 (ogg({ﬂ 2 (llzi =y ll A1) + (n(y) n(:v))) :
with d;(z,0) = 1 and where S,, denotes the set of permutations of {1,...,n}.

We verify in this section that if W is a closed subset of R? (possibly W = RY),
then (F,d;) is a locally compact and complete set, strengthening results already
obtained in [SX08]. We also show that n(.) and m,(.) are continuous under this
topology, as claimed in Section 2.2.4. We continue with the proof of Proposition 15,
which clarifies the meaning of converging sequences in (F, d; ), and of Proposition 16
that describes the compact sets of F,, and E, along with some useful corollaries. We
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finally show that the Hausdorff distance is not appropriate in our setting, not the
least because it does not make n(.) continuous.
In the following, we will often use in a equal way the spaces (R”d, ||||> and

((Rd)”, ||||n) where
ol = 1 3 il

Indeed, introducing the natural bijection ¢, : 2 € R™ 5 (z1,...,2,) € (R)" we
observe that for any z € R™, ||z||/n < ||¥n(2)|l. < ||2]|/v/7 by the Cauchy-Schwarz
inequality. The norms being equivalent, we henceforth abusively confuse z and
¥, (2). Similarly, any function from R™ to R¢ can be seen as a function from (R¢)"
to R? and we will confuse the two points of view.

We start in the following lemmas with the continuity of n(.) and m,(.). We will
use the following straightforward property, for all z,y € E,

n(y) — n(2)
n@)Vnly) 224)
)

Lemma 27. The function n(.) : (E,dy) — (N, |.|) is continuous.

d1<$,y) 2

Proof of Lemma 27. Take x € E and a sequence (z(),5¢ such that d;(z®,z) — 0
as p — 0o. Assume that the sequence (n(x®)),>¢ is not bounded. We then may
define a subsequence (n(z*))),>q such that n(z®)) — oo, and by (2.24) we obtain

, — ®")

n(z) Vn(z®)) p—oo

which is a contradiction. The sequence (n(x®)),>o is therefore bounded by some
M > 0, which gives again by (2.24)

In(z®) —n(z)| < (M Vn(z))d (=P, 2) — 0,

pP—00
that is
(»)
n(z'") v n(z).

Lemma 28. The projection m, : (W™, ||.|[») = (En,d1) is continuous.

Proof of Lemma 28. Let x,y € W". Then

0ES,

(), 7)) (mmz I~ ool A1)

IA

2 (e =l A )

lz = ylln-

VAN
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From Lemma 28 we deduce that (E,d;) is a locally compact space.
Corollary 29. Let W a closed subset of RY. Then (E, dy) is a locally compact space.

Proof of Corollary 29. First recall that di(z,0) = 1 so {0} is a compact neigh-
borhood of @. Now take x = {zy,...,z,} € E, with n > 1. The space W" is
locally compact so there exists K C W™ a compact neighborhood of (z1,...,z,).
Now set K = m,(K). Then, z € K and K is a compact set by Lemma 28 We
show that there is an open set containing z which is included in K. By defi-

nition there exists ¢ € (0,3) such that By, ((z1,...,2,),e) N W™ C K, where

By, ((z1,...,2y,),€) is the open ball centred at (z1,...,z,) with radius ¢ for the
norm ||.||,. If z € By, (z,¢) N E, there exists o € S, such that

1 n
- 7; zi — 2ol <e,

50 2 = Tn((20(1), - - > Zo(n))) AN (Zo(1)s - - -5 Zo(n)) € B (X1, ..., 2,),6) N W™ To
sum up,

By, (2,€) N By C 7 (Byy, (21, 20),6) A W) C K,
so K is a compact neighborhood of z in E, and so in E. O]

A further consequence of Lemma 28 is the following result, that will turn to be
useful when considering the Feller continuous property of a process on FE.

Corollary 30. If f € Cy(FE) then for anyn > 1, fom, € Cp,(W™).

Proof of Corollary 30. For any n > 1 and f € Cy(F), the function f o, is well-
defined on W", continuous as the composition of two continuous functions and
bounded by || f1]o- O

Let us now prove that (E,d;) is a complete space.

Proposition 31. Suppose that W is closed. Then (FE,dy) is a complete space and
for anyn > 1, (E,,dy) is also complete.

Proof of Proposition 31. Let (zP)),5o be a Cauchy sequence in (FE,d;). First, we
show that the sequence (n(z))),>¢ is constant for p large enough. Fix e € (0, 1).
There exists ¢ > 0 such that for any p > ¢, di(z®, 2(9) < ¢, so by (2.24)

’n@(p)) _ n@(q))’ < (n@®) v n(z9) e < (nz®) + n(z@)) e,
implying that (1 — &) n(z®) < (1 4 &)n(z'?) and n(z®) < n(z' )1 +¢)/(1 - ¢).
This entails that the sequence (n(x®)),>¢ is bounded by some Ny > 0. Now take
e € (0, 1) and p; > 0 such that for any p > pi, di(z®,2®)) < £/N,. Write
n = n(x®)) for short. Then by (2.24) one has for any p > p1
‘n(x(p)) _ n‘ < (nz®) v n)d (2@, 2P)) < Nydy (2P, 2P)) < e < 1,

which implies that n(z®) = n for all p > p;.
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Second, we may fix py > 0 such that di(z®, 2(9) < ¢ for any p,q > po. Finally
let po = max(p1, p2), so that for all p,q > po,

dl(x(p)v ; CI}’EI},;I}L ; H.T 0'(1 ’ Se
In particular for ¢ = po, this leads to minyes, S0, |27 — xfyp()l)H/n < ¢ for any

p > po. The minimum over o is reached for some o,,, € S,, so that we may
(p) (»)

Opg.p(1)7 " ’xapo,p
|2 — 20|, < e for all p > po. Then for p,q > po, [|2P — 2@, < 2¢. This
proves that the sequence (2()),s,, is a Cauchy sequence in the finite dimensional
vector space ((R%)",||.||,), implying its convergence to some & € W™ because W is
a closed set. Finally for p > po

define the sequence (£)),>,, in W" by 2®) = (x (n)) satisfying

di (2P, 7,(2)) = dy (1, (3P)), 7 (8)) < [|2P — 2|, < 26,

which proves that (z®),s¢ converges to m,(#) in E, and so (E,d;) is complete.
Finally for any n > 1, (F,,d;) is also complete as a closed subset of (E,d;) by
continuity of n(.). O

Proof of Proposition 15

Let 2 € E and set n = n(r). By Lemma 27, if () converges to  as p — oo, i.e.
dy(x® 2) — 0, then n(z®) tends to n, which means that there exists py > 1 such
that n(x®) = n for all p > py. From the definition of d;, for any p > py there exists
a permutation o, € §,, satisfying

1 n
dy(z EZ sz—x H/\l)

Assume that there exists 7 € {1,...,n} such that limsup, ,, [|7; — x((f;)(i)H > 0. We
then may fix n > 0 and a subsequence (©(P))p>pe, both depending on i, such that

for every p > po, ||z, — x, ( )( Il = n. This implies dy(z*®) ) > (n A1)/n and
limsup, ,., di(z (), ) > ( which is a contradiction. Finally, for every i = 1,...,m,
limsup,,_, ., ||7; — x H = 0, proving the result.

Proof of Proposition 16 and corollaries

In order to prove this proposition, we first recall the following definitions and results
(see e.g. [Bou66)):

o A finite subset L of a metric space (X, d) is called an e—net, for £ > 0, if the
following property is satisfied:

Vee X, Jlel, st.dz,l) <e

» A metric space (X, d) is said to be totally bounded if it contains an e—net for
any € > 0.
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o Let (X,d) a metric space. Then (X,d) is compact if and only if (X,d) is
totally bounded and complete.

To prove the first statement of the proposition, let A be a closed subset of
(E,,dy). We start by assuming that we may fix € € (0,1/n) and w € W such that

VR>0, dz={zy,...,2,} € A, max {l|zr — w||} > R+ ne, (2.25)

and we show that A is not a compact set because it does not contain any e—net.
Take L = {IM,... 1M} a finite subset of A and let us define

Ro= maog, oo (17 = wl)-

By (2.25) we may define x € A and 1 < j < n such that

= wl = o {llas — wl]} > Ro +ne.

This leads for all 0 € S,, and 1 < ¢ < N to

lzg = L0 1 = |l = wll = 115 = wll| = ey = wll = 115, = wl| > ne

a(7) a(j)

and forany 1 <i < N

di(z,1") = — min }_ (ka — l(i) il A 1)

UESn 1

k=
om—ﬂ|A0

S|

v

V
3‘33\’—‘

Therefore L cannot be an e—net and A cannot be a compact set.
Let us now prove the converse. Fix w € W and assume that there exists a
positive R such that for all z € A,

max {lox — wl} < R

Under this assumption, A is a subset of
1 n
C:={z ek, - > lzk — w|| < R}
k=1

Let us show that C' is a compact set. To this end we define w = (w,...,w) € W"
and write By, (w, R) for the closed ball of radius R and center w for the norm
||l on the finite dimensional vector space (R?)". The closed set By, (w, R) N W™"
is then a compact set of W™ and by continuity of the projection m,, we get that
T, (B”.Hn(w, R)N W") is a compact set of E,. In order to conclude the proof let

us show that m, (BH_||n(W, R) ﬂW”) = C. First, if x = {xy,...,2,} € C then
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= (21,...,2) Eil?”.un(w, R) N W™ and 7,(Z) = x. Second, if v = 7,(Z) with
= (x1,...,2,) € B||.||n(W, R)N W™, then

>

1 n
=3 |lzr —w| =12 —w|l, <R
n4

which proves the claim. The set C' is then compact and so is A because it is a closed
set.

Let us finally prove the second statement of Proposition 16 by contradiction.
Let A be a compact subset of E and suppose that P = {p > 0, AN E, # 0} is
infinite. Then we can construct a sequence (y,),ep With y, € AN E,. But Ais a
compact set so there exists a subsequence (y,),ep which converges to some y € E
when p’ — oco. But by Lemma 27, n(y,) = p’ — n(y) as p’ — oo which is absurd,
concluding the proof.

We end this section with two corollaries of Proposition 16.

Corollary 32. If W is a compact set, then (E,,dy) is a compact set for any n > 1.

Proof of Corollary 32. W is a compact set of R? so it is bounded, i.e. we may fix a
non-negative R such that ||w| < R for any w € W. Let w € W and x € E,,. Then

— < < .
max {||lzx —wl} < max [lax]| + w]| < 2R

E,, is therefore a compact set by the first statement of Proposition 16. O
Corollary 33. If f € Co(E) then for anyn > 1, fom, € Co(W™).

Proof of Corollary 33. Take f € Cy(E) and € > 0. There exists a compact set
B C E such that if x ¢ B then |f(z)| < e. In this case B,, := BN E,, is a compact
set because F, is closed so by Proposition 16 there exists w € W and R > 0
such that for any x = {z1,...,2,} € B,, maxi<x<y, ||[zx — w|| < R. Then for any

z ¢ By, (w, R/n) we get |f om,(2)| < e. O

The Hausdorff distance is not appropriate

For systems of particles in R?, we have equipped E with the distance d; defined in
(2.8). A common alternative distance between random sets is the Hausdorff distance
defined for & = {z1,...,Zp@)} and y = {1, ..., Yn) } in £ by

o) = | e i o<l i
Yet we show in this section that this distance does not make the function n(.)
continuous, which has serious consequences on the structure of Cy(F) with this
topology. In particular, we show that a simple uniform death kernel is not even
Feller continuous in this setting.
As a preliminary, for the Hausdorff distance to be a proper distance, we must
focus on simple point configurations only. We therefore consider for any n > 1
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and the state space is 3 3
E = U E,,
n>0

where E, ZNﬁn(Wn) and 7, is the same projection function as in Section 2.2.4 but
defined on W,,.

Lemma 34. The Hausdorff distance dy is a proper distance function on E.

Proof of Lemma 34. Symmetry is obvious and triangle inequality is well known for
di. We only prove the identity of indiscernibles. Let z = {x1,..., 7,4} and
Y ={Y1,-- . Unw)} in E satisfying dy(z,y) = 0. This implies
(Juin -l =yl =0

for any ¢ € {1,...,n(z)}, leading for any ¢ € {1,...,n(x)} to the existence of an
index j € {1,...,n(y)} such that x; = y,. Since x and y are simple, we deduce that
n(y) > n(x). We obtain similarly n(x) > n(y) and then n(z) = n(y). We then may
define a permutation o € S, such that for all i € {1,...,n(z)}, ¥; = yo; which
means that + =y in F. O]

We now verify that n(.) is not continuous for this topology.
Lemma 35. Assume that W # (0. Then the function n(.) is not continuous on
(E,dy).

Proof of Lemma 35. Assume without loss of generality that 0 € W. Let k > 1
and y € R? such that |y|| = 1/k. Take k large enough so that y € W. Then
In ({0,y}) —n({0})] = 1 and dy ({0,y},{0}) = 1/k — 0 as k — oo, proving the
result. [

This result reveals a singularity caused by the distance dy. As a consequence, a
simple uniform death kernel is not even Feller continuous, as proved in the following
lemma.

Lemma 36. Assume that W # 0 and consider for f € My(E) the kernel

1
Kf(fc):@' 1f(1’\-75i)~

Then KCy(E) is not included in Cy(E), i.e. K is not Feller continuous.

—~

<
Il

Proof. Consider the function f(z) = maxi<ij<p() i1 A1 where z;; is the first coor-
dinate of x; € W. This function is bounded and satisfies for any x,y € F,

— < A ‘ )
@) = fW)l < | max @iy — max v, (2.26)

for any z,y € E. Let us show that the latter bound is lower than dg(z,y). Let
Ty = argmax;;<,(» i1 and Jy = argmax;c;<p(,)¥;1. This follows from the fact
that for any 1y € Zy and j9 € Jo,

> i sl > i ol > i g
Guley) 2, 08 iy e vl 2, i Voo —will 2 0, P = vsal
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that is du(r,y) > [y — yjl- So by (2.26) |f(z) — f(y)| < du(z,y), proving that
feCy(E). )

Assume without loss of generality that 0 € W. Let a € W, a # 0, and a;, =
(1/k,0,...,0) € R? with k large enough to ensure a; € W. Consider the sequence
z® ={0,a,a;} and let x = {0,a} so that dy (2, z) = 1/k tends to 0 as k — oo.
On the one hand,

Kf(e¥) = 17 ({0, d) + f (fa ) + £ ({0, 0})] =
and on the other hand,

(1/k)+ (1/k) Va1 + ay R @’
3 k—oo 3

Kf(r) = 5 (F{0) + f({a})) = 2
whereby K f ¢ Cy(E). -

2.4.6 Proof of Propositions 17 and 18
Proof of Proposition 17

First we show that if (Zt‘n)tzo is a Feller continuous process on W™ for every n > 1
then (Y;)i>0 is a Feller continuous process on E. Indeed, let © € E and a se-
quence (x®)),~q converging to z. By Proposition 15 we may fix py > 1 such that

n(z?)) = n(x) ;= n for any p > py and a sequence of permutations o, of {1,...,n}

such that for any 1 < ¢ < n, a:( )() — x; as p — oo. We then obtain for any

f € Cy(E) and p > pg, using the permutation equivariance property of (Zt )0
(that allows us to arbitrarily choose the ordering of its initial value), the continuity
of its transition kernel, and Corollary 30:

E(f(Y) Yo =) =B (£(¥/") | Yo = 2)

—E (f o Wn(Ztln) |Z|n (z (p)(1)7 e ’xc(fi)(n)))
S E(fom(Z") 2" = (a1, 2))

=E(f(Y)[Yo = 2).

Second, let us prove that if (Zt‘n)tzg is a Feller process on W™ for every n > 1
then (Y;)i>o is a Feller process on E. Let f € Cy(F). We start by the strong
continuity. Take ¢ > 0. By the second statement of Proposition 16 there exists
ng > 0 such that n(x) > ny = |f(x)| < §. So for any = € E,

QY f(w) - f<x>\
<\@f z) — x\l @zno + Eull f (YD [ Ln@sne + f(2) Lntayone

< Z Q" F () = ()] Lo, + 7+ 7
E (f(ma(ZI")] 28" = (@1, ) = Fml(@r, o 0))| Lo, + 5
< Z HQZ'" (f o) = f o Talloo + 5.
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By Corollary 33, for any n = 1,...,ng, there exists ¢,, > 0 such that

[n g
€ (Oatn) = ||QtZ (foﬂ'n) - fOWnHoo < e
No

So for any ¢ € (0,t(¢)) where t(¢) = 1gun tn, we get ||Q) f— flloo < €, which proves

the strong continuity of QY at 0.

It remains to show that QY Cy(E) C Cy(E). Continuity follows from above. Take
now f € Co(£) and fixe > 0and B C E a compact set such that x ¢ B = |f(z)| < 5.
By Proposition 16 there exists ng > 0 such that z € B = n(z) < ng. Also by
Corollary 33 we can fix for any n = 1,...,ny a compact set A, of W™ such that
z¢ A, = ‘QZW fom)(z )’ < e/(2ng). Then A=Ur, m,(A,) is a compact set of
E and for any x ¢ {0} UAUB

QY 7@ < S 1QF" (f o ma)(en, - om)ll + 5 <
n=1

Proof of Proposition 18

For f € C.(F) there exists ng > 0 such that n(z) > ng = |f(z)] = 0 by
Proposition 16. So,

'fo@@-—f@ﬂ
t

_ S A" (f o ma) (@)L, ()

n=1

S @ f(r) — fl=)
t

3

— A% (fom)(2)
U f(x) — fl)
t

IN

s 3
s |
—

— AZ"(f o) (2)| 15, (2)

E (f(rulZ") | 28" = (@1, 20)) = f(mal(zn.. .. 7))
t

3
Il
—

— AZ"(f o) (2)| 15, (x)

I
NG

3
Il
_

S
<)

Q7" (f o) — f om,

ZIn
) ; — A% (fom,)

<

— 0,
N0

3
I

that proves the result.
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Chapter 3

Ergodic properties of
birth-death-move processes with
applications to pairwise
interaction processes on R4

This chapter constitutes the second part of the submitted article [LLGM22] aug-
mented by some detailed proofs. The notations used in this chapter are the same
as in Chapter 2. The main results are stated in Sections 3.1 and 3.2. Moreover
Section 3.3 contains the proofs of these results and technical lemmas.

3.1 Ergodic properties of birth-death-move pro-
cesses

In this chapter we focus on birth-death-move processes as described in Section 2.2.2.
Accordingly, the state space is E = ;2 E,, where (E,),>1 is a sequence of disjoint
locally compact Polish spaces with Ey = {@} in such a way that E is a locally Polish
space, and the jump-kernel K reads as in (2.4). Remember that in this setting the
jump intensity function is & = S+ 9 where g and 9 are the birth and death intensity
functions. We introduce the following notation

fn = supf(x), 0, = infd(zr) and «, =, + d,. (3.1)

ek, z€En

We present in Section 3.1.1 conditions on the sequences (3,,) and (d,) ensuring the
convergence of the birth-death-move process towards a unique invariant probability
measure. Section 3.1.2 provides a geometric rate of convergence and we characterize
some invariant measures in Section 3.1.3.

3.1.1 Convergence to an invariant measure

Let (X:)i>0 be a birth-death-move process as in Section 2.2.2. Inspired by [Pre75],
the first step to establish the ergodic properties of (X;):>o is to construct a coupling

67
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between (X;);>0 and a simple birth-death process (7;);>0 on N with birth rates
B, and death rates d,. This coupling is detailed in Section 3.3.1. In a nutshell,
we built a jump-move process C; = (X/,n,) so that the properties stated in the
following theorem are satisfied, in particular we have the equality in distribution
(X0 = (Xi)i>0 and (0)i>0 = (M)e>0. We denote by Qt the transition kernel of
C; and by P(N) the power set of N.

Theorem 37. Suppose that (Y;)i>o is a Feller process and that KCy(E) C Co(E).
Then for anyt >0, (x,n) € ExN, A€ & and S € P(N) we have:

1. Qi(z,n); E x S) = ¢(n,S),
2. Qi((z,n); A x N) = Q(z, A),
3. if v € E with n(x) < n, then Q,((x,n);T) = 0 where

I'={(y,m) € ExN; n(y) >m}.

This theorem is proved in Section 3.3.1. When the move (Y;):>o is constant,
which is the setting in [Pre75], then the proof is easy under (2.1) by use of the
derivative form of the Kolmogorov backward equation. In the general case of a birth-
death-move process, this strategy does not work anymore and the proof becomes
more challenging. We managed to do it by exploiting the generator of (X;);>0, see
Theorem 14, which explains the Feller conditions in Theorem 37.

We deduce from the third point of Theorem 37 that for any x € FE,, with m < n,
then

P(wvn) ((Cv’s>820 C FC) = 1.

This means that the simple process (7;);>¢ converges more slowly to the state 0
than (X;);>o converges to the state ). We can thus build upon the renewal theory
([Fel71]) to prove that @ is an ergodic state for (X;)¢>o whenever 0 is an ergodic state
for (m4)i>0. Conditions ensuring the latter are either (3.2) or (3.3) below ([KM57]),
so that we obtain the following, proved in Section 3.3.3.

Theorem 38. Suppose that (Y;)i>o is a Feller process and that KCy(E) C Co(E).
Suppose that 6, > 0 for all n > 1 and one of the following conditions holds:

(i) there exists ng > 1 such that 5, =0 for any n > no, (3.2)
. Op
(17) By >0 for alln > 1, Z - Pt < oo and Z = 00. (3.3)
n=2 51 5 61 Bn

Then, p(A) = lim; o Qi(x, A) ezists for allx € E and A € £, and is independent
of x. Moreover 1 is a probability measure on (E,E) and it is the unique invariant
probability measure for the process, i.e. such that u(A) = [ Qi(x, A) p(dx) for any
Ae&andt>0.
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3.1.2 Rate of convergence

Based on the coupling given by Theorem 37, and under the assumptions of Theo-
rem 38, the rate of convergence of (); towards the invariant measure p follows from
the rate of convergence of the simple birth-death process n towards its invariant dis-
tribution. This is proven and exploited in [Mgl89] in the case of spatial birth-death
processes (without move), based upon the coupling constructed in [Pre75]. Since
Theorem 37 extends this coupling, we deduce in the following theorem the same
rates of convergence as in [Mgl89]. The proof follows the same lines as the one in
[Mgl89], but we provide some details and complements in Section 3.3.4.

Theorem 39. Suppose that (Y;)i>0 is a Feller process and that KCy(E) C Co(E).
Let v1 and 7y be two probability measures on (E,E), such that one of the two fol-
lowing conditions holds:

(i) (3.2) holds true and for k = 1,2, (U En> =1, (3.4)
n=0
(i1) (3.3) holds true and for k = 1,2 Z Y (E 55 ”;n : < 0. (3.5)

Then there exist real constants ¢ > 0 and 0 < r < 1 such that for anyt > 0

sup
AcE

[ @ Aytde) = [ Quly Aaldy)| < e
Moreover when the condition (3.4) holds, the constants ¢ and r can be chosen inde-
pendently of v1 and ~s.

This result is declined into several particular cases in [Mgl89, Corollary 3.1], that
are also valid in our setting. In particular, when ~; corresponds to the invariant
measure 4 obtained in Theorem 38, and ~, is a point measure, the assumptions
(3.4) and (3.5) simplify and we get the following corrollary.

Corollary 40. Suppose that (Y:)i>o is a Feller process and that KCy(E) C Cy(E).
Assume either (3.2) or (3.3) along with

Z 5:; !« and 3N > 0, s.t.Vn>N, B, < 0pi1. (3.6)

Denote by pu the invariant measure given by Theorem 38. Then for anyy € E, there
exist ¢(y) > 0 and 0 < r < 1 (independant of y) such that

sup |1(A) — Qu(y, A)] < e(y) ', (3.7)
Ae€&
Moreover the function c(.) satisfies

/E c(y) du(y) < +oo. (3.8)

The inequality (3.8) will be useful in Chapter 4 when estimating the transition
kernel of a birth-death-move process.
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3.1.3 Characterisation of some invariant measures

In general the invariant measure p of a birth-death-move process (X;):>o, provided
it exists, can be a very complicated distribution that mixes the repartition in £ due
to births and deaths of points, including the probability to be in FE, for each n,
with the average distribution on each FE,, due to the move process Y. In particular,
note that according to Theorem 38, Y does not need to be a stationary process
for (X;)i>0 to converge to an invariant measure. Heuristically, this is because the
move process is always eventually “killed” by a return to @ of (X;)¢>o under the
hypotheses of Theorem 38.

The situation becomes more intelligible when Y admits an invariant measure
that is compatible with the jumps of (X;);>0, as formalised in the next proposition.

Proposition 41. Suppose that (Y;)i>o is a Feller process and that KCy(E) C
Co(E). Assume moreover that there exists a finite measure p on E such that for
any f € Dy,

/E A f(@) dpys, () = 0. ¥n 20, (3.9)

and /E (a(z)K f(z) — ax)f(z)) du(z) = 0. (3.10)

Then for any f € Dyv, [EAf(x) du(z) = 0.

Proof of Proposition 41. By Theorem 14, for any f € D 4v,
[ Ar@) ) = [ (@)K () = ala) () dute) + [ A7) duz)
=3 [ A @) dus, (@) = 0.

n>0
O

This proposition will be useful to characterize the invariant measure of the birth-
death-move processes considered in Section 3.2. Indeed, suppose that the hypotheses
of Theorem 38 are satisfied. Then (X;);>¢ converges to a unique invariant measure
v. Suppose moreover that the pure jump Markov process with intensity a and
transition kernel K admits some invariant measure y, and that for any n > 0, pg,
is also invariant for the move process Y on E,. Then by Proposition 41 and the
unicity of v, we have that v = pu.

3.2 Application to pairwise interaction processes
on RY

We present in this section examples of birth-death-move processes, defined through a
pairwise potential function V on a compact set W C R¢, that converge to the Gibbs
probability measure associated to V. The specificity is that we make compatible
the jumps dynamics with the inter-jumps diffusion, so that Proposition 41 applies
and allows us to characterize this Gibbs measure as the invariant measure.
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When there is no inter-jumps motion, this type of convergence is proved in [Pre75]
and is a prerequisite for perfect simulation of spatial Gibbs point process models
(see [MWO04]). However the weakness of this approach is that for rigid interactions
(as for instance induced by a Lennard-Jones or a Riesz potential, see the examples
below), the dynamics based on spatial births and deaths may mix poorly, so that the
convergence to the associated Gibbs measure may be very slow. Adding inter-jumps
motions that do not affect the stationary measure, as carried out in this section,
may alleviate this issue.

Let W :=1; x -+ x I; where, for ¢ € {1,...,d}, I; is a compact interval of R.
Define W, = {(x1,...,2,) € (W)", i # j = x; # x;}. As in Section 2.2.4, we let
Ey= {0}, E, = 1,(W,,) for n > 1, and E = >, E,.

We consider a pairwise potential function V' : E — R U {oo}, in the sense that
there exist a > 0 and ¢ : R? — RU {oo} satisfying ¢(£) = ¢(—¢&) for all £ € R? such
that for any © = {z1,...,2,} € E,,

Viz)=an(z)+ > oz — ),

1<i#j<n

when n > 2, while V({0}) = 0 and V({¢}) = a for £ € W. Let ¢ : (0,00) — R
be a decreasing function with ¢g(r) — 0o as r — 0. We will assume the following

on ¢.

(A) The potential is locally stable, i.e there exists ¢ : W — R, integrable such
that:

Vn>1, Ve E, YE€EW, exp <—Zn:¢(xi — f)) < P(§).
i=1

(B) ¢ is bounded, or otherwise there exists r; > 0 such that ¢(&) > ¢o(||€]|) for all
€[] < s

(C) ¢ is weakly differentiable on R\ {0}, exp(—¢) is weakly differentiable on R?
and for any p > d we have e *V¢ € LV

loc*

Let us present some examples of pairwise potentials ¢ that fulfil these assumptions.
These are standard instances used in spatial statistics and statistical mechanics.

Example. (repulsive Lennard-Jones potential): For £ € R, ¢(&) = ¢||€]|~1? with
¢ > 0. This potential verifies condition (A) with ¢» = 1 and condition (B). It is
moreover differentiable on R%\{0} and for any £ € R?\{0}, Vo(&) = —12¢£/1€]*.
We deduce that the function e ®V¢ can be extended to a continuous function on
R? by setting (e7?V)(0) = 0. As a consequence the condition (C) is satisfied.

Example. (Riesz potential): It is defined on R¥\{0} by ¢(£) = ¢||&]|*~¢ for ¢ > 0
and 0 < a < d. As in the previous example, we obtain that ¢ satisfies the conditions

(A), (B) and (C).

Example. (soft-core potential): ¢(£) = —1In (1 — exp(—c||¢]|?)) for ¢ > 0. Again
this potential verifies condition (A) with ¢» = 1 and condition (B). Moreover, we com-

pute for £ € RA\{0}, Vo (&) = —(2ce %) (1 — el £, As [ Vo(€)[| ~ 1/(cllé]]) as
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€]l = 0, we also obtain that the function e™*V¢ can be extended to a continuous
function on R? and condition (C) follows.

Example. (reqularised Strauss potential): For R > 0 and 7 > 0, the standard
Strauss potential corresponds to ¢(&) = v1|¢|<r. We consider a regularised version
by introducing a parameter 0 < € < R, so that ¢(&) = v if [|€]| < R —¢, ¢(§) =
if [[€]] > R+ ¢, and ¢ is interpolated between R — ¢ and R + ¢ in such a way that
it is differentiable. With this regularised version, ¢ satisfies the conditions (A) with
Y =1, (B) and (C).

Based on a potential V' as above, we construct a birth-death-move process (Xt)t>0

with the following characteristics. The birth transition kernel is given as in Exam-
ple 3 by

1 VLV (a
Kﬂ(x’Aux):z(at)/Ae (V(zug)—V (x)) de,

for any x € E and A C W, where z(z) = [y exp(—(V(z UE) — V(x)))dE. Note
that by the local stability assumption (A), z(z) < oo for any x € E. The death
transition kernel is just the uniform kernel, a particular case of Example 1, i.e.

Kéf Z f \'rz

for any f € M,(E) and = {x1,...,%p@m) } € E. For the birth and death intensity
functions, we take

_ 2(@) _
B(z) = W and  6(x) = Ly)>1,

for any « € E. Finally, for the move process, we start with the following Langevin
diffusion on W,:

Az =~ Y Vo(Z — Z13)dt +vV2dBy, 1<i<n,
J#i

with reflecting boundary conditions ([FG07]), and we deduce the move process Y
on E as in Example 4.

Proposition 42. The birth-death-move process (X;)i>o defined above is a Feller
process and converges towards the invariant Gibbs probability measure on W with
potential V', i.e. the mesure having a density proportional to exp(—V (x)) with respect
to the unit rate Poisson point process on W.

Proof of Proposition 42. First note that by the local stability assumption (A),

e ‘||l

Blz) < n(z)Vv1

where |[¢¥|l1 = [y ¥(§)dE, so that a(x) = B(x) + §(x) is uniformly bounded as
required by (2.1).

Under the assumptions (B) and (C), it is proved in [FGO7] that the process
(Zt )0 is a well defined Markov process on W, and it is a Feller process. By
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Proposition 17, Y is then a Feller process on E. On the other hand the jump transi-
tion kernel K given by (2.4) satisfies KCy(E) C Cy(E), as verified in Examples 1 and
3 in Section 2.3.3 since W is compact. We thus obtain by Theorem 13 that (X}):>0
is a Feller process. Moreover, by (A) we have that for all n > 1, 8, < e~ ¢||¢]]1/n,
so that (3.3) is verified. All assumptions of Theorem 38 are satisfied, which implies
that (X¢)>o converges to a unique invariant probability measure as t — oo.

It remains to characterize this invariant measure. The choice of 3, §, Kz and
K satisty the conditions of [Pre75, Theorem 8.1], see also [MWO04], which implies
that the invariant measure p for the birth-death process (without move) having
the previous characteristics is the one claimed in the proposition. We deduce that
(3.10) holds true. On the other hand, [FGO7] proved under (B) and (C) that (Ztln)tzo
converges towards the invariant measure on W,, with a density (with respect to the
Lebesgue measure) proportional to exp(— > 1<;zj<, @(2; — 7;)). After projection on
E.,, this means that (3.9) follows, with the same measure u as before. Proposition 41
then applies and p is the invariant measure of (X;);>o. O

3.3 Proofs and technical results

This section focuses on the proofs of the results previously stated in this chapter.
It also contains all the construction of the coupling of birth-death-move processes
with the associated outcomes and proofs.

3.3.1 Coupling of birth-death-move processes
Construction of the coupling

We start from a birth-death-move process (X;):>o as defined in Section 2.2.2. We
consider a simple birth-death process (7;):>0 on N with birth rate ,, and death rate
0, given by (3.1). Note that (7;);>0 can be viewed as a birth-death-move process on
N having a constant move process y; = Yo, for all £ > 0. We denote by (¢;);>1 the
jump times of (7;)¢>0 and by n; := 35;51 1;,<; the number of jumps before t > 0. We
also denote by ¢ the transition kernel of (1;);>0, i.e. q:(n,S) =P(n; € S|ny = n) for
any n € N and S € P(N).

We define the coupled process C = (X',7n') as a jump-move process on the state
space E = E x N equipped with the o—algebra & = £ ® P(N). Denoting by d the
distance on F, we also equip E with the distance

d((w, k); (y,n)) = d(w,y) + = ——

1nkz0-

To fully characterize C', we now specify its jump intensity function ¢, its jump kernel
K and its inter-jump move process Y.
The intensity function & : F x N — R, is given by

< [ B@)+8(x)+ Bu+ 6, ifx € En m#n,
&z, n) _{ Bo + 8() itz € E,.

One can easily check that & is a continuous function on E, bounded by 2c*.
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The transition kernel K : E x & — [0,1] takes the same specific form as in
[Pre75]:

1. fxe B, m#n:

K((e.n): A x (n}) = 2k (a, 4)

&(z,n)

R((oni o} x fn 1) = 2

K((z,n); {z} x {n —1}) = &(ifn)'

2. fx ek, :
K((,n); Apsr x {n+1}) = dff;)xﬁ(x,AnH);
R((em)s o} x {n-+ 1)) = P20,

K((z,n); Ayt x {n—1}) = &(i?n) Ks(x, Ay 1);
K((z,n); Ay_y x {n}) = mz{g(m,/xn_l).

The inter-jump move process Y is finally obtained by an independent coupling
of (V)10 and (y;)¢>0, specifically its transition kernel Q) is given for any (z,p) € E
and A x S €& by

QY ((,p); Ax S) =P(Y; € Ax S|V, = (2,p))
— P(Y; € AlYy = 2)15(p)
= QY (z, A)1s(p). (3.11)

This means that Y; = (Y, ) = (Y, ) for any ¢ > 0, where (Y})i=0 and (4)i>0
are independent and follow the same distribution as (Y;);>0 and (y¢)i>0, respectively.
Since Y is a continuous Markov process for the distance d, we can choose a version
of Y such that Y is also continuous for d. Remark moreover that (Y;),s( satisfies

P((Y})iz0 C En x {k} | Yo = (x,p)) = 1p, (2) 14—,, Yz € E, ¥n > 0.

Given @, K and Y as above, the jump-move process C is well defined and can
be constructed as in Section 2.2.1. We denote by ), its transition kernel, by (7}),>1
its jump times and by N; := 37,5, 1ij§t the number of jumps before ¢ > 0. We also
set 7; = Tj — Tj,l. The fact that C' defines a relevant coupling of X with 7 is the
object of Theorem 37.
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Proof of Theorem 37

To prove the first point of the theorem, we use the following results, proved in
Section 3.3.2. Fix (z,n) € E x N and ¢ > 0, and let

Yyt € Ry = Qul(z,m), E x {q}).
Lemma 43. For any (z,n) € E x N and ¢ > 0, 1, is a continuous function.

Lemma 44. For any (x,n) € E x N and ¢ > 0, 1, is right differentiable and
satisfies :

2 ult) = =0 (0) + By Yora(6) + Byt Va0

Corollary 45. For any (z,n) € E x N and ¢ > 0,

Galt) = 1,00) + [ (=g 0yfs) + Byt g 2(5) + Gy U (s)) s

and in particular 1, is differentiable.

Let now wy(x,n) = Qu_(1g ¥ ¢slgqy)(z,n) for s € [0,t]. Then using Corollary 45,
we have:

Lemma 46. For any (x,n) € E XN and ¢ > 0, s — w; is differentiable on [0, ]
and Ows/0s = 0.

Since wo(z, n) = Qi((z,n); E x {¢}) and wy(z,n) = q:(n, {¢}), Lemma 46 entails
that these two quantities are equal. The first part of Theorem 37 then follows from
the decomposition:

a(n,8) =" an{a}) = 3 Qul(z,n); E x {q}) = Qul(z,n); E x 5).

q€es qeS

We turn to the proof of the second point of Theorem 37. Similarly as for the first
part, it is based on the following results proved in Section 3.3.2. For (z,n) € E x N
and f € Co(F), we set

byt € Ry o Qu(f X 1) (x,m).

Lemma 47. Suppose that (Y;)i>o is a Feller process. Then for any (x,n) € E x N
and any f € Co(E), 15 is a continuous function.

Lemma 48. Suppose that (Y;)i>o is a Feller process and that KCy(E) C Co(E).
Then for any (z,n) € ExN and any f € D v the function 1y is right-differentiable
and satisfies:

T (1) = s, (3.12)

where A is the infinitesimal generator of X given by Theorem 14.
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Corollary 49. Suppose that (Y;)i>o is a Feller process and that KCy(E) C Co(E).
Then for any (x,n) € E x N and any f € Dy,

Ur(t) = F@) + [ Gagls)ds, (313)

and in particular the function vy is differentiable with derivative corresponding to
(3.12).

1§y the Dynkin theorem, the second point of Theorem 37 is implied by the equal-
ity Q¢((xz,n); U x N) = Q(x,U) for any open set U C E, or equivalently

Qi(g x 1n)(z.n) = Qu(9)(2) (3.14)

for g = 1. We first prove (3.14) for g € D 4v, second for g € Cy(E), before getting
the result for g = 1.

Let g € D4 and for s € [0, 1], define v, (x, 1) = 1. 4(t—5) = Qs (Qug X 1x) (z,7).
We shall prove that s — vy is differentiable with v/ = 0. For any h € R, write
(Vsin(z,m) —vs(x,n))/h = Ay + Ay + A3 with

Ay =3 (Bguanalt =5 = h) = guylt = s = 1)) = Yuaquylt — s — h),

Ay = PaqQ.g(t — s —h) = haq.e(t — s),
1
As = 7 (wng(t —s5—h)— @Dng(t —s)) + 7vZJAng(t - 5).

We know by Theorem 14, with L} = Cy(F), that D4 = D 4v and since QsD4 C Dy
([Dyn65, Chapter 1, §2]), we deduce from Corollary 49 that As tends to —0yg,4(t —
$)/0t +1Yaq.q(t —s) =0 as h — 0. Regarding A,, note that ;g € D4 implies that
AQsg € Co(E) ([Dyn65, Chapter 1, §2]), so that Lemma 47 applies and Ay — 0 as
h — 0. Concerning A;, using the linearity of ¢¢(¢) in f, we can write

|A1’ = |w(Qs+h7Qs)g/h*Ang<t -5 h)| S ”(Q-S‘i‘h - Qs)g/h - AngHOO

which also tends to 0 as h — 0 ([Dyn65, Chapter 1, §2]). We therefore obtain that
v, = 0 and so vy(x,n) = (Qug x 1x)(z,n) = Qi(g x 1x)(x,n) = vo(z,n), proving
(3.14) when g € D yv.

Now let g € Cy(E). By our assumptions and Theorem 13, (X;);>o is Feller,
which implies that Co(E) = D4 ([Dyn65]). So there exists a sequence of functions
(gp)p>0 In Dy so that [|g, — gllcc — 0 as p — oo. The two linear operators
f € My(E) — Qt(f X 1y) and f € My(E) — Q:(f) being bounded, we can take the
limit in (3.14) when applied to g, to get the same relation for g € Cy(E).

Finally take U C E an open subset. Then define for any p > 0 the function

d(z, E\U)
(z, E\U) + d(z, U,)’

¢p:x€E»—>d

where U, = {y € E, d(y, E\U) > 1/p}. Then ¢, € Cy(E) for any p > 0, and for
any x € E we have ¢,(x) — 1y(x) as p — oo. Taking the limit we obtain by the
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dominated convergence theorem the relation (3.14) for g = 1y, concluding the proof
of the second statement of Theorem 37.

We finish by the proof of the third point of Theorem 37. Let z € E'and n € N
such that n(z) < n. We show by induction on k > 0 that P, (Cp € T) = 0. If
k =0, then Py, (Cy, € I') = 1 ner = 0. Suppose next that there exists k > 0
such that P, ,)(Cy, € I') = 0, then

Piow(Cr,,, €T) = Egen) :E(x,n) <1C*Tk+ler Cr,. (th(k))tzo fm)
= Egm) [K (Vi 1)

=By |[K (V). T) 150 EF} +Egyn) [K (VA1) 150 EFC]

= B | K (Yo, 1) 1y00 EF} (by definition of K)

=Em |K y® T 1C’fk€F (for any ¢ > 0, éTk el = VM en)

+

which proves the induction step. To conclude, recall that IP(M)(M < o0) =1 and
notice that due to the form of T' one has {C; € '} = {éTN € I'} for any ¢ > 0.
Then t

Qi((z,n);T) = Ppy(C, €T) = P(x,n)(éTth eT) =Y Pun(Cs €T, Ny =k) = 0.
k=0

3.3.2 Proofs of lemmas relating to the coupling
Proof of Lemma 43

First note that for any x € £, n > 0 and h > 0 one has
v h Y. d h v
P(zm) (Tl < h) = E(%n) (1 —e fo a(Yu) u) < E(x’n) </ d(Yu) du) < 2a”h.
0

Next take A > 0. Then

Yot + ) = Vg(t) = By [1e(X] 1) Ly (Mi1s) — Le(X)) 1 ()]
= Egn) {E( n) <1E(Xt+h)1{q}( )|«7:t) - 1E(X£)1{q}(77£)}
= ey |Qu((X[,00); B x {g}) = 1e(X)) 14 ()]

= 3" Ewm [(@u((X] ) B x {g}) = 16(X])Lgq (1) L] -

k>0
= 3" B [On(X0 0 B x {a)) — Ligy (0) i = K] By o = ).

k>0
(3.15)

1g
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Forany £k >0and y € £

Ou((y, k), E x {g}) = 113 (k)|

whereby

[g(t + h) = g(t)] < 32 40" h Py (1 = k) = 40"h = 0.

k>0
On the other hand, we obtain with the same calculations for h € [0, t]
@qu(t) - @Z)q(t - h)
= E(em) [Em (Le(X) 11 (DI Fen) — Le(X_) gy ()]
= Beny | Qn((Xi_po )i E % {a}) = 1e(X[_) Ly (70|
= 3 By [On((X(s )3 B {a}) = 1y (K) 1l = K] Qus((am); B x {k})

k>0
<4a*h — 0.
h\O

Therefore the function ¢ € Ry + 1,(t) is continuous.

Proof of Lemma 44

Take h > 0. Recall from (3.15) that

fll(wq(t Th) = 9(t) (3.16)
- ;;E(“’”) [Qh((Xt/> k); E x{q}) — Ly (k)|n; = k} Q.((z,n); E x {k}).
7 (3.17)

For any y € Fand & > 0

Qn((y: k), E x {q}) = Lgy (k) = By (11 (1) — Ly (k) = Aa(h) + Ao(h) + As(h),
(3.18)

where

=

=
!
=

wi (L () = gy (0)15,2,)
wi (L () = 1y ()1, —,)
wi (L ) = Ly () 15,0 -

-
s &
s =
T
= &=
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Let us treat each term separately.
First,

Ar(h) = By (L (k) = Ly (k) 14,5,) = 0.
Second, Ay(h) reads

E (Lo (1) = Ly (k) Lr cnlronon )
= Egw B [(Lig (h) = L (W) Lacnlisnon [Fr, Y
- IE(ny) _(1{11}(77/%1) - 1{q}(k7))1%1§hp(y,k) (7'2 >h—1 ]:%173/(1))}

/ Y _ (7 d(ifu) du
= Eqp [1a<n(Lig(nz) — 1{‘1}(k>>]Eé+l e Jo
[ - A ) du
=Eqn |1a<n(Lg(nf) — 14@,}(/6))1@&1 [e Jo (Va) du _ 1”

+ B [La<n(Lig () = 1y (R)] -

For the first term above,

— [T Y/lfl) du
=By |(Lg(n5) — Ligy (k) 1r<ne () ]

—fh_ﬁd Y/él) du
By | Lnen(Li () — 10y (F)Eis [ ;a(v)

h—#y
1CV

1 y - y u
B [1asn(Lia ) - 1 R)EE, [ b 20w _1]]
S 405*]E(y,k)(]—‘7'1§h)
< 8(a*)?h.

For the second term, we have

By [Lnn(Ligy () = gy (k)] (3.19)
= By LB [ Lo (1) — 1 (k) [V, 5]

=B [Laon ([ KO Rida x {gh) = 10 ()|

= By [Lnan (K" 0); B x {q}) = 1y(k))] - (3.20)

Following the definition of K in Section 3.3.1, this formula takes two forms depending
on whether y ¢ Ey or y € Ey. If y ¢ Ej, then

o (¥,)
Li<n (W - 1)] Lig (k)
B

1rch—r—r— | 1oy (k) + Ey,
Sh@(Y (0) k)} (g1} (k) (y:k)

10

By [Laen(Ligy () — gy (K)] = By

+ IE:(ny)
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that is

By by |12 <n(1igy () — Ligy (R)))]

1
=Eqr [1ncn (0 (_O‘kl{q}(k) + Belgg-1y (k) + 5k1{q+1}(k’)> . (3.21)
a (Y%1 ,k‘)
Since
1 1 1y h .
—E lych—r—m— | — 1| = |-E}, / ( . O‘(Yu’]‘“)d“—1>d < 2a*h,
B (k) 1Shd(yﬁ(0)7k)] ‘h ) l o \& ol =
we then conclude that
Az (h)
sup |—— + Ozkl{q}(k‘) - ﬁkl{q,l}(/{) — 5k1{q+1}(k) — 0. (3.22)
K20y | D A0
If now y € Ej, we obtain from (3.19)
By [1nn(Ligy () = Ligy (k)]
5070 = L)
=Equr [1a<n (Y%llo),k) 1ig-13 (k) + Eqp n<hw 1-13(k)
5 3(V:") = 6
+ Egp) lﬁgh&(Y;fo),k)] Lig+13(k) + Eqpy [1a<n (W — 1] Ly (k),

that is the same expression as (3.21). The convergence (3.22) then remains true
when the supremum is taken over y € Fj, and so over y € F, i.e.

Ay (h)
=y ol (k) — Bl (k) — 6.1 k)| — 0.
kZSOl,lypEE h Ulio) (k) = Bl ig-1) (k) tLig >’ N0 ’

Third, for As(h) in (3.18), we have, using (2.3) and denoting N ~ P(2a*h),

1
7 |As(h)|

Py,k) (Nh > 2)

IN

IA
B oS oS o

(5 22)

IN

1 —e 2 _ 20z*he_2°‘*h)

(a*)*h + h%o(h)'

Combining the results for A;(h), As(h) and Az(h) in (3.18), we get

/\'ﬁ

1/«
sup ‘ (Qh((y, k); E x {q}) — 1{q}(k)) + Ly (K)o — Brlig-13(k) — 5k1{q+1}(k)‘ — 0.
(whyet P AN\

Finally, coming back to (3.16), we obtain by uniform convergence, for any x € F,

(%(t +h)— — S { =1y (k) + Bilg1y (k) + Gklgginy (k) | Qu(w,m); E x {k}),

h\‘o k>0

where the limit reads —a, ¥4 (t) + By—1Vg—1(t) + 0441 ¥g+1(t) using the convention
B =0.
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Proof of Corollary 45
For ¢t > 0, define

G(t) =t(t) = 1) = [ (= Uyl5) + Byra Yy a(5) + Gyp Yy () ds,

Then G is continuous, right-differentiable on R, by Lemma 44, and 0,G(t)/0t = 0.
So G is constant. But G(0) = 0 because s — ),(s) is bounded on R, for any g > 0.
As a consequence we obtain

Yy(t) = 14(n) + /Ot (=g ¥g(s) + Byo1¥g-1(8) + dg1 Ygya(s)) ds

In particular the integrand is continuous by Lemma 43 so 9, is differentiable.

Proof of Lemma 46

Let us develop g,1¢4 as
01y = > as(k, {ah) 1y = D Pulns = @)1y (3.23)
k>0 k>0

Take p > ¢. Then using (2.3) by denoting n; ~ P(a*t)

ipk(nSZQ) § ipk(ns >k_Q)

k=p

< ZPk(nt >k—q)
k=p

<D P(ny >k—q)

kp
Z]P’nt>j) — 0,
j=p—q

because E(n}) < co. Coming back to (3.23), we thus have that for any ¢ > 0, there
exists p > 0 such that any d > p satisfies

sup <e. (3.24)

s€[0,¢]

d
gslig — > as(k, {a}) 1w
k=0

Since )¢ is a continuous linear operator on My(FE x N)

Wy = Qt—s(lE X qs1g)
p
= Qs <1E x ;}LI?O Z qs(k, {q})l{k}>
= lim Qs <1E X qu (k, {Q})l{k}>
k=0

p v
k=0

= i g5 (k, {q}) Qs (]-E X 1{k}) : (3.25)
k=0
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Let ¢r(s) = qs(k, {q})@t_s (lE X 1{k}> . From the Kolmogorov backward equation
(2.7), we obtain that

aQS(k7 {Q})/as = _akQS(k7 {Q}) + BkQS(k + 17 {Q}) + 5st(k - 17 {q}>

Using in addition Corollary 45, we deduce that ¢y is differentiable and

Qb;g(s) = [—Oqus(k', {Q}) + BkQS(k + 17 {Q}) + 5kQS(k - 1’ {Q})] Qt—s (1E X ]-{k})
+ qs(k, {q}) [Oék@t—s (1E X 1{k}) — Br1Qrs (lE X 1{1%1}) — O 1Qrs (1E X 1{k+1}>] :

Since

v

Qs (Lo x 1gy)|_ <1

sup
s€[0,t]

and

sup Hakét—s (1E X 1{k}) — Br1Qs—s (lE X 1{k—1}) — 01 Qrs (]—E X 1{k+1})H < 3a”,

s€[0,t] 00

we can show similarly as for (3.24) that

— 0.

p—0o0
o0

AC

k>p

sup
s€[0,t]

Since by (3.25) ws = Y x>0 Px(s), we deduce that w, is differentiable on [0,¢] and
0 >,
9s s T ];) Pi(s)

= i [@cqs(k +1,{q})Qi—s (1E X 1{k}) — Br-14s(k, {a}) Qs—s (lE X 1{k—1})}

k=0

+ i {%%(’f —1,{q})Qi—s (lE X 1{k}) — Spr14s(k, {a}) Qr—s (1E X 1{k+1})] 7
k=0

where f_1 = 99 = 0. The first of these two telescoping series vanishes because
B4 =0 and

|Bras(k+1,{a1)Q (1o % 1y )| _ <@gk +1,{g}) < a"P(n] > k+1—¢q) = 0.

The second series vanishes by similar arguments and we have dws/ds = 0.

Proof of Lemma 47

Let h > 0, then

Vst +h) = () = B (FXL) In0)) = B (FX)DIn(07))
= By [Eeny (FOL ) In00) [F)] = Eemy (FXD) (7))
= B |Qn(f x 10)(X70) = F(X)1n(n])] - (3.26)
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For any y € E and k € N one has

On(f < 1) (y, k) = f(y)In(k)|
= B0 (F(X7)) = )]
= [Equ) (FOR) Uiy <n + Ly on)) = FOBr (1<n + 10|
< 2| fllocPryy (T3 < ) + [Eiy (£ ) = F@)) (1 = 15|
< 8a’||flloch + [EY [£(Ya) = f(3)]
<8a||flloh+ Q4 F = 1|

where we have used (3.11) in the second last step. Coming back to (3.26), we deduce
that

[p(t + h) = r(1)] < 8a | fllooh + | QY S — £ _ -

As a Feller process, (Y;);>0 is strongly continuous at 0, whereby ¢ (t + h) — 1f(¢)
as h N\, 0.
On the other hand, for h € [0, ],

(W) = s (t = B)| = [Eemy (FXDIn00) = Egemy (FOX_0)10074))|
= [Em) [Em (FOD 0 [Fon)] = B (FX01n004))|
= [Eauny [@n(f % 1) (X[ _mi ) = F(X0 ) ()|
<8a||flloch+ QY F = 1|

and we conclude similarly that (¢t —h) — 1(¢) as h \, 0.

Proof of Lemma 48

Let h > 0. For any ¢t > 0

=00y 00
_ @t (Qh(f X 1N)<x7:) — f(J;)]-N(n) . .Af(l’) % ]-N(n))‘
< (Sl;p Qh(f X 1N)<y7}]:) - f(y)lN(k) . Af(y) > 1N(k)| .

The proof thus consists in showing that

Qn(f x 1n)(y, k) — f(y)1n(k)
h

sup

(k) eE: N0

_Af() % 1N(k)’ 0
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Forany h >0,y € EF and kK >0

2<Qh(f x 1y)(y, k) — f(y)lN(k)>

E V(th— f<y>]
= = (B [FO5 000 + By [0 L5, 1] + By [FOXD11,0] — F0))

/N
=
—~
N
)
N

EH S—>—=>— g
VR

<
S| = < —
=
<
=
N~
~
—~
=
s =
S~—
(D\
"‘ 5
~
c
Z
(oW
e
—_
-
—~
NS
SN—
~_

[f(Yh—f(y)hlEéyk) lf(Y,Z)( 1+/ (Y. k duﬂ

% b
E(y,k) /0 f(Yh>Oé(Yu7k) du| .

Using this result and the expression of Af(y) from Theorem 14, we can write

1<Qh(f x 1n)(y, k) — f(y)lN(k)) —Af(y)

h
= ;1l (Qn(f x 1)(y, k) = F@)In(R)) — A f(y) + () f(y) — a(y) K £ (1)
= Ai(h) + As(h) + As(h) + Ag(h) + As(h),

where

Ay (h) =EY

Y

[fm)h— O] - 4 0,
h

Ax(h) = (. K) ) = 7ED [ /O PG, du] 7

Ag(h) = ;L]Eak) [f(Yé) ( 1 +/ (Y k) du)] ,
As() = 3 By [FX0) 15,1 — a)KF0) + (aly) — 6, 1)),
As(h) = 3 By [F(X0) 1,0

The end of the proof consists in proving that each of these five terms tends
uniformly to 0 as A 0.
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For the first one, note that

EY [f(Yh)h—

f(y)] _Qnfy) — fy)

and since f € DY, by the definition of A", SUD(, 1) B |A1(h)| tends to 0 as h — 0.
To show that sup, ;)cplA2(h)] "~ 0, we consider two cases whether y ¢ Ej or

y € Ey. First suppose that y ¢ Fy. Then d(y, k) = a(y) + ax and
1 5 / /
Aa(h) =+ [VEL g [aln, 01 ) = FG)AY, k)} du
— o) [f(y) b2 [UE) 00 f0) — F0i)a ()] du

where the switch from E L.k to B} is a consequence of (3.11), specifically the bivari-
ate generalization of it. Therefore

Ax(h) = o (f(y) QW) +5 / ") (8] [0/ () — f0R)a(v) Vi) du
= o (f(y) - Q h / E! [a — Q) f(V)a(Y,)] du
=i (70) - QLFW) + 1 [ B [0) ) ~ F(¥o)a(v.)] du
2 [UE) [Fv0(%) — QL f()a(v.)] du
= o ()~ QUFW) + 5 [ (7 x 0= QU x ) () du
Ve (F = Q1uf) (V)] du
—QUIW) + [ (< a— QLS x @) () do
+ / E} [a(Viu) (f = Qo) (Viw)] do.
So when y ¢ Ej,

Ax()| < QY S = fllo+ [ IS x o) = f X allwdv+a” [ 1@Hu-0f = fllado
(3.27)

that does not depend on (y,k) € E and converges to zero when h goes to 0 by
the dominated convergence theorem because f € DY C Co(E). When y € FEy,
a(y, k) = PBr + d(y) and we obtain with the same computations the same inequality
(3.27), leading to the same convergence. So sup, ,ycp|A42(h)] m 0.

Regarding As(h), its uniform convergence towards 0 is easily obtained from

s h ’ ~ (207 h)? .
st < 0=l | ([ atvim au) ] < W0 B g oy
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Let us now prove that sup, 4y p[A4(h)] 2 0. We compute

1 1
E]E(y’k) {f(X’/"b)th:J = E]E(y,k) Lf(X3)1a<nliysn—s]
1

= —E,

k) :]E(y’k) {f(X’/l)l%léhl%zﬂl—%l ./—:'%1,?(1)”

= 2B [T L e (> h = £, 7))
- , _ h—11 }/151) du
o *E(%k) f(Yh(_1721>17V—1She f ( ) ‘|
1l

*foh 1 (Yu))

:1%1 ShEgﬁ {f(Yf;—ﬁ Je” fo ) du”

- *E(%k

(1
) [La<nBEyr) lf v,")e

= TEyr

h
1
h
1
h
1
h
1
h
1
h

= —Eqyn 1ﬁghEgﬁ {f(Y;{_ﬁ)H

4 1B [Tl [F07) (e B0 )]

The second term converges uniformly to 0 because its norm is bounded by

h=f 2ha* 0o . «
[ aau]| < 2 My <) < o

Cx

17‘1 00 Y
E(y,k) [ <hh||f|| ]EXT

&y, k) f(y),

Let us prove that the first term converges uniformly to a(y) K f(y)—(a(y)—
proving that sup, ;¢ p|Aa(h)]| "~ 0. We have

1 .~
7Bk [1%191@&1 {f (Yf{ﬁ)H

1 % > v
= 7B [ A <hBy.r) [Eél [f(Yéfﬁ)} ‘Y(O) 71”
1

z1 ,q) f(Yfi—i—l)} [V( ((3/»},1(0), k), dz; % {q})] .

(y,k) 7—1<h/
h z1€ER >0

We separate as before the cases y ¢ Ey and y € Ey. If y ¢ Ej, we obtain

1 .
E]E(y,k) {hﬁhEgﬁ [f(Yf:—ﬁ)H

1
= 7 Ewn

1
+ 2 B

1

*E(y,k)

T
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v
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s

/
h—11

V)] K

)]

Y.

/

T1

(0)’ le)]

(3.28)



3.3. PROOFS AND TECHNICAL RESULTS 87

Let us show that the first term in (3.28) converges to a(y)K f(y):

—a(y)K f(y)

YVI(O) § /
}11E(y7k) 1ﬁ<h(;(}(;/18)’l)€)/EEél,k) {f(ylifﬁ)} K<Yﬁ(0)ad21)
_ @ ( (0)) ’(0)
= 7B | 1asns & (V® )/Qh A (f X 1n)(z1, k) K (Y, ,dzl)] —a(y) K f(y)
o o 20
7'1 (Y;/I(O k‘)

Eqyr) |Er) QL (f % 1) (21, K (V" dey) VO

—ay)Kf(y)
= B | [0 (1) [ QU0 s ] — iy
1 hv <,y
]E(y k) |:/0 « (Y}Zv) /E QZ(lfv)f(Zl)K(Yi:m le)e_ fo k) dudU:l - Oé(y)Kf(y)
- 1
= Eé,k) {/0 04(Yffv)/EQzu—v)f(%)K(Yémle)dv} —a(y)K f(y)
+E [ /01 a(Y)) /E Qh—w)f (21) K (Y, dz) (e sk du _ 1> dv]

But for the last term,

El] [ o) / Qo (1)K (Ve dn) (e 70800 1) o]
<@l | [ [ 008 dua

and from (the bivariate version of) (3.11), we can replace Eé,k) by E) in the other
term to get

< 2h(a”)?[[ flls

V[ ati) [ @)K i da)do] — al)K f0)
< [V[EY [0¥i) K@Y f (Vi) — al¥iu) K £ (Y] dv
+ [ B o) K £ (i) — aly) K F ()] do
<ot [ 1K@l S ~ Kfllwdv+ [ [Qhle x KA)) — (0 x Kf)()| dv
<a [N 1@ — flwdot [ 1QK{a x K1) — (@ x Kl do,

converges to 0 when h goes to 0 by the dominated convergence theorem, using the
fact that f € DY C Cy(FE) and KCy(E) C Co(E). This proves the convergence to
a(y)K f(y) of the first term in (3.28). Concerning the second and third terms in
(3.28), their sum converges to (S + o) f(y) = (a(y, k) — a(y)) f(y). Indeed for any
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q,
Ve |y L oy V)] = )
B |k Tlghd(Y;/(O),k) (Y;1(0>"1) o !
]_ h - u
= EY o [EV [f(Yios)e — [ av k) d ] ds — f( )’

‘/ ]E(yk { Y}i FWa _U))} (e_foh”d(yzi’k)d“—lﬂ dv
+| [ B (B, [f0ha-w)]] do - )
< [ 1Bl [ [ a0

< ol fllh+ [ |@F5) ~ o) o
S a*||f||ooh + “Q}z/f - f||oo>

‘| dv + /01 ‘EZ [QZ(I_/U)f(YhU)} - f(y)‘ dv

that converges to 0 when h goes to 0 by the dominated convergence theorem because
f € DY C Cy(E). This completes the proof of the claimed convergence of Ay(h)
when y ¢ Ej.

Suppose now that y € Ej. The development made in (3.28) becomes in this case

1 .
FBi LB, 1Y)

a2l [ 8 (P00 B (1, dzl)]

Fi)]

The first, third and fourth terms above can be treated exactly as the first term in
(3.28) to prove that they converge uniformly towards S(y)Ksf(y), 0xKsf(y) and
(0(y) — 0x)Ksf(y), respectively, the sum of which is a(y)K f(y). For the second
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term, we compute

}1LE(y,k) 17‘1<h0vf 1(201(:’),1 B0 [f( ;{_n)” — By f(y)
- 2E(y”“) Ewr |1nsn dfg:(%()o’);) WO ) D YOL | =B )
=[5 [l [P0 0l 009 s 50 10)
= /lekz) {5(th)E’ [F(Yhao)] e o ki dv—ﬂ(y)f(y)‘
= / E(yk){ (Vi )EY: £ (Vi) (ef k) d )} dv
+| [ 8] [300EY, [ ()] dv = 8w) )
<a HfHoo/ / EY [6(Y,, k + 1)] dudy

| [TBY [B0h)@ (Vi) dv = 55)1(0)

(@ Pl +| [ B [B0)QN -1 (Yin) = (¥ f(Vi)]
| B B0 S0 do = B w)

< (@ fllach +0* [ NS~ Fllwdvt [ NN x )= (8% f) oo

that converges to 0 when A goes to 0 by the dominated convergence theorem because
f € DY C Cyo(E). Given this result and the convergence already proven for the
second term in (3.28), we deduce that the second term in (3.29) converges uniformly
n (y, k) to (B — BY)) f(y) = (y, k) — a(y)) f(y)-

The study for y ¢ Ej and y € Ej yields to the same convergence results, so in
conclusion

IN

B (F(X0)Lg2) + (a(y) = 8y, k) (4) — a@)K ()] 73 0.

sup
(y,k)eEXN

that is sup, <z Aa(h)] 2 0.
To finish the proof, it remains to handle As(h) using (2.3) where N; ~ P(2a*h)
) < Wl
LN

- h

P (Mo 22)

P(N; >2)

IN

HfHOO —2a*h * —2a*h
L (1 —e — 2a™*he )
S llse ((2an)? >
T h 3 Tug)
o *\ 2

= 2[|f[loo (@*)" h + hgo(h%
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that converges uniformly to 0 when A goes to 0.

Proof of Corollary 49
Let

G(t) =tr(6) — F(@) — [ Yag(s) s

This function is continuous, right-differentiable on R, from Lemmas 47 and 48,
and 0,G(t)/0t = 0. So G is constant. But G(0) = 0 because s > 0 +— 1ha7(s) is
bounded. As a consequence, we obtain (3.12). Moreover Af € Cy(F) so by Lemma
47 the function s > 0+ 1 44(s) is continuous, and by (3.12) we deduce that s is
differentiable.

3.3.3 Proof of Theorem 38

We recall and complete notations introduced in Section 3.3.1 regarding the coupling
between X and 1. The coupled process is C' = (X',n'), where from Theorem 37, X’
and 1’ have the same distributions as X and 1. We denote by 7; and t; the jump
times of X and 7. Similarly we denote by 77 and #; the jump times of X" and . To
prove Theorem 38, we start with the following lemma where sy := inf{t > t;, n, = 0}
is the time of the first return of n in the state 0 and Sy := inf{t > T, X; = O} is
the time of the first return of (X;):>o in the state ©.

Lemma 50. Suppose that 0 is an ergodic state for the simple process n, that is
Eo(sp) < o0o. Then Jim Q:(D, A) exists for all A € E. Suppose moreover that for

alln > 0, E,(sg) < co. Then, 1tli}m Qi(x, A) exists for all x € E, A € &, and is

independent of x.

Proof. Let 3y := inf{t > t', C; € Ex{0}}. Using the first statement of Theorem 37,
we can prove that P 0)(So > t) = Po(so > t). Similarly, by the second statement of

this theorem, P )(Sp > t) = Py(Sp > t) where Sy := inf{t > T/, C; € {Q} x N}.
We thus have

]P)@(S@ > t) = P(Qo)(‘g@ > t) < P(QO)(éo > t) = PO(SO > t),

where the inequality comes from the third statement of Theorem 37.
By the assumptions of Lemma 50, this implies that Sgy < oo Py — a.s. and that

E@(SQ)) = /000 ]P@(S@ > t) dt < /OOO ]PO(SO > t) dt < o0,

proving that @ is an ergodic state for the process (X¢):>o. Note moreover that Sy
has a density with respect to the Lebesgue measure, that we denote by pg. This
comes from the fact that 7; has a density for any j, so does T}, whereby given a
Lebesgue null set I € B(R), Pg(Sp € 1) < 332, Pp(T; € I) = 0.
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We have the following equation
Qi (D, A) =Py(X, € A, Sy >t) + /OtIP@(Xt € A, Sy € ds)
— Po(X, € 4, S > ) + /Otht € AlSo = s)o(s) ds
_Po(X, € A, Sp > 1) + /Ot Qr (0, A)ig(s) ds.

This is a renewal equation and we may apply the renewal theorem given in [Fel71,
Chapter XI]. To this end, denote by Z(t) = Q(D, A), £(t) = Pu(X; € A, Sp > t)
and F{I} = Py(Sy € I). Remark that Z is bounded, ¢ is non-negative, bounded by
1 and directly Riemann integrable on R, because it is dominated by the monotone
integrable function t — Py (Sg > t). Moreover, 0 < Ey(Sp) < oo and since Sg has
a density, F' is not arithmetic. Then, by the renewal theorem, we obtain:

1 00 1 00
QO A) = 2(1) 3 oo [ €w) du= s [T Po(X, € 4,55 > u(>3(;z;)

which proves the first statement of Lemma 50.

Let now turn to the second part of Lemma 50. Let z € E,,. By the arguments
as in the beginning of the proof, we get that Sy < oo, P, —a.s. and that E,(Sg) <
E,(so) < co. We have

Qi(z, A) =P, (X, € A)
t
=P, (X; € A Sy >1) +/ P.(X; € A|Sp = s)up(s) ds
0

t

=P, (X; € A, Sy > t) +/0 Py (Xi—s € A)ugp(s) ds
t

=Po(Xi € 4,50 > 1) + [ Quu(0, Ano(s) ds.

The first term tends to 0 as t — oo because it is dominated by P, (Sg > t) and we
know that P,(Sy < 0o) = 1. For the second term, for all s > 0, we have by (3.30)

1

Qu-s(0, A)Lpg(s) — Eo(Se)

/ Py(X, € A, Sp > u) du.

0

Moreover |Q¢—s(D, A)1jg4(s)pa(s)] < pe(s) which is integrable. So by the domi-
nated convergence theorem,

1 oo
Qt<$,A) 30 IE,@(S’@)/O P@(Xu c A, S@ > U) du

which is independent of x. O

We are now in position to prove Theorem 38. The conditions (3.2) or (3.3) of
[KM57] imply the assumptions made in Lemma 50. We then deduce that pu(A) :=
limy o Q¢(x, A) exists for all z € E and A € &, and is independent of x. It is
a probability measure because for any ¢ > 0 and z € F, Q4(z,.) is a probability
measure.
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Let us prove that p is an invariant measure. The previous convergence reads

Q. dy) = [ F@)nay). (3.31)

where f = 1,4 with A € £. It is not difficult to extend it to any step function and
by limiting arguments to any f € M; (F). By the Markov property, for all ¢, s >,
re€ Fand Ae€,

Qurslw, A) = [ Q. 4) Qu(a, dy).
Letting s tend to oo, we obtain that the left hand side converges to p(A), while for
the right hand side, we may apply (3.31) to f = Q;(., A) € M (F) to finally obtain

plA) = [ Quly. An(dy).

Finally, if v is a probability measure on F, such that for any A € £

v(4) = [ Quly. Awidy).

then as Q¢(x, A) < 1, taking t — oo, we get by the dominated convergence theorem

v(4) = [ p(Aw(dy) = pu(A).

Hence p is the unique invariant probability measure.

3.3.4 Proofs of Section 3.1.2
Elements of the proof of Theorem 39

We show in the following lemma that the proof of Theorem 39 boils down to in-
vestigating the waiting time until two independent simple processes are both at the
state 0. Moreover [Mgl89] shows that under the conditions of Theorem 39 the tail of
this waiting time is subgeometric. Proving the next lemma then proves Theorem 39.
As in the proof of Theorem 38 we use the coupling of birth-death-move processes
introduced in Section 3.3.1.

Lemma 51. Let (Xt(l))tzo and (Xt@))tzg be two identical birth-death-move processes
on E such that the jump transition kernel satisfies KCy(FE) C Co(E) and that the

associated move process is a Feller process. The initial distribution of (Xt(l))tzo is
denoted by py and the initial distribution of (X1€(2))t20 is denoted by ps. We also

denote (n,gl))tzo and (n,gQ))tZO two simple birth-death processes associated with birth
and death rates defined by (3.1) and with initial distributions vy and vy given by
vi(n) = w;(E,) for anyn >0 and i = 1,2. Let us define the stopping times

T =inf{t >0, X" = x¥ = 0},

and
7 =inf{t >0, =¥ = 0}.
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Finally we denote by P, « ., the probability measure under which the processes (Xt(l))tzo
and (Xt@))tzo are independent and P, «,, the probability measure under which the
processes (n,gl))tzo and (77t(2))t20 are independent. Then we get for all A € E:

‘/E Qi(w1, A) dpy (21) — /EQt(l"%A) dpa(2)] < 2Py (T > 1) < 2Py, 50, (T > ).

Proof of Lemma 51. The process defined for any ¢ > 0 by Z; := (Xt(l),Xt(Q)) is a
Feller process by [Kal97], Chapter 19, Exercise 10. Let ¢ > 0. The stopping time

T At is bounded and the processes (Xt(l))tzo and (Xt(z))tzo are non-explosive Feller
processes. This entails by [RY91], Chapter 3, for any A € &:

P (X1 € AT <) = By By pin [La (X)) | Fr] 11<]

E s Eoxo[1a(X; x 7)) 1r<i]

By xe Eo[La(X(p)] 1r<]
[Eo[1a(X )] 1r<]
(X e AT <.

M1 X2

=P

M1 X p2

Then,

‘/ Qt x1, A d,ul I1 / Qt T, A d,u2(I2)
= [Poia (X1 € A) = Py (X € 4)]

= P (X € AT <) 4Py (X € AT > 8) =Py (X2 € AT <)
P (XD € AT > 1)

= [P (X1 € AT > 1) = Py (X € AT > )|

< 2P, (T > t).

For i = 1,2 we denote by Cv’ti) = (Xt(l), n,f )) the coupling defined in Section 3.3.1.
Let us introduce for i = 1, 2:

=inf{t >0, Vi=1,2C" € {0} x N}

and '
F=inf{t >0, Vi=1,2C" € E x {0}}.

We derive from Theorem 37 the following computations:

Py (T > 1) = / / Poyscaa (T > ) dpiy (21) dpia ()
/ / ]P) (z1,n(z1)) % (22, n(mg))(T > t) d:ul(xl) d,U,Q(SC2>
< /E/ ]P)(m,n(:cl))><(;t2,n(;t2))(7\i > t) d,ul (xl) d/fl2(x2)

— [ ] Pueyenten (7 > ) dis(@1) dpa(az)
Py, wu, (T > 1).
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Proof of Corollary 40

Let us suppose that the hypotheses of Theorem 38 hold and we denote by p the
unique invariant probability measure for the birth-death-move process. In this case
the simple birth-death process of birth rates (3, ),>0 and death rates (d,,),>0 defined
by (3.1) admits a unique invariant distribution (pm,)n>0 given by [KM57]:

o = 1, Wn:w for n > 1,
and
1
P= oo -
Zn:()ﬂ-n

Moreover the invariant distribution for the simple process dominates the invariant
distribution for the birth-death-move process, that is the point of the following
proposition.

Lemma 52. Suppose that the move process (Y)i>o is a Feller process and that
KCy(FE) C Cy(E). Suppose that 6, > 0 for alln > 1 and that (3.2) or (3.3) holds.
Then for all m > 0,

Do u(Ey) <p Y]
Proof of Lemma 52. Let us consider the coupled process X; = (X, m¢) defined in
Section 3.3.1. Recall that we denote
I'={(y,m) € ExN;ye€ Eetk>m}.

Applying Theorem 37 we get

io G(im) = S By =n)

n=0
= P;(n, € [0,m])
=P (e € [0,m], X; € E)
= P (e € [0,m], X, € B, X, €T°)

=P (e € [0,m], X, € |J En, X, €T°)
n=0
n=0

<Pian(m €N, X, € U E,)

n=0
=P,(X; € |J E,) (by Theorem 37)
n=0
=> P.(X, € E,)
n=0
= Z Qt (.Z', En)
n=0
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Taking t — +oo we get for any m > 0:

n=0 n=0

that is -
1- Z p(En) =1 =p Z T,
and then
[o¢] o0
Z w(En) < p Z T

]

In order to prove Corollary 40 we have to show that under (3.6) the invariant
probability measure u satisfies the condition (3.5).

“+o00 “+o00 1
Set U,, = Z wu(Ey) and P, = Z 7. Let us fix ng € N such that < ) is
Tn n>ng

an 1ncreasmgksgquence Moreoverk ZS T n_>—>oo 0 there exists n; > 0 such that for
any n > ny one has m, < /m,. Take N > max(ng,n;). Then:
s #E) _ 5 Ui = Ui
U S U
S VT SV
NSl N,

VeV
Zulmm ) m R

VTN Tho
Applying Lemma 52 we have that

T

\/_ \/l<pz\/_N%+oo

Again by Lemma 52,

N-1 1 1

> () S )

k=no Tk+1 \/_ k=ng Tk+1 \/7T_k
We compute this term:

Si(ps )l

B g; P, =B
- hmot1 Nk 50 VT
_ N BaR A R
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N-1 Pk | — Pk N-1
—_—= Z /T is a convergent series. Finally:
k=no+1 Vv ﬂ-k k=nog+1

Pyy w1 Pn

AN

TN—
where —Y—1 <land — —
/TN TN N—+oo
E
By comparison test for positive series we conclude that Z H(Ex) is a convergent

k>ng V Tk

E
series and so is Z Al k)

k>2 VTk
To end the proof, we observe in the computations in the proof of Theorem 3.1
of [Mgl89] that the exponential rate r does not depend on the initial state y € E.

Moreover the constant ¢(y) is under the form

(&)
C1 —|— .

v/ Tn(y)

In particular it satisfies

K (i’“) < +00. (3.32)

| ewany) =er+e Y

k>0
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Chapter 4

Non-parametric estimation of the
transition kernel of jump-move
processes

In this chapter we proceed to the non-parametric estimation of the transition kernel
K of a jump-move process. For this purpose we use kernel methods. In Section 4.1
we present theoretical results of the jump-move process useful for the study of the
estimators considered in the sequel. Then, in Sections 4.2, 4.3 and 4.4 we investigate
the estimation of K when the jump-move process (X;)¢>o is continuously observed
on [0, T]. We handle this problem in a general setting, when K admits a density and
also in the special case of the birth-death-move process. Finally Section 4.5 deals
with the estimation of the density of K from discrete observations of the process
on [0,7]. The notations introduced in the previous chapters will be used without
reminder.

4.1 Preliminary results

This section contains technical results that will be useful for the theoretical study of
the forthcoming non-parametric estimators of the transition kernel of a jump-move
process. In particular we exhibit an important martingale to this end.

In this section we do not suppose that the intensity function « is bounded: we
only assume that the counting process (N;);>o is non-explosive, that is N; < oo for
any t > 0, P-almost surely.

4.1.1 Filtrations associated to the jump-move process

For any ¢ > 0, let us denote F = o(X,,u < t) the natural filtration associated
to the jump-move process (X;);>0. Following [Basll], Chapter 20, we make this
filtration complete setting F; = o(F? UN') where N is the collection of sets that
are P,-null for every z € E. It was proven in [LLG21] that ((X:)i>0, (Ps)zer) is a
Markov process with respect to (F;)i=o-

To consider martingale properties of the process we need to introduce the right-

97
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98 NON-PARAMETRIC ESTIMATION

continuous filtration
ft+ = me>0«/—';f+5-

Finally we denote for an initial probability measure pg on E, ¢t > 0 and f € M,(E),

Euolf(X0)] = [ Ealf(X0)] dpo().

In the following we omit the dependency on the initial distribution pg when it is
not relevant and simply write [E instead of E,,.

4.1.2 A martingale associated to the jump-move process
Let g € My(E x E). We consider in this section the process (M;);>¢ defined by
t t
M= g XN, = [a(X,) [ (X )K(X, dz)ds (4)
0 0 E
for t > 0.

Lemma 53. The process (M )i>o is a (Fi)i>o0-local-martingale.

Proof of Lemma 53. Let t > 0 and k > 1. We show that for any x € E, s € [0, 1]
and B € F; ,

E, [(]\It*/\T,€ - Mt*/\Tk_JlB} =E, [(]\/[:/\T;C - Ms*/\Tk_1>1B] : (4.2)

By definition

. . . . tATy . tAT, 1 .
Ex[(Mt/\Tk - Mt/\Tk,1 - MS/\Tk + MS/\kal)lB:I = ]Ex [13 (/; dMu _\/S dMu)] :

AT}, N1

We decompose the right-hand term into

tATy, tATk—1
E, [13 (/ AMF — / dej)] =D+ Dy+ Dy + Dy (4.3)

ATy, N1

where
_ -
Dl - EI 1B 15>Tk,1 15<Tk<t/ dM;:| )

- t
D2 = E.Z’ 1B 15>Tk—1 1Tk>t/ dM;::| ?

- T,

D3 - Ex 1B 18<Tk,1<t 1Tk<t/ dM':‘| )
L Tp_1
I t

-D4 = El‘ 1B 1S<Tk_1<t 1Tk>t/ dqu‘| .
L Th—1
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We start by computing D;:
D, = Em[lB loor, | Licr, <t X
Tk: Tk
( / 9( X, X,) AN, — / a(X,) / 9(Xu, 2) K (X, dz) du)]
s s FE
=E, [1B 1s>Tk_1 1s<Tk<t Q(YT(kk_l)7 XT,C)}
Tk
_E, llB Loor  Loeriot / a(X,) /E 9( X, 2) K (X, d2) du]. (4.4)
First,

E, {1B loor, | locr < g(YT(kk_l)a XT,C)}
- E:B |:1B 1S>Tk,1 1S<Tk<t E.’E[g(YT(kkil)a XTk) ‘ka—N Y(kil)a Tk]:|

= Ex ]-B 15>Tk,1 15<Tk<t /E g(}/:r(kk_l)7 z)K(}/;(kk_l)a dZ)

/E g(Y;_(kkfl)’ Z)K(Y;(kk—l)’ dz)ls<Tk<t|ka,1, Y(kl)”

E:v ]-B 1s>Tk,1 E:p

[ t—Tj— u (k—1)
Ex 1B 1s>Tk_1/ k 1/ g(Yu(k—l)7Z)K(Yu(k—l)’dz)a(Yu(k—l))e* fO a(Yuk ! ) dv du]
L SiTk*l E
- :D[lB 1S>Tk,1 X

=Tk 1

/ gV FED EYED, d)aV ) E, (L.,
E

Fr,_,, YV dul.

s—=Tk_1

Now we compute the second term in the decomposition (4.4).

T
Ew llB 18>Tk,1 1S<Tk<t/ a(XU) /E g(X’lL7 Z)K(X'UJ dz) du‘|

Tp—Tk_1

- Ea: [lB 1S>Tk_1 18<Tk<t/ O[(Yu(k_l)) / g(Yu(k_l)7 Z)K(Yu(k_l)a dZ) du‘|
s E

—Ti—1
t—Tk—1

= Ex [13 18>Tk_1 15<Tk<t/ 1u§’rko-/(yu(k_1)) / g(Yu(k_l)a Z)K(Yu(k_l)a dZ) du‘|
E

s—Tk—1
t—Tj 1

x |:]-u<Tk<t7Tk,1 ka,p Y(kil)i| Oé(Yu(kil))X

=E. 151>, /

s—Tk_1

[ oD R, az) du)
E

We then obtain

=Tk 1

u

Dy =Eflpler,, | Fr Y] (YD) x

Ea: |:<1U<Tk - 1U<Tk<t7Tk,1>
s=Tk_1

/ gV D AK(YV.ED dz) du]
E
= ]Eac[].B 15>Tk_1 E, |:1t_Tk—1<7'k FTk—l? Y(k—l)} %

e e (k1) (k1)
a(Y,FT) | g(Yr T ) K(Y Y dz) dul. (4.5)
s E

u u
—Tk-1
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Let us compute Ds.

t
D, =E, [13 17, 1Tk>t/ dMﬂ

- _F,

t
1plem, 1Tk>t/ Oé(Xu) /E g(Xw Z)K(Xw dz) du}

= —E [13 s>Tk_1 1Tk>t/
= _Ew[lB 1S>Tk_1]E$ |:1Tk>t—Tk_1

t—Tj
[ a0y [ grh 2 K(ED, dz) du]
E

s—Tk—1

— D,

t—Tk—1

—Tk-1

(V) [V DRI, a0
E

ka_l,Y(k_l)] X

by (4.5).

To compute D3 we shall write:

Dy =E,[151scr, <t 1p<tX
Tk Ty
(/ 9(Xu-, Xu)AN, — a(Xu)/ 9( X, 2)K(X,, d2) du>]
Ty Ti_1 E

= ]Ex {]‘B 1S<T1971<7f ]‘Tk<t g(Y;(k )7 XTk>j|

Ty
- E, llB 1ot 1s<Tk<t/T a(Xy) [Eg(Xu,Z)K<deZ) du} . (4.6)
k—1

Firstly,

E. [13 Loer, <t 1Tk<t9(Y( b XT,C)}
- Em -1B 1S<Tk,1<t 1Tk<t Em |:g(}/7—(k _1)7 XTk)|FTk,17Y(k_1)7 Tki|:|

=E; |1 Locry <t 17y« /E g(Yr(kkil)v Z>K(Y:r(kkil)7 dz)}

k

=E, lB Locry i<t Eo [/E Q(Yr(k_l)a Z)K(YT(:_I)7 dz) 1, «| Fr_,, Y(k_l)”

- E 1S<Tk 1<t X
/ T D RO, dz) ey e o0 gy
= E 1S<Tk 1<t X

t—T_1
/ k— / k 1) (Y(Ic 1) dZ) (Yk 1))Ex [17k>u

]:Tk—1 , Y(k_l)} du]
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The second term in the decomposition (4.6) is

Tk
E, [13 17, 1S<Tk<t/T a(Xy) /Eg(Xu’ 2)K(X,,dz) du]
k—1
) (h-1) (k-1)
- E ]-B s<Tp_1<t 1Tk<t/0 @(Yu ) /Eg(Yu 7Z)K(Yu 7dz) du
t—Tg—1
- E [13 s<Tp_1<t 1Tk<t/ 1’M<Tka(Yu(k71)> / g(Yu(kil)J Z)K<Yu(k71)7 dZ) du]
0 E

t—Tk—1
—Elplen oo [ a(V ) x
0

/ g(Y(k_l)v Z)K(Yu(k_l)v dZ) ]Ex {1u<Tk<t—Tk_1 FTk_17 k 1)} du]
E

u

We then obtain the value of D3 that is

t=Tie—1 k-1
D3 = Em[lB 1s<Tk,1<t/O 05<Yu( - )) X

/E g<Yu(k71)7 Z)K(Yu(kil)a dZ) Em {(1u<7k - ]-u<Tk<t7Tk,1)
FTkil,Y(kil)} X

Fr_,, Y* ] dul

= Em[lB 18<Tk,1<t E.’E |:1Tk>t—Tk,1
t—Th_
/ (v kD) / g(YED ) K (v *D dz) dul. (4.7)
0 E

It remains to compute D4. We get
t
D4 = E:p [13 1s<Tk,1<t 1Tk>t /T dM:]
k—1
t
— _E [13 s<Tp_1<t 1Tk>t/T a(Xu) /E‘g<XU7’Z>K(XU7dZ) du]
k—1

t—Te_1
=-EK, [1B locr, (<t 1Tk>t/ ' OC(Yu(k_l)) / g(Y’lfk_l)?Z)K(Y’Ll,(k_l)7dz) d“]
0 E

‘FTk—N Y(k_l)} X

= —Eo[lp locr_, e [ 1roim,
[T a0 [ g0 2 R, dz) du]
= —D;,
by (4.7) so (4.2) is proved.
From that result we get for any n > 1 and B € F;

E.(1p Mt*/\T Z E, {13 Mt*/\T Mt*/\Tk 1)}
k=1

> E e [15(Mo, = Mg, )]
= Em[lB Ms*/\Tn]'
Integrating over the law of Xy we get for any n > 1 and B € F;
Ellp Mt*/\Tn] =E[15 M:/\Tn]'
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The counting process (N;):;>o is non-explosive so the sequence of jumping times
(T))n>1 diverges to +00, P-a.s. Therefore the lemma is proved. O

Lemma 54. Suppose that E {fé a(Xs) ds} < oo for anyt > 0. Then (M])i>o is a
(Fi+ )eso-martingale.

Proof of Lemma 54. First we show that (M]);>¢ is a (Ft)>o-martingale. Taking
g = 1in Lemma 53 we get by [Bré81], Chapter 2, that a/(X;) is the F;-intensity of IV;.
If we suppose moreover that E { fé a(Xs) ds} < 400 for any t > 0 we deduce again
from [Bré81], Chapter 2, that N; — [ a(X,) ds is a F;—martingale. In particular we
obtain E[N;| = E [fot a(Xs) ds] Almost surely

t t
10 My, | < | [ 9080 X)L, AN+ | [ (X)) [ (X, 2) K (X d2) e, s
t
< llgllNe + llglle | a(X) [ K (X, d2)ds

t
= lgllooNe + lglloe [ a(X,)ds

which is integrable with respect to P. Using the dominated convergence theorem we
then obtain

]E[]-B Mt*] = hm E[]-B Mt*/\Tn]

n—-+0o

= ngrfoo E[lB M:/\Tn]

= E[1, M?].

Now we can prove the lemma. Let ¢t > s > 0 and B in F,+. By definition of this
filtration we get for any € > 0 that B € Fs,.. So

Ve e (O,t — S), E[Mt* ]-B] = E[M;_E ]-B]

Note that for any € € (0,¢t —s), |[MZ, .| < [|9le (Nt + 3 a(X,) ds) and

]E[NtJr/Ota(Xv)dv :Z]E[/Ota(XU)dv} < oo,

The process (M;),>o is right-continuous so applying the dominated convergence
theorem we obtain

E[M*15] = E { M, 15

li\r‘% = ll\r‘% E[M:+s 1p] = E[M;15].

]

*

Corollary 55. Suppose that there exists a* > 0 such that for any x € E, a(x) < o*.
Then for any t > 0,

E[Mt*Q]:IEUOta(XS) [ (X2 K (X, dz) ds|.
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Proof of Corollary 55. First note that for any ¢ > 0,
t
E [/ a(Xs)ds] <a't < oo
0

so (M )i>o is a (Fi+)i>o-martingale.
We fix T > 0 and we show that (M} )cpr is a square integrable martingale.
Recall from [Basl1], Chapter 9, that it suffices to prove that

sup E[M;?] < oo.
te€[0,7

We compute for t € [0, 7]

E[M:2] < 2F [(/Utg(Xs,Xs) stﬂ +2F l(/ota(Xs)/Eg(Xs,z)K(Xs,dz) dsﬂ
< 2||glIZE[NF] + 262 g%
< 2|lgll% (BINF] + T%0"?)
As « is bounded by a* we obtain by (2.3) that
E[N7] = > P(Nf >n) < 3 P(N;* >n) < E[N7’]

n>0 n>0
where Nj ~ P(a*T). Then (M), is a square integrable martingale and its
continuous part is null so applying [Bas11], Chapter 17, we obtain for ¢ € [0, T
EM?] =E |} |AM;|”
s<t

r rt
) / gQ(XS,Xs)dNS]
0

/ot a(X,) [ ¢*(X,,2) K (X, d2)ds|.

=K

using Lemma 54 with the function ¢°. O

4.1.3 Ergodicity

We show in this section that if the jump-move process converges with an exponential
rate to the invariant measure then we control for large 7' > 0 quantities of the form
E.(J§ 9(X,)ds) and V(] g(X,)ds) for bounded functions g : E — R. This will
be useful to bound the mean squared error of the considered estimators in the next
sections.

Let us introduce the following hypothesis:

(H1) (X:)i>0 admits a unique invariant measure p. and there exist » > 0 and
c: E — RY such that for any x € E, g € M(E) and ¢t > 0,

< Jlgllscc(a)e™.

E.[g(X0)] — [ g(=)nac(d2)
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One can integrate in time the condition (H1) to obtain the following proposition.

Proposition 56. Suppose (H1). Let g € My(E). For any x € E and t > 0 we get

c@)llglle

rt

B [7 [ o(X)ds] = [ g2 pulas)] <

(4.8)

Proof of Proposition 56. Take g € My(E) then

[ o as] o [ oenatan)| < [| [ o2)Quw.d2) - [ oz dpecte)

< e(@)lglle [ e ds

_e@lglle ) _ o

c@)llgle

r

ds

IN

[]

Note that when ¢(.) is bounded by ¢* > 0, as it is the case for a birth-death-move
process when condition (3.4) of Theorem 39 is satisfied, we get for any g € M,(E)

B [7 [ 906 as| - [ g(e) et < Tl (19)

rt

From Proposition 56 we can compare a quantity of the form [E, [ J3k(X,, 1) ds} to
the integral of the functional k(., ) with respect to the invariant measure fi,. This

result will be useful to study the asymptotic behaviour of the estimators introduced
in the following sections.

Corollary 57. Suppose (H1). Let x € E and k € My(E x Ry, Ry).

i) There exists co(x) such that for any t >0

Ey

/Otk<Xs,t) ds] < co() (1 +t /Ek(z,t) uoo(dz)) ,

i) If
t/;k;(z,t) diteo(2) — +o0,

t——+o00

then there exist to(x) > 0, ¢p(x) > 0 and cpr(x) > 0 such that for any t > to(x)
t
()t [ K poe(d2) S By | [ R0 ds| < ar@)t [ Rz, 1) o)
E 0 E

Moreover, when the function c(.) given by (H1) is bounded then the constants to, co,
Cm and cyy can be chosen independently of the initial state x.
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Proof of Corollary 57. Suppose that (H1) is satisfied. Let ¢ > 0. Applying (4.8) to
z € B k(z,t) we get:

c(2) [kl o0

r

<

) [/Otk(Xs,t) ds} —y /Ek(z,t) djieo (2)

that proves i) with ¢o(z) = max (1, %) . We also deduce that when

t/Ek(z,t)duoo(z) — 400

t—-+o0
we get

E, Uotk(Xs,t)ds} =t [ ket due(z)+, Q_(1)

t—+00

that implies 7). The proof when the function ¢(.) is bounded is the same using

(4.9). O

Using Proposition 56 one can find a bound on the variance of the process
J3g(Xs)ds. In the special case when the function ¢(.) given in (H1) is bounded,
the bound obtained is thinner. This result will be relevant to control the mean
squared error of the estimators introduced in the following.

Proposition 58. Suppose (H1). For any x € E and g € My(FE) we get for any
t>0,

v ([ aec)as) < 2= (gl + [ o)) e @0)

Moreover if c(.) is bounded by a positive constant ¢* then for any g € M, (E) and

t>0
V(/Otg(XS)ds> < %E [/Otg(Xs) ds]. (4.11)

Proof of Proposition 58. The special case when ¢(.) is bounded is proved in [LLG21].
For the general case, let us write

Vx(/t (X)ds)
_2//IE duds—Q//IEl E, [9(X,)] duds

=2 [ [ Bl B [o(X,- )] duds—2 [ /s E. [9(X.)) Ex [9(X.)] duds

by Markov property. Therefore

V, </Otg(Xs) d8>
=7 t / R, [(X)Ex. [g(X.)]] duds — 2 / t / TR, [g(X.)] By [g(Xuss)] duds

/ /t S ) (Ex,[9(Xu)] = Ez [9(Xuss)])] duds.
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We set for s € [0,t] and u € [0, — s],
hx,s,u tye E - Ey[g(Xu)] - Ez [g(Xu-l-s)] :

Remark that for any y € E, |hysu(y)| < 2||g|lo so that h, s, € My(E). We
decompose

v, < /O tg(Xs)ds> _9 / t / o (Ex (X0 b X)) = [ g sa(2) d,uoo(z)) du ds
+2/ /t 5/ h,s.u(2) dtoo(2) duds.

First

2 [ (Bl haca 0] = [ 92 )haa(2) dpn(2)) duds
<2 [ [T R0 heca 0 = [ 92 hasa(2) die(2)

t—s
<2/ / z)||g X hysullece™ duds,

duds

where ¢(z) > 0 and r > 0 are given by (H1). Hence

2 [ (BuloX) b)) = [ 9(hral2) () s
< dglfcta) [ (6 - o) ds

t
< dllglca)t [ e ds
0

_ HglPicta)
r

t.

Secondly, applying Proposition 56 we get

’ //ts/ P su(2) At (2) duds

<2 [ [ o) [ Bl du— t—5) [ gly) dusc)| dpn () ds
w2 f / ) [ [Belo(Xur) = [ o(0) diacly >\duduoo<z>ds
<2// ”g”“’ oo (2) ds+2HgHoo// 2)[|glloce"5e~™ du ds

gOO —Trs
7] ) dpc(2) + 20l gt [ o s

<2t

) dpioe (2) + 2¢(z) loll%. ,

r
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4.2 Estimation of the transition kernel in contin-
uous time
In this section we proceed to the non-parametric estimation of the transition kernel

K of a jump-move process in a general setting. The goal is to obtain the rate of
convergence of the mean squared error of the estimator.

Henceforth the intensity function « is supposed to be bounded by a* > 0.

4.2.1 Kernel estimation

Let (k¢)i>0 be a family of non-negative functions on E x E. Intuitively, for large
t >0, ki(z,y) will quantify the proximity between the two states z € E and y € E.
Let us suppose that there exists £* such that

V(r,y) € ExXE, Vt>0, k(z,y) <k

We observe the jump-move process (X;):>o in continuous time on [0, 7] for 7' > 0.
For x € E and A € &, we define an estimator of K(z, A) by

_ fOT kT(l‘, Xs—)]-A(Xs) dNS

K(z, A ,
(x ) fOT kT<x7 Xs*) st

(4.12)

with the convention % =0.
Let us introduce the quantities

Ry = /OT kr (2, X)a(X,) (K(X,, A) — K (z, A)) ds

and .
Ap = / kr(z, Xs)a(X;)ds.
0

In the following proposition we give an upper bound for the mean squared error of

A,

K(z,A) with a term depending on the moments of Ay and Ry.
Proposition 59. ForanyT >0, x € E and A € &,

32k 8V(Ar) 12E[RZ]

E U[A((gc’A) a K(:c,A)ﬂ = E[Ar]  E[A7]? E[Ar)?

Proof of Proposition 59. One has the following decomposition

A

K(l’,A) - K(:L’,A)
_ fOT kT($7 Xs*)]-A(Xs) st - fOT kT(xa XS)K(XSa A)Q(Xs) ds

Zr
T
+ fO kT(ans)[K(Xsy‘%Zl) - K(:L‘,A)]Oé(XS) ds . K(I,A) ZTZ_ Ar
_ MT + RT — K([L’, A)(ZT — AT)

Z
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where

MT:/O for(z, Xo-)1a4(X,) AN, — / kr(, X,)a(X,) K (X, A) ds

and Zp = [ kp(x, X,-) AN,. Applying Lemma 54 with ¢(y, 2) = kp(z,y) we obtain
that E[Zr] = E[Ar| so we can write

E[Z7] ( My Ry K(z, A) ZT_AT) (4.13)

K(x, A) — K(x, A) = Zr \E[A7] T E[A7] E[Ar]

We compute
E[|K (x, A) = K (z, A)[*]

— B[ |k A) - K(r, AP 1, H]HE (e, A) = K, AP 1, sz

Zr — AT> i
<P —K(x,A) ————
< ) (i * g1~ < o
12E M2 12 E[R%] 12 9
<|ZT — > AP E[A]2 + E[AL? E [(ZT — Ar) ] :
(4.14)
By Markov’s inequality
E[Z7] AV (Z7) 4V (Zr)
— < e
P <|ZT E[ZTH > 2 ) = E[ZT]2 E[AT]Q
Let us now compute the variance term
V(Zr) <2(V(Zr — Ar) +V(Ar))
=2(E [(Zr — Ar)*] + V(A7)
T
=2 El k2 (z Xs)oz(XS)ds] —|—V(AT)>
0
< 2(k*E[Ar] + V(A7)),
by Corollary 55 applied with
g(y7 Z) = kT (:Ev y) ;
which leads to
E[Z7] k* V(Ar)
_ < .
P <|ZT E[ZTH > 5 > <8 (E[AT] + E[AT]Q
As viewed in the previous computations
12 9 12 T 9 12k*
_ - < .
EATE (21 — Ar)’] A E [/0 kr(z, Xo)2a(X,) ds| < S
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4.2. ESTIMATION OF THE KERNEL 109
Applying Corollary 55 with g(y, z) = kr(x,y) 14(2) we get
T
E[M2] = E [ [ ke, X,Pa(X)K(X,, A)ds| < K ElAq],
0

hence

12E[M3] _ 120
E[Ar]? ~ E[A7]

4.2.2 Asymptotic behaviour

Now we control the mean squared error of the estimator K (x, A) defined by (4.12)
when T is large using ergodicity results on the process under (H1). In the special
case when the function ¢(.) given in (H1) is bounded we obtain a better rate of
convergence and we need weaker hypotheses.

Let us define for x € E,

vr(z) = | kp(z, 2)a(z) dps(2)

and
1

vr(z)

wr(z, A) = /E kr(z,2)a(2)|K(z,A) — K(z, A)| dpiso (2).

Theorem 60. Let x € E and A € €. Suppose (H1) and that Tvp(x) — +o00.

T—+o0
We have the two following results on the estimator K (z, A) of K(x,A) defined by
(4.12).

i) Suppose that there ezists a time Ty > 0 such that

Ts1>1§)0 EkT(x,z)c(z)a(z) diteo(2) < +00. (4.15)

Then, for any xo € E, there exist a constant co(xg) > 0 and a time to(xg) > 0
such that for any T > to(xo),

E$0(|f((x,A)—K(a:,A)|2)gco(x0)< ! 2+wT(x,A)2>. (4.16)

Tor(x)
i) Suppose that the function c(.) given in (H1) is bounded. Then there exist a

constant co > 0 and a time tog > 0 such that for any T > ty,

1
Tor(x)

E(|K (z, A) — K(z, A)) < ( +wr(z, A)2> .47
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Note that the hypothesis of ii) is stronger than that of 7). Indeed when ¢(.) is
bounded by some positive constant ¢* then the condition (4.15) is satisfied because

/Ek:T(a:,z)c(z)a(z) diteo(2) < a*ck™.

Actually since |kr(z,2")| < k* for any (z,2') € E? (4.15) is fulfilled for a birth-
death-move process satisfying (H1). This will be detailed in Section 4.4.1.

Moreover, T' — vr(x) being bounded, the rate of convergence given by (4.17) is
better than in (4.16). Indeed, one has

I up(o) k* o
Tvp(z)  Top(z)? =~ Top(z)?
Proof of Theorem 60. In this proof c¢q(xg), to(xo), co and tq are generic positive con-
stants that may change from line to line. Since Tvp(z) T—+> +o00, we get for any
—+00

T> to, ’UT(I) > 0.

Let us prove part i) of the theorem. Recall that

T
Ap = /0 kr (2, X,)a(X,) ds.

Applying Corollary 57 i) with &k : (2,t) € E x Ry +— ki(x, 2)a(z) we obtain for any
T Z to(l’g),
Exo [AT] Z Co([L‘())TUT(I‘).

By Proposition 58 and (4.15) one can fix x > 0 such that for 7' > Tj,

2k,* *
Vo (A7) < ro‘ (B3 elzo)k*a” + k) T.
Then, for T > to(x),
1 Voo (A7) 1 2k*a* T
4+ = < + Sc(xp)k™a™ + k) ——
ElAr] T BuolArP = Bogldr] T ¢ el ) B (AT

1 1
< ¢o(z0) <TUT($) + TUT<37)2>

C()(Io)
= Tor(x)?

2

E. R
To finish let us compute the rate of convergence of the term EO[[AT]]? We set
X0 T

T
]T:/ kor (2, X,)a(X,) K (Xs, A) ds.
0
One has

Ewo [R%’] - Exo

(/OT kr(z, X)X ) (K (X, A) — K(z, A)) ds) ]

= B, [(Ir = K(z, A)Ar)?]

= B, [(Ir — Bao[I7] + K (2, A)Bay [Ar] — K (2, A)Ar + Eo, [Ir — K (2, A) Ar])?]
< 3Eq, [(Ir — E[I7))?| + 3Eq, [(Ar — E[A7])?] + 3E,, [(Ir — K (2, A)Ar)?]

= 3 (Vo (I) + Vo (A7) + 3By [Ir — K (2, A)Ar]*.
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For any z € E note that kr(z, 2z)a(z)K(z, A) < kr(z, z)a(z) so Proposition 58 and
(4.15) lead to

2k*a*
VIO (IT) + Vl‘o (AT) <

(Be(xo)k™a™ + k) T.
Applying Corollary 57 i) with
k:(z,t) € ExRy = ki(z,2)a(z)|K(z,A) — K(z, A)|

we get for T' > ty(zo)

E,, [Ir — K(z, A)A7]> = E,, [ /0 i, X (X (K (Xo A) — K(x, A)) ds]

We then obtain for 7" > ty(zo)

Eq, [R7]
m < ¢ (5100)

1+ T+ T?*vp(x)*wr(z, A)?
Eq, [Ar]?

| 1 .
< ) (s * o 0 )

S Co({L‘O) (ir’UTl([E)Q + U}%(ZE, A)) .

The proof of i) is very similar to the one of 7). We obtain for any T' > ¢,

1 V(AT) < 1 Co ]E[AT]
E[A7] " E[A72 ~ E[A7]  E[Ar]?

< @
~ Tvup(zx)

by applying successively Proposition 58 and Corollary 57. As in the proof of i) we
get for T' > tg,

E[RZ%) < 3V(I7) +3V(Ar) + 3E[Ir — K(x, A)Ar]?
E[Ar]? — E[Ar]?
1 + E[A7] + T?vp(2)*wr(z, A)?

E[Ar]?

s%((l o +w@ﬂﬂ

Co

Tur(x))?  Tour(x)
1 2
< ¢o (TUT(IIJ) + wr(z, A) ) .

We then conclude by Proposition 59. [
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4.3 Estimation on continuous time of the density
of the transition kernel

In this section we assume that the transition kernel can be written as

K(x.4) = [ fla.y)dvly) (4.18)

for A C E and z € E where v is a o-finite measure on E and f : E? — R, satisfies
for any x € E, [; f(x,y)dv(y) = 1. The purpose of this section is to estimate the
density function f in each point (z,y) € E X E.

4.3.1 Density estimator

We observe the jump-move process (X;):>o in continuous time on [0, 7] for T > 0.
Let us consider for i = 1,2, k; € My(R,Ry). We set (h)i>0 and (¢;)i>0 such
that for any ¢t > 0, Ay > 0 and ¢; > 0. Finally we introduce a pseudo-distance d on
E.
We suppose that for any z € F and t > 0 we can define

&(2) = /EKZQ (d(zc, Zl)) dv(z') < +o0. (4.19)
We fix (z,y) € E? and we estimate f(x,y) by

) = = ></0Tm1 (CW) K (d(y’XS)> dN, (4.20)

Z, ikw Cct

where

T d(z, X,
Zk :/0 Ky <<hT)> r(X,) AN,

Let us introduce the following quantities:

My = /T K1 (d(xx)> Ko (d(yX)) dN,

hr or
_ OTM (d(xfzfs)> [ (d(z;'z)) F(Xo, 2)du(2) a( Xs) ds,

= [T (52D [ (M22) - s 106 a6 as

and A} = /OT K1 (W) a(Xs)/EfT(Z)f(Xs,Z) dv(z)ds.

To control |f(z,y) — f(z,y)| we require the function &r : z € E — &7(2) to be
bounded.
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(H2) For any T' > 0 there exists & > 0 such that for any z € E the quantity &r(2)
defined by (4.19) satisfies &7(2) < &

Proposition 61. Let (z,y) € E*. Suppose (H2). For any e > 0 and T > 0 the
estimator f(x,y) given by (4.20) satisfies

2 * x
B ((Fe) - fe)] > <) <l (24 LG ) S )
36 (B[R7] + E[M])
E[A7]?
Proof of Proposition 61. By (4.18) one can rewrite the (F;+);>o-martingale defined

by (4.1) associated to some g € M,(E) by making visible the density f, that is the
matter of the following lemma.

Lemma 62. Let g € M,(E x E). Suppose that the transition kernel K can be
written under the form given by (4.18). Let us consider the process (M, )i>o defined
by

(4.21)

M} :/ 9(Xs-, Xs)dNg — / / (Xs,2) f(Xs, 2)dv(z) ds.
Then (M )i>o s a (E+)t20—martmgale satisfying
E[M?] = E { / "a(X.) [ X0 2)f (X, ) dufz) s (4.92)

Proof. Since the intensity function « is bounded, the (F+);>o-martingale of Lemma 54
is given by

/ 9(Xo, X,)dN, — / /(XS,Z)K(XS,dz)ds

/ s)dNg — / / (X5, 2)f(Xs, 2)dr(z) ds
= M*
Then (4.22) is obtained by applying Corollary 55 with M. O

We use the same decomposition as in (4.13) to obtain
£ M — Z* _A*
flw,2) = flz,2) = T+ Iy féai,y)( T T)‘
T
Let € > 0. We get
P(‘f(l”y) - f(%y)’ > 5)
, _Elzy ) * *
<P|Z; < + P |MT+RT f(x y)( A)|> E[Z]

2
E[Z7]
2

<p (|z;_w;]| >

+P(fw )2 - 43| > SE(Z;))

< AV(Zp) | 36 (B[MF] + B[R] + f (=, y)*E[(Z} — AT)])
— Bz e?E[Z7]? ’

) +P (|MT] > ZE[Z;]) +P (IRT! > EE[Z%D
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by Markov’s inequality. First

4 . 8 « *\2
Bzie V) < e E L% A+ gp

because we get E[Z7| = E[A%] applying Lemma 62 with

g:(2,7) € Ew (d( )> &r(2).

hr
With (4.22) we can compute

E[(Z;—A*Tf}:m:[/fﬁf(d( ) ) [ 602X ) du() ds

< [[f1]loc &7 E[AT],

SO
W(Z) _Slmlle &, 8V(AD)
ElZr]? = E[A7] E[A7]?
We also just proved:
2
<

4.3.2 Asymptotic results

Now we control the rate of convergence to zero of the upper-bound given by (4.21)
when T is large using ergodicity results on the process.

For simplicity in the calculations we suppose the kernel functions to be supported
on a bounded set for the pseudo-distance d.

(H3) For i = 1,2, k; is compactly supported.

We also require the density function f to be Holder continuous on E with respect
to the pseudo-distance d.

(H4) There exist v > 0 and @ > 0 such that
v (317 <25 217 Zé) = E4a ’f<217 Zi) - f(ZQ’ Zé)‘ <a (d(zlﬁ 22) + d(21> Zé))7 :

Let us define

i) = [ (A

Q

)

)a ) dpioo (2

o o [

2) [ &l A () dpe(2),

vr(z) = <

and wr(z,y)

) 9 [ ler) = o)) () ()
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Theorem 63. Let (z,y) € E%. Suppose (H1),(H2), (H3) and (H4). Let us suppose
that hy — 0, ¢y — 0 and & — 0. We have the two following results on
T—+o00 T—+00 T—+o00

the estimator f(x,y) of f(z,y) defined by (4.20).

i) Suppose that [5c(2)dus(2) < oo and Tvi(x)? o, 0 Let xp € E and
—+o00
e > 0. There exist to(xo) > 0 and co(xg) > 0 such that for any T > to(xg)

Py, (‘f(iv,y) — f(x,y)’ > 5)

;2 &rvp(x) 2 )2 M
< Co(wo) (TU;(%’P TU;(%’P + U)T(x, y) + (hT + T) U}((%)Q )) .
4.23

i1) Suppose that c(.) is bounded and Tvj(x) o +oo. Let € > 0. There exist
—+00
to > 0 and a constant co > 0 such that for any T > 1

P (‘fA(«T,y) - f(x7y)‘ > 8) < o (m + wT(x7y)2 + (hT + CT) U%(ZL’)Q
(4.24)

The hypothesis of ii) is stronger than that of i) because when ¢(.) is bounded
by ¢* > 0 then [ c(2)dps(2) < ¢*. Moreover if T (z)? o, Too we show that
—+00
Tl (x) o, Too Indeed applying (H2) we obtain vj.(x) < & ||#1]|e @*. Fixing
—

(e.o]

to > 0 such that T' >ty = vi(x) > 0, we get for T' > tq:

Tvi(z)? S Tvi(z)? e

Tv =
) = ) 2 E e ar 1o

However the rate of convergence obtained in i) is the same or greater than in %)
depending on &;. In the spatial case studied in Section 4.4, {7(.) will be a constant
function for any 7" > 0 that is &7(.) = &}.. This will simplify the rate of convergence
because in this case vi(z) = &y vr(x) and wr(z) = 0.

Proof of Theorem 63. Let us introduce the quantity

T d(z, Xs)
AT = /0 K1 <hT> CM(XS) ds.

We begin by finding a bound for the variances of Ay and A% using Proposition 58,
which is the aim of the following lemma.

Lemma 64. Suppose (H1) with [ c(2)dps(z) < 0o and (H2). Then for any xog € E
there exists co(xg) > 0 such that for all T > 0,

Vmo (A;) S Co(l’o) 5}2 T and Vmo (AT) S Co(il}()) T. (425)
Moreover when c(.) is bounded on E then there exists co > 0 such that for any T > 0,

V(AL) < o S E[AL] and  V(Ap) < o E[Ag]. (4.26)
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Proof of Lemma 64. Let us fix T' > 0. Recall that

= [T (55 o [0 e as

and

Ap = /OT K (W) a(X,)ds.

We first prove (4.25). We introduce the functions g and ¢g* defined on E by

70 = (M0 a0 [ e an)

9(x) = k1 <d<i’TX)> a(x)

for any x € E. Note that g and ¢g* are measurable and bounded functions on E
with

and

g% [loo < llmrlloc @&z and — iglle < [[#1]loo @7,

by (H2). Then by Proposition 58 we obtain for any =y € F,

T
Voo (A5) = Vo, ( [l ds)
BRI,
T

3ewo) 01w 0765+ Itlloc "6 [ e2) dpin(2)) T

< ¢o(o) :*r2 T

for some cy(xg) > 0 independent of 7" > 0. Using again Proposition 58 we obtain
for any xg € F,

< co(xo) T

for some cy(x¢) > 0 independent of 7" > 0.
Now we consider the special case when ¢(.) is bounded. By Proposition 58 we
introduce cg > 0 such that

V(A7) < collg* | E[AT] < colls1 ]l EFE[AT],
and
V(Ar) < collgllE[Ar] < collk1]looa”E[AT]

which proves (4.26). O

MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



4.3. ESTIMATION OF THE DENSITY 117

Let us continue the proof of Theorem 63. Here co(xo), to(x0), co and ¢, are generic
positive constants that may change from line to line. In both cases Tv}(z) T—+> +00
—+00

so we get vi.(z) > 0 for t > t.
First let us prove i). We compute the rate of convergence of the terms that
appear in (4.21). Recall that

T d(x, X
a5 = [ (M52 a0 [ e, 2y s
0 hT E
By Corollary 57 ii) we get for T' > to(zo),

& co(zo) & _ colz0)€7”
E.o[A7] = Top(z) = Top(z)?

because v5(z) < o*||k1]le&f- Applying Lemma 64 and and Corollary 57 ii) we
obtain for T > to(x),

Vao (A7) T 7"
— = K — <K .
E, (452 = O, [ < 0l0) 7 oy

We now dominate the term associated to the martingale Mp. We apply Lemma 62

d d(y, 2
with the function g(z,2’) = Ky <(x,z)> Ko ((y,z)) to obtain
hT Cr

E[M7]

_E /OTFUI <d(2;@>2 [ 7 (d(fj)>2 F(Xa, 2) dv(2) a(X.) ds]

<l (S | [ (T2 [y (T22) o) ol
v | [ (M) [ (M) 11000) - sl avt) ) as])

hT T

<afnk e [ a5 axas

acE [ [ (d(l‘va)) [ (d@’z)) (AKX 2) + d(z, ) du(2) a(xsms]

hp cr

by (H4). Applying now (H3) we introduce 7o > 0 such that supp(x;) C [0, 7] for
1t =1,2. Then

/OT i (CM) [E H2 (d(y’ Z>> (d(Xs, 2) +d(2,y))" dv(z) a(X,) ds]

hr cr

<o [ [ (d(”)> [ (d(y’z>> (A(X..2) + roer) du(z) a(X,) dS]

hp cr

< F [/OT o (‘“‘”f”) (rohr +roer)? [ (d(y’z)> dz/(z)oz(XS)ds]

T cr

E

< co(rohr +rocr)’ E [{T(y) /OT K1 (d(xfifﬁ) a(Xy) ds] .
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In particular for T" > t,

E[M7] < ¢oE [&(y) /O i (‘M> a(X,)ds

g < oGEAf. (427)
T

Applying (4.27) and Corollary 57 i) we obtain for T > to(zo),

]EJJO[ ] ST xo[AT] g;TUT(x) — ol 5;“'UT(*T)
E, AP = EnlArp = W) g = o) nanye:

It remains to control E,, [R2]. We write

Exo[R7] < 2 (Esy [CF] + B,y [D7])

where
or= [ na () [ (e ("2 - o)) £ ) avts) el as,
and

Dr= [ (d(ﬁ;fs)) [ ) F@.) — ()12 9) F(Xe, ) () a(X,) d.

First let us bound E,, [C%]. We get

(2

(
fo (" ) W)~ ) o (") e
< - ( ) [ ((TZ))\f(Xs,z>—f(x,y>\du<z>a<xs>ds

<a /OTM (d“”’Xs)) [ 5 (d@’z)) (d(z, Xo) + d(y, 2))” dv(z) a(X,) ds

hp Cr

1Cr| < 'ﬂ(

by (H4). Applying again (H3) we get

cri<a [ w (d“”’XS’) [ 5 (d@’ Z>) (rofer + )7 du(2)a(X,) ds

hT Cctr
T (d(z, X,
<aritertty [ (P52 @acr)a
T
S (17’3 (CT + hT)'Y 5;: AT. (428)
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To conclude we notice by Corollary 57 i) and Lemma 64 that for T > to(xo):

Il:4:‘960 [ATQ] o ]Exo [AT]Q
Euo[A7]?  Eyo[A7) By [AT]?

)
vp(r)
o (n vp(z)? 1 vp(z)?
< @00 @2 T Top(e)? v:?(x)?)

the last inequality coming from the fact that

1
T 2> o Ter(z)? —
vr(x)” > TE vy () o, TO0

Then for T > to(xo),

960[02] 2y *QUT($)2
a7 = I

We end the proof of (4.23) by finding a bound to E,,[D2]. Remark that

Dr= [ 1 (52) [ (@w0n) - ) ) 106 WX, s
= f(z,y) (§r(y)Ar — AT).
We compute
E.,[D7]
= f(z.9)*E, [(&( VA1 — &r(y) Ba[Ar] + Bay [A7] — A} + Eqo [ér(y) Ar — AF))?]
< 3f(2,9)? (67 Vao(Ar) + Vi (A7) + By, [Er(y) Ar — A7)
< eo(20)€;” T + 3 f (2, 9)? B, [&r(y) Ar — A7 (4.29)

by Lemma 64. Applying Corollary 57 i) to
e Gty (M) ) [ lers) - en(1 ) ants)

we get for T' > to(xo):

E., [ér(y)Ar — A%)?

<E |1 (152 ) ax) [ lert) - )] 70805 2

< CO($0)<1 + TUT( )wT<x7 y))
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So we obtain for T' > to(xo):

w < ¢o(mo) ( r +wr(z,y)? + 1) )

B [AT]? Ty (x)? vy (x)?
Finally we observe that for T' > to(x)
1 §ror(z)
<
o = T oy
since v (2) (2)
vi(z) _ colz
Sror(x) > vile) > —5= > =

for large T
Now we prove ii). We follow the same way as in the one of 7). We obtain by
Corollary 57 ii) and by Lemma 64 for 7' > ty:

&r &t
E[A7] = “Tup(n)
UT(QC) §;UT(@
vr(n) < Top(a)?
&rvr()
FAGE
)

>~ 00

> Co 5T

gT'UT(
= oo

and
V(A7) %
EL4R = Bl47)
o &
=0 Tvy(x)
& vr ()
Tvp(z)?

<0

Applying (4.27) we also obtain for T > t:

E0Z) _ GEA _ Gurte)
Srcil e e
As in (4.28) we obtain
E[CF] 2y &7 E[A7”]
Bl = e g
where
E[A7?] . (vT(x)2 vr(z) )
AR = \opep T Tup(o)?
. vp(z)?
= Ouiep
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for T' > ty. Indeed

as Tvy(x) — +oo. Finally, we use Lemma 64 as in (4.29) and Corollary 57 i) to

T—+o0
obtain
E[D%] 3co %2 " .12
(A = T2 (2)2 (62 V(Ar) + V(A7) + Efer(y)Ar — A7)
< ¢ <£T UT;U) ‘("§T”UT( ) _’_wT(x’y)z + W)
(fT gT UTE(*?) + wT($’ y)2>
& vr ()
< ¢ <Tv ()2 + wr(x, y))
for T' > ty. O

4.4 Special case of the spatial birth-death-move
process

In this section we use the methods introduced in Sections 4.2 and 4.3 to construct
consistent estimators of the birth kernel and the death kernel of the birth-death-
move process on RY.

Let W C R? a closed set. Here we consider a spatial birth-death-move process
defined on E = U,>0E, where Ey = {0} and E,, = m,(W™) where 7, is the natural
projection that identifies two elements x = (z1,...,2,) and y = (y1,...,y,) of W™
if there exists a permutation o of {1,...,n} such that z; = y,() for any ¢ € [1,n].

Let « € E. The transition kernel K(z,.) can be decomposed in this case as

x o(x
K(z,A) = %Kg(%, A) + Oéiﬂ))Ké(x, A)
for all A C E. Here Kz(z,.) and Ks(z,.) are two probability transition kernels on £
satisfying Ks(x,z UW) =1 and Zn(x Ks(z,z\z;) = 1. For t > 0 we denote by N}
the number of births that occurs in [0,#] and N? the number of deaths that occurs
in [0, t].
Let us write the death kernel under the form
n(z)

Ks(z, A) =Y w(w,z) 1a(x\z;),

=1
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where w : W x E — [0, 1].
We also suppose that K3 is written

Ka(w,wUB) = [ fa(r,€)dg (4.30)

for B C W and z € E where f3 : E x R? — R, satisfies for any z € E,

Jw fs(x,€)d¢ =1 and fs(x,&) >0 = € W.
In the following we estimate the functions fz and w.

4.4.1 Ergodicity of birth-death-move processes

First of all let us recall some ergodicity results for the birth-death-move process
obtained in Chapter 3. In particular we check that (H1) is satisfied and that ¢(.) is
integrable over pi,. One can then apply the results of Sections 4.2.2 and 4.3.2 to
estimate the functions w and f3.

Lemma 65. Hypothesis (H1) is equivalent to equation (3.7).

Proof of Lemma 65. Suppose (H1) and let A € £. Then taking g = 14 in (H1) we
get

|Qt($’ A) - UOO(A” S C<x>e_rt
that is (3.7).

Conversely, suppose that (3.7) is satisfied. If ¢ = 14 with A € & then there
exists co(x) > 0 and ry > 0 such that

‘/ y)Q¢(x,dy) — /Eg(y)uoo(dy)’ =1Qi(x, A) — o (A)| < Co(x)e_mt,

If g is a measurable function taking values in [0, 1] then g is approximated for n > 1
by the step function g,(z) = 27"[2"¢(2)] and ||g — gnllcc < 27™. Let us introduce
for any j € {0,2"}

Ajn={z€E, j2" <g(z) < (j +1)27"}

so that g,(z) = 27"j for any z € A;,. Remark that E = [[7_; A;, so

’/ gn(y)Q:i(z, dy) — /gn Y) oo (dy) ’ <Z2 " Qu (2, Ajn) = oo (Ajn)]

=0
<2 rotij < 2n+1 cola)e "t
Then for any n > 1,
LIS B
[ 9)Quta.dy) — [ gwnn(dy)] < 2gn = gl + 5 —cola)e™
<2l 2 1co(x)e’mt.
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log(2e% — 1)
9 —
Let us introduce § = —2-° ~ — ) anq no = [#]. Then
log(2)
2m0 + 1 20 +1 :
i co(x)e ™" < il co(x)e " = co(x)e*%t7
2 2
and ot
gt <o (D1 _ gy 90 g C 7 oy
B 2—e2

So we obtain (H1) with c¢(z) = 4 + co(z) and r = % for any g taking values in
[0,1]. We get that (H1) is true for any positive bounded function ¢ applying the
last proof to m g. Finally the result to g € M,(F) is obtained by considering the
decomposition g = g, — g_ where g, and g_ respectively denote the positive and
negative part of g. O

Proposition 66. Let (X;);>0 a birth-death-move process such that the move (Y;)i>o
is a Feller process and that KCy(E) C Co(E). Assume either (3.2) or (3.3) along
with

) w<00 and 3N >0, st.Vn >N, 5, < dyq1.
o 1...0p

Then (H1) is satisfied and the function c(.) of (H1) satisfies

/E c(y) dpos (y) < 00 (4.31)

where o, denote the invariant probability measure of (Xi)i>o-

Proof of Proposition 66. Hypothesis (H1) is satisfied applying consecutively Corol-
lary 40 and Lemma 65. We observe in the proof of Lemma 65 that the function ¢(.)
of (H1) and the one of Corollary 40 have a linear relation. Since the function ¢(.)
of Corollary 40 satisfies (4.31), then it is also true for the one of (HI). O

4.4.2 Estimation of the birth density function

In this section we do the estimation of the birth density function f3 of a birth-death-
move process defined by (4.30). In this context we observe the process on [0, 7] so
we can apply the methods introduced in Section 4.3.

Asymptotic results

We take back the pseudo-distance d on E, the functions x; € My(R,, R, ) introduced
in Section 4.3.1 and the associated positive numbers (¢;)i>0 and (h¢)i>o. For x € E
and & € W we estimate fs(x, &) by the estimator fz(z,€):

[ (d(rc,th>> vy <|£ - Xs\Xsl) aN?
0 T Ccr

T X
ch/ Ky (Cl(g“"’s)> AN?
0 hT

falw, &) = (4.32)
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To ensure that the estimator is well normalized we suppose that ko satisfies the
following assumption.

(H5) The function ko € M,(R;, R, ) satisfies [ga k2(|ul)du = 1.

When (H5) is satisfied we have indeed

[ (B L5
0 hr R4 cr
c /OT K1 <d($’}i(s)> dN?
d B
/OT . (%i”) & /R iz (|u]) d€ ANP

_ & Xf
CdT/ Ky (‘M> dN?
0 hT

[ Fola.©)de =

= 1.

We consider a function & on R? similar to the one defined in Section 4.3 by (4.19):
’|

Er(z) = /Rd Ko <|Z C_TZ > dz' = c%/Rd ro(|u)) du = ¢

for any z € R%. Finally we add an hypothesis of regularity on the density function
[ to compute the rate of convergence of the estimator fz(z,). This is very similar
to (H4).

(H4’) There exist v > 0 and a > 0 such that for any (z1,22) € F x E and (§1,&) €
RY x R,

|[fo(w1,61) = fa(2, &2)| < a(d(wr, 2) + |61 — &)

We will obtain in the following theorem simpler rates of convergence than in
Theorem 63 since the function &7 is constant on RY. In this model we are also able
to compute the mean squared error because f (x,&) is almost surely bounded but
the obtained rate for

E [|7s2.6) - ot )]
is rougher than for )
P (|fale.) — fale.6)| > <).
d(zx, 2)

hr
quantity introduced before Theorem 63.

Finally we define vp(z) = / K1 ) B(2) dpioo(z) which corresponds to the
E
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Theorem 67. Let (x,§) € E x W. Suppose (H1), (H3), (H4’) and (H5). Suppose

that c; — 0 and hy — 0.
T—+o00 T—+o00

i) Let xg € E and e > 0. If Tvr(x)*> — 400, then there exist to(xg) > 0 and
T—+o00
a constant co(xo) > 0 such that for any T > to(xo)

IPJCO ( fﬂ(xvf) - fﬂ(I7£)’ > 5) S CO(xO) (C%TiT<£L') + TUTl(:L‘)Q + (CT + hT)%/)
(4.33)
and
N 2 ]_ 9
Emo |:fﬂ<x7£) - fﬁ(maf)‘ :| < CO(QJO) (C%dTUT(x)Q + (CT —+ hT) ’7) . (4.34)

it) Suppose that c(.) is bounded and Tvr(x) — +oo. Let € > 0. Then there

T—+o0
exist tg > 0 and a positive constant cy > 0 such that for any T > t,

P (|fs(@,€) = fa(w,6)| > ¢) <o <chT11)T(as) + (er + hT)%) (4.35)
and
p 1
E|s(e.&) ~ otz 6] < o (W - Wv) O (a306)
Proof of Theorem 67. Let us write
~ _d A
fa(@,8) = fp(2,8) = Mr + By CTCngﬁZ(ff)(ZT T)
h
where . do X, ) ﬁ
ZT—/ /{1< oy )dNS,
A= [ (152 s as,
My — /OT/'il (W) Ko <|§_)§;\XS—‘> AN?
T d(z, X —
-/ (%) | ('i;') f5(X,,2)dz B(X,) ds,
and
T d(z, X —
Rr = /O K1 ( (x};T )> [/W K9 <|€CTZ|> f6<X57Z> dz — chfB(x,f)] ﬂ(Xs) ds.
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Firstly we obtain a non asymptotic bound of

P (|fs(w, &) = folz,z:)

> )

and

. 2
E ||fo@.6) - fa@. &)
applying the proof of Proposition 61. This is the aim of the following lemma.
Lemma 68. Let (z,£) € E x W. Suppose (H5). Then for any € > 0 the estimator

A

f(x, &) defined by (4.32) satisfies

. 1 1 V(A7)  E[R2]
P (|fa@,6) = falewi)| > €) < g (E[AT] T EE[A] T E[A]? CZTd]E[AT]2> ’
(4.37)
and
E ||fa(e.6) — fo(a, &)
1 1 1 E[R%] V(A7) V(A7)
= (E[AT] T IEA] " FEA T SEAR T EAR c%dE[ATP> |
(4.38)

for a given positive constants cg.

Proof. Since &r = ¢ we can apply the proof of Proposition 61. The calculations
are readily the same so we obtain:

4  EMH | V(Ar) = E[R}
>e) < e (odTE[AT] FE[AP | E[A c%dE[ATP) |

P (|fo(x,€) = folw, )

Thanks to the convolution product in R? we can compute E[M2]. We use the proof
of Lemma 62 to have:

E[M%] =K /OT K1 (W) /W Ko (KC_TZ‘> f8(Xs, 2)dz B(Xs)ds]

~ 8 | [ (D) a0 5 e ds]
< il el | [ (55 [ et eriauscras
< el | [ (D52) 50x)as] = e an)
o ] < Wl el g
A = I el

which proves (4.37).
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%2 o
ct

Remark that almost surely, | f5(z,£)| <

. By taking back the calculations
of the proof of Proposition 61 we get

E ||fa(e.6) - fa(w 0 |
A o 2 E
<E[[fste. &) - w6 1, n0] + (o) + 120 ) 1 (2 < B2)
4 2
< grEz " M+ R~ e Dot O — An|
sl (lalle | V(AR
+2 <f5(x,§)2+ 21 ) <E[AT] B4 > .
Finally,
4
WE ’MT + RT — C% fﬁ(x,f)(ZT — AT)‘z
< e (BIVE -+ BIRE] + (e, € BI(Zr — Ar))
12 el | 12E[RE] | 12/(2. " sl
cf E[Ar] A E[Ar]? E[Ar] '

]

Let us continue the proof of Theorem 67. Here co(xg), to(z0), ¢o and ty are generic
positive constants that may change from line to line. In both cases Tvy(x) T—+> 400
—+00

so we get vp(z) > 0 for t > 1.
We start proving i). Let zy € E. The function &7 is in particular bounded by ¢4
with ¢ = 0 and [ c(2) diso(2) < oo by Proposition 66. Therefore we can use
—T00

the calculations of the proof of Theorem 63 7). As &7(2) = ¢ here the computation

of E,,[R%] is easier. Indeed taking back the notations introduced in the proof of
Theorem 63, Ry = Cp. So

IEjﬂﬁo [J 3221“] 2 C%“dUT(x)2
0 < h T .
C%dE:co [AT]Q N CO(xO) ( T CT) C"QFdUT(ZE)2

The other calculations are same as in Theorem 63 so (4.33) is obtained.
To prove (4.34) we apply the proof of Theorem 63 i) to the two added terms

! and Vi (A7)
C%“dEIO [AT] c%dExo [AT]2

which are respectively bounded by

Co ([Eo)
A Top(z)

and
Co(.To)
A Top(x)?
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To conclude, since cr = 0 and |vp(x)| < 5% ||K1]|c0, We get for ¢ > to(x)
— 400

1 1 1 < Co(lCo)

A Tup(x) * A Top(z) + Tvi(z) = A Top(x)?

Now we establish the asymptotic behavior of f(z,y) when ¢(.) is bounded. The
domination (4.35) is a direct consequence of the proof of Theorem 63 7).
To prove (4.36) we also apply the proof of Theorem 63 to the two added terms

! and Vi (A7)
C%Fd]EIO [AT] C%dExo [AT]2

which are respectively bounded by

Co (Io)
A Top(z)
and
Co(l‘o)
A Top(x)

We can conclude since ¢ — 0. O
T—+o00

A particular form of the birth transition density

An interesting special case is when the births do not depend on the existing particles
but only on the spatial location so that fz(x,&) = f3(§). In this setting, we estimate

fs(&) for any € € W by

; € — X\Xl
T (T

We suppose through the following assumption that () is not an absorbing state
for the birth-death-move process (X;)i>o. Indeed, if the trajectories of (X;);>o get
stuck in ), then it will no longer be possible to estimate the distribution of the
births.

(H6) The quantity Sy = S({@}) is positive.
We obtain from Proposition 68 the rate of convergence of fg (£). In this particular

case the obtained rate is simplier: it only depends on 7" and cy.

Corollary 69. Suppose (H1), (H3), (H4"), (H5) and (H6). Let xy € E and ¢ > 0.

Suppose cr T—+> 0. There ezist a constant co(xg) > 0 and a time to(xg) > 0 such
— 400

that for any T > to(xo)

Pay (| f5(6) = £(8)] > €) < colao) (;T + T> : (4.39)
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A~ 1
E, { < ¢o(xo) < + 027> .
0 C%dT T

If we suppose moreover that the function c(.) is bounded then the constant co(xq) is
uniform in xo € E.

and

) — f56)[

In (4.39), the optimal rate 7-27/(7+4) ig obtained for the choice cp = T—/(27+d)
and corresponds to the standard minimax rate of convergence for the non-parametric
estimation of a y-Holder continuous density function on RY.

Proof of Corollary 69. Here co(xg),to(x0),co and ty are generic positive constants
that may change from line to line. Follow the same proof as Theorem 67 writting

Mz + Ry — f5(§)(N. —AT)

Fal6) = fo(6) = o
where
Ar= [ 50x) s
MT_CldTOTﬁ2<'f‘)i;\)(> AN — / [ ('f‘z'>f5<Xs,z>dz/3<Xs>ds,
and
rr= | o (B22) poras - 9] s as

Here the quantity vp(z) introduced in Theorem 67 doesn’t depend on z and T
because

E[ /0T5<Xs>ds] ~ T [ Ae)dnne)

T—~+o0

Let us check that [z 5(2) dpeo(2) > 0. We get

[ 8:)dnec(2) 2 B(O) 1(0) = Bo u(©) = fop > 0

applying Lemma 52 and where p is defined in Section 3.3.4. As a consequence we
get for T' > ty(xg)
Co (.To)

T

VﬂEo (AT) <
IE960 [ATP -

whether ¢(.) is bounded or not. Finally it is easier to control E,,[R%] because

Bel < [ [ ko (u) [£3(€ + uer) = f5(€)] du B(X,) ds
T
gcoc}/o B(Xs) ds.
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4.4.3 Estimation of the death kernel
Recall that we suppose that the death kernel can be written as

Ks(z, A) = > w(w;,z) La(z\zy), (4.40)
i=1
where w : W x E — [0, 1] satisfies > ¢, w({,2) = 1. We take back the pseudo-
distance d on E, the function k1 € My(Ry, R, ) introduced in Section 4.3.1 and the
associated positive numbers (c;)i>0. For & = {@1,...,2p} and @ € [1,n(x)] we
estimate w(x;, z) by

d(ZE X 7)

1 ) “Xs 6
1 z;—X Xs|= min |z;—X X dn,

fO /{1 < c > {‘ '3 S—\ SI_lS]Sn(I)I J S—\ S|} S

f(;f K1 <d<x’X9_)> sté

cr

(4.41)

O(x;,x) =

where |.| is the euclidian norm on R?. In the numerator of &(x;, z) we are looking to
the configurations X,- before a death which are close to x. For these configurations,
we count 1 if the killed particle X - \ X is the one closest to x; and 0 otherwise.
The denominator, in turn, simply counts the number of deaths that occurs for a
configuration X,- close to z. Thus &(x;, x) properly estimates the probability that
x; is killed when the process is in the configuration x. In the sequel we introduce
for any ¢ > 0 the notation

Xy ={Xi1,Xe2, . Xixn }

We aim to control the asymptotic behavior of the mean squared error of &(z;, x)
when T' goes to +00. In this setting we are able to apply the results of Section 4.2.
For z € F and i € [1,n(x)] we define the quantities

o) = [ (M2 66y e

cr

Wi, 7) = — /]E/fl(d(“‘”z)) 5(2)

cr

n(z)
X (Z 1{‘$i—2k|:1§jrginl’l<z>>‘mj—zk|} w(z, zx) — w(xi,x)) dtoo (2).

k=1

It is not easy to interpret the obtained rate wy(x;,z) in a general case. In
particular the nature of this term is related to the properties of the pseudo-distance
d. It will be shown in Proposition 73 that with d = d; and w(.,.) smooth we obtain
wr(z;,x) = O (c}) for some vy > 0.

T—4o00

Theorem 70. Suppose (H1) and (H3). Suppose moreover that ¢y — 0. Let

T—+o00

r € E and i € [1,n(x)]. The estimator &(z;,x) defined by (4.41) satisfies the
following properties.
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i) Let vg € E. If Tup(z)? o, TO0 then there exist a constant co(xg) > 0 and
a time to(xo) such that for any T > to(xo)
1
Bual002) — )] < ofoo) s + wrlon o)

it) Suppose that c(.) is bounded and Tvp(x) = +o00. Then there exist a con-
—+400
stant co > 0 and a time ty such that for any T >t

1
Tor(x)

E[|&(z, 7) — w(z, )] < co ( + wT(xi,x)2> :

Proof of Theorem 70. Our aim is to apply Proposition 59 and Theorem 60. The
first step is to rewrite the martingale defined by (4.1) associated to some g € M,(FE)
by making visible the function w.

Lemma 71. Let g € My(E?). Suppose that the death kernel K; can be written
under the form given by (4.40). Let us consider the process (M[);>o defined by

t t n(Xs)
M :/ g(Xs_,Xs)de—/ 5(X0) Y g(Xe X\ Xok) (X, s, X,) ds.
0

0 k=1
Then (M} )0 is a (Fi+)i=o-martingale satisfying

)

t n(Xs
/ 5(X) S g(Xy X\Xo )2 w(Xop, Xo) ds | -
0 k=1

E[M?*] =E

Proof. Since 4 is bounded we obtain by Lemma 54 that

t t
M;:/ g(XS,,XS)ng_/ 5(Xs)/ 9(X,, 2)K(X,,dz) ds
0 0 E
n(Xs)

t t
= [ o, X aN? = [[8(X) 39X, X\Xop) w(Xop, X,) ds
0 0 E—1

is a (Fy+)eso-martingale. In this case Corollary 55 is rewritten as

t n(Xs)
E[M:? = E /05()(8) 3 g(Xa X\ Xop) 2 w(Xop, Xo) ds |
k=1

First we obtain a non asymptotic bound for the mean squared error
E[|& (2, 2) — w(zs, 2)]?).

This is the purpose of the following lemma which is based on Proposition 68. Let
us introduce the quantities

A= L (‘“‘”X)) 5(X,)ds

cr
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and

Ry = /OT K (‘W> 5(X4)x

cr

n(Xs)
(Z 1{|:L‘1 Xs,k|= min \xj—Xs’k|}w(Xs,k7Xs) —W(ZL'Z',I')) ds.

1<j<n(a))

Lemma 72. Let T >0, x = {x1, 2, ..., Tn@)} and i € [1,n(z)]. Then

Bl ) el < E[?jﬂ s E&T@ 1 g[fﬁg

Proof. We decompose &(z;, x) in the same spirit as before:

MT + RT — w(xi, I) (ZT — AT>

O(zi,x) —w(zg,x) =

Zr
with p
T X._
Zr :/ K1 <($73)> ng
0 cr
and
T d(x, X,-
MT:/ K1 <()> ]-{lzl X, \Xs|= min \:BJ —X -\ Xs|} dN
0 CT 1<j<n(z)

n(Xs)
_/ ( ) Z 1{|$1 Sk|_ mm( \xj—Xsyk|}W(Xs,k7Xs)d5-

Only the domination of E[MZ] differs from the proof of Proposition 59. Therefore
we directly obtain

8llksllo | 8V(Ar) & 12E[MZ] 12E[R%]+12||/63||oo
E[Ar] — E[A7]2  E[A7]2  E[A7)? E[Ar]

To compute the mean square of the martingale we apply Lemma 71 to

d(z,y)
g(y,Z):/ﬂ( 1o, - s\el=)_min Jz;—y\el)-

B[l (@i, ) — w(wi, 2)|] <

Cr i<n(z)
Thus we get
g | [ (XD ) S
E[M7]=E /0 i3 0(Xs) D UpwXanl=, n<un()\acj—xs,mw(Xs,k,Xs)ds
L k=1 =T
. X\ 2 n( o)
<E / P UCR O To DY WXk X, ds
|70 kr k=1
T (d(z, X,)
) / K <<x 5 ]
0 kT
< [|rs]|E[AT].
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Let us pursue the proof of Theorem 70. Here cy(z0), to(20), co and ty are generic

positive constants that may change from line to line. In both cases T'vr(x) T—+> +00
—+00

so we get vp(z) > 0 for t > t.

We start proving ). Let xy € E. We apply Theorem 60 i). The condition
(4.15) is satisfied by Proposition 66. Taking back the proof of Theorem 60 i) we get
immediatly for ¢ > to(xo):

1 on (AT) < Co(.’Eo)

B [Ar]  Eu[43] = Top(a)?

In the same way as in the proof of Theorem 60 and applying Corollary 57 we obtain
for t > to(xo)

E, [R? 1+ T?vp(2)?wp(x)?
AR o L TP ()
Eaq[Ar] T?vr(x)
Since
1 < Co
T?vp(x)? — Tva(z)’
i) is proven.
To prove ii) we apply the proof of Theorem 60 i7) in the same way. O]

In the following proposition we expose the behaviour of wr(x;, x) when d is the
distance d; introduced by (2.8). We also make the following regularity assumption
on w(.,.).

(H7) There exist a > 0 and v > 0 such that for any y = {y1,%2,...,¥n(} and
Z = {2172:27 s azn(z)} € E7

|w<ykvy)_w(zj’z)| <a (dl(yaz) + |yk - Zj|)’y> VEk e [[lvn(y)]]’ \V/] € [[17”(2)]]

Proposition 73. Let x = {21, %2,..., %@} € £ and i € [1,n(z)]. Suppose (H3),
(H7) and that the pseudo-distance d used in the estimator &(x;,x) is the distance
dy defined by (2.8). Suppose moreover that cr — 0. Then there exist a positive

T—+o0
constant cg and a time to such that

lwr (x4, )| < cocp
forT > t,.

Proof of Proposition 753. In this proof t; > 0 is a generic positive constant that may
change from line to line.

In a first step we show that for T > ¢, the integral term appearing in wy(z;, x) is
reduced to an integral on Ej,(,). This is a similar result than Proposition 16 because
k1 is compactly supported. Therefore we shall prove that for any z € FE,

cr

n(z) #n(z) = VT >ty, Kk (dl(x’ z)) = 0. (4.42)
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Let z € F such that n(z) < n(z). By (2.8) we get

n(x) —n(z) S 1

W2 Tmm T

Also, for z € F with n(z) > n(x) we have

n(x) —n(z) 1
n(z) = n(zr)+1

dl(xu Z) Z

We introduce ry > 0 such that r > 1y = k1(r) = 0. Since cr o 0, we get
—+00

di(x, 2)
cr < ———— for T' > to . Therefore for any z ¢ E, .,
= 2r0(n(z) + 1) = v 2 & Buo cr

d
then x, <M> = 0. To conclude we obtain for T > t,
cr

= 1 . d(z, 2) B
wr(@, @) vT(iU)/n(w) 1( cr >5()

n(x)
x (Z Wioisii= _min o=zl (25, 2) —W(%ﬂ?)) dftoo(2)-
k=1 <j<n(z

> 2ry and

The second step consists in proving for z € E,,,) and T' > %,

n(z)
dl(l‘, Z) <rpcr = Z 1{‘331._% = min |zj—z} = 1. (4.43)
P! 1<5<n(2))
Since ¢ — 0, we get for T' > t:
T—4o00
<. in o -]
c ————  min |x; — x|
T = 3n(x) ro 1<i#h<n@’

Let z € B,y such that di(z, 2) < rocr (if not then xy(di(x,y)/cr) = 0). By (2.8)
we fix a permutation o of {1,2,...n(x)} such that

1 @) 1
— |z — 2o0)| <
n(x) ; (2)

min T — s
3n(x) 1§j#k§n(x)| e

and thus

1 )
i = Zow] < 3 1§jg}c1£n(z)|xk %l

Applying the reverse triangle inequality we directly get for any k € [1,n(x)],

k=o(i) & |v;— 2| = 1<jniinlgx))|xj — 2| (4.44)

that proves (4.43).
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The quantity wr(x;, ) then satisfies for T > tq:

1 d(zx, 2)
I3 = : 5
urtewall = | [ (122 0
n(z)
X 2 Hisimanl=_min _ [oj-aul) (0(20: 2) = w(@i, 2)) dpioo(2)
k=1
1
< / . <d(x,z)> 5(2)
UT(l") En(z) cr
X Zl{\xlfzk\— min |z —zx|} |w(zk, ) (l’“ )|dﬂoo()
Pt 1<j<n(a)
1 d
< / /<c1< (x’z>> 4(2)
() JEn(x) cr
1. B _ .
X 2 Memaul=_min eyl [0z, 2) = (i, 2) [ djtoe(2)

where o(.) satisfies (4.44). Using (H7) we get for T' > ty:

UT(Zx) /Em) & <d(f:)> 6(2)

n(z)

X Z 1{|gcZ l= <n<un( ))\xj )} (7“0 cr + 1o cTn( ))'Y d,uoo(z)
k=1

mertute) 407 [ (M5) 66 dun o)

E Ccr

’U)T(Ii, .CL’)| <

a

= vr(x)

Finally we get for T' > t,,

fo (M52 s amater = [ (22) a0 dpate) = e

cr

by (4.42). O

4.5 A discrete time estimator for the density

In this section we place ourselves in the setting of Section 4.3: we suppose that the
transition kernel K is written under the form

K(x.4) = [ fla.y)dvly)

for A C E, v € E, v a o—finite measure on E and f : E? — R, satisfies
Jg flz,y)dv(y) = 1 for any x € E. We take back the notations used in Sec-
tion 4.3. However, in this section, we estimate the transition density f from dis-
crete time observations. We then get m > 1 such that the process is observed at
times t; = 0,t9,...,t,, = T. Let us denote At; =t; —t;_1, A,, = max At; and

1<j<m
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mA,,

ANy, = Ny, — Ny,_,. We suppose that the quantity

this setting we thus have

is uniformly bounded. In

T <mA,, <cT

for some ¢y > 0. For j € [1,m], let D; an observable approximation of AN,
satisfying the following assumption.

(H8) For j € [1,m], D; = AN;; when AN;; <1 and D; < ANy, otherwise.
Let (z,y) € E* We estimate the density function f(z,y) by

A i—0 cr
fd(‘ra y) =2

S (4.45)

m—1
Z K1 <hT> &r(Xeyn) Din
j=0

Let us finally introduce the following hypothesis on the move process (Y;)>o-

(H9) For T' > 0, let gr be either ky(d(z,.)/hr), ka(d(y,.)/cr) or &r(.). We suppose
that there exist I7(x,y) > 0 and a > 0 such that for any u,v > 0 and z € F,

lu—v] <A, = El [lgr(Ya) — gr(Yo)[] < lr(a, y)|u — v
and

A — 0
U%(gj‘)Q T—+4o0

ZT($7y>

Theorem 74. Let (x,y) € E?. Suppose (H1),(H2), (H3), (H4), (H8) and (H9). Let
us suppose that hy — 0, cr — 0, & — 0 and A,, —> 0. We have the
T—+o0 T—+o00 T—+00

m——+00
two following results on the discrete estimator fd(x,y) of f(x,y) defined by (4.45).
i) Suppose that [z c(z)dus(2) < oo and Tvi(x)? o, 0 Let zy € E and
—+00

e > 0. There exist to(zo) >0, my € N* and co(xg) > 0 such that for any
T > to(zo) and m > my,

2
Tvi(x)?  Tvy(z)? +wr(@,y)

>Yk“QUT(:C)Q _i_lT(-T,y)A?n ’;Am
vy (2)? vy (2)? vp(z)? )

]Pa:o (‘fd(x,y) — f(x’y)’ > 5) < 00(370) ( } f}vT(a:)

+(hT + CT)Q’y

it) Suppose that c(.) is bounded and Tvi(x) o, Too Let € > 0. There exist
—+400
to >0, mg > 1 and ¢y > 0 such that for any T > ty and m > my,

B

fola) = 1| > &) < co (276 4 e

o ()2
* 2 2 a *
2y ST UT(I) lT(wMy)Am gTAm
e o) =y T . )
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Proof of Theorem 74. In the following lemma we present a control of the number of
jumps that could occur in the intervals (¢;_1,t;], j € [1,m].

Lemma 75. For any j € [1,m] and i > 0 we get

P(AN, =) < (O"J) (4.46)
i!
If moreover A,, j 0, then there exist co > 0 and mg € N* such that
E Z ANT]+11ANT].+122 S comAfn (447)

for any m > my.

Proof. We first prove (4.46). Let j € [1,m]. Using Markov property of the counting
process (Ny)¢>o we write

P(AN, = i) =E [E [Ly, —v., 1 |Fi,]]
=E [EX’fjfl [1NAfj:iH
< supP,(Nay, =1).
z€FE

It suffices to show for any ¢t > 0 and ¢ € N,

sup (N, = i) < L8
zeFE Z!

For i = 0 it is immediate because for any € E, P,(N; =0) < 1. Let ¢ > 1. Then

P,(Ny =1i) = E, [1n,—] = E, [1T1<~~~<T,-§t<Ti+1} -

Recall from Lemma 19 that the vector (771, ...,T;41) admits a density under P, and
then:

ECL‘ |:]-T1 <'“<Ti§t<Tz‘+1:|

+o0 t (0) i+1 tj7t7_1 G
= /[0 t]i/t E, [Oz(yt(lo))e_ fola(Yuo )du] H E, { (}/t(]—t]l)J — [T oy 1 )du:|

j=2
X 1t1<-~~<ti+1 dti—l—l R dtl
a(Y¥yd D\ [T ey du
= Jou { (Vi) } HE [ VL ge b et ]
oo i ff a(Y(i))du
« [ R, {a(YS)e o } ds 1y —pdty ... dby
t—t;
. t—t; (1)
< (C\é*)l/ ]E:v |:e_ fO a(Yu )du:| 1t1<~-~<ti dtz .. dtl
[0,¢]°
S (Oé*)l/ ) 1t1<...<ti dtl . e dtz
(0,¢]°
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the last equality coming from the fact that the density of the joint probability
distribution of the order statistics associated to a statistical sample of ¢ uniform
variables on [0, ¢] is given by

-l
(tl, .. ,ti) S [O, t]z — Elt1<...<ti.

We now prove (4.47) applying (4.46):

m—1
E Z ANT].+1 lANTjJrl >2 = k]P)(ANt
3=0 ‘

for sufficiently large m > 1 since A,, — 0. O

m—-+00

Let € > 0. Note that
P (|falz,y) = f(@,9)| > ) <P(|f(x,y) = f(x,9)] > /2)
+ P (fa(z,y) = fa,y)| > /2) .
The asymptotic behaviour of
P (|f(x,y) = f(x,9)] > </2)
is given by Theorem 63 so we only have to work on
P (|falz,y) = f(z,9)| > £/2).

We introduce the following quantities

T (e X
Z;;:/O Ky (W) r(X,) dN,,

and

m-l d(x, X,
ZC?‘ = Z K1 <(h7~t])> gT(th+1) DJ'+1'
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We decompose

|fd(x7y) - f(q;ay)’
Z;n() K1 (d(antj)> Ko <d<y7th+1)> Dj+1

— hr Ccr
= 7
d(x, X d(y, X
o (HE2)) () g
_ T cr
Z
(x, X d(y, X,
< — Z“l 7” Ko dy, Xi;41) (Dji1 — AN,,)
ZT §=0 hr cr
X d(y, X;,
L Zm M vy [ X AN,
ZT s hr cr !

T
_/ . (d(x X, ))@ (d(y,Xs)> an,
hT Ccr
‘Z* %1 X,-) d(y, X,)
—2 750 ) dV,. 4.48
b () e () (149
We find a bound to these three terms. First

Z k1 <m> o <d<th“)> (Djo1 — AN, )

=0 hp Cr

[ ||/€2H
M Z |DJ+1 ANTj+1’

Z%

< 2||/f1|\oo ||/‘62||oo

Z ANT;-H 1ANT 12 (449)

7=0

The second term is

tit1 d(z, X, d(y, X,
[ () (00 ]
t; hT Ccr

For j € [0,m — 1] we compute the term within the sum according to the value of
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ANy;,,. When there is no jump in (Z;,%;,1] we get

K1 (d(:p,th)> Ko <d(y,th+1)> ANy,

hr
_/t,+1 < ))@(d(y,Xs)) 0N,

If it occurs exactly one jump in (¢;,41] we write

lAth+1:0 =0.

d(I7th) d(y7Xt]- 1)
tit1 d(x, Xs- d(y, X
_ + Ky ( (xy s )) /ig( <y7 S)) st 1AN1, —
t; hT Ctr i+l

K (d($ath)> P <d(y7th+1)>
1 7hT 2 7@

1
—K1 <hT d(ZE,XTthH)) Ko ( d(anTN 1))’ 1Ath+1:1'

cr
In the case were there are at least two jumps in (¢;,%;41] we obtain

. (d(x,xtj)> . (d(y,XW)) AN,

hp cr

[ (d(ca)@)) . (d(.w@) an.

t; hT cr
< 2|k1[loo [[F2lloc AN, Lan,,,, >2

LN

To sum up we juste proved:

T, (A0 o, (4050)) g,

Z% =0 hr cr
T d _
e () o (40
0 hp Cr
m—1
S id Ky (d(I7Xt])> P <d<y7Xt]+1>>
ZT =0 hT (654

2[[Falloo lIRalloo ]
2

Z ANy, an, > (4.50)

7=0

To control the last term of (4.48) we first write:

‘ZT ZT‘ Xs-) d(y, Xs) ‘Z} %‘ Nr
A s A ST < i
- 7 / K1 < ) Ko ( o ) dNs < [[K1]]0o | K210 75 74
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It remains to bound |Z; — Z&|. We write:

. m—l1 d(z, Xy,) ti+1 d(z, X,
‘ZT - Z%‘ < Z K1 (lthy) fT(thH)DjH - /t K1 << hy )> fT(Xs) dN,
Jj=0 ’

Proceeding in the same way as for the second term of (4.48) we get for any j €

[0, n(x)]:
. (‘“‘”“) (XD~ [k (‘“““”) E(X,) AN,

1an, =0 =0,

hT ) hT
d(&?,Xj> tj+1 d xst—
K1 (hTt> gT(thH)Dj-i—l - /tj K1 <<hT)> gT( ) s| Lan, j+1=1
d(z, Xy, 1
tj+1 I ’

and

K1 (W) gT(th+1)Dj+1 - /:j+l R1 (W) fT(XS) dN,

< 2|[f1 oo &7 AN, 1ANt].+122
We ﬁnally have

|7 - 24| )\ (dy.X,)
Z* Z / K1 () /iz( ycT > dN,

1Ath+122

%1l oo [[#2]l 00 N = (d(x,Xt.)>
= ki | ——— ) ep( Xy,
Y ]2) = ) (Xan)

1
—K1 (th(l', AXFT];thrl )) gT (AXTth+1 ) ‘ 1Ath+1:1

265 1k [I%, llm2lloe No &
57 > AN, dan,, s (4.51)

=0
By briging together (4.49), (4.50) and (4.51), then (4.48) becomes

|fd(xay) - f(x,y)|

< (Al Ik2lloo | 267 lImallS lIm2lloo Nr mz
Z Zy Zf

1 1
—Kq <hT al(:zc,XTI;tj+1 )) Ko ( d(y, XTth+1 )>| 1Ath+1:1

d(x, Xy;)
<hT> gT(th+1)

+

Ny 1ang,, >

+ o1 2

TJO

m—1

[1£1]loo l[2]lo0 N7
D |m

Y

j=0

1
—K1 <th(SC7 XT]thH )) £T (XTth+1)‘ 1Ath+1:1'
(4.52)
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Therefore

A

P (lfa(e.y) = flz.y)l > &/2) < P+ Pa+ Py+ Py + Ps
T *
P =P (Z;é < ”Z($)> ,

16 ||£1 || oo ||F2]] 0o
P2 :]P)< H 1” H 2” Z ANT]+11ANT >9 >5/8)

where

Tvp(z) =0

887 Ikl ||/fz||ooNT
P;=P AN 1 > /8
4 m—1
P4:IED -
(TUT(JU) =

(d(z,th)) (d(y7th+1>>
Ki| —— Ko | —————
hT Cctr
1
—K (hT d(z, XTJQtj+1 )) Ko (CT d(anTthH ))| 1Ath+1:1 > 5/8) ,

1

e sl Ny 72
P5 =P " " K
( ZiTo)

d(x, Xy))
1 <hT> Er(Xe;,y)

1
—K1 (th(LXT];tHl )) §T (XTthH)‘ 1ANﬁj+1:1 > 5/8> )

We now present through the following lemma two consequences of (H9) that will
be essential to study the previous quantities P, Py and Ps.

Lemma 76. Suppose (H9). Let j € [1,m — 1]. Then
i

E

gr(Xy,) — gT(XT]; ) <lp(z,y)a* AL (4.53)

Ian, =1
L=
-~ i+

and

9r(X) = 9r(Xny, )| Lan, o] S Ir(egla™dirl. (454)
Proof. We start proving (4.53). Using Markov property we write:

7|
= E X,
<E [Ext] gr(Vy”) — gz YT1 ‘ 1T1<At]+1H

—E|E [/ T ay0)e IO g (v0) — gr(vV?)| duH
0

gr(Xy,) = gr(Xp- )

Nt

1Ath+1:1]

gT XO ‘ 1T1<At]+1 ]-T2>Atj+1}:|

|
|

<u [or [ B, lor) - (ol a

S ZT(‘ru y)a*AgnJrl'
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We use the same strategy to prove (4.54):

d

9T<th+1) - gT(XTth+1 >’ lAth+1:1

=K [Eth [9T<XAtj+1) — gr(X7y)| Ir<ai; 1T2>At]~+1H
=E {Extj [9T<YA(2+1—T1) - QT(YO(D)’ Lr<at 1T2>At]~+1H
<E [Eth [QT(YA(B-H—TJ - QT(YE)(D)‘ 1T1<Atj+1H

=E {Extj [E§T1 HQT(YAtHﬁTl) - gT(Yo)H 1T1<Atj+1H
<lr(z,y)ALE [Ext]. []—T1<Atj+1H

<lp(z,y) Ayt o

From there ¢o(z0), to(xo), o, to and mg are generic positive constants that may
change from line to line. We begin by computing P;. We write

iy (Z;i < TW@)

4

T * T *
<P (\Z% — 75 > Ui($)> +P <Z; < UTQ(JC)>

d _ 7 .
Iz [\TiT (x)ZTI} P (Z; _ T”ﬂf”) ‘ (4.55)

In the setting of 7), using Propositions 56 and 58, we get

Tvk(x)

T *
P,, (Z} < UT(CE))

) <Ba (12 - 1ol > T
AE[(Z; — Tvp(x))?]
- T?v7(x)?
_ 4Va,(27) n Ay, [Z7] — Ty (x))?
T?vk(x)? T2vk(x)?
v co(z0)&r”

< T
=T 0 T T o

< co(wo) 7k (4.56)
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for T' > to(x). On the other hand, when ¢(.) is bounded, we get

Tv%@) <ec (;ﬁE[( )] +T2v§(21’)2>

2
§r 5
= (Tvzm )t T%%(:v)z)
&r
Tvp(z)

applying Corollary 57 ii). We find an asymptotic bound for the first term of the
decomposition (4.55). As in (4.51) we obtain

P(ZT<

<CO

(4.57)

E||1Zf — Zzl]

m—1
< ZE[M

d LE,X . 1
<(hTt)> &r(Xi,) = i <th(x, Xrg, )) o (X, )‘ 1Ath+111

m—1

+ 2[|k1 |7 Z E {AthH 1ANtH122}

=0

Let 7 € [0,m — 1]. Then applying Lemma 76 we get

, Xt
(o1 e, )

o] (550) - e, o]

o ||er(Xs) = €r (Xra, )| Law, 1]

< (€ 1 mlloe) I ) a° AT
< c¢olr(x,y) Ag:rl

| /\

for T' > ty. By Lemma 75 we then have for T' > t, and m > my
E (|24 — Z;]| < colr(w,y) m AL + co & m A2,

We conclude in the setting of 7) with (4.55) and (4.56):

* * 2
Pz (Z% < TUT(@) = o (fT AQ ‘HT(?U y)AaH) ‘|'Co($0) o

4 — Tvi(z) Tvp(z)?
* 2
< ey (6 B+ I ) A0 + o) 7 s

for m > mgy and T > to(zo). When ¢(.) is bounded this becomes by (4.57)

Tvk(x) Co &
(at <M < o i (0

(5;’ Am + lT(ma y)Aa ) + o

for m > mg and T > t,.
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Let us compute P». We obtain by Lemma 75:

16 o %
P =P ””1” ”“2” Z ANy, 1o, 52 > €/8

128 || K1 [loo lF2lloe 1 | =
< E ANp. 1
- e Tvi(x) jzo Tj1 FANT; ) 22
< €0 mA2

TUT( )

Co

< A,

vy ()

for m > my.
Let us now consider P;. First note that applying Corollary 55 with g = 1 we get

T

V(Ny) = E Vv a(XS)ds] < o'T.

Therefore, since E[Ny] < o*T,

P(Nr > 2a°T) < PNy — E[N7]| > o’T) < —5r < .

We compute Ps:

87 1115 Ilmalloo N1 S
Z5 Tvs(x)

Z ANTJ+11ANT >2 >€/8)

7=0

<P (ZT T”g( )> + P (Nr > 2a*T)

320 &5 ||k 12, 1m2loo "
P S AN, 1 8
( Tvp(z)? T lang,, »2 > €/

7=0
: | 25607 &7 [lmn s lImaloc =
=F (ZT = * e Tvj(x)? E Z ANTHllANTleQ
T 7=0

+

(
SIP’(

for m > mgy. By (4.56

— A
T x)2 "

)
) %+%ﬂm> "
=)
)

we then have in the setting of 7):

PMGGMMHMMNT

ANp . 1 > e/8
Z; Tvi(2) A L, ”)

7=0
2

1 * *
S Co (T + gT Am) + CO<J;O)T L

vp(x)? vp(x)?
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for m > mg and T > tg(xg). In the special case when ¢(.) is bounded this becomes
for m > mg and T' > t,

8&7 1kl 1k2]lo N7 "%
P " ANT] llAN |22 >€/8
( 27 Top(z) ;) ! E
1 &t i

<ol = A,
JO(T*vz;(x)? *Tv:*p(x))

by (4.57).
We compute Fj:

4 m—1
P, =P (

d(r, X))\ [y, X0,,)
o () ()

cr

Tvp(x) =

1 1
k1 (hT e Xy, )) o (CT d(y. X1,,)) | Lan, o1 > 2 /8>

d(X)) . (d(y,xtm)

cr

1 1
—K1 <hT d(LXT]gtHl)) Ko <CT d(anTthJrl))’ lAthH_l]
_ 32 lmall % a(e, X, 1
— | = | 7 d(z, X Tan, -
- ETUT JZ hyp M (z, TNt]_H) ANy, =1
32 |[K1]] o0 "= d(y, Xi..,) 1
+ e Tvi(x) j;o Ko - f2\ o (v, Tth+1) ANy, =1
Ir(z,y) m ARH
T (z)

by Lemma 76. To conclude

<CO

Py < COZT( .
vp(z)

In the calculus of P; we use the same technique as is P for the control of Z7.

and Np so we write:

Af|#1 lloo llR2llo0 N S
P5 =P " " K1
( Z5 T (x) jz%

hT > §T<th+1)

1
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T *
<P (Z; < ”Tf) ) +P(Ny > 20°T)

P 16Hm|!oiHn22Hooa* mi . (d(watj)
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1
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MANENT, Emilien. Propriétés de Feller, d’ergodicité et inférence non-paramétrique du processus jump-move - 2023



4.5. A DISCRETE TIME ESTIMATOR FOR THE DENSITY 147

Applying Lemma 76 we obtain:

Tvs(x) Co
< * _

128”“1”00 H“?Hooa* = [

E
eTvi(x)? jz_;

| (W) SHC.OY

1
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(1=

1
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128 [[£1loo ||/€2Hoo ot =
E
o eTvi(z) Z

128 || |3 [l2]loo 0 RS

eTvk(x)? Z £ [

TU*( ) Co Co
<Pz T — l A
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<P|(Z; L — l AL
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In the setting of 7) we then get by (4.56):
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%(MHMITZR
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T
1
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< _ ST - T\ I Em
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for T > to(xp). In the special case when ¢(.) is bounded this becomes for 7" > t,

p,. Uil sl N 5|
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1
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by (4.57).
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In conclusion, applying Theorem 63 i), we obtain under the hypotheses of i):

Pry (falz.y) = f(z,9)] > <)

* 2 *
SCO(JUO)( r gT“T(“”“Q+wT<:zc,y>2+<hT+cT>

Tvp(e) * Tvi(x) vp(e)?
R R )

< o) (e ) o) ey ST

e )

for m > mgy and T > to(zo). Also, ¢(.) is bounded, we get by Theorem 63 i7):

P<|fd(x7y) - f(‘ray)’ > 8)
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= 0\ Ton ()2 e re vp(z)?
]- lT<x7 y)A?n g;Am Am ;:
T e e i) | Tei)
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< ST TTAY) y ST VT
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for m > mgy and T > to(zo). O
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Résumeé : Cette thése consiste a étudier les
processus jump-move qui ont, entre autres,
pour vocation de modéliser des dynamiques
de populations spatiales. Leur dynamique est
constituée de mouvements aléatoires marko-
viens continus et de sauts en alternance, geé-
néralisant des modéles tels que les processus
de Markov déterministes par morceaux. Obte-
nir des résultats statistiques ne se faisant pas
sans une étude préalable des propriétés pro-
babilistes du processus observé, nous com-
mencgons par étudier en détail le caractere Fel-
ler des processus jump-move, avec comme
horizon I'application a des systemes de par-
ticules dans R¢. Ensuite, nous nous intéres-
sons au comportement en temps long d’'un
certain type de processus jump-move, ap-

pelés processus birth-death-move spatiaux.
Nous obtenons des criteres sur les taux de
naissances et morts pour avoir une vitesse
de convergence géométrique vers une me-
sure stationnaire. Nous terminons par I'étude
de méthodes d’estimation non-paramétriques
du noyau de sauts d’'un processus jump-move.
La convergence en norme L? de I'estimateur
considére est alors obtenue dans le cadre de
'observation d’'une trajectoire du processus
en temps continu. Des résultats dérivés sont
alors établis dans les cas spécifiques d’un
noyau général a densité, dans le cas parti-
culier du processus birth-death-move spatial
et enfin lorsque I'observation du processus se
fait de fagon discrete.

Title: Feller property, ergodicity and non-parametric inference of the jump-move process.

Keywords: Feller processes, birth-death-move processes, coupling, Gibbs measures, kernel

estimator

Abstract: This thesis consists in studying
jump-move processes with a view to modelling
the spatio-temporal dynamics of a system of
particles. A jump-move process alternates be-
tween continuous Markovian random motions
and random jumps, generalizing models such
as piecewise deterministic Markov processes.
Since statistical results cannot be obtained
without a prior study of the probabilistic prop-
erties, we start by studying in detail the Feller
properties of jump-move processes with a par-
ticular focus on particle systems in R?. Then,
we are interested in the long time behavior of
a type of jump-move processes, called spatial

birth-death-move processes. We obtain crite-
ria on the birth and death rates to have a geo-
metric convergence rate to a stationary mea-
sure. We conclude by studying non-parametric
estimation methods of the jump transition ker-
nel of a jump-move process. The convergence
in L? norm of the considered estimators is
then obtained when the trajectory of the pro-
cess is observed in continuous time. Derived
results are then established first in the specific
case of a general density kernel, second in the
particular case of the spatial birth-death-move
process and finally when the observation of
the process is in discrete time.
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