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Abstract xi

WELL-POSEDNESS AND LONG-TIME BEHAVIOUR
OF THE STOKES-TRANSPORT EQUATION

Abstract

The Stokes-transport equation models an incompressible, viscous and inhomogeneous fluid, subject to
gravity. It is a reduced model for oceanography and sedimentation. The density is transported by the
velocity field, satisfying at any time the momentum balance between viscosity, pressure and gravity
effects, namely the Stokes equation. In the first part, we establish the global well-posedness of this
system in bounded domains and in the infinite channel, in the weak sense and for Lebesgue initial data.
The unbounded channel case is solved in uniformly local Sobolev spaces, with solutions having infinite
energy. These results are compared with previous works in the whole space and in the plane. In the
second part, we focus on the long-time evolution of the solutions of the Stokes-transport equation in
a periodic channel. We show that a class of monotonous stratified density profiles is stable for small
and regular enough perturbations. We consider no-slip boundary conditions on the velocity field, which
raises mathematical difficulties due to the presence of boundary effects. We obtain explicit algebraic
convergence rates and show that the density rearranges vertically and monotonously, in line with the
common intuition of sedimentation. We also give a refined description of the density profile, involving a
boundary layer expansion in the vicinity of the boundaries. Besides, we extend a previous result obtained
for a related problem, proving that any stationary profile is unstable in low regularity topologies. We
also highlight properties compatible with the conjecture that the density always stratifies. In the last
part, we undertake a numerical study of the evolution of graph density interfaces governed by the Stokes-
transport equation. Several behaviours are observed, from the convergence toward the flat rest interface
to the graph break. We compare our observations with existing theoretical results.

Keywords: incompressible viscous fluid, Stokes-transport, active scalar equation, global well-posedness,
steady Stokes equation, transport equation, long-time behaviour, stability, rearrangement, bound-
ary layers, numerical observation

CARACTERE BIEN POSE ET COMPORTEMENT EN TEMPS LONG DE L’EQUATION DE STOKES-
TRANSPORT

Résumé

L’équation de Stokes-transport modélise un fluide incompressible, visqueux et inhomogéne, soumis & la
gravité. Il s’agit d’'un modéle réduit d’océanographie et de sédimentation. La densité est transportée
par le champ de vitesse du fluide, satisfaisant & tout instant 1’équilibre entre les effets de viscosité, de
pression et de gravité, d’aprés I’équation de Stokes. Dans la premiére partie, nous établissons le caractére
bien posé de ce systéme dans les domaines bornés et dans un canal infini, au sens faible et pour des
données intégrables. La cas du canal inclut des solutions d’énergie infinie, impliquant des espaces de
fonctions uniformément localement Sobolev. Ces résultats sont comparés a des travaux antérieurs, dans
I’espace et le plan. Dans la deuxiéme partie, nous nous concentrons sur le comportement en temps long
des solutions de I’équation de Stokes-transport dans un canal périodique. Nous montrons qu’une classe
de profils stratifiés est stable pour des perturbations assez petites et réguliéres. Nous supposons le fluide
non-glissant aux bords, ce qui pose des problémes particuliers diis aux effets de bords induits. Nous
obtenons des taux de convergence algébriques et montrons que la densité se réarrange verticalement
et de fagon monotone. Nous donnons également un développement de type couche limite du profil de
densité a proximité des bords. En outre, nous prouvons, en adaptant un résultat antérieur, que tout
profil stationnaire est instable pour des perturbations peu réguliéres. Nous mettons enfin en évidence
des propriétés du systéme, compatibles avec la conjecture selon laquelle la densité tend toujours a se
réordonner. Dans la derniére partie, nous menons une analyse numérique de 1’évolution d’interfaces
de densité de type graphe, gouvernée par l’équation de Stokes-transport. Plusieurs comportements sont
observés, de la convergence vers I’équilibre plat & la rupture de graphe. Nous comparons nos observations
a des résultats théoriques existants.

Mots clés : fluide visqueux incompressible, Stokes-transport, active scalar equation, caractére globale-
ment bien-posé, équation de Stokes stationnaire, équation de transport, comportement en temps
long, stabilité, réarrangement, couches limites, observation numérique

Laboratoire Jacques-Louis Lions
Sorbonne Université — Campus Pierre et Marie Curie — 4 place Jussieu — 75005 Paris — France



xii Abstract




Foreword

Everyone possesses the intuition that heavy fluids sink. Nevertheless, the consequences of this
rather simple principle lead to complex evolutions and behaviours. The aim of this thesis is to
study various aspect of the Stokes-transport (ST) equation, which is a reduced system modeling
this phenomenon and illustrating this complexity. The problem writes

Op+u-Vp = 0
—-Au+Vp = —pe,
divu = 0 (ST)
p|t:0 = po,

where p represents a fluid density, temperature or buoyancy, transported by a velocity field u
satisfying at any time the balance between the viscosity effects, the pressure gradient Vp, and the
vertical gravity forcing —pe,. The fluid is also assumed incompressible through the divergence-
free condition on u. All the unknowns depend on time ¢t > 0 and on a space variable & € ) on
some spatial domain €2 which will be specified later. The system must also be endowed with extra
boundary conditions on w, which are specified later on, depending on the type of spatial domain
considered. This problem belongs to the class of active scalar equations, where the velocity field
depends nonlocally on the quantity advected.

This manuscript is organised as follows. Chapter 1, the introduction, specifies the problem
and its context in Section 1.1, and the three axes of our works, which are the well-posedness
of (ST) in Chapter 2, the long-time behaviour of the solutions in Chapter 3 and a numerical
study of the graph interface problem for (ST) in Chapter 3, respectively in Sections 1.2, 1.3
and 1.4. These latter sections contain summaries and states of the art of the aforementionned
subjects, whereas the corresponding chapter are devoted to the author contributions. The two
publications to which the author contributed are included, namely [Leb22] in Chapter 2 and
[DGL23] in Chapter 3.

The Stokes-transport equation is a reduced model for oceanography, in particular for the
Boussinesq approximation, adapted for fluid regims with small density variations. This system
has also been derived in several ways from microscopic formulations of sedimenting particles in
a viscous fluid. It also shares a similar active scalar equation structure with the Incompressible
Porous Medium (IPM) equation and the Fractional Stokes-transport (FST) equation, the latter
generalising the two others, see Section 1.1.

The Stokes-transport equation is globally well-posed in various frameworks, in a weak sense,
for integrable data. A precise state of the art including synthetic overviews of the existing results
is provided in Section 1.2. We establish in particular the well-posedness of this system in bounded
domains of R%,d € {1,2} and in the infinite channel R x (0,1) for data in L>°, see Theorem
1.2.4, which is the main result of [Leb22], see Chapter 2. As a corollary, this results also holds
in the periodic channel Q = T x (0,1). The unbounded channel case is solved in uniformly local
Sobolev spaces, with solutions having infinite energy. In bounded domains, refinements of this

xiii



xiv Foreword

result for L7 data with finite Lebesgue exponent ¢ is obtained, global well-posedness holding for
g > d and existence for ¢ > 2d/(d + 2). We also establish the global well-posedness of (ST) for
regular data in H™, see Theorem 1.2.5. These results and in particular the regularities at play
are consistent with previous studies carried out in the whole space R?® and plane R2. These
features are compared with those of (IPM) and (FST) in Subsection 1.2.3. We also investigate a
hydrostatic approximation of this system, consisting in neglecting the vertical velocity dissipation
and assuming that the pressure satisfies the hydrostatic balance, namely

{ 7A7.L1+azp = 0
0.p —p.

This assumption is classical in geophysical fluids disciplines. The associated system is locally
well-posed for regular data, see Theorem 1.2.7 and Subsection 1.2.4.

The long-time behaviour of the solutions in the periodic channel @ = T x (0,1) is then
investigated in Chapter 3, including the contribution [DGL23] written together with Dalibard
and Guillod. A cornerstone of this analysis is the monotonicity of the potential energy of the
system, defined as follows and which satisfies an energy balance with the viscosity dissipative
effects,

B(t) = / otz 2)dedz,  LE(t) = —||VulfZs.
Q dt

The monotonicity of the potential energy suggests, according to the physical intuition of sed-
imentation, that the fluid always rearranges itself in a more stable way, with the heavy fluid
under the lighter one. We investigate this conjecture and introduce the monotonous vertical
rearrangement of functions on €. In particular we establish that the w-set in H~! of any initial
data pg € L>°(Q) is never empty, and only contains stationary solutions of the problem which
are the stratified profiles, see Subsection 1.3.1 and Section 3.6. The main part of the chapter
is devoted to the demonstration of a stability result for the Stokes-transport equation for data
po € H%(Q) close enough to linear profiles, see Theorem 1.3.5 and to the formation of density
boundary layers, see Theorems 1.3.6 and 1.3.7, and Subsection 1.3.3. In this case, we prove that
the density converges toward its monotonous vertical rearrangement. The first stability result
extends previous works on asymptotic behaviour on (IPM), see Subsection 1.3.2. Some peculiar
difficulties are raised in our case of interest, due to the no-slip condition imposed to the velocity
of the fluid on the boundaries. Basically this assumption induces boundary effects, which raise
mathematical obstacles to obtain decay estimates on the the solution. These difficulties are
overcome by a thorough analysis for low order derivatives of the solutions. Moreover, properties
and eigenfunction basis of the biharmonic operator with Dirichlet boundary conditions illustrate
the reasons of these mathematical difficultes and boundary layers formation, see Section 3.8. We
provide a refined description of the density profile, involving a boundary layer expansion in the
viscinity of the boundaries. In particular, we obtain explicit decay rates on their typical size
with respect to time. Besides, we also extend to (ST) a previous instability result of Kiselev
& Yao on (IPM), and we obtain that any stationary profile for the system is unstable for some
perturbation in H2? , see Theorem 1.3.9, Subsection 1.3.4 and Section 3.7. Note that there is no
contradiction between these instability results and the previous stability statements, for which
initial data have to be small in higher Sobolev spaces.

We study in Chapter 4 the graph interface problem governed by the Stokes-transport equation
in the periodic channel Q@ = T x (0,1). In all generalities, since (ST) is well-posed for initial
data pg € L>(2), we can consider patch solutions, namely solutions associated to the indicator
of a subdomain of 2. These stay patches for all time, since the density is transported. For
(ST), such patches having of Hélderian regularity C'#, i € (0,1) remains so, for all time, see
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Subsection 1.4.2 for further references on this matter. We focus on patches on §2 associated to
graphs 7 : T — (0,1) modeling the interface between two immiscible fluids, in the following sense

p(@,2) = Lzcna)}-

This situation is illustrated in Figure 1.1. For an initial graph 7g, if the associated density
solution to (ST) remains the indicator of a hypograph, the underlying graph 7(t) satisfies the
following

3t77(tvf) + Ul(t,$, n(tﬂx))amn(t7x) = UZ(ta%??(tvI))a for (t,l’, Z) € [O7T) X Qa

where u = (up,us) satisfies the Stokes equation with density source of the form above. An
overview of this problem, tackled in T x R, by Gancedo, Granero-Belinchén & Salguero is
repported in Subsection 1.4.3. They proved that this problem is globally well-posed for data close
enough in H? to a flat interface. We supplement this overview with a summary on the related
Muskat problem. Our contribution lies in a few analytical remarks on the interface regularity
and a discussion on Lyapunov functionals for this system, see Section 4.1, and in a numerical
investigation on the evolution of the interface in T x (0,1). We set an Arbitrary Lagrangian-
Eulerian numerical scheme, consisting in solving the Stokes equation with a finite elements
method and to move the mesh, including a discretisation of the interface, according to this
velocity, see Subsection 4.2.2. Then we investigate some quantitative and qualitative properties
of the interface evolution, including convergence rates compared to the theoretical results of
Gancedo & Granero-Belinchén in Subsection 4.2.4, boundaries effects in Subsection 4.2.5, possible
Lyapunov functionals in Subsection 4.2.7 and we observe a graph break in Subsection 4.2.8.
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Avant-Propos

Tout un chacun a bien l'intuition que deux fluides de densités différentes, une fois mélangés,
doivent se réordonner avec le plus lourd sous le plus léger. Néanmoins, ce principe relativement
simple induit des évolutions et des comportements complexes. Cette thése étudie différents
aspects de 1’équation de Stokes-transport (ST), qui est en particulier un modéle réduit pour la
sédimentation, illustrant cette complexité. Le probléme s’écrit

Op+u-Vp = 0
—Au+Vp = —pe,
divu = 0 (ST)
P|t=0 = po,

ou p représente la densité, température ou flottabilité d’un fluide, transporté par un champ de
vitesse u satisfaisant a tout instant 1’équilibre entre les effets de viscosité, le gradient de pression
Vp et les effets verticaux de la gravité —pe,. Le fluide est également supposé incompressible via
la condition de divergence nulle sur u. Toutes les inconnues dépendent du temps ¢ > 0 et d’une
variable d’espace « sur un domaine €2 précisé plus loin. Le systéme doit également étre complété
par des conditions de bords sur wu, selon le type de domaine considéré. Ce probléme fait partie
d’une classe d’équations de transport pour lesquelles le champ de vitesse dépend non-localement
de la quantité advectée.

Ce manuscrit est organisé comme suit. Le Chapitre 1, introductif, précise le probléme ainsi
que les trois axes principaux de ce travail portant sur le caractére bien posé de (ST), associé a
la Section 1.2 et au Chapitre 2, le comportement en temps long des solutions, traité a la Section
1.3 et au Chapitre 3, et une étude numérique de I’évolution d’un graphe d’interface pour (ST),
voir la Section 1.4 et le Chapitre 4. Les deux publications auxquelles 'auteur a contribué sont
incluses dans ce manuscrit, avec [Leb22] au Chapitre 2 et [DGL23] au Chapitre 3.

L’équation de Stokes-transport est un modéle océanographique réduit, & rapprocher du sys-
téme de Boussinesq, ce dernier étant adapté a des régimes ou la densité du fluide varie peu. Ce
systéme a également été dérivé depuis plusieurs formulations microscopiques de particules sédi-
mentant dans un fluide visqueux. Il partage une structure commune avec ’équation des milieux
poreux (IPM) et I’équation de Stokes-transport Fractionnaire (FST), cette derniére généralisant
les deux autres, voir Section 1.1.

L’équation de Stokes-transport est globalement bien posée dans plusieurs cas, au sens faible et
pour des données intégrables. Un état de I'art est dressé et synthétise les résultats existants pour
les divers domaines et régularités, voir Section 1.2. On établit en particulier le caractére bien
posé de ce systéme dans les domaines bornés de R4, d € {1,2} et dans le canal infini R x (0, 1)
pour des données L. Ceci constitue le Théoréme 1.2.4, le résultat principal de [Leb22], voir
Chapitre 2. En corollaire, le méme résultat se transpose au canal périodique 2 =T x (0,1). Le
cas du canal non-borné est traité grace a des fonctions localement uniformément Sobolev afin
d’inclure des solutions d’énergie infinie. Pour les domaines bornés nous précisons ce résultat

Xvii
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pour des données L7, nous montrons que 1’équation est toujours globalement bien posée lorsque
q > d et qu'il existe toujours des solutions lorsque ¢ > 2d/(d 4+ 2). Nous démontrons également
le caractére bien posé de (ST) pour des données Sobolev, plus réguliéres, voir le Théoréme 1.2.5.
Ces résultats sont cohérents avec les travaux effectués pour les domaines R? et R?, avec des
régularités comparables. Ces propriétés sont également confrontées aux résultats disponibles
pour (IPM) et (FST), voir la Sous-section 1.2.3. Nous considérons enfin une approximation
hydrostatique de I’équation de Stokes-transport, qui consiste & négliger ’accélération verticale
et a supposer que la pression satisfait ’équilibre hydrostatique a tout instant, c’est-a-dire

{ —Au1—|—3xp 0
O.p = —p.

Cette hypothése est classique lorsque l'on considére des fluides géophysiques, en particulier en
météorologie et en climatologie. Nous montrons que le systéme associé est localement bien posé
pour des données Sobolev, voir le Théoréme 1.2.7 et la Sous-section 1.2.4.

Nous étudions le comportement en temps long des solutions dans le canal périodique Q =
T x (0,1), Chapitre 3, incluant la contribution [DGL23| co-écrite avec Anne-Laure Dalibard et
Julien Guillod. Un point central de cette analyse est la monotonicité de ’énergie potentielle,
définie comme suit et dont la décroissance correspond & la dissipation due aux effets de viscosité,

E(t) = / zp(t,x, z) dz dz, iE(t) = —||Vul3..

Cette monotonie suggére, conformément a l'intuition physique de la sédimentation, que le fluide
se réordonne toujours verticalement en une configuration plus stable. Nous tentons d’apporter des
réponses a cette conjecture, et pour ce faire introduisons le réarrangement vertical et monotone
des fonctions sur Q. En particulier, on établit que 1’ensemble w-limite dans la topologie de H !
est, pour toute donnée initiale pg € L*°(2), non-vide et ne contient que des profils de densités
stationnaires, dont on vérifie qu’il s’agit des profils stratifiés, voir la Sous-section 1.3.1 et la
Section 3.6. L’essentiel de ce chapitre est consacré a la démontration de la stabilité de 'équation
de Stokes-transport pour des données po € H®(Q) suffisamment proches de profils linéaires, voir
le Théoréme 1.3.5, et de décrire la formation de couches limites, voir les Théorémes 1.3.6 et
1.3.7, ainsi que la Sous-section 1.3.3. Dans ce cas, nous prouvons que la densité converge vers
le réarrangement vertical monotone. Le résultat de stabilité se base sur des travaux antérieurs
portant sur le comportement asymptotique des solutions de (IPM), voir la Sous-section 1.3.2. Des
difficultés particuliéres apparaissent dans notre cas, a cause de la condition de non-glissement
imposée pour le fluide sur les bords. Cette condition induit des effets de bords, qui posent
des problémes pour l'obtention d’estimations de décroissance des solutions. Ces difficultés sont
surmontées par une analyse précise des dérivées d’ordre faible de ces solutions. De plus, des
propriétés de l'opérateur biharmonique sur 2 pour les conditions de Dirichlet sont données,
avec en particulier une description d’une base de fonctions propres adaptées, qui illustre les
difficultés que posent ce probléme, ainsi que I’apparition des couches limites, voir la Section 3.8.
Nous donnons donc une description fine du profil de densité, impliquant un développement de
type couches limites aux bords, avec une décroissance explicite de leur taille caractéristique.
Par ailleurs, nous adaptons pour (ST) un résultat d’instabilité montré par Kiselev & Yao pour
(IPM), et montrons que tout profil stationnaire est instable pour des perturbations peu réguliéres,
en l'occurence dans H? (£2), voir le Théoréme 1.3.9, la Sous-section 1.3.4 et la Section 3.7.
Notons que ce résultat n’est pas contradictoire avec la stabilité évoquée ci-avant, pour laquelle
les perturbations doivent étre plus réguliéres et suffisamment petites.

Dans le Chapitre 4 nous rendons compte de notre étude numeérique de 1’évolution d’interface
de densité de type graphe, gouvernée par I’équation de Stokes-transport, dans le canal périodique
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Q=T x (0,1). En toute généralité, puisque (ST) est bien posée pour des données initiales py €
L>(Q), il est possible de considérer des patchs de densité, c’est a dire des profils correspondant
4 des indicatrices de sous-domaines de 2. Les solutions associées restent des patchs puisque
la densité est simplement transportée. Pour (ST), un patch dont linterface est de régularité
Héldérienne O+ € (0, 1) préserve cette régularité pour tout temps, voir la Sous-section 1.4.2
a ce sujet. Nous nous concentrons sur les patchs associé a des graphes de fonctionsn : T — (0,1),
modélisant I'interface entre deux fluides non-miscibles, de la forme

p(@,2) = Lzcn()}-

Cette situation est illustrée par la Figure 1.1. Pour une donnée initiale 79, tant que la solution
associée a (ST) est de la forme ci-dessus, le graphe 7 sous-jacent satisfait le systéme suivant

8t77(ta Qf) + ul(tvxan(t7x))8ln(ta Z‘) = UQ(t7x7n(ta Z‘)), pour (taxa Z) € [OaT) X Qa

ol u = (u1,u9) satisfait I’équation de Stokes avec un terme source de la forme ci-dessus. Un
résumé de la contribution de Gancedo, Granero-Belinchon & Salguero, traitant ce probléme
sur T x R, est donné a la Sous-section 1.4.3. Ils ont notamment prouvé que ce probléme est
globalement bien posé pour des données suffisamment proches du graphe plat, dans H*. Nous
présentons également une synthése de résultats associé a des problémes d’interface voisins, no-
tamment le probléme de Muskat. Notre contribution se porte sur quelques remarques théoriques
sur la régularité de I'interface, sur les possibles fonctionnelles de Lyapunov de ce systéme, voir
la Section 4.1, et sur une étude numérique de 1’évolution des graphes d’interface. Nous avons
mis en place un schéma impliquant une méthode Lagrangienne-Eulérienne, consistant a résoudre
I’équation de Stokes gréce a des éléments finis adaptés et a transporter le maillage, incluant une
discrétisation de 'interface, par le champ de vitesse obtenu, voir la Sous-section 4.2.2. De plus,
nous observons quelques propriétés quantitatives et qualitives des interfaces simulées, en com-
parant notamment & la Sous-section 4.2.4 les taux de convergence observés a ceux, théoriques,
obtenus par Gancedo & Granero-Belinchon, ainsi que des effets dis a la présence de bords a la
Sous-section 4.2.5, les possibles fonctionnelles de Lyapunov & la Sous-section 4.2.7, et enfin une
rupture de graphe a la Sous-section 4.2.8.
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Chapter 1

Introduction

Everyone possesses the intuition that heavy fluids sink. Nevertheless, the consequences of this
rather simple principle lead to complex evolutions and behaviours. The Stokes-transport equation
is a reduced system modeling this phenomenon, and illustrating this complexity. We present and
motivate this equation in Section 1.1. In Section 1.2, we list the well-posedness studies around
this equation, including our contributions on the subject, which are developed in Chapter 2.
Section 1.3 is devoted to long-time behaviours for this system, including stability and instability
results, developed in Chapter 3. Section 1.4, associated to Chapter 4, provides an overview of free
interface problems related to the Stokes-transport equation, lists possible theoretical approaches
to tackle this matter, and contains a numerical study of the graph interface evolution.

1.1 The Stokes-transport equation

The Stokes-transport (ST) equation writes

op+u-Vp = 0
-Au+Vp = —pe, (ST)
divue = 0,

where p represents a fluid density or temperature, (u,p) its velocity and pressure fields, and
e, a unitary upward vertical vector. All the unknowns depend on time ¢ > 0 and on a space
variable € ) on some spatial domain 2 which will be specified later. The system must also be
endowed with extra boundary conditions on w, which are specified later on, depending on the
type of spatial domain considered. This partial differential equation is a simplified model of ideal
incompressible, viscous and inhomogeneous fluid. In Subsection 1.1.1, we explain to what extent
(ST) is a reduced model for oceanography. Subsection 1.1.2 is dedicated to works about the
derivation of (ST) from other models. In Subsection 1.1.3, we emphasise about the active scalar
class of equation to which (ST) belongs. We also introduce there the Incompressible Porous
Medium (IPM) equation and Fractional Stokes-transport (FST) equation, belonging to the same
class of equation as (ST) and whose properties and techniques of study are comparable. Most of
the previous works on (ST) were done on Q2 = R3. Our contributions focus on bounded domains
of R? and R?, on the infinite channel R x (0, 1) and the periodic channel T x (0, 1).

1
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1.1.1 Reduced model for oceanography

The Stokes-transport equation is a reduced model for the Boussinesq equation. The Boussinesq
approximation for the incompressible Navier-Stokes equation with inhomogeneous density writes

00w+ (u-V)u) —vAu+Vp = —pge.
op+u-Vp = kKAp
divu = 0,

where p denotes either the density, buoyancy or temperature variation around a constant g, v
the viscosity, x the density or thermal diffusivity, g the gravitational acceleration constant. It
consists in neglecting the density variations in the inhomogeneous Navier-Stokes equation, while
keeping the gravity effect —pge,. Moreover, the density is still assumed to be advected by the
fluid and possibly diffused when x > 0. This system is known to be globally well-posed when at
least one of the two coeflicients v and . The global regularity in the case k = v = 0 remains
unanswered. For an exhaustive review we refer to [Hu+16].

This equation is suitable for modeling the oceanic and atmospheric fluid evolutions. To give
only one example, it is effectively used in global climate models such as the ICON-Earth System
Model [Jun+22], implemented in the German operational forecast prediction. Of course more
exhaustive systems of equations are considered, taking into account the evolution of the density,
temperature, salinity, including thermodynamical state equations, ocean-atmosphere coupling,
in different geometries, and other refinements. The interest of reduced models is to capture
thoroughly enough the behaviour of the initial model, to ease the understanding of the problem
and to reduce the simulation costs when time is an important factor, such as for weather forecast.

Let us return to the Boussinesq approximation. Depending on the parameters ratio, different
regimes can be considered, and this system can be itself approximated by reduced models. In
nondimensional form, the Boussinesq equation can be written as

2 (Ou+ (u-V)u) —Au+Vp = —Rape,
op+u-Vp = Ap (1.1)
divu = 0,

where Pr = v/k and Ra are independent and dimensionless numbers, called after Prandtl and
Rayleigh. The Rayleigh number is the ratio of the diffusion time scale over the advection time
scale. The Prandtl number expresses the ratio between the viscosity and the diffusivity of the
system. Assuming the diffusivity to be negligible and the viscosity effects importants, we formally
consider the asymptotic Pr — oo and omit the self-advection term in (1.1). Neglecting accord-
ingly the diffusion in the transport equation, we obtain (ST). Basically, the Stokes-transport
equation models an inhomogeneous fluid influenced by gravity, with momentum balance between
viscosity, pressure and gravity effects satisfied instantaneously and for all time. In other words it
consist in neglecting the inertia of the system. This asymptotic regime is mentionned in [Doe + 18],
where the long-time behaviour of the Boussinesq equation is studied, as a reduced model of (1.1)
for which the obtention of explicit rates for the long-time behaviour of the solutions might be
eased.

The Stokes-transport equation has also been mathematically derived from a system of particle
sedimenting in a Stokes fluid, and from a Vlasov-Stokes coupling, corresponding to the micro-
scopic formulation of the aforementionned problem. These are reported in Subsection 1.1.2.
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1.1.2 Derivation of the Stokes-transport equation

The works [Hof18a; Mec18] by Hofer and Mecherbet have been central in the development of
this thesis. In these two articles, they mathematically derive the Stokes-transport equation from
a microscopic formulation of sedimenting particles in a fluid. Since the techniques appearing in
the proof have their counterpart in the analysis of the limit system (ST), we sketch the ideas of
the demonstration below. In both works, the authors establish the well-posedness of (ST) in R3,
which is detailed in Section 1.2. Note that Hofer also derived in [H6f18b] the Stokes-transport
equation from a Vlasov—Stokes coupling, which corresponds to the kinetic formulation of the
sedimentation.

Consider N spherical and solid particles of radii R sedimenting in a fluid filling the whole
space R3. For i in [1, N] the particle i is centered at time t at position X;(t) and occupies the
domain B; = B;(X;(t), R). The fluid is assumed to satify for all time the Stokes equation in the
ambiant domain R?\ UY | B;, subject to gravity with constant g > 0 and with constant fluid
density py,

Au+ Vp gpse N
- = —gptez 3 .
{ dvu — 0 on R \LJlB,. (1.2)

with e, the unitary vertical upward vector. For clarity we drop the time dependency of the
quantities. One has to specify boundary conditions on the spheres. The velocity of the fluid is
asked to coincide with the velocity vector V; of the particle i at its contact, and one ignores the
possible rotation of the particle. In other words, the following is satisfied that for all time,

ulos, (t) = Vi(d).

Conversely, the particles are transported by the fluid, and their respective positions X; satisfy
the ordinary differential equation
dX;
dt

The Stokes system also requires an assumption on the value of the velocity at infinity. A
natural and convenient one is to assume that the velocity vanishes at infinity, meaning that the
ambiant fluid is at rest far from the particles system,

-V,

u(x) — 0.
|| =00

The inertialess assumption implies here that the gravity effect of a particle is balanced by the
stress of the ambiant fluid on it, namely

4n
—?Rg’ppgez +/ (D(u) — pIz)ndogp, =0,
oB;

where p,, is the volumic density of a particle, D(u) — pI5 the Stokes stress tensor with D(u) =
Vu + (Vu)T the symmetric gradient of u, n the unitary outward normal vector and osp, the
surfacic measure on B;.

Hofer shows this system is well-posed in the following sense. Consider a sequence of initial
positions (X 271-)§V;1 indexed by ¢ — 0 with N, number of particles and their radii R.. This
sequence has to satisfy three assumptions. The first one is related to the ratio between the
number N, and the minimal distance between two particles at initial time. The second is about
the order of volume fraction of particles N. RS. Both assumptions are necessary to ensure that the
particles remain far away from each other to avoid possible wild solutions to the Stokes equation.
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The third assumption concerns the lengthscale (N.R.)~'/? which determines the prevalence of

the collective effect of the cloud of particles on one particle with respect to the self-interaction
of a particle.

Under these assumptions, a proper rescaling of the mass density of the particles at step ¢,

namely
N

pe(t) :=> 1p,),

i=1

satisfies, from the velocities compatibility assumption, the transport equation
Otpe +u. - Vp. =0 (1.3)

where wu, satisfies (1.2). Hofer proved that the coupling of (1.2) and (1.3) is well-posed and that
p- converges strongly in some suitable weighted L>(R?3) spaces toward some p, satisfying, with
normalised constants here,

Op+ (ce,+u)-Vp = 0
—Au+ Vp = —pe,
dive = 0 (1.4)
u(lz) — 0,
|| =00

with ¢ the celerity of a free falling particle, due to gravity. Notice that considering u’' = u + ce,
would satisfy the same equation with w' — ce, since A(ce,) = 0, and consists in following the
falling cloud of particle at its typical speed. In the following we will generically consider ¢ = 0.

In [Mec18], Mecherbet investigates further this question, including in particular the rotation
of particles, with the torque applied by the fluid to the i*" particle, which must cancel according
to Newton’s law, namely

/ (x — X;) x (D(u) —pl3)n)dogp,.
OB;

Together with the classical Newton dynamics for the particles, it determines the angular and
linear velocities (V;,2;) of a particle, and is posed as the continuity condition of the velocity
between the ambiant fluid and the surface of a particle

uN‘BBi :Vz‘f'ﬂz X (CB—XZ) on 8BZ

Mecherbet also consider smaller minimal distances between particles than in [H6{18a]. Similarily,
she shows that, regarding its scaling, the solution to the system with particles converges toward
the solution of (1.4). In this case p. converges toward p in Wasserstein distance.

1.1.3 Incompressible Porous Medium equation and Fractional Stokes-
transport equation

The Stokes-transport equation belongs to the class of active scalar equations. An active scalar
equation is a transport equation

O f+u-Vf=0,
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where the velocity field is induced by some possibly non-local operator applied to f. Among
such equations, one finds the 2-dimensional Euler system in its vorticity formulation, namely

Ow+u-Vw = 0
w = V&tu,

where the velocity field is recoverd from w thanks to the Biot-Savart law u = V+(—A)~lw by
solving a Poisson problem depending on the kind of spatial domain. This system generalises as

u=V*(-A)w,

for a range of exponents s. The specific case s = 1/2 corresponds to the Surface Quasi-
Geostrophic equation, modelling large-scale fluid motions where the Coriolis force predominates
over inertial forces. In the following, we also refer to the Fractional Stokes-transport (FST)
equation.

In many cases, including the ones above, the operator relating the velocity field and the
transported quantity is non-local. In the whole space, the solution writes as the convolution
with a Green kernel,

u(z) = | G —y)f(y)dy,
R3
and makes obvious the dependency of u regarding the source term w on the whole space. This
explicit expression for w in terms of the advected quantity f is convenient to analyse the system,
as illustrated in the well-posedness proof for (ST) by Mecherbet, further detailed in Subsection
1.2.1.

The Stokes-transport system can be compared to the Incompressible Porous Medium equation
(IPM) and to the Fractional Stokes-transport equation (FST), since they share a similar form.
With normalised physical constants, the (IPM) system writes as follows,

op+u-Vp = 0
u+Vp = —pe,
divu = 0 (IPM)
pli=o = po-

This equation modelizes an incompressible fluid, either in porous media such as sandy ground,
organic tissues or Hele-Shaw cells, a domain between two large plates separated by an infinitesi-
mally small distance. In this situation the fluid satifies for all time Darcy’s law instead of Stokes
equation. We shall compare some of its features with (ST), since some approaches are similar,
with different results. Indeed, the regularisation effect due to the Laplace operator in the Stokes
system induces a smoother velocity field in the transport equation than in the Darcy case, but
generates lower decay rates. This is detailed in Subsection 1.2.3.

In [Cob23], Cobb provides an exhaustive study of the fractional Stokes-transport system
(FST), with a viscosity law given by the fractional Laplacian,

Op+u-Vp = 0
(=A)*2u+Vp = —pe. (FST)
divu = 0.

In the whole space R?%,d > 2, the fractional Laplacian defines thanks to its Fourier symbol, for
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instance on Sobolev functional spaces H*, s > «,
vf e H*(RY),vE e R, Fl(—A)*2[](€) = [€1°FL/1(€)-

In particular « = 0 and a = 2 correspond to (IPM) and (ST) respectivelly. Cobb addresses this
problem for « € [0,d]. The study of this system is meant to reach a better understanding of
the classical cases mentionned above. The existence and uniqueness of solutions is reported and
compared to those of (ST) and (IPM) in Subsection 1.2.3, and summarised in Table 1.5.

1.2 Well-posedness of the Stokes-transport equation

In this Section we provide the background for the well-posedness results regarding (ST) obtained
by the author, covered in Chapter 2. The state of the art at the time of writing this manuscript
is summarised in Subsection 1.2.1, including the author’s contributions. All these regularity
results are synthesised in tables in Subsection 1.2.2; and also compared to the case of (IPM)
and fractional Stokes-transport equation in Subsection 1.2.3. A different equation, named here
hydrostatic Stokes-transport equation is also studied in the present manuscript, and its well-
posedness is discussed in Subsection 1.2.4.

1.2.1 State of the art and contributions

Let us introduce the L? spaces with finite moments.

Definition 1.2.1. Let § > 0 and 1 < g < co. Let us define L%(Q) the space of LY functions
with finite S moment in a given domain Q as the set of measurable maps f : Q@ — R satisfying
either

Iy = [ A+ lellf@l e <o, f1<g<ox,

or
[flleg = supess (L+[2|)|f(x) < oo,  ifq=oc.
xE

Let us denote qu(Q) the set of maps having derivatives of order less than or equal to k in
L%(Q). Observe that L C L for any 0 < o < 3.

The Stokes-transport system in R3 with vanishing velocity at infinity (1.4) (with ¢ = 0) was
shown to be well-posed for regular data by Hofer in [H6f18a, Theorem 9.2], in the sense reported
here.

Theorem 1.2.2 (Hofer ’18). Let pg € Wé’oo(RS) for some B > 2. Then the Stokes-transport
equation (1.4) admits a unique global solution
1,
p € Wi (R LF (R?)).

This problem is addressed by a fixed point argument, using the method of characteristics for
the transport equation and the convolution representation of the Stokes equation solution. This
scheme of proof is also adopted by Mecherbet in [Mec20, Theorem 1.1], with relaxed assumptions
on the initial datum, requiring only integrable and bounded data with finite first moment and
without assumption on the derivatives.
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Theorem 1.2.3 (Mecherbet '20). For any po € L1NL>(R3) the Stokes-transport equation (1.4)
admits a unique and global weak solution in the following class of reqularity

(p,u) € L®(Ry; L' N L™®(R?)) x L= (Ry; WhH nWh>(R?)).

In particular, Mecherbet takes advantage of an interplay between the stability estimates in the
Wasserstein distance formalism for the transport equation, and the convolution representation
of the solution to the Stokes equation. Indeed, on the one hand, two solutions wu;,i = 1,2 of
the Stokes system with associated generic source terms f,; obey, for any compact K C R? the
following estimate

[ur — uallwia(xy) < CxWi(f, fa) (1.5)

Let us report one computation justifying this relation. An optimal transport result such as
[Sanl4, Theorem 1.4] ensures in particular that for maps f, € L' N L*°(R?) with identical
masses and seen as probability measures, there exists a transport map 7 such that one measure
is the image measure of the other, meaning

Vi regular, /Rs o(y)fi(y) dy:/ o(T(y)) F2(y) dy.

R3

In this case, the Wasserstein distance between the measures computes as
Wil f2) = [ 1T~ wlfi(w) dy. (1.6
R
Since the solution to Stokes equation on R3 writes as the convolution of the so-called Oseen

tensor @, defined as
1 I3 TR T
i) =— | =+ —
@ =5 (i + 5o

the difference of solutions to Stokes equation u; with source terms f, expresses as follows, using
the aforementioned transport result

Ve, u(x) - us(w) = / Bz —y)(fr — £2)(y) dy

R3

- /Rs(q’<w —y)— @z~ T(y))f1(y)dy.

Given the shape of the tensor ®, it is possible to bound the right hand-side of the latter by (1.6)
and to obtain estimate (1.5). To obtain a fixed point inequality, one finally requires a stability
estimate on the solutions of the transport equation, measuring the distance between quantities
transported by distinct velocity fields. Schematically, in this case, the distance between two
density profiles p; is bounded by a norm of the difference of the velocity fields, compatible with
(1.5), with a factor B(t) depending on time and such that B(¢t) — 0 as t — 0,

Wi(p1, p2) < B(t)[|ur — usl|. (1.7)

Besides, since the Stokes equation and the transport equation are well-posed for given data,
Mecherbet constructed sequences of velocity fields ™, N € N solving the Stokes-transport for
all time with source terms p™Ve., where these p? where obtained themselves as the solution to
the transport equation for the field «™~1. This sequence is initialised thanks to the initial data
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po- Combining both estimates (1.5) and (1.7) for these sequences provide
Wi(p™ 1, o) () < BOW (N, o) (2), (18)

whence the contraction for ¢ small enough such that 0 < B(t) < 1.

Based on this scheme of proof, combining Stokes and transport estimates in a contraction,
the author proved the well-posedness of (ST) on bounded domains of R¢ for dimension d = 2
and 3, and in the infinite channel R x (0, 1). In this context, the velocity field requires boundary
conditions. We impose the homogeneous Dirichlet boundary conditions u = 0, also called no-slip
boundary conditions. The result states as follows, and the dedicated article is [Leb22].

Theorem 1.2.4 (L. '20). Let Q2 be either a bounded domain of class C? of R? for d = 2,3,
or R x (0,1). For any pg € L (Q) there exists a unique solution (p,u) to the Stokes-transport
equation

op+u-Vp = 0
—Au+Vp = —pe,
dive = 0
ulgo = 0
pli=o = po,

which belongs to
L (R L7(Q) x L= (R WH()).

A major difference between these cases and the whole space R? is that the Green function
associated to the Stokes equation is not explicit in general, and therefore less convenient to
handle than the tensor ®. Therefore, the interplay with the Wasserstein distance is not that
clear. This result has been addressed by replacing estimate (1.6) by the estimate on the Stokes
equation solution, and (1.7) by stability estimates in H~!(Q). Although the statement writes
the same in both the bounded and unbounded cases, the latter requires to deal with functional
spaces of infinite energy such as uniformly local Sobolev spaces. The article [Leb22] is included
in Chapter 2.

Let us sketch its key steps here. As in [Mec20], we consider a Picard scheme and define
sequences (p™V)y and (uV)y solving decoupled Stokes and transport equations. The goal is to
obtain a contraction inequality satisfied by these sequences in the proper functional spaces, to
obtain its convergence and provide a solution candidate. To do so, we combine two inequalities.
Considering u;, p;,© = 1,2 satisfying the Stokes equation, the linearity of the problem ensures
that

lur —w2llmr S oy — p2llg—1-

This inequality replaces (1.5) in our case. The second inequality shall replace the stability
estimate (1.7). Since we do not have explicit Green function to represent the Stokes equation
solution on bounded domains, the method performed by Mecherbet involving the Wasserstein
distance expression (1.6) becomes more complex to implement. Actually, the stability estimate
in the H~! norm for the transport equation is a suitable substitute here, and we can obtain

lp1 — p2llLee (o, mm-1) S T||po|| oo €IV ¥ illz2e ©.7iL20) |4y — || Loo (0,7;H1)-

if p;|t=0 = po is transported by u,;. Applying and combining these two estimates to the sequence
(p™) N yields the following inequality, to compare with (1.8),

N+1

o PNHLOO(O,T;Hfl) S B(T)H/)N - pN_1|‘L°°(O,T;H*1)a
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where B(T) — 0 as T — 0 is linked to the exponential factor above. Up to the choice of a small
enough T' > 0, we get the contraction. In the end, we get that u" converges strongly in some
Sobolev space, and that p” converges weakly in L>. Note that, as in Mecherbet contribution, the
Stokes-transport equation is understood in the weak sense. A couple (p, u) in the aforementioned
class is a weak solution on [0,T),T > 0 if divee = 0 and the following is satisfied for any test
triplet (@, v) € C2([0,T) x Q)*¢ with divw = 0,

| [ rta)astte) + ute) Vet dedi = [ p0.2)00.2)dz, (19
0 Q Q
T
/ Vu(t,z) : Vo(t,x) - v(t,x)dedt = 0.
0 Q

In particular, the weak versus strong convergence mentionned above is sufficient to pass to the
limit in the decoupled problems, providing a solution to the Stokes-transport equation.

In the infinite channel R x (0,1), one can expect solutions to be horizontally periodic, for
instance. For such case, one cannot expect integrability of the data on the whole domain.
Nevertheless, it is possible to consider data belonging to uniformly local spaces. For a classical
Sobolev regularity W™4 with m € N and 1 < ¢ < oo, the associated uniformly local Sobolev
space W' 1(Q) is defined as the subspace of W/">?(Q) of maps f such that

uloc loc

sup || fllwm.a((kk+1)x (0,1)) < 00-
keZ

Basically, this norm measures the map variations in each segment (k, k4 1) x (0,1), and requires
this regularity to be uniformly bounded with respect to k. This constraint allows data with
infinite energy, such as horizontally periodic (non-trivial) maps, and to transpose results valid
in bounded domains to this unbounded case, such as functional spaces compact embeddings and
Poincaré inequality. The method here consists in using the well-posedness of the Stokes problem
on bounded domains of the form (—n,n) x (0,1) with n € N. Then, we obtain a solution
on R x (0,1) as a limit, by compactness and diagonal extraction arguments on (n,k). These
considerations provide in the end Wfl’gc solutions to the Stokes problem, which is embbeded in
W12 and the characteristics method applies for the transport part. Once the well-posedness is
obtained in this channel, the case of the periodic strip T x (0,1) stems as a corollary. This later
is extensively considered in our work, as it has a simple geometry, is compact and physically
relevant as motivated in Chapter 3.
The Stokes-transport equation is also well-posed for Sobolev data.

Theorem 1.2.5 (L. ’23). Let Q be either T x (0,1) or a simply connected compact subdomain
of R%,d=2,3. Let m > 3,pyp € H™(Q) (and assume that Q has reqularity C™+2). The Stokes-
transport equation endowed with homogeneous Dirichlet boundary conditions uw = 0 on 0X) has a
unique global solution in the following class of reqularity

(pu) € C(Rys H™(Q)) x C(Ry; H™ ().

Moreover, the solution obeys the following energy estimate

IOz < lpollzzm exp (c [ v + 196(6) 1) ds) . (1.10)

The complete demonstration of this result can be found in Section 2.6. Formally, the en-
ergy estimate (1.10) shows that the Sobolev regularity is preserved as long as p and u remain
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Lipschitz. Since H™ is embbeded in L* for m > 2 in dimension 2, and from the uniform in
time boundedness of the solution ensured by Theorem 1.2.4 for weak solutions,the Lipschitz reg-
ularity of w is ensured. This estimate is also instrumental to obtain existence of solutions by a
compacness argument. Uniqueness comes from the ulterior result for L>° data in [Leb22].

In [HS21, Proposition 2.6] Hofer and Schubert relax the regularity assumption on the initial
density and show that for any py € P N L (R3), where P(R?) denotes the space of probability
densities, there exists a unique solution (p,u) € L= (R4 ;PN L>®(R?)) x L>®(R.y; W24(R3)) for
any 3 < ¢ < oo.

This latter result has been refined by Mecherbet & Sueur in [MS22, Theorem 2.1], where
the authors show in particular that for any ¢ > 3, for any py € P N L4(R3) the (ST) system is
globally well-posed with solution satisfying (for ¢ > 3) the following

(p,u) € L NC(R4; PN LYR3)) x L NC(Ry; WHI(R?)).

The proof relies on the techniques introduced in [Mec20]. The critical case ¢ = 3 is even more
subtle and requires to deal with the log-Lipschitz character of the velocity field, see [MS22,
Remark 2.1] for further details. This paper also addresses the analycity of the flow map and
controllability aspects which are out of the scope of the present manuscript.

A natural question is whether or not the the L9 g > 1 assumption can be lightened, and
especially if measure initial data can be considered. Inversi showed in [Inv23] that solutions exist
for pg € L'(R3) only, in the Lagrangian sense. This notion of solution relies on the definition of
a Lagrangian flow for a divergence-free velocity field w € L ([0,T] x R?). We call such a flow
the Borel map X, when it exists, satisfying in particular for all s,t¢ € [0,T] that x — X (¢; s, x)
is measure preserving and for almost every & € R2,

t
X(t;s,x) == +/ u(r, X (158,2))dr.

A map p € L>=([0,T); L*(R?)) is called Lagrangian solution if it satisfies for all time ¢ € [0, 77,
p(t, X (t;0,2)) = po(x) a.e. x € R3.

In the end, Inversi states in [Inv23, Theorem 2.2] that given any py € L'(R3), there exists
a Lagrangian solution p € L (Ry;L'(R?)) to (ST). Inversi also details the links between
the Lagrangian and weak (also called distributional) type of solutions. In particular, if py €
L' N LY(R?3) for ¢ > 6/5 and if an associated solution p satisfies an extra assumption we do not
mention here, then it is a solution in the weak sense as in (1.9).

The author refined the proof of Theorem 1.2.5 and showed that the problem is actually well-
posed for data in L(Q) for ¢ large enough, and that existence still holds for even more Lebesgue

exponents.

Theorem 1.2.6 (L. '23). Let Q be either T x (0,1) or simply connected compact subdomain of
R?,d = 2,3 reqular enough. Let q € (d,00). For any po € LI(Q) the (ST) equation has a unique
weak solution (p,w) in the class

L (R L(9)) x L (R W2(9).
FExistence still holds for ¢ > 2d/(d + 2).

Note that in dimension d = 2, the existence holds for any ¢ > 1. In [MS22], Mecherbet &
Sueur wonder if, in dimension 3, their L? g > 3 regularity result adapts in bounded domains,
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which is the case. The criterion ¢ > 2d/(d + 2), equal to 6/5 for d = 3, is also consistent with
the results of Inversi regarding the distributional solutions for ¢ > 6/5. This is the minimum
regularity in order to ensure the good definition of the integrals in (1.9).

In |Gra22|, Grayer II shows that (ST) is well-posed in R? for initial data in L' N L% (R?) that
are compactly supported. This latter assumption is required to come around the Green function
G associated to the Stokes equation in dimension 2, since it increases logarithmically as

|Gz —y)| S 1+ |In|z -yl

Hence since u given as the convolution G * (pe.) is not well-defined a priori for general maps
p € LY(R?). To circumvent this obstacle, Grayer II considers initial data that are not only
L'NL>(R?) but also compactly supported. Its analysis relies on a Yudovich-like approach, with
Calderéon-Zygmund type results on Green kernels.

During the very last days of the writing of this thesis, Grayer II kindly brought the paper
[AYMOO] to the author’s attention. This paper seems to have remained unknown to all the
aforementioned references, until recently. This might be explained by the different terminologies
used to designate (ST). In this paper published in 2000, Antontsev et al. studied (ST) on C?
bounded domains in R¢ for d > 2. They focused on piecewise constant density profiles, with
two values, modeling two immiscible fluids. In particular, they proved that if the interface X
between these two fluids is initially C?, then the interface remains C1# for any p € (0,1) and
for all time, see Subsection 1.4.2 on this topic. In the mean time, they established the global
well-posedness of (ST) for piecewise constant data, relying on a fixed point argument, proving
the existence of solution for smooth data and then using compactness to show the result for low
regular data. Some of the ingredients, in particular regarding the existence of solutions, are the
same than in the proof of Theorem 1.2.4. They moreover detailed the regularity of the solution,
with, for arbitrary ¢ > d and p=1—d/q,

u € LRy W29(Q)) N L (Ry; CH(Q)) N COH (R4 CH(9))

and for any T > 0,
p € L>(0,T; BV(Q))NBV((0,T) x Q).

The Héder regularity of u is actually a direct consequence of u € W?24(Q) and Morrey’s inequal-
ity, see Subsection 1.4.2. The bounded variations regularity of p means that Vp and 0;p remain
measures for all time. The main difference with [Leb22] are the followings. We prove the global
well-posedness of (ST) for any L™ data, we use a thorougher stability estimate in H~! and we
extend the result to the unbounded channel R x (0, 1).

1.2.2 Overview

The aforementionned well-posedness results on the Stokes-transport equation are synthesised in
the following tables. Table 1.1 is dedicated to the results in the whole space R3, since most
of the other domain cases present coherent with it. Table 1.2 gathers the results for other
domains, especially bounded and 2-dimensional cases, including all the author contributions.
The characteristics (char.) of the solutions are specified, in particular existence (3), uniqueness
(!) and global existence (gl.). We note Q2 € R? when € is a compact subdomain of R¢. Functional
spaces are essentially defined throughout Subsection 1.2.1.



12 CHAPTER 1. Introduction

Reference po datum char. Z regularity
o L>*R L°°)
()2‘ 1700 ' +’
[Hof18al Wg™,8>2 digl LR Wl =)
00 1 00
[Mec18] Lin L 3! gl. L ER+’§/HL M)/Loo)
o R )
‘ [e%) | ( +a
[HS21] PNL 3! gl. Lo(R,: W24), Vg € (3,00)

LOO(R+ PN LY
L*(Ry; W21)), (¢>3)
L>®(R; LY), (Lagrangian)
Lig Ry Wh + W), vg € [1,3/2)

[MS22 PnNnLiqg>3 3gl

[Inv23] Lt J gl

Table 1.1: Synthesis of well-posedness results for (ST) in R3.

Reference Domain po datum char. Z regularity
[Leb22] Qe RI=23 L 3 gl. ﬁigﬁj ﬁfoj,)oo)

L.Chap 2 Q€ R=23 L%q>d 3l gl. ﬁigﬁj 5;2,00)

L.Chap2 QeR¥*™23 [9d>qg>2d/(d+2) Fgl é:gg:ﬁjz 9)
[Leb22]  Rox (0,1) L= 3! gl. ﬁigﬁj ﬁ/oi)oo)

L. Chap2 QT x (0,1) H* k>3 31 gl. gggi gklg)
[Gra22] R’ L' L gg. LR NL)

L®(Ry; C),Vu € (0,1)

Table 1.2: Synthesis of well-posedness results for (ST) in bounded and 2d domains.

1.2.3 Comparison between (ST), (IPM) and (FST)

The Incompressible Porous Medium (IPM) equation is introduced in Subsection 1.1.3. We pro-
vide here a concise summary of its known well- and ill-posedness results, compiled in Table 1.3.
We compare these features to those of (ST) in the synthetic Table 1.4. In addition, we com-
plete this study by citing the work of [Cob23] about the fractional Stokes-transport equation,
generalising both (IPM) and (ST), also introduced in Subsection 1.1.3.

The (IPM) equation is locally well-posed in R? for Sobolev data, see [CGO07]. Their results
rely on a reformulation of the problem, in particular by using Green kernel representations of the
stream function and the velocity field. Indeed, considering the rotational of the Darcy equation,
and since u = V14 for some stream function 1 by divergence-free condtion, one gets

A = —0pp.
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In R?, the convolution representation of the solution writes

1
vltiw) =5 [ lz - yloup(t.y)dy.
™ JR2

Considering the perpendicular gradient of the latter expression, a kernel representation stems
for the velocity field, and provides a convenient mapping to apply a Picard theorem argument,
leading to the local well-posedness of the problem.

Lack of uniqueness has been proved for this equation. In [CFG11, Theorem 5.2], Cordoba,
Faraco and Gancedo showed that (IPM) with initial datum pg = 0 admits, for every 7' > 0
infinitely many non-trivial weak solutions in L>°(0, T’; L°*(T?)). Their demonstrations involves
De Lellis—Székelyhidi convex integration approach to construct multiple solutions. In their case,
the constructed solutions satisfy moreover the following growth, comparable to some other long-
time behaviour results discussed in Section 1.3.

Vs >0,  limsup|p(t)| e = oo.
t—o0

In [Szé12, Theorem 1.1], Székelyhidi showed a similar result with initial data of the form

. 2 _ +1 2>0
((E,Z)G( ]-al) ) pO(va)_{ -1 z<o.

However global well-posedness for general regular data remains to this day an open question,
some results have been obtained for specific initial profiles. For stationary profiles proportional
to the depth of the domain, typically as the following

O(z,z) = —=z,

it has been shown that the (IPM) equation admits global solutions for initial small Sobolev
perturbations. This result has been first obtained in [Elgl7] and refined in [CCL19a]. The
methods and mechanisms at play here are introduced in Section 1.3 and detailed in Chapter 3,
since it concerns the asymptotic behaviour of the system.

The aforementionned results are compiled in the Table 1.3. In addition to the characteristics
introduced for Figure 1.1 and 1.2, we emphasise on lack of uniqueness (/) and local existence
(loc.). The space X™(Q) C H™(2), motivated by Theorem 1.3.4, defines as

X™(Q)={0ec H™(Q) : 02"0|pq = 0,0 <n < (m —1)/2}.

Reference Domain po datum char. p regularity

[CGOO0T] R? Sobolev dl'loc.  Sobolev
[CFG11] T2 0 3 floc. L. (Ry; L™)
[Sze12] (—1,1)2 +lii.50) 3 floc. L (Ry;L™)
[Elgl7] R?, T? [po —Ollgm <e,m>20 3Ilgl.  LR,;H)

Table 1.3: Synthesis of well-posedness for (IPM) equation.

The a priori estimate for the (IPM) system writes just as (1.10). One key difference with
the Stokes-transport system lies in the regularisation of the velocity with respect to the density.
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For Darcy equation, u has basically the same regularity as p, whereas Stokes equation provides
elliptic regularisation implying in particular ||[Vu|re < ||p||Lee. In this latter case, a bounded
density ensures a Lipschitz velocity field favorable to the transport, which is not the case in

(IPM).

L> datum H™ datum | H™, O pert.
(IPM) (ST) | (IPM) (ST) (IPM)
Existence v Vv v Vv Vv
Uniqueness X Vv vV N4 V
Global /) Vv ? v Vv

Table 1.4: Compared known well-posedness results of (IPM) and (ST) equation, overview

Regarding the fractional Stokes-transport equation, Cobb provided in [Cob23] an exhaustive
study of the its well-posedness, providing sufficient conditions for existence, uniqueness and
globality of solutions. Its study occur in the whole space R? for d > 2. Its results are consistents
with what we know about (IPM) and (ST), and the date regularity are optimized. We synthesise
its main results in Table 1.5.

[Cob23, Theorem)] «@ po € L9 NnX char. p regularity
1.1 (0,d) qE(Hz,Z) gl L®(Ry;L9)
1.3 [0,d) g€ (l,d/a) B3 ,,s>1—« Alloc. L*>(0,T;LYN B2 )
1.5 (1,d) ¢=d/(a—1) L r e (1,d/a) gl LXRy;LINLY)
1.6 [1,d] q=d/a BolﬂBrl,r: —4 gl LRy LINX)

Table 1.5: Synthesis of Cobb well-posedness results of F(ST) in R, d > 2 from [Coh23]

The regularity of p is dictated by the fractional Stokes equation associated Green kernel,
which has a certain decay at infinity and a singularity at the origin. These two features require
p to belong to several L? spaces or subspaces noted L9 N X in Table 1.5. It was the motive for
the assumption p € L' N L in [Hof18a; Mec18]. Moreover, uniqueness of the solution stems for
Lipschitz velocity fields, which property is eventually ensured up to more regularity constraint on
p. Nethertheless, log-Lipschitz velocity can be dealt with, as in [MS22]. The local well-posedness
[Cob23, Theorem 1.3] is consistent with the local well-posedness of (IPM) when a = 0, with
no Sobolev assumption required on the initial data, here. The global well-posedness result from
[MS22] for data po € L' N LY(R3?),q > 3, addressed with different techniques, coresponds to a
critical case that [Cob23, Theorem 1.5] does not cover, with same Lebesgue exponents. [Cob23,
Theorem 1.6] does circumvent it, including the Stokes-transport case @ = d. These results
confirm the intuition that the larger « is, the better the problem is posed. Cobb also captures
some optimal assumptions on the functional data spaces, with in particular some Besov regularity.
Note that another constraint comes from the non-linearity w-Vp, which requires pu to be at least
integrable in space to satisfy the weak formulation (1.9) of the equation. Regarding these distinct
requirements, assuming data in L' only is never enough to obtain the weak well-posedness of the
problem, and requires another notion of solution, which is dealt in [Inv23].

1.2.4 Hydrostatic Stokes-transport equation

When modeling an ocean motion, it is common to proceed to the hydrostatic approrimation,
consisting in neglection the vertical acceleration of the fluid, inducing the hydrostatic balance
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between the pressure and the density
dp
dz
More precise formal derivations are detailed in [Ped13] for instance. This approximation is called
hydrostatic in reference to the case of a fluid at rest, with velocity w = 0, where only the pressure
gradient and the external forcing remain. In the present case where the external force correspond
to the gravity effect, it provides indeed

—p.

Vp = —pe..

This equation also allows us to identify the stationary states of the system, see Subsection 3.6.2.

This approximation is made for a wide class of problems generically called Primitive equa-
tions, modelling the ocean in various regimes, with different effects and forcings. These are
paramount for weather and climate prediction. Some seminal works on these equations are
[LTW92a; LTWO92b], where the authors initiated a program in view of studying different approx-
imations and formulations including the temperature and salinity of the ocean, in addition to
the velocity, pressure and density. In works such as [Zia95; HTZ02| obtain the well-posedness
of Stokes type problems related to these primitive equations. Cao and Titi proved the global
well-posedness of various viscous primitive equations such as in [CT07] where the system includes
Coriolis forcing, anisotropic viscosity and temperature diffusivity. We also mention recent works
on this topic such as [Kor21; KT23], where Korn (resp. Korn & Titi) prove the global well-
posedness of some ocean primitive equations. The models involved are actually used to make
weather forecasts or simulate ocean circulation on the globe, are based on hydrostatic Boussinesq
equations, supplemented with more physical variable, such as salinity and temperature evolution,
and closed with some specific equation of state.

For simplicity we consider this equation in the periodic strip 2 = T x (0,1). One major
advantage of the hydrostatic approximation is to easily compute the pressure, since it simply
requires to integrate the density vertically and to use a pressure of reference py = po(z) on one
of the boundaries, generically

p(z, %) = pola) - / @) dc.

This computation is less expensive than solving the nonlocal equation satisfied by the pressure
in general, such as

Ap = —0:p,
in our case, obtained as the divergence of the Stokes equation.

The counterpart of this assumption lies in a loss of regularity regarding the velocity. Indeed,
since the approximation consists in omitting some vertical velocity term in the considered system,
one computes it by integrating the incompressible condition, up to some boundary assumption

us(x,2) = —/Z Ozuy (0, ¢) dC.
0

Whence a priori the vertical velocity us possesses one order less of derivation than the horizontal
one up. In the case of the Stokes equation, we consider the system

—Aul + 8110 = 0
0.p
divu

[
S
©
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with no-slip boundary condition and a zero average on €2 assumption on u, detailed in Subsection
2.7.1,
u2|aQ = 0, 8ZU1|8Q = O7 <u1>Q =0. (1.11)

In this particular case, we obtain that the velocity field has essentially the same regularity as the
density field
lwllzm < llollam,

which contrasts with the regularisation effect of the original Stokes equation where in general

lwllgmee S ol

This is an obstacle to establish the global well-posedness of the associated hydrostatic Stokes-
transport equation that we define as

Op+u-Vp = 0
—Auyr+09d,p = 0
1.12
bp = —p (1.12)
divu = 0.

completed with conditions (1.11). Nevertheless, we obtained the local well-posedness of this
system for regular enough data, stated here on the periodic strip Q2 = T x (0, 1).

Theorem 1.2.7. Let m > 3. For any po € H™(Q) there exists a time T(||pollgs) > 0 such that
the hydrostatic Stokes-transport system (1.12) is locally well-posed, with solution

(pou) € C(0,T5 H™(Q)) x C(0,T; H™ (%)),

obeying moreover
lloolrm

vt e [0,T), )| gm < —IE20H
0.T). IOl < =

1.3 Long-time behaviour for the Stokes-transport equation

Since the Stokes-transport is globally well-posed in the frameworks presented in Section 1.2, we
can wonder about the long-time behaviour of its solutions. As this equation involves density, it
is relevant to consider its potential energy,

E(t) = /Q zp(t).

The natural energy estimates for the Stokes equation and the transport equation once combined
for the Stokes-transport system provide the following energy balance, for any ¢ > 0,

d

3 B®) = = [Vu@®)z-- (1.13)
This observation already tells us that the potential energy is decreasing, that the evolution of the
system is monotonous and that the fluid rearranges itself. Natural questions may arise. Does the
solution converges for large time? If so, can we identify the limit state? What are the stationary
profiles of the system? If the convergence occurs, what is the decay rate? We partially answer
these questions in Chapter 3. In Subsection 1.3.1 we establish long-time properties of the Stokes-
transport equation solution for generic data in L*°. In particular, we discuss the conjecture that
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the solution always reorders itself vertically, and we use some rearrangement theory. Subsection
1.3.2 gathers the previous long-time behaviour studies for the Incompressible Porous Medium
equation. These works have been fundamental for our contribution on the asymptotic behaviour
of the Stokes-transport equation in a channel [DGL23]. In this latter article, we consider a class
of stable initial data in Sobolev spaces for which we obtained explicit convergence rates and a
description of the asymptotic state, as the vertical rearrangement of the initial data. We also
provide a description of boundary layers formation occurring due to the boundary conditions
imposed on the fluid. These works are introduced in Subsection 1.3.3. Besides, we extend a
method developed by Kiselev & Yao in [KY23] about (IPM), showing that all stationary density
profiles are unstable for low regularity perturbations, for the Stokes-transport equation. The main
difference with this previous work is that we know that (ST) is globally, and the solution grows
with rates distinct from the ones obtained for (IPM). Finally, Subsection 1.3.5 contains a selection
of long-time behaviour results for the Boussinesq equation, for initial data near stratified density
and zero velocity field stationary solutions. We compare these results with the ones obtained for
the Stokes-transport system.

1.3.1 General considerations and rearrangement

The stationary profiles for the Stokes-transport equation are exactly the stratified functions,
i.e. the functions depending only on the vertical coordinate. This is shown thanks to the mono-
tonicity of the potential energy given by (1.13). The physical intuition suggests that the fluid
should sedimentate and reorder in a monotonous way, where density should be increasing with
the depth. We recall and adapt the notion of function rearrangement, and define the wvertical
rearrangement in the periodic channel Q@ = T x (0,1). For general data py € L>(2), we es-
tablished that its w-set in the H~! topology, i.e.the set of accumulation points of the density
trajectory, is never empty, and can only contain stationary solutions of the problem. We also
obtained that the density indeed converges in H~! toward the vertical rearrangement pj; of its
initial datum pp if and only if the potential energy converges toward the potential energy of pj.
Besides, the energy balance (1.13) implies that u € L?(R4; H'(Q2)). We compare this regularity
to some natural sufficient condition ensuring the strong convergence of the transport equation
solution in L2. We will see that this latter condition is satisfied for data close enough to the
hydrostatic profile ©(z) = 1 — z, in Subsection 1.3.3, and that we can prove that the solution
indeed converges toward the rearrangement in this case.

1.3.2 Previous works about the stability for the (IPM) equation

An overview of the Incompressible Porous Medium equation well-posedness and some compar-
isons with the Stokes-transport and Fractional Stokes-transport are given in Subsection 1.2.3.
In particular, it is not known to this date whether the (IPM) equation is globally well-posed
in time, even for regular initial data. For Sobolev data, for instance, only local well-posedness
results are available, see [CGOO0T].

In [Elgl7; CCL19al, Elgindi and Castro, Cordoba & Lear prove existence of global solu-
tions for the Incompressible Porous Medium equation for specific initial data. They consider
perturbations of the following affine stationary solution of the form

O(z)=1-=z

This profile is stratified, in the sense that it depends only on the vertical coordinate. It is also
monotonous, increasing with the depth. Intuitively, we expect such a density distribution to be
stable in a system modelling sedimentation. This is proven in the aforementioned works. Let
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us define € as the difference between the density p and the background profile ©, such that it
splits as p = © + 0. We will call 8 the "perturbation" of the stationary profile ©. Plugging this
decomposition in the transport equation and given an initial perturbation 6y, we obtain that 6
satisfies the following

8t9+’U,'v9:’LL2, 0|t:0 :90, (114)

where u = (u1,ug). We report here the stability results obtained by Elgindi, referenced as [Elg17,
Theorems 1.3 and 1.4], and a refinement obtain by Ma in [Ma23, Theorem 1.1]. All the notations
are unified in order to ease the results comparison.

Theorem 1.3.1 (Elgindi '18). Let us consider the domain R?. There exists ¢9 > 0 such that
for any initial data pg = © + Oy satisfying

00llwar + [|0olls <&,

for 0 < e < eg and s > 20, the solution to (IPM) exists globally and obeys for all t > 0 the
following estimates

S < €
0@ e S 70 MmOl $ e Nwe@®llae S 577

Theorem 1.3.2 (Ma '23). Let s > 0 large enough and 6 € H*NW " (R?). There exists €9 > 0
such that if ||0o]|m= + ||0ollwr1 < e < e then the solution to (IPM) exists globally and obeys the
following estimates

9 € €
0O~ < g @Ol £ 50 Te@llw~ < g

t

Theorem 1.3.3 (Elgindi '18). Let us consider the domain T?. There exists g > 0 such that for
any initial data pg = © + 6y satisfying

0ol = <,

for 0 < e < gy and s > 20, the solution to (IPM) exists globally and obeys for all t > 0 the
following estimates

9
[0@) a0 <22, Jlu®lle S 575

Note that these results prove that the solutions exist globally in time for such initial data.
In R?, Theorem 1.3.1 means that the background profile © is asymptotically stable, in the
sense that p(t) converges toward ©. This latter convergence occur in Hy (R?), since © is not
integrable on the whole space. Nevertheless, the initial perturbation #y belongs to H*(R?) for
some s > 20, this regularity is propagated in time, and @ decays in H3(R?) with explicit rate. In
T2, the conclusion of the Theorem 1.3.3 is slightly different. The whole perturbation, initially
small, remains small for all time, so © is stable in the sense that the solution remains in its
vicinity forever. Moreover, the velocity field belongs to L!(R; H3(T?)) which ensures that the
perturbation 6 converges, see Proposition 3.6.7. Since the pure transport preserves the level sets
measures of p when wu is divergence-free, the distribution function of p is constant with respect to
time. Hence if py has a different distribution function than ©, it is not possible for p to converge
toward O, even in Lebesgue spaces.

Another similar stability result has been obtained in [CCL19a, Theorem 5.1], in a periodic
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channel (renormalised here) Q = T x (0, 1). Let us introduce the decomposition 6 = §+ ¢’ where

0(z) : 1 /TG(z’,z) da’, 0 :=0(x,z) —0(2).

T o

The term 6 is the horizontal average of #. Note that @’ has zero horizontal average for any
z € (0,1). Since we expect the density to rearrange in a stratified state, the limit should depend
only on z, and therefore #’, capturing all the horizontal dependency of 8, should decay. Projecting
equation (1.14) provide an evolution equation for #’ and §. These are formalised in the following
result, with explicit decay rates. In particular the following holds for s > 10 and a convenient
choice of . This makes a difference with the initial data smallness assumption in H?" required
by Elgindi.

Theorem 1.3.4 (Castro, Cordoba & Lear ’19). Let us consider the domain Q = T x (0,1).
There exists eg > 0 and v > 4 such that for any initial data pg = © + 0y satisfying

60|z < e, 02"0ploa =0, 0<n<(s—1)/2, (1.15)

where 0 < & < g9 and s > 5+ v, the solution to (IPM) exists globally and obeys the following

estimates c ~
6(t)

o'(t S ———=
10Ol <

|Hs § 2e.

The convergence of the density p(t) = © + 0(t) + ¢’(t) is a consequence related to the inte-
grability in time of u, as above. Therefore, it is enough to control #’ to bound u, since stratified
source terms do not contribute to the Darcy equation solutions,

lwll s < 016025

Since the parameter v and the Sobolev exponent s can be arbitrary large here, the decay can be
arbitrary quick, provided the initial datum has a small H* norm. The same conclusion holds in
for the cases handled by Elgindi, althought it does not explicitly appear in these statement.

The Theorem 1.3.4 has the same structure as Theorems 1.3.1 and 1.3.3. Assume the initial
perturbation 6y small in some high order Sobolev spaces, then the perturbation remains small
and the density p converges toward some asymptotic state in lower order Sobolev spaces. In
the periodic strip, Castro, Cérdoba & Lear also assumed their data to have vanishing normal
derivatives on the boundaries, which somehow imitates the periodic case T2. In the following
Subsection 1.3.3, Dalibard, Guillod & the author obtained a similar stability result as Theorem
1.3.4 for the Stokes-transport equation, in [DGL23]. When replacing Darcy equation by Stokes
equation, one extra boundary condition is required on the velocity, and we explain further why
this condition choice impacts greatly the analysis. In particular, it it not possible anymore to
obtain arbitrary large decays, due to some obstacle to the establishment of energy estimates
at arbitrary order. This is a counterpart to getting rid of the vanishing derivatives conditions
(1.15).

We sketch the main ideas of the above theorems proofs here, as they share the same core.
This main scheme is updated to establish a similar result for the Stokes-transport equation in
[DGL23].
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Essence of the stability proofs for (IPM) The background state © induces a stabilising
mechanism. Indeed, the energy balance in L? on 6 writes

1d
LT :/uge:fnwn? 7
24T L

where the nonlinear advection term does not contribute since u is divergence-free, and the latter
equality arises by combining transport and Darcy equation estimates, just as in the potential
energy balance (1.13). The calculations for (ST) are detailed in Subsection 3.6.2. Actually, the
potential energy appears explicitly here, since

10172 = o= ©lZ> = llplli- =2 [ (1= 2)p+ O]
Q

Because ||p(t)||L2,[|©|z2 and [, p(t) are constants, which is a major difference with |||, we

have exactly
1d d

2dt dt
Computing thoroughly the energy estimates for higher order Sobolev norms (see [CCL19a, The-
orem 5.2]) leads to inequalities of the form

1017 = — E(t).

d
31017 S IVl 017m — (1= CllOl ) el

Note that this estimate is valid for arbitrary large m thanks to the data vanishing normal
derivatives, cancelling all boundary integrals when performing integrations by parts. We can
read in this estimate that if | Vusg| L~ is integrable in time, and if ||6|| = is small enough, then
I10|| z= remain small, by a Gronwall argument. To obtain decay rates and the convergence of
the solution toward a stratified state, one splits the modified transport equation (1.14) into two
equations on 6 and @ respectivelly. The estimates on #’ stem,

d ; 2
10 llee S =(1 = Cl0-0]l 12 1] 2
Once again, if 6 is small enough in some appropriate Sobolev spaces, then so is 0, and ||| is
decreasing. To obtain algebraic decay rates, we need to relate the norms of w and 6’. A priori,u
is controlled by ¢’, either for the Darcy equation or the Stokes equation, so without specifying
the functional spaces, we have in general

laell < 116°]]- (1.16)

Here we need the inequality in the other way. To do so, Castro, Coérdoba & Lear establish
some interpolation inequality, using the Fourier decomposition of the functions and relying once
again on the vanishing normal derivatives as in (1.15). In the course of their demonstration, this
interpolation estimate takes the form

16" ()12 ) [CAGIE
(102 S llu®)llz: + (14 t)a+a)/2” (1.17)

Here w partially controls §’ in L?, as a reciprocal of (1.16). The weight involves in this inequality
depends here on time, and we see that higher the Sobolev regularity, higher the decay in the
right hand-side. Combining the latter estimates, and applying a Gronwall lemma, we eventually
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get

0| 100 (0.4 T
||0I(t)||L2 < || ||L (0,t;H™)

S agpen (1.18)

Such estimates also hold for the H® norm of ¢ instead of L?. Up to prove the smallness of ¢’
in H*(Q) for all time, we get a decay estimate on €. Since « is arbitrary, one choses it so that
the quantities of interest are integrable in time, ensuring the convergence of the solution. A
bootstrap argument is performed to prove that all the aforementioned assumptions are satisfied
at the same time.

1.3.3 Contribution: Stability for the Stokes-transport system in a
channel

In this subsection we consider the spatial domain Q = T X (0, 1) and positive densities, without
loss of generality. We obtained the stability of the stationary profile ©(z) = 1 — z for small
perturbations in Sobolev spaces.

Theorem 1.3.5 (Dalibard, Guillod & L. 23). Let 6y € HY(Q) such that Oyloa = Onboloa = 0,
0200|090 = 0, and set pg = © + 0. There exists €9 > 0 such that if ||0o|| ;e < € < g the solution
of the Stokes-transport equation with no-slip boundary condition and initial datum py satifies

020" (t)ll2 < %th 020" )l S &, 10@)l|zs S, VE>0. (1.19)

Moreover, the density converges in H™ for m < 4 toward the vertical rearrangement of po:

(oo}
Poc(2) 1=/ Lo<z<{po>a}) dA-
0

We only required the initial perturbation 8y to have its trace and its first normal derivative
trace vanishing, so that © and pg share the same boundary conditions. For a linearised version of
the system, that this condition can be lifted, and give rise to boundary layers that are described
in Theorem 1.3.6. In the nonlinear setting, we provide a more complete description of the solution
involving these boundary conditions, see Theorem 1.3.7.

We provide the outlines of the proof of Theorem 1.3.5, based on the sketch for (IPM) reported
hereabove, and we emphasise on the differences induced by the boundary condition choice on
u for the Stokes-transport equation. Even though the outlines of the proof are the same for
[Elg17; CCL19a; DGL23], the framework and tools are different. In [Elg17], Elgindi relies on
the Fourier analysis on the full space R? and Fourier series on the torus T2, in particular to
obtain interpolation estimates. In [CCL19a], Castro, Cordoba & Lear adapt the Fourier basis to
the periodic channel. In both cases, the boundaries are either non-existent or do not raise any
obstacle. In [DGL23], due to the second order operator in the Stokes equation and the Dirichlet
boundary conditions, the boundaries cannot be neglected anymore, and the Fourier approach
does not fit. Note that we have identified a basis adapted to our problem in Subsection 3.8,
whose features illustrate the difficulties raised by the boundaries. In particular, energy estimates
for arbitrary orders such as (1.18) inducing arbitrary algebraic decay rates for (IPM) solutions,
as pointed out rightafter Theorem 1.3.4, does not hold anymore because of the boundaries and
the Dirichlet boundary condition.

Specificities induced by the Dirichlet condition for (ST) We focus here on the main
differences and limitations induced by the homogeneous Dirichlet boundary condition u|sq = 0.
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Let us assume the slip boundary condition on w, namely
u-n=0, Jpu=0, on .

If one assumed the initial datum 6y to satisfy a null normal derivatives trace condition as (1.15),
this property would be transfered to 0 for all time. Therefore, all the above computations can
be performed in the same way, up to some powers adjustments, the integrations by parts do not
induce any boundary integral, and the interpolation estimate (1.17) does adapt. In the end the
same proof as [CCL19a] would provide a similar result for (ST).

With the Dirichlet boundary condition, no such null trace can be propagated, except the first
two ones
=0, 0,0=0, on 0.

Therefore it is only possible to rely on the energy estimates such as (1.18) for low derivative
orders, and to hope having a sufficient decay on [|§’|| 2 to ensure convergence of the whole
solution. In this case, the above approach provides

0200 || 74

0 < Webolle. 1.20

6] 5 P00 (1.20)
Note that an interplay between horizontal derivatives and the isotropic regularity occurs due to
the underlying operator, appearing in the linearised system,

00" = uo, —Au+Vp=—Fe,. (1.21)

At this point, it is convenient to express the velocity w in term of its stream function v, satisfying
u = V14, and the Stokes equation with Dirichlet boundary conditions rewrites

A%p = 0,60, =0, =0 on ON. (1.22)

Let us denote by A=29,0’ the solution to (1.22). Remark that A=? is distinct from the iteration
of the inverse Laplace operator, namely (A~1)2, due to the distinct boundary conditions. Then
the linearised system also writes

00 = 0, = AT2920.

More generally, we observe in the analysis that each elliptic regularity gain (A*Q)l/ 2 is paired

with one horizontal derivative.

Back to (1.20), we need to control the H* norm of 9,60’ to ensure that ||¢’||.: decays indeed
as (1 +t)~!, which is possible to show without integrations by parts, and by controlling that
the whole perturbation § does not grow too fast in HS. The last step of the proof consists in
bringing the previous linear analysis into the full nonlinear system. Intuitively, the strategy
is the following: denote by (0,7*) the maximal time interval over which [|¢/||pz < B(1 +¢)~!
and ||0’||gs < B are valid with a constant B. In fact more estimates need to be included in
the boostrap argument for technical reasons, see (3.18). On this time interval, the quadratic
terms can be treated perturbatively, provided ||6p| s+ is sufficiently small. Hence the bootstrap
estimates hold with a constant which is better than B, and thus T* = oco. It follows that ¢’
converges towards zero in L?, and that the time derivative of 8 is integrable. Hence 6 has a limit
in L? as t — co. This is the main part of the proof which is detailed in Subsection 3.2.3.
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Asymptotic profile identification. Since 6’ converges to zero in any H™ for m < 4 as
t — oo and @ has a limit in L? as t — oo, the whole density p = © +60 = © + 0 + ' converges to
some limit po, in L? and p., depends only on z. Since 6 is small compared to ©, 0,0 is small,
hence po is strictly decreasing with respect to z as is ©. The transport of the density by the
divergence-free field u ensures that the level sets of p are preserved by the time evolution, and by
strong convergence this is also the case for the limit p.. According to rearrangement theory, peo
is therefore a rearrangement of pg. One can show that there exists a unique decreasing vertical
rearrangement of pg, hence po, is uniquely determined. This part of the proof is detailed in
Subsection 3.2.4.

Biharmonic operator and adapted basis During the analysis of the stability problem, the
Stokes equation reduces to a bilaplacian equation. Depending on the boundary condition for the
velocity required in the Stokes system, the bilaplacian equation is also endowed with different
boundary conditions. It appears that considering slip boundary conditions, also called Neumann
boundary conditions, leads to similar analysis and stability result as in the work [CCL19al, with
the same proof. On the contrary, the no-slip assumption, also called Dirichlet condition, breaks
the aforementioned proof at different steps, which we detailed all along our work. We pro-
vide a selfcontained proof of the classical estimates on the solutions of the bilaplacian equation.
Moreover, it seemed convenient to study closer this bilaplacian operator endowed with Dirichlet
boundary conditions, and to obtain an explicit eigenfunction basis to adapt the Fourier analysis
of Castro, Cérdoba & Lear. This basis is described in Section 3.8. The structure of the eigen-
functions, based on the Fourier basis with addititional terms rectifying the trace, is relatable to
the boundary layer formation stated in Theorems 3.1.2 and 3.1.3.

Linear asymptotic expansion for non-vanishing perturbation on 9} The previous
result is only valid under the assumption that the perturbation and its normal derivative are
vanishing on 9Q i.e. when py —© € HZ (). If the perturbation does not vanish on the boundary,
this question is non trivial even for the linearized equations around © =1 — z:

0 —u-e, =0
—Au+ Vp = —fe,
divu =0

0)t=0 = bp.

(1.23)

It turns out that 6 vanishes as ¢t — oo but with a much slower rate than in the case when
0y = Onby = 0 on 0. This is due to the formation of boundary layers of typical size t~'/4 as
t — o0, in the vicinity of z = 0 and z = 1. More precisely, we will prove the following result in
Section 3.3:

Theorem 1.3.6 (DGL. ’23). Let 6y € H*(Q) for some s sufficiently large. Then the solution of
(1.23) satisfies:

0=0,+6% +0(1t™") in L*(Q) as t— oo,

where 0o(z) = 5= OQW 0o(x,z)dx is the horizontal average of the initial data and 6B is the
boundary layer part whose leading terms are:

gBL — @O

top

(2, Y41 = 2)) + O (x,tY%2) + Lo.t
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with ©°

0p and O decaying exponentially as Z = t'/*z — co. Note that ||65"| 12y < (1+
t)~1/8.

Non-linear asymptotic expansion For the nonlinear problem, more complex boundary lay-
ers seems to develop when the perturbation is non-zero on 9€). To avoid such complications, we
go back to the case where pg — © € HZ(Q2). The previous results will then allow us to derive
uniform bounds in H8(2), modulo some boundary layer terms:

Theorem 1.3.7 (DGL. "23). There exists ¢ > 0 small such that for any po € H**(Q) satisfying
llpo — Ollzr1a < &g and po — © € HE(R), then the solution p of (ST) satisfies:

p=poo+peL+Ot?) in L*Q) as t— oo,

where ppy, is the boundary layer part:
1 1/4 1 1/4
PBL = ;@top(x,t (1-2))+ ;@bot(x,t 2) + lLo.t.

with Otop and Oyt decaying exponentially as Z = /42 = oo,

We note that [|ppr | z2(0) S (14t)~%® so this result strongly suggests that the optimal decay
of p— poo is like 798 in L2(12), which is close to the rate t ! obtained in Theorem 1.3.5. Indeed,
it would be very surprising but not excluded that the non-linear dynamics drive the system to
the case where these boundary layers terms always vanish.

It seems there are no major obstacles in obtaining a similar non-linear result when the per-
turbation do not vanish on the boundary, except technicalities due to the fact that boundary
layer equations will be non-linear. The present result proved in Section 3.4 requires only linear
boundary layer and is already quite technical.

1.3.4 Low regularity instability for (IPM) and (ST)

We saw that for regular enough small initial data 6y, assumed small, (IPM) and (ST) admit
global solutions near z — 1 — z. In [KY23], Kiselev & Yao show that there exist initial data
arbitrary close to any stationary profile © in H?~7 for any fixed 2 > v > 0, such that the
perturbation has algebraic growths. In the periodic channel, their statement writes as follows,
with adapted notations from [KY23, Theoram 1.5, Corollary 4.2].

Theorem 1.3.8 (Kiselev & Yao '21). Let © € C*(Q) be a stationary solution of (IPM). For
any € >0 and 2 > v > 0, there exists a perturbation 6y € C*° () satisfying

00l zr2—~ < e,
such that the associated solution p = © + 6, provided it exists globally in time, obeys

limsupt~*/2||p(t) — O|| . = o0, for all s > 0.

t—o0

The statements in R? and T? are essentially the same, with different growth rates and a
vertical symmetry assumption specific to the torus case. Note that this theorem relies on the
global existence of smooth solutions, which remains an open question. The growth formulated
here means that, there exists time extractions such that the norm of the perturbation grows
at least polynomially with respect to time. The proof of this result relies in particular on the
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monotonicity of the potential energy and on a geometric argument. Let us assume the density
po to be constant on a closed curve. Since the transport is pure, this density is transported
together with the curve. Under one extra assumption, it happens that the curve shall squash,
which implies the growth of the derivatives.

The result of Kiselev & Yao adapts to the Stokes-transport equation.

Theorem 1.3.9 (L.). Let © € C*>(Q) be a stationary solution for (ST). For any ¢ > 0 and
2 > v > 0, there exists a perturbation 0y € C>*(Q) satisfying

00| 2~ < ¢,
such that the solution associated to pg = © + 6y obeys

limsupt~*/4||p(t) — || . = o0, for all s > 0.
t—o0

In this case, the solution exists globally since the problem is well-posed. The growth rates are
different, due to the laplacian regularization provided by the Stokes equation, which modifies the
velocity regularity. This is the main difference with the (IPM) equation, since the proof comes to
study closed curves geometry evolution under the flow, with the same transport equation in both
cases. The proof of Theorem 1.3.9 is given in Section 3.7. Note that there is no contradiction
between these instability results and the previous stability statements, for which initial data have
to be small in higher Sobolev spaces. This observations raises the question of the existence of a
Sobolev regularity threshold such that the profiles are unstable (resp. stable) when less (resp.
more) regular than this threshold.

1.3.5 Long-time behaviour for the Boussinesq equation

The goal of this section is to compare the asymptotic behaviours observed for (IPM) and (ST),
described in the present section, with the ones identified in the literature for the Boussinesq
equation. We consider the Boussinesq equation with no diffusion,

u+ (u-Viu—Au+Vp = —pe,
Op+u-Vp = 0 (1.24)
dive = 0.

This equation is often endowed with the slip or no-slip boundary conditions, respectively

u-n=>0
{ Dt = 0, or u=0 onoN.

We refer to [Hu+16] for a comprehensive review of recent results on the global existence and
persistence of regularity for the 2-dimensional Boussinesq equation, in particular with viscosity

and zero diffusivity as in (1.24). This equation is globally well-posed in Sobolev spaces, see for
instance the following result from [HKZ13, Theorem 2.1].

Theorem 1.3.10 (Hu, Kukavica & Ziane '13). Let Q C R? be a smooth, bounded and connected
open set. Let ug € H?(Q) such that divug = 0, and pg € H' (). Then there exists a unique
global solution (p,u) for (1.24) endowed with the no-slip boundary condition, such that

(pou) € L®(Rys H'(Q)) x (L(Rys HA(Q)) N L (R HY(9))).
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Note that the energy balance of the system for the Boussinesq equation states
d 2 2
3 (lulze + E@) = = Vu ..

In particular, it is not ensured that the potential energy decays monotonously, contrary to the
Stokes-transport solutions. One can consider an initial datum with a localised density and upward
velocity, which should increase at least locally in time the potential energy, surely compensated
by a kinetic energy decay. Nevertheless, [LPZ11, Theorem 1.1] ensures that the kinectic energy
|lul|2. of the system is uniformly bounded, for initial data (pg,uo) € H* x H3(Q2) on bounded
2-dimensional domains.

In [Doe | 18], Doering, Wu, Zhao & Zheng show that global well-posedness holds for (1.24)
endowed with slip boundary conditions, on bounded domains @ C R? with boundary 9 in the
class C1T# 1 € (0,1). The authors also study the evolution of density p near stationary profiles
©, with perturbation § = p — © according to our notations. In [Doe+ 18, Theorem 1.2], the
authors consider perturbations (po, o) of the steady state (©,0) with © proportional to z — —z
up to an additive constant. In this framework, they prove that for (6, uo) € H' x H?(),
divergence-free and with boundary compatibility conditions, the global solution (0, u) satisfies

lullgr =0, |10z =0, 0]z = o, [|VD+0es]g-1 — 0, (1.25)

where ¢, is a constant in (0, \/||u0||2L2 + H90||2L2). The same result has been obtained by

[Tao+20, Theorem 1.4] in T? for data only in 6y € L°°(T?) and ug € H%(T?). These properties
are obtained for the Stokes-transport equation, and the latter convergence in H~! has implica-
tions on the w-set for the density, see Subsection 3.6.3. Doering et al. point out several missing
informations regarding their result. No decay rates are available. The convergence of 6 and
its limit are unclear, although the authors opinion is that the vertical rearrangement of 6 is a
privileged candidate. Also, they mention the Boussinesq equation in the infinite Prandtl number
asymptotic, corresponding to the Stokes-transport equation, as a reduced model facilitating the
obtainment of decay rates and identification of the asymptotic profile. Chapter 3 answers both
these questions. Indeed, we obtained explicit convergence rates for small enough perturbations
of the affine profile ©(z) = 1 — 2z, and were able to identify the asymptotic profile as the vertical
rearrangement of the initial datum.

For generic initial data, the convergence toward an asymptotic state is unclear. In particular,
[AKZ23, Theorem 2.1] states that for any (pg, ug) € H () x H?(Q) with divug = 0, on bounded
and smooth  C R?, the solution satisfies in addition to (1.25) the following growth control,

Ve >0,3C. >0, [p(t)]m < Cee™.

This result can be compared with the instability Theorem 1.3.8 from [KY23] for (IPM) and the
stability Proposition 1.3.9 for (ST), where existence of solutions admiting some algebraic growth
of the density in Sobolev spaces, in particular in H'. Note that a growth in H' does not exclude
a convergence in L2.

The Boussinesq equation solutions can also present algebraic growths, in Sobolev norms,
similarily to Theorem [KY23] for (IPM), for data satisfying certain geometric assumptions, see
[KPY22, Theorem 1.1] by Kiselev, Park & Yao. The growths have distinct exponent rates,
and the initial data for the Boussinesq equation are assumed smooth and compactly supported,
whereas the data were in H277,0 < v < 2. The proof relies on similar ideas as for (IPM).

In [BFL17], Biswas, Foias & Larios describe properties of the attractor of the system (1.24),
and identify some of its steady states in T2. Let us recall that the steady states for the Stokes-
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transport equation are of the form
(p.w) = (6(2),0), © € L*(0,1),

These are also steady states for the Boussinesq equation. But there exist more steady states with
nonzero velocity fields, for instance. Biswas et al. also identified steady solutions of the form

(p;u) = (p(2), (u1(2),0)),  (p,u) = (p(2), (0, u2(x))), (1.26)

which are respectively density and horizontal velocity depending only on the vertical coordinate
(shear flow), and density and vertical velocity depending only on the horizontal coordinate. These
latter solutions are admissible since the spatial domain is periodic. Also, in the Stokes-transport
case, any nonstratified state induces a nonzero horizontal velocity, and a stratified density does
not contribute to the velocity. This explains why (1.26) are not steady solutions for (ST).

More stability results around specific velocity flows are studied, but we restrain our overview
to the case u = 0, since it is the only stable one for (ST) and (IPM).

In [CCL19b], Castro, Cordoba & Lear proved the analogous stability result as Theorem 1.3.4,
for a Boussinesq equation with velocity damping, where the momentum equation is

Ou+ (u-V)u+u+ Vp=—pe..

This system corresponds to the (IPM) equation supplemented with the fluid self-advection. It
differs from the classical Boussinesq equation(1.24) by a damping term w replacing the viscosity
effect —Aw. This can be seen a limiting case of fractional dissipation on the velocity.

Theorem 1.3.11 (Castro, Cordoba & Lear '19). Let us consider the domain @ = T x (0,1).
There ezists eg > 0 and v > 4 such that for any initial data py = © + 6y and uy having some
energy, involving the H5t! s > 6 4+ 2y, norm of the data, smaller than 0 < € < ¢ and satisfying

02"0plon =0, 0<n<(s—1)/2,

with a similar condition on wg, the solution to (IPM) exists globally and obeys

€ _
10" ()]s + llw(®)] s < e 10t ]| pra+1 < 6€”.

The proof of this results is based on the same scheme as for the (IPM) case, made more
technical due to the self-advection term.

It is natural to wonder if the Stokes-transport stability in a channel with Dirichlet boundary
conditions as stated in Theorem 1.3.5 holds for the Boussinesq equation. Let us recall some
decay rates for the Stokes-transport stability described Subsection 1.3.3,

1 1

1
, < \vV4 < - / S
||0 ||L2 ~q t? || 0 ||L2 ~ (1 t)3/47 Hat0 ||L2 ~ (1 t)?

The algebraic decay reduces by 1/4 for each spatial derivative order, and increases by 1 for time
derivatives. Regarding the velocity field solving the Stokes equation, the same principes hold
with a power shift due to the elliptic regularisation, as follows,

1 1 1

< e — < -
||u||L2 ~ (]_+t)7/47 ||V/U‘HL2 ~ (1+t)3/2’ Hatu”Lz ~ (1+t)11/4’
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Schematically, we can expect to absorb the self-advection term effects since it should decay faster
than the density perturbation #’, and consider it perturbatively,

—Au+Vp=—-0e, —0u—(u-Vu.

Hence, up to the technicalities inherent to the self-advection term, we expect the hydrostatic
rest state (p,u) = (©(z) = 1 — 2,0) to be stable for the Boussinesq equation, in the sense of
Theorem 1.3.5.

1.4 Numerical study of the graph interface evolution

The aim of Chapter 4 is to provide a study of some graph interface evolution governed by
the Stokes-transport equation. We sketch the outlines of this problem in Subsection 1.4.1. In
Subsection 1.4.2 we briefly discuss the evolution of density patches and summarise some works
of Mecherbet and Grayer II on this matter. In Subsection 1.4.3 we summarise works on free
interfaces governed by Stokes flows, and we give some context about related free interfaces
problems. In particular we mention the Muskat problem, since it corresponds to the free interface
evolution driven by (IPM). Several usual mathematical approaches for such problems are also
described. We establish some properties for our problem of interest, summarised in Subsection
, including discussions about monotonous functionals for the interface problem. Finally, our
main contribution consists in numerical simulations and observations for the evolution of graph
interfaces in the horizontally periodic channel, also summarised in Subsection 1.4.4.

1.4.1 Outlines of the problem

We consider the evolution of a graph interface separating two subdomains on which the fluid
density is constant. Consider a generic 2-dimensional domain I x J, where I, J are some intervals,
on which we consider the Stokes equation with a source term of the form —pge,. The typical
case we are looking at is the graph interface case, where the initial density is given as a patch
associated to an hypograph. In other words, consider a map 19 : * € I — R where [ is typically
R or T, and set the initial density profile as the indicator of the hypograph of 79, namely

po i (2, 2) € I X J — 1iacpy(a)y-

Some typical domains I x .J to consider are the whole space R?, the half-space Ri, the infinite
channel R x (0,1) and in the periodic channel T x (0,1) and the periodic plane T x R. In the
present work, we will focus on the horizontaly periodic channel = T x (0,1). A lot of the
general considerations discussed in the following remain true in other cases. See Figure 1.1 for
an illustration of py in this case.

Let us recall that (ST) is well-posed for L initial data in bounded domains, in the infinite
channel and periodic strip, and in the whole space R3 for datum py € L*NL*°(R?) and in R? for
po € LN L>°(R?) with compact support. In any of these frameworks, a density patch associated
to a connected subdomain Py remains a patch for all time. Indeed, since the transport is pure and
the velocity field is divergence-free, we know that the solution of (ST) is the pushforward of the
initial datum by the flow map X as defined in Subsection 2.2.2, s0 p(t) = 1p,0 X ()™ = 1x(1,p))-
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Figure 1.1: Example of a patch associated to an hypograph on T x (0, 1).

Moreover, the flow preserves the topology of the boundary 0P, and the area of the patch. Some
general patch problems are discussed in Subsection 1.4.2.

In the case of a graph interface, i.e.a patch corresponding to some hypograph, it is natural
to wonder if the interface remains a graph, locally or globally in time, and for which class of
regularity. Let us assume there exists a function 7 : (¢,x) € [0,T) x I — n(t,x) € J such that

p(t7 Zz, Z) = 1{Z<77(ts1)}'

Then, p satisfies (ST) if and only if 5 satisfy the following system

On 4+ ui(t,x,n(t, )0t z) = wua(t,z,n(t,x)), on[0,T)x I,
—Au+Vp = _1{z<n(t,m)}eza on [0, T) x Q, (127)
divu = 0, on [0,T) x Q

This system is obtained in Subsection 4.1.2. The first equation is very classical in the free surface
literature, and simply means that the graph is transported by the velocity field on the interface
2(t) .= {(x,n(t,z)) : x € I}. Observe that the velocity field w is given as the solution to the
Stokes equation with a L* datum, whose regularity is not correlated to the graph of 7, which
restricts the maximal regularity we can expect on u. This fact is precised in Subsection 1.4.2
and in Section 4.1.

1.4.2 About density patches

We! call density patch any function p of the form 1p where P is a connected and non-negligible
spatial subdomain. Considering such an initial datum py = 1p, for the Stokes-transport equation,
we know that the associated solution is the pushforward of pg by the flow X associated to the
velocity field. In particular, p remains a patch for all time, since p(t) = 1x(;p,), and we define
its support as P(t) = X (t; Py). Since w is divergence-free, the flow is measure preserving, and
we have |P(t)| = |Py| for all time ¢. The regularity of the interfaces of such patches is often
described thanks to Hélder spaces C*#, associated to the following semi-noms and norms, for
keN,ue(0,1),

[VEy(z) — VEy(y)|
|z — y|»

k
V[l ¢w = sup s Illekn = max [Vl e + 7]l enn-
TH£Y £=0

LOther definitions might require the subdomain P to be simply connected, which is not the case for hypograph
patches in the periodic channel Q@ = T x (0, 1), for instance.
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The situation of density pockets for (ST) has been considered by Mecherbet in [Mec20] and
by Grayer II in [Gra22].

In [Mec20], Mecherbet investigates the sedimentation of a droplet in a Stokes flow in R3,
governed by (ST). She derives an interface evolution equation for patches homeomorphic to
the sphere, described thanks to a spherical parametrisation. Denoting by (6, ¢) — (0, ¢) this
parametrisation, this evolution equation shares a similar form as (1.27), with two operators A;,

Or + OgA1lr] = As[r], 7Tli=o = ro.

Mecherbet establishes the local well-posedness of this system, with solutions in C%!. In par-
ticular, she proves that the shape of a spherical interface is preserved. Her proof relies on the
property that the normal component of the fluid velocity is constant on the sphere, and corre-
sponds to the velocity fall. This is relatable to the modeling of the fluid-particle system from
which (ST) has been derived by Hofer and Mecherbet, where such an assumption is made at the
scale of a particle, see Subsection 1.1.2. Finally, Mecherbet performed a numerical study of this
interface evolution, and observed stationary sphere shape.

In [Gra22], Grayer II investigates the regularity of density patches in R2. He starts by proving
the well-posedness of (ST) in R? for compactly supported initial data py € L' N L>®(R?), see
[Gra22, Theorem 3|. From here, it is possible to consider initial density patches associated to
simply connected and compact subdomains Py C R?. In [Gra22, Theorem 5|, Grayer II states
that for any k € {0,1,2} and p € (0,1) the Hélder regularity C** of OP(t) is preserved for all
time.

In [AYMOO], Antontsev et al. prove that the interface of a multiple patch initial data, such
that the initial interface X is C?, remain C**, u € (0,1) for all time. See the end of Subsection
1.2.1 on the belated rediscovery of this reference.

The preservation of Hélder regularity C** comes straighforwardly from the description of
the patch at time ¢ in terms of the flow X and P, with in particular

The regularity of X (t) € C** can be deduced from u € C**, for any A € (0,1). The regularity
OPy € CY* is equivalent to have existence of a parametrisation vy : [0,1] = 0P, for regularity
CL# of the curve dFy. With this description, OP(t) parametrises by ~(t) = X (¢;79). Hence,
v(t) belongs to C1™n(A1) " see Lemma 4.1.3, hence to C** since X is arbitrary. See Subsection
4.1.4 for further details on this matter. Here in R?, since the density belongs to L' N L?(R?) the
velocity is C’l’“, and the above argument allows to prove that C* is preserved. These are also
the main arguments used in [AYMO0] to prove that patch solutions for (ST) in bounded domains
remains C1#, € (0,1) for all time, if the initial ¥y is C2. Since the regularity of the velocity
is a priori limited, we cannot expect to propagate higher regularity order with this approach.
To prove that OP(t) remains C*#, Grayer II deals with more subtle geometric properties of the
explicit formula for the velocity field w in terms of the kernel associated to the Stokes equation,
including symmetry and cancellation properties. These techniques come from the seminal work
of Yudovich [Yud63] on vorticity patches solution for the 2-dimensional Euler equation, see also
[Che93] on this topic. Besides, Grayer II runs a numerical simulation to observe the evolution of
a circle interface. He observes the formation of corner-like singularities arising from this initial
disk patch. Besides, he shows that the integral expression of the initial vorticity associated with
a disk patch initial datum is not symmetric, suggesting that the interface does indeed not remain
a circle. This result is to compare with the stationary sphere investigated by Mecherbet.
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1.4.3 Related graph interfaces problems and techniques

In the present subsection we provide a summary of some works about graph interface problems
related to the Stokes-transport equation. To our knowledge, only one contribution [GGS22]
exists about the graph interface problem (1.27), governed by (ST). They analyse the case of
the periodic domain T x R. Other problems concerning an interface evolution in a Stokes fluid
governed by capillary forces are tackled in the literature. Besides, the graph interface problem
has been extensively studied for the Incompressible Porous Medium system, better known as
the Muskat problem. These three types of problems are respectively covered in the following
paragraphs. We insist on two different techniques involved to address such matters, which are
the contour dynamic approach and the Arbitrary Lagrangian-Eulerian formulations. These could
in particular be carried out to address the evolution of interfaces for (ST) in other domains than
T x R.

Stokes-transport graph interface In [G(GS22]|, Gancedo, Granero-Belinchon and Salguero
address the free interface problem for gravity Stokes flow, corresponding to the system (1.27)
on the 2-dimensional horizontally periodic domain T x R. In all generalities, they express the
interface as a curve, and consider the particular case of a graph. We will stick to the graph point
of view in the following. With our notations, once the constants are renormalised, the equation
writes as follows.

3t77 = u|7] Ny <8T77>a on T7 (128&)

—Aut + Vpt = —pte., in QF(t), (1.28b)

divu® =0, in Q%(1), (1.28c¢)

[Vu* + (Vu®)t — 2 I]ny =0, on X(t), (1.28d)
[u] = 0, on X(t), (1.28e)

Nlt=0 = Mo, (1.28f)

where pT = 0,p~ = 1, with 3(¢) = {(z,n(t,x)) : € T} is the interface, (9,n) = /1 + |0,n|?
and [f] := f|§ — f\_z denotes the jump of the quantity f at the interface. Here equation (1.28a)
corresponds to the formulation (4.9) of the graph interface evolution, presented at the end of
Subsection 4.1.2. The graph is assumed to have zero average, so n corresponds to { in this
case. Equations (1.28b) and (1.28¢) are restrictions of the Stokes equations on the subdomains
QF, completed with the continuity of the stress tensor (1.28d) and velocity field (1.28¢) at
the interface. These conditions are equivalent to the Stokes equation considered on the whole
domain. We know in particular that the velocity field and the Stokes stress tensor are continous
for bounded source terms. The Stokes tensor is

Vu + (Vu)t

—pl
B b,

such that the Stokes equation rewrites
1
_div <W+2(Vu) —p1> ~ pe..

We report here [GGS22, Theorem 1], which contains both qualitative and quantitative results,
which we compare our numerical observations to.
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Theorem 1.4.1 (Gancedo, Granero-Belinchon & Salguero, ‘22). Let p~ > p* and 3/2 < m < 2.
There exists €9 > 0 such that for any (o € H*(T) satisfying

€0l zzs < eo,

there exists a unique global solution ¢ € L>°(Ry; H3(T)) to (1.28), which moreover obeys
L+ 0)™[Cllez + Sl s < ol a2

In the first place, Gancedo, Granero-Belinchon & Salguero prove that any generic curve in
CY# for € (0,1) remains a curve at least for short time, whether p~ > p* or p~ < p™. The
case investigated here has the heavy fluid below the light one, which should be stable according
to the physical intuition. Then, Theorem 4.2.1 means that the flat profile is asymptotically
stable for small enough perturbations in H3. The proof of this theorem relies on a contour
dynamic formulation of this problem. We summarise the principle of this method in the following.
They also provided a second global existence theorem for solutions of (1.28) in another class of
regularity, in which the solution decays exponentially, see [G(G S22, Theorems 2 and 3|. In the
unstable case p~ < pT where the heavy fluid is above, they prove that there exist graph interfaces
that grow exponentially in some analytic norm.

The contour dynamic approach The principle of this method is to express the evolution of
the interface thanks to an integral equation of the form

6t77 = Z[UL

where Z[n] in an integral with respect to the horizontal variable, here on T, whose integrand
involves 7 and possibly its derivatives. Such a formula can be obtained by tracing back to some
Green kernel for the elliptic problem satisfied by the velocity. In the present case, recall that
u = V14 with 1 satisfying

A%y =Vt (—pe.).

Considering the Green kernel associated to the bilaplacian, denoted here K, such that A2K = §q
on T x R, the stream function expresses as

P(x) = ; RK(:B —y)V* - (—p(y)e.) dy.

From here and in the following, we adopt the notation # = (z,z) and y = (y1,y2). The
expression of K is obtained by a decomposition in the Fourier basis, horizontally, as follows
K(z,2) =3, cz Bn(2)e™", and to obtain (8, )nen as explicit solutions of some ordinary differ-
ential equations of order 4. See the parallel with the eigenfunctions analysis for the bilaplacian
equation, in Subsection 3.8.3. An integration by parts provides

P(x) = /T N U(z — y)pe. dy, U = VK. (1.29)

Using here that p is piecewise constant, we can write that p(y1, y2)e. = V(pTz) for (y1,42) € QF.
Substituting this expression in (1.29) and performing an integration by parts, we obtain that ¢
expresses as a boundary integral, since the main integrals vanish because V¥ = V - V1K = 0.
In the end, expliciting the boundary integral, recalling that w = V14 and considering its trace
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on {x = (z,n(x))}, we get
u(z,n(x)) = (p~ —p") /T S(@ —y,n(x) —n(y)) - (=9n(y), n(y) dy,
with an explicit matrix S of size 2 x 2,

L (oe(2(co ~ cos _ Y2 —sinh(y2)  sin(y1)
S = o (1 £(2(cosh(y) — cos(y)) Iz cosh<y2>_cos<y1)< by Sinh(w))).

Using that the normal velocity of the interface corresponds to the velocity u, see (4.9), we can
relate 0;n and the above, and obtain

on(t,r) = (p‘—p*)/TS(x—ym(t,fc)—n(tvy))-(—aw(t,y),1)77(t,y) dy-(—0.n(t, z),1). (1.30)

Of course all the above computations have to be performed carefully, and we must check that
all the integrals are properly defined. This latter integral, corresponding to the aforementioned
Z[n], depends in a highly nonlinear way on 7). Existence and uniqueness of a solution to (1.30) in
short time is obtained thanks to a Picard fixed-point theorem applyied to I, on a suitable Banach
space. The associated linear operator is dissipative, which is linked to the stability provided by
having p~ > p*. The existence of global solutions is obtained by a bootstrap argument. The
dynamic contour method applies to a broad familly of interface problems, such as the Muskat
problem mentionned thereafter. The integral formulation varies from one problem to another
due to the different elliptic equations and spatial domains, and on the associated Green kernels.

Stokes with capillarity governed graph interface We discuss now the evolution of a
graph interface in a Stokes fluid governed by capillarity effects, without gravity. We keep the
same notations as above. In this paragraph, the spatial domain is R?. The problem formulates
similarly to (1.28), without density and gravity terms and with a different interface condition for
the tensor.

0 = uly - nx(01), on R, (1.31a)
—vFAut + Vpt =0, in QF(t), (1.31b)
divu® =0, in QF(t), (1.31c)
2
[Vut + (Vut): — 2p* [ny = _%nz, on X(t), (1.31d)
[u] =0, on X(t), (1.31e)
Nle=0 = Mo, (1.31f)

where — % is the curvature of n, which models surface tension effects on the interface between
the two fluids of respective viscosities v+ in QF.

The first work on this topic is [BD98], in which Badea & Duchon prove the global existence
of solutions for small data in a space of Fourier transform with bounded measures. Recently,
Matioc & Prokert proved in [MP21; MP22] that given any no € H™(R),m € (%,2)7 problem
(1.31) admits a unique maximal solution n € C(0,T*; H™(R))NCY(0,T*; H™~}(R)). Their two
papers address respectively the cases v~ = vt and v~ # vT.

The approach of Matioc & Prokert meets the contour dynamic method applied above by
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Gancedo et al. It consist in expressing the data in an integral form, as in (1.30). This system
admits a regularising effect due to the surface tension, modelled thanks to the curvature, which
is not present in the gravity driven case.

Muskat problem The Muskat problem models the evolution of the interface between two
fluids satisfying Darcy’s law. It derives from the Incompressible Porous Medium equation, just
as the gravity driven Stokes interface problem derives from the Stokes-transport equation. This
problem has been extensively studied for years, long before the interface evolution for (ST),
which only begins to be tackled. We refer to [Ganl17; GL20] for exhaustive reviews on this topic.
The system writes, on R?, as follows,

0 = uly - nx(01), on R, (1.32a)

—vFut + Vpt = —pFe. in QF(t), (1.32b)
divu® =0, in QF(t), (1.32¢)

[u] =0, on (i), (1.32d)

Nli=0 = no- (1.32¢)

The difference with (1.28) is that the Stokes equation (1.28b) is replaced by Darcy’s law (1.32b),
and the Stokes tensor continuity condition (1.28d) is no longer relevant. By the same contour
dynamic approach described above, the evolution of 7 is given by

P (Oum(t, ) — Oun(t,x — y))y
A

Ot w) = o | T rtw) — e —y))?

dy, (1.33)

where the integral is understood in the principal value sense.

In Darcy’s law, the velocity field is basically as regular as its density data, which is L*° for
patches. From here, it is challenging to analyse the evolution of the interface under such a flow.
Regarding the Stokes driven interfaces, the velocity is more regular, basically W24, which eases
the analysis. In return, the contour dynamic formulation for the Stokes case is more tedious than
for Muskat, due to the respective kernels at play.

For instance, Cordoba & Gancedo prove in [CGO07] that this equation is locally well-posed for
initial data o € L? N H3(R). Other proofs of this result have been given, see references therein
[GL.20]. Besides, the system satisfies a maximum principle, in the sense that for ny € H?, either
on T or R, the unique solution to (1.32) satisfies as long as it exists,

@)z < llmoll o~

This has been proven by Coérdoba & Gancedo in [CG09], using crucially the contour integral
formulation. Global existence of weak solutions for Lipschitz initial data satisfying ||7o||z= and
l10:m0]lL= < 1 has been established in [Con+12]. Alazard & Nguyen established in [AN21]
the first global well-posedness result for non-Lipschitz data in H3/? with fractional logarithmic
correction.

In [GGI12], Cordoba, Granero-Belinchon & Orive-Illera compare the properties of the Muskat
problem in R?, with infinite depth, and in the confined channel R x (—1,1). In particular, they
establish a maximum principle for 7, in the sense that ||0;7||r~ < ||0zn0]|L for all time, under
a slope condition on the intial data. In particular, the proof of this principle relies strongly on
the explicit contour integral formulation, which is more complicated for the Stokes case, compare
(1.30) and (1.33). This principle is investigated for (ST) in Subsection 4.2.6. Moreover, they
obtained numerical evidences that the confined problem is more singular than the infinite depth
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one, with initial data developing singularities in the first case, whereas it becomes a graph in the
second. We can wonder to what extent such differences are transposable to the Stokes case. See
our numerical observations on the boundary influence for (ST) in Subsections 1.4.4 and 4.2.5 on
this matter.

The Arbitrary Lagrangian-Eulerian method Another possible approach for tackling such
interface problems is the so called Arbitrary Lagrangian-Eulerian method. It consists in mapping
the subdomains QF to R% := R x Ry respectively, thanks to time-dependent pull-back map
designed after 7, therefore depending on time, to obtain an equivalent problem with a flat
interface. The interface dependency is then moved in additional coefficients appearing in the
system due to the change of variable. This method is for instance perfomed by Cheng, Granero-
Belinchén & Shkoller in [CGS16] to prove the well-posedness of the Muskat problem with H?
initial data.

Let us sketch the main ideas here. We call harmonic extension of 7 on Ri the solution @™
to the problem

ApT = 0, inR?,
et = n, on{z=0}
Define the following function,
O Ra_ - Qr

(x,2) — (2,2 +¢(2)),

which maps RZ to Q% with in particular ®*(z,0) = (x,n(z)). This extension is also quite
regular, as it is harmonic. Let us admit that ®T is a diffeomorphism under some smallness
assumption on 7 in suitable Sobolev spaces. Let us define (v*, ¢") as the pull back of (u™,p™),
in the sense

vi=uTodT, ¢ =pTodt.

From the fact that (u™,p™) satisfies (1.32), we can get

o =Vor(Vver)Htv-e., on {z = 0}, (1.34a)
viot + (Vo) vt = —pTe., in R2, (1.34b)
(Vot) : Vot =0, in R2, (1.34c)

equivalent to (1.32a), (1.32b) and (1.32c) respectively. The same operation can be performed
on R?. This equation has a similar structure to Darcy’s law. The idea here is to obtain a
problem equivalent to (1.32), but on the fixed domains R, on which systems such as Darcy or
Stokes equations solutions can be estimated more easily and explicited thanks to kernels. The
price to pay is the introduction of variable coefficients from V®. Actually, other transforma-
tions of this kind can be considered, see [CGS16] to recover a divergence-free vector field instead
of the twisted divergence condition (1.34c), for instance, to ease computations of certain esti-
mates. Also, ® is a priori only ensured to be a diffeomorphism for small times, according to the
aforementioned smallness assumption on 7. Global existence is recovered thanks to a bootstrap
argument ensuring this condition to remain satisfied for all time.

For the Stokes equation, this method seems more intricated since the change of variable
u*t o d* = v* induces more complex coefficients, depending on derivatives of ®*!, due to the
Laplace operator.
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1.4.4 Contribution: Analytical remarks and numerical study

In Chapter 4, we discuss a few analytical aspects of the graph interface evolution equation (1.27)
in the horizontal periodic channel T x (0,1), and we perform a numerical study of this problem.

In Section 4.2, we derive formally (1.27) from (ST), assuming the density is of the form
p(t) = 1i.cp(t,x)} at least for short time. We also consider different formulations of this problem.
By an elementary geometric argument, we obtain that an initial datum pg = 1., with no
Lipschitz remains a patch of the form p(t) = 1;.<y(t,2)}, at least locally in time. We also discuss
the lack of interplay between the regularity of n and w. Indeed, u is given as the solution of the
Stokes equation with the bounded datum 1., therefore the regularity of w is only a priori
W24 for q € (2,00), without any link with the regularity of 1 as a graph. We also emphasise
that, even though the interface itself remains C1#, u € (0, 1), according to Subsection 1.4.2, it
does not prevent a regularity break from the graph point of view. We also discuss about the
possible Lyapunov functionals for this equation, i.e. functionals I such that any solution 7 of the

problem satisfies

Crinm) <0

Such functionals are usually useful to address the long-time behaviour of partial differential
equations. Formally, only n — |||, is proven to be a Lyapunov functional for the system, and
is related to the potential energy monotonicity, see (1.13). Other functionals are considered, and
numerical counter-example are found, see below.

In Section 4.2, we first describe the numerical scheme we set to simulate the evolution of
(1.27). Since we are interested in patch data, we chose to implement the whole density transport,
thanks to an Arbitrary Lagrangian-Eulerian method. The principle is the following: for a given
density, we solve the steady Stokes-equation thanks to a suitable finite elements method, and we
transport the density in the direction of the velocity field, for a short time step, before repeating
the process. The interface of the density is discretised in segments and completed in a mesh for
the whole domain, and the density represented as a valuation function on the cells. This way, the
patch character of the density is respected and preserved, and we can expect the scheme to be
stable for regular enough interfaces, for instance Holderian. Also, this method does not require
the patch to be associated to an hypograph, which allows graph breaks if there were to occur.

After justifying our parameters settings for this scheme, we can plot the evolution of some
graph interfaces, such as in Figure 1.2.

We observe here that the interface converges toward the flat rest state, according to the
intuition. This convergence is also numerically verified. In particular, we compare the evolution of
several quantities such as the H™ norms of n for m € {0,1,2,3} to the rates ensured by Theorem
1.4.1 of Gancedo, Granero-Belinchon & Salguero [G(GS522] for small enough and regular enough
initial data. Some of our tests clearly present faster decays, and some others are slower or even
nonmonotonous, providing counter-examples ruling out some Lyapunov functionals candidates.
The length of the curve, which is a Lyapunov functional for some interface equations, is in
particular disqualified for this problem, as we exhibit a numerical example for which this quantity
is not monotonous. For each example we considerd, we only observed decreasing entropy, defined
as n fT nlog(n), which we therefore cannot exclude as a Lyapunov functional. The maximum
principle is also investigated in Subsection 4.2.6. We also observe that graph breaks can occur,
even for smooth initial data, see Figure 1.3.

We also highlight some boundary effects, inducing corner-like formation for graphs initially
smooth, by comparing the evolution of several data being vertical translations of each other. Such
behaviours can not occur in the unbounded domain T x R, vertically invariant. Nethertheless,
some local singularity formation as such do not stop the interface to converge toward the flat
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Chapter 2

Well-posedness of the
Stokes-transport equation

This chapter presents the contributions of the author regarding the well-posedness of the Stokes-
transport equation. The article [Leb22] is reproduced from Section 2.1 to 2.4, establishing the
weak and global well-posedness of the Stokes-transport equation in bounded domains in dimen-
sion 2 and 3 spaces, as in the infinite strip R x (0,1). The Section 2.5 supplements this article
by improving these results, demonstrating the well-posedness of the problem for L? data for ¢
larger than the space dimension, and showing that solutions exist for a wider range of Lebesgue
exponents. The strong well-posedness of (ST), for Sobolev data, fits in Section 2.6. A hydrostatic
version of the Stokes-transport equation is also considered in Section 2.7, shown to be locally
well-posed.

2.1 Introduction

This contribution is dedicated to the study of the following coupling between the transport
equation and the Stokes equation,

op+u-Vp = 0
—-Au+Vp = —pe,
divu = 0 (1.0)
p|t:0 = po,

where p, u and p respectively stand for the density, velocity and pressure of a fluid, pg is the initial
density profile and e, is the vertical upward unitary vector. This system is a model of evolution
of an incompressible and viscous fluid having an inhomogeneous density or buoyancy subject
to the gravity directed by —e,. It differs from the classical Boussinesq equation by neglecting
the velocity self-advection term and the diffusion of the density. It is especially derived as the
mesoscopic model of a cloud of inertialess particles sedimenting in a Stokes fluid, see for instance
[[T6f18a; Mec18]. This system belongs to a broad family of transport equations with non-local
velocity field, the active scalar equations, meaning that u depends on p in a non-local way. The
vorticity equation, the surface quasi-geostrophic equation and the incompressible porous medium
equation (IPM) are examples of extensively studied systems having this structure, see [BG15] for
an overview. In particular, (IPM) is a well-known model for the evolution of an incompressible
inhomogeneous fluid inside a porous material, which writes as the system (1.0) where one replaces
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the Stokes equation by Darcy’s law, namely
u+ Vp = —pe..

To our knowledge, (1.0) has been shown to be well-posed in the whole space R? by Hofer
[H6f18a] and Mecherbet [Mec20]. In particular, Mecherbet proved that for any py € L' N L*®
having a finite first moment, the system (1.0) admits a unique global solution,

(pou) € L®(Ras L' (R?) N L®(RY)) x L (R; W (RY)).

Later, Hofer and Schubert [[S21, Theorem 2.7] proved a similar well-posedness result on R? for
any probability measure pg being in L°°, without the first moment hypothesis. We thereafter
state the well-posedness of (1.0) for initial data pg in L*°(f2), for any regular enough bounded
subdomain 2 of R? and R?, as well as in the infinite strip R x (0,1). These results stand out
with the ill-posedness of IPM, for which uniqueness fails on various domains for weak solutions
associated to L initial data, see [CFG11; Sz¢12]. Even for Sobolev data, the question of global
in time well-posedness of IPM is still open, see [KY23], although the particular case of a small
and smooth perturbation of a stationary density profile does lead to a global solution, as proved
in [CCL19a).

In both Hoéfer and Mecherbet works, the proof of existence of a solution relies on a fixed
point argument, respectively a contracting map and a Picard iteration. The latter consists in
solving successively the Stokes and the transport equations, providing function sequences that
appear to be convergent. This convergence is proven thanks to a stability estimate on the
solutions of the transport equation, combined with an energy estimate for the Stokes equation.
In the full space R3, one can express the solution of the Stokes equation as the convolution with
the adequate Green kernel. Thanks to this explicit formula, Mecherbet established the stability
estimate on solutions of the Stokes equation, controlled by the Wasserstein distance between their
source terms. Combined with a stability estimate for the transport equation, also expressed with
the Wasserstein distance, this provides the contraction inequality allowing to apply the Picard
argument. In particular, the Wasserstein distance allows to state the stability estimate without
any derivability assumption on the density. In the following, we will emphasize the fact that the
shape of the spatial domain on which one solves (1.0) strongly conditions the way one have to
address the Stokes part. Apart from that, the classical transport theory is not as much sensitive
to the geometry of the domain, as long as the velocity field is bounded and Lipschitz. Moreover
it appears that p is the push-forward of pg by the flow of w. In particular, if py is a patch, the
density p will remain a patch at all times.

In this Chapter, we follow a strategy similar to the one adopted by Mecherbet [Mec20] in order
to prove the well-posedness of (1.0) on bounded domains of R? and R?. Since the Green kernel
associated to the Stokes equation is no longer explicit for such domains in general, the remaining
exploitable tools are the energy estimate and the elliptic gain of regularity due to Stokes equation.
We also replaced the Wasserstein distance, which was convinient in R3 in which case there exists
an explicit Green kernel, by some negative Sobolev norms. Notice that both metrics are relatable,
see for instance [Sanl5, Subsection 5.5.2]. We also impose the Dirichlet boundary condition on
the velocity, considering more precisely the system

Op+u-Vp = 0 in Ry x Q,
—Au+Vp = —pe, in R; xQ,
divu = 0 in Ry x (2.1)
u = 0 in Ry x 09,

pli=o = po in Q.
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Our first result is the following well-posedness theorem for this system, which comes together
with a stability estimate left in Proposition 2.2.7.

Theorem 2.1.1. Let Q be a bounded domain of class C* of R® for d = 2 or 3. For any
po € L>(Q) there exists a unique solution (p,u) to (2.1) in

L (R () x L¥(Rys W (9)),

We further deal with the infinite strip domain R x (0,1). Such an unbounded domain in
the horizontal direction is mathematically convenient for modelling an oceanic profile, for which
the typical height is very small compared to its typical length. In this framework the system
is a toy model for the evolution of the density, salinity or temperature of the sea water in an
ocean. The main difference with the bounded domain case lies in the analysis of the Stokes
equation. Working with L>° densities requires to deal with velocity fields that are not square-
integrable. To overcome this difficulty we work with Kato spaces, also called uniformly local
Sobolev spaces. Using some classical tools we provide a proof of the well-posedness of the Stokes
equation in this framework, since we could not find this result in the literature. In particular
we prove that a L> datum induces a W1 solution, as in the bounded domain case, which
will provide handy Lipschitz velocity fields to deal further with the transport part. The method
consists in considering an increasing covering of bounded open subsets of the strip, and to solve
the Stokes problem on each of these subdomains. This provides a sequence of functions on
R x (0,1). By managing carefully the interior estimates of the elements of this sequence, we
prove its boundedness in the uniformly locally H' function space, denoted H}, . and defined
in paragraph 2.3.1. Therefore we obtain a H&IOC solution by a compact argument. Uniqueness
comes from the well-posedness in the classical H' framework. Using the elliptic regularity of the
Stokes equation in bounded domains, we prove the H2 . regularity of the solution on the strip.
Hence we obtain a leverage to establish existence of a unique solution in Wfl’gc for LY, data for
exponents 2 < ¢ < oo, and to conclude to the well-posedness of the problem in W1 for L
data by Sobolev embeddings. The proof of the well-posedness of the coupling then lies in the
extension of results used in the bounded domain case to the infinite strip through the uniformly

local topology. Precisely, we consider in Q = R x (0,1) the system

Op+u-Vp = 0 in Ry x
—Au+Vp = —pe, inR; xQ,
divu = 0 in Ry x Q,
u = 0 in Ry x 09, (2.2)
Jurdz = 0 in Ry xR,
p|t:0 = pPo in Qa

where the extra condition on the flux [ u; dz is introduced and discussed in paragraph 2.3.1. In
the end, the well-posedness of (2.2) almost writes as in Theorem 2.1.1, with a similar stability
result stated in Proposition 2.3.10.

Theorem 2.1.2. Let @ =R x (0,1). For any po € L>®(Q2) there ezists a unique solution (p,u)
to (2.2) in
(R (@) x L= (R WH(9).

Regarding the oceanographic considerations mentioned for the infinite strip, it is rather nat-
ural to wonder if this result extends to the case of the layer domain R? x (0,1). It appears that
the Stokes problem in this unbounded domain raises some additional difficulties, among those
finding a functional space in which the problem admits a unique solution, in accordance with
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the handling of the interior estimates mentioned in the previous paragraph, see Remark 2.3.6 for
further details. We abstain from considering this case in the present work.

The paper splits in Section 2.2, dedicated to the bounded domain case, and Section 2.3,
dedicated to the infinite strip case. Both sections are ordered in the same way. Subsections
2.2.1 and 2.3.1 recall and prove the necessary prerequisites about the Stokes equation, including
the well-posedness complete proof in the infinite strip in Section 2.3. Subsections 2.2.2 and
2.3.2 contain preliminary results concerning the transport theory, and in particular the stability
estimates proofs. Subsections 2.2.3 and 2.3.3 are dedicated to the proofs of Theorem 2.1.1 and
Theorem 2.1.2, respectively. Ultimately, we state and prove the stability estimates of the coupling
in Subsections 2.2.4 and 2.3.4.

Definitions and notations

The dimension d is always 2 or 3. A domain (2 is a non-empty open and simply connected subset
of R%. The Bochner spaces are denoted by L%([0,7); B(R2)) with 1 < ¢ < oo, T € [0, 00] and
B(92) a Banach or a Fréchet space of functions defined in €. It is endowed with its classical
norm denoted here || - ||zq(0,7;B), the space domain being specified only when differing from the
whole domain €. A vector valued map is denoted by a bold symbol, implicitly of size d. We
note ulpq the trace of w on the boundary of a domain 2, when the boundary is regular enough
to define it. We sometimes write f = c to signify that a function f is equal to some constant
with respect to time. We denote by C any non-negative constant that is adjusted from one line
to another, independent of the data and we specify its eventual space or exponent dependencies
when necessary. We sometimes write f < g, meaning there exists such a constant C for which
f <Cg, as well as f ~ g, meaning f < g and g < f.

2.2 Well-posedness of the coupling in a bounded domain

In this section, and unless stated otherwise, Q denotes a bounded domain of R?® with Lipschitz
boundary.

2.2.1 Preliminaries on the Stokes problem in a bounded domain

Let us recall the Stokes problem on 2,

—Au+Vp = f inQ,
dive = g inQ, (2.3)
u = 0 on 0,

where f and ¢ belong to functional spaces specified further. Notice that it is necessary for
g to satisfy the following compatibility condition due to the homogeneous boundary condition

assumption,
/g: divu:/ u-n=0. (2.4)
Q Q oQ

The well-posedness of this problem is well known for Sobolev data, see in particular [Galll,
Theorem IV.6.1 and Exercise 1.6.3], reported below. We especially use that L*° data induce
W1 solutions, see the following corollary, which will provide velocity fields easy to deal with
in the transport part.

Theorem 2.2.1 (Galdi). Let Q be a bounded domain of R® of class C* and let 1 < q < c0.
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1. For any f € L) and g € WH4(Q) satisfying (2.4), there exists a unique' pair (u,p) in
W24(Q) x (Wh4(Q)/R) satisfying (2.53), which moreover obeys the inequality

lullw=a + llpllwra < CIFllLe + lglwra); (2.5)

2. For any f € W=19(Q) there exists a unique pair (u,p) in WH4(Q) x (L1(Q)/R) satisfying
(2.3) with g = 0, which moreover obeys the inequality

lullwra +[lpllze < CllFllw-ra. (2.6)

The L>® to W regularity of the problem is deduced from the Sobolev embeddings of
W24(Q) in WH*°(Q) and W4(Q) in L>(Q2) for d = 2 and 3.

Corollary 2.2.2. Let Q be a bounded domain of R of class C?. For any f € L¥(Q) and
g € WL22(Q) there exists a unique pair (u,p) in WH*(Q) x (L>=(Q)/R) satisfying (2.3), which
moreover obeys the inequality

[ullwree + Pl < C ([l + lglwree)- (2.7)

2.2.2 Preliminaries on the transport equation and stability estimates

Let us consider the transport equation, in the weak sense, for a given vector field u € L= (R.; WH>(Q))
satisfying the homogeneous Dirichlet condition u|sg = 0,

{&p—ku-Vp = 0 inRyxQ, (2.8)

p(0,:) = po in Q.

We recall the definition of the characteristic (map) or flow X associated to the vector field wu,
as the solution of

0 X (t; s, ) u(t, X (t;s,x))
X(s;s,x) = .

Vs, t € Ry,Vz € Q, {

The Cauchy-Lipschitz theory ensures that X is well defined, and that for any s,t € R, X (¢;s, )
is a homeomorphism from 2 onto itself, satisfying the composition principle

V’I",S,tERJ,_, X(t757)OX(87Ta):X(t7r7)

In particular we have the relation X (¢;0,:)~* = X (0;¢,-). From now on, we use indifferently
the following notations

Vte Ry, X(t)=X(t-)=X(0,.), X(—t):=X(0;t,-).

Let us enumerate a few classical properties of the flow. These are elementary consequences of
Duhamel formula and Gronwall inequality.

Lemma 2.2.3. Let u € L®(R,; Wh(Q)) with u|lsq = 0. The associated characteristic map
X satisfies,

VteRNVa,yeQ [X(ha) - X(tiy)| < CMITHz 00 g _y) (2.9)

1Unless explicitly stated otherwise, the canonical representative of p considered is the one having zero average
over €.
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In particular X (¢) is bi-Lipschitz for any ¢. Recall that Liouville theorem ensures that if
divu = 0 the jacobian determinant of X (t) is identically equal to 1 with respect to t. Besides,
let us introduce a classical stability estimate on the characteristics.

Lemma 2.2.4. Let u; € L®(Ry; W (Q)) with u;|sq =0 and divu; =0 fori=1,2. If Q is
bounded, the associated characteristic maps X; satisfy, for any 1 < q¢ < oo,

VERL, [|X1(t)  Xa(O)llge < TS0 g iz (210)
If ¢ = oo, the inequality holds true for unbounded 2.

Proof. Let us consider ) bounded. From Duhamel formula we write for any t € R4 and « € (,
t
X(t,x) — Xao(t,x) = / ui (7, X1(m52)) — ua(r, Xo(r;@)) dr
0
t
— [ w Xa(rie) - wilr Xa(ria) dr
0

+ /Olul(T,Xg(T;iL‘)) — uy (7, Xo(r;)) dr.

The Lipschitz regularity of u; and the Minkowski inequality provide, for any 1 < ¢ < oo,

t
[ X1(t) = Xo(t)]| e < CllquLoo(o,t;Lw)/ [ X1(7) = Xa(7)||La d7
0

t
+ / llui (7, Xo(7)) — ua(1, Xo(7))||La dT.
0
As a consequence of Liouville theorem, one has for 1 < ¢ < oo and 7 € [0, ¢,

w1 (7, X2(7)) — ua(7, Xo(7))||Le = [Jur(7, ) — ua2(7,"))| L

The case ¢ = co holds naturally true. Then we have

t
[ X1(t) = Xo(t)]lze < C||Vu1||L<x>(o,t;Loo)/ [ X1(7) = Xo(7) [ 2o AT 4 tl|uer — w2l Lo (0,459),
0
which yields (2.10) by Gronwall inequality. O

The classical characteristics method provides the well-posedness of the transport equation.

Proposition 2.2.5. Let Q be a Lipschitz domain of R?, not necessarily bounded. Let u &
LRy ; Whe(Q)) with ulsg = 0, dive = 0 and let pg € L>(Q). There exists a unique p in
L>®(R4; L>=(Q)) satisfying (2.8), which is moreover the push-forward of py by the characteristic
X of u, namely

Vit € R+, p(t) = pPo © X(—t)

In particular the L? norm of the solution p is constant in time, for any 1 < ¢ < co. Besides, we
state the following estimate for the evolution of the difference of two solutions of (2.8) associated
to distinct velocity fields.
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Proposition 2.2.6. Let u; € L®(R4; W (Q)), with w;lsq = 0 and divu; =0, fori=1,2.
Let po € L*>(2) and p; be the solutions of (2.8) associated to w; with initial datum po. For any
1 < g < oo there exists T(||Vu;||pee) > 0 and C(Q,q) > 0 such that for any T € [0,T],

lpr = pall Lo, rsw 10y < Cllpol|poe TeT VeI @2 |0ty — || oo 0,7, - (2.11)

Proof. Let t € Ry and ¢ € C2°(£2). Since the vector fields u; are divergence-free, the Liouville
theorem ensures the following change of variable,

o= [ (pa(t.2) = palt, @) pl) do
= [ (w(Xs(=t2)) = (Xl ) o(a) do
= [ (@) (e () ~ o(Xa(tia) do.
Since ¢ is smooth, we can write
= x 1\GX) — A2(l5&)) - 1 A 3L Z,
o= [ m@)(X(te) = Xa(tio) - [ Ve(X ) dra
where we set X*(t;) := AX1(t; ) + (1 — ) X 2(t; ). Then, Holder’s inequality provides
(L] < llpoll e[| X1(t) — Xz(t)HLq/O V(X ()] o dX. (2.12)

Let us show that X )‘(t) is bi-Lipschitz from 2 onto its range. Consider the derivative of the
Duhamel formula satisfied by X,

VXi(t,) Iy = /t Vui(r, X(7.)) - VX i(r, ) dr
0
and deduce thanks to inequality (2.9) the uniform estimate
IVXi(t) = I|| = < C (eCt“VW“wa,tamﬂ - 1) . (2.13)
Therefore for some arbitrary constant C' > 1 there exists T(||Vu;|| ) > 0 such that

vte[0,T], C ' <det VX,(t) <C,

and such that the Lipschitz constants of X;(¢) are uniformly bounded with respect to ¢, by a
constant smaller than 1, as follows,

L; :=max sup Lip(X;(t) —1Id) < 1.
v telo,T)

The latter inequality ensures the injectivity of X A(15)7 since for any x,y € (), the equality
XMt;z) = X (t;y) is equivalent to

T —y = A(Xl(t;y) -y — (X1(t;m) — fv)) + (1 - /\)(Xz(t;y) -y — (Xa(t;2) — w)),
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and implies
|z —y| < Lylz -yl

so that * = y since Ly < 1. In the end we have proved that X*(t) is bi-Lipschitz for any
A € [0,1] and ¢t € [0,T], with a uniform bound on its jacobian determinant, independent of A
and t. Therefore we have for any 1 < g < oo,

V(XA )l < Call Vel - (2.14)

Combining (2.12) and (2.14) leads for any ¢ € [0,7] to

/Q(m(t,w) = p2(t, ) () de < Cllpol| L[| X1 (t) = X2 (8)l| Lo llpllyprrar-

Plugging the stability estimate (2.10) and taking the supremum over the test functions provides
the following bound on the negative Sobolev norm, for any ¢ € [0, T,

1o1(8) = p2() w10 < Cllpoll oo teIVHlE=©0%) flaty — sl oo 0,110

It remains to consider the supremum over ¢ € [0, 7] for any T' < T to get the result. O

2.2.3 Proof of Theorem 2.1.1

The strategy of the proof is inspired from the one adopted by Mecherbet in [mecherbet]| for the
space domain R3. In this work Mecherbet solves successively Stokes and transport problems,
providing a contracting sequence of velocity fields and density profiles. Here the contracting
property is obtained by combination of the Stokes estimate from Theorem 2.2.1 and the stability
estimate for the transport from Proposition 2.2.6. Both interplay in the case of the whole space
thanks to the Green kernel, also called Oseen tensor, of the Stokes equation and the stability
estimates formulated with the Wasserstein distance. Since we work in general open bounded
domains, we do not use Green kernels but only rely on the variational estimates. We also replace
the Wasserstein distance, handled by Mecherbet, by negative Sobolev norms. Both are known
to be related, see [Sanl5, Subsection 5.5.2], and in our case present the same asset to allow the
statement of stability estimates without any derivability assumption concerning the density.

Local existence: Set p° = pg in L (R, ; L>(Q)). Theorem 2.2.1 and Proposition 2.2.5 allow
to define the following sequences by induction on N € N,

PN € L¥(Ry: L9(Q), ul € L¥(Ry; Wh(Q),

satisfying for any N € N the Stokes problem

~AuN +VpN = —pNe. in Ry xQ,
divu = 0 in Ry x Q, (2.15)
uV = 0 in Ry x 909,

and the transport equation

(2.16)

OipN L N VNt = 0 in Ry xQ,
PN =0 po in €.
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Let us denote B := C||po| /L~ with adjustable constant. Since pV is the push-forward of py by
the flow of u™~!, we have the uniform bound

YN, oVl Lo my:z0) = llpollz~ < B.
Using allthemore Stokes estimate (2.7), we obtain
VN, ||UNHL°°(R+;W1~°°) < C||pNHL°°(R+;L°°) < B.

Hence pV, 4" and Vu" converge in w* — L (R, x ) up to the extraction of subsequences. Be-
sides, estimates from Proposition 2.2.6 and Theorem 2.2.1 ensure that there exists T'(||po||=) > 0
such that

VT €[0,T), [Ip""" = pN |~ rim—1) < BT [u — a7 oo o 1.1
< BT pN — pV 7Y oo (0,151, (2.17)
We see that for T' > 0 small enough we have BTeBT < 1 so that (p?V)y is a Cauchy sequence in
L>(0,T; H1(2)). As a consequence of the Stokes estimate (2.5), we have that (u)y is also a
Cauchy sequence, in L>(0,T; H*(Q2)). Its limit belongs to L>(0,T; W°°(Q)) since it converges
for the weak® topology. In particular, u” converges in L'(0,7; W(Q)), which together with

the weak™ convergence of (p™V)y allows to pass to the limit in the weak formulations of both
(2.15) and (2.16). Therefore the limit (p, u) satisfies (2.1) on a short time, with regularity

L>=(0,T; L%°(Q)) x L°°(0,T; W (Q)).
Local uniqueness : Let (p;, u;) be two such solutions of (2.1). The estimate (2.17) adapts in

llpr = pallpoe (0,31 -1) < BTeBT||py — p2ll L0, 15H -1,
up to the choice of a smaller T' > 0. We deduce that p; = ps on [0, 7], and that u; = uy thanks

to the Stokes estimate.

Globality: By existence and uniqueness of a solution to (2.1) locally in time, we know that
there exists a unique maximal solution (p, w) on some interval [0, 7%*) with T* € [0, 0o]. Remark
that T* depends only on ||pg||pe. Since ||p|lre = ||pollr=, & classical continuation argument
implies that T* = oo, which proves that the solution is global.

2.2.4 Stability estimate for the system in a bounded domain

We prove a stability estimate for the Stokes-transport system, inherited from Proposition 2.2.6.

Proposition 2.2.7. Let py; € L™() and set p; the solution of (2.1) with initial datum po; for
i=1,2. For any 1 < g < oo there exists C(2, q, ||poi||zo=) > 0 such that

Wt (2.18)

VI €Ry, o1 — p2llieomw-10) < Ce“"llpos — po2

Proof. Let us set u; the velocity fields associated to p; for i = 1,2. Set p1 o the solution of (2.8)
with initial datum pg; and vector field up. Hence, consider the triangular inequality

VI € Ry, |lp1 — palloso,msw-1.0) < [[p1 — pr2llpe o, msw-1.0) + 11,2 — p2llzee 0,73w 1.0

Il 12
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From Proposition 2.2.6 and estimate (2.7) we know that there exists some T'(||po.1]|r=) > 0 and
C(€,q) > 0 such that

VT €[0,T], I < OT|lpolpeeeTIVele=rie™ flauy —wp| oo 0,110
Let us denote B := C'max; ||po,;| L. Stokes estimates (2.6) and (2.7) respectively provide here
lur — wzl[Lo<(0,1,00) < Cllp1 = pallLe 0, 7w 1.0 [VuillLe(o,r;2) < B,

which yields B
VT € [O,T], L < BT@BTle - p2||Loo(07T;W—1,q).

To bound I let us apply again Liouville theorem for any ¢t € Ry and ¢ € C°(£2), to get

/ (P2t @) — palt, @) p(a) dee = / (P01 (@) — po2(@))p(Xa(t: @) da.
Q Q

Now we have, by definition of the Sobolev norm,
/Q (P12t ) — pa(t,z)) () dz < [lpo,1 — pollw—1allp(Xa () i

From estimates (2.9) and (2.7) together with the bound ||V X ;| zec(0,4;10) < CeBt provided by
Lemma 2.2.3, it follows

lo(X2 ()l < CePfl@llyrar

Passing to the supremum over the test functions gives
I, < CePTlpoy — poallw-ra-

In the end we have shown that for any 7 € [0, T,

lp1 = pallLe(0.r;w-1.0) < BT@BT”Pl — p2llL=rw-190) + OeBTHPO,l = po2llLe0.rw-1.9)-
Up to choice of a smaller T(||po;||z=) > 0, now depending on both ||pg ||z, we have

CCBT

VT € (0,7, llpr = palleeomw—10) < =memr P01 — po2llw—1.a,
—
C

Notice that the choice of T' depends only on B, and recall that ||p;(t)||z~ = ||po:| L= for any
t € R4. Therefore, one obtains by induction

VI €Ry, o1 — p2llreqorw-1ay < C7 T po.1 — poallw-1.a,

which also writes (2.18). O

2.3 Well-posedness of the system in the infinite strip

In this section, 2 stands for the infinite strip R x (0,1). We denote by (e, e,) the canonical
base of R? in which u has coordinates (u1, us).
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Regarding our problem, the transport theory does not depend on the nature of the domain,
and the related results presented in the previous section are still valid in the strip. The main
difference lies in the tools and methods required to solve the Stokes equation in 2. In particular,
we state that this equation is still well-posed for L> data, with W1 solution. To do so, we
consider Kato spaces, also known as uniformly local Sobolev spaces. This framework allows to
consider uniformly bounded densities p and non globally integrable velocity fields w, having
infinite energy |lu|| g, but admitting locally a finite energy, uniformly bounded with respect to
any compact stallion subdomain of the strip. We first solve Stokes equation in a L? framework,
then recover elliptic regularity and use Sobolev injection to prove its well-posedness for bounded
data. Even if it requires known methods, we did not find the precise proof of this latter result
in the uniformly local framework.

The Subsection 2.3.1 is dedicated to the statements and proofs related to the Stokes equation.
In particular we introduce Kato spaces in paragraph 2.3.1, then discuss the flux condition in
paragraph 2.3.1 and finally prove the related well-posedness theorems in paragraph 2.3.1. The
Subsection 2.3.2 concerns the stability estimate for the transport in the strip. Subsection 2.3.3
contains the proof of the well-posedness of the Stokes-transport coupling, and we state its stability
estimate in Subsection 2.3.4.

2.3.1 The Stokes problem in the strip
The functional spaces
Let us set the following subdomains of 2, for any k € Z,
Uk ={(z,2) € Q: k<zx<k+1}, Ui ={(z,2) eQ:k—-1<ax<k+2}

Define a smooth map x : Q@ — [0, 1], depending on z only, equal to 1 in Uy and to 0 outside Ug.
Set its translations xx := x(- — ke;) so that xj is equal to 1 in Uy and supported in U}. For
convenience we choose x so that Zﬁi’iw Xt = 2 in . Let us set for m € Z and 1 < ¢ < oo the
uniformly local norm

loc

Vue Wi (), lullwma := sup [[xpullwm.a,
kez

and define the Kato space as the set of locally Sobolev maps having a finite uniformly local norm,

W) = {u € Wiht(Q) : ullwrma < oo}

uloc loc uloc

This is a Banach space, that does not depend on the choice of y, see for instance [ABZ16, §2.2].
The following result provides in particular some handy norms equivalences.

Lemma 2.3.1. For anym € N and 1 < g < 00, the following quantities are equivalent,
u € Wioe (), sup [[ullwm.ay) = sup [ullwmawz) = [ullwma.
kEZ keZ
For any m € N* and 1 < q < oo, the following quantities are comparable,

u € W), sup oo S Sup ulw-maqo) = e

Although this result presents no difficulty, we provide a short proof and a comment, about
the missing inequality for the last comparison, in appendix 2.4.1, for sake of completeness.
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Flux condition

In general, the homogeneous Stokes system as formulated in (2.3) admits non-trivial solutions in
domains with unbounded boundaries, called Poiseuille solutions, see for instance [Galll, Section
IV]. In our case, these are described as follows

uy(x,2) = <6¢Z%_ z)) . pelz, 2) = 12¢, ¢ € R.

Let us introduce the definition of the fluz of w throw the section of abscissa x € R of 2,

1 1
/u1 dz := / ui(z,2)dz = / u(x, 2) - e, dz.
0 0

Notice that the divergence-free and the homogeneous Dirichlet condition ensure that any solution
of (2.3) on Q has flux independent of z, which we will denote further by [ u; dz. Indeed,

d

P [/01 uy(z, 2) dz} = /01 Opui(z, 2)dz = —/01 O ua(w, 2) dz = ug(z,0) — ug(x, 1) = 0. (2.19)

For instance, the flux of the Poiseuille solution ug is ¢. We will see that a choice of flux value
prescribes a unique Poiseuille solution, and provides uniqueness of a solution in Kato spaces.
Since the Stokes equation is linear, we can choose one value without loss of generality. From now
on we consider the Stokes problem with the zero flux condition,

—Au+Vp = f inQ,
diveu = 0 in ),

u = 0 on 09, (2.20)
Juirdz = 0 inR.

Well-posedness of the Stokes problem in the strip

We show that the system (2.20) is well-posed for H_! (Q) and L? (Q) data f, with some
elliptic regularity gain. We then deduce that this system is also well-posed for L>°(2) data with
W12(Q) solutions, by adapting the steps of the proof of the bounded domain case. The general
technique presented here is originally due to Ladyzhenskaya and Solonnikov [L.S83]. A proof in
a framework closer to ours can be found in [GM10, Theorem 3]|. Although these are classical
tools, we have not found the proof of this result in the literature.

Theorem 2.3.2. Let f € H,! (Q). There exists a unique w in HY,_ (Q) satisfying (2.20), which

uloc
moreover obeys the inequality

[l

uloc

<COlfllgr - (2.21)
Let us introduce a few more notations. Set for any k € Z,
Qp :={(z,2) € Q: —k<x <k}

Let us define for any k¥ € N* a smooth map 7 : @ — [0, 1], depending on z only, equal to 1
in Q and supported in Q1. Remark that its derivatives are supported in Qxy1\Qx. We can
choose 7, such that there exists a constant C' > 0 independent of k£ and satisfying

Igllzee + [kl < C.
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Finally, let us observe the following estimate linking uniformly local and classical Sobolev norms
over €),. We report its proof in appendix 2.4.2.

Lemma 2.3.3. Let n € N*. There exists a constant C > 0 such that for any f in L% (),
resp. in H ;! (Q), one has

Ifllz2 . < Cﬂ1/2||f||Lgloc7 resp. || fllm-1(0,) < Cn1/2||f||H—1 .

uloc

Proof of Theorem 2.3.2. Let us set for any n € N* the unique couple (w,,p,) in H'(Q,) x
(L*(2,)/R) satisfying the system

—Au, +Vp, = f inQ,,
divu, = 0 inQ,, (2.22)
u, = 0 on dQ,,

existence and uniqueness of which is ensured by [BF12, Theorem IV.5.1]. Then define for any
integers 1 < k < n the energy of u,, on the subdomain €,

k 1
ok = s o) = / k / Ve ? +

By evaluating the variational formulation of (2.22) in the test function wu,, we find

n 1
/ / Vanl? = (Frun), < F ]2l o).

Using Lemma 2.3.3 and Poincaré’s inequality, for which the constant involved can be chosen

independent of n, one finds
Enn < Call I,

Our goal is to show that there exists C' > 0 independent of n and f, such that

Eni = a3,y < CUFIE . (223)

This allows to conclude to the existence of a solution u € H}, () obeying the estimate (2.21),

by translation invariance of the domain and compactness considerations. To prove (2.23) we
will fix n € N* and show by descending induction over k that there exists C' > 0 and ky € N*
independent of w, f and n such that

Vi, ko <k <n, Eni<CEk|fl? .
uloc
Let us evaluate the variational formulation of (2.22) in the test function 7w, which yields

/ nk|Vun|2 — <_f,77kun>gk+1 —/ n;un - Opty, +/ n;’cpnun,l. (2.24)
Qn Q

n 929

By Poincaré’s inequality we bound from below the left hand side by E,, , up to a multiplicative
constant. Let us bound from above all the right hand side terms. Lemma 2.3.3 provides

1/2
(Fomtn)on,, < ClFlr- @ nllm @, < CU+ DYl BYE (2.25)

uloc
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Since 7, is supported in Qx41\Q and uniformly bounded independently of k, we have

’
/ NWUn, - aa:un
Qp

Let us split the remaining integral of (2.24) as follows,

/ n;gpnun,l :/ n;gpnun,l +/ n;gpnun,b
Q U —Uk

n

k+1
/ M Un,1 =/ ), /un,1 dz dz =0,
Uk k

since the flux f Uy,1dz is independent of x for the same reason as in (2.19), and equal to 0
because of the homogenous Dirichlet condition in {z = +n}. Hence, let us denote by (p,)y, the
average of p, over Uy, and find

<C |Vun|2 + ‘un|2 = O(En,k-‘rl - En,k)- (2.26)
Qr41\Q%

Remark that

/U MhPatiny = /U 7 — (D)o Jttms < Clipn — Badv |2 lnll2on-
k k

Let us apply Necas inequality, see [BF12, Lemma IV.1.9], and get
lpn — (Pn)vi 2w < CIVPulla—1 ()
< CllAun + flla-1w,)
< C (IVunlz2wy + 1 Fl -1 @)) -

Hence we deduce, using Lemma 2.3.1, that

/
/ NPrnUn,1
Uk

The very same considerations hold true for the integral over —Uj. Bounding (2.24) thanks to
(2.25), (2.26) and (2.27), plus applying Young’s inequality, we obtain that for any integers k, n
such that 1 < k <n,

< C((Bukir = Ea) + 1 F =1 ) B (2.27)

c

By < C (Bujsr = Bup+ (4 DI ). (2:28)

This relation implies (2.23), as stated in the following lemma, proven apart in appendix 2.4.3.

Lemma 2.3.4. Let (Epk)k.n be a non-negative family indexed by all couples (k,n) € N? satis-
fying 1 < k < n, non-decreasing with respect to k, obeying (2.28) and such that

Vn €N, Enn < Cnllf[} .

There exists Cy > 0 and kg € N* independent of f such that for any k,n € N satisfying
ko < k <n, we have
Eu < Cobll 1P,
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This result implies the expected inequality,

Vn > ko, FEni < Eng, < Cokol £l

—1 .
Huloc

By extending fl|q, and u, to €2 by 0 outside €2,,, we can perform a similar analysis and find the
same energy estimates over each subdomain U,, namely,

¥n > ko, Y0 € Zy lunllF,) < ClIFIG

where C' = Cyky with Cy and kg independent of n and ¢. Therefore, for any n > kg, u, belongs
to HL, () and satisfies

uloc
| a2

uloc

< C”fHH;(l,C’

Since bounded subsets of H'(Uy) are weakly relatively compact, there exists a subsequence of
() converging weakly in H () toward some w € HY_ (), with u satisfying estimate (2.21).
The limit also verifies [uy dz = 0 since every w,, has zero flux. Hence, it is a solution of (2.20).

To prove uniqueness of such an element, let us consider some u € H}, () satisfying (2.20)
with f = 0. Define the energy Ej := ||u||%{1(9k) and proceed to the same computations as
previously to find

E < C(Ek+1 —FEp+ ].)

Notice that the zero flux condition is used here to bound the pressure term and obtain this
estimate. Since Ej41 — Ej is bounded by [lu||3,, , we have
uloc

Vk€Z, Ep<C(lulf +1)<oo,

which means that u belongs to H! (). Since the Stokes system with Dirichlet boundary condition
is well-posed in H!(Q) in any domain § of R? bounded in one direction, see for instance [Tem79,
Theorem 2.1], we necessarily have w = 0, which allows to conclude to the uniqueness and the
proof. O

2
uloc

Remark 2.3.5. The pressure does not belong to L
following triplet, satisfying (2.20),

(Q) in general; observe for instance the

f=e, u=0, p(z,z2)=u
Nevertheless, we have thanks to Necas inequality some similar estimate as (2.21) on the pressure,

sup [lp — (P)v 22w,y < Cll ez, -
keZ

Remark 2.3.6. This proof does not adapt straightforwardly to the case of the layer domain
R? x (0,1). The first issue one needs to deal with is to determine conditions on u ensuring
uniqueness of a solution. Also, the descending induction on the energy estimates no longer holds
in this form. Indeed, one needs to replace the slices [k,k + 1] x (0,1) in R x (0,1) by chunks
[k, k+1]x [€,£+1]x (0,1) in R?>x (0,1). To bound the energy on [—k, k]>x (0,1) by the energy on
[—(k+1),k+1]? x (0,1) makes appear some quadratic terms in k in (2.28) instead of the linear
ones present for the strip case, making the induction fail. Under different boundary assumptions,

it is however possible to adapt it in a non-trivial way and to conclude; see for instance [DP1/,
Section 3].

Since L>(Q) C L2,,.(Q) Cc H! (Q), we already have existence of a solution to (2.20) for L>

uloc uloc
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data. Recall that we need to establish the W™ regularity of this solution. We first show that
the system satisfies some elliptic regularity property in the hilbertian framework.

Theorem 2.3.7. Let f € L2 (Q). The associated solution u € H}

uloc uloc

H2,,.(92) and obeys the inequality

(Q) of (2.20) belongs to

el 2

uloc

<Clfllze,, - (2.29)

Proof. The demonstration consists in truncating the global solution w within some bounded
subdomains, and to use the elliptic regularity in these bounded domains provided by Theorem
2.2.1. Let f € L2, .(Q) and set (u,p) € H} () x (LE.(2)/R), the associated solution to

(2.20). For any k € Z, set uy, := xxu and g := xx(p — (p)v; ), which satisfy the system

~Au,+ Vg = Fp  inl,
divap, = xpu in Uy, (2.30)
u, = 0 on Uy,

where we set
Fi = xuf — 2X3.0,u — xju+ X}, (0 — (P)u; ) €x

for any smooth bounded subdomain Uy, of € containing Uj. Let us set (Up) a family of such
domains given by the choice of a smooth Uy containing Uy and its translations Uy = Up+ke,. The
regularity of w and p implies that F'j, belongs to L?(Uy) and that x}u; satisfies the compatibility
condition (2.4). Therefore, Theorem 2.2.1 ensures that uy is the only solution of (2.30) on Uy,
with estimate

Huk”Hz(Uk) = CHFkHB(UW (2.31)

where the constant C' > 0 can be chosen independent of k since the subdomains Uy, are transla-
tions of each other. A few computations lead to

1Fkl 2,y < Ol

uloc

+ 1 £z

uloc

+llp = P)ug 2 wy))- (2.32)

Necas inequality and Lemma 2.3.1 provide

Ip = Pz llzwy < ClVPlE-1(U7)
< ClAu+ flla-1 vy
<Clullg:, + 1]z

uloc uloc

).
The latter estimate combined with (2.21) and (2.32) in (2.31) leads to

2w,y < lwkllge,) < ClFlzz,,

uloc

which proves that u belongs to H2_ () and satisfies inequality (2.29). O

From the latter result and Sobolev embeddings we obtain existence of W&l’gc solutions for L9
data. Then elliptic regularity is once again recovered and we show that these solutions are in

Wfl’gc. Finally Sobolev embeddings once again yield a unique solution in W1 for L>° data.

Theorem 2.3.8. Let f € L>=(Q)). There exists a unique u € WH°(Q) satisfying (2.20), which
obeys
[ulwree < Cl|fllpe (2.33)
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Proof. Let f € L>°(Q). We always have

112

uloc

< Cfllze-
The Sobolev embeddings in bounded domains adapts into the continuous inclusion

Hiloo(Q) = Wyt (), 2<¢ <o

uloc

Since Theorem 2.3.7 ensures the existence of a solution to (2.20) in H2

2..(Q), we also have

existence of a solution in le’gc(ﬂ). Besides, the inclusions of Lebesgue spaces imply

uloc

Hence, the uniqueness of a solution in H&IOC, ensured by Theorem 2.3.2, implies that there

exists at most one solution of (2.20) in legC(Q) In the end, (2.20) admits a unique solution

uec Wwhi (Q) for 2 < g < 0o, with estimate

uloc

lullss < Collfllzs.

Now the method is exactly the same as in Theorem 2.3.7 to prove that uw belongs to Wfl’gc(ﬂ).
To do so, the only extra result we require is Necas inequality in the general L9 framework, see
[Galll, Ex. II1.3.4, p. 175], which provides the very same pressure estimates as for ¢ = 2. In

the end we obtain the well-posedness of the problem in T/I/'fl’gc(Q)7 with estimate

lullyzs < Clfle, 2<q< oo

Now use that
W2 (Q) = W (Q) = WL (Q).

uloc uloc

As previously, the first embedding provides existence of a solution u € W>°(Q), together with
estimate (2.33), and the second one ensures uniqueness. O

2.3.2 Stability estimate for the transport in the strip

The transport equation (2.8) is still well-posed on @ = R x (0,1) and Proposition 2.2.5 still
applies. The lemmas related to the properties of the characteristics are also valid still, up to
minor adaptations mentioned when required in the following. The only adaptation demanding
particular attention is the stability estimate from Proposition 2.2.6, stated as follows.

Proposition 2.3.9. Let u; € L (R ; Wh(Q)) with u;lsq = 0 and divu; = 0, fori = 1,2.
Let py € L>(Q) and set p; the solution of (2.8) associated to w; with initial datum po. There
exists T(||Vu;||p) > 0 such that for any T € [0,T),

lpr = p2ll oo o rimrgr ) < BT+ MT)V2eCTIVule 0o Juy — wg| o2, )

uloc

where B := C||po||Le and M := max; ||u;||po.

Proof. The goal is to bound the following quantity for any test function ¢ € Cg°(2) uniformly in
k € Z and with respect to t € [0,T] where T is determined further. To apply Liouville theorem
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gives
/Q p1(t, @) — pa(t, ) (k) (@) dae
/ (o) (X1 (1)) — (x0) (Xa(ts 7)) d

D

1
/ po(@)(X 1 (1) — Xo(t: @) - / V(o) (XAt 2)) dAda,

where X*(t;x) := AX(t;x) + (1 — \)Xo(t;). Since p; are the push-forwards of py by X,
the respective transports occur at finite speed, bounded by M. Since xj is supported in Uj;, the
support of (xrp) o X;(t) is included in

Pi={k—1-Mt<az<k+2+ Mt}

Hence Holder’s inequality applies as follows

1
(Lo k| < llpoll = | X1 (2) — Xz(t)HLz(Ugw)/o IV Ok (X2 ()1 22 dA

We saw in Proposition 2.2.6 that there exists T(||Vu;|z~) > 0 such that X*(¢) performs a
change of variable with jacobian determinant uniformly bounded with respect to ¢ € [0, 7] and
A € [0, 1], meaning there exists a constant C' > 0 such that

vie 0,712 0,1, Vo)X ®)llzz < CIIVOae)llzz < Cxllelar
Besides, Lemma 2.2.4 applies on the bounded domain U, ,iw & providing

1X1(8) = Xo(0)| pagrprey < VL2002 [luy — sl o g2y

From considerations similar to those of Lemma 2.3.3 we obtain

et = tal oo g, 230009y < C(L+ MO [y = w0 1:r

o)

with finite right hand side, since u; € L (Ry; W (Q)). Combining these last equalities lead
to the following estimate, for any t € [0, T,

el < Cllpolloet(1+ M)Vl @i oy — || o g gz llolarr-

uloc

Taking the supremum over the test functions ¢, k € Z and t € [0,T], we see that for any
T € [0,T] we have

Hp1 p2||L°°(0 T.H;L ) < BT(l + MT)1/2 CT||Vui|lLee(o,; Loo)Hul _ u2HL°°(0 L

uloc uloc)

2.3.3 Proof of Theorem 2.1.2

The proof essentially follows the same path as in Theorem 2.1.1. For this reason we recall briefly
the similar steps and focus on the parts that differ from this former case.
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Local existence : Set p’ = pg in L=°(R,; L>(f)). Define, thanks to Proposition 2.2.5 and
Theorem 2.3.8, the following sequences

YNEN, pNeL®Ry;I¥Q), ud e L¥Ry, W),

satisfying the partial problems

OppN T +uN VNt = 0 inR, xQ, (2.34)
pNTH0,) = po inQ, '
and
—AuN +VpN = —pNe., inRy xQ,
divu = 0 in Ry xQ,
u¥ = 0 in Ry x 09, (2.35)
fu) =0 in R;.
The uniform bounds, with B := C||pg|| =, remain true,
1M oo rs ne) € By |[u™ || oo m iy < B (2.36)

Therefore we still have weak® convergence of p™V,u” and Vu]y , up to the extraction of subse-
quences. Beside, Proposition 2.3.9 ensures the existence of a T'(||pol[z) > 0 such that for any
T €[0,T),
N+1 N 1/2 BT N _ N-1
Ip™ T —p HLoo(o,T;H*1 < BT(1+ BT) e o™ —p ||Loo(0,T;H

-1
uloc) uloc)’

where we have plugged (2.36). Therefore, up to the choice of a small enough T'(||po| =) > 0,
(pN)n is a Cauchy sequence in L>=(0,T; H.,! (©2)), which implies that (uV)y is also a Cauchy
sequence in L>(0,T; HL ()), with limit denoted u. The weak™ convergence of (u”)y and
(Vu® ) n ensures that u also belongs to L°°(0, T; W1>°(Q)). In particular, u”¥ and its derivatives
converge in L. ([0,T] x ), which, together with the weak™ convergence of (p™)x, is enough
to pass to the limit in the weak formulation of partial problems (2.34) and (2.35). We obtain a

local in time solution (p, ) of (2.20), with regularity
L>=(0,T; L% (Q)) x L*=(0,T; W (Q)).

Local uniqueness : Let (p;, u;) be two such solutions of (2.20). The contraction adapts thanks
to Proposition 2.3.9 in

lpr = p2ll Lo o 72 ) < BT+ BT)' e py — p2llpoe ot s

uloc

which implies uniqueness for T'(||po||>) > 0 small enough.

Globality : The extension proves just as in the bounded case, see the proof of Theorem 2.1.1.

2.3.4 Stability estimate for the system in the strip

The result and the proof are identical to the ones of Proposition 2.2.7, replacing the stability
estimate (2.18) of the bounded case by the one in the strip from Proposition 2.3.9.
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Proposition 2.3.10. Let py,; € L>®(Q) and p; be the solution of (2.1) with initial datum po ;,
for i =1,2. There exists C = C(,||po,i||L) > 0 such that

VT € Ry, i1 = p2ll o) < Ce“ Moo = po2lluzs - (2.37)

2.4 Appendix

2.4.1 Proof of Lemma 2.3.1

Let m e Nk € Z,1 < qg<ooand uec W »4(Q). Since xr =1 on Uy,

uloc
lullwm.a@,) < lIxwwllwm.a.

The support of xj being U}, one has

[Xkullwma < Cx,mHu”Wm’LI(U;)'
One can split this last norm as follows

k+1
||u||Wm>q(U,j)§ Z |\U||Wm’q(Uz)~
t=k—1

These three inequalities prove the first assertion,

k uloc

sup ||U||Wm=q(Uk) = sup ||u||Wm:‘1(U*) ~ [lullyma.
keZ kEZ

Let m € N* and 1 < g < oo. For readability we adopt the following notations in the rest of
this proof. For any uw € W~™4(U) and ¢ € Wy (U) where U is a subdomain of €2, denote

lullo == llullw-maw):  Nulwoc = llully ma, Mol = lellyme

and the duality brackets
(u,p)u = (u, ('0>W*"'W(U),Wg"’q/(U)‘
The inclusion {¢ € Wi *(Uy) : |l¢llo,v, = 1} C {p € Wi (U}) : [l¢llo,uy = 1} provides the first
inequality
[ullw-ma,y < llullw-ma@;)-
Let us show the remaining direct inequality. We use the definition of the dual norm, and recall

that (xx)j is a partition of the unity, up to a factor 2. Also notice that a product xe¢p with
p € Wy (Uy) has possibly non-empty support only if [¢ — k| < 3. These remarks justify each
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step of the following computations, for any k € Z,

]

ur = sup <U7<P>U;g
llello,vp=1

~ sup > feok<s(u, xep)ur
el =1

< sup Z |€7k|§3<Xlu7 <P>U;

H‘P”o,u:zl

< sup D femw<s(xeu, 9)a;
lello,o=1

S lluflutoc-

Finally, the reciprocal inequality is proved by noticing that xx¢ belongs to Wy" ’qI(U +) for any
p € Wy (Q);

Ixrullo = sup (u, xxp)a

#llo,o=1
< sup  ulluslIxeellous
llello,o=1
<Cx,m)|lulluy  sup  |[ollu;
lello,e=1
< Cllullv;-

Remark 2.4.1. For m € N*, we do not have in general
sup [|ully —m.a(,) 2 sup [[ullw-m.awr;)-
kEZ keZ

Indeed, consider the Dirac mass 0(o,1/2) belonging to H=2(Q) and therefore to Higc(ﬂ), with
||6||H712 > 0. Nevertheless, for any k € Z we have

Vo € Hy(Ur), (8, 9)v, =0
The reason is that the support of an element of the negative Sobolev spaces can be included in the

complementary of UpUy. This does not happen when the considered subdomains family covers
the whole domain, as does (U}),

2.4.2 Proof of Lemma 2.3.3

The case f € L?),.(,) is straightforward,

uloc

n—1
122 = D IF1Z2w,y < 2005117, -

k=—n
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The case f € H;! (€,) requires a little more care. We use notations from the proof of Lemma

2.3.1. Notice that Y.,_ | x¢ =2 on §,, so for any ¢ € Hg($,) we have

n

<faw>Qn = EE: <f?XZ@>U?
l=—n—1

< Z ”f”H*l(Ug‘)HXZSO”Hl
l=—n—1
n

Sl 3 el

l=—n—1
n

S > lelmws

l=—n—1
n 1/2
5f||Hm3c<2n+2>1/2< ) ||so||%pw;>> ,
l=—n—1

where we used Lemma 2.3.1. Now, bound 2n+ 2 by 4n and notice that the last sum is equivalent
to ||¢| g1 to complete the proof. O

2.4.3 Proof of Lemma 2.3.4

Set (Enk)nk a family of positive real numbers, indexed by the couples (n,k) € N? such that
1 < k < n, non-decreasing according to k for a fixed n, obeying

VI<k<n, Bup<C(Enirr— Bup+Fk+1)) (2.38)

and satisfying
Vn, En,n,<CFn, (2.39)

where F' is a constant playing the role of || f Hirl . Let us show that there exists o > 0 and
uloc

ko € N* such that
Vk,n, ko<k<n — E,<alFk. (2.40)

By (2.39) we already know that (2.40) is satisfied for any n € N* and k = n, with o = C. For a
fixed n, let ko be the greatest index such that (2.40) is not satisfied, meaning

Ep gy > aFkg. (2.41)
Therefore, plugging (2.41) in (2.38) and using the definition of kq provides
a(l+ C)Fky < CF(a+1)(ko+1),

which is equivalent to

ko C 1
<——|(14+=) =C,.
k0+1_C+1<+a> Ca
Ca

Up to the choice of a greater o, we can assume that C, < 1. This implies that ko < =&-,
independently of n and F. Therefore, we conclude that for any k,n such that kg < k < n we




2.5. Well-posedness of the Stokes-transport equation for Lebesgue data 61

have
Ek S aFk.

O

2.5  Well-posedness of the Stokes-transport equation for
Lebesgue data

2.5.1 Well-posedness in L? for ¢ > d

The Stokes-transport equation well-posedness result on bounded domains for py € L*> can be
adapted for Lebesgue data py € L1(Q2) with finite exponents ¢ € (d, 00), as follows.

Theorem 2.5.1. Let Q be either Tx (0,1) or simply connected compact subdomain of R, d = 2,3
of class C?. Let q € (d,o0). For any py € LY(Q) the ST equation has a unique weak solution
(p,u) in the class

L(Rea L)) x L= (R W (Q). (2.42)

In [MS22] Mecherbet & Sueur show that Stokes-transport is well-posed in the whole space
R3 for data py € LY(R?) with ¢ > 3, with similar regularity than (2.42) when ¢ > 3 (the critical
exponent ¢ = 3 requires more attention). They raise whether this result holds in bounded
domain, which is therefore the case. Note that the critical exponent ¢ > d is consistent whether
the domain is bounded or not.

We adjust the proof of Theorem 2.1.1. We choose ¢ > d so that W?24(Q) embeds continuously
in WhH*°(Q), hence for any solution u to the Stokes equation with source term p € LI(Q) we
have

[ullwree S llullwza S llpllza-

Since solutions to the transport equation have constant L? norm, this inequality ensures that
the velocity fields considered are still Lipschitz and that the characteristic method applies just
as in the previous cases.

We can define a sequence (pV)y and (u”)x as follows. Let us define p° : t € Ry
po € L%(Q). Now iterate as follows. If p¥ € L°°(Ry;L9(f2)) there exists a unique u” €
L>®(Ry; WH(Q)) satisfying for all time the Stokes system (2.1). If u’¥ € L= (R ; W1>=(Q)),
the characteristics method provides a unique solution p¥ 1 € L>®(R.y; L9(f)).

Now we need to adapt the stability estimate (2.11) in order to show that the sequences are
of Cauchy type in convenient spaces. The difference lies in the treatment of a generalised Holder
estimate considering within the proof, requiring to bound pg in L¢ for ¢ finite instead of L,
which modify the space in which the other quantities are estimated. Then, it remains to check
thanks to the convenient embeding estimates that the stability estimate can be closed in view of
the contraction argument performed in the well-posedness proof.

Lemma 2.5.2. Let py € LI(Q),q > d, u; € L= (R ; W1>°(Q)) given and p; € L (Ry; LY(Q))
the associated solutions to the transport equation with initial datum pg. Then for any 1 < r,s < oo

satisfying % + % = % we have

CT||V o
o1 = pallosew 1o S lpollzae Y HE# W gy — g e o (2.43)

Proof. As in Proposition 2.2.6, we get for any ¢ € C°(Q) the following equality in view of an
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estimate in a dual Sobolev space, for any t > 0,

/ (o1 (1) — pa(t))p = / po(X (1) — X(t)) - / V(XA () dA.
Q Q 0

Now we estimate this latter expression by the generalised Holder inequality,

/Q(m(t) —p2(0)e < llpollal X1(8) = Xo(B) [ Vel o (2.44)
where the exponents satisfy
, 1 1 1 1 1 1
1<gq,r s <oo, -+t-+-=1 & —+-=-.
q T s q T s

For any such set of exponent, we consider the supremum on the test function ¢ € WO1 s’ (©2) and
get
VT >0, |p1—pallreorw-12) S llpolleal| X1 — XallLes 0,7517)- (2.45)

Besides, let us recall that for any r € (1,00) we showed in Lemma 2.2.4 that
VT > O, ||X1 — X2||L<X>(O7T;Lr) g TeCTHvulllLOO(OvT?Wl’OQ) Hul — /U,2||Loo(07T;Lr),

which concludes the proof. L

In order to close estimate (2.45) we need the following inequality for the Stokes system,

lwllzr < llplw-rs.
This is achieved by considering the embedding W* < L" occurring if

d d 1 1 1
l-—>— & —4+=->-.
s r d r s

Whence, first by embedding, then by Stokes solution estimate, we get
lullr < llwllwes < llpllw e (2.46)

Remark 2.5.3. If we consider s = r then q = oo remains the only option in (2.44), and we
would fall back in the previous proof.

It remains to check that all the exponents constraints are compatible in view of obtaining
(2.43). We need

1 1 1 1 1 1
g>d, —+->-, —+-=-,
d r s q T s
which is actually satisfied for any ¢ > 2 with r € (1, 00) since

1 1 1 1 1 1
- = -4 =>4 - =
q d r q T

where s deduces from g, .
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Now from (2.43) and (2.46) we can deduce that for all N € N density difference satisfies

N+1 CT||[Vul || oo 0,1;1) HuN _

1N = p [l oo 0,510y S Tllpoll Lae N Lo (0,730

S Tlpol|Lae®T ool pN — PN | Lo 0,1 1109

Hence for T'(||po||re) > 0, (p™)n is a Cauchy sequence in L>(0,T; W ~15(€)), therefore (u)y
is a Cauchy sequence in L°°(0, T; W1#), and in particular (u)y, (Vu¥)y are of Cauchy type in
L*((0,T) x Q). We infer there exists some u such that w € L*((0,7) xQ) with w € L*((0,T) xQ))
is the limit of (u’¥)y in W$(Q). Besides, since ||p™ (¢)||« = ||po|/z« for all N and ¢, we have

6N Lago,myx0) < Y| pg|| s

In particular (p")y converges weakly in L7, up to extractation, toward some p € L7((0,7T) x ).
Hence by strong and weak convergence of (u’¥)y and (p™V)y respectively, we can pass to the
limit in the intermediate problem weak formulation of the transport equation, i.e.for any ¢ €
e ([0,T) x ),

T
/ / PNt @) (Grp(t, ) + uM (@) - Vil @) de dt = - / po(@)(0, @) da.
0 Q @

In the same fashion the limit satisfies the Stokes weak formulation. Hence (p, u) is a local weak
solution. Uniqueness deduces from the stability estimate (2.43). Moreover, since the existence
time 7' depends only on the L? norm of the initial datum, and since this L? norm is preserved
along time for the density, then we can extend the solution for all time. By (2.5) the velocity
field satisfies

[wll Lo (ryswreey S llpollLa,

which concludes the proof of Theorem 2.5.1.

2.5.2 Existence for lower Lebesgue exponents

We obtain existence of solutions for initial data in Lebesgue spaces for a range of exponents lower
than the dimension.

Proposition 2.5.4. Let Q C R d = 2,3 of class C? and let ¢ > 2d/(d + 2). Then for any
po € LI(Q) and T > 0 there exists at least one weak solution to the Stokes-transport system
on [0,T). Since T > 0 is arbitrary, there exists global solutions. These solutions belong to the
following functional space

(p,u) € L= (Roy; L)) x L (Ry; W29(Q)).

In the former case, p € L ensured u to be Lipschitz, ensuring the proper definition of the
flow map X and in particular the uniqueness of the solution. When d > ¢ > 2d/(d + 2), the
velocity field belongs a priori to W24(Q) which does not embed in W1> anymore. Note that
for d = 2 the result holds for any ¢ > 1. In dimension d = 3, we have a threshold ¢ > 6/5. Note
that the present result is also consistent with [Inv23, Corollary 2.3| in which Inversi details the
nature of the renormalised solution to the Stokes-transport system in R? for data in LI(R?),
which are weak (or distributional) solutions if ¢ > 6/5. Addressing the case ¢ < 2d/(d+2) might
require an other approach to overcome this difficulty.

Proof. Let us consider a sequence of initial data pg ., € L>(£2) converging in L? toward po. For
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instance, the sequence defined by po ., = poly|sy|<n} suits this property. By Theorem 2.1.1 we
know that for all n € IN there exists a global solution to the ST problem with initial datum pg ,,
such that

(P ) € L¥(Ro L2(R)) x L (R W2 (02)),

In particular, the sequence (py,),, is uniformly bounded as follows

pnllLaorixe) < T lponllze < TV pollLs-

Hence the exists an extraction such that p,, converges weakly in L? toward some p € L1([0, T]x ).
Now a strong convergence of (u,,), would be enough to pass to the limit in the weak formulation
of the problem, in particular, for any ¢ € C°(]0,T) x §2), the following

/ / Pt 2) (O (t, ) + wn(t, ) - Viplt, @) dar dlt = — / po() (0, ) dz.
[0,T)x2 Q

We know that
wnllwza < llponlle < llpollza-

An extraction provides a weak convergence of (uy), in L4(0,T;W?24(€2)). In particular the
Kondrachov embedding theorem ensures that if

d_ d
2—=>——
q q

then there is a compact embedding from W24() into L9 (€2). Reordering the latter inequality

we get
2d

> —.
1702
This condition is sufficient to ensure the existence of an extraction such that w, converges
strongly in LY ([0, T] x Q) toward some limit w € L([0,T] x ). In particular by divergence free
of the velocity field, we preserve the L? norm of the datum, and we have

(p,u) € L>(0,T; LY(Q)) x L>(0,T; W>1(Q)).

Since T is arbitrary, and since the uniform norm of p is preserved along time, one can extend
such a solution for any time. O

2.6 Well-posedness of the Stokes-transport equation for Sobolev
data

The aim of this section is to prove the well-posedness of the Stokes-transport on the domain
of interest of the present paper, namely @ = T x (0,1). The proof is also valid on any regular
enough bounded domain of R? with d = 2 or 3. The author included this Section in [DGL23].

Theorem 2.6.1. Let Q) satisfy either
1. Q="Tx(0,1);

2. Q is a simply connected compact subdomain of R%,d = 2,3 asumed C™2.
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Let m > 3 and po € H™(Q). The system

op+u-Vp =
—Au+Vp = —pe,
divu =0 (2.47)
ulgn =
P|t:0 =0,

has a unique global solution in the following class of regularity
(p,u) € C(Ry; H™(Q)) x C(Ry; H™ ().

Moreover, the solution obeys the following energy estimate
t
lo@)zm < llpollzm exp (C/O (IVu(s)llze +[IVp(s)llLe) dS) : (2.48)

This result requires rather classical techniques. It also relies on the previous Sections, con-
stituting [Leb22], including in particular the well-posedness in the weak sense of the system
(2.47).

A priori estimate. Formally, the energy estimate for any derivative of order m writes

1d
=—18"pl|7 :—/ ", w - V]pd™p,
saglomslfe == [ w7

due to the divergence free condition satisfied by uw. We apply the tame estimate (3.20), to-
gether with the continuous Sobolev embedding of H™ () in L°°()) and the Stokes equation
regularization estimate to get

d m
197 elz S (IVullze + [Vollz) ol -

One therefore obtains the same inequality with the complete H™ norm on the left-hand-side,
and the estimate (2.48) follows. This energy estimate tells us that p remains in H™ () as long
as ||Vu| re and ||Vpl||L=~ are integrable in time. Regarding the properties we know from [Leb22]
about the solutions of this equation it is enough to prove that the solution exists globally, and
is unique. Let us recall from [Galll, Theorem IV.6.1] and [Leb22, Section 2.1] that the source
term and the solution of the Stokes equation satisfy for all time

[l S Nollm—2,  lullwre S ol (2.49)

Also, the uniform norm of p is constant by incompressibility condition. We also observe that

t
IVl < Vool exp (o / ||Vu<s>||mds)s|Vpo||Lwexp<0||po||Lmt>. (2.50)
0

All these consideration put together lead to

Vool e
pllEm < [lpoll zrm exp (CP0|L°°t+ ool (exp(Cllpol[r=t) = 1) ) -
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This suggests that it is enough for py to belong to W1>°(Q) for the solution to exist globally in
time, which is satisfied here since pg € H™(Q) < Wh>(Q) for m large enough to ensure this
embedding.

Proof. An iterative scheme allows to formalise the previous considerations. Let p% : t — pg
which belongs to C(Ry; H™()). If pV belongs to C(R; H™(£)), which is true for N = 0, we
know that the Stokes system

—AuN +VpN = —pVe,
divu =0
'U,N|8Q =0

admits for any time a unique solution u” (t) € H™+2(Q) obeying inequalities (2.49). By linearity
of the problem, u" in H™¥2(Q) inherits the continuity of p» in H™(f2). Then since u” belongs
in particular to C(R; H™*2(Q)), the transport equation

BN+ £ uN VNt —
PN+1|t=0 = pPo,

has a unique strong solution pV+1 € C(R; H*(Q)). This concludes the definition of a sequences
(p™)n and (u?)n. We thereafter show that for any 7' > 0 the sequence (p™)y is bounded in
L>(0,T; H™(2)) and equicontinuous in C(0,T; H™~1(Q)), so it converges in C(0,T; H™1(Q)
to a solution of the original system up to an extraction. Since this is true for any 7' > 0 and by
uniqueness of the weak solution ensured by [Leb22, Theorem 1.1 & 1.2], we get the well-posedness
of the system and Proposition is proven.

Boundedness. Let us show that we have for any N € N,

Vol Lo

Tl (e Clmli) =) = B (251

107 2 < llpollzm exp <C||Po||L°°t+

This inequality is immediately satisfied for N = 0 since p° is constant in time and equal to po.
Let N € N such that (2.51) is satisfied. Then the tame estimate (3.20) provides here

d
1P Ol S IVu e 2™ H iz + Vo™ oo ™ [ [0 .

The considerations (2.49) and (2.50) applied to p, p¥ 1 and u” conduct here to

d

— "z S ool lloN T Em + Vool exp(Cllpollzet)llp

N+1

From here, we use Grénwall lemma to estimate ||p™¥ || gm,

t
15 i < exp(Clpollz=1) (|po|Hm + | Vpollz / 16" ()l 2 ds) , (2:52)
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then according to the assumption on p’¥, observe

t
ClVpollz~ / 10V ()] ds

t
Vol 1o .
< CllpalnlI Vil | exp (Cllonlms + LA (ctmiies 1) as
0

llpoll Lo
eCllpolipoot _q
Vol L dr
S C”pO”Hmva()”Loo / exp (” || r =
0 lpoll 2= ool
Vp Lo
= |lpo||zm (exp (0” (exp(C||po|lL=t) — 1)> _ 1> )
llpoll Lo~

The latter bound substituted in (2.52) yields exactly the result (2.51). Therefore, for any T > 0
the sequence (pV)y is uniformly bounded in L>(0,T; H™(2)).

Equicontinuity. We find a uniform bound on (9;p™) 5 in H™~1(£2) to show the equicontinuity
of the sequence in C(0,T; H™~1(Q)). This bound, uniform in N € N and ¢ € [0,7] is obtained
thanks to the tame estimate, the bounds (2.49) and the uniform bound (2.51) on p",

10:p™N s = w71 VN |
SN M Lo VN - 4 (1o e[| = s
S llpollzes o™ [m + llpollzes 0™ = [z
Vpollz=-

< lpollze<llpollrm exp <C||POL°°75 + Toollm (exp(CpollL=t) — 1)) .

Regularity. Let us show that the limit p belongs to L*°(0,7; H™(2)). For any ¢ € [0,T],
(p™ (t))n is uniformly bounded in H™(f2) with respect to N and ¢, hence according to Banach—
Alaoglu theorem, for any ¢ the sequence is weakly compact in H™(2). Hence up to an extraction,
p™N (t) converges weakly toward a p(t) € H™(f2), and this limit satisfies

P()] e < i n o™ (5], (2.53)

where the right-hand-side is uniformly bounded thanks to (2.51). As pY already converges
weakly in H™(Q), we can identify p and p, which then belongs to L>°(0,T; H™(f2)). Finally, to
reach the regularity C'(0,7; H™(?)). The [BF12, Lemma II.5.6] tells us that since in particular
p € L*(0,T; H™(Q)) N C2(0,T; H™1(Q2)) then p € C2(0,T; H™(2)). Hence it is enough to
show that ¢ — ||p(t)||g= is continuous to prove the strong continuity of p in H™(Q2). By weak
continuity, we have

poll e < Tima inf {lp ()|

Also we have by weak convergence

o)l < Y inf | o™ ()| < By (1),
—00

which proves by clamping that ¢ — ||p(¢)| g is continuous at ¢ = 0. This can be performed for
any t € [0,7], hence the continuity. Finally, uw € C°(0,7; H™*2(Q)) by (2.49) and linearity of
the Stokes equation. O
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2.7 The hydrostatic Stokes-transport equation

Let us recall that the Stokes equations models the steady state of a viscous and compressible
fluid submitted to some external persistent force, described by its velocity w and its pressure p.
When considering fluids to the scale of an ocean or of the atmosphere, is it common to perform
the following approximation, so called hydrostatic approximation, consisting in neglegting the
vertical acceleration of the fluid,

d.p = —p.

The hydrostatic approximation is relevant for fluid occupying a thin domain, with typical width
smaller than typical length. For instance, an ocean has an height average of order ~ 1 - 10 km
and horizontal scale of order ~ 1000 - 10 000 km. This assumption in generally considered in
Boussinesq systems frameworks and more complete oceanography models, [LTW92a; LTW92b;
CTO07], but Stokes equation alone has also been studied in [Zia95]. In the present Section, we
study the well-posedness of the coupling between the transport equation and this modified Stokes
system on Q = T x (0,1), as a reduced model of the previous systems mentionned. The equation
is

Op+u-Vp = 0
7A’u,1 + ﬁzp = 0
d:p = —p
divu = 0 (2.54)
us = 0,u; = 0 on 0N
(U)o = 0
pli=o = po-

The extra boundary and average conditions on u = (uy,us) are discussed in the following Sub-
section 2.7.1, in the mean course of a self-contained study of the Stokes system with hydrostatic
approximation. We demonstrate the well-posedness of (2.54) in Subsection 2.7.2, as stated in
the following result.

Theorem 2.7.1. Let m > 3. For any po € H™(Q) there exists a time T(||pollgs) > 0 such that
the hydrostatic Stokes-transport system (2.54) is locally well-posed, with solution

(p,u) € C(0,T5 H™(€)) x C(0,T; H™(2)),

obeying moreover

llooll
Vt € O,T 5 P t Hm S .
0.7, llel 1= Cllpollmst

2.7.1 A hydrostatic Stokes system

We consider the Stokes system endowed with the hydrostatic approximation, on the spatial
domain Q@ =T x (0,1),

—Au1+0,p = 0
dp = —p (2.55)
divu = 0,

which requires extra boundary conditions on w = (u1, us), which are given and discussed further
in (2.56). It is important to stress how the classical Stokes system (2.3) and the present one differ.
In the former, the velocity u depends globally on the forcing datum and benefits from the elliptic
regularisation effect. In the latter, only the horizontal velocity satisfies a Laplace equation, with
a datum already depending on derivatives of p, as we will see further. The vertical velocity is
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recovered thanks to the divergence free assumption only, which implies a loss of regularity with
respect to the horizontal one. In the end we obtain that the velocity and density have basically
the same regularity, and only local well-posedness of the system is proven here. To simplify
the analysis, we endow this system with the following slip boundary condition, together with a
condition on the average of €2 of the horizontal compound, which we justify in the course of the
proof,

up =0, Onu1 =0, on 01}, (u)q = 0. (2.56)

In view of the following result we define the following anisotropic Sobolev space having hori-
zontal derivatives of order less than k£ € N in H™, for given m, k € N, as the subset of functions
f € H™(Q) satisfying

k
Al ez =Y 1105 fllrm < oo

£=0

Lemma 2.7.2. Let us set m € N and p € H™(Q) such that 82p € H™(). Then the system
(2.55)-(2.56) has a unique solution w, which obeys

lwllzmsz S llpll 2 (2.57)

To prove this Lemma we first proceed to an a priori analysis. Let us assume having a triplet
(p, u, p) satisfying (2.55)-(2.56), as regular as necessary to proceed to the following computations.
Let us integrate the system (2.55) with respect to z € (0,1), to get

{—c’ﬁUl (2) = [0zur (2, 2)]3— + Do P(x) = 0 (2.58)

us(a, 1) = us (2, 0) = —0,Us (x),
where we set . L
Vee T, U(z):= /0 ui(z,¢)d¢, P(z):= /0 p(z,¢)dC.
Due to the boundary conditions (2.56) we infer from (2.58) that
Ve e T, 0,U(z)=0U(z)=0,P(z)=0.

In particular P does not depend on x and we deduce from the hydrostatic assumption that, up
to an additive constant,

ML@——A%@£MC

Whence the following explicit source term for the Neumann problem satisfied by uq,

Aul(I,Z) = O foz p(I’,C) d¢
d:uiloq = 0
<U1>Q = 07

(2.59)

where the solution w; is defined up to an additive constant, so we will choose the average
condition (u1)q = [,u1 = 0. We denote H'(Q)\R the set of H' functions satisfying this
condition. Classically, the solution is defined as the unique element u; € H'(Q)/R satisfying
the variational formulation of the problem, for a generic source term f,

Vo € H'(Q)/R, /QVuer@:/Qf%
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since Poincaré-Wirtinger inequality and the zero average condition ensure the left bilinear form
to be coercive on this functional space. Moreover we obtain the estimate

luallere S N10wpll—1 S N2

The solution also obeys the elliptic regularisation, for any m € N, provided d,p € H™(Q), see
[Brell] for classical results on this topic,

lua|| sz S 1| Oupll

Notice that the Neumann problem (2.59) is also satisfied for any horizontal derivative of the pair
(0w, 0¥+ p). Together with the previous estimates, we have for any k,m € N,

|oFullen S N105pllces 05w llamse S 1105F pllrrm.
Now, given u1, we deduce the following estimate on us, thanks to the divergence-free condition,
[0:u2l 2 = [|Opurlr2 S llpll 22
10zuz[ = [[0pur |l S [|02pl| L2

Integrating the divergence equation with respect to z and recalling the boundary condition (2.56),
we get
z
’U,Q(LL',Z) = _/ axul(xaC) dC
0

We observe that horizontal derivatives of us do not share the same regularisation effect as u,
and require more horizontal regularity on the datum p to ensure

|0Fusllr2 S N07urllze S N107ullm S 10701 L2
Let us gather these estimates in order to highlight how w depends on p,
lwllez + [lurll e + 19:-uzl[2 < o)l

uillge + lluellg S [10zpll L2 (2.60)

i < 10201l 2

This observation illustrates the non-isotropy of the phenomenon, contrary to the classical Stokes
equation for which the velocity field regularity does not depend on the compounds and direc-
tions, recalling the estimate ||u||gz < ||p||L2. Basically, horizontal regularity is required on p to
compensate the loss of derivatives on us. These controls are consistent with the formal Fourier
relation between p and w, for any & = (&;,&,),

3 e
e = 2jep”®)

The regularity of us is therefore limiting the regularity of w, and we have

ur(§) = p§), uz(§)

[uall s> S 1|Ocvallmms S llpllazam,

which concludes the proof of Lemma 2.7.2 and the announced estimate (2.57).
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2.7.2 Well-posedness of the hydrostatic Stokes-transport equation

According to the above discussion, we will conduct our analysis using that the solution of the
hydrostatic Stokes equation satisfies

lwllzm < ol - (2.61)

Although this estimate is not as optimal as (2.57), it is not clear how to use the anisotropic
regularisation highlighted in (2.61). In the same spirit as the proof of Theorem 2.6.1, we compute
the a priori estimate of p in H™ for any m > 3,

d 2 < m

Pl S 0™ w - Vipllzzllpll s,

where the tame estimate introduced in (3.20) and inequality (2.61) provide here

0™ w- VipllLe S llullam Vol + [Vl Lellpllam
S (IVpllze + [Vl o)l o]l -

Therefore, as long as p lies in H™, we have the same a priori estimate as for the regular Stokes-
transport equation, see Theorem 2.6.1:

t
ol < ol zm exp (o / V()] 2= + [Vo(s) ) dT) .

The difference here lies in the fact that we do not have a uniform bound on the Lipschitz norm of
u, which ensures for the original system to have a finite growth speed, allowing global existence
of the solution. Instead, we have here, combining (2.61) and the embedding H? < W1,

IVullze + [ Vollz= < llolas-

Therefore, if the H™ norm of the solution were to explode in finite time, there should be a
regularity break at the H3 level first. Including this latter inequality in the energy estimate, we
obtain for m > 3,

d
-_— m < 2 m
el S ol

whence Grénwall lemma ensures that, at least for 0 <t < T(||pollaz) := (C|lpolls) 1,

||PO||Hm
p(t m < —— 2.62

Proof of Theorem 2.7.1. Existence. We follow the scheme of proof of Theorem 2.6.1 and obtain
existence of a solution by a compactness argument. Let p™ € C(0,T; H™()) such that

N ||P0||H"L
t m K —— 2.63
o @l TG (2.63)

where we consider 0 < ¢t < T, for some 0 < T, < 1/C||po||gs. Therefore, Lemma 2.7.2 ensures
existence and uniqueness of u™ € C(0,T,; H™(2)) satisfying for all 0 < ¢ < T, the hydrostatic
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Stokes equation,

—Au) +9,pN = 0
asz = _pN
dive = 0,

supplemented by conditions (2.56), obeying

[z < 10" [l

In particular estimate (2.63) ensures for any 0 < ¢ < T, that

N N llpol| 22
u” () lwree Sl Ol S A
[[w™ (t)lw [ @Ol S 1= Cllpoll 3T

whence u® is globally Lipschitz in space uniformly in time. In particular the characteristics

associated to u are well-defined and the transport problem

8tpN+1+uN~Vp§+1 = 0
p\t:()l = pPo,

has a unique solution pV*1 € C(0,T,; H™(S2)). Earlier a priori energy computation yields here

d
o™ i S UV Hlzee ™ [ + 1V 2o o™ ) 1™ 2

dt
S U™ Mz llp™ e + 0™ ez o™ )

We need to obtain estimate (2.63) for p¥ ! in H?3 before concluding about H™, m > 3. This is
ensured by a Gronwall lemma after plugging assumption (2.63) in (2.64) for m = 3, which yields
the following

(2.64)
|pN+1 HH"L-

d
P s S 1™ s o™ llas + 0™ s 0™ -

So, for any m > 3, we have

d N+1(2 ol s N+1(2
implying 7ol
N+, < NPl
o < T Gl

Initialising the sequence by p°(t) := po for all t € R, constant in time, therefore in C'(0,T; H™(2))
and satisfying (2.63), we obtain sequences (p™)x, (uV) y uniformly bounded with respect to N.
The sequence (p™V)y is moreover equicontinuous in C(0, T; H™~2(Q)) since
10ep™ N2 = 1wt Vo || 2
S iz o™ + [ am—1 [ VAN || Lo
SN s oz + 10% Hlam1 o™ | o

< lleoll 23 o]l
~ (1= ClipollasT.)?

From here, Aubin—Lions lemma and the same method as in the proof of Theorem 2.6.1 ensures
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existence of a solution
() € C(0,Tu; H™ () x C(0, Tus H™2(9)),
obeying estimate (2.62).

Uniqueness. Let us consider two solutions (p?, u?),i = 1,2 to (2.54), with same initial datum
po- The stability estimate for the transport equation from Proposition 2.2.6 still holds here,

CT.||[Vu

1
lp" = Pl 0,7, 1r-1) S lpollLe et — || L (0.1,:22),

but does not allow to ensure uniqueness of the solution, since we do not have anymore the control
lullzr < |lpllg-1 on the Stokes solution to close the estimate. Bounding the density difference
in L? instead of H~!, we obtain

d
SR PR U Rl Vo [
Q

== [V = A = )+ ) VR )

Hvl)1||L°° ||u1 - U2||L2||Pl - PQHL%

IN

where the first term of the integrale does not contribute by divergence free of u'. We know from
inequality (2.63) that |[Vp!||~ is bounded on [0,7'). From (2.60) we obtain at best

< llpollas

B L1 A IV = S 1_ 2

d
&HIO1 —PQHL2

which still does not allow to conclude. Therefore we perform the same computations in H'. For
first order derivatives of the solutions, inserting some relevant terms, we get

d
G100t =l = = [0t 9o —u-9) 20" — )

- / O (ul - V(! — p?) + (u! — u?) - V) Op" — p?)

— | du'-V(p' = p*)A(p" = p*) + Ju' - V[d(p' — p?)?

Q
- / ' — u)VpP0(o! — p) + (u! —u?)VORP(o" — p?)
Q
10wl 1t — P2 40

+llut =@ l[V2 ot = PPl + [[ut = w?||rallp?lwaallpt — p? |l

IN

Note that derivatives of order two on the difference p' — p? vanish due to the divergence free of
u'. Using the embeddings H' < L* H? — W2, the estimate (2.61), and adding the previous
computation on the L? norm, we get

llpoll s

1 22
1—C||p0||H3t||p P ||H13

d
ot =13 <

whence p' = p? since ptli—o = p*|i=0 = po- O
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Chapter 3

Long-time behaviour for the
Stokes-transport equation

This chapter is dedicated to the study of the long-time behaviour of the solutions to the Stokes-
transport equation in the periodic channel T x (0,1). The author resumes the paper [DGL23]
written together with Dalibard and Guillod, from Section 3.1 to Section 3.5. This work is
devoted to the demonstration of a stability result for the Stokes-transport equation for data
po € HS(Q) close enough to linear profiles, and to the formation of density boundary layers.
The paper introduction is reported in Section 3.1 and completed according to the supplemented
following Sections. In particular, Section 3.6 contains a study of the long-time properties of the
solutions for general data py € L°(2), and we discuss the natural conjecture of the density
convergence toward its vertical rearrangement. A previous work of Kiselev & Yao [KY23] on
the instability of the incompressible porous media equation for data in H? () is adapted to
the Stokes-transport equation in Section 3.7. Finally, properties and eigenfunction basis of the
biharmonic operator with Dirichlet boundary conditions, at the heart of the long-time analysis
of [DGL23], are compiled in Section 3.8.

3.1 Introduction

The Stokes-transport equation
Otp+u-Vp=0
—Au+ Vp = —pe,
divu =0
pli=o = po
models the evolution of an incompressible inhomogeneous fluid with density p, velocity and
pressure fields (u,p). Since the density can be shifted by a constant, we assume for simplicity
that the initial density pg is non-negative. This equation will be studied in a two-dimensional
periodic strip, namely Q = T x (0,1) with variables (z,z) € Q and with Dirichlet boundary

condition of the velocity field:
u=0 on 0N.

It consists in a coupling of the transport equation for the density of the fluid, with a velocity
field satisfying for all time the Stokes equation with gravity forcing —pe, where e, is the unitary

75



76 CHAPTER 3. Long-time behaviour for the Stokes-transport equation

vertical vector. This equation has been studied in particular in the works of [Hof18a] and [Mec20]
showing that (3.1) is a model obtained as the homogenization limit of inertialess particles in a
fluid satisfying Stokes equation. A more recent paper by [Gra22] shows that this system is
obtained as a formal limit where the Prandtl number is infinite. In this paper, the domain is
chosen as 2 = Tx (0, 1) since it describe a physically meaningful situation which include Dirichlet
boundary conditions.

Well-posedness. The well-posedness of this system has been shown in [Leb22] in bounded
two-dimensional and three-dimensional domains as well as in the infinite strip R x (0,1) with
p € L®(R;; L>) and u € L= (R ; W1>); the well-posedness in Q = T x (0,1) being a direct
consequence. Well-posedness in Sobolev spaces are required for our results. Since this result does
not seem to appear in the literature, we provide a concise proof of the global well-posedness of
this problem in Chapter 2, Section 2.6. More precisely, for any pg € H™ with m > 3, there exists
a unique strong solution (p,u) of (3.1) with p € C(R4; H™(Q)) and u € C(Ry; H™2(Q2)).

Well-posedness in other domains and spaces has also been proven, see for example the recent
results [MS22; Inv23].

Steady states. Before going further let us observe that the stationary states, i.e. states such
that 9;p = 0, of this system are precisely the stratified density profiles, which mean in this paper
density profiles depending only on the vertical variable z. Indeed, for such a map © = O(=z),

(p,u,p) = (670, —~ / @(z’)dz’> .

is a solution of (3.1). To show the converse, let us introduce the potential energy associated to
a density profile p,

E(p) ::/zpd:cdz.
Q

so the energy balance is

d
B0 = [ 200 =~ [ 2u-9o= [ uap——Tuls, (3.2)
Q Q Q

where the divergence-free and the Dirichlet boundary conditions on u are used in the integration
by parts. The last equality is simply the basic estimate of the Stokes equation. The potential
energy dissipates exactly through the viscosity effects. From this observation we see that the
whole evolution is non-reversible; the fluid only rearranges in states of lower potential energy.
Moreover, a stationary state is exactly a state for which w = 0, therefore it means that the
density p and the pressure p must satisfy

Vp = —pe€z,

so that the pressure is independent of the x variable, implying p to depend only on the z variable.
These considerations are detailed in Section 3.6.2

Asymptotic properties for general initial data For initial data pg belonging to L>(f2),
we do not know if the solution converges in general. We state the sufficient condition u €
LY(R,; L?(2)) ensuring the strong convergence of p in L?(f2), and notice that this condition is
not ensured in general since we only have a priori u € L?(Ry; H*(f)). Nevertheless, we are
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able to ensure that the w-set associated to pg, defined as the set of accumulation points of the
trajectory t — p(t), is never empty. The solution converges if and only if this set reduces to a
singleton. We do not know in general if this is the case, or if the rearrangement pf belongs to
the w-set of pg in general. Finally, we provide the following criterion. If the potential energy of
the system converges toward the potential energy of the initial datum E(pf), then ps is unique
and coincides with pf;. These results are discussed and proved in Section 3.6.

Main stability result. The aim of the paper [DGL23], corresponding to Sections 3.1 to 3.5, is
to study the long-time asymptotic behaviour of perturbation of stratified initial data with lighted
fluid on top and lower fluid on the bottom, i.e.such that the profile © depends only on z and
is strictly decreasing. For simplicity and for the rest of this chapter, we consider perturbations
of the affine profile ©(z) = 1 — z. Our main stability result for perturbations vanishing on the
boundary is the following:

Theorem 3.1.1. There exists €9 > 0 small such that for any po € H®(Q) satisfying ||po—O| gs <
g0 and po — © € HZ(), the solution p of (3.1) satisfies:

€0

m, HP_Poc||H4(Q) S <o,

||P - Poo||L2(Q) N

where po 1S given by the decreasing vertical rearrangement of pg:

poo(2) ::/0 Lo<z<i{po>ay X

Note that the condition on HZ() is equivalent to the following requirements, discussed in
the following paragraphs:

poloa = Olaq, Onpoloa = 0nOloq.

This theorem will be proven in Section 3.2.

Remarks on the main stability result. Since the set of steady-states is not discrete, it
is expected that © is not asymptotically stable, and that the long-time behaviour is given by
a slightly modified density profile. In general, this asymptotic profile is constructed thought
the entire nonlinear dynamics is a very non-explicit way. However the transport equation is
remarkable since it preserves the measure of the level sets. This property combined with the fact
that the asymptotic profile is strictly decreasing (as a perturbation of ©) allows us to identify
the asymptotic profile as the decreasing vertical rearrangement of pg, which can be computed
directly from pg without dependence on the full non-linear dynamics. See Subsection 3.2.4 for
details.

This result proves the stability of the particular state ©(z) = 1 — z. The result generalizes
and our proofs adapt to the case of stratified © satisfying

sup 9,0 < 0, 10207+ < — sup 9.0,
(0,1) (0,1)

for s large enough. This conditions mean that © is strictly decreasing and presents sufficiently
mild variations. This remark is detailed at the end of Subsection 3.2.2. We note that without
monotony assumption, lighter fluid might be below heavy one, and physically instabilities are
expected to develop. Some weak convergence up to extraction toward a stationary state could



78 CHAPTER 3. Long-time behaviour for the Stokes-transport equation

be proven, but the limit might be a non-trivial w-limit set in general. Anyway, this is not clear
if convergence to the rearranging steady-state is expected to hold.

In [GGS22] the interface problem for (3.1) is considered also in the domain Q = T x (0, 1).
The interface problem treats the case where the density is equal to two different constant below
and above an interface I'(t) C Q. The question is about the regularity of the interface, the well-
posedness for L densities being established in [Leb22]. More precisely, the authors prove local
well-posedness for the interface in C' for 0 < v < 1 as well as the global well-posedness and
decay of small perturbation in H3(T) of the flat interface with lighter fluid on top. The proof
is very different than our as it uses a contour dynamics equation, but the spirit of the stability
result is pretty similar.

Finally, an interesting question is about the optimality of the (1 +¢)~! decay in (3.1). The
dynamics of the equation preserve the fact that the perturbation and its normal derivative are
vanishing on 9Q i.e. p—© € HZ(Q). For higher normal derivatives this property is not preserved,
and this is the main reason why the time-decay is limited. This is one of the main motivation
to study boundary layers formations in this system, together with the possibility to allow non-
vanishing perturbations on 0f).

Nonlinear instability for low regularity perturbation The results of [KY23] about the
instability of the incompressible porous media equation being essentially geometric, they can be
adapted to the Stokes-transport system, which is done in Section 3.7. The result is the same:
there exists smooth perturbation small in H?~ (2)-norm such that limsup,_, ., [|p(t) = O|| g=(q) =
oo for any s > 1. Therefore, this enlightens the existence of a regularity threshold between H?((2)
and H%(Q) between stability and instability.

Linear asymptotic expansion for non-vanishing perturbation on 92. The previous
result is only valid under the assumption that the perturbation and its normal derivative are
vanishing on 9Q i.e. when pg — © € HZ (). If the perturbation does not vanish on the boundary,
this question is non trivial even for the linearized equations around © =1 — z:

0 —u-e, =0
“Au+tVp=—be.
wrvp= e (3.3)
divu =0
0]t=o0 = 0o

It turns out that @ vanishes as ¢t — oo but with a much slower rate than in the case when
0y = Onbo = 0 on 0. This is due to the formation of boundary layers of typical size t~'/4 as
t — o0, in the vicinity of z = 0 and z = 1. More precisely, we will prove the following result in
Section 3.3:

Theorem 3.1.2. Let 0y € H*(QY) for some s sufficiently large. Then the solution of (3.3)
satisfies:

0=0,+6% +0(t™Y) in L*(Q) as t— oo,

where 0o(z) = 5= OQW 0o(x,2)dx is the horizontal average of the initial data and 6B is the
boundary layer part whose leading terms are:

gBL — @O

top

(2, Y41 — 2)) + O (z,tY%2) + Lo.t
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with 69

0p and O decaying exponentially as Z = t'/*z — co. Note that [|6""|| 12y < (1+
t)~1/8.

Non-linear asymptotic expansion. For the nonlinear problem, more complex boundary
layers seems to develop when the perturbation is non-zero on 92. To avoid such complications,
we go back to the case where pg — © € H3(2). The previous results will then allow us to derive
uniform bounds in H®(2), modulo some boundary layer terms:

Theorem 3.1.3. There exists g > 0 small such that for any po € H'4(Q) satisfying ||po —
O\ gs < eg and pg — © € HE(Q), then the solution p of (3.1) satisfies:

pP=poot+peL+Ot?) in L*Q) as t— oo,

where ppr, s the boundary layer part:
1 1/4 1 1/4
PBL = ;@top(x,t (1-2)+ ;@bot(x,t z) + lLo.t.

with Oop and Oy decaying exponentially as Z = /42 & 0.

We note that [|pprz2(0) S (14%)~%® so this result strongly suggests that the optimal decay
of p— poo is like t=9/8 in L2(2), which is close to the rate t~! obtained in Theorem 3.1.1. Indeed,
it would be very surprising but not excluded that the non-linear dynamics drive the system to
the case where these boundary layers terms always vanish.

It seems there is no major obstacles in obtaining a similar non-linear result when the per-
turbation do not vanish on the boundary, except technicalities due to the fact that boundary
layer equations will be non-linear. The present result proved in Section 3.4 requires only linear
boundary layer and is already quite technical.

Comparison with incompressible porous media. We compare the results and properties
of the Stokes-transport equation and of the incompressible porous medium equation, namely
(3.1) where the Stokes equation is replaced by Darcy law,

Otp+u-Vp=0
u+ Vp = —pe,
divu =0

p|t:0 = po-

This equation has been intensively studied and we only cite comparable results. The question of
well-posedness is way more difficult than for the Stokes-transport equation. In particular global
well-posedness in Sobolev spaces as stated in Theorem 2.6.1 seems to remain an open question.
Local in time well-posedness has been shown in [CGOO07; Xue09; YH14; CVW15] whereas some
ill-posedness through non-uniqueness in some spaces has been shown in [CFG11; Shvll; TV15].
Concerning classical global solutions, the only known results has been proven for initial data
close enough in Sobolev space to the stratified initial data ©(z) = 1 — z by [Elg17] in R? and
T? and later improved in [CCL19a] to the domain T x (0,1). More precisely, these results prove
that the profile ©(z) = 1 — z is asymptotically stable under small perturbation in H™ for some
m.
In T x (0,1), the boundary conditions used by [CCL19a] somehow ensure that everything
works more or less as in the periodic or whole space case, in particular integration by parts of
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high order derivatives are possible to obtain uniform bounds in high enough Sobolev spaces. By
using similar boundary conditions for Stokes-transport in T? x (0, 1), the results of [CCL19a] can
be adapted in a straightforward way. In our situation, the presence of the Dirichlet boundary
condition is the major obstacle, in particular because uniform bounds in high Sobolev spaces
are no more valid. This is due to the presence of boundary layers as explained above and more
details are provided below in the Scheme of the proof.

In the previous results of [Elgl7; CCL19a], the existence of the limiting profile was obtained
through a fixed point argument. One contribution of the present paper is to precisely identify
the long-time asymptotic profile as the decreasing vertical rearrangement of pq.

Biharmonic operator and adapted basis During the analysis of the stability problem, the
Stokes equation reduces to a bilaplacian equation. Depending on the boundary condition for the
velocity required in the Stokes system, the bilaplacian equation is also endowed with different
boundary conditions. It appears that considering slip boundary conditions, also called Neumann
boundary conditions, leads to similar analysis and stability result as in the work [CCL19a], with
the same proof. On the contrary, the no-slip assumption, also called Dirichlet condition, breaks
the aforementioned proof at different steps, which we detailed all along our work. We pro-
vide a selfcontained proof of the classical estimates on the solutions of the bilaplacian equation.
Moreover, it seemed convenient to study closer this bilaplacian operator endowed with Dirichlet
boundary conditions, and to obtain an explicit eigenfunction basis to adapt the Fourier analysis
of Castro, Cordoba & Lear. This basis is described in Section 3.8. The structure of the eigen-
functions, based on the Fourier basis with addititional terms rectifying the trace, is relatable to
the boundary layer formation stated in Theorems 3.1.2 and 3.1.3.

Scheme of the proof

Here we explain the main steps and difficulties of the proof of Theorem 3.1.1. The proofs of
Theorems 3.1.2 and 3.1.3 are way more technical, but in some sense the general strategy is more
straightforward, therefore the explanations are postponed in the beginning of Sections 3.3 and
3.4 respectively.

Rewriting of the equation. Since perturbations of ©(z) = 1 — z are considered, it is natural
to introduce the perturbation 6 as
p=0+0

with initial perturbation 6y = pp — ©. Substituting this expression in (3.1) and recalling that
stratified states do not contribute to the velocity field in the Stokes equation, we obtain the
following equation of the perturbation 6:

00 +u-VO =uy
—Au+ Vp = —fe,
divu =0
0li=0 = bo.

(3.4)

The Stokes equation can be simplified by introducing the stream function of the divergence-
free velocity field u through u = V¢ = (—0,v,9,v). Substituting it in the Stokes equation
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and considering the rotational of this equation, we get

00 +u-VO = uy
A% = 0,0
u=Vty
Yloa = On¥loq = 0.

Notice that this writing is consistent with the previous observation that any z dependant per-
turbation of the density does not affect the velocity field.

Once the steady states of (3.1) are identified as the stratified density profiles, i.e. functions
depending only on z, it is natural to decompose the perturbation 6(t,x,z) as its horizontal
average 0(t, z) and as its complementary 6’ (¢, z, z) with zero horizontal average, following [Elg17]
and others:

B 2m

_ 1
O(t,x,z) =0(t,z) + 0'(t,z, 2) 0(t, z) = o 0(t,z, z) dz.
T Jo

We note that contrary to [Elg17; CCL19a], the average is denoted by @ and not its complement
as this seems a more natural notation for the average.

This decomposition is actually orthogonal in any Sobolev space H™ and one can project the
transport equation onto the two appropriates complementary subspaces, leading to

00 + (u-VO) =(1-0.0)us  0'|i=0 = 0

00 +u-VH =0 P—)

2 2 / lt=0 = o (3.5)
A% = 0,0 Plog =0
u=V+y Onlaqa = 0.

Although more complicated at first sight, this equation allows us to distinguish the evolution
of ¢ and of the average perturbation 6; this is needed since the whole perturbation cannot be
expected to decay in Sobolev spaces due to its pure transport, only the average-free part 6'.

Toy problem on the torus. In order to intuit the decay of ||0'[|z2(q) and to highlight the
specific difficulties of our work, we will first explain the strategy in the case when the problem is
set on the torus. More precisely, we consider the following linear problem for §’ on the torus T2:

80" = (1— G)dp + S
A%p = 0,0’ (3.6)
0], = 0.

where G is a given small function of ¢ and z, whose finality is to be replaced by 0.6. A source
term is needed but we omit it here for simplicity. Note that (3.6) differs from our original system
through the periodic boundary conditions on % in the vertical variable. The choice of periodic
boundary conditions simplifies the analysis in several ways, which we will detail below.

The first step is to consider (3.6) for G = 0. In this case the system has constant coeflicients
and since it is set within the torus, its solution is explicit and can be represented in terms of
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Fourier modes:

(s = 3 B0 exp( |,’Z| )exp(zk (2.2),

kez?
ke #£0

where the summation is done on k = (k;,k.) € Z2 except k, # 0 since ' has vanishing
horizontal averages. In particular, all H® norms of the solution of (3.6) for G = S = 0 are
decreasing (provided 6y € H*(T?)) and furthermore, for any a € N, s € R, and ¢ > 0,

S S k
A O = 3 K e (205t ) o)

keZ>
kA0

< Z |k‘25+4at_aU{ix‘_2a|9k(0)‘2

keZ?
ko #0

S ARG G 2,

where 971 f denotes the anti-derivative of f with null horizontal average. Hence if the initial
datum is sufficiently smooth, ¢’ decays algebraically and the rate of decay can be as large as
desired, the cost being the regularity required on 6y.

When G is nonzero and for any s > 0 even, applying A%/? to the first equation of (3.6) and
projecting on A®/2¢’, we obtain, after several integrations by parts in the right-hand side,

Sl B = = [ A1 - Gpay
T2

- _ As/2+1((1 _ G)¢)AS/2+1'¢) (37)
T2

~(1 = |Gl es2) | A2+ 2.

where C is a universal constant. As a consequence, if C||G(t)||gs+2 < 1, then the H* norm of ¢’
is non-increasing, and whence uniformly bounded.

Then, the decay of ||6/(t)|| 2 is deduced by using the following Gagliardo—Nirenberg interpo-
lation inequality:

IA%9[I72 < KIIAwIILa + K2 A% (3-8)

which is valid for any K > 0. More precisely, combining (3.7) with s = 0 and (3.8) lead to:
||0/||L2 —llAv]Z: € K2AY (7, - K|IA*]7:  KP(IA%0,0'||7. — KI|6'|17-

remaining that A%y = 9,6'. Taking K ~ (1 +t)~! we deduce:

1

p! / 2 /
SN0+ 101 < LAl

and since 9,0 is uniformly bounded in H*(T?) by ||0.0p] z+, this integrate into

< 19:8

0’
16/)22 5 A=00

(3.9)



3.1. Introduction 83

Difficulties with Dirichlet boundary conditions. Let us now explain the main differences
between (3.6) on T? and the original system (3.5) on = Tx (0, 1). The strategy will be identical,
the first step in to deduce uniform bound for #" in H*(£2) and then use interpolation inequalities
together with the energy estimate to obtain the decay estimate (3.9), but their derivation will
be substantially more involved.

Since the equation is no longer set on the torus, but rather in the domain @ = T x (0,1)
endowed with boundary conditions, we can no longer perform a (discrete) Fourier transform
in the vertical variable. However it is possible to analyze explicitly the eigenfunctions of the
operator

L:0cL?— 0,0 €L? where A% = 0,0, |oq = On¥]oq = 0.

and show that the eigenvalues (Ag)gez2 of the operator L behave asymptotically as k2 /|k|* (see
Proposition 3.8.3), so that the estimate (3.9) remains true. Details on the spectral analysis are
presented in Section 3.8.

However, we are able to prove uniform H*(£2) bound for ¢ directly from the equation without
spectral analysis. More precisely, the estimate (3.7) remains valid for s = 0 since 1 |go = In?|oq-
Higher order uniform estimates in H*(Q2) fails in general due to non-vanishing terms on the
boundary. The question is therefore when the integration by parts done in (3.7) can be performed.
The traces of § and 9,60 being zero, the traces of A%y and 9,,A%y are also vanishing (see
Subsection 3.2.1) so integrations by parts in (3.7) can be done for s = 4 provided G = 0.
Therefore a uniform H* bound can be deduced when G = 0. When G is nonzero, some traces
are not vanishing anymore. The strategy will be to treat them perturbativly, i.e. not performing
integration by parts on A%(Gv)A3p.

A similar interpolation argument in Lemma 3.2.7 allow us to then deduce the analogue of
(3.9) i.e.that ||0’| .2 is bounded by (1 +¢)~1.

Bootstrap. The last step of the proof consists in bringing the previous linear analysis into the
full nonlinear system. Intuitively, the strategy is the following: denote by (0,7*) the maximal
time interval over which [|0'||z2 < B(1 +t)~! and ||0'||g« < B are valid with a constant B.
In fact more estimates need to be included in the boostrap argument for technical reasons, see
(3.18). On this time interval, the quadratic terms can be treated perturbatively, provided ||0g|| g4
is sufficiently small. Hence the bootstrap estimates hold with a constant which is better than B,
and thus T* = oco. It follows that 8’ converges towards zero in L?, and that the time derivative
of 0 is integrable. Hence 6 has a limit in L? as ¢t — oco. This is the main part of the proof which
is detailed in Subsection 3.2.3.

Identitification of the limit. Since 6’ converges to zero in any H™ for m < 4 as t — oo
and # has a limit in L? as t — oo, the whole density p = © + 0 = © + 0§ + #' converges to
some limit po, in L? and p., depends only on z. Since # is small compared to ©, 9.6 is small,
hence p is strictly decreasing with respect to z as is ©. The transport of the density by the
divergence-free field u ensures that the level sets of p are preserved by the time evolution, and by
strong convergence this is also the case for the limit p,,. According to rearrangement theory, pso
is therefore a rearrangement of pg. One can show that there exists a unique decreasing vertical
rearrangement of pg, hence po, is uniquely determined. This part of the proof is detailed in
Subsection 3.2.4.
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3.2 Long time stability of stratified profiles: proof of Theo-
rem 3.1.1

This section is devoted to the proof of Theorem 3.1.1. The scheme of proof follows the steps
highlighted in the introduction: we decompose 6 into # = +6’, and we prove that 6’ vanishes in
L? with algebraic decay, while § converges in L? towards a profile f,(z). To that end, we first
study the linearized Stokes-transport system around a solution 6 close to an affine profile. Thanks
to a crucial interpolation inequality (see Lemma 3.2.7), which somehow replaces the spectral
decomposition in the periodic setting, we quantify the L? decay of solutions of the linearized
equation with a source term (see Proposition 3.2.6). We then use a bootstrap argument to show
that the decay predicted by the linear analysis persists for the nonlinear evolution. This allows
us to prove that §'(t) — 0 and that § — 0, in H*(Q) as t — oo, for all s < 4. Eventually, we
identify the asymptotic profile A, in terms of the initial data.

The organization of this section is the following. We start in Subsection 3.2.1 with some
preliminary remarks concerning the traces of § and 0,6. We then turn towards the analysis of
the linearized system in Subsection 3.2.2. The bootstrap argument is presented in Subsection
3.2.3. Eventually, we prove in Subsection 3.2.4 that p., is the rearrangement of the initial data

Po-

3.2.1 Vanishing traces for ¢’ and 0,0’

We prove here the following preliminary result:

Lemma 3.2.1. Let 6y € H™(Q) with m > 3, and let 6 € L3 (R, H™) be the solution of (3.5).
Assume that 0y = 00 = 0 on 09, and that 8%0p|q = 0.
Then for allt > 0,
0(t)|o = 0nb(t)|a =0, 8%0(t)|q = 0.

Remark 3.2.2. If py € HJ*(?) then the solution p(t) of (3.1) belongs to HF*(Q) for all times.
Indeed, the solution of the transport equation writes

p(t) = po(X(t)71),

where X : Ry x Q — Q is the characteristic function associated to u, defined as the solution of
the ordinary differential equation

S X (1) = u(t, X(1),

X(0) = Idg.

We recall that X (t) is a diffeomorphism of Q for all time t € Ry. Since u(t) € H}(Q) due to
the homogeneous Dirichlet condition, the boundary 0S) is stable for characteristic function at all
time t, namely X (t)|sq = Idaq, so is its inverse, X ()"t oq. It follows that if po € Hg(S2),
p(t)|oq =0 for allt > 0. The claim for higher values of m follows easily by induction.

Note that the assumptions of 3.2.1 are different since pg = —z + 0y does not vanish on the
boundary.

Proof. Formally,
hbaq + ulaa - VO |aa = uszlaq,
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where u|spg = 0, hence ;0|0 = 0 and the trace of € is constant it time, equal to 0. Since
horizontal derivatives preserve this property, we have even 9.0|5q = 0 for any £. Now consider
one vertical derivative applied to the equation,

0100 +0.u-VO0+u- V0.0 =0,us

where
0.uloq - Vllaa = 0:u1]000:0]00 + 0.u2]900:0|s0,

and we know that 9,0|sq = 0 and we use the divergence free condition to observe d,uslgn =
—0,u1|pq = 0. In the end we get 9,0|sn = 0 for all time, hence § € HZ(Q). Trying to go further,
applying the same ideas, we get

01020\ 90 = 92usaq,

where we cannot ensure anything on 92uy. Hence we cannot suppose 926 = 0. Nevertheless, we
get

0,6%0o0, = / Pus|on = — / 9,011 |6 = 0.
T T

Note that for higher orders of derivation, we cannot infer any cancellation in general.

Definition 3.2.3. In the rest of the paper, we will set
G(t,z) = 0.0(t, 2).

The above Lemma ensures that if 0y satisfies the assumptions of Lemma 3.2.1, Glaq = 0,G|aq =
0.

3.2.2 Study of the linearized system

This subsection is concerned with the study of the linear system

00 = (1 -G+ S
A%p = 0,0 (3.10)
Ylag = Ontlag = 0,6’ |10 = 6.

which is satisfied by @’ and 1/ in the first place, with G = 0.0 and S = — (Vlzb . VG’)/. It will
also be satisfied for various derivates of # and v with different S. The term G will always be
2.0.

Our goal is to analyze the long time behaviour of 6, under suitable decay assumptions on
S. For later purposes, we have decomposed our results into several separate statements, whose
proof is postponed to the end of the section. The first one is a uniform L? bound on the solutions
when the source term is time integrable:

Lemma 3.2.4 (Uniform L? bound on solutions of the linearized system). Let G € L>°(R, H?),
S e L>*Ry,L?), and 0 € L?. Let 0' € L>=°(Ry, L?) be the unique solution of (3.10).
Assume that S can be decomposed as S = S| + S| satisfying for some 0,6 > 0,

[s0=0. Isile 5 (3.11)
Q

7
EELE
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There exists a universal constant vo € (0,1) such that if
Gl z2 < 70, (3.12)

then
101> < 165l 22 + Cso.

Remark 3.2.5. The term S, will often have the structure S; = w - V': indeed, provided u
and 0’ have sufficient reqularity, the divergence free condition and the non-penetration condition
ensure that

1 1 1
/(u-V&’)H’:f/u-V|9’|2:—f/divu\9’|2+f/ won |02 = 0.
Q 2 Ja 2 Ja>g” 2 Joa g

Our second result, which is at the core of Theorem 3.1.1, gives a quantitative algebraic decay
on 0"
Proposition 3.2.6. Assume that the hypotheses of Proposition 3.2./ are satisfied. There exists
a universal constant vy € (0,1) such that the following result holds. Assume moreover that ¢’
and On0' vanish on the boundaries of 0, and that S decomposes into S = S, + S| + Sa with for
some 0,6 >0,

1/2
: w2180l
LS =0 1S < g ISale S2RSTE. G

Assume that G satisfies (3.12), and that there exists A, > 0 such that

A

A20720 |2 < ————.
|| T ||L = (1+t)0‘

(3.14)

Then ,
< 6l +A+o

/ -onL= o 7
He HL2 ~ (1 + t)min(1+a,5) )

In order to prove this quantitative decay, we shall need to analyze the structure of the

dissipation term
- [0 = [ aup.
Q Q

In previous works for different but related models [CCL19a], at this stage, an explicit spectral
decomposition of the solution was used, relying on Fourier series. Note that such a spectral
decomposition is also available for the operator A=292 (see Proposition 3.8.3). However, since
we cannot interpolate for an arbitrary regularity, we choose here to use a different approach. We
replace this spectral analysis with the following result, which can be seen as an interpolation
Lemma. It is noteworthy that in spite of its deceitfully simple form (and proof), this Lemma
provides the correct scaling for the solutions.

Lemma 3.2.7. For any a > 0, and for all ¢ € H3*=2(Q) satisfying
A*Plog = On A% Plog =0,

we have for all K >0

a— L e o
1077 A% |22 S =105 AY[|72 + K207 > A2

~
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Proof. Since A%y and 9, A%y vanish on the boundary 052, we have after two integrations by
parts

loz ol = - [ oparver2aty = - [ Vopav.ver-aty
= [ opavoriaty < s v oz A% .
On another hand, we have also by integrations by parts
log2a%ul = - [ ox-atuop Aty = - [ Vor Aty Vo oAty
= [ ot arpor Aty < ot A a0 Ao
hence, together with the previous bound, we obtain
02 A2, < (02 A1 05 A% s < KIIG”AZ/)HLQ + K2)|0g T AN |7,

where Young’s inequality is used for the last step. 0

Let us now turn towards the proof of Propositions 3.2.4 and 3.2.6.

Proof of Proposition 3.2.4. The energy estimate in (3.10) writes

o’ 2:/ 1—G8$w6’+/59’.
33l = [a-o) s

A few integrations by parts provide

=608 == [ a-cas

Q
/ A G (3.15)
(1= CIGI ) A B

Since 1 belongs in particular to H3(£2), the boundary integrals vanish. At this point we have

S0 <~ = Cxlidui + [ 56 (3.16)
Q

Therefore if 7y is small enough, in a universal way, the first right-hand side term is non-positive.
Therefore

d o
00N < ISyl < — 2
190 SISl S 35

and since § > 0 this inequality integrates as

167122 < 1166]z2 + Cso
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Proof of Proposition 3.2.6. Back to (3.16) and plugging the decomposition of S we get

d
EH@’Hia < =1 = C)IAYIIT2 + (IS llzz + [1Sallzz) 167] 22
o? 1
9/ 2'
(1+t)1+20 + 1+t” Iz2,

< —(1 - Cy)||Ay|2. +

where Young inequality allows in particular to gather the dissipative terms 7|/ At||?. Hence if
7o is small enough, we have for some ¢y € (0, 1),

o? 1

< 9/ 2 .
= (14t)1t2e + 1+t” Iz

d
101172 + coll AYIIZ:

The interpolation Lemma 3.2.7 yields, since A%y = 9,6’ = 0 and 9,,A%¢ = 0,,0,6' = 0 on the
boundary, and making the choice K ~ x/co(1 +t)~! with x > 0 arbitrary large independently
of the data,

K
141¢

Plugging assumption (3.14) provides

_ 1420203, o
~oo(1+t)3 (1+t)t+20°

d
3 12= + 16| 2

(A+0)?
(1 + t)min(3+2a,1+25)

K

9/ 2 <
Sl S

d
1013 +

which integrates into
[10llr2 + A+ o

/ < -
He HL2 ~ (1 + t)min(l-‘roz,é) :

Stability for more general stationary profiles. This is a remark about generalising our
stability result to some other stationary profiles than 1 — z. We find sufficient conditions on
general stratified © ensuring so. Basically it is sufficient for © to be sufficiently close to an
affine function. We illustrate how the computations adapt in this case. For instance, the linear
evolution equation on 6’ for a general background profile © writes

o0 = —0,00,,
and the computation (3.15) writes in this case

1d
PTLAE / 0:0|Ay|* + / (A, 0.0 Ap.
Q Q

The approach in our work consists in obtaining a negative sign for the main dissipative term
fQ 0.0|Av|?. This property is ensured for the sufficient condition

sup 9,0 < 0,
(0,1)



3.2. Long time stability of stratified profiles: proof of Theorem 3.1.1 89

Now, a bound on the commutator provides

1d

S—[10'[|72 < | sup 8.0 + C||926|| | A7

2dt (0,1)

To stick to the proof developped in this paper, meaning to obtain a negative right handside in
the above, it is necessary to have small enough derivatives of 0,0 regarding the minimal slope
of ©. For the full system we obtain, instead of (3.15), an estimate of the form

d
F10'l1z: < <(soug 9.0 + C(|Glm + ||83@||H1)> A2z,

and the smallness condition (3.12) on G becomes

|1Glz2 + 0261 S — sup 9.©.
(0,1)
This condition might appear at different steps of our demonstration, and require having higher
order derivates of © small in L2. By adjusting this assumption, the system remains stable in the
sense of Theorem 3.1.1. Our demonstration only tackles the linear case for sake of simplicity.

3.2.3 Bootstrap argument

The purpose of this paragraph is to prove, thanks to a bootstrap argument, that under the
assumptions of Theorem 3.1.1, the solution ' of (3.5) enjoys the same decay rates as the ones
predicted by the linear analysis (see Proposition 3.2.6). More precisely, we shall prove the
following result:

Proposition 3.2.8. Let 0y € H%(Q) such that 0p|oa = Onboloa = 0, 020p|oq = 0.
There exists g > 0 such that if ||0g]|ge < e < e the solution of (3.5) satifies
1020 Olls S 0 100 Ws S o 1) s S 2 Ve >0, (317)
Remark 3.2.9. The interplay between horizontal derivatives of 6 and the considered reqularities
is consistent with the operator A=20% from the linearized system

00 = D) = A2020.

Note that A=2 denotes the operator solving the bilaplacian A% = f equation endowed with the
boundary condition ) = 9,1 = 0 on ON).

A demonstration of the decays validity is provided in the rest of this Section. Remarks
motivating the necessity of the bootstrap hypothesis and the method in general are included
along the demonstration. We also develop our understanding of the obstacle to the iteration of
this method to higher regularity on the perturbation.

Bootstrap assumption and general argument. Let 0 < B < 1 and Cy > 1 constants
to adjust. Let 0y € HZ N HO such that ||6y||ge < B/Co. In particular ||03605] 2 < B/Cp and
1000 g2 < B/Cy. If Cy is large enough, independently of the data, we also have

[%olls < Cll0:8[|2 < CB/Co,
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and therefore
100020 |i=0l| > < 11 = 000 || o< 107400l L2 + 1|02 (w0 - V)| L2 < C(B/Co)* < B.

By continuity of the Sobolev norms of 8, ensured by 2.6.1, there exists a maximal time T% €
R U {400} such that the following inequalities are satisfied on [0,7™*):

B
10201 < 10:0' 15+ < B,
(3.18)

G < B 01050 || 12 < .
|| HH2 > b, || t HL2 = (1+t)2

We recall that these decay rates follow the behaviour of the linearized system, see Proposition
3.2.6.

Let us assume by contradiction that T* < +o0co0. We show below by a bootstrap argument that
hypothesis (3.18), combined with Propositions 3.2.4 and 3.2.6, actually leads to an improvement
of the inequalities, satisfied with some new constant 0 < B < B which contradicts with the
maximality of T*. Whence T = +o00 and inequalities (3.18) hold for all time.

Preliminary bounds. All along the proof we require estimates on 6’ and 1) derivated from
the bootstrap hypothesis (3.18). For the sake of readability, we introduce the following notation:

B
h < dllgl < ———.
gl when £ S g nd ol S e
r+r!
First, from an integration by parts
1026|132 = / D2NO0'02N0 = —/ 030'0,A%0" < 020’ 121|100 || pr4, (3.19)
Q Q

we deduce, by assumption (3.18), for all ¢t € (0,7%)

2/ 3n7111/2 m1/2 B
1020 12 S 11020°N 211020 o < arnie
We get by interpolation for any 0 < m < 4, for all ¢ € (0,7*)
B

1-m/4 m/4
100" | S 1102012 11020152~ S Ao

We will frequently use Agmon’s inequality in dimension 2, namely
1/2)) ¢11/2
Vi H NHY(Q),  fl= S 1AL IF15E,
together with the following direct consequence

Vie HAnHYQ),  |Vfl= S I
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We infer in particular, for all ¢ € (0,7*)

2 2 1 1/2 ) 9207 11/2 B
1026 | S N02611,%7 110701172 < REDEL

1/2 1/2 B
V0,0 || Lo S N1020"(| 5711020 | 2 S Ao

We also need estimates on 1. Any Sobolev norm of order larger than 4 inheritates decays from
6" thanks to Proposition 3.8.1, providing, for ¢ € (0,7*),

. B
10251 e S 11056122 < [y
B
20/
1020l e S N1026" |2 S AT

We also need higher order decays on 9,1 in L?(2). We access this quantity thanks to the control
of 8;0" by rewriting
00 + (u- VO
o) = ——————.
v 1-G

We know that ||G||r~ < ||G|lg2 < B so it is enough to ask B to be smaller than 1 to ensure that
the inverse of (1 — G) is well-defined. It alows to estimate 9,1 and 921 in L?. We illustrate the
computation for 9,1 since the same reasoning applies for 921 with a few extra terms.

10230l 2 S 110:6"[| L2 + [l - VO'|| 2
SN0z + 1001 1026"] L2 + 10x¢0] L2 020" ]| Lo

S 10 llz2 + 100172 + 1102t 2
—_——— ———

2 2x2

B
1+072

Hence for B > 0 small enough once again we get

B
2 2 S —0.

By interpolation and Agmon inequalities we deduce, in the same fashion as above, the following
decay estimates, with the latest valid for 0 < m < 4,

B B
||a§1/)||H2 5 W7 ||3§¢||L°° 5 my ||V8§1/’||L°° S W,
B -
2 o < < 1-m/4 m/4 <

H® bound on the solution and H* bound on G. In our nonlinear bootstrap argument,
we shall need some high Sobolev bound on the solution. In order to lighten the proof of the
bootstrap as much as possible, we isolate in the present paragraph this technical step.

Lemma 3.2.10. Let 6y € HS(Q) such that Oylaq = Onbolon = 0, 920p|loq = 0. Let T* be the
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mazximal time on which the assumptions (3.18) are satisfied. Then for all t € (0,T*),

B B?
! s < B(1 1/2 e B? o  —.

Proof. We cannot estimate ¢’ in H 6 directly from its evolution equation since it requires an
assumption on G = 0.0 € H%(Q), therefore on § in H"(2). To get around this, we directly
perform an estimate from the whole perturbed evolution equation, namely

00 +u- VO =uy
for any derivative of order 6 (and less) as follows,

1d

169612 +/[86,u-V]9860:/86811/)8697
2dt Q Q

where the commutator comes from the incompressibility assumption. Hence we get
d 6 !
g 1Ole S 104l + 11[0° - VIOl 2.

On the one hand, the first term is dealt with thanks to the bilaplacian regularization,

B

< 2/ R < =
Jowtilan <1020 S

Notice that this 1/2-algebraic decay, issued from the linear system, is critical to prove the 1/2-
algebraic growth control of § in H®(Q). Any smaller decay would not be sufficient to get so.
Since the bilaplacian regularization cannot provide better, that ||020'|| 2 decays as (1+¢)~! and
|00 || 7+ < B. This can be seen by interpolation or with the computation (3.19).

Concerning the nonlinear term, we rely on the following tame estimate, valid for any m € N,

Vige H"NL*(Q),  [fgllam S [ fllzeellglzm + [1f ]|z

which leads to

9llz=, (3.20)

Ve H"nWhe(Q),g€ H" ' N L>(Q), [[[D™, flglre S IV Fllzllglmn-s + [l

gllpe-.
(3.21)

Hence we decompose the nonlinear commutator into
(0%, u - V)0 = —[0°,0,90,]0 + [0°, 0,10.]6.
Each part estimates thanks to (3.21) as follows

110, 0:4010:0]| L2 S IV 0=l 1o [10:0] 115 + 1|02 e [|020]|
S IVl [10] s + 11026 (| 11311028 || L
—_——
5/4 1/4+3/4
B B?

G —| I
~ (1—|—t)5/4|| ||H6+ 1+t7




3.2. Long time stability of stratified profiles: proof of Theorem 3.1.1 93

and

110°, 02010-0" |2 < IV Outh | e 10:0l 5 + [102l| 116 |0-6]| v
S IVl 0] m6 + 1020 || 112 [| VO] Lo
—_——— —

3/2 1/2
B B? B?
< ——||0
~ (]_+t)7/4|| ||H6 + 1+¢ + (1+t)1/2
where we observed in particular that
IV0lz < [VO|lz~ +|Cllz~ < —2— + B
L — L L ~ (1+t)1/2 M

In the end, gathering and summing up all these bounds provides

BQ

Ollis < 5
| ||PI'3 ~ (1+t)1/2’

161 20 +

4, B
dt (1 +¢)5/4

and we get, for some universal constant C,

16]lzs < 60l + CB(L+)'/2 < B(1+0)'/2.

Eventually, let us prove decaying bounds on 9;G and uniform bounds on G. We recall that
G = 0.0 depends only on the variables ¢ and z. From the evolution equation and one integration
by parts we observe

5&9 = —m - /6z¢ax0/ - axwazol - _82 / ax¢0/7
T T

SO we can write

G = —ag/azw.
T

The same arguments as above lead to

BQ

10:GlL2(0,1) S [102llo< 16"l 12 + [|02t) | 216 ]| L S e

7/4+41/2 3/243/4

Using the HS estimate, we also have

B2

10:Gll 0,1 S 09l Loe 110|110 + |09l 6 16" oo S A0/

7/4—1/2 1/243/4

Since the right-hand side of the above inequality is time-integrable, we infer that

t
IGllrson) < 10:00ll + [ 10Glwson) < B/Co+ B,
0
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Hence ||G/|| 40,1y is as small as necessary for B > 0 small enough. Moreover, for all ¢ € (0,77),

2
3/4 1/4 B
10:Gllz S |0GIE 10:G s S e

3/4x9/441/4x5/4

O

Remark 3.2.11. It would be tempting to proceed to the same computations as in (3.15) in order
to get a signed term in our estimate, which would allow to simply forget about its contribution,
as for lower order derivatives. Doing so requires to control the boundary integrals, which do not
vanish a priori in this case,

/ D%9,p D% = — / DSy A2 D%
Q Q
= —|ADy|72 + / (0 DS ADSY — DOp0, DO AY).
o

For instance, trying to bound the integral comprising the higher order of z—derivatives on
provides at best

/ D61/’3ZAD6¢‘ SN0 107 Wl o S B (L + )12,

o9

This estimate ensures no better growth control than ||0/||gs < (14 t)3/%, which is not enough to
close the bootstrap and get the control by (1 +t)'/2.

Improvements of the bootstrap bounds. We now improve the uniform bound on ¢’ and
0,0" in H*(Q), relying on the linear analysis from Subsection 3.2.2. Since [|¢/||gs < [|0.0'| g1, it
is enough to treat 0,60’. Also we have according to Proposition 3.8.1 the inequality

10201711 S 14200 || 2

since 9,0" belongs in particular to H3 N H*(Q) as detailed in Subsection 3.2.1, so it is enough to
deal with 9,A%¢" in L*(Q).

Lemma 3.2.12. As long as the bootstrap hypothesis (3.18) holds we have
10.A%0"|| 1> < 0420 > + CB. (3.22)

Proof. In view of the application of Proposition 3.2.6 to A29,6’, we observe that its evolution is
governed by the equation

0 A20,0' = (1 — G0, A20,h — [A20,, GOt + A2, (u - VO,

which is of the form (3.10) with A29,¢ = 9260 and 9,A%0,¢ = 9,0%¢’ vanishing on the boundary
0N and
S = —[A?0,,G)0x) — [A*0p,u- V)0 +u- VA0 .

S S1

We already know that |G|/ g2 satisfies the smallness assumption (3.18) for B > 0 small enough.
We show that S| presents an algebraic decay strictly larger than 1, as in (3.11). To do so we
apply the tame estimates (3.20) to the two commutator terms, using the assumption (3.18).
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Let us emphasize that we need to be thorough by substituting w = V-1 such that the
transport operator writes

w- V= —0,00, - +0,10, - .

Hence the nonlinear term only presents formally a vertical derivative of order 1. This makes a
difference in the estimates and allows to reach more optimal decay rates.
On the one hand we get for the perturbation due to G,

B2

2 2 2 2
1A%, G079l > < (|Gllas |07 L +I VG| Lo 1079 s S (EDEG

7/4—3/32 5/4—2/32
where the algebraic decay exponent is not optimal but enough and easier to read than 1+ 5/32.
Note that we used here the uniform H* bound on G from Lemma 3.2.10. On the other hand the
contribution of [A%9,,w - V]#’ splits into four terms as follows
[A20,,u - V|0 = — A%(0,0.100,0') + A?(0240.0")
— [A%,0,9]0,0" + [A?%,0,10)0.6'.

Each term estimates accordingly. The limiting decay comes from

1A%(0200:0) || 12 S 11050 21020 | oo + (|05 [| < [|0:0" s
32

3 2
S 102012V || oo + 0280 Lo 16| 115 < e

1+1/2 7/4—1/4

The other term admit the bound B2(1 +t)~'/2, such as

HA2(8132¢6969/)HL2 5 ||3I(9Z1/1||H4||8I6‘/||Loo + |‘ava¢||L°°||am9/||H4
32

S 102011151028 oo + |V Outl oo 1028 14 S (EDEE

3/4+3/4 3/2+40

Gathering these estimates provides
2

1Sillzz < Wa
and Lemma 3.2.4 applies, ensuring

18%0,0'||,> < || 20,642 + OB,

Lemma 3.2.13. As long as the bootstrap hypothesis (3.18) holds, we have

- 165 lles + B2

230’
0202 5 0N

Proof. Note that 93¢’ satisfies (3.10) with the source term

S = SH = —62(’(11 . VG’).
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We can bound the whole term S = 5 as follows,

15122 < [103(0:400:0") || 2 + [103(8208.6") || L2
SN820.4| 1211026 | + 10210 Lo 1026 || 2
+ (1031 121026 | L + 1020 [| Lo |0306" || .2
SN2 21028 || oo + | V|| oo || 026 || 2

2+43/4>2 3/241/2=2

32
(1+1¢)%

+ 1020112 | VO | oo + 102l L= 1076 | 2 <

3/243/4>2 7/4+1/2>2

Assumption (3.13) is satisfied with § = 1. Besides, the norm of (A29;2)020' = A20,0 is
bounded according to (3.22), so assumption (3.14) is satisfied with A = ||A%0,0)||: + CB? and
a = 0. Moreover, the traces of 930’ and 9,,036’ vanish as a direct consequence of 3.2.1. Therefore
min(1l + «, ) = 1 and Proposition 3.2.6 provides

1
1026" 12 < (119265 ]| 22 + CI A0 || L ((0.),12) + B?) 775 e

Using (3.22), we obtain the desired estimate. O

Lemma 3.2.14. Under assumptions (3.18) we have

00| 4 + CB?
(1+1¢)2

10:0.0' || 2 <

Proof. Taking 0,0,0" ~ €', equation (3.10) is satisfied with
ataxd) ~ dJ, S = —8&?5‘31{1 — até'm(u . VG/)

Note that 0;0,0" and 0,,0;0,6" vanish on the boundary, from Lemma 3.2.1. We have to bound
(A%29;2)0,0,0" in L*(£2). This is done by applying the convenient operator to the equation
A20710,0' = A*((1 — GO, ') — A%20, H(u - V'),

x

the norm of which bounds as
1420, 10,0 > < (1+ |G|l ga) A%, "l 22 + | A%0,  (w - VO')| 12
since

lw- V|| s S lullga[VO e + [l ||| s
B2
1+t

Sl VOl + IVl 16 s S

3/4+1/2 3/2—1/4

satisfying assumption (3.14) with o = 1.
Let us set S| = u - V9;0,0', indeed orthogonal to 9;0,0" in L?(Q). Therefore we have to
consider
S|+ Sa = —0,G0p) — pu - VOO' — 0;0,u - V' — Opu - VLY,
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and find how to decompose such that

1/2
3727 ||SAHL2 < ’YO/ ||Aataqu)”L2
(141)3 ~o (142

1Sillze <

The first term bounds directly as follows,

32
(14t)*

18:GOZY (|2 < 0G93 12 S
212

The second requires for instance a bound on ;6" in H'(£2), obtained directly from the evolution
equation,

10:0" 111 < (1 + %0) 1023l 22 + 1w - VO]
S L+ 109l e + lwllm [V [ Lo + lwll o V|| 2

B
< ! o . ! < -
S (T 479) [[0:9 )z + 19152 [[VO oo + [V Lo |0 2 < AT/
7/4 3/241/2 3/241/2
Hence
BQ
10w - VOO || 2 S (|Ouul| |00 || 1 S VO] (1000 || 2 S e
3/247/4
and S| := —0,GI3Y — d,u - VOO’ satisfies the assumption (3.13) with ¢ = CB? and § = 2.

Pursuing our computations,

< BHAataxw”Lz

1010w - VO'|[ L2 S (| 200212 | VO || S TETICE

1/2
and the same consideration applies for

- BIAGD. e

. e < 2 | 700
[0cw - VO,0' ||z S IVO| 12 [[VO0|| L S TEDEE

1/2

For B > 0 small enough we have B < 7(1)/2, so that

SA = BtaLu . VG’ — 6tu . Vagﬁ’

indeed satisfies assumption (3.13). Finally Proposition 3.2.6 applies with min(1 4+ «, ) = 2 and
we obtain
B/Cy + CB?

M,y <

Conclusion. Let us close the bootstrap argument. Assuming ||0y||gs < B/Cy, we had, by
continuity in time of the Sobolev norms of 6 ensured by Theorem 2.6.1, existence of a maximal
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time T* € Ry U {400} such that (3.18) is satisfied for any ¢t € [0,T*), reported here

. B
1030|| 12 < ——, 10:8'|| g+ < B,
1+t
B (3.23)
<B .0 < —.
|Gla= < B, 10,0:6'|| 1> < (L

These decay estimate induces, as shown in Lemmas 3.2.10, 3.2.12, 3.2.13 and 3.2.14 that (3.23)
holds for another constant B defined as
CB

B=—+CB?

27 +
where C' > 0 is universal. By choosing B small and Cj large enough, we have B < B and
inequalities (3.23) are strictly satisfied for any ¢ € [0, 7). Therefore T* must be +o00, otherwise
the continuity of ¢t — ||6(t)|| gs would imply the existence of a larger validity time interval for
(3.23). In the end, these bounds are valid for all time, and setting g = B/Cj closes demonstration
of Proposition 3.2.8 .

Remark 3.2.15 (Obstacle to a generalisation at any order). Motivated by the fact that the
following perturbated subproblem is stable under horizontal derivation

0,080’ = (1 — Q)L+
A9 ep = L0,
0L 1|90 = 005 M)aq = 0,

we could expect to propagate arbitrary high horizontal reqularity on 6'. Nevertheless, our proof
relies on the control
101 s S (1+ )2,

that we can obtain thanks to the classical divergence free condition on w cancelling the extra-
derivative term. Trying to do the same on 050, driven by

a—1
01080+ Capds Pu-VOl0 +u- Voo = 05y,
B=0

so that the following estimation does not close, even though one of its term does not contribute,
just as in the initial equation

1d s 1
5&\@%”%16‘*‘2 Ca,ﬂ/ D6(8g_HU'V359)D63§9+§/ w-V[DOOSOP < 020]| 16 |02 6| 1o,
5=o Q Q

=0

since crossed derivatives integrands do no lead to a vanishing integral, such as
/ %u - VD®OD®920.
Q

3.2.4 Convergence as t — oo and identification of the asymptotic profile

Regarding the asymptotic behaviour of the density for the Stokes-transport system without any
assumption on the type of initial data, we can only say that if p converges toward some po in H 1,
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this limit profile is stratified. Indeed,, the energy balance (3.2) ensures that w € L*(R; H*()),
and since u is also Lip(Ry; H(2)) by linearity of the Stokes system, we infer that ||w(t)||z: — 0
as t — oo, but without any information about its decay rate. At least we have

199+ pella-s < lulls — 0.
—00
The H~! convergence of p leads to the existence of p, such that

Vpoo = ~Px€z,

so observing that 0,p. = 0 ensures that p,, and p,, are both independent of the horizontal
coordinate z.

In the context of a small perturbation of the stationary profile ©(z) = 1 — z we obtained
explicit decay rates for Sobolev norm of u. We show that these decays are enough to ensure the
strong convergence of p toward a limit profile po,. Moreover, the smallness of the perturbation 6
does not affect the vertical monotonicity of the whole density p, from which we deduce that p
is exactly the vertical rearrangement of py.

Proposition 3.2.16. Under the assumptions of Theorem 5.1.1, the whole density p converges
in H™ m < 4, toward its vertical decreasing rearrangement.

Proof. The proof is divided in the following steps:
Convergence. It is enough to show that d;p belongs to L'(R; H™) for m < 4, which implies

the strong convergence of p(t) in H™ and existence of a limit po,. Let us estimate Oyp in H™
for any 0 < m < 4, a range of indices for which the following bounds are valid,

10epllrrm = llw - Vol arm < [0:40zp|| rrm + (0290 pl| e
S V@l 10zpllam + [l amsr|0zpllLoe + 102l oo [l rmss + [[0xt) ]| 5 (|02 pl oo -

Recalling that 0.p = —1+ G+ 9.6’ is bounded in H°(Q), that 9,p = 9,0’ decays as (1 +t)~™/*
for m < 4, and the previous decay estimates, we find

ol 7o

Bypll gy < —PONEe
|| tpHH ~ (1+t)2,m/4

which is integrable for any m < 4, hence the convergence.

Stratified limit. Since p converges, so do 6’ = (p—©)" and § = p — ©. We obtained in (3.17)
that 6" vanishes in H™ for m < 4 The limit po is stratified since 6" vanishes in H™ () for
m < 4. Hence p., writes as the sum of © and the limit 64, of 6. In view of (3.17) this limit
satisfies in particular ||0,0u0|| 1 < Ce. At least for € > 0 such that Ce < 1 = —9,0, we know
that sup(q 1) 0.poo < 0, which means that p., is strictly decreasing with respect to z.

Rearrangement. The divergence free character of the velocity field w ensures that all L4
norms and the cumulative distribution function of p(t) are preserved along time, in the sense

YA>0,  [{p(t) > A} = [{po > A}I- (3.24)

This property transfers to the limit state po, by LY strong convergence of p. According to
rearrangement theory such as developed in [L1.01, Chapter 3| for instance, we say that two
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maps are rearrangement of each other if they have the same level sets, in the sense of (3.24).
Adapting slightly the construction of [LLO1], we know there exists a unique vertical decreasing
rearrangement of pg : 2 — R4, which can be defined as

po(2) ¢=/O Lo<a<|{po>r}| dA-

In the end, we know that p is a decreasing rearrangement of pg, therefore it is pf; by uniqueness.
O

Notice that we actually have ||0,60]| = < ¢ for all time, therefore the total density as a strictly
negative vertical derivative, for all x € T and for all time ¢t € R, since

Oup(t,z,-) = =14+ 0.0(t,x, z),

and the density reordering is essentially horizontal. This is a rare case in which we can describe
the asymptotic profile. This intuition of having heavy fluids sinking under the lighter ones
prompts to wonder if, at least in a weak sense, the density profile should always converge toward
the vertical rearrangement of the initial datum, unless it is already stratified. This question
remains open, either for the Stokes-transport equation as for the incompressible porous media.

3.3 Formation of linear boundary layers for large times:
proof of Theorem 3.1.2

The purpose of this section is to prove Theorem 3.1.2. We consider the linear problem

00 = 0,9 in (0,400) x Q,
A2¢ =0,0 in Q, w‘OQ = anlﬂag =0, (3.25)
e

with 6, € H*(Q) arbitrary. The difference with the linear analysis of Subsection 3.2.2, and in
particular with Proposition 3.2.6, lies in the fact that we do not assume that 6, and 9,6}, vanish
on the boundary. As a consequence, boundary layers are created as ¢ — oo close to z = 0
and z = 1, and the purpose of this section is precisely to describe the mechanism driving the
apparition of boundary layers. We will therefore decompose 6’ as the sum of an interior term
decaying like t~! in L%, and some boundary layer terms which lift the traces of ' and 9.0’ on
the boundary. This will lead us to Theorem 3.1.2. We will then return to our nonlinear system
(3.5) in Section 3.4.

The organization of this section is the following. We start with some preliminary observa-
tions explaining the reason why boundary layers are formed, and present our Ansatz. We then
construct the boundary layer part of the solution, denoted by 8B, and we establish some prop-
erties. Eventually, we prove that §' — Bl satisfies the assumptions of Proposition 3.2.6, and we
conclude.

3.3.1 Preliminary observations and Ansatz

We start with rather simple observations:
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e First, it follows from the equation that 9;0’|sq = 0:0.0'|9gq = 0. Therefore, for all ¢t > 0,

loa(t) =000 0:0]pa(t) = 0204 90

e Since (bx)wezxN~+ is a hilbertian basis in L?(Q), we can always write
0'(t) = > Oh(t)b,
k

—

with (6}, )kezxn+ € ¢2. Taking the scalar product of (3.25) with by, we obtain, for any

keZ xN* t>0,
d —~ —
%92(0 = —b, (1),

and thus é;(t) = exp(—)\kt)g;:(t = 0). It then follows from Lebesgue’s dominated conver-
gence theorem that 0(t) — 0 in L? as t — oo

Therefore 6(t) vanishes in L? while keeping a constant - and non-zero - value on the boundary.
As a consequence, it is reasonable to expect that boundary layers are formed in the vicinity of
z=0and z=1 as t — co. Hence we take an Ansatz of the form

0'(t) = 0™ + Oy (2, (1 +1)%2) + O (z, (1 + 1) (1 — 2))
+ (1 + 1) %Ohg (2, (L+6)%2) + (L4 6) Oy (z, (1 + 1)*(1 — 2)) + Lo.t.

for some a > 0 to be determined, where

9int|8Q — azeint‘ag — 0,

O (#,Z) =0 and @{Op

b ot (©,Z) >0 as Z — oo.

The role of ©F,, (resp. of O ) is to lift the trace of 6 at the top boundary z = 1 (resp. at the

bottom boundary z = 0). Whence we take

G(t)op(x, Z=0)=0y(z,2=1), 8Z@?Op(x, Z=0)=0,
Opor(z, Z = 0) = b (z,2 =0), 0200 (z,Z =0) =0.
In a similar way, the next order boundary layer terms ©{, and O}, lift the traces of dn6f on
o9, i.e.
@%Op(x, Z=0)=0, Bz@gop(x, Z=0)=-0,0y(x,z2=1),
Ot (x, Z = 0) =0, 07000 (z, Z = 0) = D.6(x, 2 = 0).

Similarly, we assume that

D) = ™+ (L4 )T (2, (1 +)%2) + (L + ) 71U (2, (1 +6) (1~ 2))
+ (14170 (x, (T4 6)%2) + (1 + 1) 75U (2, (1 +1)%(1 — 2)) + Lo.t.

where

070! = 09,07, with W) =0,%) =0on Z=0, and ¥/ — 0as Z — oo, a € {top,bot}.
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Plugging these Ansatz into equation (3.25), we find that at main order
a(1+1)7120,0° = (1 + )49, V0.

Consequently, identifying the powers of (1 + t), we take o = 1/4. Hence the equation for W9,
a € {top, bot} becomes

%Z@%\Ilg =02¥% in T x (0, +00),
\IJS\Z:O = aZ‘Ijg\Z:o =0,

a%\llg\zzo =7a(), 8%\1’2|Z:0 =0,
limy oo ¥o(2,Z) =0,

(3.26)

where vp . (z) = 0u0h(z, 2 = 0), Yy, (x) = 9.05(x, 2 = 1). Note that the above boundary
conditions are redundant: indeed, if 82\112‘ 7—o = 0, then it follows from the equation (after one
differentiation with respect to Z) that 8%\112‘ -0 = 0. Hence in the following paragraph we will
drop the condition 9% ,_, = 0.

In a similar fashion, the equation for ¥}, a € {top,bot} is

—93WL + Z05 0l = 4920l in T x (0, +0)

qj}ﬂz:o = 6Z‘I/é|zzo =0, (3.27)
03 9817—0 =0, 03V}, ="al(2),
limy o Vi(x,Z) =0,

where v, (z) = 0,0.00(x,2 = 0), vlop(x) = —0:0.0)(x,z = 1). Once again, the condition

8%‘1’(11‘ 7o = 0is redundant and is automatically satisfied when one takes the trace of the equation

at Z = 0, using the other boundary conditions. We now turn towards the well-posedness of (3.26)
and (3.27).

3.3.2 Construction of the main profiles

The well-posedness of equations (3.26) and (3.27) stems from the following result:

Lemma 3.3.1. Let m > mg > 0 and let S € C([0,+00)), § > 0 such that

1'8(2)? oo ass
1512 ::/ 8(22) dZ+/ S(2)2e52"" 47 < +o0
0 0

Consider the ODE

ZV®N(Z) = —mU(Z) + S(z) in (0, +00), Jim ¥(Z) =0, (3.28)

endowed with one of the four following boundary conditions:
1. (0) = ¥ (0) = ¥ (0) = 0;
2. or ¥(0) = vB)(0) = v (0) =0;
3. or W(0) = " (0) = TG (0) =0;
4. or ¥(0) = ¥'(0) = ¢”(0) = 0.
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Then there exists a constant ¢ > 0 depending only on mg and § such that equation (3.28) endowed
with one of the four previous conditions has a unique solution ¥ € Hp (Ry) such that for all
ked{0,---,5},

/ (00 (2) exp(cZ*®) dZ < C||S|* < +oo.
0

As a consequence, for k < 4, there exists a constant C such that
‘w)(Z)‘ < C||S| exp (—224/5) VZ > 0.

The proof of Lemma 3.3.1 is postponed to the Appendix, and relies on the use of the Lax-
Milgram Lemma in weighted Sobolev spaces. As a corollary, we have the following result:

Corollary 3.3.2. For all j € {0,1}, there exists a unique solution x; € C*°(0,+c0) of the ODE
237 — i + 4y =0 on (0, +00),

endowed with the following boundary conditions:
(0) = x5(0) =0, x"(0) = 1;
® Xo X0 X0 ( ;

o x1(0)=x{Y(0) =0, xV(0) =1,

and such that for j =0,1, 0 <k <4,

/ X (2)| exp(cz*/?) dZ < +oo.
0

Furthermore, x(()s) (0) = x1(0) = 0.

Proof. Let us start with xo. Let n € C®°(R) such that = 1 in a neighborhood of zero.
Then Yo — Z*n satisfies (3.28) with the boundary conditions (i) and with a C°° and compactly
supported source term. Hence the result follows from Lemma 3.3.1. The C* regularity of xo
follows easily from the ODE (3.28) and from an induction argument. Differentiating the ODE

and taking the trace at Z = 0, we obtain X(()S) (0) = —4x;(0) = 0.
Concerning x1, we first consider the solution of the ODE

Z¢®) 446 =0 on (0,+00),
$(0) = ¢®(0) =0, ¢V (0) =1, ¢(+00) = 0.

The existence, uniqueness, and exponential decay of ¢ follows from Lemma 3.3.1 and from a

lifting argument. We then set x1(Z) = — f;o ¢, and we observe that 8Z(ng5) — XYL) +4x1) =0.

As a consequence, ngf))(Z) - XYQ(Z) + 4x1(Z) = cst. = 0 on (0, +00), thanks to the decay
properties of ¢ at infinity. Hence the existence, uniqueness and decay of x; follow. Taking the
trace of the equation at Z = 0, we find that x;(0) = 0.

O

Let us now explain how we construct ¥/ for a € {top,bot} and j = 0, 1. Taking the Fourier
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transform of (3.26) with respect to z and dropping the index a, we infer that U9 satisfies

1 — —
Zzagwg = —k*0Y,
—_— T\

QLU0 =0 g0 9,0
z = Ya,k> klZz=0 — YZ*k|z=0

k|Z=0 =0.

Considering the function x¢ defined in 3.3.2, it is then easily checked that
WY = |K[~* xo([k|'/22)

is a solution of the problem. We infer that

W= S k70, xo(kY22)e (3.29)
keZ\{0}

is a solution of (3.26). In a similar way,

Vi Y L a2 2) (3.30)
keZ\{0}
satisfies (3.27).

As a consequence, we have the following estimates, which follow easily from the formulas
(3.29) and (3.30):
Corollary 3.3.3. Let 1) € L*(T), v} € L*(T). Then equation (3.26) (resp. equation (3.27))

has a unique solution W9 € H2/4LQZ N LZH%/2 (resp. Wl e H;1/4LQZ N L%H;/Q), Furthermore,
for allm e N,

19 mgenz S 00t S W00y g 190Nz S 10

wj©o

-

S 1001 0
<

ey T Y 79 FOR 71 PPy %) P

/
HQOHH%+%(Q)
Additionally, the profiles W9 and WL have exponential decay: for any Zy > 1, for any m € N,

1| rm (¢ (20 100y S 1001l 1 0y exp(—2257°),

1L rm (¢ (201 00)) S 1001|120y exp(—2257°).

3.3.3 Construction of an approximate solution

The idea is now to find a decomposition of 8’ as 8’ = B 4§t where 6B is a solution of
0108 = 92AT29BL 1 S,

with a source term S, such that, for some § > 0,

S.(t)=0((1+1t)"2)in L2(Q), S,(t)=0(1+t)"'7%) in H*(Q),
9:S,(t) = O((1 +1)73) in L*(Q),

and a boundary layer profile §3% such that 0B%|5q(t = 0) = 0)|aq, 0.0V ]sq = 0nd'|sq. Note
that the operator A~2 is endowed with homogeneous conditions for the trace and the normal
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derivative on the boundary of 02. In the assumptions on the source term S above, we omitted
the = derivatives. Actually, we will construct a source term S such that 9%S satisfies the above
assumptions for some k > 3. Note that in this case the assumptions of Proposition 3.2.6 are
satisfied.

As a consequence, the interior part 6™ satisfies

6t9111t — aiA—Qeint _ S’r

and the trace of " vanishes on 9€, together with its normal derivative. Thus we may apply
Proposition 3.2.6, and we obtain ||§||z: = O((1 + t)~!), which will complete the proof of
Theorem 3.1.2.

The main order part of will be given by the profiles ©7, j = 0,1, a € {top,bot} con-
structed in 3.3.3. However, a few adjustments must be made in order to have a suitable decom-
position:

QBL

e First, the profiles © must be truncated away from z = 0 and z = 1, so that their (expo-
nentially small) trace does not pollute the opposite boundary. Since ©J have exponential
decay, this introduces a remainder of order exp(—ctl/ %), which will be included in S,..
More precisely, the error terms generated by this truncation will be dealt with thanks to
the following Lemma, whose proof is left to the reader:

Lemma 3.3.4. Let ¥ € L?(T x (0,+00) such that there exists ¢,C > 0 such that
// |U(z, Z)|? exp(cZ?/®) dZ < C < +o0.
TJo
Let ¢ € L*°(0,1) such that Supp ¢ C (1/4,1). Then

< Oll¢lloc exp(—¢' (1 +1)1/%),

[RIEXCERRESRE] o)

where ¢ depends only on c.

e More importantly, the main order profiles (87, W) do not satisfy exactly
A2 (14 )71, (14 )142)) = O], (14 )Y/12).

Indeed, when constructing W9, we only kept the main order terms in A2, i.e.the z deriva-
tives. It turns out that the term 20202 in the bilaplacian generates an error term in the
equation which is not O((1+¢)~2). As a consequence, we introduce lower order correctors,
whose purpose is precisely to cancel this error term. We emphasize that the construction
of such additional correctors is quite classical in multiscale problems. In order to determine
the order at which the expansion can be stopped, we will rely on the following Lemma,
whose proof is postponed to the end of this section:

Lemma 3.3.5. Let f € H*(T,L?(R.)) such that there exist constants c,C > 0 such that
|08 f(x, Z)| < Cexp(—cZ¥®) Vke{0,---,4}, V(z,Z) € T x Ry

Then
1

|~ (#@ @+ 0 4x@) |, < T
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Furthermore, if
/ sz(x,Z)dZ:/ Z3f(x,Z)dZ =0 VzeT,
0 0
this estimate becomes

< L
2~ 1+t

a2 (fle, 0+ 0 22)x(2) |

With the two above Lemmas in mind, we define §2L in the following way. Let y € C°(R)
be a cut-off function such that x = 1 on (—1/4,1/4), and Supp x C (—1/2,1/2). We look for
6BL in the form

4
0Ol (t,2,2) = 3 (1460 (o, (1+ 1) 2)x(2)
]:O

+ Z(l + )70 (2, (1+ V(1 = 2)x(= — 1)

- ebot Q‘EDIE)
and
4
PVt z) = ) (1+1) TR0 (@, (1)) x(2)
]:O

+Z L+ 6) 7 40 (2, (14 0)VA(1 - 2)x(z - 1)

= bot + wtop

The profiles ©J, I for j = 0,1 and a € {bot, top} were defined in the previous paragraph, and
we now proceed to define ©7, ¥J for j > 2. The reason why we stop the expansion at j = 4
follows from Lemma 3.3.5, as we will see shortly.

We focus on the part near z = 0, since the part near z = 1 works identically. Setting
Z = (14 t)"/*2, we have

) o B
8t9b0t = (1+1) 12(1+t) ]/4[ ]@ﬂot(x Z)+ Zaz@bot( Z)| x(2)
§=0

For j = 0, 1, the bracketed term in the right-hand side is simply 0, \I/bot( ,(14-t)1/%%). Similarly,
we choose \Ilfl for j =2,3,4 and a € {bot, top} so that

) | .
9,07 = —i@g + 12070, (3.31)

With this choice, we have
010" = 0,y"h.

There remains to choose ©J so that 9,1%BY = A=2920BL + O((1 + ¢)~2) in L2. To that end, we
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observe that

4 4
AZYEL = ST+ 1) 1050 (@, 2)x(2) + 2 (1 +1) 212050, (, Z)x(2)
j=0 j=0
4 ) '
+D A+ )TN (x, Z)x(2)
j=0
13k s ,
2.0 (4) L+ 87T 050 (22X P (2)
j=0 k=0

4 1
k e , )
#2323 (5) a0 oo, )

The last two terms are handled by Lemma 3.3.4 (anticipating that ¥J will have exponential
decay for j = 2,3,4).

We obtain

AZPBL = 9,0BL + O(exp(—c(1 +1)1/%))

+(14 1)1 [20,00 0 + 05V, + 20705V ] (2, Z)x(2)
H(141) 7 [<0,00 + 05V + 20205V ] (2, Z)x(2)
H(L+ 1)1 [~0:O00q + 07 Wiy + 20705V o + 0;9°] (2, Z)x(2)
+> (14671 (2, 2)x(2),

Jj=5

J . depending on the profiles ¥ , (for instance ®° = 20203¥3_ + 9wl ).
Thanks to Lemma 3.3.5, the inverse bilaplacian of the last term has a size of order (1 +¢)~2 in
L?. Hence it will be included in the remainder S,. Note that the reason why we need to stop
the expansion in #B" at j = 4 is dictated by the above formula and by Lemma 3.3.5. If we stop
the expansion for a lower j, then the remainder may be greater than (1 +t)~2 in L2.

for some functions &7/

Therefore we focus on the terms of order (14t)~7/* with j = 2,3,4. We treat the cases j = 2
and j = 3 simultaneously, and we will focus on the case j = 4 later.

e Construction of ¥/ for j =2,3:
Remembering (3.31), we choose ©J and W/ for a € {bot, top} and j = 2,3 so that

. ] . 1 .

0,V = 207 + ~70,07,

a 4 a + 4 Z a

—0,07 + 9,V + 20202072 = 0,

lim ¥ =0,

Z—00
VI(Z=0)=0,9(Z=0)=0,
©I(Z=0)=020(Z=0)=0.

As before, we note that the boundary conditions at Z = 0 are redundant. Eliminating ©7 from
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the equation, we find that W/ satisfies

Z03WI — jOLUI = 49203 4 S,
VI(Z=0)=0,9(Z=0)=0,

. ) 1 .
DyWi = 20205072 = ——GJ at Z =0,
J

(3.32)
0ZW! = —202050I 72 = 5 1azsg at Z =0,
lim ¥ =0,
Z—00

where S = —2(Zdy — j)020%WI~2. Therefore 85,5] = —228%,202Wi~2 = —89L9), *Wi—2.
As a consequence, we find that 872\1121 satisfies

20300, = 40203, — 809497, 202,
LV, =0 atZ=0,
1

- 13255 at Z =0,
j—

. 1 . .
OV, = —=51, 050 =—
J

lim 9}, =0,

Z— 00

Note that the boundary condition 82} (Z = 0) = 0 follows from the identity

o 1 . )
0,050 = ZZaﬂzﬂ@;.

—

Taking the Fourier transform with respect to x, we observe that 8%V, (k) satisfies (3.28) with
nonhomogeneous boundary conditions of type (iii) (for j = 2) or (iv) (for j = 3). Using the
Fourier representations (3.29) and (3.30) for ¥° and W!, we anticipate that ¥2 and W3 can be
written as

Vi, Z)= Y [k, xa(kI'2Z)e™,

keZ\{0} (333)
Va,2)= 3 (K0, xa(kV22)e.
keZ\{0}

with x2,x3 € C*((0,+00)) decaying like exp(—cZ*/®). The precise construction of y» and 3
will be performed below. We obtain the following result:

Lemma 3.3.6. Let a € {top,bot} and 72,~} € L?(T). Consider the solutions W0, Wl of (3.26),
(3.27) given by Corollary 3.3.3.

Then there exist unique solutions V2 € HY*L2 NL2H,/?, U3 € HY*LZNL2HY? of (3.32).
Furthermore, for any m € N,

192 mrmre SN0 mes o 1Wallzam S 6], 2
i) H

10 ez S 11661l

+%(Q)7

ety 10z S 1600
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Additionally, the profiles W2 and W3 have exponential decay: for any Zy > 1, for any m € N,

_~54/5
92| o (¢ (Zo 400y S 10621100y exp(—25"°),

13 || (¢ (20 100y S 100 ]| 11200y exp(—2257°).

Proof. In view of (3.33), it is sufficient to construct xs and x3. We first construct the solution
of .
20306;(2) = —4;(Z) — 895 X2,

P0) =0, 0576;(0) = 21/ 5(0). 9576;(0) = ~2x;%(0),
Jim_ 6;(2) =0,
Note that after a suitable lifting, ¢; satisfies (3.28) with the boundary conditions (iii) from

Lemma 3.3.1 (for j = 2) or (iv) (for j = 3). Hence the existence and uniqueness of ¢; (and its
exponential decay) follow from Lemma 3.3.1. Now, define x; as

X = bj, O%xj(+oo)=0for 0 <k <j—1.
It follows that x; decays like exp(—¢Z*/%). Furthermore, by construction
0% [Z20%x; — j0%x; + 4x; + 2(Z07 — j)X]_s) = 0.

It follows that Z0%x; — jogx; + 4x; + 2(Z0z — J)Xj—2 is a polynomial of order at most j — 1,
which has exponential decay at infinity. We infer that

Z0yx; — §0yx; +4x; +2(Z0z — §)X_2 = 0.

Taking the trace of the above identity at Z = 0, we infer that x;(0) = 0. In a similar way, we
also find that x’(0) = 0. Now, defining ¥/ by (3.33), we obtain that W} satisfies (3.32). The
Sobolev estimates are then a consequence of the Fourier representation formula.

O

e Construction of ¥2:
The definition of ¥2 and ©% is similar. We have

ZO3U — 4950 = 4920 4 52,
UHZ=0)=0,94(Z=0)=0,
oLt — _353 at Z =0,
o3t — _%azsg at Z =0,
lim ¥ =0,

Z—0

where

St = (207 — 4)(2020% 92 + 910Y).

Therefore the Fourier transform of 9 W?, after a suitable lifting, is a solution of (3.28). The main
difference with the construction of WJ for j < 3 lies in the fact that 9% ¥# is not fully determined.
Indeed, we lack a boundary condition on aglllﬁ for some k > 6. Once again, this phenomenon
(a high order corrector is under-determined) is quite common in multiscale problems. In fact it
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turns out that ¥4 could be determined in a unique fashion if we were looking for a higher order
expansion (see Remark 3.3.7). In this case, we should choose ¥ . so that 8%@éot‘ 7 lifts the

trace of A%0’|.—o. In the present case, since we merely wish to close the first order expansion, we
simply further require that 8%\113 7—0 = 0, so that the lifted Fourier transform of 0% U4 satisfies

the boundary conditions (i) of Lemma 3.3.1. We conclude that U1 is well-defined and satisfies
the same estimates as W7 for j < 3. The details of the proof are left to the reader.
3.3.4 Estimate of the remainder and conclusion
At this stage, we have constructed #B% such that
9BL|89 = 939 = 96\897
8" 00 = Onbhg = Inbyan,

and
05 = A72920BY + A720, T, + O(exp(—c(1 +1)/%) in L2,

where T, = Tiop + Thot and
Toor 1= | (1+0)740] (o, (1+ )Y 12)x(2) | ,
Jj=>5
with a similar expression for Tiop. According to Lemma 3.3.5,
IA20, Tyl S 166l (L+ )72 10.A720: Tl 2 < 0ol (1 +1) 72

Furthermore,
IAT20, T || as = 10T |22 S 16plme (1 + )75/,

Therefore §™ = ¢ — §BL golves
9,0™ = 92AT20'™ — A729, T, + O(exp(—c(1 +t)'/%),

and 0" = 9,0™ = 0 on 9. According to Proposition 3.2.6, [|6™¢||;2 = O((1 +t)~1), which
completes the proof of Theorem 3.1.2.

Remark 3.3.7 (Construction of an approximation at any order). Since A%0’ solves the same
equation as 0', one can easily iterate this construction. More precisely, if 0 € H* it can be
proved that there exist sequences of profiles (©7 . egop)0§j§4k such that the following result holds:

4k
(1) = 31+ )79/ [ (1+042)x(2) + Oyl (14011 = )z = 1)] + Bl 1)
j=1
and L
Helzem(t)HL2 5 m7 Heﬁem(t)”H‘“C 5 1.

For instance, the role of @igt is to lift the trace of A%¢’ at z = 0, the one of @fg;l to lift the
one of 0,A%0 at z =1, etc.

The details of the construction are very similar to the ones of the profiles ©J for 0 < j <3
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above and are left to the reader.

Proof of Lemma 3.3.5. We first define a function f; such that

Iy fr=1,

and ag fi(+00) = 0 for 0 < k < 3. Note that the exponential decay assumption on f ensures
that fi exists, and f; € W#4> N H*. Moreover, for 0 < ml,ms < 4,

02 92 f1(z, Z)| < Cexp(=c2'/9),
with possibly different constants C' and ¢. Setting Z = (1 + t)/%2, we infer that
A1+ (@ 2)x(2) = flz,2)x(2)

+2(1 + ) 712020% fi(x, Z)x(2)
+(1+1)7103 f1(z, Z)x(2) + O(e™

1/5

) in L2

where the term O(e*Ctl/s) stems from the commutator involving derivatives of x. Note that
020% f1 satisfies the same decay assumptions as f, and therefore we can lift it by another corrector
f2 such that

0y fr = 20203 f1,

i.e. 0% fo = —202 f1. Therefore
A? (((1 F ) (e, Z) 4 (L4 8) 732 fy(a, Z)) X(z)) = f(z, Z)x(z) + O((1 +)~1) in H2.

The only remaining issue lies in the fact that fi, fo and their normal derivatives do not vanish
on the boundary. Hence we set a;(x) = f;(x,0), bi(z) = 0z fi(x,0), and we add a corrector

fa(t,z,z) = — Z (1+ t)*FTl(ai(x) +2z(1+ t)l/4bi(x))x(z).

i=1,2

Now

A2 (467 ful@, 2) + L+ )72 f2(2,2) ) (=) + (L+ D)7 fs)
= f(@, Z)x(2) + O((1+t)"**) in H 2,
and for £k =0,1
O ((1+07 A, 2) + 1+ fa(2,2)) x(2) + (1 + )7 ) loa = 0.

It follows that

(+07 i@ 2) + (1472 (2, 2)) x(2) + (146 fa
= A"2(f(z, Z2)x(2)) + O((1 +)~*/*) in H>.

Let us now prove that when [~ Z2f(-, Z2)dZ = [;~ Z3f(-, Z)dZ = 0, we gain an additional
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factor (1 +¢)~1/4. It can be easily checked that

1

1 o0 o0
fizeo= | 2862042 =0, Osfiz=—; [ Zf(.2)dz =0,
0 0

Hence, with the notation above, a; = b; = 0 and therefore f3 = O((1 +¢)~'/4). With the
same arguments, we infer that

(07 @ 2) + 0+ )72 (2, 2) ) x(2) + (1407 s
= AT(f(@, 2)x(2)) + O((1 + 1)) in H2,

O

3.4 Nonlinear boundary layers: proof of Theorem 3.1.3

We now go back to the long time analysis of (3.5) when 6 = 0,6 = 0 on 9Q. We recall (see
Theorem 3.1.1) that in this case, 6’(t) converges towards zero in H? for all s < 4 as t — oco. This
result follows from a uniform bound on the H* norm of the solution and from an interpolation
inequality applied to the dissipation term.

A natural question is to investigate whether the algebraic decay rate provided by 3.1.1 can be
improved, possibly at the cost of a stronger regularity requirement on the initial data. In other
words, if we assume that 0 € H® with s large, can we prove a uniform H?® bound on a solution,
and thereby a higher decay estimate on 67

As explained in the Introduction, such a result does not follow immediately from an induction
argument. Indeed, the traces of A%0’ and of 9,A2%¢’ do not vanish on the boundary (even when
the traces of A%6) and of 9,A%6) do), and therefore we cannot apply Proposition 3.2.6 to A26’.

However, it turns out that we can use (a variant of) the linear analysis of Section 3.3 to
analyze the long time behaviour of A2¢’, and more generally, of A?*6’ for k > 1. In other words,
in this case, there are boundary layers in the vicinity of the boundary, but they are driven by a
linear mechanism. Theorem 3.1.3 will follow.

To that end, the strategy is to consider the equation satisfied by A26’. As we have seen
previously, the structure of the equation is overall the same. The main difference lies in the
fact that the traces of A%’ and 9,A%0" do not vanish on the boundary. However, following
the methodology of the previous section, we may lift them thanks to a corrector which remains
linear at main order. Modifying slightly our bootstrap argument in order to account for these
boundary layers, we eventually prove Theorem 3.1.3.

3.4.1 General strategy

Following the same strategy as in Section 3.3, we look for an Ansatz for ’ as a sum of a boundary
layer part 855, whose role is to lift the trace of A26’ and 0.A%¢ on the boundary, and an interior
part 9", which vanishes at a high order on the boundary, and for which we will therefore be
able to prove better decay estimates. Let us give a few additional details on these two parts:

e As in the previous secion, the boundary layer term will be defined as an asymptotic expan-
sion in powers of (14t)~/4, and the size of the boundary layers will also be (1+¢)/%. The
different terms of the expansion will be constructed recursively: the main order terms will
lift the traces of A20’ and 9,A%¢’ (or rather, their limits as t — o00), and the next order
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terms will correct error terms generated by the first order ones. The precise construction
of the boundary layer is the purpose of Subsection 3.4.4 below.

o Thanks to the design of the boundary layer, the remaining part §'™ is such that
eint _ azeint _ A29int _ aZA29int =0 on 90.

As a consequence, A20™t satisfies assumptions that are similar to those of Proposition 3.2.6,
and it is reasonable to expect that || A20™¢]| 2 = O((1+¢)~!). Using once again Proposition
3.2.6, we then infer that [|6™||,2 = O((1 + t)?). We will use a bootstrap argument to
propagate these bounds; the corresponding argument is described in Subsection 3.4.5.

Before constructing B and proving the decay estimates on 6, some preliminary (and
somewhat technical) steps are in order. The traces of A%0’ and 9,A260’ need to be decomposed
as an asymptotic expansion in powers of (1 + t)_l/ 4. in order to identify the relevant boundary
conditions for the terms in the expansion of 8B, This is performed in 3.4.5 below, whose proof
involves some high regularity bounds on 6. As a consequence, the organisation of the rest of this
section is the following. In 3.4.2, we prove some quantitative H'© and H'2 bounds on #’ under
our bootstrap assumption. In Subsection 3.4.3, we provide a decomposition of A20’ and 9,A26’
under the bootstrap assumption. The main results of each section are given in the beginning
of the section. The reader wishing to avoid the technicalities may jump to Subsection 3.4.4, in
which we construct the boundary layer, using the decomposition of Subsection 3.4.3. Eventually,
we close the bootstrap argument in Subsection 3.4.5.

Let us now introduce the bootstrap assumption that will be used throughout this section. As
mentioned before, we shall decompose 6’ as 6 = 5L 4 . The term B will take the form

1 1
oPl = m@top(zv (1+ t)1/4(1 —2))+ m@bot(xa 1+ t)1/4z) +Lo.t.

with boundary layer profiles Otop, Opot such that
19allzo(Txry) < B
for some constant B > 0, while

sup (1+1)(|020™ (1)l L2 + |A*™ (t)]| > < B,
t€[0,T]
s[upT](l +1)2)10:0,6™ (1) L2 + (1 +1)*(|959™ || 2 < B,
telo,

(3.34)

where ¢t = A=29,0"¢,
As a consequence, our bootstrap assumptions on ¢’ read as follows:

k—8
2
)

Vte (0,T), Vke{4,---,8}, 0502 < B(1+1t)"" +B(1+1)
Vte (0,T), Vke{0,---,8}, [08¢||p> < B(1+1)"5+1, (3.35)
vt € (0,7), (1030 (t)]lre < B(L+1)~17/5.

Note that these assumptions imply in particular that

)l wse < B(1+1t)"%% vtelo,T)]. (3.36)
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Indeed, by the Agmon inequality,
[l < 1005 10l ge < I Il s
By (3.35), [[¢lL2 S 102¢[|2 < B(1+)~"7/8, while
103912 < 110:000'||12 < 1026 122 1020/115° < B(L+1)77/%,

Estimate (3.36) follows.

3.4.2 High regularity bounds under the bootstrap assumption

The purpose of this subsection is to prove the following bounds:

Lemma 3.4.1. Let 0 = 6’ + 0 be a solution of (3.5), and assume that 0y € H'. Let T > 0 be
such that the bounds (3.35) hold on (0,T) for some constant B € (0,1). Assume furthermore
that ||0o|| s < B. Then for all t € 0,7,

16@)llme < B, [l6lle S BL+)°2, [|034%0] 2 < B,
10:°0" |2 S BA+6)7Y, 110°¢e £ B(L+1)72

Proof. First, recalling that -
0,0 = —VLy - Ve

and using the bootstrap assumptions (3.35), we infer that
10:0%6]| > < B (1 +1)~%/*,
and thus [|0(t)]ge < ||0ollge + B> < B. A similar argument also shows that [|0(t)|| gz <
B+ B%In(1 + t).
Let us then compute the equation satisfied by D16, where D = 8, or 0,. We have
9,D"0 4+ v VD0 = DY0,¢ — [D",u-V] 8.

Mutliplying by D0 and integrating by parts, we obtain
d
SID0] 12 < 2 D0, s +2]|[DY,u- V] 0|
Using the bootstrap assumptions (3.35), we have
| DY) < B(1+1)%% vt e[0,T).
As for the commutator term, using the Leibniz formula, we write

9
(Du-v]0=%" (1]3) VL D10~k . v Dk,
k=0

For k > 8, we simply write

IV-DY 4 - VDR o S llwsce 101 zr20 S B(L+8) /56| o
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For k < 7, the bootstrap assumptions together with the preliminary bounds on @ ensure that
VDY kg - wDR0||,, < B*(1+)*5 + B(1+1)"%%]10] gro.

Therefore, assuming that B < 1, we obtain
d
@IIDIO(?IIH < B+ + B +1)2(16] 0.

Of course the same computation can be performed for any derivative of the type 9¥91°=%6, and
we infer

d
Zill0llee S B(1+ £)3/% + B(1+ )78 10| 0.
The Gronwall Lemma then ensures that
16110 S 160l + B(1+6)"/® < B(14)M/3

We then use the same strategy to estimate ||02A%0||z 2. The linear term in the right-hand side
is now

D3AMp = 92A%0 = O(1) in L2

The only difference in the treatment of the commutator term lies in the bound of terms of the
form 9293070'. For those, we use our first estimate on |||z together with the bootstrap
assumptions, and we obtain

182602070 || 12 < 1020|016/ | 110 < B2(1+4)"5+% < B

It follows that d
SN2 < B+ B+ 1)/ 02A%] 1o,

and therefore ||[02A%0]|;> < B(1 +t). The next step is to prove that SUPc(o,7] 105A20'| 1> < B.
To that end, we check that 98 A%¢’ satisfies the assumptions of Proposition 3.2.4. The source term
is S =u-VISA2Y + [32A2, U - V] 6. Classically, the first term is orthogonal to #’. It is therefore
sufficient to bound the commutator. The terms involving 6 can be treated as perturbations of
the dissipation term ||97A¢'||2., and therefore we focus on [9SA? u - V] #'. First, note that

[(VE08A%0) - V8| L, < VO |0 VOO | 12 S B(L+ 1)/ 4|0[ A0 2

The other terms can be estimated thanks to the bootstrap assumptions together with the pre-

liminary bounds on ||6]| 10 and [|02A%0]| ;2. We obtain

[[05A%,u- V] 6], < BA+1) 7 005A% |12 + B2 1+ )70 + B(L+ 1) 29[ A0 2

~

for some & > 0. The details are left to the reader. Using a Cauchy-Schwarz intequality, it follows
that

%||8§A20'||%2 +c)|0TA |2, < B2(1+) 10 + B(1+1) 10|05 A%0|2,.

~

The Gronwall Lemma then implies that sup,c(o 79 [02A%0 (|2 < |00l 10 + B* S B.

We then follow the same strategy to obtain bounds on ||8|| g1z, ||02A%0]|L2 and ||03A20]| .
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‘We have
00> SN2 s+ D, VPR VD).
kgll,De{az,az}

The first term in the right-hand side is bounded by B(1 + t). We estimate the quadratic term
thanks to the bootstrap assumptions and our prelimilary bounds on derivatives up to order 10.
We obtain [|0(t)|| g1z < B(1 +t)2. We then write

DALY +u - VLAY = 08N — [9A% u- V] 6.

The first term in the right-hand side is bounded by CB. We then check that the nonlinear
term can be treated perturbatively, using the bounds on 6’ obtained so far, and we infer that
|02A%0"(t)||: < B(1+t). Once again, we then use Proposition 3.2.4 in order to prove that
|02A20'(t)]| > < B, and that

d 1
Z10Ols S BA+67 2100 |rrs + B(L+ 1),

The computations are very similar to the ones above and left to the reader, and lead to the
estimate of ||0(t)| ga.

The last step is to prove additional decay on [|01°0'|| 2 and ||0114)|| 2. Setting S = —91°(u -
V'), we can decompose S into S = S + S + Sa, with S| = u- Voo and

ISillze S B*1+6)7% Sallze S B(L+1)7"20;°A¢| 2.
Hence for B sufficiently small, S satisfies the assumptions of 3.2.6, and we obtain
100" () ]|2= < B(L+1)~"
Differentiating the equation on 926 with respect to time, we get
0:0:020' = (1 — G)0;0:° — 0,02(u - V)0 — 0, GOLCep.

Estimating the norm of each term in the right-hand side and using Proposition 3.2.6, we obtain,
for some large fixed constant x,

_ooia L, 1

~o(1+1¢)3 (1+1¢)°

d 9./112 K 9/ 112
S0 + 1 10,0063

Writi
e D OTA20 = 020" — 0T A% (u - V6),

we find that ||0;07A20'||,: < B(1+t)~1, and thus |0,020'||1: < B(1+t)~2. Going back to the
equation on 026, we find eventually that

910y = 9,090' + 92(V1p - VO) = O((1+)"2) in L2

This concludes the proof of the Lemma.

Let us now prove a useful result concerning the trace of 92¢':
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Corollary 3.4.2. Under the assumptions of Lemma 3.4.1,
10260") <ol r23/a(zy S B(L+1)71/%,
Proof. Using Theorem 3.1 in [LM12, Chapter 1],

1/8 7/8
1026/ <ol r=xy S 101105 2 19201373 o

where %/B + %*y = s. Taking 8 = 10 and v = 8 and using the bounds of Lemma 3.4.1, we obtain
the desired result. O

3.4.3 Decomposition of the traces of A?0' and 9,A%¢

The first result of this section concerns the long time behaviour of A%¢’|sq and 9, A2%¢'|sq :

Lemma 3.4.3 (Long-time behaviour of 0*A%¢|5q and of 9>TXG(t)|sq, k = 0,1). For k= 0,1,
let
%kop(t,m) = 0PN (t,x,2=1), AF (t,x):= 0 A% (t,z,2=0).

Assume that 6y € H(Q) and ) = 0.0, = 0 on 0Q. Let T > 0, B € (0,1) such that the
bootstrap assumptions (3.35) hold on [0,T]. Assume furthermore that ||0o| 14 < B. Then there
exists universal constant Bg,d > 0 and functions ’yg,T € H*(T), ’ycll,T € H™L for all s < 8+ %,
such that if B < By,

1
Ive llzecry Ss 1ol + B* and |79 () = 70 7l gy Ss 32(1 nn vt € (0,77,

Vel ms-1 () Ss 160l r1a + B> and  |lya(t) — 79 pllme-1(m) Ss 32( vt € [0, 7.

(1+1)°
In a similar fashion, for k =2,3

+3

|0,05G(t)]o0| S B*(1 + )73+

9

and therefore there exists gfyoo € R such that, for k = 2,3,

196 ool < 160l r1a + B,
85G(t,0) — g’gotm, afG(t, 1) — gfop’oo as t — oo.

The proof of Lemma 3.4.3 is postponed to the end of this section.

The second intermediate result of this section pushes further the decomposition of v*(t). Tt
holds under additional structural assumptions on #B% and 6,e,, = 0 — OB%. More precisely, let
us assume that

0B  (t, x, 2) = Z(l + t)_l_% (@%m(az, (14+1)Y42) + @{Op(a:, 1+t - z))) + 6.,
(3.37)

4 ‘ ‘
WPt ,2) = (L 07 (W (0 (L4 0142) + By (o, (1401 = 2) + 44
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where ) ) _ )
1921z (rxrs) S N0ollas + B [V g (rxryy S 100l g1 + B7,

10l e S (Wollns + BA(1+1) 727545 for 0 <k +m <8, (3.38)
el e < (160l s + B2)(1+) 73575 for 0 <k +m < 11.

In the course of the proof, we shall also need the following assumption:
9207 |,—0 € H'(T), 8307 |5—0 € HY/*(T). (3.39)

Remark 3.4.4. Note that we have slightly changed our notation: we now set 0o, = 6 —
OBL. This is linked to our bootstrap assumptions, and to the fact that the traces of A%0,e,, and
0.A2%0,¢p, do not vanish. We refer to the next subsection (see Lemma 3.4.10) for more details.
Lemma 3.4.5 (Decomposition of v¥). Assume that 6y € H'*(Q) and 6}, = 9,0, = 0 on 9. Let
T >0, |00l grraq) < B < 1 such that the bootstrap assumptions (3.35) hold on [0,T]. Assume
furthermore that 0BL Bl can be decomposed as (3.37), where the profiles ©3, W and 0,1,
satisfy (3.38) and (3.39), and that O,em = 0" — 0B satisfies (3.34).

Then for j = 0,1, a € {top, bot}, there ewists v, , € L*(T), T, , € W">*((0,T); L*(T)) such
that for all t € [0,T],

1/2_~_7 S(1+1)"3/4
+Io7(t) — T)" 1/2fv2,3(1+T)*3/4,

Ya(t) =73,T+7a,1(1+ Y44 sa (L)1
+F(11,T(t) w1(1+T)" L/4 7;,2(1+T)71/2,

a,

Y(t) :72,T + Y, So(l+t
N
(l

)"
21+
)"
a1 (1+
where ||'Vi,k‘|L2(T) < B? and for allt € [0,T), for j =0,1,1=0,1,2,

o) s B )R

< B2(14 1)L, o S

[EAvRG]

(1) "~
Furthermore, 'yi’k can be written explicitely in terms of WO Wl and ©9.

Remark 3.4.6. Note that in the above decomposition, the coefficients 'yi’k do not depend on
time.

Remark 3.4.7. As mentioned in Lemma 5.4.5, 'yi’k can be written explicitely in terms of the
main order boundary layer profiles. More precisely, taking Npor = 1 and Nyop = —1,

’72,2 = 1293,008905%‘1’2\2:07

0 2 2 gl 41a 0 Qo0 !
’Ya,?) = 89a7ooa$aZ\IIa|Z:O |:8Z {\II S} } :| |Z:0’
Va1 = 40%93,000908%‘1/&2:0 (3.40)
Yoz = 20 (Mag? w0031z + 95 e 020500 1)

!/
42 [82{\110 90}95,2} 0.
where {-,-}5 z denotes the Poisson bracket

{fag}z,Z = axfaZG - 6Zfawg~
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Let us now prove the two previous Lemmas:

Proof of Lemma 3.4.5. We have

4
%Aw = (1-G)020' — 40.G0.030 — 202GIp — > (2) okGo, 0tk (3.41)
k=1

+A%(0,10,0") — A%(0,10.0')' .
We now take the trace of the above equation at z = 0, recalling that G(z = 0) = 9,G(z = 0) = 0,
Y] z=0 = 0.9| =0 =0, and €'|,—¢ = 0.6'|.—o = 0. We obtain

d
%’ygot = - 682G‘z:0818§w|z20

+ 6 (8209 .=00, 020 |.=0) + 4 (824].00,020'| o)’ (3.42)
— 6 (8,0%0].=0020' )=o) — 4 (8,0%¢|.—00%0|.—0) .
We then estimate each term in the right-hand side using Lemma 3.4.1. Note that 02G|.—¢ is

bounded in L* (R4 x (0,1)). We focus on the first term, which has the smallest decay. Using
Theorem 3.1 in Chapter 1 of [LM12], we infer that for any s > 0,

3/8 5/8
10:020] ool < 1920 e=oll s S 17,8 10201155

where (3, are such that %ﬁ + gw = s+ 1. In view of Lemma 3.4.1, we take 8§ = 10. As for the
other term, we have, if v € (9,11)

11—~
1020l 2 1y SN0l gy 12 S 10570112

11—~ 3v—29

=9 —
10220],F S B(1+6)" 7 % <B(1+1) =
‘We infer that s
10202 .zo |l = S B(L+ 1)~ 3T 16(37729),

We then choose s so that the exponent of (1 + ¢) in the right-hand side is strictly less than —1,
which leads to v < 47/5, and thus s < 69/8.

The quadratic terms, involving traces of derivatives of ¥ and of €', have a higher decay. Let
us estimate for instance 930,020 at z = 0. We have, for any s > 1/2,

1029].2002020" | o=oll s () SNOZY]2=0ll oo () 102020 | =0 | b1+ ()
+ 11029] =0l o (1) 102020 | =0l Low () -
It follows from the bootstrap assumptions (3.35) that

1020 ]l00 S 11020:9l1 22 S 11026122 S B(L+ )75,

3.43
102026 || oo (ry) S B(1+1)7 12, (3:49)
Using once again Theorem 3.1 in Chapter 1 of [LM12], we have

3/8 5/8
102020 o—ollzrrorzry S 110113030 211020 0a e

< 1105A%0 .2 < B,
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while
1/8 7/8 1/8 7/8
L e [ A P [ A 17 [

with %B + %'y = s. Taking 8 = 10 and v = 9, we obtain, for some s > 9,
||8§1/)|z:08w839/|z:0||HS(T) S 32(1 + t)_9/8~

The other terms are treated in a similar fashion. The estimate on 0 follows.

The estimate for .} follows from a similar argument. Taking the vertical derivative of (3.41),
we have

9 o 2 > (3 k a3k a3 (5 k 5—k
5 0-0% = (17(;)323197’; .| 905G amwf; L) 0EGOL02 M
+0,A2(0.400,0") — A*(9,40.6")'.

Taking the trace of the above equation at z = 0, we obtain

%V&m == 108§G|z:08w82w‘z:0 - 108§G|z:08w83¢|z:0
+ 6892; (agw‘z:06w6§9/|z:0 - 3z331/)|z:0339'|z:0)
+10 (929 .—00: 020, _ + 02p.—00,020'|.—0) + 5 (021].—00: 020, )’
—10 (8m8§w|z:0830/|z:0 + axajwz:0839/|z:0)/ -9 (3153¢|z:03§9/|z:0)/ .
The highest order term is the first one. We recall that 2 and 92G are uniformly bounded in

L®°, and that the trace of 931 in H*® is evaluated thanks to (3.43). Following the same argument

as above, we find that
7(3y—29)
1

||awa§1/)|,z:0||]{< 5 B(l +t)_%+76’

where « is such that %10 + %7 = s+ 1. Hence the exponent of (1 + ) is strictly less than —1 if
and only if s < 8+ 2571. Once again, the quadratic terms have a higher decay and can be handled
as perturbations. The trace of 926’|,_o can estimated thanks to 7 . We then obtain the desired
estimate for 7.

Let us now address the convergence of G (t)|aq as t — oo. We recall that

2OFG(t, 2 =0) = — - VO g
=0M10,40,0" — 0,100.0"| ..

Since ¥|,—0 = 0,¥|.=0 = 0, and 0'|,—g = 9.6’|.—p = 0, we have

802G (t, 2 = 0) = 3020],_00,020'|,—o — 0,020],—0020'|,o.
As above,
”a§¢|2208x639/|2=0”Ll(T) S”azq:b‘z:0||L2(1r)||6aca§9,|z=0”L2('[r)
5”83w||H1/2(Q)Haa:agelqum(Q)
<N10260) || gragay (1 +1)~7/4.

The estimate on 9,03G(t, z = 0) is similar and left to the reader.
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We now turn towards the decomposition of 79 and v} for a € {top, bot}:

Proof of Lemma 3.4.5. We focus on a = bot by symmetry, and we start with the decomposition
of 40... Let us go back to (3.42). The main term in the right-hand side is —692G|,—09,02¢| 0.
Following Lemma 3.4.3 and using the decomposition 6’ = B + 0"t we write

82G‘2208183w|220 = (1 + t)_3/2g%0t,00818%\1/got|Z:0 + (1 + t)_7/4gl§ot7ooa$a%\pllaot\2:0

4 Z (1 + t)7%7%83G|z:08m8%\p{)ot|zzo
7=2,3

_3_3 j
+ Z (1 + t) 2 4 (83G|z:0 - gl%ot,oo) azaéqj{)oﬂZ:O
7=0,1

+O§G‘Z:06CE a§¢int ‘220'

The assumptions of the Lemma ensures that for all ¢ € [0, 77,

D (U +1)72 102G .m00:05 W], 50| S BlIO2Gl|oo(14+1) 72,
j=2,3

10212002 024™ oo | 12 1) S 102G B(L+ )77 275 < BO2Go(1+ ).

Recalling that [|02G||oc < ||0ollms < B, the two terms in the right-hand side are bounded by
B2(1 + t)~2. Furthermore, Lemma 3.4.3 ensures that

|02G.=0 — Ghot,00| S B(L+1)7%4,
and therefore

doa+ £)" 271 (02G].20 — Ghot.o0) 0005V, 72— < B2(1+1t)7%4

=0 12(T)

We now address the quadratic terms in (3.42), namely
B(y,0') := 6 {020].—0, 020"} + 4(0%0,020' — 0,020%0")'|.—o.

Decomposing 1 and 6’ into their boundary layer and their interior part, we find that the main
order quadratic term is

— li
(1 + t) /4 [682\1112%6586%@%& + 46%\P80t8$8%®120t - 681'8%\1’80‘56%@?)0‘5 - 48358%\1!8%8%@8%] |Z=0
= (1 + t)_7/4/ygot,NL7
while all the other terms are bounded in L?(T) by CB?(1 +t)~2.
Therefore, we set

4

72,2 = 129121,00813%\IIS|Z:0a 73,3 = 89(21700818%\Ij(11|Z:0 - gWg,NL'
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Now, define Fgot’T by

TDoe 7 (t) / Z 1+4s)”

+6/t Z +S 7%7% (afG(S)‘z =0 — gbot oc)a 6Z bOt‘Z Od

N\

F102G(5) 200203 W, o s

T 3
[ B @ (14 9 b 86) | ds
t

T 3 o
+/ B (14s)72W0 (z, (1+5)4),) (1+5)77560] (2, (1+ 9)*) + brem | ds.
t j=1

Note that the assumptions (3.34) on ' ensure that
Ha3 Orem 2= OHL2 S Herem||1/8||a4 1rem||7/8 < B(1 +t)_1/4~

Recalling Corollary 3.4.2 and using the assumption 83,07 |7—¢ € H'/2(T) (see (3.39)), we also
infer that
1020 rem |==oll grasrz S B(1+1)~ /5.

Interpolating between these two estimates, we find in particular that
Hagercm|z:0”H5 S B(l + t) - 11/24'
The above estimates ensure that for £ = 0,1

HakrbotT HL2(’]1‘ S B2(1+t)_k_1

18000y S BP0 0222

Therefore we obtain the decomposition announced in the Lemma for ~2.
The decomposition of 4} follows from similar arguments and is left to the reader. O

3.4.4 Iterative construction of the boundary layer profile

Let us now turn towards the construction of the boundary layer profile, and more generally, of an
approximate solution. The purpose of this subsection is to prove the two following Lemmas. Our
first result, which is truly the core of the construction, is valid under the bootstrap assumption
(3.35) on 6"

Lemma 3.4.8. Let 0y € H(Q) such that ||0g||gia < B < 1. Let = 0’ + 0 be a solution of
(3.5), and assume that the bounds (3.35) hold on (0,T). Let v, vip be defined by Lemma
3.4.9.

Then there exist profiles ©) € H¥(TxR,.), ¥J € H*(TxR4), j € {0,--- ,4} and 0. € H(Q),
depending only on 'yg,T,’yé,T, and 92700, such that, defining 6BF by (3.37), the following
properties hold:

2
9a,c0

1. Bounds on the profiles: ©J, Wi gln lin = A=29,_0,. satisfy (3.38);



3.4. Nonlinear boundary layers: proof of Theorem 3.1.3 123

2. Traces at the top and bottom: at z =0,

A5 .o = AWorr + Yoot 2(1+ )72+ ape a1+
_’Ygomz(l + T)_1/2 - 'Ygot,S(l + T)_3/4’
’Yéot,T + ’Yéot,l(l + t)_1/4 + 7&ot,2(1 + t)_l/z
_’Yéot,l(l + T)71/4 - ’Yklyot,Q(l + t)71/2,

8ZA203L|Z:0

where '7Z,k are defined in (3.40). Similar formulas hold at z = 1.

3. Ewvolution equation: 9B

satisfies
005" = (1 - G)92A20PL — (VEA~20,05L - voPL) + RPL,

and the remainder RPL is such that for all k,m > 0 with k+m <8,

ool

IRPE || gy S B2(141) 73573,

Remark 3.4.9. Actually, all profiles ©3, W3 —and therefore 0PL BL depend on T through
Y3 15 Yar- However, in order not to burden unecessarily the notation, we will omit this de-
pendency.

Once the boundary layer part is constructed, under an additional bootstrap assumption on
the remainder, we can define a nonlinear corrector:

Lemma 3.4.10. Let 6y € H'(Q) such that ||0o]|g1e < B < 1. Let § = 6 4 0 be a solution of
(3.5), and assume that the bounds (3.35) hold on (0,T).
Let 055 4Bl be given by Lemma 3.4.8, and let O, = 0/ — 6PL. Assume that (3.34) holds
on (0,T), and define fo,T as i Lemma 3.4.5.
Then there exists ONF € H®(Q) such that
AQUlz]\';ﬂz:O = Fgot,T? azA2Ul]Zf%|z:0 = Flljot,T7
A20{7\§é/|z:1 = F‘?op,T7 8ZA20'111\~;%|Z:1 = Fl

top, T’

and for oll k,m > 0 with k+m < 8

oo~

ol e S B (L 1) 74,
As a consequence, setting 62PP .= 9BL 4 U{ch, we have
A20°PP = A%9') 0.A%0°PP = 0,A%0  on 09,
and 6%PP is a solution of
00 = (1 — G)2AT20°PP — (VEAT20,0°PP . V6**P) 1 S\,
and the remainder Syem s such that for all k,m > 0 with k +m < 8,

|Sremllg e S B>(L+1)7*F175.
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The main part of this section will be devoted to the proof of Lemma 3.4.8. The strategy will
be very similar to the one of Section 3.3, and we will often refer the reader to the computations
therein. We begin with the construction of the profiles ©J, WJ. To that end, we plug the Ansatz
(3.37) into equation (3.5) and identify the powers of 1 +¢ in the vicinity of z = 0 or z = 1. Note
that for z < 1, setting Z = (1 +t)'/*z and using Lemma 3.4.3,

Gt 2) %8§G(t,0)z2 + %agc:(w)z?’ +O(Y

2 3
=(1 —|—t)*1/2MZ2 el —|—t)73/4MZ3 (3.44)
2 6

+O0((14+t)7 124+ 1+ 1) 22 + 2%)).

A similar expansion holds in the vicinity of z = 1. Furthermore, in the vicinity of z = 0, setting
S=—(Vty-ve'y,

itj—1 . . . . /
S= 3 U+ (9,00,0,0],, — 0.0, 0700,,) +O0((1+0)7Y). (3.45)

0<i,j<4

Following the computations of the previous section and identifying the coefficient of (1+ t)_z_%,
we obtain (compare with (3.31))

] . 1 . . .
- (1 + i) Of + 2020} = 0,V + S, (3.46)

where the source terms SJ are defined by

S0 =5l =0,

a

52 = _Yase 72 40
= e g0, (3.47)

a

2 3
53 - 79(12,00 Z28z\1’clz —TNa gaéoo Z35‘m\112 + 7a (52\1125192 - 81\1’28292)/ s

with Mbot = 1777top =—1.

Let us now proceed to define recursively the profiles ©7, .

Main order boundary layer terms: 00 and ©!. The roles of the boundary layer profiles
©J for j = 0,1 is to correct the traces of A%0’ and 9,A%0’ on N at main order, i.e.y’ . (see

Lemma 3.4.5). Choosing SJ = 0 and W such that 9394 = 9,07 and recalling (3.46), we are led
to 70300 = 49200 in T x (0, +00)

920020 = Yor: 929020 =0,

@2|Z:O = 0, 8Z®2\Z:0 = O7 limz_ﬂ)o @2 = O7
and

2980! — 4020,0! in T x (0, +o00)

6%@}1\2:0 =0, 6%@}1\2:0 = WaV;,Ta

@L11|Z:O = 07 aZ(_‘)i‘Z:O - 07 hmzﬁoo @2‘1 = 0.
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Note that these systems are identical to (3.26) and (3.27) respectively. As a consequence, as in
the previous section, we find that

On@,2) = Y k70 p(k)xo (k]2 2)e™
keZ\{0}

) (3.48)

W)= 3 b2 22) - xallk 2 2)| e
keZ\{0}

where xo is defined in Corollary 3.3.2. Since [|70 1|l < [|fol| 14 + B for all s < 69/8, it follows
that

H@?LHHMH%L? + ”@2HL2 20+ 3 S [16o]] #raa +BQ7
x z

x " Z

0 0 2
1920004, + I8, ey S ol + B2

In a similar fashion, recalling the definition of x; from Corollary 3.3.2,

Ou@, Z)=ma Y M7yl pk)allk] 2 2)e*,
keZ\{0}
1 — (3.49)

1 ikx
W 2) =m0 S i) | TR 2) < (K12 2)] e,
keZ\{0}

Since [|va rllms/2 < [|6ol|g1a + B, we also have

103 sovy , + 1O, aoey S Wollers + B2,
x VA x " Z

H\IJ}IHH;H%L% + ”\lez” 2243 S ol e + B

LiH,

Let us now define the boundary terms ~; ; and v, ; by (3.40). Tt follows from the above expres-
sions for ¥J and ©7 and from the boundary conditions xo(0) = x{(0) = 0 that

Ivesllzom S B 108 allmsem S B (3.50)
||’Yé,1||H17/2(T) N BQ, |\73,2||H7(1r) S B*.
In a similar fashion, defining the source terms S2, S2 by (3.47), we have
2 2 2
HSQHH;H%LZZ + HSQHLE,H;H% < B
(3.51)

3 3 2
1520 o+, IS21 e S B2

0

Note however that because of the quadratic term {¥2, 0%}, 7, S3 does not have the same self-
similar structure as W7, ©7 for j = 0,1, which is also shared by S2.

Correctors ©) , and ©/ ,. We recall that the coefficients VZ,k are defined by (3.40), and are
estimated in (3.50) above. The terms g 5(1 + T)~1/2 and 733(1+ T)~3/* in Lemma 3.4.5 are
constant in time, but smaller (for 7' >> 1) than 72’T. Hence they give rise to a profile @2@ whose

construction is very similar to the one of ©Y, but whose size is much smaller. More precisely, we
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set

@g,a(SU,Z): Z |k|~ 2[ JK)A+T)" 1/2++,72;(k)(1+T)73/4} XQ(“{}P/QZ)eikm,

keZ\{0}
@i,a(l‘,Z) =Ta Z |k‘|—5/2 [fyé’l(k)(l + T)—1/4 _‘_7572(1 _|_T)—1/2:| X1(‘]<1|1/2Z)6ikx.
keZ\ {0}

Remembering (3.50), we have, for j =0, 1

i ; 1.3
||®zj:,a||H9+%zLZZ + ||®£,a||L2H18+é S B2( +1)" 2+4

and ' o
10507 ol z=ollgrae/2ry S B*(1+T) 24,

Analogously to U9 and ¥l we also define

W= Y i [T T T (16666~ x0(©) ) ez,

ik|k|?
keZ\{0}
1 1 1 - 1 ik
W= 3 e [T L0+ 1) (F66(0 - 00O leoppraze™
Kez\ {0} '

so that 9301 , = 0,07 ,, and we have

c,a’

. . _14J
”\Ili,a”le%zL?Z + ||\IIJC,G.||L2H20+% S 32(1 +T) RS
x " Z

Lower order boundary layer terms: 02, ©3 and @2 We recall that ©J, UJ must satisfy
(3.46), where the source term S7 is given by (3.47). Note that since U9, Wl and ©0 have been
constructed in the previous step, the source terms S? and S? are defined unequivocally and have
exponential decay. Moreover, following Lemma 3.4.5 and noting that

3

A293L|z:022(1+t) o6, t| 2= o+22 +1) _E_iagaZ@botlz 0+ O+,
=0

we enforce the following boundary conditions:

0402 50 =102 — 2020500,y 0503 5y = (7hy — 2020500, )

(3.52)
9703 720 = Va3 — 20050 70, 030350 = Na (75 o — 202050, 41— o)

where the coefficients ’yg . are defined in (3.40) and estimated in (3.50). There remains to specify
the relationship between W7 and ©7. In order that A2yBL = 9,0B at main order, following the
computations of the previous section, we take, for j = 2,3

DA 120202052 = 9,07
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Eliminating ¥2 from the equation on ©2, we find that the system satisfied by ©2 is

20308 — 2046 = 10267 — 248, OL(270,90) — SRV,
02 7—0 = 0202, =0, (3.53)
©3(Z) -0 as Z — oo,

together with (3.52). Note that 28738%\112‘Z=0 = 78%62‘220 and 48%8%\112%:0 = 8%62\Z=07 S0
that the boundary conditions are redundant. In other words, taking the trace of (3.53) at Z = 0,
we find 8%@2‘220 =70, — 28%8%@2|Z:0. Differentiating twice more with respect to Z, we find
that the Fourier transform of §%©2, after a suitable lifting, satisfies an equation of the form
(3.28) with boundary conditions of the type (iii) from Lemma 3.3.1. Using the explicit Fourier
representation of U9 and ©9 (3.48), we find that

[CH

‘|H9+%L§ + ”@§”L2H;9+% < B, “\PEHH“’*%@ + ”‘IIiHLQH;M% < B.
P 2 e 2

In a similar fashion, ©3 satisfies the system

295,03 — 30403 = 49203 + 49453 1 692020 — 2202030},
92\2:0 = 8Z®2\Z:0 =0,

©3(Z) -0 as Z— oo,

together with (3.52). Once again, we find that the lifted Fourier transform of 9303 satisfies an
equation of the form (3.28) with boundary conditions of the type (iv) from Lemma 3.3.1. Using
the explicit Fourier representation of ©} (3.49) together with the estimates on S2 (3.51), we find
that

2

103,01 , 1030, ooy  Wfollns + B2 2N ey,

4

+ ||\Ilz||LgH;o+% ,S H90HH14 +B2,

Note that the Fourier representation of ©2 and of the linear part of ©3 also ensure that for
=23, ‘ ‘
105031 z=oll s (v) + 110503 z=oll r15/2my < 100ll 7114 + B (3.54)

Eventually, we define ©2 , analogously to ©3 so that

Za%@z,a - 26%65@ = 48565,0, - 8526%\1/2@,

02 ol z=0 = 0207 ;| z=0 = 9302 ,|z=0 = 0,
0402 | 70 = —2(—1)7020%7700 |20 Vi € {4,5},
02,.(x,2) =0 asZ — occ.

Once again, note that the boundary conditions are redundant. We also define \Ilg’a by 3%\113’(1 =
0,02, — 2020392 ,, with homogeneous boundary conditions at Z = 0. We obtain

c,a’

M

4

He)g,a”HH@Lz + Hgg,aHLzHlH% + HZQg,aHHHiILQZ S B2(1 +7)"z,
x z " Z

Nl

qui’l”Hi*%L; + ”\IJE,a |L2H;8+% S 32(1 +T1)" 2.
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Boundary layer corrector ©%. As in the previous section, we need to define a higher order
boundary layer corrector ©%, whose role is to ensure that

Jo2A-205" — 0,67, < B(1+ 1)

To that end, we choose ©%, W2 5o that

Oy Vs + 2020702 + 0,0 = 0,03,

Z0,0% — 801 = 40,V
Eliminating ¥ from the equation, we find
Z030% — 405,02 = 407021 — 80202 V2 — 49002,
We enforce the following boundary conditions (which are redundant):
OLl7-0 = 070410 = 0, 0401170 = 30303 V2 o0, 0301170 = 20050220,

together with a decay assumption at infinity. Looking at the equation satisfied by the Fourier
transform and applying Lemma 3.3.1, we infer that there exists a (non unique) solution ©% of
this equation such that

1085+, + 1081, yr0vs + 12080 oo, S 160l + B,

As in the previous section, non-uniqueness comes from the fact that the Fourier transform of
0302 satisfies an ODE of the form (3.28), with boundary conditions at Z = 0 for 93,02 and
0%0%. However, the boundary conditions above do not prescribe any condition on 9502 for any
k > 6. We lift this indetermination by requiring (somewhat arbitrarily) that 50%|z_o = 0. The
solution thus obtained satisfies the previous Sobolev estimates, and its trace satisfies

10794l z=o0ll 152 (wy + 10205l z=oll 7ty < 100l r2s + B2 (3.55)

Lift of the remaining traces of order B. At this stage, we have defined ©7, WJ for 0 < j < 4
together with ©7 ,, W/ , for 0 < j < 2. Let x € C°(R) be a cut-off function such that y =1

on (—1/4,1/4) and Suppy C (—1/2,1/2). Setting ©% , = W1 , = 0 for j > 3, the main boundary
layer term is given by

4
O = D407 (B + 600 (@ (140 2)x(2)
j=0
4
7T (Ol + Oy ) (@, (14 41 = 2)x(1 — 2),
7=0
4 .
Bk = 20T (W ) (@ (140 12)x(2)
7=0
4

+ Z(l + t) % (\Ilgop + \IJC top) ($7 (1 + t>1/4<1 - Z))X(l - Z)a
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By construction, we have

A20521n|Z:0 = Pygot,T + 780‘5,2(1 + t)71/2 + 780t,3(1 + t)73/4
_’Ylgot,2(1 + T)_1/2 - fygom?)(l + T)_3/4
+2(1+ )1 020507 o4 z=0 + 2(1 + 1) 72203050} 54| z=0,
N0 —0 = ’Yéot,T + ’Yéot,l(l +1)7V 4 ’Yllmt,z(l +1)7/2
_’Wzl)ot,l(l + T)_1/4 - ’Yéot,Z(l + t)_1/2
+2(1+ )7 02050001 7=0 + 2(1 + 1) 070500t 7.
Similar formulas hold at z = 1. We first lift the remaining traces thanks to a corrector O'hft
which we define in Fourier in the following way. Let 4, (s € C2°(R) such that (;(Z) = Z7 /4! in

a neighborhood of zero and such that Supp ¢; C (—1/4,1/4). In order to apply the last estimate
of Lemma 3.3.5, we further choose (; so that

/ Z8¢;(2)dZ =0 Vk € {2,3}. (3.56)
0
We then take
ot k2 = 2 S (07 T R0 () z=oCas (Kl2(1 + )1Y)
1>3,5=0,1
+2 ) (1+1) SR |2 05170 (k)| z=0Car; ([kI(1 = 2)(1 + £)1/4)
1>3,j=0,1

The estimates on the traces ©7 for j > 2 (see (3.54), (3.55)) ensure that for all k,m > 0 such
that k +m < 10,

ool=
ENE

il g e S (160l + B2)(1+ 1) 7275+ 5,

(3.57)
Hatahft”HmHk < (|60 s + B (1 4) 7378+

m\>—‘
e

We define an associated corrector ¢l = A=29,0l. According to Lemma 3.3.5 and using (3.56),
we have, for all k,m > 0 such that &k +m < 13,

. _3_14k

Itk e S (100l s + B2)(1+ ) 72754

~

' (3.58)
in 41k
1001 | e rrx S (60l prre + B%)(1+ )75+ 5.

Evaluation of the remainder. Let us now focus on the different remainder terms in the
equation satisfied by #2L. | in view of defining one last linear corrector.

main’

e Remainder stemming from the nonlinear term: Using Lemma 3.3.4 together with the esti-
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mates on ©J, we have, setting Znor = (1 + )42, Ziop = (1 +)V/4(1 — 2)
vamaln VQEII;IH

Z (1 + t) 8- {\I]-t])ot + \Ilc bot? G{got + elg,bot} ($7 ZbOt)X(Z>
0<jk<d w7

_ Z (]_ + t)73 {\I/ (—){:Cop + ®§,top}1’»z(‘r’ ZtOp)X(l - Z)
0<5,k<4
+O0(exp(—c(1+1)'/%))  in H(Q).

top c ,top»

In the above expansion, we put aside the terms corresponding to k£ = j = 0, which are part
of 83 and are lifted by ©3. If j + k > 1, we claim that for all s < 8,

[0 + o O + O ooz, L+ 42 ()| S B+ )34,

and the same estimate holds for the top boundary layer. For s < 7, the above estimate
follows simply from the estimates on W7 ©7. For s = 8, there is a small difficuly rising
from the fact that ©2 does not belong to HYL%. For this term, we write

AL

07920,0% = Z © 70,0

Since 07 WJ vanishes at Z = 0, both terms belong to H3(T x R, ), and the H® estimate
follows. We infer that

VJ_q/}mam vegﬁm _(1 + ) 11/4{\I/b0t7 Oot}ﬁf Z( (1 + t)1/4Z)X(Z)
(1 + t) 11/4{\Ijt0p7 top}fl’ Z( (1 + t)1/4<1 - Z)X(l - Z)
+ RNLa

where for all s € [0, 8],

I3
-

[Rnillms S B*(1+1t)7 i s,

e Remainder stemming from the Taylor expansion of G: As explained in the construction of
©2, 02, when defining the boundary layer term, we replaced G by its Taylor expansion in
the vicinity of z =0 and z = 1. Recalling (3.44), we have, in the vicinity of z = 0, setting
Z = (14t)/z,

G, yBL 730,

main

1
2 3
= _— 81 _—
main 2(1 + t)1/2 gbot oo wmdm 6(1 I t)3/4gbot7oo
+O((L+6)"1(Z* + Z2")0riiin)

1
ng?)ot,oozza \Ilbot (:E7 Z)X(Z)

2 3

Geot o0 Giot,00
+(14¢)" 14 (bg 720, (v,7) + 7"‘2’ 23893\1/3%(3:,2)) Y(2)
+RG7

where the first two terms enter the definition of ©F , and ©3 , respectively, and the re-

bot
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mainder term R satisfies

|RG||lme S BX1+1)7°"5+% Vse{0,---,8}.

e Remainder stemming from B — A=20,0PL: We now address the fact that A2yBL. is not

A main
equal to 9,0BL. . More precisely, using the definition of ¥/, we have, in Q N {z < 1/2},

APPBL L — 0,005, = 2> (1 +1)72 T 2ORW, (2, (1+ D) 12)x(2)

j=3,4

+3 (1 + )72 (o, (1 DY 2)x(2)
j=>1

+2 37 (14072 T 0205 (x, (1+ )Y 2)x(2)

j=1,2

+3 )2, (1+ 1Y A2)x(2)
j=>0

+0(exp(—c(1 4+ 1)Y/?)) in H3(Q).

A similar expression holds in Q N {z > 1/2}, replacing bot with top and z with 1 — z.
The exponentially small remainder comes from the commutator of the bilaplacian with
multiplication by y (see Lemma 3.3.4), and from the estimates on W7, \Ilﬂa It follows that

OuVrmain — A 202000 = Raz,

main z”main

with [|[Raz s S (I60ll s + B2)(1+1) 27575 Vs € {0, ,9}.

~

Note that the decay of this remainder is similar to the one of Ry and Rg, but its order
of magnitude is B. Hence we call it a “linear” remainder, and it cannot be included in a
bootstrap argument. Therefore we will lift it thanks to another (linear) corrector.

lin .

e Remainder stemming from o}%: Recalling (3.57), (3.58), we have, setting Re1in = d;0yif; —
A20% 0l

ool

34k _
IR sinll e e S (N00ll s + B*)(1+ ) 74475,

|GA™20200k || gy < B2+ £)3rics,

ool

Once again, R, in is a linear remainder, and must be lifted before the bootstrap argument
of the next subsection.

In the remainders above, all terms of order B?(1+t)~2 in L? will be included in the remainder
for the interior part (see 3.4.5), while the terms of order B(1 + ¢)~2 will be lifted thanks to a
linear corrector ¢™°™, which we now construct.

Definition of ¢™™. Let o™ be the solution of

B0 = 92A20™" — Rp2 — Rejin,

o™ (t = 0) = 0.
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Note that 0;0"™|sq = Ot0no™™|sq = 0, and therefore o™ |5q = 0™ |sq = 0 for all ¢ > 0.
Applying A? to the above equation and taking the trace at z = 0, we have

QA% ™™,y = —A%(Rp2+ Rejin) |l2=o0
—Op APl |0 — 040201 |20

_o_i=2 j 2+7 _og_i=2 j
23 (1) TR0z + 23 = (1 0)7 I 02050] 70
Jj=3 j>3
= 0.

Hence A207™|,_q = 0 for all ¢t € (0,7). In a similar way, 9,A20"™|,_o = 0 for all t € (0,7,
and the same properties hold at z = 1. Applying Proposition 3.2.6, (3.2.4), we infer that
JA%™™ 1 S Gollrns + B2, 02820712 S (ol s + B2)(1+ 1))
10207 |22 < (160]l e + B*)(1 + )72
1002 2 < (10ollarns + B2(A+172, [8A207 2 < (6ol ssa + B)(1 + 1)~

Furthermore, looking at the expressions of Ra2 and R, i, and recalling the estimates on U7, we
find that

1A% yasa s + (A% L2y S [00lle + B,

1A% g1 L2 (2<1/2) + (1= 2) A ™| 12 (221/2) S 60l mae + B

Conclusion. Let

BL ._ pBL lift
0 emam + Olin + o™

Then B satisfies the boundary conditions stated in Lemma 3.4.8. Most of the remainder terms
have already been evaluated. There only remains to evaluate the quadratic terms involving ofif*
and o"™. We have for instance, for all s < 7,

s

IV im0 S B0 2HF (L) S B (1472

mam |H5

and for the H® estimate, we write as before, for z < 1/2,

aBL

BL x i
Ouifin 00" = AR 2,07,

Both terms in the right-hand side belong to H®, and we infer
[V tiiin - VO™ | e € B2 (14174,

The statement of 3.4.8 follows. O

Proof of Lemma 3.4.10. Assume that O,e,, = 6 — 68U satisfies (3.34), and define I'), T as in
Lemma 3.4.5. According to Lemma 3.4.5,
103 7 (Ollz2my S BA(1+8) 74,

]

1079, 1 ()| 2y S BX(1+1)7>"1,

3 J

HFZ,T(t)HH‘l( <BX1+t) Fta,

.;:.

,;;

.;;
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We now lift these traces thanks to a corrector ollff%7 whose definition is similar to the one of olliii“»t,
namely

(L k,2) = S0 (1 R TIT (6 k) (K121 + 0)9)
7=0,1
30 () R R (B (KI(1— 2)(1+ 5/
7=0,1

where we recall that (; € C°(R), ((Z) = Z7 /4! in a neighborhhod of zero, and (; satisfies (3.56).
It follows from the above estimates and from the formulas that for [ = 0,1,

1

10} ote rom pre S B2 (L+ 1) 205 =% if k4 m < 9/2,
ot 720y S B?(1+41t)"1/12,

2ot | 102 (ngz<1 2y + 11 = 2)ohg o2 onas1/0) S B2 (1 +1) 7112

Furthermore, the function ol has been designed so that

Azallffﬂzzo = Fgot (t), azA2UII;If]§|z:0 = Fll)ot(t)’
A2Ullffﬂ,z:l = F?Op(t) 82A2011§f%|2=1 = Ftlop (t).

Furthermore, according to Lemma 3.3.5 and using (3.56), we have, for all k,m > 0 such that
k+m <12,
|A7 ol e S B(1+0)7575%%
10 A7 0N e S B (L4 6) 747575
The statement of Lemma 3.4.10 follows immediately from these estimates and from Lemmas

3.4.5 and 3.4.8.
O

3.4.5 Boostrap argument for ¢t

In this subsection, we complete the proof of Theorem 3.1.3 thanks to a bootstrap argument. We

start with an initial data 6y € H'" (), with [|6o g=(o) < B and 6y = 0pp = 0 on Q. We

assume that B < By < 1, where By is a small universal constant, so that Theorem 3.1.1 holds.
Let C' > 2 be a universal constant to be determined. We define

Ty = sup {T > 0, (3.35) holds on (0,7) with B = C||6|| 14} .

By continuity, Ty > 0. For any T € (0,71), we define an associated boundary layer profile 3L
(see Lemma 3.4.8 and Remark 3.4.9). We recall that there exists a universal constant C; such
that for all m,k > 0 with k 4+ m <8, forall all T € (0,71),

.z:.
00

1625 g7 i1 < C1C|80 | prra (1 +£) 1375,
We then introduce a new time

Ty = sup {T € (0,T1), Orem = 0’ — 0" satisfies (3.34) on (0,7) with B = 2(1 + C1)C||0p|| 14 } -
(3.59)
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On (0,T%), according to Lemma 3.4.10, we construct an approximate solution #*PP. We now set
gint = ¢' — 2P = .., — ok, Note that we can always choose ||fp|| ;714 small enough so that for
allt € (0,T3), for 0 < k+m <8,

ool

= _ k_
ot |l grmms < Cllfoll (1 41) 72575,

Consequently, 0" satisfies (3.34) with B = (3 + 2C1)C||0p]| g1+ on (0, T»).

Our goal is now to prove that Ty = T» = +oo for a suitable choice of C, provided |6} 714
is sufficiently small. To that end, we check that A2 satisfies the assumptions of Proposition
3.2.6.

By construction (see 3.4.10),

eint — 6n91nt _ AZeint — 8nA29int =0 on 9.
Furthermore, defining the quadratic form
Qf.9) = = (V*A~20,f - Vg)',

we have, recalling Lemma 3.4.10,

0™ = (1= G)AT20™ + Sy, (3.60)
where . . 4
Stem = —Srem @O + 6, 6) + Q(6™,6°PP).

We claim that we have the following estimates on S, :

Lemma 3.4.11 (Estimates on S}

rem

). Let Ty be defined by (3.59).

o L? and H* estimates: for 0 < s <4, for allt € [0,T*),

St lars S B*——
ISk Ollr < B s

o H? estimate: there exists SZ,, 8% € L>°([0,T%), L*(Q)) such that A*S%, (t) = SZ,, + 5%,

rem?
with

vVt € [0,T*) and 52 (£) A% epn (t) = 0.

S2 (¢ <B? —
|| rem( )||L2 ~ (1 +t)9/8 o

e [Lstimates on the time derivative: for allt € [0,T%),

1

0 :<B2— .
19:SremOllz2 S B* 5

S3 € L*>([0,T*),L*(2)) such that A%0,SY, (t) = S&., +

Furthermore, there exists S5,
S3 . with

152, ®)||lLe < B? vVt € [0,T") and / S3 () A%0,0,em(t) = 0.
Q

1
(1+1¢)3
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Proof. We estimate each term separately. The estimates on S%  have already been proved in the

previous paragraph. Therefore we focus on the quadratic terms. It follows from the estimates of
Lemmas 3.4.8, 3.4.10 and from the definition of §*PP that for s € {0,---,7},

||Q(0app +9int’91nt)”Hs 5 32(1 +t)74+%.

For s = 8, the situation is slightly different, because A*Q(§2PP + §in* 9int) involves derivatives
of order 9 of ", for which we have no estimate. Therefore we decompose A*Q(§2PP + gint gint)
into two parts, writing
A4Q(9app =+ eint’ eint) - _ (VLA—26$(9313P + 9int)) . VA49int
_ ag vLA—Qaw(eapp T gint) . gint
_ [A47 VLA—28$(eapp + 91nt> . V] eint.

It can be easily checked that the term [A*, VEAT29,(6?PP + §1%) . V] 6% can be evaluated as
above, and we have

H [A47le—28I(9app +9int) ~V] 9int”L2 < 32(1 +t)_2+%(1 +t)—2+i < B2(1 +t)_3/2.

~

Furthermore, since (A%0™¢(¢, - 2)) = 0 for all ¢, z,

/Q IBVLA—209,(happ 4 gint) . gint Atgint — (),
Eventually, integrating by parts the remaining term,
_ /Q ((vLA—Qaw(Gapp + aint)) . VA461nt> Adpint
= %/Qv- (VEAT20,(6°PP 4 6™)) [A*6™]* = 0.

Therefore, setting

ST = — VEAT29,(07PP + ™) . VALY — 93VLA-20,(9aPP + gint) . gint
SQ — A4Q(9int, eapp) _ [A4, vLA—Qam(gapp 4 aint) . v] eint7

rem

we obtain the desired H® estimates.

We now need to estimate the time derivative of SL  in L? and H?. Note that the definition
of Ty (see (3.59)) ensures that

18:6™ ()| 22 < B(L+6)7%, [|8:6™ (t) ]| s+ < B(1+1)7%.
Setting ¢ = A=29,60™¢, it follows that
10,0 s < BA+1)72,  [|0,40™Y g7 < B +1)72

1, We obtain the desired estimate in L?. The
only problematic term is 8;0,1¢'™9,0%PP, which we decompose as

From there, differentiating with respect to time S

8t8mwi"taz9appx(z) + 6t8$wi“t629app(1 —x(2)),
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with x € C2°(R) such that x = 1 in a neighbourhood of zero and x(z) = 0 for |z| > 1/2. Let us
consider the first term. Recalling that 1" (2 = 0) = 0, we write, using the Hardy inequality,

10:0,9™0,0°PPx (2)[| L2 < Hataxw”“ 12002 x(2) | oo
z L2
5 HatamazwintHLz ||Z8z9apr(Z)||L°°
< B+t) P xBA+t)y'<B*(1+t)*
The term involving (1 — x(z)) is treated similarly, exchanging the roles of z =0 and z = 1.

The decomposition of A29,SL, = goes along the same lines as the one of A*SL —and is left to
the reader.

O

Conclusion. We apply the operator A? to equation (3.60). We recall that by construction,
A2t = 9, A2 = 0 on 9. We obtain

4 2
2 pint int 2¢ql 4 k 41—k int 2 k 2—k o2 ,int
O A0 = (1 — G)D,0™ + A2SL  — ;—1: (k) AL GO apmt — 2;_1: (k> BE GOk 92t

Let us now check that the assumptions of Proposition 3.2.6 are satisfied. The decay assumptions
on A2SL follow from Lemma 3.4.11. Therefore it suffices to check that the decay of the two
commutator terms (involving derivatives of G) satisfy the desired bounds. We focus on the first
term, which involves the largest number of z-derivatives. By definition of T3 and according to
the bounds of G (see Lemma 3.4.1), we have, for all t € (0,T3), for k € {1,--- ,4},

HakGaél—k8$wint HL2 5 BQ 1+t)

< B2(1+41)873%1 4 B2(1+1)7%/* < B2(1 +t)_5/4.

’|85G8;1—kawwint HH4 <

Furthermore, for k € {1,--- ,4},

m\»—A

|00 GOt 0,0 (1)]| ., < BA(1+ 1) T 78R3 < B2 1) R,

According to Proposition 3.2.6, there exists a universal constant Cy such that for all ¢ € (0,7*),
setting B = (3 4+ 2C1)C||0g | g1a (see (3.59)),
||A29mt(t)”L2 <Oy (Herem(t =0)|[ns + Bz) (1+ t)71
1A%6™ (1) 4 < Co ([|6rem (t = 0)l| s + B?) (3.61)
106 (1) |22 < Co ([|frem (t = 0)l| s + B?) (1 +1)2

There remains to bound 9,6 and ¥™* in L2. To that end, we differentiate (3.60) with respect
to time, and we obtain

10,0 = (1 — G)D, 0 p™ + 0, S

rem

— 0;GO ™.
The source term 9,5, is evaluated in Lemma 3.4.11. As for the commutator term, we have

10:GO ™| Lo < [10:G 12 1020™ [0 < B3(1 +H)E3 2B (1 44)

— ~
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Using Proposition 3.2.6, we find that for any ¢ € (0,T5),

1

196122 < Ca (16 (t = 0) s + B%) 55

Using equation (3.60),

1024 (t)]| 22 < Ca (107t = )| s + B?) vt € (0,Tz).

(1+41¢)3

Grouping these estimates with the ones on ol from Lemma 3.4.10, we infer that up to a change
of the constant Cy, for any ¢ € (0,T5)

[0remm ()| 1= < Co (|60l s + B?) (1+¢)7*T% Vse{0,---,8},
[¢rem ()| rs < Co (160l s + B®) (1+1)7%"% Vs e {0,---,8},
10t0rem ()| 1= < Ca (|00l s + B?) (L+¢)72T5 Vs e {0,---,4}.

We now recall thatB = (3 4 2C1)C/||6g || grafor some constant C' that remains to be chosen. We
want to pick C' so that

Co (6ol s + (3 +2C1)*C?||6o[| 1) < (14 C1)C|6o]| s

It is sufficient to take Cj such that 2Cy < (1 + C1)C, and ||6p]| g14 sufficiently small. We then
infer that the bounds within (3.59) are satisfied with B replaced by B/2. It follows that To = T;.
From there, recalling the estimates on #B, we deduce that there exists a universal constant Cs
such that for all ¢ € (0,T1), for all k € {4,---,8},

1070 2

IN

185672 + 1|05 Orem | L2
k—8
2

Cs (60l s + B%) (L+07F + (14)7).

IA

Similar estimates hold for 9¥¢" and 93¢ in L?. Hence we further choose the constant C' so that
205 (|60l zr1s + B?) < C|6o| s

provided ||0||g14 is sufficiently small. We conclude that T; = 4+o00. Theorem 3.1.3 follows.

3.5 Appendix: Proof of Lemma 3.3.1

The proof of the Lemma relies on energy estimates in weighted Sobolev spaces, with weights that
grow like exp(cZ%/®) for Z > 1. Unfortunately, we have not been able to treat all four cases
for the boundary conditions simultaneously, but we will treat (i) and (iii) (resp. (ii) and (iv))
together. Note that when equation (3.28) is multiplied (formally) by Yw or by —¥’w, there are
many commutator terms when we integrate by parts the fifth order derivative. The main idea
is that if the weight is adequately chosen, all these commutators can be absorbed in the main
order terms, which will be designed to have a positive sign. Hence we start with the following
result, which will allow us to control the commutators:

Lemma 3.5.1. Let ¥ € C°([0, +00)) such that ¥(0) =0, and let r > 0. Let W € C*([0, +00))
such that W(Z) = exp(Z*/®) for Z>1, and W > 1, W = 1 in a neighbourhood of zero.
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Then for k € {1,2}, there exists a constant Cy, independent of r, such that

‘/OOO W(k)(Z>|2|W;157"ZZ))|2 dZ’

<Cpr= 3B [/OOO w2V *W (rZ) dZ + /OOO U%(Z) (W/gz) + W;Z)) dz} )

Proof. For k=0,---,3, let us consider weights wj, € WI’OO(RJr) such that

loc

Vke{0,---,3}, VZ>1lwy(2)= e1z-33-k) exp(Z4/5)7
VZe(0,1), wi(Z)=ws(Z)=1, wo(Z2)=2772 wy(2)=2"
Note that the weights wy satisfy the following assumptions:
e For k € {1,2}, wp < \/Wr—_1Wky1s
e For k € {1,2}, |w;| < Ck\/wrwy_1 for some constant Cy;
e wy(0) =0.
Let us now introduce, for £k =0,---,3
I == /OOO 0 (Z2) Pwr(rZ) dz.

Then by definition of W, wy,ws, there exists a constant C' (independent of r > 0) such that

Pl 4 I < C /0 T O @)W (r2) dZ + /0 Ra% (W(z 2y W;Z)> “

Let us set E = r2Iy + I3. For k = 1,2, integrating by parts and using the conditions ¥(0) =
w2(0) = 0, we have

I, = — / vE(Z2) O (2w (rZ) dZ — v / VE(Z2) 0 (Z)w (rZ) dZ.
0 0

Using the properties of wy, we deduce that there exist constants C} such that

I, < Cy, (\/Ik—1fk+1 + T\/kak—1> .

Since 121y < E, we deduce first that I, < E + r~'/IL,E, and plugging this inequality into the
bound on I, we find
Il 57”‘74/3E, IQ 57"72/3E.

The result the follows easily by noticing that

oo W (r2)|?
vk (7 2 W (r2)|° 7| < I.
/0 | (Z)] W) dZ| S Iy

O

We now turn towards the proof of Lemma 3.3.1. In both cases, we start with a formal a priori
estimate, from which we deduce an appropriate notion of variational solution in a suitable Hilbert
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space. Existence and uniqueness then follow in a straightforward manner from the Lax-Milgram
Lemma.

First case: conditions (i) and (iv):

As explained above, we start with a formal a priori estimate. Let w € C*°(Ry) be an
arbitrary weight function, and multiply (3.28) by (¥(Z)w(Z))’/Z. On the one hand,

/ "0 (2) (wwY (2) dZ = / T 0O (2) (W) B (2) dZ — B (0)(Ww)' (0) + T (0)(Tuw)" (0).
0 0

Note that the two boundary terms vanish in cases (ii) and (iv). We obtain
o 3
/ O (2)(Yw) (Z) dZ = / (e (z ) + Z (3k) / T ()R (2)w®)(Z) dz.
0 0 -
On the other hand, since ¥(0) = 0,

* o dZ [ gy 92 1 [ d (_1
/0 W(2)(Ww)(2) = / (V) ()W) (2) 77 = =3 / <‘I’w>2<Z>dz<Zw<z>>dZ

Choosing w such that w’ > 0, the right-hand side has a positive sign. We then choose w(Z) =
W (rZ) for some W € C>°(R.) such that W(¢) = exp(£4/5) for ¢ large enough, W (Z) = 1 for
Z <1, W' >0, and r > 0 small enough. With this choice, the positive terms in the energy are
bounded from below by

/Ooo(\ll(3)(Z)2W(rZ) az + /OOO 2(7) (Wg;z) + rwlgz)) dz.

5.1 then implies that there exists an explicit constant § > 0 such that for k =1, 2, 3,

/OO () wB=R (2w (2) dZ‘
0

-0 * G () 2W (r 52 W(rZ) TW'(TZ)
< /O(\Il (Z)W(Z)alZJr/0 \II(Z)< 72 + 7 >dZ.

Therefore, for r > 0 sufficiently small, we obtain

/OOO(\I/(S)(Z)QW(TZ) dZ+/OOO 2(2) (Wg;z (z )
! S( )

dz +/ S(Z)*W(rZz) dZ.
0
This leads us to the following formulation: let
H:={V e H3(R+), ¥(0) =0, / (\11(3)(Z)26(TZ)4/5 07 < 450
0

/ U(2)X( 272+ 275D 47 < 400},
0
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and let Ho :={¥ € H, ¥'(0) = ¥”(0) = 0}. We endow H and Hy with the norm

where W is the previous weight. We say that U € # is a solution of (3.28)-(ii) (resp. ¥ € H is
a solution of (3.28)-(iv)) if and only if for all ® € H (resp. ¢ € Hy),

- -3 > (@)W (r2)) ., _ [T S5(2) BN
/O T (W (1)) +/0 U(Z) ~ dz /O —((2)W(r2)) dz.

Existence and uniqueness of solutions of (3.28)-(ii) (resp. of (3.28)-(iv)) in H (resp. Ho) follow
easily from the Lax-Milgram Lemma. Using the equation, we then infer that

/ (WO (2))2e0 D" 47 < +oo.
0

The result follows.

Second case: conditions (i) and (iii):

The estimates in the case of conditions (i) and (iii) are similar, but slightly less straightfor-
ward, since we shall need to combine two estimates.

We first mutliply (3.28) by *W' We obtain on the one hand

—/Oo OO (2w (2) dZ = /OO(\I/("‘)(Z))le(Z) + /Oo () (2w (2) dZ.
0 0 0

The first term gives a positive contribution to the energy, and the second one will be treated
with the help of Lemma 3.5.1. On the other hand, we obtain for the zero-th order term, noticing
that either ¥”(0) = 0 or (Z71¥(Z))|,=0 = ¥/(0) =0,

- [T B az= [T v g (YPuz)

Now, let us write ¥ as

- (40 () o1 ()

Performing integrations by parts and assuming that w/(0) = 0, we obtain

/OOO \II”(Z)% (‘I’(ZZ)wI(Z)) dz

3 %/ d ¥2)\? 1 _
:5/0 <dZ(Z)> (w1 — Zuy) + 5 ¥(2)°Z LW (z)dz.

We choose wy so that 93wy > 0, so that the last term has a positive sign. However, for Z > 1,
wy — Zw) < 0, and therefore we add another term to the energy. More precisely, we now mutliply
(3.28) by —Z~1((¥/Z) ws)’, with a weight w, which vanishes identically in a neighborhood of
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zero. We obtain

©w(Z)(d vz \ 1 d W(Z)\°
- — Az = — =2 Z)dZ.
/0 Z (dzzw2 /0 iz z ) %
We then take w;(Z) = W;(rZ), with 0 < r < 1 and Wy, Wa such that W + 3(W; — ZW]) >
exp(Z*/°). Our energy is then

@z [T (GH2) [was jon - zwo) w2z
+7;3/000\1/(Z)2ZIW1(3)(1"Z) dz

> 5 > dw(2)\’ 5
> /0 (TD(2))? exp((rz)Y )dz+/0 (dZZ) exp((rZ)*/°) dz

+r3/ W(Z)2Z Y1+ r2)73/5 dZ exp((rZ)*®) dZ.
0
The commutator terms, namely
r / v v (Z)W{(rZ) dZ
0

o d ¥(2) "
) —Z\7)
and /0 v (Z)( w2> dz

are treated perturbatively for r small enough, using 3.5.1. As before, we find that the energy is
controlled by

72
We conclude by a Lax-Milgram type argument.

/1 S 4z ¢ /OO S(Z)? exp (rZ)*/® dzZ.
0 0

O
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3.6 Asymptotic behaviour for Lebesgue data

The aim of this section is to identify some long-time properties of the solutions to the Stokes-
transport equation for data in L*° and other Lebesgue spaces, with no further assumption.
In view of harmonizing the framework with the previous sections, and in order to circumvent
unnecessary technical difficulties, we will work with the spatial domain @ = T x (0,1). A
monotonous Lyapunov functional is identified, as the potential energy of the system, which
ensures that the density evolution is monotonous. We also remark that the backward Stokes-
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transport system is globally well-defined. Nevertheless, no strong convergence of p is established
in general, since the w-limit is not necessarily trivial.
3.6.1 Backward well-posedness

Consider (p,u) € L®(Ry; L>®(Q)) x L= (R4; W1>) satisfying the Stokes-transport equation.
Let T' > 0 and set

ﬁ(t) = p(T - t)v ﬂ'(t) = 7U(T - t)a ﬁ(t) = 7p(T - t)a te [OvT]

Then these satisfy the Stokes-transport equation with reversed gravity, modelling buoyancy for
instance,

dp+a-Vp = 0

—-Au+Vp = pe,
diva = 0 (3.62)
’ll|39 =0
pli=o = p(T).

The well-posedness proof provided in Section 2.2 is valid for this system, and there exists a
unique global solution (p, @) to (3.62) for the initial datum p(T) € L*°(£2). As a consequence of
Theorem 2.1.1, there exists a unique global solution on R.

Corollary 3.6.1. For any pg € L*°(Q2), the Stokes-transport equation has a unique weak solution

(p,u) in
L®(R; L>(Q)) x L= (R; WH>(Q)).

3.6.2 Potential energy and stationary states

Since the Stokes-transport equation involves gravity, it is natural to consider the potential energy
of the density profile solution p(t), namely

E(p(t)) :z/ﬂzp(t,x,z)dxdz,

which might also be denoted E(t). Using the Stokes-transport equation, we have

d
—E(t):/zatp:f/zu~Vp:/div(zu)p:/uzp:fHVuH%z,
dt Q Q Q )

which provides the classical energy balance between the potential energy and the dissipative

effects due to the viscosity

d
ZEO + [IVu@li: = 0. (3.63)

The potential energy is therefore a monotonous quantity, non-increasing, satisfying the definition
of a Lyapunov functional in the sense of [AB20, Definition 1.1], for instance. The study of such
other monotonous quantities shall be discussed in Subection 4.1.5 for a related free interface
problem. This property, in particular, prevents the system to evolve periodically. Moreover,
equation (3.63) allows us to identify the stationary profiles of the system. Indeed, a stationary
density profile py € L?(£2) with associated solution p constant with respect to time, has a constant
potential energy. Hence (3.63) requires that the velocity field must satisfy ||Vu| 2 = 0 for all
time, implying w to be identically zero. This latter holds by Poincaré inequality in bounded
domains, see Subsection 2.2.1 or thanks to conditions such as u(x) — 0 while |z| — oo in the
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whole space, as in (1.4) for instance. In the case where u = 0 in Stokes equation, from Theorem
2.2.1 there exists pg € H'(2) such that the hydrostatic equilibrium is satisfied, namely

Vpo = —poe;.

In particular d,pg = 0, hence pg depends only on the vertical coordinate, and so does pg.
Reciprocally, for any py = po(z) the following triplet satisfies the Stokes system

(ot = (0. [ ) e (o).

This solution also satisfies the transport equation, since d;pg = 0 and u = 0. Hence it proves that
the stationary states are exactly the density profiles depending only on the vertical coordinate.
We will say that such functions are stratified.

It is tempting to conjecture that the solution of the equation converges toward a stationary
state, and to wonder if this hypothetical asymptotic state can be described. In the following
paragraphs we refine this conjecture, dealing in particular with the notion of rearrangement.

3.6.3 Rearrangement conjecture and weak convergence

Since the Stokes-transport equation modelises a fluid subject to gravity, intuitively we can expect
the density to sediment and reorder vertically from bottom to top. Also, since the density is
transported by a divergence free velocity field, all the measure of its level sets are preserved along
time, and therefore p(t) is for all time ¢ > 0 a rearrangement of py in the sense of Definition
3.6.2. In what follows we choose the spatial domain € = T x (0,1) where T = R/Z is the torus.
This domain is mathematically convenient and physically relevant since the vertical coordinate
plays a particular role in the system due to gravity. Nevertheless, most of the following is true
in general in bounded domains, and some of it still hold in more general domains. Since the
dynamic of the solution does not change if one add a constant to pg € L>°(Q)), according to the
previous paragraph, we consider once and for all, whithout loss of generality, positive initial data

po > 0.
Let us recall a definition and a few properties of the rearrangements. For further results on
the topic, we refer to [LLO1, Chapter 3]. Let us denote by |{f > a}| the Lebesgue measure of

the oo € R level set of f defined as {f > a} :={x € Q: f(x) > a}.

Definition 3.6.2. Two measurable maps f,g : 2 — R are rearrangement of each other if the
measure of any of their level sets coincide, namely

VaeR,  [{f>a}={g>a}l

From the previous discussion, we might be interested in a vertical rearrangement of a density
profile. For maps defined on segments (resp. on the whole space), it is classical to consider
their decreasing (resp. radially symmetric decreasing) rearrangement. Basically it consists in
constructing the unique decreasing (resp. radially decreasing) map noted f* sharing the same
level sets as f, see [LLO1, Section 3.3]. In our case we can adapt these considerations to define
a vertical decreasing rearrangement, based on the idea of the decreasing rearrangement on an
interval.

Definition 3.6.3. Given a Borel set A C ) we define its vertical rearrangement as

A =T x (0,]A)),
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with the convention A** = () if |A| = 0. Given a measurable map f : Q — R we define its vertical
deacreasing rearrangement as

iz, 2) ::/Rl{f>a}**(z)da. (3.64)

Figure 3.1 illustrates such a rearrangement.

(| 1 2 ' 0 '

) 1 0 . ] 1 1

P 1 0 2 ] 2 1
f I

Figure 3.1: Vertical rearrangement of a piecewise constant map on 2 = T x (0, 1).

Rearranged maps present a few properties, see [LLO1, Section 3.3], of which we provide here a
selection, adapted to the present vertical rearrangement definition. Most of its proof relies on
the representation formula (3.64), which holds either in the segment or in the periodic strip case.

Properties 3.6.4. For any positive measurable map f : 0 — R the followings hold:
1. f* depends only on the vertical variable z.
2. f* is nonnegative and nonincreasing.
8. f* is a rearrangement of f, namely

VaeR,  |{f">a}={f>a}]

4. If f € LY(Q) then f* € LY(Q) and || f*||re = || f]|Le-

5. The vertical decreasing rearrangement is order preserving. If f < g then f* < g*. Also, if
f = f(2) and is nonincreasing with respect to z, then f* = f.

The simplest rearrangement inequality, stated in [L1.O1, Theorem 3.4] also adapts here. We
refer to this reference for its proof.

Theorem 3.6.5. Let f,g be nonnegative functions on 2. Then

fgS/f*g*-
Q Q

If f is strictly decreasing, then there is equality if and only if g* = g.



3.6. Asymptotic behaviour for Lebesgue data 145

Now, let us study the general properties of the Stokes-transport equation solutions. By
divergence free of the velocity field u, the density p shares for all time the same level sets as pg,
therefore p(t)* = p§ for all ¢ > 0, all LY norms are preserved for all time, and [, p is constant
to fQ po. In particular for a given initial datum pg, the potential energy is bounded from below.
Indeed, consider © : (z,2) € Q +— 1 — z, which is positive and strictly decreasing with respect to
z. According to Theorem 3.6.5, we have the following equivalent inequalities

/Q Op(t) < /Q 0" plt)"

[a=200) < 1= 205
Q

[z < [ sott) = B0

and there is equality if and only if p(¢t) = p§. Since the potential energy is decreasing and
bounded from below, it admits a finite limit that we denote E, := lim;_, o, E(t). We also denote
Ey = E(po). Thus, integrating the energy balance (3.63) with respect to time provides

/ [Vau(r)||2: dT = By — Eo < 00.
0
Consequently, u belongs to L2(R,; H!(Q)), since Poincaré inequality ||ul|z: < ||[Vu|/z2 holds

here.

Lemma 3.6.6. For any py € L>°(Q2), the Stoke-transport equation velocity solution satisfies
ue L*(Ry; HY(Q)).

Let us identify some sufficient conditions on the velocity w which would ensure that p con-
verges.

Proposition 3.6.7. Let pg € L™=(Q) and u € LS (R4 ; WH(Q)) a divergence free velocity field

loc

and consider p € L>®(R4; L™(Q2)) the solution of the associated transport equation
op+u-Vp=0, pli=o= po-

If w belongs to L' (R ; L2(2)) then p(t) converges strongly in L? toward some po, € L=().

Let us first establish the convergence in H~1(Q), then in L?(Q) with po € H (), and
finally prove Proposition 3.6.7. Let us start with the simple observation that if d;p belongs to
LY(R; X(2)) for some generic functional space X (), then p(t) converges in X (Q) as t goes to
infinity,

t
p(t) = po + / Oyp(7) dr.
0
Considering X = H~ 1, we get
10eoll -1 = llw- Vpllg— < llupllLz < [[pllzellwllL:.

Since ||p(t)||L~ = ||pol|z=~ and w is assumed to belong to L' (R ; L?(2)), the strong convergence
of pin H=1(Q) follows. Perfoming the same computation in L?(2), we have a priori

10epllL2 < flwllLe[[Voll>-
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Recall that p(t) = pgo X (—t) where X is the flow map associated to u, see Subsection 2.2.2. As
a consequence, we have Vp(t) = VX (—t)Vpo(X (—t)) and therefore

IVo@)llz < VX (=)= [IVoo (X (=)l 2-

Let us recall that X (—t) is a measure preserving diffeomorphism, so that [|Vpo(X (—t))||z2 =
IVpollzz and from Lemma 2.2.3 (or [BCD11, Proposition 3.10]) we infer

VX (-0l <o | V) o~ ).

Combining these latter inequalities, we get

t
ol < I9polaalil= exo ([ 19a(r) o ar).
0

Hence if w € LY (Ry; WH°°(Q)) then d;p € L' (R4 ; L?(Q2)) and the strong convergence occurs.

Noneless, it is possible to take more advantage of the fact that p is the pushforward of py by
X. Indeed, the flow X (¢) satisfying

%X () = u(t, X (1))

do converge in L? if uw € L*(R; L*(Q)), and we have

1X (1) — X ool < / )2 dr, (3.65)

where the remainder converges toward 0 as ¢ goes to infinity. The limit X, remains a measure
preserving diffeomorphism. Indeed, Liouville formula and u being divergence free provide

¢
ae.x, |detVX(t;x)| =exp (/ divu(r, X (7;2)) dT) =1,
0

which transfers to the limit X .. In passing, observe the following, detailed for instance in
[BCDI11, Section 3.2],

(VX () =VX()Vu(t, X(t),  [[VX(#)l[r= <exp (/0 IV (r)| Lo dT) .

Now let pg be in L?(€2), and define po, = pp © Xoo. Let us show that p(t) converges toward
poo in L?(Q). For any € > 0, there exists pg € C(Q) such that ||pg — ¢||r2 < . Define
o(t) == g o X (—t) and poo = o © X . Hence

() = poclirz < [lp(t) — e(@)llz2 + [[0(t) = Posllz2 + l[Poc — poollre
On the one hand we have for any t € [0, 00],
o) = e@)llz2 = l(po — o) (X (=)l = llpo — ¢ollL> < & (3.66)
On the other hand,

le(t) = Poollzz = llpo(X (1)) — @o(Xoo) | < [IVepollLoe | X (=) = X ool L2 (3.67)
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Plugging (3.66) and (3.67) combined with (3.65) in (3.66) yields
I666) = poclliz < 22+ [Vulle~ [ fu(r)lzo dr
t

Since u € L'(R4; L?(f2)), the remainder integral is smaller than e for ¢ large enough, depending
on ||[Vgo| . In the end we proved the convergence p(t) — poo in L?(£2) when t — oo and the
Proposition 3.6.7. Note that no convergence rate is available here.

Unfortunately, the velocity u solving ST belongs a priori to L?(R.; H'(Q)), which does not
imply w € L'(R4; L*(Q)). In the case where p is a small perturbation of ©(z) = 1 — z, we
showed the solution converges at infinity, using in this particular case that the velocity field
stream function is integrable enough in time. For general data py € L°°(R), it is not clear
whether or not convergence occur. For now, we cannot exclude the possibility that the solution
approaches successively several admissible sationary states, while having monotonous potential
energy, without converging toward one in particular. We borrow the definition of w-set to
the dynamical system field, cut for the present problem, which precisely defines as the set of
asymptotically approached states.

Definition 3.6.8. We define the w-set associated to po € L™(Q) in a functional space X (§2)
as the intersection of all the accumulation points of the Stokes-transport equation solution p,
denoted as follows

wx(po) =M T =) .

t>0
This notion allows to state some properties of w-sets for pg in L () in a convenient way.

Proposition 3.6.9. Let pg € L>(Q), and let p be the associated Stokes-transport equation
solution. If po is stratified, then p(t) = po for all time. For any pg non-stratified, the followings
hold.

1. The potential energy E(t) is strictly deacreasing and converges toward some Eo > E(pg).
2. wy-1(po) is nonempty.
3. For any peo € wi-1(po), poo 18 a stratified rearrangement of py, and E(ps) = Exo.

4. If Esoc = E(p§) then wy-1(po) = {p§} and the solution converges in the sense

H™Y
p(t) o Po

Proof. The monotonicity of the potential energy was shown in Subsection 3.6.2. If the potential
energy is stationary from a certain time T, then the density profile p(T) is stationary, and
Corollary 3.6.1 proves that p(t) = p(T) for all ¢ € R. Hence the dichotomy between stationary
profiles and strictly monotonous evolutions, which concludes item 1. By linearity of the Stokes
equation, we have

[0cul[ 2 < 11 Oepll -1

where the right-hand side estimates as follows in the first place,

10epll -1 = [[div(pu)ll -1 < llpwllzz < lpollZe- (3.68)
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The combination of these two inequalities ensures that u belongs to W1 (R, ; H(2)). Together
with the fact that w € L2(R; H*(€)), it implies

u(t) 25 0. (3.69)

In return we deduce from (3.68) that 9;p also goes to 0 in H~! as ¢ goes to infinity. We also
deduce by considering the H~' norm on both side of the Stokes equation that

195+ pezlli—+ < | Aullg-s < Jullm — 0.
—00

These considerations have also been observed for the Boussinesq system with no diffusion on the
density as for instance in [Doe+18, Theorem 1.2] or [AKZ23].

Now let us show that the only possible limits are stationary. Since ||p(t)||L« = ||po| L« for all
time ¢ > 0 and any 1 < g < oo we know by weak compactness in L?(2) that there exists a time
extraction (¢, )neN, i.€. a strictly increasing sequence of times such that ¢,, — oo as n — oo, such
that (p(tn))nen as a Li-weak limit po, € LI(Q2) for any 1 < ¢ < oo, in the sense

n—0o0

Vi € L7 (9), /pr(tn) — RS

Since z — z belongs to any Lq/(Q), and since the potential energy of the system converges, we
obtain in particular that

/po:/p(tn) — | poo, /Zp(tn) — | 2poo = Fc. (3.70)
Q Q Q Q

Moreover, p(t,) converges toward po, in H~1(Q) strong, proving item 2. Set (Uoo,Poo) the
solution to the Stokes system with source —pe,. From (3.69) we know that u., = 0. Hence

VPoo = —poce:.

In particular 9,po, = 0, therefore p,, depends only on z, and so does ps,, which shows p, is a
stratified profile, which shows

By weak convergence, we also know that in any L9(£2),1 < ¢ < co we have
lpoollze < limind [lo(t)l1za = [lpollzs. (3.71)
and we get the inequality for ¢ = 1 by passing to the limit. Using the identity
Vi<g<oe,  flf=a[ a"'{Ifl>a}lda
0

we infer from (3.71) that

Vs >0, / o* (H{lpol > a}| - |{pso| > ) da > 0.
0

Hence we deduce that all the level set of po, must be smaller than these of pg in the sense

Va >0,  [{lpee] > a}| < [{lpo] > a}]. (3.72)
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Since we obtained preservation of the mass for the weak limit in (3.70), we have ||poo||z1 = ||p0]| L
which is only possible together with (3.72) if equality (3.72) holds for all & > 0. Therefore po is
necessarily a rearrangement of pg.

Since we have for any poo € wy-1(po) the equality Foo = E(poo) > E(pf) and po stratified,
we know from Theorem 3.6.5 that Eo = E(p) if and only if po = p§, proving 4 and concluding
the proof. O

Although any element po, of the w-set of py satisfies E(pos) = Foo, unless Eo = E(pf)
we cannot ensure that p., is unique. We do not know if the system can converge toward a
rearrangement of py different from the vertical rearrangement py, except in the trivial case
where the initial datum is already stratified but not monotonous. Figure 3.2 illustrates two
rearrangements of a given pg, noted pj and pZ, stratified and satisfying F(p}) = E(p3). Note
that such rearrangements must necessarily satisfy E(p}) > E(pg). We also do not know if the
rearrangement of the initial datum belongs to the w-set in general.

: 0
' ' : 0 :
! ! ; 1 1
Po J2
X X X 0 X
! 0 ! ! !
; 1 : 1 1
: 1 : : 0 :
] 1 ! 1 1
: 0 ; i ]
P P}

Figure 3.2: A function po, its vertical rearrangement pj, and two other rearrangements with
equal potential energy E(p}) = E(p?).

3.7 Nonlinear instability for low regularity perturbation

In [KY23], Kiselev & Yao show that the Incompressible Porous Media equation admits a nonlinear
instability around any stationary profile, in the following sense. Any stratified state © = ©(z)
can be perturbed by some 6y small in H2~7,v € (0,2) such that for any s > 0 the H*-norm of
the total solution p = © + 6 diverges. Their statement hold for spatial domain €2 being either
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the whole plan R?, the torus T? or the periodic strip T x (0,1). Let us recall the stability result
of [CCL19a] stating that ©(z) = 1 — z is a stable state for IPM if perturbated by small data
in H'°(Q). Comparing both results we can wonder about the existence of a stability threshold
2 < a <10, for a given O, in the following sense:

1. For any m < « and any e > 0 there exists a perturbation ||fg||gm < € of © such that the
solution p = © + 0 diverges in H™(Q);

2. For any m > « there exists €, > 0 such that the solution O is stable for any perturbation
satisfying ||0o||gm < &m.

These does not constitute an exhaustive dichotomy, and the actual existence of such a threshold
remains unknown. The same question also remains open regarding the ST equation. Indeed,
from Sections 3.1 to 3.5, corresponding to the paper [DGL23|, we know that there exists eg > 0
such that for any ||fy||gs < e¢, the initial datum © + 6y associated solution remains close to
O(z) = 1 — z. Conversely, the aforementioned unstability result demonstrated by Kiselev &
Yao does adapt to the ST equation. Therefore, wether a thereshold « should exists for the
Stokes-transport equation, it shall satisfy 2 < o < 6.

We report here the statement, [KY23, Theorem 1.5 and Corollary 4.2], written with notations
consistent with the rest of the present manuscript.

Theorem 3.7.1 (Kiselev & Yao '21). Let © € C*°(Q) be a stationary solution for (IPM). For
any € >0 and 2 > v > 0, there exists a perturbation 6y € C*° () satisfying

60l r2-+ <¢,
such that the solution associated to py = O + 0y, provided it exists globally in time, obeys

limsup t=*/2||p(t) — O] ;7. = o0, for all s > 0.

t—o0
We report and adapt the proof of Kiselev & Yao to the case of ST, for sake of completeness.

Theorem 3.7.2 (L.). Let © € C*>(Q) be a stationary solution for (ST). For any € > 0 and
2 >y > 0, there exists a perturbation 8y € C*(Q) satisfying

00l 2~ < e,
such that the solution associated to pg = O + 0y obeys

lim sup t~%/4||p(t) — Ol . = 00, for all s > 0.
t—o0

There are two main differences between the IPM and ST cases regarding these results. First,
the global well-posedness of IPM remains an open question any Sobolev space H™(£2), and al-
though global solutions exist for small perturbations of ©(z) = 1—z, Theorem 3.7.1 is conditional
to the global existence of a solution in general. On the contrary, the ST is well-posed in Sobolev
spaces H™ (), at least for m > 3. Second, the growth rates are different, which comes from
different velocity regularities due to the respective regularisation effects of Darcy and Stokes
equations.

The proof of this result relies on geometric considerations. It consists in showing that any ini-
tial profile satisfying a particular structure called "bubble" introduced in Definition 3.7.3 induces
a growth of all the solution derivatives, as stated in Proposition 3.7.4. Then the construction of
a small perturbation inducing a bubble type initial datum is given in Lemma 3.7.7.
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Definition 3.7.3. A density profile p is of "bubble" type if and only if there exists a closed curve
Ty C Q enclosing a simply connected domain such that p is constant on Ty and infr, |Vp| > 0.

A typical case satisfying this assumption is any regular profile having a local extremum in
the subdomain enclosed by I'y. See Figure 3.3 for an illustration.

C1 > p>Co

p|F0 =Co

Iy p<co
Iy

Figure 3.3: Illustration of a bubble type map.

Since the tendency of the density is to rearrange accordingly to the vertical axis, and since
the transport of the density is pure and measure preserving, the bubble has to smash which
translates as derivative growths. This is showed in the following result, also proved by Kiselev
& Yao in [KY23, Proposition 4.1] and adapted here to the Stokes-transport case, for which a
functional inequality and the rates are different.

Proposition 3.7.4. If pg € C>*(Q) satisfies the "bubble" type definition 3.7.3, the solution with
initial datum po satisfies

/ 102pll 5" < Copgs Vs >0,
0

implying
lim sup t~%/4(| 0 p|| zr+ = o0, Vs > 0.
t—o0
We need the following lemma to prove this result.

Lemma 3.7.5. Let Q =T x (0,1) and let s > 0. For any p such that Ozp € H*(Q) we have

182022 S 1AG]5 T2 )0,p) 1, (3.73)

where 1 1s the solution to
A = 8,p,  Yloa = Ontlon = 0.
Proof. We plug A%y = 0,.p and use the classical Sobolev inequalities to get

2s/(s+2 4/(s 2
10200122 = 18202 S 10l S 1[l5eL 2 ) 57552

Then we use the norm equivalence ||| g2 =~ | Av]|12 on HENH?($) and the biharmonic equation
regularization |[¢| gs+4 < ||Oxpl| s from Proposition 3.8.1 to get the result. O

Remark 3.7.6. Here the norm ||Av|| 12 imitates the H=2-norm of Ozp since A = A(A™20,p).
In the IPM case, the norm at play in the potential energy decay is ||Vl r2, and since Ay = —0yp
one can identify ||Vl L2 ~ ||0zp|| -1 by a proper choice of definition of H. This result is also
generalised in Lemma 3.2.7.
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Proof of Proposition 3.7.4. Since infr, [Vpg| > 0 and py is smooth we have |Vpg| uniformly
bounded from below in the viscinity of I'g, and there exists an other closed curve I'; included in
Dy enclosing a simply connected subdomain Dy C Dy such that p|r, =: ¢1 # ¢o =: p|r,. Let us
recall the definition of the characteristic (or flow) map X associated to the velocity field u, as
the solution of the ordinary differential equation governed by w, namely

ax

Ve € Q, dt
X(0;x) = x,

(tx) = u(t, X(t;x))

For all time ¢ > 0 the map X (¢) is a measure preserving diffeomorphism of 2 onto itself because
u is divergence free. In particular | X (¢; D;)| = |D;|,7 = 0,1 and all inclusions are preserved, such
as X (t;D1) € X (t; Dg) for all t > 0. Also, since pg is transported by wu, the density remains
constant along the trajectories of the flow, let us note p(t)|xr,) = polr, = c;. Let us denote
the projector II, : (z,2) € Q — z € (0,1) onto the vertical axis and observe that

IL(X (4T1)) C IL(X(t;Ty)), Vt> 0.

Consequently, for any z € II,(X (¢;T'1)) the horizontal interval T x{z} intersects both X (¢;T';),i =
0,1 and we can bound from below the integral of 0, p as follows

Vz e IL(X (¢t T)), / |0:p(t, x, 2)| dz > |e1 — col.
T

Since X (¢;T'1) encloses the simply connected domain X (¢;D1) C Q of constant measure |D; |
and since  has sides lengths of size 1, we have necessarily | X (¢;T1)| > |D;|. Therefore we can
uniformly bound from below the L? norm of d,p as follows

10zp(t)[ 2 = 02p(E)]| 1 = lex — col-
Now we infer from the interpolation inequality (3.73) that
14+2/s —4/s
(PN o S [

Since we know from Lemma 3.6.6 that Ay € L*(Ry; L%*(Q)), and since |0.p| 2 is uniformly
bounded from below, we get

o0
Cpo > o1 — col 2/ / 10l
0

hence the integrability. By comparison with the non-integrability of ¢ — 1/t in any neighborhood
of co we infer the following equivalent growth assertions,

limsupt ™| 0,p[ 3 =00 & limsupt*/*|0upl|ae = .
t—o0 t—o0

O

Now let us show that any stratified datum can be pertubated by a small element of H2~7 ()
for any given v € (0,2) in a profile satisfying the bubble type definition.

Lemma 3.7.7. For any © = O(z) € C>(Q), for any e,v > 0 there exists a perturbation
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B0 € C*°(Q) satisfying
100l rr2—- < e, (3.74)

such that pg := © + 0y satisfies the "bubble” type definition.

Proof. Let ¢ € C>°(R?) such that supp ¢ C Brz(0,1) and ¢(0) = 1. Set a point x €  and
00,5 = 2[10:0|| L= Ap(A™' (- — o)),

with A > 0 to adjust. This map 6o  has support in B(xg,A) C Q for A\ small enough. It is
proportionnal to ||0,0| L~ to compete with the gradient of the stationary profile we perturbate,
and to A in order to play we the scale of 6y in the due norms.

We can compare the value of the whole density pg x := © 4 0y » at point g,

pox(To) = O(xo) + 2X[|0,0] Lo

and compare it to the supremum of the map on the boundary of B(xg, A) as, by the mean value
theorem,

PoxoB(@e,n) = OloB(ae.n) < 0(x0) + A[|0-O|| L.

In particular
(0(0) + Al|0-O] L, 0(x0) + 2X[[0-O|| L) C po,r(€)

so Sard lemma [Sar42| ensures that for almost every h in this interval the gradient Vpg » never
vanishes on the level set {pg » = h}. Finally, any connected component of such a level set is a
curve Iy enclosing a simply connected domain on which pg »|r, is constant with infr, |Vpg a| > 0,
therefore satisfying the "bubble" definition.

To show that 6y ) can be choosen arbitrarily small, notice that

(160,

12 = 200:0 L= Nl emey,  10%0a @) = 219:0]l = 9%l 2(re).

Hence by interpolating between L?(Q) and H?({)) we obtain an estimate of the perturbation in
any H?~7(Q) space, for v € (0,2),

2 1—~/2
160l 2+ S A7)18-Ollze [0l 157 110%0] 52772,

and observe that assumption (3.74) is satisfied for A small enough. O

3.8 Biharmonic operator and adapted basis

This section is devoted to the study of the biharmonic, or bilaplace, operator, appearing in the
study of the Stokes equation. In particular, we detail the issues raised by different boundary
conditions one imposes and its links with our stability Theorem 3.1.1. It motivated the study of
boundary layers for the Stokes-transport equation, described in Theorems 3.1.2 and 3.1.3.

Let us recall how the bilaplace equation stems from the Stokes problem. Given a solution u
of the Stokes equation with a generic source f = (fi, f2), namely

—Au+Vp=Ff, divu =0,

there exists a scalar field 1 such that u = VY9 = (-0.%,0,v), and applying the rotational
operator to the above yields

A2¢ = azfl - aacf2
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Regarding the Stokes-transport problem, f = —pe, and the above writes
A% = 0,0,

with the decomposition p = © + § + #’ introduced in Section 3.1. Conversely, if 1/ solves the
above then u = V=11 satisfies the Stokes equation, with p recovered as described in Subsection
2.2.1 for instance. Now, the Stokes problem requires boundary condition on u. Let us consider
two classical boundary assumptions. The first one, the slip boundary condition, also called after
Neumann, writes

u-n=0, Jyu; =0, ondN.

The normal compound of the velocity equal to 0 on the boundary comes to assume the physical
domain to be impermeable. The second means that the normal derivative of the tangential
compound, denoted here u1, vanishes on the boundary. The second one, the no-slip boundary
condition, also called homogeneous Dirichlet boundary condition, writes

u =0, on 0.

It means that the fluid remains still for all time on the boundary, even in the tangential direction.
Notice that since the Laplacian is an operator of order two, we need as much boundary condi-
tions. Now, these conditions on u have their corresponences on 1. As in this whole Chapter,
we chose the periodic channel Q = T x (—1,1), vertically symmetric for computation purposes.
In Subsection 3.8.1, we discuss the Neumann case and how the Stokes-transport stability can be
dealt with under this assumption. We present the Dirichlet problem formulation in Subsection
3.8.2, and provide a self-contained proof of the regularisation effect of the operator on the bi-
laplace equation solution, for sake of completeness. We also obtain an explicit description of an
orthonormal eigenfunctions basis for the biharmonic operator with the Dirichlet boundary con-
dition, in Subsection 3.8.3. Finally, we explain to what extend the Dirichlet framework differs
from the previous, how it modifies the analysis of the Stokes-transport stability problem and
why it leads to the formation of boundary layers.

3.8.1 The Neumann boundary conditions

Let us recall that the normal derivatives on 2 = T x (—1,1) correspond to vertical derivatives
up to a multiplicative sign. Substituting u = V- in the slip boundary condition,

ugy = 0,u; = 0 on 01,
leads to the following constraint on the stream function on the boundaries,
Y = 0% =0 on 9. (3.75)

Indeed, since us = 0,¢ = 0 on 0, v is constant on each boundary compound, and one can
choose ¥]pq = 0. Regarding the normal derivative condition, we get d,u; = —92?1) = 0. Since
029 = 0, it is equivalent to have 92¢) = Ayp = 0 on 9Q. We also call Neumann condition the
equalities (3.75), as is customary for polyharmonic problems, see for instance [GGS10].

Endowed with Neumann boundary conditions, the stream formulation of the Stokes equation
splits into two identical Poisson problem. Indeed, 1 is a solution of

A%y =f, =AY =0ondQ,
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if and only if there exists ¥ such that

Ay =T, =0 on 09,
v v (3.76)

AV = f| ¥ =0 on 9N.
In other words, denoting A~"! the operator associating to f the solution of the Poisson problem
with source term f, we find the solution ¢ by applying twice this operator, whence ¢ = (A71)%f.

Stability result for IPM and ST. In [CCL19a] in which Castro, Cérdoba & Lear showed
the stability of the profile ©(z) = 1 — z for the incompressible porous media equation, the Darcy
law rewrites as the following Poisson problem on the stream function

Ay = —0,0", =0 on ON. (3.77)

They introduce a convenient hilbertian basis (wy)x, specified in Subsection 3.8.3 of the following
H™(Q) subspace,

X™(Q):={fe H™(Q):9>"f =00n09Q,0 <n < (m—1)/2}.

In particular, they show that an initial datum py € X™(Q) remain in X™(Q) for all time,
and that v also belong to this functional space. For such functions, the energy estimates on
p are basically the same for any derivative order. On the computation side, the integrations
by parts required to set up a bootstrap argument vanish at any order, thanks to the conditions
92"1p = 92" p = 0 for convinient n. This allows to obtain a decay estimate valid for any derivative
order,

IVulli S 18 s 5 P (3.79)
where 7, k(7) are related exponents, with v that can be chosen arbitrary large. It appears that
if ||Vu||L= is integrable in time, then the perturbation 6 of the background profile ©(z) =1 — z
remains small. Since 7 is arbitrary, the stability holds for small initial data regular enough. This
is relatable to the a priori estimate, valid both for IPM and ST, also stated in Theorem 2.6.1,

t
lollare < llpole exp ( [ vz + 1960 z) dT) ,

and to the convergence condition from Proposition 3.6.7, stating that if w is in L*(R.; W1°°())
then p converges. Note that similar decays as (3.78) have been obtained in [Elg17], with a similar
scheme of proof, in the whole plane R? and in the torus, which are domains without boundaries.

When analysing the similar Stokes-tansport stability problem, we realised that the same
functional space X™(2) fits and that the same estimates can be computed, up to a different
decay rate. This is related to the aforementioned splitting of the bilaplace problem into two
Poisson problems, similar to the stream formulation (3.77) of IPM. The result for the stability
for the Stokes-transport equation with slip boundary condition would state as for IPM and its
proof would be a slight adaptation of [CCL19a].

The convenient orthonormal basis of X™(2) considered in [CCL19a] describes as the renor-
malised following functions

cos(nmz/2) n odd,

sin(nmz/2) n even, (k;n) € Z XN,

win(T, 2) = etk {
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on the strip T x (=1, 1), symmetric with respect to {z = 0} to simplify the expressions. This
family corresponds to the product of the Fourier basis of L?(T) together with eigenfunctions
for the operator 1 — 92 on the functional space H} N H?(Q2). This family actually mimics the
discrete Fourier basis on T?. Notice that any element of this basis is stable under derivatives of
the following form,

23
Va,B €N, 0%0%wy,, = (ik)*(~1)° (%) Whon-

Let us say one word about the regularisation of the biharmonic operator for the Stokes
equation with Neumann boundary conditions. Since it is well known that the operator A~1 is
bounded L? — H? in bounded domains, we deduce rightaway the well-posedness of the bilapla-
cian problem with Neumann condition, with estimate

vmeNVfe H™(Q), (AT fllgeem S I1Fllzm.

In the following section we will obtain the same estimate for the Dirichlet condition case, and
provide a self-contained proof of this result since it does not stem as directly.

3.8.2 The Dirichlet boundary conditions and bilaplacian estimates

In this framework, the Stokes equation with homogeneous Dirichlet boundary condition writes
—Au+Vp=—pe,, divu=0, u=0ondQ,
whence its biharmonic formulation, obtained in the same fashion as in the previous case,
A%p = 0,p, 1 =0p1h =0 on Q. (3.79)

We call Dirichlet conditions on 1 these equalities, at it is it customary when dealing with so
called polyharmonic equations, see for instance [GGS10] on this topic.

When endowed with Dirichlet boundary conditions, there is no possible splitting in two
elliptic problems, as in (3.76), since such a split would let the Poisson equations either over or
underdetermined, see

A=V, p=0,40=0 on 09,
AV =f T=7 on 0f).

In this case the solving operator will be denoted A~2, with the understanding that it solves the
biharmonic equation in the Dirichlet case. It differs from (A~1)? where A~! solves the Poisson
equation. Note that for a non-trivial source f, a function 1 such that A%¢) = f cannot satify the
Neumann and the Dirichlet conditions at the same time, as the problem would be overdetermined
with three distinc boundary conditions.

Well-posedness and estimates This paragraph is devoted to the proof of the following result.
Proposition 3.8.1. Let f € H™(Q) with m > —2. The problem

A%p = f, = 0r1 =0 on 09, (3.80)
has a unique solution v € HZ(Q)). Moreover, it belongs to HZ N HA™(Q) and obeys

[l masm S N f e
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We consider the variational formulation of the equation. Assuming all functions are regular
enough to perform the following computations, we know that is ¢ is a solution of (3.80), then
for any test function ¢ such that ¢ = d,p = 0 on 9, we have

/A2¢@:/A¢Ag@+/ 8nAw<pda—/ Az/;@ngde:/AwAgo.
Q Q o0 o0 Q

Therefor we call weak or variational solution any ¢ € H3(Q) such that

| Aphp= (f,9) m-2m2, Vo€ H3 (%),

where the right hand-side term corresponds to the duality bracket on HZ(S2), for sake of generality.
From the Poisson problem estimate, we know that

Vo € H3(Q),  llellae S 1A¢] e (3.81)

Therefore, we observe that the bilinear form associated to the variational problem satisfies the
coercivity assumption required to apply Lax—Milgram theorem, in HZ(2),

Vo e HAQ),  llolde < /Q (Ap),

ensuring existence and uniqueness of a variational solution v € H2(f), satisfying moreover

[l S Nl

At this point we showed that the operator A=2 : H=2(Q)) — HZ(1Q) is bounded. We now establish
the regularisation effect on the solution.

To do so we apply the translation method, as performed in [Bréll, Section 9.6], for instance.
Let us define the finite horizontal difference operator

w( + hex) —

Yh#£0,  Dp:tes > ,

where Dy inherits the regularity and homogeneous Dirichlet boundary condition of ), since
the null trace is preserved under translation. From [Bréll, Section 9.6] we will use that for any
Y € L*(Q) we have

e L*(Q) = Vh#0, [Dpyllre < [10:9] 12, (3.82)

and conversely, a characterisation of having a derivative in L?,

(3C > 0,Yh#0, ||Dpipllr2 <C) = 9u1p € L*(Q). (3.83)

Let us set f € L?(2). By linearity of the problem (3.79) we observe that Dy satisfies the
same problem as 1 in the variational sense, since ¢ € H3(Q) implies Dyt € HZ(Q):

ADyb=Duf & Vee HQ), /Q ADybAp = /Q fD_np (3.84)

One can consider the test function ¢ = Dp), use the norm equivalence (3.81) and inequality
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(3.82) to get
| Dwt | < /Q IAD_yf? = /Q FD_nDutb < |12 | Dl 2.

providing a uniform bound as in (3.83), ensuring 9,¢ € L*(Q) and [|0,¢|z2 < ||f|z2. Passing
to the limit & — 0 in (3.84) we obtain that 0, satisfies the same problem as 1, in the sense

A0, = O, f & Vo € H2(Q), /A&ﬂﬂA(p = —/ foLp.
Q Q

Let us apply once again the finite difference operator, consider the test funciton Dy0,v¢ to
reach | Dp0.%| g2 S || f|lz2 and deduce that 92y € HZ(Q) with |02 gz < ||f]|z2. Assuming
0L f € L*(Q) we can even prove in the same fashion that

VkeN, [|05"2Y[lu2 S 1105 f| 2
Hence, we obtain that 92¢) is L? integrable by considering, in the distributional sense,
029 = f — (207 + 07)0;,

where the right hand-side lies in L?(Q2) by assumption on f and since we proved that 92 belongs
to H?(f2), so that

ozl e S 1£llz2 + 1020l 2 < [1£1l 2.

From interpolation results such as [LM12, Chapter 1, Theorem 3.1], we have the following.

Lemma 3.8.2. Let ¢ : Q — R and k,{ € N such that 0%),0%) € L?>(Q). Then, for any
0 € [0,1] we have
192500l 2 < (105 |2 + [1054]| z2-

Since we proved the bound ||02¢| 2 + [|02¢||L2 < || f|| L2, this lemma yields the expected inequal-
ity ||[¥lg+ < ||fllL2. An induction provides the estimate for higher regularity data, with even
order m € 2N in a first time, namely for any n > 0,

] zraten S| f 1| 2r2n- (3.85)

Assume this latter to be established for some n > 0. By the aforementioned arguments, the same
holds for 924, namely
1023 | ravan S 1|07 £ ran-

Therefore, in the distributional sense
0Ny = G2 — 2D (20 4 )0,

which yields
192720 D)2 < 027D fll 2 + 1059 | mraven S I fll2cnsn-

Then we recover the crossed derivatives bounds thanks to Lemma 3.8.2 and reach (3.85) with
index n + 1, thus the iteration. Since we proved (3.85) is valid for n = 0, the induction ensures
that the property holds for any m € 2N, provided f € H™(). The case m odd stems by
interpolation.
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3.8.3 Biharmonic eigenfunction basis for Dirichlet boundary condi-
tions

In this Subsection we provide a description of the spectrum and eigenfunction basis associated
to the bilaplace equation endowed with Dirichlet boundary condition. Moreover, we compare
it to the basis adapted to the Neumann case, and comment its link with the boundary layers
appearing in the stability results for the Stokes-transport equation.

Proposition 3.8.3 (Spectrum of the bilaplacian). The eigenvalues of the operator A? on H
in T x (—=1,1) are the union, for all k € Z, of strictly increasing sequences (Mg n)nen such that

An ke ™ (n? 4 k%)?
with associated (unnormalized) eigenfunctions:
cos(Wk,n)

) ik {cos(wk’nz) e Y cosh(ry n2), n € 2N,
n,k = "

sin(wg,nz) — % sinh(rg,z), n€2N+1,

with w,, = (k% — Ai{j)lm and i, = (K* + /\2{5)1/2. Note that to simplify the calculations, the
domain was choosen to be T x (—=1,1) and not Q=T x (0,1).

Let us determine the nontrivial eigenvalues and eigenfunctions (A, b)) satisfying
A2by = \by, by = 0.by = 0 on O9.

From Proposition 3.8.1 we know that these eigenfunctions have to belong to H3 N C*°(£2). We
apply horizontal Fourier transform to the above equation, for a given eigenvalue A > 0, and any
horizontal mode k € Z of by must satisfy the following ordinary linear differential equation

(02 — k22 ba(k,-) = Moa(k, "), ba(k, 1) = 8.bx(k, £1) = 0. (3.86)

A function by therefore admits a Fourier mode k if and only if this linear differential equation
has a nontrivial solution. The roots {+r, w} of the associated characteritic polynomial satisfy

(£r)? =E2+ A2 (tw)? = k2 - 2\V2,

The only case with a multiple root is A = k*, does not admit nontrivial solution. This is
detailed further for sake of completeness. Let us assume without loss of generality that k* # .
Then any solution to the differential equation has the form

z + Ach(rz) + Bsh(rz) + Cch(wz) + Dsh(wz).

Let us notice that such a map satisfy the boundary conditions if and only if its even and odd
parts also satisfy these. Therefore, let us evaluate both parts and there derivatives at z = +1,
to obtain the sufficient and necessary condition to the existence of nontrivial solution to (3.86),

Ach(r) 4+ Cch(w) = 0 Bsh(r) + Dsh(w) = 0
{Arsh(r) + Cuwsh(w) = 0 or { Brch(r) + Dwch(w) = 0.

This is satisfied if and only if one of these system has a trivial determinant, namely

rth(r) + wth(w) =0 or wth(r) = rth(w). (3.87)
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Two cases present. If k2 > \/2, then w is real. Therefore, the condition above cannot be satisfied,
by positivity of o — oth(c) and by monotonicity of o — o~'th(c), respectively. The other case
is k2 < A2, so let us redefine w as (A'/2 — k?)'/2 such that iw is the actual characteristic
polynomial root. Hence the above condition (3.87) rewrites as

rth(r) +wtan(w) =0 or wth(r) = rtan(w), (3.88)

where we ruled out the case w € m/2 + 7Z since such a root cannot satisfy (3.88). Let us detail
and reorder the second equality as follows

AL/2 g2 1/2 _ tan ((/\1/2 _ k2)1/2)
M/2 4 k2 " th (()\1/2+k2)1/2) .

For any k € Z there exists an infinite number of solutions A > k*. Indeed, the left hand-side of
the equality is continuous with respect to A > k* and equivalent to 1 as A goes to co. The right
hand-side is piecewise continuous due to the tangente function. The intermediate value theorem
for strictly monotonous maps ensures existence and uniqueness of a solution A, for all n € N
satisfying

(A,IC{S - k2) Y2 e (n 4 1/2)]. (3.89)

For such A = Ay, the differential equation (3.86) admits the following solution, up to a multi-

plicative constant,
cos(wnp, k)

Ch("'n,k)

Similar considerations show that the first equality also admits a unique solution within each
following interval, disjoint from the previous (3.89),

z — cos(wp k2) — ch(ry, k2).

1/2 )\ /2 .
Atz =k €l(n+3)m (n+n,
with associated differential equation solutions proportional to

sin (wyn+1/2)

sh (rknt1/2) s (Tnt22)

z > sin (Wk7n+1/22) +

Up to a slight reindexation, we obtained a description of the eigenvalues of A% on H3 () as
the union, for all k € Z, of strictly increasing sequences (A, k)nen such that

Ak = (n? 4+ k2)?,
with associated (unnormalized) eigenfunctions
cos(Wk,n)

; Jika {Cos(wk,nz) ~ oy cosh(rynz), n € 2N,
n,k — !

sin(wg nz) — % sinh(rg,2), n€2N+1,

ke Z,

with 7g . = (k* + )\i’/i)lﬂ and wy ., = (k* — )\,16{5)1/2. We can check that (b n)kn is indeed
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orthonormal in L?(£2), since
Vk, k' € Z, / e dr = G,
T
and (92 — k?)? is self-adjoint,
Vk S Z,Vn,n/ S N, )\k’n/ bk7nbk7n/ = / (83 — kz)Qbk,nbk,n/
Q Q

= / b (02 — k%)2bg
Q

:)\k,n’/ bk,nbk,n/v
Q

with Ak, # Ak, When n # n' according to (3.89), hence the orthogonality.

For completeness, we explain why we can rule out the case \'/2 = k2. In this situation, the
roots of the characteristic polynomial are r := v/2|k|, —r and 0 with multiplicity 2. Hence the
solutions of the associated differential equation are of the form

2+ A+ Bz + Cch(rz) + Dsh(rz),
and we find the sufficient and necessary relation to satisfy the boundary condition
r = th(r)

which is never satisfied for k£ # 0, and the case £k = A = 0 admits only the trivial solution 0.

Bases comparison and link with the Stokes-transport stability Both Neumann and
Dirichlet bases functions are obtained as the product between an exponential e*** and a circular
map in the z variable. In the Neumann case, the basis is the tensor products of independent x
and z variable and 1d bases. In particular the z dependent factor was either a sine or a cosine,
therefore stable under vertical derivatives of order 2, which relates to the space X™(Q) and its
stability under such operations. In the Dirichlet case, the z dependent part is also a sine or cosine
but supplemented with its hyperbolic avatar, this precisely to satisfy the boundary conditions,
and the coeflicients also depend on the horizontal mode k, which was not the case for Neumann.
The consequences and differences with the Neumann basis are multiple. The map 92by, ,, are no
longer colinear to by, , and afnbk,n does not satisfy the Dirichlet boundary conditions in general.
Therefore the integrations by part required in the proofs of [CCL19a] does not hold for any
order, only for low derivtive orders, since boundary terms do not vanish anymore in general. In
other words, A%y does not satisfy a Dirichlet biharmonic equation, contrary to 1. This is why
boundary layers are introduced in Theorem 3.1.2 and 3.1.3, to split the data in boundary parts,
bearing the data traces, and in an interior part, satisfying the Dirichlet condition, on which the
previous estimates available at low regularity level do hold.
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Chapter 4

Numerical study of the graph
interface evolution

The aim of this chapter is to provide a numerical analysis of the evolution of free interfaces
derived from the Stokes-transport equation. We chose to generically consider the problem in the
periodic strip domain Q = T x (0, 1). Since (ST) is well-posed for bounded initial data pg € L,
one can consider pg = 1p, where Py is a connected subdomain of 2. We call these density
patches. Since the solution p is the pushforward of the initial datum by the flow X associated to
the velocity field, the solution remains a patch for all time, satisfying p(t) = 1x;p,). We will
focus on the case of an initial patch coinciding with the hypograph of a map ny : T — (0,1),
i.e. Py ={z <no(x)} :={(x,2) € Q: 2z <no(x)}. Let us assume that the interface evolution can
be described by a graph 7 : (t,z) € [0,T] x T +~ (0, 1), such that

p(t,x,2) = Licn(ta))

Such a function p satisfies (ST) on Q2 if and only if the graph 7 satisfies the following system

om(t, x) +ur(t, z,n(t,x))0sn(t,x) = wua(t,z,n(t,x)), for (t,z,2)€[0,T] x Q,
—Au+Vp = _1{z<n(t,m)}ez7 on [O,T} x ,
divue = 0, on [0,7] x Q, (4.1)
u = 0, on [0,T] x 99,
M=o = o

Section 4.1 is devoted to theoretical considerations regarding the system (4.1). In particular we
introduce the notations of this problem in Subsection 4.1.1. The system (4.1) is derived from
(ST) in Subsection 4.1.2, where several formulations of the problem are discussed. In Subsection
4.1.3 the graph persistence in short time of the interface is proven. Subsection 4.1.4 is a discussion
about the maximal regularity we can expect from the velocity field for patch data.

Section 4.2 consists in a numerical analysis of the evolution of graph interfaces for (4.1). In
particular we repport in Subsection 4.2.1 the recent theoretical stability result from [GGS22] of
Gancedo, Granero-Belinchén & Salguero for graph interfaces in the horizontally periodic plane
T x R, as a comparison point for our numerical observations. Subsection 4.2.2 introduces the
numerical scheme we set up to run our simulations. In Subsection 4.2.3 we set up the main pa-
rameters of the scheme, to ensure enough precision for our analysis. Once this is done, we observe
in Subsection 4.2.4 the evolution of several graphs and compare the observed convergence rates

163
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with the result of [GGS22]. The influence of the boundaries is illustrated in Subsection 4.2.5. The
maximum principle for the interface is briefly investigated in Subsection 4.2.6. After introducing
the concept of Lyapunov functionals in Subsection 4.1.5, we disqualify several functionals thanks
to examples for which these are not monotonous for the solutions of the system (4.1). We also
speculate on the status of the entropy functional, for which we did not find counter-examples.
This is done in Subsection 4.2.7.

4.1 Theoretical analysis of the graph interface problem

4.1.1 Notations

Let g : T x (0,1) be an initial map, parametrising the interface Xg := {(z,no(x)) : z € T}.
We note X(t) its transport image at time ¢. If the interface corresponds to the graph of some 7
at time ¢, we have X(t) = {(z,n(¢t,x)) : © € T}. The image at time ¢ of the initial hypograph
subdomain Q; := {z < ny(z)} will be denoted Q~(¢), and the epigraph Q7 (¢) in the same
fashion. The outward unitary normal to Q7 (¢) on X(t) will be denoted n5,;). We define f|, the

trace on ¥ when it is the graph of some 7. We also use the notation (£) = /1 + &2.

Tnaﬂ
€ n

T lnasz

Figure 4.1: Illustration of the problem and notations.

4.1.2 Derivation of the free boundary problem

In this subsection we deduce the graph interface evolution equation (4.1) from (ST). Let us
assume that there exists 7' > 0 such that the solution of (ST) with pg = 1.y, (x)} Writes for
t € [0,T) as a patch associated to the hypograph of z — n(t, ), in the sense

V(t,l‘) € [OvT) x T, p(t,l‘) = 1{z<n(t,x)} = 1Q*(t)~

We will show in Subsection 4.1.3 that the interface indeed remains a graph for short time. We
showed in Theorem 2.1.1 that p exists for all times and belongs to L>°(R.; L*°(2)). In particular,
it satisfies the transport equation in the weak (or distributional) sense

Yo € C(0,T) x 9), / / p(Orp +u- Vi) = — / p0(0,). (4.2)
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Since p is the indicator function of the subdomain Q7 (¢), the weak formulation (4.2) also writes,
for any given test function ¢,

/OT /Q(t) Oyp +u- Vo= —/Q (0, ). (4.3)

0

Using the following identity, valid for n € C*([0,T) x T) for instance,

d n(t,x) n(t,x)
Vr € Ta a / gOdZ = / 6“0(12 + 8tn<tax)<p(t7xa77(t7x))a
0 0

and the graph character of the subdomain Q~(t), we get

T T n(t,x)
[ Lo [ [ notemsien
o Ja-@) o JTJ0
T d n(t,z)
o Jr \dt|Jy
~

where we use for the last step that (T, -) = 0.

(0,7) - / /T Au(t, ) p(t, z,m(t, 2)) de dl, (4.4)

0

Besides, the Green theorem ensures, since 9Q~ (t) = {z = 0} U X(¢),

/ u~V<p:—/ divug0+/ U'ng(t)dO'(t)—/ ugp da.
Q- (1) Q- (1) =(t) {z=0}

Since w is divergence-free and us = 0 on the boundaries of €2, only the integral on ¥(¢) remains.
The outward normal vector and surface measure at time ¢ write

Ve €T, nsu (@) = (@un(t,z)) ! (aﬂ“’“’)) L do(t) = (un(ta))da. (45)
Recalling the notation w = (uq1,us), we obtain

/ w- Vi = / w- s do(t) = / (sl — 11y Bam) ]t (4.6)
Q- (1) (t) T

Substituting (4.4) and (4.6) in (4.3) we get

T
Vi € C2([0.T) x ), / / (O + Dy — waly) ol = 0.
0 T

Let us set ¢ € C([0,T) x T) and a smooth cutoff function y. : (0,1) — [0,1] compactly
supported such that x.(z) = 1 for any z € [¢,1 —¢], for suitable € > 0. For any € > 0, ¢, := ¢x.
is a test function on [0,7T) x 2, and we have

T
/0 / (8 + w1y um — u2) (1, 2) (2, 2)xe (n(t, 2)) dardt = 0.



166 CHAPTER 4. Numerical study of the graph interface evolution

Assuming that the graph of n(t) is at strict distance from the boundary of the domain 92, then
for € > 0 small enough we have n(t,z) € [e,1 — €] for any « € T. We obtain that

T
Vo € C(0,T) x T), / / (O + w1} — zly ) = O, 47)
o Jr
hence the evolution equation on 7, reported in (4.1),

om + ul'nazn = u2|77~ (48)

Other evolution formulations We obtain the following equivalent formulations of the equa-
tion (4.8).

atn - <8m77>u|17 Ny = 07 (49)
n
o + 31./ up = 0, (4.10)
0
On + 6a:(w‘77) =0, A2¢ = 8I1{2<77}~ (4'11)

Equation (4.9) is obtained by identifying the components of the normal vector n defined in
(4.5). It illustrate the fact that the interface is transported according to the normal component
of the velocity field u.

Both (4.10) and (4.11) stem from the incompressibility of the fluid. Integrating the divergence
free condition and using that ug|,—9 = 0 we get,

n(x)
Vx € ':[‘7 —’LLQ((E,’I](-T)) = / axul(xu C) dz’
0
n(x)
- az / ul(x7<) dzl - u1|7]830n‘
0

Back to (4.7), the terms u;|,0,7 compensate, providing (4.10)

/OT/I‘ <a“7 + 0 /On ui(z, 2') dZ’) ¢ = 0.

Since u is divergence free, there exists stream function v such that w = V-+. In particular 1 is
the vertical primitive of u;. We saw in Section 3.8 that the Stokes equation also writes in terms
of . With p =11, 1,2)) We get

AQw = 8w1{z<77(:c)}a = 8n¢ =0on aQa

where the source term belongs to H ~2((2), and is understood in the dual sense

e € H3 (), (0alizcny @) = —(Lizcn@)} Op) = —/ pp.
{z<n(2)}

Since ¢ = 0 at {z = 0}, we find that ['u; = 1|, and we recognise (4.11) from (4.10) by the
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chain rule,

5'95(1/1\77) = 8mw|n + 8z1/)|naz77

= —ualy + u1]y0zn.

4.1.3 Graph persistence for short time

By an elementary geometric consideration, we prove that any Lipschitz graph interface ¥y =
{(z,m0(z)} remains a graph in short time.

Lemma 4.1.1. For any 1o : T — (0,1) such that ||Oynol|L~ < 00, there exists T > 0 such that
the interface X(t) is the graph of some map n(t) : T — (0,1) for any t € [0,T).

Proof. We know from [Leb22] that if pg € L®°(€2) then the solution to ST satisfies in particular

p(t) = poo X ()71, lullze @y Wiy S lpollns,

where X = (X1,X5) : Ry X Ry x Q — Q is the flow map associated to u, as defined in
Subsection 2.2.2. We will note X (¢) = X (¢;0) = X(¢;0,) and X (¢;z,2) = X (¢;0, (z,2)) for
concision. The interface of the patch at time ¢ writes as the image of the flow X of the initial
graph 3o = {(x,no(z)) : x € T}, as follows

() = {X(t;z,mo(x)) : x € T}. (4.12)

We know by definition of the flow that [|0;X||r~ < [[u|lr~® ;=) < llpollL>, ensuring the
transport to occur at finite speed. In particular, since the latter is satisfied at ¢ = 0, for any
x < y there is Xy (t;x,m0(x)) < Xy(t;y,m0(y)) for ¢ > 0 small enough depending on (z,y) a
priori. Conversely, X(¢) is a graph if and only if

Vo < Y, Xl(t7m7n0(x)) < Xl(t7yan0(y))

This condition is in particular satisfied if the horizontal derivative of X1 (¢; -, 7o(+)) remains strictly
positive. We know that X (t) € W°°(Q) for all time, so that

0:[ X1 (t;z,mo(2))] = 0 X1 (85 @, m0()) + Ozmo ()0 X1 (t; 2, mo()).

Recalling the identity (2.13), see also [BCD11, Proposition 3.10] for more precise estimates on
transport flows,
IVX (1) = Ido| o S eIVl — 1,

we extract
195 X1(8) = Ulgoe S Mol 1,0, X (O) 1w S ol
Gathering these latter considerations yields
102X (8, -, 10(-)) = Lz S (14 [|9umo]| e ) (etIP0lle> — 1),

In particular, 9, [X1(t,,n0(-)] remains strictly positive for small times, and the graph condition
is satisfied. Moreover, is X(t) the graph of some 7(¢) if and only if

Xi(t;y,mo(y) = =
vy e T,dx € T,
y v {Xg(t;y,no(y)) = n(t,x).
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Since X1 (t;-,m0(+)) is a diffecomorphism of T, we can invert this system and infer

Vo € T, n(t,z) = Xa(t;-,n0(-)) o (Xa(t:,m0(-) " (). (4.13)

4.1.4 Data regularity

We discuss here the maximal regularity propagation that we can expect for 7 and u. We start
by introducing some notations for Holder spaces, and recall an embedding between Sobolev and
Holder spaces.

Definition 4.1.2. Let k € N and p € (0,1). The Hélder space C*#(Q) is the subset of functions
f € C*(Q) such that the following semi-norm is finite,

@) - f)
[ fll e : S Sl

This space is endowed with the norm

._ ¢ .
I fllcrw == Joax, IVZfllnee + 11 fll o

To relate the Sobolev and Holder spaces, we point out the following continous embedding
holds, as a consequence of Morrey’s inequality, see [Bréll, Theorem 9.12],

Vm e N* Vg > 2, Wm™IQ) — cmb1=2/9(Q). (4.14)
We also illustrate how the Holder regularity is preserved by composition.

Lemma 4.1.3. Let I = (0,1) and let f € CY*(I;1) and g € CYA(I;1) with o, B € (0,1). Then
f og € Cl,min(a,,@)'

This statement writes on segments for sake of clarity. The same result holds when considering
bounded domains of R? or R? instead, as long as the composition between the two Holder
functions is well-defined.

Proof. Since in particular f,g € C', sois f o g. The only thing to show is that || f o g||s1.s is
indeed finite, and for which §. For any =,y € I such that = # y, we have

(fog)(x)—(fog)(y) =g @) f (9(x) =g ) [ (9(y)
= ¢'(2)(f'(9(x)) = f(9())) + (¢'(x) — g'(v)) ' (9(y))
< NG Nz llf N owlg@) — g + 1 Lo g | go.s l2 — yI?
< NG NN f gl = yl* + 17 2o gl sz — ylP

Then we have

[(fog)(x) = (fog)(y)

|z —y|°

i -6
< (g'IZE N Nlena + 1 Iz llgllene) |z —ymnteR =2,

so if § < min(a, ) then the supremum on x # y is finite. O
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Velocity estimate In this paragraph we link the velocity regularity to the graph L! norm.
From here we decompose any graph 7 into its horizontal average 77 = % fT n and its zero average
complementary (,

n=1n+¢.
The following holds.

Lemma 4.1.4. Let n: T — (0,1) measurable. Then the solution to the Stokes equation with
datum 1, <, ()} satisfies

1
Vae (2,00, llullnaan S lullweaga) S 1K1K

This latter estimate illustrates that the regularity of ¢ does not affect w. Only its L' norm
does. We provide a proof of this lemma thereafter.

Since for any ¢ € R, the couple (p.,u.) = (¢, 0) solves the Stokes equation, the folllowing
holds by linearity of the system, for any 1 < ¢ < oo,

Ve € :R,7 ||u||W2,q S ||p_C||Lq.

Since additive constants in the source term do not contribute to the dynamic of the system, the
following norms are relevant when estimating the Stokes equation solutions

lollzapm = inf llo— el
In the same fashion, recalling estimate (2.7), we have

llullwie S llpllzee/m-

In the case of a bounded density p and especially for patches 1p with P C Q2 non-negligible,
we have

HPHLW/R::Sgpp'_lng» 1P| Lo /m =1,

which shows that the density differences matter more than its actual values. In particular, there
is no relation between the uniform norm of p and the regularity of the patch P or the graph
7. Hence we focus on the L? estimate for the Stokes equation for ¢ € (2,00). The L? norm of
p = 1{.<y()} computes as follows,

n(z")
lollyo = [ 1= [ [T 1azan =

Proof of Lemma 4.1.4. As discussed right above, the linearity of the Stokes equation allows to
shed some parts of the source term non contributing to the velocity field. Here we consider the
solution (pn,un) = (1{.<p},0) to the Stokes equation and as in the previous case, the linearity
of the system yields for any h € [0, 1],

1
lullwza S 1 1z<n@)y — La<nylloe = lln — h||L/1q(T),
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since the difference of indicator functions satisfies the following, illustrated by Figure 4.2,

1 ifh<z<n(z),

V(.Z‘,Z) € Q, 1{z<n(z)} - 1{z<h} = -1 if 7]($) < z<h, (415)
otherwise.
€ n
z=n(z
: ) n(x) ) 0
z=nh
: 1 0 -1
> €
T

Figure 4.2: Representation of the difference (4.15).

Recalling 7 := fT 1 the average of 7, and define ¢ such that n =  + (, with ¢ has zero average.
For h = 7 we get

||1{z<77(w)} - 1{z<77}||%q = ”C”Ll(T)
In the end, considering Morrey inequality (4.14), we have for any 2 < ¢ < oo,

1
lullcra-za S lellwae < llollee S ICIEA

Interface regularity We discuss here the regularity propagation of 7. Lemma 4.1.1 ensures
that 7 remains a Lipschitz graph for short time. From the interface description (4.1.1) we know
that the interface, as a curve, has the regularity of the composition of the flow with the initial
datum, namely X (¢;0,79). Taking a look at the following flow estimate proof from [BCDI1,
Proposition 3.10],

‘VzXZ(t, s, ZB)‘ < EU: |Vu(r,X (1;s,2))| d‘r‘ f: |Vu(r,X (1;0,2))] do" dr ,

/ ' [V2u(r; X (7:5,2))e

we infer the following, thanks to the embedding (4.14),
¢
1X (& )l cra-2/0 SNX & 8)lli2a S ec(t*s)”vu”m““’”“)/ [w(r)[[w2.a d7.

In particular, X shares the spatial regularity of u. We infer that for any s,¢ small enough,
X (t;5,-) belongs to C1#(Q) for any u € (0,1). Considering 9 € C*¥(T) for some § € (0,1),
we obtain according to Lemma 4.1.3 that Xo(¢;-,70(-)) € C°(T). From the explicit expression
(4.13) of n(t) as the composition of Xa(t,-,n0(-)) and (X1(t,-,1m0(-))) "}, we get that n(t) at best
belong to the class C'1+9.
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Notice that we are studying here the regularity of the map x — n(z) as a function T — (0,1),
which does not necessarily correspond to the regularity of a generic interface X, since this latter
can be parametrised in different ways. In the case of a graph interface, X is at least as regular
as 7, but the converse does not hold. Think for instance of x + /x, continous on R but not
Lipschitz, but whose graph is C'*° as a curve. Further considerations and other works on patches
are discussed in Subsection 1.4.2.

4.1.5 Lyapunov functionals and long-time behaviour

A Lyapunov functional is a monotonous quantity associated to the solution of a time dependent
system. More precisely, following [AB20, Definition 1.1], we provide an adapted definition to our
study.

Definition 4.1.5. Consider a function I : L>®(2) — [0,00). We say that I is a Lyapunov
functional for the system (4.1) if for any solution n : [0,T*) x T — (0, 1), regular enough and
with T its mazimal time of existence, we have

Vit e [0,T"), %I(n(t)) <0.

The Lyapunov functions allows us to study the long-time behaviour of solutions. In [AB20],
Alazard & Bresch provide an extensive gathering of common Lyapunov functionals for several
free surface equations arising in fluid mechanics, such as the Mean curvature equation, the
Hele-Shaw equation or the Thin-film equation. We provide a selection of classical Lyapunov
functionals, expressed for a generic solution 7 : [0,7] x T x R to a free surface problem on a
periodic 2-dimensional problem,

/Tﬂ /Ié’wIQ, /\/1+|3m\2, /nlogn- (4.16)
T T T T

The first one is the L2 norm and often corresponds to the energy of the system. The second is
the H' norm. The third is the curve length. The latter is called Boltzmann’s entropy. Other
integrals involving other powers, derivatives or quantities, such as the curvature, can also be
Lyapunov functionals. Note that all of these are convex functionals with respect to 7.

In the case of the graph interface evolution for the Stokes-transport equation, we could only
prove that n — ||n||z2 is a Lyapunov functional for the system. This fact is related to the potential
energy monotonicity established in Subsection 3.6.2. We numerically studied other Lyapunov
functionals, in particular the ones mentionned above, and found counterexemples disqualifying
most of them as monotonous quantities, including the curve length.

Lemma 4.1.6. As long as t — n(t) exists, its average is constant in time, in the sense

/ n(t,z)dz = / no(z) d.
T T
Proof. This is a direct consequence of the measure preserving flow,
/ n(t,z) dx =/ 1<neay =17 (@) =190 | :/ no(x) dz.
T Q T

O

We recall the decomposition n =+ with n = fT n(t, z) da = 7 and ¢ having zero average.
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The potential energy of the system, as introduced in 3.6.2, is linked to the L? norm of the
graph. Indeed,

n(tx) 1 1
B(t) = / 2p(t) = / ¢ = / / edede =1 / n(t,2)? dz = = [0(8) 220,
Q Q- (1) /o 2 ) 2

In particular, we deduce right away from (3.63) the following

1d
2 dt

d

Il = <

B (t) = —[[Vul3-.

We can also recover this equation by considering directly the energy estimate for the evolution
equation (4.8) of n. Notice that ||n||3. = 7% + [|¢||?. since 77 and ¢ are orthogonal in L? due to
the zero average of (. Then n — ||¢||L2 is also a Lyapunov functional. Note that no decay rate
is given here. To sum up, we proved the following.

Lemma 4.1.7. The potential energy, and equivalently the L? norm of the graph, is a Lyapunov
functional. Moreover, we have

d . 1d

ZE(H) = - —
dt ®) 2dt

1d

Inllz> = 52 ICIIZ> = =1Vl Z2.
2dt

We did not identify formally any other Lyapunov functional. To illustrate the situation, let
us attempt to estimate  in H'(T). Derivate (4.8) to get

001 + (01| + O2u1],021) 0z + u1|n8§17 = OgUaly + 0xu2|n0xn,
since
ax(ui|n) = 0z (ui(t,,m)) = ax“i|n + aznazui|n'

The fact that the evolution of 9,1 depends on 927 does not allow a priori to get an estimate in
H'(T) without assuming more regularity on 7.

Long-time behaviour From the discussion on possible asymptotic states, we infer that the
only possible stationary states p,, must be stratified and satisfy in particular

/ZPSS/ZpOOS/Zpo,
Q Q Q

where p{ is the vertical rearrangement of py defined in Subsection 3.6.3. In the case py =
1i2<no(2)}), its vertically decreasing rearrangement is explicit, and we have pj = 1.5y If the
asymptotic state is the patch of some hypograph of 7., then 7., is therefore constant and the
above implies 7o, = 7] since [, 21, <py3h?/2 for h € (0,1) and since ||n]|z2 = |70/ 2.

1= 17lZ2¢1) < Moo = ool Z2¢ry < lIllze = [Imollz-

Note that we can not exclude other scenarios to occur, see Subsection 3.6.3 on the rearrangement
and Figure 3.2 illustrating possible asymptotic profiles.
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4.2 Numerical study

4.2.1 Results of reference

To our knowledge, the only theoretical work on graph interfaces for the Stokes-transport equation
with gravity is [GGS22]. We summarise this work here and we compare our numerical observation
to these theoretical results in Section 4.2. Other works involving the interface for Stokes flows
exist, but involve capillarity effects. The evolution of a free interface for the Incompressible
Porous Medium equation has been much more studied, and is known as the Muskat problem.
An overview of this broader literature is reported in Subsection 1.4.3.

Gancedo, Granero-Belinchén and Salguero address in [GGS22] the free interface problem for
gravity Stokes flow, corresponding to the system (4.8) on the 2-dimensional horizontally periodic
domain T x R.. In all generality they express the interface as a curve, and consider the particular
case of a graph. We will stick to the graph point of view in the following. With our notations,
once the constants are renormalised, the equation writes as follows.

O = uly - nx(0.n), on T, (4.17a)

—Aut + Vpt = —pre,, in Q%(1), (4.17b)

divu® =0, in QF(t), (4.17¢)

[Vu® + (Vu®)t — 2 Ins = 0, on X(t), (4.17d)
[u] = 0, on X(t), (4.17e)

Nlt=o0 = 1o, (4.171)

where pT,p~ € R and [f] := f‘; — f|_2 denotes the jump of the quantity f at the interface point.
Here equation (4.17a) corresponds to the formulation (4.9) of the graph interface evolution,
presented at the end of Subsection 4.1.2. The graph is assumed to have an average of 0, so
7n corresponds to ¢ in this case. Equations (4.17b) and (4.17¢) are restrictions of the Stokes
equations on the subdomains QF, completed with the continuity of the stress tensor (4.17d) and
velocity field (4.17¢) at the interface. These conditions are equivalent to the Stokes equation
considered on the whole domain. We know in particular that the velocity field and the Stokes
stress tensor are continous for bounded source terms. The Stokes tensor is

Vu + (Vu)t
2 P

such that the Stokes equation rewrites
\Y Vau)t
div ('u+2<u> _pl> — e,

We report here [G(GS22, Theorem 1], which contains both qualitative and quantitative results,
which we compare our numerical observations to.

Theorem 4.2.1 (Gancedo, Granero-Belinchon & Salguero, ‘22). Take 3/2 < m < 2. There
exists g > 0 such that for any (o € H3(T) satisfying

1ol zs < eo,



174 CHAPTER 4. Numerical study of the graph interface evolution

there exists a unique global solution ¢ € L (Ry; H3(T)) to (4.17), which moreover obeys

(8™ [I¢l Lz + 1Kl zs < 1ol ars-

The proof of this theorem relies on a contour dynamic formulation of this problem, which is
further explained in Subsection 1.4.3. In the first place, Gancedo, Granero-Belinchén & Salguero
prove that any generic curve in C1# for u € (0,1) remains a curve at least for short time. Then,
Theorem 4.2.1 means that the flat profile of height 0 is asymptotically stable for small enough
perturbations in H3. They also provided a second global existence theorem for solutions of (4.17)
in another class of regularity, in which the solution decays exponentially, see [GGS22, Theorems
2 and 3.

Of course the evolution occurs in their case in the unbounded domain T x R, and the decay
rates might differ in the domain Q@ = T x (0,1) in which we simulate the evolution of the curve.
See also Subsection 4.2.5 on the boundaries influence.

4.2.2 Motivation and approach

The aim of this section is to motivate and describe the approach adopted for the implementation
of the code simulating the evolution of the interface.

The code has been implemented using the FEniCS library, see [Aln -+ 15]. This library presents
ready to use finite elements methods and mesh generation algorithms. The elliptic equations to
solve can be implemented through their variational formulation, and the finite elements can be
easily specified.

As we did not know in the first place whether or not a graph break up could occur, in the sense
that the interface would cease to be a graph, we chose to implement the whole density transport,
instead of considering the interface evolution equation (4.1), whose solution could become singular
in finite time. For simplicity, we consider the numerical domain Q,.m = (0,3) x (0,1) with
horizontal periodic conditions, to represent =T x (0, 1).

Since we want to simulate a patch evolution, we wish to preserve this structure. First we
provide an initial graph curve, that we discretise, providing a sequence of segments. In order
to respect the horizontal periodic boundary condition, the first and last points of this sequence
should have same vertical coordinate. A mesh for the whole domain Q,,,, is then generated,
comprising the segments of the interface. We keep track of the subdomains QF  corresponding
to QF. Then, the density is implemented as a valuation on the mesh cells, with value 1 on
the cells belonging to Q... and 0 on Qf . This step is illustrated in Figure 4.3, applied to a
sinusoid interface as in Figure 4.1.

The Stokes equation is solved by finite elements using P2-P1 lagrangian elements for « and
p respectively, and periodic boundary conditions. The Pk lagrangian elements are basically
piecewise polynomial of degree k. P2 and P1 are adapted for u and p respectively since the
source term p is in L>°, we expect (u,p) € W24 x Wh4 according to Theorem 2.2.1.

The set of vertices is then transported following the computed velocity field. The density
function, depending only on the cells and not on the coordinates in the domain, remains an
indicator function. The time step should be small enough in order to avoid cells overlaps that
could occur due to this process.

Finally, the Stokes problem solving and the mesh displacement are repeated as long as the
mesh quality is good enough. In case the mesh quality is degraded, the points on the interface
are extracted, and a new mesh is created as above.

Observe in Figure 4.4 the evolution of the solution to the interface problem for the initial
sinusoidal initial profile illustrated Figure 4.3, with the above protocol.
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Figure 4.3: Sinusoidal interface and adapted mesh.
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Figure 4.4: Graph evolution for a vertically centred sinus.
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4.2.3 Parameters configuration

The aforementioned algorithm requires to set several parameters, among which the three follow-
ing ones we will focus on:

e The interface resolution I,.s. The interface is discretised in 31, points, hence the segments
have typical length 1/1s.

e The mesh resolution M,es. The typical mesh edges length is 1/M,.es.
e The time step h.

For instance, Figure 4.3 has mesh resolution l,es = 10 and M,es = 10. Figure 4.4 is run with
Lies = 50, Mos = 50 and h = 0,05. Our aim in this paragraph is to obtain a reference triplet
(Ives; Myes, h) for which the simulations are accurate enough for our purpose. The graph of
reference is the sine from Figure 4.3, as it is smooth and symmetric with respect to the vertical
coordinate, defined as

1 1 2
né:$6(0,3)'—>2+4sin(7;m>.

In the following, we will also consider (* = 5’ —#7?, the difference between 1’ and its average 7j°.
Now, we compare the influence of the ratio of the interface resolution and the mesh resolution,
namely ;es/Myes. Since the problem relies entirely on the graph, we can expect the simulation to
be more sensitive to the interface resolution than to the mesh resolution. In Figure 4.5, we plot
the L2 decay of ¢ for several settings of I.s and M,es and a fixed time step h = 0.1. We observe
that higher is Ies and higher is the ratio l.es/Mes, latter the numerical threshold is reached,
occurring near t = 10? where the curve has a slope break.

1071 -
1072 —— Toes/Mres = 2.0, Tyox = 50, Myes = 25
o E - Ires/A[res = 107 [res = 507 ]\'Jres =50
= 1077 5 Tnes/Mies = 0.7, Ires = 50, Myes = 75
*‘; 1074: Tes/Myes = 0.5, Les = 50, Myes = 100
3 Ires/Afres = 0-37[res = 50x Afres = 150
10—5 _: Ires/ﬂfres = 1-07[re:; = 257 ]\/[res =25
f Ires/]\/[res = 0-57Ix'es = 257 ]V[res =50
1076 3 - Ircs/]v[rcs = 1-5711'05 = 757 Afrcs =50
s’ T T T
1071 10° 10 102

Figure 4.5: Decay of ||Ct|| 2 for several I o and M,es, with h = 0.1. Darkness increasing with
Ires/Mres~

We run simulations for the smaller time step h = 0.05 and plot the evolution of the H? norm
of {, as this quantity should be more sensible to the different resolutions, see Figure 4.6. We
observe that the red curve for which I s < M, does not fit with the ones representing settings
where g > Myes.

Finally, Figure 4.7 shows that there is no major difference in the evolution of ||(||g= for
Les € {25,50,75}, Myes = 50 and h € {0.1,0.05,0.01,0.005}. From now on we choose the generic
set of parameters Ies = 50, Myes = 50, = 0,01.
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Figure 4.6: Decay of ||(*||z2 for h = 0.05.
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Figure 4.7: Decay of ||(*|| g2 with Lies = Myes = 50 and several h.
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4.2.4 FEvolution rates

The aim of the present subsection is to consider regular initial data, and to compare the evo-
lution of their quantities of interest. The case of graph break will be considered in Subsec-
tion 4.2.8. We consider four initial graphs, whose evolution is represented in Figure 4.8, with
given expressions. From here, unless mentioned otherwise, the generic set of resolutions is
(Ires, Mres, h) = (50, 50,0.01).

- 1y 1 (2
0y : x5+ gsin(3E)

0.0

t =50
t=0

3 . 1 1,-10(z—3/2)%
Tyt T 35+ 3€ (@=3/2)
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0.4 4
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T
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T
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M o 5+ g sin(*EE)
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Figure 4.8: Graph interface evolution for several initial data.

We plot the evolution of the mass [, 7, the L?, H' and H? norms of ¢ and its length, for n
with 7 € {1,2,3,4}, reported in Figure 4.9. Observe that the masses ||n||z: are well preserved,
conformly to Lemma 4.1.6. The L? norm decays for all graphs, accordingly to Lemma 4.1.7.
Interestingly, we observe that the H* norm of n* is the only one not monotonous. This is surely
linked to the corner formation occurring around z = 1.5. Even more insterestingly, the H? norm
of 7% also grows before decaying. These behaviours are investigated and confirmed in Subsection
4.2.7, proving that these norms are not Lyapunov functional for the system. The H3 norm,
supposedly bounded for data initially small, seems bounded except for n3. Finally, the lengths
of the curves are decreasing, except for na, which presents a hump. This also suggests that the
length of 1 is not a Lyapunov function either, see Subsection 4.2.7.

According to Theorem 4.2.1, for data (o small enough in H?3, we have

3
vme (3.2). 1C0le S AL IOl S Il (1.15)
By interpolation, we deduce that
1 6ol 12 Goll
vm'e (1,2, D < A0 (202 e < 0Ny 19
wie (Lg) Kol s Q0 e (3.5) 160l £ ol @)
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Figure 4.9: Several quantities evolution for »; with ¢ € {1,2,3,4}.

We observe that the decays in L2, H' and H? for n® occur for even faster rates than the maximal
theoretical ones (4.18) and (4.19), available from [GGS22]. For 7!, the fastest to converge
among our tests, the scheme seems to reach a numerical threshold, indicated by the slowdown
before ¢+ = 102, which does not even respect the minimal decay rate (4.19) in H', in particular.
As mentioned before, the H3 norm may slightly increase for some time, then decrease again,

accordingly to (4.18).
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4.2.5 Boundaries influence

Observe that i} and 73 are vertical translations of eachother, where i} is a vertically centred sinus,
whereas 7?2 is closer to the bottom of the domain. In T x R, since the domain is invariant under
vertical translation, the evolutions of n' and n? would be the same. However, in the confined
channel Q@ = T x (0,1), the interfaces evolve differently. Their evolution is given in Figure 4.10.
The curve of ' (t) is for all ¢ centrally symmetric with respect to the point (1.5,0.5). The left part
of n%(t) converges toward the flat state in the same way than 7' (t), but the right part develops
a small hump. We also observe that the Sobolev norms of 72 locally increase, before decaying.
Note that all the quantities decay faster for ' than for n2, although both remain higher than the
theoretical ones (4.18) and (4.19) obtained in [GGS22]. This explains by the Dirichlet condition
u|sn = 0, which makes the velocity decrease as we get closer to the boundary. Because the right
hand-side of n? is closer to {#z = 0} than for n!, the right hand-side extremum is slower than
the rest of the interface, and this effect self-reinforces, causing the singularisation of the curve.
This phenomenon might also explain the singularity formation we observe for n* in Figure 4.8.
Indeed, n? and n? are similar, up to a vertical symmetry and a translation, and their evolutions
differ essentially due to their distinct distances to the boundaries. Nevertheless, in all these case,
the interfaces converge in L? toward the flat state.

These observations are relatable with the Muskat problem, whose infinite depth R? and
confined domain R X (—1,1) are compared in [GGI12], where Cordoba, Granero-Belinchén and
Orive-Illera obtained numerical evidences that the confined problem is more singular than the
infinite depth one, with initial data developping singularities in the former case, but becoming
graphs in the latter.

ny @ > 3 + 5 sin(3E) x5+ §sin(35E)
1.0 1.0
t=0 t=0
os —— t=10 o8 — t=10
: — =20 : — =2
— +=30 — t=30
— 0.6 — t=140 — 0.6 — t=40
5 S— 5
= ————— =
= 0.4 =04 o
0.29 0.2 4 \/
0.0 T T T T T T T 0.0 T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
xT €T
o ny x> 5+ §sin(%5E) ng x> 5+ Lsin(%T)
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Figure 4.10: Evolution of 7' and 72 with their respective norms.
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4.2.6 Maximum principle

In [CG09; GGI12], it is shown that the Muskat problem satisfies a maximum principle, in the
sense that for any time ¢ such that the solution exists, we have

inf o < inf n(t) < maxn(t) < maxng.
x x x x

This is true both for the Muskat problem considered in the domains R?, and in R x (—1,1)
if ||0xnllr~ < 1. We can wonder if such principle is satisfied for (4.1). To our knowledge, no
theoretical answer to this question is available. See also Subsection 1.4.3 on the Muskat problem.

Considering in Figure 4.11 the evolution of the maximum and minimum for our four reference
initial data, we observe that, except for one, these are monotonous, respectively decreasing and
increasing, which is conform to the principle. The exception is the maximum of n*, which
we tested for higher resolutions in Figure 4.12. The curves seem to coincide for the different
resolutions. Nevertheless, the behaviour modification around ¢ = 20 is suspect and would require
further investigation to ensure that the maximum indeed increases. Note that the condition
10zni]| L= < 1 on the datum, for which the maximum principle is ensured according to the
aforementioned works, was not respected in the first place.

54
7t 0.5 it

n 14 T
0.6 4 0.4 o

0.2

max 1(t)
min 7(t)
=3
w0

0.2 014

T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100

Figure 4.11: Evolution of the maximum and minimum of 7 for i € {1,2,3,4}.
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Figure 4.12: Evolution of the maximum of n* for several resolutions
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4.2.7 Lyapunov functionals observations

The aim of this section is to numericaly observe the evolution of several quantities appearing
classicaly as Lyapunov functional of free surface problems. As mentioned in Subsection 4.1.5,
a Lyapunov functional defines as a monotonous quantity for the studied system. Among the
functionals (4.16), only 7 — ||¢||z2 is known to be a Lyapunov functional, according to Lemma
4.1.7. In all our figures, this quantity decays, see in particular Figure 4.9. In Subsection 4.2.4
and in Figure 4.9 we also have conterexamples of graph interfaces for which ¢ + ||0,¢||r2 and
¢~ ||02¢|| 12 increase. Interestingly, the length of the curve is also excluded as the length of n*
increases locally, see Figure 4.9. This behaviour confirms while increasing the space and time
resolutions of the scheme in Figure 4.13. All the examples we tested also have monotonous

3.400 A

3.375 4

Tres = 50, Myes = 50,]71 =0.05

3.250 Iies = 50, Myes = 50,h = 0.01
—— Lies = 75, Myes = 50, = 0.01
3.220 9 —— [ =50, M;es = 50, h = 0.005
1072 1071 10° 10! 102

t

Figure 4.13: Evolution of the length of * for several resolutions.

entropies n — [ nlog(n), see Figure 4.14. At this point we can only suppose that it could be
a Lyapunov functional. We sum up our conclusions in Table 4.1, with the functional proved to
be Lyapunov (v/), those for which we exhibited counter-examples (x), and the one for which we
could not (7).

L?*norm | H™-norm, m € {1,2,3} Length Entropy
7]l 2 1721l e Jr V14100 | [ nlog(n)
Lyapunov v/ X x ?

Table 4.1: Overview of functionals for the graph interface Stokes-transport problem in the peri-
odic channel.

Note that we cannot exclude, from this study, that the observed behaviours, and in particular
the non-monotonous functional counter-examples, would remain so in the unbounded domain

T x R.
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Figure 4.14: Evolution of the entropy of 7’
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4.2.8 Singularities and graph break

We found an example of regular graph such that the interface ceases to be a graph in finite time.
Of course, the interface remains a curve, and our scheme, by construction and as described in
Subsection 4.2.2, allows us to observe the evolution of the interface after the graph breaks. The
initial datum defines as follows,

778 T 1 + 26*100(Z71.5)4 _ 1-867200(m71'5)4.
4

1.0 :
i t=
i — t=5
0.8 i — $=10
' — t=15
_06- - =20
s LN r=1.3
= 0.4
0.2
0.0 T T T T
0.0 05 2.5 3.0

Figure 4.15: Evolution of n° with I es = M,es = 50 and h = 0.01.

We observe that the interface is no longer a graph from a certain point prior to ¢t = 20. The
two humps seem to collapse on themselves. The first derivative of the graph also explodes in
finite time, see Figure 4.16. We refined the resolutions to check that this behaviour is not due to
some numerical approximation. All the obtained curves seem to coincide, which tends to confirm
the graph break. In particular, we cannot expect to prove that (4.1) is globally well-posed for
any initial graph, even for smooth ones.
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WELL-POSEDNESS AND LONG-TIME BEHAVIOUR
OF THE STOKES-TRANSPORT EQUATION

Abstract

The Stokes-transport equation models an incompressible, viscous and inhomogeneous fluid, subject to
gravity. It is a reduced model for oceanography and sedimentation. The density is transported by the
velocity field, satisfying at any time the momentum balance between viscosity, pressure and gravity
effects, namely the Stokes equation. In the first part, we establish the global well-posedness of this
system in bounded domains and in the infinite channel, in the weak sense and for Lebesgue initial data.
The unbounded channel case is solved in uniformly local Sobolev spaces, with solutions having infinite
energy. These results are compared with previous works in the whole space and in the plane. In the
second part, we focus on the long-time evolution of the solutions of the Stokes-transport equation in
a periodic channel. We show that a class of monotonous stratified density profiles is stable for small
and regular enough perturbations. We consider no-slip boundary conditions on the velocity field, which
raises mathematical difficulties due to the presence of boundary effects. We obtain explicit algebraic
convergence rates and show that the density rearranges vertically and monotonously, in line with the
common intuition of sedimentation. We also give a refined description of the density profile, involving a
boundary layer expansion in the vicinity of the boundaries. Besides, we extend a previous result obtained
for a related problem, proving that any stationary profile is unstable in low regularity topologies. We
also highlight properties compatible with the conjecture that the density always stratifies. In the last
part, we undertake a numerical study of the evolution of graph density interfaces governed by the Stokes-
transport equation. Several behaviours are observed, from the convergence toward the flat rest interface
to the graph break. We compare our observations with existing theoretical results.

Keywords: incompressible viscous fluid, Stokes-transport, active scalar equation, global well-posedness,
steady Stokes equation, transport equation, long-time behaviour, stability, rearrangement, bound-
ary layers, numerical observation

CARACTERE BIEN POSE ET COMPORTEMENT EN TEMPS LONG DE L’EQUATION DE STOKES-
TRANSPORT

Résumé

L’équation de Stokes-transport modélise un fluide incompressible, visqueux et inhomogéne, soumis & la
gravité. Il s’agit d’un modéle réduit d’océanographie et de sédimentation. La densité est transportée
par le champ de vitesse du fluide, satisfaisant a tout instant 1’équilibre entre les effets de viscosité, de
pression et de gravité, d’aprés I’équation de Stokes. Dans la premiére partie, nous établissons le caractére
bien posé de ce systéme dans les domaines bornés et dans un canal infini, au sens faible et pour des
données intégrables. La cas du canal inclut des solutions d’énergie infinie, impliquant des espaces de
fonctions uniformément localement Sobolev. Ces résultats sont comparés a des travaux antérieurs, dans
I’espace et le plan. Dans la deuxiéme partie, nous nous concentrons sur le comportement en temps long
des solutions de I’équation de Stokes-transport dans un canal périodique. Nous montrons qu’une classe
de profils stratifiés est stable pour des perturbations assez petites et réguliéres. Nous supposons le fluide
non-glissant aux bords, ce qui pose des problémes particuliers diis aux effets de bords induits. Nous
obtenons des taux de convergence algébriques et montrons que la densité se réarrange verticalement
et de fagon monotone. Nous donnons également un développement de type couche limite du profil de
densité a proximité des bords. En outre, nous prouvons, en adaptant un résultat antérieur, que tout
profil stationnaire est instable pour des perturbations peu réguliéres. Nous mettons enfin en évidence
des propriétés du systéme, compatibles avec la conjecture selon laquelle la densité tend toujours a se
réordonner. Dans la derniére partie, nous menons une analyse numérique de 1’évolution d’interfaces
de densité de type graphe, gouvernée par l’équation de Stokes-transport. Plusieurs comportements sont
observés, de la convergence vers I’équilibre plat & la rupture de graphe. Nous comparons nos observations
A des résultats théoriques existants.

Mots clés : fluide visqueux incompressible, Stokes-transport, active scalar equation, caractére globale-
ment bien-posé, équation de Stokes stationnaire, équation de transport, comportement en temps
long, stabilité, réarrangement, couches limites, observation numérique

Laboratoire Jacques-Louis Lions
Sorbonne Université — Campus Pierre et Marie Curie — 4 place Jussieu — 75005 Paris — France



	Abstract
	Foreword
	Avant-Propos
	Contents
	1 Introduction
	1.1 The Stokes-transport equation
	1.1.1 Reduced model for oceanography
	1.1.2 Derivation of the Stokes-transport equation
	1.1.3 Incompressible Porous Medium equation and Fractional Stokes-transport equation

	1.2 Well-posedness of the Stokes-transport equation
	1.2.1 State of the art and contributions
	1.2.2 Overview
	1.2.3 Comparison between (ST), (IPM) and (FST)
	1.2.4 Hydrostatic Stokes-transport equation

	1.3 Long-time behaviour for the Stokes-transport equation
	1.3.1 General considerations and rearrangement
	1.3.2 Previous works about the stability for the (IPM) equation
	1.3.3 Contribution: Stability for the Stokes-transport system in a channel
	1.3.4 Low regularity instability for (IPM) and (ST)
	1.3.5 Long-time behaviour for the Boussinesq equation

	1.4 Numerical study of the graph interface evolution
	1.4.1 Outlines of the problem
	1.4.2 About density patches
	1.4.3 Related graph interfaces problems and techniques
	1.4.4 Contribution: Analytical remarks and numerical study


	2 Well-posedness of the Stokes-transport equation
	2.1 Introduction
	Definitions and notations

	2.2 Well-posedness of the coupling in a bounded domain
	2.2.1 Preliminaries on the Stokes problem in a bounded domain
	2.2.2 Preliminaries on the transport equation and stability estimates
	2.2.3 Proof of Theorem 2.1.1
	2.2.4 Stability estimate for the system in a bounded domain

	2.3 Well-posedness of the system in the infinite strip
	2.3.1 The Stokes problem in the strip
	2.3.2 Stability estimate for the transport in the strip
	2.3.3 Proof of Theorem 2.1.2
	2.3.4 Stability estimate for the system in the strip

	2.4 Appendix
	2.4.1 Proof of Lemma 2.3.1
	2.4.2 Proof of Lemma 2.3.3
	2.4.3 Proof of Lemma 2.3.4

	2.5  Well-posedness of the Stokes-transport equation for Lebesgue data
	2.5.1 Well-posedness in Lq for q>d
	2.5.2 Existence for lower Lebesgue exponents

	2.6 Well-posedness of the Stokes-transport equation for Sobolev data
	2.7 The hydrostatic Stokes-transport equation
	2.7.1 A hydrostatic Stokes system
	2.7.2 Well-posedness of the hydrostatic Stokes-transport equation


	3 Long-time behaviour for the Stokes-transport equation
	3.1 Introduction
	Scheme of the proof

	3.2 Long time stability of stratified profiles: proof of Theorem 3.1.1
	3.2.1 Vanishing traces for ' and bold0mu mumu nnsubsectionnnnn'
	3.2.2 Study of the linearized system
	3.2.3 Bootstrap argument
	3.2.4 Convergence as t and identification of the asymptotic profile

	3.3 Formation of linear boundary layers for large times: proof of Theorem 3.1.2
	3.3.1 Preliminary observations and Ansatz
	3.3.2 Construction of the main profiles
	3.3.3 Construction of an approximate solution
	3.3.4 Estimate of the remainder and conclusion

	3.4 Nonlinear boundary layers: proof of Theorem 3.1.3
	3.4.1 General strategy
	3.4.2 High regularity bounds under the bootstrap assumption
	3.4.3 Decomposition of the traces of 2 ' and z 2 '
	3.4.4 Iterative construction of the boundary layer profile
	3.4.5 Boostrap argument for int

	3.5 Appendix: Proof of Lemma 3.3.1
	3.6 Asymptotic behaviour for Lebesgue data
	3.6.1 Backward well-posedness
	3.6.2 Potential energy and stationary states
	3.6.3 Rearrangement conjecture and weak convergence

	3.7 Nonlinear instability for low regularity perturbation
	3.8 Biharmonic operator and adapted basis
	3.8.1 The Neumann boundary conditions
	3.8.2 The Dirichlet boundary conditions and bilaplacian estimates
	3.8.3 Biharmonic eigenfunction basis for Dirichlet boundary conditions


	4 Numerical study of the graph interface evolution
	4.1 Theoretical analysis of the graph interface problem
	4.1.1 Notations
	4.1.2 Derivation of the free boundary problem
	4.1.3 Graph persistence for short time
	4.1.4 Data regularity
	4.1.5 Lyapunov functionals and long-time behaviour

	4.2 Numerical study
	4.2.1 Results of reference
	4.2.2 Motivation and approach
	4.2.3 Parameters configuration
	4.2.4 Evolution rates
	4.2.5 Boundaries influence
	4.2.6 Maximum principle
	4.2.7 Lyapunov functionals observations
	4.2.8 Singularities and graph break


	Bibliography

